
Adaptive Control of NTV Plants without Persistent Excitations.
An Application in Robotics

by

Jing Yuan 
B.S. North Jiao-Tong University, 1982 

M.S. University of Akron, 1987

A Dissertation Submitted in Partial Fulfillment of the 
A C C E P T E D  Requirements for the Degree of

£ACUl.TY OF GRADUAIE STUDIES DOCTOR OF PHILOSOPHY

 ....  in the Departm ent of Mechanical Engineering
('/ / DEAN

n flT F 9/1/0? it?) We accept this dissertation as conforming
to the required standard.

Dr. Y. Stepanenko, Supervisor (Mechanical Engineering)

Dr. Z. Do/hgf D epartr^|»lf Member (Mechanical Engineering)

Dr. (T/Mclean, Department Member (Mechanical Engineering)

Dr. M. van Emden, Outside Member (Computer Science)

Dr. D( Cherchas, External Examiner (Mechanical Enginerring)

(c) Jing Yuan 1991 

University of Victoria

All rights reserved. The dissertation may not be reproduced in whole or in part, 
by mimeograph or other means, without the permission of the  author.



Supervisor: Dr. Yury Stepcnanko

A bstract

Adaptive control of a nonlinear time varying (NTV) plant, such as a robotic manipu­
lator, is intended to tolerate the unmodcled disturbances and the uncertain parameters 
of the dynamic model. Most of the previous research has been focused on NTV plants 
with bounded and “slowly-varying” plant terms. Almost all adaptive controllers re­
quire persistent excitations to guarantee stable tracking in the presence of unmodeled 
disturbances.

The new adaptive controllers developed in this work provide stable and robust per­
formance without persistent excitations and the “slowly-varying” assumption. More­
over, the uncertainties of a NTV plant model are not required to be bounded. This 
allows one to treat some potentially unbounded dynamics as disturbances. Stability 
and robustness analysis of adaptive controllers under the relaxed conditions is an essen­
tial part of this study.

A major problem arising in robotic control is parameter uncertainty. The linear 
parameterization approach is also implemented in this work to deal with the parameter 
uncertainty. An innovative algorithm for determining the manipulator “regressor” (a 
cocilicient matrix in parameter-linearized form of robot dynamics) is developed. Based 
on this algorithm a robust self-tuning controller is designed. The control law is proved 
to be robust with respect to parameter errors and disturbances. The robustness of the 
controller relaxes the requirement for the parameter estimator, and leads to a stable 
system without persistent excitations.
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Nomenclature

N om en clatu re

Symbols associated with the system dynamic equation ( 1.1):

q € R n Generalized coordinates of a mechanical system.
M(q), V(q,q) € R nxv Nonlinear matrix functions of the system

dynamic model.
Vm{q) € R nxn7 A matrix function such that

V(q,q)x  =  V,n{q)[qv} V x e Rn.
[r]x] € R n* A vector: [qxx u . . .  . . . . . .  . , q nx u .. ,r/n.t:„]T

G{q) € /?" The gravity force/torque vector,
r  e 7?" The generalized control torque vector.

Symbols used in Chapter 2:

a'l> Plant output.
u Control input.
V Reference model input.

Upi bp Constant plant coefficients.
O’a A Ideal controller parameters.
0a,0b Adaptive controller parameters.
du ~  ba 0a. p(i — 0b 0b Compensation errors.

Up Plant state vector.
u Control input vector.
r Reference model input vector.

Ap, Bp < (jp Plant coefficient matrices.
0 " Ideal controller parameter matrix.

0 Adaptive controller param eter matrix.

$  =  0  -  0 “ Compensation error matrix.
jj Intermediate feedback vector.



Nomenclature

Symbols used in Chapter 3:

\ R  G R 3/'3 A rotation m atrix between frame i and frame k.
vCl G R 3 Linear velocity of the mass center of the z-th link.
u>i G R 3 Angular velocity of the z-th link.
Jci(q) £ R Gxn Jacobian m atrix with respect to the mass center

of the z-th link.
Z{ G R 3 Axis of the z-th joint (unit vector).
Pik £ R 3 Vector points from the z-th frame origin to the

k-th frame origin.
Ck The mass center vector with respect to the k-th frame.
Qi € R GxG Mass m atrix of the z-th link.
niij(q) The zj-th entry of m atrix M(q).
T{ G R 3x3 Inertia tensor of the z-th link.
'+1u>i G R? Angular velocity of the z-th link expressed in the

(z +  1) -th frame. 
c'Ti G R 3x3 M atrix T; expressed in the z-th mass center.
*Fi G R 3 Dynamic force of the z-th link acting on the z-th joint.

G R 3 Dynamic torque of the z-th link acting on the z-th joint.

Symbols used in Chapter 4:

K V, K P G R nXn Velocity and position feedback matrices. 
e = q — qu £ R n Tracking error vector.
M , V  and G Estimates of M(q),  V(q. q) and G(q) respectively,
e =  [er , eT]T G R 2n Error state vector.

p(e, t ) A scalar function bound.
to G R 2n Interm ediate vector.



Nomenclature

Symbols used in Chapter 5:

ap[ypit)ibp(yp,t)  NTV plant coefficients.

Q*a,6l  NTV ideal controller parameters.
0a,0i Adaptive controller parameters.
A p(yp, t ) )B p(yp,t ) ,gp(yp,i) NTV plant coefficient matrices.
0* NTV ideal controller parameter matrix.
0  Adaptive controller parameter matrix
$  =  0  — 0* Compensation error matrix,
w Intermediate feedback vector.

Symbols used in Chapter 6:

K  > 0, A > 0 G R nXn Constant positive definite gain matrices.

At, Aa G R  Smallest eigenvalues of I\ and A respectively.
A m i A v -,Ag Adaptive matrices.

=  A m  — M(q)  
fDy =  A y  — Vm(q)

=  Aa — G{q)
$ =  ®v-, $g] System compensation error matrices,
e =  q — qj, € R n The tracking error vector.
s = e +  Ae € R n

■ip =  qj, — Ae G RJ1 Intermediate vectors.
[qip\ G A”2 An intermediate vector similar to [r/.r].

a, uo, &i Positive parameters in the adaptive controller.
np, n v G R n Position and velocity measurement noise vectors.

=  <Z +  np — Qd € Rn Noisy position error vector.
en =  q +  nv — qd € R n Noisy velocity error vector.

[?nV,n] £ R n2 A noisy version of [qtp\.



Nomenclature

Symbols used in the robustness study (Theorems 6.1 and 6.2): 

tj. 6  R n Unmodeled dynamics.
h  € R n Equivalent disturbance with both unmodeled

dynamics and measurement noise.
F An intermediate m atrix defined in (6.20).
p, P Scalar bounds related to F and defined in (6.2S

crn A noisy version of a  computed with ||<7n||•

{c;}, {d;}, {7;}
{«;}, {p;}, 7 Positive constant scalar bounds:

Symbols used in Chapter 7:

F(q, q) € R n Low-pass filtered robot dynamics.

€ R nXl The regressor matrix.
6 R l Robot inertia parameter vector.

A(ry, q, ( )  G R "

(L 0  6 R n Component vector functions of F(q , q).
The z-th element of A(q, q,() .

1) Equivalent inertia tensor of the z-th link.
S(y)  € 7i3x3 Skew-symmetric m atrix such that S(y)x  — y x 
A(nu>n) € i?3x6 Interm ediate matrix such that.

f {  n to n =  A(nton ) p
where p =  [Txm f yy, f zz, f xy, t XZ) Tyz]T.

F(z) G RnxW Interm ediate m atrix function such that
A(<M,C) =  F(r)C.

G R nxl° Interm ediate matrix function such that

B(q,q,() =  [r(z)-R]£. 
u =  S R n Low-pass filtered torque

where D  is a differential operator;

<y is a positive constant.
(m G R 1 Estim ate of (r.
Q,7Z G R mXm Matrices involved in the QR algorithm.
H  G R mXm Ilousholder reflector.



C hapter 1

In trod u ction

1.1 P rob lem  S ta tem en t

In control theory, a physical system to be controlled is called a “plant” . The con­
troller design problem is to determine a pt'oper input to a given plant such that the 
plant output follows some prescribed reference signal or the output of a prescribed 
reference model. The mathematical relationship between the input and output 
is called the plant model. As suggested by the title of tins thesis, the focus of 

this study is a class of plants whose m athem atic models are described by nonlin­
ear differential equations. A particular example is the dynamics of a mechanical 
m anipulator or a robot, which is a most frequently studied subject/exam ple of 
nonlinear control theory. The main purpose of this study is to develop adap­
tive controllers th a t apply to a class of nonlinear plants. These nonlinear plants 
include almost all mechanical systems satisfying the general Lagrange equation. 
They are best represented by a rigid-body robotic manipulator. For this reason, 

the focus will be frequently directed towards a robot control problem without 
lossing generality.

An im portant problem in robotic research and development is accurate control 
of robotic manipulators. The function of a controller is to apply an appropriate 
torque vector r  to the joints of a robot such th a t the manipulator follows a desired

5
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trajectory. The dynamics of a general ??,-link robotic manipulator is represented 
by a second-order multi-variable differential equation

M(q)q  +  V(q, q)q +  G{q) +  rd =  r  (1.1)

where q G R n denotes the joint position of the robot, M(q),  V(q,q)  € R nXn and 
G{q) G R n are nonlinear functions of the joint position q and the joint velocity q. 
M(q)  is the inertia m atrix, V(q, q) represents the effects of centrifugal and coriolis 
forces while G(q) represents the gravity force; m  G R n is a vector representing the 
external disturbances which may includes some unmodeled dynamics.

Generally, it is impossible to build a perfect dynamic model for a physical 
system. There are two main limitations on the modelling problem. First, the 
dynamics of many physical systems depend on some system param eters which 
may not be measured with sufficient accuracy. Sometimes, the system parameters 
may vary in some unpredictable ways. The param eter error of a physical system 
could affect the accuracy of the corresponding model, (which is exactly the case of 
robotic manipulators). Secondly, the interactions between a physical system and 
the environment may involve a number of unknown factors. These effects may not 
be modeled mathematically because of their “small” magnitudes, or because of 

the lack of information about their physical nature. The resulting model is always 

a trade-off between completeness and feasibility.

Because of the above factors, the m athem atic model of a physical system 
should be considered as uncertain. In this study, the uncertainties are classified 
into two groups: the “uncertain but modeled dynamics” (u.m.d ,) and the “un­
modeled disturbances” (u.d,). The first group implies some degree of knowledge 
about the structure of the system dynamics. For example, if one neglects r,i in 

(1.1), then the u.m.d. is represented by M(q)q  +  V(q, q)q +  G(q) =  r  which pro­
vides information about the order of the differential equation, the linearity with 

respect to the acceleration q and input torque r  as well as the indication tha t 

M(q), V(q, q) and G(q) are functions of a set of system parameters. The system 
param eters of a robot consist of the mass, center of mass and inertia tensor of 
each link. The main source of u.m.d. is the uncertainty of the inertia parameters.
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The second group includes completely unknown disturbances subject to some as­
sumptions, such as all bounded disturbances. Their effects are considered as a 
whole, and denoted by a simple symbol r,/ in this thesis.

Almost all available high performance controllers for robotic manipulators try 
to deal with the nonlinear dynamics by either feed-forward compensation or feed­
back linearization. Examples of these controllers include the well known “Com­
puted torque” [1]—[4], “Resolved acceleration” [5], “Direct design” [6] and “Inter­
ception” [7] methods. All of them require an exact dynamic model of the manip­
ulator. Because of the u.m.d., however, it may be impossible to obtain accurate 
plant terms M(q),  V(q, q) and G{q) even though there exist some algorithms to 
compute them. If approximate values of robot parameters are used, inaccurate 
dynamic terms M  V  and G are computed by the control algorithm. The controller 
will attem pt to control an artificial robot whose equation of motion is

M {q)q+ V{q,q)q + G{q) =  r

instead of (1.1). A stable feedback controller designed for the artificial robot may 
not perform satisfactorily with the real robot (1.1). This is especially true when a 
controller uses feedback linearization Mq,i + Vq +  G to compensate the nonlinear 
dynamics. The stability of the closed-loop system may be at stake because of the 
inaccurate compensations.

An adaptive controller designed for an uncertain plant should be able to tol­
erate both u.m.d. and u.d.. In many practical applications, it is very difficult, 

if not impossible, to achieve asymptotic stability for adaptive control of a gen­
eral nonlinear time-varying uncertain plant. The adaptation law depends on the 
feedback information provided by the tracking errors to update the controller pa­
rameters. However, the controller should provide stable tracking within a certain 
computable tolerance. A Lyapunov-type stability analysis is the focal point of the 
current research.
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1.2 P rob lem s to  be Solved

In order to explain the essence and importance of the problem to be addressed in 
the thesis, it would be helpful to provide an outline of the most significant results 
in this area. Detailed reviews of the works mentioned here will be given later in 
Chapters 2 and 4 respectively.

In the last few years, significant progress has been made on adaptive control of 
linear time-invariant (LTI) plants [10]~[16]. Stable and robust adaptive laws have 
been developed which guarantee zero tracking error even when the plant terms 
are completely unknown and some plant states are not available. Input-to-state 
stability of nonlinear systems is investigated in [17] for a  general nonlinear model, 

and conditions for the existence of co-prime factorization are established. The 
feedback linearization problem in the presence of unknown parameters and un­
modeled dynamics is considered in [IS]; conditions are given for global stability 
of reduced-order models. Stability of a specific class of “pure-feedback” systems 
has been analyzed in [19]. Other researchers have focused on linear-time-varying 
(LTV) plants [20]-[23]. Middleton and Goodwin [20] establish global robust stabil­
ity for LTV plants with slowly-varying parameters, or bounded param eters with 
infrequent jumps; Parameter-adaptive control of LTV plants whose param eters 

belong to a  convex region is presented in [21] for a case where unmodeled dy­
namic effects can be bounded by some known functions. Tsakalis and Ioannou 

proposed a new model reference control (MRC) structure. It is able to compensate 
fast varying plant terms as long as they are completely known to the designer. 

When the plant terms are unknown, the slowly varying assumption is relaxed by 

making use of some “structural knowledge” about the plant terms [24, 25]. This 
means the plant terms are known functions of time multiplied with slowly varying 
coefficients. (For example, an unknown plant term  ap(a;, t) may be assumed to be 

«;)(.r, <) =  ]C[=i ai(x, i)pi where {a;(rr, t)}f=1 are assumed to be known, fast vary­

ing functions whereas are unknown, slowly varying coefficients.) Only the
slowly varying coefficients (such as {pi}f-\) can be estim ated and adjusted by the 
adaptive laws while the information on possible fast varying effects must be pro­

vided by some known functions (such as {«i(-'M)};l=i)- It is commonly recognized
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that in order to ensure stability in the presence of umnodeled disturbances, an 
additional condition called “persistent excitation” is required [26]. (The persis­
tent excitations are system dependent. For the particular case of adaptive robot 
control, the persistent excitation will be explained in page 16, Eq.(1.3).)

The development of adaptive controllers for robotic manipulators follows a 
similar pattern. Many early researchers treat the nonlinear dynamics of (L.l) as a 
multi-dimensional LTI plant by assuming M{q), V{q, q) and G(q) to be constant. 
Adaptive controllers developed for LTI plants, such as the “modeled reference 
adaptive controllers” (MRAC) are directly applied to control robotic manipula­
tors [27]—[34]. The stability analysis of these adaptive controllers is based on an 
unrealistic assumption that the plant terms change “very slowly” or equivalently 

M(q)  =  0, V(q.q) =  0 and G{q) = 0. Lim and Eslami [35] tried to relax the 
“slowly-varying” assumption by some mini-max analysis which assumes a bound 
on a ||M(<jf)||, || V(q, <y)|| and ||G'(</)||. Seraji [36] rewrites the plant model (L.L) in 
n independent equations with uncertain terms representing dynamic coupling be­
tween the m anipulator links. In the stability analysis he assumed that the inertia 
and the coupling terms are slowly-varying, and the latter satisfies an inequality 
condition, involving the negative part of the derivative of Lyapunov function.

The “slowly-varying” assumption ignores some potentially unstable effects. 
For example, the fact that f ( x )  =  suggests that the norms of M (//) and G(q) 

could be proportional to ||<y||. The entries of matrix contain the products
of r/i, the components of the velocity vector q. Thus || V(q, r/)|| itself could be 
proportional to \\q\\ and the expression of || V(q, r/)|| even involves the components 
of q and could be proportional to ||<y||. Pre-assuming bounds on ||M (r/)||, || V(q, <y)|| 

and is equivalent to assuming that q is bounded before one attem pts to
prove it. However, adaptive controllers based on the slowly-varying assumption 
perform well in simulations or experiments [36].

While simulations or experiments serve as an im portant way to evaluate the 

performance of a controller design, they can not prove whether the closed-loop sys­

tem is stable or not. It is impossible to implement a simulation or experiment that 
exhausts all possible trajectories under all working conditions. An unstable con­

93

91
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troller could demonstrate excellent performance under certain conditions and/or 
along some specific trajectories. From this point of view, it is equally, if not more, 
im portant to study the stability problem analytically and find solid conditions 
tha t guarantee stable tracking for a closed-loop system. Craig, Hsu and Sastri 
[37, 38] were perhaps the first to design an analytically stable adaptive controller 
for robotic manipulators. They introduced the idea of linear parameterization and 

make use of the fact that

M{q)q +  V(q, q)q + G(q) = Y(q, q, q)(  (1.2)

where Y(q, q, q) is called a “regressor” , which is a known m atrix function of q, 
q and q\ <j is a set of constant parameters. The components of vector £ are 
combinations of mass, center of mass and inertia tensor of the last link. Slotine 
and Li [39, 40] improved Craig’s idea with an elegant control law th a t avoided 
the acceleration feedback and the inversion of the estim ated inertia m atrix M{q). 
Another way to avoid q was suggested by Hsu et. al. [41], Middleton and Goodwin 
[42]. They proposed to filter Y(q ,q ,q )  and get another regressor W{q. q).

Although the computation of Y(q,q,q)  has been studied by Atkeson, An and 
Iiollerbach [43] as Well as Khosla and Kanade [44], the regressor Y{q,q^q) is sel­
dom used because of its dependence on the acceleration feedback q. Slotine and Li 

use an alternative Y((jd, ftp q, q) which uses the desired acceleration qu and desired 
velocity qj as part of its arguments. However, there exist some difficulties sepa­

rating the arguments q and qj. No solutions to these difficulties have ever been 
reported. An algorithm to compute W(q, q) for a typical six-joint robot is also 

not available yet. The stability analysis of many linear param eterization adaptive 

controllers ignores the unmodeled disturbances Td. As in the case of general adap­
tive control, some additional condition called the persistent excitation is required 
to ensure stability if r,/ ^  0. For robotic dynamics, the persistent excitation is 
represented by [37, 45]

/U+At
0 < d t I < J t Y (q , th q )Y T(q, q, q)dt <  d , I  (1.3)

where Y  is the regressor; 0 <  d\ < d% and 0 < A I. It is very difficult to plan 

a desired trajectory th a t satisfies (1.3) without exhaustive trial-and-error compu­
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tations. In reality, the actual trajectory measurements q, q and q are inevitably 
different from their desired counterparts q(t, q(i and q,i. This fact makes it difficult 
to predict, in advance, whether the actual trajectory provides persistent excitation 
or not.

Two m ajor aspects, regarding to the above mentioned problems, will be con­
cerned in this study:

1. It appears that the only available way to remove the slowly-varying assump­
tion is by means of linear parameterization which implies heavy computa­
tions. In this study, a simple alternative is sought. The new adaptive con­
trollers adjust some adaptive matrices A m , Ay  and Aa  to compensate the 

effect of M(q),  V(q,q)  and G{q). The resulting adaptive controller designs 
no longer require the slowly-varying assumption to prove their robustness in 
the presence of both kinds of uncertainties as well as the measurement noise 
introduced in the feedback q and q. The robustness results are independent 

of the linear parameterization and its computational demanding regressors 
Y(q ,q ,q)  or W (r/, q). This approach allows one to design economic adaptive 
controllers.

2. An innovative algorithm to compute W(q,q)  for a general n-link robot is 

developed. It is computational efficient in that many of the variables are di­
rectly available from the Newton-Euler algorithm, which is implemented to 

synthesize the control law. In order to avoid ohe restrictive condition of per­
sistent excitation, the robustness of a computed-torque controller is studied. 
It is proved th a t the computed-torque controllers are able to tolerate both 
kinds of uncertainties while maintaining stable tracking. The robustness 
of the controller reduces the requirement of the adaptive law, and provides 
sufficient time for param eter identification. If the actual trajectory provides 

persistent excitation, then the adaptive law will identify the exact parame­
ters; otherwise, it will solve a set of bounded parameters tha t minimize both 

kinds of uncertainties in the least-square sense.
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1.3 O rganization of th e  T hesis

The rest of the thesis consists of two major parts: background and contributions.

The background contains three chapters. Chapter 2 explains the different 
versions of available adaptive controllers. It covers all typical MRAC schemes 
for general LTI plants and some recent development on LTV and NTV plants. 
This chapter provides some fundamental knowledge about adaptive controllers 
in order to understand the design of new adaptive controllers for LTV, NTV 

plants and robotic manipulators to be presented in Chapters 5 and 6. Chapter 
3 is devoted to the robotic dynamic model (1.1), It will explain two different 
approaches for evaluating the seemingly simple dynamic terms M(q), V (<y, q) and 
G(q) which actually involve large amounts of computations. It also addresses 
the crucial influence of inertia parameters on the accuracy of the robot model. 
This chapter is closely related to the new self-tuning controller developed later in 
Chapter 7 and the algorithm for computing the regressor W(q,q).  Some typical 
controllers currently available for robotic manipulators are presented in Chapter 
4. Their stability analysis and the corresponding conditions and assumptions will 
be reviewed in detail. Such a review provides a base to compare the performance 

of the new adaptive controllers with th a t of the existing controllers.

The contribution is also organized into three chapters. In Chapter 5, an im ­
proved MRAC design is presented. It, can be applied to a large class of LTV or 
NTV plants with fast varying and potentially unbounded plant terms. This is a 
significant improvement on those MRAC designs reviewed in Chapter 2. While 

the new MRAC controller can be applied directly to the robotic tracking prob­
lem as demonstrated by simulation examples, it does not take advantage of the 
special structural properties of robot dynamics, These properties are explored 

in Chapter 6 arid a new adaptive controller is presented on such ground. The 

new adaptive controller does not depend on linear parameterization to avoid the 

slowly-varying assumption. Instead, it takes advantage of the general properties 
of the open-chain articulated mechanisms. The improved control and adapta­
tion laws enable the closed-loop system to track trajectories a t full speed. The
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controller is robust with respect to some potentially unbounded disturbances and 
possible measurement noise i n t r o d u c e ' 1 |» the feedback <7 and q. Both position and 
velocity errors are proved to conve jt* i >to a computable tolerance range within 
finite time. Finally, a robust self aining controller is presented in Chapter 7. It is 
aimed at improving the linear parameterization approach. The robustness study 
is conducted on a closed-loop without involving the adaptive law. The control 
law is proved to be robust even when the inertia parameters are inaccurate. This 
arrangement allows the adaptive law sufficient time to identify the correct inertia 
parameters. The restrictive persistent excitation condition is thus eliminated. An 
algorithm is also developed to compute the regressor W{q,q)  for a general n-link 
robot, which is the first reported algorithm for this purpose.
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C hapter 2

M od el R eference A d ap tive  
C ontrollers (M R A C )

MRAC is originally developed for LTI plants with unknown plant terms. It is 
closely related to a class of non-adaptive controllers, the model reference con­
trollers (MRC). The design of a MRC requires complete knowledge about a LTI 
plant in order to compensate the plant dynamics such that the plant follows a 
prescribed model. Adaptive strategies are needed when the necessary knowledge 

about a plant is not available. Thus a MRAC is actually a MRC plus a proper 

adaptation law. The adaptation law provides additional freedom to adjust the co­

efficients of a MRC. It determines the stability of the overall closed-loop system. 
Therefore it is very im portant to design a proper adaptation law for a MRAC 
system. In this chapter, several typical adaptation laws are reviewed.

2.1 M R A C  for F irst Order LTI P lan ts

Consider a first order LTI plant given by

Xp — cLpXp T bp'ii (2.1)

where u and xv denote the input and output of the plant; ap and bp are the 

unknown constant plant parameter. It is commonly assumed that the sign of bp

15



Model Reference Adaptive Controllers 16

is known. Thus without loss of generality, one can assume bp > 0.

The objective is to determine input u such that x p is as close to a reference 
model output xm as possible. The prescribed model satisfies a first order equation:

•i'm — a m X m T  bm l

where am > 0, bm > 0 are constant and r  is the input signal tha t controls xm 
to follow a desired trajectory. The name of “model reference adaptive control” is 
easily understood from this simple system — a given plant is required to behave 
like a prescribed model.

Let e =  x p — xm be the tracking error. Subtracting (2.2) from (2.1), one obtains 

e =  —ame + bp[0*ax p + u -  0*br), (2.3)

where 0*a =  b~l {am -  ap) and 0*b = b~l bm.

Clearly, if u is calculated in such a way th a t the second term  in the right side 
of (2.3) is zero, then e will eventually converge to zero. This can be realized when
both 0* and 0b are known, and the controller designed in such a way is a MRC.
When the exact values of 0* and 0b are not available to the designer, one can only 
write

u =  0br -  0ax p (2.4)

where 0a and 0b are to be determined by an adaptive law

0a =  exp, and 0b = —er. (2.5)

Substituting (2.4) into (2.3) leads to

e — ame T bp[<pax p ~f" ^ 6̂ ’) (2.6)

where (j)a = 0*a -  0a and <f)b = 0b ~  0b.

T h e o re m  2.1 The tracking error o f  closed-loop system (2.6) and (2.5) is asymp­
totically stable and the tracking error will eventually converge to zero.
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P ro o f: Let us consider a Lyapunov function candidate

I  — _[e2 bp((j>l +  4>l)}- 

The time derivative of L is written as

L =  ee 6p($a$u T

Substituting (2.5), (2.6) and noting that <̂0 =  —0a =  (h, the above expression
becomes

L =  —ame2 <  0.

where L = 0 if and only if e =  0. Thus L will keep on decreasing until e =  0. 

Q .E .D .

The adaptation law (2.5) consists of two integrators. The sign of integration 
is determined by the feedback information e. For unknown constant parameters 
like 0* and 6*,, pure integration operations are sufficient to force the corresponding 
compensation errors <j>a and fa to converge to zero.

2.2 M R A C  for M ulti-variable LTI P lants:

The MRAC scheme can be applied to multi-variable plants given by

ilp =  Apt jp T B pu  T cjp

such tha t the plant follows a prescribed model

i/m = A mym T Bmv.

Similar to the case of single variable systems, A p , A m £  R n X n , B p, B m £  f i nx l  are 

constant matrices; yp,ym 6 R n, and u , r £ R l with I < n. The plant-model pair 
is assumed to satisfy the perfect matching condition [16]

{ I - B p B j ) ( A p - A m) = 0 and ( /  -  BpB$)J3n =  0 M yP)i
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where b }> =  ( B j B p)~' B j . The control law is given by

u — Qtu +  0 ttv/p +  r  =  0w -f ?’ (2.7)

where 0  =  [0fc,0„] and lot  =  [uT,y'j)}. There exist 0£ =  /  — (f?jjE?m)-1 , 0* =  

B]\(AP — A m), and 0* =  [0£, 0 ’] such that the plant is expressed as

yp =  —A myp +  Rm(<I>a; +  r) (2.8)

where <I> — 0  — 0*. Like the previous problem, a proper MRC can be obtained 
by directly substituting 0  =  0*, in which case (2.8) becomes exactly the same as 
the prescribed reference model because (D becomes an all zero vector.

A MRAC is needed when 0* is unknown. Let e =  yp — ym denote the tracking 
error. It satisfies

e =  — A me -f- B mQu. (2.9)

The adaptation law is given by

0  =  6  =  ~ B 7mPe lot  (2.10)

where P  =  P T > 0 satisfies 0.5( A ^ P  +  P A in) = Q =  Qr  > 0.

T h e o re m  2.2 The closed-loop system (2.9) and (2.10) is asymptotically stable 
and the tracking error e will eventually converge to zero.

P ro o f: Consider a Lyapunov function candidate

L = eTPe + T r { $ T$}

where T r { X )  denotes the trace of a m atrix X .  The tim e derivative of L  evaluated 
along (2.9) is given by

L =  —er Qe +  2er P B m$ u  +  2 T r{ 6 2’<5}.

Using the fact that eTP B m<f>co =  Tr{toeTP B m$}  and substituting (2.10) , one can 
cancel the last two terms in the above equation to write

L — - e TQe < 0.

This means that L  will be decreasing until e =  0. Q .E .D .
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2.3 M R A C  for H igh Order LTI P lan ts

For LTI plants of order ??., the general dynamic equation is

•A dkyp dh, d‘u

!/' + £ “ ‘" 5 r =  S ^

where {cvfc}, {/3;} ancl kp are unknown constant parameters. The sign of kp is 
assumed to be known a priori. W ithout loss of generality, it is assumed that 
kp > 0. The coefficients {/3;}"i0 must satisfy a necessary condition that all roots 
of polynomial

M  =  Y ,  A s'
i=o

are located in the negative half of the complex plane (such polynomials are some­
times called “Hurwitz” polynomials). The orders of the two sides are assumed to 
satisfy n * =  n — m  > 0 and n* is called the “relative degree” of the plant. The 
above equation can be expressed in state space form as

ip = Af  +  l>pU . (2.11)
Up — hp x p

The objective is to compute u such that \yp — ym\ is within a prescribed tol­

erance range, where ym is the output of reference model with exactly the same 
relative degree n * =  n — m:

x m — A nix m T bmr 
hT v '

The controller structure is described by [11, 15, 24]

ibi =  Fu\  +  gu

6j2 =  F uj2 + gyP (2.13)
u — O'1 oj + r +  ()„

where ojt  — [yp,uf ,u)J],  oj\ and u>2 are (n — l)-dimensional vectors; F  is an

arbitrary asymptotically stable matrix; (F,g)  is controllable; and 01 = [0O)0\ ^O' )̂
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is the controller parameter vector. There exists a set of “ideal” parameters 0g, 0* 
and 0j such that the dynamics of (2.11) and (2.13) can be combined as

zp =  A xzp -f- bt {(j)Tu) +  r), yp =  h'f zp (2.14)

where z f  =  [xf,u)T], </> = 0 — 0* and

h f ( s l  -  A„)~'K =  h l ( s l  -  Am)"10m =  Wm(s). (2.15)

When 0 =  0*, the plant plus the controller will match the reference model as

(2.15) indicates. The controller in this case is a MRC. The following example 
demonstrates how a MRC works.

E x a m p le  2.1 Consider a second-order LTI  plant described by

(s2 +  «!S +  a0)yp = (s + b0)u (2.16)

'where ao, «i and bo are unknown constant coefficients; s T  bo is a Hurwitz polyno­
mial. The relative degree of this plant is n* =  1 while the objective is to compute 
u such that yp =  ym =  (s +  am)~lr. Note that the reference model has the same 
relative degree of 1.

The M R C  is given as

U =  0 \bJ \  +  0 ^ 2  +  OqVp +  v

— +  lw + ^2(5 +  1) lyp +  0qPp +  r.

Suppose all initial conditions are set to zero, then the above expression means

(s T  1 — 0i)Wi =  0Q0p +  02w2 +  r -

I f  one chooses 0\ — 1 — b0, then (s +  1 — 0\) =  (s +  bo) and

0Ji =  (s +  bo^iOoip  f  02^2 +  r) .

B y  substituting (s2 +  ai$ +  «o)yP = ($ + bo)(s +  l)wi into the above equation, one 
obtains

(s2 -f ttis +  ao)yp =  (s +  &o)(-s +  l)(s  +  bo) 1(0o2/p +  02^2 +  r)

=  [{s +  1)0; +  0*2]yp +  (.s +  l) r . (2.17)



Model Reference Adaptive Controllers 21

The M R C  coefficients are determined by

Oq =  a i — am — 1, 0\ — 1 — bo and =  ao — a\ +  1.

As the result, (2.17) becomes

(.s + L)(s +  am)yp =  (s +  l)r .

The controlled output yv behaves exactly as the output of the prescribed model 
system.

For the general case, one can specify the model in state space

iii ■(■ b*r, ym — h„ znl.

The state error e =  zp—zm and output error C[ =  yp—ym are derived by subtracting 
the above equations from (2.14)

e =  A»e +  b̂ cjf1 u ,  e\ = hi e. (2.18)

When n * =  1, a stable reference model must be strictly positive real (SPR).
There exist positive definite matrices P  =  P T and Q =  QT such that

A f P  +  /M „ = - Q  and Pb, =  /»... (2.19)

The following adaptive law
0 =  - e t w (2.20)

is applied to adjust the controller param eter vector 0.

T h e o re m  2.3 The closed-loop system (2.18) and (2.20) is asymptotically stable 

and the tracfdny error e will eventually converge to zero.

P ro o f: Consider a Lyapunov function candidate

L = eTPe + f<j>-
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Its time derivative along the system trajectory (2.18) has the form of

L =  —eTQe +  2c1 Pb^cjr1 u> -f 2(f)1 (f)

=  — e1 Qe +  2{e\(fr ej +  (f>T(j>).

where ej =  e 1'Pb, =  erhr) a  part of (2.19), has been substituted. The last two 
terms of the above equation can be cancelled by substituting (2.20). It then follows 
tha t

L =  —er Qe <  0.

This proves the theorem. Q .E .D .

When n* > 1, the control law is still (2.13) while the adaptation law has to 
be different. The closed-loop system is described by (2.14). It has an operator 
expression

yP =  Wm(s)(cf)r u  + r) (2.21)

where M ^ s )  is an integral-differential operator with relative degree n*. It de­
scribes the desired dynamics of the model reference as indicated by (2.15). Ac­
cordingly, the reference model has an operator expression of

Vm =  Wm(s)r. (2.22)

The closed-loop tracking error equation is the difference of (2.21) and (2.22)

e = Wm(s)4>1^ .  (2.23)

The fact that H/?)1(s) has a  relative degree of more than 1 makes it impossible 
to find positive definite matrices P > 0 and Q > 0 such that P A m +  A ^ P  =  —Q. 
T hat is the main reason to modify the adaptation law. The adaptation process 
relies on a new error signal

ex{t) =  [Gr Wm(s)I -  Wm(s)0T}u(i)

which adds to the tracking error e(t) to form

e2(i) =  e{t) +  e i(t).



Model Reference Adaptive Controllers 23

Now, it is not difficult to verify that e-> =  (j)Tf  where if =  Wm(s)lLO. The ad apt a 
tion law is given by

_e^
1 +  U>TU) +

0 = --------------  (2 2<n
1 ■ r e '

T h e o re m  2.4 The closed-loop system (2.S3) and (2.24) asymptotically stable.

The proof of this theorem is rather involved and not included here. However, it 
can be found in [12] and[15].

2.4 M R A C  for LTV and N T V  P lan ts

The ideal param eter 0" of a model reference controller for a LTI plant, can be 
viewed as a fixed point in a proper dimensional space as Fig. 2.1 indicates; the 
adaptation laws presented in the above few sections are all pure integrators with 
the error signal e providing a proper adaptation direction. An important design 
issue of such adaptive laws is to make sure that the error signal can combine with 
some proper system feedback to provide a correct adaptation direction. As long 

as the adaptation direction is correct, the integral operations will guarantee that 
the control param eter vector 0 eventually converges to 0*.

The stability theorems presented in this chapter are all based on ideal plants 
with perfect m athem atical models. Unfortunately, this is not true in many real 
applications. Almost every physical system is nonlinear and/or time varying. 
The LTI model of a plant is obtained by ignoring some dynamic effects which 

are relatively small. If one uses a simple symbol tci to denote the unmodeled 
dynamics and assumes r,/ to be uniformly bounded instead of being zero, then 

all the above reviewed theorems are not necessarily true because the Lyapunov 
functions used in the proofs will no longer be negative definite. In fact, loannou 

and Kokotovic demonstrated [14] through examples th a t adaptation laws based on 
pure integrations may be unstable in the presence of certain kinds of disturbances. 
They proposed a so called “cr-moclification” to improve the robustness of adaptive 
controllers. Recently, an |e|-modified adaptive law was proposed by Narerndra 
and Annaswamy [15] which demonstrated better performance and robustness.
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Figure 2.1: Convergence of param eter adaptation.

In order to minimize the effect of unmodeled dynamics, more precise models 
such as LTV or NTV plants are needed. Typical contributions of adaptive control 
for LTV and/or NTV plants were made by Middleton and Goodwin [20], Rotea 

and Khargonekar [22] as well as Tsakalis and Ioannou [24] [25].

Many researchers [IS]—[23] restrict their results to slowly varying LTV and/or 
NTV plants. Middleton and Goodwin assume that the plant param eters belong 
to a convex set [20]. Tsakalis and Ioannou [24] [25] separate MRC from MRAC 
for LTV plants. Their new MRC designs are asymptotically stable for any fast 
varying LTV plants as long as the plant terms are exactly known. Their MRAC 
schemes require some a priori knowledge about the plant terms. The correspond­
ing adaptation law is able to adjust the MRC coefficients to some slowly varying 
coefficients of the plant terms, while the possible fast varying effect must be known 

ri priori as functions of time. The MRAC designs presented in [24, 25] are the 

best results available yet for LTV plants. In Chapters 5 and 6, two new adaptive 
controller designs will be presented as an improvement to Tsakalis and Ioannou’s
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schemes.

The stability analysis of adaptive controllers lor LTV and/or NTV plants are 
much more complicated than those for LTI plants. For this reason, the analytical 
derivations are not reviewed here. Those who are interested in this subject are 
referred to [IS]—[25] for details.

2.5  Sum m ary

This chapter reviews the techniques of model reference adaptive control for LTI 

plants. The basic idea of MRAC can be best understood for first order systems 
where both the plant and the reference model satisfy first order linear differential 
equation. The corresponding Lyapunov analysis is easy to understand. Appli­
cations of MRAC to other LTI plants are extensions of the basic idea developed 

for first order systems. Adaptive control of LTV and NTV plants are much more 
complicated topics. Most of the available results requires the knowledge of “struc­
tu ral uncertainties” to design adaptive controllers. The sources of these reports 
are given in the last section for ease of reference.
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M anipulator D yn am ics

The dynamic model of a robotic m anipulator is closely related to the design of its 
controller. Starting from the late 1950s and early 1960s, a number of researchers 
made significant contributions to this problem. Based on Uicker’s work [46] on 
linkages, Kahn and Roth [4-7] studied the particular problem of a multidegree-of- 
freedom mechanical manipulator; Renaud [48] and Liegois et al. [49] investigated 

the formulation of the mass-distribution descriptions of the links; Stepanenko 
[50] was the first to use a “Newton-Euler” approach to dynamics instead of the 
somewhat traditional Lagrangian approach. Iiis work was improved in efficiency 
by Orin et al. [51]. It was discovered that the computation of dynamics can 
be simplified by some recursive formulations. Armstrong [52], and Luh, Walker 
and Paul [6] further contributed to the problem and reported an algorithm whose 
computational count is proportional to the number of links. The computational 

efficiency was further improved by Hollerbach [53], Silver [54], Hollerbach and 
Sahar [55] and many others [56]-[58].

This chapter reviews the currently available techniques for the computation 
of a manipulator dynamic model. The robot is assumed to consist of an open- 
chain with articulated rigid links. The elastic effects are assumed to be negligible. 
The main focus is how to compute the coefficient matrices M (q ), V(q,q)  and 
the gravity force G(q) given that the feedback information q, q and the inertia 
param eters such as mass, center of mass and inertia of each link are available.

26
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Although (1.1) looks rather simple, it is extremely difficult to obtain the analytical 
solutions of M{q) V (<■/, q) ancl G(q) for a general n.-link robot. Instead, some 
numerical algorithms are developed. These algorithms belong to two main groups. 
One is the Euler-Lagrange method and the other the Newton-Euler method.

3.1 T he E uler—Lagrange E quation

In classical mechanics, the Euler-Lagrange equation is an efficient way to derive 
the dynamics of a system of moving rigid bodies subject to certain constraints. 
The key step is to find the system Lagrangian function L =  K  — W  where K  and 
W  denote, respectively, the kinetic and potential energy of a system. Then the 
system dynamics will be governed by the following general equation

± ( 9L  _  9L  _
dt dq dq

where q € R n is a vector of generalized coordinates and q is the time derivative of 
q. The derivation of the Euler-Lagrange equation can be found in Griffiths [65].

A robotic manipulator is an open-chain articulated mechanical structure. Its 
links can be labeled along the chain structure in a consecutive order. The base of 
the robot is usually called the 0-th link. The connection between two neighboring 

links is called a “jo in t” which is either revolute or prismatic. It is a convention 

[63, 64] to attach a coordinate frame to each link (called the link frame). The 

Zi axis of the i-th link frame is assigned to the direction of motion of the i-th 
link. In other words, the i-th  link either rotates or translates along the Z{ axis of 

the i-th link frame. A schematic of the i-th joint frame is plotted in Fig. 3.1 to 
illustrate the frame system of a robot. In Fig. 3.1, the three coordinates of the 
base frame are denoted as x 0, y0 and z0 respectively. Only the (i — l)-th  and i-tli 
links are plotted. They are connected by a rotational joint to which the z-th joint 

frame is assigned. The coordinates of the i-tli frame are denoted as yy; and zi 
respectively. The z\ vector is not plotted explicitly because it is perpendicular to 
the picture.
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(i-l)-th link

base frame

Figure 3.1: The i-th joint frame of a robot.

A vector can be expressed in any one of the link frames. Let Pik denote the 

vector from the i-th  link frame origin to the h-th link frame origin; then a vector 
kv expressed in the k -th link frame can be also expressed in the i-th  link frame as

*v =  [R kv +  <Pik (3.1)

where the leading superscript “i” indicates the particular frame in which the 
corresponding vector is expressed. A vector without the leading superscript can 
be assumed to be expressed in the base frame by default.

Each link can be viewed as a lump mass. When the robot moves, the i-th 

link is associated with a vector vCi representing the linear velocity of the i-th  link 
mass center. Also associated with the i-th  link is the angular velocity of the 
i-th  link. If the joint angles (displacements for prismatic joints) are specified as a 

vector of generalized coordinates q — [(p, . . . ,  qn}r , then vCi and co, are related to
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Q by

W;
5 ( 1  X n

where J c,-(<y) ir the Jacobian matrix with respect to the mass center of the i-th 
link. For a robot with all revolute joints, the Jacobian m atrix with respect to the 
mass center ol‘ the k-th link is given by

*i X {P\k +  Ck)  z 2 X (P2h -I- Ck)  . . .  Zk x Ck 0 . . .  0
*1 22 . . .  Zh 0 . . .  0

where Z{ is a unit vector representing the Z{ axis (in the base frame); ck is a verier 
representing the k-th link mass center. The (& -fl)-th and higher ordered columns 
are zero because of the open-chain mechanical structure; the generalized velocities 
of higher joints do not affect the linear and angular velocities of lower links. In 

case the i-th joint of a robot is translational, the i-th column of the above Jacobian 
m atrix will be changed :om

Zi  X ( P i k  +  Cjfe)
to

i•

11

----1
CZ5

»

1
C* O

1

fi-  —

1Og
»

. u>i 0 T i

Let m; and T{ denote, respectively, the mass and inertia of the i-th link, 
the kinetic energy of the whole system can be written as

K  =
“  1=1

where vC{ is the linear velocity of the i-th link mass center; u>t- is the angular 

velocity of the i-th  link body; m; and T{ are, respectively, the mass and inertia 
tensor of the i-th  link. Alternatively, the system lunatic energy can be expressed 
in the form of

K  =  J?  (<i)QiM<i)\ti =  \ ('ir <7
t=i

where

M M  =  £  J ' i Q M

53
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is the inertia m atrix of the overall system. It is uniformly symmetric and positive 
definite. The potential energy of the overall system can also be expressed in the 
generalized coordinate space as W  — f  GT(q)dq where G(q) 6 R n represents the 
gravitational force (or equivalent torque) acting on the joints. The Lagrangian 
function of the system is given by L = K  — W  = K  — f  G(q)dq. Applying the 
Euler-Lagrange principle, one can obtain

L * L  _  -  1 x 7  r  r
T d t d q  d q  i t  '  ’

= M ( q ) ; i - D { M {ll)ll- V t [ fM (q )q])  + G(q) (3.2)

where V 9 denotes the gradient w ith respect to q. By taking into account the 

unmodeled dynamics € R n, one can write the dynamics of such a system as

M(q)q  +  V{q, q)q +  G{q) +  Td =  r  (3.3)

where the V(q,q)  6 R nxn matrix is not unique. There are multiple forms of 
V(q, q) such that

V(q,q)q =

One possible way to determine V(q,q)  is to express the kinetic energy as a 

quadratic form of the vector q:

1 ” 1
K  =

hi

where m . ; j  is the j'tli entry of the n  x n inertia m atrix M(q).  The potential energy 
S'Fp,) =  / G(q)clq is independent of q. Applying the Euler-Lagrange equations to 
the system Lagrangian

i  =  A ' - H '  =  i £  w - i M W i  ~  W ( ‘l ) ,  (3.4)
“ hi

one can write
9L  A
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and

d BL A  , ... A d
S a f e  “

It follows (3.4) that

A  +  A  ~pTn- m -
j=i i,j u<ij

dL  1 , drriij . . d W
=  A i r fw -%  2 t r  %  % ’

Thus the Euler-Lagrange equations cai. written as

v  ̂ .. v—v , dnikj 1 dniij i , , d\'VA + Al-Â  - Ofl - -n—  =  n -  
i = i  ~ f  ocji 2 d q k d q k

The order of summation can be inter-changed to take advantage of symmetry 
and obtain

v -  d m kj  . . 1 ^  d m kj  d m ki . .

Hence

, d m kj  1 dniij . _  1 y ,  , d m kj d m ki d m ^  ̂  . .

Ti d(l ‘ 2 %  q‘Ch ~  2 h  d(li +  d(lj d(U

Introduce nonlinear scalar functions

1 d m kj drnki d m {j
v‘jk ~  7Ti~o-----1— o---------- o— )•2 dq, Oqj dqk

They represent the Christoffel symbols. Clearly, Vjjk : Vjik. This observation 

leads to a 50 percent computation reduction when evaluating the system dynamics. 
Since Gk =  is the kth. element of vector function G{q), one can express the 
Euler-Lagrange equations as

n
A  m kM)(h + A  a A t j  +  Gkiq) = n ,  l < k <  n.
i=i *.j
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The m atrix expression of the above equation is exactly (1.1) and (3.3) except that 
the unmodeled dynamics t<i is missing. The k , j th element of m atrix V(q, q) is 
determined by

n
vbj =  Y , Vijk{(i)([i

i=l
_  1 A . d m kj d m ki d m ^  .

2 dqi +  d Qj dqk

The Euler-Lagrange equation applies to general mechanical systems. It pro­
vides an easy way to represent the usually complicated form of dynamic equation 
for a mechanical syste. 1 which consists of multiple moving bodies.

3.2 T he N ew to n —Euler A lgorithm

Another method to compute the system dynamics for an open-chain articulated 
mechanical structure is the so-called Newton-Euler algorithm. This method adds 
up the dynamics of individual links. For an n-link open-chain articulated struc­
ture, the overall dynamics can be expressed as a sum of

Til t2i Tnl
0 T22 T71.2
0 + 0 +  • • • + Tn3

0 0 Tnn

=  £
i=i

(3.5)

where r; =  [t/i, . . . ,  ru, 0 , . . . ,  0]r  is the dynamic of the i-th  link; it only affects the 
i-th joint and the lower joints. In this section, the Newton-Euler algorithm is ex­

plained for a robot with rotational joints. The algorithm can be easily generalized 
to robots with translational joints.

According to (3.5), r(k),  the generalized torque applied to the /b-th joint must 
satisfy the following equation:

ii n
r(k) = J 2  Tki =  zk\Tifri +  LOi x TitOi +  rmhki x (ve, +  g)\ (3.6)

i--k i=k
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where zk is an unit vector denoting the k -th joint axis; m,- denotes the mass of 
the i-th link; hki — Phi +  c; is a vector from the A:-th joint frame origin to the 
mass-center of the i-th  link; g is the gravity vector with ||</|| =  9.S and always 

pointing towards the earth center; vCl the linear velocity of the mass-center of the
i-th  link; and tv; the angular velocity of the i-th link.

Physically, ^Q;tv; =  Ij-tv; +  tv; x T;tv; represents the inertia torque required for 
the angular movement of the i-th link while mi(vCl +  g) equals the force required 
for the linear movement of the i-th link. Consequently m,•//.*; x (vCi +  g) is the 
equivalent torque acting on the A:-th joint.

Equation (3.6) looks very concise, yet it hides a lot of additional computations 
required to compute zk, vCi, tv;, T; and liki- But all the additional computations 
can be implemented by a recursive algorithm to take advantage of the articulated 
configurations. For example, the joint axes {.j/JjL, are related by a chain of 
rotation matrices Jj:+1 R, or simply zk+i =  R z k. Here is an orthogonal 
m atrix function of generalized coordinate qk.

The vector hki can be breakdown as hki =  Phi +  Pc, where P points from the 
origin of k -th  joint frame to that of the i-th joint frame while PCt is the vector 
of mass-center of the i-th link. Its expression in the i-th  joint frame is denoted 
by lPCi and is a constant vector. The Pki vector can be computed recursively by 
assembling the links from k -th  joint to the i-th one. This process is called the

“outward iterations” of a Newton-Euler algorithm.

After all the necessary variables in (3.6) are available, the algorithm will com­
pute r  using (3.6). This process can also be implemented by a similar process 
called the “inward iterations” .

There are many versions of the Newton-Euler algorithms. Iri this review, the 

algorithm given in [37] is listed because it is accompanied by a detailed explanation 
on its notations and the derivations.
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3.2.1 The outward iterations

This part computes the velocities and accelerations for all links. In the whole 
mechanical configuration, the (i-(-l)th link is assembled at the end of ith  link. As a 
result, its velocity and acceleration are affected by the velocities and accelerations 
of the first i links as well as by the joint velocity qi+i which is the (i +  l) th  
component of the vector q.

The “propagation” effect of the velocities and accelerations can be efficiently 
computed by an outward iteration algorithm given by the following equations

,+1u;f+i =  ;+1^ +</;+! i+1*i+i, (3.7)

,+1u>i+i =  \+tR  +  f l R  xu>i X qi+1 t+1z i+1 +  qi+1 ,+1 «,•+!, (3.8)

%  x {Pi+x +  |+XR  ‘w; x f a  x {Pi+a) +  j+1#  (3.9)

In the above formulations, we use ' u ‘u>i and ’v; to denote the angular velocity, 
angular acceleration and linear acceleration of the ith  link. They are all expressed 
with respect to the attached frame. Matrix }+lR  is a rotation tha t relates the 
(i +  l)th  frame to the fth frame. Vector Pi points from the origin of the (i — l)-th
attached frame to that of the i-th attached frame. Z{ is a unit vector representing
the axis of the ith  link.

The velocities and accelerations are then transformed to the corresponding 
frame attached at the center of mass of each link. The external force XF{ and 
torque lN{ needed to support the motion are computed io: the ith  link with the 
following formulations

%  = tJji x lPCx +  ‘uJi x C'w{ x {PCi) +  'in, (3.10)

%Fi -  mi %vCi, (3.11)

{Ni  =  CiT{ \b{ +  x c'Ti {Ui. (3.12)

3.2.2 The inward iterations

The interaction between the links is computed by an inward iteration scheme. 

For a robotic m anipulator, the ith  link is assembled on the (i — l) th  link and it
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supports the (i +  1 )th link. Such a relationship can be expressed mathematically 
as

In the above formulas, the gravity effect is absent. But it can be included quite

upward acceleration causes exactly the same effect on the whole system as the real 
gravity force does. Therefore no extra computation is needed.

3.3 Sum m ary

The Euler-Lagrange and Newton-Euler methods for evaluating the dynamics of a 
robotic m anipulator are reviewed in this chapter. It must be emphasized that the 
Euler-Lagrange and Newton-Euler methods are equivalent as far as the final result 

is concerned. However, the Euler-Lagrange equation can be applied to practically 
any mechanical systems as long as their Lagrangian functions can be derived. 

When the Newton-Euler algorithm is applied to a closed-chain configuration, 

many operations, such as the computation of linear velocities and accelerations, 

must be modified. Particularly, j>!+1R  is not necessarily a m atrix function of a 
single variable r/fc. Such differences are due to the reduction of degree of freedom 
because of the closed-chain configurations.

The evaluation of robot dynamics is closely associated with the current trend 
of model-based or “param eter linearization” adaptive controllers [37] [39]. In com­

paring the two algorithms, more attention will be paid to the possible development 

of general algorithms for parameter linearization.

(3.13)

(3.14)

(3.15)

simply by letting °vo =  ff, where g represents the gravity acceleration vector. This 
is equivalent to an imaginary upward acceleration of the base frame. The fictitious
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In the development of Newton-Euler algorithms, the focus bas been on reduc­
ing computations as much as possible. The M(q), V(q,q)  and G(q) matrices in 
the system dynamics do not appear explicitly. It is rather difficult to determine 

which particular form of V(q,q)  will be used to compute V(q,q)x.  In Chapter 6, 
it will be shown that only a proper form of V(q,q)  satisfies the identity

xT ' -2 V ( q ,q ) ] x  = 0 V x  #  0. (3.16)

Thus, the Newton-Euler algorithms do not seem to fit Slotine and Li’s adap­
tive controller [39] which depends on (3.16) for its stability proof. On the other
hand, the Newton-Euler algorithms use linear velocities and angular velocities
of individual links as intermediate variables in the recursive computation. These 
variables are needed to linearize (3.6) with respect to the unknown param eters, 
such as mass, center of mass and inertia tensor of the last link. From this point of 
view, the Newton-Euler algorithm seems to have a higher potential to be modified 

into a general param eter linearization algorithm. This problem will be addressed 
in Chapter 7.

The Euler-Lagrange method can be applied only when the overall system 
inertia m atrix M(q)  is ava.ihi.ble. The unknown parameters are hidden in the 

m atrix and it seems rather difficult to linearize M(q)  with respect to the 
unknown parameters. However, the Euler-Lagrange equation evaluates matrices 
V(q,q)  and G(q) and especially determines the suitable V(q,q)  such that (3.16) 
holds. It seems th a t the Slotine and Li’s controller [39] needs both algorithms to 

implement an adaptive controller for a general ?i-link robot. This fact motivates 
the design of a self-tuning regulator to be presented in Chapter 7.

60
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C hapter 4 

M anipulator C ontrollers

Numerous controller designs have been proposed for robotic manipulators. It is 
only possible to review some of the most representative designs in this chapter. 
The currently available controllers for robotic manipulators can be put into three 
main groups: the simple feed-back controllers; the fixed nonlinear compensators 
and the adaptive controllers.

The first group includes combinations of position (P), differential (D) and in­
tegral (I) feed-back controllers such as PD and PID controllers. The stability of 

feed-back controllers is well studied for LTI plants. For nonlinear or time-varying 
plants, the stability analysis becomes difficult and no general results are avail­
able. However, feed-back controllers, especially PD controllers, are very popular 
in industrial applications despite extensive research effort on other sophisticated 
controllers. The reason is simple: feed-back controllers are simple and economic. 

Particularly, it has been proved by Arimoto el al. [69] th a t a PD controller with 
exact gravity compensation is asymptotically stable for point-to-point control. In 

[37], a conjecture is stated that a PD controller, without gravity compensation, is 
stable for trajectory tracking if the velocity (differential) feed-back gain is suffi­

ciently large. This conjecture is supported by many experimental and simulated 
results.

Although PD controllers are believed to be stable in trajectory tracking, their 
tracking errors are relatively large because of the nonlinear dynamics of a robotic

37
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manipulator. The only way to realize zero tracking error without infinitely high 
gain feed-back is to compensate the nonlinear dynamics. The computed-torque 
controller is a successful example of the second group (the fixed nonlinear compen­
sators). It computes (according to the feed-back information) and compensates 
the nonlinear dynamics. If the robot parameters are exactly available, the system 
dynamics will reduce to a simple linear second order differential equation. The 
analysis of tracking performance becomes straightforward.

The performance of computed torque controllers is uncertain when the robot 
parameters are inaccurate. The robot dynamics computed using the inaccurate 
parameters can not compensate the real system dynamics exactly. The remaining 
dynamics still effect the stability of the closed-loop system. Different methods have 
been reported in order to  deal with the param eter uncertainty. These methods 
form the third group, the adaptive controllers. One of them  is the variable- 
structure-control technique. As will soon be discussed in detail, this method 
estimates the instant signs of the unknown dynamics and uses a  sufficiently large 
switching signal to compensate them. In order for the tracking error to converge 

to zero, the ideal actuator must be able to switch with an infinitely high frequency. 
A modified version uses a linear area to replace the step switching function, as 
a result, the tracking error is forced into a computable tolerance range. Strictly 

speaking, a variable-structure controller does not belong to the class of adaptive 

controllers.

An adaptive controller does not merely estim ate and compensate the sign 
of unknown dynamics. Instead, it attem pts to compensate the  whole nonlinear 

dynamics according to the feedback information. The early versions of adaptive 

controllers are more performance oriented. The robot dynamics are assumed to 

be LTI and MRAC designs are applied without much modification. Recently, the 
linear parameterization method has attracted growing attention because of its 
potential to force zero tracking errors. It is reviewed here in detail as an example 
of adaptive controllers and as a new trend for further study.
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4.1 P D  C ontroller w ith  G ravity  C om pensation

This is the simplest controller for the robotic manipulators. It guarantees stable 
pointwise movement when G(q), the gravity force vector, is available. The control 
law is given by

r  =  -I<vq -  K p e + G{q) (4.1)

where e =  q — qti is the position error between the joint position vector q and the 
desired position qd; K v =  K('  and K v =  K p are two arbitrary positive definite ma­
trices. Substituting (4.1) into the system dynamic equation (1.1) and neglecting
the unmodeled dynamics, one can write

M(q)q  =  — V{(p q)q -  K uq -  K pe.  (4.2)

T h e o re m  4.1 The closed-loop system (4.2) is asymptotically stable and Jie po­
sition error vector e will eventually converge to zero.

P ro o f: Consider a Lyapunov function candidate

V  =  l- { q r M{q)q +  er A > }.

The tim e derivative of v, evaluated along (4.2), is given by

v = ~ qr I<vq

where we have substituted identity x r [M(q) — 2V(q, q)}x =  0 and e — q to arrive 
at the above equation. It follows th a t v will keep decreasing as long as q ^  0. v 

will converge to a constant when q =  0. At that time, (4.2) reduces to l(ve = 0. 
Since K v is positive definite, the only solution must be e =  0. Q .E .D .

R em ark s : The above stability analysis is valid only when the gravity force 

G(q) is perfectly cancelled and no unmodeled disturbance is present. In practice, 
such a perfect matching is almost impossible. The stability of PD controllers 
without perfect cancellation of G(q) is still a conjecture which remains to be 

proved.
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4.2 C om puted  Torque M eth od

The computed torque method is designed for position control along a prescribed 
trajectory. It is assumed that the dynamic parameters M ( q ), V(q, q) and G(q) are 
available and the unmodeled dynamics rd is neglected. The control law is given 

by
r  =  M(q)(qd + I<ve +  I(ve) +  V(q, q)q +  G(q) (4.3)

where qd is the desired trajectory and e =  qd — q the tracking error.

Substituting (4.3) into (1.1) and neglecting rd, one obtains

M(q)(e  4* K ve +  K pe) =  0.

Since M(q)  is uniformly positive definite, the above equation means

e -(- K-u& -t* KpO — 0.

When the two gain matrices K v and K p are chosen to be diagonal, the nonlin­
ear dynamics of a manipulator become decoupled and the tracking error will be 
subjected to a second order stable linear equation as the above equation suggests.

R em ark s : Also requires perfect matching of the nonlinear functions M(q),  
V(q, q) and G(q). But the controller is able to tolerate any bounded disturbances 
due to unmodeled dynamics when perfect knowledge of the system parameters are 
available.

4.3  V ariable S tru cture C ontrol

An important feature of the computed torque method is its reliance on the exact 

knowledge about the system dynamics M(q ), V(q,q)  and G(q). The stability 
analysis relies solely on an assumption that these parameters are known exactly 
to the controller. As we discussed in the introduction, such an assumption is 
rarely true in practice. Many times, some inaccurate quantities M(q),  V(q, q) and 
G(q) are computed by the controller algorithm because of the imprecise knowledge
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about the robot parameters such as mass, center of mass and inertia for each link. 
As the result, (4.3) becomes

r =  M ( q ) ( q d  -f I<ve +  K p e)  +  V ( q ,  q ) q  +  G ( q ) .

Substituting into (1.1) and neglecting r,/, one obtains

M ( e  +  K v e +  K pe)  =  A M q  +  A V q  +  A G

where A M  =  M { q )  -  M ( q ) ,  A V  =  V ( q , q )  -  V ( q , q )  and A G  =  G ( q )  -  G { q ) .  

The right side of the above equation involves the products of q and q which 
represent some nonlinear time-varying feedback effects. It is difficult to predict if 
the feedback is positive or negative. Thus the stability of the closed-loop system 
is uncertain. In order to ensure stable tracking, the variable structure control is 
used. The control law is given by

r  =  M ( q ci +  K e  +  u) +  V q  +  G

= M  (qd +  I ( e  + u) — A M  (qd + K  c -|- u) +  V q  + G  (4.4)

where K  =  [ K i n Kp ]  and e =  [e,e]7 ; u is an additional control input to be deter­
mined a bit later.

Substituting (4.4) into (1.1) and neglecting the effect of r,/, we can write

e +  K ve + K p e — q — u (4.5)

where

q  =  H u  +  H q d  +  I I  K e  +  M ~ l ( A V q  +  A G ) ,  (4,b)

and H  =  M ~ l A M  =  I  -  M ~ l M .

Spong and Viclyasagar [64] proposed a variable structure control law for the 
closed-loop system of (4.5). Their stability analysis is based on the following 
assumption:

sup ||ry'(/|| <  ci < oo. (4.7)
t> o

=  | | /  -  M ~ l M|| <  a  < 1 Vq  € R n. (4.8)
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H M -^A T ^ +  AGOH < # M )  (4,9)

for some known function <j) bounded in t.

The assumption of (4.7) comes from the fact tha t the desired acceleration 
should be assigned a bounded function of time. (4.S) seems to be rather restrictive. 
However, it is always true by some simple choice of M .  Since M ( q )  is uniformly 

positive definite for all q  6 R ' \  there must exist positive constants X m i  < X m 2 

such that
X m i  <  ||iW((jf)jl <  Am2 V<j € R n -

By choosing
M  =  V+V.?.J

Cj

it can be shown that

j\ I  -  M ~ XM \ \  <  =  a  <  1.
Am2 +  X m  1

In practice, one could find other ways to compute M(q)  such that a  is as small 
as possible. In any case, the simple procedure provides an easy way to satisfy 

(4.8). As for (4.9), the <£(e, t) function can be a polynomial ao -f a i||e || 4- a2|[ejj2 

as explained in [64].

Now, we try to find a scalar function p(e, i) such that

||w|| <  p{e, t) and ||r;|| <  p(e, t). (4.10)

Substituting (4.7)-(4.9) into (4.6), we can write

IMI <  «||m|| + a c i  + a 'j|ir ||||e ]j +

< o.'p(e,t) -f- crci -f a'jj/<r||||e|| +

-  P{t, 0

This enables us to write

p =  i Z ^ ^ aCl  +  a N/irM6ll+  ^  ^

which will satisfy both inequalities of (4.10).



Previous Results on Manipulator Control 43

Let

A =

i

il
«

and B =
'  /  '

I  0 0

then (4.5) can be expressed as

e =  Ae +  B(i] -  u). (4.1!)

By a proper choice of K  =  [Kv, K p], one can find positive definite matrices P  =  P1 
and Q =  QT such that

P A  + A t P  = - Q .

Consider a Lyapunov function candidate v — eTPe, the time derivative of v eval­
uated along (4.11) is given by

v = —eQe +  2ePB(r) — u) 

< - e TQc +  w1 {i} — u)

t/=J P ^ \ R \
\  0 for w =  0 ’

eTQe +  2[ioTTj — ||tw||/9(e, /)] for w  ^  0 
cTQe for to =  0

According to (4.10), v < 0 in both cases and v will keep on decreasing until e =  0. 
Therefore the closed-loop system is asymptotically stable.

R em ark s : The advantage of this type of controllers is its ability to control 

robots without perfect param eter match. They are also robust with respect to 
unmodeled dynamics as long as the disturbances are bounded in norm by the scalar 
function p(e, t). But the control laws could switch at extremely high m ncy 
because of the additional control u. In many applications the actuators arc unable 

to provide such a high frequency switch of forces.

where 10 =  B T Pe. 

If we specify

then we can write
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4.4 A d ap tive C ontrol o f M anipulators

The stability analysis of the controller discussed in the previous section has a 
small flaw: the discontinuity of the definition for u. Such a control requires an 
infinitely high frequency switch which is difficult to implement in practice. In this 
section, we discuss the use of adaptive control strategy for manipulator control.

4.4.1 M RAC applied to  robots

Under the assumption tha t M(q),  V(q,q) and G(q) vary “slowly” compared with 
q (it is not clear how slow the variations are), then the robot dynamics (without 
the unmodeled dynamics tj)  can be approximated by a second-order LTI plant

M cq +  Vcq +  Gc = t (4.12)

where the subscripts “c” indicates tha t the corresponding m atrix can be considered 
as constant. Denote as y j  =  [qT, qT], up =  r  — G'c,

.. ts
. ' O

.

and B „  =

i—7
,

i

C s- - c

1 o
1 1

o
i

A n

Then (4.12) can be written in a state  space form

i/p =  Apyp T B pup.

For a prescribed reference model system

2/m ~  Amym T Bmv

where
[ Kv K p '

An
L - 7 0

and Bn
I

0

(4.13)

one can easily verily that the “perfect matching” condition [16] is satisfied. That 
is

( I  -  B p B j )(Ap -  A m) = 0 and (I  -  B vb \ ) B m =  0 V yv, t
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where Bp = ( B j B v)~l i?J. According to Theorem 2.2, an adaptive controller with 
control law (2.7) and adaptation law (2.10) will render an asymptotically stable 
tracking system.

R em ark s : The above algorithm belongs to the “perlorniaiice-based” adap­
tive controllers [36]. These adaptive controllers are all based on an assumption 
of “slowly-varying” dynamics of robots. Many simulation and experiment tests 
show th a t these controllers are stable. But their theoretical stability analysis is 
weak because the “slow-varying” assumptions are observed to be violated in some 
experiments [36].

4.4.2 Linear param eterization

In chapter 3, we discussed several MRAC schemes lor LTI plants. The stability 
analysis of all these MRAC schemes makes use of the im portant fact that the 
unknown plant coefficients are constant. For robotic manipulators, the dynamic 

coefficient matrices and vectors are functions of the joint positions which change as 
the manipulator moves. A direct application of MRAC to control the manipulators 
does not guarantee stable tracking for the closed-loop system. One way out of 
this is by means of linear parameterization.

Neglecting the unmodeled dynamics 7q, the equation of motion of an 77,-link 
m anipulator is described by

M (q)(j +  V{q, q)q + G(q) = N{q , q, q, p) (4,14)

where the right side represents the torque computed by a computed algorithm. 
The symbol p represents the effect of system parameters such as mass, center of 

mass and inertia of each link. By “param eter linearization” , it is meant tha t there 
exist some algorithms such that (4.14) can be reduced to

M{q)q + V{q, q)q +  G(q) =  Y(q, q, q)p (4.15)

where the system dynamics are expressed as the linear product of an known func­
tion m atrix Y(q,  </, q) and a generalized param eter vector p whose components are
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some combinations of mass, center of mass and inertia of each link. For example, 
the dynamics of an ideal two-link configuration is described by

Tl

r2

w 2/|\{(h +  <h) +  m 2lxl2c2(2qx + q2) +  (mi +  m 2)/?r/i -  m 2lxl2s2ql 

- 2 m 2lxl2s2qxq2 +  m 2l2qcX2 +  (mx +  m2)/iflfCi, 

m 2lxl2c2qx -f- m 2lxl2s2qx +  m 2l2gcX2 +  m 2l\{qx +  q2).

By defining p =  [p ,,. . .  ,p 6]r  where px = m 2/ | , p2 -  m 2lxl2, p3 = m 2l2g , p4 =  
(m x +  m 2)l\ and p6 =  (mi +  m 2)lx(j\

Y  =
(<7i +  tf?) c2(2qx + q2) + s2q2(q2 — 2qx) cX2 qx cx

cx2 0 0(qx +  q2) c2qx -f s2(fi

We can describe the dynamics by

T =
TX

r2
Y{q, q, q)p-

Linear parameterization enables us to express the param eter uncertainty in 
terms of an unknown constant param eter vector p. This makes it possible to ap­
ply some adaptation law to adjust p and ensure stable tracking for the closed-loop 
system. Although the Y(q, q, q) m atrix looks simple for the ideal two-link config­
uration, it is extremely difficult to compute Y  for a general n-link configuration. 
Nevertheless, adaptive control of manipulators by means of linear param eteriza­
tion is perhaps the most popular adaptive controller in this area. It has the most 

rigorous stability analysis.

4.4.3 A daptive control by linear param eterization

The most recent result on adaptive control of robotic manipulators is due to 
Slotine and Li [39]. In designing the adaptive control system, they do not try to 
linearize the closed-loop system. Instead, they make use of the Skew-symmetric 

property of M  — 2V  to cancel out the nonlinear effect. As a result, a  globally 
stable adaptive controller is proposed.
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The control law is given by

r  =  -Ku> +  M (<•/)</» +  V(c'p q ) t  +  ( 7 ( 7 / )

=  -Ku> +  (/’, <7, q)P (4.16)

where ui =  e +  Ae, ■</> =  q — u> =  q,t — Ae and A is an arbitrary positive definite
matrix. The objective of the control system is to force u) —> 0 in a finite time.
As long as tu =  0, it follows that e +  Ae =  0 and the tracking error should also 
converge to zero.

The adaptive law is described by

P =  - Y r {4 \ i ' ,q ,q)u .  (4.17)

The closed-loop system is described by

M(q)u) + V{q, q)to = - K u  + K( i/>, </>, r/, q)<j>p (4.18)

where <f>v =  p — p represents the parameter error.

Consider a Lyapunov function candidate L =  I  (to1 M(q) i (/)v). The time
derivative of L  evaluated along (1.18) is given by

L -  - u i1 K u  + [ul }•'(?/>, v/>, q, q) +  j>Jp ]^p

where the Skew-symmetric property x 1{M -  2V)x = 0 V x ^  0 has been substi­
tuted to eliminate the effect of M  and V{q, q). A further substitution of (4.17) 
into the above expression leads to

L =  —u>r Kui < 0

which implies that the closed-loop system is asymptotically stable.

4.5 Sum m ary

This chapter reviews a number of controllers designed for robotic manipulators. 
These controllers represent the numerous controllers reported by the previous re­
searchers. The most simple controller is the PD controller. It is proved to be
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stable foi’ point-to-point control under the condition that the gravitational force 
is exactly available to the controller and the external disturbances are negligible. 
The computed-torque controller use forward dynamics to compensate the nonlin­
ear robot dynamics and PD feedback to keep good tracking. It transforms the 
closed-loop system into a LTI plant if the forward dynamics matches the robot dy­
namics exactly. However, perfect matching is generally not possible due to various 
practical reasons. In the most common case, the robot dynamics changes when it 
operates with an unknown payload. The most simple way to deal with the inac­
curate matching effects is by means of variable structure control. Such controllers 
require th a t the actuator be able to switch at an infinitely high frequency to guar­
antee stable tracking. Adaptive controllers adjust the control gains automatically 
according to the feedback information. It is important to study the stability of 
an adaptive controller. Many early adaptive controllers are base on an assump­
tion that the dynamic coefficient matrices are “slowly-varying” such tha t they can 
be approximated by constant matrices. The linear-parameterization based adap­
tive controllers do not require the “slowly-varying” assumption to obtain stability 
results.
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C hapter 5

A d ap tive  C ontrol o f  LTV and  
N T V  P lan ts

In chapter 3, several general MRAC schemes for LTI plants are reviewed and 
some results on adaptive control of LTV and NTV plants are noted. In reality, 
many physical problems involve LTV and NTV plants. The m athem atic model 
of LTI plants only cover a small fraction of real physical problems. When the 
model is applied to real LTV and NTV plants, significant modelling error will be 
introduced. Until recently, the modelling errcr of fitting a LTI model to a LTV or 
NTV plant is simplified, as some bounded disturbances and robustness of adaptive 

controllers for LTI plants have been studied extensively.

It goes without saying that the best way to minimize the modelling error is 

to use LTV and NTV plants as models and develop new adaptive controllers for 
such plants. This problem was successfully studied by Middleton and Goodwin 

[20], Rotea and Khargonekar [22] as well as Tsakalis and Ioannou [24] [25]. Their 
results inspire the contributions m ade in this chapter as an application of MRAC 
to LTV and NTV plants with uncertain plant terms.

Unlike the adaptive controller developed in [24][25], the proposed MRAC does 

not require any d priori knowledgj about the plant parameters. All the plant terms 

in this Chapter are assumed to be unknown and no linear parameterizations are

50
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available. Under this assumption, it is impossible to separate slowly-varying coef­
ficients from some known fast-varying functions. Tsakalis and Ioannou’s adaptive 
controller [24, 25] does not apply in such situations. Besides, the plant terms are 
potentially unbounded instead of belonging to a convex set as assumed by Mid­
dleton and Goodwin [20]. The assumption on the unknown terms is relaxed such 
tha t they are not subjected to any constant bound. Some functional bounds are 
imposed on the plant terms and the functional bounds could grow to infinity if 
the closed-loop system states are not proved to be bounded. A rigorous stability 
analysis proves tha t the proposed MRAC scheme works well under these relaxed 
assumptions.

5.1 S ingle In p u t/S in g le -O u tp u t P lan ts

The main idea of this research can be explained with a scalar nonlinear time 
varying plant. Its m athem atic model is given by

l)p = ^piUpi )̂Up fJpiVpi 0  T  bp{yp, t)u. (5.1)

The model satisfies the following assumption:

A ssu m p tio n  5.1 The magnitudes of coefficients ap, bv and gp are bounded by a 
positive function k^jy'* -f 1 =  kp(yp) for some positive constant k, Their partial 
derivatives with respect to both yv and t are all bounded.

O b se rv a tio n  5.1 According to Assumption 5.1, the normalized plant coefficients 

dp =  ap/p(yp), bp =  bp/'p(yp) and gp/p{yP) are bounded by some constants. The 
time derivative o f  cip is given by

I Up Up jjp

Up p(vP) p{Vv)V2{Vp)'
Since (5.1) implies \yp\ <  kap(yp)\yp\ for some positive ka, the second term in the 
above expression is bounded while the first term depends on the magnitude of av . 
The fact that

dap dap .
Up "  dt  +  dypJv
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implies \hv\ < k,ip{yp)\yp for some positive kj,. This enables one to conclude that

|5P| <  ci|c| +  c0| (5.2)

for  some positive constants ej and cq tuliere \yp\ <  \ym\ +  |e| and the boundedness 
of \ym\ have been substituted. The magnitudes of bp and gp can be bounded by 

similar positive functions.

In Section 4, it will be shown that the plant coefficients of a large class of 
mechanical systems satisfy Assumption 5.1. The objective of this section is to 

design a control law such that yv follows the output of a reference model

i)m — omym 4" v (5.3)

as accurately as possible; or that the tracking error, e =  yp — ym, is as small as 

possible.

5.1.1 A daptive controller design

Consider a control law given by

u =  Ot,u + 0ayp +  0a +  r  =  a>T0 +  r (5.4)

where 01 =  [Ob, 0a, Of and of1' — [?./,, yp, 1]. This controller looks odd because the
control input u appears on both sides of (5.4). Yet it can be implemented as

u =  i _  ob ^  ^9 ^  r '̂

Equation (5.4) is written for the convenience of stability analysis to be presented 
later on. Some straightforward calculus will verily the existence of

01 = 1 - b p, 0“ = ap — am, 0* =  —gp (5.5)

and hence 0*J =  [Oj, 0*, 0'} such that (5.1) controlled by (5.4) can be expressed as

(s +  am)vP = u T<f> +  r. (5.6)
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Subtracting (5.3) from (5.6), the dynamic equation of tracking error e is then 
derived as

e =  —ctme +  wTd> =  - « me +  v(VpW'<f> (5.7)

where <f> = 0 — 0* and (j> = 0 — 0* = (0 — 0*)/p(yp).

Equation (5.7) represents a stable system if eit her the compensation error (f> is 
an all-zero vector or ^u>\  is uniformly bounded. However, due to the unknown 
natural of 0*, it is very unlikely that 0 matches 0* perfectly; and \ujT(j)\ could 
grow without bound if yp is not proven to be bounded. In order to stablize the 
system, a cr-modified adaptive law is designed to adjust 0 — Op(yv) according to 
the feedback information. It is synthesized according to

0 + cr() -  jp(yp) (5.8)

where a  is a positive scalar constant.

The above adaptive law creates a strong coupling effect between the tracking 
error e and the compensation error <j>. This effect can be emphasized by subtract­

ing
7 == 0 -{■ aO" 

from both sides of (5.S), which leads to

In the stability analysis, one is recommended to focus on (5.7) and (5.9). 
These two equations describe the inter-coupling effect of e and <■/>. Besides, (5.2) 

and similar treatm ents on \b})(yp  ̂t)\ and |jfy,)((/,„ 01 enables one to write

| | — 7 | |  =  ~ ^ | | ^  +  ^ ' | | 2 <  7 o  +  7 1 H  +  7 '2<;J ( 5 . 1 0 )

for some positive constants 70 71 and 72. The potentially unbounded and fast 
varying effect of 0* is then modeled by (5.1G' mathematically. The three equations
(5.7), (5.9) and (5.10) play a key role in the following stability analysis.
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5.1.2 Stability analysis

Like the traditional Lyapunov approach, the stability analysis of closed-loop sys­
tem (5.7) and (5.9) is associated with a positive definite function v = | ( e 2-l-o</r </>). 
However, the objective here is not to establish v < 0 along the system trajectory
(5.7) and (5.9). Instead, a finite positive constant v" is to be found such tha t v < 0 
whenever v > v m. According to Spong and Vidyasagar [64], v is uniformly ulti­

mately bounded if v* does exist. The closed-loop system will evolve to converge 
into a state  that v — 0.

Therefore the stability analysis consists of two main steps: 1) find a finite v* 
such tha t v < 0 whenever v > v"; and 2) reduce the area where v > 0 as much as 
possible.

For the first step, one immediately writes v =  ee + a<j)T<j). A substitution of
(5.7) leads to

v =  — a me2 +  a4>T[wp(yp) -  + }].

The second term  of the right side can be replaced by a negative definite term  by 
substituting (5.9), which yields

v = —ame2 — aa-cp1 <j> — a^fT4>

= - a me2 + a<r\\-^\\2. (5.11)

The last term in the right side is not negative definite. However, its effect can be 
conservatively bounded by substituting (5.10). This enables one to write

v < -(« ,„  -  cvcr72)[|e| -  • , -  QCr̂  A 2 -  <xa\\i +  ^ - | |2 +  7 (5.12)
z{am -  0072) No­

where 7 is a positive constant scalar given by

a 2cr27?
7  =  a o ' f o  +  77----------------r.

4 [Uni CX(T̂ /2)

If cr and a  are sufficiently small such that am > 0:0-72, then the right side of
(5.12) represents an elliptic. Clearly, v < 0 whenever the point (|e |, ||$||) is outside
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of this elliptic. Therefore there must, exist a finite o' such that v < 0 whenever 
v > v*.

Once the existence of v* is established, v is proven to be uniformly ultimately 
bounded; and v will eventually converge to zero according to [64]. In the particular 
case of closed-loop system (5.7) and (5.9), the tracking error and compensation 
error will eventually converge into

-  “ ff72)[|e| -  2k T = ^ ) 12 +  a a ^  + T o f  -  7

as (5.12) indicates. This brings the stability analysis to the second step. Now, 
the tracking error can be controlled by properly adjusting the design parameters 
am, a  and a.

5.1.3 Sim ulation exam ples

Two simulation experiments are conducted to test the adaptive controller. In the 
first experiment, the plant dynamics and the reference model are given by

a1 p(2 +  cos(vp)) +  5xp -  (1 +  cos(up))(2 4- cos(vp)) =  u

where vp — xp. The desired trajectory is given by

.i'm +  10.'I'm =  20 * (1 -  COs (ttI)).

All initial values of the control parameters are set to 0. The adaptation parameters 
are chosen to be cr =  1.0 and a  =  0.001. As shown in Fig. 5.1, the tracking error 

is controlled within |e| <  0.04, which is about 2 percent related to the reference 

model output.

In the second simulation experiment, the plant dynamics and the reference 
model are given by

(s2 -  0.6|t/p|s +  0.2\yp\s\n(4l))yp =  [.s(2 +  sin(4/)) +  l]u

i'm  -1- 1 0 « m  =  2 0  * (1  -  COs(7T/))
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Figure 5.1: Tracking error of an NTV plant with bounded coefficients.

respectively. All initial conditions and adaptation parameters are chosen in exactly 

the same way as the first experiment. Again, the closed-loop system exhibits good 
tracking behavior and the tracking error is plotted in Fig. 5.2. It is observed tha t 

the tracking error is kept within 2 percent related to the output of the reference 
model.

5.2 M ulti-variab le P lan ts

The MRAC controller can now be applied to a multi-variable plant given by

ilp ~  ~Ap{ypi T  B p(yp, t)[u T  gp{yp, £)] (5.13)
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Figure 5.2: Tracking error of an NTV plant with unbounded coefficients.

such th a t the plant follows a reference model

2/m ~  A mym T B mv (5.14)

where A p, A m e  f?nxn; B p, B m e  Rnxl; yp,ym € R n; and u, fjp € R!\ I < n. As 
in the case of linear time invariant systems, the plant-model pair must satisfy the 
matching condition [16]

( I - B pB j ) ( A p - A m) = 0 and ( /  -  =  0 V yp,t  (5.15)

where b \  =  { B j B p)~lB j .
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5.2.1 A daptive controller design

The control law is given by

u =  QbU +  Qayp + 0g + r = Quj + r (5.16)

where 0  =  [0j, 0 o,0ff] and ojt  — [u,y^,l] .  Similar to the case of the previous 

section, (5.16) is actually implemented as

U =  (I  — ©(,) ^ © a j / p  + 0 g +  ?’).

it can be verified that there exist a set of “ideal model reference controller” coef­
ficients. They can be derived as

&t = I -  &: =  { B l B m) - l B l ( A p -  A m), (5.17)

0; = - ( B } B m) - 'g p and 0* =  [©;, 0 ;,0 ;] . (5.18)

When the exact plant coefficient matrices A p, B p and gv are available, one can use 
(5.17) and (5.18) to compute 0 ’ and then verify tha t the nonlinear time varying 
effect caused by Ap, B p and gp is well compensated. The resulting system becomes
(5.14).

When the plant coefficient matrices are not availa.ble, an adaptive m atrix 0  is 
used to substitute 0*. Denote the compensation error as $  =  0  — 0* =  [$(,, <&a, <f>g] 
where <I>a =  0 U — 0*, <I>b =  0 6 — 0 £ and (f>g =  0g — 0*. Then (5.16) can be written 
as

ti =  ( / - e r ) - 1[0 :yp +  ^  +  r  +  H -

Substituting (5.17) and (5.18) into the above equation, one obtains

u =  £?J (Ap -  A m)yp -  gp + B j B m(r +  $w) (5.19)

which is another form of the control law. By applying (5.19) to the plant of (5.13), 
one arrives at

i/p =  A pyp T B pB ^ ( A p A m)yv -t- B pB p B m(r T  thcu).
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Tire matching condition given by (5.15) enables one to rewrite the above expression 
a s

lip — —A myp +  +  r). (5.20)

Let e — yp — ym denote the tracking error. Then

e =  — A ne +  B m$ u  (5.21)

can be obtained by subtracting (5.14) from (5.20).

Sine A m and B m are prescribed by the designer, one can assign the eigenvalues 
of A m to the right half of the complex plane. Then (5.21) represents an exponen­
tially stable system if either <1> is an all-zero matrix or |l(I>o>|| remains bounded. 
However, this hope is hardly true in real applications where A p, B p, gp and hence 
0* are not available to the controller. An adaptation law is proposed to adjust 
0 , which is given by

0  +  cr© =  - - B l P e u 1' (5.22)
Q:

where P > 0 satisfies 0.5(AfnP  +  P A m) =  Q > 0. The above equation can be 
expressed in terms of the compensation error <F by subtracting F =  0 * +<j0 ’ from 
beth sides. As a result, one obtains

<i» +  -B%PetuT =  -cr<I> -  F. (5.23)
a

The following stability analysis will show that the adaptive controller synthe­
sized by (5.16) and (5.22) leads to an uniformly ultimately bounded closed-loop 

system. Similar to the analysis of sub-section 2.2, the stability analysis wiil focus 
on the two error equations (5.21) and (5.23), which describe the coupling effect of 
the tracking error e and compensation error <I>.

5.2.2 Stability analysis

Consider a positive definite function v =  ^[er Pe  +  0'7 'r{<I)<l>/ }] where T r { X )  

denotes the trace of a m atrix X  while ||A'||/? =  y j T r { X X T} its Frobenious norm. 

A Lyapunov-like . .nalysis will lead to

v  =  - ct Q c -  aa\\<6 +  ^ r | | J -  +  ^ | | r f F . (5.24)
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Equation (5.24) can be viewed as a genera,] case of (5.11). In fact, the adaptive 
controller synthesized by (5.16) and (5.22) is a generalized version of (5.4) and
(5.8). Accordingly, the coupling effect described by (5.21) and (5.23) are gener­
alized forms of (5.7) and (5.9) respectively. The detailed derivation of (5.24) is 
om itted here because it is identical to that of (5.11). The minor difference is some 
additional m atrix calculus such as Q = AjnP +  P A m.

When || r|jj;’ is uniformly bounded, then (5.24) implies the existence of a Unite 
v* such that v <  0 whenever v > v*. The closed-loop system is uniformly ulti­
mately bounded according to [64]. If the entries of 0 ” matrix are not bounded 
by a constant but by some normalizing signal p(yp) such tha t |O’-\ < k^J 1 +  \\yp\\2 
for some k  >  0, then | |r | |^  <  7 0  +  7 i | | e | |  +  7 2 11e112 for some positive constants 7 0 , 

7 1  and 7 1 . Following the same argument as subsection 2.2, one can further obtain 
an inequality similar to (5.12). The closed-loop system can still be shown to be 
uniformly bounded and the tracking error can be controlled by adjusting a , <7 and 
the smallest eigenvalue of Q.

5.2.3 D iscussions

The plant described by (5.13) has a useful specific form. Consider an 77, - th  order 

single-input-single-output, plant described by

n-i
Vp ~  H  W p  = kNl-

i=o

If all the states of the plant are available, then the matrices Av and B p may be 
written as

A t,

np 1 cipQ
0 0

1 0

b Z [Aip, 0 , . . . ,  0]
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where kp represents the gain of the plant. In this case 1 = 1 .  11" one specifies a 
model pair

A n

ĥnn — 1 (hnl n„)fi 
0 0

B l  = [A:m, 0, . . . ,  0],

0 . . .  L 0

then it is easy to confirm that (5.15) is satisfied. The ideal coelficents are given 

by

©6 1 T i ©n =  T [®»in- 1 ((pn—l i • • • i (hnI dpli ((ml) 0,j — 0*
h'm rC-ni

According to the analysis in subsection 3.2, the tracking error can be controlled 
within a computable tolerance as long as the magnitudes of plant coefficients 

{ap‘Yi=Q are bounded by \ J y f +  1 for some positive kt.

5.3 A n  A p p lication  E xam ple

A typical application of the MRAC scheme is the tracking control of a robotic ma­
nipulator. The manipulator dynamics are described by a second-order differential 
equation

M{q)q +  V{('h q)q +  G{q) =  r  (5.25)

where q denotes the joint position vector and r  6 lia the joint torque vector 
(control input); M(q),  V(q,q)  6 R nXn and G{q) E Rn.

Denote as

J  —  r,vT , . T ' V(q,q) O ' R — ' * /-'(< /)"
- I  0

, Up —
0Vp =[<1 i (1 ]» A p =  l \ r  [q)

Then the system can be represented by a state space equation yv =  —A vyv + 
B p(r  — G(q)). A reference model is prescribed as ym = —A mym +  Rmr where 
r £ R n is the reference input and
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It is not difficult to verify that this model satisfies the matching condition of

(5.15).

The control objective is to minimize the tracking error e =  yp — ym. A routine 
analysis will derive the dynamic equation of the tracking error as

e =  —A me +  B p(r — G{q)) -f- 

vvhich is equivalent to

2/p B mv

c = - A me + B p ( T - 0 ; - Q * ayp - Q l r )  

=  —A me +  B p(t - 0 mg -  Qlijp -  0 J r) (5.26)

where 0'g =  G'(ry), 0 ;  =  M{q), 0* =  [ 0 ^ ,0 ^ ] ,  0 ^  =  M {q)Kv -  V{q,q), 0 ; 2 
M (q )K p and

0 * w  a

F ac t F I :  For robotic manipulators, the entries of M(q), V(q ,q)/yJ ||q ||2 +  1 
and G(q) are bounded functions of q [63, 64]; the inertial m atrix M(q)  is a uni­

formly positive definite. Consequently, the entries of M(q), j t [V(q, q ) / y  ||<?||2 +  1] 

and G(q) are bounded by A:,.\/||r/||2 -f 1 =  /orp(||<'/||) for some positive constant kr.

This suggests that the stability analysis of general-case MRAC systems also 

applies to the MRAC of robotic manipulators. The control law is proposed as

r  =  0g +  Qa1Jp +  ©6?' =  0 w (5.27)

where 0  =  [0g, 0 (t, 0 t], to1 =  [1, y j , r 7 ]; 0 „, 06 and 0g are adaptive signals 
updated according to some adaptive law.

When 0 ’ , 0;) and 0* are used to synthesize (5.27), then one will achieve a 
perfect model e = —A nle by substituting (5.27) into (5.26). Unfortunately, 0*, 

0£ and 0* are not available. The adaptive matrices 0 a, 06 and 0g may not 

compensate perfectly. It is im portant to study the effect of compensation errors.
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According to F l ,  Observation 3.7 and the construction of 0 \  it is clear that the 
entries of ©* are all bounded functions of q. Therefore

| |© 1 |f < 7 i  and \\Q¥\\f < 72p(lk/||); where 71 > 0, 7-, > 0. (5.28)

These two bounds will be useful in the stability analysis.

Substituting (5.27) into (5.26) leads to

e =  — .4mc +  <lv)

= — /I in e +  P,/f>w (5.29)

where <f,g =  0 , - 0 ; ,  <h =  Qb-Q 'b, <I>U =  0 (1- 0 ; ,  <J> =  0 - 0 '  and 0* =  [0;, ©;,©£]. 
The reference model is chosen so that there exist positive definite matrices P  and 
Q such tha t

P A m +  A l P  =  Q.

The stability of the system is again related to a positive definite function

v =  eTPe +  aTr{<hTC{q)<b}

where C(q)  =  M ~ l (q). The time derivative of v evaluated along (5.29) is written 
as

v  == - e TQe +  2er P B p<bu +  2aTr{<f)r C,(r/)<I>} +  a7V{<J>r C%)<l>}

== —eTQe +  2Tr{[ojer  P B p +  a<i>7 C (<y)]<f>} +  0 7' / • {<I>7 Cf (c/) } (5.30)

where an identity x Ty =  T r { y x T} has been substituted. Let

P i  1 P n  

P n  P 2 2
then P B p M~ (q) = P*M~ (q) = P ’C(q).P i  1 

Pn

Substituting the last equality into (5.30) leads to

v =  - e r Qe + 2Tv{[ioer P ’ + cvT>7'jC'(r/)<L} + rv7'/-{<I>7 V '(r/) <I>}. (5.31)

As in the cases of the previous two sections, (5.31) is potentially unstable
because of the compensation error <]> and its unknown feedback effect An

adaptive la,w is proposed to stablize the system. It is synthesized by

0  =  .o - e  _  i p - ' V
Q
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which can be expressed in terms of the compensation error as

<[> =  —cr<I) -  - P " TeuT -  It
a

where R  =  0* -f- <70*. Substituting the above expression into (5.31) results in

v =  - e r Qe -  a T r { $ T[2aC(q) -  C{q)\®} -  a T r { R TC{q)$) .  (5.32)

An im portant step in the stability proof is to make 2crC[q) — C(q) positive definite 
a t all times by a proper choice of a. It is pointed out in [64] that the inertial matrix 

satisfies the following relations

A a/i <  M(q)  <  A a/2 for 0 < A ah < Aa/2-

Thus — @[<l) — A'/-1 (q) <  Xj}x. The entries of C'(q) must be bounded 
functions of q. Consequently, the entries of C(q) involve linear products of q with 
some bounded functions of q. This observation implies that ||C'(ry)|| <  Ac||<)|| for 
some Ac > 0.

Let Amin be the lower bound of the eigenvalues of m atrix 2crC'(q) — C(q). It is 
clear that

Amin ^  2^AjV/2 — Ac|k)||.

There must exist cro >  0 and <7i >  0 such tha t if we substitute cr — <7o +  cri||</|| into 
the above expression, then Am;n > 0 at all times. Now (5.32) can be simplified as

i  <  - A , J « | »  -
A a / 1

= -aqImi2 -  ctxminm\\F -  K h K M F ? +

Since the reference model must be a stable system, ym is always bounded. The 
stability of yp is equivalent to the stability of e =  yp — ym. According to (5.28), 
there exist kQ > 0, ki > 0 and ki > 0 such that

11-/?,Hf- < ko +  fci||e|| +  f!2||e ||2.

It follows that

i = - «WI*|r - + k|«r + k M + h  (&»)
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where
/.   ® \

'A/"l A m in— -  A,/1 Aml)lA:, 0 < i , <  2.

The next step to ensure stability for the closed-loop system is to specify 

Aq > k2. Since Q =  PA,u + Aj.f P t this may be achieved by a sufficiently large 
velocity feedback gain K u when both K u and Kv are diagonal matrices. Now 
(5.34) becomes

i =  - ( A q  -  £ , ) ( ! « ■  -  k' .  ? -  « a . , „ . . ( | | 4 . | [ f  -  x & K M 'f
4(Aq -  k,2)

+ h  +  . . .  k' ; ■■■ (S.-15)4(Aq — k2y

The two positive terms in the above expression are constants. The varying terms 

are either zero or negative. Equation (5.35) suggests the existence of Ae > 0 and 
Â  >  0 such that whenever ||e|| >  A,, or ||<I>||/̂  > A,/,, then either

/• I'2
v <  —(An -  k2){Ae  u- ^ - ) 2 +  k'a + ------ ^ —  =  0

-  5 2(A Q - k 2) '  ‘1 ( A q  — k i Y

or

i  <  -o A mi„(A* -  A ^.A -^II^II,.-.)2 +  h  +  |M k' , „  =  0.
4(Aq -  k2y

Consider a finite constant v * =  ApAf +  oA^A,/, where Ap and X,\i2 denote 
the largest eigenvalues of matrices P and C (q) respectively, then it is clear that 
v <  0 whenever v > v". Thus the tracking error e and the system coefficient error 

m atrix 4> are uniformly ultimately bounded.

Throughout the whole stability analysis, nothing is assumed about the velocity 
of the manipulator. This means the stability results are not based on a rather 
unrealistic assumption that the robot motion is very slow such that M(q)  ~  0, 
V(q,q)  0 and G(q) ~  0. To the best of the author’s knowledge, this is the only 
version of a MRAC robot controller that is accompanied with such a rigorous 
stability analysis. Most of the MRAC applications do rely on the assumption of 
slow robot movement to back up their stability analysis [27]-[3
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Computer simulation experiments are conducted to test the adaptive con­
trollers. A two-link planar robot described by

(5.36)M(q) ki
+  V ik, (l )

ki +  G(q) =
Tl

. & . . & . . T2 .

is used as the control object, where 

M(q)  =
(2/j cos(<72) +  /2)/2m 2 +  l\(rtii +  ra2) /2m 2 +  h h  cos(ry2)m 2 

/ |m 2 +  /1/2 cos(r/2)m 2 /fm 2

V(ci,q)
-2 /i /2?n2 sin(ry2)fl2 —A /2m2 sin(<y2)02 

/ |/2?n2sin(?2)/yi 0

and

<?(?) =
g{m<zkcos(</t +  cy2) +  (m i -I- m a)/i cos(cyi)) 

m2/2<7cos(ry1 +  <y2)

where / t =  .7, /2 =  .5 (meter), m i =  10 and nr2 =  5 (kg). The desired trajectories 
are given by

qt =  q% -  1 — cos(irt).

The reference model is characterized by

km +  ffvkm T HpQm ~  ^

where I(v =  40 / and K p ~  601. The adaptive controller param eters are chosen to 
be cr =  0.001^0.1 +  qTq and a  =  0 001. The tracking errors are plotted in Fig. 
5.3. If the controllei saves the adaptive param eter m atrix 0  and retrieves it in the 
next task (we call it a “training” process), then the tracking error can be reduced 
as Fig. 5.4 illustrates (the phase plots). The control torques are also plotted in 
Figs. 5.5 and 5.6, with and without training respectively. It is observed tha t by 
using the previous 0  m atrix value as the initial guess, the control torque can be 
significantly reduced.
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5.4 LTV P lan ts o f R ela tive  D egree 1

We now consider n-th order linear-time-varying (LTV) plants described by

[sn +  Y j  ai(L)s']yv = L)Vv ~  ^ ( 5> l )u =  YL bj{t)shi (5.37) 
i=o j=o

where “5” denotes a differential operator; {a,};lr ul and {6J-}*‘~01 are 2n plant coef­
ficients; A ( s , t ) a.nd B (s , t )  are LTV differential operators defined in [24].

A ssu m p tio n  5.2 A general requirement of these plants is that the inverse plant 

B ~ 1(s , t )A (s , t ) yp be bounded-in-bounded-out (BIBO). The necessary condition for  
the inverse plant to be (BIBO) is that all roots of  B(s,  t) are located within the 

left half of  a complex plane. This means that {T;(0) j=o ur)̂  n°L change signs. It 
is commonly assumed that the sign of B (s ,  t) and the order “n ” are known. For 

L T V  plants, we also assume that {a f  t)}}1! ^  and {bj{t)}7j l f  are (n — 1) times dif­
ferentiable; «n_ i(t) and bn-\( t)  are (2n —2) times differentiable, These derivatives 
are all bounded.

In the following analysis, Leibniz’s rule proves to be a good 100I: 

dn n 1/1 d'n dn~l I)
(5.38)

One can image h(t) as the destinate function 011 which a differential operation 
applies, g(t) as a time-varying coefficient associated to the right of operator sn. 
Then (5.38) describes an operator sng(t), which is equivalent to several lower-order 

differential operators in addition to g(t)sn. This is the major difference between 
LTV and LTI operators.

5.4.1 System  analysis

We use a modified “standard” MRC control law to control the plants

« =  bh(t)  +  01 ( s , t ) F - l (s)]u + [02(O +  0 2(.S, t ) F ~ l(s)]yp + F  (5.39)



Adaptive Control o f L T V  and A'T V  Plants 72

where “r '” will be given a little bit later in (5.4S); meanwhile, we accept it as a 
modified input signal which is different from the reference input 0 j  and 0 2 
are (n -  2)-th order LTV differentia] operators; F ~ l (s) is an arbitrary (n — l)-th  
order LTI integral operator with all poles in the left half of the complex plane.
Here we choose F(s)  such that it has different roots. Again, the control input u
appears on both sides of (5.39). In practice, (5.39) is implemented as

u =  [1 -  i/'i(/-) -  Qi{s , t )F~ l(s)]~1{\t/j2{t) + 0 '2( v i j ^ _1(-s)]2/P +  r 7}.

L em m a  5.1 There exists a set of  “ideal” coefficients ifl, an^ operators 0J, 
02 such that plant (5.37) controlled by (5.39) can be expressed as

Vp = ~ a myp + H- F ~ lu +  $ 2F ~ 'y p +  f 2yp) +  r' -  0* (5.40)

inhere <f>i — i /q  — i fc ,  <j>2 =  f 2 — ^ 2) $ 1  =  0 i  —  0 ] ,  $ 2 =  0 2 — © 2 a n d

\° l \  ̂Y ,  7- x r\(M + lypl)= m b (5-41it=i Is +  AJ

where A,- arc the different roots of F(s)  and c,- > 0 for  1 < i <  (n — 1).

P ro o f: (5.39) is equivalent to

[F (l -  f t )  ~  F S l F - ' l u  -  ( F Q I F - 1 +  F ^ y ,  = F ( u Tf  +  r #) (5.42)

f  = o -  r  oT = [&, ©f, Q l  f>2} r T = [#, Q f ,  e f , p 2]

ui* — [ii, ejf, 0/2 , yp] u>i = A / u )■} +  bfU ci>2 =  Ajuj2 +  bjyp

where (A /, bj) describe F ~ l in state space. By a proper choice of the m atrix pair 

(A /, 6/), the vectors uq and u)2 will represent full states of the two low-pass filers 
F ~ l u and F ~ xyp respectively. In other words, uq =  . . .  ,u>[n~1'>]T . This
implies that

»=l UL t=i
In the following discussion, we will use expressions like

Q[F~lu — Q ^ t o i  and Q2F ~ lyv =  02Tru2.
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On the left side of the above expressions, 0 J  and 0£ represent two TV operators, 
whereas on the right side, they represent two TV' vectors. In the standard MRC 
scheme, the coefficients of operators ©i and 02 can be directly converted to the 
components of vectors Of and 0 , provided that (/I /, 6/) are properly specified.
Thus in the following analysis, we will refer to 0 J  and 0 J  as both operators and
vectors.

Let 0  represent either 0J or 02 , and {0,(.0}"=0* coefficients. On applying
(5.38), we obtain

2n—3 2n—3 i
F<* = E E *W > - £  E /. £<?«}* V-*

m = 0 i + j = m  7/1=0 t+ jz z m  k = 0

2ii—3 2n—3 t
= E E /<V + E E /. E

m = 0  i + j = m  m —1 i + j = m  k =  1

=  QF  +  F ©  0  (5.43)

where C f  — 0 ^  denotes the Ar-th order derivative of 0y  We use F  ® 0  to
denote the non-commutable part of F 0 . With this we can re-arrange (5.42) such 

that

{ { F i l - r ^ - Q ^ B - ' A - Q l - F r ^ y p  

= i ' W  + r ') + F  0 6 \ F ~ lu + F  0 e ; F - [yp. (5.44)

Like the standard MRC approach, we first determine and O’; such that 

F ( l - i K ) - © t

= /„-,(i - «>.*-' + E[/,(i - in  -  «;,■ + hK'
i=o

=  = B(s , l )  (5.45)
i= 0

where and {fl'JiCo2 a|,e the coefficients of F  and 0* respectively; { } “E02
are the additional coefficients derived by substituting (5.38) to F( 1 — ■(/>("). Once 
ipl =  1 — bn-1 is determined, { } “E02 are all determined. They are linear combi­
nations of the derivatives of bn- i ( t )  up to the (n — l)-th  order. The coefficients of
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0 J a,re then determined by

0*u = f i ( l  -  Pi) + fi -  bi 0 < i. < n — 2.

Next, we determine i/>% and then 0£ such that

/ l( s ,/)  — 02 — Ĵ V’2 =  F(s  4* &m)‘ (5.46)

This is similar to the above process because the coefficients of sn in both A ( s , t ) 
and F(s) (s  +  am) are 1. Only n coefficients {a,-}"Jo1 have to be matched. Now 
(5.44) reduces to (5.40) which is equivalent to

i)v ~  - amVP +  wT<f) +  ?■' -  0* (5.47)

where - 0 ;  = F~X{F ® Q \)F~xu +  F ~ \ F  ® Q \)F ~ 'yp.

According to (5.43), F  ® 0  =  FQ — QF.  This means F ~ l (F ® Q)F~X = 
Q F ~ l — F ~ lQ. It follows from Assumption 5.2 that the coefficients of 0^ and 02
are (n — 1) times differentiable and the derivatives are bounded. This suggests

O P - i  _  F - i e  =  ' j 2 { 0 i ( s  +  A ; ) - 1 -  ( 5  +  A , - ) - 1 #, -}
i=i

where { 0 i } } T/ and { 0 i } f l l  are bounded linear functions of {0,}”r o2 and their deriva­
tives. The above expression enables us to write (5.41). Q .E .D .

The most conservative way to stabilize (5.47) is to specify

u = r -  sgn(e)(kg\\u>\\ +  m h)

where e =  yp — ym, ym =  (s +  am)~l r and kg > sup( |j0’ ||. Then the tracking error 
will satisfy

e =  —ame -  sgn(e)(kg\\u\\ + mb) -  u T0’f -  0*.

Consider a  Lyapunov function candidate v =  0.5e2. One can easily obtain i) < 
—amc2 which means the closed-loop system is asymptotically stable.

It should be emphasized that in general, a stable model reference control 
(MRC) of time-varying plants requires exact knowledge about the system param ­
eters A(s, t) and B(s,  L) [24]. But in the special case of relative degree 1 plants, 
the proposed MRC scheme ensures stable tracking provided tha t the upper bound 
of ||0*|| ;s available.
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5.4.2 T he effect o f 0*

We are now in a position to explain why this modification is used instead of the 
Tsakalis-Ioannou scheme given in [24]. In general, the T I scheme is better than 
the standard MRC because it offers a perfect match when the plant coefficients 
are available. But there are some technical difficulties in param eter adaptation 
because of the replacement of the controller parameter 0. If we apply the T 1 
scheme to plants with relative degree 1, then the tracking error would look like

e =  —a me +  .Y(s, t)ioJ 4>

where AA(s, I) is a known LTV operator. The controller parameters now hide inside 
an integral operation X [s , t ) .  Tsakaiis and loannou [24] proposed an adaptive* 
law to adjust (j) when the unknown parameter vector 0* are slowly-varying, or 
0* =  H(t)p  where H(t)  is a known, fast varying matrix whereas p is an unkovvn, 
slowly varying vector.

When the relative degree is higher than 1, Taskalis and loannou’s algorithm 
sees to be the only way out. However, when the relative degree is 1, we can 
propose a new adaptive law w! ch directly updates 0 without the slowly-varying 
assumption.

For plants with relative degree 1, the ideal controller param eter O’ is a linear 

vector function of {a,• ( ; £ ) } (bj(t)} jVq and the derivatives of an- \ ( t ) and bn- \ ( t ). 
If we have some “structural” knowledge [24] about the plant coefficients, then the 

structure of 0’ must be almost the same as that of /!(,$, t) and B[s,  I.) as (5.45) and

(5.46) suggest. In case 0* =  H(L)( ’ where //(/.) is a known time-varying matrix 
and £* an unknown constant vector, we can specify r' — r — .sr/n(e)(h(||(|| -)- mi,), 
or equivalently

u =  r +  u>TH (I)(  -  -S(y/x(e)(^c||C|j +  m b) 

where (  is the estimate of (*. Consequently, the tracking error will satisfy

e =  —cime +  u TH(L)A(  -  0* -  $gn(e)(mb + /c<||C||)
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where A£ =  (  — £*. Consider now a Lyapunov function candidate v — | ( e 2 +  
||AC||2). An |e|-modified adaptation law [15] £ =  — |e|£ — eH(t )TujT will lead to

v <  —|e |(am|e| +  ||C||2)

provided that k( > ||C*||. As a result, the system is asymptotically stable without 
persistent excitation.

When no d priori knowledge about 0’ is available, one can control the system 
via a normalized signal a*(l) =  0*/m.b. It is not difficult to see tha t a* and a* are 

bounded. If we specify

r' = r + 0g — r + a(i)m.b, (5.48)

then the control law is given by

u =  r  +  J 10 +  a(l)vib. (5.49)

And the tracking error satisfies

e =  —ame +  4>Tu) +  <j>airib =  +  (jf1 Co (5.50)

where (j>u =  a(t) — a*(t), cj>T =  [<j)T, <j>a] and CoT =  [ioT,m,b]. The adaptive law is 
described by

0 = —a0 — —Co or (j> — —a<f> — —Co — p (5.51)
a a

where p =  oO* +  0 and 0*q -  [0"T, a"].

L e m m a  5.2 The closed-loop adaptive control system (5.50) and (5.51) is uni­
formly ultimately bounded. (u.u.b.J.

P ro o f: Considering a positive definite function v =  | ( e 2 -f a ^ r ^), and evalu­
ating v along a closed-loop system (5.50) and (5.51), we obtain

v < —ame2 -  cio\\(j) +  ^ l l 2 +  aT (5.52)

where 7 =  sup{{d^||p||2}. The above inequality implies the existence of v* such 
tha t v <  0 whenever v > v*. Thus v and all signals are uniformly ultimately
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Figure 5.7: Tracking error of a LTV plant with 0!r

bounded. The system will reach a region where v > 0 in finite time which is an 

elliptic ball suggested by (5.52). Q .E .D .

In Lemma 5.2, we do not require any d priori knowledge about the “ideal” 
controller param eter vector 0*. It can be fast-varying as long as Ĥ ’ lj is bounded. 

The cr-modified adaptation law will catch up to the changing parameter and force 
all signals to converge into an elliptic ball. As suggested by (5.52), the tracking 
error can be controlled by adjusting a,n and a,

A simulation experiment is conducted to test the adaptive system. The plant 

dynamics and the reference model are given by

(s2 — 6s +  2s\n{Al))yp =  [s(2 -f sin(4Z)) + l]n

(s +  10 )ym =  100sin(/)
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Figure 5.8: Track ng error of a LTV plaut without 0g.

respectively. (5.39) and (5.51) are implemented to control the system. In this 

case, 0g is an additional adaptive signal intended to cancel the effect of 0*. (The 

normalizing signal m* is replaced by 1 in this esse.) The adaptive vector is 0T — 

[''/’ij #1»02> '0210B] while the feedback vector CoT ~  [u, (s -f- l ) " 1̂ , (s -f T)~xyv> yp, 1]. 
We choose ct£  =  .01 for i/’i, a~[ — 500 for 0a and a -1 =  100 for the rest of the 
signals. A leakage factor a  == 1 is uniformly assigned to all adaptive signals. In 
Assumption 5.2 we assume that the sign of B (s , l )  is known and positive. Thus 

we can set the initial value of ifh — “ 100 such that (1 — ?/>i)-1 is a small value at 
the beginning of the adaptation. The initial values of all other adaptive signals 
are set to be zero.

The tracking performance is plotted in Fig.5.7 where |e| < ,25, about 2.5
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percent of the model output. Fig.5.8 plots the result without the compensation 
signal 0g. All other conditions remain the same. But the tracking error becomes 
unacceptable.

5.5 Sum m ary

The design procedures of adaptive controllers for LTV and NTV plants of rela­
tive degree one are presented in this chapter. Fisr order NTV/LTV plants are 
considered in Section 5.1. Section 5.2 extends the results to Multi-dimensional 
plants with full state  feedbacks and Section 5.3 presents an example of applying 
the adaptive controller to robotic manipulators. LTV plants with relative degree 
one are studied in Section 5.4. These plants can be represented by a general first 
order state  equation. Their corresponding reference models are all first order sys­

tems. The well known cr-modified adaptive law can be applied to such plants to 
adjust the adaptive coefficients while maintaining stable tracking.



C hapter 6

A d ap tive  C ontrol o f R o b o ts  w ith  
U n certa in  M odels

The adaptive controller developed in the previous chapter is intended for general 
LTV and NTV plants, While it can be applied to control robotic manipulators 
without any modifications as the simulation results demonstrate, its performance 
can be improved by incorporating some more information about the robot to be 
controlled. For a  general n-link articulated mechanical structures like m anipu­
lators, there exist several im portant dynamic properties. These properties will 

improve the performance of an adaptive robotic controller if they are properly 
utilized. In this chapter, an improved adaptive controller is developed solely for 
articulated mechanical structures including robotic manipulators.

It should be emphasized that the dynamic properties to be explored in this
chapter do not contain any specific knowledge about M(q),  V(q t q) and G(q). In-

*
stead, they describe the relationship between M(q)  and V'(<M) as well aS some 
function bounds on M(q) V(q,q)  and G(q). Therefore the adaptive controller 
developed here belongs to the performance based group. Besides the param eter 

uncertainty, the new adaptive controller is designed to tolerate the effects of exter­
nal disturbances r</ in the robotic dynamic equation (1.1). Again, some function 
bound is imposed on the magnitude of Td which is proportional to the magnitudes 
of position and velocity errors.

80
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Also addressed in this chapter is the possible effect of measurement noise in­
troduced by the feedback of q and q. The new adaptive controller is proved to 
be stable under the effects of all three above-mentioned uncertainties and distur­
bances. The detailed derivation and analysis are given in order.

6.1 Som e D yn am ic P roperties

Consider a system consist of N  rigid bodies connected to each other and to the 
base. Let the system have n  degrees-of-freedom and be described by a vector of 
generalized (Lagrangian) coordinate q € R n . Let v;, to; 6 R 3 be the mass-center 
velocity and angular velocity of the i-th body respectively. Then, one can write

vi = <M<7)<7 = 9i{(lVl

where 0;, ip,: R ' 1 =4- R 3 are smooth and bounded functions of q.

W ith each body we will associate a Jacobi an J i { q )  € /?.0xn

Vi H < i )

U>i .  ¥>;(<?) .

These Jacobians possess some useful general properties, derived be!o\ .

In a mechanical multi-body system, the Lagrangian coordinates can always be 
selected as relative displacements, linear or angular, with respect to some axes. 

Let Zj(q )  be the unit vector of the axis related to coordinate qj. Then, the vector 

of virtual displacement is given by

Aj — ZjSqj.

Let r; 6 R 3 be the position vector of the i-th body mass center in the inertial co­
ordinate frame. Then, the virtual change of r,- caused by the virtual displacement 

6qj, denoting as i'ij(q), is

frui t )  =  =  T M Z i f w  T «  €  * » » . (6 .1)
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L em m a 6.1 The transition matrix T ,j can be decomposed into a sum of a skew- 

symmetric and a diagonal matrix

T «(?) =  S i j M  + ««(»)/, c iM )  , JT  =#• A

I f  6'i'ij _L Z j ,  then T ij becomes skew-symmetric, and ifSrij\\Zj, then T,j becomes 
the diagonal 3 x 3  matrix.

P ro o f: Equation (6.1) can be written as

Sn j  =  (Z j  x p,j +  Cij Z j ) 8qj =  T ij Z j  8qj ( 6 .2 )

where pij €  R 3 is an unknown vector and C{j(q): R n => R  an unknown function. 
The Eq.(6.2) clearly indicates that T,-j can be written as

' l i j  = Sij(q)  +  Cjj I] Sij(q) =
0 (P i j ) x  ~ ( P i j ) y

~ ( P i j ) x  0  ( P i j ) z

( P i j ) y  ( P i j ) z  0

where Sij(q)  is a skew-symmetric matrix. The unknown function c , j ( q )  can be 
determined by

C i j ( q )  =  Z j S r i j .

It follows tha t

Zj  x pij = Srij -  Cij(q)Zj =  s. (6.3)

The last equation allows multiple solution of pij. Imposing an additional condition 
P i j  -L Zj,  we can solve (6.3) for pij(q).

Denoting, for simplicity, pij = [x, y, z]T and assume 2 ^  0, we get

Then

Z Z j y S x Z j x S y 5 Z j z y  — Z j y S  S x , Z j z X =  Zjx z  T Sy

T  i

1**11 S x ,

Cij X - y
— X Cij z

V - z Cij
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From (6.1) it follows that
uy =  Y y Zj(/j (6.4)

where t>y may be considered as a virtual velocity of the i-th body mass-center 
caused by the virtual generalized velocity ry. Eq. (6.4) implies that

V i — h  Z j  ('lj •
3=1

(6.5)

Q .E .D .

Since an infinitesimally small angular displacement can be I'epresented by a 
vector, a similar formula can be derived for the angular velocities

u>i ( 6 .6 )
j= i

L e m m a  6.2 Matrices Y; and Clu have identical structure.

P ro o f: Transition matrices f iy  for infinitesimally small angular displacements 
have the same structure as Y y , except the vector 8r,j should be replaced by a 
vector representing this angular displacement. As was mentioned in the main 

text, matrices T y  and fly  become particularly simple in case of a open chain 
mechanism. Q .E .D .

Using Eqs. (6.5) and (6.6) the Jacobi an can be written as

T 7  Y  7  ' v  7
i \ £ j \  I t 2 ^ 2  •** i  i l l  6 7 1

Cl a  Z \  Cli2 Z 2  . . .  Cl{n Z n

In  the particular case of an articulated open-loop mechanism (robotic manipula­
tor) T ij and Clij have very simple structures. All fly become identity matrices 

(since rij A. Z j ) ,  and T i jZ j  can be represented as Zj  x /iy , where /ty is the vector 
from the j- th  joint to the i-th mass-center. T hat is,

H<l) =
Z\  x ha . . .  Z{ x ha 0 . . .  0

Z 1 . . .  Zi  0 . . .  0



Adaptive Control of Robots with Uncertain Models 84-

Sin.cc and <Pi(q) are smooth functions of <7, we can assume

< CO (6.7)
dcifiOCjm

where R n => R  is the jk - th  entry of Jfiq).

Using the Euler-Lagrange equation, one not only derives the dynamics of 
a class of nonlinear mechanical systems, but also arrives at the following useful 
properties about the system dynamics. These properties will be used in the design 
and stability analysis of adaptive controllers.

P r o p e r ty  6.1 Let | |X ||f  denote the Frobinious norm of matrix X .  Then both 
||M((jr)||^ and ||G-f(<y)||/r are uniformly bounded. Let mjk(q) be the j k - th  entry of 

then

1 ^ 1  <  co V qi,qi. 
dqidqi

P ro o f: One can write

M ((l) = 5D and G(q) =  0 £  m {j T  (q)h
i = l  t= l

where hT — [0,0 ,1 ,0 ,0 ,0]; g is the gravity constant. The boundedness of | | M ( f / ) | | i ?  

and ||(?(</) ||jp is self-evident from the above expression. The boundedness of ■ 
follows equation (6.7). Q .E .D .

P r o p e r ty  6.2 For a properly defined V(q. q) (this matrix does not have a unique 

form), the matrix M(q) — 2V(q, q) is Skew-symmetric. In order words, the follow­
ing identity holds

xT[M(q) -  2V(q, q)]x =  0 V x ^  0, q, q. (6.8)

P ro o f: The k , j t h  element of M(q) is given by the chain rule as

96
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And the k, j th  element of M(q) — 2V(q,q)  should be

A  , d m kj dnikj drnkl d m i J n .

x—̂  r dniij dmiti , .

It % dqj q>

Since M ( q )  =  M T(q), it follows that my =  m ] t . By interchanging the indices k  
and j  in the above equation, one will find that m kj  — 2v kj  =  2 -Vjk - i h j k. Therefore 
the m atrix M  — 2V(q,q)  is skew symmetric and (6.S) is true. Q .E .D .

Property 6.3

V { q , q ) x = V m(q)[qx\ V x E  R n 

where Vm(q) € R nxn2 is a uniformly bounded nonlinear matrix function and 

[qx\ =  [<7i x j , . . . ,  qxx n, qnx u  . . . ,  qnVn]‘ € Rn* ■

P ro o f: The ith  component of vector V(q, q)x can be expressed a.s

i=1 k=i

where vijk(q) is given by

1 d m kj d m  i;, dni i j .
Vijk{q) —  -̂-- O--------- O--- J’2 1 dqi dqj dqk 

According to property 1, Vijk(q) is uniformly bounded for all possible q. Let 
I =  j n  +  k, then Vijk(q) is the i-/th entry of the matrix V^{q)  while qjxk the /th 

component of vector [<ya;]. It also follows that || VM{q)\\F is uniformly bounded. 

Q .E .D .

Property 6.4

V(q +  re, q) =  V(x,  q) +  V(q, q) V * € Rn, (6.9)

and
|| V(x,  r/)|| <  oo i f  |j.r|| < oo. (6.10)



Adaptive Control o f Robots with Uncertain Models 86

P ro o f: The i-kth  entry of V{q +  x,q)  is given by

71
vtk{q +  x, q) =  Y j Viik(q){jj +  ab) 

j=\

which implies (6.9) and (6.10). Q .E .D .

P r o p e r ty  6.5 ||M(e/)||F < cM\\q\\, ||Vm(?)II <  cv \\q\\ and ||G'(r/)|| < ca\\q\\ for  
some constants cm > 0, cy > 0 and ca > 0.

P ro o f: Consider the i, kth. entry of M(q).  Its time derivative can be expressed as 
fhij(q) =  qT^ipii j(q).  According to property 1, || V 9???.j/t(f/)|| is bounded. There­
fore

E E ™ik < llf/i
t=i fc=i

|| M{q)\lF =

The same argument applies to the cases of \4/(<7) and G(q). Q .E .D

\ E E  llv '/m -̂ll2 < cm \Vi \\-
i=t lc=\

6.2 T he A d ap tive  C ontroller D esign

Introduce variables s  = e +  Ae and ''/> =  ()d ~  Ae, where e =  q — q^, A =  A7’ > 0. 
The control law is given by

t  =  - K s  +  A m '1> +  Av[qi/j\ +  A c  (6.11)

where [ # ] r  =  [qp/^ . . .  qp/jn r/20 i . . .  ••• qn^ i  ••• <7n1>n] <= R ? \
K  =  K T >  0; the adaptive matrices Am  € R nXn, A y  £ R nXn2 and A c  € R nA 1 

are intended to compensate the nonlinear dynamic terms M (q ), Vm(q) and G(q) 
respectively. According to Properties 1 and 3, M(q),  Vm(q) and G{q) are all uni­
formly bounded. The vector Av[(pjS\  introduced in accordance with Property 3 

tf)^ =  Kn(<jf)[<j"0 ]) plays an im portant role in the la tter stability analysis.

Let A  =  [/1m , A y ,  Ac]  and ( T = [ipT, [<yi/,]r , 1]. Then the control and adaptive 
laws can be written as

t  =  - K s - \ - A ( ,  (6.12)
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114-

Plant
n+

^  +
ilX

Figure 6.1; Block diagram of the control system.

A  +  a A  =  ——s ( T (6.13)
a

where o — <7o +  <7i||r/||; cr0, cti and a  are positive constants. The adaptive controller 

only requires position and velocity feedbacks. A block diagram of the closed-loop 
adaptive control system is given in figure 6.1.

Remarks: The control law (C. 11) is somewhat similar to that of Slotine and 

Li [3D]. There are two im portant differences. F irst We have introduced a new 
vector of control variables [cpp]. W ith this vector, the adaptive matrices A m , Ay ,  
and A c  are no longer required to compensate for potentially unbounded terms. 
Secondly, the adaptive matrices in (6.11) depend on the tracking error and are 
determined by the adaptive law, while in [39] the corresponding m atrix coefficients 
represent estimates of matrices M ( q ) ,  V (q ,q ) ,  and G(q) of the plant dynamic 
model. The adaptive controller by Slotine and Li belongs to the “model-based” 
[36] methods. The modeled dynamic, in the sense defined in the introduction, 

should be completely known, and should be updated on-line during the plant 

motion. It is a very computational intensive process for a plant with many degree-
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of-freedoms. In contrary, the law (6.11) implements so called “performance-basw{v 
methods [36]. The adaptive matrices in (6.11) don’t explicitly depend i .he 
system dynamics, and the adaptation law, (6.13), is very simple.

Two other works on performance-based adaptive control, Lin [35], and Sera.ji 
[36], use quite different control laws. The corresponding adaptive matrices from 
their works should compensate for potentially unbounded terms tha t depend on 
robot joint velocities and even accelerations ( C { x ' \ x v) in [35] and di(q,q,q) in 
[36]). As the result, the stability analysis in these works relies on a “slowly- 
varying” assumption regarding the uncertain terms of the dynamic model. In­
troducing vector [qij)] we relax this assumption. While the dynamic model has 
potentially unbounded terms, the adaptive matrices in (6.11) are required to com­
pensate for bounded parts of these terms. We have achieved that, in particular, 
by increasing the number of controller variables by the n2-vector [r/'//>]. However, 
the adaptive law (6.13) for updating corresponding entries of Av  is very simple 
and suitable for parallel piocessing, and we have proved that the increasing in 
number of controller variables does not produce any negative effect on stability 
and robustness of the controlled system.

The adaptive law (6.13) has similar structure as the ^-modification law by Reed 
and Ioannou [9]. They differ in modification factor cr. In the proposed adaptation 
law (6.13), the factor cr =  <r0 +  cri||ry|| varies according to the magnitude of the 

joint velocity. This enables the adaptive quantities A m , A v and A q to trace M(q),  
Kn(<z) and G{q) with a proper speed. As a result, the stability analysis no longer 
relies on the “slowly varying” assumption.

6.3 S tab ility  A nalysis

The stability analysis is divided into two phases. First, the unmodeled dynamics 
Td are considered without any measurement noise in the feedback circuits. The 

proposed adaptive controller is proven to be able to control the robot such that 
the tracking errors are kept within a computable tolerance. Then, a similar but 
more involved analysis is conducted for the cases where the feedback channels are
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contaminated by some bounded noises. In both cases, the closed-loop is stable as 
long as the feedback gain K  is sufficiently high.

6.3.1 Robustness w ith respect to  unm odeled dynam ics

Combining (1.1) and (6.12) leads to

M(q)q  + V(q, q)q +  G(q) 4  t j . = - K s  4  A m ^  4  Av[q4>] 4  A q .

Subtracting M(q)ip 4  V(q,q)i> 4  Cf(q) — M(q)ip 4  Vm (<?)[#] 4  G{q) from both 
sides of the above expression, and using the fact that s =  q — ip, one can write

s =  - [ K  4  V(q, </)]s 4  ®m 4> 4  <1V [ # ]  4  <I>g -  Td

=  - [ K  4  V(q, g)]a 4  <1>( -  Td (6.14)

where <I> =  [<I>a/, ®v , 4'a/], 4>/v/ =  A m  -  M {q ), <lv =  A v  -  Vm(q) and ®g =
Ao~G(q).  The above equation represents the trajectory of a robot (1.1) controlled 
by (6.12). The unmodeled dynamics and the external disturbances are assumed 
to be bounded by

||r</|| ^  do 4  di||e|| 4- <̂21|<2|| (6.15)

where do >  0, d\ > 0 and c/2 >  0 are some constants.

T h e o re m  6.1 For the closed-loop system (6.13) and (6.14), the tracking errors 
e, e and the compensation error® are uniformly ultimately bounded i f  the feedback 
gain K  is sufficiently large such that Afc, the smallest eigenvalue of  K  — K T >  0, 
satisfies

> di 4  0.5(d2 +  di||A ||) (6.16)

> d2||A|| +  0.5(c/2 4  di||A ||) (6.17)

where ||A|| denotes the induced norm of A = A2' >  0 and Aa the smallest eigenvalue
of A.

53
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P ro o f: Consider a positive definite function

L  =  l- { s r M{q)s + a'7>[<M>r ] +  er {Ki\  +  A K)e}.

Its time derivative L  is evaluated along (6.14) as

L  =  —er K e  -  er AKA e -  sTrd +  T v {{s ( r  +  o<l>)<l>r } (6.18)

where the identity (6.S) has been substituted to cancel out sTM(q)s\  another 
identity xTy =  T r { x y T) has been applied to get sT<$>( = T r { s ( T$ T} and hence 
the last term  of the above equation.

W ith adaptive law (6.13), one can verify the following relation

s ( T -j- cv<i> =  —Q'(P +  CT<I>). (6.19)

where V = [F,y; , 1"V, Fg] and

FM =  <j M  +  M, T v =crVm + Vm VG =  aG + G, (6.201

Substituting (6.19) and identitv T r [ X X r ] =  ||X ||f  into (6.18) leads to

L  =  —eTK e  -  eTA K A e  -  sTrd -  ao\\$ +  ^ \ \ 2F + ^ \ \ T \ \ f (6.21)

According to (6.20), one can write

I I ^ I I f  <  ( l l t * f ( ' / ) . K „ ( r t . G ( r , ) H | F +  I I ^ ^ ^ I I f ] *  <  U’ + P Y  ( 0 . 2 2 )cr (To T G\ <7

where by Properties 6.1, 6.3 and 6.6 (proved in Appendix A),

p =  sup ||[M{q), Vm(q), Ct((/)]||f and 0  =  sup{||
<i 7,7 cr0 +  cti ll l̂l

The fact tha t \\q\\ <  ||(yd||7naa; +  p | |  enables one to write

£ ; l | r | | r  <  +  <  7u +  7,||<S|| (6.23)

where

7o =  ~ ( p  +  0f{<ro +  (Ti\\qd\\max) and 71 =  j { p  + f l f a [. (6.24)
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Substituting (6.23) into (6.21) results in

L < — A*||e||2 -  Xk e T A 2e -  sTTd -  o:cr||<I> +  ~ \ \ 2F +  To +  7il|e|l (6.25)

where A* is the smallest eigenvalue of K .

P au se : Intuitively, one can sense the design strategy here: If K  is sufficiently 
large, the two negative quadratic terms -Afc||e||2 and —A/.er A2e in (6.25) will 
dominate all other possible terms of ||e||, ||e|| and ||e ||||e || whose coefficients are 
bounded by some positive constants. Thus L < 0 when any one of ||e||, ||e|| or 
||(I>|| exceeds a certain level. The detailed analysis are given as follows.

According to (6.15), one can write

< (WI + IIAIIMDK + d.H  + ^IMI)
=  rf0||e|| +  <fl||e||2 +  c0||s|| +  d p f  +  c2||e||||e||

where ||A|| denotes the induced norm of m atrix A; cq =  do||A||; c\ =  <̂21|A|| and 
c2 =  d2 + d\ j| A |[. It then follows that

L  < —« i||e ||2 -  a2||e ||2 +  c2||e ||||e || +  a3||e|| +  c0||e|| -  crcr||<5 +  +  7o (6.26)
L a

where cq =  A* ~  dp, a2 =  XkX2A -  c\\ a3 =  d0 +  71 and Aa denotes the smallest
eigenvalue of m atrix A. A further manipulation of (6.26) leads to

i  <  - f ( P I I - W I ) 2 - p . ( W - ^ ) 2 - P 2 ( | | e | | - ^ ) 2 - H | *  +  I : | |2 +  7  

<  - P . ( P I | - ^ ) 2 - p 2 ( I H | - ^ - ) 2 - M I | - I ’ l l f - ^ ) 2 + 7  (6 .2 7 )
L p 1 L p 2 L

where (6.22) has been substituted to eliminate the nonlinear function T; according 
to (6.16) and (6.17), Xk  is sufficiently large such that

Pt -  «i ~  — =  Xk -  dx -0 .5 ( d 2 + d i||A ||)  > 0

p2 =  a2 — =  Â .Â  — c/21|A|| — 0.5(d2 +  di||A ||) >  0

7 =  7o + i ( w ± 2i ) !  +  « ! ).
4 p x  p 2
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Inequality (6.27) defines an ellipsoid in a 3-D Euclidian space ||e||-||d|-||<l>|| whose 
inside contains the set {e, e,<I> | L > 0}. In order words, L < 0 whenever the 
norms of tracking or compensation errors exceed this ellipsoid. Thus there must, 
exists a constant L* such that L < 0 whenever L > L’ , hinting that L  is uniformly 
ultim ately bounded. Q .E .D .

T h e o re m  6.2  The tracking errors and compensation error of the closcd-loop sys­
tem (6.13) and (6.14) are ultimately bounded by ellipsoid

l i m { p , ( | | i | | - 5̂ ) J +  P 2 ( | | e | | - ! ^ ! l ) s + a a(||4>||F - ^ ) a] < 7 .  (0.28)

P ro o f: Introduce

/ W )  =  e T K e  +  er A K  i \e  +  a M  +  T l l ' i ,
2(7

M i )  =  ^ l i r i l J . - ^ .

Then (6.21) can be written as L = j \ (/.) — J\{t), or

L( t )  = m  + F2(i) -  Fi ( t )

where F\(t) =  foh( ' t)dt ,  FAT) =  fo f%{t)dt and L(0) the initial value of L.

Since f t ( t )  > 0, F\ ( t )  must either converge to some constant or diverge to 

oo. In the first case, F\{t) —> F*, then j \ (I) —> 0. (6.28) will be satisfied; In the 
second case F\{t) —> oo, we have
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A substitution of the above result into (6.27) leads to (6.28). Q .E .D .

According to Theorems 6.1 and 6.2, the tracking error can be reduced arbitrar­
ily by increasing K  alone. The impulse response of the closed-loop system will not 
be affect by the high feedback gain, because the intermediate vector s =  e +  Ae 
determines the transient response of the system. By increasing K ,  the whole feed­
back of K s  will be increased. When ||.sjj is bounded, the tracking error can be 
shown to satisfy a first order linear differential equation

s =  e +  Ae =  //

where u represents a  bounded nonlinear disturbance. No m atter what value of 
K  is assigned, the transient behavior of the system is actually determined by A, 
which is assigned as a positive definite matrix. By altering the eigenvalues of 
A, one can adjust the transient response of the closed-loop system. Simulation 
results on the effect of K  will be given later on in this chapter.

6.3.2 R obustness w ith respect to m easurem ent noises

A measurement noise is unavoidable in the feedback circuits. In spite of relatively 
small magnitude, the noise effect may be distorting, since noise introduces errors 
directly in the adaptation law. Let n v and np denote the noise vectors introduced 

by measuring q and q. Since the joint velocity could be measured from a different 
channel rather than taking the numerical differentiation of r/, n v is not necessarily 
the derivative of np.

Because of the noise, the control and adaptation laws have to use the noisy 

state  feedbacks to calculate the control torque and update the controller coeffi­
cients. It follows that

r  =  - K s n -(- /lAr0u +  Av[qn^n) +  A q

=  - K s n +  ACn (6.29)
1

A  =  OnA (6.30)
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where a  subscript “n” is used to emphasize that the corresponding state variables 
contain some noisy effect. For example, qn =  q -I- ,s„ = s - |-  n v -I- An p, ibn -

qd — A(e 4  rtp) and i/’n =  (jd — A(c -|- ' ), etc. Consequently, (n is a noisy version 
of C computed from noisy feedback states qn and qn.

L e m m a  8.3 The trajectory of  robot (1.1) controlled by (O.dO) is described by

M(q)su =  -[A ’ 4  V((h q)}sn 4  <KV -  fd (6.31)

where

Td =  Td -  M(q)hv -  V[nv,q)qd -  V{q,q)nv 4  V{nu,q)t\en 

which is bounded by

|| Td\\ ^  do 4  d\ ||e,i|| 4- d2||en|| (G.32)

for some constants do > 0, d\ > 0 and d-z > 0 i f  11/Vu11, ||??,„|| and ||» ;J|| arc bounded,

P ro o f: Combining (1.1) and (6.29) leads to

M{q)q +  V{q, q)q 4  G(q) 4  r,/ — —K sn 4  /U/lAi 4  Ay[quij.'n} *1- Act- 

Substituting M(q)q  =  M(q)qn — M^q)hv into the above equation results in

M(q)qn 4  V(('h (l)q 4  G(q) 4  r, =  - K s n 4  A u n k  4  Av{q,d'n\ 4  'h; (6.33)

where n  =  r j  — M{q)iib. A subtraction of

M(q)j>n 4- V(tn,q)il>n 4  G(q) =  M ( q ) i k  4  VM(q)[qn^  f  G(q) 

from both sides of (6.33) leads to

M(q)hn 4- V(qs q)q -  V[qn, q)i'n 4  T\ =  - I < s n 4- <!>A/'0n 4- <Mr/n0„] -|- <[>c/

=  —K s n 4  <!>(„ (6.34)

where the relation sn =  qn — f 'n has been substituted.
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According to Property 6.4, one can write

V{<h q)q- =  V(q, q)qn -  V(q, q)nv, 

V[('ln \ q)^n =  V(q, q)iffn +  V[nvt q)i>n.

(6.35)

(6.36)

This enables one to rewrite (6.34) as

M{q)sn +  V{q, q)$n 4- f d = -I<an +  $Cn (6.37)

where

Td =  Ti -  V{q, <jf)nv -  V {n v, q)ipn

= t(i -  h ~  V(q, q)nv -  V (nv, </)?/>„

-  Td -  M [q)hP -  V(q, q)nv -  V{nv, q ) q d +  V{nu, q) Aen.

In the last equation, M ( q ) n v  and V ( n v , q ) q d  are uniformly bounded because n v , 

7iu and qd are bounded by assumption while Properties 6.1 and 6.4 apply to these 
cases. The remaining terms can be conveniently bounded in term s of ||en|| and 
||e,i|| because ||rj|| <  ||en|| + -  ny|| and ||e|| <  ||en|| +  ||nu||. Thus inequality
(6.32) holds. Equation (6.37) is another form of (6.31 V Q .E .D .

It is important to notice the resemblance between (6.30) and (6.13); (6.31) and 
(6.14); (6.32) and (6.15). The major difference is the subscript “n ” which indicates 

that the corresponding vector contains some bounded additive noise. Some efFects 
of the measurement noise can be added to the equivalent disturbance rd. Lemma 
6,3 proves th a t these efFects can at most grow as fast as ||en|| and ||enj|. The 
conditions in this case become very similar to the noise-free case. Instead of 

trying to prove that e, e and #  are bounded, one may prove that ert, e„ and $  are 
bounded. The boundedness of e and e follows from the fact tha t n v and n v are 
pre-assumed to be bounded. Now, the following result becomes straightforward.

T h e o re m  6 .3  For the closed-loop system (6.30) and (6.31), en, en and $  are 
uniformly ultimately bounded i f  the measurement errors h v, n„ and n p are bounded

59
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such that (6.32) holds; the feedback gain K  is sufficiently large such that Xk, the
smallest eigenvalue of  K  =  K T > 0, satisfies

Xk > r/i+ 0 .5((/j +  rf,||A||) (6.38)

XkX\ > rf2||A ||+0.5(rfa +  rf,||A||). (6.39)

P ro o f: Consider a positive definite function

■bn = \{^M{ci)sn +  aTr[$if>7'] + eJ’(A'A -I- A A>„}.

Its time derivative Ln is evaluated along (6.14) as

bn -  —c'iKen -  e f i \K i \ e n -  s Jnfj  +  7V{(s„Cj +  <rv<I>)<I>7'} (6.40)

where the identity (6.8) has been substituted to cancel out s7 M(r/).s„; another 
identity xTy =  T r { x y T] has been applied to get =  T r { s n(%$v } and hence
the last term  of the above equation.

W ith adaptive law (6.30), one can verify the following relation

srt( J  +  o<I> =  —cv(P +  crrl<I>) (6.4 1)

where T =  [TM, IV, Ta ] and

r,v/ =  anM  + M,  Tv =  orn Vm +  Vm Va == crnG +  G. (6.42) 

Substituting (6.41) and identity T r [ X X T] =  HA'Iljp into (6.40) leads to

L  =  —e ^ K e n -  e % A K Ae„ -  -  a<r„||$ +  ||r ||'^  (6.43)
2cr„ 4 a n

According to (6.42), one can write

<  (ll[Mto).K,.(rt,G(./))||F + | | l ^ j j | L | | , . - f  < (r + a? (0.4-1) 

where by Properties 6.1, 6.3 and 6.5 (proved in Appendix A),

p -  sup \\[M((j)i Km(<■/), CtV/)]||f and $  =
<i <i,<i cro +  ailjr/nll
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The fact that ||(/„|| < \\(j<i -  n„ ||mux. +  ||en|| enables one to write

T p | |r | | j r  <  ]- a a n(p + 0 )2 < To +  7i||e„|| (6.45)li (J n ll

where

To =  j { p  + i3)2{ v o +  ai\ \qi  -  n„ ||moa.) and t i  =  j { p  +  P) 2° i  (6.46)

Substituting (6.45) into (6.43) results in

r
L n <  —A/t||e„||2 -  A/.ejA2ert -  s * h  -  a<r„||$ +  — 1|£ +  To +  7i||<M|£ <Tn

where Xk is the smallest eigenvalue of K.

According to (6.32), one can write

-$nTd  <  (p n || +  ||A ||||e„ ||)((/0 +  c/i||eu|| +  J2||en||)

— ^Opnil +  ^ lp / i ||2 +  Co||en || +  Ci||en||2 -J- C2p n ||||en || 

where co =  c/qj| A11; c{ =  c/21| A|| and c2 =  c/2 4- ^i||A ||. It then follows that

Ln <  ~ « i p n | |2 — « 2 ||en||2 +  C2 ||en||||e fi|| +  a3||en|| +  co||en||

- a * n ||$  +  ~ | &  +  7o (6.47)
Zcrn

where ay =  \ k — dp, «2 =  \ kX\  — cy\ a3 =  do +  Ti• A further manipulation of
(6.47) leads to

i» < -|(liy i-l|e» |l)2- p . ( I N I - ^ ) J-f t ( IW I- ^ ) 2

-c n r„ p > +  2~ H I +  7

< - M I N I - A ) 2- M I N I - A )2Zpi Zp2

-c v a ,.( |i# ||f - ^ ) 2 +  7 (6.48)

where (6.44) has been substituted to eliminate the nonlinear function F; according 
to (6.16) and (6.17), \ k is sufficiently large such that

Pi = r t i - |  =  A<!- f / 1 -0 .5 (r /2 + (? i|!A ||)> 0
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f>2 =  «2 -  ~  -  rf2||A|| -  0.5(rf, +  J i ||A||) >  0

... , l r (f/o + 7 i ) 2 . ^ol|A|l\
7 -  ^  +  4 !-----^ -------+  ~ S ~  )'

Inequality (6.4S) defines an elliptic ball in a 3-D Euclidian space ||en||-||en | 
whose inside contains the sat {en,e„,<I> | L n > 0}. In order words, L n < 0 when­
ever the norms of tracking or compensation errors exceed this elliptic ball. Thus 
there must exists a constant I* such that Ln < 0 whenever Ln > L“ , hinting that 
L n is uniformly ultimately bounded. Q .E .D .

Using the same argument in Theorem 6.2, a similar bound can be obtained for 
the tracking errors en e„ and compensation error <I>. The detailed discussions are 
not given here in order to save some space.

It is interesting to note that A* alone can be simply adjusted to ensure system 
stability. This is favorable because K s n can be implemented with simple hardware 
amplifiers. Increasing A* means merely increasing the feedback gains.

6 .4  D iscu ssion

In choosing cr(f), we would like to minimize <7( f ) | | ^ | | 2. Since I1 is an unknown 
function, an alternative approach would be minimizing cr{L)(p + Here
V * / denotes the gradient of /  with respect to x, we assume p «  V,,||r||/i-. Then 
a reasonable choice of cr(L) is cq =  1 and cr0 a small positive number.

In (6.28), a  serves as the weight on the contribution of <I> to L. A choice 
of large a implies faster convergence of A  —> [A/(r/), G(q)} while slower

convergence of ||e|| —> 0 and ||e|| —> 0. A small choice of a  implies an opposite 

rate of convergence speeds. Thus one might prefer a small a ,

The choice of a  also depends on the sampling rate of the system. Generally, 

a smaller a  requires a higher sampling rate. Because the integral operations in
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(6.13) and (6.30) are implemented numerically, the numerical errors are inversely 
proportional to a  as (6.13) and (6.30) indicate. When the initial values of A m  and 
A y  are too far away from M{q) and Vm (q), the initial tracking errors are naturally 
large. If a high gain ^  is used to evaluate (6.13) and (6.30), the numerical errors 
will be significant, ancl that could cause the system to become unstable.

In practice, the system sampling rate is limited, usually less than 500 samples 
per second. In our simulation, we find that this significantly limits our choice of
а . An effective way to  extend the range of a  is to specify

a  =  a0 + a i  e x p { - ^ } .

If a'i is assigned by a large positive number, then the system will s tart with some 
small adaptive gain which gradually increases as A —> [M(q),Vm(q),G(q)\. By a 
proper choice of the tim e constant T, we achieve a small adaptive gain during 
the transient period of adaptation and a high gain ^  in steady state  tracking. In 

this case, we do not have to increase the system sampling rate. B ut we have to 
tolerate a longer transient adaptation time. W ith this modification, L will have 
one more negative definite term  dTr[<M)T].

It can be shown th a t a  can be replaced by a positive definite m atrix without 

affecting the above three theorems. In our actual implementations, we replace 
a  with a positive diagonal matrix. Thus different adaptive gains are assigned to 
different columns of adaptive m atrix A.  It is observed tha t the last column A q 
needs a larger adaptive gain, because it represents an integral control term th a t 
helps to reduce steady state errors.

б.5 S im ulation  R esu lts

Computer simulation experiments are conducted to test the adaptive controllers. 
The control object is the two-link planar robot given in Appendix A. Several sets 
of simulation results are in order.
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6.5.1 Step response of the system.

The objective of this experiment is to observe the step response of the system 
under different values of a m and a v. The robot is supposed to move from q\ =  
<72 =  0 to the position qx = q2 = 45°. The control and adaptive laws are given 
by (6.12) and (6.13). We choose I (  = 307, A =  207. a g =  .0025, o(t) =  ||</||. All 
initial values of the close-loop system are set to zero.

Figure (6.2) plots the family of step responses of the two joints under the 
condition g =  a " 1 =  a " 1 =  {10,2,1,0.5,0.1}. (The upper part represents joint 
two and the lower part represents joint one. The rest of figures follow the same 
convention.) One may note that different a  values are used to update A m , A v 
and A g respectively.

6.5.2 Effect of the K  m atrix

In order to observe the effect of feedback gain matrix 77, the above simulation is 
repeated with the same initial values. This time, four different K  matrices are 
tested (77 =  107, K  =  307, K  =  607 and K  =  1007). The step response is 

observed to be improved by increasing 77. When 77 is too small (77 =  107), the 

closed-llop tend to be unstable as Fig. 6.3 demonstrates.

6.5.3 Tracking at different speeds

Adaptive controller (6.12), (6.13) is used to track the desired trajectory for the 
two joint positions

qu  =  qu  -  1 +  sin(27rf t )

where /  is chosen to be f i  =  0.5 and / 2 =  2 respectively, representing “slow” 
and “fast” movement of the robot. We choose 77 =  307, A =  207, a ~ l =  400, 
a(t)  =  ||()||. The system sampling rate is 500Ilz; All initial values of the system 

are set to zero. The two varying gains are determined by

a m = a v =  0.1 4- 100e- 7 where T  =  0.1.
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Simulation results are plotted in figures (6.4j and (6.5), with (6.4) plotting the 
slow tracking performance while (6.5) the last tracking cases. The dimension of 
the joint position is the radian in this experiment.

6.5.4 Tracking w ith a varying load

The model and experimental conditions are exactly the same as in the previous 
experiment. In order to observe the performance of the controller under varying 
load, we let ?vi2 of the robot model change from 5kg to 10kg at the beginning of 
the third second. As we can see from figure (6.6), the robot tracks the desired 
trajectory well. In this experiment, the speed of tracking is set slow in order to 
observe the slight difference caused by the load change. Such a difference is almost 
invisible when the closed-loop system tracks a desired trajectory at fast speeds.

6.5.5 Tracking in m easurem ent noise

The desired path is q\ =  q% =  1 — cos(/7r/) where /  is chosen to be j \  — 2 for fast 
tracking and / 2 =  0.5 for slow tracking. In this experiment, we study the effect 
of measurement noise. The noise sources are assumed to be white with uniform 
distribution [-.1, .1] (rad.). We assume the noise effects of different sensors are 
independent of each other.

Equations (6.29) and (6.30) are implemented. Every param eter is the same as 
in 6.3 except cr(t) =  0.001 -j- ||</n||, The system sampling ra te  is 500Hz; all initial 
values of the system are set to zero.

The performance under white noise is given in (6.7) for slow tracking and (6.8) 

for fast tracking. The white noise of one measurement channel is superimposed 
in the figures. Thus one can compare the magnitude of the noise w ith the desired 
trajectory. (The signal to noise ratio is about 20 dB.) Because of the measuring 
noise, the robot movement deviates from the desired path. But the system is still 
stable. Since the white noise contains all possible frequency components, it must 

be able to excite the potentially unstable movement of the close-loop system. Yet
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we find the system is stable at least in the above experimental conditions. This 
agrees with our analytical result (theorem 6,3).

6.6  Sum m ary

In this study, we p ^sen t a simple adaptive controller for trajectory control of 
robotic manipulators. The control scheme requires minimum knowledge about 
the system dynamics and its implementation is very simple. Only some integral 
operations are involved. Since the adaptation of each element is identical to that 
of the others, the algorithms are suitable for parallel implementation.

As pointed out by Slotine [39], there are two main groups of adaptive ma­
nipulator controllers: the “linear param eterization” and “approximation” groups. 
The present study belongs to the  second group. Adaptive controllers in this group 
require little knowledge of system dynamics. Their structures are very simple and 
easy to implement. A common short-coming of these algorithms is th a t they “had 
to rely on various restrictive assumptions or approximations for adaptive control 
design and analysis, such as linearizing the robot dynamics, approximating the 
joint motions as decoupled, or assuming ‘slow’ variations of the inertia m atrix” 

[39]. Our algorithm does not have such problems due to the relaxed assumptions 

in theorems 6.1-6.3.

In theorem 6.3, we prove that the designed controllers are robust in the pres­
ence of both unmodeled dynamics and measuring noise. A similar study on Slotine 
and Li’s algorithm was conducted by Reed and Ioannou [9]. It is observed tha t the 
original algorithm by [39] is potentially unstable in the presence of some bounded 
disturbances. A modified version results in stable performance but the tracking 
errors are no longer guaranteed to converge to zero. According to theorem 6.3 

and the experimental results, the designed algorithm is able to work in the same 

conditions with reasonably good performance. But the implementation is much 
simpler.

In order to test the designed algorithms, we conducted a series of simulation 
experiments. These controllers are observed to work well under different speeds.
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The close-loop system is robust under either external force or internal measure­
m ent noise. It is observed, from both analytical and experimental studies, that a 
large K  always leads to a better performance. In our experiments, we generally 
use K  =  30/. The results are reasonably good. Yet they can be further improved 
by simply increasing K.

A pp en d ix  A

A Particular Example The simulation experiment is conducted on a two-link 
planar robot. Its equation of motion is described by

ri =  [(2:'j cos(r/2) +  l2) k m 2 +  +  ?n2)]<7i +  [l\m2 + I\k cos{q2)rn2}q2

—2/i/2?7z2sin(fy2)f)2r/1 -  /1/2/??.2 yin(^2)f/|

-f-<y(m2/2 cos(<71 +  q2) + (mi +  m 2)/i cos(r/i)) 

r 2 =  [/|m 2 +  / i /2 cos(<y2)?Ti2]<7i +  / |m 2g2 +  /i/2m 2 sin(r/2)r/jf +  m 2l2g cos(r/, +  q2)

where l\ — .7, l2 — .5 (meter), in{ =  10 and rn2 = 5 (kg). The m atrix form of the 

system is given by

M(q) <7i + V(q, q) <7i +  G(q) =
T\

. & . . ^  . . T2 .

where

M M  =

and

(2/i cos(q2) + l2)l2m 2 +  +  m 2) l \m 2 +  l ik  cos(r/2)m 2

l2rr,2 + h k  cos{q2)m2 l \m 2

G(q) =
g(m2l2 cos(</i -I- q2) + (mi +  m 2)lx cos(r/,)) 

m 2l2gcos{qi +  q2)

are uniquely determined; but V(q, q) is not unique. Two possible forms arc pre­
sented here

K (? ,g ) =
- 2 l \ l 2m 2 sin(q2)q2 - / | / 2m 2 sin(r/2)r/2

/i/2m3sin(^)<Zi 0
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V{ch <,)

and
- / i / 2 ?n2 sin(f/2 )ry2 —/i /2W2 sin(r/2)(^i +  ?a)

/1/2W2 sin(ry2)<7i 0

One can easily verily that V,(q,q)q = V(q,q)q.  But only V(q,q)  satisfies (6.8). 
The other properties can be verified in this system.



C hapter 7

A  R ob u st Self-Tuning  
C om puted-T orque C ontroller

In the previous two chapters, adaptive controllers based on some knowledge about 
the manipulator dynamics are developed. In order to ensure small tracking errors, 
these controllers require high feedback and adaptive gains. In this chapter, a self- 
tuning controller is developed which does not require high-gain feedbacks while 

achieving good performance. This is done by exploring more detailed knowledge 
about the system dynamics. A general algorithm for computing the n x / m atrix 

regressor W(q,q)  without using the acceleration feedback is derived. It can be 

applied to any open-chain mechanisms. The unknown inertia parameters can be 
estim ated by means of the resulting regressor. A distinct feature of this chapter is 

the proof of robustness for a class of computed-torque controllers. The computed- 
torque controllers are proven to be able to tolerate a certain degree of parameter 
uncertainty and unmodeled disturbances while maintaining stable tracking. This 
relaxes the requirement of the adaptation law design. The closed-loop system is 

proved to be stable without the persistent excitation.

112
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7.1 R ob u stn ess o f th e  C ontroller

The dynamics of a n-link robotic manipulator are described by a second order 
nonlinear differential equation

M(q)q +  V(q, q)q +  G(q) =  r  +  rd (7.1)

where Td represents the external disturbance; M (q ), V(q, q) G R nXn and G(q) € R n 
are nonlinear functions of q, q as well as a set of inertia parameters, such as 
mass, center of mass and inertia of all links. In practice these parameters are 
available for the first (n — 1) links. The inertia parameters of the last link are, 
in general, inaccurate because the manipulator may frequently pick up or release 
unknown objects. The dynamic model coefficients available to the controller are 
M{q), V{q,q)  and G(q) computed using the inaccurate inertia param eters. The 
objective of this section is to study the mis-matched efFects on the stability of 
compu ted-torque controllers.

The control law is given by

r  =  M(q)i/> +  V(q, q)q +  G(q) (7.2)

where if> =  qd — K ve — Jvpe; e — q — qd is the tracking error; qd is the desired 
trajectory; K v > 0 and K v >  0 are two positive definite matrices. The notation 
A indicates th a t the corresponding m atrix or vector is evaluated by substituting a 

set of “model” parameters (m instead of the real param eter (r . (The definition of 
C and its relation w ith M(q),  V(q,q) and G(q) will be given in sections 3 and 4.)

The closed-loop system is determined by substituting (7.2) into (7.1), th a t is

e +  K ve +  K pe =  M 1(^f)[AilT0 +  A Vq +  AG — r^]

where AM  =  M(q)  -  M(q),  A V  = V(q, q) -  V(q, q) and AG =  G{q) -  G{q) are 
the mis-matched efFects caused by the inaccurate model param eter (m.

According to [37], [63] and [64], M(q)  and G{q) are uniformly bounded. This 
means

||A/- 1(<z)AiV/V>|| < cM ||'0|[ <  cm0 +  cml||e|| +  cm2||e||, (7.4)
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\\M~1(q)AG\\ <  co. (7.5)

The i-th component of vector V(q, q)q can be expressed as a quadratic form
qT Vi{q)q [37] where Vi(q) € IT1*", 1 <  i < n are uniformly bounded matrices.
The i-th component of vector A Vq  should then be expressed as qT (Vi — Vi)q
which suggests

||M  l (q )AVq\\  < cv||f) ||2 < cv0 + c^UeH +  cu2|je||2. (7.6)

In (7.4)—(7.6), Cmo, cmi, cTn2, c q , cvq , cvt and cu2 are positive constant bounds 
depending on the param eter error A ( =  In Sections 3 and 4, it will be
shown that these constant bounds become zero when (r =  (m.

Equation (7.3) can be expressed in state space as

(7.7)

where eT — [eT, eT]\ 

Am. =

1
1 r* i

i

o 11 ' M _1(g)(AMi/i +  A Vq  +  AG +  rd) '

1 0 0

It is not difficult to find positive definite matrix pair

P  =
I  a l

a l  \ { a K v +  K j )

such that

and Q —
I(v -  a l  0

0 a K n

\ ( P A „  +  A l P )  =  - Q .

0 < a < 1, a I  < A'w

(7.8)

The largest and smallest eigenvalues of P  and Q are denoted by Apmax, AqTO(U. and 

APmini AQmin respectively. Assuming that jjra|| is uniformly bounded and using 
(7.4)—(7.6), one can write

I I ^ H  =
I

a l
M "1(g)(A M 0 +  A Vq +  A G  + rd)

< cq +  Ci 11 € 11 +  c2 [ | e | (7.9)

for some constants 0 <  Co <  c.m0 +  cq +  cvo, 0 < c\ < max{cmi, cm2} +  cvi and 

0 <  c2 =  cv2.
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T h e o re m  7.1 The closed-loop system (7.7) is uniformly bounded i f

a >  0, a 2 >  407 and j|e(0)|| < , /• -  .(a  +  ^ /a 2 - 407 ) (7.10)

where e(0) denotes the initial tracking error;

a  =  inf{ 2 --^ C~ nCll|cl 2} =  2 Ac?f n ~ Cl >  0; (7.11)

a   , 1 i n f c 2llc ll3V/8 1 . c2n/8 , _  , V W o ,  _  _ j /2 c o _  , 9 1 9 v0  — sup{ 3 } — 3 and 7 — sup{ , • }  — /-*------ - (<.12)
<7,7 ( e1 P e ) i  X p m in g,q V £  V ^ P m i n

P ro o f: Consider a positive definite function h =  \ e l Pe. Its tim e derivative 
evaluated along (7.7) is given by

L -  - e TQe + eTPra <  c0||e|| -  (AQmin -  ci)||e ||2 +  c2||e |[3 (7.13)

where (7.8) and (7.9) have been substituted. A substitution of (7.11) and (7.12) 
into (7.13) results in

L < - a L  + /3L% + 7l h .

According to the principle of comparison, L  is uniformly bounded by a scalar 
function which satisfies

3

L m — —( x L *  f3£/% 4-7L S  (7.14)

with an initial condition A(0) =  h*(0).

When the conditions given by (7.10) are satisfied, a variable substitution /2 =  
L„ will change (7.14) to

/. =  i ( 7  - o c t ,  +  l3(i)

=  ^ ( L - h ) ( l * - h )  (7.15)
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where

h  =  2^ ( «  ~  \Ja2 -T y/?) and /2 =  - ^ ( a  +  ^/o2 -  47/?).

If /*(0), the initial value of /», id less than or equal to /2, the closed-form solu­
tion of (7.15) can be obtained as

~  ^  _  /*(0) — 0 .5 1 ^ - ,!^
1* — h 0) — /|

which can be written as

L{t) = k[L(0) ~  h] +  h[k ~

[ / , ( o ) - / 1] +  [/2 - / . ( o ) ]e- ^

The analytical solution of l*(t) suggests that the tracking error e is uniformly 
bounded as long as /„(0) <  /2 which is equivalent to the last inequality of (7.10). 
Q .E .D .

According to (7.10), (7.11) and (7.12), An effective way to ensure a stable 
system and reduce tracking error is to identify the correct parameter vector (m 
such that ci and c2 become as small as possible. This will be discussed in the 
following sections.

7.2 P aram eter  U n certa in ties

A robotic m anipulator is an open-chain articulated mechanical system. Its links 

can be labeled from the base to the end-tip in a consecutive order. Each link is 
connected to its neighbors or the base by revolute or prismatic joints, and has 
a “link coordinate frame” attached to it. Customarily [63, 64] the origin of the 

z'-tli link frame is located at the z'-th joint, connecting the z'-th and the (z — l)»th 
link; the Z{ axis is always directed along the axis of the z-th joint. In other words,
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the z-th link either rotates or translates along the z; axis. The coordinate frame 
attached to the robot base is assumed inertial. Unless stated otherwise, all vectors 
in this study are expressed in the base frame. The entire system consists of n links 
and possesses n degree-of-freedom.

Let q1' =  r/?l] be the vector of the generalized coordinate. The com­
ponent qi defines the relative displacement (rotation or translation) of the two 
neighboring links with respect to the Z{ axis. Each link is associated with the 
Jacobian m atrix which is defined as

v Ci
U>i

=  J«(q)4 ■ / , ( ? ) £ - f t6 * ”

where vCi is the linear velocity of the mass center and u>{ the angular velocity of the 
z-th link. For a robot with all revolute joints, the Jacobian m atrix with respect 
to the mass center of the k-th link is given by

*i x (Pu  +  Ck) z2 x (P2k +  ck) . . .  Z k X c k 0 . . .  0
zi z2 . . .  Zk 0 . . .  0

(7.16)

where z\ is an unit vector representing the Z{ axis; Pik is a vector between the 
origins of the z-th and the k-th link frames; ck is a vector representing the k-th 
link mass center. The (k +  l)- th  and higher ordered columns are zero because of 

the open-chain mechanical structure; the generalized velocities of higher joints do 
not affect the linear and angular velocities of lower links. In case the z-th joint 
of a robot is translational, the z-th column of the above Jacobian m atrix will be 
changed from

zi X (Pik 4- ck)
Zi

Thus, the following discussion will focus on a robot with all revolute joints without 
loss of generality.

The inertia forces and moments of inertia forces of the z-th link reduced to the 
z-th link mass center are

Zi
to

0

(7.17)
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where m; is the mass and 1} the inertia tensor of the th link. Then applying the 
D’Alamberl principle, the dynamics of a robotic manipulator are expressed as

n rl T t  a

i=\
n

mi'Oc, 9— m;
. . 0 )

=
i=l

where g € R? is the gravitation vector;

Vc,
+

0 m g

cJ; X 7'iUJi
—

. 0

m h x 3 o and Vc,
0 Tf

Je,{q)q +

) (7.18)

(7.19)

where / 3x3 is an identity m atrix. Substituting (7.19) into (7.IS) and then com­
paring the result with (7.1), one immediately finds that

* /(? ) =
1=1

V i i ,q )q  = ' £ , J Z m Q iJ Z W q  +
1 = 1

i=i

0
1 x TiUJi ),

<J

0

(7.20)

(7.21) 

^7.22)

Assuming that the param eter uncertainty is due to c„, m n and Tn, the unknown 

load of the last link, then (7.20) immediately implies

A M  =  J&nQnJcn ~  ^cnQnJc„

(7.23)

AM, , A M ,2 • • AM ln

AM21 AM 22 • AM2n

AM„, AM n2 . • AMnn

where

A Mu nifi[Zi X {P{,i t  C'ii)] [zj X (Pjn T )]

X ( P m  + C«)]T[xj X (Pin + Cn)\ + z ]  ('/« -  T„)Zj

= A m n K z f z iK P iP in )  -  (Z? ?,•„)(*/ f l j ]  +

+[(zfzi)(a» +  />*.) -  ( z j a j z i  -  ( z j P „ ) z j \ r A i n +  z f  .24)
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where Amrt =  m n — m„, Ac„ =  m ncn — m ncn and

A f n =  Tn -  Tn + fnn{cl'cnh~AZ -  cncl)  -  rnn(c'^cnI ZX3 -  c„c^).

In deriving (7.24), a useful identity (a x b)T(c x d) = (aTc)(bTd) — (aTd)(crb) has 
been substituted. Similarly, (7.22) leads to

A Gt =  [A G ,,. . . ,  AG'n]

where

A Gi = m n(jT[zi x (Pin +  cn)] -  m n( /[z i  x  {Pin +  cn)] 

=  - A m ngr (zi x  Pin) -  Ac^(g  x  z{) (7.25)

According to (7.21), the expression of A Vq  involves the time derivative of 
(q). To evaluate the analytical form of J Ci.(ry), one can consider the i-th column 

of JCk(q). It consists of two sub-vectors Z{ x (Pik + Ck) and The corresponding 
tim e derivatives of these sub-vectors are given by

Zi X (P i k  +  Ck) +  Zi  x (u)k X Ck +  Vk -  Vi)  and z{ =  t x  z{ = S(tUi)zi

respectively, where Vi  is the linear velocity of the z-th joint frame origin; the 

relative linear velocity between the mass center of the k-th link and the origin of 
the z-th link frame is given by

UJk X  Ck +  Vk  -  V{ =  P i k  +  Ck)

while S(x)  is a skew-symmetric matrix such th a t S(x)y  — x x  y V.r, y G R 3.

Now one can write

4 ( 7 )  ~
Zi x (Pltk +  Ck) Z2 X (P2sk +  Ck) . . .  ZkXCk 0 . . .  0

z\ z2 . . .  zk 0 . . .  0

zt x (lvk x ck +  Vkt) . . .  zk x (ĉ  x ck) 0 . . .  0
0 . . .  0 0 . . .  0

Jck(q,q)  + Jck (q,q)-

+

(7.26)



A  Robust Self-Tuning Computed-Torque Controllov 120

where i;*,• =  Vk — V{. J e*(</, q), the first term in (7.26), is a matrix function of both 
q and q because of the time derivative i,\ This matrix function can be evaluated 
using (7.16) by substituting i,- in the place of s;.

As demonstrated in [37], the i-th component of vector A Vq can be expressed as 
a quadratic form qr  AViq. Its explicit expression can be obtained by substituting 
(7.26) into (7.21) as

qTAViq =  A m n f ^ [ { z J Z ^ P l P j n )  -  {zjPjn){zJPin)Ylj + 
j=i 

+ A c l  j r {{z jZ i){P in + Pjn ) ~  { z j P ^ Z i  -  ( z f p in)zs}qj +
3=1

+  X  zf  A T nZj(ij +
i=i

+  A T7ln Y X z J  Zj){PjnVnj) ~  (z'f V’nj) (zJPin )}(]j +
j=zl
n

+  Acn zj )(vnj — >5 (lOu ) P[n ) — (Zj VnjZj) +  {zj Pin)S>{un)Z{\q  ̂ +
3=1

n
+  X  z f  S[ojn){mncncl -  m ncncl)zjqj  +

3=1

+ z f  S(u>n) ( f n — Tn)(jjn. (7.27)

The sum of the first three rows in (7.27) is the v'-th component of vector

[ J l M ) Q n h M , q )  -  J l Q n U < M ) V i -  (7.28)

Since Je,t {q,q) and Jc„(qq) are very similar to JCn[q) and J&n{q), the expression of
(7.28) is very similar to

A M q  =  [ J l ( < i ) Q J U ' l )  -  J i Q n J c M V l  (7.29)

whose i-th component is given by The only difference between
(7.28) and (7.29) is th a t zj in (7.29) is replaced by Zj in (7.28).

The sum of rows 4, 5 and 6 of (7.27) is the i-th component of vector 

[Jln{(l)QnJcn(fh fi) — ((l)Qn<Jc„ (<7i ('l)]q
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{ n i n [z i  X { P i n  4 " Cn)]  ^ 3 \.Z i  ^  i ^ n j  UJn  X Cn )] 
1=1
n

m n [z i  X { P i n C n)]  ^  d* *  c h ) ] } 9 j •
j=l

(7.30)

A substitution of identity (a x b)T{c x cf) =  {ar c)(P'd) — {aTd){(Fb) decomposes 
the above expression into the sum of those three rows.

The last row of (7.27) is obviously the z-th component of vector

0
A

U>n X T niOn
- JlM)

o
U)n X TnUJn

(7.31)

According to (7.21), A V q  is the sum of (7.28), (7.30) and (7.31) under the assump­
tion that only the last link inertia parameters are inaccurate. Thus the derivation 
of (7.27) becomes clear at this step.

The left side of (7.27) is a quadratic form while the right side of (7.27) only 
contains the first-order expression of q j.  However, a careful reader will notice that 
every single term in (7.27) involves the product of q j with either z j  = u>j x z j  or 
loh, which are functions of vector q . Therefore the notation q r  A V i q  as the i 
component of vector A Vq is justified.

Equations (7.24), (7.25) and (7.27) all suggest tha t A M , A V q  and A G  will 
be reduced to zero if the inertia parameters are accurate. However, they are too 

complicated to use in practice. In order to estim ate the inertia param eters from 
a proper observation signal, a more simplified expression is needed. T hat is the 
job of the next section.

7.3 Linear P aram eteriza tion

Equation (7.18) can also be expressed as 

d 71

i=1

m;uCj

T m i= l

9
0

+  jJi
niiVc;
T m

) (7-32)
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Introduce a nonlinear function

D +  (7
1 = 1

n i i V C(
m

<j ITliVe,
rr t■fiOJj i= i 0 Ue>i

)) 

(7.33)
where D =  ^  is a differential operator; a > 0 is a constant, Substituting (7.33) 
into (7.32) and then comparing the result with (7.1), one will find

M{q)q +  V{q, q)q +  G[q) = ^ F { q ,  <l) +  vF{q, q). (7.34)

The next step is to linearize F(q,q)  with respect to the unknown parameter 
(r and then design a proper estim ator to identify (m = ( r. The nonlinear function 
F(q,q)  can be linearized with respect to the system inertia parameters such that

(7.35)

where fFfFunl g finxi ;s t[ie linearization matrix; € Rl is the true robot iner­

tia  param eter vector. The exact definition of will be given a little bit later. 
Equation (7.35) is an exact linearization rather than a first-order approximation. 
Since the inertia parameters of the first (n — 1) links are assumed to be available, 
the first term  F*(q,q) can be computed using the correct parameters of the first 
(n — 1) links:

F*(q,q) = 1 n - 1

i=i

T7liVet

T m

n - l

i=i

<i
o

miVc,
TiUJi

)}. (7.36)

Equation (7.36) differs from (7.33) in that only the dynamics of the first (n — 1) 
links are added together. The dynamics of the last link appear in the second term 
of (7.35) which can be computed by

QF_

<9C D +  a

D 
D +  cr q, C r )

m nvCll 

Fn^n 
1

D + a F(q, q, C r )

ITlnVcn
tn m nJ rCn

a
o }

(7.37)
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where

B(c),cj,(r) = mnjJn jj -I- f f n

7.3.1 Linearizing A ( q , q X r ) w ith respect to ( v

Let a; denote the i-th component of A(<), 4, ( ) .  According to (7.37), one can write

T he linear velocity of the n-th  link mass center consists of two parts: vCn =  

vn +  u>n x  cn, where vn is the linear velocity of the ?7-th link frame origin; cn 
denotes the vector between the link-frame origin and the mass center of the ?7-th 
link. This decomposition separates vn from u>n x  cn (which involves an unknown 
parameter vector cn). It then follows that

where «;(</, q) =  (z{ x  P{n)Tvn and f jf(q,q)  =  (z{ X P{n)TS(wrt); S (u n) is a skew- 

symmetric m atrix such that S(ton)® — wn x x Vx ^  0. Substituting (7.39) into 
(7.3S) yields

cq =  z j  Tn u>n +  m n (Zi x  Pin)TvCn +  ???,„ (z{ x cnf v Cn, (7.38)

niji (zj x  P{n) vCn — m n(zi x  P{n) (̂ un -f- u>n x  cn)

=  772n (.2,' X i3,',, ){p)n T  S(Un)cn)

=  m nK{(q,q) + T}rf (q ,q)cnmn  (7.39)

ai = z f  Tn ton +  m n «,■(<?, q) +  fjf(q, q) m n c„

+ (z i x C n f  Vn m„ +  ( Z i  X Cn) T(0Jn X Cn) 777,n

One can re-write a tri-product term in (7.40) as

(Zi X Cn)r vn = z f ( c n X Vn) =  —z j S ( v n)cn.

A substitution of the above expression into (7.40) results in

Cii -  z f  Tn W„ +  777n K{(q, q) -)- rjf (q, q)mncn 

+(-.' x cn)T{ton x  cn)m n (7 .4 1 )

(7.40)
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where rj{(q, q) =  ?/,•(</, q) — z f  S[vn) is independent of the measurement parameters. 
The last term  of (7.41) can be handled in the following way.

( Zi  X C n )r (w n X C„) =  zf[cn X (u>„ X C„)J

=  {zI^n){c fcn) -  { z f c n){cfuJn)

=  (z fun  ) (cfcn ) ~ z f {  Cn c f ) W„

where an identity a x (b x c) =  (ar c)b— (aTb)c has been substituted.

Now, one can substitute (7.42) into (7.41) to obtain

a{ = z f  Tn con + m n Ki(q, q) +  i j f  {q, q)m.ncn

where Tn =  Tn +  m n(4 ’c;l/ 3X3 -  cncf)\ / 3x3 is a 3 x 3 identity matrix.

It is not difficult to see that f n = “i? nf n ’0lR  and con =  “ /?. ncon where ° f l  
is a rotation matrix that transfers from the n-th link frame to the base frame;

nTn and nu>n still keep the same physical meaning as Tn and ton, but now they
are expressed in the n-th link frame as their leading superscript “n ” indicates. A 
m om ent’s thought will convince one that nTn is a constant matrix.

Let
W* " fj- xx TJ-xy TJ XZ

nl , —loh — LOy and nf n = TJ-xy f vy T  x yz

1 t f yz }N
'E4*

A key step in linearizing (7.43) is to write

T ara; T xy t xz 1 lox
n m  n. , _■1-n = f-*■ xy f y y f1 yz LOy il

i ? y z & M t LOz

where pT = [Txx, f yV) f zz, f xy, Txz, f yz] and

A (BWn)

(Jjx  0 0 LOy loz 0

0 LOy 0 LOx 0 L0Z
0 0 00Z 0 Ux UJy
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Since f nu>n =  ° R , 11 f n nu>n =  °R A (nu>n)p, one can re-write (7.43) as

Pf °nR A { nLon)p +  m nKi{q, q) +  rjj\q, q ) m ncn

=  z f  nR A (nejn)p +  m nK{(q, q) +  rj{ (</, q) nR  ncnm n (7.44)

where ncn is a transformed version of cn. It is a constant vector expressed in the 
??,-th link frame. Now, if one chooses =  [pT, m n, nc^]T where ncn =  ncnm n, 
then A (q ,q , ( r) can be linearized as

z ( ° R A ( nion) (? ,?) v f ( q , q ) 0nR
A ( (h<l,Cr) =

. z n  l R H n U n )  « « (? ,? )  V n ( < h (l )  ° R  .

(C) q') =  (^t ^  Pin) Vn ~  ~t (Pin ^  ^n)

=  z f S ( P in)vn;

ViX'A (l) =  (*< x Pin)TS(ajn) -  z f S ( v n)

=  z f [S (P in)S(ujn) -  S(vn)}.

C r

(7.45)

(7.46)

Let us introduce a m atrix function

I’M

z f  I R  A z f S M . H  * ? S ( P „ ) S M  -  S (vn) I R  

, z f ° „ R A  z f S ( P nn)vn z f S { P m )S[uin) -  S(u„) °nR

where z =  {2i}"a l . Now, one can write

A(q,q,Cr) =  r(*)Cr.

(7.47)

(7.48)

Although r (z )  is explicitly expressed as a function of z  =  { z j } ^ ,  it is a matrix 
function of q, and q as indicated by (7.47). In the next section, 2 will be replaced 
with The resulting m atrix F ( i)  is used to linearize B ( j , q , ( r) with

respect to Cr-
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7.3.2 Linearizing B ( q ^ q ) w ith respect to

Recall from (7.26) tha t the time derivative of Jc„(q) is given by

Z'l X (-Pi,n "h hri) S2 X 4" Cji) . . .  2n X c.n
z 1 i 2

Z\ x (ue„ -  t ' 22 X (ve„ -  Vi)
0 0

= Jen{q,q) +  Jc„ faq)‘

It then follows that

r 1 r rnnVc,

+
• zn X (uc„ -  vn) 

0

<7
0

+ -7,Cn rnlnUn
+ r(i)C r

=  C7(g,9>Cr) +  r(i)C r (7-49)

where the m atrix F (i) is the same matrix function defmeded in (7.47) except that 
every 2; is replaced by ip

C(q, q, Cr) =  m„J,
(J

0 +  J<Cn
m nv0n
TnCUn

Since (2,' x vCn)TvCn =  0, the i-th element of C(cp q, (,.) can be expressed as

ck =  m nzf[(Pin +  Cn) x cj -  m x vCn]

=  m nzJ[Pin x cj -  S{cj)cn -  Vi x (vn +  u/n x cn)]

=  m nz f  (Pin x g -  Vi x t>„) -  zj [S(vi)S(ujn) +  £'(</)] “/2 ”c„

=  m ncci(q, q) +  0 7 (q, q) °nR  ncn (7.50)

where

O iM i? )  =  -  S(lJj)U n]i (7 -51)

t f t t ,* )  =  -$[S(<H)S{w*) + S(fl)l. (7.52)

Introduce another linearizing m atrix function

oT a x(q,q) f f i ( q , q ) ° R

oT cxn(q,q) ff i(q,q)°nR ^

(7 .53 )
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where o £ R 6 is an all-zero vector. Then one can write C(q, q , ( r) =  —̂ Cr- 
Substituting into (7.49) results in

B(?,«,Cr) = [r(i)-N]Cr. (7.64)

By substituting (7.48) and (7.54), one may rewrite (7.37) as

=  ^ r j [ r > r  W  +  X -  r ( i ) ] f . .  (7.55)

And the linearization matrix can be computed by

f  = 7 ^ rW + ^ - rWJ P-«)

7 .4  P aram eter Identification

According to (7.34), one can pass the control torque vector r  through a first order 
low-pass filter to obtain

u =  — -— r  =  F(q, q ) - r d 
L)  -+- a

where f d =  is the low-pass filtered version of the external disturbances.
Equation (7.35) suggests th a t the above equation can be separated as

tt =  u -  F.(q, q) =  ~  h  (7.57)

where F*{q, q) can be computed by (7.36) using the correct param eters of the first 
(n — 1) links. Obviously, u — u — F*(q, q) and the linearization m atrix function — 
are available to the controller. Thus (7.57) fits the typical framework of a least 
square estimator, i  he estimator will try to minimize

rl i 8 F  o Ai 8 F
I  l* - - g f U 2*  = I  b‘- r , ( j , q) - ~ U \ 2dt

= /  q) ~ Fm(q, q) -  hfdt
J  to

= [  \ \ j r r z ( r + Td)\\2dt (7.58)Jto U  +  cr
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where (7.57) has been substituted and

r = A M q  +  Ah' q +  AG.

W hen Tj. =  0, (7.58) becomes a zero-square problem because there exists a (,n =  (r 
such that r =  0.

7.4.1 Identification under ideal conditions

When the external disturbance is =  0, the minimization of (7.58) becomes a 
search for (m such that

9 9
« -  -Q^F { T (l%n =  i ^ F ( q , q ) A (  =  0

where A (  = (r — (m denotes the estimate error. The above expression can be 
w ritten as

d F  OF
Afi =  fi "  ~d(Cm = 5C AC' (7<59)

Introducing a Lyapunov function candidate L =  0 .5A (r A (, the time derivative
of L  is given by L = —A ( r (  because (r is a constant param eter vector. Now, it 
is convenient to design an adaptation law for (m such that

d F T
Cm =  (7>6°)

where is the transposition of matrix By substituting (7.60) and then 

(7.59). one will find that

f a >T d F T A „ AL = - A ; r — Au =  - A ( t — — A(, < 0. (7.61)

The above expression implies that L  =  0.5||AC ||2 is a non-increasing function. In
many cases, it will decrease to zero within a finite time.

The algorithm of (7.60) actually solves a perfect matching problem (7.59) 
instead of a least square one. In real applications, the external disturbance is
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inevitable. One must be very careful in applying (7.60). When Td ^  0, (7.58) 
should be reduced to

d F ,  d F
A u - u -  -Q^Cm = ^  -  Td (7.62)

instead of (7.59). Accordingly, (7.61) becomes

which is not necessarily semi-negative definite. The convergence of L = 0.5|| A £||2 
is no lorn, 'r guaranteed.

7.4.2 Identification in the presence of external distur­
bances

Introduce vectors

y T =  [AV(«„), A‘- 1fiT(i„ +  Afi(i„ +  (k -  1)5), i T(i„ +  Mj],

X T =  [A* A j ^ i . ) , . . . .  A +  ( k -  1)5), f - F T(t ,  +  kS)]

where 0 <  A < 1 is a scalar forgetting factor; u(t0 +  iS) and -§^F(t0 +  iS) are 
the samples of u and at the z-th sampling instant respectively. Then the least 
square problem of (7.58) is equivalent to

m in{||T -A 'C m ll2}
Cm

with A =  1. An explicit expansion of the above expression is given by

113̂ - T u | | 2 == y Ty  + & x Tx ( m- 2y Tx ( m
= y Ty  + C A m - 2 z TA<;m 
= y Ty - z Tz  + (<;m - z ) TA((m- z ) .  (7.64)

where Z  = A ~ l X r y  and

A  = X T x  =  E  +  iS) ^ F ( ^  +  iS)X2̂ .  (7.65)
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In order to arrive at (7.64), A as defined in (7.65) must be positive definite and 
hence A -1 exists. It should be emphasized that the existence o! A~l does not 
necessarily mean the existence of at each individual sampling instant.
In fact, even if is singular at all sampling instants, it is still possible that
A -1 exists. The larger k is, the more likely that A -1 exists.

Since

£  = A~lXTy  = [XTX]~lXTy  (7.66)

is independent of (m, the first two terms in (7.64) can not be controlled by ad­
justing (TO. The third term of (7.64) is positive definite. The only possible way 
to minimize (7.64) is Cm = Z  which solves the least square problem of (7.58). 
There are many computational efficient algorithms to compute (7.66) recursively 
without actually storing the samples of u and |£ .  A detailed discussion of these 
algorithms is beyond the scope of this study.

The introduction of forgetting factor 0 < A < 1 will prevent the matrix A 
from overflow due to the accumulation of data  samples of Equation (7.65) is 

actually a discrete convolution of m atrix with a scalar function f ( k )  =  \ k,
0 <  k. The m atrix A  is bounded as long as A < 1 and r/, q are bounded (which 
has been proved in Section 2).

7.4.3 T he QR algorithm

According to the discussions of the previous section, X depends on the robot 
trajectory q{t) and q(t) whose samples at time instants t0 + iS, 0 < i < k are used 
to compute the sub-matrix + iS). It is very difficult to check the rank of

X which is a t most 10 = min{(h -f 1)?t,,10) (provided that (/»: l)n  > 10). In
case X  is not of full rank (rank(A) <  min{(h +  l)n , 10}), an alternative method 
is sought to determ ine a set of admissible Cm-

The m athem atical formula is still min^m{||T — A (m||2}. Yet the problem is 
how to solve Cm when X is rank deficient (not of full rank). In numerical analysis 
theory, there is a very efficient way to deal with this kind of problem. It is called 

the QR algorithm [70]. For any arbitrary / x n matrix M  where / > n, there exists
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an I x  I orthogonal matrix Q and an I x n upper triangular m atrix 71 such that 
Q7Z — M .  The upper triangular m atrix 71 has two possible forms, depending on 

the rank of M ,

* * * . . * * * * . . *  . . *

0 * *  . . * 0 * *  . . *  . . *

0 0 * . . * 0 0 * . . * . . *

0 0 0 . . *
0 a II

0 0 0 . . *  . . *

0 0 0 . . 0 0 0 0 . . 0 . . 0

0 0 0 . . 0 0 0 0 . . 0 . . 0

where represents a non-zero entry; the first form indicates tha t M  is of full 
rank and the second form means that M  is rank deficient. In both cases, one can 
always write 7ZT = [7£f, O] where 7li denotes the l\ non-zero rows of 71 while O 

is an {I — h )  x n all-zero submatrix.

If the orthogonal matrix Q with respect to X  is available, then by the fact 
th a t QR'Q, =  / ,  one can write

QTy - Q TXCm = V- 7 l Cm (7.68)

where y TQ = VT =  [Vf, Vf]; Vi € R h c o 'responds to the l\ non-zero rows of 
m atrix  71. The fact that an orthogonal matrix Q preserves length enables one to 
write

lir -  *(.n||2 = llv -  7ic„||2 = || v, -  + nvaf .
No m atter what (m vector is applied to (7.68), the vector 7l(m can at most cancel 
out Vi while leaving V2 unaffected. Therefore the best thing one can achieve by 
selecting (m is

(7.69)

which minimizes ||T  — T(;m||2.

The solution of (7.69) is straightforward if l\ =  10. When l\ < 10, there are 
infinitely many solutions that satisfy (7.69). One convenient way is to set the last
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(10 — /1) components of (m to zero and solve the first /1 components of (m from
(7.69). The rank of 7Zi can be easily checked out by examining the number of its 
non-zero rows.

7.4.4 The H ouseholder transforms

An im portant step is to find Q for an arbitrary I x n  m atrix M ,  The first column of 

M  is denoted as m i. Consider a vector bx = mi +  ||?ni||ei where e'f =  [1, 0, . . .  , 0] 
and an / x I matrix

Hi  =  /

A straightforward calculus will verify that H ^H i  =  H iH \  =  /  which means that 
Tix is an orthogonal matrix. I t is interesting to notice that

Ti\m.x mx
P i

-bx

2(|j777.1 [[e^ 777,l +  l | m , [ | 2)

2 ( | | m i | | e ' f m i  +  | | m i | | 2)

m i||, 0 , . . . ,  0]r !

This means tha t Hx has the efFect of concentrating all “energy ( ||m i||)” of the 

vector mx to a single coordinate while leaving the rest of the coordinates as zero. 
Now, examine matrix M i =  H i M ,  it must look like either

i
* * . . * "f* ^ 4 * *

0 0 . . 0 0 * . . .  *
: : [

IIo

4 4 4

. 0 0 . 1
o

0 * . . .  +.

The first case happens if all columns of M  are parallel to m i; in most cases, M i  
has the second form where the problem has been reduced to a smaller (/ —1) x (n — 
1) subm atrix Mx .  The relation between M x  and M i can be visually expressed 
as follows:

* roiux 

0i Mx
M x
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M i  — H 2M \  —

where rowi £ denotes a nonzero sub-row and Oi £ R ^~ ^  denotes an all
zero sub-column. By repeating the above procedures, one can construct a second 
(/ — 1) x (/ — 1) Householder transform matrix H 2 such that

* row 2
02 9

where, again, denotes a non-zero entry; row2 £ R(n~2) a non-zero sub-row and 
02 £ R ^~ ^  an all-zero sub-column; Q is the remaining m atrix whose dimension is 
(/ -  2) x (n -  2).

The two Householder transform matrices can be concatenated together by 
introducing an orthogonal m atrix

” 1 Of 

Oi Hi
Ho

It then follows that

H 2H 1M
* * 

0 * 

02 02

row21 
row22 

9
where row2\ and row22 are two non-zero (n —2)-dimensional vectors. By induction, 
one can follow the same procedure to construct a series of Householder transforms 

H i ,  1 <  i <  11 such that

Qt M  =  HnHn-l ■ • • H2HiM =  n

where % is the desired upper triangular matrix given in (7.67). Using the fact 

tha t H f H i  =  HfHi  =  I  and that

  /<TJ  > \J <17 nj \T   ruT'\jT njT n/T
-  [rtnrtn-\  • • • n 2rti j  =  / t t rt2 . . •

one can easily verify tha t Qr Q — I  and the computation of the orthogonal m atrix 
Q with respect to an arbitrary / X n m atrix M  becomes clear.

The construction procedure for the orthogonal m atrix Q looks very compli­
cated. In fact, there are many recursive algorithms to compute Q for X  without 

saving all the samples of [68]. These are topics beyond the scope of this study 
and will not be discussed here.
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7.5 A  S im ulation  E xam ple

In order to demonstrate the construction of ^ r ,  one may consider a two-link 
planar robot as an example. The three coordinate frames are illustrated in Fig. 
7.1. In this case, the three 2-axis are always parallel. That is z\ — z2 =  [0 ,0 ,1]7'; 
consequently, z\ =  z2 =  [0 ,0 ,0]T. The rotation matrix can be easily derived as

%R =
cos(?i +  <72) -sin(<7i +  ?2) 0 
sin(<7i +  q2) cos(</i +  q2) 0

0 0 1

The other variables necessary for are given by

2o>2 = u)2 = (<h +  </2)[0,0 ,1]7 ,

Vi =  [0, 0, 0]7’, v2 =  </i /i [— sin(<7i ), cos(r/i), 0]7',

-Pis =  /i[cos(<3n),sin(q1) ,0]7’ and PZ2 -  [0 ,0 ,0]7’.

The above variables are substituted into (7.44) to obtain ci\ and a2. In this case, 
it is not difficult to obtain

*f  °2R  A =  z \  °2R  A =  [0,0, (r)i +  </2), 0,0,0]. (7.70)

The other two terms in (7.44) can be computed using (7.45) and (7.46) as

«2(<M) =  0, (7.71)« i(<?,<?) =  X v2) = qxl\

m (?,?) = z J [ S ( P 12) S M  -  S ( v 2)}

=  [Pl2x^2z +  V2y,  P X2yU)2s — V 2 x , —(Pl2yU2y 4  Pl2xW2x)\

=  (2?1 + ? 2)/i[cos(7i), sin(f/i), 0], (7.72)

and

V l d A l )  ~  [ P l 2 x ^ 2 z  +  ^ 2 ! / )  P 2 2 z ^ 2 z  ~  V2xi  ~ [ P 2 2 y ^ 2 y  +  P 2 2 x ^ 2 x ) }

=  f)ih[cos(gi), sin(r/i), 0]. (7.73)
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X 0

Figure 7.1: A two link planar robot. 

From (7.72) and (7.73), one further obtains

!?1 2-ft =  (2 ? 1  +  5 i ) / i [ c o s ( 4 j ) ,  - s m ( q 2) .  0 ], 

>)2 °R  =  ?i/l[cos(52), - s i n f e ) ,  0J.

(7.74)

(7.75)

By substituting (7.70), (7.71), (7.74) and (7.75) into (7.48), one can write 

(tfi +  (li) qil\ (2f]i +  qi)l\ cos(ga) “ (2gi +  fa )h  sin(q2)
(?i +  tfa) 0 r)i/i Cos(g2) - t f i / i  sin(?2)

Cm

(7.76)

where =  [T2.3, 77z2,m 2c2a.,?7r2c2y] has been reduced to a 4-dimensional vector 
because of the planar configuration. Physically, this simplification is straightfor­
ward because the other inertia parameters, such as Trx. and c2z, do not contribute 

any torques to the two joints which rotate about the zQ axis.
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Next, one may repeat the same way to derive 

= z\[S{P\i)cj -  S K M

=  z;
0

Px 2*
12 y

= — 9.S/i cos(</i),

— P\2z Pl2y 0
0 - P , 2, -9 .8

Pi 2.l' 0 0

a 2 (q,q) =  0,

A(<M) =  - « r [ 5 (wi)5 (w2) -  S{g)] =  - [9 .8 ,0, 0],

(7.77)

(7.78)

(7.79)

m , < l )  =  -  S(g)]

=  -[9 .8  -  (r/i +  fa)qih sin(</i), (r/i +  r/2)(/i/i cos(<7,), 0]. (7.80)

Again, eqs. (7.79) ancl (7.SO) leads to

R  =  -[9 .8  cos(<h +<y2), - 9 .8sin(<7j + r/2), 0] (7.81)

0 2  l R  = - 0 i  °2R -  [(ryi +  r]2)</i/isin(fy2), (r/i +  7a)<?i/icos(<72), 0] (7.82)

=  ~ [ /? 2®, 02y,  0 ]

where 0 2 X and 0 2tJ are the a:-y components of the row vector given by (7.S2).

Now, one can substitute (7.77), (7.78), (7.SI) and (7.S2) into (7.53) and (7.54). 
In this particular case, zx and z2 are zero vectors, which implies that P (i) is an 
all-zero m atrix. Consequently, B (q ,q ,(m) =  C(q, r/, (OT) =  — N£m which can be 
expressed as

P i t y )  Qi Cm)  —
0 9.8/i cos(ryi) 9.S cos(<7i -j- Qa) —9.Ssin(</i + 72)

0 0 0 2x  0 2 y

The dynamics due to the last link movement can be derived by

721

T22
j t A {q ,q ,(m) -  B (q ,q ,(m)

Cm •

(7.83)

(7.84)
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while the dynamics contributed by the first link are given by

a . ~T\A
r *  =

Tu
0

m i ( * i  x  c i ) 7 f t ( v i  +  Wi  x  c i )  +  z ( [ j t { T i U i )  +  m i ( c i  x  </ i )]

0

(h[Tuz +  ni\{c\x + c\y)\ +  9.8mi[cia,cos(5i) -  ci!/sin(</i)]
0

(7.85)

In the case of ideal point mass located on the end of the two links, 2 \ and T2 are 
all zero matrices; cix. =  /‘1, cUj =  0, c2x. =  k  and c2y =  0. One can verify tha t

T  =  T , +  tf, Cm) +  B{(}, q, Cm) =
Tl

Tl

where

r i  =  [(2h cos(q2) +  k ) k m 2 +  l f (mi  +  m 2)\qi +  [l\m2 +  k k  co&(q2)m 2]q2 

—2 kkrn.2 sm{q2)q2qi -  k h m 2 sm(q2)ql

+(j{m2l2 cos(<?i +  q2) +  (mi +  m 2)/i cos(?x)) (7.86)

r 2 =  [l\m2 +  k h  cos(q2)m 2]qi +  l \m 2q2 +  /1/2m 2 sin(g2)<7i

+ m 2l2q cos(i?i +  q2) (7.87)

The above equation describes the dynamics of a typical two-link planar robot 
under the ideal point mass assumption. A computer simulation experiment is 

conducted to test the self-tuning controller and the param eter estimator. The 

robot parameters are given by m \ — 10kg, m 2 =  5kg, k  =  Cix — 0.7M  and 

k  =  ca* =  0.5 M .

In order to test the adaptive controller, the two inertia param eters m 2 and c2x 
for the second the link are fictitiously assumed to be not available to the controller. 
They are supposed to be identified by the param eter estimator.

The controller is synthesized by (7.2) with K v =  40 / and K p =  400/; the 
nonlinear feedback term Mqj. +  Vq + G is computed by (7.86) and (7.87) with 
m 2 and c2x. being substituted by their estim ated values instead of the true values.
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F ig u re  7.2: P e rfo rm a n c e  o f  th e  s e lf - tu n in g  c o n tro lle r .
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(These two parameters are initially set to zero.) The desired trajectories are given 
by qtx = ([<& =  l~ c o s (0.57r£). The tracking errors are plotted in Fig. 7.2. The first 
link has a much smaller tracking error because its inertia parameters are known. 
The tracking error of the second link converges very fast into practically zero.

7.6 Sum m ary

The robustness of computed-torque controllers is studied in this chapter. These 
controllers are proven to be able to tolerate a certain degree of param eter uncer­
tainties and external disturbances when the feedback gains are sufficiently large. 
A reduced-order regressor is derived for a  general n-link robotic manipulator. The 
new regressor is derived by low-pass filtering the robotic dynamic equation. It re­
quires minor increasing of computations compared with the traditional Newton- 
Euler algorthm. The use of a regressor enables one to express the robot dynamics 
linearly in terms of inertia parameters. This makes it possible to design adaptive 
algorithms to estim ate the inertia parameters according to the feedback measure­
ment. The combination of the two results is a robust indirect adaptive controller 

for robotic manipulators. Simulation results are presented to dem onstrate the 
performance of the adaptive controller.
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C onclusions

This study addresses the problem of adaptive control of a class of NTV plants such 
as rigid body robotic manipulators. The dynamics of these plants are described 
by some nonlinear differential equations with varying coefficients.

The most common approach to control such plants is to compute and compen­
sate part of the nonlinear dynamic effects. However, it is generally very difficult, if 
not impossible, to compute the exact nonlinear coefficients of a dynamic equation 
because the coefficients themselves depend on some system parameters which are 
poorly available to the controller. For example, the coefficient matrices of a rigid 

body robot dynamics depend on the inertia parameters of all links. The iner­
tia  param eters of the last link are generally inaccurate because they change with 
the unknown payload. In the control community, the inaccurate compensation of 
plant coefficients is called param eter uncertainty. Another difficulty of controlling 

a NTV plant is the effect of external disturbances. In many cases, the external 
disturbances include all possible dynamics which are conveniently neglected when 
one tries to build a m athem atical model for a given plant. A 1.. l ive controllers are 
intended to control NTV plants while being robust with res1 ■ t to both parameter 

uncertainty and external disturbances.

Two different types of adaptive controllers are studied. The first one requires 
minimum knowledge about the plant dynamics. They will provide robust tracking

140
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as long as the order of the dynamic equation and the plant states are available 
to the controller. Design procedures and stability analysis of these adaptive con­
trollers are given in Chapters 5 and 6. The second type of adaptive controllers 

requi’ 3 some detailed knowledge. They are plant dependent. When applied to 
robotic manipulator control, these adaptive controllers require a regressor to lin­
earize the dynamics with respect to a properly defined system parameters. An 
innovative algorithm for the computation of a regressor for a general n-link robot 
is developed. Based on the algorithm, a robust controller is designed, which pro­
vides stable tracking under both parameter uncertainty and external disturbances. 
The robustness of the controller allows the adaptive law sufficient tim e to esti­
m ated the inertia parameters and optimize the closed-loop system performance. 
A detailed discussion of the adaptive controller is given in Chapter 7.

The adaptive controllers developed in this study are only suitable for LTV or 
NTV plants with complete state  feedbacks. Adaptive control of LTV/NTV plants 
with incomplete state feedbacks remains a challenging topic. Particularly, robust 
control of robotic manipulators without directly measuring the joint velocities is 
being studied by many researchers. Adaptive control of flexible robots is another 
topic to be further explored.
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