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Abstract

Adaptive control of a nonlinecar time varying (NTV) plant, such as a robotic manipu-
lator, is intended to tolerate the unmodeled disturbances and the uncertain parameters
of the dynamic model. Mnst of the previous research has been focused on NTV plants
with bounded and “slowly-varying” plant terms. Almost all adaptive controllers re-
quire persistent excitations to guarantee stable tracking in the presence of unmodeled
disturbances.

The new adaptive controllers developed in this work provide stable and robust per-
formance without persistent excitations and the “slowly-varying” assumption. More-
over, the uncertainties of a NTV plant model are not required to be bounded, 7his
allows one to treat some potentially unbounded dynamics as disturbances. Stability
and robustness analysis of adaptive controllers under the relaxed conditions is an essen-
tial part of this study.

A major problem arising in robotic control is parameter uncertaint. The linear
parameterization approach is also implemented in this work to deal with the parameter
uncertainty. An innovative algorithm for determining the manipulator “regressor” (a
cocificient matrix in parameter-linearized form of robot dynamics) is developed. Based
on this algorithm a robust sclf-tuning controller is designed. The control law is proved
to be robust with respect to parameter errors and disturbances. The robustness of the
controller relaxes the requirement for the parameter estimator, and leads to a stable
system without persistent excitations.
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Nomenclature

Nomenclature

Symbols associated with the system dynamic equation (1.1):

g€ R"
M(q),V(q,q) € R**"

Vm((/) € Rnxn2
[4a] € R

Glq)e "
Tenr"

Generalized coordinates ol a mechanical system.
Nonlinear matrix [unctions of the system
dynamic model.

A maltrix function such that

V(gyq)e = Vin(g)ge] ¥V 2« € R™,

A vector: [(]11'11 v a(}i Tngeerye. a(}nmh B 1(}n4vn]T-
The gravity force/torque vector.

The generalized control torque vector.

Symbols used in Chapter 2:

Tp
u
.
Uy, by
0,05
ou ’ ob

Plant output.

Control input.

Reference model input.
Constant plant coefficients.
Ideal controller parameters.

Adaptive controller parameters.

by =0, = 070y = 0, — 0p Compensation errors.

Up
U
,‘

flp, lgpg gp

Plant state vector.

Control input vector.

Relerence model input vector.

Plant coefficient matrices.

Ideal contioller parameter matrix.
Adaptive controller parameter matrix.
Compensation error matrix.

[ntermediate feedback vector.




Nomenclature

Symbols used in Chapter 3:

iR € R3*®
Ve € R’

w; € R
Jo;(q) € RS*™

z; € R®
Py e R?

Ck

Qi = RGXG
mi;(¢)
= J3x%3
i+1wi € R

c.'Ti € RSxB
ireR?
‘iNi € R3

A rotation matrix between frame ¢ and frame £.
Linear velocity of the mass center of the ¢-th link.
Angular velocity of the ¢-th link.

Jacobian matrix with respect to the mass center

of the i-th link.

Axis of the i-th joint (unit vector).

Vector points from the i-th frame origin to the

k-th frame origin.

The mass center vector with respect to the k-th frame.
Mass matrix of the i-th link.

The ij-th entry of matrix M(q).

Inertia tensor of the i-th link.

Angular velocity of the ¢-th link expressed in the

(z+ 1) -th frame.

Matrix T; expressed in the ¢-th mass center.

Dynamic force of the ¢-th link acting on the ¢-th joint.

Dynamic torque of the i-th link acting on the i-th joint.

Symbols used in Chapter 4:

K,, K, € R™*"

Velocity and position feedback matrices.

e=q—qu € R* Tracking error vector.

1\;[, V and G
p(e,t)
we R21L

Estimates of M(q), V(q,¢) and G(q) respectively.
R* Error state vector.
A scalar function bound.

Intermediate vector.
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Symbols used in Chapter 5:

ap(Yps )y bp(Yp, 1)
05,65
om 0[)

AP(yPa t)a Bzi(ypv t), .(/p(ypa t)

@*
S
b=0-0"

w

Symbols used in Chapter 6:

K >0,A>0¢e R*"
A, A € R

AM, Av,AG

Qyr = Ay — M(q)
Py = Av — Vau(q)

g = Ag — G(q)

® = [P, Dy, P
e=q—q€R"
s=¢é+ Aec R”
=gy —Nec RB*
i) € &

«, Og, 01

Ty My € L1T*
en=¢q+n,—q € R"
én=q¢+n,— gy €R"
[4ntpu] € R

NTYV plant coeflicients.

NTV ideal controller parameters.
Adaptive controller parameters.

NTV plant coeflicient matrices.

NTYV ideal controller parameter matrix.
Adaptive controller parameter matrix
Compensation error matrix.

Intermediate leedback vector.

Constant positive definite gain matrices.
Smallest eigenvalues of K and A respectively.

Adaptive matrices.

System compensation error matrices.

The tracking error vector.

Intermediate vectors.
An intermediate vector similar to [qz].

Positive parameters in the adaptive controller.

Position and velocity measurement noise vectors.

Noisy position error vector.
Noisy velocity error vector.

A noisy version of {¢i].
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T4 € R"
7y € R"

P
py B
{a:}, {di}, {w}
{a:}, {m}, v

(¢, q) € R
21 (g,q) € R
(: € R
A(¢,q,¢) € R*
B(¢,q,¢) € B
a;

S(y) € R3*3
A(”wn) € RBXG

I‘(z) = Rnxlo

t\t e R?leO

PP n
u_-m_areR

(m € R
Q,R € Rmxrn
'H e 12711.)(711

Symbols used in the robustness study (Theorems 6.1 and 6.2):

Unmodeled dynamics.

Bquivalent disturbance with both unmodeled
dynamics and measurement noise.

An intermediate matrix defined in (6.20).

Scalar bounds related to I' and defined in (6.22).

A noisy version of o computed with ||¢.]|.

Positive const~nt scalar bounds:

Symbols used in Chapter 7:

Low-pass filtered robot dynamics.
The regressor matrix.

Robot inertia parameter vector.

Component vector functions of F'(¢, ).
The i-th element of A(¢,q,¢).
Equivalent inertia tensor of the i-th link.

Skew-symmetric matrix such that S(y)z =y % .

Intermediate matrix such that.

Ti Mwy = A(wy)p

where p = [Ths, Tyy, T, sz, T, Tyz]T.
Intermediate matrix function such that
A(d,4,¢) = I(=)¢.

Intermediate matrix function such that
Bld,4,¢) = [T(Z) = NG

Low-pass filtered torque

where D is a differential operator;

o is a positive constant.

Estimate of ;.

Matrices involved in the QR algorithm.

Housholder reflector.




Chapter 1

Introduction

1.1 Problem Statement

In control theory, a physical system to be controlled is called a “plant”. The con-
troller design problem is to determine a proper input to a given plant such that the
plant output follows some prescribed reference signal or the output of a prescribed
reference model. The mathematical relationship between the input and output
is called the plant model. As suggested by the title of this thesis, the focus of
this study is a class of plants whose mathematic models are described by nonlin-
ear differential equations. A particular example is the dynamics of a mechanical
manipulator or a robot, which is a most frequently stvdied subject/example of
nonlinear control theory. The main purpose oi this study is to develop adap-
tive controllers that apply to a class of nonlinear plants. These nonlinear plants
include almost all mechanical systems satislying the general Lagrange equation.
They are best represented by a rigid-body robotic manipulator. For this reason,
the focus will be frequently directed towards a robot control problem without
lossing generality.

An important problem in robotic research and development is accurate control
of robotic manipulators. The function of a controller is to apply an appropriale
torque vector 7 to the joints of a robot such that the manipulator follows a desired




Introduction )

trajectory. The dynamics of a general n-link robotic manipulator is represented

by a second-order multi-variable differential equation
M(Q)q+V(g)i+G@)+m=r (1.1)

where ¢ € R™ denotes the joint position of the robot, M(q), V(¢,q) € R**™ and
G/(¢q) € R" are nonlinear functions of the joint position ¢ and the joint velocity 4.
M(q) is the inertia matrix, V(q, ¢) represents the effects of centrifugal and coriclis
forces while G(q) represents the gravity force; 74 € R is a vector representing the

external disturbances which may includes some unmodeled dynamics.

Generally, it is impossible to build a perfect dynamic model for a physical
system. There are two main limitations on the modelling problem. First, the
dynamics of many physical systems depend on some system parameters which
may not be measured with suflicient accuracy. Sometimes, the system parameters
may vary in some unpredictable ways. The parameter error of a physical system
could affect the accuracy of the corresponding model, (which is exactly the case of
robotic manipulators). Secondly, the interactions between a physical system and
the environment may involve a number of unknown factors. These effects may not
be modeled mathematically because of their “small” magnitudes, or because of
the lack of information about their physical nature. The resulting model is always

a trade-off between completeness and feasibility.

Because of the above factors, the mathematic model of a physical system
should be considered as uncertain. In this study, the uncertainties are classified
into two groups: the “uncertain but modeled dynamics” (v.m.d.) and the “un-
modeled disturbances” (u.d.). The first group implies some degree of knowledge
about the structure of the system dynamics. For example, if one neglects 74 in
(1.1), then the w.m.d. is represented by M(¢){ + V(¢,¢)¢+ G(¢) = 7 which pro-
vides information about the order of the differential equation, the linearity with
respect to the acceleration § and input torque 7 as well as the indication that
M(q), V(q,q) and G(q) are functions of a set of system parameters. The system
parameters of a robot consist of the mass, center of mass and inertia tensor of
each link. The main source of w.m.d. is the uncertainty of the inertia parameters.
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The second group includes completely unknown disturbances subject to some as-
sumptions, such as all bounded disturbances. Their effects are considered as a

whole, and denoted by a simple symbol 74 in this thesis.

Almost all available high performance controllers for robotic manipulators try
to deal with the nonlinear dynamics by either feed-lorward compensation or feed-
back linearization. Examples of these controllers include the well known “Com-
puted torque” [1]-[4], “Resolved acceleration” [5], “Direct design” [6] and “Inter-
ception” [7] methods. All of them require an exact dynamic model of the manip-
ulator. Because of the u.m.d., however, it may be impossible to obtain accurate
plant terms M(q}, V(¢,q) and G(¢) even though there exist some algorithms to
compute them. If approximate values of robot parameters are used, inaccurate
dynamic terms M V and G are com puted by the control algorithm. The controller

will attempt to control an artificial robot whose equation of motion is

M(q)i+ V{4, q)q+ Gl =
instead of (1.1). A stable [eedback controller designed for the artificial robot may
not perform satisfactorily with the veal robot (1.1), This is especially true when a
controller uses feedback linearization Mgy + V¢ + G to compensatle the nonlinear
dynamics. The stability of the closed-loop system may be al stake because of the

inaccurate compensations.

An adaptive controller designed for an uncertain plant should be able to tol-
erate both w.m.d. and w.d.. In many practical applications, it is very difficult,
if not impossible, to achieve asymptotic stability for adaptive control of a gen-
eral nonlinear time-varying wncertain plant. The adaptation law depends on the
feedback information provided by the tracking errors to update the controller pa-
rameters. However, the controller should provide stable tracking within a certain
computable tolerance. A Lyapunov-type stability analysis is the focal point of the

current research.
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1.2 Problems to be Solved

In order to explain the essence and importance of the problem to be addressed in
the thesis, it would be helpful to provide an outline of the most significant results
in this area. Detailed reviews of the works mentioned here will be given later in
Chapters 2 and 4 respectively.

In the last few years, significant progress has been made on adaptive control of
linear time-invariant (LTT) plants [10]-[16]. Stable and robust adaptive laws have
been developed which guarantee zero tracking error even when the plant terms
are completely unknown and some plant states are not available. Input-to-state
stability of nonlinear systems is investigated in [17] for a general nonlinear model,
and conditions for the existence of co-prime factorization are established. The
feedback linearization problem in the presence of unknown parameters and un-
modeled dynamics is considered in [18]; conditions are given for global stability
of reduced-order models. Stability of a specific class of “pure-feedback” systems
has been analyzed in [19]. Other researchers have focused on linear-time-varying
(LTV) plants [20]-[28]. Middleton and Goodwin [20] establish global robust stabil-
ity for LTV plants with slowly-varying parameters, or bounded parameters with
infrequent jumps; Parameter-adaptive control of LTV plants whose parameters
belong to a convex region is presented in [21] for a case where unmodeled dy-
namic effects can be bounded by some known functions. Tsakalis and Ioannou
proposec. a new model reference control (MRC) structure. It is able to compensate
fast varying plant terms as leng as they are completely known to the designer.
When the plant terms are unknown, the slowly varying assumptiot s relaxed by
making use of some “structural knowledge” about the plant terms [24, 25]. This
means the plant terms are known functions of time multiplied with slowly varying
coefficients. (For example, an unknown plant term «,(2,¢) may be assumed to be
ap(®,t) = Tl ai(, t)pi where {a;(x, t)}, are assumed to be known, fast vary-
ing functions whereas {p;}%, are unknown, slowly varying coefficients.) Only the
slowly varying coefficients (such as {p;}2;) can be estimated and adjusted by the
adaptive laws while the information on possible fast varying effects must be pro-

vided by some known functions (such as {a;(z,t)}%,). It is commonly recognized
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that in order to ensure stability in the presence of unimodeled disturbances, an
additional condition called “persistont excitation” is required [26]. (The persis-
tent excitations are system ¢'ependent. lor the particular case of adaptive robol

control, the persistent excitation will be explained in page 16, Eq.(1.3).)

The development of adaptive controllers lor rcbotic manipulators lollows &
similar pattern. Many early researchers treat the nonlinear dynamics of (1.1) as a
multi-dimensional LTI plant by assuming A (q), V(¢,¢) and G(q) to be constant.
Adaptive controllers developed for LTI plants, such as the “modeled reference
adaptive controllers” (MRAC) are directly applied to control robotic manipula-
tors [27]-[34]. The stability analysis ol these adaptive controllers is based on an
unrealistic assumption that the plant terms change “very slowly” or equivalently
M (¢) = 0, V(d,q) = 0 and G(¢) = 0. Lim and Eslami [35] tried to relax the
“slowly-varying” assumption by some mini~-max analysis which assumes a bound
on a [|M(q)|l, IV (¢, ¢)|| and [|G(¢)]l. Seraji [36) rewrites the plant model (1.1) in
n independent equations with uncertain terms representing dynamic coupling be-
tween the manipulator links. In the stability analysis he assumed that the inertia
and the coupling terms are slowly-varying, and the latter satisfies an inequality

condition, involving the negative part of the derivative ol Lyapunov function.

The “slowly-varying” assumption ignores some potentially unstable effects.
For example, the fact that f() = %m suggests that the norms of M (q) and G(q)
could be proportional to ||¢||. The entries of matrix V(q,q) contain the products
of ¢;, the components of the velocivy vector ¢. Thus ||V (¢, q)| itsell could be
proportional to ||¢|| and the expression of ||V (4, ¢)|| even involves the components
of § and could be proportional to ||§||. Pre-assuming bounds on || M(q)]|, [V (¢, )]
and ||G(q)| is equivalent to assuming that ¢ is bounded before one attempts to
prove it. However, adaptive controllers based on the slowly-varying assumption
perform well in simulations or experiments [36].

While simulations or experiments serve as an important way to evaluate the
performance of a controller design, they can not prove whether the closed-loop sys-
tem is stable or not. It is impossible to implement a simulation or experiment that

exhausts all possible trajectories under all working conditions. An unstable con-
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troller could demonstrate excellent performance under certain conditions and/or
along some specific trajectories. From this point of view, it is equally, if not more,
important to study the stability problem analytically and find solid conditions
that guarantee stable tracking for a closed-loop system. Craig, Hsu and Sastri
[37, 38] were perhaps the first to design an analytically stable adaptive controller
for robotic manipulators. They introduced the idea of linear parameterization and

make use of the fact that
M(q)i+ V(dg,q)i+ G(g) =Y (4,4,9)¢ (1.2)

where Y (4,4, ¢) is called a “regressor”, which is a known matrix function of ¢,
¢ and §; ¢ is a set of constant parameters. The components of vector { are
combinations of mass, center of mass and inertia tensor of the last link. Slotine
and Li [39, 40] improved Craig’s idea with an elegant control law that avoided
the acceleration feedback and the inversion of the estimated inertia matrix M(q).
Another way to avoid § was suggested by Hsu et. al. {41], Middleton and Goodwin
[42]. They proposed to filter Y(, ¢, ¢) and get another regressor W (4. ¢).

Although the computation of Y(4, q,¢) has been studied by Atkeson, An and
Hollerbach {43] as well as Khosla and Kanade [44], the regressor Y(q, ¢, q) is sel-
dom used because of its dependence on the acceleration feedback §. Slotine and Li
use an alternative Y (dy, qu, ¢, ¢) which uses the desired acceleration ¢y and desired
velocity ¢y as part of its arguments, However, there exist some difficulties sepa-
rating the arguments ¢ and . No solutions to these difficulties have ever been
reported. An algorithm to compute W (4,¢) for a typical six-joint robot is also
not available yet. The stability analysis of many linear parameterization adaptive
controllers ignores the unmodeled disturbances 7. As in the case of general adap-
tive control, some additional condition called the persistent excitation is required
to ensure stability if 74 # 0. For robotic dynamics, the persistent excitation is
represented by [37, 45]

(AL T
0<dil < /l Y (d,6,9)Y 7 (G, 4, )dt < dpI (1.3)

where Y is the regressor; 0 < dy < dy and 0 < Al. It is very difficult to plan
a desired trajectory that satisfies (1.3) without exhaustive trial-and-error compu-
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tations. In reality, the actual trajectory measurements §, ¢ and ¢ are inevitably

different from their desired counterparts ¢q, g and ¢q. This fact makes it difficult

to predict, in advance, whether the actual trajectory provides persistent excitation

or not.

Two major aspects, regarding to the above mentioned problems, will be con-

cerned in this study:

1.

It appears that the only available way to remove the slowly-varying assump-
tion is by means of linear parameterization which implies heavy computa-
tions. In this study, a simple alternative is sought. The new adaptive con-
trollers adjust some adaptive matrices Ay, Ay and Ag to compensate the
effect of M(q), V(4,q) and G(q). The resulting adaptive controller designs
no longer require the slowly-varying assumption to prove their robustness in
the presence of both kinds of uncertainties as well as the measurement noise
introduced in the feedback ¢ and ¢. The robustness results are independent
of the linear parameterization and its computational demanding regressors
Y(§, q,q) or W(q,q). This approach allows one to design economic adaptive
controllers.

An innovative algorithm to compute W(¢,¢) for a general n-link robot is
developed. It is computational efficient in that many of the variables are di-
rectly available {rom the Newton-Euler algorithm, which is implemented to
synthesize the control law. In order to avoid che restrictive condition of per-
sistent excitation, the robustness of a computed-torque controller is studied.
It is proved that the computed-torque controllers are able to tolerate both
kinds of uncertainties while maintaining stable tracking. The robustness
of the controller reduces the requirement ol the adaptive law, and provides
sufficient time for parameter identification. If the actual trajectory provides
persistent excitation, then the adaptive law will identify the exact parame-
ters; otherwise, it will solve a set of bounded parameters that minimize both
kinds of uncertainties in the least-square sense.
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1.3 Organization of the Thesis

The rest of the thesis consists of two major parts: background and contributions.

The background contains three chapters. Chap*er 2 explains the different
versions of available adaptive controllers. It covers all typical MRAC schemes
for general LTI plants and some recent development on LTV and NTV plants.
This chapter provides some fundamental knowledge about adaptive controllers
in order to understand the design of new adaptive controllers for LTV, NTV
plants and robotic manipulators to be presented in Chapters & and 6. Chapter
3 is devoted to the robotic dynamic model (1.1). It will explain two different
approaches for evaluating the seemingly simple dynamic terms M(q), V (¢, ¢) and
C/(¢q) which actually involve large amounts of computations. It also addresscs
the crucial influence of inertia parameters on the accuracy of the robot model.
This chapter is closely related to the new self-tuning controller developed later in
Chapter 7 and the algorithm for computing the regressor W(¢,¢). Some typical
controllers currently available for robotic manipulators are presented in Chapter
4. Their stability analysis and ‘he corresponding conditions and assumptions will
be reviewed in detail. Such a review provides a hase to compare the performance

of the new adaptive controllers with that of the existing controllers.

The contribution is also organized into three chapters. In Chapter 5, an im-
proved MRAC design is presented. It can be applied to a large class of LTV or
NTV plants with fast varying and potentially unbounded plant terms. This is a
significant improvement on those MRAC designs reviewed in Chapter 2. While
the new MRAC controller can be applied directly to the robotic tracking prob-
lem as demonstrated by simulation examples, it does not take advantage of the
special structural propzrties of robot dynamics. These properties are explored
in Chapter 6 and a new adaptive controller is presented on such ground. The
new adaptive controller does not depend on linear parameterization to avoid the
slowly-varying assumption. Instead, it takes advantage of the general properties
of the open-chain articulated mechanisms. The improved control and adapta-

tion laws enable the closed-loop system to track trajectories at full speed. The
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controller is robust with respect to some potentially unbounded disturbances and
possible measurement noise introduce! i the feedback ¢ and ¢. Both position and
velocity errors are proved to conve e i.to a computable tolerance range within
finite time. Finally, a robust self cuning controller is presented in Chapter 7. 1L is
aimed at improving the linear parameterization approach, The robustness study
is conducted on a closed-loop without involving the adaptive law. The control
law is proved to be robust even when the inertia parameters are inaccurate. This
arrangement allows the adaptive law sullicient time to identify the correct inertia
parameters. The restrictive persistent excitation conditio: is thus eliminated. An
algorithm is also developed to compute the vegressor W (¢, ¢) lor a general n-link
robot, which is the first reported algorithm for this purpose.




Part 1

Background

14




Chapter 2

Model Reference Adaptive
Controllers (MRAC)

MRAC is originally developed for LTI plants with unknown plant terms. [t is
closely related to a class of non-adaptive controllers, the model reference con-
trollers (MRC). The design of a MRC requires complete knowledge about, a LT1
plant in order to compensate the plant dynamics such that the plant [bllows a
prescribed model. Adaptive strategies are needed when the necessary knowledge
about a plant is not available. Thus a MRAC is actually a MRC plus a proper
adaptation law. The adaptation law provides additional freedom to adjust the co-
efficients of a MRC. It determines the stability ol the overall closed-loop system.
Therefore it is very important to design a proper adaptation law for a MRAC

system. In this chapter, several typical adaptation laws are reviewed.

2.1 MRAC for First Order LTI Plants

Consider a first order LTI plant given by
Ty = pty + byu (2.1)

where u and z, denote the input and output of the plant; @, and b, are the

unknown constant plant parameter. It is commonly assumed that the sign of b,

15
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is known. Thus without loss of generality, one can assume b, > 0.
The objective is to determine input u such that 2, is as close to a reference
model output z,, as possible. The prescribed model satisfies a first order equation:

Tm = —QmTm + OpT (2.2)

where a,, > 0, b,, > 0 are constant and r is the input signal that controls z,
to follow a desired trajectory. The name of “model reference adaptive control” is
easily understood from this simple system — a given plant is required to behave

like a prescribed model.

Let e = ap—am be the tracking error. Subtracting (2.2) from (2.1), one obtains
é = —tme + by(0iz, + v — O;7), (2.3)

where 07 = b7 (am — @) and 0f = b5 by,

Clearly, if u is calculated in such a way that the second term in the right side
of (2.3) 1s zero, then e will eventually converge to zero. This can be realized when
both 07 and 0f are known, and the controller designed in such a way is a MRC.
When the exacl values of 8% and 6} are not available to the designer, one can only
write

w =0y — Oy, (2.4)

where 0, and 0, are to be determined by an adaptive law

9a = ez, and 0b = —er. (2.5)
Substituting (2.4) into (2.3) leads to

é = —ame + by(dap + do7) (2.6)

where ¢, = 0} — 0, and ¢, = 6, - 0;.

Theorem 2.1 The tracking error of closed-loop system (2.6) and (2.5) is asymp-

totically stable and the tracking error will eventually converge to zero.
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Proof: Let us consider a Lyapunov [unction candidate
1o 2 42
L= 3[6 + bP( a + ¢b)]
The time derivative of L is written as
L = eé + by($uba + d6h).

Substituting (2.5), (2.6) and noting that cf;u = —0, (2),, = 0, the above expression
becomes
L= —ame? <0,

where [, = 0 if and only if e = 0. Thus L will keep on decreasing until ¢ = 0.

Q.E.D.

The adaptation law (2.5) consists of two integrators. The sign of integration
is determined by the feedback information e. For unknown constant parameters
like 87 and 8}, pure integration operations are sufficient to force the corresponding

compensation errors ¢, and ¢, to converge to zero.

2.2 MRAC for Multi-variable LTI Plants:

The MRAC scheme can be applied to multi-vaviable plants given by
Up = —Apyp + Bpu + g,
such that the plant follows a prescribed model
UYm = —AmlYm + Bor

Similar to the case of single variable systems, A,, A,, € R**", By, By, € R are
constant matrices; ¥p, ym € R, and u,r € R' with { < n. The plant~-model pair

is assumed to satisfy the perfect matching condition [16]

(I = B,Bl)(Ay— Ap) =0 and ([ = B,BI)Bn=0 Vyp,t




Model Reference Adaptive Controllers 18

where .B,J,r = (BYB,)* BY. The control law is given by
U= 0O+ Ouy+7r=0w+r (2.7)
where © = [0, 0,] and w” = [u”,yT]. There exist Of = I ~ (B,J,er)"l, o1 =
]3;[(/1,, — An), and ©* = [0}, O] such that the plant is expressed as
o = — Aty + B0 + 1) (2.8)

where & = © — ©*. Like the previous problem, a proper MRC can be obtained
by directly substituting © = ©*, in which case (2.8) becomes exactly the same as

the prescribed reference model because ¢ becomes an all zero vector.

A MRAC is needed when ©* is unknown. Let e = y, — y,, denote the tracking
error. It satisfies

¢ =—Apne+ Brdw. (2.9)
The adaptation law is given by

0= =-BLPe” (2.10)
where P = PT > 0 satisfies 0.5(AT P + PA,) =Q = QT > 0.

Theorem 2.2 The closed-loop system (2.9) and (2.10) is asymptotically stable

and the tracking error e will eventually converge to zero.

Proof: Consider a Lyapunov function candidate
L = eTPe + Tr{070}

where Tr{X} denotes the trace of a matrix X. The time derivative of L evaluated

along (2.9) is given by
L =—e"Qe+ 2" PB, 0w + 2Tr{$7®}.

Using the fact that e? PB,,¢w = Tr{we’ PB,,®} and substituting (2.10), one can

cancel the last two terms in the above equation to write
L=-eTQe <0.

This means that L will be decreasing until e = 0. Q.E.D.
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2.3 MRAC for High Order LTI Plants

For LTI plants of ovder n, the general dynamic equation is

m

oo dy, (l‘u
Jp+2 47° lt‘ii '—l\p '*"Zﬂ: l/,'

where {ar}, {#i} and k, are unknown constant parameters. The sign of &, is
assumed to be known ¢ priori. Without loss of generality, it is assumed thal
k, > 0. The coeflicients {;}™%, must satisly a necessary condition that all roots

of polynomial
=) Bis'
i=0

are located in the negative half of the complex plane (such polynomials are some-
times called “Hurwitz” polynomials). The orders of the two sides are assumed to
satisfy n* = n —m > 0 and n” is called the “relative degree” of the plant. The

above equation can be expressed in state space form as

{ .’i;,) = A,,IL' + 1),,u (2.1.[)

0 = hT o
Yp = hyap

The objective is to compute w such that |y, — ym| is within a prescribed tol-
erance range, where y,, is the output ol reference model with exactly the same

relative degree n* = n — m:

{ 3:'m = Am-'vm + bm7' (2 12)

Ym = h;I'nmm
The controller structure is described by [11, 15, 24]

wy = Fwy + gu
LL'Q = FUJQ -+ 9Yp (213)
w=0"w+r+10,

T

where w? = [y,,w],wl], w and w, are (n — 1)-dimensional vectors‘; I' is an

arbitrary asymptotically stable matrix; (7, ¢) is controllable; and 07 = [0,, 07, 0]
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is the controller parameter vector. There exists a set of “ideal” parameters 63, 07
and 0} such that the dynamics of (2.11) and (2.13) can be combined as
2y = Awzy + 0. (¢Tw + 1), g, = AT 2.14
Zy= Az b (dTwHr), yp=hiz (2.14)
where 21" = [a],w”], ¢ = 0 — 0* and

I"T(S[ - A,«)—lb* = /lT (SI - ‘4m)~lbm = "Vm(S). (2.15)

m

When 0 = 0%, the plant plus the controller will match the reference model as
(2.15) indicates. The controller in this case is a MRC. The following example

demonstrates how a MRC works.

Example 2.1 Consider a second-order LTI plant described by
(8% + a1s + ag)yp = (s + bo)u (2.16)

where ag, a1 and by are unknown constant coefficients; s+ by is a Hurwitz polyno-
mial. The relative degree of this plant is n* = 1 while the objective is to compute
u such that y, = Y = (s + aw)~'r. Note that the reference model has the same

relative degree of 1.

The MRC is given as
u = 0wy + Oqws + Oy, + 7
= 0f(s+ 1) u+03(s + 1)Ly, + Oy, + 7.
Suppose all initial conditions are set to zero, then the above expression means
(s 41— 00wy = 0y, + Ojwa + 7.
If one chooses 07 = 1 — by, then (s +1—07) = (s + bo) and
wi = (8 + bo) " (Ogy. + Ojwy + 7).
By substituting (s* + ays + ao)yp = (s + bo)(s + 1)w; into the above equation, one
obtains
(s* + s +ao)yp = (s+bo)(s+1)(s +bo) ™" (G5yp + b5ws + 1)
= [(s+ 1)05 + O3lyp + (s + D, (2.17)




Model Reference Adaptive Controllers 21

The MRC coefficients are determined by
b=t —an—1, 0=1=by and 05 =0ap—a,+ L.
As the result, (2.17) becomes
(s 4+ D)(s+an)ypy=(s+ L)

The controlled output y, behaves exaclly as the oulpul of the prescribed model
system.

For the general case, one can specify the model in state space
S = Az + bur Ym = hTz
~m = Ldad 11 *7 ._/'ITL = ey e

The state error e = z,— 2z, and output error ¢; = y,—y,, are derived by subtracting

the above equations from (2.14)

¢ =Ae+b.¢'w, e =h'e. (2.18)

When n* = 1, a stable reference model must be strictly positive real (SPR).

There exist positive definite matrices P = PT and Q = Q7 such that
ATP 4+ PA, =—-Q and Pb, =h,. (2.19)

The following adaptive law
0= —eyw (2.20)

is applied to adjust the controller parameter vector 0.

Theorem 2.3 The closed-loop system (2.18) and (2.20) is asymplotically stable

and the tracking error e will eventually converge Lo zero.

Proof: Consider a Lyapunov function candidate

L=clPe -+ ¢Tq5.
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Its time derivative along the system trajectory (2.18) has the form of

[ = —e"Qe+2"Pb.¢"w+ 24" ¢
= —¢"'Qe+2e ¢ w+ ¢7 ).
where ¢; = ¢'Pb, = ¢"h,, a part of (2.19), has been substituted. The last two
terms of the above equation can be cancelled by substituting (2.20). It then follows
that
[, = —eTQe < 0.
This proves the theorem. Q.E.D.

When n* > 1, the control law is still (2.13) while the adaptation law has to
be different. The closed-loop system is described by (2.14). It has an operator
expression

Yp = Win(s)(dTw + 1) (2.21)

where W,,(s) is an integral-differential operator with relative degree n*. It de-
scribes the desired dynamics of the model reference as indicated by (2.15). Ac-

cordingly, the reference model has an operator expression of
Ym = "Vm(S)'I‘. (2.22)
The closed-loop tracking error equation is the difference of (2.21) and (2.22)

e = Ier(s)qSTw. (2.23)
The fact that W,,(s) has a relative degree of more than 1 makes it impossible
to find positive definite matrices P > 0 and @ > 0 such that PA,, + AL P = —Q.

That is the main reason to modify the adaptation law. The adaptation process

relies on a new error signal
Y = [T — TV T, (4
er(t) = [0° Wi (8)] — Win(3)0" w(t)
which adds to the tracking ervor e(t) to form

eo(t) = e(t) + eq(t).
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Now, it is not difficult to verify that e2 = ¢"¢ where £ = W,,(8)/w. The adapta-
tion law is given by
1+ wlw + €7¢°

Theorem 2.4 The closed-loop system (2.23) and (2.24) is asymplotically stable.

The proof of this theorem is rather involved and not included here. However, it

can be found in [12] and[15].

2.4 MRAC for LTV and NTV Plants

The ideal parameter 0~ of a model reference controller lor a LTI plant can be
viewed as a fixed point in a proper dimensional space as Iig. 2.1 indicates; the
adaptation laws presented in the above few sections are all pure integrators with
the error signal e providing a proper adaptation direction. An important design
issue of such adaptive laws is to make sure that the ervor signal can combine with
some proper system feedback to provide a correct adaptation divection. As long
as the adaptation direction is correct, the integral operations will guarantee that

the control parameter vector f eventually converges to 0.

The stability theorems presented in this chapter ave all based on ideal plants
with perfect mathematical models. Unlortunately, this is not true in many real
applications. Almost every physical system is nonlinear and/or time varying.
The LTI model of a plant is obtained by ignoring some dynamic effects which
are relatively small. If one uses a simple symbol 74 to denote the unmodeled
dynamics and assumes 74 to be uniformly bounded instead of being zero, then
all the above reviewed theorems are not necessarily true because the Lyapunov
functions used in the proofs will no longer be negative definite. In fact, loannou
and Kokotovic demonstrated [14] through examples that adaptation laws based on
pure integrations may be unstable in the presence of certain kinds of disturbances.
They proposed a so called “o-modification” to improve the robustness of adaptive
controllers. Recently, an |e|-modified adaptive law was proposed by Narerndra

and Annaswamy [15] which demonstrated better performance and robustness.
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Figure 2.1: Convergence of parameter adaptation.

In order to minimize the effect of unmodeled dynamics, more precise models
such as LTV or NTV plants are needed. Typical contributions of adaptive control
for LTV and/or NTV plants were made by Middleton and Goodwin [20], Rotea
and Khargonekar [22] as well as Tsakalis and Ioannou [24][25].

Many researchers [18]-[23] restrict their results to slowly varying LTV and/or
NTYV plants. Middleton and Goodwin assume that the plant parameters belong
to a convex set [20]. Tsakalis and Ioannou [24] [25] separate MRC from MRAC
for LTV plants. Their new MRC designs are asymptotically stable for any fast
varying LTV plants as long as the plant terms are exactly known, Their MRAC
schemes require some a priori knowledge about the plant terms. The correspond-
ing adaptation law is able to adjust the MRC coefficients to some slowly varying
coefficients of the plant terms, while the possible fast varying effect must be known
a priori as functions of time. The MRAC designs presented in [24, 25] are the
best results available yet for LTV plants. In Chapters 5 and 6, two new adaptive

controller designs will be presented as an improvement to Tsakalis and Ioannou’s
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schemes,

The stability analysis of adaptive controllers for LTV and/or NTV plants are
much more complicated than those for LTT plants. For this reason, the analytical
derivations are not reviewed here. Those who are interested in this subject are
referred to [18]-[25] lor details.

2.5 Summary

This chapter reviews the techniques of model reference adaptive control for LTI
plants. The basic idea of MRAC can be best understood for first order systems
where both the plant and the reference model satisly first order linear diflerential
equation. The corresponding Lyapunov analysis is casy to understand. Appli-
cations of MRAC to other LTI plants are extensions of the basic idea developed
for first order systems. Adaptive control of LTV and NT'V plants are much more
complicated topics. Most of the available results requires the knowledge of “struc-
tural uncertainties” to design adaptive controllers. The sources of these reports

are given in the last section for ease of rveference.




Chapter 3
Manipulator Dynamiics

The dynamic model of a robotic manipulator is closely related to the design of its
controller. Starting from the late 1950s and early 1960s, a number of researchers
made significant contributions to this problem. Based on Uicker’s work [46] on
linkages, Kahn and Roth [47] studied the particular problem of a multidegree-of-
freedom mechanical manipulator; Renaud [48] and Liegois et al. [49] investigated
the formulation of the mass-distribution descriptions of the links; Stepanenko
[50] was the first to use a “Newton-Euler” approach to dynamics instead of the
somewhat traditional Lagrangian approach. His work was improved in efficiency
by Orin et al. [51]). It was discovered that the computation of dynamics can
be simplified by some recursive formulations. Armstrong [52], and Luh, Walker
and Paal [6] further contributed to the problem and reported an algorithm whose
computational count is proportional to the number of links. The computational
efficiency was further improved by Hollerbach [53], Silver [54], Hollerbach and
Sahar [55] and many others [56]-[58].

This chapter reviews the curvently available techniques for the computation
of a manipulator dynamic model. The robot is assumed to consist of an open-
chain with articulated rigid links., The elastic effects are assumed to be negligible.
The main focus is how to compute the coefficient matrices M(q), V(¢,q) and
the gravity force (/(q) given that the feedback information ¢, ¢ and the inertia

parameters such as mass, center of mass and inertia of each link are available.

26
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Although (1.1) looks rather simple, it is extremely diflicult to obtain the analytical
solutions of M(q) V(q,q) and G(q) for a general n-link robot. Instead, some
numerical algorithms are developed. These algorithms belong to two main groups.

One is the Euler-Lagrange method and the other the Newton-uler method.

3.1 The Euler-Lagrange Equation

In classical mechanics, the Euler-Lagrange equation is an efficient way to derive
the dynamics of a system of moving rigid bodies subject to certain constraints.
The key step is to find the system Lagrangian [unction L = K — W where K and
W denote, respectively, the kinetic and potential energy ol a system. Then the

system dynamics will be governed by the lollowing general equation

4oL oL
oq"  Oq

where ¢ € R" is a vector of generalized coordinates and ¢ 1s the time derivative of

g. The derivation of the Euler-Lagrange equation can be found in Grifliths [65].

A robotic manipulator is an open-chain articulated mechanical structure. lts
links can be labeled along the chain structure in a consecutive order. The base of
the robot is usually called the 0-th link. The connection between two neighboring
links is called a “joint” which is either revolute or prismatic. It is a convention
[63, 64] to abtach a coordinate frame to each link (called the link frame). The
z; axis of the i-th link frame is assigned to the direction of motion of the i-th
link. In other words, the i-th link either rotates or translates along the z; axis of
the i-th liuk frame. A schematic of the i-th joint frame is plotted in [ig. 3.1 to
illustrate the frame system of a robot. In Ifig. 3.1, the three coordinates of the
base frame are denoted as xg, yo and zp respectively. Only the (i — 1)-th and i-th
links are plotted. They are connected by a rotational joint to which the i-th joint
frame is assigned. The coordinates of the i-th frame arve denoted as @y, yi and 2
respectively. The z; vector is not plotted explicitly because it is perpendicular to
the picture.
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Y i-th link

(i-1)-th link

%

base frame

Figure 3.1: The ¢-th joint frame of a robot.

A vector can be expressed in any one of the link frames. Let P; denote the
vector from the ¢-th link frame origin to the k-th link frame origin; then a vector

ky expressed in the k-th link frame can be also expressed in the i-th link frame as

by = }:.R ky 4 1 (3.1)

“” indicates the particular frame in which the

where the leading superscript
corresponding vector is expressed. A wector without the leading superscript can

be assumed to be expressed in the base frame by default.

Bach link can be viewed as a lump mass. When the robot moves, the i-th
link is associated with a vector v, representing the linear velocity of the i-th link
mass center. Also associated with the i-th link is w;, the angular velocity of the
i-th link. If the joint angles (displacements for prismatic joints) are specified as a

vector of generalized coordinates ¢ = [q1,...,qa)7, then v, and w; are related to




Manipulator Dynamics 29

q by
ch‘ y . X7
=Jo (@) Jolq) € R™T
8
where Ji;;(¢) ir the Jacobian matrix with respect to the mass center ol the i-th
link. For a robot with all revolute joints, the Jacobian matrix with respect to the
mass center of the &-th link is given by

2 X (Pytcer) zax(Parber) oo zeXe 0 ... 0

Je, () =
ck(q) e -2 R Zh 0 ven 0

where z; is a anit vector representing the z; axis (in the base {rame); ¢, is a vector
representing the k-th link mass center. The (k+ 1)-th and higher ordered columns
are zero because of the open-chain mechanical structure; the generalized velocities
of higher joints do not affect the linear and angular velocities of lower links. In
case the ¢-th joint of a robot is translational, the i-th column of the above Jacobian

matrix will be changed .om

zi X (P + ) zi
2 0

Let m; and T; denote, respectively, the mass and inertia of the i-th link, thea
the kinetic energy of the whole system can be written as
N Ve mil 0

[”g’w?]Qi E Qi =

1
24 wi 0 T

-

where v is the linear velocity of the i-th link mass ccuter; w; is the angular
velocity of the i-th link body; m; and T} are, respectively, the mass and inertia
tensor of the ¢-th link. Alternatively, the system kinatic energy can be expressed
in the form of
, .I. X N T ' J o R
K = "3 JH(0)@idila)ld = 54" M(a)d
= t=1

where

M(q) =Y JIQil,,
=1
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is the inertia matrix of the overall system. It is uniformly symmetric and positive
definite. The potential energy of the overall system can also be expressed in the
generalized coordinate space as W = [ GT(q)dq where G(¢) € R™ represents the
gravitational force (or equivalent torque) acting on the joints. The Lagrangian
function of the system is given by L = X — W = K — [(G(q)dq. Applying the

Euler-Lagrange principle, one can obtain

d oL oL d

T = ;ﬁ'g‘(}'—-é;:-(—ﬁvq_ﬁ—vq[z
R R . . . .
= M(q)+5{M(q)q - Vqld"M(q)d)} + G(a) (3.2)

where V, denotes the gradient with respect to ¢. By taking into account the

unmodeled dynamics 74 € R", one can write the dynamics of such a system as
M(9)§+V(4,q)i+Glg)+Ta=T (3.3)

where the V(¢,q) € R™" matrix is not unique. There are multiple forms of
V (4, ¢) such that
Vg, 9)i = -{M(q,q — Vi M(q)dl}-

One possible way to determine V(q,q) is to express the kinetic energy as a

quadratic form of the vector ¢:

% 1 1. .
K= Zmu (0)dids = 50" M(q)g
i B

where m;; is the 7, jth entry of the n X n inertia matrix M(¢). The potential energy
W(y) = [ G(q)dq is independent of ¢. Applying the Euler-Lagrange equations to

the system Lagrangian

L=K-W= —-me Qg — W{q), (3.4)

8]

one can write
L n
Bin Z my;(q)q;,
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and

d 0L "
mé—q—; = kaj (q)d; +Z “mM (q)q;

" Tki . .
= Z myi(q)g; + Z —5—-_'1(/5(/1-
i=1 i Y

It follows (3.4) that

dL
Ay,

_ aml, . aw
B Z Ogx T gy

Thus the BEuler-Lagrange equations cai. “~ written as

dmy; 1 dmy; ow

Z”T’LJ([.?_FZ{ aq -}; Cf)([ }([ q; — aq = Tk-
1,J t =

The order of summation can be inter-changed to take advantage of symmetry

and obtain

8mk1 Omyj | Omu .
-4 qiq;-
Z Gi IJ Z{ a4 Ty d(/J 1i4;

Hence

q:q; =
a(ﬁ 2 a(ﬂ. }Il/.'l

Z{amkj 1 Omy; Z{f?m/ﬁ Imy;  Omy;

aql a(b - a( }(12(/.7

Introduce nonlinear scalar functions

1 { dmyg;  Omg Omy;
Vi —
790 T 0 T O

}.

They represent the Christoffel symbols. Clearly, vijx = v;. This observation

leads to a 50 percent computation reduction when evaluating the system dynamics.
7. . . .

Since Gy = Q‘%‘: is the kth element of vector function G(¢), one can express the

Euler-Lagrange equations as

n
> omg(q)di + Y vigkdig; + Gelg) =7, 1<k <n.

J=1 ij
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The matrix expression of the above equation is exactly (1.1) and (3.3) except that
the unmodeled dynamics 74 is missing. The k, jth element of matrix V(q¢, ¢q) is

determined by

Vi = Zvuk f1 G:

n

_ lz amkj Omy am,-j}(,_
2'=1 dqi 3(1j Oqr * "

The Euler-Lagrange equation applies to general mechanical systems. It pro-
vides an easy way to represent the usually complicated form of dynamic equation

for a mechanical syste. » which consists of multiple moving bodies.

3.2 The Newton—Euler Algorithm

Another method to compute the system dynamics for an open-chain articulated
mechanical structure is the so-called Newton—Euler algorithm. This method adds
up the dynamics of individual links. For an n-link open-chain articulated struc-

ture, the overall dynamics can be expressed as a sum of

_7'111 ‘7211 -Tnl-
0 722 Tn2 "
=] 0 [+ 0 |4+ 4|3 |=D7 (3.5)
. . R i=1
L 0 i L 0 A L Tnn ]

where 7; = [Ti,...,74,0,...,0]7 is the dynamic of the i-th link; it only affects the
¢-th joint and the lower joints. In this section, the Newton—Euler algorithm is ex-
plained for a robot with rotational joints. The algorithm can be easily generalized

to robots with translational joints.

According to (3.5), 7(k), the generalized torque applied to the k-th joint must

satisfy the following equation:

Z Th = Zﬁk [Tio; + wi x Tiw; + mihyi X (Vg + g)] (3.6)
i=k
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where z; is an unit vector denoting the k-th joint axis; m; denotes the mass of
the ¢-th link; Ay = P + ¢ is a vector from the k-th joint frame origin to the
mass-center of the ¢-th link; ¢ is the gravity vector with |lg|| = 9.8 and always
pointing towards the earth center; v,, the linear velocity of the mass-center of the

i-th link; and w; the angular velocity ol the i-th link.

Physically, d‘—th,'w,- = Tiw; + w; x Tyw; vepresents the inertia torque required lor
the angular movement of the i-th link while m;(v., + g) equals the lorce required
for the linear movement of the i-th link. Consequently mihy; x (9, + ¢) is the

equivalent torque acting on the k-th joint.

Equation (3.6) looks very concise, yet it hides a lot »f additional computations
required to compute zy, v, wi, T; and hy;. But all the additional computations
can be implemented by a recursive algorithm to take advantage of the articulated
configurations. For example, the joint axes {zx}}7., are related by a chain of
rotation matrices ST R, or simply zy; = £t Rz Here ¥*'R is an orthogonal

matrix function of generalized coordinate ¢.

The vector hy; can be breakdown as hy; = Py + P, where Py; points [rom the
origin of k-th joint frame to that of the i-th joint frame while P, is the vector
of mass-center of the i-th link. Its expression in the i-th joint frame is denoted
by ‘P, and is a constant vector. The Py; vector can be computed recursively by
assembling the links from A-th joint to the i-th one. This process is called the

“outward iterations” of a Newton-Euler algorithm.

After all the necessary variables in (3.6) are available, the algorithm will com-
pute 7 using (3.6). This process can also be implemented by a similar process

olled the “inward iterations”.
There are many versions of the Newton-Euler algorithms. [n this review, the

algorithm given in [37] is listed because it is accompanied by a detailed explanation

on its notations and the derivations.
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3.2.1 The outward iterations

This part computes the velocities and accelerations for all links. In the whole
mechanical configuration, the (¢4+1)th link is assembled at the end of ith link. As a
result, its velocity and acceleration are affected by the velocities and accelerations
of the first i links as well as by the joint velocity ¢ip1 which is the (i + 1)th
component of the vector ¢.

The “propagation” effect of the velocities and accelerations can be efficiently

computed by an outward iteration algorithm given by the following equations

1 TRRN i
Mgt = R 'wi + Gipa i, (3.7)
1, 1 p i ' ; il w1

Mo = PMRYW 4+ MR Wi x Gipr "rip + G i, (3.8)
Mg = MR x Py + MR x (fwy x PPy + R Y, (3.9)

In the ahove formulations, we use ‘w;, ‘w; and ; to denote the angular velocity,
angular acceleration and linear acceleration of the ith link. They are all expressed
with respect to the attached frame. Matrix i*'R is a rotation that relates the
(i +1)th frame to the ith frame. Vector P; points from the origin of the (¢ — 1)-th
attached frame to that of the i-th attached frame. z; is a unit vector representing
the axis of the ¢th link.

The velocities and accelerations are then transformed to the corresponding
frame attached at the center of mass of each link. The external force {F; and
torque ‘N; needed to support the motion are computed 16 the 7th link with the

following formulations

Do = Wi x Py 4w x (wp x TPy)+ oy, (3.10)
‘Fyo= my b, (3.11)
Ny = ST 4wy x ST g (3.12)

3.2.2 The inward iterations

The interaction between the links is computed by an inward iteration scheme.

For a robotic manipulator, the ith link is assembled on the (i — 1)th link and it
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supports the (i 4+ 1)th link. Such a velationship can be expressed mathematically

as
i = R i+ R, (3.13)
i, = ‘N;+ ::+11?, "+1'n,-+1 + "Pc, x
+ Py % ::+1R Lo (3.14)
n o= ‘nf 'z (3.15)

In the above formulas, the gravity cffect is absent. But it can be included quite
simply by letting %9y = g, where g represents the gravity acceleration vector, This
is equivalent to an imaginary upward acceleration of the base [rame. The fictitious
upward acceleration causes exactly the same elfect on the whole system as the real

gravity force does. Therefore no extra computation is needed.

3.3 Summary

The Euler-Lagrange and Newton-Euler methods for evaluating the dynamics ol a
robotic manipulator are reviewed in this chapter. It must be emphasized that the
Euler-Lagrange and Newton-Euler methods are equivalent as far as the final result
is concerned. However, the Euler-Lagrange equation can be applied to practically
any mechanical systems as long as their Lagrangian functions can be derived.
When the Newton-Euler algorithm is applied to a closed-chain configuration,
many operations, such as the computation of linear velocities and accelerations,
must be modified. Particularly, ﬁ“R is not necessarily a matrix function of a
single variable ;. Such differences are due to the reduction of degree of [reedom

because of the closed-chain configurations.

The evaluation of robot dynamics is closely associated with the current trend
of model-based or “parameter linearization” adaptive controllers [37] [39]. In com-
paring the two algorithms, more attention will be paid to the pessible development

of general algorithms for parameter linearization.
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In the development of Newton~Tuler algorithms, the focus bas been on reduc-
ing computations as much as possible. The M(q), V(¢,q) and G(¢) matrices in
the system dynamics do not appear explicitly. It is rather difficult to determine
which particular form of V(¢,q) will be used to compute V(¢, ¢)z. In Chapter 6,

it will be shown that only a proper form of V(¢, ¢) satisfies the identity
e [M(q) -2V (4, q)]le=0 V z#£0. (3.16)

Thus, the Newton-Fuler algorithms do not seem to fit Slotine and Li’s adap-
tive controller [39] which depends on (3.16) for its stability proof. On the other
hand, the Newton-Euler algorithms use linear velocities and angular velocities
of individual links as intermediate variables in the recursive computation. These
variables are needed to linearize (3.6) with respect to the unknown parameters,
such as mass, center of mass and inertia tensor of the last link. From this point of
view, the Newton-Euler algorithm seems to have a higher potential to be modified
into a general parameter linearization algorithm. This problem will be addressed

in Chapter 7.

The Euler-Lagrange method can be applied only when the overall system
inertia matrix M(q) is available. The unknown parameters are hidden in the
M(¢) matrix and it seems rather difficult to linearize M(¢) with respect to the
unknown parameters. However, the Euler-Lagrange equation evaluates matrices
V(4,q) and G(q) and especially determines the suitable V' (¢, ¢) such that (3.16)
holds. It seems that the Slotine and Li’s controller [39] needs both algorithms to
implement an adaptive controller for a general n-link robot. This fact motivates
the design of a self-tuning regulator to be presented in Chapter 7.




Chapter 4
Manipulator Controllers

Numerous controller designs have been proposed for robotic manipulators. [t is
only possible to review some of the most representative designs in this chapter.
The currently available controllers for robotic manipulators can be put into three
main groups: the simple feed-back controllers; the fixed nonlinear compensators

and the adaptive controllers.

The first group includes combinations of position (P), differential (1) and in-
tegral (I) feed-back controllers such as PD and PID controllers. The stability of
feed-back controllers is well studied for LTI plants. For nonlinear or time-varying
plants, the stability analysis becomes difficult and no general results are avail-
able. However, feed-back controllers, especially PT) controllers, are very popular
in industrial applications despite extensive research effort on other sophisticated
coztrollers. The reason is simple: feed-back controllers are simple and economic,
Particularly, it has been proved by Arimoto et al. [69] that a PD controller with
exact gravity compensation is asymptotically stable for point-to-point control. In
137], a conjecture is stated that a PD controller, without gravity compensation, is
stable for trajectory tracking il the velocity (differential) feed-back gain is suffi-
ciently large. This conjecture is supported by many experimental and simulated
results.

Although PD controllers are believed to be stable in trajectory tracking, their

tracking errors are relatively large because of the nonlinear dynamics of a rohotic

37
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manipulator. The only way to realize zero tracking error without infinitely high
gain feed-tack is to compensate the nonlinear dynamics. The computed-torque
controller is a successlul example of the second group (the fixed nonlinear compen-
sators). It computes (according to the feed-back information) and compensates
the nonlinear dynamics. If the robot parameters are exactly available, the system
dynamics will reduce to a simple linear second order differential equation. The

analysis of tracking performance becomes straightforward.

The performance of computed torque controllers is uncertain when the robot
parameters are inaccurate. The robot dynamics computed using the inaccurate
parameters can not compensate the real system dynamics exactly. The remaining
dynamics still effect the stability of the closed-loop system. Different methods have
been reported in order to deal with the parameter uncertainty. These methods
form the third group, the adaptive controllers. One of them is the variable-
structure-control technique. As will soon be discussed in detail, this method
estimates the instant signs of the unknown dynamics and uses a sufficiently large
switching signal to compensate them. In order for the tracking error to converge
to zero, the ideal actuator must be able to switch with an infinitely high frequency.
A modified version uses a linear area to replace the step switching function, as
a result, the tracking error is forced into a computable tolerance range. Strictly
speaking, a variable-structure controller does not belong to the class of adaptive

controllers.

An adaptive controller does not merely estimate and compensate the sign
of unknown dynamics. Instead, it attempts to compensate the whole nonlinear
dynamics according to the feedback information. The early versions of adaptive
controllers are more performance oriented. The yobot dynamics are assumed to
be LTI and MRAC designs are applied without much modification. Recently, the
lingar parameterization method has attracted growing attention because of its
potential to force zero tracking errors. It is reviewed here in detail as an example

of adaptive controllers and as a new trend for further study.
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4.1 PD Controller with Gravity Compensation

This is the simplest controller for the robotic manipulators. It guarantees stable
pointwise movement when G/(q), the gravity force vector, is available. The control
law is given by

T==K,§— K,e+G(q) (4.1)
where ¢ = ¢ — ¢y i3 the position error between the joint position vector ¢ and the
desired position gg; K, = KT and K, = KT are two arbitrary positive definite ma-
trices. Substituting (4.1) into the system dynamic equation (1.1) and neglecting

the unmodeled dynamics, one can write

M(q)q = =V(¢,q)i — K.q — Kpe. (4.2)

Theorem 4.1 The closed-loop system (4.2) is asymplotically stable and he po-

sition error vector e will eventually converge lo zero.

Proof: Consider a Lyapunov [unction candidate
v = %{(]TA,]((/)() + eT K e},
The time derivative of v, evaluated along (4.2), is given by
v =—¢" Ky

where we have substituted identity &AM (¢) — 2V (4, ¢)]z = 0 and é = § to arrive
at the above equation. It [ollows that v will keep decreasing as long as ¢ # 0. v
will converge to a constant when ¢ = 0. At that time, (4.2) reduces to K e = 0.

Since K, is positive definite, the only solution must be ¢ = 0. Q.E.D.

Remarks: The above stability analysis is valid only when the gravity force
G(q) is perfectly cancelled and no unmodeled disturbance is present. In practice,
such a perfect matching is almost impossible. The stability of PD controllers
without perfect cancellation of G/(¢) is still a conjecture which remains to be

proved.
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4.2 Computed Torque Method

The computed torque method is designed flor position control along a prescribed
trajectory. It is assumed that the dynamic parameters M(q), V' (¢, ¢) and G(q) are
available and the unmodeled dynamics 74 is neglected. The control law is given

by
r = M(q)(fu+ Kot + Kype) + V(i,0)d + Gla) (4.3)

where ¢4 is the desired trajectory and e = ¢4 — ¢ the tracking error.

Substituting (4.3) into (1.1) and neglecting 74, one obtains
M(q)(é+ Kyé+ Kye) =0,
Since M(q) is uniformly positive definite, the above equation means
é+ Kyé+ Kye = 0.

When the two gain matrices K, and K, are chosen to be diagonal, the nonlin-
g ? )
ear dynamics of a manipulator become decoupled and the tracking error will be

subjected to a secuad order stable linear equation as the above equation suggests.

Remarks: Also requires perfect matching of the nonlinear functions M(q),
V(g,q) and G(q). But the controller is able to tolerate any bounded disturbances
due to unmodeled dynamics when perfect knowledge of the system parameters are

available.

4.3 Variable Structure Control

An important feature of the computed torque method is its reliance on the exact
knowledge about the system dynamics M(q), V(4,q) and G(q). The stability
analysis relies solely on an assumption that these parameters are known exactly
to the controller, As we discussed in the introduction, such an assumption is
rarely true in practice. Many times, some inaccurate quantities M (9), V(¢,q) and

A

Gi(q) are computed by the controller algorithm because of the imprecise knowledge
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about the robot parameters such as mass, center of mass and inertia lor each link.

As the result, (4.3) becomes
7= M(q)(Gu + Koé + Kype) + V (4, 0)d + Clq).
Substituting into (1.1) and neglecting 74, one obtains
M(&+ Kyé+ Kpe) = AMi+ AVi+AG

where AM = M(q) — M(q), AV = V{(4,q) — V(4,q) and ACG = G(q) = G(q).
The right side of the above equation involves the products of ¢ and ¢ which
represent some nonlinear time-varying feedback effects. It is difficult to predict if
the feedback is positive or negative. Thus the stability of the closed-loop system
is uncertain. In order to ensure stable tracking, the variable structure control is

used. The control law is given by

T o= M@+ Ke+u)+Vi+G
= MGa+Ke+u) = AM@Gg+ Ke+u)+ Vi+ G (4.4)

b where K = [K,, K,] and ¢ = [¢,¢]7; u is an additional control input to be deter-
N

mined a bit later.

Substituting (4.4) into (1.1) and neglecting the effect of 74, we can write

é+ Kye+ Kpe=n—u (4.5)
where
n=Hu+ Hig+ HKe+ MY (AV§+ AG), (4.6)

and H = M~*AM =T — M~ M.

Spong and Vidyasagar [64] proposed a variable structure control law for the
closed-loop system of (4.5). Their stability analysis is based on the following
assumption:

sup |||l < er < oo, (4.7)
0

IH|| = [ - M~ M| <a<l VqeR" (4.8)
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lM~YAV§+ AG)| < éle,t) (4.9)
for some known function ¢ bounded in {.

The assumption of (4.7) comes from the fact that the desired acceleration
should be assigned a bounded {unction of time. (4.8) seems to be rather restrictive.
However, it is always true by some simple choice of M. Since M(g) is uniformly
positive definite for all ¢ € R", there must exist positive constants Aarz < Amrg
such that

M S M)l £ A2 Vge R

By choosing . )
I = 21 -;- M2 ¢

it can he shown that

A/ '_"Ar .
M2z AML

T—M-tM| < —
I I Aa2 + A

In practice, one could find other ways to compute M(g) such that « is as small
as possible. In any case, the simple procedure provides an easy way to satisfy
(4.8). As for (4.9), the ¢(e,t) function can be a polynomial ap -+ ayfef| + azflel|?

as explained in [64].

Now, we try to find a scalar function p(e,t) such that
lull < ple,t) and  flnll < ple, ). (4.10)
Substituting (4.7)-(4.9) into (4.6), we can write

Il < allull + act + allK|[|lell + (e ¢)
< aplet) + acs + o K|lllell + 4(e,?)
ple,t)

1l

This enables us to write

[aer + | K| lell + ¢, 2)]

-«

1
f)(f,t) - 1

which will satisly both inequalities of (4.10).
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A = —K K and B = [
I 0 0

then (4.5) can be expressed as

Let

é¢= Ae+ B(n — u). (4.11)

By a proper choice of K = [K,, K], one can find positive definite matrices P = P
and @ = QT such that
PA+ATP = —Q.

Consider a Lyapunov function candidate v = ¢ Pe, the time derivative of v eval-
uated along (4.11) is given by

)

—eQe+ 2ePB(n — u)
< —e'Qe+w'(n - u)

where w = BT Pe.

If we specify
v p(e,t)m;l-I for w =0 ,
forw=20

then we can write

o= —eT' Qe + 2[wPn — |w||p(e, )] for w # 0
B - Qe forw=0

According to (4.10), v £ 0 in both cases and v will keep on decreasing until ¢ = 0.
Therefore the closed-loop system is asymptotically stable.

Remarks: The advantage of this type of controllers is its ability to control
robots without perfect parameter match. They are also robust with respect to
unmodeled dynamics as long as the disturbances are bounded in norm by the scalar
function p(¢,t). But the control laws could switch at extremely high .. ;¢ ncy
because of the additional control u. [n many applications the actuators are unable

to provide such a high frequency switch of forces.
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4.4 Adaptive Control of Manipulators

The stability anzlysis of the controller discussed in the previous section has a
small flaw: the discontinuity of the definition for u. Such a control requires an
infinitely high frequency switch which is difficult to implement in practice. In this

section, we discuss the use of adaptive control strategy for manipulator control.

4.4.1 MRAC applied to robots

Under the assumption that M(q), V (¢, ¢) and G(q) vary “slowly” compared with
¢ (it is not clear how slow the variations are), then the robot dynamics (without

the unmodeled dynamics 74) can be approximated by a second-order LTI plant
Mg+ Vg+Ge=r (4.12)

where the subscripts “¢” indicates that the corresponding matrix can be considered

as constant. Denote as y? = [¢T,¢T), v, =7 — G.,

M7V, 0 Mt
Ap = ¢ and B, = ¢ .
-I 0 0
Then (4.12) can be written in a state spuce form
Yp = —Apyp + Byup. (4.13)

For a prescribed reference model system
ym = “Am:‘/m + er

where

and B, =

I
0 b

one can casily verify that the “perfect matching” condition [16] is satisfied. That

ic.

(I = B,BI)(Ap— An) =0 and (I—B,B)Bn=0 V y,t
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,
where B) = (BPTB,,)“lB;f'. According to Theorem 2.2, an adaptive controller with
control law (2.7) and adaptation law (2.10) will render an asymptotically stable
tracking system.

Remarks: The above algorithm belongs to the “performance-based” adap-
tive controllers [36]. These adaptive controllers are all based on an assumption
of “slowly-varying” dynamics of robots. Many simulation and experiment tests
show that these controllers are stable. But their theoretical stability analysis is
weak because the “slow-varying” assumptions are observed to be violated in some

experiments [36].

4.4.2 Linear parameterization

In chapter 3, we discussed several MRAC schemes for LTI plants. The stability
analysis of all these MRAC schemes makes use of the important fact that the
unknown plant coefficients are constant. For robotic manipulators, the dynamic
coefficient matrices and vectors are functions of the joint positions which change as
the manipulator moves. A direct application of MRAC to control the manipulators
does not guarantee stable tracking for the closed-loop system. One way out of

this is by means of linear parameterization.

Neglecting the unmodeled dynamics 74, the equation of motion of an n-link

manipulator is described by
M(q)i + V{4, 0)q + Gla) = N(ivdr g, p) (4.14)

where the right side represents the torque computed by a computed algorithm.
The symbol p represents the effect of system parameters such as mass, center of
mass and inertia of each link. By “parameter linearization”, it is meant that there

exist some algorithms such that (4.14) can be reduced to
M(q)d + V{4, )i + Gla) = Y (i, d,0)p (1.15)

where the system dynamics are expressed as the linear product of an known func-

tion matrix Y'(§, ¢, ¢) and a generalized parameter vector p whose components are
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some combinations of mass, center of mass and inertia of each link. For example,

the dynamics of an ideal two-link configuration is described by

T = moli(Gi + G2) + maliloca(241 + G2) + (my + m2)BGi — malilesagh
—2malyl9s2q1Ga + malagers + (my + me)liger,

T2 = malilacofy + Malilasedl + malagera + mals(éi + G2).

By defining p = [p1,...,ps]7 where p; = mpl2, po = malily, p3 = malag, py =

(my + mg)l? and ps = (my + m2)lg;

Y = (G1 +G2) c2(2Gi + G2) + 52G2(G2 — 21) ez G
(41 + ¢2) coffy + 5267 ca 0 0

We can describe the dynamics by

Ty v .
= [ J = Y(d,q,q)p.

T2

Linear parameterization enables us to express the parameter uncertainty in
terms of an unknown constant parameter vector p. This makes it possible to ap-
ply some adaptation law to adjust p and ensure stable tracking for the closed-loop
system. Although the Y'(g, ¢, ¢) matrix looks simple for the ideal two-link config-
uration, it is extremely difficult to compute Y for a general n-link configuration.
Nevertheless, adaptive control of manipulators by means of linear parameteriza-
tion is perhaps the most popular adaptive controller in this area. It has the most

rigorous stability analysis.

4.4.3 Adaptive control by linear parameterization

The most recent result on adaptive control of robotic manipulators is due to
Slotine and Li [39]. In designing the adaptive control system, they do not try to
linearize the closed-loop system. Instead, they make use of the Skew-symmetric
property of M — 2V to cancel out the nonlinear effect. As a result, a globally

stable adaptive controller is proposed.
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The control law is given by
o= —Kw+ M)+ \T’((}, )+ G(q)
= —Kw+ Y, ¢q)P (4.16)
where w = é 4+ Ae, p = § —w = §¢ — Ae and A is an arbitrary positive definite
matrix. The ohiective of the control system is to force w — 0 in a finite time.

As long as w = 0, it follows that é + Ae = 0 and the tracking error should also

converge to zero.
The adaptive law is described by
p==¥T( 1, qw. (4.17)
The closed-loop system is described by
M) + V(g qko = —Kw + Y (i, .4, )6, (4.18)
where ¢, = p — p represents the parameter error.

Consider a Lyapunov function candidate L = $(w” M (q) s + (/5;1,'(/),,). The time

derivative of L evaluated along (4.18) is given by
L= —w"Kw+ WY (4,10, 6,0) + b1y

where the Skew-symmetric property 27(M - 2V)e =0V 2 # 0 has been substi-
tuted to eliminate the effect of M and V(4,¢). A further substitution of (4.17)

into the above expression leads to
L=—-w'Kw<0

which implies that the closed-loop system is asymptotically stable.
4.5 Summary
This chapter reviews a number of controllers designed for robotic manipulators.

These controllers represent the numerous controllers reported by the previous re-

searchers. The most simple controller is the PD controller. It is proved to be
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stable for point-to-point control under the condition that the gravitational force
is exactly available to the controller and the external disturbances are negligible.
The computed-torque controller use forward dynamics to compensate the nonlin-
ear robot dynamics and PD feedback to keep good tracking. It transforms the
closed-loop system into a LTI plant if the forward dynamics matches the robot dy-
namics exactly. However, perfect matching is generally not possible due to various
practical reasons. In the most common case, the robot dynamics changes when it
opetates with an unknown payload. The most simple way to deal with the inac-
curate matching effects is by means of variable structure control. Such controllers
require that the actuator be able to switch at an infinitely high frequency to guar-
antee stable tracking. Adaptive controllers adjust the control gains automatically
according to the feedback information. It is important to study the stability of
an adaptive controller, Many early adaptive controllers are base on an assump-
tion that the dynamic coefficient matrices are “slowly-varying” such that they can
be approximated by constant matrices. The linear-parameterization based adap-
tive controllers do not require the “slowly-varying” assumption to obtain stability

results.




Part 11

Contributions
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Chapter 5

Adaptive Control of LTV and
NTYV Plants

In chapter 3, several general MRAC schemes for LTI plants are reviewed and
some results on adaptive control of LTV and NTV plants are noted. In reality,
many physical problems involve LTV and NTV plants. The mathematic model
of LTI plants only cover a small fraction of real physical problems. When the
model is applied to real LTV and NTV plants, significant modelling error will be
introduced. Until recently, the modelling errc. of fitting a LTI model to a LTV or
NTYV plant is simplified, as some bounded disturbances and robustness of adaptive

controllers for LTT plants have been studied extensively.

It goes without saying that the best way to minimize the modelling error is
to use LTV and NTV plants as models and develop new adaptive controllers for
such plants. This problem was successlully studied by Middleton and Goodwin
[20], Rotea and Khargonekar [22] as well as Tsakalis and Ioannou [24] [25]. Their
results inspire the contributions made in this chapter as an application of MRAC

to LTV and NTV plants with uncertain plant terms.

Unlike the adaptive controller developed in [24][25], the proposed MRAC does
not require any a priori knowledg s about the plant parameters. All the plant terms

in this Chapter are assumed to be unknown and no linear parameterizations are

50
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available. Under this assumption, it is impossible to separate slowly-varying coel-
ficients from some known fast-varying functions. Tsakalis and loannou’s adaptive
controller [24, 25] does not apply in such situations. Besides, the plant terms are
potentially unbounded instead of belonging to a convex set as assumed by Mid-
dleton and Goodwin [20]. The assumption on the unknown terms is relaxed such
that they are not subjected to any constant bound. Some [unctional bounds are
imposed on the plant terms and the functional bounds could grow to infinity if
the closed-loop system states are not proved to he bounded. A rigorous stability
analysis proves that the proposed MRAC scheme works well under these relaxed

assumptions.

5.1 Single Input/Single-Output Plants

The main idea of this resecarch can be explained with a scalar nonlinear time

varying plant. Its mathematic model is given by

377: = _ap(."/pa t)l‘/p + .(Jp(l’/p’ 1)+ bp('!/m L)u. (5.1)

The model satisfies the following assumption:

Assumption 5.1 The magnitudes of coefficients a,, b, and g, are bounded by «
positive function ky/y2+1 = kp(y,) for some positive conslant k. Their partial
derivatives with respect to both y, and t are all bounded.

Observation 5.1 According to Assumption 5.1, ke normalized planl coefficients
dy = ap/P(Yp), bp = by, p(yp) and §p/p(yy) are bounded by some constants. The
time derivative of a, is given by
L (-"p ay :ljy)
ap = — .
p(yp)  P(Yn) P*(yn)

Since (5.1) implies |y,] < kap(yp)yp] Jor some positive k,, the second lerm in Lhe

above expression is bounded while the first term depends on the magnitude of a,.
The fact that
da,  Ouay, .,

1y = 1y
Uy aL ayp'/l
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implies |dp] < kup(yp)|yp Jor some posilive ky. This enables one to conclude that
] < cilel + co (5.2)

for some posilive constants ¢; and ¢ where |y,| < |lym| + €| and the boundedness
of lym| have been substituled. The magnitudes of b, and g, can be bounded by

stmilar positive funclions.

In Section 4, it will be shown that the plant coeflicients of a large class of
mechanical systems satisly Assumption 5.1, The objective of this section is to

design a control law such that y, follows the output of a reference model
f‘)m = —=UmYm + T (53)

as accurately as possible; or that the tracking error, ¢ = yp — Ym, is as small as

possible.

5.1.1 Adaptive controller design
Consider a control law given by
w =0+ 04y, + 0, +7 =w0+r (5.4)

where 07 = [0, 0,,0,) and w? = [u,y,,1]. This controller looks odd because the

control input « appears on both sides of (5.4). Yet it can be implemented as

1
U = m(aayp + og + 7').

Equation (5.4) is written for the convenience of stability analysis to be presented

later on. Some straightforward calculus will verify the existence of

O =1-0by Oi=ap=am, U;=-gy (5.5)

[

and hence 0*7 = (05,05, 03] such that (5.1) controlled by (5.4) can be expressed as

@?

(8 +an)yy = wTd’ + . (5'6)
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Subtracting (5.3) from (5.6), the dynamic equation ol tracking error e is then
derived as

-~

¢ = —ame+w'¢=—ane+p(y,)w’ ¢ (5.7)
where ¢ =0 — 0" and ¢ =0 — 0" = (0 - 0*)p(y»)-

Equation (5.7) vepresents a stable system il either the compensation error ¢ is
an all-zero vector or [¢Tw| is uniformly bounded. MHowever, due to the unknown
natural of 0%, it is very unlikely that 0 matches 0 perlectly; and |w? | could
grow without bound if ¥, is not proven to be bounded. In order to stablize the
system, a o-modified adaptive law is designed to adjust 0 = 07)(;11,,) according to

the feedback information. It is synthesized according to
S s e
0+c0= —;wp(y,,) (5.8)

where « is a positive scalar constant.

The above adaptive law creates a strong coupling effzct between the tracking
&
error e and the compensation error ¢. This eflect can be emphasized by subtract-
ing
P ~
y=0 +a0"

from both sides of (5.8), which leads to
s e ~
¢+ a‘,wP(yv) =—0p—7. (5.9)

In the stability analysis, one is recommended to focus on (5.7) and (5.9).
These two equations describe the inter-coupling effect of e and ¢. Besides, (5.2)

and similar treatments on |b,(yy, ¢)] and |gp(yp, 1)| enables one to write

1 | ~ ,
ool = =510 +00°11* < 0 + el + 7ae® (5.10)

for some positive constants o v; and 2. The potentially unbounded and last
varying effect of 0* is then modeled by (5.16° mathematically. The three equations
(5.7), (5.9) and (5.10) play a key role in the lollowing stability analysis.
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5.1.2 Stability analysis

Like the traditional Lyapunov approach, the stability analysis of closed-loop sys-
tem (5.7) and (5.9) is associated with a positive definite function v = %(ez-}-aq;qu).
However, the objective here is not to establish ¥ < 0 along the system trajectory
(6.7) and (5.9). Instead, a finite positive constant v™ is to be found such that v < 0
whenever v 2 v*, According to Spong and Vidyasagar [64], v is uniformly ulti-
mately bounded il v* does exist. The closed-loop system will evolve to converge
into a state that v = 0.

Therelore the stability analysis consists of two main steps: 1) find a finite v*
such that % < 0 whenever v 2 v*; and 2} reduce the area where © > 0 as much as
possible.

For the first step, one immediately writes v = eé + aqu:z. A substitution of
(5.7) leads to

. . e
D= —ay,ed + a'qu[wp(y,,)a + @).

The second term of the right side can be replaced by a negative definite term by

substituting (5.9), which yields

Vo= —ape’ — a'aq{;Tq; — orquz
= —ane’ = aol|d+ 2| + acl| L (5.11)

The last term in the right side is not negative definite. However, its effect can be
conservatively bounded by substituting (5.10). This enables one to write
aog

L wem e g :y_ 9 . - .
Q(Clm—a'afyg)] aol|¢ + 5-[° + 7 (5.12)

v < —(am — aoy)[le] —

where ¥ is a positive constant scalar given by

a’o’y?

N = o 4+ ——
7 T 4(dm — o)

I o and o are sufficiently small such that a,, > @oys, then the right side of
(5.12) represents an elliptic. Clearly, ¥ < 0 whenever the point (|e], [|@]|) is outside
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fobs |}
<

of this elliptic. Therelore there must exist a finite v™ such that v < 0 whenever

v > T,

Once the existence of v™ is established, v is proven to be uniformly ultimately
bounded; and v will eventually converge to zevo according to [64]. In the particular
case of closed-loop system (5.7) and (5.9), the tracking error and compensation
error will eventually converge into
aoyy

2 p P2 o=
- , + 12 <
2(am ~ cw‘yg)] taolg+ 20 "=

€

(am — Cl'0"7’2)[

as (5.12) indicates. This brings the stability analysis to the second step. Now,
the tracking error can be controlled by properly adjusting the design parameters

tm, @ and o.

5.1.3 Simulation examples

Two simulation experiments are conducted to test the adaptive controller. In the

first experiment. the plant dynamics and the reference model are given by
Ep(2 + cos(vy)) + Sy — (1 + cos(vy))(2 + cos(vy)) = u
where 19, = 2. The desired trajectory is given by
&+ 102, = 20 % (1 — cos(nl)).

All initial values of the control parameters are set to 0. The adaptation parameters
are chosen to be ¢ = 1.0 and o = 0.001. As shown in Fig. 5.1, the tracking error
is controlled within |e| < 0.04, which is about 2 percent related to the relerence
model output.

In the second simulation experiment, the plant dynamics and the relerence

model are given by
(8% = 0.6]ypls + 0.2|y,| sin(4L))yp = [s(2 + sin(4l)) + LJu

Em + 102, = 20 * (1 — cos(nt))
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Figure 5.1: Tracking error of an NTV plant with bounded coefficients.

~espectively. Allinitial conditions and adaptation parameters are chosen in exactly
the same way as the first experiment. Again, the closed-loop system exhibits good
tracking behavior and the tracking error is plotted in Fig. 5.2. It is observed that
the tracking error is kept within 2 percent related to the output of the reference

model.

5.2 Multi-variable Plants

The MRAC controller can now be applied to a multi-variable plant given by

Yp = —Ap(Yps )ty + Bp(Up, ) + gp (9, t)] (5.13)




Adaptive Control of LTV and NT'V Plants

-~

<

Error
1.10 =77 T | T [ “ 175 Brror
1.00 ~ -]
0.90 {— i
0.80 — -
0.70 |- -
0.60 — -
0.50 (- -~
0.40 -
0.30 |~
0.20 |-
0.10 — -
-0.00 I~ r——
-0.10 [~ -

-0.20 -
-0.30 [~ -
-0.40 |~ -
-0.50 |~ o
-0.60 - -
-0.70 -~ —
-0.80 - i
-0.90 — e
-1.00 -

-1.10 |~ -
| | 1 L | |

0.00 2.00 4.00 6.00 8.00 10.00

Time (se0)
Figure 5.2: Tracking error of an NTV plant with unbounded coeflficients.
such that the plant follows a reference model
Um = = Amlm + Bur (5.14)

where Ap, Ay, € R By, By € R yp,ym € R and u,r, g, € R, { < n. Ay
in the case of linear time invariant systems, the plant-model pair must satisly the

matching condition [16]
(I=B,B})(Ay—An)=0 and (I—B,B)Bn =0 Yyt (5.15)

where B} = (BT B,)"'BY.
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5.2.1 Adaptive controller design
The control law is given by
u=0wu+ Oy +0,+r=0w+r (5.16)

where 6 = [0,,0,,0,] and W = [u,yg‘ ,1]. Similar to the case of the previous

section, (5.16) is actually implemented as
u=(I—0,)"(Ouy, + 0, +7).

it can be verified that there exist a set of “ideal model reference controller” coef-

ficients. They can be derived as
O;=1—(BIBa)™, 0= (BlB,)"'Bl(4, - Ay), (5.17)

0; = —(BBn) g, and 0 =[0},0;,0;) (5.18)

When the exact plant coefficient matrices A,, B, and g, are available, one can use
(5.17) and (5.18) to compute ©* and then verify that the nonlinear time varying
effect caused by A,, B, and g, is well compensated. The resulting system becomes
(5.14).

When the plant coefficient matrices are not available, an adaptive matrix © is
used to substitute ©*. Denote the compensation error as @ = 0 —0* = [0, &, ¢,]
where ®, = 0, - 07, &, = O, - O} and ¢, = 0, — 0. Then (5.16) can be written
as

uw=(I-0;)" 0w, + 0 + 7+ duw].

Substituting (5.17) and (5.18) into the above equation, one obtains
U= Bj(AA,, —An)yp — gp + Bljme(r + Pw) (5.19)

which is another form of the control law. By applying (5.19) to the plant of (5.13),

one arrives at

?]p = —Apyp + BPBJ(AP — Am)yp + B])BJBm(T + (Dw)
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Tue matching condition given by (5.15) enables one to rewrite the above expression
as
?]p = _'Amyp + B171(<{)w + 7) ({)QO)

Let e = y, — ym denote the tracking error. Then
e=—Ane+ B, 0w (5.21)
can be obtained by subtracting (5.14) from (5.20).

Sine A,, and B, are prescribed by the designer, one can assign the eigenvalues
of A,, to the right half of the complex plane. Then (5.21) represents an exponen-
tially stable system if either ® is an all-zero matrix or ||dw|| remains bounded.
However, this hope is hardly true in real applications where A, B,, g, and hence
©~ are not available to the controller. An adaptation law is proposed to adjust
O, which is given by ‘

Q+00= —%B?,;Pew"' (5.22)
where P > 0 satisfies 0.5(AL P + PA,,) = Q > 0. The ahove equation can be
expressed in terms of the compensation error ¢ by subtracting I' = 0" +00" [rom

bnth sides. As a result, one obtains
. ]. j‘ 1‘ -y = s
¢+ —B Pew' = —~ag® -1 (5.23)
o

The following stability analysis will show that the adaptive controller synthe-
sized by (5.16) and (5.22) leads to an uniformly ultimately bounded closed-loop
system. Similar to the analysis of sub-section 2.2, the stability analysis wiil focus
on the two error equations (5.21) and (5.23), which describe the coupling effect of

the tracking error e and compensation error ®.

5.2.2 Stability analysis

Consider a positive definite function v = [’ Pe + aTr{PPT}] where Tr{X}

Xllp = /Tr{X X"} its Frobenious norm.

denotes the trace of a matrix X while

A Lyapunov-like . nalysis will lead to

. . 1 « ,
b= ~e'Qe—ao|l® + =Tl + =TI (5.24)




Adaptive Control of LTV and NTV Plants 60

Equation (5.24) can be viewed as a general case of (5.11). In fact, the adaptive
controller synthesized by (5.16) and (5.22) is a generalized version of (5.4) and
(5.8). Accordingly, the coupling effect described by (5.21) and (5.23) are gener-
alized forms of (5.7) and (5.9) respectively. The detailed derivation of (5.24) is
omitted here because it is identical to that of (5.11). The minor difference is some

additional matrix calculus such as @) = A;{IP + PA,,..

When ||[']}# is uniformly bounded, then (5.24) implies the existence of a finite
v* such that v < 0 whenever v > v*. The closed-loop system is uniformly ulti-
mately bounded according to [64]. If the entries of ©®* matrix are not bounded
by a constant but by some normalizing signal p(y,) such that |07;] < ky/1 + [|y,]|2
for some & > 0, then [|T[|% < 40 + 7ille]] + 72llel|* for some positive constants 7o,
71 and v,. Following the same argument as subsection 2.2, one can {urther obtain
an inequality similar to (5.12). The closed-loop system can still be shown to be
uniformly bounded anu the tracking error can be controlled by adjusting «, o and

the smallest eigenvalue of Q).

5.2.3 Discussions

The plant described by (5.13) has a useful specific form. Consider an n-th order

single-input-single-output plant described by

n-1
n [
Yp = E apiyy = kyu.
=0

If all the states of the plant are available, then the matrices A, and B, may be

written as

(1,1,,1._1 cee Uy Apo

1 ... 0 0
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where k, represents the gain of the plant. In this case [ = |. Il one specifies a

model pair

Umn—1 o0 Q1 Qo

I ... 0 0 -
Am = . . . . Br.n = [/‘:"HO" * "0]’

0 cee | 0

then it is easy to confirm that (5.15) is satisfied. The ideal coefficents are given
by
ky

O =1-2 o=
b /‘:m [

l =

[“nm—l T lpn=tse sl = Upty U — “p(’)]a (); = (.

o~

™"

According to the analysis in subsection 3.2, the tracking error can be controlled
within a computable tolerance as long as the magnitudes ol plant coefficients
{ayi}izy are bounded by k;, [y% + L lor some positive k;.

5.3 An Application Example

A typical application of the MRAC scheme is the tracking control of a robotic ma-
nipulator. The manipulator dynamics are described by a second-order differential

equation

M(q)i+ V(d.q)g+Glg) = (5.25)
where ¢ denotes the joint position vector and 7 € R* the joint torque vector
(control input); M(q), V(q¢,q) € R**™ and (/(q) € R".

Denote as

o V(d,q) 0 M-
w =", A,,=M*‘(q){ (@) } /3,,=[ (‘”}.

-l 0 0
Then the system can be represented by a state space equation 1, = —Auy, +
By(r = G(q)). A reference model is prescribed as 3, = —Anym + Bur where

r € R" is the reference input and

'u ’J /
Am = A ) [‘7 3 B-m = .
-1 0 0

-
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It is not difficult to verify that this mocdel satisfies the matching condition of
(5.15).
The control objective is to minimize the tracking error ¢ =y, — ¥, A routine

analysis will derive the dynamic equation of the tracking error as

Ky = M= @)V (Gy0) I

é=—Ane+ By(r - Glqg)) + 0 0 Yp — By
which is equivalent to
¢ = —Ane+ By(r—0; - Oy, — Opr)
= —Ame+ By(r - 0; — O3, — Opr) (5.26)

where 0 = G{g), O = M(q), ©; = (021, O%als O3 = M()K, — V(4 ), 0 =
M(q)I<, and
. L N gn(ll4ll)
0; = [—=+0:.,0; Jp = .
T R [ :

Fact F1: For robotic manipulators, the entries of M(q), V(q,q)//dllz + 1
and G(q) are bounded functions ol q [63, 64]; the inertial matrix M(q) is a uni-
formly positive definite. Consequently, the entries of M(q), LV (d,0)/ /1141 + 1]
and G(q) are bounded by ky/|[ql|2 + 1 = kup(||d|l) for some positive constant k.

This suggests that the stability analysis of general-case MRAC systems also

applies to the MRAC of robotic manipulators. The control law is proposed as
7 =0, + O3, + Opr = Ow (5.27)

where @ = [0,,0,,04], w" = [1,§7,r]; O, Oy and 0, are adaptive signals

updated according to some adaptive law.

When ©7, ©; and 0} are used to synthesize (5.27), then one will achieve a
perfect model é = —Ae by substituting (5.27) into (5.26). Unfortunately, ©%,
O} and 05 are not available. The adaptive matrices O, 0, and 0, may not

compensate perfectly. It is important to study the effect of compensation errors.
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According to F1, Observation 3.7 and the construction of ©*, it is clear that the
entries of @~ are all bounded functions ol ¢. Therelore

19%l- <7 and  [|07|r < yap(lldl);  where 71 >0, 7, > 0. (5.28)
These two bounds will be useful in the stability analysis.

Substituting (5.27) into (5.26) leads to
¢ = —Aue+ Bydy + bufy + Our)
= —/47”6 + 137)([)(-0' (5-29)
where ¢, = 0,~0;, &, = ©,-0;, b, = ©,-0;, & = ©-0"and 0" = [0, 0, 6;].
The reference model is chosen so that there exist positive definite matrices /2 and
@ such that
PAy + AT P = Q.

m
The stability ol the system is again related to a positive definite function
v = el Pe+ alr{®TC(q)0}
where C(q) = M~(¢). The time derivative of v evaluated along (5.29) is written
as
b = —e' Qe+ 2" PByGw + 2aTr{OTC(q)P} + ol {$7C(q)d)
—eTQe + 2T {[we” PB, + ad”C(q)]0} + oI {®"C(g)}  (5.30)

where an identity @7y = Tr{yaT} has been substituted. Let
3 J /)

D ]
p= |t fu , then PB,= Pu M~ (q) = P"M~"(q) = PC(q).
Py Py Py

Substituting the last equality into (5.30) leads to
b = —e'Qe + 2T r{{we” P* + ad”]C(q)} + aTr{T((¢)®}. (5.31)
As in the cases of the previous two sections, (5.31) is potentially unstable

because of the compensation error ¢ and its unknown feedback effect dw. An

adaptive law is proposed to stablize the system. It is synthesized by

} { oo
O =-00——=pPTeut
o
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which can be expressed in terms of the compensation error as
¢ =—-00—=PTew! - R
@

where R = 0" + 0O, Substituting the above expression into (5.31) results in

= —e"Qe — aTr{®7[20C(q) - C(¢)]®} — aTr{RTC(q)®}. (5.32)
An important step in the stability proof is to make 20C(q) = C(q¢) positive definite
at all times by a proper choice of o. It is pointed out in [64] that the inertial matrix
satisfies the following relations

At £ M(q) £ Apre for 0 < A < M.

Thus A3l < Clq) = M~'(q) < A3}, The entries of C(q) must be bounded
functions of ¢. Consequently, the entries of C"(q) involve linear products of ¢ with

some bounded [unctions of ¢. This observation implies that ||C(¢)]] € Ac|l¢]| for

some Ag > 0.

Let Amin be the lower bound of the cigenvalues of matrix 20C(q) — C'(q). It is
clear that

Amin 2 20./\;]12 - ’\G“(]”

There must exist oo > 0 and ¢y > 0 such that if we substitute o = og+ 01]|¢|| into
the above expression, then Ay > 0 at all times. Now (5.32) can be simplified as

. . a
b < =Aollel® — admaml|B[F + T el 2l

= ’\Q” “2 mm ”‘b”[' ’\All’\mm”R”F Ml)“r‘;t":n”R”F ( 33)

Since the reference model must be a stable system, y., is always bounded. The
stability of y, is equivalent to the stability of e = yy — y. According to (5.28),
there exist kg > 0, & > 0 and &y > 0 such that

IR|IF < ko + kylle]] + kalle]|*.
It follows that

0= =Aallell® — adnin(12llr = N AN RIF) + Rallel® + Rillel + ko (5.34)
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where
. o,
A’i = I/\‘\[l| '\min/‘:i 0 S <2

The next step to ensure stability for the closed-loop system is to specily
Ag > ky. Since @ = PAy + A%, P, this may be achieved by a sufliciently large
velocity feedback gain K, when both K, and K, are diagonal matrices. Now

(5.34) becomes

. i ,
Vo= /\Q _l‘ Il II - _\\Q_i_—_[—-)_)z = admin ”(DHI - \A\Il’\rrtzrlllRI'/”)Q

+ho + 4
T~ k)

The two positive terms in the above expression are constants.

(H.35)
The varying terms
are either zero or negative. Equation (5.35) suggests the existence of A, > 0 and
Ap > 0 such that whenever [|ef| = A. or ||P|| = Ay, then either

b /:21 /:’f
(Mg = Fg)(Ne = ——L +A+_~_ﬁr_=o
Q=M QQ—MQ T Ao - ky)?
or .
. f
b < =admin(Ag — A A IRl F)? + ko + ‘ = 0.

d(Ag — ky)?

Consider a finite constant v* = ApAZ + adyedgs where Ap and Ay denote
the largest eigenvalues of matrices P and C(q) respectively, then it is clear that
v < 0 whenever v > v*. Thus the tracking error e and the system coefflicient crror

matrix ¢ are uniformly ultimately bounded.

Throughout the whole stability analysis, nothing is assumed about the velocity
of the manipulator. This means the stability results are not based on a rather
unrealistic assumption that the robot motion is very slow such that M(q) = 0,
V((],q) ~ 0 and G(q) ~ 0. To the best of the author’s knowledge, this is the only
version of a MRAC robot controller that is accompanied with such a rigorous
stability analysis. Most ol the MRAC applications do rely on the assumption of

slow robot movement tc back up their stability analysis [27]-[30].
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Computer simulation experiments are conducted to test the adaptive con-

trollers. A two-link planar robot described by

M(q) { o ] + V(d,q) [ @ ] +Glq) = [ m } (5.36)
Gz q2 T2

is used as the control object, where

(211 cos(ga) + o) lgmy + 13 (mq 4+ ma) Bmag + lil; cos(gz)ma .
2my + l1ly cos(ga)my 2y '

M(q) = [

V(( y ) _ -—211127722 Sill((jg){)g -—-111277?,2 Sin((p)o'g
b= 1’[!277’32 Siﬂ(([z)dl 0

and

g{mala cos(qr + q2) + (my + my)ls cos(q1))
Malag cos(gr + ¢2)

Glq) = [
where [, = .7, [ = .5 (meter), my = 10 and mg = 5 (kg). The desired trajectories
are given by

g1 = @2 = 1 — cos(mt).

The reference model is characterized by
é‘m + [(v(im + ](pq"t =r

where K, = 407 and K, = 60/. The adaptive controller parameters are chosen to
be o = 0.001,/0.1 4+ ¢ and @ = € 901. The tracking errors are plotted in Fig.
5.3. I the controller saves the adaptive parameter matrix © and retrieves it in the
next task (we call it a “training” process), then the tracking error can be reduced
as Fig. 5.4 illustrates (the phase plots). The control torques are also plotted in
Pigs. 5.5 and 5.6, with and without training respectively. It is observed that by
using the previous © malrix value as the initial guess, the control torque can be

significantly reduced.
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5.4 LTV Plants of Relative Degree 1

We now consider n-th order linear-time-varying (LTV) plants described by

-1 nel

[s" + 3 ai(t)s'lyp = A(s,O)yp = B(s, tu =3 bi(t)s'u (5.37)

i=0 =0

“ ”

where denotes a differential operator; {a;}}5 and {b;}}Z are 2n plant coel-

ficients; A(s,t) and B(s,t) are LTV differential operators defined in [24].

Assumption 5.2 A general requirement of these plants is that the inverse plant
B=1(s,t)A(s, 1)y, be bounded-in-bounded-out (BIBO). The necessary condition for
the inverse plant to be (BIBO) is that all rools o/' B(s,t) are localed within the
left half of a complex plane. This means that {b;(t ”_"0 will nol change signs. [l
is commonly assumed that the sign of B(s,t) and the order “n” are known. For
LTV plants, we also assume that {a;(t)}i=2 and {b;(1)}j=5 ave (n — 1) times dif-
ferentiable; a,—1(t) and by—1(t) are (2n—2) limes differentiable. These derivalives

are all bounded.

In the following analysis, Leibniz's rule proves to be a good iool:

d” “ o digdth

i OUCIEDOF

~ l(n — )l dif "

(5.38)

One can image h(t) as the destinate function on which a differential operation
applies, g(¢) as a time-varying coefficient associated to the right of operator s™.
Then (5.38) describes an operator s"g(t), which is equivalent to several lower-order
differential operators in addition to g(¢)s™. This is the major difference between
LTV and LTI operators.

5.4.1 System analysis

We use a modified “standard” MRC control law to control the plants

w = [h1(t) + O1(s, 1) 71 (s)u + [1ha(t) + O, 1) 1" (8)]yp + 1 (5.39)
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where “r'” will be given a little bit later in (5.48); meanwhile, we accept it as a
modified input signal which is different from the reference input “r”; ©; and O,
are (n - 2)-th order LTV differential operators; F'~'(s) is an arbitrary (n — 1)-th
order LTI integral operator with all poles in the left half of the complex plane.
Here we choose [7(s) such that it has different roots. Again, the control input u

appears on both sides of {5.39). In practice, (5.39) is implemented as

w=[1 =4y () — O1(s, )~ ()] H[walt) + Ou(s, t) F{s)]yp + '}

Lemma 5.1 There exvists a sel of “ideal” coefficients 5, 5 and operators O3,
O3 such that plant (5.837) controlled by (5.39) can be expressed as

gp = —=Qnlp -+ (¢lu -+ {I\lF_l'U: -+ @217‘—-1.'//) + ¢2’.’/p) -+ P — 0; (540)

where ¢ = 1y — Y], o =P — 93, &1 =0; — OF, &3 =0y — O and

n—1

- Ci ) .
051 < 2 e (el + sl = m (5:41)

i=1

where A; arc the different roots of F'(s) and ¢; > 0 for1 <t < (n—1).

Proof: (5.39) is equivalent to
(F(1 = ;) = FOIFu = (FO3F™ + Fig)y, = Flg+1')  (5.42)

‘?5 = () - 0* OT = [d)la Gira @’5’1,1/’2] 0 [1/)13 GIT, 92 3 7/)2

wl = [u,w’{,w;‘r,y,,] wy = Apwy +bru we = Apws + bry,

where (Ay, b;) describe F~! in state space. By a proper choice of the matrix pair
(A, by), the vectors w; and wy will represent full states of the two low-pass filers
F~'u and F~'y, respectively. In other words, w; = [w1,w1,...,w§n ”}T. This

implies that
ll -1
«T *
Ol. Wy = L 011 dti- 1 Zo - 1

i=1 i=1

In the following discussion, we will use expressions like

O;F tu=0iTw, and O;F 'y, = 07w,
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On the left side of the above expressions, O] and O3 represent two TV operators.
whereas on the right side, they represent two TV vectors. In the standard MR
scheme, the coefficients of operators @, and @, can be directly converted to the
components of vectors ©F and O3 provided that (Ay, bs) are properly specified.
Thus in the following analysis, we will reler to ©F and ©3 as both operators and

vectors.

Let © represent either OF or O3, and {0;(t)}1=? its cocflicients. On applying
(5.38), we obtain

2n-3 2n-3

Fe = 5% RS0 = S0 ST S Ccktlgmek
m=0 i+j=m m=0 i+j=m k=0
2n—3 2n-3
— Z Z jO_;«m 1 Z Z / Z (vk()(“ =k
m=0 i4j=m m=1 i4j=m k=1
= OF+F®O (5.43)

where CF = ohm k)lk" f,-k) denotes the k-th order derivative ol 0;. We use ['® O to

denote the non-commutable part of F'O. With this we can re-arrange (5.42) such
that

{[F(1 = 9;) — O}|B'A - O35 — I'y3 }y,
= Fwio+r)+FOOF  ut I @Oy, (5.44)
Like the standard MRC approach, we first determine ¥ and ©7F such that
F(1 =) -
n—2

= ./n I(J - T/’ -l + Z[f l - 7!' 0:; + /1]31

n-1
= Z b,isi = _B(S, [) (5‘15)
i=0

where {f;}75) and {07,}252 are the coefficients of F' and OF respectively; {f;}1=2
are the additional coeflicients derived by substituting (5.38) to F'(1 —«}). Once
Wt =1 — by_y is determined, {f;}752 are all determined. They are linear combi-

nations of the derivatives of b,_;(¢) up to the (n — 1)-th order. The coefficients of
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@7 are then determined by
nEfill=d)+fi-b 0SiSn-2
Next, we determine o and then ©3 such that
A(s,t) — OF — s = F(s + am). (5.46)

This is similar to the above process because the coefficients of s™ in both A(s,t)
and F(s)(s + an) are 1. Only n coefficients {a;}7 have to be matched. Now
(5.44) reduces to (5.40) which is equivalent to
Up = =Yy + W+ 1" — 0] (5.47)
where —0% = [~ @ O) '~ 'u+ F~Y(F @ ©3) F'y,.
According to (5.43), ' ® © = FO© — OF. This means F~' ('@ ©)[~! =
O~ — F-10. It follows from Assumption 5.2 that the coefficients of @] and O3

are (n — 1) times differentiable and the derivatives are bounded. This suggests

n-1 -
OF ' —F7'0 =3 {Bi(s+X)™" = (s+ 2)'0:)

t=1
where {0,375 and {0;}*= are bounded linear functions of {0;}=} and their deriva-
tives. The above expression enables us to write (5.41). Q.E.D.

The most conservative way to stabilize (5.47) is to specily
u =1 — sgn(e)(kq|lw| + ms)

where € = y, — Y, ym = (8 + @)~ 'r and ky > sup, |67]]. Then the tracking error
will satisfy
é = —ame — sgn(e)(ko|lwl] +my) — 70" 0.

2

Consider a Lyapunov function candidate v = 0.5¢2, One can easily obtain v <

~anc? which means the closed-loop system is asymptotically stabie.

It should be emphasized that in general, a stable model reference control
(MRC) of time-varying plants requires exact knowledge about the system param-
eters A(s.t) and B(s,t) [24]. But in the special case of relative degree 1 plants,
the proposed MRC scheme ensures stable tracking provided that the upper bound

of ||0%| is available.
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~1
feba]

5.4.2 The effect of 9;

We are now in a position to explain why this modification is used instead of the
Tsakalis-Ioannou scheme given in [24]. In general, the T-1 scheme is better than
the standard MRC because it offers a perfect mateh when the plant coefficients
are available. But chere are some technical difficulties in parameter adaptation
because of the replacement of the controller parameter . If we apply the T-1

scheme to plants with relative degree 1, then the tracking error would look like
€= —ayue + X(s, t)w’ )

where X (s,¢) is a known LTV operator. The controller parameters now hide inside
an integral operation X(s,t). Tsakalis and loannou [24] proposed an adaplive
law to adjust ¢ when the unknown parameter vector 0* are slowly-varying, or
0* = H(t)p where H(t) is a known, fast varying matrix whereas p is an unkown,

slowly varying vector.

When the relative degree is higher than 1, Taskalis and loannou’s algorithm
sees to be the only way out. However, when the relative degree is 1, we can
propose a new adaptive law w! ch directly updates ¢ without the slowly-varying

assumption.

For plants with relative degree 1, the ideal controller parameter 0~ is a lincar
vector function of {a;(¢)}iy, {0;(t)}7= and the derivatives of au—1(t) and by (t).
If we have some “structural” knowledge [24] about the plant coeflicients, then the
structure of 0* must be almost the same as that of A(s,t) and B(s, () as (5.45) and
(5.46) suggest. In case 0* = H(L)(™ where [(t) is a known time-varying matrix
and ¢* an unknown constant vector, we can specify »' = r — sgn(e)(kc||¢]| -+ mu),
or equivalently

u =1+ w H(t) — sgnle)(kell¢]) + my)

where ¢ is the estimate of ¢*. Consequently, the tracking ervor will satisfy

¢ = —ame+w H(L)AC = 07 — sgn(e)(my + ke|lC])
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where A¢ = ¢ ~ ¢*. Consider now a Lyapunov function candidate v = (e +
|AC]2). An |e|-modified adaptation law [15] { = ~|e|¢ — eH (t)TwT will lead to

0 < —lef(amlel + I<I1%)

provided that k¢ > [|¢*]]. As a result, the system is asymptotically stable without
persistent excitation,

When no a4 priori knowledge about 03 is available, c1e caa control the system
via a normalized signal «*(t) = 0y /my. It is not difficult to see that «* and &~ are
bounded. If we specify

=140, =r+a(t)my, (5.48)

then the control law is given by
w=1+w 0+ a(t)my. (5.49)

And the tracking error satisfies

€= —dnye -+ </)Tw + Pamy = —ame + L@ (5.50)
where ¢, = a(t) — a*(t), ¢* = [¢7, ¢.] and @7 = [wT,my). The adaptive law is
described by

0=-00-S6 o ¢=—0d— o - (5.51)
o a

where j = o + 0 and 7 = 0T, a*].

Lemma 5.2 The closed-loop adaplive control system (5.50) and (5.51) is uni-
Jormly ultimately bounded. (u.u.b.).

Proof: Considering a positive definite function v = 2(e? + ad? ), and evalu-
ating v along a closed-loop system (5.50) and (5.51), we obtain
b < —ape’ — aol|d+ ‘2%”2 + aF (5.52)

where 7 = sup,{]|7]1>}. The above inequality implies the existence of v* such

that ¥ < 0 whenever v > v*. Thus v and all signals are uniformly ultimately
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Figure 5.7: Tracking error of a LTV plant with 0,.
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bounded. The system will reach a region where ¢ > 0 in finite time which is an
elliptic ball suggested by (5.52). Q.E.D.

In Lemma 5.2, we do not require any ¢ priori knowledge about the “ideal”

controller parameter vector 0*. It can be fast-varying as long as ||07]] is bounded.

The o-modified adaptation law will catch up to the changing parameter and force

all signals to converge into an elliptic ball. As suggested by (5.52), the tracking

error can be controlled by adjusting a,, and a.

A simulation experiment is conducted to test the adaptive system. The plant

dynamics and the reference model are given by

(8 — 65 + 2sin(dt))y, = [s(2 + sin(d1)) + Ju

(s 4+ 10)ym = 100sin(t)
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respectively. (5.39) and (5.51) are implemented to control the system. In this

case, 0, is an additional adaptive signal intended to cancel the effect of 0. (The

normalizing signal my is replaced by 1 in this case.) The adaptive vector is 7 =
[4h1, 01, 0n, 402, 0,] while the feedback vector &7 = [u, (s + 1) u, (5 + 1)~ yp, yp, 1].
We choose ary! = .01 for 4y, oz = 500 for 6, and ™" = 100 for the rest of the

signals. A leakage factor o = 1 is uniformly assigned to all adaptive signals. In

Assumption 5.2 we assume that the sign of B(s,t) is known and positive. Thus

we can set the initial value of ¥y = —100 such that (1 ~%;)~! is a small value at

the beginning of the adaptation. The initial valuss of all other adaptive signals

are set to be zero.

The tracking performance is plotted in Fig.5.7 where |e| £ .25, about 2.5
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percent of the model output. Fig.5.8 plots the result without the compensation
signal 0,. All other conditions remain the same. But the tracking error becomes
unacceptable.

5.5 Summary

The design procedures of adaptive controllers for LTV and NTV plants of rela-
tive degree one are presented in this chapter. Pisr order NTV/LTV plants are
considered in Section 5.1. Section 5.2 extends the results to Multi-dimensional
plants with full state feedbacks and Section 5.3 presents an example of applying
the adaptive controller to robotic manipulators. LTV plants with relative degree
one are studied in Section 5.4. These plants can be represented by a general firvst
order state equation. Their corresponding reference models are all first order sys-
tems. The well known o-modified adaptive law can be applied to such plants to

adjust the adaptive coefficients while maintaining stable tracking.




Chapter 6

Adaptive Control of Robots with

Uncertain Models

The adaptive controller developed in the previous chapter is intended for general
LTV and NTV plants, While it can be applied to control robotic manipulators
without any modifications as the simulation results demonstrate, its performance
can be improved by incorporating some more information about the robot to be
controlled. TFor a general n-link articulated mechanical structures like manipu-
lators, there exist several important dynamic properties. These properties will
improve the performance of an adaptive robotic controller if they are properly
utilized. In this chapter, an improved adaptive controller is developed solely for

articulated mechanical structures including robotic manipulators.

It should be emphasized that the dynamic properties to be explored in this
chapter do not contain any specific knowledge about M(q¢), V(¢,¢) and G(g). In-
stead, they describe the relationship between M'(q) and V(q,q) as well as some
function bounds on M(q) V(4,q) and G(¢). Therefore the adaptive controller
developed here belongs to the performance based group. Besides the parameter
uncertainty, the new adaptive controller is designed to tolerate the effects of exter-
nal disturbances 7¢ in the robotic dynamic equation (1.1). Again, some function
bound is imposed on the magnitude of 74 which is proportional to the magnitudes

of position and velocity errors.

80
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Also addressed in this chapter is the possible effect of measurement noise in-
troduced by the feedback of ¢ and ¢. The new adaptive controller is proved to
be stable under the effects ol all three above-mentioned uncertainties and distur-

bances. The detailed derivation and analysis are given in order.

6.1 Some Dynamic Properties

Consider a system consist of NV rigid bodies connected to each other and to the
g
base. Let the system have n degrees-of-freedom and be described by a vector of
12
generalized (Lagrangian) coordinate ¢ € R™. Let v;, w; € B® be the mass-center

velocity and angular velocity of the i-th body respectively. Then, one can write
vi=¢i(g)q  w=¢ilq)q
where ¢;, p;: " = R® are smooth and bounded (unctions of q.
With each body we will associate a Jacobian J;(¢) € R®*"

Vg #i(q)

Jilq)q =
w; vi(q)

q.

These Jacobians possess some useful general properties, derived belov .

In a mechanical multi-body system, the Lagrangian coordinates can always be
selected as relative displacements, linear or angular, with respect to some axes.
Let Z;(¢) be the unit vector of the axis related to coordinate ¢;. Then, the vector

of virtual displacement is given by
AJ’ = Zjé([j.

Let r; € R® be the position vector of the i-th body mass center in the inertial co-
ordinate frame. Then, the virtual change of r; caused by the virtual displacement

6¢;, denoting as r;;(q), is

8rij(q) = Tis(0)A; = Tij(@) Zsbq; Tij € B, (6.1)
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Lemma 6.1 The lransilion malriz Y5 can be decomposed into a sum of a skew-
symmelric and ¢ diagonal matriz

Tii(q) = Sij(¢) + eij(0)],  cijq): R* = R

If §ri; L Z;, then Yi; becomes skew-symmelric, and if éri;||Z;, then Ty becomes

the diagonal 3 X 3 malriz.

Proof: Equation (6.1) can be written as
8rig = (25 % pij + ¢ 2;)6q; = T35 25645 (6.2)

where p;; € R* is an unknown vector and ¢;;(¢): R* = R an unknown function.

The Eq.(6.2) clearly indicates that T;; can be written as

0 (pi)e —(pish
Tij = Sii(q) + i ls Siila) = | —(pij)e O (pij)=
(pis)y  —(pij): O
where Si;(¢) is a skew-symmetric matrix. The unknown function ¢;;(¢) can be
determined by
cij(q) = Zj 6.
It follows that
Zj X pij = 6rij — cij(¢0)Z; = s. (6.3)
The last equation allows multiple solution of p;;. Imposing an additional condition
pij L Z;, we can solve (6.3) for p;;(q).

Denoting, for simplicity, p; = [2,y, 2]7 and assume z # 0, we get

w3 7 I3 3 * r.‘ 0 ——— . lrd . . ——
K m— ijba; ot Jmey, A]zy — ijé - 33;7 ZJ:(C == ijz + S»y.

Then
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From (6.1) it follows that
vij = T4 (6.4)
where v;; may be considered as a virtual velocity ol the i-th body mass-center

caused by the virtual generalized velocity ¢;. Eq. (6.4) implies that

vi=) Ti;Z;q;. (6.5)

Jj=1
Q.E.D.

Since an infinitesimally small angular displacement can be represented by a

vector, a similar formula can be derived for the angular velocities

wi = Qi Zig;  wi= ) N 2,4 (6.6)

i=1

Lemma 6.2 Matrices T; and Qi; have idenlical structure.

Proof: Transition matrices §;; for infinitesimally small angular displacements
have the same structure as Y;;, except the vector 8r;; sh.ald be replaced by a
vector representing this angular displacement. As was mentioned in the main
text, matrices T;; and €;; become particularly simple in case of a open chain
mechanism. Q.E.D.

Using Eqgs. (6.5) and (6.6) the Jacobian can be written as

Tilzl Ti2Z2 ’rinZn

Ji(q): 7 7,
Qusy Qpdy .. Qi

In the particular case of an articulated open-loop mechanism (robotic manipula-
tor) T;; and Q;; have very simple structures. All Q;; become identity matrices
(since ry; L Z;), and YT;;Z; can be represented as Z; x h;;, where hy; is the vector
from the j-th joint to the i-th mass-center. That is,

Z] X /L“ Z,' X/l,‘i 0 ... 0

Ji(g) = .
(@) Z . Zi 0 .. 0]
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Since ¢i(q) and ¢;(¢) are smooth functions of ¢, we can assume

9%iix(q)

O¢nOm | < oo (6.7)

where jir(q): R* = R is the jk-th entry of Ji(q).

Using the Euler-Lagrange equation, one not only derives the dynamics of
a class of nonlinear mechanical systems, hut also arrives at the following useful
properties about the system dynamics. These properties will be used in the design

and stability analysis of adaptive controllers.

Property 6.1 Let | X||p denote the Frobinious norm of matriz X. Then both
IM(llr and ||G(q)||lr are uniformly bounded. Let mjx(q) be the jk-th entry of
M(q), then

P*mijk

I dq:0q

| <oo Vg,q

Proof: One can write

M(q) = Y1 (0)QuJi(g) and Glg) = g3 miJ] (g)h

i=1 1=1

where hT =[0,0,1,0,0,0]; ¢ is the gravity constant. The boundedness of || M(q)||r
and ||G(q)||r is self-evident from the above expression. The boundedness of '6%2,%;}17
follows equation (6.7). Q.E.D.

Property 6.2 For a properly defined V(q,q) (this matriz does not have a unique
form), the matria M (q9) —2V(q,q) is Skew-symmetric. In order words, the follow-
ing tdentily holds

T [M(q) =2V (¢, )z =0 ¥ ©#0, ¢,4. (6.8)

Proof: The k,jth element of M(q) is given by the chain rule as

n a )
. LUTT
M = Y, ——2di.
; 9qi
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And the k, jth element of M (q) — 2V(4,q) should be

Z{amm__[@m“ Imu «")m,-j]}(,“

')'hkj - ?.'Ukj =

dq; aq; 0q;
B omi; (?m ki
= Z[ Boe " g,

Since M(q) = M¥(q), it follows that m;; = mj,. By interchanging the indices k
and j in the above equation, one will find that rug; — 2vy; = 205, — 1. Therelore
the matrix M — 2V(¢, ¢) is skew symmetric and (6.8) is true. Q.E.D.
Property 6.3

V(¢ q)x = Vin(q)lg2] V2 € R

2 . . . . . '
where Vi, (q) € R™™ is a uniformly bounded nonlinear matriz function and

] = [ S e S o o 1T n?
[(f"LJ"‘[(Il:Lh"-a(ll"Ln» treyeeeyy (11L*'L'I$"'1qna'n] GR .

Proof: The ith component of vector V(¢, ¢)x can be expressed as

n

n
vi (g q)e =35 vik(q)djus

i=1 k=1
where v;;(q) is given by
L Omy;  Omyy Omyj
2 dq; * B

5e;  One
According to property 1, vijr(q) is uniformly bounded for all possible ¢. Let

Uik (q) =

I = jn + k, then vyu(q) is the i-Ith entry of the matrix Vis(q) while ¢;@x the (th
component of vector [¢z]. It also follows that ||Vas(g)||r is uniformly bounded.
Q.E.D.
Property 6.4

V(g+x,q)=V(x,q)+ V(i,q) Yazelt (6.9)
and

17 (2,0l <oo i lizll < co. (6.10)
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Proof: The ¢-kth entry of V{j+ 2,q) is given by
vin(§ + 2, q) = ilvﬁk(w(fb + ;)
i=
which ‘mplies (6.9} and (6.10). Q.E.D.

Property 6.5 [M(q)llr < culldll IVar(@)l < evlidll and |G(a)]l < ealdll for
some constants cpy > 0, cy > 0 and ¢ > 0.

Proof: Consider the ¢, kth entry of M(q). Its time derivative can be expressed as

mi;(¢) = ¢TVymij(g). According to property 1, ||V, mi(q)| is bounded. There-

1M (e = \| o2 mE < l\fiﬂ\] 22 IVymal? < earlldl.
t=1 k=1 i=1 k=1

The same argument applies to the cases of Vis(¢) and G(¢). Q.E.D

fore

6.2 The Adaptive Controller Design

Introduce variables s = ¢ + Ae and 1 = ¢y — Ae, where e = ¢ — qg; A = AT > 0.

The control law is given by
7= —=Ks+ Apth + Av[i] + Ag (6.11)

where [@]7 = [itht . dutbn Gatbt oo dou oo Gutbr ... Guib] € B
K = KT > 0; the adaptive matrices Ayy € B, Ay € R™™ and Ag € R™*!
are intended to conipensate the nonlinear dynamic terms M(¢), Viu(q) and G(q)
respectively. According to Properties 1 and 3, M(q), Vi(q) and G(q) are all uni-
formly bounded. The vector Ay[¢t] introduced in accordance with Property 3
(V(4, )¢ = Vm(q)[¢]) plays an important role in the latter stability analysis.

Let A = [Aur, Av, Ag] and (T = [T, [¢)7, 1]. Then the control and adaptive
laws can be written as

7= —IKs+ AC, (6.12)
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Figure 6.1: Block diagram of the control system.
. 1 g
A+ocA= —--&SC (6.13)

where ¢ = g0+ 01|¢|l; 00, o1 and « are positive constants. The adaptive controller
only requires position and velocity feedbacks. A block diagram of the closed-loop
adaptive control system is given in figure 6.1.

Remarks: The control law ({.11) is somewhat similar to that of Slotine and
Li [39]. There are two important differences. First we have introduced a new
vector of control variables [¢20]. With this vector, the adaptive matrices Ayr, Ay,
and Ag are no longer required to compensate for potentially unbounded terms.
Secondly, the adaptive matrices in (6.11) depend on the tracking error and are
determined by the adaptive law, while in [39] the corresponding matrix coefficients
represent estimates of matrices M(q), V(¢,¢), and G(g) of the plant dynamic
model. The adaptive controller by Slotine and Li belongs to the “model-based”
[36] methods. The modeled dynamic, in the sense defined in the introduction,
should be completely known, and should be updated on-line during the plant
motion. It is a very computational intensive process for a plant with many degree-
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of-freedoms. In contrary, the law (6.11) implements so called “perlormance-based”
methods [36]. The acdaptive matrices in (6.11) don’t explicitly depend ¢ he

system dynamics, and the adaptation law, (6.13), is very simple.

L

Two other works on performance-based adaptive control, Lin [35], and Seraji
[36], use quite different conirol laws. The corresponding adaptive matrices from
their works should compensate for potentially unbounde.l terms that depend on
robot joint velocities and even accelerations (C'(a”,2") in [35] and d;(q¢,q,4q) in
[36]). As the result, the stability analysis in these works relies on a “slowly-
varying” assumption regarding the uncertain terms ol the dynamic model, In-
troducing vector [¢1p] we relax this assumption. While the dynamic model has
potentially unbounded terms, the adaptive matrices in (6.11) are required to com-
pensate for bounded parts of these terms. We have achieved that, in particular,
by increasing the number of controller variables by the n2-vector [¢1)]. However,
the adaptive law (6.13) for updating corresponding entries of Ay is very simple
and suitable for parallel processing, and we have proved that the increasing in
numiber of controller variables does not produce any negative effect on stabilily

and robustness of the controlled system.

The adaptive law (6.13) has similar structure as the o-modification law by Reed
and Ioannou [9]. They differ in modification factor o. In the proposed adaptation
law (6.13), the factor o = og + a4||¢|| varies according to the magnitude of the
joint velocity. This enables the adaptive quantities Aps, Ay and Ag to trace M(q),
Vin(q) and G(¢) with a proper speed. As a rvesult, the stability analysis no longer
relies on the “slowly varying” assumption.

6.3 Stability Analysis

The stability analysis is divided into two phases. First, the unmodeled dynamics
T4 are considered without any measurement noise in the feedback cirvcuits, The
proposed adaptive controller is proven to be able to contros the robot such that
the tracking ervors are kept within a computable tolerance. Then, a similar but

more involved analysis is conducted for the cases where the feedback channels are
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contaminated by some bounded ncises. In both cases, the closed-loop is stable as

long as the feedback gain K is sufficiently high.

6.3.1 Robustness with respect to unmodeled dynamics

Combining (1.1) and (6.12) leads to
M(0)i + V(4:0)q + Glg) + 7a = =K + At + Av[g] + Ac.

Subtracting M(q)s + V{d, ) + G(q) = M(q)b + Var(¢)[@] + G(q) from both

sides of the above expression, and using the fact that s = ¢ — 1), one can write

M(q)s = =[K+V(4,q)]s+ Prth + v [deh] + g — 7
= —[K+V(§q)s+P(~m (6.14)

where & = [(I)M,‘I)v,‘I)M], Oy = Ay — 1\’[((1), by = Ay — Vm((_/) and &g =
Ag—Ci(q). The above equation represents the trajectory of a robot (1.1) controlled
by (6.12). The unmodeled dynamics and the external disturbances are assumed

to be bounded by
llall < do + dalé]] + dale]] (6.15)

where dy > 0, d; > 0 and dy > 0 are some constants.

Theorem 6.1 [nr the closed-loop system (6.13) and (6.14), the tracking errors
¢, e and the compensalion error ® are uniformly ultimately bounded if the feedback
gain K is sufficiently large such that Ay, the smallest eigenvalue of K = KT > 0,
salisfies

Mo > dy +0.5(dy + dy||A]]) (6.16)
MAZ > dy||A]l 4 0.5(cdy + dy[|A]]) (6.17)

where ||A|| denotes the induced norm of A = AT > 0 and Ay the smallest eigenvalue
of A.




Adaptive Control of Robots with Uncertain Models 90

Proof: Consider a positive definite function
L= %{STM((]) + aTr[®D7] + T (KA + AK)e).
Its time derivative L is evaluated along (6.14) as
L=—eTKé—eTAKAe = sTrg + Tr{(s(T + o)D) (6.18)

where the identity (6.8) has been substituted to cancel out s”M(q)s; another
identity 2Ty = Tr{ayT} has been applicd to get sV ®¢ = Tr{s¢"®T} and hence
the last term of the above equation.

With adaptive law (6.13), one can verify the following relation
¢t ad = —a{l' + o®). (6.19)
where I' = [['y;,Tv, g and
Iv=cM+M, Tv=cV,+V, Coc=0cG+0C. (6.20)

Substituting (6.19) and identitv Tr[XXT] = || X||% into (6.18) leads to

. . ) , T Q. |
L=-é"Ké—elAKAe - sT7y — ao||® + 5,7;”?” + =l 7 (6.21)
According to (6.20), one can write
(M, Vi, G] -
- M GO 1) + 6.22
151 < (N, Vila), Gl + IS5 < o B (02
where by Properties 6.1, 6.3 and 6.5 (proved in Appendix A),
(M, Vi, G]
= sup |[[M(q), Vm(q), G(@)]l|Fr and = sup
ql ”[ (/) (/), ([)]”F p r}.'} {” oo + 01 ”(/” ” }
The fact that ||¢]| < ||¢a]l enables one to write
[MII IF < *ad(p + )" < w+mllél (6.23)

where
(a4 , a 72 )
0= 7(p+ B)(00+ o1lldullmas) and 11 = 7(p+B)or. (6.24)
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Substituting (6.23) into (6.21) results in

. ' g + ].-‘ ) .

L < =Mlléll* = Mse"A%e = "7 — a0 || @ + o= + 70 + mllé] (6.25)

where Aj, is the smallest eigenvalue of I.

Pause: Intuitively, one can sense the design strategy here: If K is sufficiently
large, the two negative quadratic terms —Ay||¢]|? and —A\eTA%e in (6.25) will
dominate all other possible terms of ||é]|, |le]| and ||é]|||e|| whose coeflicients are
bounded by some positive constants. Thus L < 0 when any one of ||&], [le|| or
| @] exceeds a certain level. The detailed analysis are given as follows.

According to (6.15), one can write

=" < (lell + 1A llel)(do + dalJé] + dalle])

= dolléll + di[é]]* + callell + cullell® + ezllelll€]

where |[A|| denotes the induced norm of matrix A; cg = do||A|l; &1 = dof|A|| and
¢z = dy + dy||A]]. It then follows that

; . . . T
L < —arllé* = ale] + calllel] + aalle] + collel] = a0 @ + I3 + 70 (6.26)

where a; = Ay — dij ag = M3 — ¢y az = dop + 71 and Ay denotes the smallest

eigenvalue of matrix A. A further manipulation of (6.26) leads to

: C2 . D) . az o €o 9 r 2
< _2 - —_ LAY _ oy adl
LS =200 1ol = pillel = 2 = pallel - 52" — @ + o] 4 7

pt+B
2

R (4%} ¢
< =pufléll = 5=)7 = pa(llell - :;5;)2 —ao(||®]|r —

o Y4y (627

where (6.22) has been substituted to eliminate the nonlinear function I'; according
to (6.16) and (6.17), Ax is sufficiently large such that
Mmo= ap — %% = A —dy — 0.5(dy + di]JA]])) > 0
¢ .
P o= ay— 2 = MM} — da|All = 0.5(dz + dy[JA]]) > 0

1 (do+m)* | diJJA]?
= o4 + .
Y Yo 4( " 12 )
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Inequality (6.27) defines an ellipsoid in a 3-D Euclidian space |[é]j-||elj-||®]| whose
inside contains the set {é,e,® | L > 0}. In order words, L < 0 whenever the
norms of tracking or compensation errors exceed this ellipsoid. Thus there must
exists a constant L* such that L < 0 whenever [, > L7, hinting that L is uniformly
ultimately bounded. Q.E.D.

Theorem 6.2 The tracking errors and compensalion error of the closed-loop sys-
tem (6.13) and (6.14) are ultimalely bounded by ellipsoid

/)+ﬂ

L {pi(llél -

a([[llr =

+7 A .
“H, *)? + pa(lell - °” “ 12} < 7. (6.28)

Proof: Introduce

ht) = éTKé+e""/\[\'z\e—i—aa||‘b+T)%PHQF,
fa(t)

Il

HFIIr s'm.
Then (6.21) can be written as L = f5(t) = [1(L), ot
L{t) = L(0) + F5(t) — I\(¢)

where [y(t) = f5 fi(t)dt, Fa(t) = [5 f2(t)dl and L(0) the initial value of L.

Since fi(t) 2 0, Fi(t) must either converge to some constant or diverge to
0o. In the first case, [y(t) — [, then fi(1) — 0. (6.28) will be satisfied; In the
second case [(t) — oo, we have
Ly _ o () L)

ARG TR T TR0

It implies that
tlinc}a L= tli_f};[fz(l) ~ fi(t)] = 0.
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A substitution of the above result into (6.27) leads to (6.28). Q.E.D.,

According to Theorems 6.1 and 6.2, the tracking ervor can be reduced arbitrar-
ily by increasing K alone. The impulse response of the closed-loop system will not
be affect by the high feedback gain, because the intermediate vector s = é + Ae
actermines the transient response of the system. By increasing K, the whole feed-
back of K's will be increased. When ||s]j is bounded, the tracking error can be

shown to satisly a first order linear differential equation
s=¢+ANe=v

where v represents a bounded nonlinear disturbance. No matter what value of
K is assigned, the transient behavior of the system is actually determined by A,
which is assigned as a positive definite matrix. By altering the cigenvalues of
A, one can adjust the transient response ol the closed-loop system. Simulation
results on the effect of K will be given later on in this chapter,

6.3.2 Robustness with respect to measurement noises

A measurement noise is unavoidable in the feedback circuits. In spite of relatively
small magnitude, the noise effect may be distorting, since noise introduces errors
directly in the adaptation law. Let n, and n, denote the noise vectors introduced
by measuring ¢ and ¢. Since the joint velocity could be measured from a different
channel rather than taking the numerical diffeventiation of ¢, n, is not necessarily
the derivative of n,.

Because of the noise, the control and adaptation laws have %o use the noisy
state leedbacks to calculate the control torque and update the controller coefli-
cients, It follows that

ro= -, 4 AM"Ibn + AV[‘)n"ﬁn] + Ac
= —Ks, + Al (6:29)
1 Al
—op A~ ancg (6.30)

>
it
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where a subscript “n” is used to emphasize that the corresponding state variables
contain some noisy elfect. For example, ¢, = ¢ 4+ nyy 8, = 5 -+ ny -+ Any, thy, =
Ga — A(e +np) and 9, = Gy — A(é+ ), ele. Consequently, ¢, is a noisy version
of ¢ computed trom noisy feedback states ¢, and q,.

Lemma 8.3 The lrajeclory of robot (1.1) controlled by (6.29) 15 described by

M(q)én = =[K + V(G 0))su + DCu — 74 (6.31)

where
To= 74— M)y = V(0 ¢)4a = V(q, )1y + V(ny, gjNen

which is bounded by
7all < do + dil|én]l + dellea| (6.32)

Jor some constants do > 0, dy > 0 and dy > 0 if ||fu,]], ||| and ||n,|| are bounded,

Proof: Combining (1.1) and (6.29) leads to
M)+ V(g,)g+ G(g) + 10 = =K, + Aprt + A vlgubn] + Ag.
Substituting M(q)§ = M(q)G. — M q)n, into the above equation resulvs in
M(q)in + V(6 0)d + Glq) + 70 = =K3n + Aartha + Avlduthn] + 16 (6.33)
where 71 = 1y — M(¢)n,. A subtracticn of
MY + V(s )00+ Cla) = M{gYbn + Via(0)liuths) + Cg)
from both sides of (6.33) leads to

Ad’(Q)én + V((]s (/)d - V(‘]m (/)"[’n +7n = ~ I3, + d’;\["bn + ‘I)V[(}r‘t"/’n] o+ B
K8y + OC, (6.34)

i

where the relation §, = §, -- 1, has been substituted.
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According to Property 6.4, one can write
Vid,adi = V(4,q)in = V(¢ )00, (6.35)
V(gn,a)tbn = V(4 q)tn + V(nu, q)tbn. (6.36)
This enables one to rewrite (6.34) as
M()én + V()0 + Ty = = K3y + OC, (6.37)

where

o= 1= V(g q)m = V(n, )¢u
= 14— M(q)iy — V(¢ q)ny = V(n4, q)hn
Ta — M)t — V(q, ¢)ny — V(ny, Q)gu + V (14, ¢)Aen.

h

In the last equation, M(q¢)n, and V(ny,q)4y are uniformly bounded because n,,
ny and ¢g are bounded by assumption while Properties 6.1 and 6.4 apply to these
cases. The remaining terms can be conveniently bounded in terms of ||é,]| and
lleall because ||g]| < |lén]l + |lge = no]l and ||é]] < ||éa]l + |Inu|l. Thus inequality
(6.32) holds, Equation (6.37) is another form of (6.31). Q.E.D,

It is important to notice the resemblance between (6.30) and (6.13); (6.31) and
(6.14); (6.32) and (6.15). The major difference is the subscript “n” which indicates
that the corresponding vector contains some bounded additive noise. Some effects
of the measurement noise can be added to the equivalent disturbance 7y. Lemma
6.3 proves that these effects can at most grow as fast as ||é,)| and |les]]. The
conditions in this case become very similar to the noise-free case. Instead of
Lrying to prove that é, e and ® are bounded, one may prove that é,, e, and @ are
bounded. The boundedness of é and e follows from the fact that n, and n, are
pre-assumed to be bounded. Now, the following result becomes straightforward.

Theorem 6.3 [or the closed-loop system (6.30) and (6.21), én, e, and & are
uniformly ultimately bounded if the measurement errors 1y, n, and n, are bounded
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such thal (6.82) holds; the fecdback gain K is sufficiently large such that Ny, the
smallest eigenvalue of K = KV > 0, salisfics

Me > dy+0.5(dy + dy|[A]]) (6.38)
MA2 > dy|A|] + 0.5(dy + dy]|Al]). (6.39)

Proef: Consider a positive definite function
L, = {snM (0)sn + aTr[®OT) + eI(KA + AK)ey ).
Its time derivative L, is evaluated along (6.14) as
Lp=—=eTKéy — P AK Ney — 875 + Tr{(suCT + a®)d™) (6.40)

where the identity (6.8) has been substituted to cancel out s¥'M(q)sy; another
identity 2Ty = Tr{ay™} has been applied to get sTd¢, = Tr{s, (Y &7} and hence
the last term of the above equation.

With adaptive law (6.30), one can verily the following relation
sulT + b = —a(l' + 7, ®) (6.41)
where ' = [['y, I'v, ['g] and
Tyr=o0aM +M, Ty=o0,Vy+ V. Dg=o0,0+C. (6.42)

Substituting (6.41) and identity Tr[X X7] = || X]|% into (6.40) leads to

= ||r

-y

Ly = =L Ké, — &L AL Ae,, — s Td—affnll‘l"*‘““*”r + I (6.43]

4oy

According to (6.42), one can write

”L“F < (MM @)y Vilg)y GO + )| (M, Viny G

2L (p+ A (0.4
On ag + 0y ”(In”“, (s )

where by Properties 6.1, 6.3 and 6.5 (proved in Appendix A),

|r and ﬁ=sup{|| [M, Vin, €

in 0o+ o ”(/n‘

= sup [[[M(q), Vau(4), G0)] | ————||r}.
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The fact that ||gull < lda = 7 llmuz + [|éa]] enables one to write

44 |4 ] P ~ . . v
;"J‘”" ”f* < ;[Cwn(/’ + 5)2 < Ao + A1l|éal| (6.45)
1 3
where
.« - _ . a -
Yo = ‘4_(/} + ﬂ) (00 + 0'1”(111 - nu"mux) and "= '{I’(/’ + ﬂ) 01. (6.46)

Substituting (6.45) into (6.43) results in
. . , - . I . e
L € =Melléal® = Ml A%ey — 8774 — aoy||® + :)—;Il?w + Fo + A1 €x]|
<0n
where Mg is the smallest eigenvalue of K.
According to (6.32), one can write
~sie S (léall + IANenl)(do + dillénll + daleall)
= ‘ZOHé'rt” + ‘Z‘l”én”2 + Gollenll + & fleal]® + Gallenllllén]
where & = dol|A|[; & = da||A|| and & = dy + dy||A||. It thenr follows that
Ly < —G1[|énl* — Galleal® + &al[énlllenll + dal|én]] + Collexll

r .
~aoy||® + oIl + 7o (6.47)

20,

where &y = Ay — dy; @ = MA2 = &; @3 = do + 4. A further meanipulation of
(6.47) leads to

~

. Gy, o a .
bn S =G0l = Neall” = Bi(llnll = ) = Balllenl) = 53

I .
—C\'Uygllq) + 90 ”2 + ’Y
“n
o 0 dig -~ éo
< =hi(lléall - m)g = Pa(fleall — '2—2;;)2
1 + 5 A (
—aoy([|P]|F — £ 5 ‘B)Q +7 (6.48)

where (6.44) has been substituted to eliminate the nonlinear function I'; according
to (6.16) and (6.17), Ay is sufficiently large such that

Buo= di—2 =N di =~ 05(dz + di|Al) > 0
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-~

Co

732 = g — — /\;,/\2 - (12“1\” - 0.5 0 (,'g +(i|”1\”
. . l A
¥ = o+ 1(((0+71 + i 8

& pl 2)2

Inequalisy (6.48) defines an elliptic ball in a 3-D BEuclidian space -|l®]|
whose inside contains the set {&,,¢e,, ¢ | L, > 0}. In order words, L, <0 when-

ever the norms of tracking or compensation errors exceed this elliptic ball. Thus
there must exists a constant L7 such that £, < 0 whenever L, > L2, hinting that
Ly, is uniformly ultimately bounded. Q.E.D

Using the same argument in Theorem 6.2, a similar bound can be obtained for
the tracking errors é, e, and compensation error ¢, The detailed discussions ave

not given here in order to save some space.

It is interesting to note that A alone can be simply adjusted to ensure system
stability. Thie is [avorable because K's, can be implemented with simple hardware
amplifiers. Increasing A, means merely increasing the leedback gains,

6.4 Discussion

In choosing o(t), we would like to minimize o(1)||= t)||3 Since ' is an unknown
function, an alternative approach would be minimizing o(¢)(p + -Y—“ML—) . Here
Ve f denotes the gradient of f with respect to @, we assume p ~ V,,Hl [, Then

a reasonable choice of ¢(l) is oy = 1 and og a small positive number.

In (6.28), a serves as the weight on the contribution of ® to L. A choice
of large o implies faster convergence of A — [M(q), Vu(q),G(¢)] while slower
convergence of |le|| — 0 and ||é|| — 0. A small choice of a implies an opposite

rate of convergence speeds. Thus one might prefer a small «.

The choice of a also depends on the sampling rate of the system. Generally,
a smaller & requires a higher sampling rate. Because the integral operations in
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(6.13) and (6.30) are implemented numerically, the numerical errors are inversely
proportional to a as (6.13) and (6.30) indicate. When the initial values of Aps and
Ay are too far away from M(¢) and V,,(¢), the initial tracking errors are naturally
large. If a high gain 2 is used to evaluate (6.13) and (6.30), the numerical errors

will be significant, and that could cause the system to become unstable.

In practice, the system sampling rate is limited, usually less than 500 samples
per second. In our simulation, we find that this significantly limits our choice of

a. An effective way to extend the range of « is to specify
t
a=a+ o exp{——f}.

If oy is assigned by a large positive number, then the system will start with some
small adaptive gain which gradually increases as A — [M(q), Vin(q), G(¢)]- By a
proper choice of the time constant 7', we achieve a small adaptive gain 31-1- during
the transient period of adaptation and a high gain Ele in steady state tracking. In
this case, we do not have to increase the system sampling rate. But we have to
tolerate a longer transient adaptation time. With this modification, L will have

one more negative definite term &T'r[® 7).

It can be shown that « can be replaced by a positive definite matrix without
affecting the above three theorems. In our actual implementations, we replace
a with a positive diagonal matrix. Thus different adaptive gains are assigned to
different columns of adaptive matrix A. It is observed that the last columa Ag
needs a larger adaptive gain, because it represents an integral control term that

helps to reduce steady state errors.

6.5 Simulation Results

Computer simulation experiments are conducted to test the adaptive controllers.
The control object is the two-link planar robot given in Appendix A. Several sets

of simulation results are in order.
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6.5.1 Step response of the system

The objective of this experiment is to observe the step response of the system
under different values of ay, and «,. The robot is supposed to move from ¢; =
q2 = 0 to the position ¢1 = ¢ = 45°. The control and adaptive laws are given
by (6.12) and (6.13). We choose K = 301, A = 20/. o, = .0025, o(t) = ||¢]|. All

initial values of the close-loop system are set to zero.

Figure (6.2) plots the family of step responses of the two joints under the
condition ¢ = a;! = o' = {10,2,1,0.5,0.1}. (The upper part represents joint
two and the lower part represents joint one. The rest of figures follow the same
convention.) One may note that different a values are used to update Ay, Ay

and Ag respectively.

6.5.2 Effect of the I mairix

In order to observe the effect of feedback gain matrix /', the above simulation is
repeated with the same initial values. This time, four different K matrices are
tested (I = 10I, K = 30I, K = 60/ and K = 100/). The step response is
observed to be improved by increasing K. When K is too small (I = 107), the

closed-llop tend to be unstable as Fig. 6.3 demonstrates.

6.5.3 Tracking at different speeds

Adaptive controller (6.12), (6.13) is used to track the desived trajectory for the
two joint positions

q1d = q2g = 1 + sin(27 f1)
where f is chosen to be fi = 0.5 and f, = 2 respectively, representing “slow”
and “fast” movement of the robot. We choose K = 30/, A = 201, ay‘L = 400,
o(t) = ||¢||. The system sampling rate is 500Hz; All initial values of the system

are set to zero. The two varying gains are determined by

O = oy = 0.1 + 100e~7 where T = 0.1.
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Figure 6.2: Step responses of the two joints.
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Figure 6.3: Effect of the feedback gain matrix K.
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Simulation results are plotted in figures (6.4) and (6.5), with (6.4) plotting the
slow tracking performance while (6.5) the fast tracking cases. The dimension of

the joint position is the radian in this experiment.

6.5.4 Tracking with a varying load

The model and experimental conditions are exactly the same as in the previous
experiment. In order to observe the performance of the controller under varying
load, we let mq of the robot model change from 5kg to 10kg at the beginning of
the third second. As we can see from figure (6.6), the robot tracks the desired
trajectory well, In this experiment, the speed of tracking is set slow in order to
observe the slight difference caused by the load change. Such a difference is almost

invisible when the ciosed-loop system tracks a desired trajectory at fast speeds.

6.5.5 Tracking in measurement noise

The desired path is ¢1 = ¢a = 1 — cos(frt) where f is chosen to be f; = 2 for fast
tracking and f, = 0.5 for slow tracking. In this experiment, we study the effect
of measurement noise. The noise sources are assumed to be white with uniform
distribution [-.1, .1] (rad.). We assume the noise effects of different sensors are

independent of each other,

Equations (6.29) and (6.30) are implemented. Every parameter is the same as
in 6.3 except o'(¢) = 0.001 + ||¢y]|. The system sampling rate is 500Hz; all initial

values of the system are set to zero.

The performance under white noise is given in (6.7) for slow tracking and (6.8)
for fast tracking. The white noise of one measurement channel is superimposed
in the figures. Thus one can compare the magnitude of the noise with the desired
trajectory, (The signal to noise ratio is about 20 dB.) Because of the measuring
noise, the robot movement deviates from the desired path. But the system is still
stable. Since the white noise contains all possible frequency components, it must

be able to excite the potentially unstable movement of the close-loop system. Yet
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Figure 6.4: Slow tracking performance.
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we find the system is stable at least in the above experimental conditions. This

agrees with our analytical result (theorem 6.3).

6.6 Summary

In this study, we picsent a simple adaptive controller for trajectory control of
robotic manipulators. The control scheme requires minimum knowledge about
the system dynamics and its implementation is very simple. Only some integral
operations are involved. Since the adaptation of each element is identical to that

of the others, the algorithms are suitable for parallel implementaticn.

As pointed out by Slotine [39], there are two main groups of adaptive ma-
nipulator controllers: the “linear parameterization” and “approximation” groups.
The present study belongs to the second group. Adaptive controllers in this group
require little knowledge of system dynamics, Their structures are very simple and
easy to implement. A common short-coming of these algorithms is that they “had
lo rely on various restrictive assumptions or approximations for adaptive control
design and analysis, such as linearizing the robot dynamics, approximating the
joint motions as decoupled, or assuming ‘slow’ variations of the inertia matrix”
[39]. Our algorithm does not have such problems due to the relaxed assumptions
in theorems 6.1-6.3.

In theorem 6.3, we prove that the designed controllers are robust in the pres-
ence of both unmodeled dynamics and measuring noise. A similar study on Slotine
and Li’s algorithm was conducted by Reed and Ioannou [9]. It is observed that the
original algorithm by [39] is potentially unstable in the presence of some bounded
disturbances. A modified version results in stable performance but the tracking
errors are no longer guaranteed to converge to zero. According to theorem 6.3
and the experimental results, the designed algorithm is able to work in the same
conditions with reasonably good performance. But the implementation is much
simpler.

In order to test the designed algorithms, we conducted a series ef simulation

experiments. These controliers are observed to work well under different speeds.
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The close-loop system is robust under either external [orce or internal measure-
ment noise. It is observed, from both analytical and experimental studies, that a
large K always leads to a better performance. In our experiments, we generally
use K = 301. The results are reasonably good. Yet they can be further improved
by simply increasing K.

Appendix A

A Particular Example  The simulation experiment is conducted on a two-link

planar robot. Its equation of motion is described by

1 = [(2!cos(qz) + la)lamg + BE(my 4+ ma)ldy + [Brmg + i3 cos(qa)ma)da
~2lylgmy sin(qa) gty — lilama sin(qa)ds
+g(maly cos(q1 + q2) + (my + ma)ly cos(q1))

1o = [lamy + L1y cos(qa)ma)dy + Bmady + Lilamgsin(gz)qE + malyy cos(qy + q2)

where [} = .7, I = .5 {meter), m; = 10 and my = 5 (kg). The matrix form of the

M

(201 cos(qq) + l2)lama + B(my + my)  mg + lily cos(qz)my ]
Brrig + Ul cos(ga)me g

system is given by

+ Gq)

(12 q2

M(q) [ 1

+ V(¢,q) [ ({l

where

3

M(q) = [

and
Glq) = [

are uniquely determined; but V(q,¢) is not unique. Two possible forms are pre-

g(malycos(qy + qa) + (my + ma)ly cos(q))
malag cosqr + qz)

sented here

Vlirq) =2l lymy sin(q)qz  —lilamyg sin(qz) gz
«( g = , R
b4 lilamg sin(ga) ¢y 0
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and

—lilymy si 2 —lilymysi "+ g
Vg =| " 27712?1.11((/2).(/2 ilamasin(gz)(¢1 + g2)
Lilamg sin(q2)q 0

One can casily verify that Vi(¢,¢)¢ = V(4,¢)¢. But only V(¢,q) satisfies (6.8).

The other properties can be verified in this system.




Chapter 7

A Robust Self-Tuning
Computed-Torque Controller

In the previous two chapters, adaptive controllers based on some knowledge about
the manipulator dynamics are developed. In order to ensure small tracking errors,
these controllers require high feedback and adaptive gains. In this chapter, a sell-
tuning controller is developed which does not require high-gain feedbacks while
achieving good performance. This is done by exploring more detailed knowledge
about the system dynamics. A general algorithm [or computing the n x | matrix
regressor W(q,q) without using the acceleration feedback is derived. [t can be
applied to any open-chain mechanisms. The unknown inertia parameters can be
estimated by means of the resulting regressor. A distinct feature of this chapter is
the proof of robustness for a class of computed-torque controllers. The computed-
torque controllers are proven to be able to tolerate a certain degree of parameter
uncertainty and unmodeled disturbances while maintaining stable tracking. This
relaxes the requirement of the adaptation law design. The closed-loop system is

proved to be stable without the persistent excitation.

112
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7.1 Robustness of the Controller

The dynamics of a n-link robotic manipulator are described by a second order

nonlinear differential equation
M(q)§+V(d,q)i+G(g) =7+ (7.1)

where 74 represents the external disturbance; M(¢), V(4, ¢) € R**"™ and G(q) € R"
are nonlinear functions of ¢, ¢ as well as a set of inertia parameters, such as
mass, center of mass and inertia of all links. In practice these parameters are
available for the first (n — 1) links. The inertia parameters of the last link are,
in general, inaccurate because the manipulator may frequently pick up or release
unknown objects. The dynamic model coeflicients available to the controller are
M(q), V{4, q) and G(q) computed using the inaccurate inertia parameters. The
objective of this section is to study the mis-matched effects on the stability of

computed-torque controllers.

The control law is given by
= M(q) + V(d,0)d + Glq) (7.2)

where ¥ = ¢y — K,é — Kye; e = ¢ — qq is the tracking error; ¢4 is the desired
trajectory; K, > 0 and K, > 0 are two positive definite matrices. The notation
" indicates that the corresponding matrix or vector is evaluated by substituting a
set of “model” parameters (,, instead of the real parameter (,. (The definition of
¢ and its relation with M(q), V(¢,q) and G(g) will be given in sections 3 and 4.)

The closed-loop system is a=termined by substituting (7.2) into (7.1), that is
é+ Kyé+ Kpe = MY Q)[AMy + AVq + AG — 7] (7.3)

where AM = M(q) — M(q), AV = V(4,q) — V(4,q) and AG = G(q) — G(q) are

\

the mis-matched effects caused by the inaccurate model parameter (.

According to [37], [63] and [64], M(¢) and (I(g) are uniformly bounded. This
means
1M~ (QAM|| < earll]| < cmo + cmlléll + cmallel], (7.4)
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|7 () AG] < ca. (7.5)

The i-th component of vector V(¢,¢)¢ can be expressed as a quadratic [orm
*Vi(q)q [37] where Vi(q) € ™", 1 < i < n are uniformly bounded matrices.
The i-th component of vector AV should then be expressed as ¢7(Vi — V;)4
which suggests

1M MDAV < evlldll* < coo + callél] + cualie]® (7.6)

In (7.4)~(7.6), ¢mo, Cm1, Cm2, CGy Cuo, Cyi and ¢,z are positive constant bounds
depending on the parameter error A( = (,, — ;. In Sections 3 and 4, it will be

shown that these constant bounds become zero when ¢, = (.

Equation (7.3) can be expressed in state space as
¢ = Ape+ 1, (7.7)
where ¢ = [¢T, eT];

K. — -1 : ’a 1
A= l ;@ Kp} and 7o [M ()(AMp +Om Qi+ AG + ) ] |

It is not difficult to find positive definite matrix pair

I al )} and Q:[I&U——af 0 } O<a<l, af <K,

P =
al (K, + KT 0 alg,

such that |
5(PAn + AT P) = -Q. (7.8)

The largest and smallest eigenvalues of P and @ are denoted by Apmuzy Agmaa and
APmin, AQmin respectively. Assuming that |74 is uniformly bounded and using
(7.4)-(7.6), one can write

1 ,
I1Proll = ||[a[}M‘I(Q)(AM?/)+AV(1+AG’+T¢)I|
< ot allel +ealel? (7:9)

for some constants 0 < ¢y < Cmo + ¢G + Cuoy, 0 < &1 < max{cm1,Cm2} + ¢y and

0<Cg = Cy2.
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Theorem 7.1 The closed-loop system (7.7) is uniformly bounded if

1
2 ~ 4 4 a [ —
a>0, o >4y and |e(0)] < NGy (o +y/a? —487) (7.10)

where ¢(0) denoles the initial lracking error;

e'Qe — ci|¢)|? Agmin = €1
= inf{2 = =T > 0; 7.11
« lr:,ld{ el Pe } A Pmin ! (7.11)

B = sup{c2”6”3\/g = 28 and = sup{——-—-—-————ﬂ“(iT”CO} = ____\/ico .
2 (eTPe)? 2 ai  VelPe VAPmin

2
/\Pmin

(7.12)

Proof: Consider a positive definite function L = 1e'Pe. Its time derivative

evaluated along (7.7) is given by
L=—"Qe+ " Pr, < collel| = (Agmin — 1)l + el €]f® (7.13)

where (7.8) and (7.9) have been substituted. A substitution of (7.11) and (7.12)
into (7.13) results in
L < —aL+BL7 +qL3.

According to the principle of comparison, L is uniformly bounded by a scalar

function L, which satisfies

+

[ws= —aly+BLE 4L (7.14)

with an initial condition L(0) = L.(0).

When the conditions given by (7.10) are satisfied, a variable substitution {2 =

L, will change (7.14) to

(v — al.+ B12)

(b= )l = I2) (7.15)

IR ]
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where

L = -1—(a —y/a? —4~B) and [y = 6%(0 +\/a? — 4v0).

(3]

If 1.(0), the initial value of L., is less than or equal to [y, the closed-form solu-

tion of (7.15) can be obtained as

l,— 1y — l,(O) — 1 eo.5t\/c\""—4’yﬁ
l* — ll l,(O) - l'l

which can be written as

LILO) = L]+ 4Ll - 1,_(0)]60.&.\/02__4%

L(t) =
0 T+ - e

The analytical solution of /() suggests that the tracking error ¢ is uniformly
bounded as long as [.(0) < [ which is equivalent to the last inequality of (7.10).

Q.E.D.

According to (7.10), (7.11) and (7.12), An effective way to ensure a stable
system and reduce tracking error is to identify the correct parameter vectur ¢,
such that ¢; and ¢, become as small as possible. This will be discussed in the

following sections.

7.2 Parameter Uncertainties

A rorotic manipulator is an open-chain articulated mechanical system. Ifs links
can be labeled from the base to the end-tip in a consecutive order. Each link is
connected to its neighbors or the base by revolute or prismatic joints, and has
a “link coordinate frame” attached to it. Customatily [63, 64] the origin of the
i-th link frame is located at the ¢-th joint, connecting the i-th and the (¢ — 1)-th

link; the 2; axis is always directed along the axis of the i-th joint. In other words,
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the i-th link either rotates or translates along the z; axis. The coordinate frame
attached to the robot base is assumed inertial. Unless stated otherwise, all vectors
in this study are expressed in the base frame. The entire system consists of n links
and possesses n degree-of-freedom.

Let ¢©' = [g1,...,¢n] be the vector of the generalized coordinate. The com-
ponent ¢; defines the relative displacement (rotation or translation) of the two
neighboring links with respect to the z; axis. Iach link is associated with the
Jacobian matrix which is defined as

[ e } = Ju(¢)d Ja(q) € RO*™
wi
where v, is the linear velocity of the mass center and w; the angular velocity of the
i-th link. Tor a robot with all revolute joints, the Jacobian matrix with respect

to the mass center of the k-th link is given by

Jck((1)= [ 21 X (P1k+ck) Zg X (ng-l-ck) oz Xe, 0 L0000 (7.16)

z 2y 2k 0 ... 0
where z; is an unit vector representing the z; axis; Py is a vector between the
origins of the i-th and the &-th link frames; ¢4 is a vector representing the k-th
link mass center. The (k + 1)-th and higher ordered columns are zero because of
the open-chain mechanical structure; the generalized velocities of higher joints do
not affect the linear and angular velocities of lower links. In case the -th joint

of a robot is translational, the i-th column of the above Jacobian matrix will be

zi X (Py + cx) ‘o zi
2 0|

Thus, the following discussion will focus on a robot with all revolute joints without

changed from

loss of generality.
The inertia forces and moments of inertia forces of the i-th link reduced to the

1«th link mass center are

. d d,,
fi= -—;ﬁ(m,vc,.) and n; = -—zl-i(f, w;) (7.17)
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where m; is the mass and 7 the inertia tensor of the ¢-th link. Then applying the

D’Alamberl principle, the dynamics of a robotic manipulator are expressed as

T+ = ZJE(((TZL [m;vc, } —my { J ])

i=1 Tiw; 0
n . .c‘ 0 "’i

= ZJg(q)(Qi[".']Jr[ ]—[’“9}) (7.18)
=1 wj wi X Tiw; 0

where ¢ € R? is the gravitation vector;

il 0 o " ; y .

Q=" | and |2 | = d(@)it ()i (7.19)
0 T; Wi

where [3y3 is an identity matrix. Substituting (7.19) into (7.18) and then com-

paring the result with (7.1), one immediately finds that

M(q) =Y Jo(0)Qide (), (7.20)
i=1
) ) n | . ) 0 ’
V(d )i =, Ja(a)(@ida (q)q + { . }), (7.21)
i=1 wi X Ljw;

Gq) = =Y mil(q) [ g } : \7.22)
i=1

Assuming that the parameter uncertainty is due to é,, M, and 1}, the unknown

load of the last link, then (7.20) immediately implies
AM = JEQuds, — JEQule

AJV[H AA/I” ca AA-/[ln

AMqy AMy ... AM,,
' 21 ' 22 | 2 (7.29)

AMy AMy, ... AM,,
where
AMy = gz x (P -+ én)]T[Zj X (Pp + &) -
a2 X (Pin + €a)|T[2 % (Pju + €0)] + 27 (T = T) 2
= Amn[(zz"rzj)(Pz‘z;Pj )= (ziTPjn)(z;!'Pin)] +
H(F 23) (P + Pin) = (25 Pn) e = (2] Pin) 25} A& + 2] AT, 47.24)
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where Amy, = 1hy, — my, Aé, = Mué, — mye, and
e - 7 A PV AP A AT T T
ATy =Ty = Ty 4 111a(8y énlaxa — En&y,) — mn(cy cnlaxs — cncy)-

In deriving (7.24), a useful identity (@ x 57 (& x d) = (&7&)(b7d) — (aTd)('D) has
been substituted. Similarly, (7.22) leads to

AGT = [AG], ey AGn]
where

AG; = 771,,_(/7'[;:; X (P =+ ¢a)] — ﬁzngT[z; X (Pin, + é,)]
= —~AmugT (2 x Pp) = A (g x %) (7.25)

According to (7.21), the expression of AV¢ involves the time derivative of
.fc,,(q). To evaluate the analytical form of J,(¢), one can consider the i-th column
of Ji,.(¢). It consists of two sub-vectors z; X (Pi + ¢x) and 2;. The corresponding

time derivatives of these sub-vectors are given by
HX(Puter)+zix(weXep+vp—v;) and 2z =w; X 2; = S(wi)z

respectively, where v; is the lincar velocity of the ¢-th joint frame origin; the
relative linear velocity between the mass center of the k-th link and the origin of
the i-th link frame is given by

W X ¢+ vk — v = P + &

while S() is a skew-symmetric matrix such that S(2)y = « x y Va,y € R®.
Now one can write

Hx(Pigptor) 22X (Pogter) oo Zpxe 0 ... 0
‘él é2 LA ék 0 I O

jCk (‘1) = [

+ zp X (wp X ep+vg) oo e X(wpXe) 0 ... 0
0 Vel 0 0 ... 0

Jo(¢,0) + Joi (0,9)- (7.26)

i
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where v = v ~ v Je (¢, ), the first term in (7.26), is a matrix function of both
g and ¢ because of the time derivative ;. This matrix [unction can be evaluated

using (7.16) by substituting Z; in the place of z;.

As demonstrated in [37], the ¢-th component of vector AV ¢ can be expressed as
a quadratic form ¢TAViq. Its explicit expression can be obtained by substituting
(7.26) into (7.21) as

TAV§ = Ang{(z W PRP) = (3] Pin)(3] Pl +

J=1
+AET Z[ ] m + PJn) - (zJI‘Pln) - (z?'])in.)éj](}j +
j=1
n ~ .
+ 3 AT 205 +
=1
+_37n1l Z[ tnvn.]) ( 2l U'll‘l)( T] ‘")](/J +

+A5T [( 2z 2j)(Vnj = S(wn)Pin) = (zi"rvnjzj) + (z}'Pin)'S'(wu)zi](Zj +

j=1
T T T
+Zz S(wn)(mucae, — Mmnbné;)z;q; +
J—

+2i S(wn)(Tn - Tn)wn- (727)
The sum of the first three rows in (7.27) is the i-th component of vector

[T (0)@nden (0, @) = JE Quden(a, 9)]d. (7.28)

Since J., (¢, ) and Js, (¢q) are very similar to J.,(¢) and Jz,(q), the expression of
(7.28) is very similar to

AMG = [JE(9)Qudeu () = 2 Quden())d (7.29)

whose i-th component is given by Y7, AM;;¢;. The only difference between
(7.28) and (7.29) is that 2z; in (7.29) is replaced by 2; in (7.28).

The sum of rows 4, 5 and 6 of (7.27) is the i-th component of vector

[ c"(([)QAnjén(([,q) Jcl,:((/)Q”an(q’(})](}
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= {7'7zn[z,- X (P,'n + én)]TZ[zj X (vnj + wy, X én)] -

j=1
n

- mn[z,- X (P,',,, -+ C,;)]TZ[zj X (’l)nj 4wy X cn)]}(]j. (7.30)
j=1

- -,

A substitution of identity (& x 5)7(¢ x d) = (a7&)(57d) — (a¥d)('D) decomposes

the above expression into the sum of those three rows.

The last row of (7.27) is obviously the i-th component of vector

. 0 . 0
T (q \ — I (g : 7.31
& (1) [ wn x T } e () [ o X oo } (7.31)
According to (7.21), AV ¢ is the sum of (7.28), (7.30) and (7.31) under the assump-
tion that only the last link inertia parameters arve inaccurate. Thus the derivation

ol (7.27) becomes clear at this step.

The left side of (7.27) is a quadratic form while the right side of (7.27) only
contains the first-order expression of ¢;. However, a careful reader will notice that
every single term in (7.27) involves the product of ¢; with either 2; = w; X 2; or
Wy, which are functions of vector ¢. Therefore the notation ¢TAV:g as the ¢

component of vector AV ¢ is justified.

Equations (7.24), (7.25) and (7.27) all suggest that AM, AV¢ and AG will
be reduced to zero if the inertia parameters are accurate. However, they are too
complicated to use in practice. In order to estimate the inertia parameters from
a proper observation signal, a more simplified expression is needed. That is the

job of the next section.

7.3 Linear Parameterization

Equation (7.18) can also be expressed as

_d & | muvg L 1y R
T4 Ty = I {; J;; [ T }} ;(Jc',m, { 0] +J; T, ) (7.32)
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Introduce a nonlinear function

. 1 LA T n . 7 e | om0
F(iq) = =——{D> J!? 1- miJ] Jip e
(:9) D+a{ ; “ { Tywi | ;(m e (1) [ 0 } e Tiw; 2
(7.33)

where D = jiz is a differential operator; ¢ > 0 is a constant, Substituting (7.33)
into (7.32) and then comparing the result with (7.1), one will find

. rr e . d . .

M(q)q +V(d, q)q + Gla) = 5 F(d, q) + 0 F(d, q). (7.34)

The next step is to linearize F(¢,¢) with respect Lo the unknown parameter

¢ and then design a proper estimator to identily ¢,, = ¢,. The nonlinear function

F(q,q) can be linearized with respect to the system inertia parameters such that

. s ar(q,q) .

F(q,q) = Fu(¢,q) + ”é_LL’"Cr (7.35)

where M’"a%ﬂl € R™! is the linearization matrix; ¢, € R is the true robot iner-

tia parameter vector, The exact definition ol ¢, will be given a little bit later.

Equation (7.35) is an exact linearization rather than a first-ovder approximation.

Since the inertia parameters of the first (n ~ 1) links are assumed to be available,

the first term Fi(q, ¢) can be computed using the correct parameters of the first
(n — 1) links:

= Tiw; = Tiw;

. 1 n-l MV, n-l ol g s | Mg, .
Fu(d,q) = m‘;{DZ JL [ }’"Z(mi']cf [ 0 } +Jg [ \ })}' (7.36)

Equation (7.36) differs from (7.33) in that only the dynamics of the first (n — 1)

links are added together, The dynamics of the last link appear in the second term

MY ‘ITL», v 1 gl {]
- chn ((1) [2al e - 7717,, ‘/“:1“ J }
Thwn, 0

D 1
_ ; A -1y ’ 37
————-—D+GA((I,(/1€1) .D-i-GB(q’([’C) (7.37)

of (7.35) which can be computed by

oF 1 MV
O~ L (pyi(g| ™
Bcc D+o_{ ,.((1)[ T
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where

o . myv n
A((Ia(/:';r) = ']aT,,li e ]

78
Thwy

[{ Xg 77?.,1'03"
13((]7 q, Cr) = 777‘71‘]07,; I ‘+ Jc",: .
0 Trwy,

7.3.1 Linearizing A(q, q,(.) with respect to ¢,

Let a; denote the i-th component of A(¢, ¢, (). According to (7.37), one can write

a; = z? Tn wy + my, (2 X P,-n)T'ucn + my (2 X cn)Tvc,,. (7.38)

The linear velocity of the n-th link mass center consists of two parts: v, =
U + Wy X ¢, where v, is the linear velocity of the n-th link frame origin; ¢,
denotes the vector between the link-frame origin and the mass center of the n-th
link. This decomposition separates v, from w, X ¢, (which involves an unknown

parameter vector ¢,). It then follows that
Tve, = mp(2i X Pin)(vn +wy X ¢5)
= 'm’n(zi X Py, }('vn + S(wn)cn)
= mnki(d,q) + 11 (4, )enmn (7.39)

My (28 X Py

where #i(d,q) = (2i X Pin) vn and 7 (4,¢) = (2 X Pin)TS(wn); S(wn) is a skew-
symmetric matrix such that S(w,)z = w, x & Yo # 0. Substituting (7.39) into
(7.38) yields

#

a4 = ziF Tn Wn + My lﬁi(d,(]) + ﬁtT((I)‘Z) my Cn

+(z X cn)T Vp My + (2 X cn)T(wn X Cp) Moy (7.40)
One can re-write a tri-product term in (7.40) as
(i x cy) vy = z;‘r(cn X Up) = —-z?,S'('vn)cn.
A substitution of the above expression into (7.40) results in

ai = 2z Ty wy +my ki(dyq) + 15 (4, O)mncn
+(3i X Cn)T(wn X Cn)mn (7.4.1)
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where 9;(4, ¢) = (¢, ¢) = zF S(va) is independent of the measurement parameters.

The last term of (7.41) can be handled in the (ollowing way,

(zi X en)T(wn X €)= 27 [en X (wy X )]
= (zfwn)(clen) = (2] en)(chwn)
= (z;:l‘w"l)(c;ll.'CTI) - 3?'(011";1;)"‘% (7.42)

where an identity @ x (b x &) = (a7&)b — (G7'0)¢ has been substituted.
Now, one can substitute (7.42) into (7.41) to obtain

T "y T, , q
a; = 2z; Tn wn +my ki(4,q) + 97 (¢, ¢)macy (7.43)
where T, = Ty, + mn(clc,Iaxs — cucl); faxa is a 3 x 3 identity matrix.

nep

It is not difficult to see that 7), = %R "7, 2R and w, = °R "w, where “R
is a rotation matrix that transfers from the n-th link frame to the base frame;
nT' and ™w, still keep the same physical meaning as T, and wn, but now they
are expressed in the n-th link frame as their leading superscript “n” indicates. A

moment’s thought will convince one that *T), is a constant matrix.

Let

Wy, ﬁa:a: ’Twa:y ri’l:z
My = | wy and ", = E.y .’I.~".W Tyz .
wf.’ 'r~14' Z rMTyZ j“: Z
A key step in linearizing (7.43) is to write
Tm.:. Ta;y Twz -I Wy,
"I Mwn = Twy Tyu Tyz wy | =A("wn)p
Tx: r-'yz Tzz Wy

where p¥ = [Tyu, Tyys Tozy Ty Tizy Tyz) and

z

wy, 0 0 wy w; 0
Al'wp)=1] 0 wy 0 w, 0 w, |.

0 0 w;, 0 w, wy
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Since Thw, = SR ™7, "wy, = 2 RA(™wn)p, one can re-write (7.43) a

i 2l CRA("wy)p + maki(d,q) + 0l (6, 0)mncs
=z QRA("wa)p +muki(d,q) + i (,0) AR "eamn (7.44)

where "¢, is a transformed version of ¢,. It is a constant vector expressed in the

n-th link frame. Now, if one chooses ¢, = [p¥,myn, "2L]¥ where ", = ™cymy,

then A(q,q,¢) can be linearized as

21 nRA(nw") ""l(qiq) 77;[‘((17(1) gR
A((quv(:T) = : : . C’r
;'fﬁRA( wa) ka4, 0) 72(4,q) R
ki(g,q) = (2% P,»n) vy = 27 (P X Vn)

= Z?S(P,'n)'vn; (745)
7 (6,0) = (2% Pin)"S(wn) — 27 8(vn)
= 2 [S(Pin)S(wn) — S(vn)}. (7.46)

Let us introduce a matrix function
P SR A 2 S(Pr)vn 28 (Pn)S(ws) — S(v,) OR

T(z) = : : : (7.47)
;{‘gRA 2TS(Pan)on 2TS(Pun)S(wa) — S(vs) O R

where z = {z;},. Now, one can write

Al4,4,6) = T(2)¢: (7.48)

Although I'(z) is explicitly expressed as a funztion of z = {#;}%,, it is a matrix
function of ¢, and ¢ as indicated by (7.47). In the next section, z will be replaced
with 2 = {£;}%,. The resulting matrix I'(2) is used to linearize B(4,¢,¢,) with
respect to (.
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7.3.2 Linearizing B(q, q,(,) with respect to (,

Recall from (7.26) that the time derivative of J,, (¢) is given by

T P n n : P n n én “rl
Jo (q) [ 1, +en) 22X (Pan + cn) X ¢ }

il

. .
«:2 e ::u

+ { z X (vc,, — ¢ oz X (v, —V2) ... Zy X (Ve — Un) }

0 0 . 0
= jcn((b (]) + jc,,(‘]y (2)‘
It then follows that

Il

, g » | My, ey s
B(q’ (11 CT) 7nnJcTn + ']Cn - ,l ¢ + ‘[ (3)(47’
] 0 Tawn
= C(,0:6) +T(E)G (7.49)
where the matrix I'(£) is the same matrix function defineded in (7.47) except that

every z; is replaced by Z;;

C((L%Cr) = an;I,, [ g ] + jc,, [ sznvc" ] .
0 L ntn
Since (z; X ve, ) v, = 0, the i-th element of C(¢,¢,(,) can be expressed as
di = muzl (P +cy) X g—v; X vg,]
= Mmpz] [Pin X g — S(9)cn — v; X (Un + wy X ¢4)]
= Mz} (P X g —v; X 0y) = 27 [S(v3)S(wn) + S(g)] SR "¢,

= maai(4,q) + B (4,9) R "én (7.50)

where
aildyq) = = [S(Pu)g — S(vi)val; (7.51)
Bi(Ga) = —=[S(wi)S(wn) + S(9)). (7.52)

Introduce another linearizing matrix function
OT 0'1((27([) ﬂ;jv(ds(I) yOLR
M=o | 0 z (7.53)
OT CYn(Qa‘I) ﬂ;jl'((?)q) SLR
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where o € R® is an all-zero vector. Then one can write C(¢,q,() = —N(,.

Substituting into (7.49) results in
B(‘/a q, C/) = [F(z) - N]C,. (754)

By substituting (7.48) and (7.54), one may rewrite (7.37) as

oF . 1

= " —T(2)]¢,. 7.55
56 = Fslor) + X - TGk (7.55)
And the linearization matrix can be computed by

or D 1
_52 D+ aI‘(z) D+o

R — ()] (7.56)

7.4 Parameter Identification

According to (7.34), one can pass the control torque vector 7 through a first order
low-pass filter to obtain

1
D-+o

U=

T=F(q.)(I)—;7:d

where 7y = + =—74 18 the low-pass filtered version of the external disturbances.
Equation (7.35) suggests that the above equation can be separated as

aF(4,q)

2 Cr — Ta (7.57)

ﬁ:u-—-F((/,q)

where F,(q, ¢) can be computed by (7.36) using the correct parameters of the ﬁrst
(n—1) links. Obviously, @ = u— F.(¢,¢) and the linearization matrix function & ¢
are available to the controlier. Thus (7.57) fits the typical framework of a least

square estimator. Lhe estimator will try to minimize
't , oF .
Lota=Seepa = [ R0 - S alPa
to OC
4]
= /t I17(d, q) — Fn(d, q) ~ 7all*dt
0

t ]_ 9
= t .
| g5+l (7.58)
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where (7.57) has been substituted and
r=AMG+ AVq+ AG.

When 74 = 0, (7.58) becomes a zero-square problem: because there exists a (, = ¢,
such that r = 0.

7.4.1 Identification under ideal conditions

When the external disturbance is 74 = 0, the minimization of (7.58) becomes a

search for (,, such that

I N I
u— 53[7((/,(1)("1 - a_(:] ((/a(l)AC =0

where A( = (, — (,, denotes the estimate error. The above expression can be

written as oF oF
A'& = '& - '—a'z,"C7n = "a?'

Introducing a Lyapunov function candidate L = 0.5ACTA(, the time derivative

(7.59)

of L is given by L = —A(T( because (. is a constant parameter vector. Now, it

is convenient to design an adaptation law for (, such that

OFT

Gm = c

Al (7.60)

where 2 —54— is the transposition of matrix %C- By substituting (7.66) and then
(7.59). one will find that

T . T - < ..
L= ZAYY ac — Al =-A( —————\ ———ac A <0. (7.().1)

The above expression implies that L = 0.5]|A||? is a non-increasing [unction. In
many cases, it will decrease to zero within a finite time.
The algorithm of (7.60) actually solves a perfect matching problem (7.59)

instead of a least square one. In real applications, the external disturbance r, is
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inevitable. One must be very caveful in applying (7.60). When 74 # 0, (7.58)

should be reduced to

oF ar
s o _ = 62
At =1 ¥R Cm 7 Al — Ty (7.62)
instead of (7.59). Accordingly, (7.61) becomes
3FT OFT OF OFT
T = —A(T— T——% .63
Y, AT G A - AT (16Y)

which is not necessarily semi-negative definite. The convergence of L = 0.5||A(||?

is no lon_ v guaranteed.

7.4.2 Identification in the presence of external distur-

bances

Introduce vectors
yr [)\'“u[( o), Mk= 1uT(t +8)y.. ., Mt + (K — 1)5),&T(to + k6)],

= DA FT o Ve P a4 (k= 16, 5P (1o + k)

a¢ ¢

where 0 < A < 1 is a scalar forgetting factor; (¢, + ¢6) and %F (to + ¢6) are
the samples of @ and %’g at the ¢-th sampling instent respectively. Then the least

square problem of (7.58) is equivalent to
min{(l — XG[*)
with A = 1. An explicit expansion of the above expression is given by
”y - fYCm“2 = yl‘y + foYT’YCm - oyT"YCm
= yTy+C -ACm -2z27 -A(,m
= VYV -2T2+((n -2 AlGn~ 2).  (T.64)

where Z = 471 XTY and

A=XTX = Z FTt-H&)a

5 F(t, +18)A2E=1), (7.65)
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In order to arrive at (7.64), A as defined in (7.65) must be positive definite and
hence A™! exists. It should be emphasized that the existence of A~ does not

T o5 v v ’ .
necessarily mean the existence of [orc eg’c] =1 at each individual sampling instant.

In fact, even if agc %’; is singular at all sampling instants, it is still possible that

A~1 exists. The larger k is, the more likely that A" exists.

Since
Z=A"XTYy = [Ta ety (7.66)

is independent of (,, the first two terms in (7.64) can not be coatrolled by ad-
justing (. The third term of (7.64) is positive definite. The only possible way
to minimize (7.64) is (» = Z which solves the least square problem ol (7.58).
There are many computational efficient algorithms to compute (7.66) recursively

181

without actually storing the samples of it and A detailed discussion of these

algorithms is beyond the scope of this study.

The introduction of forgetting factor 0 < A < 1 will pl'event the matrix A
from overflow due to the accumulation of data samples ot . Equation (7.65) is

E'CZ,C %IC with a scalal [unction f(k) = M,

actually a discrete convolution of matrix
0 < k. The matrix A is bounded as long as A < 1 and ¢, ¢ are bounded (which

has been proved in Section 2).

7.4.3 The QR algorithm

According to the discussions of the previous section, A" depends on the robot
trajectory ¢(t) and ¢(t) whose samples at time instants {, 416, 0 < i < k are used
to compute the sud-matrix 7z F(, + é6). It is very difficult to check the rank of
X which is at most 10 = mm{(k + 1)n,10} (provided that (k + 1)n > 10). In
case X is not of full rank (rank(X) < min{(k + 1)n, 10}), an alternative method

is sought to determine a set of admissible (,,.

The mathematical formula is still ming,, {||V — X¢all*}. Yet the problem is
how to solve (,;, when X is rank deficient (not of full rank). In numerical analysis
theory, there is a very eflicient way to deal with this kind of problem. It is called

the QR algorithm [70]. TFor any arbitrary ! X n matrix M where [ > n, there exists
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an [ x [ orthogonal matrix @ and an [ X n upper triangular matrix R such that
QR = M. The upper triangular matrix R has two possible forms, depending on
the rank of M,

0 % = * * * *
0 0 ... =* 0 0 « ... % ... %
R = HE S or R = T S : (7.67)
000 ... % 000 ... x ... =%
0 0 0
_0 00 ... 0_ _0 00 ... 0 ... Od

where “#” represents a non-zero entry; the first form indicates that M is of full
rank and the second form means that M is rank deficient. In both cases, one can
always write RT = [Rf, O] where Ry denotes the {; non-zero rows of R while ©

is an ([ — 1) x n all-zero submatrix.

If the orthogonal matrix @ with respect to &X' is available, then by the fact

that @TQ = I, one can write
QTY - Q"X =V — Rinm (7.68)

where YTQ = VT = [VF,Vf); V) € R o responds to the /; non-zero rows of
matrix R, The fact that an orthogonal mairix @ preserves length enables one to
write
1Y~ "’YCm”2 = HV - 'RCm“2 = ||V; - R1§m||2 + ”V2”2'

No matter what ¢, vector is applied to (7.68), the vector R(x, can at most cancel
out V; while leaving V, unaffected. Therefore the best thing one can achieve by
selecting ¢, is

Vi = Rylm (7'69)

which minimizes ||V — X'Ca||*.

The solution of (7.69) is straightforward if /; = 10. When /; < 16, there are
infinitely many solutions that satisfy (7.69). One convenient way is to set the last
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(10 — {;) components of {, to zero and solve the first {; components of ¢, from

(7.69). The rank of Ry can be easily checked out by examining the number of its
NON-ZEro rOWS.

7.4.4 The Householder transforms

An important step is to find @ for an arbitrary [ xn matrix M. The first column of

M is denoted as my. Counsider a vector by = m; + ||m,

ler where el = [1,0,...,0]
and an { x [ matrix

3
Al

Hy=1— b7,
‘ 2™

A straightforward calculus will verily that ’HT'Hl = H,H; = [ which means that

‘Hi is an orthogonal matrix. It is interesting to notice that

20T m
Himy = myq— —II—ILI—I';(”

2l + 1)
2([lmallefma + |Jm|?)

= —|my|e = —-[||7n1||,0,...,0]T!

= my — (||mi]ler 4+ my)

This means that H; has the effect of concentrating all “energy (||m]])" of the
vector my to a single coordinate while leaving the rest of the coordinates as zero.
Now, examine matrix My = H; M, it must look like either

* kL,

00 ...
M1= ., , or /\A1=

. .
. . . . . ’

00 ... 0 0 = ... %

[==2 3
o ®
L
*  *®

The first case happens if all columns of M are parallel to my; in most cases, M,
has the second form where the problem has been reduced to a smaller ({~1) x (n—
1) submatrix M. The relation between M; and M; can be visually expressed
as follows:
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where row; € R™1 denotes a nonzero sub-row and 0; € RU-1 denotes an all
zero sub-column. By repeating the above procedures, one can construct a second

(I = 1) x (I = 1) Houscholder transform matrix H, such that

~ ~ o~ ¥ TOoWy
M 2 = Hz/\/t1 =
0 ¢
where, again, “+” denotes a non-zero entry; row; € R("? a non-zero sub-row and
0, € RY-? an all-zero sub-column; G is the remaining matrix whose dimension is
({ —2) x (n—2).
The two Householder transform matrices can be concatenated together by
introducing an orthogonal matrix
1 of
H, = S I
01 He

It then follows that

¥ % TOown
HoHiM = | 0 * rowy
0, 0; G

where rows; and row,; are two non-zero (n—2)-dimensional vectors. By induction,

one can [ollow the same procedure to construct a series of Householder transforms
H;, 1 < ¢ < nsuch that

QTM =HHp-1.. HHHIM =R
where R is the desired upper triangular matrix given in (7.67). Using the fact
that M} H; = HyH; = I and that
Q = (Han—i cee HQHl)T = H{Hg’ v HZ__lHZ;,
one can casily verily that @TQ = I and the computation of the orthogonal matrix
Q with respect to an arbitrary [ X n matrix M becomes clear.

The construction procedure for the orthogonal matrix Q@ looks very compli-
cated. In fact, there are many recursive algorithms to compute @ for X without
saving all ti.e samples of %{- [68]. These are topics beyond the scope of this study

and will not be discussed here.
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7.5 A Simulation Example

In order to demonstrate the construction of %?, one may consider a two-link
planar robot as an example. The three coordinate frames ave illustrated in Fig,.
7.1. In this case, the three z-axis are always parallel. That is z; = 2y = [0,0,1]%;

consequently, 2, = 2, = [0,0,0]T. The rotation matrix can be easily derived as

cos(q1 + q2) —sin(q1+¢2) 0
SR=| sin(q1 +q2) cos(q+q) O
0 0 1

The other variables necessary for %—Ig are given by
2wy = wy = (41 + ¢2)[0,0,1]7,

v =[0,0,0", o= gih[~sin(q1),cos(q),0]",
Py = li[cos(q1),sin(q,),0]" and Py = (0,0,0]".

The above variables are substituted into (7.44) to obtain ¢, and ag. In this case,

it is not difficult to obtain
5T OR A =2 R A = (0,0, (4 + ), 0,0,0]. (7.70)
The other two terms in (7.44) can be computed using (7.45) and (7.46) as
k1 ((11 (1) = le(Pl’Z X ’Ug) = ()1[% H"Z(()’(l) =0, (771)
m(d,q) = 2 [S(Pra)S(wa) — S(v2)]

= [P12a:w2z + V2y, PlZyWQ:: — Vo, "‘(Pmyw?y -+ -Pl2a;w2:v)]

= (2¢ +(]2)l1[005((11)a sin(q1 ), 0], (7.72)
and

772((2, (1) = [P22a:w22 + vy, Poozwy, — voy, _'(P22yw2y + PZ?:L‘WQ:U)]
= dlll{cos((h)v Sin((h), 0]' (773)
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Figure 7.1: A two link planar robot.
From (7.72) and (7.73), one further obtains
m 2R = (241 + g2)h[cos(¢z), —sin(gs), 0], (7.74)
1 3R = dils[oos(ga), —sinaz), 0] (1.75)
By substituting (7.70), (7.71), (7.74) and (7.75) into (7.48), one can write
ooy | @it de) @l (241 + da)licos(ga)  —(241 4 ¢2)lysin(ga)
A((f‘aq,Cm) = ) . . \ . Cm
(G1+d) O q1l1 cos(g2) —q1ly sin(gz)
(7.76)

where ¢ = [Th.:, M2, Macoy, macyy] has been reduced to a 4-dimensional vector
because of the planar configuration. Physically, this simplification is straightfor-
ward because the other inertia parameters, such as Ty, and c¢;,, do not contribute

any torques to the two joints which rotate about the 2z axis.
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Next, one may repeat the same way te derive

ai(dq) = = [S(Pr2)g — S(vi)vy]

0 =P Py, 0
= 2| Pa. 0 =Py || =98
"4’-)12'_1/ 1312;1: 0 0
= —9.8{;cos(q1), (7.77)
cs(dy ) =0, (7.78)
B4, q) = —=] [S(v1) S (w2) — S(9)] = —[9.8,0,0], (7.79)
ﬂz(d#j) = “25[5'('02)5(012)“‘S(!/)]

= ~[9.8 = (¢ + d2)dulisin(q1), (41 + q2)quly cos(qy), 0]. (7.80)

Again, eqs. (7.79) and (7.80) leads to

P15R = —[9.8cos(q1 + q2), ~9.8sin(q; + ¢z), 0] (7.81)
B2 SR = =P 3R~ [(¢1 + d2)énlisin(gz), (61 + da)drly cos(ga), 0] (7.82)
= —[52’-’31 BZ;IM 0]

where fa, and f,, are the z-y components of the row vector given by (7.82).

Now, one can substitute (7.77), (7.78), (7.81) and (7.82) into (7.53) and (7.54).
In this particular case, 2; and 2; are zero vectors, which implies that ['(2) is an
all-zero matrix. Consequently, B({,q,(n) = C(q,q,Cn) = —R¢, which can be
expressed as

.l b O COSL (g -—(. .' v
Bldg,Cn) = — [ 0 9.8licos(q) 9 Scosgql +q2) —9.8sin(q1 + ¢2)

-~ C’"L ¢
0 0 ﬂ'lw ﬂZy

(7.83)

The dynamics due to the last link movement can be derived by

T2

T L, . .
[ 4 ] = (%L‘A(([a(IaCm) - B((/a(IaCM) (7‘84’)
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while the dynamics contributed by the first link are given by

o= [ T1x _ 77?,1(21 X Cl)T‘d%'('lh 4wy X 61) + Z{[%(T1w1) + 7721(01 X .(/1)]
) 0 0
_ . G1[Thzz + ek, + cfy)] + 9.8my[c1. cos(q1) — e1y sin(q1)] ] (7.85)
0

In the case of ideal point mass located on the end of the two links, 77 and T3 are

all zero matrices; ¢ = {1, ¢1y = 0, ¢z = I and ¢y, = 0. One can verify that

d . .
T =7+ —=A(Q, ¢, Cn) + B4, ¢, () = [ k }

(l ¢ To

where

n = [(2U cos(qz) + la)lamg + Z(my + ma)]d1 + [l3mg + l113 cos(ga)mz)d

~21,lymg sin(qq)dads — lilama sin(ga)g2

+g(maly cos(q + ¢2) + (M1 + m2)ly cos(q1)) (7.86)
Ty = [BBmy + l1l; cos(qa)ma)dy + amady + lilamy sin(¢z)¢?
+malag cos(q1 + q2) (7.87)

The above equation describes the dynamics of a typical two-link planar robot
under the ideal point mass assumption. A computer simulation experiment is
conducted to test the self-tuning controller and the parameter estimator. The
robot parameters are given by my = 10kg, my = dkg, l; = ¢1 = 0.7TM and
ly = o = 0.5M.

In order to test the adaptive controller, the two inertia parameters my and cy,
for the second the link are fictitiously assumed to be not available to the controller.

They are supposed to be identified by the parameter estimator.
The controller is synthesized by (7.2) with K, = 40I and K, = 400I; the
nonlinear feedback term Mgy + Vg + G is computed by (7.86) and (7.87) with

g and ¢, being substituted by their estimated values instead of the true values.
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(These two parameters are initially set to zero.) The desired trajectories are given
by qut = qao = 1 ~co0s(0.5n¢t). The tracking errors are plotted in Fig. 7.2. The first
link has a much smaller tracking error because its inertia parameters are known.

The tracking error of the second link converges very fast into practically zero.

7.6 Summary

The robustness of computed-torque controllers is studied in this chapter. These
controllers are proven to be able to tolerate a certain degree of parameter uncer-
tainties and external disturbances when the feedback gains are sufficiently large.
A reduced-order regressor is derived for a general n-link robotic manipulator. The
new regressor is derived by low-pass filtering the robotic dynamic equation. It re-
quires minor increasing of computations compared with the traditional Newton-
Buler algorthm. The use of a regressor enables one to express the robot dynamics
linearly in terms of inertia parameters. This makes it possible to design adaptive
algorithms to estimate the inertia parameters according to the feedback measure-
ment. The combination of the two results is a robust indirect adaptive controller
for robotic manipulators. Simlation results are presented to demonstrate the

performance of the adaptive controller.




Chapter 8
Conclusions

This study addresses the problem of adaptive control ol a class of NT'V plants such
as rigid body robotic manipulators. The dynamics of these plants are described

by some nonlinear differential equations with varying coefficients.

The most common approach to control such plants is to compute and compen-
sate part of the nonlinear dynamic effects. However, it is generally very difficult, if
not impossible, to compute the exact nonlinear coefficients of a dynamic equation
because the coefficients themselves depend on some system parameters which are
poorly available to the controller. For example, the coefficient matrices of a rigid
body robot dynamics depend on the inertia parameters of all links. The iner-
tia parvameters of the last link are generally inaccurate because they change with
the unknown payload. In the control community, the inaccurate compensation of
plant coeflicients is ca'led parameter uncertainty. Another difficulty of controlling
a NTV plant is the effect of external disturbances. In many cases, the external
disturbances include all possible dynamics which are conveniently neglected when
one tries to build a mathematical model for a given plant. A-'., tive contreilers are
intended to control NTV plants while being robust with res, * . to both parameter

uncertainty and external disturbances.

Two different types of adaptive controllers are studied, The first one requires

minimum knowledge about the plant dynamics. They will provide robust tracking
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as long as the order of the dynamic equation and the plant states are available
to the controller. Design procedures and stability analysis of these adaptive con-
trollers are given in Chapters 5 and 6. The second type of adaptive controllers
requir 2 some detailed knowledge. They are plant dependent. When applied to
robotic manipulator control, these adaptive controllers require a regressor to lin-
earize the dynamics with respect to a properly defined system parameters. An
innovative algorithm for the computation of a regressor for a general n-link robot
is developed. Based on the algorithm, a robust controller is designed, which pro-
vides stable tracking under both parameter uncertainty and external disturbances.
The robustness of the controller allows the adaptive law sufficient time to esti-
mated the inertia parameters and optimize the closed-loop system performance.

A detailed discussion of the adaptive controller is given in Chapter 7.

The adaptive controllers developed in this study are only suitable for LTV or
NTYV plants with complete state feedbacks. Adaptive control of TTV/NTV plants
with incomplete state feedbacks remains a challenging topic. Particularly, robust
control of robotic manipulators without directly measuring the joint velocities is
being studied by many researchers. Adaptive control of flexible robots is another

topic to be further explored.
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