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ABSTRACT

In this thesis we deal with static axially symmetric
gravitational fields in vacuum and with static axially
symmetric electrovacuum. The formalism of Weyl-Levi-Civita
has been employed for obtaining solutions of Einstein's
and Einstein-Maxwell equations. A solution representing
the exterior field of a Curzon particle in combination
with a general line mass is obtained. Through a suitable
formalism we generate the charged metric representing a
charged Curzon particle and a charged general line mass.
We also examine some properties of the Bach and Weyl
metric. Further we derive solutions of Einstein field
equations representing point sources exhibitirg multipole
structure. Special cases of balance between multipole
point sources in the general theory of relativity are also

examined.
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INTRODUCTION

One of the main features of Einstein's theory of

gravitation is the geometrization of the gravitational field.
Postulating an equivalence between gravitational fields and
non-inertial systems of references, Einstein showed that

the gravitational fields can be described by ten functions

of the space-time coordinates. As we will see, these

functions are the components of the metric tensor of the space-
time which contains the gravitational fields. We should
remember that the metric tensor is an object that determines the
geometrical properties of a given space.

Furthermore, the components of the metric tensor and the
sources of the gravitational field are connected through
one of the most complicated systems of differential equations,
the well known Einstein field equations. Despite the hard
and persistent efforts of physicists and mathematicians, exact
solutions of Einstein's field equations are not obtained very
often. One way of getting solutions of Einstein's field
equations is to examine special cases of gravitational fields,
i.e. fields possessing various symmetries or fields produced
by simple distributions of matter.

So far the concept of symmetry has played an important
role in the formulation and simplification of various physical
problems. Maximal exploitation of the symmetries, whenever
they are present leads to beautiful and understandable
results. H. Weyl (1952) noticed the following about the
concept of symmetry:

"Symnetry, as wide or as narrow as you may define

it's meaning, is one idea by which man through the

ages has tried to comprehend and create order,

beauty, and perfection."



The first application of the concept of symmetry
in the Einstein theory of gravitation has been done by
K. Schwarzschild (1916) who obtained an exact solution
of Einstein's field equations. He found the spherically
(and, unique) symmetric vacuum solution of Einstein's field
equations. Weyl (1917-1919) and Levi-Civita had been
working on axially symmetric gravitational fields. As we
will see, gravitational fields possessing axial symmetry
lead to a new class of solutions of Einstein's field equations
which contain the Schwarzschild solution as a special case.

This thesis deals with static axially symmetric
gravitational fields. We will find and study some new
static solutions of the Einstein and Einstein-Maxwell
equations.

In chapter 2, a brief development of the special and
general theory of relativity is discussed. In chapter 3 we
define more precisely the static axially symmetric gravitational
field. We will see that the concept of axial symmetry
enables us to find the general form of a line element for a
static axially symmetric gravitational field. Further,
using Einstein's field equations it was proved that the static
axially symmetric gravitational field in vacuum is described
by only two functions and Yy vwhere )\ satisfies
Laplace's equation in a three dimensional flat space time
(recall that the Newtonian gravitational potential satisfies
the same equation) while the Yy  function is found through
quadratures.

Hence, solutions of Laplace's equation can generate static
axially symmetric solutions of Einstein's field equations. In
chapter 4 we apply the formalism which is developed in
chapter 3 and we obtain static solutions of Einstein's field
equations. In section 4.1 we will see that the Newtonian
potential of a point spherically symmetric source leads to a
solution which exhibits a multipole structure while in 4.2 we
prove that the Newtonian potential of a uniform line mass



density with a special length, leads to the Schwarzschild
solution.

So from those two examples we see that there is a
mathematical one-to-one correspondence between the solutions
of Laplace's equation and the solutions of Einstein's equations.
However there is not a physical one as long as spherically
symmetric solutions of the Leplace .equation do not generate the
spherically symmetric solutions of Einstein's equations.

Bach and Weyl (1922) found the solution which is
generated by the gravitational potentials of two uniform
density line masses, while Israel and Khan (1964), generalizing
their work, obtained the solution which is generated by rQ
uniform density line masses.

Curzon (1924%) obtained a class of solutions which is
generated by the gravitational potential of point masses.

We consider it natural to find and study the solution of
Einstein's field equations which is generated by the Newtonian
potential of a point mass and a line mass separated by a
distance different from zero. The properties of the above

new solution of Einstein's field equations are examined.
Applying the criterion of asymptotic flatness we found that
the metric reduces to the Galilean one at spatial infinity.
The problem of the regularity of the metric which is
manifested by the breakdown of the elementary flatness is
analyzed and a qualitative explanation is given.

Finally the horizon of the Bach and Weyl metric is
examined. Certainly according to Israel's theorem (1967)
the horizon of the above mentioned metric is singular. However,
examining the horizon as the parameter which represents the
separation distance between the two line masses goes to zero,
we found that the horizon can be nonsingular depending on the
special densities of the two-line masses.

In chapter 5 we briefly developed the Einstein-Maxwell
equatiors which describe the gravitational field in the presence
of the electromagnetic field. We know that Coulomb's law and
Newton's law are identical ' apart from a sign. Hence in



classical physics we can achieve balance between given
distributions of matter- when the charges and the masses are
suitably chosen. Authors have examined the problem of balance
in the theory of relativity. For example Cooperstock and
de la Cruz (1978) examined the relativistic condition for
balance between two Curzon particles. Szekeres(1968), by
introducing negative mass, examined the balance between multipole
particles (for definition of multipole particles, see chapter 6)
Assuming a functional relation between the gravitational and the
electrostatic potential, we work out the relativistic condition
for balance between a charged line mass and a charged Curzon
particle. We also develop the classical divergence theorem
such that it is applicable in the case of curved space-time.
Asymptotic expansion of the electrostatic potential enables us
to determine the total charge of the system. However the detailed
distribution of charges is found by an application of the
divergence theorem (Papapetrou, 1978).Also in that chapter we
examine the limit of the charged Bach and Weyl mnetric as the
separation distance goes to zero.

In chapter 5 we formulate the equation which determines
the \/ function using Szekeres complex variables. Using
elliptical coordinates, Erez-Rosen (1959) found the metric
corresponding to a Schwarzschild line mass superimposed with
a quadrupole moment. In our work we will obtain a solution
which is generated by a Curzon particle superimposed with a

dipole moment. Further we obtained the metric which is

generated by the Newtonian potential of a monopole and a dipole
which are separated. That metric exhibits a singularity which
is manifested by the breakdown of elementary flatness and
expresses the necessity of a supporting strut to maintain
balance between the monopole and the dipole when they are apart
is examined. It is found that balance can be maintained only
when the mass dipole and the charged dipole as well as the mass
and the charge satisfy special conditions.



CHAPTER 2

FOUNDATION OF THE THEORY OF RELATIVITY

2.1 Galilean Relativity

It is well known that the structure of Newtonian
or classical mechanics has as a foundation stone four
laws including the law of universal gravitation, introduced
by Newton.

Classical mechanics assumes the existence of an
inertial system of reference i.e. system of reference
in which the laws of Newton are valid. The transition
from one system of reference to another can be done using
the following coordinate transformation:

X 2f% + Vi + 4 (2.1.1)
ot e (2.1.2)

where % and %' are respectively the old and new
coordinates of a point in the two systems, :J is the
velocity of the new system with respect to the old, a.
represents the original displacement of the new system's
origin relative to the old, and R is an orthogonal
matrix. The second equation connects the time between
the two systems of reference and =¢ is usually taken
to be zero. From a mathematical viewpoint the above

set of transformations constitute a group (Galileo Group)



.and the invariance of the laws of classical mechanics under

such a transformation is called Galilean invariance, or the
principle of Galilean Relativity. This transformation
expresses the absoluteness of time.

Further, classical mechanics assumes that the geometry of
the three dimensional space is Euclidean, in which the
square of distance cls" between two points
is given by

o

ds’:Cj T“elx"‘clxﬁ‘

Here and in what follows we make use of the Einstein
"summation convention where repeated indices are summed. If

o . .
X represents Cartesian coordinates, then are

Jop
given by

ac:P = ‘% B

-3
where B 8 is the Kronecker symbol defined by

# 0 af B
i a = 3

- It is obvious from (2.1.1), and (2.1.2) that ds* is
* invariant under the Gallilean transformations.

- 2.2 Failure of Classical Mechanics
Classical mechanics has been quite successful

- in the study of motion of planets and the general
study of motion of massive bodies moving with small



velocities. However as experimentalists and theoreticians
started using more precise equipment an.i new mathematical
tools, the predictions of classical mechanics came in

conflict with the experimental data and theoretical
calculations. One of the most remarkable ones was due

to the development of electromagnetic theory by

J. C. Maxwell in 1864. Maxwell's equations of electromagnetism
predicted that light in free space is propagated with a

finite velocity 2
|

cC~ 3-10 ‘“‘}s.ec

But if this is true in one inertial system of reference
then it will not be true in another inertial system of
reference due to the Galileo transformations. Maxwell
himself postulated that the electromagnetic waves were
carried by a highly tenuous medium called ether, that
filled all the space so that his equations could hold
only for a limited class of Galilean inertial frames,
which are at rest with respect to the ether.

However, all the attempts to measure the velocity
of the earth with respect to the ether failed. The most
important experiment was due to A Michelson and E. W.
Morley (1901) which showed that the velocity of light is
the same for light traveling along the direction of the
earth's motion as well as for that travelling perpendicular
to it. Further, the failure of the experimentalists to
discover properties of ether or even to detect it had
led theoreticians to endow the ether with some peculiar
properties and general physics was in chaos. While all
this was going on, in 1905 Albert Einstein proposed a
new theory in order to reconcile classical mechanics and
electrodynamics. He wrote...

"The unsuccessful attempts to discover



any motion of the earth relative to the light
medium, suggests that the phenomena of electro-
dynamics as well as of mechanics possess no
properties corresponding to the idea of absolute
rest. They suggest rather that...the same laws
of electrodynamics and optics will be valid for
all frames of reference for which the equations
of mechanics hold good. We will raise this
conjecture (The Relativity) to the status of

a postulate, and also introduce the former,
namely that light is always propagated in empty
space with a definite velocity C which is indep-
endent of the state of motion of the emitting
body," Einstein (1972)

So the constancy of the velocity of light as well
as invariance of the physical laws with respect to all
inertial systems of reference became the new principles
called the principles of the Special Theory of Relativity.
He proposed that the transformation from one inertial system
of reference to another should be done by the Lorentz
group of transformations instead of the Calilean group.
This Lorentz transformation is given as follows.

T vl -+ urvd
><..><+v[ {(s-__‘) _1}—{@ cz)]

vt c
' > - . S Y
’c:{‘c-\i-;-—:-‘}(x--;“—n) 2

(Mgller 1972)



where 3% and SE' are respectively the old and new
-

coordinates of the point, V¥V 1is the velocity of the
new system with respect to the old, C and J
are respectively the velocity of light and the magnitude
of Qﬁ
This transformation makes Maxwell's equations and the
speed of light invariant. However, the equations of
classical mechanics have to be modified so that they would
be invariant under the Lorentz group. Thus the new physics
consisted of Maxwell equations and these modified laws of
classical mechanics (both of which now satisfied the above
mentioned principles of the special theory of relativity.)
In 1908 Minkowski found a geometric framework of the
special theory of relativity and in doing so, he introduced
the four dimensional space called space-time. Let X°= 2 -
and if x* , x?!, x®, are the usual coordinates of
three dimensional space, then for any two points

% o= ®Y, mty x™ %*)

and
x+dx = (x4 dx® xt4dx', xP+dx*; x2dx®)

the quantity
2 . w

remains invariant under the Lorentz transformations. The 3ik
for Cartesian Coordinates are given by

\
O

Toa

Yup =- 35 (2.2.1)

300 = +4



We see that the feature of the new transformation is
the connection between space coordinates Xl, Xz, )(3
and the time coordinate x° such the &S* remains
invariant. About the connection of space and time,

H. Minkowski wrote:

«.."The views of space and time which I wish

to lay before you have sprung from the soil

of experimental physics, and therin lies their
strength. They are radical. Henceforth space
by itself, and time by itself, are doomed to
fade away into mere shadows, and only a kind

of union of the two will preserve an independent
reality." (Einstein 1972)

In other words space-~time has an absolute meaning in
the new theory unlike classical physics, where the space
and time were completely distinct entities as we have
discussed earlier.

2.3 Limitation of Newtonian Gravitation Theory

So far we have briefly seen how Einstein reconciled
classical mechanics and the electromagnetic theory. In
the following paragraph we will see another important
difference between Maxwell's equations and the equations
of Newtonian Gravitation.

If A' and 3' are the four vector potential

and four current density respectively, then the differential

equations connecting those vectors are

( . .
OA =- 4T v q._[.\..-: 0
c dx

10



where
0 = 3i\< 'Dg N
DY
y N -~ th d &

T GX)T QRN N [ae)?

is the d'Alembert operator in Cartesian coordinates. The
general solution of the above hyperbolic equation is
given by (Landau-Lifshitz 1962)

"4
cle b- 2ydv
¢=A°=g3’ .t C)A (2.3.1)
R
5 F(¥, -2
A :-%- S - <) dv (2.3.2)
R

The quantities ‘?‘_‘ R ete. are explained in the
figure number ( 1 )
Further the well known elliptic differential
equation of Newtonian gravitation

2
V' P =-4nGp (2.3.3)
has the general solution

2 iR
Q(TJ t) P g f(‘; ) OlV (2.3.4)

where <b and P are respectively the gravitational
potential and mass density.

Comparison between (2.3.1), (2.3.2) and (2.3.4%)
suggests that the electromagnetic disturbances are
propagated with finite velocity in contrast to gravitational

11
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disturbances which are propagated with infinite velocity.
So from this point of view, Newtonian gravitation had to
be modified in order to be compatible with the principles
of the special theory of relativity, which assumes finite
propagation of disturbances. Further, Newtonian gravitation
had also failed to explain the advance of the perihelion
of the inner planets, especially that of Mercury,
according to Newcombs (1880), Le Verrier (1850) etc. **

A natural generalization of the equation (2.3.3) is

O$ =-4nGe

for a scalar potential function Q> . We know that
charge density is the time component of the four vector
3 ‘ (Landau-Lifshitz 1962), but the mass density does
not have a corresponding property, but appears as the
zeroth component of the second rank, energy-momentum
tensor Vix , which is used to describe continuous
or discrete distribution of matter in the special theory
of relativity. For this tensor
Too represents total non gravitational
energy density.
TOi represents momentum-density, or
energy flux density
'I‘ij represents momentum flux density.

If Too is used as a source in a relativistic theory of
gravitation then in another system of reference, TOO will
be a combination of mass density as well as of the other
components of " (w (This is due to the fact that tensors
are transformed in a special way under coordinate transformation)
(For example see Landau and Lifshitz 1962)

Another attempt to form a scalar theory was one by
Nordstrom (1911) who used, as source, the following quantity:

**  Papapetrou, Lectures on General Relativity
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Tt'\ - T°° * sz ¥ T:. *TE'S

This was a truly relativistic theory formulated in
the Minkowski space-time of special relativity, and in
the first approximation reduced to Newtonian theory, but
failed tec give the correct value for the advance of the
perihelion of Mercury (Papapetrou 1974)

The next step then, would be the generalization of
the above procedure to reconstruct a vector field theory,
where both field variables and sources are vectors.
Unfortunately, it is very difficult to form a vector
from the second rank energy-momentum tensor. So the
only possibility is a tensorial relativistic gravitational
theory where both the field variables and sources ara
second rank tensors. This theory as formulated by Einstein
(1915) is called the general theory of relativity.

In what follows we will discuss its Dbasic steps.

2.4 Principle of Equivalence

Let us consider an observer O (i,*») in a homogeneous
and static gravitational field of strength 9 . Further,
imagine an experimentalist O'(X',%') situated inside an
elevator, moving under the influeiice of the above field,
who tries to find out the equation of motion of N particles
moving under their mutual gravitational attraction as well as
under some other kind of forces depending on the position
of the particles.

According to the observer O the equation of motion
for any particles of the above system is.



d‘ -5 e - -
.. = ™M, 9 * F(Xx,,... X

p ¢

where Wq and mﬁr are respectively the inertial
and the gravitational mass of the particle, and W __ %
and F(ix,...‘,iu) describe the external gravitational
force and the other forces respectively. The coordinates
(X,%) and (X', Y ) are connected via the transformation

-+ ! — i » % Y
X =X '\'—2—'%*. {:t

(S. Weinberg 1972). Then the equation of motion for the
observer O will be

9..,’
m - —> ""'_,’ -
\M IJ‘_2+ l\.’q%: 'lI%fa '\'F(X;,...’x“)
”-

Now if the classical principle of equivalence is valid
(ie. the gravitational and inertial mass of the bodies
are equal), then the above equation yields

d*

&t

. E(?; *'n)

"Y\'}

This equation suggests that the observer 0 does not feel

an external gravitational field, and the equations of
motion of physical laws in his system of reference take

the usual form given by special relativity. Thus, in the
case of a homogeneous static field, it is possible to choose
a system of reference so as to cancel the external
gravitational field as well. It is natural to ask if the
above result will be valid for an arbitrary gravitational
field. Einstein (1907) postulated the following principle

1y
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of equivalence.

"At every space-time point in an arbitrary
gravitational field it is possible to choose
a system of reference such that within a
sufficiently small region of the point under
consideration, the laws of nature take the
forms predicted by the special theory of
relativity."

Henceforth we will refer to those special systems
of reference as local inertial systems of reference. One
can use the above principle in order to find the field
variable in the new gravitation theory. Consider a particle
moving freely under the influence of an arbitrary
gravitational field. According to the Einstein principle
of equivalence, in a local inertial system of reference

El , the equation of motion of the particle is given
by

? i

idj‘ = 0 (2.4.1)
S

ds' = M o xt dx" (2.%.2)

where Y[ g are

qﬂcxp = - ‘B ]
'\190\- = 0
'Y\oo = -3

; v ; Mk
Now, if X is a cartesian system of reference describing
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the external field, then the coordinates " and X"
are related via

1 L :
T =% (%% xtxy x*)
and the equation of motion of a particle in the X .
system will be

2

d.XL r‘- d_}_‘_‘i}_e

—

ey U ds ds

= 0 (2.4.3)

where i
Ax- 287
VE™T Ix*xt

¢
Y_wt,’z

are termed the affine connection coefficients while clsq
is given by

ds* = 9. dxt dx* (2.%.5)
with
AE* ™

i) " ¢ (2.4%.6)

Yix =

Equation (2.4%.5) suggests that the geometry of the space-
time in thz ><.L system is not the usual Euclidean
geometry nor the geometry of special relativity
(Minkowski) but is a more general one, called Riemanian
geometry, due to dependence of Yix on ><L _

The special transformation of ™Mix from T to

><L implies that M are the components of a second

rank tensor. This tensor is termed as the metric tensor
of the space-time. Moreover another important feature of
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the Riemanian Geometry is the dependence of r-;e
(affine connection) on the components of the metric
tensor and its first derivatives with respect to the

space-time coordinates, i.e.

v m

( {
rkt :_{'3 (3!‘*\3& * 3wm3¢'%wt,“\) (2. 4.7)

(Adler-Bazin-Schiffer 1968)

From equation (2.4.3) we conclude now that quantities which
determine the equation of motion of the particle in the
gravitational field are the 9« and its first derivatives
with respect to space-time coordinates. i.e. the Yiw
can completely determine the gravitational field.So in
the new theory, Qe are the field variables.

If we were to transform the equations (2.4.1), (2.4.2)
into an arbitrary coordinate system A through the
general transformation

.Z\. - 7_!. (.go, E‘; g!SES)

then they would be the same as (2.4.3) and (2.4%.5). From
the above it might seem that gravitational fields are
equivalent to the noninertial system of reference but
this is not true in general due to the following:

For any non inertial system of reference, through a
suitable coordinate transformation we can bring the
components of the metric tensor into their special values
given by (2.2.1) over all the spacetime. But in the case
of a general gravitational field it is not always possible
to find such a coordinate transformation. We can do that
only for an infinitesimal region of the space-time i.e. only
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locally gravitational, fields are equivalent to non-inertial
frames of reference.

2.5 Binstein's Field Equations
As we have discussed in 2.4 the Einstein theory of

relativity is tensorial where the sources are the components
of the energy-momentum tensor. Einstein's principle of
equivalence leads us to adopt as the field variables, the

9ix components of the metric tensor. So the field
equations have the form

F-d'x ~ Vix
where FCx is a second rank tensor containing the components
and the partial derivatives of 9, . Now an analytical
expression for Fiw can be obtained if one assumes that
for the case of weak fields and small velocities the new
field equations reduce to the linear, second order
Newtonian equation (2.3.3). This implies that Fiw
contains partial derivatives of the 9., only up to the
second order and that Fiw is a linear function with
respect to the second order partial derivatives. But the
only tensors which can be constructed with the above
properties are the Riemann tensor and its contractions.
(Papapetrou, 1972). The Riemann tensor is defined as
follows:

i ‘ : - A
Rive = -‘—3“} + r:l,w - Tawe Ve +
n [

The possible contractions of the Riemann tensor are:
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L
Ricci tensor: R T = R; L e

Curvature Scalar: R = 3“ R3¢

So the analytical form of F it v and the field equations
become

o Rig + P3LSR+ ¥ Ais =- % Tig

with o, g, ¥ ,and '3 constants.
Einsteins initial field equations were

RL":“\"‘.T‘J (2.5.1)

J

In a region of space containing no matter we have

Ti3 =0 and consequently equation (2.5.1) reduces
to Ri3=0. But it was soon discovered that this needed
to be modified as the law of conservation of energy, in
the special relativity, requires that the divergence of
the energy momentum tensor should vanish ie.

L%
-T”:O

In a general coordinate system, the above equation
becomes

TLK\Q ':O

.
Jd

By the principle of equivalence this must hold in a
Riemann space which describes the gravitational field.
So from (2.5.1) R_".:-:o, which represents four

Kl



additional equations. Thus we would have 14 equations 20

for ten unknowns 9iw . So in the place of Ri.w
we have to choose a tensor such that the covariant
divergence is identically zero. That turns out to
be

RLK——% 3“\' R

so the final form of the field equations is
: i ~ !
RLR - —27 3‘RR + Aaéw _.—'KTLK (2.5.2)

One should notice that the appearance of the term hsqtﬁ
does not contradict the vanishing divergence form of the left
hand side of (2.5.2). This is due to the fact that

AT -

IR
(Landau and Lifshitz 1962). The constant AN  is called
the cosmological constant and is either zero or very
small. It is usually taken to be zero except for
cosmological problems.

2.6 Some Remarks on Einstein's Equations
The Einstein field equations determine the metric

of the space from a given expression of Tiw . Thus
we are in a completely new situation. The metric is

no longer given a priori but has to be determined from

the material distribution which we are considering. More
generally, we can say that the distribution of matter

in the universe determines the metrical properties of the
space-time. On the other hand, the metric determines

the geometrical properties, like curvature of the space,

as well the motion of test particles. The equations (2.5.2)



are not linear, containing products of the 9w and
their derivatives so the principle of superposition for

solutions is not generally valid as in the Newtonian
theory.

21
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CHAPTER THREE

3.1 Static Axially Symmetric Gravitational Fields

We define an axially symmetric gravitational field as
the gravitational field in which the 9w are independent
of the azimuthal angle x’:ty in an appropriate system
of cylindrical coordinates. In addition, if the field
under consideration is static, then the components of the
metric are independent of the time coordinate, x°=1%

Moreover if we suppose that the distribution of
matter does not rotate, then the metric will be invariant
under the transformations,

+ — -4 (or) ¢ — - ¢
The invariai ce of the metric under those transformations

imply

0

%oe
%3 =99

Synthesizing the assumptions thus far, the line element

for a static axially symmetric gravitational field can
be written as

ds' - Cjoo(o\x°)’ % tau(olx‘fl + cau(clx’)"
x cj”{olx"’)2 + 2 3‘zdx‘dx1

The number of the unknown functions in the above line
element are 5 but we can reduce them to three by performing
a transformation such that in the new system of reference,
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we have 9u= 9“ and 9;9. =0 . Such a
transformation is always possible to find. More details
can be seen in Synge, (1966), Weyl (1917, 1919), Levi-
Civita (1919). Finally, the line element in the new
coordinate system takes the form

d st =-a [1d &AM - RN+ dxY

where @ are functions of X* and X*> . In what
B Y

follows we will, however, drop the bar on the xL for
simplicity. The above line element expresses the most
general line element corresponding to a static axially
symmetric gravitational field. We should notice that so
far, we have not used the field equations. This will be the
next step in order to find the differential equations
satisfied by B Y . Calculating the Ricci tensor

p
from (2.5.1), one gets the following values:

Rus(3), () BT )

o
o<
Q

" Raz = —ET&{ AR ¢ —%(F*Y‘ * ?’X’)}

e
o
o
"

"?E‘{ AY ¥ —;-(Pt\ﬁ* P:X’.)}



2L+'

where the subscripts on the right denote partial derivatives

with respect to ><5' and xe" , Wwhere
Ap=p.+ B,
BY =Yu + Yu

From R4 and R,, we find

4R = BT Ry * YR = S BCRY)
B
In the next pages we will study those fields in matter-
free space time. As we have seen, that means Tix=0
and the field equations take the following simple form:
Riw=0 Fron the last equation, in conjunction with
the equations (3.1.1), we get:

h{gy)=0 (3.1.2)

This equation implies that PX' is a harmonic function of

2
)<'l X , so there exists a conjugate harmonic function

Z (x* x*) such that

Yy + iz =f (xteix?) (3.1.3)
Y= BY (3.1.%)
where ¥ is an analytic function. We now make the
transformation
(x*, x*) — (v, )
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Then

o [(dx*)+ dx*)*]=A (de +d2?)

with A a function of, ¥ <2 . Further, from (3.1.4)
we put B:ii- and so the original line element becomes a
form with only two arbitrary functions. Summarizing, if

L 9

X'=¥f W=Z R'e=g X'=1

then
22 9 (Y -
ol.s‘z = £ Ou - € i m(d-‘faJr 0\7.‘) —rie'ndcg"

where we put (3.1.5)

V- A -2 A
= £ : = =
(o} A % e ‘5/ A

Then the above line element suggests that for any static,
axially symmetric gravitational field which satisfies the
relation

R3-5 + Roo = O
the line element takes the form of (3.1.5) where vV 9

are functions of ¥ Z . Using (3.1.5) and (3.1.4),
the equations (3.1.1) take the fo-m

2 (Ru *Ru) =AY =(A%+ Q) w i 2
%(Rn- R-n) = ')\’1 - Ts_ - _VT(;_

Ria = 2A1Aa - J‘—i‘-



3 o 2 AL
Ry - R% =-=5(aa+ A2)
From these equations, using the field equations, Riw=0
we get
AN + —%;?- =0 (3:1.9)
9 2
Vizfotx—)i) Vy :9.‘(',)1(}3 (3.1.8)
2
AV + 27 + 2y =0 (3.1.9)

So the interesting result from the above analysis is
that the vacum equations for ‘) and VY satisfy the
above system of differential equations. Considering that

Ad= A+ 239_

The first equation (3:1.7) becomes
P L9 W
A2 Y e T e

which is the Laplace equation in cylindrical coordinates

(3.1.10)

v,z, ¢ in Buclidian 3 space for a function independent
of the azimuthal angle Q . From (3.1.8)

'V:Sr[(')\:—ﬁ)dr v 20 dadz]  Goran

c

where the integration is extended over any regular
curve C which lies entirely in vacuum space. Since 3
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satisfies (3.1.8), the.integral in (3.1.11) is independent
of the path of integration.

We should emphasize that the above analysis is exact
so all the above equations are valid for gravitational
fields of arbitrary strength. Further the field equations
are nonlinear, but the surprising fact is that the equation
(3.1.7) is simply Laplace's equation. We should remember
that the Newtonian potential satisfies the same equation
which is a linear equation. ©So solutions of Laplace's
equation can be used to generate static, axially symmetric
gravitational fields in vacuum. For any solution of
Laplace's equation, there corresponds a function VY given
by (3.1.11) or (3..1.8). The above prescription. for getting
static, axially symmetric gravitational fields is applicable
only in vacuum. In the case where matter is present, the

Yy function does not satisfy the equation (3.1.11)
or (3.1.8), nor does A satisfy the equation (3.1.10).
Also in general the number of unknown functions in the line
element increases to three. (see Synge (1965), Robertson and
Noonan (1968)). In the following chapters we will work
exclusively with axially symmetric gravitational fields
in vacuum . So we will use equations (3.1.7) and (3.1.8)
Before we finish the chapter, we will examine a property of
the system of the differential equations which determines

Y and %\ . Let Vi and Al L= &,---aN

be solutions of (3.1.7), (3.1.8). Then obviously

A

M=

')‘:

~—
1t
-

is a solution of (3.1.7) If we put A  into (3.1.8)
then the resulting Y has the following form:
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Vi

Mz

N
= 2
L= 3=}

oA

where V{jy for 1:] is exclusively due to the term QL
and expresses the field arising only from “L while the

Vis L3 parts express the field contributions due
to the A\i and “3 .

3.2 The Criteria of Asymptotic and Elementary Flatness

So far we have derived the form of the line element
which describes the static axially symmetric gravitational
fields in vacuum. We have seen that the functions P
and Y satisfy the equations (3.1.7) and (3.1.8)
respectively while the components of the metric tensor are

given as follows:

1]
®

P
Vit = Qe =-

33: Ha¥ B

However ‘A and V) describe the metric of a real
gravitational field only if they satisfy additional conditions.
It is assumed that an observer located at very large

distances from the source of a gravitational field would not
feel the influence of the field. i.e. the space-time around
him would be a flat space time. That implies the line element
would be given as follows

dstc dt's detodzt-ridet o
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Comparison between (3.2.1) and (3.1.5) implies that A and V
have to satisfy the condition

Lim A = © Ciwg ¥ =

— ™m = 0
N —p OO r—Q o5 (3-2.18.)
T~ ©2 72— oo

Those relations are two additional conditions which have to
be satisfied by A and Y . That argument can be _
generalized for any metric describing a real gravitational field.
i.e. the 1limit of the metric at spatial infinity corresponds
to a flat-space time metric.

That statement is a criterion for testing the physical
acceptability of a given metric. This criterion is called
the criterion of asymptotic flatness.

Besides the above criterion there is another criterion
which was initiated by Einstein-Rosen (1937), called the
criterion of elementary flatness. The history of that
criterion is as follows:

In 1936 Silberstein (1936) using Weyl's formalism had
obtained a static solution representing exterior solutions
of two bodies at rest. OSpecifically he started out with the
function A having the following form:

Ny L

with \-L and Lz constants and

b2 9 2
Vo =¥y (z-o)

2 2
Ve =¥ 4 (zva)

with o and -o. constants (see figure 8) His Yy
function was as follows:
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2 2
2
TR N
? 1 Y'R

(3:2.3)

where [) is the separation distance between the two masses.
He noticed that the only singularities in his solution occured
at W -0 and Wa=0 . That implies that the two bodies
can remain in a static configuration without any additional
supporting strut. So Silberstein concluded that either the
Einstein field equations are incorrect or we cannot consider
material particles as singularities of the field. However
Einstein and Rosen (1937) had noticed that in Silberstein's
solution there is another singularity occuring in the
interval [ca,-a} . In order to examine the singularity
carefully let us draw an infinitesimal circle perpendicular
to z axis and its center on the z axis. Further let us
suppose we are on the hypersurface + =consi. Corresponding
to the measured circumference and radius of that circle are
the invariants d.Sc”. . cLS',d_ respectively.

According to the principle of equivalence we can
introduce at the point under consideration a local inertial
system of reference in which

dst = dt'- driodz’- vidg?

With respect to that local inertial system of reference the
circumference d s and the radius d v of the above circle
satisfy the relation
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ds
— = 2T
dv
However since otsm and dsnd_ are invariant

we have to have as well

ds 3% o

dsfu.d.
But from the line element (3.1.5) in connection with
(3.2.3) we have

= 2%

d S -y
= QU G
olSv-«.
But VY $0 on the closed interval [ -o, o) . So we

see a singularity in the metric occuring on the interval
L-o, &« . The only way that we can make the metric

consistent with the principle of equivalence is to
suppose that there is a kind of sress along the z axis
between the two bodies. In that case the V  function
would be different from (3.2.3). From the above example
we see that the metric is regular if and only if the ratio
of the circumference of an infinitesimal circle to it's
radius is equal to 1

That statement is the criterion of elementary flatness
which assures the regularity of a given metric in vacuum.
It is easy now to see that the criterion of elementary
flatness, in the case of the line element requires the
vanishing of % function along the z axis.

This is another additional condition which has to be
satisfied by VY  function besides those of (3.2.1 a)
(3.1.7) and (3.1.8)
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CHAPTER FOUR

STATIC AXIALLY SYMMETRIC SOLUTIONSOF EINSTEIN EQUATIONS

4.1 Introduction

In this chapter, we will apply the procedure of
chapter 3 to obtain metrics for static axially symmetric
gravitational fields. In particular, we will adopt the
form of the function which corresponds, in the Euclidean
chart, to the potential of a point mass and a line mass
separated by a distance.

4.2 Curzon Metric

As the first example of the procedure described in

~

)_L

T e r—

R

with L:Gw\ a constant and R*=v’+ 2. As is
immediately recognized, the above expression for 2

chapter 3 we will consider the case where

corresponds to the gravitational potential of a point

mass located at the origin of the coordinates. Substituting
the partial derivatives of A into (3.1.8) and after an
elementary integration of (3.1.8), the <y function turns
out to be

Tt e
L RY

The above ﬂ and functions completely determine

Vo= -

the metric. This metric will be refared to as the Curzon
single particle metric while we will refer to the real



distrubution acting as a source of the above metric as a
Curzon particle.

L.3 General Line Mass Metric

As a second application we consider the 2 function
corresponding to the Newtonian potential of a line mass of
length 9¢ and uniform density

]
P 2

located along the Z axis. Analytically

'A:.l(_—(_ M ();.3.1)
1 CuaYe +20
where a 9 a '
Y";":’F ¥ (?.-Z;Y \.:.L,?‘
= &m
=T

(see figure 2)
Again after a simple integration of (3.1.8) the function Y
turns out to be

Kt (reevy)2- 407
v_—__i-ﬂfq *4;3‘“ (%.3.2)

(see also Robertson and Noonan 1968). In the special case
of a line mass with K=1 the line element takes the form

dst= Teams -2t gyt Counaf - 400 (gya, g0 )
Yi+vy + 20 4-‘.1‘(3.

Y4 + 20 Y'Q'A.Cg:
i +va - 20
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where for convenience, we choose units such that the
velocity of light is unity.

Transforming to another coordinate system of
reference via the transformation

Coe¥y -9¢

¥ ==

cos@=02-¥u
2
P=¢ t=%

(Robertson and Noonan 1968),
the above line element is transformed into

&52:( _%g_)d’ta 5 _:‘LE:. _ FQ(A.EJQ'-F S\’r\i@dqwl)

T
where P is defined only for F>?.e . But the above

line element is recognized as the spherically symmetric
Schwarzschild exterior solution and is unique according

to Birkoff's theorem (Papapetrou, Lectures on General
Relativity page 70). Voorhees (1970) has presented
arguments to support the contention that the case WKi$i
represents the exterior field of a family of spheroids and
hence we consider it natural to refer to this general line
mass metric for ,K:#j. as a '"spheroidal metric".

4.4 Metric for Curzon Particle and General Line Mass

Above we have found the metric corresponding to
Curzon particles and the general line mass separately.
It is natural to obtain and examine the metric considering
the Curzon particle and a general line mass together. This
implies that the J function has the form
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)=__':__+ K, Ta¥fa -2l (s 1)
Vs 2 vy vl

The Y function can be obtained from (3.1.8) by substituting
the partial derivatives of % and integrating the system

of differential equations (3.1.8) For the present case,

the above procedure involves extensive calculations due

mainly to the complicated form of A function. Thus in
order to find 'V in this case we first examine the metric
due to the 2 function corresponding to the two line

mass potentials. Bach and Weyl (1922), in their well

known paper, started out with the A function as

Fave-20a (0

= K1 [, Yitry - 2l K1

A= g

by + o4y 9, Fyate 12,
where '
2 2 2 .
W= 4 (- L) vz 4, 203 4
‘J.Q,:ZL- Ly 262 '-'-23"2-1. ks:G..?_rx J:4L 2
: 3

(See also figure number 3)
After extensive calculations the 2V function is given by

the following lengthy form
3
K? ( (\"s*"ﬂt-‘ﬂz

= E_“Qn(w“r’)l' ats

(4+.%.3)

4o K\Kz en Q‘P“‘ -(e‘*&)w«‘- "(el *tlfd) rﬁ
¢, Y"J-d.'#" -(C,+d)wq

d
y K,K —e
: !”] QL{-&



(Robertson and Noonan (1968)). We should notice that in the
expression (4.%4.3), there are terms proportional to Kf, Ki
and KiKy respectively. The terms proportional to Kf
and K, according to (4.3.2) express the individual
fields due exclusively to the presence of the two line
masses while the term proportional to K (Ks expresses
the interaction between the two line masses. All the
above remarks are in agreement with what we have seen

at the end of Chapter Three. The Bach and Weyl metric
contains the following parameters: Ki, Ka, €y, &, d

We will prove next that when €9—0 keeping the rest of
the parameters constant, the Bach and Weyl metric goes to
the metric corresponding to Curzon and general line mass

metric. First we will take the limit of A  when
Wly =(Z3-74)—> 0 For simplicity during the

calculations we suppose that 25 =0 . Then an easy

way of making 222_,0 is to allow 71,-—0 . Hence

" , Kig. visra-20 K2 Y34 ¥4 -20a
¢ =0 [——8 Yiara-28 . Kag 4 ]
-‘;P_,oq 1:20 R Yi¢Ya+ 3l p l Y3417y, +24s

The 1imit of the first term remains invariant under that
limiting process, but the limit of the second term yields
the indeterminate <= form. In order to find the real
value of the A function, the L'Hospital rules are

employed.
Let

#(10
where

N34y - 20a | oF
Yy vy +28 ?(14)~~Z&

f(z4) = 6m {n

36
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Then

o {(24)

. f(z4) d 2
Ll i e SR =] ‘(-\'W\
b (1) 1,40 d bl24)
d 4

The above procedure, after some elementary algebra gives

. f(z4) L
L o SR A where L=20GC
ey ®(2a) T g

So finally the limit of ' takes the form

_Ki ogoYaavs -2l L (4.4.5)
s R S T 3 ’

The same procedure will be applied for the VY function.
Writing the VY  function as the sum of Vi1, V2 and
V.9 Where Y,y and <V, are proportional to Kf
and K: respectively while 'Vu is proportional to

Kikg Then

{'Mn)\’ = e'vm Vil ¢ ei'") Yoz + eim Yia
T4=>0 Zy—0 Z4—>0 Z4>0

The 1limit of 7Y,y remains invariant as we can see from-

(4.%.3). However the limit of Va2 yields the indeterminate

form % . Again L'Hospital's rule is applied.

iy (O ev3)% - 405 o2
If fiz,) = Gmgﬁni’w‘:)w 4 dlzy= 2%
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then
d! fF(z4) Bt
G $620 _ g EZTE _ _ & Miv
IQ-bo ¢(14) 14-#0 d2¢‘24\ 2"54
i

Similarily for Y.q , by applying L'Hospital's rule, the

limiting procedure gives

2002 — w3 (vis rg) Ky Gwm,
Wy {.Q (Wry- Vo) - d-‘»"‘;”":\.] ok

V4 = Ky G Mo

Putting the results together, the form of the % function
is

% gud
v - zopw“_\“)z__4£2~ i T
- ?' ‘-.1 AY“Y"Q 2.\{‘34
(4.4, 7)
B i 207% = Yy (Wit Va) B WK

130 (e.(v_g-‘rq) -d-ﬁ""x*“"z)) 8

where for simplicity we wrote K W € instead of Ky Gwm, 0,
Because the functions % ¥ have been found without

directly solving the equations (3.1.8), (3.1.7) it is useful

to verify that they satisfy the Einstein field equations

or the equivalents (3.1.7), (3.1.8). The equation (4.%4.5)
obviously satisfies (3.1.7). In order to verify the form

of Y function we form
Ve = OV kP 4vavy {smn(mwa)(\% tVa)e
v R (Favg) e 4t Lewltw?
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4(( s Aa) - & Qf) O va) ] 3 Cvtzt-v?) %

[(=brs +¥2) ¥3)u] [ Y5 € -va) — d (viin)]

+ kL -
Y"\.? { Li(yz- 1) - d(ry+va) ]

(282 =¥ (vi +72) ) ( v (Lilrg-ra) - dorivra)w ] (. 8
v [ er(r-ve) - dlvisva) ] :

\).s = PRY F K? N O [ 8\"17'2(\’"1*:?'2}(\!';45\!';};
‘.bz 9. (Y\{YQ)Q— 4Q, \e T&’Tan

o

L((vi4ve) - £0° ) tvivg), ] L %2

L 6 YIQ Y"Q_Q

+ KL {E ( ACRALY) \G)g]-(\q(’(\g_v—g)- Yy ACYy 472) ] N
Vo Lers-ve) = driava) ]2
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. (2€z - v Criava))e (s (C0rs-va) - dpnsva)), ] (4 %.9)
i* [llvy-1a) = dlrisve) ]2
N Q(v 5 M ) L |
2 ke ¥ o5y al
,)\x B — _ Pl N Ya B : (4.%.10)
(FYLavya) - 422 K
Z-23 Ty
2 {\—F— 1
Bl es 29 : ( - Ya ) _ Lz (4 L.11)
9z bri 2 g )= 417 5®

where we use the letters K and § to denote partial
derivatives with respect to ¥ and % respectively .
Then using (4.%.10) (4.4%.11) the right handside of
equations (3.1.8) are of the form

(o - A2) =k qin 1) + Polrzy 4
(4.%.12)
+ kLg.r oz

v %v}'l. = ki'f'l(“f'd'l.) + Lt ¥1(T., ) +

(4.%.13)
+ kb fi5(rn2)

where (.h (V,Z) and {:L(r‘ 1) v=4,2 3 are functions

of 's -
’
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From (4%.%.8),(%.%.9),(%.%.10) and (4.4.13) we can easily
verify that the terms proportional to \: are equal to
each other. The terms which are proportional to \(2
are found to be equal after an elementary calculation and

using the following identities:

Y_g‘l _ Y_Li_ 4—_{'

T- 1Ty =
L] 4(

) 9 ]
-+
774 =2 144l

However, the verification of the equality of terms proportimal
to \(L_ is not so easy as they are very lengthy expressions.
We therefore used numerical analysis in order to do so. The
numerical calculations (see appendix 1) show that those terms
also are equal to each other. We can now claim that (4.%.5)
and (4.4.7) determine the metric for a Curzon particle and

a general line mass in superposition.

4.5 Regularity of the Metric
The line element of the above space-time is

2 -2)
ds'=e dt' - ¢ (dr¥sdz?) - e ¥ ridg?

vhere N\ and Y respectively are given by (4.4.5) and
(4.4.7). This metric will be physically acceptable if it
satisfies (as we have discussed) the criterion of asymptotic
flatness and that of elementary flatness. The asymptotic
flatness criterion requires that 9 and Y satisfy

the conditions
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Lim A =0 imV =0
X— —> TO
2> D T — OO

A straight-forward calculation shows this to be true.
Further, the elementary flatness requires the vanishing of
A, function on the Z axis (see discussion at the end
of chapter 3) except that portion of the Z axis, which is

occupied by the singular sources or line stresses. The

behaviour of 7Y along the - axis is expressed as
follows:
L 0Lz <KZ
e Z
(¢ +d)d a
Y =
\ o 2¢0 7> Z,

(see figure number 4). We can then conclude that the metric
is irregular on the portion of Z axis between the "line mass"
and the "point mass". The irregularity of the metric along
the Z2 axis seems to be bizzare. However as we will seey this
is not the case. For example for the Bach and Weyl metric
the behaviour of the metric is completely analogous to the
behaviour of the metric in our case. The corresponding value
of ¥ function in the case of Bach and Weyl is

\(Lkgeh d(e1+ez+d)

(Cy+d)(@a+d)

1{Z< 1,

0 [ % 3 A S o 2

(see figure number 3) It will be helpful to explain the
irregularity of the metric if we first look at the physical
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problem. We began by examining the problem assuming the
static axially symmetric gravitational field produced by
two separated distrubutions of matter. But physically that
is impossible since two masses must have been moving toward
each other or rotating about their common center of mass,
obviously a situation which is not static. This result is
an example of the wonderful physical consistency of
Einstein's field equations. The field equations do not allow
two separated distrubutions of matter (in the absence of
charge) to remain permanently at rest in vacuum because of
their mutual gravitational attraction. Bach and Weyl
explained the quantity

V(v =0)
4 G

~up to the first order, as the force between the two masses.
In their case

Yr=0)  Gmime . S(bY)

46 4 d*

and in our case

\’(r:o): G™mM,m, Gmime 9 O(b;)
4G 4sd)d 4b*

if d > €.

These examples suggest that the irregularity of the metric
expresses the necessity of a supporting strut between the
distribution of matter in order to keep them in static '
configuration. That strut is often called the Weyl - strut
According to W. Israel (1977), that strut makes no contribution
to the function ) and VY.



4.6 Properties of the Metric

In the metric described by (4.4.5) and (4.4.7) there
are the following independent parameters: K.J L and E
Letting 0 — 0 the metric should go to the metric

corresponding to two Curzon particles. Taking the limit
of ] as {—p (this can be done by letting Z,-»Z;)
(see figurel4) we get

N =~ &M _ Gwm, (4.6.1)
A\ \

where we wrote Gwmg instead of W . The limit of ¥
function yields into the following form, after successive
applications of L'Hospital's rules:

Gg'mf\"z G?Y\'\QQTQ

V =
2 Yy T
+ 92 Gz'“'li'"la KY‘%-*Z&- Ay &) =
4 d.* Ya¥s

which is recognized as the Curzon metric (Synge 1965, Curzon

1918)

4.7 The Limit of Bach and Weyl Metric as the Separation

Distance goes to Zero

Earlier, we have examined the limit of the Bach and
Weyl metric as the parameter 82 goes to zero. ©Secondly,
we performed the calculation when both ¢y and €q
tend to zero while keeping the other parameters constant.
In this paragrapn first we will examine the limit of Bach



and Weyl metric as the separation distance goes to zero. 45
Second, we will study how the horizon changes during

that quasi static approach of the two line masses. It is
known that the horizon or infinite-red-shift surface, is
characterized by the equation

don =0

For example in the Schwarzschild solution (§,, = L- 2“19“)
the horizon corresponds to a surface of a sphere (p =%m)
According to Israel's theorem (Israel 1967), among all
static, asymptotically flat vacuum space-times with closed
simply connected equipotential surfaces 9,0 = constant ,
the Schwarzschild solution is the only one which has a
nonsingular infinite-red-shift surface. That theorem
suggests that the Bach and Weyl solution has a singular
horizon. We are interested in seeing if the horizon which
corresponds to the Bach and Weyl solution with separation
distance zero will be singular or not. For the first

step we will obtain the metric which corresponds to the two
line masses metric together. In doing so we start from
Bach and Weyl metric (separation distance different than
zero) and we assume that Z5=0 and let Z, —» 28+ Zg
and “Zg. —»Q . Then the limits of and VYV

are found after applying L'Hospital's rules. The results

are:

)\ = Ky Q'q Vv -20 + Kag vatvs -2l (4+.7.1)

AR A S -1 -i- oty 4 9L q

2
(Vo svy) - 4ls

9 : X %
¥ < K, ﬁ'nh’"s.'\"r:\ - 40, : ‘_\E.& L,q
4"'1"", 2 *rarb
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‘1“’3-‘(‘.\) -~ QD.(Y'& tYVa)

1 QK‘IQ‘\’L‘ - V.‘).(Y'i §T:\ 1

(4.7.2)

+ Kika (v

(see figure number 5 )

As in the case of the metric corresponding to a
Curzon particle and a general line mass we have to test
if the above functions are physically and mathematically
acceptable solutions of Einstein's field equations.

The criterion of elementary flatness as we have seen
requires the vanishing of *the y function on the Z axis
outside the interval (Z: ,23)(see figure number 4). On
the Z axis we have ¥i=)|%-1zil t:4,3% Using this, one gets
the value zero for the Yy function. Also the asymptotic
flatness criterion is satisfied by VY32 as we can
eacily determine from the forms of (L.7.1) and (L.7.2)

Before one claims the Q4 and ¥ functions describe
the metric, one has to prove that (4.7.1) and (4.7.2) are
solutions of the differential equations (3.1.8) and (3.1.10)
As we have seen in the case of (4.4%.5) and (4.4.7) an
attempt to analytically verify this, is rather a difficult
task involving lengthy calculations. The verification of
the equations (4.7.1) (4.7.2) will hence be done here using
a numerical approach. Numerically it has been proved that
the following identities between w{ , @i, &» & =423 are
valid (see numerical results at the end of the thesis).

¥ aa =5 % Yy +V3 =94, Noa Ny = 20 4L,) .7.3)

v -

a0 +20 wa ey aaly vy vy +2lloidy)
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(\rur”“_ 403  (Va +‘{"3\°'—4,Q: ((Qﬂ‘('g-‘ﬁ)— Q&(V'&&TQ')]V‘Q)Q .

AYy(y 4 Va3 Ly (282 — ¥a (Yiava))

) - (60

A ¥y Ny

(4.7.4)

From (4.7.%) and (4.7.3) we conclude after taking the
logarithm of both sides and if ¥Ky=%¥,=4 that },V are
solutions of Einstein's equation because they are equal to

(v s V'g\‘l" AL

- 940 \
2 nm»rgmﬂ o GRS

respectively with €= €1 & {a

The above functions suggest that when two Schwarzschild
line masses (note that a Schwarzschild line mass is
characterized by the fact X=4 ) come together, - .. the
geometry of the space-Hime becomes the geometry of one
Schwarzschild line mas with the parameter {=£4aly If we
take the logarithm of both sides of equations (4.7.2) and
(4.7.3) and multiply both sides by K , then A and Y
yield

) -_-___\5.. qu Wod vy - UL 40,) (4.7.5)
2 Ny ¥y Y€y 4 2,)
3 2 .
g :_\%_ ( (e v ) - AL0040,) (4.7.6)

4"“&‘"3
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which obviously satisfy the Einstein field equations.
(see discussion at chapter 2.2). Physically the equations
(4.7.5) and (4.7.6) imply that the geometry of space-
time, when two generalized line masses come together, is the
same as if we had a single spheroid with the parameter

(=201 ¥, Finally the verification in the case where

Xy -2‘\<Q can be proved using the fact that when

Kyxkyeh then (4.7.1) and (4.7.2) are solutions of
(3.1.8) and (3.1.10) Writing QA and Y as ( Kyz=wx,=4 )

(>\:‘-()\1 *,)'1 '\):’\)n-\"\)qq'\-\)\‘i
where
’)‘L = qi (“'1,‘(’;) Anq, :qlkhr'l,\ré)
Va=Yas (o, 7)) VYaa = Vaa { Ya ¥z) Vo = Via (¥, 72,%)
then
Av = Aiw W T
Az = %12 + Qaz
Vv = Yy ¥ Vaay 3 Piay V'Z.:Vuz-tvgq-,_.}vuz
From
\7'1_ = Qv ()T )7.
V\r: ‘).v(')\‘-,_— ().Lv)
we get

Vitr 4 Vaar ¥ Via = a v (ry‘xr- (1\717.3 +
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Yerve - 24, + qu,ﬂ Y“;+Y‘.,-?-€!

a ‘-:.‘-(._‘(.'\q S
A Vv 4+ 208 2 Yy 4¥s 4 2Ly

K¢ e‘_“ ¥y ~ 2&;

ke Co 7y -8
aooA:‘-‘ -i- + ‘2-"1 - 3 i

viavg + 200 E For vy s g

a) if Ky = Kg=14 (i.e. two Schwarzschild line masses)
then according to (4.7.3) we have

3 - __j:_ L +T‘1-—2(€1+€Q\
I % Yy v We -l-"Z,(eg%'(z)

Therefore the equation for the horizon is given by

Wy vy - 2003 8) 2 0

i.e. the equation of the horizon for a Schwarzschild line
mass with t=0s48y , & horizon which is obviously
non-singular. So we see that the state of the horizon
changes from a singular situation to a non-singular situation.
b) if Ky § X then 9, .  takes the form

k
9 _(&H\-ael )‘. (\“‘1*‘"3"9»9.1)(2

i &V's,¥9».Q| Y P Ty 4+ 20

so ao.k =0 if and only if

Yyavy -%€, =0 or ' Vo Vs =-242,=20
But in that case the horizon would be singular as long as it
does not correspond to the horizon of Schwarzschild 1line

mass.
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+ 2"(“%*‘ - W) 4 2¢ (Xar Aav - 9.:.1-()11.()
Viga 4 Yaaz + Vg = 2% %4 A0z 4 qu'ﬂ")\i'l +

Yo (Agr Aoz o qulqr)

Remembering that individually the pairs 2 i, YLy and
N4, Vag are solutions of the equations (3.1.8) (3.1.10)
then we have to have the following equalities:

Q
Vv = ch.(gf”, - 9\»13 (4.7.7)

Vo av

¥

2v (2% - 24a) (4.7.8)

2v (Vv Qar - Ay2 r)zv‘)

Vaigy

(%.7.9)

Vigz = 2¢ (Aur Q22 + NaxQiz) (%.7.10)

multiplying equations (4.7.7) and (%.7.8) by Ky Ry

respectively and (4.7.9) (4.7.10) by Ky Keq and adding
then together we conclude that the functions (4.7.1) and
(4.7.2) are solutions of Einstein's equations in the general
case where Ket kq. ‘
We are now able to work out the second step i.e. to
see what will be the final state of the horizon under the
above quasi static approach of the two line masses. To
start with we write the 9 ,, component of the metric
tensor before (g, ) and after ( 9,0 athe approach of
the two line masses.



The above analysis suggests to us that generally the Bach 51
and Weyl solution passesses a singular horizon. However

considering Bach and Weyl metric as the separation distance
goes to zero then the horizon can change from a singular to
a non-singular one depending on the values of kh and K.



CHAPTER FIVE

STATIC AXIALLY SYMMETRIC ELECTROVACUUM

5.1 Maxwell's Equations in the Presence of a Gravitational
Field
Maxwell's equations of the electromagnetic field in a
flat space-time in the theory of relativity have the
following form:

BE
ox¥

AT L
= o, —— (5.1.1)
o 3

LR vl '
AF +’:>F +DF

. = 0 (5.1.2)
Axt Ax xr

2 3
where X s’, X , X are Cartesian coordinates, and

Y ¢
- OA __(BA (H.1:34
(a:KL 0%xx

.
is a second rank tensor with A™ = (¢, K\) the four
potential, and e :(C‘>4f>v) is the current four-vector

FL\(

acting ac the source of the electromagnetic field.
Equations (5.1.1) and (5.1.2) can be easily generalized

so they are applicable in any arbitrary system of reference.

This could be achieved by using the principle of General
Covariance which states that all the systems of reference
are equivalent for the formulation of the laws of nature.
Thus physical laws have to be written in a form which

is invariant under any coordinate transformation. ie. they

52
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should conform to covariant form. This could be done by
writing the various quantities appearing in the physical
laws in a tensor form, since tensor equations have the
important property of being invariant under any coordinate
transformation. Equations (5.1.1) and (5.1.2) obviously are
not written in a covariant form since the partial derivative
of a tensor is not a tensor. However, from the tensor
calculus, it is known that the covariant derivative of a
tensor is also a tensor. So the covariant form of (5.1.1)
and (5.1.2) can be achieved upon replacing the partial
derivative by a covariant one. We should remember that if

/\tK is a second rank tensor then the covariant

derivative with respect to the xe coordinate is given by

. (R : w «m
LT TALL M O (5.1.%)

€ Y
while
'a/\iw ™
g — e -"‘ . ( .1.)‘4'8.)
AwJ‘Q— S “QA'WI“—FKL Aun] 5
with FQ@ ' the affine connection of the space-time given

by (2.%.7). So the covariant form of (5.1.1) and (5.1.2) is

F;\‘: P _4_'3__ T L (5:1.5)
FY A FY + B =0 (5.1.6)
A J
and
F—\-K: AEV\ _ AVEL (5.1.7)
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using (5.1.3) (5.1.4) and the fact
A LAl
¥ = - T A
A i dx™ b

Equations (5.1.7) and (5.1.6) are respectively reduced to

(DFLK rDF\CQ DFCL

—_ . 4+ —— =0
g R 3%t oax "
e i QAY QA
a VX w ’Bx‘
Exploiting the fact that APV F“L, (5.1:5)

reduces to

o (%) 4T b
%_; 'ax“(qp ) =-E7T" Gag

We also have to determine the current four vector in
curvilinear coordinates. Keeping in mind that

1. The invariant spatial volume element in curvilinear
coordinates is given by

d v :W dx*dx*dx?

where X is the determinant of the three space metric
given by
X e a + 300\ %oL
= - &
g Yoo

(Landau and Lifshitz 1962) and,



2. The charge density ¢ satisfies the equation 55
“des= pYy dV where de is the charge located within
the volume element dV , then
i _ Pc dx'

) f;:c d x°

3 (5.1.11)

Egs. (5.1.5), (5.1.6), (5.1.7) in conjunction with (5.1.11)
are the covariant equations of the electromagnetic field
valid in any system of reference. According to the principle
of equivalence, the above equations have the same form

when a gravitational field is present where the influence of
the gravitational field on the electromagnetic field is
expressed by the presence of g« in the equations (5.1.5)
(5.1.6), (5.1.7) and (5.1.711)

We will now deal with the reverse problem. i.e. Does
the electromagnetic have any influence on the gravitational
field and how will we describe it? We already know that a
charged material distribution in the special theory of
relativity is described by the energy-momentum tensor

Tiv=%i« *MNix where E;« is the energy-momentum
tensor of the electromagnetic field

(&_- i (i A i L% (m
T “= = &— L + 9 Fem F )

and € i« is the energy-momentum tensor describing the
material »f the system ~ .
, The tensor T '© obeys the
conservation law

nTh
- 0

»xF¥

In the theory of general relativity we have to use the
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energy-momentum tensor _T\“ , describing the sources of the
gravitational field, as Miw #% T®ix where Eix is the energy-
momentum tensor of the electromagnetic field in curved space-

time.
o € s b g™
Et‘ ~4—ﬂ' ("‘F"{Fw 4 q‘ Ff’(qF 1&“)
The = . energy-momentum tensor satisfies the conservation laws

R L% -
(M'T+ €'%). ¢ =0
J
So the equation of the gravitational field is
i
Riw - —i-' C}Lv& R :’\Q(Mm vy Eix)

The above field equations are called the Einstein-
Maxwell equations. In a region of space-time where ‘j‘:o
and Mk = O, the equations are reduced to

i o= o
Rix ——Q-C};\c R = -x Eix {5.143)
The space-time domain which is characterized by fStf:O and

M'«w20will be referred to as electrovacuum. However the
Einstein-Maxwell equations for electrovacuum can take a simpler
form using the fact that | ",_:0 . An equivalent representation
of (5.1.13) is

‘abyn --% Sixc R = -« € c\(

or for L= K
or - RL\- AR =0

which implies
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So equations (5.1.3) take the form

R Ik = - XK E;Lw

which is the final form of Einstein-Maxwell equations in electro-
vacuum.
The above equations have been used by Weyl (1918) who
showed that for any static, axially-symmetric electrovacuum
the line element can be written as -

ds?® = ewcl’ca eV Vdvird1?) - yre "V clcg2

(Here the units have been choosen such that c¢c=6G=4 )
where ¥, 7, ? are cylindrical polar coordinates with
W = w(r ) V=v(v1) and the line element has precisely
the same form as in the absence of electromagnetic field,
(3.1.5),
Weyl also obtained a particular class of solutions
for an axially-symmetric electrovacuum that involves a
functional relation between the electrostatic potential
¢ and 9,, component of the metric tensor.
Majumdar (1947) and Papapetrou (1948) working on this
independently, showed that if there is any functional
relation between 9, ~and $ , then it must be

9., =1+ A% + $* (5.1.14)

where /\ and B are constants. The above relation is a

general one and does not assume any special symmetry.
Authors who have developed methods of getting solutions

of Einstein-Maxwell equations are Cooperstock-de la Cruz,

(1978),‘ Misner-Rainch-Wheeler (1957), Gautreau-Hoffman,

(1970). etc. In the next pages we will describe briefly

the method due to Cooperstock and de La Cruz (1978) and
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will apply their procedure in order to obtain the charged
metric for the caze of a Curzon particle and a generalized

line mass.

5.2 The Formalism
We adopt the Weyl line element ie.

dst=e"dt? - & V(dviraz?) -
(5.2.1)

N e_wr‘ld.ﬁya

and assume an asymptotic flat space which implies that

2m
9o = i - ——— _Cﬂ’%z}

(5.2.2)

with ™ and 4 the total mass and charge on the sources.
Comparison between (5.1.14) and (5.2.2) implies

_-2m

——
pem

q

Weyl showed that the function defined as

S R

satisfies the Laplace equation ie. X,,. + X5z + —’é_“:o

Integration of (5.2.3) gives
T e
X = Lvﬂ———-— ] (5.2.4)
¢ - o
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where A is a parameter defined by
Q
] (5.2.5)
2a q
Introducing a function
a.y
i o 4 (5.2.6)
b=

and eliminating >  between (5.2.6) and (5.2.4) gives

P = a i (5.2.7)
af-14
tlien from (5.2.2)
ew ;—_(i-cl.,’) £- 4 (5.2.8)
(o - a}®

From (5.2.6) we get

7(tnp) = o (5.2.9

Hence solutions of the Laplace equation can be used to
generate the ew and ¢ . Moreover the field equations
for VY yield the following system of differential
equations:

Ve z oo = Sltm$)y -(en )5 ]

v

(5.2.10)
W, nY - D.Y'(Q'h'f)‘.uﬂ{)v.

- A4

which are identical in form with equaions (3.4.8) So
according to that formalism egs. (5.2.10), (5.2.7), (5.2.8),
in conjunction with (5.2.5) determine the static axially
symmetric electrovacuum.
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5.3 Gauss Theory in Curved Space-Time
From the equation (5.1.9), we get

i & @ “(ﬁ\r{” Fo)=. 4%ec
[ T Vgeo

or putting

then

or

E,q"u_ = ~ AT PE . (5.3.1)

J
where E;ﬂ; represents the covariant derivative of the

2spect to the spatial metric

o e ‘ionaap
qu . aqa t 300

integrating equation (5.3.1) over a volume YV we get

(5.3.2)
Efq Y dv = - 4-1\'?(‘3?\[—‘:0(\/

v v

The Gauss divergence theorem in Euclidean geometry states
-

that for any vector field X the following identity is

true

f VX dv = X .w ds (5.3.3.a)

v sty)
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where S(V) is a simple surface bounding the volume V¥
and ?l is the normal unit vector on 8 while V
is the gradient operator.
In the case of a curved three dimensional space the
above integral identity should be

o (5.3.3)

where dv and ds respectively are the coordinate

volume and surface elements while Vx dV  and Vy dS
express the invariant volume and surface element respectively.
Combining (5.3.2) and (5.3.3) we obtain

| €5V dv =4 etnapds G

v

v 8%

Next we will give a simpler expression of the Gauss
diverger.ce theorem in the case of static axially symmetric
electrovacuum. For the line element (5.2.1) equation

(5.3.4) gives

§ g“na\rg ds =¢ .. F° VY ds (5.3.5)

sty) sStv)
Now
Y-Ww
{ji;o Q 6 = ¥Xe
From F Ke.:_ a““ (3““ F,\.,,,.\ , we get

Fo = ‘300 ‘lo('m F—o'm
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The only non-zero components of F°% are

-w _w-y 0¢

F”—.:—e € 1
DX

. v o
FOi eWeWV C‘b

-
=

ax?
where ¢> is the electrostatic potential. Hence (5.3.5)
yields
o -
§€ naﬁds =
aa (5.3.6)
- 9 9
SED{E R A

But according to the formalism

5.2 the electrostatic
potential is given by

43: a f-1
a'f-1

so (5.3.6) yields

62
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Finally (5.3.3) gives.

4'w S YV—X— dv =
(5.3.7)

_ra -w |-q? T S 24
- — v e d. 2 nids
L-a? § f‘(a’f—i)’( axt 1T )

In the following we will be writing the above expression
for finding the relativistic charge density P for
different charge distributions.

5.4 Metric for a Charged Curzon Particle and a General Line Mass
In chapter 4 we obtained the metric for a combination

of the Curzon particle and a generalized line mass. We see

that the function

—

9 Yi4Ye $20 \F'

X::K thﬂ'a—‘ll L

satisfies the Laplace equation. If

Q~1g = 2¢2

where ¢ 1is a constant, then V" Llm$ =0 . Hence the
function
- ¢ .
Bl e Gy by otV R0, Eis (5.1.1)
Yy & Yo +2L Yy

with ¢, and Cp constants generates the metric
corresponding to the charged case. Then equations (5.2.10)
take the forms



6l

Vv Y 2 2 2
Y = T S e C q = c A ] = C
b Yy 2 {- Y : y‘r

Vs :?_V..::{ ¢’ (Av}z] % Czyz
2 2

SO

2 3 2 2
\'p - C,.C
V:C:‘ Q'q(“-\r") ga . ERL o ;Lg+
A Yy 23
(5.4%.2)

207 - yx(risYy)

V‘sY_Q(Ts-fx) — dire ) ]

+ €, ¢,

The other component of the metric tensor and the

electrostatic potential are respectively given by the relations

( x - 9t >C‘ - %.;C’
i 2,2 < + 21 ke
¢ :(5.-0.) = 2(5‘)_‘_.3)
g, X -0 9 - 22
ot e ©» - |
X + ot
_ 2
(2= yhe ™y
x 4 2l
@ = 5 (5.k.}4)
% ><—9.€ )cl—'vT: i_
q( -
x +

where
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Equations (5.4%.2), (5.4.3) and (5.4%.4) determine the metric
if the constants (g and Cg4 are known. The asymptotic

w
expansions of € and ¢ are of the form
2
w L+ ¢, 0+ G 4
¢ =4~ % - + Ok-‘;)
L-or Y
" s ClaG o, gL
i % Y Y?
L- o
On comparing these with (5.2.2) one finds that

the total (effective)mass, and total charge of the system
are given by

L +al N
™ = — (C.L+Cq (5.%.7)
o a

These formulas give the relation between the constants Cg
C 9 and the total mass and charge. It may be noted that
™ and 9q are respectively the total mass and charge
as viewed by an observer at infinity.
The final distribution of charge is found below by
an application of Gauss's theorem, while for the distribution
of mass we assume the following

My = LI (5.%.9)
L-a?
2
L%
Maq = q, Ca (5.%.10)
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where ™, and M, will be respectively the mass on the
"line mass" and on the "Curzon particle". Such a distribution
of the total mass has been adopted since for the case that

9q — 0 the results have to be in agreement with the
results in the uncharged case.

5.5 Distribution of Charge
Substituting (5.4%.1) in (5.3.7) we get

2
d,v ps §____.a___. Y‘éw.i:__?__— o-l--
4~W5 P Ve { -a2 (a?f-48)% f
Y 4%, - ¢
L(C,Qn - - - i )'q‘o(s+
g Ny A ¥y 4 e
L
L vYa~ 2L %cC Q
o (ci Ln : - . )rv\ ds
ax® 44 va 4l X3

or
Yo-28;
" viodV = 2 S—L (C Qv 220 )
1 SP ‘ g™ " xi ' qv;+m+aﬂ.v
(B:H.1)
L ‘ﬁ*‘f’;-‘le
' vododz 4 c. 4 ) *vdodr +
.n ¢ XQ( Ch Yy & Vo 220 R T



67

o 0]
4 §1_°Q [_‘:x‘(- s 2)'»-\ vodedz + b ?-%)w\trdy&r]
S(v)
From the right hand side of the latter equation we can
see that i3 O\Td(f and Y'd’l.d.cp express the surface
elements in the three dimensional Euclidean space so
equation (5.5.1) can be rewritten as follows

fp gy =2 b T (- 22 ) R

L -a

i'““% ( * ﬂr;*«‘a»u) i

Applying Gauss's divergence theorem (5.3.3a) we get

{9 s

AHTSPQ dV =

i-a

Vi 4V - ol
4 . b S V2 (Cl 9.'\1 . . ) OLVE\:M. (5.5.1a)
Y 4+ Yo rat

where
But from classical electrodynamics

Vz(cx“\

14V g =28 \) ct\((z)BW)

i v Vo 494 Y

where K(Z) is a step function defined as follows



0 i Z> Z,and Z { 1y

K{Z} =
i if Zy € Z < %y
and
P %Ca - ™ 3(¥3)
¥, k== 8
where B

, in the above formulas, represent the Dirac
Delta function. Then (5.5.18 yields:

L \&v- PV
4_“_9 - %‘ CL!\ZI ely ) v 4'.“_ O\ By
Ty Yy

From the above expression for the relativistic charge
density we conclude that the charges are located at the

point Y20 7Z:0 and along the part of the Z axis
between “Z i and Lo

The total charge at the origin is given by integrating

the density P over a closed surface which intersects

the 2 axis at 2. { Lq and encloses the origin. Then
q = 2ocCa (5.5.2)
5 L - o®

Proceeding in a similar way, the charge between Z; and
Lo 1s given by

QoCq
g, T = (5.5.3)

L~ aa®

68



69
5.6 The Regularity of the Metric
Equations (5.4%.2), (5.4%.3) and (5.4.4) determine the
metric of the electrovacuum space-time. As we have discussed

before,the criteria of asympotic flatness and elementary
flatness have to be employed in order to accept the above
solutions as physically consistent. Also in chapter 4 we
saw that the corresponding uncharged case exhibits a
singularity on the portion of Z axis between the line mass
and the Curzon particle respectively. In the next paragraph,
we will try to get rid of the singularity by a proper choice
of the parameters ™M, Mg and Ay 3. .

The new asympotic flatness criterion requires {-—» i
asymptotically, which is satisfied here as can be seen by
an inspection of (5.4%.3), (5.4%.4%) and (5.4%.2) The limits
of @% Vand & are as follows:

W .

@iwq e = 4i Liwmy V = O
b 0 - oo

Z ~» oD 7z~ o2

i
O

¢ i m (b
=
T ©°

Hence the line element (5.2.1) becomes

ds* = dt'-dvr?-dz*- yrd oot

That implies that at very large distances from the sources
the geometry of the space-time tends to the usual geometry
of the flat space-time of the special theory of relativity.
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Elementary flatness criterion requires \'4 to vanish along
the Z axis. From (5.4.2) we have the following values for V :

0 for 22y or Z<0 and ¥=0

CsCy
did +¢)

0<LZ K 7,y and Y =0

The values of the V¥ function suggest that even in the
charged case we generally need a strut in order to keep the
system in static configuration. However the charged case
allows the possibility of removing the strut by choosing
carefully 'm,; "™y and 9, 94 . From (5.4%.9),
(5.%.10) we have the following expression for WV

) A%
V(v 0, 002¢2y) =%, mums b
(e rat) L la + L)

=\M.m, ( 2 A )"("“2 )’-. ’m.’m:} l _
¢ (L-o) L+ ot e dld 42
L My M, *q;ﬁg' 4
d(d+¢) ¢
So the possibility of making V zero occurs when

WM, M, - 9,9, =0 (5.6.1)
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Furthermore,
K 9
e e — (5.6.2)
M q Aq
So these two equations together yield
1 = g? L (5.6.
TY‘L - ql -‘T\ﬂ -qi > 3)

The above relation is the relativistic condition for balance
between the "line mass'" and the "point mass'". Note that the
equation (5.6.1) is the necessary condition for balance
between a charged line mass and a charged point mass
separated by a distance in Newtonian classical physics.

5.7 Evaluation of the Constants

The metric for the charged Curzon particle and a
generalized line mass is described by equations (5.4.2)
(5.%.3), (5.4.4) where the constants €y Cq are related
to the masses and charges "W, q;t:3,2via (5.4.7)(5.4%.8).
Further, in the expressions (5.4%.7), (5.4.8) there is the
parameter o defined by (5.2.5). In this section we
will relate C Cq only with wm; q; i:1,9 The roots of
the equation

Ly at ™
q

A 2

can be real, or complex, depending on the ratio ™M . So
we have the following cases: q

I8 ‘h1t 7 ﬂa , undercharged case, equation (5.2.5)
has two real roots one of those between -4 and Lo
Restricting e Dbetween -4 and A then from (5.%.7)
and (5.%.8)
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Cﬂ:“h\li“ __;_ (5:7+1)
Ly
e & “\g\’i ) (5.7.2)
™3

2 2
.08 X > m (overcharged case) we can define an
angle B by the equation — Cos § and O <p<”
Then equation (5.2.5) has the following roots:
fip
& = €

Then Cy C, are given by

" kN
eyt :q*h" ﬁ% (5.7.3)
4,

.- - ‘ . .
iCy = 34 _ q’; (5.7.%)
H

C: Ca

kW C‘":'ﬁr\'\sl , critically charged case, the
can be obtained from (5.7.1) and (5.7.2) by taking the limits

as ch’ — "\'v]?' i.:L“lthen
¢

Ce:e' L-j_‘:. = O
| e ’"h\, o

A, >m,

""_ 2
CQQZQ\'\'T\ 'Yf\g L-_i_.g_t =
™ 4

qq =+
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For those values of C¢; and Ca ; V vanishes  while
e™ and ¢ yield {% indeterminate form, and the
equation
1o Qz_ ™
20 9

w
has as roots & = * L | The real values of € and @
can be found by taking the limit of (5.%.3) and (5.4.2)
and by applying the following identity

Xz Lo+ xdma o+ ooxh

then
W 4
€ =
2
™ ANEA Y
( s {m -~ M3 ¥\ j
¢ Vo &g +20 3
AL ¢m MCRANTE YN P
q) . AR k)
9 ) L4y - ¢ 92
—— el
e V4 vq +0L Y3

5.8 The Limit of the Charged Bach and Weyl Metrics as the

Separation Distance goes to Zero

In chapter four we have discussed the limit of Bach
and Weyl metric as the separation distance goes to zero.
In this chapter we will develop the charged Bach and Weyl
metric and find under what conditions the metric for two
charged "line masses" (as the separation distance between
them goes to zero) can be replaced by one charged "line
mass".

As we have seen the function (4.4.2) satisfies the
Laplace equation. Thus the charged Bach and Weyl metric
can be generated by the following function:




7

(5.8.1)

{ (TL &T‘).—-Q,e* CA(Y'5‘-»{'4 -‘lﬂg )C‘&
VA b Vo 22l vy v Vg + 202
with C4¢ and Caq constants

Then e ¢ and Y are given by

. Vi p¥a -~ 28 C*( Y3sva - 28, )c,_
e:.(!.-u.q) *ruv‘av;.e) a8 Yo + 2X2

= 2
qu(\rqu QQ‘)C‘ ("'s#"'q--‘l@z)cl_ i]

VL4 ¢ Cy ¥ Yo +24,

(“'nv',_-s.e. 4 ( Va b Va - 2L, )Cz L4
cb - YRy v+ Y¥e + 24,

Ca
Ql(Y"\.*""l‘le( )CS( Y+ Ye -1Q2> 2 | (5.8.3)
vLa v b aly Ty b Yq taly

:
8

——

(¥
Y= C QV\

Yo - - Y
+C1¢QQ~1~—§-—- § Cxlq Ny Cive - (Rsrok)rs — Ui idyvol)Va
3Ly bivg -dh ¢4 = (&g o)V

The asymptotic expansions of e and ¢ yield

Lya

eV - b= 9 (€uey #8:e5) (5.8.4)
L -o

b= 2 (e ¢ bty ) (5.8.5)

These equations imply
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1 (cily v ci0y) (5.8.6)

2

q - (il v aala) (5.8.7)
L..

Substituting (5.8.1) in (5.3.7) we get the following
expression for the relativistic charge density

o o Gy olr)kylz) o cadlr) kalz)
= +

2% %
- Ot -
which implies the following charge distrubution
Q o
L-o™

Q. o
e = = 2,Cy (5.8.9)
L -a

while the mass distribution is assumed to be

-

™, = giCy ™, =

L+ o2

{-a?

2.Ca. (5.8.10)

§ 4 o™
Assuming L5=0 with L, —»0

letting the separation distance ol —0
¢, V take the following form

Z,—» 20 +and
, the quantities

(v\*“'z*le )Cl Vit -2l \ C (5.8.11)
ew ~(1= = )Z ik Vvt d, Ta b V3 +0Q,

( vy v, -2y @ vy -2t |62 2
@ ) ) _y

Ao & Va H_Ql Win. &y MQ
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\V'Li—V'a_— 1@1\‘:& ¥a b 5 ~08, \F2 !
q> —_— Yarya 4+ a2ty Y'_\&V's"’ll’:) (5.8.12)

u;( VL4 va - 9@y )‘t( YarVvy - 2AQ )‘! _
VA ¥ Va b 2y \").¥V's*1Q2

g (Ve dvg) - 40, v A g
vV = C, Q"] 2 § " C:f. (Favvs)ie g ¢, ,
ALYy A Y3V
" - & v L
s ek ev‘{ex(\l‘s ) a (v :)] a £6.5.1%)

Ca[ 2tz = valvysva)l

However, if €y z2C,=C then using the identities (4.7.3)(4.7.4)

w .
&, ¢ and WV give

(V"t fvy -9y ©
Yy *V'a*‘l&)

2
Ve vy - %L\ €
a‘l( broE ) ~ 4
iy o+l

(V“x + ¥y - 0@ ¢ A
¢=°\- Y1 3vvs v 2l =

qu(v‘. IRy )C E &l"'

“&\Vs ¥

2
ew = (1 - Qa)

(Faavy)te g¢?

V:CQQV\

4'Y.£T3




with Q = Q i % Qa
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The above functions exactly describe the metric of one

charged line mass, (Cooperstock and de la Cruz (1978)).

Summarizing, the 1limit of the charged Bach and Weyl metric

tends to a single charged line mass metric if and only if

Cy =C3 Further, following a procedure similar to one

in 5.6, we can express C\ and Caq in terms of W

A v 4 2 Thus €4t and Ci3 are given as follows:

C ¢ 0 —..-*m-\,\}L_j;f_
B PY

23 By ]2

e £~ - 2 Lr

from (5.6.8), (5.6.9) and (5.8.10) we get

(5.8.14)

(5.8.15)



or a combination of (5.3.14%) and (5.8.135) yields

2 1
A ™M g
9.51 eaz
e a3
0 5
which implies 2
v 2 A 2 2
AL T A PN s .,
8 2 Y gt
Q‘i Q:\ e!. :;2

(5.8.16)

So Cy=Cy implies that the mass and charge densities of

one line mass is equal to that of the other, in order that
the limit of the metric be equal to that of Weyl line mass.

If Ci}c then the metric is described by
in conjunction with (5.2.5)

(5.3.3)
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CHAPTER 6

METRICS FOR MULTIPCLE PARTICLES

6.1 Introduction

In chapter 4 we found the solutions of the field
equations which are generated by the functions corres-
ponding either to the Newtonian potential of a point mass
or the potential of a uniform density line mass or a
combination of these. However another class of solutions
can be generated by using as A function the
Newtonian potential of a point mass which exhibits multipole
gstructure. i.e.

I
N\ = - i, Pﬁ\ (cos ©) (B:1.1)
y+)
n=4% R
2
Where ‘{2 = T'a + 7 ,
C'ﬂ
are constants while
Py(cos®)
represent the Legendre polynonial of ?ﬁh order and ©

1s the angle between the - axis and the direction of
R . So far a general solution of the field
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equations generated by (6.1.1) has not been found. The main 80
difficulty of doing so . is on one hand the complicated form
of Cx and on the other hand the problem of the integration
of' the system (3.1.8)

Geroch (1968, 1970) has proved that the metrics which
are generated by (6.1.1) for every value of N possess
multipole moments which generally are different from those
multipole moments of classical mechanics corresponding to
(6.1.1)

That implies that the sources of those solutions
exhibit multipole structure.

Szekeres (1968) has obtained solutions which are
generated by a pdnt mass possessing a dipole moment and
a quadrupole moment while Rosen (1959) discovered a
solution which was obtained by Schwarzschild line mass
superimpaed with a quadrupole moment. In our work we will
obtain a solution which is generated by a Curzon particle
superimposed with a dipole = moment. In our work,in
order to simplify the integration of (3.1.8) we will use
the Szekeres (1968) coordinates. We will also find and
examine the metric generated by a Curzon particle and a
point dipole where now it is assumed that the two particles
are separated. In order to comply with the results of
the Geroch works we will refer to the metrics which are
generated by (6.1.1) as metrics corresponding to multipole
particles.

6.2 Szekeres Formulation

Adopting Szekeres independent variables } and J

as
3 a ¥ 4 N A

J= VvV -L1
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and noticing that

2 .9
a;‘;'%(aq‘-“'a‘z)

? .
dad(geik)

the equations defining the ¥ function

Ve = v (2% - 9%)

Vz = 2 ¥ ﬁr ):z

may be replaced by the following complex equation

DV _ .. 9%.2
————: c——— (6-2.1)
273 (_‘“SH%J

The advantage of this method is that if we are given )

as a function of J and T , the Y function can be
obtained from (6.2.1) by simple integration. Szekeres (1968)
applied the above formalism and derived the metric that
corresponds to a dipole potential i.e.

g - ¥
e e e LB R e
R * 9

where [) is the dipole moment of the point dipole (for the
definition of the point dipole see discussion in the next
paragraph) R2% =v242% and © is the angle between the
2 axis and the direction of the unit vector along R
(see fig. 6) Substituting (6.2.2) into (6.2.1), the y)



function turns out to be 82

0 v e g z?)

4R °

Y =

6.3 Metric When Monopole-Dipole are Situated at the Same Point

In this paragraph we will obtain the metric for the

function

(A “m D Cos©
L e~ %

R R
corresponding to a Newtonian potential of a point mass with
dipole moment. In classical electrodynamics we define a
dipole as a svstem of two equal and opposite charges Q
separated by a distance d . The quantity D :q& is
called the dipole moment of the system. From the above
we can construct the point-dipole under the following
assumptions.

C\——-a,oo d —> 0

with D remaining finite. If we want to carry this
definition in the case of a mass distribution, we have to
introduce the concept of negative mass. The above assumption
seems to be artificial and nonphysical as we are familiar
with only one sign of mass. However, we will not deal with
the problem of whether or not negative mass exists in

the universe. (note that some authors e.g. (Bondi 1967)

have considered that problem).

So far we are taking soluti ons of the Laplace equation and
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from these; generate exact solutions of the Einstein equations.
We now consider the potential of a point mass dipole as
solution of Laplace's equation disregarding whether or not
there is negative mass in nature. This point mass dipole is
defined in a similar way as the point charge dipole, and is
characterized by the quantity

D = Lim fnq-cL
d—0
L b

where cL is the separation between the positive mass ™
and the negative mass -~w . It is easy to see that the
gravitational potential of the above system is given by

] = Dcos @
R?-
Taking
,] o Dcoso
- 5 ——;z;-
we see that sz- Q. Changing Yy = coordinates to

—e

I 3 coordinates, .the above equation becomes

] =

.- = Di3-3)TIVE =
(33)9 &

Z‘-A.L‘*r)‘a

where ,}L is proportional to v , and ')z to D . Then
the equation (6.2.1)yields
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2V ’3_;)_« DN & ') s
,;-S-*ku?ﬂ ( *("_\) A5 k;g?)]

wnhere the terms

R N
(’Bj) ((33 )
and
n DN
(;%%f )( ;Sjg?y generate

respectively the monopole, dipole, and the interaction
part of the Y function. On substituion of the partial
derivatives of ) into (6.2.1) we get

_ 2 I
—---( A \X D?(f:"’S)J. d mebLﬂ]
433° L6 55 &

or

V=2 g'm“(mi\o\s _ L SDWSXSJ 3 WE Smim—sw

6 3% 3

33°

A straightforward evaluation of the above integrals gives

V= - ";‘:_‘(__L* )+ flEy &

33
Pl S REESE-C B A
LG 3§* 23'§* I°3 43

d3



m D¢ 1 h A i i -
+ — |- = 4 - 4 — - + 1
% ( *3  I*% 33" 3'*) shal

where f;_(—}) (z24,8 3 are the complex functions of the
variable, § . These functions are found by utilizing

the fact that Y has to be a real function. From
inspection of V¥ , the $4.(3) functions are given as
follows :
]
:f i (3 ) = - ’“".. 2
g3
4 ?
‘?‘(‘S\ - 16 4;—54
e m D
3} = —=3
A3

rewriting the function Y 1in ¥, 1 variables one finds

2 2
miy , D vl g7) 2m 0¥’z

V=-
> R* 4R ° "G

The metric which is described by the functions 2 and Y
obviously satisfls both the elementary flatness and

asympotic flatness criteria and it is physically acceptable.
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6.4 Metric Where a Monopole and Dipole are Separated 86
In this paragraph we will find and examine the metric

which is derived from a ﬂ function due to the gravitational
potential of a monopole and dipole which are separated
from each other.

For this case, C\ is given by

Dcoso
i TR -
R-a Rea

where

2 %
R =V « (Z o)™

™

2 2
R =rt s (Zae)

(see figure 7 )

In order to find the YV function we can use the differential
equation (6.2.1). Szekeres has found the metric corresponding
to the following formm of )\ function:

M, D cos0 A

- i —
e

Re\. QZ Q‘°’

and the YV function is given by the following lengthy

expression:
v MFTQ Da‘”g(\"i" B(Z—O\)u) 'mz‘{'a’
= - 4 - ——
AR & 4R S 2 R.%

?‘NML(QQ— o) m Dfa’ - ?.'Lo.s«?.v‘qaa%‘iv_?qo.-QA)
A= =
4\--(3.2 Re Q-Q. 9~0.3Rso; R-a

QM, DV (z-
Ro
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with
Qe':*r'z* 22
If we take the limit of the above metric as ™M -—=»0
then the new metric corresponds to the case of separated
monopole dipole. The limits of A and ¥ are given as

follows
Vo.M Dcos®
R-a Re
L A
__,mt‘,z \ Oy Lv™-g(z-0n'] . mD (a*- 220’ ar®a?y220% - r°)
= %
fe.3 4 RS 23RS R.a

these are solutions of (6.2.1) s as one can easily
verify.

6.5 Behaviour of the Metric at Infinity

The asympotic flatness condition requires

tim % =0 LimVy =0
Y- oo Y—po
T © 1> OO

The 1limit of the ) function satisfies the above relation
but not tre limit of the VYV function. The limit of theV
function is as follows :

D)

Qlwq Y = - ::L‘;

Y= o% Ll
Ty o2

which is a constant. Thus, in order to satisfy the asymptotic
flatness condition we add to the expression of the Y



wm D ‘
function, the constant s - * This new function

v+ TEE% also satisfies equation (3.1.8) as we can
{* 9

easily verify. Elementary flatness requires Y

on the Z axis but

o \ T\ 7o

Y =
__.9. \ 7} <O
g

Thus we again face the same problem that we had in the case
of a Curzon particle and a generalized line mass. (Chapter 4)
Thus as before, the non-zero value of the function Y in
the interval (-o, Q ) expresses the necessity of a
supporting strut in order to keep the bodies in a static
configuration. Further, from classical gravitation the
gravitational force on a monopble located on the 42 axis at
distance Y due to point dipole is given by

or

:_ 2bm

——————

3
Thus even in the case of multipole potential the non-
zero value of ¥ function gives the force between the two
distributions of matter. In the next section we will find

the charged metric of the above system and we examine the
possibility of getting rid of the singularity.
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6.6 Transition to the Charged Case

In chapter 5 we developed the metric for a charged
Curzon particle and a generalized line mass. We also
found the necessary condition for balance between the
charged "point" and the "charged line mass". In the
last section, we saw that for the case of a monopole
and a multipole particle there exists a singularity
manifested by the breakdown of the elementary flatness
criterion. Authors have gotten rid of that singularity by
introducing negative mass (Israel and Khan 1964) (Synge 1964)
or by a superposition of multipole particles (Szekeres 1968)
In the next section we will develop the charged metric
having as a main purpose, the removal of the singularity.
As we discussed before, the removal of the singularity
implies balance between the monopole and dipole without
any supporting strut. Cooperstock and de la Cruz (1978)
found the necessary condition for balance between charged
Curzon particles while Szekeres (1968) found the condition
for balance between a monopole dipole together and a monopole.
Further we are interested in finding a corresponding
condition for balance between a "monopole" and a "dipole".
The formalism develoved in 5.2 is applicable in the
case of the metric corresponding to the multipole particle
since it does not impose any restriction on the form of
function. Then, according to the previous paragraph the

function

, :* C;";“@ (6.6.1a)
g € &= o

will generate the charged metric. And the quantities

w
e ,V ,¢ are given as follows:
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Ci CacCose
-2—<-o. Ro*
LI -
6 =(l-ot)
- €2 CaCos@ ?
L LT e
(0- € R-a Ra - | )
cl w2 c."v-zf_ L 2 . § =
N = - e | 4 Y- 8(Z-o)" ] " C,Cp (" =2z0  ~2vet
- . - i
2 Q"v 4 Qn. QO-BQ: Q_O.
— Cz Cos @
e ?& un _ L
¢ = 2 -_CJ_ - Ca Cos@®
oL e Rex Ro? -4

W
A straightforward asymptotic expansion of € and ¢

yields

ew__ R s L+a? ¢ 2&/::1" C,SCosd

B 1-a% Fr § -~ il
(6.6.1)

4 2
_ L+a? Cicoso@ % 2 L-20% Ci 4 o(_,!_._s)
2s,°"2 Tz Ll"al)z Yl d

. Ao '8
o = i 2% 550850 U gpkg (6.6.2)
2 T.g Y

L-o;l v i-a

. w
Further the asympotic behaviour of € and @ are respectivly

given by




w 2wm ‘&DmC%@_ LMS s 0(3—) (6.6.3)
= i - . "—“;73—' ¢ *
and
Dq Cos®
& = R . T (6.6.4)
v Tﬁ rs_ wr'&

a comparison between (6.¢.1),(6.56.2), (6.6.3), (6.6.4) gives

9o
- 2o c D 2 Cs
q N . 9 L'-O\Q‘
L~
2
L+
L4 Q? D = ——_C
("yl:i Q° C‘L " i-ag :
-0+

Applying the Gauss divergence theorem to the function P
given by (6.6.1), one finds

i

4.TT‘SPY'E dv = o gv2(~ L C-E—Eze)rdrdidq

l ~o? R .o PQ

The second volume integral of the above relation vanishes

everywhere. Hence

2 o D(R. )
L—oxi rX—

=D
i

and the total charge

2 o G,
R

9 =

L - o




This implies that the charge is located at the point w =0 92
Z =-a and we assume that the dipole is located at

the point =0 <Zz:aFrom the values of the effective mass wn

and charge dipole we can relate the constants €y . and Cgq

with wm , 9 Dw Oq (by a similar procedure as in chapter 5)

We have the following cases

1) YL > D
m* > q Om>»Uq (undercharged case)
{ a
Cy:wm L--S—z Gy = Dm { - By
™ 2 DZM
2 2 b y
2 ™ < 9 Dm<Oe (undercharged case)

———

. LS
lCL:C’l\‘g- m* iCIZDﬁ\JL-D“
. D'

(critically charged case)

and
Nz O
and
" i
g T e . 4
9
[ly.l. 4 —m—-{—- -l—:_]
Rea Q4u
, q 4 Dq s 0
¢ _ R-u, QQ
M Dy Cos0
ey 4 = + 4




we shall also determine the general relativistic equation
connecting Y| g Dw O4 such that the metric is
regular everywhere (except at the point o Z=te)
As before,

Cy Co

CLB

V(Fzo | Zi< a)

™Ow - q D4
oL s

—
—

So V = O if and only it - Dm =9 Dq but also

m —~ Dm (6.6.5)
q Dq
those two equations together yield
° 2
= P Om = Oaq (6.6.6)

which is the equation for the balance of a monopole and

a dipole without any additional strut. A comparison with
the classical case can be made after calculating the forces
acting on a monopole mass being in the gravitational field

of a point dipole and secondly the force acting on a charged

monopole due to a dipole charge. The gravitational force
on the monopole is given by

F . Bmm
- S v 3
while
F - qu
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those two equations imply that balance in the classical oL
sense can be achieved if Dwm ™ = [)q 9 which is the
same equation as in the relativistic case.




SUMMARY AND CONCLUSION

In this thesis we have obtained some new static axially

symmetric solutions of the Einstein and the Filistein-Maxwell

99

field equations. In chapter four we analyzed all the the steps

leading to the exterior solution of a Curzon particle

in combination with a generalized line mass. By a slightly
different procedure in chapter 6 we have found solutions of

the field equation representing the exterior field of
multipole points.

Although the exterior fields of the above mentioned
solutions are known, our knowledge about the distribution
of matter acting as sources of those solutions are very
limited. As we discussed in chapter four the field of a
general line mass might represent the exterior field of
a family of spneroids.. However, for the Curzon metric
the knowledge about its source ' is very limited. The
only thing that is known about its source is the fact
that it exhibits multipole structure. We should point
out the following situation in the General Theory of
Relativity. The Schwarzschild solution does not exhibit
multipole structure (see Voorhes 1970), while as we said

before the Curzon metric which is generated by the Newtonian

potential of a monopole does exhibit multipole structure.

So we can say that in the theory of relativity the relativistic

monopole corresponds to the source of the Schwarzschild

solution. Therefore we can say now that the sources for the
exterior metric of a Curzon particle and a generalized line

mass might be spheroidal in a combination with a point
source exhibiting multipole structure.
We also have obtained a charged metric corresponding

to a charged line mass and a charged Curzon particle. This
has been done by assuming a functional relation between the
3 and the electrostatic potential and by application of
oo



Weyl's axially symmetric electrovacuum formalism. Under thesg
assumptions we also eliminate the singularity which occurs on
the portion of tne z axis between the line mass and the point
mass. We found that the necessary condition for balance
between the point mass and the line mass is equ. (5.6.3)

which suggests that the line mass and the point mass have to
be critically charged. However, we should remember that this
conclusion has been obtained under the assumption that the
charge to mass ratios of the point and line components in the
superposed charged point-line . mass metric have to be equal to
eachother (see 5.6.2). This equation is simply a consequerce
of the Weyl electrovacuum formalism in conjunction with the
functional relation between 3°° and electrostatic potential.
A more general equation for balance between the gravitational
attraction and the electrostatic repulsion should be
obtainable but not within the framework of the Weyl formalism.

Almost the same results have been obtained when in
chapter six we have looked at the relativistic condition for
balance between a charged Curzon particle and a charged point
dipole. We have found that the balance can occur when the
Curzon particle is critically charged and when the point
dipole is characterized by the equation Dfn - qu where

[)M is the mass dipole moment and ()q is the charge
dipole moment. Again these equations have been obtained under
the restriction (6.6.5)

Further in chapter 4 we have examined the Bach and Weyl
metric as the parameter d (separation distance) goes to
zero. Sdying the horizon of the zbove metric before and
after the limit o —0 we proved that the horizon of the
Bach and Weyl metric during that quasi-static approach can
emerge as singular or nonsingular depending on the values of

Ky and ¥y . If Ky =Kyz1 then the singular horizon
after the contact emerges as nonsingular while for K, 3Kg
the final state of the horizon is always singular.

Finally we generated the charged Bach and Weyl metric.




Again by letting d — O we have seen that the 97
geometry of the space time can be replaced by the geometry

of one charged line mass as long as the mass density and

charge density on one of the line masses are respectively

equal to the mass density and charge density of the other one.
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Figure 5.

Figure 6.
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Figure 8. Silberstein Solution
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APPENDIX

In the following pages there are three computer
programes accompanied with numerical results. Writing

(%.4%.8) and (4.4%.9) as follows:
Y = Vu* + Vo ¥ Vo
Vg = Vit b 'vs‘_ + VgL

Then the first program shows that

Vere = @, (v, 2)
Yyt = Fs v 2)

where @, (rnz) and §5(v2) are defined by (4+.4.12)
and (4.%.13). The numerical results from the computer are
as follows. The first, second and third columns from the
left represent the variables z, Zgand Ly , (see fig. k)
While the fourth and fifth column are field points and the
sixth and seventh columns are the difference between

~\)KKL- ,c?-scv'; '2) and V'SKL, ;z(v;‘z)

respectively.

The second and third programs - :. show the equality
of the relation (%.7.3) and (4.7.4) respectively. The
results of the computer programs - rave been arranged as
follows. In both programs the first, second, and third
columns from the left are the points Zy Z, Zg¢. The
fourth and fifth columns are again the field points and
the sixth column represents the difference between the right
hand side and the left hand side of relations (4%.7.3) and
(4.7.4%) respectively.
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