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ABSTRACT 

In this thesis we deal with static axially symmetric 

gravitational fields in vacuum and with static axially 

symmetric electrovacuum. The formalism of Weyl-Levi-Civita 

has been employed for obtaining solutions of Einstein's 

and Einstein-Maxwell equations. A solution representing 

the exterior field of a Curzon particle in combination 

with a general line mass is obtained. Through a suitable 

formalism we generate the charged metric representing a 
charged Curzon particle and a charged general line mass. 

We also examine some properties of the Bach and Weyl 

metric. Further we derive solutions of Einstein field 
equations representing point sources exhibitiLg multipole 

structure. Special cases of balance between multipole 
point sources in the general theory of relativity are also 

examined. 

R.M. Pearce 
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INTRODUCTION 

One of the main features of Einstein's theory of 

gravitation is the geometrization of the gravitational field. 

Postulating an equivalence between gravitational fields and 

non-inertial systems of references, Einstein showed that 

the gravitational fields can be described by ten functions 

of the space-time coordinates. As we will see, these 

functions are the components of the metric tensor of the space­

time which contains the gravitational fields. We should 

1 

remember that the metric tensor is an object that determines the 

geometrical properties of a given space. 
Furthermore, the components of the metric tensor and the 

sources of the gravitational field are connected through 

one of the most complica tea. systems of differ·ential equations, 

the well known Einstein field equations. Despite the hard 
and persistent efforts of physicists and mathematicians, exact 

solutions of Einstein's field equations are not obtained very 

often. One way of getting solutions of Einstein's field 

equations is to examine special cases of gravitational fields, 

i.e. fields possessing various symmetries or fields produced 

by simple distributions of matter. 

So far the concept of syITl:'.letry has played an important 

role in the formulation and simplification of various physical 
problems. Maximal exploitation of the symmetries, whenever 

they are present leads to beautiful and understandable 

results. H. Weyl (1952) noticed the following about the 
concept of symmetry: 

"Symmetry, as wide or as narrow as you may define 

it's meaning, is one idea by which man through the 
ages has tried to comprehend and create order, 
beauty, and perfection." 



Tne first application of the concept of symmetry 
in the Einstein theory of gravitation has been done by 

K. Schwarzschild (1916) who obtained an exact solution 

of Einstein's field equations. He fo1LDd the spherically 

(and, unique) symmetric vacuum solution of Einstein's field 
equations. Weyl (191 7-1919) and Levi-Civita had been 

working on axially symmetric gravitational fields. As we 

will see, gravitational fields possessing axial symmetry 

lead to a new class of solutions of Einstein's field equations 

which contain the Schwarzschild solution as a special case. 
This thesis deals with static axially symmetric 

gravitational fields. We will find and study some new 

static solutions of the Einstein and Einstein-Maxwell 
equations. 

In chapter 2, a brief development of the special and 

2 

general theory of relativity is discussed. In chapter 3 we 

define more precisely the static axially symmetric gravitational 

field. We will see that the concept of axial sym...ietry 

enables us to find the general form of a line element for a 

static axially symmetr~c gravitational field. Further, 
using Einstein's field equations it was proved that the static 

axially symmetric gravitational field in vacuum is described 

by only two functions A and )) where '). satisfies 
Laplace's equation in a three dimensional flat space time 

(recall that the Newtonian gravitational potential satisfies 

the same equation) while the V function is found through 
quadratures. 

Hence, solutions of Laplace's equation can generate static 

axially symmetric solutions of Einstein's field equations. In 
chapter 4 we apply the formalism which is developed in 

chapter 3 and we obtain static solutions of Einstein's field 
equations. In section 4.1 we will see that the Newtonian 

potential of a point spherically symmetric source leads to a 
solution which exhibits a multipole structure while in 4.2 we 

prove that the Newtonian potential of a uniform line mass 



3 
densj_t,y with a special length, leads to the Schwarzschild 

solution. 
So from those two examples we see that there is a 

mathematical one-to-one correspondence between the solutions 

of Laplace's equation and the solutions of Einstein's equations. 

However there is not a physical one as long as spherically 

symmetric solutions oftre L2pJace ,equation do not generate the 

spherically symmetric solutions of Einstein's equations. 

Bach and Weyl (1922) found the solution which is 

generated by the gravitational potentials of two uniform 

density line masses, while Israel and Khan (1964), generalizing 

their work, obtained the solution which is generated by N 
uniform density line masses. 

Curzon (1924) obtained a class of soluUons which is 

generated by the gravitational potential of point masses. 

We consider it natural to fi~d and study the solution of 
Einstein's field equations which is generated by the Newtonian 

potential of a point mass and a line mass separated by a 

distance different from zero. The properties of the above 

new solution of Einstein's field equations are examined. 

Applying the criterion of asympt otic flatness ~.ve found that 

the metric reduces to the Galilean one at spatial infinity. 

The problem of the regularity of the metric which is 

manifested by the breakdown of the elementary flatness is 
analyzed and a qualitative explanation is given. 

Finally the horizon of the Bach and Weyl metric is 
examined. Certainly according to Israel's theorem (1967) 
the horizo~ of the above mentioned metric is singular. However, 

examining the horizon as the parameter which represents the 
separation distance between the two line masses goes to zero, 
we found that the horizon can be nonsingular depending on the 
special densities of the two-line masses. 

In chapter 5 we briefly developed the Einstein-Maxwell 

equatiornwhich describe the gravitational field in the presence 
of the electromagnetic field. We know that Coulomb's law and 
Newton's law are identical · apart from a sign. Hence in 



classical physics we can achieve balance between given 
distributions of matter·when the charges and the masses are 
suitably chosen. Authors have examined the problem of balance 
in the theory of relativity. For example Cooperstock and 
de la Cruz (1978) examined the relativistic condition for 

4 

balance between two Curzon particles. Szekeres(1968), by 

introducing negative mass, examined the balance between multipole 
particles (for definition of multipole particles, see chapter 6) 
Assuming a functional relation between the gravitational and the 
electrostatic potential, we work out the relativistic condition 
for balance between a charged line mass and a charged Curzon 
particle. We also develop the classical divergence theorem 

such that it is applicable in the case of curved space-time. 
Asymptotic expansion of the electrostatic potential enables us 
to determine the total charge of the system. However the detaile:l 
distribution of charges is found by an application of the 

divergence theorem (Papapetrou, 1978).Also in that chapter we 
examine the limit of the charged Bach and Weyl metric as the 

separation distance goes to zero. 
In chapter 5 we formulate the equation which determines 

the V function using Szekeres complex variables. Using 
elliptical coordinates, E~ez-Rosen (1959) found the metric 
corresponding to a Schwarzschild line mass superimposed with 
a quadrupole moment. In our work we will obtain a solution 
which is generated by a Curzon particle superimposed with a 

.dipole moment. Further we obtained the metric which is 
generated by the Newtonian potential of a monopole and a dipole 
which are separated. That metric exhibits a singularity which 
is manifested by the breakdown of elementary flatness and 
expresses the necessity of a supporting strut to maintain 
balance between the monopole and the dipole when they are apart 

is examined. It is found that balance can be maintained only 
when the mass dipole and the charged dipole as well as the mass 
and the charge satisfy special conditions. 



CHAPTER 2 

FOUNDATION OF THE THEORY OF RELATIVITY 

2.1 Galilean Relativity 

It is well known that the structure of Newtonian 

or classical mechanics has as a foundation stone four 

laws including the law of universal gravitation, introduced 

by Newton. 
Classical mechanics assumes the existence of an 

inertial system of reference i.e. system of reference 
in which the laws of Newton are valid. The transition 

from one system of reference to another can be done using 

the followine coordinate transformation: 

... 
(2.1.1) 

t' ::. t + ,: (2.1.2) 

~ 

where x and 
.. , 
x are respectively the old and new -coordinates of a point in the two systems, V is the -velocity of the new system with respect to the old, d. 

represents the original displacement of the new system's 

origin relative to the old, and R is an orthogonal 
matrix. The second equation connects the time between 

the two systems of reference and -c is usually taken 
to be zero. From a mathematical viewpoint the above 

set of transformations constitute a group (Galileo Group) 

5 



~and the invariance of the laws of classical mechanics under 
such a transformation is called Galilean invariance, or the 
principle of Galilean Relativity. This transformation 
expresses the absoluteness of time. 

6 

Further, classical mechanics assumes that the geometry of 

the three dimensional space is Euclidean, in which the 
square of distance d. SJ. between two points 
is given by 

Here and in what follows we make use of the Einstein 
summation convention where repeated indices are summed. If 

X Q. represents Cartesian coordinates, then ~ oi.\l are 
given by 

where is the Kronecker symbol defined by 

• It is obvious from (2.1 .1), and (2.1 .2) that d.s1 is 
invariant under the Gallilean transformations. 

• 2.2 Failure of Clas sical Me chani c s 
Classical mechanic s has been quite successful 

- in the study of motion of planets and the general 
study of motion of massive bodies moving with small 



velocities. However as experimentalis ts and theoreticians 
started using more precise equipment all .~ new mathematical 

tools, the predictions of classical mechanics came in 
conflict with the experimental data and theoretical 
calculations. One of the most remarkable ones was due 

to the development of electromagnetic theory by 

7 

J. C. Maxwell in 1864. Maxwell's equations of electromagnetism 

predicted that light in free space is propagated with a 

finite velocity 
JO 

'3 • \ 0 C -wt/ te C 

But if this is true in one inertial system of reference 
then it will not be true in another inertial system of 
reference due to the Galileo transformations. Maxwell 
hiraself postulated that the electromagnetic waves were 
carried by a highly tenuous medium called ether, that 
filled all the space so that his equations could hold 

only for a limited class of Galilean inertial frames, 
which are at rest with respect to the ether. 

However, all the attempts to IIEasure the velocity 
of the earth with respect to the ether failed. The most 
important experiment was due to A Michelson and E.W. 

Morl~y (1901) which showed that the velocity of light is 
the same for light traveling along the direction of the 

earth's motion as well as for that travelling perpendicular 
to it. Further, the failure of the experimentalists to 
discover properties of ether or even to detect it had 
led theoreticians to endow the ether with some peculiar 
properties and general physics was in chaos. While all 
this was going on, in 1905 Albert Einstein proposed a 
new theory in order to reconcile classical mechanics and 
electrodynamics. He wrote ... 

"The unsuccessful attempts to discover 



any motion of the earth relative to the light 
medium, suggests that the phenomena of electro­
dynamics as well as of mechanics possess no 
properties corresponding to the idea of absolute 
rest. They suggest rather that ... the same laws 

of electrodynamics and optics will be valid for 
all frames of reference for which the equations 

of mechanics hold good . We will raise this 
conjecture (The Relativity) to the status of 

a postulate, and also introduce the former, 
namely that light is always propagated in empty 

space with a definite velocity C which is indep­
endent of the state of motion of the emitting 
body," Einstein (1972) 

So the constancy of the velocity of light as well 
as invariance of the physical laws with respect to all 
inertial systems of reference beca me the new principles 
called the principles of the Special Theory of Relativity. 
He proposed that the transformation from one inertial system 
of reference to another should be done by the Lorentz 
group of transformations instead of the • Galilean group. 
This Lorentz transformation is given as follows. 

-c, -_, .. +-vlx•v X: X 
u' 

t 

1 -t 

(M.6ller 1972) 

8 



- ➔' where x and 'X are respectively· the old and new ... 
coordinates of the point, V is the velocity of the 
new system with respect to the old, C and U 
are respectively the velocity of light and the magnitude -of V . 

This transformation makes Maxwell's equations and the 
speed of light invariant. However, the equations of 
classical mechanics have to be modified so that they would 
be invariant under the Lorentz group. Thus the new physics 
consisted of Maxwell equations and these modified laws of 

classical mechanics (both of which now satisfied the above 
mentioned principles of the special theory of relativity.) 

In 1908 Minkowski found a geometric framework of the 
special theory of relativity and in doing so, he introduced 
the four dimensional space called space- time. Let X0= Gt 
and if x 1 , x 2 

, x 3 , are the usual coordinates of 
three dimensional space, then for any two points 

and 

the quantity 

remains invariant under the Lorentz transformations. 
for Cartesian Coordinates are given by 

~o o. 
-:::. 0 

~ o(' 
~- a; 

~ 00 :: + 1 

(2.2.1) 

9 



We see that the feature of the new transformation is 
i 1 3 

the connection be tween space coordinates X , X, X 
and the time coordinate X O such the cl S 

2 
remains 

invariant. About the connection of space and time, 
H. Minkowski wrote: 

... "The views of space and time which I wish 
to lay before you have sprung from the soil 
of experimental physics, and therin lies their 
strength. They are radical. Henceforth space 
by itself, and time by itself, are doomed to 

fade away into mere shadows, and only a kind 
of union of the two will preserve an independent 

reality." (Einstein 1972) 

In other words space-time has an absolute meaning in 

the new theory unlike classical physics, where the space 
and time were completely distinct entities as we have 
discussed earlier. 

2.3 Limita tion of Newtonian Gravitation Theory 

So far we have briefly seen how Einstein reconciled 
classical mechanics and the electromagnetic theory. In 
the following paragraph we will see another important 
difference between Maxwell's equations and the equations 
of Newtonian Gravitation. 

If A 1. and j 1. are the four vector potential 

and four current density respectively, then the differential 
equations connecting those vectors are 

0 

10 



where 

0 ~i~ 
~ )l.i ox. "t( 

= 

'"o '1. 

l~ .,...q'l. 

is the d 1Alembert operator in Cartesian coordinates. The 

general solution of the above hyperbolic equation is 

given by (Landau-Lifshitz 1962) 

1 
• ( - ' l - .! ) J.V 

q> Ao J y- • C. 
:::: -

R 
(2.3.1) 

-+ ) 
.,. ( ~, l R ) 

!. J Y', --z Jy 
A --

C 
(2.3.2) 

R 

The quantities ;, J R etc. are explained in the 
figure number ( 1 ) 

Further the well known elliptic differential 
equation of Newtonian gravitation 

V2 <p = - 41tGp 

has the general solution 

... ) ( f ( i ', l ) I 
~(v-J t = ) R "-V 

(2.3.3) 

(2.3.4) 

where q, and f> are respectively the gravitational 
potential and mass density. 

Comparison between (2.3.1 ), (2.3.2) and (2.3.4) 
suggests that the electromagnetic disturbances are 
propagated with finite velocity in contrast to gravitational 

1 1 
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disturbances which are propagated with infinite velocity. 

So from this point of view, Newtonian gravitation had to 
be modified in order to be compatible with the principles 

of the special theory of relativity, which assumes finite 
propagation of disturbances. Further, Newtonian gravitation 
had also failed to explain the advance of the perihelion 

of the inner planets, especially that of Mercury , 
according to Newcombs (1880), Le Verrier (1850) etc.** 

A natural generalization of the equation (2.3.3) is 

D q> 

for a scalar potential function q, . We know that 

charge density is the time component of the four vector 
J \ (Landau-Lifshitz 1962), but the mass density does 

not have a corresponding property, but appears as the 
zeroth component of the second rank, energy-momentum 
tensor \ i."' , which is used to describe continuous 
or discrete distribution of matter in the special theory 
of relativity. For this tensor 

If T 
00 

T
00 

represents total non gravitational 
energy density. 

T
0

i represents momentum-density, or 
energy flux density 

Tij represents momentum flux density. 
is used as a source in a relativistic theory of 

gravitation then in another system of reference, T will 
00 

be a combination of mass density as well as of the other 

components of 'T\~ (This is due to the fact that tensors 
are transformed in a special way under coordinate transformation) 
(For example see Landau and Lifshitz 1962) 

Another attempt to form a scalar theory was one by 
Nordstrom (1911) who used, as source, the following quantity: 

---- --------------
** Papapetrou, Lectures on General Relativity 



This was a truly relativistic theory formulated in 
the Minkowski space-time of special relativity, and in 
the first approximation reduced to Newtonian theory, but 

failed to give the correct value for the advance of the 
perihelion of Mercury (Papapetrou 1974) 

The next step then, would be the generalization of 

the above procedure to reconstruct a vector field theory, 

where both field variables and sources are vectors. 
Unfortunately, it is very difficult to form a vector 
from the second rank energy-momentum tensor. So the 
only possibility is a tensorial relativistic gravitational 
theory where both the field variables and sources ar8 
second rank tensors. This theory as formulated by Einstein 
(1915) is called the general theory of relativity. 
In what follows we will discuss its basic steps. 

2.4 Principle of Equivalence 

13 

Let us consider an observer O l X j l) in a homogeneous 

and static gravitational field of strength ~ Further, 
, ..... 11 

imagine an experimentalist O (><. ,6 " ) situated inside an 
elevator, moving under the influe:.1ce of the above field, 
who tries to find out the equation of motion of N particles 
moving under their mutual gravitational attraction as weil as 

under some other kind of forces depending on the position 
of the i;:a:rticles. 

According to the observer O the equation of motion 
for any p3rticles of the above system is. 



where "l1\ "'\\ and ~ «Ji- are re spec ti vely the inertial 
-,. 

and the gravitational mass of the particle, and -vn Q 
... .. "' 1 1" d 

and F (Xis ... J x14 ) describe the external gravitational 

force and the other forces respectively. The coordinates 
1 ~ • .l ) and ( -x ' . 1-

1 
) \-. \ w ~ are connected via the transformation 

.... , 
X -X 

i 
2, 

(S. Weinberg 1972). Then the equation of motion for the 
I 

observer O will be 

_, 

-t rCx\ , ... ) x'") 

Now if the classical principle of equivalence is valid 

(ie. the gravitational and inertial mass of th~ bodies 
are equal), then the above equation yields 

.... , 
r.,...::., ... , ) 
f" \)(, .... XIII 

' This equation suggests that the observer O does not feel 

an external gravitational field, and the equations of 

motion of physical laws in his system of reference take 

the usual form given by special relativity. Thus, in the 

case of a homogeneous static field, it is possible to choose 

a system of reference so as to cancel the external 

gravitational field as well. It is natural to ask if the 

above result will be valid for an arbitrary gravitational 

field. Einstein (1907) postulated the following principle 



of equivalence. 

"At every space-time point in an arbitrary 
gravitational field it is possible to choose 

a system of reference such that within a 
sufficiently small region of the point under 
consideration, the laws of nature take the 
forms predicted by the special theory of 
relativity." 

Henceforth we will refer to those special systems 

of reference as local inertial systems of reference. One 
can use the above principle in order to find the field 
variable in the new gravitation theory . Consider a particle 
moving freely under the influence of an arbitrary 
gravitational field. According to the Einstein principle 

of eq_uivalence , in a local inertial system of reference 
S~ , the equation of motion of the particle is given 

by 

- 0 ( 2 .4.1) 

(2 .4.2) 

where "<\~',C are 

"'l a. l3 - ~ 0. 
~ 

"'1~°" 0 

'Y\ 0 0 - i 

Now, if XL is a cartesian system of reference describing 



the external field, then the coordinates 

are related via 

and the equation of motion of a particle 

system will be 

'l • 

d.x" c}.x--:J.x~ - + '~\ - 0 -- -J. ~~ cl$ d. ~ 
where 

\. ~x" 'cl~ 5 °'-

\~t 
~sc.. o'X't(oxt 

1" and X" 

in the X 

(2.4-.3) 

are termed the affine connection coefficients while d. $'2. 

is given by 

cl$ "1. - 1 i.-..c cl.x'" d.x'(C - (2.4-.5) 

with 

~~)C; 

1st df~ - "1 t 'YY'\ -
'c) X' 'dx-.i: 

(2.4-.6) 

Equation (2.4-.5) suggests that the geometry of the space­
time in th 3 x '- system is not the usual Euclidean 
geo~etry nor the geometry of special relativity 
(Minkowski) but is a more general one, called Riemanian 

geometry, due to dependence of ~~\I: on X '-

The special transformation of 'Y') ~ ~ from 3 "' to 
x '- implies that 'Y\ \ 'IC are the components of a second 

rank tensor. This tensor is termed as the metric tensor 
of the space-time. Moreover another important feature of 



the Riemanian Geometry is the dependence of r ~ e 
(affine connection) on the components of the metric 
tensor and its first derivatives with respect to the 

space-time coordina t e s, i.e. 

17 

(Adler-Bazin-Schiffer 1968) 

From equation (2.4.3) we conclude now that quantities which 
determine the equation of motion of the particle in the 

gravitational field are the ~ ~ -.,c: and its first derivatives 
with respect to space-time coordinates. i~e. the ,,~ 
can completely determine the gravitational field.So in 
the new theory· ~ are the field variables. 

' w t 'ti: 

If we were to transform the equations ( 2 .4.1), (2.4.2) 

into an arbitrary coordinate system -Z. l through the 
general transformation 

7-" - 7..." (s ·, 'f \ s \ s 3 
) 

then they would be the same as (2.4.3) and (2.4.5). From 
the above it might seem that gravitational fields are 
equivalent to the noninertial syst am of reference but 
this is not true in general due to the following: 

For any non inertial system of reference, through a 
suitable coordinate transformation we can bring the 
components of the metric tensor into their special values 
given by (2. 2 .1) over all the spacetime. But in the case 

of a general gravitational field it is not always possible 
to find such a coordina te transformation. We can do that 
only for an infinitesimal region of the space-time i.e . only 



locally gravitational.fields are equivalent to non-inertial 

frames of reference. 

2.5 Einstein's Field Equations 
As we have discussed in 2.4 the Einstein theory of 

relativity is tensorial where the sources are the components 

of the energy- momentum tensor. Einstein's principle of 
equivalence leads us to adopt as the field va riables, the 

o components of the metric tensor. So the field 
d '-.,. 

equations have the form 

r c:-...: - -r~'IC 

18 

where ~,~ is a second rank tensor containing the components 

and the partial derivatives of ~~~ Now an analytical 
expression for F~~ can be obtained if one assumes that 
for the case of weak fields and small velocities the new 
field equations reduce to the linear, second order 
Newtonian equation (2.3.3). This implies that Fl~ 
contains partial derivatives of the ~~~ only up to the 
second order and that F(~ is a linear function with 
respect to the second order partial derivatives. But the 
only tensors which can be constructed with the above 
properties are the Riemann tensor and its contractions. 
(Papapetrou, 1972). The Riemann tensor is defined as 
follows: 

The possible contractions of the Riemann tensor are: 



Ricci tensor: R 1-e 

Curvature Scalar: 

So the analytical form of 
become 

F ~ v: and the field equa tions 

with o., ~, ~ , and \<. constants. 
Eins t eins initial field equations were 

In a region of space containing no matter we have 

1'\J-: 0 and consequently equation ( 2 . 5 .1) reduces 
to R '-l = 0. But it wa s soon discovered that this needed 
to be modified as the law of conservation of energy, in 
the special relativity, requires that the divergence of 
the energy momentum tensor should vanish ie. 

In a general coordinate system, the above equation 
becomes 

By the principle of equivalence this must hold in a 
Riemann space which desc ribes the gravitational field. 

So from ( 2 . 5. 1 ) R \ ~-: O , which represents four 
J 

19 



additional equations. Thus we would have 14 equations 

for ten unknowns 9 ~ K So in the place of R L v: 

we have to choose a tensor such that the covariant 
divergence is identically zero. That turns out to 
be 

so the final form of the field equations is 

One should notice that the appearance of the term 

(2.5.2) 

does not contradict the vanishing divergence form of the left 

hand side of (2.5.2). This is due to the fact that 

q L~ - 0 
0 j "-

(Landau and Lifshitz 1962). The constant /\ is called 

the cosmological constant and is either zero o:c very 
small. It is usually taken to be zero except for 

cosmological problems. 

2.6 Some Remarks on Einstein's Equations 

The Einstein field equations determine the metric 

of the space from a given expression of T t 'I'\ Thus 
we are in a completely new situation. The metric is 
no longer given a priori but has to be determined from 
the material distribution which we are considering. More 
generally, we can say that the distribution of matter 
in the universe determines the metrical properties of the 
space-time. On the other hand, the metric determines 
the geometrical properties, like curvature of the space, 
as well the motion of test particles. The equations (2.5.2) 
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are not linear, containing products of the a . and 
d~~ 

their derivatives so the principle of superposition for 
solutions is not generally valid as in the Newtonian 
theory. 
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CHAPTER THREE 

3.1 Static Axially Symmetric Gravitational Field~ 
We define an axially symmetric gravitational field as 

the gravitational field in which the a. are independent 
'I. 'I( 

of the azimuthal angle X 3 =~ in an appropriate system 
of cylindrical coordinates. In addition, if the field 
under consideration is static, then the components of the 
metric are independent of the time coordinate, X0 = t 

Moreover if we suppose that the distribution of 
matter does not rotate, then the metric will be invariant 
under the transformations, 

_.,., - -t (or) 'f _. - 'f 

The invarimce of the metric under those transformations 
imply 

~OQ. : 0 

Synthesizing the assumptions thus far, the line element 
for a static axially symmetric gravitational field can 
be written as 

d. l I o I 
S = Q (o. X } 

Joo 

The number of the unknown functions in the above line 
element are 5 but we can reduce them to three by performing 
a transformation such that in the new system of reference, 



we have a -
J11. -

transformation 
can be seen in 
Ci vi ta ( 191 C)) . 

o and o O . Such a 
JU Iii: 

is always possible to find. More details 
Synge, (1966), Weyl (1917, 1919), Levi­
Finally, the line element in the new 

coordinate system takes the form 
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where o. ~ ~ are functions of x .t and X 1 In what 
follows we will, however, drop the bar on the XL for 
simplicity. The above line element expresses the most 
general line element corresponding to a static axially 
symmetric gravitational field. We should notice that so 
far, we have not used the field equations. This will be the 
next step in order to find the differential equations 

satisfied by o. ~ y . Calculating the Ricci tensor 
from (2.5.1), one gets the following values: 
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where the subscripts on the right denote partial derivatives 
with respect to X i and x 'l. where 

From R "3:i and we find 

In the next pages we will study those fields in matter­

free space time. As we have seen, that means Ti,<:: 0 
and the field equations taks the following simple form: 

Rv-.<.= 0 From the last equation, in conjunction with 
the equations (3.1.1)~ we get · 

(3.1.2) 

This equation implies that ~1 is a harmonic function of 
X ! X 

2 
, so there exists a conjugate harmonic function 

7.. ( X \ X ~ ) such that 

(3.1.3) 

(3.1.4) 

where f is an analytic function. We now make the 
transformation 

'"' i.1 x'i) tv- 7..) I " ---+ ..l 



Then 

with A a function of, '(" 7... Further, from (3.1.4) ., 
we put \3 = "¥ and so the original line element becomes a 
form with only two arbitrary functions. Summarizing, if 

X l ='f' 

then 

where we put 

~ 
V ::: e. 
0 -

(J.1.5) 

Then the above line element suggests that for any static, 
axially symmetric gravitational field which satisfies the 
relation 

the line element takes the form of (3.1 .5) where V ~ 

are functions of . '( 7- . Using (3.1.5) and (3.1.4), 

the equations ( 3. 1 . 1 ) take the fo .~'m 
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From these equations, using the field equations, 
we get 

=0 

(3.1.8) 

So the interesting result from the above analysis is 

that the vacum equations for A and Y satisfy the 
above system of differential equations. Considering that 

The first equation becomes 

(3.1.10) 

which is the Laplace equation in cylindrical coordinates 

'('~ Z~ Cp in Euclidian 3 space for a function independent 
of the azimuthal angle ~ . From (3.1.8) 

v - ~ '(" [ ( ?t:- 1!) c!v- -t 2.·)i 1~ d-z.] (3.1.11) 

C 

where the integration is extended over any regular 
·curve C which lies entirely in vacuum space. Since ~ 
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satisfies (3.1 .8), the.integral in (3.1.11) is independent 
of the path of integration. 

We should emphasize that the above analysis is exact 
so all the above equations are valid for gravitational 
fields of arbitrary strength. Further the field equations 
are nonlinear, but the surprising fact is that the equation 
(3.1 .7) is simply Laplace's equation. We should remember 
that the Newtonian potential satisfies the same equation 
which is a linear equation. So solutions of Laplace's 
equation can be used to generate static, axially symmetric 
gravitational fields in vacuum. For any solution of 
Laplace's equation, there corresponds a function )) given 
by ( 3. 1 .11) or ( 3 . . 1. 8). The above prescription for getting 
static, axially symmetric gravitational fields is applicable 
only in vacuum. In the case where matter is present, the 

)) function does not satisfy the equation (3.1.11) 

or (3 .1. 8), no-r does ?t se.tisfy the equation ( 3 .1.10). 
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Also in general the number of unknown functions in the line 
element increases to three. (see Synge (1965), Robertson and 
Noonan (1968)). In the following chapters we will work 
exclusively with axially symmetric gravitational fields 
in vacuum . So we will use equations ( 3. 1 . 7) and ( 3. 1 . 8) 
Before we finish the chapter, we will examine a property of 
the system of the differential equations which determines 

"V and A Let ~ ~ and A ~ l :: ~ J • • • • ~ N 

be solutions of (3.1 .7), (3.1 .8). Then obviously 

is a solution of (3.1 .7) 
then the resulting V 

If we put A in to ( 3. 1 . 8) 
has the following form: 



tJ N 

'J - I. ~ \> ( 3 -
L-: J.. !:1 

where 'YL J" for t~1 is exclusively due to the term ':\~ 

and expresses the field arising only from Ai while the 

V L ! L \ 3 parts express the field contributions due 
to the ~ ~ and ':\ J • 

3.2 The Criteria of Asymptotic and Elementary Flatness 

So far we have derived the form of the line element 

which describes the static axially symmetric gravitational 

fields in vacu~m. We have seen that the functions A 
and ~ satisfy the equations (3.1 .7) and (3.1 .8) 
respectively while the components of the metric tensor are 

given as follows: 

i(\1- ~) 
~u -:. ~aa -= - e. 

a - 2 A 
~,, :-V- e. 

However 1 and )) describe the metric of a real 
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gravitational field only if they satisfy additional conditi0ns. 

It is assumed that an observer located at very large 

distances from the source of a gravitational field would not 

feel the influence of the field. i.e. the space-time around 

him would be a flat space time. That implies the line element 
would be given as follows 

t. I l I .,t. _ ..,.tJ..a,I. 
dst: d.,t - CAY- - c,..~ , ' (3.2.1) 



Comparison between (3.2.1) and (3.1 .5) implies that ) 

have to satisfy the condition 
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and V 

0 (3.2.1a) 

-Z. ➔ O;) 

Those relations are two additional conditions which have to 

be satisfied by II and )) That argument can be 

generaliz ed for any metric describing a real gravitational field. 

i.e. the limit of the metric at spatial infinity corresponds 

to a flat-space time metric. 
That statement is a criterion for testing the physical 

acceptability of a given metric. This criterion is called 

the crite r ion of asymptotic flatness. 

Besides the above crite rion there is another criterion 

which was initiated by Einstein-Rosen (1937), called the 

criterion of elementary flatness. The history of that 
criterion is as follows: 

In 1936 Silberstein (193 6) using Weyl's formalism had 
obtained a static solution representing exterior solutions 

of two bodies at rest. Specifically he started out with the 
function A having the following form: 

1 
L l l l 

___. • (3.2.2) 
'f" l V"' i. 

with l l and l1 constant s and 

~ 'l. 1 
'(" \ - V .\- (--z..- ~) -

t = '(' 'l 
1 

V°t + (-z_ \, 0..) 

with and -Cl. constants ( see figure 8 ) His 
function was as follows: 
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'J 
't ~ ( l~ \:1 ) - - l, -- ~ 't'.4 '1" '4 

1 l 

(3.2.3) 

D2 y i 
! 

+ 2. \..1L2. l ( \. - )- 'l. 

- l l -02 ~2r,2. 
\ 2 

where D is the separation distance between the two masses. 

He noticed that the only singularities in his solution occ~red 

at t'1 :- o and 't',_ -:: 0 . That implies that the two bodies 

can remain in a static configuration without any additional 

supporting strut. So Silberstein concluded that either the 

Einstein field equations are incorrect or we cannot consider 

material particles as singularitifBof the field. However 

Einstein and Rosen (1937) had noticed that in Silberstein's 

solution there is another singularity occuring in the 

interval (~1-~]. In order to examine the singularity 

carefully let us draw an infinitesimal circle perpendicular 
to z axis and its center on the z axis. Further let us 

suppose we are on the hypersurface ~ = Co"l'JS t. Corresp:::,nding 

to the measured circumference and radius of that circle are 

the invariants dsCIY"' clsy,cu,1. respectively. 
According to the principle of equivalence we can 

introduce at the point u..'1.der consideration a local inertial 
system of reference in which 

With respect to that local inertial system of reference the 

circumference d 5 and the radius cl v- of the above circle 
satisfy the relation 



- ilT 

However since cl ':> C. i't' 

we have to have as well 

ds c , (' 

= i \\ 
~ s 'f'~ci. 

and d. ~ t-o. d. are invariant 

But from the line element (3.1 .5) in connection with 

(3 . 2 . 3) we have 

ol. $ 'l'-11 ci. 

But )) f O on the closed interval '[ - o...l o...] . So we 

s ee a singularity i~ the metric occurlng on the interval 

t- °' J c;;,.. ) The only way that we can make the m1::tric 

consistent with the principle of equivalence is to 

suppose that there is a kind ofs::ress along the z axis 

between the two bodies . In that case the V function 

would be different from (3.2 . 3) . From the above example 
we see that the metric is regular if and only if the ratio 
of the circumference of an infinitesimal circle to it ' s 

radius is equal to i 11 
That statement is the criterion of elementary flatness 

which assures the regularity of a given metric in vacuum . 

It is easy now to see that the criterion of elementary 

f l atness, in the case of the line element requires the 

vanishing of "')) function along the z axis . 
This is another additional condition which has to be 

sat i sfied by Y function besides those of ( 3 . 2.1 a ) 
( 3 . 1 . 7) and ( 3 . 1 . 8) 
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CHAPTER FOUR 

STATIC AXIALLY SYMMETRIC SOLUTION3OF EINSTEIN EQUATIONS 

4.1 Introduction 
In this chapter, we will apply the procedure of 

chapter 3 to obtain metrics for static axially symmetric 
gravitational fields. In particular, we will adopt the 
form of the function which corresponds, in the Euclidean 
chart, to the potential of a point mass and a line mass 
separated by a distance. 

4.2 Curzon Metric 

As the first example of the procedure described in 
chapter 3 we will consider the case where 

with l = G 'W\ a constant and 
immediately recognized, the above expression for A 
corresponds to the gravitational potential of a point 
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mass located at the origin of the coordinates. Substituting 
the partial derivatives of A into (3.1 .8) and after an 
elementary integration of (3.1.8), the 'V function turns 
out to be 

The above ~ and )) functions completely determine 
the metric. This metric will be refared to as the Curzon 
single particle metric while we will refer to the real 



distrubution acting a? a source of the above metric as a 
Curzon particle. 

4.3 General Line Mass Metric 

As a second application we consider the A function 
corresponding to the Newtonian potential of a line mass of 
length if and uniform density 

located along the Z axis. Analytically 

(l;-.3.1) 

where 

( see figure 2) 
Again after a simple integration of (3.1.8) the function V 
turns out to be 

1 ( 2 o J V = JS_ e "('" i + r1) - 4- ~ 
2. "'\ 4 ,1 Y-1, 

(4.3.2) 

(see also Robertson and Noonan 1968). In the special case 
of a line mass with k=i the line element takes the form 

d. st= i"'J, +'fi - :u d-\:' - ('<"1. + '(',_)'- - 4 e 1 ( d. "(~ + dz 2 ) ~ 
'f"l+Y"°t+2e 4-'f""i"(',_ 

... 'f"1. +Y-,. ~ 'H Y- 'l. cl cl 
'("~ +'ti - 1£ 
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where for convenience: we choose units such that the 

velocity of light is unity. 
Transforming to another coordinate system of 

reference via the transformation 

(Robertson and Noonan 1968), 

tne above line element is transformed into 

d. t te) dtt s =(i-- -
F 

where F is defined only for f > 'i. e But the above 

line element is recognized as the spherically symmetric 
Schwarzschild exterior solution and is unique according 

to Birkoff's theorem (Papapetrou, Lectures on General 
Relativity page 70). Voorhees (1970) has presented 

arguments to support the contention that the case \<. :\= i 
represents the exterior field of a family of spheroids and 
hence we consider it natural to refer to this general line 

mass metric for . \< l ! as a 11 spheroidal metric 11
• 

4.4 Metric for Curzon Particle and General Line Ma ss 

Above we have found the metric corresponding to 
Curzon particles and the general line mass separately. 
It is natural to obtain and examine the metric considering 
the Curzon particle and a general line mass together. This 
implies that the A function has the form 
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l ::. 
L 

- - -+ (4.4.1) 

The )) function can be obtained from (3.1 .8) by substitut:ing 
the partial derivatives of A and integrating the system 
of differential equations (3.1 .8) For the present case, 
the above procedure involves extensive calculations due 
mainly to the complicated form of ~ function. Thus in 
order to find \) in this case we first examine the metric 
due to the 1 function corresponding to the two line 
mass potentials. Bach and Weyl (1922), in their well 
known paper, started out with ttE A function as 

, = ~ l-, 'l"1 ¼-r,. - 2ti 

t t-£-+'f"1+il1 

wher-e 

(See also figure number 3) 
After extensive calculations the 
the following lengthy form 

(4.4.2) 

function is given by 

. l<it(I (V"a,..\~,)~- 4t: kt d l'f'l,T'r4,)'-4t; 
y -.:. - t..,, ------- + - \, '1 + 

i A- V'~ 't'~ i 4 t'') ~4 

+ \<\\(~ evi e.r-"'-(e1-+d.)'+'1.-(e,+t~+c::L)'t'.1 
t1 r-J - cl.-f"1 -(C 1 +cl} V":l 

+ 
(4.4.3) 



(Robertson and Noonan (1968)). We should notice that in the 
expression (4.4.3), there are terms proportional to K;, K} 
and l<.i K 1 respectively. The terms proportional to Ki 
and K; according to (4.3.2) express the individual 
fields due exclusively to the presence of the two line 
masses while the term proportional to K1 Ki expresses 
the interaction between the two line masses. All the 
above remarks are in agreement with what we have seen 
at the end of Chapter Three. The Bach and Weyl metric 

contains the following parameters: \(.1.-l \<.'l.J ~i.) e'l., d 
We will prove next that when fi--40 keeping the rest of 
the parameters constant, the Bach and Weyl metric goes to 
the metric corresponding to Curzon and generalline mass 
metric. First we will take the limit of ~ when 

~e~ =(7. 3 - 7. 4) ~ 0 For simplicity during the 
calculations we suppose that ~~ = 0 . Then an easy 

way of making 't. f i~O is to allow l...;-~ O Hence 

The limit of the 
limiting process, 
the indeterminate 
value of the 'A 
employed. 
Let 

1-

where 

first term remains invariant under that 
but the limit of the second term yields 

0 

0 
form. In order to find the real 

function, the L'Hospital rules are 
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Then 

cl. t(-i ~) 

'() J?.4 ti Yr\ T z.. =- li'Tf\ ---
1.t➔ O <t> l 1.+) "1. '\➔ O d <P ( 1.4) 

J. '"l.4 

The above procedure, after some elementary algebra gives 

L where 

So finally the limit of 1 takes the form 

L (l+.4.5) 

The same procedure will be applied for the )I function. 
Writing the )) function as the sum of Yu , Vu and 

'Vu where 'Yu and ')),_,_ are proportional to 'r-f 
and \<: respectively while V, 2. is proportional to 

\<.J..\<t Then 
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The limit of )) u remains invariant as we can see from • 
(4.4.3). However the limit of Vi2 yields the indeterminate 

0 form 0 

If 

Again L'Hospital's rule is applied. 



then 

d. 2 
Hz4) 

e~'Y\1 fez .. )_ ~\"N\ _cL_-z._ ... _, -
1." ➔ o q> ('2.+) -Z."° ➔ o d. ~ q> CZ+\ -

d. 1-; 

Similarily for 'Yt~ , by applying L'Hospital's rule, the 

limiting procedure gives 
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Putting the results together, the form of the -Y :'unction 
is 

+ \<l ~t"l. - -r-,tV-i,1-¥"~) 

'('f~ C ttv-3-.,.~) - ~\~~ 1 -r~ )) 

where for simplicity we wrote \<. \.. l instead of Ki. G-n'\2. ~J. 

Because the functions A -Y have been found without 
directly solving the equations (3.1 .8), (3.1.7) it is useful 
to verify that they satisfy the EiLstein field equations 
or the equivalents (3.1 .7), (3.1 .8). The equation (4.4.5) 
obviously satisfies (3.1 .7). In order to verify the form 
of 'v function we form 

4V"'l.'<"i , f S't"-'-'1":l('f'\H''a)b""t.+'r'a)~ _ 

('("l \V"~) ~- 4 t '.t. L l G V-1,u. ~':l.'2. 



_ 4(c Y-.1.-\-V"~),._ 4-~'i) (,i...--2.).i<] _ LY-'l.C-i_'l-,?.> + 
i 6 Y-~,. "i l 'l. "'r3 b 

39 

+ \< l ~ C (-l-r~ .1r- Y-2.) v-3) ~] · l v-'3 e. (v-~ -v-~) - c:l l v-1. ~ r~)) _ 

l '<"i l ei(Y-3- "f"'l) - cl(Y-~ +Y-1) Ji 

_ 4((v-.1+Y'1)
1

--4:.e,)Cv-1v-~})] 

lG 'r1<2r/ 
+ 

+ k L l~ (l Y-1 + Y-,) Y-3) 5) • ~ -r, f (Y3 - Y-2) - y-~ a.,..,.., n-,)] 
Y-32 t_ei,('("5-'\~) - d,.('11.+'f"l)] ~ 
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( ~ e z - v-~ c Y' 1. .\, '<"i.) ) • ( '(" 3 (e (Y-?, - "2) - o\.tv-1 ~ 'f'":t)) ~ 

'<3i [ elY-~-Y'l.) - d..lY1. 1- 'lo) ] 
2 

) (4. 4-,9) 

~ ke \.; + ~) 

cv-1. ~ v-i )'i - 4 e2 

"'{"". "3 
3 

(4.4.10) 

( 4. 4. 11 ) 

where we use the letters K and 1 to denote partial 

derivatives with respect to V- and 'l, respectively_ . 

Then using (4.4.10) (4.4.11) the right handside of 

equations (3.1 . 8) are of the form 

where 

l\t "~) 2. 11 
, C I\"' - " ... = \< 't ( V', -z.) + L q,2(-V: 1 l -\-

C 4. 4. 12) 

+ \( • l Cf ~ , ..... ) z l 
. .. . 

a'('" A .... A 7. = \< 
1 f 1 (1.j -z. ) + L 1. f 1 (-Y-,l 1. ) + 

(4.4.13) 

+ k L t 3(r.i z) 

and ~::: .L.,) ~. 3 are functions 
of r 



From (4.4. 8) , (4.4 . 9),(4 .4. 10) and (4 .4. 13) we can easily 
\ \ verify that the terms proportional to \.... are equal to 

each other . The terms which are proportional to ~i 

a re found to be equal after an elementary calculation and 
using the following identities: 

7..- 21. 

41 

However, the verification of the equality of terms proportional 

to \< L is not so easy as ~hey are very lengthy expressions. 
We therefore used numerical analysis in order to do so . The 

numerical calculations (see appendix 1) show that those terms 
al so are equal to each other . We can now claim that (4 .4. 5) 
and (4 .4. 7) determine the metric for a Curzon particle and 
a general line mass in superposition. 

4, 2 Regularity of the Metric 

The line element of the above space-time is 

where A and 'V respectively are given by (4.4 . 5) and 
(4.4 .7) . This metric will be physically acceptable if it 

satisfies ( as we have discuss ed) the criterion of asymptotic 
flatness and that of elementary flatness. The asymptotic 
flatness criterion requires that A and )) satisfy 
the conditions 



A straight-forward calculation shows this to be true. 
Further, the elementary flatness requires the vanishing of 

V function on the Z axis (see discussion at the end 
of chapter 3) except that portion of the Z axis, which is 
occupied by the singular sources or line stresses. The 
behaviour of )) along the '%.axis is expressed as 

follows: 
KL 

(t + d) d 

\ 0 
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(see figure number 4). We can then conclude that the metric 

is irregular on the portion of Z axis between the "line mass'' 

and the "point mass". The irregularity of the metric along 
the Z axis seems to be bizzare. However as we will see,this 
is not the case. For example for the Bach and Weyl metric 

the behaviour of the metric is completely analogous to the 
behaviour of the metric in our case. The corresponding value 
of \) function in the case of Bach and Weyl is 

V 

0 

(see figure number 3) It will be helpful to explain the 
irregularity of the metric if we first look at the physical 
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problem . We began by examining the problem assuming the 
static axially symmetric gravitational field produced by 
two separated distrubutions of matter. But physically that 
is i mpossible since two masses must have been moving toward 
each other or rotating about their common center of mass, 
obviously a situation which is not static . This result is 
an example of the wonderful physical consistency of 
Einstein's field equations . The field equations do not allow 
two separated distrubutions of matter (in the absence of 
charge) to remain permanently at rest in vacuum because of 
their mutual gravitational attraction. Bach and Weyl 
explained the quantity 

up to the first · order, as the force between the two masses . 
In their case 

'y(y-. -=- 0 ) 

4G 
and in our case 

-y (f" :: 0 ) 

4 G 

if c:1 >> e. 

--

These examples suggest that the irregularity of the metric 
expresses the necessity of a supporting strut between the 
distribution of matter in order to keep them in static 
configuration . That strut is often called the Weyl strut 
According to W. Israel (1977), that strut makes no contribution 
t o the function l and V . 



4.6 Properties of the Metric 

In the metric described by (4.4.5) and (4.4.7) there 

are the following independent parameters: 'K ~ L and e 
Letting e -,. 0 the metric should go to the metric 

corresponding to two Curzon particles. Taking the limit 

of A as t ~o ( this can be done by letting rz. 1 ....,,, 1.") 

( see figure 4-) we get 

(4-.6.1) 

where we wrote G"N'\?. instead of L The limit of ')) 

function yields into the following form, after successive 
applications of L'Hospital's rules: 

·\J 
G2"n'lt 'r'i G i"n'\\ "f' i 

+ 
'i. ,,. 4. 2 13 't 

l 

lY-'i.+z.2.- 'Z l-~ 
i l + 2 G "'1 1 'r1'\ 2 

4: cl.)? '1"9 ci 13 
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which is recognized as the Curzon metric (Synge 1965, Curzon 
1918) 

4.7 The Limi t of Bach and Weyl Me tric as ~ 1e Sepa r a tion 

Distanc e goe s to Ze ro 

Earlier, we have examined the limit of the Bach and 
Weyl metric as the parameter &2 goes to zero. Secondly, 
we performed the calcula tion when both fi and e, 
tend to zero while keeping the other pa rame ters constant. 
In this paragra ph fir s t we will examine the limit of Bach 



and Weyl metric as the separation distance goes to zero. 45 
Second, we will study how the horizon changes during 

that quasi static approach of the two line masses. It is 

known that the horizon or infinite-red-shift surface, is 

characterized by the equation 

q = 0 d 0 o 

For example in the Schwarzschild solution ( C3-
00 

-::::. .L - 2. "tvt r- 1 ) 

the horizon corresponds to a surface of a sphere ( f = '?..""'t ) 

According to Israel's theorem (Israel 1967), among all 

static, asymptotically flat vacuum space-times with closed 

simply connected · equipotential s--..irfaces ~ 
00 

= constant , 

the Schwarzschild solution is the only one which has a 

nonsingular infinite-red-shift surface. That theorem 

suggests that the Bach and Weyl solution has a singular 

horizon. We are interested in seeing if the horizon which 
corresponds to the Bach and Weyl solution with separation 

distance zero will be singular or not. For the first 
step we will obtain the metric which corresponds to the two 

line masses metric together. In doing so we start from 

Bach and Weyl metric (separation distance dif~erent than 

zero) and we assume that -Z.~ :0 and let Z. 1 -. tes.-t 'Z.~ 

and -z. ~ ---. o Then the limits of i and )) 
are found after applying L'Hospital's rules. The results 
are: 

~ : \<..1, t..,, '("l ~V°~ -ie1 

2,. '('"i + V"~-¼ '2t1 



ts.\'13-V,2) - e~lv--i ,.,,..J > 

{l~'lt'\-z: - 'f?.{Y'~~V--:l)] 

( see figure number 5 ) 

(4.7 .2) 

As in the case of the metric corresponding to a 

Curzon particle and a general line mass we have to test 
if the above functions are physically and mathematically 

acceptable solutions of Einstein's field equations. 
The criterion of elementary flatness as we have seen 

requires the vanishing of ~1e ~ function on the Z axis 
outside the interval ( -Z.i l "23) (see figure number 4). On 
the Z axis we have '<' ~ :: \ 1.- 1.d 1.:.1l2./!>, Using this, one gets 
the value zero for the y function. Also the asymptotic 
flatness criterion is satisfied by YJ) as we can 

easily determine from the forms of (4.7.1) and (4.7.2) 
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Before one claims the 1 and Y functions descrite 

the metric, one has to prove that (4.7.1) and (4.7.2) are 
solutions of the differential · equations (3.1 .8) and (3.1.10) 
As we have seen in the case of (4.4.5) and (4.4.7) an 
attempt to analytically verify this, is rather a difficult 
task involving lengthy calculations. The verification of 
the equations (4. 7 .1) (4.7. 2) will hence be done here using 

a numerical approach . Numerically it has been proved that 
the following identities between '( \ ) e 1, t, cl ~ :.i. 2. 3 are 
valid (see numerical results at the end of the thesis). 

'f'\\'f'l.-C)..el 

Y'°1. ½ '11 + <)_~ l 
• 

'f'1 +'f", - 2li 

"<' l. + 't3 t 'lf'l 

"f"\. ~ --s-3 - ~(e1 ~e1) C4-.
7 

_
3
) 

v-1 ~ -ri ~ Q ll t ~-l':\) 



• {'f~ +'f"3\q_- +eglo ((e 1l'{""!--r~ )- e~('f'!,.\'1:l)]v-~)\= . 

4v-,."l"'3 .li \~e11. - "\\. l 'ft~v-~)1 

From (4.7.4) and (4.7 .3) we conclude after taking the 

logarithm of both sides and if \c::. 1 =- ~?.. ~ ! that ~ > Y are 
solutions of Einstairrs equation because they are equal to 

~ = J_ t"'\ (~ \ 'f'3 - C).t' 

~ 'f't i.. V-?, +<:tQ. 

respectively with t-=.. e 1. ~ {'l. 

The above functions suggest that when two Schwarzschild 
line masses (note that a Schwarzschild line mass is 
characterized by the fact ..k~~ ) come together, the 
geometry of the space- ~i me becomes the geometry of one 
Schwarzschild line mas with the parameter t~i~~{~ If we 
take the logarithm of both sides of equations (4.7.2) and 
( 4. 7. 3) and multi ply both sides by \< , then ~ and Y 
yield 

'.A = ~ .t"'\ '('"\ \ -r; - 'l(ii. +t\) 

2. ,r\. ""'{""~ -\. 'l.te,. ~ ~2.) 

(4.7 .6) 



48 
which obviously satisfy the Einstein field equations. 

(see discussion at chapter 2.2). Physically the equations 
(4.7.5) and (4.7.6) imply that the geometry of space-

time, when two generalized line masses come together, is the 
same as if we had a single spheroid with the parameter • 

e:: e 1 + e'l Finally the verification in the case where 

.kt. \ \<'2 can be proved using the fact that when 
-k.~-:.¥..:i.·d. then (4.7.1) and (4.7.2) are solutions of 

(3.1.8) and (3.:1.10) Writing~ and Y as ( K\::l<2.=.i) 

where 

then 

From 

we get 

'). Y' = ~~V" + ~'l.V' 

17- - ~1'2. + ~'l."2. 

'y 7.. = ')_ "" ~ 1" ). 'Z. 

Vv- = 'l~(~'l-z..-1';.) 

+ 
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~ ool;i -::;. 
\( J t "1 

Y"s,.r,_-.,,,e.1 ... \( ci t 'r1 4 v-" - t e, - ..., 
t 'r' L ·H""'- + ie1 i '("'~ ~(4, .Ir ~q,,_ 

~00 .. 
kL t~ 't"'i•.,...,-~e, 

+ kt ,t -r-, + r, - 'it 1 - - ..,, - -i Y" j .. '(",. + 1e" 1 'I",-\ 'f'~-+ ~t2 

a) if \(i.: l<:2. = i (i.e. two Schwarzschild line masses) 

then according to (4.7.3) we have 

~oo A = r1 +""1 - 2ce\-+e2\ 
v-1. T "t''l, + ile t + -t,() 

Therefore the equation for the horizon is given by 

i.e. the equation of the horizon for a Schwarzschild line 
mass with {:: e1 ~ e,. , a horizon which is obviously 

non-singular. So we see that the state of the horizon 
changes from a singular situation to a non-singular situation. 

p) if \<. 1. \ \( 'l. then ~
00 

~ takes the form 

~oo,.. 

so ~ - O if and only if iu I\ -

"f" \. ,\.'rt - <). el -:: 0 Or 

But in that case the horizon would be singular as long as it 

does not correspond to the horizon of Schwarzschild line 
mass. 
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Remembering that individually the pairs 'A ~~ ~ 1. ~ and 

']l,.J )1~2, a r e solutions of the equations (3.1.8) (3.1.10) 

then we have to have the following equalities: · 

(4.7.8) 

(4.7.10) 

multiplying equations (4.7.7) and (4.7.8) by K1
1 K; 

respectively and (4. 7. 9) (4.7 .1 O) by K .1. K,- and adding 
then together we conclude that the functions (4.7.1) and 

(4.7.2) are solutions of Einsteirrs equations in the general 
case where 

We are now able to work out the second step i.e. to 
see what will be the final state of the horizon under the 

above quasi static approach of the two line masses. To 

start with we write the ~ 00 component of the metric 
tensor before ( q 

00 
b) and after ( ~ 

00
,.. )the approach of 

the two line masses. 



The above analysis suggests to us that generally the Bach 51 

and Weyl solution possesses a singular horizon. However 

considering Bach and Weyl metric as the separation distance 

goes to zero then the horizon can change from a singular to 

a non-singular one depending on the values of K, and K~-



CHAPTER FIVE 

STATIC A,~IALLY SYMMETRIC ELECTROVACUUM 

5.1 Maxwell's Equations in the Presence of a Gravitational 
Field 

Maxwell's equations of the electromagnetic field in a 
flat space-time in the theory of ·relativity have the 

following form: 

A 1f • 
..:!..... T~ 
C 

dv··d c>~t~ 
+-+--­

'r\ )(' "~-~ w.... .... , ,. 

0 

h l ' X
1 

C w ere X , x , are artesian coordinates, and 

c)X" c)X" 

(5.1.1) 

(5.1 .2) 

(5.1.3) 

is a second rank tensor with A 1,. ::: ( c\> .l A) the four 

potential, and "J" ~ ::: ( c p .i f y) is the current four-vector 
acting as the source of the electromagnetic field. 
Equations (5.1.1) and (5.1 .2) can be easily generalized 
so they are applicable in any arbitrary system of reference. 
This could be achieved by using the principle of General 
Covariance which states that all the systems of reference 
are equivalent for the formulation of the laws of nature. 
Thus physical laws have to be written in a form which 
is invariant under any coordinate transformation. ie. they 
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should conform to co.variant form. This could be done by 
writing the various quantities appearing in the physical 

laws in a tensor form, since tensor equations have the 
important property of being invariant under any coordinate 
transformation. Equations (5.1 .1) and (5.1 .2) obviously are 

not written in a covariant form since the partial derivative 
of a tensor is not a tensor. However, from the tensor 

calculus, it is known that the covariant derivative of a 
tensor is also a tensor. So the covariant form of (5.1 . 1) 
and (5.1 .2) can be achieved upon replacing the partial 
derivative by a covariant one. We should remember that if 

A(~ 
is a second rank tensor then the covariant 

derivative with respect to the xe coordinate is given by 

while 

with r~e 
by (2.4.7). 

and 

the affine connection of the space-time given 
So the covariant form of (5.1.1) and (5.1 .2) is 

r ¥._e 
r. i. 

.J 
= 0 

( 5. 1 . 5) 

(5.1.6) 



using (5.1 .3) (5.1.4) and the fact 

Equations (5.1 .7) and ( 5. 1 . 6) are respectively reduced to 

'dF~v. 'd ~ ~e d F (L 

+ -t - 0 -
'o X t c) X' dX~ 

F ,--. = ';JA" 'dA ~ - -
'c) X ~ 'o Xi 

Exploiting the fact that f i.',(::.- F \l.l 
' 

< 5. 1. 5) 
reduces to 

.i 

We also have to determine the current four vector in 
curvilinear coordinates. Keeping in mind that 

1. The invariant s pa tial volume element in curvilinear 
coordinates is given by 

d V == f7 d x 1 d. x ~ clx 5 

where ¥ 
given by 

is the determinant of the three space metric 

( Landau and Lifshitz 1 962 ) and, 



2 . The charge density 

cle = p f"f d. V where de 
the vo lume element cl\/ 

Pt 

f satisfies the equation 
is the charge located within 

, then 
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:r I. = -G":o 
(5.1.11) 

Eqs . ( 5 .1. 5), ( 5 .1. 6 ), ( 5 .1. 7 ) in con junction with ( 5' .1 .11) 

are the covariant equations of the electromagnetic field 

valid in any system of reference. According to the principle 

of equiv8lence, the above equations have the same form 
when a gravitational field is present where the influence of 

the gravitational field on the electromagnetic field is 

expressed by the presence of ~ ~ ~ in the equations ( 5' . 1 . 5) 

( 5. 1 . 6) , ( 5' . 1 . 7) and ( 5. 1 . 11 ) 

We will now deal with the reverse problem . i .e. Does 

the electromagnetic have any influence on the gravitational 

field and how will we describe it? We a lreacy k..'1ow that a 

charged material distribution in the special theory or 

r elativity is described by the energy-momentum tensor 

\("-=ti.~ ~~i.'I< where t. ,I(. is the energy-·momentum 
tensor of the electromagnetic field 

and t~~ is the energy-momentum tensor des cribing the 
material , f the system 

The tensor T
\,"\(. 

obeys the 
conservation law 

0 
'o X \; 

In the theory of general relativity we have to use the 
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energy-momentum tensor T\~ , describing the sources of the 

gravitational field, ·as M \. ~ • 'i-:"' where E i."IC is the energy­
momentum tensor of the electromagnetic field in curved space­

time. 

The . energy-momentum tensor satisfies the conservation laws 

( M'-« ,\. E:"<).y,: - 0 -
J 

So tl1e equation of the gravitational field is 

\<,~ ! 
~l~ R v.. (M,~ °E-(-...c) - - -= - + 2. 

The above field equations are called the Einstein­
Maxwell equations. In a region of space-time where JL=o 

and M ·,'\\'. -:. O, the equations are reduced to 

The space-~~-;irre domain which is characterized by 
M'\~~o will be referred to as electrovacuum. 

( 5. 1 .13) 

"'J" = o and 
However the 

Einstein-Maxwell equations 
form using the fact that 
of (5.1.13) is 

or for \. -:. 'w< 

R '- - \ ~ ~L \. 
~ 

or R.\ - '2 R 

-which implies 

R - 0 -

for electrovacuum can take a sim~_er 
£ \.-:0 . An equivalent representation 

~ - "' t \~ -

-= 0 
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So equations (5 . 1 .3) take the form 

which is the final form of Einstein-Maxwell equations in electro~ 

vacuum . 
The above equations have been used by Weyl (1918) who 

showed that for any static, axially- symmetric electrovacuum 
the line element can be written as 

(Here the uni ts have been choosen such that c = G =- J. ) 

where Y-J 7-., q, are cylindrical polar coordinates with 

W-:: w (r-
1
-z ) v~ v( \lj'2.) and the line element has precisely 

the same form as in the absence of electromagnetic field, 
( 3 . 1 , 5 ). 

Weyl also obtained a particular class of solutions 
for an axially-symmetric electrovacuum that involves a 
functional relation between the electrostatic potential 

q> and ~ 0 0 component of the metric tensor. 
Majumdar (1947) and Papapetrou (1948) working on this 

independently, showed that if there is any functional 
relat i on between 

~0 0 
and t ' 

then it must be 

~00 
-=. 1 ·+ A~ + q, .i ( 5 . 1.14) 

where A and B are constants. The above relation is a 
general one and does not assume any special symmetry . 

Authors who have developed methods of getting solutions 
of Ei nstein- Maxwell equations are Cooperstock-de la Cruz, 

(1978), Misner- Rainch-Wheeler (1957), Gautreau- Hoffman, 
(1970) . etc. In the next pages we will describe briefly 
t he method due to Cooperstock and de La Cruz (1978) and 



will apply their procedure in order to obtain the charged 

metric for the case ·CT a Curzon particle and a generalized 

line mass . 

5-~ The Formalism 
We adopt the Weyl line element ie . 

(5.2.1) 

and assume an asymptotic flRt space which implies that 

q = !. -
dO O 

(5.2.2) 
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with 'n1 and 9 the total mass and charge on the sources. 
Comparison between (5L1.14) and (5.2.2) implies 

Weyl shovt9d that the function defined as 

(5.2.3) 

satisfies the Laplace equation ie . Xw-v- + X-z'Z. + ~v-!:" O 

Integration of (5 . 2.3) gives 

X 
a. 

, 
i-Cl. 

(5. 2 .4) 
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where a. is a parameter defined by 

1 + 0. Q "TY) 
-:: -

~ a. q 

Introducing a function 
°'-'1~ 1. 

X 

t .! Q. - - e. - a. C). 

(5. 2.6) 

and eliminating X between (5. 2.6) and (5. 2 .4) gives 

q> = (1 

tl1en from ( 5. 2 . 2) 

(5.2.8) 

From ( 5. 2. 6) we get 

Hence solutions of the Laplace equation can be used to 
generate the e w and q:, . Moreover the field equations 

for V yield the following system of differential . 
equations: 

(5.2.10) 

which are identical in form with equa::ions ( 3. i. 8). So 

according to that formali sm a::i_s. (5.2.10), (5. 2.7), (5.2. 8), 
in conjunction with (5. 2.5) determine the static axially 
symmetric electrovacuum . 



5.3 Gauss Theory in Curved Space-Time 

From the equation ( 5. 1 . 9) , we get 

1 i -·-· 
~o G' 

or putting 

then 

4 iT F C 

or 

where E ja.. represents the covariant derivative of the 

three vector CCL ... with rGspect to the spatial metric 

integrating equation (5.3.1) over a volume V we get 

--

The Gauss divergence theorem in Euclidean geometry states 
-'> 

that for any vector field X the following identity is 
true 

f V-X cl.v 
V 
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where 
➔ 

and Y\ 
SlY) is a simple surface bounding the volume -is the normal unit vector on S while V 

is the gradient operator. 

-v 

In the case of a curved three dimensional space the 
above integral identity should be 

where d. v and d s respectively are the coordinate 

volume and surface elements while f'i d V and Vf ds 
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express the invariant volume and surface element respectively. 
Combining (5.3.2) and (5.3,3) we obtain 

V 

Next we will give a ;:;impler expression of the Gaus.s 

diverger.ce theorem in the case of static axially symmetric 
electrovacuum . For the line element (5.2.1) equation 

(5.3.4-) gives 

Now 

From 

f t"vio. ~ d s ::: ~ r,.: F 
0

~ "1~ ~ d s 

5lY) SlV) 

v-w 
= 'f e 

, we get 

( 5- 3. 5) 



The only non-zero components of Foo. are 

ot -W W-V O ¢ 
F =-e e 1 oX 

F
o2.. __ -w W-V cl~ 

- e e 
c))(. 2 

where q, is the electrostatic potential. Hence (5.3.5) 

yields 

(5.3.6) 

But according to the formalism 5. 2 the electrostatic 
potential is given by 

cp:: Q f-i 
o.?.f - 1 

so (5.3.6) yields 

62 



Finally (5.3.3) gives. 

'Q 

1.-a.2 

-w i - Q2 e 

In the following we will be writing the above expression 

for finding the relativistic charge density f for 
different charge distributions. 

63 

5.4 Metric for a Charged Curzon Particle and a General Line Mass 

In chapter 4 we obtained the metric for a combination 

of the Curzon particle and a generalized line mass . We see 
that the function 

Y--1 + 'C"~ - i l 

V""\ ..\, 't1 -\- '} t 

satisfies the Laplace equation. If 

L 

where ( is a constant, then 
function 

V 1 l ~ ~ ::: Q . Renee the 

- C1 t'°I ri.+.,~-~~ 

'f'. \ f''l. ~2t 

with C1 and c: 2 constants generates the metric 
corre sponding to the charged case. Then equations (5.2J0) 

take the forms 
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Yy 

so 

The other component of the metric tensor and the 
electrostatic potential are respectively given by the relations 

(5.4.4) 

where 
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Equations (5.4.2), (5.4.3) and (5.4.4) determine the metric 

if the constants C 1 
w 

exp ans ions of e and 

and C,. are known. The asymptotic 

are of the form 

w 1. ~ o.'i 

e = \.. - "-

9.0l c.1e~c,. 

1..-a..'l " 

+ 
l Ol-) 
'("l. 

On comparing these with (5.2. 2) one finds that 

the total (effective)mass, and total charge of the system 
are given by 

(5.4.8) 

These formulas give the relation between the constants C1 

C "l and the total mass and charge. It may be noted that 

and 9 are respectively the total mass and charge 
as viewed by an observer at infinity. 

The final distribution of charge is found below by 
an application of Gauss's theorem, while for the distribution 
of mass we assume the following 

i ~Cl'l 
C.1. Q "ff'\ 1 -:: -i -Cl'l. 

i-\-Q'i 

'TI"\ <). 
- c~ -

"\_-()(~ 
(5.4.10) 



66 

where 'YT"\ 1 and 'rf') ~ will be respectively the mass on the 
"line mass'' and on the "Curzon particle". Such a distribution 
of the total mass has been adopted since for the case that 

~ ~ o the r esults have to be in agreement with the 
results in the uncharged case. 

5-5 Distr i bu t ion of Charge 

Substituting (5.4.1) in (5.3.7) we get 

f '1 ( C 1 ~"l 
'ox l 

L 

0 
( Ci t~ + 

') ')( 'l. 

or 

4-rr J ~~riv 

0. 

Y-'1. .\ ...-'l. - ')..{ 

'(" i ~ 'f''4 °" 'l.l 

'itli-"f'l,-C).~ 

Y-i-+ Y'l, + 'l.Q. 

0. 

~ --
~-04<l. 

-w 
y- e. 

~ 

'1 'X. i 

~ Ci 

r?. 

c:t C 'l. ) 
'<" " 

(c ~ ~'1 

) "1' ols + 

Cl 

~s J ,--, 

'<°\ ~ 't'l.-1~ [ 

'f~ "'"':\,-+ 'li · 

(5 :. 5.1) 

) • 

• 'Yll'f' otcv olz ~ .,) C 'l. t "1 
'(°\ .\- "i - 'l.e 

)~~-rol.cy~'2. -\ 
~\ ~ 'f''). \ 'l. Q 

+ 



+ ! Q. r .1- (- ~ ) ~ 1 .,. J.. ~ ct 1- + ~ (- ~ ) "1 '\. v- cA. 'f J. '("J J l -a 'l l ~x \ Y"J ~ >< ~ '<"i 
Hd 

From the right hand side of the latter equation we can 

see that Y- d.. '<' cl Cf and v-d. -z. cl q> express the surface 

elements in the three dimensional Euclidean space so 

equation (5.5.1) can be rewritten as follows 

Applying Gauss's diverg·ence theorem (5. 3 . 3a) we get 

41T \ rf1 cl.V = o.. 
j l -ot i 

where 
J_ V,11"l = Y- ol v- ol -z. d. 't' 

But from classical electrodynamics 

v1(c1. tcri 'f'"1-\'1'l,-"l.t ) 

Y-1 \, 'f°'l. ~ 'l.l 

C 1 kl?..) ~l" l 
=4----­

y-

where k(Z.) is a step function defined as follows 



0 if -z ) 7. l and z ( 7..1 

k (Z) --
1 if 'Z ~ < 7 < 2.1 

and 

i (- 'l. Ci ) 4" o\'f":s) V -.,~ 
where ~ in the above formulas, represent the Dirac 

Delta function . Then (5.5.1w yields : 

41T 
~ 

From the above expression for the relativistic charge 
density we conclude that the charges are located at the 
point Y-:. O 7-: 0 and along the part of the Z axis 

between -z_ i and 2 ~ 

68 

The to tal charge at the origin is given by i ntegrating 

the density f over a closed surface which intersects 
the Z axis at -z.. <. 7- ~ and encloses the origin. . Then 

Proceeding in a similar way,the charge be tween ~ 1 and 

-Z.-i is given by 
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5.6 The Regularity of. the Metric 
Equations (5.4-.2), (5.4-.3) and (5.4-.4-) determine the 

metric of the electrovacuum space-time. As we have discusse:i 
before,the criteria of asympotic flatness and elementary 
flatness have to be employed in order to accept the above 
solutions as physically consistent. Also in chapter 4- we 
saw that the corresponding uncharged case exhibits a 
singularity on the portion of Z axis between the line mass 
and the Curzon particle respectively. In the next paragraph, 
we will try to get rid of the singularity by a proper choice 

of the parameters 'TT\ i. 'YT\~ and ~ 1. i ~ .. 
The new asympotic flatness criterion requires f ~ i 

asymptotically, which is satisfied here as can be seen by 
an inspection of (5.4-.3), (5.4-.4-) and (5.4-.2) The limits 

of e ~ V and q, are as follows: 

w 
e. A 

J. 

0 

n : ,,_i\ \ I 
'- ' ,, \ V 

I{"➔ co 

"1,.~C):, 

Hence the line element (5.2.1) becomes 

,,... 
V 

That implies that at very large distances from the sourc e s 

the geometry of the space-time tends to the usual geome try 

of the flat space-time of the special theory of relativity. 
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Elementary flatness criterion requires Y to vanish along 
the Z axis. From (5.4.2) we have the f ollowing values for V 

0 for 7.. ) 'Z. 1 or 7- < 0 and -r = o 

V= 

and "= 0 

The values of the \/ function suggest that even in the 

charged case we generally need a strut in order to keep the 

system in static configuration . However the charged case 
a llows the possibility of removing the strut by choosing 

carefully "<Y'l 1 "N11 and 9 1. 9 "L • Fror;:i ( 5. 4 . 9), 
(5.4.10) we have the following expression for V 

V l -r =o~ o<-z., 7..z ) = i 
=-----: 
d.ld. + t ) 

J. 

e 
So the possibility of making V zero occurs when 

(5.6.1) 
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Furthermore , 

( 5.6 . 2) 

So these two equations together yield 

( 5. 6 . 3) 

The above relation is the relativistic condition for balance 

between the "line mass" and the "point mass". Note that the 

equation (5 .6 . 1) is the necessary condition for balance 

between a charged line mass and a charged point mass 
s eparated by a distance in Newtonian classical physics . 

5.7 Evaluation of the Constants 
The metric for the charged Curzon particle and a 

generalized line mass is described by equations (5 . 4 . 2) 
(5. 4.J), (5.4.4) where the constants C. l C i are related 

to the masses and charges "tfl~ , ~ ~: l/lVia (5 .4. 7)(5 .4.8 ). 
Fur ther, in the expressions (5~4 .7), (5 .4. 8) there is the 
parameter a. defined by (5 . 2. 5) . In this section we 

will relate C l C ~ only with 'lY) ~ , ~ \. -: l ~ tJ The roots of 
the equation 

can be real, or complex, depending on the ratio ~ . So 
we have the following cases : ~ 

1 . -n, t ) C, 'l , undercharged case , equation ( 5. 2 . 5) 
ha s two real roots one of those between - ~ and l 
Restricting o. between -! and i then from (5.4.7) 
and ( 5. 4. 8) 



C J. l = "fT1 i ~ i - 911 

'rrl i 

Ci "'1t.~l. 
92· -
'YT\; 

2. (overc:harged case) we can 

angle \3 by the equation 
Then equation (5.2.5) has the 

'l'Yl ,- = C.os ~ and 
following roots: 

o. = e 
i i. \3 

Then C .\. C2 are given by 

\ C i e - 9111.. ,,,,: - ~: 
'I. Ci - "~1i '1'tl : - -~: 

define an 

3. 91 ='Y'f'\'J. , critically charged case, the C.1 C2 
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can be obtained from (5.7.1) and (5.7.2) by taking the limits 

as 9 .'- ~ '"IT\~ i -:. 1.~ ci then 
L ~ 

C 1 e = ei'Y'r] roii ~ 1 -
ct'l - 0 -

<I\ "'➔"'n'\ \ 'Y'I'), i 
I I 

C 'l.e= e i 'W} ~~ ii - 9: 0 -
<\ \ ':. ""1 'l'l. 
i ➔'"l'l 



For those values of c 1 

e w and cp yielq. 

equation 
.1. + Q. t 

and 
0 -0 

C,. J V vanishes while 
indeterminate form, and the 

w 
has as roots a.. ':. ± i The real values of e and q, 
can be found by taking the limit of (5.4.3) and (5.4.2) 
and by applying the following identity 

then 

X 
ex. -- i + 

'w .J. 

e=---------------

C\ 1 e 'Y'\ 
't' i ~ .,.. 'l. - ~( 91 

cp - 2.e. 'rt +i'?. + ~t '("~ -
'\ L t "t'\ 

v'"1 • ~,. - ~e 92. 
it '("i_ ~ ....,'l + 'll V'~ 

4- i 

.2.!...8The Limit of the Charged Bach and Weyl Metrics as the 

Separation Distance goes to Zero 

In chapter four we have discu3sed the limit of Bach 
and Weyl metric as the separation distance goes to zero. 
In this chapter we will develop the charged Bach and Weyl· 

metric and find under what conditions the metric for two 
charged . 11 line masses 11 (as the separation distance between 

them goes to zero) can be replaced by one charged "line 
mass". 

As we have seen the function (4.4.2) satisfies the 

Laplace equation. Thus the charged Bach and 1-leyl metric 
can be generated by the following function: 
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ot. 
-\, Ci, Cl~'\'\ -­

~ .\, -t 1. 

The asymptotic expansions of 

These equations imply 

w e and 

(5.8.1) 

(5.8 .J) 

yield 

(5. 8.4-) 
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1. \- 0.. '2 
(Cl~ i + c>-Q~) ""'1 - (5.8.6) 

J. -~!l. 

~o.. 
\Cl Qi ~ c~Q2) ~ -- l - o.~ 

Substituting (5.8 .1) in (5 .3, 7 ) we get the following 

expres sion for the relativistic charge density 

a. 

i-a'l. 

which implies the fo llowing charge distrubution 

9 .l (5. 8 .8) 

while the mass distribution is assumed to be 

i.-0.'l. 
es. C ~ 

i-0\<2 
l~ c~. 'YY\ i ::: ~ 'l. --

1. + 0\ 'l. ~ ~ 0\ ').. 

Assuming -z ~ :: 0 with L.l. ➔ O -zl-. 1 e,~1land 

letting the separation distance d.. ~ O , the quantities 

e wl q> ~ \/ take the following form 

w e 

(5.8.1 O) 

(5.8.11) 



~ - 0. -
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\
'I" t. ½- V' 'l. - '). e 1 \ C l \ '{ ,._ ~ ¥""~ - 'l e ~ )Ci_ 

"'""- \- v-}._ + ::i. e, , v--" +- v--.. .. "l t~ l (5.8.12) 

0l ~, 'f'L -4- ,r~ - 'l. e. .l 
)
Clf "('~ + V""\ - '). Q l. )'t i 

'i'°-l.. +- 'f';i. " Q.ts '<")- ~ '('~ + ':l.~2 

+ c~ tvi (v-:>. \'i3 )'l- 4 t2~ -t. 

4 '(" .1 V'~ 

(5.8.13) 

However, if C-1.~C~=C. then using the identities (4.7 .3)(4.7.4) 
~ w, <? and ·,_r give 



with 

The above functions exactly describe the metric of one 
charged line mass,(Coop erstock and de la Cruz (1978)). 
Summarizing,the limit of the charged Bach and Weyl metric 
tends to a single charged line mass metric if and only if 

C .l ~ C 2 Further, following a procedure similar to one 

in 5. 6, we can express C L and C ll. in terms of ¥VJ~ 
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C\~ 1.-:. L.,\ 'l Thus C1 and C:i are given as follows: 

t CL e~ - "l• ii 
'"h'\ ~ 1. -- \ - "n-) <9'2. 9 ~ V 

\, - 1. ~ '.),, 

If C~::-C 2 then 

'W\ i ~ 91\ 'VY) ; C\'1. - 2 (5.8.14) -e./- ..ti~ e ~ t:-
from (5. -8 .8) , (5. 8 .9) and ( 5. 8 . 1 0) we get 

(5.8.15) 



or a combination of (5.o.1L1-) and C 5. 8. 1 5) yields 

'VY) 1'}. ni ~ 
e. \ '\. ( ') 'l 

--°i l a.; 
e ~ 'l. ~; which implies 

~ ~; °\; q~ 'Y'r\ i 
::. -- (5.8.16) 

Q. ~ Q 'l e 'l. .l ,;i.cz i ~ L 

So Ci. -:.C~ implies that the mass and charge densities of 

one line mass is equal to that of the other, in order that 

the limit of the metric be equal to that of Weyl line mass . 

If CLt~ then the metric is described by (5.3.3) 
in conjunction with C-5.2.5) 



CHAPTER 6 

METRICS FOR MULTIPOLE PARTICLES 

6 .1 Introduction 

In chapter 4 we found the solutions of the fi eld 

equations which are generated by the functions cor~es­

ponding either to the Newtonian potentia l of a point mass 
or the potential of a uniform density line mass or a 

combination of these . However another class of solutions 

can be generated by using as A function the 
Newtonian potential of a point mass which exhibits multipole 
s tructure . i . e . 

Where 

c"1 
are constants while 

2 
7-

P""(co ~ G) 

( 6 .1.1) 

represent the Legendre polynonial of "r) th order and 0 
is the angle between the -z.. axis and the direction of 

R So far a general solution of the field 
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equations generated by (6.1 .1) has not been found. The main 80 
difficulty of doing so.is on one hand the complicated form 

of A and on the other hand the problem of the integration 
or the system (3.1 .8) 

Geroch (1968, 1970) has proved that the metrics which 
are generated by (6.1 .1) for every value of N possess 

multipole moments which generally are different from those 

multipole moments of classical mechanics corresponding to 
(6.1.1) 

That implies that the sources of those solutions 

exhibit multipole structure. 
Szekeres (1968 ) has obtained solutions which are 

generated by a pdnt mass possessing a dipole moment and 

a quadrupole moment while Rosen (1959) discovered a 
solution which was obtained by Schwarzschild line mass 

supe~impaed ~ith a quad r upole moment. In our work we will 
obtain a soJution which is generated by a Curzon particle 

superimposed with a dipole moment. In our work,in 

order to simplify the integration of (3.1 .8) we will use 

the Szekeres (1968 ) coordinates . We will also find and 

examine the metric generated by a Curzon particle and a 

point dipole where now it is assumed that the two particles 

are separated. In order to comply with the resul ts of 
the Geroch works we will refer to the metrics which are 
generated by (6.1 .1) as metrics corresponding to multipole 
particles. 

6.2 Szekeres Formulation 

Adopting Szekeres independent variables -
J and J 

as 



and noticing that 

d i 
( ~c)Y"" + • ~ ) - - l. - ' -

'aj 2.. 0 'Z. 

t he equations defining the 1 function 

"/y- = r l 1;. - 1~ ) 

may be replaced by the following complex equation 

( 6 . 2 . 1) 

The advantage of this method is that if we are given A 
a s a function of :r and j- , the )) f unction can be 
obtained from ( 6 . 2 . 1) by simple integrati on . Szekems (1968) 

applied the above formalis m and derived the metric that 

corresponds to a dipole potential i . e . 

( 6 . 2 . 2) 

where O is the dipole moment of the point dipole (for the 

def i nition of the point dipole 
paragraph) R l = 'i 2 + 7.. i and 

see discussion in the next 

0 is the angl e between the 

~ axis and the direction of the unit vector along 
( see fig. 6 ) Substituting (6 . 2 . 2) into ( 6 . 2 . 1), the 

R, 
)) 
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function turns out to be 82 

'y 

6.3 Metric When Monopole-Dipole are Situated at the Same Point 

In this paragraph we will obtain the metric for the 

function 

'YO 

R 

corresponding to a Newtonian potential of a poin t mass with 

dipole moment. In classical electrodynamics we define a 

dipole as a system of two equal and opposite charges 9 
separated by a distance • d. The quantity D = 9 d. is 

called the dipole moment of the system. From the above 
we can construct the point-dipole under the following 
assumptions. 

°' ~ 00 

with D remaining finite. If we want to carry this 

definition in the case of a mass distribution, we have to 

introduce the conc ept of negative mass. The above assumption 

seems to be artificial and nonphysical as we are familiar . 

with only one sign of mass. However, we will not deal with 
the problem of whether or not negative mass exists in 

the universe. (note that some authors e.g. (Bondi 1967 ) 

have considered that problem). 

So far we are taking solutions of the Laplace equation and 



from these,generate exact solutions of the Einste in equations. 

We now consider the potential of a point mass dipole as 
solution of Laplace's equation disregarding whether or not 

there is nega tive mass in nature. This point mass dipole is 

defined in a similar way as the point charge dipole, and is 

characterized by the quantity 

where d is the sepa ration between the positive mass "Y'fJ 

and the negative mass -"n') . It is easy to see that the 

gravitational potential of the above system is given by 

Taking 

Q CO:, 0 

R 2. 

we see that 
2 

V j-: 0. Changing 'r -z. coordinate s to 
coordinates , .the above equation becomes 

l = 

where 'l J. is proportional to ~ , and ~.i to D 
the equation ( 6 . 2 .1)yields 

Then 



84-

where the terms 

and 

generate 

respectively the monopole, dipole, and the interaction 

part of the V function. On substituion of the partial 

derivatives of ~ into (6.2.1) we get 

or 

A straightforward evaluation of the.; above integrals gives 

y "rt) ~ 
( 

\. .,\.) ..\- \ i ~~) + - - ~ - - -'\ j 3 

\. 
Dl ( i. s i. <' :,-4) 

.\- \ ,/3) + 
"" 
- -Ir 1' 

Ii. G "S 3 3 'l..~•~°4 :s ~ ~ 



+ "n'\Di (-
4 

where 'f d=j) 
variable, :,r 
the fact that 
inspection of 

follows : 

( :!~i. 3 are the complex functions of the 
These functions a re found by utilizing 

V has to be a real funct ion. From 

V , the f ~ (J} functions are given as 

--
rewriting the function V in v--, 1. variables one f inds 

""1 i y- 2 i i t 2 2 "'1 0 '("' '2z D Y- c .,- - s zJ 
V = - -+ 

4~8 R '" 2 R ... 

The metric which is described by the funct ions Ji and y 
obviously satisfls both the elementary f latness and 

asymp..:otic f latness criteria and it is physically acceptable . 
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h4 Metric Where a Monopole and Dipole are Separated 86 
In this paragraph.we will find and examine the metric 

which is derived from a ~ function due to the gravitational 

potential of a monopole and dipole which are separated 

from each other. 

For this case, ~ is given by 

) 
"n') j) co~ 0 

:: - - -
R: R-Q. 

where 

( see figure 7 ) 
In order to find the )) function we can use the differential 

equa tion ( 6 . 2 .1). Szekeres has found the metric corresponding 

to the following form of A function: 

tv\" D co~GJ '"Y'r\ 
1 = - - -

Ro.. R; ~-o. 

and. the 'V function is given by the following lengthy 
expression : 

oi,2.c""~- cacz:-o../·) 

4R! 

~ "l'Y) M dR ~ - c,,_'4) 

4 c.<J R "' R _ c:\. 



with 
R2=ri t -z.2 

I f we take the limit of the above metric as M ~ O 

then the new metric corresponds to the case of separated 

monopole dipole . The limits of ~ and Y are given as 

follows 

1 = "YT1 

R - o.. 

these are solutions of (6 . 2 . 1) 
verify . 

, as one can easily 

6. 5 Behaviour of the Metric at Infinity 

The asympotic flatness condition require s 

The limit of the ') function satisfies the above relation 
but not tr_e limit of the V function . The limit of fue)/ 

function is as follows: 

which is a constant . Thus, in order to s a tisfy the asymptotic 
f latness condition we add to the expression of the V 



'ff1 0 
function, the constant . - This new function 2 a.1 

V + ""'O also satisfies equation (3.1 .8) a s we can 
~o..} 

easily ver ify. Elementary flatness requires -V = o 
on the Z axis but 

0 \1.\'JO.. 

-o.~ 
\ 1.\ < 0 

Thus we again face the same problem that we had in the case 
of a Curzon particle and a generali zed line mass . (Chapter 4) 
Thus as before, the non-zero value of the function )/ in 
the interval ( - o.,. o.. ) expresses the necessity of a 
supporting strut in order to keep the bodies in a static 
configuration. Further, from classical gravitation the 
gravitational force on a monopole located on the Z axis at 
distance '( due to point dipole is given by 

➔ t) Go~(;) 
F - ~ -v cp - rn, ~(- ) - - Y" '1 

or 

➔ 2 D Tr\ 
~ -- -v- "3 

Thus even in the case of multipole potential the non­

zero value of -Y function gives the force between the two 
distributions of matter . In the next section we will find 

the charged metric of the above system and we examine the 
possibili ty of getting rid of the singularity . 
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6.6 Transition to the Charged Case 

In chapter 5 we developed the metric for a charged 

Curzon particle and a generalized line mass. We also 

found the necessary condition for balance between the 

charged 11 point 11 and the 11 charged line mass 11
• In the 

last section, we saw that for the case of a monopole 

89 

and a multipole particle there exists a singularity 

manifes ted by the breakdown of the elementary flatness 
criterion . Authors have gotten rid of that singularity by 

introducing negative mass (Israel and Khan 1964) (Synge 1964) 

or by a superposition of multipole particles (Szekeres 1968 ) 

In the next section we will develop the charged metric 

having as a main purpose, the removal of the singularity. 

As we discussed before, the removal of the singularit)· 

implies balance between the monopole and dipole without 

any supporting stYut . Cooperstock and de la Cruz (1978) 
found the necessary condition for balance between charged 

Curzon particles while S.0 ekeres ( 1968) found the condition 

for balance between a monopole dipole together and a monopole. 

Further we are interested in finding a corresponding 
condition for balance between a 11 monopole" and a 11 dipole 11

• 

The formalism developed in 5. 2 is applicable in the 

case of the metric corresponding to the multipole particle 

since it does not impose any restriction on the form of 
function. Then, according to the previous paragraph the 
function 

f 
( 6 . 6.1a) 

will generate the charged metric . And the quantities 
w 

e, , V , ~ are given as follows : 
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w 
e. 

V = 
"l 9. 

Cz v- LY"~- Bf-z.-0.)2. J 
4 ~'111.,a 

( 
4 } ~ &. c,cl!. o.. -2:i.o. -2V"o;) 

~ o-) R O: R -°"' 

_ Ci c~ co~€> 

e ~ -"' R,.-.:. 
.1. 

°' - c, Ca c. c<:>G 
2 R°.:"'"' R°" 

-:a. .1. c,.. e 

't',1 
A straightforward asymptotic expansion of e and 

yields 

'N i + ~% Ci i. 1' a. '1 C,<:,c.o~e e i - c.2, - - ~ 
l - o.. :i. r i-OL'l. "f" 2-

(6.6.1) 

1.+o..' 'l 0. 
4 c/ oc.!:. l C4 c.0~0 2 i. - ➔ i 4- rl 

!l. ..,. 2 lJ. - cl.f1 ..., ,. 
i - 01. 

- 'l a. 

i - a. .2. 
+ (6.6.2) 

w 
Further · the asympotic behaviour of e and f' are re spec ti vly 

given by 
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(6.6.3) 

and 

(6 . 6.4) 

a comparison between (6 . 6_1 ),(6 .6. 2), (6 . 6. 3), (6. 6.4) gives 

~o.. D~ 
'i Q_ c~ '\ C1, 

-- -- i. - o.i i - o.'i 

i4 o..Q. D"t"r\ 
i.-¾, o..j 

G~ --
mi - C, i i-0-.~ -

1 - 0. c.l. 

Applying the Gauss divergence theorem to the function f 
given by (6 . 6.1), one finds 

The second volume integral of the above relation vanishes 

everywhere . Hence 

and the total charge 

9 = 



This implies that the charge is located at the point v~ o 92 

-z.. = - a. and we as:3wne that the dipole is located at 

the point 't':. o -z..:a. From the values of the effective mass 'Yr'J 

and charge dipole we can relate the constants Ci and C 1 

with 'YI'\ 1 9 D"l\o\ 0~ (by a similar procedure as in chapter 5) 

We have the following cases 
., t 0'2. 

1) 'YY)7.>C\ 4 D~> , (undercharged case) 

2) (undercharged case) 

i. c,. = D., [1 -

(critically charged case) 

and 

V:::: o 
and 

'N i 
e -

q 
1" 

Dci c.o~ 0 

~ 
R-Q. ~o.. --
""1 

i D~ c..o~e 
+ 1 R.~ ~~ 



we shall a lso determine the general re lativistic equation 93 
connecting 'YY) °l 0""'1 0'\ such that the metric is 
regular everywhere ( except at the point 'f" :. o L = ± 0. ) 

As before , 

V (Y-:: o .)\-Z..\< a.) 

l"l1 D 'VT) - 9 D" -- 0.. 3 

So V - 0 if and only if - but also 

"fr\ D 'rr\ - (6 .6.5) 

°' 09 

those two equations together yield 

'2 i 

0 :: 0 Q 
'Tl"t I 

(6.6.6) 

which is the equation for the balance of a monopole and 

a dipole without any additional strut . A comparison with 
the classical case can be made after calculating the forces 

acting on a monopole mass being in the gravitational field 
of a point dipole and secondly the force acting on a charged 

monopole due to a dipole charge . The gravitational force 
on the monopole is given by 

~¢ - D-n, 'WJ 
-

y- 3 

while 

fe D, 9 -- ., :, 



those two equations imply that balance in the classical 94 
sense can be achieved if D""" "fr) :: o'\ ~ which is the 
same equation as in the relativistic case. 



SUMMARY AND CONCLUSION 95 

In this thesis we have obtained some new static axially 

symmetric solutions of the Einstein and the Riristein-Maxwell 

field equations. In chapter four we analyzed all the the steps 

leading to the exteTior solution of a Curzon particle 
in combination with a generalized line mass. By a slightly 

different procedure in chapter 6 we have found solutions of 
the field equation representing the exterior field of 

multipole points. 
Although the exterior fields of the above mentioned 

s.olutions are known, our k.."lowledge about the distribution 

of matter acting as sources of those solutions are very 

limited. As we discussed in chapter four the field of a 

general line mass might represent the exterior field of 

a family of sp~eroids .. However, for the Curzon metric 

the knowl edg e about its source is very limited. The 

only tning that is known about it3 source is the fact 
that it exhibits multipole structure. We should point 

out the following situation in the General Theory of 
Relativity. The Schwarzschild solution does not exhibit 
multipole struc t ure (see Voorhes 1970), while as we said 

before the Curzon metric which is generated by the Newtonian 
potential of a monopole does exhibit multipole structure. 

So we can say that in the theory of relativity the relativistic 
monopole corresponds to the source of the Schwarzschild 
solution. Therefore we can say now that the sources for the 

exterior metric of a Curzon particle and a generalized line 
mass might be spheroidal in a combination with a point 

source exhibiting multipole structure. 

We also have obtained a charged metric corresponding 
to a charged line mass and a charged Curzon particle. This 

has been dorre by assuming a functional relation between the 

q and the electros t atic potential and by application of 
Jo~ 



Weyl 's axially symmetric electrovacuum formalism . 
96 

Under these 

assumptions we also eliminate the singularity which occurs on 
the portion ,J ~ t;:i:ie z axis between the li.:1.e mass and the point 
mass. We found that the necessary condition for balance 

between the point mass and the line mass is equ. (5. 6.3) 
which suggests that the line mass and the point mass }11.v,3 to 

be critically charged. However, we should remember that this 
conclusion has been obtained under the asslL~ption that the 
charge to mass ratios of the point and lin e components in the 

superposed charged point-line . mass metric have to be equal to 
eachother (see 5. 6.2) . This equation is simply a consequer:c e 
of the Weyl electrovacuum formalism in conjunction with the 
functional relation between a and electrostatic potential . 

" 0 0 

A more general equation for balance between the gravitational 
attraction and the electrostatic repulsion should be 

obtainable but not within the framework of the Weyl formalism. 
Almost the same results have been obtained when in 

chapter six we have looked at the relativistic condition for 
balance between a charged Curzon particle and a charged point 
dipole. We have found that the balance can occur when the 
Curzon particle is critically charged and when the point 

dipole is characterized by the equation D~ -: 0 ~ where 
D'\'I\ is the mass dipole moment and o'l is the charge 

dipole moment. Again these equations have been obtained under 
the restriction (6.6.5) 

Further in chapter 4 we have examined the Bach and Weyl 
metric as the parameter c:l (separation distance) goes to 
zero . S:udying the horizon of the Ebove metric before and 

after the limit d. -..0 we proved that the horizon of the 
Bach and Weyl metric during that quasi-static approach can· 

emerge as singular or nonsingular depending on the values of 

Kl and 't< i . If K J -:. \(,_-:.. 1 then the singular horizon 
after the contact emerges as nonsingular while for I< .1 t \( t 
the final sta te of the horiz on is always singular . 

Finally we generated the charged Bach and Weyl metric . 



Again by letting d. ___. 0 we have seen that the 97 
geometry of the space time can be replaced by the geometry 

of one charged line mass as long as the mass density and 
charge density on one of the line masses are respectively 

equal to the mass density and charge density of the other one. 
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Figure 1 . Dist rubution of Charge 

z 

r 

. F i gure 2 . 1 Line Mass 



( r;i.) 
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r 

Fi gure 3. 2 Line Masses 

r 

.Figure!+ . Curzon Particle and Line Mass 

-------------------------------------



Figure 5. 2 Line Masses Together 

z 

Figure 6 . 1 Monopole 
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r 

'l>i pole 

z 

Monop, 

• Figure 7. Monopole Dipole Separated 

0.. 

r 

Figure 8 . Silberstein Solution 



APPENDIX 

I n the following pages there are three computer 

programes accompanied with nUIJ.erical results . Writing 
(4 . 4 . 8) and (4 . 4 . 9) as follows : 

Then the first program shows that 

where lf 11 ( V"~ -z.. ) and ~'! t v:. 7. ) are definErl ·by ( 4. 4. 12) 
and (4 . 4 . 13) . The numerical results from the computer are 
a s fo l lows . The first, second and third columns from the 

l eft represent the variables -z.. 1 1.~ and 1.. 3 , ( see fig . 4) 

While the fourth and fifth column are field points and the 

sixth and s eventh columns are the difference between 

r espectively . 
The second and third programs • •.• . show the equal i ty 

of the relation (4 . 7.3) and (4 . 7. 4) re s pectively. The 
r esul ts of the computer programs ~ave been arranged as 
follows . In both program3 the first, second, and thi r d 

columns from the left are the points -Z. l Z a. -Z,g . The 
fourth and fifth columns are a ga in the field po i nts and 
the sixtn column r epres en t s the difference between the right 
hand side and the left hand side of relations (4.7 . 3) and 
(4 . 7. 4) r espectively . 
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