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Abstract

AF algebras arised in the study of the algebraic classification of C-*algebras.
The structure of an AF algebra can be described by a convenient notation
called a Bratteli diagram. AF algebras are classified by certain discrete, or-
dered abelian groups which are just the inductive limits of inductive systems
of groups of the form Z". These groups are called dimension groups and they
are just Ky groups in K-theory.
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Chapter 1

Preliminaries and Notations

Here follows a list of basic results and properties of C*-algebra which will be
used without reference throughout the thesis. Everything can be found in
i22] or [1]. In addition to this we only need a few fundamentals about induc-
tive limits, ordered groups and Grothendieck groups. In any case, throughout

the thesis, we try to give the appropriate references for the particular results.

1. Conventions:
We use the calligraphic symbols for sets of numbers N C Z C @ C
R C C and let N7 C Z7 C --- indicate r-tuples & = (ay,...,0,) of
such numbers. We let (27)* denote the set of a € Z7 with a; > 0 for
all 7, and we let (Q7)*,(R")* be the corresponding subsets of Q" and
R

2. Definition of a C*-algebra:
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Definition 1.1 A C*-algebra is ¢ Banach algebra. A with an involu-

tion a — a* satisfying ||a*a|| = ||a||® for all a € A.

Let H be an infinite dimensional Hilbert space, then B(H), the algebra
of bounded operators on H, is a C*-algebra, and it can be shown that
any C*-algebra is isomorphic to a norm-closed *-invariant subalgebra of
B(H) ([6] : 2.6.2). Denote by X(H) the algebra of compact operators
on H. Then X(H) is also a C*-algebra. Usually we will only consider

separable Hilbert spaces.

3. Unitizing:
For a C*-algebra A, we can construct a unique unital C*-algebra (i.e.,
it has a multiplicative identity), denoted A!, such that A is an ideal in
A' and A'/A is isomorphic to C. Elements of A’ consist of pairs (a,A)

with @ € A and X € €. The multiplication on A! is defined by setting
(a,0)(5,7) = (ab+ b+ 7a,)9).

Then the unit in A* is the element (0,1). Letting (a,))* = (a*,X), we
can make A a *-algebra. Moreover we can represent A' as bounded
operators on A by left multiplication:

m: A' — B (A)

via: w(a+ A)b=ab+ Ab.
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B(A) has a norm |} - ||op induced by the norm on A. We define a norm
on A! by setting |

lla+ Al = |7 (a + M)llop-
This is the unique norm on A® such that the embedding map of A into
A? is isometric and A! is a C*-algebra([24]).
If A itself is unital, A’ = A & C via the map (a,A) — (e + A1) @ A.
In any case A'/A = C. The quotient map is denoted by ¢q, that is,

do : Al — C defined by ¢o((a,A)) = X. By A we refer to A when 4 is

unital, and to A! when it is not.

4. Exact Sequences:

A sequence of C*-algebras and *-homomorphisms
FYetH

is exact at @ if im¢ = keryy, that is, if ¥ 0 ¢ is the zero map (giving
im¢ C kery), and if every g € @ such that ¥(g) = 0 has the form
g = ¢(f) for some f € F (giving im¢ D kery).

In the exact sequence
0—F25 65 H 0

(with zero morphisms at the ends), the map ¢ is injective (since kerd =
0), and the map ¥ is surjective (since imy = ket0 = H). Such exact

sequences are called short exact sequences.
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The above short exact sequence is split exact if there exists a map
A:H — G such that v o A = id. And in this case, G=Z F O H as a
vector space, but not generally as algebras.

In particular, there is a unique unital map C EA A, defined by j(A) =
(0,1), that makes the sequence 0 — A o4 imo C — 0 split

exact.

5. Matrices with entries in C*-algebra:
For any C*-algebra A, M,,(A) will denote the algebra of n x n matrices

over A.

M,(A)= A® M,(C)

via: [ag) — i ai; @ ey,
where e;; is the matrix in which the entry in ¢,7 position is 1 and
all others are 0. M,(A) is a C*-algebra in an appropriate norm. Let
(H,¢) be the universal representation of A, so the *-homomorphism
¢ : M,(A) — M,(B(H)) is injective. The norm is defined by ||a| =
i¢(a)|l for a € M,(A), where M,(B(H)) is identified with B(H").

6. Here follows some notation and concepts which will be assumed through-
out the thesis.
For an algebra A, we say that ¢ € A is self-adjoint if ¢ = a*, idem-
potent if a = a?, and a projection if a = a* = a*. We say that v € 4
is a partial isometry if v*v = e and vv* = f are projections in 4. If

A is unital, we say that u € A is unitary if u*u = wu* = 1,4, and we
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let U(A) denote the group of all unitaries in A.

Each » € U(A) defines an automorphism
Adu:4A— A

by Ad u(a) = uau®. An automorphism ¢ of A is inner if ¢ = Ad « for
some u € U(A).



Chapter 2

Introduction

Classification in one of the major challenges facing C*-algebras, both in the-
ory and applications. The problem of classifying C*-algebras which are induc-
tive limits of sequences of finite dimensional C*-algebras has been considered

for years. In [15], Glimm classified the C*-algebras (UHF algebras) which

are inductive limits of:

M, 25 M,

where p;, divides prs; and @ x41 is a unital morphism from M, to M, , de-

Pr+1
fined by # — z® I, withp = p—;:'l. Glimm showed that the isomorphism class
depends only on the prime factors of the dimensions of the finite dimensional
factors My, ’s.

In [7], Dixmier removed the assumption that the morphisms be unital.
He classified the C*-algebras (matroid C*-algebras), which are the inductive

limits of sequences:

Pz a3
M, 2am, 2

6
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where 1’s are arbitrary morphisms.

A C*-algebra A is said to be approximately finite (AF) if A is. the .,

norm-closure of the inductive limit of an ascending sequence of finite dimen-
sional C*-algebras.

Gilmm and Dixmier gave the classifications for the special AF algebras
when the finite dimensional C*-subalgebras are restricted to be simple. In {4},
Bratteli gave a complete description of AF algebras. He showed that if a C*-
algebra has a dense subalgebra which is the union of an increasing sequence
of finite dimensional C*-subalgebras then this dense subalgebra is unique up
to isomorphism as an involutive algebra, and determines the isomorphism
type of the C*-algebra.

In [14], Elliott proved that the (stable) classification of AF algebras can
be reduced via K-theory ([11]) to the classification of certain discrete, ordered
abelian groups called dimension groups. In particular, it was shown that the ‘
ordered groups that arise are just those that can be written as inductive

limits of direct systems of groups of the form Z7, where the latter is ordered

by the simplicial positive cone
(Z)V ={(a,... o) s € 2},

Using K-theory, it was shown that the dimension group is just the K, group
* of the algebra.
The purpose of this thesis is to present a survey of the work of Glimm,

Dixmier, Bratteli, Elliott and Effros.
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We give a brief outline of the thesis. In chapter 3, the description of in-
ductive limits and some results for finite dimensional C*-algel;ra.s, as prepa-
ration for AF algebras, are discussed. Basic structures of AF algebras and
the embedding maps (canonical homomorphisms) of subalgebras of given AF
algebras are presented in detail. The major tool for analyzing AF algebras,
the Bratteli diagram, is introduced, and the graphical representations which
easily reveal the properties of given AF algebras are defined.

In chapter 4, we give an alternative characterization of AF algebras (The-
orem 4.2), and a sufficient and necessary condition for isomorphism of two
AF algebras ('fheorem 4.9).

In chapter 5, we give an important observation. It is shown that AF
algebras are classified by their dimension groups together with the ranges of
their dimension functions (Theorem 5.11, Theorem 5.15).

In Chapter 6, we introduce C*-algebraic K, -theory. Using it, we point out
that the dimension group is actually just the Ky group of the algebra. Thus
many results in the preceding chapters can be stated in term of K-theory.

To end this thesis, we discuss an example as a detailed application.
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Introduction to AF Algebras

3.1 Directed Systems and Inductive Limits

" The material of this section is preparatory for the definition of an AF algebra.
In the first part our objects are general sets. And then, since our interests
are in groups and algebras, we will have to pay more attention to the binary

operations of the set-theoretic results we have already obtained.

3.1.1 General Cases

Definition 3.1 A relation m < n in a set I is called a quasi-order if it is

reflexive and transitive.

Definition 3.2 4 directed set I is a quasi-ordered set such that for each
pair I,m € I, there exists n € I for whichl < n, m < n. A directed set I'
is a subset of I (I' C I) if n € I' impliesn € I and m < n in I' implies

m<ninl.
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Definition 3.3 A direct system of sets {A,} over a directed set I is
o function which attaches to eachn € I a set A,, and, to each pair m,n € I

with m < n, a morphism ¢pp: Ay — An, such that, Vm € 1,
Gmm = identity,

and forl<m<ninl,

¢ln = d’mn © ¢lm-

In particular, if the index set is just A/, we can also write the direct system

{A.}nen ast

and we have ¢, : 4, — A, with

¢mn = ¢n—1,n 0:-+0 tﬁ'rn,m+1
for m < n.

Remark 3.4 Fach set A determines a constant system {4, }ner over an
arbitrary directed set I, where A, = A and ¢pp = id for allm,n € I. A
map 8 = {6,} of direct systems {A,}ner, {Bntnecr, which are over the

same index set I, is a sequence of maps

f,: A, — B,

for which the diagrams
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Ay —Om . B,
A, _ba . B,
are commutative for all m,n € I with m < n. We shall write

8: {A.} — {Ba}.

Definition 3.5 An inductive limit (or direct limit) of e direct system of
sets {A,} is a pair (Aw, @), consisting of a set A and a map ¢ = {¢noe}
from {A,} to the constant system {Aw} such that for any map § = {6}
from {A,} to a constant system {H} there exists @ unique map A such that

the diagrams

‘1\7[{

commute for all n.

We shall also denote Ay, by lim A, which makes sense by the following

uniqueness result.

Remark 3.6 Inductive limits exist and are essentially unique. An inductive
limit may always be constructed by the following process.

Given a direct system { A, }ne1, we define an equivalence relation “=" on

U({n} x 4a),

n
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the “disjoint union” of {4,}. We say (I,a), (m,b) € | J({n} x 4,), are
equivalent, denoted by (/,a) = (m,b), if and only if there exists n € I with
I <n,m < nand ¢ra{a) = dun(b). We define the equivalence classes for

each (I, a),

(L,a)] := {(m,d) € U({n} x An) 1 (m,d) = (I,a)}.

n

We shall use (|_({n} x A.))=to denote {[(L,a)] : (I,a) € J({n} x 4.)},

the set of the equivalence classes. Finally we define

boot A — (U} x A=
by: o —[(ha)), a € A.

Then (| J({r} x 4,))/= is the inductive limit of {4,}.
To ;erify the universal property in Definition 3.5, we just need to define
At A — H by M[(n,a)]) = 6,(a). To see that X is well-defined, assume
[(l;a)] = [(m,b)], then (l,a) = (m,b), there exists n € I with ¢p,(a) =
®mn(b). By the commutative diagrams
Ay b . H
¢1'| idJ
A, 0 H
and

H

};b

m

A
Pm i

=y

H

‘,q_,

A
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() = B 0 G1a(@) = 0 © Dua(8) = B(B)- Ly A([(L,0)]) = A((m, B)).
Thus A is well-defined.

Remark 3.7 Given a map 8 : {A,} — {B,}, then the composition
8 LT
{4n} 2 (B} o limB,

determines a map

Ag i im A, — 115137t

such that the diagram
{43 2 {B.}

lim A, —28 . lim B,
Thus inductive limit is a functor from direct systems to sets.

3.1.2 About Special Cases

In the special cases when A,’s are (abelian) groups, algebras or other partic-

ular objects instead of general sets, more details have to be considered when

we define inductive limits of the system {A,}.

Definition 3.8 By « direct system of (abelian) groups {G.} we shall

mean a sequence of (abelian) groups G, together with homomorphisms
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such that
¢ln:¢mno¢’lm'7 lSmSn

and Ym € I,

Pmm = identity.

The definition of a direct system of algebras {A,} is similar to the above.
A homomorphism of two direct systems of (abelian) groups (or, algebras)

can be defined as in Remark 3.4.

Definition 3.9 The inductive limit {or direct limit) of a direct system
of (abelian) groups {G,} is a pair (G, @), consisting of the (abelian) group
G and a homomorphism ¢ = {Pneo}: {Gn} — {Ge} such that for any
homomorphism 8 = (8,,) from {G,.} to a constant system of (abelian) groups

{H} there ezists a unique homomorphism X such that the diagrams

Ny

commute for all n.

We shall also denote G by lim G,.

Given a direct system of (abelian) groups {G,}. The inducti;re limit of
{Gn}, 1i_rgG’n or G (in set-theoretic sense, cf Defintion 3.5) has a natural
(abelian) group structure. The binary operation on it is defined as the fol-

lowing way:
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For a,b € G, there exist a,, € G and b, € Gy, such that Gpme(am) =
@y Gnoo(bn) = b. By directed property, for m,n, we have n’ with m <n/, n <
n', Now, @nieo(@nn'(bn)) = b. Changing notations we may assume m < n
(still using 7 to denote n', b, to denote ¢nn(bn)). Let ay, = dmn(am) € Ga,
and define
@+ b:= dpoo(ay, + bn)-

Then G becomes a(n) (abelian) group.

The “+” defined above is well-defined. In fact, if we assume that there are
other a;, € Gy, b € G; with droo(ar) = @, dree(br) = b. By directed property,
for m,n, k,l, we have k',I' such that k <k, m <K, n <, k' <V, 1 <1
Changing notations (still let &k, ! denote %', I' and still let ay, & denote
dr(ar), dw(b)) we may assume m < k, n <land k <1I.

Since

Gm_émk_.Gk

N
G

is commutative and since @meo(@m) = Proo(@r) we have (change & bigger

enough if necessary)

ke = Pmr(@m).
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Similarly we have ¢.;(b,) = . So,

Pnoo(@n +Bn) = Broo © Bmn(@m) + Proo(bn)
= Pmool¥m) + Proo © Pri(bn)
= Pioo © Pt © Pmi(am) + Broo(br)
= P10 © Pri(@n) + Groo(br)
= oo (@, + bi)
where
0. = Pra( ).

So, the binary operation “+” in G, is well-defined.

For direct systems of algebras, the binary operations “addition” and “mul-
tiplication” in inductive limits can be defined as above. It follows that the
inductive limits are algebras.

However, the existence of inductive limits for groups (and.algebras) can
be proved directly, in a different way. Given a direct system {G,}ner with ¢,
let > ®@G, be the direct sum of {Gp}ner, we may define 2 map Z,, for each
7 e

I,: G,— > %G,
nel

a if m=n

via: (Z.(a))m = for a € G,.. (3.1)
0 if m#n
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Let @ be the subgroup of  ®(G, generated by all the following forms:
nel

In(#mn(a)) — Im(a), (3.2)

where m < n, and a € G,. Then the inductive limit, imG, or G, of {G.}

is the factor group

(3-%G.)/Q.

nel

It remains to show that (E@G,,) /@ satisfies the universal property. Given
nel

a homomorphism 8 = {6, }: {G,} — {H}, where H is a(n) (abelian) group,

by the definition of the direct sum (Chapter 4, [16]), there exists a unique

homomorphism « such that

Gn_f?n_.H
i\ /Y
> PG

nel

commute for all n.

Let w: Z‘BGn — (2‘9 Gr)/Q be the quotient map. Define ¢poo = 701,

nel nel
and define
nel
by: Ma+@Q)=7(a), a € > ?G.

nel
i.e., v = moA. To show A is well-defined, it is sufficient to show @ C ker 7.

Since each element in @ is a finite sum of the forms 3.2 or the inverses of the
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forms (such as —Z,($mn(a)) + Im(a)), we just need to show A Zn(Pmn(a)) —

In(a)) = 0 for any pair m,n with m <n and @ € Gpn. In fact,

'Y(In(‘}bmn(a)) ),
= (70Zn)(¢mala)) — {70 In)(a)
= Bﬂ(qun(a),) - gm(a‘)

* which equals to 0 by the commutative diagram

m

4 H
qﬁm} idl

Gn——ﬁn—-—

Thus 6, = T, 0y = I, 0 TA = P 0 A. Therefore the diagrams

G, 0 . H

¢\\/

commute for all n.

From the structure of G, we have a very useful criterion for inductive
limits:
Proposition 3.10 (G, {dne}) i the inductive limit of direct system of

(abelian) groups {Gy}ner if and only if:

1. For any a € Gu, there exists n € I, and a, € G, such that ¢pe(an) =

a.
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2. For a € G, with ¢pe(a) = 0, there exists n € G, with m < n such
that dmn(a) = 0.

Let {A,} be a directed system of algebras. If each A, is C*-algebra and
each dn. (m < n)is *- homomorphism, A, is a *-algebra. Noting the ¢mn

are norm-decreasing, for a € Ay, we set

llall := Lm [|mn(am)ll

where ¢roo(@rm) = a. Then || - || is a norm on A, by the Proposition 3.10.
The Banach space completion of A, with this norm becomes a C*-algebra
by extending the addition, multiplication and involution to operations of the
same type on the norm-closure of Ay, which we still call inductive limit of

the C*-algebras {A,} and denote by A or lim A4, if no ambiguity can result.

3.2 AF Algebras

A C*-algebra A is called approximately finite dimensional or an AF
algebra if there is a sequence of finite dimensional *-subalgebras 4; C A4, C
+«+ with A = (U4,,), the norm closure of UA,.

If we define ¢, ¢ A,, — A, as the embedding map when m < n, then
{An}aen is a direct system and A is (isomorphic to) the (closure of the)
inductive limit of this direct system. We call such a sequence {4,} an ap-
proximating system.

If Ais a unital AF algebra with A = (UA,), then 4, + C1 is a finite
dimensional *-subalgebra and 4,, C A, +C1 C A,,,; +C1l. We may therefore
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assume that each A, contains the unit 1, of A. In this case, we say {4,}
is a unital approximating system. In all that follows, that “A is an AF
algebra with approximating system {A,}nenx” or “A = UA,”, we shall mean
that {A,} is an increasing sequence of finite dimensional C*-subalgebras of A
such that A = UA,,. If A is unital, we assume each A, contains the identity
of A unless otherwise stated.

We now give some examples of AT algebras.

Example 3.11 ([15]} A UHF algebra is an AF algebra. A C*-algebra A is
called uniformly hyperfinite (UHF) of type {p,} if there is a sequence

of factors {F,}nen in A with following properties:

1. F, contains the unit of A and is of type I, 1,
2. Fn—l C Fn:
3 pp— o asn — o0,

4. A=UF,.
Let A, be F,, then A is an AF algebra.

Example 3.12 Let H be an infinite dimensional separable Hilbert space and

K be the set of compact operators on H. Since there exists a countable or-

thonormal set

{glafh e }

LA factor of type I,, n < oo, is nothing but the n x n matrix algebra M, over C.
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such that

H = span{és, &, -}

We can define P, to be the projection on the closed set

span{£1$£2: e 161!};

Let A, = P,KP, = M,(C) , then K = (UA,), so K is an AF algebra which

is not unital.

Before considering homomorphisms between any two AF algebras, we had

better study homomorphisms of finite dimensional C*-algebras first.

3.3 Finite Dimensional C*-Algebras

In this section we shall study some basic propositions of finite dimensional
C*-algebras which are very important to AF algebras. Most of the details in
this section can be found in [28].

Given a (nonzero) C*-algebra A, let A; denote its closed unit ball, it is
well known that A; admits an extreme point if and only if A is unital (Page
48, [28]). Now assume that 4 is a finite dimensional, fixed throughout the
remainder of this section. Then A, is compact, therefore it has an extreme
point by Krein-Milman Theorem. Hence A is always unital. Here we shall
prove that every ideal I of 4 is of the form I = Aey where e; is the identity

of I and ey is a central projection of A. Moreover A can be decomposed into
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a direct sum and each summand is an ideal of A and is isomorphic to some

matrix algebra.

Lemma 3.13 Every ideal I of A is of the form I = Ae for some central

projections e € A.

Proof : Let ¢ be the identity of I (then e is a projection). For any = € A

we have ze € I,z%e € I, hence
exe = e(ze) = ze,and,ex’e = e(z"e) = z’e.
So
ex = (z"e)* = (ez*e)” = ere = ze.

Thus e commutes with every z € A. ||

The center C(A) of A, is an abelian C*-subalgebra of A, it is finite dimen-
sional since A is finite dimensional. Hence the spectrum? ' of C(A) is
a finite set, say {wi,wz,...,w,}. Thus C(A4) is isometrically *-isomorphic
to the set of continuous functions C(C) on € via the Gelfand transform
T: C(A) — C(C) defined by (I'a)(w;) = w;(a) for a € C(A). For each k,

1<k<p,let el ¢ C(@) be such that e*)(w;) = ;. Then for 1 < j < r,

(™) (w;) = e®w;)e(w;) = eF)(w)) = e®(w;),

?The spectrum of an abelian C*-algebra A is the set of all nonzero complex homomor-
phisms of 4.
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and

(3 e®)(ws) = wy.

k=1

Then e*)’s (or I'~'e(*)) are orthogonal projections which are in C(A) by
functional calculus and are called eigenprojections, and ¥5_, e® = 1,.

Hence we have the spectral formula for C(A4):
ClA)=CeV @ - @ Cel),

and A is decomposed into the direct sum

A= fQAe(k).

k=1

Each Ae(® is a factor, that is, C'(Ael*)) consists of the scalar multiples of
the identity e(®). In fact, if ae(® € C(A4e), then Vb € A, (ael®)(bel?)) =
(be)(ael). Since &*) € C(A), we have (ael®))b = b(ael®). So, aelf) €
C(A), Thus ae® € G(A)e® and C(4e®)) C C(A)el®) = CelF). The other

containing way is obvious. Hence by the lemma, Ae®) is simple.
Theorem 3.14 A can be decomposed into the direct sum
A= EeFk. ’
k=1

where each Fy is isomorphic to the algebra M, (C) of pr X pr matrices. The
sequence of {p1,...,p,} of positive integers is uniquely determined by A up

to permutation.
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Proof : Without loss of generality we assume that A is simple. Let B be
a maximal abelian self-adjoint subalgebra of A which exists by Zorn’s
lemma. The spectrum of B, B, is finite since B is finite dimensional.
Let {e;}2, be the eigenprojections on B. Then {e;} are orthogonal
and 3. ;e; =1, and

B=Ce,®Ce, ®---®Ce,. (3.3)

It follows
(e;Aer)e; = ej(eiAe;) = bi;(e: Aej),

and e;Ae;, 1 < ¢ < n, commutes with every e;, 1 < 7 < n. So e;Ae;
commutes with B since {e;} generate B. Thus ¢;Ade; C B since B is
maximal abelian. Thus, e;de; C e;Be; = Ce;.

For any fixed 4, j, we shall show that there is a partial isometry e;; from
e; to e;. First we notice that e;Ae; # {0}. Since if e;de; = {0}, we
have {0} = A{0}A = A(e; Ae;)A. But Ae; A(# {0}) is an ideal of A,
so Ae;A = A since A is simple. Thus {0} = Afe;Ae;)A = A? = A4;
that is a contradiction. Thus there exists zq € A with e;xge; # 0. Let

T = e;roe;. We have then ¢ = e;ze; and
® * _ . __ * _
z*'z = e;x’ze; = Ae; and zz* = e;xx’e; = pe
for some A and p > 0. But

A=zl = |leff® = llzz*|| = g,
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s0 we have

z'z = Ae; and zz* = Aej.

Therefore we have u = A~ /%z € A with
u'u =¢; and wu’ =,

Now for each 7,1 < 7 < n, let u; € A such that u}u; = e; and w;u} = e;.

Put e;; = uwsu}, 1 <4, < n. We then have

* f— (X
€55 = Ejis

ﬁ ?=1 €y — ].,

eizer = jrey.

We claim that e;de; = Cey; for 4,5 = 1,2,...,n. In fact, if z € ¢;Ae;,
then ze; € (e;Aejle;; C e;Ae;, so that zej; = Ae; for some A € C;
Hence we get

T =2Te; = TCyC45 — /\6,‘6‘53; = /\6,'3;.
For each ¢ € A, let \;;(z) be the scalar such that e;ze; = Aj(z)es;. It
follows then that

= Z €;T€; = z )\,;j(a:)eij.

i,5=1 3,7=1
Define
h: A-— M,(C),

via: = — (A;(z)).
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Tedious computing shows that h is a *-homomorphism. Moreover, h is

injective since if A;;(z) = Ay;(y) for all ¢, 7, we have

r = E €re; — Z)\,-j(:n)e,-j
= T j(v)e; = L ey

= y_
Given [A;;] € M,(C), then we have = 3_ Ajje;; € A and e;ze; = Ajje;

for all 1 <4,5 < n. Thus A is surjective, therefore A is a *-isomorphism.

Let e®) denote the maximal projection in F}, then the e®), k=1,-..,7 are

the minimal projections of C(A), the center of A, and we have

r

1_4 = Z e(k).

k=1

We let {eg-c) f%_1 denote a set of matrix units for F,. We will say that

{eg? eEF:i,5=1,...,pik=1,...,7}

(%)s

is a set of matrix units for A if the e;;’s span A linearly and satisfy the

following conditions:

egf)egg) = 5kq5jsegf) (34)
Py = &, (3.5)

If the eg;)’s satisfy ( 3.4) and ( 3.5) without necessarily spanning A, we shall

call them matrix units in A.
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Since g(’“) is the identity of F}, for each k, we have

Pe
ef) = Zegf). (3.6)

i=1

We give some notation for matrix algebras here. Let M, denote M,(C),

and let Mz, where p= (p1,...,p,) € 27, denote:

S0 M,, (C).
k=1
3.4 Canonical Homomorphisms

In this section we shall describe the homomorphisms of finite-dimensional
C*-algebras and AF algebras.
If A; and A, are finite dimensional C*-algebras with

Al - ZQM‘H’ Az == EQMPN

=1 i=1

or shortly, 4y = Mz A2 = My, where ¢ = (¢1,--.,¢:), F = (Pry---,Pr)s
and ¢ : A; — A, is a *~homomorphism, then ¢ can be described by an
r X s matrix {k;;] of nonnegative integers. Let ¢; : M; — M, be the :’th

coordinate function, i.e., Ya € 4;,

[0(p1+---+p-‘—1) & ¢i(a’) D 0(P¢+1+---+Pr)]

= [D(P1+-~+p.'-1) e, ® D(p.'+1+---+pf)]¢(a)[0(p1+---+pi_z) D I, ® Opiyy 44,
then ¢(a) = ¢1(a)® - - ®.(a). Regard ¢; as a representation® of 4; = My, it

breaks up as a direct sum of irreducible representations. There is exactly one

3A representation of a C*-algebra 4 is a pair (v, H), where H is a Hilbert space and
7 : A — B(H) is a *-homomorphism. = is irreducible if the only projections in B(H)
that commute with every =(a), a € 4, are 0 and I.
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irreducible representation of A, for each summand M,;. k;; is the multiplicity
of this representation in ¢;, called the multiplicity of partial embedding of
M, into M, ([2]).

Now we can give the definition of canonical homomorphisms. Let us begin
from simple algebras first.

Given p, g € A and k € Z7 such that k¢ < p, we define a homomorphism

oMy — M,

k
—e e,
by a—aDaeP D adl.

where kg+ h = p.
More generally, given § = (q1,42,...,¢) E N, § = (P1,P2y---pr) ENT

and an r X s matrix ¢ = [k;;], k;; € Z7 such that :

$(d) < 7, D +h=7p:

kig ooor Ry, a1 hy h
nEkREal
krl kra s hr Pr

We define a *-homomorphism

¢:M§'——)M5
by
kﬂ kiz
60,0 Ba,— (B BaBad - Da® - G 0p)
ke ka2

Ba1® B De® - Dar®---O0,)P---.
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We say that ¢ defined above is a canonical homomorphism.

The following two definitions are introduced for comparing pairs of alge-
bras (or any other algebraic objects) with their morphisms.

Any two homomorphisms of algebras A, 2, A, B; 2, B, are iso-
morphic if there exist two isomorphisms v : Ay — By, § : A, — B, for

which
A ¢, A,

¥ §

B _% . B,

commutes.
Any two homomorphisms of unital algebras ¢, ¥ : A; — A, are inner
equivalent if there exist inner automorphisms v: A; — A4;, §: 4, — 4,

for which :
A 9, A,

~ b

A ¥ 4,

commutes.

By using matrix units, O. Bratteli([4]) proved:

Theorem 3.15 Let 4, = Mz A, = Mj; be two finite dimensional C*-
algebras with the same unit, and suppose that A, C A,. Then there ezists a
unique canonical homomorphism ¢ = [ki;] such that the the embedding map

A, < A; is isomorphic to My £, M;.
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The above theorem can be regarded as a corollary of the next theorem.
Theorem 3.16 (Alfred Hales{9]) Given § € N*, 5 € N7 any homomorphism
¢: My — M
is inner equivalent to a unique canonical homomorphism.
Proof : Having showed that
da)=d1(a) B & ¢d(a) where ¢ M;— M,
we may restrict our attention to the case in which » = 1, i.e,,
p: My — M, pEN.
for some p € A. Letting
{e,(;;?) ck=1,...,8 4,7=1,...,q:}
denote the matrix units for My, the projections

qx
{e(k) . e(k) et Zeu; k = 1,. .-,s}

=1

are orthogonal, and thus

{$(e®) ik =1,...,5)

are orthogonal. Regarding M, as linear transformations on C?, we let

{zF:1=1,...,1t} be an orthonormal basis in qb(e(l;;))C". Then

{ab ok =g )els =1, @ [=1,..., 1)
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is an orthonormal basis for ¢(el*))C? and we complete {z%} to an or-

thonormal basis for C? by introducing additional vectors z;,...,z;. If

a = Zafj gc) € Mq’,

then
$a)el, = Tiju akip(el)p(el)) el

= X: aff, ¢(el)efe
= Zt a’m zl ’
(ﬁ(ﬂ.)ﬂ!j =0,

and using the ordered basis

1 1 1 1 1 1 2
L1193 Tn15--- 7wq(1)1!'T’127' "?wllﬂ"'1wq(1)l1’w11""’ml""!mh

#(a) has the matrix

i Iy

R On.

Letting {f; : 2 = 1,...,p} be the canonical basis for C? and v be the
unitary with vz}, = fi, vel; = fa,..., it follows that vé(a)v* has the
above form with respect to the f;.

For the uniqueness, suppose that ¢ = [k;;] and ¥ = [kj;] define inner

equivalent homomorphisms:

Mz — Mf
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i.e., there exist inner automorphisms y=Ad u, §=Ad v:
My — Mg,
M; -2 M;

(for some u,v are unitaries in My, My respectively.) such that:

Mé-_‘pﬁ_,Mﬁ'

|

M; % . M;

¥

is commutative. i.e., ¥ oy = § 0 ¢.
First, we show that there is a unitary w in Mz with ¢ = Ad wo ¢.

Letting I, I be the identity matrices of Mz, My respectively, and let-
ting e = ¥(I), v’ = ¥(u) + (I’ — €), we have

W) = )+ (I - e)[w) + (I - &)
= et pu)(I' — &) + (I' — e)plw) + (I' — ¢)
= I'4+9(n) + P(u*) — pI)(u*) + Y(u)(D)
= r.

Similarly («')*u’ = I’, thus «' is unitary in Mz It is fairly simple to
 verify u'¢(a)(v')* = Y(uan’) for all a in M;. letting §'=Ad ', we have
6 01 =1 o+. So the diagram
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M; % . M;

1

M; % . M;

o

is commutative.

It follows that

b= (8) "o (bor)=(8)"o(508)= () 08)od=004.

where § = (§)7! 0 § is inner since &', § are inner. Thus ¢ =Ad wo ¢
for some unitary w in Mj;.

Now we show ¢ = ¢. Let w =w, & -+ & w,,

k11
*
wqb(a,)w* — W1(al®“'@a1 ®a2@.-.eohl)wi®wz(...)w2®...

kf
11 '
= (010 @2, Ba, d--- D0} )H---.
Thus we assume r = 1(Mz = M,), and write w = wy, I; = kyy, I} =
k;._?‘) h:hl, h’:hi.Let alqul’ dy = Qg = ...:0,
L 1

—— B ——
w(Iql®"'®Iq1®060"')w'=(IqIEB'°'@Iq1®0EB0---),

and since inner automorphisms preserve trace, I; = {]. Similarly, [; =

I}, and it follows
h=p=> Lka=p—D lLa="h.

And the result follows. | |



Chapter 3: Introduction to AF Algebras 34
3.5 Bratteli Diagrams

Let A be an AF algebra with A = UA,,, then by preceding section each

Tn

A, = Y°NM, ,, X (3.7

k=1
The structure of A is completely determined by the series of central sum-

mands of the A, and the embeddings of A, into 4,,;.

Here we introduce a kind of convenient graph called a Bratteli Diagram
for describing the structure of A: draw the diagram with one row for each n,
write dowWn pn1,. .., Pnr, in each n’th row for each summand M,_, of A,, draw
k;; segments between pn;,pn+1,:, where [k;;] is the canonical homomorphism
of these two matrix algebras.

We give some examples of AF algebra A with its Bratteli Diagrams:

Example 3.17 A is Finite dimensional C*-algebra.

We can assume A = > ®M, and A = (UA,) where each A, = A. So A is

an AF algebra and z'tsk_émttelz' diagram is
P1 P2 Pr
IJI P|2 tre Pr
IJI P|2 P‘r

-

Example 3.18 A is ¢ UHF algebra.
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The number of lines between p,, and p,yq s p—;:i.

Example 3.19 This ezample is closely related to the algebra we mentioned
before. Let H, K and P, have the same meaning as in Ezample 3.12. Let
A, =P, KP,+CI,A=K +CI, where I is identity map on H. So

A, = PKP,+CI
= PKP,oC(I-P,)
>~ B(M,)®Cl,

= Mﬂ(c) ® MI(C)’
where I is the i;ientity Ro x Ng matriz. Thus fora € A,

a = PoaP,+ (I - P)a(i—-P,)

P,aP, O

12
>4

0
P.aP, : O
0
— g---0 A
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thus a € A,1. Moreover,

A =K+CI

=(UP.KP,) +CI

= (UP,KP, +CI)

= (U(P,KP, + CI))

= (UAn,).

Therefore A is an AF algebra, and the Bratieli diagram is
1
2 1

L

4 1

Example 3.20 A is the inductive limit of:
M1£M1€BM1 E"»114'16311-4{263114’1 E’MH63-M:sGBIVIL’,GBJ?V—H—""

where

1y ' 1]
¢12=[1}:¢23=[(1] %]’%4:[8(1] g aaes

Thus the embedding maps are indicated by the following Bratteli diagram as

0
0
1
1
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follows:

Reference: [4], [7], [9], [13], [28].

37



Chapter 4

Isomorphisms of AF Algebras

Most results in this chapter are proved by O. Bratteli in [4]. Theorem 4.7 is
one of the key results in this thesis. For the sake of completeness, here we

present an outline of a part of Bratteli’s work in [4].

4.1 Another Definition for AF Algebras

Lemma 4.1 Let A be a C*-algebra on a Hilbert space H, let ¢ > 0 and let

n be a positive integer. Then there exists a § = §(e,n) > 0 such that if

1. {e,(;?) 3,7 =1,2,...,n; k= 1,2,...,m} is a family of matriz units for
a finite dimensional C*-algebra on H with unit Iy such that 17, ng = .

n,

2. there exists mge) € A such that H;cgf) - e,(;fJH < 6,
then there exists a family { fi(;c) } of matrix units in A such that
k k
“fi(j) - et('j)” <é&.

38
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Proof : By Lemma A.l we suppose without loss of generality that :c( )

projection. For ¢ # j and 1 < k,q < m,

[|a:(k) (Q)” [E3% (k) (Q) gc) (q)+e(k) (9) E:e) (4)_|_e(k) (Q)”

< ||zn(k) {q) _ (k) (q)|l+||e(k) (@) _ (k) ('1)“

< ”m(k) (k)” + ”m(tﬂ (q)H < 26.

*)

By Lemma A.2, we may assume that {zj; i =1,...,n4, k =

1,...,m} is an orthogonal family of projections and by Lemma A.4
)isa partial isometry from m( ) to m(k) Now, for each

(%)

1337

that fori # 7, z

"J

k, >, mii )is a projection and defining e*} =

e = =i < Bllel? - =i

which for § < L is less than 1. Let f(k) = (a:g’f))’a:g’;) If § < min(2,£)

then { fgc )} is a family of matrix units and

k * L] *
£ — e < 1@l — (@) e + 12y el - &)

”( (k))* (k) ( (k))- (k)”_'_”(mh)) e(k) otk (k)“

i) Ty — (7)) &4 €1°€15

A

k k k) k
1289 — &)1+ 112 — ()
< 28
< £

This proof is complete. |
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Theorem 4.2 Suppose that A is a separable C*-algebra with unit 14, then A
is an AF algebra if and only if given z1,%2,...,2, € A and € > 0, there exist
a finite dimensional C*-subalgebra B of A and elements y1,y2,...,yn € B
such that ||z; — yll <¢, 1=1,2,...,n.

Furthermore, if we are initially alse given a finite dimensional subalgebra

By, we may choose B O By.

Proof : The necessity follows from the definition of AF algebras clearly.

For sufficiency:

Let {d;}ica be a dense sequence in
1
{a€ A:|e] < ~2-}

Without loss of generality, suppose the algebras B, By contain 14. We
shall construct an increasing sequence {A,} of finite dimensional sub-
algebras of A such that for all n there exists b, € A,, k = 1,...,n,
such that by — di|| < 27", k=1,...,n.

Since ||di|| < 1, A; may be chosen arbitrarily. Suppose that A, has

been constructed and has the required properties. Assume for each =,

A, =00, ,.

Let {e{™} be matrix units for A,. Define

i

1 i _
€= 2n+1(1+4zpik) b

k=1
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By using hypothesis of the theorem and Lemma 4.1, there exist a finite
dimensional subalgebra A’ of A and a set of matrix units { fgc)} in A’

such that
” (k) ("k)” <8,

where §é is the 6(e,(nk)) of Lemma A.3, and such that there exists
b, € A', k=1,...,n + 1, such that

15 — di|] < €.

By Lemma A.3, there exists a single partial isometry w € A4 such that
( ) (nk) (nk) __ (k)“ <

is a partial isometry between f and ej; ', and ||e}]

g,forall k=1,...,r,. Let

o= Z E )y £,
k=1 i=1
Then a € A and a is unitary with e f(k)a,* = e("k) Define 4,71 = aA’a*.

Then An4 is a finite dimensional subalgebra of A isomorphic with A4/,

and A, C A,;. Let b, = abjca*‘ € Aps1. Then

e — diell < [ld — Bl + [|6f — bl
< e+ ||b, — ab.a’|

= e+ | DUPRAY — GPwflb f )

kgst

+ (o pa)supl FOB, A — 5 f Db, e
g3

IA



Chapter 4: Isomorphisms of AF Algebras 42

Now

1 — 5 1w 1)

4
< WP — SDU D0 + (F - eiPw i) fiPw et
<N = fwr 2+ (11D - i fi)]

IR - w el + 11— Pl

SIAP = Pl + llelf® = eitPwll + 1122 = i + 17" = ew]

< 4g.

Hence

n: 1
||bk - dk” <€+ 4(ank)zs = i
k=1

By induction, a sequence {A,} with the required properties exists.
Then {d;} € UA,, so UA, = A.
If we are initially also given a finite dimensional subalgebra By, we can

construct a finite dimensional subalgebra B of A from B, and B such

that this subalgebra contains By and B.
Let {ugf)} be a family of matrix units for By. By the hopothesis, we
may assume that there exist :c( ) ¢ B such that

ey — il < 6
where the § is the § in Lemma 4.1. By Lemma 4.1 there exists a family
{vg-c)} of matrix units in B such that

k k
[l — ol <e.
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Similarly as above, there exists a unitary « in A such that

(k)
ij

ad u(u;; ()

)':v‘ij .

Thus ad u(By) is in B. Let B = ad u*(B), then B, C B and B has the

desired property (we now have to assume in B that |u*zu — 3 < ¢

instead of ||z; — u:l| < ¢ ). | |

4.2 Isomorphisms of AF Algebras

Lemma 4.3 Let A be a unital AF algebra with A = (UA,), and let B be a
finite dimensional subalgebra of A. Then given ¢ > 0, there exists u € U(A)
and n € N such that

|u— 14| < € and Ad u(B) C A,.

Proof : This is essentialy the proof of the previous theorem. Without loss of

generality we assume.14 € B. Let { f,-(;)}z;l be matrix units for B, and

suppose 1 < 2,7 < N for all f-?). Let ¢, = == and let § = §(&;,m) of
() 3mN

Lemma A.3.

By Lemma 4.1 there exist an A, and a family -[egnf‘,-‘)}}e’"=1 of matrix units
in A, such that
k k
1557 — el < 8

By Lemma A.3, there exists a partial isometry w € A4 such that ww* =

egﬁ), wrw = fl(f) and such that

€65 — eBu)} < .
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Define

s LT sl

Then u is unitary, and

Thus,
Furthermore,

lefe? — el
Thus

||e(!°)
< lle&")
< ” (k) _
k

< e -

(k) (k) *

=1u

A, D Ad u(B).

el

— B
AN+ 15
PN+ 152 -
il + 1A

< 20+ < 3e,.

|14 — |

_ IS -
< YT lle® —
< mxX N x 3¢

= £&.

— e

k k
B f 3|

— e+ (el —

el u)|

(k)u”

(k)

€11

el

44
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Lemma 4.4 Let A be unital C*-algebra, let By, By be two finite dimensional
*.subalgebras of A containing 14. Let ¢ : By — B, be a *-isomorphism such
that ||¢ — I|g || < 1, where I is the identity map of A. Then ¢ is an inner

automorphism of A restricted to By, i.e., Ju € U(A) such that
¢(z) = Adu(z), =€ Bi.

Proof : Suppose that {eS;?)} is a set of matrix units for B;. Let f, (k) gb(e(k)).

Then { f,‘(f)} is a set of matrix units for By. Since
Y = 1l = (¢ = Dl < i) =1

for all k, by Lemma A.3, there exists a partial isometry w € A such
that fl(f)'we(k) is a partial isometry from ej, ) to f %) for all k. Let
=Y, ,(Ik)weg,) Then u is unitary and 'u,e( Dyt = _f(k) é(e (k))
So ¢ = Ad . : " .

Lemma 4.5 Let A = (UA,) and let B be a finite dimensional *-subalgebra
of A such that Ay C B. Then there ezists n € N and u € U(A) such that

(1) Adu(B)C A,
(2) Adu(z)=z forz € A

Proof : By Lemma 4.3, there exists v € U(A) and n € A such that

v — La]| < % and Ad v(B) C A,
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Let A] = Ad v(4,) C A, and define an isomorphism
br Ay — A
via: ¢(z) = Ad v(z).

Then, for z € A,

[id(z) —zl| = |lvav* — =]
< |lvzv* — zv*|| + ||zv* — 2|
< 2jzf| - {lv — L4l
< 3llell;

Thus ||¢— I|,, {| £ 5 < 1. By Lemma 4.4, there exists w € U(4,) such

that ¢(z) = Ad w(z), z € A;. Let u = w*v, then
Ad w(B) = uBu* = w'vBv'w C w'A,w = Ap,
since w € A,. For z € A,
wzu* = wrvev'w = w d(z)w = ¢7(4(z)) = =.
Thus Ad u(z) =« for all z € 4;. n

Definition 4.6 An equivalence between approzimating systems {A,},{Bn}

for a C*-algebra A is a sequence of unitaries u, € A (cf. 8, Chapter 1) to-



Chapter 4: Isomorphisms of AF Algebras 47

gether with subsequences {An)}, { By} such that for all k:

(1) Ad up(Any) € B
(2) Ad w(An)) 2 Bgi) for large enough !

(3) The diagrams
An(k) M&_ -Bm(k)

Angery A8%an By

are commautative.

Theorem 4.7 Any two approzimating systems for an AF algebra are equiv-

alent.

Proof : Let A = (UA,) = (UB,), we construct {u,} by induction. By
using unitizing A, we may assume A is unital. Choose n(l) = 1. By

Lemma 4.3, there exist m(1) and u; such that

Ad
Anty =2 Bug)- (4.1)

Suppose now u,v1,...,u, have been constructed such that
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Ane-1) Ad gy B(x-1)
Ay 28U B

commutes.

Let B’ = Ad u}(Bpmx)). Then B'is a finite dimensional *_subalgebra of
A and since Ad up(An)) € Bmr), we have A, C B’. By Lemma 4.5
there exist v € U(A) and positive integer n(k + 1) > n(k) such that
Ad v(B') C Aprt1) and Ad v(z) =z, % € Ay, Let v = vug. Then

Ad vi(Buy) = vrBm@)k = uv* Bmyvur = up Bluj

C An(k-{-l)

And if z € Ay, then

Ad v (Ad up(z)) = ve(upeug)vy
= VURULTULULV"
=vrv =1

Unt1 is then constructed in an analogous fashion by “rotating” v} Apn(r+1)vn
into an algebra Bumkt1) by Ad u such that B,y is kept fixed, and de-

fine u,.; = uv}. Hence we have the commutative diagram:
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An(r-1) Ykl B(e-1)
An(r) Ad v Bk
{ Aduy l
An(k-l—l) Ad Uhet] Bm(k+1)-

By induction we obtain the following commutative diagram:

An(1) Y, Bag
{ Ady \
An2) Ad uy Bo(2)

2

Ay 24 B
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Furthermore
Bm(k} - Bm(k-l—l)
= Ad uk+1(Ad kam(k))
C Ad uppr(Amrn)) Vk.
And the proof is complete. |

Corollary 4.8 Let A =UA, = UB,. Then there exists an automorphism o
of A such that givenn € N, there exists m € N such that a(B,) C An, A, C

a(Bn).

Proof : In the proof of Theorem 4.7, we may define a morphism a :
Uk Am(r) — UrBm(z) by a|Am(k) = Ad ug, since Ad uk+1|Aﬂm = Ad ug,

a is well-defined.

a is surjective because if y € By, we have y = Ad uzpy1(Ad w(y)) =
a(Ad vi(y)) and Ad v (y) € Ametr)-

Moreover since a| (k is injective and hence isometric, a is an isometric
L

)
*.isomorphism of UAn k) onto UBpx). Since these two sets are dense

in A, may be extended to an automorphism of A.

Given n € A, there exists k such that n < m(k) and n < n(k). Thus

a(An) C o Ank)) S By
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and
B, C Bm) = Ad upq1(Ad ve(Brmgn))
C Ad ’Uk+1(An(k+1))
= o An(k+1))

And choosing m > n(k + 1) and m > m(k) we complete the proof. W

Using preceding theorems, Bratteli ([4!) showed the following theorem:

Theorem 4.9 Let unital AF algebras A = UA,, B = UB, respectively.
Then A is isomorphic to B if and only if there exists a subsequence { A}
and each Ay contains a finite dimensional *_subalgebra Bj containing 1

and

1. {B!} increasing, and there ezists an isomorphism ¢ : UnB, — U, B,

such that $(B,) = B}, for all n.

2. V¥n e N, 3k € N such that A, C B;.

Proof : For sufficiency.

¢|p, : Bn — By is an isometry. Thus ¢ is an isometry. By 2 we

have UA,, C UB},. So UA, = UB,, since B; C A,). Hence ¢ extends

continuously to an isomorphism from B = (UB.,) to A = (UA,).
For necessity.

Let 4 : B — A be a *-isomorphism. Since ¥ is an isometry, Uy(B,)is a

dense subset of A, thus A = (Uy(B,). By Corollary 4.8, there exits an
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automorphism ¢ of A, and an increasing sequence {n(k)}. of positive
integers such that @(¥(B)) C 4n(k), £ = 1,2,..., and such that for
all n there exists k such that A, C ¢(¢/(Bx)). Let By = @ o 9(By) and
¢ =@ o 9|, g . Then items 1 and 2 of the theorem are fulfilled.

Reference: [4], [11].



Chapter 5

Dimension Groups

The algebraic classification of C*-algebras has proved to be a difficult prob-
lem. To date, even for the case of separable C*-algebras, such a detailed and
general classification appears to be hopelessly out of reach. If one restricts
attention to AF algebras however, then quite a satisfactory theory is avail-
able. In Elliott’s paper([14]), it was proved that the (stable) classification
of the AF algebras can be reduced to the classification of certain discrete,
ordered abelian groups, called dimension groups.

In this chapter we shall consider the classification of some more general
algebras, locally semisimple algebras. The similar results for AF algebras
will come out consequently.

In addition to dimension groups, the important concepts in this chapter
are orders of groups and.dimension functions. The main results of this chap-
ter are Theorem 5.9, Theorem 5.11, and Theorem 5.15. At the end of this

chapter we give a sufficient and necessary condition for a an abelian group

93
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to be dimension group without proof which belongs to Effros, Handelman,

and Shen ([10]).

Since our interest is ultimately in AF algebras, we shall assume the index

set for a directed system is N unless otherwise stated.

5.1 Preliminaries

Definition 5.1 By an ordered group, we mean an abelian group G to-

gether with a subset Gt, called the positive cone or ordering, such that

(1) G*+ Gt CGt,

(2) Gt -Gt =G,

(3) @+ (=6+) = {0},

(4) if g € G and ng € Gt for some n € N then g € G*.
Definition 5.2 By e simplicial ordering on group Z* we shall mean the
usual ordering (see Chapter 1)

(2 = {(ay,a2,-.y2,) 1 as € 21,1 =1,2,...,r}

The group Z7 with this order is called a simplicial group.

Definition 5.3 A homomorphism ¢ from an ordered group G into an ordered
group H is positive, and write ¢ > 0, if (Gt) C HY, de,, ifa < b in G
implies ¢(a) < $(b) in H. ¢ is an order isomorphism if ¢ is a group

isomorphism with ¢,¢~! > 0.
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(iven a direct system of ordered groups, positive maps:
G, 22 G, 25 .
the set-theoretic inductive limit
Go = 11_1_1:. Gn

is an ordered group under the usual limit addition operation, and the positive

cone
GE = bl G7)-
Thus g € G ig said to be positive if there exists an index = and g, € G}
such that ¢ne(gn) = ¢
Definition 5.4 An element v € GT is called an order unit if Vg €

GT,dn > 0 with 0 < g < nu.

Definition 5.5 An ordered group G is a dimension group if it is isomor-
phic to the inductive limit of a direct system of simplicially ordered groups

together with positive homomorphism:
Zr B gn dn
Definition 5.6 A scale of a dimension group G is a subset D of Gt which
is generating, hereditary, and directed, i.e.,
(1) For each g€ G*,3dy,...,d, € D withg=d; +---+d,.
(2) fo<g<dandde D,thenge D.

(3) Gz"uen d1, dz € D, 3d3 € Dwzth dl S d3 and dz S d3.
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A scaled dimension group is a dimension group G with o distinguished

scale.

Given a dimension group (¢ with an order unit , then we have a scale
D(u) which is a singly generated (by u) hereditary subset of G*. That is
D(u) = {g € G* : g < u}. We shall call D(u) a unital scale and with this
scale we shall call G a unital dimension group.

Another special case is D = G, we shall call G the stable scale of G.

5.2 Dimension Groups and Locally Semisim-
ple Algebras

Letting A be an algebra, we define equivalence classes of idempotents in
A. Recall that e € A is idempotent if e2 = e. Let E4 denote the set of
idempotents in A. Given e, f € E4, we say e is (algebraically) equivalent
to f, denoted by e ~ f,if there exist 2,y € A such that 2y = e and yz = f.
It is easily verified that “~ ” is reflexive and symmetric.
Suppose that e, f,g € E4 and ¢ ~ f, f ~ g. By the definition, we may

assume zy = e, y&. = f and wv = f, vu = g for some z,y,u,v € A. Then

e= ¢’ = (zy)(ay) = wfy = suvy = (zu)(vy)

g =g° = (vu)(vu) = vfu = vyzu = (vy)(zu)
that is,

e~ g.
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Thus “~” is an equivalence relation on the set E, of idempotents in A.

Moreover, if e; ~ €3, fi ~ f» and ¢; is orthogonal to fi(e;f; = fie; = 0),
then e; + fi ~ ea + fa, the additive operation which we shall call addition
induces a partially defined binary relation in the set of equivalence classes by
setting [e] + [f] = [¢' + f'], where e ~ ¢/, f ~ f' and €'f’ = 0. This set with
such partially defined addition is called the local semigroup of A and we
denote it by A(A).

The dimension function dim is the canonical map from the set E4 of

idempotents to the equivalence classes A(A):

dimA : EA e A(A)
via: e —[¢]

An algebra A is semisimple if A is isomorphic to some direct sum of

matrix algebras, i.e.,
A=) M, (C).
k
A is called locally semisimple if A is isomorphic to the inductive limits of

a direct system of semisimple finite dimensional algebras.

Lemma 5.7 Let A be locally semisimple, and let B and C be isomorphic
finite dimensional subalgebras of A. Suppose that ¢ : B — C is an iso-
morphism such that for all idempotents e in B, dimge = dimad(e) in A(A).

Then ¢ extends to an automorphism of A.
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Proof : Letting A', B!, be the unitizations of A, B,C respectively, we
may identify A, B, C with their images in A!, B*, C'" respectively. The
corresponding map ¢' : B®C — C @ C is given by ¢'((b,A)) =
(¢(b),A). Observe there are only two kinds of idempotents in Al
namely (e,0) and (e,1). If (e,1) € Eg, then by (e,1)(e,1) = (e,1)
we have ¢? + 2e = e. It follows that (—e){—e) = —e, therefore (—e,0)
is in E4 and is orthogonal to (0,1). It is well known that for any two
idempotents in a locally semisimple algebra, e is algebraically equiva-
lent to f if and only if e is homotopically equivalent to £, i.e., there exist
{et}te[ﬂ,llv such that £ — e, 1s continuous and ¢y = e, e; = f. Thus
if idempotents e ~ f in A, then (e,0) ~ (£,0) and (—e,1) ~ (—f,0)

in A? since they are homotopiclly equivalent respectively (via {(e;,0)}
and {(—e;, 1)}). Thus

A(AY) = {[(e,0) : e € Ea} {[(—e, 1)) : e € Ea},

where the union is disjoint union. We may Identify E4 and A(A) with
subsets of £ and A(AY), for (e,0) € E41 we have

dim 41 ¢1((ea 0)) = dim s ((e’ 0))3

and,
dim 4 ¢*((e, 1)) = dimai((e, 1)),

since ¢(e) = e in A.
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Thus we may initially assume that A is unital, 1, € B and 14 € C,

and ¢ preserves the identity.

Let {e )} be matrix units in B. Since eff) gb( ) there exist ¥ and

4% in A such that

yhak = ¢(ely)

Let
z = Zeff)wé“qﬂ(e(’“)
y = Zé(e(k))yo e,
ki
Then

m'y = Ze(k)
Yz = Ze(’“)

Thus 2y = yz = 14. Moreover we ha,ve:
yegg)w qu(e(k) §eg’:) (Q) Ze(k) k e&’f)
AR (AP
G @)yse&:’e&?wsqs(e&?)
= (el )wdel w3 el?)

= ¢(e (Q))
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and thus for any b € B,ybz = ¢(b).

Define
P: A— A

L)

via: ¥(a) = yaz
Then ¥|5 = ¢. |

Lemma 5.8 Suppose that A and B are algebras. Let By be semisimple finite
dimensional subalgebra of B. Suppose that dimg(Epg, )}, as a local semigroup,
is 1somorphic to a sub local semigroup of A(A). Then there exists a subalgebra

A; of A and an isomorphism ¢ : Ay — By such that
dimB o q5 = dz'mAlA1 .

i.e., the diagram

Ep, 9 _ B,

dz'n13 diﬂ"A

dimg(Ep,) 0 . A(A)

commutes,

Proof : Identify dimp(Ep,) with a sub local semigroup of A(A). Let
{fO,..., f)} be a maximal set of orthogonal minimal idempotents
in B;. Then there exist orthogonal minimal idempotents (1), ..., e")

in A such that

dimgel? = dimp(f@). (5.1)
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If the sum of certain of the f()%s, say 3.7, f(P), is the unit of a minimal
two-sided ideal F of By, then thé corresponding e(#)’s are equivalent,
and therefore are contained in a subalgebra D of A which is isomorphic
to F. The sum of such subalgebras D, say Di,..., Dy, where each D;
is isomorphic to each minimal two-sided ideal, say F;, of B, is direct

sum.

Thus
B]_ = ZGBE and A]_ = ZeDi
i=1

=1

and together with

¢;:D; — F;
defined via
¢1.(e(:r')) = fi@ (e(a‘) € D;).
Let
$=¢19 D ¢n
By (5.1):

dima|,, = dimg o 4.

Theorem 5.9 Let A and B be locally semisimple algebras and ¢ : A(A) —

A(B) be isomorphism. Then A and B are isomorphic.
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Proof : Suppose that A, B are inductive limits of 4; C A, € -+, and

B, C B; C -+ - respectively. We shall construct sequences
A1) © Ay C Am(2) S Ay & 0

By € Bpz) C -+

with isomorphisms ; : A:n(i) - Buuy, 1 = 1,2,..., such that ¢,
extends ;. The ¢!s then extends to ¢ : A — B uniquely as required.
Let m(1) = 1. Since ¢(dim4(Ey,,,,)) € A(B), by lemma 5.8, there
exists a subalgebra By ;) of B and isomorphism ¢1 : Ay = By,
such that

dimB 0 ¢>1 = qBO‘dimAlAl

Choose n(1) such that
B, (1) - Bn(l')-

m

By lemma 5.8 again, there exists a subalgebra A:‘n(l) of A with an

isomorphism %, : A:'n(l) — Bp1) such that
dimB O‘lpl = ¢O dimA|Ar ) .
m(l

A1) A:n(l)

N

B:R(I) - Bn(l)
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Since ¥; ' o ¢ is a monomorphism from Ay into A:'n(l) and

¢o dimA|Am(1) = dimg o ¢;

=(¢o dimA|A;n(1) oy 0 ¢y

=g¢o dimA|A:n(1) o (7t o é1)-
By lemma 5.7, 7 0 ¢y = p1|Am(1) for some inner automorphism p; of
A (with the property dimse = dimgpy(c) for all ¢ € E4 ). We may
suppose that 97 o¢; is the identity on A, (1) (otherwise replacing Ay
by pl_lA;n(l) and ¥, by 11p1). That is, A,y C A:ﬂ(l) and 1, extends
P1.
Next, choose m(2) > m(1) such ;nha.t ALy € Amga).
Since ¢(dima(Ea,,,,)) © A(B), by lemma 5.8, there exists a subalgebra

B:n(2) of B with an ispmorphism ¢2 + Am(z) — B, m(2) such that
dimg o ¢y = do dimAlAm(Q)

By lemma 5.7, suppose that ¢, o ]! extends to ¢, an automorphism
of B. Replacing ¢, by 07! o ¢;, we may suppose that B,y C B;n(z)

and ¢, extends ;.

m(l) < m(l) - Am(Z) m(2) - Am(3)

AN

By 1) € Bn(y) B} (2) € Br(z)
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Similarly, we have By, A:n(2)! Ap(a), and an isomorphism 1, : A:,n(z) —
~ Bpz) where 1, extends ¢9 and also extends ;. Thus the proof is com-

pleted by induction. [ |

Remark 5.10 Let A be a locally semisimple algebra, that is, A is (isomor-

phic to) the inductive limit of
A]_—)Ag—?"', (52)
and each A; is semisimple finite dimensional,

A= Sy, (5.3)
k=1

By Theorem 3.16, each homomorphism ¢;; can be characterized up to inner
equivalence by a canonical homomorphism which can be expressed as a matriz.
We still denote this matriz by ¢;; which also determines a homomorphism
$i; 2 27 — Z7i by ordinary matriz multiplication. Then 5.2 indues a direct

system

r1 r2
i
BaMPm = EGMPM #2, T (5.4)
k=1 k=1
and an associated direct system of simplicial groups:
Zr Bz, g (5.5)

Thus a dimension group arises which is the inductive limit of the above sys-

tem.
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We will give a different approach to dimension groups using K-theory in

the next chapter.

Theorem 5.11 Let A be a locally semisimple algebra. Then A(A), the set of
' equivalence classes with the partial binary operation “addition”, is isomorphic

to a scale of a dimension group.

Proof : If A is finite dimensional, the result is clear. To see this, assume
e~fin A=Y _®Mp,thene=Ze @ - - Be,and f=Xf,®--- D f,.

By linear algebra theory, we havee; ~ f;forj =1,...,r,and therefore
(rank ey,...,rank e,) = (rank fi,...,rank f,).

On the other hand, if (rank e,,...,rank e.) = (rank f;,...,rank f,) we
have e ~ f. So we can well define an emmbedding map A(4) — (Z7)*
by mapping [e] to (rank ey, ...,rank e,) which is a monomorphism of

local semigroups.

In the general case, assume that A is the inductive limit of :

A 2204, B L

where each A; is semisimple finite dimensional and each ¢;; is a homo-

morphism. By restriction, E, is the inductive limit of:

Ey

N ; JU

This follows from the fact that an element e in A is an idempotent if

it is the image of e; € A; with e = ¢; for some 3.
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Thus A(A) is the inductive limit of:

A4y) @2 Aga,) B2

This follows from the fact that if e, f € E4 with e ~ f then Je; ~ f;

in E,, for some ¢ such that
e = diolei)y [ = dica(fi)-
But for each ¢ there exists an embedding
A(4;) — 2™

of A(A;) as a scale of simplicial group of £, which we proved above.

Hence the system:

A(4)) — A(4y) —— -+

]

Zn ZzZn

showes A(A) can be embeded in the inductive limit of:
ZN — ZT .

It is now straightfoward to check that A(A) is a generating, hereditary

and directed subset of the positive cone (U; $ico(Z™)T) of the above

induective limit.
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[
Lemma 5.12 Let ¢ : G, — G5 be a morphism of two simplicial groups and
let uy and ug be two order units of G, Gy respectively. Let D(uy) and D(u,)
denote the corresponding unital scales. Suppose ¢(D(u1)) C D(uy). Then
there exists @ morphism ¢ : Ay — As of locally semisimple finite dimensional

algebras such that the induced ¥ : A(Ay) — A(Ap) is isomorphic to the

restriction ¢ : D(u;) — D(u2).

We give an example instead of a proof. Following this example one can prove

the general case easily.
Example 5.13 Assume G1 =Gy =Z® Z,u; = (3,2),u2 = (4,3). Then
D(u1) = {(z1,2,) 12, =0,1,2,3;2, = 0,1,2}

D(u2) = {(y13y2) ‘= 0,1,2,3,4;4. = 0,152a3}

Let
ki ki
¢ = with ki; > 0
ka1 ka2
and ]
lkll klz
VX € D(u,), X =Y € D(uy).
ka1 koo |
In particular,
<
ko1 Koy 2 |3
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Let A1 = M3 & M2 and Az = M4 &P M3,
kll k12

and let ¢ = be the canonical homomorphism from Ay fo A,.
ka1 ko '
For any two idempotents e, f € Ay, We havee = e; @ ez and f = /1 © f

with e,, f1 € Ms and ey, fo € M,. Then e ~ f if and only ife; ~ f1 and
ey ~ fz if and only if (rank ey, rank e;) = (rank fi,rank fz).
Similarly, we have analogous results for A,.
Therefore, A(A;) = D(u;) and A(Ay) = D(u,). To show A(4;) ¥,
A(Ap) is isomorphic to D(u;) —2. D(us), we must show that the diagram
A(4) —% . A(4,)

gl ~

D(u,) —2& . D(u,)

commaultes.

Briefly, let [e] = [e; ® es] € A(A1). Then

"011 k[z
Ple)= (1@ BerBea® -+ B e ®0p,)
fe21 k2

e

Ber @ DerBer @ B e ®0p, )]

The image of ¥([e]) in D(uy) is
(kyyrank ey + kiarank ez, kairank eq + koprank ey)

which just is ¢(rank e1, rank e). Therefore the above diagram commutes.
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Lemma 5.14 Let A; and A; be semisimple finite dimensional algebras. Let

¢ : A(A1) — A(Ap) be a morphism. Then ¢ extends to a morphism A; — A,.

This is seen in the same way as preceding lemma.

Theorem 5.15 Let G be a scaled dimension group with scale D. Then there

exists a locally semisimple algebra A such that D = A(A).

Proof : Suppose that G is the inductive limit of the system:
Zn élz Zzr2 an CEN

where the morphisms are positive.

Since D is hereditary and (upward) directed, we may choose order units
u; in Z7 for each i such that the unital scale D(u;y1)(C (Zm+1)%)

contains the image of D(u;) and such that Ud; (D(w;)) = D.

For details, let D\ {0} = {dy,d,,...}, by (3) of Definition 5.6, we have
c1 € D with d; < ¢, and for ¢;,d,, we can choose ¢, € D with ¢; < ¢,
and d; < ¢;. By induction we may select ¢j,¢q,... € D with d; < ¢;
and ¢; < ¢; < ---. We define a sequence i(k) € N, vy, up € (ZT0)* as
follows. Since dy < ¢; there exist {(1) and vy,u; € 270, 0 < v; < uy,
with v1 — dy, w1 — ¢ (Gi1)eo(v1) = dy and so on). Since d; < ¢; and
1 < ¢z, there exist i(2) > (1) and vy, uy € 2™, 0 < v, < uy, u) <

uz(w) = bi)ie)(w)), With vz — da, up — ez
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By induction, assume we have ug, v € Z70 with 0 < v < wg, u_y <
uy, and vp — di, up — cg. Since dry1 < cpy1 and ¢ < cpy, there exist
i(k+1) > i(k) and upy1,vp41 € 27640 with 0 < vpyy < Upya, v <
ug1(uf, 1s image of u;, in ZT(++1). Changing notations, we may assume
U, v € 2T,

Thus we have a unital scale D(u;) of 2™ and ¢;;(D(w;)) € D(u;)(2 < j),
and Ugneo(D(u;)) = D since D\ {0} = {di,d,,...} are contained in |
Unoo (D(w:))-

By Lemma 5.12, there exist morphisms
Ay — Ay, Ay, — Ay, Ay — Ay, ...
of semisimple finite dimensional algebras such that induced morphisms
A(Ar) — Alds), A(45) — Alds), A(4Y) — A(Ad),...
are isomorphic to
D(uy) — D(uy), D(uz) — D(ug), D(uz) — D(u4),...,
the above isomorphisms in particular determines:
A(Az) — AL, AlAs) — AAY),....
By Lemma 5.14, we have morphisms

AZ_)A':‘M A3_*A’31 A4_’A’4,
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Thus we have a long sequence
Ay — Ay — A —)A3—>A;—>A4 —e,
inducing the given morphisms

A(A;) — A(Ay) — A(4)) — A(ds) — A(4s) — A(Ag) -

The subsequence
A — Ay — A3 — Ay — -+,
induces a system:
A(A1) — A(Az) — A(4s) — A(4y) — -+,
that is isomorphic to
D(uy) — D(up) — D(uz) ~— D(uy) —

of which the inductive limit is just D.

Letting A = lim 4, we have that A(A) is isomorphic to D. This is

required.
1

Remark 5.16 An ordered group (G is unperforated if nz > 0 for z €
G and some n € N implies * € Gt. G has the Riesz Interpolation
Property if 21,22, %1,%2 € G with z;,2; < ¥, Y2, then there is a z € G with

z1, T2 < 2 < Y1, Y2
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In [10], it is proved:

Theorem 5.17 An ordered group is a dimension group if and only if it is

countable, unperforated, and has the Riesz Interpolation Property.

Reference: [12], [14], [27].



Chapter 6

Basic Ky-Theory of
C*-Algebras

Informally, K-theory can be described as the linear algebra of very large
matrices. In C*-algebraic K-theory, one considers matrix algebras over a C*-
algebra. The basic concepts of this theory are functors Ko(A), Ki(A) from
the category of C*-algebras A to the category of abelian groups which reflect
some of properties of A. |

In the first section of this chapter, we present tl-le definition and basic
properties of Grothendieck groups. In the second we prove some elementary

results concerning Ko(A). In the third section we show how AF-algebras can

be classified.

6.1 Grothendieck Group

Definition 6.1 Let S be an abelian semigroup with identity 0, the Grothendieck

group of S is a group G(S) together with a homomorphism 8 : § — G such

73
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that

1. 8(8) generates G,

2. any homomorphism S 2.H of S into a group H eztends uniquely

to a homomorphism G(S) =+ H such that the diagram

S _¥% . H

NYZ
G(S)
commutes.

We shall show that Grothendieck group G(.5) consists of equivalence classes

of formal difference, & — u, of elements z,u € S.

Definition 6.2 Given z,u and y,v in an abelian semigroup S, two formal
difference T —u,y —v are said to be equivalent, (denoted by & —u ~ y— v),

if there exists r € § such that
ct+v+r=y+u+tr
This relation is obviously symmetric and reflexive. Furthermore, if
z—u~y—vandy—v~z—w

then we have

c+vtr=y+utr

ytw+s=z24+v+s
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for some r,s € S. It follows that:
ctwt(vtr+s)=y+wtuts=z+u+(w+r+s)

and hence  — u ~ z — w. We conclude that “~” is transitive and, hence, is
an equivalent relation.

Let G(S) be the set of equivalence classes of formal differences z — u,
then G(S5) iﬁherits an abelian operation from S (via:{e — u) + (y —v) =
(z + y) — (v + v)) under which it becomes a group.

In fact, all z —z, = € 5, belong to a single equivalence class in G(§), and
since |

(y—v)+(z-2z)=(y+z)—(v+a)~y—v

z — x is an identity for G(S).
For any = — u, the element w — z is its inverse in G(S). Therefore, G(S5)
is a group.

For z € §, z — 0 € G(S), thus we can define a map &:
6:5 — G(5)

since (z —0)+ (y —0) =(z +y) — 0, 8 is a homomorphism.
The following property of G(S5) which we construct above shows that
G(S5) admits the universal property of Definition 6.1, thus G(S) is just the

Grothendieck group of S.

Proposition 6.3 Ify¢: S — H is any homomorphism of § into a group H,
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then there is a unique (up to isomorphism) homomorphism X : G(§) — H
such thatv¥ = Ao 8, i.e., the diagram
S % . H

N A
a(8)
commutes.
Proof : Given ¢ : § — H and © — u € G(S) define
A G(S)— H
by (z—u) — ¥(z) + (—(u)).

fz—-u~y—v,thenz+v+r =y+u+r for somer € 5. Thus

W(z+v+r) = P(y +u+r). We have then (z) — ¥(u) = P(y) — ¢(u).
That is A(z —u) = A(y —v). A is well defined and the desired univeral

property follows.

6.2 K, Functor

6.2.1 Equivalence Relations

Given unital C*-algebra A, let M, (A) denote the C*-algebra of all n x n

matrices over A.
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Definition 6.4 If ¢ and f are idempotents in M,(A), we say e and f are
Murray - von Neumann equivalent (denoted by e ~ f) if Jv,w € M,(A)

so that vw = e,wv = f.

It is well-known that for any idempotent e in a C*-algebra A (not necessarily
unital) there exists a projection ¢ € A which is (Murray-von Neumann)

equivalent to e ([24]).
For the unital C*-algebra, let P,(A) be the set of projections in M, (A).

We have natural injections and injective homomorphisms:
Pi(A) — - — Pa(A) — Poa(4) — -+

Ml(A)—>——> n(A)_) n+1(A)__+___

defined by

e—ed
a—a®0

respectively.
Let P(A) = Upen Pa(A); Mo(A) = Unew Mn(4). If @ € M,(A),b €
M. (A), we define

a®b= [ 5 g ] € M, m(A) g.Mm(A)

Definition 6.5 For two projections e and f in My (A), e is stably equiv-

alent to f (written e ~ f) if e ® I, is Murray-von Neumann equivalent to
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F® I, for somen € N. That is, if there ezist v and w in M (A) such that

vw=ed I, anduwv=fDI,.
Considering
P (A) — Py(A) — -+

if e ~ f, then Jv,w € M, (A) such that
bw:e@fk wv=f@®I, for some k.

then

(v@0)(wdl) =(e@® ) B0,

(we0)(v®0) =(feL)eo.
By linear algebra, there exists an n X n elementary matrix e’ (n large enough)
such that e'e’ = Iy, and €'((e @ I,) B 0)e' = (e @ 0) D I,.. Identifying e’ with

it image in M (A) and letting v’ = ¢'(v @ 0)¢/, w' = /(w ® 0)e’ we have
(e®0)~(fa0).

Thus, the injective maps preserve equivalence classes. However, the maps
need not be injective module equivalence. That is, P,(AY~—s P(Any1) I~

need not be injective.

Proposition 6.6 Let A be a C*-algebra and let e, § be two projections in
My (A), then e ~ f if and only if there exists a unitery u € My (A) such
that Ad u(e) = f.
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Proof : Sufficiency. Let v = ue, w = u*f. Then

vw=uew'f=ff=f
wv = u* fue = u*(ueu*)ue = e.
Thus
e~ f.

Necessity, Assume vw = e and wv = f for some v, w € M;(A). Let

z=evf, y= fwe. Then
2y =eyz=f
and

exf =af =ex =2, fye= fy=ye=1y.
Now z*z = fe*zf € fAf, and similarly yy* € fAf (a C*-algebra with
unit f).
Moreover:

(z'z)(yy") = a'ey” =2’y = f" = f,

(yy*)(z*z) = y(zy)*z = yex = yz = f.

So that z*z has inverse yy* in fAf.
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Let |y*| = (yy*)? (by functional calculus) which is the inverse in fAf

of |z| = (z*z)3. Let u; = z|y*|- Then
wjup = |y*"zely’|
= [y*[*|z*y"|
= (lg*[*l=))(=lly*])
= f°f
= f

and similarly,

uY; = €.
Let up = euy f and then uj = fule, we have :

Uglly = €, Usty = f

and

eusf = uq, fuse = us.
Let

uy 1l—e
U= c Mzk(A)
1-— f Ua
then
(17 1- f
u* =
l1—e u

and u(e @ 0)u* = f @ 0.
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Corollary 6.7 Let A be a C*-algebra, let e, f € P(A). Then e ~ f if and
only if there exists a unitary u € Moo(A) such that Adu(e® I,) = f® I, for

some n.

Definition 6.8 Let A be a unital C*-algebra, and let e, f € P,(A). e and f

are unitarily equivalent if there is a unitary v € M,(A) with Ad u(e) = f.

According to the remark after Definition 6.4 and to Corollary 6.7 we
shall restrict our attention to projections instead of general idempotents, to
unitaries instead of general invertible elements sine both two approaches give

the same results.

6.2.2 The Definition of K,

Let [¢] denote the stable equivalence class of the projection e in M (A). We
now consider the set of equivalence classes of projections in M (A) subject

to addition defined as

el +[f] = [diag(e,f)] =[e® f]
=leaf] ie~ef ~ ]

Now, letting P(A)/~:= {[e]{e € P(A)}, we have an abelian semigroup un-
der addition defined above. From this semigroup we: then construct the
Grothendieck group of P(A)/~. This gives us the abelian group consisting
of all formal difference [e] — [f] of equivalence classes of projections in P(A).

We denote this group by Ko(A). Hence we have:
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Definition 6.9 For a unital C*-algebra A, Ko(A) is the Grothendieck group

of the semigroup of stable equivalence classes of projections in My (A).

Thus, elements of Kq(A) for A unital can be viewed as formal differences
le]  [f] for ¢ and § in P(A).

Given a unital homomorphism ¢ : A — B from a unital C*-algebra A
into a unital C*-algebra B, it induces homomorphisms ¢, : M,(A) = M,.(B)

by [a:;] — [#(a;;)], which in turn restricts to a map
¢ : P(A) — P(B)

Since ¢ preserves equivalence and direct sums, it defines a homomorphism

[¢] : P(A)/~— P(B)/~ and thus defines a group homomorphism
s = Ko(i¢]) : Ko(A) — Ko(B)
satisfying
#.(dim €) = dim ¢(e).
Thus Ky may be regarded as a functor from unital C*-algebras to abelian
groups.

In the case where A is not necessarily unital, let A denote A with a unit

adjointed and consider the unital extension

0 — A At % ¢
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where

i 1 A— Al via: i(a) = (a,0)
o 1 A — C  via: ¢o((a,A)) = A.
Now ¢y indues a map
(h0)eo : Moo (Al) — M (C).
thus ¢ induces

(d0)e : Ko(A") — Ko(C),
by (do)s(le] = [f]) = [(do)oo(e)] — [($0)eo(f)]-

Let IE'U(A) := ker(¢o )4, we now define the Ky group for A non-unital.

Definition 6.10 For A not necessarily unital

we observe below that when A is unital, the tow definitions of Ko(A) are
naturally isomorphic. The natural homomorphism j : C — A! defined by
F(A) = (0, 1) induces Ko(C) &5 Ko(A?).

And similarly we have

Ko(AY) % Ky(C)

And since ¢ —» A! 2% C is the identity. So

Ko(C) 25 Ko(AY) &% Ko(0)
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is the identity map, hence

Ko(AY) = Ko(A) @ Ko(C).
And so, we have for A unital

Ko(A) = ker(¢o)s
= ker{(¢o)s : Ko(4 B C) — K,o(C))
& ker(Ko(A4) ® Ko(C) — Ko(C))

= K4(4), in the unital sense.

This Ky(A) defined by Ko(A) is called reduced K,. However, because of
Ko(A) = Ko(A) for unital A, we continue to use simple Ky(A4) where it is
understood to which definition we refer, based on the algebra A. No confusion

should arise.

Example 6.11 K,(C) = Z and Ko(M,(C)) = Z.

Let A= M,(C), hence we have the natural isomorphism

Then if e, f € P(A) with e ~ f, then e @ I, is Murray-von Neumann equiv-

alent to f © I, for some n. Hence by linear algebra, we have

rank (e® I,) = ranke+n

rank (f©1I,) = rank f+n
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and since rank (e ® I,) = rank f @ I,,
rank e = rank f.

Also, if rank e = rank f, then we can construct matrices v and w such that
vw = ¢ and wv = f so that e ~ f.
Hence projections in M (A) are equivalent if and only if they have the

same rank. Thus we may well define ¢ homomorphism

dim: Ko(M.(C)) — Z
by le] = [f] = rank (€) — rank (f).

The map dim is injective, since if dim([e] —[f]) = 0 then rank (e) = rank (f)
and e ~ f, i.e., [e] = [f] = 0. dim is obviously surjective since 1 = rank({1,]).
Thus we have that

Ko(M,(C) =2 Z,

1%

and

I
&

Ko(C)

Similarly we have
Ko(éeMpk(C)) &~ Z7
Motivated by this example, we shall define a dimension function for a gen-
eral C*-algebra A and we could regard Ky(A) as a “generalized dimension”

group.
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6.2.3 The Dimension Function

Let A be a unital C*-algebra, for any projection e € P,,(A), we have
e ® 0, € P(4)
S0
0([e ® 0co]) = [e ® 0] — [0] € Ko(A).

where @ is the natural map from P(A)/~ into Ko(A) as ih Definition 6.1.

We define the dimension function
dim: U, Pa(A) — Ko(A)
via: e— 8([e D 0s))
If A is not unital, considering the short exact sequence:

00— A L> Al ﬂ) C — (],
it reduces:

O — Mo (A) <2 Moo(AY) B M(C) — 0us,

and

0 — Ko(4) == KO(AI) ) Ko(C) — 0,
where KO.(A) = Ko(A). For e = [e;;] € P,(A),
in(e) = [(e:5,0)] € Pa(4),

then (¢ )n 0 in(e) = O(thus dim P(4) C Ko(A)).
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It follows then that 8(ie[e®0]) which is in Ko(A?), is actually in Ko(A).

We may define the dimension function dim the same as for unital algebras:
dim: U,P,(A) — Ko(A)

by : e — 8(io[e ® 0s)).
6.2.4 K, as a Functor

Given arbitrary C*-algebras A, B and a homomorphism ¢ : 4 — B we have

a unital homomorphism

gb.l: A — B!

Since the diagram

lid
B! _¢o . C.

is commutative, we have

Ko(AY) z
¢3| i
Ko(BY) z.

Hence ¢! restricts to a homomorphism
bu : Ko(A) — Ko(B).

Thus Ko may be regarded as a functor from (not necessarily unital) C*:

algebras to abelian groups.
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6.2.5 The Order Structure of Ky(A)

Let A be a C*-algebra, define
Ko(A)t := dim(P(A))

and let
A(A) = dim(P(A))
= {dime:e € P(A)} C Ko(A).

Generally speaking, K;(A)™ does not satisfy the Definition 5.1 (cf. {2], 6.3).
For instance, if A = Co(R?), then Ko(A) = Z and Ko(A)* = {0}. Further-
more, an ordered group should be torsion free but Ky(A) could have torsion®.
But, we still say that a homomorphism ¢ : Ko(41) — Ko(Ay) is positive if
H(Ko(A1)T) C Ko(As)t, where A, A, are two C*-algebras. And we still call
A(A) a scale of Ko(A).

However in particular cases, Ko(A)™ can be a positive'cone on Ko(A).

Here is an Example:

1For example, for the high projective space RP? = §3/~, where
5% = {(z,9,2,t) € RY: 2% + ¢ 4 22 +i2 = 1}

and & ~ Fiff 7 = +§, Ko(C(RP})) = 2o 2, ([24]).
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Example 6.12 The Ko(C)", Ko( M.(C))* are ordinary ordering on Z.

Ko(M(Q) = dim{e: e € P(A)}
= {6([e]): e € P(A)}
>~ {rank([e]) : e € P(A)}
= Z+,

In particular,

K(C)t = 2%,

Similarly, we have:

o3 M, (C))F = (2.

k=1
Remark 6.13 If A is an AF algebra with A = | A,, then A(A) is isomor-
phic to A(UA,). In fact, given € > 0 and a projection in A, since A is the
norm closure of |J A, and by Lemma A.1, there ezists a projection f in ) A,

such that
le = fIl <e.
. Ifey ~ e, there exists w € My (A) for some k with ad u(e1) = e, (in M.(4)).

Choose fi,f in UA, with ||f —e1]| < &, ||fo — ez|| < e. We may assume

that ad u( fy) is orthogonal to f» (otherwise we can choose a 2k x 2k unitary
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matriz w such that w(ufiu® @ 0p)w* = 0, ® ufru*). Now, ife < 1
lad w(f1) — foll = [lufiu® ~ fall
= ||ufiv* — ueju* + ueyu* — f2ll
= |lufiu* —ueju* + ez — fo|
= [[ufiv’ —uerw’|| + [lez — fofl

< 2e< 1.

Thus ed (f1) = f;. On the other hand, if f, is unitarily equivalent to f, in

14

Mi(U A,), then they are unitarily equivalent in My(A). Therefore A(A)
A(UA,).

6.3 An Application to AF Algebras

Our task in this section is to show that the “dimension group” which arose
in the preceding chapter is actually just the K, group. Using K-theory,
dimension groups for AF algebras may be.easily computed. The main result
of this section is that any two AF algebras A and B are isomorphic if and
only if there is an isomorphism from Ko(A4) onto Ko B) carrying A(4) onto
A(B).

Let 4 be an AF algebra with A = (UA,,). Then the system

A, 234, B8,

determines

Ko(A1) =2 Ko(As) &5 -+,
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where a;; = (¢;;)s. And the A, £ A determines Ko(An) (non)e Ky(A) for

each n. Thus we have a unique homomorphism A:

) (fale Ko(A)

\/

11m Ky(A

We shall prove that ) is an isomorphism.

Lemma 6.14 If A is a unital AF algebra with unital approrimating system
{A,}, then given projections e, f € A, for some n and a unitary u € A with
Ad u(e) = f, there ezist A, 2 A, and a unitary w € A, with Ad w(e) = f.

Proof : For the e, f and u in the condition, we choose A, 2 A, and a

unitary v € A,, with ||u — v|| < 3. Then,

[Ad v(e) = Il = [lAd »(e) — Ad u(e]]
= {|vev* — ueu’|
< |lvev* — veu* + veuw* — uen*||
< lvellliv® — wlf + llv = uf[[lew]
< 1,

and since Ad v(e) and f are both projections in A,,, by Lemma A3

there is a unitary v' € 4,, with

Ad (v'v)(e) = Ad v'(Ad v(e)) = f.
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Let w = v'v and we complete the proof. |

Lemma 6.15 If A is a unital AF algebra such that e, f and g are projections
in A withelg, flg, and e+ g unitarily equivalent to f+g, then e is unitarily

equivalent to f.

Proof : Since C*(e,g,1), C*(f,g9,1) are finite dimensional, by Lemma 4.3,

we may choose an integer n and unitaries u, v € A such that
Adu(e+g) € A,y Ado(f+g) € A,

Since Ad u(e)+Ad u(g) and Ad v(f)+Ad v(g) are unitarily equivalent
in A,, by Lemma 6.14 they are unitarily equivalent in A, for some
m > n. But unitary equivalence is determined by the rank in a matrix
algebra, it is clear that Ad u(e) and Ad v(f) are unitarily equivalent

in A,,, and thus e and f are unitarily equivalent in A. | |

Theorem 6.16 If A is an AF algebra with approzimating system {A,}, the
map

/\ H l_l__lliKo(An) — KQ(A.)
s an isomorphism.

Proof : First, assume that A is unital.

Given g € P(A) , then since dim is onto, ¢ = dim4e with some e €

P.(A) for some k. Since M) (A) is the inductive limit of {M,(A,)}, by



Chapter 6: Basic Ko-Theory of C*-Algebras 93
Lemma 6.14, there exist a unitary u € A and integer n such that:
Ad u(e) € Mi(An).

Thus e is stably equivalent to a projection (still denoted .by e) in
Mi(Ay), ie., dimy e € Ko(An).

We have

dimge = (Pnoo )« © dimy €,

thus

g = A0 gne(dimy e),
hence A is surjection, since P(A) generates Ko(A),

Given an element g € li_I)Il Ko(A,) with A(g) = 0. There exists A, and

gn € Ko(A,) with g = 0peo(gn). Then

(qsnm)*(gn) = A0 0n(g9s) = AMg) =0.

Let g, = [e] — [f] € Ko(A,), it follows that [e¢] — [f] is stably equivalent
to 0 = [0] — [0] in Ko(A), i.e., for suitable &, e ® 00 & Ik, f ® 000 & It

are Murry-von Neumann equivalent and hence unitarily equivalent.

Since M (A)is an AF algebra, by Lemma 6.15 we have that e®0,, f&
0, are unitarily equivalent. By Lemma 6.14 ¢ & 0; f & 0; are unitarily
equivalent via some unitary matrix over A,, for some m > n. Thus it
follows that [e] — [f] is stably equivalent to [0] — {0] in Ko(A,,), i.e.,
(Drm )u(gn) = 0 in Ko(A,,) and g = 0. Therefore A is injective.
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If A is not unital, we consider the following diagrams:

From
0 — Ko(A,) — Ky(A}) Z 0
l } id
0 —— Ko(Ans1) —— Ko(dly,) —— 2 ——0
we have
0 —IEnKO(An) —'-l_iil:lKo(A:;) =z 0

is exact. Thus we have:

0 — lim Ko(A,) — lim Ko(AL) Z 0
l/\ L
0 — Ko(A) — Ko(AY) Z 0

and we just proved that the A is isomorphism. Since the right-hand
square commutes, we restrict A to an isomorphism from l_il_I} Ko(A4,)

onto Ko(A). This is required. |

Remark 6.17 For AF algebra A = (UA,,), by Theorem 6.16, every class in
Ky(A) is the image of a class in Ko(A,) for some n. On the other hand,
we have dim P(A) C Ko(A). Moreover Ko(A) is generated by the classes of

elements in P(A). Since for each A,, Ko(A,) is isomorphic to a simplicial
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group, thus by Remark 5.10, Remark 6.13 and the proceding theorem, it fol-
lows that Ko(A) s the dimension group for A with a scale dim P(A), which

arose in the preceding chapter.

Corollary 6.18 If AF algebra A is the (C*-algebra) inductive limit of the
direct system (5.4), then Ko(A) is (isomorphic to) to scaled dimension group

of (5.5). }

Corollary 6.19 Let A and [B be two AF algebras, then the following are

equivalent:
|

(1) A is isomorphic to B; |
(2) Any two dense AF subt:zlgebms of A and B respectively are isomorphic;
(3) Ko(A) is isomorphic to: Ko(B) as scaled dimension groups.

Proof : By Lemma 5.7, R;ema,rk 6.13, Theorem 6.16, Remark 6.17, the

|
results are automatic. | [ |

|
Reference: [2], [9], [11], I[24],. [28].
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An Example

We have seen that AF algebras are classified by their scaled dimension groups.
The classification problems include the computations of the dimension groups
and the determination of the scales. Usunally the dimension groups of AF
algebras are given as inductive limits, and their algebraic constructions can be
read from the Bratteli diagrams, but the intrinsic definition of the dimension
groups of given AF algebras are always attractive. Here we shall compute
the dimension group of the algebra in Example 3.20.
The algebra A in Example 3.20 is the inductive limit of

{ ZEDMc(n,k)}s
k=0

where ¢(n, k) = #lk), are the binomial coefficients. Letting

An = ZeMc(n,k)a
k=0

we have
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The Bratteli diagram is
c(0,0)

N

¢(1,0) ¢(1,1)
c(2,0) ¢(2,1) <(2,2)
c(3,0) ¢(3, 1) 3,2) «(3,3)

By [4] (3.3, 5.5), the ideal Jynm) of A (Je(rum) # {0}) is represented by
“pyramids” on the diagram, starting from c(n,m) :

c(n,m)

AN

c(n+1,m) c(n+1,m+1)

/\/\

c(m+2,m) e(n+2,m+1) cln+2,m+2)

/\/\/\

Thus

+oo m+k

Temm) = U (D28 Metninz))-

k=0 j=m

The center of A, = EQM'C(,,M is C(A,) = ZQAkIc(nlk), where A, € C and
k=0 k=0
I(nk) is the ¢(n, k) x ¢(n, k) identity matrix.

From the Bratteli diagram, Eex\kfc(n'k) is embedded into A, as
k=0
Aolenia o) © [P (Aelemiriy © At lentri+1)] ® Mnlognriinta)-

k=0

Thus it is in C(An4q1) if and only if Ay = Ay = -+ = A,
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We claim that the center C(A) of A is the scalar multiples (thus C(A4) is
the inductive limit of {d ®ALnu) : X € C}Z).

k=0
C'(A) is a commutative C*-algebra, then by the Gelfand Transformation,

it is isometrically *-isomorphic to C(C’(Tﬁl)) the set of all continuous functions
on some Hausdorff space (the maximal ideal space). To prove the claim, it
is sufficient to show that C'_Czl) is just one-point set. Assume z,,2z, € C’(Z)
with #; # ®3, then there exist two disjoint open sets U, U, containing z;,z,

respectively. Let
It = {f : f continuous and f(z) =0for z & U}

I, = {f: f continuous and f(z) =0 for z & U.}.

———

Then I, and I, are two ideals of C(C(A)) with I;I, = {0}.
Identifying I, I> to be ideals of C(A), and letting:

Jy = span(]; - A),

J2 ='span([; - A),
we have two ideals in A. We observe that J; - J = {0}:

For any a € Jy, b € J;, we may assume

ny my
E k kik
“‘_inai’ b*—zf’u‘.bﬁ
=1

i=1
where \, € [1, a; € A, i =1,...,m4; p; € Ly b; €A, 7=1,...,my, k=

1,2,....
Then since A;,u,z- = 0, we have ab = 0 since the A’s and p’s are in C'(A).
Thus J; - J; = {0}. But from the Bratteli diagram:
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J1

Ji - J; can not be {0}. The contradiction proves the claim.

Next we show that the dimension group of A is isomorphic to P[t}, the
algebra of polynomials in ¢ with integer coefficients with usual addition and
the positive cone {f : f(t) > 0, Vt € [0,1]}. In what follows, we shall denote
by P,[t] all those. polynomials with degree less than n.

By Example 6.12 and Corollary 6.18, we have that the dimension group

of A is the inductive limit of
b1z da3 B34
Z5Z072 S5 Z0ZpZ 5.,

The ¢’s are the same matrices as in Example 3.20.

Given n € N, we define a map v,

Yo 2" — P’n—l[t]
n—1

by : (z1y.-- znj — sz+1tk(1 — )ik,
k=0

For m = 1,2,...,n, by binomial theorem and assuming that ¢(r,k) = 0 if

k < 0or k> n we have:
1 = [t+ (1 —g)jr-t-m

= Yrle(n—1—m,k—m)tt=(1 — )ln-D=ml=(h=m)

then we have

n—1
"= c(n—1—m,k— m)t*(1 —¢)"1-*
k=0
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and similarly we have
n—1
(1—t)™ =3 c(n—1—m,k)t*(1 —t)" 17"
k=0

Denoting t*(1 — t)*~* by T(n,k), n € N, and k = 0,1,...,n, it fol-
lows that {T'(n,k) : n € N, and k = 0,1,...,n} generates P[t]. For fixed
n € N, T(n,k)’s are linearly independent. In fact, if there exist integers

ag, . .-, an such that for any ¢t € R:
ag(l — )" + art(1 — )" 1 + -+ + a,t” =0,

we have ag = 0 since it is the coefficient item if we expend the left hand side

of above equation (or let ¢ = 1). Thus, we have
art(1 — )1 + apt? (1L — )" 2 4 - 4 ant™ = 0,
therefore
ar(1 — )" + agt(l — £)*2 4 -on - apt™ ! = 0,

thus a; = 0. By indﬁction, we have all a; = 0, 1 < ¢ € n. Therefore it
becomes obvious that ¥, defined above is an isomorphism.

Moreover, using
T(n,k)=T(n+1,k)+ T(n+ 1,k + 1),

we embed P,[t] = {57_o At*(1 —¢)*~*} into P,11it]. Then P[t] is the induc-
tive limit of {P,[t]}. The tedious computation shows that the direct system
{P,[t]} is isomorphic to {Z"} under the map ¢ = {¢,.}.
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We define f > 0 if and only if there exists » € A such that the coefficients
Zp4+1 of the expansion
n—1
F=Y zatt(l -t~ *
k=0
are nonegative (if and only if every z in (z1,...,2,) is nonegative.)
However, if f(¢) > 0 for ¢t € [0,1], we have f > 0. In fact, given
P
f=73 ant™
m=0
we have a sequence of {f,} convergent to f uniformly on ¢ € [0,1], where

P t_l t_E“...“_l
fo= Y amti e Ty, n2p
m=1

n n

For n large enough, f,(t) > 0 V¢ € [0,1]. Then

f = :121,:0 a’mtm
= Y 0lm EI:;& e(n —1—m,k —m)th(l —¢)n-1-*
= YrEE ame(n — 1 —m,k — m)|t*(1 — t)»1-%,

and,

Yh—oame(n —1 —m,k —m)

= o(n — 1,k) 25 ap plplulhomtt)

= eo(n —1,k)fu(5) 2
> 0,

ie, f>0.
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If f > 0 then f(t) > 0 for ¢t € [0,1], then we conclude that P[t] is
(isomorphic to) the dimension group of A with the positive cone {f : f(¢) >
0 Vte[0,1]}. '

Reference: [4], [25].



Appendix A

Some Analytic Results About
Concrete C*-Algebras

We shall need the following lemmas which are proved in [15].

Lemma A.1 Let ¢ > 0. There is a § = §(g) > 0 such that if A is a C*-
algebra acting on a Hilbert space H, if e is a projection on H and if there s

an a € A with ||e — a]| < § then there is a projection f € A with ||e — f|| < e.

Lemma A.2 Given ¢ > 0 and n € N, there exists a § = 8(,n) > 0 such

that if A is C*-algebra with {e;}, a family of projections in A for which

n

ilese;|| < & fori # j, then there is an orthogonal family {e!}7, of projections

in A, with ||e} — ]| <e.

Lemma A.3 If {e;}*, and {f;}", are each orthogonal families of projec-
tions in a C*-algebra A, and if ||e;~ f;|| < 1, then there is a partial isometry

w € A such that e;wf; is a partial isometry from f; to e;. If ¢ > 0 there is
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ad = &(e,n) > 0 such that if |je; — fi]| < § then w can be chosen so that

e —eswfil| <e. If Y;e: =14 then w can be chosen so that |14 — w|| < .

Lemma A.4 Givene > O,there is a § = §(¢) > 0 with the following property:
let A be a C*-algebra acting on a Hilbert space H. Let e; and ey ( respectively
fr and fi) be orthogonal projections in A ( respectively operators on H).
Suppose that ||e;— fi|| < 6,4 = 1,2 and suppose that there is a partial isometry
v from f1 to f» and an a € A such that |v — a|| < 8. Then there is a partial

isometry w € A from ey to ey and ||jv — w|| < €.
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