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Chapter 1 

Preliminaries and Notations 

Here follows a list of basic results and properties of c• -algebra which will be 

used without reference throughout the thesis. Everything can be found in 

[22] or [1]. In addition to this we only need a few fundamentals about induc­

tive limits, ordered groups and Grothendieck groups. In any case, throughout 

the thesis, we try to give the appropriate references for the particular results. 

1. Conventions: 

We use the calligraphic symbols for sets of numbers N <; Z <; Q C 

'R, <; C and let N• <; Z' <; •••indicate r-tuples a = (a,, ... ,a,) of 

such numbers. We let (Z')+ denote the set of a E Z' with a; ~ 0 for 

all i, and we let ( Q•)+, ('R')+ be the corresponding subsets of Q' and 

'R,'. 

2. Definition of a C• -algebra: 

1 
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Definition 1.1 A C'-algebra is a Banach algebra A with an involu-
' 

tion a--+ a' satisfying [[a'a[[ = [[a[[ 2 for all a EA. 

Let H be an infinite dimensional Hilbert space, then B(H), the algebra 

of bounded operators on H, is a C' -algebra, and it can be shown that 

any C' -algebra is isomorphic to a norm-closed *-invariant sub algebra of 

B(H) ([6] : 2.6.2). Denote by K(H) the algebra of compact operators 

on H. Then K(H) is also a C'-algebra. Usually we will only consider 

separable Hilbert spaces. 

3. Unitizing: 

For a C'-algebra A, we can construct a unique unital C'-algebra (i.e., 

it has a multiplicative identity), denoted A1, such that A is an ideal in 

A1 and A1 /A is isomorphic to C. Elements of A1 consist of pairs (a,A) 

with a EA and A EC. The multiplication on A1 is defined by setting 

(a,A)(b, 1 ) =(ab+ Ab+ ,a,A1 ). 

Then the unit in A1 is the element (0,1). Letting (a,A)' = (a',X), we 

can make A1 a *-algebra. Moreover we can represent A1 as bounded 

operators on A by left multiplication: 

'IC: A1 ---> B(A) 

via: 1C(a + A)b =ab+ Ab. 
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B(A) has a norm 11 · llop induced by the norm on A. We define a norm 

on A1 by setting 

This is the unique norm on A1 such that the embedding map of A into 

A1 is isometric and A1 is a C*-algebra([24]). 

If A itself is unital, A1 ~ A El) C via the map (a,,\) -> (a+ ,\lA) El),\. 

In any case A1 /A ~ C. The quotient map is denoted by tpo, that is, 

tpo: A1 -> C defined by tpo((a,,\)) =,\.By A we refer to A when A is 

unital, and to A1 when it is not. 

4. Exact Sequences: 

A sequence of C*-algebras and *-homomorphisms 

p_±__,Q_±__,H 

is exact at G if im<p = ker,p, that is, if ,po tp is the zero map (giving 

im<p <;:; ker,p ), and if every g E G such that ,p(g) = 0 has the form 

g = tp(f) for some f E F (giving im<p ;;2 ker,p ). 

In the exact sequence 

0 --> F _±__, G _±_, H --> 0 

(with zero morphisms at the ends), the map tp is injective (since kertp = 

0), and the map ,p is surjective ( since im,p = kerO = H). Such exact 

sequences are called short exact sequences. 
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The above short exact sequence is split exact if there exists a map 

>. : H ----> G such that 'I/, o >. = id. And in this case, G ~ F EB H as a 

vector space, but not generally as algebras. 

In particular, there is a unique unital map C i, A1, defined by j(>.) = 
(0, >.), that makes the sequence 0 ---+ A ~ A1 ~° C ---+ 0 split 

exact. 

5. Matrices with entries in C*-algebra: 

For any c• -algebra A, Mn(A) will denote the algebra of n x n matrices 

over A. 

where e;; is the matrix in which the entry in i, j position is 1 and 

all others are 0. Mn(A) is a C*-algebra in an appropriate norm. Let 

(H, </>) be the universal representation of A, so the *-homomorphism 

ef>: Mn(A) ---+ Mn(B(H)) is injective. The norm is defined by llall = 
llef>(a)II for a E Mn(A), where Mn(B(H)) is identified with B(Hn). 

6. Here follows some notation and concepts which will be assumed through, 

out the thesis. 

For an algebra A, we say that a E A is self-adjoint if a = a•, idem­

potent if a = a2
, and a projection if a = a• = a2 • We say that v E A 

is a partial isometry if v•v = e and vv• = f are projections in A. If 

A is unital, we say that u E A is unitary if u•u = uu• = lA, and we 
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let U(A) denote the group of all unitaries in A. 

Each u E U(A) defines an automorphism 

Ad u : A ------> A 

5 

by Ad u( a) = uau•. An automorphism ¢ of A is inner if¢ = Ad u for 

some u E U(A). 



Chapter 2 

Introduction 

Classification in one of the major challenges facing C* -algebras, both in the­

ory and applications. The problem of classifying C* -algebras which are induc­

tive limits of sequences of finite dimensional C* -algebras has been considered 

for years. In [15], Glimm classified the C*-algebras (UHF algebras) which 

are inductive limits of: 

.M </>12 M ¢,,, 
Pl ----+ P2 ------t ' ' 

0 

' 

where Pk divides Pk+l and </>k,k+l is a unital morphism from Mp, to MP;+, de­

fined by a:--+ a:0Ip with p = Pkfi. Glimm showed that the isomorphism class 
Pk 

depends only on the prime factors of the dimensions of the finite dimensional 

factors Mp, 's. 

In [7], Dixmier removed the assumption that the morphisms be unital. 

He classified the C*-algebras (matroid C*-algebras), which are the inductive 

limits of sequences: 

M "'" M "'" Pl ------t P2 ~ 0 0 

' ' 

6 
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where ,p's are arbitrary morphisms. 

A C*-algebra A is said to be approximately finite (AF) if A is, the 

norm-closure of the inductive limit of an ascending sequence of finite dimen­

sional c• -algebras. 

Gilmm and Dixmier gave the classifications for the special AF algebras 

when the finite dimensional C*-subalgebras are restricted to be simple. In [4], 

Bratteli gave a complete description of AF algebras. He showed that if a C•­

algebra has a dense subalgebra which is the union of an increasing sequence 

of finite dimensional C• -subalgebras then this dense subalgebra is unique up 

to isomorphism as an involutive algebra, and determines the isomorphism 

type of the c• -algebra. 

In [14], Elliott proved that the (stable) classification of AF algebras can 

be reduced via K-theory ([11]) to the classification of certain discrete, ordered 

abelian groups called dimension groups. In particular, it was shown that the 

ordered groups that arise are just those that can be written as inductive 

limits of direct systems of groups of the form z•, where the latter is ordered 

by the simplicial positive cone 

Using K-theory, it was shown that the dimension group is just the K 0 group 

of the algebra. 

The purpose of this thesis is to present a survey of the work of Glimm, 

Dixmier, Bratteli, Elliott and Effros. 
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We give a brief outline of the thesis. In chapter 3, the description of in­

ductive limits and some results for finite dimensional c• -algebras, as prepa­

ration for AF algebras, are discussed. Basic structures of AF algebras and 

the embedding maps ( canonical homomorphisms) of sub algebras of given AF 

algebras are presented in detail. The major tool for analyzing AF algebras, 

the Bratteli diagram, is introduced, and the graphical representations which 

easily reveal the properties of given AF algebras are defined. 

In chapter 4, we give an alternative characterization of AF algebras (The­

orem 4.2), and a sufficient and necessary condition for isomorphism of two 

AF algebras (Theorem 4.9). 

In chapter 5, we give an important observation. It is shown that AF 

algebras are classified by their dimension groups together with the ranges of 

their dimension functions (Theorem 5.11, Theorem 5.15). 

In Chapter 6, we introduce C*-algebraic K 0 -theory. Using it, we point out 

that the dimension group is actually just the Ko group of the algebra. Thus 

many results in the preceding chapters can be stated in term of K-theory. 

To end this thesis, we discuss an example as a detailed application. 



Chapter 3 

Introduction to AF Algebras 

3.1 Directed Systems and Inductive Limits 

The material of this section is preparatory for the definition of an AF algebra. 

In the first part our objects are general sets. And then, since our interests 

are in groups and algebras, we will have to pay more attention to the binary 

operations of the set-theoretic results we have already obtained. 

3.1.1 General Cases 

Definition 3.1 A relation m ~ n in a set I is called a quasi-order if it is 

reflexive and transitive. 

Definition 3.2 A directed set I is a quasi-ordered set such that for each 

pair l, m E I, there exists n E J for which l ~ n, m ~ n. A directed set I' 

is a subset of I (I' C I) if n E J' implies n E.l and m ~ n in I' implies 

m ~ n in I. 

9 



Chapter 3: Introduction to AF Algebras 10 

Definition 3.3 A direct system of sets {An} over a directed set I is 

a function which attaches to each n E J a set An, and, to each pair m, n E J 

with m '.Sn, a morphism <pmn: Am --+ An, such that, Vm E /, 

<pmm = identity, 

and for l '.S m '.S n in I, 

<pin = <pmn O <p/m • 

In particular, if the index set is just N, we can also write the direct system 

and we have <pmn : Am --+ An with 

<pmn = <pn-1,n O ' • ' 0 <pm,m+l 

form '.Sn. 

Remark 3.4 Each set A determines a constant system {An}nEI over an 

arbitrary directed set I, where An = A and <pmn = id for all m,n E /. A 

map 0 = {0n} of direct systems {An}neI, {Bn}neI, which are over the 

same index set I, is a sequence of maps 

for which the diagrams 
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j 
0 

are commutative for all m, n E I with m ::0: n. We shall write 

Definition 3.5 An inductive limit (or direct limit) of a direct system of 

sets {A,.} is a pair (A00 ,ef,), consisting of a set A00 and a map <P = {<Pnoo} 

from {An} to the constant system {A00 } such that for any map 0 = {0n} 

from {An} to a constant system {H} there exists a unique map>. such that 

the diagrams 

commute for all n. 

We shall also denote A00 by lim An, which makes sense by the following --
uniqueness result. 

Remark 3.6 Inductive limits exist and are essentially unique. An inductive 

limit may always be constructed by the following process. 

Given a direct system { An}nEI, we define an equivalence relation "=" on 

LJ({n} X An), 
n 
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the "disjoint union" of {An}. We say (l,a), (m,b) E LJ({n} X An), are 
n 

equivalent, denoted by (l,a) = (m,b), if and only if there exists n E J with 

l ::o n, m ::o n and </>1n(a) = <f>mn(b). We define the equivalence classes for 

each (I, a), 

[(l,a)] := {(m,b) E LJ({n} X An): (m,b) = (l,a)}. 
n 

Weshalluse(LJ({n} x A,.))/=todenote{[(l,a)]: (l,a) E LJ({n} x An)}, 
n n 

the set of the equivalence classes. Finally we define 

n 

by: a ----> [(l,a)], a E A1• 

Then (LJ({n} X An))/= is the inductive limit of {An}-
n 

To verify the universal property in Definition 3.5, we just need to define 

A: A"' ----> H by A([(n, a)]) = 0n(a). To see that A is well-defined, assume 

[(l,a)] = [(m,b)], then (l,a) = (m,b), there exists n E I with </>1n(a) = 

ef>mn(b ). By the commutative diagrams 

·f --"0.L..1 - ,1 
An 0 H 

and 
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Thus .\ is well-defined. 

Remark 3.7 Given a map 0: {An}-> {En}, then the composition 

determines a map 

Ao : lim An ---+ lim En 
~ ~ 

such that the diagram 

0 

----'.\-"9'-----+- lim En 
~ 

Thus inductive limit is a functor from direct systems to sets. 

3.1.2 About Special Cases 

In the special cases when An 's are ( abelian) groups, algebras or other partic­

ular objects instead of general sets, more details have to be considered when 

we define inductive limits of the system { An}• 

Definition 3.8 By a direct system of (abelian) groups {Gn} we shall 

mean a sequence of (abelian) groups Gn together with homomorphisms 
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such that 

and 'efm EI, 

ef>mm = identity. 

The definition of a direct system of algebras {An} is similar to _the above. 

A homomorphism of two direct systems of (abelian) groups (or, algebras) 

can be defined as in Remark 3.4. 

Definition 3.9 The inductive limit (or direct limit) of a direct system 

of (abelian) groups {Gn} is a pair (G00 ,if>), consisting of the (abelian) group 

G00 and a homomorphism if>= {if>n00 }: {Gn} -> {G00 } such that for any 

homomorphism 0 = (0n) from {Gn} to a constant system of (abelian) groups 

{ H} there exists a unique homomorphism ). such that the diagrams 

commute for all n. 

We shall also denote G00 by lim Gn, -
Given a direct system of (abelian) groups {Gn}• The inductive limit of 

{ Gn}, limGn or G00 (in set-theoretic sense, cf Defintion 3.5) has a natural -
( abelian) group structure. The binary operation on it is defined as the fol­

lowing way: 
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. r 
For a,b E G00 , there eX1st am E Gm and bn E Gn, such that </Jm00 (am) = 

a, </Jn00 (bn) = b. By directed property, for m,n, we haven' with m ~ n', n ~ 

n', Now, </Jn,00 (</Jnn'(bn)) = b. Changing notations we may assume m ~ n 

(still using n to denote n', bn to denote </Jnn'(bn)). Let a:,.= </Jmn(am) E Gn, 

and define 

Then G00 becomes a(n) (abelian) group. 

The "+" defined above is well-defined. In fact, if we assume that there are 

other ak E Gk, b1 E G1 with <pk00 ( ak) = a, <p1 00 (b1) = b. By directed property, 

for m,n,k,l, we have k',l' such that k ~ k', m ~ k', n ~ l', k' ~ l', l ~ l'. 

Changing notations (still let k, l denote k', l' and still let ak, b1 denote 

<pkk'(ak), ¢ll'(b1)) we may assume m ~ k, n ~land k ~ l. 

Since 

is commutative and since </Jm00 (am) = <pk00 (ak) we have (change k bigger 

enough if necessary) 
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Similarly we have <Pnt(bn) = b1, So, 

where 

So, the binary operation "+" in G00 is well-defined. 

For direct systems of algebras, the binary operations "addition" and "mul­

tiplication" in inductive limits can be defined as above. It follows that the 

inductive limits are algebras. 

However, the existence of inductive limits for groups ( and algebras) can 

be proved directly, in a different way. Given a direct system { Gn}neI with ef,, 

let ~(!)Gn be the direct sum of {Gn}nEI, we may define a map In for each 
nEI 

n: 

m=n 
via: (3.1) 

if m ,f n 
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Let Q be the subgroup of "IJG.,, generated by all the following forms: 
nEI 

17 

(3.2) 

where m ~ n, and a E Gm. Then the inductive limit, limG.,, or G00 , of {Gn} -
is the factor group 

C'f:}"G~)/Q. 
nEI 

It remains to show that ("'iJGn)/Q satisfies the universal property. Given 
nEI 

a homomorphism 0 = {0.,,}: {Gn}--> {H}, where His a(n) (abelian) group, 

by the definition of the direct sum (Chapter 4, [16]), there exists. a unique 

homomorphism I such that 

commute for all n. 

Let 7r: "IJG.,, --> ("'iJGn)/Q be the quotient map. Define ef,.,,00 = 1r:0I.,, 
nEI nEI 

and define 

.\ : ( "'IJG.,,)/Q --, H 
nEI 

by: .\(a+ Q) =,(a), a E "IJG. 
nEI 

i.e., 1 = 7r o .\. To show .\ is well-defined, it is sµfficient to show Q <:;; ker 1 . 

Since each element in Q is a finite sum of the forms 3.2 or the inverses of the 
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forms (such as -In( <Pmn( a))+ Im( a)), we just need to show 1(In( <Pmn( a)) -

Im(a)) = 0 for any pair m,n with m '.,'. n and a E Gm, In fact, 

,(In(<Pmn(a))-Im(a)) 

(, O In)(<Pmn(a)) - (, O Im)(a) 

= 0n(<Pmn(a))- 0m(a) 

which equals to O by the commutative diagram 

0rn , H 

id! 

_0~- H. 

Thus 0n = In o 1 = In o 7r,). = <Pnoo o A. Therefore the diagrams 

commute for all n. 

From the structure of G 00 , we have a very useful criterion for inductive 

limits: 

Proposition 3.10 (G00 , {<Pnoo}) is the inductive limit of direct system of 

(abelian) groups {Gn}nEI if and only if: 

1. For any a E G 00 , there exists n E J, and an E Gn, such that <Pnoo(an) = 

a. 
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2. For a E Gm with </>moo( a) = 0, there exists n E Gn with m ::o n such 

that </>mn(a) = 0. 

Let { An} be a directed system of algebras. If each An is c• -algebra and 

each </>mn ( m ::o n) is *- homomorphism, A00 is a *-algebra. Noting the </>mn 

are norm-decreasing, for a E A00 , we set 

where </>moo( am) = a. Then II · II is a norm on A00 by the Proposition 3.10. 

The Banach space completion of A00 with this norm becomes a c• -algebra 

by extending the addition, multiplication and involution to operations of the 

same type on the norm-closure of A00 , which we still call inductive limit of 

the C*-algebras { An} and denote by A 00 or Jim An if no ambiguity can result. -
3.2 AF Algebras 

A C*-algebra A is called approximately finite dimensional or an AF 

algebra if there is a sequence of finite dimensional *-subalgebras A1 i;;:; A2 i;;:; 

• • • with A= (UAn), the norm closure of UAn. 

If we define </>mn : Am -> An as the embedding map when m ::o n, then 

{An}nEN is a direct system and A is (isomorphic to) the (closure of the) 

inductive limit of this direct system. We call such a sequence { A,,} an ap­

proximating system. 

If A is a unital AF algebra with A = (UA,,), then A,, + Cl is a finite 

dimensional *-subalgebra and An i;; An +Cl i;;:; An+I +Cl. We may therefore 
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assume that each An contains the unit lA of A. In this case, we say { An} 

is a unital approximating system. In all that follows, that "A is an AF 

algebra with approximating system { An}neN'" or "A = UAn", we shall mean 

that { An} is an increasing sequence of finite dimensional C• -subalgebras of A 

such that A= UAn, If A is unital, we assume each An contains the identity 

of A unless otherwise stated. 

We now give some examples of AF algebras. 

Example 3.11 ({15]} A UHF algebra is an AF algebra. A C*-algebra A is 

called uniformly hyperfinite (UHF) of type {Pn} if there is a sequence 

of factors { Fn}neN' in A with following properties: 

1. Fn contains the unit of A and is of type Ip. 1
, 

2. Fn-1 C Fn, 

3. Pn ---> oo as n ---> oo, 

4. A= UFn. 

Let An be Fn, then A is an AF algebra. 

Example 3.12 Let 1t be an infinite dimensional separable Hilbert space and 

JC be the set of compact operators on 1t. Since there exists a countable or­

thonormal set 

1A factor of type In, n < 001 is nothing but then x n matrix algebra Mn over C. 
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such that 

rt= span{6, ~2, · · ·}. 

We can define Pn to be the projection on the closed set 

Let An = PnKPn e,, Mn(C) , then K = (UAn), so K is an AF algebra which 

is not unital. 

Before considering homomorphisms between any two AF algebras, we had 

better study homomorphisms of finite dimensional c• -algebras first. 

3.3 Finite Dimensional C* -Algebras 

In this section we shall study some basic propositions of finite dimensional 

C• -algebras which are very important to AF algebras. Most of the details in 

this section can be found in [28]. 

Given a (nonzero) C*-algebra A, let A1 denote its closed unit ball, it is 

well known that A1 admits an extreme point if and only if A is unital (Page 

48, [28]). Now assume that A is a finite dimensional, fixed throughout the 

remainder of this section. Then A1 is compact, therefore it has an extreme 

point by Krein-Milman Theorem. Hence A is always unital. Here we shall 

prove that every ideal I of A is of the form I = Ae1 where e1 is the identity 

of I and e1 is a central projection of A. Moreover A can be decomposed into 
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a direct sum and each summand is an ideal of A and is isomorphic to some 

matrix algebra. 

Lemma 3.13 Every ideal I of A is of the form I = Ae for some central 

projections e E A. 

Proof : Let e be the identity of I (then e is a projection). For any x E A 

we have xe E J, x•e E J, hence 

exe = e(xe) = xe,and,ex•e = e(x*e) = x*e. 

So 

ex= (x"'e)* = (ex*e)* = exe = xe. 

Thus e commutes with every x E A. I 

The center C(A) of A, is an abelian C*-subalgebra of A, it is finite dimen­

sional since A is finite dimensional. Hence the spectrum2 C of C(A) is 

a finite set, say {w1 ,w2 , ... ,wr}, Thus C(A) is isometrically *-isomorphic 

to the set of continuous functions C( C) on C via the Gelfand transform 

r: C(A) ---+ C(C) defined by (ra)(wJ) = wJ(a) for a E C(A). For each k, 

1:::; k:::; r, let e(k) E C(C) be such that e(kl(w;) = fikj• Then for 1:::; j:::; r, 

2The spectrum of an abelian c• -algebra A is the set of all nonzero complex homomor­
phisms of A. 
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and 
r 

(L e(k))(wJ) = Wj, 
k=l 

Then e(k)>s (or r-1e(k)) are orthogonal projections which are in G(A) by 

functional calculus and are called eigenprojections, and I:i:=1 e(k) = lA. 

Hence we have the spectral formula for O(A): 

G(A) = C/1l EB··· EB Ce<•l, 

and A is decomposed into the direct sum 

ro 
A= LEI) A/k)_ 

k=l 

Each Ae<k) is a factor, that is, C(Ae(k)) consists of the scalar multiples of 

the identity e(k), In fact, if ae(k) E G(Ae<k)), then Vb E A, (ae(k))(be(k)) = 

(be(k))(ae(k)). Since e(k) E G(A), we have (ae(k))b = b(ae(k)). So, ae(k) E 

G(A), Thus ae(k) E G(A)e(k) and G(Ae(k)) <:;;. G(A)e(k) = Ce(k), The other 

containing way is obvious. Hence by the lemma, Ae(k) is simple. 

Theorem 3.14 A can be decomposed into the direct sum 

where each Fk is isomorphic to the algebra Mv.(C) of Pk X Pk matrices. The 

sequence of {p1, ... ,Pr} of positive integers is uniquely determined by A up 

to permutation. 
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Proof : Without loss of generality we assume that A is simple. Let B be 

a maximal abelian self-adjoint subalgebra of A which exists by Zorn's 

lemma. The spectrum of B, B, is finite since Bis finite dimensional. 

Let { e;}1=1 be the eigenprojections on B. Then { e;} are orthogonal 

and I:;'=1 e; = 1, and 

B :::::C Ce1 Ell Ce2 Ell··· Ell Cen. (3.3) 

It follows 

(e;Aei')e; = e;(e;Ae;) = O;;(e;Ae;), 

and e;Ae,, 1 S i S n, commutes with every e;, 1 S j S n. So e;Ae; 

commutes with B since {e;} generate B. Thus e;Ae; C B since Bis 

maximal abelian. Thus, e,Ae; ~ e;Be; = Ce;. 

For any fixed i,j, we shall show that there is a partial isometry e;; from 

e; to e;. First we notice that e;Ae; cf {O}. Since if e;Ae; = {O}, we 

have {O} = A{O}A = A(e;Ae;)A. But Ae;A(cf {O}) is an ideal of A, 

so Ae;A = A since A is simple. Thus {O} = A(e;Ae;)A = A 2 = A; 

that is a contradiction. Thus there exists a:0 E A with e;a:0 e; cf 0. Let 

a: = e;a:0e;. We have then a: = e;a:e; and 

for some ,\ and µ > 0. But 

,\ = llx*a:11 = llxll 2 
= llxa:*11 = µ, 
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so we have 

Therefore we have u = A-1/ 2:z: EA with 

Now for each i, 1 :::; i :::; n, let u; E A such that U;Ui = e1 and u;u; = e,. 
Put e;; = u;uj, 1 :::; i,j:::; n. We then have 

We claim that e;Ae; = Ce;; for i,j = 1, 2, ... , n. In fact, if :z: E e,Ae;, 

then :z:e;; E ( e;Ae;)e;, ~ e;Ae,, so that :z:e;, = Ae, for some A E C; 

Hence we get 

For each :z: EA, let A;;(:z:) be the scalar such that e;:z:e; = A,;(:z:)e;;. It 

follows then that 

n n 

:z: = L e,:z:e; = L A;;(:z:)e;;. 
i,j=l i,j=l 

Define 

via: :z: ---+ (A;;(:z: )). 
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Tedious computing shows that his a *-homomorphism. Moreover, his 

injective since if >.;;(:i:) = >.,;(y) for all i,j, we have 

- ~ >.,;(Y )e,; = ~ e,ye; 

= y. 

Given [>.,;] E Mn(C), then we have :i: = ~ >.,;e;; EA and e,:i:e; = >.,;e,; 

for all 1 ~ i, j ~ n. Thus h is surjective, therefore h is a *-isomorphism. 

I 

Let e(k) denote the maximal projection in Fk, then the e(k), k = 1, ... ,rare 

the minimal projections of C(A), the center of A, and we have 

We let {e)j)}f,'.;=1 denote a set of matrix units for Fk. We will say that 

{ (k) F . . 1 k . } 
ei,j E k:i,J= ,···,Pk; =i, ... ,r 

is a set of matrix units for A if the e\1 's span A linearly and satisfy the 

following conditions: 

e(k)/q) c c e(k) 
1,3 st OkqOjs it (3.4) 

(3.5) 

If the e(j)'s satisfy ( 3.4) and ( 3.5) without necessarily spanning A, we shall 

call them matrix units in A. 
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Since e(k) is the identity of Fk for each k, we have 

Pk 

e(k) = Le);). 
i=l 

27 

(3.6) 

We give some notation for matrix algebras here. Let Mn denote Mn(C), 

and let Mv, where p = (P1, ... , Pr) E zr, denote: 

3.4 Canonical Homomorphisms 

In this section we shall describe the homomorphisms of finite-dimensional 

C*-algebras and AF algebras. 

If A1 and A2 are finite dimensional C*-algebras with 

• r 

A1 = La) Mq;, A2 = La) Mp;, 
j=l i:;;;l 

or shortly, A1 = Mii, A2 = Mv, where if= (q1,••·,q,), p = (p1,•••,Pr), 

and <f, : A1 ---> A2 is a *-homomorphism, then <f, can be described by an 

r X s matrix [k;;] of nonnegative integers. Let </,; : Mii ------> MP, be the i'th 

coordinate function, i.e., Va E A1, 

[0(P1 +··+P<-d EB Ip, EB o(Pitl +··+Pr)]</,( Q )[0(P1 +··+p,_i) EB Ip, EB o(Pi+l +··+Pr)] 

then <f,(a) = </,1(a)EB· · ·ffiq,r(a). Regard</,; as a representation3 of A1 = Mii, it 

breaks up as a direct sum of irreducible representations. There is exactly one 
3 A representation of a C' -algebra A is a pair ( rr, H), where H is a Hilbert space and 

,r : A_, B(H) is a *-homomorphism. ,r is irreducible if the only projections in B(H) 
that commute with every rr(a), a EA, are O and I. 
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irreducible representation of A1 for each summand Mq;- k,; is the multiplicity 

of this representation in <Pi, called the multiplicity of partial embedding of 

Now we can give the definition of canonical homomorphisms. Let us begin 

from simple algebras first. 

Given p, q E N and k E z+ such that kq ::o p, we define a homomorphism 

k 

by a----+ a El) a El)··· Ell a El)Oh. 

where kq + h = p. 

More generally, given if= (q1,q2,••·,q,) EN•, p= (P1,P2,•••,Pr) EN°' 

and an r x s matrix <p = [ k;;], k,; E z+ such that : 

¢(if) ::o i, ¢(if'J+h=f: 

[ 
k;1 • • · kt ] [ ~1 l + [ ~1 ] = [ ~1 l . 
k,1 • • • k,. q, h, Pr 

We define a *-homomorphism 

by 
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We say that ¢, defined above is a canonical homomorphism. 

The following two definitions are introduced for comparing pairs of alge­

bras ( or any other algebraic objects) with their morphisms. 

Any two homomorphisms of algebras A1 _±_,, A 2 , B1 __:!__, B 2 are iso­

morphic if there exist two isomorphisms 1 : A1 ---> B1, 5 : A2 ---> B2 for 

which 

commutes. 

Any two homomorphisms of unital algebras ¢,, 1P : A1 ---> A2 are inner 

equivalent if there exist inner automorphisms 1 : A1 ---> A1 , 5 : A2 ---> A2 

for which 

,/J 

commutes. 

By using matrix units, 0. Bratteli([4]) proved: 

Theorem 3.15 Let A1 ~ M;;, A 2 ~ M;; be two finite dimensional G'­

algebras with the same unit, and suppose that A 1 \;; A 2 • Then there exists a 

unique canonical homomorphism ¢, = [ k,;] such that the the embedding map 

A1 '---* A 2 is isomorphic to M;; _±_,, M;;. 
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The above theorem can be regarded as a corollary of the next theorem. 

Theorem 3.16 (Alfred Hales{9}) Given q E /v', p E /v' any homomorphism 

is inner equivalent to a unique canonical homomorphism. 

Proof : Having showed that 

¢,(a)= ¢,1(a) Ell··· Ell ¢,,(a) where 

we may restrict our attention to the case in which r = 1, i.e., 

pE/v. 

for some p E N. Letting 

denote the matrix units for Mq, the projections 

.. 
{e(k) : e(k) = L ei,i k = 1,,,, ,s} 

i=l 

are orthogonal, and thus 

are orthogonal. Regarding Mp as linear transformations on CP, we let 

{x7 : I= 1, ... , lk} be an orthonormal basis in¢,( el~))CP. Then 
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is an orthonormal basis for ¢,(ik))CP and we complete {xj1} to an or­

thonormal basis for CP by introducing additional vectors x1 , ••• , xh. If 

then 

¢,(a)x; = 0, 

and using the ordered basis 

¢,(a) has the matrix 

Letting {f; : i = 1, ... ,P} be the canonical basis for CP and v be the 

unitary with vxt1 = f1 , vx~1 = / 2 , ••• , it follows that v¢,(a)v* has the 

above form with respect to the f;. 

For the uniqueness, suppose that ¢, = [k;;] and ,f, = [kl;] define inner 

equivalent homomorphisms: 
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i.e., there exist inner automorphisms 1 =Ad u, b=Ad v: 

(for some u,v are unitaries in M,;, Mp respectively.) such that: 

is commutative. i.e., ,p o 1 = ,5 o ,p. 

First, we show that there is a unitary w in M;; with ,p = Ad w o ,p. 

Letting I, I' be the identity matrices of M,;, MP respectively, and let­

tinge = ,p(I), u' = ,p(u) + (I' - e), we have 

u'(u')* = [,p(u) + (I' - e)][,p(u) + (I' - e)]* 

= e + ,p(u)(I' - e) + (I' - e),p(u)* + (I' - e) 

= I'+ ,p(u) + ,p(u*) - ,p(I),p(u*) + ,p(u),p(I) 

I'. 

Similarly ( u')*u' = I', thus u' is unitary in M;;, It is fairly simple to 

verify u',p(a)(u')* = ,p(uau*) for all a in M,;. letting b'=Ad u', we have 

,5' o ,p = ,p o 1 . So the diagram 
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is commutative. 

It follows that 

'P = (8't1 
0 (,f; 0 ,) = (8't1 

0 (8 0 ¢) = ((8't1 
0 8) 0 <p = 0 0 <p. 

where 0 = ( 8't1 o 8 is inner since 8', 8 are inner. Thus ,f; =Ad w o <p 

for some unitary win M;;. 

Now we show ,f; = ¢. Let w = w1 EB • • • EB w., 

ku 

w<fa(a)w* = w1(a1 EB··· EB a1 EBa2 EB··· EB Oh,)w; EB w2(· · •)w; EB··· 

k~l 

Thus we assumer = l(M;; = Mp), and write w = w1, l; = k1;, f; = 

k\;, h = h,, h' = h;. Let a1 = I•" a2 = a3 = · · · = 0, 

Ii l' I 

w(I., EB··· EB Iq, EBO EBO·· •)w* = (I., EB··· EB I., EBO EBO···), 

and since inner automorphisms preserve trace, Ii = z;. Similarly, I; = 

z;, and it follows 

And the result follows. I 
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3.5 Bratteli Diagrams 

Let A be an AF algebra with A= UAn, then by preceding section each 

•• 
An ~ ~Mp •• , 

k=l 

34 

(3.7) 

The structure of A is completely determined by the series of central sum-

mands of the An and the embeddings of A. into An+l. 

Here we introduce a kind of convenient graph called a Bratteli Diagram 

for describing the structure of A: draw the diagram with one row for each n, 

write down Pni, ... , Pn,. in each n'th row for each summand MP•• of An, draw 

k,; segments between Pn;,Pn+1.;, where [k;;] is the canonical homomorphism 

of these two matrix algebras. 

We give some examples of AF algebra A with its Bratteli Diagrams: 

Example 3.17 A is Finite dimensional G'-algebra. 
r 

We can assume A = L;9 MP• and A = (UAn) where each An = A. So A is 
k=l 

an AF algebra and its Bratteli diagram is 

Example 3.18 A is a UHF algebra. 
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The number of lines between Pn and Pn+i is P•+
1 

. 
Pn 

Example 3.19 This example is closely related to the algebra we mentioned 

before. Let 1i, JC and Pn have the same meaning as in Example 3.12. Let 

An = PnJCPn + CI, A =JC+ CI, where I is identity map on 1i. So 

= PnJCPn EB C(I - Pn) 

"" B(1in) EB Cioo 

"" Mn(C) EB M1 (C), 

where 100 is the identity ~o X ~o matrix. Thus for a E An, 

0 

"" 
0 

0 
PnaPn : 0 

0 

= u ... u ,\ 
,\ 

0 
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thus a E An+l• Moreover, 

A = K + CI 

= (UPnKPn) + CI 

= (UPnKPn + CI) 

= (U(PnKPn + CI)) 

= (UAn)-

Therefore A is an AF algebra, and the Bratteli diagram is 

1 1 

1/1 
2 1 

1/1 
3 1 

1/1 
4 1 

Example 3.20 A is the inductive limit of: 

where 

</>12 = [ i r, </>23 = [ 1 ~ ] , q>34 = [ ! l ~ ] , .... 
O l O O 1 

36 

Thus the embedding maps are indicated by the following Bratteli diagram as 
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follows: 

1 2 1 

1 3 3 1 

Reference: [4], [7], [9], [13], [28]. 



Chapter 4 

Isomorphisms of AF Algebras 

Most results in this chapter are proved by 0. Bratteli in [4]. Theorem 4.7 is 

one of the key results in this thesis. For the sake of completeness, here we 

present an outline of a part of Bratteli's work in [4]. 

4.1 Another Definition for AF Algebras 

Lemma 4.1 Let A be a C"-algebra on a Hilbert space H, let € > 0 and let 

n be a positive integer. Then there exists a 6 = 6( e, n) > 0 such that if 

1. {e(;):i,j=l,2, ... ,nk; k=l,2, ... ,m}isafamilyofmatrixunitsfor 

a finite dimensional C"-algebra on H with unit IH such that I:;;;'=1 nk = 

n, 

2. there exists x(;) E A such that llx\;) - e\;J II < 6, 

then there exists a family {f;~k)} of matrix units in A such that 

II (k) (k) I f;; - e;; I < e. 

38 
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Proof : By Lemma A.1 we suppose without loss of generality that x;;l is a 

projection. For i # j and 1 :::; k, q :::; m, 

< llx(k) - e(k)II + llx\q) - e<_q)II < 25 
n n JJ JJ • 

By Lemma A.2, we may assume that {xl7) : i = 1, ... , nk, k = 

1, ... , m} is an orthogonal family of projections and by Lemma A.4 

that for i cf, j, x(jl is a partial isometry from xW to x(;l. Now, for each 

k, I;; x(;J is a projection and defining e(k) = I:; e(;J, 

lle(k) - I:xl7)11:::; L llel;l - xlJlll 
i i 

which for 5 <¼is less than 1. Let Jg)= (xi~l)•x1;J. If 5 <min(¼,!) 

then {Jg)} is a family of matrix units and 

IIJ;~) - e(Jlll < ll(x17l)•x1;J - (xi7))*ei;JII + ll(xi~l)•eW - e(Jlll 

= ll(x17l)•x1;J - (x1:JJ*ei})II + ll(xi~))*ei}) - e(;Jei})II 

< llxi;J - e1;JII + ll(xi~))* - (ei1))*11 

< 25 

< E: 

This proof is complete. I 
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Theorem 4.2 Suppose that A is a separable C'-algebra with unit lA, then A 

is an AF algebra if and only if given x1, x2, ... , Xn E A and c: > 0, there exist 

a finite dimensional C'-subalgebra B of A and elements Yi, Y2, ... , Yn E B 

such that llxi -y,11 < c:, i = 1,2, ... ,n. 

Furthermore, if we are initially also given a finite dimensional subalgebra 

B0 , we may choose B :2 B0 • 

Proof : The necessity follows from the definition of AF algebras clearly. 

For sufficiency: 

Let { d;}iEN" be a dense sequence in 

1 
{a EA: llall < 2}. 

Without loss of generality, suppose the algebras B, B0 contain lA. We 

shall construct an increasing sequence { An} of finite dimensional sub­

algebras of A such that for all n there exists bk E An, k = 1, ... , n, 

Since lld1II < ½, A1 may be chosen arbitrarily. Suppose that An has 

been constructed and has the required properties. Assume for each n, 

•• 
An~I;BMPnk" 

k=l 

Let { e)tl} be matrix units for An. Define 
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By using hypothesis of the theorem and Lemma 4.1, there exist a finite 

dimensional subalgebra A' of A and a set of matrix units {Jg)} in A' 

such that 

where o is the o(c:, (nk)) of Lemma A.3, and such that there exists 

bk EA', k = 1, ... ,n + 1, such that 

By Lemma A.3, there exists a single partial isometry w E A such that 

f (k). . 1 · b f(k) d (nk) d II (nk) f(k)II w 11 1s a partia 1sometry etween 11 an e11 , an e11 -w 11 < 

c:, for all k = 1, ... , Tn. Let 

Then a EA and a is unitary with aJ;~)a• = e);'k)_ Define An+l = aA'a•. 

Then An+l is a finite dimensional subalgebra of A isomorphic with A', 

and An~ An+l• Let bk= abka' E An+!• Then 

< c + 11 b,. - ab,.a' II 

c + ll~(f(k)b' ~(q) - e(nk)wf(k)b' ~(•lw•e(nq)II L.J sa kJtt al la kJt1 lt 
kqst 
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Now 

< JJJ(k)b' ,(q) - J(k)b' f(q)w•/nq)JJ + JJ(J(k) - e(nk)wf(k))b' ,C•lw•e(nq)JJ 
- ss kJtt u k t1 1t u sl I.! kJtl 1t 

:S: 1lf1~•l - Jit"lw•e\~•lJJ + JJJi;l - e\7k)wft)JI 

:S: llfil) - w'e\7•lJI + IIJ;~l - e\7k)wll 

:S: IJJfll - e\~•llJ + lle(~•l - e(~•lwJJ + JJJ;;l - e\7k)II + JJe\7k) - e\7k)wll 

Hence 
n, 1 

JJbk - dkJJ < € + 4(I:Pnk)2€ = n+l • 
k=l 2 

By induction, a sequence { An} with the required properties exists. 

Then {d,} E UAn, so UAn = A. 

If we are initially also given a finite dimensional subalgebra Bo, we can 

construct a finite dimensional subalgebra iJ of A from B0 and B such 

that this sub algebra contains B0 and B. 

Let { u)Jl} be a family of matrix units for B0 • By the hopothesis, we 

may assume that there exist :v);) E B such that 

where the 6 is the 6 in Lemma 4.1. By Lemma 4.1 there exists a family 

{ vfJl} of matrix units in B such that 

(k) (k) JJu,; - v,; II < e. 
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Similarly as above, there exists a unitary u in A such that 

Thus ad u(B0 ) is in B. Let iJ = ad u'(B), then B0 <:;; iJ and B has the 

desired property (we now have to assume in B that llu'x;u - vdl < e 

instead of llx; - y;II < e ). I 

4.2 Isomorphisms of AF Algebras 

Lemma 4.3 Let A be a unital AF algebra with A = (UAn), and let B be a 

finite dimensional subalgebra of A. Then given E: > O, there exists u E U(A) 

and n E N' such that 

Proof : This is essentialy the proof of the previous theorem. Without loss of 

generality we assume.IA E B. Let {J;~)}~1 be matrix units for B, and 

suppose 1 :S i,j :SN for all J;~k)_ Let e1 = 3:,N and let 8 = 8(e1 ,m) of 

Lemma A.3. 

By Lemma 4.1 there exist an An and a family { e}J)}k=l of matrix units 

in An such that 

By Lemma A.3, there exists a partial isometry w E A such that ww' = 

e~~), w'w = Jg) and such that 
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Define 

k i 

Then u is unitary, and 

Thus, 

Furthermore, 

I (k) (k) I e;; - e;; ull 

Thus 

A,, ;;i Ad u(B). 

< lie\~) - e\~lwft)II 

< Jle\7) - fi7)11 + llfi7) - e\~lwf};)II 

< lle\7) - fi~)II + llfi~) - e\~lwfg)II 

< IJeW - fi~)II + llfg) - e\~)11 + IJe\~l - e\~lwll 

< 28 + e:1 < 3e:,. 

II ( (k) (k) 
~k ~i e;; - e;; u)II 

< m x N x 3e:1 

- e:. 

44 

I 
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Lemma 4.4 Let A be unit al C'-algebra, let B1 , B 2 be two finite dimensional 

*-subalgebras of A containing lA- Let</>: B1 -> B2 be a *-isomorphism such 

that II</> - Il 8 , II < 1, where I is the identity map of A. Then </> is an inner 

automorphism of A restricted to B1 , i.e., :lu E U(A) such that 

Proof : Suppose that { e(J)}is a set of matrix units for B1 • Let J;~k) = </>( e[J)). 

Then {J;~k)} is a set of matrix units for B2 • Since 

for all k, by Lemma A.3, there exists a partial isometry w E A such 

that fi~)we\~) is a partial isometry from e\~) to Ji~) for all k. Let 

u = °I:k "I;; J;~)we\~). Then u is unitary and ue)J)u• = f,~k) = </>( e[J\ 

So </>=Adu. I 

Lemma 4.5 Let A = (UAn) and let B be a finite dimensional *-subalgebra 

of A such that A1 <;;; B. Then there exists n EN and u E U(A) such that 

(1) Ad u(B) <;;; An 

(2) Adu(x)=x for x E A1 

Proof : By Lemma 4.3, there exists v E U(A) and n EN such that 
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Let A~ = Ad v(A,) <;; An and define an isomorphism 

via: q,(x) = Ad v(x). 

Then, for x E 41, 

114>(x)- xii = llvxv• - xii 

:::; llvxv• - xv*II + llxv• - xii 

:S: 2llxll · llv - lAII 

< ¾llxll; 

46 

Thus 114>- IIA, II :S: ¾ < 1. By Lemma 4.4, there exists w E U(An) such 

that q,(x) = Ad w(x), x E A 1• Let u = w•v, then 

Ad u(B) = uBu* = w*vBv*w <;; w*Anw = An, 

since w E An. For x EA,, 

Thus Ad u(x) = x for all x E A 1 • I 

Definition 4.6 An equivalence between approximating systems { An}, { Bn} 

for a C*-algebra A is a sequence of unitaries Un E A (cf. 3, Chapter 1) to-
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gether with subsequences {An(k)}, {Bm(k)} such that for all k: 

(1) Ad uk(An(k)) ~ Bm(k) 

(2) Ad u1(An(!)) :;::> Bm(k) 

( 3) The diagrams 

are commutative. 

for large enough l 

47 

Theorem 4.7 Any two approximating systems for an AF algebra are equiv­

alent. 

Proof: Let A = (UAn) = (UBn), we construct {un} by induction. By 

using unitizing A, we may assume A is unital. Choose n(l) = 1. By 

Lemma 4.3, there exist m(l) and u1 such that 

Ad U1 
( 4.1) 

Suppose now u1,v1, ... ,un have been constructed such that 
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An(k-1) 
Ad Uk-1 

Bm(k-1) 

j j 

commutes. 

Let B' = Ad uHBm(k))· Then B' is a finite dimensional *-subalgebra of 

A and since Ad uk(An(k)) ~ Bm(k), we have An(k) ~ B'. By Lemma 4.5 

there exist v E U(A) and positive integer n(k + 1) > n(k) such that 

Ad v(B') ~ An(k+l) and Ad v(x) = x, x E An(k)• Let Vk = vui,. Then 

And if :u E An(k), then 

Un+l is then constructed in an analogous fashion by "rotating" v~An(k+i)Vn 

into an algebra Bm(k+l) by Ad u such that Bm(k) is kept fixed, and de­

fine Un+l = uv~. Hence we have the commutative diagram: 
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An(k-1) 
Ad Uk-1 

Bm(k-1) 

7 j 
An(k) 

Ad Uk 
Bm(k) 

j 7 ' 

An(k+l) 
Ad Uk+l 

Bm(k+l)· 

By induction we obtain the following commutative diagram: 

An(l) 
Ad U1 

Bm(l) 

j 7 
An(2) 

Ad U2 
Bm(2) 

7 j 
An(a) 

Ad U3 
Bm(a) 
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Furthermore 

Vk. 

And the proof is complete. I 

Corollary 4.8 Let A = UAn = UBn. Then there exists an automorphism a 

of A such that given n EN, there exists m EN such that a(Bn) <;;; Am, An <;;; 

Proof : In the proof of Theorem 4.7, we may define a morphism a : 

UkAm(k)----> UkBm(k) by alA = Ad uk, since Ad Uk+ilA = Ad Uk, 
m(k) ~k) 

a is well-defined. 

a is surjective because if y E Bm, we have y = Ad Uk+1(Ad vk(Y)) = 

Moreover since a IA is injective and hence isometric, a is an isometric 
=(k) 

*-isomorphism of UAn(k) onto UBm(k)· Since these two sets are dense 

in A, a may be extended to an automorphism of A. 

Given n EN, there exists k such that n :S: m(k) and n :S: n(k). Thus 
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and 

En~ Em(k) = Ad Uk+t(Ad Vk(Em(k))) 

~ Ad Uk+t(An(k+t)) 

= a:(An(k+t)) 

And choosing m 2: n(k + 1) and m 2: m(k) we complete the proof. I 

Using preceding theorems, Bratteli ([4]) showed the following theorem: 

Theorem 4.9 Let unital AF algebras A = UAn, E = UEn respectively. 

Then A is isomorphic to E if and only if there exists a subsequence {An(k)} 

and each An(k) contains a finite dimensional *-subalgebra E£ containing 1 

and 

1. { E~} increasing, and there exists an isomorphism ef, : UnEn --+ UnE~ 

such that </,(En) = E~ for all n. 

2. Vn E ./If, :lk E }If such that An ~ E£. 

Proof : For sufficiency. 

</>IBn : En --+ E~ is an isometry. Thus ef, is an isometry. By 2 we 

have UAn ~ UE~. So UAn = UE~ since E£ ~ An(k)· Hence ef, extends 

continuously to an isomorphism from E = (UE~) to A= (UAn)-

For necessity. 

Let ,j, : E --+ A be a * -isomorphism. Since ,j, is an isometry, U,j,( En) is a 

dense subset of A, thus A = (U,j,(En)· By Corollary 4.8, there exits an 
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automorphism <p of A, and an increasing sequence {n(k)}k of positive 

integers such that <p(,p(Bk)) c;:: An(k), k = 1,2, ... , and such that for 

all n there exists k such that An c;:: <p(,p(Bk)). Let B£ =<po ,f;(Bk) and 

,P =<po 'PlunBn. Then items 1 and 2 of the theorem are fulfilled. 

I 

Reference: [4], [11]. 



Chapter 5 

Dimension Groups 

The algebraic classification of C• -algebras has proved to be a difficult prob­

lem. To date, even for the case of separable C• -algebras, such a detailed and 

general classification appears to be hopelessly out of reach. If one restricts 

attention _to AF algebras however, then quite a satisfactory theory is avail­

able. In Elliott's paper([l4]), it was proved that the (stable) classification 

of the AF algebras can be. reduced to the classification of certain discrete, 

ordered abelian groups, called dimension groups. 

In this chapter we shall consider the classification of some more general 

algebras, locally semisimple algebras. The similar results for AF algebras 

will come out consequently. 

In addition to dimension groups, the important concepts in this chapter 

are orders of groups and-dimension functions. The main results of this chap­

ter are Theorem 5.9, Theorem 5.11, and Theorem 5.15. At the end of this 

chapter we give a sufficient and necessary condition for a an abelian group 

53 
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to be dimension group without proof which belongs to Effros, Handelman, 

and Shen ([10]). 

Since our interest is ultimately in AF algebras, we shall assume the index 

set for a directed system is N unless otherwise stated. 

5.1 Preliminaries 

Definition 5.1 By an ordered group, we mean an abelian group G to­

gether with a subset a+, called the positive cone or ordering, such that 

(1) a++a+c;;a+, 

(2) a+ - a+ = a, 

(3) a+ n (-G+) = {o}, 

( 4) if g E G and ng E a+ for some n E /If then g E a+. 

Definition 5.2 By a simplicial ordering on group zr we shall mean the 

usual ordering (see Chapter 1) 

The group zr with this order is called a simplicial group. 

Definition 5.3 A homomorphism</> from an ordered group G into an ordered 

group H is positive, and write</> 2': 0, if </>(G+) <;; H+, i.e., if a:::; b in G 

implies </>(a) :::; </>(b) in H. </> is an order isomorphism if</> is a group 

isomorphism with </>, 4>- 1 2': 0. 
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Given a direct system of ordered groups, positive maps: 

the set-theoretic inductive limit 

is an ordered group under the usual limit addition operation, and the positive 

cone 

n 

Thus g E G00 is said to be positive if there exists an index n and gn E G! 

such that </>noo(gn) = g. 

Definition 5.4 An ele'f/'ient u E Q+ zs called an order unit if Vg E 

G+,:Jn > 0 with O :S g '.S nu. 

Definition 5.5 An ordered group G is a dimension group if it is isomor­

phic to the inductive limit of a direct system of simplicially ordered groups 

together with positive homomorphism: 

Z r1 <P12 zr2 1)23 ----t ----t . . . . 

Definition 5 .6 A scale of a dimension group G is a subset D of G+ which 

is generating, hereditary, and directed, i.e., 

(1) For each g E G+,:Jd1 , ••• ,d, ED with g = d1 + · · · + d,. 

( 2) If O '.S g '.S d and d E D, then g E D. 
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A scaled dimension group is a dimension group G with a distinguished 

scale. 

Given a dimension group G with an order unit u, then we have a scale 

D( u) which is a singly generated (by u) hereditary subset of Q+. That is 

D(u) = {g E Q+: g ~ u}. We shall call D(u) a unital scale and with this 

scale we shall call G a unital dimension group. 

Another special case is D = Q+, we shall call Q+ the stable scale of G. 

5.2 Dimension Groups and Locally Semisim­
ple Algebras 

Letting A be an algebra, we define equivalence classes of idempotents in 

A. Recall that e E A is idempotent if e2 = e. Let EA denote the set of 

idempotents in A. Given e, f E EA, we say e is (algebraically) equivalent 

to f, denoted by e ~ f, if there exist x, y E A such that xy = e and yx = f. 

It is easily verified that "~ " is reflexive and symmetric. 

Suppose that e,f,g E EA and e ~ f, f ~ g. By the definition, we may 

assume xy = e, yx = f and uv = f, vu= g for some x,y,u,v EA. Then 

that is, 

e = e2 = (xy)(xy) = xfy = xuvy = (xu)(vy) 

g = g2 = (vu)(vu) = vfu = vyxu = (vy)(xu) 

e ~ g. 
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Thus "~" is an equivalence relation on the set EA of idempotents in A. 

Moreover, if e1 ~ e2 , f 1 ~ fz and ei is orthogonal to f,( ed, = fie, = 0), 

then e1 + f 1 ~ e2 + f 2 , the additive operation which we shall call addition 

induces a partially defined binary relation in the set of equivalence classes by 

setting [e] + [f] = [e' + f'], where e ~ e', f ~ f' and e' f' = 0. This set with 

such partially defined addition is called the local semigroup of A and we 

denote it by Ci.(A). 

The dimension function dim is the canonical map from the set EA of 

idempotents to the equivalence classes Ci.(A): 

via: e----> [e] 

An algebra A is semisimple if A is _isomorphic to some direct sum of 

matrix algebras, i.e., 

A~ I;BMv,(C). 
k 

A is called locally semisimple if A is isomorphic to the inductive limits of 

a direct system of semisimple finite dimensional algebras. 

Lemma 5. 7 Let A be locally semisimple, and let B and C be isomorphic 

finite dimensional subalgebras of A. Suppose that <p : B --> C is an iso­

morphism such that for all idempotents e in B, dimAe = dimA¢(e) in Ci.(A). 

Then <p extends to an automorphism of A. 



Chapter 5: Dimension Groups 58 

Proof : Letting A1, B1, 0 1 be the unitizations of A, B, C respectively, we 

may identify A, B, C with their images in A 1 , B 1
, C1 respectively. The 

corresponding map </>1 : B EB C --+ C EB C is given by </>1((b, A)) = 

(</>(b), A). Observe there are only two kinds of idempotents in A1, 

namely (e,O) and (e,l). If (e,l) E EA1, then by (e,l)(e,l) = (e,l) 

we have e2 + 2e = e. It follows that (-e)(-e) = -e, therefore (-e,O) 

is in EA, and is orthogonal to (0, 1). It is well known that for any two 

idempotents in a locally semisimple .algebra, e is algebraically equiva­

lent to f if and only if e is homotopically equivalent to f, i.e., there exist 

{e,},E(O,t], such that t--+ e, is continuous and e0 = e, e1 = f. Thus 

if idempotents e ~ f in A, then ( e, 0) ~ (f, 0) and (-e, 1) ~ (-f, 0) 

in A' since they are homotopiclly equivalent respectively (via {(e,,O)} 

and {(-e,,l)}). Thus 

.tl.(A1
) = {[(e,O): e E EA}LJ{[(-e,l)]: e E EA}, 

where the union is disjoint union. We may Identify EA and .ti.(A) with 

subsets of EA, and .ti.(A1 
), for ( e, 0) E EA, we have 

and, 

dimA•<l>'((e,l)) = dimA1((e,l)), 

since </>( e) = e in A. 
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Thus we may initially assume that A is unital, lA E B and lA E C, 

and efi preserves the identity. 

Let {e}Jl} be matrix units in B. Since e\~l ~ efi(e\~l), there exist :u~ and 

y~ in A such that 

Let 

Then 

k k _ (k) 
XoYo - eu 

:u = I;e);l:u~efi(e\:l) 
k,i 

y = I;efi(e);l)y~e\:l. 
k,i 

:uy = I;e(;J 
k,i 

y:u = efi(I;el7)l 
k,i 

Thus :uy = y:u = lA. Moreover we have: 

k,i 

= ,p( e~;) )yg e\;l (I; e(;) :u~ efi( e\:))) 
k,i 
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and thus for any b E B, ybx = <f,(b ). 

Define 

,j; : A---> A 

via: ,f;( a) = yax 

Then ,J;IB = ¢,. I 

Lemma 5.8 Suppose that A and B are algebras. Let B1 be semisimple finite 

dimensional subalgebra of B. Suppose that dimB(EB,), as a local semigroup, 

is isomorphic to a sub local semigroup of ~(A). Then there exists a subalgebra 

A1 of A and an isomorphism <f, : A1 -> B1 such that 

i.e., the diagram 

0 

commutes. 

Proof: Identify dimB(EB,) with a sub local semigroup of ~(A). Let 

{f(l), ... , f(r)} be a maximal set of orthogonal minimal idempotents 

in B1 • Then there exist orthogonal minimal idempotents e(ll, ... , e(r) 

in A such that 

(5.1) 
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If the sum of certain of the J(i)'s, say EZ:,1 f(P,), is the unit of a minimal 

two-sided ideal F of B1 , then the corresponding e(P,)'s are equivalent, 

and therefore are contained in a subalgebra D of A which is isomorphic 

to F. The sum of such subalgebras D, say D1, ... , Dm, where each D; 

is isomorphic to each minimal two-sided ideal, say F;, of B, is direct 

sum. 

Thus 
m m 

B1 = LeF; and A1 = LeD; 
i=l 

and together with 

defined via 

Let 

By (5.1): 

I 

Theorem 5.9 Let A and B be locally semisimple algebras and¢,: A(A) ---> 

A(B) be isomorphism. Then A and B are isomorphic. 
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Proof : Suppose that A, B are inductive limits of A1 <;; A 2 C and 

B1 <;; B2 <;; • • · respectively. We shall construct sequences 

with isomorphisms 'Pi : A:,,(i) ---> Bn(i), i = 1, 2, ... , such that 'Pi+t 

extends ,Pi, The ,;,;s then extends to ,p : A ---+ B uniquely as required. 

Let m(l) = 1. Since ip( dimA(EAm(>))) <;; ti.(B), by lemma 5.8, there 

exists a subalgebra B;,,(t) of B and isomorphism 1>1 : Am(t) ---+ B;,,(t), 

such that 

Choose n(l) such that 

By lemma 5.8 again, there exists a subalgebra A:,,(t) of A with an 

isomorphism ,P1 : A:,,(l) ---+ Bn(l) such that 
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Since ,j,11 o </>1 is a monomorphism from Am(l) into A:,,(l) and 

By lemma 5. 7, ,j,11 o </>1 = p1 IA for some inner automorphism Pi of 
m(l) , 

A (with the property dimAe = dimAp1(e) for all e E EA). We may 

suppose that ,j,11 o </>1 is the identity on Am(l) ( otherwise replacing A:,,(l) 

by p11 
A:,,(l) and ,P1 by 'P1P1)- That is, Am(l) i:;; A:,,(l) and ,P1 extends 

</>1-

Next, choose m(2) > m(l) such that A:,,(l) i:;; Am(2)• 

Since</>( dimA(EA=('))) i:;; fl(B), by lemma 5.8, there exists a subalgebra 

B:,,(2) of B with an isomorphism </>2 : Am(2) ---> B;,,(2) such that 

By lemma 5.7, suppose that </>2 o ,j,11 extends to O", an automorphism 

of B. Replacing </>2 by 0"-
1 o </>2, we may suppose that Bn(l) i:;; B:,,(2) 

and </>2 extends ,p1. 

Am(l) C A:,,(l) i:;; Am(2) 

~ /,;,1 ~ 
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Similarly, we have Bn(2), A;,.(2), Am(a), and an isomorphism ,P2 : A;,.(2)-> 

Bn(2) where ,/,2 extends </>2 and also extends 'Pl• Thus the proof is com-

pleted by induction. I 

Remark 5.10 Let A be a locally semisimple algebra, that is, A is (isomor­

phic to) the inductive limit of 

Ai -----t A 2 -----t • • • ' (5.2) 

and each A; is semisimple finite dimensional, 

r; 

A; ~ ~Mp,.. (5.3) 
k=l 

By Theorem 3.16, each homomorphism </>;; can be characterized up to inner 

equivalence by a canonical homomorphism which can be expressed as a matrix. 

We still denote this matrix by </>;; which also determines a homomorphism 

¢>;; : zr; -> zr; by ordinary matrix multiplication. Then 5.2 indues a direct 

system 

r1 r2 

L.19M "'" ~M "'" P -----t p ---+ ... 
lk 2k ' 

(5.4) 
k=l k=l 

and an associated direct system of simplicial groups: 

(5.5) 

Thus a dimension group arises which is the inductive limit of the above sys­

tem. 
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We will give a different approach to dimension groups using K-theory in 

the next chapter. 

Theorem 5.11 Let A be a locally semisimple algebra. Then A(A), the set of 

equivalence classes with the partial binary operation "addition", is isomorphic 

to a scale of a dimension group. 

Proof : If A is finite dimensional, the result is clear. To see this, assume 

By linear algebra theory, we have e; ~ f; for j = 1, ... ,r, and therefore 

(rank e1 , ••• ,rank e,) = (rank fi, ... ,rank f,). 

On the other hand, if ( rank e1 , ••. , rank e,) = ( rank f1 , ..• , rank fr) we 

have e ~ f. So we can well define an embedding map A(A)-----> (Z')+ 

by mapping [ e] to ( rank e1 , ... , rank e,) which is a monomorphism of 

local semigrou ps. 

In the general case, assume that A is the inductive limit of: 

A 1,,, A 1,,, 
1 --+ 2 ---+ " • " , 

where each Ai is semisimple finite dimensional and each <Pi; is a homo­

morphism. By restriction, EA is the inductive limit of: 

This follows from the fact that an element e in A is an idempotent if 

it is the image of ei E A; with e; = e; for some i. 
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Thus ll.(A) is the inductive limit of: 

This follows from the fact that if e, f E EA with e ~ f then :lei ~ Ji 

in EA; for some i such that 

But for each i there exists an embedding 

ti.(Ai) ------+ z•, 

of ll.(Ai) as a scale of simplicial group of z•,, which we proved above. 

Hence the system: 

ll.(A1 ) - ti.(A2) - · · · 

j j 

showes ll.(A) can be embeded in the inductive limit of: 

It is now straightfoward to check that ti.( A) is a generating, hereditary 

and directed subset of the positive cone (Ui </>i00 (Z'')+) of the above 

inductive limit. 
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I 

Lemma 5.12 Let¢,: G1 --> G2 be a morphism of two simplicial groups and 

let u 1 and u2 be two order units of G1 , G2 respectively. Let D( u 1 ) and D( u2) 

denote the corresponding unital scales. Suppose ¢,(D(u1 )) c;:; D(u2). Then 

there exists a morphism 'I/; : A1 --> A2 of locally semisimple finite dimensional 

algebras such that the induced 'I/; : ~(A1 ) --> ~(A2) is isomorphic to the 

restriction ¢, : D ( ui) --> D ( u 2). 

We give an example instead of a proof. Following this example one can prove 

the general case easily. 

Example 5.13 Assume G1 = G2 = Z EEi Z,u1 = (3,2),u2 = (4,3). Then 

Let 

and 

In particular, 
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Let A1 = Ma EEl M2 and A2 = M4 EEl Ma, 

and let ,p = [ k
11 

k
12 l be the canonical homomorphism from A1 to A2. 

k21 k22 . 

For any two idempotents e, f E A1 , We have e = e1 EEl e2 and f = Ji EEl f2 

with e1, f 1 E Ma and e2, f 2 E M2 . Then e ~ f if and only if e1 ~ f1 and 

e2 ~ h if and only if (rank e1, rank e2) = (rank ft, rank f2)-

Similarly, we have analogous results for A2 . 

Therefore, A(A1 ) ~ D(u1) and A(A2) ~ D(u2). To show A(A1 ) --±. 
A(A2 ) is isomorphic to D(u1) __!L.. D(u2), we must show that the diagram 

commutes. 

The image of,p([e]) in D(u2) is 

which just is </,(rank e1 , rank e2 ). Therefore the above diagram commutes. 
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Lemma 5.14 Let A1 and A2 be semisimple finite dimensional algebras. Let 

rp: ll(At) -+ ll(A2) be a morphism. Then rp extends to a morphism A1 -+ A2. 

This is seen in the same way as preceding lemma. 

Theorem 5.15 Let G be a scaled dimension group with scale D. Then there 

exists a locally semisimple algebra A such that D ~ ll(A). 

Proof : Suppose that G is the inductive limit of the system: 

where the morphisms are positive. 

Since Dis hereditary and ( upward) directed, we may choose order units 

u; in zr, for each i such that the unital scale D(u;+i)(~ (Z••+ 1 )+) 

contains the image of D(u;) and such that Urp;00 (D(u;)) = D. 

For details, let D\{O} = {d1,d2 , ••• }, by (3) of Definition 5.6, we have 

c1 E D with d1 S c1 and for c1, d2 , we can choose c2 E D with c1 S c2 

and d2 S c2. By induction we may select c1, c2, ... E D with d; ::::; c; 

and c1 S c2 S ···.We define a sequence i(k) EN, vk,uk E (z•,c•i)+ as 

follows. Since d1 S c1 there exist i(l) and v1, u1 E z•;c,i, 0 S v1 ::::; u 1, 

with V1-+ d1, U1 -+ Ct ('Pi(t)oo(vt) = d1 and so on). Since d2 S c2 and 

c1 S c2 , there exist i(2) 2: i(l) and v2,u2 E z•;c,i, 0:::::; v2 ::::; u2, u~::::; 

u2(u~ = 'Pi(t),i(2)(u1)), with V2 -+ d2, u2 -+ c2, 
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By induction, assume we have uk, vk E z•;c•J with O S vk S uk, uL1 S 

Uk and Vk _, dk, Uk-, Ck, Since dk+l S Ck+1 and Ck S ck+1, there exist 

i( k + 1) :2: i( k) and Uk+l' Vk+l E zr;c•+1) with O s Vk+1 s Uk+l' u,. s 
uk+l ( u,. is image of uk in z•;c'+1l ). Changing notations, we may assume 

Ui,Vi Ezri, 

Thus we have a unital scale D( ui) of zr; and </>i;(D( ui)) <:;; D( u; )( i S j), 

and Uc/>mx,(D(u;)) = D since D\{O} = {d1 ,d2 , ... } are contained in 

Uc/>mx,(D(u;)). 

By Lemma 5.12, there exist morphisms 

of semisimple finite dimensional algebras such that induced morphisms 

are isomo;phic to 

the above isomorphisms in particular determines: 

By Lemma 5.14, we have morphisms 
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Thus we have a long sequence 

inducing the given morphisms 

The subsequence 

induces a system: 

that is isomorphic to 

of which the inductive limit is just D. 

Letting A = limAn we have that il(A) is isomorphic to D. This is -
required. 

I 

Remark 5.16 An ordered group G is unperforated if nx ~ 0 for x E 

G and some n E N implies x E Q+. G has the Riesz Interpolation 

Property ifx1 ,x2 ,y1 ,y2 E G with x1 ,x2 ~ y1 ,y2 , then there is a z E G with 
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In [10], it is proved: 

Theorem 5.17 An ordered group is a dimension group if and only if it is 

countable, unperforated, and has the Riesz Interpolation Property. 

Reference: [12], [14], [27]. 



Chapter 6 

Basic Ko:-Theory of 
C*-Algebras 

Informally, K-theory can be described as the linear algebra of very large 

matrices. In C*-algebraic K-theory, one considers matrix algebras over a C*­

algebra. The basic concepts of this theory are functors K 0 (A), K 1(A) from 

the category of C* -algebras A to the category of abelian groups which reflect 

some of properties of A. 

In the first section of this chapter, we present the definition and basic 

properties of Grothendieck groups. In the second we prove some elementary 

results concerning K 0(A). In the third section we show how AF-algebras can 

be classified. 

6.1 Grothendieck Group 

Definition 6.1 Let S be an abelian semigroup with identity 0, the Grothendieck 

group of S is a group G(S) together with a homomorphism 0 : S--+ G such 

73 
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that 

1. 0( S) generates G, 

2. any homomorphism S _:!_, H of S into a group H extends uniquely 

to a homomorphism G( S) --2..+ H such that the diagram 

S Y! H 

~? 
G(S) 

commutes. 

We shall show that Grothendieck group G( S) consists of equivalence classes 

of formal difference, x - u, of elements x,u ES. 

Definition 6.2 Given x, u and y, v in an abelian semigroup S, two formal 

difference x - u, y - v are said to be equivalent, ( denoted by x - u ~ y - v ), 

if there exists r E S such that 

This relation is obviously symmetric and reflexive. Furthermore, if 

x-u~y-v~dy-v~z-w 

then we have 
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for some r, s E S. It follows that: 

x + w + (v + r + s) = y + w + u + s = z + u + (v + r + s) 

and hence x - u ~ z - w. We conclude that "~" is transitive and, hence, is 

an equivalent relation. 

Let G( S) be the set of equivalence classes of formal differences x - u, 

then G(S) inherits an abelian operation from fl (via:(x - u) + (y - v) = 

(x + y) - (u + v)) under which it becomes a group. 

In fact, all x - x, x ES, belong to a single equivalence class in G(S), and 

since 

(y - V) + ( X - X) = (y + X) - ( V + X) ~ y - V 

x - xis an identity for G(S). 

For any x - u, the element u - xis its inverse in G(S). Therefore, G(S) 

is a group. 

For x ES, x - 0 E G(S), thus we can define a map 0: 

0: S---+ G(S) 

since (x - 0) + (y - 0) = (x + y) - 0, 0 is a homomorphism. 

The following property of G( S) which we construct above shows that 

G(S) admits the universal property of Definition 6.1, thus G(S) is just the 

Grothendieck group of S. 

Proposition 6.3 If ,j, : S ---t H is any homomorphism of S into a group H, 
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then there is a unique (up to isomorphism) homomorphism >. : G(S) ---+ H 

such that ,/; = >. o 0, i.e., the diagram 

S ,/J H 

~~ 
G(S) 

commutes. 

Proof : Given,/;: S---> Hand a: - u E G(S) define 

>. : G( S) ------, H 

by: (a: - u)------; ,/;(a:)+ (-,f;(u)). 

If a: - u ~ y - v, then a:+ v + r = y + u + r for some r E S. Thus 

,/;(a:+ v + r) = ,f;(y + u + r ). We have then ,/;(a:) - ,/;( u) = ,f;(y) - ,/;( u). 

That is >.( a: - u) = >.(y - v ). >. is well defined and the desired univeral 

property follows. 

I 

6.2 K 0 Functor 

6.2.1 Equivalence Relations 

Given unital C*-algebra A, let Mn(A) denote the C*-algebra of all n X n 

matrices over A. 
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Definition 6.4 If e and f are idempotents in Mn(A), we say e and f are 

Murray- von Neumann equivalent (4enoted bye~ f) if3v,w E Mn(A) 

so that vw = e,wv = f. 

It is well-known that for any idempotent e in a C*-algebra A (not necessarily 

unital) there exists a projection e' E A which is (Murray-von Neumann) 

equivalent to .e ([24]). 

For the unital C*-algebra, let Pn(A) be the set of projections in Mn(A). 

We have natural injections and injective homomorphisms: 

defined by 

respectively. 

Pi(A)-> • • •-> Pn(A) '-----, Pn+1(A)-> • • • 

M,(A)-> · • •-> Mn(A)-> Mn+1(A)-> · · · 

e->effiO 

a->affiO 

Let P(A) = UneN Pn(A), M00 (A) = UneN Mn(A). If a E Mn(A), b E 

Mm(A), we define 

Definition 6.5 For two projections e and f in M00 (A), e is stably equiv­

alent to f (written e ~ f) if e ffi In is Murray-von Neumann equivalent to 
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f ffi In for some n EN. That is, if there exist v and w in M 00 (A) such that 

VW = e ffi In and WV = f ffi In. 

Considering 

Pi(A)--+ Pz(A) --+ · · · 

if e ~ f, then :lv, w E M00 (A) such that 

then 

vw = e ffi h wv = f ffi h for some k. 

(v ffi 0)(w ffi 0) = (e ffi h) ffi 0, 

(w ffi O)(v ffi 0) = (f ffi h) ffi 0. 

By linear algebra, there exists an n x n elementary matrix e' ( n large enough) 

such that e'e' = Inxn and e'((effih)EB0)e' = (ea,0)ffih. Identifying e' with 

it image in M 00 (A) and letting v' = e'(v ffi 0)e', w' = e'(w ffi 0)e' we have 

(e ffi 0) ~(fa, 0). 

Thus, the injective maps preserve equivalence classes. However, the maps 

need not be injective module equivalence. That is, Pn(AY~- P(An+1) /~ 
·need not be injective. 

Proposition 6.6 Let A be a C*-algebra and let e, f be two projections in 

M 00 (A), then e :e f if and only if there exists a unitary u E M
00

(A) such 

that Ad u(e) = f. 
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Proof : Sufficiency. Let v = ue, w = u• f. Then 

vw = ueu• f = ff = f 

wv = u• Jue= u*(ueu*)ue = e. 

Thus 

e ~ f. 

Necessity. Assume vw = e and wv = f for some v, w E Mk(A). Let 

x = evf, y = fwe. Then 

xy = e,yx = f 

and 

exf = xf =ex= x, fye = fy =ye= y. 

Now x•x = fx*xf E f Af, and similarly yy• E f Af (a C*-algebra with 

unit f). 

Moreover: 

( x*x )(yy*) = x*ey• = x'y* = r = f, 

(yy*)(x*x) = y(xy)*x = yex = yx = f. 

So that x•x has inverse yy• in f Af. 



Chapter 6: Basic K0 -Theory of C'-Algebras 80 

Let IY'I = (yy•)½ (by functional calculus) which is the inverse inf Af 

of lxl = (x'x)½. Let u1 = xly'I- Then 

and similarly, 

u~u1 = IY'l"x'xly'I 

= IY'l'lxl2 IY'I 

= (ly'l'lxl)(lxllY'I) 

f'f 

f 

Let u2 = euif and then u; = Ju;e, we have: 

and 

eud = u2 , Ju;e = u;. 

Let 

u = [ u; 
1 

- e ] E M2k(A) 

l - f U2 

then 

u' = [ U2 1 - f ] 
1- e u; 

and u(e EB O)u' = f EB 0. I 
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Corollary 6.7 Let A be a C*-algebra, let e,f E P(A). Then e ~ f if and 

only if there exists a unitaryu E M 00 (A) such that Adu(eEBin) = fEBin for 

some n. 

Definition 6.8 Let A be a unital C*-algebra, and let e, f E Pn(A). e and f 

are unitarily equivalent if there is a unitary u E Mn(A) with Adu( e) = f. 

According to the remark after Definition 6 .4 and to Corollary 6. 7 we 

shall restrict our attention to projections instead of general idempotents, to 

unitaries instead.of general invertible elements sine both two approaches give 

the same results. 

6.2.2 The Definition of Ko 

Let [el denote the stable equivalence class of the projection e in M 00 (A). We 

now consider the set of equivalence classes of projections in M 00 (A) subject 

to addition defined as 

[el+ [fl = [diag( e, f)l = [e EB fl 

= [e' EB f'l if e' ~ e, f' ~ f. 

Now, letting P(A)/~:= {[el[ e E P(A)}, we have an abelian semigroup un­

der addition defined above. From this semigroup we then construct the 

Grothendieck group of P(A)/~. This gives us the abelian group consisting 

of all formal difference [el - [fl of equivalence classes of projections in P(A). 

We denote this group by K 0(A). Hence we have: 
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Definition 6.9 For a unital C'-algebra A, K 0(A) is the Grothendieck group 

of the semigroup of stable equivalence classes of projections in M 00 (A). 

Thus, elements of K 0(A) for A unital can be viewed as formal differences 

[e] - [f] for e and fin P(A). 

Given a unital homomorphism r/> : A -> B from a unital C*-algebra A 

into a unital C'-algebra B, it induces homomorphisms r/>n: Mn(A)-> Mn(B) 

by [ai;]-> [r/>(ai;)], which in turn restricts to a map 

r/>: P(A) ----> P(B) 

Since r/> preserves equivalence and direct sums, it defines a homomorphism 

[r/>] : P(A)/~----> P(B)/~ and thus defines a group homomorphism 

r/>. = K0 ([r/>]) : Ko(A) --> Ko(B) 

satisfying 

¢>,(dime)= dim rp(e). 

Thus K 0 may be regarded as a functor from unital C*-algebras to abelian 

groups. 

In the case where A is not necessarily unital, let A1 denote A with a unit 

adjointed and consider the unital extension 

0 --> A~ A1 ~ C --> 0 
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where 

i : A------> A1 via: i(a) = (a,O) 

<po : A 1 ------> C via: </io( (a,>.)) = >.. 

Now <po indues a map 

thus <po induces 

( </io). : Ko(A1
) ------> Ko(C), 

by : (</io).([e] - [fl)= [(</io)oo(e)] - [(</io)oo(f)]. 

Let K0(A) := ker(</io)., we now define the K 0 group for A non-unital. 

Definition 6.10 For A not necessarily unital 

K 0 (A) := K0(A). 

we observe below that when A is unital, the tow definitions of K 0(A) are 

.naturally isomorphic. The natural homomorphism j : C -> A1 defined by 

j(>.) = (0, >.) induces K 0(C) !..'.; K 0(A1 
). 

And similarly we have 

And since C _i_, A 1 ~ C is the identity. So 
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is the identity map, hence 

K0(A1
) e"' K0(A) EfJ Ko(C). 

And so, we have for A unital 

Ko(A) = ker( ,Po), 

= ker((ef,0),: K0 (AE9C)--+ K0(C)) 

e"' ker(Ko(A) EfJ K0(C) --+ K0(C)) 

= K 0 (A), in the unital sense. 

84 

This K 0 (A) defined by .K0(A) is called reduced K 0 • However, because of 

.K0 (A) = K 0(A) for unital A, we continue to use simple K 0(A) where it is 

understood to which definition we refer, based on the algebra A. No confusion 

should arise. 

Example 6.11 K0(C) = Z and K0(Mn(C)) = Z. 

Let A= Mn(C), hence we have the natural isomorphism 

Then if e,f E P(A) with e ~ f, then e EfJ In is Murray-van Neumann equiv­

alent to f EfJ In for some n. Hence by linear algebra, we have 

rank (e EfJ In) = rank e + n 

rank (f EfJ In) = rank f + n 
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and since rank ( e EB In) = rank f EB In, 

rank e = rank f. 

Also, if rank e = rank f, then we can construct matrices v and w such that 

vw = e and wv = f so that e ~ f. 
Hence projections in M 00 (A) are equivalent if and only if they have the 

same rank. Thus we may well define a homomorphism 

dim: Ko(Mn(C))-----+ Z 

by [e] - [f] = rank (e) - rank (f). 

The map dim is injective, since if dim([e]-[f]) = 0 then rank (e) = rank (f) 

and e ~ f, i.e., [e]-[f] = 0. dim is obviously surjective since 1 = rank([11]). 

Thus we have that 

and 

Ko(C) ~ Z. 

Similarly we have 
r 

Ko(~ Mv,(C)) ~ Z'. 
k=1 

Motivated by this example, we shall define a dimension function for a gen-

eral C*-algebra A and we could regard K 0(A) as a "generalized dimension" 

group. 
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6.2.3 The Dimension Function 

Let A be a unital C*-algebra, for any projection e E Pn(A), we have 

e EB 000 E P(A) 

so 

0([e EB 000 ]) = [e Ell 000 ] - [O] E Ko(A). 

where 0 is the natural map from P(A)/~ into K0(A) as in Definition 6.1. 

We define the dimension function 

dim: Un Pn(A) __, Ko(A) 

via: e--> 0([e El) 000]) 

If A is not unital, considering the short exact sequence: 

0 --, A _i__, A1 ~ C--, o, 

it reduces: 

and 

0--> K0(A) ~ Ko(A') ~ Ko(C)--> 0, 

where Ko(A) = Ko(A). For e = [ei;] E Pn(A), 

in(e) = [(ei;,O)] E Pn(A), 

then (</>o)n o in(e) = O(thus dim P(A) ~ Ko(A)). 

86 
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It follows then that 0( i00 [e(l)000 ]) which is in K 0(A 1 ), is actually in K0(A). 

We may define the dimension function dim the same as for unital algebras: 

dim: UnPn(A) -+ Ko(A) 

by : e -+ 0( i 00 [ e (l) 000]). 

6.2.4 Ko as a Functor 

Given arbitrary c• -algebras A, B and a homomorphism <p : A ---> B we have 

a unital homomorphism 

¢1 : Al -+ Bl 

by: ( a, A) -+ (¢(a), A). 

Since the diagram 
Al P.o C 

¢11 lid 

Bl P.o C. 
is commutative, we have 

K 0(A 1
) z 

¢;I lid 

K0 (B 1
) z. 

Hence ¢; restricts to a homomorphism 

¢. : Ko(A) -+ K0(B). 

Thus K 0 may be regarded as a functor from (not necessarily unital) C•= 

algebras to abelian groups. 
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6.2.5 The Order Structure of Ko(A) 

Let A be a C* -algebra, define 

K0(A)+ := dim(P(A)) 

and let 

A(A) = dim(Pi(A)) 

{dime: e E P1(A)} <:;; Ko(A). 

Generally speaking, K 0 (A)+ does not satisfy the Definition 5.1 (cf. [2], 6.3). 

For instance, if A= C0 (R2 ), then K0(A) = Z and K 0(A)+ = {O}. Further­

more, an ordered group should be torsion free but K0 (A) could have torsion 1. 

But, we still say that a homomorphism <p : K 0 (A1) ----> K 0(A2 ) is positive if 

</>(K0 (A1 )+) <:;; K 0 (A2 )+, where A1 , A2 are two C*-algebras. And we still call 

A(A) a scale of K 0(A). 

However in particular cases, K 0 (A)+ can be a positive cone on K 0 (A). 

Here is an Example: 

1 For example, for the high projective space 'R-P3 = S 3 / ~, where 

S 3 = {(x,y,z,t) E 'R-4
: x2 +y2 +z2 +t2 = 1} 

and iii~ jjiffiii= ±jj, K0 (C('R-P3 )) 2:cZEBZ, ([24]). 
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Example 6.12 The K0 (C)+, K0(Mn(C))+ are ordinary ordering on Z. 

In particular, 

Ko(Mn(C))+ = dim{e: e E P(A)} 

= {ll([e]) : e E P(A)} 

"" {rank([e]): e E P(A)} 

z+. 

Similarly, we have: 
r 

Ko(LEB Mp.(C)j+ ~ (Z')+. 
k=l 
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I 

Remark 6.13 If A is an AF algebra with A= U An, then ~(A) is isomor­

phic to ~(U An). In fact, given E: > 0 and a projection in A, since A is the 

norm closure ofLJ An and by Lemma A.1, there exists a projection fin U An 

such that 

lie - fll < E:. 

If e1 ~ e2 , there exists u E Mk(A) for some k with ad u(e1 ) = e2 (in Mk(A)). 

Choose fi,f2 in UAn with llf1 - e1II < E:, llfi - e2II < E:. We may assume 

that ad u(f1 ) is orthogonal to f 2 ( otherwise we can choose a 2k x 2k unitary 
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matrix w such that w(uf1u* EB Ok)w• = Ok EB uf1u*). Now, if e < ½ 

< 2e:<1. 

Thus ad (!1 ) = f 2 • On the other hand, if f 1 is unitarily equivalent to f 2 in 

Mk(U An), then they are unitarily equivalent in Mk(A). Therefore A(A) ~ 

A(UAn)-

6.3 An Application to AF Algebras 

Our task in this section is to show that the "dimension group" which arose 

in the preceding chapter is actually just the K 0 group. Using K-theory, 

dimension groups for AF algebras may be.easily computed. The main result 

of this section is that any two AF algebras A and B are isomorphic if and 

only if there is an isomorphism ·from K 0(A) onto K 0(B) carrying A(A) onto 

A(B). 

Let A be an AF algebra with A= (UAn)- Then the system 

determines 
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where <Ti; = (<f,i;),. And the An 1'n= A determines Ko(An) (~• Ko(A) for 

each n. Thus we have a unique homomorphism >.: 

We shall prove that >. is an isomorphism. 

Lemma 6.14 If A is a unital AF algebra with unital approximating system 

{An}, then given projections e, f E An for some n and a unitary u EA with 

Ad u( e) = f, there exist Am 2 An and a unitary w E Am with Ad w( e) = f. 

Proof : For the e, f and u in the condition, we choose Am 2 An and a 

unitary v E Am with llu - vii < ½, Then, 

IIAd v(e) - !II II Ad v(e) - Ad u(e)II 

llvev' - ueu'II 

< llvev' - veu' + veu' - ueu'II 

< llvell llv' - u'II + llv - ull lleu'II 

< 1, 

and since Ad v(e) and f are both projections in Am, by Lemma A.3 

there is a unitary v' E Am with 

Ad (v'v)(e) = Ad v'(Ad v(e)) = f. 



Chapter 6: Basic K 0 -Theory of C'-Algebras 92 

Let w = v'v and we complete the proof. I 

Lemma 6.15 If A is a unital AF algebra such that e, f and g are projections 

in A with e1-g, f 1-g, and e+g unitarily equivalent to f+g, then e is unitarily 

equivalent to f. 

Proof: Since C'(e,g, 1), C'(f,g, 1) are finite dimensional, by Lemma 4.3, 

we may choose an integer n and unitaries u, v E A such that 

Adu(e+g)EAn, Adv(f+g)EAn, 

Since Ad u(e)+Ad u(g) and Ad v(f)+Ad v(g) are unitarily equivalent 

in An, by Lemma 6.14 they are unitarily equivalent in Am for some 

m ?: n. But unitary equivalence is determined by the rank in a matrix 

algebra, it is clear that Ad u(e) and Ad v(f) are unitarily equivalent 

in Am, and thus e and f are unitarily equivalent in A. I 

Theorem 6.16 If A is an AF algebra with approximating system {An}, the 

map 

is an isomorphism. 

Proof : First, assume that A is unital. 

Given g E P(A) , then since dim is onto, g = dimAe with some e E 

Pk(A) for some k. Since Mk(A) is the inductive limit of {Mk(An)}, by 
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Lemma 6.14, there exist a unitary u E A and integer n such that: 

Thus e 1s stably equivalent to a projection (still denoted by e) m 

We have 

thus 

hence ,\ is surjection, since P(A) generates Ko(A), 

Given an element g E limK0 (.A,,) with >.(g) = 0. There exists An and -
9n E Ko(An) with g = O"noo(9n)• Then 

Let 9n = [el- [fl E Ko(An), it follows that [el- [fl is stably equivalent 

to 0 = [0l - [0l in K 0(A), i.e., for suitable k, e EB 0oo EB h, f EB 0oo EB h 

are Murry-von Neumann equivalent and hence unitarily equivalent. 

Since M00 (A) is an AF algebra, by Lemma 6.15 we have that eEB000 , /EB 

000 are unitarily equivalent. By Lemma 6.14 e EB 01 f EB 01 are unitarily 

equivalent via some unitary matrix over Am for some m 2:: n. Thus it 

follows that [el - [fl is stably equivalent to [0l - [0l in K 0(Am), i.e., 

(¢,nm).(gn) = 0 in Ko(Am) and g = 0. Therefore,\ is injective. 
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If A is not unital, we consider the following diagrams: 

From 

0 -Ko(An) -Ko(A;,) -Z-0 _, 

lid 

0 -Ko(An+i) -K0(A;,+1) -z -o 

we have 

is exact. Thus we have: 

0 - limK0 (An) - limKo(A~) - Z - 0 
~ ~ 

lA lid 

0 -Ko(A) -K0(A1
) -Z-0 

and we just proved that the A is isomorphism. Since the right-hand 

square commutes, we restrict A to an isomorphism from limK0(An) 
~ 

onto K 0(A). This is required. I 

Remark 6.17 For AF algebra A= (UAn), by Theorem 6.16, every class in 

K0 (A) is the image of a class in K0 (An) for some n. On the other hand, 

we have dim P(A) <:;; K 0(A). Moreover K0 (A) is generated by the classes of 

elements in P(A). Since for each An, K 0 (An) is isomorphic to a simplicial 



Chapter 6: Basic K 0 -Theory of C' -Algebras 95 

group, thus by Remark 5.10, Remark 6.13 and the proceding theorem, it fol­

lows that K 0 (A) is the dimension group for A with a scale dim P(A), which 

arose in the preceding chapter. 

Corollary 6.18 If AF algebra A is the (G'-algebra) inductive limit of the 

direct system (5.4), then K0 (J4) is (isomorphic to) to scaled dimension group 
I 

of (5.5). i 
I 

Corollary 6.19 Let A and iB be two AF algebras, then the following are 

equivalent: 

(1) A is isomorphic to B; I 

(2) Any two dense AF sub~lgebras of A and B respectively are isomorphic; 
I 

I 

(3) K 0 (A) is isomorphic to K 0(B) as scaled dimension groups. 
I 

Proof : By Lemma 5.7, Remark 6.13, Theorem 6.16, Remark 6.17, the 
I 

results are automatic. 1 I 
I 

Reference: [2], [9], [11], l24], [28]. 
I 

I 

' 



Chapter 7 

An Example 

We have seen that AF algebras are classified by their scaled dimension groups. 

The classification problems include the computations of the dimension groups 

and the determination of the scales. Usually the dimension groups of AF 

algebras are given as inductive limits, and their algebraic constructions can be 

read from the Bratteli diagrams, but the intrinsic definition of the dimension 

groups of given AF algebras are always attractive. Here we shall compute 

the dimension group of the algebra in Example 3.20. 

The algebra A in Example 3.20 is the inductive limit of 

n 

{La) Mc(n,k)}, 
k=O 

where c( n, k) = k!(,;':.k)! are the binomial coefficients. Letting 

we have 

n 

An = La) Mc(n,k), 
k=O 

A= (UAn)-

96 



Chapter 7: An Example 97 

The Bratteli diagram is 

c(O,O) 

~ 
c(l,O) c(l,1) 

~ 
c(2,0) c(2,1) c(2,2) 

c(3, 0) c(3, 1)_. _c(3, 2) c(3, 3) 

By [4] (3.3, 5.5), the ideal Jc(n,m) of A ( Jc(n,m) -f, {O}) is represented by 

"pyramids" on the diagram, starting from c( n, m) : 

c(n,m) 

/ ~ 
c(n+l,m) c(n+l,m+l) 

/~/~ 
c(n + 2,m) c(n + 2,m + 1) c(n + 2,m + 2) 

/~/~/~ 

Thus 
+oo m+k 

Jc(n,m) = LJ ( Lal Mc(n+k,j))• 
k=O j=m 

n n 

The center of An = ~ lvfc(n,k) is G(An) = ~ >.kic(n,k), where >.k E C and 
k=O k=O 

Ic(n,k) is the c(n, k) X c(n, k) identity matrix. 
n 

From the Bratteli diagram, ~ >.klc(n.k) is embedded into An+l as 
k=O 

n 

Aolc(n+l,O) EB [Lal().kfc(n+l,k) EB Ak+1Jc(n+1,k+1))] EB Anlc(n+l,n+l)· 
k=O 

Thus it is in C(An+1 ) if and only if >.a= >. 1 = ···=An. 
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We claim that the center C(A) of A is the scalar multiples (thus C(A) is 
n 

the inductive limit of {2)9 >.Ic(n,k) : >. EC}!~)-
k=O 

C(A) is a commutative C*-algebra, then by the Gelfand Transformation, 

it is isometrically *-isomorphic to C(G(A)) the set of all continuous functions 

on some Hausdorff space (the maximal ideal space). To prove the claim, it 

is sufficient to show that G(A) is just one-point set. Assume x1 , x 2 E G(A) 

with x1 c/ x 2 , then there exist two disjoint open sets U1 ,U2 containing x 1 ,x2 

respectively. Let 

I, = {f : f continuous and f( x) = 0 for x rt U1} 

I 2 = {f : f continuous and f( x) = 0 for x rt U2 }. 

Then [ 1 and [2 are two ideals of C(G(A)) with [1[ 2 = {O}. 

Identifying I 1 ,I2 to be ideals of G(A), and letting: 

we have two ideals in A. We observe that J1 • J2 = {O}: 

For any a E J1 , b E J2 , we may assume 

n, 
a,- LA7a7, 

i=l 

1, 2, .... 

Then since >.tµ,} = 0, we have ab= 0 since the >.'sand µ,'s are in G(A). 

Thus J, · J2 = {O}. But from the Bratteli diagram: 
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J1 · J2 can not be {0}. The contradiction proves the claim. 

Next we show that the dimension group of A is isomo.rphic to P[t], the 

algebra of polynomials in t with integer coefficients with usual addition and 

the positive cone {f: f(t) > 0, Vt E [O, 1]}. In what follows, we shall denote 

by Pn[t) all those polynomials with degree less than n. 

By Example 6.12 and Corollary 6.18, we have that the dimension group 

of A is the inductive limit of 

Z !::!.+ ZEtlZ ~ ZEtlZEtlZ ~ ···· 

The rp's are the same matrices as in Example 3.20. 

Given n EN, we define a map 'Pn, 

n-l 
by : (z1, ··.,Zn) ---t LZk+itk(l - tr-l-k. 

k=D 

For m = 1, 2, ... , n, by binomial theorem and assuming that c( n, k) = 0 if 

k < 0 or k > n we have: 

1 [t + (1 - t)j(n-1)-m 

then we have 

n-l 
tm = L c(n -1- m,k - m)tk(1-tr-l-k 

k=D 
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and similarly we have 

n-l 

(1- tr= L c(n -1- m,k)tk(1-tr-1-k, 
k~o 

Denoting tk(l-tr-k by T(n,k), n EN, andk = 0,1, ... ,n, it fol­

lows that {T( n, k) : n E N, and k = 0, 1, ... , n} generates P[t]. For fixed 

n EN, T(n,k)'s are linearly independent. In fact, if there exist integers 

a0 , ••• , an such that for any t E 'R,: 

we have a0 = 0 since it is the coefficient item if we expend the left hand side 

of above equation (or let t = 1). Thus, we have 

therefore 

thus a1 = 0. By induction, we have all a; = 0, 1 ~ i ~ n. Therefore it 

becomes obvious that ,/Jn defined above is an isomorphism. 

Moreover, using 

T(n,k)=T(n+l,k)+T(n+l,k+l), 

tive limit of {Pn[t]}. The tedious computation shows that the direct system 

{Pn[t]} is isomorphic to {Zn} under the map ,jJ = {,/Jn}. 
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We define f > 0 if and only if there exists n E N such that the coefficients 

Zk+I of the expansion 
n-1 

1 = z:= Zk+,tk(1 - tr-k 
k=O 

are nonegative (if and only if every zk in (z1 , ••• , Zn) is nonegative.) 

However, if f(t) > 0 fort E [0, 1], we have f > 0. In fact, given 

we have a sequence of {fn} convergent to f uniformly on t E [0, 1], where 

For n large enough, fn(t) > 0 'eft E [0, 1]. Then 

and, 

c(n _ l k) '<"'P a k(k-1) .. •(k-m+I) 
' L,m=O m (n-l)(n-2)··•(n-m) 

- c(n - 1 k)f (!E.)_n_ 
' n n n-m 

> o, 

i.e., f > 0. 
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If f > 0 then J(t) > 0 fort E [0,1], then we conclude that P[t] is 

(isomorphic to) the dimension group of A with the positive cone {f: f(t) > 

0 Vt E [0, 1]} . 

Reference: [4], [25]. 



Appendix A 

Some Analytic Results About 
Concrete C*-Algebras 

We shall need the following lemmas which are proved in [15]. 

Lemma A.I Let e > 0. There is a 8 = 8(e) > 0 such that if A is a (]'. 

algebra acting on a Hilbert space H, if e is a projection on H and if there is 

an a EA with 11 e- all < 8 then there is a projection f EA with lie - !II < e. 

Lemma A.2 Given e > 0 and n E N, there exists a 8 = 8( e, n) > 0 such 

that if A is C'-algebra with { e;}f;1 a family of projections in A for which 

II eiej II < 8 for i c/ j, then there is an orthogonal family { e\}f;1 of projections 

in A, with lie: - e;II < e. 

Lemma A.3 If { e;}f;1 and {fi}f;1 are each orthogonal families of projec­

tions in a C'-algebra A, and if lie; - fill < 1, then there is a partial isometry 

w E A such that e;w fi is a partial isometry from fi to ei. If e > 0 there is 
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a 8 = 8(0,n) > 0 such that if lie; - fdl < 8 then w can be chosen so that 

lie, - e;wf;II < €. IJI:,; e, = IA then w can be chosen so that lllA - wll < €. 

Lemma A.4 Given e > O,there is a 8 = 8(e:) > 0 with the following property: 

let A be a C"-algebra acting on a Hilbert space H. Let e1 and e2 ( respectively 

ft and h) be orthogonal projections in A ( respective/!) operators on H ). 

Suppose that II e, - fdl < 8, i = 1, 2 and suppose that there is a partial isometry 

v from ft to h and an a E A such that llv - a[I < 8. Then there is a partial 

isometry w E A from e1 to e2 and llv - wll < e. 
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