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Graph Saturation
Let G and H be graphs. Say G is H-saturated if:

1. G contains no copy of H ;

2. Adding any edge to G creates a copy of H .

Examples:

is

K3

-saturated.

is

K4

-saturated.

The saturation number sat(n, H) is the minimum number of edges in

an H-saturated graph with n vertices.

Your Turn: Which of the following graphs are
P4

-saturated?

Figure 1

Proper Rainbow Saturation
An edge-colouring is proper if any two

edges that share a vertex receive differ-

ent colours.

An edge-colouring is rainbow if every

edge receives a different colour.

Let G and H be graphs. Say G is properly rainbow H-saturated if:

1. There exists a proper edge-colouring of G that contains no

rainbow copy of H ;

2. For any non-edge e ∈ E(G), every proper edge-colouring of

G + e contains a rainbow copy of H .

The proper rainbow saturation number sat∗(n, H) is the minimum

number of edges in a properly rainbow H-saturated graph with n

vertices.

Examples
e

is properly rainbow

K3

-saturated.

e

is not properly rainbow

K4

-saturated.

Original Results:

· · ·

qK4︷ ︸︸ ︷ Kr

Figure 2

Theorem 1. The graph in Figure 2 is properly rainbow K4-saturated.

Corollary 2. For all n ≥ 7, sat∗(n, K4) ≤ 7n
2 − 6.

Your Turn: Which of the graphs in Figure 1 are properly rainbow

P4

-saturated?

Trees

Prior Results:

Theorem 3 ([2]). For n ≥ 16,
⌊4n

5
⌋

≤ sat∗(n, P4) ≤ 4n
5 + 14c

5 , where

0 ≤ c ≤ 4 and c ≡ −n (mod 5).

For any k ≥ 4, let T ∗
k = .

.

.

k − 2

(note
T ∗
4

=
P4

).

Theorem 4 ([4]). For k ≥ 5 and n ≥ k + 2, sat(n, T ∗
k ) = n −

⌊
n+k−2

k

⌋
.

Original Results:

Theorem 5. For k ≥ 4 and n ≥ k,

sat∗(n, T ∗
k ) = sat(n, T ∗

k+1) = n −
⌊

n+k−2
k

⌋
.

Corollary 6. sat∗(n, P4) =

d4n
5 e, n ≡ 1 (mod 5),

b4n
5 c, otherwise.

Let Pk be the path on k vertices (e.g. P5 = ).

Theorem 7. For n ≥ 9,

n−1 ≤ sat∗(n, P5) ≤


n − 1, n ≡ 1 or 2 (mod 9),
n, n ≡ 0 or 3 (mod 9),
n + 1, otherwise.

General Bounds
Prior Result:

Theorem 8 ([2]). If H contains no induced even cycle, then there exists

a constant C such that for all n, sat∗(n, H) ≤ Cn.

Original Results:

Proposition 9. For any graph H , there exists a constant C such that for

all n, sat∗(n, H) ≤ Cn.

Let Kk be the complete graph on k vertices

(all edges between vertices are present).
K5

Theorem 10. There exist constants C1, C2 such that for all k ≥ 4 and

n ≥ C1k
3/ ln k,

(k − 2)(n − k + 2) +
k − 2

2

 ≤ sat∗(n, Kk) ≤
(1

4
+ C2

ln k

)
k3n.

Theorem 11. For all k ≥ 6 and n ≥ k,

n −
⌊
n − 1

k

⌋
− 1 ≤ sat∗(n, Pk) ≤

k

2
− 1

n.

Graphs with an Isolated Edge
Prior Result:

Theorem 12 ([8]). There exists a constant C

such that sat(n, H) ≤ C for all n if and only if

H has an isolated edge.
sat(n,H) ≤ C sat(n,H) 6≤ C

Original Results:

Theorem 13. If H does not have an isolated edge, then there exists

C > 0 such that sat∗(n, H) ≥ Cn for all n > 1.
Question 14. Is it the case that for any graph H with an isolated edge,

there exists a constant C such that sat(n, H) ≤ C for all n?

Let mK2 = · · ·

m︷ ︸︸ ︷
and K1,m ∪ K2 =

· · ·
m︷ ︸︸ ︷

.

m = 3 m = 4

Theorem 15. For m ≥ 3 and n ≥ m2,

we have sat∗(n, mK2) ≤ 3m(m−1)
2 .

Theorem 16. For allm ≥ 1 and n ≥ m+7,
we have sat∗(n, K1,m ∪ K2) = m + 3.

m = 3m = 2
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