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ABSTRACT

We elaborate upon the Herty-Illner macroscopic traffic models [1, 2, 3]

which include special non-local forces. The first chapter presents these in relation to

the traffic models of Aw-Rascle [4] and Zhang [5], arguing that non-local forces are

necessary for a realistic description of traffic.

The second chapter considers travelling wave solutions for the Herty-Illner

macroscopic models. The travelling wave ansatz for the braking scenario reveals a

curiously implicit nonlinear functional differential equation, the jam equation,

whose unknown is, at least to conventional [6, 7] tools, inextricably self-argumentative!

Observing that analytic solution methods [8] fail for the jam equation yet succeed

for equations with similar coefficients raises a challenging problem of pure and ap-

plied mathematical interest. An unjam equation analogous to the jam equation

explored by Illner and McGregor [9] is derived.

The third chapter outlines refinements [3] for the Herty-Illner models [1, 2].

Numerics [10, 11, 12] allow exploration of the refined model dynamics in a variety

of realistic traffic situations, leading to a discussion of the broadened applicability

conferred by the refinements: ultimately the prediction of stop-and-go waves.

The conclusion asserts that all of the above contribute knowledge pertinent to

traffic control for reduced congestion and ameliorated vehicular flow.
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Chapter 1

Analysis Of Traffic Models

Vehicular traffic flow refers to the spatio-temporal interplay between road networks,

traffic control technology, vehicles, and drivers. Traffic flow is studied to enhance

road network design, in order to reduce congestion and improve the flow of vehicles.

Since the behaviour of individual drivers can trigger traffic jams, driver behaviour is

an aspect contributing to the complicated features of traffic phenomena.

An important phenomenon indicated by both theoretical [13] and empirical [14]

traffic studies is the existence of a traffic density threshold or bifurcation point above

which the flow becomes unstable, whereby minor disturbances result in large moving

jams. Drivers react to the braking of those ahead, in turn, triggering others behind to

brake. Since this thesis is largely concerned with the elucidation, from macroscopic

traffic models, the characteristic profiles of such jams moving along road segments,

such braking cascades represent the primary object of interest. Studied in the three

chapters are the following: 1) the existence of moving jams 2) the functional equa-

tions resulting from the existence question, and finally 3) the numerical existence

of oscillations (stop-and-go waves) representative of the concatenation of successive

(idealized) braking waves with acceleration waves (such oscillations are both expected

and observed).

The existence of travelling wave solutions has been postulated for a number of

macroscopic traffic models, possibly giving closed form solution formulae [13]. A

highlight of the work of Herty and Illner [1, 2] is an innovative non-local interac-

tion term, well motivated through reasonable modelling assumptions; in contrast

the force terms presented by many authors are developed, arguably, in questionably

close analogy to fluid mechanics. The novelty of Herty and Illner’s force term is the

non-locality arising from modelling the reaction of drivers to their observations some
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distance ahead. Although the non-locality introduced makes the system harder to

solve, they argue that this kind of non-locality is an essential aspect of traffic flow

that should not be neglected.

That the non-locality is necessary is Herty and Illner’s thesis, which is put forward

in the first chapter. Here macroscopic traffic models are introduced with explanation

of their relationship with both microscopic [15] and kinetic (mesoscopic) [16] traffic

models. The Herty-Illner [1, 2] macroscopic traffic models related to those of Aw-

Rascle [4] and Zhang [5] are presented, for which truncation of the system by Taylor-

expansion yields an equation of Hamilton-Jacobi type (with diffusion): thus the Herty-

Illner macroscopic traffic model generalizes the well known model of Aw-Rascle [4]

and Zhang [5]. This simplified model is investigated qualitatively and quantitatively

for regimes of accelerating and braking traffic.

The second chapter develops functional equations arising from the application

of a travelling wave ansatz to the Herty-Illner [1, 2] macroscopic traffic model. In

addition to the braking case considered in [1, 2, 9] the existence of travelling wave

solutions is considered for the acceleration case of the macroscopic traffic model.

By the travelling wave ansatz, the fully non-local model yields a curiously implicit

nonlinear functional differential equation (the jam equation) whose unknown function

refers to itself as its own argument; thus the unknown is difficult to resolve, at least

using the conventional methods for delayed functional differential equations [6, 7]

which do not treat the case of functional iteration of the unknown. The observation

that analytic solution approaches [8] fail for the jam equation while succeeding for

equations with almost the same coefficients raises a challenging problem of pure and

applied mathematical interest.

The third chapter introduces a refined Herty-Illner macroscopic model [3] and

associated numerics adapted by Herty from Leveque [10, 11, 12]. The refinements

[3] extend those given to the original model [1] in [2]: the usual non-local term

(representative of driver interaction) is augmented and reconciled with a relaxation

term (representative of free-flow dynamics). The model refinements and associated

numerical experiments demonstrate a realistic description of traffic dynamics which

predicts that stop-and-go waves will form.
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1.1 Introduction to Traffic Modelling

Three approaches to traffic modelling are prominent in the literature: microscopic,

kinetic (mesoscopic), and macroscopic [17, 18, 19]. The importance in bringing at-

tention to each of them is due to their complementarity: for consistency with our

experience, a model corresponding to one descriptional stratum should ideally be

fully representative of the situations at the other strata. This points to a statement

of models that may be outside the usual distinctions between scales.

Microscopic models, the most detailed, evolve the system according to Newton’s

law, accounting for each car on an individual basis. Typically this is accomplished

with a system of differential equations: one equation for each car. The couplings

between the equations represent the interactions.

The coarser mesoscopic or kinetic approaches account for groups of cars with the

same kinetic parameters: that is, they study the number of cars at a given time,

position, and speed, through a distribution function f(t, x, v), which evolves over

time according to a kinetic transport equation [20]. Not limited to the description

of human behaviour, the kinetic equation framework may provide an avenue for the

discussion of the collective behaviour of other species [21].

Macroscopic models, coarser still, do not even track groups of cars, instead mod-

elling the traffic flow as a continuum, by way of macroscopic variables. Macroscopic

models typically consider the density of cars ρ(x, t) and speed of cars u(x, t) as a

function of time and space; these quantities evolve according to partial differential

equations. Here attention is mostly directed to macroscopic models. Next, examples

are reviewed to introduce all three model types.

1.1.1 Microscopic Models

The microscopic modelling strategy prescribes the forces acting on the cars, so that

the systemic evolution is governed by Newton’s law:

F = m · ẍ(t)

from which successive integrations may be used to derive ẋ(t) and x(t). Beyond the

usual study via ordinary differential equations, the possible inclusion of a reaction time

τ promotes the investigation to the realm of differential delay equations. A number of

cars being situated along a one dimensional road, an example of a microscopic traffic
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model [15] formulated from Newton’s law is

ẍi(t+ τ) = g

(
1

xi−1(t)− xi(t)

)
[ẋi−1(t)− ẋi(t)] (1.1)

where the indices i progress from 0 up to n − 1 to represent n cars (0 is the index

of the leading car). According to (1.1) the accelerating force on the car with index i

is proportional to the relative speed with respect to the car ahead: [ẋi−1(t) − ẋi(t)].
Therefore a driver attempts to match the speed of the car ahead. Also in (1.1)

the assumed dependency of the accelerating force is in direct proportion with some

function g(·) of the density ρi(t), where the so-called density ρi(t) refers directly

to the reciprocal of the distance to the car ahead 1
xi−1(t)−xi(t) . The function g(·) is

chosen so that cars respond to high density (low density) situations with deceleration

(acceleration). In the presentation of this model [15] Illner notes that passing or

collision events are outside the domain of applicability.

1.1.2 Mesoscopic (Kinetic) Models

Rather than tracking the position and velocity of individual cars, mesoscopic (ki-

netic) models track the position and velocity of infinitesimal density elements. This

is accomplished by a dynamical system which temporally evolves a probability den-

sity f(x, v, t) valued in displacement, velocity, and time. Moreover this evolution is

typically accomplished using partial differential equation models as used in the dy-

namics of statistical physics (e.g. Boltzmann and Boltzmann-like equations) in the

continuous context. Such probabilistic approaches lead to the consideration of the

following interpretations:

• In a traffic model, cars of different velocities might occupy the same space.

• Since the treatment of interactions (for example, lane changing in multi-lane

traffic models) is probabilistic, the model effectively tracks (simultaneously)

the system’s evolution through all possible traffic scenarios.

• Then (as with quantum mechanics) kinetic models often are interpreted by

taking statistical moments, for qualitative study of dynamics from the model.

• Such traffic dynamics patterns as represented by statistical moments are rep-

resentative of aggregated (collective) behaviour of the possible traffic dynamics

patterns that the model rules admit.
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• Finally, as we shall see, applying a “synchronized traffic” assumption (local

similarity of velocities) results in a macroscopic model being derived from a

kinetic one.

For illustration a brief overview of the Vlasov-Fokker-Planck traffic model [20], a

kinetic traffic model, is provided. This pertains to the macroscopic models to be

considered [1, 2] since Herty and Illner derive them [1, 2] from the same type of

kinetic model [20]. De temps a temps, Macroscopic models have been (sometimes

rightfully) dismissed as mere (poor) analogies with fluid dynamics. Accordingly, the

derivation of a macroscopic model from a kinetic one puts the macroscopic model on

a first-principles basis that allows direct statistical interpretation demonstrating the

sound basis of the macroscopic model in terms of interaction rules between individual

cars (the basis of all traffic models). The advantage of the macroscopic approach is the

applicability of analytic (continuous) methods to study qualitative traffic behaviour.

Vlasov-Fokker-Planck model for high density traffic

The Vlasov-Fokker-Planck model [20] is a partial differential equation describing traf-

fic dynamics, as represented by the unknown kinetic density function fi(t, x, v). As

the model is applicable to multi-lane traffic flow the i−subscript denotes the lane in-

dex. The solution of the system is thus, for each lane i, a vehicular density associated

with the time t, displacement x, and velocity v > 0. For a two lane system (i ∈ 1, 2)

the model equation is (where k = 3− i denotes the index of the other lane):

∂tfi + v∂xfi + ∂v(B[fi] · fi −D[fi] · ∂vfi) = pk[fk] · fk − pi[fi] · fi. (1.2)

Aside from the usual transport terms, ∂v(B[fi]fi −D[fi]∂vfi) represents interactions

between cars: B[fi] is the braking/acceleration force, D[fi] is an optional diffusion

term, and pk[fk] · fk − pi[fi] · fi represents the effects of lane changing. We note that

multi-valued fundamental diagrams may be obtained from this model if equilibrium

states are assumed.

Although multi-lane traffic models could be studied (in deriving a macroscopic

model from the kinetic model there would be, in correspondence with the lanes,

a family of systems of equations like (1.20)) we are concerned here single-lane (or

lane-homogenized) traffic models. To this end, the single-lane (or lane-homogenized)

version of (1.3) is considered:



6

Vlasov model for single-lane (lane-homogenized) traffic

The Vlasov [1] model for single-lane or lane-homogenized traffic flow is:

∂tf + v∂xf + ∂v(B(ρ, v − uX)f) = 0 (1.3)

which, relative to the predecessor (1.2), has the following simplifying modifications:

• The i−index is lost, since the density refers to single-lane (or lane-homogenized)

traffic.

• The diffusion and lane-changing effects are omitted.

• The dependency of B(ρ, v − uX) will be made specific.

Relative to (1.2), B(ρ, v−uX) depends on the macroscopic density ρ(x, t) rather than

f(x, v, t). The density ρ and relative velocity v − uX terms upon which B(ρ, v − uX)

depends, we shall elaborate upon imminently. The dependence of B(ρ, v− uX) upon

the macroscopic quantities ρ and uX is realistic, necessary for consistency, and makes

possible the derivation of a macroscopic model (1.20) from the kinetic model.

Derivations of macroscopic models from kinetic models are represented in the

literature: in [16] the lane-homogenized version of the kinetic model [20] is used to

derive a macroscopic model of Aw-Rascle-Zhang type. In [1, 2] the lane-homogenized

version of the kinetic model [20] is used to derive a generalized macroscopic model of

Aw-Rascle-Zhang type.

1.1.3 Macroscopic Models

In the conventional interpretation, Macroscopic models do not take account of in-

dividual cars but model the flow of cars as a continuum [22]. The popularity of

macroscopic models has been hindered somewhat due to a historical tendency to in-

correctly develop them in too close of analogy with fluid models: Helbing [23] details

these and other criticisms.

The continuous variables involved are termed macroscopic: ρ = ρ(x, t) is the

density, u = u(x, t) is the speed. The conventional understanding of these variables is

that they are sufficient to describe the traffic system on the grand (macroscopic scale)

since they indicate where the cars are, and how fast they are moving. The mass flux,

given by j = j(x, t) = ρ(x, t)u(x, t) indicates the quantity of cars moving through an

infinitesimal point in unit time.
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It is important to discuss in general the interpretation of the macroscopic variables

before proceeding to the models, since this interpretation is really what breathes life

into them.

Interpreting The Macroscopic Variables

As in [3] when numerically representing macroscopic variables density and speed

(ρ and u) might typically be evaluated at intervals representative of stretches of

the road corresponding to 20 to 100 meters. Illner [3] notes the propensity for the

traffic literature to omit careful discussion of the meaning of ρ and u, a phenomenon

leading to substantial misunderstanding among researchers in the traffic community.

The usual definition of the macroscopic variables ρ and u with respect to a kinetic

(mesoscopic) density f(x, v, t) (valued in space, velocity, and time):

ρ(x, t) =

∫
f(x, v, t) dv

(ρu)(x, t) =

∫
vf(x, v, t) dv

corresponds to (as referred to in the continuum physics community) the mean field

limit i.e. (in the case of ρ) ρ being the limit as ∆x→ 0 so that ρ(x)∆x refers to the

particlate quantity within [x, x+ ∆x].

That is, density corresponds to the average number of particles (i.e., cars in the

context of traffic modelling) in an interval of length ∆x. As Illner indicates [3], this

interpretation necessitates that the interval is representative of a large quantity of

particles (cars), hence the prescription that ρ and u be studied relative to intervals of

magnitude on the order of hundreds of meters (or more); moreover, this interpretation

effectively banishes macroscopic models from representation of small-scale features

(and dismisses any smaller scale features that might emerge as artifacts).

The alternative interpretation of macroscopic variables ρ, u which Herty and Ill-

ner adopt [3] to avoid the last (problematic) interpretation, states that ρ should be

interpreted as a (local) estimate of the vehicular density, e.g., modified kernel density

estimates, or even modified nearest-neighbor density estimate (i.e., balloon estimates,

as they are sometimes referred to in the statistical literature). N.b., the important

modification with respect to the usual (statistical) density estimates is the necessity

that, in the traffic context, the density estimators be one-sided (corresponding to the

propensity for drivers to make decisions predominantly upon conditions ahead).
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In particular, Illner suggests ρ(xj) (the density at position xj) be taken as the

(forward) version of the usual nearest-neighbor density estimate: i.e., assuming in-

dividual cars with indices i and positions xi, ρ(xj) be taken as the inverse of the

distance from the xj to the nearest car ahead of that at xj,

ρ(x) =
1

min
x≤xi
{xi − x}

. (1.4)

Of course the analogous expression for u is also possible.

These interpretations of macroscopic (continuum) variables in terms of micro-

scopic variables (the position and velocity of individual cars) as demonstrated in [24]

allows the reinterpretation of microscopic models in terms of macroscopic variables,

and vice-versa. With this interpretation in hand, the numerical tools available for

(nonlinear) hyperbolic systems of equations used to treat the continnum description,

may be interpreted as being representative of the microscopic description of traffic

dynamics. This is the interpretation that will be assumed throughout.

Such a description is compatible with the idea that all three model types should

be mutually intelligible: to highlight the possible interpretations between them we

note some derivations in the literature: macroscopic models from microscopic models

[24, 25], microscopic models from macroscopic models [26], mesoscopic models from

microscopic models [27], and macroscopic models from mesoscopic models [23].

First Order Macroscopic Models

Differential equations of conservation type are typically employed to describe the

evolution of continuous variables. In macroscopic traffic models, the mass law is used

to relate the evolution of the density ρ(x, t) with the speed u(x, t):

ρt + jx = 0.

The simple interpretation is that cars are neither created nor destroyed. To close the

system a relationship between ρ and u must be prescribed also,

j = j(ρ) = ρu(ρ)

from which we interpret u = u(ρ).

Outside of the domain of first order macroscopic models, the more general defini-
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tion for flux taken in the kinetic perspective: j = ρu(x, t) =
∫
vf(x, v, t) dv does not

depend solely on ρ but more generally upon v and f .

In the case of first order macroscopic models, the assumed dependency u = u(ρ)

implicated by j = ρu(ρ) is called the fundamental diagram, a relationship which is

usually investigated empirically (some examples of fundamental diagrams are given

later (3.11,3.12,3.13)). This dependency represents the (limiting) assumption that

drivers at a given density are driving at one and only one speed. Combining this

assumed dependency with the mass law results in a scalar conservation law, which

we call a macroscopic model of first order. The Lighthill-Whitham-Richards (LWR)

model:

∂tρ+ ∂x(ρu(ρ)) = 0

is the prototype of this family of models [28, 29] where here, u(ρ) is the preferred

velocity which is usually taken to be a decreasing function of ρ positive for 0 < ρ <

ρmax (where ρmax a positive maximal density). Since it was defined that j(ρ) = ρu(ρ)

we may also rewrite the above in a form with respect to j:

∂tρ+ j′(ρ)∂x(ρ) = 0. (1.5)

A consequence of the first-order treatment (solved by the method of characteristics)

is the lack of description of the behaviour near shock waves (where the characteristic

lines converge): this is a principal motivation for the development of the second-order

models which introduce the second order relationship (analogous to the momentum

conservation and/or momentum transfer relationship that is commonplace to the

study of fluid, gas, and other dynamics of the transportation of matter). Consequently

the second-order relationship prescribes solution behaviour that is meaningful for

shocks/discontinuities.

Second Order Macroscopic Models

Alternate to the assumption of the fundamental diagram relationship to close the

system, speed may be considered another independent variable, in which case another

equation is required for the system to be determined.

Furthermore, the assumed relationship ρu = j(ρ) = ρu(ρ) is overly simplistic,

since it fails to provide the unstable bifurcative (switching) behaviour that is needed

to produce oscillatory behaviour, particularly the destructive stop-and-go oscillations
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which are a key feature of congestion.

Accordingly a system of two “conservation equations”1 may be studied including

a law for momentum transfer (in addition to the usual mass law). Aw and Rascle [4]

based such a model upon a (momentum) equation of the form:

ut + uux − ρ∂ρp(ρ)ux = 0. (1.6)

This model was developed independently by Zhang [5]. The model was studied in

the context of a “pressure”2 law of the form p(ρ) = cργ. The Payne-Whitham model

[13, 30]:

∂tu+ u∂xu+ ρ−1p′(ρ)∂xρ = (τ−1)(V (ρ)− u) + u∂x
2u (1.7)

typically combined with a “pressure” law p such as an isothermal law p = p(ρ) = ρ,

is historically the first prototype of the second order family of models. In (1.7) the

term V (ρ) represents a “preferred speed” or “fundamental diagram” and τ a reaction

time, so that, in the linear instantaneous forecast for a given point, the “preferred

speed” will be attained τ time-units in the future.

Resurrection of Second Order Traffic Models

Despite a long history of second order “defective” models, Daganzo’s “requiem” [31]

for them may have been premature. The defects Daganzo observed were inconsisten-

cies related to neglect of crucial distinctions between gas flow and traffic flow: for

example the isotropic response of fluid particles to stimuli as opposed to the response

of vehicular traffic (this should be more anisotropically predisposed to stimuli ahead).

The model introduced not long after by Aw and Rascle [4] and independently by

Zhang [5] served to resolve the inconsistencies that Daganzo documented. Thus the

Aw-Rascle-Zhang model brought revived interest towards second-order macroscopic

traffic modelling.

We see later that a model closely related to that of Aw-Rascle-Zhang emerges

from the Herty-Illner model as an approximation. For now, we examine some basic

1The equations are of “conservation type” but are not properly “conservation laws”, because
the force terms, e.g., the right hand side of ut + uux = ρ∂ρp(ρ)ux, are designed to represent traffic
dynamics. Such force terms do not (and should not) conserve momentum.

2The term “pressure law” derives from the study of gas dynamics, in which momentum is in
fact conserved (in such a case, the term “pressure law” would correspond to the description of an
idealized “pressure” force). For (1.6) the term “pressure law” does not really refer to a “pressure”
at all, because, although the traffic model is a system of two equations of “conservation type” in
which mass conserved, momentum is not conserved (due to the force term).
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properties of the Aw-Rascle-Zhang model, namely: the proposition (1.1.5) relates the

Aw-Rascle-Zhang model equation (1.6) to a form compatible with the statement of

the Herty-Illner macroscopic model (1.20); the proposition (1.1.6) establishes the Aw-

Rascle-Zhang model within the context of hyperbolic partial differential equations,

and the associated numerical methods.

1.1.4 Intro to Aw-Rascle model

The Aw-Rascle model is of the form:

ρt + (ρu)x = 0 (1.8)

ρ(ut + uux − ρ∂ρp(ρ)ux) = 0 (1.9)

The following proposition indicates that this system will be represented in the so-

called conservation form. The equation (1.6) complementary to (1.9) reflects the

practical assumption that ρ ≥ 0.

1.1.5 Proposition: Equivalent Momentum Law

Assuming ρ ≥ 0 and the conservation of mass law, (1.6) is equivalent to (1.10):

(u+ p(ρ))t + u(u+ p(ρ))x = 0. (1.10)

Demonstration. Evidently,

⇐⇒ ut + ∂ρp(ρ)ρt + uux + u∂ρp(ρ)ρx = 0

and since ρt = −ρux = −(ρ)xu− ρux we have:

⇐⇒ut − ∂ρp(ρ)(ρxu+ ρux) + uux + u∂ρp(ρ)ρx = 0

⇐⇒ut − ∂ρp(ρ)ρxu− ρ∂ρp(ρ)ux + uux + ∂ρp(ρ)ρxu = 0.

Canceling, we have the desired form (1.6).

In the analogous equations for gas dynamics momentum is conserved (such a property

has no justification for inclusion in a traffic dynamics model). Equation (1.10) along

with the conservation of mass law represents a system of equations of conservation
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type: according to the momentum transfer equation the so-called conserved quantity

is in fact u+ p(ρ) rather than momentum.

1.1.6 Proposition: Hyperbolicity

The following system is strictly hyperbolic:{
ut + uux − ρpρux = 0

ρt + ρxu+ ρux = 0.
(1.11)

In matrix form the equations (1.11) are:[
ut

ρt

]
+

[
u− ρpρ 0

ρ u

][
ux

ρx

]
=

[
0

0

]
. (1.12)

Examining the eigenvalues of

[
u− ρpρ 0

ρ u

]
via the characteristic equation:

det

([
u− ρpρ 0

ρ u

]
− λI

)
= 0

indicates that λ2 + (−2uρpρ)λ− u(−u+ ρpρ) = 0 so that:

~λ =

[
u

u− ρpρ

]
. (1.13)

Assuming that ρpρ 6= 0, the roots are real and distinct; thus the matrix has a linearly

independent basis of eigenvectors and we say that the system is strictly hyperbolic.

Consequently, the theory of characteristics applies. Thus, disturbances in the

Aw-Rascle model must have a finite propagation speed (as long as the density and

“pressure” are finite). The numerical methods for systems of (nonlinear) hyperbolic

differential equations apply.

Having placed the second-order macroscopic models within the traffic modelling

context and discussed the meaning of the associated variables, we proceed to elaborate

upon the Herty-Illner traffic models with which we are primarily concerned.
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1.2 The Herty-Illner Macroscopic Model

Prerequisite to the introduction of the Herty-Illner macroscopic model is that of the

Vlasov (Kinetic) type model from which the macroscopic model is derived. Subse-

quent to the definition of the Vlasov model, the macroscopic model is derived from

it as a weak-solution concept.

1.2.1 The Herty-Illner Vlasov Model

Where x, v, t denote space, velocity, and time, the Herty-Illner Vlasov model is:

∂tf(x, v, t) + v∂xf(x, v, t) + ∂v
(
B
(
ρ(x, t), v − uX(x, v, t)

)
f(x, v, t)

)
= 0. (1.14)

This model describes the statistical evolution of a particulate system (cars) as a prob-

ability density f(x, v, t). It is known as a Vlasov or “collision-less” Boltzmann type

equation which, unlike that of Boltzmann, omits the term representative of partic-

ulate collisions. Furthermore, there is no diffusion. Also, the force term B(x, v, t)

is chosen as forward looking: cars at each space-time position (x, v, t) modify their

speed according to those ahead. As the authors indicate, the microscopic equations

x′(t) = v and v′ = B(ρ, v− uX) for cars interacting with a force B(ρ, v− uX) are the

characteristics of the Herty-Illner Vlasov equation.

1.2.2 Basic Definitions

The macroscopic density, the macroscopic flux, and the non-local average

velocity at x+H + Tv at time t− τ , respectively, are defined as follows:

ρ(x, t) =

∫
f(x, v, t) dv (1.15)

(ρu)(x, t) =

∫
vf(x, v, t) dv (1.16)

uX(x, v, t) = u(x+H + Tv, t− τ). (1.17)

The definition of uX is intended to reflect that, in the traffic situation, drivers should

modify their speed according to that of drivers ahead. The (forward) observational

distance H+Tv is taken to reflect a fixed minimum following distance kept by drivers

(H), as well as a temporal factor (T) multiplying the driver’s speed (e.g., the “two-
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second rule”). Finally, the speed observed should be delayed, taking into account the

effect of a reaction time (τ) experienced by the driver. In specifying the force term

B(), the authors note that other choices are possible, but focus on the case:

B(ρ, v − uX) =

{
−g1(ρ)(v − uX) if v > uX

−g2(ρ)(v − uX) if v < uX
(1.18)

The form (1.18) is a model for driver behaviour discriminating between scenarios

representative of braking (v > uX) and acceleration (v < uX), respectively. In each

case, the force applied by the driver is taken to be proportional to the relative velocity

v− uX . Furthermore, in each case, the force applied by the driver is taken to depend

upon a product of v − uX with some density dependent factor: g1(ρ) for braking

and g2(ρ) for acceleration. Possible choices for g1(ρ) and g2(ρ) will be discussed later

(1.2.4), along with more substantial motivation for (1.18).

Finally we reproduce the definition and derivation [9] of the Herty-Illner macro-

scopic traffic model as a weak solution of the Vlasov model (1.14).

1.2.3 The Herty-Illner Macroscopic Model

Definition: A function f is a weak solution of (1.14) if for all smooth φ(x, v, t)

compactly supported in the spatial and temporal variables, and bounded with respect

to the velocity, the following holds:

Tf (φ) :=

∫ ∫ ∫
[ φtf + φxvf + φvB(ρ, v − uX)f ] dx dv dt = 0. (1.19)

All such φ are known as test functions for the model. The weak solution con-

cept allows a discussion of generalized solutions that satisfy the partial differential

equation (in the sense above) without these solutions necessarily being differentiable.

Proposition: The distributional solution ρ(x, t)δ(v − u(x, t)) is a weak solution of

(1.14) in the above sense (1.19) if and only if, almost everywhere:

ρt + (ρu)x = 0

ρ
(
ut + uxu−B(ρ, u− uX)

)
= 0. (1.20)
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The solution ansatz ρ(x, t)δ(v − u(x, t)) is referred to in the literature as the “syn-

chronized traffic” assumption, in which the role of the delta function δ(v− u(x, t)) is

to enforce that v and u(x, t) agree. In the context of the “single lane” interpretation

of the kinetic model, the interpretation of the assumption is that “locally”, speed

variations about a point are “small”. In the context of the “lane-homogenized” inter-

pretation of the kinetic model, there is the additional interpretation that, at a given

point, cars in different lanes travel at the same speed.

Proof: The idea is to use the independence of v with respect to the other variables.

We adopt the notation ∂iφ(ξ1, ξ2, ξ3) = ∂
∂ξi
φ(ξ1, ξ2, ξ3) and assume a distributional

solution that may literally be interpreted as associating a unique velocity u(x, t) with

each point (x, t) in space-time:

f(x, v, t) = ρ(x, t)δ(v − u(x, t)). (1.21)

This distribution has the special properties (by definition of ρ, δ, u, and v) of: vanish-

ing for x of infinite magnitude, and vanishing also for infinite or negative velocities.

Thus it is evident that (1.19) may equivalently be written as:

Tf (φ) =

∫ ∫ [
∂3φ
(
x, u(x, t), t

)
ρ(x, t) + ∂1φ

(
x, u(x, t), t

)
u(x, t)ρ(x, t) (1.22)

+∂2φ
(
x, u(x, t), t

)
ρ(x, t)B

(
ρ(x, t), u(x, t)− u(x+H + Tu(x, t), t)

)]
dx dt = 0.

Let us restrict our discussion to φ of the form φ(x, v, t) = ϕ(x, t)h(v) where v ≥ 0,

and make the following definition:

ψ(x, t) = φ(x, u(x, t), t) = ϕ(x, t)h(u(x, t)). (1.23)

From the total derivative relationships for ψ (1.23):

ψt() = ∂3φ() + ∂2φ() · ut (1.24)

ψx() = ∂1φ() + ∂2φ() · ux (1.25)
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and the respective definitions for φ and ψ above, we list the identities:

∂3φ() = ψt()− ∂2φ() · ut (1.26)

∂1φ() = ψx()− ∂2φ() · ux (1.27)

∂vφ = ϕ · h′(v) (1.28)

ψ(x, t) = ϕ(x, t) · h(u(x, t)). (1.29)

Hence if h(u(x, t)) 6= 0, ϕ(x, t) = ψ(x,t)
h(u(x,t))

. We rewrite (1.22) according to (1.26-1.27):

Tf (φ) =

∫ ∫ [
∂2φ
(
x, u(x, t), t

)
ρ(x, t)B(. . . )

+∂tψ(x, t)ρ(x, t)− ∂2φ
(
x, u(x, t), t

)
ut(x, t)ρ(x, t)

+∂xψ(x, t)ρ(x, t)u(x, t)− ∂2φ
(
x, u(x, t), t

)
ux(x, t)u(x, t)ρ(x, t)

]
dx dt

=

∫ ∫
[∂tψρ− ∂2φutρ+ ∂xψρu− ∂2φuxuρ+ ∂2φρB(. . . )] dx dt = 0.

This representation lends itself to being grouped according to the end result (1.20):

Tf (φ) =

∫ ∫
[∂tψρ+ ∂xψρu− ∂2φutρ− ∂2φuxuρ+ ∂2φρB(. . . )] dx dt

=

∫ ∫
[∂tψρ+ ∂xψ(ρu)− ∂2φ(utρ+ uxuρ− ρB(. . . ))] dx dt = 0.

Denoting I = ∂tψρ+ ∂xψ(ρu) and II = ∂2φ(utρ+ uxuρ− ρB(. . . )), this is:∫ ∫
I dx dt =

∫ ∫
II dx dt. (1.30)

Applying ϕ(x, t) = ψ(x,t)
h(u(x,t))

and (1.28) we write II as:

ϕ·h′(u(x, t))
(
utρ+ uxuρ− ρB(. . . )

)
=

ψ

h(u(x, t))
·h′(u(x, t))

(
utρ+ uxuρ− ρB(. . . )

)
.

Apart from the provisions that h 6= 0 and also that ϕ be compactly supported in both

space and time variables we have that ψ(x, t) and h(u(x, t)) are arbitrary, whereby

ϕ(x, t) = ψ(x,t)
h(u(x,t))

.That is, the assumptions permit the decomposition of φ in terms of

independent arbitrary components in space-time (ψ) and velocity (h).
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Supposing that the pair of integrals are identically non-zero, due to the independence

of ψ and h, h(s) by h̃(s) = h2(s), a similar expression to (1.30) where the h′(s)
h(s)

in II is

replaced by h̃′(s)

h̃(s)
= 2h(s)h′(s)

h(s)2
= 2h

′

h
is also true. Therefore

∫ ∫
I dx dt = 2

∫ ∫
II dx dt

necessitating that indeed
∫ ∫

I dx dt =
∫ ∫

II dx dt = 0, whereby the Fundamental

Lemma Of Calculus Of Variations permits the conclusion (1.20). On the other hand,

supposing (1.20), the equivalent formulation of (1.19) follows immediately:

Tf (φ) =

∫ ∫
[∂tψρ+ ∂xψ(ρu)− ∂2φ(utρ+ uxuρ− ρB(. . . ))] dx dt = 0

by the law of integration by parts. �

Definition: The Herty-Illner macroscopic model is the system (1.20).

Before substantially discussing the force terms in the context of the macroscopic

model, we should unambiguously clarify the symbols present in the macroscopic de-

scription. The force term prescribed by the authors [1, 2] for the Herty-Illner

Vlasov model is:

B(ρ, v − uX) =

{
−g1(ρ)(v − uX) if v > uX

−g2(ρ)(v − uX) if v < uX

}
(1.31)

Certainly other choices of the force term are possible (a discussion of the possibilities

is omitted here). For the prescription above (1.31) the corresponding force term for

the Herty-Illner macroscopic model is:

B(ρ, u− uX) =

{
−g1(ρ)(u− uX) if u > uX

−g2(ρ)(u− uX) if u < uX

}
(1.32)

where we note the change of dependence from v to the macroscopic quantity u(x, t).

Furthermore, for the macroscopic model the macroscopic non-local average ve-

locity is the following quantity:

uX(x, t) = u(x+H + Tu(x, t), t− τ) (1.33)



18

where, relative to (1.17), the change of dependence from v to the macroscopic quantity

u(x, t) is noted. Particularly noteworthy is the unusual non-local dependency of uX

in terms of u (involving a composition of u with a function of itself). This unusual

dependency is really the cause of the mathematical difficulties soon to be encountered.

1.2.4 On The Choice of Force Term

Consideration of the model dynamics resulting from the activity of the force term

motivate the development of the specifics thereof. In order to do so we first examine

a simple force term:

B(ρ, u− uX) = −g(ρ)(u− uX) (1.34)

given in [1] as a (rudimentary) precursor motivating the development of (1.32). As

we shall see shortly (1.34) is in fact too simple (we note that, like (1.32), (1.34) is

defined in terms of a proportionality to the relative velocity (u−uX) but, unlike (1.32)

where different density dependent factors g1(ρ) and g2(ρ) are applied to differentiate

between braking and acceleration cases, (1.34) is given in terms of just one density

dependent factor g(ρ)).

For zero-order Taylor expansion with respect to u, taking (1.34) for the force term

B in the macroscopic equations (1.20) yields the Burgers equation (i.e., for this choice

of force term, the macroscopic model corresponds to the classic system for pressureless

gas dynamics in one dimension). Furthermore, performing the Taylor expansion to

linear order instead, the macroscopic equations (1.20) yield a model corresponding to

that of Aw-Rascle [4] and Zhang [5]. The authors point out [1] that g(ρ) is typically

taken to be monotone increasing in the literature, e.g.:

g(ρ) = c ργ(γ > 0). (1.35)

The interpretation of the factor (1.35) is that, the higher the density, the higher the

force a driver will apply (regardless of whether the force is a braking force or an

acceleration force).

Certainly it is not realistic for drivers to accelerate harder in denser traffic, so this

case makes apparent the deficiency in the lack of distinct treatment between braking

and acceleration scenarios. This is the motivation for the proposition of separate

treatment to the braking and acceleration scenarios, as in (1.32). The attention
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to the Herty-Illner models with the force term prescribed as (1.32) warrants the

establishment of some qualitative justification for a reasonable specification for (1.32),

as follows.

1.2.5 On The Choice Of Braking And Acceleration Forces

Assuming that behaviour should be differentiated according to braking and acceler-

ation scenarios, the authors justify a more specific choice for B which is simple and

suffices to produce the desired behaviour. We should note that, in the following de-

velopments, the constant ρmax is usually taken to be approximately 1
L

, where L is the

vehicular length.

On The Choice Of Braking Force

Drivers will brake if drivers ahead are slower, in which case the force term in the

braking scenario may be denoted B = B(ρ, w), where

w := u− uX > 0.

We should not expect braking to occur when the cars ahead travel at the same speed:

B(ρ, 0) = 0 ∀ ρ ∈ [0, ρmax].

We note that this simple assumption does not handle the possibility that the cars

ahead might be travelling at the same speed, but are too close together.

Braking should also be unnecessary when a density gap is ahead:

B(0, w) = 0 ∀ w ≥ 0.

Likewise, this simple assumption neglects the possibility that, despite a density gap

ahead, a driver might be travelling at an uncomfortably high speed (which would

necessitate braking).

In addition, extending the same reasoning in the last two assumptions to the case

of a density gap and zero relative velocity, we make the following prescriptions:

B(0, 0) = Bρ(0, 0) = Bρρ(0, 0) = Bw(0, 0) = Bww(0, 0) = 0.
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That is, this represents the assumption that, without any compulsion to brake (or

accelerate) due to relative velocity with respect to cars ahead, the driver applies no

force. Furthermore, it is reasonable to assume that small changes to one coordinate

(in isolation of the other coordinate) of the function B(·, ·) should not result in the

application of any force, so it is reasonable to consider the corresponding partial

derivatives to be equal to zero (1.2.5).

Assuming sufficient regularity in order that B may be expanded in a Taylor series,

and truncated to second order, we have, approximately:

B(ρ, w) = B(0, 0)+ρBρ(0, 0)+wBw(0, 0)+
1

2

[
ρ2Bρρ(0, 0)+2ρwBρw(0, 0)+w2Bww(0, 0)

]
.

Since all terms except the cross-term are zero,

B(ρ, w) = Bρw(0, 0)ρw.

Moreover, choosing c1 = −Bρw(0, 0) yields the ansatz given in [1]:

B(ρ, v − uX) = −g1(ρ)(v − uX),

with g1 = c1ρ.

On The Choice Of Acceleration Force

Similarly in the acceleration scenario we may write A = A(ρ, w) where w < 0 and the

assumptions corresponding to those made for the braking force may be tabulated:

A(ρmax, w) = 0

A(ρ, 0) = 0 =⇒ A(ρmax, 0) = 0.

That is, the last discussion pertaining to braking revolved around the lack of necessity

of braking in the situation for drivers experiencing negligible relative velocities and/or

densities. Then the corresponding discussion in the acceleration situation refers to

the lack of necessity of acceleration for drivers experiencing negligible relative veloc-

ities and/or high (“maximal”) densities (i.e., in this context the implicit meaning of

the “maximal” density coefficient ρmax must be that: ρmax represents some density

threshold above which drivers would find it uncomfortable to accelerate further).
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Analogously, making the generalization (as before) to the partial derivatives:

Aρ(ρmax, 0) = Aρρ(ρmax, 0) = Aw(ρmax, 0) = Aww(ρmax, 0) = 0.

Expanding around (ρmax, 0), the formal Taylor expansion yields, to second order:

A(ρ, w) = A(ρmax, 0) + (ρ− ρmax)fx(ρmax, 0) + wAw(ρmax, 0)

+
1

2!

[
(ρ− ρmax)2Aρρ(ρmax, 0) + 2(ρ− ρmax)wAρw(ρmax, 0) + w2Aww(ρmax, 0)

]
.

Then, as all terms but the cross term are zero,

A(ρ, w) = (ρ− ρmax)wAρw(ρmax, 0).

Fixing c2 = Aρw(ρmax, 0) yields a force for the acceleration case:

A(ρ, w) = c2(ρmax − ρ)w

where w < 0 and g2(ρ) = c2(ρ− ρmax), matching the corresponding ansatz of [1]:

B(ρ, v − uX) = −g2(ρ)(v − uX).

In conclusion, some rudimentary assumptions were presented on the properties of

braking and acceleration forces necessitating that, in the second-order sense, the

braking and acceleration forces should match the ansatz (1.32) given in [1] with:

g1(ρ) = c1ρ (1.36)

g2(ρ) = c2(ρ− ρmax).

Discussion

In regard to the force terms developed so far Illner raises several concerns [2] as

follows.

• Driver behaviours neglected so far in the modelling include and are not limited

to: traffic rules such as speed limits, spontaneous acceleration in low density,

spontaneous braking in high density, and noisy driving.

• The assumption A(ρ, 0) = 0 for small ρ ignores the possibility that acceleration
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might occur in low density even though the lead car is not moving at a faster

speed. That is, cars might move to fill gaps if the lead car is slow.

To motivate the further model developments and refinements which are presented in

the final chapter, it is also important to mention the maximum principle associated

with the Herty-Illner macroscopic model in the context of the force terms developed

thus far.

1.2.6 Maximum Principles

We document the maximum principle as in [2] which reads: “there will be no de-

celeration below the lowest speed driven anywhere on the road at time zero, and no

acceleration beyond the fastest such speed”.

Assuming the Herty-Illner macroscopic model (1.20) in the context of the force

term of type (1.32) where in particular g1(ρ) and g2(ρ) are given by (1.36), we have

the system:

ρt + (ρu)x = 0

ut + uux + c1ρ(u− uX) = 0 (u− uX ≥ 0)

ut + uux + c2(ρmax − ρ)(u− uX) = 0. (u− uX < 0) (1.37)

Proposition: Supposing for all x and for all s ∈ [0, τ ] we have 0 ≤ a ≤ u(x, s) ≤
b, then a smooth solution of (1.37) satisfies 0 ≤ a ≤ u(x, t) ≤ b for all x and t ≥ 0.

Proof: The switch between the braking and acceleration momentum-transfer

equations in (1.37) occurs at isolated points. At such an isolated point where the

model switch occurs there is a local maximum (minimum) in u. At such points

(u− uX) vanishes. For the points leading up to such a maximum (minimum) where

the acceleration (braking) version of the momentum-transfer equation applies, since

(u−uX) is vanishing, none of the points experiencing the acceleration (braking) may

accelerate (brake) to a speed above (below) the local maximum (minimum) speed. �

This principle rules out self-excitatory dynamics indicating the need of further

refinements. Refinements to the above model [1] given in [2] shall not be given

separate presentation. Instead, the most current developments of the Herty-Illner

model [3] will be presented: this extends further the refinements made in [2]. These
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refinements serve to partially address the concerns above, and in particular, address

the need for driver behaviour to properly reflect density conditions.

Having placed the Herty-Illner macroscopic model in the second-order macroscopic

modelling context (in particular, by developing the relationship with the established

model of Aw-Rascle-Zhang for which formalization will be immediately forthcom-

ing (1.3.2)), having showed the construction of the Herty-Illner macroscopic model

from a kinetic perspective, and having presented some reasonably justifiable mod-

elling choices, the preparations have been made for an investigation of the model

dynamics, which will proceed forthwith. For the dynamics the subject of inquiry will

be travelling wave solutions for the macroscopic model, representing moving traffic

jams (moving “un-jam” waves) in the braking (acceleration) case. The remainder of

this chapter considers approximate travelling wave solutions in relation to the exact

travelling wave solutions, placing more emphasis on the approximate versions. The

topic of exact travelling wave solutions is an open problem given greater attention in

the second chapter.

1.3 Model Simplification By Series Approximation

The discussion of approximate travelling wave solutions begins with applying the

Taylor series approach to the non-locality in the space variable. This provides some

foothold to understanding the dynamics while (temporarily) avoiding the thornier

problems inherent in the fully non-local system.

1.3.1 Non-locality Removal

As in [1] for the case τ = 0 we reproduce the Taylor expansion of (1.37), i.e., the

non-local Herty-Illner model (1.20) in the context of the usual force term:

B(ρ, u− uX) =

{
−g1(ρ)(u− uX) if u− uX > 0

−g2(ρ)(u− uX) if u− uX < 0.
(1.38)

with

g1(ρ) = c1ρ

g2(ρ) = c2(ρmax − ρ). (1.39)
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This Taylor expansion followed by truncation to second order results in a system (1.43)

of partial differential equations of Hamilton-Jacobi type with diffusive correction [1].

The Taylor expansion proceeds case by case: u > uX , u < uX . In order to reach

a simpler version of the force term involving u (but not the composition of u with

itself), we approximate w := u − uX near w = 0. Certainly (1.38) has one-sided

first and second order derivatives; here it is assumed that the one-sided first and

second derivatives exist in general. For w := u > uX (braking) and w := u < uX

(accelerating), respectively:

B(ρ, u− uX) = B(ρ, 0+) +Bu(ρ, 0
+)(u− uX) +

1

2
Buu(ρ, 0

+)(u− uX)2 + . . . (1.40)

B(ρ, u− uX) = B(ρ, 0−) +Bu(ρ, 0
−)(u− uX) +

1

2
Buu(ρ, 0

−)(u− uX)2 + . . . . (1.41)

If B(ρ, w) is (1.38), for u > uX , the first order truncation is exact: B(ρ, u − uX) =

−g1(ρ)(u− uX) and B(ρ, u− uX) = −g2(ρ)(u− uX) for u < uX .

Expanding u− uX :

(u− uX) = −ux(H + Tu)− 1

2
uxx(H + Tu)2 + . . . (1.42)

and assuming sufficient regularity, u(x, t), uX(x, t), ux(x, t), and uxx(x, t) are evalu-

ated at (x, t). For (1.38), removal of the non-locality via truncation cf. (1.42) suggests

to replace (to first order accuracy) u−uX > 0 by ux < 0 (and u−uX < 0 by ux > 0).

Making this assumption and, where i = 1 for ux < 0 and i = 2 for ux > 0, we can

summarize an approximate model by applying (1.40), (1.41), and (1.42) to (1.20)

with (1.38) as the following system of equations (which is of Hamilton-Jacobi type

with diffusive correction):

ρt + (ρu)x = 0

ut + uux − gi(ρ)[ux(H + Tu) +
1

2
uxx(H + Tu)2] = 0. (1.43)

Before proceeding to the comparison of the full system with its approximation

(1.43) via the travelling-wave-solution concept (1.4) we state an immediate conse-

quence of the above.
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1.3.2 Reproduction of The Aw-Rascle-Zhang Model

For the macroscopic model with τ = 0, taking B(ρ, u − uX) = −g1(ρ)(u − uX) (the

force term representative of the braking case only) and the Taylor expansion:

(u− uX) = −ux(H + Tu) + . . .

leads us to arrive at the following simplified momentum equation:

ut + uux − g1(ρ)(H + Tu)ux = 0. (1.44)

Setting ∂
∂ρ
p = pρ(ρ, u) = g1(ρ)

ρ
(H + Tu), an analog of the momentum equation as-

sociated with the model of Aw, Rascle, and Zhang: ut + uux + ρ∂ρp(ρ)ux = 0 is

recovered, with the exception that, for the “pressure law”3 we have p = p(ρ, u) in-

stead of p = p(ρ).

Thus the momentum expression analogous to that of the Aw-Rascle-Zhang model

recovered is:

ut + uux + ρ∂ρp(ρ, u)ux = 0

In summary, the usual mass law combined with the above momentum transfer law

(1.44) recovers an Aw-Rascle-Zhang type model from the Herty-Illner macroscopic

model (in the braking case and for τ = 0) by Taylor expansion of the latter (with

truncation to linear order).

1.4 (Un-)Jam Equations & Approx. Analogs Thereof

In addition to the ordinary differential equations (1.43) just derived, the full non-local

model (1.37) is compared with two further simplified versions:

• the ordinary differential equations (1.50,1.52) associated with the (exact) travelling-

wave solutions of the full model (1.37), and,

• (1.53,1.54) representing localized versions of the ordinary differential equations

(1.50,1.52) in a more tractable form.

3Please see the footnotes below (1.6).
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This is accomplished by taking fully non-local model before truncation (1.37), i.e.,

the macrocsopic model (1.20) in the context of the specific force term (1.38), stating

the travelling wave solution hypothesis (1.45) which, in application to the full partial

differential equation model (1.37) yields the ordinary differential equations (1.50) and

(1.52): one for each of the cases in (1.37).

1.4.1 Travelling Wave Hypothesis

Given the continuity equation ρt + (ρu)x = 0 the travelling wave assumption (where

V > 0 is assumed to limit the discussion so that it is only representative of backwards-

moving waves) is given by the following system of equations:

ρ(x, t) = ρ(x+ V t)

u(x, t) = u(x+ V t). (1.45)

Here the quantity s = x+V t is referred to as the wave coordinate. For the continuity

equation this yields the relationship

d

ds
(ρ(u+ V )) = 0. (1.46)

1.4.2 Continuity Equation For Travelling Waves

Integrating (1.46) and expressing the constant of integration as a product of V (for

convenience),

ρ(s)(u(s) + V ) = c0V (u(s) + V > 0)

=⇒ ρ(s) =
c0V

u(s) + V
. (1.47)

On the basis of the understanding offered, we note a relevant assumption [1] and

consequence:

(ρ = ρmax → u = 0)→ c0 = ρmax. (1.48)

That is, the assumption that traffic has stopped moving at the so-called “maximal-

density” ρmax, leads to the conclusion that the constant c0 be equal to ρmax.
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In the proceedings we neglect this kind of assumption (to avoid losing some mod-

icum of generality).

1.4.3 The Jam and Unjam Equations

As indicated, Herty and Illner combine the travelling wave hypothesis with the model

equations for the braking and acceleration cases, resulting in the two equations called

the jam and unjam equations, respectively. In light of ongoing refinements to the

modelling, we note the possibility of investigating the travelling wave hypothesis in

the context of different force term cases (a suggestion not pursued here).

At this stage the introduction of the jam and unjam equations is appropriate; since

their non-trivial solution represents a fascinating problem of practical and theoretical

interest, they will be given our undivided attention in the second chapter.

1.4.4 Jam Equation

The model equations for (1.20) with (1.38) and (1.39) are, for braking (u− uX > 0):

ρt + (ρu)x = 0

ut + uxu+ c1ρ(u− uX) = 0. (1.49)

The wave ansatz is ρ(x, t) = ρ(x + V t), u(x, t) = u(s) = u(x + V t) with wave

coordinate s = x+ V t, so we have the relations ∂s
∂t

= V , ∂t
∂s

= 1
V

, and ∂s
∂x

= 1.

uX(x, t) = u(x+H + Tu(x, t), t− τ)

= u(x+H + Tu(x+ V t) + V (t− τ))

= u(s+H + Tu(s)− τV )).

Using also the above expression for uX , recalling (1.47), and observing that ∂
∂x
u = ∂

∂s
u,

∂
∂t
u = V ∂

∂s
u, we rewrite (1.49) as:

ρ(s) =
c0V

u(s) + V

0 = V
d

ds
u+ u

d

ds
u+ c1ρ(u− uX)
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to obtain the jam equation:

(
V + u(s)

)2
u′(s) = −c1c0V [u(s)− u(s+ (H − τV ) + Tu(s))]. (1.50)

1.4.5 Unjam Equation

In (1.49) for acceleration (u−uX < 0) the model equations for (1.20) with (1.38) and

(1.39), the momentum law is instead:

ut + uxu+ c2(ρmax − ρ)(u− uX) = 0. (1.51)

We derive for (1.51) in analogy with (1.50) the unjam equation:

(
V + u(s)

)2
u′(s) = −c2(ρmax(u(s) + V )− c0V )[u(s)− u(s+ (H − τV ) + Tu(s))].

(1.52)

For generality we keep (1.52) noting that (1.48) allows further simplification:

(
V + u(s)

)2
u′(s) = −c2ρmaxu(s)[u(s)− u(s+ (H − τV ) + Tu(s))].

1.4.6 Truncation of Jam Equations: Localized Waves

Having introduced the jam and unjam equation, respectively:

(
V + u(s)

)2
u′(s) = −c1c0V [u(s)− u(s+ (H − τV ) + Tu(s))](

V + u(s)
)2
u′(s) = −c2(ρmax(u(s) + V )− c0V )[u(s)− u(s+ (H − τV ) + Tu(s))]

we develop a test to establish a sense of consistency with their approximate analogs

(cf. the truncated model (1.43)) as we will elaborate. In particular, we treat the

above with a Taylor series expansion and second-order truncation:

u(s+ (H − τV ) + Tu(s)) ' u(s) + u′(s)(H − τV + Tu(s)) +
1

2
u′′(s)(H − τV + Tu(s))2

u(s)− u(s+ (H − τV ) + Tu(s)) ' −
[
u′(s)(H − τV + Tu(s)) +

1

2
u′′(s)(H − τV + Tu(s))2

]
,
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becoming:

(
V + u

)2
u′ − c1c0V

[
u′(H − τV + Tu) +

1

2
u′′(s)(H − τV + Tu)2

]
= 0

(
V + u

)2
u′ − c2(ρmax(u+ V )− c0V )

[
u′(H − τV + Tu) +

1

2
u′′(s)(H − τV + Tu)2

]
= 0.

Rearranging into the normal form for second order ordinary differential equations:

u′′ = 2u′
(
V + u

)2 − c1c0V (H − τV + Tu)

c1c0V (H − τV + Tu)2
(1.53)

u′′ = 2u′
(
V + u

)2 − c2(ρmax(u+ V )− c0V )(H − τV + Tu)

c2(ρmax(u+ V )− c0V )(H − τV + Tu)2
. (1.54)

Recapitulating, the above represents 1) applying the travelling wave assumption fol-

lowed by 2) a Taylor expansion (and truncation) to the non-locality.

The sense of consistency we establish4 is that (in the case τ = 0 only) the ordinary

differential equations above match those derived from applying to the full model, the

same two steps in reverse, i.e., 1) applying a Taylor expansion (and truncation) of the

non-locality to obtain the truncated model (1.43) followed by 2) application of the

travelling wave assumption. To complete this, the item outstanding is the insertion

of the travelling wave hypothesis (cf. the resulting continuity equation) as follows. �

Waves for the Hamilton-Jacobi form

From the truncated model (1.43) we reproduce the second order ordinary differential

equations used in [1] to study the phase-plane dynamics of (travelling) braking waves.

In the case that τ = 0, we will see that the second order ordinary differential equations

produced here match those seen before (1.53,1.54). The reproduction is performed in

both cases by manipulating (1.43) to solve for uxx:

gi(ρ)

2
uxx(H + Tu)2 = ut + uux − gi(ρ)ux(H + Tu)

uxx = 2
ut + uux − gi(ρ)ux(H + Tu)

gi(ρ)(H + Tu)2

4Doing this presupposes that, to the commutativity question for the two operations, there is not
an affirmative answer which is immediately obvious. For the simplification procedure, a negative
answer would suggest the need for more rigorous justification for the order of operations used, and
a comparison of the results. Indeed, for the case τ 6= 0, such a comparison has not been considered.
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and with (for convenience only) the shorthand ∆ := (H + Tu(s)):

uxx = 2
ut + uux − gi(ρ)ux∆

gi(ρ)∆2

Substituting ρ(s) = c0V
u(s)+V

the continuity equation (1.47) for the travelling wave

ansatz (V is the wave speed) and ds = dx and dt = ds
V

pertaining to the wave

coordinate s cf. (1.45), using the shorthand A := u(s) + V :

d2

ds2
u(s) = 2

V · d
ds
u(s) + u(s) · d

ds
u(s)− gi( c0V

u(s)+V
)∆ d

ds
u(s)

gi(
c0V

u(s)+V
) ·∆2

u′′(s) = 2u′(s)
A− gi( c0VA ) ·∆
gi(

c0V
A

) ·∆2

u′′(s) = 2u′(s)
A2 − A · gi( c0VA ) ·∆
A · gi( c0VA ) ·∆2

where again, g1(ρ) = c1ρ and g2(ρ) = c2(ρmax − ρ). Thus,

u′′(s) = 2u′(s)
(u(s) + V )2 − c2(ρmax(u(s) + V )− c0V )(H + Tu(s))

c2(ρmax(u(s) + V )− c0V )(H + Tu(s))2
. (1.55)

u′′(s) = 2u′(s)
(u(s) + V )2 − c1c0V (H + Tu(s))

c1c0V (H + Tu(s))2
(1.56)

for the acceleration (1.55) and braking (1.56) cases, respectively. Evidently for τ = 0

in (1.53,1.54) the equations (1.55,1.56) match (1.53,1.54).

1.5 Localized Travelling Waves Exist For The Model

Here we reproduce the travelling wave (1.47) solution existence theorem that was

given in [1] for the Hamilton-Jacobi form of the traffic model (1.43), with the excep-

tion that the principle will be formulated using the ordinary differential equations

(1.53,1.54) rather than (1.43) cf. [1]. Again (for the case τ = 0 only) the same or-

dinary differential equations (1.55,1.56) were recovered (1.53, 1.54) from the partial

differential equation model with application of the simplifying steps in the reverse or-

der: that is, application of the travelling-wave assumption before using a Taylor-series

truncation.
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The introduction of the time delay τ , neglect of the assumption c0 = ρmax (1.48),

and the emphasis on the acceleration scenario, all represent slight extensions to the

principle [1] that (localized) travelling wave solutions exist for the macroscopic traffic

model (1.20).

Phase Plane Analysis

If ∆ := ((H − τV ) + Tu) we adopt for (1.53,1.54) the Fa and Fb notation:

Fa(u) := 2
(u+ V )2 − c2(ρmax(u+ V )− c0V )∆

c2(ρmax(u+ V )− c0V )∆2
(1.57)

Fb(u) := 2
(u+ V )2 − c1c0V∆

c1c0V∆2
(1.58)

For structure we analyze in u(s) and z(s) := u′(s) (the phase plane):

dz

du
= Fa(u) (z > 0). (1.59)

dz

du
= Fb(u) (z < 0) (1.60)

Travelling Wave Solutions (Phase Plane)

An acceleration {braking} travelling wave solution (cf. [1]) is a parameterized curve

(u(s), z(s)) in s with the following properties:

u(−∞) = u0 {u(∞) = u0}

z(−∞) = 0 {z(∞) = 0}

∀s :u′(s) = z(s) > 0 {∀s :u′(s) = z(s) < 0}

lim
s→∞

u(s) = u∞ <∞ { lim
s→−∞

u(s) = u−∞ <∞}

lim
s→∞

z(s) = 0 { lim
s→−∞

z(s) = 0}. (1.61)

An acceleration {braking} travelling wave solution is said to connect the states u0

and u∞ {u0 and u−∞}.
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Proposition: Existence Of (Localized) Travelling Wave Solutions

(A) For c2ρmaxT > 1, there exists an α such that5, for initial data u0 (1.62) with

u0 < α, and wave speeds V satisfying:

c2(ρmax − c0)H
1 + c2(ρmax − c0)τ

< V <
H

τ

there is a (localized) acceleration travelling wave solution for the system (1.20) be-

ginning with

u0 = inf
s
u(s). (1.62)

(B) For all u0 (1.62) there is a β such that6, for initial data u0 (1.62) with u0 < β,

and wave speeds V satisfying:

0 < V <
c0c1H

(1 + c0c1τ)
<
H

τ

there is a (localized) braking (deceleration) travelling wave solution for the system

(1.20) ending with u0.

It is assumed that the constants H,T, τ, c0, c1, c2, V are all positive, and also that

(1.63) and (1.64).

0 < H − τV (Causality) (1.63)

c0 < ρmax (Density of Standing Traffic) (1.64)

Proof

Noting (1.63) and (1.64) we see that both Fb(u) (the right hand (1.58) of (1.60)) and

Fa(u) (the right hand (1.57) of (1.59)) have positive and monotonically increasing

5The parameter α is given at the end of the proof (1.68)
6The parameter β is also given at the end of the proof (1.69). The parameters α and β represent

bounds on the speed profile (for the acceleration and braking cases, respectively) in terms of the
wave speed V as well as the model parameters: τ, c0, c1, c2, H, V, T, ρmax.
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Figure 1.1: Quantities Pertinent To The Study Of (Localized) Travelling Wave
Solutions

denominators. The numerators Nb(u) and Na(u) for Fb and Fa are:

Nb(u) = (u+ V )2 − c1c0V ((H − τV ) + Tu)

= u2 + u · V (2− c1c0T ) + V (V − c1c0(H − τV ))

Na(u) = (u+ V )2 − c2(ρmax(u+ V )− c0V )((H − τV ) + Tu)

= u2 · (1− c2ρmaxT ) + u · (V (2− c2T (ρmax − c0))− c2ρmaxδ) + V (V − c2(ρmax − c0)δ)

where the shorthand δ := H − τV was used. Nb(u) is a parabola opening up (see b)

in Fig. (1.1)) with Nb(0) < 0 provided that V − c1c0(H − τV ) < 0 or, equivalently

V <
c1c0H

(1 + c1c0τ)
.
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Since 0 < V we re-state the required bound on V as:

0 < V <
c1c0H

(1 + c1c0τ)
. (1.65)

Na(u) is a parabola opening down provided c2ρmaxT > 1. If in addition, using the

shorthand γ := c2(ρmax−c0) (we already noted γ > 0) then V (V −c2(ρmax−c0)δ) > 0

or, equivalently V > γH
1+γτ

, i.e.,

V >
c2(ρmax − c0)H

1 + c2(ρmax − c0)τ
. (1.66)

For (1.66) Na(u) is a parabola opening down with Na(0) > 0 ((see a) in Fig. (1.1)).

This and (1.66) {(1.65)} for the acceleration {braking} case allow the following con-

clusions. For the acceleration case, Fa(0) > 0 and there exists α > 0 such that {for

the braking case, Fb(0) < 0 and there exists β > 0 such that}:

• Fa(α) = 0 {Fb(β) = 0}

• 0 < u < α→ Fa(u) > 0 {0 < u < β → Fb(u) < 0}, and

• u > α→ Fa(u) < 0 {u > β → Fb(u) > 0}.

Here we observe that α, β represent the position on the u−axis where Na(u), Nb(u)

(and hence Fa(u), Fb(u)) change sign. Then for every u0 < α {u0 < β} there is some

finite u∞ > α {u−∞ > 0} such that:

• Fa(u0) > 0 {Fb(u0) < 0},

• Fa(u∞) < 0 {Fb(u−∞) > 0}, and

•
∫ u∞
u0
Fa(u)du = 0 {

∫ u−∞
u0

Fb(u)du = 0}.

Then the phase-plane coordinate z(u) for the acceleration {braking} case:

z(u) =

∫ u

u0

Fa(ξ)dξ

{
z(u) =

∫ u

u0

Fb(ξ)dξ

}
(1.67)

represents an acceleration {braking} travelling-wave solution (1.61) connecting u0 and

u∞ {u0 and u−∞} (see c) {d)} in Fig. (1.1) ). �
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Conclusion

The parameters α and β are, where ξα = V (c0c2T − 2), ξβ = V (c0c1T − 2), and

γ = c2(ρmax − c0):

α = −ξα + c2ρmax(H + V (T − τ))

2(c2ρmaxT − 1)
−

√(
ξα + c2ρmax(H + V (T − τ)))

2(c2ρmaxT − 1)

)2

+
V (V (1 + γτ)− γH)

(c2ρmaxT − 1)

(1.68)

β =
1

2
ξβ +

√(
1

2
ξβ

)2

+ V (c1c0H − V (1 + c1c0τ)). (1.69)

In summary, we have the following inequalities for acceleration (c0 < ρmax):

c2ρmaxT > 1;
γH

1 + γτ
=

c2(ρmax − c0)H
1 + c2(ρmax − c0)τ

< V <
H

τ
(1.70)

and braking:

0 < V <
c0c1H

(1 + c0c1τ)
<
H

τ
. (1.71)

Discussion

Foreshadowing the conclusions of the third and final chapter we note that, relative

to the original version of this proof, [1] the addition of the reaction time parameter τ

(which is expected and is observed in reality) really forces us to re-evaluate the validity

range of the modelling. This is apparent from the revised inequalities (1.70),(1.71).

Here we elaborate upon the meaning of the statement with the assistance of numerical

integrations (1.2, 1.3, 1.4) representing approximate solutions to the ordinary differ-

ential equations (1.60),(1.59) in phase-space (u, z = u′). For the figures (1.2, 1.3, 1.4)

u′ appears on the vertical axis whereas u appears on the horizontal axis. Numerical

integration curves corresponding to the braking case (1.60) are shown in red, whereas

numerical integration curves corresponding to the acceleration case (1.59) are shown

in green.

Points on the u axis represent equilibria (z = u′ = 0). Of course the ordinary-

differential-equation model guarantees the inescapability (in finite time) from equili-

bra (despite, in general, the obvious instability due to the switching between Fa and
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Fb across the z−axis) and the exponential behaviour near equilibria (whether grow-

ing or decaying). Consequently the model, while lending a qualitatively reasonable

description of travelling wave dynamics (for braking and acceleration scenarios), is

not intended to provide justification or explanation for the origin of the waves.

Undoubtably waves are due to perturbations (triggers) in traffic conditions which

remain un-accounted for in the modelling: such departures from the current state

of affairs may be expected (e.g. fixed variations in the physical landscape: lane

reductions or expansions, traffic control devices) or not (e.g., complicated features of

the dynamical landscape of human decision-making that are likely outside our realm

of understanding). A partial solution to this problem is the propensity to account for

perturbations or other traffic features, by representing them in terms of the initial

conditions (this solution does not apply, should the departure from “business as usual”

involve a departure from the usual driver behaviour, which might need to addressed by

using alternative force terms). The necessity of triggers is a reminder that the model

should be taken with a grain of salt. The fact that the model does not account for the

possibility of “escape” from the equilibria is another such reminder. Nevertheless the

model represents a simple theoretical avenue for the derivation of parameters to assist

in the development of plans for traffic control and/or state prediction, motivated by

reasonable modelling considerations.7

The travelling waves are heteroclinic orbits (that is, phase-space trajectories con-

necting one equilibrium to another). The acceleration wave starts at a given equi-

librium (u0 > 0, z = 0) ending at another (u∞, z = 0) of higher u−value (cf. Fig.

(1.1):(c)), whereas the braking wave starts at a given equilibrium (u0 > 0, z = 0)

ending at another (u−∞, z = 0) of lesser u−value (cf. Fig. (1.1):(d)).

Accordingly the parameters α and β represent the location on the u−axis where

the functions Fa and Fb change sign (from positive to negative for Fa as in Fig.

(1.1):(a) and, from negative to positive for Fb as in Fig. (1.1):(b)). Then, α and β

represent the local extrema for the phase plane curves z(u) (cf. Fig. (1.1):(c),(d))

given as the integration (1.67) of the Fa, Fb.

Naturally it was necessary to seed numerical integrations at points slightly above

the u−axis in order that the procedure terminate finitely. Numerical integrations in

phase space (1.2, 1.3, 1.4) are supplied using the following fixed parameter settings:

H = 10, ρmax = 1, T = 2, c0 = 0.9, c1c0 = 1.6, c2 = 1. The other parameters of the

7Future work should include studies pursuing the empirical validation of the effectiveness of the
parameters, for limiting (and/or predicting) the emergence of jams and/or stop-and-go waves.
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integrations which were varied are tabulated in Table (1.1). As indicated in Table

(1.1), the integrations within (1.2, 1.3, 1.4) correspond to τ = 0, 1
4
, 1
2

respectively.

Within each of (1.2, 1.3, 1.4) the three panels (from left to right) represent integrations

carried out using the three wave speeds V = 6, 8, 9.5 respectively.

Within each of the nine panels (with the exception of the last) two integrations

are shown (in green) for initial values slightly above the u−axis (corresponding to

the acceleration scenario) and two integrations are shown (in red) for initial values

slightly below the u−axis (corresponding to the braking scenario). The initial val-

ues for those integrations representative of acceleration are chosen such that they

correspond roughly with the (approximate) final values for the associated integra-

tions representative of braking (we discuss the motivation for doing so in the next

paragraph).

Violation of the existence inequality (1.71) is the situation depicted in the last

panel of Fig. (1.4) (τ = 1
2
, V = 9.5) for which V = 9.5 and c0c1H

(1+c0c1τ)
= 8.88 (shown in

bold in Table (1.1)). In this last panel we observe that the integrations shown are, as

we should expect according to (1.71), unrepresentative of the desired travelling wave

solutions. Indeed, instead of approaching the equilibria, the integrations turn away

and cross the z−axis. In this case, due to the violation of the existence critera in the

braking case, we did not plot any integrations for acceleration.

Moreover, pertaining to the existence criteria for the acceleration case, we note

that c2ρmaxT = 2 > 1 so that, along with the fact that γH
1+γτ

was small in magnitude,

the existence critera for the phase-plane acceleration waves were satisfied throughout.

For each integration shown in the braking case representative of an (approximate)

travelling wave solution (that is, for all of the integrations in red, with the excep-

tion of those in the last panel) integrations for the acceleration case were initiated

with values representative of a small z−perturbation away from the (approximate)

end-point corresponding to the braking case integration. That is, the succession of

(approximate) braking solution followed by and (approximate) acceleration solution

represents the concatenation of braking wave followed by acceleration wave necessary

for the (approximate) representation of idealized stop-and-go waves. The circum-

stances consistent with the emergence of persisent stop-and-go waves then correspond

to parameterizations representative of the case where the terminal point of the accel-

eration wave is the same as the initial point of the braking wave (and vice-versa) i.e.,

the heteroclinic orbits connect in a loop (such a situation is approximately depicted in

the right-hand panel of (1.2) for the inner-most pair of concatenated integrations. In
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contrast, the left-most and centre panels of (1.2) show a situation approximately rep-

resentative of the successive concatenation of braking and acceleration waves, where

the oscillations fade away. The left-most panel of Fig. (1.3) shows mixed behaviour

where the wave concatenations may decay in magnitude for some initial states, but

grow in amplitude for other initial states. On the other hand, the integrations shown

in the centre and right-most panels of Fig. (1.3) and the first two panels of Fig. (1.4)

show such (approximate) wave connections where the amplitude of the successive

waves is increasing.

As in [1] we observe that if u0 < min{α, β} then the braking waves and acceleration

waves connect. If so then if, in addition, β > α then the situation is stable, in the sense

that the range α < u < β for the speed variable u is stable within the class of travelling

wave solutions with group speed V . Otherwise for β < α the situation is not stable in

that sense. We observe from the formulae (1.69) for the parameters that: increasing

τ results in decreasing β and increasing α. Thus the stability prediction in terms

of τ conferred by the updated formulae for α, β is consistent with the observation

from the numerics: that increasing τ results in increasingly large unstable parameter

domains. The conclusion in [1] which presents the potential use of α, β by traffic

systems to avoid stop-and-go waves associated with a given speed V , is augmented

by the observations here that the reaction time parameter τ strongly affects the

associated stability regimes. Again, the inclusion of the reaction time parameter τ

(which is expected and is observed in reality) emphasizes the importance of paying

close attention to the parameter ranges for which the model is valid.

While the approximate (localized) equation gives a starting point for analyzing the

dynamics, the non-locality should be necessary for a realistic description of traffic,

as drivers react to what they observe ahead. Since the errors relative to the non-

local system are substantial as seen from travelling wave profiles [9] and since the

consideration of the non-local system gives rise to new and challenging mathematical

problems, the non-locality is an object worthy of our attention.
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Fig. (1.2) (1.3) (1.4)

Parameter

τ 0 1
4

1
2

V 6 8 9.5 6 8 9.5 6 8 9.5
H
τ

∞ 40 20
c0c1H

(1+c0c1τ)
16 11.42 8.88

γH
1+γτ

0.10 0.09 0.09

Table 1.1: Parameters employed in the numerical integrations representative of ap-
proximate (Localized) Travelling Wave Solutions shown in Figures (1.2),(1.3), and
(1.4)

Figure 1.2: “Localized” Waves (green: accel., red:braking): τ = 0, V = 6, 8, 9.5

Figure 1.3: “Localized Waves” (green: accel., red:braking): τ = 1
4
, V = 6, 8, 9.5

Figure 1.4: “Localized” Waves (green: accel.,red:braking): τ = 1
2
, V = 6, 8, 9.5
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Chapter 2

Functional Differential Equations

2.1 Introduction

Functional-equations are equations giving an implicit description of the unknown

function(s), for example: the equation may determine the value assumed by the

unknown function at a given point in terms of the values assumed by the unknown

function at one or more other points. The Cauchy functional-equation [32]:

f(x+ y) = f(x) + f(y)

is a prominent classical functional-equation.

The jam equation (1.50) and unjam equation (1.52):

(
V + u(s)

)2
u′(s) + c1c0V (u(s)− u(s+H + Tu(s)− τV )) = 0(

V + u(s)
)2
u′(s) + c2(ρmax(u(s) + V )− c0V )(u(s)− u(s+H + Tu(s)− τV )) = 0

(2.1)

are such equations, derived from the travelling wave assumption (1.45) applied to

the Herty-Illner macroscopic traffic model equations in the braking case (1.49) and

acceleration case (1.51), respectively. Since the equations feature composition of the

unknown with quantites involving itself, the term iterated applies; such functional

composition cf. u(s+H + Tu(s)− τV ) is an important distinction from the classical

ordinary differential equations.

In the differential equations community, the term state-dependent-arguments

is often used to refer to this kind of iteration. The more general term delay-
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equations, that refers to equations whose arguments are subject to any kind of

transformation, does include the situation where iteration is included. More fre-

quently, the term delay-equations describes equations with arguments subject to

transformations more elementary than iteration (e.g., linear transformations, or per-

haps composition with known functions). Since the equations (2.1) generalize upon

the simpler, better studied cases just mentioned, to distinguish (2.1) the descriptor

iterated-functional-differential-equations is useful.

We mention Hale’s monographs on functional-delay-equations [6, 33] noting

that many other modern treatments of the topic are available as well as those gener-

alized to other contexts e.g. that of partial-differential-equations [34]. Treatment of

the more difficult subject of state-dependent arguments is less commonplace. State-

dependence (i.e., the case where the unknown is transformed by some function of

itself) is extremely delicate; in [8] a theory is presented for the latter - for example,

the answer to the existence question is well known for simple iterative dependencies,

e.g. the differential equation:

x′(s) = x(x(s)). (2.2)

More exotic dependencies lead to greater challenge: the equations (2.1) are no excep-

tion. For (2.1) this is owing to the effective dependency (cf. the equivalent expressions

(2.9,2.10)) of the form:

z′(s) = y[s, z(s)] · [z(s+ z(s))− z(s)]. (2.3)

For (2.3) the y[s, z(s)] to be considered1 is some functional of s and z(s).

Perplexingly, in association with non-convergence of the series solution, the ana-

lytic series expansion methods [8] are not applicable to the two equations of interest.

Thus the jam and un-jam equations resulting from the applied traffic problem consid-

ered here are also representative of a challenging (open) problem in the realm of pure

mathematics. Before revisiting this problem and emphasizing some of the challenges

involved we derive the associated forms (2.3) to facilitate the investigation of (2.1).

1The instances of (2.3) to be considered shall include the functional equations (2.9,2.10) that
correspond to the un-jam and jam equations, respectively.



42

2.2 Simplifying the Traffic Functional-Equations

Here functional-differential-equations (2.1) revealed by applying a travelling-wave

ansatz into the Herty-Illner macroscopic traffic model are simplified. Both equa-

tions (2.1) are rendered more tractable by affine mappings to reduce the number of

parameters for a more concise representation (2.9,2.10); somewhat contrary to math-

ematical tradition we motivate these mappings in the same increments as they were

developed.

To begin with, for the jam equation (2.10):

(
V + u(s)

)2
u′(s) = −c1c0V (u(s+H + Tu(s)− τV )− u(s))

it is no trouble to set z(s) := u(s) + V and β := −c1c0V to derive:

d

ds

(
1

3
z(s)3

)
= β[z(s+H + Tz(s)− (τ + T )V )− z(s)]. (2.4)

This looks friendlier but we can do better: looking at a simpler abridged version

of the equation might help to motivate further developments.

2.2.1 Abridged Jam-Equation

An avenue for exploring the possibility of existence for solutions of the jam equation

above is the study of a related (abridged) form (where δ := H − (τ + T )V ) where,

relative to (2.4), the factor of z2(s) has been deleted from the left-hand side:

d

ds
z(s) = β[z(s+H + Tz(s)− (τ + T )V )− z(s)]

= β[z(s+ δ + Tz(s))− z(s)]. (2.5)

2.2.2 Proposition: Transformations (Abridged Jam-Equation)

Supposing z = z(s) is a solution of (2.5) we let:

z1(s) = z(s+ α), z2(s) = αz(s), z3(s) = z(αs), z4(s) = z(s) + α.
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Then we have the following identities:

z′1(s) = β[z1(s+ δ + Tz1(s))− z1(s)]

z′2(s) = β[z2(s+ δ +
T

α
z2(s))− z2(s)]

z′3(s) = αβ[z3(s+
δ

α
+
T

α
z3(s))− z3(s)]

z′4(s) = β[z4(s+ (δ − αT ) + Tz4(s))− z4(s)].

2.2.3 Proposition: Consequences

Letting α = δ
T

and z(s) = z(s)+α, we derive: z′(s) = β[z(s+Tz(s))−z(s)]. Moreover,

letting α = T and z(s) = αz(s), we derive: z′(s) = β[z(s + z(s))− z(s)]. Relabeling

this, an equivalent form of (2.5) is demonstrated:

z′(s) = β[z(s+ z(s))− z(s)]. (2.6)

2.2.4 Proposition: Transformations (Jam-Equation)

Cf. (2.4), suppose z = z(s) solves z2(s) d
ds
z(s) = β[z(s+ δ + Tz(s))− z(s)]. Let:

z1(s) = z(s+ α), z2(s) = αz(s), z3(s) = z(αs), z4(s) = z(s) + α. (2.7)

Then we have the following identities:

z1(s)
2z′1(s) = β[z1(s+ δ + Tz1(s))− z1(s)]

1

α2
z2(s)

2z′2(s) = β[z2(s+ δ +
T

α
z2(s))− z2(s)]

z3(s)
2z′3(s) = αβ[z3(s+

δ

α
+
T

α
z3(s))− z3(s)]

(z4(s)− α)2z′4(s) = β[z4(s+ (δ − αT ) + Tz4(s))− z4(s)].

2.2.5 Proposition: Consequences

As before, let α = δ
T

for z4(s) and α = T for z2(s), deriving the equivalent equation

(the simplified representation for the braking functional-differential-equation):

(z(s)− α)2z′(s) = β[z(s+ z(s))− z(s)].
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2.2.6 The Simplified Equations

For the acceleration functional-differential-equation (the un-jam equation):

(
V + u(s)

)2
u′(s) = −c2(ρmax(u(s) + V )− c0V )(u(s)− u(s+H + Tu(s)− τV ))

we take, representative of the composition of the motivational maps just considered,

the following affine mapping as in [9]:

u(s) :=
1

T
z(s)− δ; δ :=

1

T
(H − τV ). (2.8)

Then u′(s) := 1
T
z′(s) and letting α := T (V − δ), for one term

(
V + u(s)

)2
u′(s) =

(
V +

1

T
z(s)− δ

)2 1

T
z′(s)

=
(
T (V − δ) + z(s)

)2 1

T 3
z′(s)

=
(
z(s) + α

)2 1

T 3
z′(s)

and the other using also γ := α− c0
ρmax

V T and β = c2ρmaxT :

c2(c0V − ρmax(u(s) + V ))(u(s)− u(s+H + Tu(s)− τV ))

= c2(c0V − ρmax(
1

T
z(s)− δ + V ))(

1

T
z(s)− δ − u(s+ T (u(s) + δ)))

= c2(c0V − ρmax(
1

T
z(s)− δ + V ))(

1

T
z(s)− δ − u(s+ T (

1

T
z(s)− δ + δ)))

= c2(c0V − ρmax(
1

T
z(s)− δ + V ))(

1

T
z(s)− δ − (

1

T
z(s+ z(s))− δ))

= c2(c0V − ρmax(
1

T
z(s)− (δ − V ))(

1

T
z(s)− 1

T
z(s+ z(s)))

=
c2
T 2

(c0V T − ρmax(z(s) + α))(z(s)− z(s+ z(s)))

=
c2ρmax
T 2

(
c0
ρmax

V T − (z(s) + α))(z(s)− z(s+ z(s)))

= − β

T 3
(z(s) + γ)(z(s)− z(s+ z(s)))

=
β

T 3
(z(s) + γ)(z(s+ z(s))− z(s)).
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Finally to derive the simplified un-jam equation we collect the terms:

(
z(s) + α

)2
z′(s) = β(z(s) + γ)(z(s+ z(s))− z(s)). (2.9)

where we have the new definitions β := c2ρmaxT , and γ := α − c0
ρmax

V T . As in [9]

using also (2.8) the simplified jam-equation is:

(
z(s) + α

)2
z′(s) = β(z(s+ z(s))− z(s)) (2.10)

with the new definition β := c0c1V T
2. In both cases (2.9,2.10) we have the new

definitions α := T (V − δ) and δ := 1
T

(H − τV ).

In conclusion, the simplified un-jam equation (2.9) and the simplified jam-

equation (2.10) are functional equations equivalent to (but algebraically simpler

than) the original functional equations: the jam equation (1.50) and the unjam

equation (1.52), respectively. The “simplified” equations (2.9,2.10) are both related

to (1.50,1.52) by the same affine transformation (2.8).

2.3 Challenges And Open Problems

2.3.1 Challenges Due To Transformed Arguments

Equations simpler than those iterated-functional-differential-equations arising

from the macroscopic traffic model, for example the differential-delay-equations,

are worthwhile to mention for illustration of some of the challenges involved, be-

fore revisiting the more general iterated-functional-differential-equations (2.1)

derived from the Herty-Illner model.

One delay: Cauchy-Monge Ansatz

The Cauchy-Monge Ansatz x(t) = ceλt applies to the following linear differential-

delay-equation in x(t), r ∈ R (the delay) being some (known) parameter:

ẋ(t) = Ax(t) +Bx(t− r). (2.11)

Specifically,

cλeλt = cAeλt + cBeλ(t−r)
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i.e., x(t) = ceλt solves (2.11) for λ such that

λ− A−Be−λr = 0. (2.12)

The equation (2.11) is none other than the following linear abridged version of the

jam-equation considered by Illner and MacGregor [9]:

z′(s) = β[z(s+ z0)− z(s)] (2.13)

where, relative to (2.10), the factor (z(s) + α)2 is omitted from the left-hand side.

Furthermore, the non-local dependency z(s+z(s)) is replaced by the simpler non-local

dependency z(s + z0) which represents a shift of z(s) with respect to some constant

factor z0 (rather than a shift of z(s) with respect to itself).

To illustrate some flavours exhibited by equations where the transformations are

more exotic, we can consider the same example with an additional delay:

Multiple delays: Higher-dimensional parameterization

Equations with multiple delays, e.g. the difference equation

x(t) = Ax(t− 1) +Bx(t− 2) (2.14)

may be treated by expressing (2.14) via y(t) = x(t− 1) as:

z(t) = Cz(t− 1) (2.15)

where z =

[
x

y

]
and C =

[
A B

1 0

]
. The solution on [t,∞) is [6]:

z(t) = Ct−θφ(θ) (2.16)

where θ = t−btc−1 ∈ [−1, 0] and φ(θ) : [−1, 0]→ R2 is arbitrary.2 Thus the solution

is described in terms of a linear transformation on R2.

The example (2.16) highlights some unusual and persistent features of equations

with transformed arguments which follow.

2Hale [6] also notes the possibility of taking the exponential ansatz x(t) = cλt (c 6= 0) in (2.14)
from which a characteristic equation may be derived (the roots of which are, in fact, the eigenvalues
of C).
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• There is a non-local “memory-like” effect: the solution exhibits non-local ref-

erence to values it takes elsewhere3.

• The solution might depend upon some arbitrary (undetermined) “initial data”,

e.g. φ(θ) for (2.16).

It is worth mentioning that the iterated-functional-differential-equations of interest:

the jam and un-jam equations, might be expressed as a higher-dimensional system of

(local) differential-equations: however the resulting system would be both nonlinear

as well as infinite-dimensional.

For the jam-equation and related equations it is simple to observe the difficult

non-local relationships involved: supposing the derivatives exist, a simple repeated

application of differentiation (one step shown here for (2.6)):

z′(s) = β[z(s+ z(s))− z(s)]

z′′(s) = β[z′(s+ z(s))(1 + z′(s))− z′(s)]

reveals that the higher derivatives depend upon lower derivatives evaluated elsewhere.

2.3.2 Challenges Due To Iteration

Above and beyond the non-local, possibly high dimensional, and memory-like nature

of delay equations, and even the possible dependence upon arbitrary (undetermined)

functions, our examples provide other challenges. The established analytic (series) so-

lution methods [8] for iterated-functional-differential-equations, possibly the simplest

being:

x′(s) = x(x(s)) (2.17)

are based on two steps, as follows:

1. substitution of the ansatz x(s) = y(µy−1(s)), and,

2. formal power series coefficient determination for y(s).

3For (2.9,2.10) the implied dependence of the derivatives of the solution upon z(s+z(s)) suggests
to us that the values taken by the solution could be “repeated” according to some non-local pattern.
Indeed, the example (2.16) shows a system with (two) multiple delays exhibiting a “repeated”
solution. Effectively, there are also multiple delays inherent in the equations (2.9,2.10); since these
delays are (potentially) infinite in number the situation is more complicated.
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The operation representative of x(s) = g(µg−1(s)) is referred to as the Schröder

transformation. For (2.17) the identities (2.18,2.19):

x(x(s)) = g(µg−1(g(µg−1(s))))

= g(µg−1 ◦ g(µg−1(s)))

= g(µ2g−1(s)) (2.18)

x′(s) = (g(µg−1(s)))′

= µ
g′(µg−1(s))

g′(g−1(s))
(2.19)

lend (2.17) an alternative representation:

µg′(µg−1(s)) = g(µ2g−1(s))g′(g−1(s)).

Letting z := g−1(s) simplifies the above further:

g′(µz) =
1

µ
g′(z) · g(µ2z). (2.20)

The last equation is referred to as an auxilliary equation for (2.17): this trans-

formed representation of (2.17) is an equation in y(s) of a form amenable to analytic

series coefficient determination. Considering which µ ∈ R might be admissible is a

nontrivial matter [8]. The success of the method depends on demonstrating:

• the convergence of the power series for y(s) (argued by majorization) and that,

• the solution x(s) = y(µy−1(s)) determined by these coefficients is in fact a

solution.

Discussion

In applying the above analytic expansion methods [8] to the jam and un-jam equa-

tions, it can be seen that the series for the associated auxilliary equations cf. (2.20)

are divergent. The partial development of a fascinating alternative operator approach

is the subject of [9]. Furthermore the methods of [8] are applied successfully to the

jam equation in [35] for a case other than that considered here: namely the case
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of solutions passing through the origin (for the jam equation, the desired solutions

associated with the travelling wave profile should be non-negative, monotonically de-

creasing, and of infinite support). Despite these advances the answer to the existence

question for the jam and un-jam equations remains outstanding: thus the existence

riddle is representative of an open problem of great intrigue and difficulty.
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Chapter 3

Non-Local Driving Behaviour with

Fundamental Diagrams

The macroscopic model [3] presented here extends the macroscopic traffic models

of Herty and Illner [1, 2] by augmenting and reconciling the usual non-local forces

representative of interactive driver behaviour with relaxation terms (representative of

free-flow dynamics). Again, relative to [1] the modelling also includes the addition of

the reaction time parameter τ which we should expect, is observed in practice, and

which forces us to pay close attention to the range of validity for the models.

First the refined macroscopic model [3] is developed: in addition to the usual

non-local forces, the refined model includes a relaxation term. Subsequent to these

developments, the behaviour of the refined model is exhibited through numerical sim-

ulations, where emphasis is placed upon the question of stop-and-go wave formation1.

Throughout the interpretation of macroscopic variables described before (1.1.3) is

assumed.

3.1 Motivation

The non-local Herty-Illner traffic models [1, 2] which were derived from Vlasov-type

kinetic (mesoscopic) models and shown to admit (at least approximately) travelling

wave solutions [1, 2] were known to obey maximum principles [2]. The interpretation

of the maximum principles is that the traffic dynamics are not self-excitatory. The

desired self-excitation may follow from a relaxation term (based on a fundamental

1The answer to this question is affirmative.
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diagram) like the “relaxation” type of force terms typically incorporated in models

of Aw-Rascle-Zhang type [36]. That is, the relaxation term (representative of the

propensity to “return to an equilibrium state”) is necessitated by the assumption

that drivers will adjust their speed to some ideal (comfortable) “target speed” U e(ρ),

in the absence of more pressing behavioural stimuli (e.g., braking or acceleration

events ahead that invite the driver to respond in anticipation of the future state).

It is assumed that the “target speed” involved in the relaxation term will be

represented by a fundamental diagram. Formally speaking, a fundamental diagram is

a relationship between traffic flux (often expressed in units of vehicles/hour) and the

traffic density (often expressed in units of vehicles/km) which is usually an empirically

determined relationship (perhaps obtained by curve fitting to real traffic data). In the

macroscopic modelling context we shall also use the term “fundamental diagram” to

refer to an (equivalent) relationship between traffic speed u (instead of traffic flux ρu)

and traffic density ρ. The fundamental diagrams used here to represent the “target

speed” in the relaxation term will be, rather than empirically derived curves, idealized

curves familiar to the traffic modelling community for the same purpose.

The observation [1] that the models cf. [2] formally admit steady (constant)

solutions (ρ, u) for (arbitrary) density and speed combinations emphasizes that the

inclusion of a relaxation term is of great importance, particularly for high-density

situations.

3.1.1 Relaxation Terms

Relaxation terms, typically included in second-order macroscopic traffic models on the

right hand side of the usual momentum-transfer equation, are usually2 representative

of acceleration (deceleration) towards a comfortable (equilibrium) target speed U e(ρ).

Conventionally the target speed U e(ρ) is assumed to be density-dependent. The

most prominent example of a density-dependent relaxation term is:

1

T0
(U e(ρ)− u) (3.1)

where T0 is the so-called characteristic relaxation time, that is, drivers adjust their

speed u according to the discrepancy (U e(ρ)−u) with the ideal speed. The proportion
1
T0

is chosen so that, according to the instantaneous (linear) forecast, the discrepancy

2A relaxation term could also take into account the activity of speed limits or other laws, although
here speed limits will be considered “separately” in (3.3.4).
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(U e(ρ)− u) will be resolved (tend to zero) at at time T0 from now3 (in the modelling

that follows, the quantity 1
T0

will be referred to as c3). Equation (3.1) has dimensions

of acceleration (or braking).

Models of Aw-Rascle-Zhang type have been studied with right hand sides corre-

sponding to U e(ρ) represented by a variety of fundamental diagrams [24, 37, 36]. Of

particular interest is the emergence of three-phase traffic dynamics (cf. Kerner [38])

consequent to the assumption of a multi-valued fundamental diagram [36]. As in [36]

a multi-valued fundamental diagram is considered here, to augment the non-local

macroscopic traffic models introduced in [1, 2].

There are many types of models other than those developed here, as noted in

Chapter (1). Some aspects left out of the modelling so far include but are not limited

to the following: variations in vehicle size and mass, individual driver behaviour, and

random fluctuations. Here priority is given to simplicity, in order to identify basic

structures as those indicated by empirical studies, for example those identified by

three-phase traffic theory.

Again (1.1.3), while the macroscopic models here are developed from the Fokker–

Planck ansatz cf. [20, 1, 39, 16], the subject of macroscopic modelling has been subject

to intensive study eg. [4, 40, 41, 42, 37, 26, 43, 44, 28, 29, 5, 45, 46]. On the other

hand, microscopic models keeping track of individual drivers and their interactions

(as systems of ordinary differential-delay equations, or discrete versions like cellular

automata) have also been subject to intense study [47, 48, 49, 50, 38, 51, 52, 53];

stochastic extensions of these models are also available [54, 55, 56]. Lastly the kinetic

models, see e.g. [18], represent the bridge between the microscopic and macroscopic

perspectives.

3.2 Modelling

3.2.1 Parameters and Notation

As before (1.1.3), position (on the road) and time will be denoted by x, t. The symbols

ρ = ρ(x, t), u = u(x, t)

3Of course, it is only an instantaneous (forecast) so the time T0 for resolution of the discrepancy is
an idealized estimate. Further, the estimate is based on an idealized driver that does not take other
drivers’ speeds into account, i.e., the estimate does not include the effects of possible fluctuations in
the speed profile.
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refer, respectively, to the macroscopic density and the macroscopic (average) speed

of cars on a highway (freeway) lane. Lane changing is not given explicit consider-

ation here, although it may be included implicitly in the sense that certain types

of fundamental diagrams (to be introduced later) emerge only due to the presence

of lane-changing. The non-local model includes three parameters that exist in real

traffic:

• the minimum safety distance H > 0 (on the order of magnitude of 8 meters

and measured from the front of a car to the front of the lead car) which applies

in moving traffic and is larger than the minimum distance in standing traffic,

i.e., 1
ρmax

;

• a characteristic reaction time T > 0 that multiplies the driver’s speed such

that: [x, x+H + Tu] is the window from which a driver at x and moving with

speed u draws (visual) information;

• the individual driver reaction time τ > 0. T should be thought of as

being about 2 seconds, τ ≈ 1 second.

At a typical speed of 15 meters per second, the window [x, x + H + Tu] would then

be 38 meters long.

With u, ρ taken at (x, t) the following abbreviations are introduced:

uX(x, t) = inf
σ∈[x,x+H+Tu]

u(σ, t− τ), (3.2)

(the smallest speed observed in the visible window)

ρ+(x, t) = sup
σ∈[x,x+H+Tu]

ρ(σ, t− τ), (3.3)

uY (x, t) = sup
σ∈[x,x+H+Tu]

u(σ, t− τ), (3.4)

and

ρ−(x, t) = inf
σ∈[x,x+H+Tu]

ρ(σ, t− τ). (3.5)
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3.2.2 The Fundamental Diagram. Braking and Acceleration

Forces

In the absence of speed limits (or other laws) that will be given separate attention

later (3.3.4), drivers are assumed to have a target speed in mind associated with

a certain density, and if no other inputs are active, they will brake or accelerate

towards this target speed. We assert that this behaviour is a certain force F given

by a fundamental diagram. In the simplest case F might be taken as:

F =
1

T0
(U e(ρ)− u) . (3.6)

Again, in the statement of the refined version of the Herty-Illner model (3.14,3.15),

the quantity 1
T0

will be referred to as c3.

As indicated earlier, the fact that U e may be a multi-valued function might best

be expressed in terms of a dependence on two variables, rather than one, i.e.,

U e = U e(ρ, u).

Such an example will be provided and used below; the structure of a multi-valued U e

is best understood from a graphical representation (see Fig. 3.1).

We emphasize that the fundamental diagram should be active only if no other

(overriding) forces apply. Such forces are active if the driver is in a “compelling”

braking or acceleration situation. The word “compelling” here means that the driver

realizes the need to brake or accelerate; to this end we introduce one more parameter

ε ≥ 0, a (low) threshold for reaction. The conditions defining braking scenarios, along

with the associated force terms to be active on the right hand side of the speed (or

momentum transfer) equation, are given by (3.7,3.8):

If u− uX > ε let B = min{c1
(

ρmaxρ
+

ρmax − ρ+

)
(uX − u), F}. (3.7)

We see that (3.7) means that braking dominates, and the braking force is the stronger

of the two given by the speed relative to uX and the one given by the fundamental

diagram. The factor multiplying uX − u is called “speed adaptation coefficient” (see

[36] and associated references), which diverges to ∞ as ρ+ approaches the possible

maximum.

If u− uX ≤ ε and F < 0 let B = F. (3.8)
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This means that braking still dominates (drivers are ‘compelled” to brake) if the

fundamental diagram calls for braking, even if the relative speed is close to 0 or

negative.

Next the condition (3.9) is provided to define the acceleration scenario, along

with the associated force term (3.10) active on the right hand side of the speed (or

momentum transfer) equation:

If u− uX ≤ ε, F ≥ 0 and uY − u > ε (3.9)

let the acceleration force A be defined by:

A = max{c2(ρmax − ρ−)(uY − u), F}. (3.10)

This is an acceleration scenario, for which acceleration is given either by the force

suggested by the speed relative to uY , or by the fundamental diagram. As the speed

adaptation coefficient is taken here to be a function decreasing with ρ− – higher

densities should imply reduced acceleration. Finally, if none of the above conditions

(3.7,3.8, 3.9) apply, the force is simply F – the fundamental diagram is the only

remaining input.

In the following numerical simulations we allow different fundamental diagrams

as depicted in Figure 3.1 and explained in detail below.

I) The Greenshields model with two parameters (maximal velocity vmax and max-

imal density ρmax) is given by:

U eq(ρ) = vmax(ρ− ρmax). (3.11)

II) A more realistic nonlinear fundamental diagram is:

U e(ρ) = vmax

(
1− 1

π

(
atan

(
30π

(
ρ− ρmax

3

))
+
π

2

))
. (3.12)

The shape of this fundamental diagram is similar to the examples considered

in [18]. It is a better match to traffic data due to the small transition zone

between free flow (ρ < ρmax

3
) and congested traffic.
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III) An example of fundamental diagram attaining multiple values in the region

I := [ρ−, ρ+] given by:

U e(ρ, u) =

U
e
(
ρ+ ρmax

3
− 5

4
ρ+
)

u > u∗(ρ), ρ ∈ I or ρ < ρ−

u∗(ρ) u = u∗(ρ), ρ ∈ I
U e
(
ρ+ ρmax

3
− 3

4
ρ−
)

u < u∗(ρ), ρ ∈ I or ρ > ρ+

 (3.13)

where is U e(ρ) is chosen to be as given by (3.12). The other parameters are as

follows: ρ± = ρmax

3
± 1

20
ρmax, u

∗(ρ) = u+−u−
ρ+−ρ− (ρ− ρ−) +u− for u− = U e(1

2
ρ−) and

u+ = U e(−1
4
ρ−). Similar fundamental diagrams were used in [36] to show how

multi–valued fundamental diagrams help explain stop–and–go waves.

The above fundamental diagrams are depicted in Figure (3.1) where the equilibrium

speeds are given by the dotted red lines. The contours for the velocities Ue(ρ, u)− u
corresponding respectively to the acting forces derived from Ue(ρ, u) are represented

in “heat map” format, i.e., in the (ρ, u) plane, the velocities Ue(ρ, u)−u are indicated

by color. For each of the diagrams represented in Figure (3.1) the correspondence

between color and velocity is shown via the “thermometer” scale at the right. Then,

negative velocities Ue(ρ, u)− u are representative of braking, whereas positive veloc-

ities Ue(ρ, u)− u are representative of acceleration.

These definitions define forces for all possible scenarios as a functional of the

(delayed, non-local) state. Writing R for this functional, the traffic model is:

ρt + (ρu)x = 0 (3.14)

ut + uux = R. (3.15)

Notice that the B which arises in braking scenarios is by construction always

nonpositive. The definition of the force term R is asymmetric in preference of braking,

a reasonable construction in view of safety considerations.

3.3 Numerical simulations

The System In Conservative Form

In order to proceed with numerically solving the system of balance laws (3.14-3.15),

the momentum equation (3.15) is rewritten in terms of the conservative variable (ρu)
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Figure 3.1: Equilibrium velocities U e, U e(ρ, u) (dotted red line) resp. given by
(3.11)-(3.13). Also shown: the contour lines of the relative velocities: U e(ρ, u) − u
from which the acting forces are derived.
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to obtain the system

ρt + (ρu)x = 0

(ρu)t + (ρu2)x = ρR. (3.16)

We see this by rewriting (3.14) as (3.17):

0 = ρt + (ρu)x

= ρtu+ ρxu
2 + ρuxu. (3.17)

Inserting (3.17) into the product of (3.15) with ρ: ρ(ut + uux − R) = 0, yields the

equivalent momentum law (3.18):

ρR = ρut + ρuux + ρtu+ ρxu
2 + ρuux

= (ρu)t + (ρu2)x (3.18)

as desired cf. (3.16).

Numerical Solution Via The Conservative Form

The numerical solution for (3.16) computed on a uniform grid with Nx spatial grid

points is obtained using a first–order time–splitting procedure. Specifically, an it-

eration of the time–splitting procedure consists of the following two steps: 1) the

application of a first–order finite volume method, representative of the numerical

solution of the system of conservation laws

ρt + (ρu)x = 0

(ρu)t + (ρu2)x = 0 (3.19)

and 2) the application of the Euler method4 upon the associated ordinary differential

equation:

(ρu)t = ρR. (3.20)

4We note that the time step for the Euler method used to numerically solve the ordinary differ-
ential equation (3.20) is chosen to satisfy the associated Courant-Friedrichs-Lewy (CFL) condition.
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Moreover, the transport system (3.19) corresponds to the well–known equations of

pressure-less gas dynamics, for which a Godunov scheme (first–order finite volume

method) in the conservative variables (ρ, ρu) is available [10] – the same method

is used here. The interested reader may examine [57] for references to alternative

discretization schemes.

Before proceeding to the simulation results, we present the implementation details,

as follows. Evaluation of the source term R is performed at the center of each cell;

the variables ρ and u are represented as piecewise constant in their reconstruction.

For the computation of the non-local term uX nearest-neighbor interpolation is used.

Unless stated otherwise, periodic boundary conditions are used, representative of a

circular “ring” road). Parameter values are taken as in Table (3.1). Prescription of

the initial data for the simulations will be discussed shortly.

3.3.1 Parameters

The source term R in the equation (3.15) contains the following parameters. The

safety distance (H) is taken to be about twice the car length, so that the maximal

density is ρmax = 0.2 (corresponding to an average car length of five metres). The

anticipation time of the drivers (T ) is two seconds which at maximal velocity corre-

sponds to an additional look-ahead distance of 60 m. The maximal velocity (umax) is

set to 108 km/h — a model for highway traffic in the USA and Canada. The follow-

ing possible reaction times (τ) for drivers were simulated: τ = 0, 1
2
, 1
2
, 3
4

seconds. The

weights c1, c2, c3 for braking, acceleration and free flow traffic are a–priori unknown,

but we assume that the drivers have a tendency to apply a braking force of greater

magnitude than that of a force arising from acceleration behaviour and/or response

to free-flow. Traffic is simulated for twenty second periods on a strip of the highway

which is four kilometres in length. The mesh consists of 20,000 points (one grid point

per twenty centimetres). Table 3.1 summarizes the parameters.

The initial data are described case by case for each of the three traffic scenarios

which follow.
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Name Description Value Unit

H safety distance 10 m
T anticipation time 2 s
ρmax maximal density 0.2 1/m
umax maximal velocity 30 m/s
τ reaction time ∈ {0, 1

4
, 1
2
, 3
4
} s

c1 weight (braking) 16 1/s
c2 weight (acceleration) 3 1/s
c3 ≡ 1

T0
weight (equilibrium) 0.05 1/(ms)

ε velocity threshold 0.15 m/s

Lmax length of the road 4’000 m
Lres length of speed limit 200 m
ulim speed limit velocity 15 m/s
Tmax time horizon of the simulation 20 s

Nx gridpoints in spatial domain 20’000

Table 3.1: Parameters of the numerical simulations



61

Discussion

3.3.2 Time evolution of a density blip

Similar to that of [2, Section 4.2.1] the first experiment is concerned with the situation

where density is assumed to take the constant value ρ0 = 1
5
ρmax on all points but

those on a window of length 400m centred at x = 2000m. The points on this window

are subject to the following perturbation: within the window the initial density is

prescribed to be smoothly increasing from 1
5
ρmax to approximately 1

2
ρmax followed by

the corresponding decay back to 1
5
ρmax. An initially constant velocity u0 = U e(ρ0)

is prescribed for the whole spatial interval (represented in Figure (3.2) by the solid

lines in the velocity profile at the right). The scenario represents a situation where

higher density has developed at some point of the road (owing to some suddenly

occurring traffic disturbance) which at time t = 0 has not yet been recognized by

drivers upstream. Imminently such recognition will occur, and drivers’ reactions will

ensue. Several experiments were performed, as follows.

In Figure (3.2) we present density and velocity at a time Tmax using the three

different fundamental diagrams in the simulation, with the reaction times: 0, τ = 1
4

,τ = 1
2
. Figure (3.3) presents a close-up of the same results as (3.2) using the same

three reaction times τ as in (3.2) but using only the latter two fundamental diagrams

(3.12,3.13) respectively shown in blue and black.

The different initial velocities are due to the fact that the fundamental diagrams

(3.11)-(3.13) gives different u0 associated with ρ0. The maximal velocity is the same in

all simulations. We observe at the bottom of Figure 3.3 the occurrence of oscillations

representative of stop–and–go waves. For both fundamental diagrams (3.12) and

(3.13) the wavelength is between 50 m and 100 m, which is in good agreement with

traffic observations. The staircase-like structure observed in the speed profiles results

from the non-locality in u. The size of the “steps” is related to H and T ; thus for

H = T = 0 they would disappear.
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Figure 3.2: Density and velocity at time Tmax for initial data having a suddenly
increased value of the density and constant initial velocity. Different colors correspond
to the different fundamental diagrams used in the simulation: blue, black and green
correspond resp. to (3.11), (3.12) and (3.13). The reaction times are τ = 0 (top row),
τ = 1

4
(middle row), τ = 1

2
(bottom row). Left: density, right: velocity.
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Figure 3.3: Density and velocity at time Tmax for initial data having a suddenly
increased value of the density and constant initial velocity. Different colors correspond
resp. to the different fundamental diagrams used in the simulation: blue to (3.12)
and black to (3.13). The reaction times are τ = 0 (top row), τ = 1

4
(middle row),

τ = 1
2

(bottom row). Left: density, right: velocity.
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3.3.3 The effect of a lane reduction

Next the effect of a lane reduction on the evolution of traffic flow is studied. The lane

reduction is modelled by increasing the initially constant density of ρ0 = 1
5
ρmax to

3
10
ρmax on a strip centered at x = 2000m whose length is 50% of the road. The initial

transition from the lower to higher density is smooth. The transition from higher

density back to lower density is also smooth: this represents the exit–point of the lane

reduction area. The transition at the exit–point is not the emphasis of this study, but

is advantageous in that the circular boundary conditions are respected. The initial

velocity is always the equilibrium velocity corresponding to the lower density. Hence

the initial conditions represent the situation where cars within the lane reduction

area are moving uncomfortably fast (according to the fundamental diagram) hence

they react by braking. Due to the length of the lane reduction area, the acceleration

effects at the exit–point do not interact with the braking affects associated with the

lane reduction.

In Figure (3.4) density and velocity profiles at time Tmax are presented, using

different fundamental diagrams in the simulation, and the following reaction times:

τ = 0 (top row), τ = 1
4

(middle row) ,τ = 1
2

(bottom row) . This time only the

fundamental diagrams corresponding to equations (3.12) and (3.13) are represented

(in blue and black, respectively). In Figure (3.5) the same profiles as in Figure (3.4)

are shown with zoom, giving a detailed view of the transition at the start of the lane

reduction area. Finally, Figure (3.6) shows a contour plot of the full solution over

space and time for the fundamental diagram (3.13) using the same reaction times:

τ = 0 (top row), τ = 1
4

(middle row), τ = 1
2

(bottom row).

As before, finite oscillations are seen in the density – these are expected and

do not reach or exceed the maximal density in the simulation. The pressure–less

gas dynamics model guarantees that changes in the velocity profile will lead to the

emergence of density oscillations. The frequency of this oscillations is related to the

non-locality in the model. In particular, in Figure (3.5) stop–and–go waves with

wavelength of approximately 50 m are observed.
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Figure 3.4: Density and velocity at time Tmax for initial data corresponding to a
lane reduction and constant initial velocity. Different colors correspond resp. to
the different fundamental diagrams used in the simulation: blue and black resp.
correspond to (3.12) and (3.13). The reaction times are τ = 0 (top row), τ = 1

4

(middle row), and τ = 1
2

(bottom row). Left: density, right: velocity.
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Figure 3.5: Density and velocity at time Tmax for initial data corresponding to a
lane reduction and constant initial velocity. Different colors correspond resp. to the
different fundamental diagrams used in the simulation: blue and black correspond
resp. to (3.12) and (3.13). The reaction times are τ = 0 (top row), τ = 1

4
(middle

row), τ = 1
2

(bottom row). Left: density, right: velocity.
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Figure 3.6: Density and velocity contours representing the simulation at times t ∈
[0, Tmax] for initial data corresponding to a lane reduction and constant initial velocity.
The fundamental diagram (3.13) is used with the reaction times: τ = 0 (top row),
τ = 1

4
(middle row), τ = 1

2
(bottom row). Left: density, right: velocity.
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3.3.4 The effect of a speed limit

Lastly a speed limit scenario is considered, similar to that in [2]: the same method [2,

4.2.2] is used to implement the speed limit in the traffic dynamics. The activity of the

speed limit is prescribed to be effective upon an interval I of length Lres centered at

the position x = 2000m. The velocity represented by the speed limit is ulim. Within

the interval I the dynamics are prescribed so that drivers travelling at a speed greater

than ulim will brake so that their speed will be decreased to match the speed limit.

The values can be found in Table 3.1. In the area where the speed limit applies there

is the following modification to the braking force term:

B = min{c1
(

ρmaxρ
+

ρmax − ρ+

)
(u− ulim), F} if x ∈ I and u > ulim.

Aside from this modification the model remains otherwise unchanged. To initialize

the simulation, constant densities in the range of 10%− 40% of the maximal density

were applied, along with the associated constant velocities U e(ρ) derived using the

fundamental diagram. As ever, the resultant wave patterns are studied.

The solution is presented in Figures (3.7) and (3.8) for the fundamental diagrams

(3.12) and (3.13), respectively. In both Figures (3.7) and (3.8) two reaction times

(τ = 0 and τ = 1
4
) are shown (in the top and bottom rows, respectively). Red dots

indicate the area where the speed limit is applied. The differences in shape between

the two fundamental diagrams considered give rise to differences in the resulting initial

velocity profiles. As a result the braking patterns in Figure (3.8) are more pronounced.

As before, step-like features are observed in the speed profiles, in conjunction with

high oscillations in the density evolution.

In Figure (3.8) associated with fundamental diagram (3.13), for the high initial-

density solution (green) with reaction time τ = 0 (top row), density reached the

maximal density at time T ∗ ' 6.70s. For the simulation with reaction time τ = 1
4

(bottom row), density also reached the maximal density: in this case, for the inter-

mediate initial-density solution (black) at time T ∗ ' 1.49s. Reaching the maximal

density means that a collision has occurred, and that the simulation should not be

continue as, after a collision the model is no longer applicable. Thus in Figure (3.8),

in the simulation for the high initial-density solution (green) with τ = 0 (top row),

and the intermediate initial-density solution (black) with τ = 1
4

(bottom row), the

interpretation is that the model is invalid beyond the time T ∗. Figure (3.8) shows the

simulations ending at T ∗ ' 6.70s (top row) and T ∗ ' 1.49s (bottom row) respectively.
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Figure 3.7: Density and velocity at time Tmax. Different initial densities correspond
to different colors: blue (light traffic), black (intermediate traffic), green (moderately
dense traffic). The speed limit ulim is imposed within the red area. Fundamental
diagram (3.12) and reaction times τ = 0, τ = 1

4
were used in the simulations. Left:

density, right: velocity.
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Figure 3.8: Density and velocity at time T ∗ ' 6.70s (top row) and T ∗ ' 1.49s
(bottom row). Different initial densities correspond to different colors: blue (light
traffic), black (intermediate traffic), green (moderately dense traffic). The speed
limit ulim is imposed within the red area. Fundamental diagram (3.13) and reaction
times τ = 0, τ = 1

4
were used in the simulations. Left: density, right: velocity.
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Chapter 4

Discussion

Here we summarize the accomplishments of the thesis, touching on some of the

strengths and weaknesses.

In the first chapter macroscopic traffic models were introduced (with reference

to microscopic and kinetic models) leading ultimately to the presentation (1.20) of

the Herty-Illner macroscopic model [1, 2, 3, 9] – a model closely related to that of Aw-

Rascle-Zhang [4, 5]. The Herty-Illner macroscopic model (1.20) was arrived at from

the (Kinetic) Herty-Illner Vlasov model (1.14) of [20, 1, 3] by means of introducing

the appropriate weak-solution concept (1.19).

Subsequently the relationship between the Herty-Illner macroscopic model (1.20)

and that of Aw-Rascle-Zhang was shown (1.3.2) by simplification (in the case τ = 0)

of the Herty-Illner system via truncation of the Taylor series (1.40,1.41,1.42) for terms

involving the non-local “forward speed” uX (1.33) leading to an equation (1.43) of

Hamilton-Jacobi type (with diffusion): this “truncated” model (1.43) was shown

(1.3.2) to generalize the popular model of Aw-Rascle-Zhang [4, 5]. Furthermore the

“truncated model” was generalized in the related form (1.53,1.54) including also the

reaction time parameter τ : (1.53,1.54) were studied quantitatively (1.5) and qualita-

tively (1.5).

Several basic analytic properties were presented for the Aw-Rascle-Zhang macro-

scopic model (1.1.4) [4, 5] and the Herty-Illner macroscopic model (1.20) including a

detailed treatment of the existence of weak solutions (1.19) for the (Kinetic) Herty-

Illner Vlasov model (1.14), as well as justification (1.2.5) for some possible choices of

force term for the macroscopic model (1.20). For (1.20) the travelling wave hypoth-

esis (1.45) was used in the braking and acceleration cases to respectively derive two
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iterated-functional-differential equations: the jam (1.50) and un-jam (1.52) equations.

Strengthening the underpinning of the analysis of wave solutions for the “trun-

cated” (“localized”) model [1] according to (1.43), an added consistency check (1.4.6)

showed agreement (in the case τ = 0 only) between:

• (1.53,1.54): the result of abridging (1.50,1.52) by Taylor-series truncation, and

• (1.55,1.56): the result obtained (as in [1]) by using the same steps in reverse,

that is: applying the Taylor-series truncation to (1.20) followed by applying the

travelling-wave ansatz.

Thus two approaches produced (for τ = 0) the same “truncated” system, of which the

second order ordinary-differential-equations (1.55,1.56) are representative. Analogous

to those ordinary-differential-equations used in [1] to study the phase-plane dynamics

of travelling (braking) waves (1.55,1.56) their effective generalizations according to

the forms (1.53,1.54) accomodate the new [2] reaction-time parameter τ .

Corresponding to (1.53,1.54) representing the (localized) travelling wave solutions

to the model, the existence proof originally given in [1] for the “truncated” model

(1.55,1.56) was naturally extended (1.5) to include τ , the reaction-time parameter [2]

by using (1.53,1.54) instead. The inequalities guaranteeing existence were updated

accordingly (1.70,1.71). In the proof more emphasis was placed on the acceleration

aspect. For both the acceleration and braking cases, the parameters representative

of the inequalities for existence were expressed in a way (1.69) making immediately

apparent the dependency of the bounds (1.70,1.71) in terms of the travelling wave

speed (V ).

Numerical integrations for the updated ordinary differential equations cf. (1.53,1.54)

representative of the (localized) travelling wave solutions were given (1.2,1.3,1.4) for

several choices of the parameters τ and V . Moreover, failure of the existence theorem

in the braking case was demonstrated, for travelling wave speeds (V ) high enough to

violate (1.71).

In the second chapter the functional equations resulting from insertion of a

travelling wave ansatz into the Herty-Illner model were considered, as follows:

• the jam equation (1.50) associated with braking waves and,

• the un-jam equation (1.52) associated with acceleration waves.
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A novelty of the thesis is the derivation of the simplified version (2.9) of the un-

jam functional equation (1.52) associated with the acceleration case, a derivation

complementary to that for the simplified form (2.10) corresponding to the braking

case (1.50) that was studied in detail in [9]. Following this derivation of the simplified

un-jam equation (2.9) was a discussion (2.3.2) of the existence question for both func-

tional equations with respect to the simplified format (2.10,2.9). Despite substantial

progress towards a solution [9] the existence question remains mysterious, beautiful,

and open!

In the third chapter the Herty-Illner macroscopic traffic model was augmented

by the incorporation of a relaxation term (3.12,3.13) representative of free-flow dy-

namics. This relaxation term was necessary in order for the model to be endowed

with the type of self-excitatory behavior expected to be necessary for the emergence

of features consistent with stop-and-go oscillations. Simulations of this refined ver-

sion of the Herty-Illner model (3.14,3.15) were presented for several parameter choices

(3.1) in the context of several realistic traffic scenarios, as follows:

• the evolution of a density blip (3.3.2) representative of density increase due to

lane-changing,

• the effect of a lane reduction (3.3.3) and,

• the effect of a speed limit (3.3.4).

Ultimately, realistic stop-and-go waves were observed (3.5) in the simulations

(3.3.3). The observed wavelengths were between 50m and 100m – such observations

are consistent with those derived from empirical studies. Simulations were stopped in

the event of a collision (3.8), as the refined Herty-Illner model (3.14,3.15) no longer

has meaning at any time in the future of a collision event.

Some weaknesses in the developments, representing points that might be valuable

to address in future work include:

• the drawbacks of the localized modeling [1] which remain apparent,

• the lack of formal solution for the non-local functional equations [9], and,

• the need for detailed comparison between: the predictions of stable regimes (via

the parameters α, β) offered by the (localized) travelling-wave solution existence
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theorem, and: empirical data on the evolution of moving jams (and moving

acceleration waves).

The developments are lent considerable strength by the reconciliation (3.14,3.15)

of the non-local forces characteristic of the Herty-Illner models with the relaxation

term (3.12,3.13) representative of free-flow dynamics. Owing to this reconciliation is

the observation of qualitatively reasonable stop-and-go oscillations (3.5,3.3.3). Thus

a possible formal explanation for emergence of stop-and-go waves is provided, in

terms of the tension between the desire to accelerate and the need to brake – better

understanding this tension is the intention “driving” the developments here. Finally,

the possibility – of obtaining, from “localized” wave existence results, “target” traffic

conditions that are unfavourable for jam formation (for use in traffic control systems)

– represents an important advantage conferred by the macroscopic approach. Again,

corroborating this with information of empirical origin represents a valuable subject

for future inquiry.
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What if, not unlike phase-transitions in statistical physics,

improvement is predicated

.................................................................................
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