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ABSTRACT

A nuyor issue in robodc control is the avoidance of collisfens with the wock^Mce or with 
other active robots m the case of cooperative systems. Many control and motion 
planning methods use some form of distance metric to determine how close the 
manipulator is to its envircHunent As a result rapid calculatkm of distances between 
robot con̂ KMients and wockqwce obstacles is crucial to efforts in on-line coUiskm 
avoidance. While efficient methods exist, fiirther refinement is always desirable.

The computation of distances between convex polyhedra in 3D qiMce can be presented as 
a Quadratic Programming problem. The DQP3 (Distance via Quadratic Programming 
3D-specific) algorithm for computing the distance between ctmvex polyhedra is 
presented, based on the primal active set algorithm. The DQP3 algorithm enhances
the primal active set method by using geometric solutions to its core calculations, instead 
of gmeralized matrix methods. Several variants r^the DQP3 algtxithm are [xesented 
with relative timing information. Comparison to algorithms fi'om the literature is also 
performed, with CPU times scaled according to the LiiqMck benchmark of the CPU used. 
The most detailed comparison is to Cameron's Enhanced GJK (Gilbert, Johnson and 
Keerthi) algorithm, running his code on the same test machine as the DQP3 code.

In addition to robot components that ̂ ically  have a single polyhedral representation, 
ellipsoid rq>resemations of objects are also of interest, partly because of their simplicity. 
Three difiwem methods of handling the ellipsoid distance are presented: a simple point to 
ellipsoid iteration, the use of high-definition polyhedral models (withDQP3), and an 
iterative process for refining the polyhedral model only in the area of interest. 
Cmnparisonto the scarce results from the literature is don^ but the main comparison of 
interest is among the proposed methods, which showed the point to ellipsoid method to 
be the most reliably although the iterative refinement technique shows promise.
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1 . f im tO D U c n o N

The core of this thesis is the presentation of a convex polyhedra mininnim 
distance calculation that is a hybrid of two q^proadies. The structure of 
the a%orithm is derived firom a QP opdmization method, but the heart of 
the algorithm is intrinsically geometric. On simulated problems ̂ ic a l of 
those fiiced in robotics, it is the 6stest to date in its field.

The algorithm is extended to the ellipsoid distance problem, a peculiarly 
difBcult distance problem that has seen little activity in the literature. An 
qtproach using iteratively refined polyhedral models of the ellipse is 
described, with promising results.

1.1 General Introduction
The distance problem in robotics is a kty^conqionent of collision avoidance contrd. Any 
manipulator or mobile robot that interacts with its environment must know where the 
obstacles in that environment ar% and at either the supervisory or control level must take 
steps to avoid them. Efficient computation of the minimum distance problem is essential 
to on-line approaches to collision avoidance and can serve to improve the speed ofoffi 
line planning as well.

A variety of mathematical models have been used to represent workspace obstacles and 
robot dements, from the simplicity of collections of points all the way to surfiues defined 
by parametric curves. One of the most popular of the more complex representations is to 
use a collection of convex objects to represent the manipulator and its woric^ace.
Convex objects are particularly interesting because the distance problem between a pair 
of convex objects is itself a convex problent As a result there are a variety of powerfiil 
algorithms for quickly finding the minimum.

A notable feature of the distance problem in robotics is that it does not just need to be 
computed once. In both on-line and off-line ̂ plications, the distance of the robot firom 
its environment needs to be computed again and again, each time after tiny increments in



the posKoa of the model objects in question. As a result the closest point on the objects 
rarely changes dramatically, and tins &ct can be used to advantage. The case vehere the 
objects under consideration must be tested at many points along a tnyectory is known as 
the iradingprobUm.

The Distance Quadratic Programming 3D-specificorDQP3 algorithm presented here 
works on convex objects represented by a collection of fimets. Avarmty of results on 
similar structures from the literature are used as a basis for comparison. Some results for 
the problem of finding the minimum distance between ellipsoids are also forthcoming.

Prior Work
Gilbert’s woric [GilbertSS] on the distance problem between convex polyhedra is widely 
regarded as the foundation of the topic. Mai^ofdieothm results current in the literature 
are derivative of his original algorithm. While there is a convex distance computation 
literature that predates Gilbert (such as Lozano-Pérez and W esl^’s initial development 
of the configuration space in 1979 [Lozano79], to Gilbert’s later woric) his method is
seen as the first truly efficient one.

Lin and Camay’s ̂ proach to the problem [Lin91] paralleled Gilbert’s wori^ also using 
vertices as a fimdamental unit. The edges and filets of the object were also used 
extensively. Lin and Canny were the first to introduce a database of adjacent 
information, allowing the algorithm to run in near constant time in increasing numbers of 
facets. The constant time result only applies to the tracking problem, but the adjacency 
database greatly improves the calculation time in all circumstances.

Extensions of Gilbert’s woric include Sato and Cameron’s efforts to provide a similar 
near constant time result [Sato96, Cameron97a, Cameron97b]. T h^use a similar 
^proach, preprocessing the object data so that a list of the adjacent vertices for any given 
vertex is available.

Somewhat disregarded due to the fiscus Gilbert and Lin have thro wn on geometric 
models are the optimization based results [Bobrow89,Ma92]. Theseuseadifforent



cq^tesentsdoaof the objects, more &cet oriented, defining the objectby the intersection 
ofasetofhalfi>spaces. WhUe relatively efficient theirmethods were neveri^dtted to 
provide the near constant time result of the geometric vertex-based methods.

13 Contribuions Made by this Dissertation
The most significant development presented in this thesis is the DQP3 algorithm, a 
hybrid of the optimization and geometry based convex distance problem algorithms that 
exist to date. While the algorithm is not as fiist as die constant-time algorithms on large 
Acet counts, it is very con^etitive at the smaller Acet counts ̂ ic a l  to robotic problems. 
In addition, an adjacent database method is proposed, which should provide a limilar 
speedup, hi any case, it is good to see the optimization methods return to the ring.

As part of an effort to ^ply the DQP3 algorithm to ellipsoids, an efficient solution to the 
point to ellipsoid distance problem is produced, ^roxim ately 3 times as Ast as current 
algorithms. This algorithm may be igiplled to the ellipsoid distance problem in an 
iterative manner, but the computation times show a strong inverse proportionality to the 
distance between the ellipsoids, making it quite impractical A r collision detection.

Modelling true ellipsoids with high order polyhedra is somewhat impractical due to the 
scaling of the error with Acet counts. An ahemative to starting with a high density of 
Acets, a method of iteratively refining the polyhedral model o f the ellipsoid is 
introduced. While currently less efficient than the point to ellipse iteration, it shows 
much better linearity of computation time whh distance, and has promise for fiiture 
development

1.4 Organization of Dissertation
This thesis is divided into four main clusters apart finmthis introduction; a chapter 
surveying the distance computation literature, a chapter detailing the DQP3 algorithm and 
its variants, a chapter comparing the DQP3 algorithm with its peers, and a chapter on the 
ellipsoid problem. Following these is a brief conclusion with suggestions for fiiture 
work.



The second chuter, *The Distance Problem îa Robotics* j^esents a broad ovenrievr of the 
variety ofdistance confutations between objects. The state of af&irs in the robot control 
literature is first examined, foUowed by the work: in convex models. Non^convexand 
dissociated models of objects are also looked at

The third chapter, Tast Distance Confutation uriqg Quadratic Programming* detrilstiie 
quadratic progranuning(QP)fi)nnulation of the distance problent The primal active set 
method fbr solving QP problems is described. It then goes on to find ways to enhance the 
confutation of that method at various points, using the geometric nature of the distance 
problem. The result is the Distance Quadratic Progranuning, 3D-specific orDQP3 
algorithm. A number of variants on the core algorithm are suggested to enhance its 
speed, and a method fbr handling the translafion and rotation of object desct^^ns 
internally to the DQP3 algorithm is described.

The fourth dupter, 'Comparison ofDQM to Other Algorithms’ does just that 
Cameron’s Enhanced GJK [Cameron97a] is conf>iled on the same machine as DQP3 and 
the two are tested head to head. Theresultsaremixed, with the DQP3 algorithm 
somewhat Aster on the tracking problem, but slower elsewhere. Comparison to other 
algorithms in the field is undertaken by scaling thdr results by the Linpaclc benchmaric 
fbr the computer in quesdon.

The fifth chf)ter, *EUipsoid Distance Computation Methods’ starts by providing the 
details of the ellipsoid distance problem, and what few r^rences exist Afiut algorifiun 
for point to ellipsoid distance computation is presented, followed by results fbr simply 
iterating that algorithm to solve the el%soid to ellipsoid problent While the atteofit to 
useDQP3 on high order polyhedral models of ellipsoids is rather ineffective, it does lead 
into an iterative algorithm that only adds fiuet coverage in the area needed. The iterative 
algorithm shows some promising results.

The thesis is rounded out with some conclusions and a long list of possible directions to 
take fiiture woric on the topic. An appendix of Matlab and C code inf>lementing maiqr of 
the algorithms desoibed herein is also included.



2. The Distance Pr o bu em inRobotics

Any practical application of robotics must involve the robot mteracting whh its 
environment In the process o f doing so, obstacles in the workspace may be encountered, 
and atthe very least it is undesirable for a manipulator arm to inqnct its target object 
with any part of its structure other than the end eShctot Lithe complex environments 
seen in industrial robotics, this is an even more ngnificant issue. As a result various 
forms of modelling of obstacles have been applied to robodc control algorithms.

There are two views on the problem worth considering. The control theorists are 
interested in how the robot moves in the presence of obstacles, and are less concerned 
with the realism of those obstacles. This tends to lead to the use of simpler models, for 
ease of implementation and computation.

The collision detection and distance measure literature is more concerned with modelling 
the workspace and manipulator in as much detail as possible. Con^utational costs are an 
issue of course, but as the focus is on modelling morecon^lex models tend to be 
proposed and used. Recently, there has been a move to nuddng the algorithms and 
sofiware more accessible, through release of public domain software libraries. Lin 
[Lin96] lists several, and Cameron’s woric [Cameron97a] has been integrated into a fiill 
path planning package, OxSim [CameronOl].

This surv^ will attempt to sketch the ̂ e s  of distance computations in use in robotics 
control applications, thmgo onto a discussion of the various models in use in the 
collision detection literature. These are divided into the classes of convex methods, non- 
convex methods and dissociated models.

Some excellent survey papers on the subject of collision detection are Lin’s woric [Un96, 
Lin98] and Jiménez’s survey [LménezOI].



2.1 Robotics Control Models
The author’s original thesis [Fengei93] survis the then current pikers in the field of 
collision avoidance. A handfidofmore current results fiom the literature are also 
considered here.

The sin^lest of models seen in the literature is the use of spheres or circles. This reduces 
to measuring the distance between points, a trivial confutation indeed. An example of 
this is Hopcroft’s use of f  heres [KopcrofiM] when looking at complex collections of 
objects.

Next we have line models, which are little more complex. Simple projective geometry 
can be used to find the closest point betweoia line and apoint, and only more slightly 
conf lex computations are required to find the closest point between two lines. Line and 
point methods are used by Khadem [KhademSS], Cheng [Cheng93] and Fenger 
[Fenger93] for handling redundant manipulators, vdiere the control issues become quite 
conflex. Line to line methods are considered by Zchal [Zchal92] and Glass [Glass93] 
for handling a redundant manipulator working through a window-like opening.

A rather different sort of approach, coming closer to general geometry methods, is the use 
of potential fields. It models the woricspace (fostades not as hard limits, but as hills in a 
potential field. Using these hills to dynamically ‘push’ the robot away from obstacles 
produces useful results. Kalaycioglu [Kalayciog!u93] uses these sorts of models, but 
only models the robot links as a series of points, not as discrete objects. McLean 
[McLean93] uses a similar method for handling a snakelike manipulator.

While general convex hulls are of interest at a theoretical level, fowp^ers have tried to 
use them for actual control applications. M c fo ^  [McEn̂ Te92] is one of these select 
few, actually implementing convex hull models for an industrial robot in an online 
control application. Hs update rate was only 3S2ms (on a 68030), however.

There is even a collision avoidance method that does not compute distances at all Both 
Nakamura |Nakamura9l] and Yoshikawa [Yoshikawa90] use a ‘reference portion*



selected by the machine operator, and attempt to stay as close to that configuratioii as 
possible.

More recent work such as Chuang’s potential field ps^er [Chuang98] still use point 
(manipulator) to polyhedra (obstacle) distance measures. Senyi [Seraji99] implements a 
fiill robotic control system, but only on line to line models.

Ahuactzin and Gupta [Ahuactzin99] use polyhedral models of manipulator and 
wofiEspace in a high-level path planner, as does Chen’s SANDROS algorithm [Chen98]. 
Both consider running times in the minutes to be good, though it is difBcultto determine 
how many distance computations are done in that time. The latter admits that it could use 
a better distance algorithm. Advances in convmc hull computation speeds would be 
useful to both

22 Convex Model Distance Algorithms
A convex object is one whose sur&ce radius of curvature is always zero or positive 
never negative. The points making up the object form a convex set. This is particularly 
usefid to the minimum distance problem between convex objects, as it makes the problem 
a convmc problem, amenable to directional search to find a global minimum.

The most common ̂ e  of convex model used in distance computations is polyhedral, 
either defined as a set of polygonal facets, or as the convex hull of a collection of points. 
The seminal pqter in the field was written by Gilbert [GilbertSS], the first of the truly 
efficient algorithms for the distance problem, using a convex hull model. Other 
contemporaries in the field include Bobrow pobrow89] and Ma and Nahon [Ma92], both 
working on polyhedra defined by the half-spaces of the facets. Another contemporary 
result, by Lin and Canny (Lin9l], used a somewhat different vertex based approach. Lin 
and Canny were the first to use a database of adjacencies to accelerate the processing of 
the distance problem, and were the first to claim an 0(1) time for what is known as the 
‘tracking problem’, where the position calculation is repeated for small increments of 
relative motion between pairs of objects.



More recent woric oa convex polyhedra include Sato’s [Sato96] and Cameron’s 
[Cameron97a, Cameron97b] attenqits to enhance the orignal Gilbert ̂ proacL Both 
also manage to achieve 0(1) time on the tracking problem, using adjacenQr data.

Another interesting family of convex polyhedra distance confutations creates a nested 
set of polyhedra of decreasing complmdty. The biggest advantage of this is that when 
crossing large numbers of &cets in a tracking type computation, it is possible to jump up 
to less complex levels to amplify the transition. The H-Tree woric of Guibas [Guibas99] 
is one such example.

Another Qype of convex body is the ellipsoid. Rimon and Boyd [Rimon97] look at a 
distance-like measure between ellipsoids that can be computed more easily than the 
actual Cartesian distance. It is a usefiil measure in that it goes to zero as the ellipsoids 
touch. However, modelling non-ellipsoidal objects whh ellipsoids is Airly inefifective 
due to the large error bounds, and ellipsoid models are thus only of real interest when 
there are objects fitting that description in the woricspace.

23 Non-Convex Model Distance Algorithms
Convex is easy. Conversely, non-convex problems are rather harder. Unfortunately, the 
world is largely made up of things that are not convex. A variefy of approaches have 
been used to deal whh this issue.

The simplest approach would be to partition the non-convex object in question into a 
series of discrete convex parts, and test the distance from each of the parts to a target 
object While conceptually simple h leads to large numbers of pairs of objects, each of 
which need to have their distance computed. Finding the optimal partitioning is aNP- 
hard problem [Bajaj92], but heuristic methods exist [Chazelle84].

Another partition based approach is Constructive Solid Geometry or CSG. This entails 
building objects out of geometric primitives such as rectangular prisms, spheres, cones 
and the like. While h is efficient at finding collision points [Cameron91], his difficult to 
build a surAce representation ̂ eyser97].



Farametiic suûce definitions are also used. The most popular is Non>Unifi)mi Rational 
B-Splines or NURBS ^arin93], vdiich. have some nice properties m terms of smoothness 
and ease of rendering. One ̂ pproadi to handling NURBS defined surfimes is a 
hierarchical division into bounding volumes of high enou^ order to match their 
curvature [Krishnan98].

Serarchical representations are a common approach, to handling complex non-convex 
objects. Spheres are the simplest nodes to usê  09ibbard93, Quinlan94] as the distances 
between them are easy to confute. However, thqr do a poor job of mapping to general 
objects. Axis-aligned boxes are a slight improvement in terms of nuippings, and are also 
easy to compute. The next logical step is oriented bounding boxes or OBB, vdiich more 
efficiently tile arbitrary objects [Gottschalk96]. They have seen extensive use in the 
literature, initially in graphics applications [Avro89]. Higher order representations have 
been suggested ^osowski96] but the OBB seems to be die most enduring.

Efficiently determining which subsets to test at arqr given time is the most critical aspect 
of these representations. T h^ are more efficient at collision detection than finding a 

minimum distance, as the model only needs to be descended if two higher-level objects 
are in contact Examples include Gottschall^s RAPID [Gottschalk96], Barequet’s work 
[Barequet96] and I-COLUDE [Lin96].

2.4 Dissociated Models
There are some models that have no physical coherence at alL Two such examples are 
so-called 'polygon soups’, and voxels (disorete volume elements).

The polygon soup ^proaches simply take a database of arbitrary planar polygons, and 
tests each one for penetration by another. These polygons may represent arbitrarily 
shaped solid objects, or simply be firee in space. The simples test for intersection 
between polygons determines whether the edge of one penetrates the area defined by the 
other [Canny87].
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Voxels divided the woA^ace mto discrete volume elements, typically of a &ced size. 
Fixed obstacles can be marked by the cdls they occupy. Moving objects determine 
vdiicb cells they penetrate and test those cells to see if any other static or moving objects 
occupy them [Overmars92]. The biggest problem is deciding oa an. efficient voxel size. 
It can work quite well for uniform objects [TurkSP], and is amenable to paralldizatioa 
and the use of hash tables for improved performance.
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3 . Fast Distance Com pctahon using  Quadratic 
Programming

3.1 Introduction

The distance problem is a central problem, in the field of robotics. The distance problem 
has been solved in many ways, the most popular of which is Gilbert's method [GilbertSS] 
[Gilbert90]. is not the solution of the problem that is of interest here, rather the speed 
with vdiich it can be computed.

A number of ̂ proaches were listed by Gilbert, most ofvAich were dismissed as 
impractical due to excessive attention to asymptotic performance. The Gilbert algorithm 
was con^arable with other algorithms of its day, in that it ran in 0(n) time, where n is the 
number of focets of the two objects vdiose minimum separation is being computed. More 
recently, practical algorithms have been proposed with OQog n) time, and even some that 
with proper initialization and data storage can run in approximately constant time for 
tracking problems QLinPl, Sato96].

To get these results, an important assumption is made -that the distance between the 
objects is to be confuted routinely, and that the objects are undergoing very small 
amounts of relative motion between the computations. Thus, on many evaluation cycles, 
the algorithm only needs to test whether or not the currently chosen points are still OK - 
which can be done in constant time.

Scalability, however, does not tell the whole story. Scalability is desirably but the 
^ ic a l objects of interest in robotics (^plications are quite simple, and can be adequately 
modelled with a very small number of fimets. For example, in |McIhtyre92], awoddng 
robot control system using polyhedral distance computation, no object has more than 10 
focets. Thus there is aneed to solve small distance problems very quickly - the robot is 
represented by 14 such polyhedra, and each must be tested against the obstacles in the 
workspace. In the woric in question, 25 polyhedra distance comparisons per cycle w«e 
deemed necessary, and the cycle time on a 68030 CPU was 352ms. Given that the Reis
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robot they were controlling could move 2.5 meters in this time; a Aster computadon 
method is obviously needed, ahhou^ modern CPUs also heÿ.

Increases in processing power can make up some of the performance required for online 
collision avoidance and path planning tasks. However, w*at is needed is an algorithm 
with modest scaling, and a low constant cost

The quadratic programming approadito distance calculation has seen little interest since 
1992 [Ma92,Zeghloul92]. Lithis thesis, the almost-forgotten QP approadi is revived, 
given a new coat of paint, and a thorouj^ tune-up. Several accelerated methods for 
calculating core elements the QP problem are presented, along with timing results 
showing the performance of the new algorithm.

3.2 Quadratic Programming Formulation of the Distance 
Problem

In general, the class of problems known as quadratic programming (QP) problems are 
attempts to find the minimum of a quadratic fiinctionof some vector x subject to a set of 
linear constraints. Li other words, to solve;

F(x)=ix^Hx+x"q (3.2.1)

subject to a /x ~ 6 ^ ^ 0 ,y e /  (3.2.2)

vdiere/is the set of inequali^ constraints. Formulations where equally constraints are 
allowed also exist, but are not required here.

The problem of finding the distance between two convex polyhedra may easily be 
formulated as a QP problem, in the following manner. The polyhedra may be defined as 

a set of linear constraints, each dividing the space Qiere presumed to be ^  into half> 

spaces, each half-^ace representing one fiicet of foe polyhedra:

A fx ,-b ,iO ,r6^2}  (3.2.3)
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w hen the columns o f the 3xn matrâc At are the vectors defining the dividing plane of the 
half-q;»ac  ̂the elements of the column vectn^bf are the distances of the boundaries firom 
theorem, measured normal to the plan^ and/is die object number.

One set of these constraints defines each object providing a nicely partitioned set of 
constraints on

(3-2.4)

These constraints can be eiqiressed in a form fitting the QP problem

A, 0 
0 A'MakO (3.2.5)

One appropriate cost fimction is the square of the distance measure between the points zi 
and X2, vis:

(3.2.6)

This may also be written as

(3.2.7)

or

F(i)= (3.2.8)

vdime the 4-blodr matrix is the Hessian matrix of the problem, H.

The structure of the Hessian is quite regular, and suggests that there will be more efificient 
methods of iqiproaching this problem than using a general-purpose QP algorithm.
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3.2.1 Numerical Stabilîtŷ
The Hessian of the distance QP problem exhibfts diaracteristics that make it qu&e 
unsuitable for most conventional QP t^pioacfaes.

Ll particular, thenumixisnotposAhiedk/Wlg^D) positive semidefinUe
^SD). While QP algorithms that handle PSD matrices «dst, they still have difficult 
with the problem abov^ as hilly half of the singular values of the Hessian are zero.

None of the QP algorithms tested in 1995 (hom theMiatlab tooOd  ̂mostly) worked iriien 
no constraints were active - by which it is meantthat the inequali^ constraint in (3^.3) is 
exactly satisfied. All of the algorithms required that at least a &w, ^ically  3, of the 
constraints to be active (exactly equal, allowing them to be treated as equality 
constraints). This would allow the algorithm to use those constraints to fi>tm a stable 
extended problem.

In general, this restriction would not be a problem - it could be solved by piddng a 

starting X that satisfies at least 3 constraints. However, efficiency again rears its ugly 
head - if the point is picked badly, it will take many more iterations to converge on 
complex objects. It turns out that for speed in a situation where a best starting point* is 
not known and cannot be guessed at, it is better to start at an internal point - one vdtere no 
constraints are at equality. This result will be discussed later.

More modem approaches, such as those found in vS.3 of Matlab (1999) are significantly 
more robust, and both active set (qp) and interior point (quadpro^ methods solve the 
zero initial constraint problem without difficulty.

3.2.2 Facets vs. Vertices

Gilbert's seminal work [GilbertSS] established a method of distance conqnitation fi)r 
convex polyhedra that has formed the basis of a decade's research. The Gilbert method 
uses the vertices of the object as its basic working elements. In contrast, the QP based 
^>proach suggested above uses the fiicets of the object as its basic woridng element
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R is worth examining the différence in conçulational cost betweeii the two fo r^ ic a l 
operations, and the variations in working element count requhed to repesent a given 
object. Overall, the results are ffdrljr similar.

Other than the conqnitational cost of the algorithm itself which is addressed below, there 
are costs associated with rotating and translating the objects under consideration.

For rotation by a rotation matrix T:

• Vertex: each vertex has to be multiplied by T: 9 multiply, 6  add

• Facet: each &cet vector has to be multiplied by T: 9 multiply, 6  add. Theof6 et 
distances (b, in (3.2.3)) do not dumge under rotation around the origin.

For displacement by a vector d:

• Vertex: each vertex adds d: 3 add

• Facet: each offset distance adds the inner product ofd and its &cet vector 3 
multiply, 3 add.

The computational cost for &cets is higher for displacement, although this is somewhat 
of&et by the Act that modem processors are enable of running floating point 
multiplication and addition in parallel.

Additionally, the costs above may be completely ignored if the translation and rotation of 
the objects are incorporated directly into the algorithm. Numerical results below suggest 
that the cost involved is minimal.

More significantly, choice of working element can affect the number of elements 
required to represent given objects. Two cases are considered here - a q>her  ̂and a 
typical robot arm.

A  sphere can be s|>proximated by a set of evenly spaced polyhedra, in the manner of a 
soccer ball. The simplest form is to tile the sphere with triangles like a geodesic dome 
[FuUerTS]. An evenly q^aced set of Acets on the sphere produces the former, vdiile an
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evenly ̂ aced set ofvettices produces the latter, ff̂ the number ofelements is sufficiently 
large, the âcets become hexagons. For a matching number ofvettices the resulting 
triangles have ̂ proximately 1/3 the area of the hexagons. So, for an equal number of 
elements, vertices represent a sphere better than focets. Alternately, one can see that the 
average number of triangles meeting at eadi vertex in the triangularization is between 5 
and 6 (fo>m the example of the icosahedron), thus thoe will be almost twice as many 
focets as vertices in that represoitation Either way, vertex representation is more 
efficient

However, for a p ic a l robot arm figure 3.1), the situation is reversed. The manipulator 
arm has two large focets on its sides, and a number of small rectangular focets to provide 
the curved profile of foe edges. If foe curved edge is represented ini^focets, the total 
number of focets of the figure is while the vertex count is 2AT. Given the prevalence 
of similar figures in robotics, it spears that focet based methods are not unreasonable.

Figure 3.1 -  3D view of a typical robot arm

Another notable use of focets is in fitting an arbitrary convex object with smooth curves 
instead of obvious fikcets. When piddng vertices for modelling the object, one must be 
carefiil to select them so that the focets so defined do not intersect the object However, 
focets used to model the object can be defined by picking a nicely distributed set of points 
over its sur&ce, and taking the normal planes at these points. The only problem is in 
deciding what a nice set of points is.
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While the author cannot claim that the use of âcets is superior to the use of vertices as 
'working elements, for Qrpical robotics tasks thqr are conçarable.

3 J  The Primal Active Set QP algorithm
One common sohitionfor QP problems is Opprimai active set method. fPletcherST]

The primal active set method divides the constraints into two sets:

• Active constraints > these constraints are exactly satisfied. Le.

a /x -h /= 0  (3.3.1)

if constraint/ is an active constraint. Her^ % is the^^ column of the constraint matrix 
A, and h /the^ entry of b.

• Inactive constraints - constraints that are more than satisfied. Le.

a /x -h y > 0 . (3.3.2)

These two sets (the Active Set and the Inactive Set) are updated as the Primal Active Set 
algorithm iterates to an optimal solution. Generally speaking the algorithm progresses 
by finding the optimal solution given the active constraints, then either adding or 
removing constraints as necessary to improve the overall solution.

3.3.1 Computations of the Primal Active Set Algorithm

3.3.1.1 Ddta

As the algorithm progresses the active set changes as constraints are added and 
subtracted. Atthe core ofthe algorithm is the solution ofthe Equality problem,

(3.3.3)

subject to a / x - 6 / = 0 , y e ^  (3.3.4)
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w liere^ is the active set

Oa any particular iteration ü with interim solution this may be fiirther simplified to
the calculation of 5, such, that fi is the solution to problem (3.3.3-4);

F(*)=i*''HS+«'q®  C33-5)
0

subject to a / 6 = 0 , / 6 ^  (3.3.6)

where q® = fc.®+q, the gradient of F(x) at x® from (3.3.3) above.

Solving this QP problem with equali^ constraints is routine. Two feasible tq>proaches 
include a generalized elimination ofthe constraints and aLagrangian t^roach, with the 
latter being the most usefiil [Antoniou02, FletcherST].

The equaliQr QP problem from (3 3.5-6) has a Lagrangian fimction of

£(«.X)=i6 ''H 6 + 6 *’q«‘^ (3.3.7)

where X is a column vector of Lagrange multipliers and Aoct is the set of active 
constraints from A

^plying the stationary point condition yields

V ,/:= 0 : H 5+ q(^-A ^ 1 = 0  

This can also be expressed as the linear system

(3.3.8)
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The coefficient matrix is symmetnc but not positive definite. A variety of techniques are 
available to solve this problem, and will not be detailed here. Suffice to say that the 
computation is not dieq>.

33.L2 Lambda

Removing a constraint requires some measure of how 'active' a given constraint is. R 
turns out that when the equation (3.3.5-6) is solved by 5 = 0, the Lagrange multipliers of 
the problem may be used for this purpose in addition to their fimction in converting a 
constrained problem to an unconstrained one.

There will be as many Lagrangian multipliers in X as there are active constraints, and

each one matches an entry i n ^  Any negative Lagrangian multiplier indicates a

constraint where the seardi direction towards the solution is away from the constraint, 
and it is among this subset of the active constraints that we must choose one to remove. 
The constraint with the most negative associated Lagrangian multiplier is the 
conventional choice, and tends to work quite well [FletcherST].

While it might seem efficient to remove more tiian one constraint at a time [Gold£arb72] 
it can increase the chance of causing the algorithm to cycle by returning to a previous 
active set in the sequence.

3^.13 Alpha

Adding a new constraint requires that all ofthe inactive constraints be examined to see 
which one provides the greatest restriction on the solution ofthe current active set 
problem, 5®.

The new value of x fi)und by the step is:

= (3.3.10)
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The 0 ^  tenu is foand by treating 6^ teem as a search, vector and finding the constcaiiit 
which it reaches first:

0.3.U )
a f

vAurtc^^is

a f= a ^ 6 ‘̂  ̂ (3.3.12)

Henc^ the search for an additional constraint will be r^erred to as the 'alpha' step. Note 
that equation (3.3.11) only needs to be computed if ô  is less than zero.

3.3.2 Steps of the Primal Active Set Algorithm
Fletcher pletcherST] describes the primal active set method as follows, starting with an 

initial feasible point and its corresponding active set^^^;

1) (%ven a n d ^ \  set 1 .

2) K5 = 0 does not solve (3.3.5-6) go to step 4.

3) Compute Lagrange multipliers and find the minimum, ifX^mm Z 0 

terminate with x* = x^, otherwise remove the matching constraint firom ^

4) Solve (3.3.5-6) for 5®.

5) Find oP that solves (3.3.11) and if > 1 set x ^ ‘̂  = x® + 6 ®, else set

6 ) If 0^  < 1, add the corresponding constraint to ̂

7) Set = it + land go to step 2.



21

3.4 Problem-specific QP Algorithm for the 3D Distance 
Problem

3.4.1 Sources of Compatatioiial Cost
The computational cost of an. algorithm can be viewed as the product of two tenns, rite 
conqnitational cost per iteration, and the number of iterations. The latter tends to be 
difScuh to improve without dramatic changes in the algorithm, leaving the &rmer as the 
easiest to address. In the case ofthe primal active set method for solving a QP problem, 
the 'delta' computation is the dominant per-heration cost for small numbers of 
constraints, and the 'alpha' confutation is dominant for large numbers. For robotics 
control ̂ ffilications we are interested in simple object representations, so the initial focus 
will be on the 'delta' computation.

There are some structural changes to the QP algorithm itself that are -worth considering. 
Recall that the distance problem formulation from Section 3.2 has a large amount of 
zeros that may be exploited. The key elements ofthe QP problem H, q, A  and b are:

(3.4.1)

Simply plugging these values into standard QP problem will produce an answer, but it 
will not do so quickly. Each zero and each one will be confuted as if it were a frill 
precision floating point value, wasting countless /k p s  (floating point operations).

The easiest way to save a few flops is to partition the problem, treating the QP problem as 
two separate problems, one on xi and one on xs, as much as possible. The active set for 
each problem is maintained separately. When confuting the 'alpha' phase of the primal 
active set method, determining udtich constraints to add on xi and % separately cuts the 
computational cost in hal^ due to all the zeros that aren’t  bmng treated as necessary 
confutations, hi addition, since is determined separately for each object two 
constraints will generally get added each 'alpha' cycle rather than one, one to each object 
This can yield a substantial reduction in the number of iterations required.
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To M y take advantage of the improvement in total iteratioiis caused by treating the two 
objects as two mostly-s^arateQP problems, it also helps to release one constraint fiom 
each, object during the l̂ambda’ phas^ ifboth have constraints with some X,*<0, While 
the standard texts suggest that the gains will be small pletcherST] and come atthe risk of 
cycling empirical evidence shows both significant gains in total iteration coum, and no 
cases of cycling. For extra insurance, a small a (10'^) tolerance was added to the 'alpha* 

test, so constraints were only added ifakm< 1-e

To make the partition ofthe problem into one QP problem per object really pay ofiÇ a 
method to compute the ‘delta* problem is needed.

6  = «X

AL»6 i = 0

subject to (3 .4.3)
A ^ 6 , = 0

where Aiœr and Azaa are arrays ofthe constraint vectors on objects 1 and 2  respectively.

Aiaef—

r ! . .
^24«r~P2/i

where is the active set of object 1, a n d ^  is the active set of object 2 .

Solving equation (3.4.2-3) can be seen as solving the closest-point problem between 
elementary geometric figures such as infinite lines and infinite planes.

3.4.2 Physical Interpretation of the Distance Problem

Bobrow [Bobrow89] uses a very similar object representation to the one suggested in 
Section 3 .3. He used a direct minimization approach that can be seen as:
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1) Start with two points, and %, one on the sur6ce of eackobjecL
2 ) Determine the active constraints at xi and
3) Test for completion.
4) Confute new search direction by projecting onto the most appropriate 

Acets ofthe objects (as determined by the constraints and the KihnrTucker 
conditions).

5) Find minimum along tfiese lines, limit xi and x% by the constrants, go to step 2.

The problem with Bobrow*s ^proach is that it will tend to zigzag across a fiicet, rather 
than proceedii^ directly to the minimum point ff^theseardi starts from a point that is 
not on the projection ofthe edge onto the 6 ce^ and the projection of v onto the facet is 
not perpendicular to the edge projection, the resulting point will also not be on the edge 
projection, nor will it be at the true minimum point -  vriiere the vertex would pierce the 
facet if both were infinite. Each iteration will repeat this error, only slowly converging to 
the correct point. This is illustrated in figure 3.2.

\v

z

Figure 3,2 -  Convergence of Bobrow method on facct-facet case
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Essentially, the weakness ofBobrow’s approach is its generality. The sohition fi>r any 
combination of £icet, edge and vertex is treated the same way -  reduce to lines in. the 
‘most active’ &cet, then solve that problem. TheDQP3 Ç)istance via Quadratic 
Programming 3D-specific) method ̂ >proaches the problem with less generally, treating 
each combination as a qiecific sub-case and solvingthat sub-case directly, as an 
individual geometric problenL The change in xi and % required to satisfy this closest 
point problem for the sub-case in question is exactly the 5 required to solve the ‘delta’ 
step ofthe QP primal active set method.

The cases can be enumerated by considering the number of possible constraints active on 
each object We are dealing with at most 3 dimensional objects, so at most 3 constraints 
may be treated as active at any one time without causing degeneracy. This corresponds 
to one ofthe vertices ofthe object At the other extreme the current^ may not be on the 
surfiice of the object at all, and zero constraints will be active.

Object 2 constraints

Object 1 constraints 0 1 2 3

0 space-space space-Acet space-edge space-vertex

1 facet-space Acet-Acet Acet-edge facet-vertex

2 edge-space edge-Acet edge-edge edge-vertex

3 vertex-space vertex-Acet vertex-edge vertex-vertex

Table 3.1 -  Combinatioms of constraints

Discarding symmetric cases, 10 cases need to be dealt with, and all but Acet-facet, Acet- 
edge and edge-edge are trivial

All three of the above liard' cases will occur on a typical run with starting points in the 
middle, even If preprocessing is aqpplied.
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Note that fbr numerical stabili^, there is ee tolerance allowed mi measures of how 
parallel the Acets or edges are.

Once the closest point for the two geometm objects has been fimnd, 6  can be con^mted 
as:

(3.4.5)

3.4.2.1 Trivial Cases

Many of the cases have trivial solutions. For exan^l^ if no constraints are active on any 

ride, any arbitrary point in 3$ may be chosen as a solution to the closest point problem.

In cases where an infini^ of valid solutions exis  ̂it becomes necessary to choose among 
them. As a rule of thumb, a point halfvay between and % isa  good position to choose 
-  it tends to produce the minimum 5.

• Vertex-vertex: No motion, 5 = 0

• Vertex-^ace: Move the unconstrained % to the constrained xi.

• Vertex-fiicet/edge: Project the vertex constrained xi onto the fitcet or edge, move i 2 to 
that position.

• Space-space: Move both. xi and xz to the halfvay point between both of them,

* i= * 2 =i(*i+X 2) (34.Q

• Space-6 cet/edge: Project the free xi onto the &cet or edge, move both xi and x% to 
that position.

To project Xi onto s frcet (defined by xz and one constraint, %i), move along azi to
reach the plane:

=*i+»ziC*z-Xif*zi) (347)
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To project xi onto % s edge (defined by % and two constraints, »u and #22% first generate 
an otthonoimal pair ajp, m%:

(3.4.8)

an oithononnal pair of vectors defining the X2 edge, we can now project from xi to 
the edge by taking the projections onto each ofthe so defined planes in turn.

*p =  *1 +*2p((*2 - i J  * 2 p )+ * a ((* 2 -iJ  * b ) (3.4.9)

3.4.Z.2 The Facet-Facet Case

If the 6 cets are parallel, fiillow the half-way rule of thumb Dithis cas^ move from xi 
halfivay to the projection of xz onto xi’s plane, and thenproject this new point onto x: s 
plane to get the new value of X2. See equation (3.4.7).

In the non-parallel case, let an  be the active constraint on object 1, and au  be the active 
constraint on object 2. The components of each constraint in the opposite object's plane
are:

•ip ~*U *21 (*11*21)

~ * 2l  * ll(* 2 l* u )

(3.4.10)

Renormalization of these values is only required if th ^  are small enough that numerical 
stability becomes an issue. As the two planes are not parallel, th ^  intersect at a line. 
Projecting xi along ajp to the X2 plane produces a point on the intersection.

* l p = * I + * 2 ,

* 2 p = * 2 + * lp

'(*2 -* 1̂ * 2/
*2p*21

^ *fp*ll >

(3.4.11)
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The tennis only tequffcd if  is not renormalized to produce an orthononnaL

pair. Doing this saves the cost ofconoputing a square root

The final result can be any value on the line defined by xip and ̂  Using the halfway 
rule of thumb we q;ilit the difference between the two, yidding:

5 = (3.4.12)

Figure 3 .3 illustrates the DQP3 method fin handling the same fimet>&cet case as was 
used in figure 3.2, forBobrow’s solution.

z

Figure 33 -  Convergence of DQF3 method on fiicet-facet case 

3.4.23 The Facet-Edge Case

If the edge is parallel to the zi facet, project xl onto the edge, and move % halfivay to
this projected point See equations (3.4.8-9). Thenprojectthisnewpcnntintoxi’s plane 
to find the new value of xi.
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Li the non-patallel case the line and plane will intersect Let au be the constraint on 
object 1, and let au and a% be the constraints on object 2, The % line can be co n n ed  
as the cross product o f aji and a».

(3.4.13)

The solution is now simply a matter of projecting along h  to the xi plane.

"(xi-Xafa„"
f aV. *2*11 ^

(3.4.14)

Move both xi and % to xz, to get the final positions at the intersection point

5 =
.H - » 2

Figure 3.4 illustrates the DQP3 method for handling the Acet-edge case.

(3.4.15)

z

Figure 3.4 -  Convergence of DQF3 method on facet-cdge case
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34.2.4 The Edge-Edge Case

If  the edges are parallel, move Xl to halfivay to the projectraa of ̂  onto xi’s lin^ thea 
project this new point onto % s line to get the new value of % See equations (3.4.8-9) 
for these projections.

This is the most interesting case, in that no intersection, may be assumed. Let an and au  
be the constraints on object 1, and let an and an be the constraints on object 2. The first 
step is to create an orthonotmaL pan defining the plane perpendicular to the xilin^ ai, 
and ai2.

(3.4.16)

As in the 6 cet-edge case, we can compute the x% line direction k as the cross product of 
an and a». Projecting 1% into the orthonotmal coordinates [ai, au] produces

Ijp =^ip * 1 2 ^ ( 3 . 4 . 1 7 )

Similarly, we can project (%-xi) onto the [aip au] plane, producing

**p = kp « u f k  -%i) (3.4.18)

Taking the component of dp dun is perpendicular to lip, we arrive at a solution fi>r a new 
% (wddch we'll call arcp in this projection, and az« onthe original line). The unit
vector popendicular to kp is

0 -1  
1 0

(3.4.19)
“ ■ W

Taking the component of dp parallel to 1% yields

= l«fed ,) (3.4.20)
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To letumthis solution to the original frame of re&renc^ itisposribletodetenmnewhat 
distance along 1% corresponds to this solution, by scaling the distance from x is  projection 
(dp) to %«p appropriately

IV :,

Thus the closest porition on object 2 to object I is

(3.4^1)

(3.4.22)

The new value for zi is simply the projection of this point onto the object I line, using the 
technique from equations (3.4.8-9).

Figure 3.5 illustrates the DQP3 method for handling the edge-edge case. Note that while 
X]p frdls on one ofthe object I facets, this is only due to the simple example shown (all 
planes are orthogonal to the y or z axis), and is not generally the case.

1 P

»ip

\^ew into [aip a»] plane 

Figure 3.5 -  Convergence of DQP3 method on edge-edge case
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3.4J.S Compatational Cost of Ddta Step

The con^utatioa cost of the projective method of solving for 5 varies depending on the 
number of constraints active on each object Table 3.2 displays the costof the various 
stages, using Matlab flop^ based on the inq>lementation 'dsolv m' in ̂ pendbc A.

Object 2 constraints

Object 1 constraints 0  (space) I (focet) 2  (edge) 3 (vertex)

0  (space) 9 18 57 3

I (focet) 18 51/87 89/39 15

2  (edge) 57 89/39 88/125 54

3 (vertex) 3 15 54 3

Table 3.2—Computational Cost of Ddta Step

Note that the entries with two values indicate the parallel and non-parallel cases, where 
the cases can occur. The parallel case is shown first It is interesting to note that in the 
(acet-edge case, the parallel case is more expensive to compute. Luckily, the parallel 
case is rare in general problems. For the tracking problem edge-vertex and vertex-vertex 
are the most common cases by far.

3.4.3 Calculating Lambda

The main drawback of using the above method of computing the 'delta' step ofthe QP 
algorithm is that there is no 'lambda' data provided. As a result, udien it comes time to 
remove constraints, an analogue must be provided. What is needed is a physical mterion 
for when a constraint should be removed.

Lin p,in91] addresses a similar consideration with her applicability criterion for the 
vertex-verte}  ̂vertex-edge and vertex-&ce cases, defining a region around the specified 
feature such that if a point is inside that region, it is a closest point, and the search can 
terminate. Her method uses knowledge of the extent of the edge or Acet, information 
that is not available to the DQP3 algorithm. As a result, some of the planes constraining



her applicability legions are not available. The general approach, oftaking each case 
separately is, however, a good one.

3.4,3.! Lambda for a Facet

If  there is only one constraint active on object 1, the test is singly whether or not a% is 
outside the ûcet defined by constraint au.

(3.4.23)

3.4 3.2 Lambda for an Edge

If there are two active constraints, then the edge on object I is defined by point xi and 
constraints au and au. We wish to release constraint au if the vector d=â -%i vdien 
projected into the au plane points away firom the edge. Thus,

K =-»ud+fedX*u*i2 ) (3.4.24)
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The test for au proceeds similarly. Figure 3.6 illustrates a case where Xi is negative, and 
shows the boundary plane past which removing au becomes necessary.

Figure 3.6 -  Boundary Condition for Lambda, Edge Case 

3.43.3 Lambda for an Vertex

When three constraints are active, the constraint release condition for au depends on the 
direction of the edge defined by the other two constraints, au and au. If the vector 
d —x%-xi projected onto this line points away fiom xi, then lambda must be negative.
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Note that the denominator can. be used fi>r all three Ai. Figure 3.7 Illustrates a case where 

Is negative, and shows the projection of d uduch mdicates that removing au becomes 
necessary.

au

Figure 3.7 -Boundary Condition for Lambda, Vertex Case

3.4 3.4 Using Lambda in the DQP3 Algorithm

An advantage of this approach is that It can be computed whenever needed, it Is not 
dependent on the ^delta’ stage producing a result of5 = 0 . Thus It becomes possible to 
change the sequence ofthe QP algorithm somewhat, attempting to remove Acets on 
every cycle. The new algorithm, is:

1) Given and set lb = 1.

2) If both objects have > 0 constraints, compute ̂  and find the minimum, if

^ 0  terminate with x* = x^, otherwise remove the matching constraint firom

A

3) Solve (3.3.5^ for 8 ®.
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4) Find 0 ^  that solves (3.3.11) and > 1 set + 0^ 8 ®, else set

5) ] f a ^ < l, add the corresponding constraint to ̂

6 ) S ett= t4 -1  andgotostepZ.

This version applied to DQP3 is re&rred to as the ̂ consistent reduction* variant

3.4.4 Incorporating Translation and Rotation

While the above algorithm is adequate for finding the distance between arbitrarily 
defined convex polyhedra, it makes no provision for the motion of the objects. This is of 
particularly important in robotics applications, as the distance between the objects as thqr 
move throu^ space is of interest

The datasets representing the polyhedra may be manipulated directly to produce new 
versions objects in the new locations, and then the above algorithm may be applied. 
Rotation ofthe object can be accomplished by multiplying the vector constraints by the 
rotation matrnt R

A ^=R A i (3.4.26)

Displacement by vector d is simply a matter of translating the ofisets for the vector 
constraints:

'»»= '» ,+ A » ' (3 4.27)

While this is reasonably efficient for small objects, as the number of &cets grows larger 
the cost ofthe confutation grows with it, linearly. For large objects it would be more 
useful ifthe translation and rotation ofthe objects were arguments to the algorithm, and 
did not have to be applied to the object data.

R is possible to nuuntain zi and xz in the object’s fiâmes of reference ̂ e . in object 
coordinates) and only translate to absolute coortfinates for the 'delta* and 'lambda* 
calculations. The active set is built and maintained in absolute coordinates via the same



35

soit ofrotatioiis as shown abov^ save that the rotations only need to be done as 
constraints are added, and are not Implied to the entire set of constnunts.

Given a displacement vector pi for object 1, and rotation matrix Ri, it is simple to 
transform the object coordinate ii* to absolute coordinate xu:

»u=^*to+Pi (3A28)

Once 6  has been found, the rotation each part must be reversed to establish the object 

version for the ‘alpha’ step. No displacement is required, as 5 is relative to the object 

position in either fiame of refoence.

«1,  =Rf«u (3.4.29)

Adding a new active constraint to object I:

•lu (3.4.30)

The above algorithm was implemented in C, as ‘dqptc’ (Appendix A). Some timing test 
results against the non-translating and rotating DQP3 algorithm can be found in the next 
chapter.

3.5 Comparison of QP and DQP3 Solutions
Note that most efficient starting point is the centroids of the respective objects, in the case 
where nothing is known about the problem, h  is possible to pre-process the objects, 
projecting from one centroid to the other and stopping at the first triggered constraint. 
There is no need to take such a step, as the first iteration ofthe DQP3 algorithm using the 
centroids as starting point will in effect do just that

Atactic first suggested by Lin [Lin9I] was to exploit the coherence of the object data 
when the objects are undergoing relative motion, with the distance problem to be solved 
at each incremental time step. It stems fiom the basic observation that as the objects 
move with respect to each other, the closest features change slowly. Thus, the solution
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computed fortime step U is likely to be close to the solution A rW , and usually makes a 
good starting point This situation is often referred to zs^lrackingproblem, vAerethe 
closest pomt on a pan of objects must be tracked over motion of the objects.

The simplest exploitation of coherence is to save the solution* and active set Afirom one 
time step to the nex^ using the old solution (suitably translated for the ensuing motion of 
the objects) as the starting point of the next time step.

Tracking has also been used by others improving on Gilbert’s original work [Sato96, 
Cameron97a].

Table 3.3 shows the results of running the core DQP3 algorithm in Matlab 5.3 against the 
two QP methods provided by Matlab, qpQ and quadprogO. No tracking was done. The 
results are in Matlab flops, which count 1 for addition, subtraction, multiplication, 
division or transcendentals such as sqrtQ- The objects used were spheroids of radius 1, at 
position [5 5 5]̂ .

Ni+Ni DQP3 QP QuadProg
1 2 1487.5 8757.4 11627.1
44 3690.4 • 21753.2 ”
92 6196.4 31399.7 27105.8
164 9361.0 49643.1 39521.0
256 14187.2 $ 61798.4 ••
576 29521.5 168294.1 119288.1

1 0 2 0 58155.2 304370.8 214486.2
2296 110470.5 657131.5 449885.6
4084 199307.4 1149438.2 777696.1

* At least one point caused cycling no termination condition.
** Outliers due to cycling (with termination) removed 
Table 3,3 -  Comparison of QP solutions, without tracking

Table 3.4 shows the results of con^>aring the three algorithms with traddng^pUed. The 
tracking algorithm used was simplistic, merely passing inthe xthat was returned by the
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previous step, with no attempt to record or remse the active set fiom the previous 
iteration.

M+JVi DQP3 QP QuadProg
1 2 768.3 9625.8 12095.3
44 2383.5 — * 21450.8 **
92 2642.1 42120.9 31390.0
164 5752.7 81266.0 51303.2
256 7347.3 126798.2 77668.8
576 20617.9 263467.3 157053.0

1 0 2 0 35502.4 468365.3 281196.4
2296 79397.3 1130476.1 636490.3
4084 157735.5 2070436.5 1159026.9

* At least one point caused cycling no termination condition.
** Outliers due to ^cling (with termination) removed 
Table 3.4—Comparison of QP solutions, with tracking

It is interesting to note that the QP methods provided by Matlab make poor use ofthe 
tracking data. No explanation for this behaviour is offered, save that the Matlab versions 
are not set up to initialize their active set Qn the case of qpQ) or otherwise to mate good 
use of a 'good' initial point Even when fed the exact solution to a problem, they will 
take almost as many flops to process as when they are given the centroid as a starting 
point

The scaling of flops to total number of fiicets is close to linear for large numbers of fiicets 
under any ofthe 3 algorithms, as is to be cgqiected when the 'alpha' term dominates. At 
the bottom end the curve is flatter, due to the contribution ofthe 'delta' term or 
equivalent. Li any case, the DQP3 algorithm outperforms the Matlab 5.3 QP 
implementations by a factor of about 5 for large hicet counts, and over 10 for small ones. 
However, note that DQP3 sacrifices the ability to handle general QP problems, and is 
only ̂ plicable to the 3D distance problem.
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3.6 Large Objects
When dealing with objects with large numbers of ftcets, différait considerations come 
into play, hi particular, the dominant term ofdieconqnxtational cost for the DQP3 
algorithm changes from the 'delta' step Wiichwas opthnized in the previous sections to 
die 'a^ha' step. The cost of searching through the entire list of &cets to find vdiich one 

most constrains 5 is frdrly obviously an search, vdiereN is the total number of 
Acets in each object

3.6.1 Adjacenqr Database
Another tactic used by Lin [Lin9I] in o^loiting the coherence of object data in the 
tracking problem was to create a database of neighbouring vertices for each vertex in the 
object Lin simply refos to this as “preprocessing to reduce the size of the coboundary”, 
Sato [Sato96] calls it the 'adjacent-vertex list’ and Cameron [Cameron97a] calls it 'hill 
climbing'. In the end, it's all the same thing-reduce the size of the search set vdien 
dieddng to see where to go next

In die context of die DQP3 algoridim, this would be a list of which facets are adj acent to 
each other. With this in hand, the 'alpha' phase of the algorithm can be reduced to 
searching a handful of Acets, instead of the entire set The evidence from [Lin91, 
Sato96, Cameron97a] strongly suggests that the computational cost for the tracking 
problem would be more or less constant in A', at approximately the cost of handling 
objects of 25 to 1 0 0  fiicets.

3.6.2 Generating the Adjacency List

An algorithm for generating the Acet adjacency list was created serendiphously, as part 
of an effort to visualize the objects defined by half-space constraints. It started as an 
algorithm for finding the coordinates of the vertices of an arbitrary fiicet

Let A and b be the constraint set defining an object

^ A ^ x - b ^ o }  (3.6.1)
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To find the vertices of staitbyfimfingepairoffiuetsyiind/isudL
thattheAcohunnsconespondingtoeadifiicetCafe %i, %2)foim aniatrixofiank3 . A 
stn^ler test, once a;t and a non-parallel tyi have been fi>und, is to test against their cross 
product:

^ji>0 (3.6^)

It was fi>und to be mote ̂ ective to pick an %% Wiere the result of (3.5.2) was greater 
than 0.05, to avoid numerical difficulties later on.

Given this initial set and the corresponding bt, bji and bjz, the vertex at the meeting of the 
three Acets can be found.

(3.5.3)

This value must be tested against the fiiil set of constraints, and likely will violate many 
of theuL Choose the most violated constraint by picking^ that corresponds to the most 
negative result from the QP constraint inequality

A^x-b^O (3.5.4)

Replace either j \  or72 with73, and iterate until x does not violate the constraints. Maintain 
a list oîji that have been visited, to prevent cycling.

Once an X has been found that does not violate the constraints, recwd that as the first 
vertex and set^ and)S to the corresponding values of r̂. These are the first two adjacent 
facets.

To find the next adjacent Acet, project along the edge a&xf̂  in the direction indicated by 
%i. Find the first constraint that becomes active by the same method as used in the 
'alpha' st^ . See equations (3.3.10-12). The coordinates for the new vertex can be fijund
by applying equation (3.5.3).
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This iteratioii is contiiiueduiitil the origiiialvertexis reached again. To assist in making 
sore tiiat the equation, terminates properly, a list of all the visited &cets, {fv-fn} is kept. 
When the algorithm terminates, this list is the adjacent âcet list fi>r &cet ik

Figures 3.8 and illustrate the use of this algorithm to generate all the Acets of two 
^ ic a l target objects forthe DQP3 test algorithm. F%ure 3.8 shows a 22 Acet 4^-order 
Acet-balL Figure 3.9 shows a 288 Acet IS* -̂order Acet-balL

-0.5

Figure 3.8 -  Spheroid with 22 facets
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•L5

Figure 3.9—Spheroid with 288 facets
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4. COMPASISOX OF DQP3 TO OTHER ALGORITHMS

Comparison between various algorithms presented in scattered pikers [Bobrow89, 
Gilbert90, Iin91, Lin96, Sato96, Rimon97, Cameron97a] is a matter complicated by 
more than just the diversi^ of the algorithms themselves. Few authors make their source 
code easily available -  Cameron is a notable exception. In addition, computational cost 

is generally reported in ms or /s  to perform a minimum distance computation. The 

difficulty here is that the CPUs used in the above cited pikers range from an^ollo 
DN3000 (12.5MHz 68020/68881) to an SGI Reality Engine with, all its custom rendering 
hardware. The time of computation criteria will be used her^ and where direct 
comparisons are not possible, benchmaric comparisons will be used to approximate the 
scaling between the various machines.

Among the algorithms that use convex polyhedra to represent objects, the easiest to 
compare is Cameron’s Enhanced GJK (EGJK) algorithm [Cameron97a], as he used 
hardware gentium running Linux) that is easily available. This case will be treated in 
some detail, running EGIK off against DQP3 on identical hardware with, the same 
compiler and as similar as possible test vectors.

Where direct tests are impossible due to absence of source code, timing comparisons with 
published results will be given However, some algorithms are sufficiently disparate that 
even that is infeasible, for no comparable test can be undertaken For these cases, general 
arguments about structure and anticipated problem type will have to suffice.

However, b^ore launching into comparisons of the DQP3 algorithm with its conceptual 
neighbours, h is first necessary to determine the performance of the suggested variants of 
theDQP3 algorithm itself to find the best formulation with which to face the diallenge 
of its peers.
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4.1 Variations on DQP3
Several variations oa the DQP3 algorithm have beea suggested so â r. The baseline 
algorithm takes a modified pcunaL active set QP algorithm, and allows fi>r the adding of 
two constraints (one per object) each cycle.

Variants:

•  'dual release’ -  Instead of removing only one constraint per cycle, allow the removal 
of one firom each object

•  ‘consistent release’ -Evaluated every cyde, instead of just vdien 5=0. Onlyone 

constraint per qrcle is released.
•  ‘aggressive release’ -  Test to remove constraints every qrcle  ̂and remove all 

constraints with X < 0.

•  ‘translation-rotation’ -Incorporate rotation and displacement directly within the 
algorithm, bypassing the need to recompute the object constraints for object motioiL 
This variant may be applied to any of the above.

The base DQP3 algorithm with active-set tracking (save active set fiom the previous 
iteration, in addition to x) was implemented in C, and compiled on a 165MHz Pentium 
PC running Linux. The gcc compiler was used, with fiiU optimization turned on The 
test objects are the same fiuet-balls as used in section 3.5, generated by distributing fiicets 
evenly over the unit sphere.

Table 4.1 shows the results of these tests, on the base, aggressive release and dual release 
DQP3 algorithms. The consistent rdease code was unable to produce even the handfiil of 
stable results required to get into the chart, it was almost completely unusable. Tinkering 
with the structure of the QP algorithm must be done with care. The aggressive release 
results a very slight in^xovement over the base inthe non-traddng case. However, it 
does not agree well with the tracking case, and tended to produce erroneous results from 
time to time, making data gathering more difficult As a result, its use cannot be 
recommended. The dual release codeis genmally slightly slower than the baseline with
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the occasional inçroveinai^ ocmfinnîngFletdier’B anmnent ̂ etdietST] üiat duuyging 
the QP pmnal active set release conditions to idease more constraints would have little 
effect on running time. None ofthe variants seem to be worth pursuing. AH times are in 
microseconds, timed on a 165 MKe Pentium. Bunsof1000 to 10000 randomized initial 
positions were averaged to get u s^ il tuning resolution.

non-tracking case tracking case
base aggresshre (foal base aggressive dual

12 79.7 80.6 80.4 18.2 20.5 20.5
44 141.9 141.4 141.9 22.3 27" 25.7
92 236.4 234.3 236.7 28.8 3 4 " 35.4
164 465.0 463.2 463.9 38.5 38* 41.6
256 659.9 654.6 658.3 56.5 58* 63.7
576 1640.1 1625.5 1758.4 143.4 154* 162.6
1020 2585.4 2501.3 2687.6 249.4 205* 320.2
2296 6668.8 6648.8 6482.0 643.3 835* 800.2

* Instability of algorithm forced limited data collect 
Table 4.1 -  Comparison of DQP3 variants

ion, accuracy is lower

without translate time with translate time
N1+N2 base trans&rot base trans&rot

12 18.2 27.9 21.2 28.9
44 22.3 34.1 28.8 35.1
92 28.8 41.7 40.4 42.7
164 38.5 55.4 58.2 56.4
256 56.5 70.3 86.1 71.3
576 143.4 150.2 219.9 151.2
1020 249.4 267.1 409.9 268.1
2296 643.3 694.8 1014.6 695.8

Table 4,2 -  Comparison of DQF3 with built-in translation and rotation
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Table 4 ^  shows the petfi>nnance hit takeawhenusiiigDQPS with buüt-ia translation and 
rotation code on tracking data. While the baseline speed is a. little fiuter at ail fiicet sizes, 
once one incorporates the time taking to set up the data, the story changes. The base 
DQP3 algorithm requires the vector b to be reconqpiited for new positions of the objects, 
and that carries an 0(N) cost. On the other hand, foe translation and rotation code 
handles it internally, without needing to recon^e every focet in the object Once the 
focet counts get above 120, the built-in translation and rotation code is more efficient

One last chart shows the speed improvement when going from the Linux 166 MHz 
Pentium to a Windows 900 MHz Athlon. The Lii^ack results for these two CPUs are
15.7 MFlops and 418 MFlops respectivdy, leading to an expected q^eedup of about 26.6 
times. One thing the table shows quite cleariy is that uring the Litqiack benchmark to 
judge DQP3 performance scaling is only accurate to a foirly coarse degree. I  suspect this 
is due to the large scale of the Linpack problem, and that it is math-intenshre. The DQP3 
code has a lot of decision-making and integer math to do as well, which skews the results. 
However, on problems of modest size, the results are usable.

non-tracking case tracking case
Ki+Ni 166MHe 900MHz speedup 166MHz 900MHz ^eedup

12 79.7 9.3 8.56 18.2 1.6 11.38
44 141.9 16.4 8.65 22.3 1.7 13.12
92 236.4 21.4 11.05 28.8 2.2 13.09
164 465.0 32.4 14.35 38.5 2.8 13.75
256 659.9 31.4 21.02 56.5 5.1 11.10
576 1640.1 79.1 20.73 143.4 11.6 12.36
1020 2585.4 127.4 20.29 249.4 14J 16.74
2296 6668.8 329.5 20.24 643.3 47.3 13.60

Table 4.3 -  Comparison of 166 MHz Pentium to 900 MHz Athlon
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4.2 DQP3 vs. Enhanced GJK
Cameron’s Enhanced GJK (EGIE^ algorithm [Cameron97a] has source provided online 
<htlpyAyd).comlab.ox.ac.ukAMid/work^stephen.cameronAiistances/>. Version 2.4 ofthe 
code was downloaded onto a 166MHz Pentium PC running Linux; and con^iled withfiiU 
optimization. The test problem was adjusted to more closely match the relative velocity 
and positioning ofthe DQP3 test problem.

The GXK algorithm, based on Gilbert’s work[GilbertSS] uses avertexbased 
representation ofthe object A concise description can be found in [Cameron97b]. 
Consider two objects? and Q, their convex hulls defined by sets of vertices. The 
distance between the two objects can be represented as a problem in iranslaffonal 
cottfigunOim (TC) space, by combining the two polyhedra? and Q into a single convex 
object, the translational configuration ̂ pace obstacle (TCSO) that represents the set of 
all translations that would bring the two objects into contact Its structure is somewhat 
akin to a convolution ofthe two objects. Dr TC space, finding the distance between 
polyhedra? and 0  is equivalent to finding the distance from the origin to the polyhedron.

D B

origin
cA.

d)

bD
eB <)

aD

(a) Original objects (b) Corresponding TCSO

Figure 4.1 -  Two dimensional example of polyhedra and their equivalent TCSO

Figure 4.1 illustrates the equivalence ofthe two r^resentations. The GJK algorithm 
works by taking some point within the TCSO, and iteratively choosing a better position
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doser to the orîgiiL This point in TC space represents a paîroffinturesoa the polyhedra, 
and as it gets closer to the origin, the estimate of the distance between the polyhedra 
improves, for example, if  the initial "witness points’ were the squares in Figure 4.1, an 
iterative improvement might visit feature pairs (TCSO vertices) dB and dA on the way to 
the final solution.

Listead of just working with single points, the GJK algorithm works on sets of up to feur 
points, defining the vertices of asm ^/er (Le. apoin^ lin^ triangle or tetrahedron). The 
simplex will always be a subset ofthe TCSO. As the algorithm progresses points are 
added to and removed from the simplex to move it towards the origin.

Cameron’s implementation of the Enhanced GJK algorithm never actually needs to 
generate the TCSO directly, only the current simplex. Handling of translation and 
rotation are incorporated directly, much like the dqptc implementation of the DQP3 
algorithm. The main enhancement added by Cameron is what he refers to as 'hill- 
climbing', maintaining a nuq> of neighbouring vertices. This greatly reduces the cost of 
searching for the best new verte)  ̂especially during the tracking problem, as the new 
vertex will generally be a neighbour. Thus most ofthe time during the tracking problem, 
only one iteration is required.

The outputs of the EGJK algorithm include not only the distance between the objects (or 
zero if thqr intersect), but also a representation of the witness points on the objects, 
allowing the closest position between the objects to be easily determined.

4.2.1 Direct Timing Comparison

Cameron’s Bahanced GJK code was recompiled on the same 166MQe Pentium that tiie 
DQP3 code was tested on. Li an attempt to make the comparison as even as possible, the 
code to randomly generate a starting point and tnyectory was tweaked slightly to make it 
more closely resemble the trajectories used by the DQP3 tests. The main reason for this 

was that the EGJK code generated trajectories that caused intersection ofthe objects, and 
tended to run substantially fester for a series of intersecting positions than fer non­
intersecting ones.
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A series oftests were nuL with objects ofvaiymg feature counts, ft has beeu assumed 
that features are equal in value, whether they are facets or vertices. The results are 
below, for varying sampling densities along the trqectory and varying focet counts. An 
interesting phenomenon can be seen. While the EGJK algorithm is foster initially, when 
the cost ofthe uninitialized case is spread over larger and larger numbers of points, the 
DQP3 algorithm pulls ahead. This suggests that the per-iteration cost of an ongoing 
tracking problem will be about 25% lower using the DQP3 algorithm.

non-tracking case tracking case (100 pts)
M+Aa no rotation rotation passed no rotation rotation passed

12 27.3 36.2 10.3 14.3
44 58.7 67.7 27.9 372
92 84.9 95.5 42.4 45.7
164 146.7 153.6 73.3 73.7
256 203.9 222.4 109.6 118.1
576 474.8 503.9 242.2 246.5
1020 872.2 984.0 560.9 520.8
2000 1801.5 1985.0 1215.5 1139.5

Table 4.4 -  Timing results for Enhanced GJK
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Figure 4.2 -  Comparing Enhanced GJK and DQP3
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Figuie 42  illustrates the relative performance of the two algorithms, on a variety of focet 
sizes. Figure 4.2 (a) compares the base DQP3 algorithm to EGIK without passing 
rotation matrices. Figure 4.2(b) compares DQP3 with, translation, and rotation to EGJK 
with rotation matrices passed in  TheDQP3 algorithms pull well ahead for the tracking 
case on 100 points, but the question remains -  at vAat number of tracking points does 
this change take place?

El an attend to answer this question, the data in Table 4.5 were gathered, showing the 
crossover luq>pens when the tracking covers between 20 and 50 steps. TheDQP3 
algorithm is much more expensive on an uninitialized pair, and gains quite substantially 
by using tracking. As a result, it takes longer to amortize the initial cost. Since most 
robotic applications would continue tracking more or less indefinitely, the long-term 
tracking values are ofthe most interest As always, times are in /s  ona 166MHz 
Pentium

JVlt%=12 JVi+AT2 = 92 M+AT2 = 576
steps EGJK DQP3 EGJK DQP3 EGJK DQP3

1 27.3 79.7 84.9 236.4 474.8 1640.1
5 16.9 40.6 99.9 130.0 536.8 1165.8
20 11.7 22.6 66.8 52.3 332.3 387.2
50 11.1 19.3 48.1 34.6 271.8 204.2
100 10.3 18.2 42.4 28.8 242.2 143.4

Table 4.5 -  DQP3 vs. EGJK over various tracking intervals

While the DQP3 algorithm is fiister at the tracking problem than EGJK for medium and 
larger problems, and should maintain that lead on large problems when the adjacency list 
is available, there are other conriderations when comparing the two algorithms.

4.2.2 Other Features

The biggest advantage the EGJK method claims is that it can provide a measure ofthe 
maximum penetration distance of a pair of overiapping objects. However, the EGJK 
code tested against DQP3 did not have that c^abili^ progranuned. Examining the
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structure ofthe TCSO reptesentation at the heart ofthe EGIK. method, itcaabeseen.tiiat 
finding the penetratioa distance is the same as finding the distance between an intericr 
point and the sur&ce of a convex polyhedron. This is nota convex problem, and the 
solution will requhe a comprehensive search.

TheDQP3 algorithm does not yet have & maximum penetration depth measure, partly due 
to the fiict that penetration depth is a non-conv«c problem and thus cannot be treated as a 
QP problem. Methods to extend DQP3 with penetration depth measures have been 
contemplated, but are not yet complete.

43 Other Convex Polyhedron Methods
A variety of methods for solving the convex polyhedron distance problem have been 
proposed over the last decade and a half Working through the list chronologically, we 
will start with the original Gilbert paper [GilbertSS], proceeding up through to Sato’s 
work on enhancing the Gilbert method. Most papers that use an adjacent list to enhance 
timing also show results without the mhancement, and those results wQl be used to 
compare with the DQP3. Fwthe papers Wmre tracking is not used, the DQP3 results 
without tracking will be used. If papers include results fiir colliding and non-colliding 
objects, the non-colliding results are reported. Reference points are 20 and 100 total 
features.

• Gilbert, Johnson and Keerthi, 1988 [Gilbert88]
Basic feature: Vertices
CPU: Barris 800. (Uipack: 0.23 MFlops)
Best time for 20 features: approx. 1.3ms 
Best time fi>r 100 fixtures: ipprox. 7.8ms
Gilbert’s approadi does not clearly state it, but it does ippear to use tracking, and 
attenpts a crude fi)rm of adjacency (by ordering the vertex list in some special way). 
Feature counts ranged firom 4 to 200. Results were fidrly linear. Gilbert does go on 
to show a tracking problem, but it cannot be easily analyzed in these terms. These
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numbers are not derwed fiom dûect timing, but radier fiom ̂ equivalent flops’ times 
the CPUtimefiir division. The values are not considered realistm.

• Bobrow, 1989 [Bobrow89]
Basic feature: Facets (d^ned by half-spaces)
CPU: Apollo DN3000. O^ii^ack: 0.071 MFlops)
Best time fi)r 20 features: ^»piox. 31ms 
Best time for 100 features: approx. 191ms
Bobrow’s approach does not include tracking or a^acency information. Feature 
counts ranged fiom 10 to 145, and objects were of varied shapes.

• Gilbert and Foo, 1990 [GUbert90]
Basic feature: Vertices (and some exact representations of curved objects)
CPU: ^x>llo DN3000. ^ir^aclc 0.071 MFlops)
Best time fi>r 20 features: approx. 22m«
Best time fiir 100 features: iq tprox. 57ms
Gilbert provided polyhedron results fer comparison to exact representations of curved 
objects. In general, for vertex totals under 60, the polyhedron code was equivalent or 
superior. Feature counts ranged fiom 10 to 210. A close reading suggests that these 
are tracking results.

• Lin and Canny, 1991 (Lin91]
Basic feature: Facets (with fell description of extent)
CPU: Sun4 SPARCstation. QJnpack: 1.4 MFlops)
Best time fer 20 fixtures: approx. 23ms 
Best time for 100 features: iq>prox. 52ms
Lin and Canny present data for tracking and adjacent list, but not for the two cases 
separately. Just the nonf̂ tracldng case is reported. Feature counts ranged fiom 16 to 
144, with some interpolation needed to get the above numbers.

• MaandNahon, 1992 Pkls92]
Basic feature: Facets Qialf-planes)
CPU: Sparcstation l+(lJnpack: 1.8 MFlops)
Best time fer 20 flsatures: approx. 4ms
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Best time for 100 features: approx. 12ms
Ma. and Nahoa fennulate the distance problem as a quadratfe programming problem, 
and use conventional sohitmns. Their code has been implemented for a fiiU>scale 
working robot [MchiQne92]. Feature counts ranged fiom 5 to 150.

• Sato, Krata, Manqmmaand Arita, 1996 [Sato96]
Basic feature: Vertices
CPU: ses Crimson ̂ Jnpadc 15 MFlops)
Best time for 20 features: approx. 0.6ms (tracking)
Best time for 100 features: approx. 1.6ms (tracking)
This pper extends the Gilbert method by adding an adjacent vertex list The above 
times are for their implementation ofthe origiiud Gilbert method. The extended 
method managed to get 0.6ms times for all polyhedron sizes, ranging up to 15000 
fecets. Tracking was over 100 points.

The 166 MHz Pentium used for the DQP3 results was not in the Unpack benchmaric 
database. However, a 133 MHz Pentium was, and conparisons using SPEC% between a 
133 MHz Pentium and 166 MHz Pentium were available. The 133 MHz Pentium rates 
14 M &  on the Lirpadc benchmaric. A current mid-range PC such as the 1.2 ( ^ e  Athlon 
Thunderbird rates at 558MH^ so the beyond-linear effect of processor generations can be 
seeiL The SPECQ>95 ratings for 166MHz Pentiums average 1.12 times fester than 133 
MHz Pentiums fiom the same manufecturer. Thus, the 166 MHz Pentium is placed at
15.7 MFlops.

Tables 4.6 and 4.7 show timing results for tracking (over 100 points) and non-tracking 

solutions respectively, and provide a scaling fector against the DQP3 result The 20 and 
100 fimet results for the DQP3 code were interpolated fiom the results in Table 4.1, 
above.
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Miethod #features time(ms) MFlops Normalized
toP166

Performance
ratio

Bobrow 1989 20 31 0.071 0.142 1.47
100 191 0.864 3.30

Lin 1991 20 23 1.4 2.05 21.5
100 52 4.64 17.7

Ma 1992 20 4 1.8 0.459 4.81
100 12 1.38 5.27

DQP3 20 0.0955 15.7 0.0955 1
100 0.262 0.262 1

Table 4.( -Fcrformaiice measure of various distance algorithms (non-tracldn^

Method ^features time(ms) MFlops Normalized
toP166

Performance
ratio

Gilbert 1990 20 22 0.071 0.0995 5.18
100 57 0.258 8.63

Sato 1996 20 0.6 16 0.611 31.8
100 1.6 1.63 54.5

Cameron
1997

20 0.0139 15.7 0.0139 0.724
100 0.0426 0.0426 1.42

DQP3 20 0.0192 15.7 0.0192 1
100 0.0299 0.0299 I

Table 4.7 -  Performance measure of various distance algorithms (tracking

TheDQPB outperfonns all other algorithms on traddng tests of moderate size» and all but 
Cameron’s EGJK for uninitialized cases and small feature count tracking tests. It is 
interesting to examine the total speedup since Gilbert’s work in 1990. The tracking time 
for a 20 fixture problem in 1990 was 22 ms. The same problem can be done on a 900 
MHz Athlon, which is today a medium-range home PC, in less than 2 ps. That is over 4 

orders of magnitude. Of course, a huge Actor in this improvement is due to the change 
of CPU -  the Athlon would get a linpack benchmark of about 418 MFlops. While the 
Linpack results for the Apollo DN3000 seem perhps a little low, over three of the orders
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of magnitude in. the speedup undeniably come from hardware. It’s good to be alive in the
21* Century.

4.4 Other Methods
Two other methods of handling the minimum distance problem on convex objects 
deserve mention here. The first is Oriented Bounding Boxes (OBB) [Lin96, 
Gottschalk96], which is admittedly a more general algorithm, suited for concave and 
convex problems. A more curious entry is Rimon and Boyd’s woric on ellipsoid 
approxhnations [IUmon97].

The problems addressed by OBB methods tend to be much more complm  ̂making use of 
the fiuter processors now available to treat more detailed models. The name is derived 
fiom the fiindamental distance unit used -  a rectangular prism, positioned and oriented in 
^ace. Confutation of distance between these units is comparatively chet^ due to their 
rimplidty. The comple»^ comes in deciding vdiidi feature pairs need to be tested at a 
given point in time. The most common use is to generate a hierarchical tree of OBBs 
[Lin96, Gottschalk96] to represent non-convex polyhedra, and the bulk ofthe collision 
detection (rather than distance computation) problem becomes descending the tree to 
determine whether or not a collision has occurred. This allows fantastic efficiency, for 
example detecting collisions between two objects each o f143690 polygons in 4.2ms on 
average. (On an SGI Reality Engine RSOOO CPU at 90M&.) It is Airly obvious that 
these results will be difficult to confrare with algorithms designed to handle smallish 
numbers of facets. In this case, it is notable that the distance measure is not provided, 
just a coUide/no-coUide decisioiL While the timings are impressive th ^  do not help the 
problem of control, as obstacle avoidance algorithms require a distance measure to 
optimize.

Other hierarchical representations exist Guibas[Guibas99] improves on the Lin-Caimy 
results [Lin91] by representing the polyhedra as nested or hierarchical sets of polyhedra. 
This allows firster transition between points with little coherence, by rising up the tree 
then descending it, rather than skirting all the way around the outride ofthe object The
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method seems promising for objects undergoing n^id relative motion, but direct 
comparison ofthe results is difficult, as no concrete measure of performance was cited.

An even simpler hierarchical r^resentatmn is to tile a nonrconvex object with spheres 
[Quinlan94]. The advantage is that sphere to q;»hete distance calculations are dirt cheap, 
but spheres tend to nuç the object poorly, requmng large quantities to get reasonable 
resolution. Again, without a discussion of computational efifort, conq>arisons on the basis 
of speed are difficult

For a conq)letely different take on the distance problem, one could try modelling arbitrary 
convex objects with their minimal enclosing ellipsoid [Rimon97]. There are two 
particularly significant problems with this reproach. The first is that most objects do not 
look much like ellipsoids. The authms claim of I ti best-fit enclosure is not heartening 
when one realizes that it means a 3D object will be m^^ped by an mivelope that is 3 times 
as large as the object itself in ̂ t s .  In addition, the distance value that results is not in 
Cartesian coordinates. The authors point out that no closed form computation ofthe 
ellipse to ellipse distance is known, although it is a convex problem. Instead, thqr 
present the Tree Margin Function’ which only maps to distance in that it goes to zero fi)r 
contact between the ellipses. On the positive md^ the free margin function, based on the 
eigenvalues ofthe ellipsoid, can be computed in 2.5ms (on a DEC5000, Linpadr 5.3 
MFlops). With tracking the time can be brought down to Ims. These times are 
equivalent to DQP3 processing of two 160 frcet polyhedrons, or two 650 facet 
polyhedrons fr>r the tracking case. That is without adjacency lists, wdiich will improve 
the traddng case substantially.

4.5 Adjacency List Timing
Optimizing DQP3 with adjacency lists has not yet been done. Given the gains shown by 
Lin [Lin91], Sato [Sato96] and Cameron [Cameron97a], it is reasonable to eqiectthat 
tracking times for objects of arbitrary Acet count would be aimilar to those seen for 
objects of iq>proximately 25-50 Acets. Thus for problems that can be sufficiently well
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represented by objects of this conçlexiQr, adjacency list methods are a needless 
con^lication.

Generating adjacenqr lists fortheDQP3 dataset by the algorithm of section 3.6.2 takes a 
number of iterations per &cet on the order of the number of edges. Each iteration 
requires a search, through the entire &cet set forthe next adjacent Acet, and thus the 
adjacemqr list for a given Acet can be generated in 0(A/) time Thus, the Acet list for the 
entire object requires OQ^) time.

facets NAtlab flops
6 3669
22 50640
46 664838
82 1653492
128 8645644
288 28257845
510 153121140
1148 511450114

Table 4.S -  Cost of computing adjaccnqr list

Obviously, the Acet adjacency algorithm isn’t  very efficient. However, it only needs to 
be run once on a given object, and can be reused indefinitely.

4.6 Multiple Object Example
McLatyre’s application of a polyhedra based distance algorithm to a fiiU robot control 
implementation [Mcbityre92] had one major flaw; The collision detection loop took 
352ms to run, in vdiich time the robo^ moving at the full base rotation rate o f 180"/sec, 

could move up to 2.5 meters. Obviously, a faster result is needed for practical use. A 
large improvement may be made simply by moving to a modem On 2001 terms) CPU -  
the 68030 CPU used by Mcbityre has a Linpack benchmark of 0.55 hffiops, while an 
inexpensive modem CPU such as a 900MHz Athlon rates about 418 Mflops. Some of
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that change is from compiler optimizatioiis to inflate benchmarks, but much, ofthe almost 
three orders of magnitude difference must be seea as genuine.

The plication in question rqnesented tiie robot arm with 14 separate polyhedra, none of 
more than 10 fecets. The total fecet count fertile entire robot was only 96, in an effort to 
keq) the distance computation costs down, no doubt. The woricspace was represented by 
one polyhedral object, and a single plane to model the floor. Due to the robot geometry,
6 of the pol3diedra could never inqiact the floor, and no self-collisions were considered. 
This left 25 pairs of objects that needed to be computed.

To handle this problmn with the DQP3 algorithm, afeirly ample procedure can be 
followed. Start with a set of object data structures containing the base Ai and hi 
information fer each object /. Update them with the current orientation B/ and

displacement df of the object Given a list of object pairs of interest, C, proceed as

fellows:

1) Take the first pair finm list £ , set randy to the values retrieved. Setr4^=ffefl

2) Conqiute the distance between the objects by passing A/, bf,Rf,Ab bi,l^  and 
p=[d/̂  d/]^ to the dqptc ftinction fiiDistQPT, as well as tiie previous active sets 
and positions from the object data structures.

3) Save the active sets and final position back into the object data structures fer 
reuse.

4) Qieck the returned distanced. If rf<daû set to d, and save whatever other 

data about the minimum distance position is of interest

5) If we are at the end of list L, terminate reporting as the minimum distance,

plus other data as required.

6) Take the next pair from l i s t s e t  randy to the values retrieved. Go to step 2.

Assuming that the above doesn’t  take too much overhead, the determining fector for the 
speed of the algorithm is how fltst the polygon comparisons in step 2 can be completed. 
For ample polygons on a 900 MHz Athlon CPU, tiie time is under 2 fa  fer tracking
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problems, which this is. As a result, we could «cpectto complete the list o f 25 polyhedra 

purs fiom the MdhQve problem ia under 5 0 This compares well to the 460/a  that 

direct scaling via Lii^ack benchmarks would suggest

Assuming we have L ms to dose the collision avoidance control loop, how many 
woikq;>ace obstacles could be considered, given a 14 polyhedra robot? Over 35 convex 
obstacles in the workspace could be handled. Increasing the robot and workspace object 
fiwet counts into the 20s would have no significant efi&ct on this result, but as the ficet 
counts get substantially larger, the total workspace objects computed in 1ms would have 
to decrease. For exan^l^ examining Table 4.3 suggests that average fimet counts over 
ICO would drop the number of obstacles to 14 or less. Handling self-collision would also 
reduce the workspace object count

In cases v*ere there are too many objects to track every single pair every ̂ cle, decisions 
must be made as to vddch object pairs get priority. Itthe list of object pairs is augmented 
with informadon on distance, cloung vdodty (fiom the current configuration 
information) and the last test time for each pair, the list could be sorted by priority of 
possible collision. Even something simple as a triage sort could be undertaken, sorting 
the pairs into bins by the number of tycle counts until a possible collision. The first few 
bins would have to be evaluated every cycl^ of course. The remainder could be handled 
in a round-robin fishion, stalest first. Given that 500 pair-wise distance computations 
may be done in a Ims cycle Oess the triage overhead), lists of several thousand pairs to be 
processed quite promptly. Say, a 20-polyhedra robot among 100 or more objects, or a 
collection of up to 100 objects all requiring mutual distance computation.

More aggressive algorithms for handling this sort of sorting and processing can be found 
in the hierarchical distance conqnitation literature. For example, Hopctoft’s algorithm 
for handling collections of ̂ heres pbpcrofi83] or Edelsbrunner’s woric on rectangular 
boxes [Edelsbrunner83] both suggest that object collections could be handled in 
approximately OQllof^N) pair-wise conq;nitations instead of OQ^).
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5. Ellipso id  Dis t 4n ce CoM Fuxm oN  M lthods

There ire more ways to r^resent convex objects tium Just the polyhedral estimates so fir 
examined ia this thesis. One elegant representation is the ellipsoid, a 3 dimensional 
extension ofthe ellipse. The surfiiceofa canonical or axis-oiiented ellipsoid is defined 
as:

(5.0.1)

Figure 5.1 -  Canonical Ellipsoid

The values ai, ai and 0 3  (often combined into a vector, a) represent the half-lengths or 
‘radius’ ofthe ellipsoid along each of its three axes. If the axes are sorted by length, oi > 
a2 >0 3 , they are called the major, semi-major and minor axis, respectively. The ellipsoid 
is a disarmingly simple looking structure; looking like a squashed and stretched q>here. 
However, vdiere the distance between ̂ heres is trivial to conqnite, (merely taking the 
(fistance between the centers and deducting the radii) finding the distance between a pair 
of ellipsoids is 6 r  firom trivial No closed fi>rm is known fisr the computation [Rimon97].

Due to the conqnitational difficulties, ellipsoids are rarely used in robotics. Rimon and 
Boyd [Rimon97] use ellipsoids to approximate arbitrary convex objects, and show some 
interesting results with respect to finding the minimum ellipsoid to enclose a convex 
object, and finding a distance-like measure between them. However, udiile their ‘firee 
margin ftinction’ does have the desirable property of going to zero when the ellipse touch
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each other, and n^ative for intopenetration, the measure itsdf does not map in any 
nsefiil way to the Cartesian, distance. It is iisefiil only for collision detection, not for 
collision avoidance controL In. Gilbert’s worir on general convex objects [GSbett90] he 
toudies on ellipse sections (part of an ellipsoid with two of the axes having equal length). 
While he does provMe si^port fonctions and mappings for the dlÿse section, he does not 
actually show any results using these figures for distance conpitations, probab^ due to 
the conçlexiQr ofthe representation.

So why use ellipsoids? Certainly, few robots use anything even resembling an ellipsoid 
in their structure -for better to use drcular sections, qrlinders and polyhedra. Rimon and 
Boyd indirectly point out the difficulty in using an ellipsoid to model such an object 
claiming that their best-fit ellipsoid only has an error fiictor of n, the dimensionality of the 
^ace invfoichthe object resides. Apol^edral mapping should be able to do better than 
an error margin of 3 on almost any convex object using a very small number of fimets.
We must consider the workspace of the robot -  it is entirely possible that the obstacles 
encountered will be ellipsoids, or the target objects themselves, hnagine, if you will, a 
robotic egg-sorter. (Granted, diicken eggs are more of a nqiered ellipsoid-like shape, but 
an ellipsoid model would likely be quite suitable.) Note that ̂ herical objects should be 
handled differently, as thqrcanbe much more simply modeled by a point and a distance 
offset

The main reason to consider ellipsoids is that it is simply an interesting problem, easily 
defined but difficult to handle. In particular, ellipsoid based polyhedral models exercise 
the polyhedral distance algorithms ofthe previous chapter much more strongly than the 
^here-like models typically used. Cases easily can be constructed vfoere the centroid to 

centroid line is for away from the actual closest point This may allow some ofthe DQP3 
variants to show in a better light as anything that allows fiuter transition across die 
surfoce ofthe ellipsoid will be usefiiL

Three different ways to conqnite the distance between a pair of ellÿsoids are presented 
here. First and simplest is to iteratively use a ‘closest point on the ellipsoid to a given 
point' solution to converge to the closest points. Another method is to model the
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ellipsoid with ft polyhedroa at a enoagfa. lesolutioa that a poljiiedn to pofyiiedn
distance compntatioa solves the distance problem to adequate resolution. Finally, there is 
an approach vdiere the polyhedral models are iterativdy refined in the area of interest

5.1 Point to Ellipsoid Problem
As a stqiping stone to working on the dlipsoid to ellipsoid problem, efficient code fi*r 
fin&ngthe closest point from an arbitrary point to Ae sur&ce of the ellipsoid is 
necessary. A search fi>r existing solutions turned up NEARPTfix>m the SPICE library 
firom the Navigation and Ancillary Information Fadlity  ̂at JFL. The code was written in 
FORTRAN, and thus a nonrtrivial port A cursory analysis ofthe code showed that it 
would take about 706 flops to make a decent estimate ofthe elHpsoid sutfiwe point 
closest to the point in questioiL Other references only noted that the problem could be 
reduced to finding the roots of a 4*̂  order polynomiaL Tests with Matlab show that its 
root-finding algorithm takes on average 1450 flops on a 4^ order polynomial, and that 
doesn’t take into account cost of re-casting the problem, naturally. So anything that 
reduces to finding roots on a 4*̂  cxder polynomial is out

The point to ellipsoid problem can be defined as a constrained optimization problem, 
trying to find X on the surfiice ofthe ellipsoid such that the distance to the target point p 
is minimized. V^thout loss of generality we can assume that the ellipsoid is centered at 
the origin.

K*)=(x- p7 (x- p) (5.1.1)
X

subject to af
0 0

0 -L 0
• x

0 0 -L

x - l = 0  (5.1.2)

We will call the diag(l/ui\ Hai, V ct^ array A*. Applying the KKT (Karush-Kuhn- 
Tucker) conditions [FletdierS?] to the problem we get the following equations.
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(x-p)+A A ^=0 (5.1.3)

x^A.x-l5=0 (5.1.4)

Rewriting (5.1.3) to solve for X in terms of A and p, we get

.-f <4pi T (5.1.5)

Substituting into (5.1.4) and some algebraic juggling gives us

5(A)= EL A A =1 (5.1.6)

For obscure reasons we will call the three terms ofthe 5(A) sum ai, %and %.

All that remains is to find a way of solving for A. Direct solution is out, as (5.1.6) turns 
into a 6"* order polynomial foirly quickly, and we’ve already established that we want 
something cheaper than root-finding.

It turns out that due to the sluqpe ofthe 5(A) fimction, A has one unique solution, and it 
can be found by various convergent iterative methods.

The most effective iteration found utilized the observation that the relative values of ai, 

% and changed slowly. Thus, a suitable cn would be picked, and on iteration A a new 

A, A^^  ̂would be computed by setting:

(5.1.7)

Solving for the A^^  ̂that produces this value is easy.
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(5.1.8)

While this iteration would produce convergence  ̂at times the convergmce rate was quite 

slow. Correct choice o f 0 } would, however, always lead to a convergent solution.

As the algorithm progresses 5(A) converges asymptotically to 1 as Aconverges to A*.

This makes the value of 5(A) an excellent termination test The ratio of the convergences 
was observed to be highly consistent This convergence would be monitored over three 
cycles of the iteration, the rate of the change in Ato change in 5(A) would be determined, 

and the final value A* estimated using the infinite series sum. This‘ratio accelerator’ 
produced a dramatic increase in the ̂ peed of convergence, at the cost of needing stability 
checking each time it was used.

The source code for the final algorithm, ‘pptes.m’, may be found in Appendix A.

Tests ofpptesjn were done with random inputs

■{1:100}' ■{-100:100}
a - 1 ,P = {-100:100}

,(0.1:l>. {-100:100}
(5.1.9)

The average flops cost over 1000 trials was 236.74. This is a substantial improvement 
over the NEARPT algorithm, i^proximately a foctor of 3.

S.2 Ellipsoid Distance via Point to Ellipsoid Iteration
A simple way to solve the ellipsoid distance problem is to iterate the point to ellipsoid 
solution. Due to the convex nature ofthe bodies, this will always converge toward the 
result.

The algorithm is simple. Pidc a starting point on ell^soid 1, typically the center. Call 
thisxi^l Iterate as follows:
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1) Given, ellipsoid parameters and Set ib=0, choose initial
2) Find closest point on ellipsoid 2 to zi^, call this
3) Find the closest point on ellipsoid I to call this
4) Dicrementt. K t^ tM m gotostep2 .

5) Terminate with zl̂  and Zz^ as the solution.

A better termination condition than total cycle count is desirable. Testing the distance 
between zi^ and zi^^^ is not efifective if the convergence rate is very slow, as tends to 
happen when the ellipsoids are very close together. The issue of convergence rate is in 
fact the main difficultŷ  with this algorithm.

Figure 5.2—Progress of point to ellipsoid iteration

Figure S.2 illustrates the journey undertaken by the algorithm. The convergence rate 
slows dramatically as the solution point is approadied, and the flatter the ellipses are at 
the solution point, the slower the convergence will be.
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TheaIgoridiin.ispretQrcheiq;>, however, ind iterating imdl no fiictfaer changes are seea 
g h ^  a good measure ofthe solution ofthe ellipsoid distance problem. Having an easily 
determined gold standard for the problem solution makes the development of the 
following methods a lot easier to crosscheck. This method also provides a nice lower 
bound, a target to shoot for in terms of distance confutation cost

This algorithm was implemented in Matlab, and its source can be found in *eepps.m' in 
Appendix A. The standard test use for all the algorithms is the 1:2:5 crossed ellipsoid 
test. The irfut parameters are mi=[l 2 5]^ t2=[5 2 1]^ p=[4 4 4] .̂ Running the 
algorithm for 100 iterations is more than enough to ensure convergence. The error drops 
to zero after 51 iterations. The error on the iteration is measured with respect to the x*
produced after the iteration converges.

(S il)

The result ofthe standard 1:2:5 test was

X  =

0.13705777781256
1.43051641611194
3.42644444486425
0.57355555513575
2.56948358388806
3.86294222218744

(5.2.2)

Convergence to an error less than 10'* lufpens after 14 iterations, or 6818 flops. 
Convergence to an error less than 10** luf pens after 21 iterations, or 10227 flops.

If the second ellipse is displaced along the solution vector to a distance of 0.1 units from 
the first, the convergences become much worse.

Convergence to an error less than 10'* b^pens after 78 iterations, or 37693 flops. 
Convergence to an error less than IC* happens after 163 iterations, or 79088 flops.

Obviously, there is room for in f  rovement here.
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S3 Ellipsoid Distance via DQP3 on Polyhedral Approximation
Another possible i^proach is to solving the ellipsoid distance problem is to proxim ate 
the elUpsoids with sufficiently high, resolution polyhedra, then solve with a convex 
polyhedral distance problem algorithm such as DQP3. Rtumsoutthat generating the 
polyhedral enclosure of an ellipsoid is Airly simple. The most important issue is the 
number of Acets required to get a good enough coverage ofthe ellipsoid to meet the error 
requirements.

The Acet-balls used in Section 4 for testing were generated by aMatlab program called 
'genbalLm' (see^pendixA). R generates the Acet normals, A for a set of vectors more 
or less evenly spanning the sphere. The‘order’ ofthe Acet-ball is the number of rings of 
facets from top to bottom, counting the top but not the bottom. A Acet-ball of order 4 
has 8 Acets around the equator, etc. The Acet distances are all 1, making generating the 
b vector very easy.

To generate an ellipsoid with this code, only the b vector needs to be scaled. This is 
handled Ar a All ellipse by ‘b2ell.m’, or Ar a single Acet by ‘elldnm’. To compute the 
distance of an ellipsoid Acet, it suffices to find the point là that corresponds to the 
ellipsoid normal, n. The dot product of these two is the Acet distance h

'■[? Ï  ï l

The ellipsoid nonnalofxàofanellipsoiddefinedby its axes a is

(5.3.1)

Given that we already have a normalized n, the distance vFjn simplifies to

(5.3.2)

Polyhedral ellipsoid models generated by the above method provide an interesting set of 
objects Ar use with DQP3 as a performance measure. The problem with the ̂ herical
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test shapes typically used here and eiseudiece is that using the centroid as a starting point 
makes the sotution much easier. The sobition point, after all, lies very near the line 
between the two centroids. Hiowever, with the ellipsoid models it is easy to construct 
cases where the solution lies ftû  away fiom the centroul line, maldng the algorithm work 
fi)r its result

The error caused by the tiling of the polyhedral model is largely due to the Act that the 
polyhedral (üstance algorithms tend to converge on the vertices. Starting with that 
assumption, one can see that the best error margin one can hope for is half the fiicet 
width. Since the Acets must tile the two-dimensional ellipsoid suiAc^ ft is obvious that 
the Acet width is approximately proportional to the inverse square ofthe fiicet count

Assuming an even tiling to get an error Actor of 0.1% ofthe ellipsoid’s dimensions, one 
would need a tiling offimets that can produce an equatorial band of 1000 fimets. That 
would be a Acet-ball of order 500, which would have iqpproximately 318,000 Acets.
This is Ar beyond the values tested fortheDQPS algorithm, and would take prohibitive 
amounts of time. The best this algorithm can hope for is a coarse result on a moderately 
dense tiling. This analysis assumes that one is interested in the closest point on the 
ellipsoid, not the distance q>proxhnation.

^  only the error in the distance measure is of interest, the results are better. The distance 
from the vertex to the surface of an ellipsoid (or the unit sphere Ar simplicity of

argument) is proportional to V r-w '  -1  where r is the local radius, and w is half the 

width ofthe Acet For small w, this is q»proximately O.Su .̂ Thus Ar Ae 3D case the 
error is inversely proportional to the Acet count Even so. Table 5.1 illustrates how 
expensive even a modest distance error is in fttcet count and confutation time.

While having adjacent Acet information would make the DQP3 algorithm more efficient, 
it is doubtAl that it would be able to handle millions of Acets sufficiently efficiently.

Still it is interesting to test the DQP3 solutions on this problem, to see how changing the 
target object sluf e affects the results.
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A series of tests were lua in both Matlab and ia complied C to see hovr'well DQP3 would 
handle ellipsoid models. The standard 1:2:5 pnblem. fir from contact was used. The 
results were mixed, especially as the C code started to exhibit some instabilities with the 
el%soid models, necessitating the tweaking of some ofthe error thresholds.

order xercor d error flops tim e(^)
non-tracking

time (/a) 
trackmg

4 44 0.651 0.564 4231 205.6 36.9
6 92 0.417 0.301 11817 396.8 41.1
8 164 0.242 0.0961 28058 790 61.7
10 256 0.123 0.0338 27319 1130 84.5
15 576 0.148 0.00395 108940 3160 227
20 1020 0.127 0.00843 271718
30 2296 0.0478 0.00440 923458

Table 5.1 -  Performance results for DQP3 on dlipsoid models

The results in Table 5.1 are less than stellar. The flops counts fir even the smallest 
models fir exceed those seen in the point to ellipse iteration, and the error thresholds due 
to ficet size are quite dreadfiiL The slower C code times are largely due to the increase 
in the number of iterations required. The number of 'alpha' evaluations per tnyectory 
with the ellipsoids is nearly double that of the spheroid case.

The above times suggest that DQP3 on ellipsoids models of approximately 300 ficets 
each would take the same time to compute as Rimon and Boyd’s result It is undeniable 
that the error would be rather worse.

The only strong point in the result is that when the 0.1 unit clearance case is tested, the 
flops counts do not rise significantly. Thus the solution is close to constant time as the 
distance between the ellipses varies, a very useful result. Note the inverse-linear 
relationship between the d error and the fimet count

No qpedal code is required, the standard DQP3 algorithms are used, on problem sets 
generated by 'genbalLm' and 'blelLm'.
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5.4 Ellipsoid Distance via Iterative Polyhedral Refinement
Since the 6cet densities to get a good dlipsoid distance estimate fiomtheDQP3 
algorithm are prohibitively high, it would be advantageous to only have high densi^ in 
the area that needed i t  The iterative poljdiedcal refinement method attenqrts to do just 
tha  ̂by starting with a very single representation ofthe ellipsoid, and adding fiwets only 
as they are needed to improve the model.

Start with a pair of ellipsoids represented by their axis vectors ai and a& and a position 
vector pforthe second ellipse. (Relative rotation can be handled with the dqptc 
algorithm, and can be neglected here.) Generate the inftial ellipsoid models as 6-âcet 
rectangular prisms, with axis lengths corresponding to the ellipsoid axes

A ,= fc  (5A.1)

1) Initialize Ai, bi, M  and bi. Set k=0.
2) Conqnite the distance between the polyhedra with DQP3.
3) Compute the closest point, Xpi on ellipse ai fi:om the point fixind on object I.
4) A ddaâcettoA i with nonnal equal to the negative ellipse normal at Zpi.
5) Add the corresponding 6cet distance to bi by using equation (S.3.2).
6) Add several more fiicets near Zpi, and their &cet distances.
7) Discard excess facets from Ai and bi to keep the total count reasonable.
8) Repeat steps 3-7 for object 2.

9) Increment k: Ifk ^ tw »  terminate with [xpi^x^^^ as the solution.
10) Go to step 2.

In the interest of accelerating the algorithm clusters of focets are added instead of one at a 
time, as adding more fricets is cheap compared to the cost of an iteration. The first 
estimate as to vdiere to put a second frcet is at the point with a normal equal to the 
current distance vector between the two ellipsoids ( i^ ^ i) . This can be confuted quite 
che^ly, and is seen as something of a worst case -  if it were a point to ellipse problem
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the final solution would be somewhere roughly between these two locations. Of course 
since both points are moving this estimate is poor.

Suiâce normal -  iip-%p

Probable location of next xip 

Extra Acet

Figure 5.3 -  First pass of Iterative Potyhedral Refinement

Figure 5.4 illustrates the progress ofthe first iteration ofthe algorithm, showing where 
the first DQF3 evaluation ends (at the open circles), the sur&ce points that get projected, 
and the facets generated by those points and the sutAce normal ofxip-xjp. Without that 
extra fitcet, the next xip in the iteration would probably be at the top end ofthe new facet 
The new fitcet greatly improves the results of the next iteration with quite a modest 
computational cost

It is inefficient to carry too many facets, so old Acets that haven’t  been used in a few 
iterations should be discarded as no longer relevant To ensure that the algorithm doesn’t 
blow up, it is best to keep the first 6 Acets, and obviously the active set from the previous 
iteration should be kept as well. Pick the most recently generated of the remainder to fill 
out the quota.
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Note that the adjacent âcet list would not be usefiiL to accderate this method, as it would 
need to be regenerated every Qrde. It is better to just keep the total 6cet count low 
enough that the DQP3 algorithm runs quickly.

Two different algot&hms were tested, varymg only on how thqr added auxiliary fiicets. 
The &st adds & total of 4 fiicets eachcycl^ one atxip, one at the normal, and two more 
evenly spaced around the circle that has xip as its colter and includes the norroaL The 
second adds another three fiicets in a second ring around this first one. The Matlab 
programs implementing these two cases are *eedist42.m* and ‘eedist7.m’, both of vdiich 
can be found in Appendix A.

The two different ̂ proaches were tested on the standard 1:2:5 problem at distance 4. 
Convergence beyond an error of 10*̂  was erratic at bes^ and ran into an instability in the 
DQP3 algorithm that caused it to start cycling. It is possible that the ficet constraints 
became somewhat inconsistent, or at the least some ofthe fiicets could have become too 
parallel for the resolution of DQP3.

Convergence to an errm of 10"̂  took 21 tycles of eedist42.m, but only 15 cycles of 
eedistTm. The flops counts were 100107 and 62943, respectively. This is about 10 
times slower than the point to ellipse iteration. Convergence to 10'̂  took 41 cycles, and 
183083 and 184980 flops respectively. The convergence was mostly a smooth 
estyonential decay, with the occasional bobble upwards for unknown reasons.

Tests on the 0.1 unit clearance case ran into the instability problems rather more quickly, 
but the results gathered suggested a similar convergence rate to the previous, atasimilar 
total flops cost, showing no tendency to increased cost for a given error tolerance.

ff the issues with instability and ultimate convergence can be worked out, and perhxqps 
some inqirovements in efSciency added (such as passing starting active set to the DQP3
algorithm, not just the starting x), this algorithm could show some distinct promise.
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SJS Other Possibilities
During the course of development of the above method^ a other ideas came up.
Many a tten d  were made to reduce the ellipsoid problem to a sinçler form tfarou^ a 
variety of projections. A  curious third-order rdationsh^ between alpha and lambda was 
explored, and while interesting, did not become a viable algorithm. One ofthe more 
interesting directions considered modi^ring the DQF3 algorithm to find the closest point 
between a polyhedron and an ellipsoid. The hope was that the polyhedron could then be 
iteratively refined ina way similar to the previous section. A more promising ̂ proach 
was to hybridize the DQP3 solution with the point to dlipsoid solution, using the former 
to get a good coarse estimate, then refining it with the latter.

5.5.1 Polyhedron to Ellipsoid DQP3 Analogue
Much like the DQP3 algorithm, the polyhedron to ellipsoid closest point algorithm would 
useaQP core to search over the polyhedron, using specialized point to ellipse (already 
done above), line to ellipse, and focet to ellipse confutations to handle the *ddta’ step.

Facet to ellipsoid is quite simple. Take the fiicet normal, find the point on the ellipsoid 
with that normal, and you’re done.

Line to ellipsoid is nonttiviaL A method was developed to project the line to ellipsoid 
problem into a plane perpendicular to the line, making it a 2D ellipse to point problem. 
However, despite repeated attempts, no solution to the ellipse to point problem was finind 
that did not involve solving a fourth order polynomiaL The point to ellipsoid method 
firom section S.l was written generally enough to handle n-dimensional ellipsoids (vriiere 
n ^  2). This allows an efficient solution of the line to ellipsoid case.

Start with an infinite line in direction li fiom point xi, and an axis-oriented ellipsoid at 
the origin defined by its axis half-lengths a. Transforming this distance problem into a 
point to dlipse problem starts easily enough. We note that the closest point to the line 
will have a surfoce normal perpendicular to that line. If we take the 1-dimensional set of 
normals that are perpendicular to U, then the mapping fiom normals to dlipsoid surfoce
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points mil define aadlips^ and a point on that dl^se will be the closest point to the 
line. This ellipse can then be projected into die plane petpendicular to the lin^ and a 2D 
point to dlipse problem is the result Once that is solved, reverse the projection to find 
the closest point on the ellipsoid, then project that onto the line to get the other half o f the 
solution. All that needs to be done is find the parameterization ofthe ellipse in the plane.

Two points and % on the smfiice ofthe ellipsoid can be used to parametrically define 
an ellipse 1(6) on that sutûce.

f((9)=x, sin(tf)+Xfc cos(9) (5.5.1)

While x& may be an arbitrary sur&ce point on the dlipse, the % sur&ce point must be 
restricted so that the ellipse equation holds.

^  (x  ̂sin(g)+%î  cos(«))* , 
6  ?  ‘

(5.5.2)

h&ltiplying this out the sin  ̂and cos  ̂terms cancd to 1, \diich means that

(5.5.3)

In other words, zb nust a point whose normal, Ob is perpendicular to x«.

If we choose x. as the sui&ce point with a normal equal to the projection of xi (the line 
oriÿn) onto the L plane, this provides us a convenient origin. Call n . the normal at x&. 
Thus Ob must be perpendicular to a..

Going back to the original problem, we wish to create a parameterization with xa and 

such that all the points generated have normals perpmidicular toll. To do that, the
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noniuüsofxk.andsb,aftandiib,aiustbepetpaidiculartoIi. Wehaveabeadychoaeaa. 
suitable Since % must be perpendicular to both:* and h,

Ub = 1 . xli (5.5.4)

The test is a matter of projecting xk and % onto the L plan^ finding the major and minor 
axes ofthe parameterized dlips^ and then solving the 2D polnt-ell^se problem. Since 
the 'pptesjn' code was generalized to n dimenmons, it will prove handy here.

While this method does not directly solve the ellipsoid to ellipsoid problem, it does nicely 
bridge the ga^ betweoi polyhedral representations and ellipsoid ones. The example of a 
polyhedral robot in a workspace with some ellipsoids illustrates the direct usefidness of 
such an algorithm. In addition, the iterative refinement approach could be used, refining 
only one ellipsoid model, instead of both in parallel

This method was never fiiUy implemented, but may be tested in the fiiture.

5.5.2 DQP3 Hybrid with Point to Ellipsoid
Using a high fiicet count model of an ellipsoid with the DQP3 algorithm provides a 
moderately accurate estimate of the closest point between a pair of ellipsoids. It is a 
fairly obvious extœsion to use the point to dlipse iteradon to refine that estimate fiirther.

The difficulty comes in balancing the cost of various degrees o f polyhedral complexity 
against the amount of effort the subsequent iterative refinement vdll require. Tins 
decision is further conplicated by the possibility of using tracking data firom tycle to 
cycle, which makes the DQP3 code substantially more efficient The future addition of 
adjacent fimet lists will shift the balance point even further towards high counts.

This method is not tenibly effective however. On the standard problem with 0.1 unit 
separation, udng a ̂  order fimet-ball costs 11817 flops to solve. It saves 6 steps in the 
iteration to 10^ error, fiom 78 iterations to 72, saving 2680 flops in the pptes m 
convergence, for a net loss of 9137 flops. This is not worth pursuing.
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5.6 Comparison of Ellipsoid Distance Computations
Only one result firom the litecatuie was fijund, that ofRimon and Boyd pUmonST], and 
th ^  didn’t  produce an actual Caitesian distance. Their *fiee margin fimction’ could be 
con^mted in2.5 ms firom an uninitialized stax  ̂or 1 ms if tracking moving objects. 
PEC5000, Unpadc 5.3 MFlops). The naïve calculation of Cluster 4 based on q>herical 
objects suggests that these times are equivalent to DQP3 processing of two 160 Acet 
polyhedra, or two 650 Acet polyhedra fiir the tracking case. More realistic calculations 
using polyhedral ellipsoid models suggest figures about half of that value.

The error in X fiom the ellipsoid models is quite high, though the error in the distance 
measure if is somewhat reasonable fi)r modestly large fiwet counts, as it scales inversely 
to the number of Acets, instead of the square root

The point to ellipsoid iteration was the most reliable algorithm fi>rthe ellipsoid distance 
problem Its cost at modest distances were ̂ ically  under 10000 flops. The scaling with 
respect to object separation very poor-see Table 5.2. An algorithm that becomes more 
expensive the closer the objects areto toudiing is highly undesirable for control work.

Examining Table 5.2 we can see that the iterative polyhedral refinement methods did 
improve on the consistency of cost, but were an order of magnitude more 
computationally intensive than the point to dlipsoid.

Method Separation (units) Error
Tolerance0.1 0.5 1.2955 5

point4o-ellipsoid iteration 37693 11688 6818 3422 *«<io-*
polyhedral modd (288 fiicets) 119034 121038 108940 62899 d«t<4xl0*’
iterative pdyhedral (4 Acets) X 86651 100107 68300 x«<10^
iterative polyhedral (7 fiicets) X X 62943 86534 a«r<10-*

hybrid (Section 5.5.2) 46830 x«r<10-̂

Table 5,2 -  Comparison of separation scaling for proposed algorithms
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6. Conclusions and F uture W o r k

AQF based algorithm. (DQP3) for œn^utîog the minimum distance between convex 
polyhedra was presented, using geometrically derived conqputations to replace the 
standard ones for greater effidenqr. Several variatbns ofthe QP part ofthe DQP3 
algorithm were examined. The variants proved either unstable  ̂or not consistency foster 
than the baseline DQP3 algorithm and were thus discarded. A method of handling 
translation and rotation ofthe objects intrinsically within the DQP3 algorithm was added, 
and performance results with respect to the primary algorithm were promising vfoen the 
savings in object transformation time were considered.

Direct tests against the most recent algorithm from the literature, Cameron’s Enhanced 
GJK algorithm [Cameron97a] were run, with mixed results. The DQP3 algorhhm is 
25%-40% foster during tracking better o^loiting the coherence ofthe tracking problem, 
but only for total focet counts above 120. It is significantly (up to 50%) slower on small 
problems where tracking is not applicable and substantially slower (270%) on large 
problems. However, it is felt that the tracking results are the roost rdevant to the 
intended ̂ )plication in robotics, so the DQP3 algorithm can be considered a success.

hfony ofthe examined methods used feature adjacency lists to improve their speed. 
Adding such a method to the DQP3 algorithm is feasible, and an algorithm to generate 
the list is available. The results ofsuch a test could be C9q>ected to follow the pattern 
seen in the literature of approximately 0(1) time in focet count for tracking problems.

The el%soid distance problem was considered nex^ and a variety of methods were 
proposed to handle i t  Iterating a point to ellipse distance algorithm woria well, 
converging consistently to a result The convergence rate can be slow, however. Using 
DQP3 on a high focet count polyhedral model of foe ellipsoid can work for coarse results, 
but for any sort offineenortolerance the fimet count needs to be quite high, making the 
cost prohibitive. Iteratively r^ning a polyhedral model ofthe dlipsoid by adding focets 
where they are most needed worked quite well, to a point The convergence ufoile 
smooth, ran into some instability issues at error thresholds around 10’̂  and ceased to
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converge. The method by vdiich additional facets are added could use more work to 
address tiiis.

Id the end, the pcnntto dl^soid iteratioa was the most reliable algorithm, but did not 
scale wdl with object SQMuation. The iterative refinement algorithm shows excellent 
scaling with separation, but is substantially more experwive.

6.1 Future work
Enhancing the DQP3 algorithm with adjacent fiicet data, and comparison to others in 
the field.

Optimization ofthe DQP3 corê  improving lambda calculation Re-examine the 
various projections to try to find more efficient wqrs of conputingthenL 
Examine stability considerations within the DQP3 algorithm, finding ways to 
improve the resuk other than a/xuteniorf.
Polyhedron to ellipsoid algorithm, and comparison to other results with and without 
iterative refinement
Examine other criteria fisr adding ficets to the iterative ellipsoid xpproximation 
method, such as halving the distance between the current solution fiuet and the fiuets 
ofthe current active set
^plication ofthe ratio accelerator concept to the point to ellipse iteration 
Build an integrated system that can handle a collection of polyhedra, and attempt an 
analogue ofthe McLotyre collision detection model Lnplement the algorithm of 
section 4.6, including the 'triage' apects.
Use the above modd in an integrated redundant robot path planning example.

A distant possibility is an algorithm to determine fie point of closest approach 
between two polyhedra, given a starting and ending position, without iterating 
throu^ the positions in between. A reliable lower bound on the closest distance 
using only toe two sets of active set data seems in principle possible. The translation 
only case is simplest, but the effects of rotation could be modeled as well
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Appendix A -  Source Code

Mitlab files:

dqp3Lm DQP3 sohitioii

dsolv m delta step of DQP3

âcetm  build adjacency list (and plotting data) for one fiicet

genlambda.m Calculate lambda step.

genball.m Generate a &cet-ball of ordern.

Matlab ellipse code:

b2elLm Convert ficet-ball to ellipse by changing b.

elldnjn Generate fiwet distance (b) for an ellipse, given the nonnaL

pptes jn  point to ellipse code

eepps m Ellipse distance by iterating point-to-ellipse code.

eedist42.m Ellipse distance by refining polyhedral estimate (+4 fimets/cycle).

eedist? jn  Ellipse distance by refining polyhedral estimate (+7 fiicets/^le).

Ccode:

dqptc DQP3 with translation and rotation (Cleaned up so it’s <30 pages.)

dsolvqpe c Delta solver for DQP3. (Clean up the code. No need for MEX stuff)
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Madab file: dqpSLm
dqp3.m -  D avid 's Q uadratic Prcgracming algm.

dariv ad  fro *  Aasignawnt #4, C£EC 603

-  baa ad on A ctiva s a t  method, and soma in s ig h ts  f ro *  c la s s
-  *2* -  m aintains two sa p a ra ta  A ctiv a  s a t s  o f  c o n s t r a in ts ,  one 

f o r  th a  f i r s t  3 v a r ia b la a , ena f o r  tha  l a s t  3 . This i s  s p e c i f i c a l ly  
optim ized fo r  th e  d istance-m easurem ant c a lc u la t io n .

-  *3' -  Uses a p h y s le a l-p ro b le *  in sp ire d  a lg o rith m  f o r  t h e  c o re , e q u a lity  
QP problem.

-  '1 '  -  uses genlanbda to  g e t  lambda, n o t a  s im p l is t ic  c a lc u la t io n .

fu n c tio n  [z ,A ctl,A et2 ]-dqp3(6 ,g ,A l,b l,A 2 ,b2 ,xO |

e p s ilo n  -  le -1 2 ; t  C u to ff f o r  'z e r o ' d e l ta
epsLambda « le -1 2 ;
apeAlpha -  le -1 0 ; % C u to ff f o r  'z e r o ' e r ro r  i n  Ax-b>0
n-leng th (xO ); 
i f  n  — 6,

e r r o r  ( 'I n v a l id  s ta r t in g  v e c to r  s iz e  -  must ha 6x1' If  
end

% Move x O (l:3 | to  a fe a s ib le  lo c a tio n  
f o r  i l * l : 4 ,

r l  -  A l '* x 0 ( l :3 ) -b lf  
[m in r,im in ]-m in (rl| t
i f  (minr>—epsAlpha I i l> 3 | % Reduce raco ep u ta tio n s re q u ire d

b reak  
end
% Move xO so  th a t  i t  * is*  fe a s ib le  on t h i s  s p e c if ic  c o n s tr a in t  
xO ( 1 : 3 1-xO ( 1 :3 1-ninr*Al ( : ,  imin) f 

end %for i l  
i f  m inr < -epsAlpha,

4 Oh w a ll. 
x 0 ( l:3 )
e rro rC 'x O (1:3) i s  n o t a fe a s ib le  p o in t ')  

end

% Move x0(4 ;6) to  a fe a s ib le  lo c a tio n  
f o r  i l - l : 4 ,

r2  -  A 2'*x0(4:6)-b2f 
Cminr, im inl «n in (c2 | ;
i f  (minr>— epsAlpha I il> 3 ) t  Reduce recom putations re q u ire d

b reak  
end
% Move xO so th a t  i t  * is*  f e a s ib le  on t h i s  s p e c if ic  c o n s tr a in t  
xO (4:6)-xO (4:6)-«dnr*A 2(:,isiin) ; 

end t f o r  i l  
i f  m inr < -epsAlpha,

% CMi w a ll. 
x0(4 :6 )
e r ro r ( 'x 0 (4 :6 )  i s  n o t a f e a s ib le  p o in t ')  

end

r  -  [ r l f  r2 ] ;

% Make f e a s ib le  x th e  u s e r 's  r e s p o n s ib i l i ty  
i f  m in(r) < -epsAlpha, 

e rro rC xO  i s  no t a  fe a s ib le  p o in t . ’ ) ;  
end

% G enerate i n i t i a l  a c tiv e  s e t
m l« lang th (b l) ; % Number o f  c o n s tra in ts
A e t l - [ ] f  nAetl>C];
f o r  i l - l : m l ,

i f  ( r ( i l )  — 0 a leng th (A ctl) <3),
A c tl- [A c tl  U l ;  

e ls e
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nA ctl-CnA etl 11];
#nd

•nd.

%- I n i t i a l  a c tiv a  a a t  f o r  c o n s tra in t  s a t  2 . 
m 2-langth(b2); % Musbar o f  c o n s tra in ts
A c t2 -[ ] ;  nAet2«Cl; 
f o r  ll» l:m 2 .

I f  (r(m l+ ll)  — 0 c la n g th (A e t2 )O ir  
A ct2-[A ct2 H I ;  

a ls a
nAet2-[nAct2 11]; 

and 
and
% nAct l a  non -actlva  t a r a s .  Act I s  a c t iv a  ta r n s .  

k -1 ;

cKoFac "  0; % Count o f  atop 6 'no  f a c a ts  addad* ta m ln a tlo n . eond 'n

w hlla  f l n l t a ( x i ,  % Loop whilo x  I s  s t i l l  accap tab la  -  S tap  3 a lso  b raak s o u t. 
% s a t  up th a  o p tim iza tion  -  Stap 2 /4  
%qfc^*xtq; 
b k l -  b l(A c tl) ;  
bk2 -  b2(A ct2); 
bk -  [bfcl;bk2] ;
mkl •  lan q th (b k l| ; t  Kunbar o f  a c t iv a  c o n s tra in ts
mk2 •  langth(bk2l ;  % Nuabar o f  a c t iv a  c o n s tra in ts
mk — mkl+mk2;
Akl -  A l( : ,A c tlJ ;
Ak2 « A2C:,Aet2); 

t  Ak > [Akl zaros(3,m k2);zaros(3,fflkl) Ak2];

% Solva .5 * d a lta '* 6 * d a lta  + d a l ta '* q k  su b ja c t  t o  A k '* d a lta  -  bk 
% Mair approach: Usa dso lv (x , Akl, Ak2) ->  d a l ta .
% dalta -  dsolvqpaCx, Akl, Ak2); % C v a rs lo n
d a l t a  -  dsolv(x,Akl,Ak2) ;

4 d lsp C S ta p  2 / 4 : ') ;

t  Força d a l ta  to  ba w ith in  c o n s tr a in ts .
I f  (mkl > 0),

d a l t a ( l :3 )  -  d a l t a (1 :3 )-A k l* (A k l'* d e lta (1:3) ) ; 
and
I f  (nk2>0),

d a l t a (4:6) -  d a l t a (4 :6 )-Ak2* (Ak2' * d a l ta (4 :6 )) ;  
and
% l a s t  d a l ta  -  i f  i t  la  o f  zaro m agnltuda, do s ta p  3.
I f (n o rm (d a lta )) < ap s llo n ,

% Stap 3: lambda naads to  ba c a lc u la ta d :
lambda •  ganlambda(x,Akl,AJc2);
[m ln l,ln d l]  -  mln(lambda); t  In d l  I s  Indax o f  minimum
I f  (m ini < -apsLambda),

% Ramova a c o n s tra in t.
I f  In d l <" a * l ,

t  Ramova c o n s tra in t from s a t  1: 
oActl-CnActl A c tl( ln d l) ] ;
A c t l-A c t l ( [ l :  (lnd l-1 ) (lndl+1) :mkl] ) ; « E x tra c t In d l  from  A etlva-1

a ls a
4 Ramova c o n s tra in t from s a t  2: 
lndl>lndl-m icl ; 
nAct2»[nAct2 A c t2 (ln d l)] ;
A ct2«A ct2([l: (lnd l-1 ) (lndl+1) :m)r2] ) ;  4 E x tra c t I n d l  from A etlva-1

and 
a ls a  

4 Donat 
x s ta r  -  x; 
b raak ; 

and 
a ls a



85

% St«pa 5-7 : S o lu tio n  o f  pzoblont produeod non-zoro d o lta  
» Stop 5: 
m il -  [ ] ;
f o r  11-oA etlf t  Toot m il non-m etlvo la d leo o  -  mot 1

md -  A l( t,U » '* d o ltm (l:3 )»  
i f  md < 0,

m il -  [m il ( b l ( t l )  -  A l( : ,U |* * x ( l :3 n /m d I f  
o lso

m ll-[m ll 11; 
ond 

ond
[mlphml,indml]-mln(mll| ; t  Find minimum olphm, mod eorromponding indox -  mot 1

ml2 -  [] ;
f o r  ilm iAetZ, % Toot m il non-metivm ind ico o  -  mot 2

md -  A 2 ( : , i l )  •*doltm (4;6); 
i f  md < 0,

ml2 -  [o l2  (b 2 ( ill  -  A 2 ( t,il)> * x (4 :6 )) /m d ]; 
oloo

ml2-[ml2 1 1 ; 
ond 

ond
Cmlpho2,indo21>min{zl2); t  Find minimum mlphm, mnd eorrooponding indox -  mot 2

% Apply minimum mlphz (odd eonmtrmint I f  <1| to  oocK o o t indopondontly -  f o o t  
eonvorgo

cAdd *  0; t  Count o f  addod fm e o to ...
i f  (mlphal < 1-opoAlphm C lo n g th (A e tl)< 3 ),  % opoAlpbm holpo rodueo c y c lin g .

* Add m eonmtrmint to  mot 1:
A e tl- [A c tl nA ctK indm lll; t  Add to  A etivo -  1
nA ctl> n A etl([l:( in d m l-l)  (indml-M) :lo n g th (n A e tl) l ) ;  t  Extrm et indml from nA etl
cAdd-cAdd+1; 

ond
i f  (mlphmf < 1-opoAlphm & longth(A ec2)<3)r 

% Add a eo n o tra in t to  mot 2:
A et2-[Aet2 nAct2(inda2) 1 ; % Add to  A etivo -  2
nAet2-nAet2( [1: (indm2-l) (inda2+l) :long th (nA et2 ll I ; % E x tra c t  indm2 from nAet2
cAdd-cAdd+1; 

ond

(  Chock -  i f  tho ro  woro no fmeoto addod, w o'ro dono.
% (Humorical in o ta b i l i ty  -  norm (d o lta  )>opoilon , b u t on ly  ju o t)  
if(cA dd< l),

ifCcKoFac > 1 ) ,
diopC'Torminmtod from atop  6 -  no fmeoto could bo addod, b u t  d o l ta > 0 ') ;  
d iap (do lta*
x o ta r  > x; 
broafc; 

ond
cNoFac -  cNoFaefl; 

oloo
cNoFac »  0; 

ond

% Stop 7
k-k+1;
if(k > 2 0 0 ),

d iop( [A etl,-l,A et211 ; 
ond
% Movo by  alphml along d o ltm l, mlpho2 a long  doltm2.
XMC+[mlphml*doltm(1:31;mlphm2*doltm(4:6) 1 ; 

ond 
ond

z~xotmr; t  Rotum ro o u lt
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Màdab file: dsolv.in
d a e lv .n  -  «olv» m 'atandaxd  d ls ta a e *  p c o b lm ',  w##d mm thm 

bamlm e£ a. QP dlmtmno* a lg o rith m .
Tha probXam la  a QP problem  w ith  a q u a llty  oonmtraimtm, 
phym leally rap raaan tad  by- th a  problem o£ £ itiJ in g  th a  
e lo a a a t p o in t batwaan a  p c in t / l ln a /p la n a  and an o th e r 
p o in t ,  l in e  o r  p lan a .

In p u t:  X, A l, A2
x ( l :3 )  im p o in t PI, x (4 :6 ) i a  p o in t  P2 
Al im tha  eonmtraintm en  PI -  d iraetlenm  i t  may n o t mevm, 

d e fin in g  planam o f  eo n m tra in t. (Mumt ba u n i t ,  canno t ba 
pramunad o rth o g o n al.)

A2 -  am A l, f o r  P2.
O utput: dx

Change in  x  to  produce m olution: dx+x « x2

fu n c tio n  dx  -  dmolv(x. A l, A2)

apm_par •  la -4 0 ; t  Make thim a g lo b a l ,  l a t a r  
[ n i ,  c a l]  -  m ira (Al);
[n2, caZ] -  aiza(A 2);

d  -  x (4 :6 ) -  x ( l :3 ) ;  % Dimtanca v e c to r
dx -  z a ro m (6 ,l) ; % Preload ram u lt v e c to r

i f  c a l—2 ,
a l  -  A l ( : , l ) ;  a2 -  A l( : ,2 ) ;  % Umaful terme -  PI eonm train t vectorm
i f  ca2— 2,

% L ine-L ine came im nomt eom tly, mo do i t  f irm t. 
a lp  «  ( a l-a 2 * (a 2 '* a l) ) ;
a lp  -  a lp /norm (alp ); t  G enerate o rthonom al p a i r ,  [a lp  a2]
Ap -  [ a l p '; a 2 '] ;  % p ro je c to r  onto th e  p lan e  p e rp  to  L in e l
12 -  crom m (A 2(:,l),A 2(:,2) ) ;  % L in e -c o n a tra in t f o r  P2
12p -  Ap*12; 4 P ro je c tio n  o f  12 onto p lan e
12n -  12p'*12p; % Norm o f  v e c to r .
i f  12n < epm_par,

4 Linem a re  dome to  p a r a l l e l ,  ao average th e  pomitionm 
11 -  crom m (al,a2); 
t l  -  d * * ll/2 ; 
t2  -  d '* 1 2 /2 ; 
dx -  [ l l* t l ; -1 2 » t2 ]  ;  
re tu rn ;  

end
121 -  [ -1 2 p (2 );1 2 p (l)] ; 4 'Inverme* o f  12 -  p e rp en d icu la r
121 “  12i/norm (12i); 4 Need norm f o r  next a to p . . .
dp -  Ap*d; 4 d  p ro je c te d  in to  plane (umeful in te r im  rem ult)
p2ep -  12i*(12i'*dp) ; 4 S o lu tio n  in  p lane -  compenent perp  to  l in e
t  •  12p'*(p2cp -  dp)/12n; 4 t*12p « m olution in  p lan e , thum
dx(4 :6 ) -  12*t; 4 t* 1 2  im m olution in  3-apace, b y  p ro jec tio n A
p2c -  x (4 :6 ) + d x (4 :6 ); 4 New P2, needed to  fin d  new PI
d e  -  p2e -  x ( l :3 ) ;  4 Dimtance from o ld  PI to  new P2.

d x ( l:3 )  -  do -  a lp * (a lp '* d e) -  a2 * (a2 '* d c);
4 S o lu tio n  o f  p o in t- l in e  problem  to  g e t  new PI. 

r e tu rn ;  
end
i f  ca2—3 I ca2—0,

a lp  -  (a l-a 2 * (a 2 '* a l) ) ;
a lp  -  a lp /no rm (alp ); 4 Generate orthonorm al p a i r ,  [a lp  a2]
d x ( l:3 )  -  d  -  a lp * (a lp '* d ) -  a2 * (a2 '* d ); 
i f  ca2— 0,

4 move f re e  p o in t to  new lo c a tio n  
dx(4 :6 ) > dx (l:3 ) -  d; 

end 
re tu rn  

end
4 Only came l e f t  im cm2 — 1 ( l in e - fa c e )
11 -  c roam (a l,a2 );
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I f  abs(A2* * U ) < «p«_par,
% L a n  tb a a  «ps_par -  p a n l l c l  eaa«r go 1 /2  way 
% along  U n a  towards c le s a s t  p o in t t o  P2, th a n  aova 
% P2 to  e lo a a a t p o in t t o  th a  naw P I . 
a lp  •  (a l-a 2 * (a 2 '* a l | ) ;
a lp  -  alp/noxmCalp); % G anarata orthonorm al p a i r ,  [a lp  a2]
d x ( l :3 )  -  (d -  (a lp * (a lp '* d | * aZ*(a2 '*d) 11 * 0 .5 ; % H a lf  normal dx
d2 -  d -d x ( l :3 ) ;  % D istança v a c to r  from  naw p o in t
d x (4 :6 ) -  -d2  A2*(A2'*d2);
r a tu r a  

and
t  H on-paraU al caaa -  p ro j a c t  along 11 a  d is ta n ç a  eorrasponding to  
t  th a  r a t i o  a3 '*d  /  a 3 '* U  (d is tan ça  t o  p ro j a c t  along 11 t o  raach  plana) 
d x ( l :3 )  -  11 * {C A 2'*d)/(A 2 '* ll));
% Than, mova p o in t in  p lan a  to  t h i s  in ta r s a c t io n  p o in t .  
dx (4 :6 ) -  d x (I:3 ) -  d ; 
r a tu r a  

and

% End o f  f i r s t  caaa, e a l  —  2 . Naxt: c a l  —  1 (faca»7)

i f  c a l  —  1, 
i f  ca2 —  2,

% Sama as th a  2 /1  c n a  abova, j u s t  ra v a rs in g  usa o f  soma ta rm s. 
a2 •  A 2 ( : , l ) ;  a3 > A 2 (:,2 ) ; % a l  > AI, so no n a a d . . .
12 -  c ro ss(a2 ,a3 } ; 
i f  absCAl* * 12) < aps_par,

% L ass th a n  aps_par -  p a r a l l a l  c a s a , go 1 /2  way 
% along  l in a  totrards c lo s a s t  p o in t  to  P I, th a n  nova 
* PI to  e lo aaa t p o in t to  th a  naw P2. 
a2p -  (a2 -a3* (s3 '*a2 )) ;
a2p "  a2p/norm(a2p); % G anarata orthonorm al p a i r ,  [a2p a3]

dx (4 î6 ) -  d  + ta2p*(a2p'*d) *■ a3*(a3’* d ])) •  0 .5 ; % H alf normal dx
d2 “  d4dx{4:6); t  D istança v a c to r  from naw p o in t 
d x ( l :3 )  -  d2 -  A l*(A l'*d2); 
r a tu m  

and
% N o n -p ara lla l casa -  p ro j a c t  a long  12 a d is ta n ç a  eorrasponding  to  
% th a  r a t i o  a l '* d  /  a l '* 1 2  (d is ta n ç a  t o  p ro j a c t  along 11 to  raach  plana) 
dx (4 :6 ) -  -  12 * ((A l'* d )/(A 1 '* 1 2 )) ;
% Than, mova p o in t in  p lana to  t h i s  in ta r s a c t io n  p o in t. 
d x ( l :3 )  -  dx(4:6) + d ; 
r a tu m  

and
i f  ca2 “  0 I ca2 — 3,

% T ra a t P2 as a fix ad  p o in t (and i f  i t ' s  a c tu a l ly  f r a a ,  mova i t  la ta r )  
d x ( l :3 )  -  d  -  A l*(A l'*d); t  Proj a c t  d  in  PI plana (dafinad  by AI) 
i f  ca2— 0,

t  move f ra a  p o in t to  naw lo c a tio n  
dx(4 :6 ) > d x (l:3 ) -  d ; 

and 
r a tu m  

and

% Casa es2 — 1 -  faea -faea
a l2  -  A2'*A1;
a lp  -  AI -  A2*al2; % Coqponant o f  AI i n  A2 plana
i f  (a lp '* a lp )  < aps_par,

t  P lanas a ra  (naarly) p a ra U a l ,  ta)ca avaraga . 
d x ( l :3 )  -  (d -  A l*(A l'*d)) * 0 .5 ; 4 H alf normal dx.
d2 “  d -d x ( l :3 ) ;  % D istança v a c to r  from naw p o in t
d x (4 :6 ) -  -d2 f  A2*(A2'*d2); % C lo sa s t p o in t t o  P l+ dx(l:3 )
r a tu m  

and
4 P lanas in ta r s a c t .  Proj a c t  from PI a lo n g  a2p, and P2 along  a lp
a2p -  A2 -  A l*al2; 4 Ganarata eoap o f  A2 parpand. to  AI
i f  (a lp '* a lp )  < la -4 ,

4 RanormaUza and ra a to ra  a lp  and a2p.



* lp -# lp /n o ra (* lp )  ;
«Ip  = a lp  -  A2*(AZ'*alp|; & Componamt o t  a lp  paxp to  A2
a2p-a2p/nona(a2p ) ;
a2p -  a2p -  A l*(M '*a2p); % Compomant o f  a2p paxp to  A1

and.
* d '* A l «> d is ta n ç a  fco a  B2 to  th a  p lan a  d a fin ad  by  ( B l ,a l |  
t  1 / (alp*Al) -  a ea la  f a c to r  t o  g a t  r i g h t  p ro )a c tio n  

p -  ((x (4 :6 ) -  a lp * (d '* A I)/(a lp '* A l))  + . . .
(* t l :3 )  + a2p*(d'*A2)/(a2p'*A2)) ) * 0 .5 ;

% p la  th a  avasaga o f  th a  pxo jac tad  p o in ts .  R e su ltin g  dx  I s  obvious: 
d x ( l :3 )  •  p -  x ( l :3 ) ;
d x(4 :6 ) -  p -  x (4 :6 ) ;
c a tu m  

and
4 and o f  c a l  — 1
4 Kaxt: c a l  — 0 o r  3 -  In  most ca sa s , th a s a  axa s lo d la r

I f  ca2 —  2,
4 3 ,2  I s  going to  ba common -  handle f i r s t .
4 P o ln t-U n a  o r  volum a-llna ease :
4 G anarata c lo s e s t  p o in t on l in e :
a2p -  R 2 ( : ,l )  -  A 2 (:,2 )* (A 2 (:,2 )* * A 2 (:,l)) ;
a2p “  a2p/nom (a2p); 4 G anarata normal p a i r :  [a2p a3>A 2(:,2)]
d x (4 :6 ) -  (-d  + (a2p*(a2p'*d) + A 2 t:,2 )* (A 2 { :,2 |'* d ) ) ) ;  
i f  c a l  — 3,

4 P o ln t- l ln a  case : dx l — 0. 
r e tu rn  

and
4 V olum a-llna: Move PI to  th a  newly ganara tad  p o in t .  
d x ( l :3 )  -  d+ dx(4 :6 |; 
r e tu r n  

and

i f  ca2 —  3,
4 P o in t-p o in t o r  volum a-point case : 
i f  c a l  — 3,

4 P o in t-p o in t casa : Ko p o ss ib le  change, 
r e tu rn  

and
4 Voluma-point: Move PI to  P2 
dxC l:3) -  d; 
r e tu rn  

and

i f  ca2 “  0,
4 Poin t-vo luaa  o r  voluna-voluma 
i f  c a l  — 3,

4 Point-volum a: Hova P2 to  PI. 
dx (4 :6 ) •  -d ; 
r a tu m  

and
4 Voluna-voluma: tak a  average. 
d x ( l :3 !  -  d * 0 .5 ; 
d x(4 :6 ) •  -d  * 0 .5 ; 
r a tu m  

and

i f  ca2 —  1,
4 P o in t-p lan a  o r  voluma-plana 
4 G anarata c lo s a s t  p o in t: 
dx (4 :6 ) -  (-d  + (A2*(A2'*d)) ) ;  
i f  c a l  “  3,

4 P o in t-p lana  casa : dx l — 0. 
r a tu m  

end
4 Voluma-plana: MOva PI to  th a  newly ganara tad  p o in t.  
d x ( l :3 )  -  d+ dx(4 :6 |; 
r a tu m  

and
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Matlab file: ftcetm
an a r ra y  o f  XfZ t r i p l a *  t h a t  eorraopond to  th a  

v a rtle a *  o f  a  a p a e if la d  f a c a t  o f  an  A.-b [DEQ3) d a ta a a t .  
l a ,  a l l  X (coluaai 3 -v a c to r l a t  A'*x-b>0 a ra  In a ld a  th a  po ly top*

[X ,r,Z ] -  faea t(A ,b ,N );

In p u t* : A -  e o n a tra ln t v a e to r  a m tr lx  froai 0QP3 
b  -  e o n a tra ln t v a e to r  f ro *  DQP3 
N -  fa c a t nuobat to  eenpu ta .

O utput*: Oapanda on f  o f  argum anta. I f  X l a  on ly  o u tp u t, X Z1.
X -  column v a e to r  o f  v a r ta x  p o a ltlo n a  In  X
X -  column v a e to r  o f  v a r ta x  p o a ltlo n a  In  X
Z -  column v a e to r  o f  v a r ta x  p o a ltlo n a  In  Z

fu n c tio n  [X,X,Z,F] -  faca t(A ,b ,H );

n » p co d (a lz a (b l) : % T o ta l nuabar o f  fa e a ta

% E rro r  to la ra n c a  fo r  n aa r zaro* and auch 
apa -  la -1 2 ;

% Soma b a a le  ta a ta .
I f  ( n a rg in O ) ,

a rro rC ' In a u f f Ic ia n t  argumanta (A,b,N a ra  r a q u lr a d ) ') ;  
and
I f  tH<l I M>n),

K
a r r o r  C K uat ap ac lfy  a v a l id  f a c e t ,  N ') ;  

and
I f  tn<3),

a r r o r  ( 'D a ta  a a t  too  am all to  produea f a e a ta '} ;  
and

» G anarata an  a c tiv e  a a t  whara N l a  f l r a t  alem ant. 
i f  (*—1 ),

A e t-[1  2 31; 
a l a a l f  (N— 2 ) ,

A c t-t2  1 3 ] ;  
a la a

A et-[N  1 21; 
and

% G anarata an  a c tiv a  a a t  %ihara K l a  f l r a t  alaraant, and 
% th a  n ex t two alemanta a ra  n o t p a r a l l e l  to  N (Kota, A l a  aaaunad 
% to  ba n o rm a lized ...)
Act-[N 0 01; 
f o r C l l* l :n ) ,

I f (11—K) » D on't match v e c to r  N w ith  I t a a l f . . .  
l f ( a b a (A ( : ,N ) '* A ( : , l l ) )  < .95)

A et(2) -  11; 
braalc; 

and 
and 

and
% Elnd th a  t h i r d  a c tiv a  a a t  alam ant, I p a r  to  f l r a t  and aacond.
% No, i t  haa to  produea a ran): 3 m a tr ix  -  much mere demanding.
* E q u iv a len tly , (A (:,a )xA (:,b ) ) .  (A (:,e )  ) > 0 (apa)
% G enerate u n i t  croaa v a e to r  o f  A e t( l)  and A ct (2) alem anta o f  A 
Ax-eroaa (A( : ,N) ,A( : , A et(2 )) ) ;
Ax-Ax/norm(Ax| ; % Normalize
fo r  1 1 -1 :n ,

i f  (11—N t  11—Aet(2) )
% D o n 't rep ea t vaetor*
I f  (ab a (A x '* A (:,ll)  ) > .0 5 ), % P ick  aomathlng w ith  *aoma* p e rp e n d ic u la r

A ct(3) -  11; 
b reak ; 

and
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•nd
•nd.
if (A c t(2 )  < 1  I A ctO I < 1 ) ,

A ct
e r r o r  ('C ould n o t f in d  an a p p ro p riâ t#  a e tiv #  a # t  o f  n e n p a ra ll# !  v a e to r# * ); 

end

» ok;  nov fo r  th e  fun s t u f f  -  where do th e s e  th re e  f a c e ts  meet?
* K'*%-b"0 i s  where. x ^ /A  
A prev-0;iprev^O; 
w h ile  1,

Aa -  A [:,A c t); 
ba — b(A ct);
X ”  (b a '/A a ) ';  % Aa i s  in v e r t ib le  thanks to  above c o n d itio n s .

% Wow... l e t ' s  see  how o u r c o n s t r a in ts  measure up. 
e  -  A '*x-bf % Any term s < 0 m a n s  % i s  o u ts id e  o b je c t .

% Find most -ve  e (Also g e t  im in , index  o f emin)
[em inrim in]-m in(c) ;

i f  (cmin<-epa),
% T im  to  am p co n s tra in ts^  e i t h e r  2 o r  3.
A x2-cross(A (:,A ct(l) ) ,A (:,A c t(3 )  ) ) ;
Ax2#Ax2/norm(Ax2) t t  Normalize 
A x3-crosa(A (:,A et(l) ) ,A (:,A c t(2 )  ) ) ;
Ax3«Ax3/norm(Ax3); % Normalize

% Which A ctive s e t  va lue  to  swap? 
i f  (Aprev — im in],

% Coops, w e 're  rep ea tin g  o u rs e lv e s . Swap th e  o p p o site  o f  l a s t  t i m  
i f  ( ip r e v " 2 ) ,

Aet(3> -  im in; 
e ls e

Aet(2) -  im in; 
end
Aprev « 0; % Prevent 'a n t i - l o o p ' t e s t  nex t c y c le , 

e ls e
% Pick whichever produces m s t  perp en d icu la r r e s u l t  
if(abs(A x2 '*A (:,im in )) > ab s(A x 3 '* A (:,in in )) ) ,  

t  Swapping Aet(2) produces moat 'robust*  r e s u l t  
Aprev -  A ct(2 ); ip re v -2 ; % Save prev  v a l  t o  p rev en t loops
Aet(2) -  im in; 

e ls e
t  Swapping Aet(3) produces most 'robust*  r e s u l t  
Aprev -  A ct(3 ); lp re v -3 ; % Save prev v a l t o  p rev en t loops
Aet(3) m Imin; 

end 
end 

e ls e
% No m re  c o n s tra in ts ,  so w e 're  done, x  i s  v a l id ,  
b reak ; 

end
end % w hile 1

K « X * ;  % Save th e  f i r s t  v e rtex
F «  A c t(3 ); t  Save th e  f a c e t s ,  too

% Once we have *ene* v e rte x , we r e le a s e  A ct(2 ), move A et(3) t o  A e t(2 ) ,
% and move along th e  edge d e fin e d  by  A c t(l)  and A e t(2 ) , away from 
% th e  o ld  fa c e t d i r 'n .  P ick  up n e x t c o n s tra in t ,  and c a r ry  on u n t i l  
% w e 're  back a t  th e  f i r s t  f a c e t  a g i an . Oh, and d o n 't  fo rg e t  to  
% save th e  p o s itio n s  in  X.

A cti-A c t; » Save ' i n i t i a l '  a c t iv e  s e t .

t  Loop, re le a s in g  one fa c e t ,  p ic k in g  up n ex t along th e  e d g e .. .  
k»0;
%(hile 1 ,
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A eto>ftet(2);
A et(2 |^A ek(3 |; « ItelM s* A c t(2)
% v a e to r  froot x  along A e t(l)  ,A e tt2 )-d a f ln o d  odgo
V -  c ro a « (A (;,A e t(l> )rA (:,A e t(2 ) |) ;
V «  v/nozm(v); % Koxmallz* v
A Maka aura  v  p o in ta  away' from o ld  f a c a t  [Faeata  p o in t  ' i n ' )
% (Faeata p o in t ' i n '  ao v  d o t  A ( : , i )  ahould  ba +va) 
ifC v'*A (s,A cto) < 0) 

v»-v ; 
and

% Hm, b a a t  way to  f in d  t h a t  n ax t fa e a t?  Dig through. 0QF3 f o r  i t . . .
% Find f a e a t  a . t .  c u rra n t A ( : , i l ) '* x - b  * ( A [ : r i l ) '* v )  i a  m inim izad,
% and A ( : , i l ) '* v  ia  n aga tiva  (v p o in ta  towaxda th a  fa c e t)
*im in-0;
ftamin^Inf;
ad  — A '*v; % Praeonputa a l l  ad v a lu aa  g u ie k ly  (v ae to rized )
* fo r  i l - l : n ,
% i f  ( i l  — A et(l) a i l  — A et(2)) % D on 't ehaek  a g a in a t a c t iv a
% % Coaputa diverganca batwaan v  and t h i a  f a c a t
* %ad -  A ( : , i l ) '* v j  t  A b i t  l i k e  'd e l t a '  in  DQP3
t  i f ( a d ( i l )  < -a p a ), t  Uaa o f  'a p a ' p rav an ta  n /0
% % V po in ta  'tow ard ' th ia  fa c a t ,  ao chack f o r  minimum.. .
% % Nota t h a t  wa d iv id e  by ad: aa v  bacomaa p a r a l l e l  to  f a c a t  norm,
* * th a  d ia tan ca  along v  to  th a  f a c a t  in c ra a a a a .. .
* a v -  ( A ( : , i l ) '* x - b ( iD )  /  ( - a d ( i l ) ) ;
% if(avcam in),
% amin-av;
% im in « il;
% and
% and
& and 
ten d  t  fo r
ad (A e t(l)  ) -  1; ad(Aet(2) ) »  1; t  Keep A e t( l:2 )  o u t  o f  index
in d  •  fin d (ad  < -a p a ); % Index o f  a l l  ( a d ( i l )  < -apa) -  Cool!
av  -  (A (:,in d ) '* x -b (in d ))  . /  ( -a d ( in d )) ;
[amin, im in]-B in (av ); I  I t ' a  j u a t  t h a t  a a a y . . .
im in^ind(im in) ; t  Uh, n o t q u ite  -  need th a  * r ig h t*  iadn.

A et(3) m imin;

% Now th a t  wa have th a  n ax t f a c a t ,  compute i t a  v a r ta x  
X  « (b (A et) '/A (:,A et) ) ' ;  t  A ctive a a t  ahould alwaya ba c o n a ia ta n t.
X «  D kx ' ] ; t  Sava th a  v a rtax !
F -  [F ;A ct(3 )l;

* I f  w a 'ra  back to  th a  o r ig in a l  a c tiv e  a a t  (o r back to  th a  o ld
» A c t(2 ), anyway), w a 'ra  dona. Alao dona i f  wa h i t  n  i t a r a t l o n a .  
i f  (iamambar(Act(3) ,A e ti)  )

* W a'ra back whara wa « ta r ta d . 
b reak ;

end

% T eat i t e r a t io n  count
k-k+1;
i f  ( io n ) ,

* Ooopa 
b reak ;

and
and

%...
% Dona, ju a t  handle ou tpu t# . . .  
if(nargou t> 2)

Y -X (:,2 );
Z -X (:,3 );
X -X ( : ,l ) ;

and
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Matlab file: genlambda m
% genlaebda.m  -  g«n«ratM  laobdSr g iven  A ik, A2fc and x .

fu n c tio n  [lambda] -  ganlaabda(x,Al,A2)

% M u ltip le  eaaea: n= l,2  o r  3 f o r  A1 and A2. 
lambdx -  [ ] ;

d  -  x ( 4 :6 ) - x ( l : 3 | ;

[ml n l l - a lz e ( A l) ;

l f ( n l  —  I I ,
lambda «  -A l{ : , l ) '* d ;  

end
l f ( n l  —  2 ) ,

% 'R e leaae  condition* ia  p e rp en d icu la r to  o th e r  f a c e t
a l2  -  A 1(:,H **A 1{:,2 );
d l  -  -d * * A l( î ,H f
dZ -  -d**A lC :,2);
lambda -  [d l-d2*al2 ; d2-dl*al2] ;
% For t r u e  lambda, aea le  by l / ( l - a l 2 " '2 | . . .  A ltnya +ve, no need 

end
l f ( n l  —  31,

t  'R e leaae  condition* la  p erp en d icu la r to  th e  l in e  t h a t  l a  th e
% In te ra e c tlo n  o f  the  o th e r  two fa c e ta .
a x l > c r o a a (A l( : ,2 ) ,A l( ; ,3 l) ;
ax2 »  c r o a a ( A l( : ,3 | ,A l ( : , l ) ) ;
ax3 -  c r o x a ( A l( ï , l ) ,A l ( : ,2 l ) ;
c3 *  1 /{A 1(:,1 ) **axl); % l/d e t(A ] -  a c a lln g  f a c to r  -  may be + o r  -
lambda -  [-d**axl*c3; -d**ax2*c3; -d**ax3*c3]; 

end

[m2 n 2 ]«alze(A 2 |;

l f (n 2  —  I I ,
lambda -  [lambda; A 2 (:,l |* * d ]; 

end
lf (n 2  —  21,

t  * Releaae condition* ia  perp en d icu la r to  o th e r  f a c e t  
a l2  -  A 2{:,1 |**A 2(:,21; 
d l  -  d * * A 2 ( :,l |;  
d2 -  d**A 2(:,2 l;
lambda « [lambda; d l-d2*al2; d2-d l*al2 ] ;
% For t r u e  lambda, aeale  by l / ( l - a l 2 ^ 2 | . . .  A ltnya +ve, no need 

end
lf (n 2  — 31,

t  'R e leaae  condition* la  pe rp en d icu la r to  th e  l in e  t h a t  l a  th e
% In te ra e c tlo n  o f  the o th e r  two fa c e ta .
a x l « croaa(A 2(:,21 ,A 2(:,3 l I ;
ax2 -  c ro a a (A 2 (: ,3 |,A 2 (:,l | I ;
ax3 “  c ro a a { A 2 ( : , l |,A 2 ( : ,2 ||;
c3 -  1 /(A 2 (:,1 I **axl|; t  l /d e t(A | -  a c a lln g  f a c to r  -  may be + o r  
lambda -  [lambda; d**axl*c3; d**ax2*c3; d '*ax3*c3]; 

end
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Matlab file: genbaILm
g e n b a ll.il  -  generate#  a 'aphere* with, 'n* row# o t  f a c e t* .  Faceta  a re

gen era ted  In  ev en ly  r a d i a l l y  apaced rowa, and th e  number p e r  
row- l a  aealed  t o  a ln ( th e ta )  o f  th e  e q u a to r ia l  coun t.

The equato r haa 2n fa c e t#  -  a cube l a  g en b a ll(2 ) 
g e n b a llO ) l a  aomathlng l i k e  a dodecahedron.

To g e t  good pack ing , a l te r n a t in g  row* a t a r t  t h e i r  p o in t#  
a t  0 o r  p i /  (count In  row ).

T eat# ahow th ia  work# q u ite  w e ll  -  average p roxim ity  o f  face#  l a  q u ite  
uniform , ( le ,  lo o k  a t  th e  'c lo a e a t  f a c e ' (do t p roduct max) o f  each 
f a c e t ,  aee what th e  number# a re  l i k e  f o r  a l l  face t* .

fu n c tio n  [A,b] -g e n b a ll (n)

k T ea t: Need n  a t  l e a a t  2.
I f  (n<2),

e r r o r  ( 'I n v a l id  o rd e r . N>-2 r e q u ir e d ') ;  
end

A1 -  [1 -1  0 0 0 0;
0 0 1 - 1 0  Ot 
0 0 0 0 1 - 11;

% F l r a t  p o in t: th e  to p .
A -  [1 ;0 ;0 ] ;

t  N ext, we go down th e  row#, computing thetaRow, nRow, and I t e r a t i n g  over phiRow 
f o r  1 1 -1 :n,

thetaRow « l l /n * p l ;
nRow -  reund(aln(thetaRow)*2*n) ;
I f  nRowd, 

nRew-1; 
end
I f  f lo o r (11/2)*2 —  11, 

p h l l  -  pl/nRow; 
e la e

p h l l  -  0; 
end
f o r  12-0:nRow-l,

pblRow -  p h l l  + 12*2*pl/nRow;
A2 -  [coa (thetaRow) ;ain(thetaR ow ) *aln(phlRow) ;a ln  (thetaRow) *coa (phlRow) ] ;
A-[A A21; 

end 
end

[An, Am] « a lre (A );

% Compute b fo r  each v ec to r auch t h a t  a l l  p lane# ' c lo a e a t  approach to  0 ,0 ,0  
% la  1 u n i t .

b—onea(Am,l) ; t  V alid  o n ly  I f  a l l  th e  A1 a re  norm alized. They a re .

t  Done!
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Matlab £Qe: b2eU.m
% b 2 # ll.m  -  given « m atrix  o t  norm al v e c to r s ,  genera te  f a c e t s  f o r  an 
% e l l ip s e  a t  th o se  norm als, producing a  b -v e c to r  f o r  DQP3.

fu n c tio n  [b] -  b2ell(A ,a)
[n,ml -  s lz e (A |;  
b -o n s s (m ,l |;  
f o r  l l« l :m ,  

b ( l l | —e l ld n ( a ,A ( : , l l ) l f  
end

Matlab file: elldn.m
% e lld n .m  -  Generate f a c e t  d i e t  f o r  an e l l ip s e  
% (canonical form) f o r  a  g iven  normal v e c to r .
% [nd] -  e l ld n (a ,n ) ;
%- a  -  3 -v ee to r o f  e l l i p s e 's  axes
*- n  -  normal v e c to r  a t  which to  compute nd
% nd -  normal d is ta n c e  (nega te  f o r  dqp3 use)

fu n c tio n  [nd] -  e lld n (a ,n )

*- Normal o f  e l l ip s e  a  a t  x  
%n -  x . / ( a . ' '2 ) ;  
t n  «  n /norm (n); % Normalize
% X  g iv en  n :
%x -  n .* a . '‘2;
ta lp h a  -  su m (x ."2 ./a .''2 ) ;
%nd -  norm(x) . /a q r t ( a lp h a ) ;
% nd Solves down to  x '* n /s q r t( s u m (x ." 2 ./a . ''2 )  )
t  o r  sum (n.^2.*a.''2 ) ) /sq r t(su m (n .''2 .* a .^ 2 )  ) Nov n i f t y .  I t  c a n c e ls . . .  
nd -  sq r t(su m (n .''2 .* a .‘'2) );
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Madab file: pptes.m
% ppC M .a -  fmmt p o im t-to -# lllp # #  m lgorlthm , u sin g  dom inan t-slphn  
% s o lu t io n s .  I n i t i a l  s s tim a t#  o f  lambda i s  sk-1  
»
% S iv sn  a  canon ical e l l ip s o id  c e n ts ra d  a t  th e  o r ig in  
% « n th  sem i-axes a i r  aZ, a3 along  x , Yr r  d ir e c t io n r  
% re sp e c tiv e ly r  and p o in t p -  [ a l  aZ a3] which i s  a 
%- v e r te x  o f  th e  bounding box f o r  th e  e U ip s o id ,
% t h i s  fu n c tio n  f in d s  x  «  [x l xZ x 3 ] '  which i s  e x a c tly  
% on th e  e l l ip a o id  t h a t  reaches th e  minimum d is ta n c e  
%- to  p o in t p .
% The equa tio n  d e sc rib in g  th e  e l l ip s o id  i s  given by »
% xl~Z/al'*Z + xZ''Z/aZ''Z + x3'‘Z/a3''Z -  1 %
% In p u ts : a  -  [ a l  aZ a3] '  — sem i-axes o f  th e  e l l ip s o id .
% p -  [p i  pZ p3I ' — p o in t  to  compute d is ta n c e  to
% [K] — number o f  i t e r a t io n s  to  be perform ed. [D efau lt: 6]
% [ to i]  — to le ra n c e  on s k  -  i f  a b s (sk - l)< = to lr  w e 're  done.
* [D efau lt:le-6r minimum le-10]
k O utputs: X  -  [x l xZ x3] '  — th e  p o in t on th e  e l l ip s o id  w ith
k minimum d is ta n c e  to  p o in t  p .
k Eli — number o f  f lo p s  used ,
k I> — sequence o f  lambdas c a lc u la te d
k S — in te rn a l  s t a t e  d a ta :  sk ;im ax;atk;N nax
k C reated  June Z4, ZOOl by DKF 
k
k An exmaple [x,FL] « p p te s ( [ l  Z 1 .5 ] ,[ 3  3 3 ] ,4 ) ;  

fu n c tio n  [x,EI.,LrS,qa] -  p p tes(a ,p ,IC ,to lrlO ) 

a  -  a ( : ) ;
n  B p ro d (s izeC a));
P *  p ( : l f  
i f  n a rg in  < 4, 

t o i  -  l e - 5 ;  
end
k D o n 't a llo w  to le ra n c e  *too* sm all. J u s t  to  be sa fe  
i f  t o i  < le -1 0 , 

t o i  — le -1 0 ; 
end

EX -  f lo p s ;
a t  -  a.*Z;
p t  “  p.'^Z;
a f  -  p t .* a t ;
k Some in i t i a l i z a t i o n s
a t k - p t . / a t ;
sk^sumCatkl;
k Check sk  -  i f  i t ' s  too  sm all, Imin w i l l  c r ip p le  u s . 
i f ( s k < le -4 ) ,

k W e're a t  th e  c e n te r , o r  c lo se  enough. Use one o f  th e  sead.-adnor p o in ts , 
a m in -a d ) ;  im in-1; 
f o r  i l" Z :n ,  

i f  a (il)< am in , 
im in - i l ;  
a m ln -a ti l ) ;  

end 
end
k Prepare ou tpu t x 
X  -  z e ro s (n , l ) ;  
if (p ( im in )  < 0),

k Use n ega tive  amin. 
x(im in) B -a (im in ); 

e ls e
k P o s itiv e  amin 
x(im in) B -fa(im in); 

end
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El. «  flop«-EL;
L - []»
S -  D ; 
qft. -  
r e tu rn  

•Bd

t  Minimum lambde: 
mmin-md);
f o r  (•(lX ><aB ln),am lB *a(ll);«nd;«nd
Imln »  -■min'‘2 ï 
% Add '•  'fu d g e  f a c to r  
I f  (lm in^ - 1 ) ,

Imin -  Imln+.OOl; 
e la e

Imin "  lm in*0.999; 
end

Kbin "  1; % When to  s t a r t  e v a lu a tin g  f o r  th e  a c c e le ra to r  (min 1)

9 Use a  lam bda-estim ator th a t  m rlcs b e t t e r  c lo se  to  e l l ip s e :  skO-1 
i f  (nargin>4),

Ik  -  LO; 
e ls e

I k  -  (sk-l}*am in ''2 ;
if ( lk < lm in * .5 ) ,  % S ta r t  somewhere sa fe

lk« lm in* .5 ; 
end 

end

t  Some i n i t i a l i z a t i o n s  
S - [ ] ;
L -  Ik ; 
k «  0 ;
%Kted -  b ita n d (K + l,l) ;  % When to  s t a r t  th e  a c c e le ra to r  depends on ff o f  cy c le s  
iQao^O; % Give us enough tim e to  genera te  a  good curve.

w hile  k < K,
t  Compute term s o f  alpha 
a tk  -  a f . / { a t+ lk ) .* 2 ; 
s k t  •  sum (atk);

s t o l  •  a b s ( s k t - l ) ;  
i f  s t o l  <“  t o i ,  

t  fa y , w e 're  doneI 
s k -s k t;  
b reak  

end

i f  (1̂ - 0 ) ,
% Find n e s t  v a r ia b le  lambda -  on ly  needed on f i r s t  pass 
% Some slow-eonvergenee runs can use a  re o rd e r , to o . 
t  Compute 'v a r i a b i l i t y '  (d/dlambda a^2*p^2/(a^2+lambda)"21 
* No -  p ic k  b e s t  o f  n sk  r e s u l ts

9 P revent d iv -by -zero
a tk  « atk+  ( a tk < le -1 2  ) * le -12 ;
lambda « s g r t ( a f .* s k t . / a tk )  -  a t ;

imaz"0; sm az-lelO ; 9 Find c lo s e s t  sk  to  1 
f o r  i l " l : n ,

ifd a m b d a ( i l )  > Im in),
9 For g re a te r  e f f ic ie n c y  ( la te r )  save th e  a tk ,s k t  v a lu es  
stmp -  sum (af./(a t+ lam bda(il) ) .̂ 2̂ ) ;  
if (a b s (s tm p -l)  < smax), 

smax -  ab s(s tm p -l);
Im ax -il;

end
end
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•nd
t l k t  « lmmbd*(l«m%| ;  % G#tm computed belotr, mnywmy. <Bigh>

•nd

% Check s t a b i l i t y .
l iC s to l  > a b e (e k -l)  t  k>-IOmin),

% * • boo-booed. Two o p tlo n sr f i r s t  see  i f  a c c e le r a to r  ra n  sw ay ... 
t  Ho, j u s t  go f o r  th e  l in e a r  b e s t -  assuming a  c ro sso v e r . 
i f ( ( s k t> l  6  skO.) I [sk t< l t  ak>D ),

I k t t  -  lkO+ (Ik t- lk O  I * ( (1-skl /  (ak t-ek i ) ;
* stm p -eu m (af./(a t+ lk t2 ) . " 2 | t
% d ia p (s p r ln tfC lk t in te rp o la te d  to :  tg  ( tg  . .  % g)\n\t(% g %g %g) r:% g %d', 
» I k t 2 , l k 0 , l k t ,a k ,  stmp, s k t ,  ( l - s k ) / ( s k t - s k ) ,k )  ) :
Ik t- lk tZ ;
Kbin-k+l;

e lae
i f  (Ikn r — I k t l ,

% R esto re  from  a c c e le ra tio n . 
d ispC 'A ccel e r r o r ' ) ;  
lk t> l)cnr;
Khin-kf2; % P reven t Inappropria te  a c c e le ra t io n  

e lse
% I t  w a s n 't  a  runaway, j u s t  in s t a b i l i t y .  Urn... Oh w U .
% S p l i t  th e  d if fe re n c e  between l a s t  lambda and t h i s  one. 
t  Note -  t h i s  o n ly  works on o s c i l la to r y  i n s t a b i l i t y . . .
% 777 I  need a  f i x  f o r  ek and s k t  both  on same s id e  o f  1 . 
d is p ( 'Runaway.' ) ;  
lk t- ( lk t* L ( k |) * 0 .5 ;  

end 
end
t  Recompute th e  key v a lu e s . (Otherwise, we had *no* e f f e c t .  I 
a tk  -  a f  . / ( a t + l k t )  .^ 2 ; 
s k t  •  aum(atk) ;
IkO -lkt;

e ls e
IkO-lk;

end

% Compute ' dom inant-alpha '  so lu tio n  -  f in d  lambda such t h a t  
% th e  imax te rm  o f  a tk  e x a c tly  equals atk(im ax)/aum .
% Thus, i f  r e l a t i v e  r a t i o s  s ta y  s im ila r , we g e t  th e  s o l u t i o n . . .  
if(a tk d ja a x ) — 0 ) ,  % Prevent d iv ide  by zero

I k t  “ •q rt(a t(im ax )* p t(im ax )* sk t/a tk (im ax ) ) -  a t  (im ax); 
e ls e

% Urn, now what? Ah, I  Icnow -  l e t  atk(imax) -  .001 
I k t  -  a q r t  ( a t  ( imax ) * p t ( imax) *sk t*1000 ) -  a t  (im ax); 

end

% Of course, th e  r e l a t i v e  r a t io s  never s ta y  q u ite  th e  aame.

S « [5 [a )* ; imax; a tk ;  Main] I ;

%- R a tio -a c c e le ra to r
Ik n r “  llc t; % Save n o n-accelera tad  value
t  A cce le ra to r l im ite d  t o  a l t  cycle#, and Main i s  used  f o r  s ta b i l iz in g  changes
if(k>-M ain & b i ta n d ( k ,D —Mmod),

% Ha a re  on an a p p ro p ria te  p ass , K k f l )  i s  most r e c e n t  lambda 
Lden-L(k+1 )-L (k) ;
i f  (Iden — 0 ) , * D on 't allow  dlv-by-zero

r a t io  -  ( lk t - I , ( k f l ) ) / ( I d e n ) ;  
i f  (a)M (ra tio ) < 1 ) ,

% P ro je c t a lo n g  t h i s  r a t io  to  in f in i ty  
Ik t  -  I k t  + ( lk t - t ( k + l ) ) * r a t io / (  1- r a t i o ) ;
%disp(s p r i n t f ( 'A cce le ra ted  from %g -  %g -  %g to  %g c y c le  % d ', . . .
* l ( k )  ,L (k f l )  , l k n r , lk t ,k )  ] ; 

end 
end 

end
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I f
d la p (a p r ln tf ( 'Im ln  t c l 9g«r«d . lp » W ,lk t ,k ) I ;
* Nk ttkkd to  p ic k  a  n w  lo ax r t h i a  on* 1* brokon.
t  D on 't a l lo v  d lv -b y -z # fo .
atlM tk+.O O l* (a tk  —  0 ) ;
lambda -  a q r t ( a t .* p t* a k t . /a tk )  -  a t ;
lanbda(iaax) -  la d n ^ l;  t  Thar* b a t t a r  ba aomathlng b a t t a r  o u t th a ra . 
la n x ^ l;  Imammlambda(l) f 
f o r  l l> 2 :n .

If(lam b d a(ll)  > Im ax), 
lm ax»ll; laax^ lam bda(ll) ; 

and 
and
Kbln-k+2 ; t  P ravant a c c a la r a to r  fo r  2 cyelaa 
I k t  -  lam bda(lnax);
% Chack -  t r y  m atting  I k t  auch t h a t  atk(imax) 0 .01 
lf (a f ( lm a x ) /(a t( lm a x l+ lk t )''2  < . 0 1 ) ,

l k t 2  -  aq rt(lG O )*a(lnax}*aba(p (ln iax ))-a t(lnax );
I f  ( l k t 2> la ln ) ,  lk t> lk t2 ;  and; 

and
Ifc -lk t;

l f ( lk < la ln ) ,
Ik  « Imln; 

and 
a la a

Ik  -  I k t ;  
and

ak^akt;
L -  [L Ik ] ;
k^k+1; % kind o f  Im portan t

and

% Cemputa aatlm ata x  g lvan  by Ik , th a n  ra f ln a  to  a u rfa c a  (towarda c t r )  
g  •  p . / ( a t+ lk ) ;
X -  a t .* g ;  % x l« a l ‘' 2* p l / ( a l '‘2+lk)
a lpha  -  aum(x.*g); % a l l lp a a  aq u a tio n  on x

* R aflna x  to  a l l lp a a  a u rfaca  a lo n g  x -c  (sea la  by 1 /a q r t  {a lp h a ) ) 
x -x /a q r t(a lp h a );

EX •  flopa-EX;
% Uaa mba(ak-l) aa q u a l i ty  maaaura.
9 a « a b a (a k -l) ;
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Madab file: eepps.m
% *#pp.m -  d ia ta a e *  v ia  po im t-polnt i t a r a t io B .
% [XrEtl -  aapp(al,a2,p,ICrEP)
%

% al, a2  -  3 -v ae to r e t  th a  allipaaa* axaa 
% p -  diapIacaaMBt o f  alllpaa aZ 
t  K -  (o p tio n a l: 1 0 0 ) I  o f  i ta r a t lo n a
% BP -  (optional: la-12) tolaranca t)iraahold,
% bounding-polytopa 'e lo a a a t  point* to  a l l lp a a  c lo a a a t  p o in t
% X -  [x l;x 2 ] -  a u rfa c a  p o in ta  on a l  and a2
% EL -  flo p  count o f  th a  run

fu n c tio n  [x ,E L ,L ,xhiat] -  aappa(al,a2,p,IC ,BP)

% Handla o p tio n a l argumanta 
i f  (nargin<4),

K-lOO;
and
i f  (nargin<5),

E P-la-12;
and

% C ria n t argumanta
a l  -  a l ( : ) ;  aZ -  a2 ( : ) ;  p -  p ( : ) ;

t  Flop countar 
EL — flo p a ;

» G anarata i n i t i a l  valuaa 
x l  -  z a ro a O ,! ) ;  x2 ■ p ; 
lam l •  0 : lamZ -  0 ;

% Traelcing valuaa 
L "  [lam l lamZ); 
x h la t  « [x l;x 2 ] ;

to-0;
w hila(k<K),

t  Do a fa v  i ta r a t lo n a  o f  pp ta3p , aaving lambda.
[xp l f l  LI] "  p p ta a (a l ,x 2 ,2 0 ) :
[xp2 f l  1 2 ] « p p taa (a 2 , x l - p , 2 0 ) ; 
xp2  »  xp2  + p ;
» C urran t lambda i a  l a a t  a n t ry  in  L i , a a la e t fo r  n a x t lam bda.. .
[m n ]> a iza (L l); 
lam l «  L l(n );
[m n ]-a iza (L 2 ); 
lam2 -  L2(n);
% Copy th ia  i t a r a t io n  to  n a x t x i . . .  
x l  «  x p l; 
x2  -  xp2 ; 
k  -  k+1 ;
t  M aintain  tra c k in g  d a ta  
L -  [L ;[lam l lam 2]]; 
x h la t  -  [x h la t [x l;x 2 ] ] ;  

and

t  R atum  ra a u lta  
x > [x l;x 2 ] ;
EL^flopa-EL;

% R aao lu tion  ta a ta  -  computa c lo a a a t p o in t on oppoalta  a l l lp a a  
% f o r  aaeh o f  th a  ra a u l ta  p o in ta . (H igh-raao lu tion  runa) 
x p l -  p p taa (a2 ,x (4 :G ),4 0 ); % 40 i ta r a t lo n a
xp2 -  p p ta a (a l ,x ( l :3 ) -p ,4 0 )+ p ; 
xp -  [xp l;xp2] ;
d iap C D ia tan ca  from computad poa to  c lo a a a t a l l lp a a  p o i n t ') ;  
norm(x-xp)
[x,xp]
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Matlab file: eedist42.ni
% -  compute d is ta n c e  between two canonical e lU p se S r
ft using  p o ly top*  approxim ations o f  th e  e l l ip s e s  i n  q u es tio n .
% [x,EI.rXKI •  eed lst42(a l,aZ rP rK ,E e,nkeep)
%
% a l ,  aZ -  3 -v ec to r o f  th e  e l l i p s e s '  axes
% p -  d isplacem ent o f  e l l i p s e  aZ
% tc -  (o p tio n a l: 1001 f  o f  I te r a t io n s
% EP -  (o p tio n a l: le -1 2 )  to le ra n c e  th re sh o ld ,
% boundlng-polytope 'c l o s e s t  p o in t ' to  e l l ip s e  c lo s e s t  p o in t
% nkeep -  (o p tio n a l: ZO) f o f  f a c e ts  to  keep from i t e r  t o  I t e r  (l - 6*Aet*MRGen)
t  X  -  [xl;xZ] -  su r fa c e  p o in ts  on a l  and aZ
% EL -  f lo p  coun t o f  th e  ru n
% XK -  a rra y  o f  a l l  In te rm e d ia te  so lu tio n s  (xfc)

% eed lst4Z  -  4 adds 4 f a c e ts /c y c le ,  keeping nkeep f a c e ts  from  cyc le  to  cycle

% * Minimal precom putation -  j u s t  th e  bounding box o f  each  e l l ip s e
% * F u tu re : add r o ta t io n  a ia tr lc e s  f o r  each o b je c t
t  add 'r e u s e ' p a ra a w te rs , probably 'p rev io u s ta n g e n t point*  in p u t
t  (H ill p ro b ab ly  have to  vary  to  co n sid er o th e r  o p tio n s  -  perhaps
% allow ing  m u ltip le  ta n g e n t p o in ts  i s  enough.)
4 In co rp o ra te  reu se  o f  lambda from one I t e r a t i o n  to  nex t
%

% e e d ls t4 :  Add 4 fa c e ts  p e r  i t e r a t i o n  -  ta n g e n t, ta n g e n t a t  x Z -x l,
% two more a t  IZOdeg se p a ra tio n  o p posite  th e  second.
4 -  a lso  uses upgraded p p te s .m  p o in t - e l l ip s e  d is ta n c e  code.

fu n c tio n  [x,EL,XKl -  eed ls t4 Z  (a l ,  aZ,p,K,EP,nkeep)

4 Handle o p tio n a l arguments 
I f  (nargin<4),

K-lOO
end
i f  (nargln<5),

E P -le-lZ
end
I f  (nargln< 6 ) ,

nkeep -  ZO; 4 D efau lt t o  keep ing  20 face ts  
end
I f  (nkeep < 9),

nkeep "  9; 4 Minimum t o  be soawwhat e f fe c tiv e  
end

XK-Cl;

4 O rien t arguments 
a l  -  a l ( : ) ;  
aZ -  a Z ( :) ;  
p »  p C ) ;

4 Flop coun ter 
FL -  f lo p a ;
4 G enerate i n i t i a l  bounding po ly to p es 
4 R ectangular prism s o r ie n te d  w ith  th e  axes
I  -  e y e (3 |;
A ll"  [ I  - I ]  ; 4 a r ra y  o f  fa ce t-n o rm al column v e c to rs
AZl-tX - I ] ;
4 Length o f  priam corresponds to  a x is  length  
b l l « [ - a l ; - a l ) ; 
b Z l-[-a Z ;-a Z l;

4 I ' l l  adm it th e  n o ta t io n  l a  a  b i t  backwards. Bach v e c to r  
4 In  A corresponds to  an  Inw ard-poin ted  aurface  normal, and th e  
4 value  In  b  i s  I t s  d is ta n c e  t o  th e  o r ig in , p ro je c te d  on t h a t  v e c to r , negated . 
4 To keep th e  c a lc u la t io n s  cheap, each v ec to r i n  A must be norm alized.

4 Copy I n i t i a l  v a lu es  to  w orking v a lues
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A l-A ll;A 2 H U l;b I-b ll;b 2 -b 2 1 ;
% Conput* d lap lae«d  bZ 
bZdl -  A2 '*p+bZ; 
bZd -  bZdl;

% 6«n«rxt« aoM  d a ta  o b ja e ta  us«d by  th a  algorithm.
G "  [ I  -Z ;»I I ] ;  % Hot r e a l l y  used any m o re ...
q  -  z a r o a ( e , l |;
%d -  [ z a ro a O rl) ;p ] f  % Oiaplacam ant o f  both o b jec ta  
aln60 -  a ln (€ 0 * p l/1 8 0 l; ft a in (6 0 | f o r  uaa below.

ft Main loop 
k -0 ;
w h ile  (k<K),

ft Compute d ia ta n c a  on c u r re n t  model 
l f ( k  — 0 ),

x e a t “  [0 ;0 ;0 ;p ] ; ft I n i t i a l  a a tlm a ta : c e n te r  o f  a l l ip a a a  
end 
k
[xk,Actl,AetZ] -  d4p31(6 ,q ,A l,b lrA Z rb2d ,xeat);

ft Compute c lo a e a t p o in t  on each e l l ip a o id  in  th e  e llip a o id *  a  c o o rd in a tea  
ft
ft ??? Dynamic a d ju a ta e n t o f  t e l  from about le -4  down m ight h e lp ,  l a t e r ,  
x p l -  p p te a ( a l ,x k ( l :3 ) ,« 0 ,le - 8 ) ;  
xpZ •  p p te a (a Z ,x k (4 :6 )-p ,4 0 ,le -8 )f

ft Compute ap a llo n , t e a t  f o r  te rm in a tio n  (Do i t  e a r ly ,  d o n 't  w aate cyclea)
ft Mote: apallon  ia  d ia ta n c a  beween xk (poan'a on poly topea) and xp
ft (poan'a on e l l i p a e a ) . Should rep reaen t e r r o r  f a i r l y  w e ll .
ftxp •  [x p l* .9999;xp2* . 99994’p l ;  ft .9999 keepa ua from b e in g  'o u ta id e '
xp -  [xpl;xp2+pl ;
curEP -  norm( [xpl;xp2+p] -x k | ;
If(curEP<EP), 

b reak  
end

ft Generate normal v e c to r  and f a c e t  d ia tan ee  
[n l,n d l]  « e l l n d ( a l ,x p l ) ;
[o2 ,nd2 ] -  e l ln d (a 2 ,x p 2 ) ;

ft Add face ta  to  c u r re n t  a e t  (need to  in v e r t  to  match aenae uaed i n  A,b) 
ft F i r a t ,  remove p rev loua  a e t  by . . .
ft keeping a c tiv e , i n i t i a l s ,  and moat recen t up to  nkeep. 
i f (len g th  (Al)>nkeep) 

ft C reate a c tiv e  H a t . . .
A ctlu  -  u n ique(C l:S ,A etl] ) ;
At -  a e tx o r( l : le n g th (A l) ,A c tlu ) ;  ft S e t o f  fa c e ta  n o t I n  A c tlu
A ctlu  -  [A ctlu A t( le n g th (A t|- (n k e e p - le n g th (A e tlu )) :le n g th (A t)) I ;  

e la e
A ctlu  ■ l : le n g th (A l) ;  

end
i f  ( length(AZ) >nkeep)

ft C reate new a c tiv e  H a t . . .
ActZu “ un lque([l:S ,A ctZ ] ) ;
At “  ae tx o r(l:len g th (A 2 ),A c tZ u ); ft S e t o f  fa c e ta  n o t I n  ActZu
ActZu -  [ActZu At ( le n g th  (At )-(nkeep>length(ActZu) ) :len g th (A t)  ) I ; 

e la e
ActZu -  l:len g th (A Z ); 

end

Al-Al ( : ,  Actlu) ;AZ-AZ ( : ,  ActZu) ; 
b l - b l  (Actlu) ;bZd"bZd (ActZu) ;
A l- [A l,-n l l ;  
b l« (b l;-n d l]  ;
AZ-[AZ,-nZl; 
ftbZ«[bZ;-ndZ] ;
bZd «[bZ d;(-nZ )'*p-ndZ I; ft O ffae t vera ion  o f  bZ;
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* ThcM mow fa e « t« r on* a t  norm x p2-xp l (v ie*  v*r*a on 2nd) ,
% o th o r two b raek o tln g  n  a t  120  dagr** Inccaaw nt*.
t  D on 't fo rg o t t o  add p t o  xp2 to  g o t  a c tu a l  pea o f  p io n t on o U lp so  2
n la  -  ap 2 fp -ap l;n la* n la /n o x a(n la ) t  % Normal o f  c u r ra n t  d ia ta n c a  v a e to r
d la  -  n l-n la ;  t  D iatanca v a e to r  from  n la  t o  n l .  C oneaptually .
d x la  » croaa ( n la ,d la ) ;  t  E a rp an d icu lar to  d la  and n l  -  o th a r  eonponant
% Nov wa can b u ild  n ib  and n l c . . .
n ib  ”  nl+dla*0. 5+d%la*ain60; (  ainCSO), co a (30)
n ib  -  n lb /norm (nlb)f t  Normaliza a g a in  -  i t ' l l  ba d o a a ,  b u t n o t ax a c t 
n lc  -  nl-dla*0.5+d% la*ain60f % ain(OO),  coa(30)
n lc  "  nlc/norm (nlc) ;  % Normaliza a g a in  -  i t ' l l  ba c lo a a , b u t n o t ax a c t

% Add in to  A lib i, uaing a l ld n  to  g a t  d ia ta n e a a  to  f a e a ta .
A l -  [A l,-[n la  n ib  n lc ] ] ;
b l  -  [b lf - [* l ld n (a l ,n la )  ; a l ld n ( a l ,n lb )  ; a l ld n ( a l ,n lc )  ] ] ;

% Saeond a l l lp a a  
n2 a  “  -n la ;
d2a "  n2-n2a; % D iatanca v a e to r  from  n2a to  n2. C onceptually.
dx2a •  croaa (n2a,d2a); % E arpand icu lar to  d2a and n2 -  o th a r  component
% Nov va can b u ild  n2b and n 2 c .. .
n2b -  n2+d2a*0. 5+dx2a*ain60; t  a in (6 0 ) ,  coa(30)
n2b -  n2b/norm(n2b); t  Normalize ag a in  -  i t ' l l  ba c lo a e , b u t n o t ex ac t
n2e -  n2-d2a*0,54dx2a*ain60; % a in (6 0 ) ,  coa(30)
n2e -  n2c/norm(n2c); E Normalize ag a in  -  i t ' l l  ba c lo a e , b u t n o t ax ac t

% Add in to  A2:b2, uaing  a l ld n  to  g a t  d ia ta n e a a  to  f a e a ta .
A2 -  [A2,-[n2a n2b n 2 c ]];
tb 2  -  (b2 ; - [ a l ld n (a 2 ,n 2a) ;a l ld n (a 2 ,n 2b) ;a l ld n (a 2 ,n 2c) ] ] ;
b2d »[b2d; (-n 2 a ) '* p -a lld n (a2 # n 2 a )]; t  O ffaa t v a ra io n  o f  b2;
b2d =[b2d; (-n2b) '* p -a lld n (a2 ,n 2 b ) ) ;  % O ffae t v a ra io n  o f  b2;
b2d >(b2d; ( -n 2 e ) '* p -a lld n (a 2 ,n 2 c ) i;  % O ffaa t v a ra io n  o f  bZr

norm_dla-norm(dla )
XK -  [XK, [zk ;norm _dla;n l;n la] ] ;

E Naxt dgp3 run a ta r t a  a t  xp, b a a t gueaa f o r  e lo a a a t p o in t 
x a a t  •  xp; 
b-k+1 ; 

end

E R atum  ra a u lta  
xnck;
ro flo p a -E X ;

E R aaolution te a ta  -  coaputa e lo a a a t p o in t  on oppoalta  a l l ip a e  
E f o r  aach o f th a  ra a u l ta  p o in ta .  (H ig h -raao lu tio n  runa)

xp l •  p p ta a (a l ,x (4 :6 ) ,1 0 0 ,la -1 0 ) ;  E 100 i t a r  o r  la-10  a r r o r ,
xp2 -  p p ta a (a 2 ,x ( l:3 )-p ,1 0 0 ,la -1 0 )+ p ; E w hichavar cornea f i r a t .
xp -  [xpl;xp2] ;
d iap ( 'D ia tan ca  from computed poa to  c lo a e a t  e l l ip a a  p o in t ') ;  
norm(x-xp)
[x ,xp ,x-xp]
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Matlab file: eedist7.m
(Excerpt only) 

After idding ficets la>lc:

%- Add #%trm fa c e ts :  R o ta te  60 dag , and doubla th a  a e a la  (w idar catehawnt) 
Rid -  nl+dla*2; % O ppoalta n la ,  *Z d ia t  
o ld  -  n ld /n o ra (n ld |;
n la  “  n l-d la -d x la* a ia6 0 * 2 ; % Oppoalta n ib , *2 d l a t  
n la  — n la /no£a(n la) 7
nlf ” nl-fdla-dxla*aln60*2; t  Oppoalta nlc, *2 dlat 
nlf - nlf/Rora{nlf) ;
% Add in to  A l:b l, ua ing  a l ld n  to  g a t  d ia taneaa  to  f a e a ta .
Al -  [A l,-[n ld  n la  n l f l J ;
b l  -  [b l7> [ a l ld n ( a l ,n ld ) ; a l ld n ( a l ,n la ) ; a l ld n ( a l ,n l f ) ] ] 7

After adding &cets 2a-2c:

% Add a x tra  fa e a ta : R ota te  60 dag, and double th a  a e a la  (w ider eatehaant) 
n2d -  n2+d2a*2; % O ppoalta n2a, *2 d ia t
n2d > n2d/noxa(n2d) ;
n2a -  n2-d2a-dx2a*ain60*’2 ; t  Oppoalta n2b, *2 d l a t  
n2 a -  n2 a/nozn(R2a};
n2 f -  n2-fd2a-dx2a*aln60*2; t  Oppoalta n2e, *2 d l a t  
n2 f  -  n2 f/n o ra(n 2 f ) ;

% Add In to  A2:b2, ua ing  a l ld n  to  g a t  d iataneaa to  f a e a ta .
A2 « [A2,-[n2d n2a n 2 f ] ] ;
tb 2  “  [b2 ; - [ a l ld n (a 2 ,n 2a ) ;a l ld n ( a 2 ,n 2b ) ;e lld n (a 2 ,n 2e ) l l ;  
b2d - [ b 2d7 (-n2d ) '* p -a l ld n (a 2 ,n 2d ) ] ;  % O ffaat v a ra io n  o f  b2;
b2d "[b2d ; (-n2a| '* p -a lld n (a 2 ,n 2 a ) j ; % O ffaat v a ra io n  o f  b2;
b2d • [b 2 d ;( -n 2 f ) '* p -a l ld n (a 2 ,n 2 f ) i ;  t  O ffaa t v a ra io n  o f  b2;
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C source file: dqptc
/*  dqpe.c  -  Dimtmme# e s le u la t lo n  v ia  Q uadratic  Programming, C v a ra io n  V  
f*  -  Baa ad  on A ctiva  s a t  QP a lgo rithm , w ith  an  a l t a m a t lv a  so lu tio n  * /
!*  f o r  th a  in n a r  Equallty-QP problam . * f
f*  -  m ain ta in s  two s a t s  o f  a c tiv a  c o n s tra in ts ,  ona f o r  aaeh  Ob] a c t  * /
/*  -  C o n s tra in ts  can ba added in  p a i r s ,  b u t o n ly  ona i s  ramovad * /
/*  p a r  i t a r a t i o n .  * /
f*  rgdZ -  o u tp u t: f i n a l  p o s itio n
/*  rgdA l, rgdA2 -  c o n s tra in ts :  o r ie n ta t io n s .  * /
/*  rgdB l, rgdB2 -  c o n s tra in ts :  o f f s e ts  * /
/*  cA l, cA2 -  count o f  c o n s tra in ts  (3*cAl rg d A l 's ,  cAl rgdB l's)

/*  V ersions : a t  C le v e l  ta k e s  two a rra y s : rg lA c tl ,  r g lA e tS . . .  Required. * /
/*  - I s  a ra  empty. Gat o v a rtrr ltta n  w ith  new v a lu es  * /

/*  V ersion T: (d q p t.e ) : Inco rp o ra te  ro ta t io n  and t r a n s la t io n  * /
f*  Each o b je c t  has a R m atrix  a sso c ia ted  w ith  i t  (3 x 3 ), and th a ra  i s  a  * /
/*  combined 'd* (d isplacaaw nt) m atrix . O bjects a ra  r o ta te d  th an  * f
/*  d isp la c e d . * /
f*  Hand lin g :  d e l ta  and lambda stops use ab so lu te  x ,  x a . * /
/*  i n i t i a l i z a t i o n  and alpha s te p s  use r e l a t i v e  x , xo * /
f*  xa i s  altrays derived  from xo a t  th a  and o f  th a  xo s te p s .
/*  xo i s  th a  in p u t, and th a  o u tp u t. Tha f i n a l  d is ta n c e  * /
f*  v e c to r , d"xa2 - x a l  i s  a lso  o u tpu t * /

/*  S a t up to  ba c a l la b le  a s  a C function  o r  from M atlab * /

/ •  M atlab c a l l in g :  [z ,dvI-dqpt(A l,b l,R l,A 2,b2 ,R 2,p ,xO ) • /
/*  O utput: z  -  new p o s i t io n , in  o b je c t frame ( f i n a l  [xol;xo2] ) * /
/*  dv  -  d is ta n c e  v e c to r , abso lu te  frame (xa2 -x a l)  * /
/*  In p u t: A1,A2 -  face  d ire c t io n  v e c to rs , o b je c ts  1 and 2 * /
/*  b l ,b 2  -  face  d isp lacem ents, o b je c ts  1 and 2 * /
!*  R1,R2 -  o b je c t  ro ta t io n  m atrice s , o b je c ts  1 and 2 * /
/*  p d isp lacem ent v ec to r  [p l:p 2 ] * l
f*  xO -  i n i t i a l  p o s itio n , o b je c t frame [xol;xo2] * /

/*  C c a l l in g :  i n t  fnOistQPT(rgdZ,rgdO,rgdAl,rgdBl,rgdRl,rgdA2,rgdB2,rgdR2, * /
/*  rgdP ,rgdX 0,rg iA etl,rg iA et2 ,cA l,cA 2); * /
/*  As above, a l l  rg d s a re  a rra y s  o f doubles, p l u s . . .  * /
/*  In p u t: cAl,cA2 -  count o f  working elem ents (faces) in  A l/b l and A2/b2 * / 
/*  rg iA c tl,rg iA c t2  -  Active s e t s ,  -1  re p re se n ts  no e n try  * /
/*  M atrices a re  s to re d  in  column order: ( a l l ,  a21, s31 , a l2 ,  a22, a 3 2 .. .  e tc  V

fln c lu d e  <math.h> 
f l fh d e f  _NOTMEJC_
#i n c l u d e  " m a t.h "
#Include  "amx.h"
fe n d lf  /*  Only Include  f o r  HEX compiles

fin c lu d e  < std io .h >

•d e fin e  _INCIUDEO_C_
• i n c l u d e  " d s o lv q p e T c "
•undef _INCUmED_C_

/*  S tandard M atlab header s tu f f  *f
• ifn d e f  THINK_C
•d e fin e  DOUBLE double
•d e fin e  INT i n t
• e ls e
•d e fin e  DOUBLE s h o r t  double
•d e fin e  INT long
•e n d if

/*  Macros f o r  f a s t  3 -v e c to r work */
• d e f i n e  v3cross(A,B,C) (A) (01-((B | [1]*(C) [2 ]-(B) (2]*(C) [ I D A  

(A) [1 ]- (  (B) [21 * (C) (01 - (B) (01 * (C) (21 ) A  
(A) [21-( (B) [01* (Cl [11-(B) [11* (Cl [011
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fd«£in«  v3dot(A,B,C) (A)-((B) t01*(CJ tO]+(B) [1]*(C) [11+(B| [21*(C: [211
#<i«fln* v3aum(A,BrC) (A) [OI«((BI [01+(C| [O I);(A | [1 ]-((B ) [1]+(C | [ I I  I f  (A: [21-C(B| [2]+(C | [2]) 
fd«£ln« v3dl££(A,BrC) (A| [0 ]-((B I [OI-(C| [O il;(A ) [1 ]-((B I [11-{C| [ I ] | f  (A) [2 ]-((B I [21- 
{C| [ 2 ] I
#d#fln# v3aeaI(A ,B,C | (A| [OI-((B> [OJ*(C| I?CA) [1I*((B | [L]*(C| );(A | [21-({BI [2]*(C | I 
fd a f ln *  v3nor»(A,B) (A |-aq rt((B ) [OI*(B| [OJ+{B| [1]*[B | [1]+(BI [21*(B| [211 
fd a f in *  v3copy-(A,B) (A) [01-(B | [011 (Al [X1-(B1 [111 (Al [2I-(B1 [2]

/*  M dtrlx  * v a e to r ;  B l a  3x3 m atrix , column o rd e r , A>B*C * /
fd a f in *  a3v3ault(A ,B ,C l (Al [01-(B1 [01*(C1 [0I+(B1 [3I*(C1 [1]+(B1 [6]*(C1 [21; V

(Al [11-(B1 [11*(Cl [01+(B1 [41*(C1 [11+(B1 [71*(Cl [21; V
(Al [21-(B1 [21* (Cl [01+(B1 [51*(Cl [11+(B1 [81*(Cl [21

/*  And m u lt ip l ic a t io n  b y  tran ap o aa  o f  B * /
fd a f in #  a3tv3nult(A ,B ,C l (Al [01-(B1 [01*(C1 [01+(B1 [11*(C1 [11+(B1 [21*(C1 [21; \

(Al [11-(B1 [31* (Cl [01+(B1 [41* (Cl [11-KBl [51* (Cl [21; \
(Al [21-(B1 [61* (Cl [01 + (B1 [71* (Cl [11+(B1 [81* (Cl [21

fd a f ln a  v3pr(A,Bl p r l n t f  (*%a: * lg  %lg 41g\n", (Al, (Bl [01 , (Bl [11, (Bl [211 
fd a f in #  v2pr(A,Bl p r l n t f  C%a: * lg  W g\n“,  (A l, (Bl [01, (Bl [111 
fd a f in #  vlpr(A ,B l p r l n t f  (*%a: * lg \n " , (A|,  (Bl 1

fd a f in #  v6pr(A,Bl p r in t f ( " * a :  t i g  t i g  t i g  t i g  t i g
t lg \n * ,  (Al, (Bl [01 , (Bl [11, (Bl [21, (Bl [31, (Bl [41, (Bl [511
fd a fin #  a3pr(A,Bl p r i n t f  ( " ta :  t i g  t i g  t i g ;  t i g  t i g  t i g ;  t i g  t i g  t l g \ n " , \

(Al, (Bl [01, (Bl [31, (Bl [61, (Bl [11, (Bl [41, (Bl [71 , (Bl [21, (Bl [51, (Bl [811

fd a fin #  v3p ri( A, Bl p r i n t f  ( " ta :  t d  td  ld \n " ,  (Al,  (Bl [01, (B| [11, (Bl [211 
fd a f in #  v2p rl( A, Bl p r i n t f  ( " ta :  td  td \n " , (Al, (Bl [01, (Bl [111 
fd a fin #  v lp r i  (A, Bl p r i n t f  ( " ta :  td \n " ,  (A|,  (Bl 1

/*  U aaful valuaa * /  
a t a t i e  doubla gdEpaTol=l. Oa-12; 
a t a t i e  doubla gdEpatamhda»l. Oa- 8  ;  
a t a t i e  doubla gdEpaO alta-1. Oa-10; 
a t a t i e  doubla gdSpaO — l a - 8 ; 
a t a t i e  doubla gilfatehO ogSat » 50; 
fd a f in #  RET ERR -1  
fd a fin #  RETJ5K 0

/*  Funetiona d a f in a d : * / 
f i f d a f  _STD C _
i n t  fnOiatQBT(doubla rg d Z d , doubla rgdO [l, doubla rg d A lH , doubla rgdB l[1, 

doub la  r g d R ld ,  doubla rgdA 2[l, doubla rg dB 2[l, doubla rgdR 2[], 
doub la  rg d P [ l, doubla rgdXO [1, 
i n t  r g iA e t l i l ,  i n t  rg iA e t2 [l, i n t  cAl, i n t  cA21; 

i n t  fnGanLambda (doubla  "rgdLamb d a l, doubla *rgdtabbda2, doubla *rgdX, doubla *rgdA l, 
doub la  *rgdA2, i n t  cAl, i n t  cA21;

fa la a
i n t  fnO iatQ PTd; 
i n t  fnOanLambdad; 
f a n d if

/ *
* fnO ia tQ R d  -  QF a lg o rith m  f o r  d ia tanca  
* /

f i f d a f  _STD C _
i n t  fnOiatQPT(doubla rg d Z [], doubla rgdO[], doubla rgdA l[1 , doubla rgdB l[1, 

doub la  rg d R l[] , doubla rgdA2[], doubla rgdB 2[], doubla rgdR2[], 
doub la  rg d P [] , doubla rgdXO[], 
i n t  rg iA e tl  [ ] ,  i n t  rg iA e t2 [], i n t  cA l, i n t  cA21

f a la a
i n t  fnOiatQPT (rgdZ , rgdO, rgdA l, rgdB l, rgdR l, rgdA2, rgdB2, rgdR2,rgdP, rgdXO, 

rg iA e t l ,  rg iA et2 , cA l, cA2|
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double  rg d z n ,rg d D [] , rgdA l[ ] ,rg d B l[I , rgdR l[],rgdA 2[I,rgdB Z H ,rgdR 2n r 
double rgdP[l,rgdX O [i; 
i n t  rg iA e tl[ ] ,rg iA e t2 [ ] f  
i n t  eAlfOAZ;
# eo d if
{
i n t  i,lM inriK in2riN l,iK Z riN 3;
i n t  iA e tl.iA e tZ ; 
double dOold;
double rgdXo[6] ,rgdX e[6 ] ;  /*  O bject (rem e, a b so lu te  frame * /
double rgdXaip[3] ,dIaprdInp2,dM inrdM ln2;
double rgdAlT[91,rgdA2T[9]; / *  Temporary A l, A2 -  a c t iv e  s e t s  f o r  d so lv
*/

/*  M aintained in  a b so lu te  fram e
*/
double rgdD eltaa[6 ] ,  rgdD eltao[6] ;  /*  A bsolute frame, o b je c t  frame V
double rgdLambdal [31, rgifLambdaZ [3] : f*  A bsolute frame V
i n t  iWatehOog; I*  D on 't a l lo y  to o  many i t e r a t i o n s  *!
i n t  iAlpha; /*  count o f  a lpha  s te p s  * /

/*  I n i t i a l i z e  o u tp u t * / 
f o r ( l - 0 ;i<Gfi++| £ 

rgdZ [i]«0 ;
1

iA lpha»0;

/*  I n i t i a l i z e  watchdog counter -  drop o u t i f  i t  h i t s  0. 
iWatchOog « giMatchOogSet;

/*  I n i t i a l i z e  a c tiv e  s e t s :  Not any more -  passed  in  *l 
I*  XO and A i/B i a re  i n  c o n s is te n t fram es (o b jec t)  * /

/*  Generate a c tiv e  s e t  1 -  i f  no i n i t i a l  a c t iv e  s e t  given (rg iA e tl £01—1) *!  
i f (rgiA etl£0]<0) £

fo r( i-0 :i< 3 ;i+ + )  rg iA e tl £ i]— l ;  /*  I n i t  a c tiv e  a e t 1 * /
iA e tl-0 ;
fo r( i"0 ;i< cA l;i+ + ) £

v3dot (dTnp, rgdAl+i*3, rgdXO ) ;
dTmp-dTmp-rgdBl£i]; /*  A l ( : , i )  .x 0 ( l:3 )  -  b l ( i )  * /
i f  (dTnp < -gdEpsTol) £

/*  P o in t i s  o u ts id e  c o n s tr a in ts  -  e r ro r!  * / 
p r i n t f  ("Out o f  bounds in  1 ( t l f )  a t  td \n " ,d T n p ,i)  ; 
return(RET_ERR);

1 e ls e  i f  (dTmp < gdEpsTol) £
/*  C o n s tra in t i s  'c lo s e  enough' to  zero -  a c t iv e !  * / 
i f ( iA c t lO )  {

/*  A ctive s e t  n o t y e t  f u l l  -  add a c o n s tra in t  * / 
rg iA e tl  £ iActl-M-1 > i ;

} e ls e  {
b reak ; /*  Enough c o n s tra in ts  found " /

}
1}

} e ls e  {
fo r(iA c tl-C ;iA c tl< 3 ;lA c tl+ + ) £ 

if(rg iA c tl£ iA c tl]< 0 )  b reak; 
v3dot (dTnp, rgdAl'f rg iA e tl [ iA c tl]  *3, rgdXO ) ; 
dTnp-dlnp-rgdBl (rg iA e tl ( iA c tl]  ] ;  
i f ( fa b s (d ln p )  > gdEpsTol) £

/*  P o in t i s  o u ts id e  e s ta b lis h e d  c o n s tra in ts  -  e r ro r !  " /  
p r i n t f  ("C o n stra in t s e t  e r r o r  i n  1: (%lf) a t  %d ( td ) \n " ,  

dTnp, rg iA e tl [ iA c tl]  ,  iA c tl  ) ; 
return(RET_ERR);

]
]

]
/ "  Generate a c tiv e  s e t  2 -  i f  no i n i t i a l  a c tiv e  s e t  given (rg iA ct2£0]— 1) * /
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IfCrgiAetStOKO) {
fe r ( l-0 j t< 3 ;t+ + )  rg iA e t2 [l]—1 ; /*  I n i t  a e tiv *  a a t  2 * /
iA et2 -0 ;
f o r ( i» 0 ji<cA2 ;i+ + ) {

v 3det (d lap , r* « 2 + i* 3 , rgdXO+31 ;
dIm p-dIap-rgdB 2[i]; /*  A 2(î,i) .x O (4 ïS ) -  b 2 ( i |  * /
if(dX ap < -gdEpaTol) {

/*  P o in t i a  o u ta id e  c o n a tra in ta  -  e r ro r !  * / 
p r i n t f  ("Out o f  bounda in  2 (%lf) a t  td \n " ,d X ap ,i} ; 
re tu rn  CREI_ERR);

} e la e  i f  (d lap  < gdEpaToll {
/ "  e o n a tra ln t  i a  'e lo a e  enough* to  zero  -  a c tiv e !  " /  
if(iA et2< 3) £

i*  A ctive a e t  n o t y e t  f u l l  -  add a  e o n a tra ln t " /  
rg iA et2  [iAct2++l - i ;

} e la e  {
b reak ; /*  Enough c o n a tra in ta  found * /

)

}
} e la e  £

for(iA ct2-0;lA ct2<3;lA ct2++) £ 
if(rg iA et2£iA et21<0) break; 
v3dot (d inp , rgdA2+rglAet2 £iAet2] *3rrgdX(H3) ; 
dIap-dTap-rgdB2 £rgiAec2 £lAet21 ] ; 
if(fabaCdTop) > gdEpaTol) £

/*  P o in t i a  ou ta ide  e a tab liah ed  c o n a tra in ta  -  e r ro r !  " /  
p r i n t f  ("C onatra in t a e t  e r r o r  in  2 : (%lf) a t  %d ( td ) \n " ,  

dSnp,rgiAet2£lAet21 ,iA et2 ) ;  
v6pr("B ",rgdB 2 |; 
v6prC”x",rgdX0) ;
v3pr ( "A2i", rgdA2+rgiAet2 £iAct2I *3 ) ; 
return(RET ERR);

}
}

)

/*  E a tab liah  v aluea  fo r  rgdAlTr rgdA2T -  a c tiv e  c o n a tra in ta  * / 
fo r ( i -0 ; i< iA c t l ; i+ + )  £

/*  R otate  th e  Al columna by R1 * /
a3v3au lt (rgdAlT-f3*i, rgdRl, rgdA l+rglA etl £i] *3 ) ;

)
fo r( i» 0 ;l< iA e t2 ;i+ + ! £

/*  R otate  th e  A2 columna by R2 • /
a3v3mult (rgdA2T+3*i, rgdR2, rgdA2+rglAct2 £i] *3) ;

)
/*  Copy XO to  XO * / 
v3eopy(rgdXo,rgdXO ) ;  
v3copy(rgdXo+3,rgdX0+3);

/*  G enerate Xa (abaolu te) from Xo ( in p u t, o b je c t frame) * / 
a3v3mult(rgdXa,rgdRl,rgdXO); /*  R otate x o l V
v3aun[rgdX a,rgdX a,rgdP); / •  th en  d ia p la e e  * /

a3v3mult(rgdXa+3 ,rgdR2 ,rgdX0+3 ) ; /*  R otate  xo2 * /
v3aum(rgdXa+3,rgdXa+3,rgdP+3); /*  th en  d ia p la e e  * /

/*  'Old* d ia ta n e e  -  f o r  a u x il ia ry  te rm in a tio n  co n d itio n  * / 
v3diff(rgdTmp,rgdXa+3,rgdXa);
v3norm(dOold,rgdXmp); /*  D -  |x a 2 -x a ll " /

/*  Main p roceaaing  loop : A ctive a e t  QP " /  
w h ile d )  £

i f (—iMatcbOog <■ 0) £
/ "  Drop o u t here , w ith  w hatever r e a u lta  we have. * /
p r i n t f  ("Watchdog f a i lu r e  in  d q p t.e  iA c tl  %d lAet2 %d\n", iA c t l ,  lA et2 ) ; 
v3eopy(rgdZ,rgdXo);
v3copy(rgdZ+3,rgdXo+3) ; / "  Output zwxo • /
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v 3 d lf f  (rgdD,zgdX*+3,rgd&| ;  /*  O utput dv"xa2-xal V
v 3 p rl(* rg iA e tl* , rg iA e tl)  ;
a3pr("rgdAIX",cgdAlT) ;
v3prl(*eg iA et2* , rglAetZ) ;
m3pr("tgdA2X",rgdA2I) i
▼6pr("d« lta-a"rrgdO «X taa )t
v6pr("xo*rrgdX o)r
v € p rC n * rrg d X a) t
p r l n t f  ("d le te n c # : %.101g M ini: %lg Min2: %lg\n",dDold,*ULn,dMin2) ;  

v3pr{”lra b d « l”,rg d lu b d « l)  ; 
v3pr(*laatoda2",rgdlani)ds2) ; 
if(iW ntchOog < -20) { 
v6pr("X nput xC ,rgdZ O ): 

r«tum(RET ERR);
}

1

/*  T eat X, to  maJca aura valuea a re  OK */ 
f o r ( i - 0 ; i< 6 ;i++) {

i f ( ) fin ite (rg d X o C il))  (
/*  R eturn e r ro r  on n o n -f in lte  x (Nan o r  In f)  */
/*  R eturn a l l  zeroa */  
rgdZ [0]-rgdZ [1] -rgdZ [2] >0; 
v3eopy(rgdZ+3,rgdZ) : 
v3copy(rgdO,rgdZ) t

v 3 p r i(" rg iA e tl" ,rg lA c tl) ;  
v 3 p ri ("rg iA ct2" , rg iA etl ) ; 
v6p r  ( "d e lta -a "  ,  rgdDeltaa ) ; 
v6pr("x a" ,rg d X a); 
v6pr("xo",rgdX o);
p r i n t f ("d ia ta n e e : t .lO lg  M ini: %lg M ini: %lg\n*rdDold,dMin,dMin2) ; 
v3pr("lam bdal",rgdlam bdal) ; 
v3pr("laa<ada2*,rgdLaabda2) ; 

v6p r(" In p u t xO"rrgdXO);
v f ip r t" In f in i te  xo",rgdXO); 
retumCRETJERR) ;

)
1

/*  S tep 2 o r  S tep  4 -  'D elta* -  A)3a o lu te  frame " /
/ "  C a ll fnOSolvQPB to  aolve the  QP e q u a li ty  problem  poaed by  ta )d n g  th e  * /
/ "  a c tiv e  c o n a tra in ta  aa eq u a lity  c o n a tra in ta  " /

/ "  A ll and A2T a re  a lread y  crea ted  " /

/*  Solve .5 * d e lta '* G * d e lta  ♦ delta '*q lc  a u b je e t to  A ):'"delta  -  bic * /
/*  ( S - [ I , - I ; - I , I I ,  qlc-0, e tc .)  " /
fhDSolvQPE (rgdD eltaa, rgdXa, rgdAlT, rgdA2I, iA c tl ,  iActZ) ;

/*  G enerate abao lu te  d e lta  " /  
i f  (ilTatehOogO-O) v S p r("d e lta -a " ,rg d D eltaa ) ;

/*  R e -aaaert th e  c o n a tra in ta  on d e l ta  -  QPE i a  o f  queationab le  num erica l a t a b i l i t y  • /  
f o r ( i-0 ; i< iA c tl ; i+ + )  {

v3dot(dim p,rgdD eltaa,rgdR lI+ i"3) ;  /*  A l ( : , i )  . d e l t a ( l : 3 )  * /
v3aeal(rgdTnp,rgdAlT+i*3,dTnp); /*  A l ( ; , i ) * ( A l ( : , i )  .  d e l ta )  * /
v 3 d if f  (rgdD eltaa,rgdD eltaa,rgdim p); / "  f i x  d e l ta ( l :3 )  * /

}
fo r( i-0 ;i< iA c t2 ;i+ + )  {

v3dot(dTmp,rgdDeltaa+3,rgdA2I+i"3); / "  A 2 ( : ,i )  .  d e l ta (4 :6 )  * /
v3acal(rgdTmp,rgdA2T+i"3,dTnp); / •  A 2 ( : , i )* (A 2 ( : , i )  . d e l ta (4 :6 )  ) */
v 3 d if f  (rgdDeltaa+3,rgdDeltaa+3,rgdTmp) ;  / "  f i x  d e lta (4 :6 )  * /

i f  ( iWatchDog<«0 ) vSpr ( "d e lta -a - f ix e d " , rgdD eltaa ) ;

/*  T ea t d e l ta  -  i f  d e l ta  ia  o f zero magnitude, do a tep  3 . " /  
v3dot (dTap, rgdD eltaa , rgdDeltaa) ; 
v3dot (dlmp2, rgdD eltaa+3, rgdDeltaa+3 ) ;
if(d lm p4d lap 2  < gdEpaDelta"gdEpaDelta) ( /*  F a r te r  th an  a q r t . . .  " /

/ "  Cloae enough to  zero to  count • /
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!*  S tep  3 -  'Laiabdi* -  abso lu t*  £saaw * /
/*  St*p 3 -  Rcfltov* a  c o n s tra in t V  
/ *  F i r s t :  gsm srat*  r s q u ls l t*  lambdas * /
fnG*nt a mbdatrgdLambdalrrgdLaaibda2, rgdXa, rgdA lI,rgdA 2T ,iA etlflA et2 | » 
dMlnmlOOO: / *  Z n lt la l lz *  'min. Lambda' * /

/*  A f te r  s sp e rim sn ta tio n  w ith allow ing  simultanmous r s l s a s s s  from V  
/*  b o th  c o n s t r a in t  s e t s ,  i n s t a b i l i t i e s  have b een  found . S in g le  * /
/*  re le a s e  code i s  re q u ire d . * /

T e s t lambdas i n  bo th  a c tiv e  s e ts  * / 
fo r ( i -0 ; i< iA c t lf i+ + l  £

i f  (rgdLambdal [ i]  < dMin) £
/*  Found a new c u rre n t sm a lle s t va lu e  * / 
dMin-rgdLambdal £i ] :
IM in -i;

)
)
dMinZ-lOOOf 
IMinf— 1 ;
/*  T e s t lambdas in  a c tiv e  s e t  2 * / 
fo r( i-0 ? i< iA c t2 ;i+ + l £

if(rgdLam bda2£i] < dMinZI £
/*  Found a new c u rren t sm a lle s t va lue
dMin2«rgdLambda2 £1] s
iM in2-i;

£

1
I*  I f  s m a lle s t  lambda i s  le s s  than  0, remove correspond ing  c o n s tr a in t  * /  
i f  (dMinZ < dMin) £

i f  (dMinZ < -gdEpsLambda) £
/*  Remove a c o n s tra in t from a c tiv e  group Z * /

/*  p r i n t f  ("— Remove on lambdaZ «  t lg \n ”,dM inZ)i*/ 
f o r  ( i-iM inZ+1; K iA etZ ; i++ ) £

/*  Remove from index l i s t  * / 
rgiA etZ £1-1] -rglA ctZ £ i] ;
/ •  Remove from A ctive c o n s tra in t  a r r a y  • /  
v3copy (rgdAZT+ (i-1  ) *3, rgdA2T+i*3 ) »

)
lActZ— ;
rgiAetZ£lActZ]—1; /*  Keep - I ' s  i n  p la c e  * /

) e ls e  £
/*  Me a re  done -  th i s  i s  a so lu tio n  p o in t  * / 
v3copy(rgdZ,rgdXo) ;
v3copy(rgdZ+3,rgdXo+3) ; /*  O utput: z -  xo * /
v 3 d if f  (rgdD,rgdXa+3,rgdXa)f /*  O utput: dv »  xaZ -xal * /
b reak ;

}
} e ls e  £

i f  (dMin < -gdEpsLambda) £
/*  Remove a c o n s tra in t from a c tiv e  group I  * /

/ •  p r i n t f  (■— Remove on lambdal -  %lg\n",dMin) ;* /  
f o r  ( i-iM in+1; K iA c tl  ; i++ ) £ 

t*  Remove from index l i s t  
rg iA e tl £1-1] -rg iA e tl [ i]  ;
/*  Remove from A ctive c o n s tr a in t  a r r a y  * / 
v3copy(rgdA lT+(i-l) *3,rgdAlT+i*3) ;

)
iA c tl—;
rg iA e tl  £ iA ctl]—l ;  /*  Keep - I  s  in  p la c e  * /

) e ls e  £
/*  He a re  done -  th is  i s  a s o lu tio n  p o in t  * /
/*  O utput i s  th e  xo used to  g en era te  th e  c u r re n t  xa * / 
v3copy(rgdZ,rgdXo);
v3copy(rgdZ+3, rgdXO+3 ) ;  /*  O utput: z -  xo * /
v 3 d if f  (rgdD,rgdXa+3,rgdXal ; /*  O utput: dv -  xaZ -xal * /
b reak ;
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}
} /*  «nd i£(dM ln2 < d M in ) . .d m  V  

} /*  «nd 1C{ mmgnltud# (d # lt*  ) <gdEp#D#lt* ) ->  S t#p 3 V  
# lm  {

f *  Step* 5-7 -  'Alpha* -  O bject fxea*(a) * /
/*  Stepe 5 -7 ; S o lu tio n  o f  problem produced non-zero  d e l ta .  M cve+teat * /
/*  Step 5 : T ea t th e  non-active  In d ic e s  * /
/*  S et I  -  o n ly  t e s t  I f  no rm (deIta (l:3 ) ) > 0 * /
/*  Note t h a t  th e  norm I s  f r a m - ln v a r la n t
/*  v3dot (dTmp, rg d D eltaa , rgdD eltaa ) ;  -  done above * /

dMin « 1000; /*  I n i t i a l i z e  v a lu e s  f o r  ednlenm -value search  * /
/*  dMin l a  a lp h a l. I f  dMin < I .  O therw ise, a lp h a l > 1 * /

I f  (dTmp > 0) {
I*  d e l t a ( l :3 )  I s  non-zero, so wm have to  t e s t  th e  l i s t  * /

/*  G enerate o b je c t  frame d e l t a l  -  now t h a t  tre know we need I t  * /
/*  In v erse  r o ta t io n  (mult by Rl tran sp o se) * /  
a3tv3m ult (rgdD eltao , rgdRl, rgdD eltaa ) t  
/*  S e t up t e s t  v a lu es  fo r  n o t-a e tlv e  l i s t  * /
INI -  (lA ctl>0  ? rg iA e tl[0] : - 1 ) ;
1N2 -  ( lA c tl> l ? rg lA c tl [1] : - 1 ) ;
1H3 -  (lA etl> 2  2 rg lA c tl[2] : -1 ) ;

IMln •  -1 ;

fo r ( l-0 ; l< c A l;lf+ )  {
I f  (1— INK I1—1N2) I1—1N3) co n tin u e ; /*  S)cip a c t iv e  e lem ents * /
v3dot (dTmp, rgdA l+3*l,rgdO eltao ) ;  /*  ad > A l ( : , l )  .d e l t a o l  * /
I f  (dTmp < 0) (

/ *  T e s t es  a p o ss ib le  minimum v a lu e  * /
v3dot(dIm p2,rgdAlf3*l,rgdXO); /*  A l ( : , l ) .x o l  * /
dTmp > (rgdB l[1] -  dTmp2)/dTmp; /*  ( b l ( l ) - A l ( : , l )  .x o l  /  ad

I f  (dTmp < dMin) {
/*  New minimum va lu e  * / 
dMin "  dTmp;
IMln "  1;

)
)

}
I f  (dMin < 1) t

/*  Add a c o n s tra in t  -  we c a n 't  move a s  f a r  as planned * /
/*  N ote: IA c tl must be <3, as d e l t a ( l :3 )  was nonzero * /
/*  Add c o n s tra in t  to  Index l i s t  * /  
rg lA c tl[IA c tl]-IM ln ;
/*  Add ro ta te d  c o n s tra in t to  A ctive c o n s tra in t  m atrix  AIT * / 
a3v3mult(rgdAlT+lActl*3, rgdR l, rgdAl+lMln*3 ) ;

Increm ent Index */ 
lA etl++ ;

/*  S tep  7 , blocic 1; sc a le  d e l ta o l  and d e l t a a l  by a lp h a l (dMin) * /  
v 3 eca l (rgdO eltao , rgdD eltao, dMin) ; 
v 3 eca l ( rgdD eltaa, rgdD eltaa, dMin ) ;

)
> f*  end I f  (n e rm (d e lta (l:3 )  ) > 0 ) V  
e lae  (

/*  G enerate zero  d e l ta o l  -  s in c e  d e l ta a l  I s  0 * / 
rgdO eltao [0 ]-rgdO eltao  [1] -rgdO eltao  [2] -0 ;

/*  Set 2 -  o n ly  t e s t  I f  n o m (d e ltaa (4 :6 ) ) > 0 V  
/*  Again, t h i s  I s  a  frame In v a ria n t value • /
v3dot(dTmp,rgdDeltaa+3,rgdOeltaa+3) ;  /*  norm (deltaa(4 :6 ) ) */

dMln2 -  1000; /*  I n i t i a l i z e  values fo r  mlnlmum^value search  * /
/ •  dMln2 I s  alpha2. I f  dMln2 < 1 . O therwise, s lpha2  -  1 * /

I f  (dTmp > 0) {
/*  d e l ta (4 :6 )  I s  non-zero, so we have to  t e s t  th e  l i s t  * /
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/*  6 «n«rat«  o b je c t fcano doltmZ -  notr t h a t  wa know wa naod I t  * /
I*  Znvaraa ro ta t io n  (m ult by  R2 tranapoaal *(
a3tv3m ult ( rgdDaltao+3 y rgdRZ, rgdDaltaa+311

/*  S a t up t a a t  va luaa  f o r  n o t- a c t lv a  H a t  V
INI -  (iAet2>0 7 rglActZCO] : - I l f
INZ -  (lA ct2>l ? rglA ctZCl] : -11 ;
iN3 > CiAet2>2 ? rgiAetZCZ] : -11 ;

IMln « - 1 ;

f o r ( i - 0 ;i<cAZ;i++| C
l f ( l » l N l | | l —IN Z Iti— 1N3I co n tin u a ; /*  Skip a c t iv a  alaaw nta * /
v3dot(dTap,rgdAZ+3*ifrgdDaltao+3| ;  /*  ad > AZ( : , i )  .d a lta o Z  * /
i f (d la p  < 0 ) {

/*  T aat aa a p o s s ib le  minimum value * /
v3dot(dTapZ,rgdAZ+3*i,rgdXo+3); /*  A Z (s ,i |.x o Z  * /
dTmp -  (rgdBZCil -  dTmpZI/dTmp; / •  (b Z (i)-A Z (:,l)  .xoZ /  ad

i f  (dTnp < dHinZ) (
/ •  Haw minimum va lu e  * / 
dMinZ »  dTmp; 
iMin ■ i ;

■ ,  '
I
if(dMinZ < II (

/*  Add a c o n s tra in t  -  m  c a n 't  move aa f a r  as p lanned * /
/*  Note: iAetZ must b a  <3, a s  d a ltaZ  was nonzero * /
/*  Add c o n s tra in t  to  index  l i s t  */  
rgiAetZ [iActZ] -iM in;
/*  Add ro ta te d  c o n s t r a in t  t o  A ctive c o n s tra in t m atrix  A2T * /  
a3v3mult(rqdAZT+iActZ*3,rgdRZf rgdAZ+iMin*3l ;
/*  Increm ent index  * / 
iActZ++;

/*  Step 1 ,  b lock  Z: s c a le  d a ltaaZ  and deltaoZ  by  alphaZ (dHinZI * /  
v 3 sea l (rgdD eltaa+3, rgdDeltaa+3,dMinZI ;  
v 3 sca l ( rgdDeltao+3, rgdOeltao+3,dMinZ I ;

»
} /*  end i f  (no rm (delta(4 :6 | I > 0 | V  
e lae  (

/*  Generate zero  deltaoZ  -  s in c e  de ltaaZ  i s  0 */  
rgdO eltao [3] -rgdO eltao  [4] -rgdO eltao  [5] -0 ;

iAlpha++; /*  Increm ent count o f  alpha s tep s

/*  Step 7: end -  move to  new x * /
/*  But f i r s t  -  w i l l  th e  new x  b e  c lo s e r  to  a minima th an  th e  c u r r a n t  one? * /
/*  ( I t  should  b e , b u t due to  num erical in a ta b i l i ty ,  i t  may n o t . . .  I * /
/*  Use ab so lu te  frame v a lu es  -  e a s ie r .  This i s  why d e l ta s  was s c a le d  by  alpha *

v3diff(rgdTm p,rgdxa+3,rgdxaI; /*  xZa-xla */
v3aum(rgdTmp,rgdTmp,rgdOeltaa+31; xZ+deltaaZ-%1 • /
v 3 d iff  (rgdTmp, rgdTmp,rgdOeltaa I ; /*  x Z * d e ltaaZ -x l-d e ltaa l i e ,  dnew * /
v3norm(dTmp,r^TmpI; /*  Dnew —  ||d n e w ||

/*  T est d is ta n c e  * / 
i f  (dTmp > dOold+gdEpsOI {

/*  T est w hether o r  n o t e i t h e r  s e t  had a c o n s tra in t added + /
/*  I f  n e ith e r  d id , th en  th e r e  i s  an e r r o r . . .  • /  
i f  (dMin < 1 1 1  dMinZ < I I  {

/*  R e s tr ic t  a lp h as : G rea te r  alpha must be reduced to  l e s s e r .  * /

i f  (dMin < dMinZI (
/*  R e s tr ic t  dMinZ to  be th e  same as dMin */  
if(dMinZ < I I  {

/*  alphaZ i s  < 1 , so  a c o n a tra in t was added */
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/*  RM cal* d c l ta o 2  a p p re p r la ts l^ r  r««ov» n«ir eo o a trm in t * /  
dImp -  dMlB/dHin2 ;
v3«eal (rgdD*ltm o+3,rgdII#lt*o+3,dI*pl ; 

iActZ— ?
rglA etZ[iA etZ] — 1 ; /*  Unuaad « n t r la s  g # t  - I ' s  * f

} t
/ •  i f  dKlnZ >— I r  ta k #  i t  aa aqual to  1 , aztd a e a la  b y  a lp h a l * /
/*  R aacala d a lta o 2  * /
v3aea l (rgdDaltao+3,rgdD altao+3,dM ia) ;

1
} a la a  {

/*  R a a tr le t  dttLn. t o  ba th a  aama aa dKin2  * /
IfCdMin < 1 ) {

/*  a lp h a l l a  < 1 ,  ao a c o n a tra in t waa addad * /
/*  Raacala d e l t a o l  a p p ro p ria ta ly , remove new c o n a t r a in t  * /
dSap » dMln2/dMin;
v3acal (rg d O eltao , rgdO eltao , dXnp] ;

IA c tl-—;
rg iA e tl [ iA c t l  J— 1; /*  Unuaad a n t r ia a  g a t  - I ' a  • /

} e lae  {
/*  i f  dMin >»1, ta k a  aa equal to  1 , and a e a la  b y  alpha2 */
/*  Raacala d e l t a o l  * /
v3acal (rg d O eltao , rgdO eltao , dMin2) ;

}
I

i f (lMateh0og<-0 ) {
p r in t f  ("A lp h a -lim lt: a lp h a l:  t i g  alpha2: %lg\n'*,dMin,dMin2) ; 
v6p r  ( "d a ltao "  , rgdO eltao  ) ;

}
1 a la a  (

f*  E rror -  r e tu rn  o ld  Xo v a lu e  * / 
v3copy(rgdZ,rgdXo); 
v3copy(rgdZ+3,rgdXo+3) ;
v 3 d if f  (rgdO,rgdXa+3,rgdXa) ; /*  O utput; d  -  x a 2 -x a l */_
p r in t f  ("R etrea t a r r o r :  o ld  d i a t :  t i g  new d i a t :  t i g  d i f f  : t l g \ n " ,  

dOold,dXnp,dOold-dXiBp) ; 
return(RET_ERR) ;

dOold •  dXnp;

/*  G enerate th e  netr Xo u a ing  d e l ta o  * / 
if(iW atchOog<-0 ) {

v6p r ("Xo", rgdXb);
}

v3aun(rgdX b,rgdX o,rgdO eltao); 
v3aum(rgdXo+3,rgdXo+3,rgdOaltao+3) ;

if(iM atch 0og<-0 ) [
v6p r  ( "d a lta o "  ,  rgdO eltao ) ; 
v€pr("XO+deltao",rgdXo) ;

1

/ "  G enerate Xa from nev XO * /
a3v3mult (rgdXa, rgdRl, rgdXb); / "  R otate  xol • /
v3aum(rgdXa,rgdXa,rgd2); / "  th an  d iap laee  * /

a3v3mult(rgdXa+3,rgdR2,rgdXo+3); / "  R otate  %o2 * /
v3aum(rgdXa+3,rgdXa+3,rgdP+3) ; /*  th e n  d iap laee  * /

/*  G enerate d ia tanee  -  aava aa natr 'o l d '  d ia tan ee  f o r  n ax t tim e  * /  
v3diff(rgdIm p,rgdXa+3,rgdXa) ;
v3norm(dOold,rgdimp) ; /*  0 ■ Ixa2 -zal| * /

} /*  and a tap a  S-7 */
1 /*  and w h ile  (1 ) -  main loop * /
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/*  R eturn va lu e  i s  a lre a d y  In  rgdZ * t

re tu m (iA lp b a ) ;
) /*  end fnOSOlvQPB • /

f l f d e f  _STDC__
I n t  fnOenLawbda (double *rgdLaebdalf double *rgdlaebda2, double *rgdXr 

double *rgdAl, double •tqàfiZ, I n t  cA l, i n t  eA2)
le la e
i n t  fhGenlaabda(tgdLai«bdal, rgdLw bdalr rgdX, rgdR l, rgdAZy cR l, cAZ) 
double *rgdLanbdalr *rgdLanbda2r *rgdXr *rgdAl, *rgdA2; 
i n t  cA l, cA2; 
f e n d if
{
double dC3,dA12,dA13,dA23,d01rd02rdInp; 
double rgdAxl[31,rgdA x2[3],rqdA x3[3]; 
double rgdO [3];

/*  M u ltip le  easee f o r  each sub-problem . Thia ahould  r e a l ly  be 2 c a l l s  */
/*  Lambda 1 -  subproblem 1: -d— (Z2-X1) * /  
v 3 d if f  (rgdO,rgeK,rgdXf3) ;

f*  One c o n s tr a in t :  r e le a s e  i f  p o in t la  on th e  'In n e r*  s id e  o f  th e  p lan e  * /
If (c A l — 1) {

v 3 d o t(rgdLambdal [0] ,rqdAl,rgdD) ; /*  lambda «  A l ( : , l )  . (-d) * /
}

/*  Two c o n s tr a in ts :  re le a s e  I f  th e  p o in t  i s  p a s t  th e  perp en d icu la r o f  th e  
o p p o site  p lan e  • /  

if{cA l — 2) {
v3dot(dA12,rqdAl,rgdAl+3); /*  a l2  -  A l ( : , l )  .  A l( : ,2 )  * /
v3dot(dD l,rgdA l,rgdD )î /*  d l  -  A 1{:,1) . (-d) * f
v3dot(dD2,rgdAl+3,rgdD); /*  d2 -  A 1(:,2J . (-d | *f

dC3 -  l .O /d .O  -  dA12*dA12);
/*  la a b d a l -  d . (a l  -  a2 ( a l .a 2 ) ) ,  e tc .  */ 
rgdLambdal [0] -  (d01-d02*dA12)*dC3; 
rgdLambdal [1] -  (d02-d01*dA12)*dC3;
/*  N eglect th e  s c a lin g  fa c to r  o f  l / ( l - a l2 ' '2 )  -  d o e s n 't  a f f e c t  s ig n . * /
/*  But i t  «does* a f f e c t  comparison o f  lambdas -  Al vs A2. Put In .  *f

)
/*  Three c o n s tr a in ts :  re le a se  i f  th e  p o in t i s  p a s t  th e  pe rp en d icu la r o f

th e  l in e  formed by th e  two opposing p lanes « /
if (c A l —  3) {

v3cross(rgdA al,rgdA l+3,rgdA l+6 ) ; /*  a x l » A1(:,2)% A1(:,3) * /
v3cross(rgdA x2,rgdA l-f6,rgdA l); /*  ax2 -  A l( : ,3 )x A l( : , l )  -  o rd e r i s  im portan t! */
v3cross(rgdA%3,rgdAl,rgdAl+3) ; /«  ax3 •  A l( : , l ) x A l( : ,2 )  * /
v3dot(dC 3,rgdA l,rgdA xl); / •  de t(A l) •  A l ( : , l )  .{ A l( :,2 ]x A l( :,3 )  ) * /

/*  S cale  f a c to r  o f  1/detCAl) used to  reco v er 'a c tu a l ' lambda « /
/*  N ecessary  so t h a t  s ig n  i s  c o r re c t .  * / 
lf(fab s(d C 3 ) > gdEpsLambda) { 

dC3 -  l/dC 3;
> e ls e  {

/*  D on 't l e t  th in g s  g e t  too  o u t o f  hand i f  th e  determ inant I s  n ea r  0 « /
dC3 -  CdC3 > 0 ? 1.0/gdEpsLambda : -1.0/gdEpsLambda) ;

/*  lambdal -  d .  (a2xa3}/det(A l),  e tc .  * / 
v3dot(dTmp,rgdO,rgdAxl); 
rgdLambdal[0] -  dImp*dC3; 
v3dot(dImp,rgdD,rgdA%2)t  
rgdLambdal[1] -  dTmp*dC3; 
v3dot(dImp,rgdD,rgdAx3) ; 
rgdLambdal[2] « dTmp*dC3;
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/*  LaabdaZ •  aubproblM i 2 : d-(XZ-Xl) * / 
v3«em l(rqdO ,rgdO r-I);

/ *  On# c o n s tra in t:  r s l a a s s  i f  p o in t i s  on th e  ' i n n e r ' s id e  o f  th e  p lan e  * / 
i f  (cA2 — II  {

v3dot(rgdLambda2[0] ,rgdA2,rgdD| ;  /*  laobda •  A 2 (:,l)  . (-d) * /
}

I*  Two c o n s tra in ts :  r e le a s e  i f  th e  p o in t  i s  p a s t  th e  perp en d icu la r o f  th e  
opposite  p lane  * / 

i f t <*2 — 2 ) £
v3dot(dA12,rgdA2,rgdA2+3): /*  a l2  > A 2 ( : , l )  . A 2(;,2 I * /
v3dot(d01,rpdA2,rgdD)j /*  d l  -  A 2 ( : , l )  . (-dl * /
v3dot(dD2,rgdA2+3,rqdD): /*  d2 -  A 2 (:,2 ) . (-d) * /

dC3 -  l .O /d .O  -  dA12*dA12):
/*  laabda l -  d . ( a l  -  a2 ( a l .a 2 ) ) ,  e t c .  • /  
rgdLaabda2[0] -  (d01-d02*dA12)*dC3; 
rgdlanbda2[l] -  (d02-dDl*dA12)*dC3;
/*  K eçlaet th e  s c a l in g  fa c to r  o f  1/ ( l - a l 2‘' 2 | -  d o e s n 't  a f f e c t  s ig n . */  
t*  But i t  'does*  a f f e c t  conpariaon o f  lambdas •> Al vs A2. Put i n .  * /

f *  Three c o n s tra in ts :  r e le a s e  i f  th e  p o in t  i s  p a s t  th e  perpend icu la r o f
th e  l in e  formed by  th e  two opposing p la n e s  * /

if(CA2 — 3) £
v3cross(rgdA%lfrgdA2+3,rgdA2+6); /*  a x l > A 2C:,2)xA2t:,3) * f
v3cross(rgdAx2,rgdA2+6,rgdA2|; /*  a%2 « A 2(:,3 |% A 2(:,1 | -  o rd e r i s  im p o rtan t! * /
v3cross(rgdAx3,rgdA2,rgdA2+3l; /*  ax3 -  A 2 [:,l)x A 2 [:,2 ) * /
v3dot(dC3,rgdA2,rgdAxl); /*  det(A 2) « A 2 ( : , l )  . (A 2(;,21xA 2(:,3)) * /

f*  Scale f a c to r  o f  l/d e t(A ) used to  re c o v e r 'a c tu a l ' lambda * /
/*  N ecessary so t h a t  s ig n  i s  c o r re c t .  * / 
i f  (fabs(dC3) > gdEpslambdal £ 

dC3 «  l/dC 3;
} else £

/ '  D on 't l e t  th in g s  g e t too  o u t  o f  hand i f  th e  determ inant i s  n ear 0 ' /
dC3 •  (dC3 > 0 ? 1.0/gdEpsLambda : -l.O/gdEpsLambda) ;

)

/*  laabdal -  d . (a2xa3)/det(A 2), e t c .  V  
v3dot(dIaprrgdO,rgdAxl) t  
rgdLambda2£0] -  dTmp*dC3; 
v3dot{dTnp,rgdD,rgdAx2) ; 
rgdliaabda2£l] -  dTmp*dC3; 
v3dot (d lap , rgdD, rgdA%31 ; 
rgdLanbda2£2] -  dTap*dC3;

retum(RET_OK) ;
> / •  End o f  fnGenLambdaO ' /
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C source file: dsolvqpe.c
/*  d«oXvqp*.e -  D avid 's so lu tion , f o r  th s  E q u a lity  QP problam. a t  th e  core o f  th e  

d is ta n c e  problem . T rea ts  th e  problem  as a  p h y s ic a l problem.
*/
i *  To in c lu d e  in to  an o th e r matlab-m exfiley d e fin e  IMCCODED C b e fo re  #inc lu d in g  * /

( in c lu d e  <math.h> 
iifi> def _MOIMEX_
(in c lu d e  "m at.h"
(in c lu d e  "mex.h”
(e n d if  /*  Only- in c lu d e  f o r  MEX compiles */

( in c lu d e  <Stdio .h>

( if n d e f  __IHCLUDED_C_
/*  S tandard  M atlab header s tu f f  */
( i fn d e f  THINK C 
(d e f in e  DOUBLE double 
(d e f in e  INT i n t  
( e ls e
(d e f in e  DOUBLE s h o r t  double
(d e f in e  INT long
(e n d if

(e n d if

!*  Macros f o r  f a s t  3 -v e c to r  work * /
(d e f in e  v3cross(A ,B rO  (A) [0]-({B) tU*(C) [2]-(B) [2 1 * (0  [ 1 ] ) ; \

(A) t l ]« ( (B )  [21*(C1 [01-(B rt0]*{C ) t 2 1 ) î \
(A: [ 2 ] - ((B) [01*(C) [11-(B) [1 1 * (0  [CD 

(d e f in e  v3dot(A,B,C) (A)-( (B) [0]*(C) [0]+(B) [1 I* (0  (1]+(B) [2 ]* (0  [21 )
(A) [01-( (B) [01 + (C) [01 ) t (A) [ l l - (  (B) [11-KO [11 ) ; (A) [21-( (B) [21 + ( 0  [21 ) 

(A) [01-( (B) [01-(C) [01 ) ; (A) [ l l - (  (B) [11-(C) [11 ) t (A) [2 ]-( (B) [21-
(d e fin e  v3sum(A,B,C) 
(d e f in e  v3diff(A ,B ,C )
(C )[21)
(d e f in e  v3scal(A ,B,C) 
(d e f in e  v3norm(A,B) 
(d e f in e  v3copy(A,B)

(A) [01 - (  (B) [01 * (C) ) ; (A) [ l l - (  (B) [11 * (C) ) f (A) [21 - (  (B) [21 * fC) ) 
(A )-sqrt((B ) [01*(B) [01+(B) [11*(B) [11 + (B) [21*(B) [21 )
(A) [Ol-(B) [01; (A) [11«(B) [11; (A) [2]-(B ) [21

(d e fin e  v3pr(A,B) p r i n t f  C%s: * lg  %lg * lg \n", (A), (B) [01, (B) [11, (B) [21 ) 
(d e f in e  v2pr(A,B) p r i n t f  ( - ( s :  %lg BlgNn',(A), (B) [01 r (B) [1] )
(d e f in e  vlpr(A rB) p r i n t f  (”t s :  %lg\n” ,  (A), (B) )

/*  Macros fo r  hand ling  M atlab m atrix  s tru c tu re s . * /

/ « s t a t i c  double gdEpsPar-1. Oe-40; 
s t a t i c  double gdEps Par22-1. Oe-20; 
s t a t i c  double gdEps P a rl2 -1 . Oe-10; 
s t a t i c  double gdEps P a r l l - 1 . Oe-4;

/  Always used  to  t e s t  d o t products * /
/ •  l i n e - l i n e  p a ra l le ln e s s  t e s t  (dot) * /
/«  l in e -p la n e  p a ra l le ln e s s  te a t  (norm) * / 
/«  p lan e -p lan e  p a ra l le ln e s s  t e s t  « /

/*  ( j u s t  p la in  se n s itiv e )  • /

/«  Functions d e fin e d : * /
( i f d e f  8TDC__
v o id  fnDSolvQPE (double rgdDK[l, double rgdK[l, double rg d A l[l, double rgdA2[], 

i n t  cAl, i n t  cA2);
(e ls e
v o id  fnDSolvQPEO;
(e n d if

f*
* fnDSolvQPE ( ) -  Solves th e  QP E q u ality  problem from th e  QP d is ta n c e  problem. 

 -



116

_ 8TDC_
v o id  £nOSolvQEE(doubX* rgdCKClr double  rgdX[], double rgdA lC ], double xgdK2[]r 

i n t  cA l, i n t  CA2 )
f e le e
v o id  fitOSolvQPE(rgdnc,xgdX,r9dAlrradA2 reAl,eA2 ) 
double rgdDK[] , tgdX[] ,fgdA l[] ,rgdA 2[] ;  
i n t  cAl,eA2; 
f e n d i t
C
i n t  i ;
double rgdD[3] ,rg d ln p [3 ] ,dT=p; 
double *pdalr*pde2,*pde3; 
double rgdmlp [31, rgdeZp [3 ], rgdlZp [2] ; 
double d l 2n ,d le p 2 ,d e l 2 f
double r 9d l2 C3} ,rg d l2 1 [3 ] ,x 9d0p [3 ]rrgdXnp2 [3I ;  
double r g d l l [ 3 ] ;

f *  I n i t i e l i z e  o u tp u t * / 
fo r ( i» 0 îK 6 ïi+ + )  { 

zgd0KCi]>0 ;
}
f*  G enerate d ie te n e e  v ec to r  * /
v3dlff(rgdD ,rgdX +3,rgdX I; /*  d  -  x (4 :6 )-x ( l:3 )  * /

/*  Mein p ro ceee in g : b reak  in to  c a se s  * / 

if (c A l— 21 {
p d a l »  rgdAlf /*  PI c o n s tra in t v e c to r  ' a l '  ♦ /
pda2 “  rgdAl+3; /*  Pi c o n s tr a in t  v e c to r  'a 2 ' • /
if(cA 2— 2 ) £

/*  L in e - l in e  ease i s  th e  moat c o s tly , so we g e t  t o  i t  f i r s t  * / 
v3do t(d Iap ,pdal,pda2 ) ; 
v3acal£rgdl=p ,pd#2 ,d lap) t
v3di££(rgdalp ,pdal,rgdX np)r /*  a lp  -  a l - a 2 ( a l .a 2 )  * /
v3norm[dTmp, rgdalp) ;
dlnpBl/dXap;
v3scal(rgdalp ,rgdalp ,dX np) ; /*  fo rm alize  a lp :  [a2, a lp l orthonormal */

/*  Skip: A p -£ a lp ':a 2 'l  * / 
v3cross(rgdl2,rgdA2,rgdA2-*-3); /*  1 2 « ero ss(A 2 (:,l)  rA2C:,2} I * / 
v3dot(rgdl2p£0] ,rg d a lp ,rg d l2 )  ;
v 3 d o t(rg d l2 p £ l] ,p d a 2 ,rg d l2 ); /*  12p •  Ap*12; -  L ine2 in  p lane  perp to  l i n e l  V

d l 2n -rg d l2p [0 ] *rgdl2p [0] + rg d l2p [1 ] * rgdl2p £ l] ;
/*  12n — 12p'*12p -  Norm o f  v ec to r* /

/ • p r i n t f d l 2n : % lg\n",d l2n) ;* /  
i f  (d l2n < gdEpsPar22) £

/*  L ines a re  c lo se  t o  p a r a l le l ,  t r e a t  a s  s o . Average th e  p o sn 's  * /
/ •  Hove p o in t 2 halfw ay along L2 towards p o in t  1 * / 
v3dot (dTmp,rgdO,rgdl2) ;
v3norm (dl2n,rgdl2); / •  Norm o f  12 -  g e t  sc a le  r ig h t!  * /
dTmp -d lmp /( d l2n*dl2n*2 > t  /*  t 2  •  d '* 12 / (2*1121 ) * /
v 3 aca l(rg d D » f3 ,rg d l2 ,-d Iap ); /*  dx(4:6J -  - 1 2 / |1 2 |* t2  * /

/*  th e  e x t r a  1121 term  i s  in  p rev . l in e
* /

/*  Hove p o in t 1 to  c lo s e s t  p o in t on LI to  new p o in t  2 * / 
v3cross (rg d ll,p d a l,p d a 2 ) ;
v3aum(rgdD, rgdD, rgdDK*-31 ; /*  new d  -  d+dx2 * /
v3dot (dTmp,rgdO,rgdll) ;
v3norm (d l2n ,rgd ll); /*  [121 canno t be borrowed from [111 * /
d lm p -d lap /(d l2n*dl2n) ; / •  t l  -  d2 ' * l l / ( l l l l l ;  * /

v3scal(rgdD X ,rgdll,dIm p| ; /*  d x ( l :3 )  — l l * t l  * /
/*  th e  e x t r a  [111 te rm  i s  in  p rev . l in e

* /
r e tu rn ;

/*  L ines a re  no t p a r a l l e l .  Find c lo s e s t  p o in t  in  p e rp . p lan e , p ro je c t  back * /
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/*  Find p*fp#odleulm r u n i t  v n e te r  to  12p *!
d in p  -  a q r t ( d l2n | ;
rg d lZ l [0] —rgdlZp [ II  /d in p ;
rg d iZ l [1 ] - rg d l2p  [0 1 /dim p; /*  12t - [ - 12p{2 )»12p ( lJ I  -  porpondleuinjc In  2-d  ♦ /

/*  dXBp aakoo 121 a  u n i t  v a e to s  * /
v3dot(rgd0p[01,rgdalprrgdO ) t
v3dot(rgdOp[LIrpda2 r t 9dO); Conponont o f  D in  th o  p ian o  * /
d m ç  -  rgdl2i[0]*rgdD p[0I + rg d l2 i[ l]* rg d D p [lI ; /*  121 .  Dp * /
rgdXnp[0] -  rgdl2i[0]*dXiap;
rg d in p ïl]  -  rg d l2 i[ l]* d ln p ;  f *  121*(121.Op) : Dp p ro jo e to d  onto  121 * /
rgdlnpLOl — rgdOp[OU 
rq d in ç tl]  — rgdD ptl];
dXnp -  (zgdl2p[0]*rgdXnp[0] + zgd l2p [l]* x g d tn p [l] ) /  d l2 n ;

/*  t  > 12p'*Cp2ep -  Ap*d)/12n: 'D la taneo ' along 12p f o r  a o l 'n  i n  piano * /
/*  t* 12p la  a o lu tlo n  in  p ian o , ao t *12  l a  a o lu tlo n  I n  3apaeo * /

v3aeal(rgdD]C*3,rgdl2,dTnp}; /*  Conputo a o lu tlo n  f o r  p o in t  2 * /

/*  P o in t 1 a o lu tlo n  may new bo found o a a lly . * / 
v3aum(rgdlmp, rgdX*3, rgdDK*3 ) ;  /*  Imp > now p o in t  2 * /
v 3 d lf f  (rgdD,rgdImp,rgdX); /*  D — d lataneo  v o e to r , p o in t  1 to  now p o in t 2 * /

v 3 d o t(d lap ,rg d a lp ,rg d 0 );
v3aeal(rgdInp ,tgdalp ,dT m p); /*  Imp > alp*  (alp.D ) * /
v3dot(dlop,pda2,rgdD ) t
v3aeal(rgdlm p2,pda2,dlm p); /*  Imp2 -  a2*(a2.D) * / 
v3auia(rgdlmp,rgdlmp,rgdlmp2); /*  Imp -  a lp* (a lp .D | + a2*(a2.D) * /

/*  COmponont o f  D peep to  c o n a tra ln t l in o  1

v 3 d lf f  (egdDK,rgdD,egdImp) ; /*  Component o f  D p a r a l l e l  to  c o n a tra ln t l in o  1 * /

re tu rn ;
1 /*  end lf(cA 2—2 ) * / 
o lao  lf(cA 2—0 II CA2—»3) [

/*  U n e  -  p o in t and lln a -ap aeo  caaoa * /
/*  L lno-po ln t ualng eroaa p ro d u ct: * / 
v 3 e ro a a (rg d ll,p d a l,p d a 2 ); /*  11 «  alxa2 * /
v3norm (dInp ,rgd llI; 
dimp—1/dImp;
v 3 a e a l( rq d l l ,r g d l l ,d ln p ) ;  /*  Normallzad 11  * /

v 3 d o t(d In p ,rg d ll,rg d D );  /*  D waa gonoratad  e a r l i e r  * /
v3acal (rqdDX,rgdll,dlmpl ;  /*  dx «  l l ( d . l l )  * /

/*  I f  p o in t 2 la  unconatralnod , move I t  to  th la  new p o in t  * / 
lf(cA 2—0) {

v3diff(rgdDJC*3,rgdDX,rgdD); /*  dx(4:S) ■ d x (l:3 )  -  d  * /
I
re tu rn ;

I /*  end if(cA2—2, 0 , o r  3) * / 
e la e  {

/*  L ine-plane caae * /
v 3 e ro a a (rg d ll,p d a l,p d a 2 ); /*  11 ■ a l  x  a2 * /
v 3 d o t(d Iap ,rg d A 2 ,rg d ll); /*  A 2 '* ll * /
I f  (faba(dlmp) < gdEpaParl2 ) {

/*  Line and p lane a re  n e a r ly  p a r a l l e l .  I r e a t  aa p a r a l l e l  * /
/*  Move 1 /2  way along LI to  e lo a e a t p o in t to  P2, th e n  f in d  * /
/*  th e  e lo a e a t p o in t in  th e  p lan e  to  th la  r e a u l t ln g  p o in t. * /

/*  L in e-p o ln t ualng  eroaa p ro d u c t: * /
/* v 3 ero aa (rg d ll,p d a l,p d a2 ) ;* /  /*  11 •  alxa2 -  from above. * /
v3norm (dIm p,rgdll);
dlmpml/dlrnp;
v 3 a e a l( rg d ll ,rg d ll ,d lm p ); /*  Normalized 11 * /

v3dot (dimp, r g d l l ,  rgdD) ; /*  D waa g en era ted  e a r l i e r  * /
dlap-dlm p*0.5;
v3aeal(rgdD K ,rgdll,dIm p); /*  dx « O .S * ll(d .l l )  ( 'n o rm a l' dx) * /
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/*  PolRt-to-plmm# aelu tion . *!
v3di.££(rgdOrrgdOrr9dOX); Haw d i e t :  d«d-dx(I:3} * f
v3doC(dInp,xgdA2,rgdO); l*  AZ(li3> .  d  V
v3#eml(rgdImp,r*dA2,dImp;;  f*  A2*(A2.d) -  eonponant o£ d  parp  t e  p lana•/
v3dl££(rgdDX+3,rgdIap,fgdD) f /*  eonponant i n  p lan a  * i  
c a tu rn ;

) /*  and 1£ (£aba(dXnp) < gdEpaParlZ) V
/*  Tha l ln a  and p lana a ra  n e t  p a c a l la l ,  ae wa proeaad  norm ally  * /
/*  Mava a long  L1  u n t i l  th a  in ta ra a é t ie n  w ith  th a  p lan a  * /
!*  v 3 d e t(d tap rrg d A 2 rrg d ll); -  a lraad y  dena, abova, and n o n -ra re .
v3dottdTap2 r r 9dA2 ,rgdO) ;
dXap-dXnpZ/dlnp;
v3aeal{rgdDJC,rqdll,dTnpJy /*  d x ( l:3 )  « 1 1 *  ({A2**d)/{A2**11J ) * /
/*  Hova p o in t  P2 to  t h i a  naw p o in t * / 
v3di££(rgdDK*3, rgdOaCr cgdO) ; 
ra tu m ;

} /*  and l£(cA2— . . . )  * /

} /*  and i£  (cAl—2 ) * / 
a la a  i £  {cAl—1 ) £ 

i£  (cA2—2) £
/*  P la n a -lin a  eaaa * /
pda2«rgdA2; /*  a2 « A 2 (l:3 ,l)  -  £ i r a t  e o n a tr a in t ,  P2 * /
pda3«rgd*2+3* /*  a3 «  A 2(l;3r2) -  aacond e o n a tra in t ,  P2 * /
v 3 crosa(rgd l2 ,pda2 rP da3 |; /*  12 « a2 x  a3 * /
v 3 d o t(d Iap ,rg d A l,rg d l2 ); /*  A l '*12 * /

/*  S ta r t  £rom h a r a . . .  eop iad  £rom 2-1 * / 
i£(£aba(dlnp) < gdEpaParl2) £

/*  Lina and p lana  a ra  n a a r ly  p a r a l la l .  T ra a t aa p a r a l l a l  * /
/*  Hova 1 /2  way along 12 to  e lo aaa t p o in t to  P I, th a n  £ ind  * /
/*  th a  e lo a a a t p o in t in  th a  p lana to  th ia  r a a u l t in g  p o in t * /

/*  L in a -p o in t ua ing  eroaa p roduct: * /
/* v 3 cro aa (rg d l2 ,p d a2 ,p d a3 );* / /*  12 «  a2xa3 -  £ ro«  abova. * /
v3oorm(dIap, rg d l2 | ;
dlmp«l/dlmp;
v 3aea l(rgd l2 ,rgd l2 ,dT m p); /*  Normallzad 12 • /

v3dot(dTm p,rqdl2,rgdO ); /*  0 waa ganara tad  a a r l i a r  * /
dXap«dInp* 0 .5  ;
v3aeal(rgdOK+3,rgdl2,-dTmp): /*  d%2 «  -O .S*12(d.l2) ('norm al* dx) * /

/*  Chandlaa rav a rae  o£ aanaa o£ 0) * /

/*  P o in t- to -p la n a  a o lu tlo n  * /
v3aum(rgdD,rgdD,rgdOK+3) ;  /*  Naw d l a t :  d«d+dx£4:6) * /
v3dot(dTmp,rgdAl,rgdD); /*  A l( l:3 )  . d  * /
v3acal(rgdTmp,rgdAl,dTnp) ;  /*  Al*(Al.d) -  component o£ d  parp  to  p lan a

v3di££(rgdOX,rgdO,rgdTmp) ;  /*  component i n  p lan e  * /
ra tu m ;

} /*  and i£  (£aba(dlmp) < gdEpaParlZ) */
/*  Tha l in a  and p lan a  a ra  n o t p a r a l l e l ,  ao wa proeaad norm ally  * /
/*  Hova along 12 u n t i l  th a  in te ra e c tio n  w ith  th a  p lan a  * /
/*  v3dot(dTm p,rgdAl,rgdl2) ; -  a lread y  dona, abova, and non -zaro . * /
v3dot(dTap2,rgdAl,rgdO) ;
dInp«dTnp2/dTnp;
v3acal(rgdDK+3,rgdl2,-dTmp); /*  d x (l:3 )  »  -  12 * ( (A l'*d)/(A 1 '*12) ) * /
/*  Hova p o in t  PI to  th ia  new p o in t * /
v3aum(rgdO3C,rgd0K*3,rgdO) ;
re tu rn ;

> /*  end i£(cA2— 2) * / 
e la e  i£  (cA2—0 ) I cA2— 3) £

/*  T reat P2 aa a f ix e d  p o in t -  i f  i t ' a  f re e  (caae 0 ) , nova i t  l a t e r  * /
/*  P ro jec t d  in  PI p lan e  (d e fin ed  by Al) * / 
v3dot(dImp, rgdA l, rgdD) ; 
v3aeal(rgdTnp,rgdAl,dTmp) ;
v 3 d lff  (rgdO X ,rgdD ,r^Tnp); /*  d x (l:3 ) «  d-A l*(A l.d) * /
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I f t e M — 0 )  £

/*  Mow £ r « *  po in t. P2 to  n«tr lo c a tio n  * /
v3di«(rgdDK+3,rgdDK,rqdD)# /»  dx(4 :6) -  d x ( l î3 J - d  * /

}
re tu rn ;

} o la a  £
/*  Cm#* 1-1 , p lan e -p lan *  * /  
▼ 3dot(dal2,rgdA 2,rgdA l|; I*  *12
v3#cal £rqdXnp,rqclA2rdml2) ;  
v 3 d if£ (rg d a lp ,rg d A l,rg d In p ); /*  a lp

*2**A1 * /

Al -  A 2*al2: A l i n  A2 plan*

v3dot(dXaip, rg d a lp , rg d a lp  I ; 
i f  (faba(dlnp) < gdE paParll) £

I* Plana* a r*  n a a r ly  p a r a l l a l  -  t r a a t  aa p a r a l l a l  V  
/*  S p l i t  th a  d if fa ra n c a  b a tm a n  th a  p o in t*  * / 
v3dot(dTnp,rgdAl,rgdO) ; 
v3*eal(rgdX np,rgdA l,dInp); 
v3di£f (rgdOX,rgdO,rgdTnp) ; 
v3*eal(rgdDK,rgdOX,0 >5);

v3di£f(rgdD,rgdD,rgdDK) ;

v3dot(dTnp,rgdA2,rgdO) ; 
v3*cal(rgdTnp,rgdA2,dTop); 
v3diff(rgdDK+3,rgdTmp,rgdD); 
ra tu m ;

/*  A l*(A l.d) * /
/*  d x ( l î3 ) -d  -  A l*(A l.d) * /
/ •  d * ( l r 3 ) -  (d-A l*(A l.d))*O .S  * /

/*  H alf normal dx  */
/*  d -d -d x (l:3 )  -  d ia ta n c a  to  naw p o in t

/*  d * (4 ;6 )—d+A2*(A2.d) * /

}
/*  Plana* in ta r a a e t .  P ro je c t  from PI along a2p, and P2 a long  a lp  * f  
v3*eal(rgdXmp,rgdAl,dal2) ;
v3d lff(rgda2p ,rgdA 2,rgdI*p); / •  a2p- A2 -  A l*al2  * /

/*  I f  rgda lp  i*  too  am all, m  need to  ra a e a la  -  axpanalva, b u t  w orthwhile » / 
i f  (fab*(dTmp) < 0.0001) £

dTmp>l/*qrt (dimp) ;  
v 3 * ca l(rg d a lp ,rg d alp ,d lm p ); 
v3dot (dimp, rg d a lp , rgdA2) ; 
v3*cal(rgdT*p,rgdA2,dTmp); 
v 3 d iff(rg d a lp ,rg d a lp ,rg d im p );

v3dot(dim p,rgda2p,rgda2p) ;  
d lm p>l/*qrt(dim p); 
v3*cal(rgdaZp,rgda2p,dlm p); 
v3dot (dimp, r ^ a Z p ,  rgdAl ) ; 
v3*cal(rgdIm p,rgdA l,dIm p); 
v 3 d iff  (rgda2p, rgda2p, rgdimp ) ; /*  *2p -  ( " ) P a r t  o f  a2p in  Al plana * /

/ •  K orM liza  a lp  */

/*  A2*(A2.alp) * /
/ •  a lp  -  ( ■ ) P a r t  o f  a lp  i n  A2 p lana * /

/*  Normalize a2p * /  

/*  A l*(Al.a2p) • /

0 .5 ; V

/*  Compute th a  naw p o in t  * /
/ •  P ■ ((x (4 :6 ) -  a lp * (d '* A l) /(a lp '* A l))  + (x ( l :3 )  + a2p*(d'*A 2)/(a2p'*A 2) ) ) *

v3dot (dlBp, rgdO, rgdAl ) ;
v3do t(dI*p2 ,rgdalp , rgdAl) ;
dlap-dlap/dlm p2 ;
v3*cal ( rgdimp, rg d a lp , d lap  ) ;
v3diff(rgdIm p,rgdX+3, rgdimp) ;

v3dot (d lap , rgdO, rgdA2 ) ; 
v3dot(dIap2,rgda2p,rgdA2) ; 
dlmp-dlmp/dlmp2 ; 
v3*eal(rgd lap2 ,rgda2p ,d lnp) ; 
v3*um(rgdlmp2, rgdX, rgd lap2  ) ;

v3*um ( rgdimp, rgdimp ,  r  gdlmp2 ) ; 
v3*eal (rgdimp, rgdimp, 0 .5 ) ;

/*  (d .A l) /(a lp .A l)  * /

/* x (4 t6 ) -  a lp * (d .A l) /(a lp .A l)  */

/* (d.A 2)/(a2p.A 2) * /

/*  x ( l :3 )  + a2p*(d.A 2)/(a2p.A 2) V.

/* (tarm l ♦ tarm2) * 0 .5  * /

/*  C alcu late th a  r a a u l t in g  dx, given th i*  f i n a l  p o in t  * /
v 3 d lff ( rgdDK, rgdimp, rgdX) ; 
v3diff(rgdDK+3, rgdimp, rgdK+3 ) i 
ra tu m ;

/* d x (l;3 )  •  p -  x ( l :3 )  * / 
/* dx(4:6) “  p -  x (4 :6 )  » /
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} /*  «ad I f  (eA2— 0 ..3 )  • /
} / *  mod lf{cA l— 2 ) . . .  « la*  t f  (cM.—1) * /
• la *  {
/*  eAl—0 o r  3, handl* eaa* b y  eaa* tn  cA2 * / 

if(cA 2—2) (
/*  3 ,2  l a  coaawn, ao handl* t h l a  eaa* fix â t. * /
!*  p o ln t-U n *  o r  volum *-Un* eaa* *f  
/*  G*n*rat* e lo a * a t p o in t  on th *  l i n a . . .  V
pda2-rgdA2r a2 -  A 2 ( l:3 ,l)  -  f i x â t  e o n a tr a in t ,  P2 *f
pda3-rgdA2+3; /*  a3 -  A2C1:3,2| -  aaeond e o n a tr a in t ,  P2 * /

/*  L ina-po in t uaing e roaa  p ro d u c t: */  
v3eroaa(rgd l2 ,pda2 ,pda3); /*  12 -  a2xa3 * /
v3nozn(dTBp, rgd l2) ; 
d lap -l/d lm p ;
v3aeal(rgd l2 ,rgd l2 ,dT m p| ; /*  Normalizad 12 * f

v3dot(dXnp,rgdl2,rgdD) ; /*  D waa g an a ra tad  a a r l i a r  * /
v3aeal(rgdD3C+3,rgdl2,-dlBpl; /*  dx2 -  -1 2 (d .l2 )  V

/*  (Handlaa ra v a ra a  o f  aanaa o f  D] *f

ifCcAl—01 (
/*  VoluBw-lina e a a a : aeva PI to  nawly g an ara tad  p o in t  * f  
v3aun(rgdOK,rgdOKt3,rgdO) ;

ra tu m ;
} /*  and i f  (cA2—2) • /  
a la a  i f  (oA2—3 | {

/*  p o in t-p o in t o r  volum a-point * / 
i f  CcAl—0) {

/* V oluna-po iat: mova PI to  P2 * /
v3eopy(rgdCK,rgdO); /*  d x ( l:3 )~ d  */

/*  p o in t-p o in t eaaa ra tu m a  0, obvloualy. * / 
ra tu m ;

)
a la a  i f  (eA2—0) {

/*  Point-voluma o r  volua«-voluaia * / 
if te A l— 3) £

/*■ Point-voluaia: æ v a  P2 to  PI */
v3aeal(rgdCK+3,rgdD,- 1 1;  /*  d x (4 :6 )—d  ♦ /
ra tu m ;

}
/*  Voluma-voluma: ta k a  avaraga */
v3acal{rgdD3C,rgdO,O.S); /*  d x ( l :3 )  -  d*0.5 */
v3acal{rgdCK+3,rgdO,-0.5); /*  dx(4 :6) -  -d * 0 .5  • /
ra tu m ;

}
a la a  /*  eA2— 1 * / £

/*  Poin t-p lan*  o r  volioaa-plana * /
/*  Ganarata e lo a a a t p o in t  * / 
v3dot(dIaip,rgdA2,rgdO) ; 
v3aeal£rgdTnp,rgdA2,dIap) ;
v3diff(rgdDX+3,rgdImp,rgdD); /*  d z (4 :6 ) «  A2*(A2.d) -  d  * /
if(eA l— CI £

/* V oluaa-plana -  mova PI to  naw p o in t * / 
v3aum(rgdOK,rgdI3K4-3,rgdO); /*  d x ( l :3 )  > dx (4 :6 ) + d

}
r a tu m ;
> /*  and i f  (cA2—2 ,3 ,0 ) . . a l a a  */

) /*  and if(cA l— 2 o r  1 ) . . .  a la a  * /
} /*  and fnOSolvQPE • /




