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Abstract

This thesis presents the steady-state and dynamic analysis of the series-parallel res­

onant converter (SPRC), which is a popular configuration of the resonant power 

converters. The dynamic analysis includes both large and small-signal analysis. This 

converter is operated in variable frequency as well as fixed frequency control modes.

For the variable frequency operation, various operating modes, including the mul­

tiple conduction modes, of the converter have been identified. A generalized steady- 

state solution for these modes is obtained using the state-space approach. Design 

curves for converter gain and peak component stresses, versus the normalized load 

current, have been obtained. The boundaries between the various modes of opera­

tions (continuous capacitor voltage mode and discontinuous capacitor voltage mode 

as well as leading and lagging power factor modes) have been obtained. Experimental 

results obtained from a 100 W converter are presented to verify the theory.

Discrete time domain large-signal models have been derived for the converter 

operating in variable frequency mode for continuous and discontinuous current modes. 

These models have been used to study the large-signal behavior of the converter 

for step change in input supply voltage, step change in load, etc. The models are 

also used to determine the peak component stresses and discrete state response of 

the converter for large-signal transients. Theoretical results have been verified using 

SPICE simulation and experiments. It is shown by an experimental converter that 

most of the drawbacks of the open loop system can be overcome by operating the 

converter with a closed loop.

The large-signal equations for the converter operating in variable frequency and 

continuous current mode have been linearized about the steady-state operating point



to obtain a linearized small-signal state-space model in discrete time domain. Multi­

ple loops have been used to control the dynamics of the converter. An outer voltage 

feedback loop takes care of the output voltage regulation. An inner state variable 

feedback loop is also incorporated to improve the dynamics of the converter. The 

small-signal models obtained are used to study the small-signal behavior of the con­

verter for parameters like control to output transfer function and audio-susceptibility. 

Experimental results are presented to verify the key theoretical results.

A small-signal equivalent circuit model has also been obtained to study the small- 

signal behavior of the converter. This model represents the converter dynamics in a 

more accessible and flexible format. It gives more physical insight into the converter 

dynamics and can be solved for the various transfer functions conveniently. Both 

exact (discrete time domain) and approximate (continuous time domain) models are 

obtained. When the exact model is used, the results are found to be accurate up to the 

switching frequency. Analytical results are verified using an experimental converter.

The different operating modes of the fixed frequency pulse-width modulated SPRC 

have been identified. The steady-state analysis and a discrete time domain model for 

the large-signal analysis are presented for the predominant mode for a capacitor ratio 

of 1. The large-signal model has been linearized to perform the small-signal analysis 

much on the same lines as for the variable frequency operation. These models have 

been used to study the large and small-signal dynamics of the SPRC.
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Chapter 1

Introduction

The recent advancement in microelectronics, very large scale integration (VLSI) and 

fast switching power semiconductor devices have made possible compact, light weight 

and efficient power electronic systems. The frequency at which the power semiconduc­

tor devices can operate affects the size and weight of the converters. The advancement 

in power semiconductors and control circuits has given rise to high frequency power 

converters with more reliability. A major research area in power electronics tries 

to find ways of designing, analyzing and controlling these converters. This thesis is 

concerned with the steady-state and dynamic analysis of the series-parallel resonant 

converter (SPRC) operating in both variable and fixed frequency modes.

This chapter begins with a brief introduction to the topics of DC to DC converters 

and resonant converters, discussed in sections 1.1 and 1.2, respectively. The series- 

parallel resonant converter (SPRC) is the most popular configuration of the resonant 

converters. Its operation is described in section 1.3. A literature survey on the topics 

related to SPRC and resonant converters in general is given in section 1.4. And finally, 

section 1.5 gives an outline of this thesis.



1.1 DC to DC Converters

DC to DC converters are used to convert one level of DC voltage to another. Various 

configurations of these converters have been proposed so far based on the way the de­

vices are switched and the way they are connected in the circuit. All these converters 

can be classified into two major categories.

(1) The pulse-width modulated (PWM) converters.

(2) The resonant converters.

The PWM converters suffer from the following drawbacks:

(a) High switching stresses on the switches,

(b) high power losses during the switching, and

(c) electromagnetic interference (EMI) produced due to large dijdt and dvfdt.

The disadvantages of PWM converters become more pronounced as the switching 

frequency is increased. However, an increase in the switching frequency facilitates 

the use of smaller magnetic components like the transformer and the filters. This is 

desirable because the converter size and weight goes down (and power density goes 

up).

1.2 Resonant Converters

Resonant converters [1-87] offer a novel solution to this problem. In resonant con­

verters, it is possible to have switching at either zero current or zero voltage. This 

overcomes some of the drawbacks mentioned above. The switching frequency can be 

high resulting in light, efficient and less costly converters. As mentioned earlier, the 

development of fast switching devices has spurred interest in the concept of resonant 

power conversion.
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In the past, three main resonant converter configurations have been discussed 

[1-87]. They are the series resonant converter (SRC) [1, 2, 24, 25, 41, 42, 48], par­

allel resonant converter (PRC) [3, 29, 32], and the series-parallel resonant converter 

(SPRC) [5-23]. The SRC has a simple circuit configuration and a good power con­

version efficiency. But since the link appears to the load as a high frequency current 

source, the SRC is more suitable for loads with small and slow impedance variations 

[8]. The SRC has the following main disadvantages:

(1) The voltage regulation is difficult when the range of load resistance is too wide or 

when it changes too rapidly.

(2) For a small output voltage and a large output current, the output filter capacitor 

is quite bulky because it has to handle large ripple current.

The PRC overcomes some oi these drawbacks, but introduces some of its own. For 

example, the fast changing loads are more compatible with the load connected across 

the resonating capacitor, as is indeed the case with PRC which appears as voltage 

source. The PRC is self protected under load short circuit conditions because the 

resonating inductor offers considerable impedance at the high switching frequency, 

thereby limiting the resonating current to a safe value. On the other hand, a PRC 

needs protection against open load conditions. Another problem with the PRC is that 

the peak resonating current carried by the switches and resonating elements does not 

decrease with a reduc n in load current. Therefore the efficiency of a PRC falls 

down under low load conditions. The SPRC configuration was proposed to combine 

the desirable features of SRC and PRC. Using a proper design, the SPRC has the 

following main advantages over the first two [7, 8]. They are:

(1) Full power control range with a small variation in frequency.

(2) High efficiency from full load to part load.
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1.3 Operation of the SPRC

Fig. 1.1 shows the basic circuit diagram of SPRC. The SPRC has an extra capacitor 

in series with the resonating inductor, as compared to the PRC. Hence the SPRC is 

also called as LCC-type parallel resonant converter [7]. The diagram shows a half 

bridge configuration, which is sufficient for explaining the concept and can easily 

be extended to a full bridge configuration. The parallel resonating capacitor can 

be placed either on the primary side or on the secondary side of the high frequency 

transformer. In Fig. 1.1, the parallel capacitor has been placed on the secondary side. 

With this modification, it is possible to use the leakage inductances of the transformer 

as part of the resonating inductance, thereby taking into account the effect of high 

frequency transformer [14, 30]. The high frequency inverter stage of Fig. 1.1 consists 

of a resonant circuit switched by means of power semiconductor switches. This hf 

inverter in the resonant converter of Fig. 1.1, can be operated at a frequency which 

is either below or above the resonant frequency of the resonating elements mentioned 

above. Depending upon value of f n, the ratio of switching frequency to the resonant 

frequency, various modes of operation are possible. These modes can be identified 

on the basis of the parallel capacitor voltage wave shape and the phase relation of 

resonant current with respect to the square voltage vab. When the current leads 

ua6) it is called leading power factor (below resonance) mode operation. When the 

current lags vab, it is called lagging power factor (above resonance) mode operation. 

Depending on the value of load current, the converter may also enter the discontinuous 

capacitor voltage mode (DCVM) in which the parallel capacitor is shorted for certain 

intervals of operation. The following section describes the operating modes of the 

SPRC reported in the literature [7, 8, 12].
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1.3.1 O peration in Leading p.f. (Below Resonance) M ode

Depending on the switching frequency, the operation of the converter in leading p.f. 

(below resonance) mode can either be continuous current mode (CCM) or the dis­

continuous current mode (DCM). Operation of the resonant converter operating in 

leading p.f. mode in the CCM is briefly explained below.

Fig. 1.2(a) shows typical waveforms for the converter operating in leading p.f. 

mode in the CCM. The resonating current leads the square-wave voltage v(lb- During 

the positive half cycle, when switch Si is switched ON, the current is transferred 

from D2 to Si. This current through Si goes to zero sinusoidally arid as it tries 

to reverse itself, diode D1 takes over conduction. The same sequence is repeated in 

the other half cycle with S2, D2 pair. The switching losses in the inverter devices 

and rectifiers are low in the circuits of the type explained above due to the sine 

waves that occur from the use of resonant circuits as opposed to square wave in the 

conventional converter. This results in easier EMI filtering. These converter circuits 

offer improvements over PWM converters due to higher efficiency, higher switching 

frequency, smaller high-frequency (HF) transformer and lower switching stresses.

The leading p.f. mode operation results in natural commutation of switches, 

allowing the use of fast thyristors including Asymmetric SCR’s. The main problems 

associated with the operation in leading p.f. mode are the need for lossy RC snubbers, 

fast recovery feedback diodes and di/d t limiting inductors [11]. Power control is 

obtained by varying the frequency of operation below the frequency corresponding to 

full load, demanding the design of reactive elements and associated output filters for 

the lowest frequency of operation.

When SCR’s (or transistors with proper gating signals) are used as switches and 

the switching frequency is decreased to control the output power, the inverter output
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current can become discontinuous [11, 13]. Typical waveforms are shown in Fig. 1.3 

for resonant inductor current (i), the parallel capacitor voltage (vct) and the rectifier 

input current. Same problems as discussed above for the leading p.f. mode operation, 

namely the need Sox lossy RC snubbers and fast recovery diodes, etc. occur in this 

case also. Ah s he switching frequency is decreased the ripple level goes up. In order to 

meet >! 1 low rippic requirements, larger output filters are required for such operating 

conditionii. The main advantage of operating the converter in this mode is that the 

switch current is zero both at the time of turn-on and turn-off, resulting in negligible 

switching losses. Also the ratings of lossy RC snubbers are much less in this case. 

Thus, the converter may be operated at higher frequencies. But the switch peak 

currents are higher for the same output power compared to the CCM.

The aforementioned disadvantages can be overcome by operating the converter in 

above resonance mode when gate or base turn off switches are used. In this case, 

the switches are forced to turn off before the current in the resonating components 

reverses. The operation of resonant inverters in lagging p.f. (above resonance) mode 

is described in section 1.3.2.

1.3.2 O peration in Lagging p.f. (Above Resonance) M ode 

[12]

Fig. 1.4 shows waveforms for lagging p.f. (above resonance) mode of operation. 

The resonating current is lagging the square-wave voltage v^ .  Assume that D1 is 

conducting initially. When the current goes to zero sinusoidally and as it tries to 

reverse its direction, switch SI takes over since the gating signal for SI is already 

present. SI is turned-off at the end of half-period (Ta). This causes D2 to turn­

on. When the current through D2 goes to zero, S2 is turned-on. S2 is turned-off 

at 2T„, completing the cycle. It is clear from the operation that the commutating
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components here have the function of merely wave-shaping the voltage and current 

in the converter circuit. Further, the switches turn on with zero voltage when the 

adjacent diodes are conducting. Hence, there are no turn-on losses associated with 

such operation. The input dc supply is not subjected to short circuits during current 

commutation from one pair of switches to the other pair. Hence, there is no need 

of current limiting inductances. Since the switches in this type of operation take 

over conduction from their anti-parallel diodes, there is no snubber discharge into 

the switch. This results in lossless snubber operation as the snubbers need not have 

current limiting resistances. Further, the voltage across the diodes remain negative 

for the duration of the conduction of the switches. Hence the diodes have considerable 

time to turn-off. However, the diodes should turn off before the next cycle starts. 

Thus the diodes need not be of fast recovery type. Nevertheless, in order to increase 

the frequency of operation, medium speed diodes are still required. Generally, the 

internal parasitic diode of power semiconductor switches (eg: MOSFETs) can be used 

for this purpose. It must be noted that the converter operates only in the CCM for 

lagging p.f. mode of operation. Power control for load (or line) variations in this case 

is achieved by increasing the switching frequency above the value corresponding to 

the full load case.

The operation of the resonant converter in lagging p.f. mode of operation reduces 

many disadvantages of leading p.f. mode of operation. But it also has some draw­

backs. It should be noted that very high frequency switching has limitations from the 

converter operation point of view. At high switching frequencies, the effect of stray 

wiring inductance becomes significant. The turn-off and the transformer core losses 

go up. Design of control circuit becomes more difficult.

Whether the converter operates in leading or lagging p.f. mode, the parallel ca­

pacitor voltage can be continuous or discontinuous. Based on this, the operation
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of converter can also be classified as continuous capacitor voltage mode (CCVM) or 

discontinuous capacitor voltage mode (DCVM) [12]. Although CCVM is the predom­

inant mode, DCVM occurs when the load current goes above a critical value [12, 33]. 

Fig. 1.5 shows the DCV, lagging p.f. mode case. In this mode the parallel capacitor 

voltage becomes zero for certain intervals of operation.

1.4 Literature Survey

Resonant converters were known as early as 1960’s [1-3]. N. Mapham [3] was the first 

one to report the use of parallel resonant converters. The basic circuit configuration 

and the operation of the circuit was well documented in this paper. But due to the 

non availability of fast switches at that time, the frequency of operation was quite 

low. Also, an extensive analysis was not possible due to lack of computing facilities 

required to solve the complex mathematical equations.

Analysis and Design of resonant converters gained momentum in the early 1980’s. 

Myers and Peck [4] used the PRC configuration in lagging p.f. mode in 1981. Later, 

in 1982, Frank and Der [68] also used the PRC in lagging p.f. mode. Ranganathan et 

al [29] used a constant current model to analyze a PRC for operation below resonance 

and identified the different modes of operation. Steigerwald [32] operated the parallel 

resonant converter above resonance and showed its advantages.

References [67] and [5] are the first ones to report the use of the SPRC config­

uration. Later, Steigerwald compared the relative merits and demerits of the three 

different resonant converter topologies in [8]. He clearly showed the advantages of 

SPRC over the other two configurations. An analysis using state-space approach and 

design of SPRC was reported in [7, 12] for operation in the leading power factor 

mode. This converter has been analyzed for operation in the lagging power factor
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mode in [12], including the discontinuous capacitor voltage mode. In both the cases, 

constant current model was used. An approximate analysis and design using complex 

AC circuit analysis approach using fundamental components of the waveforms has 

been reported in [8 ]. Recently, a lot of work has been reported on the analysis and 

design aspects of SPRC [10-23].

The DC analysis (or the steady-state analysis) is very important to get a complete 

understanding of the steady-state working of a resonant converter. A complete DC 

analysis for the SRC and the PRC are available in the literature [24, 51]. However a 

complete DC analysis for the SPRC is not available in the literature. The different 

modes of operation of the SPRC, including the multiple conduction modes, are not 

known.

The specifications of any converter includes the criteria for load regulation, fluc­

tuations in supply voltage, stability, response time, variations in frequency and duty 

ratio and input harmonic generation, etc. How the converter will respond to a per­

turbation in any (or all) of these quantities, is very crucial for performance evaluation 

and design considerations. Also important is the transient response of the system. 

Thus there was a need for developing large-signal -.md small-signal models for the dif­

ferent resonant converter configurations, which coi.irl be used for studying the effects 

of transients and perturbations. Over the years many authors have reported many 

such models [41-57], each different from each other in one or the other aspect and 

each having its own drawbacks and advantages os compared to the others. These are 

discussed next.

A large-signal model, such as the one reported in [48] is useful for determining 

the dynamic and transient response of the converters. This model stresses more on 

transient conditions as against the steady-state conditions. This model is simple 

and useful for determining component ratings, which are mostly determined by the
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transient conditions, for example, a sudden short circuit. The small-signal analysis 

on the other hand is concerned with the effect of small perturbations (and hence the 

name “small-signal”) on the steady-state operating conditions.

Reference [51] has described a sample-data modeling approach leading to a dis­

crete time model for small-signal analysis. But it is not easy to use this model for 

compensator design. The model described in [56] has limited accuracy and hence its 

use is limited. A small-signal continuous time model for SPRC, with diode conduc­

tion angle control, derived from the large-signal model of [48] is given in [42]. This 

model was actually obtained by linearizing the non linear discrete time equations 

about the steady-state values. The non linear equations prevent the derivation of a 

general input-output transfer function. This small-signal model is based on low ripple 

approximations of the supply and the output voltages which actually amounts to a 

low frequency approximation. Thus the model of [42] is valid only for frequencies 

lower than the sampling frequency, which is usually the case. Another model was 

proposed in [49]. In this model, which is discrete in nature, the converter is modeled 

by a lumped parameter equivalent circuit. Just like the model of [42] this model also 

assumes low frequency approximations. Reference [43] describes yet another model 

based on the extended describing function concept. In the small-signal modeling of 

converters presented in [50], the inherently non-linear blocks of the control system, 

namely the control block and the rectifier are modeled as delay elements. This model 

is easy to use for compensator design.

All the models described above are for SRC or PRC. Thus there is a need to 

formulate such models for the SPRC. During the course of this work, an approximate 

small-signal analysis for the SPRC was performed in [73], where in all the resonant 

tank waveforms were approximated by their fundamental components.

Most of the dc power conditioning applications involve a regulated voltage output.

A
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For this purpose, a feed back loop is included as part of the control strategy, to regulate 

the voltage [42]. In some other suggested control strategies, some more feedback loops 

(called inner feedback loops [54]) are also incorporated to limit the output current or 

the resonant tank current or voltage. In one feedback loop system, the output voltage 

is regulated by comparing it with a reference voltage and using the error signal as a 

control signal. This error signal is used for modulating the conduction angle of the 

transistor [42]. In the multi feed-back loop systems the inner feedback loops provide 

a pulse by pulse con trol of the inductor current or capacitor voltage while the outer 

loop as usual takes care of the output voltage regulation [54]. Such multi-loop systems 

have been found to show excellent stability and dynamic performances. Reference [54] 

describes a discrete time model involving an inner feedback loop. This model is simple 

and is based on more commonly used frequency control (or 7 control). In fact this 

model follows the same approach as in [42].

The output power of a resonant converter can be controlled by varying the switch­

ing frequency. However, controlling the output power by varying the frequency either 

in lagging p.f. mode or leading p.f. mode, has some disadvantages. Some of these 

drawbacks have already been described in section 1.3. In addition to these, the design 

of filter components is more difficult for operation in variable frequency mode.

This was the motivation to look for an alternate power control strategy. This gave 

rise to “fixed frequency control” of resonant converters. Reference [15] summarizes 

the various methods of fixed frequency control. All these methods offer some or the 

other advantage. But at the same time they all suffer from one or the other drawback.

Some authors [15,16, 18] have reported the fixed frequency operation and its anal­

ysis for the SPRC. Reference [15] has described the method based on fixed-frequency 

PWM control (using the phase-shifting technique) of the SPRC. This scheme offers 

advantages such as high efficiency for large load variations with a narrow range of
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duty-cycle ratio control and protection against load short circuit conditions. An anal­

ysis and design procedure based on complex ac circuit theory has been presented with 

an approximate model. This approach uses only the fundamental components of the 

waveforms.

Reference [18] on the other hand gives the steady-state analysis of one of the modes 

(leading p.f. continuous current mode) based on the state-plane technique. However 

the different operating modes for the fixed frequency operation are not known. Apart 

from that, there is a limited treatment of the dynamic analysis of the SPRC for 

the fixed frequency operation. An approximate small-signal analysis was presented 

in [73], using the extended describing function method. Small-signal analysis was 

also reported in [84] using a combination of extended describing function method 

and the state-space approach. These two papers appeared during the course of this 

thesis work. In this thesis, however, the small-signal analysis has been performed 

independently using only the state-space technique.

1.5 Thesis Outline

All that explained in the last few paragraphs was the motivation for the work in­

cluded in this thesis. The various objectives set forth, based on the literature survey 

presented in section 1.4, were realized and included here in the various chapters of 

this thesis, whose outline is given next.

A complete DC analysis of the series-parallel resonant converter is presented in 

chapter 2. Chapter 3 is devoted to the large-signal analysis using a discrete time 

domain model. This model is very convenient to predict the large-signal behavior 

of the converter because of the simplification it offers in the calculations. Chapter 

4 is based on the small-signal modeling of the converter for variable frequency op­
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eration. For this purpose the large-signal state equations derived in chapter 3, to 

perform the large-signal analysis, have been linearized about a steady-state operating 

point to obtain a linearized small-signal model. This model has been used to study 

the small-signal behavior of the converter. A more convenient way of predicting the 

small-signal behavior of the converter is to use a small-signal equivalent circuit model. 

Such a model is more practical to handle because the various transfer functions can 

be obtained using the laws of linear circuit theory. Details of the small-signal equiv­

alent circuit modeling of the SPRC are presented in chapter 5. As explained earlier, 

the variable frequency operation has some disadvantages, which can be overcome by 

operating the converter in fixed frequency mode. The steady-state analysis of the 

converter operating in fixed frequency mode is presented in chapter 6. The predom­

inant modes are identified and their dynamic (both large and small signal) analysis 

is also presented in the same chapter. Finally, chapter 7 summarizes the important 

contributions of this thesis work and ends with suggestions for future work on this 

topic. The following sections briefly describe the contents of the various chapters.

1.5.1 The DC A nalysis o f the Series-Parallel Resonant Con­

verter (Chapter 2)

The SPRC can operate in various modes over a wide switching frequency range. Al­

though the DC analysis and the different operating modes of the SRC and PRC are 

available in [24, 51], such an analysis and the operating modes for the SPRC, includ­

ing the multiple conduction modes, were not available in the literature. Therefore 

this part of the thesis work was devoted to the following:

(1) To identify the different operating modes (including the multiple conduction 

modes) of the transistorized SPRC over a wide range of switching frequency using 

SPICE-3 simulation.
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(2) To present the DC analysis of transistorized SPRC.

(3) To obtain the various design curves, gain (ratio of the converter output voltage 

referred to primary side to the input supply voltage) versus normalized load current, 

and component stresses versus normalized load current.

(4) To analyze the simulation results theoretically, using the state-space approach.

(5) To verify the results experimentally.

1.5.2 Large-Signal A nalysis o f SPRC using D iscrete Tim e  

Dom ain M odeling (Chapter 3)

Large-signal analysis determines the response of a system to large variations in its 

steady-state operating condition. The dynamic response of the converter during the 

transients is quite significant because it determines the choice of appropriate com­

ponent ratings. The operation of the resonant converter being inherently discrete, 

it is only natural to go for discrete time domain modeling. Such a modeling, as is 

shown in this chapter, reduces the computer simulation time drastically and the key 

design parameters like the peak component stresses and the state response can be 

determined fairly easily. The main objectives of this chapter are:

(1) To develop discrete time domain large-signal models of the SPRC operating in 

the CCM and DCM.

(2) To obtain the large-signal discrete state-space models from the large-signal equa­

tions of (1).

(3) To determine the expressions for the peak component stresses.

(4) To use the developed models to study the different types of transients.

(5) To verify the theoretical results using SPICE and experiments.
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1.5.3 Sm all-Signal A nalysis using D iscrete T im e Dom ain  

M odeling (Chapter 4)

Small-signal analysis is concerned with the response of the converter to small pertur­

bations in its steady-state operating conditions. The goals of this chapter are:

(1) To linearize the non-linear discrete time domain, large-signal model of chapter 3 

about a steady-state operating point to obtain a linearized small-signal model.

(2) To use the small-signal model so developed to study the small-signal dynamics of 

the converter.

(3) To realize a multiple feedback loop system [54] to control the SPRC. An outer 

loop is used to regulate the output voltage. Whereas, an inner loop, based on state 

variable feedback is also used to improve the dynamics.

(4) To obtain experimental verification of the key theoretical results.

1.5.4 Small-Signal Equivalent Circuit M odeling o f the SPRC  

(Chapter 5)

While performing the small-signal analysis of the resonant converters, mainly two 

approaches have been followed.

(1) Obtaining a purely theoretical model, based on the state-space method or the 

transfer function approach.

(2) Obtaining a somewhat more practical equivalent circuit model.

In this context the small-signal equivalent circuit models are more convenient to 

handle as they can be solved for the various transfer functions fairly easily. Therefore, 

this chapter is devoted to obtaining a two port hybrid parameter model for studying 

the small-signal behavior of the SPRC. Again the small-signal modeling is done in 

discrete time domain. However, an approximate continuous time domain model is
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also derived. Experimental verification is presented for the key theoretical results.

1.5.5 Constant Frequency, Pulse-W idth M odulated Opera­

tion o f the SPRC (Chapter 6)

The advantages of a fixed frequency operation over a variable frequency one have 

been discussed earlier in this chapter. Constant frequency operation of the SPRC 

using PWM control is presented in this chapter. The objectives of this chapter are:

(1) To identify the different operating modes of the SPRC operating in fixed frequency 

mode and to present the steady-state analysis.

(2) To present the large-signal analysis.

(3) To present the small-signal analysis by linearizing the large-signal state equations 

developed for the large-signal analysis.

(4) To verify the theoretical results using SPICE.
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Chapter 2 

DC Analysis o f the LCC-Type 

Parallel Resonant Converter

In this chapter, the various operating modes of a transistorized series-parallel res­

onant converter (SPRC), (including multiple conduction modes) are identified. A 

generalized steady-state solution for these modes is obtained using the state-space 

approach. As an example two of the predominant modes are treated as particular 

cases. The equations are numerically solved using the PRO-MATLAB software. De­

sign curves for converter gain versus the normalized load current have been obtained. 

Peak component stresses have also been plotted against the normalized load current. 

The boundaries between the various modes of operations (CCVM and DCVM as well 

as leading and lagging power factor mode) have been obtained. Experimental results 

are included to verify the theoretical results.



2.1 Introduction

The LCC type parallel resonant converter (also called as series-parallel resonant 

converter (SPRC)) [7,8,10,12] has become quite popular because of its relative ad­

vantages over other configurations, namely, the series resonant converter (SRC) and 

the parallel resonant converter (PRC) [8]. Some of these advantages are reproduced

(1) Full power control range with a small variation in frequency.

(2) High efficiency from full load to part load.

The various operating modes and the DC analysis are very important to get 

a complete understanding of the steady-state working of a resonant converter. The 

complete DC analysis for the SRC and the PRC is available in the literature [24,25,70]. 

However, a complete DC analysis for the transistorized SPRC is not available in the 

literature. The transistorized SPRC is capable of operating in various other modes, 

other than the ones reported in [7,12]. These modes include the “multiple conduction 

modes” also. In the multiple conduction odes, the voltage and current waveforms 

repeat themselves a number of times because the resonant frequency is much higher 

than the switching frequency. This results in a number of submodes which must be 

analyzed. For classification purposes, it has been found more appropriate to classify 

on the basis of parallel capacitor voltage waveforms, because it is this waveform which 

is rectified, filtered and applied across the load. This is in direct contrast to the case of 

SRC, presented in [24], where the resonating capacitor current is rectified and filtered 

to get the load voltage.

Multiple conduction modes (MCM) were first reported in [24] (for SRC) and [70] 

(for PRC). It is shown in this chapter, that the MCM are capable of both the leading 

and lagging power factor mode of operation, as the normalized switching frequency
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is reduced below 0.5.

While the ideal SRC and the PRC are second order systems, the SPRC is a third 

order system. This makes the DC analysis of SPRC with multiple conduction modes 

quite complex. Therefore, there is a need to represent the system model compactly. 

Use of matrix notation greatly simplifies the handling of the equations.

The remaining chapter is divided into the following sections. Section 2.2 deals with 

the identification of the various modes (including multiple conduction modes) and 

also explains the operation of the converter. Section 2.3 presents a general method of 

analysis for any mode of operation. As an example, analysis of two of the modes, with 

2 and 4 intervals respectively is presented. The state-space system model equations 

are represented in matrix notation to simplify the presentation. PRO-MATLAB was 

used for solving the transcendental equations. In section 2.4, plot of converter gain 

versus normalized load current has been obtained both analytically and by SPICE 

simulation. The component stresses are also plotted against normalized load current. 

The plot of gain versus f n (normalized switching frequency) has been obtained for 

different values of Q. Section 2.5 is devoted to determination of the boundaries 

between the different modes of operation. Section 2.6 gives the complete design of the 

converter for steady-state operation. All the results have been verified experimentally 

in section 2.7. All the experimental plots are presented along with the other plots for 

the sake of comparison. Finally section 2.8 states the conclusions.

2.2 SPICE Simulation and the Operating M odes

In this section, the different operating modes (including the multiple conduction 

modes) are identified using SPICE-3 simulation program. In the simulation it is 

assumed that bipolar transistors or MOSFET’s are used as the switches. Therefore,
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the resonating current does not become discontinuous at any time [11]. The operating 

modes and the analysis presented in the earlier papers[7,12] were mainly concentrated 

for values of /„  >  0.5, where,

fn =  Wt/w0 ;

u t =  angular switching frequency and u 0 = l /(L C e)1/2 is the angular resonance 

frequency and Ce =  CsCt/(C 9 + Ct).

Multiple conduction modes, however, occur in the range f n < 0.5. The present 

chapter is concerned with a complete range of f n and accordingly different, operating 

modes will be presented in this section. The switch and diode capacitances were 

included in the SPICE model to make it as close to the practical converter as possible.

As the parallel capacitor voltage vct switches polarity, the rectifier input current 

does it too. Based on this there are two major intervals of operation, A and B, [Fig. 

2.1(a), 2.1(b)] respectively. A third interval, C, is also present in the discontinuous 

capacitor voltage mode in which the parallel capacitor is shorted [Fig. 2.1(c)]. Some 

of the typical waveforms obtained from SPICE simulation are shown in Fig. 2.2. The 

values of the components used in the SPICE simulation are also given in Fig. 2.2. In 

the figures shown, the sequence in which different intervals occur are also marked. The 

following two modes were identified [Figs. 2.2(a)-2.2(g)] using the parallel capacitor 

voltage.

2.2.1 Continuous Capacitor Voltage M ode (CC VM )

In this mode the parallel capacitor voltage is always continuous [Figs. 2.2(a) - 2.2(d)]. 

Only intervals A and B occur either once or repeatedly.

In Fig 2.2(a), the current i is lagging the voltage vab and the converter is operating 

in lagging power factor (above resonance) mode. During this mode the switches
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Figure 2.1: Equivalent Circuits for the three different intervals: (a) Interval A, (b) 
Interval B, and (c) Interval C. (L =  L„ + Li, where /// is the leakage inductance of 
the hf transformer.)
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undergo zero voltage switching (ZVS) because the tank current is transferred to them 

from their anti-parallel diodes. Fig. 2.2(b) waveforms correspond to leading power 

factor (below resonance) mode of operation since the resonating current i is leading 

the voltage vab. This corresponds to the zero current switching (ZCS). The intervals 

and the devices conducting in each of them have been marked in all the Figures, 

which explains the converter operation.

As the switching frequency is decreased as compared to that in Fig. 2.2(a) or 

2.2(b), the converter enters the multiple conduction modes. Figs. 2.2(c) and 2.2(d) 

show two such waveforms. It must be noted that both the switch and the diode 

conduct more than once in every half cycle.

The CCVM can have only an even number of intervals, if the symmetry condition 

has to be satisfied. For example [Fig. 2.2(b)], if the first interval of the half cycle is 

“A” then the last interval in that half cycle must be B, or else the symmetry condition 

will be violated since if A occurs at the end, then the next half cycle starts with B. 

Therefore, this condition ensures that the number of “A” intervals is same as the 

number of “B” intervals, irrespective of which one of them is the first to occur in a 

half cycle

2.2.2 The Discontinuous Capacitor Voltage M ode (D C V M )

The mode in which the parallel capacitor voltage is discontinuous, i.e. the capacitor 

voltage vct is zero for certain intervals of operation. [Figs. 2.2(e) - 2.2(g)]. However, 

the resonating current is still continuous.

Fig. 2.2(e) shows an example of leading power factor mode operation, where as, 

Fig. 2.2(f) shows lagging power factor mode operation. In Fig. 2.2(e), the parallel 

capacitor voltage becomes discontinuous towards the end of each half cycle while in
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Fig. 2.2(f) the discontinuity in parallel capacitor voltage occurs in between intervals 

B and A. However, the current still remains continuous.

Just like in CCVM, in DCVM also we get multiple conduction modes as the 

switching frequency is decreased. Where as the CCVM multiple conduction modes 

appear for low values of load current, the DCVM multiple conduction modes occur 

for high values of load current. Fig. 2.2(g) shows one such example. It corresponds 

to lagging power factor mode operation.

The DCVM can have both even and odd number of intervals. For example, in 

Fig. 2.2(e) and 2.2(f) each of the interval occurs only once, where as, in Fig. 2.2(g), 

each interval occurs twice causing an even number of intervals. It should be noted 

that interval “C” can appear either at the beginning of the half cycle or at the end. 

If it occurs at the end only, then interval “A” or “B” in the successive half cycle must 

have a zero initial parallel capacitor voltage condition.

2.3 Analysis

The SPRC converter is analyzed using the state-space approach for different modes 

identified in section 2.2. Steady-state solutions are derived. In order to obtain the 

initial state vector, lengths of the different intervals are to be calculated. They have 

been obtained numerically, using the PRO-MATLAB software. The complexity of 

the solution increases as the number of intervals in a mode increases. The CCVM 

with two intervals [Fig 2.2(a)] and the DCVM with three intervals [Fig. 2.2(f)] have 

been analyzed in [7,12] respectively.

First we present a general method of analysis. The general formulae so obtained, 

are subsequently used to analyze two of the predominant modes. They contain 4 

intervals [Fig. 2.2(c)] and 2 intervals [Fig. 2.2(b)], respectively. Note that the modes
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shown in Fig. 2.2(c) and Fig. 2.2(b) occur only within some specified range of load 

current J  and for selected values of /„  only.

2.3.1 General Solutions

As given in [7], starting with the basic differential equations, one can get the general 

solutions. Then the steady-state solutions can be obtained by matching the boundary 

conditions. The three state variables namely the resonating current(i), the series ca­

pacitor voltage(wca) and the parallel capacitor voltage (uc<) are represented by column

matrix [®(0)]. Similarly, [xgi] is the column matrix containing the values of all the

three state variables at the beginning of an interval. Further, 6 =  u>ot, where t =  0 

implies the beginning of the interval considered.

For the A and B intervals, the general solution is given by [7]:

W » )) =  [ * W ] M  +  [ C W J M  (2.1)

While for the C interval, it is given by [12]

(*(»)] =  [* !« ][*«] +  [G i(« ))M  (2.2)

[ f  (»)] =

where, [x(0)]T = (i(0) v„,(0) vct(0)]

= [h* ec.,* e„ii]

( bx - b 2/ Z  - b 2/ Z  N

Z(Ce/C,)b2 1 -  (Ce/C.)bs - ( C e/ c s)b3 

Z(Ce/Ct)b2 - ( C e/ C t)b3 1 -  (Ce/ C t)b3

[G(0)} =

b2/ Z  (Ce/ C t)bs 

(Ce/ C t )b3 (Ce/ C , ) ( ( l / C t)t -  Z(Ce/ C t)b2)

(Ce/Ct)b3 ~ (C e/ C 3) ( l /C t)t -  Z(Ce/ C t)2b2

\

(2.3)

(2.4)

(2.5)

(2.6)
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[ p m  =

Z\C*‘
Z { ^ y l 2sin(u}at) cos(u}st ) 

0 0

0

0

(2.7)

[Gx{9)\ =
/  z ( c t ) 1/2<sin( ^ )  0 ^ 

1 — COs{(jJst ) 0

0 0

M T =  =  [E I ] for interval A

[um] =  [ub]T = [E -I] for interval B

(2 .8)

[uc] = [E 0] for interval C

&1 =  cosuJot', b2 — sinuot; b3 =  1 — cosujqI

z = (L/c,)'/*-, c, = c,ct/(c. + cty, =

(2.9)

(2.10)

The general solutions given by (2.1) and (2.2) are normalized using the base quantities 

given below:

V„
Vb  =  Emin = V; ZB = Z  Q; IB =  VB/ Z ; TB = l / f 0 (2 .11)

The value of the state-variables at the end of any interval can be obtained by evalu­

ating the corresponding state equations at that instant. Also note that the notation 

[F(0fc)] or [G(0k)],k =  1,2.. means the value of matrices [.F(0)] and [G'(0)] evaluated 

at 0 = Ok where &k denotes the length of kth interval. [®o] is used to define the initial 

state vector evaluated at $i =  0.

For the CCVM case with A as the first interval, using the general solution (2.1), 

we can obtain the following:
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At the end of the first interval (interval A), the state variable matrix is given by 

the following:

[*i] =  [ m ) ] M  +  [G(0i ) ] M  (2.12)

At the end of the second interval (B interval), the state variable matrix is given by:

[£2] =  [^(^2)][®l] +  [G!(^2)][wb] (2.13)

The value of a?! can be substituted to obtain:

[*2] =  +  [ < W M  +  [G(62)][ub] (2.14)

This yields:

n  =  + ( m ) ] ( G ( « .) iM

+[G(02)][us ] (2.15)

Proceeding in a similar way, one can get:

m  =  [ m w t m i i i m M W + i m w m ) ]  [<?(«> m m

+ [^ (« i))[G(«j)][iib] +  [G («3»M  (2.16)

[14] = i i W ] [ m ) F  ( W ( « . ) ] N + [ m ) ) i^ w ] [ m ) ] [G (» .) i [ « 4 ]

+[F(«4)]IF(«,)][G(#a) ]M  + |F(04)][G(03)]M  + 1&W 1M  (2.17)

W  = [F(^)][F(^)][F(«.-»)]...[F(fc)][*o] 

+(F(«„)](F(«^,)]...[F(»J)][G(«,)]M 

+[F(0n)][F(0„-i)]...  [F(#3))[G(«2)JM

+  [-^(0n)][G!(0T,_i)][tt(_i.)n] +  [G($n)][um] (2.18)

=  wg; if n is even 

=  UA', if n is odd
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Equation (2.18) leads to the following general form for the value of state vector at 

the end of nth interval.

M  =  n , in * .- i ) ] W  +  E ( ’ f f , lf '(*»-‘)])[G(«j)]K] (2.19)
>=0 j = 1 k —Q

2.3.2 D eterm ination o f the Initial S tate Vector [x0]

Case(I): Continuous uC(, with interval A first (n is even)

Applying the symmetry condition [x„] =  — [®0] to (2.19), we get:

- M  =  n W .- .- )H * o ]  +  £ ( " ~ n V
1=0 j = 1 k = 0

- M  -  n i m - O l M  =  B " ] f  |x (*» -.)])[G (» i)]M
1=0 j = 1 k = 0

m  =  - ( [ / s i+ n i n ^ i r ' E r f f ' i ^ o i J i G ^ H K ) ]  (2.20)
1=0 j = 1 it=0

where [I3] denotes a 3 x 3 identity matrix.

Case(II): Continuous vcU with interval B first (n is even)

The expression for [xq] can be obtained from (2.19) if um is replaced by if n is

even and by it# if n is odd. Apart from that Ua and ug are interchanged.

Case (III): Discontinuous vct

Depending on whether n is even or odd, n th interval is B or A respectively.

For the Discontinuous parallel capacitor voltage mode (DCVM) [e.g. Fig. 2.2(g)], 

the discontinuous portion of vct is represented by the general solution given by (2.2), 

which yields the state vector at the end of interval C,
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[X„+1] =  [/l(tfn+l)][Xn] +  [Gl(«„+l)][«o] (2-21)

Substituting the value of [xn] from (2.18), we get:

[* .« ] =  [ w + o n n W - o i M + Z ( " n V ( * » - * ; ; ;
i = 0  7—1 k=0

+[Gi(fl„+i)][«c] (2.22)

Using the symmetry condition [xn+i] =  — [xo]j

n  =  - i w + [F,(«r t i ) ] [ n [ F ( # ^ 1oi]-i([F(».+, ) ] E ( ” n ’ I [m - t) ] ) [G ( * i) ]K ]
1=0 ,)=1 k=0

+ [Gl(^n+l)][«d) (2.23)

2.3.3 D eterm ination o f th e Interval Durations

For operating modes involving more than two intervals, no closed form solutions are 

possible for the interval durations (denoted by 0's) [12]. They must be obtained using 

the numerical techniques. Since the multiple conduction modes involve more than two 

intervals, the lengths of the various intervals must be obtained numerically. What 

follows is a general method of determining the durations of these intervals.

(a) Continuous Capacitor Voltage Case

Let there be n intervals (n is always even for CCVM) denoted by 0 i . . .  0n, a total of 

n unknowns. Let 6, be the length of one half cycle of the driving frequency and is 

known. Then;

(2.24)

04
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All we need to determine is (n — 1) unknowns. The nth one can be determined using

(2.24). However, to determine the first (n — 1) unknowns, v/e need as many equations. 

These equations can be derived from the fact that parallel capacitor voltage is zero 

at the end of each of these intervals (except the nth). Equation (2.19) leads to the 

following (n — 1) transcendental equations.

£ ( l ) = O  =  V>i(0i)

f (2) =  0 =  0 2(*i,02)

£(n — 1) =  0 =  V>n_1(01. . .  #„_,) (2.25)

where £ denotes the third element of the state variable matrix corresponding to vct 

and is a non linear transcendental function evaluated at 9 =  (01? 02 ... 9n- \) ,  using 

the RHS of (2.19).

(b) Discontinuous Capacitor Voltage Case

The same set of equations hold except that now the expression for [a?o] is given by 

(2.23) and n is replaced by (n +  1).

The Numerical Solution

Set of equations (2.25) need to be solved numerically. Newton Raphson method can 

be used as below:

Step 1. 0i(g). . .  9n-i(g) are assigned as initial guess values to first (n — 1) intervals 

yielding the vector [0g]

Step 2. Determine [z0] using (2.20) or (2.23).
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Step 3. Determine [£] =  [£(1) £(2). . .  £(n — 1)]. Check if they are all zero. If 

yes, go to step (7). Else proceed.

Step 4. Evaluate the following (n — 1) x (n — 1) matrix at the guessed value [#3].

chjX
ae i ’ • W„-i

S^n-l d^n-l
d6x • • M»-1

Step 5. Determine the increment in the value of [0g\ as below:

[Mg] = - [ « r 1K]T (2-26)

Step 6. Determine [^(„eU;)] =  [6g] +  [89g\

Go to Step (2).

Step 7. 0g is the actual value of the lengths of the intervals. Use them to deter­

mine the gain of the converter.

2.3.4 Particular Cases

The general and steady-state solutions derived in section 2.3 can be used directly 

to obtain solutions of particular cases. Two particular cases are presented below to 

illustrate the procedure.
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(a) (CCVM) - Four Interval Mode [Fig. 2.2(c)]

Using (2.20), the initial state vector [z0] for the four interval mode (Fig. 2.2(c)) can 

be obtained directly as below:

M  = -[.pi]-1[Q,] (2.27)

where [P,] = [/ + [F(^)](P(#S,)][P(^.)][F(«fll)]] (2.28)

[0.] =  [Jf(^ )][F (#a ,))(F (^ 1)][G(»Bl) )M

+ ( n ^ ) ] [ ^  («ft))[G (^ .)]M  + [^(»a )][G(*b, ) ) M  + [0(0.,, )][»„] (2.29)

where 0’s are marked in Fig. 2.2(c) for the 4 interval mode. They can be evaluated 

using the method of section 2.3.

As another example, the two interval mode of Fig. 2.2(b) has been analyzed in 

the following section following the same technique.

(b) (CCVM) - Two Interval Mode [Fig. 2.2(b)]

The initial state vector for the two interval mode (Fig. 2.2(b)) can be obtained using 

(2.20) as

M  = [ft]"'!®!] (2.30)

where [P2] = (/ + [ m O M ^ ,) ] ]  (2.31)

[<M = -[F (»B,)](G(^1) ]M -[G (» * 1) ]M  (2.32)

PRO-MATLAB was used to evaluate the durations of different intervals for the two 

cases of section 2.3.4.
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2.4 Converter Gain and Component Stresses

Once the initial state vector and the various intervals are known, the gain can be 

obtained by integrating the expression for the parallel capacitor voltage vct, in the 

different intervals. For example, the expression for gain for the two interval mode 

discussed in the previous section is as given below.

M  = Ts
vctAd(ujtx) + VctB<fM2)j (2.33)

where the expressions for vctA (vct corresponding to interval A, 0 < t < tAi) and vctg 

(vct corresponding to interval B, 0 < t' < tgx,t' =  t — tAX) can be obtained from (2.1).

The analysis presented above was used to obtain the converter gains, plotted in 

Fig. 2.3 for two values of f n for which the particular cases analyzed in section 2.3.4 

occur. In the same figure, the converter gain plots obtained with SPICE are also given 

for comparison. It is observed that the results for the two interval mode (/„ =  0.6) are 

closer to SPICE as compared to the four interval mode (/„ =  0.35). This is due to the 

problems associated with the convergence of numerical solutions in MATLAB, as the 

number of variables (lengths of the various intervals) increases. The SPICE results 

on the other hand are affected by the simulation time step. Also, conduction losses 

of the switches and the passive elements are taken into account in SPICE simulation. 

The plot of gain versus /„  with Q =  as the parameter, and the peak component 

stresses, obtained using SPICE are plotted in Figs. 2.4 and 2.5, respectively. Fig. 

2.4 also shows a second resonant peak at /„  0.3. There are infinite resonant peaks

such as this one as we reduce the switching frequency further (eg. f n =  1/5,1/7 etc.). 

This type of phenomenon was also observed and explained in [24] for the SRC.
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Figure 2.3: Comparison of MATLAB (state-space analysis) and SPICE simulation 
results. Piots of gain versus J  for two values of /„  are given.
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Figure 2.4: Plot of gain versus / n with Q as a parameter (for =  1) obtained using 
SPICE simulation. 3-dimensional plot is also included. '



Normalized peak inductor current versus J 4

0.2

a .

0.5 1.5 2.5 3.5 4.5
J

- 5.1 (a)

Normalized peak inductor current versus J

XI.7
= 10

•o

- 1.2 
— 1.3 1.4

J
*-5.| (b)

Fig. 2.5 Normalized design curves (obtained using SPICE simulation).
2.5.1(a),(b) Normalized peak inductor current (J i p) Vs J, with /„  as a parameter. 
2.5.1(c) 3-Dimensional view of the plots of 2.5.1(a) and (b).
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Fig. 2.5 (continued)
2.5.3(a),(b) Normalized peak parallel capacitor voltage (m ctp) Vs J, with /„  as a parameter. 
2.5.3(c),(d) 3-Dimensional view of the plots of 2.5.3(a) and (b).



Peak Parallel Cap. Voltage (p.u.)



48

2.5 Boundaries Betw een the Various M odes of 

Operation

2.5.1 Boundary B etw een Leading and Lagging Power Fac­

tor M ode o f Operation

. When the load current exceeds a critical value called J a r , the converter enters 

the above resonance mode. Naturally, this value depends on the value of /„. Fig. 

2.6(a) shows the boundaries between the lagging and leading power factor modes of 

operations. While the converter operates in lagging p.f. mode for all values o f /n > 1.0 

[4], it is found to operate in leading p.f. mode between values 0.5 < /„  < 0.7. 

The region below f n < 0.5 does not follow any fixed pattern regarding leading or 

lagging power factor mode of operation. However, as will be shown subsequently, the 

multiple conduction modes do enter lagging power factor mode (above resonance). 

An expression for Jar  in the range 0.7 < /„  < 1.0 was determined by fitting a 

curve in the data obtained by repeated spice simulations. The idea is to fit the most 

appropriate polynomial expression into this data. Standard techniques, like the least 

square fitting, are available for this purpose. It can be shown that the boundary 

between the two modes can be described by the following polynomial.

J a r  =  K s f i  + K t f t + K a f i  + K i f t  + Ktfn  + Ko (2.34)

where,

K s =  -0.15; K 4 = 0.64; K 3 =  -1.13; K 2 =  0.96 ; K x =  -0.42 K 0 = 0.07 

The curve obtained with this polynomial is plotted along with the actual one in Fig. 

2.6(b).
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2.5.2 Boundaries Betw een DCVM  and CCVM  O peration

Boundary between DCVM and CCVM is determined by a critical value of the load 

current (called J cri t )  , beyond which the DCVM operation occurs. Boundary obtained 

with repeated spice simulations is shown in Fig. 2.7(a). The zone of multiple conduc­

tion modes is separately marked. A polynomial expression was fit into this boundary. 

It is found that more accurate expressions can be obtained if they are obtained sepa­

rately for the multiple and non multiple modes. Fig. 2.7(b) shows the boundary for 

the non multiple modes. It can be approximated by the following polynomial:

J c r it  =  &7 fn +  &6 / n  +  +  k4f* +  k3f„

■h^/n +  fn +  &0 (2.35)

where,

k7 =  0.33 ; k6 =  -1.10 ; h  =  1.81 ; k4 =  -1.24 ; k3 = -0.30 

ki =  1.0 ; k4 =  -0.56 ; ko =  0.1

The curve obtained with this polynomial is plotted along with the actual one in Fig. 

2.7(b). Similarly, the expression for J cr,t, for the multiple conduction modes(MCM) 

is found to be:

Jcrit(MCAf) = —196.67/^ +  128.5/n2 -  22.68/„ +  1.43 (2.36)

The above expressions (2.34) , (2.35) and (2.36) can be used as simple design tools 

to get a preliminary idea about the mode of operation (leading p.f. or lagging p.f. or 

DCVM or CCVM) once the operating frequency is known.

2.6 D esign of the Converter

This section presents a design example. Design was done for worst case loading i.e. 

for maximum load current with minimum input voltage. Corresponding to this the
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Figure 2.7: (a) The boundaries between the CCV and DCV modes of operation, 
(b) Comparison between the actual boundary and the approximate one using curve 
fitting.
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converter is kept under operation in DCVM. Using the design method given in [12], 

an SPRC was designed with the following specifications.

Input supply voltage, Vamin =  50 V.

Output voltage of the converter, Vo =  0 to 24 V, variable.

Maximum output power, P0 — 100 Watts  @ 24 V.

Switching frequency, f t =  200 kHz.

All the quantities are normalized using the base quantities given by (2.11).

Using the design procedure discussed in [12], the different values used are: 

Normalized load current, J  =  j^fz) = 4-3 p.u. ; 

where I  is the primary side reflected load current.

Id =  100/24 =  4.16 A 

Normalized switching frequency (at full load),

fn = T  = °-8 (2-37)
Jo

where /o(=  u;o/2tt; ujo =  \ /{LCe)1̂ 2) is the resonant frequency.

Converter Gain, M  = 1.036.

To obtain 24 V output, the required transformer turns ratio, 

n =  1.036 x 25/24 =  1.08.

Z = (.L/Ce)1/2 =  27.85 (2.38)
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o;o =  =  l/(Z C e)1/2 (2.39)
Jn

Solving equations (2.38) and (2.39) simultaneously, resonating component values ob­

tained are:

L =  17.74nH  ; Cs = 0M7fiF  ; Ct =  n2C[ = 0.047pF.

There are basically three kinds of applications:

Al. The operating frequency is held constant and the load is varied irrespective of 

the gain: Table 2.1 gives the range of gain for the designed converter for leading and 

lagging power factor modes of operation.

A2. The load is held constant, and the operating frequency is varied to obtain variable 

output voltage: Tables 2.2 and 2.3 give the range of gain obtainable for this appli­

cation. Separate tables are given for the leading and lagging power factor modes of 

operation. As can be seen from Table 2.3, the multiple conduction modes are capable 

of operating in lagging power factor mode.

A3. The gain is kept constant with changing load by suitably adjusting the oper­

ating frequency (voltage regulation): Tables 2.4, 2.5 and 2.6 show the regulation of 

the output voltage for below resonance, above resonance, and multiple conduction 

modes, respectively. The gain is kept constant (equal to the rated value) and the 

load is varied. The tables show that very little variation in operating frequency is 

required to maintain a constant rated gain, even when the load current shows a large 

variation from full load to open circuit condition. It requires slightly higher switching 

frequency variation for the above resonance case than below resonance case. Another 

observation is that the peak tank current decreases till the load current reaches about 

one fourth its rated value. Subsequently, it remains nearly constant irrespective of 

the load current. Table 2.6 shows that the multiple conduction modes are capable of 

supplying the rated gain only at lower load currents.
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Table 2.1: Variation of key parameters for /„  =  0.8 and variable load (from near load 
short circuit to near load open circuit)

Q J Gain V Po Jlp Vci(peak) Jswi t ch ( r f n  5  J J,witch(avg) fdiodeî Vg)
250 6.33 0.023 14.98 3.24 W 7.05 4.45 V 2.45 1.11 1.57
8.33 5.65 0.68 79.52 86.63 8.32 43.75 4.08 2.57 0.27
4.17 4.01 0.97 85.66 87.75 6.73 49 3.37 2.17 0.01
2.08 2.22 1.07 86.20 . 53.55 4.7 49.25 2.41 1.61 0.076
1.39 1.52 1.09 86.49 37.35 3.89 48.50 1.91 1.14 0.16
0.93 1.02 1.10 85.68 25.43 3.4 47.50 1.58 0.86 0.24
0.69 0.77 1.10 83.81 19.13 3,27 47.50 1.45 0.77 0.29
0.55 0.61 1.10 80.93 15.08 3.11 47.00 1.44 0.79 0.34
0.37 0.41 1.10 77.58 10.35 3.05 47.00 1.28 0.63 0.38
0.28 0.31 1.11 73.35 7.88 2.97 47.75 1.25 0.62 0.41
0.14 0.16 1.11 60.68 3.83 2.83 47.00 1.18 0.57 0.43
0.06 0.06 1.13 39.09 1.58 2.87 47.50 1.13 0.53 0.50

Table 2.2: Variation of key parameters for fixed Q =  4.17 and variable / n, below 
resonance

fn J Gain V Po ftp vct(ptak) 7npi(cA(rnw) Jiwitchfavg) Jdioie{avg) Mode
0.1 0.49 0.12 59.58 .1.35 W 1.87 32.5 V 0.40 0.16 0.12 DCVM
0.5 1.01 0.24 72.52 5.63 1.97 20.0 0.76 0.37 0.21 DCVM
0.6 1.59 0.39 78.21 13.77 2.9 26.25 1.21 0.62 0.31 DCVM
0.7 2.75 0.66 82.82 41.175 4.78 39.5 3.37 1.25 0.37 DCVM
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Table 2.3: Variation of key parameters for fixed Q =  4.17 and variable /„ , above 
resonance

/n J Gain •? P. Jlp Vel(put) JM wit chirms') Jtwitch(avf) Mode
0.2 0.63 0.15 66.0 2.25 W 1.79 26 V 0.50 0.21 0.14 DCVM
0.3 1.22 0.30 77.05 8.1 2.78 35 0.92 0.43 0.22 DCVM
0.35 0.84 0.21 70.59 3.83 1.94 22.75 0.62 0.27 0.20 DCVM
0.4 0.79 0.19 69.97 3.38 0.79 19.25 0.59 0.26 0.16 DCVM
0.8 4.01 0.97 85.66 87.75 6.73 49 3.37 2.16 0.01 DCVM
0.9 2.94 0.72 82.59 47.48 5.0 36.75 2.41 1.38 0.30 DCVM
1.0 1.93 0.47 77.98 20.48 3.41 23.75 1.53 0.90 0.34 DCVM
1.1 1.37 0.331 71.57 11.25 2.78 18.5 1.14 0.64 0.32 CCVM
1.2 1.04 0.25 66.76 5.85 2.21 14.0 0.87 0.49 0.29 CCVM
1.3 0.83 0.20 60.83 3.83 1.89 12.0 0.77 0.46 0.24 CCVM
1.4 0.68 0.16 57.09 2.51 1.57 9.64 0.58 0.28 0.22 CCVM
1.5 0.54 0.13 51.26 1.68 1.39 8.64 0.50 0.23 0.20 CCVM
1.6 0.47 0.11 46.56 1.19 1.27 7.37 0.46 0.22 0.18 CCVM
1.7 0.39 0.09 40.75 0.82 1.11 6.72 0.38 0.17 0.18 CCVM
1.8 0.31 0.08 32.58 0.52 0.98 5.67 0.40 0.20 0.17 CCVM
2.0 0.21 0.05 23.26 0.24 0.86 4.68 0.26 0.10 0.14 CCVM
2.4 0.08 0.01 6.47 0.03 0.67 3.09 0.18 0.07 0.10 CCVM



Table 2.4: Voltage Regulation, for f n

Simulation
J f n Gain 'ILp

0.03 0.78 1.0 3.07
0.13 0.77 1.0 3.08
0.28 0.77 1.0 3.23
0.37 0.77 1.0 3.33
0.56 0.77 1.0 3.38
0.70 0.77 1.0 3.56
0.94 0.77 1.0 3.64
1.47 0.77 1.0 4.2
2.0 0.77 1.0 5.12
4.1 0.8 1.0 7.49

ess than 0.8

Table 2.5: Vo' tage Regulation, for f n greater than 0.8
Simulation

J f n Gain J Lp
4.1 0.8 1.0 7.48
1.89 1.0 1.0 4.7
1.50 1.05 1.0 5.19
1.02 1.13 1.0 4.93
0.72 1.15 1.0 4.32
0.48 1.17 1.0 3.82
0.36 1.17 1.0 4.31
0.26 1.17 1.0 4.31
0.12 1.17 1.0 4.01
0.04 1.17 1.0 3.96
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Tab1'' 2.6: Voltage Regulation during the multiple modes
Simulation

J fn Gain Jlp
0.36 0.19 1.0 4.44
0.27 0.26 1.0 3.70
0.24 0.16 1.0 3.46
0.14 0.28 1.0 3.02
0.11 0.13 1.0 3.9
0.07 0.14 1.0 4.44
0.06 0.29 1.0 2.78

2.7 Experim ental Verification

The experimental converter using power MOSFETs was used to verify the results 

obtained from the analysis and SPICE simulation. The details of this converter are 

given in Fig. 2.8. No transformer was used in the experimental set up. The Converter 

was operated in a frequency range of 50 to 500 kHz. Some of the waveforms are shown 

in Figs. 2.8(a)-2.8(d). The plots of gain versus J  obtained using the experimental 

set; up are included in Fig. 2.9 along with those obtained using the SPICE, for the 

sake of comparison. All the values are in per unit with respect to the base quantities 

defined by (2.11).

Fig. 2.10 shows the variation of efficiency for different values of Q with change 

in /„. It is observed that the efficiency during the multiple conduction modes is 

comparable to the lower order (non multiple) modes. Thus SPRC is suitable for 

operation over a wide range of f n for applications where a wide range of output is 

required. Data for the efficiency calculations were taken from the manufacturer’s data 

sheet for the components used in the experimental set up.

Tables 2.4 - 2.6 show the experimental results for the output voltage regulation
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Table 2.7: Comparison of simulation and experimental results for output voltage 
variation with change in operating frequency

Mode
Simulation Experimental

favjtich Id Vo *l.(peafc) Vc«(peafc) vcrfp«ofc> /•witch Id Vo *l(peaM ®cil veals'! vctfpeah)
BA 500 0.20 1.5 0.8 4.70 5.0 500 0.18 1.0 0.80 4.54 4.7
BA 460 0.31 2.0 1.0 6.3 5.5 460 0.27 1.6 0.92 5.91 5.27
BA 420 0.40 3.0 1.10 8.5 7.5 420 • 0.37 2.3 1.07 7.54 6.36
BA 380 0.55 3.6 1.4 11.0 9.0 380 0.5 3.0 1.30 9.91 7.82
BA 340 0.80 5.2 1.6 15.0 12.5 340 0.70 4.09 1.55 13.27 10.18
BA 310 1.10 6.8 1.8 20.5 14.0 310 0.9 5.20 1.85 18.0 12.36

BCA 280 1.43 9.0 2.0 30.0 20.0 280 1.20 7.0 2.30 26.11 16.0
BCA 260 1.75 11.0 2.1 35.5 23 260 1.50 9.1 2.75 33.71 20.0
BCA 240 2.01 12.7 2.3 49.0 25.0 240 2.02 12.10 3.48 50.91 25.83
BCA 225 2.54 16.0 3.45 62.0 30.0 225 2.62 15.76 4.4 68.18 34.81
BCA 210 2.92 18.1 3.75 84.0 34.0 210 _ 3.50 21.19 5.72 95.45 44.5
BCA 200 3.88 23.3 6.18 105.0 49.0 200 3.0 19.0 5.1 88.0 38.0
CAC 180 3.0 18.2 5.09 90.0 42.72 180 2.60 16.2 3.75 78.0 . 36.0
AC 165 2.17 13.1 3.74 70.0 33.3 165 2.0 12.5 3.25 69.0 31.25

ACB 150 1.55 9.31 2.72 56.37 26.38 150 1.50 9.5 2.5 55.5 28.0
AB 145 1.39 8.36 2.44 53.63 23.61 145 1.40 8.5 2.25 54.0 25.5
AB 115 0.85 5.2 1.63 41.81 18.06 115 1.0 6.0 1.8 45.0 19.0

ABC 105 0.78 4.65 1.58 40.91 18.88 105 0.80 5.0 1.6 43.0 20.0
ABC 95 0.75 4.48 1.55 40.0 17.77 95 0,77 4.8 1.50 43.0 22.0

CABC 85 0.81 4.86 1.72 42.72 21.39 85 0.83 5.2 1.75 43.0 25.0
CABC 75 1.09 6.5 2.47 47.27 31.85 75.0 1.03 6.4 2.35 47.0 32.0
CABC 65 1.57 9.4 3.59 57.27 48.19 65 1.25 8.0 2.78 52.5 43.5
ABC 60 1.11 6.69 2.58 47.27 34.58 60 1.0 6.3 2.40 47.0 34.0

CABAC 50 0.61 3.65 1.66 38.0 25.0 50 0.58 3.5 1.60 38.0 30.0
Switching Frequency in' kHz:
Voltage Quantities in Volts 
Current Quantities in Amps

O’00
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Table 2.8: Comparison of interval durations obtained by Experiments, Simulation 
and Analysis, for f n =  0.35, four interval mode_________ ______________________

Experimental Simulation Analysis
J i B 1 ^A\ *B2 ^2 t B t ^A\ *B2 ĵ42 tB i Âi *b 2 ^A-i
0.18 0.25 0.60 0.38 0.19 0.36 0.63 0.38 0.08 0.38 0.58 0.43 0.05
0.30 0.24 0.64 0.30 0.24 0.31 0.63 0.39 0.09 0.35 0.58 0.42 0.08
0.35 0.22 0.66 0.28 0.24 0.30 0.63 0.40 0.09 0.33 0.59 0.41 0.10
0.45 0.20 0.72 0.23 0.27 0.26 0.67 0.37 0.14 0.29 0.61 0.40 0.14
0.60 0.15 0.75 0.25 0.21 0.16 0.76 0.34 0.16 0.22 0.67 0.34 0.20

Table 2.9: Comparison of component stresses and gain obtained using Experiments, 
Simulation and Analysis, for f n = 0.35, four interval mode

Experimental Simulation Analysis
J JLp TTlcap tflctp Gain Jl,p Blcap Tflctp Gain J l p TTlcsp Tflctp Gain
0.18 3.28 2.12 2.52 1.38 2.96 1.93 1.93 1.11 4.42 2.65 2.64 1.32
0.30 2.46 1.72 1.96 0.87 2.85 1.82 1.82 0.86 4.21 2.52 2.51 1.21
0.35 2.19 1.56 1.80 0.72 2.75 1.78 1.80 0.82 3.98 2.38 2.38 1.12
0.45 2.05 1.50 1.60 0.55 2.50 1.60 1.60 0.70 3.36 2.06 2.05 0.91
0.60 1.92 1.48 1.56 0.44 2.00 1.43 1.23 0.52 2.53 1.63 1.61 0.62

Table 2.10: Comparison of interval durations obtained by Experiments, Simulation 
and Analysis, for f n =  0.6, two interval mode

Experimental Simulation Analysis
J tA\ tB i ^A\ tAi t B 1
0.13 0.87 0.02 0.84 0.02 0.79 0.04
0.22 0.84 0.03 0.82 0.04 0.78 0.05
0.33 0.79 0.04 0.79 0.06 0.77 0.07
0.52 0.77 0.06 0.76 0.09 0.74 0.10
0.76 0.74 0.10 0.71 0.13 0.70 0.13
1.24 0.67 0.17 0.65 0.18 0.63 0.20
1.50 0.63 0.18 0.63 0.22 0.59 0.24
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Table 2.11: Comparison of component stresses and gain obtained using Experiments, 
Simulation and Analysis for /„  =  0.6, two interval mode

Experimental Simulation Analysis
J Jlp f^csp I'fi'Ctp Gain Jlp ^csp mctp Gain JLp Wlcsp mdp Gain
0.13 1.31 1.13 111 0.57 1.21 1.10 1.08 0.56 1.28 1.11 1.08 0.61
0.22 1.36 1.14 1.10 0.57 1.31 1.11 1.08 0.56 1.32 1.13 1.08 0.60
0.33 1.56 1.22 1.16 0.58 1.46 1.17 1.12 0.55 1.42 1.18 1.08 0.60
0.52 1.81 1.32 1.09 0.51 1.61 1.26 1.10 0.54 1.62 1.29 1.08 0.57
0.76 2.02 1.52 1.12 0.50 1.88 1.47 1.09 0.52 1.90 1.47 1.08 0.55
1.24 2.59 1.86 1.08 0.40 2.38 1.86 1.02 0.45 2.48 1.89 1.05 0.45
1.50 2.05 2.16 1.05 0.38 2.71 2.07 1.0 0.42 2.69 2.12 1.0 0.40
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Figure 2.8:Typical waveforms obtained from an experimental set up {vab, vct and i): 
(a), (b) Continuous Capacitor Voltage Mode with 4 and 6 intervals respectively 
(c), (d) Discontinuous Capacitor Voltage Mode.

[Details of the converter: Switches used - IRF 130, MOSFETs; Feedback diodes inter­
nal to MOSFETs; Input dc voltage, 2E =  50 V; L =  17.7\lH\ C3 =  0.047/xF1; Ct = 
0.047/i F1}
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Figure 2.9: Plots of gain versus f n obtained using the experimental converter (marked 
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Figure 2.10: Plot of efficiency of the converter as a function of /„, with Q as a 
parameter.
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application. Table 2.7 compares the theoretical and experimental values of the com­

ponent stresses for the entire range of the converter output voltage. Both above 

resonance and below resonance cases are considered. The modes with respect to the 

number of intervals per half cycle of the switching frequency are also given. For ex­

ample AB denotes occurrence of an “A” interval followed by a “B” interval in a two 

interval mode.

Tables 2.8 - 2.11 compare the interval durations and the peak component stresses 

for the four and two interval cases, obtained with theory, SPICE and experiments.

2.8 Conclusions

Various operating modes of the SPRC, including the multiple conduction modes, 

have been identified using computer simulation. General solutions for all the modes 

of operation have been presented. As an example, two of the predominant modes, 

with four and two intervals respectively, have been selected as the particular cases 

and the converter gain for those modes have been analytically obtained. The results 

obtained with analysis and simulation have been compared. The converter gain and 

peak component stresses have been plotted against per unit load current. Boundaries 

between the various modes, CCVM and DCVM as well as between leading and lagging 

p.f. modes, have been obtained and plotted. Simple expressions, meant for aiding 

the design engineer, have been obtained using numerical techniques. The theoretical 

and simulation results have been compared with the experimental results. To control 

the output voltage, the operating frequency can be varied in two directions. The 

range of frequency variation is slightly higher (up to /„  =  2.0) for above resonance 

case (as compared to the below resonance operation) for a full range output voltage 

control. The type of converter control discussed in this chapter (including multiple
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conduction modes) can be utilized in power supplies meant to serve a wide range of 

voltage requirements. Multiple conduction modes are capable of supplying the rated 

gain for very low output current values.
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Chapter 3 

Large-Signal Analysis U sing  

D iscrete Tim e Dom ain M odeling

In this chapter, a discrete time domain model for the LCC-type parallel resonant 

converter has been derived. This model has been used to predict the large-signal 

behavior of the converter. The peak component stresses and the dynamic response 

of the key state variables, as obtained from the large-signal analysis, using PRO- 

MATLAB software are plotted. SPICE results are included to verify the analytical 

results. Large-signal analysis of the SPRC operating in discontinuous current mode 

is also presented in this chapter. Theoretical results are experimentally verified.

3.1 Introduction

The various modes in which the SPRC operates in steady state were identified 

and analyzed in chapter 2. The steady-state analysis of chapter 2 is useful for better 

understanding and designing of the converter, but only under steady-state and not
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during the transients. The dynamic response of the converter during the transient 

events is bound to govern proper design procedures and the choice of appropriate 

component ratings to be used. But the transient analysis is not easy to perform be­

cause of the following difficulties in modeling the transient events.

(a) The exact nature of the transient disturbance is unpredictable.

(b) The actual dynamic response of the converter during the transients is quite com­

plex.

Thus, there is a need for a model which could give the major design constraints 

(such as the peak component ratings) without going into the complexities of an exact 

transient analysis. A discrete time domain model greatly simplifies this problem. 

Such simplification in predicting the transient behavior assumes greater significance 

for the SPRC, the mathematical analysis of which is more complex than the other two 

configurations. Such an approach was for the first time reported in [48] for a series 

resonant converter. Later on it was used for small-signal analysis of series resonant 

converter [42] and parallel resonant converter [54].

Small-signal analysis of an SPRC using an approximate method (extended de­

scribing function method) has been presented in [73]. However, large-signal modeling 

and behavior of SPRC is not available in the literature.

The dynamic response of the converter during the transients is quite significant 

[74, 75] and must be considered while formulating the design procedures for the 

converter. Especially regarding the choice of appropriate component ratings because 

it is mostly during the transients (such as switching ON/OFF of the converter or 

sudden load variation), that the converter components have to bear the maximum 

stress. Therefore it is useful to perform the large-signal analysis.

fn this chapter, the discrete time domain modeling of the series-parallel resonant 

converter is presented to show the effectiveness of such a model in predicting the
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transient behavior of the converter. It is shown that using this model, only the 

initial conditions at the beginning of every half cycle of the operating frequency are 

sufficient to predict the peak component stresses and the state behavior. A complete 

large-signal analysis is presented based on this modeling. Step change from full load 

to short circuit or open circuit conditions, which are actually the particular cases of 

transients caused due to a sudden variation in load, are of particular interest from 

a practical point of view. The behavior of the converter during these conditions is 

analyzed. Although the analysis and results have been presented for the converter 

designed to operate in lagging power factor mode under steady-state conditions, it 

can be modified for leading power factor mode of operation with some minor changes.

This chapter is divided into the following sections. The operation of the converter 

and the terminology used in this chapter are presented in section 3.2. Section 3.3 gives 

the details of derivation of the discrete time domain model. Necessary equations are 

included to clearly show the steps involved in the derivation of the model. Expressions 

for the peak component stresses are also given in the same section. The choice of state 

variables and the discrete state-space model is presented in section 3.4. Section 3.5 

gives the details of the converter which will be used to illustrate the use of the large- 

signal model derived in sections 3.3 and 3.4, in predicting the large-signal behavior 

of the designed converter. Section 3.6 describes the implementation of the discrete 

time model on the computer and its use in determining the dynamic response of 

the converter during the transient conditions. Transient conditions caused due to 

different types of external disturbances are considered. To verify the results of theory, 

experimental results are included in section 3.7. Section 3.8 describes the large signal 

modeling and results for the DCM operation. Section 3.9 states the conclusions.
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3.2 Converter Operation

In Fig. 3.1, the basic circuit diagram of the SPRC has been r ,:awn with all the 

circuit quantities shown as discrete quantities. Fig. 3.2 illustrates typical waveforms 

starting from k th instant onwards, for the continuous current mode, in which the 

SPRC operates. The inductor current is lagging the voltage vai, and is operating in 

the lagging p.f. (above resonance) mode. The converter operation for this mode is 

explained next. In Fig. 3.2, the switch SI is turned ON at time instant to(k). This 

being a lagging power factor mode of operation, the inductor current has a negative 

value at that instant. The parallel capacitor voltage vct starts rising and becomes 

positive at instant As the parallel capacitor voltage switches polarity, the load 

current does it too. The tank current is being carried by the parallel diode Dl at 

the beginning of the positive half cycle of vab. This continues till a point “P ”, where 

the current is transferred to the switch SI. At <2(k)> SI is turned-off and the next 

half cycle begins with the conduction of D2. There is no natural commutation of the 

switches here. But the turn on losses are almost negligible.

The second half cycle is exactly the same except that all the variables now have 

an opposite polarity as compared to the first half cycle. The first half cycle is called 

as the kth event, the second half cycle as the (k -f l ) </l event and so on. Each of 

these events are split into two sub-events depending upon the polarity of the parallel 

capacitor voltage (vct) or the load current. There are explicit equations for each of 

these sub-events (called interval “A” and interval “B” [Fig. 3.3]).

The total conduction angle (switch +  diode) is denoted by % [42, 48, 54]. As 

shown in Fig. 3.2

7 k =  a h +  /3fc (3.1)

where a k =  w&(<i(*) -  <«(*)) (3-2)



Figure 3.1: Basic circuit diagram of LCC type PRC (half-bridge version) in discrete 
time domain. Details of snubber circuits are not shown.
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Figure 3.2: Typical waveforms of the SPRC circuit starting from the kth instant for 
lagging power factor mode of operation. The various intervals are marked.
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and /?fc — wo(*o(*+i)— î(Jfc)) (3.3)

“afc” stands for the length of interval B and “/?*” stands for the length of interval A 

referred to the kth event.

F u rth e r  c ’ = £ f k  (3 A )

The low ripple approximation, wherein the input and output voltages as well as 

the output current are assumed constant during an event (one half period)[42, 48], is 

followed. The variations in these quantities during an event are negligible as compared 

to the step changes they undergo at the beginning or end of an event.

3.3 The D iscrete Tim e Domain M odel o f the SPRC

The following discrete time domain equations have been derived with respect 

to Fig. 3.2 using the models shown in Fig. 3.3. It should be noted that the 

subscript “0(/b)” denotes the value of that variable at the beginning of klh interval 

while “0(k + 1)” implies at the beginning of (k +  l ) th- interval. E(t 0̂ )) and /(t'o(fc)) 

denote the input voltage of the dc bus and the reflected load current at the beginning 

of the kth event and are assumed constant throughout this event in accordance with 

the “low ripple approximation” described in section 3.2.

3.3.1 kth Event

Interval tQ(k) < t  <

The kth event starts at time instant hj(fc). The parallel capacitor voltage vct remains 

negative until instant This interval, which has been called as interval B [12], 

can be described by the following discrete equations with t' as the running variable.

?  =  t - to(k)  (3.5)
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Figure 3.3: Equivalent circuits for the two different intervals: (a) Interval B (b) 
Interval A. L = La + Li, where Li is the leakage inductance of the hf transformer.
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Figure 3.4: The output section of the SPRC referred to the primary side
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The resonant inductor current, the series capacitor voltage and the parallel capacitor 

voltage for this interval are given by:

iL(t') =  A lBksin(u}0t') +  B\Bkcos(u0t') +  ClBk (3.6)

vCs{t') — ~  cos(o;ot/)] "h B 2Bksin{uot') +  C2Bk(u>ot') +  vca(tQ̂ )  (3.7)

Vct(t') = A3Bk[l -  cos(uot')] + B3Bksin{u)ot') + C3Bk{uot') + vct{t0(k)) (3.8)

The constants used in the above equation are defined as below:

A iBk = [£(fo(fc)) -  (wcs(̂ o(jt)) +  vct(t0(k)))]/Z-, B XBk =  (iL(to(k)) +  (Ce/C t) /( f0(fc)))

C1Bk =  - { C e/C t)I{im )

A2Bk = Z(CeICs)A1Bk-,B2Bk = Z(Ce/C s)B1Bk]C2Bk = Z ( C J C a)ClBk 

A3Bk = Z(Ce/C t)A1Bk]B 3Bk =  Z(Ce/Ct)B1Bk]C3Bk = - Z ( C e/C a)ClBk

where Z =

Interval t j^) < t < ô(fe+i) •

During this sub-event, the voltage vct (and the reflected load current) remains positive. 

This is called interval A. Let t" be the running variable for this interval.

t" = t ~  tm  (3.9)

Equations describing this interval are:

iL{t") -  A iAksin(u0t") +  B \Akcos(u0t") +  CrAk (3.10)

vca(t”) = A 2Ak[ 1 -  cos{u0t")} +  B 2Aksin(uj0t") + C2Ak(uotn) +  Um(^i(*))(3.11)

vct(t") = A3Ak[1 — cos^ot'1)] -f B 3Aksin(u}0t") +  C3Ak(iOot") -f uc«(' î(fe))(3.12)

As before, the constants used in the above equations are defined below:

A\Ak — [E(t0(k)) -  (vC3{ii(k)) +  vct(ti(k)))]/Z-, B iAk =  (*/,(*'!(*;)) -  (Ge/Ct)l{to(k)))
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C1Ak = (Ce/Ct)I(t0{k))

A2Ak =  Z(Ce/Cs)A1Ak-,B2Ak =  Z(Ce/C s)B1Ak]C2Ak = Z(Ce/C s)C1Ak 

A^a,. =  Z(Ce/C t)A1Ak-,B3Ak = Z(Ce/Ct)BlAk]C3Ak =  - Z ( C e/C a)C1Ak

AiBk, A 2bh etc. denote the constants involving the initial values of the three variables 

(resonant current, series capacitor voltage and parallel capacitor voltage) at instant 

to(k)i while A \Ak, A2Ak etc. involve initial conditions at instant t\(k)- These values 

can be evaluated in terms of AiBk, A2Bk etc. using (3.6) - (3.8).

3.3.2 (k +  l ) th Event

The (k +  l ) t/l event starts at time instant io(A:+i)(=  ^2(*)); which is also the end 

point of kth event. Thus the final values of the variables for the kth event are the 

initial values for the (& +  l) t/l event. The equations representing the two intervals of 

the (k +  l) t/l event can be written in the same way as for the kth event except that 

now the A, B, C constants will get redefined. For interval <o(fc+i) < t < £i(fc+i), the 

A, B, C constants will be defined in terms of the initial conditions at instant £o(fc+i), 

while those for interval fqjt+i) < t < fo(it+2) will be defined in terms of the initial 

conditions at instant <i(A;+i).

The equations (3.5) - (3.12), describing the kth event along with those for the 

(k +  l ) th event, describe one full cycle of the SPRC operation. The initial values of 

the (k +  l ) t/l event are expressed in terms of the initial values of the kth event as 

below:

u(*o(M-1)) =  AxBk-siri(ik) + BiBk,cos(~fk) + C i B ^ c o s ^ k )  -  1) (3.13)

v«(fef*+1)) =  A 2Bk(l -  cos^k)  +  B 2Bksin(ik) +  C2Bk{otk ~  Pk + 2sin(f3h))
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+ uca(*0(fc)) (3.14)

Vct(to(k+l)) = ^3B*(1 -  cosi'fk)) +  BsBkSinilk) + C3Bk(Qk -  fa)

+ 2 . Z ^ C 1Bksin(Pk) +  vct(t0(k)) (3.15)
t

3.3.3 Evaluation o f a k and f a

Equation (3.1) relates the half period of the driving frequency to the sum of a k 

and f3k- Since the switching frequency is known, if a k can be determined, (ik can also 

be determined. For that another equation is required whir . < omes from the fact that 

the parallel capacitor voltage vct is zero at time instant t\(k)- Making use of (3.8) 

and substituting the values of A, B , C constants, we end up with a transcendental 

equation of the following form.

f .sin(ak) + g.cos(otk) =  h (3.16)

Solution of this equation yields the following result, which was also derived earlier in 

continuous time domain [12].

otk = l . K - s i n - \ - f = ^ = ) - t a n - 1( ^ )  (3.17)

Where / =  1 for f n (Normalized operating frequency) > 1 and 0 for /„  < 1

/  =  E(t0(k))sin{ik) (3.18)

g =  E(to(k))(l + cos(7.t )) (3.19)

h =  g -  Z.C1Bksin{l k ) +  Z.I(t0(k))(Ce/Cs)(''fk/2) (g /E(t'0(k))) (3.20)

Once determined, the value of a k can be substituted in (3,1) to give fik.
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3.3.4 The O utput Equations

To consider the dynamic response of the SPRC it is necessary that the dynamic 

equations representing the output section of the SPRC be considered where the output 

current and voltage can no longer be considered constants (unlike in the steady state 

analysis).

Fig. 3.4 shows the output section of the SPRC. The non linear equations repre­

senting this section are:

f̂ 0( k+1)
7(*o(a+i)) =  I ( t0{k)) + 1/Lf [j |(uc4(r)|dr]

- 1 / Lf[v0(t0(k))(to(k+i) -  to(k))} (3 .21)

/, \   /, \ U(*0 (k)) )(t0(k+l) — to(k)) , or>
^o(^o(*;+i)) — ^o(^o(it)) H-----------------------p,---------------------  (3.22)

W

The integration interval in (3.21) can be split into two. One being t0(fc) to t \ ^  and 

the other being to fo(it+i)- Value of vct can then be substituted using (3.8) and

(3.12) with an additional negative sign introduced for the interval B expression to

account for the absolute v. ae of vct. The following simplified expression is obtained.

I(to(k+i)) =  I(to(k)) + l / XL f . A3Bk((/3k — ak ) + 2.sin(ak)

s i n ( - y k)) +  l / X Lf . B 3Bk(2.cos(ak)  -  1 -  cos(^k))

-1/2X Lf.C3Bk(*k ~  h )2 + 2 . Z / XLf(Ce/ C t)ClBk(l  ~  cos(Pk))

+ l/XLf.Vct(to(k)){fik — Oik) — 1/Xlj.Vo{t0(k)) f̂k (3.23)

where X lj =  ojqL j .

3.3.5 Peak Com ponent Stresses

Peak Inductor Current
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It can be shown that the peak inductor current is given by:

^L(peak)  =  *Z/(^0(fc))) { v c s ( t o ( k ) )  4" v c t { i o ( k ) ) )  <  7 £ (to (fc )) ,  *Zj(^0( k) )  <  0 (3.24)

=  (A iA k +  B i A kY ^2 +  C-iAk,

(wc«(̂ o(fc)) "b vct(to(k))>) > E(to(k))i *i/(̂ o(fc)) > 0 (3.25)

Peak Series Capacitor Voltage

The voltage vca will be at its peak when the inductor current is zero. The value of 

the angle at which this will happen, can be found out by equating (3.6) or (3.10) to 

zero, depending upon whether it is lagging or leading power factor mode of operation. 

This yields the following:

Qcspk =  - ^ n ~ 1[CiBk/ (A lBk + B^BkY /2} -  tan~1(BiBk/AiBk),iL(to(k)) <0(3.26)

=  7T +  s in -x[CXAkl{A\Ak +  BlAk)1/2] -  tan -1(BlAk/ A 1Ak)

iL(to(k)) > 0 (3.27)

This value can then be substituted in (3.7) or (3.11) to obtain the maximum series 

capacitor voltage.

Peak Parallel Capacitor voltage

The peak parallel capacitor voltage occurs at the following angle.

OetPk =  tt 4- s in -x\C3Akl{AlAk +  BlAkf l 2] -  tan~\B-iAJ  A-iAk)

iL{to(k)) < --f(*o(*)) (3.28)

=  - s i n ~ l [CzBkl{A\Bh 4- B lBky l 2} -  tan~l (B3Bk/ A 3Bk)

*l(^o(/c)) > ~I(to(k)) (3.29)

These values can then be substituted in (3.8) or (3.12), depending on the mode of 

operation, to obtain the peak parallel capacitor voltage.
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3.4 The D iscrete State-Space M odel

3.4.1 Selection o f D iscrete State Variables

The following discrete state variables were chosen (corresponding to the energy 

storage elements in the circuit) to arrive at the discrete state-space model with ref­

erence to Fig. 3.2.

For kth event:

®1 (k) = */y(̂ 0(/:)) (3.30)

x2 (k) =  ^ c s ( ^ 0 ( f c ) )  (3.3.1.)

%3(k) =  —vct(to(k)) (3.32)

For the (k +  l ) th event, these variables get redefined as:

£i(fc+i) =  *z,(*o(M-i)) (3.33)

x 2(k+\) =  w c s ( f o ( f c + l ) )

x3(k+1 )  =  v c « ( f o ( f c + l ) )

Apart from the above three, two additional discrete state variables were introduced 

for the output section of the SPRC.

x4(k) = I{to(k)) (3.36)

x5(k) = vo(to(k)/ (3.37)

for the kth event. It must be pointed out here that the same choice of state variables 

will hold for the below resonance operation also, except that the signs will have to be 

reversed in (3.30) and (3.33).
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3.4.2 Formulation o f the M odel

Using the state variables just introduced and incorporating them in equations

(3.13) to (3.15) and (3.22), (3.23) the following discrete state-space model was ob­

tained.

=  A-lBk.sin('yk) + B 1Bk.cos(jk) + CiBk( 2 c o s ( f a ) - l )  ( 3 .3 8 )

®2(* -h )  =  A2Bk( l  ~ cos(jk)) +  B2Bksin ( jk) +  C2Bk{ak -  fa  +  2 sin(fa)) -  * 2( * ) ( 3 .3 9 )  

*3(fe+ i) =  A3Bk( l  -  cosfrk)) + B ^ s i n ^ h )  +  C3Bk(ak -  fa)

+ 2 Z ^ - C lBks in( /3k) -  x 3(k) ( 3 .40)

x 4{k+i) =  x 4(k) +  l / X Lf - A 3Bk((Pk ~  a k) -(- 2. s i n ( a k) -  s i n ( j k))

+ ̂ — .B 3Bk(2 . c o s ( a k) -  1 -  c o a ( j k))  -  - ^ — .C 3Bk{ a k -  f a )2 
X l j  2A Bf
2 Z  C  1 1

+xZ77Tt ClBk^  ~ cos^ k^ ~  ~xTs'x^ k)^ k ~ ak^~ Y T f'X5(k)lk 3̂'41^
Xe( L\

* s ( J b + i )  =  x 5(k) +  l k X c f ( x 4(k) ~  ( 3 .42)

Where X c j  = ^ c j -  This completes the formulation of the discrete state-space 

model represented by equations (3.38) through (3.42). These are non linear discrete 

equations and are of the following general form.

xi(k+l) = fi (x l(k)i x2(k)i x3(k)i x4(k)i x5(k)i 'fki -̂ '(̂ O(fc))) (3.43)

Where represents some non-linear function and i = 1 . . .  5.

3.4.3 The Steady State

During the steady state.

x i(k) — ^'(fc+l) (3.44)
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Applying this condition to equations (3.38) to (3.42), and then solving the equations 

simultaneously, the following steady-state expressions are obtained.

xi(k) = - { E { t ^ k))lZ).sin{^k) l { l  + «w(7*)) “ (Ce/Cf.).I(t0(k))

+(Ce/Ct).I(t0(k)).[cos(ak) + cos(Pk)]/(l + cos(-jk)) (3.45)

®2(Jt) = Z-I(to(k))(Ce/C s)(Ce/Ct)[sin(fik) -  sin(ak)]/(l + cos(%))

- Z . ( C e/C t)(Ce/C s).I(t0(k}).(7k -  2ak)/2 (3.46)

®3(fc) =  Z.I ( tQ(k))(Ce/Ct)2[sin(j3k) -  sin(ak)]/(l + cos(^k))

+Z.(Ce/C t)(Ce/Cs).I(t0{k)).(7k -  2ak)/2 (3.47)

And similarly for the output current and voltage.

(k) =  Kto(k)) (3.48)

*.(*) = (2/70 ( C»/g ,)£ ( ^ ) ) - ( '" J‘^ / 2 ) a t)  + (7 t/2  a>)) (3'49)

The subscript ‘‘Jc1’ may be dropped from the above steady-state expressions for obvious 

reasons. These steady-state solutions are same as those derived in continuous time 

domain, in [12].

3.5 D esign of the Converter

An SPRC has been designed using the procedure given in [12], to illustrate the 

use of discrete time domain model, derived earlier, for predicting the large-signal 

behavior of the converter. Design is done for the worst case loading conditions i.e. for 

maximum load current with minimum input voltage. At the rated design conditions 

given below, the converter operates in lagging power factor mode of operation. The 

SPRC designed has the following specifications:

Input supply voltage, V3min (=  2E) =  50 V.

Output voltage of the converter, Vo =  24 V.
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Output voltage ripple, Vo(P_p) = 1 0.025 V.

Output current ripple, / p_p =  t  0.010 A.

Maximum output power, PQ =  100 Watts.

Switching frequency, f t =  200 kHz.

The design values obtained are:

Normalized load current, J  = j^/z) =  ^-3 P-u.; n — 1.

L = n . U f i H  ; C. = 0M7fiF  ; Ct = n2C't =  0.047/zF.

The rated load resistance is, R'L =  6.0 fi.

Using the second harmonic component, values of the filter components for the given 

ripple specifications are: Lj  «  1000 f iH ; and Cj l p F .

3.6 R esults of the Analysis

The discrete time domain model described in sections 3.3 and 3.4 was used in 

predicting the transient behavior of the designed converter operating under open loop 

conditions. PRO-MATLAB was used to solve the discrete time domain equations 

on the computer. These results are also verified using SPICE software. Results 

obtained for four types of step changes in the operating conditions of the converter 

are presented below. It must be noted that in all the plots, the step change in the 

operating condition takes place at the origin.

3.6.1 Sudden Switching ON of the Supply Voltage

Fig. 3.5(a) shows the initial stage of the transient phase caused by switching 

ON the input dc supply to the converter. These waveforms show a leading power 

factor operation during the initial phase although the converter is designed to operate 

in lagging power factor mode during steady state. Figs. 3.5(b) and (c) show the
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inductor current and parallel capacitor voltage during the entire transient phase. As 

can be noticed from these figures, the resonating inductor doesn’t have to undergo 

additional stress during the transients and hence the steady-state design specifications 

are sufficient. But the parallel capacitor voltage experiences an overshoot of almost 1 

p.u. and hence the rating should be carefully chosen in case of an open loop operation.

Figs. 3.5(d) and (e) show the SPICE plots corresponding to Figs. 3.5(b) and (c). 

There is a good agreement between the transient behavior predicted by the model and 

SPICE results. The effect of below resonance operation during the transient phase is 

shown in Fig. 3.5(f), ' ’rich shows that the anti-parallel diode peak current is much 

higher during the transient phase as compared to its steady-state value. Fig. 3.6(a) 

shows plots of the variation in peak component stresses during the transients. Fig. 

3.6(b) shows how the discrete state variables vary during the transient phase. The 

point marked “CO” (cross over) on Fig. 3.6(b) symbolizes the time instant where the 

lagging power factor operation or the converter is restored. It can be seen from these 

plots that the converter takes about five hundred microseconds to reach tlie siieady 

state. This is a direct consequence of putting a large filter inductor at the output. 

As is shown later, a smaller value results in a faster response. The output variables 

(output current and voltage) defined as state variables x 4 and x5, are plotted in Fig. 

3.6(c) obtained from the discrete model and SPICE. It can be seen once again that 

the results are quite close.

When the converter supply is switched OFF, the circuit variables behave as shown 

in Figs. 3.7(a) and (b). The tank current shows a smooth exponential decay without 

additional stresses. The output variables too show a similar trend. It is observed 

that just like during the switching ON, in this case also, the anti-parallel diodes have 

to undergo an additional peak current stress. This fact is illustrated in Fig. 3.7(c). It 

was observed that the converter alternates between leading and lagging power factor
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Figure 3.5: Transient waveforms caused by switching ON the input supply to the 
converter. Resonant inductor current during (a) the very initial transient phase and 
(b) the entire transient phase, (c) Parallel capacitor voltage during the transient 
phase, (d), (e) SPICE plots corresponding to (b) and (c). (f) Peak anti-parallel 
diode current.
Note: Component values used correspond to the design example and L/  = 1000 f iH
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Figure 3.6: Switching ON transients continued.
(a) Peak component stresses as obtained from the model, (b) The discrete state 
(tank) variables as obtained from the model, (c) Output state variables. In (c), 
SPICE results are also plotted.
Note: All these plots have been obtained with discrete set of points obtained one per 
half cycle, and connected to give an over all continuous picture. Further, the step 
change in the operating condition occurs at origin in all the plots.
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Fig. 3.6 (continued)
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Figure 3.7: Switch OFF transients: (a) The resonating inductor current, (b) Output 
variables, (c) Peak anti-parallel diode current.
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mode of operation till it is completely switched off.

3.6.2 Step Change in Input Supply Voltage

Effect of input voltage variation, when input voltage is changed from 1 p.u. to 

2 p.u., is shown in this section. Fig. 3.8(a) shows effect of this disturbance on the 

tank current, which smoothly settles to a new steady-state value in about 250 fis.

The transient waveform given in Fig. 3.8(b) shows the variation of the parallel 

capacitor voltage. Figs. 3.8(c) and (d) show the corresponding SPICE plots. The 

peak component stresses are plotted in Fig. 3.9. The peak parallel capacitor voltage 

plot shows that the capacitor experiences approximately 5 percent more stress than 

the new steady-state stress. But since normally some higher margin is given while 

selecting components, this over stressing can be ignored. The tank state variables 

are plotted in Fig. 3.10(a). The figure shows that the converter temporarily enters 

the below resonance mode of operation before recovering back at point “CO”. Fig. 

3.10(b) compares the plots of the output state variables obtained from the model and 

SPICE.

3.6.3 Step Change in O perating Frequency

An example is considered where the operating frequency is given a step increment 

of 10 kHz. This variation is sufficient to cause non-linear transients. At the same 

time, this alteration doesn’t alter the basic mode of operation shown in Fig. 3.2. Figs. 

3.11(a) to (d) show the inductor current and parallel capacitor voltage variation from 

model and SPICE. Fig. 3.12 shows the peak stresses as obtained with the model. 

As can be seen from these plots there are no appreciable additional stresses on the 

components during this kind of transients. Figs. 3.13(a) and (b) show the variation
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Figure 3.8: Results for step change in input supply voltage from 25V to 50V: (a) 
Resonant inductor current during the transient phase, (b) Parallel capacitor volt­
age during the transient phase. (c),(d) SPICE plots corresponding to (a) and (b) 
respectively.
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Figure 3.9: Peak component stresses for step change in the input voltage.



D
is

cr
et

e 
St

at
e 

V
ar

ia
bl

es
 

(p
.u

.)
OUTPUT CURRENT (MODEL)

O u t p u t  c u r r e n t  (s p i c e )

R 6

>4
CL

OUTPUT VOLTAGE .(.MODEL),. 

; OUTPUT VOLTAGE (SPICE)

BELOW RESONANCE ABOVE RESONANCE
250100

Time in M icroseconds
150

M icroseconds
20050150100

Time in Microseconds
200 250

Microseconds
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Figure 3.11: Results obtained for a sudden change in the operating frequency from 
200 kHz to 210 kHz. (a) Resonant inductor current, (b) Parallel capacitor voltage,
(c), (d) SPICE plots corresponding to (a) and (b).
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Figure 3.12: Peak component stresses as obtained from the model due to variation in 
frequency.
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of the state variables.

3.6.4 Step Change in Load

The loading conditions of the converter may change suddenly subject to external 

factors. This sudden change is bound to cause transients. Here, three examples are 

considered.

Eg. 1: Load current is suddenly halved (load resistance doubled)

Figs. 3.14(a) and (b) show the variation of the inductor current and the parallel 

capacitor voltage during the transient phase. The parallel capacitor voltage expe­

riences a small variation. However, the resonating inductor current shows a large 

variation. Figs. 3.14(c) and (d) show the SPICE plots corresponding to 3.14(a) and

(b). Peak stresses have been plotted in Fig. 3.15(a). Unlike the parallel capaci­

tor voltage, the series capacitor voltage shows a large variation. The plots of state 

variables are given in Figs. 3.15(b) and (c). Fig. 3.15(b) shows that the converter 

enters below resonance mode. Fig. 3.15(c) shows that the output voltage shoots up 

to nearly twice the steady state value. Therefore the voltage rating of the output 

filter capacitor and diodes must be carefully chosen. The output current on the other 

hand doesn’t show any over shoot because of the presence of a large filter inductor. 

Eg. 2: Step Change from Full Load to Open Circuit Condition 

From practical point of view, an open circuit condition at the output is very impor­

tant. The proposed model was used to study the effect of a step change in the load 

from full load to near open circuit condition. Figs. 3.16(a) and (b) show the variation 

of the tank current and the parallel capacitor voltage under sudden open circuit con­

ditions. The current waveforms show a marked drop in the peak value before settling 

down to a new steady-state value. The parallel capacitor voltage shows an additional 

stress of about 0.5 p.u. for nearly 50 f/s before settling down to its steady-state value.
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Figure 3.14: Results obtained for a step change in load resistance to twice the rated 
value, (a) Resonant inductor current, (b) Parallel capacitor voltage during the tran­
sient phase. (c),(d) SPICE plots corresponding to314(a) and (b) respectively.
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Figure 3.15: (a) Peak component stresses as obtained from the model due to step 
change in load, (b) The discrete state (tank) variables, (c) Output state variables. 
In (c), SPICE results are also included for comparison.
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Fig. 3.16(c) shows that the converter enters leading p.f. (below resonance) mode 

of operation. The plot of output variables in Fig. 3.16(d) shows that the current 

takes about 50 [is to reduce to near zero value (it is not exactly zero because of the 

presence of a high value bleeder resistance). This is affected by the value of the filter 

inductor. It mu t be pointed out that the output voltage increases in the absence of 

a closed loop frequency control.

Eg. 3: Step Change from Full Load to Short Circuit Condition

SPICE was used to study this effect as the proposed model can not be applied in this 

case. This is because under these conditions, the duration for which all the diodes 

in the output bridge rectifier get shorted (causing more discontinuity in the parallel 

capacitor voltage), is increased causing operating waveforms that are significantly dif­

ferent from those shown in Fig. 3.2. Fig. 3.17(a) shows how the tank current appears 

just after a short circuit has been induced. There is an additional over stress of about 

2 p.u. for about 180 [is, before it attains the steady-state value. It has been observed 

that the lagging p.f. mode of operation is maintained during the short circuit condi­

tions. In Fig. 3.17(b), the parallel capacitor voltage drops to zero in about 180 [is. 

The output current settles down to a new higher value which is determined by the 

short circuit resistance. But the load current doesn’t shoot up suddenly due to a large 

filter inductor at the output. It is shown in section 3.7, that many disadvantages of 

the open loop operation can be overcome by operating the converter in a closed loop 

manner.

3.6.5 Effect o f th e O utput F ilter

Define the characteristic impedance of the output filter [76] as:

z ' = \ [ ¥ ,  (3-5o>
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Figure 3.16: Transient waveforms during the step change in load from full load to open 
circuit condition, (a) Resonating inductor current, (b) Parallel capacitor voltage, (c), 
(d) Discrete state variables.
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The response of the converter is affected by this value. The proposed model has been 

used to show the effect of Z/ on the converter response at the time of switching ON. 

Two different values Lj  (1000 fiH and 300 fiH) were used corresponding to Zj\  and 

Z f2- Results have been obtained for different values of Zj\  and Z j2 corresponding 

to different values of filter capacitor. Fig. 3.18(a) shows variation of peak resonant 

current for different values of Z/,-’s. The response becomes faster and the peak goes 

higher as Zj  is decreased (either by decreasing Lj  or by increasing Cj). Fig. 3.18(b) 

on the other hand shows that, the peak parallel capacitor voltage during the transient 

phase decreases with a decrease in the value of Lj  and is independent of Cj  for a 

given value of Lj.  Fig. 3.18(c) shows the state response of the converter correspond­

ing to tank current. The time instants at which the converter “crosses over” from 

below resonance (leading p.f. mode) to above resonance (lagging p.f. mode) mode of 

operation are marked as COl, C02 etc. It can be seen that the lagging power factor 

mode of operation is restored faster as the value of Lj  is decreased. Fig. 3.18(d) 

shows a similar trend in the speed of response. The output voltage response for dif­

ferent values of Zj  are plotted in Fig. 3.18(e). It is clear that there is a trade off 

between the peak component stresses and the transient response time with respect 

to the output filter design, which is normally done according to ripple specifications 

of the output quantities. Most suitable filter component values can be chosen based 

on the specifications of peak stresses, transient response time and output ripple. The 

curves presented in this section can be used for this purpose.

3.7 Experim ental Results

An experimental converter was built, whose specifications are given in section 

3.5. This set up was used to verify the results of theory. Figs 3.19 - 3.22 show
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the experimental plots corresponding to the analytical plots of section 3.6. All the 

experimental waveforms are reasonably close to those obtained from theory. However, 

some deviation in the values is expected as the drops and losses have been neglected 

in the theoretical analysis.

As was stated in section 3.6.4, many drawbacks of the open loop operation can be 

overcome when the converter is operated in closed loop fashion. Fig 3.22(d) shows 

the waveforms of output voltage along with those of vab and ?'l, in the event when the 

load current is reduced to 50 % full load value in a step manner. Contrary to the open 

loop result of Fig. 3.15(b), it is observed that the converter does not enter the “below 

resonance” mode of operation due to the corrective action of the controller on the 

operating frequency. The operating frequency goes up to prevent the output voltage 

from going up. It was observed that the converter enters discontinuous capacitor 

voltage mode during this phase. It can also be seen that the peak tank current is aiso 

reduced due to the closed loop control. This peak rises gradually to its new (lower) 

steady-state value when the converter recovers from the transient condition.

3.8 Discontinuous Current M ode (DCM )

In this section, a discrete time domain model for the LCC-type parallel resonant 

converter, operating in discontinuous current mode (DCM) has been derived. All the 

equations representing the discrete time domain model are given. This model is useful 

in predicting some of the basic design constraints (peak component stresses etc.), 

which are governed by the dynamics of the converter during transients. However, due 

to the presence of three interval operating mode, the analysis is more complex than the 

CCM case and numerical solution is required. The analytical results, obtained using 

PRO-MATLAB are discussed and verified by SPICE simulation and experiments.
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Figure 3.20: Experimental waveforms during the transients caused by a step change 
in the input supply from 25 Volts to 50.Volts: (a) Resonant inductor current, (b) 
Parallel capacitor voltage, (c) Output voltage.
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Figure 3.21: Experimental waveforms during the transients caused by a step change 
in the operating frequency from 200 kHz to 210 kHz. (a) Resonant inductor current,
(b) Parallel capacitor voltage, (c) Output voltage.



STEP

vct = 15 V/Div.

STEP

il = 2 A/Div.

(c) L

r ... .... [” " 'j T_ ^ -------- --------
-------- ----- —- <5

_o
II ►—*

_^

//D iv.

1 Vo - 
. 1

i STEP
-v——- ___ —_ _

vq =  12 V/DivSTEP
vac

%l — 4 A/Div. 
vab =  25 V/Div

Figure 3.22: Experimental waveforms for a step change in the load from full load to 
half full load current (load resistance doubled), (a) Parallel capacitor voltage, (b) 
Resonant inductor current, (c) Output voltage, (d) Closed loop results for a step 
change in the load from full load to half load.



113

3.8.1 Converter O peration in DCM

In the discontinuous current mode (DCM) [13], the current flowing through the 

switches is zero at the time of switching. Thus the switching power losses are negli­

gible, thereby increasing the efficiency of the converter and allowing high operating 

frequency. This leads to a reduction in size of the magnetic components of the circuit. 

Also, the resonant tank current and voltage waveforms are nearly sinusoidal [1,3], re­

ducing the problems of EMI. Indeed, an SPRC operating in the DCM under steady 

state is very promising in terms of efficiency and size of the magnetic components. But 

what about the transient phase? How does a converter designed to operate in DCM, 

behaves during the transients? Does it maintain zero current switchings? How do 

the waveforms look like? What kind of peak stresses are experienced by the resonant 

tank components? What kind of external control is required during the transients 

and how should it be designed?

Fig. 3.23(a) illustrates typical waveforms from kth instant onwards, for just DCM 

and the discontinuous capacitor voltage mode (DCVM) operation of the SPRC. These 

waveforms correspond to the rated output power and minimum supply voltage, with 

an “A interval” occurring between two “C intervals” marked a*, £\k and c^k respec­

tively. The equivalent circuits of the SPRC during these intervals are shown in Fig. 

3.24. During the intervals cu , cjfc, the parallel capacitor voltage is zero, since all the 

diodes of the output rectifier bridge conduct. During interval a*, only two output 

diodes are conducting and the polarity of capacitor voltage and the direction of rec­

tifier input current are as shown. Fixed “ON time” and variable frequency gating is 

used to control the power output for load (or line) variations, resulting in a fourth in­

terval (dk) next to C2k (Fig. 3.23(b)) for reduced output power. The equivalent circuit 

of the SPRC during this fourth interval is shown in Fig. 3.24(c). During this interval, 

since all the switches are off, both the parallel capacitor voltage and the resonant



Col)

0.5

to(fc)
Bi

-0.5

-1

-1.5

'Vet :
£(<0(*)) /  ' : Vnb

/  /  a F
' ; \  \ ! S  a• '  s - t
V(̂  air'
C\k

// \/ \
/ v

,  : 7 .................. V;

..C 2 fc ^  % + ! ) ! /

-i--' /
\  ; /
\ : / ’
\

.....

r̂ '.v ■ v*“
\ \  \  \
.\....\........

E{to(k+1))\ y

50 100 (b )  150 200 250 300
Figure 3.23: (a) Typical waveforms of the SPRC circuit operating in just DCM and 
DCVM mode of operation starting from the kth instant, (b) Discontinuous current 
mode waveforms showing the presence of a fourth interval (d/t) during the “fixed ON 
time, variable frequency” gating control of the output power. The various intervals 
are marked in both the figures.



115

ik

a j r m .
---- > iknrmn

Cs

a
- f ;

L Cs

ct

(a) (b;
ik

a _rmnn
L

OV

Cs

a

Cc)

F ig u re  3.24: T h e  equivalen t circu its of th e  SPR C  during th e  various in tervals of 
D C V M  an d  ju s t  D CM  m ode, using th e  co n stan t cu rren t m odel, (a) D uring interval- 
a*, (b ) D uring  in terva l c*. (c) D uring interval dk.



116

tank current are zero, while the voltage vab is equal to the series capacitor voltage 

(since terminals “a” and “b” are open) till the complementary switch is turned ON.

It must be pointed out that for any half cycle, the gating signal to the conducting 

MOSFET may be withdrawn once its anti-parallel diode begins to conduct. The 

resonant current sinusoidally goes to zero and remains so till the next half cycle 

begins.

3.8.2 D iscrete T im e Dom ain M odel for DCM

The discrete time domain model is obtained with respect to Fig. 3.23(a) for just 

DCM and DCVM operation. The assumptions used are the same as for the CCM 

case.

In Fig. 3.23(a), the total conduction angle (switch +  diode) is denoted by 7*, 

where 7* =  clfe + ak +  c2*; clk =  ws(t1(fc) -  f0(fc))

o-k =  W0 ( f 2 (fc) -  <l(Ar));  C2k =  Us(t0(k+l) ~  h ( k ) )

and

The other quantities have already been defined earlier. 

kth Event

Interval C\ equations; <0(*) < t  < ti^y, t' = t — <0()t)

iL(t') =  A u ^ s i n f a t ' )  + B iClkcos(ut t') + CUlk (3.51)

vca(t') = A iClk(\ -  cos(uat')) +  B 2Ciksin{uat') +  C2cu(u;iO  +  vca(t0(k)) (3.52)

vct(i ') =  0 (3.53)
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Interval A  equations; < t < t2(k)]t" = t — tq*)

= A iaksin(uJoi") + B lakcos(u0t") -f Clak (3.54)

vcs(t") = A 2ak(l -  cos(u)0t‘")) +  B 2aksin{uj0t") + C2ak(Lo0t") + vC3(tnk)) (3.55) 

vct(t") =  A3afc(l -  cos(u0t")) + B 3aksin(u0t") -f C3ak(u0t") + vct( t ^ )  (3.56)

Interval C2 equations; f2(fc) < t  < t3(k)]t"' = t — (̂fc)

hit '") = A iC2ksin(ujat') +  B iC2kcos{ujst') +  C\C2k (3.57)

vca(t'") = A 2c2k(1 -  c<w(ws*')) -|- B 2c2ksin{ujst') +  C2c2k{uat') +  ucs(f0(fc))(3.58) 

vct(t'") = 0 (3.59)

The coefficients A j , B j  and Cj  used in the above equations are defined in Appendix 

C.

(k + l) ih Event

The (k +  l ) th interval circuit equations are identical to those of klh interval with a 

change in the signs of all the variables.

Choice of State Variables

The choice of state variables remains the same as for the CCM, except that the tank 

state variables are redefined due to their different polarities as compared to the CCM 

case and are as follows.

Xl(k) = *l(^0(fc)); ®2 (Jfc) =  -Vcs(fo(*)); Z3(fc) = Vct(t0(k)) (3.60)

It should be noted that the state variables xnk) and x3(fcj will become zero during the 

steady state. Discrete state variables for the (k +  l ) th event can similarly be cliosen.
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Discrete State-Space Model

The discrete state variables of (k +  1)^‘ event are expressed in terms of the state 

variables of the kth event as below:

*L(fo(*+i)) =  Aiclk(-cos(ak)cos(cik)sin(c2k)

H— ]=sin(ak)sin(cnc)sin(c2k) +  y/f^sin(ak)cos(cXk)cos(c2k)
\T i

->rcos(ak)sin(cik)cos(c2k)) + CXak(cos(c2k)(l -  cos(ak))

zsin(ak)sin(c2k)) (3.61)

«c.(<o(Hi)) =  E(t0{k)) + A 2cik(-cos(ak)cos(Clk)(l +

cos(c2k)) + -^=sin(ak)sin(cik){l -  cos{c2k) +  rx) 
y/n

+ cos(cxk)(rx -  1 -  rxcos(ak))  +  sm(c2it)(cos(afc)sin(cu) 

+ y/r[sin(ak)cos(clk)) +  Z.CXaik(sin(ak)(cos(c2k) -  1)

+ v/r7sm(c.u)(l -  cos(ak))) -  C3aik(ak -  sin(ak)) (3.62)

uct(^o(fc+i)) =  0 (3.63)

The non linear equation representing the output section is:

I ( to(k+ 1 ) )  =  I ( t o m )  + - ^ [  [  °{k+i) \ {v ct ( r ) \ d T
LtJ Jt0 (*)

-vo(to(k)){to(k+i) — fo(fc)̂ ] (3.64)

This yields;

J(*o(fc+i)) =  I(to(k)) + - f — [A3clk( a k - s i n ( a k))
* L f

+B3cik( 1 -  cos(ak)) +  ^ C3cik.(ak)2 -  uo(<o(fc))7fc] (3-65)

where X i j  =  u 0Lf.

Similarly,

( I  fat ( « )  ~  Vj^ ) ( t o ( k + i )  ~  toik))
vo(to(k+l)) =  vo(to(k\)  + ---------------------------- ^ ---------------------------------  (3.66)

o  f
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By inserting the state variables in equations (3.61), (3.62), (3.63), (3.65) and (3.66), 

a discrete state-space model is attained for the DCM operation. By matching the 

boundary conditions, steady state solutions can be obtained by using (3.61) - (3.66).

3.8.3 A nalytical R esults for DCM

Two kinds of transients are considered in this section. One caused due to sudden 

switching on of the converter and the other due to sudden load variation.

The plots showing the variations in peak resonant inductor current and the peak 

parallel capacitor voltage due to these transients are obtained for the transient phase. 

Similarly the plots showing the variation of the discrete state variables were also 

obtained. These plots were obtained with respect to a converter designed to operate 

in the DCM. The specifications of this converter are given below.

Input Voltage =  2E =  150 Volts.

Output power =  150 Watts.

Output '  Voltage =  54 Volts.

Switching frequency =  122 kHz.

Values of the components obtained are:

L  =  21.47/fif; Ca =  0.0701//F; Ct = 0.0175//F

It must be pointed out that only the open loop operation of the converter operating 

in DCM is considered.

Transients Due to Switching ON the Supply

Fig. 3.25(a) shows the first few transient cycles of the tank current. The waveforms 

show that the switches are subjected to non-zero current switchings during this kind 

of transients. During the first few cycles, the converter operates in DCM and the
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interval <4 is present. Gradually, the tank current becomes continuous (CCM) to 

accommodate the higher load current that results due to an overshoot in the output 

voltage and current. It takes about 160 ps for the converter to enter the just DCM 

(Fig. 3.25(b)). This duration is directly dependent on the output filter inductance 

(Lj =  1000 //H) and the output filter capacitor (Cj — \ /zF). As can be seen in 

Fig. 3.25(a), the converter operates in the CCM and the leading power factor mode, 

during the transient phase. Fig. 3.25(b) shows the tank current waveforms for more 

cycles, just about when the current is reaching the steady state. The plot shows 

that the current during the transients is about 0.5 p.u. more than its steady-state 

value. It was observed that as the value of Cj  is reduced, the peak tank current 

goes down. For a low value of filter capacitor, it is observed that there is no over 

stressing of the tank components on account of high current during the transient 

phase caused by the sudden switching on of the converter. Fig. 3.25(c) shows first 

few cycles of the parallel capacitor voltage waveforms and it can be observed that the 

DCVM operation is maintained through out the transient phase. It is observed that 

there is no significant over stressing of the parallel capacitor during this phase. Figs. 

3.26(a) and (b) show the p.u. SPICE plots corresponding to Figs. 3.25(b) and (c). 

These figures show a good agreement between the theoretical results obtained with 

the discrete model and SPICE. Fig. 3.27 shows the variation of the state variables 

obtained from the proposed model. Fig. 3.27(a) shows the tank state variables. 

The waveform corresponding to x ^ )  verify the observations mentioned earlier in this 

section. Between the points marked “P” and “Q”, the converter operates in the 

CCM, leading p.f. mode. Duration of CCM depends upon the value of the output 

filter components. Fig. 3.27(b) shows the output voltage and current. The same 

figure also shows the corresponding SPICE results, which are found to be in good 

agreement. Both the waveforms show an oscillatory behavior. This can be attributed 

to the presence of a filter capacitor. In the absence of a filter capacitor or a low value
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Figure 3.25: Waveforms during the transients caused by switching ON the input 
supply to the converter from 0 to 75 V.
(a) Resonant inductor current during the very initial transient phase. It shows the 
DCM is not maintained initially and the converter enters leading p.f. mode during 
this phase.
(b) Resonant inductor current during the entire transient phase.
(c) Parallel capacitor voltage during the transient phase.
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Figure 3.26: SPICE plots during the transients caused by switching ON the input 
supply from 0 to 75 V. These plots correspond to Figs 3.25(b) and (c).
(a) The resonating inductor current.
(b) The parallel capacitor voltage.
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of the filter capacitor, the response will be critically damped as the characteristic 

impedance of the output filter section { y j ^ )  will be very high. To show the effect of 

the output filter capacitor value on the converter’s large signal response, a case with 

Cj — 0.5 fiF was considered. The resulting large-signal response is shown in Pigs. 

3.28(a) - (c). Fig. 3.28(a) shows the tank current for the entire transient phase. Fig. 

3.28(b) shows the discrete state variables Xi(k) and X2(fc) for this case and Fig. 3.28(c) 

shows the output variables as predicted by the proposed model. It can be verified 

from Fig. 3.28 that as a result of a reduced output filter capacitor, the peak of the 

tank current has reduced, and the response has become critically damped, without 

any over stressing of the circuit components during these transients. It can be verified 

from the plot of that the initial resonant inductor current is very small during 

the narrow CCM region, unlike the case when a larger filter capacitor is present.

Transients Due to Sudden Load Change 

fa) Full Load to Half Full Load

Figs. 3.29(a) and (b) show the tank current and parallel capacitor voltage waveforms 

during the transient phase caused by sudden halving of the load current. The current 

waveform shows that there is an appreciable drop in its peak value (nearly 1 p.u.). 

However the DCM operation is maintained. The dead gap (interval dk) appears as 

the anti-parallel diode conducts for less time due to a reduction in the load current. 

The voltage waveform on the other hand do not show an appreciable change in the 

peak value. Figs. 3.29(c) and (d) show the corresponding SPICE plots. Fig. 3.30 

shows the state variables plots. Fig. 3.31 shows the variation of the output voltage 

and current during these transients from the model. The output voltage shows an 

oscillatory behavior in the presence of the filter capacitor. The corresponding SPICE 

plots, included in the same figure, also show a similar trend. Although not explicitly
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Figure 3.27: The discrete state variables (xi^.), and x2(jt)) and output state variables 
during the switching ON of the converter. In (a), X3(k) has not been plotted explicitly 
as it remains zero through out the transient phase. In (b), SPICE results are also 
included for comparison.
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Figure 3.28: Effect of a smaller filter capacitor (Cj  =  0.5fiF) value, (a) Resonating 
Inductor Current, (b) Discrete state variables, (c) Output Variables.
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Figure 3.29: Waveforms during the transients caused by sudden load variation (full 
load to half load).
(a) Resonant inductor current during the transient phase.
(b) Parallel capacitor voltage during the transient phase.
(c),(d) SPICE plots corresponding to (a) and (b).
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Figure 3.31: Output variables during the transients caused by sudden load variation 
from full load to half the rated load, as obtained with the model and SPICE.
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shown, in the absence of a filter capacitor, the output voltage will show a sudden 

initial rise in its value because the load current goes down, where as the switching 

frequency has not been changed (open loop operation). As the converter recovers, the 

voltage comes down gradually and settles to a new steady-state value. The response 

will be critically damped.

(b) Full Load to Short Circuit Condition

Figs. 3.32(a) and (b) show the transient phase waveforms of the inverter output 

current and the parallel capacitor voltage for a sudden change in lo^i from the rated 

(full load) value to short circuit condition. Figs. 3.32(c), (d) show the corresponding 

SPICE plots. The state variables are plotted in Fig. 3.33. It can be seen from the 

plot of x \ (/t) (Fig. 3.33) and the resonating inductor current waveform (Fig. 3.32), 

that the DCM is disturbed during the short circuit causing increased stresses on the 

switches and more losses. The converter operates in CCM, leading p.f. mode of 

operation. The peak tank current builds up to a large value. This is directly affected 

by the presence of a huge filer inductor at the output. The voltage vct (Fig. 3.32(b)) 

does not show an appreciable change in its peak value. Output variables are plotted 

in Fig. 3.34. It can be seen that due to a large value of Lj  the output current does 

not rise suddenly. The output voltage on the other hand falls down to zero rather 

quickly with a response time determined by the filter capacitor value.

It can be concluded that the absence of a closed loop corrective action, causes 

large currents in the circuit during the short circuit and therefore an open loop SPRC, 

operating in DCM should not be short circuited.
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Figure 3.32: Transient waveforms during the step change in load from full load to short 
circuit condition, (a) Resonating inductor current, (b) Parallel capacitor voltage.
(c),(d) SPICE plots corresponding to (a) and (b), respectively.
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Figure 3.34: Output variables, current and voltage during a step change from full load 
to short circuit conditions. SPICE results are also included for the sake of comparison.
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Experimental Results for DCM

A 150 Watts converter was used to verify the theoretical results. Fig. 3.35(a) shows 

the very initial stage of the tank quantities during the transients caused by switching 

ON the converter. Fig. 3.35(b) shows how the tank current recovers from these 

transients and how its peak varies. These waveforms confirm that as soon as the 

converter is switched ON, DCM is maintained for the first few cycles. Later, however, 

the converter enters CCM. It remains in that mode for several cycles before DCM 

is restored (also refer to Fig. 3.25(a) and 3.27(a)). Fig. 3.35(c) and (d) show the 

parallel capacitor voltage waveforms and the output voltage waveforms during the 

transients. Fig. 3.36 show the various waveforms during the transients caused by a 

sudden variation in load. The load resistance was changed to twice its value (full load 

to half the rated load condition).

3.9 Observations and Conclusions

For CCM

(1) A discrete time domain model has been derived for the SPRC for continuous con­

duction mode and lagging power factor mode of operation.

(2) The effectiveness of this model in predicting the transient behavior of an SPRC 

has been shown.

(3) Using this model, a few calculations are sufficient to predict the transient behavior 

of the converter from a designer’s point of view. Only the initial conditions at the 

beginning of every half cycle (initial state vector) are required per half cycle to arrive 

at the curves for peak stresses and the state behavior. Thus, this approach can be 

used to obtain the crucial design parameters fairly easily.
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Figure 3.35: Experimental waveforms during the transients casued by switching ON 
the supply to the converter.
(a) The very initial stage of the resonant inductor current. This figure corresponds to 
Fig. 3.25(a). Parallel and series capacitor voltage waveforms are also included. The 
time instant where the external disturbance is induced is shown by a step voltage in 
all the experimental waveforms.
(b) Resonant inductor current and parallel capacitor voltage during the entire tran­
sient phase.
(c) Output voltage.
[ Details of the converter: Ls =  2lA7fiH-,Ca =  0.07f iF;Ct =  0.018fj.F] Input dc 
voltage, 2E =  150 Volts; Lj  =  1000 Cj — 1.0 f iF; Switches used: IRF 740 
MOSFET’s ]



137

—3 2 . 0 0 0 0  u a  6 f .  .< ,1 (1 0 .0 0 0  Ua

L
4A/Div.
150V/Div.

Figure 3.36: Experimental waveforms during the transients caused by a sudden load 
variation (from full load to half load), (a) Resonant inductor current, (b) Parallel 
capacitor voltage.
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(4) The proposed model can be used to theoretically predict the large-signal behav­

ior of the converter and then SPICE simulation program can be used to verify the 

results. Usually, SPICE requires large computer memory, even if the information 

required from the simulation may be small. The proposed model can give crucial 

design parameters and state behavior with simple calculations.

(5) The model presented has been derived based on the assumption of CCVM (con­

tinuous capacitor voltage mode) for vct [Fig. 3.2]. However, the converter is designed 

to operate with slight discontinuity in the parallel capacitor voltage. The results 

show that the proposed model based on two interval CCV mode (in which the effect 

of slight discontinuity has been neglected) is good enough to predict the behavior of 

the designed converter, although some slight deviations are observed. This avoids the 

use of a more complicated model involving a third interval (in DCV mode), which 

does not have closed form solutions [12]. If the converter operates with a larger dis­

continuity in the parallel capacitor voltage then it is essential to derive a model for 

DCVM, which is more complex.

(6) All the plots are given in p.u. and are therefore general. The results of theory, 

SPICE simulation and experiments have been presented and compared.

(7) During switching ON, only the parallel capacitor experiences additional stress 

for the design presented in this chapter and the converter enters below resonance. 

The anti-parallel diode has to undergo additional peak current stress (Fig. 3.5(f)). 

Therefore closed loop frequency control is necessary.

(8) It has been observed that the SPRC, designed to operate slightly above resonance 

and with slight discontinuity in the parallel capacitor voltage (as in this chapter), does 

not show pronounced stresses on resonant inductor and the series capacitor during 

switching ON.

(9) The response of the converter is dependent on the output filter design. Char­

acteristic impedance of the output filter is a convenient parameter to evaluate this
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dependence. It is observed that the switching ON response becomes faster (oscilla­

tory) as Zj  is decreased. The peak tank current during the transient phase increases 

with an increase in the value of Cj  and a decrease in the value of Lj. However, the 

peak parallel capacitor voltage during the transient phase decreases with a decrease 

in the value of Lj  and is independent of Cj  for a given value of Lj.

(10) The transients caused due to sudden short circuit and open circuit conditions 

have been studied.

(11) The advantages of closed loop operation have been investigated experimentally, 

by considering the example of the transients caused due to step change in the load 

condition from full load to half full load condition. It is found that the drawbacks of 

the open loop operation are overcome. The converter does not enter the leading p.f. 

mode of operation and the peak stresses are less. It was observed that the parallel 

capacitor voltage becomes discontinuous due to the closed loop control action, as the 

operating frequency is corrected.

For DCM

Following are the main observations from the large-signal analysis of the SPRC op­

erating in DCM:

(1) The discrete time domain model is quite effective in predicting the state behavior 

of the converter during transients. It reduces the computation time drastically.

(2) The large-signal response of the converter during sudden switching ON of the 

supply voltage, is affected by the value of filter components. For a small value of the 

filter capacitor, the converter maintains DCM and the transient response is critically 

damped. For a larger value of filter capacitor, the converter enters the CCM, leading 

p.f. mode to accommodate an overshoot of the output current which shows an oscil­

latory response. This may result in more losses during transients. Clearly, since the
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choice of filter components is based on the ripple specifications, there is a trade off.

(3) During a step change from full load to half full load conditions, the dead gap is 

present due to a reduction in the load current.

(4) During sudden short circuiting of the output at full load conditions, the converter 

enters the leading p.f. mode (CCM), which it maintains. The current in the resonant 

tank as well in the output section rises to very high values in the absence of a close 

loop corrective action. Thus, the converter should not be short circuited while in 

open loop.

(5) The DCM model presented has limitations in predicting the large-signal behavior 

for full load to open circuit operating conditions. This is because of the occurrence 

of operating modes not analyzed in this chapter.

For the CCM case, both the open loop and closed loop operations have been 

investigated in this chapter, however, only the large-signal behavior has been studied. 

Small-signal analysis of the LCC-type converter operating in the CCM [77], using the 

large-signal model presented in this chapter is considered in the next chapter. For 

the DCM case, only open loop results are discussed in this chapter. These results can 

be used to design the closed loop controller to control the operating frequency of the 

converter whenever load or supply voltage variations occur.
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Chapter 4 

Sm all-Signal Analysis using  

D iscrete T im e Dom ain M odeling

The large-signal state equations were obtained in the previous chapter. In this chap­

ter, those equations are linearized about a steady-state operating point to perform the 

small-signal modeling of the SPRC. Multiple loops have been used. An outer voltage 

loop, which takes care of the voltage regulation and an inner, state variable feedback 

loop to improve the dynamics. State variable feedback control has been integrated 

with the linear small-signal state-space model and the associated control aspects are 

studied. The small-signal state-space model has been used to study the small signal 

behavior of the converter for open loop and closed loop operation for parameters like 

control to output transfer function, audio-susceptibility and output impedance. Key 

theoretical results have been experimentally verified.
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4.1 Introduction

In order to make best use of any power converter configuration, it is necessary to 

formulate proper design procedures. Clearly, these design procedures are governed 

by the conditions under which a converter has to operate. Before an actual converter 

is built, it is desirable to know how the converter will behave under these conditions? 

This has led to three kinds of analysis depending upon the operating state of the 

converter.

(1) The steady-state or DC analysis.

(2) The large-signal analysis.

(3) The small-signal analysis.

The first two have been presented in chapters 2 and 3, respectively. Small-signal 

analysis, to which this chapter is devoted, is concerned with the response of the 

converter to small perturbations in its steady state operating conditions.

The traditional sampled data modeling approach or the discrete time domain 

modeling approach has been applied to the lesser order resonant converters, the SRC 

and the PRC. However such an approach was considered to be difficult to apply in 

the case of SPRC, which is a third order system. Therefore, attempts were made 

to circumvent this complexity by making approximations. The extended describing 

function was used in [73], where in all the tank waveforms have been approximated 

by their fundamental harmonics. However, the resonant tank has a sampled response 

owing to the fact that the converter operation itself is discrete (due to the square wave 

that appears across the resonant tank). Moreover, since the switching frequency is 

of the same order as the natural frequency of the tank circuit, both are significant 

with respect to each other and none can be neglected in favour of the other. Thus, a 

continuous time domain model is not an exact representation [42,49]. The objective of 

this chapter is to present small-signal analysis based on discrete time domain modeling
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method and to study the control aspects of the SPRC. The constant current mod") 

has been used to arrive at the discrete time domain model.

The state variable feedback or the pole placement method of control has many 

advantages over the conventional ones [44, 79, 80]. With this technique, it is possible 

to place the closed loop poles of the system anywhere in the s plane. Since the 

location of its poles determines the behavior of any system, it is possible to achieve 

the stability and desired dynamic response using the state variable feedback. Further 

more, since this kind of control is based on feeding back the “states” , it can be easily 

integrated with a small-signal discrete state-space model, the type derived in this 

chapter. This helps the analytical prediction. The control is done with two feedback 

loops, a “minor” inner feedback loop and a “major” outer voltage feedback loop 

[54,81].

The remaining of this chapter is divided into the following sections. Section 4.2 

derives the discrete state-space (large signal) model of the SPRC. In section 4.3 the 

large-signal model described in section 4.2 has been linearized about the steady-state 

operating point to obtain the small-signal, state-space model. The state feedback 

control is discussed in section 4.4. The modified small-signal model, with the state 

variable feedback incorporated into it, is also given in the same section. Dynamic 

performance parameters (control to output gain, audio susceptibility, etc.) obtained 

with the model described in sections 4.3 are presented in section 4.5. The results 

are also compared with those of [73]. Experimental verification of the key theoretical 

results is presented in section 4.6. Finally, section 4.7 states the conclusions.
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4.2 The D iscrete State-Space M odel o f the SPRC

Fig. 3.2 shows the discrete time model waveforms for lagging power factor mode 

of operation of the SPRC. Various intervals are marked in the figure. The total 

conduction angle (switch +  diode), for the kth event is given by

=  +  (4-1)

where a k = u}0(t\(k) ~  to(k))', Pk =  w0(to(*+i) -  *i(fc)) (4.2)

“a*” and “/?*” stand for the lengths of intervals B and A respectively.

Further C. =  ^  Z =  g  (4.3)

Both intervals B and A [Fig. 3.3], are described by two separate sets of equations 

given in Appendix A. The discrete time domain model obtained using these equations 

can be found in chapter 3. Equating the final values of the kth event to the initial

values of the (k + l ) th event, the latter can be determined in terms of the initial values

of the kth event [78]. The low ripple approximation, wherein the input and output 

voltages are assumed constant during an event (one half period), is followed in this 

chapter. The variations in these voltages during an event are negligible as compared 

to the step changes they undergo at the beginning or end of an event.

The following state variables were chosen (corresponding to the storage elements 

in the circuit) for the kth and (k +  l ) </l events. It was mentioned earlier that the 

converter operation is discrete. Since the operating frequency is comparable to the 

converter’s natural frequency, the tank states are discrete. Hence the following state 

variables are discrete quantities.

(k) =  -*L(*0(fc)); * 2(Jt) =  -Vcs(to{k))', *3(k) =  ~Vct(to(k)) (4.4)

®1(*+1) =  *l (* 0 (* + 1 )) ;  ® 2(fc+l) =  Vcs(/0(*+l)); ® 3(fe+ l) =  Uct(*0(fc+1)) (4.5)
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For the output section of the SPRC (Fig. 3.4), two additional discrete state variables 

were introduced for the kth event.

Z4(k) =  /(*0(*)); x${k) =  Vo(̂ o(fc)) (4.6)

Using the state variables defined in (4.4) to (4.6), the following discrete state-space 

model was obtained.

®i(Jt+i) =  A\Bk-sin(~ik) +  B lBk.cos(ik)

+C1Bk{2cos{pk) - 1) (4.7)

a?2 (fc+ i) =  A 2Bk(l -  cos(~/k)) +  B 2Bksin(ik)

+C2Bk(ak -  fa + 2sin(/3k)) + x2{k) (4,8)

« 3 (fc+ i) =  A 3Bk(l -  cos^k)) + B3Bksin(^k) + C3Bk(ak - /3k

+‘2 ^ -C iBksin(l3k)) + x3{k) (4.9)
vt

Z4(/t+i) =  x4(k) +  l / X Lf .A 3Bk(((3k -  a k) +  2.sin(ak) -  sin(~/k))

-L- ^ —.B3Bk(2.coa(ak) -  1 -  cos{7*)) -  - ^ — .C3Bk{a.k -  (3k)2
X lj 2 X Bj

+ ^ - ^ C iBk(l -  cos(pk)) -  Y ^ - { P k -  a k) -  -^— . x ^ k (4.10)
* L J  U t  A Lf  X LJ

® 5 (fc + l)  =  ®5(fc) + 1kXc}{x4(k) +  iout(k) (4,11)

where X Bj =  ojoLj  and X c j  =

4.3 Linearization of SPRC about the Equilibrium  

Point

The discrete state-space equations (4.7) to (4.11) are non linear with the following 

general form:

Xi(k+1) = /i'(®l(A:)) **-2(A:)t a'3(fc)> a'4(fc)> ®5(fc)j Tfc) B(k)i i0ut(k)) (4,12)
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Where represents some non-linear function of the relevant independent variables 

specified on the right hand side of the above equation and i =  1 . . .  5.

These equations can be linearized using the Taylor’s expansion about the equilibrium 

point. This equilibrium point or the steady-state operating point of the converter 

can be determined by applying the following symmetry condition to equations (4.7) 

through (4.11).

s.-(fc) = *i(*+i) (4-13)

Simultaneous solution of the resultant equations yields the following steady-state 

solution, which is the same as derived in continuous time domain in [12].

Q
*i(fc) =  - { E w /Z).s in(7fc)/(i -I- cos(7fc)) -  - ^ . I 0(k)

vt

+~-Io(k)\cos{ak) +  cos(/3k)]/( 1 +  cos(jk)) (4.14)

x2(k) = Z J 0{k)( ^ ) (Q -) [ s in (p k) - s i n ( a k)\/(l  + cos(ik))

- Z ( ^ )(^ ) / o W-(7* -  2o*)/2 (4.15)
(J

xm  = Z.IQ{k)(-f- )2[sin(/3k) -  sin(ak)]/( 1 -f cos(7*))
'-'t

+z(§)(̂ )/o,i|(7‘ “  2“ ‘ )/2  (4'16) 
X4 (k) — ®5 (k)/Rl (4>̂ 1̂)

2 Ce - s i n ( ^ k/2 -  a k) , . u  .
XHt )  =  T k - C , E(k>-( co s(-y„ /2 )  +  ( 7 i / 2  “ “ l ) )  ( 4 ' 1 8 )

The subscript “fc” may be dropped while representing steady-state expressions as 

above, a convention followed through out this chapter. Taylor’s expansion of (4.7) to 

(4.11) about the equilibrium point (defined by equations (4.14) - (4.18), yields five 

linearized small-signal equations of the following general form (i = 1 . . .  5).

d f ic d f i°Xi(k+1) = -------
d x m

e g

c , dfi
<*,+  d i 2 (k) e g

■s*m + &x
m

■ # x 3 ( k )

e g
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+ d f i

dx4(k) 
d f i

eq

dfi
5(k)

• $ x 5(k)  +  7j
d f i

eq d E (k) eq

c p  , d f i  

■S L « > +
•Sn/k

eq

di out(k)
.Siout(k) (4.19)

eq

In the above equation “|e<7” implies “at equilibrium”.

All the small-signal equations can be clubbed together and represented in the matrix 

form as below:

Or

^ l ( f c + l )

Gx 2(k+1)

*>x 3 ( k +l )
=

&x i ( k + l )

&x 5( k+l )

+

an  ai2 ai3 au a\$

021 022 O23 024 025

0 3 1  O3 2  0 3 3  0 3 4  0 3 5

a 41 O 42  O 4 3  0 4 4  0 4 5

0 5 1  O 52  O 5 3  0 5 4  O 55

6 l l  6 1 2  1*13

6 2 1  6 2 2  1*23

1>31 1*32 1*33

6 4 1  1*42 1*43

1*51 1*52 1*53

S x 2(k)

* 6x 3(k )

f>x 4(k)

$ x 5 (k)

h  k 

bE(k) 

S i o u t ( k )

(4.20)

The elements a,jS and 6,-jS of matrix A and B can be determined by using the 

following:

d f id{j —

6,1 =
d f i

d'ik
d f i

bi2 M m
; 1*13 —

dxj(k)

d f i

eq

di0eq o u t ( k )  ^

where i =  1 . . .  5; j  =  1 . . .  5.

(4.21)

(4.22)
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In the following equations 77 = Ce/C s and r2 =

d a k d f i
dxi(k) dak e q

an =  -cos{ 7) +

° i2 =  (1/Z)sin(~f) +

ai3 =  (l/Z)sin('y) +

«i4 =  r2.cos(7) +  r2.(l -  2co3(/?)) +

do:k d f 2

dak dfi
dx 2(k) d a k e q

dak d f i]
p X  3 ( k ) dak e q

d a k d f i
dx4(fc) d a k

e q

a21 =  — Z.r!.s in(y)  +

022 =  —ri.003(7) +  -  1 +

023 =  - n  .003(7)+  rx +

dx,i(k) d a k e q

dak d f 2
dx2(k) dak 

dak d f 2
e q

dx3(k) dak e q

a24 =  Z.ri.r2.sin(i)  +  Z.ri.r2.(/3 — a — 2 sin(/3)) 
d a k d f 2

0 3 1

+
dx4(jt) dak 

- Z . r 2.sin(7) -f

eg
dak dfz

d x i(jt) da*
e g

0 3 2  =  ~ r 2.cos( 7) +  r2 +
da* 5/3

dx2(fc) da*
eg

0 3 3  =  - r 2.cos(7 ) +  r 2 -  1 +
da* d/3

'dx$(k) dak eg

a34 =  Z.(r2)2sin{~j) -  Z.r2.(2.r2.sin(P) +  r x.(^ -  a)) 
5a* 5 / 3"

+

041 =

042

dx4(k) dak_ 
Z.r2

e q

X LS 

r2

.(2 0 0 3 (a ) — 1 — cos(7 )) +
da k d f 4

dx !(*) d a k
e q

X lj
.((/3 — a) +  2 .sin(a) — sin( 7)) + dak d f 4 

dx2(k\ da*

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
eg



0-43 — -  « )  +  2 .sin(a) -  sin( 7 ) )  -  ^  
Ab/ Ab/

0 4 4

+

1 +

d a k d f4
p%3(k) dak eq

Z.rl
X Lf

(2 cos(a)  —  1 —  003(7)) Z.r,.r2. ( a - P f
2.XruJ

a4 5

■7 ^ ( 0 “ ^ )  “  !) +ALf
7

d c * f c  d f 4
_dx4( f c )  dotk' eq

X lj

054 = i X c j
i X c j

055 — 1 —

6 1 1  =  A lBcos(7 )  -  BiBsin(-y) -  2.ClBsin(P) 

b2\ = A 2B.sin(i)  +  B2B.cos(~i) +  2 .C2Bcos(fi)

6 3 1  —

6 4 1  =

A3Bsin{7 )  +  B3Bcos(7 )  -  C 3 B  +  2 . ( ^ ) . C i b c o s ( ^ )

A 3 b ( 1  -  c o s ( 7 ) )  +  B3Bsin(~{)
A lj A  i f

- ^ - ( 2a  -  7) +  ~ —{^~-).C\Bsin{p)  -  
A t /  A b /  O t  A b /  A b /

«m( 7) + d a fc df i
dE (k)'d a k

b\2

b22 =  - r a .  0 0 5 ( 7 )  +  r\ +

b32

eq

642

b33

=  —r2.cos{~j) +  r2 +  

V2

dak d f 2]
p E (k) ' da  k eq

dak dfz]
p E (k) da k eq

X lj 
= i X c j

( ( / ?  —  a )  +  2  sin(a) — 3 * 7 1 ( 7 )  +
dak d f 4

dE(k) 'd a k eq

a 15 — a 25 — °3 5  — a 51 — a 52 =  a 53 — 0  

b\3  =  b23 =  633 =  b43 = &51 =  652 =  0
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(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)
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The partial derivatives involved in the above equations are evaluated next. For this 

the parallel capacitor voltage is equated to zero at the end of interval B, which leads 

to the following equation:

r2.(Ek -i- x2 (k) +  ®3(fc))-(l ~  cos (a*)) +  Z.r2. ( - x  m  

+r2.x4(k))sin(ak) +  Z.ri.r2.x4(kya k -  x3(*) = 0 (4.53)

Then, using (4.53), the partial derivatives (evaluated at the equilibrium point) ob­

tained are given by:

d a k Z.sin(a)
d x X(k) D
d a k —(1 — cos(a))

d x 2(k) D
d a k _  1 — r2.( 1 — cos(a))

dx3(k) r2.D
d a k _  — (r2.Z.sin(a)  +  Z.r\.a)

dx4(k) D
d a k cos (a) — 1
d E k (E + x 2 + x3)sin(a)

where D  =  (E + x 2 + x3)sin(a) +  Z.(—x  i +  r2.x4)cos(a)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

-(-Z.r1.X4 (4.59)

Using (4.7) - (4.10) (also refer to (4.12)) yield the following

d h
dak
d h
dak 
d h  
d a k 
d f 4 r2
dak X i j

—2 .r2.x4.sm(/?) (4.60)

Z.r4.r2.x4[2cos(l3) — 2] (4-61)

Z.r2.x4[2.r2.cos(f3) + 2.rj] (4.62)

(E  -}- x2 -f x3).(—2 4- 2cos(a))

2 Z.r2/ 2Z .ri.r2.x4/
-(~xi +  r2.x4){cos(a))--------  (2a  -  7 )

X l i k V "  X l}
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2 Z . r \ . x 4 . t x ^a
. s m m + i F  (4.63)X LJ v r /  X LJ

The small-signal model derived in this section can be used to predict the small signal 

behavior of the frequency controlled SPRC.

4.4 State Feedback Control

This section describes the implementation of the “state feedback” or the “pole place­

ment method” [44,79,80] for improving the dynamics of the SPRC. The results ob­

tained with state feedback control are compared with the 7 or frequency control 

discussed in the previous section. Results are also compared with those obtained in

[73] •

4.4.1 State Variable Feedback

It is well known [79, pp. 188] that stabilization of an unstable system may not 

necessarily be achieved by the use of “cascade compensators” . Such compensators 

may provide minimal improvement to the system’s time response. This is because 

although the compensator’s transfer function cancels the undesired poles and zeros 

of the plant’s transfer function, the “unstable” natural frequency of the system may 

still exist, rendering an unstable control system. This kind of compensation may also 

accentuate the ncioe problems when a higher gain is required. It is therefore desirable 

to introduce some kind of “feedback” compensation [79,80] which has the following 

advantages.

(1) Faster Response

(2) Noise problems are minimal.

(3) For the control systems, such as the one developed in this chapter, which require
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a tight loop stabilization to isolate the dynamics of converter from the outer voltage 

loop, an inner “feedback loop” is desirable.

The “states” of the system are the natural choice as feedback variables as they sum­

marize all the current information about the system. All that is required to implement 

this technique is that the system should be “state controllable”, which means its con­

trollability matrix must be non singular. State variable feedback allows us to place 

the poles of the system at arbitrary locations (and thus achieving the desired dynamic 

response) without disturbing the internal stability of the system. Thus the choice of 

state variable feedback is justified.

4.4.2 Control Law

The fed back “states” need to be mixed in proper proportion to constitute the proper 

control signal. This requires an appropriate control law. The following control law 

has been used in this work.

VcontTol =  Sl-Z.XHk+1) +  S2-X2(k+1) +  5,3-®3(fc+X) (4.64)

This control law can be linearized about the equilibrium point as below:

fiVcontrol = S\ 'Z .8xi(k+\) -+• +  ^ 3.6X3^+!) (4.65)

Substituting the values of &r,(/t+i) from (4.20), and solving for 67* yields the following:

67 k =  h\.6xnic) +  h2.Sx2(k) +  ^3-^3(fc) +  h^Sx^k)

+ h s . 6 x s ( k )  +  h 6 .6 E ( k )  +  t i 7 . 6 i out(k) +  h s . 6 V COntroi  (4.66)

where;
S\.Z.a\\ +  52-021 +  53.031 ,.

h x = ------------------ - ---------------- (4.67)

Si.Z.ai2 + S2M22 + S3M32 c o \
«2 — -------------------j ----------------  (4.68)
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63 —

hr — 

hg =

Si.Z.dis + 5 2 . 0 2 3  + 5 3 .0 3 3

d

65 —
S\.Z.a.\s +  52.025 +  53.035 _

S\.Z.bi3 + 52-&23 + 5 3 . 6 3 3

5i.Z.Oi4 4- 52-024 +  53.034 
64 = ------------------ ^----------------  (4./0)

L Sl.Z.b\2 +  52.622 + 53.632 /t
6 = ------------------^---------------  (4.72)

d
1 
d

d =  5 ^ .6u  + 52.621 +  53.631 (4.75)

4.4.3 Integration w ith  SPRC M odel

The linearized small-signal state-space model of the SPRC can be integrated with the 

linearized state feedback control law by substituting the value of 67* from (4.66) into 

(4.20), the state-space model gets modified as below:

[ < f o . ( / t + i ) ]  =  [A new].[6xt(fc)] -I- [Bnew ] . [ *  W n c  w < * > ] (4.76)

where;

[•'dneu/] —

O i l  +  ^ 1 1 - ^ 1  0 1 2  +  6 1 1 . 6 2  O 1 3  + 6 1 1 . 6 3  0 1 4  +  6 1 1 . 6 4  0 1 5  +  6 1 1 . 6 5

a 21 + ^21-^1  022 +  ^21-62 O23 + 621.63 024 +  621.64 025 +  621.65

O31 +  631.61 032 +  631.62 033 +  631.63 034 +  631.64 035 +  631.65

a 41 +  ^41-6 l 042 +  641.62 043 +  641.63 044 +  641.64 045 +  644.65

051 +  ^51-6 l 052 +  651.62 O53 + 651.63 054 +  651.64 055 +  651.65
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b n .h s  bn .h 6 +  6 1 2  6 1 1 . 6 7  +  bis

621.6s 621.^6 +  ^22 621.67 +  623

631.68 b si-he  +  632 631.67 +  633

641.63 641.66 +  642 641.67 +  643

651-68 651.66 +  652 651.67 +  653

fiVcontrol

bE(k)

btout(k)

4.4.4 The Com plete Control Scheme

Fig. 4.1 s. >ws the over all control structure realized in this chapter. There are 

two feedback loops in the system. An inner state feedback loop, which feeds back the 

“perturbations in states” according to the control law described in section 4.4.2 and an 

outer voltage feedback loop which regulates the output voltage. The feedback signals 

from these loops are compared and used to drive the voltage controlled oscillator, 

which controls the operating frequency of the input inverter.

4.5 Dynam ic Performance Param eters

The dynamic performance parameters like the control to output gain, audio suscep­

tibility and output impedance are useful in evaluating the dynamic performance of 

a converter. All these parameters are studied in this section. The converter can be 

controlled by controlling the frequency (7 control). Both the open loop and closed 

loop control aspects have been investigated using the models developed in the earlier 

sections.
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An SPRC with the following design specifications has been designed. The analysis 

presented is used to predict the small-signal behavior of the converter designed.

Input supply voltage, =  50 V

Output voltage of the converter, Vo =  24 V  

Maximum output power, Pa — 100 Watts,

Switching frequency, f t =  200 kHz.

Equivalent resonant frequency ( /0) =  250 kHz.

Designed values are:

Ls = 17.74//i f  ; C9 = 0.047//F ; Ct = n2C't =  0.047/zF; n =  1.

RL(rated) = 6.74 fI.

L f  =  1000nH] Cf = 1.0pF.

The control to output gain, audio susceptibility and output impedance with and 

without state feedback, were obtained using (4.20) and (4.76), respectively with the 

help of PRO-MATLAB.

Fig. 4.2 shows the magnitude and phase plot of the open loop control to output 

transfer function obtained using the proposed discrete small-signal model (Eq. 4.20).

No feedback loops are used. Because of the power stage, a -40 dB roll off can be 

observed starting at the corner frequency of the power stage filter. For the purpose of 

comparison, plots obtained using the model of [73] are also included in the same figure 

(also refer to Table 4.1). Fig. 4.3 shows the bode plots for the audio-susceptibility 

and output impedance from the proposed model. The audio-susceptibility plot is 

useful in determining the effect of perturbations of the input supply voltage on the 

converter output. Fig. 4.3(a) shows that for low perturbation frequencies, the input 

supply variations appear at the converter output with an approximate gain of unity. 

However, as the perturbation frequency goes up, this effect becomes less and less
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SrZ ISOLATOR
♦ FILTER -
♦ AMPLIFIEI T

COMPARATOR

ERROR ' 
AMPLIFIERINNER LOOP

OUTER LOOP FOR VOLTAGE REGULATION

Figure 4.1: Complete control scheme of the SPRC. Note that the terms a:1(fc+1), ®2(Jt+i) 
etc. represent the sampled values.

50

n
c**8
°  -50

-100

Frequency(Hz)
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$
®

Proposed Model;

a.

■200

Frequency(Hz)

Figure 4.2: Control to output bode plots for frequency controlled, open loop, without 
state feedback case. Details of the converter: Half bridge configuration with the 
details given in section 4.5. The plots obtained with the model of [73] are also 
included for comparison.
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Figure 4.3: (a) Open loop audio-susceptibility bode plot obtained with the proposed 
model, (b) Output impedance transfer function.
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Table 4.1: Comparison with [73]
GM(db) PM(deg) Bandwidth(kHz)

Proposed Model 0.25 1.39 24
Method of [73] 0.10 0.25 30

Experiment 0.50 2.20 26

pronounced. Output impedance plot is useful in determining the transient response 

of the converter. It is desirable that the gain plot does not show a peaking nature 

and the magnitude is as low as possible in order to have a good transient response.

Fig. 4.4 shows the control to output transfer function for half the rated load 

condition obtained with the model. For this condition, the switching frequency was 

increased to 245 kH z  to regulate the output voltage. The audio-susceptibility and 

output impedance plots are given in Fig. 4.5

4.5.1 Stability  A spects and Closed Loop O peration

Using (4.20), the open loop eigen values for the given SPRC are found to be:

-0.0232 +  0.4931j; -0.0232 - 0.4931j ; 0.9765; 0.6456 ; 0.6038

Clearly the dynamics of the open loop system are controlled by a dominant pair of 

complex poles. The other poles are too far to affect significantly. Also all the values 

lie inside a unit circle, which satisfies the stability condition of a discrete system. 

Therefore the system is stable. But the phase margin is only 1.39 degrees and the 

system is ’’barely stable”. This however is dependent on the DC gain of the control 

to output transfer function, which depends on the slope of the converter gain versus 

the normalized operating frequency curve and also on the gain of the VCO.

Further, when the outer feedback loop is included for output voltage regulation,
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Figure 4.4: Open loop control to  o u tp u t transfer function at half the rated load 
condition. Load resistance =  13.4 0 , f , wuching =  245 kH z



160

50

CD
T3
C‘<dO •50

100

Frequency (rad/sec)

o>o
o-180
V)<a
c .0.

*360
,o.5,4.3 10 10'10 '10'

Frequency (rad/sec)

30

20

10
Frequency (rad/sec)

.3 ,54
10' 10 10-

Frequency (rad/sec)

Figure 4.5: (a) Open loop audio-susceptibility bode plot obtained with the proposed 
model for half the rated load condition, (b) Output impedance transfer function.
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the question of stability and desirable phase and gain margins arises. A phase margin 

of at least 50° is desirable for stability. As the results obtained in this section show, 

the addition of state feedback greatly improves the performance of a closed loop 

frequency controlled SPRC.

(a) Closed Loop Control

Loop gain T  is most important for a feedback system, as it determines the stabil­

ity aspects of the closed loop system. The loop gain transfer function is given by 

ASprc-Aerror-A.fb where A sprc is the open loop control to output transfer function of 

the SPRC, Aerror is the transfer function of the error amplifier and Ajb is the transfer 

function of the feedback block. Matrices A  and Anew are used depending on whether 

one is dealing with the frequency controlled SPRC or with the state feedback con­

trolled SPRC. The loop gain crossover frequency determines the phase margin and 

the control bandwidth. For stability, magnitude plot of the loop gain, must cross the 

0 db line before the total phase shift reaches 360°. A higher phase margin restricts 

the control bandwidth which limits the advantages of the feedback. On the other 

hand, a higher control bandwidth restricts the phase margin, reducing the stability 

of the system. The midband loop gain, on the other hand is simply the product of 

the dc gain terms of individual transfer functions around the closed loop.

If the desired closed loop properties are not met, then proper compensation need 

be designed. For the frequency controlled SPRC, without state feedback, only external 

compensation can be used. However, with the state feedback controlled SPRC, we can 

achieve the desired closed loop response by varying the feedback gain matrix. External 

compensation may still be used, if desired. An integral/lead-lead/lag compensator 

has been recommended by some authors [50,76].

The state feedback aspects are considered next.
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(b) Control with State Feedback

The rank of the controllability matrix is found by using the “rank” command of 

MATLAB and is found to be 5 for our system and therefore the system is control­

lable. Thus by the definition of controllability, it is possible to assign the closed 

loop poles of the system to arbitrary locations by adjusting the feedback gain matrix 

S  = [5i S 2 S 3  S'4 S '5] to any desired value. It must be pointed out here that in the 

state feedback loop we are only feeding back three of the (tank) states. The output 

voltage, which is also a state, is fed back through an outer feedback loop. Matrix S  

is adjusted until the desired performance is obtained. The three variables 5i, S 2, S 3  

can be suitably tuned. For convenience, one of the variables (S 3 ) was kept constant 

and the other two variables were tuned. Thus the design was done by varying the 

ratio |^ . Fig. 4.6 shows the open loop eigen values of matrix Anew in the 2  plane 

for S 3  — 1.0. There are five roots A1 ....A 5 , It is found that Ax always remains at the 

origin. A4 is nearly independent of Si variation. As moves out of the unit circle as 

the ratio is decreased, thus rendering the system unstable. The complex pair (

A3) also moves towards the positive side of the real axis, with a gradual reduction 

in the magnitude of the imaginary part of the roots. This is not desirable, as such 

a system will be slow in recovering from the transient disturbances. Fig. 4.7 shows 

the trajectory of the poles of the system when the ratio |£  is made negative. As this 

ratio is reduced, A5 moves towards the origin on the real axis and the complex pair 

moves left, acquiring more negative real part. This is a more desirable situation.

Fig. 4.8 shows the “MATLAB” realization of the controlled SPRC. The blocks 

are numbered for convenience. They can be combined to form an aggregate system 

and study the closed loop operation of the SPRC with and without state feedback. 

The segment of the “MATLAB” program used to achieve this is also shown in Fig. 

4.8. The format of the commands “nblocks”, “blkbuild” and “connect” is available in
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Figure 4.6: Trajectory of the open loop poles of the state feedback controlled SPRC. 
S3 =  1.0, while the ratio |£  is varied.
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Figure 4.7: Trajectory of the open loop poles of the state feedback controlled SPRC. 
S3 =  1.0, while the ratio is made negative. As the magnitude of this ratio becomes 
smaller, the roots (except Aj and A4) move towards the left of the origin.
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“MATLAB” manual. The block marked ‘3’, which represents the linearized, discrete 

small-signal model of the SPRC will have the form given by (4.20) or (4.76), depending 

on whether the state feedback is incorporated or not. Matrices A c and B c represent 

the continuous time domain representation of matrices A  and B  obtained by using 

the command “d2c” . Each of these blocks can be manipulated, eliminated or retained 

depending on the situation and configuration of the circuit.

The closed loop audio-susceptibility Agj  and output impedance Z0f  have been 

evaluated using the following relations [81].

A ,I  =  <4'77>

Z ./ =  i f f  (4-78)

Where Ag and Za denote the open loop line to output transfer function and output 

impedance respectively. Fig. 4.9 shows the closed loop audio-susceptibility with and 

without the state feedback for the same phase margin.

As can be seen, state feedback controlled SPRC is better adapted to perturba­

tions in the supply voltage. Fig. 4.10 shows the corresponding plot for the output 

impedance.

4.6 Experim ental R esults

The converter prototype, whose design details are given in the previous section was 

realized in the laboratory. The tank variables were sensed and sampled using the

sample and hold circuits. These signals were added in an operational amplifier and

were used to form the state feedback loop. The output voltage was separately sensed 

and formed the outer feedback loop.
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% Dummy Block 

di =[i):
% Error Amplifier 

ti = 1/100; 
kp = 10.0 
n2 = Ikp.li kp); 
d2 = ti 0];

%Butterworth Filter, tb block 
aO = 1;

r = 1000; 
cl = 10e-06 

n4 = faO];
. (r*2).C64 = |(r»2).(cf*Z) (3-a0).r.cf 1), 

nblocks = 4; 
blkbuild;

%Model of SPRC Q = [2 1 -4 
a3=  Ac 3 2 0
b3= Be 6 3 0]
c3 = Cc inputs •= [3 4 5J;
d3 = Dc outputs «= [31;

(ac.bc.cc.acj = connect(a.b,c,d,Q,inputs,outputs)

Figure 4.8: MATLAB realization of the controlled SPRC. The commands used are 
standard and can be found in MATLAB manual. Note that disturbances 6E  and 
5iout are treated as inputs to the system.
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Figure 4.9: Comparison of the state feedback controlled SPRC’s audio-susceptibility 
gain with a frequency controlled SPRC.
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Figs. 4.11(a) and (b) show the open loop (without state feedback) magnitude and 

phase plots of the control to output transfer function obtained experimentally at full 

load condition.

Figs. 4.11(c) and (d) are. those for half the rated load condition. During this 

part of the experiment both the feedback loops were disconnected. Use was made 

of a network analyzer (HP 3577A) to obtain these results. Figs. 4.12(a) and (b) 

shows the magnitude and phase plot of the control to output transfer function for the 

frequency controlled, closed loop operation. Fig. 4.13 shows the plot corresponding to 

Fig.. 41.12, with the inner state feedback loop incorporated in the closed loop system.

4.7 Conclusions

Small-signal analysis of the SPRC has been presented using discrete time domain 

modeling. A switching converter being inherently discrete, the choice of discrete 

domain modeling is justified. This model has been modified by integrating it with the 

state feedback control law. The resulting multiple feedback loop controlled SPRC has 

been analyzed and the advantages of having an inner state feedback control have been 

shown. Introduction of state feedback improves the small-signal dynamic response of 

the converter. The open loop results obtained with the proposed model have been 

compared with those predicted by the model of [73] based on the extended describing 

function method. The results compare well. However, at reduced load conditions, for 

regulated output voltage, where the converter is operated much above resonance, the 

proposed model gives more accurate results, as they are closer to the experimental 

results. The advantages of state feedback control have been shown.

Although the analysis and results have been presented for the converter designed 

to operate in lagging power factor mode under steady-state conditions, it can be
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modified for leading power factor mode of operation with some minor changes.

Following are important observations and conclusions of this work:

(1) The dynamics of the slower, output (continuous time) section of the converter 

are controlled by a complex pair of poles determined by the filter elements, which 

determine the corner frequency for the -40 dB roll off point.

(2) Fast poles occurring at beat frequency, which is roughly the difference between 

the operating frequency and the resonant frequency [87], govern the dynamics of the 

converter for perturbation frequencies in the vicinity of the operating frequency.

(3) It was verified that the audio-susceptibility transfer function shows the same pat­

tern as the control to output transfer function [73].

(4) The loop gain T  of the outer voltage loop determines the stability factor of the 

converter. It must be suitably designed for a proper phase margin and bandwidth.

(5) It was observed that for lagging p.f. mode, the initial phase lag is 0° for low per­

turbation frequencies. For leading p.f. mode, it was observed that the initial phase 

leads by 180°.

(6) Parameters like the output impedance and the audio-susceptibility can be con­

trolled by the state feedback gain matrix, which in turn controls the dynamics of the 

resonant tank portion of the converter.
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Chapter 5 

Small-Signal Equivalent Circuit 

M odel

In this chapter, a small-signal equivalent circuit model is obtained for the LCC- 

type parallel resonant converter in the form of a two port hybrid parameter model 

using discrete time domain analysis. This model is used to study the small-signal 

behavior of the converter. Dynamic performance parameters like the control to output 

transfer function, audio-susceptibility, output impedance and input admittance have 

been plotted. Both exact (discrete time domain) and approximate (continuous time 

domain) models are obtained. When the exact model is used, the results are found 

to be accurate up to the switching frequency. Experimental verification of the key 

results is presented.

5.1 Introduction

While performing the small-signal analysis of the resonant converters, mainly two 

approaches have been followed in the literature.



(1) Obtaining a purely theoretical model, based on the state-space method or the 

transfer function approach [51,77,83].

(2) Obtaining a somewhat more practical equivalent circuit model [49,73].

In this context, the small-signal equivalent circuit models of the resonant convert­

ers such as those given in [49,73] are more convenient, both for the design calculation 

purpose as well as for the understanding of the dynamic behavior of the circuit. The 

small-signal model developed in chapter 4 was based on (1). Although that model 

is accurate, it is purely theoretical and does not give any physical insight into the 

small-signal dynamics of the converter. The equivalent circuit modeling approach, 

presented in this chapter, offers the following advantages:

(1) It represents the converter dynamics in a more accessible and flexible format arid 

therefore can be used as a design tool for small-signal dynamics of a converter.

(2) The input and output impedances of the converter along with other transfer func­

tions (such as the control to output transfer function and the audio-susceptibility) 

can be determined using simple rules of circuit theory.

(3) It gives more physical insight into the converter dynamics than a state-space 

model given in [42, 51, 77].

However, equivalent circuit modeling of the resonant converters is not easy. One of 

the main reasons being that the resonant converters are inherently discrete (sampled) 

in nature. Physically, this can be understood from the input voltage square wave that 

appears across the tank of a resonant converter, as a result of the opening and closing 

of the transistor switches of the input inverter. Clearly, the control of the converter 

is restricted to the instants where either a falling or rising edge of this square wave 

occurs. In addition to being inherently discrete, these converters are non-linear and 

time varying too. What adds to the complexity of the small-signal modeling of the 

resonant converters is the fact that state-space averaging can not be applied in this
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case. This is because the switching frequency of a resonant converter is comparable 

to its natural frequency (determined by the resonant tank component values). Thus, 

the former can not be neglected in comparison to the latter. However, the input and 

output (filter) sections of the converter, which have a much lower natural frequency 

( s l o w e r  response) than the switching frequency, can be treated as continuous time 

sections.

The traditional sampled data approach [42] was considered difficult to be applied 

in the case of SPRC and therefore in [73], a small-signal equivalent circuit model was 

obtained using an approximate mathematical model based on the extended describing 

function method. This model, though elegant and simple, was not exact because the 

resonant tank waveforms were approximated by their fundamental harmonics and 

the analysis was done in continuous time domain. To obtain mo’-e exact model, the 

tank states must be treated as “sampled quantities” [49] necessitating a discrete time 

domain modeling. The small-signal analysis based on sampled data modeling has 

been presented in chapter 4 [77].

The objective of this chapter is to present a two port hybrid lumped parameter 

small-signal equivalent circuit model of the SPRC based on the discrete time domain 

modeling method and to study the control aspects of the SPRC. Both exact (discrete 

time domain) and approximate (continuous time domain) versions of the model are 

considered.

The remaining of this chapter is divided into the following sections. The converter 

operation and the various terminology used in this chapter are described in section 5.2. 

A step by step derivation of the small-signal equivalent circuit model is given in section

5.3. In section 5.4, the equivalent circuit is used to predict the small-signal behavior 

of the converter. Dynamic performance parameters (control to output gain, audio­

susceptibility, etc.) have been obtained. Experimental verification of the theoretical
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results is presented in section 5.5, while the main contributions and conclusions of 

this chapter are summarized in section 5.6.

5.2 Converter Operation and Terminology

Fig. 3.2 in chapter 3, shows typical waveforms, from kth instant onwards, for the 

SPRC operating in the lagging power factor mode. The tank current lags the voltage 

vab. To give more meaning to the “sampled nature” of the converter operation, it is 

customary to call the half period of the switching frequency as an event Each event 

consists of two sub-events, and flk (also called intervals B and A respectively) 

corresponding to the circuit topology of the converter. The various intervals are 

marked in Fig. 3.2.

For each of the intervals (atk and /?*) marked in Fig. 3.2, the equivalent circuit 

representation is shown in Fig. 3.3. The equations representing these equivalent 

circuits are given in Appendix A

Since the kth event described above represents any arbitrary half period of the 

switching frequency, the subscript k will no longer be used explicitly in the rest of 

the chapter. This will simplify the notation.

The choice of state variables and the notation used are presented in sections 5.2.1 

and 5.2.2, respectively.

5.2.1 Choice of State Variables

To appropriately represent the resonant tank of the converter, it is necessary that 

suitable state variables are identified. If the values of the resonant inductor current, 

series capacitor voltage and the parallel capacitor voltage, at the beginning of a
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half cycle of the operating frequency are known, all the subsequent waveforms can 

be constructed using the appropriate circuit equations. Hence they can be chosen 

as state variables. As was mentioned earlier, the converter operating frequency is 

comparable to the natural frequency of the resonant tank. Therefore, the response 

time of the tank states is comparable to the sampling time. Consequently they must 

be treated as discrete state variables.

5.2.2 Notation Used

The small-signal dynamics are investigated in the neighborhood of the dc or steady 

state operating point of the converter. Fig. 5.1 shows the steady state parallel 

capacitor voltage waveform along with a perturbed one. Table 5.1 summarizes the 

notation used to define the instantaneous, steady-state and perturbed quantities. 

Table 5.2 summarizes the steady-state expressions [7, 12] for the lagging p.f. mode 

of operation of the SPRC corresponding to Fig. 3.2. f n denotes the normalized 

switching frequency.

Table 5.1: Notation
Running Variable Steady State value Disturbance

E Eq e
io Io io

*L0 h o iLo
VcsO Vcso VcsO
Veto Veto VctO
a A a
7 r A

7



Table 5.2: Steady-State Expressions

-  T* I °  +  + cos(r -  A))

VcM = _  Zr,r2I o ^

T / _  Z /0r? (s in ( r - i4 ) - s « n ( i4 ) )  , ^  r  T -2> t
Veto -  ------  i+C05(T)-+  Z r ir2l o - j -

Vo -  f r 2.£ 0. ( - Ŝ )j4-  +  (} -  >1))

A  = I k - sin  X( ^ = ^ ? )  - t a n  x(y) 

where /  =  £ 0-sm (r), 

g =  i?0.(l +  cos(T)),

and h = g -  Z.ClB.sin(T) + Z.I0.(Ce/C s)(T/2)(g/E0), 

I = 1 for f n > 1 and 0 for f n < 1, 

r ,  =  g; and r2 = gf,
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5.3 Small-Signal Equivalent Circuit M odeling

In this section, a two port, lumped parameter, small-signal equivalent circuit model 

has been obtained for the SPRC operating in lagging power factor mode (Fig. 3.2).

Referring to Fig. 3.1, the three major sections of the SPRC can be identified. The 

resonant tank portion of the converter is a discrete system, as explained previously. 

The input and output (filter) sections can be treated as continuous systems. Low 

frequency approximation can not be used for the resonant tank and hence its modeling 

is more complex. We assume that the resonant tank is a two-port network specified 

by four terminal quantities. The inverter input current (*,n) and the rectified parallel 

capacitor voltage (vout) are chosen as dependent quantities while the input dc voltage 

( E )  and the output current (io) are considered as independent quantities. To interface 

the input and output sections with the resonant section, the dependent quantities are 

averaged. It is assumed that the independent quantities (E  and io) change only at 

the beginning or end of an event and remain constant during an event.

Inspection of the resonant tank and the choice of dependent and independent 

variables, reveals that a hybrid parameter model is most suitable for representing 

the resonant tank. Two equations (an input current equation and an output voltage 

equation) are required for this purpose. The dependent quantities are expressed in 

terms of the independent quantities. However, these relations are non-linear. To be 

able to obtain a linearized two port hybrid model, we linearize this system of equa­

tions about a steady-state operating point and obtain a small-signal representation

of the resonant tank of the SPRC, as shown in Fig. 5.2. The governing small-signal

equations are given by

Vout — h\\.e + /i22-*o + h-2CVy (5-1)

*in = h21*e -|- ll \2.2*0 T (5*2)

To accommodate the role of the voltage controlled oscillator, which controls the
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Figure 5.2: Two port hybrid parameter, small signal equivalent circuit model of the 
SPRC developed in this paper. The hybrid parameters have been defined in section
5.3. The output section of the SPRC is shown connected to the linearized small signal 
model of the resonant tank.
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converter operating frequency (another independent variable), additional independent 

sources have been inserted in the last two equations denoted by coefficients with 

subscript “c”. v1 stands for the control voltage of the VCO. Following seven steps are 

followed in obtaining the two port hybrid parameter small-signal equivalent circuit 

model.

5.3.1 Large-Signal State Equations for Resonant Tank (Step

i )

The first step in the derivation of the model is writing the large-signal state equations 

for the resonant tank, which is in discrete time domain. The large-signal equation 

corresponding to the tank current state is given by

Ailo 0)
ts ts

(5.3)

iifas) denotes the tank current at the end of the half period (kth event) and is same 

as *z,(<o(jfc+i)) (Fig. 2). A large-signal expression is required giving iz,(fs) in terms of 

i[j(0). This, along with those for the other two states, were derived in [78]. These 

relations are summarized in the Appendix B. Substituting the value of iL,(ts) from 

Appendix B into the last equation;

A?lo _  -AiBsfra(^ots) -  B1Bcos(u}0ts) -  CiB(^cos(u}0tp) -  1) -  u,,(0) ^
ts tg

Similarly,

A®csO ~ V c, i ( t s  ) — r>ca(0) (5.5)

A2b(  1 -  cos(u)0ta)) f  B2Bsin(u;ots) + C 2f i(w o < a  -  u0tp + 2sin(u}0t/3) + 2ucs(0)------------------------------------------  (5.6)
ts

A t?cto   P etits ')  ^c i(O )
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-  (M)
where

= A3B(l ~ cos(u0ts)) + B3Bsin(uQts) + C 3 b(2w0/.ct -  w0/ s)

X 2 = 2Z.r2.C\Bsin(u0ts -  u0ta) + 2t-ct(0)

5.3.2 Input and O utput Equations (Step 2)

The next step is to obtain the large-signal state equations for the dependent quantities. 

As stated previously, the dependent quantities vout and i,n should be averaged over 

the switching period following the low frequency approximation. These averaged 

quantities then serve to link the discrete resonant tank portion to the other tw . 

slower (continuous time) sections.

We begin with the current equation. Referring to Fig. 3.2, it can be seen that the 

current *,n flowing into the resonant tank can be obtained by averaging the charges 

during the two sub-intervals a  and (3. Thus:

qa + qp
t s

where
fta

(5.9)

qa = /  (AiBsin(u0t') + BABcos(uQt') + CiB)dt' (5.10)
Jo

qp = /  (AiAsin(u)0t") + B\ACos{uQt") + CiA)dt" (5.1.1)
Jo

The above expressions are evaluated by substituting the values of the A,B,C constants 

from the Appendix A and integrating between the specified intervals.

E — vcs0 -  vcto( ilo + r2Jo . / ■, r2io ■.qa = ----------- -------(1 -  cos(a))--)-------------stn(a)-------- a (5.12a)
Wo Z Wo Wo

E Vcsi Vctl / \ \  . t [ j l  2̂*0 . / \  T2io  / \  / .  ,  a |  \qp =    (1 -  cos(7 — a)) -|------------- sm(7 — a )  ( 7  — a) (5.126)
ujqZ  wo wo
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where i n ,  v ca\  and v cVl are given by (A.l), (A.2) and (A.3) in Appendix A.

For the other dependent quantity, i.e. output voltage of the resonant tank, the 

parallel capacitor voltage equations for the intervals a  and f3 (see Appendix A) are 

integrated. This yields;

Vout =  7- [  \ v c t ( r ) \d T  =  i ( -  [  v c ta ( T ) d T +  [  vct ( r ) d r )  (5.13)
I s  JO t s Jo Jo

T he expressions for v cta and v ct/3 are given by (A .3) and ( A . l l )  respectively in A ppendix  A.

7*2
v 0ut =  — r ( E  ~  vcso ~  vcto)-( l  -  2a  +  2s in ( a )  -  s in (7 ))

+  — ^ (* £ ,0  +  r 2 .i0 ) .( 2 c<w(a) -  1 -  co a fr))  -  Z^ ~ (2 a  -  7 ) 2Ûo ts ZUJqIs

+ g i - .y S (c< M ( 7  -  a )  -  1) +  -  2 a )  (5.14)
Wols Wots

At this point we have all the large-signal state equations necessary to represent the 

system. But these are non-linear equations. To model the small-signal dynamics of 

the converter, they must be linearized in the neighborhood of the stable operating 

point (Table 5.2). This is done in the next section.

5.3.3 Perturbation and Linearization (Step  3)

The equations (5.4), (5.6), (5.8), (5.9) and (5.14) are perturbed and linearized about 

the steady state operating point. The perturbation and linearization of these state 

equations is shown below.

A(/io +  * L o )  Eo +  e -  V CsO — VcsO -  Vcto -  Veto ■ /r , . * \ ----------- = w0--------------- ——— —------------- s*n(r + 7)u  z ( r  + 7) v x "
(ho  + »L0 + r2Io + r2io)cos(T + 7) -  2w0r2(/0 + i0)cos(r + 7 -  A - a )

 ;— FT?-------------------------------
u o r 2( I o  +  i’o )  +  w o / l o  +  i lo W o  ,  _ %+ -------------- — --------------- (5.15a)

A(V'c«o +  v Cso ) E o  +  e  -  Vcs0 — v Cso -  Veto -  V eto , ,  /r , . .»
  ts   =  (fT T )--------------- ( l - a w ( r  + 7))



v  (Ilo + * L 0  +  r2I0 + r2i0)sin(T  - ( -  7 )  -  2u>Qr1r2Z(Io +  i0)sin(T  - f  7  -  A  -  a )  +a,0Z n ------------------------------------------ -------------------------------------------------

. — Zrir2u>o(Io + *o)(2A 4- 2d — T — 7) + 2wo(̂ csO 4 - v cs0 ) l r  1 e|A
+  _ _  (0 ..L 0 O J

A ( U ciO +  Veto) E o  +  e  — V cso — Vcso — Veto — Veto f  /T , . a \ v
 *----------- = u0r2------------------- ( f T T ) --------------- (l-c<M (r + 7))

ry (ho  + *Lo + r2Io + r2*o)s*n(r + 7) -  2uj0r%Z(Io 4- io)»in(T + 7 -  /t -  a) +u 0Zr2- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ^ q - T - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

, Z t \ t 2)jJo(Io + *o)(2A + 2a — T — 7) + 2uo(Vcto + £C(o) / c , K \
+  _ _  (O .L O C )

The above equations can be simplified using the following.

sm (r -j- 7) = sin (r)-f 7cos(r) (5.16)

with 005(7) = ]

cos(r + 7) = cos(r) — 7sin(r) (5-17)

with 5*71(7) = 7

Similarly cos(r 4- 7 -  A — a) = co5(T -  A) -  (7 -  d)5in(r -  A) (5.18)
1 1 7

and the denominator -  = —(l 4- --)-1
14-7 1 1

*  i ( l  -  £ )  (5.19)

Using the above simplifications, the small-signal terms can be separated from the dc

terms to yield the following small-signal equations.

A*lo
U

=  P n * L o  4-  P uV csO  +  PxzV cto  4-  p i 4*0 4- p [ 5e  +  p '167  4- p '1 7 d  ( 5 .2 0 a )

=  P 2i h o  +  P 22Vcs0 4-  P 23v cto  +  P 24*o 4- p '25«  +  P 2s 7  +  p 'n &  ( 5 . 2 0 5 )
ts

=  P 3 V L 0  4 -  P ^ c s o  +  p'zzV cta  +  P 3 4 * o  4- p'35e  +  p'm l  4-  p 37&  ( 5 .2 0 c )

Aticso

At>ct0
t.

where pV are some intermediate coefficients introduced as a matter of convenience. 

At this point, we have obtained the small-signal equations, but they still have one 

dependent quantity d. This must be eliminated, as shown in the next section.
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5.3.4 Elim ination o f a  (Step 4)

To eliminate the dependent quantity d, we note that the parallel capacitor voltage 

goes to zero at the end of B (a) interval. Therefore;

A 3B(1 -  cos(a)) +  B3Bsin(a) +  C3B.a  +  vct0 =  0 

or r2(E -  vcsQ -  t>cto)(l -  cos(a)) +  Z.r2(iBo 

+r2i0)sin(a)  +  Z r ^ io a  +  vct0 =  0

(5.21)

(5.22)

The above equation, which is of the form f ( a , E , v cso ,vctQ,iLo,io) = 0 can be ex­

panded and linearized using the Taylor’s expansion to yield the following:

0 =  f ( A ,  Eo, F co , Veto, h o ,  I q) +
dj_
da

a  +
eq

+ A L
dvCSQ

d f
vcs 0 +  o  

eq dVetO
d f

vctO +  a . 
eq. OlLn

2 1
9 E  eg

d f
*L0 + jrr-

;q d l Q
*0 (5.23)

eq

Noting that the first term on the right hand side in the last equation is zero, we get;

D E .€ -)- D V C S . v Cso T D V C T . vciq -(- D V I o  -(- D I O A q
a  — -

D A
(5.24)

where

D A ^ f a
) =  r 2 (E 0  -  Vc s0  -  Vcto)sin(A) + Z r 2 (IL 0  + r2 I 0 )cos(A) + Z r ^ I o

i
= A 3 Bsin{A)  -!- B 3B c o s ( A )  +  C3B

The quantities D E , D V C S  etc. are summarized in Table 5.3 and the A, B, C 

constant are same as given in the Appendix A with subscript “k” dropped and the 

state variables replaced with their steady-state values as per Table 5.1.

5.3.5 Final Sm all-Signal Equations (Step 5)

Once d is evaluated in terms of the independent quantities, we can eliminate it from 

(5.20). To give more meaning to the modified equation, it is multiplied by T, the



Table 5.3: Partial Derivatives
Symbol Meaning Expression

DE §1
dE eq (1 — cos(/l)).r2

DVCS _ 9 f _
9«c»o eq

-DE

DVCT JU—
dvci0 eq .

DVCS + 1

DVIL AL-
d*L0 eq

Z.r2sin(A)

DIO 9L
dio eq

Z.r\sin(A) +  Z r ^ A

resonating inductance, resulting in the following equation.

L -—--—  =  R\iLo  T  K \ vcsq +  K2'Vcto +  R'lio +  A 3 6  +  A icfq  (5.25)
*S

The remaining two equations for the tank states can also be suitably .modified. They, 

along with the other two for the dependent quantities (vout and ?’,„) are given below:

^  A v Cjo  _  K i  iLQ + g i .vca0 + g2vcto + K 5i0 + g3e + g-lcv^ (5.26)
t3

C f — =  K q%lo +  94^cso +  95Vcto +  K jio  +  g&e + 92Cv-y (5.27)t$
Vout =  RziLa +  I^»vcsq +  K^Vcto -(- R R q -f- I iw e  -f Ii2CV'y (5.28)

iin = KlULO + 97 VcsO + ffŜ cfO +  #12*0 +  <79 <5 +  </.3c'<";7 (5.29)

In the above equations, g's have dimensions of conductance, R's  have dimensions 

of resistance, and K 's  are dimensionless. The coefficients of small-signal equations 

(5.25) - (5.29) are defined in Tables (5.4) and (5.5).

5.3.6 Elim ination o f Interm ediate Variables (Step 6)

Equations (5.25) - (5.29) represent a small-signal multi-port model of the SPRC 

shown in Fig. 5.3. This model might give some physical insight into the small-signal
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Table 5.4: Small Signal Coefficients for the Resonant Tank Equations

* 1 (Z i± co » iii)  z A ' h s i ^ ( r

A', 2nj&JL g in (Y  A ) ° ™ s

K i £ m p  2x j f £ s i n ( r  A ) 0 ^ /

R 2
n  +  2 Z n c o p ;-A )  rj^Z ^  2!Z p l a.s i n p  j ^ D I O

k 3 a in jlj  Z J p h L s i n p  A )% Z

K u
(B (0)-t'eJo-*4»o).(s'n(I’)-r.co»(r)) . <7 (^io+r2 A)Mcoi(rj+r««n(I'))

p2 1 "  pi 
| /y rjlo f” 2 r .« n (r—,4)+l~ 2coa{V—>4)) | *7 Itg

I<a
^ l  +  l ^ cos{T  A ) OVLL 2 ^ / 0  DVIL

9 i T tr  -  y t >cos( T )  -  ^  +  ^ ( COS( r  -  A )  -  l ) U f f i L

92 -  f r ^ ( r )  +  ^ ( c o S( r  -  A )  - 1 ) ^

K $ +  r )  +  2 ^ 5 t n ( r  A ) +  2 ^ 1 a (c 0 5 ( r  A )  1 )® '? .

93 +  7pco5(r) +  ^^-^(co^r A )  1)75̂

9ic ^ r(^ (0 ) -  Vua -  Vct0) . ( ~ sin(T) +  f  -  SS^l)  +  f  ( / ^  +  r 2/ 0) . ( ^ j P  -  c o s ( r ) )  

+  ^ ( - 1  +  2 c o s ( r  - A )  -
K e f s * n ( r )  + ^ ^ r ( r 2 c<w(r i4) + r ! )

9 a •5 ^ ( 1  co5 ( r ) )  + -  A )  + r x)

9s z r (l c o s ( r ) )  z . ^ r  + ^ ^ n ^ f o c o s C r  A ) - f r - J

K i -^■«in(r) -  ^-(2/1 -  r)  + Zpsin(T -  A )  + 2pn *nA '(r 2co s(F  ~ A) +  r i)
96 —3Tr +  -^F C0 5 ( r )  +  ( r a « w ( r  -  i4) + r , )

92c M E ( 0 )  -  Vct0 -  Kt0) .(-5*n(r) +  f  -  2 ^ )  +  f  (/£0 +  r2/ o ) . ( ^  -  cos(r)) 
+ ^ (2 r2co5(r  -  A )  + r, + -  2r̂ f - ~ A)) +
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Table 5.5: Small Signal Coefficients for the Input and Output Equations

r 3
; _/ —................. ■ -  ...................

P41 +  P47 fiA
I<z

_/ 1 _/ UVVS
P42  +  P47 0 4

A'a P4 3 + P 47 t>A
R a

„l 1 _/ UlU
P44 +  P ir - m r

R io „> 4 . „> M .  Pas +  P47 r>4
K 2c P46

K n
; , / U V lb  

P si +  PS7 0 4
97

_/ . _/ UVCS 
PS2 +  PS7 0 4

9a
. _/ u v u r  

PS3 +  P57"T>'4
K \2 _/ . _ / 0 / 0  

P54 + P s 7 - n T
9o P ss +  P sT JU
93c Ps6

P41
Zr?(2coa(Aj—l —cos^l'})

rt?
- r 2( r - 2A+2j in (A )-a tn in )

f*

P4 3
«/ . r-iM  1 ......  ....... ......................................... .............................. .....................................P42 +  r

P44 ^ ( 2 c o s ( A )  -  3  -  c o s (I ')  +  2 c o s ( r  -  A ) )  % ^ ( 2 A  -  T ) 2

P is -P ai

P46
rj(ii(0 )-V <:,o-V,,cto)(24-2»m (i4)+Jin(lJ|-I'c04(r)) j ^rj(7z.(i+r1/oH l-2co»(/l|+eoj(l')+ l'«m q’)J

rr___ r / - 2 4 J , l \  . 2Z rf/0(-r » in (r -i* )+ l-ec w (r -i4 ))  , i A \ r
^ f i r 2io t  pj 1' 9 ' ”■ —  M " ....................  +  rT v cto

P47 ? ( E ( 0 )  -  -  Vct0) ( 2 c o s ( A )  -  2 )  +  ( j w  +  r2/ o )  _  _  r )  

+ 2 ^ l & ( « n ( r  -  A ) )  -  ^

Psi ^  « ^ l ( r ,  +  r 2) ( l  c o s ( r  A ) )  +  5 2 iid j£ » I lL -! l
_/P52 - 1  - eoa(A) | (r i+ r 2 )( l-c f lj (r j)( l-co a (r -A ))  \ - c o a \ i - A )  «in(A)ain(r-A)

Ps 3 Ps2
PS4 p - ^ r - 4 ^ ( r ir 2 (A  5 fn ( i4 ) )  5 i n ( A ) r | )  r«r»iM l y < r = 4 »  

+  r^o«(/l)».n(r-/tJ _  +  r^( r  +  s i n ( A )  _  2 A )

Pas
2-coalA)—cosll'-A i (1—co«(y4))(l-eoj(r—>4))(ri+rj) , » in (4)« in (l'-4 )

Ps6 - 4 ^ ( 1  -  c o s ( A ) )  -  ^ $ ± 4 1  -  2 . 2 ^

+PP.((ri +  r2).(A iB (cos(A )- 1 ) -  Pifl.a»n(A)) +  P i s )  +  QQ.(s«n(A).Ajfl +  B i b  +  2 C |« )

p p 1—cos[V-A) , * in (r—At 
r* ' r

QQ
«in(l —A) coa(lJ—A)

P57 - * 4 ^ ( 7 ,  +  r2 -  l).s in (A /2 ).sin (i^ ) . . s i n ( i^ i ) -  24 La( r > +  r 2 ~  
- ^ ( c o s ( r  -  A) -  1)
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dynamics of the converter, but is far too complex to be used as a control design 

tool. In an attem pt to simplify this model, tank state variables can be eliminated 

from these equations as they are not of direct use. One is interested in them only to 

the extent they affect the terminals (dependent quantities) at the two ports and not 

otherwise. At this point we consider two cases, which give different interpretation to 

the analysis.

Case(I) Continuous Time Domain: If the variation of the states of the system 

is small as compared to the switching frequency, which means they remain more or 

less constant over a given operating frequency cycle, then the sampled nature: of the 

states can be neglected and equations (5.25) - (5.27) can be treated as continuous 

time domain equations. As a result, the left hand quantities in (5.25) - (5.27) can 

be converted to continuous time derivatives etc.). Laplace transformation can

now be applied and these equations can then be solved simultaneously, to determine 

the values of Ilq, vcso and vcto in terms of the terminal quantities. These values can 

then be substituted in (5.28) and (5.29) to arrive at the final s: all-signal equivalent 

hybrid model (in Laplace domain) as below.

Vou«(s) =  (R$V 11 +  K 3 V2I +  KgV3\ +  R 4 ) h ( s ) +  (7?3*d2 +  K&V22 +  K 9 V32 +  K i o ) E ( s )

+(R3t/i3 + K&V23 + Kgt/33 + R4)Vy(s) (5.3G)

7 | 'n ( s )  =  ( A ’l i ^ n  +  5 7 ^ 2 1  +  9«v3l +  K l2 ) io ( s )  +  ( K u ^ U  +  97^22 +  <78^32 +  g g )E ( s )

+ ( K \ \V \ 3  + <77̂ 23 + <78̂ 33 + 9 3 0 ) ^ 7 ( 3 ) (5.31)

The quantities Uij are defined in Table 5.6.

Case(II) Discrete Time Domain: If the perturbation frequencies are comparable 

to the switching frequency, the approximation of case (I) will not give accurate results. 

Hence (5.25) - (5.27) must be treated as discrete time domain (difference) equations. 

This case has been further discussed in section 5.4.
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Table 5.6: Coefficients Vijs

V11 j j . (—s2(R2) +  s.(g5R 2 +  giR.2 — K iK s  — K 2K 7) +  C 11)
V\2 77-(—s2{Ks)  +  s.(g5K 3 +  g iK 3 — K\g3 — K 29e) C\2)

1̂3 n - (~ s {K\c) +  s.(g5K i c +  giKic  — K igu  — ^ 29-20) +  C 13)
2̂1 h - ( ~ s2{K 5 ) +  s . (R iK 5 +  g$Ks — g2Kr  — K 4R2) +  C 21)

V22 7j-( —s2(flr3) +  S'(Rl93 +  <7503 — 0206 ~  K 4K 3) +  C22)
»23 n - {~ s2{9lc) +  s -(f?101c +  0501c — 0202c — K 4K 1C) +  C23)
3̂1 Yj.(—s2(K7) +  s.(RiK7  +  01AV — 04A 5 — K 6R2) +  C34)
3̂2 n - ( ~ s2(06) +  S .(f*106 +  0106  — 0403 — K^K3) -(- C32)

^33 7) • ( - 's2(02c) +  ■s-(72l02c +  0102c ~  0401c ~  KqKu) +  C33)
D —S3 +  S2.(Ri  +  01 +  05) +  S. (0204 +  I<ll<4 +  K 2K& — i? n 0 l — R \05 ~  0105 +  Go

The coefficients CijS are defined in Table 5.7.

5.3.7 Interfacing w ith  th e Input and O utput Sections o f the  

Converter (Step  7)

The input and output port of the resonant tank can be interfaced with the input and 

output filter sections (slow, continuous time domain) of the converter to obtain the 

over all small-signal model shown in Fig. 5.2.

5.4 Dynam ic Performance Parameters

The dynamic performance parameters like the control to output gain, audio suscep­

tibility and output impedance are useful in evaluating the dynamic performance of a 

converter. As was stated earlier, the equivalent circuit model can be used to obtain 

these transfer functions fairly easily as linear circuit theory can be applied. It is 

with this view that the small-signal hybrid model developed in section 5.3, has been 

used to obtain these transfer functions in this section. First we use the approximate
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/r r \

»7 t«<

Figure 5.3: Small signal multiple port model of the SPRC

Table 5.7: Coefficients CijS

C n h {~ 9 i9 sR i  +  9 2 9 4 R 2 +  K iK ^gs — K ig 2K j — K 2g\K*, +  K 2K jg \)
C \2 7>(~9i9sK3 +  9 2 9 4 K 3 +  i f i  <73*75 — i f :  <72 <76 — if2<74<73 +  1^29&9i)
C 13 n ( —9i9sK ic  +  <72<74i f i c  +  K \g u 9 s ~  i f i 9292c — K-2Q\9\c +  ^292c9 i )
C2i n ( —i? i< 7 5 ifs  +  R ig 2K 7  +  i?2 if4<7s — R 2 9 2 K& ~  K 2 R 4 K 7 +  / ^ i f e i f s )

C 22 T>{~R\9$93 +  i?l<72<76 +  i f 3 i f 4^5 ~  K 3g2^6 ~  1^2^496 +  A  2 ^ 6  <73 )

C 2 3 ' T)(~Rl959lc  +  R\g292c +  if lc if4 < 7 5  — i f  1 c<72i f 6 — K 2K 4 9 2 C f  K 2 K&g2c)
C3i t>{—R \9 \K 7 +  R ig4Ks  +  K 1K 4 K 7 — K \ KqK$ — K 4g4 R 2 +  i f 6 <71 R 2 )
O32 n (~ R l9 l9 6  +  A l< 74<?3 +  i f i  K 4 9 6  ~  i f  1 i f 6^3  — K 4 9 4 K 3 +  i f 6^1 i f 3 )

C33 T){~R\9\92c +  R\g49lc +  if lif4 < 7 2 c  — i f i  i f 6 .? 1 c ~  i f 4^4 i f i  c +  K&g\K\c)
C d R \9 \9 s ~  R\9294 — i f l i f4 < 7 5  +  i f i  i f 6 ^ 2  +  1(2^494 — i f 2 i f 6 <7l
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equivalent circuit model, in which the sampled nature of the tank states is neglected.

The control to output transfer function and the output impedance are obtained 

as below.

Define h2c(s) =
Vy{s) Io (s)=0 ,E(s)=0

and ^ 2 2 (5 ) =
Io(s)

(5.32)

(5.33)
v7(s)= o,£;(s)= o

Referring to Fig. 5.2, the control to output transfer function can be written as below.

^0 / \   ^2c(^)Rparo//e/(^)
V~ R p a ra l le l{ s )  +  h 22( ^ )  + '  s L j

(5.34)

where R paTaUei{s) = R l / sCj

R l  +  1 / s C f

Similarly, the output impedance is given by

Z0(s) = (h22(s) + sLf )\\(l/sCf )\\RL (5.35)

Two more hybrid parameters are of interest. These are the audio-susceptibility pa­

rameter (hn(s))  and the input admittance parameter(/i2i(s)) defined below.

Vout(s)hu(s) = 

h 21 ( s )  =

E (s )

Iin(s)

E(s)

io(3)=0,Vy(s)=0

Vy(s)=Q,io(»)=0

(5.36)

(5.37)

An SPRC (Fig. 3.1) has been designed with the following specifications to verify 

the accuracy of the small-signal models presented.

Input supply voltage, 2E min =  50 V  

Output voltage of the converter, Vo =  24 V  

Maximum output power, P0 = 100 W atts ,

Switching frequency, f t =  200 kHz.
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Resonant Frequency ( /0) =  250 kHz.

Designed values are:

L t =  17.74///7 ; Ca = 0.047//F ; Ct = n2C't = 0.047//F; n =  1.

R l< ( ro ted) = 6.74 fl.

Lf  =  1000////; Cf = 1.0nF.

Fig. 5.4 shows the control to output transfer function bode plot as obtained using 

(5.34). Fig. 5.5 shows the plots of output impedance and audio-susceptibility transfer 

functions obtained with the approximate equivalent circuit model. Output impedance 

plot is useful in determining the transient response of the converter. It is desirable 

that this plot does not show a peaking nature and the magnitude is as low as possible 

in order to have a good transient response. The audio-susceptibility plot on the other 

hand, is useful in determining the effect of the perturbations of the input supply volt­

age on the converter output. Fig. 5.5(b) shows that for low perturbation frequencies, 

the input supply variations affect the converter output considerably. However, as the 

perturbation frequency goes up, this effect becomes less and less pronounced. The 

bode plots of parameters hn(s) and h,2i(s) are given in Fig. 5.6.

Observations

(1) The dynamics of the converter are influenced by complex pole pair (slow) due to 

the filter elements of the output filter section. They determine the corner frequency 

for the -40 db roll off point as is clear from Fig. 5.4.

(2) The dynamics of the converter at perturbation frequencies closer to the switching 

frequency are governed by the fast (complex) poles due to the resonant tank portion 

of the converter, which introduce a phase lag of 180°. These poles occur at the beat 

frequency which is approximately the difference of operating frequency and the nat­

ural resonant frequency.
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Figure 5.4: Bode plot of control to output transfer function obtained with the ap­
proximate small signal equivalent circuit model.
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Figure 5.5: (a) Bode plot of output impedance transfer function obtained with the 
approximate small signal equivalent circuit model, (b) Audio-susceptibility transfer 
function.
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Figure 5.6: (a) The bode plot of the audio-susceptibility parameter, (b) Input ad­
m ittance parameter.
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(3) The lumped parameters of the equivalent circuit model are frequency dependent 

and can be represented by transfer functions of order 3. This can be verified from 

(5.32), (5.33), (5.36) and Table 5.6. The lumped parameters are of order 2, in case of 

series- and parallel- resonant converters. Thus the order of the resonant tank governs 

the order of the lumped parameter.

(4) The audio-susceptibility transfer function has nearly the same pattern as the con­

trol to output transfer function.

So far we have neglected the sampled nature of the converter states. This however 

is not an accurate representation because the states are in fact discrete. To account for 

the sampled nature, (5.4), (5.6) and (5.8) must be re-written as difference equations. 

For example, the equation corresponding to (5.4) will become:

A j ' l o  =  - j 4i B S * r c ( w o * s )  -  B iB C os(u0t a )  -  C i b ( 2c o s ( u ; o / / ? )  -  I )  -  * i , ( 0 )  ( 5 .38)

Equations corresponding to (5.6) and (5.8) can be similarly written. The procedure of 

obtaining the small-signal model remains essentially the same as described in section 

3, except a few changes owing to the discrete nature of the equations. For example, 

Laplace transform must be replaced by the z-transform. It can be shown that the 

resultant small-signal model will have the same coefficients as obtained in section 3. 

The lumped hybrid parameters obtained earlier are redefined in terms of the complex 

variable z by making the following substitution.

• =  ^  (5.39)

where Ta is the steady-state value of half time period of the operating frequency.

With this substitution, all the s-domain coefficients v in Table 5.6 will now become 

z-domain coefficients. Fig. 5.7 shows the control to output transfer function obtained 

using the exact, z domain equivalent circuit model. The results obtained using the
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approximate model (Fig. 5.4) are also plotted again for the sake of comparison. It is 

clear that the approximate model is not able to predict the small-signal dynamics near 

the switching frequency, a fact confirmed by experimental results in the next section. 

The “hump” seen with the exact model is actually a result of the “beat frequency 

dynamics”, a phenomenon resulting from the interaction of the switching frequency 

and the resonant frequency [87]. Prediction of the beat dynamics is important for 

proper control loop design as they affect the control bandwidth. To demonstrate 

the importance of the exact model, the plots of the output impedance and audio­

susceptibility transfer functions, obtained using the z domain model, are plotted in 

Figs. 5.8 and 5.9 respectively. The approximate plots are also plotted. It can be 

seen that once again the s domain model is unable to predict the dynamics at higher 

perturbation frequencies. In particular the phase prediction is highly inaccurate when 

the approximate model is used. Hence, if the knowledge of the small-signal behavior 

near the switching frequency is desired, sampled nature of the tank states can not be 

ignored.

5.5 Experim ental R esults

An experimental converter was built with the same specifications as given in section

5.4, and was used to verify some of the theoretical results. Figs. 5.10(a) and (b) 

show the experimental results obtained for the control to output transfer function. 

These results can be compared to those of Fig. 5.7. These waveforms confirm that 

the results predicted by the exact equivalent circuit model are reasonably accurate 

upto the switching frequency, while the approximate, continuous time domain model 

is good for lower perturbation frequencies only.
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Figure 5.10: Experimental waveforms corresponding to Fig. 5.7 These plots were 
obtained using a network analyzer (HP 3577A). The details of the converter are the 
same as given in section 5.4
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5.6 Conclusions

A two port hybrid small-signal equivalent circuit model has been presented in this 

chapter. This model h  derived using the discrete time domain modeling. Two versions 

of this ;.node! w ■><; considered. An approximate one, in which the sampled nature of 

the tank r.i atcs was neglected and the analysis was done in continuous time domain. 

The low frequency approximation, on which the continuous time domain model is 

based, simplifies the modeling, but the results obtained are good for low perturbation 

frequencies only. This model fails to predict the “beat frequency dynamics”. The 

other, exact, z domain model takes into account the sampled nature of the tank 

states, which in fact is their true nature in a resonant converter. The results obtained 

with this exact model are more accurate.

Although the equivalent circuit model derived in this chapter is meant for lagging 

p.f. mode of operation, it can extended to leading p.f. mode of operation with minor 

changes. The equivalent circuit model is capable of giving useful dynamic performance 

parameters in terms of simple transfer functions.
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Chapter 6 

Steady-State and Dynam ic 

Analysis for Fixed Frequency 

Operation

In this chapter, steady-state and dynamic analysis of constant frequency pulse-width 

modulated operation of the LCC-type parallel resonant converter is presented. The 

full bridge version of this converter, suitable for fixed frequency operation is shown 

in Fig. 6.1. First, the steady-state analysis is presented and the steady-state solution 

is obtained. The main purpose of steady-state analysis is to understand the different 

operating modes and to use the steady-state results for the dynamic analysis. The 

large-signal behavior is investigated using a large-signal state-space model in the 

discrete time domain. Key theoretical results are verified using SPICE simulation. 

A small-signal model is then derived by linearizing the large-signal state equations 

about a steady-state operating point. The small-signal behavior is predicted using 

the resulting model.
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6.1 Introduction

Many techniques have been proposed to control the output power of a resonant con­

verter. Traditionally, the power control in resonant converters has been done by 

varying the operating frequency of the converter. Although this technique is very 

popular, it has many drawbacks. These drawbacks are briefly summarized below.

(1) For below resonance operation, the size of the magnetic components tend to be­

come quite large because they must be designed for the lowest operating frequency.

(2) There are turn ON losses when the converter is operated below resonance.

(3) There is a need for lossy RC snubbers, ^  limiting inductors and fast recovery 

diodes.

(4) For above resonance case, as the frequency goes up, the turn-off switching losses 

of the switches, the losses in the resonating components and the transformer core 

losses go up.

(5) It is more difficult to design the filter components.

To overcome these drawbacks, attempts were made to propose alternate control 

schemes based on a “fixed'’ operating frequency. Thus came the idea of fixed frequency 

pulse-width modulated resonant converters. Some of the initial work in this direction 

was reported in [58 - 61]. Many techniques have been proposed for the fixed frequency 

operation. The most popular technique is based on applying phase shifted gating 

signals to the full bridge converter.

It was stated earlier that in order to make best use of any power converter config­

uration, it is necessary to formulate proper design procedures which are governed by 

the conditions under which a converter has to operate. Before an actual converter is 

built, it is desirable to know how the converter will behave under different operating 

conditions. This has led to three kinds of analysis depending upon the operating
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state of the converter.

(1) The steady-state or DC analysis.

(2) The large-signal analysis.

(3) The small-signal analysis.

Some authors [15,16,18] have reported the fixed frequency operation and its anal­

ysis for the SPRC. Reference [15] describes the fixed-frequency PWM control of the 

SPRC. It is shown that high efficiency for large load variations is achievable along 

with a narrow range of duty-cycle ratio control and protection against load short 

circuit conditions. A simple analysis and design procedure based on complex ac cir­

cuit theory was presented in [15]. However, this analysis is based on the following 

approximations.

(1) The input voltage to the resonant circuit has been represented by the fundamental 

component of the square wave.

(2) A sinusoidal rectifier input voltage has been assumed.

(3) Only the fundamental component of the rectifier input current has been consid­

ered and an equivalent value of ac resistance as seen by the parallel capacitor has 

been used.

This type of analysis loses its accuracy at reduced pulse widths and can not predict 

the different modes of operation of the converter.

In [18], state-plane technique has been used to analyze the third order SPRC, 

which has been reduced to a second order system (by transformation of variables) so 

that a two dimensional state-plane analysis can be applied. Although this technique 

is very useful, the transformation of the third order system to a second order system, 

makes it difficult to understand how the various circuit variables are behaving phys­

ically. The steady-state analysis of only one of the operating modes of the SPRC, 

based on the state-plane technique was reported.
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Thus a detailed analysis based on the state-space approach giving different modes 

of operation is not available in literature.

It is well known that the dynamic analysis is very important to know the response 

of the converter to sudden disturbances. The large-signal analysis determines the re­

sponse of the converter when its operating conditions undergo large variations in their 

steady-state values. Similarly the small-signal analysis determines the converter’s re­

sponse to small perturbations in its steady-state values. Dynamic analysis is useful 

for two reasons. First, it helps in designing the closed loop around the converter and 

second, it helps in choosing appropriate component ratings.

The large-signal analysis of the SPRC, operating in fixed frequency, pulse-width 

modulated manner is not available in the literature. The small-signal analysis, using 

an approximate extended describing function method was reported in [73]. Recently, 

a combination of extended describing function method and state-space approach has 

been used [84] to preform the small-signal analysis. In the present thesis work this 

analysis has been carried out independently, using state-space technique.

Thus the main objectives of this chapter are the following:

(1) To present a steady-state analysis of the fixed frequency pulse-width modulated 

SPRC (FF PWM SPRC) using the state-space approach. This approach is followed 

using a constant current model [12] of the SPRC.

(2) To present a large-signal analysis using a discrete time domain model on the same 

lines as derived in chapter 3 for the variable frequency operation.

(3) To present a small-signal analysis by linearizing the large-signal equations about 

a steady-state operating point.

The remaining of this chapter is divided into the following sections. Section 6.2 

identifies the various operating modes and explains the converter operation for these 

modes. In section 6.3, the state-space equations are developed for the predominant
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operating mode and its steady-state solution is obtained. The large-signal discrete 

time domain modeling of the fixed frequency PWM SPRC is performed in section

6.4. The model obtained is used to predict the large-signal response of the converter 

to two kinds of external disturbances. One caused due to switching ON the converter 

and the other due to a sudden step change in the load. Section 6.5 is devoted to 

the small-signal analysis. The large-signal equations developed in section 6.4, are 

linearized about a steady-state operating point to obtain a linearized small-signal 

model. This model is used to study the dynamic parameters like the control to 

output transfer function and audio-susceptibility. The observations and conclusions 

are given in section 6.6.

6.2 Operating M odes of a FF PW M  SPRC

Fig. 6.2 shows all the possible equivalent circuits of the SPRC during the different 

intervals of the various operating modes of the fixed frequency PWM SPRC discussed 

in this chapter. During interval A the polarity of the parallel capacitor voltage is 

positive where as in interval B, it is negative. Accordingly, the polarity of the rectifier 

input current (irect in Fig. 6.1) is also positive or negative. Interval Cl corresponds to 

the discontinuous capacitor voltage condition in which the parallel capacitor [C\) gets 

shorted. Interval C2 is same as Cl except that here voltage vab is also zero. Intervals 

T1 and T2 are special cases of A and B in which the input supply vab is zero. Fig.

6.3 shows the gating signals for the various switches of the circuit and the resulting 

waveform across points a & b of the circuit of Fig. 6.1 for a general case. It can be 

seen that the gating pulses to the switches of the same “arm” are 180° out of phase. 

The gating signals for the switch pair S3 & S4 are phase shifted with respect to Si 

& S2, to obtain the desired zero voltage interval (Ts/t) in vab- It should be noted
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Figure 6.1: The full bridge version of the SPRC suitable for fixed frequency operation. 
The timing sequence of the gating signals to the various switches is shown in Fig. 6.3.
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Figure 6.2: Equivalent circuits of the SPRC for various intervals during different 
operating modes.



208

that this zero voltage interval corresponds to the duration for which one switch and 

anti-parallel diode on the other arm in the upper limbs (or the lower limbs) are ON 

simultaneously. The output voltage regulation for load (or line) variations is obtained 

by adjusting Tsft.

6.2.1 D esign of th e Converter

The design used is same as used in the earlier chapters based on the method described 

in [12]. Design is done for the worst case loading conditions i.e. for maximum load 

current with minimum input voltage. At the rated design conditions given below, 

the converter operates with full pulse width (i.e. Tsj t =  0) in lagging power factor 

mode and on the boundary of CCVM and DCVM. As the load current varies due 

to change in load resistance, the phase shift between gating signals is changed so as 

to maintain the constant, rated value of the output voltage. The various operating 

modes encountered in this process are described later in this section. The SPRC 

designed has the following specifications (same as chapter 3):

Input supply voltage, K m,„(= 2E )  = 50 V.

Output voltage of the converter, Vq =  24 V.

Output voltage ripple, V^p_p̂  =  t  0.025 V.

Output current ripple, I 1 = 1 0.010 A.

Maximum output power, P0 =  100 Watts.

Switching frequency, ft  =  200 kHz.

The design values obtained are:

Normalized load current, J  =  (J/z) = 4-3 p.u.; n «  1.

L  =  17.74nH  ; Cs =  0.047fiF  ; Ct =  n2C't =  0.047fxF.

The rated load resistance is, B1L — 5.76 fi.
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Figure 6.3: Time sequence of the gating pulses to the switches of the inverter bridge 
for fixed frequency PWM operation of the converter.



2 1 0

Using the above design, the following operating modes were identified for the FF- 

PWM-SPRC.

(1) Full pulse width (Taj t =  0), lagging p.f. mode; Fig. 6.4(a) shows the typi­

cal waveforms for this mode and correspond to the rated operating conditions. The 

duty ratio is 50 % (Tsj t =  0). The resonating inductor current lags the voltage vab and 

therefore zero voltage switching occurs, ^he parallel capacitor voltage is continuous 

and therefore the converter is operating in the CCVM. Thus only two intervals are 

present in this operating mode, namely intervals A and B.

(2) Reduced pulse width, lagging p.f. mode: As the load current decreases, the 

pulse width is reduced (Tsj t is increased) to maintain a constant output voltage. This 

results in the operating mode shown in Fig. 6.4(b). The tank current still lags the 

input square-wave voltage, and the converter is operating in the CCVM. Opera­

tion at this reduced value of the duty cycle results in a three interval operating mode 

as shown in the Figure.

(3) Reduced pulse width, leading p.f. mode: As the load current is further re­

duced, the tank current leads va\, and the converter is operating in the CCVM. Typical 

waveforms are shown in Fig. 6.4(c).

It was observed that if the capacitor ratio ^  =  1 is increased, the converter op­

erates in the DCVM and the converter gain decreases. This results in some more 

operating modes with more intervals. To highlight these modes, another design is 

considered [15], with the capacitor ratio ^  =  2. The design specifications (referred 

to as design 2) of the converter used to identify these modes are:

Input voltage =  120V 

Output Voltage =  48 V 

Output power =  500 Watts 

Operating Frequency =  40 kHz
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The following component values are used.

L = 315.8 fiH-, CB =  0.0553/xF; C, =  0.02764pF

The following additional operating modes are identified with design 2.

(4) Full pulse width, lagging p.f. and DCV mode: Fig. 6.5(a) shows the wave­

forms corresponding to this mode. It comprises of three intervals (an A  interval be­

tween two C 1 intervals). The equivalent circuits of the SPRC during these intervals 

are given in Fig. 6.2. Full pulse width has been applied with the converter operating 

at rated load conditions and the tank current is lagging the input square-wave voltage.

(5) Reduced pulse width, leading p.f. and DCV mode: When the pulse width 

is reduced to regulate the output voltage, an operating mode results whose waveforms 

are shown in Fig. 6.5(b). This mode has four intervals, C2, C l, A and C l and the 

tank current leads the input square-voltage.

As the load decreases further and the pulse width is reduced to a lower value, the 

converter enters the CCV mode (2), described above.

The steady-state and dynamic analysis of operating mode (1) has already been 

dealt with in chapters 2 through 5, under variable frequency operation. The state- 

space analysis of operating modes (4) and (5) is complex due to the presence of more 

intervals on account of the discontinuity in the parallel capacitor voltage. They have 

not been dealt further in this thesis. Therefore, in this chapter, the discussion will 

be confined to (2) and (3) alone. The steady-state analysis for these two modes is 

presented in the next section.
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Figure 6.4: The various operating modes of the FF PWM SPRC for the design 
example with Ca/Ct =  1.
(a) Rated load conditions, 50 percent duty cycle, T,/t — 0.
(b) Reduced pulse width, lagging power factor mode of operation at reduced load 
current and rated output voltage.
(c) Reduced pulse width, leading power factor mode of operation for very light load 
conditions.



Figure 6.5: The various operating modes of the FF PWM SPRC for the design 
example with Ca/Ct =  2.
(a) Rated load conditions, 50 percent duty cycle, Tsj t =  0.
(b) Reduced pulse width, leading power factor mode of operation at reduced load 
current and rated output voltage.



6.3 Steady-State Analysis using State-Space Ap­

proach

6.3.1 General Solutions

All the equivalent circuits of Fig. 6.2 can be represented by the following general 

differential equations.

dijj   kiE  (Vest "t" ^ctt)
dt L

dv re
c a.

dt =

dvct
—  I L ,  + k2.I

(6 .1)

(6.2)

(6.3)

The above equations can be compactly expressed in the following state-space form [7]:

dir.
d t 0

- 1
L

- l
L *L

1
L 0

d_Vcs
d t = 1

c, 0 0 V c a + 0 0

i

i
c, 0 0 V e t 0

- 1
Gt

hiE

k2J
(6.4)

where, k2 is +1 for intervals A and T l, -1 for intervals B and T2, and zero for 

intervals Cl and C2. k\ is zero for intervals C l, C2, T l and T2. Equation (6.4) has 

the following general solutions.

iL(t) =  A im.sin(wqt) + B im.cos(ujqt) + Cim (6.5)

^cs(f) — •/42m(l C O s (u )q t^  “I" B 2m .S lT l(u iqV) -f" C 2m (bJqt') T ^ca(m i) (®’̂ 0

vct(t) =  A3m(l -  cos(uqt)) +  B 3m.sin(u>qt) + C:im(ujqt) +  vct{rni) (6.7)

Here, m  denotes the interval of operation (e.g. A, B, C l, C2, T l or T2) as shown 

in Fig. 6.2. u>q = u>a = for intervals Cl and C2, while, u q =  ujq =  for

intervals A, B, T l and T2. The steady-state analysis of two operating modes discussed 

in section 6.2 is presented next.
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6.3.2 Steady-State Solutions

The waveforms corresponding to this mode are shown in Fig. 6.4(b) and (c). The 

various intervals are clearly marked. It can be observed that the sequence of equivalent 

circuits for both modes is the same. Therefore, the analysis presented is valid for both 

modes.

Interval T2; 0 < t < ti

Let i' = t be the running variable for this interval. Then using (6.5) - (6.7), we obtain:

* l(0  =  AiT2.sin{ujQt') +  5ij'2-cos(a;ot/) + CiX2 (6-8)

Vcs{t ' )  =  - ^ 2 X 2 ( 1  ~  cos (o j 0 t ' ) )  T  52 T 2- ’s * n ( w o t / )  +  +  Vcs(T2 i ) ( 6 -9 )

*> ct( 0  =  ^ 3 x 2 ( 1  ~  cos(u>ot') )  +  5 3 T 2- ' S * ^ ( ^ o t / )  +  ^ 3 7 2 ( ^ 0 ^ )  +  Vct(T2i)  ( 6 . 10 )

Interval T l; t\ < t < t2

Let t" — t — t\ be the running variable for this interval.

*£ r (^ w)  =  A \ T i . s i n ( u i Q t n ') T  B i T i . c o s { u i o t" ' )  -f- C \ t i  ( ® - H )

Vcs(t'')  =  - ^ 2 X 1 ( 1  —  c o s ( u 0 t " ) )  +  B2T\-Sin{LOot")  +  C 2 X l ( W o t / , )  +  ^ c s ( X l t )  ( 6 - 12 )

Vct(t")  =  - ^ 3 X 1 ( 1  —  cos(u>ot") )  +  B 3 T \ - s i n {u}ot")  +  C z T l i ^ o t " )  +  Vct(Tli)  ( 6 . 13 )

Interval A; t2 < t < Ts

Let t'" — t — t2 be the running variable for this interval.

*l(^w) =  A\A.sin(u>ot'") -f- BiA~cos(ojotl>l) +  C\a (6.14)

v c s ( t ' " )  — A2a(1 — cos(ujot'")) +  B 2A-S^n {u0't>") +  C2a{^0^"') +  VC8(Ai) (6.15) 

V c t { l ' " )  =  A3A(L -  cos(u)0i"')) + B3A-sin(uQt"f) + C5A{Uot"') + vci(Ai) (6.16)

In the above equations “i” has been used to denote the initial time instant of the 

interval under consideration. The A ,B ,C  constants involved in (6.8) - (6.16) are 

defined in the Appendix D.
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To obtain the steady-state solutions, the initial state vector [i£0 vca0 t?c«o]/ and the 

durations of the various intervals are to be evaluated. The procedure remains the 

same as chapter 2.

(a) Evaluation of the Initial State Vector

Th.: initial state vector is evaluated using the symmetry conditions of the waveforms 

according to which the initial state vector is equal and opposite to the value at time 

instant Ts. The detailed procedure is presented below:

The final values of the state variables at the end of the interval T2, are obtained 

using (6.8) - (6.10) and is represented in the matrix form as:

where;

[>lT2] =

[ B t i ] =

[UT2[ ~

0T2 =

[Zl] =  [d;r2][3:o] +  [Bt2\[uT2]

*l ( U)

Vca{ t l )

Vct ( t l )

c o s ( 0 t 2) —s i n ( 0 T 2) / Z  —s i n ( 0 'i'2) / Z

Z.r2.sin(dT2) 1 — r2.(l — cos(6r 2)) —r2.(l — cos(0y2))

Z.rl .s in(0T2) —rl.( l  — cos(0y2)) 1 — r l.( l  — cos(0j’2))

sin(0T2) /Z  r l .( l  — cos(0T2))

r2.(l — cos($T2)) Z .r l . r2 .(0T2 — sin(0T2))

r l.( l  — cos(0T2)) —Z.r \ .{r2 .0j 2 + rl.sm(0y2)

0

- I
Uo(ti — 0)

(6.17)

(6.18)

(6.19)

(6 .20)

(6 .21)

(6 .22)
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r, =  Ce/C,; r2 — CeICt and Ce =  CaCt/(Cs +  C^). The final value of interval T l is 

obtained using (6.11) - (6.13) with the final values of the state variables of interval 

T2 as the initial values. This gives:

where;

M  =

[An] =

[Bn] =

[un] = 

Oti =

[2:2] =  [i4n][®i] +  [fin][«n]

[a:2] =  [Axi]([Ar2][2:o] +  [-#X2] [UT2]) +  [^n][uTl]

i L ( h )

Vcsfa) 

v ct ( t  2 )

c o s ( ^ n )  — s i n ( 0 T i ) / Z  — s i n ( 0 T i ) / Z

Z . r 2 . s i n ( 0 T i )  1 — r2.(l — c o s ( 6 t i ) )  —r2.(l — c o s ( $ t i ) )  

Z . r l . s i n ( 0 T i )  —r l.( l — cos(0n)) 1 — r l.( l  — c o s ( 0 t i ) )

s in($Ti) /Z  r l.( l  — cos(^n))

r2.(l — cos(^n)) Z.rl.r2.(0n — -sm(0x*))

r l.( l  — c o s ( 0 t i ) )  — Z . r l . ( r 2 . 0 T i  +  r l . s i n ( 0 T i )

0 

+ /

^ 0(̂ 2 — ^1)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28) 

(6.29)

Proceeding in a similar manner, we can obtain the final values of the state variables of 

the third interval (interval A), by using (6.14) - (6.16) with the final value of interval 

T l (= [®2]) as the initial value. We obtain.

[**] =  [A,i][:c2] +  [Ba][ua\ (6.30)

[a: .4] =  [AJ4]([An]([Ar2][x0] +  [Bt2[\ut2\) +  [fin ][«n]) +  [Ba\[ua\ (6.31)
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where;

[Aa ] =

~2- s in { 6 \ )  

-r2 .(l — cos(8a ))

m  =  

m  =

9 a  =

iL(Ts)

Vct(Ts) ^

C O S(0 A ) y S m (O x )

Z.r2.sin(0A) 1 — r2.(l — cos(0a ))

Z .r l .s m ^ )  — r l.( l  — c o s ( 0 a ) )  1 — r l.( l  — cos(0A))

^sin(0A) r l.( l  -  co5(0^))

r2.(l — cos(8a )) Z.r\.r2.{0A — sin (^ ))

r l.( l  — cos(0a )) — Z.r\.{v2.0A +  rl.sin(0A)

E  

+1 

Wq (Ts — t2)

(6.32)

(6.34)

(6.35)

(6.36)

By symmetry of waveforms (Fig. 6.4(b)), [xA\ =  — [x0]. Therefore (6.31) can be 

written as below:

—[*0] =  [A^]([Ati]([At2][®o] +  [Bt2}[ut2]) +  [J?ti][wti3) +  (6.37)

which gives

[®o] =  ~ { h  +  [Ayt][ATx][A2’2])-1 (lA/i][Axi][5r2][wT2] +  [Aa )[Bt i }[utt]

+[B j4][uj4]) (6.38)

(b) Evaluation of the Interval Durations

The duration of interval A is the pulse width per half cycle and is known. This pulse 

width can be expressed in terms of the half period (T,) of the operating frequency 

as ( .Ta, where (  is the duty ratio and Ts is known. To determine the durations of
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intervals of modes T l and T2, note that time instant t2 is fixed once the pulse width 

is fixed, i.e.,

t2 = r ,( l  -  0  (6.39)

The duration t\ of interval T2 can be determined by noting that the parallel capacitor 

voltage is zero at this point. Using (6.10), we obtain the following:

Vct{t  l )  =  ^ 3 X 2 ( 1  — c o s ( a 20 l l ) )  +  B 3T 2 - S i n ( u 0 t i )  +  C ,3T 2(<^ 0^l) +  u cf(T 2(0))

=  0 (6.40)

Equation (6.40) is solved numerically to find U.

6.3.3 D esign Curves

Once the various interval durations are known the converter gain can be obtained by 

integrating the parallel capacitor voltage as below:

M  = — [ f  vctT2d(wot') +  f  vctTid(u)ot") +  /  vctAd{u}ot"')\ (6-41)
1  a J 0 JO JO

The analysis presented in the previous sections can be used to obtain the design curves 

for the FF PWM SPRC. Fig. 6.6 shows the plot of normalized load current versus 

the phase shift for a regulated output voltage. This plot can be used to choose the 

required duty ratio for a given value of the load current, so that the output voltage 

remains fixed at the rated value. Fig. 6.7 shows the peak component stresses as the 

duty ratio is varied to hold the output voltage constant for different load currents.

6.4 Large-Signal Analysis

In this section, a large-signal discrete time domain model for the FF PWM SPRC, 

on the same lines as chapter 3, is presented for the modes discussed in sections 6.2
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Normalized load current versus Phase shift for regulated Output Voltage
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Figure 6.6: Normalized load current versus the phase shift Taj t for regulated output 
voltage.
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2 2 1

and 6.3. Details of this modeling are presented next.

6.4.1 Terminology

To give a discrete time domain interpretation of the operation of the FF PWM SPRC, 

Fig. 6.4(b) is drawn again as Fig. 6.8. The converter operation over one cycle of Fig. 

6.8, can be represented as a combination of two events, called the kth and (k +  l )</l 

events, as in the earlier chapters. Each of the events is composed of three sub-events 

or the intervals marked in Fig. 6.8 as intervals T2, T l and A, respectively. These 

intervals are defined by the following relations.

Oik =  Wo(*l(fc) -  *0(k)) (6.42)

P k  =  ^o(*2(fc) -  *l(fc)) (6.43)

( k  =  Oik +  P k  =  t) — t Q(k ))  =  ( 1  — C,k)-Ts (6.44)

Vk  =  W0(*o(|fc+i) -  t 2 (k) )  =  C k-Ts (6.45)

I k  =  Oik +  P k  +  f]k =  Wo(<o(fc+l) — ^O(fc)) =  W 0 - T s (6.46)

It should be noted that 7jt, the half period of the operating cycle, is a constant and 

hence the subscript uk” will no longer be used. A careful inspection reveals that the 

case is analogous to the variable frequency case with (k replacing 7k as the controlling 

parameter. It should be recalled that in the case of variable frequency operation in 

chapters 3, 4 and 5, 7* was considered to be independent of the initial values of the 

tank variables.

The low ripple approximation is once again assumed. The input supply to the 

tank circuit is assumed constant either at its clamped value of zero or t  Ek, for a 

given event k. The ripple in its value is considered negligible as compared to the large 

step changes it makes at instants f2(fc) and t0(fc+i). The load current is also assumed 

constant during a given event k using the same approximation.
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6.4.2 D iscrete T im e D om ain M odel for the FF PW M  SPRC

kth Event

It was seen in section 6.3, that equations (6.8) - (6.16) represent the converter, during

the various intervals of the first half of the operating cycle (called kth event). The

same equations are reformulated again, as shown below, with subscript “fc” to give a 

discrete time domain interpretation.

Interval T2] t0̂ k) < t < h(k)

* l(0  =  -AlT2fc•s*n(u;ot,) +  B\T2 k.COs(u>ot') +  C^J2k (6.47)

vcs(t') =  A 2T2 k{ l  -  cos(ijj0t')) +  B 2T-ik.sin(uQt')

+C2T2k(uot') -f vcs(tQ(*)) (6.48)

vct(t') = A3T2k{\ -  cos(w0T)) +  B3T2k.sin(uJot')

+C3T2*(wo^) +  Vct(t0(k)) (6.49)

Interval T l; < t < t2(k)

Let t" =  t — ti(k)-

i L ( t " )  =  AiTik-sin(u!oi") +  B \ T i k .cos((jjQt")  -f Cm * (6.50)

v ca( t " )  =  ^42T ik( l  -  c o s ( u Qt " ) )  +  B 2T \ k - s in { u jo t" )

+C2Tik(uot") +  vca(tm ) (6.51)

vct(t") =  A 3Tlk(l -  cos(u}0t")) + B3Tlk.sin(u}0t")

+C3T\k{wot") +  vct(h(k)) (6.52)

Interval A; t2(k) < t < tp(k+i)

Let t'" = t -  t2(k)-

= A\Ak.sin{uot>" ) B \ A k-cos{fjJot>" ) C \ A k (6.53)
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vCB(t"') =  A2Ak(l -  cos(u>ot'")) +  B 2Ak.sin{uQt"')

A C 2A k { ^ o t ' " )  +  V c s ( t 2 ( k ) )  (6.54)

V c t ( t m )  -  ^ 3 4 * (1 -  cosfat'")) +  B3Ak.sin(uot'")

AC3Ak{^ot"') +  +i»c<(̂ 2(jk)) (6.55)

The coefficients A\T2k, B\T2k etc. are defined in Appendix D, with subscript uk” 

inserted.

(k + l ) th Event

The (k +  l ) </l interval circuit equations are identical to those of kth interval with a 

change in the signs of all the variables.

By using the final values of an interval as the initial values of the immediately 

occurring interval, it is possible to express the initial values of the (k +  l ) th event 

in terms of the initial values of the kth event. The resulting expressions have been 

simplified to yield the following.

E
*l(*0(a+i)) =  -jj-Lsinfa)  +  A iT2ksin{ 7 ) +  B iT2kcos('y) +  2.CiT2kcos{qk

A fa) — C\T2k (6.56)

vCs(to(k+i)) =  ^ (1  -  cos{qk)).E(k) +  A2t 2*[1 -  cos(7 )] +  B 2T2k.sin(~i)

+C2T2k[2-sin(vk +  fa) - V k  + a k -  fa] +  vca(tQ(k)) (6.57)

Vct(to(k+i)) =  r2( 1 -  cos(r)k)).E(k) +  A3T2J I  -  £05(7 )] +  B3T2k.sin('j)

—C3T2k [2. —sin(r]k + fa) + T}k - a k + fa] + vct(t0(k)) (6.58) 
r 1

Note that equations (6.56) - (6.58) are the discrete time domain version of (6.31) 

which is the matrix representation of the same set of equations in continuous time 

domain.
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Output Equations

The non-linear equations representing the output section of the SPRC are reproduced 

below:

/ ( V + 1)) =  7(*o ( * ) )  +  1/ L f [  I  °(,!+1) l ( M T)lrfr]
Jt0(k)

- 1 / Lf[v0(to(k))(to(k+i) -^o(fc))] (6.59)

,, > W o,*)) -  ^ ) ( i o ( * +.) -  <0,*,) rn .
vo(io()b+i)) =  vo(to(fc)) H-------------------- ^ ---------------------  (6.60)

W

The integration interval in (6.59) can be split into three. t0(fc) to h (fc)? î(fc) to t2(k) and 

h(k) to <o()t+i)- Value of vct can then be substituted using (6.49), (6.52) and (6.55)

with an additional negative sign introduced for the interval T2 expression to account

for the absolute value of vct.

6.4.3 The D iscrete State-Space M odel

(a) Selection of Discrete State Variables

As in the earlier chapters, the following discrete state variables are chosen (corre­

sponding to the storage elements in the circuit) for the kth and (k +  l ) t/l events.

x l(k) =  -*l(*0(fc)); x 2(k) =  -V cs(̂ 0(fc)); ®3(fc) = ~Vct{to(k)) (6.61)

=  *l(*0(M-i)); ®2(jt+i) =  Ucs(̂ 0(fc+1)); x3(k+1) =  wce(<o(/t+i)) (6.62)

For the output section, two additional discrete state variables are introduced for the 

kth event.

x A(k) = I{to(k))] x 5(k) = V0{to{k)) (6.63)
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(b) Formulation of the Model

Using the state variables defined in (6.61) to (6.63) and substituting in (6.56) - (6.60), 

the following discrete state-space model is obtained;

E
®i(fc+i) =  y s in ( i l k )  +  AiT2ksin(~f) +  BiT2kcos{;y) -f 2.CiT2kcos(r)k

A fa) ~  C,T2k (6.64)

*2(̂ +1) =  r i( l  -  cos{r)k)).E(k) + A 2T2k[l ~  coa(7 )] +  B 2T2k-sin(^)

+ C 2T2k[2.sin(rjk + fa)  -  r}k +  a k -  fa] +  vcs(tQ{k)) (6.65)

*3(m-i) =  r2( l - c o s ( T ) k)).E(k)-\-A3T2 k[ l - c o s ( ‘y) ]- \-B3T2 k-s in( j)

- C 3T 2 k [ ^ V- ^ s i n { ' q k  +  f a )  +  Tjk  -  a k  +  f a ]  +  wr f ( t 0(fc)) ( 6 - 6 6 )

V 2
*4(*+i) =  x4(fc) +  X ^ ( x m  + x3(k))-(fa +  V k - a t k +  2. s in(ak) +  sin(rjk) -  s in (7 ))

+ r2.x4{k))(2.cos(ak) -  1 -  005(7 )) +  ^  .{cos(fa + rjk) -  1)

- Z r*r£ X4{k) .(fa + T}k- oik)2 + r2y {h)-(Vk -  Sin{ rjk))

- ^ . ( f l k - c * + (6-67)
*LJ -&LJ

®5(fc+i) =  x5(fc) +  7^c/(®4(fc) +  iout(k)— jj^-)  (6.68)

where X Lf -  uj0L j  and X Cf =

6.4.4 R esults o f th e Analysis

The discrete time domain model described in section 6.4.2 was used in predicting the 

transient behavior of the designed converter operating under open loop conditions. 

PRO-MATLAB was used to solve the discrete time domain equations on the com­

puter. These results are also verified using SPICE software. Results obtained for 

different transient conditions are explained next.



(a) Sudden Switching ON of the Supply Voltage

The large-signal analysis of the full load case, has already been considered in chapter 

3. Here we consider another operating condition corresponding to half the rated load 

current and rated output voltage. The duty ratio is «  70%. The operating mode is 

shown in Fig. 6.8. In this section, effect of switching ON the input supply is studied. 

Figs. 6.9(a) and (b) show the plots of the tank current and the parallel capacitor 

voltage obtained for this step change using the large-signal model. Figs. 6.9(c) 

and (d) show the corresponding SPICE plots. Fig. 6.10 shows the peak component 

stresses. Figs. 6.11(a) and (b) show the plots of tank state variables and output state 

variables (current and voltage) as obtained with the model. Fig. 6.11(b) also shows 

the corresponding SPICE plot for the switch ON transient conditions.

(b) Step Change in Load

In this section the effect of a sudden step change in load is considered. The converter 

is operating at half the rated load condition with 70 % duty cycle, when the load 

changes to quarter of rated load in a step manner. For the open loop condition, the 

duty cycle remains at 70 %. These results are explained next.

Figs. 6.12(a) and (b) show the plots of the tank current .and the parallel capacitor 

voltage obtained for this step change using the large-signal model. Figs. 6.12(c) 

and (d) show the corresponding SPICE plots. Fig. 6.13 shows the peak component 

stresses. Figs. 6.14(a) and (b) show the plots of tank state variables and output state 

variables (current and voltage) as obtained with the model. Fig. 6.14(b) also shows 

the corresponding SPICE plot for the switch ON transient conditions.
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6.4.5 Closed Loop Example:

In this section, a typical example of closed loop operation is considered. The converter 

is operating at half the rated load with rated output voltage value and 70 % duty cycle, 

when the load suddenly changes to quarter the rated load in a step manner. However, 

unlike in the previous section, where the open loop operation was considered (and so 

the duty ratio was not altered), the duty ratio is altered to regulate the output voltage 

(as a result of closed loop operation) to «  63 %. The results obtained for this case 

are discussed next. It is assumed that the closed loop action is instantaneous. Figs. 

6.15(a) and (b) show the plots of the tank current and the parallel capacitor voltage 

obtained using the large-signal model. Figs. 6.15(c) and (d) show the corresponding 

SPICE plots. Fig. 6.16 shows the peak component stresses. Figs. 6.17(a) and (b) 

shows the plots of tank state variables and output state variables (current and voltage) 

as obtained with the model. Fig. 6.17(b) also shows the corresponding SPICE plots.

6.5 Small-Signal Analysis o f FF PW M  SPRC

The small-signal dynamic behavior of the converter was analyzed for the variable 

frequency operation in chapter 4, by using a small-signal state-space model, acquired 

by linearizing the large-signal equations of chapter 3. In this section the small-signal 

modeling of FF PWM SPRC is performed using the large-signal model obtained 

in section 6.4. As was stated earlier, the small-signal analysis is concerned with 

the response of the converter to small perturbations in its steady state operating 

conditions.
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6.5.1 Linearization o f SPRC About the Equilibrium Point

The first step is to determine the equilibrium point of operation. This is done by 

applying the following symmetry condition to (6.64) - (6.68).

x i(k) — (6.69)

It can be verified that this will yield the steady-state operating point given by (6.38). 

The large-signal state-space model represented by (6.64) - (6.68) has the following 

general form;

(6.70)

where represents some non-linear function of the relevant independent variables 

specified on the right hand side of the above equation and i =  1 . . .  5.

These equations can be linearized using the Taylor’s expansion about the equilibrium 

point resulting in five linearized small-signal equations of the following general form.

d f i

dxi(k)

d f i

c , d f i  
■6* m  + ^

m
d f i

eq

+
dx4(k) 

d f i

* x  dfi
5(fc)

•6*5(fc) +

dx3(k) 

d f i

.8x
eq

eq dE,<*) eq

3 (*)

S F  -I- 3 f i
■S E w  +  W *

■Kk
eq

d i out(k)
.Siout(k) (6.71)

eq

In the above equation “|e, ” implies “at equilibrium”.

All the small-signal equations can be clubbed together and represented in the matrix 

form as below:

[&C,•(*+!)] =  [^]-[^:(fe)] +  [5]. [&*(*)]
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Or

^(fc+l) All fll2 “13 “14 “15
r.. 

■■■■

H
•

Sx 2(fc+l) “21 “22 “23 “24 “25 Sx2(k)

^(Jfc+l) = “31 “32 “33 “34 “35 • Sx 3(k)

^4(Jfc+l) “41 “42 “43 “44 “45 Sx 4(k)

^(/fc+l) fl51 “52 “53 “5J “55 15s•

+

6 n  6x2 &13

6 2l  6 2 2  &23

&31 632 633

641 642 643

&51 6 5 2  6 5 3

*C*

(*)

Siout(k)

(6.72)

The elements atJs and of matrices [A] and [B] can be determined using the 

following:

d f i
a ij  —

h - M
1 a a

; bi2 — d f i

eq dEt<*)
; &i3 —

a/*
eg di out(k)

eq

eq

(6.73)

(6.74)

where i =  1 . . .  5; j — 1

«ii —

fll2

fli3 —

fl 14 —

-cos(  7 ) + 

(1/Z)sin(‘y) +  

(1/Z)sin('f) +

dak d f i
dx i(fc) dak eq

d a k d f i
dx2(k) dak 

d a k d f i
eq

eqdx3(k) dak

r2.cos(~j) +  r 2.(l -  2cos(/3 +  //)) + 

d a k d f 2

da k d f i
dx4(fc) dak eq

a21 — —Z.ri.sin(  7) +

(6.75)

(6.76)

(6.77)

(6.78)

(6.79)
eq



a 22

023

024

031

032

033

034

041

042

043

044

045

O54

055
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—ri.cos(7 ) + 77 -  1 + 9a* d f 2

-7 7 .0 0 5 (7 ) +  ri +

d x2(k) da* 
dak d /2

eq

dx3(k) d a k eq
Z .r4.r2.sin(~f) +  Z.r \ .r2.(f3 +  7/ — a  — 2sin(f3 4- r/)) 

d a k d f 2
+ d x 4(k) 9a* 

Z.r2.sin{^) 4-

eq

d a k d /3
d x u k\ d a k eq

- r2.cos(~f) +  r2 + dct* d /3
dx2(*j 9a* eq

- r 2.cos(7 ) +  r2 -  1 + da* d /3
d«3(fc) da* eq

Z.(r2)2s in ( j )  -  Z .r2.(2.r2.sin(/3 +  77) +  7 7 .(7/ +  /? -  a)) 
da* d /3‘

4- dx4(*) da* 

Z.r2
eq

X

r 2

X LJ

r 2
X LJ

LJ
. ( 2  cos(a)  — 1 — cos( 7 )) +

da* 9 / 4

dxX(*) 9a*
eq

.((7/ +  /? — a) +  2.sm(a) + sin(i]) — sin( 7 )) +  

•((/d +  tf — a) +  2.sm(a) + sin(rj) — sin(  7 )) —

da* d /4
dx2(*)'da* 

(7/ +  /? -  a)
eq

+
da* 9 / 4

dx3(*) 9a*
eq

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6 .86)

(6.87)

(6 .88)

Z.rl
1 4- -rr-^(2 cos(a) — 1 — cos(7 ) 4- 2cos(/3 4- 77) — 2 )

Z.r i .r2.(fl 4- 7/

(6.89) 

- a )2

+ da* d /4
dx4(*) da* 
7

eq

X/,/
1 -Xcf 
i  7*c/

(6.90)

(6.91)

(6.92)

(6.93)
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bn

b2\

b.ii 

b4 i

bi2

b22

ki2

b42

&53

j . - c o s iC j )

r i(ys in(( j)) .E

r2('ysin(('y)).E
r27 T2*E

{x2 + x3).cos(C7 ) +  — (7 -  7.cos(C7))
X-LJX Lf

sin((  7 )
+

dak d f i
dE(k) d a k

e q

-rr .cos(( i)  +  rx + 

- r 2.cos(C 7) +  r2 +

d a k d f 2]
[dE(k) dak

e q

d a k d f 3]
[9E{k) dak

e q

Vi
X LJ

'yXCf

(C7 -  a*»(C7)) +
dak d f 4

dE(k) d a k
e q

a 15 — a 25 — ° 3 5  — ° 5 1  — a 52 — a 53 — 0  

^13 =  b23 — 633 =  643 =  651 =  652 =  0

(6.94)

(6.95)

(6.96)

(6.97)

(6.98)

(6.99)

(6.100)

(6 .101)

(6 .102)

(6.103)

(6.104)

The partial derivatives involved in the above equations are evaluated next. For this 

the parallel capacitor voltage is equated to zero at the end of interval B, which leads 

to the following equation:

M * 2(fc) +  *3(fc))-(l “  cos(a k)) + Z.r2. { - x 1{k) 

+r2.x4(k))sin(ak) +  Z.r4.r2.x4(k).ak -  x3(k) = 0 (6.105)

Then, using (6.105), the partial derivatives (evaluated at the equilibrium point) ob 

tained are given by:

dak Z.sin(a)
d x ^
dak

dx 2 (*)

D
—(1 — cos(a)) 

D

(6.106)

(6.107)
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dak _  1 -  r a.( 1 -  cos(g))
dx3(k) r2.D ( • )

(6.109)

dak
=  0 (6.110)

where D =  (x2 +  £3)sin(a)  +  Z.(—xx +  r2.X4)cos(a)

+Z.r1.x4 (6.111)

Use of (6.64) - (6.66) and (6.70), yields the following:

d h - 2  .r2.x4.sin(/3 + if) (6.112)

Z.ri.r2.x4[2cos(/3 + ij) — 2] (6.113)

Z.r2.x4[2.r2.cos(»7 +  /?) -f 2.rx] (6.114)

(x2 + x3) .( -2  +  2cos(a))

dak 
d h  
dak
d f 3
dak
9 f 4 __ _T2
dak X lj

+ r2-X4)(sin(a)) -  2Z'rk-r2-x4 ̂  ^
A Lf X Lf

2Z.rl.X4 . , 0 \ 2x3, .sin ^  + r,) + — ±  (6.115)
Xhj X-LJ

Which completes the derivation of the small-signal model for a FF PWM SPRC. 

Equation (6.72), with coefficients of matrices A and B given by a,j and , respec­

tively, represents the model in matrix form. This model can be used to predict the 

small-signal behavior of the FF PWM SPRC.

6.5.2 Dynam ic Perform ance Param eters

The dynamic performance parameters like the control to output gain, audio suscep­

tibility and output impedance, which are useful in evaluating the dynamic behavior 

of the converter are studied in this section. Fig. 6.18 (a) shows the plot of control
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to output transfer function as obtained with the help of the proposed model. Fig. 

6.18(b) shows the corresponding plot for the audio-susceptibility transfer function. 

Importance of such plots was explained in Chapters 4 and 5. The output impedance 

transfer function plot is shown in Fig. 6.18(c).

6.6 Observations and Conclusions

The steady-state analysis of FF PWM SPRC shows that the designed FF PWM 

SPRC operates in three major modes for ^  =  1, and two major (both DCVM) 

modes for ^  =  2. The converter is designed to operate on the boundary of CCVM 

and DCVM, lagging p.f. mode for full load conditions. As the load current reduces, 

the pulse width is adjusted to regulate this output voltage. This results in operating 

modes 2 and 3 and the discontinuity in parallel capacitor voltage is negligible. The 

discontinuity in the parallel capacitor voltage increases with an increase in Ca/Ct 

ratio. The curve of T„ft versus normalized load current is non-linear. This, however, 

does not matter because in actual practice the converter is operated in closed loop 

manner. The required variation in T,j t is much larger for load current variation from 

full load to half load than for half load to very light load conditions.

The large-signal analysis provided the following results. During switch ON condi­

tions, the converter enters leading p.f mode of operation before reaching the steady 

state where it is designed to operate in lagging p.f. mode. All the tank components 

are over stressed during the switch ON transients. During step change in load from 

half the rated load condition to quarter load condition, the converter enters leading 

p.f. mode within 30 microseconds (Fig. 6.14(a)). For the closed loop operation how­

ever, the converter stays longer in the lagging p.f. mode (50 microseconds). During 

step change from half the rated load to quarter the rated load conditions, the tank



components do not experience an over stress.

Small-signal analysis shows that the control to output transfer for the FF PWM 

SPRC has nearly the same pattern as the one for frequency controlled SPRC, obtained 

in Chapter 4. The audio-susceptibility transfer function shows the same pattern as 

the control to output transfer function. However, the phase plot does not show as 

much lag as it did in the case of frequency controlled SPRC.
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o.o

•0(A+1)

Figure 6.8: Typical waveforms of the FF PWM SPRC circuit starting from the kth 
instant for lagging power factor mode of operation. The various intervals are marked.
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Resonating Inductor current during switch ON at halt load

60 80 100 120 140 160 180 200
Time in Microseconds ,■ ,  ^

Pa rallel Capacitor Voltage during switch ON at half load

I I I

-i------------1_______ i_______
60 80 100 120 140 160 180 200

Time in Microseconds ^ ^

Figure 6.9: (a) Resonating inductor and (b) parallel capacitor voltage, for step change 
in input voltage supply from OV to 25V at half the rated load conditions. In all the 
plots the step change occurs at the origin. (c),(d): SPICE plots corresponding to (a) 
and (b).
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Figure 6.10: Peak component stresses-(p.u.) for step change in input supply. Note 
that all these plots have been obtained with discrete set of points obtained one per 
half cycle, and connected to give an over all continuous picture.



239
4.5

3.5

1.5

0.5

40 60 80 100 120 140
Time in Microseconds

180 20020 160

<£>
2.5

Output Current(MATLAB)

(^Output Curreni(SPICE).
3
a

1 ’ 
t
°  0.5

Output Vpltage(M.ATLAB).

Output Voltage(SPICE)

-0.5 80 . 100 120 140 160 180 200
Time in Microseconds

20

(t)
Figure 6.11: Discrete state variables: (a) Tank state variables, (b) Output state 
variables. SPICE results are also plotted for the sake of comparison.
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Figure 6.12: (a) Resonating inductor and (b) parallel capacitor voltage, for step 
change in load from half the rated load to quarter the rated load. (c),(d): SPICE 
plots corresponding to (a) and (b).
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Figure 6.13: Peak component stresses (p.u.) for step change in load from half the 
rated load to quarter the rated load.
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Figure 6.14: Discrete state variables for step change in load from half the rated load 
to quarter the rated load:
(a) Tank state variables.
(b) Output state variables: b(i) From the model; b(ii) from SPICE.
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Figure 6.15: (a) Resonating inductor and (b) Parallel capacitor voltage for closed 
loop operation example where the duty cycle changes in response to a step change 
in load from half the rated load to quarter the rated load. (c),(d): SPICE plots 
corresponding to (a) and (b).
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Figure 6.16: Peak component stresses (p.u.) for closed loop operation example where 
the duty cycle changes in response to a step change in load from half the rated load 
to quarter the rated load.
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the rated load: (a) Tank state variables, (b) Output state variables. SPICE results 
are also plotted for the sake of comparison.
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Chapter 7 

Conclusions

This chapter summarizes the main contributions and results of this thesis work. It 

begins with section 7.1 where the major contributions are outlined. Section 7.2 sum­

marizes the results of the thesis. The chapter ends with suggestions for future work 

in this area in section 7.3.

7.1 M ajor Contributions

One of the major challenges of this thesis work was to deal with a third order sys­

tem, namely the SPRC. The analysis of the converter is complex due to the various 

operating modes it enters. This was reflected in the limited attention this converter’s 

analysis had received at the time the present thesis work began. Although, the ad­

vantages of this converter over the other two configurations were understood and 

accepted, there was not much literature available on this configuration except for 

steady-state analysis [7,8]. Dynamic behavior of this converter in particular, was not 

studied.
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Recently, during the course of this thesis work itself, some authors [73,84] came up 

with small-signal analysis of this converter. However, they were all based on some ma­

jor  approximations, where the square-wave voltages and currents were approximated 

by their fundamental components.

The most important contribution of this thesis work is the extensive treatment to 

both the steady-state and dynamic analysis of this third order converter for the var­

ious operating modes and operating conditions using the state-space approach based 

on the constant current model [7]. The analysis presented ass-1 Ties no approxima­

tions (like approximating the square waveforms with their sinusoidal, fundamental 

components) except a few more practical ones. The main contributions of the thesis 

can be summarized as below.

(1) A complete steady-state analysis of the SPRC has been presented for the variable 

frequency operation. Various operating modes have been identified and general so­

lutions for all the modes of operation have been presented based on the state-space 

approach.

(2) Large-signal modeling and analysis has been presented for variable frequency and 

fixed frequency operation using discrete time domain modeling.

(3) Small-signal analysis has been presented using the large-signal models for both 

variable frequency and fixed frequency control.

(4) A small-signal equivalent circuit model has been derived which gives more physi­

cal insight into the dynamics of the converter and is more convenient to use.

(5) The different operating modes have been identified for the fixed frequency pulse- 

width modulated control of the SPRC, and the steady-state analysis of the predomi­

nant modes has been presented.

A more detailed summary is presented in the next section.
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7.2 Summary o f the Thesis Work

Various aspects of the series-parallel resonant converter were studied during the course 
of this thesis work. All three kinds of analysis have been performed for both the 
variable frequency operation and the fixed frequency operation of the SPRC.

A complete steady-state analysis of the series-parallel resonant converter has been 
carried out in chapter 2. Various operating modes (including multiple conduction 
modes) were identified using computer simulation. These modes were classified on 
the basis of different criteria like nature of the parallel capacitor (DCVM and CCVM 
operation), resonant tank current (DCM and CCM operation) and also on the basis 
of the way the tank current is related in phas co the square-wave voltage that is 
impressed across the resonant tank (leading and lagging p.f. modes of operation). 
General solutions for all the modes of operation have been presented. As an example, 
two of the predominant modes, with four and two intervals respectively, have been 
selected as the particular cases and the converter gain for those modes have been 
analytically obtained. The converter gain and peak component stresses have been 
plotted against per unit load current. Boundaries between the various modes, CCVM 
and DCVM as well as between leading and lagging p.f. modes, have been obtained 
and plotted. The theoretical and simulation results have been compared with the 
experimental results. To control the output voltage, the operating frequency can be 
varied in two directions. The range of frequency variation is slightly higher (upto 
/„ = 2.0) for lagging p.f. case (as compared to the leading p.f. operation) for a full 
range output voltage control. The type of converter control discussed in this chapter 
(including multiple conduction modes) can be utilized in power supplies meant to 
serve a wide range of voltage requirements. Multiple conduction modes are capable 
of supplying variable voltage for very low output current values.
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Chapter 3 was devoted to the large-signal analysis of the SPRC using a discrete 
time domain model for both CCM and DCM. The main contributions of this chapter 
are summarized below:
For CCM

(1) A discrete time domain model has been derived for the SPRC for lagging power 
factor mode of operation.
(2) The effectiveness of this model in predicting the transient behavior of an SPRC 
has been shown.
(3) Using this model, a few calculations are sufficient to predict the transient behavior 
of the converter from a designer’s point of view. Only the initial conditions at the 
beginning of every half cycle (initial state vector) are required per half cycle to arrive 
at the curves for peak stresses and the state behavior.
(4) The proposed model can be used to theoretically predict the large-signal behav­
ior of the converter and then SPICE simulation program can be used to verify the 
results. Usually, SPICE requires large computer memory, even if the information 
required from the simulation may be small. The proposed model can give crucial 
design parameters and state behavior with simple calculations.
(5) The model presented has been derived based on the assumption of CCVM (contin­
uous capacitor voltage mode) for vct [Fig. 3.2]. However, the converter is designed to 
operate with slight discontinuity in the parallel capacitor voltage. The results show 
that the proposed model based on two interval CCV mode (in which the effect of 
slight discontinuity has been neglected) is good enough to predict the behavior of the 
designed converter, although some slight deviations are observed. This avoids the use 
of a more complicated model involving a third interval (in DCV mode), which does 
not have closed form solutions [12].
(6) All the plots are given in p.u. and are therefore general. The results of theory, 
SPICE simulation and experiments have been presented and compared.
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(7) During switching ON, only the parallel capacitor experiences additional stress for 
the design presented in this thesis and the converter enters below resonance. The 
anti-parallel diode has to undergo additional peak current stress (Fig. 3.5(f)).
(8) It has been observed that the SPRC, designed to operate slightly above resonance 
and with slight discontinuity in the parallel capacitor voltage (as in this thesis), does 
not show pronounced stresses on resonant inductor and the series capacitor during 
switching ON.
(9) The response of the converter is dependent on the output filter design. Char­
acteristic impedance of the output filter is a convenient parameter to evaluate this 
dependence. It is observed that the switching ON response becomes faster (oscilla­
tory) as Zj is decreased. The peak tank current during the transient phase increases 
with an increase in the value of C/ and a decrease in the value of Lj. However, the 
peak parallel capacitor voltage during the transient phase decreases with a decrease 
in the value of Lj  and is independent of Cj for a given value of Lf.

(10) The transients caused due to sudden short circuit and open circuit conditions 
have been studied.
(11) The advantages of closed loop operation have been investigated experimentally, 
by considering the example of the transients caused due to a step change in the load 
condition from full load to half full load condition. It is found that the drawbacks of 
the open loop operation are overcome. The converter does not enter the leading p.f. 
mode of operation and the peak stresses are less. It was observed that the parallel 
capacitor voltage becomes discontinuous due to the closed loop control action, as the 
operating frequency is corrected.
For PCM

(1) The discrete time domain model for the SPRC operating in the DCM has been 
derived and used to predict the large-signal behavior of the converter.
(2) The large-signal response of the converter during sudden switching ON of the
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supply voltage, is affected by the value of filter components. For a small value of the 
filter capacitor, the converter maintains DCM and the transient response is critically 
damped. For a larger value of filter capacitor, the converter enters the CCM, leading 
p.f. mode to accommodate an overshoot of the output current which shows an oscil­
latory response. This may result in more losses during transients. Clearly, since the 
choice of filter components is based on the ripple specifications, there is a trade off.
(3) During a step change from full load to half full load conditions, the dead gap is 
present due to a reduction in the load current.
(4) During sudden short circuiting of the output at full load conditions, the converter 
enters the leading p.f. mode (CCM), which it maintains. Therefore the losses are 
higher and the currents in the circuit rise to high values in the absence of a corrective 
action. Therefore, the output of an open loop SPRC operating in the DCM should 
not be short circuited.
(5) The proposed model is not adequate to accurately predict the large-signal re­
sponse during a step change from full load to open circuit conditions because the 
converter enters those operating modes which are not analyzed in this thesis.

Closed loop operation can overcome many drawbacks of the open loop operation.

Chapter 4 presented the small-signal modeling of the converter. For this purpose 
the large-signal state equations derived in chapter 3 have been linearized about a 
steady-state operating point to obtain a linearized small-signal model. This model has 
been used to study the small-signal dynamic behavior of the converter and to predict 
the dynamic performance parameters like the control to output transfer functions, 
audio-susceptibility, and output impedance transfer functions. The plot of these 
transfer functions are essential for the control loop design.

A multiple feedback loop based control system was developed which uses inner 

state variable feedback control loop. This kind of control is found to be very useful
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for controlling the fast dynamics of the resonant tank portion of the SPRC. It was 
observed that a converter with state feedback control gives better audio-susceptibility 
and output impedance performance. Following are some of the major observations of 
this chapter.
(1) The dynamics of the slower, output (continuous time) section of the converter 
are controlled by a complex pair of poles determined by the filter elements, which 
determine the corner frequency for the -40 dB roll off point.
(2) Fast poles occurring at beat frequency, which is roughly the difference between 
the operating frequency and the resonant frequency [87], govern the dynamics of the 
converter for perturbation frequencies in the vicinity of the operating frequency.
(3) It was verified that the audio-susceptibility transfer function shows the same pat­
tern as the control to output transfer function [73].
(4) The loop gain T  of the outer voltage loop determines the stability factor of the 
converter. It must be suitably designed for a proper phase margin and bandwidth.
(5) It was observed that for lagging p.f. mode, the initial phase lag is 0° for low per­
turbation frequencies. For leading p.f. mode, it was observed that the initial phase 
leads by 180°.
(6) Parameters like the output impedance and the audio-susceptibility can be con­
trolled by the state feedback gain matrix, which in turn controls the dynamics of the 
resonant tank portion of the converter.

Although the analysis and results in chapter 4, have been presented for the con­
verter designed to operate in lagging power factor mode under steady-state condi­
tions, it can be modified for leading power factor mode of operation with some minor 
changes.

A more convenient way of predicting the small-signal behavior of the converter is to 
use a small-signal equivalent circuit model. A small-signal equivalent circuit model for
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the SPRC has been derived in chapter 5. This model is more convenient because the 
various dynamic performance transfer functions (control to output transfer function 
etc.) can be solved fairly easily by using the simple rules of the linear circuit theory. 
This model is also capable of giving more physical insight into the converter dynamics. 
To summarize chapter 5, a two-port hybrid small-signal equivalent circuit model has 
been presented in this chapter. This model is derived using the discrete time domain 
modeling. Two versions of this model were considered. An approximate one, in which 
the sampled nature of the tank states was neglected and the analysis was done in 
continuous time domain. The low frequency approximation, on which the continuous 
time domain model is based, simplifies the modeling, but the results obtained are good 
for low perturbation frequencies only. This model fails to predict the “dynamics” of 
the converter near the switching frequency. The other, more exact, z domain model 
takes into account the sampled nature of the tank states, which in fact is their true 
nature in a resonant converter. The results obtained with this exact model are more 
accurate. The main observations are same as those of chapter 4. However, the z 
domain equivalent circuit model gives more accurate results. It was observed that 
the lumped parameters of the equivalent circuit model are frequency dependent and 
can be represented by transfer functions of order 3. This can be verified from (5.32), 
(5.33), (5.36) and Table 5.6. The lumped parameters are of order 2, in case of series- 
and parallel- resonant converters. Thus the order of the resonant tank governs the 
order of the lumped parameter.

Although the equivalent circuit model derived in Chapter 5 is meant for lagging 
p.f. mode of operation, it can be extended to leading p.f. mode of operation with 
minor changes.

To overcome some of the disadvantages of the variable frequency operation, the 
converter was operated in fixed frequency PWM mode in Chapter 6. Various op­
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erating modes for this operation have been identified. Steady-state analysis for the 
predominant mode has been carried out. It is found that the converter operate in 
three major modes when the capacitor ratio ^  = 1, while it operates in two major 
modes (both discontinuous capacitor voltage modes) when the capacitor ratio ^  =
2. The steady-state and dynamic analysis of the predominant mode for the ratio of 
^  = 1 was carried out. The large-signal analysis showed that during switch ON 
conditions, the converter enters the leading p.f mode of operation before reaching the 
steady-state where it is designed to operate in the lagging p.f. mode. All the tank 
components are over stressed during the switch ON transients. During step change in 
load from half the rated load condition to quarter load condition, the converter enters 
leading p.f. mode within 30 microseconds (Fig. 6.14(a)). For the closed loop opera­
tion however, the converter stays longer in the lagging p.f. mode (50 microseconds). 
During step change from half the rated load to quarter the rated load conditions, the 
tank components do not experience an over stress. From the small-signal analysis it 
was observed that the control to output transfer function for the FF PWM SPRC 
has nearly the same pattern as the one for frequency controlled SPRC, obtained in 
Chapter 4. The audio-susceptibility transfer function shows the same pattern as the 
control to output transfer function. However, the phase plot does not show as much 
lag as it did in the case of frequency controlled SPRC.

7.3 Suggestions for Future Work

Various aspects of the steady-state and dynamic analysis of the SPRC were addressed 
in this thesis. Some of the topics that still need to be studied are as follows:
(1) The large-signal and small-signal analysis for only CCVM have been presented in 
this thesis. Large and small-signal analysis for DCVM case have to be considered.



(2) For the fixed frequency operation, in chapter 6, only two of the operating modes 
have been analyzed corresponding to capacitor ratio ^  = 1. Different operating 
modes are encountered as the capacitor ratio ^  is increased and the converter enters 
DCVM. These modes have to be analyzed for steady-state and dynamic analysis.
(3) Closed loop models for the large-signal analysis for CCM and DCM have to be 
developed.
(4) It was observed in the case of variable frequency operation that the inclusion of 
an inner state variable feedback loop improves the dynamics of the converter. Effect 
of such a feedback loop has to be investigated for the fixed frequency pulse-width 
modulated operation of the SPRC.
(5) Experimental results for the fixed frequency control of the SPRC have to be 
obtained.
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A ppendix A  

General Solutions for k t t l  Event

The equations representing intervals B (â ) and A (f3k) are as below:
Interval B (t0(fc) < t <

Let t' be the running variable.

iL{t') =  A iBksin(uQt') +  BiBkcos(u0t') +  CXBk (A.l)

vca(t') =  A2Bk[ 1 -  coslujot')) + B2Bksin(u>0t') +  C2Bk(uoi')

+̂ cs(̂ o(it)) (A-2)

vct(t') = A3BJ1 -  cos(oj0t')} + B3Bksin(uJot') +  C3Bk{uot')

+uc<(̂ o(it)) (A.3)

The constants used in the above equations are defined as below:

A\ Bk = [E(t0(k)) — (wcs(to(fc)) + vct(i0(k)))\/Z (A.4)

B\Bk = (*l(<0(*)) + (Ce/Cl)I(t0(k)))] C\Bk = - ( Ce/Ct)I{t(i{k)) (A.5)

A2Bk =  Z(Ce/ C a)A1Bk] B2Bk = Z{CeIGa)BXBk (A.6)

C2Bk = Z(Ce/ C a)CXBk] A3Bk =  Z(Ce/ C t)AiBk (A.7)

B3Bk = Z(Ce/ C t)BlBk; C3Bk = - Z { C e/ C a)CXBk (A.8)



Interval A (t1(k) < t <  t0(k+i)) •
Let t" be the running variable for this interval.

iL(t") = A 1Aksin(u)0 t") +  B 1 Akcos(u0 t") + CiAk (A.9)

Vcs{t")  =  A 2J4 t [ l  — C o.s(lJo^ / )] ~f B 2 j \ k s in{ iJoL")  +  (k-’O ^ )

+Vca(tl(k)) (A. 1.0)

Vct(t") =  A3J4fc[l — COs(u;oO] "h B^Aks '<n (ljJ0  ̂ ) +  C3A k(ojat")

+ v ct(t1(k)) (A.1.1)

As before, the constants used in the above equations are defined below:

A\ Ak =  [ - ^ ( ^ ( f c ) )  — ( v Cs{t \(k))  +  v c t { t \ (k) )) ] /%  (A..1.2)

B\Ak = (iL(ti(k)) -  (C'e/C'<)7(t0(fc))); C\Ak — (Ce/Ct)I(toik)) (A.13)

A2Ak =  Z{Ce/ C s)AlAk] B2Ak = Z(Ce/C a)BxAk (A..I4)

C*2Ak = Z(Ce/ C s)CiAk; A 3 Ak =  Z(Ce/ C t)AxAk (A..1.5)

B 3  Ak =  Z{CejC t)B\Ak\CzAk — —Z(Cc/ C s)CiAk (A.16)

It must be pointed out that where ever the above expressions are used to denote the
steady state values, the subscript “k” is dropped.
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A ppendix B 

Large-Signal State Equations for 

CCM

The large-signal state equations representing the initial values of the (k + l ) th event 
(time instant ts) in terms of the initial values of the (k)th event (time instant “0”), 
are given by

iL ( to (k + i))  =  M B k - s i n { i k )  +  B \ B k - c o s { ik )  +  C \ B k (2cos((3k)  — 1 ) ( F - . l )

*>cs(* o (jt+ i)) =  A 2B k ( l  -  c o s i i k )  +  B 2B k s i n ( 7k ) +  C 2Bk{otk ~  Pk +  2s in ( (3 k ))

+ vca(t0(k)) (B-2)

Vct(to(k+i)) = ^3B*(l-cos(7fc))-f £3Bfcsm(7i) + C3Bfc(«fc--&)
+ 2 - £  ̂ C \ B ks in { f3 k ) +  vct(t0(k)) ( B .3 )



A ppendix C 

A, B , C Constants for D CM

The A, B, C coefficients for the equations representing the DCM are defined as follows: 
Interval A

A l a k =  ( E ( t 0(k)) — ( u cs ( ^ l ( i t ) )  +  v cl( tm ) ) ) / Z  (C,i)

B lak =  ( iL( t !(*)) -  (Ce/ C t ) I ( t 0{k))y, C Uk =  (C e/ C t ) I ( t m ) (C.2)

A 2ak =  Z ( C e/ C s)A ia k; A3ofc = Z ( C e/ C t ) A lak (C.3)

B 2ak =  Z ( C e/ C s) B lak j B$ak — Z ( C e/ C t) B lak (C.4)

C 2ak =  Z { C e/ C 3) C lak ) 3̂ojt - Z ( C e/ C s) C lak (C.5)

Interval Ci

=  i ( C J C tm t 0{k)) — Vcs(to(k)))/Z] B\clk =  ^l(^0(*:)) (C-6)

^2c1Jk =  — nCs(^o(jt)))i B2cik =  Z(Ce/ C 9)Biclk; (C.7)

A3cifc = 53cu = CUlk =  C2cik =  C3Cik = 0 (C.8)

Note that the coefficients for interval C 2 are same as C \  except that now the values of 
the initial conditions involved are given by the instantaneous value of the particular 
variable at the end of interval A. Further rq = ^  and r2 =  ^
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A, B , C C onstants for Fixed  

Frequency Operation, 

Predom inant M ode

The coefficients for the equations describing the predominant mode fixed frequency 
pulse width modulated operation are:

A i T 2  =  ~ - ^ ( v ca{T2i) +  V ct ( T2 i ) )

n  , C 9
£>\T2 =  lL(T2x) +  - g l

= -£ ? /

A-IT2 =  Z -p^-A\T2Os
B 2 T 2  =  z — B l T 2Os
C 2T2 =  Z —  C\T2 Os
A 3T2 =  Z-^-A \T 2 t't
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£?3T2

C3T2

M ti

B \ ti

CiTi

A 2 TI

B 2 TI

C 2 T I

A 3 T I

B 3 T I

C3 TI

A ia

B \a

C l A

A 2 A

B 2 A

C2a

A 3 A

B 3 A

Z%-BxT2
^ t

- Z ^ C 1T2^s

—  - ^ { v ca(Tl i )  +  v c t ( T l i ) )

Ce
*L(Ti«) — p r 1 

^ t

c,
ZppAixi^S

Z ^ B lTx

Z ^ C lTl

Z - — A \ t \
L>t

z ~ -B 1T1
^ t

— ZppCiTi

Vcs(Ai )  “ I "  Vct(Ai) ' )

cej
*L(Ai) ~  -q  I

- £ j
C ,

Z % M *

Z 7T, B“  
z%-clA

C/7
Z p p B i A
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