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Abstract

This thesis presenis the steady-state and dynamic analysis of the series-parallel res-
onant converter (SPRC), which is a popular configuration of the resonant power
converters. The dynamic analysis includes both large and small-signal analysis. This
converter is operated in variable frequency as well as fixed frequency control modes.

For the variable frequency operation, various operating modes, including the mul-
tiple conduction modes, of the converter have been identified. A generalized steady-
state solution for these modes is obtained using the state-space approach. Design
curves for converter gain and peak component stresses, versus the normalized load
current, have been obtained. The boundaries between the various modes of opera-
tions (continuous capacitor voltage mode and discontinuous capacitor voltage mode
as well as leading and lagging power factor modes) have been obtained. Experimental
results obtained from a 100 W converter are presented to verify the theory.

Discrete time domain large-signal models have been derived for the converter
operating in variable frequency mode for continuous and discontinuous current modes.
These models have been used to study the large-signal behavior of the converter
for step change in input supply voltage, step change in J.qad, etc. The models are
also used to determine the peak component stresses and discrete state response of
the converter for large-signal transients. Theoretical results have been verified using
SPICE simuiation and experiments. It is shown by an experimental converter that
most of the drawbacks of the open loop system can be overcome by operating the
converter with a closed loop.

The large-signal equations for the converter operating in variable frequency and

continuous current mode have been linearized about the steady-state operating point




i

to obtain a linearized small-signal state-space model in discrete time domain. Multi-
ple loops have been used to controi the dynamics of the converter. An outer voltage
feedback loop takes care of the output voltage regulation. An inner state variable
feedback loop is also incorporated to improve the dynamics of the converter. The
small-signal models obtained are used to study the small-signal behavior of the con-
verter for paramesers like control to output transfer function and audio-susceptibility.
Experimental results are presented to verify the key theoretical results.

A small-signal equivalent circuit model has also been obtained to study the small-
signal behavior of the converter. This model represents the converter dynamics in a
more accessible and flexible format. It gives more physical insight into the converter
dynamics and can be solved for the various transfer functions conveniently. Both
exact (discrete time domain) and approximate (continuous time domain) models are
obtained. When the exact model is used, the results are found to be accurate up to the
switching frequency. Analytical results are verified usinz an experimental converter.

The different operating modes of the fixed frequency pulse-width modulated SPRC
have been identified. The steady-state analysis and a discrete time domain model for
the large-signal analysis are presented for the predominant mode for a capacitor ratio
of 1. The large-signal model has been linearized to perform the small-signal analysis
much on the same lines as for the variable frequency operation. These models have

been used to study the large and small-signal dynamics of the SPRC.
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Chapter 1

Introduction

The recent advancement in microelectronics, very large scale integration (VLSI) and
fast switching power semiconductor devices have made possible compact, light weight
and efficient power electronic systems. The frequency at which the power semiconduc-
tor devices can operate affects the size and weight of the converters. The advancement
in power semiconductors and control circuits has given rise to high frequency power
converters with more reliability. A major research area in power electronics tries
to find ways of designing, analyzing and controlling these converters. This thesis is
concerned with the steady-state and dynamic analysis of the series-parallel resonant

converter (SPRC) operating in both variable and fixed frequency modes.

This chapter begins with a brief introduction to the topics of DC to DC converters
and resonant converters, discussed in sections 1.1 and 1.2, respectively. The series-
parallel resonant converter (SPRC) is the most popular configuration of the resonant
converters. Its operation is described in section 1.3. A literature survey on the topics
related to SPRC and resonant converters in general is given in section 1.4. And finally,

section 1.5 gives an outline of this thesis.




1.1 DC to DC Converters

DC to DC converters are used to convert one level of DC voltage to another. Various
configurations of these converters have been proposed so far based on the way the de-
vices are switched and the way they are connected in the circuit. All these converters
can be classified into two major categories.

(1) The pulse-width modulated (PWM) converters.

(2) The resonant converters.

The PWM converters suffer from the following drawbacks:
(a) High switching stresses on the switches,
(b) high power losses during the switching, and
(c) electromagnetic interference (EMI) produced due to large di/dt and dv/dt.

The disadvantages of PWM converters become more pronounced as the switching
frequency is increased. However, an increase in the switching frequency facilitates
the use of smaller magnetic components like the transformer and the filters. This is
desirable because the converter size and weight goes down (and power density goes

up).

1.2 Resonant Converters

Resonant converters [1-87] offer a novel solution to this problem. In resonant con-
verters, it is possible to have switching at either zero current or zero voltage. This
overcomes some of the drawbacks mentioned above. The switching frequency can be
high resulting in light, efficient and less costly converters. As mentioned earlier, the
development of fast switching devices has spurred interest in the concept of resonant

power conversion.




In the past, three main resonant converter configurations have been discussed
[1-87]. They are the series resonant converter (SRC) (1, 2, 24, 25, 41, 42, 48], par-
allel resonant converter (PRC) (3, 29, 32|, and the series-parallel resonant converter
(SPRC) [5-23]. The SRC has a simple circuit configuration and a good power con-
version efficiency. But since the link appears to the load as a high frequency current
source, the SRC is more suitable for loads with small and slow immpedance variations
[8]. The SRC has the following main disadvantages:

(1) The voltage regulation is difficult when the range of load resistance is too wide or
when it changes too rapidly.
(2) For a small output voltage and a large output current, the output filtcr capacitor

is quite bulky because it has to handle large ripple current.

The PRC overcomes some oi these drawbacks, but introduces some of its own. For
example, the fast changing loads are more compatible with the load connected across
the resonating capacitor, as is indeed the case with PRC which appears as voltage
source. The PRC is self protected under load short circuit conditions because the
resonating inductor offers considerable impedance at the high switching frequency,
thereby limiting the resonating current to a safe value. On the other hand, a PRC
needs protection against open load conditions. Another problem with the PRC is that
the peak resonating current carried by the switches and resonating elements does not
decrease with a reduc ~ 1 in load current. Therefore the efficiency of a PRC falls
down under low load conditions. The SPRC configuration was proposed to combine
the desirable features of SRC and PRC. Using a proper design, the SPRC has the
following inain advantages over the first two [7, 8]. They are:

(1) Full power control range with a small variation in frequency.

(2) High efliciency from full load to part load.




1.3 Operation of the SPRC

Fig. 1.1 shows the basic circuit diagram of SPRC. The SPRC has an extra capacitor
in series with the resonating inductor, as compared to the PRC. Hence the SPRC is
also called as LCC-type parallel resonant converter [7]. The diagram shows a half
bridge configuration, which is sufficient for explaining the concept and can easily
be extended to a full bridge configuration. The parallel resonating capacitor can
be placed either on the primary side or on the secondary side of the high frequency
transformer. In Fig. 1.1, the parallel capacitor has been placed on the secondary side.
With this modification, it is possible to use the leakage inductances of the transformer
as part of the resonating inductance, thereby taking into account the effect of high
frequency transformer [14, 30]. The high frequency inverter stage of Fig. 1.1 consists
of a resonant circuit switched by means of power semiconductor switches. This hf
inverter in the resonant converter of Fig. 1.1, can be operated at a frequency which
is either below or above the resonant frequency of the resonating elements mentioned
above. Depending upon value of f,, the ratio of switching frequency to the resonant
frequency, various modes of operation are possible. These modes can be identified
on the basis of the parallel capacitor voltage wave shape and the phase relation of
resonant current with respect to the square voltage v,,. When the current leads
Vab, it 1s called leading power factor (below resonance) mode operation. When the
current lags v,, it is called lagging power factor (above resonance) mode operation.
Depending on the value of load current, the converter may also enter the discontinuous
capacitor voltage mode (DCVM) in which the parallel capacitor is shorted for certain
intervals of operation. The following section describes the operating modes of the

SPRC reported in the literature [7, 8, 12].
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Figure 1.1: Complete circuit diagram of the LCC-type parallel resonant couverter.
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1.3.1 Operation in Leading p.f. (Below Resonance) Mode

Depending on the switching frequency, the operation of the converter in leading p.f.
(below resonance) mode can either be continuous current mode (CCM) or the dis-
continuous current mode (DCM). Operation of the resonant converter operating in

leading p.f. mode in the CCM is briefly explained below.

Fig. 1.2(a) shows typical waveforms for the converter operating in leading p.f.
mode in the CCM. The resonating current leads the square-wave voltage v,,. During
the positive half cycle, when switch S1 is switched ON, the current is transferred
from D2 to S1. This current through S1 goes to zero sinusoidally and as it tries
to reverse itself, diode D1 takes over conduction. The same sequence is repeated in
the other half cycle with S2, D2 pair. The switching losses in the inverter devices
and rectifiers are low in the circuiis of the type explained above due to the sine
waves that occur from the use of resonant circuits as opposed to square wave in the
conventional converter. This results in easier EMI filtering. These converter circuits
offer improvements over PWM converters due to higher efficiency, higher switching

frequency, smaller high-frequency (HF) transformer and lower switching stresses.

The leading p.f. mode operation results in natural commutation of switches,
allowing the use of fast thyristors including Asymmetric SCR’s. The main problems
associated with the operation in leading p.f. mode are the need for lossy RC snubbers,
fast recovery feedback diodes and di/dt limiting inductors [11]. Power control is
obtained by varying the frequency of operation below the frequency corresponding to
full load, demanding the design of reactive elements and associated output filiers for

the lowest frequency of operation.

When SCR’s (or transistors with proper gating signals) are used as switches and

the switching frequency is decreased to control the output power, the inverter output




current can become discontinuous [11, 13]. Typical waveforms are shown in Fig. 1.3
for resonant inductor current (), the parallel capacitor voltage (v.) and the rectifier
input current. Same probleras as discussed above for the leading p.f. mode operation,
namely the nead for lossy RC snubbers and fast recovery diodes, etc. occur in this
case alsy. A« the awitching frequency is decreased the ripple level goes up. In order to
meet i}~ jow ripple requirements, larger output filters are required for such operating
conditions. The main advantage of operating the coniverter in this mode is that the
switch current is zero both at the time of turn-on and turn-off, resulting in negligible
switching losses. Also the ratings of lossy RC snubbers are much less in this case.
Thus, the converter may be operated at higher frequencies. But the switch peak

cuirents are higher for the same output power compared to the CCM.

The aforementioned disadvantages can be overcome by operating the converter in
above resonance mode when gate or base turn off switches are used. In this case,
the switches are forced to turn off before the current in the resonating components
reverses. The operation of resonant inverters in lagging p.f. (above resonance) mode

is described in section 1.3.2.

1.3.2 Operation in Lagging p.f. (Above Resonance) Mode
[12]

Fig. 1.4 shows waveforms for lagging p.f. (above resonance) mode of operation.
"t he resonating current is lagging the square-wave voltage v,;. Assume that D1 is
conducting initially. When the current goes to zero sinusoidally and as it tries to
reverse its direction, switch S1 takes over since the gating signal for S1 is already
present. Sl is turned-off at the end of half-period (7,). This causes D2 to turn-
on. When the current through D2 goes to zero, S2 is turned-on. S2 is turned-off

at 2T,, completing the cycle. It is ciear from the operation that the commutating
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components here have the function of merely wave-shaping the voltage and current
in the converter circuit. Further, the switches turn on with zero voltage when the
adjacent diodes are conducting. Hence, there are no turn-on losses associated with
such operation. The input dc supply is not subjected to short circuits during current
commutation from one pair of switches to the other pair. Hence, there is no need
of current limiting inductances. Since the switches in this type of operation take
over conduction from their anti-parallel diodes, there is no snubber discharge into
the switch. This results in lossless snubber operation as the snubbers need not have
current limiting resistances. Further, the voltage across the diodes remain negative
for the duration of the conduction of the switches. Hence the diodes have considerable
time to turn-off. However, the diodes should turn off before the next cycle starts.
Thus the diodes need not be of fast recovery type. Nevertheless, in order to increase
the frequency of operation, medium speed diodes are still required. Generally, the
internal parasitic diode of power semiconductor switches (eg: MOSFETS) can be used
for this purpose. It must be noted that the converter operates only in the CCM for
lagging p.f. mode of operation. Power control for load (or line) variations in this case
is achieved by increasing the switching frequency above the value corresponding to

the full load case.

The operation of the resonant converter in lagging p.f. mode of operation reduces
many disadvantages of leading p.f. mode of operation. But it also has some draw-
backs. It should be noted that very high frequency switching has limitations from the
converter operation point of view. At high switching frequencies, the effect of stray
wiring inductance becomes significant. The turn-off and the transformer core losses

go up. Design of control circuit becomes more difficult.

Whether the converter operates in leading or lagging p.f. mode, the parallel ca-

pacitor voltage can be continuous or discontinuous. Based on this, the operation
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of converter can also be classified as continuous capacitor voltage mode (CCVM) or
discontinuous capacitor voltage mode (DCVM) [12]. Although CCVM is the predom-
inant mode, DCVM occurs when the load current goes above a critical value [12, 33].
Fig. 1.5 shows the DCV, lagging p.f. mode case. In this mode the parallel capacitor

voltage becomes zero for certain intervals of operation.

1.4 Literature Survey

Resonant converters were known as early as 1960’s [1-3]. N. Mapham [3] was the first
one to report the use of parallel resonant converters. The basic circuit configuration
and the operation of the circuit was well documented in this paper. But due to the
non availability of fast switches at that time, the frequency of operation was quite
low. Also, an extensive analysis was not possible due to lack of computing facilities

required to solve the complex mathematical equations.

Analysis and Design of resonant converters gained momentum in the early 1980’s.
Myers and Peck [4] used the PRC configuration in lagging p.f. mode in 1981. Later,
in 1982, Frank and Der [68] also used the PRC in lagging p.f. mode. Ranganathan et
al [29] used a constant current model to analyze a PRC for operation below resonance
and identified the different modes of operation. Steigerwald [32] operated the parallel

resonant converter above resonance and showed its advantages.

References [67] and (5] are the first oncs to report the use of the SPRC config-
uration. Later, Steigerwald compared the relative merits and demerits of the three
different resonant converter topologies in [8]. He clearly showed the advantages of
SPRC over the other two configurations. An analysis using state-space approach and
design of SPRC was reported in [7, 12] for operation in the leading power factor

mode. This converter has been analyzed for operation in the lagging power factor
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mode in [12], including the discontinuous capacitor voltage mode. In both the cases,
constant current model was used. An approximate analysis and design using complex
AC circuit analysis approach using fundamental components of the waveforms has
been reported in [8 ]. Recently, a lot of work has been reported on the analysis and

design aspects of SPRC [10-23].

The DC analysis (or the steady-state analysis) is very :mportant to get a complete
understanding of the steady-state working of a resonant converter. A complete DC
analysis for the SRC and the PRC are available in the literature [24, 51]. However a
complete DC analysis for the SPRC is not available in the literature. The different
modes of operation of the SPRC, including the multiple conduction modes, are not

known.

The speciﬁcations of any converter includes the criteria for load regulation, fluc-
tuations in supply voltage, stability, response time, variations in frequency and duvty
ratio and input harmonic generation, etc. How the converter will respond to a per-
turbation in any (or all) of these quantities, is very ciucial for performance evaluation
and design considerations. Also important is the transient response of the system.
Thus there was a need for developing large-signal ..ad small-signal models for the dif-
ferent resonant converter configurations, which coi..d be used for studying the effects
of transients and perturbations. Over the years many authors have reported many
such models [41-57], each different from each c‘ler in one or the other aspect and
each having its own drawbacks and advantages ..s compared to the others. These are

discussed next.

A large-signal model, such as the one reported in [48] is useful for determining
the dynamic and transient response of the converters. This model stresses more on
transient conditions as against the steady-state conditions. This model is simple

and useful for determining component ratings, which are mostly determined by the
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transient conditions, for example, a sudden short circuit. The small-signal analysis
on the other hand is concerned with the effect of small perturbations (and hence the

name “small-signal”) on the steady-state operating conditions.

Reference [51] has described a sample-data modeling approach leading to a dis-
crete time model for small-signal analysis. But it is not easy to use this model for
compensator design. The model described in [56] has limited accuracy and hence its
use is limited. A small-signal continuous time model for SPRC, with diode conduc-
tion angle control, derived from the large-signal model of [48] is given in [42]. This
model was actually obtained by linearizing the non linear discrete time equations
about the steady-state values. The non linear equations prevent the derivation of a
general input-output transfer function. This small-signal model is based on low ripple
approximations of the supply and the output voltages which actually amounts to a
low frequency approximation. Thus the model of [42] is valid only for frequencies
lower than the sampling frequency, which is usually the case. Another model was
proposed in [49]. In this model, which is discrete in nature, the converter is modeled
by a lumped parameter equivalent circuit. Just like the model of [42] this model also
assumes low frequency approximations. Reference [43] describes yet another model
based on the extended describing function concept. In the small-signal modeling of
converters presented in [50], the inherently non-linear blocks of the control system,
namely the control block and the rectifier are modeled as delay elements. This model

is easy to use for compensator design.

All the models described above are for SRC or PRC. Thus there is a need to
formulate such models for the SPRC. During the course of this work, an approximate
small-signal analysis for the SPRC was performed in [73], where in all the resonant

tank waveforms were approximated by their fundamental components.

Most of the dc power conditioning applications involve a regulated voltage output.
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For this purpose, a feed back loop is included as part of the control strategy, to regulate
the voltage [42]. In some other suggested control strategies, some more feedback loops
(called inner feedback loops [54]) are also incorporated to limit the output current or
the resonant tank current or voltage. In one feedback loop system, the output voltage
is regulated by comparing it with a reference voltage and using the error signal as a
control signal. This error signal is used for modulating the conduction angle of the
transistor [42]. In the multi feed-back loop systems the inner feedback loops provide
a pulse by pulse conirol of the inductor current or capacitor voltage while the outer
loop as usual takes care of the output voltage regulation [54]. Such multi-loop systems
have been found to show excellent stability and dynamic performances. Reference [54]
describes a discrete time model involving an inner feedback loop. This model is simple
and is based on more commonly used frequency control (or 4 control). In fact this

model] follows the same approach as in [42].

The output power of a resonant converter can be controlled by varying the switch-
ing frequency. However, controlling the output power by varying the frequency either
in lagging p.f. mode or leading p.f. mode, has some disadvantages. Some of these
drawbacks have already been described in section 1.3. In addition to these, the design

of filter components is more difficult for operation in variable frequency mode.

This was the motivation to look for an alternate power control strategy. This gave
rise to “fixed frequency control” of resonant converters. Reference [15] summarizes
the various methods of fixed frequency control. All these methods offer some or the

other advantage. But at the same time they all suffer from one or the other drawback.

Some authors [15, 16, 18] have reported the fixed frequency operation and its anal-
ysis for the SPRC. Reference [15] has described the method based on fixed-frequency
PWM control (using the phase-shifting technique) of the SPRC. This scheme offers

advantages such as high efficiency for large load variations with a narrow range of
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duty-cycle ratio control and protection against load short circuit conditions. An anal-
ysis and design procedure based on complex ac circuit theory has been presented with
an approximate model. This approach uses only the fundamental components of the

waveforms.

Reference [18] on the other hand gives the steady-state analysis of one of the modes
(leading p.f. continuous current mode) based on the state-plane technique. However
the different operating modes for the fixed frequency operation are not known. Apart
from that, there is a limited treatment of the dynamic analysis of the SPRC for
the fixed frequency operation. An approximate small-signal analysis was presented
in [73], using the extended describing function method. Small-signal analysis was
also reported in [84] using a combination of extended describing function method
and the state-space approach. These two papers appeared during the course of this
thesis work. In this thesis, however, the small-signal analysis has been performed

independently using only the state-space technique.

1.5 Thesis Outline

All that explained in the last few paragraphs was the motivation for the work in-
cluded in this thesis. The various objectives set forth, based on the literature survey
presented in section 1.4, were realized and included here in the various chapters of

this thesis, whose outline is given next.

A complete DC analysis of the series-parallel resonant converter is presented in
chapter 2. Chapter 3 is devoted to the large-signal analysis using a discrete time
domain model. This model is very convenient to predict the large-signal behavior
of the converter because of the simplification it offers in the calculations. Chapter

4 is based on the small-signal modeling of the converter for variable frequency op-
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eration. For this purpose the large-signal state equations derived in chapter 3, to
perform the large-signal analysis, have been linearized about a steady-state operating
point to obtain a linearized small-signal model. This model has been used to study
the small-signal behavior of the converter. A more convenient way of predicting the
small-signal behavior of the converter is to use a small-signal equivalent circuit model.
Such a model is more practical to handle because the various transfer functions can
be obtained using the laws of linear circuit theory. Details of the small-signal equiv-
alent circuit modeling of the SPRC are presented in chapter 5. As explained earlier,
the variable frequency operation has some disadvantages, which can be overcome by
operating the converter in fixed frequency mode. The steady-state analysis of the
converter operating in fixed frequency mode is presented in chapter 6. The predom-
inant modes are identified and their dynamic (both large and small signal) analysis
is also presented in the same chapter. Finally, chapter 7 summarizes the important
contributions of this thesis work and ends with suggestions for future work on this

topic. The following sections briefly describe the contents of the various chapters.

1.5.1 The DC Analysis of the Series-Parallel Resonant Con-
verter (Chapter 2)

The SPRC can operate in various modes over a wide switching frequency range. Al-
though the DC analysis and the different operating modes of the SRC and PRC are
available in {24, 51], such an analysis and the operating modes for the SPRC, includ-
ing the multiple conduction modes, were not available in the literature. Therefore
this part of the thesis work was devoted to the following:

(1) To identify the different operating modes (including the multiple conduction
modes) of the transistorized SPRC over a wide range of switching frequency using

SPICE-3 simulation.
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(2) To present the DC analysis of transistorized SPRC.

(3) To obtain the various design curves, gain (ratio of the converter output voltage
referred to primary side to the input supply voltage) versus normalized load current,
and component stresses versus normalized load current.

(4) To analyze the simulation results theoretically, using the state-space approach.

(5) To verify the results experirnentally.

1.5.2 Large-Signal Analysis of SPRC using Discrete Time
Domain Modeling (Chapter 3)

Large-signal analysis determines the response of a system to large variations in its
steady-state operating condition. The dynamic response of the converter during the
transients is quite significant because it determines the choice of appropriate com-
ponent ratings. The operation of the resonant converter being inherently discrete,
it is only natural to go for discrete time domain modeling. Such a modeling, as is
shown in this chapter, reduces the computer simulation time drastically and the key
design parameters like the peak component stresses and the state response can be
determined fairly easily. The main objectives of this chapter are:

(1) To develop discrete time domain large-signal models of the SPRC operating in
the CCM and DCM.

(2) To obtain the large-signal discrete state-space models from the large-signal equa-
tions of (1).

(3) To determine the expressions for the peak component stresses.

(4) To use the developed models to study the different types of transients.

(5) To verify the theoretical results using SPICE and experiments.
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1.5.3 Small-Signal Analysis using Discrete Time Domain

Modeling (Chapter 4)

Small-signal analysis is concerned with the response of the converter to small pertur-
bations in its steady-state operating conditions. The goals of this chapter are:

(1) To linearize the non-linear discrete time domain, large-signal model of chapter 3
about a steady-state operating point to obtain a linearized small-signal model.

(2) To use the small-signal model so developed to study the small-signal dynamics of
the converter.

(3) To realize a multiple feedback loop system [54] to control the SPRC. An outer
loop is used to regulate the output voltage. Whereas, an inner loop, based on state
variable feedback is also used to improve the dynamics.

(4) To obtain experimental verification of the key theoretical results.

1.5.4 Small-Signal Equivalent Circuit Modeling of the SPRC
(Chapter 5)

While performing the small-signal analysis of the resonant converters, mainly two
approaches have been followed.

(1) Obtaining a purely theoretical model, based on the state-space method or the
transfer function approach.

(2) Obtaining a somewhat more practical equivalent circuit model.

In this context the small-signal equivalent circuit models are more convenient to
handle as they can be solved for the various transfer functions fairly easily. Therefore,
this chapter is devoted to obtaining a two port hybrid parameter model for studying
the small-signal behavior of the SPRC. Again the small-signal modeling is done in

discrete time domain. However, an approximate continuous time domain model is
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also derived. Experimental verification is presented for the key theoretical results.

1.5.5 Constant Frequency, Pulse-Width Modulated Opera-
tion of the SPRC (Chapter 6)

The advantages of a fixed frequency operation over a variable frequency one have
been discussed earlier in this chapter. Constant frequency operation of the SPRC
using PWM control is presented in this chapter. The objectives of this chapter are:
(1) To identify the different operating modes of the SPRC operating in fixed frequency
mode and to present the steady-state analysis.

(2) To present the large-signal analysis.

(3) To present the small-signal analysis by linearizing the large-signal state equations
developed for the large-signal analysis.

(4) To verify the theoretical results using SPICE.
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Chapter 2

DC Analysis of the LCC-Type

Parallel Resonant Converter

In this chapter, the various operating modes of a transistorized series-parallel res-
onant converter {(SPRC), (including multiple conductivn modes) are identified. A
generalized steady-state solution for these modes is obtained using the state-space
approach. As an example two of the predominant modes are treated as particular
cases. The equations are numerically solved using the PRO-MATLAB software. De-
sign curves for converter gain versus the normalized load current have been obtained.
Peak component stresses have also been plotted againsi the normalized load current.
The boundaries between the various modes of operations (CCVM and DCVM as well
as leading and lagging power factor mode) have been obtained. Experimental results

are included to verify the theoretical results.



[
(3]

2.1 Introduction

The LCC type parallel resonant converter (also called as series-parallel resonant
converter (SPRC)) [7,8,10,12] has become quite popular because of its relative ad-
vantages over other configurations, namely, the series resonant converter (SRC) and
the parallel resonant converter (PRC) [8]. Some of these advantages are reproduced
again:

(1) Full power control range with a small variation in frequency.

(2) High efficiency from full load to part load.

The various operating modes and the DC analysis are very important to get
a complete understanding of the steady-state workirg of a resonant converter. The
complete DC analysis for the SRC and the PRC is available in the literature [24,25,70).
However, a complete DC analysis for the transistorized SPRC is not available in the
literature. The transistorized SPRC is capable of operating in various other modes,
other than the ones reported in [7,12]. These modes include the “multiple conduction
modes” also. In the multiple conduction ‘odes, the voltage and current waveforms
repeat themselves a number of times because the resonant frequency is much higher
than the switching frequency. This results in a number of submodes which must be
analyzed. For classification purposes, it has been found more appropriate to classify
on the basis of parallel capacitor voltage waveforms, because it is this waveform which
is rectified, filtered and applied across the load. This is in direct contrast to the case of
SRC, presented in [24], where the resonating capacitor current is rectified and filte-ed

to get the load voltage.

Multiple conduction modes (MCM) were first reported in [24] (for SRC) and [70]
(for PRC). It is shown in this chapter, that the MCM are capable of both the leading

and lagging power factor mode of operation, as the normalized switching frequency
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is reduced below 0.5.

While the ideal SRC and the PRC are second order systems. the SPRC is a third
order system. This makes the DC analysis of SPRT with multiple conduction modes
quite complex. Therefore, there is a need to represent the system model compactly.

Use of matrix notation greatly simplifies the handling of the equations.

The remaining chapter is divided into the following sections. Section 2.2 deals with
the identification of the various modes (including multiple conduction modes) and
also explains the operation of the converter. Section 2.3 presents a general method of
analysis for any mode of operation. As an example, analysis of two of the modes, with
2 and 4 intervals respectively is presented. The state-space system model equations
are represented in matrix notation tc simplify the presentation. PRO-MATLAB was
used for solving the transcendental equations. In section 2.4, plot of converter gain
versus normalized load current has been obtained both analytically and by SPICE
simulation. The component stresses are also plotted against normalized load current.
The plot of gain versus f, (normalized switching frequency) has been obtained for
different values of Q. Section 2.5 is devoted to determination of the boundaries
between the different modes of operation. Section 2.6 gives the complete design of the
converter for steady-state operation. All the results have been verified experimentally
in section 2.7. All the experimental plots are presented along with the other plots for

the sake of comparison. Finally section 2.8 states the conclusions.

2.2 SPICE Simulation and the Operating Modes

In this section, the different operating modes (including the multiple conduction
modes) are identified using SPICE-3 simulation program. In the simulation it is

assumed that bipolar transistors or MOSFET"’s are used as the switches. Therefore,
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the resonating current does not become discontinuous at any time [11]. The operating
modes and the analysis presented in the earlier papers[7,12] were mainly concentrated
for values of f, > 0.5, where,

fo = wefwo ;

w; = angular switching frequency and wy = 1/(LC.)'/? is the angular resonance

frequency and C, = C,C:/(C; + C}).

Multiple conduction modes, however, occur in the range f, < 0.5. The present
chapter is concerned with a complete range of f, and accordingly different operating
modes will be presented in this section. The switch and diode capacitances were

included in the SPICE model to make it as close to the practical converter as possible.

As the parallel capacitor voltage v, switches polarity, the rectifier input current
does it too. Based on this there are two major intervals of operation, A and B, [Fig.
2.1(a), 2.1(b)] respectively. A third interval, C, is also present in the discontinuous
capacitor voltage mode in which the parallel capacitor is shorted [Fig. 2.1(c)]. Some
of the typical waveforms obtained from SPICE simulation are shown in Fig. 2.2. The
values of the components used in the SPICE simulation are also given in Fig. 2.2. In
the figures shown, the sequence in which different intervals occur are also marked. The
following two modes were identified [Figs. 2.2(a)-2.2(g)] using the parallel capacitor

voltage.

2.2.1 Continuous Capacitor Voltage Mode (CCVM)

In this mode the parallel capacitor voltage is always continuous [Figs. 2.2(a) - 2.2(d)).

Only intervals A and B occur either once or repeatedly.

In Fig 2.2(a), the current i is lagging the voltage v, and the converter is operating

in lagging power factor (above resonance) mode. During this mode the switches
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Figure 2.1: Equivalent Circuits for the three different intervals: (a) Interval A, (b)
Interval B, and (c) Interval C. (L = L, + L;, where'L; is the leakage inductance of
the hf transformer.)
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undergo zero voltage switching (ZVS) because the tank current is transferred to them
from their anti-parallel diodes. Fig. 2.2(b) waveforms correspond to leading power
factor (below resonance) mode of operation since the resonating current : is leading
the voltage v,. This corresponds to the zero current switching (ZCS). The intervals
and the devices conducting in each of them have been marked in all the Figures,

which explains the converter operation.

As the switching frequency is decreased as compared to that in Fig. 2.2(a) or
2.2(b), the converter enters the multiple conduction modes. Figs. 2.2(c) and 2.2(d)
show two such waveforms. It must be noted that both the switch and the diode

conduct more than once in every half cycle.

The CCVM can have only an even number of intervals, if the symmetry condition
has to be satisfied. For example [Fig. 2.2(b)], if the first interval of the half cycle is
“A” then the last interval in that half cycle must be B, or else the symmetry condition
will be violated since if A occurs at the end, then the next half cycle starts with B.
Therefore, this condition ensures that the number of “A” intervals is same as the
number of “B” intervals, irrespective of which one of them is the first to occur in a

half cycle.

2.2.2 The Discontinuous Capacitor Voltage Mode (DCVM)

The mode in which the parallel capacitor voltage is discontinuous, i.e. the capacitor
voltage v, is zero for certain intervals of operation. [Figs. 2.2(e) - 2.2(g)]. However,

the resonating current is still continuous.

Fig. 2.2(e) shows an example of leading power factor mode operation, where as,
Fig. 2.2(f) shows lagging power factor mode operation. In Fig. 2.2(e), the parallel

capacitor voltage becomes discontinuous towards the end of each half cycle while in
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Fig. 2.2(f) the discontinuity in parallel capacitor voltage occurs in between intervals

B and A. However, the current still remains continuous.

Just like in CCVM, in DCVM also we get multiple conduction modes as the
switching frequency is decreased. Where as the CCVM multiple conduction modes
appear for low values of load current, the DCVM multiple conduction modes occur
for high values of load current. Fig. 2.2(g) shows one such example. It corresponds

to lagging power factor mode operation.

The DCVM can have both even and odd number of intervals. For example, in
Fig. 2.2(e) and 2.2(f) each of the interval occurs only once, where as, in Fig. 2.2(g),
each interval occurs twice causing an even number of intervals. It should be noted
that interval “C” can appear either at the beginning of the half cycle or at the end.
If it occurs at the end only, then interval “A” or “B” in the successive half cycie must

have a zero initial parallel capacitor voltage condition.

2.3 Analysis

The SPRC converter is analyzed using the state-space approach for different modes
identified in section 2.2. Steady-state solutions are derived. In order to obtain the
initial state vector, lengths of the different intervals are to be calculated. They have
been obtained numerically, using the PRO-MATLAB software. The complexity of
the solution increases as the number of intervals in a mode increases. The CCVM
with two intervals [Fig 2.2(a)] and the DCVM with three iniervals [Fig. 2.2(f)] have

been analyzed in [7,12] respectively.

First we present a general method of analysis. The general formulae so obtained,
are subsequently used to analyze two of the predominant modes. They contain 4

intervals [Fig. 2.2(c)] and 2 intervals [Fig. 2.2(b)], respectively. Note that the modes
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shown in Fig. 2.2(c) and Fig. 2.2(b) occur only within some specified range of load

current J and for selected values of f, only.

2.3.1 General Solutions

As given in [7], starting with the basic differential equations, one can get the general
solutions. Then the steady-state solutions can be obtained by matching the boundary
conditions. The three state variables namely the resonating current(z), the series ca-
pacitor voltage(v.,) and the parallel capacitor voltage (v) are represented by column
matrix [z(@)). Similarly, [z4;] is the column matrix containing the values of all the
three state variables at the beginning of an interval. Further, § = wyt, where ¢t = 0

implies the beginning of the interval considered.

For the A and B intervals, the general solution is given by [7]:
[2(0)] = [F(6)][zai} + [G(0)][um] (2.1)

While for the C interval, it is given by [12]

[2(0)] = [F1(0)][zs:] + [G1(8)][uc] (2.2)
where, [2(0)]7 = [i(6) ves(0) ve(0)] (2.3)
[zei]T = [Zt Vesi vcti] (24)
b -b/Z ~b/Z
[F(o)] == Z(Ce/Cs)b2 1- (Ce/Cs)b3 _(Ce/Cs)bS (25)

Z(C./C)by —(Ce/Ci)bs 1 —(C./Cy)bs

by/Z  (Ce/C:)bs
[G(O)] = [ (Ce/Co)bs (Ce/Cu)((1/Ce)t = Z(C./C)by) (2:6)
(Ce/Cobs —(Ce/Co)(1/Ce)t - Z(Ce/Cy)b,
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cos(wst) —5(&)2sin(w,t) 0
[F1(9)] = Z(g—:)l/zsz'n(wst) cos(w;t) 0 (2.7)
0 0 0

7 (&) 2sin(w,t) 0
[G1(9)) = 1 —cos(wst) O (2.8)
0 0

lum]T = [ua)T =[E 1] forinterval A
[um]¥ = [us)f = [E -I] for interval B

[uc)]f =[E 0] for interval C

by = coswgt; by = sinwgt; bz = 1 — coswpt (2.9)
1
VvIC,

The general solutions given by (2.1) and (2.2) are normalized using the base quantities

Z = (LIC)Y? C.=C,C/(Co+C); w,=

(2.10)

given below:

VB = Emin = Vamin

V, Zg=272 IBZVB/Z; Tg=l/fo (2.11)

The value of the state-variables at the end of any interval can be obtained by evalu-
ating the corresponding state equations at that instant. Also note that the notation
[F(6k)] or [G(6k)], k = 1,2.. means the value of matrices [F(6)] and [G(0)] evaluated
at 0 = 0; where 0; denotes the length of k** interval. [zo) is used to define the initial

state vector evaluated at 6; = 0.

For the CCVM case with A as the first interval, using the general solution (2.1),

we can obtain the following:
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At the end of the first interval (interval A), the state variable matrix is given by

the following:
[#1] = [F(61)][zo] + [G(61)][ua] (2.12)
At the end of the second interval (B interval), the state variable matrix is given by:
[22] = [F(82)][z1] + [G(62)][us] (2.13)
The value of z; can be substituted to obtain:
[z2] = [F(02)I([F(01)][zo] + [G(61)][ua]) + [G(62)][us] (2.14)
This yields:
[z2] = [F(0)I[F(61)][zo] + [F(02)][G(61)][ua]
+[G(02)][u5) (2.15)
Proceeding in a similar way, one can get:
[za] = [F(63)][F(62)][F(61)][zo] + [F(63)][F(02)][G(61)][ua]
+[F(65)][G(0:)][us] + [G(83)][u4] (2.16)
[za] = [F(0a)][F(03)I[F(02)][F(61)][wo] + [F(04)][F (63)][F(02)][G(6:1)][ua]
+HF(0)][F(03)][G(82)][us] + [F(0a)][G(05)][ua] + [G(04)][us]  (2.17)

[za] = [F(6u)I[F(0n-1)][F(0n-2)] ... [F(61)][zo]
HE(O)I[F (On-1)]. . . [F(0)][G(61)][ua]
HEF(Ou)I[F (0n-1)]. . - [F(63))[G(62)][us]

H[F(0))[G(On-1)[u(-1)»] + [G(6n)][ttm] (2.18)
U, = up; if nis even

=uy; ifnisodd
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Equation (2.18) leads to the following general form for the value of state vector at
the end of n'* interval.

n-1 n n—j-1

[z} = H[F(0n~i)][m0] +Z( H [F(on—k)])[G(oj)][um} (2'19)

1=0 j=1 k=0
2.3.2 Determination of the Initial State Vector [z]

Case(I): Continuous v, with interval A first (n is even)

Applying the symmetry condition [z,] = —[zo] to (2.19), we get:

—lwo] = 'fr_'gF(on_,-mxo] " z(n [F (60 ))G(0;)]fun]
o] - E[F(on_.-n[xo] - z(n F(8-t)])G(0;)][tn]
(o] = —(11s) + ﬂ{F(%-f)])‘l[}j:l(n:I_I; (F(Bnt))IG(6)][um] (2.20)

where [I3] denotes a 3 < 3 identity matrix.

Case(II): Continuous v., with interval B first (n is even)
The expression for [zo] can be obtained from {2.19) if u,, is replaced by u, if n is

even and by up if n is odd. Apart from that u4 and up are interchanged.

Case(III): Discontinuous v

Depending on whether n is even or odd, n'* interval is B or A respectively.

For the Discontinuous parallel capacitor voltage mode (DCVM) [e.g. Fig. 2.2(g)],
the discontinuous portion of v is represented by the general solution given by (2.2),

which yields the state vector at the end of interval C,
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[Zn1] = [F1(0ni)][24] + [G1{0n41)][uc] (2.21)

Substituting the value of [z,,] from (2.18), we get:

[Enpr] = [Fl(e,.ﬂ)1['i:l:iF(0n-f)1{xol + Z(kH [F(8))[G(6;)][tm]
+[G1(0n41)][uc] (2.22)
Using the symmetry condition [T,4+1] = —[zo);
ol = =0+ (A TL PO (F O3 T (PO-DIG0, )
+[G1(Bn41)][uc)) | (2.23)

2.3.3 Determination of the Interval Durations

For operating modes involving more than two intervals, no closed form solutions are
possible for the interval durations (denoted by #'s) [12]. They must be obtained using
the numerical techniques. Since the multiple conduction modes involve more than two
intervals, the lengths of the various intervals must be obtained numerically. What

follows is a general method of detcrmining the durations of these intervals.

(a) Continuous Capacitor Voltage Case

Let there be n intervals (n is always even for CCVM) denoted by 8, . ..0,, a total of
n unknowns. Let 8, be the length of one half cycle of the driving frequency and is

known. Then;

6, =0 +...486, (2.24)
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All we need to determine is (n — 1) unknowns. The n'* one can be determined using
(2.24). However, to determine the first (n — 1) unknowns, ve need as many equations.
These equations can be derived from the fact that parallel capacitor voltage is zero
at the end of each of these intervals (except the n**). Equation (2.19) leads to the

following (n — 1) transcendental equations.

(1) =0 =¢1(6)
£(2) = 0 = 1p2(6,,0,)

En—1)=0=1p1(0)...0,_) (2.25)

where ¢ denotes the third element of the state variable matrix corresponding to v

and 9 is a non linear transcendental function evaluated at 6§ = (6,, 0, ... 0,_1), using

the RHS of (2.19).

(b) Discontinuous Capacitor Voltage Case

The same set of equations hold except that now the expression for [zo) is given by

(2.23) and n is replaced by (n + 1).

The Numerical Solution

Set of equations (2.25) need to be solved numerically. Newton Raphson method can

be used as below:
Step 1. 0y(y)...0n-1() are assigned as initial guess values to first (n — 1) intervals

yielding the vector [6,]

Step 2. Determine (zo] using (2.20) or (2.23).
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Step 3. Determine [{] = [£(1) £(2)...&(n — 1)]. Check if they are all zero. If
yes, go to step (7). Else proceed.

Step 4. Evaluate the following (n — 1) x (n — 1) matrix at the guessed value [6,].

o L
86, Tt 86p-g
[J]=
BYPp—1 Oy
96, M [/

Step 5. Determine the increment in the value of [§,] as below:
[665] = —[J]7"[¢)" (2.26)

Step 6. Determine [0y(new)] = [0,] + [66,]

Go to Step (2).

Step 7. 0, is the actual value of the lengths of the intervals. Use them to deter-

mine the gain of the converter.

2.3.4 Particular Cases

The general and steady-state solutions derived in section 2.3 can be used directly
to obtain solutions of particular cases. Two particular cases are presented below to

illustrate the procedure.
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(a) (CCVM) - Four Interval Mode [Fig. 2.2(c)]

Using (2.20), the initial state vector {zq] for the four interval mode (Fig. 2.2(c)) can

be obtained directly as below:

[zo] = —[A]7Q] (2.27)
where [Pi] = [I+4[F(04,)][F(08,)I[F(04,)I[F (68,)]] (2.28)
(@] = [F(04,)I[F(88,)I[F(84,)]IG(05,)][us]

H{E(0.4,))[F (08,))[G(04,)][ua] + [F(04,))[G(08,)][us] + [G(0a,)][ua] (2:29)

where &’s are marked in Fig. 2.2(c) for the 4 interval mode. They can be evaluated

using the method of section 2.3.

As another example, the two interval mode of Fig. 2.2(b) has been analyzed in

the following section following the same technique.

(b) (CCVM) - Two Interval Mode [Fig. 2.2(b)]

The initial state vector for the two interval mode (Fig. 2.2(b)) can be obtained using
(2.20) as

[zo] = [P]7'[Q:] (2.30)
where [Py] = [I+[F(8g,)|[F(04,)]] (2.31)
[Q2) = —[F(88,)l[G(04,)][ua] - [G(65,)][us] (2.32)

PRO-MATLAB was used to evaluate the durations of different intervals for the two

cases of section 2.3.4.
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2.4 Converter Gain and Component Stresses

Once the initial state vector and the various intervals are known, the gain can be
obtained by integrating the expression for the parallel capacitor voltage vy, in the
different intervals. For example, the expression for gain for the two interval mode

discussed in the previous section is as given below.

1 t tm
M= [ [ vandity) + | vcth(wtg)] (2.33)

where the expressions for v4 (v.: corresponding to interval A, 0 < ¢t < t4;) and vyp

(vet corresponding to interval B, 0 < ¢/ < tpg1,t' = t —t4;) can be obtained from (2.1).

The analysis presented above was used to obtain the converter gains, plotted in
Fig. 2.3 for two values of f,, for which the particular cases analyzed in section 2.3.4
occur. In the same figure, the converter gain plots obtained with SPICE are also given
for comparison. It is observed that the results for the two interval mode (f, = 0.6) are
closer to SPICE as compared to the four interval mode ( f, = 0.35). This is due to the
problems associated with the convergence of numerical solutions in MATLAB, as the
number of variables (lengths of the various intervals) increases. The SPICE results
on the other hand are affected by the simulation time step. Also, conduction losses
of the switches and the passive elements are taken into account in SPICE simulation.
The plot of gain versus f,, with Q = E}%’f as the parameter, and the peak component
stresses, obtained using SPICE are plotted in Figs. 2.4 and 2.5, respectively. Fig.
2.4 also shows a second resonant peak at f, = 0.3. There are infinite resonant peaks
such as this one as we reduce the switching frequency further (eg. f, = 1/5,1/7 etc.).

This type of phenomenon was also observed and explained in [24] for the SRC.
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41

1.8 T T T T Y T 1 T
1.6
14

1.2}

QGain

o8-
04

02t 7SN

0 0.2 0.4 06 03 . 1 1.2 14 16 1.8 2
Normalized Operating Frequency

(a)

PR

1.54.

Figure 2.4: Plot of gain versus f, with Q as a parameter (for %f = 1) obtained using
SPICE simulation. 3-dimensional plot is also included.




Normalized peak inductor current versus J

H (4] [=2) ~ o
Y Y T T ~T

Peak Inductor Current (p.u.) —

[
T

T T

0.2

Y

T T

—t N

-

0.5 1

Normalized peak inductor current versus J

1.5

2 25

J -

2.5.1 (a)

35

14

- -
[+1] (o2 [=] N

Peak Inductor Current (p.u.)

b

T

Fig. 2.5 Normalized design curves (obtained using SPICE simulation).

6
J

2.5.1 (b)

[« 3

10

12

2.5.1(a),(b) Normalized peak inductor current (J,) Vs J, with f, as a parameter.

2.5.1(c) 3-Dimensional view of the plots of 2.5.1(a) and (b).




Peak Inductor Current (p.u.)

L

.........................................

(panutyuod) ¢-g “31g
(@) sz

.....................

157




Peak Series Capacitor Voltage (p.u.) versus J 44

o

v Al ¥ T T ] T T

w >
0 H [4,]

(%]

N

-
[4,]

Peak Series Capacitor Voltage (p.u.)
N
[3)

-

0.5
G e we i y 1 i i A
05 1 15 2 S 25 3 3.5 4 45
2.5-2 (a)

Peak Series Capacitor Voltage (p.u.) versus J

™ T L

(7]

(2] L (3] (=] ~ [+-]

Peak Series Capacitor Voltage (p.u.)
N

% 2 4 ch 8 10 12
2.5.2(b)

Fig. 2.5 (continued)

2.5.2(a),(b) Normalized peak series capacitor voltage (m.,;) Vs J, with f, as a parameter.
2.5.2(c) 3-Dimensional view of the plots of 2.5.2(a) and (b).
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Peak Parallel Capacitor Voltage (p.u.) versus J
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Fig. 2.5 (continued)
2.5.3(a),(b) Normalized peak parallel capacitor voltage (m.y,) Vs J, with f, as a parameter.
2.5.3(c),(d) 3-Dimensional view of the plots of 2.5.3(a) and (b).
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2.5 Boundaries Between the Various Modes of

Operation

2.5.1 Boundary Between Leading and Lagging Power Fac-
tor Mode of Operation

. When the load current exceeds a critical value called J4g, the converter enters
the above resonance mode. Naturally, this value depends on the value of f,. Fig.
2.6(a) shows the boundaries between the lagging and leading power factor modes of
operations. While the converter operates in lagging p.f. mode for all values of f,, > 1.0
[4], it is found to operate in leading p.f. mode between values 0.5 < f, < 0.7.
The region below f, < 0.5 does not follow any fixed pattern regarding leading or
lagging power factor mode of operation. However, as will be shown subsequently, the
multiple conduction modes do enter lagging power factor mode (above resonance).
An expression for J4p in the range 0.7 < f, < 1.0 was determined by fitting a
curve in the data obtained by repeated spice simulations. The idea is to fit the most
appropriate polynomial expression into this data. Standard techniques, like the least
square fitting, are available for this purpose. It can be shown that the boundary

between the two modes can be described by the following polynomial.
Jar = KsfP+ Kaf? + Kaf2 + Ko f* + Ky f + Ko (2.34)

where,
Ks = -0.15; K4 = 064, K3 = -113, Kz = 0.96 ’ 1(1 = -0.42 Ko = 0.07
The curve obtained with this polynomial is plotted along with the actual one in Fig.

2.6(b).
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2.5.2 Boundaries Between DCVM and CCVM Operation

Boundary between DCVM and CCVM is determined by a critical value of the load
current (called J.rit) , beyond which the DCVM operation occurs. Boundary obtained
with repeated spice simulations is shown in Fig. 2.7(a). The zone of multiple conduc-
tion modes is separately marked. A polynomial expression was fit into this boundary.
It is found that more accurate expressions can be obtained if they are obtained sepa-
rately for the multiple and non multiple modes. Fig. 2.7(b) shows the boundary for

the non multiple modes. It can be approximated by the following polyromial:

Jorit = kofy +kefg + ks fy +kafo +kafd
+ko f2 4+ kyfn + ko (2.35)
where,
k7 =033; ke=-110; ks=181; ky=-124; k3=-0.30
ky=10; k =-056; ko=0.1
The curve obtained with this polynomial is plotted along with the actual one in Fig.

2.7(b). Similarly, the expression for J, for the multiple conduction modes(MCM)

is found to be:
Jorimomy = —196.67f + 128.5f2 — 22.68f, + 1.43 (2.36)

The above expressions (2.34) , (2.35) and (2.36) can be used as simple design tools
to get a preliminary idea about the mode of operation (leading p.f. or lagging p.f. or

DCVM or CCVM) once the operating frequency is known.

2.6 Design of the Converter

This section presents a design example. Design was done for worst case loading i.e.

for maximum load current with minimum input voltage. Corresponding to this the
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The Boundary between DCVM and CCVM operation
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Figure 2.7: (a) The boundaries between the CCV and DCV modes of operation.
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fitting.
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converter is kept under operation in DCVM. Using the design method given in [12],
an SPRC was designed with the following specifications.

Input supply voltage, Vymin = 50 V.

Output voltage of the converter, Vo = 0 to 24V, variable.

Maximum output power, P, =100 Watts @24 V.

Switching frequency, f; = 200 kHz.

All the quantities are normalized using the base quantities given by (2.11).

Using the design procedure discussed in [12], the different values used are:
. . I _ .
Normalized load current, J = G = 4.3 p.u. ;

where I is the primary side reflected load current.

I; =100/24 = 4.16 A
Normalized switching frequency (at full load),

fo= Je_os (2.37)

fo
where fo(= wo/27; wo = 1/(LC.)'/?) is the resonant frequency.

Converter Gain, M = 1.036.
To obtain 24 V output, the required transformer turns ratio,
n = 1.036 x 25/24 = 1.08.

Z = (L/C)Y?=21.85 (2.38)
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27 X ft
fa

Solving equations (2.38) and (2.39) simultaneously, rescnating component values ob-

Wo =

= 1/(LC,)"/? (2.39)

tained are:

L =17.74pH ; C, = 0.047uF ; C, = n?C; = 0.047uF.

There are basically three kinds of applications:

Al. The operating frequency is held constant and the load is varied irrespective of
the gain: Table 2.1 gives the range of gain for the designed converter for leading and
lagging power factor modes of operation.

A2. The load is held constant, and the operating frequency is varied to obtain variable
output voltage: Tables 2.2 and 2.3 give the range of gain obtainable for this appli-
cation. Separate tables are given for the leading and lagging power factor modes of
operation. As can be seen from Table 2.3, the multiple conduction modes are capable
of operating in lagging power factor mode.

A3. The gain is kept constant with changing load by suitably adjusting the oper-
ating frequency (voltage regulation): Tables 2.4, 2.5 and 2.6 show the regulation of
the output voltage for below resonance, above resonance, and multiple conduction
modes, respectively. The gain is kept constant (equal to the rated value) and the
load is varied. The tables show that very little variation in operating frequency is
required to maintain a constant rated gain, even when the load current shows a large
variation from full load to open circuit condition. It requires slightly higher switching
frequency variation for the above resonance case than below resonance case. Another
observation is that the peak tank current decreases till the load current reaches about
one fourth its rated value. Subsequently, it remains nearly constant irrespective of
the load current. Table 2.6 shows that the multiple conduction modes are capable of

supplying the rated gain only at lower load currents.



Table 2.1: Variation of key parameters for f,, = 0.8 and variable load (from near load
short circuit to near load open circuit)

Q@ | J |Gainf g Fo | Jip | Vaagpeat) | Jowiteh(rms) | Jowiten(avg) | Jaiose(avg)

250 16.3310.023 114981324 W|T705] 445V 2.45 1.11 1.57

8.33 |5.65| 0.68 | 79.52 | 86.63 |832| 43.75 4.08 2.57 0.27

4.17 |1 4.01 | 0.97 [ 85.66 | 87.75 [6.73 49 3.37 2.17 0.01

2.0812.221 1.07 | 86.20 | 53.55 ! 4.7 | 49.25 241 1.61 0.076

139 (1521 1.09 | 86.49 { 3735 |3.89| 48.50 191 1.14 0.16

093 11.02 1.10 | 85.68 | 2543 | 3.4 | 47.50 1.58 0.86 0.24

0.69 {0.77 ] 1.10 |-83.81 | 19.13 | 3227 | 47.50 1.45 0.77 0.29

0.55 1061 1.10 | 80.93 | 15.08 [3.11| 47.00 1.44 0.79 0.34

0371041} 1.10 [ 77.58 | 10.35 |3.05| 47.00 1.28 0.63 0.38

0281031 1.11 | 73.35| 7.88 |297( 47.75 1.25. 0.62 0.41

0.14 10.16 ] 1.11 | 60.681 3.83 |2.83 47.00 1.18 0.57 0.43

0.06{0.06 | 1.13 {39.09]| 1.58 |2.87 (. 47.50 1.13 0.53 0.50 |

Table 2.2: Variation of key parameters for fixed Q = 4.17 and variable f,, below

resonance
Jn J Gain 7 P, JLp Vet(peak) Jmu'uh(rms) Jn-“ch{‘"’ﬂ) Jdl'oa'c(a"g) Mode
0.1 1049] 0.12 } 569.58 |,1.35W | 1.87] 325V 0.40 0.16 0.12 DCVM
0.5 [1.01 | 0.24 | 72.52 5.63 |1.97 20.0 0.76 0.37 0.21 DCVM
0.6]1.59] 0.39 | 78.21 | 13.77 | 2.9 26.25 1.21 0.62 0.31 DCVM
0.7 | 2.15 | 0.66 | 82.82 | 41.175 | 4.78 39.5 3.37 1.25 0.37 DCVM
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Table 2.3: Variation of key parameters for fixed @ = 4.17 and variable f,, above
resonance
I J Gain n b, -’Q Yet(peak) Jauitchz'ms) Jowiten(avg) | Jdiode (Gvg) Mode
T 02 [063] 015 | 66,0 | 225W | 1.79] 26V 0.50 0.21 0.14 DCVM |
=103 [1.22] 030 [77.06| 81 [2.78] 35 0.92 0.43 0.22 DCVM |
§ 035 | 0.84 | 0.21 | 7050 | 3.83 | 194] 22.75 0.62 0.27 020 | DCVM |
L L 04 10791 0.19 | 69.97 338 [0.79| 19.25 0.59 0.26 0.16 DCVM
0.8 ] 4.01] 0.97 [ 8566 ] 87.95 |6.73] 49 |  3.37 2.16 001 | DCVM |
09 [ 2.4 0.72 | 8250 | 4748 | 50 | 36.75 241 1.38 0.30 DCVM
1.0 | 1.3 | 047 | 77.98 | 2048 | 341.] 23.75 1.53 ~0.90 0.34 DCVM
1.1 | 1.37 | 0331 | 71.57 | 11.25 [2.78| 185 1.14 0.64 0.32 CCVM |
1.2 [1.04] 0.25 [66.76 | 5.85 |[221] 14.0 0.87_ 0.49 0.29 CCVM |
1.3 [083] 0.20 [6083 | 3.83 |[1.89] 12.0 0.77 0.46 0.24 CCVM |
14 | 068 0.16 | 57001 251 |157] 9.64 0.58 0.28 0.22 CCVM
1.5 | 054 0.13 | 51.26 | 1.68 |1.39| 8.64 0.50 0.23 0.20 CCVM
1.6 | 047 0.11 [46.56 | 1.19 |127| 7.37 0.46 0.22 0.18 CCVM
1.7 039 009 [4075| 082 |1.11]| 6.72 0.38 0.17 0.18 CCVM |
18 | 031 0.08 | 3268 | 0.52 |0.98] 5.67 0.40 0.20 0.17 CCVM |
20 |021] 0.05 | 23.26| 0.24 |0.86| 4.68 0.26 0.10 0.14 CCVM |
94 |0.08]| 001 | 6.47 | 0.03 |0.67| 3.09 0.18 0.07 0.10 CCVM |




Table 2.4: Voltage Regulation, for f, less than 0.8

Stmulation

J fn | Gain | Jp,
0.03 | 0.7 1.0 | 3.07
0.13]0.77 | 1.0 | 3.08
028 [ 0.77 | 1.0 | 3.23
0371077 | 1.0 |3.33
0.56 | .77 | 1.0 | 3.38
0.70 | 0.77 | 1.0 | 3.56
09410771 1.0 | 3.64
1471077 1.0 | 4.2
20 {077 1.0 [5.12
41 [ 0.8 | 1.0 | 7.49

Table 2.5: Voltage Regulation, for

f» greater than 0.8

Simulation

J fo | Gain | Jp,
41 ( 0.8 [ 1.0 | 7.48
1.89( 1.0 | 1.0 | 4.7
1.50 1 1.05( 1.0 {5.19
1.02{1.13}| 1.0 | 4.93
0.72(1.15| 1.0 | 4.32
048 | 1.17| 1.0 | 3.82
036 {117 1.0 [4.31
0.26 [ 1.17 ]| 1.0 | 4.31
0.12} 1.17} 1.0 | 4.01
0.04 | 1.17| 1.0 | 3.96

36
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Tab!~ 2.6: Voltage Regulation during the multiple modes
Simulation

J fn | Gain | Ji,
0.36 | 0.19 | 1.0 | 4.44
0.2710.26 | 1.0 |3.70
0.2410.16 | 1.0 | 3.46
0.14 1028 | 1.0 |3.02
0.11{0.13| 1.0 ! 3.9
007014 | 1.0 |44
0.06 [0.29 | 1.0 |2.78

2.7 Experimental Verification

The experimental converter using power MOSFETs was used to verify the results
obtained from the analysis and SPICE simulation. The details of this converter are
given in Fig. 2.8. No transformer was used in the experimental set up. The Converter
was operated in a frequency range of 50 to 500 kHz. Some of the waveforms are shown
in Figs. 2.8(a)-2.8(d). The plots of gain versus J obtained using the experimental
sef, up are included in Fig. 2.9 along with those obtained using the SPICE, for the
sake of comparison. All the values are in per unit with respect to the base quantities

defined by (2.11).

Fig. 2.10 shows the variation of efficiency for different values of @ with change
in f,. It is observed that the efficiency during the multiple conduction modes is
comparable to the lower order (non multiple) modes. Thus SPRC is suitable for
operation over a wide range of f, for applications where a wide range of output is
required. Data for the efficiency calculations were taken from the manufacturer’s data

sheet for the components used in the experimental set up.

Tables 2.4°- 2.6 show the experimental results for the output voltage regulation




&——Leading p.f. Mode—«Lagging p.f. Mode—

Table 2.7: Comparison of simulation and experimental results for output voltage
variation with change in operating frequency ’

Simulation Ezperimental
Mode Sowtich Iq Vo 3 L(peak) | Yes(peak Veg(peak) Fawitch 14 VW $L(peak) | Yecs(peak) | Vei(peak)
BA 500 | 0.20] 1.5 0.8 4.70 5.0 500 |0.18 | 1.0 0.80 4.54 47
BA 460 | 031 | 20 1.0 6.3, 5.5 460 | 027 ] 1.6 0.92 5.91 5.27
BA 420 | 040 | 3.0 1.10 8.5 75 42C .| 0.37 | 2.3 1.07 7.54 6.36
BA 380 | 0.55| 3.6 1.4 11.0 . 9.0 380 | 0.5 | 3.0 1.30 9.91 7.82
BA 340 | 080 | 52 .6 15.0 125 340 | 0.70 | 4.09 1.55 13.27 10.18
BA 310 [1.10] 6.8 1.8 20.5 14.0 310 | 0.9 | 520 | 1.85 18.0 12.36
BCA 280 | 1.43 | 9.0 2.0 30.0 20.0 280 | 1.20 | 7.0 2.30 26.11 | 16.0
BCA 260 | 1.75 | 11.0 2.1 35.5 23 260 | 1.50 | 9.1 275 33.71 20.0
BCA 240 | 2.01 | 12.7] 2.3 4950 | 25.0 240 | 2.02 | 12.10 | 3.48 50.91 25.83
BCA 225 | 254 | 160 | 3.45 62.0 30.0 225 | 2.62 | 1516 | 4.4 68.18 34.81
BCA 210 | 292 | 181 [ 3.75 84.0 34.0 210 | 3.50 | 21.19 | 5.72 | 9545 445
BCA 233 | 618 | 1050 | 490 | 200 | 3.0 | 19.0 51 | 88.0 380 |
CAC 180 | 3.0 | 182 ] 509 | 90.0 °.72 180 | 260 16.2 | 3.75 | 780 | 36.0 |
AC 165 | 2.17 | 13.1 | 3.74 70.0 333 165 | 2.0 | 125 | 3.25 69.0 31.25
ACB 150 | 1.55 | 9.31 | 2.72 56.37 26.38 350 | 1.50 | 9.5 25 55.5 28.0
AB 145 | 1.39 | 8.36 | 2.44 53.63 23.61 145 |140] 8.5 2.25 54.0 25.5
AB 115 | 085 | 5.2 | 1.63 41.81 18.06 115 | 1.0 | 6.0 18 45.0 19.0
ABC 105 | 0.78 | 4.65 | 1.58 40.91 18.88 105 | 0.80 | 5.0 1.6 43.0 20.0 |
ABC 95 | 0.75 | 4.48 | 1.55 40.0 17.77 95 | 077 ] 4.8 1.50 43.0 22.0
CABC 85 081 | 4.86 | 1.72 | 42.12 21.39 85 083 | 5.2 1.75 43.0 25.0
CABC 75 1.09 | 6.5 | 2.47 47.27 31.85 75.0 | 1.03 | 6.4 2.35 47.0 32.0
CABC | - 65 157 ] 94 | 3.59 57.27 48.19 65 ]1.25]| 8.0 2.78 52.5 435 -
ABC 60 1.11 | 660 | 2.58. 47.27 34.58 60 10 | 6.3 2.40 47.0 32.0
CABAC | 50 (061 ]365] 1.66 38.0 25.0 50 | 0581 3.5 1.60 38.0 30.0
Switching Frequency in kHz!

Voltage Quantities in Volts
Current Quantities in Amps

Rated

8¢




59

Table 2.8: Comparison of interval durations obtained by Experiments, Simulation
and Analysis, for f, = 0.35, four interval mode

Experimental

Simulation

Analysis

J

ip,

ta,

tg,

ta,

t5,

ta,

B,

tag

tg,

ta, |iB, |ta,

0.18

0.25

0.60

0.38

0.19

0.36

0.63

0.38

0.08

0.38

0.58

0.43 [ 0.05

0.30

0.24

0.64

0.30

0.24

0.31

0.63

0.39

0.09

0.35

0.58

0.42 | 0.08

0.35

0.22

0.66

0.28

0.24

0.30

0.63

0.40

0.09

0.33

0.59 1041 |0.10

0.45

0.20

0.72

0.23

0.27

0.26

0.67

0.37

0.14

0.29

0.61

0.40 | 0.14

0.60

0.15

0.75

0.25

0.21

0.16

0.76

0.34

0.16

0.22

0.67

0.34 | 0.20

Table 2.9: Comparison of component stresses and gain obtained using Experiments,
Simulation and Analysis, for f, = 0.35, four interval mode

Experimental

Simulation

Analysis

Jip

Mesp

Metp

Gain

Jip

Mcsp

mctp

Gain

Jip

Mesp

mep | Gain

0.18

3.28

2.12

2.52

1.38

2.96

1.93

1.93

1.11

4.42

2.65

2.64 | 1.32

0.30

2.46

1.72

1.96

0.87

2.85

1.82

1.82

0.86

4.21

2.52

2.51 | 1.21

0.35

2.19

1.56

1.80

0.72

2.75

1.78

1.80

0.82

3.98

2.38

2.38 | 1.12

0.45

2.05

1.50

1.60

0.55

2.50

1.60

1.60

0.70

3.36

2.06

2.05 1 0.91

0.60

1.92

1.48

1.56

0.44

2.00

1.43

1.23

0.52

2.53

1.63

1.61 | 0.62

Table 2.10: Comparison of interval durations obtained by Experiments, Simulation

and Analysis, for

fn. = 0.6, two interval mode

Experimental | Siinulation | Analysis
J ta, |tB, ta, |18 ta, |18,
0.13 | 0.87 | 0.02 0.84 | 0.02 | 0.79 | 0.04
0.22 1 0.84 | 0.03 0.82 [ 0.04 | 0.78 | 0.05
0.33 ] 0.79 | 0.04 0.79 1 0.06 | 0.77 | 0.07
0.52 [ 0.77 | 0.06 0.76 { 0.09 [ 0.74 | 0.10
0.76 | 0.74 | 0.10 0.71 | 0.13 | 0.70 | 0.13
1.24 | 0.67 | 0.17 0.65 | 0.18 | 0.63 | 0.20
1.50 | 0.63 | 0.18 0.63 { 0.22 { 0.59 | 0.24
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Table 2.11: Comparison of component stresses and gain obtained using Experiments,
Simulation and Analysis for f, = 0.6, two interval mode

Experimental Simulation Analysis
J Jip | Mesp | Metp | Gain | Jp, | Mgy | Moy | Gain | Jpp | mesp | My, | Gain
013131 {113 {1.11 }/0.57 {1.21 {1.10 { 1.08 { 0.56 | 1.28 | 1.11 | 1.08 | 0.61
022136114 |1.10 {057 |1.31|1.11 [1.08 |0.56 |{1.321.13 | 1.08 | 0.60
033156122 [1.16 [0.58 [1.46 |1.17 | 1.12|0.55 | 1.42|1.18 | 1.08 | 0.60
052 (181132 ]1.09 (051 |1.61|1.26 [1.10 |0.54 |1.62|1.29 | 1.08 | 0.57
0.76 | 2.02 | 1.52 [ 1.12 [ 0.50 [1.88|1.47 |1.09 | 0.52 | 1.90 | 1.47 | 1.08 | 0.55
1.24 12,59 | 1.86 [ 1.08 | 0.40 [2.38 [1.86 |1.02 [0.45 | 2.48 |1.89 | 1.05 | 0.45
1.50 1 2.052.16 | 1.05 | 0.38 {2.71 {2.07 | 1.0 [0.42 |2.69|212 | 1.0 |0.40
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Figure 2.8:Typical waveforms obtained from an experimental set up (Vab, Vet and i):
(a), (b) Continuous Capacitor Voltage Mode with 4 and 6 intervals respectively
(c), (d) Discontinuous Capacitor Voltage Mode. :
[Details of the converter: Switches used - IRF 130, MOSFETS; Feedback diodes inter-_
3‘1011210 FI\:I]OSFETS; Input dc voltage, 2E = 50 V; L = 17.7uH; Cs = 0.04TpF;C, =
047 :
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Figure 2.9: Plots of gain versus f, obtained using the experimental converter (marked
“exp”) along with those obtained using SPICE-3.
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Figure 2.10: Plot of efficiency of the converter as a function of f,, with Q as a
parameter.
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application. Table 2.7 compares the theoretical and experimental values of the com-
ponent stresses for the entire range of the converter output voltage. Both above
resonance and below resonance cases are considered. The modes with respect to the
number of intervals per half cycle of the switching frequency are also given. For ex-
ample AB denotes occurrence of an “A” interval followed by a “B” interval in a two

interval mode.

Tables 2.8 - 2.11 compare the interval durations and the peak component stresses

for the four and two interval cases, obtained with theory, SPICE and experiments.

2.8 Conclusions

Various operating modes of the SPRC, including the multiple conduction modes,
have been identified using computer simulation. General solutions for all the modes
of operation have been presented. As an example, two of the predominant modes,
with four and two intervals respectively, have been selected as the particular cases
and the converter gain for those modes have been analytically obtained. The results
obtained with analysis and simulation have bgen compared. The converter gain and
peak component stresses have been ploited against per unit load current. Boundaries
between the various modes, CCVM and DCVM as well as between leading and lagging
p.f. modes, have been obtained and plotted. Simple expressions, meant for aiding
the design engineer, have been obtained using numerical techniques. The theoretical
and simulation results have been compared with the experimental results. To control
the output voltage, the operating frequency can be varied in two directions. The
range of frequency variation is slightly higher (up to f, = 2.0) for above resonance
case (as compared to the below resonance operation) for a full range output voltage

control. The type of converter control discussed in this chapter (including multiple
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conduction modes) can be utilized in power supplies meant to serve a wide range of
voltage requirements. Multiple conduction modes are capable of supplying the rated

gain for very low output current values.
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Chapter 3

Large-Signal Analysis Using

Discrete Time Domain Modeling

In this chapter, a discrete time domain model for the LCC-type parallel resonant
converter has been derived. This model has been used to predict the large-signal
behavior of the converter. The peak component stresses and the dynamic response
of the key state variables, as obtained from the large-signal analysis, using PRO-
MATLAB software are plotted. SPICE results are included to verify the analytical
results. Large-signal analysis of the SPRC operating in discontinuous current mode

is also presented in this chapter. Theoretical results are experimentally verified.

3.1 1Iatroduction

The various modes in which the SPRC operates in steady state were identified
and analyzed in chapter 2. The steady-state analysis of chapter 2 is useful for better

understanding and designing of the converter, but only under steady-state and not
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during the transients. The dynamic response of the converter during the transient
events is bound to govern proper design procedures and the choice of appropriate
component ratings to be used. But the transient analysis is not easy to perform be-
cause of the following difficulties in modeling the transient events.
(a) The exact nature of the transient disturbance is unpredictable.
(b) The actual dynamic response of the converter during the transients is quite com-

plex.

Thus, there is a need for a model which could give the major design constraints
(such as the peak component ratings) without going into the complexities of an exact
transient analysis. A discrete time domain model greatly simplifies this problem.
Such simplification in predicting the transient behavior assumes greater significance
for the SPRC, the mathematical analysis of which is more complex than the other two
configurations. Such an approach was for the first time reported in [48] for a series
resonant converter. Later on it was used for small-signal analysis of series resonant

converter [42] and parallel resonant converter [54].

Small-signal analysis of an SPRC using an approximate method (extended de-
scribing function method) has been presented in [73]. However, large-signal modeling

and behavior of SPRC is not available in the literature.

The dynamic response of the converter during the transients is quite significant
[74, 75] and must be considered while formulating the design procedures for the
converter. Especially regarding the choice of appropriate component ratings because
it is mostly during the transients (such as switching ON/OFF of the converter or
sudden load variation), that the converter components have to bear the maximum

stress. Therefore it is usefu! to perform the large-signal analysis.

In this chapter, the discrete time domain modeling of the series-parallel resonant

converter is presented to show the effectiveness of such a model in predicting the
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transient behavior of the converter. It is shown that using this model, only the
initial conditions at the beginning of every half cycle of the operating frequency are
sufficient to predict the peak component stresses and the state behavior. A complete
large-signal analysis is presented based on this modeling. Step change from full load
to short circuit or open circuit conditions, which are actually the particular cases of
transients caused due to a sudden variation in load, are of particular interest from
a practical point of view. The behavior of the converter during these conditions is
analyzed. Although the analysis and results have been presented for the converter
designed to operate in lagging power factor mode under steady-state conditions, it

can be modified for leading power factor mode of operation with some minor changes.

This chapter is divided into the following sections. The operation of the converter
and the terminology used in this chapter are presented in section 3.2. Section 3.3 gives
the details of derivation of the discrete time domain model. Necessary equations are
included to clearly show the steps involved in the derivation of the model. Expressions
for the peak component stresses are also given iz the same section. The choice of state
variables and the discrete state-space model is presented in section 3.4. Section 3.5
gives the details of the converter which will be used to illustrate the use of the large-
signal model derived in sections 3.3 and 3.4, in predicting the large-signal behavior
of the designed converter. Section 3.6 describes the implemsntation of the discrete
time model on the computer and its use in determining the dynamic response of
the converter during the transient conditions. Transient conlitions caused due to
different types of external disturbances are considered. To verify the results of theory,
experimental results are included in section 3.7. Section 3.8 describes the large signal

modeling and results for the DCM operation. Section 3.9 states the conclusions.




3.2 Converter Operation

In Fig. 3.1, the basic circuit diagram of the SPRC has been r .rawn with all the
circuit quantities shown as discrete quantities. Fig. 3.2 illustrates typical wavelorms
starting from k** instant onwards, for the continuous current mode, in which the
SPRC operates. The inductor current is lagging the voltage v, and is operating in
the lagging p.f. (above resonance) mode. The converter operation for this mode is
explained next. In Fig. 3.2, the switch S1 is turned ON at time instant toq). This
being a lagging power factor mode of operation, the inductor current has a negative
value at that instant. The parallel capacitor voltage v, starts rising and becomes
positive at instant #;(4). As the parallel capacitor voltage switches polarity, the load
current does it too. The tank current is being carried by the paralle! diode D1 at
the beginning of the positive half cycle of v,,. This continues till a point “P”, where
the current is transferred to the switch S1. At ty), S1 is turned-off and the next
half cycle begins with the conduction of D2. There is no natural commutation of the

switches here. But the turn on losses are almost negligible.

The second half cycle is exactly the same except that all the variables now have
an opposite polarity as compared to the first half cycle. The first half cycle is called
as the k' event, the second half cycle as the (k + 1)** event and so on. ach of
these events are split into two sub-events depending upon the polarity of the parallel
capacitor voltage (vy) or the load current. There are explicit equations for each of

these sub-events (called interval “A” and interval “B” [Fig. 3.3]).
The total conduction angle (switch + diode) is denoted by y; [42, 48, 54]. As

shown in Fig. 3.2

Y = o+ b (3.1)

where  a; = woltix) — tok)) (3.2)
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Figure 3.1: Basic circuit diagram of LCC type PRC (half-bridge version) in discrete
time domain. Details of snubber circuits are not shown.
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Figure 3.2: Typical waveforms of the SPRC circuit starting from the k** instant for
lagging power factor mode of operation. The various intervals are marked.
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and Br = wo(to(k+l)“t1(k)) (3.3)

“oy” stands for the length of interval B and “8,” stands for the length of interval A

referred to the k" event.

1, _ GG
IC. T C.+C

The low ripple approximation, wherein the input and output voltages as well as

Further wo = (3.4)

the output current are assumed constant during an event (one half period)[42, 48], is
followed. The variations in these quantities during an event are negligible as compared

to the step changes they undergo at the beginning or end of an event.

3.3 The Discrete Time Domain Model of the SPRC

The following discrete time domain equations have been derived with respect
to Fig. 3.2 using the models shown in Fig. 3.3. It should be noted that the
sﬁbscript “O(k)” denotes the value of that variable at the beginning of k** interval
while “O(k + 1)” implies at the beginning of (k + 1)** interval. E(to()) and J(tox))
denote the input voltage of the dc bus and the reflected load current at the beginning
of the k" event and are assumed constant throughout this event in accordaace with

the “low ripple approximaticn” described in section 3.2.

3.3.1 k' Event

Interval toky < t <ty

The k** event starts at time instant tok). The parallel capacitor voltage v, remains
negative until instant #,(x). This interval, which has been called as interval B [12],

can be described by the following discrete equations with t’ as the running variable.

o= t—tow (3.5)
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Interval A. L = L, + L;, where L; is the leakage inductance of the hf transformer.
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The resonant inductor current, the series capacitor voltage and the parallel capacitor

voltage for this interval are given by:

iL(t") = Aip,sin(wot’) + Bip,cos(wot’) + Cip, (3.6)
ves(t') = Azp,[l = cos(wot)] + Bsp,sin(wot’) + Cap,(wot') + ves(tor)) (3.7)
ve(t') = Asp,[1 — cos(wot’)] + Bap,sin{wot’) + Csp,(wot') + va(tor)) (3.8)

The constants used in the above equation are defined as below:

= [E(tok)) — (ves(tok)) + ver(tor))))/Z; Bib, = (ir(towy) + (Ce/Ce)I(tow)))
Cig, = —(Ce/Ci) (to))

Az, = Z(Ce/Cs)A1B,; Bes, = Z(Ce/C)Bib,; Ca, = Z(C./C;)Cs,
Asp, = Z(Ce/Ct)A1,; Bsp, = Z(C./Ct)Bip,; C3p, = —Z(C./Cs)Cip,

, / L
where Z = 6’:

Interval tl(k) <t< to(k+1) .

During this sub-event, the voltage v (and the reflected load current) remains positive.

This is called interval A. Let t” be the running variable for this interval.

" =t —ty (3.9)

Equations describing this interval are:

iL(t") = Aiasin(wot”) + Bia,cos(wot”) + Cra, (3.10)
Ves(1") = Aga,[l = cos(wot”)] + Baa,sin(wot”) + Caa,(wot”) + ves(t1(x))(3.11)
va(t") = Asa,[l — cos(wot”)] + Bsa, stn(wot”) + Caap(wot”) + ver(tr(y) (3.12)

As before, the constants used in the above equations are defined below:

A, = [E(tog) — (ves(tan) + verltam))l/ 25 Bra, = (i(tiry) — (Ce/ Ci)I (togr))
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C1a,, = (Ce/C)I(togry)
Aza, = Z(Ce/C) Ara; Baa, = Z(Ce/C2)Bia,i Cany = Z(Ce/Cr)Cray
Asa, = Z(Ce/Cy)Ar4,; Baa, = Z(Ce/Ct)B14,;C3a, = —Z(Ce/Cs)Chra,

AiB,, Azp, etc. denote the constants involving the initial values of the three variables
(resonant current, series capacitor voltage and parallel capacitor voltage) at instant
toir), while A4, , Aza, etc. involve initial conditions at instant ;). These values

can be evaluated in terms of A,p,, A2p, etc. using (3.6) - (3.8).

3.3.2 (k+1)"" Event

The (k + 1)** event starts at time instant to(41)(= tz(x)), Which is also the end
point of k* event. Thus the final values of the variables for the k** event are the
initial values for the (k + 1)** event. The equations representing the two intervals of
the (k + 1)** event can be written in the same way as for the k** event except that
now the A, B, C constants will get redefined. For interval to(t41) < t < ty(k41), the
A, B, C constants will be defined in terms of the initial conditions at instant Zo(x41),
while those for interval #)(141) < t < to(t42) Will be defined in terms of the initial

conditions at instant #(;41).

The equations (3.5) - (3.12), describing the k™ event along with those for the
(k + 1)** event, describe one full cycle of the SPRC operation. The initial values of
the (k + 1)** event are expressed in terms of the initial values of the k** event as

below:

ir(tok+1)) = Aip,-sin(ye) + Bis,.cos(yk) + Cib,(2c0s(Bk) — 1) (3.13)
ves(loten)) = Aep (1 — cos(vk) 4+ Bap,sin() + Cap, (o — Br + 2sin(Br))
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+0es (fogs)) (3.14)
vet(tokt1)) = Az (1 — cos(vx)) + Bap,sin(n) + Cap, (cx — Br)
C. ) .
+2.Za—clgkszn(ﬂk) + 'Uct(to(k)) (3..].5)
t

3.3.3 Evaluation of o, and §;

Equation (3.1) relates the half period of the driving frequency to the sum of oy
and f. Since the switching frequency is known, if a; can be determined, 8; can also
be determined. For that another equation is required whic . -omes from the fact that
the parallel capacitor voltage v is zero at time instant t;(). Making use of (3.8)
and substituting the values of A, B,C constants, we end up with a transcendental

equation of the following form.
f.sin(ag) + g.cos(ax) = h (3.16)

Sclution of this equation yields the following result, which was also derived earlier in

continuous time domain [12].

ap = lx— sin'l(ﬁ) - tan'l(%) (3.17)

Where | = 1 for f, (Normalized operating frequency) > 1 and 0 for f, <1
f = E(tow)sin(vk) (3.18)
g = E(to(k))(l + COS(’Yk)) (3.19)

h = g—Z.Cigsin(m) + ZLow)(Co/Co) (1 /2)(9/ Elto))  (3.20)

Once determined, the value of o, can be substituted in (3,1) to give f.




3.3.4 The Output Equations

To consider the dynamic response of the SPRC it is necessary that the dynamic
equations representing the output section of the SPRC be considered where the output
current and voltage can no longer be considered constants (unlike in the steady state

analysis).

Fig. 3.4 shows the output section of the SPRC. The non linear equations repre-

senting this section are:

¢ [to(k+1)

Ito(ksn)) = I(t"("))“/L“/to(k) |(ver(7)ldr]

—1/ Ly [vo(tok)) (to(k+1) — toc))] (3.21)
(I(togk)) — %f’)(towm — to(k))
C,

P

vo(tok+1)) = wo(tow)) + (3.22)

The integration interval in (3.21) can be split into two. One being to(k) to ti(x) and
the other being t1(x) to ox4+1). Value of v, can then be substituted using (3.8) and
(3.12) with an additional negative sign introduced for the interval B expression to

account for the absolute v. .e of v.;. The following simplified expression is obtained.

I{tok+1)) = I(tow)) + 1/ X1y . Asp ((Br — ax) + 2.5in(ak)
—sin(y)) + 1/X1;-Bas, (2.cos(ax) — 1 — cos(y))
~1/2X15.CsB,(ax — Bi)? + 2.2/ X14(C./C1)Cip, (1 — cos(Bx))
+1/ X1 ver(toge) Bk — o) — 1/ Xps-vo(togr)) 7 (3.23)

where X1y = woly.

3.3.5 Peak Component Stresses

Peak Inductor Current
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It can be shown that the peak inductor current is given by:

iL(peak) = _iL(tO(k))’ ‘(vcs(to(k)) + vct(to(k))) < E(to(k)),ib(to(k)) <0 (324)
= (AfAk + BfA,‘)l/2 + C14,s
—(ves(toqk)) + verltoqr))) > Etogr)), i(toqr) > 0 (3.25)

Peak Series Capacitor Voltage

The voltage v., will be at its peak when the inductor current is zero. The value of
the angle at which this will happen, can be found out by equating (3.6) or (3.10) to
zero, depending upon whether it is lagging or leading power factor mode of operation.

This yields the following:

Ocspp = —sin"'(C1p,/(Alp, + Big,)'/"] — tan™" (Bip,/A1,), ir(tok)) < 0(3.26)
= 7+ Sin_l[CIAk/(AfAk + Blek)l/2] - tan_l(BlAk/AlAk)
iL(to(k)) >0 (3.27)
This value can then be substituted in (3.7) or (3.11) to obtain the maxirmum series

capacitor voltage.

Peak Parallel Capacitor voltage

The peak parallel capacitor voltage occurs at the following angle.

Octp, = m+ Sin_I[OSAk/(AgAk + BgAk)l/Z] = tan_l(B3Ak/A3Ak)

tr(toky) < —1(tow)) (3.28)
= *Sin.-l[CSBk/(AgBk + ngk)lﬂ] - tan_l(B3Bk /A3Bk)
i(tok)) > —I(to(k)) (3.29)

These values can then be substituted in (3.8) or (3.12), depending on the mode of

operation, to obtain the peak parallel capacitor voltage.
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3.4 The Discrete State-Space Model

3.4.1 Selection of Discrete State Variables

The following discrete state variables were chosen (corresponding to the energy
storage elements in the circuit) to arrive at the discrete state-space model with ref-
erence to Fig. 3.2.

For k** event:

Ty = —irltow)) (3.30)
Lk) = —ch(to(k)) (33])
T3y = —va(tok)) (3.32)

For the (k + 1) event, these variables get redefined as:

Tiker) = irtoksn)) (3.33)
Tok+1) = Ves(to(k+)) (3.34)
T3(k+1) — vct(to(k+l)) (3-35)

Apart from the above three, two additional discrete state variables were introduced

for the output section of the SPRC.

Tary = I(topw)) (3.36)
Tsk) = volto(k)) (3.37)

for the k** event. It must be pointed out here that the same choice of state variables

will hold for the below resonance operation also, except that the signs will bave to be

reversed in (3.30) and (3.33).
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3.4.2 Formulation of the Model

Using the state variables just introduced and incorporating them in equations
(3.13) to (3.15) and (3.22), (3.23) the following discrete state-space model was ob-

tained.

Tiks1) = A1B,-5tn(7k) + BiB,-cos(1k) + C1B,(2¢0s(Bk) — 1) (3.38)
Takpr) = Az, (1= cos(1r)) + Bag, sin(vk) + Cap, (ak — Bi + 25in(Bk)) — z2(4)(3.39)

T3ks1) = Asp, (1 — cos(1k)) + Bsp,sin(7k) + Cap, (cx — Br)
Ce .
+QZZ';ClBk32‘n(ﬂk) — T3(k) (3.40)

Taker) = Tak) + 1/ Xpg-A3p ((Bk — k) + 2.51n(ak) — sin{7k))

1 1 )
+E;‘B3Bk(2'cos(ak) —1—cos(yx)) - §X—Lf~038k(ak - Bx)
2Z C. 1 i
+—XLf —C—tCuak( 1 - cos(Bx)) - E}--’Ea(k)(ﬂk ~ o) - e Ol (3.41)
Ts5(k)
Tske1) = Ts(k) + Tk Xcos(Tak) — RL ) (3.42)
Where X¢y = wolc',' This completes the formulation of the discrete state-space

model represented by equations (3.38) through (3.42). These are non linear discrete

equations and are of the following general form.

Tik+1) = Si(T1(k), T2(k)s T3(k), Ta(k)s Ts(k)> Tho £ (Bo(r))) (3.43)

Where “f;” represents some non-linear function and ¢ = 1...5.

3.4.3 The Steady State

During the steady state.

Tik) = Ti(k+1) (3.44)
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Applying this condition to equations (3.38) to (3.42), and then solving the equations

simultaneously, the following steady-state expressions are obtained.

Tiky = —(E(towy)/2)-sin(vk)/ (1 + cos(i)) — (Ce/Cr)-I(torry)
+(Ce/Ct)-I(torry)-lcos() + cos(Bi)]/ (1 + cos()) (3.45)
Taky = Z.I(to)(Ce/Cs)(Ce/C)lsin(Br) — sin(aw)]/(1 + cos(1t))
— Z.(C/C)(Ca/Ca).I(togey)-(v& — 2a4)/2 (3.46)
Tagy = Z.I(tory)(Ce/Ci)*[sin(Br) — sinauw)}/(1 + cos(x))
+2.(Ce/Ce)(Ce/Cs)-I(tory)-(1k — 2c) /2 (3.47)
And similarly for the output current and voltage.
2wy = Iltow) (3.48)
zsk) = (2/m)(Ce/ Ct)E(tO(k))-(_Sizo(;’f/;) o) (/2 =) (349

The subscript “k” may be dropped from the above steady-state expressions for obvious
reasons. These steady-state solutions are same as those derived in continuous time

domain, in [12].

3.5 Design of the Converter

An SPRC has been designed using the procedure given in [12], to illustrate the
use of discrete time domain model, derived earlier, for predicting the large-signal
behavior of the converter. Design is done for the worst case loading conditions i.e. for
maximum load current with minimum input voltage. At the rated design conditions
given below, the converter operates in lagging power factor mode of operation. The
SPRC designed has the following specifications:

Input supply voltage, Vimin(= 2E) = 50 V.
Output voltage of the converter, Vo = 24 V.
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Output voltage ripple, Vy(o-p) = ¥ 0.025 V.

Output current. ripple, I,_, = * 0.010 A.

Maximum output power, P, = 100 Watts.

Switching frequency, f; = 200 kHz.

The design values obtained are:

Normalized load current, J = (—Ej—z) =43 pu;n=1.

L =1174uH ; C, = 0.047uF ; C; = n?C; = 0.04TuF.

The rated load resistance is, R, = 6.0 Q.

Using the second harmonic component, values of the filter components for the given

ripple specifications are: Ly ~ 1000 pH; and Cy ~ 1 pF.

3.6 Results of the Analysis

The discrete time domain model described in sections 3.3 and 3.4 was used in
predicting the transient behavior of the designed converter operating under open loop
conditions. PRO-MATLAB was used to soive the discrete time domain equations
on the computer. These results are also verified using SPICE software. Results
obtained for four types of step changes in the operating conditions of the converter
are presented below. It must be noted that in all the plots, the step change in the

operating condition takes place at the origin.

3.6.1 Sudden Switching ON of the Supply Voltage

Fig. 3.5(a) shows the initial stage of the transient phase caused by switching
ON the input dc supply to the converter. These waveforms show a leading power
factor operation during the initial phase although the converter is designed to operate

in lagging power factor mode during steady state. Figs. 3.5(b) and (c) show the
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inductor current and parallel capacitor voltage during the entire transient phase. As
can be noticed from these figures, the resonating inductor doesn’t have to undergo
additional stress during the transients and hence the steady-state design specifications
are sufficient. But the parallel capacitor voltage experiences an overshoot of almost 1
p.u. and hence the rating should be carefully chosen in case of an open loop operation.

Figs. 3.5(d) and (e) show the SPICE plots corresponding to Figs. 3.5(b) and (c).
There is a good agreement between the transient behavior predicted by the model and
SPICE results. The effect of below resonance operation during the transient phase is
shown in Fig. 3.5(f), - ich shows that the anti-parallel diode peak current is much
higher during the transient phase as compared to its steady-state value. Fig. 3.6(a)
shows plots of the variation in peak component stresses during the transients. Tig.
3.6(b) shows how the discrete state variables vary during the transient phase. The
point marked “CO” (cross over) on Fig. 3.6(b) symbolizes the time instant where the
lagging power factor operation of the converter is restored. It can be seen frorm these
plots that the converter takes about five hundred microseconds to reacl. the steady
state. This is a direct consequence of putting a large filter inductor at the output.
As is shown later, a smaller value results in a faster response. The output variables
(output current and voltage) defined as state variables z4 and z5, are plotted in Fig.
3.6(c) obtained from the discrete model and SPICE. It can be seen once again that

the results are quite close.

When the converter supply is switched OFF, the circuit variabies behave as shown
in Figs. 3.7(a) and (b). The tank current shows a smooth exponential decay without
additional stresses. The output variables too show a simiiar trend. It is observed
that just like during the switching ON, in this case also, the anti-parallel diodes have
to undergo an additional peak current stress. This fact is illustrated in Fig. 3.7(c). It

was obscrved that the converter alternates between leading and lagging power factor
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Note: Component values used correspond to the design example and Ly = 1000 pH
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Figure 3.6: Switching ON transients continued.

(a) Peak component stresses as obtained from the model. (b) The discrete state
(tank) variables as obtained from the model. (c) Output state variables. In (c),
SPICE results are also plotted.

Note: All these plots have been obtained with discrete set of points obtained one per
half cycle, and connected to give an over all continuous picture. Further, the step
change in the operating condition occurs at origin in all the plots.
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mode of operation till it is completely switched off.

3.6.2 Step Change in Input Supply Voltage

Effect of input voliage variation, when input voltage is changed from 1 p.u. to
2 p.u., is shown in this section. Fig. 3.8(a) shows effect of this disturbance on the
tank current, which smoothly settles to a new steady-state value in about 250 ps.
The transient waveform given in Fig. 3.8(b) shows the variation of the parallel
capacitor voltage. Figs. 3.8(c) and (d) show the corresponding SPICE plots. The
peak component stresses are plotted in Fig. 3.9. The peak parallel capacitor voltage
plot shows that the capacitor experiences approximately 5 percent more stress than
the new steady-state stress. But since normally some higher margin is given while
selecting components, this over stressing can be ignored. The tank state variables
are plotted in Fig. 3.10(a). The figure shows that the converter temporarily enters
the below resonance mode of operation before recovering back at point “CO”. Fig.
3.10(b) compares the plots of the output state variables obtained from the model and
SPICE.

3.6.3 Step Change in Operating Frequency

An example is considered where the operating frequency is given a step increment
of 10 kHz. This variation is sufficient to cause non-linear transients. At the same
time, this alteration doesn’t alter the basic mode of operation shown in Fig. 3.2. Figs.
3.11(a) to (d) show the inductor current and parallel capacitor voltage variation from
model and SPICE. Fig. 3.12 shows the peak stresses as obtained with the model.
As can be seen from these plots there are no appreciable additional stresses on the

components during this kind of transients. Figs. 3.13(a) and (b) show the variation
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Figure 3.8: Results for step change in input supply voltage from 25V to 50V: (a)
Resonant inductor current during the transient phase. (b) Parallel capacitor volt-
age during the transient phase. (c),(d) SPICE plots corresponding to (a) and (b)
respectively.
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Figure 3.11: Results obtained for a sudden change in the operating frequency from
200 kHz to 210 kHz. (a) Rescnant inductor current. (b) Parallel capacitor voltage.
(c), (d) SPICE plots corresponding to (a) and (b).
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of the state variables.

3.6.4 Step Change in Load

The loading conditions of the converter may change suddenly subject to external
factors. This sudden change is bound to cause transients. Here, three examples are
considered.

Eg. 1: Load current is suddenly halved (load resistance doubled)

Figs. 3.14(a) and (b) show the variation of the inductor current and the parallel
capacitor voltage during the transient phase. The narallel capacitor voltage expe-
riences a small variation. However, the resonating inductor current shows a large
variation. Figs. 3.14(c) and (d) show the SPICE plots corresponding to 3.14(a) and
(b). Peak stresses have been plotted in Fig. 3.15(a). Unlike the parallel capaci-
tor voltage, the series capacitor voltage shows a large variation. The plots of state
variables are given in Figs. 3.15(b) and (c). Fig. 3.15(b) shows that the converter
enters below resonance mode. Fig. 3.15(c) shows that the output voltage shoots up
to nearly twice the steady state value. Therefore the voltage rating of the output
filter capacitor and diodes must be carefully chosen. The output current on the other
hand doesn’t show any over shoot because of the presence of a large filter inductor.

Eg. 2: Step Change from Full Load to Open Circuit Condition

From practical point of view, an open circuit condition at the output is very impor-
tant. The proposed model was used to study the effect of a step change in the load
from full load to near open circuit condition. Figs. 3.16(a) and (b) show the variation
of the tank current and the parallel capacitor voltage under sudden open circuit con-
ditions. The current waveforms show a marked drop in the peak value before settling
down to a new steady-state value. The parallel capacitor voltage shows an additional

stress of about 0.5 p.u. for nearly 50 us before settling down to its steady-state value.
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Figure 3.14: Results obtained for a step change in load resistance to twice the rated
value. (a) Resonant inductor current. (b) Parallel capacitor voltage during the tran-
sient phase. (c),(d) SPICE plots corresponding to314(a) and (b) respectively.
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Fig. 3.16(c) shows that the converter enters leading p.f. (below resonance) mode
of operation. The plot of output variables in Fig. 3.16(d) shows that the current
takes aizout 50 us to reduce to near zero value (it is not exactly zero because of the
presence of a high value bleeder resistance). This is affected by the value of the filter
inductor. It mu:t be pointed nut that the output voltage increases in the absence of

a closed loop frequency control.

Eg. 3: Step Change from Full Load to Short Circuit Condition

SPICE was used to study this effect as the proposed model can not be applied in this
case. This is because under these conditions, the duration for which all the diodes
in the output bridge rectifier get shorted (causing more discontinuity in the parallel
capacitor voltage), is increased causing operating waveforms that are significantly dif-
ferent from those shown in Fig. 3.2. Fig. 3.17(a) shows how the tank current appears
just after a short circuit has been induced. There is an additional over stress of about
2 p.u. for about 180 ps, before it attains the steady-state value. It has been observed
that the lagging p.f. mode of operation is maintained during the short circuit condi-
tions. In Fig. 3.17(b), the parallel capacitor voltage drops to zero in about 180 ys.
The output current settles down to a new higher value which is determined by the
short circuit resistance. But the load current doesn’t shoot up sudderly dllxe to a large
filter inductor at the output. It is shown in section 3.7, that many disacivantages of
the open loop operation can be overcome by operating the converter in a closed loop

manner.

3.6.5 Effect of the Output Filter

Define the characteristic impedance of the output filter [76] as:

z, = % (3.50)
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Figure 3.16: Transient waveforms during the step change in load from full load to open
circuit condition. (a) Resonating inductor current. (b) Parallel capacitor voltage. (c),
(d) Discrete state variables.
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The response of the converter is affected by this value. The proposed model has been
used to show the effect of Z; on the converter response at the time of switching ON.
Two different values Ly (1000 pH and 300 pH) were used corresponding to Zs; and
Zga. Results have been obtained for different values of Z;, and Z;; corresponding
to different values of filter capacitor. Fig. 3.18(a) shows variation of peak resonant
current for different values of Zj;’s. The response becomes faster and the peak goes
higher as Z; is decreased (either by decreasing Ly or by increasing Cy). Fig. 3.18(b)
on the other hand shows that, the peak parallel capacitor voltage during the transient
phase decreases with a decrease in the value of Ly and is independent of C for a
given value of L;. Fig. 3.18(c) shows the state response of the converter correspond-
ing to tank current. The time instants at whick the converter “crosses over” from
below resonance (leading p.f. mode) to above resonance (lagging p.f. mode) mode of
operation are marked as CO1, CO2 etc. It can be seen that the lagging power factor
mode of operation is restored faster as the value of L; is decreased. Fig. 3.18(d)
shows a similar trend in the speed of response. The output voltage response for dif-
ferent values of Z; are plotted in Fig. 3.18(e). It is clear that there is a trade off
between the peak component stresses and the transient response time with respect
to the output filter design, which is normally done according to ripple specifications
of the output quantities. Most suitable filter component values can be chosen based
on the specifications of peak stresses, transient response time and output ripple. The

curves presented in this section can be used for this purpose.

3.7 Experimental Results

An experimental converter was built, whose specifications are given in section

3.5. This set up was used to verify the results of theory. Figs 3.19 - 3.22 show
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the experimental plots corresponding to the analytical plots of section 3.6.  All the
experimental waveforms are reasonably close to those obtained from theory. However,
some deviation in the values is expected as the drops and losses have been neglected

in the theoretical analysis.

As was stated in section 3.6.4, many drawbacks of the open loop operation can be
overcome when the converter is operated in closed loop fashion. Fig 3.22(d) shows
the waveforms of output voltage along with those of v, and i, in the event when the
load current is reduced to 50 % full load value in a step manner. Contrary to the open
loop result of Fig. 3.15(b), it is observed that the converter does not enter the “below
resonance” mode of operation due to the corrective action of the controller on the
operating frequency. The operating frequency goes up to prevent the output voltage
from going up. It was observed that the converter enters discontinuous capacitor
voltage mode during this phase. It can also be seen that the peak tank current is aiso
reduced due to the closed loop control. This peak rises gradually to its new (lower)

steady-state value when the converter recovers from the transient condition.

3.8 Discontinuous Current Mode (DCM)

In this section, a discrete time domain model for the LCC-type parallel resonant
converter, operating in discontinuous current mode (DCM) has been derived. All the
equations representing the discrete time domain model are given. This model is useful
in predicting some of the basic design constraints (peak component stresses etc.),
which are governed by the dynamics of the converter during transients. However, due
to the presence of three interval operating mode, the analysis is more complex than the
CCM case and numerical solution is required. The analytical results, obtained using

PRO-MATLAB are discussed and verified by SPICE simulation and experiments.
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3.8.1 Converter Operation in DCM

In the discontinuous current mode (DCM) [13], the current flowing through the
switches is zero at the time of switching. Thus the switching power losses are negli-
gible, thereby increasing the efficiency of the converter and allowing high operating
frequency. This leads to a reduction in size of the magnetic components of the circuit.
Also, the resonant tank current and voltage waveforms are nearly sinusoidal [13], re-
ducing the problems of EMI. Indeed, an SPRC operating in the DCM under steady
state is very promising in terms of efficiency and size of the magnetic components. But
what about the transient phase? How does a converter designed to operate in DCM,
behaves during the transients? Does it maintain zero current switchings? How do
the waveforms look like? What kind of peak stresses are experienced by the resonant
tank components? What kind of external control is required during the transients

and how should it be designed?

Fig. 3.23(a) illustrates typical waveforms from k** instant onwards, for just DCM
and the discontinuous capacitor voltage mode (DCVM) operation of the SPRC. These
waveforms correspond to the rated output power and minimum supply voltage, with
an “A interval” occurring between two “C intervals” marked ag, ¢y and cy; respec-
tively. The equivalent circuits of the SPRC during these intervals are shown in Fig.
3.24. During the intervals ¢, ¢k, the parallel capacitor voltage is zero, since all the
diodes of the output rectifier bridge conduct. During interval ai, only two output
diodes are conducting and the polarity of capacitor voltage and the direction of rec-
tifier input current are as shown. Fixed “ON time” and variable frequency gating is
used to control the power output for load (or line) variations, resulting in a fourth in-
terval (di) next to c (Fig. 3.23(b)) for reduced output power. The equivalent circuit
of the SPRC during this fourth interval is shown in Fig. 3.24(c). During this interval,

since all the switches are off, both the parallel capacitor voltage and the resonant
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tank current are zero, while the voltage v, is equal to the series capacitor voltage

(since terminals “a” and “b” are open) till the complementary switch is turned ON.

It must be pointed out that for any half cycle, the gating signal to the conducting
MOSFET may be withdrawn once its anti-parallel diode begins to conduct. The
resonant current sinusoidally goes to zero and remains so till the next half cycle

begins.

3.8.2 Discrete Time Domain Model for DCM

The discrete time domain model is obtained with respect to Fig. 3.23(a) for just
DCM and DCVM operation. The assumptions used are the same as for the CCM

case.

In Fig. 3.23(a), the total conduction angle (switch + diode) is denoted by 7k,

where v = cix+ar+ca; ek = wsltir) — togr))

ar = woltak) — tir)); 2k = ws(toker) — ta(k))

1
d ws=
and w o
The other quantities have already been defined earlier.
k' Event
Interval C, equations; tox) < t < tyr);t' =t — to(k)
iL(t") = A, sin(wst’) + By, cos(wst’) + Cig,, (3.51)

Ves(t') = Azey, (1 — cos(w,t’)) + Bac,, sin(wst’) + Coc,, (wst') + ves(togky) (3.52)
va(t') = 0 (3.53)
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Interval A equations; t,(x) < t < tyk);t" =t ~ ty(k)

iL(t") = Aigsin(wot”) + Bia,cos(wot”) + Cia, (3.54)
Vs (") = Az, (1 — cos(wot")) + Baa,sin{wot”) + Caa, (wot”) + ves(t1(x)) (3.55)
’Uct(t”) = Agak(l - COS(LU()t”)) + BaakS‘in(W()t”) -+ CBak (Lvot”) + vy (t](k)) (356)

Interval C; equations; t5) <t < ta); 1" =t — ta

iL(t") = Aie,sin(wet’) + Bigy, cos(wst') + Crey, (3.57)
Ves(t") = Azep (1 — cos(wst')) + Bae,, sin(wst') + Cacy, (wist’) + ves(Logry)(3.58)
valt) = 0 (3.59)

The coefficients A;, B; and C; used in the above equations are defined in Appendix

C.

(k +1)** Event

The (k + 1)* interval circuit equations are identical to those of k** interval with a

change in the signs of all the variables.

Choice of State Variables

The choice of state variables remains the same as for the CCM, except that the tank
state variables are redefined due to their different polarities as compared to the CCM

case and are as follows.

T1(k) = z.L(tO(k))§ T2(k) = —vca(to(k)); Tak) = vcz(to(k)) (3.60)

It should be noted that the state variables z,(x) and za) will become zero during the

steady state. Discrete state variables for the (k + 1)** event can similarly be chosen.
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The discrete state variables of (k + 1) event are expressed in terms of the state

variables of the k'* event as below:

ip(tok+1)) = Aie,(—cos(ar)cos(cir)sin(car)
) . . .
+——==sin(ax)sin(cix)sin{ca) + V/risin(ar)cos(cix)cos(cax)

NG

4-cos(ar)sin(cik)cos(czk)) + Cha, (cos(cax)(1 — cos(ax))
1 . )
—\/—r_lsm(ak)sm(czk))

Ves(tok+1)) = Eltor) + Az, (—cos(ax)cos(err)(1 +
cos(car)) + —\/IT_lsin(ak)sin(clk)(l ~ cos(cak) + 1)
+cos(cik)(r1 — 1 — ricos(ai)) + sin(car)(cos(ax)sin(cix)
+y/risin(ax)cos(cix)) + Z.Cra,, (stn(ak)(cos(ca) — 1)
+v/risin(ca)(1 — cos(ak))) — Caqy, (ax — sin(ak))

Ver(toks1)) = 0

The non linear equation representing the output section is:

1 to(k+1)
Ttaern) = Hlio) + 71 " loalr)ldr
—vo(to(k)) (fo(k+1) — to(k))]

This yields;
1

I(toks1)) = I(tory) + T[ASm(ak — sin(ax))
XLy

1
+Bsc,, (1 — cos(ar)) + 503«:“.-(0/:)2 ~ vo(to(k))Vk]

where X1y = woLy.
Similarly,

(I(tory) — 20-(%"fﬂl)(to(kﬁq) — togk))

vo(tok+1)) = voltor) + C;

(3.61)

(3.62)
(3.63)

(3.64)

(3.65)

(3.66)
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By inserting the state variables in equations (3.61), (3.62), (3.63), (3.65) and (3.66),
a discrete state-space model is attained for the DCM operation. By matching the

boundary conditions, steady state solutions can be obtained by using (3.61) - (3.66).

3.8.3 Analytical Results for DCM

Two kinds of transients are considered in this section. One caused due to sudden

switching on of the converter and the other due to sudden load variation.

The plots showing the variations in peak resonant inductor current and the peak
parallel capacitor voltage due to these transients are obtained for the transient phase.
Similarly the plots showing the variation of the discrete state variables were also
obtained. These plots were obtained with respect to a converter designed to operate
in the DCM. The specifications of this converter are given below.

Input Voltage = 2E = 150 Volts.

Output power = 150 Watts.

Output Yoltage = 54 Volts.

Switching frequency = 122 kHz.

Values of the components obtained are:

L =2147pH; C,=00701pF; C;=0.0175pF

It must be pointed out that only the open loop operation of the converter operating

in DCM is considered.

Transients Due to Switching ON the Supply

Fig. 3.25(a) shows the first few transient cycles of the tank current. The waveforms
show that the switches are subjected to non-zero current switchings during this kind

of transients. During the first few cycles, the converter operates in DCM and the
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interval dj is present. Gradually, the tank current becomes continuous (CCM) to
accommodate the higher load current that results due to an overshoot in the output
voltage and current. It takes about 160 us for the converter to enter the just DCM
(Fig. 3.25(b)). This duration is directly dependent on the output filter inductance
(L; = 1000 pH) and the output filter capacitor (C; = 1 uF). As can be seen in
Fig. 3.25(a), the converter operates in the CCM and the leading power factor mode,
during the transient phase. Fig. 3.25(b) shows the tank current waveforms for more
cycles, just about when the current is reaching the steady state. The plot shows
that the current during the transients is about 0.5 p.u. more than its steady-state
value. It was observed that as the value of Cy is reduced, the peak tank current
goes down. For a low value of filter capacitor, it is observed that there is no over
stressing of the tank ccmponents on account of high current during the transient
phase caused by the sudden switching on of the converter. Fig. 3.25(c) shows first
few cycles of the parallel capacitor voltage waveforms and it can be observed that the
DCVM operation is maintained through out the transient phase. It is observed that
there is no significant over stressing of the parallel capacitor during this phase. Figs.
3.26(a) and (b) show the p.u. SPICE plots corresponding to Figs. 3.25(b) and (c).
These figures show a good agreement between the theoretical results obtained with
the discrete model and SPICE. Fig. 3.27 shows the variation of the state variables
obtained from the proposed model. Fig. 3.27(a) shows the tank state variables.
The waveform corresponding to z,(x) verify the observations mentioned earlier in this
section. Between the points marked “P” and “Q”, the converter operates in the
CCM, leading p.f. mode. Duration of CCM depends upon the value of the output
filter components. Fig. 3.27(b) shows the output voltage and current. The same
figure also shows the corresponding SPICE results, which are found to be in good
agreement. Both the waveforms show an oscillatory behavior. This can be attributed

to the presence of a filter capacitor. In the absence of a filter capacitor or a low value
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Figure 3.25: Waveforms during the transients caused by switching ON the input
supply to the converter from 0 to 75 V.

(a) Resonant inductor current during the very initial transient phase. It shows the
DCM is not maintained initially and the converter enters leading p.f. mode during
this phase. .

(b) Resonant inductor current during the entire *r.nsient phase.

(¢) Parallel capacitor voltage during the transient phase.
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Figure 3.26: SPICE plots during the transients caused by switching ON the input
supply from 0 to 75 V. These plots correspond to Figs 3.25(b) and (c).

(a) The resonating inductor current.

(b) The parallel capacitor voltage.
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of the filter capacitor, the response will be critically damped as the characteristic
impedance of the output filter section (\/Z%) will be very high. To show the effect of
the output filter capacitor value on the converter’s large signal response, a case with
Cy = 0.5 pF was considered. The resulting large-signal response is shown in Figs.
3.28(a) - (c). Fig. 3.28(a) shows the tank current for the entire transient phase. Fig.
3.28(b) shows the discrete state variables () and za(x) for this case and Fig. 3.28(c)
shows the output variables as predicted by the proposed model. It can be verified
from Fig. 3.28 that as a result of a reduced output filter capacitor, the peak of the
tank current has reduced, and the response has become critically damped, without
any over stressing of the circuit components during these transients. It can be verified
from the plot of z,() that the initial resonant inductor current is very small during

the narrow CCM region, unlike the case when a larger filter capacitor is present.

Transients Due to Sudden Load Change

(a) Full Load to Half Full Load

Figs. 3.29(a) and (b) show the tank current and parallel capacitor voltage waveforms
during the transient phase caused by sudden halving of the load current. The current
waveform shows that there is an appreciable drop in its peak value (nearly 1 p.u.).
However the DCM operation is maintained. The dead gap (interval di) appears as
the anti-parallel diode conducts for less time due to a reduction in the load current.
The voltage waveform on the other hand do not show an appreciable change in the
peak value. Figs. 3.29(c) and (d) show the corresponding SPICE plots. Fig. 3.30
shows the state variables plots. Fig. 3.31 shows the variation of the output voltage
and current during these transients from the model. The output voltage shows an
oscillatory behavior in the presence of the filter capacitor. The corresponding SPICE

plots, included in the same figure, also show a similar trend. Although not explicitly
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Figure 3.27: The discrete state variables («1(:), and T2()) and output state variables
during the switching ON of the converter. In (a), z3x) has not been plotted explicitly
as it remains zero through out the transient phase. In (b), SPICE results are also
included for comparison.
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Figure 3.29: Waveforms during the transients caused by sudden load variation (full
load to half load).

(a) Resonant inductor current during the transient phase.

(b) Parallel capacitor voltage during the transient phase.

(¢),(d) SPICE plots corresponding to (a) and (b).
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Figure 3.30: The discrete state (tank) variables during sudden variation of load (full
load to half load). The variables z(x) and z3() are not plotted explicitly, as they
remain zero through out the transient phase.
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shown, in the absence of a filter capacitor, the output voltage will show a sudden
initial rise in its value because the load current goes down, where as the switching
frequency has not been changed (open loop operation). As the converter recovers, the
voltage comes down gradually and settles to a new steady-state value. The response

will be critically damped.

(b) Full Load to Short Circuit Condition

Figs. 3.32(a) and (b) show the transient phase waveforms of the inverter output
current and the parallel capacitor voltage for a sudden change in lo.1 from the rated
(full load) value to short circuit condition. Figs. 3.32(c), (d) show the corresponding
SPICE plots. The state variables are plotted in Fig. 3.33. It can be seen from the
plot of zy() (Fig. 3.33) and the resonating inductor current waveform (Fig. 3.32),
that the DCM is disturbed during the short circuit causing increased stresses on the
switches and more losses. The converter operates in CCM, leading p.f. mode of
operation. The peak tank current builds up to a large value. This is directly affected
by the presence of a huge filer inductor at the output. The voltage v (Fig. 3.32(b))
does not show an appreciable change in its peak value. Qutput variables are plotted
in Fig. 3.34. It can be seen that due to a large value of Ly the output current does
not rise suddenly. The output voltage on the otner hand falls down to zero rather

quickly with a response time determined by the filter capacitor value.

It can be concluded that the absence of a closed loop corrective action, causes
large currents in the circuit during the short circuit and therefore an open loop SPRC,

operating in DCM should not be short circuited.
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Figure 3.32: Transient waveforms during the step change in load from full load to short
circuit condition. (a) Resonating inductor current. (b) Parallel capacitor voltage.

(c),(d) SPICE plots corresponding to (a) and (b), respectively.




Resonating inductor Current (p.u.)

L i L n
[+] 50 100 150 200
Time in Microseconds

(<)

250

-
n

3
n

(-]

Paraliel Capacior Vorage (p.u.)
L 8

)

-

tn
i

il

1 : L
100 150 200
Time In Microseconds

(d)

(-]

|
N
in

Fig. 3.32 (continued)

250

132




5 \ [] 1] l T T
45
4
535
a
8
5 3
@
8
-22.5 :
8
2 2
®
3
als
1
0.5
0 l I L 1 i 1
0 10 20 30 40 50 60 70

133

No. of Half Cycles
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short circuit conditions.
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Figure 3.34: Output variables, current and voltage during a step change from full load
to short circuit conditions. SPICE results are also included for the sake of comparison.
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Experimental Results for DCM

A 15C Watts converter was used to verify the theoretical results. Fig. 3.35(a) shows
the very initial stage of the tank quantities during the transients caused by switching
ON the converter. Fig. 3.35(b) shows how the tank current recovers from these
transients and how its peak varies. These waveforms confirm that as soon as the
converter is switched ON, DCM is maintained for the first few cycles. Later, however,
the converter enters CCM. It remains in that mode for several cycles before DCM
is restored (also refer to Fig. 3.25(a) and 3.27(a)). Fig. 3.35(c) and (d) show the
parallel capacitor voltage waveforms and the output voltage waveforms during the
transients. Fig. 3.36 show the various waveforms during the transients caused by a
sudden variation in load. The load resistance was changed to twice its value (full load

to half the rated load condition).

3.9 Observations and Conclusions

For CCM

(1) A discrete time domain model has been derived for the SPRC for continuous con-
duction mode and lagging power factor mode of operation.

(2) The effectiveness of this model in predicting the transient behavior of an SPRC
has been shown.

(3) Using this model, a few calculations are sufficient to predict the transient behavior
of the converter from a designer’s point of view. Only the initial conditions at the
beginning of every half cycle (initial state vector) are required per half cycle to arrive
at the curves for peak stresses and the state behavior. Thus, this approach can be

used to obtain the crucial design parameters fairly easily.
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Figure 3.35: Experimental waveforms during the transients casued by switching ON
the supply to the converter. '

(a) The very initial stage of the resonant inductor current. This figure corresponds to
Fig. 3.25(a). Parallel and series capacitor voltage waveforms are also included. The
time instant where the external disturbance is induced is shown by a step voltage in
all the experimental waveforms.

(b) Resonant inductor current and parallel capacitor voltage during the entire tran-
sient phase.

(c) Output voltage.

[ Details of the converter: L, = 21.4TuH;C, = 0.07TuF;C, = 0.018xF; Input dc
voltage, 2E = 150 Volts; L; = 1000 pH; C; = 1.0 uF; Switches used: IRF 740
MOSFET’s ]
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Figure 3.36: Experimental waveforms during the transients caused by a sudden load
variation (from full load to half load). (a) Resonant inductor current. (b) Parallel
capacitor voltage.




138

(4) The proposed model can be used to theoretically predict the large-signal behav-
ior of the converter and then SPICE simulation program can be used to verify the
results. Usually, SPICE requires large computer memory, even if the information
required from the simulation may be small. The proposed model can give crucial
design parameters and state behavior with simple calculations.

(5) The model presented has been derived based on the assumption of CCVM (con-
tinuous capacitor voltage mode) for v.; [Fig. 3.2]. However, the converter is designed
to operate with slight discontinuity in the parallel capacitor voltage. The results
show that the proposed model based on two interval CCV mode (in which the effect
of slight discontinuity has been neglected) is good enough to predict the behavior of
the designed converter, although some slight deviations are observed. This avoids the
use of a more complicated model involving a third interval (in DCV mode), which
does not have closed form solutions [12]. If the converter operates with a larger dis-
continuity in the parallel capacitor voltage then it is essential to derive a model for
DCVM, which is more complex.

(6) All the plots are given in p.u. and are therefore general. The results of theory,
SPICE simulation and experiments have been presented and compared.

(7) During switching CN, only the parallel capacitor experiences additional stress
for the design presented in this chapter and the converter enters below resonance.
The anti-parallel diode has to undergo additional peak current stress (Fig. 3.5(f)).
Therefore closed loop frequency control is necessary.

(8) It has been observed that the SPRC, designed to operate slightly above resonance
and with slight discontinuity in the parallel capacitor voltage (as in this chapter), does
not show pronounced stresses on resonant inductor and the series capacitor during
switching ON.

(9) The response of the converter is dependent on the output filter design. Char-

acteristic impedance of the output filter is a convenient parameter to evaluate this
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dependence. It is observed that the switching ON response becomes faster (oscilla-
tory) as Z; is decreased. The peak tank current during the transient phase increases
with an increase in the value of Cy and a decrease in the value of L;. However, the
peak parallel capacitor voltage during the transient phase decreases with a decrease
in the value of Ly and is independent of C; for a given value of L.

(10) The transients caused due to sudden short circuit and open circuit conditions
have been studied.

(11) The advantages of closed loop operation have been investigated experimentally,
by considering the example of the transients caused due to step change in the load
condition from full load to half full load condition. It is found that the drawbacks of
the open loop operation are overcome. The converter does not enter the leading p.f.
mode of operation and the peak stresses are less. It was observed that the parallel
capacitor voltage becomes discontinuous due to the closed loop control action, as the

operating frequency is corrected.

For DCM

Following are the main observations from the large-signal analysis of the SPRC op-
erating in DCM:

(1) The discrete time domain model is quite effective in predicting the state behavior
of the converter during transients. It reduces the computation time drastically.

(2) The large-signal response of the converter during sudden switching ON of the
supply voltage, is affected by the value of filter components. For a small value of the
filter capacitor, the converter maintains DCM and the transient response is critically
damped. For a larger value of filter capacitor, the converter enters the CCM, leading
p-f. mode to accommodate an overshoot of the output current which shows an oscil-

latory response. This may result in more losses during transients. Clearly, since the
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choice of filter components is based on the ripple specifications, there is a trade off.
(3) During a step change from full load to half full load conditions, the dead gap is
present due to a reduction in the load current.

(4) During sudden short circuiting of the output at full load conditions, the converter
enters the leading p.f. mode (CCM), which it maintains. The current in the resonant
tank as well in the output section rises to very high values in the absence of a close
loop corrective action. Thus, the converter should not be short circuited while in
open loop.

(5) The DCM model presented has limitations in predicting the large-signal behavior
for full load to open circuit operating conditions. This is because of the occurrence

of operating modes not analyzed in this chapter.

For the CCM case, both the open loop and closed loop operations have been
investigated in this chapter, however, oily the large-signal behavior has been studied.
Small-signal analysis of the LCC-type converter operating in the CCM [77], using the
large-signal model presented in this chapter is considered in the next chapter. For
the DCM case, only open loop results are discussed in this chapter. These results can
be used to design the closed loop controller to control the operating frequency of the

converter whenever load or supply voltage variations occur.
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Chapter 4

Small-Signal Analysis using

Discrete Time Domain Modeling

The large-signal state equations were obtained in the previous chapter. In this chap-
ter, those equations are linearized about a steady-state operating point to perform the
small-signal modeling of the SPRC. Multiple loops have been used. An outer voltage
loop, which takes care of the voltage regulation and an inner, state variable feedback
loop to improve the dynamics. State variable feedback control has been integrated
with the linear small-signal state-space model and the associated control aspects are
studied. The small-signal state-space model has been used to study the small signal
behavior of the converter for open loop and closed loop operation for parameters like
control to output transfer function, audio-susceptibility and output impedance. Key

theoretical results have been experimentally verified.
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4.1 Introduction

In order to make best use of any power converter configuration, it is necessary to
formulate proper design procedures. Clearly, these design procedures are governed
by the conditions under which a converter has to operate. Before an actual converter
is built, it is desirable to know how the converter will behave under these conditions?
This has led to three kinds of analysis depending upon the operating state of the
converter.

(1) The steady-state or DC analysis.

(2) The large-signal analysis.

(3) The small-signal analysis.

The first two have been presented in chapters 2 and 3, respectively. Small-signal
analysis, to which this chapter is devoted, is concerned with the response of the

converter to small perturbations in its steady state operating conditions.

The traditional sampled data modeling approach or the discrete time domain
modeling approach has been applied to the lesser order resonant converters, the SRC
and the PRC. However such an approach was considered to be difficult to apply in
the case of SPRC, which is a third order system. Therefore, attempts were made
to circumvent this complexity by making approximations. The extended describing
function was used in [73], where in all the tank waveforms have been approximated
by their fundamental harmonics. However, the resonant tank has a sampled response
owing to the fact that the converter operation itself is discrete (due to the square wave
that appears across the resonant tank). Moreover, since the switching frequency is
of the same order as the natural frequency of the tank circuit, both are significant
with respect to each other and none can be neglected in favour of the other. Thus, a
continuous time domain model is not an ezact representation [42,49]. The objective of

this chapter is to present small-signal analysis based on discrete time domain modeling
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method and to study the control aspects of the SPRC. The constant current mads!

has been used to arrive at the discrete time domain model.

The state variable feedback or the pole placement method of control has many
advantages over the conventional ones [44, 79, 80]. With this technique, it is possible
to place the closed loop poles of the system anywhere in the s plane. Since the
location of its poles determines the behavior of any system, it is possible to achieve
the stability and desired dynamic response using the state variable feedback. Further
more, since this kind of control is based on feeding back the “states”, it can be easily
integrated with a small-signal discrete state-space model, the type derived in this
chapter. This helps the analytical prediction. The control is done with two feedback
loops, a “minor” inner feedback loop and a “major” outer voltage feedback loop

[54,81).

The remaining of this chapter is divided into the following sections. Section 4.2
derives the discrete state-space (large signal) model of the SPRC. In section 4.3 the
large-signal model described in section 4.2 has been linearized about the steady-state
operating point to obtain the small-signal, state-space model. The state feedback
control is discussed in section 4.4. The modified small-signal model, with the state
variable feedback incorporated into it, is also given in the same section. Dynamic
performance parameters (control to output gain, audio susceptibility, etc.) obtained
with the model described in sections 4.3 are presented in section 4.5. The results
are also compared with those of [73]. Experimental verification of the key theoretical

results is presented in section 4.6. Finally, section 4.7 states the conclusions.
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4.2 The Discrete State-Space Model of the SPRC

Fig. 3.2 shows the discrete time model waveforms for lagging power factor mode
of operation of the SPRC. Various intervals are marked in the figure. The total

conduction angle (switch + diode), for the k** event is given by

Yk = ak + Bk (4.1)

where  ax = wo(tir) — tok)); Br = wolto(k+1) — ti(x)) (4.2)

“ai” and “B;” stand for the lengths of intervals B and A respectively.

1 cc . [T
oo “=o+o ZTVG (4.3)

Further wy =

Both intervals B and A [Fig. 3.3], are described by two separate sets of equations
given in Appendix A. The discrete time domain model obtained using these equations
can be found in chapter 3. Equating the final values of the k** event to the initial
values of the (k+ 1) event, the latter can be determined in terms of the initial values
of the k** event [78]. The low ripple approximation, wherein the input and output
voltages are assumed constant during an event (one half period), is followed in this
chapter. The variations in these voltages during an event are negligible as compared

to the step changes they undergo at the beginning or end of an event.

The following state variables were chosen (corresponding to the storage elements
in the circuit) for the k* and (k + 1)** events. It was mentioned earlier that the
converter operation is discrete. Since the operating frequency is comparable to the
converter’s natural frequency, the tank states are discrete. Hence the following state

variables are discrete quantities.

T1(k) = —1L(to(k)); T2(k) = —Ves(to(k)); Tak) = —ver(tork)) (4.4)

T1(k+1) = tL(Po(k+1)); T2(k+1) = Ves(to(k+1)); Tak+1) = Ver(Po(k+1)) (4.5)
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For the output section of the SPRC (Fig. 3.4), two additional discrete state variables

were introduced for the k** event.

Taky = I(tor)); Ts(r) = vo(toqr)) (4.6)

Using the state variables defined in (4.4) to (4.6), the following discrete state-space

model was obtained.

Tikt1) = A1B,-8in(x) + Big,.cos(vx)

+C1B,(2cos(Bi) — 1) (4.7)
Taks1) = A2B,(1 = cos(yx)) + Bap,sin(n)
+C2, (ar — B + 251n(BL)) + Tos) (4.8)
T3kt1) = Asp(l — cos(yx)) + Bap,sin(v) + Csp,(ax — Br
C. i
+2aclgkszn(ﬂk)) + T3(k) (4.9)
Tak+1) = Tak)+ I/XLf.A;;B,‘((,Bk - ak) + 2.sin(ak) — Sin(’yk))
1 1
—.B 2. -1 — . , — 2
+ X0 38, (2.cos(ak) — 1 — cos(yx)) X1 Csp,(ax — Br)
27 Ce -’L‘a(k) 1 .
=2 220 (1 — — 28 — ) — ——. 4.
+ Xz, C: C1B,(1 — cos(Bk) X1 (B — ) Xy, SRk (4.10)
Tset1) = Tok) + VX (Tagr) + toue(r) — 152—(;)) (4.11)

1
woC,

where X1y = woLy and X¢y =

4.3 Linearization of SPRC about the Equilibrium
Point

The discrete state-space equations (4.7) to (4.11) are non linear with the following

general form:

Tik+1) = Fi(T1(k)> T2(k)y T3(k) Ta(k)s T5(k) Vo E(k)y Lout(k)) (4.12)
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Where “f;” represents some non-linear function of the relevant independent variables
specified on the right hand side of the above equation and : =1...5.
These equations can be linearized using the Taylor’s expansion about the equilibrium
point. This equilibrium point or the steady-state operating point of the converter
can be determined by applying the following symmetry condition to equations (4.7)
through (4.11).

Tik) = Ti(k+1) (4.13)

Simultaneous solution of the resultant equations yields the following steady-state

solution, which is the same as derived in continuous time domain in [12].

Tihy = —(E(k)/Z)~Sin(7k)/(1+603(7k))-%:-10(k)

+9‘:-.10(k).[cos(ak) + cos(B)]/(1 + cos()) (4.14)
say = Zelo () (G)lsin(Be) = sinan)]/(1 + cos()

~ 2N o = 20) 2 (4.15)
s = 2ol (e lsin(B) — sin(an)]/(1 + cos()

+Z(ZEEE) ook = 2e0) 2 (4.16)
Ta) = Tsky/ B ' (4.17)
sy = B (T 2 - ) (419)

The subscript “k” may be dropped while representing steady-state expressions as
above, a convention followed through out this chapter. Taylor’s expansion of (4.7) to
(4.11) about the equilibrium point (defined by equations (4.14) - (4.18), yields five
linearized small-signal equations of the following general form (: =1...5).

O a(r)

afi
6131 (k)

.6.'173(k)

eq

Oy +

€q

OTi(ks1) =

€q




af; of; 7]

+ BSTaxy + 05 + ———
T 3ms(k)ieq T 9
af; .

. NI
a7fout(k) eq )

In the above equation “|.,” implies “at equilibrium”.

All the small-signal equations can be clubbed together and represented in the matrix

form as below:

[6zi(k+1)] = [A].[6zi(r)] + [B)-[6u)

Or
[ 0Z1(k41) - [ apl 612 @13 a4 G5 11 6Ty (x)
6Ta(k41) a1 azz Gz3 Q24 G35 6Tg(k)
6Z3(k 1) = 31 a3z @33 @a34 a3s 6z 3(k)
6T 4(k41) @41 @42 Q43 Qa4 Q45 6 4(k)
| 625(k41) | | @51 @52 @53 asa ass | | 6T5() |
[ bin b1z bis -
bar b2z b23 6k
+ ] bz bsz ba3 6 E(x)
byy b4z b3 6iut(k)

bsi1 bs2 bs3 ]

(4.20)

The elements a;;s and b;;s of matrix A and B can be determined by using the

following:
af;
M7 Bz
m 28] e 2] e 2
R e T OEw e O Dourihy

€q

ieq

where i =1...5;7=1...5.

(4.21)

(4.22)




In the following equations ry = C./C, and r; = C,/Cy:

an

a2

a13

a4

a3

%)

a3

a24

a3y

a3z

ass

Q34

Q41

Q42

das 0]
6z1(k)'6ak eq

doy, Ofi }
eq

a:ltg(k) 5&:

A
aza(k) ) Bak eq

|

(U Z)sin(y) + [

(1/Z)sin(y) + [

oy, afl]

r2.c08(7) + r2.(1 — 2cos(B)) + [3w4(k) Do
9

30-’1: if}_]
6m1(k)'8ak eq

A
0z (x) “Oay e

—Z.ry.sin(7) + [

—ry.co8(y)+r—1+ [

-7 .COS(’)’) + ™ + [_agk_. %]
eq

aza(k)'aak
Z.ryrasin(y) + Z.ry.r2.(8 — a — 2sin(B))
+[ 6ak afz

Bz4(r) e,

0o 0fs

—Z.ry.sin(y) + [m'aak]eq

s 25
eq

—ra.cos(y) +r2 + [3-’32(k) Doy

—ra.co8(y) +r2— 1+ [

des 05
6.7}3(1,) ' 8ak -

Z.(r2)%sin(v) = Z.ra.(2.r2.510(B) + r1.(8 — @)
Ty

6:1:4(k) ) Bak
_Z_'ZZ day, 6f4
Xz, (2cos(a) — 1 — cos(y)) + [aml(k) 'Bak] .

T2 . . aa 3f4
E((ﬂ — a) + 2.sin(a) — sin(y)) + [——-1‘— -

aztg(k) 6ak eq
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(4.23)
(4.24)
(4.25)
(4.26)
(4.27)
(4.28)

(4.29)

(4.30)
(4.31)
(4.32)

(4.33)

(4.34)
(4.35)

(4.36)




@43

Q44

Q45
Q54

ass

bll
b21
bay

bay

baz

b32

b42

b53

(8- a)

Y%.((ﬂ — &) + 2.sin(a) — sin(y)) - Xy

N
O3y Oay eq

Z.T].TQ.(Q - ﬂ)2
2. Xz

(a) =1 —cos(v)) -

2.Z.r2 o %]
* XLs (cos(f) - b+ [ax“(k)'aak eg
-2

Xiy
1Xcs
1 _ Xey

A,pcos(y) — Bigsin(y) — 2.C1gsin(f)
Azp.sin(y) + B;p.cos(y) + 2.Capcos(f)

Ce.
Aapsin(y) + Bspcos(y) — Cap + 2.(—6—,:).Clgcos(ﬂ)
1 1 }
-XL—I-A;;B(I — cos(y)) + X—UB3Bszn(7)
2 C. Ts

T () Cmsin(f) - 5 - -

XL/ XL]
sin(y) O0ar 0f
+ BE(k) 'Bak eq

0oy a_fg
6E( k) ’ Bak

Jay Ofs
6E(k) 6ak

—ry.cos(y) +r + [

—ra.co8() +ra + [

T (8 - a) + 2sin(a) - i) 4 |

vXcs

oo 21
O0FE 1) "Oay eq

Q15 = G35 = G35 = 51 = As52 = a53 = 0

bl3 = b23 = b33 = b43 = b51 = b52 =0
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(4.37)

(4.38)

(4.39)
(4.40)
(4.41)
(4.42)
(4.43)
(4.44)

(4.45)
(4.46)
(4.47)
(4.48)
(4.49)

(4.50)

(4.51)
(4.52)
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The partial derivatives involved in the above equations are evaluated next. For this

the parallel capacitor voltage is equated to zero at the end of interval B, which leads

to the following equation:

T2

.(Ek A Tak) + :I:g(k)).(l - cos(ak)) + Z.rz*(—ml(k)

+ra.zqk))sin(ar) + Z.r1.72. 24k — T3y = 0

(4.53)

Then, using (4.53), the partial derivatives (evaluated at the equilibrium point) ob-

tained are given by:

day  Z.sin(a)
6x1(k) - D

day  —(1 -~ cos(a))
8x2(k) - D

O 1—ry.(1 - cos(a))
a.’l,‘s(k) B 7‘2.D

dap  —(r;.Z.sin(a) + Z.r.a)
0m4(k) - D

0oy cos(a) — 1
0E, =~ (E+z:+ z3)sin(a)
where D = (E + z; + z3)sin(a) + Z.(~z1 + rz.z4)cos(a)

+Z.7‘1.$4

Using (4.7) - (4.10) (also refer to (4.12)) yield the following:

o
aak
of
day
af;
Jday
df4

—2.13.24.810( )
Z.r1.13.24[2c08(8) — 2|

Z.13.24[2.72.c08(B) + 2.11]

6ak

);Z! (E + z2 + 23).(—2 + 2cos(a))

2Z.7‘2
X[,f

2Z.7‘1.7‘2.3)4

(=1 + r2.24)(cos(a)) (2a —7)

(4.54)
(4.55)
(4.56)
(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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2Z.r s | T3
+—"—.sin(B) + = 4.63
T ain(B) + 3 (4.69

The small-signal model derived in this section can be used to predict the small signal

behavior of the frequency controlled SPRC.

4.4 State Feedback Control

This section describes the implementation of the “state feedback” or the “pole place-
ment method”[44,79,80] for improving the dynamics of the SPRC. The results ob-
tained with state feedback control are compared with thc 4 or frequency control

discussed in the previous section. Results are also compared with those obtained in

[73].

4.4.1 State Variable Feedback

It is well known [79, pp. 188] that stabilization of an unstable system may not
necessarily be achieved by the use of “cascade compensators”. Such compensators
may provide minimal improvement to the system’s time response. This is because
although the compensator’s transfer function cancels the undesired poles and zeros
of the plant’s transfer function, the “unstable” natural frequency of the system may
still exist, rendering an unstable control system. This kind of compensation may also
accentuate the ncise problems when a higher gain is required. It is therefore desirable
to introduce some kind of “feedback” compensation [79,80] which has the following
advantages.

(1) Faster Response

(2) Noise problems are minimal.

’3) For the control systems, such as the one developed in this chapter, which require
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a tight loop stabilization to isolate the dynamics of converter from the outer voltage
loop, an inner “feedback loop” is desirable.

The “states” of the system are the natural choice as feedback variables as they sum-
marize all the current information about the system. All that is required to implement
this technique is that the system should be “state controllable”, which means its con-
trollability matrix must be non singular. State variable feedback allows us to place
the poles of the system at arbitrary locations (and thus achieving the desired dynamic
response) without disturbing the internal stability of the system. Thus the choice of

state variable feedback is justified.

4.4.2 Control Law

The fed back “states” need to be mixed in proper proportion to constitute the proper
control signal. This requires an appropriate control law. The following control law

has been used in this work.
Veontrol = S1.2.%1(k41) + S2-Tagky1) + S3.T3(k41) (4.64)
This control law can be linearized about the equilibrium point as below:
OVeontrot = 51.2.6Z1(k41) + 52.6Z3(k41) + 53.6%3(k41) (4.65)
Substituting the values of 6z;(41) from (4.20), and solving for §v; yields the following:

oy = h1.5$1(k) + h2.6$2(k) + h3.6:1,‘3(k) + h4.6z4(k)

+h5-6$5(k) + h65E(k) + h7-6iout(k) + h8-6‘/control (4-66)
where;
S1.2. Sa. Sa.
by = -2 an + ‘21021+ 3.031 (4.67)
hy = — S1.Z.a12 + Sa.a22 + S3.a3; (4.68)

d




4.4.3 Integration with SPRC Model

_ S1.Z.a13 + Sz.a33 + Ss.a33

h3=

h4=

d

_ S$1.Z.a14 + Sz.a24 + Ss.a34

d

_ S1.Z.a15 + S3.a25 + Ss.a35

d

_SI-Z-b12 + S2.b22 + S3.b3;

he =

hy = -

d

51.2.b13 + S3.b33 + S3.b33

n -

d = |

d

Z.by1 + S2.b31 + S3.b3,

153

(4.69)
(4.70)
(4.71)
(4.72)
(4.73)

(4.74)
(4.75)

The linearized small-signal state-space model of the SPRC can be integrated with the

linearized state feedback control law by substituting the value of 6+ from (4.66) into

(4.20), the state-space model gets modified as below:

where;

[Ancw] =

[6xi(k+l)] = [A7Lew]-[6$i(k)]+[Bnew]-[6unew(k)]

an + bi.hy
az + b1y
az + bar.hy
ag1 + bar.hy
as1 + bsy.hy

aiz + by by
a2 + ba1.hy
azz + bay.he
aq2 + by by
asz + bs1.h;

a3 + b1 ha
a3 + ba1.ha
azs + bai.ha
@43 + byy.h3
as3 + bs1.h3

a4+ by1.hy
azq + ba1.hy
a3q + bar.hy
a4 + bay.hy
asq + bsy1.hy

(4.76)

a5 + by1.hs -
ags + by hs
ass + b3y .hs
aqs + by .hs
ass + bsy.hs




154
[ bii.ics bir.he + brz biy.hr + bia T
bai.hs  ba1.he + b2z by1.h + boa
[Brew] = | ba1.hs bar.he + bsz bsy.h7 + bas
ba1-hg bar.he + baz  bay.hr + by3
bsi.hs bs1.he + bsz  bs1.h7 + bsa ]

6 Vcantrol

[6unew(k)] = 6E(k)

8% out(k)

4.4.4 The Complete Control Scheme

Fig. 4.1 s .ws the over all control structure realized in this chapter. There are
two feedback loops in the system. An inner state feedback loop, which feeds back the
“perturbations in states” according to the control law described in section 4.4.2 and an
outer voltage feedback loop which regulates the output voltage. The feedback signals
from these loops are compared and used to drive the voltage controlled oscillator,

which controls the operating frequency of the input inverter.

4.5 Dynamic Performance Parameters

The dynamic performance parameters like the control to output gain, audio suscep-
tibility and output impedance are useful in evaluating the dynamic performance of
a converter. All these parameters are studied in this section. The converter can be
controlled by controlling the frequency (y control). Both the open loop and closed
loop control aspects have been investigated using the models developed in the earlier

sections.
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An SPRC with the following design specifications has been designed. The analysis

presented is used to predict the small-signal behavior of the converter designed.

Input supply voltage, 2E,,;, =50 V

Output voltage of the converter, Vo =24 V

Maximum output power, P, = 100 Watts,

Switching frequency, f; = 200 kH-=.

Equivalent resonant frequency (fo) = 250 kHz.

Designed values are:

L, =17.14uH ; Cy = 0.047pF ; C; = n’C| = 0.047pF; n = 1.
Rp(rateqy = 6.74 .

Ly =1000pH; Cy = 1.0pF.

The controi to output gain, audio susceptibility and output impedance with and
without state feedback, were obtained using (4.20) and (4.76), respectively with the
help of PRO-MATLAB.

Fig. 4.2 shows the magnitude and phase plot of the open loop control to output
transfer function obtained using the proposed discrete small-signal model (Eq. 4.20).
No feedback loops are used. Because of the power stage, a -40 dB roll off can be
observed starting at the corner frequency of the power stage filter. For the purpose of
comparison, plots obtained using the model of [73] are also included in the same figure
(also refer to Table 4.1). Fig. 4.3 shows the bode plots for the audio-susceptibility
and output impedance from the proposed model. The audio-susceptibility plot is
useful in determining the effect of perturbations of the input supply voltage on the
converter output. Fig. 4.3(a) shows that for low perturbation frequencies, the input
supply variations appear at the converter output with an approximate gain of unity.

However, as the perturbation frequency goes up, this effect becomes less and less
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Figure 4.1: Complete control scheme of the SPRC. Note that the terms z;(x41), 3(k+1)
etc. represent the sampled values.
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Figure 4.2: Control to output bode plots for frequency controlled, open loop, without
state feedback case. Details of the converter: Half bridge conﬁguratlon with the

details given in section 4.5. The plots obtained with the model of (73] are also
included for comparison.
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model. (b) Output impedance transfer function.
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Table 4.1: Comparison with [73]

GM(db) | PM(deg) | Bandwidth(kHz)
Proposed Model 0.25 1.39 24
Method of [73] 0.10 0.25 30
Experiment 0.50 2.20 26

pronounced. OQutput impedance plot is useful in determining the transient response
of the converter. It is desirable that the gain plot does not show a peaking nature

and the magnitude is as low as possible in order to have a good transient response.

Fig. 4.4 shows the control to output transfer function for half the rated load
condition obtained with the model. For this condition, the switching frequency was
increased to 245kHz to regulate the output voltage. The audio-susceptibility and

output impedance plots are given in Fig. 4.5

4.5.1 Stability Aspects and Closed Loop Operation

Using (4.20), the open loop eigen values for the given SPRC are found to be:
-0.0232 + 0.49315; -0.0232 - 0.4931j ; 0.9765; 0.6456 ; 0.6033

Clearly the dynamics of the open loop system are controlled by a dominant pair of
complex poles. The other poles are too far to affect significantly. Also all the values
lie inside a unit circle, which satisfies the stability condition of a discrete system.
Therefore the system is stable. But the phase margin is only 1.39 degrees and the
system is "barely stable”. This however is dependent on the DC gain of the control
to output transfer function, which depends on the slope of the converter gain versus

the normalized operating frequency curve and also on the gain of the VCO.

Further, when the outer feedback loop is included for output voltage regulation,
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the question of stability and desirable phase and gain margins arises. A phase margin
of at least 50° is desirable for stability. As the results obtained in this section show,
the addition of state feedback greatly improves the performance of a closed loop

frequency controlled SPRC.

(a) Closed Loop Control

Loop gain T is most important for a feedback system, as it determines the stabil-
ity aspects of the closed loop system. The loop gain transfer function is given by
Aspre-Aerror-Agy where Agpr. is the open loop control to output transfer function of
the SPRC, Acryor is the transfer function of the error amplifier and Ay, is the transfer
function of the feedback block. Matrices A and A,., are used depending on whether
one is dealing with the frequency controlled SPRC or with the state feedback con-
trolled SPRC. The loop gain crossover frequency determines the phase margin and
the control bandwidth. For stability, magnitude plot of the loop gain, must cross the
0 db line before the total phase shift reaches 360°. A higher phase margin restricts
the control bandwidth which limits the advantages of the feedback. On the other
hand, a higher control bandwidth restricts the phase margin, reducing the stability
of the system. The midband loop gain, on the other hand is simply the product of

the dc gain terms of individual transfer functions around the closed loop.

If the desired closed loop properties are not met, then proper compensation need
be designed. For the frequency controlled SPRC, without state feedback, only extern=!
compensation can be used. However, with the state feedback corirolled SPRC, we can
achieve the desired closed loop response by varying the feedback gain matrix. External
compensation may still be used, if desired. An integral/lead-lead/lag compensator

has been recommended by some authors [50,76].

The state feedback aspects are considered next.
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(b) Control with State Feedback

The rank of the controllability matrix is found by using the “rank” command of
MATLAB and is found to be 5 for our system and therefore the system is control-
lable. Thus by the definition of controllability, it is possible to assign the closed
loop poles of the system to arbitrary locations by adjusting the feedback gain matrix
S = [5,85;85354S5] to any desired value. It must be pointed out here that in the
state feedback loop we are only feeding back three of the (tank) states. The output
voltage, which is also a state, is fed back through an outer feedback loop. Matrix S
is adjusted until the desired performance is obtained. The three variables S, Sz, 53
can be suitably tuned. For convenience, one of the variables (Ss5) was kept constant
and the other two variables were tuned. Thus the design was done by varying the
ratio %; Fig. 4.6 shows the open loop eigen values of matrix Anew in the z plane
for S3 == 1.0. There are five roots A;....As. It is found that A, always remains at the
origin. )4 is nearly independent of S; variation. As moves out of the unit circle as
the ratio %;- is decreased, thus rendering the system unstable. The complex pair (.,
A3) also moves towards the positive side of the real axis, with a gradual reduction
in the magnitude of the imaginary part of the roots. This is not desirable, as such
a system will be slow in recovering from the transient disturbances. Fig. 4.7 shows
the trajectory of the poles of the system when the ratio %;— is made negative. As this
ratio is reduced, A\; moves towards the origin on the real axis and the complex pair

moves left, acquiring more negative real part. This is a more desirable situation.

Fig. 4.8 shows the “MATLAB” realization of the controlled SPRC. The blocks
are numbered for convenience. They can be combined to form an aggregate system
and study the closed loop operation of the SPRC with and without state feedback.
The segment of the “MATLAB” program used to achieve this is also shown in Fig.

4.8. The format of the commands “nblocks”, “blkbuild” and “connect” is available in
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“MATLAB” manual. The block marked ‘3’, which represents the linearized, discrete
small-signal model of the SPRC will have the form given by (4.20) or (4.76), depending
on whether the state feedback is incorporated or not. Matrices A. and B, represent
the continuous time domain representation of matrices A and B obtained by using
the command “d2c”. Each of these blocks can be manipulated, eliminated or retained

depending on the situation and configuration of the circuit.

The closed loop audio-susceptibility A,y and output impedance Z,; have been

evaluated using the following relations [81].

Ay

Z
=2 4.78
2ot = T4 T (4.78)

Where A, and Z, denote the open loop line to output transfer function and output
impedance respectively. Fig. 4.9 shows the closed loop audio-susceptibility with and

without the state feedback for the same phase margin.

As can be seen, state feedback controlled SPRC is better adapted to perturba-
tions in the supply voltage. Fig. 4.10 shows the corresponding plot for the output

impedance.

4.6 Experimental Results

The converter prototype, whose design details are given in the previous section was
realized in the laboratory. The tank variables were sensed and sampled using the
sample and hold circuits. These signals were added in an operational amplifier and
were used to form the state feedback loop. The output voltage was separately sensed

and formed the outer feedback loop.
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Figs. 4.11(a) and (b) show the open loop (without state fecdback) magnitude and
phase plots of the control to output transfer function obtained experimentally at full

load condition.

Figs. 4.11(c) and (d) are. those for half the rated load condition. During this
part of the experiment both the feedback Ivops were disconnected. Use was made
of a network analyzer (HP 3577TA) to obtain these results. Figs. 4.12(a) and (b)
shows the magnitude and phase plot of the control to output transfer function for the
frequency controlled, closed loop operation. Fig. 4.13 shows the plot corresponding to

Fig. 4.12, with the inner state feedback locp incorporated in the closed loop system.

4.7 Conclusions

Small-signal analysis of the SPRC has been presented using discrete time domain
modeling. A switching converter being inherently discrete, the choice of discrete
domain modeling is justified. This model has been modified by integrating it with the
state feedback control law. The resulting multiple feedback loop controlled SPRC has
been analyzed and the advantages of having an inner state feedback control have been
shown. Introduction of state feedback improves the small-signal dynamic response of
the converter. The open loop results obtained with the proposed model have been
compared with those predicted by the model of [73] based on the extended describing
function method. The results compare weil. However, at reduced load conditions, for
regulated output voltage, where the converter is operated much above resonance, the
proposed model gives more accurate results, as they are closer to the experimental

results. The advantages of state feedback control have been shown.

Although the analysis and results have been presented for the converter designed

to operate in lagging power factor mode under steady-state conditions, it can be
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modified for leading power factor mode of operation with some minor changes.

Following are important observations and conclusions of this work:
(1) The dynamics of the slower, output (continuous time) section of the converter
are controlled by a complex pair of poles determined by the filter clements, which
determine the corner frequency for the -40 dB roll off point.
(2) Fast poles occurring at beat frequency, which is roughly the difference between
the operating frequency and the resonant frequency [87], govern the dynamics of the
converter for perturbation frequencies in the vicinity of the operating frequency.
(3) It was verified that the audio-susceptibility transfer function shows the same pat-
tern as the control to output transfer function [73].
(4) The loop gain T of the outer voltage loop determines the stability factor of the
converter. It must be suitably designed for a proper phase margin and bandwidth.
(5) It was observed that for lagging p.f. mode, the initial phase lag is 0° for low per-
turbation frequencies. For leading p.f. mode, it was observed that the initial phase
leads by 180°.
(6) Parameters like the output impedance and the audio-susceptibility can be con-
trolled by the state feedback gain matrix, which in turn controls the dynamics of the

resonant tank portion of the converter.
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Chapter 5

Small-Signal Equivalent Circuit

Model

In this chapter, a small-signal equivalent circuit model is obtained for the LCC-
type parallel resonant converter in the form of a two port hybrid parameter model
using discrete time domain analysis. This model is used to study the small-signal
behavior of the converter. Dynamic performance parameters like the control to output,
transfer function, audio-susceptibility, output impedance and input admittance have
been plotted. Both exact (discrete time domain) and approximate (continuous time
domain) models are obtained. When the exact model is used, the results are found
to be accurate up to the switching frequency. Experimental verification of the key

results is presented.

5.1 Introduction

While performing the small-signal analysis of the resonant converters, mainly two

approaches have been followed in the literature.
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(1) Obtaining a purely theoreticai model, based on the state-space method or the
transfer function approach [51,77,83].

(2) Obtaining a somewhat more practical equivalent circuit model [49,73].

In this context, the small-signal equivalent circuit models of the resonant convert-
ers such as those given in [49,73] are more convenient, both for the design calculation
purpose as well as for the understanding of the dynamic behavior of the circuit. The
small-signal model developed in chapter 4 was based on (1). Although that model
is accurate, it is purely theoretical and does not give any physical insight into the
small-signz] dynamics of the converter. The equivalent circuit modeling approach,
presented in this chapter, offers the following advantages:

(1) It represents the converter dynamics in a more accessible and flexible format and
therefore can be used as a design tool for :mall-signal dynamics of a converter.

(2) The input and output impedances of the converter along with other transfer func-
tions (such as the con‘rol to output transfer function and the audio-susceptibiliiy)
can be determined using simple rules of circuit theory.

(3) It gives more physical insight into the converter dynamics than a state-space

model given in [42, 51, 77].

However, equivalent circuit modeling of the resonant converters is not easy. One of
the main reasons being that the resonant converters are inherently discrete (sampled)
in nature. Physically, this can be understood from the input voltage square wave that
appears across the tank of a resonant converter, as a result of the opening and closing
of the transistor switches of the input inverter. Clearly, the control of the converter
is restricted to the instants where either a falling or rising edge of this square wave
occurs. In addition to being inherently discrete, these converters are non-linear and
time varying too. What adds to the complexity of the small-signal modeling of the

resonant converters is the fact that state-space averaging can not be applied in this
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case. This is because the switching frequency of a resonant converter is comparable
to its natural frequency (devermined by the resonant tank component values). Thus,
the former can not be neglected in comparison to the latter. However, the input and
cutput (filter) sections of the converter, which have a much lower natural frequency
(slower response) than the switching frequency, can be treated as continuous time

sections.

The traditional sampled data approach [42] was considered difficult to be apnlied
in the case of SPRC and therefore in [73], a small-signal equivalent circuit model was
obtained using an approximate mathematical model based on the extended describing
function method. This model, though elegant and simple, was not exact because the
resonant tank waveforms were approximated by their fundamental harmonics and
the analysis was done in continuous time domain. To obtain mocre exact model, the
tank states must be treated as “sampled quantities” [49] necessitating a discrete time
domain modeling. The small-signal analysis based on sampled data modeling has

been presented in chapter 4 [77].

The objective of this chapter is to present a two port hybrid lumped parameter
small-signal equivalent circuit model of the SPRC based on the discrete time domain
modeling method and to study the control aspects of the SPRC. Both exact (discrete
time domain) and approximate (continuous time domain) versions of the model are

considered.

The remaining of this chapter is divided into the following sections. The converter
operation and the various terminology used in this chapter are described in section 5.2.
A step by step derivation of the small-signal equivalent circuit model is given in section
5.3. In section 5.4, the equivalent circuit is used to predict the small-signal behavior
of the converter. Dynamic performance pararneters (control to output gain, audio-

susceptibility, etc.) have been obtained. Experimental verification of the theoretical
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results is presented in section 5.5, while the main contributions and conclusions of

this chapter are summarized in section 5.6.

5.2 Converter Qperation and Terminology

Fig. 3.2 in chapter 3, shows typical waveforms, from k** instant onwards, for the
SPRC operating in the lagging power factor mode. The tank current lags the voltage
Vg To give more meaning to the “sampled nature” of the converter operation, it is
customary to call the half period of the switching frequency as an event. Each event
consists of two sub-events, o) and fj (also called intervals B and A respectively)
corresponding to the circuit topology of the converter. The varicus intervals are

marked in Fig. 3.2.

For each of the intervals (a; and f) marked in Fig. 3.2, the equivalent circuit
representation is shown in Fig. 3.3. The equations representing these equivalent

circuits are given in Appendix A

Since the k™ event described above represents any arbitrary half period of the
switching frequency, the subscript k£ will no longer be used explicitly in the rest of

the chapter. This will simplify the notation.

The choice of state variables and the notation used are presented in sections 5.2.1

and 5.2.2, respectively.

5.2.1 Choice of State Variables

To appropriately represent the resonant tank of the converter, it is necessary that
suitable state variables are identified. If the values of the resonant inductor current,

series capacitor voltage and the parallel capacitor voltage, at the beginning of a
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half cycle of the operating frequency are known, all the subsequent waveforms can
be constructed using the appropriate circuit equations. Hence they can be chosen
as state variables. As was imentioned earlier, the converter operating frequency is
comparable to the natural frequency of the resonant tank. Therefore, the response
time of the tank states is comparable to the sampling time. Consequently they must

be treated as discrete state variables.

5.2.2 Notation Used

The small-signal dynamics are investigated in the neighborhood of the dc or steady
state nperating point of the converter. Fig. 5.1 shows the steady state parallel
capacitor voltage waveform along with a perturbed one. Table 5.1 summarizes the
notation used to define the instantaneous, steady-state and perturbed quantities.
Table 5.2 summarizes the steady-state expressions [7, 12] for the lagging p.f. mode
of operation of the SPRC corresponding to Fig. 3.2. f, denotes the normalized

switching frequency.

Table 5.1: Notation

Running Variable | Steady State value | Disturbance

E Eg é

io Iy i

L0 I iLo

Ves0 ‘/csO 61:30

Ucto Veto Deto

! A 4
¥ r ol




Table 5.2: Steady-State Expressions

- EQsin(F )

I = SE gy —r2lot+ l—fczo—’sﬂm(cos(.A) + cos(I' — A))

Zlgrira(sin(l’'—A)—sin(A r-24
"230 = 0T1 2Ll'+£o’(r)) ( D — ZTIT2IO >

‘/ctO — ZIor%(silnf;?r)‘)—sin(A)) + Zrlrzlor_zu

—sin{L~
Vo = %Tz-Eo-(—’l('ﬁ-—Al + (5 — A))

003(-2-)

A=lx—sin™Y L ) - tan_l(%)

N
where f = Eq.sin(T),

g = Eo.(1 4+ cos(T')),

and h = g — Z.Cyp.sin(T) + Z.1,.(C./C,)(T/2)(g/ Eo),

[=1for f, >1and 0 for f, <1,
n:%:andm:%f,

C.=§, Z =,[L/C.
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5.3 Small-Signal Equivalent Circuit Modeling

In this section, a two port, lumped parameter, small-signal equivalent circuit model

has been obtained for the SPRC operating in lagging power factor mode (Fig. 3.2).

Referring to Fig. 3.1, the three major sections of the SPRC can be identified. The
resonant tank portion of the converter is a discrete system, as explained previously.
The input and output (filter) sections can be treated as continuous systems. Low
frequency approximation can not be used for the resonant tank and hence its modeling
is more complex. We assume that the resonant tank is a two-port network specified
by four terminal quantities. The inverter input current (7;,) and the rectified parallel
capacitor voltage (voy:) are chosen as dependent quantities while the input dc voltage
(E) and the output current (i) are considered as independent quantities. To interface
the input and output sections with the resonant section, the dependent quantities are
averaged. It is assumed that the independent quantities (F and 7o) change only at

the beginning or end of an event and remain constant during an event.

Inspection of the resonant tank and the cloice of dependent and independent
variables, reveals that a hybrid parameter model is most suitable for representing
the :esonant tank. Two equations (an input current equstion and an output voltage
equation) are required for this purpose. The dependent quantities are expressed in
terms of the independent quantities. However, these relations are non-linear. To be
able to obtain a linearized two port hybrid model, we linearize this system of equa-
tions about a steady-state operating point and obtain a small-signal representation
of the resonant tank of the SPRC, as shown in Fig. 5.2. The governing small-signal

equations are given by
Bout = h11.€ + hazig + hachy (5.1)
zt'ﬂ = ha.é+ h12-;0 + hlci"y (52)

To accommodate the role of the voltage controlled oscillator, which controls the
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Figure 5.1: Waveforms showing-the effect of perturbation on the circuit variables.
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Figure 5.2: Two port hybrid parameter, small signal equivalent circuit model of the
SPRC developed in this paper. The hybrid parameters have been defined in section
5.3. The output section of the SPRC is shown connected to the linearized small signal
model of the resonant tank.
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converter operating frequency (another independent variable), additional independent
sources have been inserted in the last two equations denoted by coeflicients with
subscript “c”. v, stands for the control voltage of the VCO. Following seven steps are
followed in obtaining the two port hybrid parameter small-signal equivalent circuit

model.

5.3.1 Large-Signal State Equations for Resonant Tank (Step
1)

The first step in the derivation of the model is writing the large-signal state equations
for the resonant tank, which is in discrete time domain. The large-signal equation

corresponding to the tank current state is given by

Aigo —ir(ts) — i(0)
.= £ (5.3)

ir,(t,) denotes the tank current at the end of the half period (k** event) and is same
as ir(to(k+1)) (Fig. 2). A large-signal expression is required giving ir(t,) in terms of
¢5(0). This, along with those for the other two states, were derived in [78]. These
relations are summarized in the Appendix B. Substituting the value of i1(t;) from

Appendix B into the last equation;

Airo _ —A1psin(wots) — Bipecos(wots) — C1B(2cos(wots) — 1) — i1,(0) (5.4)
ts ts .

Similaily,

Avcso _ "'ch(ts) - vcs(o)
. - (5.5)

__ A28(1 - cos(wots)) + Bapsin(wots) + Cap(wota — wotg + 2sin(wotg) + 2vc4(0) (5.6)
ts ’

Aveio _ "'Uct(ts) - ”ct(o)

- - (5.7)




X1+ X,
ty
where

Xy = A3p(1- cos(wots)) + Bapsin(wot,) + Cap(2wate — wols)

Xy = 2Z.r.Cigsin(wots — woty) + 2vc(0)

5.3.2 Input and Output Equations (Step 2)

The next step is to obtain the large-signal state equations for the dependent quantities.
As stated previously, the dependent quantities v,,; and i;, should be averaged over
the switching period following the low frequency approximation. These averaged
quantities then serve to link the discrete resonant tank portion to the other tw .

slower (continuous time) sections.

We begin with the current equation. Referring to Fig. 3.2, it can be seen that the
current ¢;, flowing into the resonant tank can be obtained by averaging the charges

during the twe sub-intervais a and 8. Thus:

lin = qitm (L‘Q)
where
ta
o = / (A1psin(wot’) + Bigcos(wot') + Cyg)dt’ (5.10)
0
ta—ta
@B = / (A1asin(wot”) + Biacos(wot”) + Cya)dt” (5.11)
0

The above expressions are evaluated by substituting the values of the A,B,C constants

from the Appendix A and integrating between the specified intervals.

_ E —v0 - vct0 iLo + T2lp . T2%0 .
o = woZ (1 - cos(a)) + B sin(a) Pl (5.12a)
E — v — venn i1~ T2lo . T2l0
_ tL(1 _ cos(v — o)) 4 LTI Lo oy 2o 5.12b
w o0 (1 ooy — @) + LGy~ a) - B2y ) (120)
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where i1, v, and vy; are given by {A.1), (A.2) and (A.3) in Appendix A.

For the other dependent quantity, i.e. output voltage of the resonant tank, the
parallel capacitor voltage equations for the intervals a and § (see Appendix i) are
integrated. This yields;

ts—ta

1 s 1 ta
Vout = —/ |vee(T)|dT = -—(—/ vcta(T)dT+/ Vet 5(7)dT) (5.13)
ts 0 ts 0 0

The expressions for vc, and v., are given by (A.3) and (A.11) respectively in Appendix A.

Vout —Q*(E — Ves0 — Vet0)-(7 — 20 + 2sin(a) — sin(y))
ths
Z.ry . , Zry7200 2
+wots (ipo + r2.90).(2cos(a) — 1 — cos(7y)) -- St (20— v)
2Z.7‘%i0 Ueto
s(y—a) — 1) + —~(y - 5.14
I cou(y - @) = 1) + 222 - 20) (5.14)

At this point we have all the large-signal state equations necessary to represent the
system. But these are non-linear equations. To model the small-signal dynataics of
the converter, they must be linearized in the neighborhood of the stable operating

point (Table 5.2). This is done in the next section.

5.3.3 Perturbation and Linearization (Step 3)

The equations (5.4), (5.6), (5.8), (5.9) ard (5.14) are perturbed and linearized about
the steady state operating point. The perturbation and linearization of these state

equations is shown below.

Ao +iro) _ “ Eo+ € — Veso — Bes0 — Veto — Deto

i = o Z(T+4) sin(T'+4)
o ({o + iro+ rolo + rgi'o)cos(I‘ +4) — 2wore(Io + i'o)cos(I‘ +9—-A-a)
r+4%
worz2(fo + to) + wolLo + iLowo
+ - 5.15a
F+4% ( )
_ A(Vcao + vcsO) = wory Eo+ € — Vg — Des0 = Voo — 'vctO(l _ COS(F + ,7))

ts T+4%)
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(Io + iro + rodo + r2i0)sin(T + #) — Zworire Z(JTo + 10)sin(T + 4 — A — @)

VA
two sy T+5
+ —ZTIT2wO(IO + 10)(21‘1 + 24 —.F - ‘7) + 2w0(‘/;30 + 'i)cso) (5151))
T+4%
A(Veio + Deto) Eo+ €~ Voo — Deso — Vito — Dero .
T = . 1- r
. woT2 T+7) (1 = cos(T + 4))
(Ito + iro + rodo + rat0)sin(I + 7) — 2word Z(fo + i0)sin(l' + 4 — A — &)
+woZry -
L+
+ Zrirawo(lo + 10)(24 + 26 —'? = 4) + 2wo(Veto + ero) (5.15¢)
r+4%
The above equations can be simplified using the following.
sin(T' +4) = sin(T) + Feos(T) (5.16)
with cos(¥) = 1
cos(T +4) = cos(T) — ysin(T) (5.17)

~

with sin(4) = 4
Similarly cos(T+9—-A—-a) = cos(I - A)—(§ —a)sin(I' — A) (5.18)
4 i Lo Ly
aid the denominator T+7 = I‘(l + I‘)

~

1 gl

Q2

Using the above simplifications, the small-signal terms can be separated from the dc¢

terms to yield the following small-signal equations.

A;L 4 ~ " b} -~ ~ ~
> = Phizo + Piabesn + Plafero + Plato + pisé + Pl + Pir& (5-20a)
8
Aﬁcso _ (A (A y - (A /) A /) /! A 52ob
< P213L0 + P22Vcso T Paa¥eto + Pagto + Pas€ + PagY + Parc (5.206)
A'I}cto_ (2 7 A ! A (2] ! o~ f A )] A
5. = P310L0 + P320cs0 + P33lcto + Paqlo + P3s€ + PagY + Para (5.20c)
8

where p|; are some intermediate coefficients introduced as a matter of convenience.
At this point, we have obtained the small-signal equations, but they still have one

dependent quantity &. This must be eliminated, as shown in the next section.
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5.3.4 Elimination of & (Step 4)

To eliminate the dependent quantity &, we note that the parallel capacitor voltage

goes to zero at the end of B () interval. Therefore;

A3p(1 — cos(a)) + Bagsin(a) + C3p.a+ veo = 0 (5.21)
or  72(E — ves0 — Veto)(1 — cos(a)) + Z.ra(iro

+roi0)sin(a) + Zrirzioa + veo = 0 (5.22)

The above equation, which is of the form f(ea, E,v.0,Vet0,%2L0,%) = 0 can be ex-

panded and linearized using the Taylor’s expansion to yield the following:

0 ., 0
0 = f(A7 E07 ‘/c.901 Veto, Lo, IO) + 'éé e a+ 5{;‘ e
of | . of . of | - of
_— s _— -_— - 5.2
+ a'vc.s() eg Peso ¥ aUctO eq. beto + alLr_\ eq ‘ot 67'0 eq 0 ( 3)

Noting that the first term on the right hand side in the last equation is zero, we get;

DE.é+ DVCS.9.50 + DVCT.00 + DVIL.ifg + DIO.%g
- I (5.24)

where

0
pa= 3 )

i

1‘2(E0 - Vcso - ‘/'Cgo)si'ﬂ(A) + ZTg([Lo + TzIo)COS(A) + Z7'1’I‘2I0
= Aspsin(A) - Bsgcos(A) + Csp

The quantities DE, DVCS etc. are summarized in Table 5.3 and the A, B, C
constant are same as given in the Appendix A with subscript “k” dropped and the

state variables replaced with their steady-state values as per Table 5.1.

5.3.5 Final Small-Signal Equations (Step 5)

Once ¢ is evaluated in terms of the independent quantit.es, we can eliminate it from

(5.20). To give more meaning to the modified equation, it is multiplied by L, the
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Table 5.3: Partial Derivatives

Symbol | Meaning Expression
DE 2L . (1 — cos(A)).r
DVCS | - -DE
cs) leg
DVCT | i DVCS + 1
DVIL | 2L Z.rysin( A)
1L0 leg 4
DIO o .. | Zrisin(A) + ZrirA

resonating inductance, resulting in the following equation.

Ay, - - . 4 .. .
L.——i-—o = Riipo+ Ki10cs0 + K20c0 + Rato + K3é + Koy (5.25)
3§
The remaining *wo equations for the tank states can also be suitably moditied. They,

alcug with the other two for the dependent quantities (v,y and ¢;,) are given below:

(st.f‘_;’_s‘—";o = 1(4.5'[,0 + g1.9:50 + g20ci0 + I(52‘0 + g3é + g1c0y (5.26)
Ct. Af:to = Kgigo+ gadeso + gsieio + K1l + goé + gacty (5.27)
Tout = Rairo+ Ksbeso + Kobero + Ruio + K108 + Koy (5.28)
tin = Ki1iro + 97950 + gabero + K120 + 9o + gachy (5.29)

In the above equations, ¢'s have dimensions of conductance, R's have dimensions

of resistance, and K’s are dimensionless. The coefficients of small-signal equations
(5.25) - (5.29) are defined in Tables (5.4) and (5.5).

5.3.6 Elimination of Intermediate Variables (Step 6)

Equations (5.25) - (5.29) represent a small-signal multi-port model of the SPRC

shown in Fig. 5.3. This model might give some physical insight into the small-signal
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Table 5.4: Small Signal Coeflicients for the Resonant Tank Equations

Ry | —(z.2=20hy _ 7.0k gin(r - A).DYIL

K, —r(—l”"r —zr-ﬂ—-z" sin(l — A)D;Ss

K2 ampjl‘! 2rzl{n Zszn(r A)DVCT

R2 _ra. Zlcfs(r) + 2Zr7coa(F—A) 2.Z.rzlg sin(I‘ _ A)%_IAQ

1(3 sm![‘! 2. Zr?ln sin(r ABE

(E(0)— VcaO"'VclO)—(s‘"(r) —~T.cos(l'})) (Jrotralo). (cos(l‘)-l-l‘am([‘))
+Z ralo(—2I. sm([‘ A)+l-—2coa§ F-A)) + Z. _J‘Q

1(4 am![‘! + 3 ncos(r A)DVIL 2.7 2 Io DVIL

9 jF -—_Fcos(I‘) er‘+—"i¢-"1(co.<s(r‘ A) I)QD"—‘(:2

92 | 75 — zpcos(T) + 2R%8(cos(I' — A) ~ 1) 72"

Ks '=—",':ﬂ+ 12(24 - T) + 32sin(T - A)+H=-n(cos(r A) -1)2lo

\4

g3 | == + prcos(T) + 22 (cos(T' — A) - 1)

a1c | 2r(E(0) = Veso — Veaa)-(=sin(T) + & — 28) 4 (110 + r21o). (z'-';SEl cos(T))
+ -'iiﬂ( 1+ 2cos(l' - A) — 24T r 252\Fﬁ)+-3-;‘;'==9,

Kg | —fsin(T) + g1-!‘1Q,%'-I—li(rgcos(l‘ A)+ 1)

94 Elt(l — cos(T)) + ZFEDVC" 2x82 (racos(T — A) + 1)

g5 | 7r(1— cos(T)) — 7ot + 2 E55 (racos(T — A) + 17)

K, -ﬁsm(I‘) (24 - T) + 5R2sin(T - A) + $0 22 (rgcos(T - A) + 1)

g6 7 + zrcos(l) + 52 52 (racos(T — A) + 1)

g2 (m) Veso — Vero)-(—sin(l) + f = =) + 1 ILo+1‘210)-(£'§(D—COS(P))'
+2(2rycos(T ~ A) + 1y +—‘-r—" 24-T) _ ZrasinfloA)y 4 2.V, |




Ry | Py + pf"f,;réi

P

Ko | Pla+ Per"ps—

Ry | Pua+Pr'pig

Ko 1;35 + Purha

Kae 46

Ku | pby + phr"pa”

g7 | P+ P'sv"g(f

gs | 53 + Ps 'l’)'tﬂl

K1z | pe + Pir 35 ,_.3‘

g3 P;r,s + P pa

93¢ | Pse

pl Zra(2cos{A)=1=cos(l’})

41 :

Piz -rg(I‘-ZA+2a[:nUd)—am®)

Pas l"n2 + 54

:'}4 222 (2cos(A) - 3 — cos(T') + 2cos(T — A)) - Zir2(24 - T)?

pf:: r,(:J(O)-V,o-n..,)(u- MA)+am(F) LTI AT LTS r7rﬂ1—2c¢?(4)+coa(r)+ram((‘n
—Z"lfzfo( 2A’ 2) + 2Zr3l(— rnm(l‘-A)-i-l—co:(l'—A)) + 2AV(0

Par | B(E(0) = Veo — Vero)(2c05(4) - 2) + ﬂ'ﬁ'ﬂﬂ(m +r2l) - 22l (24 - T)
++2Zr X sin(l’ — A)) - _l;m'b’V

p'SI cm!A[ “JL‘A !(rl + Tz)(l R cos(I‘ _ A)) + coa!A!am]!:—-A!

p,52 r.‘% + cos!A! + ]r!+rzMl—gs!“?!l—ws]l‘—‘ln _ l-cos!;ﬁ[ _ sin(A)sin(l'-A)

Ps3 | P2

Pe i—”—lﬁ—n' =2l (1 7( A — sin(A)) — sin(A)rd) — LratlizcoT=2)
+r2cos(Alsin(C=4) _ 212 5in(T — A) + R(T + sin(A) - 24)

p,ss 2-con(A5-coa(l‘-A‘! _ {1=cos{A))(1—cos{I"=A)}{r1 +r2) + am!A!nn]l‘—?[

Pio | —BF(1 - cos(A)) - Dag Al — 2. G54

. | +PP((ry + r2).(A15(cos(A) = 1) - BIB 81"(-4)) + Big) + QQ.(sin(A).Ayp + BlB +2Cyp)
PP _1-cos(l —A) + .nn(l‘-J
I
QQ am([‘-Af_*_ cos(F—A) -
Phr —géﬁ(r, +ry— 1) sin(A[2).sin(352).sin(1522) - 208(ry + rp — 1).sin(3475).sin(455)

—Lﬁﬂ(cos(l‘ -A)~1)
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dynamics of the converter, but is far too complex to be used as a control design
tool. In an attempt to simplify this mcdel, tank state variables can be eliminated
from these equations as they are not of direct use. One is interested in them only to
the extent they affect the terminals (dependent quantities) at the two ports and not
otherwise. At this point we consider two cases, which give differen. interpretation to
the analysis.

Case(I) Continuous Time Domain: If the variation of the siates oi the system

is small as compared to the switching frequency, which means they remain more or
less constant over a given operating frequency cycle, then the sampled nature of the
states can be neglected and equations (5.25) - (5.27) can be treated as continuous
time domain equations. As a result, the left hand quantities in (5.25) - (5.27) can
be converted to continuous time derivatives (L.i-f#‘1 etc.). Laplace transformation can
now be applied and these equations can then be solved simultaneously, to determine
the values of ZLO, Ueso and Do in terms of the terminal quantities. These values can
then be substituted in (5.28) and (5.29) to arrive at the final s:-all-signal equivalent

hybrid model (in Laplace domain) as below.

Vout(s) = (Rava1 + Kavar + Kovsy + Ra)Io(s) + (Ravaz + Ksvaz + Kovsz + K10)E(s)
+(Ras + Ksvas + Kovas + Ra)Vy(s) (5.3¢)
Ii(s) = (Knvi + grva + gevar + Kig)lo(s) + (Kuviz + grvaz + gsvaz + go) E(s)

+(K11%13 + grvas + gavas + gac)Va(s) (5.31)

The quantities v;; are defined in Table 5.6.

Case(II) Discrete Time Domain: If the perturbation frequencies are comparable

to the switching frequency, the approximation of case (I) will not give accurate results.
Hence (5.25) - (5.27) must be treated as discrete time domain (difference) equations.

This case has been further discussed in section 5.4.
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Table 5.6: Coeflicients v;;s

11 %.(—8 (Rg) + S.(gng + gle —_ 1(1]{5 - IX’zK'z) + Cn)

V12 %’-(-32(1{3) +5.(95K3 + g1 K3 — Kigs - K3g6).+ Cia2)

vz | 5-(—=5%(Kic) + s.(g5K1c + 1K1 — Kigic — Kagae) + Cia)

va | 5.(—8%(Ks) + s.(RiKs + gsKs — g2 K7 — K4R;) + Cy1)

vaz | 5-(—5%(gs) + 5.(Rigs + 9593 — 9296 — K4K3) + Cna)

Va3 })‘-(—Sz(glc) + 8.(R1g1c + g591c — 9292 — KiKy.) + Ca3)

va1 | 55-(—s*(K7) + s.(R1K7 + g1K7 — g1Ks — KeRy) + C3)

va2 | 5-(—35*(g6) + s-(R1ge + 9196 — 9493 — KeK3) + Cxa)

vss | 5.(—5%(g2c) + 38.(R1g2c + 9192. — gagrc — KeKi.) + Caa)

D | —s®+s*(Ri+ g1+ 95) + 5.(g294 + K1 Ky + K2 K — Ri1gr — Rigs — g195 + Cp

The coeflicients C;js are defined in Table 5.7.

5.3.7 Interfacing with the Input and Output Sections of the
Converter (Step 7)

The ‘nput and output port of the resonant tank can be interfaced with the input and
output filter sections (slow, continuous time domain) of the converter to obtain the

over all small-signal model shown in Fig. 5.2.

5.4 Dynamic Performance Parameters

The dynamic performance parameters like the control to output gain, audio suscep-
tibility and output impedance are useful in evaluating the dynamic performance of a
converter. As was stated earlier, the equivalent circuit model can be used to obtain
these transfer functions fairly easily as linear circuit theory can be applied. It is
with this view that the small-signal hybrid model developed in section 5.3, has been

used to obtain these transfer functions in this section. First we use the approximate
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Figure 5.3: Small signal multiple port model of the SPRC

Table 5.7: Coefficients C;js

| Cni o(—9195R2 + g.94R2 + K1 Ksgs — K19: K7 — K291 K5 + K2K791)
Cr2 | 5(—9195K3 + 9294K3 + K1 9395 — K19296 — K29ags + K2geg1)
Cis | p(=9195K1c + 9294 K1 + K191.95 — K19292c — K2gag1c + Kag2.91)
Car .%("‘RIQSKS + Ryg: K7+ R2 K495 — Ryg: K¢ — Ko Ky K7 + 1"21"61{5)
022 J%’(—RIQSQIB + ng2gﬁ + K3K495 - 1(3921{6 - 1(21{496 + I(’z [{693)
C23 ' %(_ngSglc + R19292c 4 I{icK4g5 - chgsz — 1{21(4g2c + 1{21(692c)
Csl %(—‘ngll(7 + ng,gl(s + 1(1K4I(7 - K]KsKs - I(4g4R2 + I(Ggle)

52 | 5(—Rig196 + Rigags + K, K4gs — K1K6gs — KagaKs + Kegi K3)

Cas | 5(=Rrgig2c + Rigagrc + K1 Kygoe — K1 Kogre — K4gaK1c + Keg1 Kac)
Cp | B1g195 — R1g294 — K1 Kags + K1 Kegz + K2 K494 — K2 Kegn
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equivalent circuit model, in which the sampled nature of the tank states is neglected.

The control to output transfer function and the output impedance are obtained

as below.
Define hoc(s) = Kgy_tﬁl (5.32)
V'V(s) Iy (s)=0,E(s)=0
and hgg(s) = V(:u_t(sl (533)
10(3) V,(a):O,E(s):O
Referring to Fig. 5.2, the control to output transfer function can be written as bejow.
60 hZC(S)RparaHel(s)
=S 5.34
Vy( ) Rparallel(s) + h22(5) + SL] ( )
RL/SCj
h aralle = 5 LT~
where  Ryoraitei(s) RL+1/sC,
Similarly, the output impedance is given by
Zo(8) = (haa(s) + sLy)||(1/sCy)|| R, (5.35)

Two more hybrid parameters are of interest. These are the audio-susceptibility pa-

rameter (hq1(s)) and the input admittance parameter(hy(s)) defined below.

h11(8) = Yi.ut&) (5.36)
E(s) Io(3)=0,V,(s)=0

hz](s) = -Il.PE-)- (5.37)
E(8) 19,(a)=0.io(0)=0

An SPRC (Fig. 3.1) has been designed with the following specifications to verify
the accuracy of the small-signal models presented.
Input supply voltage, 2E,,;, =50 V
Output voltage of the converter, Vo =24 V
Maximum output power, P, = 100 Watts,
Switching frequency, f; = 200 kH=.
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Resonant Frequency (fo) = 250 kHz.

Designed values are:

L,=17.714pH ; C, = 0.047uF ; Cy = n?C! = 0.04TpF;n = 1.
Rp(ratedy = 6.74 Q.

Ly =1000pH; Cy = 1.0pF.

Fig. 5.4 shows the control to output transfer function bode plot as obtained using
(5.34). Fig. 5.5 shows the plots of output impedance and audio-susceptibility transfer
functions obtained with the approximate equivalent circuit model. Output impedance
plot is useful in determining the transient response of the converter. It is desirable
that this plot does not show a peaking nature and the magnitude is as low as possible
in order to have a good transient response. The audio-susceptibility plot on the other
hand, is useful in determining the effect of the perturbations of the input supply voli-
age on the converter output. Fig. 5.5(b) shows that for low perturbation frequencies,
the input supply variations affect the converter output considerably. However, as the
perturbation frequency goes up, tnis effect becomes less and less pronounced. The

bode plots of parameters hy1(s) and hy(s) are given in Fig. 5.6.

Observations

(1) The dynamics of the converter are influenced by complex pole pair (slow) due to
the filter elements of the output filter section. They determine the corner frequency
for the -40 db roll off point as is clear from Fig. 5.4.

(2) The dynamics of the converter at perturbation frequencies closer to the switching
frequency are governed by the fast (complex) poles due to the resonant tank portion
of the converter, which introduce a phase lag of 180°. These poles occur at the beat
frequency which is approximately the difference of operating frequency and the nat-

ural resonant frequency.
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Figure 5.4: Bode plot of control to output transfer functlon obtained with the ap-
proximate small signal equivalent circuit model.
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approximate small signal equivalent circuit model. (b) Audio-susceptibility transfer
function.
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(3) The lumped parameters of the equivalent circuit model are frequency dependent
and can be represented by transfer functions of order 3. This can be verified from
(5.32}, (5.33), (5.36) and Table 5.6. The lumped parameters are of order 2, in case of
series- and parallel- resonant converters. Thus the order of the resonant tank governs
the order of the lumped parameter.

(4) The audio-susceptibility transfer function has nearly the same pattern as the con-

trol to output transfer function.

So far we have neglected the sampled nature of the converter states. This however
is not an accurate representation because the states are in fact discrete. To account for
the sampled nature, (5.4), (5.6) and (5.8) must be re-written as difference equations.

For example, the equation corresponding to (5.4) will become:
Qi = —Aipsin(wot,) — Bipcos(wot,) — C18(2cos(wotg) — 1) — ir,(0) (5.38)

Equations corresponding to (5.6) and (5.8) can be similarly written. The procedure of
obtaining the small-signal model remains essentially the same as described in section
3, except a few changes owing to the discrete nature of the equations. For example,
Laplace transform must be replaced by the z-transform. It can be shown that the
resultant small-signal model will have the same coefficients as obtained in section 3.
The lumped hybrid parameters obtained earlier are redefined in terms of the complex

variable z by making the following substitution.

s= = 1) (5.39)

where T, is the steady-state value of half time period of the operating frequency.

With this substitution, all the s-domain coefficients v in Table 5.6 will now become
z-domain coefficients. Fig. 5.7 shows the control to output transfer function obtained

using the exact, z domain equivalent circuit model. The results obtained using the
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approximate model (Fig. 5.4) are also plotted again for the sake of comparison. It is
clear that the approximate model is not able to predict the small-signal dynamics near
the switching frequency, a fact confirmed by experimental results in the next section.
The “hump” seen with the exact model is actually a result of the “beat frequency
dynamics”, a phenomenon resulting from the interaction of the switching frequency
and the resonant frequency [87]. Prediction of the beat dynamics is important for
proper control loop design as they affect the control bandwidth. To demonstrate
the importance of the exact model, the plots of the output impedance and audio-
susceptibility transfer functions, obtained using the z domain model, are plotted in
Figs. 5.8 and 5.9 respectively. The approximate plots are also plotted. It can be
seen that once again the s domain model is unable to predict the dynamics at higher
perturbation frequencies. In particular the phase prediction is highly inaccurate when
the approximate model is used. Hence, if the knowledge of the small-signal behavior
near the switching frequency is desired, sampled nature of the tank states can not be

ignored.

5.5 Experimental Results

An experimental converter was built with the same specifications as given in section
5.4, and was used to verify some of the theoretical results. Figs. 5.10(a) and (b)
show the experimental results obtained for the control to output transfer function.
These results can be compared to those of Fig. 5.7. These waveforms confirm that
the results predicted by the exact equivalent circuit model are reasonably accurate
upto the switching frequency, while the approximate, continuous time domain model

is good for lower perturbation frequencies only.
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Figure 5.7: Control to output transfer function obtained with eract small signal
equivalent circuit model. The plot of Fig. 5.4 is included for the sake of comparison.
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5.6 Conclusions

A two port hybrid smali-signai equivalent circuit model has been presented in this
chapter. 'This model is Aerived 1sing the discrete time domain modeling. Two versions
of this :nadel wire cousidered. An approximate one, in which the sampled rature of
the tank . aics was ncvlecied and the analysis was done in continuous time domain.
The low frequeucy approximation, on which the continuous time domain model is
based, simplifies the modeling, but the results obtained are good for low perturbation
frequencies only. This model fails to predict the “beat frequency dynamics”. The
other, exact, z domain model takes into account the sampled nature of the tank
states, which in fact is their true nature in a resonant converter. The results obtained

with this exact model are more accurate.

Although the equivalent circuit model derived in this chapter is meant for lagging
p.f. mode of operation, it can extended to leading p.f. mode of operation with minor
changes. The equivalent circuit model is capable of giving useful dynamic performance

parameters in terms of simple transfer functions.




Chapter 6

Steady-State and Dynamic
Analysis for Fixed Frequency

Operation

In this chapter, steady-state and dynamic analysis of constant frequency pulse-width
modulated operation of the LCC-type parallel resonant converter is presented. The
full bridge version of this converter, suitable for fixed frequency operation is shown
in Fig. 6.1. First, the steady-state analysis is presented and the steady-state solution
is obtained. The main purpose of steady-state analysis is to understand the different
operating modes and to use the steady-state results for the dynamic analysis. The
large-signal behavior is investigated using a large-signal state-space model in the
discrete time domain. Key theorecical results are verified using SPICE simulation.
A small-signal model is then derived by linearizing the large-signal state equations
about a steady-state operating point. The small-signal behavior is predicted using

the resulting model.




6.1 Introduction

Many techniques have been proposed to contro! the output power of a resonant con-
verter. Tradition.ally, the power control in resonant converters has been done by
varying the operating frequency of the converter. Although this technique is very
popuar, it has many drawbacks. These drawbacks are briefly summarized below.
(1) For below resonance operation, the size of the magnetic components tend to be-
come quite lairge because they must be designed for the lowest operating frequency.
(2) There are turn ON losses when the converter is operated below resonance.

(3) There is a need for lossy RC snubbers, % limiting inductors and fast recovery
diodes.

(4) For above resonance case, as the frequency goes up, the turn-off switching losses
of the switches, the losses in the resonating components and the transformer core
losses go up.

(5) It is more difficult to design the filter components.

To overcome these drawbacks, attempts were made to propose alternate control
schemes based on a “fixed” operating frequency. Thus came the idea of fixed frequency
pulse-width modulated resonant converters. Some of the initial work in this direction
was reported in [58 - 61]. Matiy techniques have been proposed for the fixed frequency
operation. The most popular technique is based on applying phase shifted gating

signals to the full bridge converter.

It was stated earlier that in order to make best use of any power converter config-
uration, it is necessary to formulate proper design procedures which are governed by
the conditions under which a converter has to operate. Before an actual converter is
built, it is desirable to know how the converter will behave under different operating

conditions. This has led to three kinds of analysis depending upon the operating
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state of the converter.
(1) The steady-state or DC analysis.
(2) The large-signal analysis.

(3) The small-signal analysis.

Some authors [15,16,18] have reported the fixed frequency operation and its anal-
ysis for the SPRC. Reference [15] describes the fixed-frequency PWM control of the
SPRC. It is shown that high efficiency for large load variations is achievable along
with a narrow range of duty-cycle ratio control and protection against load short
circuit conditions. A simple analysis and design procedure based on complex ac cir-
cuit theory was presented in [15]. However, this analysis is based on the following
approximations.

(1) The input voltage to the resonant circuit has been represented by the fundamental
component of the square wave.

(2) A sinusoidal rectifier input voltage has been assumed.

(3) Only the fundamental component of the rectifier input current has been consid-
ered and an equivalent value of ac resistance as seen by the parallel capacitor has

been used.

This type of analysis loses its accuracy at reduced pulse widths and can not predict

the different modes of operation of the converter.

In [18], state-plane technique has been used to analyze the third order SPRC,
which has been reduced to a second order system (by transformation of variables) so
that a two dimensional state-plane analysis can be applied. Although this technique
is very useful, the transformation of the third order system to a second order system,
makes it difficult to understand how the various circuit variables are behaving phys-
ically. The steady-state analysis of only one of the operating modes of the SPRC,

based on the state-plane technique was reported.
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Thus a detailed analysis based on the state-space approach giving different modes

of operation is not available in literature.

It is well known that the dynamic analysis is very important to know the response
of the converter to sudden disturbances. The large-signal analysis determines the re-
sponse of the converter when its operating conditions undergu large variations in their
steady-state values. Similarly the small-signal analysis determines the converter’s re-
sponse to small perturbations in its steady-state values. Dynamic analysis is useful
for two reasons. First, it helps in designing the closed loop around the converter and

second, it helps in choosing appropriate component ratings.

The large-signal analysis of the SPRC, operating in fixed frequency, pulse-width
modulated manner is not available in the literature. The small-signal analysis, using
an approximate extended describing function method was reported in [73]. Recently,
a combination of extended describing function method and state-space approach has
been used [84] to preform the small-signal analysis. In the present thesis work this

analysis has been carried out independently, using state-space technique.

Thus the main objectives of this chapter are the following:
(1) To present a steady-state analysis of the fixed frequency pulse-width modulated
SPRC (FF PWM SPRC) using the state-space approach. This approach is followed
using a constant current model [12] of the SPRC.
(2) To present a large-signal analysis using a discrete time domain model on the same
lines as derived in chapter 3 for the variable frequency operation.
(3) To present a small-signal analysis by linearizing the large-signal equations about

a steady-state operating roint.

The remaining of this chapter is divided into the following sections. Section 6.2
identifies the various operating modes and explains the converter operation for these

modes. In section 6.3, the state-space equations are developed for the predominant
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operating mode and its steady-state solution is obtained. The large-signal discrete
time domain modeling of the fixed frequency PWM SPRC is performed in section
6.4. The model obtained is used to predict the large-signal response of the converter
to two kinds of external disturbances. One caused due to switching ON the converter
and the other due to a sudden step change in the load. Section 6.5 is devoted to
the small-signal analysis. The large-signal equations developed in section 6.4, are
linearized about a steady-state operating point to obtain a linearized small-signal
model. This model is used to study the dynamic parameters like the control to
cutput transfer function and audio-susceptibility. The observations and conclusions

are given in section 6.6.

6.2 Operating Modes of a FF PWM SPRC

Fig. 6.2 shows all the possible equivalent circuits of the SPRC during the different
intervals of the various operating modes of the fixed frequency PWM SPRC discussed
in this chapter. During interval A the polarity of the parallel capacitor voltage is
positive where as in interval B, it is negative. Accordingly, the polarity of the rectifier
input current (Z,. in Fig. 6.1) is also positive or negative. Interval C1 corresponds io
the discontinuous capacitor voltage condition in which the parallel capacitor (C,) gets
shorted. Interval C2 is same as C1 except that here voltage v, is also zero. Intervals
T1 and T2 are special cases of A and B in which the input supply v, is zero. Fig.
6.3 shows the gating signals for the various switches of the circuit and the resulting
waveform across points a & b of the circuit of Fig. 6.1 for a general case. It can be
seen that the gating pulses to the switches of the same “arm” are 180° out of phase.
The gating signals for the switch pair S3 & S4 are phase shifted with respect to S1
& S2, to obtain the desired zero voltage interval (Tys;) in ves. It should be noted
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Figure 6.1: The full bridge version of the SPRC suitable for fixed frequency operation.
The timing sequence of the gating signals to the various switches is shown in Fig. 6.3.
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Figure 6.2: Equivalent circuits of the SPRC for various intervals during different

operating modes.
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that this zero voltage interval corresponds to the duration for which one switch and
anti-parallel diode on the other arm in the upper limbs (or the lower limbs) are ON
simultaneously. The output voltage regulation for load (or line) variations is obtained

by adjusting T's¢,.

6.2.1 Design of the Converter

The design used is same as used in the earlier chapters based on the method described
in {12]. Design is done for the worst case loading conditions i.e. for maximum load
current with minimum input voltage. At the rated design conditions given below,
the converter operates with full pulse width (i.e. T,s = 0) in lagging power factor
mode and on the boundary of CCVM and DCVM. As the load current varies due
to change in load resistance, the phase shift between gating signals is changed so as
to maintain the constant, rated value of the output voltage. The various operating
modes encountered in this process are described later in this section. The SPRC
designed has the following specifications (same as chapter 3):

Input supply voltage, Vypmin(= 2F) =50 V.

Output voltage of the converter, Vy =24 V.

Output voltage ripple, Vj,_,) = ¥ 0.025 V.

Output current ripple, I_, = * 0.010 A.

Maximum output power, P, = 100 Watts.

Switching frequency, f; = 200 kHz=.

The design values obtained are:

Normalized load current, J = (E_;Z_) =43 pu;n=xl.
L=1174pH ; C; = 0.04TuF ; C, = n’C] = 0.047pF.
The rated load resistance is, R} = 5.76 ().
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Figure 6.3: Time sequence of the gating pulses to the switches of the inverter bridge
for fixed frequency PWM operation of the converter.
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Using the above design, the following operating modes were identified for the FF-

PWM-SPRC.
(1) Full pulse width (7,;, = 0), lagging p.f. mode: Fig. 6.4(a) shows the typi-

cal waveforms for this mode and correspond to the rated operating conditions. The
duty ratio is 50 % (Tss: = 0). The resonating inductor current lags the voltage v,, and
therefore zero voltage switching occurs. The parallel capacitor voltage is continuous
and therefore the converter is operating in the CCVM. Thus only two intervals are
present in this operating mode, namely intervals A and B.

(2) Reduced pulse width, lagging p.f. mode: As the load current decreases, the

pulse width is reduced (T, is increased) to maintain a constant output voltage. This
results in the operating mode shown in Fig. 6.4(b). The tank current still lags the
input square-wave voltage, vy, and the converter is operating in the CCVM. Opera-
tion at this reduced value of the duty cycle results in a three interval operating mode
as shown in the Figure.

(3) Reduced pulse width, leading p.f. mode: As the load current is further re-

duced, the tank current leads v, and the converter is operating in the CCVM. Typical

waveforms are shown in Fig. 6.4(c).

It was observed that if the capacitor ratio %;l = 1 is increased, the converter op-
erates in the DCVM and the converter gain decreases. This results in some more
operating modes with more intervals. To highlight these modes, another design is
considered [15], with the capacitor ratio %f = 2. The design specifications (referred
to as design 2) of the converter used to identify these modes are:

Input voltage = 120V

Output Voltage = 48 V
Output power = 500 Watts
Operating Frequency = 40 kHz
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The following component values are used.
L =315.8 pH; C, =0.0553pF; C,=0.02764pF
The following additional operating modes are identified with design 2.

(4) Full pulse width, lagging p.f. and DCV mode: Fig. 6.5(a) shows the wave-

forms corresponding to this mode. It comprises of three intervals (an A interval be-
tween two C1 intervals). The equivalent circuits of the SPRC during these intervals
are given in Fig. 6.2. Full pulse width has been applied with the converter operating
at rated load conditions and the tank current is lagging the input square-wave voltage.

(5) Reduced pulse width, leading p.f. and DCV mode: When the pulse width

is reduced to regulate the output voltage, an operating mode results whose waveforms
are shown in Fig. 6.5(b). This mode has four intervals, C2, C1, A and Cl and the

tank current leads the input square-voltage.

As the load decreases further and the pulse width is reduced to a lower value, the

converter enters the CCV mode (2), described above.

The steady-state and dynamic analysis of operating mode (1) has already been
dealt with in chapters 2 through 5, under variable frequency operation. The state-
space analysis of operating modes (4) and (5) is complex due to the presence of more
intervals on account of the discontinuity in the parallel capacitor voltage. They have
not been dealt further in this thesis. Therefore, in this chapter, the discussion will
be confined to (2) and (3) alone. The steady-state analysis for these two modes is

presented in the next section.
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(b) Reduced pulse width, lagging power factor mode of operation at reduced load

current and rated output voltage.

(c) Reduced pulse width, leading power factor mode of operation for very light load

conditions.
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(a) Rated load conditions, 50 percent duty cycle, Ty = 0.

(b) Reduced pulse width, leading power factor mode of operation at reduced load
current and rated output voltage. ‘
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6.3 Steady-State Analysis using State-Space Ap-

proach

6.3.1 General Solutions

All the equivalent circuits of Fig. 6.2 can be represented by the following general
differential equations.

ﬂ kiE - (vcsi + vcti)

2 = : (6.1)
dve, . X
Cs- dt = 1 (62)
dv, i .
Ct. dtt = 2L+’C2.I (()3)

The above equations can be compactly expressed in the following state-space form [7):

di - - .
o B R R B R
. ‘
des | = L0 0 v | +]0 0 (6.4)
’ ko T
duct & 0 0 Vet 0

where, k; is +1 for intervals A and T1, -1 for intervals B and T2, and zero for
intervals C1 and C2. k; is zero for intervals C1, C2, T1 and T2. Equation (6.4) has

the following general solutions.
iL(t) = Aim.sin(wgt) + Bim.cos(wgt) + Cim (6.5)
Ves(t) = Aam(l — cos(wyt)) + Bam.sin(wyt) + Com(wyt) + Ves(mi) (6.6)
Va(t) = Asm(l — cos(wgt)) + Bam.sin(w,t) + Cam(wt) + veymi) (6.7)
Here, m denotes the interval of operation (e.g. A, B, C1, C2, T1 or T2) as shown
in Fig. 6.2. w, = w, = 7%57 for intervals C1 and C2, while, w, = wp = 77'-57 for

intervals A, B, T1 and T2. The steady-state analysis of two operating modes discussed

in section 6.2 is presented next.
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6.3.2 Steady-State Solutions

The waveforms corresponding to this mode are shown in Fig. 6.4(b) and (c). The
various intervals are clearly marked. It can be observed that the sequence of equivalent
circuits for both modes is the same. Therefore, the analysis presented is valid for hoth
modes.

Interval T2; 0 <t < ¢4

Let ¢/ = ¢ be the running variable for this interval. Then using (6.5) - (6.7), we obtain:

in(t') = Aire.sin(wot’) + Bira.ces(wot’) + Cir2 (6.8)
ch(t') = A2T2(]. - COS(U)ot’)) + BgTQ.Sin(WQt,) + CQTz(LUot,) + ’ch(Tgi) (69)

’l)ct(tl) = A3T2(1 - COS(U)()t’)) + BaTg.S’l:n(W()tl) + Cng(Ldot’) + ‘Uct(TQ,‘) (610)

Interval T1; ¢, <t < t,

Let t” =t — 1, be the running variable for this interval.

i(t") = Ain.sin(wet”) + Biri.cos(wot”) + Cimm (6.11)
ch(t”) = A2T1(1 - COS(L«Jot”)) + Bng.Sin(th") + Cle ((.Uot”) + vcs(Tli) (612)
'Uct(t”) = A3T1(1 —_ COS(WQt”)) + B3T1.sin(w0t") + C3T1(Ld0t") + Uct(Tli) (613)

Interval A; t; <t < T

Let t" =t — t5 be the running variable for this interval.

iL(t'”) = A]A.Sin((.dotm) + BlA.COS(CU()t”/) + 01,4 (614)
ves(t") = Aza(1l — cos(wot™)) + Baa.sin(wot™) + Caa(wot™) + vesaiy (6.15)
v,_.t(t"’) = AgA(l - COS(Wot”’)) + B;M.sin(wot"') + C,",A(wot”,) + vct(A,-) (616)
In the above equautions “i” has been used to denote the initial time instant of the

interval under consideration. The A, B,C constants involved in (6.8) - (6.16) are

defined in the Appendix D.
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To obtain the steady-state solutions, the initial state vector [iLo ves0 va0)” and the
durations of the various intervals are to be evaluated. The procedure remains the

same as chapter 2.

(a) Evaluation of the Initial State Vector

Th . initial state vector is evaluated using the symmetry conditions of the waveforms
according to which the initial state vector is equal and opposite to the value at time

instant T,. The detailed procedure is presented below:

The final values of the state variables at the end of the interval T2, are obtained

using (6.8) - (6.10) and is represented in the matrix form as:

[z1] = [Ara][zo] + [Bra[ur) (6.17)
where;
[ ir(t1)
[1] = | ves(th) (6.18)
] vct(tl)
[ cos(6r2) —sin(0r2)/Z —sin(0r2)/2
[Ar2] = | Z.r2sin(07;) 1—1r2.(1 —cos(fp;)) —12.(1 — cos(fr2)) [(6.19)
i Z.rl.sin(0ry)  —r1.(1 —cos(r2)) 1 —rl.(1 — cos(Op;))
[ sin(612)/2 rL(1 — cos(0r2))
[Bra] = | r2.(1 = cos(0r2))  Z.r1.r2.(672 — sin(fr2)) (6.20)
I rl.(1 — cos(012)) —Z.71.(r2.0r; + rl.sin(072)
[urs] = ’ (6.21)
=

6’T2 = wo(tl—O) (622)
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r1 = C./Cy; 1o = C./Cy and C. = C,C,/(Cs + C;). The final value of interval T1 is
obtained using (6.11) - (6.13) with the final values of the state variables of interval

T2 as the initial values. This gives:

where;

[z2] =

[Am] =

[Bri] =

[ur] =

0 =

[z2] = [Ami[z1] + [Br][ur] (6.23)
[z2] = [Am)([Azo][zo] + [Brlura]) + [Bri][ur] (6.24)
[ iL(ta)

Ves(t2) (6.25)
l_vct(tz)

[ cos(0r1) —sin(071)/Z —sin(0r1)/Z

Z.r2.8in(011) 1 —1r2.(1 —cos(81)) —r2.(1 — cos(87,)) |(6.26)
i Zrlsin(0r1) —rl. (1 —cos(011)) 1—rl.(1— cos(611))

sin(0r1)/Z r1.(1 — cos(0r11))
r2.(1 — cos(011))  Z.rl.r2.(0r1 — sin(fr.)) (6.27)
i r1.(1 -- cos(011)) —Z.r1.(r2.071 + rl.sin(071)
0 | (6.28)
| +]
wolts — 1) (6.29)

Proceeding in a similar manner, we can obtain the final values of the state variables of
the third interval (interval A), by using (6.14) - (6.16) with the final value of interval

T1 (= [x2]) as the initial value. We obtain.

[24]

[z4]

= [Aa][zs] + [Ba][u4] (6.30)
= [AA([Am]([Ars][zo] + [Brallura)) + [Brilluri]) + [Ballua] (6.31)




where;

[z4]

[A4)

[Bal

[ua

024
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-

ir(Ts)
vcs(Ts) (()32)
8 vct(Ts)

cos(f4) SHsin(0a) Zsin(04)
Z.r2.sin(04) 1 —r2.(1—cos(0a)) —r2.(1 —cos(64)) | (6.33)
| Zrlsin(04)  —r1.(1 —cos(04)) 1 —r71.(1~ cos(0a))

3sin(04) r1.(1 — cos(64))

r2.(1 — cos(04))  Z.r1.r2.(04 — sin(04)) (6.34)
i r1.(1 - cos(04)) —Z.r1.(r2.04 + rl.sin(0,)

[ E

(6.35)
|+
wo(Ts - tg) (636)

By symmetry of waveforms (Fig. 6.4(b)), [z4] = —[zo]. Therefore (6.31) can be

written as below:

— o]

(o]

[AAJ([AT([AT2l[zo] + (Brallura)) + [Brilluri]) + [Ballua)  (6.37)
which gives

— (I3 + [AA[AT1][Ar2)) " ([AA)[ A1) [ Bral[urz) + [Aa)[Br)[ur)
+[Ba[ua)) (6.38)

(b) Evaluation of the Interval Durations

The duration of interval A is the pulse width per half cycle and is known. This pulse

width can be expressed in terms of the half period (7,) of the operating frequency

as (.T,, where ( is the duty ratio and T, is known. To determine the durations of




219

intervals of modes T1 and T2, note that time instant ¢, is fixed once the pulse width

is fixed, i.e.,
t, = Ty(1-¢) (6.39)
The duration ¢, of interval T2 can be determined by noting that the parallel capacitor

voltage is zero at this point. Using (6.10), we obtain the following:

vee(t1) = Asra(l — cos(wotr)) + Bara.sin(wot1) + Cara(wot1) + vey(T2(0))
=0 (6.40)

Equation (6.40) is solved numerically to find ¢;.

6.3.3 Design Curves

Once the various interval durations are known the converter gain can be obtained by

integrating the parallel capacitor voltage as below:

1 t) t2—1) t
M= /0 veerad(wot') + /0 veer1d(wot”) + /0 * veead(wot™) (6.41)

The analvsis presented in the previous sections can be used to obtain the design curves
for the FF PWM SPRC. Fig. 6.6 shows the plot of normalized load current versus
the phase shift for a regulated output voltage. This plot can be used to choose the
required duty ratio for a given value of the load current, so that the output voltage
remains fixed at the rated value. Fig. 6.7 shews the peak component stresses as the

duty ratio is varied to hold the output voltage constant for different load currents.

6.4 Large-Signal Analysis

In this section, a large-signal discrete time domain model for the FF PWM SPRC,

on the same lines as chapter 3, is presented for the modes discussed in sections 6.2
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Nommalized load current versus Phase shift for regulated Output Voltage
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and 6.3. Details of this modeling are presented next.

6.4.1 Terminology

To give a discrete time domain interpretation of the operation of the FF PWM SPRC,
Fig. 6.4(b) is drawn again as Fig. 6.8. The converter operation over one cycle of Fig.
6.8, can be represented as a combination of two events, called the k** and (k + 1)
events, as in the earlier chapters. Each of the events is composed of three sub-events
or the intervals marked in Fig. 6.8 as intervals T2, T1 and A, respectively. These

intervals are defined by the following relations.

ay = wo(tyk) — to(k)) (6.42)

Br = woltar) — ti(x) (6.43)

€k = ar + Br = woltar) — tok)) = (1 — Ck). T (6.44)
M = woltogk+1) — tar)) = Ck-Ts (6.45

)
T = ok + B + Mk = woltok+1) — tox)) = wo.Ts (6.46)
It should be noted that v, the half period of the operating cycle, is a constant and
hence the subscript “k” will no longer be used. A careful inspection reveals that the
case is analogous to the variable frequency case with (i replacing 7% as the controlling
parameter. It should be recalled that in the case of variable frequency operation in

chapters 3, 4 and 5, v, was considered to be independent of the initial values of the

tank variables.

The low ripple approximation is once again assumed. The input supply to the
tank circuit is assumed constant either at its clamped value of zero or * E, for a
given event k. The ripple in its value is considered negligible as compared to the large
step changes it makes at instants #3(x) and fo(t41). The load current is also assumed

constant during a given event k using the same approximation.




o
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6.4.2 Discrete Time Domain Model for the FF PWM SPRC

kt* Event

It was seen in section 6.3, that equations (6.8) - (6.16) represent the converter, during

the various intervals of the first half of the operating cycle (called k** event). The

same equations are reformulated again, as shown below, with subscript “A” o give a

discrete time domain interpretation.

Interval T2; to4) < t < tyx)

i(ty = Airg,.sin(wot’) + Byre,.cos(wot’) + Cira,

ves(t') = Aara, (1 — cos(wot’)) + Bara,.sin(wot’)
+Cora, (wot') + ves(togx))

ve(t) = Asra, (1 — cos(wot’)) + Barz,.sin(wet')

+Carz, (wot') + ver(tor))

Interval T1; ¢34y <t < ty(x)

Let t" =1 - tl(k)-

iL(t") = Aim,.sin(wot”) + Biri,.cos(wot”) + Cim,

ves(t") = Aar1, (1 — cos(wot")) + Bary,.stn(wot")
+Car1, (wot”) + ves(t1(k))

vee(t") = Asri, (1 — cos(wot")) + Bar,-sin(wot”)

+Cary, (wot”) + ve(ta (k)

Interval A; ty4) < t < to(rs)

Let t" = t — ty).

iL(t") = Apa,.sin(wot”) + Bia,.cos(wot™) + Cra,

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)
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ves(t") = A2a,(1 — cos(wot™)) + Baa,.sin(wot™)

+Caa, (wotm) + vcs(tz(k)) (6.54)

va(t") = Asza, (1 — cos(woet")) + Bsa,.sin(wot”)

+C3Ak (wot"’) + +”ct(t2(k)) (6.55)

The coefficients A;rsz,, Birs, etc. are defined in Appendix D, with subscript “k”

inserted.

(k +1)** Event

The (k + 1) interval circuit equations are identical to those of k'* interval with a

change in the signs of all the variables.

By using the final values of an interval as the initial values of the immediately

occurring interval, it is possible to express the initial values of the (k + 1)** event

in terms of the initial values of the k®* event. The resulting expressions have been

simplified to yield the following.

iL(toGi4n)) =

vca(to(k+l)) =

ver(tok+1)) =

%sin(nk) + Airg,sin(y) + Birz,cos(y) + 2.Cr12,c08(1k

+Bk) — Cira, (6.56)
r1(1 — cos(ne))-Ex) + Azr2,[1 — cos(7)] + Bara,.sin(y)
+Car2,[2.5tn(m + Br) — ik + ak — Br] + ves(Borx)) (6.57)

r2(1 — cos(nx))-Ex) + Aara, [l — cos(y)] + Bars,.sin(7)
A .
~Cira, [Zﬁsm(nk + Bk) + me — ai + Bi] + ver(tory) (6.58)

Note that equations (6.56) - (6.58) are the discrete time domain version of (6.31)

which is the matrix representation of the same set of equations in continuous time

domain.
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Output Equations

The non-linear equations representing the output section of the SPRC are reproduced

below:

Itor) = Iltogw) +1/LgL[ " l(wu(r)ldr]

o(k)

—1/ L [vo(tox)) (Bo(k+1) — togk))] (6.59)
({(to(r) — %ﬁm)(%(kﬂ) — togk))
Cy

vo(tok+1)) = wo(tor)) + (6.60)

The integration interval in (6.59) can be split into three. tok) to ty(x), t1(k) to La(x) and
ta(k) to to(r41). Vaiue of vy can then be substituted using (6.49), (6.52) and (6.55)
with an additional negative sign introduced for the interval T2 expression to account

for the absolute value of v,.

6.4.3 The Discrete State-Space Model
(a) Selection of Discrete State Variables

As in the earlier chapters, the following discrete state variables are chosen (corre-

sponding to the storage elements in the circuit) for the k** and (k + 1)** events.

zyk) = —irltok)); T2k) = —Ves(tok)); Tak) = —Ver(to(k)) (6.61)

Ty(k+1) = 1L (to(k+1)); T2k+1) = Ves(Po(k+1)); Tagke1) = Ver(to(k+1)) (6.62)

For the output section, two additional discrete state variables are introduced for the

kth event.

zak) = I(tory); Ts(k) = vo(to(k)) (6.63)
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(b) Formulation of the Model

Using the state variables defined in (6.61) to (6.63) and substituting in (6.56) - (6.60),

the following discrete state-space model is obtained;

Ti(k+1)

T(k+1)

L3(k+1)

T4(k+1)

T5(k+1)

where XL] = woLf and ch =

Euy . :
-——é—klsm(nk) + Ayra,stn(y) + Bira,cos(y) + 2.Cirz,cos(nk

+B) — Cirz, | (6.64)

r1(1 — cos(ni)). By + Azra,[1 — cos(v)] + Bara,-sin(7)

+Car2, [2.5tn(nk + Br) — Mk + ax — Bi] + ves(togr)) (6.65)
= 19(1 — cos(mx)).E) + Aaza,[1 — cos(7)] + Barz,.sin(7y)

—CSTzk[Z:—:Sin(le + Bk) + M — i + Bi] + ver(tocr)) (6.66)

Ta(k) + %(320:) + z3x))-(Br + M — ax + 2.5in(ax) + sin(m) — sin(y))

+)Z('Zj(—m1(k) + 72.Z4(k) ) (2.cos(ar) — 1 — cos(7)) + %%f(k—).(cos(ﬂk + ) — 1)

*%-(ﬂk +me —ai)® + ”)'(—Ij;k).(nk — sin(nk))

“:;—;;)-(ﬂk — ok + M) — % (6.67)

T5k) + Y X0 (Tagk) + tout(k) — 93152(;)) (6.68)

1
WOCf'

6.4.4 Results of the Analysis

The discrete time domain model described in section 6.4.2 was used in predicting the

transient behavior of the designed converter operating under open loop conditions.

PRO-MATLAB was used to solve the discrete time domain equations on the com-

puter. These results are also verified using SPICE software. Results obtained for

different transient conditions are explained next.




(a) Sudden Switching ON of the Supply Voltage

The large-signal analysis of the full load case, has already been considered in chapter
3. Here we consider another operating condition corresponding to half the rated load
current and rated output voltage. The duty ratio is & 70%. The operating mode is
shown in Fig. 6.8. In this section, effect of switching ON the input supply is studied.
Figs. 6.9(a) and (b) show the plots of the tank current and the parallel capacitor
voltage obtained for this step change using the large-signal model. Figs. 6.9(c)
and (d) show the corresponding SPICE plots. Fig. 6.10 shows the peak component
stresses. Figs. 6.11(a) and (b) show the plots of tank state variables and output state
variables (current and voltage) as obtained with the model. Fig. 6.11(b) also shows

the corresponding SPICE plot for the switch ON transient conditions.

(b) Step Change in Load

In this section the effect of a sudden step change in load is considered. The converter
is operating at half the rated load condition with 70 % duty cycle, when the load
changes to quarter of rated load in a step manner. For the open loop condition, the

duty cycle remains at 70 %. These results are explained next.

Figs. 6.12(a) and (b) show the plots of the tank current and the parallel capacitor
voltage obtained for this step change using the large-signal model. Figs. 6.12(c)
and (d) show the corresponding SPICE plots. Fig. 6.13 shows the peak component
stresses. Figs. 6.14(a) and (b) show the plots of tank state variables and output state
variables (current and voltage) as obtained with the model. Fig. 6.14(b) also shows

the corresponding SPICE plot for the switch ON transient conditions.
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6.4.5 Closed Loop Example:

In this section, a typical example of closed loop operation is considered. The converter
is operating at half the rated load with rated output voltage value and 70 % duty cycle,
when the load suddenly changes to quarter the rated load in a step manner. However,
unlike in the previous section, where the open loop operation was considered (and so
the duty ratio was not altered), the duty ratio is altered to regulate the output voltage
(as a result of closed loop operation) to ~ 63 %. The results obtained for this case
are discussed next. It is assumed that the closed loop action is instantaneous. Figs.
6.15(a) and (b) show the plots of the tank current and the parallel capacitor voltage
obtained using the large-signal model. Figs. 6.15(c) and (d) show the corresponding
SPICE plots. Fig. 6.16 shows the peak component stresses. Figs. 6.17(a) and (b)
shows the plots of tank state variables and output state variables (current and voltage)

as obtained with the model. Fig. 6.17(b) also shows the corresponding SPICE plots.

8.5 Smali-Signal Analysis of FFF PWM SPRC

The small-signal dynamic behavior of the converter was analyzed for the variable
frequency operation in chapter 4, by using a small-signal state-space model, acquired
by linearizing the large-signal equations of chapter 3. In this section the small-signal
modeling of FF PWM SPRC is performed using the large-signal model obtained
in section 6.4. As was stated earlier, the small-signal analysis is concerned with
the response of the converter to small perturbations in its steady state operating

conditions.
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6.5.1 Linearization of SPRC About the Equilibrium Point

The first step is to determine the equilibrium point of operation. This is done by

applying the following symmetry condition to (6.64) - (6.68).

Ti(k) = Ti(k+1) (6.69)

It can be verified that this will yield the steady-state operating point given by (6.38).
The large-signal state-space model represented by (6.64) - (6.68) has the following

general form;

Ti(k+1) = fi(ml(")’ Z2(k)y T3(k)s Ta(k)s T5(k)s Cln E(k)7 iout(k)) (670)

where “f,;” represents some non-linear function of the relevant independent variables
specified on the right hand side of the above equation and : =1...5.
These equations can be linearized using the Taylor’s expansion about the equilibrium

point resulting in five linearized small-signal equations of the following general form.

of; of; .
bz; = .6 — .b .6
Ti(k+1) Borgn ., Ti(k) + 3a(s) o, Ta(ky + B3(m) |, T3(k)
ofi afi af; afi
+ Sxa(1) + S5y + ———F SE+ —] .6
Oz 4(k) |, ) 3$s(k)Lq T 0k, O o, Ck
af; i .
- b1, 6.71
620‘“(]:) e t(k) ( )

In the above equation “|.,” implies “at equilibrium”.
All the small-signal equations can be clubbed together and represented in the matrix

form as below:

[62ik+1)] = [A].[6zi(k)] + [B]-[6u(k)]




229

Or
1T ;
61 (k1) apn a2 a3 aiy as 8y (k)
6zz(k+1) a1 Qa3 3 424 4azs 6z5(k)
6z3k41) | = | @1 @a2 aszs @34 a3s || OT3k)
6z4(k+1) a4 G4z Q43 Gq4 Q45 53?4(1:)
| 025(k+1) | @51 @5y as3 @se ass | | Gzs)
[ bin b2 bis }
by b2z b3 6Ck
+| b bx bs || SEq (6.72)
bay bgz b3 Ol oue(k)
| bs1 bsz bs3 |

The elements a;;s and b;;s of matrices [A] and [B] can be determined using the

following:
afi
aij = 6.73
RITOIN (6.75)
1| of of
bp = 5| sbie= 35| ;bis= 5 6.74
T cq 27 8E eq 27 Blpurih) o (6.74)
where i =1...5; g=1...5.
aak 6f1
- + L 6.75
an cos() [3$1(k) box ], ( )
: 0 0
a) = (1/Z)szn(7)+ 5;1(’;—)6—3‘] (6.76)
% eq
o\ Jar 0
a3 = (l/é)szn('y)+[aw3(i).(—9{71;] (6.77)
: eq
7] a
ag = ra.c08(7) +r2.(1 — 2cos(B + 1)) + [aa:(’:‘).-a—({l; (6.78)
%],
: d af. ,
an = —Z.rl.szn('y)-{-[az(:;).g&%] (6.79)
ey




az;

az3

a24

a3y

a32

a33

a34

as

042

Q43

A44

Q45

as4

Q55

so_01]
s(Y)+m—1+ [ By Do,
—71.CO ) aak %“
ri.cos(y) +r + [6:83(;:)'601;; .,
—ry.

)
—2sin(B + 1))
-«

) ( ) + Z.T].Tg.(ﬂ + n

.ro.8tn(y

Z.?‘l azk %J

* [3w4(k)'3ak a

Oar_ Ofs
Oz1) B ],

o 01
Ozyry O |,

oen 28
eq

~Z.ry.sin(y) + [

—ry.co8(y) + 7y + [

cos(y) +r2 — 1+ [63:3(/:) day
—-Ta.

- a))
Z.ry(2ry.sin(B+n) +ri.(n+ B
Z(rs)sin(y) - 2.

8ak afs]
+ [ eq

a:l).;(k) ) 8ak
Z.’f'2

2cos(a) — 1 — cos(7)) + [
_-XTJ(

T2
Xy

Dy 2&]
6m1(k)'6ak eq

in(n) — sin(y)) +
B — a) + 2.sin(a) + sin(n)
(n+8-

n(n) — sin(v)) —
) + 2.sin(a) + sin(n)
2 (B+n-a
};«

oo
* [axa(k) '6(1]; eq

1 —1- Y )
)
: cos( ) QCos(ﬂ +7 2
. (2603((!)
+ —r,2 1 +

Oox_ Ofs
¥ [ax,.(k,'aak .

[ day, Qj_r,;_]

B:vg(,,) ) aak

(n+p—a)
XLf
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(6.80)

(6.81)

(6.82)
(6.83)
(6.84)

(6.85)

(6.86)
(6.87)

(6.88)

(6.89)

2
Z.r.ra.(B+1n—a)

2.Xy;

(6.90)
(6.91)
(6.92)
(6.93)




bl’l

b31

bay

bz

bz

b3z

baz

b53

7.41Z?—c03(67)
ri(ysin((v)).E
ro(vsin((7)).E
S 0+ 20).cos(0) + S (1 = con(i)
sin(C7)+ day 0fy

Z 6E(k)'8ak eq

—ry.cos((vy) +m + [ oy .?_fl]

BE(k) ) Bak

ves 28]
BE(k) ) aak eq

EA oar O
XLJ(C7 sin(Cy)) + [6E(k,' o).,

vXcy

—rg.c08((7y) + 12 + [

Q15 = G5 = G35 = As51 = G52 = a53 = 0

b1z = bag = b3z = by = bs; = bs; =0
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(6.94)
(6.95)
(6.96)
(6.97)

(6.98)
(6.99)
(6.100)

(6.101)

(6.102)

(6.103)
(6.104)

The partial derivatives involved in the above equations are evaluated next. For this

the parallel capacitor voltage is equated to zero at the end of interval B, which leads

to the following equation:

ro.(Z2gk) + Zagr))-(1 — cos(ar)) + Z.rz.(—z1 ()

+ra2.2ak)) 500 (k) + Z.11.72. Ty 0k — T3y = 0

(6.105)

Then, using (6.105), the partial derivatives (evaluated at the equilibrium point) ob-

tained are given by:

Oar _ Z.sin(a)
('):cl(k) D
Oay —(1 — cos(a))

awz(k) D

(6.106)

(6.107)




Qa1 =r1y.(1 — cos(a))
a(l)g(k) 7'2..D

Oay  —(ry.Z.sin(a)+ Z.1r.q)
6134(k) D

6ak

9B, = "

where D = (z3 + z3)sin(a) + Z.(—z1 + ry.z4)cos(a)

+Z.7‘1..’L‘4

Use of (6.64) - (6.66) and (6.70), yields the following:

o
(')ak
of
Bak
3fs
aak
A
aak

= —2.r.24.5i1n(8 + 7)
= Z.r1.12.24[2c0s(B + 1) — 2)
= Z.ry.24]2.72.co8(n + B) + 2.14]

= Flea+25) (2 + 2e0s(a)

2Z.r ) 27Z.r1.15.
(-1 + 120 (sin(a) - —%:ﬂ(2a ~7)
2Z.rizy 223
smn(f+n)+ —
X, (B+n) Xz,

[
o
[

(6.108)
(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

(6.114)

(6.115)

Which completes the derivation of the small-signal model for a FF PWM SPRC.

Equation (6.72), with coefficients of matrices A and B given by a;; and b;;, respec-

tively, represents the model in matrix form. This model can be used to predict the

small-signal behavior of the FF PWM SPRC.

6.5.2 Dynamic Performance Parameters

The dynamic performance parameters like the control to output gain, audio suscep-

tibility and output impedance, which are useful in evaluating the dynamic behavior

of the converter are studied in this section. Fig. 6.18 (a) shows the plot of control
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to output transfer function as obtained with the help of the proposed model. Fig.
6.18(b) shows the corresponding plot for the audio-susceptibility transfer function.
Importance of such plots was explained in Chapters 4 and 5. The output impedance

transfer function plot is shown in Fig. 6.18(c).

6.6 Observations and Conclusions

The steady-state analysis of FF PWM SPRC shows that the designed FF PWM
SPRC operates in three major modes for -gf = 1, and two major (both DCVM)
modes for %f = 2. The converter is designed to operate on the boundary of CCVM
and DCVM, lagging p.f. mode for full load conditions. As the load current reduces,
the pulse width is adjusted to regulate this output voltage. This results in operating
modes 2 and 3 and the discontinuity in parallel capacitor voltage is negligible. The
discontinuity in the parallel capacitor voltage increases with an increase in C,/C,
ratio. The curve of T,y versus normalized load current is non-linear. This, however,
does not matter because in actual practice the converter is operated in closed loop
manner. The required variation in T, is much larger for load current variation from

full load to half load than for half load to very light load conditions.

The large-signal analysis provided the following results. During switch ON condi-
tions, the converter enters leading p.f mode of operation before reaching the steady
state where it is designed to operate in lagging p.f. mode. All the tank components
are over stressed during the switch ON transients. During step change in load from
half the rated load condition to quarter load condition, the converter enters leading
p.f. mode within 30 microseconds (Fig. 6.14(a)). For the closed loop operation how-
ever, the converter stays longer in the lagging p.f. mode (50 microseconds). During

step change from half the rated load to quarter the rated load conditions, the tank
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components do not experience an over stress.

Small-signal analysis shows that the control to output transfer for the FF PWM
SPRC has nearly the same pattern as the one for frequency controlled SPRC, obtained
in Chapter 4. The audio-susceptibility transfer function shows the same pattern as
the control to output transfer function. However, the phase plot does not show as

much lag as it did in the case of frequency controlled SPRC.
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Figure 6.8: Typical waveforms of the FF PWM SPRC circuit starting from the kth
instant for lagging power factor mode of operation. The various intervals are marked.
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Resonating inductor current during switch ON at hait load
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Parallel Capacitor Voltage during switch ON at half load
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Figure 6.9: (a) Resonating inductor and (b) parallel capacitor voltage, for step c‘hange
in input voltage supply from 0V to 25V at half the rated load conditions. In all the
plots the step change occurs at the origin. (c),{d):" SPICE plots corresponding to (a)
and (b).
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that all these plots have been obtained with discrete set of points obtained one per
half cycle, and connected to give an over all continuous picture.
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Figure 6.12: (a) Resonating inductor and (b) parallel capacitor voltage, for step
change in load from half the rated load to quarter the rated load. (c),(d): SPICE

plots corresponding to (a) and (b).
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in load from half the rated load to quarter the rated load. (c),(d): SPICE plots
corresponding to (a) and (b).
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Figure 6.16: Peak component stresses (p.u.) for closed loop operation example where
the duty cycle changes in response to a step change in load from half the rated load
to quarter the rated load.
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Chapter 7

Conclusions

This chapter summarizes the main contributions and results of this thesis work. It
begins with section 7.1 where the major contributions are outlined. Section 7.2 sum-
marizes the results of the thesis. The chapter ends with suggestions for future work

in this area in section 7.3.

7.1 Major Contributions

One of the major challenges of this thesis work was to deal with a third order sys-
tem, namely the SPRC. The analysis of the converter is complex due to the various
operating modes it enters. This was reflected in the limited attention this converter’s
analysis had received at the time the present thesis work began. Although, the ad-
vantages of this converter over the other two configurations were understood and
accepted, there was not much literature available on this configuration except for

steady-state analysis [7,8]. Dynamic behavior of this converter in particular, was not

studied.
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Recently, during the course of this thesis work itself, some authors [73,84] came up
with small-signal analysis of this converter. However, they were all based on some ma-
Jjor approximations, where the square-wave voltages and currents were approximated

by their fundamental components.

The most important contribution of this thesis work is the extensive treatment to
both the steady-state and dynamic analysis of this third order converter for the var-
ious operating modes and operating conditions using the state-space approach based
on the constant current model [7]. The analysis presented ass''mes no approxima-
tions (like approximating the square waveforms with their sinusoidal, fundamental
components) except a few more practical ones. The main contributions of the thesis
can be summarized as below.

(1) A complete steady-state analysis of the SPRC has been presented for the variable
frequency operation. Various operating modes have been identified and general so-
lutions for all the modes of operation have been presented based on the state-space
approach.

(2) Large-signal modeling and analysis has been presented for variable frequency and
fixed frequency operation using discrete time domain modeling.

(3) small-signal analysis has been presented using the large-signal models for both
variable frequency and fixed frequency control.

(4) A small-signal equivalent circuit model has been derived which gives more physi-
cal insight into the dynamics of the converter and is more convenient to use.

(5) The different operating modes have been identified for the fixed frequency pulse-
width modulated control of the SPRC, and the steady-state analysis of the predomi-

nant modes has been presented.

A more detailed summary is presented in the next section.
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7.2 Summary of the Thesis Work

Various aspects of the series-parallel resonant converter were studied during the course
of this thesis work. All three kinds of analysis have been performed for both the

variable frequency operation and the fixed frequency operation of the SPRC.

A complete steady-state analysis of the series-parallel resonant converter has been
carried out in chapter 2. Various operating modes (including multiple conduction
modes) were identified using computer simulation. These modes were classified on
the basis of different criteria like nature of the parallel capacitor (DCVM and CCVM
operation), resonant tank current (DCM and CCM operation) and also on the basis
of the way the tank current is related in phas o the square-wave voltage that is
impressed across the resonant tank (leading and lagging p.f. modes of operation).
General solutions for all the modes of operation have been presented. As an example,
two of the predominant modes, with four and two intervals respectively, have been
selected as the particular cases and the converter gain for those modes have been
analytically obtained. The converter gain and peak component stresses have been
plotted against per unit load current. Boundaries between the various modes, CCVM
and DCVM as well as between leading and lagging p.f. modes, have been obtained
and plotted. The theoretical and simulation results have h=en compared with the
experimental results. To coatrol the output voltage, the operating frequency can be
varied in two directions. The range of frequency variation is slightly higher (upto
fn = 2.0) for lagging p.f. case (as compared to the leadirg p.f. operation) for a full
range output voltage control. The type of converter control discussed in this chapter
(including multiple conduction modes) can be utilized in power supplies meant to
serve a wide range of voltage requirements. Multiple conduction modes are capable

of supplying variable voltage for very low output current values.
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Chapter 3 was devoted to the large-signal analysis of the SPRC using a discrete
time domain model for both CCM and DCM. The main contributions of this chapter
are summarized below:

For CCM

(1) A discrete time domain model has been derived for the SPRC for lagging power
factor mode of operation.

(2) The effectiveness of this model in predicting the transient behavior of an SPRC
has been shown.

(3) Using this model, a few calculations are sufficient to predict the transient behavior
of the converter from a designer’s point of view. Only the initial conditions at the
beginning of every half cycle (initial state vector) are required per half cycle to arrive
at the curves for peak stresses and the state behavior. |

(4) The proposed model can be used to theoretically predict the large-signal behav-
ior of the converter and then SPICE simulation program can be used to verify the
results. Usually, SPICE requires large computer memory, even if the information
required from the simulation may be small. The proposed model can give crucial
design parameters and state behavior with simple calculations.

(5) The model presented has been derived based on the assumption of CCVM (contin-
uous capacitor voltage mode) for v, [Fig. 3.2]. However, the converter is designed to
operate with slight discontinuity in the parallel capacitor voltage. The results show
that the proposed model based on two interval CCV mode (in which the effect of
slight discontinuity has been neglected) is good enough to predict the behavior of the
designed converter, although some slight deviations are observed. This avoids the use
of a more complicated model involving a third interval (in DCV mode), which does
not have closed form solutions [12].

(6) All the plots are given in p.u. and are therefore general. The results of theory,

SPICE simulation and experiments have been presented and compared.
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(7) During switching ON, only the parallel capacitor experiences additional stress for
the design presented in this thesis and the converter enters below resonance. The
anti-parallel diode has to undergo additional peak current stress (Fig. 3.5(f)).

(8) It has been observed that the SPRC, designed to operate slightly above resonance
and with slight discontinuity in the parallel capacitor voltage (as in this thesis), does
not show pronounced stresses on resonant inductor and the series capacitor during
switching ON.

(9) The response of the converter is dependent on the output filter design. Char-
acteristic impedance of the output filter is a convenient parameter to evaluate this
dependence. It is observed that the switching ON response becomes faster (oscilla-
tory) as Z; is decreased. The peak tank current during the transient phase increases
with an increase in the value of Cy and a decrease in the value of L;. However, the
peak parallel capacitor voltage during the transient phase decreases with a decrease
in the value of Ly and is independent of Cy for a given value of Lj.

(10) The transients caused due to sudden short circuit and open circuit conditions
have been studied.

(11) The advantages of closed loop operation have been investigated experimentally,
by considering the example of the transients caused due to a step change in the load
condition from full load to half full load condition. It is found that the drawbacks of
the open loop operation are overcome. The converter does not enter the leading p.f.
mode of operation and the peak stresses are less. It was observed that the parallel
capacitor voltage becomes discontinuous due to the closed loop control action, as the
operating frequency is corrected.

For DCM

(1) The discrete time domain model for the SPRC operating in the DCM has been
derived and used to predict the large-signal behavior of the converter.

(2) The large-signal response of the converter during sudden switching ON of the
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supply voltage, is affected by the value of filter components. For a small value of the
filter capacitor, the converter maintains DCM and the transient response is critically
damped. For a larger value of filter capacitor, the converter enters the CCM, leading
p.f. mode to accommodate an overshoot of the output current which shows an oscil-
latory response. This may result in more losses during transients. Clearly, since the
choice of filter components is based on the ripple specifications, there is a trade off.
(3) During a step change from full load to half full load conditions, the dead gap is
present due to a reduction in the load current.

(4) During sudden short circuiting of the output at full load conditions, the converter
enters the leading p.f. mode (CCM), which it maintains. Therefore the losses are
higher and the currents in the circuit rise to high values in the absence of a corrective
action. Therefore, the output of an open loop SPRC operating in the DCM should
not be short circuited.

(5) The proposed model is not adequate to accurately predict the large-signal re-
sponse during a step change from full load to open circuit conditions because the

converter enters those operating modes which are not analyzed in this thesis.
Closed loop operation can overcome many drawbacks of the open loop operation.

Chapter 4 presented the small-signal modeling of the converter. For this purpose
the large-signal state equations derived in chapter 3 have been linearized about a
steady-state operating point to obtain a linearized small-signal model. This model has
been used to study the small-signal dynamic behavior of the converter and to predict
the dynamic performance parameters like the control to output transfer functions,
audio-susceptibility, and output impedance transfer functions. The plot of these

transfer functions are essential for the control loop design.

A multiple feedback loop based control system was developed which uses inner

state variable feedback control loop. This kind of control is found to be very useful
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for controlling the fast dynamics of the resonant tank portion of the SPRC. It was
observed that a converter with state feedback control gives better audio-susceptibility
and output impedance performance. Following are some of the major observations of
this chapter.

(1) The dynamics of the slower, output (continuous time) section of the converter
are controlled by a complex pair of poles determined by the filter elements, which
determine the corner frequency for the -40 dB roll off point.

(2) Fast poles occurring at beat frequency, which is roughly the difference between
the operating frequency and the resonant frequency [87], govern the dynamics of the
converter for perturbation frequencies in the vicinity of the operating frequency.

(3) It was verified that the audio-susceptibility transfer function shows the same pat-
tern as the control to output transfer function [73].

(4) The loop gain T of the outer voltage loop determines the stability factor of the
converter. It must be suitably designed for a proper phase margin and bandwidth.
(5) It was observed that for lagging p.f. mode, the initial phase lag is 0° for low per-
turbation frequencies. For leading p.f. mode, it was observed that the initial phase
leads by 180°.

(6) Parameters like the output impedance and the audio-susceptibility can be con-
trolled by the state feedback gain matrix, which in turn controls the dynamics of the

resonant tank portion of the converter.

Although the analysis and results in chapter 4, have been presented for the con-
verter designed to operate in lagging power factor mode under steady-state condi-
tions, it can be modified for leading power factor mode of operation with some minor

changes.

A more convenient way of predicting the small-signal behavior of the converter is to

use a small-signal equivalent circuit model. A small-signal equivalent circuit model for
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the SPRC has been derived in chapter 5. This model is more convenient because the
various dynamic performance transfer functions (control to output transfer function
etc.) can be solved fairly easily by using the simple rules of the linear circuit theory.
This model is also capable of giving more physical insight into the converter dynamics.
To summarize chapter 5, a two-port hybrid small-signal equivalent circuit model has
been presented in this chapter. This model is derived using the discrete time domain
modeling. Two versions of this model were considered. An approximate one, in which
the sampled nature of the tank states was neglected and the analysis was done in
continuous time domain. The low frequency approximation, on which the continuous
time domain model is based, simplifies the modeling, but the results obtained are good
for low perturbation frequencies only. This model fails to predict the “dynamics” of
the converter near the switching frequency. The other, more exact, z domain model
takes into account the sampled nature of the tank states, which in fact is their true
nature in a resonant converter. The results obtained with this exact model are more
accurate. The main observations are same as those of chapter 4. However, the z
domain equivalent circuit model gives more accurate results. It was observed that
the lumped parameters of the equivalent circuit model are frequency dependent and
can be represented by transfer functions of order 3. This can be verified from (5.32),
(5.33), (5.36) and Table 5.6. The lumped parameters are of order 2, in case of series-
and parallel- resonant converters. Thus the order of the resonant tank governs the

order of the lumped parameter.

Although the equivalent circuit model derived in Chapter 5 is meant for lagging
p.f. mode of operation, it can be extended to leading p.f. mode of operation with

minor changes.

To overcome some of the disadvantages of the variable frequency operation, the

converter was operated in fixed frequency PWM mode in Chapter 6. Various op-
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erating modes for this operation have been identified. Steady-state analysis for the
predominant mode has been carried out. It is found that the converter operate in
three major modes when the capacitor ratio %’: = 1, while it operates in two major
modes (both discontinuous capacitor voltage modes) when the capacitor ratio %—: =
2. The steady-state and dynamic analysis of the predominant mode for the ratio of
%f = 1 was carried out. The large-signal analysis showed that during switch ON
conditions, the converter enters the leading p.f mode of operation before reaching the
steady-state where it is designed to operate in the lagging p.f. mode. All the tank
components are over stressed during the switch ON transients. During step change in
load 1rom half the rated load condition to quarter load condition, the converter enters
ieading p.f. mode within 30 microseconds (Fig. 6.14(a)). For the closed loop opera-
tion however, the converter stays longer in the lagging p.f. mode (50 microseconds).
During step change from half the rated load to quarter the rated load conditions, the
tank components do not experience an over stress. From the small-signal analysis it
was observed that the control to output transfer function for the FF PWM SPRC
has nearly the same pattern as the one for frequency controllo.d SPRC, obtained in
Chapter 4. The audio-susceptibility transfer function shows the same pattern as the
contrel to cutput transfer function. However, the phase plot does not show as much

lag as it did in the case of frequency controlled SPRC.

7.3 Suggestions for Future Work

Various aspects of the steady-state and dynamic analysis of the SPRC were addressed
in this thesis. Some of the topics that still need to be studied are as follows:
(1) The large-signal and small-signal analysis for ouly CCVM have been presented in

this thesis. Large and small-signal analysis for DCVM case have to be considered.
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(2) For the fixed frequency operation, in chapter 6, only two of the operating modes
have been analyzed corresponding to capacitor ratio %‘ = 1. Different operating

modes are encountered as the capacitor ratio %: is increased and the converter enters
DCVM. These modes have to be analyzed for steady-state and dynamic analysis.
(3) Closed loop models for the large-signal analysis for CCM and DCM have to be
developed.

(4) It was observed in the case of variable frequency operation that the inclusion of
an inner state variable feedback loop improves the dynamics of the converter. Effect
of such a feedback loop has to be investigated for the fixed frequency pulse-width
modulated operation of the SPRC.

(5) Experimental results for the fixed frequency control of the SPRC have to be

obtained.
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Appendix A
General Solutions for k" Event

The equations representing intervals B (ax) and A (%) are as below:

Interval B (to) <t < tyx))

Let t’ be the running variable.

iL(t') = Aip,sin(wot’) + Bip,cos(wot’) + Cys,

ves(t) = Asg,[1 — cos(wot')] + Bap, sin(wot’) + C2p, (wot')
+vcs(fo(k))

va(t) = Asp,[l — cos(wot')] + Bap,sin(wot’) + Csp, (wot')
+vet(tok))

The constants used in the above equations are defined as below:

Aig, = [E(tow)) — (ves(tok)) + var(to))l/Z

Big, = (iL(tQ(k)) + (Ce/Ci)I(tory)); Cib, = —(Ce/Ci)I(to(xy)
Azp, = Z(C./C,)AB,; Bap, = Z(C./C4)Bis,

Cag, = Z(C./C,)CiB,; Asp, = Z(C./C}) Ay,

Bsp, = Z(C./Cy)Bip,; Csp, = —Z(C./C,)Ci8,
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(A.1)

(A.2)

(A.3)

(A.4)
(A.5)
(A6
(A7
(A8

e e St




Interval A (f1(4) < t < to(41)) -

Let t” be the running variable for this interval.

iL(t") = Auasin(wot”) + Bra,cos(wot”) + Cia,

ves(t") = Aga,[1 — cus(wot”)] + Baa, sin(wot”) + Coy, (wot”)
+ves(ta(x))

va(t") = Asa,[l — cos(wot”)] + Baa, sin(wot”) + Caa, (wot”)

+'Uct(t1(k))

As before, the constants used in the above equations are defined below:

Ara, = [E(tow) = (ves(trgry) + veeltym))]/ 2

B, = (1(tir) = (Ce/C) (tory)); Cra, = (Ce/ T (torry)
Aga, = Z{Ce[C5)Ara,; Baa, = Z(Ce/C,)Bya,

Caa, = Z{C./C;)Cra,; Asa, = Z(Ce/Ci)Ara,

Bsa, = Z(C./C))Bia,; Caa, = —Z(C./Cs)Chn,

(A.9)

(A.10)

(A.11)

(A.12)
(A.13)
(A.14)
(A.15)
(A.16)

It must be pointed out that where ever the above expressions are used to denote the

steady state values, the subscript “k” is dropped.




Appendix B

Large-Signal State Equations for
CCM

The large-signal state equations representing the initial values of the (k + 1)** event
(time instant ¢,) in terms of the initial values of the (k)** event (time instant “07),

are given by

iL(to(k-H)) = AlBk-Sin(’Yk) + B1B,.cos(vk) -+ C1B,(2cos(fk) — 1) (F.1)
ves(to(ks1)) = A2B,(1 - cos(vk) + Bz, sin(vk) + Cap, (ak — Br + 2sin(Bk))
+vcs(t0(k)) (B2)

vet(togk+1)) = AaB,(1 = cos(k)) + Bap,sin(vk) + Csp,(ax - Bx)

C. ]
+2.Zz,-t-013kszn(ﬂk) + 'Uct(to(k)) (B.3)




Appendix C

A, B, C Constants for DCM

The A, B, C coeflicients for the equations representing the DCM are defined as follows:
Interval A

Asa, = (E(tory) — (ves{tany) + valtiw)))/Z (C.1)
Bia, = (inltiry) — (Ce/Ci)I(tor)); Crax = (Ce/Ci)I(tow) (C.2)
Age, = Z(Ce/C5)Ara,; Aza, = Z(Ce/Ch) Ay, (C.3)
Bya, = Z(C./Cs)Bra; Bao, = Z(C./Ci)Bia, (C.4)
Crap = Z(Ce/Cs)Chap; Csap = —Z(Co/Cy)Clia, (C.5)
Interval C,
Avey, = V(CoCO(Etogy) — vea(to(s)))/Z; Brey, = {ir(tore) (C-6)
Aseyy, = (E(tor) — ves(tor));  Baey = Z(Ce/Cy)Bhcyy; (C.7)
Asey, = Bi, = Chroyp = Choyp = Cieyp =0 (C.8)

Note that the coefficients for interval C, are same as C; except that now the values of
the initial conditions involved are given by the instantaneous value of the particular

variable at the end of interval A. Further r; = %: and r, = —Cc—f
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Appendix D

A, B, C Constants for Fixed
Frequency Operation,

Predominant Mode

The coefficients for the equations describing the predominant mode fixed frequency

pulse width modulated operation are:

A2 = *E(UCs(T%) + Ver(T2i))
Bira = g+ %I

Cirz = "%‘I

Ayrs = Z -ngsz

Byrg = 2 %B1T2

Cor: = 2 giCIT2




Bsr,
Csr2

A

Bty
Ciri
A
Bt
Cor1

Asm

Bsry

Cst
Az
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Cia
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Asa

B3a

,_Ce

V7 aBlT2
Ce
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