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ABSTRACT 

Algorithms have been created for generatmg all bmary trees with n 

nodes, all k -ary trees with n nodes all ordered trees with n nodes, and all 

ordered trees with a particular degree sequence A survey of these ordered 

tree generation algorithms 1s presented here 

Two natural ordermgs [25] are described for hstmg k-ary trees These 

ordermgs are called A-order and B-order Many algorithms already exist for 

generatmg k -ary trees m B-order, but no algorithm exists for generatmg k­

ary trees m A-order 

This thesis provides an algorithm for generatmg k-ary trees m A-order 

The algonthm 1s shown to be, on average, constant time per tree generated 

for k =2 The thesis also provides the rankmg and unrankmg algonthms 

associated with A-order 
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CHAPTER 1 

Introduction 

Many authors have commented on the importance of studymg trees 

Read [lOj stated that exammmg lists of combmatorial obJects, such as trees, 

would be useful for generatmg hypotheses about the properties of the obJects 

Proskurowsk1 [8] suggested that generation algorithms might be useful m 

creatmg random data or exhaustive data for testmg or analyzmg programs 

Arnold and Sleep [1] have suggested that the generation of balanced 

parenthesis strmgs ( which are m one to one correspondence with bmary trees 

) 1s useful to create sample test data for programmmg language error 

recovery Williamson [23] has stated that the creation of hstmg algorithms 1s 

useful m developmg an understandmg of natural ordermgs of the combma­

torial obJects bemg listed 

Much work has been done m the area of generation algorithms for 

ordered trees of size N [5,7,8,10,12,14,15,16,17,18,20,24,25,26,27] Algorithms 

have been produced which generate all bmary trees [7,8,12,14,15,18,21,27], all 

k-ary trees [16,20,25,26] and ordered trees with particular properties [17,24] 

This thesis discusses the problem of generation algorithms for ordered 

trees An algorithm for generatmg trees will mduce an ordermg on those 

trees, and thus 1t 1s of mterest to be able to define algorithms for determmmg 

the pos1t1on of a tree m the list created by the generatmg algorithm or, con­

structmg a tree with a given pos1t1on We call these algorithms rankmg and 

unrankmg algorithms respectively. 

There are many algorithms for generatmg bmary trees and smce there 1s 

a one to one correspondence between bmary trees and ordered trees, there are 

many algorithms that generate all ordered trees Some of the results have 

been extended to k -ary trees, and there are several algorithms for generatmg 

all ordered trees with a particular degree sequence This thesis will review the 

known algorithms and 1t will also add a new algorithm 
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Zaks [25], defines two natural orderings, A-order and B-order Most of 

the known algorithms generate the trees m B-order He states that, although 

there 1s an algonthm that generates bmary trees m A-order, there 1s no 

known algonthm that generates all k-ary trees m A-order This thesis will 

provide an algorithm for generatmg all k -ary trees m A-order as well as prer 

v1dmg the rankmg and unrankmg algonthms associated with A-order The 

generatmg algorithm 1s constant average time per tree generated when k =2, 

and 1t all most certamly seems to be constant average time per tree gen­

erated for any other values of k 

Most of the algonthms generate a set of combmatorial objects that 1s 

eqmvalent to the set of trees, and thus if they generate all of the com bma­

tonal obJects, they generate all of the trees Some of the objects bemg 

created mclude ballot sequences [14], bit strmgs with particular properties 

[7,8,10,12,25,26], set partitions with particular properties [21], and mteger 

sequences with certam restnct1ons [14,15,16,17,20,26,27] A review of the 

different representations used is given m chapter 2 

In chapter 3 we discuss the generatmg algonthms for ordered trees The 

tree generation algonthms discussed in this thesis fall mto three categones 

Many of the algorithms [7,8,12,14,15,18,23,27] Just generate bmary trees 

Some of the algonthms generate k-ary trees [16,21,25,26], and of course, 

bmary trees are a special case of k-ary trees Read [10] created an algorithm 

for generatmg all ordered trees, and Zaks and Richards [24] and Ruskey and 

Roelants van Barona1g1en [17] have created algorithms for generatmg all 

ordered trees with a particular degree sequence 

A new algorithm for generating all k -ary trees m A-order 1s presented m 

chapter 4 The equivalence between A-order for k -ary trees and lexicographic 

order for a certam class of mteger sequences is shown We also give alger 

nth ms for rank mg and unrankmg. 

In chapter 5 we discuss the time complexity of the generatmg, rankmg 

and unrankmg algorithms presented in chapter 4 
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Chapter 6 summarizes the work done m the area of tree generation 

mcludmg the new results given m chapter 4, and gives some d1rect1on for 

possible further study 
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CHAPTER 2 

Defimtions and Representations 

In this chapter we will discuss different representations of ordered, 

bmary and k-ary trees We will also discuss the relat1onsh1p between the 

representations and walks through a lattice with particular properties 

Definitions 

The study of tree generation algorithms requires some defimtions from 

graph theory 

Definition 2.01: A graph G consists of a fimte nonempty set V = V ( G) of 

n nodes and a set E of edges where each edge 1s an unordered pair { u , v } 

where u ,v EV Let { u ,v }EE then the edge { u ,v} 1s said to Jom the nodes 

u and v An edge { v , v } 1s called a loop 

We will assume that any reference to graphs will mean a graph G with 

no loops and no multiple edges 

Definition 2.02: A path 1s a sequence of nodes and edges 

v 0 ,e 1,v 1,e 2,v 2, ,en ,vn such that all edges are d1stmct, and the edge e, Joms 

the nodes v, _1 and v, A path 1s said to be simple 1f all of the nodes are d1s­

tmct A cycle 1s a path v 0 ,e 1,v 1,e 2,v 2, ,en ,vn such that all nodes except v 0 

and vn are d1stmct and v 0=vn 

Definition 2.03: A graph 1s said to be connected 1f there 1s at least one sim­

ple path between any node and any other node 

Definition 2.04: A free tree, 1s a connected graph with no cycles 
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Definition 2.05: A rooted tree 1s a free tree m which one node r EV 1s 

designated as the root If u ,v EV ,u f:.v and there 1s a path from u to v 

that does not mclude r , and the path from r to v mcludes the node u then 

v 1s said to be a descendant of u , u 1s also said to be an ancestor of v If u 

1s an ancestor of v and there 1s an edge Jo1mng u and v then we say that u 

1s the parent of v and that v 1s the child of u If u , v E V and u and v have 

the same parent, then we say that u and v are siblings The degree of a 

node v EV 1s the number of d1stmct children of v m T A node with degree 

zero 1s called a leaf and a node with a higher degree 1s called an internal 

node A subtree rooted at v consists of the node v and all its descendents to­

gether with their associated edges The level of a node v 1s the number of 

edges on the path between the root of the tree and the node v 

Definition 2.06: The weight of node v EV IS the number of mternal nodes 

m the subtree rooted at v 

An alternate defimtion for weight 1s that the weight of a node v 1s zero 

1f the node 1s a leaf, otherwise the weight 1s 1 plus the sum of the weights of 

all of the children of node v 

The defimtions of s1blmg, parent, child, degree, weight, leaf, mternal 

node, subtree, ancestor, descendant and level described above also apply to 

the types of trees defined below 

Definition 2.07: An ordered tree, T, is a rooted tree m which the n sub­

trees rooted at the children of the root r are numbered T 1, T 2, , Tn, and 

T 1, T 2, , Tn are each ordered trees The trees T1 ,1 <, < n are said to be the 

principle subtrees of T and T1 IS said to be to the right of T1 1f 1 > J The 

root of T
1 

is said to be a right sibling of the root of T 1 Left s1blmg is s1m1-

larly defined 

" 
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Definition 2.08: A binary tree T 1s a set of nodes V, possibly empty, such 

that, 1f V =/:-¢>, one node r EV 1s designated as the root and V - { r } 1s part1-

t1oned mto two d1sJomt subsets called the left and the right subtrees 

Definition 2.00: A full binary tree 1s a bmary tree such that all nodes have 

degree two or degree zero Full bmary trees are also called extended bmary 

trees 

Definition 2.10: A k -ary tree 1s a set of nodes V, possibly empty, such 

that, 1f V =/:-¢>, one node r EV 1s designated as the root and V -{ r } 1s part1-

t1oned mto k d1sJomt subsets V 1, V 2, , Vk , each of which 1s a k-ary tree 

V, ,1 < i < k 1s said to be the i th subtree of r V, 1s said to be to the left of 

V1 1f i < J 

Definition 2.11: A full k -ary tree 1s a k-ary tree such that any node m T 

has degree O or degree k Full k-ary trees are also called extended k-ary 

trees 

It should be noted that full k-ary trees are ordered trees m which every 

node has degree O or degree k There 1s a well known correspondence 

between k-ary trees and full k -ary trees A full k -ary tree, T, 1s equivalent 

to the k -ary tree generated by removmg all the leaves from T 

Definition 2.12: A sequence S =s 0,s 1, ,sn 1s said to be the degree se­

quence of a tree T 1f for all i, O< i < n, there are s, nodes that have degree 

i , and Sn =/:-0 

The followmg defimt1on gives a lmear ordermg on the set of all k-ary 

trees It 1s referred to as A-order. Algorithms by Knott [5] and Soloman and 

Fmkel [18] generate trees m A-order. 
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Definition 2.13. 

Given two k -ary trees T and T' , we say that T < T' if 

( 1) IT I < IT' I or 

(2) IT I = IT' I, and for some 1 <i <k we have 

(a) T1 = T1 ' for J =1,2,3, ,i -1, and 

(b) T, < T,' , 

where IT j 1s the number of mternal nodes m the tree T 

An alternative linear ordermg is given by Zaks [25] This defimt1on is 

called B-order Most of the tree generation algorithms [7,8,12,15,16,20,25] hst 

trees m B-order 

Definition 2.14: 

Given two k -ary trees T and T' , we say that T < T' if 

(1) T is empty and T' 1s not, or 

(2) T is not empty, and for some i, 1 < i < k, we have 

(a) T1 = T1 ' for J =1,2,3, ,i -1, and 

(b) T, < T,' 

Zaks [25], when definmg these ordermgs, states that no algorithm exists 

that generates k -ary trees m A-order He stated that all direct algorithms 

known at the time (16,20,25] generated k -ary trees m B-order Not all algo­

rithms generate bmary or k -ary trees m either A-order or B-order Algo­

rithms by Zerhng (27], and Rotem and Varol (14] generate bmary trees and 

Zaks algorithm (26] generates k-ary t rees m some order d1stmct from A-order 

or B-order 

Almost all of the generation algorithms generate sequences, m lex1co­

graph1c order, that represent trees, and thus 1t 1s necessary to define what 1s 

meant by a lex1cograph1c ordermg of sequences 
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Definition 2.15: Given two sequences of mtegers, S =s 1,s 2, ,sn and 

S' =s 1' ,s 2' , ,sm' , we say that S < S' m lexicographic order 1f 

i , 1 < i < mm ( m , n ) 1s the smallest mteger such that s 1 =s 1 ' for all 

1<1<i ands,<s,' ori=n<m ands1 =s1 ' forall1<i 

Although this defimt1on describes lex1cograph1c order for most of the 

sequence representations used m the tree generation algorithms, Rotem and 

Varol [14] define lex1cograph1c ordermg by makmg the item that occurs last 

m the sequence the most s1gmficant item As an example, the sequence 1,2,3,4 

> 1,1,4,4 accordmg to defimt1on 2 15, but 1,2,3,4 < 1,1,4,4 accordmg to the 

order described by Rotem and Varol 

Now that we have defined what 1s meant by an ordermg on a set of trees 

we can give a more formal defimt10n of the rank of a tree 

Definition 2.16: Let < be an ordermg on a set of trees The rank of a tree 

T 1s the number of d1stmct trees T' such that T' < T and 

IT I= IT' I 

Representations 

The most trad1t1onal representation used 1s the lmked representation 

[18] A bmary tree 1s represented by a node that has two hnks, a left lmk and 

a right lmk 

Other representations used m the generation algorithms are set part1-

t1ons, bit sequences, or mteger sequences The first algorithm written to gen­

erate bmary trees used set part1t1ons as the representation 

Set partitions 

Wells [21] represents full bmary trees with n mternal nodes by part1-

t1ons of the set { 0,1,2, ,2n-1} with the follow mg properties 
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Let Vi, V 2, , Vr be a part1t1on of the set 

{0,1,2, ,2n -1 }, then the set part1t1on represents a full bmary 1f 

(1) V, C {0,2,4, 2n-2} or V, C {1,3,5, ,2n-1} 

for all i , 1 < i < r , and 

(2) that there 1s no pair of subsets V, and V1 such that there 

exists values v 1,v 2,v 3 ,v 4, 

v 1,v 2E V, and v 3,v 4E V1 and 

v1>v 3>v 2>v 4, and 

(3) r 1s the smallest mteger such that the first two cond1t1ons are 

true 

To obtam such a set part1t1on from a full bmary tree, edges are labeled 

such that left fallmg lmks are labeled with even numbers and nght fallmg 

!mks are labeled with odd numbers The order defined for labeling the edges 

1s not m common use The follow mg algonthm desert bes how to label the 

edges 



Algorithm 2.01 

procedure label(tree) 

if tree =/:- leaf then 

m1t1ahze stack 

label left edge with a 0 

push(tree) 

tree+- left(tree) 

C +- 1 

while not empty do 

- 10 -

if tree = leaf then 

pop(tree) 

else 

push(tree) 

if odd( c ) then 

else 

label nght edge with c 

tree +- nght(tree) 

label left edge with c 

tree +- left( tree) 

c+-c+l 

The labels 0,1,2, ,2n -1 are used The set of mtegers {0,1,2, ,2n -1} 1s split 

mto partitions usmg the following eqmvalence relation· Let u 1 and v 1 be 

nodes mc1dent with the edge e 1, and let u 2 and v 2 be nodes mc1dent with 

e 2, then e 1 = e 2 if and only if there 1s a path through the nodes u 1, v 1, u 2, v 2, 

m any order, such that all of the edges on that path are either all left lmks or 

all nght lmks It can be observed that this relation will not group any odd 

numbers with any even numbers 
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Figure 2 01 

The bmary tree represented by the set part1t1on { {0} {1,5} {2,4} {3} } 

1 {0,2,4} {1} {3} {5} 

2 {0,4} {1,3} {2} {5} 

3 {0,2} {1} {3,5} {4} 

4 {0} {1,5} {2,4} {3} 

5 {0} {1,3,5} {2} { 4} 

Figure 2 02 

The set part1t1ons for all full binary trees with 3 mternal nodes 

This representation takes O ( n 2) space Most algonthms either reqmre O ( n ) 

or O ( n log n ) space This representation 1s not used by any other authors 

The most common representation is the preorder bit sequence representation 
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1 101010100 1,3,5,7 8 110100100 1,2,4,7 

2 101011000 1,3,5,6 g 110101000 1,2,4,6 

3 101100100 1,3,4,7 10· 110110000 1,2,4,5 

4 101101000 1,3,4,6 11 111000100 1,2,3,7 

5 101110000 1,3,4,5 12 111001000 1,2,3,6 

6 110010100 1,2,5,7 13 111010000 1,2,3,5 

7 110011000 1,2,5,6 14 111100000 1,2,3,4 

Figure 2 04 

A table of the preorder bit sequences, m lex1cograph1c order, and the 

position sequences m reverse lex1cograph1c order, representmg all 

bmary trees with 4 mternal nodes 

A slight variation of this representation occurs m Zaks [26] where the 

labels are listed m postorder The conditions for a postorder bit sequence to 

represent a k-ary tree a similar to those described above Agam, Zaks 

translates the bit sequence to a sequence of positions 

Read [10] also uses bit sequences but his bit codes represent ordered 

trees A bit code 1s generated by traversmg the ordered tree m preorder and 

wntmg a zero every time an edge is traversed m a d1rect1on away from the 

root and writmg a one every time an edge 1s traversed m a d1rect1on toward 

the root This correspondence between the bit codes and ordered trees was 

proven by De Bru1Jn and Morselt [3] They showed that a bit code 
2n 

S =s 1,s 2, ,s 2n represents an ordered tree 1f and only 1f I: s1 =n and 
1=1 

"t 2s, <J for all J <2n 
1=1 
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Figure 2 05 

An ordered tree represented by the bit code 0100101101 

1 00001111 8 00110011 

2 00010111 g 00110101 

3 00011011 10 01000111 

4 00011101 11 01001011 

5 00100111 12 01001101 

6 00101011 13 01010011 

7 00101101 14 01010101 

Figure 2 06 

A hst of the bit codes representmg all ordered trees with five nodes 

The algorithms of Ruskey and Roelants van Barona1g1en [17] and Zaks 

[24] use another mteger sequence to represent ordered trees Instead of label­

mg each mternal node with a 1, each internal node 1s labeled with its degree 
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Preorder enumeration of degrees 

A sequence S is a preorder enumeration of degrees if there 1s an ordered 

tree such that if you labeled each node with its degree, and then read the 

labels off m preorder, you would obtam the sequence S A sequence 

S =s 1,s 2, ,sN is a preorder enumeration of degrees if and only 1f 

E s1 =N-1 and t s1 > J for all J <N The correspondence was shown by 
1=1 1=1 

Zaks and Richards [24] although they agam left the last zero off of the end of 

their sequence The algorithm of Ruskey and Roelants van Baronaigien also 

drops the last zero from the representation This is done because the last ele­

ment m any preorder enumeration of degrees will be an element that 

represents a leaf 

5 

Figure 2 07 

An ordered tree with degree sequence 5,0,2,1 and represented by the 

preorder enumeration of degrees 3,0,2,0,0,2,0,0 
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1 2,0,2,o,3,o,o,o 8 2,2,3,0,0,0,0,0 15 3,0,2,0,0,2,0,0 

2 2,0,2,3,0,0,0,0 9 2,3,0,0,0,2,0,0 16 3,0,2,0,2,0,0,0 

3 2,0,3,0,0,2,0,0 10· 2,3,0,0,2,0,0,0 17 3,0,2,2,0,0,0,0 

4 2,0,3,0,2,0,0,0 11 2,3,0,2,0,0,0,0 18 3,2,0,0,0,2,0,0 

5 2,0,3,2,0,0,0,0 12 2,3,2,0,0,0,0,0 19 3,2,0,0,2,0,0,0 
6 2,2,0,0,3,0,0,0 13 3,0,0,2,0,2,0,0 20 3,2,0,2,0,0,0,0 

7 2,2,0,3,0,0,0,0 14 3,0,0,2,2,0,0,0 21 3,2,2,0,0,0,0,0 

Figure 2 08 

The preorder enumerations of degrees representing all ordered trees with 

degree sequence (5,0,2,1) 

Standish [19] gives another method of representmg trees, similar to the 

preorder enumeration of degrees This method mvolves labelmg each node 

with its -weight and then enumeratmg the labels m preorder This representa­

tion has not been used m any of the known algorithms Standish does not 

prove the equivalence between these sequences and ordered trees This will be 

done m chapter 4 

Another common representation [5,14,20] mvolves labelmg the nodes m 

one order and then enumeratmg the labels m a different order 

Integer sequences 

Knott [5], uses a representation that mvolves labelmg the nodes m 

morder and then enumeratmg them in preorder. He defines this representa­

tion as a tree permutations Let S =s 1,s 2, ,sn be a sequence and let J =s 1 

then S is a tree permutation if and only if the subsequence s 2,s 3, ,s1 is a 

tree permutation, the subsequence s1 +1-s 1,s1 +2-s 1, ,sn -s 1 is a tree permu­

tation, s1 <s 1 for all i, I<i <1 and s1 >s 1 for all i, J <i <n 
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Rotem and Varol [14] go further After havmg generated an m1t1al 

sequence, S =s 1,s 2, ,sn by labelmg the nodes of the bmary tree m morder 

and enumeratmg them m preorder, they then translate S mto a ballot 

sequence S I as follows Let s 1 = i then s, 1 1s the number of elements m 

the subsequence s 1 +l ,s 1 +2, ,sn that are greater than i 

This construction guarantees that the sequence S 1 1s m descend mg 

order Rotem and Varol [14] show that there 1s a one to one correspondence 

between ballot sequences and bmary trees 

Figure 2 09 

The bmary tree with 4 nodes that 1s represented by the ballot sequence 

2,1,0,0 and tree permutation 4,1,2,3 

Tr0Janowsk1's representation differs slightly from the two previous 

representations Tr0Janowsk1 labels the nodes m preorder and then 

enumerates them m morder TroJanowskI then created a set of sequences 

P( n) P( n ) 1s defined recursively as follows 
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(1) P(l) = 1 

(2) if n >1 then S =s 1,s 2, ,sn E P(n) 

1f and only 1f there exists a J , 1 < J < n such that the subsequence 

s 1,s 2, ,s1 _1,s1 +1, ,snEP(n-l)ands1 =n andSk=n-ltmpltes 

J >k-1 

These two cond1t1ons are eqmvalent to statmg that 1f S =s 1,s 2, ,sn then 1f 

there 1s ans, >s, ,, <J such that there 1s an sk <s1 ,i <k <J then S 1s not 

an element of P( n) He then describes a recursive, "direct msert1on" order 

for the sequences m P( n) and proves that the set P( n ) 1s equivalent to the 

set of bmary trees with n nodes 

Figure 2 10 

The bmary tree with 4 nodes that 1s represented by 2,1,4,3 m P(4) 

Although no generation algorithm is given by Knott [5], the ordermg 

mduced by Knott's tree permutations, and the ordermgs mduced by 

Tr0Janowsk1's [20] P( n) and Rotem and Varol's [14] ballot sequences are all 

based on the same 1mtial representation method, and yet they list the bmary 

trees m different orders 
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TroJanowski[20] Rotem[14] Knott[5] 

1 1,2,3,4 3,2,1,0 1,2,3,4 

2 1,2,4,3 3,2,0,0 1,2,4,3 

3 1,3,2,4 3,1,1,0 1,3,2,4 

4 1,3,4,2 3,1,0,0 1,4,2,3 

5 1,4,3,2 3,0,0,0 1,4,3,2 

6 2,1,3,4 2,2,1,0 2,1,3,4 

7 2,1,4,3 2,2,0,0 2,1,4,3 

8 2,3,1,4 2,1,1,0 3,1,2,4 
g 2,3,4,1 2,1,0,0 4,1,2,3 

10 2,4,3,1 2,0,0,0 4,1,3,2 

11 3,2,1,4 1,1,1,0 3,2,1,4 

12 3,2,4,1 1,1,0,0 4,2,1,3 

13 3,4,2,1 1,0,0,0 4,3,1,2 

14 4,3,2,1 o,o,o,o 4,3,2,1 

Figure 2 11 

All sequences m P(4), all 4 element ballot sequences and all tree 

permutations The sequences m P(4) are m lexicographic order 

It 1s easy to see that the ordermgs of Tr0Janowsk1 [20] and Knott [5] are 

different Smee Rotem and Varol [14] defined lexicographic by statmg that 

the element that occurred last in the ballot sequence was the most 

sigmficant, clearly Rotem and Varol generated trees m an order different 

from TroJanowski 

It should be noted that although the ballot sequences used by Rotem 

and Varol [14] are generated from t he sequences used by Knott [5], they 

could Just as easily been derived from the sequences used by TroJanowski 

[20] If S =s 1,s 2, , sn is an element of P( n ) then the sequence 
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S' =s 1
1 ,s i' , ,sn' , where s,' 1s the number of elements of S that occur 

after pos1t1on i that are greater than the element rn pos1t1on i , 1s a ballot 

sequence 

All of the precedmg representations were based on either a preorder or 

an rnorder labeling of all the nodes or of all the edges The followrng 

representations do not label all of the nodes of a tree 

Feasible sequences 

The algorithms by Ruskey and Hu [15] and Ruskey [16] use a feasible 

sequence representation of extended brnary and k-ary trees This representa­

tion differs from the precedrng ones m that 1t 1s not based on labeling either 

all edges or all nodes A feasible sequence 1s any sequence generated by label­

mg every leaf m a full k-ary tree T with its level and then enumeratmg the 

labels from left to right 

Ruskey and Hu [15] shows that 1f a sequence S =s 1,s 2, sN is feasible 
N 

then E 2-s
• =1 Ruskey [16] proves an similar formula for k-ary trees 

r=l 

Let S =s 1,s 2, ,sN be a sequence where J 1s the smallest rnteger such 

that s 
1 

_1=s 1 , Ruskey and Hu [15] define a reduction from the left (for 

bmary trees) as the replacement of the the pair s 1 _1,s 1 with the srngle 

mteger s
1 
-1 A reduction from the right 1s defined similarly Ruskey [16] 

defines reduction from the left and right for k-ary trees as well 

The authors [15,16] show that a sequence 1s feasible 1f and only 1f a 

series of reductions from the left reduce the ongmal sequence to the srngle 

mteger 0 
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Figure 2 12 

The 3-ary tree with seven leaves represented by the feasible sequence 

2,2,3,3,3,1,1 

1 1,1,2,2,3,3,3 7 1,3,3,3,2,2,1 

2 1,1,2,3,3,3,2 8 2,2,2,1,2,2,2 

3 1,1,3,3,3,2,2 g 2,2,2,2,2,2,1 

4 1,2,2,2,2,2,2 10 2,2,3,3,3,1,1 

5 1,2,2,3,3,3,1 11 2,3,3,3,2,1,1 

6 1,2,3,3,3,2,1 12 3,3,3,2,2,1,1 

Figure 2 13 

A list of the sequences representmg all 3-ary trees with seven leaves 

The last representation discussed m this chapter 1s a representation 

based on tree rotations 

Code words 

Zerhng [27] uses code words to represent bmary trees The mtegers m 

the code word descn be how to construct the bmary tree from a bmary tree 

that 1s structured such that no node has a right child The mteger code 
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represents the number of smgle nght rotations to perform on any given sub­

tree 

Figure 2 14 

A smgle nght rotation 

A bmary tree with n nodes would be represented by a sequence of 
n-1 

mtegers sn _1 ,sn _2, ,s 1 where :E s, < n -1 If you label the nodes m the m1-
1 =l 

tial bmary tree m preorder, then each s, represents the number of smgle 

right rotations to perform on the subtree rooted at node i 

Zerlmg [27] shows the correspondence between his code words of length 

n-1 and bmary trees with n nodes He then goes on to prove that a 

sequence S=sn_1,sn_2, s 1 1s a vahd code word 1f for i=n-1,n-2, ,1, 
n-1 

O<s, <n-i- :E s1 
J=•+l 
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Figure 2 15 

The bmary tree with four nodes represented by the code word 0,1,1 

1 0,0,0 8 0,2,0 

2 0,0,1 g 0,2,1 

3 0,0,2 10- 1,0,0 

4 0,0,3 11 1,0,1 

5 0,1,0 12 1,0,2 

6 0,1,1 13 1,1,0 

7 0,1,2 14 1,1,1 

Figure 2 16 

A hst of the code words representmg all bmary trees with four nodes 

hsted m lexicographic order 

Lattice Paths 

Let S =s 0 ,s 1, ,sn, be a degree sequence for some collection of trees 

Let k, =J where s1 1s the i +1st non zero entry m S Let 
t 

L ={(x 0,x 1, ,xt) x, >o mtegers,x 0> ~ (k, -l)x,} If we consider walks 
l=l 
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along the lattice L that are restricted to movmg toward the origm, then 

these walks along the lattice path are m one to one correspondence to some 

of the tree representations given earlier m this chapter 

In the case of k-ary trees, the above formula for the lattice simplifies to 

L ={(x 0,x 1) x 0 ,x 1>0 mtegers,x 0 >(k - l)x 1} Ruskey [16] shows that his 

feasible sequence representation of k-ary trees is m one to one correspon­

dence with walks m the the lattice L 

Zaks and Richards [24] also show that their representation of ordered 

trees with a particular degree sequence is eqmvalent to walks m the lattice 

L The representat10n used by Ruskey and Roelants van Baronaigien [17] is 

the same as the one used by Zaks and Richards [24] 

Figure 2 17 

The lattice path correspondmg to the ordered tree with preorder 

enumeration of degrees 3,2,0 ,0,0,3,0,0,0 
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Zaks [26] also show that the bit sequence representation of k-ary trees 1s 

m one to one correspondence to walks through a lattice Although Zaks [26] 

used a postorder traversal for his representation, the preorder bit sequences 

used by Proskurowsk1 [7], Proskurowski and La1man [8], Read [12] and Zaks 

[25] are also equivalent to walks on a lattice 

To go from a preorder bit sequence S =s 1,s 2, ,snk to a walk through 

the lattice L , each step would be from (x 0,x 1) to (x 0-(1-s, ),x 1-s
1

) for 

i =1,2,3, ,kn The last step, smce the trallmg zero 1s left off m some of the 

bit sequences, would be (1,0) to (0,0) It 1s easily seen how one would go from 

the lattice path to the preorder bit sequence 

The representations used by Knott [5], Tr0Janowsk1 [20] and Rotem and 

Varol [14] are also m one to one correspondence to walks on the lattice L 

The representation of Rotem and Varol [14] can be translated mto a lattice 

path as follows Let S =s 1,s 2, ,sn be a ballot sequence, then the lattice 

path described by the ballot sequence S is 

( n ,n )-+( n ,s 1)--+(n -1,s 1)--+( n -1,s 2)--+ -+(1,sn-i)-+(1,sn )-+(0,0) Agam, 

1t 1s simple to determme the ballot sequence from the lattice path 

As described earlier, the representations used by Tr0Janowsk1 [20] and 

Knott [5] can be translated mto the one used by Rotem and Varol [14] and 

thus those representations are m one to one correspondence to walks through 

the lattice L 

Zerhng [27] shows that his representation 1s also equivalent to walks 

through the lattice path L . Let S =s 1,s 2, , sn-l be a code word Let 

tn =0, we define t1 =t1 +i+s1 for J =n -1,n-2, ,2,1 The lattice path 

defined by the code word S is 

( n ,n )-+(n ,t i)-+(n -1,t 1)--+(n-1,t 2)--+ -+(1,tn-i)-+(1,tn )-+(0,0) This 

defimt1on 1s very similar to the one used to describe the lattice path gen­

erated from Rotem and Varol's [14] representation The code word 1s easily 

determmed from the lattice path 
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CHAPTER 3 

Tree Generation Algorithms 

Introduction 

There have been many algorithms developed for generatmg bmary trees 

(5,7,12,14,15,18,21,25,27] Some of the algorithms have been extended to k­

ary trees (16,20,25,26] Read's algorithm (10] generates ordered trees Two 

algorithms have been developed to generate all ordered trees with a particu­

lar degree sequence[17,24] 

Representation 

All but one of the algorithms presented here represent the tree as a 

sequence of some type Each algorithm, thus, generates trees m some order 

that 1s affected by the representation Algorithms by Proskurowski [7], 

Proskurowsk1 and La1man [8], Read [12], Ruskey and Hu [15], Ruskey [16], 

TroJanowski [20], and Zaks (25] generate trees m B-order Most of these algo­

rithms generate bit sequences which are m one to one correspondence with 

the trees that they represent Ruskey and Hu [15] and Ruskey [16] represent 

trees with feasible sequences Zaks [25] shows that lex1cograph1c order for the 

sequences generated by the algori t hms m [15,20,25], even though the 

representations are not the same, mduces the same order on the trees that 

these sequences represent 

The other natural ordermg defined by Zaks [25] 1s A-order Only the 

lmked representation generation algorit hm of Solomon and Fmkel [18] actu­

ally creates bmary trees m this order. 

Other representations used m the generation algorithms mclude set par­

t1t1ons (21], ballot sequences [14], position sequences [26], and code words [27] 
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These algorithms do not generate the trees m either natural ordermg 

Generation Algorithms 

The algorithms of Solomon and Fmkel [18] and Wells [21] are both 

based on the followmg recurrence relation for catalan numbers (the number 

of bmary trees with n nodes) 

n 

en +1= E c, *Cn-1 
1=0 

C 0=1 

The first bmary tree generated by Solomon and Fmkel is a bmary tree 

such that the left child of every mternal node is a leaf The last tree is a 

bmary tree such that the right subtree of every mternal node is a leaf The 

followmg recursive procedure describes the algorithm 
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Algorithm 3 01 

procedure next( tree) 

if the right subtree is the last of its size then 

else 

n_nght +- number of mternal nodes m right subtree 

if the left subtree is the last of its size then 

else 

if n_nght =0 then 

else 

no more trees 

n_lef t +- number of mternal nodes m left subtree 

left subtree +- first tree with n_lef t +I mternal nodes 

right subtree +- first tree with n_nght-1 mternal nodes 

right subtree +- first tree with n_nght mternal nodes 

next( left subtree of tree ) 

next( right subtree of tree ) 

Solomon and Fmkel also show that their algorithm runs m O ( n) time 

per tree. The proof 1s based on the fact that there are no loops m the pro­

cedure, and thus the procedure, excludmg recursive calls and the time taken 

to create new subtrees with n_lef t or n_nght mternal nodes, takes constant 

time The time taken to create the new subtrees would sum to a maximum of 

0 (n ), regardless of the number of recursive calls The maximum number of 

calls of next that could result from the origmal call of next would be n , and 

thus, it would take O ( n ) time to determme the next tree 

The algorithm of Solomon and Fmkel is faster than the algorithm by 

Wells, but it has an even more important advantage The Solomon and 

Fmkel algorithm does not require that representations of precedmg trees be 

stored Their algorithm generates t he next tree from the current tree Wells' 

algorithm, which generates all extent ed binary trees, requires that all trees 

with less than n mternal node be creat ed before the algorithm can create the 
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trees with n mternal nodes The problem with havmg to store precedmg 

trees 1s that the number of trees grows exponentially 

A number of algonthms [7,8,10,12,25,26] represent extended bmary trees 

as bit sequences The algorithm of Proskurowsk1 and La1man [8] 1s based on 

this representation The first bmary tree generated by their algonthm 1s a 

tree such that the left subtree of every mternal node 1s a leaf This tree 1s 

represented by the sequence 1,0,1,0,1,0, ,1,0,0 The followmg procedure gen­

erates the next sequence The vanable tree 1s the preorder bit sequence 

representmg the current bmary tree The global variable last denotes the 

pos1t1on of the last element of the sequence that 1s a 1 There are n internal 

nodes m the bmary tree 

Algorithm 3.02 

procedure next 

w +- 0 

1 +- last 

while tree, =1 do 

tree,+- 0 

w+-w+l 

1+-1-l 

tree, +- 1 

if 1 = 0 then 

no more trees 

else if w > 1 then 

else 

for 1 +- 1,2, ,w-1 do 

tree 2(n-i )+ 1+-1 

last +- 2n - 1 

last +- 1 
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The authors of the paper mamtam that their algorithm generates all 

bmary trees with n mternal nodes m time proportional to the number of 

bmary trees with n mternal nodes The authors prove their claim by 

develop mg a chargmg scheme as follows 

The amount of work done by algorithm 3 02 1s clearly proportional to 

the variable w If w > 1 then m each of the precedmg w-1 calls, the amount 

of work done would be proportional to 1 If we d1v1de the cost of the current 

call up between the current call and the precedmg w-1 calls, we end up with 

an average cost per call of 2 Thus the algorithm 1s on average, constant time 

per tree generated 

With some changes, the algorithm of Proskurowsk1 and La1man can be 

modified to generate all k-ary trees with n mternal nodes If they had substi­

tuted k(n-i )+1 for 2(n-i )+1 and k(n-1)+1 for 2n-1 then the algorithm 

would have generated all k -ary trees with n mternal nodes 

Read [12], and Zaks [25,26] give algorithms that generate bmary trees 

(or k-ary trees) by producmg a series of bit strmgs that represent the bmary 

trees Zaks [26] translates the bit sequence to a pos1t1on sequence All of these 

algorithms, hke the one by Proskurowsh and La1man [8] generate the next 

sequence from the current sequence. Read's algorithm takes O ( n ) per tree 

generated Both algorithms by Zaks are, on average, 0 (I) per tree generated 

Proskurowsk1 [7] uses the same bit sequence representation but his algo­

rithm generates all the bmary trees on n mternal nodes by perf ormmg an 

augmentmg operation on all the bmary trees with n -I mternal nodes His 

algorithm 1s recursive and does not need to store the trees with fewer mternal 

nodes His algorithm 1s also, on average, constant time per tree generated 

Read [10] also uses bit codes for his representation Read's algonthm, 

however, generates all ordered trees. Read's paper defines an orderly algo­

rithm as an algorithm that produces the canomcal representations of all items 

of size n, m some specified order, from the list of canomcal representations of 

all items of size n -1. 
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Read goes on to descnbe three conditions that must be satisfied 1f an 

algorithm is orderly Given the existence of a hst ordermg <, the first condi­

tion is that all possible configurations of items of size n can be generated by 

augmentmg some configuration of size n -1 The second condition 1s that the 

augmentmg operation be such that if X and Y are configurations of size 

n-1 and X' is derived from X and Y' is derived from Y, and X < Y 

then X' < Y' The last condition is that the augmentmg operation must 

produce the elements m the order defined by < 

As an example, he gives an orderly algonthm for generatmg all ordered 

trees with n mternal nodes The bit code tree represents the ordered tree 

tree O 1s mitiahzed to zero The procedure call augment(l) will generate all bit 

codes with 2n elements The algorithm is as follows 

Algorithm 3.03 

procedure augment( a) 
if a =n then 

wntetree 

else 

i +-2a -2 

tree 2a +-1 

tree 2a_1+-1 

while tree, =1 do 

i +-i -1 

i+-i+l 

tree, +-0 

for J +-i +1,i +2, ,2a 

augment( a + 1) 
tree 1 +-0 

tree 
1 

_1 +-1 
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Although Read did not show that his algorithm was O (1) per tree gen­

erated, his algorithm satisfies the cond1t1ons specified m a paper by Ruskey 

and Roel ants van Barona1g1en [17] for a backtrackmg algorithm to be O (1 ), 
and thus Read's algorithm 1s on average, 0 (1) per tree generated 

In Ruskey and Roelants van Barona1g1en's [17] paper they present an 

algorithm for generatmg all ordered trees with a particular degree sequence 

Zaks and Richards [24] also presented an algorithm to generate all ordered 

trees with a particular degree sequence Both algorithms represent the trees 

with a preorder enumerations of degrees 

Ruskey and Roelants van Barona1g1en [17] describe a general backtrack­

mg algorithm for the generation of combmatorial obJects If the algorithm 

satisfies certam conditions, 1t 1s O (1) per obJect generated As an example of 

such an algorithm, Ruskey and Roelants van Barona1g1en produce an algo­

rithm that generates all ordered trees with a particular degree sequence. The 

variable head 1s a pomter to a linked list that contams the degree sequence of 

the tree to be created The functions next and data are standard linked list 

operations The procedure delete reduces the number of nodes of degree 

data(next(p)) by 1. The procedure insert restores the linked list to how 1t was 

before the call of delete(p) The algorithm 1s as follows 
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Algorithm 3.04 

procedure bmldtree(mm,max) 

if next(head) = ml then 

prmttree 

else 

for i +-max ,max-1, ,mm do 
p +- head 

p 1 +- next(head) 

while pl < > ml do 

tree, +- data(p 1) 
delete(p) 

bu1ldt ree(1 + 1, max + tree, ) 

msert(p,pl) 

tree,+- 0 

p +- pl 

pl +- next{pl) 

The algorithm of Ruskey and Roelants van Barona1g1en 1s O (1) per tree 

generated Zaks and Richards [24] algorithm is O (n) per tree generated, 

where n is the total number of nodes 111 the tree and their algorithm is more 

complicated 

Several algonthms [14,20] are based on the mteger sequence representa­

tion They represent bmary trees by labelmg nodes 111 one order and readmg 

off the labels m a different order. These authors use preorder and morder 

TroJanowski develops an m-morder enumeration for k-ary trees where the 

first m subtrees are visited, the root is written and then the remammg sub­

trees are vISited 

Rotem [13] show that there is a correspondence between ballot sequences 

and bmary trees To derive a ballot sequence from a bmary tree, Rotem and 

H 
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Varol translate the sequence generated by labelmg the nodes m morder and 

readmg them m preorder, S =s 1,s 2, ,sn , mto a ballot sequences by lettmg 

S 1 =s 1' ,s 2' , ,sn I where S.' 1s the number of elements of S after the 

element i that are greater than i 

The algorithm presented here generates all ballot sequences with n ele­

ments The first ballot sequence 1s a strmg of n zeroes The procedure next 

will translate the current ballot sequence mto the next ballot sequence 

Algorithm 3.05 

procedure next 

treem +-treem + 1 

if treem > n-m then 

repeat 

m +-m +1 
if m ~n then 

treem +-treem + 1 

until m =n or treem < n - m 

if m =n then 

no more sequences 

else 

for i +--1,2, ,m-1 

tree, +-treem 

m+-1 

Of the algorithms known at the time, Rotem and Varol [14] mamtam 

that their algorithm was superior since they could generate a sequence of con­

secutive ballot sequences without having to generate all of them Rotem and 

Varol did not analyse their algorithm but it is, on average, 0 (1) per tree 

generated as we will now show 
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Theorem 3.01: The algorithm of Rotem and Varol 1s average constant time 

per tree generated 

Proof For any given call of the procedure next, the amount of work 

done by the procedure must be proportional to m. The amount of work 

done, m generatmg all the bmary trees, by the procedure next would be pro­
n 

port1onal to E, 7{i) where 7{,) 1s the number of sequences where i 1s the 
1 = 1 

largest number such that s1 was changed 

Let S =s 1,s 2, ,sn be a ballot sequence representmg a bmary tree Any 

subsequence Sm + 1,sm +2, ,sn 1s also a ballot sequence and 1t represents a 

bmary tree with n -m nodes Smee there are en -m bmary trees with n -m 

nodes, there must be en -m ballot sequences with n -m elements It follows 

then that 7{i )=en_, +1-en_, 

Thus the time taken to generate all trees with n nodes would be 
n 

T ( n )=c Et ( cn-1 +1-Cn-1) 
1=1 

n 

T (n )=c E J ( cn-1 +i-en-1) 
1=1 

n 

=c E (Cn-,+1-Cn _, )+cT(n-1) 
1=1 

n 

=c~C1 

1=1 
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n-1 
and, smce en> :E e, for all n >2, and the average amount of work per tree 

l=l 

would be c T ( n )/ en , the generation algorithm is, on average, 0 (1) per tree 

generated ■ 

TroJanowski's [20] algorithm for generatmg bmary trees is also, on aver­

age, 0 (1) per tree generated 

Ruskey and Hu [15] developed an algorithm for generatmg extended 

bmary trees Their algorithm was based on a feasible sequence representa­

tion A necessary condition for a sequence S =s 1,s 2, ,sn +l to be feasible is 
n +l 

that :E 2-s, =1 The feasible sequence is created by labelmg each leaf with 
1=1 

its level and then readmg off the labels from left to right 

Ruskey [16] extended the results of Ruskey and Hu [15] so that the algo­

rithm would generate all extended k-ary trees Both the algorithm of Ruskey 

[16] and Ruskey and Hu [15] generate trees m B-order. The representation 

used by Ruskey was the same as the one used by Ruskey and Hu The first 

tree generated by Ruskey's algorithm is a k-ary tree such that all but the 

right most child of any mternal node is a leaf That tree is represented by the 

sequence {l}k-1,{2}k-1, , {n-l}k-1,{n}k 
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Algorithm 3.06 

procedure next 

k+-N 

R +-0 

r +-0 

I +-0 

while ak-t +I<> ak do 

k +-k-1 

if k =t then 

no more trees 

else 

if k +R +t-1 <N then 

while ak+R+t-i=ak-r-1 and k+R +t-l<N do 

R +-R +t-1 

r +-r +1 

for i +-1,2, ,t do 

ak-1 +-ak-t +1 

ak +-ak -r -1 

for, +-k+l,k+2, .,N-R-1 do 

a1 +-a1+R 

for , +-0,1, ,r-1 do 

for J +-0,1 , ,t-2 do 

aN-R +l +J +-aN+' +1 

I+-I+t-1 

Ruskey's algorithm is, on average, 0 (k) per tree generated The time 

complexity of Ruskey and Hu's algori t hm is O (1) 
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Zerlmg's algonthm [27] is based on a representat10n that ts not m com­

mon use His algorithm generates all possible code words for bmary trees 

These code words describe how to convert a left hnear tree, a bmary tree 

such that all mternal nodes have empty nght subtrees, mto the bmary tree 

If we were to label the left lmear tree m preorder, the code word 

S =s 1,s 2, ,sn-l would be such that s, would denote the number of smgle 

nght rotations to perform on node n -i 

The algonthm 1s a recursive backtrackmg algonthm and it generates all 

the code words m mcreasmg lexicographic order The array tree contains the 

code word The element tn must be mit,ahzed to zero A call of generate(n-

1} will hst all of the code words for the bmary trees with n nodes The pro­

cedure generate is as follows 

Algorithm 3.07 

procedure generate(k) 

unfolds +--0 

max+--nodes -k-tk +l 

while unfolds <max do 

treek +--unfolds 

tk +--tk +1+treek 

unfolds +--unfolds+ 1 

if k =1 then 

output_tree 

else 

generate(k-1) 

Zerhng shows that his algonthm is, on average, 0 (1) per sequence gen­

erated 

Most of the recent algonthms t hat have been created are constant time 

per tree generated All but one, t he algorithm of Solomon and Fmkel [18], 

generate sequences that are equivalent to the class of trees which the 
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algonthm 1s trymg to generate 

Author ordermg time space Representation 

complexity complexity type 

Proskurowski [7] B-order 0(1) 0(n) bit 

Proskurowski 

and La1man [8] B-order 0(1) 0(n) bit 

Read [12] B-order 0(n) 0(n) bit 

Rotem 

and Varol [14] neither 0(1) 0(n) ballot 

Ruskey 

and Hu [15] B-order 0(1) 0(n) feasible 

Solomon 

and Fmkel [18] A-order 0(n) 0(n) linked 

TroJanowski [20] B-order 0(1) 0(n) permutations 

Wells [21] neither O(en) O(en) set part1t1ons 

Zaks [25] B-order 0 (1) 0(n) pos1t1on 

Zaks [26] neither 0 (1) 0(n) bit 

Zerlmg [27] neither 0 (1) 0(n) code words 

Figure 3 01 
Authors, the generation order and complexity of their algonthm 
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The above table compares algorithms that generate bmary trees or k­

ary trees where k =2 The table references each algorithm by author, and 

specifies for each algorithm, the order that the trees are generated m, and the 

time and space complexity of the algorithm 

Ranking and Unranking 

The precedmg generation algorithms define an ordering on the trees A 

rankmg algorithm takes a tree and determmes which pos1t1on that tree would 

occur m m the hst of all trees of its size The unrankmg algorithm takes an 

mteger N and determmes the tree that would occur N -th m a hst of trees of 

its size These algorithms are useful for generatmg random trees for use when 

testmg programs Similar to generatmg algorithms, rankmg and unrankmg 

algorithms also give mformat1on about the structure and properties of the 

trees 

There 1s very little difference between the rankmg algorithms produced 

by different authors[5,8,14,15,16,18,20,24,25,26] The general format 1s to 

recursively define the rankmg function Determmmg the rank of a particular 

tree mvolves determmmg the rank of each of its prmc1ple subtrees and mult1-

plymg the ranks of each prmc1ple subtrees by the number of possible ways of 

arrangmg the nodes that are m the prmc1ple subtrees that follow that partic­

ular subtree We must also mclude the number of trees that would have had 

smaller prmc1ple subtrees further to the left of the tree The rankmg func­

tion of Knott[5] 1s a typical example of such an algorithm 



Algorithm 3.08 

function rank( T ) 

if I T I =0 then 

rank+- 1 

else 
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rank +-CI raght(T)I * rank(lejt(T)) + rank(right(T)) + 

I left.Jr) 1-1 
6 c, :tC I r 1 -I -l 
l=l 

The algorithm becomes more complex when we rank k-ary trees, but the 

prmc1ple 1s the same In the above algorithm, use 1s made of several con­

stants In particular, Cn and C, C1 • Many authors argue that rankmg and 

unrankmg are done more than once, and thus the computation of these con­

stants should not be mcluded when determmmg the time complexity of the 

rankmg or unrankmg algorithm Such constants are said to be precomputed 

In analysmg this algorithm, one can see that 1f the constants are 

precomputed, then the algorithm 1s O ( n) where n 1s the number of nodes m 

the bmary tree 

The algorithms that do unranking are similar to the rankmg algorithms 

The process 1s mverted 
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CHAPTER 4 

A New Algorithm for Generating K-ary Trees in A-order 

Introduction 

Over the last ten years there has been much work done on the genera­

tion of different types of trees Most of the work has been concentrated on 

the generation of ordered trees, although some work has been done on the 

generation of rooted trees In this chapter, any reference to bmary or k-ary 

trees means full bmary or full k -ary trees 

Withm the class of ordered trees, work has been done m several areas 

Work done by Ruskey and Hu [15] and Ruskey [16] has been m the area of 

generatmg bmary trees and then k-ary trees Both of the algonthms were 

based on the generation of sequences which were successively altered so as to 

remam feasible 

The generation algorithm of Zaks [25], also designed to generate k-ary 

trees, uses pos1t10n sequences to represent the k-ary trees Zaks defines two 

ordermgs on the set of k-ary trees, A-order and B-order The algonthm 

developed by Zaks [25] generates k-ary trees m B-order Zaks goes on to say 

that there was no known algorithm which generates k-ary trees m A-order 

This chapter will descnbe an algonthm for generatmg all k-ary trees m 

A-order Algonthms for rankmg and unrankmg k-ary trees will also be 

developed 

Representation 

A number of papers have been written that describe algonthms for gen­

eratmg k-ary trees that mvolve the generation of sequences In Zaks [25] 

paper, a k-ary tree 1s represented by labeling the mternal nodes with a one 

and the leaves with a zero, and then enumeratmg the labels m preorder The 
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pos1t1ons of the ones are then recorded 

The papers by Ruskey and Hu[15] and Ruskey[16] represent bmary trees, 

and then generalize to k -ary trees, by labeling the leaves with their level 

number, and then listmg them m a left to right order 

The algorithm developed here 1s also based on the generation of 

sequences A k-ary tree 1s represented m the following manner We first 

label each node with its weight, and then we read off the labels m preoreder, 

thus generatmg a sequence 

Definition 4.01 A sequence S =s 1,s 2, ,snk +l 1s called a preorder enumera­

tion of weights 1f there 1s full k-ary tree with n mternal nodes such that 1f 

each node of the tree were to be labeled with the weight of the node, and 

then the labels were read off m preorder, the resulting sequence would be S 

Lemma 4.01: Let n >0 and k > 1 then S =s 1,s 2, ,snk +l 1s a preorder 

enumeration of weights for a k -ary tree with n mternal nodes 1f and only 1f 

one of the followmg properties hold 

Either 

(1) n =0 and S =0, or 

(2) n >0 and s 1=n, and 

lettmg n 1=2, and n1 =n,_1+ksn,_,+1, 

the sub-sequence s 2,s 3, ,snk +l 1s such that 

the k sub-sequences sn, ,sn, +l' ,sn,+,-l 

are preorder enumerations of weights for all i ,1 < i < k, and 
k 

~ sn,=n-1 
1=1 

Proof -+ We will use mduct1on to show that 1f a sequence 1s a preorder 

enumeration of weights, then the sequence satisfies either property 1 or pro­

perty 2 
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If n =0 then the k-ary tree 1s a srngle leaf If we label this tree with its 

weights and then read off the labels of the tree m preorder, we would get the 

sequence 0, and thus property 1 1s satisfied 

Assume that one of the cond1t1ons described m lemma 4 01 1s satisfied 

for each k-ary trees with less than n mternal nodes 

Let T be a k -ary tree with n mternal nodes, and let T 1, T 2, , Tk be 

the k prmc1ple sub-trees of T Let S 1,S 2, ,Sk be preorder enumerations of 

weights such that each sequence S1 1s the preorder enumerat10n of weights of 
1-l 

T, , and let n, =2+ E I SJ I It can be seen that the n, defined here have 
J =l 

the same value as the n, defined m property (2) Because the labels are read 

m preorder, we know that all of the labels m the i -th prmc1ple sub-tree will 

be listed before any label from the i + 1-st prmc1ple sub-tree 1s listed, and we 

also know that s 1 =n Clearly, n, 1s the pos1t1on that the sequence S, starts 

m the sequence S We know from our rnduct1ve hypotheses, smce the weight 

of any given prmc1ple sub-tree of T 1s less than n , that each sequence S1 

satisfies either property (1) or property (2), and that the first element m any 
k 

sequence S, 1s the weight of the i -th subtree of T and thus E sn, =n -1, 
l=l 

and thus the sequence S 1s such that 1t satisfies property (2) 

+- Let S =s 1,s 2, ,snk +l be a sequence sat1sfymg property (1) or pro­

perty (2) The follow mg procedure will construct the k-ary tree that 1s 

represented by S 



procedure build(S, T) 

label( Troot ) -s 1 

ifs 1>0 then 

f -2 

for i -1,2, ,k do 

t-J +ks1 
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S' -s1 ,s1 +l' ,s1 

bmld(S' , T,) 

f -t+l 

■ 

Lemma 4 01 defines a sequence of numbers n 1,n 2, ,nk which are the 

startmg positions of the sequences representmg the prmciple sub-trees of of 

the k-ary tree represented by S. The number nk +l is also defined It is the 

value ks 1+2 which 1s 1 more than the pos1tion of the last element m the 

sequence S. These numbers will be referred to later m the chapter The 

sequences sn, ,sn, +l, ,sn,+,-l may be referred to as principle subsequences 

Let S =s 1,s 2, ,skn+l be a preorder enumeration of weights It can be 

observed that lemma 4 01 1mphes that if we replace a subsequence 

s J ,s J +1, ,s J +ks, of S with a subsequence S' =s / ,s J +1' , ,s 1 +ks,' of the 

same length, and the subsequence, S' , 1s a preorder enumeration of weights, 

then the resultmg sequence 1s a preorder enumeration of weights 
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5 

Figure 4 01 

The 3-ary tree that is represented by the sequence 

5,2,0,1,0,0,0,0,1,0,0,0,1,0,0,0 

This representation of a full k -ary tree varies only slightly from the 

representation used by Zaks(25] In Zaks representation, mstead of labelmg 

the mternal nodes with their weight, mternal nodes are labeled with a 1 

Both labelmgs are read off m preorder. 

Lemma 4.02: Let S and S I be two feasible sequences representmg k-ary 

trees T and T I respectively, then S >S I m lexicographic order if and only 

if T > T I m A-order 

Proof -+ We will use mduction on the size of the size of T to prove that 1f 

T and T' are two k-ary trees such that S is the preorder enumerat10n of 

weights representing T and S' is the preorder enumeration of weights 

representmg T' and T > T' then S > S' 

Let T be a k-ary tree with one internal node, and let T' be a k -ary 

tree such that T > T' . Clearly T' must be a leaf The sequence represent­

mg T is S =1 { O}k and the sequence representmg T I is S 1 =0 Clearly 

S >S' 



- 47 -

Assume that lemma 4 02 1s true for all k -ary trees with fewer than n 

mternal nodes 

Let T and T I be two k-ary trees such that T > T' m A-order 

There are two poss1b1ht1es, either I T I > I T I I or I T I = I T I I and 

there exists some , ,1 < i < k such that T1 = T1 ' for all J < i and T, > T, ' 

If I T I > I T I I then, smce the first element m S, the sequence 

representmg T, 1s I T I , and the first element m S' , the sequence 

representmg T' , 1s I T' I, S >S' 

Assume that I T I = I T I I Let S be the preorder enumeration of 

weights representmg T and let S I be the preorder enumeration of weights 

representmg T' We know that there exists some , , 1 <, < k such that 

T1 =T1 ' for all J <i and T 1 > T 1 ' Let v be the total number of mternal 

nodes m the prmc1ple sub-trees T 1, T 2, , T
1 

_ 1 Smee the sequences 

representmg T and T' are preorder enumerations, the sub-sequences 

s 1,s 2, ,skv + 1 and s 1' ,s 2' , ,skv +i' will be 1dent1cal 

We know from our mduct1ve hypotheses that, smce T1 > T1
1 the 

sequence S1 representmg T 1 1s greater than the sequence S1 
1 representmg 

T1 
1 

, and smce both sequences start at pos1t1on kv + i + 1, S > S' 

+- We will use mduct1on on the length of the sequences to prove that 1f S 

and S' are two preorder enumerations of weights represent mg k -ary trees 

T and T I respectively, and 1f S >S I then T > T 1 

Let S =1,{ o}k and let S' be a preorder enumeration of weights such 

that S >S' Clearly S' =0 The k-ary tree represented by 1,{o}k 1s the 

k -ary tree with 1 mternal node. T he k-ary tree represented by O 1s the k -

ary tree with O mternal nodes In A-order, a k-ary tree with one mternal 

node 1s greater than a k -ary tree with zero mternal nodes 

Assume lemma 4 02 1s true for all sequences of length less than kn + 1 

Let S =s 1,s 2, ,skn +1 be a preorder enumeration of weights representmg 

the k-ary tree T, and let S =s 1
1 ,s / , ,skm +1' be a preorder enumeration 

of weights representmg the k -ary t ree T 1 
, and let S > S' 
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The case where m =rfn 1s tr1v1al so assume m =n Smee S > S' we 

know there exists an mteger i ,1 < i <kn+ 1 such that s 1 =s 1 ' for all 

J , 1 < J < i , and that s1 > s1 ' Smee S and S' are preorder enumerations 

of weights, we know that s1 1s the label of some node m some prmc1ple sub­

tree of T Without loss of generality assume that s1 1s a label m the t -th 

prmc1ple sub-tree Clearly s1 ' must be a label m the t -th prmc1ple sub-tree 

of T' Smee the sequences are 1dent1cal up to pos1t1on i , T
1 

= T
1 

' for all 

J < t By lemma 4 01 we know that S contams k prmc1ple subsequences Let 

St be a prmc1ple subsequence representmg Tt and let St' be a prmc1ple 

subsequence representmg Tt' Smee s1 > s1 ' , St >St' , and thus, by our 

mduction hypotheses, Tt > Tt' Thus T > T' ■ 

It follows from the above lemma that 1f we were to hst all the feasible 

sequences, m lex1cograph1c order, the correspondmg hst of full k -ary trees 

would be m A-order 

The generatmg algorithm 1s based on this fact 

Algorithm 

This algorithm generates preorder enumerations of weights representmg 

full k -ary trees with n mternal nodes in descendmg lexicographic order 

Withm algorithm 4 01, mit (n) refers to the sequence representmg the first 

tree with n mternal nodes The first tree with n mternal nodes is 

represented by the sequence S =n ,n-1,n -2, ,2,1,{ o}n(k-l)+l 

The procedure next transforms the current preorder enumeration of 

weights mto the next preorder enumeration of weights, m lexicographic order 

The procedure next makes use of several functions which are defined later 
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Algorithm 4.01 

procedure next 

J +-hrs( s 1,s 2, ,snk + 1) 

if J =1 then 

no more trees 

else 

s1 ,s1 +1, ,s1 +k(s,-l)+-mit(s1 -I) 

w +-1 +s1blmgwe1ghts(J) 

J +-J +ks1 +1 
s1 ,s1 +1, ,s1 +kw+-mit(w) 

J +- f (J) 
while J >1 do 

w +-s1bhngwe1ghts(J ) 

J +- J +ks1 +I 
s1 ,s1 +1, ,s1 +kw+-init(w) 

J +- f (J) 

The function s1blmgwe1ghts is defined as follows 

function s1blmgwe1ghts(n) 

O' +- 0 

a+- n +ksn +I 
while p (n )=p (a) do 

a+- a+s 0 

a+- a+ks 0 +1 
return(a) 

substitution 1 

substitution 2 

substitution 3 
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The function p 1s defined as follows 

function p( n ) 

a +- n -1 

while ks 0.+a< n do 

a+- a-1 

return(a) 

The function f 1s defined as follows 

function f(J ) 

a+- J +ks1 +1 
while s 0 =0 and a<kn +1 do 

a+- a+l 

if s 0 >0 then 

i +- J 

while p (a)~p (i) ors, =0 do 

i +-i-1 

return( i) 
else 

return(0) 

The function hrs 1s defined as follows 

function hrs( s 1,s 2, ,snk + 1) 

J +- nk +1 
while (k (sp(; rs1 )+p (J )< J) or (s1 =0) do 

J +- J -1 

return(J ) 
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Lemma 4.03: If S' is the sequence generated by the application of algo­

rithm 4 01 to the preorder enumeration of weights S, then S' is also a 

preorder enumeration of weights 

Proof We know from property 2 of lemma 4 01 that if we replace one subse­

quence that is a preorder enumeration of weights with another subsequence 

of the same size that is also a preorder enumeration of weights then the 

resultmg sequence is a preorder enumeration of weights 

Let S =s 1,s 2, ,s1m +l be a preorder enumeration of weights representmg 

the k-ary tree T with n mternal nodes Let S' =s 1' ,s / , ,skn +1' be the 

sequence created by applymg algorithm 4 01 to the sequence S 

To show that S' is a preorder enumeration of weights, we must show 

that S' satisfies the properties defined m lemma 4 01 

Let J= hrs(S) We know that the sequence 

S 1=sp (J ),sp (J )+l• ,sp (J )+ks,<,l is a preorder enumeration of weights Because 

of the defimtion of the function p(J ), the sequence S 1 con tams the subse­

quence s1 ,s1 + 1, ,s1 +ks, Let n, be defined, as described m property (2) of 

lemma 4 01, for the sequence S 1 Without loss of generality, assume that s
1 

would be the m -th element m the summation described m property 2 of 
k 

lemma 4 01 The function s1blmgweights(J) returns E sn, Let w = 
t=m+l 

siblmgweights(J )+ 1 Let 

S 1 2 { }(k -l)(s, -1)+1 
1 =sp(J),sp(J)+l• ,s1 _1,sJ -1,sJ - , ,1, 0 , 

w ,w -1,w -2, ,l,{0} w (k -1)+1,{ O}k--{m +1) 

Clearly the sequences w ,w-1,w-2 ,1,ow(k-l)+l and 

s
1

-1,s
1

-2, ,1,{0}(k-l)(s,-l)+l are preorder enumerations of weights The 

subsequence sP (J )+l•sp (J )+2, ,s 1 _1 is unchanged by the substitution, and 
m-1 

thus E sn, would remam unchanged. The element s1 has been reduced by 1, 
1=1 

k 
but the element s1 +ks, +l is 1 larger than E sn, Smee the last k elements 

1=m+l 
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m any preorder enumeration of weights are always zero, the new sequence 

S 1' satisfies property (2) of lemma 4 01 Thus the application of subst1tu­

t1ons (1) and (2) produce a new sequence that satisfies property (2) of lemma 

4 01 

A similar argument can be made to show that the application of subst1-

tut10n (3) will also produce a new sequence that satisfies property (2) of 

lemma 4 01 Smee all three subst1tut1ons create sequences that satisfy pro­

perty 2 of lemma 4 01, the new sequence S' 1s a preorder enumeration of 

weights ■ 

Theorem 4.01: Given a feasible sequence S, algorithm 4 01 generates the 

next f eas1ble sequence m decreasmg lex1cograph1c order 

Proof By lemma 4 03, algorithm 4 01, 1f given a feasible sequence, will only 

generate a new feasible sequence Therefore, all we need to show 1s that the 

algorithm generates feasible sequences m lex1cograph1c order 

Let S =s 1,s 2, ,snk +i, and let S be a preorder enumeration of weights 

Let S' =s 1' ,s 2' , ,snk +1' , and let S I be the preorder enumeration of 

weights generated by the application of algorithm 4 01 on the sequence S 

Let J be the smallest mteger such that s 1 ~s 1
1 

Smee subst1tut1on 1 affects the left most subsequence of S to be affected, 

and subst1tut1on 1 replaces s1 with s1 -l, S >S' We also know that J 1s 

the mteger that would be produced by the first loop m the procedure next 

We still must show that there are no sequences missed by algorithm 4 01 

Let Z =z 1,z 2, znk +l be a preorder enumeration of weights such that 

S > Z >S I Let • be the smallest mteger such that s1 
1 < z1 Smee S > Z 

and S and S' are 1dent1cal up to pos1t1on J , , > J If i = J then s, =z, 

and thus there would be a larger value of J that would be found by the first 

loop m procedure next, thus , > J, and s1 ' =z, Smee subst1tut1on 1 

l h b h { }(s1 -l)(k-l)+l rep aces t e su sequence s 1 ,s 1 +1 , • ,s 1 +.ts
1 

wit s 1 -1,s 1 -2, ,1, 0 

which 1s the lex1cograph1cally greatest subsequence of the same length, 
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i > J +ks
1 

Subst1tut1ons 2 and 3 replace subsequences with the lex1cograph-

1cally greatest possible subsequence of the same length These lex1cograph1-

cally greatest subsequences occur at the left most possible pos1t1on of S' , 

and thus i must be the pos1t1on of an element of S' and Z after the last 

element of S that was affected by algonthm 4 01 Smee the last element of S 

that would be affected by algonthm 4 01 1s the last non zero element of S' , 

any element after that must be a zero, and smce S' and Z are 1dent1cal up 

to pos1t1on i , z1 =0 So there 1s no value of i such that z1 > s1 ' , and thus 

S' follows S m lex1cograph1c order ■ 

Any algonthrn that lists all k-ary trees mduces an order on those trees 

It 1s therefore useful to consider an algonthm which determmes the pos1t1on 

of a particular tree m the list created by the generation algonthm Such an 

algonthm 1s known as a rankmg algonthm 

Ranking Algorithm 

The rankmg algorithm presented here takes a preorder enumeration of 

weights, S, of size kn+ 1 and returns the rank of the sequence S m the list 

of all possible preorder enumerations of weights of the same size The number 

of preorder enumerations of weighs greater than S 1s the rank of S The 

rankmg algorithm 1s based on the followmg let n1 be as defined m lemma 

4 01, the number of preorder enumerations of weights of size nk +1 that start 

with n + 1 1s zero, and 1f i =nk-p +1 then the number of preorder enumera­

tions of weights that start with a subsequence greater than s 1,s 2, ,s1 +ks, 1s 

the number of sequences that start with subsequence greater than 

s 1,s 2, ,s, _1 plus the number of sequences that start with s 1,s 2, ,s, _1,q 

where q >s, plus the number of preorder enumerations of weights greater 

than s, ,s, +1, ,s, +ks, that are of the same length times the number of ways 

of creatmg p-1 preorder enumerations of weights that represent p-1 k-ary 
k 

trees with ~ sn mternal nodes between them 
J 

J =k - p 

We define N(n ,P ,m) as the number of ways of creatmg p preorder 

enumerations of weights S 1,S 2, • ,Sp such that I S 1 I > km + 1 Thus there 
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n1+n2+ +n,=n 
n 12'.:m 

such sequences where Tn is the number of extended k-ary trees with n 

mternal nodes For convemence, N(n ,0,m )=1 and if m >n then 

N(n ,P ,m )=0 

A table of N ( n ,P , m ) for bmary and 3-ary trees 1s given m appendix 1 

We believe that, for k -ary trees, the values of N ( n ,P , m ) satisfy the follow­

mg recurrence relation 

N(n ,P ,m )=N(n ,p-1,m )+N(n-1,p-l+k ,m) 

N(n ,1,m )=Tn 

N(n ,0,m )=1 

N(n ,P ,n )=Tn 

where Tn is the number of k-ary trees with n mternal nodes 

The rankmg funct10n assumes the existence of an array, N ( n ,P , m ), 

where N (n ,P ,m) is defined as above The time needed to compute the array 

N ( n ,P , m ) would be O ( kn 3) The function rank is as follows 



Algorithm 4.02 

function rank( S ) 

a+-0 

n +-s 1-1 

if n >0 then 

i +-2 
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for p +-k ,k-1,k-2, ,1 do 

a+-a+N(n ,P ,s, +1) 

n +-n-s, 

S' +-s, ,s, +1, ,s, +ks, 

a+-a+rank(S' )N(n,p-1,0) 

i +-i +ks, +1 

return(a) 

Theorem 4.02: Algonthm 4 02 computes the number of sequences of the 

same length that occur before the sequence S m lex1cograph1c order. 

Proof. The proof will be by mduct10n on the length of the sequence 

Clearly, if the preorder enumeration of weights 1s of size 1 or k + 1, the func­

tion will return the value zero, and smce there 1s only 1 preorder enumeration 

of weights of either size, the function returns the correct value for all 

preorder enumerations of weights of size less than or equal to k + 1. 

Assume algorithm 4 02 computes the correct value for all preorder 

enumerations of weights of a size less than nk + 1 

Let S be a preorder enumeration of weights, and let S =s 1,s 2, ,snk +l 

From the defimt1on of numbers , we know that N ( n ,P ,s, + 1) 1s the number 

of ways of creatmg p preorder enumeration of weights such that the first 

sequence starts with a number greater than s,, and the sequences represent 

p k -ary trees with n mternal nodes between them Smee these sequences 

would form the subsequences, ,s, +1, ,s,+kn+p, N(n ,P ,s, +1) 1s the number 
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of sequences that start with s 1,s 2, ,s, -l ,q where q > s, 
The k -p -th time through the loop we add N ( n ,P ,s, + 1) to a 

The value rank(s, ,s, +i, ,s, +k8 , ), 1s the number of preorder enumera­

tions of weights that are greater than s, ,s, +i, ,s, +ks, that are of length 

ks, + 1 Let n 1 be as defined m lemma 4 01 We know that the k -p + 1-st 
~ k 

time through the loop, n =s 1-1- LJ Sn = E sn , and thus N (n ,P -1,0) 
1 1 

J=l J=k-p+l 

1s the number of ways of creatmg p -1 preorder enumerations of weights that 

represent p -1 k -ary trees with n mternal mternal nodes between them 

Therefore, the k-p-th time through the loop, we add the number of 

preorder enumerations of weights greater than s, ,s, +i, ,s, +ks, that are of 

the same length times the number of ways of creatmg p-1 preorder enumera­
k 

t1ons of weights that represent p -1 k-ary trees with E sn mternal nodes 
1 

J =k-p 

between them 

After we have gone through the loop k times, a is the number of 

preorder enumerations of weights that start with a subsequence that 1s 

greater than s 1,s 2, ,snt+
1
_ 1, which 1s the number of preorder enumeration of 

weights that are greater than S ■ 

The ordermg 1mphed by algorithm 4 01 also gives rise to the question of 

determmmg the preorder enumeration of weights S of length kn + 1 that 1s 

preceded by a specified number of preorder enumerations of weights This 1s 

known as unrankmg 

Unranking Algorithm 

The unrankmg algorithm does the mverse of the rankmg algorithm 

Given two values, n and r the unrankmg algorithm will determme S such 

that the preorder enumeration of weights S would occur m pos1t1on r m a 

hst of all preorder enumerations of weights of size kn+ 1 

The first element of the sequence S, s 1, would be n Let n, be as 

defined m lemma 4 01, and let n >0, then the preorder enumeration of 
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weights 1s made up of k preorder enumerations of weights, sn, ,sn, +i, ,sn,+i- l 

Each of these principle subsequences has a rank For each of the prmc1ple 

subsequences, the while loop determmes a value for a such that the max­

imum rank of a sequence that starts s 1,s 2, ,s1 _ 1,a would be greater than r, 

but the maximum rank of a sequence that starts s 1,s 2, ,s1 _ 1,a+ 1 would be 

less than or equal to r The number a 1s thus the number that belongs at 

pos1t1on i The rank of the preorder enumeration of weights s 1 ,s1 +i, ,s1 +ku 

1s then calculated and the procedure unrank 1s used to determme the 

sequence s, ,s1 +l' ,s1 +k u The algorithm 1s as follows 

Algorithm 4.03 

procedure unrank( S , n , r ) 

s 1-n 

if n >O then 

n-n-1 

i-2 

for p -k ,k-1, ,1 do 

a-o 
while N (n ,P ,a+l)>r do 

a-a+l 

if a<n then 

r -r-N(n ,P ,a+l) 

n -n-a 

unrank(S' ,a,r div N ( n ,P ,0)) 

r -r mod N(n ,P ,0) 

s, ,s, +l' ,s, +k u-S I 

i-i+ka+l 

Assummg the array N(n ,m ,P ) has been precomputed, the rankmg algo­

rithm 1s O ( kn ) and the unrankmg algorithm 1s O ( kn log n ) A detailed 

analysis of all three algorithms 1s contained m chapter 5 
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CHAPTER 5 

Analysis of the New Algorithms 

Introduction 

We now determme the space and time complexity of the algorithms 

given m chapter 4 When analysmg the generation algorithm, we first show 

that the time taken by a call of the procedure next 1s proportional to the 

number of nonzero elements of the sequence S that are to the right of s
1 

>O 

where k ( sP (J )-s 1 )+p (J )> J Havmg shown that, we can calculate the time 

taken to generate all k -ary trees and then determme the average time taken 

per tree At this time, we are unable to determme the time complexity of the 

general case, however, we conJecture that the bmary tree case 1s the worst 

case, and m the bmary tree case the generation algorithm 1s O (1) time 

We are able to show that, on average, the generatmg algorithm 1s O (1) 

when k =2 In the case of bmary trees, findmg the largest value of J such 

that s1 >O and k (sp(J rs1 )+p (J )> J 1s eqmvalent to findmg the largest 

value of J such that s1 _1>s1 >O 

The analysis of the rankmg and unrankmg algorithms 1s relatively sim­

ple When analysmg these algorithms, we do not mclude the time taken to 

produce the array N(n ,P ,m) The rankmg algorithm 1s O (nk) and the 

unrankmg algorithm 1s O (kn log n ). 

Generating Algorithm 

We start with a theorem to show that the amount of work done by a 

call of the procedure next 1s proportional to the number of nonzero entries m 

S to the nght of s
1 

-
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Theorem 5.01: Let S =s 1,s 2, ,snk + i, and let S be a preorder enumerat ion 

of weights Let J be the largest mteger such that s 1 >0 and 

k (sp (J )-s1 )+p (J )> J Let J' be the number of nonzero elements of S that 

occur on or after pos1t1on J The amount of work done by algorithm 4 01 m 

generatmg the next preorder enumeration of weights is proport10nal to J' 

Proof We can implement the function p (n) by usmg an array Pn which 1s 

updated any time a subst1tut1on 1s performed and thus any call of the func­

tion p (n) is 0 (1) We can also create an array LEFTSIB, which is updated 

any time a subst1tut1on 1s made The array element LEFTSIB, would be the 

value of the largest mteger less than i such that p ( i )=p (LEFTSIB, ) If no 

such value exists, LEFTSIB, =0 If m addition to the sequence S we have an 

array P0S where P0S1 1s the position of the i -th nonzero element m S, we 

can determme the value of J m O (J' ) time smce we can bypass all nonzero 

elements of S 

Any of the substitutions, mcluding the updatmg of P0S and LEFTSIB 

would take 0 ( s 1 ) time where s 1 is the first number m the new sequence 

bemg substituted m, and thus the total time taken by all the substitutions m 

algorithm 4 01 would be O (J' ) 

The while loop m algorithm 4 01 would execute enough times to rear­

range the J' -(s1 -1)-w remammg nonzero elements of S. The function 

f (J) can be implemented m 0 (1) time usmg the arrays LEFTSIB and 

P0S The function / (J) would merely return the value of LEFTSIB of the 

first nonzero element after position J +kw +1, and thus the execution of all 

of the contents of the while loop, excluding subst1tut1on 3, would take 

0 (J' -(s; -1)-w) time 

The function siblmgweights would be implemented, usmg the arrays 

P0S, and P m 0 (siblmgweights (J )) time, and thus the sum of the time 

required for all calls of siblmgweights would be O (J' ). 

The time taken by a call of the procedure next 1s thus 

0 (J' )+0 (J' )+0 (J' -(s1 -1)-w )+0 (J' ), which 1s O (J' ) time ■ 
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Definition 5.01: Let 1{n ,i) be the number of preorder enumerations of 

weights with nk +1 elements such that 1f J =hrs (S ), then there would be 

i -1 nonzero elements followrng s J 

Defimt1on 5 01 1s eqmvalent to statmg that r(n ,, ) 1s the number of 

extended k-ary trees where the last i -1 mternal nodes that would be 

enumerated m a preorder traversal have no right s1blrng, but the rnternal 

node i -th from last does 

Theorem 5.02: The time taken to generate all preorder enumerations of 

weights with nk + 1 elements 1s 

n 
T ( n )= c I:; i r( n , i ) 

l=l 

Proof Obvious from the defimt1on of T and theorem 5 01 ■ 

We will now show that m the case of bmary trees, that algorithm 4 01 

1s, on average, 0 (1) per tree generated It 1s useful to show that the cond1-

t1on k (sp(J)-sJ )+p (J )> J and sJ >0 1s eqmvalent to the cond1t1on that 

s J _1 > s J > 0 We also show a recurrence relation for the 7{ n , J ) 

Lemma 5.01: If k =2 then the cond1t1on k (sp(J )-sJ )+p (J )> J and sJ >0 

1s eqmvalent to the cond1t1on that s J _1 > s J > 0 

Proof -+- Let S be a preorder enumerat10n of weights, and let 

S =s 1,s 2, ,snk +l Let J be the largest mteger such that 

k (sp(J )-s, )+p (J )> J and sJ >0. We must show that J 1s the largest mteger 

such that sJ_1>sJ >0 

Assume that i , i > J 1s an mteger such that s1 _ 1 > s1 > 0 then clearly 

k(sp(,)-s,)-p(i)>i so J must be the largest rntegersuch that sJ_1>sJ >0 

+- Let S be a preorder enumeration of weights, and let 

S =s 1 ,s 2 , ,snk + 1 Let J be the largest mteger such that s J _1 > s J > 0 We 
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must show that J 1s the largest mteger such that k (sp(J )- SJ )+p (J )> J and 

SJ >0 

Clearly s J >0 Assume there 1s an mteger i > J such that 

k (sp (, )-s1 )+p ( i )> i and s, >0 If p ( i )=i -1 then we have that s, _1> s, >0, 

so assume p (i )~i-1 Smee k =2 we have 

and smce every subsequence Sm ,sm +1, ,sm +ksm 1s a preorder enumeration of 

weights, we know that sP (, )+ 1+s, =sp (, )- 1, and thus 

i <2((sp(,)+ 1+s, +l)- s, )+p (i) 
and hence i <2(sp(, )+1+l)+p (i) 

and hence i <2sp(,)+ 1+p(i)+l 

However, the function p ( i) 1s defined such that p ( i) 1s the largest mteger 

such that 2sP (, )+P ( i )> i and thus we have a contrad1ct1on Therefore 

p (i )=i-1 ■ 

Lemma 5.02: If k =2 then r(n ,n )=1, r(n ,0)=0, r(n ,-1)=0, and m all oth­
n-1 

ercases,r(n,i)= E r(n-1,J) 
J =1-l 

Proof The m1tial cases are obvious, r( n ,n) 1s the number of sequences gen­

erated where there are no more trees, and smce that 1s last one to be gen­

erated, there must only be 1 S1milarly, a value of J =0 or J = - 1 1s impossi­

ble, and thus r(n ,0) and r(n ,-1) must be zero 

Assume the formula 1s true for all r(n-l,h ), 1 <h <1 

Let S =s 1,s 2, ,s Zk-l be a sequence such that sh - l > sh >0 and 

1 < h < J Let m be the pos1t1on of the J -1th non zero element m the 

sequence If we construct a new sequence 
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8
, ={s,+1 ifiE{p(m),p(p(m)), ,1} 

1 s, otherwise 

it is clear that this new sequence is a preorder enumeration of weights with 

2n + 1 elements Because of the way the ongmal sequence was chosen, and 

because of the way the new sequence was constructed, the new sequence 1s 

such that if the J -th nonzero element was m pos1t1on m then m would be 

the largest element such that sm_1>sm >O It 1s also clear from the construc­

tion of the new sequences, that no duplicate sequences would be created 
n-1 

Thus the total number of all these sequences is E r(n-1,J) ■ 
J=l-1 

Corollary 5 01: r(n ,i )=r(n ,i +l)+r(n-1,i-1) 

Theorem 5.03: Algorithm 4 01 takes, on average, constant time per se­

quence generated for k=2 

Proof 
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n 
T ( n )= :E i r( n , i ) 

1=1 

n 
= :E i(r(n-1,i-l)+r(n,i+l)) 

l=l 

n n 
= :E i r(n-1,i -1)+ :E i r(n ,i +1) 

1=1 l=l 

n n n 
= :E ( t -1 )r( n -1,, -1 )+ :E r( n -1, i -1 )+ :E i r( n , i + 1) 

1=1 1=1 1=1 

n 

=T(n-l)+Cn_1+ :E ir(n,i+l) 
1=1 

n n 
=T (n-l)+Cn_1+ :E (s +l)r(n ,i +1)- E r(n ,i +1) 

1=1 1=1 

n n 
=T (n -l)+Cn_1+( :E i r(n ,i }-r(n ,1))-( :E r(n ,i }-r(n ,1)) 

1=1 1=1 

and therefore the average time taken to generate a bmary tree with n mter­

nal nodes would be 

At this time the author 1s unable to either show a recurrence relation for 

the r(n ,i) for k >2 or to find a formula for r(n ,i) Experimental evidence 

suggests the conJecture that r(n ,i) = T(n ,i ,0) where T(n ,k ,P) are defined 

by Ruskey [16] Ruskey gave both a recurrence relation for these numbers as 

well as a closed form 
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Conjecture 5.01: For all n >O and k > 1, 

,..1 ) ki - i ( kn -i) ,,n,i =--
kn-i n -i 

Theorem 5.04: Given that conJecture 5 01 is true, then the time taken to 

generate all preorder enumerations of weights with nk + 1 elements is, on 

average, 0 (1) per tree generated 

Proof We know that the time taken to generate all trees , 
n 

T ( n )= _E i r{ n ,i ) and thus the average time per tree generated would be 
1= 1 

T(n) where Tn is the number of k-ary trees with n mternal nodes There­
Tn 

fore 

n 
T ( n )= _E i r( n , i ) 

1=1 

= E i ki - i ( kn -i) 
kn -i n - i 

1=1 

and smce we are mterested m the average amount of work per tree, if we 

divide through by Tn we get 

'E i ki -i ( kn -i) kn + 1 
, = 1 kn - i n - i ( kn + 1 ) 

n 

_ n i(ki-i)(kn - i)lnl(kn-n+l)'(kn+l) 
-,.E1 (kn - i )( n -i ) 1 ((kn-•}-( n -i ))' (kn +1)' 

_ n i(ki-i)(kn-,)'n'(kn-n+l)' 
-,.E1 (kn-i)(n-, )1 ((kn -n))' (kn)' 

_ n i (ki-i )(kn-i -l)ln I (kn -n +1) 
-,.El (n -,)'(kn )' 

_ n i (ki-i )n I (kn-n +1) 
-,.El (n - t )1(kn )(kn -1) (kn-t) 
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It can be observed from the above equation that T ( n) 1s at a maximum 
Tn 

when k =2, and smce we know that algorithm 4 01 1s O (1) per tree gen­

erated when k =2, the algorithm must be average constant time per tree gen­

erated for any value of k >2 ■ 

The analysis of the rankmg and unrankmg algorithms 1s much simpler 

than the analysis of the generation algorithm As mentioned m chapter 4, 

both the rankmg and unrankmg algorithms assume the existence of a 

precomputed array N(n ,P ,m) 

Ranking and Unranking Algorithms 

We now analyse the rankmg and unrankmg algorithms The algorithms 

are no faster than algorithms that presently exist for rankmg and unrankmg 

m B-order 

Theorem 5.05: Let S =s 1,s 2, ,skn + i, and let S be a preorder enumeration 

of weights Algorithm 4 02 determmes the rank of S m O (kn) time 

Proof Let T ( n ) represent the time taken by algorithm 4 02 to determme 

the rank of a sequence, S, with kn + 1 elements m 1t and let n, be as 

described m property two of lemma 4 01 Clearly the followmg recurrence 

relation describes T ( n ) 

k 
T(n )=k + ~ T(n,) 

T(l)=l 

T(0)=l 

•=l 

We will use mduction on n to show that T(n )<2kn +1 From the boundary 

conditions for the recurrence relation, we can see that T (0)< 1 and 

T(1)<2k+l Assume that T(i)< ki+ l for all i<n 
k 

We can see from the recurrence relation that T ( n )=k + E T ( n, ) 
a= i 
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Smee we know that all of the T(n, )<2kn, +1, and we know that 
k c 

n-I=En, 1t follows that ET(n,)<k+2k(n-1) and thus 
1=1 r=l 

T(n )<2kn +I Therefore algonthm 4 02 1s O (kn) ■ 

Theorem 5.06: Algonthm 4 03 determmes the sequence S with rank r of 

size kn +Im O ((k +n )n) time 

Proof Smee the while loop can never produce a value greater than the 

current value of n, and smce each time the while loop 1s executed, n will be 

decreased by one, the while loop can be executed at most n times regardless 

of the number of times the for loop 1s executed The remamder of the 

mstruct1ons will take O (k) time Therefore, the procedure unrank takes time 

T ( n ) where T ( n ) 1s descn bed by the follow mg recurrence relation 

k 
T(n )=k+n + E T(n1 ) 

I =l 

T(O)=l 

The remamder of the proof can be done by mduct1on on n ■ 

Of course, the time complexity of both the rankmg and unrankmg algo­

nthms 1s dependent on precomputmg the constants N ( n ,P , m ) 
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CHAPTER 6 

Summary and Conclusions 

Summary 

In Chapter 2 we discussed current methods of representmg bmary, k-ary 

and ordered trees These methods mclude various types of mteger sequences, 

bit sequences and linked representations. We then discuss various methods 

that have been created to generate all bmary, k -ary and ordered trees of a 

particular size Each of these methods defines an ordermg on their respective 

set of trees Zaks [25] describes two natural ordermgs for k-ary trees and 

then shows that the algorithms that were known at the time produced k-ary 

trees m B-order, he also stated that there was no known algorithm for gen­

eratmg k-ary trees m A-order 

In Chapter 4, we present an algorithm for generatmg all full k-ary trees 

m A-order We prove the algorithm to be correct and then we show that m 

the case of bmary trees, that the algorithm 1s O (1) per tree generated We 

also present algorithms for rankmg and unrankmg k -ary trees These algo­

rithms are shown to be O ( kn ) and O ( kn log n ) respectively 

Although experimental evidence suggests that 

1\ n , i )= ki -, ( kn -i) 
kn-i n -i 

the author 1s unable to prove that conJecture Given that lemma 5 03 was 

correct, the author was able to show that algorithm 4 01 was O (1) per tree 

generated regardless of the value of k . 
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Conclusions 

In the thesis, we first surveyed the current literature on the generation 

of different types of ordered trees Havmg summarized the results, we 

1dent1fied an area where no known algorithm existed, and we produced the 

algorithm The algorithm lists all k-ary trees m A-order and appears to do so 

m O (1) per tree There has been an algorithm produced to hst all bmary 

trees m A-order, however, that algorithm was O ( n) per tree generated and 

we have shown that the new algorithm presented m this thesis 1s O (1) m the 

case of bmary trees 

The review done m this thesis seems to mdtcate that there 1s little work 

left to be done m the area of ordered tree generation Many algorithms exist 

which generate trees m average constant time, and thus there 1s little room 

for 1mprovmg on the ex1stmg work 

Further Research 

Further research could done to show that lemma 5 03 1s true and that 

the recurrence relation given m lemma 5 02 could be generalized to k-ary 

trees Experimental evidence md1cates that the recurrence would be 

n-I (J+k-i-1) r(n,i) = ~ k-2 r(n-l,J) 
J =1-l 

r(n ,0) =0 

r(n ,-1) =0 

r(n ,n) =1 

The author was able to prove the special case of k =2 however the general 

case still reqmres attention 

It might also be of mterest to mvest1gate the relat1onsh1p between r( n , i ) 

and the numbers T ( n ,k ,P ) m Ruskey's paper [16] 
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APPENDIX 1 

a table of N(n ,P ,m) 

bma ry trees 

n=l 

m p 1 2 3 4 5 6 

1 1 1 1 1 1 1 

n= 2 

m p 1 2 3 4 5 6 

1 2 3 4 5 6 7 

2 2 2 2 2 2 2 

n=3 

m p 1 2 3 4 5 6 

1 5 9 14 20 27 35 

2 5 7 9 11 13 15 

3 5 5 5 5 5 5 

n= 4 

m p 1 2 3 4 5 6 

1 14 28 48 75 110 154 

2 14 23 34 47 62 79 

3 14 19 24 29 34 39 

4 14 14 14 14 14 14 

n= 5 

m p 1 2 3 4 5 6 

I 42 90 165 275 429 637 



3-ary trees 

n=l 

m p 

1 

n=2 

m p 

1 

2 

n=3 

m p 

1 

2 

3 

n=4 

m p 

1 

2 

3 

4 

n=5 

1 

1 

1 

3 

3 

1 

12 

12 

12 

1 

55 

55 

55 

55 

2 

3 

4 

5 

2 

1 

2 

4 

3 

2 

18 

15 

12 

2 

88 

76 

67 

55 

- 73 -

42 76 123 

42 66 95 

42 56 70 

42 42 42 

3 4 

1 1 

3 4 

5 6 

3 3 

3 4 

25 33 

18 21 

12 12 

3 4 

130 182 

100 127 

79 91 

55 55 

5 

1 

5 

7 

3 

5 

42 

24 

12 

5 

245 

157 

103 

55 

185 264 362 

129 168 212 

84 98 112 

42 42 42 

6 7 

1 1 

6 7 

8 9 

3 3 

6 7 

52 63 

27 30 

12 12 

6 7 

320 408 

190 226 

115 127 

55 55 

8 9 

1 1 

8 9 

10 11 

3 3 

8 9 

75 88 

33 36 

12 12 

8 9 

510 627 

265 307 

139 151 

55 55 
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m p 1 2 3 4 5 6 7 8 9 

1 273 455 700 1020 1428 1938 2565 3325 4235 

2 273 400 557 747 973 1238 1545 1897 2297 

3 273 364 467 582 709 848 999 1162 1337 

4 273 328 383 438 493 548 603 658 713 

5 273 273 273 273 273 273 273 273 273 
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