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ABSTRACT

Cognitive radio (CR) is one of the most prominent technique to deal with the
radio spectrum scarcity problem. CR systems can improve radio spectrum utilization
by opportunistically accessing the underutilized spectrum resource of the licensed
users. In interweave implementation, the secondary user (SU) has to wait and locate
spectrum holes before its transmission. Therefore, the extended delivery time (EDT)
for the secondary user consist of both wait slots and transmission slots. We study
the EDT analysis of fixed size secondary packet transmission over multiple primary
channel. In particular, we introduce a birth-death based approach to model the
cognitive transmission of the secondary user over multiple primary channels. We use
this approach to derive the exact probability density function and probability mass
function of EDT of the secondary transmission for both continuous and periodic
sensing cases. We also present selected numerical and simulation results to verify our

analytical approach and to illustrate the mathematical formulation.
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Chapter 1
Introduction

RF spectrum has traditionally been defined as the frequency range from as low as
3 KHz to as high as 300 GHz on electromagnetic (EM) spectrum. RF spectrum is
divided into different frequencies categories and bands, as described in Table 1.1. This
division is mostly based upon different properties, such as range and attenuation, of
RF waves. The difference in these properties also contributes to different usage of
these frequency bands.

RF spectrum is a broadcast medium, therefore, all the users that coexist in the
same frequency band interfere with the transmission of each other. Due to the expo-
nential growth of wireless systems and services for the past two decades, the avail-
ability of wireless spectrum has become extremely scarce. This can be confirmed by
looking at NTIAs frequency allocation chart [2], which shows that there is limited
bandwidth left that can be used by new wireless services and products. Researchers
are looking into novel ways to address this spectrum scarcity problem. Effective
resource utilization of currently deployed wireless systems to improve the efficiency
and throughput, is one of the main aims of next generation wireless communica-
tion systems. Cognitive radio is a promising technique in this regard that exploits
temporal /spatial spectrum opportunities over the already licensed frequency bands
[3]-[5]. In this thesis we carry out the accurate performance analyses for cognitive

radio systems.



Frequency Band | Description Usage

3 — 30 KHz VLF | Very low frequency Submarine comms, time signals,
storm detection

30 — 3000 KHz | LF Low frequency Broadcasting (long wave),
Navigation beacons

0.3 —3 MHz MF Medium frequency Broadcasting (medium wave),
Maritime comms,
analog cordless phones

3 — 30 MHz HF High frequency Broadcasting (short wave),
Aeronautical, Amature,
Citizen Band

30 — 300 MHz VHF | Very High frequency F'M broadcasting, Business Radio,
Aeronautical

300 — 3000 MHz | UHF | Ultra-high frequency TV broadcasting, mobile phones,
digital cordless phones,
Military use

3 — 30 GHz SHF | Super-high frequency Point to point links, Satellites,
Fixed Wireless Access

30 — 300 GHz EHF | Extremely high frequency | Point to point links,

(millimeter waves)

Multimedia wireless systems

Table 1.1: Radio Frequency (RF) Spectrum Band Designation and Usage




1.1 Cognitive Radio Networks

Ever since first introduced by Mitola in 1999 [7], researchers have been quite enthusi-
astic to the idea of cognitive radio. It was the result of this enthusiasm that FCC had
created a spectrum policy task force to provide policy recommendations for cognitive
radio innovation, which resulted in policy recommendation in [8]. Cognitive radio im-
proves spectrum utilization by allowing unlicensed users (the secondary user) to make
use of under-utilized [9] licensed frequency bands opportunistically without affecting
the performance of the licensed user (the primary user). Figure 1.1 shows the repre-
sentation of a possible cognitive radio network where the licensed users (PU) have a
base station (will not accept transmission from the secondary user) to complete their
transmission where as the secondary network users make use of primary network’s

spectrum (without contacting the base station) to complete their transmission.

Q"/' t "‘Q

Primary Network
base station

—_ ——

— » Primary Transmission

— — = Secondary Transmission @Secondary Network User

Figure 1.1: Representation of a possible cognitive radio network

Depending upon the transmission strategy used by the secondary user (SU), cog-
nitive radio can be classified into interweave and underlay implementation. In the
underlay implementation, both the primary user and the secondary user access the
spectrum at the same time. During this transmission, SU makes sure that the in-
terference caused by the SU transmission to the PU transmission does not exceed
a predefined limit. At the same time, the SU transmission is affected by the PU
network in two different ways: firstly, the interference caused by the primary user

transmitter and secondly, the strict interference constraint at the PU receiver. It is



also assumed that the SU is aware of the interference caused by its transmitter in the
PU receiver(s) [3].

In the interweave implementation, this interference problem is non-existent, mainly
because the SU first tries to locate spectrum holes (unoccupied band) in the licensed
band of the PU through spectrum sensing. Specifically, the SU can only access the
channel and transmit through it when it is not being used by the PU and must stop
the SU transmission as soon as the PU reappears. One of the main challenge of this
implementation is spectrum sensing by the SU (cognitive user), which is not only
challenging but also consumes a lot of power. In order to return the channel to the
PU and then to re-access the same or another channel to complete the transmission,
spectrum handoff techniques are used. The SU transmission of a given data may
involve multiple spectrum handoffs, which will result in transmission delay. The total
time needed to transmit a given packet will consist of all the waiting periods before
accessing the channel and the time needed for the actual transmission. This is also
called the extended delivery time (EDT) [10].

1.2 Performance Analysis of Cognitive Radio

Delay and throughput analysis for secondary systems has been a constant focus for
both interweave and underlay cognitive implementation. For interweave transmis-
sion, [11] investigates the average service and waiting time for the SU in a single
transmission slot for the general primary traffic model. An analytical relation for the
probability density function of the service time available to a secondary user during
a fixed time slot was derived in [12]. A lower bound on the service time of secondary
users for variable packet length that varies according to some general random distri-
bution was derived in [13]. [14] calculates the effect of multiple spectrum handoffs
on the average EDT of a secondary packet in a cognitive radio network with multi-
ple channels and users. Probability of successful transmission in cooperative wireless
communication with the hard delay scenario was studied in [15]. [10] derived analyti-
cal bounds on the throughput and transmission delays of secondary users in cognitive
radio network. Also, [22] derived the exact expressions of the probability density
function for the EDT of the SU packet of fixed length and further used this expres-
sion to calculate average delay time in secondary queue. As far as we know, [22] is
the only previous work where exact expressions for the probability density function

are derived. However, these expressions are limited to only one PU channel and one



SU channel.

Delay performance of a point-to-multipoint secondary network, for underlay im-
plementation, is analyzed in [16]. The network concurrently shares the spectrum
with a point-to-multipoint primary network in the underlay fashion. The probability
density function (PDF) of packet transmission time for secondary packets under PU
interference and Rayleigh fading channel is derived in [17], which is further used to
analyze the timeout probability. An optimum power and rate allocation scheme to
maximize the effective capacity for spectrum sharing channels under average interfer-
ence constraint is proposed in [18].

When the SU transmission is interrupted due to the reappearance of PU, secondary
system can adopt either the work preserving strategy or non-work preserving strategy.
In the work preserving strategy, the secondary transmission can continue from the
point it was interrupted [14], whereas, in non-work preserving strategy, secondary
transmission of the interrupted packet must continue from the start; therefore wasting
the previous transmission [10]. The work preserving strategy can be achieved with
the use of rateless codes, e.g. Fountain code [19] and [20]. This strategy also applies

to small and individually coded sub-packet transmission scenarios.

1.3 Contribution

In this thesis, we investigate the delay analysis of secondary transmission in the
interweave implementation of cognitive communication over multiple PU channels
for work preserving strategy. A direct extension of the conditioning based approach
from [21] and [22] is first used to derive the exact statistics for extended delivery time
of a fixed-size secondary packet; this approach has some unforeseen complexities that
will be discussed in detail. We then introduce a birth-death process based approach
to analyze EDT for the SU packet transmission over multiple primary channels; this
approach is used to derive the exact probability density function and probability mass
function of the EDT of a fixed-size secondary packet. The accuracy of this alternate
approach is later verified by numerical simulations. To the best of our knowledge,
the use of birth-death process to model a secondary user transmission over multiple
primary channels is a completely new concept.

The rest of the thesis is structured as follows:

Chapter 2 presents the system model, problem formulation and the detailed statis-



tical analysis of extended delivery time analysis for multiple primary channels
in a cognitive scenario, using the conditioning approach for continuous sensing
case. Further, it details the numerical simulation strategy used to verify the
analytical results for the conditioning approach. Lastly, this chapter also in-
cludes the results from the numerical simulation along with the discussion on

the limitation of the conditioning approach.

Chapter 3 comprises of the formulation of a birth-death process as an alternate
approach of dealing with the multiple PUs for a cognitive transmission, in both
continuous sensing and periodic sensing cases. This process is further used
to derive the exact distribution of EDT. Lastly, this chapter also presents the

results of comparison between the analytical and numerical simulation results.

Chapter 4 summarizes the thesis and discusses some future research directions.



Chapter 2

Conditioning-based Approach for
EDT Analysis

This chapter presents the system model, problem formulation and the detailed sta-
tistical analysis of extended delivery time analysis for multiple primary channels in
a cognitive scenario. Further, it details the numerical simulation strategy used to
verify the analytical results for the conditioning approach. Lastly, this chapter also
includes the results from the numerical simulation along with the discussion on the

limitations of the conditioning based approach.

2.1 System Model and Problem Formulation

We consider a cognitive transmission scenario where the SU opportunistically accesses
the N channels of a primary system, to transmit its packets. The occupancy of
these channels by PUs varies independently according to a homogeneous continuous
time Markov chain with average busy duration of A and average free duration of u.
Thus, the duration of busy and free time slots are exponentially distributed. The SU
opportunistically accesses these channels in an interweave fashion. To be more precise,
the SU can only access a channel when the PU on that channel stops transmission and
stop the access of that channel when PU starts transmission. Thus, no interference
is caused to PUs transmission.

The SU monitors the activity of PUs through spectrum sensing (we assume per-
fect sensing here). Specific spectrum sensing techniques have been discussed in detail

in [5] and [6]. To ensure no interference with the PU activity, we assume that during



transmission, the SU constantly monitors the PU activity of that particular channel.
When the PU reappears during the transmission of the SU, the SU user will either
switch to another free channel and continue transmission or wait for a free channel
before transmission, depending upon the PU activity of remaining channels. Mean-
while, when not transmitting, the SU can monitor the activity of all the PU channels
using two different sensing approaches, i.e. continuous and periodic sensing. In the
continuous sensing case, the SU continuously senses all the channels and starts its
transmission as soon as it finds a free channel, whereas, in periodic sensing case, the

SU senses all the channels periodically, with a sensing period of 7.

Primary User Transmission Waiting slot
Transmission slot

Primary
Users Activity

[ [ |
—+—+—+— waiting| slots ———

o | | |
[ | | |

k4 i A

R i W

R e Secondary
Ad User Activity

h r A

transmission slots

Figure 2.1: Illustration for the activity of PUs and the SU, along with transmission

and wait slots for periodic sensing case.

The continuous period of time during which the SU transmits on one particular
channel is referred to as a transmission slot. Similarly, continuous period of time

during which the SU is not transmitting or all the PUs are in busy time slots (in



the periodic sensing case this will also include the time period when one of the PU
channels has become free but SU has not yet sensed the channel), is referred to as
a waiting slot. Figure 2.1 shows the effect of PU activity on transmission and wait
slots, for periodic sensing.

In this work, we have analyzed the packet delivery time of a secondary system,
which consists of interleaved sequence of transmission slots and waiting slots. The
resulting EDT (Extended Deliver Time) for one packet is given by Tep = T} + T,
where Tj,. is the packet transmission time and T, is total waiting time of SU. In
general both T}, and T, are some random variables, where T, depends on T}, the
PU behavior and sensing strategies, and T}, depends upon the channel conditions and
the SU packet size. In here, we assume T}, is constant. As such, to derive the exact

distribution of EDT we need to first derive the exact distribution function of 7.

2.2 Extended Delivery Time Analysis

In this section, we investigate the EDT of secondary system of a single packet arriving
at a random point in time. In particular, we present a conditioning based approach
for the EDT analysis with continuous sensing. Without the loss of generality, we
assume that the secondary packet arrives at ¢ = 0 time instant. The distribution of

T, can be derived by considering following cases:

N
(i) All the PU channels are busy at ¢ = 0, the probability of which is A = (F/\u) :

(ii) At least one of the PU channels is free at ¢ = 0, whose probability is
N
B:1—A=1—<L> ,

At

where N is the number of PU channels and ﬁ is the probability of a PU channel
being busy at the instant of packet arrival. We denote the PDF of T,, for case (i)
and case (ii) by, fr, p,.(t) and fr, p, . (t) respectively. Now, the PDF of total waiting

time T, is given by:

fr,(t) = AX fr, p,,(t) + B X fr,, p,., (t) (2.1)

The PDFs fr,,,,(t) and fr, ,, . (t) are calculated separately.
We classify the transmission slots to Type I and Type II (illustrated in Fig. 2.2),

defined as follows:
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Primary User Typel Typell Waiting Slot
Transmission transmission transmission

i Primary
Users Activity

| |
| | .

—0—0—| | walltmg slots ——

| | |

Y

Secondary
User Activity

P HHH

[Eginn=n
—>

£ %

transmission slots

Figure 2.2: Illustration of PUs and the SU activity for continuous sensing case, along
with difference in Type I and Type II of transmission slots.

Type I: (transmission slots after waiting slots) the SU is sensing all the channels

while waiting and starts transmission as soon as it finds a free channel.

Type II: (transmission slots after other transmission slot) the SU transmission
is interrupted as the PU reappears. The SU immediately checks the remaining
channels and finds one free channel. The SU switchs to that channel and continues

transmission.

Let us first consider case (ii), when at the instant of packet arrival at least one of
the PU channels is in free time slot, then depending upon the number of Type I and
Type II transmissions, the number of waiting slots can vary anywhere between 0 to
the (number of transmission slots)-1, as illustrated in Fig. 2.3. For example, if it takes
k transmission slots to send the packet and i number of those slots are Type I and
k—1—i are Type II then the SU will experience i waiting slots. (Here first transmission

slot is neither Type I nor Type II) Now to derive the PDF of the total waiting time
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Packet arrival (t=0) End of Packet Transmission
— 0to k-1 waiting slots
/ | )y
HH HH Secondary
HHH HHH User Activity

t t b

k transmission slots

Figure 2.3: Ilustration of secondary transmission when atleast one of the PUs is in
idle time slot at the instant of packet arrival

Packet arrival (t=0) End of Packet Transmission

1 to k waiting slots

h 4

Secondary
User Activity

e
Y IEEEEN|

i
-
Ll
)
P

M IEEEEN|
=

ﬁ

k transmission slots

Figure 2.4: Hlustration of secondary transmission when all the PUs are in busy time
slot at the instant of packet arrival

T, for the above condition, let’s assume that it takes exactly k transmission slots to
send the packet. Let P, denote the probability that SU completes the transmission in
k" transmission slots. This can be calculated using the total time for k transmission
slots. Since, each of these transmission slot is i.i.d exponential with mean p, sum of
these k transmission slots will be Erlang distribution [23] with parameters k& and pu.

Then P from [21] is given by:

T, e "
P=———— 2.2
f =TT (22)

Then the PDF of total waiting time for the SU, for case (ii) is given by:

00 k—1
Fronas® = Rox (7 en 0 (2.3
k=1 =0
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where fr, (1) represents the PDF of the duration of ¢ waiting slots and C' is the prob-

ability that at the time of interruption none of the remaining channels is free which is
equal to (ﬁ)N_l, and D is the probability that at the time of interruption at least
one of the remaining channels is free, which is equal to 1 — C'. Both C' and D from
above equation can also be expressed as, C' = Pr{A transmission slot is Type I} and
D = Pr{A transmission slot is Type I1}. Here, for each value of i in the summation,
T, is the total time duration of ¢ waiting slots. Also, each wait slot is the minimum
of the busy time slots for all the channels, each of which is i.i.d exponential with
average \. Therefore, the wait time for one wait slot is also exponentially distributed
with average 4 [23]. So, fr,,(t) is the PDF of the sum of ¢ i.i.d exponential random

variables with rate %, and is given by the Erlang distribution [23]:

Nt ¢mb
() =<7 N 2.4
Jrod®) = S o oie” (2:4)
After Substituting Eqgs. (2.2) and (2.4) into (2.3), we get
k—1 .
Tr Nz tzfl B
fTw,Poff (t) - Z ! X ( )Cle 1= 'GTNt (25)
k=1 ILL 1=0 /\Z ( - )

which simplifies to

_Tt'r _Tt'r

T~ e Ttr
ST oy () = Z m x D*1a(t) Z

k=1
k—1 . .
k—1\ . NPty
§ ipk-1-i_ >to(2.
x ( i )O - (26

=1

where 6(t) is the delta function. Also, > "2, P, x D¥"1§(¢) corresponds to the cases
of zero waiting slots and as such no type I transmission slots.

Similarly, we can derive the PDF of total waiting time of SU, for the case (i),
illustrated in Fig. 2.4, noting that there is at least one waiting slot and one type I

transmission, we can write PDF as:

00 k—1

Frop =3 Pix 3 (M7 ) 0 27)

k=1 1=0
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Note that in Eq. (2.7) for k transmission slots, the waiting slots vary anywhere
between 1 to k, i.e. we have one extra waiting slot than case (ii). After substituting
Egs. (2.2) and (2.4) into (2.7), we get

_TT

t k—1
Tm« p (N
om0 =3 T (e Tt e

klﬂ i=

After substituting Eqgs. (2.6) and (2.8) into (2.1), and doing a change of variable
of Tgp =T, + T}, the PDF of the EDT Tgp for the continuous sensing case is given
by:

—Tir

Trk 1 )
fTED(t) = B |:Z # X Dk’_ld(t _ Er):| _|_ u(t _ ET)GTN(LL_T”)

k— —
(k= 1)
o0 ﬂrk_le_ZtT i N L N =T, )
X A(Zuk—l(k;—l)! XZ i ¢'D N\itl il
k=1 i=0
e P P e S | i1 N (t = T)™! -
" ;/L’H(k—l)!xg i X (i—1)! (29)

where u(.) is the step function. Similarly the exact statistic for the periodic sensing

case was also derived.

2.3 Monte-Carlo Simulations

Monte-Carlo methods refer to a broad class of computational algorithms, that make
use of repeated random number sampling to generate numerical results. Monte-Carlo

methods generally follows the same procedure as described below [24]:

1. Define the domain of input parameter
2. Generate random inputs distributed over the domain
3. Perform some deterministic computations on the input

4. Aggregate the final results
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2.3.1 Generating Random Variables

One of the essential part of any Monte-Carlo simulation, is generating a large set
of random numbers that are distributed over the input domain. Generating random
numbers that follow a particular probability distribution can be achieved by using

one of the ways listed below [25]:

1. Inverse Transform
2. Composition Algorithm

3. Acceptance Rejection Algorithm

2.3.2 Inverse Transform Method

Inverse transform is the method used to generate random numbers that were used in
the numerical verification of our results.

This method makes use of the fact that probability of a random variable is always
between 0 and 1. So, if U is a random number between 0 and 1 and F' is CDF

(Cumulative density function) for some random variable X then:
X =FYU)
will generate a random value for variable X [25].

2.3.3 Simulation Algorithm

Figure 2.5 represents the flow graph of the simulation algorithm used to verify the

analytical results for the conditioning approach.



n total number
of iteration

'

Generate N arrays of random numbers with

alternate number following exponential
distribution with A and p

A

Y

Generate a random number between 0 to 20
to randomize the initial instant of SU packet
arrival

¥
Calculate the running sum (A) of

h 4
Y

total time spent

!

Use sum (A) to find the current indices
for all N arrays

se the conditioning on
indices to check if there is any
free channel

NO

Subtract the free time slot of any of the
free channels from the remaining SU
transmission time

eck is the remaining
transmission time <0

Use frequency table to
approximate EDT for N
users

Create a frequency
table from the wait time
array

A

Plot the

7 approximated EDT

End

Add the smallest busy
slot to the running sum
for total wait time

Save the total wait time
in a separate array

Check if the current
number of iterations < n

Figure 2.5: Flow graph for the simulation algorithm

15
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2.4 Numerical Results and Discussion

Figure 2.6 plots the analytical result for the PDF of EDT for the continuous sensing
scenario, given in Eq. (2.9). The corresponding plots for simulation results and
different values of N are also shown. It’s clear that the analytical results closely follow
the simulation results. Moreover, the general trend of decrease in average EDT, with

an increase in the number of primary channels N, also follows as expected.

0.08

Analytical Result N=2
= = = Analytical Result N=3
—©— Simulation Result N=2
—— Simulation Result N=3

1

0.07

20 30 40 50 60 70
time (in sec)

Figure 2.6: Simulation verification of for the analytical PDF of Tgp with continuous

sensing (73 = 20s, A =5, and p = 2.)

Although, as seen in Figure 2.6, the graph of the analytical result for the condition-
ing approach does closely follow the simulation results but there is a clear mismatch.
One of the main reasons for this mismatch is that the memoryless property of
exponential distribution doesn’t hold true for all the sensing instances. In Egs. (2.3)
and (2.5), C is the probability of not finding a free channel immediately after the
transmission of the SU gets interrupted. The calculation assumed that C' doesn’t

depend upon the previous state of PU channels when in fact the SU only transmits
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after it finds a free time slot on at least one of the PU channels. So, once the SU
transmission gets interrupted due to the reappearance of the PU, the probability of
finding a free PU channel immediately after the interruption of the SU transmission,
from the remaining N — 1 channels depends upon the previous state (before the start
of current transmission) of the PU channels. Thus, our assumption about C' does not
hold true and EDT analysis needs to take care of this dependence.

One of the solutions for the above mentioned issue, is to keep track of the state
of all the PU channels at the most recent sensing instance. That means on each
sensing instant, the system knows about the number of free PU channels and number
of busy PU channels, from the previous sensing instance. This results in further
conditioning on each sensing instance in our analysis. Which means the summation
in Egs.(2.3) and (2.7) turns into a nested summation and EDT analysis becomes far
more complicated to accurately calculate the closed form solution. Following example
for N = 2 will further explain this complexity. For N = 2 case, at t = 0 (i.e at the
instant of SU packet arrival), the SU has following options:

1. All the PU user channels are busy
2. Only one PU channel is free
3. Both the PU user channels are free

Let’s consider the case of one PU channel being free. Also, for clarification purpose
we label the PU channels as channel#1 and channel#2. We further assume that it is
channel#1 which is free at ¢t = 0. After packet arrival the SU will immediately start
it’s transmission on channel#1 and will stop this transmission after 7; when the PU
at channel#1 restarts its transmission. Here, 7, is an exponential random variable
with mean p. Now the SU will check if channel#2 is free then the SU will continue its
transmission on channel#2. This probability of channel#2 being free after the first
interruption is given by 7;. Similarly, SU will stop this transmission, when the PU
for channel#2 restarts its transmission after 7. Again, now the SU will check if the
channel#1 is free and will continue its transmission on channel#1 with probability
2. The SU will repeat this process to alternate between channel#1 and channel#2

for k transmission slots until the SU transmission gets completed. Now, Eq. (2.3) for
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this particular case of 0 wait slots gets updated to:
fTw,poff <t>’number of wait slots=0 — Z Pkfylf}/Z e f}/ka(t) (21())

k=1
where ~; is the probability that a PU channel which was previously busy is free after

7; time and is given by:

A B _(lily,
i = + e AL 2.11
7 A A+p ( )

As seen in Eq.(2.10) the PDF of the EDT for the SU packet transmission involves
a lot of conditioning and an accurate analysis by taking care of all the conditions is
far more complex when N is greater that 2. Therefore, an alternate approach to deal

with this complexity is discussed in the following chapter.
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Chapter 3

Birth-Death Process based
Approach for EDT Analysis

This chapter comprises of the formulation of a birth-death process as an alternate
approach of dealing with the multiple PUs for a cognitive transmission, in both con-
tinuous sensing and periodic sensing cases. This process is further used to derive the
exact distribution of EDT. Lastly, this chapter also presents the results of comparison

between the analytical and numerical simulation results.

3.1 Birth-Death Process

We introduce a birth-death process to model the number of free primary channels.
The number of free primary channels defines the state space of the systems. An

illustration of this birth-death process is shown in Figure 3.1. Here, a birth refers to

1 i i 1
E AJ_ ,;: fl\_
— ___L//‘_———_‘\‘ — ———.
/ A [, / y
[ 0 J [ 1 f| |I\ p) ] ......... |II N |
N - _/Ua ___/v\-‘—_—l/)\,___{—_—/ ‘____/.)“-H-._ __//
1 1 1 1

Figure 3.1: Ilustration of finite state birth-death process for the number of free
primary channels from a total of N primary channels.
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Figure 3.2: Illustration of condensed two state continuous time markov chain

an additional primary channel going from busy state to free state. Similarly, a death
corresponds to a primary channel that is in free state, moving to the busy state. So,
if the system is in state 7, there are i free primary channels and N — ¢ busy primary
channels. Since, the death of each free primary channel is exponential with rate i,
then the death for state ¢ is minimum of 7 i.i.d exponential random variables, which
is also exponential [23] with rate i = l%,z' =0,1,2,..., N. Similarly, the birth is also

: : 1 N—i
exponential with rate =5

3.2 Two-State Markov Chain from the Birth-Death

Process

Now, applying our assumptions from chapter 2, it becomes clear that the SU will only
be in the waiting slot when the system is in state 0. We consolidate the complete
multi-state birth death process into a two state continuous time markov chain shown
in Fiure. 3.2 where Alo = % is rate of leaving state 0, and #i is the rate of coming
back to state 0. Assuming at time ¢ = 0 system goes from state 0 to state 1, and T}

represents the time it will take for the process to go back to state 0. Then
p' = E[T] (3.1)

Now let T; denote the time, that it takes for the process starting from state i, to
enter state i — 1, for 1 <7 < N. We will recursively compute E[T;], i < N, by starting

from ¢ = N. Since Ty is exponential with rate —, we have

1
KN

E[Ty] = uy = % (3.2)
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For 1 <i < N, we condition if the first transition is a birth or a death. That is, let

1, if the first transition from 7 is to i — 1( is death)

0, if the first transition from ¢ is to ¢ + 1( is birth)

and note that

1
E[T; | death) = E[T; | I; = 1] = —— (3.3)
P
1

Aq i
This follows, since independent of whether the first transition is either a birth or a
death, the time for this transition is exponential with rate /\%+i If this first transition
is a death, then the number of free primary channels becomes i — 1. Therefore, no
need for any additional time. If it is a birth, then the number of free primary channels
becomes 7+ 1 and then the additional time needed to reach 7 — 1 is equal to the time
that it takes to return to ¢ (this is E[T;11]) plus the time that it takes to reach il— 1

(this is E[T;]). Now, as the probability that the first transition is a death is %,

Aipg
using Eqs. (3.3) and (3.4) we get:
1 1
Ai
E[Tl] = 1 + i_’_i(E[Ti]"i_E[THl]) (3'5)
Ai i Ai i
or, equivalently,
EIT] = i+ S E[Ti41] (3.6)

Starting from E[Tx] = &, Eq. (3.6) provides an efficient method to successively
compute E[Tn_1], E[Tn_2], and up to E[T}]. So, starting from E[Ty] and using Eq.
(3.6), we see that:

ElT] = (N =2 L i+ GE
E[Tx_s] _M(N—3)':<Ni2)! +2(§) (Niw +2-1(§ 2%]
E[TN—3]—M(N_4)'_<Ni3)!+3<§> (Ni2>,+3 2(§ Y +3-2-1<§>3
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and, in general,

el =i - [ X S () (3.7)

S
i
o

So, from Eq. (3.7), E[T}] the average time it takes for the number of free primary

channels to go back zero is given by:

pt = E[N] = u[

n

(N -1)! <u>N—1—"(N 1 (3.8)

n! A —n)!

Il
o

3.3 Extended Delivery Time Analysis
We can apply this reduced two-state continuous time markov chain to analyze the

EDT for the SU based on the results in [21] and [22].

3.3.1 Continuous Sensing

For continuous sensing case, the PDF of EDT fr,.(t) for one PU channel is given by
[22] :

1 ety =T T, (t — T,
fTED(t):u(t_Ttr))\vLue roen X[IO(Q %)

T;fr/l T;fr(t - T;fr)
V| 2
" At —Tir) ' < AL

where u(-) is unit step function, I,,(-) is the modified Bessel function of the first kind

=5t —T,) (3.9
ST (39

of order n, A is the average busy time for the primary user, u is the average free time
for the primary user and 4(¢) is the delta function.

Now, as seen in Figure 3.2, the average free time for our reduced two-state con-
tinuous markov chain is p* and the average busy time is \g = % So, by replacing
1 and X in Eq.(3.9) with p* and 4 respectively, the PDF of the EDT Tp for the
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continuous sensing case over /N primary channels is given by:

N —N(t=Tyy) ’T;W Nﬂr@ - ﬂr)
fTED(t) = u(t - Ttr)me A e ¢ X [[0 <2 T

NTM-ILL* Nﬂr (t — Ttr) ]V,LL>k —Tir
(2 A5t —Ty) (3.10
=T 1( 1N e =T (3.10)

3.3.2 Periodic Sensing

The PMF of EDT of one PU for periodic sensing case from [22] is given by:

Pr[Tp = nT, + Tiy] = A -/|\- H(l - 5)5"_16_3;"
— B _ n—1 _1,,
X1 (1 —n; 1 w»;[n] +5 J’li . (Ttr(l Mﬁ)ﬁ >€

/,L *Ttr
[T A1
+ )\+Me [n] (3.11)

x 1 Fy <1 —n;2; w>u[n ]

where n is total number of sensing instances, 1Fi(.,.,.) is the generalized Hyper-
geometric function and 3 is the probability that the primary user is on at the sending

instance and from [22] it is given by:

P B (it

_ )T
= + e I 3.12
A A+p ( )

Here T is the sensing period.
Now, similar to the continuous sensing case, substituting 4 and A from Egs. (3.11)

and (3.12) by p* and % respectively, we get:

)\ N,u* —(%-l—

= )T 3.13
A+Nu*+A+Nu*e (3:.13)

A

and the PMF of the EDT Tgp for the periodic sensing case over N primary channels
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is given by:

A
A+ Ny

Ty

(1— 51)51n_1€_“*

Pr[TED - nTs + T;Er] =

=T (1= B1) Ny T (1= BB =z
Al1—n e =0 n 7
X 1 1( n; 1; By uln] TN " e
—T(1 = Br) Np* =T
¥ P [1—nyo —2m "2 |+ TS (3.14
1 1( n B uln — 1] 3 N,u*e [n] (3.14)

3.4 Numerical Examples

We now verify the analytical results using numerical simulation strategies discussed in
chapter 2. This section also compares the work done in this thesis with the previous
work on EDT analysis in [21] and [22].

Figure 3.3 plots the analytical result for the PDF of EDT for the continuous
sensing scenario, given in Eq. (3.10). The corresponding plots for the simulation
results for the different values of N and different simulation strategies, are also shown.
The near perfect match between the analytical and simulation results verify our birth-
death process based analytical approach. Similar to the anlytical results from chapter
2, the general trend of decrease in average EDT, with an increase in the number of

primary channels N, also gets verified.
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Figure 3.3: Simulation verification of the analytical PDF of Tgp with continuous
sensing (73, = 20s, A =3 and pu = 2.)
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Figure 3.4 plots the PMF of EDT for periodic sensing case for different number
of primary channels N, corresponding simulation results are also shown. The plots
show that the analytical result reconcile with the simulations results. Also, these

plots verify the expected trend of decrease in average EDT for periodic sensing as the
number of primary channels N increase.

0.06 ‘ ‘ ‘
Analytical Result N=2
= = = Analytical Result N=3
—— Simualtion Result N=2
0.05} rs\ —@— Simulation Result N=3 |1

Pr[TED = nTs + Ttr]

20 25 30

35 40 45 50 55 O 6.5
nT +T, (in sec)

Figure 3.4: Simulation verification of the analytical PMF of Trp with periodic sensing
(T}, = 20s, A =3, p =2 and Ty = 0.5s).
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Figure 3.5 shows the analytical PMF envelope of the EDT with the periodic
sensing case corresponding to the different sensing periods T, along with the analytical
PDF of the continuous sensing case. As T approaches 0, the performance of periodic
sensing comes closer to that of continuous sensing case, which is the expected outcome

as continuous sensing case is essentially periodic sensing case with the sensing period
as Ty, = 0.

0.07 T T T T
=—#— Continuous Sensing PDF
Periodic Sensing PMF for TS =0.2s
—4— Periodic Sensing PMF for T_=0.5s
0.06 9 s 1

.. % . Periodic Sensing PMF for Ts =0.8s
= = = Periodic Sensing PMF for T, =11s

0.05

0.04

0.03

0.02

PDF and Envelope of PMF for EDT

0.01

20 25 30 35 40 45 50 55 60 65
time (in sec)

Figure 3.5: Analytical distribution of EDT with the continuous and periodic sensing
(N =3,T, =10s, A\ =5 and p1 = 2).
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Figure 3.6 plots the analytical PDF of the total wait time 7, (EDT-transmission

time) for the continuous sensing case, for different SU packet sizes. The plots show

that as the SU packet size increases the average wait time for the complete transmis-

sion of those packets also increases which is the expected output.
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0.06
~
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s 0.05
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0.03f
0.02

0.01r @

—— Ttr =10s
—_—— Ttr =15s
—e— Ttr =20s
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0 5 10 15
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Figure 3.6: Analytical distribution of T, for the continuous sensing case for different

SU packet sizes(N =3, A =5 and pu = 2).



29

Chapter 4
Conclusions

This chapter summarizes the thesis and discusses some future research directions.

4.1 Summary

Radio frequency spectrum scarcity and under-utilization is one of the major prob-
lems faced by wireless communication industry today. This thesis explored one the
solutions proposed to deal with this problem.

In this work we studied the extended delivery time of a data packet appearing
at the secondary user in an interweave cognitive setup with multiple primary user
channels. We used two different approaches (i.e. conditioning based approach and
birth-death process based approach) to solve this particular problem. Approximate
statistical results for the probability distribution of the EDT for a fixed size data
packet for the continuous sensing case with the conditioning based approach was
derived and it was compared with the monte-carlo simulation results. Analytical
results obtained from the conditioning based approach werent completely accurate
which resulted in mismatch between the analytical and the simulation outputs. Some
of the possible causes for this error were discussed.

Later, we introduced a birth-process based approach to model a cognitive system
that has multiple primary channels. The exact statistical results for the probability
distribution of EDT for fixed size data packet for both continuous sensing and periodic
sensing based upon this birth-death process were obtained. Simulation results were
presented to verify the analytical results. Near perfect match between the analytical

results based upon the birth-death process based approach and the simulation results
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verified that a birth-death process can be used to model and multiple primary user
cognitive system. The slight mismatch in this case can be attributed to either the
assumption that the system remains markovian after the reduction of the birth-death
process into a two-state markov chain or the Bessel function approximation in the
results from [22]. Both of these possibilities can be further explored in some of the

future work.

4.2 Future Work

Current work for cognitive radio systems can be extended into multiple ways. First
of all, during the analysis of our results fixed size secondary packets were considered.
These can be replaced with variable secondary packet sizes that can follow some
general probability distribution. Also, it was assumed that channel sensing is perfect,
which isn’t true for any real world application. Effect of imperfect channel sensing,
on EDT can be studied in detail. Similarly, the primary user activity on the targeted
channels was assumed to be Markovian. This assumption can be replaced with non-
Markovian distribution, where either one of the on and off times, or both of them
don’t follow exponential distribution. Further, this analysis considered multiple PU
channels only, this can be extended to multiple SUs. Lastly, all of these extensions
can not only be applied to the work-preserving strategy discussed in this work, but

these extensions can also be applied to non-work preserving strategy.
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