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Rules to transform concentrations and currents for
irreversible reactions to those of quasireversible
reactions

David A. Harrington*

Department of Chemistry, University of Victoria, Victoria, British Columbia, VEW 3V,
Canada.

Abstract

Transformation rules are given that take the concentration or current expres-
sions for the simple irreversible electron-transfer reaction R — P + e~ and
convert them to the corresponding quantities for the quasireversible reaction.
They apply for many standard electrochemical mass-transport cases, including
simple diffusion and convection-diffusion for the rotating disk or channel flow,
provided that the diffusivities of the two species are equal. The forward rate
constant is replaced by the sum of the forward and reverse rate constants, the
result is scaled and then a constant added. Rules are also given for some cases
where the diffusivities are unequal. As an application, a new solution of the
concentration profile for a channel electrode within the Lévéque approximation
neglecting axial diffusion is given.
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Introduction

Electrochemists have devised a wide variety of configurations to study the
heterogeneous redox reaction (1) between solution species, e.g., semiinfinite 1-
D diffusion, spherical diffusion, finite length diffusion, rotating disk electrode,
rotating ring electrode, channel and tube electrodes. Conversely, when a new
electrode configuration is devised, a known redox couple is frequently used for
calibration and comparison with theory. There is a large literature describing
analytical solutions for the current density and solution concentration profile
for the benchmark conditions, in which R and P have bulk concentrations c&
and c'ﬁ respectively, there is no adsorption and the diffusivities are independent
of concentration. Nonetheless, finding exact analytical solutions is difficult and
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a wide variety of approximation schemes have been used.

k
ReP+e (1)
ky

The quasireversible case, in which the forward and backward rates are both
considered, requires solution of two coupled mass transport problems for the
two solution species R and P, and leads to complicated expressions for the
concentrations and current. It is evident that the equations for the irreversible
case, in which only the forward reaction occurs, can be readily found from the
quasireversible equations by setting the backward rate constant to zero. I show
here that the converse, going from the equations for the irreversible case to
the equations for the quasireversible case is surprisingly easy in many cases,
provided the diffusivities are assumed equal. In the special case that there is no
product initially present in the bulk, the concentration of R may be obtained
by replacing k¢ by k¢ + kb, scaling by ke/ (k¢ + kp,), and adding kel / (ke + kb)-
The significance of this is that the irreversible problem is inevitably easier to
solve than the quasireversible case, and so may be used as a bridge to the
quasireversible case.

Although it is easy to verify validity of this transformation for simple cases,
it is harder to establish the exact types of problems for which it holds. This
work shows that simple transformations apply whenever the mass transport
equations are linear in the concentration and the concentration always appears
in a derivative. This covers a wide class of problems that includes all those men-
tioned in the introductory sentence. The key assumption is that the diffusivities
of R and P are equal, an assumption that is common in analyzing experimental
data and leads to only small errors in determining the rate constant. It has
been known for a long time that this assumption implies that the sum of the
reactant and product concentrations are constant, at least for steady-state sys-
tems with diffusion only. For simple systems, the sum is often derived or used
without further comment, e.g., [1-3]. Oldham and Feldberg [4] extended this to
multispecies systems including cases where migration, natural convection and
some homogeneous reactions were present, and Kottke and Fedorov [5] included
forced convection.

Recently, Schmachtel and Kontturi [6] used the constant total concentration
property to show that the same eigenfunction method could be used to solve
quasireversible potential step transients for finite-length diffusion as was used
to solve irreversible transients. Their work comes closest to the present work,
since they noted that the quasireversible case was a transformed version of the
irreversible case with different eigenvalues. Here the general rule is formulated
and shown to cover a wide variety of convective diffusion systems, though we
consider only supported systems and neglect migration. The use of a transfor-
mation rule is proposed here as a simple way to find new analytical solutions.
It can also be used to simplify numerical simulations of quasireversible systems.
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Figure 1: Example coordinates and boundaries. Channel electrode (red) in the side of a
rectangular channel. Arrows indicate the flow direction.

1. Theory

1.1. Notation

The concentrations of R and P, cg and cp, have second subscripts ir and
qr to indicate irreversible or quasireversible; in generic equations that apply to
either type of reaction the second subscript is omitted. Superscript s means at
the electrode surface and b means the bulk concentration specified at another
boundary; unsuperscripted means in the solution. The current densities j and
surface concentrations c; or ¢ are local values that in general vary across the
electrode surface, and j must be integrated over the surface to get the mea-
sured current. If j is constant across the surface as is the case for uniformly
accessible electrodes, then the measured current density is equal to j. The con-
centrations in the solution depend on 1, 2 or 3 spatial variables, depending
on the dimensionality of the problem, and also on time, if a transient problem
rather than a steady-state problem is considered. Where a specific coordinate
system is used, the coordinate normal to the electrode surface into the solution
is denoted by z. The channel electrode (Fig. 1) provides a non-trivial example
of the requirements that are discussed below.

1.2. Assumptions

1. The mass-transport (partial) differential equations governing the concen-
trations of R and P satisfy three conditions: (i) they are linear, (ii) the
concentration is present only in derivatives, and (ii) they are the same for
R and P.

The general term in such a differential equation is some function of the co-
ordinates times a partial derivative of concentration with respect to some
of the coordinates. The notation is awkward if specified in the most gen-
eral form that allows for different coordinate systems and dimensionalities.
Therefore, the following deals with the specific case of convective diffusion
for incompressible flow, which covers the majority of cases of interest, but
this not intended to be limit the generality of the following discussion.
For this case, the concentrations of R and P are governed by Eqgs. (2) and
(3), which includes the possibility of diffusion alone (fluid velocity v = 0).



Condition (iii) requires that the diffusivities of R and P must be equal.

Ocr /0t = DV?cg — v - Ver (2)
Ocp /Ot = DVZ2cp — v - Vep (3)

Extension to incompressible fluids is not possible because the additional
term ¢V - v depends on the concentration and not its derivative (condition
ii). On the other hand, the channel electrode with axial diffusion term
D&?c/0x? neglected is no longer strictly of the above form but satisfies
the three conditions and is acceptable. Both steady-state (9c/0t = 0) and
time-dependent situations are included.

. The surface reaction rate v (mol m~2 s~1) is first order in concentrations
of R and P: irreversible rate v = kecy, ;,; quasireversible rate v = kgcy o, —
kbc??,qr'

. The fluxes of R and P at the electrode surface are given by Fick’s first law.
This implies boundary conditions at the electrode surface:

—n-DVep =n-DVeg =v (4)

where n is a unit vector normal to the electrode surface into the solu-
tion. (All normal derivatives n - V in this paper are understood to be at
a boundary surface.) For convective systems, the no-slip boundary con-
ditions means the convective component is zero at the electrode surface
and so only the diffusive flux appears here. The key property is that the
the concentration appears as a derivative. This means for example that
migration is excluded.

. At boundary surfaces other than the electrode, there is a zero-gradient
boundary condition (Eq. (5)), and/or a fized-concentration boundary con-
dition, where the concentrations have constant values c® or s® appropriate
to the bulk solution (Eq. (6)).

n-VCRZ’I’L'VCP:O (5)
CR = clf{, cp = cp (6)

For example, on the insulating surfaces in the channel electrode (uncolored
regions in Fig. 1), the fluxes of R and P and therefore the gradients in
their concentrations are zero. For the inlet of the channel electrode (blue),
so long as the inlet surface is far enough upstream of the electrode for back
diffusion to be negligible, then (Ocgr/0%) |z=z., = (Ocp/0%) |o=z11e, = 0,
i.e., the concentration gradient is zero even though the convective-diffusive
flux is nonzero. Under the same assumption, the inlet concentrations may
be fixed at their bulk values, cg|s—z;,., = ck and cp|y—g,,., = cb. Other
examples of constant concentration are semiinfinite 1-D diffusion or con-
vective diffusion at the rotating disk electrode, for which the concentra-
tions are fixed at their bulk values at the boundary z = oc.

This assumption only requires specification of these types of boundary



conditions at enough boundaries to ensure a unique solution. For exam-
ple, for the channel electrode in the x direction the derivative is second
order and so two conditions are required; if these are taken as fixing the
value of the concentration and flux at the inlet, then no condition needs to
be specified at the outlet. Since the irreversible and quasireversible solu-
tions are assumed to exist, sufficient and consistent boundary conditions
of these types must exist to make each case a well-posed problem.

5. For time-dependent problems, the initial conditions are that the concen-
trations are constant everywhere at their bulk values c& or cB.

6. The rate constants are fized, i.e., are independent of time (potentiostatic
conditions).
This covers the case of steady-state voltammetry, and also the case of
chronoamperometry experiments in which the potential is constant after
the step.

1.8. Transformation rules

Consider a solution c¢;, of the irreversible problem with the rate constant
ke, and local current density j;, at a particular location on the electrode sur-
face. The notation [...] ke—kstky, 15 introduced to mean replace k¢ by kg + kp
in the expression enclosed in the square brackets. Then under the assumptions
discussed above, the concentrations and current density for the quasireversible
case with forward and backward rate constants k¢ and &y, are obtained from the
irreversible solutions by using the following transformation rules:

lcfc‘f{ — kbc‘ﬁ, (o] kp (cg + c}%) ™)
(ke + ko) o R Rt T g R,

CP,qr = CE{ + CkP)‘ — CR,qr (8)

. jir
Jar = (KrcR — kucp) [ ] (9)
! kfc% ke—ke+ky

CR,qr =

The case where P is initially absent follows by setting 6'1% = 0. These transfor-
mations are written for the concentrations in the solution or at the surface and
the local current densities. However, averaging both sides of these equations
over the electrode surface shows that they also apply for the average surface
concentrations and the average or measured current densities.

1.4. Derivation

Rule (8) is a statement about the constancy of the sum cp g + cr,qr- TO
show this, the two governing equations (2) and (3) are added, as are the zero-
gradient boundary conditions (5), and fixed-concentration boundary conditions
(6). The electrode boundary conditions —n - DVcp o = v and n- DVcg,gr = v
are subtracted, giving a zero-gradient boundary condition V (¢p ¢ + cr,qr) = 0.
The result is a linear boundary-value problem for cp r +cRr, qr With all boundary
conditions either zero-gradient or cp g + cr.qr = ¢ + c&. The solution is that



CP,qr + CR,qr = € + & everywhere, which establishes rule (8). Using this result,
the electrode boundary condition for the reactant can be rewritten as Eq. (10):

n- DVCR)qr = kfci,qr — ky (C%{ + C]PD’ - C?i,qr)
= (ke + kn) Goqr — kb (e + D) (10)

The irreversible solution cg;, is assumed to exist, and the quasireversible
solution cg g needs to be found in terms of it. The governing equations and
boundary conditions are the same for these two quantities, with the exception
of the electrode boundary condition, which for the quasireversible case is now
Eq. (10), and for the irreversible case is Eq. (11):

n - DVcR ir = kiCR i, (11)

Now the irreversible solution applies for any value of the rate constant, so re-
placement of k¢ by the sum of the quasireversible rate constants k¢ + ki, gives
a solution [cR,iy] Kk L, 1O the irreversible problem; the motivation for this is
comparison of Egs. (103 and (11). The governing equation and zero-gradient
boundary conditions are linear and contain only derivatives, so scaling by a con-
stant and adding a second constant gives another solution that satisfies these
requirements, though not necessarily the fixed-concentration boundary condi-
tion or the electrode boundary condition. With two adjustable constants, it
should be possible to satisfy the two remaining boundary conditions, even for
the quasireversible case. Therefore, the conjecture is that

CR,qr = @ [CR7ir]kf—>kf+kb +b (12)

Substitution into the left-hand side of Eq. (10) gives

n-DVceg.qr =n- DV (a [CRJI‘}’CfHk?f#*ka + b) =q (n - DV [CR,ir]kakah

=a (kf + k‘b) CR,ir = @ (k’f + k‘b) (CR7qlr — b) /a
= (ke + kp) cr.qr — b (ke + kp)

(13)
(14)
(15)

and agreement with Eq. (10) requires b = ki, (¢} + ¢p) / (k¢ + kb) . The constant
a is then found by requiring cg o = ¢k at the boundaries where cg ;; = ¢k (and
hence [CR,ir]kfﬁkﬁkb = le{)3

B = ach +ky (i +cp) / (ke + k) (16)
o kfclf{ — kbclﬁ

TRk Y

Therefore the governing equation (2) and all boundary conditions are satisfied,
which establishes rule (7).



To derive the current density rule (9), the relationship between current den-
sity and flux, j = F'n - DV, is used together with Eq. (13):

Jqo = Fn-DVcg g = Fa (” - DV [CR7ir]kf~>kt'+kb)
- kfc]ﬁ — kbc]fa
EECERSE R

jir
= (k'fclﬁ — kbc]f)) |:ka}3{

} (18)
kf—ke+kp

1.5. Unequal diffusivities

The assumption of equal diffusivities is common in electrochemistry, but it
is of interest to extend these results to non-equal diffusivities. The ability to
do this depends on finding changes of variables that eliminate the explicit diffu-
sivities in both governing equations and the boundary conditions. That is, the
classes of systems for which transformations can be found will be more restric-
tive than for equal diffusivities, and in general different rules will be required
for different geometries. An exhaustive analysis will not be attempted here,
but two examples are given to illustrate the method. The case of steady-state
diffusing systems (no convection) is chosen because it involves no further re-
striction on geometry, and the transient 1-D semiinfinite diffusion case is given
as a restricted-geometry case that finds widespread use.

1.5.1. Steady-state diffusing systems

Kottke and Fedorov [5] showed that for steady-state with diffusion only,
the sum of diffusivity-weighted concentrations was constant, Eq. (19), and this
quantity has often been invoked in solving electrochemical problems, e.g., [6, 7].

Drcr + Dpep = DRC}& + DPC}% (19)

For steady state without convection, changing variables to Cr = Dgcg,
Cp = Dpcp, CR = DRCE{, CII:), = DPC?,, K = kif/DR, Ky = kb/l)p7 converts the
governing equations (2) and (3) and boundary/initial conditions (4), (5) and
(6) to

0= V?Cgr, 0=V3Cp (20)
n-VCp=n-VCr =0 (21)
Cr=Cg, Cp=Cp (22)
—n-VCOp gy = n-VCr g = KtCr,qr — KpCp ¢ (23)
n-VCrir = KiCRir (24)

These equations are found from the original ones by the substitutions D — 1,
cr — CRr, cp — Op, & — CR, B — OB, k¢ — k¢/Dr, kv, — ky,/Dp, and



applying these same substitutions to the transformation rules (7) - (9) gives the
rules for this case:

CR,qr = kfc}ﬁ - kbc‘f’ [CR ir]
, (k¢ + kyDgr/Dp) c}’{ A ke —ke+ky(Dr/Dp)
(kb/DP) (DRC% + DPC};)
k¢ + knDr/Dp
CP,qr = (DRC% —+ DPC]IDD — DRCqur) /Dp (26)

jqr = (kifcg — kbclfp) l:k]ir :|
fCR ) kp— kg +kn, (Dr/Dy)

(25)

(27)

1.5.2. Time-dependent 1-D semiinfinite diffusion to a planar electrode

As usual, the planar electrode is assumed to be at z = 0 and the concen-
tration takes its bulk value at z = co. Following a change of variables known
for a long time [8], the z axis is transformed differently for the two species
Zn = z/ DR/ > Zp=2z/ Dy /2 and the new varlables for the concentrations and
rate constants are Cr = DR/ cr, Cp = DP CP, Ch = %{/2 b, Ch = 1/2 b,

Ky =ke/ Dl/ 2 , and Ky = ky,/ D113/ 2 In these variables, the new governing equa-
tions (28) have the same boundary/initial conditions as above, Egs. (21) - (24).

OCR /Ot = 02Cr /022, OCp /0t = D*Cp /0% (28)

Although the transformations of the z coordinate are different for the two
species, the boundaries are at the same location in the new coordinates ( Zr =
Zp = 0 and Zr = Zp = o). However, the different transformations mean
that the equivalent of Eq. (19) now relates different physical locations in the
solution via a well-known relationship ([9], Eq. (136)), which is expressed here
as a substitution rule that will be used to find cp o from cg gy

D111/2 [cRarl, . (Dr/Dpy172 T DY ep g = Dl/z b+ Db (29)

Following the same procedure as the previous case, the substitutions D — 1,
CR — CR, cp — CP, CR — Cb, CP — Clﬁ, f — kf/DR y and k‘b — kb/D1/2
transform the original system to the new system, and so are used, together with
Eq. (29), to find the transformation rules for this case:

kf CE{ — kbclﬁ

CR,qr = [CR,ir] R 1/2 ,41/2
q (k:f s (DR/DP)1/2) Clﬁ ke—ke+ko(Dg = /Dp/ ")
(kb/D%,ﬂ) (D%{/Qcﬁ + D%,/Qc}%)
+ (30)

(kf + ky (DR/DP)1/2>

Cpqr = Clﬁ + Cllg - [CR»qr]ZHz(DR/Dp)l/z (31)

. Ji
Jqr = (kfc}){ — k;bclf,) [k lrb}
fcR kf—>k}f+kb(D11Q/2/Dé/2)




2. Examples

2.1. Chronoamperometry current density for semiinfinite 1-D diffusion to a pla-
nar electrode

This time-dependent example has only diffusive mass transport, and the
expressions are classic results in electrochemistry [10, 11]. Assuming equal dif-
fusivities, the irreversible current is converted to the quasireversible current by
rule (9):

jir = Fhecb erfe (kf (t/D)" 2) exp (k2t/D) (33)
Jar = F (keeR, — kucp)
x erfe ((kf + k) (t/D)Y 2) exp ((kf + k)2 t/D) (34)

For unequal diffusivities, the rule (32) converts Eq. (33) with D = Dg to
Jar = F (kecg, — knep)
x erfc (Qt1/2> exp (QQt) (35)
where @ = kf/D%{/Q + k;b/Dé/Q.

2.2. Koutecky-Levich steady-state current density at the rotating disk

. FDkc}
I =5 (36)
. FD (k‘fclﬁ — kbclﬁ) (37)

o = TS (ke + ko) + D

where § = 1.61170'/6w=1/2D1/3 is the diffusion layer thickness, v is the kine-
matic velocity and w is the angular velocity. This example involves steady-state
convective diffusion, making the usual approximation that the velocity compo-
nent normal to the electrode is approximated by the first nonzero (quadratic)
term.

The quasireversible Koutecky-Levich equation is not common in the litera-
ture, though Greef et al [12] show how to derive it through use of the diffusion
layer concept, which bypasses the necessity to calculate the concentration pro-
file. Their result assumes equal diffusivities, though the result for different
diffusivities is known [13, 14]. This result can be confirmed explicitly using
the analytical form of the steady-state concentration in terms of the incomplete
gamma function [14]. Application of the transformation rules (7) and (8) leads
to quasireversible concentrations that can be verified as solutions of the rotating
disk steady-state convective diffusion equation. Subsequent calculation of the
flux verifies the quasireversible current expression (37).



2.8. Steady-state 2-D concentration profile for flow past a channel electrode

The rules have intrinsic interest based on their simplicity and ability to
relate known literature results, as in the above two examples. However, here
they are used to generate new results. The electrode is not uniformly accessible
in this case. The concentration for the irreversible reaction at a 2-D channel
electrode has been given by Tolmachev, Scherson, Wang and Palencsar [15-
17] under the assumption that axial diffusion is neglected. The quasireversible
current was given much earlier by Matsuda [18], who bypassed calculation of
the concentration. A calculation of the quasireversible concentrations by Klatt
and Blaedel [19] was shown by Tolmachev et al [15] to be incorrect.

The quasireversible concentrations are derived here in the Appendix using
the transformation rules, and appear to be new results. This example em-
phasizes that although the irreversible solution is rather complicated, requiring
convolution integrals and special functions for its expression, the quasireversible
solution is not much more complicated. It requires only modification of a com-
posite constant (o), and then scaling and addition of the constant to the irre-
versible solution. In the context of this work, it is interesting that Tolmachev et
al [15] showed that the product and reactant concentration profiles obey equiv-
alent governing equations and boundary conditions without the assumption of
equal diffusivities, but did not couple the two concentrations with the kinetics.

3. Discussion

The typical mass-transport equations of electrochemistry are the diffusion
equation and various convective-diffusion equations. These equations are linear,
and typically involve only derivatives of the concentration. This allows the
scaling and addition operations here to work. The simplicity of the rules reflects
the fact that for equal diffusitvities the mass-transport of the two species is
the same, in the sense that a change of variables converts them to the same
governing equation with the same boundary/initial conditions. The complexity
of the equations for the quasireversible case is not significantly different from
the complexity in the irreversible case,as is shown nicely by the channel example
2.3. In effect, the quasireversible solutions are simply “dressed up” versions ot
the irreversible solutions.

It is perhaps not surprising that the substitution k¢ — k¢ + ki, appears in
the transformation since k¢ + kp, is a common measure of the overall rate, but
it is interesting that the rate constants in the quasireversible case are not all
in the k¢ + kp combination. The current transformation rule (9) reveals that
the bulk concentrations appear solely in the combination F (kfc}—?{ — kbcg), the
kinetic current density, which is an interesting universality seen in all three rule
sets. It is clear that in general

j = F(kfci-{ — kbc;> (38)
= F (kcp, (cR/cR) — knep (cb/cp)) (39)

10



where the functions ¢ /ck and ¢ /cB must separately tend to zero at the re-
versible potential, but is it less obvious that the current density can be written
as product of the kinetic current density and a single function.

The rules here relate irreversible reactions to quasireversible reactions over
many convective diffusion situations. Other relationships may be found in the
literature, for example relating band and hemicylinder electrodes [20], rotating
ring to rotating disk [21], or relating tube, channel and rotating ring/disk elec-
trodes [16, 22]. These types of relationships typically rely on changes of variables
that show that seemingly disparate situations are actually equivalent, and do
not easily generalize. Relations that are more general are known, typically for
diffusion only and especially for reversible and/or steady state conditions. No-
table is Oldham’s pan-voltammetric relationship for any type of time variation
or reversibility conditions [14] with diffusion only. A universal relationship for
diffusing reversible systems was found that relates current normalized by limit-
ing current to potential for multipotential waveforms when the diffusivities are
equal [1]. In terms of quasireversible systems, Bond et al [23] studied diffusion
to the inlaid disk electrode at steady-state from reversible to irreversible kinet-
ics. That work relates to the present work insofar as a rule to transform the
irreversible case to the quasireversible case was given. A similar rule was given
for the extension of this to inlaid planar electrodes of any geometry [24]. Most
recently, Molina et al [25] have given an accurate but approximate framework
for analyzing steady-states curves across different geometries that applies for
diffusion and quasireversible conditions, with the equal diffusivity assumption.

The transformation from an irreversible solution to a quasireversible solution
enables the apparently simpler mathematics of the irreversible case to extend to
the more complicated quasireversible case. Since the reversible case is the limit
of the quasireversible case as the rate constants k¢ and kp, become large while
their ratio remains constant, it should be possible to proceed to the analytical
solution of the reversible case, provided the limit can be evaluated.

The transformations depends only on linear mass-transport, so an approxi-
mate convective diffusion equation works as well as an exact one, so long as it is
linear and has only derivatives of concentration. This is exhibited in examples
2.2 and 2.3, where approximate quadratic and linear velocity profiles replace
the exact profiles. If the exact solutions for the irreversible cases were known,
then the method would still apply. In fact, the equations given in example 2.2
would still apply, but the diffusion layer thickness would have a different value.

Although the focus here is on analytical solutions, it is evident that the
transformation can still be applied if only tabulated (or fitted) numerical solu-
tions are available in terms of a non-dimensionalized parameter that included
kg, similarly to the classical Nicholson and Shain methodology used for cyclic
voltammetry [26]. One simply solves the irreversible case for apparent forward
rate constant kf + ki, and applies the transformation to get the quasireversible
solution.

Although time-dependent transient cases are covered, this is only when the
rate constants do not depend on time (assumption 6). Since the rate constants
depend on potential, this precludes time-varying potentials, such as in linear

11



sweep voltammetry. This assumption may be too restrictive, and it may be
possible to develop transformations for linear sweep or cyclic voltammetry, but it
is clear that time dependence introduces an additional parameter describing the
speed of the change, so that the transformation rule will be more complicated.
As an illustration of the difficulty, the substitution k¢ — k¢ + ky, for constant k
replaces a constant with a constant, but for linear-sweep voltammetry replaces
an exponential with a function similar to cosh. In general, a change in functional
form of partial differential equation makes a very large change in the solution,
and so we cannot expect as simple a rule to apply. On the other hand, an
additional speed parameter is not required for a sequence of potential steps,
and an extension to that case may be simpler.

The change of variables used for steady state diffusion with unequal diffu-
sivities (Sec. 1.5.1) was geometry independent because it did not change the
independent variables. The case of transient 1-D semiinfinite diffusion to a pla-
nar electrode exemplifies the restrictions that geometry plays. The change of
variables there does not work for 1-D cylindrical or spherical diffusion because
the location of the electrode at non-zero radius ry would move differently for
the two species. Appropriate changes of variable are known for many cases of
interest, and so can be used to generate transformation rules for specific geome-
tries.

4. Conclusions

For the common assumption of equal diffusivities of the two species, the
transformation rules presented here allow easy conversion of analytical solutions
for irreversible reactions to the corresponding analytical solutions for quasire-
versible reactions, for a wide variety of geometries and hydrodynamic conditions.
Some transformation rules are also given for cases with unequal diffusivities, but
these are less general and different rules are needed for different geometries or
hydrodynamics. These rules give a surprising and elegant link between known
literature and textbook results, which show that the apparently more compli-
cated quasireversible case is not really more difficult than the irreversible case.
Furthermore, new experimental arrangements in microfluidic electrochemistry,
microelectrodes, or nanoelectrochemistry are continually being developed, and
the present theory aids in the use of these methods, particularly in the calibra-
tion stage where standard redox couples are used for validation.

The theory is applied here to give a new result for channel electrodes. The
main change is simply the reinterpretation of a kinetic parameter o, and so ex-
tension to other cases where the irreversible analytical case is known is expected
to be simple. The theory also enables simplification of the effort involved in nu-
merical computer simulations, since only one concentration needs to be solved
for, and the other can be found from the transformation.

Development of similar transformation rules under relaxed assumptions should
prove useful in a variety of additional classes of problems in electrochemistry.
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A. Steady-state 2-D concentration profile for flow past a channel elec-
trode

This corresponds to the geometry of Fig. 1 with the channel width (in the y
direction) infinitely large so that it reduces to a 2-D problem. I start with the
concentration for the irreversible case given by Tolmachev et al. [15-17], and
the interested reader may refer to those works for the derivation and additional
commentary. The problem is solved within the Lévéque approximation, with
the flow velocity approximated as proportional to z, v, = 2vgz/h, where 2vq is
the velocity in the centre of the channel in this approximation. Axial diffusion
(parallel to the channel in the z direction) is neglected, and under these as-
sumptions the convective diffusion equation is Eq. (40). Because axial diffusion
is neglected, the solution only propagates downstream and the inlet may be
chosen at the upstream edge of the electrode, which may be taken as x = 0. In
the Léveque view, the diffusive processes take place close to the electrode and
therefore it is assumed that extending the linear velocity profile to z = oo is
an acceptable approximation. Therefore the boundary conditions (4) and (41)
apply.

Tolmachev et al defined the non-dimensional concentration 6(X, Z) (Eq. 42),
with X = z/L and Z = (2uoh?/DL)'/3z/h. (The symbols are slightly different
here for consistency with the rest of the paper; Z is used for Y [15, 16] or
& [17] and z is used for y.) The irreversible concentration above the electrode
(0 <z < L,0 < z < 2h) is given by a convolution integral, Eq. (43). To evaluate
it, the function 6(X, 0) (Eq. (44)) is required, where the exponential integral and

o0

incomplete gamma functions are defined by Ei(a,z) = [ exp(—=zt)/t*dt and
I'(a,z) = [°t"" ' exp(—t)dt, I'(z) is the gamma function and the other symbols
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are defined in Eqs. (45) - (47).

0=D (BQCi(m, z)/@zQ) — (2uoz/h) (Oci(x,2)/0x), i =R, P (40)
ci(w,00) = ¢i(0,2) = ¢}, i =R, P (41)
crir(,2) = c}—?{(l —-0(X,2)) (42)
o1/3 X
0X.2) = s 0/[1 —0(X1,0)]
_ A
X (X — X;) 3 exp (M) dX, (43)
_ (—x)'/T(2/3) + xEi(1/3, —x)
0(X,0) =1—exp(—x) [1 - T 23)
(=03 (=T'(1/3) + T(1/3, —x))
- @RT(1/3) ] )
x=0X (45)
o = a3(k}/D?)(hL/2v0) (46)
o =37180(1/3)/T(2/3) (47)

(Eq. (43) corrects a typo in Eq. (18) of Ref. [16] by writing I'(1/3) rather than
I'(2/3).) The solution for the region downstream of the electrode is the same
except that the upper limit of the integral in (43) is 1. Although 6(X,0) in
Eq. (44) is real, not all its components are, and for this reason I propose that
the equivalent form Eq. (48) in terms of the explicitly real Whittaker functions
M, /3.1 /6(x) and M s61/3(x) [27] may be preferable for numerical work.

M1/3,1/6(X) M1/671/3(X)

0(X,0) =1 —exp(—x) + 3exp(—x/2) X'3D(1/3)  2x1/S0(2/3)

(48)

To derive the quasireversible solution, the transformation rule (7) is applied
to Tolmachev’s irreversible solution.
(. 2) = kech — kypch Ky (B + cp)
ke + ky, ke + ky
Oqr = o3 ((kg + kv)® /D?)(hL/2v0) (50)

1-0X,2))+ (49)

where 6(X, Z) is the same complicated expression but with ¢ replaced by o4,
given in Eq. (50). The concentration of P then follows immediately from Eq.
(8). It may be verified that the quasireversible concentrations CR,qr and Cp gr
thus found satisfy the convective diffusion equation (40) with the appropriate
boundary conditions by using the properties of 6(X,Y’), namely that it sat-
isfies (820/3Z2) = Z(00/0X), 0(0,2) = 0(X,00) = 0 and (00/0Z),_, =
ool (0(X,0) — 1) /a.
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