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ABSTRACT

We investigate the computational complexity of various equilibrium problems and
their applications—a central topic in algorithmic game theory. While the existence
of solutions for classical equilibrium notions, such as generalized Nash equilibria and
multi-leader–follower games with convex constraints, is well established via founda-
tional fixed-point theorems, the complexity of computing such equilibria has remained
largely unresolved, especially in settings involving uncertainty.

In particular, we study the computational complexity of approximating both Nash
and generalized Nash equilibria in more complex formats of games under general
convexity assumptions, encompassing broad settings with both differentiable and
non-differentiable utility functions. To be specific, building on and extending the
computational framework for Kakutani’s fixed-point theorem, we establish PPAD-
completeness results for several classes of variational inequality problems and extend
the results to multi-leader–follower games and resilient equilibria, as well as some
other relevant definitions in games with or without uncertainty. Moreover, we pro-
pose a family of natural yet specific non-convex constraints—termed strategic con-
straints—and investigate their computational complexity and a range of potential
applications, such as strategic fair division.
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Chapter 1

Introduction

1.1 Game Theory, Computational Complexity and

Equilibrium Problems

Game theory is the mathematical study of strategic decision-making in competitive
or cooperative situations, where an agent’s choices depend on the choices of others. It
includes various game formats and extensions, each offering unique insights into inter-
actions. These formats emerged to address the need for modeling complex strategic
interactions, whether competitive or cooperative, across diverse fields such as eco-
nomics, political science, engineering, biology, and artificial intelligence. A central
pursuit within game theory is the study of the computational complexity of equi-
librium problems, aiming to understand the algorithmic feasibility of predicting or
computing stable outcomes in strategic settings. In this area, we investigate whether
equilibria—such as Nash equilibria and their restrictions or relaxations—can be com-
puted efficiently, and what complexity-theoretic barriers arise across different game
formats.

1.1.1 Equilibrium Problems in Game Theory

The notion of equilibrium has long been central to the study of game theory, economic
behavior, and multi-agent systems. Among various equilibrium concepts, the Nash
equilibrium remains one of the most studied and celebrated in the non-cooperative
setting. Introduced in the seminal work of Nash, the equilibrium captures the idea of
mutual best responses in a non-cooperative setting: no player can improve their util-



2

ity by unilaterally deviating from their strategy [144, 145]. Moreover, Nash [144, 145]
proved that for all well-defined finite games, there exists at least one Nash equilib-
rium. The computational complexity of finding a Nash equilibrium has been exten-
sively studied [45, 59, 70, 138, 165], and shown to lie within the class TFNP of total
NP search problems. The key result of [45] shows that computing a mixed Nash
equilibrium for two-player games is PPAD-complete, meaning it is among the hardest
problems in PPAD, a subclass of TFNP that includes problems such as Sperner’s
Lemma and Brouwer’s fixed-point theorem. In the case that we have more than two
players, the existence of a rational Nash equilibrium (even without extra constraints)
is not guaranteed. It is known that there are 3-player games that can only produce
irrational solutions. Discussion of the complexity in such cases requires the use of
classes such as FIXP [70] and for Nash equilibrium with additional conditions ∃R
[31]. To tackle this problem, the notion of approximation where a rational solution
is guaranteed to exist was proposed [59]. A variety of approximation algorithms are
known for approximating a Nash equilibrium [49, 56, 60, 130].

Beyond the basic Nash equilibrium problem, we can consider equilibria with addi-
tional constraints. In this direction, there are two well-known approaches. The goal
of the first approach is to find a Nash equilibrium that has certain properties (e.g.,
achieving a specified social welfare) [52, 89, 135]. In this setting, unlike the situation
with unconstrained Nash equilibrium, a solution is not guaranteed [52, 89, 135]. For
example, determining the existence of an equilibrium achieving some standard fair-
ness notions, such as utilitarian or egalitarian social welfare, is NP-hard [52]. In the
second approach, the goal is to find a generalized solution—one in which no player
would deviate, assuming all players choose strategies that satisfy the given constraint
[4, 62, 72, 161]. Unlike in Nash equilibrium, where the players do not have an incen-
tive to deviate to all alternative strategies, in a generalized equilibrium, the players
do not have an incentive to deviate to only those that lie within the constraint im-
posed by other players. This extension was introduced by Debreu, who also proved
the existence of a generalized equilibrium under certain assumptions [62]. Many re-
searchers from different areas have worked on this notion, which in turn explains why
it has developed with a number of names in the literature including pseudo-games, so-
cial equilibrium, and common (coupled) constrained equilibrium [4, 72, 73, 170, 185].
Rosen also introduced a restricted formulation, known as “concave games", in which
the constraints imposed on the players are the same, and provided existence and
uniqueness results under some assumptions, such as convexity of the constrained
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strategies.
Multi-leader-follower games are a class of games in which multiple agents, re-

ferred to as leaders and followers, interact strategically to achieve their respective
objectives. Leaders and followers often have conflicting objectives or interests, in
particular aiming to maximize their own profit or minimize their loss. This setup re-
sembles a bi-level program, where the leaders engage in competitive, non-cooperative
Nash games at the upper level, making their decisions while considering the followers’
responses. After the leaders have made their choices, the followers then engage in a
parametric, non-cooperative game at the lower level, with the strategies of the leaders
treated as external parameters. The concept of multi-leader-follower games has a va-
riety of applications that arise from situations where there are multiple oligopoly firms
operating in the market [46, 105, 106, 128, 150]. Oligopoly markets are markets dom-
inated by a small number of suppliers. The simplest form of the multi-leader-follower
game is a Stackelberg game [18, 172, 180] in which one leader and multiple follow-
ers react to the leader’s strategies. These games have applications in various fields,
including economics, engineering, and multi-agent systems [47, 104, 149]. While the
multi-leader-follower problem provides a sound mathematical framework with a well-
defined solution concept and practical applications, its elevated level of complexity
and technical intricacies make it computationally challenging or intractable. Specifi-
cally, it resembles an equilibrium problem in a more complex form of Debreu-Rosen
style games, requiring each leader to solve a non-convex mathematical program with
equilibrium constraints [20, 150, 179]. This formulation faces two significant issues: a
potential absence of an equilibrium solution due to non-convexity, and computational
intractability. In response to these challenges, [106, 150] proposed a careful analysis
and selection of “remedial models” aimed at deriving sensible equilibrium solutions.

Strong Nash equilibrium (SNE) is another concept in game theory that restricts
the traditional notion of Nash Equilibrium. In SNE, not only does each player have
no incentive to deviate from their strategy given the strategies of others unilaterally,
but this equilibrium also withstands deviations by any possible coalition of players
[10]. In other words, even if a group of players collaboratively tries to deviate from
the equilibrium, they cannot collectively gain from such deviations. This concept had
faced criticism for being excessively “strong", particularly in environments permit-
ting unlimited private communication (for more information, see [29]). Furthermore,
a strong Nash equilibrium is weakly Pareto-efficient (no one can be made better off
without making someone else worse off), a fact which may be verified by considering a
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deviation of the “grand coalition” of all players. In conclusion, the existence of such an
equilibrium is unlikely (even if mixed strategies are allowed) [29], except under strict
conditions and assumptions (extensively discussed in [6, 111, 146, 156]). In contrast,
for coalition-proof Nash equilibrium (CPNE), limitations on private communication
are imposed [29]. CPNE emphasizes stability against coordinated actions by any sub-
set of players, regardless of the coalition’s size while SNE goes further by requiring
that not only should deviations by any coalition be unsuccessful, but any subset of
players (including the entire group) should also be unable to deviate successfully. In
contrast to the NP-completeness of deciding whether an SNE exists [52, 83, 85], the
problem of finding an SNE is in smoothed polynomial time [35, 36, 84]1. Resilient
Nash equilibrium, introduced in [1], is a more restricted fundamental notion in appli-
cations such as secret sharing and multi-party computation [1, 2, 95, 96, 125]. We
may also restrict ourselves to coalitions of size at most t. This limitation appears rea-
sonable in practice, as forming and coordinating large coalitions can be challenging.
This fact in turn motivated the definition of t-strong Nash equilibrium and t-resilient
Nash equilibrium [1, 6]. Informally, no member of a coalition of size up to t can do
better, even if the whole coalition defects. Apart from the technical interest of these
variations, numerous papers explore their practical applications [1, 2, 30, 81].

Games with uncertain data, also known as imperfect information games, add
another layer to traditional games which is unpredictability, as players often lack
complete information about their opponents’ strategies or the game’s state. This
uncertainty necessitates strategic decision-making under ambiguity. This uncertainty
can arise from various sources, such as hidden information, randomness, or incomplete
knowledge of the game’s mechanics. Assuming the Bayesian hypothesis on probability
distributions, Harsanyi [99, 100, 101] investigated games featuring incomplete infor-
mation, where players lack full knowledge of key game parameters. By assuming that
all players share common knowledge of these probability distributions, the game can
ultimately be re-conceptualized as one with complete information, referred to as the
Bayes equivalent of the original game. Furthermore, stochastic optimization tech-
niques are shown to be suitable for addressing Stackelberg games involving uncertain
data, enabling probabilistic decision-making. In contrast to traditional games, these
models incorporate randomness, allowing decision-makers to account for uncertain

1These results concern the problem of finding (mixed strategy and exact solution of) SNE in
bi-matrix games, which is a special case. Specifically, they show that if there is a mixed strategy,
the payoffs restricted to the actions in the support must satisfy strict geometric conditions.
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parameters such as resource availability. Detailed insights into stochastic Stackelberg
and multi-leader-follower games and their applications in numerous fields are available
in [33, 50, 66, 129, 171, 132].

In addition to models involving strategy distributions conditioned on player types,
recent years have seen a rise in the adoption of distribution-free models based on
worst-case scenarios [3, 50, 107, 108, 113, 123]. In these models, each player’s decision-
making process is guided by the principles of robust optimization (see also [21, 22, 23]).
Robust optimization operates under the assumption that uncertain data lie within an
uncertainty set, seeking solutions that account for the worst-case outcomes in terms
of objective function values and/or constraints. For example, Hu et al. [107] use
the robust optimization technique for multi-leader-follower games under uncertainty
assumptions. Additionally, [189] explores the problem of multi-agent reinforcement
learning (MARL) in scenarios where agents have imperfect knowledge of the model
and formulates it as a robust Markov game to find policies that are robust to model
uncertainty. A recent paper also applies theoretical developments to explore the
impact of uncertainty on robust game solutions [55]2. Robust Nash equilibrium is a
solution concept that accounts for uncertainty in the parameters of a game where
each player’s strategy remains optimal even when faced with uncertainty about the
strategies of other players, or about the underlying conditions of the game. This
concept ensures the stability of strategies even in the presence of unpredictability or
incomplete information. Hayashi et al. explored the problem of robust Nash equilibria
in bi-matrix games and presented some existence results under specific assumptions on
the uncertainty sets [103]. Aghassi and Bertsimas [3] studied robust Nash equilibria in
n-player games with bounded polyhedral uncertainty sets, where each player solves a
linear programming problem, and also proposed a method for finding such equilibria.
The discussed models of [3, 103] focus on linear objective functions in each player’s
problem. In contrast, more recent work by [147] investigates a more general NE with
uncertain data, where each player solves an optimization problem with a nonlinear
objective function. Moreover, under mild assumptions on the uncertainty sets, the
authors presented results regarding the existence, and uniqueness of robust Nash
equilibria in this setting. Hu and Fukushima [107] further extended their work in
[106] under the uncertainty assumption by using the robust optimization technique

2Specifically, the paper investigates the sensitivity of equilibria to different levels of uncertainty
and establishes a relationship between the robust optimization approach and approximate Nash
equilibrium.
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for multi-leader-follower games with uncertainty. Specifically, they introduced the
concept robust L/F-equilibrium and established its existence and uniqueness for a
specific class of multi-leader-follower games with a special structure.

1.2 Our Contribution and Organization

This thesis investigates the computational complexity of a variety of equilibrium
problems in game theory, particularly under structural constraints. We focus on both
classical and generalized notions of equilibrium and study their algorithmic proper-
ties using tools from convex analysis, variational inequalities, and fixed-point theo-
rems. Our contributions span both hardness results (NP-completeness and PPAD-
completeness) and algorithmic techniques (including metaheuristic approaches). The
thesis is organized as follows:

1.2.1 Chapter 2: Preliminary Definitions and Existence Re-

sults

The second chapter includes preliminary definitions and foundational concepts from
the literature, covering all the above-mentioned equilibrium problems—including Nash
equilibrium, generalized Nash equilibrium, and strong and resilient Nash variants—as
well as key analytical tools such as variational inequalities and fixed-point theorems
that are central to our research.

1.2.2 Chapter 3: Convex Optimization, Variational Inequali-

ties

Recently, the computational complexity of general convex optimization problems has
been getting noticeable attention [5, 28, 76, 79, 120, 187]. The existence of a gener-
alized Nash equilibrium in Debreu-Rosen style games under convexity assumptions is
proven by Kakutani’s fixed-point theorem [62, 161]. Problems for which the existence
of a solution follows from Kakutani’s fixed-point theorem have not been extensively
explored from a complexity standpoint until recently. Specifically, considering the
application of generalized equilibrium problems defined by Debreu [62] and Rosen
[161] in economics and other areas (see [72, 73]), the complexity of these problems
has not received much attention until recently [28, 78, 79, 120, 122, 152].
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In Chapter 3, we focus on the computational complexity of variational inequality
problems and establish several PPAD-completeness results using tools from computa-
tional convex geometry. These results will form the basis for our analysis in Chapter 4,
where we study the complexity of a broad class of equilibrium problems. A Variational
inequality problem (VI) involves finding a point in a closed convex set where a function
satisfies a specific inequality for all points in the set. More generalized forms, such
as quasi-variational inequalities (QVIs) and generalized quasi-variational inequalities
(GQVIs), have also been proposed [43, 75]. QVIs extend VIs by introducing set-valued
mappings and feasible sets that depend on external variables, while GQVIs further
generalize by allowing the function itself to be a correspondence, increasing complex-
ity compared to VIs and QVIs. Commencing with the formal definition of Variational
inequalities proposed by Bensoussan and Lion ([24, 25, 26, 27]), researchers have en-
gaged in an exploration of algorithmic solutions, focusing on conditions governing
convergence. Various numerical and mathematical techniques, including fixed-point
methods, penalty methods, and projection methods, can be used to find solutions to
variational techniques [19, 74, 88, 150, 159]. There are also research papers which
focus on examining whether a solution to a problem exists [32, 43, 126, 137, 151, 186].

Variational inequality problems also find application in diverse fields, including
optimization theory, economics, and engineering, serving as a modeling and solution
tool for a broad spectrum of real-world problems [88, 102, 139, 150]. This is especially
true in cases where the aim is to find a solution subject to a particular inequality
condition that is defined by a set of functions or operators. For example, under
some assumptions such as differentiability, Debreu-Rosen style games (see [97, 150])
can be expressed as variational inequalities, aiding their analysis through variational
techniques, and offering a unified framework for various non-cooperative games3.

The study of the computational aspects of these variational inequalities has begun
to advance, with recent work (including ours) contributing to a growing body of
results [28, 120, 119]. Starting from [43], an existence result for the GQVI was
proved using the Eilenberg-Montgomery fixed point theorem (see [68]) and Kakutani’s
fixed point under different conditions. In [153], a problem known as Kakutani was
introduced, with a brief overview of its inclusion in the complexity class PPAD.
The primary challenge in formulating Kakutani as a computational problem lies

3Multiple other motivating reasons exist for using variational inequalities in game theory problems
[181, 150]. For example, they naturally centralize the role of dynamics in understanding the behavior
of interacting agents [181]. Also, several papers study properties of the Nash equilibrium in network
games by using variational inequalities [136, 142, 154].
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in the limitations of conventional approaches to explicitly and succinctly represent
convex sets such as convex polytopes. A more suitable computational formulation of
the Kakutani problem has recently been introduced by leveraging the computational
convex geometry methods introduced in [93]. These methods represent convex sets
using separation oracles. This formulation was subsequently applied in [152], which
considers the computational complexity of finding approximate equilibrium solutions
for Rosen-style games.

As discussed in [152], simpler representations of convex sets, such as using convex
hulls or polytopes, are too restrictive and often not useful for capturing the practical
applications of Kakutani fixed points in game theory. On the theoretical side, our
goal is to establish PPAD membership for the most general forms of these equilibrium
problems. A key consideration here is how convex constraints are represented, since
the choice of representation can substantially affect both the applicability of fixed-
point theorems and the computational formulation. While convex hull or polytope
descriptions might seem simpler, using them would require replacing standard tools
such as Berge’s maximum theorem and Kakutani’s fixed point theorem with more
specialized techniques, and thus would not necessarily simplify our proofs4. Moreover,
many practical applications—particularly in economics—naturally lead to the need
for more general definitions of convex sets, such as in the Walrasian equilibrium model
of [114], which are more naturally handled via oracle-based representations.

The recent paper [28] establishes PPAD-completeness of (QVIs), limited to cer-
tain constraints, using an approach different from [152] and also establishes PPAD-
completeness of equilibria with limited constraints and smooth loss (utility) functions.
However, we consider a more generalized version of the variational inequality prob-
lem (GQVI) and also games with loss (or utility) functions that are not necessarily
differentiable, such as those represented by linear arithmetic circuits [76]. Moreover,
with the notion of weak separation oracles, our approach is more general even for the
sort of constraints considered in [28]. We apply the methods of [152] to establish the
PPAD-completeness of a more restricted class of variational inequalities.

1.2.3 Chapter 4: Equilibrium With Convex Constraints

In Chapter 4, we focus on the computational complexity of several equilibrium prob-
lems. We extend our investigation to encompass a broader class of equilibrium prob-

4For more information, see the definitions of Kakutani’s fixed point and Theorem E.1 in [152].
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lems, including multi-leader-follower games, resilient Nash equilibria, and related no-
tions under reasonable assumptions. Building on the remedial solutions proposed for
L/F-equilibrium in multi-leader-follower games [106, 150], we propose a more gen-
eral definition that unifies remedial models. We then carefully establish the PPAD-
completeness of the corresponding computational formulation. This chapter also in-
cludes a computational treatment of robust equilibrium. This is a game model that
extends standard notions by introducing uncertain data. We consider this model in
different classes of games, including multi-leader-follower games. Doing this requires
the development of more general results on variational inequalities, as well as ad-
dressing significant technical challenges needed to deal with this broader approach.
Finally, we note that our approach provides an alternate route to proving the PPAD-
completeness of Rosen-style games (as in [152]) and even Debreu-style games (see also
[28, 79]).

1.2.4 Chapter 5: Disjointness, Farness as Non-Convex Con-

straints

Informally, our main focus in this chapter is on equilibrium problems where players
are trying to avoid “overlap" between their strategies. In the extreme case, players
are prohibited from using strategies used by other players, i.e., the intersection of
their supports is empty. We call this problem disjoint Nash and show that deciding
whether a bi-matrix game has such an equilibrium, even under polynomial additive
approximation, is NP-complete. We also consider a stronger form of disjoint Nash,
which we call partition Nash, in which the players’ supports must also partition the
strategy space5.

We will also consider a generalization of disjoint Nash by allowing overlap but
requiring that mixed strategies be at least 2δ statistically far (i.e., with respect to
L1 distance), obtaining a problem that we call δ-far Nash. It is natural to consider
whether there is a threshold approximation error below which the problem δ-far Nash
becomes total (has at least one guaranteed solution). While we do not have an
answer to this question, we provide a bound in which a solution is guaranteed by
the existence of a Nash equilibrium. Moreover, by viewing the mixed strategies of
players as a representative of the strategies of a large number of agents, we explain
that the statistical difference between the mixed strategies of the players can provide

5In the next chapter, we will apply this notion in the context of strategic resource allocation.
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useful information for the analysis of public behavior, and we apply this perspective
to income tax games as a motivating example.

As mentioned, there are two simple variations of Nash equilibrium. By constrain-
ing a player’s best response, we consider the generalization of Nash’s notion and
consider disjointness and related constraints in this setting. For example, in the gen-
eralized version of a (mixed) disjoint Nash equilibrium (which we call a generalized
disjoint equilibrium), a player in this equilibrium (not necessarily a Nash equilibrium)
cannot deviate to a mixed strategy whose support has a nonempty intersection with
those of the other players. This is unlike a disjoint Nash equilibrium, where a player
may consider all possible strategies. While much of the work on generalized equi-
libria focuses on pure strategies in general games, both Charnes [44] and McKinsey
[134] provide arguments for the reasonableness of considering constraints on mixed
strategies.

Furthermore, work discussed in Chapter 3 and the existing literature on finding
generalized equilibria focus on convex constraints where solutions are guaranteed to
exist by well-known mathematical facts [57, 62, 152, 161]. However, most problems
we consider do not fall into this setting. In the generalized setting, at least one
of the problems we propose, namely, approximate generalized disjoint equilibrium,
is tractable and has at least one (trivial) solution. However, we also show in this
setting that one selfish player can degrade the social welfare of all other players.
With this drawback in mind, we direct our attention to another type of generalized
equilibrium (which we call restricted equilibrium) by excluding the possibility of minor
probabilities.

1.2.5 Chapter 6: A Meta Heuristic Approach For Strategic

Resource Allocation

Strategic fair division is a branch of fair division in which players (agents) may act un-
cooperatively to maximize their utility. In particular, the participants may hide their
true preferences, rather than play sincerely according to their true preferences. One
branch of strategic fair division is related to game theory and studies the equilibria
in games created by fair division algorithms [40, 37, 177]. We can cite envy-freeness
[86] as one of the well-known fairness constraints in strategic fair resource allocation
problems. The other branch is related to mechanism design and aims to find truthful
mechanisms for fair division problems. Several notions are defined in the literature
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with respect to designing mechanisms that incentivize players to reveal their true pref-
erences. In a truthful mechanism, strategic behavior cannot help any player achieve
a better payoff. We do not address truthful mechanisms in this research.

We will propose a simple approach to model item allocation problems with play-
ers who have strategic behavior by using a more constrained notion of the Nash
equilibrium problem. In particular, we argue that we can use the concept of Nash
equilibrium with certain constraints to generate a fair allocation. For example, one
of the constraints for such an equilibrium ensures that no player can use an item cho-
sen by other players – which is an essential condition for fair division problems with
indivisible items. To ensure a fair allocation, we add more constraints to ensure that
all of the players can achieve a certain minimum payoff6. We introduce a problem
that we call (strategic arrangement problem) that aims to find a constrained Nash
equilibrium in standard normal-form games. In other words, we show that a solution
to a strategic arrangement problem could imply a fair item allocation in a strategic
setting. While most papers on fair division are focused on one specific fairness con-
straint (or multiple constraints separately), in this research, we consider alternative
fairness criteria that include a variety of constraints, each of which is quite natural7.

We begin with a general fair division problem of indivisible items (fair item al-
location) without strategic behavior and transform it into a pseudo-game (simple
arrangement problem). We show that even when we do not include strategic be-
havior, the problem of whether there exists a fair allocation remains NP-complete.
Next, for the purpose of modeling strategic behavior, we expand this problem into a
standard normal-form game (strategic arrangement problem) where the goal becomes
finding a constrained Nash equilibrium. The quasi-polynomial algorithm provided in
[130] is known to be close to optimal assuming the exponential time hypothesis [166].
This quasi-polynomial algorithm iterates blindly through certain mixed strategies,
some of which correspond to our constraints, and eventually will find an approximate
Nash equilibrium. However, we show that this method for finding our constrained
Nash equilibrium has some disadvantages. This is because a solution with all the
constraints that we desire is not guaranteed to exist.

To the best of our knowledge, limited progress has been made on local search-
adopted techniques for the computation of unconstrained Nash equilibria with mixed

6Several works address the relationship between Nash equilibrium and social welfare functions
for various problems [52, 39, 40, 157, 133].

7These fairness criteria are separately discussed in Chapter 5, and we consider them as fairness
constraints (all enforced together) in this chapter.
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strategies [42, 69]. Recently, human-based meta-heuristic algorithms are receiving
considerable attention for optimization purposes [8, 14, 34, 63, 178, 182]. For the
purpose of finding a constrained Nash equilibrium, we will employ a human-based
meta-heuristic algorithm to search the potential strategy space faster based on the
structure of the game. A gently modified version of the bus transportation algorithm
proposed in [34] will help us perform a faster search for finding a desirable equilibrium.
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Chapter 2

Preliminary Definitions and Existence
Results

This Chapter is devoted to presenting fundamental definitions and basic facts used
in the thesis.

2.1 Elementary Mathematical Definitions

Throughout this thesis, we will use ℓ2 distance unless otherwise stated. We also use 1
to denote the all ones vector. To prevent confusion, we use ≺ and ≻ for comparison
between vectors as opposed to > and < for scalars.

2.1.1 Convex Sets and Functions

Definition 2.1.1. A set C ⊆ Rn is called convex if, for any two points x1, x2 ∈ C
and for any α ∈ [0, 1], the following holds:

αx1 + (1− α)x2 ∈ C.

Definition 2.1.2. A vector-valued function f : Rn → Rm is convex if, for any
x1, x2 ∈ Rn and α ∈ [0, 1], the following holds:

f(αx1 + (1− α)x2) ⪯ αf(x1) + (1− α)f(x2),

where ⪯ denotes element-wise inequality.
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Definition 2.1.3. A function f : Rn → R is said to be convex with respect to the
variable xi if, for all fixed values of the other variables x−i, and for all xi1, xi2 ∈ R
and α ∈ [0, 1], the following holds:

f (αxi1 + (1− α)xi2, x−i) ≤ αf (xi1, x−i) + (1− α)f (xi2, x−i) ,

where x−i ∈ Rn−1 denotes the vector of all variables other than xi, held fixed.

Remark 2.1.4. The definition of general convex games (which we will define later)
assumes this condition on the loss function. We can similarly define a similar notion
for f : Rn → Rm.

Definition 2.1.5. A function fi : S1 × · · · × Sk → R is t-multi-convex (t ≤ k) if,
for every subset J ⊆ [t] with |J | ≤ t and every fixed s−J ∈

∏
j /∈J Sj, the restricted

function f(·, s−J) :
∏

j∈J Sj → R is convex. That is, for all sJ , s′J ∈
∏

j∈J Sj and
λ ∈ [0, 1],

f(λsJ + (1− λ)s′J , s−J) ≤ λf(sJ , s−J) + (1− λ)f(s′J , s−J).

2.1.2 Correspondences and Semi-Continuity

Definition 2.1.6. For sets X, Y , a correspondence (also called a set-valued map or
a a point-to-set map) from X to Y is a function R : X → 2Y . Sometimes we will
denote such a mapping by R : X ⇒ Y .

Definition 2.1.7. The correspondence R : X ⇒ Y is called convex-valued if for all
x ∈ X, R(x) is a convex set.

Definition 2.1.8. The correspondence R is upper semicontinuous at x ∈ X if for
every open neighborhood V of R(x) there is an open neighborhood U of x such that
for every y ∈ U , R(y) ⊆ V .

Definition 2.1.9. The correspondence R is lower semicontinuous at x if for any
open set V such that R(x) ∩ V is nonempty, there exists a neighborhood U of x such
that R(y) ∩ V is nonempty for all y ∈ U .

2.1.3 Distance, Projections and Hausdorff Metrics

Definition 2.1.10. Let X be a convex, non-empty, and compact set.
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• We let d(x, z) denote the Euclidean distance between two points x, z ∈ Rm.

• The projection map of a point x to the set X is ΠX(x) = arg infz∈X d(x, z).

• The closed ϵ-parallel body of X is defined as B(X, ϵ) :=
⋃

x∈X{z ∈M : d(x, z) ≤
ϵ}. Note that M is the universe. The inner closed ϵ-parallel body of X is
B(X,−ϵ) = {x ∈ X : B(x, ϵ) ⊆ X}. The elements of B(X,−ϵ) can be viewed
as the points “deep inside of X", while B(X, ϵ) as the points that are “almost
inside of X".

Definition 2.1.11. We also need to define Hausdorff semi-continuity notions:

• We define the set-point distance of a point x from a set X to be dist(x,X) :=

infz∈X d(x, z).

• Let X and Y be two non-empty sets. We define their Hausdorff distance dH(X, Y )

for two sets X and Y to be:

max

{
sup
x∈X

dist(x, Y ), sup
y∈Y

dist(X, y)

}
= inf{ϵ ≥ 0 : X ⊆ B(Y, ϵ) ∧ y ⊆ B(X, ϵ)}

• A correspondence F : X ⇒ Y is called (Hausdorff) upper semi-continuous at a
point x0 ∈ X if and only if for every ϵ > 0 there exists a neighborhood N of x0
such that for all x ∈ N (x0), F(x) ⊆ B (F (x0) , ϵ).

• A correspondence F : X ⇒ Y is called (Hausdorff) lower semi-continuous at a
point x0 ∈ X if and only if for every ϵ > 0 there is a neighborhood N of x0 such
that F (x0) ⊆ B(F(x), ϵ) for all x ∈ N (x0).

• A correspondence F : X ⇒ Y is called L-Hausdorff Lipschitz continuous
if there exists a positive constant L ∈ R+ such that, for all x1 and x2 in
X, dH (F (x1) ,F (x2)) ≤ L · d (x1, x2).

• A correspondence F is said to be (η,
√
m,L)-well-conditioned if it is L-Hausdorff

Lipschitz, and for every x, its output is a closed, compact, and convex subset of
Rm that contains a ball of radius η for some fixed η > 0. This definition will
be used as a basic standard assumption for correspondences we focus on in this
thesis when weak separation oracles are considered, similar to the approach of
[152].
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Remark 2.1.12. If the correspondence F(x) is compact for every x and possesses
global Hausdorff Lipschitz properties, then the conditions for both upper and lower
semi-continuity are inherently satisfied.

2.2 General Games and Normal Form Games

Definition 2.2.1 (General Game). A general game consists of:

• A finite set of k players, indexed by i ∈ {1, . . . , k},

• For each player i, a (possibly infinite) set Si of pure strategies,

• For each player i, a utility function (also called payoff function) ui : S1× · · · ×
Sk → R, which assigns a real-valued payoff to each strategy profile1.

The tuple (G,S,U) where S = {S1, . . . , Sk} and U = {u1, . . . , uk}, defines the game.
A strategy profile is an element (s1, . . . , sk) ∈ S1 × · · · × Sk, and player i’s payoff
under this profile is ui(s1, . . . , sk).

Remark 2.2.2. In the minimization setting, we may equivalently consider loss func-
tion θi : S1 × · · · × Sk → R for each player i, representing the loss (rather than
utility) associated with each strategy profile. For various definitions, we adhere to
their classical definitions, which are framed as either maximization or minimization
problems, to maintain consistency with the original terminology.

Definition 2.2.3 (Normal-Form Game). Normal-form games are a special case of
general games in which:

• Each player has a finite pure strategy set Si,

• The strategy sets are often indexed uniformly as Si = {1, . . . , n} for all i (when
the sets are of equal size)2,

• The utility functions ui : S1× · · · ×Sk → R are represented as explicit tables or
multidimensional arrays (also called payoff matrices).

1They are typically represented by polynomially computable circuits.
2A more general formulation provides different strategy sets for each player. Later, we show that

there is no essential difference between such a formulation and the one used in this research when
we focus on the notion of exact (i.e., not approximate) Nash equilibrium (see Lemma 5.2.5).
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Remark 2.2.4. For the case of two players, the game is called a bimatrix game, and
each player’s utility can be represented by a matrix A1, A2 ∈ Rn×n.

In many situations, it is useful to allow players to randomize over pure strategies.
This leads to the following:

Definition 2.2.5. Let △n be the the probability simplex in n-dimension,

△n =

{
x ∈ Rn | xi ≥ 0,∀i,

n∑
i=1

xi = 1

}
.

A mixed strategy is an element of △n, corresponding to a distribution on strategies.
If x is a mixed strategy, Supp(x) ( support of x) denotes the set of elements of S to
which x assigns positive probability. We can extend definition of utilities ui to mixed
strategy profiles by defining ui(x) as Es←x[ui(s)].

Remark 2.2.6. Note that we may view a pure strategy s as a mixed strategy assign-
ing probability 1 to s. Recall that a pure strategy profile is a k-dimensional vector
s = (s1, . . . , sk) of strategies, where si is the pure strategy played by player i. We can
define a mixed strategy profile x = (x1, . . . , xk) similarly. In a bi-matrix game, for a
mixed strategy profile z = (x, y) we have:

u1(x, y) =
∑

1≤i≤n

∑
1≤j≤n

αiju1(i, j) and u2(x, y) =
∑

1≤i≤n

∑
1≤j≤n

αiju2(i, j),

where αij = xiyj.

2.3 Nash Equilibrium

Definition 2.3.1. A pure strategy s, is a best response for player i to a strategy
profile s∗ if for all s′ ∈ Si we have ui

(
s, s∗−i

)
≥ ui

(
s′, s∗−i

)
.We can also define a

mixed best response strategy to a mixed strategy profile in the same manner.

Definition 2.3.2. A Nash equilibrium is a strategy profile s = (s∗1, . . . , s
∗
k) such that

for 1 ≤ i ≤ k and
ui(s∗) ≥ ui(si, s∗−i), ∀si ∈ Si (2.1)

where s∗−i includes all strategies except player i.
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Definition 2.3.3. An ϵ-approximate Nash equilibrium is a strategy profile s =

(s∗1, . . . , s
∗
k) such that for 1 ≤ i ≤ k and

ui(s∗) + ϵ ≥ ui(si, s∗−i), ∀si ∈ Si (2.2)

where s∗−i includes all strategies except player i. We also define ϵ-best response sim-
ilarly.

Definition 2.3.4. We can similarly define the equivalent minimization version for
the loss functions Θ = (θ1, · · · , θk):

θi(s∗) ≤ θi(si, s∗−i) + ϵ, ∀si ∈ Si (2.3)

where s∗−i includes all strategies except player i.

Remark 2.3.5. We can assume that each Si is a bounded subset of Rni and each
player i controls dim(Si) = ni variables of the strategy profile. Furthermore,

∑k
i=1 ni =

n.

Remark 2.3.6. We note that there are equivalent versions of the definitions of best
response and Nash equilibrium in which the restriction to pure strategies is relaxed,
i.e., players compare the payoff using a particular mixed strategy against all alterna-
tive mixed strategies.

2.4 Special Games and Definitions

Definition 2.4.1. A strictly dominated strategy is a strategy that always delivers
a lower payoff compared to all alternative strategies, regardless of what strategy the
opponent chooses.

Remark 2.4.2. A strictly dominated strategy cannot participate in a Nash equilib-
rium. However, in an approximate Nash equilibrium, a strictly dominated strategy
can be played with a small probability based on each player’s utility matrix and the
approximation error.

Definition 2.4.3. The (additive) social welfare of a strategy profile x is the sum∑k
i=1 ui(x) of all players’ payoffs.
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Definition 2.4.4. A fully mixed strategy is a mixed strategy in which all pure strate-
gies in S are assigned with a positive (greater than zero) probability. This con-
cept has been extensively studied, which explains why there are various definitions
[112, 117, 118, 138, 155, 158].

Throughout the thesis, we will refer to well-known restrictions, including zero-sum
and symmetric games:

Definition 2.4.5. A 2-player game is a zero-sum game if u1(s1, s2) + u2(s1, s2) = 0

for all s1, s2 ∈ S. This means that one player’s payoff is equal to the other player’s
loss on any given play of the game.

Definition 2.4.6. The game G is symmetric if both players have the same strategies
and u1(s1, s2) = u2(s2, s1). In addition, we call x∗ a symmetric equilibrium if (x∗, x∗)
is a Nash equilibrium.

2.5 Beyond Nash Equilibrium

In this section, we present a range of equilibrium problems, including generalized
Nash equilibrium, L/F-equilibrium in multi-leader-follower games, and resilient Nash
equilibrium.

2.5.1 Generalized Nash Equilibrium

A natural way to limit the notion of a player’s best response is to suppose that player
i, when considering responses to s∗−i, is constrained to those lying in some subset of Si,
determined by s∗−i. This constraint might be given as a correspondence R : S−i ⇒ Si,
where S−i denotes S1 × · · · × Si−1 × Si+1 × · · · × Sk. We then have the following
conditions:

ui(s
∗
i , s
∗
−i) + ϵ ≥ ui(si, s∗−i), ∀si ∈ Ri(s∗−i) (**)

Given this notion of best response, Debreu generalized the definition of Nash equilib-
rium:

Definition 2.5.1. A generalized (social) equilibrium is a (pure) strategy profile
s = (s∗1, . . . , s

∗
n) which satisfies s∗i ∈ Ri(s

∗
−i) and (**) for 1 ≤ i ≤ k.

Remark 2.5.2 (Alternative Representations). We can consider the minimization
version by considering loss or regret functions. Also, following the approach in some
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applications in generalized (Nash) equilibria and multi-leader-follower games [72, 150],
we may assume that each player i’s constraints are represented by the non-empty set
given by:

Ri (x−i) ≡ {xi ∈ Si | gi (xi,x−i) ≤ 0, hi (xi) ≤ 0} ,

where xi ∈ Si and gi : Πk
j=1Sj → Rmi and hi : Si → Rli are continuously differentiable,

hi is convex, and gi (·,x−i) is convex for any fixed x−i. Note that mi and li are some
given constants.

Remark 2.5.3. We can similarly consider this definition in normal-form games with
mixed strategies.

2.5.2 L/F-Equilibrium in Multi-Leader-Follower Games

We now extend the equilibrium concept to multi-leader–follower games. An L/F
equilibrium is a solution concept in multi-leader–follower games in which the leaders’
and followers’ strategies are optimal given the other followers’ and leaders’ responses
and, no individual player, whether a leader or a follower, can improve their utility (or
minimize their loss or regret functions) by unilaterally altering their current strat-
egy. Stackelberg games, which are a special case of multi-leader-follower games with
only one leader, may be formulated as mathematical programs with equilibrium con-
straints (MPEC). In this case, the followers’ problems are replaced by a constraint
given by their optimality conditions. In a broader context, an MPEC is an optimiza-
tion problem that encompasses two sets of variables, namely decision variables and
response variables [77, 131, 148]. The framework commonly used to represent the
multi-leader-follower game is referred to as the equilibrium problem with equilibrium
constraints (EPEC). An EPEC [67, 80, 109, 110, 175, 176] is essentially an equilib-
rium problem composed of multiple parametric MPECs, each of which incorporates
other players’ strategies as parameters.

For simplicity, we only consider games that have two leaders, labeled by I and
II, and k followers, labeled by i ∈ [k] with strategies Si. We denote the domain of
strategies of leaders I and II by X I and X II respectively. The leaders’ loss functions
are denoted by ϕI(xI, xII, y) and ϕII(xI, xII, y). The notation implies that the loss of
each leader is determined by both its own strategies and those of the opposing leader,
as well as the strategies of the followers represented as the vector y. The followers
also respond to the leaders’ strategies as follows. For each follower i = 1, . . . , k, let
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θi(xI, xII, y) and Ri(xI, xII, y−i) denote follower i’s loss function and available con-
strained strategy set respectively. This strategy set depends on the pair of strategies
(xI, xII) ∈ X I×X II. For each such pair (xI, xII), the followers’ problem is modeled by
a Debreu game (generalized Nash equilibrium problem) parameterized by the lead-
ers’ strategies. Let Ysol(xI, xII) denote the set of such solutions (not necessarily a
singleton). Each element ȳ ∈ Ysol(xI, xII) ⊆ Πk

i=1Si is a tuple (ȳi)
k
i=1 where for each

follower i, ȳi is a solution of problem 2.4. The tuple (xI, xII, ȳ−i) is external to the
minimization program 2.4, and yi is the primary variable that must be computed.

Min θi (xI, xII, ȳ−i, yi)

s.t yi ∈ Ri (xI, xII, ȳ−i) ,
(2.4)

We now define the concept of equilibrium in multi-leader-follower games. A pair
(x∗I , x

∗
II) ∈ X I × X II is called a L/F -(generalized Nash) equilibrium, if there exists

(y∗I , y
∗
II) such that (x∗I , y

∗
I ) is an optimal solution of leader I’s problem, which tries to

find a pair (xI, yI) to the following:

MinϕI (xI, x
∗
II, yI)

s.t xI ∈ X I

and yI ∈ Ysol (xI, x∗II)

(2.5)

and (x∗II, y
∗
II) is an optimal solution for leader II trying to find a pair (xII, yII) to the

following problem:
MinϕII (x

∗
I , xII, yII)

s.t xII ∈ X II

and yII ∈ Ysol (x∗I , xII)

(2.6)

In the given definition, the equilibrium strategies of the followers, represented as
y∗I and y∗II, belong to the same set Ysol(x∗I , x∗II). However, they are not required to
be the same. This flexibility arises because these strategies are based on different
anticipations by Leader I and Leader II of how the followers collectively respond to
the pair of strategies (x∗I , x

∗
II). One could introduce another variant of this problem

by enforcing y∗I = y∗II. However, even if Ysol(xI, xII) contains only one unique response
for all pairs of strategies (xI, xII), a L/F -equilibrium may not exist [150].

Proposition 2.5.4. Assume that in a multi-leader-follower game , we have k fol-
lowers with continuously differentiable loss functions Θ = (θ1, . . . , θk), and strategies
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S = (S1, . . . , Sk) and constraints R = (R1, . . . ,Rk). In addition, we have 2 leaders
with strategies X = (X I, X II) and utilities Φ = (ϕI, ϕII). The problem of finding a
L/F -equilibrium of this game can be transformed into an EPEC problem.

Proof. A pair (x∗I , x
∗
II) ∈ X I ×X II is a L/F -equilibrium, if there exists (y∗I , y

∗
II) such

that (x∗I , y
∗
I ) is an optimal solution of leader I’s problem, which tries to find (xI, yI)

such that3:
MinϕI (xI, x

∗
II, yI)

s.t xI ∈ X I

and yI solves QV I(Ysol(xI, x∗II), FI(xI, x
∗
II, ·))

where FI is defined as follows:

FI (xI, x
∗
II, yI) :=


∂y(1,I)θ1

(
xI, x

∗
II, y(1,I), y

∗
(−1,I)

)
...

∂y(k,I)θk

(
xI, x

∗
II, y(k,I), y

∗
(−k,I)

)


For clarity, all exogenous variables are marked by ∗. The notation y∗(−k,I) refers to all
followers’ anticipated strategies except k for leader I. A similar transformation can
be used for the second leader.

2.5.3 Equilibria and Coalitions

Considerable effort in game theory has been devoted to understanding deviations by
coalitions of players, tracing back to the foundational work of Aumann [10]. Here
we review some of the relevant notions. Consider a k-player game (G,U ,S). Let J
be the set of subsets of {1, . . . , k}, J ∈ J denote a coalition and SJ ≡

∏
j∈J Sj the

possible strategy set for the coalition J . strong Nash equilibrium is particularly useful
in areas such as the study of voting systems, in which a certain level of stability and
resistance to coordinated deviations is required. Somewhat confusingly, the concept
of a strong Nash equilibrium is unrelated to that of a weak Nash equilibrium, which
is a well-known notion in game theory.

Definition 2.5.5 ([10]). In a game with k-players, a strategy profile s∗ is considered
a strong Nash equilibrium if, for any coalition J ⊆ J and any deviation s′J ∈ Πj∈JSj

3See Definition 2.7.1
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by the players in the coalition J , there exists a player j ∈ J such that the following
condition holds:

uj (s∗) ≥ uj
(
s′J , s

∗
−J
)

where −J denote the complement of J in [k] (which is equal to [k]− J).

Remark 2.5.6. It is equivalent to consider a strong Nash equilibrium to be a strategy
profile in which for any J ∈ J , there exists no player j ∈ J and an alternative strategy
s′J , such that the condition uj (s∗) < uj

(
s′J , s∗−J

)
holds.

Definition 2.5.7 ([6]). A t-strong Nash equilibrium is a Nash equilibrium in which
no coalition of size t or less of players can deviate so that all its members strictly
benefit.

The idea of a coalition-proof Nash equilibrium is relevant in situations where
players can talk about their strategies but can’t make binding commitments (see
[29]). In simple terms, it emphasizes immunity to deviations (alternative strategies)
that are self-enforcing.

Definition 2.5.8 ([29]). For each s0−J ∈ S−J , we use G/s0−J to denote the game
induced on coalition J by the strategies s0−J for coalition −J , i.e., for all j ∈ J and
sJ ∈ SJ we define the utilities (ūj : SJ → R) of the members of coalition J to be
uj(sJ , s0−J). Next, self-enforceability and coalition-proofness are defined by mutual
recursion as follows:

1. In a single-player game s∗ ∈ S1 is a coalition-proof Nash equilibrium if and only
if s∗ maximizes u1(s).

2. Let k > 1 and assume that a coalition-proof Nash equilibrium has been defined
for games with fewer than k players. Then,

• For any game G with k players, s∗ ∈ S is self-enforcing if, for all J ∈ J , s∗J
is a coalition-proof Nash equilibrium in the game G/s∗−J .

• For any game G with k players, s∗ ∈ S is a coalition-proof Nash equilib-
rium if it is self-enforcing and if there does not exist another self-enforcing
strategy vector s ∈ S such that uj (s∗) < uj (s) for all j ∈ [k].

Next, we define a more restricted equilibrium notion called t-resilient Nash equi-
librium, introduced in [1], which is fundamental to applications such as secret sharing
and multi-party computation [1, 2, 95, 96, 125].
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Definition 2.5.9 ([1]). Given a nonempty set J ⊆ [k], s∗J ∈ SJ is a group best
response for J to s∗−J ∈ S−J if, for all s′J ∈ SJ and all j ∈ J , we have:

uj (s∗) ≥ uj
(
s′J , s

∗
−J
)
.

A strategy profile s∗ ∈ S is a t-resilient Nash equilibrium if, ∀J ⊆ [k] with |J | ≤ t, s∗J
is a group best response for J to s∗−J

4.

Remark 2.5.10. The t-resilient Nash equilibrium problem is the most restricted of
these three solution concepts, as every t-resilient Nash equilibrium is also a t-strong
Nash equilibrium. In other words, in a t-strong Nash, every coalition deviation fails
because at least one member does not strictly gain, whereas in a t-resilient Nash,
every coalition deviation fails because no member can strictly gain. Every strong
Nash equilibrium is also inherently a coalition-proof Nash equilibrium. This follows
by definition; the set of possible deviations in the latter is a subset of that in the
former. 1-resilient and 1-strong Nash equilibria are equivalent to a Nash equilibrium.
Furthermore, a coalition-proof Nash equilibrium for two players is equivalent to a
two-player Nash equilibrium. The connection between Nash and coalition-proof Nash
equilibrium is less straightforward for more than two players. The paper [29] presents
an example of a three-player game lacking coalition-proof Nash equilibria. To our
knowledge, no other definitive inclusion relationship between these two classes has
been established for multiplayer games.

2.5.4 Pareto Efficiency (Maximization Version)

The following definitions are provided for the sake of completeness.

Definition 2.5.11. A strategy profile s∗ is strictly(strong) Pareto optimal if there is
no alternative strategy profile s such that there exists at least one player i such that
for all j ∈ [k]− {i}:

uj(s
∗) ≤ uj(s) and ui(s∗) < ui(s)

Definition 2.5.12. A strategy profile s∗ is weakly Pareto optimal if there is no
strategy profile s such that for all j ∈ [k]:

uj(s
∗) < uj(s)

4We call a strategy strongly resilient if it is t-resilient for all t ≤ k − 1.
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Remark 2.5.13. Every strong Nash equilibrium is weakly Pareto optimal. This
condition does not necessarily hold in a coalition-proof Nash equilibrium. A strong
Nash equilibrium with strong Pareto optimality is called super Nash equilibrium[163].

Remark 2.5.14. Informally, a strong Pareto optimal strategy is a strategy profile
such that any alternative strategy will make at least one player worse off. A weak
Pareto optimal is a strategy profile such that any alternative strategy will make at
least one player worse off, but may not make any player worse off.

2.6 Games With Uncertainty

We now consider the above-mentioned equilibrium problems under uncertainty within
a distribution-free model. Specifically, we consider the notion of Robust Nash equi-
librium in different game formats.

2.6.1 Robust Nash Equilibrium for General Games

Robust Nash equilibrium, introduced by [3, 103], is one approach to addressing uncer-
tainty in general games. This concept was initially developed for simpler games and
was subsequently extended in [147] to k-player non-cooperative games with nonlinear
loss functions. To address uncertainty in this setting, a specific uncertainty parameter
of the form ui ∈ U i ⊂ Rli is introduced for each player i, and it becomes part of the
player’s loss function, allowing a representation of the uncertainty. In particular, the
loss function may now be expressed as θi : Si×S−i×U i → R. Player i does not know
the exact value of parameter ui, only that it must belong to a given nonempty set
U i ⊆ Rli . Finally, player i tries to find xi solving the following optimization problem
with parameter ui ∈ U i and x∗−i as a given external parameter:

Min θi
(
xi, x

∗
−i, ui

)
s.t xi ∈ Si

(2.7)

By the robust optimization paradigm, we assume that each player i tries to min-
imize their worst-case loss function. Under this assumption, each player i con-
siders the worst-case loss function f̃i : Si × S−i → R, defined as f̃i (xi, x−i) :=
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sup {θi (xi, x−i, ui) | ui ∈ U i}, and tries to solve the following problem:

Min f̃i
(
xi, x

∗
−i
)

s.t xi ∈ Si

(2.8)

This indeed is a Nash equilibrium problem with complete information. We now define
the resulting notion of equilibrium with uncertainty. The definition can be extended
to the approximate version, as well as to generalized forms of Nash equilibrium.

Definition 2.6.1. A strategy profile x∗ is called a robust Nash equilibrium of the
game of the optimization program (2.7) if x∗ is a (Nash) solution of (2.8).

2.6.2 Robust Equilibrium for Multi-Leader-Follower Games

Next, we consider extending the solution concept of robust Nash equilibrium to multi-
leader-follower games. We consider only two types of uncertainty caused by observa-
tion errors of the leaders towards other leaders and also the followers similar to [107].
In a multi-leader-follower with two leaders I and II, leader I tries to find xI and yI

solving the following optimization problem:

MinϕI (xI, x
∗
II, yI, uI)

s.t xI ∈ X I

and yI ∈ Ysol (xI, x∗II)

(2.9)

where the loss function ϕI : X
I×X II×Πk

i=1Si×U i → R has an uncertainty parameter
uI ∈ RlI . As described above, although leader I does not know the exact value of
parameter ui, the leader knows that it must belong to a given nonempty set U I. We
can similarly write the optimization problem for leader II:

MinϕII (x
∗
I , xII, yII, uII)

s.t xII ∈ X II

and yII ∈ Ysol (x∗I , xII)

(2.10)

The optimization program (2.4) only examines the followers’ problem solely from
the perspective of the followers, while the concept of equilibrium in multi-leader-
follower games reflects a hierarchical structure. From the perspective of the leaders,
they cannot exactly anticipate the response of the followers due to uncertainty. In
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conclusion, leader I estimates that follower i will try to find y(i,I) which solves the
following optimization problem:

Min θi
(
x∗I , x

∗
II, ȳ(I,−i), y(I,i), eI

)
s.t y(I,i) ∈ Ri

(
x∗I , x

∗
II, ȳ(I,−i)

) (2.11)

where each element ȳI ∈ Ysol(x∗I , x∗II) ⊆ Y (x∗I , x
∗
II) ⊆ Πk

i=1Si is a tuple (ȳ(I,i))
k
i=1 such

that for each follower i, ȳI is a solution of (2.11). The tuple (x∗I , x
∗
II, ȳ(I,−i)) is external

to (2.11), and y(I,i) is the variable that must be computed. Here ȳ(I,−i) is the estimated
strategy of leader I of all followers except i. Similarly, leader II estimates that follower
i will try to find y(i,II) which solves:

Min θi
(
x∗I , x

∗
II, ȳ(II,−i), y(II,i), eII

)
s.t y(II,i) ∈ Ri

(
x∗I , x

∗
II, ȳ(II,−i)

)
,

(2.12)

We considered the fact that each leader’s anticipation of the followers can be differ-
ent. Also, the leaders do not have any information about the uncertainty parameters
eI and eII but they know that they must belong to the sets EI ⊂ RkI and EII ⊂ RkII

respectively5. To define robust L/F-Nash equilibrium, we reformulate the problem
for leader I with uncertainty parameters eI and uI6:

MinϕI (xI, x
∗
II, yI(xI, x

∗
II, eI), uI)

s.t xI ∈ X I
(2.13)

For leader II, we have:

MinϕII (x
∗
I , xII, yII(x

∗
I , xII, eII), uII)

s.t xII ∈ X II
(2.14)

where yI(xI, x∗II, eI) and yII(x∗I , xII, eII) represent one of solution of Equation (2.11) and
(2.12) respectively and belong to Ysol. Utilizing the robust optimization, we define a
new game G̃ with worst-case loss functions ψ̃I : X

I×X II → R and ψ̃II : X
I×X II → R

5Recall that Ri

(
x∗
I , x

∗
II, ȳ(I,−i)

)
is a nonempty, closed and convex correspondence. In [107, 147],

they assume that R is a set and is independent from y(I,−i) and y(II,−i).
6This reformulation is well-known in the literature, see [107, 108]. Informally, remedial solutions

try to characterize Ysol in a computationally friendly manner.
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as follows:

ψ̃I (xI, x
∗
II) := sup

{
ϕI (xI, x

∗
II, yI(xI, x

∗
II, eI), uI) | uI ∈ U I, eI ∈ EI

}
ψ̃II (x

∗
I , xII) := sup

{
ϕII (x

∗
I , xII, yII(x

∗
I , xII, eII), uII) | uII ∈ U II, eII ∈ EII

} (2.15)

Definition 2.6.2. Assume that we have a multi-leader-follower game G with k fol-
lowers with the format (2.13) and (2.14) with loss functions ϕI and ϕII. A strategy
profile (x∗I , x

∗
II) is called a robust L/F-(Nash) equilibrium of G if (x∗I , x∗II) is a L/F-

equilibrium of G̃ with loss functions ψ̃I and ψ̃II defined in (2.15).

2.7 Variational Inequality Problems

Variational inequalities offer a general framework for constrained optimization and
equilibrium problems. They also naturally capture equilibrium conditions in game-
theoretic settings, particularly with continuous strategy spaces.

Definition 2.7.1. Given a function F : Rm → Rm and a correspondence R : Rm ⇒

Rm, an approximate solution to the quasi-variational inequality QVI (R, F ) is a vector
x∗ ∈ R(x∗) such that:

(y − x∗)T F (x∗) + ϵ ≥ 0, ∀y ∈ R (x∗)

Definition 2.7.2. A variational inequality is a special case of the preceding definition
when R(x) is independent of x, say, R(x) = R for all x. An approximate solution to
the variational inequality VI (R, F ) is a vector x∗ ∈ R such that:

(y − x∗)TF (x∗) + ϵ ≥ 0, ∀y ∈ R

Generalized quasi-variational inequalities (GQVI) extend the notion of quasi-
variational inequality (QVI). GQVI is a unification of QVI and another notion known
as generalized VI [43].

Definition 2.7.3. Given correspondences F : Rm ⇒ Rm and R : Rm ⇒ Rm, an
approximate solution to the generalized quasi-variational inequality GQVI (R,F)
consists of two vectors x∗ ∈ R(x∗) and w∗ ∈ F(x∗) such that:

(y − x∗)T w∗ + ϵ ≥ 0, ∀y ∈ R (x∗)
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2.7.1 Properties of Quasi Variational Inequalities

The following propositions will play an important part in establishing a relationship
between quasi-variational inequalities and Debreu-Rosen style games (see Proposition
2.7.6).

Proposition 2.7.4. Let x∗ be a solution to the following optimization problem where
f : Rm → R is continuously differentiable and R is closed and convex correspondence:

Min f(x)

s.t x ∈ R(x)
(2.16)

Then x∗ is a solution of the quasi-variational inequality problem (F = ∇f where ∇
refers to the gradient operator):

(y − x∗)T F (x∗) ≥ 0, ∀y ∈ R(x∗) (2.17)

Proof. Let Ψ(t) = f (x∗ + t (y − x∗)), for t ∈ [0, 1]. Since Ψ(t) gets its minimum
at t = 0, 0 ≤ Ψ′(0) = (y − x∗)T ∇f (x∗) which means x∗ is a solution of Equation
2.17.

Proposition 2.7.5. Suppose that f : Rm → R is a differentiable convex function and
x∗ is a solution to QVI(∇f,R), then x∗ is a solution to the minimization problem
(2.16).

Proof. By the fact that f is convex:

f(y) ≥ f (x∗) + (y − x∗)T ∇f (x∗) , ∀y ∈ R(x∗)

But (y − x∗)T ∇f (x∗) ≥ 0, since x∗ is a solution to QVI(∇f,R). Therefore, we can
conclude that:

f(y) ≥ f (x∗) , ∀y ∈ R(x∗)

that is, x∗ is a solution (minimum point) for Equation 2.16.

Proposition 2.7.6. Suppose that we have a game with concave and continuously
differentiable utilities U = (u1, . . . , uk), strategies S = (S1, . . . , Sk) and constraints
R = (R1, . . . ,Rk) which are closed convex subsets of S = (S1, . . . , Sk). The problem
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of finding an approximate generalized equilibrium of this game can be transformed
into finding an approximate solution to a QVI problem7.

Proof. We inspect the exact version of the problem without considering the approx-
imation. This version is easier to establish and is also a well-known result in the
literature [97, 150]. A more complete proof is available in [119]. Define θi = −ui for
each i ∈ [k] to denote the loss function of each player i. θi(·,x−i) is convex in x−i.
Finding a generalized equilibrium in this game is equivalent to finding a solution to
the following optimization problem, where the goal is finding x∗ = (x∗i ,x∗−i) such that
∀i ∈ [k] :

Min θi(xi,x∗−i)

s.t xi ∈ Ri(x∗−i)
(2.18)

Define R(x) ≡
∏k

i=1Ri (x−i) and F (x) = (∇xi
θi(x))

k
i=1 ∈ Rk. Based on Propo-

sition 2.7.4 and 2.7.5, we can see that x∗ is a generalized equilibrium if and only if
x∗ ∈ R (x∗) and it satisfies:

(y− x∗)T F (x∗) ≥ 0, ∀y ∈ R(x∗) (2.19)

Corollary 2.7.7. Suppose that we have a game with the same conditions on U =

(u1, . . . , uk), and strategies S = (S1, . . . , Sk). The problem of finding an approximate
Nash equilibrium of this game can be transformed into finding an approximate solution
to a VI problem.

2.8 Existence Results and Fixed Point Theorems

For the sake of completeness, we review some well-known existence results related to
problems that we study.

2.8.1 Kakutani’s Fixed Point Theorem

Kakutani’s Theorem generalizes Brouwer’s fixed point theorem concerning functions
[115] to correspondences.

7This proposition is a simple extension of Harker’s transformation ([97]) for the approximate
case. The proof is available in the Appendix.
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Theorem 2.8.1 ( [115]). Suppose S is a non-empty, compact, and convex subset of
Rn and R : S ⇒ S is a correspondence with the following properties, then R has a
fixed point, i.e., a point s ∈ S such that s ∈ R(s).

1. R is upper semi-continuous on S;

2. R(s) is non-empty and convex for all s ∈ S.

Definition 2.8.2. We say that R has a closed graph if {(x, y) | y ∈ R(x)} is a closed
subset of X × Y in the product topology.

By the closed graph theorem, since S is compact, the first condition in Theo-
rem 2.8.1 may be replaced by R having a closed graph.

2.8.2 Existence of GQVI

The existence of a solution of a generalized quasi-variational inequality is guaranteed
by the Eilenberg-Montgomery fixed-point theorem [43].

Proposition 2.8.3 ([43]). Let F and R be correspondences from Rn into itself. Sup-
pose that there exists a nonempty compact convex set C such that:

1. R(C) ⊆ C;

2. F is a nonempty contractible compact valued upper semicontinuous correspon-
dence on C;

3. R is a nonempty continuous convex valued correspondence on C.

Then there exists a solution to GQV I(R,F).

Remark 2.8.4. Under the following additional assumption, Kakutani’s fixed point
theorem may be applied, instead of Eilenberg-Montgomery:

4. F is convex valued mapping on C

Proof. By assumption, R(x) × F(x) is nonempty, compact, and convex because C,
R(x), and F(x) are assumed to be compact and convex. For (x,w) ∈ R(x)× F(x),
define the function ϕ(y, x, w) as ϕ(y, x, w) = −(y−x)Tw. This function is continuous
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in (y, x, w), and the concavity of ϕ in y ∈ C follows from the definition. Now, for
each (x,w) ∈ R(x)×F(x), we also define the correspondence Π(x,w) as:

Π(x,w) = arg max
y∈R(x)

ϕ(y, x, w).

By the Maximum Theorem, since ϕ(y, x, w) is continuous and concave in y, Π(x,w)
is nonempty, compact, convex, and upper semi-continuous. Now, define the corre-
spondence Ψ : R(x)×F(x)→ R(x)×F(x) as:

Ψ(x,w) = (Π(x,w),F(x)) .

The correspondence Ψ is upper semicontinuous, and by the properties of Π and F ,
Ψ is nonempty, compact-valued, and convex-valued. Now by Kakutani’s fixed-point
theorem, we can guarantee the existence of a fixed point (x∗, w∗) ∈ R(x∗) × F(x∗)
such that (x∗, w∗) ∈ Ψ(x∗, w∗). This means that:

x∗ ∈ Π(x∗, w∗) and w∗ ∈ F(x∗).

From the definition of Π(x∗, w∗), we have:

ϕ(y, x∗, w∗) ≤ ϕ(x∗, x∗, w∗) ∀y ∈ R(x∗),

which is equivalent to:
⟨w∗, y − x∗⟩ ≥ 0 ∀y ∈ R(x∗).

Therefore, x∗ ∈ R(x∗) and w∗ ∈ F(x∗), giving a solution for GQV I(R,F).

2.8.3 Existence Result for Generalized Nash Equilibrium

A proof of the existence of an equilibrium for bi-matrix games and mixed strategies
was provided by Nash in his celebrated papers [144, 145]. Nash’s result follows in a
fairly direct way from Kakutani’s or Brouwer’s fixed-point theorem. Debreu’s theorem
(Theorem 2.8.5) specifies necessary conditions that guarantee the existence of a social
equilibrium.

Theorem 2.8.5 ([62]). Consider a (Debreu) game represented by U = (u1, . . . , uk)

and S = (S1, . . . , Sk) with the constraints imposed on the players R = (R1, . . . ,Rk),
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1 ≤ i ≤ k, and suppose that:

1. ui is continuous (for all i ∈ [k]);

2. For any λ ∈ [0, 1] si, s
′
i ∈ Si, we have s−i ∈ S−i, ui(λsi + (1 − λ)s′i, s−i) ≥

min{ui(si, s−i), ui(s′i, s−i)} (concavity with respect to i-th variable);

3. Ri is upper and lower semicontinuous for all i ∈ [k].

4. For every s−i ∈ S−i, Ri(s−i) is convex and non-empty (convex-valued and non-
empty).

Then, the game specified by U , S, R admits a social (generalized) equilibrium.

2.8.4 Rosen’s Contribution and Concave Games

In [161], Rosen gives an alternate approach to specifying generalized equilibrium, and
an existence result that guarantees an equilibrium under potentially weaker condi-
tions. Rosen’s result applies in a setting where there is a single commonly coupled
constraint, i.e., a relation R ⊆ S1 × · · · × Sk which constrains the best response for
all players. In particular, (**) becomes;

ui(s∗) + ϵ ≥ ui(si, s∗−i), ∀si s.t. R(si, s∗−i) (†)

An equilibrium in this case is a strategy profile s∗ ∈ R that satisfies (†).
Theorem 2.8.1 can be used to guarantee the existence of an equilibrium for these

problems, but the required continuity conditions on Ri are often too strong to be
satisfied in many settings. Rosen defines ϕ : R×R → R by: ϕ(s, t) =

∑
i∈[k] ui(ti, s−i)

, and the correspondence Γ : R⇒ R by:

Γ(s) = {t | ϕ(s, t) = max
r
ϕ(s, r)}

Theorem 2.8.6 ( [161]). Assume that for i ∈ [n], ui(s) is continuous at every s ∈ S
and for each fixed value of s−i ∈ S−i , ui(si, s−i) is concave in si, and that R is convex
and compact. Then:

1. Γ admits a fixed point s∗ ∈ Γ(s∗).

2. Any fixed point s∗ of Γ, is an equilibrium in the sense of (†)
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Note that S−i = (S1 × . . . Si−1, Si+1 . . . Sk). It also should be noted that The-
orem 2.8.6 guarantees the existence of an equilibrium for games with coupled con-
straints under reasonable assumptions. Because of their close connection with vari-
ational inequalities [71, 97], equilibria obtained in this way have been termed varia-
tional equilibria, and their properties have been extensively studied (see Proposition
2.7.6). We present the proof only for the sake of completeness and comparison, as
one of the techniques used in the proof will be used later.

Proof. First note that ϕ is continuous at every (s, t) ∈ R × R, and that for s ∈ R,
ϕ(s, t) is concave in t. By assumption, R is compact and it is clear that for any s ∈ R,
Γ(s) is nonempty and convex. So, R and Γ satisfy the assumptions of Theorem 2.8.1
(Kakutani’s fixed point) and there exists s∗ ∈ R such that s∗ ∈ Γ(s∗), which means
that:

ϕ(s∗, s∗) = max
r∈R

ϕ(s∗, r). (††)

The fixed point s∗ must satisfy (†). If not, for some i ∈ [n] and si such that R(si, s∗−i),
ui(si, s∗−i) > ui(s

∗
i , s∗−i). But then, for s = (si, s∗−i), ϕ(s∗, s) > ϕ(s∗, s∗), contradicting

(††).

2.8.5 Existence Result for Remedial L/F Equilibrium

Theorem 5 (implied by Theorem 2) in [150] provides the required conditions for the
existence of a remedial L/F equilibrium8, and we prove a stronger result, which is
inclusion in PPAD.

Theorem 2.8.7 ([150]). Let X I and X II be nonempty, bounded polyhedra and assume
the following conditions:

1. For each (xI, xII) ∈ X I×X II, the functions ϕI (·, xII, ·) and ϕII (xI, ·, ·) are convex
and continuously differentiable;

2. For all i = 1, . . . , k, the function ci
(
xI, xII, y(−i,I)

)
is affine, and the graphs of

the four set-valued maps W(i,I), V(i,I),W(i,II), and V(i,II) are polyhedra;

3. For each (xI, xII) ∈ X I ×X II, ZI (xI, xII) and ZII (xI, xII) are nonempty;

4. ZI
(
X I, X II

)
and ZII

(
X I, X II

)
are bounded.

Then there exists a remedial L/F equilibrium.
8For the formal definition, see Section 4.1.1
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2.9 Computational Complexity Definitions

2.9.1 Total Search Problems, Reductions and PPAD

In computational complexity theory, total search problems are those in which a so-
lution is guaranteed to exist for every valid input. Total search problems are central
to this thesis because they encompass a wide range of equilibrium problems we study
for which the existence of a solution is guaranteed by the application of fixed-point
theorems.

Definition 2.9.1. TFNP (Total Functional Nondeterministic Polynomial Time) is
the class of total search problems with solutions that are poly-time verifiable. Formally,
given a poly-balanced poly-time relation R(x, y), the associated NP search problem is
the (partial) multi-valued function Q(x) = {y | R(x, y)}. The problem is total if
Q(x) is nonempty for all x. The class FNP consists of all NP search problems, while
TFNP consists of all total NP search problems. A search problem Q is in FP if there
is a poly-time function Q′ such that for all x, Q′(x) ∈ Q(x). The decision problem
associated with R is to determine, given x, whether there is some y such that R(x, y).
NP is the class of all such decision problems.

Definition 2.9.2. We can extend the notion of many-one reduction to total search
problems as follows: For two total search problems R and S, we say R ≤m S if there
exist poly-time computable functions f, g such that for all x, y if (f(x), y) ∈ S then
(x, g(y)) ∈ R.

Remark 2.9.3. This form of reduction between search problems is equivalent to a
Cook reduction with one call to the oracle.

The subclass PPAD of TFNP plays a central role in the complexity of the equi-
librium problems in game theory and is defined as follows:

Definition 2.9.4. The end-of-the-line (EOTL) problem is defined as follows: Given
a directed graph G, represented by two poly-sized circuits that return the predecessor
and the successor of a node (represented in binary), where each vertex has at most
one predecessor and successor and a vertex u in G with no predecessor, find another
vertex v ̸= u with no predecessor or no successor. A total search problem is in PPAD
if it is many-one reducible to EOTL.
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2.9.2 Approximation Schemes

When considering the computational complexity of additive approximation, we need
to take into account the representation of the approximation term ϵ. In particular,
we consider the following forms of approximation [169]:

Definition 2.9.5.

• By EXACT we indicate an exact solution to a problem (i.e., ϵ = 0).

• For exponential additive approximation or EXP-approx, the input ϵ is encoded
as a (dyadic) rational number.

• For polynomial additive approximation or POLY-approx the input ϵ = 1
k

is
represented (in unary) as 1k.

2.9.3 Linear Arithmetic Circuits

Linear arithmetic circuits are a restriction of general arithmetic circuits that do not
allow general multiplication gates [70, 76]. Such circuits can efficiently approximate
any polynomially computable function; in particular, they can approximate functions
represented by well-behaved general circuits. Linear arithmetic circuits have a variety
of useful properties, such as Lipschitzness (see Lemma 2.9.8). Given the set of gates
in a linear arithmetic circuit, it is differentiable if and only if it represents a linear
(affine) function. In general, the presence of min and max gates makes these circuits
non-differentiable. However, as noted in [152], automatic differentiation can compute
a vector belonging to subgradients, removing the need for a dedicated circuit [17].
Given these properties and their effectiveness in facilitating the analysis9, they are
utilized throughout this research.

Definition 2.9.6. A linear arithmetic circuit C is a circuit represented as a directed
acyclic graph with nodes labeled either as input nodes or as output nodes or as gate
nodes with one of the following possible gates {+,−,min,max,×ζ}, where the ×ζ gate
refers to the multiplication by a constant. Also, rational constant gates are allowed.
We use size(C) to refer to the number of nodes of C, also including the constants.

Next, we restate Theorem E.1 of [76] in which the functions that can be computed
by arithmetic circuits can be approximated by linear arithmetic circuits with minimal

9Discussion is relegated to chapter 3.
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error. An arithmetic circuit f is well-behaved if, on any directed path that leads to
output, there are at most log(size(f)) true multiplication gates. A true multiplication
gate is one where both inputs are non-constant nodes of the circuit. Note that in linear
arithmetic circuits, we do not have multiplication gates.

Theorem 2.9.7 ([76]). Given a well-behaved arithmetic circuit f : [0, 1]n → Rd, a
purported Lipschitz constant L > 0, and a precision parameter ϵ > 0, in polynomial
time in size(f), logL and log(1/ϵ), we can construct a linear arithmetic circuit F :

[0, 1]n → Rd such that for any x ∈ [0, 1]n it holds that:

• ∥f(x)− F (x)∥∞ ≤ ϵ, or

• given x, we can efficiently compute y ∈ [0, 1]n such that:

∥f(x)− f(y)∥∞ > L∥x− y∥∞.

Here "efficiently" means in polynomial time in size(x), size(f), logL and log(1/ϵ).
The following lemma from ( Lemma A.1 in [76]) states that any linear arithmetic

circuit f mapping Rn to Rm is Lipschitz-continuous with respect to the ℓ∞-norm.
The Lipschitz constant for the circuit is bounded by 2size(f)2 , where size(f) is the
number of nodes in the circuit. This means that the output of the circuit changes at
a controlled rate, depending on its size.

Lemma 2.9.8 ([76]). Any linear arithmetic circuit F : Rm → Rm is 2size(F )2-
Lipschitz-continuous (with respect to the ℓ∞-norm) over Rm.
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Chapter 3

Variational Inequalities

3.1 Organization

The goal of this chapter is to introduce computational versions of the variational
inequality problems we defined in the previous chapter. We progressively develop
computational formulations of variational inequality problems, culminating in es-
tablishing their computational complexity based on Kakutani’s fixed-point theorem.
Specifically, we formally provide computational frameworks for approximating var-
ious variational inequality problems and establishing their PPAD-completeness by
leveraging computational geometry techniques (see [93]), carefully adapting the tech-
nical contributions of [152]. Our foundational results serve as the basis for analyzing
the complexity of more advanced equilibrium problems in Chapter 4. Introducing a
very general framework for the variational inequality framework lets us address di-
verse equilibrium problems within a single, coherent approach, rather than handling
each equilibrium problem with separate, problem-specific reasoning. For example, in
the literature, the existence and the computational complexity of Nash equilibria are
typically derived via the Brouwer fixed-point theorem for functions or the linear com-
plementarity problem (LCP), whereas generalized Nash equilibrium would require
dealing with correspondences and Kakutani’s fixed-point.

We begin by defining separation oracles, which are standard tools for the compu-
tational treatment of convex sets and correspondences. We then introduce compu-
tational versions of several fundamental problems in convex optimization—namely,
constrained optimization and approximate projection (see also [93])—which serve as
essential building blocks for our computational definitions of GQVI, QVI, and VI and
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also for the final reduction to a computational version of Kakutani’s fixed-point the-
orem which was proven to be PPAD-complete [152]. We further introduce a strictly
more general problem, MGQVI (see Section 3.3), which is required for our analysis
of t-resilient Nash equilibria, and prove its PPAD-completeness as well.

3.2 Complexity of Variational Inequalities

So far, we have motivated the applicability of variational inequalities by the fun-
damental relationship between variational inequalities and the equilibrium problems
(see Proposition 2.7.6 and 2.7.7). As highlighted by existence results derived from
fixed-point theorems (such as Proposition 2.8.3), the convexity of the domain is essen-
tial. An efficient representation of the convex domain is also crucial for computational
tractability. This requirement naturally motivates the use of separation oracles, which
employ separating hyperplanes as certificates to efficiently determine whether a given
point belongs to a convex set.

For simplicity and to avoid some cumbersome definitions, we initially investigate
strong separation oracles1. Next, the computational versions and statements of results
are proposed. For the sake of completeness, we provide a short review of the results
of [152] and include a direct comparison to our work. Finally, we provide proof
for PPAD-completeness. Without loss of generality, we restrict our attention to the
metric space (Rm, ℓ2) where the inputs and the outputs are restricted to a well-
bounded compact box denoted by Rm∗2.

3.2.1 Using Strong Separation Oracles

Given the discussions above, and the introduction, for addressing the limitations of
Kakutani’s fixed-point definition3, the paper [152] assumes an implicit representation
of convex sets using a polynomially-sized circuit that computes (weak/strong) sepa-
ration oracles. While this formulation has been proven useful in many game-theoretic
applications, it introduces some technical challenges [152]. We follow the assumption
that the sets are bounded by a box that is a subset of Rm and denote this by Rm∗.

1Discussion of several computational problems for weak separation oracles is relegated to the
Appendix B.2. One major problem is that a disparity arises as an unavoidable curse of weak
separation oracles. For more information, see Appendix B in [152].

2We can extend our results for different norms and any well-bounded box similar to the approach
of [152]

3See Section 1.2.2 and Theorem E.1 in [152].
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A strong Separation Oracle (via a circuit SOR(x))

Input: A vector z ∈ Qm ∩ Rm∗.
Output: (a, b) ∈ Qm × Q such that the threshold b ∈ [0, 1] ∩ Q denotes the mem-

bership of z in R(x)4:

• If z ∈ R(x) then b > 1
2

and the vector a ∈ Qm will be ⊥. In other
words, a is meaningful only when b ≤ 1

2

• b ≤ 1
2

and vector a , defines a separating hyperplane H(a, z) :=

{y ∈ Rm∗ : ⟨a, y − z⟩ = 0} between the vector z and the set R(x)
such that ⟨a, y − z⟩ ≤ 0 for every y ∈ R(x).

The following problems can be solved using the sub-gradient ellipsoid central cut
method [152]. We assume that if the function is not provided in an explicit form,
we have oracle access to a subgradient or a suitable generalized derivative, enabling
optimization algorithms to proceed5.

Strong Constrained Convex Optimization Problem

Input: A zeroth and first order oracle6 for the convex function F : Rm∗ → R,
two rational numbers δ, ϵ > 0 and a strong separation oracle SOR for a
non-empty closed convex set R ⊆ Rm∗.

Output: One of the following cases:

• (Violation of non-emptiness of points deep inside R): A failure sym-
bol ⊥ with a polynomial-sized certificate that B(R,−δ) = ∅.

• (Approximate minimization): A vector z ∈ Qm ∩ R, with F (z) ≤
miny∈R F (y) + ϵ.

We also define the strong approximate version of the projection problem, denoted
by Π̃ϵ

X (x), which is an instance of a strong constrained optimization problem.
4This threshold is considered a rational number for the sake of consistency [152].
5This is indeed a general and necessary assumption. For more information, see [61, 79, 152].
6A zeroth-order oracle returns the function value at a queried point, while a first-order oracle

provides both the function value and a sub-gradient or gradient at that point.
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Strong Approximate Projection Problem Π̃ϵ
X (x)

Input: A rational number ϵ > 0 and a strong separation oracle SOX for a non-
empty closed convex set X ⊆ Rm∗ and a vector x that belongs to Qm∩Rm∗.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol ⊥ and a polynomial-
sized certificate that B(X ,−ϵ) = ∅,

• (Approximate Projection): A vector z ∈ Qm ∩ X , such that:

∥z − x∥22 ≤ min
y∈X
∥x− y∥22 + ϵ

3.2.2 Computational Definition for Generalized Variational In-

equalities (GQVI)

In this section, we define the computational version of the generalized quasi-variational
inequality problem (GQVI) under convexity assumptions and establish its PPAD-
completeness.

The computational complexity of solving variational inequalities is influenced by
the problem’s dimension, as well as the properties and representations of sets and
mappings. We follow the assumption that the sets are bounded by a box that is a
subset of Rm and denote this by Rm∗. For Lipschitzness of correspondences, we use a
more relaxed (algorithmic) version of the concept for correspondences, which utilizes
strong approximate projection [152]7.

7Details are relegated to Appendix A.2
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GQV I(F ,R) With Strong Separation Oracles

Input: We receive as input all the following:

• An arithmetic circuit CR which represents a strong separation or-
acle for a convex-valued LR-Hausdorff Lipschitz correspondence
R : Rm∗ ⇒ Rm∗,

• An arithmetic circuit CF which represents a strong separation oracle
for a convex-valued and LF -Hausdorff Lipschitz correspondence F :

Rm∗ ⇒ Rm∗,

• An accuracy parameter β.

Output: One of the following cases:

• (Violation of non-emptiness): A vector x ∈ Rm∗ such that
B(R(x),−ϵ) = ∅ or x ∈ Rm∗ such that B(F(x),−ϵ) = ∅,

• (Violation of LR-Hausdorff Lipschitzness of R): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̃ϵ

R(q)(q) and
z = Π̃ϵ

R(p)(w) but ∥z − w∥ > LR∥p− q∥+ 3ϵ.

• (Violation of LF -Hausdorff Lipschitzness of F) Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̃ϵ

F(q)(q) and
z = Π̃ϵ

F(p)(w) but ∥z − w∥ > LF∥p− q∥+ 3ϵ,

• Three vectors (x, x∗, w∗) with ∥x − x∗∥22 ≤ β such that x∗ ∈ R(x)
and w∗ ∈ F(x) and (y − x)T w∗ + β ≥ 0, ∀y ∈ R(x)

Remark 3.2.1. The given approximate solution does not satisfy the property x∗ ∈
R(x∗). However, we show that this assumption is not needed for the applications
we investigate in game theory. We can also impose reasonable assumptions on this
problem (GQVI) such as R being symmetric (i.e, if y ∈ R(x), then x ∈ R(y)),
however, this might detract from the generality of the problem. We can consider
different problem statements considering similar or more restricting assumptions such
as considering the notion of strong convexity (see Section A.3) and assumptions of
[28].
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Theorem 3.2.2. The above-mentioned generalized quasi-variational inequality prob-
lem GQV I(F ,R) for SOR and SOF is PPAD-complete.

Proof Sketch. The complete proof of inclusion in PPAD is relegated to Section 3.2.4.
Our approach to establishing PPAD membership for variational inequality problems
leverages the computational version of Kakutani’s fixed point theorem and the robust
version of Berge’s maximum theorem of [152]. Our approach, while similar to that
of [152], has key adaptations8. Specifically, we utilize the proof of the existence of
Generalized Quasi-Variational Inequalities (GQVI) provided in [43] instead of rely-
ing on Rosen’s existence theorem [161]. Considering the technical difficulty of the
framework proposed in [152], a careful and rigorous analysis is essential to address
these adaptations9. Note that the paper [43] uses the Eilenberg-Montgomery fixed-
point theorem to establish the existence of GQVI, while we instead use Kakutani’s
fixed-point theorem (see Proposition 2.8.3). PPAD-hardness follows directly from the
PPAD-hardness of problems such as Nash equilibrium (see Corollary 2.7.7), which are
easily formulated using the simpler framework of variational inequalities (VI). □

3.2.3 Special Cases: Quasi Variational Inequalities (QVI) and

Variational Inequalities (VI)

Below, we define a computational variant of QVI that takes as input a strong sep-
aration oracle and a circuit representing a function, unlike GQVIs that take two
correspondences.

8A direct and complete comparison is provided in Section 3.2.4
9In addition to using separation oracles rather than conventional approaches such as using poly-

topes, this work addresses several challenges, such as carefully handling Lipschitz continuity syntac-
tically.
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QV I(F,R) With a strong Separation Oracle

Input: We receive as input all the following:

• A circuit CR which represents a strong separation oracle for a convex
valued and LR-Hausdorff Lipschitz correspondence R : Rm∗ ⇒ Rm∗,

• A circuit CF which represents a LF -Lipschitz function F : Rm∗ →
Rm∗,

• An accuracy parameter β.

Output: One of the following cases:

• (Violation of non-emptiness): A vector x ∈ Rm∗ such that
B(R(x),−ϵ) = ∅,

• (Violation of LR-Hausdorff Lipschitzness of R): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̃ϵ

R(q)(q) and
z = Π̃ϵ

R(p)(w) but ∥z − w∥ > LR∥p− q∥+ 3ϵ,

• (Violation of LF -Lipschitzness of F ): Two vectors p, q ∈ Rm∗ such
that ∥F (p)− F (q)∥ > LF∥p− q∥,

• Two vectors x∗ and x with ∥x − x∗∥ ≤ β such that x∗ ∈ R(x) and
(y − x)T F (x∗) + β ≥ 0, ∀y ∈ R(x)

Proposition 3.2.3. The quasi-variational inequality (QVI) problem for a strong sep-
aration oracle SOR is PPAD-complete.

Proof. Inclusion in PPAD follows by Theorem 3.2.2. PPAD-hardness of this problem
is implied by the hardness of VI, which in turn is implied by the PPAD-hardness of
Nash equilibrium.

We next introduce a computational version of VI. For this problem, the input
consists of a strong separation oracle for a set and a circuit representing a function.
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V I(F ) With a strong Separation Oracle

Input: We receive as input all the following:

• An arithmetic circuit CR which represents a strong separation oracle
for a non-empty, compact, and convex set R,

• A arithmetic circuit CF which represents a LF -Lipschitz function
F : Rm∗ → Rm∗,

• An accuracy parameter β.

Output: One of the following cases:

• (Violation of non-emptiness): A symbol ⊥ with a polynomial-sized
witness that certifies B(R,−ϵ) = ∅,

• (Violation of LF -Lipschitzness of F ): Two vectors p, q ∈ Rm∗ such
that ∥F (p)− F (q)∥ > LF∥p− q∥,

• One vector x∗ ∈ R such that (y − x∗)T F (x∗) + β ≥ 0, ∀y ∈ R

Theorem 3.2.4. The variational inequality problem (VI) for a strong separation
oracle SOR is PPAD-complete.

Proof. Inclusion in PPAD simply is implied by Theorem 3.2.2. PPAD-hardness of
this problem is implied by the hardness of approximate Nash equilibrium. Finding a
mixed (a well-known concept in game theory) Nash equilibrium in two-player games is
a special case that is shown to be PPAD-hard [45] where maximizing (or equivalently
minimizing the loss) the expected payoff is the optimization goal. The rest of the
proof is similar to Corollary 2.7.7 for differentiable utility functions.

Remark 3.2.5. To satisfy properties such as Lipschitz continuity syntactically, we
may assume inputs are provided as linear arithmetic circuits. As discussed in [76],
we do not lose representation power (see the previous chapter).

3.2.4 Proof of Inclusion in PPAD of GQVI

This section is organized as follows. First, we present additional definitions and the-
orems from [152] that we use directly, indirectly, or with modifications. Specifically,
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for strong separation oracles, in addition to the definition of the strong constrained
convex optimization and the strong approximate projection problem, we provide the
computational definition of Kakutani’s fixed point, finding an approximate general-
ized equilibrium in concave games and their PPAD-completeness statement. Also,
we provide the robust version of Berge’s maximum theorem, which provides a more
robust Lipschitz continuity for the maximum of a Lipschitz function and is essential in
the transformation of the generalized equilibrium problem to Kakutani’s fixed point.
Finally, we state and prove the PPAD-completeness result.

Computational Kakutani’s Fixed Point Problem

We define the computational version of Kakutani’s fixed point problem and restate
the results of [152]. The definition of the computational problem of finding a Kakutani
fixed point is given as follows:

Kakutani With A strong Separation Oracle (via CR(x))

Input: A circuit CR that represents strong separation oracle for a L-Hausdorff
Lipschitz correspondence R : Rm∗ ⇒ Rm∗ and an accuracy parameter α.

Output: One of the following cases:

• (Violation of non-emptiness): A vector x ∈ Rm∗ such that
B(R(x),−ϵ) = ∅.

• (Violation of L-Hausdorff Lipschitzness) Four vectors p, q, z, w ∈
Rm∗ and a constant ϵ > 0 such that w = Π̃ϵ

R(q)(q) and z = Π̃ϵ
R(p)(w)

but ∥z − w∥ > L∥p− q∥+ 3ϵ.

• Vectors x, z ∈ Rm∗ such that ∥x − z∥ ≤ α and z ∈ R(x) ⇔
d(x,R(x)) ≤ α.

Theorem 3.2.6 ([152]). The Kakutani fixed-point problem for a strong separation
oracle is PPAD-complete.

Remark 3.2.7. The convexity of R (i.e., R is a convex-valued correspondence) is
adequate for ensuring the uniqueness of the nearest point (for more information, see
[152]).
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Using Linear Arithmetic Circuits

As mentioned, linear arithmetic circuits are proven to have useful properties such as
Lipschitzness, and they are general enough as we do not lose representation power (see
the discussion in Section 2.9.3). In general, when we are restricted to queries to a ze-
roth and first-order oracle or when inspecting a circuit or Turing machine description,
evaluating consistency between function values and their gradients poses computa-
tional challenges10. The proofs in [152] utilize instances where this consistency can
be assured syntactically by using linear arithmetic circuits.

For a computational version of Kakutani’s fixed-point, an essential requirement
that we need to impose on these separation oracles is that the output, which is a
separating hyperplane, should have polynomial bit complexity with respect to the
given input parameters11. The absence of this constraint enables the construction
of a malicious oracle that consistently returns separating hyperplanes with exponen-
tially large bit complexity, making algorithms such as the Ellipsoid method ineffective
regardless of optimization efforts. Similar to [152], we will utilize these circuits for
defining versions of the problems, considering these benefits.

Robust Berge’s Maximum Theorem

The paper [152] leverages the following quantified version of Berge’s theorem for
general convex functions.

Definition 3.2.8. A real-valued correspondence F on Euclidean space satisfies Holder’s
condition, or is (q, p)-Holder continuous (where q > 0 and p > 1), when there are real
positive constants κ and c such that dH(F(y1),F(y2)) ≤ κ∥(y1)− (y2)∥qp + c.

Theorem 3.2.9 ([152]). (Robust Berge Maximum Theorem). Let A ⊆ Rn and
B ⊆ Rm. Consider a continuous function f : A × B → R that is µ-strongly concave
∀a ∈ A,L-Lipschitz in A×B and also a L′-Hausdorff Lipschitz, non-empty, convex-
set, compact-valued correspondence g : A ⇒ B. Define f ∗(a) = maxb∈g(a) f(a, b)

and g∗(a) = argmaxb∈g(a) f(a, b). Then, we observe f ∗ is continuous and g∗ is upper

10Consistency of function values and its gradients” means that the gradients (or sub-gradients)
provided correspond correctly to the function values at given points — in other words, the gradi-
ent information accurately reflects the local behavior of the function. For more information, see
Appendix A in [152]

11The bit complexity of a separating hyperplane is the number of bits needed to represent its
normal vector a and threshold b as rational numbers, which we require to be polynomial in the input
size.
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semi-continuous and single-valued, i.e., continuous. Furthermore, f ∗ and g∗ are Lip-
schitz and

(
L′ + 2

√
4
µ

√
(L+ L · L′)

)
− (1/2, p)-Holder continuous respectively (for

sufficiently small differences).

Strongly Concave Games

The paper [152] establishes PPAD-completeness of an instance of games introduced
in the celebrated work of Rosen [161] (also called concave games [57, 152, 161]).

Theorem 3.2.10 ([152]). The Strongly Concave Games Problem (defined below) for
a strong separation oracle is PPAD-complete.

Proof Sketch. The complete proof is available in paper [152] (Theorem E.1). The
difference (compared to Rosen’s original proof which is also available in Section 2.8.4)
lies in how ϕ is defined:

ϕ(x,y) =
∑
i∈[n]

ui(yi,x−i)− γ · ∥y∥22

For this proof, adding −γ ·∥y∥22 ensures that ϕ stays a 2γ-strongly concave function in
y. This property is one of the necessary assumptions for the robust Berge’s maximum
theorem.

Utilizing the properties of ϕ(x, y), the proof of [152] constructs a correspondence
Γ, proves the non-emptiness and existence of a separation oracle, and passes this
correspondence as an input to Kakutani’s fixed point. Specifically, the separation
oracle for Γ(x) = {y | ϕ(s,y) ≥ maxr∈S ϕ(x, r)− ϵ} is constructed, and Lipschitzness
is proven by utilizing the robust version of Berge’s maximum theorem. This is done
in polynomial time by using the constrained convex optimization problem (given
a separation oracle that represents the convex set S, which represents the set of
strategies that satisfy a commonly coupled constraint). The reduction concludes by
proving a solution provided by Kakutani’s fixed point given Γ as the input can form
an approximate solution to the generalized Nash equilibrium problem in concave
games using some techniques that are similar to Rosen’s proof. We will use this
approach later in the proof of inclusion in PPAD of variational inequality problems.
However, we utilize the proof of the existence of variational inequalities provided by
[43] instead of the techniques provided by Rosen, which require a meticulous analysis
of approximation errors. □
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Strongly Concave Games Problem With SO

Input: We receive as input all the following:

• k arithmetic circuits representing the utility functions (u)ki=1 for
all k players,

• A Lipschitzness parameter L, a strong concavity parameter µ, and
accuracy parameter ϵ,

• S = Πk
i=1Si that is a convex set called the strategy domain where

Si represent the strategy domain for each player i,

• An arithmetic circuit representing a strong separation oracle for
the common constraint R that is a non-empty, convex, and com-
pact subset of S,

• Accuracy parameter ϵ.

Question: We output one of the following:

• (Violation of non-emptiness): A certificate that B(R,−ϵ) = ∅.

• (Violation of Lipschitz continuity): A certification that there exist
at least two vectors x, y ∈ S and an index i ∈ [n] such that
|ui(x)− ui(y)| > L∥x− y∥.

• (Violation of strong concavity): An index i ∈ [n], three vectors
xi, yi ∈ Si,x−i ∈ S−i = Πk

j=1,j ̸=iSj and a number µ ∈ [0, 1] such
that:

ui (λxi + (1− λ)yi,x−i) < λui (xi,x−i) + (1− λ)ui (yi,x−i)

+
λ(1− λ)

2
µ · ∥(xi,x−i)− (yi,x−i)∥22

• An ϵ-approximate generalized equilibrium in the sense of (†).
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A Direct Comparison to [152]

Given the discussion above, we are now ready to compare our proof of inclusion in
PPAD to the approach of [152]:

We will use the definition of the strong approximate projection problem from
Section 3.2 with no modification in the computational definition of the problems we
provide. For this research, especially inclusion in PPAD for resilient Nash equilib-
rium, we require a different version of the strong constrained convex optimization
problem (we define two different versions for two main applications we study in this
paper, which we call “modified strong constrained convex optimization problem")
with different inputs and outputs. As mentioned, the strong constrained convex opti-
mization problem can be solved using the subgradient ellipsoid central cut algorithm.
However, for the modified versions we define, for every single problem, namely, multi-
leader-followers and resilient Nash equilibrium, we need to modify the sub-gradient
ellipsoid central cut algorithm to make it appropriate for different inputs and outputs
(especially for violation of emptiness exceptions)12. For multi-leader-follower games,
the modifications are easier, while for resilient Nash equilibrium, we need to do more
modifications, such as a different version of Berge’s maximum theorem.

Finally, we can directly apply Kakutani’s fixed point in the proof of inclusion
in PPAD for GQVIs. However, the construction of the separation oracle for the
final correspondence is more complex because we apply the techniques of [152] to the
reduction provided by [43], and the existence of such a separation oracle needs careful
use of properties of convex sets and their separation oracles. Moreover, for a resilient
Nash equilibrium, providing suitable inputs for Kakutani’s fixed point problem and
bounding the approximation error for the desired t-resilient Nash equilibrium is quite
tedious, given the simple format of the inputs of the t-resilient Nash equilibrium
problem and the exponentially many constraints in t (which is a constant) that need
to be satisfied. In conclusion, a significant change in the format of the inputs will
be required, and we provide a different version of GQVI that handles more complex
inputs that are a combination of vectors and matrices13.

Proof of Inclusion of GQVI in PPAD

Finally, we are now ready to proceed to the proof of Theorem 3.2.2.
12Appendix B.3 provides all the details.
13For more information, see the definition of MGQVI (Section 3.3).
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Proof. Without loss of generality, we can consider [−1, 1]m instead of Rm∗ (similar to
[152]). The proof is organized as follows. First, we define the following function and
correspondence14:

Φ(y, x, w) = −(y − x)Tw − γ(∥y∥22)

Π(x,w) = {y ∈ R(x) | Φ(y, x, w) > maxy∈R(x)Φ(y, x, w)− ϵ}

We will show that for constant κ′, the correspondence Ψ(x,w) = (Π(x,w),F(x)) is κ′-
Hausdorff Lipschitz continuous in (x,w) utilizing Berge’s maximum theorem. Then,
we construct a strong separation oracle for Ψ. Finally, we show that an approximate
Kakutani’s fixed point of this correspondence will provide an approximate solution
to the given GQVI.

To show that Ψ is κ′-Lipschitz continuous, we show that dH(Ψ(x1, w1),Ψ(x2, w2)) ≤
κ′∥(x1, w1) − (x2, w2)∥qp + c for some constants q,p and c. First, similar to Theorem
3.2.10, to leverage Berge’s maximum theorem, we need to ensure that for some µ,
µ-strong concavity holds for Φ. Here Φ(y, x, w) is (2γ)-strongly concave in y. This
follows by the fact that −(y − x)Tw is 0-strongly concave function of y and also
−γ(∥y∥22) is 2γ-strongly concave function of y by Lemma A.1.2. In addition, Φ is
G-Lipschitz continuous where G = m+ 2γm for any pair (x,w).

The procedure to show that Π(x,w) is Lipschitz continuous in x and w is similar to
Theorem E1 of [152]. Let H(x,w) = {y ∈ R(x) | Φ(y, x, w) = maxy∈R(x)Φ(y, x, w)}.
By optimality KKT conditions for maximization of a concave function with respect
to the constraint set R(x) for all y ∈ R(x) we have:

∂Φ(y, x, w)T (y∗ − y) ≥ 0 where y∗ = argmaxy∈R(x)Φ(y, x, w)

Furthermore, (2γ)-strong-concavity of Φ(·, x, w) results the following inequality:

Φ (y∗, x, w)− Φ(y, x, w) ≥ ∂Φ (y∗, x, w)⊤ (y∗ − y) + γ ∥y − y∗∥22

Finally, by combining the previous inequalities, we have:

Φ (y∗, x, w)− Φ(y, x, w) ≥ γ ∥y − y∗∥22
14We will deal with the constants later.



52

In conclusion, for y∗ ∈ H(x,w) and y ∈ Π(x,w), we have the following inequality:

γ ∥y − y∗∥22 ≤ ϵ or equivalently ∥y − y∗∥2 ≤
√
ϵ

γ
(3.1)

Recall that we showed Φ(·, x, w) is strongly concave. Now, we can apply Theorem
3.2.9 (Berge’s Maximum Theorem) to f((x,w), y) = Φ(y, x, w) and g((w, x)) = R(x),
where g is a non-empty, compact, convex-valued correspondence.

By Theorem 3.2.9, there exists a constant κ =
(
LR + 2

√
2
γ

√
(G+G · LR)

)
such

that H is κ-Lipschitz (and also Holder) continuous and also is single-valued. In
conclusion, we have the following:

dH(H(x1, w1), H(x2, w2)) ≤ κ∥(x1, w1)− (x2, w2)∥
1
2
2 (3.2)

Combining Equations 3.1 and 3.2 results in:

dH(Π(x1, w1),Π(x2, w2)) ≤ dH(H(x1, w1), H(x2, w2))

+ dH(Π(x1, w1), H(x1, w1))

+ dH(Π(x2, w2), H(x2, w2))

(3.3)

In conclusion, we have the following:

dH(Π(x1, w1),Π(x2, w2)) ≤ κ∥(x1, w1)− (x2, w2)∥
1
2
2 + 2

√
ϵ

γ
(3.4)

Since F is LF -Hausdorff Lipschitz, by the definition of Ψ we can deduce that there
exists a constant κ′ = max (κ, LF):

dH(Ψ(x1, w1),Ψ(x2, w2)) ≤ κ′∥(x1, w1)− (x2, w2)∥2 + 2

√
ϵ

γ
(3.5)

This shows that Ψ is Hausdorff Lipschitz continuous. Next, to establish a reduction
employing the computational variant of Kakutani’s problem, it is essential to establish
the non-emptiness of the correspondence Ψ(x,w) (i.e, B(Ψ(x,w),−ϵ) ̸= ∅). We know
that B(R(x),−ϵ) and also B(F(x),−ϵ) are nonempty otherwise, we output violation
of emptiness. Let y∗x = argmaxy∈R(x)Φ(y, x, w). Then, we define a none-empty region
Vx = B(y⋆x,+

ϵ
G
)∩R(x) = B(y⋆x,+

ϵ
G
) whereG is the Lipschitz constant of Φ. Moreover,

B(Vx,
−ϵ
G
) is non-empty due to the fact that B(R(x),−ϵ) is non-empty for any x. By
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Lipschitzness of Φ (·, x, w), we have:

∀y ∈ Vx, |Φ (y, x, w)− Φ (y∗x, x, w)| ≤ G
ϵ

G
= ϵ

In conclusion, Φ(Vx, x, w) ⊆ [Φ (y∗x, x, w) − ϵ,Φ (y∗x, x, w)] is non-empty. Considering
the definition of Π, y∗x and Vx, we can conclude that Φ(Vx, x, w) ⊆ Π(x,w) (see the
definition of Π). We also know that for any x ∈ R(x), B(F(x),−ϵ) is non-empty,
then, we can similarly find a non-empty region Cx such that Cx ⊆ B(F(x),−ϵ). This
is sufficient to show that for all x and w, the correspondence Ψ(x,w) does not violate
the non-emptiness given the non-emptiness guarantees of R(x) and F(x).

Now we proceed to constructing a strong separation oracle for Ψ(x,w) leveraging a
slightly modified version of the Strong Constrained Convex Optimization framework
stated in the following:

Modified Strong Constrained Convex Optimization Problem

Input: A zeroth and first order oracle for the concave function G : Rm∗ → R,
two rational numbers δ, ϵ > 0 and a strong separation oracle SOR for a
non-empty closed convex-valued correspondence R : Rm∗ ⇒ Rm∗ and one
input x.

Output: One of the following cases:

• (Violation of non-emptiness) A failure symbol ⊥ with a polynomial-
sized witness that certifies that B(R(x),−δ) = ∅,

• (Approximate Maximization) A vector z ∈ Qm ∩ R(x), such that
G(z) + ϵ ≥ maxy∈R(x)G(y) for all values.

The problem mentioned above still can be solved in polynomial time using the sub-
gradient ellipsoid central cut method given the separation oracle as we only changed
the input while we know that for any x, R(x) is a convex set as the correspondence
R is convex-valued (for more information, see Appendix B.3 and also Appendix G
in [152])15. We can compute a solution y∗ ∈ R(x) using the sub-gradient ellipsoid
central cut method such that Φ (y∗, x, w) ≥ maxy∈R(x)Φ (y, x, w) − ϵ. Consider a

15Note that the modification in this problem is that it is a maximization problem.
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strong separation oracle for the following set:

Ψs(x,w) = {(y, w) ∈ (R(x),F(x)) | − Φ(y, x, w) ≤ σ}

where σ = −Φ(y∗, x, w). In other words, we are looking for (y, w) ∈ (R(x),F(x))
such that (y−x)Tw+γ∥y∥22 ≥ (y∗−x)Tw+γ∥y∗∥22 given the strong separation oracles
representing F and R. This separation oracle exists due to Theorem H.3 in [152],
which was also used for the proof of inclusion in PPAD of Walrasian equilibrium.
Thus, using a careful adaptation of the techniques in [152], the existence of a strong
separation oracle is achievable in polynomial time for Ψ.

Now, we can give the constructed separation oracle for Ψ as input to the com-
putational Kakutani problem with accuracy parameter α = ϵ′

κ′ where ϵ′ = ϵh. The
output of this Kakutani instance will be two points (x,w) ∈ ([−1, 1]m, [−1, 1]m) and
z = (x∗, w∗) ∈ Ψ(x,w) where ∥(x,w) − (x∗, w∗)∥ ≤ ϵ′

κ′ and d((x,w),Ψ(x,w)) ≤ ϵ′

κ′ .
Considering the definition of Ψ, we can infer that w∗ ∈ F(x) and d(w,F(x)) ≤ ϵ′

κ′ .
In addition, x∗ ∈ Π(x,w) and d(x,Π(x,w)) ≤ ϵ′

κ′ . By the definition of Π, for every
y ∈ R(x), Φ (x∗, x, w) ≥ Φ (y, x, w)− ϵ. In conclusion:

(y − x)T w + γ∥y∥22 ≥ (x∗ − x)T w + γ∥x∗∥22 − ϵ, ∀y ∈ R(x)

So, recalling that x, y, w ∈ [−1, 1]m:

(y − x)T w ≥ ±2
√
mϵ′

κ′
± 4γ − ϵ, ∀y ∈ R(x)

Finally, knowing that ∥(x,w)− (x∗, w∗)∥22 ≤ ϵ′

κ′ implies that ∥w − w∗∥22 ≤ ϵ′

κ′ . We
can easily conclude:

(y − x)T w∗ ≥ ±2
√
mϵ′

κ′
± 4γ ± ϵ′

κ′
∥y − x∥2 − ϵ, ∀y ∈ R(x)

Since w,w∗, x, y are limited to the box constraint [−1, 1]m. We can conclude that:

(y − x)T w∗ ≥ ±4
√
mϵ′

κ′
± 4γ − ϵ, ∀y ∈ R(x)

Considering appropriate numbers for ϵ, h (recall that ϵ′ = ϵh) and γ results the
following for the desired approximation error β (note that w∗ ∈ F(x)):

(y − x)T w∗ + β ≥ 0, ∀y ∈ R(x)
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Remark 3.2.11. Note that we assumed that both F and R are convex-valued. The
convexity condition on F is important for the construction of the separation oracle
for Ψ, while the convexity of R is also necessary for the modified strong constrained
optimization problem constraint. Indeed, Ψ must be a convex-valued otherwise mem-
bership of an element in Ψ cannot be assessed by using the strong separation oracle
framework, which is necessary for the computational Kakutani’s fixed point problem.
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3.3 A More Generalized Form of GQVI

We need to introduce a more general version of variational inequalities appropriate
for t-resilient Nash equilibrium and address the existence of a solution for them.
Informally, this stems from the fact that for a t-resilient Nash equilibrium, we need to
check exponentially many conditions in the constant t (see the definition of t-resilient
Nash equilibrium) and impose appropriate constraints on the variational inequality
problem to reflect the constraints of resilient Nash equilibrium. First, we extend the
definition of multi-convexity to correspondences.

Definition 3.3.1 (Multi-Convexity of a Correspondence). Let F = (F1,F2, . . . ,Fr)

be a correspondence where each Fi(x) is a correspondence and for x ∈ X, Fi(x) is a
set. We say that F is t-multi-convex if for any subset J ⊆ [t] with |J | ≤ t, and for
any y1, y2 ∈ F (x), the convex combination of y1 and y2 with respect to J satisfies:

FJ(λy
1
J + (1− λ)y2J , x−J) ⊇ λFJ(y

1
J , x−J) + (1− λ)FJ(y

2
J , x−J),

for all λ ∈ [0, 1]. Similarly, in this definition, FJ(x) =
∏

j∈J Fj(x), and x−J denotes
the components of x that are not indexed by J . This condition ensures that the
correspondence F is convex in the components indexed by J , while keeping other
components fixed.

To guarantee the existence of a solution, we will also need to have the following
assumption:

Definition 3.3.2. Sub-gradient Compatibility Let F = (F1,F2, . . . ,Fr) be a corre-
spondence where each Fi(x) is a correspondence and for x ∈ X, Fi(x) is a set. The
correspondence F Sub-gradient Compatibility has if there exists a convex function
g : S → R, such that:

∂g(x) ⊆
k⋂

i=1

Fi(x), ∀x ∈ S

For completeness and brevity, we only investigate the most complicated case.
Computational MQVI and MVI can be defined similarly. The computational problem
(MGQVI) with strong separation oracles is defined as follows 16:

16To avoid repetition, we do not investigate this problem for weak separation oracles.
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MGQV I(F ,R) With strong Separation Oracles

Input: We receive as input all the following:

• A circuit CR which represents a strong separation oracle for a LR-
Hausdorff Lipschitz correspondence R : Rm∗ ⇒ Rm∗,

• A multi-convex correspondence F = (F1,F2, . . . ,Fr) with sub-
gradient compatibility which has r circuits such that for each i ∈ [r],
CFi

represents a strong separation oracle for a LF -Hausdorff Lips-
chitz and convex-valued correspondence Fi : Rm∗ ⇒ Rm∗,

• An accuracy parameter β.

Output: One of the following cases:

• (Violation of non-emptiness): A vector x ∈ Rm∗ such that
B(R(x),−ϵ) = ∅ or an index i such that for some x ∈ Rm∗ we
have that B(Fi(x),−ϵ) = ∅,

• (Violation of LR-Hausdorff Lipschitzness of R): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̃ϵ

R(q)(q) and
z = Π̃ϵ

R(p)(w) but ∥z − w∥ > LR∥p− q∥+ 3ϵ.

• (Violation of LF -Hausdorff Lipschitzness of F): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 and one index i such that
w = Π̃ϵ

Fi(q)
(q) and z = Π̃ϵ

Fi(p)
(w) but ∥z − w∥ > LF∥p− q∥+ 3ϵ,

• Two tuples (x,w) and (x∗, w∗) with ∥x− x∗∥ ≤ β and ∥w − w∗∥ ≤
β such that x∗ ∈ R(x) and w∗ ∈ F(x) and (y − x)T w∗ + β1 ≥
0, ∀y ∈ R(x) 17.

17Recall that 1 is all ones vector.
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Our main result for MGQVI is the following:

Theorem 3.3.3. The problem of finding a solution to MGQVI for strong separation
oracles is in PPAD.

Proof. We again consider [−1, 1]m instead of Rm∗. First, we define the following18:

Φ(y, x, w) = −(y − x)⊤w − γ(∥y∥22)1

Π(x,w) = {y ∈ R(x) | ∀i ∈ [r], (Φ(y, x, w))i > maxy∈R(x) (Φ(y, x, w))i − ϵ}

Note that here w is a matrix and Φ is a vector-valued function. Next, we show
that for a constant κ′, the correspondence Ψ(x,w) = (Π(x,w),F(x)) is κ′-Lipschitz
continuous in (x,w). The next step will similarly (compared to proof of Theorem
3.2.2) be constructing a strong separation oracle for Ψ. Finally, we show that an
approximate solution to Kakutani’s fixed point of this correspondence will provide an
approximate solution to the given MGQVI.

Remark 3.3.4. We use the Frobenius Norm for matrix distance defined in the fol-
lowing:

∥w1 − w2∥M =

√√√√ m∑
i=1

r∑
j=1

(w1,ij − w2,ij)2

Similar to proof of Theorem 3.2.2, we will need to bound the distance between
pairs (x1, w1) and (x2, w2). Thus, we now define19:

∥(x1, w1)− (x2, w2)∥X =
√
∥x1 − x2∥22 + ∥w1 − w2∥2M

To show that Ψ is κ′-Lipschitz continuous, we prove dH(Ψ(x1, w1),Ψ(x2, w2)) ≤
κ′∥(x1, w1)− (x2, w2)∥qX + c for some constants q, and c.

Similar to the proof of the simper version (Theorem 3.2.2), Φ(y, x, w) is (2γ)-
strongly concave (with respect to each coordinate) in y. In addition, each i-th coor-
dinate of Φ is G-Lipschitz continuous where G = m + 2γm for all x and w. We also
have access to the sub-gradients of (Φ)i for each i ∈ [r].

18Note that, unlike Theorem 3.2.10, Φ is a function that takes two vectors x and y (of size m×1),
one matrix w ( of size m× r which has r vectors given as columns of the matrix), and outputs one
vector.

19We can extend the proof to use other norms such as the spectral norm.
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Let H(x,w) = {y ∈ R(x) | ∀i ∈ [r], (Φ(y, x, w))i = maxy∈R(x)(Φ(y, x, w))i}. This
means that y ∈ H(x,w), must maximize all coordinates of Φ. We claim that such y

must exists due the definition of multi-convexity of F and prove it later (see Lemma
3.3.6). By optimality KKT conditions for maximization of a concave function with
respect to the constraint set R(x), for all y ∈ R(x), for all i ∈ [r] we have:

∂(Φ(y, x, w))Ti (y
∗ − y) ≥ 0 where y∗ ∈ H(x,w)

In addition, (2γ)-strong-concavity of (Φ(·, x, w))i results the following inequality:

(Φ (y∗, x, w))i − (Φ (y, x, w))i ≥ ∂ ((Φ (y∗, x, w))i)
⊤ (y∗ − y) + γ ∥y − y∗∥22

Finally, by combining the previous inequalities we have:

(Φ (y∗, x, w))i − (Φ (y, x, w))i ≥ γ ∥y − y∗∥22

In conclusion, for y∗ ∈ H(x,w) and y ∈ Π(x,w), we have the following inequality:

γ ∥y − y∗∥22 ≤ ϵ or equivalently ∥y − y∗∥2 ≤
√
ϵ

γ
(3.6)

Let us define H ′(x,w) = {y ∈ R(x) |Φ(y, x, w) = argmaxally∈R(x)(Φ(y, x, w))i}
where argmaxall is an operator which tries to find a maximizer that maximizes all
coordinates of Φ (see the modified Berge’s maximum Theorem B.1.1). It is easy to
verify that H ′(x,w) = H(x,w).

Now, we apply Theorem B.1.1 (relegated to the appendix) to f((x,w), y) =

Φ(y, x, w) and g((w, x)) = R(x) which is a modified version of Berge’s maximum
theorem. By Theorem B.1.1, there exists a constant κ such that H ′ (g∗ in Theorem
B.1.1) is κ-Lipschitz continuous:

dH(H
′(x1, w1), H

′(x2, w2)) ≤ κ∥(x1, w1)− (x2, w2)∥X (3.7)

Recall that H ′(x,w) = H(x,w). Combining Equations 3.6 and 3.7 results in:

dH(Π(x1, w1),Π(x2, w2)) ≤ dH(H(x1, w1), H(x2, w2))

+ dH(Π(x1, w1), H(x1, w1))

+ dH(Π(x2, w2), H(x2, w2))

(3.8)
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In conclusion, we have:

dH(Π(x1, w1),Π(x2, w2)) ≤ κ∥(x1, w1)− (x2, w2)∥
1
2
2 + 2

√
ϵ

γ
(3.9)

Since for each i ∈ [r], Fi is LF -Hausdorff Lipschitz, by the definition of Ψ we can
deduce there exists a constant κ′:

dH(Ψ(x1, w1),Ψ(x2, w2)) ≤ κ′∥(x1, w1)− (x2, w2)∥
1
2
2 + c′, (3.10)

showing that Ψ(x,w) is κ′-Lipschitz continuous in (x,w).
To establish a reduction employing the computational variatnt of Kakutani, it is

essential to establish the existence of a bounded-radius ball within the correspondence
Ψ(x,w). Let y∗x = argmaxally∈R(x) Φ(y, x, w) (recall that such y∗ always exists due
to Lemma 3.3.6). Similarly assume that B(R(x),−ϵ) and also B(F(x),−ϵ) are non-
empty. Then, define a non-empty region Vx = B(y⋆x,+

ϵ
G′ )∩R(x) = B(y⋆x,+

ϵ
G′ ) where

G′ = r ·G. Note that G is the Lipschitz constant of Φi for all i. By Lipschitzness of
Φ (·, x, w), we have:

∀y ∈ Vx, ∥Φ (y, x, w)− Φ (y∗x, x, w)∥X ≤ G′
ϵ

G′
= ϵ

In conclusion, Φ(Vx, x, w) ⊆ [Φ (y∗x, x, w)− ϵ1,Φ (y∗x, x, w)] is non-empty20. Then,
we can show that Φ(Vx, x, w) ⊆ Π(x,w). As for any x ∈ R(x), B(F(x),−ϵ) is non-
empty, we can find a non-empty region Cx such that Cx ⊆ B(F(x),−ϵ). This is
sufficient to show that for all x and w, Ψ(x,w) is non-empty. Now we are ready to
construct a strong separation oracle for Ψ(x,w) using a modified version of the Strong
Constrained Convex Optimization framework stated in the following.

20We use the convention that a vector lies between two others when each of its coordinates lies
strictly between the corresponding coordinates of those two vectors.
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Modified Strong Constrained Convex Optimization Problem (2)

Input: A zeroth and first order oracle for the multi-concave function G : Rm∗ →
Rr∗, two rational numbers δ, ϵ > 0 and a strong separation oracle SOR for
a non-empty closed convex-valued correspondence R : Rm∗ ⇒ Rm∗ and
one input x.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol⊥ with a polynomial-
sized witness that certifies that B(R(x),−δ) = ∅,

• (Approximate Maximization): A vector z ∈ Qm ∩ R(x), such that
G(z) + ϵ1 ≥ maxally∈R(x)G(y) for all values.

This modified strong constrained convex optimization problem can be solved by a
modified version of the sub-gradient ellipsoid central cut (see Appendix B.3). We can
compute such a solution y∗ ∈ R(x) such that Φ (y∗, x, w) ⪰ maxy∈R(x)Φ (y, x, w)−ϵ1.
Thus, given the strong separation oracles representing F and R, we can construct
a strong separation oracle for Ψ by considering a strong separation oracle for the
following set:

Ψs(x,w) = {(y, w) ∈ (R(x),F(x)) | − Φ(y, x, w) ⪯ σ}

where σ = −Φ(y∗, x, w).
Now, we can give Ψ as input to the Kakutani problem presented in [152] with

accuracy parameter α, however, we need to modify the input. This is due to the fact
that our input is a separation oracle for Ψ which takes one vector x and one matrix
w while Kakutani’s problem takes a correspondence in the format of F : Rd∗ ⇒ Rd∗.
We need to consider d = mr + m and encode the given matrix w with r-vectors
to make it completely compatible with the conditions of the Kakutani’s fixed point.
In other words, we are aim to find a fixed point of the correspondence Ψ′ where
Ψ′(x,w1, . . . , wr) = Ψ(x,

∑r
i=1 eiw

⊤
i ). In the following we show that using the X

norm we defined does not change the outcome if we encode the correspondence given
the above-mentioned scheme21.

21Alternatively, we may consider and define a format of Kakutani’s fixed point such that it works
with the correspondences of the format F : Ra1∗ × Ra2×a3∗ ⇒ Rb1∗ × Rb2×b3∗ However, this will
require redoing the proofs of [152]
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Now for achieving the desired approximation, we set α = ϵ′

κ′ where ϵ′ = ϵh. Given
the output of Kakutani, we decode the output by reverting it to the matrix format.
We get two points z = (x,w) ∈ ([−1, 1]m, [−1, 1]m×r) and also z∗ = (x∗, w∗) ∈ Ψ(x,w)

where ∥(x,
∑r

i=1 eiw
⊤
i )− (x∗,

∑r
i=1 eiw

∗
i
⊤)∥2 ≤ ϵ′

κ′ resulting ∥(x,w)− (x∗, w∗)∥X ≤ ϵ′

κ′

d((x,w),Ψ(x,w)) ≤ ϵ′

κ′ .
Thus, w∗ ∈ F(x) and d(w,F(x)) ≤ ϵ′

κ′ . In addition, by the definition of Ψ,
x∗ ∈ Π(x,w) and d(x,Π(x,w)) ≤ ϵ′

κ′ . By the definition of Π, for every y ∈ R(x),
Φ (x∗, x, w) ≥ Φ (y, x, w)− ϵ1. In conclusion, we have the following:

(y − x)T w + 2γ∥y∥221 ⪰ (x∗ − x)T w + 2γ∥x∗∥221− ϵ1, ∀y ∈ R(x)

So, recalling that x, y, w ∈ [−1, 1]m:

(y − x)T w ⪰ ±2
√
mϵ′

κ′
1± 4γ1− ϵ1, ∀y ∈ R(x)

Finally, by knowing the facts that ∥(x,w) − (x∗, w∗)∥22 ≤ ϵ′

κ′ and w∗ ∈ F(x), we
can simply have:

(y − x)T w∗ ⪰ ±2
√
mϵ′

κ′
1± 4γ1± 2

√
mϵ′

κ′
∥y − x∥1− ϵ1, , ∀y ∈ R(x)

Considering the fact that x, y, w ∈ [−1, 1]m:

(y − x)T w∗ ⪰ ±2
√
mϵ′

κ′
1± 4γ1± 2

√
mϵ′

κ′
1− ϵ1, , ∀y ∈ R(x)

Considering appropriate small numbers for ϵ, h and γ will imply the following for
x∗ ∈ R(x):

(y − x)T w∗ ⪰ −β1, ∀y ∈ R(x)

Remark 3.3.5. If we do not use X norm and for example use the spectral norm,
we need to consider a constant θ for the error caused by the simple decoding. This
error is caused by the fact that the norm that we defined for the input given as a
matrix and a vector becomes different from L2 distance approximation guarantee we
get from the computational Kakutani’s fixed point theorem. This does not cause a
problem as the matrix has constant number of columns and these different norms are
related (for example, see Lemma 3.3.8). The proof can be adapted for other norms
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using an appropriate number h to cancel out the encoding error caused by encoding
the matrices.

Below, we show that multi-convexity of F ensures a unique maximizer for Φ in
all coordinates.

Lemma 3.3.6. If the correspondence F defied above satisfies multi-convexity, sub-
gradient compatibility conditions then we have a unique maximizer for the set H(x,w) ={
y ∈ R(x) | ∀i ∈ [r], (Φ(y, x, w))i = maxy′∈R(x)(Φ(y

′, x, w))i
}
.

Proof. The function Φ(y, x, w) is strictly concave in y. Since F(x) satisfies multi-
convexity and sub-gradient compatibility, the feasible set remains convex for any
restricted components given the fact that w ∈ F(x). These two conditions ensure
that the function Φ(y, x, w) has at least one maximizer that is common in all of the
variational inequalities. As discussed, for each i, Φi(y, x, w) has a unique maximizer.
Therefore, the set H(x,w), which consists of the maximizers of Φ(y, x, w), contains a
unique maximizer.

Remark 3.3.7. Note that one may consider the a maximum solution for (Φ(y, x, w))i
would be y∗ = −wi

2γ
and infer that a unified maximizer must have the condition

wi = wj but this y∗ must belong to R(x). Thus, when y is restricted to lie in
a convex set R(x) (i.e. under projection), the unique maximizer can be given by
y∗ = ΠR(x)

(
−wi

2γ

)
. Even if the unconstrained maximizers −wi

2γ
differ, their projections

can coincide. Therefore, in the presence of domain restrictions (x ∈ R(x)), a common
maximizer y∗ does not necessarily imply that we must have wi = wj for all i, j.

Lemma 3.3.8. Suppose x1, x2 ∈ [−1, 1]m and w1, w2 ∈ Rr×m, where m1 and m2

encode the matrix w1 and w2, respectively. If ∥(x1, w1) − (x2, w2)∥2 ≤ σ, then the
bound for the norm ∥(x1, w1)− (x2, w2)∥X is given by ∥(x1, w1)− (x2, w2)∥X ≤ σ.

Proof. Given that ∥(x1,m1) − (x2,m2)∥2 ≤ σ, where m1 and m2 are the vectorized
forms of w1 and w2, we can express the norm ∥(x1, w1)− (x2, w2)∥X as square root of
the sum of the norms of their respective components. Utilizing the properties of the
vectorized Frobenius norm, we find that ∥m1 −m2∥2 is equivalent to ∥(w1 − w2)∥M .
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Chapter 4

Equilibrium With Convex Constraints

A primary objective of algorithmic game theory is to categorize the complexity of
key economic concepts. PPAD-completeness has become a significant unifying prin-
ciple within this endeavor [58, 152]. In this chapter, applying the computational
versions of the variational inequality problems, we demonstrate that several central
problems in game theory are PPAD-complete under reasonable convexity assump-
tions. We first review well-known remedial solutions for leader/follower equilibria
in multi-leader-follower games, both with and without uncertainty, and present a
unified mathematical definition that encompasses these remedial approaches. Build-
ing on this, we analyze the computational complexity of appropriate computational
formulations of these problems, establishing their PPAD-completeness using similar
methodologies. Finally, we consider the computational complexity of resilient Nash
equilibrium and related solution concepts under given specific continuity and concav-
ity conditions (in particular, a more restricted condition that we call multi-concavity)
assumptions. Specifically, we demonstrate that these problems can be formulated as
a more generalized class of variational inequalities, which we refer to as MGQVI in
Chapter 3.

4.1 Remedial Approaches for Multi-Leader-Follower

Games

In addition to the complexity of the leaders’ optimization problem, the non-convexity
of the leader’s constraints may mean that a L/F -equilibrium does not always ex-
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ist1. The algebraic relaxation/restriction approach (remedial solutions) introduced in
[107, 150] addresses this issue. These approaches may consider Karush–Kuhn–Tucker
conditions (KKT) and introduce various relaxations/restrictions2. Several other ap-
proaches, such as using convex hull or mixed strategies, exist [150].

4.1.1 First Remedial Model of [150] for Multi-leader Follower

Games

As discussed, we may assume follower i’s constraints are represented by a non-empty
convex correspondence.

Ri (xI, xII, y−i) ≡ {yi ∈ Si | gi (xI, xII, y) ≤ 0, hi (xI, xII, yi) ≤ 0}

where xI, xII ∈ X I×X II are the leaders’ strategies and gi : X I×X II×Πk
j=1Sj → Rmi

and hi : X I×X II× Si → Rli are convex and Lipschitz continuous. Note that mi and
li are some given constants.

By incorporating the KKT conditions of the followers’ optimization problems with
x∗II as an exogenous variable (representing the second leader’s optimal solution), leader
I’s optimization problem can be formulated as finding a solution (xI, yI, λ(i,I), µ(i,I)) to
the following problem:

MinϕI (xI, x
∗
II, yI)

s.t xI ∈ X I

∀i ∈ [k], ∂y(i,I)θi (xI, x
∗
II, yI) +

mi∑
j=1

λj(i,I)∂y(i,I)g
j
i (xI, x

∗
II, yI) +

li∑
j=1

µj
(i,I)∂y(i,I)h

j
i (xI, x

∗
II, y(i,I)) = 0

∀i ∈ [k], 0 ≤ λ(i,I) ⊥ gi (xI, x
∗
II, yI) ≤ 0

∀i ∈ [k], 0 ≤ µ(i,I) ⊥ hi(xI, x
∗
II, y(i,I)) ≤ 0

In general, the constraints in the aforementioned problem lack convexity with
respect to their variables. By considering a restriction that still encompasses a wide
range of practical models, the remedial model of [150] addresses this issue. More

1See Example 4 in [150].
2Note that we only investigate the approximate version for the remedial models. There are a

variety of hardness results for Stackelberg games (e.g. [51, 132]).
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precisely, we will assume that the functions θi, gi, and hi take the following forms:

θi (xI, xII, y) ≡
1

2
(yi)

T Miyi + (ci (xI, xII, y−i))
T yi + ψi (xI, xII, y−i)

gi (xI, xII, y) ≡ A(i,I)xI + A(i,II)xII +
k∑

j=1

Bi,jyj and hi (xI, xII, yi) ≡ C(i,I)xI + C(i,II)xII +Diyi

(4.1)
for some matrices Mi ∈ Rni×ni , which are symmetric positive semidefinite, A(i,I) ∈
Rmi×nI , A(i,II) ∈ Rmi×nII , Bi,j ∈ Rmi×nj , C(i,I) ∈ Rli×nI , C(i,II) ∈ Rli×nII , Di ∈
Rli×ni , affine functions ci : RnI+nII+n−i → Rni , and arbitrary real-valued functions
ψi : RnI+nII+n−i → R.

Remark 4.1.1. Recall that nI, nII and ni denote the variables that the leaders and
the follower i control (out of nI+nII+n where n =

∑k
i=1 ni) respectively. Furthermore,

n−i denotes the variables that all other followers other than i control.

With these modifications, we formulate leader I’s optimization problem as follows:
With x∗II as an exogenous variable , find a solution (xI, yI, λ(i,I), µ(i,I)) ∈ X I × X II ×
Πk

j=1Sj × Rmi+li to the following:

MinϕI (xI, x
∗
II, yI)

s.t xI ∈ X I

ci
(
xI, x

∗
II, y(−i,I)

)
+Miy(i,I) + (Bi,i)

Tλ(i,I) +DT
i µ(i,I) = 0

∀i ∈ [k],
(
λ(i,I)

)T [
A(i,I)xI + A(i,I)x

∗
II +

k∑
j=1

Bi,jy(j,I)

]
= 0

∀i ∈ [k],
(
µ(i,I)

)T [
C(i,I)xI + C(i,I)x

∗
II +Diy(i,I)

]
= 0

(4.2)

Recall that for leader I, we denote an anticipated strategy of all k followers except
i by y(−i,I). With the exception of the set X I, which might have nonlinear (though
convex) constraints and the orthogonality conditions, the remaining constraints in
leader I’s problem are linear. Informally, the approach described in [150] for handling
these nonconvex constraints is described as follows: Each leader has access to limited
information about the followers’ reactions, characterized by specific "favorable" sets
ZI(xI, xII) and ZII(xI, xII), respectively, and subject to which the leaders optimize
their objective functions. In general, such partial information could be of one of two
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kinds, restricted or relaxed information, as follows3:

ZI (xI, xII) ⊆ Ysol (xI, xII) or Ysol (xI, xII) ⊆ ZI (xI, xII) (4.3)

A restricted response is an equilibrium response, whereas a relaxed one may not
be. Similar classifications apply to the partial responses available to leader II. By
separating their responses, one leader may have restricted follower responses while the
other has relaxed ones. The reference [150] suggests substituting the two non-convex
orthogonality conditions in leader I’s constraints with the following conditions:

(
xI, yI, λ(i,I)

)
∈ W(i,I) (xII) and

(
xI, y(i,I), µ(i,I)

)
∈ V(i,I) (xII)

where W(i,I) (xII) ⊆ X I×Πk
j=1Sj ×Rmi and V(i,I) (xII) ⊆ X I×Si×Rli are appropriate

polyhedral sets such that together they represent either a restriction or a relaxation
of the complementarity constraints in Ysol(xI, x

∗
II). For all i = 1, . . . , k, we define

ZI (xI, xII) to be the set of all tuples yI =
(
y(j,I)

)k
j=1

for which there exists (λI, µI) that
satisfies:

ci
(
xI, xII, y(−i,I)

)
+Miy(i,I) + (Bi,i)

T λ(i,I) + (Di)
T µ(i,I) = 0

0 ≤ λ(i,I), Ai,IxI + Ai,IIxII +
k∑

j=1

Bi,jy(j,I) ≤ 0

0 ≤ µ(i,I), C(i,I)xI + C(i,II)xII +Diy(i,I) ≤ 0

We call the elements of ZI (x∗I , xII) the followers’ partial responses anticipated
by (or available to) leader I and categorize such responses as restricted or relaxed
based on Equation 4.34. Finally, in terms of the partial responses, leader I, given
x∗II as an exogenous variable, must find a solution (xI, yI) to the following surrogate
optimization problem:

MinϕI (xI, x
∗
II, yI)

s.t xI ∈ X I

and (xI, yI) ∈ graphZI (·, x∗II)

(4.4)

For leader II, the optimization problem with the surrogate complementarity con-
ditions can be defined by considering ZII(x∗I , xII), W(i,II)(x

∗
I ) and V(i,II)(x

∗
I ) where x∗I

3Recall that Ysol denotes the solution of the follower problem in Equation 2.11
4We can construct a strong separation oracle for this set given the polyhedral sets’ separation

oracles.
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will be an exogenous variable:

MinϕII (x
∗
I , xII, yI)

s.t xII ∈ X II

and (xII, yII) ∈ graphZII (x∗I , ·)

(4.5)

Remark 4.1.2. Note that by combining the given constraints, we are able to write
Equation 4.4 in terms of correspondences GI and GII. In particular, the optimization
problem for leader I and II can be written as a generalized Nash equilibrium problem:

MinϕI (xI, x
∗
II, yI)

s.t (xI, yI) ∈ GI (x
∗
II)

(4.6)

And for leader II, we have the following:

MinϕII (x
∗
I , xII, yI)

s.t (xII, yII) ∈ GII (x
∗
I )

(4.7)

Definition 4.1.3. A remedial L/F -equilibrium is a pair of leaders’ strategies (x∗I , x∗II)
such that there exists a pair (y∗I , y

∗
II) such that (x∗I , y∗I ) and (x∗II, y

∗
II) constitute a solu-

tion of the two leaders’ surrogate optimization problems 4.4 and 4.5, respectively.

We define Sol(4.4) and Sol(4.5) to be the minimized value (of ϕI and ϕII given their
respective exogenous variables) of a solution of the two leaders’ surrogate optimization
problems 4.4 and 4.5.

Before proceeding to proof of PPAD-completeness, given the format proposed in
the Remark above (generalized equilibrium reformulation), we might assume that we
can use Proposition 2.7.6 to transform the remedial problem to the QVI format under
some conditions. However, this proposition assumes the differentiability of the loss
functions (utilities). Since these are now represented by linear arithmetic circuits,
which as mentioned above are not necessarily differentiable, we need to take a more
general approach carefully applying the following proposition.

Proposition 4.1.4. Suppose that we have a game with convex loss functions ϕ =

(ϕ1, . . . , ϕk), and strategies X = (X1, . . . , Xk) represented by linear arithmetic cir-
cuits and constraints G = (G1, . . . , Gk) that have separation oracles represented by
linear arithmetic circuits which are closed convex subsets of X = (X1, . . . , Xk). The
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problem of finding an approximate generalized (Nash) equilibrium of this game can be
transformed into finding an approximate solution to a GQVI problem5.

Proof. For simplicity, we prove the proposition for k = 2 players. Given the definitions
of Equations 4.6 and 4.7, we actually can consider only ϕI (xI, xII) and ϕII (xI, xII) with
two variables. Define the correspondence F(x) : RnI+nII → P (RnI+nII) to be:

F(x) = ∂xI
ϕI (xI, xII)× ∂xII

ϕII (xI, xII)

Note that F(x) is a correspondence as the sub-differentials are not necessarily
unique due to the definition. P(A) also denotes the power set of A. We formulate the
following problem by concatenating the first-order optimality conditions of all leaders’
problems where the goal is finding a vector x = (xI, xII) ∈ X (where X = X I ×X II)
such that:

∃w ∈ F (x) , (y − x)⊤w + ϵ ≥ 0, ∀y ∈ G(x)

Note that G(x) = (GI(xI), GII(xII)). The functions ϕI and ϕII are linear arithmetic
circuits and they are piece-wise linear convex functions. In a piecewise linear convex
function, kink points (where segments meet) are points of non-differentiability, as the
gradient changes abruptly. At these points, the function has a sub-differential, rep-
resenting all possible slopes of adjacent segments. Despite this non-differentiability,
convexity is preserved (for the subgradients), ensuring any local minimum, even at a
kink point, is also a global minimum. The sub-differential at a kink point includes
any convex combination of all possible slopes of the adjacent segments. Thus, a useful
property of linear arithmetic circuits is that the sub-differentials at one point always
form a convex set.

Computational Definition

We are now ready to define the computational version of finding an equilibrium and
state the PPAD-completeness result in this setting. We could consider alternative
definitions that omit ZI and ZII and consider strong separation oracles for the above-
mentioned appropriate polyhedral sets as inputs. This is because all of the require-
ments for constructing separation oracles for ZI and ZII can be assured by the linearity

5This proposition is a slightly modified and generalized version of the transformation provided
in [107].
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of the loss functions of the followers and having the possibility of representing the
approximate polyhedral sets by separation oracles. We chose this version for the sake
of a simpler presentation.

Remedial ([150]) L/F Equilibrium With Strong Separation Oracles

Input: We receive as input all the following:

• Two linear arithmetic circuits representing the convex loss functions
(ϕI,ϕII) for two leaders,

• Two linear arithmetic circuits representing strong separation oracles
for non-empty, convex, and compact sets X I and X II for the leaders
I and II,

• Two linear arithmetic circuits representing strong separation oracles
for ZI and ZII that represent restricted or relaxed responses of the
followers for each leader respectively that are two non-empty, Haus-
dorff Lipschitz, convex-valued, and compact correspondences.

• An accuracy parameter β.

Output: One of the following cases:

• (Violation of non-emptiness): A certificate indicating at least one of
the X I, X II, ZI (x, ·) for some x ∈ X I or ZII (·, x) for some x ∈ X II

is empty.

• (Violation of convexity) of any of the loss functions of the inputs,

• (Approximate minimization): Vectors (x∗I , y∗I , x∗II, y∗II) having the fol-
lowing relationship6:

– ϕI (x
∗
I , x
∗
II, y

∗
I ) ≤ β + Sol(4.4)

– ϕII (x
∗
I , x
∗
II, y

∗
II) ≤ β + Sol(4.5)

Remark 4.1.5. We can also consider circuits that are sums of monomials, for which
Lipschitz continuity and computing the sub-gradient is straightforward. The case

6Here, the output vectors are needed to satisfy all feasibility constraints of (4.4) and (4.5).
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(Violation of convexity) is meaningful as output whenever the form is explicitly given
(e.g. sum of monomials or linear arithmetic circuits) otherwise convexity holds as a
promise. The non-emptiness exceptions can be distinguished by a slightly generalized
ellipsoid algorithm we discuss in Appendix B.3.

Theorem 4.1.6. In a multi-leader-follower game, the problem of finding an approx-
imate remedial L/F -equilibrium where the constraints of the followers are given by
strong separation oracles is PPAD-complete.

Proof Sketch. Consider the format given in Equations 4.6 and 4.7 and carefully
apply Proposition 4.1.4, which allows us to transform the problem into a GQVI and
to establish inclusion in PPAD. PPAD-hardness of this problem follows from the
hardness of finding a mixed Nash equilibrium (see [45]) in a game with 2 leaders,
where the loss functions represent the expected payoff of mixed strategies where the
followers have only one strategy and no restrictions7. □

Proof of Theorem 4.1.6

Before proceeding to the complete proof, we will need several propositions and tools.

A Separation Oracle for Sub-gradients

We provide a separation oracle for the sub-gradients of linear arithmetic circuits,
specifically for correspondence F in Proposition 4.1.4. According to the results of
[17], we can efficiently compute only one vector belonging to the sub-gradients of
a function. For a given point x, we first determine which segment it belongs to
and obtain the corresponding slope as the sub-gradient. To check the validity of a
proposed sub-gradient y, compare it to the slopes of the segments at the specified
point x: if y matches one slope, it is valid; otherwise, it lies outside the range of
slopes. If y is invalid, the separation oracle outputs a hyperplane that separates d
from the valid sub-gradients.

However, we need to describe the convex hull of in polynomial time and space.
This process is efficient and easy, as shown in Algorithm 1. In short, Algorithm 1 can
efficiently and concisely represent all sub-gradients of a vector-valued linear arithmetic
circuit. In each step, a set of sub-gradients is either a constraint or just a number
and will be propagated for the calculation of the next step. This approach works

7The complete proof (also for Proposition 4.1.4) is available in Section 4.1.1.
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because the structure of linear arithmetic circuits ensures that each sub-gradient set
is manageable in size.

ALGORITHM 1: Separation Oracle for Sub-gradients in Linear Arithmetic Circuits
Input: Linear arithmetic circuit C computing function f(x), input point x, and point

y to check.
Output: "Yes" if y is a valid sub-gradient for f(x); otherwise, return a separating

hyperplane.
Function Subgradient Oracle(C, x, y):

Evaluate f(x) and also calculate the set of possible sub-gradients S(x) at x as
follows: Represent S(·) implicitly: create symbolic gate-level vector
variables sj and collect linear constraints (do not enumerate extreme
points).;

for each node in C do
if the operation is + or − then

Apply standard rules for + or − and update S(x).
end
else if the operation is multiplication by a constant c then

Apply standard rules for multiplication and update S(x).
end
else if the operation is max or min then

if two inputs to the gate, g1 and g2, satisfy g1(x) = g2(x) then
Create scalar mixing variable λj with 0 ≤ λj ≤ 1 and add linear
constraint sj = λjsg1 + (1− λj)sg2 to the collected constraints.;

end
else

Choose the subgradient from the function that attains the maximum or
minimum at x.

end
end

end
Propagate the set S(x) backward through the circuit, maintaining convex
sub-gradient structure.;

Add equalities soutput = y to the collected linear constraints and solve the resulting
linear-feasibility LP (exact rationals); if feasible return "Valid", else extract LP
infeasibility/Farkas certificate and return the resulting rational separating
hyperplane.;

Remark 4.1.7. The algorithm efficiently propagates subgradient sets through linear
arithmetic circuits by maintaining an implicit representation via linear programming
constraints. At each max/min gate where both inputs are equal at the evaluation
point, we introduce a scalar mixing variable λj ∈ [0, 1] and enforce that the output
subgradient is a convex combination sj = λjsg1 +(1−λj)sg2 , adding d+2 constraints
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for d-dimensional subgradients. This approach avoids explicit convex hull computa-
tion, ensuring the constraint system grows polynomially with circuit size, and the
final membership test reduces to a polynomial-time linear feasibility problem.

Bounding the Approximation Error

The following lemma can also be applied to remedial L/F -equilibrium, as remedial
L/F -equilibrium can be written in the format of a generalized equilibrium problem.
We will prove this Lemma in the next Chapter.

Lemma 4.1.8 (Generalized Penalty Lemma). Suppose that x is a generalized equilib-
rium in game (S,R,Θ) with L-Lipschitz loss functions Θ8. Let x∗ be a strategy profile
that is β-statistically close to x and x∗ ∈ R(x∗). Then, x∗ is a f(β)-approximate gen-
eralized equilibrium of this game where f(β) = Lβ.

Proof of Theorem 4.1.6

We are now ready to provide a formal proof for Theorem 4.1.6.

Proof. To establish inclusion in PPAD, we must consider solutions of the computa-
tional variant of the transformed GQVI from Proposition 4.1.4. For the computa-
tional formulation of GQVI, a solution consists of two tuples (x,w) and (x∗, w∗) with
∥(x,w)− (x∗, w∗)∥22 ≤ β such that x∗ ∈ G(x) and w∗ ∈ F(x) and (y − x)T w∗+β ≥ 0,
for every y ∈ G(x). We take x∗ ∈ G(x) as the final approximate solution for remedial
L/F -equilibrium. x∗ is β-statistically close to x, using Lemma 4.1.8 can imply that
the strategy x∗, is a f(β)-approximate L/F -equilibrium. Note that for our proof, we
do not need the condition x∗ ∈ G(x∗) due to the definition of GI and GII.

4.1.2 Second Remedial Model of [106] for Multi Leader Fol-

lower Games

First, we review the mathematical definition of the second remedial approach. Similar
to the first remedial approach, this remedial approach assumes differentiability and
the existence of gradients. To avoid repetition, we do not inspect the computational

8With respect to each norm, we can have different constants.
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version of this approach as we will inspect a more general version later in Section
4.3.1.

We assume that we have two leaders who try to solve the following optimization
problems (4.8) and (4.9), respectively.

MinϕI (xI, x
∗
II) + (xI)

⊤DIyI

s.t gI(xI, x∗II) ≤ 0

and hI(xI) = 0

(4.8)

and for the second leader we have:

MinϕII (x
∗
I , xII) + (xII)

⊤DIIyII

s.t gII(x∗I , xII) ≤ 0

and hII(xII) = 0

(4.9)

Also, all followers i ∈ [k] tries to find y = (y1, . . . , yi, . . . , yk) ∈ Rn :

Min
1

2

(
y⊤By

)
+ c⊤y − (xI)

⊤DIy − (xII)
⊤DIIy

s.t Ay + a = 0.
(4.10)

For each i ∈ I = {I, II}, ϕi : RnI+nII is a twice continuously differentiable and
convex function with respect to the variable xi. Furthermore, gi : X I × X II → Rmi

is a convex function and hi : X i → Rli is an affine function. Matrix B ∈ Rn×n

is symmetric and positive definite matrix, matrix Di ∈ Rni×n for each i ∈ I and
A ∈ Rp×n is a matrix with full row rank. And, c ∈ Rn and a ∈ Rp are constant
vectors.

Problem (4.10) is a strictly convex quadratic programming problem with equality
constraints. Using the equivalent KKT system of linear equations which finds a pair
(y, λ) ∈ Rn×p satisfying the following, we will reformulate the problem:

By + c− (DI)
T xI − (DII)

T xII + ATλ = 0,

Ay + a = 0.

A has full row rank. The uniqueness of the solution ensure the convexity of Ysol(x∗I , xII).
We will later show that adding monotonicity condition on the loss functions of
the leaders will ensure the uniqueness of L/F-equilibrium. Under the given as-
sumptions, a KKT pair (y, λ) exists uniquely for each (xI, xII) and is denoted by
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(y (xI, xII) , λ (xI, xII)). A straightforward calculation can show that:

y (xI, xII) =−B−1c−B−1AT
(
AB−1AT

)−1 (
a− AB−1c

)
+
[
B−1 (DI)

T −B−1AT
(
AB−1AT

)−1
AB−1 (DI)

T
]
xI

+
[
B−1 (DII)

T −B−1AT
(
AB−1AT

)−1
AB−1 (DII)

T
]
xII,

λ (xI, xII) =
(
AB−1AT

)−1 (
a− AB−1c

)
+
(
AB−1AT

)−1
AB−1 (DI)

T xI

+
(
AB−1AT

)−1
AB−1 (DII)

T xII

In conclusion, for a given vector x = (xI, xII) ⊂ RnI+nII , we can substitute the
unique optimal response y (xI, xII) for yI = yII in the leaders’ problems. Then, we
will show that the above-mentioned multi-leader-follower game can be reformulated
in the format of a generalized Nash equilibrium problem with the constraints RI and
RII which are defined by RI(xII) = {xI : gI (xI, xII) ≤ 0, hI (xI) = 0} and RII(xI) =

{xII : gII (xI, xII) ≤ 0, hII (xII) = 0}. Finally, leader I aims to find xI such that:

MinΨI (xI, x
∗
II)

s.t gI(xI, x∗II) ≤ 0

and hI(xI) = 0

(4.11)

And for leader II:

MinΨII (x
∗
I , xII)

s.t gII(x∗I , xII) ≤ 0

and hII(xII) = 0

(4.12)

where ΨI and ΨII are defined:

ΨI (xI, x
∗
II) = ϕI (xI, x

∗
II) + (xI)

⊤DIr + (xI)
⊤DICxI + (xI)

⊤DIHxI

ΨII (x
∗
I , xII) = ϕII (x

∗
I , xII) + (xII)

⊤DIIr + (xII)
⊤DIIGxII + (xII)

⊤DIIHxII

where G ∈ Rn×nI , H ∈ Rn×nII , and r ∈ Rn are defined as follows:

G = B−1 (DI)
⊤ −B−1A⊤

(
AB−1A⊤

)−1
AB−1 (DI)

⊤

H = B−1 (DII)
⊤ −B−1A⊤

(
AB−1A⊤

)−1
AB−1 (DII)

⊤

r = −B−1c−B−1A⊤
(
AB−1A⊤

)−1 (
a− AB−1c

)
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Proposition 4.1.9. The problem of finding an approximate solution to remedial L/F-
equilibrium denoted in (4.11) and (4.12) can be transformed into finding an approxi-
mate solution to a QVI problem.

Proof. Proof is similar to Proposition 2.7.6 with the exception that F : RnI+nII →
RnI+nII is defined as follows:

F (x) :=

(
∇xI

ψI (xI, xII)

∇xII
ψII (xI, xII)

)
=

(
∇xI

ϕI (xI, xII) +DIr + 2DIGxI +DIHxII
∇xII

ϕII (xI, xII) +DIIr +DIIGxI + 2DIIHxII

)
.

The reference [106] considers two leaders and one follower in the setting that the
functions gI(xI, x∗II) = gI(xI) and gII(x∗I , xII) = gII(xII).

This indicates that here X I = {xI : gI (xI) ≤ 0, hI (xI) = 0} and also the set X II =

{xII : gII (xII) ≤ 0, hII (xII) = 0} are the strategy sets for the leaders (no mutual con-
straint). Next, we recite some existence and uniqueness results on L/F-equilibrium
for the multi-leader-follower game in this setting (a simpler form will also hold for
the Nash equilibrium problem). The following lemmas will help us establish the
uniqueness of L/F-equilibrium under the given conditions9.

Lemma 4.1.10. Suppose that F is a function and R is a set10. If F is strictly
monotone on R, i.e., ∀x, y ∈ R, x ̸= y we have (F (x) − F (y))⊤(x − y) > 0, and
V I(R, F ) has at least one solution, then the solution is unique. Moreover, if F is
strongly monotone on R, i.e., there exists µ > 0 such that ∀x, y ∈ R, (F (x) −
F (y))⊤(x− y) ≥ µ∥x− y∥2, then there exists a unique solution to the V I(R, F ).

Corollary 4.1.11. If the function F (x) = (∇xI
ϕI(xI, xII),∇xII

ϕII(xI, xII)) is strictly
monotone and (4.11) and (4.12) have at least one solution, then the L/F-equilibrium
is unique.

Corollary 4.1.12. If the function F (x) = (∇xI
ϕI(xI, xII),∇xII

ϕII(xI, xII)) is strictly
monotone, then a unique solution is guaranteed which means the existence of a solu-
tion is not a necessary condition for uniqueness.

9For more information, see [98, 106].
10Note that we assume that the set R is a well-defined set serving as the domain of the well-defined

function F .
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4.2 Remedial Solution to Multi-Leader-Follower

Games with Uncertainty [107]

To the best of our knowledge, the only remedial approach for multi-leader-follower
games with uncertainty studied in the literature is the extension of the second ap-
proach of [106]. We only review the second approach as we will investigate the more
general version later.

4.2.1 Some General Existence Results

For the sake of completeness, we inspect a general existence result for robust L/F-
Nash equilibrium for the multi-leader-follower games with uncertainty under some
assumptions [107]. To prevent confusion due to multiple equivalent definitions, we re-
cite the definition of L/F-robust Nash equilibrium which we reformulated the problem
for leader I with uncertainty parameters eI and uI(see 2.13 and 2.14)11:

MinϕI (xI, x
∗
II, yI(xI, x

∗
II, eI), uI)

s.t xI ∈ X I

and for leader II:
MinϕII (x

∗
I , xII, yII(x

∗
I , xII, eII), uII)

s.t xII ∈ X II

Also, recall that utilizing the robust optimization paradigm, we defined a new
game G̃ with worst loss functions ψ̃I : X

I × X II → R and ψ̃II : X
I × X II → R (see

Equation 2.15):

ψ̃I (xI, x
∗
II) := sup

{
ϕI (xI, x

∗
II, yI(xI, x

∗
II, eI), uI) | uI ∈ U I, eI ∈ EI

}
ψ̃II (x

∗
I , xII) := sup

{
ϕII (x

∗
I , xII, yII(x

∗
I , xII, eII), uII) | uII ∈ U II, eII ∈ EII

}
Assumption 1. The following assumption will guarantee the existence of a robust
L/F-equilibrium (see the optimization programs (2.13) and (2.14)).

• The functions ϕI : RnI+nII ×Rn×RlI → R and ϕII : RnI+nII ×Rn×RlII → R are
both continuous.

11Note that our definition of remedial models will be more general compared to this definition
which comes from the original definition of robust L/F-Nash equilibrium in the literature without
considering the generalized constrained format (we may call this problem robust L/F-generalized
Nash equilibrium.)
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• The functions yI : RnI+nII × RkI → Rn and yII : RnI+nII × RkII → Rn are also
continuous.

• The uncertainty sets U I ⊆ RlI, U II ⊆ RlII, EI ⊆ RkI and EII ⊆ RkII are
nonempty and compact.

• The strategy sets X I and X II are nonempty, compact and convex.

• For i ∈ {I, II}, the functions ϕi

(
xi, x

∗
−i, yi(xi, x

∗
−i, ei), ui

)
is convex for any fixed

ui, x∗−i and ei.

Under Assumption 1, we have the following property for correspondences ψ̃I and
ψ̃II defined in 2.15:

Proposition 4.2.1 ([107]). For each leader i ∈ {I, II}, under Assumption 1 we have
that:

• ψ̃i(x) is finite for any x ∈ X I ×X II.

• ψ̃i : RnI+nII → R is also continuous.

• ψ̃i(·, x−i) is convex on X i for any fixed x−i

Theorem 4.2.2 ([107]). If Assumption 1 holds, then the multi-leader-follower game
with uncertainty comprising problems (2.13) and (2.14) has at least one robust L/F-
Nash equilibrium.

Note that a similar existence result holds for the basic Nash equilibrium problem
with uncertainty (see Theorem 3.3 in [147]). Note that instead of viewing yI and yII

as functions, we used the correspondences FI and FII and the constraints GI and GII

in the first approach.

The Remedial Approach

Given above strict assumptions above, the paper [107] extended the results of [106]
to cover uncertainty. For this approach, we assume that one can formulate a robust
L/F equilibrium problem as follows:

MinϕI (xI, x
∗
II, y, uI) := ωI (xI, x

∗
II, , uII) + πI (xI, y)

s.t gI (xI, x∗II) ≤ 0, hI (xI) = 0.
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And for Leader II:

MinϕII (xI, x
∗
II, y, uII) := ωII (xI, x

∗
II, uII) + πII (xII, y)

s.t gII (x∗I , xII) ≤ 0, hII (xII) = 0.

And each follower i ∈ [k] will try to find yi given the strategies of the leaders and
other followers (ȳ−i):

Min θi(x
∗
I , x
∗
II, y) := γi(y)− πI (x∗I , y)− πII (x∗II, y)

s.t yi ∈ Yi.

where y = (yi, ȳ−i) ∈ Y and Y ⊆ Y1 × · · · × Yk ⊆ Ysol.
The reference [107] assumes the following explicit representation for πI and πII for

leaders12. Also, for each follower i ∈ [k], γi and Yi will have an explicit representation:

ωI (xI, xII, uI) :=
1

2
(xI)

⊤HIxI + (xI)
⊤N(I,II)xII + (xI)

⊤RIuI,

ωII (xI, xII, uII) :=
1

2
(xII)

⊤HIIxII + (xII)
⊤N(II,I)xI + (xII)

⊤RIIuII,

πI (xI, y) := (xI)
⊤DIy,

πII (xII, y) := (xII)
⊤DIIy,

∀i ∈ [k], : γi(y) :=
1

2
y⊤By + c⊤y,

Y := {y = (y1, . . . , yk) ∈ Rn | Ay + a = 0} ,

where for i ∈ {I, II}, Hi ∈ Rni×ni is symmetric, Di ∈ Rni×n, Ri ∈ Rni×li , N(I,II) ∈
RnI×nII , and c ∈ Rn. Matrix B ∈ Rn×n is assumed to be symmetric and positive
definite. Moreover, A ∈ Rp×n, a ∈ Rp, and A has full row rank. Note that it is
obvious that in the followers’ problem, this approach assumes the loss function for all
followers is the same. Also, recall that each leader i cannot exactly know the follower
j ∈ [k]’s problem but only can anticipate it as follows:

Min θ(i,j) (x
∗
I , x
∗
I , yi, vI) :=

1
2
y⊤i Byi + (c+ vi)

⊤ yi − πI (x∗I , yi)− πII (x∗II, yi)
s.t yi ∈ Yi.

12See Section 4 in [107] for more details specifically for the case when we have more than two
leaders. The formulation is slightly different for that case. For consistency, we did not go beyond
two leaders.
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In the remainder, we inspect a restricted version of the remedial approach and
also the uniqueness of a robust L/F Nash equilibrium for this special class of multi-
leader-follower games with uncertainty, where each leader i ∈ {I, II} is assumed to
solve the following optimization problem:

Min 1
2
(xi)

⊤Hixi + (xi)
⊤N(i,−i)x−i + (xi)

⊤Riui + (xi)
⊤Diy

s.t xi ∈ X i,
(4.13)

where y is an optimal solution of the following follower’s problem anticipated by leader
i :

Min 1
2
y⊤By + (c+ ei)

⊤ y − (xI)
⊤DIy − (xII)

⊤DIIy

s.t Ay + a = 0,
(4.14)

Since the followers’ problems estimated by the two leaders are both strictly convex
quadratic programming problems with equality constraints, each of them is equivalent
to finding a pair (y, λ) ∈ Rn × Rp satisfying the following KKT system of linear
equations for leaders I and II respectively:

ByI + c+ eI − (DI)
T xI − (DII)

T xII + ATλ = 0,

AyI + a = 0.

ByII + c+ eII − (DI)
T xI − (DII)

T xII + ATλ = 0,

AyII + a = 0.

Under the assumptions where we know that A has full row rank, a KKT pair
(yI, λI) exists uniquely for (xI, xII, eI) and shown by (yI (xI, xII, eI) , λ (xI, xII, eI)). A
similar pair for leader II also exists. A straightforward calculation can show that for
i ∈ {I, II}:

yi (xI, xII, ei) =−B−1(c+ ei)−B−1AT
(
AB−1AT

)−1 (
a− AB−1(c+ ei)

)
+
[
B−1 (DI)

T −B−1AT
(
AB−1AT

)−1
AB−1 (DI)

T
]
xI

+
[
B−1 (DII)

T −B−1AT
(
AB−1AT

)−1
AB−1 (DII)

T
]
xII,

λi (xI, xII, ei) =
(
AB−1AT

)−1 (
a− AB−1(c+ ei)

)
+
(
AB−1AT

)−1
AB−1 (DI)

T xI

+
(
AB−1AT

)−1
AB−1 (DII)

T xII.

Let P = I − B− 1
2A⊤

(
AB−1A⊤

)−1
AB−

1
2 . By substituting each yi (xI, xII, ei) for

yi in the respective leader’s problem, the objective function of each leader i can be
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reformulated as:

ψi (xi, x−i, ei, ui)

:= ϕi (xi, x−i, yi (xi, x−i, ei) , ui)

=
1

2
(xi)

⊤Hixi + (xi)
⊤DiQixi + (xi)

⊤Riui + (xi)
⊤Dir

+ (xi)
⊤ (DiQ−i +N(i,−i)

)
x−i − (xi)

⊤DiB
− 1

2PB−
1
2 ei.

Here, QI ∈ Rn×nI , QII ∈ Rn×nII , and r ∈ Rn are given by:

QI = B−
1
2PB−

1
2 (DI)

T ,

QII = B−
1
2PB−

1
2 (DII)

T ,

r = −B−
1
2PB−

1
2 c−B−1AT

(
AB−1AT

)−1
a.

With the function ψi for each leader i, we can transform the above multi-leader
single-follower game with uncertainty to a Nash equilibrium problem with complete
information using a robust optimization technique similarly:

Min
xi

ψ̃i (xi, x−i)

s.t xi ∈ X i.

Here, ψ̃i : Rni × Rn−i → R is defined by:

ψ̃i (xi, x−i) := sup
{
ψi (xi, x−i, ei, ui) | ui ∈ U i, ei ∈ Ei

}
=
1

2
(xi)

⊤Hixi + (xi)
⊤DiQixi + (xi)

⊤Dir

+ (xi)
⊤ (DiQ−i +N(i,−i)

)
x−i + ϕi (xi)

where for each i ∈ {I, II}, ϕi : Rni → R is defined by:

ϕi (xi) := sup
{(
xi
)⊤
Riui | ui ∈ U i

}
+ sup

{
−
(
xi
)⊤
DiB

− 1
2PB−

1
2 ei

∣∣∣ ei ∈ Ei
}
.

Theorem 4.2.3 ([107]). Suppose that for each i ∈ {I, II}, the strategy set X i is
nonempty, compact, and convex, the matrix Hi ∈ Rni×ni is symmetric and posi-
tive semi-definite, and the uncertainty sets U i and Ei are nonempty and compact.
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Then, the multi-leader-follower game with uncertainty comprising optimization pro-
gram (4.13) has at least one robust L/F-equilibrium.

To establish uniqueness, let us define NI = N(I,II) and N(II,I) and:

J :=

(
HI NI

NII HII

)
(4.15)

Theorem 4.2.4 ([107]). Suppose that matrix J is positive definite and the uncer-
tainty sets U i and Ei are nonempty and compact. Then the multi-leader-follower
game with uncertainty comprising problems (4.13) and (4.14) has a unique robust
L/F-equilibrium.

4.3 Our General Remedial Approach

We introduce a general formulation that is inspired by both of these approaches and
can encompass both remedial models13. First, we provide a mathematical definition
for a general remedial approach dealing with multi-leader-follower games with uncer-
tainty. Assume that we have two leaders and k followers. We first assume that we
have the following optimization programs from the perspective of the leaders:

MinϕI (xI, x
∗
II, y, uI) := ωI (xI, x

∗
II, uI) + πI (xI, y)

s.t gI (xI, x∗II) ≤ 0, hI (xI) = 0.

MinϕII (x
∗
I , xII, y, uII) := ωII (x

∗
I , xII, uII) + πII (xII, y)

s.t gII (x∗I , xII) ≤ 0, hII (xII) = 0.

(4.16)

where uI ∈ U I and uII ∈ U II are uncertainty parameters of the leaders. The uncer-
tainty sets are convex and compact. Function ωI : RnI+nII → R is convex for fixed xII
and uI (similar assumption holds for ωII). Also, for each i ∈ {I, II}, we have the as-
sumption that gi : X I×X II → Rmi is a convex function for fixed x−i and hi : X i → Rli

is an affine function.
From the perspective of the followers, each follower i ∈ [k] will try to find yi given

the strategies of the leaders and other followers (ȳ−i):

Min θi(x
∗
I , x
∗
II, y) := γi(y)− πI (x∗I , y)− πII (x∗II, y)

s.t g′i(x∗I , x∗II, y) ≤ 0, h′i (yi) = 0

13This obviously covers the case without uncertainty, in which the uncertainty sets are singletons.
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where y = (yi, ȳ−i). For follower i, we consider γi, g′i and h′i to have an explicit
representation14. Also, g′i and h′i for i ∈ [k] have similar assumptions such as convexity.

Instead of yi ∈ Ri(ȳ−i) as in traditional L/F-equilibrium, we take a similar ap-
proach combining the ideas of [106, 107, 150], restricting or relaxing followers’ feasible
solutions. We assume that a valid solution ȳi for follower i belongs to a set Zi that
we call the restricted or relaxed feasible set of follower i: Assuming Z = Πk

i=1Zi, we
can either consider Z ⊆ Ysol or Ysol ⊆ Z15.

As mentioned, each leader’s anticipation of the strategies of their followers could
be different. Also, the uncertainty parameter of the followers needs to be taken into
account. In conclusion, leaders I and II anticipate that each follower will solve the
following optimization problems, respectively:

Min θ(I,i)(x
∗
I , x
∗
II, yI, eI) := γi(yI, eI)− πI (x∗I , yI)− πII (x∗II, yI)

s.t y(I,i) ∈ Zi

Min θ(II,i)(x
∗
I , x
∗
II, yII, eII) := γi(yII, eII)− πI (x∗I , yII)− πII (x∗II, yII)

s.t y(II,i) ∈ Zi

(4.17)

where yI = (y(I,i), ȳ(I,−i)) and yII = (y(II,i), ȳ(II,−i)). As observed, each remedial ap-
proach has a specific feasible set and relaxation method, aiming to simplify the fol-
lowers’ problem into a feasible solution set that is convex. In conclusion, a remedial
version (such as approaches in [107, 150]) can be formulated in the format of a gen-
eralized (Nash) equilibrium problem efficiently (in polynomial time).

MinFI (xI, x
∗
II, yI, uI, eI)

s.t (xI, yI) ∈ GI (x
∗
II, eI)

(4.18)

and for leader II, we have:

MinFII (x
∗
I , xII, yI, uII, eII)

s.t (xII, yII) ∈ GII (x
∗
I , eII)

(4.19)

By using the robust optimization approach, one can construct the robust counterpart
14For more information, see Section 4.2.
15This is similar to the approach of [150] (see Section 4.1.1).
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defining F̃I : X
I ×X II ⇒ R and F̃II : X

I ×X II ⇒ R:

Min F̃I (xI, x
∗
II) :=Max

{
FI (xI, x

∗
II, yI, uI, eI) | uI ∈ U I, eI ∈ EI

}
s.t (xI, yI) ∈ GI (x

∗
II, eI)

Min F̃II (x
∗
I , xII) :=Max

{
FII (x

∗
I , xII, yII, uII, eII) | uII ∈ U II, eII ∈ EII

}
s.t (xII, yII) ∈ GII (x

∗
I , eII)

(4.20)

We approximate Sup with Max16. The following proposition is a simple extension of
[107], transforming the above-mentioned problem into GQVI17.

Proposition 4.3.1. In a multi-leader-follower game, the problem of finding a reme-
dial L/F-equilibrium of the optimization programs in (4.20) with convex and compact
uncertainty sets can be transformed into a GQVI problem.

Proof. The proof is similar to Proposition 4.1.4. According to the definition of a
robust Nash equilibrium problem, this problem can be viewed as a Nash equilib-
rium problem with complete information. The famous transformation of [97, 150]
can transform an instance of generalized Nash equilibrium to a QVI problem (see
Proposition 2.7.6). Define the correspondence D̃(x) : RnI+nII × RlI+lII → P (RnI+nII)

to be (P(A) denotes the power set of A):

D̃(x) = ∂xI
F̃I (xI, xII)× ∂xII

F̃II (xI, xII)

Note that D̃(x) is a correspondence as the sub-differentials are not necessarily unique.
We can formulate the problem by concatenating the first-order optimality conditions
of all leaders’ problems, where the goal is finding a vector x such that:

∃w ∈ D̃ (x) , (y − x)⊤w + ϵ ≥ 0, ∀y ∈ G(x)

where G(x) = (GI(xII, eI), GII(xI, eII)).
16If the set is compact and the function continuous, then sup = max. In our setting, the sets are

closed due to compactness. A continuous function on a compact set always attains its maximum.
17They reduced their specific remedial equilibrium problem to GVI (see [43]), not GQVI, while

we need this extension to possibly include the remedial approach of [150].
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4.3.1 Computational Formulation

We now provide a computational definition for remedial solutions to robust L/F-
equilibrium in multi-leader-follower games and establish their PPAD-completeness.
We will show that if the loss functions and the constraints are given by linear arith-
metic circuits, we can compute F̃I and F̃II in polynomial time18.

Transformed Remedial L/F Robust Equilibrium

Input: Transformed remedial game G̃ as input with all the following:

• Two linear arithmetic circuits representing the convex loss functions
(F̃I,F̃II) for two leaders,

• Two linear arithmetic circuits representing strong separation oracles
for GI and GII that represents the remedial constrained domain of
the strategies of the leaders I, II, and followers i ∈ [k] that are two
non-empty, convex, and compact correspondences,

• An accuracy parameter ϵ.

Output: One of the following cases:

• (Violation of non-emptiness): A certificate indicating at least one of
the following cases is empty:

– GI (x, e) for some x ∈ X II or e ∈ EI

– GII (x, e) for some x ∈ X I or e ∈ EII

• (Violation of convexity): A certificate showing the loss functions are
not convex.

• (Approximate minimization): Vectors (x∗I , y
∗
I ) ∈ GI (x

∗
II, eI) and

(x∗II, y
∗
II) ∈ GII (x

∗
I , eII) having the following relationship:

– F̃I (x
∗
I , x
∗
II) ≤ ϵ+Min

xI

F̃I (xI, x
∗
II)

– F̃II (x
∗
I , x
∗
II) ≤ ϵ+Min

xII

F̃II (x
∗
I , xII)

18We can similarly provide a separation oracle for the sub-gradients of D̃ (x) (see Algorithm 1).
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Remark 4.3.2. Given the original game G, the remedial game G̃ can be constructed
in polynomial time19. To ensure simplicity and clarity, we focused on the robust
counterpart problem. The case (Violation of convexity) is meaningful as an output
whenever the form of input is explicitly given; otherwise, convexity holds as a promise.
Violation of non-emptiness is an exception that can be given due to the definition
of the computational version of GQVI that has a direct relationship with Kakutani’s
problem and the ellipsoid algorithm. For this exception, the type of exception (first or
second case) can be distinguished by a simple modification of the ellipsoid algorithm
(see [119]).

Theorem 4.3.3. Finding an approximate solution for the robust remedial L/F equi-
librium (defined below) in a multi-leader-follower game with the above-mentioned as-
sumptions for strong separation oracles is PPAD-complete.

Proof Sketch. Inclusion in PPAD can be implied by careful adaptation of Proposition
4.3.1 as this problem can be transformed into a GQVI problem. The transformation
can be done in polynomial time due to to construction of the GQVI instance in
Proposition 4.3.1. The PPAD-hardness of this problem can be implied by the hardness
of finding a mixed Nash equilibrium (see [45]) by which we can construct a game
in which two leaders have loss functions that represent the expected loss of their
mixed strategies. The followers have only one strategy and no restrictions and all the
uncertainty sets are singletons.

□

4.3.2 Detailed Proof of Theorem 4.3.3

Before advancing to the proof, the following facts must be considered.

Constructing The Robust Counter-Part in Polynomial Time

It is noteworthy that the paper [107] did not consider the efficient computation of
the constructed robust counterpart because it was focused only on the existence of
solutions. In Equation 4.20, given strategies xI and x∗II, we must be able to calculate
F̃I (xI, x

∗
II) in polynomial time20. Finding an approximate solution for the minimum

19The remedial approaches in Section 4.2 and 4.1.1 can serve as good examples that provide two
different transformations.

20Previously, we discussed remedial approaches indirectly find yI
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of a convex function is doable in polynomial time using simple and standard methods
such as the ellipsoid algorithm. However, we would like to find a maximum solution
of a convex function over a convex and compact domain. For a continuous function
defined on a compact, closed, convex, and bounded domain, the Extreme Value The-
orem guarantees that the function will attain both a maximum and a minimum value
within that domain. Here, we only limit our attention to linear arithmetic circuits.

Lemma 4.3.4. Let C be a linear arithmetic circuit of size s with g min /max gates.
Fix all inputs except two variables x, y, and let D = [xmin, xmax] × [ymin, ymax] be a
compact box with rational endpoints. Assume all circuit constants and the fixed inputs
are rationals of polynomial bit-length B. Then max(x,y)∈D C(x, y, z) can be computed
in time polynomial in s and g (e.g., O(g2 · s · poly(B))).

Proof. Each min /max gate induces an affine equality f1(x, y) = f2(x, y), i.e., a line
in the (x, y)-plane; the g such lines partition D into O(g2) polygonal regions. On any
single region, the circuit simplifies to an affine function, whose maximum over that
convex polygon is attained at a vertex. The total number of vertices is O(g2); eval-
uating C at one vertex takes O(s) arithmetic operations. Hence, the algorithm that
enumerates all vertices and evaluates C runs in O(g2 · s) arithmetic steps. Under the
stated bit-length assumptions, arithmetic on rationals can be done in time poly(B),
yielding the claimed polynomial-time bound.

4.3.3 Adapting Proposition 4.3.1 and Establishing Proof of

PPAD-completeness

We now proceed to apply Proposition 4.3.1, considering the computational restrictions
and definitions. As mentioned, the linear arithmetic circuits that are piece-wise linear
functions can perfectly approximate any well-behaved function. We also showed that,
despite the non-differentiability, convexity is still preserved at kink points, and any
local minimum is also a global minimum. This applies even if the minimum occurs
at a kink point. Furthermore, we can similarly show that we can construct a strong
separation oracle for D̃(x).

Finally, to establish inclusion in PPAD, we must consider solutions of the com-
putational variant of the transformed GQVI from Proposition 4.3.1. The approach
is similar to the proof of Theorem 4.1.6. For the final approximate solution, we ap-
ply Lemma 4.1.8 to the robust counterpart of the remedial L/F-equilibrium, as the
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remedial L/F-equilibrium can be written in the format of a generalized equilibrium
problem.

4.4 Computational Complexity of Resilient Nash

We now proceed to the computational complexity of a total version of resilient Nash
and related notions. Assume that we have a game (G,S,U) with k players. When
t is not a constant, neither t-resilient nor t-strong Nash (and also strong Nash when
t = k and coalition-proof Nash) are likely to be in PPAD according to their definitions
(in particular, they are required to satisfy an exponential in t number of conditions).
Therefore, we will assume that either the number of players in the game we discuss
is constant or the parameter t is constant. Note that t-resilient Nash equilibrium is
defined for t ≤ k − 1 [1].

Definition 4.4.1. A game has the t-coalition consistency property if for every x ∈ S
and for all J1, J2 ⊆ [k] with |J1|, |J2| ≤ t and J1 ∩ J2 ̸= ∅, there exists z ∈ S such
that z ∈ B̃J1(x−J1) ∩ B̃J2(x−J2), where for any coalition J ⊆ [k],

B̃J(x−J) = {sJ ∈ SJ |uj(sJ ,x−J) + ϵ ≥ uj(s
′
J ,x−J), ∀s′J ∈ SJ , ∀j ∈ J} .

That is, B̃J(x−J) is the set of strategy profiles for coalition J that are ϵ-best responses
to the strategies of players outside J , ensuring that no member of J has an incentive
to change their strategy unilaterally.

Remark 4.4.2. We do not require t-coalition consistency property if we either inspect
the problem of 1-resilient Nash equilibrium or when we have k-multi-concavity as an
assumption.
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Total t-Resilient Nash

Input: We receive as input all the following:

• A game G with t-coalition consistency property with k players repre-
sented by k linear arithmetic circuits that represent t-concave utility
functions,

• The strategy sets S,

• An accuracy parameter ϵ.

Output: One of the following cases:

• (Violation of t-multi-concavity): A subset J ∈ J of at most size t,
one index j, three vectors21 xJ ,yJ ∈ SJ and x−J ∈ S−J such that
for some λ ∈ (0, 1):

uj (λxJ + (1− λ)yJ ,x−J) < λuj (xJ ,x−J) + (1− λ)uj (yJ ,x−J)

• (Violation of t-coalition consistency): One vector x and two sets
J1, J2 ⊆ [t] with J1∩J2 ̸= ∅ indicating the emptiness of B̃J1(x−J1)∩
B̃J2(x−J2).

• One vector s∗ which represents the strategy profile of all players that
satisfies:

(∀J ∈ J s.t |J | ≤ t) ,∀s′J ∈ SJ ,∀j ∈ J : uj (s∗) + ϵ ≥ uj
(
s′J , s

∗
−J
)

Theorem 4.4.3. The problem of finding a total t-resilient Nash equilibrium is PPAD-
complete.

Proof Sketch. We need to further generalize the techniques of [152] and also intro-
duce a more general version of GQVIs appropriate for this application and address

21Recall that we declared that each player j will play from Sj and each player controls nj variables.
In computational game theory, the computational results relevant to strong and coalition-proof
Nash equilibrium are usually restricted to mixed strategies and normal-form games. We kept the
definitions closer to the generalized Nash equilibrium notion for consistency, which is also more
general.
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the existence of a solution for them. This stems from the fact that for a t-resilient
Nash equilibrium with conditions such as multi-concavity, we need to involve ex-
ponentially many equations in the constant t (see the definition of t-resilient Nash
equilibrium) and impose appropriate constraints on the variational inequality prob-
lem to reflect the constraints of resilient Nash equilibrium. Roughly, we show that
a matrix form of variational inequalities (we call MGQVI) may still be solved using
Kakutani’s fixed point, by an appropriate transformation and careful consideration
of the approximation errors.

Specifically, we need to make adjustments to the strong constrained optimiza-
tion problem, the robust version of Berge’s maximum theorem, and the sub-gradient
ellipsoid central cut method. We provide a slightly generalized version of the sub-
gradient ellipsoid central cut method that deals with vector-valued functions and also
can provide meaningful emptiness exceptions required for the violation of emptiness,
in Appendix B.3. The generalized version of the robust maximum Berge theorem
we introduce can provide the Lipschitzness bound we require for the more general-
ized variational inequality problem that we introduce (Section B.1). The transfor-
mation from the t-resilient Nash equilibrium problem to our generalized version of
variational inequalities is also more general compared to the famous transformation
introduced by [97] (compare Corollary 2.7.7 and Lemma 4.4.7). Dealing with the non-
differentiability of linear arithmetic circuits is similar to multi-leader-follower games22.
For PPAD-hardness, we consider the problem of finding a mixed approximate Nash
equilibrium (1-resilient Nash equilibrium) in which the expected payoff is concave. □

Corollary 4.4.4. The problem of finding a t-strong Nash equilibrium (t ≤ k− 1 and
t is a constant) and coalition-proof Nash equilibrium (with constant players) under
multi-concavity and coalition consistency are PPAD-complete.

Remark 4.4.5. The decision version of the t-resilient Nash equilibrium without the
multi-concavity condition (even for normal-form games) is NP-hard in general. The
details are available in Appendix B.5. This result can be derived by combining the
established NP-hardness of computing an exact strong Nash equilibrium, as shown in
[52], and using techniques similar to those provided in the next chapter for addressing
the approximate version of the problem. This demonstrates that, although multi-

22We show the fact that the sub-gradient correspondence of a function represented by a linear
arithmetic circuit is completely aligned with the generalization of the variational inequality problem
we introduce (MGQVI). In other words, the sub-gradient correspondence satisfies the assumption
required for transformation to MGQVI (see Lemma 4.4.10)
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concavity is a reasonable assumption from the perspective of convex optimization
and general games, it is quite restrictive.

4.4.1 Proof of Inclusion in PPAD

Finally, in the following lemma, we convert the problem of finding a t-resilient Nash
equilibrium (for any constant t) to a series of variational equations as follows. Roughly
speaking, the definition of t-resilient Nash equilibrium needs

∑t
i=1

(
k
i

)
conditions (im-

munity to deviations) to be checked, and through this lemma, we make sure that all
of these conditions are satisfied by using a single variational inequality problem.

Remark 4.4.6. Note that the membership of a strategy profile in S = Πj∈[k]Sj could
be done in polynomial time. Therefore, a strong separation oracle for S exists.

Lemma 4.4.7. Suppose that we have a game with multi-concave and continuously
differentiable utilities U = (u1, . . . , uk), and strategies S = (S1, . . . , Sk). The problem
of finding an approximate t-resilient Nash equilibrium of this game can be reduced to
an MVI (multi-variational inequality) problem.

Proof. For simplicity, we only solve the case t = 2. Let θj = −uj for each j ∈ [k].
Finding an approximate 2-resilient equilibrium in this game is equivalent to finding
a solution to the following optimization problem, where the goal is finding s∗ such
that:

∀J ∈ J , ∀j ∈ J, θj(s∗) ≤ Min θj(sJ , s∗−J) + ϵ

s.t sj ∈ SJ

(4.21)

Define Fi(x) = (∇xπ(i,j)
θj(x))

k
j=1 ∈ Rk where the function π will help us indicate

which one of the partial derivations should be considered. F is the matrix whose
columns are Fi (for each i). And if π(i, j) = 0, F (i, j) = 0 will be 0.

π(i, j) =


i if 1 ≤ i ≤ k & i = j

b(i, j) if k + 1 ≤ i ≤ k + 1 +
(
k
2

)
& b(i, j) ̸= 0

0 o.w

b(i, j) =


k −Mod((i− k)− 1, k − 1) if j = 1 + ⌊((i− k)− 1)/(k − 1)⌋,

1 + ⌊((i− k)− 1)/(k − 1)⌋ if j = k −Mod((i− k)− 1, k − 1),

0 otherwise,
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We will show that s∗ is a 2-resilient Nash equilibrium if and only if s∗ ∈ S = Πi∈[k]Si

satisfies:
(y− s∗)T F (s∗) + ϵ1 ≥ 0, ∀y ∈ S (4.22)

Assume that we have an approximate solution for Equation 4.22. First, for each
J ∈ J with one element (all j ∈ [k]), we have:

θj(yj, s∗−j) ≥ θj
(
sj, s∗−j

)
+
(
yj − s∗j

)
∇y∗j

θj
(
sj, s∗−j

)
, ∀yj ∈ Sj

Similar to Proposition 2.7.6, (y − s∗)T F (s∗) + ϵ1 ≥ 0, since s∗ is a solution to
MVI(∇f,S). Then, we can conclude that s∗ is a 1-resilient Nash equilibrium (which
is also a Nash equilibrium):

θj(yj, s∗−j) + ϵ ≥ θj(sj, s∗−j)

Next, for each coalition of size 2, for a pair (i, p) of players cannot favor themselves
by forming a coalition and deviating from the equilibrium. By the fact that θj(·, s−J)
is 2-multi-convex for any j ∈ [k], for any possible strategy yp ∈ Sp for player p, we
have (note that either j = p or i = j):

θj(yp, yi, s∗−{i,p}) ≥ θj
(
s∗{i,p}, s

∗
−{i,p}

)
+ (yi − s∗i )∇s∗i

θj
(
s∗{i,p}, s

∗
−{i,p}

)
, ∀yi ∈ Si

And also for any possible fixed strategy yi for player i, we have:

θj(yp, yi, s∗−{i,p}) ≥ θj
(
s∗{i,p}, s

∗
−{i,p}

)
+
(
yp − s∗p

)
∇s∗pθj

(
s∗{i,p}, s

∗
−{i,p}

)
, ∀yp ∈ Sp

Since s∗ is a solution to MVI(∇f, S), we have (y − s∗)T F (s∗)+ ϵ1 ≥ 0. This also
means that the inequality (yi − s∗i )∇s∗i

θj

(
s∗{i,p}, s

∗
−{i,p}

)
+ ϵ > 0 and also inequality(

yp − s∗p
)
∇s∗pθj

(
s∗{i,p}, s

∗
−{i,p}

)
+ ϵ > 0 hold. Therefore, we can conclude that s∗ is a

2-resilient Nash equilibrium as any two pairs (i, p) cannot form a coalition to get a
better payoff:

θj(s∗J , s
∗
−J) ≤ θj(yJ , s

∗
−J) + ϵ, ∀yJ ∈ SJ (4.23)

For the other direction, assume that x∗ is a solution of Equation 4.22. We can use a
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similar approach used in Proposition 2.7.6 (corollary 2.7.7).

Now we address the case where the functions are limited to linear arithmetic
circuits that are not necessarily differentiable.

Proposition 4.4.8. Suppose that we have a game with multi-concavity and given
by linear arithmetic circuits U = (u1, . . . , uk), and strategies S = (S1, . . . , Sk). The
problem of finding an approximate t-resilient Nash equilibrium of this game can be
reduced to an MGQVI (multi generalized-variational inequality) problem.

Proof. The approach is similar to Theorem 4.1.6, which uses Lemma 4.1.8 on Propo-
sition 4.1.4 to deal with the approximation error caused by the computational variant.
Specifically, we need to apply Lemma 4.1.8 on Lemma 4.4.7, considering the following
lemmas.

Lemma 4.4.9. Let f = f1, . . . , fr such that for each i ∈ [r], fi is a multi-convex
function represented by a linear arithmetic circuit. Then, the correspondence F (x) =
(∂f1(x), . . . , ∂fr(x)) is a multi-convex correspondence.

Proof. Since each function fi is multi-convex, we know that for any subset of variables
J ⊆ [m], fixing the remaining variables, the function remains convex in the selected
variables. First, we show that the sub-gradient mapping ∂fi(x) of a multi-convex
function satisfies the property that convex combinations of subgradients at two points
also belong to the subgradient at their convex combination. That is, for any y1J , y2J ∈
FJ(x) and λ ∈ [0, 1], we have λ∂fi(y1J , x−J) + (1 − λ)∂fi(y2J , x−J) ⊆ ∂fi(λy

1
J + (1 −

λ)y2J , x−J).
Given that fi is constructed using linear arithmetic circuits (addition, scalar mul-

tiplication, max, and min), and these operations preserve multi-convexity, the subgra-
dient mapping ∂fi remains multi-convex. Next, we show F (x) = (∂f1(x), . . . , ∂fn(x))

preserves multi-convexity. Let F = (F1, F2, . . . , Fn) be the Cartesian product of the
correspondences Fi = ∂fi, and each fi is a function represented by a multi-convex
linear arithmetic circuit.

Let FJ(x) =
∏

i∈J Fi(x) where J ⊆ [n]. For any subset J ⊆ [n] and any two points
y1, y2 ∈ FJ(x), where y1 and y2 are convex combinations of points in the Cartesian
product, we have:

λFJ(y1, x−J) + (1− λ)FJ(y2, x−J) ⊆ FJ(λy1 + (1− λ)y2, x−J).
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Since the Cartesian product of multi-convex correspondences satisfies the multi-
convexity property for FJ any subset J ∈ J , it follows that F is multi-convex as
well.

Lemma 4.4.10. Let f be a multi-convex function represented by an arithmetic circuit.
Then ∂f is a multi-convex correspondence.

Proof. We want to prove that for f , for any J ⊆ J , y1J , y2J and λ ∈ [0, 1], the sub-
gradient correspondence satisfies:

λ∂f(y1J , x−J) + (1− λ)∂f(y2J , x−J) ⊆ ∂f(λy1J + (1− λ)y2J , x−J)

Since f is multi-convex, this means that it is convex in yJ for any fixed x−J . This
means that for any g1J ∈ ∂f(y1J , x−J) and g2J ∈ ∂f(y2J , x−J), we have the sub-gradient
inequality:

f(yJ , x−J) ≥ f(y1J , x−J) + ⟨g1J , yJ − y1J⟩, ∀yJ ∈ Rm|J |

f(yJ , x−J) ≥ f(y2J , x−J) + ⟨g2J , yJ − y2J⟩, ∀yJ ∈ Rm|J |

Now, set yλJ = λy1J +(1−λ)y2J , and take a convex combination of the two inequal-
ities:

f(yJ , x−J) ≥ λf(y1J , x−J) + (1− λ)f(y2J , x−J) + λ⟨g1J , yJ − y1J⟩+ (1− λ)⟨g2J , yJ − y2J⟩.

By convexity of f , we have f(yλJ , x−J) ≤ λf(y1J , x−J) + (1 − λ)f(y2J , x−J). Thus,
a simple calculation gives:

f(yJ , x−J) ≥ f(yλJ , x−J) + λ⟨g1J , yJ − y1J⟩+ (1− λ)⟨g2J , yJ − y2J⟩.

Using the definition of sub-gradients, we rewrite the inequality to deduce that the
convex combination gJ = λg1J + (1− λ)g2J is also a sub-gradient:

f(yJ , x−J) ≥ f(yλJ , x−J) + ⟨λg1J + (1− λ)g2J , yJ − yλJ⟩.

Finally, we have:
λg1J + (1− λ)g2J ∈ ∂f(yλJ , x−J).



95

Lemma 4.4.11. Let a game with Sj as the strategy sets have utilities uj : Sj →
R, j ∈ [k], that are t-multi-concave and Lipschitz continuous, and satisfy the t-
coalition consistency property with ϵ ≥ 0. Define the MGQVI with R(x) =

∏
j Sj and

Fj(x) be defined according to Lemma 4.4.7 but considering the sub-gradients instead
of gradient. Then, the t-coalition consistency property ensures the existence of a
convex function g : S → R (a point for ϵ = 0) such that the subgradient compatibility
condition:

∂g(x) ⊆
k⋂

j=1

Fj(x), ∀x ∈ S

holds as a special case when the ϵ-best response sets B̃J(x−J) for overlapping coalitions
J1, J2 with |J1|, |J2| ≤ t and J1 ∩ J2 ̸= ∅ admit a common strategy z ∈ S that aligns
with the minimizer of g. This allows the t-resilient Nash equilibrium problem to be
reduced to solving the MGQVI.

4.4.2 Complexity of Robust and Resilient Nash Equilibrium

We now proceed to the computational complexity of the robust version of resilient
Nash equilibrium. Assume that we have the game G with k players and given the
uncertainty sets U = (U1, . . . , Uk). Similarly, we can transform the game G to the
robust counterpart G̃ (see Equation (2.8)) and consider the following problem:
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Total Robust and t-Resilient Nash

Input: We receive the robust counter part G̃ as input all the following:

• k linear arithmetic circuits representing k convex loss functions,

• k linear arithmetic circuits representing strategy sets of Si for i ∈ [k],

• An accuracy parameter ϵ.

Output: One of the following cases:

• (Violation of t-multi-convexity): A subset J ∈ J of at most size t,
one index j, three vectors xJ ,yJ ∈ SJ and x−J ∈ S−J such that for
some α ∈ (0, 1):

θ̃j (αxJ + (1− α)yJ ,x−J) > α · θ̃j (xJ ,x−J) + (1− α) · θ̃j (yJ ,x−J)

• (Violation of t-coalition consistency): One vector x and two sets
J1, J2 ⊆ [t] with J1∩J2 ̸= ∅ indicating the emptiness of B̃J1(x−J1)∩
B̃J2(x−J2).

• One vector s∗ which represents the strategy profile of all players that
satisfies:

(∀J ∈ J s.t |J | ≤ t) ,∀s′J ∈ SJ ,∀j ∈ J : θ̃j (s∗)− ϵ ≤ θ̃j
(
s′J , s

∗
−J
)

Theorem 4.4.12. The problem of finding a total robust and t-resilient Nash equilib-
rium is PPAD-complete.

Remark 4.4.13. Here, we defined the notion of t-coalition consistency for the ro-
bust counterpart, considering the minimization version. We can similarly extend this
definition for multi-leader-follower games and introduce the concept of robust and
resilient remedial L/F-equilibrium.



97

Chapter 5

Disjointness and Farness as
Non-Convex Constraints

One of the foundational challenges in game theory is making the concept of mixed
strategies more useful in practice [168]. There has been criticism of the concept
of mixed strategies since the 1980s, since this concept may weaken the definition of
Nash equilibrium [12, 164]. According to [53], mixed strategies are employed in games
without a pure Nash equilibrium, but their primary purpose is to achieve noteworthy
mathematical results. Another perspective on mixed strategies comes from behavioral
game theory, which incorporates players’ behavioral perspectives and psychological
factors. While classical game theory assumes rationality and utility maximization,
behavioral game theory incorporates social preferences and psychological factors, of-
fering models that explain non-equilibrium behaviors [41, 48, 54, 141, 173]. One view
treats them as beliefs about others’ strategies rather than actions [9]; another sees
them as representing populations of agents, where each agent plays a pure strategy
and the resulting payoff then depends on the fraction of agents adopting each strat-
egy, with the mixed strategy representing the distribution of pure strategies within
the population [164]. In addition to all above-mentioned approaches, our approach
(the constraints that we define) also considers strategies in mixed Nash equilibria as
resources similar to [143] (for more information, see Section 5.1.2).

In this chapter, we mainly focus on the computational complexity of two forms
of equilibrium with specific constraints, namely Nash and generalized equilibria with
some form of constraints that are relevant to the strategies (specifically the support of
the players) rather than their social welfare or payoff. Towards establishing hardness
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for these problems, we also consider some relevant problems involving equilibria with
constraints. Informally stated, we show that approximate versions of disjoint Nash,
partition Nash, and δ-far Nash and several related problems are NP-complete. Given
the general landscape of Nash equilibria subject to constraints, these results are to
be expected, although we show that their proofs require a significant extension of
existing techniques.

As noted, existing work on generalized equilibria largely assumes convex con-
straints, where solutions are guaranteed [57, 62, 152, 161], and most problems we
study lie outside this setting. We provide a variety of computational tractability and
hardness results for generalized equilibria with strategic constraints. In contrast to
the case of Nash equilibrium, the generalized setting is much more subtle, and the
problems here vary considerably in their computational complexity. The results we
obtain in this setting may represent a new direction in computational game theory
(see also [57]).

5.1 Equilibria with Strategic Constraints

We now introduce the definitions and main theorems of problems related to equilib-
ria with strategic constraints. For simplicity, we only investigate the computational
aspects of two-player (bi-matrix) games, and we will assume that the utility matri-
ces’ entries are in the range [0, 1] unless otherwise stated. The proofs can be easily
extended to normal-form games with a constant many players. We consider the stan-
dard notion of statistical distance (total variation distance) between mixed strategies,
viewed as probability distributions on pure strategies.

5.1.1 Problem Definitions

Definition 5.1.1. Two (mixed) strategies x ∈ △n and y ∈ △n are δ-far if ||x−y||1 ≥
δ, where ||x− y||1 =

∑n
i=1 |xi − yi|. δ-closeness of strategies can be defined similarly.

Remark 5.1.2. Note that for bi-matrix games, for the mixed strategies x and y for
the row and the column player, we simply have 0 ≤ ||x− y||1 ≤ 2.

Definition 5.1.3. A Nash equilibrium x∗ = (x∗1, . . . , x
∗
k) is called a δ-far Nash equi-

librium if for all i ̸= j, x∗i and x∗j are 2δ-far. The approximate version of this type of
equilibrium will be denoted by (δ, ϵ)-far Nash equilibrium1.

1We normalized δ to be in the range [0, 1] similarly to ϵ.



99

A special case of far Nash can also be introduced by prohibiting all players from
using the strategies employed by all other players as follows:

Definition 5.1.4. (Disjoint Nash): A strategy profile x = (x1, . . . , xk) is a disjoint
Nash equilibrium (or simply disjoint Nash) if it is a Nash equilibrium and

⋂k
i=1 Pi = ∅

where Pi = Supp(xi)
2.

We say that a mixed strategy profile (x1, . . . , xk) has a disjoint support profile if
for any player i and player j (i ̸= j) have disjoint supports.

Remark 5.1.5. When δ = 0, δ-far Nash is just the problem of finding a Nash
equilibrium, and when δ = 1, it is exactly a disjoint Nash equilibrium. The existence
of a disjoint Nash is not necessarily guaranteed, e.g., consider a 2-player, 2-strategy
game where U1(1, 1) = U2(1, 1) = 1 while for (i, j) ̸= (1, 1), U1(i, j) = U2(i, j) = 0.

For the purpose of investigating one of the straightforward applications of equi-
libria with limited overlapping support, we define the following problem that can be
derived by further constraining a disjoint Nash equilibrium. Analogously to Defini-
tion 2.3.3, we can define the approximate version of these problems (ϵ-disjoint and
ϵ-partition Nash).

Definition 5.1.6. (Partition Nash): A strategy profile x = (x1, . . . , xk) is a partition
Nash equilibrium if it is a disjoint Nash equilibrium and

⋃k
i=1 Pi = S, where Pi =

Supp(xi).

We also consider generalized equilibria for this class of constraints. For example,
in the generalized version of a disjoint Nash equilibrium (which we call a generalized
disjoint equilibrium), a player cannot deviate to a mixed strategy whose support has
a nonempty intersection with those of the other players.

Definition 5.1.7. For bi-matrix games, a generalized δ-far equilibrium is a general-
ized equilibrium with common constraint:

Rn
δ = {(x, y) ∈ ∆n ×∆n | ||x− y||1 ≥ 2δ}

while a generalized disjoint equilibrium is a generalized equilibrium with common
constraint:

Rk
disjoint = {(x, y) ∈ ∆n ×∆n | ⟨x, y⟩ = 0}

2Recall that Supp(xi) denotes the support of player i and has the strategies used by player i with
non-zero probabilities. Recall that the strategies of all players are assumed to be in S = [n].
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where ⟨x, y⟩ denotes the inner product.

Remark 5.1.8. Assume that the column player plays y. For the row player (similarly
for the column player), we can also consider the relations (see (**)):

Rn
δ (y) = {x ∈ ∆n | ||x− y||1 ≥ 2δ}

Rn
disjoint(y) = {x ∈ ∆n | ⟨x, y⟩ = 0}

Remark 5.1.9. It is easy to observe that all games having exactly two pure strate-
gies have a generalized disjoint equilibrium where both players play one pure strategy.
The constrained strategy spaces that we have defined are not convex. As shown by
Rosen [161] a solution is guaranteed for convex constraints. Recently, it has been
proved that by using a computational version of Kakutani’s fixed point theorem,
finding an approximate equilibrium (a generalized equilibrium) for a game with con-
vex constraints is PPAD-complete [152]. Our results show that a solution may be
guaranteed when constraints are not convex.

In the generalized setting, at least one of the problems we propose, namely, ap-
proximate generalized disjoint equilibrium, is tractable (Theorem 5.2.3 (a)) and has
at least one trivial solution. However, we show that one selfish player can degrade
the social welfare of all other players. With this drawback in mind, we direct our
attention to another type of generalized equilibrium by excluding the possibility of
minor probabilities, which is defined as follows:

Definition 5.1.10. A (θ, δ)-restricted far equilibrium problem is defined as follows:
Given a bi-matrix game G find a generalized δ-far equilibrium such that all pure strate-
gies played with a positive probability are played with probability greater than θ. We
can relax this definition by using an additive approximation error ϵ and call it (θ, δ, ϵ)-
restricted far equilibrium. For δ = 1, we call the problem (θ, ϵ)-restricted disjoint
equilibrium.

Other Related Problems

Analogously to notions of farness, one can define equilibria with closeness constraints,
leading to the concept of a δ-close Nash equilibrium. This may also be viewed as a
generalization of symmetric Nash equilibrium. Similar to δ-far Nash, the δ-close Nash
problem is NP-hard to approximate. The problem of determining if a bi-matrix game
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Table 5.1: Bach or Stravinsky and the opposite game
Clara

Ray 1,1
2

0,0
0,0 1

2
,1

Clara

Ray 0,0 1,1
2

1
2
,1 0,0

has more than one equilibrium is one of the well-known instances of Nash equilib-
ria with constraints [52, 89, 135]. We observe that, given continuity considerations,
every bi-matrix game has an infinite number of approximate Nash equilibria. As an
approximate analog of this problem, one can consider the problem of discovering two
equilibrium conditions with a given statistical distance between them [13, 64, 65]. In
[13] (Theorem 1.4 and 4.1), it is shown that for a sufficiently small approximation
error, an instance of this problem is as hard as finding a hidden clique of size O(log n)
in the random graph G(n, 1

2
) with n vertices. Furthermore, under ETH (the exponen-

tial time hypothesis), a quasi-polynomial lower bound for a constant approximation
error smaller than 1

8
exists (see problem 3 in [64]). We show that this problem for

bi-matrix games is NP-hard to approximate3. We also have another variant of Nash
equilibrium for which only the exact problem was also investigated in [135]. This
variant requires a Nash equilibrium such that no strategy can be played with minor
probabilities.

5.1.2 Applications

To provide some motivation, we present three potential applications of our constraints,
two of which concern the behavioral interpretation of equilibria.

5.1.3 Bach or Stravinsky

We have two simple examples that are based on the well-known “Bach or Stravinsky”
game. In both games, there are two players with two strategies. In the first scenario,
we have two players who must choose between two activities: a row player (Ray) and
a column player (Clara). Ray prefers the first activity while Clara prefers the second
one. In the first game, if they both choose the same activity, one will receive a payoff
of 1

2
and the other will get 1, based on their preference, and if they choose different

3A very obvious difference between this problem and far Nash equilibrium is that far Nash
equilibrium focuses on the existence of one equilibrium in which the players’ strategies are statistically
far apart, while the other problem requires at least two Nash equilibria that are statistically far apart.
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activities, they end up in a fight and both will receive 0. In the second game, the
players get a payoff of 1 or 1

2
(based on their preference) if they employ different

strategies.
In the first game, there are two pure Nash equilibria, and both players play the

same strategies. This game has a mixed Nash equilibrium (2
3
, 1
3
) (for the row player)

and (1
3
, 2
3
) (for the column player) where L1 distance between the strategies is 2

3
.

In addition, in the first game, we do not have a Nash equilibrium where two play-
ers choose different activities, indicating that they cannot reach a desirable payoff
if both players exhibit uncooperative behavior. In the second game, we have two
pure Nash equilibria in which both players play different strategies, while the unique
mixed strategy equilibrium is similar to the previous game. Therefore, in this game,
both players are inclined toward using different activities (strategies) based on their
preferences. This simple example motivates the fact that the disjoint Nash could be
of interest in the behavioral interpretation of the strategic choices4.

5.1.4 Tax Cheats and Policy Design

Income tax games are well-known examples that incorporate two different interpreta-
tions of mixed strategies. In this section, we demonstrate how a far Nash equilibrium
can provide useful information for policy designers. We illustrate this with two non-
symmetric games modeling a simple tax auditing problem, shown in Table 5.2. Here,
the auditor and the taxpayer have two possible strategies. The auditor’s strategies
are either auditing the taxpayer (strategy 1) or not auditing the taxpayer (strategy
2). The taxpayer can either pay their taxes truthfully (strategy 1) or cheat (strategy
2). These bi-matrix games have no pure Nash equilibrium. The first game’s Nash
equilibrium happens when the taxpayer pays their taxes truthfully with probability 2

3

and cheats with probability 1
3
. The auditor in this equilibrium will audit the taxpayer

with probability 3
7

and will not audit with probability 4
7
. We can interpret this mixed

strategy by assuming that the auditor is literally randomizing over the two strategies
while the numbers that are related to the taxpayer indicate the proportion of taxpay-
ers who are paying taxes and cheating, respectively. The goal of policy design could
be designing a policy in which the taxpayer tries to deter cheating. In the second
game with this new penalty of getting caught in place, the auditor will audit with

4Furthermore, in some situations, we might be only interested in finding a disjoint Nash equilib-
rium while other forms of equilibria exist.



103

Table 5.2: The income tax games
Tax payer

Auditor 2,0 4,-10
4,0 0,4

Tax payer

Auditor 2,0 4,-20
4,0 0,4

probability 1
6

while the tax compliance rate will not change. In other words, in the
Nash equilibrium of this game, the auditor will play (1

6
, 5
6
), and the taxpayer will play

(2
3
, 1
3
). This shows that if we want to change tax compliance, we need to change the

auditor’s payoff. To get a better compliance rate, we can either increase the payoff
of getting a cheater or lower the cost of auditing.

The policy designer who determines the penalties should consider some basic as-
sumptions. For example, the penalty should not be extremely high. Auditing with a
high probability also while the taxpayers are honest, is also not ideal. Taking these
facts into account, the far Nash equilibrium notion could be of interest in designing
the policy in simple tax auditing problems (and also similar applications). The ex-
istence of a far Nash equilibrium could imply the effectiveness of a policy since we
want to lower the probability of playing the same strategies (based on the numbers
that we assign to the strategies). Furthermore, the statistical distance between the
strategies of the players in an equilibrium could imply how the players behave in an
equilibrium5.

5.1.5 Strategic Resource Allocation

Problems of resource allocation and fair division have received considerable research
attention from a computational perspective, as they are a critical consideration in
multi-agent systems. Fair division problems involve a group of agents where each
has individual preferences for some collection of resources, typically represented by a
utility function. The goal is the allocation of resources in a fair manner. A fundamen-
tal underlying question is how to define fairness criteria in the first place. Classical
fairness definitions include competitive equilibrium [7] and social Nash welfare [116].
Many fairness notions for indivisible goods have been considered; however, they are
typically hard to compute [38, 39, 40]. Furthermore, almost all of this research is
limited to non-strategic settings.

5For games that have multiple mixed Nash equilibria, we could possibly measure the mean of the
statistical distance of the mixed strategies of the players.
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Strategic fair division introduces participants who may act uncooperatively in
order to maximize their own utility. In particular, players may hide their true prefer-
ences. In the presence of strategic behavior, the formulation of appropriate fairness
criteria is essential. One branch of fair division related to game theory considers equi-
librium in games resulting from fair division algorithms [37, 40, 177]. An envy-free
allocation is an allocation in which each player receives a share that is, in their eyes,
at least as good as the share received by any other agent [86]. There are several dif-
ferent variations of envy-freeness [15, 16, 183]. We define a variation of envy-freeness
in the following strategic allocation problem:

Definition 5.1.11. The game RV for k players and n items is defined as follows:
∀i ∈ [k] and ∀t ∈ [n], Ui(t, x−i) = αVi(t) + βRi(x−i), where α and β are constants.
Vi(t) indicates the value of item t for player i and Ri(x−i) is a function that is com-
putable in constant time which gives player i’s fairness measure for the allocation of
items x−i = (t1, . . . , ti−1, ti+1, . . . , tn) to the other players6.

Definition 5.1.12. An allocation is an (δ, ϵ)-item-wise envy-free allocation if each
player receives the items that are in the support of a ϵ-partition Nash equilibrium x∗

of game RV with the following properties:

• Each player i ∈ [k] has a support of size n
k
.

• For each player i ∈ [k], we have ||x∗i − b||1 ≤ δ where b is a given distribution
that n

k
strategies are assigned with probability k

n
.

It is easy to observe that in a (0, 0)-item-wise envy-free allocation, no player would
prefer to exchange any item allocated to another player for any of the items in their
own allocation. Note that in an envy-free allocation, each player is only concerned
with the value of the items. The following proposition follows from the hardness of
partition Nash.

Proposition 5.1.13. The decision problem of whether there exists (δ, ϵ)-item-wise
envy-free allocation is NP-complete for some δ and ϵ poly-bounded in the size of the
game.

Remark 5.1.14. Another branch of fair division considers truthful resource alloca-
tion mechanisms, in which agents are incentivized to reveal their true valuations for
resources. We do not address truthful mechanisms in this research.

6A more complex form of this problem is described in [167] and Chapter 6.
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5.2 Main Results

A number of the problems we consider depend on parameters besides the additive
approximation term. These parameters depend on n, which is the size of the strategy
space S. We say that such a parameter α is poly-bounded if there is some k > 0 such
that α(n) = O( 1

nk ). The theorems of this section admit a number of hardness re-
sults for other variations of Nash equilibrium, including additional information about
the parameters. We have not stated them here in the interest of simplifying the
presentation.

5.2.1 Main Theorems

For Nash equilibrium with constraints, we have the following results:

Theorem 5.2.1. For bi-matrix games, the following decision problems are NP-complete
under polynomial approximation:

(a) Disjoint Nash

(b) Partition Nash

(c) δ-Far Nash equilibrium, for any poly-bounded δ

(d) δ-Close Nash equilibrium, for any poly-bounded δ

(e) More than one Nash equilibrium with a statistical difference of δ for some δ

polynomial in |S|.

We may consider the question of whether there is a threshold approximation error
below which δ-far Nash becomes a total problem. Despite the absence of a definitive
answer to this question, we provide a bound within which a δ-far Nash equilibrium is
guaranteed to exist in the following theorem:

Theorem 5.2.2. For any game G, there exists a δ(n) ≥ 1
n

such that at least one
(δ, 4δ)-far Nash equilibrium for G exists. Furthermore, this problem is in PPAD.

The main complexity results related to generalized equilibrium versions of these
problems are the following. These are with respect to bi-matrix games and polynomial
approximation except (a).
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Theorem 5.2.3. (a) The problem of finding a generalized disjoint equilibrium un-
der exponential approximation is computable in polynomial time.

(b) There is a poly-bounded δ for which the problem of finding a δ-far generalized
equilibrium is PPAD-hard.

(c) There is a poly-bounded δ for which the problem of finding a δ-far generalized
equilibrium for games whose diagonally modified version does not admit a fully
mixed Nash equilibrium (see Definition 5.2.9) is in PPAD.

(d) For some poly-bounded θ, the problem of deciding whether there exists a θ-
restricted disjoint equilibrium is NP-complete.

(e) For some poly-bounded θ and any poly-bounded δ, the problem of deciding whether
there exists a (θ, δ)-restricted far equilibrium is NP-hard.

Remark 5.2.4. The previous assumption (Theorem 5.2.3 (c)) can be easily checked
by using part of a well-known support enumeration algorithm.

5.2.2 Technical Overview

Basic Techniques

Throughout this work, we use two standard techniques (technical lemmas) in multiple
situations. For example, to derive hardness results for disjoint Nash through standard
NP-hard reductions from well-known NP-hard problems, we need to ensure that the
required game solutions have disjoint support. This is done by duplicating some of
the strategies so that the players can only play strategies from their associated sets.
We explain this technique with the following simple example:

Lemma 5.2.5 (Simple Duplication). The problem of finding a Nash equilibrium is
poly-time reducible to finding a disjoint Nash equilibrium.

Proof. Given a game G with S strategies, we create game G ′ with duplicates of S (S1

and S2). We prove that a Nash equilibrium in G will form a disjoint Nash equilibrium
in G ′ in which the first and second player only select their strategies from S1 and S2

respectively.
In G ′, all players have the strategy space S ′ = S1 ∪ S2 where S1 = [n] and

S2 = {n + 1, · · · , 2n} are just copies of S. Let σ be a value that is strictly less than
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the minimum payoff for either player in G. The new payoff matrix will force each
player k to only play from set Sk. For any (i, j) from S ′ × S ′, the utility matrix for
each player is defined as follows:

U ′1(i, j) =

U1(i, j − n), if i ∈ S1 & j ∈ S2

σ o.w

U ′2(i, j) =

U2(i, j − n), if i ∈ S1 & j ∈ S2

σ o.w

Suppose that (x∗, y∗) is a Nash equilibrium for G. If each player k plays the same
distribution on members of Sk that was played on S in (x∗, y∗), we have a disjoint
Nash equilibrium for G ′ by the construction and strict domination of σ. Now suppose
(x′, y′) is a Nash equilibrium with disjoint supports in G ′. We easily can map these
distributions to a Nash equilibrium (x∗, y∗) of G by defining, for i ∈ S, x∗i = x′i and
y∗i = y′i+n.

Remark 5.2.6. The preceding technique can only be applied to the exact versions
of our problems. We show that, under different approximation schemes that we
reviewed (in Chapter 2), this technique can connect present hardness results on Nash
equilibrium to our strategic constraints if applied carefully. Theorem 5.2.2 is also a
fairly direct corollary of this lemma. It is easy to see that we can scale the payoffs to
be in the standard range [0, 1].

Lemma 5.2.7 (Penalty Lemma). Suppose that (x∗, y∗) is a Nash equilibrium in a
bi-matrix game whose utility matrix entries are in the range [α, β]. For each i, we
define x−i to be the same as x∗i except we take ϵi ≤ x∗i from the weight of strategy i
and redistribute it to some strategies in [n]−{i}. Assuming

∑n
i=1 ϵi ≤ ϵ, we have the

following7:

1. (x−, y∗) and (x∗, y−) are 2ϵ(β − α)-Nash equilibria.

2. |U1(x
∗, y∗)− U1(x

−, y−)| ≤ 2ϵ(β − α)

3. |U2(x
∗, y∗)− U2(x

−, y−)| ≤ 2ϵ(β − α)
7We assume α = 0, β = 1 unless stated.
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Proof. To prove this lemma, we show that modifying the strategy profile of the players
in a Nash equilibrium to another strategy profile can guarantee an approximate Nash
equilibrium in which the approximation error is bounded by the statistical distance
of the modified strategy and the original Nash equilibrium.

It is not hard to see ||x− − x∗||1 ≤ 2ϵ. We prove that we have |U1(x
∗, y∗) −

U1(x
−, y∗)| ≤ ϵ(β − α). Taking and redistributing (regardless of how we do so) ϵi

from x∗i can lower a payoff at most ϵi(β − α). So, the overall utility loss will be less
than ϵ(β − α).

First, we show that x− is a ϵ(β−α)-best response to y∗ since x∗ is a best response
to y∗ which is proven by the following argument:

∀x ∈ ∆n, U1(x
∗, y∗) ≥ U1(x, y

∗)

∀x ∈ ∆n, U1(x
−, y∗) + ϵ(β − α) ≥ U1(x, y

∗)

We now show that y∗ is a 2ϵ(β − α)-best response to x− . For all y ∈ S we have:

U2(x
∗, y∗) ≥ U2(x

∗, y)

U2(x
−, y∗) + ϵ(β − α) ≥ U2(x

∗, y) ≥ U2(x
−, y)− ϵ(β − α) (for any pure strategy y)

U2(x
−, y∗) + 2ϵ(β − α) ≥ U2(x

−, y)

This means (x−, y∗) is a 2ϵ(β − α)-Nash equilibrium. We can prove this for (x∗, y−)

similarly.
Inequality (2) is established as follows:

|U1(x
∗, y∗)− U1(x

−, y−)| ≤ |U1(x
∗, y∗)− U1(x

∗, y−)|+ |U1(x
∗, y−)− U1(x

−, y−)|

≤ ϵ(β − α) + ϵ(β − α) = 2ϵ(β − α)

(3) is established similarly.

Remark 5.2.8. Let β = 1 and α = 0. Here is an example that we use throughout
the research. We take δ fraction of a pure strategy spread it equally to all other pure
strategies.
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∣∣U1(x
∗, y∗)− U1(x

−, y∗)
∣∣ = ∣∣∣∣∣ ∑

1≤j≤n

δy∗jU1(t, j)−
∑

1≤i ̸=t≤n

∑
1≤j≤n

δ

(n− 1)
y∗jU1(i, j)

∣∣∣∣∣ (5.1)

=

∣∣∣∣∣ ∑
1≤i ̸=t≤n

∑
1≤j≤n

δ

(n− 1)
y∗jU1(t, j)−

∑
1≤i ̸=t≤n

∑
1≤j≤n

δ

(n− 1)
y∗jU1(i, j)

∣∣∣∣∣
=

∣∣∣∣∣ δ

(n− 1)

( ∑
1≤i ̸=t≤n

∑
1≤j≤n

y∗jU1(t, j)−
∑

1≤i ̸=t≤n

∑
1≤j≤n

y∗jU1(i, j)

)∣∣∣∣∣
It is obvious that |U1(t, j) − U1(i, j)| ≤ 1 since we can assume games’ payoff is

restricted to [0, 1].

|U1(x
∗, y∗)− U1(x

−, y∗)| ≤

∣∣∣∣∣ δ

(n− 1)

∑
1≤i ̸=t≤n

∑
1≤j≤n

y∗j

∣∣∣∣∣
Finally, since y∗ is a distribution:

∣∣U1(x
∗, y∗)− U1(x

−, y∗)
∣∣ ≤ δ

We can do the same for the column player too:

∣∣U2(x
∗, y∗)− U2(x

∗, y−)
∣∣ ≤ δ

We calculated the exact difference between the utilities, but the reason that this
forms a 2δ-approximate Nash equilibrium follows from Lemma 5.2.7.

To inspect the computational complexity of generalized far equilibrium, we use a
technique that penalizes the diagonals of the payoff matrices. Using this approach,
we demonstrate that Nash equilibrium with certain properties can be related to gen-
eralized equilibrium with farness-related constraints (see Proposition 5.4.9). The
following definition identifies a class of games that we will show are guaranteed to
have a generalized far equilibrium, under some conditions.

Definition 5.2.9. For a game G, the diagonally modified version of G, denoted
DM(G), is a game where the entries of the payoff matrices UD

M(G)
i are the same as G
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except the diagonal entries as follows:

∀t ∈ S : U
DM(G)
i (t, t) = −M

Remark 5.2.10. Note that if we find a Nash equilibrium in DM(G), it does not
necessarily form a Nash equilibrium for the original game G since we removed all the
information that the diagonals of the payoff matrices carry. We might assume that as
M becomes sufficiently large, the likelihood of disjoint equilibria increases. While this
observation may be useful in most cases, it does not necessarily hold true in general.

Deriving NP-hardness

The NP-hardness proofs of the problems stated in this chapter are inspired by the
generic proof provided by [52] for NP-hardness of deciding the existence of a Nash
equilibrium with constraints. This generic reduction (from SAT) improved the NP-
completeness results for the exact Nash equilibrium with certain constraints given in
[89]. However, the hardness of approximation proof given in [52] does not apply to
the form of approximation that we consider in this work (the additive approximation
error introduced in [59]). Instead, we start with a reduction given by Schoenebeck
and Vadhan [169] (which modifies the proof provided in [52]) showing that the ap-
proximate Nash equilibrium with a guaranteed payoff for all players is NP-complete.
Most NP-hardness reductions for constrained Nash equilibrium problems prove that
the existence of a solution for the given SAT instance implies the existence of a desir-
able equilibrium solution of the constructed game, and the absence of an acceptable
solution for the first problem implies that any existing Nash equilibrium does not sat-
isfy the given constraints. In the absence of a solution for the SAT problem, existing
reductions usually force the players to choose a single strategy while our reduction
proofs depend on the use of more than one strategy.

Our proofs begin with the hardness of disjoint Nash, obtained by applying a non-
trivial combination of the reductions in [169] and [52]. To clarify the structure of
the proof, we break down the proof of [169] into a series of lemmas – see Appendix
B.4. We use modest variations of these lemmas to prove the hardness of disjoint
Nash by combining the technical lemmas introduced above and the ideas given in
both reductions given in [52] (Corollary 6) and [169] (Theorem 8.6) – See Section
5.3. The hardness of partition Nash and the existence of an approximate far Nash in
certain cases will be directly derived by using the technical lemmas – see Theorem
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5.2.2 and Proposition 5.3.13. Next, by an adaptation of the duplication technique in
the constructed game, force any equilibrium corresponding to a SAT solution to have
the farness property along with other properties making it suitable to establish the
NP-hardness of far Nash equilibrium – see Section 5.3.4. Proving NP-hardness results
for the restricted disjoint equilibrium requires a further extension of the games that
we construct based on the SAT problem in which we also embed a sub-game that
is a generalization of rock-paper-scissors. Also, we will require a different analysis
of the players’ social welfare to establish NP-hardness – see Section 5.4.6. For the
restricted far equilibrium, we will need to consistently integrate all the techniques
and construction elements previously employed – see Section 5.4.7.

5.3 Proof of Theorem 5.2.1 and 5.2.2 (Nash Equilib-

rium with Strategic Constraints)

We now proceed to formally prove Theorem 5.2.1. It is not hard to prove that all
of the stated problems (in Theorem 5.2.1) are in NP, since given a strategy profile,
(unconstrained) Nash equilibrium conditions and our constraints can be verified in
polynomial time.

Our proof for the NP-hardness results stated in Theorem 5.2.1 begins with the
easiest case proving that approximate disjoint Nash (Theorem 5.2.1 part (a)) is NP-
hard (see Proposition 5.3.2). Specifically, the hardness of approximate partition Nash
equilibrium (Theorem 5.2.1 part (b)) can be derived by a modest modification of
Proposition 5.3.2 (see Proposition 5.3.13). To prove Theorem 5.2.1 part (c), we show
that the hardness can be extended to any δ (for δ-far Nash) polynomial in the size of
the strategies in the game (see Section 5.3.4). The proof requires a more complicated
form of the technique we introduced in Lemma 5.2.5. For simplicity, we break the
proof down into two sub-cases where the statistical distance δ can be either a small
or a big number (see 5.3.17 and 5.3.18).

The hardness of close Nash (part (d)) is also derived by combining the origi-
nal game introduced by [169] (Appendix B.4) and Proposition 5.3.2 (see Proposition
5.3.20). The hardness of the problem of whether a game has more than one Nash
equilibrium with a fixed statistical distance (part (e)) is proved in Proposition 5.3.15.
Also, the proof of the hardness of the approximating Nash equilibrium with no prob-
abilities is relegated to Section 5.4 as it is completely related to the hardness of re-
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stricted disjoint equilibrium (see Corollary 5.4.14). Proof of Theorem 5.2.2 (existence
of far Nash) is relegated to Section 5.3.6.

5.3.1 Hardness of Disjoint Nash (Theorem 5.2.1 Part (a))

Before proving the NP-hardness of disjoint Nash, we recall the satisfiability problem
for 3CNF formulas and some associated terminology.

Definition 5.3.1. A Boolean formula ϕ in CNF (conjunctive normal form) is specified
by a set V of variables (with |V | = n), a set of L of literals consisting of variables and
their negations, and a set C of clauses, where each clause is a set of literals. A 3CNF
formula is a CNF formula in which each clause has exactly 3 literals. 3CNFSAT is
the problem of deciding whether there is a satisfying assignment for a 3CNF formula
ϕ (i.e. a setting of the variables to true or false under which ϕ evaluate to true.)

To show the hardness of approximate disjoint Nash, we give a poly-time mapping
of any 3CNF ϕ to a non-symmetric bi-matrix game G(ϕ, ϵ) and prove Proposition
5.3.2. The game G(ϕ, ϵ) is a modification of the game given in [169], which we refer to
as SV(ϕ, ϵ)8. We use the duplication technique (see Lemma 5.2.5) in which we make
two copies of some of the strategies where each player will have its own associated
strategy while the other copy (which we call unassociated strategy) will be a strictly
dominated strategy.

Let S ≡ S1 = S2 = L1 ∪ L2 ∪ V ∪ C ∪ {f} be the strategy set for both players,
where L1 and L2 are copies of L. Let v : L → V be the function that gives the
variable corresponding to a literal, e.g. v (x1) = v (−x1) = x1. For example, if x1
is a variable, x1 and −x1 are literals that are representatives of variables x1 being
true or false respectively. Also, let g : L1 ∪ L2 → L be the function (which we call
the unlabelling function) that maps copies L1 and L2 to L. The utility matrices are
defined as follows:

1. u1 (l1, l2) = u2 (l
1, l2) = n− 1 for all l1 ∈ L1, l

2 ∈ L2 with g(l1) ̸= −g(l2);

2. u1(l1,−l2) = u2(−l1, l2) = n− 4 for all l1 ∈ L1, , l2 ∈ L2 & g(l1) = g(l2);

3. u1(l1, x) = u2(x, l
2) = n− 4 for all l1 ∈ L1, l

2 ∈ L2, x ∈ V ∪ C;
8The proof of hardness of deciding whether SV(ϕ, ϵ) has a ϵ-approximate Nash with a guaranteed

payoff n − 1 − ϵ is given in Appendix B.4. We also do require this proof for other hardness results
as well.
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4. u1(v, l2) = u2(l
1, v) = n for all v ∈ V, l1 ∈ L1, l

2 ∈ L2 & g(l1) = g(l2) with
v(g(l1)) ̸= v;

5. u1(v, l2) = u2(l
1, v) = 0 for all v ∈ V, l1 ∈ L1, l

2 ∈ L2 & g(l1) = g(l2) with
v(g(l1)) = v;

6. u1(v, x) = u2(x, v) = n− 4 for all v ∈ V, x ∈ V ∪ C;

7. u1(c, l2) = u2(l
1, c) = n for all c ∈ C, l1 ∈ L1, l

2 ∈ L2 with g(l1) = g(l2) /∈ c;

8. u1(c, l2) = u2(l
1, c) = 0 for all c ∈ C, l1 ∈ L1, l

2 ∈ L2 with g(l1) = g(l2) ∈ c;

9. u1(c, x) = u2(x, c) = n− 4 for all c ∈ C, x ∈ V ∪ C;

10. u1(x, f) = u2(f, x) = 0 for all x ∈ S − {f};

11. u1(f, f) = u2(f, f) = 2n;

12. u1(f, x) = u2(x, f) = n− 1 for all x ∈ S − {f}.

We need to define the following cases in such a way that players do not try to play
from their associated literal set as they become strictly dominated strategies9:

13. u1(l2, ∗) = u2(∗, l1) = −2n for all ∗ ∈ S, l2 ∈ L2 and l1 ∈ L1;

14. u2(l2, ∗) = u1(∗, l1) = 0 for all ∗ ∈ S − {f}, l2 ∈ L2 and l1 ∈ L1.

Proposition 5.3.2. Given an instance of 3CNF ϕ with n variables, there is a ϵ-
disjoint Nash equilibrium (where ϵ = 1

2n3 ) in G(ϕ, ϵ) iff ϕ is satisfiable.

Before proving Proposition 5.3.2, we need several lemmas that are adaptations of
the lemmas used to prove the hardness of guaranteed Nash (for the game SV(ϕ, ϵ)).

Essential Lemmas for Proposition 5.3.2

Lemma 5.3.3. In any ϵ-approximate Nash equilibrium of G(ϕ, ϵ), the row player
cannot play literals from L2 with probability greater than ϵ

2n
. A symmetric argument

also applies to the column player and all other strategies that have a payoff of −2n.
9Note that in [52], ui(f, f) is an arbitrary positive number.
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Proof. If one player plays a literal that is not from its associated literal set, they will
get a payoff of −2n. Thus, in any ϵ-approximate Nash equilibrium, these strictly
dominated strategies can be played with a probability of at most ϵ

2n
, as playing such

a strategy with probability greater than ϵ
2n

will cause the player to lose at least ϵ
compared to other strategies and this violates the definition of ϵ-best response.

Lemma 5.3.4. In any ϵ-approximate Nash equilibrium of G(ϕ, ϵ) if neither player
plays f with a positive probability, literals that are not associated with the players, as
well as clauses and variables, can be played with a probability of at most ϵ.

Proof. The proof is similar to Lemma B.4.3.

Indeed, strictly dominated strategies, variables, and clauses cannot be played with
a combined probability greater than ϵ. The next lemma will show the fact that if
one of the players cannot meet the guaranteed payoff n − 1 − ϵ, an ϵ-disjoint Nash
equilibrium cannot be obtained.

Lemma 5.3.5. In any ϵ-approximate Nash equilibrium in G(ϕ, ϵ), all players have a
guaranteed payoff of at least n− 1− ϵ.

Proof. Suppose that one of the players does not have a guaranteed payoff of at least
n− 1− ϵ. This player can deviate from the assumed strategy and play f to get n− 1

no matter what the other player does. Consequently, this strategy is not a ϵ-best
response to the opponent player.

Lemma 5.3.6. Suppose that the formula ϕ is satisfiable. The game G(ϕ, ϵ), has at
least one disjoint Nash equilibrium.

Proof. An argument that is similar to Theorem B.4.2 can be applied to G(ϕ, ϵ) to
show that there exists a disjoint Nash equilibrium. The only difference here is the
duplicated literal sets and the unlabelling function. In other words, the strategy where
each player randomizes uniformly over n out of 2n (based on a satisfying assignment)
of their associated literals in L1 and L2 respectively, is a disjoint Nash equilibrium
(where the expected payoff to each player is n− 1).

Lemma 5.3.7. Suppose that ϕ is not satisfiable. If neither player plays f with a
positive probability, then for any l1 ∈ L1, the probability that the row player plays
l1 ∈ L1 or −l1 ∈ L1 is at least 1

n
− 2ϵ.
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Proof. Suppose this is not the case. Assume that the probability is smaller than
1
n
− ϵ − 2ϵ

n
≥ 1

n
− 2ϵ. Let l2 ∈ L2 be a literal such that g(l2) = g(l1). Recall that in

Lemma 5.3.4, both players play from their associated literal sets with a probability
of at least 1− ϵ while all other strategies can be played with a probability of at most
ϵ. Then, the expected payoff for the column player, when playing v(g(l2)) will be at
least n− 1 + 2ϵ by Lemma B.4.4, where the only modification is that we use Lemma
5.3.4 instead of Lemma B.4.3. Since the maximum social welfare is 2n− 2, the other
(row) player fails to meet the guarantee n− 1− ϵ and will deviate to f .

Remark 5.3.8. A similar argument can be applied to the column player as well.

Lemma 5.3.9. Suppose that ϕ is not satisfiable. If neither player plays f with a
positive probability, then for each player and literal l from their associated set, either
l or −l is played with probability ≥ 1

n
−2ϵ− 1

n2 while the other is played with probability
less than 1

n2 .

Proof. The proof is exactly the same as Lemma B.4.5 except each player will play
from their respective literal set with a high probability.

Lemma 5.3.10. Suppose that ϕ is not satisfiable. If neither player plays f with a
positive probability, at least one player cannot guarantee a payoff of n− 1− ϵ.

Proof. We prove that in any ϵ-approximate Nash equilibrium in the constructed game
except for the ones that have f in their support, there still exists a one-to-one cor-
respondence between literals and truth assignments. We know that for each player,
the player will play one of l or −l (from their associated literals) with a probability
of at least 1− 1

n2 − 2ϵ while the other is played with a probability of at most 1
n2 . We

can consider the variables to be true if l1 from L1 and l2 from L2 are played with a
higher probability compared to −l1 and −l2 for each player respectively (note that
g(l1) = g(l2) = l). If an assignment does not satisfy the formula, by changing the
strategy to a clause that is not satisfiable, one of the players will receive at least(
1− ϵ− 3

n2

)
n > n− 1 + 2ϵ by Proposition B.4.2. So, the other player cannot attain

n− 1− ϵ.

Proof of Proposition 5.3.2

After proving the essential lemmas, we finally proceed to the proof of Proposition
5.3.2.
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Proof. We showed that if ϕ is satisfiable, a disjoint Nash equilibrium (also an approx-
imate solution) exists. We also showed that if ϕ is not satisfiable, if neither player
plays f with a positive probability, at least one player cannot guarantee a payoff of
n−1− ϵ. In conclusion, by Lemma 5.3.5, one player will have to play f , and we show
that this forces the other player to use f with a positive probability.

Now, assume that one of the players plays f with probability α while the other
player does not play f 10. There are only two possible cases for α where the first case
is that α < ϵ

n
and the second case is α ≥ ϵ

n
. We show that for either of the cases, an

ϵ-disjoint Nash equilibrium cannot be generated in G(ϕ, ϵ) in the following lemma.

Lemma 5.3.11. Let ϵ = 1
2n3 where n denotes the number of the variables in ϕ. If ϕ

is unsatisfiable, G(ϕ, ϵ) has no ϵ-approximate Nash equilibrium in which exactly one
of the players plays f with a positive probability.

Proof. Without loss of generality, suppose that the row player plays f with probability
α. It is easy to observe that no ϵ-approximate Nash equilibrium with a payoff less
than n − 1 − ϵ exists for both players, similar to Lemma 5.3.5. Indeed, the column
player can actually guarantee a better payoff of [α · (2n) + (1 − α)(n − 1))] − ϵ by
deviating to f . As argued above, if one of the players does not play f , the maximum
possible social welfare is at most 2n− 2. So, if one of the players can achieve a payoff
greater than n − 1 + 2ϵ, the other player will get less than n − 1 − ϵ. If one of the
players plays f with a positive probability, variables, clauses, and literals that are not
associated with players, can be played with a probability of at most ϵ (we will use
this bound when determining payoffs later). This follows as in Lemma 5.3.4 since the
only modification in this setting is that the column player has a better guaranteed
expected payoff.

Now assume that (x∗, y∗) is an approximate disjoint Nash equilibrium where the
row player plays f with probability 0 < α < ϵ

n
and the column player plays f with

probability 0. We show (similar to Lemma B.4.4) that the probability that the row
player plays l1 or −l1 is at least 1

n
−2ϵ: Suppose that the probability is less than 1

n
−2ϵ.

The expected payoff for the column player playing v(g(l2)) (we know g(l1) = g(l2))
with probability 1 is at least n− 1 + 2ϵ, computed as follows:

• When the row player plays l1 or −l1 the payoff is zero.
10We can only assume one of the players can play f due to the disjointness constraint.
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• When the row player plays an associated literal in L1 other than l1 or −l1, the
payoff is

(1− ϵ− (
1

n
− 2ϵ)− α)n = (1+ ϵ− 1

n
− α)n ≥ n+ ϵn− 1− ϵ = n− 1 + ϵ(n− 1)

• When the row player does not play a literal the payoff is at least ϵ · 0.

• When the row player plays f , the portion of the payoff is α · 0.

The summation will be at least n − 1 + 2ϵ (for n > 2) which indicates the row
player cannot meet the guarantee n− 1− ϵ. In conclusion, the row player should now
play f with a greater probability, namely 1, not α. For any l2 ∈ L2, the probability
that the column player plays either l2 or −l2 is at least 1

n
− 2ϵ by Lemma 5.3.7. This

is because the column player does not play f . So, for each player, the probability of
playing either l or −l from their associated literal set is at least 1

n
− 2ϵ. This implies

that one of l1 ∈ L1 or −l1 (for any l1 ∈ L1) is played with probability greater than
1
n
− 2ϵ − 1

n2 while the other is played with probability smaller than 1
n2 (see Lemma

B.4.5 and 5.3.9). The preceding holds for the column player and the associated literal
as well. Using an argument similar to those used in Lemma 5.3.10 and Proposition
B.4.2, we conclude that the row player can change its strategy to play an unsatisfied
clause (with a high probability 1−α) and receive at least (1−ϵ− 3

n2−α)n > n−1+2ϵ.
Since the maximum social welfare is 2n− 2, it is better for the column player to play
f and obtain a payoff of n− 1 instead.

Now assume the row player plays f with probability α > ϵ
n

while the column
player plays f with probability zero. Recall that the column player can only play
strategies other than its associated literals with a probability of at most ϵ. If the
column player deviates to f with probability 1, the player will increase their payoff
by at least ϵ which violates the definition of ϵ-best response:

[2α · n+ (1− α)(n− 1)]− [(1− ϵ− α)(n− 1) + ϵ · n+ α · 0] = 2α · n− ϵ > ϵ

Remark 5.3.12. The minimum and the maximum payoff of the game G(ϕ, ϵ) are
−2n and 2n respectively. We can scale the payoffs of this game to be in the standard
range [0, 1].
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5.3.2 Hardness of Partition Nash (Theorem 5.2.1 Part (b))

While proving EXACT partition Nash is NP-hard appears to be quite challenging,
an NP-hardness result for 2-player approximate partition Nash equilibrium can easily
be derived from the NP-hardness result that we have for disjoint Nash equilibrium
and Lemma 5.2.7.

Proposition 5.3.13. Given an instance of 3CNF ϕ with n variables, the game G(ϕ, ϵ)
has a ϵ-partition Nash equilibrium (for ϵ = 1

2n3 ) iff the formula is satisfiable.

Proof. As stated, it is easy to check whether the two conditions that we need for a
partition Nash are satisfied or not. So, this problem is in NP. Proposition 5.3.2 shows
that even under polynomial approximation, this problem is NP-hard. We know that
in G(ϕ, ϵ), by Proposition 5.3.2, any ϵ-approximate Nash equilibrium that does not
have f in the support of both players, has the following property. For each player
i ∈ {1, 2} and any specific literal li such that g(l2) = g(l1) = l, one of li ∈ Li or
−li ∈ Li is played with probability greater than 1

n
− 1

n2 − 2ϵ while the other is played
with probability smaller than 1

n2 . All other possible strategies are played with a
probability of at most ϵ since the literals have to be played with probability 1− ϵ.

In G(ϕ, ϵ), any disjoint Nash equilibrium should have the property that for all
l1 ∈ L1 and l2 ∈ L2 such that g(l1) = g(l2) = l, one of l1 or −l1 for the row player
and one of l2 or −l2 should be played with probability 1

n
while the other has to be

played with probability zero directly followed by [52]. Note that if one of the players
plays f , the other player has to play f too, which we are not concerned with in this
proof. In this case, all players will play exclusively from their associated literals since
all other literals are dominated by all other strategies.

If the formula ϕ is satisfiable, an (EXACT) disjoint Nash can be generated by
5.3.2. Assume that (x∗, y∗) is a disjoint Nash equilibrium of G(ϕ, ϵ). We modify this
strategy to (x−, y−) and generate a ϵ-partition Nash equilibrium. Consider ϵ′ = ϵ

cn

and recall that ϵ = 1
2n3 . The reason that we chose ϵ′ to be very small is that we

have some strictly dominated strategies (c is large enough to cover all these rules
for a partition) and also f cannot have a probability greater than ϵ

n
(due to the

fact that both players will have to play f). We take a small fraction ϵ′

2
of one pure

strategy from the column player and distribute it equally to strategies that are not
in the support of the row and the column player for the column player. It is easy
to see that (x−, y−) is an ϵ-approximate partition Nash equilibrium by Lemma 5.2.7.
Now, both properties of a partition Nash instance are satisfied. It is obvious that if
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we have an approximate partition Nash (x−, y−), we can simply generate a disjoint
Nash equilibrium that can imply a satisfying assignment. This is because all literals
l that are played with probability greater than 1

n
− 2ϵ − 1

n2 can have probability 1
n

can determine an assignment of the formula ϕ.

Remark 5.3.14. Proof of Proposition 5.1.13 (resource allocation application) is sim-
ply followed as a corollary.

5.3.3 Proof Theorem 5.2.1 Part (e)

The following proposition establishes the hardness of deciding whether a game has
more than one equilibrium with a statistical distance at least δ = 2ϵ between the
equilibria of the game.

Proposition 5.3.15. When the formula ϕ is unsatisfiable, both players will have to
play f with probability greater than 1− ϵ in any equilibria of the game G(ϕ, ϵ).

Proof. We can proceed as in the proof of Proposition 5.3.2. Assume that the row
player plays f with probability α1 and the column player plays f with α2. It is easy
to see that one of α1 or α2 must be greater than ϵ

n
. If both of these probabilities

are smaller than ϵ
n
, one of the players cannot reach their guaranteed payoff, by a

modification of Lemma 5.3.11 (both players play f with a small probability). In
conclusion, we can assume that min(α1, α2) ≥ ϵ

n
. It is easy to show that both players

have a guaranteed payoff of at least [min(α1, α2) · (2n)+ (1−min(α1, α2)(n− 1))]− ϵ
by just playing the pure strategy f . The players can only achieve a payoff greater
than their approximate guaranteed payoff if they play f with probability greater than
1− ϵ. If one player plays f with probability smaller than 1− ϵ (we know that must
be greater than ϵ

n
), the player loses 2min(α1, α2) · n− ϵ which is greater than ϵ.

Remark 5.3.16. Note that when the formula is satisfiable, a disjoint Nash equilib-
rium exists in addition to the Nash equilibrium with the strategy profile (f, f).

5.3.4 Hardness of Far Nash (Theorem 5.2.1 Part (c))

In this section, we prove that for any δ and some ϵ poly-bounded in the size of the
strategies in a game, the problem of deciding whether there exists a (δ, ϵ)-far Nash
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remains hard. The construction that we provide indeed even works for a stronger
result is also presented in Corollary 5.3.19.

Given a formula ϕ with n variables, we generate the game H(ϕ, δ, ϵ), which is
similar to G(ϕ, ϵ) with the exception that not all literals are duplicated, depending
on the given value δ (see Proposition 5.3.17 and 5.3.18). The strategy space for both
players is SHδ ≡ SHδ

1 = SHδ
2 = L′ ∪ L′1 ∪ L′2 ∪ V ∪ C ∪ {f}. We divide the original

literals (L from the formula ϕ) into three sets. The set L′ will contain the literals from
L that are not duplicated, while L′1 and L′2 contain the duplicated literals, associated
respectively with the row and the column player. The function g′ : L′ ∪ L′1 ∪ L′2 → L

can be defined similarly to g except that it maps elements of L′ ⊂ L to themselves.
The rules for literals in L′ are similar to rules in SV(ϕ, ϵ) and the ones are in L′1 ∪L′2
similar to those in G(ϕ, ϵ).

Proposition 5.3.17. Given any 3CNF formula ϕ with n variables, for any δ >
1
n
− 1

n2 − 1
n3 , there exists a game H(ϕ, δ, ϵ) such that for some ϵ poly-bounded in n,

there exists a (δ, ϵ)-far Nash equilibrium in H(ϕ, δ, ϵ) iff ϕ is satisfiable.

Proof. The proof follows by combining Proposition 5.3.2 and Proposition B.4.2. Re-
call that by Lemma 5.3.9, 5.3.11 and B.4.5, for any literal l ∈ L′ (and also the
associated copies l1 ∈ L′1 and l2 ∈ L′1), either the literal or the negation of the literal
−l will be played with a probability of at least 1

n
− 2ϵ− 1

n2 when both players do not
play f with a positive probability greater than ϵ

n
.

To generate H(ϕ, δ, ϵ) for the given δ, we determine i such that δ = 1
2
(2i( 1

n
−

2ϵ − 1
n2 )) and select ⌊i⌋ some arbitrary literals of the original formula and generate

the sets L′1 and L′2. The rest of the literals will form L′ (will not be duplicated).
Note that for δ′ ≤ δ, NP-hardness of (δ′, ϵ)-far Nash implies the hardness of (δ, ϵ)-far
Nash. An argument similar to Proposition 5.3.15 implies that if the given formula is
unsatisfiable, there will be no (δ, ϵ)-far Nash equilibrium (both players have to play
f with a probability of at least 1− ϵ and we know that δ > ϵ).

Proposition 5.3.18. Given any 3CNF formula ϕ with n variables, for any δ poly-
bounded in n, there exists a game D(ϕ, δ, ϵ) such that for some ϵ poly-bounded in n,
there exists a (δ, ϵ)-far Nash equilibrium in D(ϕ, δ, ϵ) iff ϕ is satisfiable.

Proof. For δ > 1
n
− 1

n2 − 1
n3 , the hardness result follows by Proposition 5.3.17 with

the game H(ϕ, δ, ϵ). Otherwise, we create a new game D(ϕ, δ, ϵ) similar to the game
H(ϕ, δ, ϵ) with the difference that we make more copies of one literal. For some literal
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lt ∈ L (and also its negation −lt) from the original formula ϕ, we make d copies and
i out of these d copies will be duplicated in a way that each player will be inclined to
play only from the associated copies. This can be attained by using a game structure
similar to the one discussed in Proposition 5.3.2 and the technique used in Lemma
5.2.5).

We consider LD = L∪ (
⋃d

j=i l
t
j)∪ (

⋃d
j=i(−ltj))−{lt,−lt} to be all literal strategies

that are shared between the players where for each j, ltj is just a copy of lt. Similarly,
LD1 = (

⋃i
j=1 l

t
1,j)∪(

⋃i
j=1−lt1,j)−{lt1,−lt1} and LD2 = (

⋃i
j=1 l

t
2,j)∪(

⋃i
j=1−lt2,j)−{lt2,−lt2}

will be considered as the sets that contain the literals that are associated with the
row and the column player respectively. Finally, we define the strategy set of the
game D(ϕ, δ, ϵ) to be SD = LD ∪ LD1 ∪ LD2 ∪ V ∪ C ∪ {f}.

In this game, for the row player, the summation of the probabilities assigned to
literals that are copies of lt and −lt of the original formula, must be at least 1

n
− 2ϵ

followed by Lemma 5.3.7, 5.3.11, and B.4.4 (if both players play f with a positive
probability less than ϵ

n
). In addition, the summation of the probabilities that are

assigned to literals that are copies of lt or −lt must be at least 1
n
− 1

n2 − 2ϵ while the
other becomes less than 1

n2 .
We set the payoff uD1 (f, f) = uD2 (f, f) to be high enough so that all ϵ-approximate

Nash equilibria that include the case that both players play f cannot form a δ-far Nash
equilibrium (see Proposition 5.3.15). In conclusion, if the formula ϕ is unsatisfiable,
there will be no (δ, ϵ)-far Nash equilibrium. If the formula ϕ is satisfiable, then we
can find a i

d
( 1
n
− 1

n2 − 1
n3 )-far Nash equilibrium (by spreading the weight evenly among

the copies of lt) and set i to be small enough so that this fraction becomes greater
than the given δ.

This concludes the fact that the problem of whether there exists a (δ, ϵ)-far Nash
equilibrium is NP-hard. Stronger results can also be implied by using similar tech-
niques as follows:

Corollary 5.3.19. The problem of whether there exists a Nash equilibrium (x∗, y∗)

for a bi-matrix game G with the following property is NP-complete.

• 2α ≤ ||x∗ − y∗||1 ≤ 2β for any 1 ≥ β > α ≥ 0 poly-bounded in the size of the
strategies of G.
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5.3.5 Hardness of Close Nash (Theorem 5.2.3 Part (d))

Proposition 5.3.20. The problem of deciding whether an arbitrary bi-matrix game
has a δ-close Nash equilibrium for any poly-bounded δ is NP-complete.

Proof. Proof is followed by similar arguments used in Proposition 5.3.2 and Proposi-
tion 5.3.15 while instead of duplicating the literals in L, we duplicate the strategy f
as follows:

1. u1(x, f2) = u2(f1, x) = 0 for all x ∈ S − {f1, f2};

2. u1(f1, f2) = u2(f1, f2) = 2n;

3. u1(f1, x) = u2(x, f2) = n− 1 for all x ∈ S − {f1, f2};

4. u1(f 2, ∗) = u2(∗, f 1) = −2n for all ∗ ∈ S;

5. u2(f 2, ∗) = u1(∗, f 1) = 0 for all ∗ ∈ S − {f1, f2}.

All other rules will be the same as the game SV in Appendix B.4. By adding these
five rules to the game SV , a δ-close Nash equilibrium exists iff the given formula is
satisfiable. Note that 0 ≤ δ < 2− 2ϵ and the hardness result can be improved to any
δ poly-bounded in n by using the same argument used in Proposition 5.3.15 (setting
higher payoffs).

5.3.6 Total Far Nash (Proof of Theorem 5.2.2)

We prove that a far Nash equilibrium exists for a sufficiently large approximation
error. This follows by the existence of a Nash equilibrium and simple techniques. We
begin with a lemma and then proceed to the proof.

An Essential Lemma

Lemma 5.3.21. Let G be a game that has a symmetric Nash equilibrium (z∗, z∗)

such that some pure strategy t has a probability greater than δ in z∗. Then, there is
a strategy z− such that (z−, z∗) and (z∗, z−) are 2δ-approximate Nash equilibria and
||z∗ − z−||1 ≥ 2δ.
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Proof. In this game, we have at least one pair of strategies (z∗, z∗) that forms a
Nash equilibrium. For one player, we give δ share of z∗t (arbitrary t) evenly to all
other strategies to generate z−. This modification on strategies has the property
that z− and z∗ have 2δ-farness. Then the strategy profile (z−, z∗) has the property
||z−− z∗|| ≥ 2δ. This also holds for (z∗, z−) by a symmetric argument. Both (z−, z∗)

and (z∗, z−) are 2δ-approximate Nash equilibrium by Lemma 5.2.7.

Proof of Theorem 5.2.2

Proof. Suppose (x∗, y∗) is a Nash equilibrium in G. If ||x∗−y∗||1 > 2δ, we are finished
with the problem. Otherwise, ||x∗ − y∗||1 ≤ 2δ, we can change x∗ to y∗ (or the other
way around) so that there exists z∗ such that (z∗, z∗) will form a (0, 2δ)-far equilibrium
by an argument similar to Lemma 5.2.7. For the next step, we simply can use Lemma
5.3.21 to generate z− and ||z− − z∗||1 = 2δ .

By Lemma 5.2.7 and 5.3.21, we can conclude that (z−, z∗) is a 4δ-approximate
Nash equilibrium ( ||x∗ − z−|| ≤ 4δ) and we know ||z− − z∗||1 = 2δ which indicates
that we can generate (δ, 4δ)-far Nash equilibrium. It is obvious that there exists one
strategy that is assigned with probability greater than 1

n
in each distribution, and we

can modify this strategy accordingly. Our proof reduces this problem to an instance
of approximate Nash equilibrium, which means that this problem is in PPAD.

Remark 5.3.22. To get a better approximation factor compared to 4δ, we could
look at the following optimization problem:

Minx∈∆n||x− x∗||1

Subject to ||x− y∗||1 ≥ 2δ

5.4 Proof of Theorem 5.2.3 (Generalized Equilibria

with Strategic Constraints)

We now proceed to the proof of Theorem 5.2.3, which addresses the computational as-
pects of the generalized equilibria version of the problems we study. In the presence of
constraints such as disjointness and farness, the existence of a generalized equilibrium
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Table 5.3: Rock-Paper-Scissors, a zero-sum game
Player 1

(0,0) (-1,1) (1,-1)
Player 2 (1,-1) (0,0) (-1,1)

(-1,1) (1,-1) (0,0)

cannot be guaranteed11. However, we show that under some simple assumptions, a
trivial solution (part (a)) and a non-trivial solution (part (c)) can be guaranteed.

5.4.1 A Simple Example

A generalized disjoint equilibrium does not necessarily exist in all games. Consider
the well-known rock-paper-scissors which is a zero-sum game (table 5.3). This game
has a unique Nash equilibrium where both players uniformly select all three pure
strategies and put them in their support. For each strategy, the game has one anti-
strategy where one of the players gets 1 when the player plays the anti-strategy while
the opponent gets −1. If both players play the same pure strategy, they both get 0

payoff. There are two possible cases for each player if we limit the players to respect
the constraint set Rn

disjoint. The first case is that both players pick one pure strategy,
and the second case happens when one player plays one pure strategy while the other
player plays two pure strategies. In either case, both players prefer to play the anti-
strategies as this option is always available for at least one player. So, this game does
not have a generalized disjoint equilibrium. But for example, if one player chooses
‘rock’ and the other player players ‘paper’ with probability 1 − ϵ and ‘scissors’ with
probability ϵ. We can form an ϵ-generalized disjoint equilibrium.

5.4.2 Proof of Theorem 5.2.3 Part (a)

Proof. Choose a pure strategy l and let that be the column player’s strategy. The
row player will select a pure strategy t (other than l) that maximizes the row player’s
payoff. Let x∗ be the row player’s strategy. For all i ∈ [n]−{t, l}, put x−i = ϵ

(n−2) and
x−t = 1 − ϵ. By Lemma 5.2.7, the row player can lose at most ϵ. Therefore, x− is a
ϵ-best response under the disjointness constraint for the row player. In this situation,

11The following example shows that the exact version of generalized disjoint equilibrium does not
necessarily admit a solution. Also, note that similar proofs could not be derived for the generalized
δ-far equilibrium in general.
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the column player cannot obtain an improved payoff, unless the column player plays
strategies that are in the support of x−, which violates the constraints.

Remark 5.4.1. This result shows that the disjointness of strategies as a common
(coupled) constraint is flawed as one selfish player can degrade the social welfare of all
other players if all players comply with the common constraint. This indeed provides
a justification for considering (θ, ϵ)-restricted disjoint equilibrium.

5.4.3 Hardness and Totality of Generalized Far Equilibrium

and Theorem 5.2.3 Part (b) and (c)

Proof of Theorem 5.2.3 Part (b)

For δ = 0, the proof can be trivially implied by the hardness of Nash equilibrium.
We know that essentially, there exists a game G that is known to be hard for finding
an equilibrium in [45] even for inverse polynomial approximation, as we restate it in
the following:

Theorem 5.4.2 ([45]). For any c > 0, the problem of finding an n−c-approximate
Nash equilibrium of a bi-matrix game is PPAD-complete.

In the following proposition, we conclude that the hardness holds for the exact
case when δ = 1 (generalized disjoint equilibrium) while the approximate version is
tractable (see 5.2.3 part (a)).

Proposition 5.4.3. For any game G, the problem of finding a Nash equilibrium in
the bi-matrix game G is poly-time reducible to the problem of finding a generalized
disjoint equilibrium in DM(G).

Proof. The proof follows from the fact that the problem of finding a Nash equilibrium
is a PPAD-hard problem by [45]. A complete proof is given in Appendix A.4.3.

Remark 5.4.4. The proof of the previous proposition also implies that this modifica-
tion of the diagonal entries does not change the fact that finding a Nash equilibrium
remains hard.

Proof of Theorem 5.2.3 Part (c)

In order to prove Theorem 5.2.3 part (c), we need to prove some properties of di-
agonally modified games. We begin with the following definition and establish then
establish a relationship between this definition and generalized far equilibrium.
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Definition 5.4.5. Suppose that we are given a bi-matrix game and the goal is to find
a Nash equilibrium with the following property:

• For all t ∈ [n], if both players play t with a positive probability, then at least one
of the players has to play t with probability smaller than 1

M
.

This equilibrium is called M -semi-disjoint Nash equilibrium. A generalized M -semi-
disjoint equilibrium can be defined in a similar manner where we only investigate
deviations with respect to strategies that have the property.

Lemma 5.4.6. Suppose that any in Nash equilibrium of DM(G), at least one of the
players does not play a fully mixed strategy. For any pure strategy t that is played
with a positive probability by both two players, there exists at least one player that has
to play strategy t with probability less than 1

M
. Furthermore, for ϵ-approximate Nash,

this holds for probability less than 1+ϵ
M

.

Proof. By the assumption, for any Nash equilibrium ofDM(G), at least one player does
not play a fully mixed strategy. Assume that for one Nash equilibrium (x∗, y∗), there
exists a pure strategy t such that y∗t >

1
M

and x∗t >
1
M

. Without loss of generality,
assume that the column player does not play t′ ∈ [n]. We obtain a contradiction by
showing that the row player can deviate from t to t′ to obtain a better payoff. Letting
(t, y∗) denote the strategy profile in which the row player plays the pure strategy t

with probability 1 and the column player plays the mixed strategy y∗, we have:

U
DM(G)
1 (t, y∗) =

∑
1≤j≤n

y∗jU
DM(G)
1 (t, j) < 1 + y∗tU

DM(G)
1 (t, t) ≤ 0 (5.2)

The last inequality comes from the fact that y∗t ≥ 1
M

. Assuming y∗ is fixed, if
we let UD

M(G)
1 (x∗t , y

∗) (where x∗t does not denote a mixed strategy but rather the
probability with which the pure strategy t is played in x∗) denote x∗t · U

DM(G)
1 (t, y∗),

we have:

U
DM(G)
1 (x∗t , y

∗) = x∗t
∑

1≤j≤n

y∗jU
DM(G)
1 (t, j) ≤ x∗t (1 + y∗tU

DM(G)
1 (t, t)) < 0 (5.3)

Now suppose that the row player moves all the weight x∗t from t to t′. Call the
modified strategy x′. It is obvious that UD

M(G)
1 (x′t′ , y

∗) ≥ 0 because y∗t′ = 0.

U
DM(G)
1 (x∗, y∗)− UD

M(G)
1 (x′, y∗) = x∗t [

n∑
j=1

y∗jU
DM(G)
1 (t, j)−

n∑
j=1

y∗jU
DM(G)
1 (t′, j)]
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U
DM(G)
1 (x∗, y∗)− UD

M(G)
1 (x′, y∗) = U

DM(G)
1 (x∗t , y

∗)− UD
M(G)

1 (x′t′ , y
∗) < 0

In conclusion, assuming that for all j, we have y∗j >
1
M

, we reach a contradiction.
We can easily extend the proof to work with the approximate Nash equilibrium as
well.

Proposition 5.4.7. For a diagonally modified game DM(G) where at least one player
does not play a fully mixed strategy, the problem of finding a M-semi-disjoint Nash
equilibrium is in PPAD.

Proof. We know that the problem of finding a Nash equilibrium of an arbitrary bi-
matrix game is in PPAD. By Lemma 5.4.6, any Nash equilibrium of DM(G) satisfying
the condition is a M -semi-disjoint Nash equilibrium.

Proposition 5.4.8. For any bi-matrix game G, a M-semi generalized disjoint equi-
librium is a (1− n

M
) generalized far equilibrium.

Proof. The proof follows immediately by the definition of generalized far equilibrium.

Proof of Theorem 5.2.3 Part (c)

We are now ready to prove Theorem 5.2.3 Part (c).

Proof. Suppose G is a game whose diagonally modified version has no fully-mixed
Nash equilibrium. We first show that the problem of finding a M -semi generalized
disjoint equilibrium with approximation error 6n

M
is in PPAD. Next, by Proposition

5.4.7 and 5.4.8, the problem of finding a generalized (1− n
M
, 6n
M
)-far equilibrium is in

PPAD.
Recall that the problem of finding a M -semi disjoint Nash is in PPAD for diag-

onally modified games if the diagonally modified game does not have a fully mixed
Nash equilibrium. Let Sn

M(y
∗) be the row player’s constraint set for a M -semi gen-

eralized disjoint equilibrium. Now suppose that (x∗, y∗) is a M -semi disjoint Nash
for DM(G). To prove that (x∗, y∗) is a M -semi generalized disjoint equilibrium with
approximation error 6n

M
in G, we need to prove the following for all f ∈ Sn

M(y
∗) (The

proof for the column player is similar):

UG1 (x
∗, y∗) +

6n

M
> UG1 (f, y

∗)
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Write x∗ = xb + xs and y∗ = yb + ys where the superscript b includes the
strategies that are used with probability greater than 1

M
in x∗ while the super-

script s is used for the other strategies (similarly for yb and ys). It is obvious that
U
DM(G)
1 (xb, yb) = UG1 (x

b, yb) since xb and yb both are associated with strategies that
have disjoint supports. Since (x∗, y∗) is aM -semi disjoint Nash equilibrium forDM(G),
it will satisfy the following:

∀f ∈ Sn
M(y

∗) ⊂ ∆n, U
DM(G)
1 (x∗, y∗) ≥ U

DM(G)
1 (f, y∗) (5.4)

The following inequality holds by applying Lemma 5.2.7 to Equation 5.4. If we
write DM(G)1(xb, y∗) to denote the share of the row player’s payoff coming from the
sub-distribution xb, we have:

∀f ∈ Sn
M(y

∗) ⊂ ∆n, U
DM(G)
1 (xb, y∗) +

n

M
≥ U

DM(G)
1 (f, y∗)

Similarly:

∀f ∈ Sn
M(y

∗) ⊂ ∆n, UG1 (x
b, yb) +

n

M
+

n

M
≥ U

DM(G)
1 (f, y∗)

and by the fact that |UG1 (f, yb)− U
DM(G)
1 (f, y∗)| ≤ n

M
:

∀f ∈ Sn
M(y

∗) ⊂ ∆n, UG1 (x
b, yb) +

2n

M
+

n

M
≥ UG1 (f, y

b)

Now, we select one of the elements in the support of xb and yb and give them
the summation of all of the probabilities in xs and ys, respectively. These two new
distributions x′ and y′ form a M -semi generalized disjoint equilibrium with 6n

M
as the

approximation error by Lemma 5.2.7 (since ||x′ − xb||1 ≤ n
M

and ||y′ − yb||1 ≤ n
M

):

∀f ∈ Sn
M(y

′) ⊂ ∆n, UG1 (x
′, y′) +

6n

M
≥ UG1 (f, y

′)

5.4.4 An Interesting Connection

The following proposition shows how diagonally modified games provide a connection
between generalized disjoint equilibrium and Nash equilibrium.
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Proposition 5.4.9. For θ ≥ 1
M

, any (θ, ϵ)-restricted disjoint equilibrium in G forms
an ϵ-approximate disjoint Nash equilibrium in DM(G).

Proof. If we have a θ-restricted disjoint equilibrium (x∗, y∗) for G, we prove that this
equilibrium will be a disjoint Nash equilibrium for DM(G). For all pure strategies
s ∈ S, we need to prove:

U
DM(G)
1 (x∗, y∗) ≥ U

DM(G)
1 (s, y∗)

We can easily show that this inequality is correct for all s /∈ Supp(y∗) since we
know that UD

M(G)
1 (x∗, y∗) = UG1 (x

∗, y∗) and UG1 (s, y∗) = U
DM(G)
1 (s, y∗). Next, consider

any s ∈ Supp(y∗). In (x∗, y∗), it is impossible to have probabilities smaller than 1
M

except zero. Then, we can conclude that UD
M(G)

1 (s, y∗) < 0. This is followed by the
fact that s is played with probability 1 and the column player has to s with probability
greater than 1

M
.

We know that the payoff of (x∗, y∗) is positive in DM(G), which means it is impos-
sible to deviate to s in this case. This is correct for the column player by a symmetric
argument. This also holds for the approximation notion by a similar argument.

5.4.5 Restricted Far and Disjoint Equilibrium and Proof of

Theorem 5.2.3 Part (d) and (e)

We begin with the following proposition that uses the hardness of disjoint Nash
equilibrium with no minor probabilities to establish the hardness result for generalized
disjoint equilibrium.

Essential Elements to Prove Theorem 5.2.3 Part (d)

Definition 5.4.10. (Major Nash): A strategy profile is a θ-major Nash equilibrium
if all strategies in the support of all players are played with probability greater than θ.
For the approximation version, we consider (θ, ϵ)-major Nash equilibrium.

Proposition 5.4.11. Given an instance of 3CNF ϕ, C(ϕ, ϵ) has an EXACT disjoint
Nash equilibrium in which all strategies that are in the support of either of the players
are played with probability strictly greater than 1

c
iff the given formula ϕ is satisfiable.
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Proof. When the formula is satisfiable, a solution similar to Proposition 5.3.2 can be
attained where all players play some literals with probability 1

n
. We need to show

that when a formula is not satisfiable, the only Nash equilibrium of the game C(ϕ, ϵ)
can have compared to G(ϕ, ϵ) is when players play the following strategy:

xc = yc = (
1

c
f1, . . . ,

1

c
fc)

It is easy to check that (xc, yc) is a Nash equilibrium since the sub-game induced by
strategies in F C is just a simple generalization of rock-paper-scissors (where the payoffs
are also scaled). It is also not hard to see that in any (EXACT) Nash equilibrium, if
none of the players play any strategy in F C, all strategies in C ∪ V cannot be played
with a positive probability by an analysis similar to [52] and Lemma 5.3.4 since social
welfare with the use of these strategies must be less than 2n − 2 and at least one of
the players will try to achieve n− 1 by deviating to any f i ∈ F C. Using any strategy
f i ∈ F C will cause the opponent player to play f j where j = i + 1 (mod c) and this
can continue forever.

Without loss of generality, suppose that the row player plays one strategy f i ∈ F C

with probability greater than ϵ
n
. A simple calculation shows that the expected payoff

of the column player playing the pure strategy f j ∈ F C where j = i + 1 (mod c) is
always greater than n (f i cannot be played with a minor probability). This indeed
will prevent the column player from playing any strategy from L, C, or V . The sub-
game CF induced by considering the strategy set to be F C ⊂ SC has only one unique
Nash equilibrium (xc, yc). For this strategy profile, all strategies in the support of
both players are playing with a probability of at most 1

c
.

Remark 5.4.12. We can also observe that the expected guaranteed payoff of any
Nash equilibrium of C(ϕ, ϵ) is 1

c
· n2

ϵ
+ 1

c
· 2n2

ϵ
= 3n2

cϵ
.

5.4.6 Proof of Theorem 5.2.3 Part (d)

In order to prove Theorem 5.2.3 part (d), we begin with a generalization of Proposition
5.3.2 by embedding a zero-sum sub-game into the game. We will modify G(ϕ, ϵ) to
C(ϕ, ϵ) (1

ϵ
> c > n) by removing rules 10-14 and adding a series of rules instead. Let

SC ≡ SC1 = SC2 = L1 ∪ L2 ∪ V ∪ C ∪ F C be the strategy set for both players where
F C = {f i | i ∈ [c]}.

1. uC1(x, f i) = uC2(f
j, x) = 0 for all i, j ∈ [c] and x ∈ SC − F C;



131

2. uC1(f i, x) = uC2(x, f
i) = n− 1 for all i, j ∈ [c] and x ∈ SC − F C;

3. uC1(f i, f j) = uC2(f
j, f i) = n2

ϵ
for all i = j ∈ [c];

4. uC1(f i, f j) = uC2(f
j, f i) = 2(n

2

ϵ
) for all i, j ∈ [c] and i = j + 1 (mod c);

5. uC1(f i, f j) = uC2(f
j, f i) = 0 for all i, j ∈ [c] and i ̸= j + 1 (mod c);

6. uC1(l2, ∗) = uC2(∗, l1) = −2n for all ∗ ∈ SC, l1 ∈ L1 and l2 ∈ L2;

7. uC2(l2, ∗) = uC1(∗, l1) = 0 for all ∗ ∈ SC − F C, l1 ∈ L1 and l2 ∈ L2;

It is not hard to see that the problem of deciding whether a bi-matrix game has a
restricted (and also generalized) disjoint equilibrium is in NP (see Appendix A.4.4).
The following proposition (hardness) concludes the proof of Theorem 5.2.3 part (d).

Proposition 5.4.13. Given a formula ϕ with n variables, there exists a game such
that for some θ and ϵ poly-bounded in n, there exists a (θ, ϵ)-restricted disjoint equi-
librium in this game iff ϕ is satisfiable.

Proof. We want to show that an arbitrary formula ϕ is satisfiable iff this modified
version of C(ϕ, ϵ) has a ( 1

n
− ϵ − 1

n2 , ϵ)-restricted disjoint equilibrium. It is not hard
to extend Proposition 5.4.11 to the approximate case (with ϵ = 1

2n3 ) by combining it
with the techniques used in the proof of Proposition 5.3.2. We duplicate all clauses
and variables in addition to the strategies in F C similarly to what we did in game
G(ϕ, ϵ) and consider four functions that map copies of the associated strategies. We
also note that we will need to assure that ϵ ≤ 1

c
− 2ϵ2

n
≤ 1

n
− 2ϵ − 1

n2 by choosing a
suitable c. Then, obviously 1

c
− 2ϵ2

n
is greater than ϵ, ϵ

n
and 2ϵ

n
+ ϵ2

2n2 .
Each player can play unassociated literals, clauses, and variables only with prob-

ability smaller than ϵ
n

since a generalized disjoint equilibrium is also a disjoint Nash
equilibrium in this game. This indicates that these strategies cannot be played in
any ( 1

n
− 2ϵ− 1

n2 , ϵ)-restricted disjoint equilibrium. This statement also holds for the
(associated copies of) variables and clauses that can be played only with probability
less than ϵ by Lemma 5.3.4 and Proposition 5.3.15.

If none of the players play strategies in F C1 or F C2 , an analysis similar to Proposition
5.3.2 can show that at least one of the players will be motivated to select some of the
strategies in F C1 or F C2 . If the players are allowed to play some strategies from F C1

or F C2 , we will prove that the analysis of Proposition 5.4.11 with minor adjustments
still holds. In this modified version of C(ϕ, ϵ) (with duplicated variables and clauses),
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in any EXACT generalized disjoint equilibrium with the condition that at least one
of the players plays strategies from F C1 or F C2 with probability greater than ϵ

2n
, no

associated literal, clause, or variable strategy can be played with a positive probability.
In the approximate case, literals, clauses, or variables can be played with probability
of at most ϵ2

n2 . This is because we know there exists one strategy from F C1 or F C2 with
probability greater than 2ϵ

n
and playing f i+1 (mod c) (from F C1 or F C2 depending on the

player) will provide ϵ difference in the payoff at least. In conclusion, these strategies
cannot be played in any ( 1

n
− 2ϵ− 1

n2 , ϵ)-restricted disjoint equilibrium.
Recall that each player must guarantee a payoff of 3n2

cϵ
by Remark 5.4.12 (and

(3n
2

cϵ
)− ϵ for the approximate version). Finally, if a player prefers to play any strategy

from F C1 or F C2 with probability smaller than 1
c
− 2ϵ2

n
, then there exists at least one

strategy in F C1 or F C2 such that this player plays the strategy with probability greater
than 1

c
+ 2ϵ2

n2 since we showed that the first and the second player can only use strategies
in F C1 and F C2 in the restricted equilibrium respectively. The opponent can get a payoff
of at least (3n

2

cϵ
) + 2ϵ2

n2 (
n2

ϵ
) which is equal to 3n2

cϵ
+ 2ϵ. This follows by the fact that

the structure of the sub-game that is induced by strategies in F C1 and F C2 is a game
similar to rock-paper-scissors.

The maximum social welfare of any equilibrium in this sub-game is 23n2

cϵ
and this

shows that one player cannot meet the specified guarantee 3n2

cϵ
− ϵ. In conclusion, in

this case, there will be no ϵ-generalized disjoint equilibrium with a minimum proba-
bility greater than 1

c
− 2ϵ2

n
< 1

n
− ϵ− 1

n2 . This completes the proof that an arbitrary
formula ϕ is satisfiable iff this modified version of C(ϕ, ϵ) has a ( 1

n
−ϵ− 1

n2 , ϵ)-restricted
disjoint equilibrium.

Corollary 5.4.14. For a given formula ϕ with n variables, there exists a game such
that for some ϵ and θ poly-bounded in n, a (θ, ϵ)-major Nash exists for this game iff
the formula ϕ is satisfiable.

5.4.7 Proof of Theorem 5.2.3 Part (e)

In short, establishing this theorem necessitates a meticulous integration of the con-
structions employed to prove part (d) of Theorem 5.2.1 and part (d) of Theorem
5.2.3.

Proposition 5.4.15. Given an arbitrary formula ϕ with n variables, there exists a
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game R(ϕ, δ, ϵ) such that for some ϵ,θ and for any given δ poly-bounded in n, there
exists a restricted (θ, δ, ϵ)-far equilibrium for R(ϕ, δ, ϵ) iff ϕ is satisfiable.

Proof. We only prove the theorem for δ < 1
n
− 1

n2 − 1
n3 and the other case is similar

(see Proposition 5.3.17). We generate the final game R(ϕ, δ, ϵ) which is a combination
of the games D(ϕ, δ, ϵ) and C(ϕ, ϵ). This game has the strategy set SR = LD ∪ LD1 ∪
LD2 ∪ V1 ∪ V2 ∪ C1 ∪ C2 ∪ FR1 ∪ FR2 . The literal strategies of this game are the same
as the game D(ϕ, δ, ϵ) and we duplicated the clauses and variables similar to C(ϕ, ϵ).
The function g1 : LD ∪ LD1 ∪ LD2 → L is defined similarly based on g′ in the game
D(ϕ, δ, ϵ). We also have three functions g2 : V1 ∪ V2 → V and g3 : C1 ∪ C2 → C

(similar to g1, g and g′) that map the copied strategies to their original variables and
clauses in ϕ. The function g4 : F

R
1 ∪ FR2 → F C can be used for strategies in F C. The

payoff matrices of the game R(ϕ, δ, ϵ) are defined as follows:

1. uR1 (l1, l2) = uR2 (l2, l1) = n− 1 for all l1, l2 ∈ LD such that g1(l
1) ̸= −g1(l2);

2. uR1 (l1, l2) = uR2 (l1, l2) = n− 1 for all l1 ∈ LD1 , l2 ∈ LD2 with g1(l
1) ̸= −g1(l2);

3. uR1 (l1, l2) = uR2 (l1, l2) = n− 1 for all l1 ∈ LD, l2 ∈ LD2 with g1(l
1) ̸= −g1(l2);

4. uR1 (l1, l2) = uR2 (l1, l2) = n− 1 for all l1 ∈ LD1 , l2 ∈ LD with g1(l
1) ̸= −g1(l2);

5. uR1 (−l, l) = uR2 (−l, l) = n− 4 for all l ∈ LD;

6. uR1 (−l1, l2) = uR2 (−l1, l2) = n− 4 for all l1 ∈ LD1 , l2 ∈ LD2 and g1(l
1) = g1(l

2);

7. uR1 (−l1, l2) = uR2 (−l1, l2) = n− 4 for all l1 ∈ LD , l2 ∈ LD2 and g1(l
1) = g1(l

2);

8. uR1 (−l1, l2) = uR2 (−l1, l2) = n− 4 for all l1 ∈ LD1 , l2 ∈ LD and g1(l
1) = g1(l

2);

9. uR1 (v1, l) = uR2 (l, v
2) = n for all v1 ∈ V, v2 ∈ V2, l ∈ LD with g2(v

1) = g(v2)

and v(g1(l)) ̸= g2(v
1);

10. uR1 (v1, l2) = uR2 (l
1, v2) = n for all v1 ∈ V1, v

2 ∈ V2, l
1 ∈ LD1 , l

2 ∈ LD2 with
g1(l

1) = g1(l
2), g2(v1) = g2(v

2) and v(g1(l
1)) ̸= g2(v

1);

11. uR1 (l, x2) = uR2 (x
1, l) = n− 4 for all l ∈ LD, x1 ∈ V1 ∪ C1, x

2 ∈ V2 ∪ C2 ;

12. uR1 (l1, x2) = uR2 (x
1, l2) = n−4 for all l1 ∈ LD1 , l2 ∈ LD2 , x1 ∈ V1∪C1, x

2 ∈ V2∪C2

and g1(l
1) = g1(l

2);
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13. uR1 (v1, l) = uR2 (l, v
2) = 0 for all v1 ∈ V1, v2 ∈ V2, l ∈ LD with g2(v

1) = g2(v
2)

and v(g1(l)) = g2(v
1);

14. uR1 (v1, l2) = uR2 (l
1, v2) = 0 for all v1 ∈ V1, v

2 ∈ V2, l
1 ∈ LD1 , l

2 ∈ LD2 with
g1(l

1) = g1(l
2), g2(v1) = g2(v

2) and v(g(l1)) = g2(v
1);

15. uR1 (v1, x2) = uR2 (x
1, v2) = n − 4 for all v1 ∈ V1, v2 ∈ V2, x1 ∈ V1 ∪ C1, x

2 ∈
V2 ∪ C2 and g2(v

1) = g2(v
2);

16. uR1 (c1, l) = uR2 (l, c
2) = n for all c1 ∈ C1, c

2 ∈ C2, l ∈ LD with g3(c
1) = g3(c

2)

and g1(l) /∈ g3(c
1);

17. uR1 (c1, l2) = uR2 (l
1, c2) = n for all c1 ∈ C1, c

2 ∈ C2, l
1 ∈ LD1 , l

2 ∈ LD2 with
g1(l

1) = g1(l
2), g3(c1) = g3(c

2) and g1(l
1) /∈ g3(c

1);

18. uR1 (c1, l) = uR2 (l, c
2) = 0 for all c1 ∈ C1, c

2 ∈ C2, l ∈ LD, with g1(l
1) = g1(l

2),
g3(c

1) = g3(c
2) and g1(l) ∈ g3(c

1);

19. uR1 (c1, l2) = uR2 (l
1, c2) = 0 for all c1 ∈ C1, c

2 ∈ C2, l
1 ∈ LD1 , l

2 ∈ LD2 with
g1(l

1) = g1(l
2) and g1(l

1) ∈ g3(c
1);

20. uR1 (c1, x2) = uR2 (x
1, c2) = n−4 for all v1 ∈ V1, v2 ∈ V2, x1 ∈ V1∪C1, x

2 ∈ V2∪C2

and g3(c
1) = g3(c

2);

21. uR1 (x, f i) = uR2 (f
j, x) = 0 for any f i ∈ FR2 and f j ∈ FR1 where x ∈ SR − FR1 −

FR2 ;

22. uR1 (f i, x) = uR2 (x, f
j) = n − 1, for any f i ∈ FR1 and f j ∈ FR2 where x ∈

SR − FR1 − FR2 ;

23. uR1 (f i, f j) = uR2 (f
i, f j) = dn2

δϵ
for any f i ∈ FR1 and f j ∈ FR2 such that g4(f

i) =

g4(f
j) = f ;

24. uR1 (f i
1, f

j
2 ) = uR2 (f

j
1 , f

i
2) = 2(dn

2

δϵ
) for f i

1, f
j
1 ∈ FR1 and f i

2, f
j
2 ∈ FR2 where g4(f i

1) =

g4(f
i
2) = f i and g4(f

j
1 ) = g4(f

j
2 ) = f j (the superscripts i and j denote the i-th

and j-th member of F C) while i = j + 1 (mod c);

25. uR1 (f i
1, f

j
2 ) = uR2 (f

j
1 , f

i
2) = 0 for f i

1, f
j
1 ∈ FR1 and f i

2, f
j
2 ∈ FR2 where g4(f

i
1) =

g4(f
i
2) = f i and g4(f

j
1 ) = g4(f

j
2 ) = f j while i ̸= j + 1 (mod c);

26. uR1 (l2, ∗) = uR2 (∗, l1) = −2n for all ∗ ∈ SR, l1 ∈ L1 and l2 ∈ L2;
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27. uR2 (l2, ∗) = uR1 (∗, l1) = 0 for all ∗ ∈ SR − FR1 − FR1 , l1 ∈ L1 and l2 ∈ L2;

28. uR1 (v2, ∗) = uR2 (∗, v1) = −2n for all ∗ ∈ SR, v1 ∈ V1 and v2 ∈ V2;

29. uR2 (v2, ∗) = uR1 (∗, v1) = 0 for all ∗ ∈ SR − FR1 − FR2 , v1 ∈ V1 and v2 ∈ V2;

30. uR1 (c2, ∗) = uR2 (∗, c1) = −2n for all ∗ ∈ SR, c1 ∈ C1 and c2 ∈ C2;

31. uR2 (c2, ∗) = uR1 (∗, c1) = 0 for all ∗ ∈ SR − FR1 − FR2 , c1 ∈ C1 and c2 ∈ C2;

32. uR1 (f 2, ∗) = uR2 (∗, f 1) = −2n for all ∗ ∈ SR, f 1 ∈ FR1 and f 2 ∈ FR2 ;

33. uR2 (f 2, ∗) = uR1 (∗, f 1) = 0 for all ∗ ∈ SR − FR1 − FR2 , f 1 ∈ FR1 and f 2 ∈ FR2 .

If the formula ϕ is satisfiable, then there exists a ( δ
d
, δ, 0)-restricted far equilibrium

where d is driven by δ (see Proposition 5.3.18). We show that if ϕ is not satisfiable,
there exists no ( δ

d
− 2δϵ2

dn
, δ, ϵ)-restricted far equilibrium. If no (associated) strategy

from FR1 or FR2 is played, one of the players cannot get the guaranteed payoff n−1−ϵ
and will choose one strategy from these sets, similar to all previous results. If there
exists one (associated) strategy in FR1 or FR2 such that the row or the column player
plays this strategy with probability greater than δϵ

2dn
, all strategies that are related to

literals, variables, and clauses cannot be played with probability greater than δϵ2

dn2 by
following an analysis similar to Theorem 5.4.13.

Finally, if a player prefers to play any strategy from FR1 or FR2 with probability
smaller than 1

c
− 2δϵ2

dn
, then there exists at least one strategy such that the opponent

can get a payoff of at least (3dn2

cδϵ
)+ 2δϵ2

dn2 (
dn2

δϵ
) which is equal to 3dn2

cδϵ
+2ϵ. The maximum

social welfare of any equilibrium of this game is sub-game 23dn2

cδϵ
and this shows that

one player cannot meet the guarantee 3dn2

cδϵ
− ϵ. If we set c = ⌈d

δ
⌉ + 1, then 1

c
< δ

d

and 1
c
− 2δϵ2

dn2 is always positive (generating R(ϕ, δ, ϵ) with |FR1 | = |FR2 | > δ
d
). This

completes the proof that an arbitrary formula ϕ is satisfiable iff the R(ϕ, δ, ϵ) has a
( δ
d
, δ, ϵ)-restricted far equilibrium.
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Chapter 6

A Meta-Heuristic Approach for
Strategic Fair Division Problems

In this chapter, we propose a framework for modeling item allocation with both non-
strategic and strategic agents, with suitable fairness constraints. As mentioned in the
introduction, key constraints ensure no player can use an item chosen by another,
while further conditions guarantee minimum payoffs.

Starting from the fair allocation of indivisible items (the simple arrangement prob-
lem), we show NP-completeness. Extending to strategic settings, we define the strate-
gic arrangement problem, a constrained Nash equilibrium framework for fair alloca-
tion, and prove its NP-completeness. The strategic arrangement problem is a more
generalized version of a problem introduced in the previous chapter (see 5.1.5). Prior
algorithms for approximate equilibria, such as [130] have limitations (see Section 6.4).
Also, to the best of our knowledge, limited progress has been made on local search- or
metaheuristic-based techniques for the computation of unconstrained Nash equilibria
with mixed strategies [42, 69]. This gap motivates our use of metaheuristic algo-
rithms in the constrained setting. We employ a human-inspired meta-heuristic, in
particular, a modified bus transportation algorithm [34], which enables faster search
for constrained equilibria, providing solutions for the strategic arrangement problem.

6.1 The Arrangement Problem

First, we provide the definition of a fair allocation, which is a general definition in
fair division literature.
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Definition 6.1.1. A simple item allocation problem can be specified by a set I that
includes indivisible items and a group of k agents. Each agent i has a specific value
Vi(t) (preference) for each item t. An allocation is a partition of I into k disjoint
subsets. An allocation is fair if it satisfies all specified fairness constraints for all
players.

In the non-strategic setting, we consider the fairness constraint to be a minimum
specified guaranteed summation of the values of all of the items in their allocation.
In other words, a fair allocation will divide the items among the agents in a way that
all agents can achieve a certain aggregated (additive) value. Below, we provide the
definition of the simple arrangement problem.

6.1.1 Simple Arrangement Problem

Definition 6.1.2. A simple arrangement problem A is specified by ⟨K, I, J, U, r⟩,
where K = [c] is the set of agents (players), I = [n] is the set of items, J = [m]

is the set of places, U = [U ]k×n×m is the utility matrix with utility threshold r. A
multi-strategy for each player k is a set Tk ⊂ Ik × Jk where Ik ⊆ I and Jk ⊆ J .

A multi-strategy profile T = (T1, . . . , Tk) that has all agents’ multi-strategies is
legal if the specified items are placed in the specified places subject to the following
conditions:

• For each place j ∈ J , there exists exactly one item i ∈ I and agent k such that
(i, j) ∈ Tk (Each place is filled with one item).

• For all k and k′, Ik ∩ Ik′ = ∅ (Each item can be picked by at most one agent).

• For each item i ∈ Ik, there can exist at most one place j ∈ Jk such that (i, j) ∈
Tk (Each item can be used once).

Given a multi-strategy of an agent, we define the payoff Pk =
∑

j∈Jk U(k, Tk(j), j)

for agent k, where Tk(j) will give the item that is placed in place j by player k. The
final goal of this problem is to find a multi-strategy profile such that each player gets
at least the threshold payoff r.

It is easy to observe that this problem is more complex compared to a standard
resource allocation problem since there are multiple choices and constraints for the
agents. In general, a fair item allocation algorithm may allocate a single item to
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one agent for each round. We can simply consider places to be the rounds in which
one item is allocated. Then, if we have |I| items, we will have |I| rounds. Thus, a
solution (a legal strategy profile) to the simple arrangement problem A⟨K, I, I, U, r⟩
can form a solution to a simple item allocation problem with the item’s set I where
U(k, i, j) = Vk(i). In other words, in a setting without strategic behavior, the agents
are not concerned with the round in which an item is allocated to them. Instead,
they are only concerned with the value of the items given by a fair algorithm.

Next, we will show that even this simple version of the arrangement problem is
NP-complete.

Theorem 6.1.3. The problem of whether a given simple arrangement problem A =

⟨K, I, J, U, r⟩, has a legal multi-strategy profile for which each agent obtains a payoff
of at least r is NP-complete.

To prove NP-hardness of the simple arrangement problem, we use the following
well-known NP-complete problem.

Definition 6.1.4. Partition is the following problem: given I ⊂ [n], are there disjoint
subsets P1, P2 ⊆ I such that

∑
s∈P1

s =
∑

s∈P2
s and P1 ∪ P2 = S.

We are now ready to proceed to the proof of NP-completeness.

Proof. It is obvious that the problem is in NP because we can check whether a
given multi-strategy profile can give the required payoff threshold for all agents. To
prove NP-hardness, we begin with an arbitrary instance of partition where I ⊂ [n]

is the input of the partition problem, and generate a simple arrangement problem in
the following. A⟨{1, 2}, I, I, U, 1

2

∑
t∈I t⟩ is a simple arrangement problem with the

specified payoff threshold 1
2

∑
t∈I t where U is defined as follows:

U(1, i, j) = U(2, i, j) =

{
i if i = j

−2n2 if i ̸= j

If we have a partition {P1, P2} (such that P1, P2 ⊂ I), we know that P1 ∪ P2 = I

and
∑

t∈P1
t =

∑
t∈P2

t = 1
2

∑
t∈I t. We define the multi-strategy of each agent k to

be Tk = {(t, t) | t ∈ Pk}. Each agent will get the payoff 1
2

∑
t∈I t and all conditions

(legal multi-strategy profile) are satisfied since {P1, P2} is a partition.
Suppose that we have a solution to this simple arrangement problem and T1 and

T2 are multi-strategies of both agents respectively. The multi-strategy of each agent
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k must have the format Tk ⊂ {(t, t) | t ∈ I} otherwise, we cannot guarantee the
threshold 1

2

∑
t∈I t if we pick any strategy that give the utility −2n2 . For each agent

k, we define Bk = {t | (t, t) ∈ Tk} and show that B1 and B2 form a partition. The
proof is followed by the fact that the multi-strategy profile that is guaranteed the
threshold 1

2

∑
t∈I t is a legal strategy profile which means that each i ∈ I, we can

conclude either i ∈ P1 or i ∈ P2. The guaranteed payoff 1
2

∑
t∈I t proves the second

condition that we need for a partition:

1

2

∑
t∈I

t =
∑
t1∈P1

t1 =
∑
t2∈P2

t2

6.1.2 Strategic Arrangement Problem

It is natural to consider a situation in which the agents can act strategically. In
the strategic fair division problem that we define, an agent’s payoff depends on the
strategies chosen by the other agents. Specifically, each agent will express the value of
each item and will also express the regret of losing items for each round (see Section
5.1.5).

By solving the strategic arrangement problem, and considering the supports of
the players in a constrained Nash equilibrium with a minimum expected payoff for
each agent, we generate a potential fair allocation of the items. For convenience, to
reflect more commonly used game-theoretic notation, we write uk(i, j) synonymously
for U(k, i, j). In this setting, we also may use the term players for agents.

Definition 6.1.5. A strategic arrangement problem Aϵ is given by a tuple of the form
⟨K, I, J, U, θ, τ, r⟩ where K = [k] is the set of players, I = [n] is the set of items and
J = [m] is the set of places. A pure strategy is a pair (i, j) such that i ∈ I and j ∈ J .
A mixed strategy is a distribution over pure strategies, and a (mixed) strategy profile
is a vector of (mixed) strategies for all players. For each player k, we are also given
the utility matrix uk such that uk(i, j, x−k) gives the payoff of putting the item i ∈ I
in place j ∈ J assuming all other players play x−k. A desirable output of this problem
is a strategy profile x∗ such that all the following conditions are satisfied:

• For each player k, we have uk(x∗) + ϵ ≥ uk(s, x∗−k) for all s = (i, j) where i ∈ I
and j ∈ J (A Nash equilibrium).
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• If (i, j) ∈ (I, J) is assigned with a positive probability in one player’s strategy,
then for ∀i′ ∈ I and ∀j′ ∈ J , (i, j′) and (i′, j) cannot be assigned with a positive
probability in any other player’s mixed strategy. In addition, for each item
i ∈ Ik, there can exist at most one place j ∈ Jk such that (i, j) ∈ Tk (Each item
and place can be used once by only one player).

• For all players, each pure strategy (i, j) can be assigned with a probability greater
than θ or zero.

• All players achieve an expected payoff of at least r − ϵ.

• Each player must pick at least τ items.

A strategy profile is called legal if it satisfies all of the specified conditions.

Remark 6.1.6. The simple arrangement problem aims to find a legal multi-strategy
profile in which all players get at least the threshold payoff that was defined. In
contrast to the simple arrangement problem, this problem aims to find an equilibrium
(a legal mixed strategy profile) that achieves an expected guaranteed payoff for all
players. We also need to have the (general) assumption that |K| is a constant in the
strategic arrangement problem.

Remark 6.1.7. We may consider the utility matrices being defined as follows:

∀k ∈ K and ∀t ∈ I, ∀j ∈ J uk(t, j,x−i) = αVk(t) + (1− α)Rk(x−i)

Vi(t) indicates the value of item t for player i and Ri(x−i) is a function that is
computable in constant time that shows how a player can interpret the allocation
of items (t1, . . . , ti−1, ti+1, . . . , tk) in different rounds (r1, . . . , ri−1, ri+1, . . . , rk) to the
other players. Note that x−i = ((t1, r1), . . . , (ti−1, ri−1), (ti+1, ri+1), (tk, rk)) and α is a
constant.

Remark 6.1.8. Indeed, our model could reflect the strategic behavior of the agents
since the agents include how they value the items and their regret of losing the items
in different rounds of the allocation.

Next, we will investigate the computational complexity of this problem. We prove
the hardness of the strategic arrangement problem by extending the results of the
previous chapter. There, the hardness of the problem of finding an approximate
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Nash equilibrium with the constraints that we had in Definition 6.1.5 for two-player
games is demonstrated separately. We need to show that hardness holds while all
of the provided constraints are in place, in addition to more complex strategies that
have the format of |I| × |J | (see the definition and the proof of NP-completeness of
Partition Nash equilibrium in the previous chapter).

Theorem 6.1.9. The problem of deciding whether there exists a legal strategy profile
for Aϵ(K, I, J, U,

1
θ
, τ, r) is NP-complete.

Proof. An analysis similar to Theorem 5.2.1 Part (b) shows that this game has an
approximate partition Nash equilibrium with the following properties iff the given
formula ϕ is satisfiable:

• A guaranteed payoff of n− 1− ϵ.

• For each variable v and its associated literals −lv and lv, one of the literals is
played with a probability greater than 1

n
−2ϵ− 1

n2 while the other is played with
a probability smaller than 1

n2
1.

• All other strategies will be played with a small probability ϵ
cn

by exactly one
player. Note that c is just a constant used to generate a game in Proposition
5.4.11.

We define the strategy set of the game A(ϕ, ϵ) to be SA = SA1 = SA2 = S × S.
The utility matrices of this game can be generated by using a similar idea (copying
the literals and associating the first copy with the first player, and the second copies
will be associated with the second player by penalizing the players) compared to
Proposition 6.1.3 as follows:

uA1 ((i, j), (s, t)) =

{
u1(i, s) j ̸= t

−2cn2 o.w

This definition will prevent the possibility of assigning probabilities smaller than
ϵ

2cn2 (by an argument similar to Lemma 5.3.4 and Lemma B.4.3.). Assuming (x1, . . . , xn)

satisfies the formula ϕ with literals l1, . . . , ln. For the row player, assign the proba-
bility 1

n
to each of the strategies ((l11, 1), . . . (l

1
i , 2i + 1), . . . , (l1n, 2n − 1). The column

player will assign the probabilities of ((l22, 2), . . . (li2, 4) . . . (ln2 , 2n)) to be 1
n
, except that

(l21, 2) is assigned to have a probability of 1
n
− ϵ

2cn
.

1See Lemma 5.3.9 which is similar to Theorem 8.6 in [169].
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The column player will distribute the weight ϵ
cn

equally to the remaining strategies
to generate, and we can generate a legal strategy profile as it satisfies the conditions
of a partition Nash equilibrium. More specifically, for any remaining place (round) r
(|S| ≥ r > 2n), the column player will pick the remaining strategies other than pure
strategies in L1 ∪L2 with a probability of ϵ

2cn(|S|−2n) . This shows that this game does
have a legal strategy profile with a guaranteed payoff of r = n− 1− ϵ, 1

θ
= ϵ

2cn(|S|−2n)

(greater than ϵ
2cn2 ) where for each place (round) one item in |S| is selected.

If the formula is unsatisfiable, at least one of the players cannot make a guaranteed
payoff n − 1 − ϵ without violating the disjointness condition, by a proof similar to
5.3.2 in the previous chapter.

Remark 6.1.10. It is easy to see that all strategies other than the ones that are
related to the literals can be distributed arbitrarily between the players. It is also
easy to see that the support of players will have n elements if the formula is satisfiable.

6.2 Simple Analysis for Random Matrices

To find a constrained Nash equilibrium, we can use well-known algorithms that gen-
erate Nash equilibria that search through the space of potential strategy profiles.
We provide a simple analysis, indicating that, at least for random utility matrices,
approximation algorithms that are designed based on considering random potential
strategies may not guarantee a good payoff (see also [56, 162]). In particular, in this
case, such algorithms are likely to find a Nash equilibrium, but are unlikely to find an
equilibrium with disjoint supports that has any expected guaranteed payoff greater
than 1

2
(conditions 2 and 4 in Definition 6.1.5).

Proposition 6.2.1. In a game with random utility matrices, all mixed strategy pro-
files will form a Nash equilibrium regardless of what the other player does. In other
words, both players are indifferent to all mixed strategies.

Proof. We show that the expected payoff for any strategy (x, y) pair, where x =

(x1, · · · , xn) and y = (y1, · · · , yn) are fixed mixed strategies, is always 1
2
. The expected

payoff for the row player is calculated as
∑n

i=1

∑n
j=1 xi.yju1(i, j). Since the expected

expectation is a just a number (E[E[x]] = E[x]), we can conclude the following:

E[u1(x, y)] = E[u1((x1, · · · , xn), (x1, · · · , yn))]
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= E[
n∑

i=1

n∑
j=1

xi.yju1(i, j)]

=
n∑

i=1

n∑
j=1

xi.yjE[u1(i, j)] =
n∑

i=1

xi

n∑
j=1

yjE[u1(i, j)]

We know that for each i and j, E[u1(i, j)] = 1
2
.

E[u1(x, y)] =
n∑

i=1

xi

n∑
j=1

yjE[u1(i, j)] =
1

2

n∑
i=1

xi.(
n∑

j=1

yj) =
1

2

The argument holds for the column player symmetrically.

The following proposition implies that it is unlikely to find a Nash equilibrium
with our second constraint (Definition 6.1.5) by using randomization over possible
mixed strategies, similar to the algorithms described in [56, 76].

Proposition 6.2.2. In a two-player game that has random matrices, the probability
that a player does not use any arbitrary pure strategy in the support is zero.

Proof. There is a mechanism for generating points uniformly on simplex (x1, · · · , xn)
where

∑n
i=1 xi = 1 by following this procedure:

Suppose X1, . . . , Xn are i.i.d exponential random variables. Next, we can conclude
(X1/X, . . . , Xn/X) is uniformly distributed on the simplex where X = X1+ · · ·+Xn.

We need to show that the outcome Xi

X
= 0 has a low probability to happen. We

do so by using the expected value. Suppose xi is the i-th order statistic from i.i.d
exponential sample.

By using Rényi representation, we can construct xi based on a recursive equation:
We initialize it by using an additional variable x0 = 0, and let

(
X̃i

)
i≥1

be a sequence
of i.i.d exponentials. Then, define:

xi = xi−1 +
X̃i

n− i+ 1

Pr(xi > 0) = Pr(xi−1 +
X̃i

n− i+ 1
> 0)

≥ Pr(
X̃1

n− 1 + 1
> 0) = Pr(X̃1 > 0) = 1− Pr(X̃1 = 0) = 1
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6.3 A Quasi-Polynomial Time Algorithm

We use the following quasi-polynomial time algorithm [130] that is close to optimal
running time for finding a Nash equilibrium in normal-form games with a constant
number of players. Note that we assume the exponential time hypothesis (ETH) for
the (PPAD-complete) end-of-the-line problem (also called PETH) [166].

Definition 6.3.1. Suppose that all players choose their mixed strategies from S.
Assume that S ′ is a multi-set whose elements are from S (it has a number of copies
of some elements of S). A mixed strategy is called t-uniform if it is the uniform
distribution on a multi-set S ′ of pure strategies, with |S ′| = t.

Proposition 6.3.2 ([130]). For any two-player game G , for any real number ϵ be-
tween 0 and 1 , for every t ≥ 12 lnn

ϵ2
, there exists a pair of t-uniform strategies x′, y′,

such that:

1. x′, y′ is an ϵ-Nash equilibrium for G.

2. |uG1 (x′, y′) − uG1 (x∗, y∗)| ≤ ϵ′, (row player gets almost the same payoff as in the
Nash equilibrium (x∗, y∗))

3. |uG2 (x′, y′) − uG1 (x∗, y∗)| ≤ ϵ′, (column player gets almost the same payoff as in
the Nash equilibrium)

The proof is available in [130], which is based on the probabilistic method.

Proposition 6.3.3 ([130]). For a k-player game where k is a constant, for a fixed t,
there exists a quasi-polynomial algorithm for computing all t-uniform ϵ-Nash equilib-
ria.

Proof. For a two-player game, it is easy to verify ϵ-Nash equilibrium conditions as we
need to check only for deviations to pure strategies. Given an ϵ > 0, fix t = 12 lnn

ϵ2
.

Using brute-force search, we can compute all t-uniform ϵ-Nash equilibria (at least one
such equilibrium exists). The running time of the algorithm is quasi-polynomial since
there are C(n+t−1, t)2 possible pairs of multi-sets to look at. The proof is similar for
any constant k with a minor difference that t = 3k2 ln k2n

ϵ2
and checking C(n+ t− 1, t)k

strategies (see [130]).
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Following the introduction of the strategic arrangement problem and the examina-
tion of several computational barriers and techniques related to general game theory,
we initially begin with the following algorithm (Algorithm 2) to solve a two-player
arrangement problem. This algorithm can be simply expanded to any k-player ar-
rangement problem as long as 1

θ
≥ 3k2 ln (k2|I|·|J |)

ϵ2
2.

ALGORITHM 2: A quasi-polynomial algorithm for approximating a legal strategy of
an arrangement problem
Input: Aϵ⟨{1, 2}, I, J, U, τ, r⟩
Calculate 1

θ = 12 ln |I|·|J |
ϵ2

based on ϵ;
For any θ-uniform strategy profile that can be generated from |I| × |J |: if Check if the
strategy is a ϵ-Nash equilibrium then

if This strategy profile is legal and provides the minimum expected payoff guarantee
r to all players then

return the strategy profile;
end
else

continue the search;
end

end

6.4 Using the Bus Transportation Algorithm

Algorithm 2 has three obvious drawbacks for finding a legal strategy profile for the
arrangement problem. First, the worst-case running time is not ideal since it is a
quasi-polynomial algorithm. Second, it may not find a legal strategy profile since it
only searches θ-uniform strategies. Third, ϵ and θ depend on one another.

We use the bus transportation algorithm (BTA), a meta-heuristic which attempts
to find a legal strategy profile that maximizes the social welfare of all players. First,
we need to review some essential background of the bus transportation algorithm.
Next, we show that we can transform the search process of finding a legal strategy
in a strategic arrangement to a binary quadratically constrained quadratic program
(QCQP) and apply an algorithm similar to the bus transportation algorithm for
integer programming to the transformed problem. The formulation became complex

2Indeed, θ depends on ϵ. This is due to the fact that we need to find a Nash equilibrium that
also satisfies the third constraint of the strategic arrangement problem and the algorithm of [130]
only considers t-uniform strategies.
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due to the fact that the strategies must have certain properties in contrast to simpler
methods such as Lemke-Howson [127] and support enumeration [174, 184].

6.4.1 Overview of General Bus Transportation algorithm

The bus transportation algorithm (BTA) is a meta-heuristic inspired by the collec-
tive civic behavior of humans. The algorithm uses humans, buses, and stations as
components to reflect a situation in which the purpose of using buses is to help peo-
ple reach their destinations. The buses will take some passengers, who have limited
knowledge of an ideal station, and will help them reach their destination based on
their preferences and their prior knowledge. Figure 6.1 illustrates an overview of this
meta-heuristic algorithm.

Figure 6.1: General Bus Transportation Algorithm

6.4.2 Overview of BTA for Integer Programming

We now describe a brief review of BTA for integer programming, which is presented
in [34], where the learning algorithm component that was used is simple human
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learning optimization (SHLO) [182]. The key concept in SHLO is that humans use
their individual and social experiences in order to reach their goals, while sometimes
they exhibit random behavior. BTA for integer programming also adds more elements,
which are supervision (the bus drivers), along with some other features of other meta-
heuristic algorithms, such as tabu search and IMPRO [14, 90, 91]. Accordingly, the
bus driver will try to find a simple pattern to improve the answer and try to avoid
solutions that have already been examined. In other words, the bus driver will not
take the passengers to stations that are not ideal.

For this specific problem (binary integer programming), the variables will be the
passengers while the bus driver controls the passengers going to the right station
(taking the right value, either zero or one) [34]. In the paper [34], a variety of stations
were considered where the passengers can be placed either in short-term (STS), mid-
term (MTS), or long-term stations (LTS). Each passenger begins with a random (zero
or one) short-term station, and one of the buses takes them to other stations. The
passengers follows a merit function F (which is a smarter version of IKD in [182]), a
social experience matrix (SKD in [182]), and announces their preferred station (zero
or one station) to the bus driver. The bus driver takes this passenger to the preferred
station (zero or one) with the correct type of station (short, mid, or long term). The
type of station that the passengers are sent to depends on their previous history.
Figure 6.2 shows the possible transition between the stations for the passengers. The
final goal is that all passengers eventually reach their ideal long-term station while the
optimization goals of the problem (constraints) are satisfied. If most of the passengers
reach a long-term station, it means that this configuration is likely to form a global
optimum. To avoid local optimum answers, a chance is given to the passengers to go
back to mid-term stations with a lower probability. We may consider constant stations
(CS) (only used in [34]) for passengers whose stations can be determined based on
the structure of the optimization problem easily. According to [34], BTA outperforms
well-known meta-heuristic algorithms in binary integer programming problems.

6.4.3 Overview of BTA for The Arrangement Problem

Given a finite set of players K, action index sets I and J , utility functions {Uk}k∈K ,
and parameters τ , r, and θ, the goal is to find a legal strategy profile x = (x1, . . . , x|K|)

satisfying the arrangement constraints (Definition 6.1.5) that maximizes the total so-
cial welfare

∑
k∈K Uk(x). Each mixed strategy xk is represented by {x(i,j)k }i∈I, j∈J , with
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Figure 6.2: A transportation system with three buses and four types of stations

a discretized binary encoding. We encode this optimization problem as a quadrati-
cally constrained quadratic program (QCQP) as follows:

max z =

|K|∑
k=1

Uk(x1, . . . , xk, . . . , x|K|)

Uk(x1, . . . , xk, . . . , x|K|) > Uk(x1, . . . , sk, . . . , x|K|), k ≤ |K|, sk ∈ |I||J |

Uk(x1, . . . , xk, . . . , x|K|) > r, k ≤ |K|

xk =
∑
i≤|I|

∑
j≤|J |

x
(i,j)
k = 1, k ≤ |K|

x
(i,j)
k =

∑
u≤ 1

θ

y
(i,j,u)
k · θ, k ≤ |K|, i ≤ |I|, j ≤ |J |

y
(i,j,u)
k ∈ {0, 1}, k ≤ |K|, j ≤ |J |, u ≤ 1

θ

x
(i,j1)
k1

x
(i,j2)
k2

= 0, k1, k2 ≤ |K|, i ≤ |I|, j1, j2 ≤ |J |∑
k≤|K|

∑
i≤|I|

x
(i,j)
k > 0, j ≤ |J |

x
(i1,j)
k1

x
(i2,j)
k2

= 0, k1, k2 ≤ |K|, j ≤ |J |, i1, i2 ≤ |I|

Supp(xk) > τ, k ≤ |K|
(6.1)

Remark 6.4.1. Here, the constraint Supp(xk) > τ is used as shorthand for an exact
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algebraic encoding of a minimum support-size requirement and can be implemented
via auxiliary binary variables and quadratic constraints linking support indicators to
mixed-strategy probabilities.

Note that it is easy to see that the support of each player can be extracted based on
the mixed strategies of the players. We again use SHLO to help us determine how we
can assign the variables similarly. Note that here we use IKD similarly to the original
paper [182], which means that we do not use a merit function compared to [34]. Some
basic ideas of Tabu search and IMPRO that were used in [34] are also considered here.
We consider the passengers to be the items, and stations will be considered to be the
places in the arrangement problem. Unlike the algorithm described in [34], here
multiple buses will be involved to solve an arrangement problem (the transformed
QCQP version). The midterm and long-term stations will only have a capacity of 1
while a short-term station can have all of the items (passengers). In each iteration,
each driver moves some passengers (items) to some stations (places) according to the
passengers’ preferences (based on SHLO). We can assume that the stations (rounds)
are divided among the players equally (τ = |I|

c
since here |I| = |J |) and the drivers

will only pick the passengers (items) if they desire to go to one of their associated
stations. We now proceed to Algorithm 3, which describes the whole procedure.

ALGORITHM 3: BTA for the arrangement problem
Input: Aϵ⟨K, I, J, U, θ, τ, r⟩ and maxBTA
Initialize ϵ, and the stations;
For each driver b, pick some passengers from STS, MTS and LTS stations;
Ask for a desirable destination from each passenger;
Move the passenger to either STS, MTS or LTS based on the previous history (See
6.2);

If the destination station (mid or long-term only) is occupied, move the occupant
passenger to their desirable STS station;

Form the support of each player based on the transitions that were done by each driver;
Try to Generate a θ-strategy profile that satisfies Equation 6.1 from the support;
if A solution is found within maxBTA rounds then

Return the strategy profile;
end
else

Terminate the program;
end
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6.5 Numerical Results

As stated, a general assumption in game theory considers games with a constant num-
ber of players since the payoff matrices will have exponential space usage. For sim-
plicity, we only consider 2-player games similar to all present works. The performance
is assessed based on a different number of items, and two different distributions3. The
first distribution (D1) is similar to a uniform distribution. The second distribution
(D2) is a biased distribution in which even the existence of a unconstrained Nash equi-
librium is unlikely. Table 6.1 indicates the best, worst, and average running times of
a strategic item allocation problem transformed to a strategic arrangement problem.
We assume ϵ = 0.01, maxBTA = 50, and with a guaranteed expected payoff of 0.4

(assuming all payoffs are scaled in [0, 1]) to all players. The practical results confirm
the fact that if we take any support strategy profile that satisfies the conditions of
the strategic arrangement problem, finding a solution is easy for utility matrices that
have a distribution similar to a uniform distribution. It is not surprising to see that
for utility matrices in which some items have strictly better values, the success rate of
each iteration of BTA is low. Furthermore, in this case, the overall running time will
be close to exponential as we need to iterate through all possible strategy profiles.

Table 6.1: 30 different independent runs of BTA with different sizes of I
Specifications Best Worst Average (Success,Failure) Average Iterations
|I|=6, D1 0.0013 0.024 0.007 50,0 3
|I|=6, D2 0.0016 0.031 0.008 50,0 3.600
|I|=12, D1 0.014 0.057 0.017 50,0 1.667
|I|=12, D2 0.027 2.748 1.027 47,3 37.933
|I|=30, D1 0.5688 1.223 0.6180 50,0 1
|I|=30, D2 14.180 62.739 56.251 2,48 48.100
|I|=60, D1 10.750 11.203 10.900 50,0 1

The first distribution is generated by simply considering the valuation of each
item i for player k (Vk(i)) to be a random number in linspace(0.1, 0.9, 9). The second
distribution is generated by considering the valuation of each item i for player k
(Vk(i)) to be a random number in the following set:

S = Good ∪Mid ∪Bad

Bad = {0.01, 0.04, 0.005, 0.06, 0.09, 0.01, 0.012, 0.020.026, 0.03, 0.05}
3The version of MATLAB was R2022b. The system that the test was done on had Core i7 10870H

with no turbo boost with a single thread.
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Mid = {0.06, 0.12, 0.13, 0.15, 0.2, 0.21}

Good = {0.22, 0.230.25, 0.27, 0.3, 0.32, 0.44, 0.8}

The final utility is generated as follows:

Uk(i, j, i
′, j′) = Vk(i)− Vk(i′)/4
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Chapter 7

Conclusion and Open Problems

In this thesis, we initiated a systematic study of the computational aspects of ap-
proximating several general equilibrium problems in game theory. In particular, we
established PPAD-completeness of variational inequalities as a unifying framework
for modeling equilibrium problems that require certain assumptions, such as convex-
ity of the feasible domain, for which we perform optimization. We also extended
our framework to equilibrium problems under uncertainty, showing that finding an
approximation solution to the robust counterparts of classical equilibrium models is
PPAD-complete. Furthermore, we studied several general equilibrium problems that
do not have convexity assumptions in two general settings. We also consider a problem
that is a combination of several equilibrium problems (strategic arrangement prob-
lem), which can introduce an alternative fairness criterion, and attempt to solve it by
employing human-inspired metaheuristics. In Section 7.1, we summarize the known
results on the computational complexity of equilibrium problems under convex and
non-convex constraints. Below, we suggest some possible research directions:

We have shown that our definitions of variational inequalities are general enough
for various problems in game theory. One interesting direction could be investigating
other game theoretic problems, as several other papers study properties of the Nash
equilibrium in network games by using variational inequalities [136, 142, 154]. The
relevance of our work in variational inequalities is further reflected in subsequent
research that cites it, including studies that extend its ideas beyond the traditional
boundaries of game theory [5, 92, 187, 188]. For example, [187] introduces a new
relaxation of the classical variational inequality (VI) framework—called Expected
Variational Inequalities (EVIs). These have a close connection to coarse correlated
equilibrium problem [11, 140] and maximizing a (single) function that satisfies quasar-
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concavity. Instead of finding a single point satisfying the VI constraints, EVIs look
for a probability distribution over feasible solutions that satisfies the VI condition
in expectation. Extension of their work to include variations such as EQVI and
EGQVI is still an open problem. Also, we have not considered the exact version of
variational inequality problems, but we conjecture that it should be possible to prove
FIXP-completeness for appropriate formulations (see [78]).

Our findings and insights for games with uncertainty could be of use in deriving
computational complexity results for various learning problems (see also [55, 189]).
Furthermore, an interesting extension of our work could be investigating games with
smart contracts and their applications to permissionless blockchains such as Ethereum
[94]. Also, deriving computational complexity results for problems we studied, such
as resilient Nash equilibrium under different and less restrictive assumptions, could
be of potential interest.

Given the fact that constrained equilibria are provably harder than their uncon-
strained versions, an open question is whether natural variants of equilibrium lie in
TFNP but outside PPAD1. For the strategic arrangement problem, we may consider
less restrictive concepts such as generalized Nash equilibrium (social Nash) along with
different game formats such as graphical games [124], where an equilibrium is easier
to find.

1This question was answered in [87]. However, the question of whether there exists another
variation that goes beyond CLS is still interesting
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7.1 Summarization of Results

Tables 7.1 and 7.2 summarize the computational complexity of various equilibrium
problems under convex and non-convex constraints, respectively. For convex con-
straints (Table 7.1), the results are organized into exact computation, approximate
computation, and computation under uncertainty (approximate robust equilibrium).
For non-convex constraints (Table 7.2), the categories are constant-factor approxima-
tion (see also [64]) and polynomial-time approximation. Several of the approximate
results, including PPAD-hardness, follow directly from the known hardness of ap-
proximating Nash equilibria [45, 59]. For the exact computation, the problems are
all FIXP -hard for more than two players, and we speculate that most problems
are either FIXP-complete [70, 78] or ∃R-complete [82] (except non-remedial L/F-
equilibrium). The complexity of these problems remains open in general. In the
tables, “H” denotes hardness and “C” denotes completeness.

Table 7.1: Complexity of Equilibrium Problems under Convex Constraints
Problem (more than 2 players) Exact Approx +Uncertainty
Normal Form Games (mixed Nash) FIXP-C [70] PPAD-C [45, 59] PPAD-C
General Convex Games (Generalized Nash) FIXP-C [78] PPAD-C PPAD-C
Generalized Close Equilibrium FIXP-C PPAD-C PPAD-C
Total Resilient Nash FIXP-H PPAD-C PPAD-C
Remedial L/F-Equilibrium FIXP-H PPAD-C PPAD-C
(Non-Remedial) L/F-Equilibrium Σ2P -H PPAD-H PPAD-H

Table 7.2: Complexity of Equilibrium Problems under Non-Convex Constraints
Problem (more than 2 players) Const-Approx Poly-Approx
Disjoint Nash PPAD-H NP-C
Generalized Disjoint Equilibrium P P
Partition Nash Equilibrium PPAD-H NP-C
Far Nash Equilibrium PPAD-H NP-C
Close Nash Equilibrium PPAD-H NP-C
Generalized Far Equilibrium PPAD-H PPAD-H
Restricted Disjoint Equilibrium PPAD-H NP-C
Restricted Far Equilibrium PPAD-H NP-H
Resilient Nash Equilibrium PPAD-H NP-C
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Appendix A

Auxiliary Proofs

This appendix collects shorter proofs and technical arguments that, while not cen-
tral to the main exposition, support various results in the thesis. These proofs are
included here for completeness and to avoid interrupting the flow of the main text.
In particular, they cover auxiliary lemmas, straightforward derivations.

A.1 Some Properties of L2 Distance

We use some fundamental lemmas pertaining to the properties of the L2 distance.

Lemma A.1.1. Suppose that f and g are γf and γg strongly concave functions where
f, g : X → Y . Then, f + g is a γf + γg-strongly concave function.

Proof. Suppose that x, y ∈ X. We have the following:

(f + g)(λx+ (1− λ)y)− ((λ(f + g)(x)− (1− λ)(f + g)(y))

≥ λ(λ− 1)

2
γf∥x− y∥22 +

λ(λ− 1)

2
γg∥x− y∥22 =

λ(λ− 1)

2
(γf + γg)∥x− y∥22

Lemma A.1.2. The function f(x) = γ∥x∥22 is 2γ-strongly convex.
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Proof. The key lies in leveraging the fact that the L2 is arising from an inner product.

f(λx+ (1− λ)y)− (λf(x)− (1− λ)f(y))

= γλ2∥x∥2 + 2γλ(1− λ)⟨x, y⟩+ γ(1− λ)2∥y∥2

− γλ∥x
∥∥2 − γ(1− λ)∥∥ y∥2

= γλ(λ− 1)∥x∥2 + γ(1− λ)(1− λ− 1)∥y∥2s+ 2γλ(1− λ)⟨x, y⟩

= −γλ(1− λ)∥x∥2 + 2γλ(1− λ)⟨x, y⟩ − γλ(1− λ)∥y∥2

= −γλ(1− λ)
(
∥x∥2 − 2⟨x, y⟩+ ∥y∥2

)
= −γλ(1− λ)∥x− y∥2

≤ −1

2
γλ(1− λ)∥x− y∥2

since γλ(1− λ)∥x− y∥2 ≥ 0.

Corollary A.1.3. The function f(x) = −γ∥x∥22 is γ-strongly concave.

A.2 On Lipschitz Continuity

The paper [152] proves that the relaxed algorithmic Lipschitzness parameters are
reasonable for an (η,

√
m,L) well-conditioned correspondence.

Lemma A.2.1. Let F : Rm∗ ⇒ Rm∗ be an (η,
√
m,LF) well-conditioned corre-

spondence, and two vectors p,q ∈ Rm∗, w = Π̃ϵ
F(q)(q) and z = Π̃ϵ

F(p)(w), then
∥z − w∥ < LF∥p − q∥ + 3(1 + ĉd,η)ϵ holds where ĉd,η is the constant of Theorem
3.15 of [152].

Remark A.2.2. For strong separation oracles, ĉd,η = 0 as the margin η = 0.

Remark A.2.3. Theorem 3.15 of [152] establishes the relationship between the exact
projection problem and the approximate projection problem by bounding the error
caused by using the approximate version instead of the exact projection.

For establishing the reduction from Kakutani’s fixed point to a PPAD version
of Sperner’s lemma, the paper [152], ensures that Lipschitz’s continuity of the given
correspondence of Kakutani’s fixed point is sufficient. Lemma C.6 in [152] also ensures
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why Lemma A.2.1 is sufficient for the violation of Lipschitz continuity by testing the
requirement of Lemma A.2.1 on the given solution by Sperner’s problem. For GQVI,
similar to concave games in [152], it is sufficient to ensure we adapt robust Berge’s
maximum theorem. Any infeasible solution given by Sperner’s problem (indirectly
given to Kakutani’s fixed point) can only be caused by the violation of emptiness or
the violation of Lipschitzness (see page 31 in [152]). This is possible to detect by the
given tools in [152], given the discussion here and throughout the research.

Lemma A.2.4. Let F be an L-Hausdorff Lipschitz continuous and well-bounded cor-
respondence. Additionally, let any two vectors p, q ∈ Rm∗ with distance at most ∥p−
q∥ ≤ ξ and any positive constants ϵ, ϵ◦, such that

∥∥∥Π̂ϵ
F (p)

(
Π̂ϵ

F (q)(q)
)
− Π̂ϵ

F (q)(q)
∥∥∥ ≤

Lξ + L̂d,η · ϵ+ L̂◦d,ηϵ◦ for some constants L̂d,η, L̂◦d,η. Then, it holds that :

∥∥∥Π̂ϵ
F (p)(p)− Π̂ϵ

F (q)(q)
∥∥∥ ≤ 2

4
√
d
√
2 errord,η,L (ξ, ϵ, ϵ◦) + errord,η,L (ξ, ϵ, ϵ

◦)

where error d,η,L (ξ, ϵ, ϵ
◦) = (L+ 1)ξ + L̂′d,η · ϵ+ L̂◦d,ηϵ◦ and L̂′d,η = L̂d,η + 2ĉd,η

We restate the following lemma from ( Lemma A.1 in [76]) states that any linear
arithmetic circuit f mapping Rn to Rm is Lipschitz-continuous with respect to the
ℓ∞-norm. The Lipschitz constant for the circuit is bounded by 2size(f)2 , where size(f)
is the number of nodes in the circuit. This means that the output of the circuit
changes at a controlled rate, depending on its size.

Lemma A.2.5 ([76]). Any linear arithmetic circuit F : Rm → Rm is 2size(F )2-
Lipschitz-continuous (with respect to the ℓ∞-norm) over Rm.

We cannot extend the result to linear arithmetic circuits that implement separa-
tion oracles for convex correspondences. This is due to the fact that for correspon-
dence F , a strong separation oracle only provides information about whether a point
is inside or outside F(x), not about how F(x) changes continuously with respect to
x.

Example A.2.6. Consider the correspondence C : R ⇒ R defined in the follow-
ing. The separation oracle for C(x) is piecewise linear, as the separating hyperplanes
defining the sets are given by linear functions. Note that [0, 1] and [1, 2] are both
bounded, compact, and convex. However, the correspondence C is not Lipschitz con-
tinuous with respect to the Hausdorff distance. Specifically, there is a discontinuity at
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x = 0, where the Hausdorff distance between C(0) = [0, 1] and C(ϵ) = [1, 2] is always
1 for any ϵ > 0, regardless of how small ϵ is.

C(x) =

[0, 1], if x ≤ 0,

[1, 2], if x > 0.

A reasonable assumption that would prevent counterexamples could be Inner
Stability Condition which means that there exists a function g : X → Rm such
that for all x ∈ X, the set F(x) can be written as F(x) = {y | G(x, y) ≤ 0}
for some Lipschitz-continuous function G(x, y). This assumption ensures that the
boundary of F(x) moves in a controlled way, ruling out sudden jumps. If G(x, y) is
Lipschitz continuous, then small changes in x lead to small changes in F(x), making
F(x) Hausdorff-continuous with a controlled Lipschitz bound. In this situation, if we
consider G to be a well-behaved function, we can effectively approximate it by linear
arithmetic circuits, and Lipschitzness inherently holds using the restated lemma and
the theorem from [76].

A.3 Other Variations of GQVI

We may impose more restricted convexity assumptions on our correspondences, such
as F being strongly convex-valued. Note that for the correspondences in GQVI, we
only have access to their separation oracles and tools, such as approximate projection
problems. Strongly convex sets could be of interest in optimization and numerical
stability because they ensure unique solutions, robust algorithms, and theoretical
guarantees for stability. For the sake of completeness, we consider a variant consid-
ering strong convexity of F . We define the Violation of (almost) µ-strong convexity
as follows:

(Violation of µ-strong convexity): There vectors x, p, q ∈ Rm∗ and two constants
ϵ > 0 and λ ∈ (0, 1) such that:∣∣∣∣Π̃ϵ

F(x) (λp+ (1− λ)q)−
(
λp+ (1− λ)q − 1

2
µλ(1− λ)∥p− q∥21

)∣∣∣∣ ≻ ϵ1

To justify the definition, we start with an equivalent convexity definition based
on projection.

Lemma A.3.1. Let C be a subset of Rm. If C is convex, then, for any p, q and
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λ ∈ (0, 1), ΠC(λp+ (1− λ)q) = λp+ (1− λ)q.

Proof. The proof follows by the fact that, by definition, the set C is convex if for any
p, q ∈ C and λ ∈ [0, 1], the point λp + (1 − λ)q lies in C and the (exact) projection
maps a point inside of a set to itself.

Next, we establish a relationship between strong convexity of sets and (almost)
strong convexity in the following:

Proposition A.3.2. Let C ⊂ Rm be closed, and let Π̃ϵ
C be an approximate projection

operator such that for all z0 ∈ Rm,

|Π̃ϵ
C(z0)− ΠC(z0)| ⪯ ϵ1,

where ΠC(z0) is the exact Euclidean projection of z0 onto C. Assume that for all
p, q ∈ C and λ ∈ (0, 1),∣∣∣∣Π̃ϵ

C(λp+ (1− λ)q)−
(
λp+ (1− λ)q − 1

2
µλ(1− λ)∥p− q∥21

)∣∣∣∣ ⪯ ϵ1. (A.1)

Then C is µ-strongly convex, provided the following **limit/uniformity assump-
tion** holds:

lim
ϵ→0

Π̃ϵ
C(z0) = ΠC(z0) uniformly in z0.

Proof. Let p, q ∈ C and λ ∈ (0, 1), and define

z := λp+ (1− λ)q − 1

2
µλ(1− λ)∥p− q∥21.

By assumption (A.1) we have

|Π̃ϵ
C(λp+ (1− λ)q)− z| ⪯ ϵ1.

Now, take the limit ϵ→ 0 and use the uniform convergence assumption:

ΠC(λp+ (1− λ)q) = lim
ϵ→0

Π̃ϵ
C(λp+ (1− λ)q).

Therefore, we obtain
ΠC(λp+ (1− λ)q) = z.
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Since the exact projection of any point onto a closed set lies in the set, we have

z = ΠC(λp+ (1− λ)q) ∈ C.

This holds for all p, q ∈ C and λ ∈ (0, 1), which is precisely the definition of
µ-strong convexity.

Remark A.3.3. Note that, similar to [152], the violation of strong convexity is
meaningful as output whenever the form of input is explicitly given; otherwise, strong
convexity holds as a promise. The other direction of the above-mentioned proposition
only holds under specific conditions, such as ΠC(z0) = z.

A.4 General Game Theory Results

A.4.1 Rational Solutions for Nash Equilibrium in Bi-Matrix

Games

In a bi-matrix game, the goal is to find a strategy profile (pair of mixed strategies)
such that the Nash conditions are satisfied. If we already know the support of these
strategies, determining the relative weight of the problem can be solved in polynomial
time using linear programming. This immediately gives the following:

Proposition A.4.1. Any 2-player game with rational payoffs has a rational Nash
equilibrium where the probabilities are of a bit-length polynomial with respect to the
number of strategies and bit-lengths of the payoffs.

Remark A.4.2. The Proposition does not apply to more than two players [70].

A.4.2 Support Enumeration and Fully Mixed Strategies

We can also provide an equivalent definition for a Nash equilibrium in a bi-matrix
game G(R,C) (R and C denote the payoff matrices for the row (first) and the column
(second) player respectively) by doing the following1:

x∗TRy∗ ≥ eTi Ry
∗,∀i ∈ {1, . . . ,m}

x∗TCy∗ ≥ x∗TCei, ∀i ∈ {1, . . . , n}
1We use these notations to enhance clarity and align with the original research.
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Remark A.4.3. For a bi-matrix game G, we can represent U1 and U2 by matrices
R = (rij) and C = (cij) respectively where U1(i, j) = rij and U2(i, j) = cij. The
matrix representation of such a game can be denoted G(R,C).

We can also define an ϵ-approximate Nash equilibrium by doing the following
modification:

x∗TRy∗ + ϵ ≥ eTi Ry
∗,∀i ∈ {1, . . . ,m}

x∗TCy∗ + ϵ ≥ x∗TCei,∀i ∈ {1, . . . , n}

Proposition A.4.4. The mixed strategy (x∗, y∗) is a Nash equilibrium of G(R,C) iff
these two conditions are satisfied:

∀i ∈ Supp(x∗), (Ry)i = u = max
q∈S
{(Ry)q}

∀j ∈ Supp(y∗),
(
xTC

)
j
= v = max

r∈S

{(
xTC

)
r

}
The first condition of this proposition states that a mixed strategy x∗ of the row

player is a best response to mixed strategy y∗ of the column player if and only if all
pure strategies i in the support of x∗ are best responses to mixed strategy y∗. The
second condition represents the best response condition corresponding to the column
player.

Proposition A.4.5. The problem of whether a game has a Nash equilibrium in which
both players play a fully mixed strategy is in P.

Proof. The following linear equations can check the case whether both players can
have a Nash equilibrium with support size n. A candidate mixed strategy pair is
determined by solving the equations:

∀j ∈ [n],
∑
i∈[n]

xicij = v,

∑
i∈[n]

xi = 1

∀i, xi > 0
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and
∀j ∈ [n],

∑
j∈[n]

yjrij = u

∑
j∈[n]

yj = 1

∀i, yi > 0

For the first player, the first set of equations tries to find a strategy x with support
size n that makes the column player indifferent among playing the pure strategies in
[n]. That means the column player obtains the same payoff, v, by playing the pure
strategies in [n] if the first player plays x. The second set of equations plays the same
role for the column player. If the linear equations do not have a solution, then there
is no Nash equilibrium where both players play a fully mixed strategy. The systems
of equations can be solved using back-substitution.

A.4.3 Diagonally Modified Games and Generalized Far Equi-

librium (Proposition 5.4.3)

Proposition A.4.6 (Restatement of Proposition 5.4.3). For any game G, the problem
of finding a (EXACT) Nash equilibrium in the bi-matrix game G is poly-time reducible
to the problem of finding a (EXACT) generalized disjoint equilibrium in DM(G).

Proof. This game can be modified to a diagonally modified game by using the con-
struction that we provide in the following. Suppose this normal-form game G has
payoff matrices U1 and U2 where both players’ strategies come from S = [n]. In the
following game DM(G)′ that we generate (which is also a diagonally modified game),
any Nash equilibrium of the original game G, forms a disjoint Nash equilibrium (which
is also a generalized disjoint equilibrium) in the generated game. Note that for any
Nash equilibrium in this game, the row player can only assign positive probabilities
on S1, and this holds for the column player with S2, respectively. The proof follows
from Lemma 5.2.5.

U ′1(x, y) =

UG1 (i, j) i ∈ S1 and j ∈ S2

−M otherwise

U ′2(i, j) =

UG2 (i, j) i ∈ S1 and j ∈ S2

−M otherwise
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A.4.4 Generalized Disjoint Equilibrium is in NP

Proposition A.4.7. The problem of finding a generalized disjoint equilibrium in a
bi-matrix is in NP.

Proof. We use the equivalent matrix format to calculate the expected payoffs. Sup-
pose that we have a generalized disjoint equilibrium (x∗, y∗) ∈ △n × △n. We can
check the following for the row (similarly for the column player):

∀i ∈ {1, . . . ,m} ∩ S − Supp(y∗), x∗TRy∗ ≥ eTi Ry
∗

Suppose x = (αi1 , . . . , αim) is an arbitrarily mixed strategy in Rn
disjoint(y

∗) where
we removed all strategies that are assigned with a zero probability. We show that
any strategy in Rn

disjoint(x
∗) could be generated as follows. We multiply αi for each i

to the previous inequality and calculate the summation as follows:

m∑
i=1

αix
∗TRy∗ ≥

m∑
i=1

αie
T
i Ry

∗

Since x is a distribution, we have
∑m

i=1 αi = 1. And the right hand side will be∑m
i=1 αie

T
i Ry

∗ = xTRy∗. Finally, the result will be:

∀x ∈ Rn
disjoint(y

∗), x∗TRy∗ ≥ xTRy∗

And for the second player we can take the same approach:

∀y ∈ Rn
disjoint(x

∗), x∗TCy∗ ≥ x∗TCy

Corollary A.4.8. The problem of finding an approximate restricted disjoint equilib-
rium in a bi-matrix game is in NP.

Proof. The restricted version of generalized disjoint has one additional condition,
where checking the condition can be done in polynomial time.
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Appendix B

Additional Proofs

This appendix presents a selection of proofs that are either too long or too detailed
for the main text. Some proofs may involve repetitive steps or technical arguments,
and are included here to provide full rigor while keeping the main chapters concise.

B.1 A More General Form of the Robust Berge Max-

imum Theorem

We assume f(x, y) = (f1(x, y), . . . , ft(x, y)). We can easily extend the robust form of
Berg’s maximum theorem to f : A × B → Rt for any t by some minor changes, as
we now discuss1. We define the operator maxall to return all maximum values of all
coordinates in vector-valued functions in a vector in the given format. Recall that
argmaxall also returns a point in the domain that maximizes all coordinates of the
vector-valued function.

Theorem B.1.1. (Generalized Robust Berge Maximum Theorem). Let A ⊆ Rn1×Rn2

and B ⊆ Rm. Consider a continuous function f : A × B → Rt that is µ-strongly
concave ∀a ∈ A,L-Lipschitz in A × B and also a L′-Hausdorff Lipschitz, non-
empty, convex-set, compact-valued correspondence g : A ⇒ B. Define f ∗(a) =

maxallb∈g(a) f(a, b) and g∗(a) = argmaxallb∈g(a) f(a, b). Then, we observe f ∗ is con-
tinuous and g∗ is upper semi-continuous and single-valued, i.e., continuous. Fur-
thermore, g∗ is Lipschitz and

(
L′ + 2

√
4
µ

√
(L+ L · L′)

)
− (1/2, p)-Holder continuous

respectively (for sufficiently small differences)2.
1For MGQVI, we only need to prove the Lipschitzness of g∗.
2We only need the cases where n1 = m, n2 = r ·m and t = r.
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Proof. We will follow the proof of Theorem 3.20 in [152], leveraging the generalized
Apollonius theorem. Note that if f ∗(a) = (f ∗1 (a), . . . , f

∗
t (a)) = (f1(a, b), . . . , ft(a, b)),

we can conclude that (f1(a, b), . . . , ft(a, b)) ≥ (f1(a, c), . . . , ft(a, c)) for all c ∈ g(a).
In other words for all 1 ≤ i ≤ t, fi(a, b) ≥ fi(a, c).

We first prove that g∗ is a single-value function. For the sake of contradiction,
assume that we have b1, b2 ∈ g∗(a). By the definition of f ∗(a), we have the following:

f ∗(a) = maxall{f(a, b) : b ∈ g(a)} = f (a, b1) = f (a, b2)

Let bk = b1 · k+ (1− k) · b2 for some k ∈ (0, 1). By the fact that g is a convex-valued
correspondence, it also holds that bk ∈ g(a). Then, by concavity of f we have that:

f ∗(a) ⪰ f (a, bk) = f (a, b1 · t+ (1− t)− b2) ⪰ f (a, b1) · k + (1− k) · f (a, b2)

= f ∗(a) · k + (1− k) · f ∗(a) = f ∗(a)

So, by definition bk ∈ g∗(a). However, since f is strongly concave, it has a unique
maximizer. This means that g∗(a) is a single-valued correspondence. By Berge’s
original theorem, we know that g∗ would be upper semi-continuous, which, for the
single-valued case, corresponds to the classical notion of continuity.

Next, we will prove now that f ∗(a), g∗(a) will have some form of Lipschitz conti-
nuity. More precisely, for two arbitrary inputs a1, a2 ∈ A it holds that:{

f ∗ (a1) = {maxall f (a1, b) : b ∈ g (a1)} = f (g∗ (a1) , a1)

f ∗ (a2) = {maxall f (a2, b) : b ∈ g (a2)} = f (g∗ (a2) , a2)

Furthermore, we have the following:

f ∗ (a1) = {maxall f (a1, b) : b ∈ g (a1)} ⪰ f (a1, b) ∀b ∈ g (a1)

f ∗ (a1) ⪰ f
(
a1,Πg(a1) (g

∗ (a2))
)

⪰ −L
∥∥(Πg(a1) (g

∗ (a2)) , a1
)
− (g∗ (a2) , a2)

∥∥1
+ f ∗ (a2)

Note that Πg(a1) (g
∗ (a2)) denotes the exact projection of g∗(a2) to g(a1). The second

inequality is implied by the fact that f ∗(a1) = f (a1, g
∗ (a1)) ≥ f(a1, b) for all b ∈

g(a1). Finally, the last inequality follows from the Lipschitzness of f in all coordinates.
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Next:

f ∗ (a2)− f ∗ (a1) ⪯ L ∥a1 − a2∥1+ L
∥∥Πg(a1) (g

∗ (a2))− g∗ (a2)
∥∥1

f ∗ (a2)− f ∗ (a1) ⪯ L ∥a1 − a2∥1+ L dH (g (a1) , g (a2))1

f ∗ (a2)− f ∗ (a1) ⪯ (L+ L · L′) ∥a1 − a2∥1

Note that the second inequality again follows by the definition of Hausdorff distance
and projection. Applying symmetrically the same argument for f ∗ (a2):

|f ∗ (a1)− f ∗ (a2)| ⪯ (L+ L · L′) ∥a1 − a2∥1

Or equivalently:

∥f ∗ (a1)− f ∗ (a2)∥ ≤
√
t · (L+ L · L′) ∥a1 − a2∥

For g∗(a), in the first step, we will leverage the generalization of the Apollonius
theorem3. More precisely, for a µ-strongly concave function f , we have the following
relationship:

−f
(
a,
x+ y

2

)
⪯ −f(a, x) + f(a, y)

2
− µ

8
∥x− y∥221 ∀a ∈ A

or equivalently,

f(a, x) + f(a, y)

2
⪯ f

(
a,
x+ y

2

)
− µ

8
∥x− y∥221 ∀a ∈ A

Since fi
(
a, x+y

2

)
≤ max{fi(a, x), fi(a, y)}, we get that:

∥x− y∥ ≤

√
8

µ
· max{fi(a, x), fi(a, y)} −min{fi(a, x), fi(a, y)}

2
∀a ∈ A (B.1)

Or equivalently:

∥x− y∥
√
t ≤

√
4

µ
∥
√

maxall{f(a, x), f(a, y)} −minall{f(a, x), f(a, y)}∥ ∀a ∈ A

(B.2)
In the interest of clarity, we introduce extra variables similar to [152]. K1 = g∗ (a1),

3We assume that f = (f1, . . . , fm) and derive the bounds for each fi ( for i ∈ [m]) separately,
similar to [152].
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K2 = g∗ (a2) and K3 = Πg(a1) (K2), we get the following:

∥g∗ (a1)− g∗ (a2)∥ = ∥K1 −K2∥ ≤ ∥K1 −K3∥+ ∥K2 −K3∥

≤ dH (g (a1) , g (a2)) + ∥(K1 −K3)∥

The second inequality again follows by the definition of Hausdorff distance and pro-
jection. Now we are ready to apply Equation B.1 knowing f (a1, K1) > f (a1, K3)

(see the definition of f ∗).

∥g∗ (a1)− g∗ (a2)∥ ≤ L′ ∥a1 − a2∥+
√

4

tµ
∥
√

(f (a1, K1)− f (a1, K3))∥

≤ L′ ∥a1 − a2∥+
√

4

tµ
∥
√
|f (a1, K1)− f (a1, K3) + f (a2, K2)− f (a2, K2)|∥

≤ L′ ∥a1 − a2∥+
√

4

tµ
∥

√√√√√√

| f (a1, K1)− f (a2, K2) |

+

|f (a2, K2)− f (a1, K3) |


 ∥

≤ L′ ∥a1 − a2∥+
√

4

tµ
∥


√
|f ∗ (a1)− f ∗ (a2)|

+√
|f (a2, K2)− f (a1, K3)|

 ∥
Next, we apply the bound that we have for f ∗:
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∥g∗ (a1)− g∗ (a2)∥ ≤ L′ ∥a1 − a2∥+
√

4

tµ


√√

t (L+ L · L′) ∥a1 − a2∥
+√

L ∥K2 −K3∥+ L∥a2 − a1∥


≤ L′ ∥a1 − a2∥+

√
4

tµ


√√

t (L+ L · L′) ∥a1 − a2∥
+√

L dH (g (a1) , g (a2)) + L∥a2 − a1∥


≤ L′ ∥a1 − a2∥+ 2

√
4√
tµ

√
(L+ L · L′) ∥a1 − a2∥

≤ L′ + 2

√
4

µ

√
(L+ L · L′)︸ ︷︷ ︸

κ

max
{
∥a1 − a2∥1/2 , ∥a1 − a2∥

}

≤ κmax
{
∥a1 − a2∥1/2 , ∥a1 − a2∥

}

Remark B.1.2. When we use
√
v for a vector, we mean the square root of each

component.

B.2 Equivalent Results for Weak Separation Oracle

Variation

Weak separation oracles are useful for establishing general distinctions between prob-
lems and deriving lower bounds on computational complexity. They offer a broader
perspective on the relative difficulty of problems. The choice between weak and
strong separation oracles depends on the goals of the analysis and the level of detail
required to draw meaningful conclusions about the computational landscape of spe-
cific problems. For some convex sets, we may not be able to provide polynomial-time
strong separation oracles. Within this section, we only reproduce some of the equiv-
alent results for weak separation oracles for completeness, maintaining a consistent
methodology with Chapters 3 and 4. For example, establishing results for remedial
robust Nash equilibrium in multi-leader-follower games is similar.
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B.2.1 Essential Elements

In short, a weak separation oracle (WSO) for a correspondence is a circuit that takes
as input a point and the accuracy of the separation oracle δ (compared to a strong
separation oracle δ = 0) and produces either an almost-membership or a guarantee
of almost-separation.

A Weak Separation Oracle (via a circuit CR(x))

Input: A vector z ∈ Qm ∩ Rm∗ and a constant δ as inputs:
Output: (a, b) ∈ Qm × Q such that the threshold b ∈ [0, 1] ∩ Q denotes almost

membership of z in R(x). More precisely:

• If z ∈ B(R(x), δ) then b > 1
2

and the vector a will be ⊥. In other
words, a is meaningful only when b ≤ 1

2

• b ≤ 1
2

and normalized vector a , with ∥a∥∞ = 1 which defines an
almost separating hyperplane H(a, z) := {y ∈ Rm∗ : ⟨a, y − z⟩ = 0}
between the vector z and the set R(x) such that ⟨a, y− z⟩ ≤ −δ for
every y ∈ B(R(x),−δ).

Similarly, we need the weak version of the constrained convex optimization prob-
lem.

Weak Constrained Convex Optimization Problem

Input: A zeroth and first order oracle for the convex function F : Rm → R, two
rational numbers δ, ϵ > 0 and a weak separation oracle WSOR for a non-
empty closed convex set R ⊆ Rm∗.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol⊥ with a polynomial-
sized certificate that certifies that B(R,−δ) = ∅.

• (Approximate maximization): A vector z ∈ Qm∩B(R, δ), such that
F (z) + ϵ ≥ maxy∈B(R,−δ) F (y).
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The weak approximate version of the projection problem, denoted by Π̂ϵ,δ
X (x), is

an instance of a weak constrained optimization problem. The problem is defined as
follows:

Weak Approximate Projection Problem

Input: Two rational numbers ϵ, δ > 0 and a weak separation oracle WSOX for
a non-empty closed convex set X ⊆ Rm∗ and a vector x that belongs to
Qm ∩X.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol ⊥ followed by a
polynomial-sized witness that certifies that B(X,−δ) = ∅.

• (Approximate projection): A vector z ∈ Qm ∩ B(X,−δ), such that:

∥z − x∥22 ≤ min
y∈B(X,δ)

∥x− y∥22 + ϵ.

For the case of weak separation oracles, a disparity issue arises (see Remark B.4
in [152]) and to alleviate this problem, the authors assumed that the L-Hausdorff
correspondences to be (η,

√
m,L)-well conditioned, i.e., ∀x ∈ Rm∗, there exists a ∈

R(x) such that B(a, η) ⊆ R(x). Considering this assumption and leveraging the
ellipsoid method will assure the existence of an oracle-polynomial time algorithm
(Algorithm 1 in [152]) that has a polynomial non-emptiness certificate in the following
modification on the weak constrained convex optimization. We also can define (r, R)-
well-boundedness of convex set X by having the property that ∃a0 ∈ Rm : B (a0, r) ⊆
X ⊆ B(0, R).
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Weak Convex (Feasibility/Projection/Optimization) Problem

Input: A zeroth and first order oracle for the convex function F : Rm∗ → R,
two rational numbers δ, ϵ > 0 and a weak separation oracle WSOR for a
non-empty closed convex set R ⊆ Rm∗.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol⊥ with a polynomial-
sized witness that certifies that either R = ∅ or vol(R) ≤
vol(B(0, η)).

• (Approximate minimization): A vector z ∈ Qm ∩B(R, δ), such that
F (z) ≤ miny∈B(R,−δ) F (y) + ϵ.

The notation vol(A) represents the Lebesgue volume measure of the set A.
Next, we establish similar results focusing on weak separation oracles. First, we

need to introduce the computational problem of approximating Kakutani’s fixed point
and generalized equilibrium similar to [152].

Kakutani With A Weak Separation Oracle (via CR(x))

Input: A circuit CR that represents weak separation oracle for an (η,
√
m,L) well-

conditioned correspondence R : Rm∗ ⇒ Rm∗ and an accuracy parameter
α.

Output: One of the following cases:

• (Violation of η-non-emptiness): A vector x ∈ Rm∗ such that
vol(R(x)) ≤ vol(B(0, η)),

• (Violation of L-Hausdorff Lipschitzness): Four vectors p, q, z, w ∈
Rm∗ and a constant ϵ > 0 such that w = Π̂ϵ,ϵ

R(q)(q) and z = Π̂ϵ,ϵ
R(p)(w)

but ∥z − w∥ > L∥p− q∥+ 3(1 + cη,m)ϵ
4,

• Vectors x, z ∈ Rm∗ such that ∥x − z∥ ≤ α and z ∈ R(x) ⇔
d(x,R(x)) ≤ α.

4cη,m is a constant based on the dimension m and η. For more information, see [152].
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Theorem B.2.1 ([152]). The Kakutani fixed-point problem for a weak separation
oracle is PPAD-complete.

Definition B.2.2. ((ϵ, η)-Approximate Generalized Equilibrium). Let (U ,S,R) be
a concave game with k players where R represents the common constraint set (that
includes all strategies that are acceptable given this constraint). Define Rη = B(R, η),
and R−η = B(R,−η) (recall that R is the convex set that imposes one common convex
constraint). A vector x⋆ ∈ Rη is an (ϵ, η)- approximate generalized equilibrium of this
game if for every i ∈ [k] and every xi ∈ Si such that

(
xi, x

⋆
−i
)
∈ R−η it holds that:

ui (x⋆) + ϵ ≥ ui
(
xi, x⋆

−i
)

(‡)

Remark B.2.3. When η = 0, we have ϵ-approximate generalized equilibrium.

Theorem B.2.4 ([152]). The computational problem Strongly Concave Games for a
weak separation oracle is PPAD-complete.
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Strongly Concave Games Problem with WSO

Input: We receive as input all the following:

• k circuits representing the utility functions (u)ki=1 for all k players,

• A Lipschitzness parameter L, a strong concavity parameter µ, and
accuracy parameter ϵ,

• S = Πk
i=1Si a convex set called the strategy domain where Si rep-

resent the strategy domain for each player i,

• An arithmetic circuit representing a weak separation oracle for the
well-bounded setR (strategies that satisfy the common constraint)
that is a non-empty, convex, and compact subset of S,

• Accuracy parameters ϵ, η.

Question: We output one of the following:

• (Violation of almost non-emptiness) A certificate that vol(R) ≤
vol(B(0, η)).

• (Violation of Lipschitz Continuity) A certification that there exist
at least two vectors x, y ∈ S and an index i ∈ [n] such that
|ui(x)− ui(y)| > L∥x− y∥.

• (Violation of Strong Concavity) An index i ∈ [n], three vectors
xi, yi ∈ Si, x−i ∈ S−i = Πk

j=1,j ̸=iSj and a number µ ∈ [0, 1] such
that:

ui (λxi + (1− λ)yi,x−i) < λui (xi,x−i) + (1− λ)ui (yi,x−i)

+
λ(1− λ)

2
µ · ∥(xi,x−i)− (yi,x−i)∥22

• An (ϵ, δ)-approximate generalized equilibrium in the sense of (‡).
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B.2.2 Variational Inequalities with Weak Separation Oracles

Next, we investigate the variational problems for weak separation oracles.

GQV I(F ,R) With weak Separation Oracles

Input: We receive as input all the following:

• A circuit CR which represents a weak separation oracle for a
(η,
√
m,LR) well-conditioned correspondence R : Rm∗ ⇒ Rm∗,

• A circuit CF which represents a (η,
√
m,LF) well-conditioned corre-

spondence F : Rm∗ ⇒ Rm∗ which is also γ-strongly convex valued,

• Accuracy parameters β, η.

Output: One of the following cases:

• (Violation of almost non-emptiness): A vector x ∈ Rm∗ with a
certificate that either vol(R(x)) ≤ vol(B(0, η)) or vol(F(x)) ≤
vol(B(0, η)).

• (Violation of LR-Hausdorff Lipschitzness of R) Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̂ϵ,ϵ

R(q)(q) and
z = Π̂ϵ,ϵ

R(p)(w) but ∥z − w∥ > LR∥p− q∥+ 3(1 + cη,m)ϵ,

• (Violation of LF -Hausdorff Lipschitzness of F): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̂ϵ,ϵ

F(q)(q) and
z = Π̂ϵ,ϵ

F(p)(w) but ∥z − w∥ > LF∥p− q∥+ 3(1 + cη,m)ϵ,

• Two tuples (x,w) and (x∗, w∗) with ∥(x,w)−(x∗, w∗)∥ ≤ β such that
x∗ ∈ B(R(x), η) and w∗ ∈ B(F(x), η) such that (y − x)T w∗ + β ≥
0, ∀y ∈ B(R(x),−η)

Remark B.2.5. We can similarly define a version with strong convexity of corre-
spondences which is more restricted. The constant cη,m comes from Lemma A.2.1.



175

B.2.3 Special Cases: GVI and VI

Next, similar to the main part of the work, we investigate QVI and VI for weak
separation oracles.

QV I(F,R) With a weak Separation Oracle

Input: We receive as input all the following:

• A circuit CR which represents a weak separation oracle for a
(η,
√
m,LR) well-conditioned correspondence R : Rm∗ ⇒ Rm∗.

• A circuit CF which represents a LF -Lipschitz function F : Rm∗ →
Rm∗

• Accuracy parameters β, η.

Output: One of the following cases:

• (Violation of almost non-emptiness): A certificate that vol(R(x)) ≤
vol(B(0, η)).

• (Violation of LR-Hausdorff Lipschitzness of R): Four vectors
p, q, z, w ∈ Rm∗ and a constant ϵ > 0 such that w = Π̂ϵ,ϵ

R(q)(q) and
z = Π̂ϵ,ϵ

R(p)(w) but ∥z − w∥ > LR∥p− q∥+ 3(1 + cη,m)ϵ.

• (Violation of LF -Hausdorff Lipschitzness of F ): Two vectors p, q ∈
Rm∗ such that ∥F (p)− F (q)∥ > LF∥p− q∥.

• Two vectors x and x∗ with the condition ∥x−x∗∥ ≤ β such that x∗ ∈
B(R(x), η) such that (y − x)T F (x) + β ≥ 0, ∀y ∈ B(R(x),−η)
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V I(F ) With a weak Separation Oracle

Input: We receive as input all the following:

• A circuit CR which represents a weak separation oracle for a non-
empty closed convex set R,

• A circuit CF which represents a LF -Lipschitz function F : Rm∗ →
Rm∗,

• Accuracy parameters β, η.

Output: One of the following cases:

• (Violation of almost non-emptiness): A certificate that vol(R) ≤
vol(B(0, η))

• (Violation of LF -Hausdorff Lipschitzness of F ): Two vectors p, q ∈
Rm∗ such that ∥F (p)− F (q)∥ > LF∥p− q∥,

• One vector with the condition x ∈ B(R, η) such that (y − x)T F (x)+
β ≥ 0, ∀y ∈ B(R,−η)

Theorem B.2.6. The generalized quasi-variational inequality problem (GQVI), quasi-
variational inequality problem (QVI) variational inequality problem (VI) for strong
separation oracles are PPAD-complete.

Proof. We prove inclusion in PPAD in the following. The PPAD-hardness follows
from the hardness results in strong separation oracles.

Using the following proposition, we show that the computational version of GQVI
for weak separation oracles is in PPAD.

Theorem B.2.7. The generalized quasi-variational inequality problem GQV I(F ,R)
for weak separation oracles SOR and SOF is in PPAD.

Proof. Without loss of generality, we can consider [−1, 1]m instead of Rm∗. Define
R(x) = {y ∈ B(R(x), δ)} and R′(x) = {y ∈ B(R(x),−δ)}. By definition, R(x)
and R′(x) have a weak separation oracle and are convex. The proof is organized as
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follows. First, we define the following:

Φ(y, x, w) = −(y − x)Tw − γ(∥y∥22)

Π(x,w) = {y ∈ R(x) | Φ(y, x, w) > maxy∈R′(x)Φ(y, x, w)− ϵ}

Next, we show that for a constant κ′, Ψ(x,w) = (Π(x,w),F(x)) is κ′-Lipschitz con-
tinuous in (x,w). Then, we construct a weak separation oracle for Ψ. Finally, we
show that an approximate Kakutani’s fixed point of this function will provide an
approximate solution to the given GQVI with WSO.

To show that Ψ is κ′-Lipschitz continuous, we show that dH(Ψ(x1, w1),Ψ(x2, w2)) ≤
κ′∥(x1, w1)− (x2, w2)∥qp + c for some constants q,p and c. Similar to the strong sepa-
ration oracle case, Φ(y, x, w) is (2γ)-strongly concave function of y. In addition, Φ is
G-Lipschitz continuous where G = m+ 2γm for all x and w. We also have access to
the sub-gradients of Φ. Now, we define the following sets:

H+(x,w) = {y ∈ R(x) | Φ(y, x, w) = maxy∈R(x)Φ(y, x, w)}

Hϵ
+(x,w) = {y ∈ R(x) | Φ(y, x, w) ≥ maxy∈R(x)Φ(y, x, w)− ϵ}

H−(x,w) = {y ∈ R′(x) | Φ(y, x, w) = maxy∈R′(x)Φ(y, x, w)}

Hϵ
−(x,w) = {y ∈ R′(x) | Φ(y, x, w) ≥ maxy∈R′(x)Φ(y, x, w)− ϵ}

We also need the following lemma (Lemma E2 from [152]) that helps us relate these
two sets5.

Lemma B.2.8 ([152]). For a function f : A ⊆ Rd → Rd, which is µ-strongly concave
and G-lipschitz and a well-bounded convex set S, i.e. ∃a0 ∈ Rd : B (a0, r) ⊆ S ⊆
B(0, R) ⊆ A, it holds that:∣∣∣∣ max

a∈B(S,η1)
f(a)− max

a∈B(S,η2)
f(a)

∣∣∣∣ ≤ CG,µ ∥η1 − η2∥

for some constant CG,µ.

By optimality KKT conditions for maximization of a concave function with respect
5Both R(x) and R′(x) are convex sets. Recall that we could consider Rm∗ alternatively for

well-boundedness.
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to the constraint set R(x) for all y ∈ R(x) we have:

∂Φ(y, x, w)T (y∗ − y) ≥ 0 where y∗ = argmaxy∈R(x)Φ(y, x, w)

In addition, (2γ)-strong-concavity of Φ(·, x, w) results the following inequality:

Φ (y∗, x, w)− Φ(y, x, w) ≥ ∂Φ (y∗, x, w)⊤ (y∗ − y) + γ ∥y − y∗∥22

By combining the previous inequalities, we have:

Φ (y∗, x, w)− Φ(y, x, w) ≥ γ ∥y − y∗∥22

In conclusion, for y∗ = argmaxy∈R(x)Φ(y, x, w) and y ∈ Hϵ
+(x,w), we have the fol-

lowing inequality:

γ ∥y − y∗∥22 ≤ ϵ or equivalently ∥y − y∗∥2 ≤
√
ϵ

γ
(B.3)

Applying Lemma B.2.8, we have that for every y ∈ Π(x,w) it holds that there exists
a constant k such that:

Φ(y, x, w) ≥ max
y∈R′(x)

Φ(y, x, w)− ϵ ≥ max
y∈R(x)

Φ(y, x, w)− ϵ− k

Therefore for every y ∈ Π(x,w), it holds that y ∈ Hϵ+k
+ (x,w). Consequently,

dH (Π (x1, w1) , H+ (x1, w1)) ≤
√

ϵ+k
γ

dH (Π (x2, w2) , H+ (x2, w2)) ≤
√

ϵ+k
γ

dH (H+ (x1) , H+ (x2)) = d (H+ (x1) , H+ (x2)) ≤ κ ∥x1 − x2∥1/22

The last inequality comes from the application of the Theorem 3.2.9 to f((x,w), y) =
H+(y, x, w) and g((w, x)) = R(x). This shows that Π is approximate Hausdorff-
(1
2
, 2)-Holder continuous:

dH(Π(x1, w1),Π(x2, w2)) ≤ κ∥(x1, w1)− (x2, w2)∥
1
2
2 + 2

√
ϵ+ k

γ
(B.4)

Since F is LF -Hausdorff Lipschitz, for some constant c′ by the definition of Ψ we can
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there exists a constant κ′:

dH(Ψ(x1, w1),Ψ(x2, w2)) ≤ κ′∥(x1, w1)− (x2, w2)∥
1
2
2 + c′ (B.5)

This shows that Ψ is κ′-Hausdorff Lipschitz (and also (1
2
, 2)-Holder) continuous.

To establish a reduction employing the computational Kakutani’s Problem vari-
ant, it is essential to establish the existence of a bounded-radius ball within the corre-
spondence Ψ(x,w). Let y∗(x,−η) = argmaxy∈R′(x)Φ(y, x, w). By almost non-emptiness,
vol(R(x)) > vol(B(0, η)) and vol(F(x)) > vol(B(0, η)).

1. ∃v̂ : ∥v̂∥ = 1 & Vx := B
(
y⋆(x,−η) −

η
2
v̂,min{η/2, ϵ/G}

)
⊆ R′(x) = B(R(x),−η)

2. By Lipschitzness of ϕ(·, x, w), y ∈ Vx:

∣∣ϕ(x,y)− ϕ (x,y⋆
(x,−η)

)∣∣ ≤ Gmin{η/2, ϵ/G}

From (2) we can Φ(Vx, x, w) ⊆
[
Φ
(
y⋆(x,−η), x, w

)
− ϵ,Φ

(
y⋆(x,−η), x, w

)]
(1)⇒ Vx ⊆

Π(x,w). Therefore, Π(x,w) always contains a ball of radius min{η/2, ϵ/G}. Similar
to the strong separation oracle case, Ψ is non-empty as well (we know vol(F(x)) >
vol(B(0, η)) and F is Lipschitz).

Now we are ready to construct a weak separation oracle for Ψ(x,w) leveraging a
slightly modified version of the Weak Convex (Feasibility/Projection/Optimization)
Problem stated in the following.
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Modified Weak Convex (Feasibility/Projection/Optimization) Problem

Input: A zeroth and first-order oracle for the concave function G : Rm∗ → R,
two rational numbers δ, ϵ > 0 and a weak separation oracle SOR for a
non-empty closed convex-valued correspondence R : Rm∗ ⇒ Rm∗ and one
input x.

Output: One of the following cases:

• (Violation of non-emptiness): A failure symbol⊥ with a polynomial-
sized witness that certifies that either R(x) = ∅ or vol(R(x)) ≤
vol(B(0, η)).

• (Approximate maximization): A vector z ∈ Qm ∩ B(R(x), δ), such
that G(z) + ϵ ≥ maxy∈B(R(x),−δ)G(y).

Let us define R′′(x) = {y ∈ B(R(x),min{δ, ϵ})} ⊆ R′(x). We can compute a
solution y∗ ∈ R′′(x) such that Φ (y∗, x, w) ≥ maxy∈R′′(x) Φ(y, x, w) − min{ϵ, η} ≥
maxy∈R′(x) ϕ(x, y)− ϵ using sub-gradient ellipsoid central cut method (see Appendix
B.3). And as discussed, such a separation oracle exists. Thus, we can substitute a
WSO for Ψ by considering a separation oracle for the following set:

Ψs(x,w) = {(y, w) ∈
(
R(x),B (F(x), ϵ)

)
| − Φ(y, x, w) ≤ σ}

where σ = −Φ(y∗, x, w). In other words, are looking for (y, w) ∈ (R(x),B (F(x), ϵ))
given the strong separation oracles representing F and D such that:

(y − x)Tw + γ∥y∥22 ≥ (y∗ − x)Tw + γ∥y∗∥22

Next, we give Ψ as input to the computational Kakutani problem with accuracy
parameter α = ϵ′

κ′ where ϵ′ = ϵh. The output of this Kakutani instance will be
two points (x,w) ∈ ([−1, 1]m, [−1, 1]m) and z = (x∗, w∗) ∈ Ψ(x,w) where ∥(x,w) −
(x∗, w∗)∥ ≤ ϵ′

κ′ and d((x,w),Ψ(x,w)) ≤ ϵ′

κ′ . Thus, w∗ ∈ F(x) and d(w,F(x)) ≤ ϵ′

κ′ .
In addition, x∗ ∈ Π(x,w) and d(x,Π(x,w)) ≤ ϵ′

κ′ . By the definition of Π, for every
y ∈ R′(x), Φ (x∗, x, w) ≥ Φ (y, x, w)− ϵ. In conclusion:

(y − x)T w + γ∥y∥22 ≥ (x∗ − x)T w + γ∥x∗∥22 − ϵ, ∀y ∈ R′(x)
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Recall that x, y, w ∈ [−1, 1]m:

(y − x)T w ≥ ±2
√
mϵ′

κ′
± 4γ ± 2

√
mϵ′

κ′
− ϵ, ∀y ∈ R′(x)

Finally, by knowing the facts that ∥(x,w) − (x∗, w∗)∥22 ≤ ϵ′

κ′ and w∗ ∈ F(x), we can
simply deduce that:

(y − x)T w∗ ≥ ±4
√
mϵ′

κ′
± u, ∀y ∈ R′(x)

Considering appropriate numbers for ϵ, h (recall that ϵ′ = ϵh) and γ will imply the
following:

(y − x)T w∗ + β ≥ 0, ∀y ∈ B(R(x),−η)

B.2.4 Remedial L/F Equilibrium With Weak Separation Or-

acles

Building on previous contributions and theorems, we aim to further explore them
within the context of weak separation oracles. For the partial responses while consid-
ering the definitions of ZI(xI, x

∗
II), W(i,I)(x

∗
II) and V(i,I)(x∗II) for leader I’s optimization

problem and considering x∗II as an exogenous variable, we find a solution (xI, yI) to:

MinϕI (xI, x
∗
II, yI)

s.t xI ∈ B(X I, η)

and (xI, yI) ∈ B
(
graphZI (·, x∗II) , η

) (B.6)

For leader II, the optimization problem with the surrogate complementarity con-
ditions can be defined similarly by considering ZII(x∗I , xII), W(i,II)(x

∗
I ) and V(i,II)(x

∗
I )

where x∗I will be an exogenous variable:

MinϕII (x
∗
I , xII, yI)

s.t xII ∈ B(X II, η)

and (xII, yII) ∈ B
(
graphZII (x∗I , ·) , η

) (B.7)

Finally, we are now ready to define the computational version of finding an equi-
librium in this setting:
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Remedial L/F Equilibrium With Weak Separation Oracles

Input: We receive as input all the following:

• Two linear arithmetic circuits representing the convex loss functions
(ϕI,ϕII) for two leaders,

• Two linear arithmetic circuits representing weak separation oracles
for non-empty, convex, and compact sets X I and X II for the leaders
I and II,

• Two linear arithmetic circuits representing weak separation oracles
for ZI and ZII that represent restricted or relaxed responses of the
followers for each leader respectively that are two non-empty, con-
vex, and compact correspondences.

• Accuracy parameters β and η.

Output: One of the following cases:

• (Violation of almost non-emptiness): A certificate indicating that
at least one of the following cases is almost empty:

– X I or X II

– ZI (·, x) for some x ∈ X I

– ZII (x, ·) for some x ∈ X II

• (Violation of convexity): of any of the loss functions of the inputs,

• (Approximate Minimization): Vectors (x∗I , y∗I , x∗II, y∗II) having the fol-
lowing relationship:

– ϕI (x
∗
I , x
∗
II, y

∗
I ) ≤ β + Sol(B.6)

– ϕII (x
∗
I , x
∗
II, y

∗
II) ≤ β + Sol(B.7)

Proposition B.2.9. In a multi-leader-follower game, the problem of finding a reme-
dial (ϵ, δ)-L/F -equilibrium where the constraints of the followers are given by weak
separation oracles is PPAD-complete.
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Proof. The hardness simply follows by considering δ = 0. Inclusion in PPAD is
similar to 4.1.6 with the difference that we consider the weak separation oracle cases
discussed in this section.

B.3 A Slightly Generalized Oracle Polynomial-Time

Subgradient Ellipsoid Central Cut

For the sake of completeness, we will present a more generalized version of the sub-
gradient-cut method to solve the modified convex-constrained optimization problem
in polynomial time, given the separation oracles. Our generalized polynomial-time or-
acle algorithm is general enough to capture all desired properties and also future sim-
ilar applications. For example, for the exception of violation of almost non-emptiness
in multi-leader-follower games, we need to output specific almost-emptiness excep-
tions to denote whether vol(R(x)) or vol(F(x)) is very small, and our algorithm gives
a suitable exception output.

Assume that f(x) = (f1(x), . . . , fk(x)) (compared to f being a single coordinate
valued function in [152]) and X = (X1, . . . , Xs) (compared to X being one set). We
also know that for each i ∈ [s], Xi has a weak separation oracle. Similar to [152], for
each i ∈ [k], the approximate value and subgradient oracle for the objective function
fi are available. One main difference of our algorithm is that it changes one index of
x(t) ∈ (X1, . . . , Xs) in each step t while other coordinates stay the same.

The cutting plane methods are distinguished by their construction of sets M (t) and
selection of query points x(t). These methods exhibit an exponential decrease in the
volume of M (t) as t increases, which leads to linear convergence guarantees in the pres-
ence of gradient and value oracles6. Given a desirable approximate parameter ϵ and
also a margin δ, we can set some thresholds Temptiness and Tellipsoid so that we achieve
the desirable outputs for the minimization (and also maximization) problems, such
as the modified convex-constrained optimization problem that we discussed before.

Proposition B.3.1. There exists a cutting plane method, referred to as the "central-
6Here, we only have a more complex function with constant coordinates, and this will not ruin

the exponential decrease in size guarantee.
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ALGORITHM 4: Subgradient Central-Cut Ellipsoid Method

Input: Gradient and value oracles Ofi
grad,O

fi
val with accuracies (ϵgrad, ϵval), for each

i ∈ [k].
Weak separation oracles Oi

sep for set Xi with margin δ, for each i ∈ [s]
index← 1;
for t ∈ [Tellipsoid ] do

if x(t) ∈ B(X , δ) ; /* x(t) = (x
(t)
1 , . . . , x

(t)
k ) */

then
for i ∈ [k] do

Call a gradient oracle g
(t)
i ← Ofi

grad
(
x(t)
)
;

end

if ∀i ∈ [k],
∥∥∥g(t)i

∥∥∥ ≤ Gthreshold then

Output: x(t);
else

for i ∈ [k] do
w

(t)
i ← g

(t)
i /

∥∥∥g(t)i

∥∥∥
∞

(Output A);

end
end

else
if mod(index, s) == 0 then

Call the separation oracle w
(t)
i ← Of

sep

(
x
(t)
i

)
;

callsindex ← callsindex + 1;
index← mod (index, s) + 1;
if callsindex > Temptiness then

Output: ⊥index ; /* Emptiness of the respective index in the
domain */

end
end

end
For each i ∈ [k], construct an ellipsoid M

(t+1)
i such that :{

x ∈M
(t)
i : w

(t)
i

⊤ (
x− x(t)

)
≤ δ

}
⊆M

(t+1)
i ;

Let x(t+1) have all of the centroids of M (t+1)
i for each i ∈ [k];

end

Output: The iteration x̄ ∈ argmin
{
Of

val (x) | x ∈
{
x(1), · · · , x(Tellipsoid )

}
∩ B(X , δ)

}
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cut Ellipsoid method", with a decay rate of θ = O(1/d), such that for all i ∈ [k]7:

vol
(
M

(t)
i

)
vol
(
M

(1)
i

) ≤ e−θt

Define the following sets:

R(i,ϵ) =

{
x ∈ B(X ,−δ) : min

x∈B(X ,−δ)
fi(x) ≤ fi(x) ≤ min

x∈B(X ,−δ)
fi(x) +

ϵ

2

}
This set is the set of all ϵ-approximate and δ-marginally inside X minimum so-

lutions of fi. First, we need to show that, R(i,ϵ) has non-zero volume. If we assume
that B(X ,−δ) ̸= ∅, then by L-lipschitzness of fi for each i ∈ [k], we know that R(i,ϵ)

has a ball of radius r(ϵ, δ) = min{δ, ϵ/L}.
Next, we define Tactive :=

{
t ∈ [Tellipsoid] | x(t) ∈ B(X , δ)

}
, and w(t) = Πk

i=1w
(t)
i .

There are three possible cases:

• Case 1: Assume that for any t ∈ Tactive , any i ∈ [k], and for any x(i,ϵ) ∈
R(i,ϵ), we have that w(t)

i

⊤ (
x(i,ϵ) − x(t)

)
≤ δ. This can imply that ∀i ∈ [k],

∀t ∈ [Tellipsoid ] ,∀x(i,ϵ) ∈ R(i,ϵ) : w
(t)
i

⊤ (
x(i,ϵ) − x(t)

)
≤ δ. The reasoning follows

by the definition of the separation oracles we have (w(t)
i

⊤ (
x− x(t)

)
≤ δ ) for all

x ∈ B(X ,−δ). Thus, for all i ∈ [k], it holds that:

∀t ∈ [Tellipsoid ] : D(i,ϵ) ⊆M
(t)
i ⇒ vol

(
R(i,ϵ)

)
≤ vol

(
M

(t)
i

)
Next, we show that the above-mentioned condition can happen only if t ≤
C0 · d2 log(d/r(ϵ, δ)). For any i ∈ [k] some positive constant C0 independent of
d, δ, we have the following inequalities:

vol
(
M

(t)
i

)
vol

(
M

(1)
i

) ≤ e−θt, θ = Θ
(
1
d

)
πd

(d/2+1)!
r(δ, ϵ)d = Vol(B(X , r(δ, ϵ)))

vol(B(X , r(δ, ϵ))) ≤ Vol
(
R(i,ϵ)

)
≤ Vol

(
M

(t)
i

)
Vol
(
M (1)

)
≤ Vol(Box)

=⇒ t ≤ C0 · d2
(
log

(
d

2r(ϵ, δ)

))

If for any i ∈ [s] the number of used separation oracle calls are greater than
7vol is the usual d-dimensional volume.
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Temptiness, then Vol(X ) ≤ Vol(B(0, δ)), or consequently B(X ,−δ) = 0. Other-
wise, if we set Tellipsoid = max {C0, 10} d2

(
log
(

d
2r(ϵ,δ)

)
, then either Case 2 or 3

hold for C0 · d2
(
log
(

d
2r(ϵ,δ)

)
< t ≤ Tellipsoid, .

• Case 2: If for all i ∈ [k],
∥∥∥g(t)i

∥∥∥ ≤ Gthreshold for appropriate choice of Gthreshold ,

we will show that x(t) is an ϵ-approximate minimizer. Indeed, for each i ∈ [k], by
convexity minx∈B(X,−δ) fi(x) ≥ fi

(
x(t)
)
+minx∈B(X,−δ) ∂fi

(
x(t)
)⊤ (

x− x(t)
)
. By

choosing Gthreshold = O (poly (d, ϵ, ϵgrad )) such that ϵ ≥ (Gthreshold − ϵgrad )
√
d,

we have, for all i ∈ [k], fi
(
x(t)
)
≤ minx∈B(X ,−δ) fi(x) + ϵ and f

(
x(t)
)
≤

minx∈B(X ,−δ) f(x) + ϵ1.

• Case 3: Assume that for any index i, the element xϵ at iteration t⋆ ∈ [Tellipsoid]

has the property that w(t⋆)
i

(
xϵ − x(t

∗)
)
> δ. In this case, using the convexity

of objective can imply fi
(
x(t

∗)
)
≤ fi (xϵ) − ∇fi

(
x(t

∗)
)⊤ (

xϵ − x(t
∗)
)
. The last

expression is equal to:

fi (xϵ)−
(
∇fi (xt∗)− g(t

∗)
i

)⊤
(xϵ − xt∗)−g(t

∗)
i

⊤
(xϵ − xt∗) ≤ fi (xϵ)+ϵgrad

√
d−δ.

If we set ϵgrad ≤ ϵ√
d

and δ ≤ ϵ
2
, then fi (xt∗) ≤ fi (xϵ)+

ϵ
2
≤ minx∈B̄(X,−δ) fi(x)+ϵ.

This means that: f (xt∗) ≤ f (xϵ) +
ϵ
2
1 ≤ minx∈B̄(X,−δ) f(x) + ϵ1

Remark B.3.2. It is noteworthy to highlight that the recent study on the optimal
fusion of subgradient descent and the ellipsoid method, conducted by Rodomanov
and Nesterov [160], has exclusively concentrated on the scenario of a strong oracle.
We investigate only the most complex case similar to [152]

Remark B.3.3 (Separation oracle and almost-emptiness). If the number of calls to
the weak separation oracle for a coordinate Xi exceeds the threshold Temptiness, this
indicates that the ellipsoid has been repeatedly cut without enclosing any substantial
feasible region. By the properties of the central-cut ellipsoid method, this can only
happen if the effective volume of Xi (after accounting for the margin δ) is smaller
than the volume of a δ-ball, i.e., B(Xi,−δ) is effectively empty. Therefore, returning
the ⊥i output correctly signals that Xi is almost-empty in the sense required for the
algorithm.

Remark B.3.4 (Coordinate-wise ellipsoid volume decay). In our algorithm, each
iteration updates only one coordinate block Xi while keeping the other coordinates
fixed. For this coordinate, the standard central-cut ellipsoid method guarantees an
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exponential decrease of the ellipsoid volume in dimension dim(Xi). Since we cycle
through all coordinates regularly, each ellipsoid M

(t)
i experiences asymptotically the

same exponential volume decay as in the classical full-dimensional setting. Conse-
quently, the polynomial-time convergence guarantee of the ellipsoid method remains
valid for the product space X = X1 × · · · × Xs, even though only one coordinate is
updated per iteration.

Remark B.3.5 (Volume containment under cuts). In Case 1, each cut satisfies
w

(t)⊤
i (x − x(t)) ≤ δ for all x ∈ B(Xi,−δ) by the property of the weak separation

oracle. Since R(i,ϵ) ⊂ B(Xi,−δ), the cuts do not remove any point from R(i,ϵ), and
therefore R(i,ϵ) ⊆ M

(t)
i is preserved throughout the iterations. This justifies the in-

equality vol(R(i,ϵ)) ≤ vol(M
(t)
i ).

B.4 Complexity of Nash Equilibrium with a Guar-

anteed Payoff

Here we revisit a hardness result in [169] and break the proof down into multiple
parts in a way that clarifies the connection to our techniques. The result shows that
deciding whether a bi-matrix game has a ϵ-approximate Nash equilibrium with a
guaranteed payoff of n−1− ϵ is NP-complete. We call this problem guaranteed Nash.

B.4.1 Approximate Guaranteed Nash

The following definition of the game SV(ϕ, ϵ) from [169] (Theorem 8.6) is simpler
than our game G(ϕ, ϵ), as both players use the same literal set and f was omitted
from their strategy set in contrast to the game provided in [52]. The symmetric game
SV(ϕ, ϵ) is defined as follows:

1. u1 (l1, l2) = n− 1, where l1 ̸= −l2 for all l1, l2 ∈ L. This will ensure each player
gets a high payoff for playing the aforementioned strategy.

2. u1(l,−l) = n− 4 for all l ∈ L. This will ensure that each player does not play
a literal and its negation at the same time.

3. u1(v, l) = 0, where v(l) = v, for all v ∈ V, l ∈ L. This, along with rule 4, ensures
that for each variable v, each agent plays either l or −l with a probability of at
least 1

n
, where v(l) = v(−l) = v.
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4. u1(v, l) = n, where v(l) ̸= v, for all v ∈ V, l ∈ L.

5. u1(l, x) = n−4, where l ∈ L, x ∈ V ∪C. This, along with rules 6 and 7, ensures
that if both players do not play the literals, then the payoffs cannot meet the
guarantees.

6. u1(v, x) = n− 4 for all v ∈ V, x ∈ V ∪ C.

7. u1(c, x) = n− 4 for all c ∈ C, x ∈ V ∪ C.

8. u1(c, l) = 0 where l ∈ c for all c ∈ C, l ∈ L. This, along with rule 9, ensures
that for each clause c, each agent plays a literal in the clause c with probability
least 1

n
.

9. u1(c, l) = n, where l /∈ c for all c ∈ C, l ∈ L.

Remark B.4.1. The game introduced in both [52, 169] is a symmetric game which
means ∀s1, s2 ∈ S, u1 (s1, s2) = u2 (s2, s1).

Proposition B.4.2. Let ϵ = 1
2n3 and let the guarantee to each player be n−1. Given

a 3CNF ϕ is satisfiable iff there exists a ϵ-approximate Nash equilibrium in SV(ϕ, ϵ)
where each player has a guaranteed payoff of n− 1− ϵ.

Proof. We will prove this theorem in the following.

Essential Lemmas for Proposition B.4.2

Lemma B.4.3. In any ϵ-approximate Nash equilibrium with the guaranteed payoff
n− 1− ϵ in SV(ϕ, ϵ), clauses and variables are played with a probability of at most ϵ.

Proof. The social welfare of SV(ϕ) is at most 2n − 2. If neither player plays from
the L, the social welfare is at most 2n − 4. When both players play from L with
probability 1− ϵ, the expected social welfare is at most 2n−2−2ϵ. So, for any ϵ′ > ϵ,
playing variables and clauses with probability ϵ′ will give an expected social welfare
of at most 2n − 2 − 2ϵ′ < 2n − 2 − 2ϵ. This means at least one player will have an
expected payoff less than n− 1− ϵ, which violates the definition ϵ-best response.

Lemma B.4.4. In any ϵ-approximate Nash equilibrium with a guaranteed payoff of
n− 1− ϵ in SV(ϕ, ϵ), for any l ∈ L, the probability that the row player plays l or −l
is at least 1

n
− 2ϵ.
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Proof. Suppose this is not correct and there exists one l ∈ L and the probability of l
being played will be less than 1

n
− ϵ− 2ϵ

n
≥ 1

n
− 2ϵ. Then, the expected payoff for the

column player playing the pure strategy v(l) is at least the summation of these cases:

• When the row player plays l or −l :
(
1
n
− ϵ− 2ϵ

n

)
· 0.

• When the row player plays a literal other than l or −l:

(1− ϵ− (
1

n
− ϵ− 2ϵ

n
)) · n

• When the row player does not play a literal from L, the expected payoff portion
of this possibility will be at least: ϵ · 0

The summation will be at least n−1+2ϵ. Since the maximum social welfare is 2n−2,
the other (row) player fails to meet the guarantee n − 1 − ϵ. This is correct for the
other player as well.

Lemma B.4.5. In any ϵ-approximate Nash equilibrium of SV(ϕ, ϵ) with a guaranteed
payoff of n− 1− ϵ, for each player and any literal l ∈ L, either l or −l is played with
probability ≥ 1

n
− 2ϵ− 1

n2 while the other is played with probability less than 1
n2

Proof. If the row player plays l and the column player plays −l, then according
to the construction, the sum of payoffs is 2n − 8. It is not hard to see that the
probability that this happens is less than ϵ

3
(by an argument similar to Lemma B.4.3).

If both players do so with probability greater than ϵ
3
, then the social welfare will be

2n− 2− ϵ
3
(2n− 2)− ϵ

3
(2n− 8) = 2n− 2− 2ϵ and this will cause at least one player

not gain a payoff of n− 1− ϵ.
Consider the literals l and −l from L and assume without loss of generality, the

row player plays l more than −l. Recall that we showed that each player plays either
l or −l with probability of at least 1

n
− ϵ− 2ϵ

n
≥ 1

n
− 2ϵ. For the sake of contradiction,

let us assume that the row player plays l with probability less than 1
n
−
(

1
n2 + 2ϵ

)
(still greater than 1

n2 ) which in turn, the row player has to play −l with probability
more than 1

n2 . The column player either plays l with probability less than 1
n2 or plays

−l with probability greater than 1
n
− ϵ− 2ϵ

n
.In either case, the probability that they

choose both l and −l is at least:[
1

n
−
(

1

n2
+ 2ϵ

)][
1

n2

]
=

1

n3
− 1

n4
− 1

2n6
≥ 1

2n3
= ϵ
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This is impossible because we showed the probability that both outcomes happen
must be less than ϵ

3
. So, if the row player must play a literal with probability greater

than 1
n
−
(

1
n2 + 2ϵ

)
, the negation of this literal can be played with probability of at

most 1
n2 . By a symmetric argument, the column player has to follow the same rules.

Remark B.4.6. The analysis of the case that the column player plays l with prob-
ability greater than 1

n2 is similar and was not provided in [169]. If the column player
plays l with probability greater than 1

n
− 1

n2 − ϵ, by the fact that we know the row
player plays −l with a probability greater than 1

n2 , the probability that they both
play l and −l is at least ϵ > ϵ

3
. If the column player plays l with probability less

than 1
n
− 1

n2 − ϵ, the column player has to play −l with probability greater than 1
n2 .

By the assumption that we had, the row player plays l with probability greater than
1
2
( 1
n
− 2ϵ). The probability that both players play l and −l is still greater than ϵ

3
.

Proof of Proposition B.4.2

The next step is proving Proposition B.4.2.

Proof. If ϕ is satisfiable, we show that there is a uniform Nash equilibrium of SV(ϕ, ϵ)
where each player plays li ∈ L or −li ∈ L (for all i) uniformly with probability 1

n
.

If ϕ is satisfiable, there exists an assignment where v1, . . . , vn are assigned with
true or false that satisfies all clauses. If vi is assigned true, then li, otherwise −li will
be selected as the strategies in the game. Then, l1, . . . , ln are literals that correspond
to a satisfying assignment. The expected payoff for each player is n− 1 because they
will always be playing one of l or −l. Secondly, there are only two rules that give
more than n− 1, namely, where one of the players plays either a variable or a clause.
For example, if the row player plays any clause c with a positive probability, we know
that the column player plays some literal in that clause c with probability 1

n
because

the other player randomizes between literals in a satisfying assignment. Then in this
case, the row player’s payoff is at most 1

n
· 0+ (n−1)

n
·n = n− 1, so the row player gets

the same payoff n−1 and is indifferent. This holds for variables as well. In conclusion,
assuming one player plays uniform strategies on literals that satisfy the formula, the
other player takes the same approach,h and this forms a Nash equilibrium with a
guaranteed payoff of n− 1.

Now suppose that ϕ is not satisfiable. We show that in any ϵ-approximate Nash
equilibrium, at least one player always receives an expected payoff of less than n −
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1 − ϵ. For the approximate version, we need to do the following modification to the
correspondence between literals and truth assignments compared to [52]. We consider
a literal is true if it is played more often than its negation. If an assignment does
not satisfy the formula, there is at least one clause that does not have a satisfying
literal. Any of the players will turn to this clause strategy to receive a payoff of n
whenever the opponent plays a literal that is not in that clause. We know that the
column player plays literals with probability > 1− ϵ by Lemma B.4.3, and there are
only 3 literals in each clause, each of which the column player plays with probability
≤ 1

n2 by Lemma B.4.5. By changing the strategy to this clause, the row player will
receive at least

(
1− ϵ− 3

n2

)
n > n− 1 + 2ϵ. So either the row player can do ϵ better

by changing his strategy, or he is already receiving n− 1+2ϵ, and so the other player
does not have a guaranteed payoff of at least n− 1− ϵ.

B.5 Decision Approximate Resilient Nash

Here, we use the hardness results of [169, 52] and Chapter 5 to establish NP-hardness
of the decision version of t-resilient Nash equilibrium problem. Next, we define the
computational problem, focusing our proof on the simple case of bi-matrix games.

t-Resilient Nash in Bi-matrix Games

Input: We receive as input all the following:

• A bi-matrix game G with k players represented by k utility matrices
(ui for all i ∈ [k]),

• The strategy sets S,

• An accuracy parameter ϵ.

Output: The following case:

• Whether there exists a vector s∗ which represents the strategy profile
of all players that satisfies:

(∀J ∈ J s.t |J | ≤ t) ,∀s′J ∈ SJ ,∀j ∈ J : uj (s∗) + ϵ ≥ uj
(
s′J , s

∗
−J
)

Theorem B.5.1. The problem of t-resilient Nash for 3-player games is NP-complete.
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Proof. We need to add the following strategies to SV(ϕ, ϵ). We name the modified
game G(ϕ, ϵ) where the strategy set is now S = L∪C ∪ V ∪ {f} similar to [121]. We
also assume that there exists a third player that has the same payoff on any strategies
in S.

• u1(x, f, y) = u2(f, x, y) = 0 for all x ∈ S − {f} and for all y ∈ S;

• u1(f, f, y) = u2(f, f, y) = 0 for all y ∈ S;

• u1(f, x, y) = u2(x, f, y) = n− 1 for all x ∈ S − {f} and for all y ∈ S;

• u3(x, x
′, y) = 1 for all x, x′, y ∈ S.

Other rules can be modified to three players similarly. We now show that if ϕ is
satisfiable, there is a uniform EXACT Nash equilibrium of SV(ϕ, ϵ) where the first
and second players play li ∈ L or −li ∈ L (for all i) uniformly with probability 1

n

getting the expected payoff n − 1 while the third player plays an arbitrary strategy.
The proof is the same as [52, 169, 121]. Furthermore, this Nash equilibrium is an
EXACT strong Nash equilibrium as well [52], and similarly can be shown that it is
an EXACT 2-resilient Nash equilibrium. This is followed by the fact that there exists
no other EXACT Nash equilibrium other than this equilibrium unless both the first
and the second players play f [52].

Now suppose that ϕ is not satisfiable. We can show that in any ϵ-approximate
Nash equilibrium, at least one player always receives an expected payoff of less than
n − 1 − ϵ, which causes one of the first two players to deviate to f . According to
[169], for the approximate version, we need to make the following modification to the
correspondence between literals and truth assignments compared to [52]. We consider
a literal to be true if it is played more often than its negation. If an assignment does
not satisfy the formula, there is at least one clause that does not have a satisfying
literal. Any of the first two players will turn to this clause strategy to receive a payoff
of n whenever the opponent plays a literal that is not in that clause. We know that in
the game SV the second player plays literals with probability > 1−ϵ by Lemma B.4.3,
and there are only 3 literals in each clause each of which the second player plays with
probability ≤ 1

n2 by Lemma B.4.5. By changing the strategy to this clause, the first
player will receive at least

(
1− ϵ− 3

n2

)
n > n − 1 + 2ϵ. The proofs can be extended

to the case where the game includes the strategy f and a third trivial player exists if
both the first and the second player do not use f (see [121]). So either the first player
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can do ϵ better by changing his strategy, or he is already receiving n− 1+ 2ϵ, and so
the second player does not have a guaranteed payoff of at least n − 1 − ϵ. Reaching
the payoff less than n− 1− ϵ will cause either of the first two players to deviate to f .
If either the first or the second player uses f , no approximate 2-resilient Nash could
be formed as the coalition of the first, and the second player can always gain more
than 0 (particularly, n

2
> ϵ for each player) for either of the players.
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