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ABSTRACT

A pandemic subtype of influenza A sometimes replaces (e.g., in 1918, 1957, 1968)
but sometimes coexists (e.g., in 1977) with the previous seasonal subtype. This research
aims to determine a condition for replacement or coexistence of influenza subtypes.
We formulate a hybrid model for the dynamics of influenza A epidemics taking into
account cross-immunity of influenza strains depending on the most recent seasonal
infection. A combination of theoretical and numerical analyses shows that for very strong
cross-immunity between seasonal and pandemic subtypes, the pandemic cannot invade,
whereas for strong and weak cross-immunity there is coexistence, and for intermediate
levels of cross-immunity the pandemic may replace the seasonal subtype.

Cross-immunity between seasonal strains is also a key factor of our model because
it has a major influence on the final size of seasonal epidemics, and on the distribution
of susceptibility in the population. To determine this cross-immunity, we design a
novel statistical method, which uses a theoretical model and clinical data on attack rates
and vaccine efficacy among school children for two seasons after the 1968 A/H3N2
pandemic. This model incorporates the distribution of susceptibility and the dependence of
cross-immunity on the antigenic distance of drifted strains. We find that the cross-immunity
between an influenza strain and the mutant that causes the next epidemic is 88%. Our
method also gives an estimated value 2.15 for the basic reproduction number R0 of the
1968 pandemic influenza.

Our hybrid model agrees qualitatively with the observed subtype replacement or
coexistence in 1957, 1968 and 1977. However, our model with the homogeneous mixing
assumption significantly over estimates the pandemic attack rate. Thus, we modify the
model to incorporate heterogeneity in the contact rate of individuals. Using the determined
values of cross-immunity and R0, this modification lowers the pandemic attack rate
slightly, but it is still higher than the observed attack rates.
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Chapter 1

Introduction

1.1 Influenza

Influenza is an important cause of morbidity and mortality in humans [34]. Seasonal
influenza accounts for more than 41,000 deaths each year in North-America [33], whereas
the 1918 influenza pandemic is estimated to have caused approximately 50 million deaths
worldwide [73]. Influenza, an upper respiratory infection in humans, is caused by an RNA
virus in the family of Orthomyxoviridae [34]. The symptoms of influenza infection are
characterized by the sudden onset of fever, cough, and sneezing. Deaths due to influenza
are a small percentage of infection; infected individuals usually recover naturally [25].
Influenza virus in humans is mainly of three types: A, B and C. Influenza virus type A is
found in a variety of avians and mammals, type B is mainly found in humans, and very
little is known about influenza type C [34]. Influenza virus types are distinguished by the
differences of two surface proteins – hemagglutinin (HA) and neuraminidase (NA) [78].
Influenza virus type A is further divided into subtypes based on the surface proteins HA
and NA. Two subtypes H1N1 and H3N2 are currently circulating in humans.

Seasonal influenza epidemics emerge in the winter. Thus there are two seasonal
influenza seasons worldwide corresponding to the occurrence of the winter season in the
Northern and Southern hemispheres. The effects of influenza are either direct or indirect
on a host. The direct effects include destruction of infected cells, damage to respiratory
epithelium and immunological responses that cause malaise and pneumonia, and indirect
effects include secondary bacterial infections as a result of tissue damage [64].
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1.2 Reservoirs of Influenza

Aquatic birds are the natural reservoir of all the subtypes of influenza A virus. Avian
influenza viruses have been isolated from freshly deposited fecal materials [79]. Pigs and
horses are probably infected by avian influenza virus through fecal-oral contamination of
water [77]. Feeding pigs, with untreated garbage or carcasses of dead birds may contribute
to the transmission of avian influenza virus to pigs [66]. The isolation of H5N2 influenza
virus from pigs living under chicken houses supports the direct transmission of influenza
virus from birds to pigs [77]. After transmission from birds to mammals, the method
of spread of transmission is mainly respiratory. All mammalian influenza viruses have
originated from the avian influenza reservoir [77] and have caused outbreaks in mammals
including seals [50], whales [49], pigs [65] and domestic poultry [47].

1.3 Evolution of Influenza

Influenza virus undergoes two types of evolution: antigenic drift (point mutation) and
antigenic shift (gene reassortment) [34, 77]. Antigenic drift is a rapid minor genetic
variation in currently circulating subtypes [71]. Due to antigenic drift, influenza virus
subtypes have many strains. The evolutionary root of influenza strains from a common
ancestor is depicted by the branching in the phylogenetic tree (see Fig. 1.1), in which
two influenza strains are more related if they have a more recent common ancestor. The
occurrence and severity of recurrent annual influenza epidemic outbreaks are driven
by viral antigenic drifts [71]. Without antigenic drifts, human influenza viruses would
disappear once the herd immunity had reached a critical threshold [70]. Influenza virus
drifts away from recognition by the immune system avoiding much population immunity;
thus there remain sufficient susceptible individuals to support subsequent epidemics
[30, 38, 61].

The immunological change that produces a naive virus isolate is known as antigenic
shift, which usually results from the recombination of gene segments from viruses
circulating in humans with virus segments from avian viruses [10]. Pigs are believed to
be the mixing vessel for the combination of gene segments because both the human and
avian influenza viruses can infect pigs in suitable condition [15]. Nucleotide sequencing of
the 1957 pandemic revealed that five genes were derived from the human H1N1 seasonal
influenza, whereas the 1968 pandemic derived six genes from the H2N2 seasonal influenza
[78]. In the last century, there were three major genetic shifts of influenza virus causing
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Figure 1.1: Phylogenetic tree of influenza A/H3N2 from Bush et al. [16].

three major pandemics in 1918, 1957 and 1968 to which most humans and swine were
immunologically naive [70].

The genetic structure of the 1918 pandemic was obtained using frozen lung tissue
from three victims of the 1918 pandemic influenza, showing that the hemagglutinin and
neuraminidase surface proteins were derived from avian like influenza virus shortly before
the 1918 pandemic, and was not a reassortment of viruses circulating previously in humans
[71]. Surprisingly, the avian like influenza viruses were not circulating in humans or pigs
for a few decades before the pandemic in 1918. The pandemic influenza virus in 1918 had
8 genome segments significantly different from the ongoing contemporary avian influenza
virus genes [73]. Thus, the actual origin of the 1918 pandemic influenza is unknown.
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The novel gene segment of the 1957 and 1968 pandemic viruses have all originated in
Eurasian avian viruses by the combination of gene segments of Eurasian wild waterfowl
strains with previously circulating human influenza strains [10]. All influenza pandemics
since 1918 and almost all cases of seasonal influenza A worldwide, with the exception of
avian viruses, have been caused by descendants of the 1918 pandemic [70]. The ancestral
virus that caused the 1918 pandemic, and the viruses that provided gene segments for the
1957 and 1968 pandemics are still circulating in wild birds with either no or a few mutation
changes [77].

1.4 Seasonality of Influenza Epidemics

Seasonal influenza epidemic has been circulating in humans for a long time. Every year
a new strain appears and causes an epidemic outbreak, peaking during the winter in
temperate regions. Though influenza infection contributes significantly to deaths related
to respiratory infection in humans [26], how much mortality is caused by influenza is
not know explicitly. According to Centers for Disease Control and Prevention–(i) not
all individuals suffering from influenza like symptoms visit a clinic, (ii) individuals may
develop a secondary bacterial or viral infection (pneumonia) after an initial infection, and
(iii) seasonal influenza can aggravate an existing chronic illness (e.g., congestive heart
failure, chronic obstructive pulmonary disease). Thus, many influenza-related deaths
are not recorded as influenza, rather as underlying respiratory or chronic conditions.
However, influenza-related deaths are considered a good indicator of disease pattern, and
are calculated from the number of excess deaths from influenza-related deaths in the winter
months in excess of the pneumonia baseline. The baseline is constructed using a seasonal
regression approach developed by Serfling in 1963 [68], where a linear regression model
with harmonic terms is fitted to non-epidemic weeks to produce the baseline.

The data used to construct Fig. 1.2 is compiled from Canadian Mortality Database. This
database contains individual death records in Canada since 1951. We tabulated weekly
number of deaths with either pneumonia or influenza (P&I) as a cause of death. Fig. 1.2
shows that the weekly P&I mortality data has peaks in the winter months, exhibiting
seasonality in the dynamics of influenza epidemics. The seasonal influenza H1N1, which
shows seasonality (Fig. 1.2), was circulating in humans and was replaced by the pandemic
H2N2 in 1957; after the pandemic influenza H2N2 continues to circulate in humans and
exhibits seasonality (Fig. 1.2).
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Figure 1.2: Weekly pneumonia and influenza (P&I) mortality data of Canadian
population from 1954–1960. The dashed curve shows the P&I deaths during the 1957
pandemic influenza.

1.5 Modeling the Dynamics of Influenza

1.5.1 SIR Model for Single Season Influenza

To understand the dynamics of seasonal influenza, we divide the individuals into classes
and model their time rate of transfer from one class to another. This type of model to study
the dynamics of diseases is known as a compartmental model. The basic compartmental
models to describe the transmission of diseases are contained in a sequence of papers by
Kermack and McKendrick in 1927, 1932, and 1933 [53–55]. The first of these papers
describes epidemic models, which include the dependence on age-of-infection.

S I R
βS I

N
αI

Figure 1.3: The progress of disease dynamics in the SIR model.

We start with a SIR-type model based on Kermack and McKendrick [53–55] epidemic
models; individuals are divided into three classes– susceptible (S), infected and infectious
(I) and recovered (R). Denote by β the transmission rate from an infectious individual
to a susceptible individual and by α > 0 the recovery rate. Even though influenza is a
major cause of winter mortality, the number of influenza induced deaths is still negligible
compared to population size. Thus, we assume that there is no disease death, and neglect
birth and death processes for the duration of the seasonal influenza; thus the total population
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N = S + I + R is a constant. We do not keep track of changes in the R class as it can
be determined from the other equations. Following the model in Fig. 1.3, the dynamics of
seasonal influenza can be described by the ordinary differential equations (ODEs)

dS

dt
= −βS I

N
, (1.1a)

dI

dt
= βS

I

N
− αI, (1.1b)

dR

dt
= αI. (1.1c)

The initial conditions are S(0) = S0, I(0) = I0 ≪ N is positive and small, and R(0) = 0.
The basic reproduction number R0 = β

α
is defined as the expected number of

secondary infection from a typical infectious individual introduced in a completely
susceptible population. If R0 < 1, then on average an infectious individual fails to pass
on the disease to more than one individual, which fails to cause an epidemic. If R0 > 1,
then on average an infectious individual passes on the disease to more than one individual,
which causes an epidemic [31]. The epidemic eventually burns out, i.e., I(∞) = 0 since
there is no recruitment in the dynamics of the epidemic.

The positive orthant is invariant; so all solutions of (1.1) lie in the non-negative,
bounded set defined by S, I, R ≥ 0 and S + I +R = N . Adding (1.1a) and (1.1b) gives

d

dt

(
S + I

)
= −αI (1.2)

which is decreasing for I > 0. Integrating (1.2) from the beginning of the epidemic at
t = 0 to the end of the epidemic at t = ∞, we obtain

S(∞)− S(0) + I(∞)− I(0) = −α
∫ ∞

0

I(t)dt. (1.3)

The left side of (1.3) is finite, so I(∞) = 0. Divide (1.1a) by S, and integrate from 0 to ∞
to obtain

log
(
S(∞)

S(0)

)
= − β

N

∫ ∞

0

I(t)dt

log
(
S(∞)

S(0)

)
=

β

αN

[
S(∞)− S(0) + I(∞)− I(0)

]
,

[
using (1.3)

]
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S(∞)

S(0)
= e−

R0
N

[
S(0)−S(∞)+I(0)−I(∞)

]
= e−

R0
N
R(∞). (1.4)

Thus S(∞) > 0. Denote by ψ = S(∞)
S(0)

the fraction of individuals who escaped influenza
infection during the epidemic. The attack rate of influenza, i.e., the fraction of individuals
who were infected during the epidemic, is given by Z = 1 − ψ; using the attack rate Z,
(1.4) simplifies to Z = 1− e−R0Z , which has a unique root in (0, 1) for R0 > 1.

Figure 1.4: The parameters of the model (1.1) are chosen to match the seasonal influenza
parameters, i.e., R0 = 1.3 from Chowell et al. [19], recovery rate α = 0.2 per day
(infectious period 5 days) and N = 1000.

Numerical simulation of the model (1.1) shows that an SIR-type model cannot explain
the observed seasonality in the dynamics of seasonal influenza (Fig. 1.4) as there is only
one epidemic peak for R0 > 1, then the epidemic dies out. An SIR-type model does not
explain how recovered individuals become susceptible in the next season. However, it can
be used to model the dynamics of influenza in a single season. Many authors have used
an SIR-type model to study the dynamics of pandemic influenza and the effectiveness of
control measures, e.g., vaccination [58], school closures [18] and entry screening [23].

1.5.2 SIRS Model for Endemic Influenza

In order to explain the seasonality of influenza dynamics, we now incorporate the loss of
immunity in the SIR-type model to reflect the fact that recovered individuals can become
susceptible to influenza virus within a few years [24]. We assume that the recovered
individuals can become susceptible at a rate δ to the drifted variants of influenza in the
next season. The progress of disease dynamics is depicted in Fig. 1.5.
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S I R

δR

βS I
N

αI

Figure 1.5: The progress of disease dynamics in the SIRS model.

The dynamics of seasonal influenza of the model in Fig. 1.5 evolve according to the
ODEs

dS

dt
= −βS I

N
+ δ(N − S − I), (1.5a)

dI

dt
= βS

I

N
− αI (1.5b)

dR

dt
= αI. (1.5c)

The initial conditions are S(0) = S0, I(0) = I0 ≪ N is positive and small, and R(0) =

0. Numerical simulation of the model (1.5) shows that the SIRS-type model also cannot
explain the observed seasonality in the dynamics of seasonal influenza (Fig. 1.6). With
these parameter values, for R0 > 1, the number of cases shows monotonically decreasing
oscillations about an endemic equilibrium with I = 1.6. The SIRS-type model assumes a
constant supply of susceptible individuals due to the loss of immunity; this assumption is
not true for seasonal influenza since individuals become susceptible to influenza in the next
season because of antigenic drift evolution, not by losing their immunity against influenza.

1.5.3 SIRS Model with Seasonal Forcing on Transmission Rate

It is known that the seasonal forcing on transmission rate β can cause the observed seasonal
pattern in the dynamics of influenza epidemics. The transmission rate β changes because of
different mixing patterns of individuals over the year, e.g., at the beginning of a school term
the contact rate between school aged children suddenly increases, during the winter more
time is spent in indoor activities causing an increased contact rate; thus transmission rate
β increases [3]. Transmission rate changes can also be caused by the effect of temperature
and humidity on transmission [67].

Using a SIRS-type model, the effect of seasonal forcing on β in the dynamics of
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Figure 1.6: The parameters of the model (1.5) are taken to match the seasonal influenza
parameters, i.e., R0 = 1.3 from Chowell et al. [19], recovery rate α = 0.2 per day
(infectious period 5 days) and rate of immunity loss δ = 0.0014 per day (duration of
immunity 2 years) and N = 1000.

influenza has been studied by Dushoff et al. [32] by considering a transmission rate β(t)
that varies sinusoidally, i.e., β(t) = β0[1 + β1cos(2πt)] for some parameters β0 and β1.
Dushoff et al. [32] showed that the oscillation in influenza incidence can be caused by a
small seasonal change in the transmission rate β(t). When the period of seasonal forcing
β(t) is approximately near the period of the model, then resonance may happen to produce
greatly amplified oscillations in influenza incidence (Fig. 1.7). A small change in β(t),
which is very difficult to detect, can cause a large fluctuation in influenza incidence.

Figure 1.7: The effect of seasonal forcing in the dynamics of influenza from Dushoff et
al. [32]. The vertical axis shows the number of influenza cases per 500, 000 individuals.
The disease dynamics is simulated with demographic stochasticity (blue curve) and
without demographic stochasticity (red curve) .
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1.5.4 Two Strain Competition Model

Many authors have looked into other measures such as the effect of cross-immunity that
cause oscillations in influenza incidence. Cross-immunity is the reduction in the probability
of infection to challenging strains. This probability is also called susceptibility. Natural
infection give rise to complete immunity to the infecting strain, and partial cross-immunity
to the related strains [42, 80]. Influenza vaccine also give rise to cross-immunity [62].

The effect of cross-immunity in the dynamics of influenza epidemics, without any
seasonal forcing of the transmission rate, has been studied by Castillo-Chavez et al.
[17] using a SIR-type model. Two strains of influenza are assumed to co-circulate in a
homogeneous population. It is also assumed that the infection with one strain reduces
the susceptibility to the other strain with no co-infection, but the recovered individuals
from one strain can get infected with the other strain. The progress of disease dynamics is
depicted in Fig. 1.8.

S I1 R1

I2

R2 I21 R

I12

Figure 1.8: The flow of individuals in a homogeneous population when two influenza
strains are co-circulating. Here, S: susceptible, Ii: infected by the strain i, Ri: recovered
from the strain i, Iji : infected by the strain i and recovered from the strain j and R:
recovered from both strains.

Following the transfer diagram in Fig. 1.8, the dynamics of influenza epidemics can be
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described by the ODEs

dS

dt
= µ−

(
β1(I1 + I21 ) + β2(I2 + I12 )

)
S − µS, (1.6a)

dIi
dt

= βi(Ii + Iji )S − γiIi − µIi, (1.6b)

dRi

dt
= γiIi − σjβj(Ij + I ij)Ri − µRi, (1.6c)

dIji
dt

= σiβi(Ii + Iji )Rj − γiI
j
i − µIji , (1.6d)

dR

dt
= γ1I

2
1 + γ2I

1
2 − µR, (1.6e)

where j = 2 if i = 1 and j = 1 if i = 2, and the initial conditions of the model are
S(0) = S0, Ii(0) = Ii0, Ri(0) = Ri0, I

j
i (0) = Iji0, R(0) = R0. Here, S is the susceptible

individuals, Ii is the infected individuals by the strain i,Ri is the recovered individuals from
the strain i, Iji is the infected individuals by the strain i and recovered from the strain j and
R is the recovered individuals from both strains. Denote by βi the transmission coefficient
of strain i, by γi the recovery rate from strain i, by µ the constant mortality rate, and by σi
the relative susceptibility to strain i, i.e., (1− σi) is the cross-immunity to strain i.

R1

R
1
=

1

R2

R2 = 1

R1 = R2

No disease
Strain 1

Strain 2

(a) One strain gives complete immunity to
the other strain.

R1

R
1
=

1
R2

R2 = 1

No disease
Strain 1

Strain 2 Coexistence

(b) Each strain gives some immunity to the
other strain.

Figure 1.9: Stability diagram of Castillo-Chavez et al. (1989) model. Here, Ri is the
basic reproduction number of influenza strain i for i = 1, 2.

Numerical simulation of the model (1.6) shows that whenever a non-trivial equilibrium
exists, it is asymptotically stable (Fig. 1.9), i.e., the two strain model exhibits no sustained
oscillation. Though birth and death are included in the model (1.6), the stability of
equilibrium points is not dependent on it. Castillo-Chavez et al. [17] also introduced, and
analyzed a model that incorporates age structure through age-dependent proportionately
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mixed contact rates, age-dependent mortality rates, and interactions among viral strains or
subtypes. In the numerical simulation of the age-structure model, Castillo-Chavez et al.
[17] found that for sustained oscillations in the dynamics of influenza at least two or more
co-circulating viral strains are required.

1.5.5 Infection History Dependent Model: Multi-strain Competition

Andreasen et al. [5] studied the role of cross-immunity for n co-circulating influenza strains
in a multi-strain competition modeling framework. An individual’s infection history is
accounted for by index set notation where the index specifies the set of influenza strains to
which the individual was exposed in the past; it is then incorporated in a SIR-type model.
For example, an individual’s infection history for 3 co-circulating strains belongs to the set
{∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. Denote by SL the number of susceptible
individuals with infection history in the set L, ILi the number of individuals with infection
history L who are currently infected by the strain i with i ̸∈ L. The follow diagram of
individuals is presented in Fig. 1.10.

SL

ILi

ILk

SL∪{i}

SL∪{k}

I
L∪{i}
k

I
L∪{k}
i

SL∪{k}∪{i}

Figure 1.10: The progress of individuals of Andreasen et al. [5] model.

Andreasen et al. [5] assumed that each strain confers some partial cross-immunity to
the related strains; cross-immunity reduces the probability of infection (i.e., susceptibility).
To keep track of an individual’s full infection history, the model required 2n ODEs
to describe the change of susceptible individuals and n2n−1 ODEs for the infectious
individuals. Theoretical analyses of the model become unmanageable for fairly large
number of strains. For n = 10, the model requires an analysis of a total of 6144 ODEs.
Because of the huge dimensionality, theoretical and numerical analyses are limited to a
few strains. Andreasen et al. [5] analyzed their model for four co-circulating strains and
found that the model can exhibit sustained oscillations in the disease dynamics for some
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parameter values. Thus, the co-occurrence of more strains can give rise to oscillations in
the prevalence of disease dynamics.

The Andreasen et al. [5] model has subsequently been used by many authors to study
the dynamics of influenza epidemics. Lin et al. [57] used it to study the dynamics of three
co-circulating influenza strains, and showed that the interaction among influenza strains
conferring partial cross-immunity can give rise to Hopf bifurcation to a periodic solution.
Gomes et al. [44] studied the dynamics of influenza by considering the strain-space to be
of circular configuration unlike a linear chain configuration as used by Andreasen et al.
[5] and Lin et al. [57]. The Andreasen et al. [5] model is also used by other authors, for
example, Adams et al. [1], [2]. Because of the huge dimensionality, none of the authors
analyzed the model theoretically for a large number of strains; even numerical simulation
was limited to a few strains.

1.5.6 Simplified Infection History Dependent Model

Andreasen [4] simplified their previous model as given in section 1.5.5 to seasonal
recurrence of influenza epidemics by assuming that an individual’s infection history
depends only on the most recent infection. Though the phylogenetic tree of influenza A
virus shows a branching tree like relation (see section 1.3), the tree is almost linear (that is,
no long-term cocirculating branches). Thus, Andreasen [4] assumed a linear structure of
the phylogenetic tree.

The linearity assumption on infection history reduces the dimension for n strains from
2n to only n ODEs to describe the change of susceptible individuals. The time scale of
influenza epidemics and viral drift are separated by assuming that each year a new strain
appears due to antigenic drift, and all other strains disappear. On the fast time scale, the
dynamics of an influenza epidemic was modeled by a SIR-type model. For i = 1, 2, . . . , n

influenza dynamics evolve according to the following ODEs

dSi
dt

= −λτiSi,

dIi
dt

= λτiSi − αIi,

dRi

dt
= αIi,

λ = β
n∑
i=1

σiIi
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where the individuals who had seasonal influenza i years before, Si, Ii and Ri denote
susceptible, infectious and recovered individuals in the current season. Denote by τi the
relative susceptibility and by σi the relative infectivity; τi and σi follow a monotonic
increasing relation to incorporate the fact that cross-immunity decreases with time. The
parameter λ gives the force of infection on individuals with no immunity to the current
strain of influenza. At the end of the epidemic season, the final size relation was found to
determine the cross-immunity structure of individuals, which then (on the slow time scale)
was related to the beginning of the next season through a discrete mapping.

tk

tk+1

S1 S2 S3 . . . Sn−1 Sn

S1 S2 S3 . . . Sn

Figure 1.11: The change of immune status of susceptible individuals from the end of
the tk season to the beginning of the tk+1 season. The solid and dashed lines are used to
represent individuals who escaped and recovered from influenza infection.

The season-to-season mapping equations can be written as

Si+1(tk+1) = ϕτiSi(tk), i = 1, . . . , n− 2,

Sn(tk+1) = ϕτn−1Sn−1(tk) + ϕSn(tk),

S1(tk+1) = 1−
n∑
i=1

ϕτiSi(tk).

where ϕ = Sn(∞)
Sn(0)

is the fraction of individuals from Sn who escaped seasonal influenza
infection in the current season. Theoretical and numerical analyses of the mapping
equations show that they exhibit sustained oscillations for some parameter values [4].

1.5.7 Modeling Antigenic Drift and Shift

Previous studies on seasonal influenza did not specifically model antigenic drift. Rather,
it is assumed that antigenic drift happens and a new strain appears every year. Boni et al.
[13] modeled influenza drift assuming that the virus mutates at constant rate. Modeling
the drift evolution, Boni et al. (2006) found a condition under which a large amount of
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antigenic drift can happen. Following the annual structure of Andreasen’s [4] model, Boni
et al. [12] modeled influenza drift evolution in a single season, where the antigenic drift
depends on the previous year’s epidemic size. Ferguson et al. [37] reproduced the drift-like
behaviour of influenza A over many seasons using an individual based simulation model,
which showed that short-lived cross-immunity restricts viral diversity in the population.

Antigenic shift leading to the emergence of pandemic influenza has been studied by
many authors; see for example [6, 29, 81]. Control measures for an emergent pandemic
influenza have been studied extensively, e.g., containment at the source [35, 59], antiviral
treatment [58], the impact of social distancing [36, 43], school closures [18], travel
restrictions [36, 51] and entry screening [23].

1.6 Motivation of the Dissertation

There were major pandemic outbreaks in the last century in 1918, 1957, 1968 and 1977,
and at the beginning of this century in 2009 (Fig. 1.12). The subtype H1N1 that gave
rise to the 1918 pandemic influenza [71], existed in humans as a seasonal influenza until
1957, when a new subtype H2N2 emerged and replaced the previously circulating subtype
H1N1 [34]. The subtype H2N2 circulated in humans before it was replaced by the subtype
H3N2, which emerged from the pandemic influenza in 1968. The replacement of a seasonal
subtype by the pandemic subtype was not always the case. The reintroduced pandemic
subtype H1N1 in 1977 did not replace the previously circulating subtype H3N2 [34, 78].
Both subtypes coexisted until 2009, when a swine origin pandemic subtype H1N1 replaced
the previously circulating seasonal H1N1 and coexisted with H3N2. Despite the existence
of a large literature on influenza dynamics, conditions under which a pandemic subtype
replaces or coexists with the previous subtype have not so far been considered.

H1N1
1918

H2N2
1957

H3N2
1968

H1N1
1977

H1N1
2009

H3N2(?) H1N1 H2N2 H3N2

H1N1

H3N2

new H1N1

H3N2

Figure 1.12: Time line of pandemic influenza outbreaks. The numbers correspond to the
year of the pandemic influenza outbreak and the subtype names below the numbers are
the pandemic subtype that caused pandemic influenza. The subtypes that were circulating
before the pandemic outbreak are indicated below (and above) the time line.
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1.7 Organization of the Dissertation

The dissertation is organized as follows: Chapter 1 introduces the research problem, some
basic mathematical models and a review of mathematical models to study the dynamics
of seasonal and pandemic influenza. In Chapter 2, a hybrid model is formulated to study
the condition under which a seasonal strain is replaced by or coexists with the pandemic
subtype. Following theoretical and numerical analyses of the models, the condition of
replacement of a seasonal strain by the pandemic subtype is determined. In Chapter 3,
novel statistical model, based on the seasonal model of chapter 2, is designed to determine
the cross-immunity between two influenza strains that appear in two consecutive seasons.
In Chapter 4, the seasonal model of chapter 2 is adapted to study the dynamics of pandemic
influenza, incorporating contact rate heterogeneity of individuals. Chapter 5 revisits the
condition under which a seasonal strain is replaced by the pandemic subtype using the
parameters (e.g., cross-immunity, basic reproduction number) found in chapter 3, and
provides a discussion with possible future research directions. The symbols and their
meanings are presented in Appendix A.
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Chapter 2

The coexistence or replacement of two
subtypes of influenza

2.1 Introduction

Influenza outbreaks occur seasonally in each winter or as pandemic influenza [77], with
three major pandemic influenza outbreaks in the last century [34]. A new subtype of
influenza virus emerges from a pandemic outbreak and establishes itself in humans,
becoming a seasonal influenza virus, and sometimes the current seasonal subtype is
replaced by the new pandemic subtype. Fig. 1.12 in section 1.6 shows the time line of
pandemic influenza outbreaks. The pandemic influenza H2N2 in 1957 and H3N2 in 1968
replaced previously circulating seasonal subtype, but the pandemic influenza H1N1 in 1977
did not replace the previous subtype (Fig. 1.12). We investigate under what conditions a
seasonal subtype can survive in the season after a pandemic or is replaced by the pandemic
subtype.

t1 t1 + ts t2 t2 + ts t3

. . . . . .
tm + ts tb te

Pandemicm Seasons

tm tm+1 tm+1 + ts

(m+1)th Season

Figure 2.1: Time tk for k = 1, 2, . . . denotes the start of a seasonal epidemic with a
duration ts (solid lines). The time between tk and tk+1 is approximately one year. The
outbreak of the pandemic influenza starts at time tb and ends at time te. The broken lines
indicate no influenza outbreak.

We assume that seasonal influenza has been continuing for many years before the
pandemic subtype causes an outbreak. We also assume that the duration of a seasonal
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influenza epidemic is ts. The broken lines in Fig. 2.1 correspond to summer time, and we
assume that there is no outbreak of seasonal influenza in the summer. As in Andreasen
[4] as given in section 1.5.6, we assume that seasonal and pandemic influenza occur on a
fast time scale, whereas the cross-immunity structure changes on a slow time scale. The
pandemic influenza starts at time tb and ends at time te (Fig. 2.1), not overlapping with
seasonal influenza. After this pandemic, a new strain of the previous season’s subtype
reappears at time tm+1. The persistence of the seasonal strain in the season after the
pandemic is determined by the reproduction number of this seasonal strain at time tm+1.

To determine the reproduction number, we formulate a hybrid model for the interaction
of seasonal influenza epidemics and a pandemic following the time line in Fig. 2.1. In
section 2.2.1, we model the transmission dynamics of the seasonal influenza at time tm+1.
We keep track of infected individuals during the pandemic influenza since individuals who
recover from the pandemic influenza have stronger cross-immunity than those who escaped
the pandemic infection. To this end, in section 2.2.2, we model the dynamics of pandemic
influenza between the times tb and te. We assume that the distribution of the fraction
of susceptible individuals has reached an equilibrium before the pandemic outbreak at
time tb. To find the equilibrium distribution of the fraction of susceptible individuals, in
section 2.2.3 we model seasonal influenza epidemics between the time t1 and tm+ts before
the pandemic. Knowing all these quantities, we determine if the reproduction number of
the seasonal influenza at time tm+1 is greater or less than the threshold value of unity, which
determines whether or not this seasonal subtype coexists with the pandemic subtype in the
season following the pandemic.

We also incorporate vaccination against seasonal influenza to study its influence on
subtype coexistence or replacement. We consider two types of vaccine-induced immunity:
a temporary one lasting for one year, and a permanent one lasting for life.

In Section 2.3, we present the theoretical and numerical analysis of our model. The
model is extended in section 2.4 to incorporate vaccination against seasonal influenza, and
a discussion is given in Section 2.5. Our main findings are that the pandemic subtype can
replace the previous seasonal subtype at only intermediate levels of cross-immunity, and
vaccination at current levels makes replacement only slightly more likely. This appears as
a paper: S. M. Asaduzzaman, Junling Ma, and P. van den Driessche. The coexistence or

replacement of two subtypes of influenza. Mathematical Biosciences, 270:1-9, 2015
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2.2 Our Model

The model is a hybrid of ODEs for seasonal influenza before and after the pandemic and
the pandemic, with discrete season-to-season mapping.

2.2.1 Invasibility of the Seasonal Influenza After the Pandemic

We model the transmission dynamics of a single seasonal influenza at time tm+1 (Fig. 2.1)
with a SIR-type model on the fast time scale. The beginning of an epidemic in an
ODE-based model is considered as time 0 (corresponding to tm+1 on the slow time scale)
and its end as time ∞ (corresponding to tm+1+ ts on the slow time scale). At the end of the
pandemic, i.e., at time te, an individual can be distinguished as either escaped or recovered
from the pandemic. Individuals who recovered from the pandemic infection are assumed to
have stronger cross-immunity, with these individuals less susceptible to seasonal influenza
than those who escaped the pandemic infection. Taking this into account, we assume that
each member of the population belongs to one of four classes: susceptible individuals who
escaped the pandemic (S), susceptible individuals who recovered from the pandemic (S̃),
infected and infectious individuals (I), and recovered individuals (R). We also use these
symbols to represent the fraction of individuals in each class.

Individuals infected and those recovered from a strain of influenza acquire a life long
immunity to this strain and a partial cross-immunity to the strains closely related to this
strain [30, 42]. The cross-immunity of an individual to the invading strain at tm+1 is
determined by the individual’s infection history. We consider only reduced susceptibility
due to this partial cross-immunity. Like Andreasen [4] as given in section 1.5.6, our
assumption is that infected individuals acquire the level of cross-immunity (reduced
susceptibility) from the last infection, i.e., the level of cross-immunity is only determined
by the most recent infection. To reflect the cross-immunity structure of individuals
in our model, susceptible individuals are divided into infinitely many sub-classes
according to their most recent infection year. We denote by S0, S̃0 the fraction of
individuals in S, S̃ who have never been infected by seasonal subtypes, and by Si,
S̃i for i ≥ 1 the fraction of individuals in S, S̃ who were infected i seasons ago.
The subscript i denotes the immune status of a susceptible individual. Individuals in
Si, S̃i have susceptibility τi, pτi respectively, where τi satisfies a monotonic relation
0 < τ1 ≤ τ2 ≤ · · · ≤ τn ≤ · · · · · · ≤ τ0 = 1 [30, 61], and (1 − p) is the cross-immunity
between the pandemic subtype and any seasonal strain. We assume that all individuals
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in the population, who were infected by influenza at least once in their lifetime, have the
same level of susceptibility p to the pandemic subtype of influenza. This assumption on p
is motivated by the fact that influenza viruses share common proteins [77]. For example,
H2N2 in 1957 and H3N2 in 1968 are reassortments of other subtypes that were previously
circulating in humans [10, 70].

S0

S1

S2

...

Sn

...

I

R

β
s τ
0S

0 Iβsτ1S
1I

βsτ2S2I

αI

βsτ
n
Sn
I

S̃2

S̃1

S̃0

...

S̃n

...

β s
pτ

0̃
S 0
I

βsp
τ1S̃1I

βspτ2S̃2I

β
spτ

nS̃
n I

Figure 2.2: The progress of disease dynamics in the SiS̃iIR model. Here Si, S̃i are the
fraction of individuals with immune status i who escaped, recovered from the pandemic,
respectively.

Our model in Fig. 2.2 evolves according to the ODEs

dSi
dt

= −βsτiSiI i = 0, 1, 2, . . . ,

dS̃i
dt

= −βspτiS̃iI i = 0, 1, 2, . . . ,

dI

dt
=

(
βs

∞∑
i=0

(τiSi + pτiS̃i)− α

)
I ,

dR

dt
= αI ,

where α and βs denote the recovery rate and transmission rate of seasonal influenza.
We ignore birth and death processes in the seasonal dynamics, since for influenza the
epidemiological time scale is much faster than the demographic time scale, and the number
of deaths due to influenza is small. Thus, the total population

∑∞
i=0(Si+ S̃i)+I+R = 1 is
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a constant. Since the equation for the fraction of recovered individuals is decoupled from
the other variables, R can be determined from the other variables, so we do not need to
consider the change in the R class. Introduce the non-dimensional time t̂ = tα, so that the
infectious period is 1; the above system of ODEs simplifies to (dropping ˆ )

dSi
dt

= −R0τiSiI i = 0, 1, 2, . . . , (2.1a)

dS̃i
dt

= −R0pτiS̃iI i = 0, 1, 2, . . . , (2.1b)

dI

dt
=

(
R0

∞∑
i=0

(τiSi + pτiS̃i)− 1

)
I , (2.1c)

where R0 = βs
α

, the basic reproduction number of seasonal influenza (see section 1.5.1).
We assume that at time 0 on the fast time scale, all individuals are susceptible to the
seasonal influenza according to their respective immune status i, and a few infectious
individuals are introduced into the population. Denote the end of the pandemic influenza as
the time te (Fig. 2.1). Since there are no recovered individuals at the beginning, the initial
conditions for system (2.1) are Si(0) = Si(te), S̃i(0) = S̃i(te) with

∑∞
i=0

(
Si(0)+S̃i(0)

)
≈

1 and I(0) = I0 positive and small in magnitude, i.e., I0 ≈ 0. In our model, from (2.1c),
the non-dimensional quantity

Rs = R0

∞∑
i=1

(τiSi(te) + pτiS̃i(te)) +R0(S0(te) + pS̃0(te)) (2.2)

is the reproduction number that takes into account the cross-immunity of individuals gained
from seasonal infections, and the cross-immunity between the pandemic subtype and the
(m+ 1)st seasonal strain. This number determines a threshold. If Rs > 1, then a seasonal
epidemic occurs, i.e., the seasonal subtype coexists with the pandemic subtype in the season
following the pandemic, and if Rs < 1, then the seasonal subtype is replaced by the
pandemic subtype [31].

2.2.2 Dynamics of Pandemic Influenza

Because the quantity Rs in (2.2) depends on Si(te), S̃i(te), we now model the transmission
dynamics of pandemic influenza from tb to te (Fig. 2.1), which corresponds to time zero and
time infinity on the fast time scale, to indicate the beginning and the end of the pandemic
outbreak. At the beginning of the pandemic influenza, there are no S̃i classes. However,
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there are Si classes with the meaning in section 2.2.1. We assume that the fraction of
susceptible individuals in Si has reached an equilibrium distribution S∗

i , for i ≥ 0, before
a pandemic subtype causes an outbreak. As assumed in section 2.2.1, the individuals in
S∗
0 have susceptibility 1 to the pandemic subtype, since these individuals have never been

infected by seasonal influenza, and (1 − p) is the cross-immunity between the pandemic
subtype and any seasonal strain. Our pandemic influenza model is

dS0

dt
= −R0pS0I , (2.3a)

dSi
dt

= −R0ppSiI i = 1, 2, . . . , (2.3b)

dI

dt
=

(
R0p(

∞∑
i=1

pSi + S0)− 1
)
I , (2.3c)

λp = R0pI , (2.3d)

with initial conditions Si(0) = S∗
i , I(0) = I0 > 0 with

∑∞
i=0 S

∗
i ≈ 1. Here, R0p is the basic

reproduction number of the pandemic influenza in a completely susceptible population, and
λp is the force of infection on individuals to the pandemic subtype of influenza. We ignore
demographics for the same reason as in section 2.2.1, and also ignore death due to the
pandemic because the case fatality rate of the pandemic influenza in 1918 was about 2% to
2.5% and it was less than 0.1% for other pandemics in the last century [72]. From (2.3c),
the reproduction number of the pandemic influenza, taking cross-immunity into account, is
given by the non-dimensional quantity

Rp = R0p(p(1− S∗
0) + S∗

0) . (2.4)

If Rp < 1, then no pandemic occurs; whereas if Rp > 1, then there is a pandemic [31].
Note that, if S∗

0 is negligible, then Rp ≈ pR0p . We now calculate analytically the final state
of the pandemic influenza by observing from (2.3a) and (2.3b) that

dSi
dS0

=
pSi
S0

, i = 1, 2, . . . .

Integrating the above equations from time tb (0 on the fast time scale) to t gives

Si(t) = Si(0)

(
S0(t)

S0(0)

)p

, i = 1, 2, . . . . (2.5)
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At the end of the pandemic, i.e., at time te (∞ on the fast time scale), the fraction of
susceptibles who have never been infected by the seasonal influenza and escaped the
pandemic infection is denoted by ψ = S0(∞)

S∗
0

. Then the final size equations at t = te

(t = ∞ on the fast time scale) are given by

S0(∞) = ψS∗
0 ,

Si(∞) = ψpS∗
i ,

S̃0(∞) = S∗
0(1− ψ)

S̃i(∞) = S∗
i (1− ψp) i = 1, 2, . . . ,

which relate the final state of the pandemic for individuals with immune status i to seasonal
influenza in terms of the fraction of susceptibles at the beginning of the pandemic and the
fraction of individuals who have never been infected by the seasonal influenza.

Using (2.5), the derivative of the force of infection λp in (2.3d) can be written in the
following form

dλp
dS0

=
1

S0(t)
−
pR0p

S0(t)

∞∑
i=1

Si(0)

(
S0(t)

S0(0)

)p

−R0p

with solution

λp(t)− λp(0) = log
(
S0(t)

S0(0)

)
−R0p

∞∑
i=1

Si(0)

[(
S0(t)

S0(0)

)p

− 1

]
−R0p

(
S0(t)− S0(0)

)
.

The force of infection λp(0) at the beginning of the pandemic is very small since only a
few infectious individuals are introduced into the population, so it can be taken as zero.
When the pandemic is over at t = ∞, the force of infection is also zero because no one is
infectious anymore. Thus at t = ∞, ψ must satisfy the implicit equation

log(ψ) = R0p

[
ψp(1− S∗

0) + S∗
0ψ − 1] . (2.6)

The equation (2.6) has a unique root ψ ∈ (0, 1) if Rp > 1. To show that (2.6) has a
unique root ψ ∈ (0, 1), consider

h(ψ) = log(ψ)−R0p

[
ψp(1− S∗

0) + S∗
0ψ − 1].

Then h(1) = 0 and limψ→0+ h(ψ) = −∞, and

h′(ψ) =
1

ψ

[
1−R0p

(
pψp(1− S∗

0) + ψS∗
0

)]
, (2.7)
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which gives h′(1) = 1−R0p

(
p(1− S∗

0) + S∗
0

)
= 1−Rp. Thus (2.6) has at least one root

ψ ∈ (0, 1) if h′(1) < 0, i.e., Rp > 1. Now consider

g(ψ) = 1−R0p

(
pψp(1− S∗

0) + ψS∗
0

)
.

Then, limψ→0+ g(ψ) = 1 and g(1) = 1 − Rp < 0 if Rp > 1. The term R0p

(
pψp(1 −

S∗
0)+ψS

∗
0

)
is a monotonic increasing function for ψ ∈ (0, 1). Thus g(ψ) has a unique root

ψ̄ ∈ (0, 1), which implies that h(ψ) has a unique critical point ψ̄ ∈ (0, 1). Thus, h(ψ) is
concave down for ψ ∈ (0, 1), which completes the proof of the uniqueness of ψ ∈ (0, 1).

Using the values of S0(∞) and Si(∞), the attack rate Z of the pandemic influenza is
given by

Z = 1−
(
S0(∞) +

∞∑
i=1

Si(∞)
)

Z = 1−
(
ψS∗

0 + ψp(1− S∗
0)
)
. (2.8)

Note that we found the attack rate Z = 1 − ψ with ψ = S(∞)
S(0)

in section 1.5.1, for a
simple SIR-type model that does not distinguish between the susceptibility of individuals.
The simple SIR-type model assumes that all the individuals have susceptibility 1; whereas
the pandemic model in (2.3) assumes a varying susceptibility for individuals. The basic
reproduction number of seasonal influenza in (2.2) can be written as

Rs = R0

∞∑
i=1

τiS
∗
i (ψ

p + p(1− ψp)) +R0S
∗
0(ψ + p(1− ψ)) . (2.9)

2.2.3 Dynamics of Seasonal Influenza Before the Pandemic

In order to determine all S∗
i in (2.9), we model the dynamics of seasonal influenza in the m

seasons between the time t1 and tm + ts based on the annual structure of Andreasen’s [4]
seasonal model as given in section 1.5.6. This dynamics is influenced by the dynamics of
a single season.

The Dynamics of Single Season Epidemics

As assumed in section 2.2.1, we take time tk on the slow time scale as time 0 when a
seasonal epidemic begins, and time tk + ts on the slow time scale as time ∞ when the
epidemic is over. Unlike Andreasen [4] as given in section 1.5.6, we do not assume
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that cross-immunity lasts only for a finite number of seasons. Also, we do not consider
infectivity (σi) of individuals in the seasonal model. Following the assumptions in
section 2.2.1 without S̃i, our one season influenza epidemic model is

dSi
dt

= −R0τiSiI i = 0, 1, 2, . . . , (2.10a)

dI

dt
=

(
R0

∞∑
i=0

τiSi − 1
)
I , (2.10b)

λs = R0I , (2.10c)

with initial conditions Si(0) ≥ 0 with
∑∞

i=0 Si(0) ≈ 1 and I(0) = I0 > 0. Here, λs is
the force of infection on individuals to the seasonal strain of influenza. From (2.10b), the
reproduction number of seasonal influenza, taking cross-immunity into account, is given
by the quantity

R = R0

∞∑
i=0

τiSi(0) . (2.11)

If R > 1, then a seasonal epidemic occurs and if R < 1, then there is no seasonal epidemic
[31]. Following the calculations as in section 2.2.2, when the seasonal epidemic is over the
final state of this seasonal epidemic is determined by the equations

log(ϕ) = R0

∞∑
i=0

Si(0)
(
ϕτi − 1

)
, (2.12a)

Si(∞) = ϕτiSi(0), i = 0, 1, 2, . . . , (2.12b)

where ϕ denote the fraction of susceptible individuals who have never been infected by the
seasonal influenza and escaped seasonal influenza in the current season, i.e., ϕ = S0(∞)

S0(0)
. If

R > 1, then (2.12a) uniquely determines the value of ϕ. Analytically, the uniqueness of ϕ
can be proved with a similar argument as for the uniqueness of ψ in section 2.2.2. Thus,
for given τi,R0 and Si(0), the fraction of susceptible individuals with immune status i who
escaped influenza in the current season can be found by solving ϕ from (2.12a) and using
ϕ in (2.12b).

Season-to-Season Mapping

We found the final state of a seasonal epidemic and determined how the immune status of
individuals changes in the seasonal dynamics of influenza. We now want to determine
how the immune status of individuals changes from the onset of one epidemic season
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tk

tk+1

S0 S1 S2 S3 . . . Sm−1 . . .

S0 S1 S2 S3 . . . Sm . . .

1− e−d
d d d d d

1− e−d

d d d d d

Figure 2.3: The change of immune status of the fraction of susceptible individuals from
the end of the tk season to the beginning of the tk+1 season. The change of immune
status of the individuals who escaped infection is shown as a solid line and for those who
recovered from the infection is shown as a dashed line. Vertical arrows show natural
death at a rate d from each Si class and horizontal arrows show birth at a rate (1 − e−d)
to the S0 class.

to the beginning of the next epidemic season. We ignored demographics in the seasonal
dynamics of influenza on the fast time scale because the number of births and deaths in
a single season is negligible, but for a long time horizon, demographic events may have a
significant effect on the dynamics of influenza. On the slow time scale, we now incorporate
demographics in the dynamics of influenza by including newborn individuals into the S0

class, since newborn individuals are completely susceptible. We assume that an individual’s
life expectancy is exponentially distributed with parameter d, thus the survival probability
of an individual is e−d.

At the beginning of the tk season, Si(tk) for i ≥ 1 denotes the fraction of susceptible
individuals with immune status i and ϕ denotes the fraction of individuals who have never
been infected by seasonal influenza and escaped infection during the tk season; see Fig. 2.1
for time line. The individuals with immune status i who escaped influenza during the tk
season acquire immune status (i+1) at the beginning of the tk+1 season because then their
most recent infection is (i + 1) seasons old; see Fig. 2.3. Thus the fraction of susceptible
individuals at the beginning of the tk+1 season is

Si+1(tk+1) = ϕτiSi(tk)e
−d i = 1, 2, . . . , (2.13)

where ϕ in season tk is a solution in (0, 1) of (2.12a).
At the beginning of the tk+1 season, the fraction of susceptible individuals in the S1

class is determined by the fact that the individuals from all Si classes who were infected
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during the tk season have received a booster by the infection. These individuals have one
year old immune status at the beginning of the tk+1 season; see Fig. 2.3. Thus,

S1(tk+1) =
(
1−

∞∑
i=0

ϕτiSi(tk)
)
e−d . (2.14)

At the beginning of the tk season, S0(tk) denotes the fraction of susceptible individuals
who have never been infected. The individuals in the S0 class who escaped influenza during
the tk season remain in the S0 class with the newborn individuals; see Fig. 2.3. Thus,

S0(tk+1) = ϕS0(tk)e
−d + (1− e−d) . (2.15)

The season-to-season mapping that determines the change of immune status is given
by (2.13)-(2.15); see also [4, Eqs.(9)-(10)]. The equilibrium distribution of the fraction
of susceptible individuals S∗

i , is found by solving the mapping equations (2.13)-(2.15). In
section 2.2.2, we assumed that this fraction has reached an equilibrium before the pandemic
arrives. The reproduction number of seasonal influenza at equilibrium, from (2.11) is given
by

R∗ = R0

∞∑
i=0

τiS
∗
i . (2.16)

2.3 Results

We first find a theoretical threshold condition on p for an outbreak of pandemic influenza,
and if there is such an outbreak, we use numerical simulations to predict whether or not a
seasonal subtype survives in the season following a pandemic.

2.3.1 Theoretical Results

For a given value of p and R0p , (2.6) can be solved to find ψ, the fraction of individuals who
have never been infected by the seasonal influenza and escaped the pandemic infection.
Equation (2.6) always has a root at ψ = 1, which is not biologically interesting, since
ψ = 1 means there is no pandemic, and (2.6) cannot have a root at ψ = 0 as the equation

is not defined at ψ = 0. The uniqueness of ψ ∈ (0, 1) if Rp > 1 gives p >
1

R0p
−S∗

0

1−S∗
0

(from h′(1) < 0, section 2.2.2), which imposes a lower bound on p, the susceptibility to
the pandemic subtype of influenza, for an outbreak.
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The reproduction number Rs of seasonal influenza after the pandemic given in (2.9),
is a non-linear function of R0, R0p , p and ψ from (2.6). At the upper extreme p = 1,
from (2.9) the value of Rs = R0

∑∞
i=1 τiS

∗
i + R0S

∗
0 , which equals R∗ in (2.16). At the

lower extreme p = 0, from (2.9) the value of Rs = R0

∑∞
i=1 τiS

∗
i + R0S

∗
0 ψ̂, where ψ̂

satisfies (2.6) with p = 0, i.e., log(ψ̂) = R0pS
∗
0(ψ̂− 1). This equation has a root ψ̂ ∈ (0, 1)

if R0pS
∗
0 > 1. Thus the reproduction number Rs of the seasonal influenza at the lower

extreme p = 0 is less than R∗ if R0pS
∗
0 > 1; whereas Rs is equal to R∗ if R0pS

∗
0 < 1,

since (2.6) with p = 0 has only the root ψ̂ = 1.
Differentiating (2.6) with respect to R0p , ∂ψ

∂R0p
=

S∗
0 (ψ−ψp)+(ψp−1)

h′(ψ)
, where h′(ψ) is

given in (2.7). If there is a pandemic outbreak, then ψ ∈ (0, ψ̄); thus h′(ψ) > 0 on
this interval. Biologically, h′(ψ) is some positive constant multiple of one minus the
reproduction number of the pandemic subtype at time infinity. The reproduction number of
the pandemic subtype at the end of the pandemic is smaller than unity, since the pandemic
has come to an end. The numerator of ∂ψ

∂R0p
is negative for any ψ ∈ (0, 1) giving ∂ψ

∂R0p
< 0.

Thus ψ decreases with increasing R0p . From (2.9), ∂Rs

∂ψ
= (1− p)

[
pψp−1R0

∑∞
i=1 τiS

∗
i +

R0S
∗
0

]
> 0, i.e., Rs increases with increasing ψ. These relations give ∂Rs

∂R0p
< 0, which

indicates that the reproduction number of seasonal influenza after the pandemic decreases
with increasing basic reproduction number R0p of the pandemic subtype.

2.3.2 Simulation Results

Assuming that the basic reproduction number R0 in a completely susceptible population
and the cross-immunity structure τi do not change from season to season, (2.13)-(2.15)
describe a discrete dynamical system giving the season-to-season dynamics of influenza
epidemics. The susceptibility τi is taken equal to (1 − qi), 0 ≤ q ≤ 1. Here q is the
probability of antibodies from the previous year’s strain binding to the current seasonal
strain of influenza. This assumption satisfies the monotonic relation stated in section 2.2.1.
For the simulations, we take q = 0.75, estimated from [22], except in Fig. 2.5 where we
take a range of q values.

In our simulations, we take a large number (m) of immune classes of susceptible
individuals. For sufficiently large m, τm ≈ τm+1, i.e., the susceptibility of individuals
in immune class Sm is almost equal to that in immune class Sm+1. Thus, individuals in the
immune class Sm who escaped influenza infection during the tk season remain in the same
class at the beginning of the tk+1 season.

We numerically simulated the model to understand the seasonal dynamics of influenza
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epidemics on the long time scale and to find the equilibrium distribution of susceptible
individuals, S∗

i . For the parameter values used in these simulations, the convergence to
S∗
i is attained in 10 – 12 seasons, thus validating our assumption that Si(t) approaches
S∗
i before the pandemic arrives. Our numerical simulations started with an initial guess

of susceptible individuals Si(0) such that
∑m

i=0 Si(0) ≈ 1. Using this initial guess of
Si(0), and a value of R0, the fraction of susceptible individuals ϕ who have never been
infected by seasonal influenza and escaped infection in the current season was determined
by solving (2.12a). The final state of the epidemic was found from (2.12b). For illustration,
we take d = 0.0124, which corresponds to the life expectancy of 80.7 years in the Canadian
population in 2010 [45]. The immune status of individuals at the beginning of the next
season was determined by using the season-to-season mapping equations (2.13)-(2.15).
The new susceptible values were then used as initial values and the cycle recomputed.
This process continued until the equilibrium distribution of susceptible individuals S∗

i was
achieved. We found that for i = 1, . . . ,m, the equilibrium value of Si exists in [0, 1], and
is unique. For our choice of parameters and assumption that infectivity is not reduced by
cross-immunity, we found no sustained oscillations for Si(t) (cf. [4]).

We used the values of S∗
i as initial susceptibles at the beginning of the pandemic

influenza. For a given p, S∗
0 and R0p , ψ was found by solving (2.6). The reproduction

number Rs of seasonal influenza after the pandemic was then computed from (2.9). Fig. 2.4
is a plot of the reproduction number Rs of seasonal influenza after the pandemic against p.
These plots show that for small values of p, i.e., for very high cross-immunity (1−p), there
is no outbreak of pandemic influenza (Fig. 2.4, horizontal part in each plot). Numerical
simulations agree with the theoretical condition found in section 2.3.1 for a pandemic

outbreak, i.e., the pandemic subtype of influenza cannot cause an outbreak if p <
1

R0p
−S∗

0

1−S∗
0

.
If there is an outbreak of pandemic influenza, the pandemic subtype coexists with the
seasonal subtype if Rs > 1 (Fig. 2.4, range of p values for which Rs > 1). If Rsmin < 1,
then the range of values of p was found numerically (Fig. 2.4, range of p values for which
Rs < 1), with the pandemic subtype replacing the seasonal subtype when p belongs to this
range. The replacement of the seasonal subtype by the pandemic subtype becomes easier
when the basic reproduction number R0p of the pandemic subtype increases (Fig. 2.4,
left to right in each row); the range for pandemic influenza to replace seasonal influenza
decreases as the basic reproduction number R0 of seasonal influenza increases (Fig. 2.4,
top to bottom in each column).

Fig. 2.5 is a plot of the reproduction number Rs of seasonal influenza against p for
different susceptibility τi = (1 − qi) to the seasonal influenza. The replacement of the
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Figure 2.4: The curves Rs plotted as a function of p, giving the range of p values for
which the seasonal subtype is replaced by the pandemic subtype or reappears after the
pandemic. R0 and R0p represent the basic reproduction number of seasonal influenza
and pandemic influenza, respectively. The pandemic subtype of influenza cannot invade
in the rectangular region (light shaded) for small p values but replaces the seasonal
subtype (dark shaded) and coexists with the seasonal subtype in the season following
the pandemic (not shaded) above Rs = 1 (marked by a horizontal line). Note that each
plot shown has q = 0.75 and R0pS

∗
0 < 1.

seasonal subtype by the pandemic subtype becomes easier as the susceptibility to the
seasonal influenza decreases (Fig. 2.5, top to bottom), i.e., with increasing q, the probability
of antibodies from the previous year’s strain binding to the current seasonal strain of
influenza.

2.4 Vaccination Against Seasonal Influenza

We extend our seasonal model of section 2.2.3 to incorporate vaccination against seasonal
influenza. Given the normal practice for vaccination, we assume that vaccines are
administered before the start of the seasonal epidemic. For simplicity of our model,
we ignore any age-specific effects of vaccination. Our assumption is that the effective
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Figure 2.5: As Fig. 2.4 with parameters R0 = 3, R0p = 3 and τi = (1− qi) but varying
q = 0.65 (dashed curve), 0.75 (solid curve) and 0.85 (dotted curve), respectively.

vaccination coverage ϵ (vaccine effectiveness times vaccine coverage), which has been
achieved before the beginning of the seasonal influenza epidemic, reduces the available
fraction of susceptibles by a factor ϵ. We assume that the duration of vaccine-induced
immunity lasts for one year (section 2.4.1), or for life (section 2.4.2).

2.4.1 Vaccination Gives Immunity for One Year

We assume here that the effectiveness of vaccination lasts for one year, i.e., vaccinated
individuals are protected from influenza infection for the season in which they are
vaccinated. The immune status i of vaccinated individuals at the beginning of the next
season is the same as those of unvaccinated individuals who escaped influenza infection
during the season (Fig. 2.6). Thus, one year effective vaccine works as if the individuals
naturally escaped the influenza infection. The transmission dynamics of our seasonal model
is not changed; but is now applied to the unvaccinated individuals. The season-to-season
dynamics of influenza is as follows:

Si+1(tk+1) = (1− ϵ)Si(tk)ϕ
τie−d + ϵSi(tk)e

−d i = 1, 2, . . . , (2.17a)

S1(tk+1) = (1− ϵ)
(
1−

∞∑
i=0

Si(tk)ϕ
τi
)
e−d , (2.17b)

S0(tk+1) = (1− ϵ)S0(tk)ϕe
−d + ϵS0(tk)e

−d + (1− e−d) , (2.17c)



32

We numerically simulated the model (2.17) to find the susceptible fraction S∗
i at

Unvaccinated
(1 − ϵ)Si(tk)

Vaccinated
ϵ Si(tk)

Seasonal dynamics

Escaped
Si(tk+ ts)

Recovered

Figure 2.6: The flow diagram of individuals during the seasonal epidemic when the
effectiveness of vaccination lasts for one year and effective vaccination fraction is ϵ.

equilibrium. The reproduction number Rs of seasonal influenza after the pandemic is
given by

Rs = (1− ϵ)R0

∞∑
i=1

τiS
∗
i (ψ

p + p(1− ψp)) + (1− ϵ)R0S
∗
0(ψ + p(1− ψ)) . (2.18)

From data influenza vaccine has an overall effectiveness of 60% [74] and the current
seasonal influenza vaccine coverage in Canada ranges between 25%–41% across ethnic
groups [63]. Following these we choose ϵ = 0.15 and 0.24 corresponding to 15% and
24% effective vaccination coverage of the total population. We also choose ϵ = 0.60

corresponding to 100% coverage of vaccination in the population with the present
effectiveness of vaccine. These plots in Fig. 2.7 of Rs from (2.18) show that as vaccination
against seasonal influenza increases, the range of p values for the pandemic subtype to
replace the seasonal subtype increases but with the current vaccine coverage (25%–41%)

this increase is slight (compare with Fig. 2.4). However, if vaccine coverage of 100%

is achieved, then the range of p values for the pandemic subtype to replace the seasonal
subtype increases significantly, e.g., for R0p = 3 and R0 = 4, the pandemic subtype
replaces the seasonal subtype, whereas at the current vaccine coverage the pandemic
subtype cannot replace the seasonal subtype. Also if R0 = 2, then 100% vaccine coverage
prevents a seasonal epidemic.
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Figure 2.7: As Fig. 2.4, but with vaccination giving immunity for one year. Vaccine
efficacy in preventing seasonal influenza infection is 60% and effective vaccination
coverage is 15% (solid line), 24% (dotted line) and 60% (dashed line). Compare with
Fig. 2.4 (no vaccination).

2.4.2 Vaccination Gives Lifetime Immunity

Empirical studies [22, 39]) found that the effectiveness of vaccination lasts for more
than one year. We assume that the effectiveness of vaccination lasts for many years,
i.e., vaccinated individuals are protected from influenza infection for life (Fig. 2.8). We
assume that the duration and protection efficacy of naturally-acquired immunity and
vaccine-induced immunity are the same for the subsequent seasonal epidemic. When
vaccine gives the lifetime immunity, vaccination is working as if the vaccinated individuals
have recovered from influenza infection. The season-to-season dynamics of influenza is as
follows:

Si+1(tk+1) = (1− ϵ)Si(tk)ϕ
τie−d i = 1, 2, . . . , (2.19a)

S1(tk+1) = (1− ϵ)
(
1−

∞∑
i=0

Si(tk)ϕ
τi
)
e−d + ϵ

∞∑
i=1

Si(tk)e
−d , (2.19b)

S0(tk+1) = (1− ϵ)S0(tk)ϕe
−d + ϵS0(tk)e

−d + (1− e−d) . (2.19c)
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Fig. 2.9 is a plot of the reproduction number Rs from (2.18) (with different S∗
i ) of seasonal

Unvaccinated
(1 − ϵ)Si(tk)

Vaccinated
ϵ Si(tk)

Seasonal dynamics

Escaped
Si(tk+ ts)

Recovered

Figure 2.8: The flow diagram of individuals during the seasonal epidemic when the
effectiveness of vaccine gives lifetime immunity and the effective vaccination fraction is ϵ.

influenza after the pandemic against p values for different values of R0 and R0p . As in
section 2.4.1, we choose ϵ = 0.15, 0.24 and 0.60 corresponding to 15%, 24% and 60%

effective vaccination coverage of the total population. The qualitative behavior of these
plots (Fig. 2.9) is the same as those for the model when vaccine-induced immunity lasts for
one year (Fig. 2.7). However, the range of p values for the pandemic subtype to replace the
seasonal subtype increases with longer vaccine induced immunity.

2.5 Discussion

We have developed a hybrid model for studying the interaction between an influenza
A pandemic subtype and a seasonal subtype with several strains. During a seasonal
epidemic or pandemic, time is taken as continuous giving a system of ODEs; whereas
for the season-to-season mapping, time is discrete. Seasonal epidemics are modeled by
a modification of Andreasen’s system [4], which assumes that the cross-immunity of
an individual to the challenging seasonal strain is determined by the last season that an
individual was infected. Based on the observation that pandemics and seasonal epidemics
do not overlap in time, the pandemic is assumed to occur between two seasonal epidemics,
with the infection history distribution having reached equilibrium before the pandemic
starts. Cross-immunity between the seasonal subtype and the pandemic subtype is assumed
to be independent of the infection history for the seasonal strains.

We found that a larger basic reproduction number R0 for the seasonal subtype makes
it harder for the pandemic to replace the seasonal one. In fact, a larger seasonal basic
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Figure 2.9: As Fig. 2.7, except that vaccination gives lifetime immunity.

reproduction number increases the equilibrium seasonal reproduction number R∗, but does
not effect the population level cross-immunity caused by the pandemic to the seasonal
strain after the pandemic. Thus the seasonal reproduction number Rs after the pandemic
increases. On the other hand, a larger basic reproduction number R0p for the pandemic
makes replacement easier. Intuitively, a larger pandemic basic reproduction number
increases the fraction infected by the pandemic, and thus increases the population level
cross-immunity to the seasonal strain after the pandemic.

Our model and results are given in terms of p, which is the susceptibility of individuals
to the pandemic subtype, but it is instructive to interpret the results in terms of the
cross-immunity (1 − p) between the seasonal and pandemic subtype. Very strong
cross-immunity between the pandemic and the seasonal subtype prevents the invasion of
the pandemic, because the pandemic reproduction number is reduced below unity. As
(1− p) decreases, the pandemic may occur, but does not confer a large enough population
level cross-immunity to prevent the invasion of the next seasonal epidemic, causing the
pandemic and seasonal subtypes to coexist in the season following the pandemic. As
cross-immunity decreases further, the pandemic increases, and eventually may cause large
enough population cross-immunity to prevent the next seasonal strain invading. If this
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occurs, the pandemic replaces the seasonal strain. However, as (1 − p) decreases close to
zero, the pandemic and the seasonal subtypes become essentially independent; thus, small
cross-immunity causes the pandemic and seasonal subtype to coexist. This means that the
pandemic may replace the seasonal subtype for only intermediate levels of cross-immunity.

We considered vaccination against seasonal influenza, as this is currently available in
Canada and many other countries; however, we have not considered vaccination against the
pandemic subtype, as a vaccine is unlikely to be produced early enough to give significant
reduction of the pandemic. We found that vaccination reduces seasonal reproduction
numbers, and thus replacement by the pandemic subtype occurs more easily. However, for
current levels of vaccine coverage and efficacy in Canada, this reduction is negligible. With
the current vaccine efficacy of 60%, if vaccination uptake could be raised to 100%, then
reduction of the seasonal reproduction number is significant and the pandemic subtype is
more likely to replace the seasonal subtype.
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Chapter 3

Estimation of cross-immunity between
drifted strains of influenza A/H3N2

3.1 Introduction

Seasonal influenza A strains tend to group in antigenic clusters rather than form a
continuous antigenic lineage [69]. Usually the strains in a cluster have small antigenic
distance (number of different epitopes), and remain dominant for 3.3 seasons on average
before a new cluster at a larger antigenic distance emerges [69]. This makes it very difficult
to predict which strains are going to cause an outbreak in the next season. Influenza
vaccine is a main strategy for prevention and control of seasonal and pandemic influenza
[27, 34]. The usual practice is that influenza vaccines are administered before the start of
the seasonal epidemic. Due to antigenic drift, influenza vaccines (that are derived from
the strains in the past season) are not completely protective in the next season against
infection by drifted strains. However, influenza vaccine and natural infection give rise
to cross-immunity (see section 1.5.4) [62, 80]. Cross-immunity has a major influence
on the final size (the fraction of individuals infected in an influenza outbreak, also called
the attack rate) of seasonal epidemics [4, 5]. Thus cross-immunity also influences the
distribution of susceptibility in the population, which in turn shapes the natural selection
of influenza strains [37]. In addition, cross-immunity between the vaccine and challenging
strains is a crucial measure for vaccine protection.

In chapter 2, we investigated whether the pandemic subtype of influenza replaces or
coexists with seasonal strains after the pandemic. The parameters appearing in the models
in chapter 2 are the cross-immunity q between drifted strains of influenza and the basic
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reproduction number R0 of seasonal influenza. We assumed the cross-immunity q at
a reasonable level because there was no quantitative estimate of the cross-immunity so
far. Since cross-immunity is a very important epidemiological parameter, a quantitative
estimate of this parameter may be able to give more insight in the dynamics of influenza
epidemics.

Kucharski et al. [56] developed a mechanistic model to measure cross-reactivity of
antibodies to a challenging strain given a history of influenza A/H3N2 infection. They
estimated that the exponential decay of cross-reactivity has the rate 0.29 per year. In the
study by Kucharski et al. [56] there are two limitations. One is that they considered in

vitro response (cross-reactivity), which does not always represent the in vivo response
(cross-immunity), since the latter involves complex mechanisms in addition to antibody
cross-reactivity. The second is that they assumed that cross-reactivity decays exponentially
with time, implying that the strain in one season directly evolves from the strain of the
previous season. The genetic evolution of these strains is commonly represented by a
phylogenetic tree (see Viboud et al. [76], and section 1.3). Thus the antigenic change
can be represented by a similar tree, called the evolutionary tree of antigens. The second
assumption of Kucharski et al. [56] corresponds to a linear evolutionary tree of antigens.

We consider in vivo response with realistic evolutionary trees of antigens, and estimate
the cross-immunity between strains of influenza A on the evolutionary tree. We develop
a theoretical model that takes into account both the drift evolution (antigenic distance of
influenza strains) and the cross-immunity gained from previous infections reducing the
susceptibility to related strains of influenza. We fit our model to immune response data
for influenza epidemics from the Seattle area for two seasons after the 1968 pandemic.
We group influenza strains by their antigenic distance into a tree structure. Considering
different evolutionary trees of antigens in our model, we determine the most likely structure
during these seasons, which agrees with the observed tree structure found by Viboud et al.
[76]. From our model, we also estimate the basic reproduction number of the pandemic
influenza A/H3N2.

In section 3.2, we present the immune response data from the Seattle area after the 1968
pandemic. In section 3.3, we present an adapted theoretical model based on the seasonal
model of section 2.2.3 to investigate the cross-immunity between influenza strains. Our
statistical method for parameter estimation is presented in section 3.4; model validation
and results are given in section 3.5. Discussion is given in section 3.6. Our main finding
is that the cross-immunity between an influenza strain and its mutant is 88%. We also
find the basic reproduction number of the 1968 pandemic influenza in line with previously
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3.2 Sources of Data

The average cross-immunity in the population not only determines the attack rate of a
seasonal epidemic [4, 7], but also depends on the attack rate of previous seasons. The
attack rate in turn depends on the distribution of susceptibility in the population. It
is difficult to estimate this distribution for seasonal epidemics, except for the seasons
immediately following a pandemic. In the season following a pandemic, individuals are
either completely susceptible to a challenging strain (those who escaped the pandemic)
or have the same cross-immunity (those who were infected by the pandemic). This gives
us the initial condition for our model of the evolution of the distribution of susceptibility.
Thus we use the attack rates in the seasons immediately following the 1968 pandemic as
given in Foy et al. [39, 40] for 1968–1971.

Foy et al. [39] conducted a field study among school children to evaluate the efficacy
of a single dose of monovalent influenza vaccine. The study began in late November
and early December of 1968 (Fig 3.1) by vaccinating junior high school children in the
Seattle urban and suburban areas; a total of 4133 children were vaccinated with influenza
A/Aichi/2/68(H3N2) or influenza B/Mass/66 strain on one occasion only. On a random
basis, half of the children received influenza A vaccine (the study group) and half received
influenza B vaccine. The children, who received influenza B vaccine, are taken as the
control group, since influenza B vaccine is not effective against influenza A. At the time
of vaccination, a random 20% of the children had blood samples collected, and vaccinated
children were monitored for a period of three years. Following the pandemic that peaked
in December 1968, blood samples were collected again in March 1969; see Fig 3.1 for
the time line. An Influenza A/H3N2 strain caused a seasonal influenza epidemic during
the influenza season of 1969–70. After this seasonal epidemic, blood samples were
collected in March 1970 (Fig 3.1) for serological analyses and estimating infection rates
among vaccinated children. A fourfold or greater titer rise in Complement Fixation or
Hemagglutination Inhibition or both tests was taken as infection during the influenza
season. A sample of 165 influenza A vaccine, and 152 influenza B vaccine recipients
were tested for influenza infection in March 1970. There was no seasonal epidemic in
the 1970–71 season in the Seattle urban and suburban areas [39]. Following the seasonal
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A/H3N2 epidemic in the influenza season of 1971–72, blood samples were collected in
March-April 1972; serological analyses of blood samples for influenza infection were
based on 147 influenza A vaccine and 156 influenza B vaccine recipients. The results of
serological analyses of blood samples are summarized in Table 3.1.

Vaccination

Nov 68

Blood sample

Mar 69

Pandemic

Blood sample

Mar 70

Epi. 69-70

No blood sample

Mar 71

No Epi. 70-71

Blood sample

Mar 72

Epi. 71-72

Figure 3.1: The time line of the A/H3N2 influenza study of Foy et al. [39, 40]. The
dotted line indicates the duration of the pandemic influenza in 1968, the solid lines
indicate the summer time between influenza epidemics, and the broken lines indicate
the duration of typical seasonal influenza epidemics. Influenza vaccine was administered
in November-December 1968; blood samples were collected in March 1969, March 1970
and March-April 1972.

Our method also depends on the pandemic attack rate in the general population, which
is not available in Foy et al. [39, 40]. However, Davis et al. [28] provide this information in
a similar high school population in another metropolitan area. Davis et al. [28] conducted
a retrospective questionnaire survey among high school students and their families in the
Kansas City area for histories of influenza like illness between November 1,1968 and
January 17,1969 during the A/H3N2 influenza pandemic. On January 17, 1969 each
student was requested to donate a blood sample for serologic studies of influenza infection.
A total of 139 students out of 285 samples were found with antibody titers of at least 1 : 10

of influenza A/H3N2, giving an estimate of 49% for the serologically confirmed attack rate
of the pandemic.

Season Influenza A vaccine Influenza B vaccine
(Study group) (Control group)

1969-70 10/165 33/152
1971-72 17/147 40/156

Table 3.1: The fraction of infected samples (number of infected children/number of total
children in the group) from serological analyses after seasonal influenza A in the 1969–70
and 1971–72 influenza seasons (from Foy et al. [40], Table 4 and Foy et al. [39], Table 1).
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3.3 Modeling the Dynamics of Seasonal Influenza

3.3.1 Population Model

We adapt a theoretical model from Andreasen’s (2003) seasonal model presented in
section 1.5.6 to investigate the cross-immunity between influenza strains depending on the
evolutionary tree of antigens of influenza A/H3N2. We also adapt Andreasen’s seasonal
model in section 2.2.3, where we divided susceptible individuals into infinitely many
classes according to their most recent infection year. Following the time line in Fig. 3.1,
susceptible individuals are now divided into a few classes to fit the model to the influenza
epidemic data in Table 3.1 for the 1969–70 and 1971–72 seasons in the Seattle area. We
introduce the symbol Scℓ as the fraction of susceptible individuals at the end of the current
season c who had their last influenza in season ℓ, and Sc0 as the fraction of susceptible
individuals at the end of the current season who have never been infected by the influenza
A/H3N2 subtype.

Vaccination
Not

effective
1 − ϵ

Effective
ϵ

Pandemic 1968

S68
0 = (1−A68)(1− ϵ) S68

68 = ϵ + A68(1 − ϵ)

Epidemic 1969

S69
0 S69

69 S69
68

Epidemic 1971

S71
0 S71

71 S71
69 S71

68

Figure 3.2: The progress of disease dynamics among the study group (ϵ > 0), and the
control group (ϵ = 0). Here, A68 is the attack rate of the pandemic in 1968. The solid
and dashed lines represent the flows of uninfected and infected individuals, respectively.

The flow of individuals among the Scℓ classes is depicted in Fig. 3.2. Let ϵ be the
proportion of individuals vaccinated who had an antibody response. For simplicity,
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we assume that natural infection and effective vaccination have the same level of
immunological response. Thus, after the pandemic in 1968, the S68

68 class contains
individuals who were either effectively vaccinated or infected during the pandemic. That
is

S68
68 = ϵ+ A68(1− ϵ) , (3.1)

where A68 is the attack rate of the pandemic. In the vaccinated study group because
everyone is vaccinated, ϵ is the fraction of vaccine recipients with an antibody response.
For individuals who have no antibody response to the vaccine, a fraction A68(1 − ϵ) were
infected by the pandemic, and a fraction

S68
0 = (1− A68)(1− ϵ) (3.2)

escaped the pandemic.
For ℓ ∈ {0, 68}, the classes S69

ℓ contain individuals in S68
ℓ who escaped influenza in the

1969–70 season, and individuals who were infected during that season belong to S69
69 . We

assume that a fraction of individuals ϕ69
ℓ (with 0 < ϕ69

ℓ < 1) for ℓ ∈ {0, 68} in S68
ℓ escaped

influenza and a fraction 1− ϕ69
ℓ were infected by influenza in the 1969–70 season. Thus,

S69
ℓ = ϕ69

ℓ S
68
ℓ , ℓ = 0, 68, (3.3)

S69
69 = 1−

(
S69
0 + S69

68

)
. (3.4)

There was no observed influenza epidemic in the Seattle area in 1970–71 season [39],
but an epidemic was observed in the 1971–72 season. Thus, similarly at the end of the
1971–72 epidemic season, individuals belonging to S71

ℓ for ℓ ∈ {0, 68, 69} and S71
71 classes

are found as follows

S71
ℓ = ϕ71

ℓ S
69
ℓ , ℓ = 0, 68, 69, (3.5)

S71
71 = 1−

(
S71
0 + S71

68 + S71
69

)
, (3.6)

where ϕ71
ℓ is the fraction of individuals in S69

ℓ for ℓ ∈ {0, 68, 69} who escaped influenza
infection during the 1971–72 season. Knowing the parameters ϵ, A68, and ϕ69

ℓ for
ℓ ∈ {0, 68} and ϕ71

ℓ for ℓ ∈ {0, 68, 69}, the flow of individuals among Scℓ classes are
completely determined by (3.1)–(3.6). In Section 3.3.2, we model the transmission
dynamics of seasonal influenza with an SIR-type model to determine the parameters ϕ69

ℓ

and ϕ71
ℓ .
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3.3.2 Seasonal Epidemic Model

We model the dynamics of seasonal influenza by taking into account an individual’s
infection history since this determines the cross-immunity of an individual to the
challenging strain [4, 56]. Like Andreasen [4], we assume that the level of cross-immunity
is determined by the most recent infection. We denote by scℓ(t) the fraction of susceptible
individuals in season c at time t whose infection history belongs to ℓ, by i(t) the fraction
of infected and infectious individuals, and by r(t) the fraction of recovered individuals.
For c = 69, an individual’s infection history ℓ belongs to {0, 68}, and ℓ ∈ {0, 68, 69}
for c = 71. We ignore birth and death processes; thus

∑
ℓ s

c
ℓ + i + r = 1 is a constant.

We assume that individuals in scℓ with ℓ ̸= 0 have susceptibility τ cℓ . Individuals in sc0 are
assumed to have complete susceptibility, i.e., τ c0 = 1. We introduce non-dimensional time
such that the infectious period is 1. The transmission dynamics of influenza for the season
1969–70 evolves according to the ordinary differential equations

ds69ℓ
dt

= −R0τ
69
ℓ s

69
ℓ i , ℓ = 0, 68, (3.7a)

di

dt
= R0

(
τ 690 s

69
0 + τ 6968 s

69
68

)
i− i , (3.7b)

dr

dt
= i . (3.7c)

The initial conditions are s69ℓ (0) = S68
ℓ for ℓ ∈ {0, 68} (from Section 3.3.1), i(0) is positive

and small, and r(0) = 0. We assume that seasonal epidemics occur on a fast time scale,
where the end of the epidemic is denoted by time ∞, thus r(∞) = S69

69 and s69ℓ (∞) = S69
ℓ .

From (3.3), in this model ϕ69
ℓ =

S69
ℓ

S68
ℓ

=
s69ℓ (∞)

s69ℓ (0)
for ℓ ∈ {0, 68}. The final state of the seasonal

epidemic can be calculated from (3.7a) by observing that

ds6968
ds680

= τ 6968
s6968
s690

,

and integrating on the fast time scale from 0 to ∞ gives

s6968(∞)

s6968(0)
=

(
s690 (∞)

s690 (0)

)τ6968

, (3.8)

that is

ϕ69
68 =

(
ϕ69
0

)τ6968

. (3.9)
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To determine ϕ69
0 , sum (3.7a)and (3.7b) and integrate from 0 to ∞

i(∞)− i(0) + s690 (0)
(s690 (∞)

s690 (0)
− 1

)
+

s6968(0)
(s6968(∞)

s6968(0)
− 1

)
=

1

R0

∫ ∞

0

1

s690 (t)

ds690
dt

dt . (3.10)

At the beginning of the epidemic, i(0) is very small, so it can be taken as zero, and at the
end of the epidemic i(∞) is zero because no one is infectious anymore. Thus using (3.9),
the final size equation from (3.10) can be written as

log(ϕ69
0 ) = R0

(
s690 (0)

[
ϕ69
0 − 1

]
+ s6968(0)

[
(ϕ69

0 )
τ6968 − 1

])
= R0

(
S68
0 ϕ

69
0 + S68

68(ϕ
69
0 )

τ6968 − 1
)
. (3.11)

Similarly, using s71ℓ (0) = S69
ℓ for ℓ ∈ {0, 68, 69}, it follows that

ϕ71
ℓ =

(
ϕ71
0

)τ71ℓ

, ℓ = 68, 69, (3.12)

and

log(ϕ71
0 ) = R0

(
S69
0 ϕ

71
0 + S69

68(ϕ
71
0 )

τ7168 + S69
69(ϕ

71
0 )

τ7169 − 1
)
. (3.13)

With (3.9), (3.11)–(3.13), equations (3.3)–(3.6) determine S69
ℓ and S71

ℓ once τ 69ℓ and τ 71ℓ are
modeled; see Section 3.3.3.

3.3.3 Evolutionary Trees of Antigens

Fig. 3.3 lists all possible canonical evolutionary trees of antigens of influenza A/H3N2 for
the strains appearing in the 1969–70 and 1971–72 seasons, rooted at the 1968 pandemic
strain. A node a represents the influenza strain in year a that caused an epidemic, and an
arc connects from node a to node b if strain b evolves from strain a and causes an epidemic
in year b. We define the unit antigenic distance as the average number of epitopes between
two strains connected by an arc. Thus, the antigenic distance d(c, ℓ) is the number of arcs
between the nodes c and ℓ on the evolutionary tree of antigens. For example in Fig. 3.3,
Model 1 assumes that the 69 strain is a mutant of (i.e., evolves from) the 68 strain, and
the 71 strain is a mutant of the 68 strain, with d(68, 69) = 1 and d(68, 71) = 2. Model 2
assumes that the 71 strain is a mutant of some 70′ strain that did not appear in the Seattle
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area, which is a mutant of the 69 strain. Model 3 assumes that the 69 and 71 strains are
independent mutants of the 68 strain, and in Models 4 − 5 the 71 strain is a descendant
of some 70′ strain that did not appear in the Seattle area; thus for instance in Model 5,
d(68, 71) = 3 and d(69, 71) = 4.

We assume, as Boni et al. [13] and Kucharski et al. [56], that the cross-immunity decays
exponentially with antigenic distance. This gives τ cℓ = 1 − qd(c,ℓ) as the susceptibility in
the current season c, where q is the cross-immunity between strains connected by an arc.
With parameters ϵ, q, R0 and A68 and the evolutionary tree, the flow in Fig. 3.2 is uniquely
determined.

68 69 71

Model 1

68 69 70′ 71

Model 2

68

69

71

Model 3

68

69

70′ 71

Model 4

68

69

69′ 70′ 71

Model 5

Figure 3.3: Possible evolutionary tree of antigens of influenza A/H3N2 after the 1968
pandemic. The prime ′ indicates a strain that did not appear in the Seattle area.

3.4 Statistical Method for Parameter Estimation

We use the maximum likelihood method to estimate the cross-immunity q between
influenza strains depending on the tree of A/H3N2 with unit antigenic distance, the vaccine
protection ϵ against the vaccinating strain, the basic reproduction number R0, and the
attack rate of the 1968 pandemic A68 by fitting the model of Section 3.3 to the four data
points in Table 3.1. We assume that each individual has the same probability of being
infected during the pandemic influenza or seasonal influenza after the pandemic. Denote
by X68 the number of infected individuals in a sample of size N during the pandemic.
Thus X68 follows a Binomial distribution with parameter A68 and sample size N , i.e.,
X68 ∼ BIN(N,A68), where X68 and N are respectively 139 and 285 from Davis et al.
[28]; see Section 3.2.
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Let Xc and X̃c be the number of infected individuals among influenza A and influenza
B vaccinated individuals (control group) in a sample of sizeN c and Ñ c in a season c, where
c = 69 for the 1969-70 season and c = 71 for the 1971-72 season. The numerator and
denominator of the first column of Table 3.1 correspond to Xc and N c, and the numerator
and denominator of the second column of Table 3.1 correspond to X̃c and Ñ c for a season
c. We determine the attack rate of seasonal influenza in the 1969–70 and 1971–72 seasons
in the influenza A vaccine recipient (ϵ > 0) and influenza B vaccine recipient (ϵ = 0)
populations and taking these attack rates as a probability of infection during the seasonal
influenza, X69 ∼ BIN(N69, S69

69), X
71 ∼ BIN(N71, S71

71) and X̃69 ∼ BIN(Ñ69, S̃69
69),

X̃71 ∼ BIN(Ñ71, S̃71
71), where S̃69

69 and S̃71
71 denote the attack rates of seasonal influenza

among influenza B vaccinated individuals in the 1969–70 and 1971–72 season. The log
likelihood function of the parameters q, ϵ,R0 and A68 is

L(q, ϵ,R0, A
68) = log

(
F (X69;N69, S69

69)
)
+ log

(
F (X71;N71, S71

71)
)

+ log
(
F (X̃69; Ñ69, S̃69

69)
)
+ log

(
F (X̃71; Ñ71, S̃71

71)
)

+ log
(
F (X68, N,A68)

)
, (3.14)

where F (X;N, p) is the probability mass function of a Binomial random variable. We find
the set of parameters for influenza A/H3N2 that maximizes the log likelihood function L
in (3.14) by using Matlab fmincon function. The Akaike information criterion

AIC = 2(k − L) ,

where k is the number of parameters (k = 4), is computed for the relative quality of the
models for the data in Table 3.1. The 95% confidence interval for the parameters is found
from the likelihood ratio test; see, for example, [8, pp. 417-422].

3.5 Model Validation and Results

The point estimates of the parameters of the models in Fig. 3.3 (with their corresponding
τ cℓ ) and their AIC are summarized in Table 3.2. Among the candidate models in Fig. 3.3,
the preferred model (minimum AIC) is Model 5. These five models have the same number
of parameters, so the order of Bayesian information criterion (BIC) is the same as that for
AIC. Viboud et al. [76] presented an evolutionary tree for the influenza H3 gene during
the period including 1968–1972. This suggests that the 69 and 71 strains are two different
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branches of the 68 strain. Our best fit evolutionary tree of antigens agrees with that of the
evolutionary tree of the H3 gene but differs from that of the N2 gene, given by Viboud et
al. [76, Fig. 4].

Point estimate

Model ϵ q R0 A68 AIC

1 1.00 0.70 1.74 0.49 41.55

2 1.00 0.85 2.05 0.49 36.51

3 1.00 0.47 1.46 0.49 51.00

4 1.00 0.81 1.95 0.49 35.70

5 0.99 0.88 2.15 0.49 34.93

Table 3.2: Point estimates of the parameters of the Models in Fig. 3.3 and their AIC.

From the data in Table 3.1 and the susceptibility structure of the best fit evolutionary
tree of antigens (Model 5, Fig. 3.3), we estimate that the cross-immunity between influenza
strains with unit antigenic distance q is 88% (85–91%), the vaccine protection against
the vaccinating strain ϵ is 99% (65–100%), the basic reproduction number R0 is 2.15
(1.84–2.59), and the attack rate of the pandemic A68 is 49% (42–56%). The likelihood
profile of the parameters is shown in Fig. 3.4. The point and interval estimates of the
parameters are summarized in Table 3.3, with the distribution of the attack rate for each
season given in Fig. 3.5.

Parameter Point estimate 95% Confidence Interval
ϵ 0.99 0.65–1.00
q 0.88 0.85–0.91
R0 2.15 1.84–2.59
A68 0.49 0.42–0.56

Table 3.3: Point and interval estimates of the parameters for A/H3N2.

Since there was no observable epidemic in the Seattle area in the 1970–71 season, the
strain 70′ may be a descendent of strain 69, 68 or 69′ (the latter is depicted in Model 5).
Our estimated parameters yield a very small attack rate in the 1970–71 influenza season
(Fig. 3.5 (a), (b), (c)); agreeing with the observation of Foy et al. [39] that there was no
observable epidemic in the 1970–71 season.
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Figure 3.4: The plots give the likelihood ratio when varying the single parameter on the
horizontal axis. The dashed vertical lines mark the 95% confidence limits.

3.6 Discussion

We used a novel statistical model to investigate the cross-immunity between strains
of influenza A/H3N2. Our model incorporated the knowledge of the immune status
of susceptible individuals depending on the evolutionary tree of antigens of influenza
A/H3N2. The value of the cross-immunity between an influenza strain and its mutant
strains implies that an individual infected by a strain has 12% probability of infection
by a mutant strain in the next seasonal epidemic. We also determined that the vaccine
is highly effective in inducing an immune response. Thus, a vaccinated individual can
expect an infection with probability ≤ 0.01 if the season’s influenza outbreak is caused
by the vaccinating strain. Cross-immunity is a better measure of vaccine protection than
vaccine efficacy because the latter depends on factors that are not related to the vaccine,
for example, the probability of individuals in an unvaccinated population being challenged
by the circulating strain.

In a study of individuals tested against nine different influenza A/H3N2 strains isolated
between 1968 and 2008, Kucharski et al.[56] found a value e−0.29 ≈ 0.75 corresponding
to our q, which is lower than the range in Table 3.3. This may be because we focused only
on years following the 1968 pandemic, and strains from consecutive seasons may be on
different branches of the evolutionary tree (Model 5) resulting in a smaller cross-immunity
between seasons. In addition, in vivo cross-immunity is expected to be larger than in vitro

cross-immunity because of more types of immune response.
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Figure 3.5: The distribution of the influenza A/H3N2 attack rates are given by boxplots,
where the whiskers represent the 95% confidence intervals. The observed attack rates
in the seasons 1969–70 and 1971–72 are depicted with a diamond ⋄ symbol (given in
Table 3.1). The labels 69C, 71C and 69V, 71V represent control and vaccinated groups of
individuals in these years. For the 1970–71 season, the strain that may have challenged in
the Seattle area could be (a) a descendant of the 69 strain as in Model 2, (b) a descendant
of the 68 strain as in Model 4 or (c) a descendant of some 69′ strain and the parent of the
71 strain as in Model 5.

The basic reproduction number R0 of the 1968 pandemic influenza that we estimated
agrees with previously estimated values of 1.5−2.2 in [21] and 1.60−2.12 in [52]. The data
that we used are for school children, who have higher contact rates than other age groups.
So we expect that the attack rate and the basic reproduction number would be lower in a
general population.

Our model assumes that the antigenic drift in each season is the same. However, some
theoretical studies (e.g., Boni et al. [13]) suggest that the antigenic drift of the pandemic
strain is larger than that of the seasonal strain of influenza because the pandemic has a
much greater attack rate. Our model also assumes that the effectiveness of the vaccine is
all-or-nothing. However, the vaccine could be leaky [46], i.e, every vaccinated individual is
protected to some extent, but has a probability of infection. Note that both these alternative
hypotheses reduce the cross-immunity between the pandemic strain and a 69 strain. We
model these by assuming the cross-immunity between the 68 and 69 (69′) strain is equal
to γq, where γ ∈ [0, 1]. If the antigenic drift in the 1968 pandemic is larger, then the
cross-immunity between the 69 and 71 strains becomes γ2q4 in Model 5. On the other
hand, if the vaccine is leaky the cross-immunity of the individuals infected in the 1969
season remains q4 for Model 5. For simplicity, we assume that the vaccine is effective for
all individuals, i.e., ϵ = 1 for Model 5 with either hypothesis. Running Model 5 with either
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hypothesis, the point estimates of the parameters remain identical with the values given in
Table 3.3, and γ = 1. Thus, our model cannot distinguish these hypotheses, but they do not
affect our estimates of cross-immunity q, and the basic reproduction number R0.

Our theoretical model connects the susceptibility distribution with the influenza
evolutionary tree of antigens. Thus a variant of our model in Section 3.3 can be used
to study the evolution of influenza after any pandemic. Our findings of cross-immunity
between influenza strains can be used to compute the basic reproduction number (fitness)
of the challenging strain. This information may be helpful for predicting which strain
of influenza may cause the next season’s epidemic, and give better suggestions for the
composition of a seasonal influenza vaccine.
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Chapter 4

Modeling the Dynamics of Pandemic
Influenza with Contact Heterogeneity

4.1 Introduction

We modeled the dynamics of pandemic influenza in section 2.2.2 by assuming a
homogeneous mixing of individuals to study the replacement or coexistence of seasonal
subtype by the pandemic subtype. Qualitatively our model may be able to explain the
replacement of the seasonal subtype H1N1 by the pandemic subtype H2N2 in 1957. The
pandemic subtype H2N2 was a reassortment from H1N1 [34, 78]. Thus it is reasonable
to assume that the cross-immunity between this pandemic subtype and the seasonal
subtype H1N1 was at an intermediate level. The pandemic subtype H3N2 in 1968, also
a reassortment from the previous subtype H2N2 [34, 78], similarly replaced the seasonal
subtype H2N2. The subtype H1N1 was not directly descended from H3N2, thus in 1977

the cross-immunity between the pandemic subtype H1N1 and the prevailing seasonal
subtype H3N2 could be weak, leading to their coexistence. Qualitatively the hybrid model,
formulated in chapter 2, for the dynamics of influenza A epidemics agrees with the above
observations.

We now investigate whether the pandemic influenza model in section 2.2.2 quantitatively
agrees with the pandemic outcomes such as the attack rate. In section 2.2.1, we assumed
that individuals who recovered from the pandemic influenza gain stronger cross-immunity
and become less susceptible to the seasonal influenza. Thus, the model for the dynamics of
pandemic influenza needs to estimate the observed pandemic attack rate correctly. Without
this, the condition under which the pandemic subtype replaces or coexists with the seasonal
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subtype does not reflect the true condition.
Numerical simulation in section 2.3.2 shows that approximately 5–6% individuals

(individuals in S∗
0 ) have never been infected by the seasonal influenza. Thus neglecting

S∗
0 , the reproduction number of the pandemic influenza in (2.4) and its attack rate in (2.8)

become Rp = pR0p and Z = 1− ψp respectively, where ψp satisfies

log(ψp) = Rp(ψ
p − 1). (4.1)

In chapter 3, the basic reproduction number Rp of the 1968 pandemic influenza is
found to be 2.15 (1.84–2.59), and serologically confirmed attack rate to be in the range
42–56% by taking the value 49% from Davis et al. [28]. Matching Rp with the basic
reproduction number of the 1968 pandemic influenza, the attack rate Z from (4.1) is found
to be 75-90%. For the pandemics in the last century, a symptomatic attack rate 24–35%
has been reported by many authors (e.g., Biggerstaff et al. [11], Gani et al. [41]). Thus, the
attack rate found from (4.1) is much higher than the symptomatic attack rate published in
the literature [11, 41]; it is also higher than the serologically confirmed attack rate 42–56%
that we found in chapter 3. Conversely, if the attack rate from the model falls between
the range 42–56%, the basic reproduction number falls in the range 1.32–1.50, which is
much lower than the range we found in chapter 3. Thus, the attack rate from the model in
section 2.2.2 is an overestimation.

Contact rates are age specific; some individuals of the population make more contacts
than others. Meyers et al. [60] confirmed that school aged children have the maximum
number of average contacts, followed by working adults; contact rates of non-working
adults are the minimum. Thus, individuals of different age have different susceptibility.
These age-related distinctions are necessary to assess vaccination strategies. For example,
vaccinating school aged children could lower the overall attack rate [20]. Brauer [14]
showed that the attack rate of influenza from a one group model with homogeneous mixing
is higher than the attack rate from a two group model with heterogeneous mixing. Also,
Ball [9] showed that the final size decreases in the transmission dynamics of epidemics for
individuals with heterogeneous susceptibilities.

Following these, we modify the pandemic model in section 2.2.2 by incorporating
contact rate heterogeneity of individuals with the possibility of lowering the attack rate
of the pandemic influenza. In section 4.3.1, we model the dynamics of pandemic influenza
with constant susceptibility to the pandemic, and in section 4.4, the model is extended
to incorporate infection history dependent susceptibility to the pandemic. We explore
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whether the contact rate heterogeneity in the dynamics of the pandemic influenza gives
the attack rate in the observed range. Since no quantitative match is found, our finding
suggests that the attack rate of a future 1968-like pandemic influenza might have resulted
from a combination of other mechanisms, such as seasonal change in transmission rate or
behavioral change of individuals during the pandemic.

4.2 Source of Data

We obtained contact network data for the Greater Vancouver Metropolitan area from
Conway et al. [20], who used the same data as Meyers et al. [60]. Conway et al. [20]
used an extended SIR-type model including heterogeneity in age and contact rates to
assess the impact of vaccination and the timing of the vaccination campaign in limiting
influenza incidence against the 2009 pandemic influenza. Individuals in the Greater
Vancouver Metropolitan area were segregated according to age and degree (number of
weekly contacts) groups to capture realistic demographic effects. Eight different age
groups: 0–2, 3–4, 5–18, 19–24, 25–54, 55–64, 65+ and 65+ in long-term care, and five
degree groups: 0–5, 6–15, 16–30, 31–100 and 100+ contacts per week were considered.
The degree group with 100+ contacts per week was taken to represent health care workers,
who are more likely to receive and transmit infection. For each age group k and degree
group ℓ, Conway et al. [20] found the fraction of individuals belonging to that age and
degree group, and also the average number of contacts per week. The fractions of contacts
for age group k and degree group ℓ were arranged in a 8 × 5 matrix, whose (u, v) entry
represents the fraction of contacts of an individual in age group k and degree group ℓ with
individuals in age group u and degree group v. There are 40 such matrices, each has the
sum of entries equal to 1. Denote by M(k, ℓ) the matrix of the fraction of contacts of an
individual in age group k and degree group ℓ with all other age and degree groups. The
average contacts of an individual in age group k and degree group ℓ is denoted by Kkℓ, and
the population weight in that age and degree group is denoted by Pkℓ, giving matrices K
and P used in section 4.3.3.
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4.3 Dynamics of Pandemic Influenza

4.3.1 Heterogeneous Mixing of Individuals with Constant Susceptibility
to the Pandemic

In an attempt to understand the mechanism that lowers the attack rate of the pandemic
influenza, we adapt the SIR-type model in section 2.2.2 to incorporate contact rate
heterogeneity of individuals in the dynamics of pandemic influenza. To use the data
described in section 4.2, we divide the total population N into n contact groups. Denote by
Nk the number of individuals in contact group k for k = 1, 2, . . . , n with

∑n
k=1Nk = N .

Thus, if the contact group k represents an age group or an age and degree group as in
Conway et al. [20], the value of n is either 8 or 40. We assume that individuals in contact
group k belong to one of the three classes: susceptible (Sk), infected and infectious (Ik)

and recovered (Rk). Susceptible individuals in Sk are divided into sub-classes according
to their most recent infection year. Denote by Sk0 the number of Sk individuals who have
never been infected by seasonal influenza, and Ski for i ≥ 1 the number of Sk individuals
who were infected by seasonal influenza i years ago. Thus, the individuals in contact group
k is Nk =

∑
i

Ski + Ik +Rk.

As assumed in section 2.2.1, individuals recovering from an influenza infection
gain partial cross-immunity to the related strains of influenza [30, 42]. A pandemic
subtype usually results from the recombination of gene segments of avian viruses with
human influenza virus [10]. Thus, we assume that individuals who were infected by
seasonal influenza have some cross-immunity to the pandemic subtype. Assuming that
cross-immunity reduces susceptibility, we assume that all the individuals (except those in
Sk0) have the same level of susceptibility p to the pandemic influenza. As in section 2.2.2,
the cross-immunity between the pandemic subtype and any seasonal strain of influenza is
(1 − p). We ignore birth and death processes in the dynamics of the pandemic influenza,
thus Nk is a constant for contact group k. We denote by βkj the transmission rate between
an individual in contact group j to an individual in contact group k, and by α the recovery
rate from the pandemic influenza. For k = 1, 2, . . . , n, the transmission dynamics of the
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pandemic influenza evolves according to the following ODEs

dSk0
dt

= −Sk0
n∑
j=1

βkjIj , (4.2a)

dSki
dt

= −pSki
n∑
j=1

βkjIj , i = 1, 2, . . . , (4.2b)

dIk
dt

=
( n∑
j=1

βkjIj
)( ∞∑

i=1

pSki + Sk0
)
− αIk , (4.2c)

dRk

dt
= αIk . (4.2d)

The initial conditions are Ski(0) = S∗
ki with

∑n
k=1

∑∞
i=0 S

∗
ki ≈ N , and Ik(0) is small and

positive and Rk(0) = 0. Here, S∗
ki is the number of susceptible individuals before the

pandemic subtype causes an outbreak.

Basic Reproduction Number

Using the next generation matrix [75], the basic reproduction number is R0p = ρ
(
FV −1

)
,

where ρ(.) is the spectral radius of a square matrix. We skip the details of the matrices F
and V (see van den Driessche et al. [75]). For the model (4.2), the matrix F can be written
as the product of two matrices T and B, where

T =



∞∑
i=1

pS1i(0) + S10(0) 0 . . . 0

0
∞∑
i=1

pS2i(0) + S20(0) . . . 0

...
... . . . ...

0 0 . . .
∞∑
i=1

pSni(0) + Sn0(0)


(4.3)

and

B =


β11 β12 . . . β1n

β21 β22 . . . β2n
...

... . . . ...
βn1 βn2 . . . βnn

 . (4.4)
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Also, the matrix V is given by

V =


α 0 . . . 0

0 α . . . 0
...

... . . . ...
0 0 . . . α

 .

We assume that the distribution of susceptible individuals in each contact group is the
same. Define s∗i =

S∗
ki

Nk
for k = 1, 2, . . . , n, and assume that the distribution of susceptible

individuals s∗i has reached an equilibrium with
∞∑
i=0

s∗i = 1 before the outbreak of the

pandemic. Using the initial conditions Ski(0) = S∗
ki = Nks

∗
i for k = 1, 2, . . . , n, the

matrix T in (4.3) can be written as

T =



N1

( ∞∑
i=1

ps∗i + s∗0
)

0 . . . 0

0 N2

( ∞∑
i=1

ps∗i + s∗0
)

. . . 0

...
... . . . ...

0 0 . . . Nn

( ∞∑
i=1

ps∗i + s∗0
)



=


N1

(
p(1− s∗0) + s∗0

)
0 . . . 0

0 N2

(
p(1− s∗0) + s∗0

)
. . . 0

...
... . . . ...

0 0 . . . Nn

(
p(1− s∗0) + s∗0

)



= N
(
p(1− s∗0) + s∗0

)

a1 0 . . . 0

0 a2 . . . 0
...

... . . . ...
0 0 . . . an

 , (4.5)

where ak = Nk

N
is the fraction of individuals in contact group k. Denote by D the diagonal

matrix whose kth diagonal entry is the population weight of contact group k, i.e., D =

diag(a1, . . . , an). UsingD in (4.5), the matrix T can be written as T = N
(
p(1−s∗0)+s∗0

)
D.

Thus, the basic reproduction number R0p is given by

R0p =
N
(
p(1− s∗0) + s∗0

)
α

ρ(DB). (4.6)
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Final Size Relation

We divide (4.2b) by (4.2a), and (4.2a) by Sk0; then integrate from the beginning of the
pandemic at t = 0 to the end of the pandemic at t = ∞ to obtain

log
(
Ski(∞)

Ski(0)

)
= p log

(
Sk0(∞)

Sk0(0)

)
, (4.7)

and

log
(
Sk0(∞)

Sk0(0)

)
= −

n∑
j=1

βkj

∫ ∞

0

Ij(t)dt. (4.8)

Denote by ψk =
Sk0(∞)
Sk0(0)

the fraction of individuals in contact group k who have never been
infected by seasonal influenza and escaped the pandemic infection. Using ψk in (4.7), the
fraction of individuals in contact group k who had seasonal influenza i seasons before and
escaped the pandemic is given by Ski(∞)

Ski(0)
= ψpk. The integral

∫∞
0
Ij(t)dt in (4.8) is the total

number of individuals infected during the pandemic in contact group j; to find the integral∫∞
0
Ij(t)dt, add (4.2a)–(4.2c) and integrate from 0 to ∞ giving

dSk0
dt

+
∞∑
i=1

dSki
dt

+
dIk
dt

= −αIk ,

Sk0(∞)− Sk0(0) +
∞∑
i=1

(
Ski(∞)− Ski(0)

)
+ Ik(∞)− Ik(0) = −α

∫ ∞

0

Ik(t)dt. (4.9)

The dynamics of the pandemic influenza in each contact group k evolves according to
the model (4.2a)–(4.2d), and at the end of the pandemic Ik(∞) is approximately close to
zero since no one is infected anymore. Thus, using the initial conditions with Ik(0) ≈ 0,
equation (4.9) for contact group j becomes

Sj0(0)
(
1− Sj0(∞)

Sj0(0)

)
+

∞∑
i=1

Sji(0)
(
1− Sji(∞)

Sji(0)

)
= α

∫ ∞

0

Ij(t)dt

1

α

[
Njs

∗
0(1− ψj) +

∞∑
i=1

Njs
∗
i (1− ψpj )

]
=

∫ ∞

0

Ij(t)dt. (4.10)
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Substituting
∫∞
0
Ij(t)dt in (4.8), the final size relation becomes

log(ψk) = −
n∑
j=1

Njβkj
α

(
s∗0(1− ψj) + (1− s∗0)(1− ψpj )

)
= −N

α

n∑
j=1

ajβkj
(
s∗0(1− ψj) + (1− s∗0)(1− ψpj )

)
, (4.11)

for k = 1, 2, . . . , n, where ajβkj is the total infection from all individuals in contact group
j to an individual in contact group k.

Attack Rate of the Pandemic

The attack rate (see section 1.5.1) of the pandemic influenza is the overall fraction of
individuals infected during the pandemic influenza, which is defined as

Z = 1−
∑n

k=1

[
Sk0(∞) +

∑∞
i=1 Ski(∞)

]
N

= 1−
∑n

k=1

[
Sk0(0)ψk +

∑∞
i=1 Ski(0)ψ

p
k

]
N

= 1−
n∑
k=1

Nk

N

[
s∗0ψk +

∞∑
i=1

s∗iψ
p
k

]
= 1−

n∑
k=1

ak
[
s∗0ψk + (1− s∗0)ψ

p
k

]
. (4.12)

4.3.2 Reduction of the Model in Section 4.3.1

Since we assume that all the individuals (except individuals in Sk0) have the same
susceptibility p to the pandemic influenza, we can reduce the model (4.2) to four differential

equations for each k = 1, 2, . . . , n. Define Vk =
∞∑
i=1

Ski; then the transmission dynamics of
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the pandemic influenza for the model (4.2) can be written as following

dSk0
dt

= −Sk0
n∑
j=1

βkjIj , (4.13a)

dVk
dt

= −pVk
n∑
j=1

βkjIj , (4.13b)

dIk
dt

= (pVk + Sk0
) n∑
j=1

βkjIj − αIk , (4.13c)

dRk

dt
= αIk . (4.13d)

The initial conditions are Sk0(0) = Nks
∗
0, Vk(0) = Nk(1 − s∗0), and Ik(0) is small and

positive and Rk(0) = 0. The basic reproduction number is the same as in (4.6). With this
notation, equation (4.7) and (4.9) takes the form

log
(
Vk(∞)

Vk(0)

)
= p log

(
Sk0(∞)

Sk0(0)

)
,

and

Sk0(∞)− Sk0(0) + Vk(∞)− Vk(0) + Ik(∞)− Ik(0) = −α
∫ ∞

0

Ik(t)dt.

Using initial conditions of the model (4.13), the final size relation is the same as in (4.11).

4.3.3 Numerical Simulation

We numerically simulate the model (4.2) to determine the pandemic influenza attack rate
Z in (4.12), which is a functions of ψk for k = 1, 2, . . . , n. To find ψk, we need to solve
the system of non-linear equations in (4.11), which involve the fraction of susceptible
individuals s∗i who had seasonal influenza i years before. Following the numerical
procedure in section 2.3.2, and using the determined values of cross-immunity q and basic
reproduction number R0 of the 1968 pandemic influenza from chapter 3, we find s∗i values
by solving the season-to-season mapping equations (2.13)–(2.15); uniqueness of s∗i is
established in section 2.3.2.

The final size equations in (4.11), and the basic reproduction number in (4.6) are
functions of transmission rates βkj , for k = 1, 2, . . . , n and j = 1, 2, . . . , n. The
transmission rates βkj are very difficult to determine; however βkj is the product of the
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contact rate between an individual in contact group j and an individual in contact group
k, and the probability of disease transmission η ∈ [0, 1] from the contact. The value
η = 0 indicates that the disease is never transmitted, and η = 1 implies that each contact
transmits disease from an infectious individual to a susceptible individual.

Denote by ckj the contact rate between an individual in contact group k to all individuals
in contact group j. With this notation, the contact rate ckj and transmission rate βkj are
related by the equation

ajβkj = ηckj , (4.14)

where aj is the fraction of individuals in contact group j, determined from population
census data. Using the contact rate relation in (4.14), the transmission rate matrix B in
(4.4) can be written as follows

B = η


c11 c12 . . . c1n

c21 c22 . . . c2n

· · · · · · · · · · · ·
cn1 cn2 . . . cnn



a1 0 . . . 0

0 a2 . . . 0

· · · · · · · · · · · ·
0 0 . . . an


−1

= ηCD−1 (4.15)

where C = [ckj] is the contact rate matrix. Thus, the basic reproduction number R0p in
(4.6) becomes

R0p =
ηN

(
p(1− s∗0) + s∗0

)
α

ρ
(
DCD−1

)
=

ηN
(
p(1− s∗0) + s∗0

)
α

ρ(C) , (4.16)

and the final size equation in (4.11) becomes

log(ψk) = −ηN
α

n∑
j=1

ckj
(
s∗0(1− ψj) + (1− s∗0)(1− ψpj )

)
. (4.17)

Contact group represents age group

To find the contact rate matrix C, we use the matrices K, P and M(k, ℓ) introduced in
section 4.2. The total number of contacts of an individual in age group k and degree group
ℓ with all other age and degree groups is KkℓM(k, ℓ). To restrict our model to age groups,
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we sum the matrix KkℓM(k, ℓ) along the degree groups. Let 1⃗ = (1, 1, 1, 1, 1)t. Thus,
an individual in age group k and degree group ℓ has KkℓM(k, ℓ)⃗1 contacts with all other
age groups. The probability that an individual in age group k belongs to degree group ℓ is
Pkℓ∑
j
Pkj

. Summing across an individual’s degree group, who belongs to contact group k and

degree group ℓ, the contact rate from age group k to all other age groups is

c⃗k =
∑
ℓ

[
Pkℓ∑
j

Pkj
KkℓM(k, ℓ)⃗1

]
,

which gives the 8× 8 contact rate matrix C = [⃗c1, c⃗2, . . . , c⃗8] in terms of matrices M(k, ℓ),
K and P from the data as described in section 4.2.

Contact group represents age and degree group

In this case, we do not need to sum across the degree groups. Thus, an individual’s contact
rate from age group k and degree group ℓ to all other age and degree group is

c⃗8(ℓ−1)+k =
Pkℓ∑
j

Pkj
Kkℓm⃗(k, ℓ),

where m⃗(k, ℓ) is the column representation of the matrix M(k, ℓ), i.e., the 8(v − 1) + u

entry of m⃗ is the (u, v) entry of the matrix M(k, ℓ). The 40 × 40 contact rate matrix is
found as C = [⃗c1, c⃗2, . . . , c⃗40].

We use the matrix C and s∗i to compute the basic reproduction number R0p of a future
pandemic influenza from (4.16). Let ηN

α
= δ, a free parameter. For each value of p ∈ [0, 1],

the range of δ ∈ [δ1(p), δ2(p)] is determined to make R0p of a future 1968-like pandemic
influenza in the interval [1.84, 2.59]; see Table 3.3. Here, δ1(p) corresponds to 1.84, and
δ2(p) corresponds to 2.59 for each value of p. Using δ, s∗i and ckj , the (k, j)th entry of
C, we solve the non-linear system (4.17) to compute ψk for k = 1, 2, . . . , n. The system
(4.17) has a root ψk = 1, which is not biologically interesting, since ψk = 1 means there
is no pandemic influenza in contact group k. For a biologically meaningful root, (4.17) is
solved numerically by using fixed s∗i and ckj with δ = δ1(p) or δ2(p). We find numerically
that (4.17) has a unique root in the interior of (0, 1)n. We then compute the attack rate Z
from (4.12) and plot it in Fig. 4.1.

The pandemic influenza model (4.2) requires the cross-immunity between the pandemic
and seasonal subtype of influenza to be in the range 80–95% to observe a future 1968-like
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(a) (b)

(c) (d)

Figure 4.1: The solid lines represent the lower and upper bound of attack rates for δ ∈
[δ1(p), δ2(p)] from the model with constant susceptibility p. The horizonal lines are the lower
and upper bound of symptomatic attack rate 24–35% in Fig. 4.1a and Fig. 4.1c, and serologically
confirmed attack rate 42–56% in Fig. 4.1b and Fig. 4.1d. The contact group equals age group in
Fig. 4.1a and Fig. 4.1b; it equals age and degree group in Fig. 4.1c and Fig. 4.1d. The parameter
values corresponding to the shaded region between the horizontal lines give the pandemic attack
rate in the observed range.

pandemic influenza with serologically confirmed attack rate 42–56% (Fig. 4.1b). Also,
this range of cross-immunity is very high for the other cases in Fig. 4.1a, 4.1c and 4.1d.
Kucharski et al. [56] found that the cross-immunity between two seasonal strains that
appeared in two consecutive seasons is about 75%, but we found in chapter 3 that this
cross-immunity is 88%. Since the pandemic subtype is a recombination of influenza
subtypes, this high cross-immunity between influenza subtypes may be unrealistic.



63

4.4 Heterogeneous Mixing of Individuals with Infection
History Dependent Susceptibility to the Pandemic

The heterogeneity in contact rate lowers the attack rate. But, to reach the observed attack
rate, the model still requires unrealistically high cross-immunity. We now modify the
pandemic influenza model in section 4.3.1 to incorporate infection history dependent
susceptibility to the pandemic influenza. For this, we choose the model (4.2) over the
model (4.13) since the model (4.2) keeps track of an individual’s infection history, but
assumes individuals in Ski for i ≥ 1 have susceptibility p to the pandemic influenza. We
now assume that individuals in Ski have susceptibility pi to the pandemic influenza, with
pi following a monotonic relation to satisfy the fact that susceptibility increases with time
between the last seasonal influenza infection and the pandemic infection. Keeping all
other assumptions the same as in section 4.3.1, the transmission dynamics of the pandemic
influenza evolves according to the following equations for k = 1, 2, . . . , n

dSk0
dt

= −Sk0
n∑
j=1

βkjIj , (4.18a)

dSki
dt

= −piSki
n∑
j=1

βkjIj , i = 1, 2, . . . , (4.18b)

dIk
dt

=
( n∑
j=1

βkjIj
)( ∞∑

i=1

piSki + Sk0
)
− αIk , (4.18c)

dRk

dt
= αIk . (4.18d)

The initial conditions are Ski(0) = S∗
ki with

∑n
k=1

∑∞
i=0 S

∗
ki ≈ N , and Ik(0) is small and

positive and Rk(0) = 0.

Reproduction Number, Final Size Relation, and Attack Rate of the Pandemic

Following the calculations in section 4.3.1, the T matrix becomes T = N
( ∞∑
i=1

pis
∗
i +s

∗
0

)
D.

Thus, the basic reproduction number R0p of the model (4.18) is given by

R0p =

ηN
( ∞∑
i=1

pis
∗
i + s∗0

)
α

ρ(C)
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= δ
( ∞∑
i=1

pis
∗
i + s∗0

)
ρ(C).

The final size relation and the attack rate of the pandemic influenza of the model (4.18)
become

log(ψk) = −δ
n∑
j=1

ckj

[
s∗0(1− ψj) +

∞∑
i=1

s∗i (1− ψ
pi

j )

]
, (4.19)

and

Z = 1−
n∑
k=1

ak
[
s∗0ψk +

∞∑
i=1

s∗iψ
pi

k

]
. (4.20)

Numerical Simulation

To simulate the model (4.18), we assume pi in the form pi = 1 − ξqi, where ξ ∈ [0, 1]

represents the cross-immunity between the pandemic influenza and seasonal strain of
influenza that appeared before the pandemic outbreak. The cross-immunity q between
seasonal strains of influenza is found to be q = 0.88; see Table 3.3. We compute the basic
reproduction number R0p from (4.19) and final size from (4.19). We compute the attack
rate Z from (4.20) and plot it in Fig. 4.2.

In order to observe a future 1968-like pandemic influenza with serologically confirmed
attack rate 42–56%, the model (4.18) requires the cross-immunity in the range 98–100%
(Fig. 4.2b) when the contact group equals the age group, and 78–100% (Fig. 4.2d) when
the contact group equals the age group and degree group.

4.5 Discussion

The attack rate of pandemic influenza determines the average susceptibility of the
population to a seasonal subtype after the pandemic. Our pandemic influenza model with
homogeneous mixing of individuals fails to estimate parameter values in a reasonable
range for the attack rate of a future 1968-like pandemic influenza. To overcome the
shortcoming, we extend the pandemic model to incorporate the heterogeneity in contact
rates of individuals in the dynamics of pandemic influenza. Our model uses the contact
rate data from the Greater Vancouver Metropolitan area to determine the contact rate of
an individual from one contact group to an individual in other contact group. The model
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(a) (b)

(c) (d)

Figure 4.2: The solid lines represent the lower and upper bound of the attack rates for δ ∈
[δ1(ξ), δ2(ξ)] from the model with infection history dependent susceptibility pi. The horizonal
lines are the lower and upper bound of symptomatic attack rate 24–35% in Fig. 4.2a and Fig. 4.2c,
and serologically confirmed attack rate 42–56% in Fig. 4.2b and Fig. 4.2d. The contact group
equals age group in Fig. 4.2a and Fig. 4.2b; it equals age and degree group in Fig. 4.2c and
Fig. 4.2d. The parameter values corresponding to the shaded region between the horizontal lines
give the pandemic attack rate in the observed range.

requires the distribution of susceptible individuals in each contact group, as in chapter 2.
In our model, we considered the contact group is either age group or age and degree

group. For the model with constant susceptibility to the pandemic influenza, when
the contact group equals the age group, the cross-immunity between a future 1968-like
pandemic and seasonal subtype is required to be 92–97% to observe the symptomatic attack
rate 24–35% and the basic reproduction number [1.84, 2.59]. This range of cross-immunity
lowers down to 80–95% for a 1968-like pandemic influenza with the observed serologically
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confirmed attack rate 42–56%. When the contact group equals the age and degree group,
the cross-immunity is required to be 91–97% for the observed symptomatic attack rate,
and 70–95% for the observed serologically confirmed attack rate.

For the model with infection history dependent susceptibility, when the contact group
equals the age group or age and degree group, the model gives the attack rate much higher
than the observed symptomatic attack rate 24–35%, i.e., there is no parameter values for
which our model estimates the observed symptomatic attack rate. However, the model
gives parameter values for the observed serologically confirmed attack rate 42-56%. When
the contact group equals the age group, the cross-immunity is required to be 98–100%, and
when the contact group equals the age and degree group, the cross-immunity is required to
be 78–100% for the observed serologically confirmed attack rate.

Our pandemic influenza model with infection history dependent susceptibility pi

assumes that an individual’s susceptibility increases with the time between the last
seasonal infection and the pandemic infection. Thus, the estimations of cross-immunity
are higher than the estimations from the model with constant susceptibility p to the
pandemic influenza. However, both models give parameter values that corresponds
to unrealistically high cross-immunity between influenza subtypes. Since a genetic
reassortment produces a pandemic subtype, and the cross-immunity between influenza
strains is about 88% (chapter 3), it is very unlikely that the pandemic and seasonal subtype
have cross-immunity at this high end. Thus, heterogeneity in contact rate cannot alone
explain the dynamics of a future pandemic influenza that might have either a symptomatic
attack rate 24–35% or serologically confirmed attack rate 42–56%.
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Chapter 5

Conclusions

5.1 Replacement or Coexistence Condition Revisited

In chapter 2, we determine the condition of replacement or coexistence of a seasonal strain
by the pandemic subtype, by assuming values of the parameters q, the cross-immunity
between an influenza strain and its mutant, and R0, the basic reproduction number of
seasonal influenza (see Fig. 2.4). In chapter 3, we find these parameters q = 0.88 (0.85 −
0.91) and R0 = 2.15 (1.84− 2.59) for the influenza subtype H3N2. Using these parameter
values, we now recompute Fig. 2.4 to determine the range of cross-immunity values for
which influenza subtype H3N2 is replaced by or coexists with a future pandemic subtype
of influenza.

The numerical simulation in section 2.3.2 assumes initial values right after the 1968
pandemic influenza by taking Si(0) such that

∑n
i=1 Si(0) ≈ 1. Davis et al. [28] (see

section 3.2) found that the serologically confirmed attack rate of the 1968 pandemic
influenza was 49%, thus we take S1(0) = 0.49, S0(0) = 0.51 and all other Si(0) = 0

for i ≥ 2, and find the equilibrium distribution S∗
i of susceptible individuals. Then the

values of ψ in (2.9) is found from (2.6). Equation (2.6) requires the knowledge of the basic
reproduction number R0p of a future pandemic influenza. Since R0p is not known, we take
it equal to R0 of the 1968 pandemic influenza. Now for each value of p ∈ [0, 1], we use
the S∗

i values; compute the reproduction number Rs and plot it in Fig. 5.1.
Fig. 5.1 shows that a future 1968-like pandemic subtype of influenza requires a

cross-immunity in the range 9–53% to replace the influenza subtype H3N2. We run the
simulation for 200 times by choosing the parameters q, R0 and Z from a multivariate
normal distribution, and find a slightly wider range 8–58% of cross-immunity to replace
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Figure 5.1: The curve Rs plotted as a function of cross-immunity 1−p, giving the range
of cross-immunity values for which the seasonal subtype H3N2 is replaced by a future
pandemic subtype or reappears after the pandemic. The parameters are R0 = 2.15,
R0p = 2.15, q = 0.88. The threshold quantity Rs = 1 is marked by a horizontal line,
and the replacement range is determined by values of Rs below this line.

the influenza subtype H3N2 by a future pandemic subtype. Since the H1N1 pandemic
influenza in 1977 did not replace the previous seasonal subtype H3N2, the cross-immunity
between the two subtypes must be less than 9%.

5.2 Simplified Condition for Replacement or Coexistence

In section 2.3.2, we found that the fraction of individuals S∗
0 who have never been infected

by the seasonal influenza is approximately 5–6%. Neglecting S∗
0 , the reproduction number

Rs, in (2.9), of seasonal influenza after the pandemic becomes

Rs = R0

∞∑
i=1

τiS
∗
i (ψ

p + p(1− ψp)) . (5.1)

Before the pandemic outbreak, i.e., at the equilibrium, from (2.16), the reproduction
number of seasonal influenza becomes

R∗ = R0

∞∑
i=1

τiS
∗
i . (5.2)

The quantity R∗ is the reproduction number of seasonal influenza, which takes the
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cross-immunity into account (see section 2.2.3), and it has been estimated by many
authors; for example, Chowell et al. [19] gives an estimated R∗ = 1.3 from a model with
homogeneous mixing of individuals. Thus, using (5.2) in (5.1), the reproduction number
Rs is given by

Rs = R∗(ψp + p(1− ψp)) . (5.3)

where ψp is related with the attack rate Z of the pandemic influenza by Z = 1 − ψp from
(2.8). Using Z, Rs in (5.3) is given by

Rs = R∗[1− (1− p)Z
]
, (5.4)

which is a linear equation in terms of p for a fixed value of Z.

Figure 5.2: The curve Rs plotted as a function of cross-immunity 1− p. The attack rate
Z of the pandemic is taken as Z = 0.49 and the reproduction number R∗ of seasonal
influenza is (a) R∗ = 1.3 (solid line), (b) R∗ = 1.2 (dotted line), (c) R∗ = 1.4 (dashed
line). The threshold quantity Rs = 1 is marked by a horizontal line, and the replacement
range is determined by values of Rs below this line.

Since Z = 0 indicates that there is no outbreak of pandemic influenza, implying the
existence of seasonal influenza, we analyze (5.4) for Z ∈ (0, 1]. Differentiating (5.4) with
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respect to R∗, (1− p) and Z gives

∂Rs

∂R∗ = 1− σZ > 0

∂Rs

∂(1− p)
= −R∗Z < 0

∂Rs

∂Z
= −R∗σ < 0

The reproduction number Rs of seasonal influenza after the pandemic increases with
increasing R∗ since ∂Rs

∂R∗ > 0. Thus, the coexistence of seasonal influenza becomes easier
with increasing R∗ (Fig. 5.2). However, the replacement of seasonal influenza becomes
easier with increasing cross-immunity 1 − p since ∂Rs

∂(1−p) < 0. (Fig. 5.2). Also, seasonal
subtype replacement is easier with increasing attack rate Z since ∂Rs

∂Z
< 0 (Fig. 5.3).

Figure 5.3: The curve Rs plotted as a function of attack rate Z of the pandemic
influenza. The cross-immunity between the subtypes is taken as 88% from chapter 3
and the reproduction number R∗ of seasonal influenza is (a) R∗ = 1.3 (solid line), (b)
R∗ = 1.2 (dotted line), (c) R∗ = 1.4 (dashed line). The threshold quantity Rs = 1 is
marked by a horizontal line, and the replacement range is determined by values of Rs

below this line.

The 1968 pandemic influenza

In section 5.1, we find that the outbreak of a future 1968-like pandemic influenza is
cross-immunity dependent; it cannot invade if the cross-immunity between the subtypes
is 60–100% (Fig. 5.1, horizontal line). However, when we neglect S∗

0 (section 5.2), the
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reproduction number Rs, in (5.4), implies that there is an outbreak of pandemic influenza
with the attack rate Z. Using q = 0.88 and R0 = 2.15 in (5.2), we compute R∗ = 1.08

by iterating our season-to-season mapping equations (see section 2.2.3) for the influenza
subtype H3N2. We then use R∗ = 1.08 in (5.4), and compute Rs for fixed values of
attack rate Z. The reproduction number Rs of seasonal influenza is plotted in Fig. 5.4 to
determine the range of cross-immunity for which H3N2 is replaced by a future 1968-like
pandemic subtype of influenza.

Figure 5.4: The curve Rs plotted as a function of cross-immunity 1− p. The threshold
quantity of reproduction number is marked by a horizontal line. The parameters are
R0 = 2.15, q = 0.88 and Z = 0.49.

5.3 Discussion and Future Directions

We investigate the mechanisms of interaction between subtypes: why there have been two
replacement of subtypes (e.g., H1N1 by H2N2 and H2N2 by H3N2) and one coexistence of
subtypes (e.g., H3N2 and H1N1) by formulating a hybrid model for influenza A epidemics.
Qualitatively, our hybrid model shows that the replacement of seasonal subtype by the
pandemic subtype happens at intermediate levels of cross-immunity between the subtypes.
Quantitatively, this cross-immunity is found to be 9–53% to replace a seasonal subtype by
a future 1968-like pandemic influenza.

Since there was replacement of influenza subtype H1N1 by the subtype H2N2 in 1957,
and influenza subtype H2N2 by the subtype H3N2 in 1968, according to our model, the
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cross-immunity between H1N1 and H2N2, and between H2N2 and H3N2 must be in the
range 9–53% (Fig. 5.1). The pandemic subtypes H2N2 and H3N2 were a reassortment
of gene segments from human influenza viruses with avian influenza viruses [10]. The
subtype H2N2 derived five genes from the human H1N1 seasonal influenza, and H3N2
derived six genes from the previous H2N2 seasonal influenza [78]; thus the range 9-53%
of cross-immunity between the subtypes is reasonable. On the other hand, according to our
model, the cross-immunity between the subtypes H1N1 and H3N2 in 1977 must be less
than 9% (neglecting S∗

0 , this cross-immunity is < 16%) for the coexistence of subtypes.
This weak cross-immunity between the subtypes was due to the fact that the subtype H1N1
was not directly descended from the subtype H3N2 in 1977.

If we take the cross-immunity between H1N1 and H2N2 to equal a ∈ [0.09, 0.53],
and the cross-immunity between H2N2 and H3N2 to equal b ∈ [0.09, 0.53], then for
the coexistence of subtypes H1N1 and H3N2 in 1977, the cross-immunity must satisfy
ab < 0.09 (neglecting S∗

0 , ab < 0.16); thus the cross-immunity between H1N1 and H2N2,
and between H2N2 and H3N2 is at best 30% (neglecting S∗

0 , 40%). Our findings also
suggest that the estimated reproduction number of seasonal influenza R∗ = 1.3 could be an
overestimation. Because, in order to replace a seasonal subtype with reproduction number
R∗ = 1.3, a future 1968-like pandemic influenza requires 47–100% cross-immunity
between the subtypes (Fig. 5.2).

Our hybrid model (see chapter 2) assumes that the pandemic subtype survives in
the season following the pandemic, but we do not address what mechanism helps the
pandemic subtype to become seasonal. In the last century, a large fraction of individuals
gained cross-immunity against the pandemic subtype since the attack rate of the pandemic
influenza was much higher than the attack rate of the seasonal influenza. Despite this large
population level cross-immunity, the pandemic influenza caused an outbreak in the season
following the pandemic. Further investigation is required to understand the mechanism
that helps the pandemic subtype invade in the next season. Also, the model takes account
of only the season following a pandemic. If both subtypes coexist in that season, then
understanding the interaction and competition between the two subtypes in subsequent
seasons requires further modeling.

Our hybrid model (see chapter 2) is based on the assumption of homogeneous
mixing of the whole population. In chapter 4, we incorporated inhomogeneous mixing
of individuals in the dynamics of pandemic influenza. Future models may incorporate
inhomogeneous mixing of individuals in the dynamics of seasonal influenza to investigate
whether it changes the conditions found from the hybrid model with homogeneous mixing
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of individuals.
Our novel statistical method (see chapter 3) finds the cross-immunity between influenza

strains incorporating susceptibility of individuals depending on the evolutionary tree of
antigens of influenza H3N2. Our method suggests that the 1969 and 1971 strains are
two different branches of the 1968 strain. But in our hybrid model, we assume that
the individuals’ infection history is linear following Andreasen’s seasonal model. Future
models may incorporate individuals’ infection history based on the evolutionary tree of
antigens to find a condition for the replacement or coexistence of a seasonal subtype.

Our pandemic model (see chapter 4) with heterogeneity in contact rate cannot alone
explain the low attack rate of the pandemics. He et al. [48] showed that the three waves
of the 1918 pandemic influenza might have resulted due to the factors–(i) schools opening
and closing, (ii) temperature changes during the outbreak, and (iii) behavioural change
in human response to the outbreak; of which behavioural change had the largest effect.
Thus, future models may investigate whether seasonal change in transmission rate or
behavioral change of individuals during the pandemic could explain the low attack rate of
the pandemics in the last century.
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Appendix A

Symbol Meaning
ts Duration of seasonal epidemics
tb Beginning time of the pandemic influenza
te Ending time of the pandemic influenza
S Fraction of susceptible individuals who escaped the pandemic
S̃ Fraction of susceptible individuals who recovered from the pandemic
I Fraction of infected and infectious individuals
R Fraction of recovered individuals
S0, S̃0 Fraction of susceptible individuals in S, S̃ who have never been

infected by seasonal subtypes
Si, S̃i Fraction of susceptible individuals in S, S̃ who were infected i

seasons ago for i ≥ 1
S∗
0 , S

∗
i Fraction of susceptible individuals at equilibrium in S0 and Si for i ≥ 1

scℓ Fraction of susceptible individuals at the end of the current season c
who had their last influenza A/H3N2 in season ℓ

sc0 Fraction of susceptible individuals at the end of the current season c
who have never been infected by the influenza A/H3N2

i, r Fraction of infectious, and recovered individuals in current season c
who had their last influenza A/H3N2 in season ℓ

τi Fraction of susceptibility of individuals in Si to seasonal influenza
pτi Fraction of susceptibility of individuals in S̃i to seasonal influenza
τ cℓ Susceptibility of individuals in Scℓ
q Probability of antibodies from the previous year’s strain binding to

the current seasonal strain of influenza
1− p Cross-immunity between the pandemic subtype and any seasonal strain
α Recovery rate for seasonal influenza
βs Transmission rate of seasonal influenza
d Natural death rate of individuals
d(c, ℓ) Antigenic distance between the nodes c and ℓ on the evolutionary tree of antigens
R0 Basic reproduction number of seasonal influenza
R0p Basic reproduction number of the pandemic influenza
Rs Reproduction number of seasonal influenza after the pandemic
ψ Fraction of susceptible individuals who have never been infected

by the seasonal influenza and escaped the pandemic infection
ϕ Fraction of susceptible individuals who have never been infected by the seasonal

influenza and escaped seasonal influenza in the current season
ϕcℓ Fraction of individuals in Scℓ who escaped influenza infection during the season c
A68 Attack rate of the 1968 pandemic
ϵ Vaccine protection against the vaccinating strain
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