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Abstract

The Boltzmann equation is the basic equation to describe rarefied gas flows. Some
kinetic models with simple expressions for the collision term have been proposed to
reduce the mathematical complexity of the Boltzmann equation. All macroscopic
continuum equations can be derived from the Boltzmann equation or kinetic models

through the Chapman-Enskog method, Grad’s moment method, etc.

This thesis is divided into three parts. In the first part, existing kinetic models (BGK
model, ES-BGK model, v(C)-BGK model, S model, and Liu model), and two newly
proposed v(C)-ES-BGK type kinetic models are described and compared, based on
properties that need to be satisfied for a kinetic model. In the new models a meaningful

expression for the collision frequency is used, while the important properties for a kinetic

model are retained at the same time.

In the second part of this work, the kinetic models (BGK, ES-BGK, v(C)-BGK, and
two new kinetic models) are tested numerically for one-dimensional shock waves and
one-dimensional Couette flow. The numerical scheme used here is based on Mieussens’s
discrete velocity model (DVM). Computational results from the kinetic models are
compared to results obtained from the Direct Simulation Monte Carlo method (DSMC).
It is found that for hard sphere molecules the results obtained from the two new kinetic
models are very similar, and located in between the results from the ES-BGK and the
v(C)-BGK models, while for Maxwell molecules the two new kinetic models are
identical to the ES-BGK model. For one-dimensional shock waves, results from the new
kinetic model II fit best with results from DSMC; while for one-dimensional Couette
flow, the ES-BGK model is suggested.

Also in the second part of the work, a modified numerical scheme is developed from

Mieussens’s original DVM. The basic idea is to use a linearized expression of the
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reference distribution function, instead of its exact expression, in the numerical scheme.

Results from the modified scheme are very similar to the results from the original scheme

for almost all done tests, while 20-40 percent of the computational time can be saved.

In the third part, several sets of macroscopic continuum equations are examined for
one-dimensional steady state Couette flow. For not too large Knudsen numbers
(Kn<=0.1) in the transition regime, it is found that the original and slightly linearized
regularized 13 moment equations give better results than Grad’s original 13 moment
equations, which, however, give better results than the Burnett equations, while the
Navier-Stokes-Fourier equations give the worst results, which is in agreement with the
expectation. For large Knudsen number situations (Kn>0.1), it turns out that all
macroscopic continuum equations tested fail in the accurate description of flows, while

the Grad’s 13 moment equations can still give better results than the Burnett equations.
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Chapter 1 Introduction

1.1 Background

The subject of rarefied gas dynamics can be conveniently defined as the study of gas
flows in which the average value of the distance between two subsequent collisions of a
molecule (the so-called mean free path) is not negligible in comparison with a typical
length of the flow structure being considered. This situation is encountered in the areas of
aerodynamics, environmental problems, aerosol reactors, micromachines, vacuum

industry, etc [1].

In the microscopic theory! of rarefied gas dynamics, the state variable is the
distribution function. In this thesis the term “distribution function” always refers to the
mass distribution function, which is the mass of one microscopic particle m times the
number distribution function (or phase density) that is often used in kinetic theory. The
distribution function f(x,c,z) specifies the density of microscopic particles with velocity
¢ at time ¢ and position x. The particles, which can be thought of as idealized atoms,
move freely in space unless they undergo collisions. The corresponding evolution of f is
described by the Boltzmann equation [1, 3-5], which, when external forces are omitted, is

written as

F O _
5 =S(f). (1.1)

Here, the first term on the left hand side describes the local change of f with time, the

second term on the left hand side is the convective change of f, and the term on the right

hand side describes the change of f due to collisions among particles.

For the Boltzmann equation, the expression of the collision term S(f) is written as
[6]
() = [(r -1 Jog sinbdbdedc’, (12)

! In some references (e.g. [2]), it is said that the Boltzmann equation describes the gas on a mesoscopic
level, instead of a microscopic level.
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where the superscript 1 denotes parameters for particle 1, which is the collision partner of

the particle considered, the superscript * denotes parameters for the state after collision,
g= ‘c —-c“ is the relative speed of the colliding particles, & is the scattering factor, and

€ and @ are the angles of collision.

The Boltzmann equation is a nonlinear integro-differential equation, and difficult to
handle. Therefore, some alternative, simpler expressions have been proposed to replace
the Boltzmann collision term. These are known as collision models, and any Boltzmann-
like equation where the Boltzmann collision integral is replaced by a collision model is
called a model equation or a kinetic model [3, 4]. Kinetic models are discussed in detail
in Chapter 2.

In macroscopic continuum theory of rarefied gas dynamics, the state of gas is

described by macroscopic parameters (or say moments), such as mass density p,

macroscopic flow velocity u, temperature 7, and so on, which depend on position x and
time ¢. These quantities can be recovered from the distribution f by taking velocity

averages of the corresponding microscopic parameters such as

3

C2
S PRT = ijdc,

p=[tie.  pu=fosie.  pe=2p-
py = [fC.Cyde=pd,+0,, 0, = [fC.C,de, g, =% |c2c, fie, (1.3)
Py = [FCC,Cude, py = [FC*CCde,
where pe is the density of internal energy, R = % is the gas constant, k is Boltzmann’s
constant, C =c—u is the peculiar velocity (therefore, g = |c - c‘| = |C - C“ , de=dC), p

is the hydrostatic pressure, p;; is the pressure tensor, 0; is the trace-free part of pressure

tensor (bracket in subscript denotes the symmetric and trace-free part of a tensor, such as,

C.C, =CC, —%Czé',.j ), q; 1s the heat flux, p,, is a third-degree moment, and p,,,; is a

<i >
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fourth-degree moment. Eq. (1.3.c) gives the definition of temperature from the ideal gas

law.

A key non-dimensional parameter to describe rarefaction effects in rarefied gas

dynamics is the local Knudsen number Kn = %, which is defined as the ratio of the
local mean free path of particles / over a characteristic geometric length L or a length
over which a large variation of a macroscopic quantity may take place [7, 8]. The usual

continuum equations (such as the Navier-Stokes-Fourier equations) are only applicable
for Kn<<1.

2

Multiplying the Boltzmann equation (Egs. (1.1-1.2)) successively by 1, ¢;, and %,

then integrating over ¢, and utilizing the conservation laws of mass, momentum and

energy
= - Ve ogr_
[sdc=o0, feisde=0, ch Sde=0, (1.4)
yields the conservation laws for mass, momentum and energy at the macroscopic level,
op , o(pu;)
L4217 =0 s
ot ox

i

opu; o(puu; + py)
ot ox;

J

=0, (L.5)

1 1
B(pe+apu,2) a[/’e“j"'“z"/’”z“j"'“ipif"'qi}
+ - '=0‘
ot ox,

J

Note that this set of equations, which should be satisfied by any set of macroscopic

continuum equations, is not closed, unless additional equations for o,

;- and g, are given.

The traditional way to obtain expressions of o; and g, from kinetic theory is the

Chapman-Enskog (C-E) method [3, 5, 9], which is a perturbation method that secks the
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distribution function f in the form of an expression in powers of the small parameter Kn,
ie.

f =2Knuf(u) ) (1.6)
n=0

In this method, a factor %Q] is inserted in front of the collision term, that is to say, the

Boltzmann equation (or a kinetic model equation) to be considered is

S o 1 1
e TS (1.7)

(which is the same as the Boltzmann equation (or a kinetic model equation) in
dimensionless form). Substituiing the éxpression of fin Eq. (1.6) into Egs. (1.7, 1.2), and
equating the coefficients of the same power of Kn yields a set of equations for . By

solving this set of equations, an asymptotic solution of the distribution function f is

obtained (note that Kn=1 is set in the ultimate expression).

The distribution obtained from the zeroth order expansion is the Maxwellian

distribution f,,,

f=rfO=fy=p : 3-exp—c2 . (1.8)
M 27 RT 2RT

The corresponding set of macroscopic equations are the Euler equations where

o; =g, =0.

The first order expansion yields the Navier-Stokes-Fourier (NSF) equations with

du oT
O, =2U—, g, =—KkK—, 1.9
g =24 ax,, q o (1.9)

where 4 is the viscosity, and x is the thermal conductivity.

Bumett and super-Burnett equations are obtained from the second and third order

expansion respectively [10-13]. Both sets of equations suffer from instabilities and
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sometimes give unphysical behavior in steady state processes. Attempts to improve these

equations mostly are non-satisfactory [10, 14, 15].

The moment method is another traditional way to obtain macroscopic continuum
theory from kinetic theory [5, 6, 9, 16, 17]. In this method, the state of gas is described by

a set of moments, which include but will not be limited to p, u, (or pu;), T, p; and g,.

Multiplication of the Boltzmann equation (or a kinetic model equation) by a set of N
polynomials of the peculiar velocity ¥, (A=I,..., N) and subsequent integration over
velocity space yields the N moment equations to determine the N moments

Pa= I‘PA fdc. These equations do not form a closed system for the N moments being

considered, since some higher degree moments and production terms (moments of the
collision term) are contained in the equations. A closure assumption is required that
allows to relate the additional moments and the production terms to the variables, which
can be achieved if the distribution function f defined in the closure assumption only
depends on those N moments. There are two basic ways to find the distribution function

for the closure, Grad’s method [9, 16], and Levermore’s method [17-19].

There are two major points of criticism against Grad’s method. One is that Grad’s
systems fail to describe smooth shock structures for Mach numbers above a critical value
(such as 1.65 for the 13 moment set) [20]. Another one is that it is very difficult to
develop criteria for the choice of moments that must be considered, for the equations are

not related a priori to the Kn number as a smallness parameter [15].

For the Levermore moment method, the advantage is that every system derived is
always hyperbolic (not like Grad’s systems, which might loss their hyperbolic property
depending on the values of the fields, such as heat flux, stress, etc. [21]) and possess a
locally dissipated entropy [22]. The disadvantage is that the systems derived generally
have non-convex domains of definition, and the equilibrium stated is typically located on

the boundary of the defined domain with singular fluxes [23].
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The C-E method and the moment method are completely independent of each other,

since they were derived from different premises. However, from a method of Maxwellian
iteration, which is essentially equivalent to a C-E expansion of the moment equations, the
NSF equations and the Burnett equations can be derived from certain sets of Grad’s

moment equations [ 14, 24, 25].

Recently, a new set of moment equations, the Regularized 13 moment (R13)
equations, has been developed in [26], based on a regularization of Grad’s 13 moment
equations. It has been shown that the equations are linearly stable for all wavelengths and
frequencies, lead to smooth shock structures for all Mach numbers [26, 27], and the
description of Knudsen boundary layers from these equations are better than the

description from the Burnett equations [10].

A similar set of equations, which is called the slightly linearized R13 equations, has
been developed from a new method [15]. This new method is based on accounting orders
in the Kn number, and provides a direct link between Grad type equations and the Kn
number. All sets of equations derived from this method, the Euler equations and the NSF
equations in zeroth and first order, the slightly linearized Grad 13 equations in second
order, the slightly linearized R13 equations in third order, and so on, are stable for
disturbances of all wavelengths and frequencies. Therefore, we can say that this new
method provides a common umbrella for sets of equations that up to now were thought to

stem from very different arguments [15].

The main aim of the Direct Simulation of Monte Carlo (DSMC) method is to calculate
practical flows through the use of the collision mechanics (considered on a probabilistic
rather than a deterministic basis, which cause the noise phenomenon in results of DSMC)
of model molecules, which number is some hundred of thousand or million, but still is
extremely small in comparison with the number of molecules that would be present in the
real gas flow in most applications. For each of simulated molecules, the space
coordinates and velocity components are stored in memory and are modified with time as

the molecules are simultaneously followed through representative collisions and
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boundary interactions in the simulated region of space. The calculation is unsteady and

the steady solutions are obtained as asymptotic limits of unsteady solutions. At or near
continuum gas flow (low Knudsen number) situations, the DSMC calculation is very

complicated and time consuming [1].

1.2 Motivation and objective

Some kinetic models with simple expressions for the collision term (such as BGK
model [3, 28], ES-BGK model [11, 29-33], v(C)-BGK model [34, 35], S model [31, 36,
37}, and Liu model [38-40]) have been proposed to reduce the mathematical complexity
of the Boltzmann equation. Up to now, physical meaningful expressions for the collision
frequency as function of microscopic velocity have not been applied in any existing
kinetic model. One aim of this work is to propose and examine some new kinetic models,
in which a meaningful expression for collision frequency is used, while retaining the
important properties for a kinetic model, such as transport coefficients and Prandtl

number, at the same time.

In order to compare kinetic models and to see which one can be suggested to use for
future work, numerical tests need be done, and these form the second part of this work.
Numerical tests are performed for one-dimensional shock waves (IDSW) and one-
dimensional Couette flow (IDCF). The numerical scheme used is Mieussens’s Discrete
Velocity Model (DVM) [34, 41-44] with some necessary modifications. The main
advantage of Mieussens’s DVM is that the distribution function remains always positive,
and that conservation laws and dissipation of entropy are ensured in the discrete
equations. Another advantage is that computational time is saved, since the number of
discrete velocities does not need to be too large. These features are achieved since the

reference distribution function f,,. is not discretized directly, but determined by the

minimum entropy principle (therefore, the values of coefficients in the discrete reference
distribution are not identical to those in the continuous reference distribution). Further, in
order to save computational time and reduce the complexity of the program, a modified
numerical scheme is developed. The basic idea is to use a linearized expression of the

reference distribution, instead of its exact expression, in the numerical scheme. For
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comparison, results from the Direct Simulation Monte Carlo (DSMC) calculations are

used, since the DSMC method is equivalent to solving the Boltzmann equation for a
monatomic gas undergoing binary collisions. Indeed, both can be derived from the
Liouville equation [3, 6, 45, 46], and the classical Bird’s DSMC software is available in
the public domain [47, 48].

In the scope of macroscopic continuum theory of rarefied gas dynamics, there are the
NSF equations and the Burnett equations from the C-E expansion method, as well as the
Grad13 equations, the original R13 equations, and the slightly linearized R13 equations,
which are obtained by the moment method or related methods. In the third part of this
work, the above sets of macroscopic equations derived from kinetic models (BGK and
ES-BGK) will be compared with the kinetic models themselves. The idea is that a set of
macroscopic equations can be considered to be better than another one, when its results
are closer to the results from kinetic models. Numerical tests are performed for one

dimensional Couette flow at steady state, and the Maxwell molecules.

Since boundary conditions for the extended sets of macroscopic equations (Bumett,
G13, R13s) are still in development, and non-mature [15, 26, 49], a testing method has
been developed that does not require knowledge of the boundary conditions. In the test,
trace-free pressure and heat flux are computed from the NSF, the Burnett, the Grad13 and
the R13s equations, where values of the moments in the respective expressions are
chosen to be the values obtained from results of the kinetic models. The computed trace-
free pressure and heat flux are then compared to the values from the kinetic models
directly to check the quality of the computed results. Third-degree and fourth-degree
moments will be tested similarly (for Grad13 and R13s only).



Chapter 2 Kinetic models

2.1 Introduction

The Boltzmann equation is a nonlinear integro-differential equation, and is very

difficult to handle. Therefore, some alternative, simpler expressions have been proposed

for the collision term, which are known as collision models, and any transport equation

where the Boltzmann collision integral S(f) (Eq. (1.2)) is replaced by a collision model

S, (f) is called a model equation or a kinetic model [3, 4].

A collision model §,(f)needs to retain the main properties satisfied by the

Boltzmann collision integral (3, 4, 17, 34, 50]. These are:

ey
€))

3

@

&)

(6)

It guarantees the conservation of mass, momentum and energy, which is Eq. (1.4).

The production of entropy ¥ is always positive (H-theorem)

¥ =-k jlnf-smdczo. 2.1)
In equilibrium, S,(fz)=0, and therefore, the equilibrium distribution f, is
equal to the Maxwellian distribution f,, (Eq. 1.8).
Yield the right transport coefficients viscosity x, thermal conductivity x, and

Prandtl number Pr = %IEE— at the hydrodynamic limit. The Prandtl number Pr is
K

close to 2/3 for all physically meaningful collision factors o, calculated by means
of the C-E method from the Boltzmann equation [9]. Pr 5% for ideal monatomic

gas is also found in experiments [51].

The collision term S,,(f) depends on the peculiar velocity C =¢—wu, and not the
microscopic velocity ¢, since the Boltzmann equation is invariant under Galilean
transformation.

Predict positive distribution f at any situation for the kinetic model.

It is difficult to prove the last issue strictly (The author has not seen any literature

related to the proof). What can be done is to apply the model to some real situations, such
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as shock waves, Couette flow, etc. If the distribution f is not positive for some range of

velocity ¢ in the problem, then we can say that the model does not satisfy this property, at

least in that specific situation.

2.2 Motivation of kinetic equation and expression of collision frequency
For motivation of a kinetic equation, we simplify the Boltzmann collision term Eq.
(1.2) in three steps [35, 52].

Step 1: Because of the collisions, the distribution will tend to a distribution f, for
which the Boltzmann collision term vanishes (means equilibrium). Thus Inf, must be a
linear combination of the collisional invariants 1, ¢; and ¢ y 5 - The distribution f'f" in
the collision term Eq. (1.2) refer to the velocities after the collision, which means they

may be replaced by f, f..,

m

S(f) =8, = [(f,' £."~ ' Jog sinbddedc’ . 2.2)

Step 2: Since Inf, must be a linear combination of the collisional invariants, we may
replace f,f, by fofa

8, =8, = f, [fr08sin6dbdedc’ - f [f'ogsin6dbdedc’ . (2.3)

Step 3: The difference between the two integrals may be neglected. This last step leads

to the collision term of a kinetic model

Sn =S =Vfn—1), 24)
where the collision frequency is identified as
v(x,,1,C,)= [frogsin6dOdedc’ . 2.5)

One should not rely on the above equation as the exact value for collision frequency v

because all the assumptions in steps 1-3 will lead to errors. However, it is possible to
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choose the function v so as to fit the transport coefficients (viscosity and thermal

conductivity) to measurements.

When power interaction potentials between particles are applied, to simulate the real
situation, [5, 6, 34] ¢ ~r™"™ (n>3, where ¢ is the interaction potential, r is the
distance between particles, and n gives the order of the potential, n=5 represents Maxwell
molecules, and n — oo describes hard sphere molecules), one can show [6] that

ogsin@if = g" r-is,ds, 2.6)

where s, = 5,(8) .

Combining Egs. (2.5-2.6), considering f,, as the Maxwellian f,,, and after some

manipulation, the expression of collision frequency in spherical coordinates can be

reduced to

n-5

vV, =2xV,(n)- 3,2 -(2RT )2t - fé:e +7])3:T_17 —|§—ﬂ|§§}df, 2.7

where V,(n) = I sodsyde is a constant which depends on the interaction potential, but is

1
independent on the macroscopic gas properties. & —-—9-— ¢

and 7 =-——— are
J2RT g J2RT

dimensionless peculiar velocities.

2.3 Existing kinetic models

Several kinetic models have been proposed and developed in the past. Among them,
BGK model [3, 28], ES-BGK model [11, 29-33], v(C)-BGK model [34, 35), S model
{31, 36, 37], and Liu model {38-40} are commonly used. These models will be described
briefly, and compared in this section. Table 2.1 shows their basic properties, such as

whether the models fulfill the requirements 1-6 in the above section.

2 This model was also discussed in [3, 53], but explicit form of the collision frequency was not discussed
there. In [54-56], this model is discussed only for the hard sphere molecules (denoted as rigid-sphere
molecular model).
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The collision term S,,(f) in all above kinetic models can be written as

Su(f)=VF = fur), (28)
where v is the collision frequency, which is a constant with respect to velocity C in the

above models except for the v(C)-BGK model, and f ;s 18 a specific reference

T

distribution function, which depends on the model.

The BGK model is the simplest kinetic model, in which f, . = f, . This model is

widely used for theoretical considerations, but it gives Pr=1. All models described below

were introduced to correct this failure.

The ES-BGK model (ellipsoidal statistical BGK) is also known as Gaussian-BGK

model, in which f. = fg, and

_ 1
fos = p-det2z 2, ) -exp(——z—C,.e,.jC jJ. (2.9)
Here, the matrix A is defined as

o. .
A, =RTS, +b "p=(1—b)RT5,.j+bp" (2.10)

p ’
where b is a parameter that serves to adjust the Prandtl number, é',.j is the unit matrix,

and ¢ is the inverse of the tensor A. b must be in the interval [-1/2,1] to ensure that 4 ;

is positive definite. This expression for the reference distribution f,, is defined by the

following ten conditions (the first five conditions are the conservation laws),
[(fes — fIde =0, [C/(fs— fIe=0, [C*(fes — fIdc=0,
[CiCulfes - M =V(b-D0, . @.11)

From Egs. (2.9-2.11, 1.3), one can get
[fesde=p, [Cifrde=0, [C.C,fede=pA, =(1-b)pS, +bp,,  (2.12)

which will be used in the numerical work in Chapters 3 and 4.
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Only recently, Andries et al. succeeded in proving the validity of the H-theorem for

the ES-BGK model [32, 33], which revived the interest in this model.

The Burnett equations for the ES-BGK model with power interaction potentials have
been proposed and examined by Zheng and Struchtrup in [11]. The ES-BGK Burnett
equations are found to be identical to the Burnett equations for the Boltzmann equation
only in the case of Maxwell molecules, while the Burnett coefficients exhibit some
differences for other interaction types (e.g. hard sphere molecules). The linear stability of
the ES-BGK Burnett equations is also discussed in [11] and the main results are given in

Section 5.2.

The v(C)-BGK model is also called as BGK model with velocity-dependent collision
frequency, in which f,. = f,, and

f, =a-expl-T'C* +¥,C,). (2.13)

H

Here, the coefficients a, I" >0, y are chosen so as to guarantee the conservation of mass,

momentum and energy. In general situations, the explicit theoretical expressions of a, I,

y cannot be given, and only numerical values are obtained from these five constraints.

At the small Kn number situations, the distribution f and the reference distribution f,

should be close to Maxwellian f,, , then approximate explicit expressions of a, I", y can

be obtained through the first order C-E method. In these situations, one finds [34, 35]

3,
2RT) ’ 2RT’ N TET pT ax 2RT 2

8§ C, or fn“(nz—%)z

= fo | 14—t 22 Tdn |, 2.14
et E e T e
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where 77 = J;ET is a dimensionless velocity®. The transport coefficients and the Prandtl

number can be obtained from this model as

16p n® 7 8pR ( /2)2
=8P M 7 gp,
si7 b vy IR
n°
f——e dn
pr=2R&_ v(n) . 2.15)
2 K

In principle, the collision frequency v(77) can be assumed to be any function with two
unknown coefficients, which are determined by experimental values of viscosity # and
thermal conductivity x (or one experimental parameter and the condition Pr=2/3). Some
expressions of ¥(;7) can be found in [34]. Here, only one expression, which will be used
in the numerical test in Chapters 3 and 4, is listed.

=al1.0+ 12), (2.16)
with two coefficients a =0.0268351 and y =14.2724, where V is the dimensionless

collision frequency, which is defined as

p=£y. 2.17)
p

However, expressions of v(C) based on the Boltzmann collision term (Eq. (2.7)) do not

give the proper Pr number [34].

" The S model was proposed by E. M. Shakhov [31, 36, 37, in which f . = f;, and

29C, ([ C* 5
Is f”( 15pRT(2RT 2)} @19

: j Wdc = 4z(2RT)" 2]\;1,’2 dg Tor any scalar function ().
0
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The Liu model was proposed by G. Liu [38-40}, in which f,, = f, , and

i'C<iC'> 2 C 2
fL =fM 1+ p) J + ql i C __2
2pRT  5pRT\2RT 2

4 84,C,; 2 .
..f_M_._p__Q?)(Z) p;C<C,, +_q_,£,_ <& 3
Vv 5pRTm 15 \2RT 2

2.19)

Here Q® (2) is a coefficient, which is found in [12, 38].

Since heat flux is a vector, and the range of the peculiar velocity is (~o0,), f, and
f, will become negative for large values of the peculiar velocity. The further result is
that the distribution function f from these two kinetic models would be negative for

some range of peculiar velocity.



Table 2.1: Comparison of kinetic models

16

when p=0.

met with the physics.

conditions

Kinetic models BGK model ES-BGK model | y(C)-BGK model S model Liu model New model 1 New model II
frs in collision term | f, (Eq. | f, (Eq.(29) \w (Egs. (2.13-2.14)) fs (Eq. | f, (Eg. fu  (Egs. (220, \z: (Egs. (2.38,
5.0 (1.8)) (2.18)) (2.19)) 2.23)) 2.43))
Collision frequency V Velocity Velocity Velocity dependent - Velocity Velocity Velocity dependent | Velocity
independent independent independent independent dependent
Related references [3, 28] [11, 29-33] [34, 35] [31, 36, 37} [38-40] This work This work
1. Conservation of | Satisfied Satisfied Satisfied Satisfied Satisfied Satisfied Satisfied
mass, momentumn and
energy
2. H-theorem Proved Proved Proved Only proved | Only proved in | Only proved in small | Only proved in
in the near | the near local | Kn number | small Kn number
local equilibrinm situations situations
equilibrium situations
situations
3. In equilibrium, | Yes Yes Yes Yes Yes Yes Yes
f=fu
4. - Viscosity M p p 1 Eq. (2.15) p _ ST Eq. (2.26) Eg. (2.44)
Th ivi H=- =Vv1-p H== .klwbﬁ
ermal  conductivity v vi-b v 1 (2)
h‘ and Prandtl number R-|Mimm R"Mﬁlx- "—Mﬁx e 15k°T
T2y 2 v 4y 2mQP(2)
Pr=1.0 =Y, Pr=2/3 Pr=2/3
5. Galilean invariance Satisfied Satisfied Satisfied Satisfied Satisfied Satisfied Satisfied
‘6. Positiveness of f (To | Satisfied Satisfied Satisfied Possibly not Not true in | Satisfied Satisfied
the  author’s  best some
knowledge) situations
Remark Simplest f., is a local | In order to obtain 1. Satisfy the requirements of realistic
rf . .
model; fry | anisotropic Pr=2/3, the collision frequency and correct
. . expression of transport coefficients
Moquhoo& MHHMPSO””M velocity-dependent 2. Can simplify to the ES-BGK model
Gaussian BGK  model frequency does not and the y(C)-BGK model at certain
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2.4 Two new v(C)-ES-BGK type kinetic models

In the existing kinetic models, the collision frequency v is assumed to be an average
value, which is not dependent on the velocity C, except for the v(C)-BGK model. For

real gases, however, the collision frequency is a function of the velocity C. The C-
dependence of v has an important influence on the results at large Kn situations (e.g.

Kn >0.1), and thus v(C) in kinetic models should be close to the value predicted from

the Boltzmann equation. However, when the realistic collision frequency is used in the

v(C) -BGK model, the Prandtl number is not 2/3, but very close to unity [34].

Therefore, we propose a new type kinetic model, in which the realistic collision
frequency can be used, while the transport coefficients are predicted correctly (including
Pr =2/3). The idea is to combine the anisotropic Gaussian of the ES-BGK model and
the velocity-dependent collision frequency of the v(C)-BGK model to develop a new
kinetic model, named as ES-BGK model with velocity-dependent collision frequency, or

v(C)-ES-BGK model. There are two ways to create the reference distribution f, .

following this idea, which will be referred to as new kinetic model I and IL

2.4.1 New kinetic model I

In this new kinetic model, the collision term S, (f) is

S (F)==V(CXf - fu),

Fu =a~exp(——;—Fe..C.C. +}',.C,.). (2.20)

Here, the matrix &; is the same expression as in the ES-BGK model. The coefficients a,

I’ (>0), y are chosen so as to guarantee the conservation of mass, momentum and

energy.

In general situations, explicit expressions of a, I'- (>0), ¥ cannot be given, and only

numerical values can be obtained from the five conservation laws Eq. (1.4). At small
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Knudsen number situations, approximate explicit expressions of a, I, ¥ can be given

through the first order C-E method, and this is described in the following.

At small Kn number situations, any distribution is close to a Maxwellian distribution,

so that (when we only keep the zero and first order terms)

% R . 6, bo;
=pl—| (1-4a), r=1-r, ¢g=-Lt-—=L
2RT " " RT pRT’
o, .0, bo,
Fg,=—t-F—L_"0  y-4, @.21)
RT  RT pRT

A+f'C2 bdqcicj+A )

Here, the values of the undetermined coefficients 4, [ and #. are small compared to 1.

The value of parameter b must lie in the interval [-0.5, 1], which is the same range as b in

the ES-BGK model, to ensure the matrix &; is positive definite.

After performing the first order C-E expansion, one finds

f=Ffu- ! ”[ CC) oug G aT( 5)} (2.22)

RT Bx T ox;\2RT 2
This approximate solution fulfills the five conservation laws for any distribution f,,,

thus, the coefficients &, [~ and 7, cannot be determined from these conditions. However,

the distribution f must reproduce the first five moments, which are density, velocity and

pressure (Eq.(1.3)). It follows

a=0=0,
. 1 9T ¢fu( C* 5).,
.y F2.1 -Z|C%e, 2.23
Vi 3pT ox, I v (ZRT 2 Cde ( )
bC,C, C, oT ¢fy( C* S
1 1] i I M| C2d
Fu f”[ 2pRT Y 3pTaxI (ZRT 2) }

At last, for small Kn numbers, one finds
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CC, C, oT [
1 )
f= f”[J'z RTG” 3pTax-[ 2RT 2} ]

_fu CC, du, C aT 5
v | RT ax Tax 2RT 2

After computing pressure tensor and heat flux vector from the above first order C-E

(2.24)

expansion, one finds

- 32p 77
%= blSJ_ f xj>’ (2.25)
8pR f’l (77 _/)2 _,,d
ax.

1

Therefore, the transport coefficients and the Prandtl number obtained from this kinetic

model are

1 16p n° e
dn,
T1- blSJ_f 7

SPR f ( / J e dnp), (2.26)

_”Zd
_SRu _ 1 vi)© " A

T2k 1- ( /)2

o dn

where A is defined as

f n)e”d”

rl"(ﬂ %)z T an

v X (.27

A=

Combining Eqs. (2.7, 2.17, 2.26.a), one finds, after some manipulation, the following

expressions for the new kinetic model I,
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‘70('1) 1 8 p A(n) ’
=015 4 jopryacs 3’;‘_17
1 16
"(””’)ziiiis_‘ﬂ"“”’"?(””’)’ (2.28)
. 116
V(n,n)= STy -A(n)-B(n,m),
where
ne"
Amy=| ———dn, (2.29)

=0 B(n,n)
_ 68'52 3n 7
B(n,n) = J;)——-”— (E+n)ot —jg—nfrr |az.
For Maxwell molecules where n =5, A and B are constants®,

A(n=5)=09375, B(n=35n)=177245. (2.30)

P(n= 577):-1;-1% A(n=5)-B(n= 577)_—15

For hard sphere molecules where n = oo, one finds [12, 34]

= = [ S N rny - b = 20220t 2 L)

I’(n = oo,r’) = Lb—-—- A(n = co) . B(n =oo, ] = 0.0){8"72 + l/é—j—[—[;l’- + 27])8#(7])} » (231)

where A(n =o0) =0.308855,B(n =, =0.0)=3.0, and erf () is the error function,
which is defined as

erf(n)= -—j:; fe"zdt .

For other values of n, the integration in Eq. (2.7) needs to be done numerically.

For ideal gases, it is well known that the viscosity 4 is a function of temperature,

which can be described as [9]

* The computation uses a Mathematica program [57).
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p(T) =u({—T—] , 2.32)°
T,

where 4, , the viscosity at the reference temperature 7, will be used to determine V,(n),

and @ is a positive number of order 1. From Egs. (2.7, 2.26.a, 2.32), we can see that

n+3
o=
2An-1)

(2.33)

For real monatomic gas, the n value locates in between five and infinity, and the @ value
locates in between 0.5 and 1.0. That is to say, Maxwell molecules and hard sphere

molecules are the two limiting situations of molecular models for real monatomic gas.

Table 2.2 several n and corresponding b and Pr values for the new kinetic models

N : @ A b for Pr=2/3 b=-0.5
Pr |Pr—2/3]
213

5 1 1.0 -0.50 2/3=0.6667 0.000
6 0.9 1.00839 -0.5126 0.6723 0.008
231.0/31.0 | 0.81 1.01327 -0.5199 0.6755 0.013
10 0.72 1.01572 -0.5236 0.6771 0.016
13 0.67 1.01615 -0.5242 0.6774 0.016
20 0.61 1.01566 -0.5235 0.6771 0.016
o 0.50 1.0126 -0.5189 0.6751 0.013

Notes: The computation of A (Eq. 2.27) uses a Mathematica program.

Table 2.2 gives numerical results of the Prandtl number, Eq. (2.26.c), for several n
values. It is seen that in order to obtain Pr=2/3, the b value should be a little smaller than

—0.5, which is the low limit of this new kinetic model to ensure the matrix &; is positive

definite. Therefore in the application of this new kinetic model, b is chosen as 0.5, and
Pr will be a number which very near to 2/3. For Maxwell molecules, b = —0.5 will obtain
Pr=2/3. Therefore, our requirement, which is that realistic collision frequencies are used

and the transport coefficients are predicted correctly in one kinetic model, is met.

5 Besides this, some other expression can be found in the literature, such as the Sutherland’s law [58].
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When v(C) is not constant, and b=0 (which implies that £ = Eé',.j ), the new kinetic

model I is identical to the v(C)-BGK model. When v(C) is constant (therefore

¥: =¥, =0.0 from Eq. (2.23)), this new kinetic model is identical to the ES-BGK model.

At last, let us consider the H-theorem for this new kinetic model. Since the explicit
theoretical expression of a, I' (>0), y cannot be given in the general situations, the H-
theorem is hard to prove in general®. When small Kn number situations are considered, it

is found that the H-theorem is indeed satisfied. In these specific situations, from Egs.
(2.22, 2.24), one gets

b.. 4{n? —
Infelnf, + -2—p°fi-cc 8caTI 7 5/2)d”

3z T oz, 1%
__I_C,'Cj au 1 C aT( SJ ,

v RT axp 775{ 2RT 2

(2.34)

auq. C, oT _3

Utilizing the conservation law Eq. (1.4), and after some manipulation, the production of

entropy to the first order is

=—k|Inf-S,de

=k|[fu (AnC:Cj +LA,CC,+ACC,CT+EACC jc2jdc, (2.35)
4 v

+kij( A,C,C,C* +AC,C,C,C, +—‘1;A7C,.CJ.CkC,)dc
where
20 13T 3 pe '’ =502), a2 L0T01
N o, ox; v 7 4 T? ox, 0x,’
_ 4 1 9rar Ie"’zn“(ff—S/Z)d” 4 o 5 1 aTar
3Jz RT ox, ox, v ' 2RT’Oox; ox;’
_1 1 9T dT 4 = bu Ou, du, A= 1 Odu ou,
> 4RT*0x, ox;’ pR’T? ox, ox,, 7T RT? 0x,, O,

¢ Several ways have been attempted, such as to utilize the method used to prove the H-theorem of the ES-
BGK model, or the method for the V(C ) -BGK model, or even the combination of these two methods, but,
so far, all attempts failed.
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Since

[fuaC.Crde=—— 20 P(aT] E "4("2"5/2)d,,,

3o T? | ox v
I ccer (5] 15 an
ijAsc,.cjczdc_—_f/i__Tez_(g:] [ 77“(7‘7/2—5/2)(1,7,
[futcc,Coe=- :‘/O_T”z(g:]j V”6dn,
IfM%c,.c,.C“dc j_;’z(gjjj V"sdn,
[ fMAﬁcic,ckc,dc=2b—£‘i[gi‘§J :

2 2
A, 32p (Ou, | e nt
—C,C.C.Cidec= = dn,
IfM v i~¥jvk 16¢€ IS‘J;[apr I Vv 77

therefore,

¥ _ 8p aTze"’zn“nz—S/Z2
i) e

, .
du_, 2b,u ey
+ <i
p(axfj ( p 15‘/_j }
Utilizing Eq. (2.26), one finally gets

| arY u,
Z=k.[R’;2 (aT) +-2p£[a;‘_<] }20. 2.37)
i 7>

2.3.2 New kinetic model IT

(2.36)

This time, the collision term S, (f) is chosen as

Su(f)=—F =) |
frur =a-expl-T,C,C, +¥,C ) (2.38)

i
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Here, v(C) is the collision frequency, and the coefficients a, I}, (I, =I'; 20), ¥, are

chosen so as to satisfy the following 10 equations, which are given by analogy with the

ES-BGK model (Eq. (2.11) and v =—2— for the ES-BGK model)

b-1u
[(fur = fYde=0, [C{fu - fYde=0, [C*(f,, - fIdc=0,

fCaCpfun = e = _i“"'f' (2.39)

In general situations, explicit expressions for a, I;,

¥; cannot be given, and only
numerical values can be obtained. For small Kn number situations, approximate explicit

expressions of a, T,

7; can be obtained through the first order C-E method, and further

the H-theorem can be proved in these situations.

At small Kn number situations, any distribution is close to a Maxwellian distribution,
so that

N 5
= p| —— 1-a), r,=——-I,, =9,
. p(ZRT) (1-4) i “RT Y =7

S = fu (1~&+1““,7Cicj +7",-C,-) (2.40)

Here, the values of undetermined coefficients &, f‘,.j and §, are small, compared to 1.

After performing the first order C-E expansion, one finds

_r _fu|GCiou, COTfC* 5 241
= F V[RT axj>+T8xi 2RT 2)| @41

This approximate solution fulfills the 10 constraint equations (Eq. (2.39)) for any

. . du N
distribution f,,, since 0; =-2u 3 = for small Kn number situations. Thus, the

>

coefficients 4, f‘ij and $, cannot be determined from these conditions. However, the
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distribution f must reproduce the first 5 moments, which are density, velocity and

pressure (Eq.(1.3)). It follows

. 1 dT
= =00, - C?dc. 2.42
=" 0. 7 3pT ox, -[ [ 2RT 2} (2.42)

If we use the first 10 moments, which are density, velocity, and whole pressure tensor, to

determine the expression of coefficients, we get

Then we cannot express trace-free pressure tensor and viscosity as a function of collision

frequency, which will give trouble to relate Pr and v(m).

Since l",J is only requested to be a trace free tensor from the above equation (2.42), the

choice of l"y is not unique. For an easy treatment, the expression of lA",.j would be chosen

to be as simple as possible. However, choosing lA",.j =0 reproduces the v(C)-BGK

model. Therefore, here we choose the second simplest choice of l"y, which is a linear

function of the trace free tensor &;. Since the unit of l"u should be the same as the unit

of ——1— , the expression of l",J would be F. = Logj. The parameter b is introduced to
RT 2pRT

adjust the Prandtl number. The range of b is—1<b<0.5, which is proved in the

following paragraph, in order to make matrix I; positive definite, which is a little

different from the range of b value in the ES-BGK model.

Since the tensor I'; must be positive definite, there is some limitation for the value of

b. Based on the idea given in [33], one can find the range of b. To simplify the
description, here we only show the derivation for the matrices in a diagonal basis

(matrices in a non-diagonal basis can be transformed into matrices in a diagonal basis).
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_ 8, bo, (+b)5;, bp,
S=3RT 2pRT  2RT  2pRT

(l+b)P —bpy, 0 0
= 0 1+b)p—b 0
0 0 (1+b)p —bp;,
1 _(1+b)(Pn+P22+P33)"3an 0 0
= 6pRT 0 @+6Xp,, + Py +P33)"3bpn 0
- 0 0 (1+6Xpyy + pry + P33 )=3bpys
[ 0 0 0 0 0o 0
a-2| 7" a+py| P2 a+by|
" 6pRT 0 P O Y 6pRT 0 Py O T 6PRT 0 p, O
L0 0 py 0 0 p, 0 0 p,

In order to make I'; positive definite for any situation, and since p,,, p, and p,, are

positive, 1—2b >0 and 1+ b >0 need be satisfied. That is to say, —1<5<0.5.

At last, for small Kn numbers, one finds
bC.C. c oT
=f |1+—Lg, C2d
Fn f“’[ 2pRT %yt 3pT ax, I ( 2RT 2) c]
bC.C,
f=rfu [l+ 5 ’RT’ o, + 3CT gT If’” (ZRT ZJCch}
P b= o (2.43)

Su|GiCioug G AT C 5 :
v | RT 3, T ox 2RT 2

which is the same expression as f in the new kinetic model I (Eq. (2.24)). Therefore, the

transport coefficients can be obtained from this model as

1 16p n° "’d77

T1-b15Yz 2 V@)

8pR f ( / )2 e dn (2.44)

v(n)

1 fn Tdn r

R /r_,,d,,

Pr=

where A is defined as Eq. (2.27).
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It can be seen from Eq. (2.44) and Table 2.2 that Pr=2/3 can be satisfied for any power

index # in this new kinetic model, for —1<5 < 0.5 this time in order to make the matrix
I, positive definite. Therefore, our requirement, which is that realistic collision

frequencies are used and the transport coefficients are predicted correctly in one kinetic

model, is met,

It is easy to find that the new kinetic model II can be simplified into the ES-BGK

model when v(C) is set constant, while the v(C)-BGK model is recovered for

I, =T9;.

Let us consider the H-theorem for this new kinetic model II. Since the explicit

theoretical expression of a, l",.j (>0), y cannot be given in general situations, the H-

theorem is hard to prove in general situations’. When small Kn number situations are
considered, we find that the H-theorem is indeed satisfied, which proof is the same as the

proof for the new kinetic model 1.

2.4 Conclusion

Several existing kinetic models (BGK model, ES-BGK model, v(C)-BGK model, S
model, and Liu model) have been compared, based on properties that need to be satisfied
for a kinetic model. The main disadvantage of these existing kinetic models is that a
meaningful expression for collision frequency (Eq. (2.7)) and Pr=2/3 can not be
reached at the same time. In order to overcome this shortcoming, two new v(C)-ES-
BGK type kinetic models have been proposed here, which both can be simplified to the
ES-BGK model and the v{C)-BGK model. The next step will be to apply these kinetic
models in numerical computations, to see which new kinetic model is better, and whether
the new kinetic models can give better results than existing kinetic models or not. This
will be the task of Chapters 3 and 4. |

7 Several ways have been attempted, such as the method used to prove the H-theorem of the ES-BGK
model, or the method for the V(C ) -BGK model, or even the combination of these two methods, but, so
far, all attempts failed.
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Chapter 3 Numerical work on one-dimensional shock waves

3.1 Introduction of shock wave

A shock wave is a thin transitive area propagating with supersonic speed in which
there is a sharp change of moments, in particular a speed change from supersonic to
subsonic and increases in density and temperature. Shock waves arise at explosions,

detonations, supersonic movements of bodies, and so on [59].

The problem we consider in this chapter is the one-dimensional shock wave problem
(1DSW) at steady state, in which the changes of moments are along the x direction in an
x-y-z Cartesian frame (or the X1 direction in an X1-X2-X3 Cartesian frame), and the

boundary conditions are the equilibrium states at upstream and downstream sides.

In the 1DSW, the macroscopic flow velocity u, #0, and u, =u, =0, therefore for
trace-free pressure tensor elements, we have

0, ==20,, =—20;,. 3.1

From the conservation law Eq (1.5) it is realized that the fluxes of mass, momentum,
and energy, which are pu,, pu’+p,, and 1.5pu, +0.50u] + p,u, +q,, must be
constant in the whole domain at the steady state of 1DSW. Since p,, = p and g, =0 for

equilibrium state, these conditions, known as the Rankine — Hugoniot relations {9, 60], at

this situation can be written as
Pyly = Pplp,
Pyly + Py = Polp + Py, (3.2)
2.5pyuy +0.5p,uy =2.5pu, +0.5p,u,

where the subscript U denotes the equilibrium state at upstream side, and the subscript D

denotes the equilibrium state at downstream side.

The Mach number is defined as



29

Ma=—, (3.3)

5 . et s
where a = 3 RT,, is the sound speed at the upstream equilibrium state..

3.2 Numerical scheme

The numerical scheme we use is based on Mieussens’s Discrete Velocity Model
(DVM). We will briefly recall the main ideas of this method and give some remarks in
this section and Section 4.2, and some flow diagrams of computational programs are

shown in appendix A. For a complete description, please refer to [34, 41-44].

3.2.1 Introduction of explicit scheme

Any kinetic model equation for IDSW can be written as

Ff o _ _
at+c,,ax_v(f, f), (3.4)

where the collision frequency v and the reference distribution function f, . are different

for different kinetic models.

The finite volume method is used to discretize the above equation. The space variable

x is discretized on a uniform grid defined by nodes (centers of finite volumes)
x;=((-DAx+x,i=1,--1, Ax=§, L is the domain width, I is the total number of

position points. The microscopic velocities are discretized as (for any position point and

time step ¢,, they are the same)

5 3 C -C. _.

A = j V= = j=1,-. = _nmax  Cxmin
cxl _cx,min +(Jl —I)ACX, cx '_cx,rnin’ cxI _cx.max’ Ji "1’ Jl’ Acx - J. -1 ’

1

. c -C, ..

o , t_ B T T _ " y,max y,min
€} =C,ymn +(]2—-1)Acy, €, =Cymins €} =Cyaxs Jo =L+ Jy, Ac, ==

2

. C -C,_.
5= j V= 5= =1 o LA zimin
c; -—cz'min+(]3——1)Acz, €, =Crmins €;° =Comax» J3=1-J;5, Ac, = )
3
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Here for 1DSW, since the macroscopic velocity has a non-zero value only in x direction,

¢ and ¢} are chosen symmetrically, and are the same set (that is ¢, ., =—c

y,max ?
Cyipyz =05 Cymin =—Comins Comin = —Comax)» While ¢;' and ¢! —u, ; are not symmetric,
because the macroscopic flow velocity u,; varies with position. The total number of
discrete velocities at one position is J,J,J,. In the following description a dense notation
is used where
h pdr pd3 ) — fn — £n
f(xi’tn’cx"cyz’czs)“f(xi’tmcj)" tiads = Jij

Since the microscopic velocities are discrete, not continuous, then macroscopic quantities
(i.e. the moments), which are continuous integrals of f, now must be replaced by discrete

sums on the velocity grid. For instance the density must be computed according to

| J
p zf'n.h b J;AC AC AC - Zf' JAc

J ~1 j —1 A=l

The discretized kinetic model equation based on the above finite volume scheme is

n+ n Atn n n
f}vjlzf;',.i_ (Fl .—F.l ] 4 lj(.flj freflj) (35)

Ax | i+=.J feey J

2 2

where Az, is the time step, and the numerical fluxes are defined as

F.nl‘. =‘;’[C£'( 4

: (fi-’:l.j '"fi,nj “V/.n1 J}’ (3.6)
I+E.j

fi-':-l.j + f;nj )_

X

which is a Helen Yee’s second-order flux expression [41, 61, 62] with the flux limiter

function

n

", =minmod(f, ~ £7, ) fi, = Firs fin; = Fins): 3.7

I+E.]
The definition of the minmod function is

a ab>0and|a|<|b]
minmod(a,b)={b ab>0and|d|>¢| , and minmod(a,b, ¢)=minmod(minmod(a,b),c).
0 ab<0
When distributions at near boundary positions, such as f,"i', f,;', f/3, and f/}, are

wanted, information about boundary conditions (such as f ., fo';, fly ;s fiiz;» Where
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nodes i =-1, 0, I+1, I+2 are ghost cells beyond boundaries) are needed from the above

discretized equations (Egs. (3.5-3.7)). Since the upstream and downstream flows are at

equilibrium states which do not change with time, f;,=fy; =f,; and

fra; = fiia; = fru,;- How to obtain f,; and f,,,; will be discussed in section 3.2.5.

An iterative technique is applied to obtain the solution at steady state, which results are

what we are interested in.

3.2.2 Collision frequency
The discrete dimensionless collision frequency, corresponding to Eq. (2.17) for the

continuous situation, is defined as

An /l," n
Vii n Vijo (3.8)

The expression of ¥}, is different for various kinetic models. In particular,

V;GK.i,j =1.0 : (3.9)
for the BGK model, and

- 1

VES,i,j = E =Pr, (310)

for the ES-BGK model. Recall that —% <b <1 and that b=-0.5 to get Pr=2/3. For the

v(C)-BGK model, and the new kinetic models I and I, ¥}, are not constant.

For the V(C) -BGK model, 17;_,.‘ ; is a function with two unknown coefficients (such as

Eq. (2.16) for the continuous situation), which are obtained from experimental viscosity

and thermal conductivity, or one experimental transport coefficient and condition
Pr= % There are several expressions for ¥(77) in [34], while in this work we only focus

on

o =a,."(1.0+yi"(ngj)2). G.11)
We have
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[¥@ymn*dn = [[[wkn,dn,dn, (3.12)

for any scalar function ¥(77). The left hand side in the above equation is an integral in

spherical coordinates, while the right hand side in the above equation is an integral in

Cartesian coordinates. Using this, it follows from Eq. (2.15) that

77 1 i
15\/_'[ 15”/J‘——-e"d"ll

45«/_j da /) 45;;/ j”(ﬂ ) e dn=1.

Therefore the two conditions used for the discretized V(C) -BGK model to get the two

"ld..

n°
15J_ j

coefficients are

7 / Z b} eXP(- (72, Jon, =1, (3.13)

s/Z (r, (rz,v,) 34T

45772

-expl- (7, ) iz, =1,

ij

Ac
(g Y

Newton—-Raphson (N-R) algorithm [63] (also known as the steepest descent technique

where An;;=An An’ An], = . These two conditions are solved by the

[64], or as Newton method with a backtracking linesearch [65]) in this work, the flow

chart for this method to obtain two coefficients is similar to Figure A.1 in Appendix A.

For the new kinetic models I and 1I, from Eq. (2.28-2.31), we have the following

expression for discrete situation,
1 16
vin -A(n)- B(n, s 3.14
Pt )= TR A B (3.14)
with

Z’ (or, ) exol- (2, ))
A = iz i An” . ,8
" = 4”3(”’ 773; ) W

% In the derivation, Eq. (3.12) need be used.
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~£? 3n-7 37
5:’7" [(fm:,-)‘n——l ~|g-mp ]df.
iJ

B = [,

For Maxwell molecules where n=35,

AR
O(n = 5,77,.'1.)—- P
and for hard sphere molecules where n = oo,
coop Y=t 8 A=c).
‘7(”— »ﬂi.j) 1—b15Y7 A(n =)
B(n=co,7]; = 0.0){exp(—— (7],{' i )2 )+ —\/—2-_75(7%, +27);; ]e'f (77:".'1" )}
iJj

with A(n = o) =0.308855,B(n =o,77}; =0.0)=3.0, and erf (7]," j) is the error function.
After some numerical calculation, it is found that Pr=2/3 is indeed satisfied in the

discrete situation as well as the continuous situation for the new kinetic models and all

test cases we did.

3.2.3 Reference distribution f,;  ; (original)

The main feature of Mieussens’s DVM is that the reference distribution function f,,
is not discretized directly, but determined by the minimum entropy principle (Therefore,
the values of coefficients in the discrete reference distribution are not identical to them in
continuous situation, such as g, ; # 0.0 in the following Eq. (3.16) for the BGK model,

while it is zero in the continuous situation). Coefficients in the reference distribution

" of all kinetic models (e.g. I' in Eq. (2.13)) are obtained through the N-R

ref i,
algorithm in this work. A nonlinear system is easier and more robust to be solved when
magnitudes of the equations are the same, therefore dimensionless quantities are used in

the program. Expressions of Jacobians used in the N-R algorithm are given in Appendix

B. The dimensionless reference distribution F,, ; is defined such that

n — n p'n
refii.j =F g e (3.15)
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For the BGK model, the dimensionless reference distribution is

f BGK ,i jAc ( 2 )
FBnGK i o = aZGK,i -€Xp _FgGK,i( xn;) + 7ZGK.iﬂi',’j, , (3.16)
i
and the conditions to determine the three coefficients (agsx,, [pox, and ¥z, ) are the

conservation laws Eq. (1.4), which is given in the discrete case as

J
Z BGK J.j IZTIIJI BGK.i.§ O’Zﬂ'.}) B"GKU =1. 3.17)

j=t

For the ES-BGK model, the dimensionless reference distribution is

Fa = als,-exple T 00, -l + o, ¥ ) vis ). (3.18)

and the conditions to determine the four coefficients are the discrete form of Eq. (2.12),

J
n —
ZFES.".J' Zﬂr Ji ES i, ] ’

j=t

Awi 1 [ Phokm 1
d XX, +1-— n ,
(ﬂl J ) ES‘ i j 2RT,” 2p:, PI' ( Pr)pu,x

M&.

~.
1]
L

Ai 1 [ Phokyyi 1
= D SLN PULI YR 3.19
(ﬂ”') Bas = RT”  2p'|  Pr ( Pr)p i (3-19)

Here we have wused the abbreviations ppoe .. = Z( )fscx. jAc and

S,
L[V~

~

J

PhcK.yyi = Z(C;',i )2 fsk . /A€, which are pressure tensor components computed with the
=

reference distribution function of the BGK model. Since the macroscopic flow velocity

uy, varies with position and time step, the discrete velocity set (c,; and C;,) has a lack

of symmetry, so that pg; ., is not exactly the same as pgg ., or p/ (Note:

computational results show that their values are very close to each other). Using Eq.
(3.19) as conditions to determine coefficients can ensure the discrete collision operator is

zero (means at equilibrium state) if and only if f", = fze,,; [42].
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For the V(C)-BGK model, the dimensionless reference distribution is

Fy;=ay, -eXP(_ r;':,i( i )2 + ¥ )’ (3.20)

and the conditions to determine the three coefficients are the discrete form of Eq. (1.4),

ivf\”(fy;jp -flj)Ac 0 ZV,,”,A (f;tjp lj)Ac 0
J=

301} VoI

Ac=0. (3.21)

i

For the new kinetic model 1, the dimensionless reference distribution is

Fl\'lll,i,j =dg;- exp(— Lo (FES.H.(‘ (77;1. )2 + FES',yy,i (( i’,ljz )2 + (771":13 )2 ))+ 7;1,1‘77:".';'. )’ - (322

and the conditions to determine the three coefficients are the discrete form of Eq. (1.4)

iﬁ,ﬂj(fmu u)Ac =0, Zﬁ:.ﬂ‘h(ﬁu,j:ﬁf'j)Ac=0,

Jj=1 p Jj=1 p i

(U)Z(.letj l])Ac 0 (323)

1-—1

For the new kinetic model II, the dimensionless reference distribution is
n n n n ‘ n n 2 n 2 n
Fun J = Qg 'exP(" e (77:, i )2 —FNII.yy,i (( iy ) + (”i.j;) )'*' 71’\.111,;'771‘, i )’ (3.24)

and the conditions to determine the four coefficients are the discrete form of Eq. (2.39),

Zon (anu fz;)Ac 0, Zvu”:h (fN"u ”)Ac 0.
P P!

g (fn «"f,") Psok xxi ~ P

Z x;(”zh)z M ;tn J AC=( 1.'3GK,2,plfl P )

) (fNIIz; -1 J)Ac _ (p;GK,yy,i _p;y,i).
4 2p;

) (3.25)

bl
—

n

Vi (77:',12

.M,‘

~
]
-
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3.2.4 Reference distribution £, , . (linearized)
As we see from the above section, equations to determine coefficients in the reference
distribution f,;, ; form a nonlinear system, and the N-R algorithm (or some other non-

linear solver) is needed to solve the equations. This makes computation program complex

and requires a considerable amount of computational time.

In order to simplify the program and save computational time, and simultaneously get

almost the same results, the author proposes to use linearized reference
distributions f;, , ;, instead of the original non-linear functions f,;; , ; in the program. If

this is done, the unknown coefficients follow from a linear system of equations, which
can be solved much faster. The reference distributions are expanded around the
Maxwellian distribution, and the expressions of linearized dimensionless reference
distributions are given in the following, while the corresponding linear equations can be

found in Appendix C.

For the BGK model, the linearized dimensionless reference distribution is

Fox,, i exP(_ (77:" ] )2 XalZGk,i +a2554, 77:".’1'.‘ +a3pek (77;" ; )2 ) (3.26)

For the ES-BGK model, the linearized dimensionless reference distribution is
n n 2 n n n n n 2 n n 2 n 2
Fig; i =exp(— (ﬂi,j) ) (alES,i +a2g M +a3gs,; (ﬂi,j,) +ad; ((ni,jz) +(77i,j3) »’(327)
and this choice makes results of the ES-BGK model with linearized f;;, ; and b=0

identical to results of the BGK model with linearized £, ;.

For the v(C)-BGK model, the linearized dimensionless reference distribution is

Fl, = exp(— (¥ ) (al’,",. +a2n,nt, +a3s, o, ) (3.28)

For the new Kkinetic model I, the linearized dimensionless reference distribution is

Fo.i= exp(— (77:,'1' )2 ) (al';w,i +a2y,n; At a3y, (a3::s.i (771" N )2 +ady, ((771" s )2 + (771",'1‘3 )2 ))) (3.29)
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For the new kinetic model 11, the linearized dimensionless reference distribution is

F)\’Illl.i.j = exP(“ (ﬂi’:j )2 ) (al’)lvn.i +a2yy,; 77.".‘1', +a3y,,; (77:;'. )2 +ady,, ((ﬂ:.lj2 )2 + (ﬂi’:jg )2 )) (3.30

In the above, the reference distributions are expanded around the Maxwellian
distribution, which is an isotropic Gaussian distribution. For the ES-BGK model, and the
new kinetic models, in which an anisotropic Gaussian distribution is used in the original
reference distribution, there is another way to build their linearized reference distribution,
which is expanding their original reference distribution around an anisotropic Gaussian
distribution. This choice is supposed to give better results than the first one, for the
isotropic Gaussian distribution in the expression of first choice (Eq. (3.27)) is in fact a
linear approximate expression of the anisotropic Gaussian distribution in Eq. (3.31). If we
consider the discrete reference distribution at limiting situation (bounds of velocity grid
approach to infinite and step of velocity grid approaches to zero), then we can recover the
continuous reference distribution Eq. (2.9) from discrete reference distribution Eq. (3.18)
or Eq. (3.31), but can not from Eq. (3.27). This is another reason why the second type

linearized reference distribution is supposed to be better than the first type.

Following this idea, the second type linearized reference distribution for the ES-BGK

model is

F l;’S,i, i= eXP(- egs.xx,i (77:" j )2 - egs.yy,i ((77:" i )2 + (ﬂi'fjg )2 ))

, 3.31)
n n n n PEY- n n n B2
(alES,i +a2ES,i m +a3; (ﬂi,jl) +ady; ((ni,jz) +(77i,j3) ))
where |
Efs mi = Pi and €5, =—; P ,
pBGK.x.r.i_'_ l—i p" . P 86k yyi + 1_._1_)1," .
Pr pr) ™ Pr Pr) ™

which are obtained from Eq. (3.19), are the discrete values of the dimensionless

coefficient £;RT in the ES-BGK model. Because of the lack of symmetry of the discrete

velocity set (c,; and C;,), Ppox. i nOt exactly the same as pps .., or p; [42],
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results from this for 5=0 are not exactly the same as (but very close to) results from the

BGK model with linearized reference distribution.

The second type linearized reference distribution for the new kinetic model I from the

above idea is
Fo.i= exp(— Es i (771",1;', )2 = €55 1y ((77:",1;2 )2 + (774".1;'3 )2 )) (3.32)
(al’I:ll,i +aly ) +aly,; (‘132&: (77,'1 i )2 +adi, ((77:’1 i )2 + (771".1;'3 )2 )» . .

The second type linearized reference distribution for the new kinetic model II from the
above idea is
Fuij= CXP(_ Eps rei (771".11', )2 ~ Exs. 1y «771",11'2 )2 + (771".1;'3 )2 ))
s W (3.33)
a0 + 0231, + a3, + 0t e,V + o, V)

3.2.5 Boundary conditions and initial guess
As described in the last paragraph of Section 3.2.1, the boundary conditions used for

IDSW are f,; and f,, ., which are the discrete equilibrium distribution (same
expression as the reference distribution in the BGK model, which is Eqgs. (3.15-3.16)) at
the upstream and downstream sides. First, f, ; 1s obtained from the upstream values of
density, velocity and temperature, which are given parameters, through the same idea as
how to obtain the fj,.. Then the three constant fluxes of mass, momentum, and

Il J
energy, which are M,= Zci‘ fo A, MF, = Z(c,{‘ )2 fojAc, and
=l

=1

1 .
EF, = EZc;‘c2 fo.;A¢, at the upstream side are computed from f, ;. Then we compute
J=

the downstream mass flux (or say momentum) M, =M,, momentum flux
MF,,, = MF,, and energy flux EF,, = EF,, which correspond to the Rankine-Hugoniot

relations Eq. (3.2). Last step is to compute the discrete equilibrium distribution at the
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downstream side f,,, ; from the above three moments. In the program, the dimensionless

distribution F,,, ; (which is not the same as Eq. (3.16)) is introduced,

Fra;= fraAc=a,, -exp(—— | (771+1,j)2 + Y1 )’ (3.34)

and the conditions to determine the three coefficients are

Zch Fr; i(cf )2Fl+1‘j Zc“c Fi.;

=1, & =1, =2 =1. (3.35)
Ml+l MFI-H 2EF

I+

The same procedure was also used by Mieussens in his work [66]. Note that this

approach to get f,,,; guarantees conservation of fluxes at the discrete level, while

downstream density p,,,, velocity u,,, and temperature 7T,,, obtained from this way

would be a little different from their values from the Rankine- Hugoniot relations at the

continuous situation directly.

The shock wave is computed through time-stepping into steady state, and in the
program, the initial guess f,."J. is a step function, which is built by f, ; and f,,, ; with the

jump occurring in the middle of the computational domain.

3.2.6 Time step, space grid and velocity grid
Since an explicit scheme is used, the time step At, is limited by the CFL condition

[41, 43]

At, = (3.36)

' max (v ”)+max[lc"|]

iJ 9]

where 0<a<1.0. In the program of this work, a =0.99 is used. This restriction does
not need to be applied if the implicit scheme of Mieussens’s DVM [34, 41-44]9
adopted. From Eq. (3.36), we know when the step of space grid Ax decreases, or bounds

of velocity grid increases, the time step will decrease. If the time to reach steady state for

® The implicit scheme used by L. Mieussens in fact is not a fully implicit scheme, for the collision
frequency used is still the value computed from previous time step.
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certain kinetic model at certain flow situation is thought as a fixed number, then decrease
Ax or increase bounds of velocity grid means more iteration steps are needed to reach
steady state, and at the same time more computational time is needed for each iteration.
Therefore, in the computation, large Ax and small bounds of velocity grid are preferred.
For different kinetic models at the same flow situation, max (v,.’_'j), and further the time

step Az, , would be different.

Since we wish to resolve the flow structure at the microscopic level, the step of space
grid Ax should be much smaller than the mean free path (compute estimated value from
boundary or initial conditions), which is the standard for choosing the number of position

nodes in this work.

We follow Mieussens choice'® for bounds and step of velocity grid, by choosing

Comn <Minlu,, ~44RT,), ¢, 2Maxlu,, +4RT;), Ac, <Min{{RT;),

X, X,max

¢,mn <Minlu,, —4JRT,), ¢ . >Maxlu,, +4JRT,), ac,<MnlyRT), (337

Comn <Minlu,, ~4\RT,), c, .. >Maxlu,, +4yRT,), Ac, <Min{yRT).
If the values at the boundaries of velocity and temperature are only known before the
computation, then i=0,/+1 in Eq. (3.37). If there were some results for the same

problem from another computation (such as the NSF equations) before your

computation, then i =0,1,...,1,1 +1 in Eq. (3.37) is suggested.

The above rules for time step, step of space grid, bounds and step of velocity grid are
applied in the numerical tests in this chapter and Chapter 4. In order to study the
influence of step of space grid, bounds and step of velocity grid on computational results,
some tests with smaller step of space grid, larger bounds of velocity grid and smaller step

of velocity grid have been done for comparison.

10 fact, Mieussens did not follow this choice strictly in his work (e.g. test case 1 in [42]), and explains
this by saying “I tried a coarser velocity grid, an since the results where good as compared to DSMC, 1
stopped there.” [66].
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3.3 Test examples

One situation for weak shock wave (Ma=1.5), one for medium shock wave (Ma=3.0),
and one for strong shock wave (Ma=6.0) have been tested, which are shown in Table 3.1.
Table 3.2 shows the parameters used in the numerical tests of kinetic models. Cases 3.1-
3.3 in Table 3.2 corresponds to the three situations in Table 3.1, and cases 3.4-3.7 are
tested in order to see the effect of step of space grid, and cases 3.8-3.9 are tested in order
to see the effect of bounds and step of velocity grid. In the tests, width of finite volume
cell, bounds and number of discrete velocities are chosen following the description in
Section 3.2.6. For each case in Table 3.2, the BGK model, the ES-BGK model with
b=-0.5, the v(C)-BGK model with Eq. (3.11) as collision frequency, the new kinetic
model I with b =-0.5, and the new kinetic model II with Pr=2/3 are tested. For each

kinetic model, both original and linearized f,, are applied in cases 3.1-3.7, while only
original f,, is applied in cases 3.8-3.9. Cases 3.8-3.9 are done much later than cases 3.1-

3.7, and in order to save computational time, smaller number of iterations is used. The
discussion in Section 3.4.2 shows the reason why we can choose smaller iteration number
than the value in cases 3.1-3.6 in computation. Table 3.3 shows some common

parameters used in the numerical tests of DSMC [67].

Table 3.1: Situations of numerical tests of kinetic models and DSMC for 1DSW

Situation Mach Number Upstream velocity (m)
Sa 1.5 1116.25

Sb 3.0 2232.5

Sc 6.0 4465.0

There are some common parameters in the numerical tests, which are: hard sphere

molecules; material is Helium; upstream temperature is 160.0 K; upstream number
density n is 2.889E21 1/m>, viscosity at the reference temperature 4, is 1.86E-5 kg/m-s;
reference temperature 7, is 273.0 K [68]; Boltzmann’s constant & is 1.381E-23 J/K;

Avogadro’s number N is 6.022E23 1/mol [60]; molecular mass of Helium m is 4.003
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g/mol [69]. Mean free path at upstream side / is 1.287 mm, based on Cercignani’s
definition [1, 31, 67, 70]"'

kT

=y
# nkT

(3.38)

Table 3.2: Parameters in the numerical tests of kinetic models for IDSW

Case | Situa | Domain Running Num y t | Number of | Bounds of velocities (m/s)
tion width (m) | Iteration ber of Ax velocities X1 direction X2 (or X3)
cells

3.1 Sa 0.04 80000 100 3.2 12*11*11 -2300, 3600 -2900, 2900
32 Sb 0.04 80000 100 3.2 18*17*17 -3800, 5500 -4500, 4500
33 Sc 0.04 40000 or 80000 | 100 3.2 32*30*30 -7000, 10100 -8100, 8100
34 Sa 0.04 80000 200 6.4 12*11*11 -2300, 3600 -2900, 2900
35 Sb 0.02 80000 100 6.4 18*17*17 -3800, 5500 -4500, 4500
36 Sc 0.02 40000 or 80000 | 100 6.4 32*30*%30 -7000, 10100 -8100, 8100
3.7 Sb 0.02 80000 200 12.8 18*17*17 -3800, 5500 -4500, 4500
3.8 Sa 0.04 24000 100 32 22¥21%21 -2300, 3600 -2900, 2900
3.9 Sa 0.04 24000 100 3.2 15%14%14 -3040, 4340 -3690, 3690

Note 1: mean free path use its value at upstream.

Table 3.3: Some common parameters in the numerical tests of DSMC for 1DSW

Parameter Meaning Value
FNUM Number of real molecules represented by each simulated molecule 1.4445E15
MNM Maximum number of simulator molecules 5E6
DTM (s) Time step over which the movement and collision steps are uncoupled 1E-7
NIS Number of time steps between samples 4

NSP Number of samples between file updates 20

NPS Number of updates to reach steady flow 100
NPT Number of file updates to completion 20000
SP(1,1) (m) Reference molecular diameter 2.19E-10
SP@3,1) Viscosity-temperature index 0.5
SP@4.1) The reciprocal of the VSS scattering parameter 1.0
SP(5,1) (kg) Molecular mass 6.65E-27
MNC Maximum number of cells 400
MNSC Maximum number of sub cells 4000
SXB (m) x-coordinates of the domain limit at upstream side -0.02
DXB x-coordinates of the domain limit at downstream side 0.02

3.4 Results and discussion

3.4.1 Some important notes on dealing with results

Since the explicit scheme is used, and the time step of each iteration is very small (its

magnitude is 1.D-7 seconds from the computational results), the difference between two

! Here, we omit the coefficient JEA ~125-
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adjacent iterations will be very small. Therefore, it is not too informative to show the

convergence of results from the difference of macroscopic parameters between two
adjacent iterations. Another issue is that it is the first time for us to run such kind of
program, and we want to know the long running behavior of program, such as stability.
Therefore, what we do is to let the program run a large number of iterations for each
computation, and output the values of macroscopic parameters five times during each
computation which are chosen as the iterations after 1/5, 2/5, 3/5, 4/5 and 5/5 of the

whole iteration number, and then check the convergence from these outputs.

From the results, if one compares data based on an fixed position, the values of
macroscopic parameters are found to change slowly, and there is some movement of the
whole shock wave structure; but if one compares data after some shifting such that the
point, where the density has the average value between its values at upstream and
downstream, is fixed in the comparison, the values of macroscopic parameters are found
to remain after some iteration, which means convergence is reached. That is to say, the
whole shock wave structure is moving slowly along the x direction during the
computation, while the shape remains unchanged after some time. For larger Mach
numbers, this computational phenomenon becomes more apparent. As an example,
Figure 3.1 shows density profiles at different iterations in case 3.3 computed with the
BGK model, before and after the shifting.

Another issue found from the results is that even if the initial guess is the same for all
kinetic models, the final location of the shock wave structure within the computational
domain from computation using different kinetic models will not be the same. As an
example, Figure 3.2 shows the final density profiles from the BGK model and the ES-
BGK model in case 3.2 before and after the shifting.

The above two issues happen because there is no fixed coordinate label for the shock
profile inherent to the problem [1, 34]. In order to make a fair comparison, all data will be
analyzed only after the shifting, for the two reasons mentioned above. After shifting, the

origin point x=0 in the new Cartesian frame is some special point, which would be the
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point where the density takes on the arithmetic mean of the downstream and upstream

values [1], or where the derivative of density takes on the maximum value [1], or where

is defined by the following relation [34]
[ ()= py)x= [ (p, - plc)la, (3.39)

where subscript U means the upstream state, subscript D means downstream state, and
the point x* (which is called “equal area point” in [34]) is the new origin point. The
above first and third ways for shifting has been applied by the author, and the results are

found to be very similar.

Since the step of space grid Ax for same Mach number in different computation case
would be different (such as for Ma=3.0, Ax in case 3.2 is not same value as it in case
3.5.), in order to do comparison, linear interpolation technology has been used to make
Ax in each case for same Mach number is the same as the value used in the DSMC
computation. Another reason using linear interpolation to add some nodes in results is to
make the density at the new origin point meet the shifting condition in the above

paragraph better.

In this chapter, all graphs and data are based on the first way of shifting, which means
the new origin point is where the density is the mean value of its values at upstream and
downstream, and the linear interpolation, which makes Ax in each case for same Mach

number is the same as the value used in the DSMC computation.

In the discussion, the average relative error of some macroscopic parameters is often
used, which is defined as

1

|9l -2,
2

Ap=
@ 7 : (3.40)

com

where ¢ means the macroscopic parameter considered (in 1DSW, it would be density p,

velocity u,, temperature T , pressure p, trace-free pressure tensor element o, and o,,,
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and heat flux g, 12), @1 means the values of the macroscopic parameter considered at

situation 1, @2 means the values of the macroscopic parameter considered at situation 2,
subscript i denotes the position point, I, means the total number of position points used
in comparison (which might be not same as the number of cells in the DMSC, for the
shifting makes the common domain part of two compared situations smaller than the
original domain size), Ag is the average relative error, which means the average value of

the absolute value of relative errors of the macroscopic parameter considered at two

situations for the position points considered.

Since relative error becomes meaningless when a quantity approaches zero, and the
values of 0|, 0,,, and g, near or at upstream and downstream states are near zero (e.g.
see graphs (e-g) in Figures 3.7-3.9), then how to choose a domain to compute the average
relative error of o,,, 0y, and g, is hard to decide. Therefore, the average relative error
of o0,,, 0,, and g, are not considered here, and when average relative error is
mentioned in the description, we always mean the average relative error for p, u,, T and

p , not specific one parameter.

During the analysis of the computational results, two steps have been done for each
kind of analysis (such as convergence and stability, effect of cell width, effect of

linearized f,., effect of bounds and step of velocity grid, comparison among kinetic

models and DSMC). The first step is to graph the output of one macroscopic parameter
from different situations in one figure. The second step is to compute the average relative
errors of macroscopic parameters. From these two steps, we can discuss how much

difference the results obtained from two different situations'.

2 For 1DSW, other basic moments are equal to zero (such as U, , U; ¢,, g3 ), or are related to these basic

moments (such as 033, =0y, Py =Py =p+0,, p,=p+0,).

13 Graphs and data from these two steps are too many to be shown in this thesis. If interested in graphs and
data which are not shown, contact the author (or his supervisor) for them.
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3.4.2 Convergence of results

The two steps mentioned in the last paragraph of section 3.4.1 have been done to
check convergence of results and stability of the program. In the first step, one
macroscopic parameter after five certain numbers of iterations have been graphed in one
figure to see whether the profiles are overlapped or not. This step has been done for all
computations, and these graphs (e.g. graph (b) in Figure 3.1) show the results are
converged. Then the average relative errors of macroscopic parameters among values
after five certain iterations are computed, where the situation 1 in Eq. (3.39) now is the
four intermediate iterations, while the situation 2 is the final iteration. The results show
that those values of average relative errors are smaller than 0.01 for almost all cases. Note
that this small difference of macroscopic parameters is obtained from two iterations,
which distance is at least 4800 iterations. From the above two steps, it can be said that the
computational results are converged, and the stability of the numerical scheme is good.
Since computational results have been converged already at the iteration, which is 1/5 or
2/5 of final iteration, we do not need to compute so many iterations, when some proper
criterion for convergence is developed and applied in the future. To find a proper
criterion is a very useful task to save the computational time, meanwhile get the results

converged.

Here the author would like to give a very simple estimation for time to reach the
converged result. The BGK model for a homogeneous situation is used in the estimation,

which can be written as

L A
LT (f - froe): (341

where the collision frequency v and the reference distribution function f,; are not

function of time. Transform terms and do integration from initial situation (=0 and

f = f.;) to the situation at time ¢, one gets

J;f"'" f _;BGI( f=-v J'gt ’

f"fecx

_ N 3.42
fm:'"fecx ° ( )
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where the mean free time z'=—1-=
1%

= |

. If we say the converged result is reached when

%—@— =10, then the estimated time to reach converged results is ¢t =9.27.
i — J BGk

For the 1DSW, let us compute the mean free time at upstream state, where the

viscosity is computed from Eq. (2.32),
1
1.86x107° x(l—@)

Az
ol \L) _ 273.0

- T 2.889x10% x1.381x107% x160.0

T =1.7x107(s).
P n

If we compute the mean free time at downstream state, the value is smaller than the
above number. Therefore the magnitude of time to get converged result for the IDSW
from the above simple estimation is 10~ s. The magnitude of total time step is
107 ~10™ s (refer to Table 3.4, which shows the total time step (unit: seconds) for
kinetic models in the computation of cases 3.1-3.3), which is much larger than the above
estimated time, for all our computational results. Therefore, we can say that our

computational results are the converged results from the above comparison.

Table 3.4: Total time step (seconds) for kinetic models in the computation of cases 3.1-
33

Kinetic model | BGK ES-BGK v(C)-BGK | NewI New I
Case and situation
3.18a 7.97D-3 8.23D-3 4.33D-3 7.47D-3 7.47D-3
3.28b 4.85D-3 5.12D-3 2.01D-3 4.36D-3 4.36D-3
3.3Sc 2.55D-3 1.36D-3 8.59D-4 1.13D-3 1.13D-3

Similar to the kinetic models, the DSMC program is run for a large number of
iterations for each computation (parameter NPT in Table 3.2), in order to make sure the
results are converged, and to study the long running behavior of program, and to
eliminate the inherent stochastic noise of DSMC. Macroscopic parameters are output
several times in the course of each computation. After similar analysis to kinetic models

has been done, the results are realized to be converged, and the program is stable.
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3.4.3 Discussion

Since the steady state is what we are interested in, we need to establish whether

converged computational results are indeed results at steady state. In this part of the

analysis, three fluxes (mass flux pu,, momentum flux pu’ + p,,, and energy flux

1.5pu, +0.50u] + p,,u, +q,, which all should be constant in the whole domain at the

steady state of IDSW) can be used as a criterion. From the results, this criterion is indeed

satisfied, see graphs (e, f, h-j) in Figures 3.7-3.9.

From the computational results in Table 3.4, it is shown that the v(C)-BGK model
requires the smallest time step Az, (is only about 50% of At, of other kinetic models)

among the tested kinetic models, and Az, for other kinetic models are similar.

Results from the new kinetic model I and the new kinetic model II are similar (see
Figures 3.7-3.9), and if the structure of program and computational time for one iteration
is considered, the new kinetic model II is better than the new kinetic model 1. The
computational time for one iteration of the new kinetic model II is about 80% of the
computational time needed for one iteration of the new kinetic model 1. The reason is that
when the reference distribution is solved (which occupy a large portion of computational
time), the new kinetic model I needs results from the ES-BGK model, while the new
kinetic model IT does not, therefore the new kinetic model I need to perform the N-R
algorithm to find coefficients of reference distributions three times, while the new kinetic

model II only need to perform the N-R algorithm two times.

Let us consider the use of the linearized reference distribution f, . discussed in

Section 3.2.4. From Figures 3.3-3.5, which are examples to show temperature and heat
flux profiles from kinetic models (the new kinetic model I is omitted, for its results are
similar to results of the new kinetic model II) with original and linearized f,, at Ma=1.5,

3.0 and 6.0 situations, and data obtained from the two steps mentioned in the last

paragraph of section 3.4.1 (when the average relative error is computed, use the results
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with original f,, as the situation 2 in Eq. (3.39)), the following conclusions can be

drawn (If it is not pointed out for which kinetic model, then it means the statement is

applicable for all kinetic models).

& When the computational time for each time step is considered, using the linearized

f.s can save 20~35% time compared to using the original f, . since coefficients in
the linearized frs can be solved directly from a linear system, while the coefficients
in the original f, . need be solved through some iterative method, such as the N-R

algorithm used in this work.

& When the Mach number increases, the difference between results obtained by using

the linearized f,,, and results obtained by using the original f, . also increases.

® For Ma=1.5 and 3.0, the average relative errors for allvmacroscopic parameters, all

kinetic models and both types linearized f,, are smaller than 0.01, except for the

¥(C)-BGK model in cases 3.5.

e For the BGK model, the average relative errors for all macroscopic parameters are

smaller than 0.01 for all test situations.

® For the ES-BGK model, average relative errors for the second type linearized f, . are
much smaller than the values for the first type linearized f, , while both types are

acceptable. Normally, the former values would be only one-tenth of the later ones,

which are still smaller than 0.025 for Ma=6.0.

e For the v(C)-BGK model, the average relative errors would be 0.05 or higher, which

are not acceptable, for Ma=3.0 and 6.0. (the reason for these large errors is still being

investigated).
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¢ For the new kinetic model I with hard sphere molecules, using the first type linearized

frs in cases 3.1-3.6 gives divergent results (NaNQ appear in the output of the
FORTRAN computation program), while using the second type linearized f,,, yields

convergent results in cases 3.1-3.2, 3.4-3.5 (situation Sa and Sb) (average relative
errors are smaller than 0.01) and some divergent results in cases 3.3 and 3.6 (situation

Sc). Reasons why diverged results are obtained is still being investigated.

¢ For the new kinetic model II, the second type linearized f,, does not give much

better results than the first type linearized f,, . The average relative errors are smaller

than 0.030 for Ma=6.0.

Let us consider the effect of the step of space grid on computational results, based on
the comparison of results from cases 3.4-3.6 with results from cases 3.1-3.3, and the
comparison of results from case 3.7 with results from case 3.5 (situation Sb14). Average
relative errors are smaller than 0.01 for weak shock waves (situation Sa), but would be
large as 0.05 for medium and strong shock waves when results from cases 3.5-3.6 are
compared with results from cases 3.2-3.3 (situation Sb and Sc). Average relative errors
are smaller than 0.01 for medium shock waves when results from case 3.7 are compared
to results from case 3.5. When the Mach number of IDSW increases, the thickness of
shock wave decreases first, and reach some minimum value at about Ma=3.0~5.0, then
increases [1, 9, 26]. Based on our computation, choosing the step of space grid as one
half or one third of mean free path at upstream side is not accurate enough for medium or
strong shock waves, while one sixth of the mean free path would be enough. A smaller
step of the space grid will increase the computational time for each time step and
decrease the value of time step (which means more iterations need to be done to get
converged results). It is not suggested, based on the author’s experience (e.g. compute the
new kinetic model I in case 3.6 with 40000 iterations need about one month, which is

almost the limit running time for each computational job, on “Minerva”, which is a

" For the V(C ) -BGK model in case 3.7, only run Iteration=24802, the stop reason is the values of
coefficients of collision frequency can not be gotten correctly from the N-R algorithm.
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cluster of workstations provided by the University of Victoria, and is used for the

computation), to do some further tests using smaller step of space grid than it used in case
3.6, before some ways are applied to decrease the computational time, such as an
effective criterion to check the convergence, implicit numerical scheme, parallel

computing, higher performance workstation, etc.

Let us consider the effect of bounds and step of velocity grid on computational results,
based on the comparison of results from cases 3.8-3.9 with results from cases 3.1.
Average relative errors are smaller than 0.005, which tell us that the use of Eq. (3.37) as
standard for choice of bounds and step of velocity grid for IDSW is acceptable.

As some example graphs to show the use of linearized f,,, effect of step of space

grid, effect of bounds and step velocity grid, Figure 3.3 shows the profiles of 7 and g,
(heat flux along the shock wave direction) for Ma=1.5 (cases 3.1 and 3.4) with the ES-
BGK model; Figure 3.4 shows the profiles of T and g, for Ma=3.0 (cases 3.2 and 3.5)
with the v(C)-BGK model; Figure 3.5 shows the profiles of T and ¢, for Ma=6.0 (cases
3.3 and 3.6) with the new kinetic model II; Figure 3.6 shows the profiles of T and ¢, for
Ma=1.5 (cases 3.1, 3.8 and 3.9) with the new kinetic model L
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3.4.4 Comparison with DSMC

Graphs and data to show the comparison of kinetic models and DSMC are obtained

from the two steps mentioned in the last paragraph of Section 3.4.1. Table D.1 in

Appendix D shows average relative errors of macroscopic parameters between kinetic

models and DSMC in cases 3.4-3.6. Figures 3.7-3.9 show profiles of macroscopic
parameters from kinetic models (cases 3.4-3.6) and DSMC at Ma=1.5, 3.0 and 6.0. The

following points are realized from these graphs and data.

For hard sphere molecules, results from the new kinetic models locate in between

results from the ES-BGK model and results from the v(C)-BGK model. It is found
that the shape of shock waves from the v(C)-BGK model is sharper than the shape of
shock waves from the DSMC, while they are both sharper than results from the ES-
BGK model. The above two points indicate that results from the new kinetic models
are closer to results of DSMC than results from the BGK model, the ES-BGK model

and the v(C)-BGK model.

In the temperature profiles, graph (c) in Figure 3.9, for Ma=6.0 from the ES-BGK
model, the new kinetic models and the DSMC exhibit the overshoot phenomenon,
while results from the BGK model and the v(C)-BGK model do not have this

phenomenon.

The biggest difference between results from various kinetic models and results from

DSMC always happens at the first half part of the shock wave structure.

When the degree of moment becomes higher, the difference between moment
obtained from kinetic models and moments from DSMC will be larger. For example,

the difference of o,,, 0,, and g, between kinetic models and DSMC from Figures

3.7-3.9 are larger than the difference of other parameters (o, u,, T, and p).
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3.5 Conclusion

For the one-dimensional steady state shock wave problem, the following conclusions

can be drawn from the results and discussion presented above.

(1) The explicit numerical scheme, based on Mieussens’s DVM with necessary

modification, works well and the program is stable for running.

(2) The second type linearized f, . for the ES-BGK model and two new Kinetic
models is better than the first type linearized f,, for them. The linearized f,. can be
used to replace the original f,, to save computational time and get almost identical
results at the same time. Exceptions are the following situations, in which no (or not
good) results could be obtained: the v(C)-BGK model for medium and strong shock
waves, the first type linearized f,, of the new kinetic model I, and the second type

linearized f,, of the new kinetic model I for strong shock waves.

(3) The choice of bounds and step of velocity grid based on Eq. (3.37) is accurate
enough, while the step of space grid need be smaller than about one sixth of the mean

free path at upstream side for strong shock wave situations from our computation.

(4) Through the comparison of kinetic models with DSMC, it is seen that the new
kinetic models give similar results, which are closer to DSMC than the other kinetic
models. The new kinetic model II is suggested for the simulation of shock wave problems
since its program structure is simpler than the program structure of the new kinetic model
I, and the Prandtl number can be exactly equal to 2/3, instead of near to 2/3 in the new

kinetic model 1.
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Chapter 4 Numerical work on one-dimensional Couette flow

4.1 Introduction of Couette flow

In the one-dimensional Couette flow (1DCF) problem considered in this chapter, there
are two parallel infinite-size plates, one plate is fixed, while the other plate is moving
with a certain velocity at x direction in a x-y-z Cartesian frame (or the X1 direction in a
X1-X2-X3 Cartesian frame), and the direction perpendicular to the plates is the y
direction (or the X2 direction). The temperatures of the two plates are the same, denoted

as T,. Initially the gas between the two plates is uniform, which temperature is same as

T, , the density is p,,. What we are interested is the flow at steady state.

Some main characteristic dimensionless numbers of 1DCF are the Mach number, the

Reynolds number and the Knudsen number, which are defined as

u
1
Ma-_—_L,

a,

Re=£—i!5LL, @.1)

where the mean free path [ is defined as Eq. (3.38), u,, is the speed of the moving plate,

P

a, =‘ERT” is the sound speed at plate temperature, L is the distance between the two

plates, and u,, is the viscosity of gas at the initial state.

From the conservation law Eq. (1.5), one obtains for 1DCF at steady state after some

manipulations,
u, =0, a%‘%0,
_api - a(qz +o.12u1) =0, (4.2)

Iy dy
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which means that o,,, p,,(= p+0,),and g, +0,,u, are constant in the whole domain at
steady state, and this will be used to check whether the computed results are results at
steady state or not , see Section 4.4.3.

One interesting observation is that from the NSF theory Eq. (1.9) follows that

NSF
a.l 1

= ol =g =0.

The computational results from the kinetic models and the DSMC shown below (graphs
(g, h, j) in Figures 4.4-4.7) show that the above relations are not satisfied for larger
Knudsen numbers, and only approximately satisfied for small Knudsen numbers. This
shows that the NSF equations, which do not account for any rarefaction effects, are not
sufficient to describe rarefied gas flow. The suitability for the NSF equations and other,
higher order, macroscopic equations to describe Couette flow will be discussed in

Chapter S.

4.2 Numerical scheme

Since the idea and procedure of numerical scheme here is similar to the idea and
procedure of numerical scheme in Chapter 3, we only describe the difference of the
program owing to the different test situation. Therefore readers are suggested to go

through Section 3.2 before reading this section.

4.2.1 Introduction of explicit scheme

Any kinetic model equation for 1DCF we consider can be expressed as
af df
—+4c,—=V -f) 4.3
at y ay ref f ) ( )
The space variable y is discretized on a uniform grid defined by nodes (centers of
finite volumes) y, =({—-0.5)Ay, i=1---1, Ay =%, I is the number of total position

points. In the following description a dense notation is used, where

h ph2 phi)— 8
f(yi’tn’cxl’cy2 ’czl)_fi,j'

The discretized kinetic model equation based on a finite volume scheme is
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Ay H— j ,_E'j

n+ n At n n n
-fi'jlzfij [F -F 1 ] Atnvxj( - ref,i,j)' 4.4

where the numerical fluxes are defined as

n 1
Fi+l i - ‘5|:cy’2 (f'+l WJ + f, J) '(ftﬂ i f« W H ’ (4'5)
2' l
and the CFL condition for the time step A¢, becomes
At = a (4.6)

" )
y
max(v," j)+ max| —
NI W Ay

with 0.0<a<1.0.

4.2.2 Reference distribution f,, ; (original)

The density profile at steady state is not the same as in the initial uniform flow state,
therefore u,, #0.0 need to be applied in the process of computation so that the flow can
move along the y direction and reach steady state from the initial guess. u,; =0.0 can be

used as a criterion to see whether the final results are results at steady state or not. It is

not a pure one-dimensional, but a two-dimensional, problem when reference distribution
frera,; 18 solved, which is an important difference between the programs for 1DCF and

IDSW. As before for 1IDSW, a dimensionless reference distribution (defined as Eq.
(3.15)) and the N-R algorithm are used. Expressions of Jacobians used in the N-R
algorithm for 1DCF are given in Appendix B.

For the BGK model, the dimensionless reference distribution is

f 6K,/ A€ ( 2 )
n W/ — n n n n
Foka gz "'_p,. — = a;;cl(,i - €Xp “Fgcx,i( i, j) + Vgcx.x,iﬂi. it Veok.yillij, ) @.7)
;

and the conditions to determine the four coefficients (@pgg;» Ipoxs» Yoxei a0 Yok ys)

are the conservation laws Eq. (1.4), which give in the discrete case

b

n —
ZFBGK.i,j—l’ Z”lh chu_ ’
=1

Jj=1
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. L)
Z M, Frcer, =0, -1—'5— Floe,, =1. (4.8)
j=t i=l .
For the ES-BGK model, the dimensionless reference distribution is
Feoi;=agg, exp(—- | g (771'.'1. )z ol Y (771':12 )z - rVEIS.zz.i(”I’.'jg )z o VI Yesadlg + Ves.yllly )’ (49)

and the conditions to determine the seven coefficients are the discrete form of Eq. (2.12),

ZFE'.'SU—I Znin 55'1—0 zﬂu; ESU" ’
(”111)2 ESdj = /l:-h 1 (Pﬂckn'+(1

2RT"  2p;

(”2)2 BU /%" 1 (Puakyyu+(1

2RT" T 2pr

M‘

)p:x.iJ’

)p';y‘,.] , 4.10)
— ﬂ/na.l - pBGK 22,{ ( 1 n

(7]113) FESIJ_ZRT" 2p' ( + 1~E)pzz,i k4

n

3 A, 1 [ Proxmi 1
" FL == Bkl 1—-—|p~ . |.
Jzﬂ:”:.jl 7]1,12 ES.i.j 2RT!" 2p:. [ Pl' Pl' pxy.:

7|~

.
_lL

M‘
:9!~

<.
n

M‘

“~,
)
~—

For the V(C )-BGK model, the dimensionless reference distribution is

F;l j =a 'CXP(— r;x( i':i )2 + ﬂ.x.i’]i'fh + ﬂ.y,ini'sz )’ (41 1)

and the conditions to determine the four coefficients are the discrete form of Eq. (1.4),

iv (’“p f”)Ac 0, 217"17],11———-—-——('{7” f”)Ac 0,

j=1 i i=1 p i

S, G e o, S o B o arn

i=1

For the new kinetic model I, the dimensionless reference distribution is

n
Fr; =an,-
( &‘ F" ( n )2+F’| ( n )2+F’| n n )+ n + n n )’
expl-Ty, ks 77: 11 B ES.yyi V., ES,22,i Vi, j, 5oy Ty 1 Vairsillio, + Vi,

(4.13)
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and the conditions to determine the four coefficients are the discrete form of Eq. (1.4)

Z (f”“;) 1) pe - 0, ZV",U,,, (f”'“ Ui =) - 0, 4.14)
o o)y Sy G

J=l Pl = P

For the new kinetic model II, the dimensionless reference distribution is

n — "
FNIIij_aNIIi

b ]
n n n n n n n n n
exp( .(77; ji )2 ol Y. l(”i, Ja )2 - FNll.zz,i(”i. Js )2 =T il g + Yol + Yoy, )

(4.15)
and the conditions to determine the seven coefficients are the discrete form of Eq. (2.39),

Ac=0,

2‘7” (lelU -ftj)Ac O 2‘7"1”,], (fNIItJ ftj)

= pi j=t

*

2—‘7 ﬂ,h (lelz;) xj)Ac O Z (ﬂljl)z(lelllj)' lj)Ac__(pBGKxxx pxxx)

j=1 2p;

ivm ( n )2 (fl\’;ll,i,j - fx"J)Ac - (pl’;GK,yy,i —p:y.i)
ij n ’

4.16)
J=1 ' ' 2p1"

b

(lel i j Ij) (pBGK 2244 p:z,i)
12: (ﬂ‘ 13)2 fe= 2p;
Zl:pinj(ﬂt ; ) \(lel ij fanj )Ac - (pl';GK,xy,i - p:y,i).

ijy /

= s 2p}

4.2.3 Reference distribution f, ref dsj (linearized)

Only expressions of linearized dimensionless reference distribution functions are

given here, while corresponding linear equations can be found in Appendix C.

For the BGK model, the linearized dimensionless reference distribution is

Fioxij = exp(—( A )2 XaIZGK,i +a2p6x My +a3pex, T, + ‘14';;(;1(,1'( g )2 ) 4.17)
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For the v(C)-BGK model, the linearized dimensionless reference distribution is

Fl, = exp(—- (Y Xa1;,,. va2smr, +adn, +adn o ¥ ) (4.18)

For the ES-BGK model and two new kinetic models, as in IDSW, there are two
choices to build the linearized reference distribution. One is to expand the reference
distribution around the Maxwellian distribution, and another one is to expand the
reference distribution around an anisotropic Gaussian distribution. These two choices
have been tested in this work to see which one gives the more similar results to the results

with original reference distribution.

For the ES-BGK model, the linearized dimensionless reference distribution from the

first choice is
Fa., =exob-, Y )
(al’I,:‘S.i +a2, 15 +a35s, 775, +ads, (771'11‘ )2 +aSis, (77212 )2 + a6, (771":1’, )2 +aT g, M, 15, )
(4.19)

and this choice makes the results of the ES-BGK model with linearized f, and b=0

r:f )
identical to results of the BGK model with linearized f

n
ref.i,j *

For the new kinetic model I, the linearized dimensionless reference distribution from

the first choice is
Foi= exp(— (’7:":;' )z ) ]
a3, + a2, + 3,10, + o, adi b, V +a5, o, Y +asi o, P + a7, )

(4.20)

For the new kinetic model 11, the linearized dimensionless reference distribution from

the first choice 1s

F 1\'1111,;', ji= exp(- (ngj )2 ) )
) \ ) . (4.21)
laar +a2rmy, vasry, +atilor, vt ¥ +asilor, ¥ + a7, )
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For the ES-BGK model, the linearized dimensionless reference distribution from the

second choice is
2 2 2
Fe,; =exp(~8;&n,i (7/:1.) = Eps.mi (7/1’511) 5.4 (ﬂi’tj;) = €5yl s iy )
2 2 2 ’
(ot + a2y, mt, +a3np, +adie, (o, +aSte, or,, V + a6, lr, ¥ +a72,m0)
(4.22)

where ¢, are the discrete values of the dimensionless coefficient £,RT in the ES-BGK

model. After some manipulation, the expression for £}, can be obtained as

T Y o |

i x
lﬂ .Aﬂ Aﬂ 'AR . n .
EZS". = xy i’ zz, iV ax,i 0 , l:“ - I" pBGK.x.r,l +(1__!_)p:“ ,
A A ’ ! Pr Pr ’
0 0 ('q’,;x.iﬂ";’y,l "q";y.i'l:y.i)
P
n 1 ( Pagy.i 1 1 ( Prox zi ( 1 )

P LI (<. 2 (W PLI PR (L < =Ty T LI 423
i p:l ( Pr ( Pr)pyyl} 22.d p;. ( Pr Pr P ( )
n 1 p:GK. W 1 n nl {3 n n n n

Ay =;,,T( Pr‘y + (1 —-E)pzy.i] ) P’i = ('q’xx.i'lyy‘i = Aoil )ﬂzz,i .

For the new kinetic model 1, the linearized dimensionless reference distribution from
the second choice is
Fui ;= CXP(“ Egs ani (77:1,)2 = €.y (77::;1)2 _e:ls.u.i(nl,:jg)z = &5y, ) .
(al';v'.: +a2y, 2t a3y, 77;:12 +ady,, (‘14'1‘-3.i(77;tj, )2 +aS, (77ij )2 + ‘16;-3.1(77213 )2 +aTy, 771':}; 771’:1‘; ))

4.24)

For the new kinetic model II, the linearized dimensionless reference distribution from

the second choice is

n _ n n Y n n P n ( n )2 on noaan ).
Fuons j —exP(" Ers xxy (ﬂi,j, ) —Egs i (ﬂi. jz) = Es.i\h js Ersnyilli g,

. (4.25)
(al;l +a2} ﬂi,.'.h +a3] 77:":12 +a4} (ﬂi,:h )2 +as; (ﬂl’.'jg )2 +a6; (ﬂi'.lj; )2 +aT} (ﬂi'.'jg 77:;5 ))
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4.2.4 Boundary conditions and initial guess

For IDCF, the distribution at boundaries f’| (= f7;), and f/},; (= f.,,) changes
with global iteration. Maxwell’s boundary conditions [1, 70]15 and a classical ghost cell

technique are used here. At the plate 1 (we can do a similar analysis for plate 2), the

distribution is

bW c? <0
fo, =3¢ e . Y , (4.26)
o (1 - apl )fl.] + apl pl.j C)jvz 2 0
where
fl"] (c,{‘ e,k )= £ (c,{‘ —c2,cl ) 4.27)

@, is the accommodation coefficient, which ranges from O to 1, where@,, =0 means a
“polished” boundary, and &, =1.0 means thermalizing boundary. The accomodation
coefficient and chosen as a constant in all iterations. f,;;, is a Maxwellian at plate

temperature, where the density is chosen so as to have no accumulation of particles at the

walls. How to determine f,, ; will be described below.

Define a dimensionless distribution

Fp,=ay -exp(— T, (77:1,;' )2 + Vs )’ (4.28)
ch—u c? cr . c’ .
h "o x pl.x = pl.j , L pliz , o pljs , d
where nP'v!l ‘/ZRTpl ,\/ZRTPI 7],;1_,2 m 77,,1,,3 JZR—]VPII_ an
n 2 n 2 n 2 n 2 (C;| j)z . .
(77,,1‘,) =(np1. ,.l) +(17p1_,.2) +(np,',.3) = 2R'T . T,, is the temperature of plate 1, and u,, is
pl

the macroscopic velocity of plate 1, which both are constants in the whole iteration.
Because these two values are constants, therefore, F, ; =F, ;, which means in the whole

computation, their values only need be computed one time. The three conditions to

determine the three coefficients in Eq. (4.28) are

L L (”pl j)2
ZFPIJ =1, Z”pl.i.Fpl,/ =0, Z—;_Fpl.i =1. (4.29)

Jj=1 Jj=1 J=1 1‘5

[

15 There are some more advanced boundary conditions available [1]. Since our aim is to test kinetic models,
we use this simple boundary condition.
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After F, , are obtained,

n F v'p"
foi =-———'"A’c e, (4.30)

where p;,, the density of the thermalized particles, is not a constant during the process,

therefore £, , is not a constant in the whole computation. The condition to determine p;,

and further f'; as follows, which means no particle of fluid will go through the

boundary.

I N I .
Sk frAe+ Y chflAc=0. 431)

i o2 ich?
Jey?>0 Jiey? <0

If &, =0.0, then from Eq. (4.26), we get

"‘ h < O
fiy = {f S 432)

L DY
fi; ¢ 20

which indeed satisfies the condition Eq. (4.31).

If &, #0.0, then from Eqs. (4.26, 4.30, 4.31), we get

icf [l Ac+ (l—ap,) icjzf;f'jAc

n jefr<0 1ef?>0

Py = 7
J2
apl zc.v F, pLj
i}

J2
€34 >0

) (4.33)

J
where ZCjZFP,' , is a constant during the computation. After p;, is obtained, f} s,

icl
Jicdt >0

and fy; will be also obtained.

There are several choices for the initial guess of the distribution for 1DCF, such as,
equilibrium distribution at one boundary, step function of the two distributions at
boundaries, average value of the two distributions at boundaries, distribution

corresponding to the average value of macroscopic parameters at boundaries, etc. We did
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some tests, and realized that the choice of initial guess, which only changes results of the

beginning several hundred iterations, does not change the final results of our
computations. We prefer to choose the last choice, for it is the guess nearest to the final

result for large Knudsen numbers and/or large plate velocity situations.

Since the total density should be conserved for 1DCF, f"; are modified by a factor to

guarantee this condition every certain iteration (such as, every 100 iteration in this work).
What is done in this work is the same as in [34], which is that modified distributions
equal to the original computed distributions times a factor, and this factor equals to the

initial total mass divided by the current computed total mass.

4.3 Test examples

In the tests, several Knudsen numbers (Kn=0.025, 0.1, 0.5 and 1.0) have been chosen
to represent the weak, medium and strong rarefaction effect, the two limiting situations
for the molecular model, hard sphere molecules and Maxwell molecules, and three values
of plate speed, 300.0m/s, 600.0m/s and 1000.0m/s, are considered. Altogether, there are
twelve different test situations. Table 4.1 shows situations of numerical tests of kinetic
models and DSMC, and Table 4.2 gives the parameters, with the same meaning as in
Table 3.2, in the numerical tests of DSMC [71].

There are some common parameters in the numerical tests, which are, the material is
argon, the temperatures of the two plates are both 273.0 K, the velocity of plate 1 is zero,
the velociy of plate 2 is chosen as indicated in Table 4.1, the initial number density is
1.4E20 1/m’, the viscosity at the reference temperature is 1.9552E-5 kg/m-s, the reference
temperature is 273.0 K [71], Boltzmann’s constant is 1.381E-23 J/K, Avogadro’s
Number is 6.022E23 1/mol, the molecular mass of argon is 39.95 g/mol [69]. Mean free
path from Cercignani’s definition, Eq. (3.38), is 8.833 mm.

Table 4.3 shows parameters used in the numerical tests of kinetic models. Direct

output macroscopic parameters are density p, velocity #, and u,, temperature T,
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pressure p;;, p,, and p,,, and heat flux g, and g,, which are the same as the DSMC
results [69]. The test kinetic models are the BGK model, the ES-BGK model with
b=-0.5, the v(C)-BGK model, the new kinetic model I with b=-0.5, the new kinetic

model II with Pr=2/3. For the reference distribution function f, ., what are tested is not

only the original expression (refer to Section 4.2.2), but also the two linearized
expressions (refer to Section 4.2.3). In cases 4.1-4.12 of Table 4.3, which corresponds to
the twelve basic situations in Table 4.1, all choices of kinetic model and reference
distribution are tested. In cases 4.13-4.24 of Table 4.3, which aim is to test the influence
of step of space grid (4.17-4.20), bounds of velocity grid (4.21-4.22) and step of velocity
grid (4.13-4.16, 4.23-4.24) on the computational results, all kinetic models with the

original reference distribution are tested.

Table 4.1: Situations of numerical tests of kinetic models and DSMC for 1DCF

Situation | Knudsen | Molecular model Velocity of | Mach Reynolds { Domain
number plate(m/s) number | number width (m)
Sa 0.025 Hard sphere 300.0 0.975 50.345 0.3533
Sb 0.025 Maxwell molecule 300.0 0.975 50.345 0.3533
Sc 0.1 Hard sphere 300.0 0.975 12.587 0.08833
Sd 0.1 Maxwell molecule 300.0 0.975 12.587 0.08833
Se 0.5 Hard sphere 300.0 0.975 2.518 0.01767
Sf 0.5 Maxwell molecule 300.0 0.975 2.518 0.01767
' Sg 1.0 Hard sphere 300.0 0.975 1.259 0.008833
Sh 1.0 Maxwell molecule 300.0 0.975 1.259 0.008833
Si 0.5 Hard sphere 600.0 1.950 5.036 0.01767
Sj 0.5 Hard sphere 1000.0 3.251 8.393 0.01767
Sk 0.5 Maxwell molecule 600.0 1.950 5.036 0.01767
S1 0.5 Maxwell molecule 1000.0 3.251 8.393 0.01767

Table 4.2: Some common parameters in the numerical tests of DSMC for 1DCF

Parameter | Value Parameter Value

FNUM 5.6E14 SP(1,1) 3.7758E-10 for hard sphere; 4.8057E-10 for Maxwell
molecules

MNM 2.5E5 SP(3,1) 0.5 for hard sphere; 1.0 for Maxwell molecules

DTM 3.125E-7 | SP4,1) 1.0 for hard sphere; 0.4672 for Maxwell molecules

NIS 4 SP(5,1) 6.63E-26

NSP 1600 MNC 2000 for Kn=0.025; 500 for Kn=0.1; 100 for Kn=0.5; 50 for
Kn=1.0

NPS 50 MNSC 20000 for Kn=0.025; 5000 for Kn=0.1; 1000 for Kn=0.5; 500
for Kn=1.0

NPT 1000
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Table 4.3: Parameters in the numerical test of kinetic models for IDCF

Case | Situ | Number | Ratio  of | Iteration number | Number Bound of velocities (m/s)
atio | of cells | cell width of X1 direction | X2 (or X3)
n over mean velocities
free path

4.1 Sa [ 100 2.5 40000 11*¥10*10 | -1100, 1400 | -1100, 1100
4.2 Sb | 100 2.5 40000 11*¥10*10 | -1100, 1400 | -1100, 1100
4.3 Sc |50 5.0 40000 11*10*10 | -1100, 1400 | -1100, 1100
4.4 Sd |50 5.0 40000 11*10¥10 | -1100, 1400 }§ -1100, 1100
4.5 Se |50 25.0 40000 11*10*10 | -1100, 1400 | -1100, 1100
4.6 St | 50 25.0 40000 11*10*%10 | -1100, 1300 | -1100, 1100
4.7 Sg 125 25.0 40000 11*¥10*10 | -1100, 1300 | -1100, 1100
4.8 Sh |25 25.0 40000 11*10*10 | -1100, 1300 | -1100, 1100
4.9 Si 50 25.0 40000 13*12*12 | -1100, 1700 | -1300, 1300
4.10 | Sj 50 25.0 40000 16*14%14 | -1200, 2200 | -1500, 1500
4,11 | Sk {50 25.0 40000 13*12*12 { -1100, 1700 | -1300, 1300
4,12 | Sl 50 25.0 40000 15*14*14 | -1200, 2200 | -1600, 1600
4.13 | Sa | 100 2.5 60000 21*¥20*20 | -1100, 1400 | -1100, 1100
4.14 | Sb | 100 2.5 60000 21*%20%20 | -1100, 1400 | -1100, 1100
415 | §j 50 25.0 60000 or 24000 | 26*24%24 | -1200, 2200 | -1500, 1500
4,16 | Sl 50 25.0 60000 or 24000 | 25%24%24 | -1200, 2200 | -1600, 1600
4.17 | Sh | 50 50.0 40000 11*¥10*10 | -1100, 1300 | -1100, 1100
418 | Sg 150 50.0 40000 11*10*10 | -1100, 1300 | -1100, 1100
4.19 | Sc 100 10.0 60000 or 24000 11*10*10 | -1100, 1400 | -1100, 1100
420 | Sd | 100 10.0 60000 or 24000 11*¥10*%10 { -1100, 1400 | -1100, 1100
421 | Sc 100 10.0 60000 or 24000 15*%14*14 | -1500, 1800 | -1600, 1600
422 {Sd | 100 10.0 60000 or 24000 15*%14*14 | -1500, 1800 { -1600, 1600
423 | Sa | 100 2.5 24000 31*30*30 | -1100, 1400 | -1100, 1100
424 | S1 50 25.0 24000 35%34*34 | -1200, 2200 | -1600, 1600

4.4 Results and Discussion

4.4.1 Some important notes on dealing with results

In order to get converged results and do further analyses, similar steps as mentioned in
Section 3.4.1 for shock waves have been done for Couette flow, such as, graphs, which
show the output of one macroscopic parameter from different situations in one figure, and
data (e.g. average relative error) are obtained for discussion of each kind of analysis.
Here, only differences from Section 3.4.1 will be pointed out. No shifting need be done
before discussing the results since the boundaries are fixed. Since the relative error
becomes meaningless when a quantity approaches zero, average relative errors of

velocity u,, heat flux g, and g,, for which it is hard to choose a domain in which

relative error is meaningful, have not been computed in analyses. The direct output

parameters for pressure tensor are p, py,, p, and p, (=0, ), not o, and. o,,, which are



87
computed from the output values of p, p, and p,, with four digits accuracy’®.

Therefore, it is not surprising to see that average relative errors for o,, and o,, in the
following analyses are a somewhat higher than average relative errors for p, u,, T, p
and o,, at the same situation. One suggestion for future computation is to compute the

values of o, and o,, directly from the distribution function in the program.

Another thing that needs to be mentioned is that if the step of space grid is not the
same for the two compared situations, some “smoothed” data will be derived from the
original data with the smaller step of space grid and used in the comparison. The
smoothing procedure means that the new value in one finite volume cell is the average of
. the original values in that finite volume cell size (one new cell covers several original
cells). Of course, this smoothing procedure will introduce some numerical error, for
profiles of macroscopic parameters are not exact linear in one new finite volume cell.
Therefore, the computed average relative errors from this method cannot be used as a
very precise criterion, but a little rough criterion, in the comparison. This type of
situation, where curves on different step of space grid are compared, is met when the
effect of cell width is considered, and when the results from kinetic models are compared
to DSMC simulations.

4.4.2 Convergence of results

At the first stage of analysis (convergence of results), what we do is to compare results
among the five certain iterations (which are 1/5, 2/5, 3/5, 4/5 and 5/5 of total iteration).
Average relative errors of macroscopic parameters among these five certain iterations are
computed. It is found that those average values are smaller than 0.01 for almost all cases.
This shows that running so many iterations (at least 4800), values of macroscopic
parameters change are very small; therefore the computational results are converged. As
an example, Figure 4.1 shows profiles of some macroscopic parameters at five certain

iterations for case 4.18 when the BGK model is used.

'8 When the numerical experiments were all done, it was not realized that a higher accuracy would be
better. Since the computations take so long, there was no time to repeat them.
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The simple estimate for time to reach converged results in Section 3.4.2 of Chapter 3

is r=9.27, where 7 is the mean free time.

For the 1DCF, let us compute the mean free time using initial state, where the
viscosity is computed from Eq. (2.32) (since T =T, =273.0 K here, there is no difference

of 7 for hard sphere or Maxwell molecules),

T [}
/‘ —
u °[To} _ 1.9552x107
p

T= = =
nkT 1.4x10% x1.381x107% x273.0

=3.7x107(s).

Therefore the magnitude of time to reach converged results for the 1DCF from the above
simple estimation is 10™s. The magnitude of total time step in computation is 10~ ~107s
(smallest value is about 4.78x107* s for cases 4.24), which is much larger than the above
estimated time, for all our computational results. Table 4.4 shows the total time step
(unit: seconds) for kinetic models in cases 4.1-4.12. Therefore, we can say that our
computational results are the converged results from the above comparison. This is the
reason why the iteration number for cases, computed a later time than others, is 24000,
instead of 40000 or 60000 (see Table 4.3).

Similar tests have been done on the DSMC computation, and results are converged.

Table 4.4: Total time step (seconds) for kinetic models in cases 4.1-4.12

W BGK ES-BGK v(C)-BGK | Newl New II

Case and situatio
4.1 Sa 0.117 0.120 0.0559 0.107 0.107
4.2 Sb 0.117 0.120 0.0560 0.120 0.120
4.3 Sc 0.0608 0.0617 0.0390 0.0583 0.0583
4.4 Sd 0.0609 0.0618 0.0396 0.0618 0.0618
4.5 Se 0.0126 0.0126 0.0114 0.0125 0.0125
4.6 Sf 0.0126 0.0126 0.0115 0.0126 0.0126
4.7 g 0.0126 0.0126 0.0114 0.0125 0.0125
4.8 Sh 0.0126 0.0126 0.0115 0.0126 0.0126
4.9 Si 0.0107 0.0107 0.00956 0.0106 0.0106
4.10 Sj 0.0092 0.0093 0.0082 0.0092 0.0092
4.11 Sk 0.0107 0.0107 0.0097 0.0107 0.0107
4,12 81 0.0088 0.0087 0.0080 0.0087 0.0087
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Figure 4.1: Profiles of some parameters at five certain iterations (BGK model, case 4.18: Kn=1.0, hard
sphere molecules, 300.0 m/s plate velocity) (Triangle for iteration=8000, Star for iteration=16000,
Diamond for iteration=24000, Box for iteration=32000, Triangle filled for iteration=40000)
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4.4.3 Discussion

From Eq. (4.2), it is realized that four parameters (u,, p,,, 0y,, 4,0y, +¢,) should be
constant (and u, =0.0) in the whole domain at the steady state of IDCF. Therefore, we
can use these parameters to see whether the converged results are results at the steady

state or not. At the steady state, the velocity perpendicular to the plates u, should be very

small compared to the characteristic velocity ¥RT . Therefore the dimensionless velocity

Uy ill be considered. After some analysis, it is found that the average values of
//ﬁWI consi ysis, it is foun g

u . . .
/«/_I_Q? for all positions is smaller than 10™ in all test cases, and Dxn» Oy and

u,0,, +q, are indeed almost constant in the whole domain, and vary near the boundaries

(this jump, which is slight violation of the conservation laws due to numerical
inaccuracy, can be reduced when the step of space grid becomes smaller, which example
refer to graphs (g,j) in Figure 4.3)), which means the computational results are results at
the steady state of Couette flow. Graphs (c, f, i, 1) in Figure 4.1 can be used as examples

here.

When the computational time for each iteration is considered, the observations are

similar to IDSW. The new kinetic model I needs the longest time, followed by the new
kinetic model II, the v(C)-BGK model and the ES-BGK model, and the BGK model

need the shortest time. The ratio of computational time for each iteration among the new

kinetic model I, the ES-BGK model and the BGK model is about 3:2:1.

From the computational results Table 4.4, it is shown that the v(C)-BGK model has
the smallest time step Az, (For situations Sa-Sd, it is only about 50% of At, of other
Kinetic models) among tested kinetic models, and Az, for other kinetic models are

similar,

Results from the new kinetic model I and the new kinetic model II are very similar

(see Figures 4.4-4.7), and if the structure of program and computational time for one
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iteration is considered, the new kinetic model II is better than the new kinetic model L

The computational time for one iteration of the new kinetic model II is something like
80% of the computational time need for one iteration of the new kinetic model I, the
reason is that when the reference distribution is solved (which takes a large portion of
computational time), the new kinetic model I needs results from the ES-BGK model,
while the new kinetic model II need not, therefore the new kinetic model I needs to
perform the N-R algorithm to find coefficients of reference distributions three times,

while the new kinetic model II only needs to do the N-R algorithm two times.

Let us consider the use of the linearized reference distribution f,, discussed in

Section 4.2.3. From the data and graphs obtained from the two steps mentioned in

Section 4.4.1, the following conclusions can be drawn.

o For the BGK model, the average relative errors for almost all macroscopic

parameters and test situations (which are cases 4.1-4.12) are smaller than 0.001.

o For the v(C)-BGK model, the average relative errors for p, u,, T, p and o,

are smaller than 0.01 for almost all test situations, while the average relative

errors for o,, and o,, are smaller than 0.02 for almost all test situations.

e For the ES-BGK model, and the new kinetic model II, there are two types of
linearized f,., one is obtained based on an isotropic Gaussian distribution,
another one is obtained based on an anisotropic Gaussian distribution. The
average relative errors for p, u,, T, p and o,, are smaller than 0.005 (0.0005)

for almost all test situations for the first (second) type of linearized f,, of these

two kinetic models, while the average relative errors for o, and o,, are smaller

than 0.02 (0.005) for almost all test situations for the first (second) type of

linearized f,, of these two kinetic models. Therefore, the second type of
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linearized f,; is better than the first type of linearized f,, for these two kinetic

models.

¢ For the first type linearized f, of the new kinetic model I with hard sphere

molecules, diverged results (NaNQ appear in the output of the FORTRAN
computation program) was obtained for all test situations; the reason for this is
still being considered. The first type of linearized f,, of the new kinetic model I
with Maxwell molecules works well, such as, average relative errors for p, u,,
T, p and o, are smaller than 0.005 for almost all test situations, and average

relative errors for o, and &,, are smaller than 0.02 for almost all test situations.

¢ For the second type linearized f,, of the new kinetic model I, no matter with hard
sphere molecules or Maxwell molecules, it works well, such as, average relative
errorsof p, u,, T, p and &, for almost all test situations are smaller than 0.005

for hard sphere molecules (0.0005 for Maxwell molecules), and average relative

errors of o,, and o,, for almost all test situations are smaller than 0.02 for hard

sphere molecules (0.003 for Maxwell molecules).

¢ When the computational time for each time step is considered, using the

linearized f,, can save 20-40% of computational time compared to using the

original f,, . This point is applicable for all kinetic models.

Let us consider the effect of step of space grid on computational results, based on the
comparison of results of cases 4.17-4.20 with results of cases 4.7, 4.8, 4.3 and 4.4. From
the data and graphs obtained from the two steps mentioned in Section 4.4.1, it is realized

that the average relative errors for p, u,, T and p are smaller than 0.001 for almost all
test situations and all kinetic models, while the average relative errors for o, 5, and
o,, are smaller than 0.02 for almost all test situations and all kinetic models. Therefore,

our choices of step of space grid in Table 4.3 are acceptable.
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Let us consider the effect of bounds of velocity grid on computational results, based
on the comparison of results of cases 4.21-4.22 with results of cases 4.19-4.20. From the
data and graphs obtained from the two steps mentioned in Section 4.4.1, it is realized that
the average relative errors for p, «,, T, p and o,, are smaller than 0.002 for almost all

test situations, while the average relative errors for o,, and o,, are smaller than 0.015 for

almost all test situations. Therefore, the effect of bounds of velocity grid on results can be

neglected as long as the choice of bounds satisfied the standard given in Section 3.2.6.

Let us consider the effect of step of velocity grid on computational results, based on
the comparison of results of cases 4.13-4.16 with results of cases 4.1, 4.2, 4.10 and 4.12,
and also the comparison of results of cases 4.23-4.24 with results of cases 4.13 and
4.16.From the data and graphs of the above first series comparison obtained from the two
steps mentioned in Section 4.4.1, it is realized that the average relative errors for p, u,,
T, p and o,, are smaller than 0.02 for almost all test situations and all kinetic models,
while the average relative errors for o, and o, sometimes are unacceptable large, such
as 0.1, sometimes even higher for the v(C)-BGK model. While the average relative errors

for all macroscopic parameters are smaller than 0.01 in the comparison of cases 4.23 and
4.24 with cases 4.13 and 4.16. Doubling the number of discrete velocities will increase
the computational time of each iteration eight times, and a larger number of discrete
velocities also imply smaller time steps by Eq. (4.4), which further means more iterations
are needed to reach converged results. Therefore, tests with smaller step of velocity grid
than the step of velocity grid shown in Table 4.3 is not suggested to be done, before some
ways are applied to decrease the computational time, such as implicit numerical scheme,
effective criterion to check whether the results are converged or not, parallel computing,

etc.

As some example figures, Figure 4.2 shows the use of two types linearized f, . and

the effect of step of velocity grid in the new kinetic model II for situation Sa (Kn=0.025,
hard sphere molecules, 300.0 m/s plate velocity) (cases 4.1 and 4.13); Figure 4.3 shows
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the effect of bounds of velocity gird and the effect of step of space gird in situation Sc
(Kn=0.1, hard sphere molecules, 300.0 m/s plate velocity) (cases 4.3, 4.19 and 4.21) from
the ES-BGK model with original f, .
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4.4.4 Comparison with DSMC

There are too many data and graphs obtained from the numerical tests mentioned in
Section 4.4.1, so only some of them are shown in this thesis'’. Tables D.2 to D.4 in
Appendix D show average relative errors of macroscopic parameters from kinetic models
we used compared to DSMC in cases 4.1-4.12. Figures 4.4 to 4.7 show the results of
kinetic models and DSMC for cases 4.14, 4.6, 4.9 and 4.12.

First, let us consider the v(C)-BGK model. There are two main points against this

model in Couette flow. One is that for larger Knudsen numbers (e.g. Kn2 0.5), the shape
of the density profile is too flat compared to the shape of the density profile from the
DSMC (examples refer to graph (a) in Figures 4.5-4.7). This phenomenon was also
pointed out in [34], and it is shown that this might be due to different possibilities for

choosing the Knudsen number, but most likely it is a general failure of the v(C)-BGK
model [34]. Moreover, the result of g, is the worst among all kinetic models. For small
plate velocities (which corresponds to small Mach numbers), we even get the heat flux ¢,

with opposite signs, compared to values from the DSMC (examples refer to graph (h) in
Figures 4.4 and 4.7).

Then, let us consider the two new kinetic models. It is found that results from the new
kinetic model I are very similar to results from the new kinetic model II for all test cases.
Results from the new kinetic models locate in between results from the V(C) -BGK
model and results from the ES-BGK model for hard sphere molecules, while the new
kinetic models are identical to the ES-BGK model for Maxwellian molecules, for the
collision frequency is a constant and independent of the microscopic velocity for
Maxwellian molecules. Combining with the analysis about the V(C) -BGK model in the
previous paragraph, the ES-BGK model is a little better for tested 1DCF than the new

kinetic models from results and computational time.

' Graphs and data from these two steps are t00 many to be shown in this thesis. If interested in graphs and
data which are not shown, contact the author (or his supervisor) for them.
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At last, let us consider the BGK model and the ES-BGK model. For small Knudsen

number situations (Kn <0.1), where the Prandtl number is meaningful, the ES-BGK
model gives better results than the BGK model, and examples refer to Figure 4.4. This is
meaningful, for Pr=1 in the BGK model, while Pr=2/3 in the ES-BGK model. While
for large Knudsen number situations, it is realized that none of the kinetic models (BGK
and ES-BGK) gives better results than another one for all tests. We suggest to using the
ES-BGK model, instead of the BGK model for further consideration, especially for small

Knudsen number situations.

Let us consider the effect of Knudsen number and Mach number on the accuracy of
kinetic models, which means the difference between results from kinetic models and
results from the DSMC. One parameter to show this difference is the average relative
error, which values are shown in Table D.2-D.4 in Appendix D. When the Knudsen
number changes with fixed plate velocity, it is found that there are no big changes in the
accuracy of kinetic models. Accuracy of kinetic models at small Knudsen numbers seems
to be lower than at large Knudsen numbers, since there are strong oscillations in the
results of the DSMC. These are due to the strong stochastic noise of the DSMC method at
smaller Knudsen numbers, which can not be considered as a good benchmark in these
cases [47]. When the plate velocity is increased with fixed Knudsen number, it can be
seen that the accuracy decreases for any parameter and any kinetic model. Therefore, the
Mach number has a stronger effect on the accuracy of kinetic models than the Knudsen

number.

When the degree of moments becomes higher, the accuracy of moment from Kinetic
models will be lower. As an example, differences of o,,, 0,, O,and g, between
kinetic models and the DSMC are bigger than differences of p, u,, T, and p for the

same test situation.
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4.5 Conclusion

For the one-dimensional Couette flow problem, the following conclusion can be

drawn from the above discussion.

When the computational time of each iteration is considered, the new kinetic model I
needs the longest time, followed by the new kinetic model II, the v(C)-BGK model, the

ES-BGK modei and the BGK model. The time ratio of the new kinetic model I to the ES-
BGK model to the BGK model is about 3:2:1.

When comparison with DSMC is considered, the v(C)-BGK is the worst, followed by

the two new kinetic models. The ES-BGK model is better than the BGK model for small
Knudsen number situations ( Kn <£0.1), while it is hard to say which one of the ES-BGK

and the BGK is better for large Knudsen number situations.

Using linearized f, , instead of original f . in program works well and gives almost
identical results with shorter computational time (20-40% saved) for almost all test
situations. The exception is the first type of linearized f,. for the new kinetic model I

with hard sphere molecules, which becomes unstable.

The second type of linearized f,, is much better than the first type of linearized f,,

for the ES-BGK model, and the new kinetic models I and I

As long as the size of finite volume cell is small enough (such as smaller than one half
of the mean free path), making it smaller does not change the results too much, but makes
the computational time for each iteration larger and requires more iterations (for smaller
time step) to reach converged results. Therefore, one suggestion is to not use a very large

number of cells.
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Equation (3.37) determines the bounds of velocity grid with sufficient accuracy.

Considering the computational time of each iteration and the value of time step, very

large values of bounds of velocity grid are not suggested.

Based on Eq. (3.37) to determine of step of velocity grid is acceptable enough for
consideration of density, velocity, temperature and pressure, while not enough when
trace-free pressure and heat flux are considered. Some ways to decrease computational
time, such as implicit numerical scheme, a proper criterion to check the convergence,

parallel computing, and so on, are suggested to be applied before computation with high

number of discrete velocities is done.
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Chapter 5 Comparison of NSF, Burnett, Grad 13 and R13s equations to

kinetic models

5.1 Introduction

From Chapters 3 and 4, one can see that when a kinetic model is used to compute a
flow problem, the number of dimension of the variables (distribution function) in the
program are at least five, three for velocity space, one for time step and one for position
at one direction. There will be three indices for position nodes in a three-dimensional
problem. Moreover, due to discretization, the actual number of is huge, e.g.
12x11x11x2=2904 variables for each position node in the case 3.1 in Table 3.1. This
requires the memory of computer to be very large for the computation of kinetic models,

and the computational time will be very long.

Compared with computation of kinetic models, in the program of computation of
macroscopic continuum theory, the dimension of one variable will be at most four (max
three for position nodes, and one for time step), and the number of variables for each
position node, which is the number of moments considered, is not large, e.g. five
variables are considered in the NSF and Burnett equations, and 13 variables are

considered in the Grad 13 equations, and their regularization (R13).

Therefore, a macroscopic continuum theory is preferred to be applied to solve rarefied
gas flow problems, instead of microscopic theory (such as DSMC, kinetic models), in
order to save computational time and simplify the computational program. In the scope of
macroscopic continuum theory of rarefied gas dynamics, there are the NSF equations, the
Burnett equations from the C-E expansion method [11], while also there are the Grad13,
the R13s (original and slightly linearized) from the moment method or related methods
[15, 26]. It must be asked which set of macroscopic equations (NSF, Burnett, Grad13, or
R13s) can give a good description of the flow, e.g. in relation to range of Knudsen
number. To contribute to the answer on this question is the goal of this part of the work.
In this chapter, the above sets of macroscopic equations from kinetic models will be

compared with the kinetic models themselves. The kinetic models considered are the
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BGK model and the ES-BGK model. Since the only difference between results for the

BGK model and results for the ES-BGK model is that the Prandtl number Pr =-i—1; , and

b=0 for the BGK model, and [-0.5,1.0] as the range of b for the ES-BGK model,

therefore in the following description, we will focus on the ES-BGK model, and deal
with the BGK model is a specific case for the ES-BGK model.

5.2 NSF and Burnett equations for BGK and ES-BGK models

5.2.1 NSF and Burnett equations in three dimensions'®

The aim of the C-E method [3, 5, 9] is to obtain expressions for o; and ¢; from
kinetic theory. The distribution function f in the form of an expansion in powers of the
small parameter Kn (Eq. (1.6)) is looked for in the C-E method. In this method, a factor

}/Kn is inserted in front of the collision term, that is to say, the ES-BGK model to be

considered is

a

o _
a o

1
’En"vas(fss -f) (5.1
where the reference distribution f, is defined in Eq. (2.3). Substituting the expression of

finEq. (1.6), rewrite as follows

f=iKnnf(n) ,

n=0
into Eq. (5.1), and equating the coefficients of the same power of Kn yields a set of
equations for £, By solving this set of equations, an asymptotic solution of the

distribution function f is obtained (note that Kn=1 is set in the ultimate expression).

According to the above ordering hypothesis, the trace-free pressure tensor o and heat

flux g, can also be written as a series

18 This section and Section 5.2.2 are the main part of the paper “Burnett equations for the ellipsoidal
statistical BGK model”, by Zheng and Struchtrup [11]
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6, =3 Kn'ol =Y Kn" - [C,C,, fde, (52)

n=0 n=0

q,= iKn"qi‘"’ =§ Kn" % ICZC,.f‘")dc .

n=0

The conserved quantities p, u,, T, however, are not expanded. That is in the C-E
expansion one assumes that each order of the expansion gives o, u,, T, which is

tantamount to
{p’ pul ? 3p}= I{l! C’ s Cz}fdc= I{l’ Cl' , C’2 f(o)dc ,
and imples the so-called compatibility conditions

[t . clrae=fo, o, o} foral n21. (5.3)

Note that, because of p; = pé‘ij +0,

ij

it follows that p;” = o forall n>1.

Since the reference distribution function f,; is expressed in terms of the pressure
tensor in the ES-BGK model, f,, must also be expressed in the form of powers of Kn in

the expansion
fis=) Kn'fS . (5.4)
a=0

This expression for £ will be derived later in this section.

Similar to the distribution function, time derivatives of density p, macroscopic flow

velocity u; and temperature T are likewise expressed as a series of operators,
CLI L PLI (5.5)

where U, =p,u,,T, (r=1...5). Put Egs. (5.2, 5.5) into the conservation law Eq. (1.5), and

equating the coefficients of the same power of Kn yields the following expressions.
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9P __9PU  9up _

ot ox, = ot ’
Qg __, w15 +0P B 139)" (5:6)
ot ‘ox, p  ox ot p ox

9,7 of 2 (0g? o\ou; | 0,T 2 (9g™  mOu;
_——-. N LN + {m
a - e 3pR( +(ps, + ] ", ) Tor T 3pR|ax, OV

where m>1.

The next assumption of the C-E method is that the distribution function f depends on
position x; and time ¢ only through the hydrodynamic variables U, (= p,4;,T,
(r=1...5))and their space derivatives. That is to say, f® = f®(U,,VU,,...V"U,:c,),

but f™is not a function of V**U, with k>1.

At last, based on the above line of arguments, the sequence of equations for £ can
be written as

o0

iKn"(aatf"' ﬂ) ZVFSKH'H £ - f(n)) (5.7

n=0 i

where

3f _ 5 (¥ AU, ¥® 3u),  ¥= 3,67,)
o \ou, & ovu,) o T ovru,) o ’

mk20

FO _¥® W, ¥® avw), . ¥= avu,)
ox, U, ax, a(VU,) ox, alv'u,) ox,

with
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ak (VmUr ) — Vm(akUr
a F)

), since the position x; and time ¢ are independent to each

other.

In order to obtain the expression for f® and the Burnett equations, we need to know
fs up to the second order of Kn . From the definition of the matrix 4; in Eq. (2.10) one

obtains

A; =RT6, +pa“’Kn+ a‘”Kn +0Kn?) ,
P

(1) ()
l),l:(RT)’(I—(b) Tin ;” Kn ]+dKn3) , (5.8
p
-1 5’.7 b 14}] b b 1) (1) 2) 2 3
Eij=ﬂg. =—R—T——-;R—T'O',.j Kn+—ﬁ —O, 0' O'ij Kn +dKll ) .

It follows for the expansion of the Gaussian

Fos = F + fOKn+ fPKn? +dKn®) (5.9
where
3/2
1 c?
O=f = -,
Tu [MRT) e"p( 2RTJ
L=, (2 = ,;”c,cj), (5.10)

b 1(b b
(2) = o-(l)o-(l) o-(l)o.(2) —'O'.(.Z) CC + (l)o-(l)c C C C
fM( )[ZP kn “ kn RT[ ik i i~ 4 (RT)2 kl

Here we have anticipated that " =0, as will be shown below. f, is the local

Maxwellian distribution.
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First, let us consider the order of d}/Kn) in Eq. (5.7), which yields the constitutive

relations for the Euler equations,
fO=fO=7f (5.11)
p=pd;,0=0,q"=0. (5.12)

gy

Next, we consider the order dKn“) in Eq. (5.7), which yields

f(l) =f5(;) "—*I—(M+c,. af(w} ,

Ve \ Ot ox,

where

0f _ o U, _F® 3p ¥ g, ¥ 3T
ot dU, ot dp o oJu, o JIT ot

3

af(O)-af(O) aU,_af(O) ap+af(0) auj+af(0) Q.Z
o, oU, o dp & ou, ox IT &

4

After some manipulation, one obtains

2
fO=f, —2—avcC, _i”_(c,.cj Sy G 37"( ¢ 5}} : (5.13)

2pRT " 7 v | RT ox, T ox \2RT 2
o =2y du,, - 2 _.P_a“d , o =—K§—I~'—=—§£‘l—’-§£ ] (5.18)
d ox, 1-bvg ox, ax, 2V, ox

The constitutive relations in Eq. (5.14) are the laws of Navier-Stokes and Fourier where

y=—L—p— is the viscosity, and x:-z——Ri-p— is the thermal conductivity. It follows that

- ES Vis

the Prandtl number is related to the coefficient b of the ES-BGK model by the relation

pr=Re_ 1 (5.15)

2 1-b



140
By means of the Navier-Stokes and Fourier laws Eq. (5.14), the distribution can be

rewritten in a form that is familar from the Chapman-Enskog expansion of the Boltzmann

equation of Maxwell molecules, viz.

CC. uad C? 5 2 x d1
[43] i~ u<i
f==f = + —=iC, = . 5.16
”( RT pax,, (ZRT 2) '5 PRT ax,J ( )

It is straightforward to show that this expression indeed satisfies the compatibility
relations (5.3). The relations between viscosities and collision frequency in Eq. (5.14) and
Eq. (2.32) can be used to obtain an explicit relation between the latter and the variables
P, T which reads

14 =V 0T, 5.17)

L
B 1-b

® I

]

where v, =z1-£]—1;°3—— is a constant.
— 0,

At last, let us consider the order Q(Kn) in Eq. (5.7), which yields

o= (2,__1_(9_@_” af(n)

Bovglo  Tax )]
where

alf=8f(°’.B,U,+af“’.aoU,+ IFP 9,(VU,)
o oU, o U, o VU, o

¥O_¥® ou,, ¥ ovu,)
ox, oU, oax, oVU,) odx,

1 i

After a tedious manipulation, the expression of f® is obtained as

o= ész)_,_f_:f@ , (5.18)

ES

where
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Ge, _ap 4E=3b Fu, € +C1CJCI¢ o’u,
(1-b)p ox,0x,, 31-b) 'oxdx, 1-bax,0x, RT(1-b)oxox,
_2-b CC* %, 5R 3T _7-55 CC, 9T _3-5b C* 3T
3(1-b) RT oxdx, 2 oxdx, 2(-b) T oxox, 6(1-b) T axox
C,C,C* 3T L€ pdp  2C, u,9p CCC g, p
2RT? ox,dx; (1-b)p” ox, ox, (1-b)pox, &, (1-b)oRT ox,, ox,
_SRIT3p 5-7b CC, AT 3p  5-3 C* AT p_CC,C° AT Bp
2p0x, 0x, 2l-b) pT ox, 0x, 6(1-b) pT Ox, Ox, 2pRT* ox, ,
L2 ou,, 2134_2(3.5-—(0) C.C ou, du, C.C, ou, 0w 2CC; du, du,
I-box,, ox, 3(-b) RT 0x, ox, (1-b)RT ox, a, (- b)RT ox,, o
2 C?ou, ﬂ_’_ CC,CGC du, du, 1-oC, 9T u,

_3(1—b)Efax ox, (1-b)R’T* ox, ox, 5T ax, ax,
(5 1- a))g__i_)zﬂl__(15—15b)+(14—10b)(1-a))_CLg_Iiil_,-_

1-b) T ox, ox 6(1-b) T ox, ox,
_(4-7h)+2(1-@) C.C,C, 3T du,  (85-5b)+(2-bXi-w) C,C* T v,
2(1-b) RT? ox, ox, 30-b) RT? ox, ox;
_GC ar dwy  2-b CC,CC AT duy 5(1-@) RIT AT
RT? 9x, ox, 2(1-b) R’T® ox, ox,, 2 T ox ox

(39 RPN ))C.-C,-g__f)};_(l__(_ )_c___alg_r__s @ C.C,C* T aT
4 2 T? ox, 0x, \3 6 T?ox,dx, 2 RT® ox ox
C.C,Car ot
4R’T* ox, ox;

It is straightforward, but cumbersome, to show that this expression indeed satisfies the

compatibility conditions (5.3).

Pressure tensor and heat flux at the second order, the Burnett order, are computed as

1 1
DegPze .., gP=coouT, 5.19
SR Ty A S ey v e

where

9T  2R’T? 9p op oT dp
—2RT=—
ox0x, | p ox,ox, ax, ox,

oT dT
ox,, Ox,,

2
®, =2RT* =2 L _opor’T
ax 0%,

du,, auj>+2 4a) du, ouy
dx, ox, 3 Bx ox,

+2p +20(1 - b)pR?
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- %u, 2 d
r=30=4 rr 2%y prr 04 _pgip2 Py 9, (6+w——b]pR§"——ﬂ
3 ox,0x, ox,ax; dx,, ox; dx; ox (5.20)
3 du; oT LC13-b)+4- -106)(1-w) 9%; T
+1 Zb
(”” ) o, o, 6 PR o

The above expressions for o> and g/> are irreducible forms in terms of the gradients of

density, velocity, and temperature.

For the special choice b =0, the ES-BGK model reduces to the standard BGK model,

and the corresponding Burnett expressions for &> and g;” read

2
o-i(jﬂ =_;2—q>BGK.ij ’ ql(l) l;z FBGK,,' s (5.21)

2 22 3
D oy =—2R°T? p L 2R'T* 3p 3p oo 8T 8p +2p du,, ou,,

0x ,0x p ox, ox, ox,; ox,, ax axk
2-40 du, auk oT oT ’
— +2apR*
3 P, P e
4 %u, %, du; 3p ou, oT
Iyor; =——PRT L+ pRT L 2RT? L _Z-+(6+w)pR———
Botd 3p ox 8 P axjaxj ' ax,.> axj ( ) axj axj (5 22)

Ou, 8T+1-14w g2 T

l+@)pR—
+i+alp ox; ox; 6 7 ox, ax,

The Burnett equations for the BGK model are available in the literature, see [72-74].
In [72, 73], only hard sphere molecules (@=1/2) were considered, and our results agree

with those in [72, 73], when we set @=1/2. The Burnett BGK equations reported in [74]
are questionable: For example, since o, is a trace-free tensor, one finds that
@, /a; =2 should hold in Eq. (11) of [74], but the authors report @, /@, =3.5 instead.

Similar problems arise with other coefficients. Thus, it seems that the equations in [74]

are not correct.
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In order to compare the Burnett equations for the ES-BGK model with the Burnett

equations for the Boltzmann equation, e.g. see [12, 13, 24], we rewrite Egs. (5.19-5.20)

as

2

0-(2)_w- _l_‘_z_gyiil_‘i_i_w ﬂz - a l ap _auk aui> _zauk au<i>
p Ox, ox, p

iy =% s ox pox;, Ox,; Ox, o oK,

’

ﬂz azT ﬂz oT ap ﬂz oT oT 2 au<k au<_/>
+@, ~— o o, —
} PT ox_0x Mt ppT ox; Ox,, s pT? ox, ox;, * 6 p 3x<,> axk>
2
@ = 2 f)_z_t_gz_*__ey 2r 9°w;  29u; 97 ;3T
PT 0ox; o, 3 axax 3 ox; ox, ax ax
, (5.23)

M2 Ou, op > ., M dug N 3u’ ou, oT
e 03, a5, poxdx, g ax, ox

where the so-called Burnett coefficients @, and 6, are given by

w,:%(%—m), @,=2, @,=21-b), @,=0, @,=2w(1-b) , T, =8, (5.24)

=§(1—b)2(—;-— ) 02=—§-(1—b)2, 6, =2(1-b), 6, =2(1-b),

2 7
=2(-b) 7T+0-Lb).
3¢ )( @ 2)

In particular we are interested in the case where the Prandtl number has its proper value

Pr=2/3 which is the case for b=-1/2. Then, the coefficients &, and 6§, have the

values

w,:f;-(%— ) o,=2,0,=3, 0,=0, o,=30, 0,=8,

9_15-(1—) 6,=2 6=3,0,=3,6=-310. (5.25)
42 8 p

For the special case of Maxwell molecules, where S=1, the above expressions Egs.

(5.23, 5.25) are identical to the expressions given in [13]. For any molecule model with

power interaction potentials, the above expressions are identical to the expressions given
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in [12]'°, which are the Bumnett equations of the Boltzmann equation for a first order

solution of the resulting integral equation in terms of Sonine polynomials.

Table 5.1 shows the values of the Burnett coefficients for different values of n (or @)
compared to values obtained by Reinecke and Kremer [24] from high accuracy
computations for the full Boltzmann equation, i.e. a fifth-order expansion in Sonine
polynomials. Note that the expansion in Sonine polynomials is necessary to solve the
integral equations that appear in the Chapman-Enskog expansion of the full Boltzmann
equation, so that in this case the Chapman-Enskog expansion of a given order can only be
computed in an approximate manner. It must be noted here, that the fifth order expansion

yields very accurate results, so that the results in [24] can be considered as almost exact.

For the ES-BGK model this additional difficulty does not arise due to the simpler
collision term, and the Chapman-Enskog expansion of a given order can be computed
exactly, without further approximations. However, we emphasize that the ES-BGK
collision term itself is an approximation of the Boltzmann collision term and does not

preserve the full physics of the Boltzmann equation.

Indeed, from the values in Table 5.1 it becomes apparent that the Burnett equations
from the ES-BGK model agree with the Burnett equations from the Boltzmann equation
only for Maxwell molecules (@=1). For other molecule models, the coefficients are
close to those of the full Boltzmann equation, but different nevertheless. Thus we can
state that the ES-BGK model agrees with the Boltzmann equation for Maxwell molecules
up to second order in the Knudsen number, while for more realistic molecule models (e.g.

o =4/5), some differences occur.

' Take into account that, by Eq. (2.27), T du _
udr

@
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Table 5.1: Bumett coefficients &, to @, and 6, to 6, for different power index n and

=12
n @ @, a, @, a, s T
5 : 10/3 2 3 0 3 8
(103) @ 3) ® ©)) ®
3.60 2 3 0 2.40 8
23/3 | 4/5
(3.600370) | (2.004303) | (2.760746) | (0.253684) | (1.783502) | (7.748040)
19 4.00 2 3 0 1.50 8
[>-]
(4.057097) | (2.028549) | (2.415493) | (0.680112) | (0.232355) | (7.419524
n @ |6 6, 6, 6, 6,
5 1 75/8 45/8 3 3 39/4
(7518) (45/8) 3) 3) (39/4)
10.13 5.625 3 3 9.55
23/3 | 415
(10.159655) | (5.655703) | (3.014430) | (2.760746) | (9.018759)
1 11.25 5.625 3 3 9.25
[>-]
(11.652480) | (5.826240) | (3.095605) { (2.415493) | (8.100700)

NOTES: The values in brackets are those from the full Boltzmann equation [24] where values for n=23/3

are interpolated.

As a conclusion of this section, the Burnett equations for the ES-BGK model with
power interaction potentials have been computed by the Chapman-Enskog method to the
second order. When the Prandtl number is adjusted to its proper value Pr=2/3
(b=-1/2), the ES-BGK Burnett equations are found to be identical to the Burnett
equations for the Boltzmann equation only in the case of Maxwell molecules, while the
Burnett coefficients exhibit some differences for other interaction types (e.g. n = 23/3 or
n = o - hard spheres). This indicates that computations of processes with the ES-BGK
equation will show some discrepancies to computations that are based on the Boltzmann
equation. For processes at not too large Knudsen numbers these differences might be

small. Since our analysis is based on an expansion in terms of the Knudsen number only
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to second order, we can not make any prediction as of how close the ES-BGK model will

be to the Boltzmann equation, when the Knudsen number is large.

5.2.2 Linear stability analysis of the Burnett equations for the ES-BGK model

The main point of critizism on the Burnett equations is the question of linear stability.
It is well known [75] that the Burnett equations for the Boltzmann equation with Maxwell
molecules are linearly unstable in transient processes. The ES-BGK model gives us some
freedom to adjust the Prandtl number, and we reconsider the stability of the Burnett
equations here, and will show that for some Prandtl numbers, the ES-BGK-Bumett
equations are stable. Thus, in this section, we consider the linear stability of the Blimett
equations for the ES-BGK model where we restrict ourselves to one-dimensional

processes. We follow the procedure for stability analysis outlined in [75].

We are interested only in processes with small deviations from an equilibrium state
Pos Ty, and u, , =0. Then, we can introduce dimensionless variables p, T, a,, 6',.j and
4; by

: =10+7). 4 =Rk, . 0,= 00, . 4, (RTVig
p—p0(1+p) ) T—To 1+T), w; =yRTy4, , 0, =p,6; , q; = P\RT, )24, .

The new variables measure the deviation from a global equilibrium state, and—in the

linear case—are much smaller than unity.

Moreover, we use the mean free path [ to introduce non-dimensional space and time

variables %, and 7 as

U RT,

f, where I= )

Linearizing Eqs. (5.19, 5.20, 1.5) in the new variables yields the dimensionless

linearized three dimensional Burnett equations as

% i _
o o

0,



, 147
%, 9P of 0%, 19%, 4 2p a4 T

- 2 =0, (526
o "%, "o O%,0f, 30R,0% 30%,08,0% 3 0%,a%,0% (20

3af 04, 5(-b) 3T _(1-b)i-5b) 3%,

- =0.
29F 9% 2 oiok 3 oRoRa,

Note that the value of the viscosity exponent @ plays no role in the linear equations. The

hats will be omitted in the sequel in order to simplify the notation.

For the case of one-dimensional processes where all variables depend only on x, = x,

and where u; = {u,0,0}, the above equations reduce further to

.a£+_a_li=0,
o ox
2 3 3
a_u+§£+_81__4au 4d°p 4bJT -0, (5.27)

ot dx dx 3dx? 3o’ 3ax

30T du_501-b)o'T (1-b)1-5b)d’u

=0.
20t ox 2 ox? 3 ox®

We now assume plane wave solutions of the form
p=p-exp(le+ikx), T=T -exp(At+ikx) , u=1 exp(As+ikx)
where £ is the positive real wave number, while 4 is a complex number, whose real part
can be interpreted as the negative of the damping of the wave, and whose imaginary part
is the frequency of the wave. Stability of the system requires negative damping, so that

Re A <0 must hold for all possible values of k.

Substitution of these solutions into Egs. (5.27) yields a homogeneous algebraic system
for the amplitudes 5, & , and T which reads
A-p+ik-i =0,

4 4b ~
k --k — — T=0, 5.28
(z +3z ) p+(ﬂ+3 ) (k+ 3 ik J (5.28)

(k (-b)(1- Sb)zk3) (_32_ 5(1 b) 2 )T’:o.
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The condition for existence of a nontrivial solution of above system is that the

determinant of the system equals to zero, that is

2
P 3517 2)&+k%[ 42 100°~24b 434 8b(1-b)(1~ 5b)}

9 27
L 501-b) _
3 (1+3k) Q(A,k)=

Note that the ES-BGK model requires that —1/2 <b <1. We will divide the whole range

(5.29)

of b into three parts to discuss the roots of the above cubic equation for A, and the linear

stability of one-dimensional processes.

L) PartI(-1/2<b<0 and 1/5<b<1)
We follow the line of arguments of [66]. For values of & in this range, it is easy to see

that Q(4=0,k)>0 and Q(4 —> co,k) — +oo while for very large values of k

Q(,{: kz,k)z 8b(1-b)(1-5b)
27

holds. Therefore, Eq. (5.29) has at least two positive real roots A. It follows that the

k<0

Burnett equations for the ES-BGK model are linearly unstable for values of b in the
intervals—1/2<b<0 and 1/5<b<1.

% PartII (b=1)
In this particular case, Eq. (5.29) simplifies to

A +ik2)v2 +kzl-[-5—+k2@—]=0 X
3 3 9

The three roots for this cubic equation are

16

2 . 5
ﬂ'] =0 ’ %'3 ="§k2:tl —9“k4+

=k .
3
Therefore, Re4, ,; <0, and the Burnett equations for the ES-BGK model are linearly

stable for b =1. Note that by this case corresponds to a gas with infinite viscosity and

Pr=o
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*  PartIl(0<bh<1/5)

A cubic equation has either three real roots, or one real root and two conjugate
complex roots [76]. We shall analyze the roots of Eq. (5.29) for 0<bh<1/5 in the

following.

Three real roots

Assume that the three roots of Eq. (5.29) are all real. Since the function Q(;t,k) (the
left hand side of Eq. (5.29)) increases when A increases (420 assumed), and
QA =0,k)>0, it follows that Eq. (5.29) cannot have positive roots, and that all three

real roots (so they exist) will be negative.

One real root and two conjugate complex roots

In this case, we assume that the three roots of Eq. (5.29) are one real value A4, and two
conjugate complex values 4, , = A, +id,, where 4, and 4, themselves are real numbers.
Since for A>0 the function Q(A,k) increases when A increases, and since
Q1=0,k)>0, A, must be negative. Furthermore, from Eq. (5.29), we obtain by

inserting A=A, +i4,

— 2-— — —
B, B+ IR - )i, | Fe SR RO,

+————5(1_b)k4(1+ik2)=0
3 3

k]

— ' 2— — —
3Zi—lf+?——§5—bk22,lk+_k2.[§+k210b §4b+34+k48b(1 ’;)7(‘ 5”)}0. (5.30)

Eliminating A, between these two equations yields
’11”';1’12"';2’111”';3:0, (5.3

where the k-dependent coefficients are given by
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-5b)? 2 2 _ et
;2=(2__§_b_) K [5, 21062 -2be3s L 8HU-B)I-5D)]
4 |3 9 27

_ b(9-5b)(1-b)(1-5b) K+ 123 -163b +105b* - 25b° K+ 15-5b
81 108 36

Since the coefficients ¢, {,, and £, are positive for 0 < b <1/5, there are no positive

$s k* .

roots of Eq. (5.31) and it follows that Re 4 < 0.

Thus, Re 4 <0 holds for all values of b in the interval [0, 1/5] and we conclude that
the Burnett equations for the ES-BGK model are linearly stable for 0 <b < 1/5, that is for

Prandtl numbers in 1 < Pr < 5/4. For all other values of b (or Pr) except Pr = oo, however,
the Burnett equations for the ES-BGK model are linearly unstable — this includes the
physically relevant case of Pr = 2/3.

The stability of the BGK-Bumett equations—where Pr=1—can be found in the
literature [77]. Our anlysis shows that the stability can be obtained for a wider range of

values for the Prandtl number.

As a conclusion of this section, our analysis of the linear stability of the ES-BGK
Burnett equations revealed that the stability depends on the value of the Prandtl number.
For 1 < Pr < 5/4 and for Pr = « the ES-BGK Burnett equations are linearly stable, while
they are linearly unstable 2/3 < Pr < 1 and 5/4 <Pr < oo. It follows that higher order

Chapman-Enskog expansions do not necessarily lead to unstable equations.

5.2.3 NSF and Burnett equations for one-dimensional Couette flow at steady state
In the 1DCF at steady state we consider (one plate is stationary, while another plate is
moving along X1 direction, and the direction perpendicular to the plates is the X2

direction), unknown variables in trace-free pressure and heat flux are o,,, 65, 0y,, ¢q,,
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and g,, while 0y, =—(0, +0), 0, =0y, 6,/ =0, =0, 0;, =0, =0, and u; =0,

9_9
ox, ox,

From Eq. (5.14), after some manipulation, one obtains the following expressions for

the NSF equations
o = oy 3222 -0, (5.32)
oy = —Zﬂ%zi- = *ﬂg—:',
= —x% =0.0, ¢;%" = -x%.

From Eq. (5.19), after some manipulation, one obtains the following expressions for

the Burnett equations,

2 2 2

Y7, ou, u
ol= 0, ,0l=L 0, o=l a,,

p dx,

2 2
s_ MU B ar  u
=—-—T,, ¢; =—k—+-5—T,. 5.33
W=y e ox, p?Pr °’ (5:33)

where

2 2 22

3 ox,0x, 3 ox,0x, 3 p ox, ox,
L 2pop 9T 0p 4 9w u, _2a1-0d) g2 0T T
3 ox, ox, 3 odx, ox, 3 ox, dx,
4 a’p 4b 9°T 4 R’T* dp dp
== R7T? —f— - — pR’T - =
®u 3 ox,ox, 3 0x,0x, N 3 p ox,ox,
4 , oT dp 2 Ou, ou, 4al-b) _, oT T’
— S RIT—/— L _ 2,1 L —_
3 R dx, ox, 37 odx, ox, N 3 R ox, ox,

®,=0, (5.34)
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3% du, 7.\ . du, T
I, =pRT—-RT* - =+|6+0~=b |pR—L-—
I W ax, o, +( tOT )” 3, 9%, »

T, =0.

From the above Egs. (5.32-5.34), one can see that the expressions for o, and g,
from the NSF equations and the Burnett equations are the same, while the expressions for

0,,, 0, and g, from the NSF equations and the Bumett equations are different. Non-
zero values of 0,,, 0,, and g, refer to rarefaction effects which are not described by the

NSF equations, but by the Burnett equations, and the moment equations which will be

discussed now.

5.3 Grad13 and R13s equations for BGK and ES-BGK models

5.3.1 Grad13 and R13s in three dimensions

There are 13 unknown variables, and 13 moment equations in the Grad 13 and the
R13s for a three-dimensional problem. The unknown parameters are g, u,, u,, u;, T,
C.» O, Oy O, O, 4,5 4, and g,, while other parameters can be derived from
these parameters or equal to zero, such as, p=pRT, 0y, =—(0,,+0,), 0, =0,

O3 =03, O3 =0y.

The Gradl3 and the original R13 for the kinetic model (BGK or ES-BGK) are
obtained from the same idea and procedure as for the Boltzmann equation with the

Maxwellian molecular model, which are given in [26].

After multiplying the kinetic model equation Eq. (2.8) by polynomials of the peculiar

velocity, viz. 1, C,, C*, C

1 . . .

«C,» and —=C’C,, and subsequent integration over velocity
2

space, the basic 13 moment equations for the kinetic model are obtained as

ap  lou,)
LA,
" ax,
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oy, du; dp Jo,
P bl m s
3 dT 3 or aq du ou,
= pR— Ru, k . —-=0, 5.35
PR PR G g P, Ok gy, O ©-33)
3o, dloyu, ) 43q du., du, dpy
'} y <i +2 <42 i <ijk> = _£_ -
o ' ox, sox, Tox, <Tax,  aw,  u
aql a(qiuk) RT aP 5 ~RT ao-ik - o-ik ap ___?-lao.}k lqk au
at ox, 2 ox; 2 ox, pox, p Ox ox,
+2 2 auk 2_ auk _]; af’rr<ik> +1 apn'ss aui — _P_E_E’ql ,

5, +5qiaxk+2 ax, 6 ox * > Ox, Y7,
where the definition of moments refer to Eq. (1.3), and Egs. (2.12, E.16) have been used
to compute the right hand sides of the last two expressions in Eq. (5.35). Note that this set
of 13 equations does not form a closed set of equations for the 13 variables, since it

contains the higher degree moments p_,., o, and p .

There are some rules about the computation of trace free part of a tensor [78].
A =tasla Las
<> =y Ay + 54 T3 %%

;(A 8+ Ay Bs + AurBy): (5.36)

(nnf)

A

<ijk>

= A

(k) (nni)

1
A(iik) = '6‘(Aijk ;+ A.lg + A i+ Ajlk + Aky + Akjl)‘
Therefore, for three-degree and fourth-degree moments, we have

2 1
piik = p<iik> +—5_(qi5jk +qi5ik +qké‘l})’ pmk = prr<ik> +_3—prrss5ik . (537)

In order to close the system for the 13 variables, a closure assumption is required that
allows to relate the higher degree moments to the 13 variables, which requires to express
the distribution function as a function of the 13 variables. As mentioned in Chapter 1,
there are two ways to find the closure assumption, and here Grad’s moment method is
considered. In Grad’s moment method, the distribution is related to the moments as an

expansion in Hermite polynomials about the equilibrium distribution (5, 6, 26],
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Iiv = Fu (l+ iA‘PJ (5.38)

where N is the number of moments considered in the system, ¥, (A=1,..,N) means a

set of N polynomials of the peculiar velocity, which corresponding macroscopic

parameters are the N moments p, considered, that is to say,

Py = j\pA fiude (5.39)
and the coefficients A, are determined from the N moments considered. In particular, for

1

the Grad’s 13 moment equations, N=13, ¥, ={ 1, C,, C*, CC ECZC,., and p, are

j>

the 13 moments p, u,, T, o, and ¢, and one has
fo=flie—towcc -t gcfi-L- (5.40)
= JIu 2pRT % 4P pRqu k SRT :

From this expression for the distribution and Eqs. (1.3, 5.37), we have

2
pSe =00, pS2. =7RTo,, pS°= 151"7 (5.41)

Grad’s 13 moment equations form a hyperbolic system, which implies finite wave
speeds and discontinuities in shocks that make the system difficult to handle [26]. In
order to overcome these disadvantages of the Grad’s moment system, Struchtrup and
Torrilhon developed a method, named as regularization, in which some parabolic terms
are added, which changes the character of the equations so that no discontinuities will
occur [26, 27]. The additional terms are obtained from the Grad’s moment equations for
higher degree moments (than moments considered). In their work, the Boltzmann
equation with Maxwell molecules is considered, while here the ES-BGK model (which
includes the BGK model as a specific case) with Maxwell molecules will be considered
with the same idea and procedure. Since we are interested in 13 moment equations, we

will describe the idea and procedure based on this situation.

In order to perform the regularization, we define the derivations of p_;., p.,..; and

P, from their values obtained with the Grad 13 closure as
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_ _ AGI3
My = Poiies — P> = Paiji>»

Rij = pn'<ij> - prcr;i::p = prr<ij> - 7RTO-U ’ (542)

G13

2
A= Press ~ Press = Press -lsp_
P

For the Grad 13 moment equations, we thus have

m;iﬂ =R;13 =A613 =0. (5_43)

The regularization of Grad’s 13 moment equations is based on the Grad’s moment

equations for the three-degree and fourth-degree moments o, 2, and o, , which

have, for the ES-BGK model, the form

ot ox, ax, 7T, p “ox, p 7 ox
ou,, N 12 du Prp ’

_ax,_ -5—q<,. o, —ﬂ—%b

a‘)<y‘k> + apq’jl»“l + ap<ljkl> + 2 a‘)rr<y‘ 3 ap 3 aak>l

+ 3p<l<§i>

a‘)rr<ij> + aprr<fy‘>uk + aprr<iik> +_2_v_ ap",_‘.q- _ 2 ap,k 28 apj>k

— P> i’ Priac-auan
ot ; ox, aaxk 509, p ox, 5p°° ox , (5.44)
u LIS Pr P
+ 2p<ij>kl sx’:" + 2prr1c<i —a;i_ = ——;— (pn<ij> - 7bRTo-ij)
2
a‘)rrss +aprrssuk +apn~ssk "'8‘4,- apl'k +4pnﬁé£i_=_Prp p"“_ls_e__ )
ot ox, dx, p ' ox, ox, y7; P

In the derivation of the above equation (5.45), the following expression for f, (Egs.
(E.16, E.24)) and Eq. (2.12) have been used,
[€.C,Cufrde=0,

 [ec.c.c, fude=T0RTS,, (5.45)

<™ j>

2

fcccc, fEsdc=15p7 :

After some manipulation, one obtains the equations for m,, R; and A from Egs.

(5.35,5.42,5.44) as
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oy, +amijkul +ap<ijkl> +§apn<ij 3 ap 30_ 30',»,

a | ax | ax 1o, p Vo, poY ax

) (5.46)
+3p dup 12, O, - Pp,
<I<ij> ax’ 5 q<i axb ﬂ ifk
aR,j + aprr<ij>uk + ap,.,.<[,‘k> 2 apmm —.gp ) —a&*-_.z_gq . apj>lc
ot ox, ox, 3 ox, p ox, 5p°° ox,
ou ou, aO' dq ap.;
120, gy Lo qppllit B8 pr 9y _qpr Pwe ,
P ox, P ox, ox, 5 ox,, ox,
, o, o, o,
ox,, ox, 3 pox, 3 p - ox, 3 p ox, o
d0A  dp,.u, apm 8 dp, ou; du, 2. 9P
— = R g —+4 —15pRT —£-75R’T*u
a T Tax, p¥am T, o, ™
I\
_30pRu, 2L~ 20RT 3% _ 20 prT O _ g0RT0, P a BIP[ 5 _isP
ox, ox, ox, Ur ; )7 p

Then at last, computing the left hand side terms in the above equation (5.46) with 13

moment distribution, one obtains the m,,, R; and A of the original R13 as

Y ¥ J (RT %0y R, 99 ;T 0 ] (5.47)

- +
" H axk> p ox, b ox,, P Ox

T sy ox, < ox, p ox, p Ix

> Jj>
Ju. o, o. ’
8PSy w2 ) 50,38, 50, Y4
5 u\17 ox, ox, 3 "ox,) 6 pox, 6p ox,

RR131__28PrP[RT 9g; +Rq., oT _RTyq, 9p _ifi_aaj>k}

ARI3I = 8Prp RTQq—k __R aT Rqu ap ql ao.lk RT au
y7i ox, a p ox, p ox 8

The idea of last step is a Chapman-Enskog like procedure [26], which is adding —[1;

(which will be set equal to one at the end of the calculations) on the right hand side of Eq.
(5.46) (not for Eq. (5.35)), and expanding moments (only for m, , R, and A, not for the

13 variables) as
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= (n)
P —Zgnp,an :

n=0

Then, it is straightforward to see that the zeroth-order approximation (balancing terms

with the factor %) just gives Grad’s 13 moment case (Eq. (5.43)), and the first-order

correction results (balancing terms with the factor £°) gives the Regularized 13 moment
case (Eq. (5.47)).

The slightly linearized R13 equations is obtained from a new method [15], which is
based on a different way to account orders in the Kn number, and provides a direct link
between Grad type moment equations and the Kn number. The expression of m, , R;
and A of the slightly linearized R13 equations are found to be the original R13 equations
(5.47) omitting the highest order terms, which are underlined in Eq. (5.47).

5.3.2 Grad13 and R13s in one-dimensional Couette flow at steady state

In the 1DCF we consider, there are nine unknown variables in the moment equations,
which are p, 4, u,, T, 0,,, 0,,, 6,5, q,, and g,, and other parameters can be derived

from these parameters or are zero value, p=pRT, u,=0, 0O, =—(0,,+0,),

0, =0, 0,=0,3=0, 0,=0,=0, g,=0, i=—a—=(). Here only the
dx, Ox,

equations for 1DCF are given, and their derivations from the general equations (refer to

corresponding equations in the above Section 5.3.1) has been omitted.

The nine basic moment equations, which are the same for the Grad 13, the R13s, and
kinetic models (BGK and ES-BGK), are

§£+2(£_142_)=0,
o ox,
duy ou, +80'12 _o

a o T,
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u, _ m, 3 9o,
—_—+ =0,
P TP, e, o,
3 dT 3 oT dq ou Ju ou
3R 3 R 24 po2 Lrg, M0, 5.48
2P TP Ty TP, T, T2, (548)

90, +a(0'11u2)_i842 __2_pau2 +f‘_0219_‘ﬁ__20.22%+ap<112> =_£0.”,
ot ox, 150x, 3" dx, 3 “dx, 3 “ox, Ox, y7i

d0,, 3(0'22142) 8 842 4 du, 4 du, 2 a"l aP<2zz> p
+ +-0,,—2-Z0 =-£g,,
ot ox, 15 ox, 3 3P ox, 3 Zox, 3 sz ox, u

aalz +a(012u ) 2 dg, +pi

a“l . a“z s au\ ap<m> 4
ot ox, 3 ox, ' ox, T ox, Oz 8x2 ox,

— T =—=0),

aql (q'uz)-éRT doy, _ O ap __0_.1_1_80.12 _ﬁ_z_ao'zz
at o, 2 ox, podx, p ox, p Ox

7 du 2 du, 1dp du Ju Prp
+— 1 + 2 +— rr<l2> hdad B o
5 q, o, ax2 2 ox, + P35 o, + Pz o, P q,

842 a(‘lzuz) dp 5 90y Oy 0p Oy 90, _On 90,
—_— RT —RT — -

8t ax, 2 ox 2 ox, pox, p ox, p 0Ox,
11 auZ 2 aul _l_aprr<22> +_l aprrss aul auz Prp

595, 5ok, T2 o, 6 ax, Paryy TPy T

Note that the above equations do not form a closed set of equations for the nine
variables, since they contain the higher degree moments p_,,,, Pn.s Peror Pey,»
Poen, and p, . The difference between the Grad13 equations, and their regularization

comes in through the expressions for the higher degree moments, which can be

decomposed according to Eq. (5.42),

Paiz> =M2s Pans =My s Pegy =My s (5.49)
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pn‘<12> 7RTO-!2 +RI2 ’ prr<22> —7RT0-22 +R22 ’ pnss —15 p +A

For the Grad 13 moment equations, from Eq. (5.43), one gets

613 13 G13 GI3 _ pGI3 _ AGI3 _
My, =My, =My, =R," =R," =A"" =0. (5.50)

For the original R13 moment equations, from Eq. (5.47)

= Prp lRTao-“ 2 RTaan 1RT - 9P 9% 2 2 RT o_nio_
H 3 ax, 15 ox, 3 P ox, 15 p ox,

R _ 3 Prp RT 00, 8 RT a'xz‘aﬁ"" 16 ou
15 ox, 15 p “ox, axz

_3.1_)r_£ _lzli_aa_ﬂ__g_all 30'22 + 20, 30'12 ,
3 p adx, 15p dx, 15 p ox

(5.51)

,"3,__3Prp —S-RTBG"-SEGZZ p 4 Bu‘ 3o, 8022+20',2 do, ,
5 o, 5p ox, ax2 5p dx, 5 p ox

R:;m ____28 Prp{l RT%+1 _a_T_ 1RTg, dp 1q,00, 1gq, aau]

R:;a::_ZSPIP[Z a‘h_'_zR aT 2RTgq, dp 24, ao'zz_l_lql ao'u)

—_—— e S e

RT =24+ =Rgy o~ 2o o Sl 2L iy RTg

a9, S of RTq, dp g, 90,, g, 90, du,
x, p Ox, p ox, p Ox, ”8

Eq. (5.51) omitting the highest order terms (terms with underlined in equations) are
the expressions for the slightly linearized R13 moment equations {15],
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From Eq. (5.48), one obtains the following equations for the steady state of 1DCF,

u, =0,
a0, —o0,
ox,
dp +aO'22 0,
ox, Ox,
2?_2_4.0'!291‘]_: R
ox, ox,

_i_a__q_2+4o- au' +.ap_<“21=_£o-
e

150r, 3 “ox, o, u

899, 2 _ o P __p (5.52)

—_— ____0-22,

150x, 3 2':)—;2- ox, )7

294, 0 Lo O P P
50x, = ox, ox, ox, y7;

1 al’rr<12> + %_ Prp
*ax, 2 ax, <l12> o, P q

__S_RT._al’__._S_RTaan _ Oy Op Oy 90}, _ 0y a0y,

2 ox, 2 dx, pox, p ox, p Ox

2 Ou 100, 10dp ou, Prp
+= +— <> 4 s Pttt L L

5Mor, 2 ox, 6ax Pu, u P

If one uses the computational results from kinetic models for all moments, that is to

say, without considering the closure relations (5.49-5.51), the above Eq. (5.52) should be
satisfied. Indeed, the first four expressions in Eq. (5.52), that u,, ©,, p,,, and
q, +u,0,, are constant in the whole domain at steady state, have been applied in Chapter

4 already, are used also here to check whether the converged computational results are at
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steady state. The verification of the last five expressions in Eq. (5.52) is difficult, since

the computation is related to the calculation of derivatives. If a proper expression for the
derivative is chosen, the last five expressions in Eq. (5.52) are found to be satisfied from

the results of kinetic models as will be shown in Section 5.5.

Expressions to compute trace-free pressure tensor ¢; and heat flux ¢, which are

values at the right hand side of Eq (5.52), are rewritten from Eq. (5.52) for 1DCF at
steady state as

_H[_49q 4 O Pan
pl 150x, 3 *ox, ox, )

oy =-£l: 2 3 3¢
p

M (8 dq, 2 aul+ap<222>
15 ox, Hox, ox, )

—t+p—L+0, L+

29q, , oy ou | Py
2 1, 5.53
5 ox, ' ox, “ox, ox, .33

Mm_ M 5,.00, 0, dp 0y, 90, 0'1230'22
2 ox, pox, p ox, p ox

i ( 7 oy laprr<12>+ aul) ’

5 q2 axz 2 axz <112> E

qy =_H|_ RT op SRT 00y, Op dp 0,00, Oy d0,
2 ox, 2 ox, pox, p ox, p ox,

Prp
- _E_(_’_ 2 aul + _1_ aprr<22> + _1_ aprrss aul J

+ ————
Prp 57 'ox, 2 ox, 6 ox, <2 ox

2

The test of the different macroscopic equations will be done as follows: The closure
relations from the Grad13 equations (5.49-5.50), or from the R13s equations (5.49, 5.51),
are used to relate the third and fourth degree moments to the lower degree moments.
Results from the kinetic models for first and second degree moments (such as density,

heat flux, etc.) are then used in the right hand side of Eq. (5.53). This gives values for
o, and g, ie. the left hand side of Eq. (5.53). The values computed this way will not

necessarily be equal to those computed from the kinetic models. From the difference, one



162
can infer which set moment equations fits the kinetic model best. A similar method is

used for the NSF equations and the Burnett equations that are presented in Section 5.2.

5.4 The Knudsen layer

At small Kn numbers, the behavior of a gas is conveniently expressed in the sum of two terms, which
are the bulk part (or fluid-dynamic part, whose length scale of variation is of the order of geometry length,
describes the overall behavior of the gas) and the boundary layer part, or Knudsen layer part, which is
appreciable only in a thin layer with thickness of the order of the mean free path adjacent to the boundary,
and represents a correction to the bulk part. Each term can be expanded in a power series of the Knudsen
number [1, 5, 8, 9, 79].

The NSF equations are the equations at the first order of Kn, the Burnett equations are obtained at the
second order of Kn, the Grad13 equations are equations between second and third order of Kn, the slightly
linearized R13 equations are equations at the third order of Kn, and the original R13 are equations between
third and fourth order of Kn [15). Therefore, it will be expected that at small Knudsen numbers the R13s
give the best results, followed by the Grad13, the Burnett equations, and that the NSF equations will give
the worst results. This expectation will be seen to be true from the results in Section 5.7.2. In [10],

Struchtrup gives detailed discussion about the Knudsen layer for the Burnett and super-Burnett equations
and the original R13 equations, and shows that the boundary layer of the heat flux g, (parallel to the

plates) from the original R13 equations has a different sign than that from the Burnett and super-Burnett
equations (this issue is also shown in Section 5.7.2, such as graph (c) in Figure 5.2). Also in Ref. {10}, the

x/L-05

shape of the g, boundary layer of the R13 equations is found to be Asinh(\lg X
n

J , A denotes

the amplitude, x is the position considered, and L is the domain width.

Since macroscopic continuum equations describe the bulk part better than the
Knudsen layer part, it makes sense that the accuracy of macroscopic continuum equations
in the middle part of the flow domain is higher than near the boundary. When the
Knudsen number increases, the thickness of the boundary layer, which is about several
mean free paths, also increases, and the bulk part becomes thinner and thinner. and the
effect is lower accuracy of macroscopic continuum equations. Finally, the boundary layer

extends over the full domain, and no bulk part in the domain.

5.5 Description about the test method
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Since the boundary conditions for macroscopic continuum equations (except the NSF

equations) are still developing and non-mature [15, 26, 49], a specific way will be used in

the tests, in order to avoid the use of boundary conditions.

The test of the different macroscopic equations is done as follows: The closure
relations from the Grad13 equations (5.49-5.50), or from the R13s equations (5.49, 5.51),
are used to relate the third and fourth degree moments to the lower degree moments.

Results from the kinetic models for 13 moments (i.e. p, u,, T, o, and g,) are then used

in the right hand side of Eq. (5.53). This gives values for O ,1," and ¢, i.e. the left hand

side of Eq. (5.53). The values computed this way will not necessarily be equal to those
computed from the kinetic models. From the difference, one can infer which set moment
equations fits the kinetic model best. A similar method is used for the NSF equations and
the Burnett equations in the Section 5.2, Egs. (5.32-5.34). Some third-degree and fourth-

degree moments will be treated similarly, in case of Grad13 and the R13s equations.

5.6 Test examples

The numerical test problem is one-dimensional Couette flow (1DCF) at steady state
and kinetic models used are the BGK and the ES-BGK models with Maxwellian
molecules, as described in Chapter 4. Table 5.2 shows the situations for the numerical
tests used in this chapter, and Table 5.3 shows the parameters used in the numerical tests
of kinetic models, while common parameters in the tests are the same as in Section 4.3.
Some analyses, same as done in Chapter 4; has been done to show that the final
computational results are converged and correspond to steady state. This time, the direct
output macroscopic parameters are o, u,, U,, I', p, P> Pyns> O, 4;, 4,, and the
third-degree and fourth-degree moments pm', Pins P> Pozs Pnp and p. . Other

interesting parameters can be calculated from these.

Table 5.2: Situations of numerical tests of kinetic models for IDCF in chapter 5

Situation Knudsen Plate velocity | Domain Mach Reynolds
number (m/s) width (m) | number number

Sb 0.025 300.0 0.3533 0.975 50.345

Sd 0.1 300.0 0.08833 0.975 12.587
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Sf 0.5 300.0 0.01767 0.975 2.518
Sh 1.0 300.0 0.008833 | 0.975 1.259
Sk 0.5 600.0 0.01767 1.950 5.036
S1 0.5 1000.0 0.01767 3.251 8.393
Sm 0.1 600.0 0.08833 1.950 25.174
Sn 0.1 1000.0 0.08833 3.251 41.970

Table 5.3: Parameters in the numerical tests of kinetic models for 1DCF in chapter 5

Cas | Situa | Numb | Number of | Ratio of cell | Number of | Bound of velocities (m/s)
e tion {er of | iteration width over | velocities | X1 direction | X2 (or X3)
cells mean free path
51 |Sb 200 60000 5.0 11*¥10*10 | -1100.0, -1100.0,
1400.0 1100.0
52 | Sd 100 60000 10.0 11*¥10*10 | -1100.0, -1100.0,
1400.0 1100.0
53 | Sf 100 60000 50.0 11*10*10 | -1100.0, -1100.0,
1300.0 1100.0
54 | Sh 50 60000 50.0 11*10*10 | -1100.0, -1100.0,
1300.0 1100.0
55 | Sk 100 60000 50.0 13*12*12 | -1100.0, -1300.0,
1700.0 1300.0
56 |SI 100 60000 50.0 15%14*14 | -1200.0, -1600.0,
2200.0 1600.0
57 |Sm 100 60000 10.0 13*11*11 | -1100.0, -1200.0,
1700.0 1200.0
58 |Sn 100 60000 10.0 15*%13*13 | -1100.0, -1400.0,
2100.0 1400.0

5.7 Results and discussion

5.7.1 Some important notes on dealing with data
Four choices to compute the derivative have been used to compute trace-free pressure

tensor 0 and heat flux g; based on Eq. (5.53) and results of kinetic models (BGK or ES-
BGK) for all moments at the right hand side of Eq. (5.53): three point formula (central

difference) in [64], five point formula in [64], and the simplest and best expression

mentioned in [80]

Let us consider the function f = f(x), x is discretized as x,, where i=1,2,..., and the

df

step is Ax, the first order derivative is denoted as o f', and the second order

2
derivative is denoted as % = f". Then the three-point formula in [64] is
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df 1

o = (FOra) = 7). (5.54)
The five-point formula in [64] gives

| = 0a)-87(5) 487 (5,0 - (5,0)- (5.55)
The simplest expression in [80] gives

). = minmod(f (i)~ £} £ )~ £(5.). (5.56)
The best choice in [80] gives

a
dx

e =i s, ) )= 5 )5 £ )= £ 54 e ),

f"(x.-)=zlx-nﬁnmod(f(x,-ﬂ)—2f(x,~)+f(xf-l ) fx)-2FG )+ fx,),  B5ST

where the definition of the minmod function refer to Section 3.2.1.

After some numerical tests, it is found that using the central difference formula (5.54)

to compute the first order derivatives gives the computed values of o and ¢ closest to

the results of o; and g, from the same kinetic model directly.

Another thing that needs be mentioned is that if we do the above computation directly,
the computed o, and g, have some small oscillations and a jump near the boundaries,
see Figure 5.1. In order to reduce and eliminate that oscillation and jump phenomena, we
smoothed the original results from kinetic models by half position points, so that values
at new positions are the average values of two adjacent old position points, and then
apply these smoothed data, instead of original results, in the computation. It is found that
the oscillation phenomenon of the computed o and ¢ based on the smoothed data

decreases a lot, while at the same time, the profile from smoothed data is the same as the

profile from those original results from kinetic models.

Therefore, two points, central differences for derivatives and smoothed original data,

are applied in the following computations. Figure 5.1 shows an example (case 5.2:
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Kn=0.1, 300.0 m/s plate velocity; BGK model) of the original and computed o, and ¢

without and with the smoothness procedure. Note that since the profile of o, is similar
to the profile of -o,,, and no new information can be obtained from graphs of o,,,
graphs of o, are omitted in the figures in this chapter. Tables D.5-D.6 in Appendix D
show average relative errors of the computed o; compared to (smoothed) original data,

which are smaller than 0.01 for all test cases. For relative error is meaningless when a
quantity approaches zero, and values of ¢, are near to zero in the middle domain, thus it
is hard to choose a domain to compute relative error for g¢,. Therefore for the heat flux

q, , the average relative errors are not computed

Normally, performances shown by the ES-BGK model and its corresponding sets of
macroscopic equations are also shown by the BGK model and its corresponding sets of
macroscopic equations. Therefore, in the following discussion, we will mention Kkinetic

model generally, and not specifically mention the BGK model or the ES-BGK model.
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Figure 5.1: Comparison of original and computed trace-free pressure and heat flux (BGK model, case 5.2:
Kn=0.1, 300.0 m/s plate velocity) (Triangle for original results, Triangle filled for computed results from
Eq. (5.53), Diamond for original results smoothed by half number position points, Diamond filled for
computed results from Eq. (5.53) with smoothed original data)
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Figure 5.1: Comparison of original and computed trace-free pressure and heat flux (BGK model, case 5.2:

Kn=0.1, 300.0 m/s plate velocity) (Triangle for original results, Triangle filled for computed results from
Eq. (5.53), Diamond for original results smoothed by half number position points, Diamond filled for
computed results from Eq. (5.53) with smoothed original data)



169
5.7.2 Results and discussion of o; and ¢,

Figures 5.2 to 5.5 show the (smoothed) original o, and g¢;, and the computed o, and

q; based on the NSF equations (5.32), the Burnett equations (5.33-5.34), the Gradl3

equations (5.49, 5.50, 5.53), the original and slightly linearized R13 equations (5.49,
5.51, 5.53), and the kinetic model itself, Eq. (5.53), with all (smoothed) original data at
the right hand side. The test cases considered are case 5.1 (Kn=0.025, 300.0 m/s plate
velocity) with the BGK model, case 5.7 (Kn=0.1, 600.0 m/s plate velocity) with the BGK
model, case 5.6 (Kn=0.5, 1000.0 m/s plate velocity) with the ES-BGK model, and case
5.4 (Kn=1.0, 300.0 m/s plate velocity) with the ES-BGK model. Tables D.5-D.6 in

Appendix D show the average relative errors of o, between the above sets of

macroscopic continuum equations and the kinetic model.

Generally, the computed values of o, and g, from all sets of macroscopic equations

fit the original data well at small plate velocities (i.e. small Mach numbers) and small
Knudsen numbers, and not so well at large plate velocities or/and large Knudsen
numbers. In case 5.1 (Kn=0.025, 300.0 m/s plate velocity, Figure 5.2), the computed
values of o, 0,,, ¢, and g, give a very good agreement with the original data in the
middle part for all models but the NSF equations. Recall that the NSF equations do not
account for any rarefaction effects of o,,, o,, and q,, and just gives their values as zero,
while their values are not zero even in the middle domain. The R13s equations give the
same shape as the kinetic model near the boundary, while the Burnett equations differ in
shape (if the curve from the R13s is upward, then it from the Burnett is downward]. The
computed values of o, are a good fit with the original data in the middle part, but not so
good near the boundary. Therefore, at small Knudsen numbers, the R13 equations give
the best results, followed by the Grad13, the Burnett equations, and the NSF equations,
which give the worst result. When the plate velocity or/and the Knudsen number
increase, the fitness becomes worse. As an example, in case 5.6 (Kn=0.5, 1000.0 m/s

plate velocity, Figure 5.4), the computed o, and g, from the R13s even all have the
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opposite sign as the original data. The above results are not surprising based on the

description about the Knudsen layer in Section 5.4.

Let us consider the original and slightly linearized R13s. At small Knudsen numbers
and plate velocities, results from both models are similar, while at large Knudsen number
or large plate velocities, results from the slightly linearized R13 fit the original data from
kinetic model better than results from the original R13. The original R13 equations only
have some terms of the fourth order of Kn, but not all terms {15], so it might not be
surprising that their results at some situations would be worse than results from the
slightly linearized R13. Related to the complexity of equations, between these two
R13models, the slightly linearized R13 is suggested, instead of the original R13, for their

simpler form.

Next, let us compare the Grad13 and the R13s equations. At small Kn number and
small plate velocities, results from the R13s fit the original data better than results from
the Grad13, while at large Kn number and large plate velocities, it seems the conclusion
is opposite, and it is hard to say which one is better for intermediate situations. Normally,
the original values of o and g; locate in between the values from the Grad13 and them
from the R13s for large Kn numbers or large plate velocities, while for other situations,

the original values of o; and g, locate beyond the values from the Grad13 and them

from the R13s.

Then, let us consider the NSF equations and the Burnett equations. The expressions of
0,, and g, are the same from these two sets of equations. The NSF equations do not
account for any rarefaction effect on 0,,, 0,, and g,, while the Burnett equations do. At
small Kn numbers, results from the Burnett equations fit the data from the kinetic model
better than results from the NSF equations, while it is hard to say which one is better for
other situations. Normally the original values of 0,,, 0, and g, locate in between the
values from the Burnett equations and them from the NSF equations (except g, for case

5.1-5.2)
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Finally, let us consider the Gradl3 and the Burnett equations. It is found that results
from the Grad13 fit the original data from kinetic model better than results from the

Burnett equations for almost all test cases.
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Figure 5.2: Results of trace-free pressure and heat flux from the BGK model and its corresponding sets of
macroscopic equations (case 5.1: Kn=0.025, 300.0 plate velocity) (Triangle for original values from the
BGK, Triangle filled for computed values from the BGK based on Eq. (5.53), Diamond for the NSF,
Diamond filled for the Burnett, Star for the Grad13, Star filled for the original R13, Box for the slightly
linearized R13)
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Figure 5.3: Results of trace-free pressure and heat flux from the BGK model and its corresponding sets of
macroscopic equations (case 5.7: Kn=0.1, 600.0 plate velocity) (Triangle for original values from the BGK,
Triangle filled for computed values from the BGK based on Eq. (5.53), Diamond for the NSF, Diamond
filled for the Burnett, Star for the Grad13, Star filled for the original R13, Box for the slightly linearized
R13)
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Figure 5.3: Results of trace-free pressure and heat flux from the BGK model and its corresponding sets of
macroscopic equations (case 5.7: Kn=0.1, 600.0 plate velocity) (Triangle for original values from the BGK,
Triangle filled for computed values from the BGK based on Eq. (5.53), Diamond for the NSF, Diamond
filled for the Burnett, Star for the Gradl3, Star filled for the original R13, Box for the slightly linearized
R13)
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Figure 5.4: Results of trace-free pressure and heat flux from the ES-BGK model and its corresponding sets
of macroscopic equations (case 5.6: Kn=0.5, 1000.0 plate velocity) (Triangle for original values from the
ES-BGK, Triangle filled for computed values from the ES-BGK based on Eq. (5.53), Diamond for the
NSF, Diamond filled for the Burnett, Star for the Grad13, Star filled for the original R13, Box for the
slightly linearized R13)



2000 r

1000 |

Heat flux q (W/m?)
(e

-1000 +

-2000 r

1 s ‘

0.2 0.4 0.6 0.8 1
DimensionlessDomain width y/L

©

4000 |

2000 t

Heat flux q, (W/m?)

-2000

-4000

L L L L 1 . L L L L s L 1

0.2 0.4 0.6 0.8 1
Dimensionless Domain width y/L

@

Figure 5.4: Results of trace-free pressure and heat flux from the ES-BGK model and its corresponding sets

~ of macroscopic equations (case 5.6: Kn=0.5, 1000.0 plate velocity) (Triangle for original values from the
ES-BGK, Triangle filled for computed values from the ES-BGK based on Eq. (5.53), Diamond for the
NSF, Diamond filled for the Burnett, Star for the Grad13, Star filled for the original R13, Box for the
slightly linearized R13)



178

T T T T T T T T T T T T T
D e ey STy S LY SNPGRSV SR BRI URIES S S DS SRR SRS S
0.2 r i
‘\E 0.15 E B R m ok — . - =~ R —f— R — e - R -~y A R B
2
§ 0.1 1
(] . . - N A . N - 4 ——a A
“
a 0.05
0 . v ]
[ L
“
A L
Q
) Or
“
(1)
8 -0.05 : E
o :
“ : .
= : .
-0.1} : ; g
‘ ; : _
-0.15 L : . . . . : g ]
0.4 0.6 0.8 1
Dimensionless Domain width y/L
(@
0.4 ' i B
0.3 E
)
S~
€ 0.2} ]
~N
—t
e}
8
5 0.1+ i
0
«©
[
“
p 0
Q
[]
“
%
o -0.1 -
«
g — A x4
B PO sy PSSR s TURY i [OUONIN - [PRRN . OO o RS 5 IR 1 PRSI .7 N
-0.2 ¢ —_ — “ * E
B S e G U I S 1
0.3 et — 4 —¢
0.2 0.4 0.6 0.8 1

Dimensionless Domain width y/L

()

Figure 5.5: Results of trace-free pressure and heat flux from the ES-BGK model and its corresponding sets
of macroscopic equations (case 5.4: Kn=1.0, 300.0 m/s plate velocity) (Triangle for original values from
the ES-BGK, Triangle filled for computed values from the ES-BGK based on Eq. (5.53), Diamond for the
NSF, Diamond filled for the Burnett, Star for the Grad13, Star filled for the original R13, Box for the

slightly linearized R13)



179

30 |
20 |

10 |

Heat flux @ (W/m%)
AN
o o

-20 |

-30 }

- L I A Fl 1 i A 1 1 1 L L 1 £ I —
0.2 0.4 0.6 0.8 1
Dimensionless Domain width y/L
©
30 f ;
20 +

Heat flux ¢ (W/rr12)
o

-20 ]
~30 F ]
-40 ; 2 " . 1 : s " 1 . L L L L . : 1 . . . :
0.2 0.4 0.6 0.8 1
Dimensionless Domain width y/L
@

Figure 5.5: Results of trace-free pressure and heat flux from the ES-BGK model and its corresponding sets
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5.7.3 Results and discussion about third-degree and fourth-degree moments

The only difference among the Grad13, the R13s (original and slightly linearized) and
the kinetic model to compute o; and g, is how the third-degree and fourth-degree

moments 0., P, and P, used in Eq. (5.53) are computed. In this section, their
values from the Grad13, the R13s and the kinetic model will be compared, and average
relative errors among them are shown in Tables D.7-D.9 of Appendix D. As two
examples, Figure 5.6 shows the comparison in case 5.1 (Kn=0.025, 300.0 m/s plate
velocity) for the BGK model, while Figure 5.7 shows the comparison in case 5.6
(Kn=0.5, 1000.0m/s plate velocity) for the ES-BGK model.

After analysis, it is found that the computed values of the moments R,,, p,,,,, from
the Grad13 fit the data from the kinetic model better than or at least similar to results
from the R13s for all test cases, while for p_,., R, and p,,,, the conclusion is
opposite, that is the R13s equations give better results. At small Knudsen numbers or
small plate velocities, the computed values of p,,, from the Grad13 and the R13s fit the

original data very well, while not good for large Kn and large plate velocities. The
computed A from the Grad13 and the R13s do not fit the original data.
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5.8 Conclusion

In this chapter, the Gradl3 equations, the original R13 equations, the slightly
linearized R13 equations, the NSF equations and the Bumett equations for the BGK
model and the ES-BGK model are compared with the kinetic models themself for steady
state 1DCF.

At small Kn numbers and small plate velocities (Situations Sb and Sd, Kn<0.1, plate
velocity <300.0 m/s), all (except the NSF equations for o,,, o,, and ¢,) work very well,
especially at the middle part of the flow domain. As the Knudsen number or plate
velocity increases, the accuracy of results from these sets of macroscopic equations
becomes worse. Among these sets of equations, the slightly linearized R13 equations is
better than the original R13 equations; the Gradl3 equations is better than the Burnett
equations and the NSF equations; while between the Gradl3 equations and the R13s
equations, between the Burnett equations and the NSF equations, it is hard to say which
one is better (except at small Kn situations (Kn <0.1), in which the R13s equations are

better than the Grad13 equations, the Burnett equations is better than the NSF equations).

Therefore the slightly linearized R13 equations is suggested to be used as macroscopic
continuum equations in the rarefied gas flow at Kn <0.1, while for rarefied gas flow at
Kn > 0.1, none tested macroscopic continuum equations can be considered to be perfect.
While the higher order models, in particular the R13s equations can describe rarefaction
effects qualitatively, they certainly fail to give an accurate quantitative description. This
can be attributed to their failure in describing boundary layer effects. For smaller
Knudsen numbers, all higher order models give a good description of the bulk behavior,
e.g. see Figure 5.2. When the Knudsen number grows, and boundary effects dominate, all

models fail.

This matches with the observations in the computation of shock structures [26]:
Burnett, Grad 13, and R13 equations yield shock structures in agreement with DSMC
computations for Mach numbers below Ma=3.0, but not for higher Mach numbers, where

rarefaction effects and deviations from equilibrium states become more important.
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In conclusion we can state that the failure to describe Knudsen boundary layers, and
strong shocks, puts strong limitations on the applicability of all macroscopic models

considered.
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Chapter 6 Conclusions and outlook

6.1 Conclusions

The Boltzmann equation is the basic equation to describe rarefied gas flows. Some
kinetic models with simple collision term expressions have been proposed to reduce the
mathematical complexity of the Boltzmann equation. The Boltzmann equation and
kinetic models describe rarefied gases at the microscopic levewith great accuracy, but a

cumbersome, and expensive, to solve.

Macroscopic models can be derived form the Boltzmann equation, or kinetic models,
which reduce the number of variables drastically, but these can be applied only to flows
with not too large Knudsen numbers. Important macroscopic models considered in this
thesis are the Navier-Stokes-Fourier equations and the Burnett equations, which both
follow from the Chapman-Enskog expansion, and extended sets of moment equations, in

particular Grad’s 13 moment equations, and their regularization (R13).

In the first part of this work, two new kinetic models (new kinetic model I and new
kinetic model II) were proposed. Both models use a meaningful expression for the
collision frequency, while retaining the important properties for a kinetic model at the
same time. Both models can be reduced to the ES-BGK model and the v(C)-BGK model
for suitable choices of parameters, and thus can be considered as more general Kinetic

models. The H-theorem of these two new Kinetic models could be proven only for small

Kn number situations.

In the second part of this work, several kinetic models (BGK, ES-BGK, v(C)-BGK,
two new kinetic models) were tested numerically for the situations of one-dimensional
shock waves at steady state and plane steady state Couette flow. Computational results
from the kinetic models were compared to results obtained with the Direct Simulation
Monte Carlo Method (DSMC), which serves as a benchmark in this work. The effects of
space grid spacing, bounds and step size of the velocity grid on the computational results

were discussed, and it was shown that shock wave problem at not small Mach numbers,
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and Couette flow problem at small Knudsen numbers and large plate velocities, require

very fine space and velocity grids to eliminate the numerical error due to discretization.
This implies large computational times, which for the problems considered in the thesis
are of the same order as those encountered in DSMC simulations. The benefit of discrete
velocity models for kinetic schemes over DSMC simulations is that a deterministic
solution is computed, and not a stochastic solution. Accordingly, the results do not suffer
from stochastic noise, so that it will be no trouble to compute the derivative of
macroscopic parameters and further transport coefficients (such as viscosity and thermal
conductivity). Moreover, discrete velocity schemes allow to considering time dependent
(means non steady state) problems, which are difficult to access for the DSMC method.
The advantage of using kinetic models instead of the Boltzmann equation lies in the

much easier numerical treatment of the collision term.

Results from the two new kinetic models are very similar, but the new kinetic model II
is better for a simpler program structure, which further affects the computational time.
For hard sphere molecules, results from the two new kinetic models locate in between

results from the ES-BGK model and the v(C)-BGK model, while for the Maxwell

molecules, the two new kinetic models are identical to the ES-BGK model.

For the shock wave problem, the new kinetic model II gives the best agreement to the
DSMC simulaﬁon (See Table D.1, the average relative errors of density, velocity and
temperature of the new kinetic model II comparing to the DSMC are smaller than 0.05
even for Ma=6.0); for Couette flow, however, the ES-BGK model gives best results (See
Tables D.2-D.4, the average relative errors of density, velocity and temperature of the
ES-BGK model comparing to the DSMC are smaller than 0.05 for all test situations
(Kn £1.0)). The v(C)-BGK model gives results of insufficient accuracy in both cases,

and requires the longest computational time (for it need more iterations to reach certain
total time step than other kinetic models), and therefore should not be used to model

flows
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Also in the second part of this work, a modification of Mieussens’s original numerical

scheme was developed. The basic idea is to use linearized expressions for the reference

distribution function f,, (for the ES-BGK model and the two new kinetic models, there
are two types linearized f,,), instead of its exact expression, in the numerical program.

Results from this modified scheme are almost identical to results from the original
scheme for most test cases, while about 20-40 percent of computational time can be
saved. For the ES-BGK model and the two new kinetic models, the second type

linearized f,,, which is based on an anisotropic Gaussian, is better than the first type
linearized f,,, which is based on an isotropic Gaussian. Some pity things about this
modified numerical scheme are: the first type linearized f,, of the new kinetic model I

with hard sphere molecules is unstable for all test cases (NaNQ are output from the

Fortran program), the second type linearized f,, of the new kinetic model I with hard

sphere molecules is unstable for high Mach (e.g. Ma=6.0) situations (NaNQ are output
from the Fortran program), and the linearized f,, of the v(C)-BGK model can not give

results with accuracy enough for middle and high Mach situations.

In the third part of this work, several macroscopic continuum equations, the Navier-
Stokes-Fourier equations, the Burnett equations, Grad 13 moment equations, and the
regularized 13 moment equations (in original form and in slightly linearized form), were
derived from the BGK and the ES-BGK models, and were then compared with the
corresponding kinetic model for steady state Couette flow. At small Knudsen numbers
and small plate velocities, all (except the NSF equations for o,,, 0,, and gq,) work very
well, especially at the middle part of the flow domain. As the Knudsen number or the
plate velocity increases, results from these sets of macroscopic equations become
increasingly different to results from kinetic models. Among these sets of equations, the
slightly linearized R13 is better than the original R13, the Grad13 is better than the
Burnett and the NSF, while it is hard to say which one of the Grad13 and the R13s, or the
Burnett and the NSF, is better. For Knudsen numbers Kn<0.1, the R13 equations are
better than the Gradl3 equations, and the Burnett equations are better than the NSF
equations. Therefore the slightly linearized R13 equations are suggested to be used as
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macroscopic continuum equations in rarefied gas flows at Kn <0.1, while for rarefied gas

flows at larger Knudsen numbers none of the tested macroscopic continuum equations

can be recommended without reservation.

6.2 Outlook

The results presented in this thesis show that numerical solutions of kinetic models
can be used to model rarefied gas flows with sufficient accuracy (new kinetic models for
shock wave, and ES-BGK model for Couette flow). In this thesis the standard test cases
of shock waves and Couette flow were considered, and the natural next step is to simulate
rarefied gas flows in more realistic applications, which will be two-dimensional or three-
dimensional problems. However, the computational times involved are substantial, and in
order to reduce these as much as possible, proper criteria for convergence should be
developed which should allow to maximize time and space steps, in order to minimize
computational time. Moreover, in order to reduce computational time, one also can

consider to using parallel computing or/and implicit numerical schemes.

The examination of the macroscopic continuum models showed that these can
describe rarefied gas flows outside the Knudsen layer in good agreement to solutions of
microscopic models (i.e. kinetic models, and/or DSMC), but fail in the description of the
Knudsen layer. Since the numerical effort for macroscopic models is substantially smaller
than the effort to solve microscopic equations, the former should be considered wherever
possible, that is outside of Knudsen layers and strong shocks. The Knudsen layer itself
(and strong shocks) should be simulated with a microscopic model. This will lead to
hybrid schemes, where microscopic and macroscopic models are solved in their
respective domains. Hybrid models which connect the Boltzmann or kinetic model
solutions to the Navier-Stokes-Fourier equations have been shown to be an effective way
to save computational time and memory, e.g. [81-84]. The Navier-Stokes-Fourier
equations cannot describe rarefaction effects, which are, however, described in the
Burnett, the Grad 13, and the R13 equations. Since the Burnett equations suffer from
instabilities, and the Grad 13 equations describe unphysical shocks, one should consider

the (slightly linearized) R13 equations in flow areas where mild rarefaction plays a role,
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and the Navier-Stokes-Fourier equations in regions were rarefaction effects are

unimportant, together with a suitable kinetic model (e.g. the ES-BGK model) in areas of

large rarefaction.
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Appendix A: Flow diagrams of N-R algorithm and computational

programs
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Figure A.1: Flow diagram of N-R algorithm used for reference distribution function
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Appendix B Expression of functions and Jacobian in the N-R algorithm
for all kinetic models
In this appendix, a subscript k is used to show the iteration number in the N-R
algorithm, and the meaning and expression of dimensionless distributions and their
coefficients, and so on, refer to corresponding part in Chapters 3 and 4. Figure A.1 shoe

the flow diagram of the N-R algorithm used for reference distribution function.

B.1 BGK model
For the 1DSW, functions we compute in the N-R algorithm are
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For the 1DCF, functions we compute in the N-R algorithm are
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B.2 ES-BGK model

For the 1IDSW, functions we compute in the N-R algorithm are
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For the IDCF, functions we compute in the N-R algorithm are
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B.3 v(C)-BGK model

For the 1DSW, functions we compute in the N-R algorithm are
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For the 1DCF, functions we compute in the N-R algorithm are
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B.4 New Kkinetic model 1

For the 1DSW, functions we compute in the N-R algorithm are
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For the 1DCF, functions we compute in the N-R algorithm are
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(B.16)
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B.5 New kinetic model I1

For the 1DSW, functions we compute in the N-R algorithm are
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Appendix C: Linearized dimensionless reference distribution F,,

C.1 BGK model
For the 1DSW, linearized dimensionless reference distribution is
n n 2 n n n n n 2
Fpexi; = exP(_ (ﬂi,j) Xali +al] i + as; (ﬂi,j) )’ C.1

and three conditions to determine the three coefficients are

J

n —a1n N nyn nyn  _
ZFBGK,i,j =aljJ; +a2iJ}, +a3]J], =1,
=

J
Zﬂi'.ljl FB'IGK.i.j =al}J , +a2]J n+a3]J /=0, (C2)
=1
J ) .
Z(’]z",) FB"GK,i.j =aliJy +a2lJ ]y, +a3/J/3 =15,
=1
where
[ g J J ]
expl- (7, ) >z, exol- (77, 3oz, exol- (2, ))
j=l J=1 Jj=t
J J J
3= S enbnf) Y Feeltn)) St Fan,enl-ti ) [4C
J= J=i J=
J J J
2, expl-(77,F) RN expl-(, V) 32,V oz, exl-rr, V)
L Jj= J= j=! N

which is a symmetric matrix.

For the 1DCF, linearized dimensionless reference distribution is

Feorj = exp(— (ﬂi’:j )2 Xalf +a2in; +a3/n, +ad} (ﬂi’:j )Z )’ (C.4)

and four conditions to determine the four coefficients are

J
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J
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N 07 ) Fioga, =l J7 + 02000 + 030 Th +ad? T2 =15,

J=1

where
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(C.6)
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.
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which is a symmetric matrix.

C.2 ES-BGK model
From section 3.2.4 and section 4.2.4, there are two types linearized reference

distribution fg . for the ES-BGK model. Here, only the discussion of first type
linearized fy;, ;is given, while the discussion of second type linearized ff,, is omitted,

which is similar to the discussion of first type.

For the 1DSW, linearized dimensionless reference distribution is

Fa, =espl-bp, Ptz +a2my, +a32rz, V4 atzln, Y+, ¥). o

and four conditions to determine the four coefficients are

ZFE'.,S‘U =al}J}, +a2]J}, +a3]J}, +ad]J], =1,

j=1

J
Z"i’:jl Fg,y=aliJiy +a2lJ i, +a3}J/],, +ad]J],, =0, (C.3)

j=l

J
Z(ﬂ.h) Fge,;=allJ [y +a2lJ ]y +a3]J ], +ad} J ]y = BBY,

i=t

J
Z(ﬂ:h) Fesoj=aliJiy+a2iJ],+a3]J ] s +ad] ]}, =BB2],

j=1
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=l a1, C.9)

P Zexr{—(m",j ?) S, exd-6r )
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For the 1DCEF, linearized dimensionless reference distribution is
Fo,, =exol- (o, P Hats +a2s e, +aseny, +atzlr, ¥ +asilr, ¥ +a6i oy, ¥ +aminp,mz, ) (C10)

and seven conditions to determine the seven coefficients are

J
ZFé's.i.j =al}J}\ +a2}J], +a3]J]; +ad} J '\, +a5]J /s +ab] Jie+all I, =1, (C.11)
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J
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s
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J
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, which is a symmetric matrix.

For the 1DSW, linearized dimensionless reference distribution is

Fn

o —exple b, P ) +a2emy, + a3, V), c13)

and three conditions to determine the three coefficients are

Lty

J
Zﬁ" Fr o =altJ}, +a2 ], +a3] T, = Zﬁ,.",j

f*
—LAc,

=l i

fr

J
Zﬁtnjﬂtnj (&N} = al? Ji’f21 +02? Ji’:22 +a3? Ji’,lZB = Z‘?l’f]ﬂ:]l p": Ac& (C14)

J
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which is a symmetric matrix.

For the 1DCEF, linearized dimensionless reference distribution is

Fr =exple (g, P otz +a2ome, +a3iyr, +atr (o, ) C.16)

and four conditions to determine the four coefficients are

A ﬁ ]
’l +J
Ac N

i

‘ Z Vi yu =al}J], +a27"z"12+a3:’-];"13 +adlJ], =

f"'"f Ac,(C.17)
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C.4 New kinetic model I

From section 3.2.4 and section 4.2.4, there are two types linearized reference

distribution fy,,, for the new kinetic model 1. Here, only the discussion of first type

linearized fy,, is given, while the discussion of second type linearized fy,, is omitted,

which is similar to the discussion of first type.

For the 1DSW, linearized dimensionless reference distribution is

Fo .. =exp(-( r Y ) (a17 +a27q7, +a3; A7), (C.19)

where A, =a3;s,,.( o )2 +ady, ((n{f jz)z+(7;,.’f jz)z), and three conditions to determine the
three coefficients are

J J fr
Sn = nyn nyn ngyn __ 1 ]
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p= = i
J J [
Y I ) n - nyn nyn ngyn __ AN a0 L]
Zvi.jni,j, Fy.j=atJiy+a2iJ , +a3;iJ = Zvi.jni i —Ac, (C.20)
= | '

i

j=l

590,V P = a2 a2t a8 0= 3200 i 'L e,
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 Srekrf)  Semet))  Semedn))
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L Jj=1
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imL)aA())zmmyJuAL))i%MWJWLHJ)

(C.21D)
which is not a symmetric matrix.
For the 1DCEF, linearized dimensionless reference distribution is
Py =expl (o, )tz +a2;ms, + a3y, +adar,). €22)
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linearized fy,, is given, while the discussion of second type linearized fy,,, is omitted,

which is similar to the discussion of first type.

For the 1IDSW, linearized dimensionless reference distribution is

Fyyj= exp(—- (77.".'1' )2 ) (al,f' +a2in;; +a3; (771",','l )2 +a4} ((77:".','2 )2 + (77,":1'3 )2 )),

and four conditions to determine the four coefficients are

s _
>V Fysy =allJ} +a2l I, +a3tJ],, +adrJl, = BBI!,
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AN ol n - qnn nn nn nyn _ n
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.
|
—

V:j (771".'1‘, ) Fl\’;ll.i.j =aliJ} +a2lJ]5, +a3] J]y, + a4} J]y, = BB3],

.M&

X

J
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For the 1DCF, linearized dimensionless reference distribution is
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oty +a2my, +a3imy, +ad e, P +asilor, o+ a1 oz f + a2,z )

and seven conditions to determine the seven coefficients are
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Appendix D: Average relative errors in comparisons

Table D.1: Average relative errors of kinetic models compared to DSMC in 1IDSW

Parameters Density Velocity Momentum | Temperature | Pressure p
p U Py, T

Case and Kinetic model

3.4BGK .78E-02 .79E-02 .15E-03 .73E-02 .14E-01
3.4 ES-BGK 34E-02 .34E-02 14E-03 .34E-02 68E-02
3.4 4(c)-BGK 12E-01 .12E-01 .27E-03 .11E-01 22E-01
3.4 New 1 .28E-02 .29E-02 .14E-03 29E-02 STE-02
3.4 New II 17E-02 17E-02 .14E-03 23E-02 38E-02
3.5BGK 21E-01 .22E-01 46E-03 S3E-01 .67E-01
3.5ES-BGK .20E-01 .21E-01 .14E-02 .84E-01 .10E+00
3.5 v{c)-BGK .25E-01 .26E-01 .58E-03 .70E-01 .89E-01
3.5 Newl .12E-01 .12E-01 25E-03 .25E-01 .36E-01
3.5 New 11 92E-02 96E-02 .26E-03 24E-01 32E-01
3.6 BGK .30E-01 .33E-01 J12E-02 26E+00 28E+00
3.6 ES-BGK 31E-01 .34E-01 .28E-02 A9E+00 S3E+00
3.6 v(c)-BGK J19E-01 .20E-01 49E-03 J13E+00 1SE+00
3.6 New I .18E-01 .19E-01 46E-03 .54E-01 .70E-01
3.6 New II JA3E-01 .14E-01 S3E-03 S1E-01 .60E-01
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Table D.2: Average relative errors of kinetic models compared to DSMC in 1DCF. Part I

Parameters Density Velocity | Tempera | Pressure | Pressure | Pressure | Pressure
P ture T p (o] (0] O,

Case and Kinetic “ n 2 12
model

4.1 BGK .S8E-2 .82E-2 15E-1 SE-1 22E+0 .64E+0 91E-2
4.1 ES-BGK .64E-3 .10E-1 .58E-3 .68E-3 2AE+0 .60E+0 .72E-2
4.1 y(c)-BGK 11E-2 98E-2 12E-2 13E-2 A3E+0 93E+0 .87E-2
4.1New I .65E-3 .11E-1 S3E-3 .28E-3 25E+0 .64E+0 47E-2
4.1 New II .65E-3 11E-1 .54E-3 .29E-3 23E+0 .S9E+0 45E-2
4.2 BGK .S6E-2 .65E-2 14E-1 15E-1 17E+0 .13E+1 .33E-1
42 ES-BGK .60E-3 11E-1 47E-3 .18E-3 20E+0 J2E+1 .19E-1
4.2 y(c)-BGK 9SE-3 .10E-1 93E-3 77E-3 JA2E+0 16E+1 27E-1
4.2 Newl .60E-3 11E-1 47E-3 .18E-3 20E+0 .12E+1 .19E-1
4.2 New II .60E-3 .11E-1 A4TE-3 18E-3 .20E+0 12E+1 .19E-1
4.3 BGK 48E-2 A5E-1 95E-2 96E-2 .36E-1 25E-1 .70E-2
4.3 ES-BGK .10E-2 21E-1 27E-2 21E-2 .87E-1 .85E-1 .66E-2
4.3 y(c)-BGK .20E-2 T2E-2 38E-2 31E-2 J0E+0 SE+0 .59E-2
4.3 New 1 .66E-3 .16E-1 .39E-2 34E-2 .67E-1 44E-1 11E-1
43 New Il .67E-3 17E-1 .39E-2 33E-2 A43E-1 30E-1 98E-2
44 BGK A43E-2 11E-1 .89E-2 92E-2 17E-1 .39E-1 .28E-1
4.4 ES-BGK .70E-3 .18E-1 32E-2 27E-2 .T6E-1 .65E-1 .19E-1
4.4 y(c)-BGK 24E-2 STE-2 A4SE-2 J37E-2 J1E+0 20E+0 23E-1
4.4 New 1 .70E-3 18E-1 32E-2 27E-2 J6E-1 .65E-1 .19E-1
4.4 New II .70E-3 18E-1 J32E-2 27E-2 .T6E-1 .65E-1 J9E-1




238
Table D.3: Average relative errors of kinetic models compared to DSMC in 1DCF. Part I

Parameters Density Velocity { Tempera | Pressure | Pressure | Pressure | Pressure
\

p U, wel | P oy On 4V
Case and

Kinetic model
4.5 BGK A7E-2 23E-1 A7E-2 .77E-3 .S0E-2 .25E-1 .S7E-2
4.5 ES-BGK .78E-3 A7E-1 .73E-2 .66E-2 35E-1 .60E-1 16E-1
4.5 y(c)-BGK 29E-2 99E-2 .74E-2 .66E-2 49E-1 43E-1 .20E-1

4.5 NewI A5E-2 81E-2 78E-2 J1E-2 94E-2 .23E-1 37E-1
4.5 New II ASE-2 .85E-2 T19E-2 J72E-2 J12E-1 ABE-1 .33E-1
4.6 BGK .99E-3 A5E-1 J1E-2 35E-3 97E-2 .26E-1 .29E-1
4.6 ES-BGK JA3E-2 11E-1 .68E-2 .60E-2 24E-1 .20E-1 40E-1

4.6 y(c)-BGK J6E-2 J19E-1 TJ1E-2 61E-2 56E-1 90E-1 45E-1

4.6 New I JA3E-2 11E-1 .68E-2 .60E-2 24E-1 .20E-1 40E-1
4.6 New II 13E-2 J1E-1 .68E-2 .60E-2 24E-1 20E-1 40E-1
4.7 BGK .73E-3 .11E-1 22E-2 15E-2 A44E-1 .29E-1 13E-1
4.7ES-BGK J1E-2 .67E-2 S51E-2 A4E-2 31E-1 JA3E-1 32E-1

4.7 y(c)-BGK 24E-2 20E-1 S9E-2 S52E-2 52E-1 47E-1 .33E-1

4.7 New 1 .16E-2 20E-1 SSE-2 A8E-2 56E-1 34E-1 S1E-1
4.7 New II .16E-2 19E-1 .56E-2 49E-2 S9E-1 .39E-1 47E-1
4.8 BGK .10E-2 .65E-2 14E-2 .71E-3 .61E-1 J7E-1 .36E-1
4.8 ES-BGK .16E-2 .16E-1 A44E-2 35E-2 A48E-1 61E-1 S55E-1

4.8 y(c)-BGK 28E-2 31E-1 S3E-2 43E-2 66E-1 93E-1 SSE-1

4.8 NewI .16E-2 16E-1 A4E-2 35E-2 48E-1 .61E-1 SSE-1
4.8 New Il .16E-2 16E-1 A4E-2 35E-2 48E-1 61E-1 SS5E-1
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Table D.4: Average relative errors of kinetic models compared to DSMC in 1DCF. Part

m
Parameters Density Velocity | Tempera | Pressure | Pressure | Pressure | Pressure
e p U wel | P Ou On O

Case and Kinetic

model

4.9 BGK .7T0E-2 22E-1 STE-2 .S0E-2 24E-1 S52E-1 .65E-2
4.9 ES-BGK .13E-2 13E-1 21E-1 21E-1 42E-1 .72E-1 .18E-1
4.9 y(c)-BGK 11E-1 .16E-1 .23E-1 .21E-1 .60E-1 41E-1 .89E-2
49 Newl .45E-2 .90E-2 22E-1 21E-1 .13E-1 .24E-1 35E-1
49 New II .46E-2 .85E-2 .23E-1 23E-1 12E-1 .26E-1 .25E-1
4.10 BGK .19E-1 A5E-1 94E-2 .13E-1 46E-1 .66E-1 23E-1
4.10 ES-BGK A4SE-2 .69E-2 34E-1 33E-1 S3E-1 J76E-1 32E-1
4.10 y(c)-BGK 27E-1 .23E-1 38E-1 34E-1 .88E-1 .56E-1 .88E-2
4.10 New I 98E-2 .20E-1 34E-1 31E-1 35E-1 21E-1 .39E-1
4.10 New II .96E-2 .16E-1 38E-1 3SE-1 21E-1 .27E-1 .24E-1
4.11 BGK 31E-2 J1E-1 48E-2 A2E-2 .10E-1 J12E-1 27E-1
4.11 ES-BGK 32E-2 .84E-2 .19E-1 .18E-1 22E-1 .24B-1 A40E-1
4.11 y(c)-BGK 13E-1 .30E-1 22E-1 .19E-1 .78E-1 94E-1 32E-1
4.11 New I 32E-2 .84E-2 .19E-1 .18E-1 22E-1 .24E-1 A40E-1
4.11 New I 32E-2 .84E-2 19E-1 18E-1 22E-1 .24E-1 40E-1
4.12 BGK S0E-2 .S6E-2 JA3E-1 12E-1 17E-1 .16E-1 .24E-1
4.12 ES-BGK .18E-2 .24E-1 .28E-1 23E-1 23E-1 26E-1 39E-1
4.12 y(c)-BGK 31E-1 .46E-1 34E-1 .24E-1 12E+0 12E+0 .86E-2
4.12 New I .T8E-2 24E-1 28E-1 .23E-1 .23E-1 .26E-1 39E-1
4.12 New II .78E-2 24E-1 .28E-1 .23E-1 23E-1 .26E-1 .39E-1
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Table D.5: Average relative errors of macroscopic continuum equations compared to

kinetic models. Part I

Case and | set of equations | NSF Burnett | Gradl3 R13I RI3II Kinetic RI13II/R1
kinetic \ equations | 31
model Parameters

S1BGK | pressure 0, | 10B+ | 10B+0 | S0B-T | 28E-1 | 30BE-1 | 5582 | 2562
Pressure 0,, | 10B+1 | 26E+0 | T1E+0 | 66E-1 | 69B-1 | .I0B-1 | 30B-1
Pressure 0, | 1261 | 12E-1 | 85B2 | 53E2 | 53E2 | IBE3 | 51B4
52BGK

Pressure 0, | OB+ | 33B+0 | 20840 | .10B¥0 | 1IE#0 | 2IE2 | .10E-1
Pressure 0, | ‘10B*1 | 52B#0 | 32B+0 | 16E+0 | .I7B+0 | S0E2 | 31E-1
Pressure 0, | SOE-1 | 8OB-I | 49E-T | 3IE-1 | 3IE-1 | .28B3 | .16E-2

53BOK | progure 0,, | -10E+ | I5E+1 | 79B+0 | .19B+0 | 24E+0 | 12E2 | .17E+0
Pressure 0, | 1OB+l | AB+T | I2E+l | 32E40 | 37E40 | 31EZ | .73E40
Pressure 0, | 43E*0 | 43E+0 | 23EX0 | 10BW0 | 13E+0 | S7E-3 | SOE-I

S4BOK [ presure g, | 1B+ | 23B+T | 1IE+l | 46B+0 | 49E+0 | 42E-3 | I3E%2
Pressure G, | 10B+1 | 28B+1 | .T7E+I [ TIE+l | IIE+] | 88E-3 | 42B+1
Pressure 0, | O0E+0 | G6E+0 | 3IE+0 | 30E+0 | .17B+0 | 26E3 | .I5E+0
SSBOK | pressure 0, | 1OB+1 | 21E+1 | 8TE+0 | 66E+0 | .50B+0 | 41E3 | 726+

Pressure 0, | 10B+1 | 27B+1 | D3E+T | I2E+1 | 1IE+1 | 99B3 | 1B+
Prossure 0,, | 73E+#0 | .73E+0 | 10B+0 | 82E+0 | 63B+0 | 19E-3 | SSEH0

436BGK | pccoure 0, | AOE+1 | 36E+1 | S8Es0 | 24B+1 | 21E+1 | 2783 | 23B40
Pressure 0, | 1OB+1 | 43B+1 | ISE+l | 36B+l | 32B+1 | 56B3 | .18E+0
Pressure 0, | 19E+] | 4B+l | 24E+0 | 8B+l | 22B+l | 25E-3 | 29B40

STBOK | progsure g, | -10B+ | 33E+0 | 20B+0 | S6B-1 | 6IE-1 | .14E2 | 95E2
Pressure 0, | 1OB+] | 45E+0 | 33E+0 | BOE-I | 88E-1 | 2682 | .A2E-
Pressure O, | ‘WE*0 | 1IE+0 | 34ET | 341 | 29E-1 | 31E3 | S6E2

5.8 BGK Pressure O JA0E+1 S4E+0 | .26E+0 12E-1 .16E-1 15E-2 .14E-1

Pressure O, J0E+1 .66E+0 | .39E+0 | .26E-1 .32E-1 .26E-2 19E-1
Pressure O}, 24E+0 | .24E+0 | .39E-1 J3EH0 | .12E+0 42E-3 A8E-1

Notes: 1. R13I means the original R13, R13II means the slightly linearized R13.

2. Values in column “Kinetic equations” mean the average relative errors between the computed values from the kinetic
model based on Eq. (5.53) and the original values from the kinetic model.

3. Values in column “R13II/R13I” mean the average relative errors between the computed values from the R131I and
the computed values from the R13L,
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Table D.6: average relative errors of macroscopic continuum equations compared to

kinetic models. Part I

Case and | set of equations | NSF Burnett | Gradl3 | R13I R13IL Kinetic RI13IIR
kinetic S\ equations | 13I
model Parameters

5.1 ES-
BGK

Pressure 0, | JOE+1 | ISE¥0 | TTE-1 | 44E-T | 47E-1 | 48B2 | 3982
Pressure O, | JOE+l | 35E+0 | TSE+0 | 10E+0 | 11E+0 | 10B-1 | 26B-]
Pressure 0, | 19B1 | ASE-l | 1IE-1 | 87E2 | 8/E2 | 2083 | .76E-4
%(2}1( BS- | Pressure 0, | 1E+1 | 45E+0 | 28E+0 | .16E+0 | .I7E+D | I9B2 | .14E-1

Pressure 0, | WOEH | JIE+0 | 40E30 | 22E+0 | 24E+0 | 49E-2 | 33E-1
Pressurc O, | S0E-1 | 85E-l | 52B-1 | 39E-1 | 39E-1 | 34E3 | .19B2
f;'é . B | Prossure 0, | JOE+1 | ISE+l [ 82E+0 | T4E+0 | 23E+0 | A7E2 | 34E+D

Pressure 0,, | 10B+1 | 21B+1 | 12E+T | 31E+0 | 38E+0 | S1E2 | 24E+0
Pressure G, | S7E*0 | 37E+0 [ I7E+0 | 16E+0 | .I2E+0 | 48B3 | 43E-1
%éx BS-| pressure 0, | -I0E*1 | 20B+1 | 0B+l | 47Es0 | S7E+0 | 28E3 | ISB#I

Pressure G,, | OB+l | 29841 | T7E+T | TIE#I | I3+l | .76E3 | 34E+l
Pressure 0, | SIE*0 | SIE+0 | 20B+0 | 52E+0 | 38E#0 | I9B3 | .I3E40

]532; K ES- | pressure o, .10E+1 20E+1 .84E+0 | .88E+0 .83E+0 A8E-3 ISE+O

Pressure O, 10E+1 29E+1 A3E+1 15E+1 14E+1 .16E-2 42E+0
Pressure Ooa .61E+0 61E+0 | .13E-1 A1E+1 88E+0 | 42E-3 18E+1
.10E+1 31E+1 .B4E+0 32E+1 29E+1 27E-3 A7E+0

BGK
Pressure O, A0E+1 A3E+1 13E+1 46E+1 A42E+1 69E-3 J4E+H0
Pressure O, A2E+1 A2E+1 39E+0 J33E+1 27E+1 .30E-3 .24E+)
g Z}K ES- | pressure o, 10E+1 AlE+0 | 27B+0 | .75E-1 J3E-1 A2E-2 A3E-1
Pressure 0, .10E+1 62E+0 | 43E+0 | .12E+0 | .11E+0 | .28E-2 .16E-1
Pressure O JOE+0 | .10E+0 | .23E-1 .64E-1 59E-1 29E-3 .69E-2
J0E+1 .60E+0 | 31E+0 { .71E-1 J4E-1 A3E-2 21E-1
BGK

Pressure O, .10E+1 BI1E+0 | 47E+0 | .72E-1 75E-1 23E2 27E-1
22E+0 | 22E40 | .11E-1 21E+0 | .19E+0 | .28E-3 .26E-1

i - - 1

. , Pressure Oy,
Notes: 1. R13I means the original R13, R13II means the slightly linearized R13.

2. Values in column “Kinetic equations” mean the average relative errors between the computed values from the kinetic
model based on Eq. (5.53) and the original values from the kinetic model.

3. Values in column “R13II/R131” mean the average relative errors between the computed values from the R131I and
the computed values from the R13L
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Table D.7: Average relative errors of third-degree and fourth-degree moments of moment equations compared to
kinetic models. Part I

Ca | Setof equations | BGK ES-BGK

se Grad13 | RI13I R13II RI3II/R13I | Grad13 | R13I R131I R13II/R131
Parameters

501 py [42E-1 | 30E-1 | .29E-1 | .60E4 .81E-1 | 61E-1 | 61E-1 | .82E4
P JOE+1 | .69E+0 | .69E+0 | .53E-2 .10E+1 | .75E+0 | .75E+0 | .48E-2
Pin .S8E+0 | .13E+0 | .13E40 | .14E-2 S9E+0 | .18E+0 | .18E+0 | .18E-2
P 10E+1 | 20E+0 | .20E+0 | .31E-2 J0E+1 | 28E+0 | .28E+0 | .40E-2
Pons 20E-1 | .14E-1 | .14E-1 | .16E4 J38E-1 | .28E-1 | .28E-1 | .22E4
P J10E+1 | .71E40 | .7TIE4+0 | .26E-1 .10E+1 | .76E+0 | .76E+0 | .40E-2
Pz 38E-3 | .17E-3 | .17E-3 | .62E-6 47B-3 | .39E-3 | .39E-3 | .92E-6
P 36E+0 | .31E+0 | .31E+0 | .31E-3 49E+0 | S9E+0 | .S9E+0 | .39E-3
P S2B2 | 25B-2 | .25B-2 | .53E-5 85E-2 | 36B-2 | .36E-2 | .71E-5
Pos 11E-3 | .59E4 | .S9E4 | .25E-6 .20E-3 | .13E-3 | .13E-3 | .37E-6
Ry, .JOE+1 | .62E+0 | .62E+0 | .36E-2 .10E+1 | 55E+0 | .55E+0 | .29E-2
Ry .JOE+1 | .88E+0 | .89E+0 | .14E-2 J0E+1 | .17E+1 | .17E+1 [ .11E-2
A J10E+1 | .12E+2 | .12E+2 | .16E-2 .10E+1 | .67E+0 | .67E+0 | .35E-2

52| gy, 31E+0 | 21E+0 | .21E+0 | .70E-3 42E+0 | 31E+0 | 31E+0 | .72E-3
P J10E+1 | .67TE+0 | .67E+0 | .53E-2 J0E+1 | .72E40 | .72E+0 | 41E-2
Pin .60E+0 | .19E+0 | .20E+0 | .14E-1 61E+0 | 20E+0 | .21E+0 | .12E-1
P J10E+1 | 31E+0 | .32E+0 | .29E-1 J10E+1 | 33E+0 | 34E+0 | .24E-1
Pons 20E+0 | .13E+0 | .13E+0 | .30E-3 J32E+0 | 22E+0 | .22E+0 | .32E-3
Py 10E+1 | .64E+0 | .64E+0 | .47E-2 .10E+1 | .68E+0 | .69E+0 | .36E-2
P 20E-2 | 32E-2 | .32E2 | .31E4 JA9E-2 | 63E-2 | .64E-2 | .36E4
Prcrrs A2E+0 | 21E+0 | .21E+0 | .12E-2 JA3E+0 | 39E+0 | .39E+0 | .12E-2
P 29E-1 | .12E-1 | .12E-1 | 46E4 A40E-1 | .11E-1 | .11E-1 | .73E4
Prs J10E-2 | 43E-3 | 44E-3 | .12E4 JA8E-2 | .11E-2 | .11E-2 | .15E4
Ry, .10E+1 [ 41E+0 | 41E+0 | 21E-2 JA0E+1 [ 28E+0 | .28E+0 | .19E-2
Ry JO0E+1 | .33E+1 | .33E+1 | .44E-2 J10E+]1 | .65E+1 | .65E+1 | .32E-2
A J0E+1 | 49E+0 | 49E+0 | .16E-1 A0E+1 | 72E+0 | .73E+0 | .16E-1

53| p, .63E+0 | .15E+0 | .17E+0 | .23E-1 64E+0 | .11E+0 | .13E+0 | .22E-1
Pans .10E+1 | 23E+0 | .26E+0 | 41E-1 .10E+1 ] .18E+0 | 21E+0 | .37E-1
P GIE+0 | .77E-1 | .17E+0 | .96E-1 S6E+0 | .17E+0 | .64E-1 | .92E-1
Pams .10E+1 | .13E+0 | .27E+0 | .1TEH0 J10E+1 | .31E+0 | .11E4+0 | .15E+0
P J11E+1 | .88E-1 | 97E-1 | .32E-1 J12E+1 | 91E-1 | .63E-1 | .38E-1
P J0E+1 | 81E-1 | .90E-1 | .31E-1 J10E+1 | .76E-1 | .53E-1 | .27E-1
Pom 28E-2 | 43E-1 | 43E-1 | .69E-3 J39E-2 | .66E-1 | .67E-1 | .69E-3
P J13E-1 | 58E+0 | .58E+0 | .34E-2 J32E-2 | 93E+0 | 93E+0 | .29E-2
Ptz J1E40 | 20E-1 | 21E-1 | 85E-3 A3E+0 | S9B-1 | .60E-1 | .85E-3
Prss 27E-2 | .86E4 | .29E-3 | .26E-3 J38E-2 | .11E-2 | .14E-2 | .25E-3
Ry, .10E+1 | .18E+0 | .19E+0 | .61E-2 J0E+1 | 44E+0 | 44B+0 | 43E-2
Ry JJ0E+1 | 92E+2 | .94E+2 | 9I1E-2 J10E+1 | 95E+3 | 96E+3 | .60E-2
A J10E+1 | .17E+0 ] .22E+0 | .86E-1 .10E+1 | 46E+0 | .S1E+0 | .88E-1
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Table D.8: Average relative errors of third-degree and fourth-degree moments of moment equations compared to
kinetic models. Part I1

Ca ¢t of equations | BGK ES-BGK
se Grad13 | R13I RI3II | RI3II/R13I | Gradi3 | R13I R13II RI13II/R131
Parameters
541 po, .67E+0 | .22E+0 | .16E+0 | .44E-1 6TE+Q | 25E+0 | .20E+0 | 41E-1
Pa JO0E+1 [ .32E+0 | .24E+0 | .59E-1 .10E+1 | .38E+0 | 30E+0 | .56E-1
P S6E+0 | .20E+0 | .15E-1 | .18E+0 A9E+0 | .63E+0 | .37E+0 | .16E40
Pams J10E+1 | 35B+0 | .27E-1 | .28E+0 JOE+1 | .13E+1 | JT5E+0 | 23E+0
P JA7E+1 | 90E+0 | .78E+0 | .46E+1 16E+1 | .10E+1 | 91E+0 | 41E+2
P JA0E+1 | 53E+H0 | 46E+0 | 47E-1 J0E+1 | .63E+0 | .S6E+0 | 43E-1
P 29E-2 | 87E-1 | .88E-1 | .97E-3 47E-2 | 13E+0 | .13E+0 | 87E-3
P 21E-1 | .80E+0 | .81E+0 | .27E-2 29E-1 | .12E+1 | .12E+1 | .19E-2
Pz .16E+0 | .71E-1 | .72E-1 | .I1E-2 JA8E+0 | .13E+0 | .13E+0 | .93E-3
Prss J4E-2 | .18E-2 | .I5E-2 | .33E-3 JA4E-2 | .71E-3 | 43E-3 | .29E-3
Ry JOE+1 | 44E+0 | 44E+0 | 45E-2 J0E+1 | .71E+0 | .71E+0 | .27E-2
Ry 0E+1 [ .38E+2 { .38E+2 | .61E-2 .10E+1 | 40E+2 | 41E+2 | 37E-2
A JA0E+1 | 37E+1 | .32E+] | .14E+0 J10E+1 | .81E+0 | .S8E+0 | .37E+1
550 P .64E+0 | 35E+0 | .29E+0 | .50E-1 64E+0 | .61E+0 | .S3E+0 | 48E-1
P J0E+1 | 55E+0 | 44E+0 | .68E-1 JOE+1 | 94E+0 | .82E+0 | .62E-1
Pin J9EH0 | .16E+1 | .13E+1 | .10E+0 JA1E-1 | 26E+1 | 22E+1 | .10E+0
Pams .10E+1 | 81E+1 | .68E+l | .15E+0 10E+1 | .53E+3 | .46E+3 | .14E+0
P .12E+1 | 82E+0 | .70E+0 | .20E+1 A2E+1 | .13E+1 | .12E+1 | 45E+0
P .10E+1 | .67E+0 | .57E+0 | .61E-1 .10E+1 { .11E+1 | 9SE+0 | .55E-1
P 22B-1 | .14E+0 | .15E+0 | .89E-2 26E-1 | 23E+0 | .24E+0 | .10E-1
Prcrn SO0E-1 | .62E+0 | .64E+0 | .12E-1 67E-1 | 99E+0 { .10E+1 | .10E-1
Pz JA8E+40 | .13E+0 | .14E+0 | .75E-2 21E+0 | .27E+0 | .28E+0 | .93E-2
Prss JA3E-1 | 24E-1 | .21E-1 | .26E-2 JA2E-1 | 25E-1 | .22E-1 | .27E-2
R .10E+1 | .73E+0 | .78E+0 | .28E-1 JOE+1 | (13E+1 | .13E+1 | .18E-1
Ry JOE+1 | 21E+2 | .23E+2 | .39E-1 JOE+1 | 37E+2 | 40E+2 | .24E-1
A JA0E+1 | .72E+1 | .66E+1 | .13E+0 .10E+1 | .56E+1 | S1E+l | .81E-1
56| oy, .66B+0 | .16E+1 | .14E+1 } .72E-1 65E+0 | .25E+1 |} .23E+1 | .74E-1
Pai J0E+1 | 24E+1 | 21E+1 | 83E-1 JAOE+1 | 39B+1 | 35E+1 { 83E-1
P 41E+0 | 42E+1 | 36E+1 | .11E+0 90E+0 | .69E+1 | .60E+1 | .12E+0
P JO0E+1 | .10E+2 | .87E+1 | .15E+0 JOE+1 | .77E+1 | .66E+1 | .16E+0
P .14E+1 | .34E+1 | .30E+1 | .16EH0 JA3E+1 | 47E+1 | 43E+1 | .13E+0
Perrs .10E+1 | 24E+1 | .21E+1 | .81E-1 10E+1 | .37E+1 | .33E+1 | .81E-1
P J1E+0 | 38E+0 | .37E+0 | 44E-1 JA2E+0 | 53E+0 | 54E+0 | .72E-1
Prcrr ASE+0 | .69E+0 | .72E+0 | .32E-1 JA9E40 1 .11E+1 | .11E+1 | 28E-1
Pz 27E+0 | 42E+0 | .44E+0 | 44E-1 34E+0 | .81E+0 | .85E+0 | 23E+0
Pre A2B-1 | .12E40 | .11E+0 | .94E-2 43E-1 | .14E+0 | .13E+0 | .11E-1
R J0E+1 | .14E+1 | .15E+1 | .42E+0 J0E+] | 22B+1 | .24E+1 |} .71E-1
Ry A0E+1 { 54E+1 | .70E+1 | 48E+) J0E+1 | 77E+1 | 91E+1 | 94E-1
A .10E+1 | 55E+1 | .SIE+1 | .76E-1 .10E+1 | .85E+1 | .78E+1 | .87E-1
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Table D.9: Average relative errors of third-degree and fourth-degree moments of moment equations compared to
kinetic models. Part ITI

Case et of equations | BGK ES-BGK
Gradl3 | R131 R131 RI3I/R13I | Gradl3 | R131 R131 R131I/R13I

Parameters

57 Pi 35E+0 | 13E+0 | .13E40 | .39E-2 42E+0 | .11E+0 | .11E+0 | 49E-2
P J10E+1 | 36E+0 { .37E+0 | .1SE-1 JA0E+1 | 26E+0 | 27E+0 | .14E-1
P 41E+0 | 37E+0 | .34E+0 | .23E-1 30E+0 | .72E+0 | .68E+0 | .27E-1
Pams JOE+1 | 89E+0 | .82E40 | .39E-1 J0E+1 | 24E+1 | 23E+1 | .46E-1
Pon 23E+0 | .82E-1 | .84E-1 | .19E-2 32E+0 | 89E-1 | 93E-1 | .29E-2
P A0E+1 | .36E+0 | .37E+0 | .14E-1 J10E+1 | .28B+0 | .29E+0 | .14E-1
P S9E-2 | .74E-2 | .74E-2 | .49E-3 .56E-2 | .14E-1 | .15E-1 | .67E-3
Prrerss 90E-1 | .14E+0 | .15E40 | .61E-2 J3E+0 | .27E+0 | .28E+0 | .73E-2
P A48E-1 | .19E-1 | .19E-1 | 41E-3 .66E-1 | .13E-1 | .12E-1 | .65E-3
Pres S2E-2 | 14E-2 | .12E-2 | .19E-3 G4E-2 | 88E-3 | .62E-3 | .26E-3
Ry, .10E+1 | 40E+0 | .38E40 | 49E-1 JOE+1 | .19E+0 | .17E+0 | .33E-1
Ry J0E+]1 | .15E+1 | .15E+1 | .11E+0 JOE+1 | 22E+1 | 22E+1 | .29E-1
A JOE+1 | .15E+1 | .14E+1 | .20E-1 J10E+1 | 20E+0 | .17E+0 | .29E-1

58 P 43E+0 | 92E-2 | .15E-1 | .78E-2 ATE+0 | .14E40 | .13E40 | .10E-1
Pais .10E+1 | .21E-1 | .35E-1 | .18E-1 JA0E+1 { 31E+0 | .28E+0 | .19E-1
Pina 27E+0 | 85E+0 | 81E+0 | .22E-1 .88E-1 | .ISE+l | .14E+l | 29E-1
P JOE+1 | 31E+1 | 30E+1 | 37E-1 J0E+1 | .17E+2 | .16E+2 | 47E-1
P .33E+0 { 21E-1 | .27E-1 | .S8E-2 AOE+0 | .80E-1 | .70E-1 | .10E-1
Pans .10E+1 | .65E-1 | .83E-1 | .19E-1 J0E+1 | .20E+0 | .18E+0 | .20E-1
Por 21E-1 | 37E-1 | .35E-1 | .24E-2 .19E-1 | 50E-1 | 48E-1 | .37E-2
Do 41E-1 | .24E+0 | .24E4+0 | 21E-1 J7E-1 | .36E+0 | .35E+0 | .26E-1
Pz .81E-1 | .16E-1 | .14E-1 | .19E-2 11E40 | .13E-1 | .12E-1 | .34E-2
P 21E-1 | .13E-1 | .13E-1 | .92E-3 24E-1 | .18E-1 | .16E-1 | .14E-2
Ry JOE+1 | 26E+0 | .19E+0 | S2E+1 JOE+1 §| 27E+0 | .14E+0 | .11E+0
Ry, JOE+]1 | .65E+1 | .64E+1 | .12E+0 .10E+1 | .10E+2 | .10E+2 | .16E+0
A JOE+1 | .28E+1 | .27E+1 | .19E-1 J0E+1 | 21E+1 | 20E+1 | .29E-1

Notes: Values in column “R131I/R13I” mean the average relative errors between the computed values from the R13II

(the slightly linearized R13) and the computed values from the R13I (the original R13).
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Appendix E: Moments computed from the reference distribution 7., in

the ES-BGK model

E.1 Some basic knowledge
The reference distribution f,; in the ES-BGK model is Eq. (2.3), which is rewritten as
pP 1 1 P 1 |
R ——— -=£,CC, |=——— -7 ’ E'l
Jes (2”)% N}/Z exP( 260 i 1] (27[)% }xl” exp( 2C 8C) (E.1)
Cl
where the vector of peculiar velocity C=|C, |, the superscript T on a vector or a matrix
C3

means the Transpose of the vector or the matrix, matrix
A=RT1+ 5 G, (E.2)
P

where I is the unit matrix, ¢ is the trace-free pressure tensor, b a parameter that serves
to adjust the Prandtl number, and £=A", the superscript -1 on a matrix means the

inverse matrix, | | on a matrix means the determinate of the matrix.

In order to compute moments from f,,at any conditions, we need to define some

matrixes, which are II (the modal matrix of matrix of € (normalized eigenvectors),
which is an orthogonal matrix), M (the inverse matrix of II), E (the spectral matrix of €
(eigenvalues along the principal diagonal), which is a diagonal matrix), vector Y = MC.
The following relations among these matrixes and vectors can be obtained (basic

knowledge about matrix refers to [76, 85])

n'=a", o=, (E.3)
M =I=M" (E4)
E, 0 0
E=|{0 E, 0], (E.5)
0 0 E,
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C=M"'Y=IY, dC=[mjdY=adY, (E.6)
H'eN=E, e¢=MEN" =M"EM, le| =] J&- | = [B] = B, ;B By, ETD)
A AN — -l T _ 1 _ -1 ry _ o Hall,
¢ =M"EM =IIE"'Tl _x,1x|_—--—E“E22E”,Aij_n,.k(E ), (1 ),j_"\;l—-—EM (E.8)
C'eC=C"M"EMC=Y'EY, g,C,C, =E,Y’. (E.9)

For the integration, we have

“ 2 ay? 1 2 rk+1/2) (k-1 [z
_[,,,yue ydy=;m(2[e xC uz)—ldt): ~eirs = T — (E.10)

where a>0, k=0, 2,...,t=«/a_yA, and I'() is the T function [86]. Some examples of

Eq. (E.10): fe™'dy= ( [yte™ dy=o-|%

2aa

E.2 Moments computed from f

Let us consider the zeroth-degree moment, which is

I R S B
j fodC= j o exp( 5C eC)dC. E.11)
From Egs. (E.5, E.6, E.9), one get
1 1
jf / I).l}/ III ( E‘uY2 2E‘22Y22 —EE”Y:ledY}dYr

Since Y,, Y, and Y, are independent, therefore
1
[fesdC = (_25)% E.E,E,, (Iexp(—EE“YIZ }zyl].
jexp g v lay jexp e vz lay .
2 2°2 2 2 1373 3

Then utilizing Eq. (E.10), we get

P {27: ’27: {27:
dC=——w/E E_E. |[— | —.[—.
’[fEs (272' )% e E,VE, VE;,

At last, we get the zeroth-degree moment as



JfsdC=p,

which is the first expression in Eq. (2.12).

Let us consider the first-degree moment, which is

P 1 1
C= _r - —C .
j fesCid j C, % i exp( ; aC)dC
From Egs. (E.5, E.6, E.9), one can get
1

ffsC,d / Ny mn,,Y +11,Y, +11,.Y, )exp(—EE,,Y2 ;E YZ -
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(E.12)

(E.13)

E”YZ}IYdY dy, -

Since I1,Y, +I1,Y,+I1,Y; is an odd function of Y,, Y, and Y,, while

exp(—%E“Yf —--;—E22Y22 —%E33Y32 J is an even function of Y,, Y, and Y,, therefore,

we have
[fusCidc=0,

which is the second expression in Eq. (2.12).

(E.14)

Let us consider the N™-degree moments (where N is an odd number), from the same

idea as the first-degree moment, one get
fc,C, fmdC=0,
such as
[e.c?fus =0,
fec e rudc=0,

which is the first expression in Eq. (5.45)

Let us consider the second-degree moments, which is

[fsCicyac= .[cc, £ 1 (--;—C’ac)dc.

% p.]y
From Egs. (E.5, E.6, E.9), one get

(E.15)

(E.16)

E.17)
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' 1 1
Jec fute= B v {3 BY: B -1EY: v,
y Wz ”‘ 1,11, Y2 +11,T1,Y? +T1,11 Yz)exp{ ;E,,x’—%EnY; —%E33Y;}/Y,dY2dY3
Since Y, Y, and Y, are independent, therefore

ICC fesdC = );/ P },[ IH,,H ,Y,’exp[—-;-E,,Yf)dlﬂ)[ Iexp[—lEuY ) )( J‘exp[——EnY’) )
+W|—;.|Z( [,y exp[—-;-EzzYzz)de)( J'exp —E33Y )( J'exp ——E,,Y’ ]

+(75)7’|z|17;( HiSHJSYzexp[ ;E”Y X fexe ——E,,Y) )( fe xp[——E Y’) )

Then utilizing Eq. (E.10), one get

P Hilnjl HiZHjZ N,00,) (272 |27 |27
C.C, dC=———,/E E,.E + + — | == |
I €T (27!)% e 33[ E, E, E, E,VE, VE;

(Hilnjl + Hiznﬂ + Hi3nj3 J

Ell E22 E33
At last, combining Eq. (E.2, E.8), we get
jc,.c,. fedC=pa,

[€.C,, fidC=bay, (E.18)

fc2f edC=3p,

which is the last expression in Eq. (2.12).

let us consider fourth-degree moments, which is

[fsCiciccde= [ccicC L5 —ex p(——C’sC]dC (E.20)

o W
From Eq. (E.6), one can get
cc,C.C =1, YI,YI,Y,I,Y,
=(11,Y, +1,Y, +TI,Y, {1, Y, + 11 ,Y, +T1,,Y,}, (E.21)
(Y, +10,,Y, +10,,Y, (11, Y, +11,,Y, +11,.Y,)
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where altogether there are 3% =81 terms in the expansion, while only terms, which are

even function of Y, Y, and Y,, will have non-zero value when integration in Eq. (E.20)

is done. Combining Egs. (E.S5, E.9, E.20, E.21), one get

fc.c,cC fudC= (2—7’;3)372@-12 fI Xexp(-—%E“Yf _.;.Enyg _ %E”Y; }IY,dYZdYs ,
X =T1,10 1T, IT, Y} + 11,11 ,TT,, 1T, Y, +T1,IT , 1T, 1T, Y
+(rn, 1, 11,11, + 10,11, 10, 1T, + 10,10 ,10, 1T, )Y Y?
+ (11,10, I1,, 10, + 11,10 ,TT,, 1T, + T1,11, 11, 10, )Y, Y}
where (I, I1,,T1,,IT,, + 11,01 .11, 01, + 1,10 .11, 11, JY>Y?
+ (I, , 1,10, + 11,01 01,10, + 11,01 ,IT, 10, JY2Y?
+(0,01,, 10,11, + T0,, 10,11, 10, + T0,0T .11, 11, JY 2Y?
+ (10,1 , 11, T, + T0, 00,10, T0,, + 10,10 10,10, )Y 2Y?

After some straightforward but tedious manipulation, we get
[€.0,6,C fmdC=p| Zie Tt | Tolln )[H“H" LU LT
EII EZZ E33 Ell E22 E33
Hilnkl + HiznkZ + Hi3nk3 J(nilnll + nJ‘ZHIZ + Hi3nl3
Ell E22 E33 EII E22 E33
Hilnll + 1,11, + HiJHls )(Hﬂnkl + l-IJ‘2H'<2 + Hi3nk3
E, E, E, E, E, Ey,

+p

+p

At last, utilizing Eq. (E.8), we have

fe.c,CiC fudC = pla, A, + 2,2, + Ay ). (E.22)
Let us check the correction of the above equation through consider one specific situation
b=0.We know at this situation, 4; = RT§;, fg; = f,, from Egs. (E.1, E.2), then from
Eq. (E.22), we have |

.[Cicjck C,fesdC= p(ﬂvﬂu + /I{’iklljl + A’il’ljk )= PRT(axjakl + 5.'&5]1 + 5:1 511: )’
which is true, since we know [70]

jec,cic fudc=[C£,dC(,8, + 8,8, + 6,6, )= pRT(5,8, + 8,8, + 5,5, ).

Let us consider some specific fourth-degree moments, which are used in Chapter 5,
from Eq. (E.22),
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[c.c.C.CifesdC= plAA, + 4,4, +4,4,)= PBRTA, +24,4,),

irevjr ir’vjr irrj

r<i’v j>r

fe.c.cic, fesdC= p(3RT%a,.,. +24_A ) (E.23)

[€,C.C.C.fesdC = p(A,4, + A4, + 4,4, )= POR’T? +24, 1)

sr-sr sreors

In the analysis, if we only consider the linear terms, and omit higher order terms, such as

0,0, ,then we have

A, =(RT§,, Lo )(RT&‘,, +£a,,)
p p

’

2
=3R’T? +2RT3a,, +[3) 0,0, =3R°T?
p p

A, =(RT6,,. +%a',,.J[RT6U. +%aj)

2
=R'T*5, +2RT 20, +(-’i) 0,0, ~RT8, +2RT 20,
p p

p

A A, ==RT?*S +2RT%0<,J.>=2RT—b—aU.

r<i®Vj>r <ij> p

At last, we get

v 2
J‘C"Crcscs fesdC= p(9R2T2 +24,4, )z 15% ’ (E.24)
C C = p| 3RT b b =TbRT
J‘C,-Cr <iCj>ngd = P ’;O’v +4RT;O'U = o-ij’

which are the second and third expressions in Eq. (5.45).



