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ABSTRACT

A Cuntz-Pimsner algebra is a quotient of a generalized Toeplitz algebra. It is
completely determined by a C*-correspondence, which consists of a right Hilbert A-
module, E; and a *-homomorphism from the C*-algebra A into L(E), the adjointable
operators on E. Some familiar examples of C*-algebras which can be recognized as
Cuntz-Pimsner algebras include the Cuntz algebras, Cuntz-Krieger algebras, and
crossed products of a C*-algebra by an action of the integers by automorphisms.
In this dissertation, we construct a Cuntz-Pimsner Algebra associated to a dynam-
ical system of a substitution tiling, which provides an alternate construction to the
groupoid approach found in [3], and has the advantage of yielding a method for com-

puting the K-Theory.



v

Contents

Supervisory Committee ii
Abstract iii
Table of Contents iv
List of Figures v
Acknowledgements vii
1 Introduction 1
2 Background
2.1 Hilbert Modules . . . . . . . . . .. .. 3
2.2 The Space of Adjointable Operators . . . . . . . . .. ... ... ... 14
2.3 C*-Correspondences and the Interior Tensor Product . . . . . . . .. 16
2.4 The Cuntz-Pimsner Algebra . . . . . . . . ... ... ... ... ... 22
3 Tiling Spaces 29
4 A Cuntz-Pimsner Algebra Associated to a Substitution Tiling Space 33

4.1 A C*-Algebra associated to a Partial Tiling . . . . .. ... ... .. 33
4.2 Encoding the Dynamics as a Cuntz-Pimsner Algebra . . . . . . . .. 37
4.3 Encoding the Dynamics as a Crossed Product by Z . . . . . . .. .. 41
Computing the K-Theory of these C*-Algebras 47
5.1 The 1-Dimensional Case . . . . . . . . . ... ... ... ... .... 48
5.2 Forcing the Border . . . . . . . .. . ... L 68
5.3 The General n-Dimensional Case . . . .. ... ... ... ... ... 93

Bibliography 96



List of Figures

Figure 3.1
Figure 3.2

Figure 5.1
Figure 5.2
Figure 5.3
Figure 5.4

Figure 5.5
Figure 5.6
Figure 5.7
Figure 5.8
Figure 5.9
Figure 5.10

Figure 5.11

Figure 5.12
Figure 5.13
Figure 5.14
Figure 5.15
Figure 5.16
Figure 5.17
Figure 5.18
Figure 5.19
Figure 5.20
Figure 5.21
Figure 5.22

The Chair Substitution

A 1-Dimensional Substitution

Pimsner’s Six Term Exact Sequence . . . . .. .. ... ...
The Six Term Exact Sequence of K-Groups
The Six Term Exact Sequence of K-Groups of C*(Ry) . . . . .
Commutative Diagram for Computing the Connecting Map [1—
QFE],

A Visual Representation of the Homotopy, ¢

Pimsner’s Six term Exact Sequence
Pimsner’s Six Term Exact Sequence Applied to O . . . . . .
The Homotopy, g, Applied to the Substitution b — ab

The Homotopy, g, Applied to the Substitution a — aab

The Homotopy, g, Applied to the Substitution a — aab and
b—abon Py . .. . . ...
The Six Term Exact Sequence of the Substitution a — aab,
b—ab . ..
The Six Term Exact Sequence of the Substitution a — a™
Commutative Diagram of wand wo . . . . . . . . . .. .. ..
Commutative Diagram of of and o

Commutative Diagram of 1 — § and ¢

Commutative Diagram of a; and ay

Commutative Diagram of afy and oy . . . . ... ...
Truncated Commutative Diagram . . . . . . ... ... ...
Truncated Commutative Diagram with 1 —17; . . . . . . . ..
Truncated Commutative Diagram of Quotients. . . . . . . . .
Commutative Diagram of the Thue-Morse Example

Commutative Diagram for Forcing the Border Example . . . .



vi

Figure 5.23 Six Term Exact Sequence from Ideal Structure . . . . . . . . . 93
Figure 5.24 Six Term Exact Sequence from Ideal Structure - Second Level 94



vil

ACKNOWLEDGEMENTS

I would like to thank:

my supervisor Dr. Ian Putnam for his hours of patient help, suggestions and

generous funding,
the other members of my committee for their support and suggestions,

the department secretaries and administrators for always being so tirelessly
helpful,

my friends and family for their constant support, and

my fellow graduate students for interesting discussions and company for the oc-

casional beer.



Chapter 1

Introduction

Cuntz-Pimsner algebras have been used to construct a variety of familiar C*-algebras,
including the Cuntz algebras [2], Cuntz-Krieger algebras, and the crossed product
A X5 7Z of a C*-algebra, A, by an automorphism, §. This paper concerns itself with
constructing a Cuntz-Pimsner algebra which encodes the dynamics of a substitution
tiling. The multiplication structure of the initial C*-algebra A and the right and
left actions of A on the Hilbert module strongly resemble matrix multiplication, and
this resemblance will provide us with some helpful intuition when constructing these
Cuntz-Pimsner algebras. In particular, our C*-algebra will be a certain subalgebra
of the subhomogeneous functions. Chapter 2 is devoted to providing some necessary
background on Hilbert modules as is needed for the construction of a Cuntz-Pimsner
algebra, and Chapter 3 gives a brief introduction to substitution tiling spaces. The
reader is assumed to be familiar with basic C*-algebra theory and the K-theory of
C*-algebras.

The crossed product A x5 Z is a well studied object. The substitution tiling
that we construct using Cuntz-Pimsner algebras is implemented on a partial tiling,

rather than a tiling of all of R", and so the substitution does not implement an



automorphism of the C*-algebra. However, we show in Chapter 4.3, that Op is

isomorphic to hC*(Rg) x Zh for some positive h € C*(Rg), where C*(Rg) is the
stable Ruelle algebra associated with the substitution tiling.

One advantage of constructing a Cuntz-Pimsner algebra representation of the
dynamics of a C*-algebra associated with a substitution tiling is that it provides us
with a method to compute the K-Theory of such objects, and this is the content
of Chapter 5. In the case where our substitution is implemented on R, it turns
out that with the addition of some mild but subtle conditions, including that of
forcing the border, we are able to characterize the K-groups of the dynamical systems
constructed, completely in terms of the substitution matrix. We finish the chapter
by outlining a method for calculating the K-groups in R”, n > 2. Unfortunately, the
calculations even in the simplest of cases in R?, are very labour intensive, and in all

practicality require the use of a computer to complete.



Chapter 2

Background

2.1 Hilbert Modules

A Cuntz-Pimsner algebra is a quotient of a C*-subalgebra of adjointable operators
on the Fock space generated from a Hilbert module E. Hence, we begin by intro-
ducing some basic Hilbert module theory. Since Hilbert modules generalize Hilbert
spaces, we can often use our intuition gained from Hilbert spaces to guide us in our
understanding of Hilbert modules, but we must be careful, as the similarities only go
so far. For example, we are no longer guaranteed that, given a closed subspace, we
can decompose the original space as a direct sum of that closed subspace and its or-
thogonal complement. This defect leads to others, including that bounded operators
are no longer guaranteed to have a bounded adjoint. Much as in the development of
a Hilbert space, we begin by defining the incomplete version of a Hilbert module, an

inner product module.

Definition 2.1.1. Let A be a C*-algebra. A right inner product A-module is a com-

plex linear space E which is equipped with a compatible right A-module structure:



For all € € E, and a,b € A, we have
i) -a=Ca€F

ii) E(a+b) = &a+ &b

iii) € (ab) = (€ a) - b

Furthermore there is a map (-,-) : E X E — A which satisfies the following prop-

erties:

Forall(,(,ne FE,a€ A and o, € C, we have

i) (€, aC+ fn) = af&, O) + B, m)
i) (€,¢-a) = (£ Ca
iii) (& ¢) = (¢, &)

w) (§,€) 20

v) (£,€) =0 if and only if € = 0.

Note that when we write (£,£) > 0, we mean that the element (£, &) is a positive
element in A. Recall that an element a in a C*-algebra is positive if a = b*b for
some b € A, or equivalently if it is self-adjoint and its spectrum is contained in the
nonnegative reals. The first and third conditions imply that this inner product is

conjugate linear in the first variable: For &, (,n € E, and o, 8 € C, we have

(a4 B¢ m) = (n, 06 + BO)" = (a(n, &) + B(n, ()" = al&,n) + B, C).

Using the second and third conditions, we get



<§ @, C) = (<C7§ ’ CL>)* = (<Cv€>a)* = a*<€a C)

which implies with 47) that

span{(¢,¢) : §,C € E}

is a two-side ideal in A.

We give a few simple examples.

Example 2.1.2. The inner product C-modules are the usual inner product spaces
over C with the small exception that the inner product is conjugate linear in the first

variable instead of the second.

Example 2.1.3. The C*-algebra A is an inner product A-module in its own right,
where the action of A on A is by right multiplication and the inner product is given
by (a,b) = a*b. It is easy to verify that this claimed inner product satisfies the first

four axioms, and the last follows from the C* identity:

(a,0) =0 <= a'a=0 <= |a*al| =0 < ||a|? =0 <= a=0

We might expect a Hilbert A-module to be a complete inner product A-module
with respect a norm generated by the inner product and this is precisely the case.

The norm is given by:

lella = €, O172, €€ B.

where the second norm is just that of the C*-algebra A. Notice that in the previous

example, the norm defined on A as a Hilbert module is the same as the norm on A



as a C*-algebra. We do however need to prove that this does in fact define a norm
and to that end, we first prove the Cauchy-Schwarz inequality for C*-valued inner

products.

Lemma 2.1.4 (The Cauchy-Schwarz inequality). If E is an inner product A-module,
and if €, € E, then

(€, 0O < IKE IO

Note that the inequality is to be interpreted as ||(€, &) ||{((, ) — (&, ()*(&, () is a positive

element of A.

Proof. We first recall the following standard result about C*-algebras which can be
found in [8]. If a,b € A are positive elements and p(a) < p(b) for every state, p, on

A, then a < b. Thus, it suffices to show that

p((€, )7 (6, O)) < 1€, O p((¢. ¢))

for every state p on A, so fix p and note that the map F x £ — C given by (u,n) —
p({u,m)) is a positive sesquilinear form on E. We thus may apply the standard

Cauchy-Schwarz inequality for complex-valued sesquilinear forms to get

(s M) < (s 1)) p (G, m)) V2.

Taking u = £(¢, () and n = ( in this inequality gives



p(€,0)(€,0)) = p((£(£,¢). C))
< (L€, Q)L €66, ON 2 p((C, ¢ (2.1.1)
= p({&, )" (&, E) (&, O ?p((¢, )M

We would like to use the inequality b*cb < [|c||b*b for any b € A and any positive
c € A. To see that this inequality is valid, note that b*||c||b — b*cb = b*(||¢|| — ¢)b and
since ||c|| — ¢ > 0 for every positive ¢, we have ||c|| — ¢ = a*a for some a € A™, the
minimal unitization of A. Thus, b*(||c|| — ¢)b = b*a*ab = (ab)*ab > 0.

Applying this result to inequality 2.1.1, we obtain, after squaring both sides,

({6, O)7(& O < & Oln((€, )™ (€, ENp({C, O))

and upon cancelling one of the p((§,()*(£,()) terms from both sides, we have the
desired result.

]

We are now in a position to prove that ||€||4 := [|(€, €)||*/? defines a norm on our

inner product A-module.

Corollary 2.1.5. If E is an inner product A-module and & € E, then

€]l = 1I¢€, )12

defines a norm on E such that ||€ - al|a < ||€]|alla|| for a € A. The normed module is
nondegenerate in the sense that for ¢ € E and a € A, elements of the form & - a span

a dense subspace of E. In fact, span{& - ((,n) : {,(,n € E} is || - ||a-dense in E.

Proof. Let A € C and £ € E. Then



IAE|La = [[AEAE)1M2 = |ME QA2 = [AIE &) 1M?

Conditions iv) and v) on the inner product give ||£||4 > 0 and ||£||4 = 0 which is

true if and only if £ = 0. Lemma 2.1.4 implies that ||[(¢, ) |la < [|£]]a]|¢]|a and hence

1§ + ¢l < I O+ IKE O+ IS, N + 1K O

< [1€% + 20€lallclla+ IS

= (llel + li<In?
Thus || - ||4 is a norm.
Next, we have
1€ - all% = lla*(&, Eall < [la*[[IIElENall = llall®[1€]%
and so
1€ - all < [[€]lallall (2.1.2)
as claimed.

To prove that E - (E, E) is norm dense in F, first let B be the closed span of inner
products (£, () with &, € E. Recall that B is a closed ideal of A and so B contains
an approximate identity {uy}aes such that wy is a positive element and |Juy|| < 1 for

each A € I. Then, since u} = uy for each A\ € I, we have



1€ = & - uallh = 1€, €) — (€ un — ual€, &) + wa(&, HHual|
< K& €)= (&6 Sunll + lual€, &) — ua (€, EHunll
< 66 = (& Qunll +1I(6, &) — (& Euall-

Thus, given € > 0, there exists uy such that || —&-uy|| < €/2. Since u, is in the ideal

B, there exists {§}7, and {G}7, in E such that || > (&, G) — w]| < €/(2/|€]]a)-

Then, using equation 2.1.2, we have

€ —¢- Z<@-,<@->HA <NE—&unlla+ 1€ ur—¢&- Z@“@"A

< e/2+ [|€lallur = Y (Gl < e.

7

]

We will see shortly that not only is FA = {a | £ € F,a € A} dense in E, but in

fact we have equality (by Lemma 2.1.10).

Definition 2.1.6. A Hilbert A-module is an inner product A-module which is com-

plete in the norm || - ||a. It is said to be full if the ideal,

I = span{(¢,¢) : §,¢ € E}

is dense in A.
It is said to be finitely generated if there exists a finite subset of elements B C E
such that E = {€a : £ € B, a € A} and to be countably generated if there exists a

countable subset of elements C' C E such that {£a : £ € C, a € A} is dense in E.
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From this point forward, we will drop the subscript A on the norm, unless clarifi-

cation is required.

Example 2.1.7. If A is a C*-algebra, then A® A& --- D A is a Hilbert A-module,
denoted A". For{ =& @--- @&, andn=n,B---Bn,, the right action of A is given

by

SO DE-a=8aD - DEa

and the inner product is given by

Em=> &
i=1
It is easily verified that E is complete with respect to this inner product.

Example 2.1.8. Let {E,}5°, be a collection of Hilbert A-modules for a C*-algebra,
A. Then, we can construct the Hilbert A-module, E = @, | E,, which is defined to
be the set of all sequences (£,)22, where & € E; for eachi € N, such that > 7 (&, &n)

converges in A. The inner product is defined, for & = (£,)22, and ( = ((,)22,, by

o0

(0 = (& )

n=1

It is not clear at this point that the above sum converges, nor that this inner-
product A-module is complete in the norm given by the inner product. To show that
this sum converges, note that for any Ny, Ny € N, with N; < Ny, we have by Lemma

2.1.4 that

1D & Gl < 1D G &l D (Gun Gl

n=N1 n=N1 n=N1

Since the sums Y 2 (£,,&,) and >~ ((n, C,) converge to elements of A, if we let
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N; — oo, the sums on the right hand side converge to zero. Thus, the sequence of
partial sums of > 7 (£, (,) is Cauchy and so we conclude that the sum on the left
converges to an element in A.

To show that this inner-product A-module is complete is similar to showing that

l, is complete; we omit the details.

Example 2.1.9. We define the Hilbert A-module, H 4, by replacing each E; in the

[e.e]

previous example with a C*-algebra, A, with vectors, & = (a,)22, and n = (b,)5,,

ay, b, € A, whose inner product is given by

oo

(€)=Y arb,

n=1

This concludes our introduction to Hilbert modules. We complete the section with

a very useful decomposition lemma, from which we can deduce the equality, FA = F.

Lemma 2.1.10. Suppose that E is a Hilbert A-module, ¢ € E and 0 < a < 1. Then
there is an element ¢ € E such that € = C|€]*, where || = (€,€)2 € A.

Proof. First note that if |¢] is invertible, then we may take ( = £ - €|, and we are
done. Thus, we will assume |{] is not invertible.

Consider the function for any n > 1, defined by

S
Q
(e
IA
~
IA

s
3
—~
~
~—
I

T

Q

~

vV

Sl= 3=

which is an element in Cyo(R™ U 0), the continuous functions on the nonnegative
reals which vanish at infinity. Then, |£| is a positive element in A which we have
assumed is not invertible, so that its spectrum includes the point 0. Thus, by the
continuous functional calculus, ¢, (|¢]) € A~, where A~ is the minimal unitization of

A in the case that A is not unital, and is just A otherwise. To simplify notation,
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define h,, = g,(|¢|) € A~. Note that E~, the inner product module where A has been
replaced with A™, is also a Hilbert module and when considered as vector spaces,
E~ = E. We next want to show that {¢h,}7°, is a Cauchy sequence in E~. Fix

€ > 0 and pick N large enough such that 4N>*D < ¢ and N < m < n. Then,

€70 (1€1) — ERm(IED 1A = NIE* (hn(I&]) — Pan(1€))*]

= sup [t*(ha(t) = hun(t))’]
teo(lé)

where the second equality is due to the continuous functional calculus. Note that

since hy,(t) = h,(t) for all t > <, we have

sup [t*(hn(t) — hin(1))*| = sup [£*(hn(t) — hn(t))’]

tea(lé) o<t< L

At this point, there are two cases to check. First, if 0 <t < %, then

1 e « a—
sup [t (hn(t) = han(t))?] < |5 (n® = m®)?| < [4n*@D] < €2
0<t<t n

The second case is for % <t< %, in which case
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sup [t* (hn(t) = hi(1))?] < sup [£(t7% —m®)?|

<+ o<t
< sup ](tl’o‘—tmo‘)2|

1 1
n<t<om

«
a—1 m
n

< sup |(m® —
l<t§i
n m

)’

< gm2le=1) 2

and so £y, ([€]) is a Cauchy sequence as claimed. Our Hilbert module, E™, is complete,
and so this sequence converges to an element ¢ € E~. We claim that (|£|* = &, or
in other words, that £h,(|£])|£]* converges to . We can see that by the continuous
functional calculus, h,(|¢])|¢]* € A. Picking N such that 1 < ¢, we have that for all

n>N

1€Rn(IEDIEN = Ella = [[[E](An([EDIEI* = DI = S |t (hn (£)2" = 1))

= sup [t(n%t* —1)| < sup |t| sup |n%t* —1|
0<t<i o<t<i  o<t<i

O

By taking £ = A, the previous lemma implies that if a« € A, for any C*-algebra
A, and 0 < a < 1, then a = b(a*a)2 for some b € A. This result looks a bit
like polar decomposition, a = u(a*a)% where v is a partial isometry, but we don’t
have this strong of a result in such a general setting. Recall that to apply the polar

decomposition to an element a in a non-unital C*-algebra, A, we must move to the
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von Neumann algebra generated by a in order to find the partial isometry. It is
nonetheless useful to be able to decompose a single element in a C*-algebra into a

product of two.

2.2 The Space of Adjointable Operators

Just as in Hilbert space theory, we are more interested in the linear operators that act
on the Hilbert modules than the actual space itself. For any Hilbert space H, every
bounded linear operator on H has an adjoint which is also bounded. However, not
every bounded linear operator on a Hilbert Module has a bounded adjoint. We make
precise the definition of the adjoint of a bounded A-linear operator between Hilbert

A-modules.

Definition 2.2.1. Let E and F be Hilbert A-modules and T : E — F a bounded
A-linear map. The adjoint of T, if it exists, is the bounded A-linear map S : F — E
such that for all £ € E and ( € F

(T, ¢) = (&, 5¢)
In this case, we write S =T*.

For an example of a bounded operator between Hilbert modules £ and F' which
does not have a bounded adjoint, let X be a compact Hausdorff space, and Y C X
be a closed subset such that its complement is dense in X (for example, Y = {0} C
[0,1] = X). Then let E and F be the Hilbert C'(X)-modules given by F' = A = C(X)
and E ={fe€A: f(zr) =0, Ve € Y}. Let i : E — F be the inclusion map, which
is clearly bounded with norm 1. Suppose for a contradiction that ¢ has an adjoint.

Then, for f € E and the constant function 1in F, f = (i(f),1) = (f,i*(1)) = fi*(1).
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Thus, f = fi*(1) for all f € E, and so since i*(1) is continuous, i*(1) must be
identically 1, but 1 ¢ F| a contradiction.

The lack of bounded adjoints is related to the fact that a closed submodule is not
necessarily orthogonally complemented. In the above example, E is a closed, proper
submodule of F', but the orthogonal complement of £ in F is {0}.

Since we are interested in self adjoint algebras of operators, we restrict ourselves
to considering only the adjointable operators (by adjointable, we mean those which
have an adjoint) from a Hilbert module, E, to a Hilbert module, F', which we denote
L(E,F) and when E = F, we simply write L(E) for L(E, FE). A simple application
of the closed graph theorem shows that every adjointable operator between Hilbert
modules is bounded. Furthermore, one can show that the adjointable operators on a
Hilbert module under the operator norm form a C*-algebra.

For &,( € E, consider the operator £ ® (* € L(E) defined on a vector n € E by

£ (n) =&(Cn)

The adjoint of this operator is ( ® £*. To see this, let 11,72 € E. Then we have

(€@ (m)ym2) = (§(Cm), m2) = (¢, m) (€ m2) = (M1, O)(E, m2)
= (m, (& m2)) = (M, (& (1))

We denote by K(FE), the closure of the linear span of such operators in L(FE). In
the case that E is a Hilbert space, then K (F) is the usual compact operators. Even
when F is not a Hilbert space, it is customary to call K(E) the compact operators on
E, even though many of them may not be compact in the usual sense. For example,
if A is an infinite dimensional unital C*-algebra, then 1 ® 1* € K(A) is the identity

operator on A which is certainly not compact.
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Recall from example 2.1.8, that for any Hilbert A-modules, E and F', the direct
sum of these modules is also a Hilbert A-module. Note then that L(E) & L(F') C
L(E @ F), and so we have a copy of L(F) and L(F) in L(E @ F) in the form of
L(E)®0and 04 L(F).

2.3 C*-Correspondences and the Interior Tensor

Product

It will be useful for us to have not only a right action of our C*-algebra, A, on our
Hilbert module, E, but also a left action. A *-homomorphism ¢ : A — L(FE) gives

us a left action of A on E:

a-E=1Y) ac A £€F

Definition 2.3.1. A C*-correspondence consists of a C*-algebra A, a Hilbert A-
module, E, and a *~homomorphism, 1 : A — L(FE) which gives a left action of A on

E. We say that the C*-correspondence is
i) faithful if ¢ is injective
ii) non-degenerate if {¢(a)éla € A, € E} is dense in E
iii) full it {(&,()|€,¢ € E} is dense in A.

Example 2.3.2. Let m > n be positive integers, E = M,,,(C), A = M,,(C),
¥ My (C) = My (C) be the natural injection as matrices comprising only the top
left n x n entries. The inner product of M, N € E is given by (M, N)r = M*N, the
expression on the right side being matriz multiplication where M* s the conjugate

transpose of the matriz, M. Then, E is a C*-correspondence which is necessarily
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degenerate unless m = n. If m = np for some p € N, then we could define a unital
*-homomorphism ¢ : A — L(E) by ¥(a) = @._,a for a € A and this would be a

non-degenerate C*-correspondence.

We now wish to construct the interior tensor product of the Hilbert A-module F
and the Hilbert B-module F' and to do so, we first need a *~homomorphism ) : A —
L(F). Then, we can view F' as a left A-module, by defining a{ = ¥ (a)( for a € A
and ¢ € F. The algebraic tensor product of E and F over A, denoted F ®4 F, is
defined to be the quotient of the vector space tensor product of £ and F', denoted

E ®q4 F, by the subspace generated by elements of the form

€a®@aC—E@a(a)C a€AEeE CEF (2.3.1)

The right action of B, for a € A, € E,( € F, is given by (£ @4 ()b =& ®4 (Cb).

Proposition 2.3.3. With A, B, E, F' and 1 as above, E ®4 F' is an inner product

B-module with inner product given on simple tensors by

(€1 @4 (1,6 ®a C2) = (G, V({615 €2))C2)

Proof. First, we show that the given inner product defines a semi-inner product on
E ®q4 F and then we will show that {z € E ®gyy F : (2,2) = 0} is precisely the
subspace generated by elements of the form 2.3.1 to conclude that this semi-inner
product actually defines an inner product on £ ®4 F.

The above inner product formula extends by linearity to give a sesquilinear form
on E ®gqy F, and so we just need to verify that (z,2) > 0 for z € £ ®4, F. We may

assume that z =Y " | & Qay ¢ so that
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@@zZ@M@@MzZ@WMM>

where ¢ denotes the map from M, (A) — M, (L(E)) = L(E™) which takes X to
(X, ;). Recall that the map ¢ is said to be completely positive if ™ is positive for
all n € N. We need to use the fact that every *~homomorphism between C*-algebras
is completely positive. Thus, if we show that the matrix, M, with (i,j)-entry given by
(&,&;) is positive, then, since ¢ (M) is positive, we can conclude that (z,z) > 0.
To see that M € M, (A) is positive, first we identify M, (A) with K(A"). Then, note

that for a = (ay,--- ,a,) € A",

n

<a7 M{l) = Z<aza 5@76] a] Z a 5@76] Zaszzajgj =

(2] t,j=1

For any Hilbert module, F, the operator T' € L(E) is positive if and only if (£,7¢) > 0
for all £ € F and so by taking E = A", we have that M is positive.

Let 2 =" &a; ®4 G — & ®a (a;)¢;. Then we have

2) = (D 6ai®aG—&@av(a)G, Y it @a G — & ©a(ai)G)
i=1 i=1
= () 624G, Y Gai@aG) = (D6 ®a G, ) & @av(a)()
=1 i=1 =1 =1

QG @av()G ) &Gai©aG) + (O & @av(@)G, Y & ®at(a))
i=1 1=1 1=1 i=1

=Y (G ({Gias §a)G) = Y (G (&an &)1 (a) )

ijl ij=1

3 @G (NG + 3 a6 a6

3,j=1 1,j=1
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In the last term of this string of equalities, the first two sums are equal, and the last

two sums are equal, since

Y((&iai, §ag)) = v((&ai, §5)a;) = ({&ai, §5))(ay).

Thus, we conclude (z, z) = 0.
Finally, we show that for any element z € E ®,, I for which (z, z) = 0, we have
that z is of the form 2.3.1. Let z = > | & ®aiy ¢; such that (z,z) = 0. Then, letting

M be the matrix with 4, j entry equal to (§;,¢;), we have that

(2, 2) = (¢ (M)C)

where ¢ = (¢1, (o, -+ ,Cn) € F™. Let T = ™ (M). We have that 7 > 0, and so

0= (C,T¢) = (T3¢, T3C)

and so T2¢ = 0, and similarly, T1¢ = 0.

We pause momentarily to note that we can view E" as Hilbert A-module, using the
inner product discussed previously. We an also view E™ as a Hilbert M,,(A)-module,
by defining the right action of M € M,,(A) on £ € E™ by matrix multiplication, with
¢ viewed as a row vector. The inner product of &, ( € E™ is defined to be the matrix
with i, j-entry equal (;, (;) where this second inner product is that of the Hilbert
A-module E. While the norms induced by these inner products are different, they
are equivalent, a fact that can be shown be using the equivalence of the norms of [y
and I, on C". [7]

Let & = (&, ,&) € E™ where we are viewing E™ to be a Hilbert M, (A)-
module, so, (£,€) = M. By Lemma 2.1.10, there exists n € E™ such that & = nM1.

Then, w(")(Mi) = T and letting m; ; be the matrix elements of M1, Tt has matrix
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elements v¢(m; ;). Thus,

& = Z nim; j, and Z Y(mi ;)¢ =0
i=1

Jj=1

and so

n

z = Z (nimi,j Qalg Gj — M Palg w(mi,j))@'-

ij=1
Thus, we have shown that our semi-inner product on E®y, F' defines an inner product
on E®y F.

O

Definition 2.3.4. The interior tensor product of the Hilbert modules, E and F, is
defined to be the completion of the inner-product B-module E ®4 F and is denoted

E ®, F where ¢ : A — L(F) is a *~homomorphism.

We are now in a position to define and prove some results about an important
class of operators. This operator (more precisely its image under a suitable extension

and quotient) and its adjoint will be key in constructing our algebra Op.

Theorem 2.3.5. For{ € E, define the operator Ty € L(F, EQyF) by Te(n) = £@y1,

form € F. We have the following:

i) The adjoint, T} € L(E ®y F, F), for {,w € E and p € F, is given by T} (w @y
p) = (& w))p,

i) TeTy = (& m)-
iii) T is a bounded operator, and the norm is given by ||T¢|| = || ((¢, Nz,

Proof. To see i), note that
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<T§C7w ®1/1 IO> = <§ ®w Caw ®¢ p> = <C7 1/1(<faw>)/)>

so that T¢ (@ @y p) = (G (€ ©)p).
For i), we have that T:Te(n) = T2 (€ ©, 1) = (¢, €)); that is

TETe = ({6, 8)). (2.3.2)

We'll use the results of i) and ii) to prove iii), starting with an application of the C*

identity: || Te[|* = | Ty Tell = [[9((6, €)]I- -

We also note that

TeTE (w @y p) = Te(V({G, w))p) = € @y (G, w))p

= (Gw) @y p=((E®C) @ 1)(wdy p),

where £ ® (* € K(F) is the rank one operator given by £ ® (*(p) = &((,p). The
notation ®1 denotes the canonical map L(E) — L(E ®, F') which takes the operator

T toT' ® 1, where

TR 1@y ) =T(E) @y (.
Lemma 2.3.6. If¢: A — L(E) is isometric, then so is 1 : L(E) — L(E ®y F).

Proof. Since ®1 is a *-homomorphism, it suffices to show that the map is injective.

To see this, let T1,T, € L(E), n € E,( € F. We have
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T1®@1(n®y Q) =T ® 1(n®y ()
—= TN ®y (=Ton &y ¢

— (Tin — Ton) ®, ¢ = 0.

Thus, ||<C7¢(<(T1 - T2)T]7 (Tl - TQ)”>)<>H = 0 for all n € E, and ¢ € F and
since ¥ (((1T7 — T2)n, (11 — T2)n)) is positive, for this equality to hold for all ¢ € F,
V(((Th—T2)n, (Th—T2)n)) = 0, for alln € E. Thus, since ¢ is injective, Ty —To = 0. [

Consider the n-fold tensor product of the Hilbert A-module E with itself, E ®,
.-+ @y E, which we will denote by E®", where ¢ : A — L(E). We will drop the
subscript ¢ on ® when the map v is clear as the notation easily becomes cluttered.
Notice that we have that E®™ is a Hilbert A-module where the right A-module struc-
ture is obtained by (§ ® -+ ® &) -a == § ® -+ ® (&, - a). We actually have a

C*-correspondence, the left action defined by

()& ® - ®&) =P(a)(&) ® - ® & (2.3.3)

where we have identified ¢)(a) with its image under the n — 1 iterations of the map
®1, to get YP(a) ® 1 ® --- ® 1. We now have all of the pieces need to define our main

object of interest.

2.4 The Cuntz-Pimsner Algebra

The Cuntz-Pimsner algebra Op which we wish to construct is a quotient of an ana-
logue of the Toeplitz algebra, 7Tg, generated by the creation operators, 7¢, on the

Fock space of a C*-correspondence F, which will we will define below.
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Definition 2.4.1. The Fock space of a C*-correspondence E over A is the Hilbert
A-module defined as

G
n=0

where by convention, E¥° = A. £, is also a C*-correspondence, where the left action
is obtained by extending v using 2.3.3 to elements in Ey, where (a)b = ab for
be E® = A.

Denote by J(€;) the C*-algebra generated in L(E;) by

> LEDE™)

We now define an analogue in L(&;) of Ty € L(E, E ® E). For each £ € E, let
Te € L(E4) be the operator defined on the elementary tensor p € E®" by T¢(u) =
£ @ p € B! for all n € N. Extending this definition linearly to arbitrary elements

in &, defines an adjointable operator with adjoint analogous to that of 7.

Lemma 2.4.2. Given m € N, { € E, and p € E®™, the operator T¢ defined by

Te(p) =€@p

is in L(Ey). Its adjoint, TS, is defined as follows. If m =0 i.e. if u € A, then

Té(p) =0

and if m > 1, then

T () =TF @ 11 (p)

Proof. Let 0, € E and ny € E®™ so that n; ® ny, € E®m+), Then,



24

(Te(p),m ®@m2) = (€@ p,m @m2) = (p, W((E, m))7m2)

Thus, 7" =T¢ ® 1,1 for m > 1. We impose that 7;* be zero when restricted to

A, since T is not defined on A.

Let M(&,) be the multiplier algebra of J(&,), or explicitly,
Lemma 2.4.3. Let E be a C*-correspondence and T¢ be defined as before for € € E.

Then, Te € M(E4).

Proof. Fix J € J(&,), so that there exists a positive integer N; such that for all
p € E®" with n > Ny, Ju = 0. Then, in this case, T¢Jp = 0. There also exists N,

such that if p € E®™ for n < Ny, then Jyu = Z;Vio G®--®(, € @nNiO E®™ so0 that

No No No+1
TIn=Te» G® - @(=» ERGR B¢ < P B
n=0 n=0 n=0

Letting N = max{Ny, Ny + 1}, TeJ € L(®Y_E®") C J(Ey). A similar calculation
shows that JT¢ € J(E4). O

Note that by definition, J(&, ) is an ideal in M (&, ), and so the quotient M(E,)/J(E)

is well defined. We note at this point that A C M (&, ), since

A= span{T:T,: &{n € B} C M(Ey).

Denote by S¢ the class of the operator 7¢ in the quotient algebra M (&;)/J(ES).

Definition 2.4.4. Let E be a full and faithful C*-correspondence over the C*-algebra
A with the left action of A given by the *~homomorphism 1 : A — L(E). The Cuntz-

Pimsner algebra, O, is the C*-algebra generated in M(E,)/J(Ey) by all the operators
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Se, with & € E. The Toeplitz algebra Tg of E is the C*-algebra generated in L(E) by
the operators T¢ with £ € E. Both O and Tg depend only on the isomorphism class

of the C*-correspondence E.

Recall that J(&,) consists of operators of the form T' € L(E®°®- - - & E®"), which
operate on the first (n + 1) summands of £; and is zero on the rest of £, i.e. on all
E®F k> n. Of course, L(E®") C L(E®°® - --® E®") and is then contained in J(&,)
and becomes 0 in M(E,)/J(E;). However, there is another inclusion of L(E®") in

M(&,)/J(E,). For T € L(E®"), we can define T ® 1;_,, on E®* for k > n. Then,

T=00-- 00T (TR1)S(TR1,)D---

is an operator in M(&;). Moding out by J(£;) means the initial zero summands
don’t matter, and hence L(E®™) C M(E,)/J(EL). Also observe that A C L(FE) C

M(&4)/J(E4), and this is consistent with our earlier inclusion of A in M(&,).

Tp=TRLnpt =Ty @ @ fi) @ pg1 @ - - - @ [y

and then identify 7' with the image of T in M(£.)/J(E).
Proposition 2.4.5. The elements of Op satisfy the following relations:
i) S{Se = (§,() for every §,( € E, and so A C Op.
ii) S¢Sf=(®E&" € K(E) C L(E) for every §,¢ € E.
i) Sea = Se.q, aSe = Sy(a)e, for every § € E and a € A.

i) RSe = Sge), for every £ € E and every R € L(E).
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Proof. i): Let §,¢ € E and recall that the operator Ty T; € L(FE) satisfies T T, =

(&,¢). Now consider its analogue in L(€,) acting on p1 ® - -+ @ py,, for n >0

TETe(® - @ i) = TEC R @ @ i = (€, Q11 ® -+ @ ).

Since this equality holds for all n > 0 (n > m for some m > 0 would do as well), it
holds in the quotient too, and so S¢S¢ = (€, ().

i1): To show equality in Op, it suffices to show equality of their corresponding
representatives in 7 when restricted to @, E*" C &, for some m € N. S¢S¢ is
the image under the quotient map of the operator 7272* which acts on an element

po= 1@ @ p, € E¥" forn > 1 by

TeTE (i @ -+ @ i) = C R E (1) @ pip @ -+ @ fu.

Now, (®&* € O as outlined just prior to this lemma, is the image of the operator

in Tg that acts p =y @ - -+ @ p,, € E®" for each n > 1 by

(REU=CRE (1) @ pp @ -+ iy

Since both S¢S¢ and (@™ are equal when restricted to elements in E®"forn > 1,
they are equal in the quotient Op.
i11): Any equalities which hold in 7z must also hold in Og. Thus, let p =

1 ® - @ p, € B9 and note that

Tea(p) = Te(P(a)n) = €@ (P(a)u) = Ea @ p = Teapt,
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and

aTe(p) = a§ @ p = (Y(a)§) ® p = Ty(ape-

iv): Let R € L(E) C Og, let T¢ € Tg be the standard representative of S¢ and
let R be the image in Tz of R. Then, for sufficiently large N we have that for all

N:N1®"'®Mn€E®n,n2N

RTep = R(E® i) = R(§) @ pu = Treey

and so RSg = Skge. O

Lastly, we present the universal property of the algebra O, and a characterization
of the kernel of the quotient map from 7z to Og, both proofs of which can be found
in [9].

Theorem 2.4.6. Let E be a full, faithful C*-correspondence with ¢ : A — L(F)
and O the corresponding Cuntz-Pimsner algebra (Definition 2.4.4). Let B be any
C*-algebra and o : A — B is any *~homomorphism with the property that there exist

elements t¢ € B satisfying
1) ate + Bte = togrpc for every §,( € E and o, B € C,
2) teo(a) = teq and o(a)te = tyye for every { € E and a € A,
3) tite = o((&,C)) for every £, € E,
4) aD((a)) = o(a) for every a € Y~ (K(E)),

where oV K(E) — B is given by o (§ @ n*) = tet; and extended linearly and
continuously.

Then, there exists a unique extension o : O — B of o that maps Sg to t;.
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Theorem 2.4.7. Let E be a full, faithful C*-correspondence, with 1 : A — L(E).
Let = Y K(E)) and E,r ={¢ €& : (£,&) € I}. Then, K(E1 1) C L(Ey ) is
precisely the kernel of the natural map Tg — Og. In other words, there is a short

exact sequence

0—K(E+1) > Te— 0 —0
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Chapter 3

Tiling Spaces

The thesis concerns itself with a class of C*-dynamical systems associated to a sub-
stitution tiling. As such, we include a chapter outlining some basic terminology and

facts.

Definition 3.0.1. A tile is a subset of R? that is homeomorphic to the closed unit
ball in R? and a tiling is a collection of tiles that cover R%, with pairwise disjoint
interiors. A partial tiling is a collection of tiles that cover a subset of RY, with
pairwise disjoint interiors. The support of a partial tiling, P, denoted supp(P), is

the union of all the tiles as a subset of RY.

It will be useful for us to view a tiling 7" of R? as a multivalued function from R?
into the tiles of 7. That is, for x € R", T(xz) = {t € T : x € t} and similarly, for
U c R,

TU) = U{tET T €t

zeU

We can, in a similar way, consider a partial tiling P to be a map from the support of
P into the tiles of P.
We will be interested in a specific class of tilings called substitution tilings. Let

D1, .., Pn, be a finite set of tiles called prototiles. For z € R?, we denote a translated
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tile by p; + x, where x is a vector defining the translation. A substitution rule is a
constant A > 1 and, for each ¢ = 1,--- ,n, a partial tiling P; of translates of p,--- ,p,
such that supp(P;) = Asupp(p;). We define w(p;) = P; and extend to translates of
the prototiles by w(p; + z) = P; + Az, x € R We then extend w in the obvious way
to a partial tiling P, by applying w to each tile in P. Note that we are able to define
wk(P) for some partial tiling P by applying w iteratively, since the image under w
of each partial tiling is another partial tiling. Let 2 be the set of all tilings, 7', with
the condition that any finite partial tiling P C T is contained in w*(p; + z) for some

prototile p;, k € N and z € R?. We call T € Q) a substitution tiling.

Example 3.0.2. An example of a substitution tiling in 2 dimensions is The Chair
substitution, which is given by the sequence of images below, where we start with a
prototile, p;, in (1), inflate it to X(p;) in (2), and re-tile it with prototiles in (3),

resulting in P;. The process is shown as it is applied to each prototile in P; in (4) and

R iy

(1) (2) (3) (4) (5)

Figure 3.1: The Chair Substitution

Of particular interest in this thesis are one dimensional tilings, as working in higher
dimensions rapidly increases the complexity of the calculations. Note first that in a
one dimensional substitution, each tile corresponds to a closed interval of finite length.
As a result, the information about our substitution is completely captured by an or-
dered substitution on letters: letting aq, - - - , a,, be our n prototiles, defining for each i,
completely determines the substitution rule, which then allows

w(ai) = @Ay "+ aiki

us to compute the allowed lengths of the intervals, supp(a;), and the inflation constant
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from the substitution matrix. The substitution matrix is given by {a;;} where

L=
a;; is a positive integer corresponding to the number of a; prototiles whose translates
appear in the substitution of a;, w(a;). Note that the substitution matrix is a non-
negative integer matrix and so with the added condition that the substitution matrix
is primitive (to be defined below), we may apply the Perron-Frobenius Theorem to
conclude that there is a largest positive eigenvalue, A\, which is the inflation constant

of the substitution, and a corresponding nonnegative eigenvector of A, {v;}_,, where

v; gives the required (relative) length of the interval, supp(a;).
Definition 3.0.3. A matriz A is primitive if it is non-negative and its m'® power
15 positive for some natural number m.

Primitivity of the substitution matrix M corresponds to imposing a mixing prop-
erty on the one dimensional substitution w: there is a k such that, for any letter a;,

wk(a;) contains all letters ap, - -+ , a,.

Example 3.0.4. Consider the substitution w given by w(a) = aab and w(b) = ab.

We can visualize this with the following sequence:

s =
= =>

(1) (2) (3)
Figure 3.2: A 1-Dimensional Substitution
The first row of Figure 3.2 shows the tile a in (1), XNa) in (2) and a retiled \(a)

in (3) and the second row shows the tile b in (1), A\(b) in (2) and a retiled \(b) in (3).

The substitution matrix of this substitution is then

<
[
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which we can tmmediately see is primitive. We find the characteristic equation is

1 —3X+ )\ =0, and the Perron eigenvalue is X = % = 72 where v = 1+2‘/5, the

v
1

Thus, we conclude that the inflation constant is ¥* and the lengths of a and b

golden ratio and the corresponding Perron eigenvector v =

respectively are v and 1. We verify this result: the substitution increases the length of
an a tile fromy to Yy = (y+ 1)y =9 +v=(y+1)+~v=2y+1, and a b tile from
1 to v? = v+ 1, where we have used the equality v* = v + 1. Thus, a is inflated to
the length of 2 a’s and 1 b, and b is inflated to the length of an a and a b, as required.
In particular, with a = [0,7] and b = [0, 1], we have w(a) = {a,a + v,b+ 27} and
w(b) = {a,b+~}. Observe that moving the a and b to some other location has little

effect; we just need to translate w(a) (and w(b)) so that supp(w(a)) = Asupp(a) (and

supp(w(b)) = Asupp(b)).
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Chapter 4

A Cuntz-Pimsner Algebra
Associated to a Substitution Tiling

Space

4.1 A C*-Algebra associated to a Partial Tiling

In this section we construct a C*-algebra associated with a partial tiling obtained
from a substitution rule. The dynamics from the substitution will be encoded using
a Cuntz-Pimsner algebra constructed from an appropriate C*-correspondence. For
our construction to work, we need our initial partial tiling, denoted Fp, to contain all
prototiles and all boundary intersections up to translation. This requirement is vague
at the moment, but will be made more precise shortly. Although any choice of F,
that satisfies these conditions will do, it will simplify some calculations if we choose
one with as few tiles as possible. Given that w is a substitution on the tiles in Fp, let
P, = w(Py). We will also require that Py C P;. Define Py as the partial tiling given

by k substitutions of Py, so P, = w*(P,) and notice that the assumption that Py C P,



34

implies that P; C P for all j < k. For the substitution a — aab and b — ab, we can
choose Py = baab since it includes all letters, {a,b} and all boundary intersections
which will occur in subsequent substitutions, {aa, ab, ba}: baab — abaabaabab. Notice
that in this case, Py C P; as desired. In fact, P, appears as a subset of P; twice,
which will not cause any problems, but will give us an (unimportant) option as to
how we imbed the C*-algebra associated with F, into the C*-algebra associated with
P, later.

Recall that we can consider a tiling 7" (or a partial tiling) as a multivalued function
from R? (or the support of the partial tiling) into the tiles of a tiling space T, so that
forx € RY, T(z) = {t € T : x € t}. Let X}, = int(supp(Py)), the interior of
the support of P;. Define an equivalence relation, Ry C Xj x X, by (z,y) € Ry
if and only if T'(z) —x = T'(y) —y. When (z,y) € Ry, we will also write z ~ y.
This equivalence relation is saying that if we translate the tiles that contain x and y
respectively so that x and y are on the origin, the tiles containing x should line up
exactly with those containing y. Above, when we wrote that we need Py to contain
all prototiles and boundary intersections, up to translation, we meant that we need
Py to contain a member from every equivalence class that will occur in all subsequent
substitutions. Generally, endowing an equivalence relation with a topology is a subtle
matter, but here, we simply use the relative topology of R??. This equivalence relation
falls under a known class; with the relative topology of R??, Ry, is an étale equivalence

relation (Theorem 4.1.2).

Definition 4.1.1. An equivalence relation R on a locally compact metric space X 1is
said to be étale if the canonical projections, r,s : R — X, are local homeomorphisms;
that is, for every (z,y) € R, there exists an open neighbourhood U such that r(U) is

open and r : U — r(U) is a homeomorphism, and similarly for s.

Theorem 4.1.2. For each positive integer k, Ry is an étale equivalence relation.
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Proof. Fix (z,y) € Ry, so that T'(x) —x = T(y) — y. Recall that this means that
if we shift the tiles T'(x) containing x and T'(y) containing y so that respectively x
and y are at the origin, then T'(z) = T'(y). Suppose T'(z) = {t1,--- ,tx}, so that
x lies in each tile t; for ¢ = 1,--- , k, and the Uleti covers an open ball B.(x) for
some € > 0, where B.(x) is the open ball of radius € about z. Since (z,y) € Ry, we
have T'(y) = {t; —x +y, -+ ,tx — x + y}, so that y lies in each ¢; — x + y and their
union covers Be(y). If 2’ € B(z), then T'(2') ={t; : 1 <i <k, 2 € t;}, and
T —x+y)={ti—z+y : 1<i<k o —z+yeti—a+y}=Ta)—z+vy.
Thus, we have (2/,2" — z + y) € Ry and hence s(U) = B.(z), 7(U) = B.(y) where
U={(',2"—x+y) : 2/ € B(x)}. Next, we adjust € to ensure that r : U — r(U)
is injective. First, we note that D = inf{||lx —y||, : =,y € X, x ~ y, © # y}
is positive. In particular, it is not zero. Thus, choosing ¢ < D/2 ensures that for
each x € U, the number of members in [x] which are also in U is always 1. Then,
r(z) =r(y) = x~y = x=y. That r : U — r(U) is surjective is given by

definition, and easily seen to be continuous. O

Given an étale equivalence relation Ry, we can construct C*-algebra in the follow-

ing way. Recall that X is defined as int(supp(Py)).

Definition 4.1.3. Let C*(Ry) be the completion of the vector space C.(Ry) (the

continuous compactly support functions on Ry ) with

flx,y) = f(y, ),

fg(:r;,y) = Z f((E,Z)g(Z,y)

2€Xy 1 zvx

and norm given by

1f1lr = sup{llpz(fllw : = € Xi}
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with f,g € Ce(Ry), (z,y) € Ri, and [x] denoting the equivalence class of x € Xj.
The norm ||py(f)|j] is the operator norm given by the representation of f on ly([x]),

that is
12 (F)llwy = sup{I(FOI = € € la([2]), [I€]] < 1}

where

[N

IO = D 1y 2)E=)P)2

z2€Xy 1 zvx
It is intuitively helpful to notice that the multiplication of elements in C*(Ry)
looks very similar to matrix multiplication. Note that it is not clear at this point that

the norm defined above is bounded and this is the content of the next lemma.

Lemma 4.1.4. The norm ||-||; defined in Definition 4.1.3 is bounded and is equivalent

to the supremum norm on C.(Ry).

Proof. The first thing to note, is that the number of members in the equivalence class
of x € Xj has a maximum value which is less than or equal to the number of tiles
in P,. This is due to the fact that if x € t where t is a tile in Py, then if x ~ y
for some y # x, then y € ¢/, for some other tile ¢ € P,. It is possible that y is
also in ¢, but y necessarily also belongs to another tile. Thus, for f € C.(Ry), with
€ € la([z]), ||€]] < 1 and letting N denote the number of tiles in P, we have that

(Cexy iome F(1:2)EE)P)7T < Yocsyioma I lcll€ll < N flloc. This equality holds

for all any x € X} and any corresponding £ € l5([x]), and so we have || f]|; < N|| f]|co-
It is also clear that for € > 0, ||f|lcc < || f|lr + € which can be seen by choosing
(%0, Y0) € Ry such that ||f|l« < [f(x0,v0)| + €. Then, define £(z) = d,, where 0, is
defined to be one at g and zero otherwise, and we have that || f]le < [|f(E)]| +€ <

| flr + €. Since € was arbitrary, the inequality follows. ]

Theorem 4.1.5. As vector spaces, C*(Ry) = Co(Ry), and the formulas for product

and involution from Definition 4.1.3 also hold in Cy(Ry).
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Proof. The proof is immediate, since Cy(Ry) is the completion of C.(Ry) in the supre-
mum norm, and we saw that the norm on C.(Ry) is equivalent to the supremum norm

in Lemma 4.1.4. O

4.2 Encoding the Dynamics as a Cuntz-Pimsner

Algebra

As outlined in Chapter 2.4, to construct a Cuntz-Pimsner Algebra which will encode
the dynamics of our substitution, we first need a C*-correspondence E over our C*-
algebra A = C*(Ryp). The vectors of E are analogous to rectangular matrices (recall
that M,, »(C) is naturally a right Hilbert M, ,,(C) Module, with matrix multiplication
as the right action), but the entries of the matrices are certain continuous functions.

We make this precise in the following definition after a short proposition.

Proposition 4.2.1. i) The equivalence relation Ry = Ry N Xo X Xo, and in par-

ticular, Ry 1s an open subequivalence relation of R.

it) The inflated equivalence relation, ARy is an open subequivalence relation of Ry.

Proof. i): Fix (z,y) € Ro. Since Xy C Xj, (where X = supp(Fy), k >= 0),
x € Xy and y € Xy. Since z ~ y in Ry, Py(z) — x = Py(y) — y, viewing Py as a
multivalued function from R? into the tiles of Py. Since the function P, is just the
restriction of Py to Py, (z,y) € Ry as well. We also have that (z,y) € Xy x X,. Thus,
Ry C RN Xy x Xp.

Now let (z,y) € Ry N Xy x Xp. Since x and y are in Xy x Xy and P, is just the
restriction of P to Py, we have that Py(z) — 2 = Py(y) — y and so (z,y) € Ry.

ii): We first show ARy C R;. Let (z,y) € Ry, so that x,y € X, and Az, \y € X;.
Since (z,y) € Ro, Po(x) —x = Py(y) —y. But then, w(FPy)(Az) — Az = w(Py)(Ay) — Ay
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and so Pj(A\x) — Ax = Pi(A\y) — Ay so that (Az, \y) € R;. O

It will also be important to observe that C*(Ry) is subalgebra of C*(R;) in two

ways.

Proposition 4.2.2. With the identifications C*(Ry) = Co(Ry) and C*(Ry) = Co(Ry)
and the inclusion Co(Ry) C Co(Ry) obtained by extending functions to be 0, C*(Ry)
is a C*-subalgebra of C*(Ry). It also appears as Y(C*(Ry)) C C*(Ry), an inflated

version of C*(Ry) where

a( Atz Yy, (=, ARy
Ha)(a.q) = ( y), (z,y)€

0, otherwise

Let a denote the former injection of C*(Ry) into C*(Ry).
Proof. O]
The results of both follow immediately from Lemma 4.2.1.

Definition 4.2.3. Recall that by assumption, Py C w(Py) = P;. Thus, denoting
as before the interior of the support of Py and Py, as Xo and X, respectively, we
have Xo C Xy, in a way that corresponds to how Py appears in Py. Then, define
Ry = (X1 X Xo) N Ry and E = Cy(Ry,) as a vector space.

The right action of A = C*(Ry) for{ € E, a € A and (z,y) € Ry is given by

f-(l(l",y) = Z f(:L‘,Z)CL(Z,l’)

z€X0 1 z~vy

Notice that in a similar way, C*(Ry) can act on the left of E and so C*(Ry) is in a
canonical way a subalgebra of L(E). Thus, we define ¢ : A — C*(Ry) C L(E) for

(w,y) € Rl by
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a( Atz A7 ly), (=, AR,
Ha)(z.y) = ( y), (z,y)€

0, otherwise

where X is the inflation constant of the substitution.

The A-valued inner product on F is given by

(& ma=¢&, (4.2.1)

where £ 1s the conjugate transpose of &, and the product is the standard matrixz type

multiplication given by &*n(z,y) = 3. E(z,x)n(z,y). It is verified in the next

z:(z,2)ER1,0

lemma that this sesqui-linear form satisfies the axioms of an A-valued inner product.

Lemma 4.2.4. The sesqui-linear form of equation 4.2.1 satisfies the axioms of an

A-valued inmer product.

Proof. Most properties are tedious but easy to verify, so we just prove that £*¢ > 0
and that £*¢ = 0 if and only if £ = 0. To see that £*¢ is a positive element in A,
we show that the image of £*¢ under a in C*(R;) is positive, where we are using the
definition of v in Lemma 4.2.2. To see that a/(£*€) is positive in C*(R;), we must find
b € C*(R;) such that b*b = a(£*¢). But note that as a vector space,E = Cy(Ry )
is a subspace of Cy(R;), and so there is b € Cy(R;) such that b is equal to & when

restricted to R; o and zero otherwise. Then, we have that «a(£*¢) = b*b as desired. [

Lemma 4.2.5. The C*-correspondence E over C*(Ry) as defined above is a full right

Hilbert C*(Ry)-module.

Proof. First, for a € C*(Ry), there exists b,c € C*(Ry) such that a = bc by Lemma
2.1.10. Next, Ry C Ryp, and so as vector spaces, Cy(Ry) is a subspace of Cy(R1)

(here we consider Cy(Rp) to be its embedded image in Cy(R1)) by extending the
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functions to be zero off of Ry C Ry. Let £, € E be supported only on Ry C Ry,
so that when their domains are restricted to Ry, £&* = b and = ¢. Then, (£,7n) =
&n=bc = a.

O

Let B = C*(R;). We, in fact, have constructed an B — A equivalence bimod-

ule once we add the extra B-valued inner product given by ({,7)p = &n*, where

En*(w,y) = > .cp, §(, 2)n(y, ). Note that for ,n, u € E we have {(n, upa = En*p =

(&,m) B 1, and so we just need to verify that the B-valued inner product is dense in
B. The value in this identification is that we can conclude that A and B are Morita
equivalent [7], and so the K-groups of A coincide with those of B, which will be useful

for us later.

Lemma 4.2.6. The Hilbert module, E, as defined above is a full left Hilbert C*(Ry)-

module.

Proof. Tt will suffice to find {&}Y, C E such that 3", (&, &) p is strictly positive on
the diagonal of Ry, since then given a € C*(R;), and € > 0, we can find n such that
||(Zi]\;1<a”§i,fi>3)% —al| < e. Since Ry is an étale equivalence relation, by Lemma
4.1.2, we know that around each point (x,y) € R; there is an open neighbourhood
U(x,y), which can and will be chosen to be the image of an open ball in the relative
topology, which is homeomorphic to its image under the two projections r and s onto
X1, the support in R? of P;. Moreover, we can choose these balls so that the infimum
of the length of the radii is positive. Denote this infimum length by ry. Since R; is
pre-compact, and we are covering by balls of radii greater than rq, we can find a finite
sub cover, UN, U (x;, x;).

Next, we will find an element £ € R; o such that (§;,&;)p is supported only on

U(z;, z;), where it is positive. First note that for (x;,x;) € Ry, there exists (z;, 2;) €
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R, since we have assumed that X, contains an element from every equivalence class
of Ry, k > 0. Moreover, if z; € Xy C X is equivalent to z; € Xy, then by the same
reasoning as in Lemma 4.1.2, there exists open balls B.(z;) and B(z;) such that for
xh € Be(w;), xi ~ xi + z; — x; € B(z;), where € > 0 is chosen as in Lemma 4.1.2.
Thus, Be(x;, 2z;) N Ry is an open neighbourhood of (x;, z;) € Ry . Define ; so that it
is zero except on Be(z;, z;) N Ry where it is positive. Then, (&;,&)p > 0 on U(z;, ;).
Thus, we can find {&}Y, C E such that (&, &)p > 0 on U(x;, x;) for each i, so that
SV (&, &) p is a strictly positive element.

]

The C*-correspondence, E, then completely determines the Cuntz-Pimsner alge-
bra Og, which is constructed as outlined in Chapter 2. In the next section, we show

that Op is isomorphic to a full corner of a crossed product C*-algebra.

4.3 Encoding the Dynamics as a Crossed Product
by Z

In this section, we show that the Cuntz-Pimsner system associated to a substitution

tiling that we constructed in the previous section can also be constructed as a groupoid

C*-algebra or more specifically, as hC*(Qg) x Zh, where C*(Qg) is a groupoid C*-
algebra and h is a certain positive element in C*(Qg) C C*(Qs) % Z, both of which
we will define below. The element h is essentially playing the role of a projection,
and restricting us to a corner of C*(Qg) X Z. We begin by constructing C*(Qs).
Let T be a substitution tiling of R%. For each integer k > 0, define an equivalence
relation, Q; C R? x R? given by x ~;, y <= T(wF(x)) — Mo = T(W*(y)) — N\Fy.
Note that @y C Q1 C Q2 C -+ C Qr C ---. Note here that () is given the

relative topology of R? x R? and that it is also an étale equivalence relation, the
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proof of which is essentially the same as the proof of Theorem 4.1.2. Consider the
vector space C.(Qy) of continuous compactly supported functions on @x. Define an
involution f(z,y)* = f(y,x) where f(z,y) is the complex conjugate of f(x,y). Define
a multiplication on C.(Qx) by fg(z,y) = >_... . f(7,2)g(2,y), where we note that
this sum is finite since these functions are compactly supported, so that each function

is zero on all but finitely many of the points (x, z) such that z ~; z. We define a

C*-norm on f € C.(Qy) by

1£1l = sup{llpe(Nlley = = € R}

where the norm ||p,(f)||j2) is the operator norm given by the representation of f on

B(ly([z])), that is

192 (F)le) = sup{[[(fOI : & € B(la([]))}

where

N|=

IO = D 1y, 2)E=)7)z.

2€RY: zrp
Let C*(Qy) denote the C*-algebra obtained by completing C.(Qy) in the norm
above. Note that since Qp C Qx41 is an open subset, Cy(Qr) C Co(Qrs1) is a *-
subalgebra. In particular, C*(Qy) is a C*-subalgebra of C*(Qx+1) and so we can

define a direct limit C*-algebra:

C*(Qs) = limy—0C™ (Qr)

where the connecting maps are just the natural inclusions. Observe that much like
how C*(Ry) is a sub algebra of C*(R;) in two ways, hC*(Qo)h is a sub algebra of

hC*(Q1)h in two ways, and so there was some choice in how the connecting maps
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were defined: first, Qp C @1, and so hC*(Qo)h is a sub algebra of hC*(Q;)h under
this imbedding. This is the one used in the construction of the direct limit. Secondly,

since Fp is contained in its image under the substitution, a ”shrunk down” version of

hC*(Qo)h also appears as a sub algebra of hC*(Q1)h as a(h)C*(Qy) ().

Consider the map a : C*(Qgs) — C*(Qg) given by a(f)(z,y) = f(Ax, \y). This
map is an automorphism of C*(Qg) and so we can construct the crossed product
C*(Qs) X Z. Recall from the previous section the partial tiling P, which contains
all prototiles and all possible local configurations up to translation. Let h € C*(Qg) be
such that h(x,y) = 0if x # y, h(z,x) > 0for allx € Py, and h(z,x) = 0 forallz ¢ F.

This is like a diagonal projection, except it’s a bump function on the diagonal. We

claim hC*(Qg) X Zh = Of, where Op is the Cuntz-Pimsner algebra defined in the

previous section. In order to prove this assertion, we will use the universal property

of Og. To do so, we first need to define a homomorphism o : A — hC*(Qs) X Zh.

First, note that hC*(Qo)h is a sub-algebra of hC*(Qg) X Zh, and it is easy to see
that hC.(Qo)h = Co(Ry), and hence A = C*(Ry) = hC*(Qo)h.

Note that hC*(Qg) X Zh is generated by elements of the form hfuh, where £ €
C*(Qs) and w is the unitary which implements the automorphism «a: uéu* = a(§).

It is helpful to notice that

h&éuh = héa(h)u

so that we can really think of h€a(h) for € € C*(Q) as being a function € which is
supported on a rectangular subset (which looks like Ry o) of Q. In fact, the collection
of vectors of the form of é is isomorphic as a vector space to Cy(R1p). Thus, it is

clear that h§uh is a good candidate for ¢;. We next apply the universal property of

Opg to deduce the existence of a homomorphism from Og to hC*(Qg) X Zh.

Proposition 4.3.1. Let B = hC*(Qgs) Xy Zh, and 0 : A — hC*(Qs) Xa Zh be as
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above. Then, for §,n € E, we have t¢,t, € B with t¢ = u and t,, = nu such that
1) ate + Pte = togrpc for every €, € E and o, f € C
2) teo(a) = teq and o(a)te = ty)e for every{ € E and a € A
3) tite = o((§,Q)) for every §,C € E
4) cW(W(a)) = o(a) for every a € v~ (K(E))

and so, by the universal property of O, there exists an extension ¢ : Oy — B which

maps Sg to te.

Proof. First, we observe that Ry o C (1 is open and so extending functions in Cy(R1 )
to be zero in (Ryp N @1)° means that £ = Cy(Ryp) C C*(Q1) C C*(Qs) and in
particular E = hC*(Q1)a(h).

1) Immediate.

2) We have that

and

tety = (§u) nu = u*&nu = o~ (&) = a((&,n))

4) First, ¥(a) € C*(Ry) = K(F) so ¥ (a) can be approximated by finite sums of
the form ), &nf. Thus, it suffices to prove it for such elements, and then the

result extends by continuity.
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U(l)(w(@)) = Z t&t;i = Zfzu(mu)* = ZfiUU*Uf = mef

]

Now that we have a homomorphism ¢ : Oy — B, we want to show that it is

actually an isomorphism.
Theorem 4.3.2. The homomorphism ¢ : Og — B is an isomorphism.

Proof. We first show that & is isometric. By Proposition 4.4 from [5], the injectivity
of & is equivalent to that of &|c, where C' C Op, is the subalgebra given by the

closed span of elements of the form Sg, Se, | -+ - Se, S S; --- S, where k is not fixed.

= n2 Uy

Let a = >, S¢ Se,_y o+ Se S5 55, -+ S;;ki’ where the sum is finite. It suffices to
prove injectivity for such elements, as the result then follows by continuity. Let C}
denote the closed span of elements of the form S¢Sy, and let Cj denote the closed

span of elements of the form S¢, S, | - S¢ S; Sy -+ S

S ne» Where in this case, £ is

fixed. As vector spaces, C\ = Cy(Ry), and recall that Ry C Ry for all £ > 1, and
so Co(Rr) C Co(Rg+1), where the inclusion is given by extending the functions to
be zero on Ryy1\Rg. In particular, we can always view a as an element in Cy(Ry)
for some sufficiently large k, and & is then the identity map into the vector space
Co(Ry) C B. Thus, ¢|¢ is injective, and so too is &.

Next, we show that the range of & is dense in B. Fix b € B, so that b can be

n

approximated arbitrarily well by a finite sum &' = )’

1=—m

hg;u'h where u=% = u*,
and ¢; € C*(Qg). It suffices to find an element in Og which is mapped to hqu'h, for

q € C*(Qg) and i > 0, since then mapping an appropriate linear combination of such
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elements and their involutions will produce ¥'. Since ¢ € C*(Qg), there exists k > 0
such that ¢ € C*(Qy). Note that hC*(Qy)h is generated by elements of the form
te, - te ty -ty with &, m; of the form haa(h) for a € C*(Q1) and so it follows that

---t* | so it suffices to

hC*(Qg)u'h is generated by elements of the form t¢, - - - t¢, , .

*
m

find an element in O that is mapped to f, - - -t¢, . t; -+t , which is easy, since

*
m

5(861 .. S§k+i5* S;k) — t& .. 't§k+it7*71 ot

*
m urs

]

In the case that  described above contains no periodic tilings, it, along with
w : ) — € is an example of a Smale space. Our groupoid (s can be identified with
the groupoid of stable equivalence, restricted to the unstable set of T" as follows. In
a general Smale space (X, ), two points z,y in X are stably equivalent (unstably
equivalent) if d(¢"(x), " (y)) tends to zero as n tends to infinity (negative infinity).
In 2, a tiling 7" is unstably equivalent to 7" if and only if 7" = T — x, for some vector
x € R% So the map x € RY — T — z is a bijection from R to the unstable class of T,
Q(T). The latter is given a natural topology and this bijection is a homeomorphism.
The stable equivalence class of a tiling 7" is those T” such that w*(T") = W*(T")
on B.(0) for some k£ > 0, ¢ > 0. For 7" =T —x, T" = T — y, this is simply our

equivalence relation (), above and Qg = UpQ.
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Chapter 5

Computing the K-Theory of these
C*-Algebras

A key result in [9] which will be of great use to us in this section is the six term cyclic
exact sequence of Figure 5.1 which connects the K-groups of O to the K-groups of

other more easily understood C*-algebras.

Ko(K(&r.4)) L= 3P, Ko(Tg) ———— Ko(Og)

Ki(Op) ¢« Ki(Tg) m Ki(K(&r4))

Figure 5.1: Pimsner’s Six Term Exact Sequence

As we will see later, Ko(K(&r+)) and Ko(Tg) are both isomorphic to Ky(A) and
so a good description of the K-theory of A and the connecting maps in the exact

sequence of Figure 5.1 will be key in our computation of the K-theory of Op.
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5.1 The 1-Dimensional Case

In this section, we present the method for computing the K-Theory of the Cuntz-
Pimsner Algebra associated with a 1-dimensional substitution tiling. The K-theory
of a C*-algebra is often revealed by understanding the ideal structure. We take
advantage of the cyclic six term exact sequence of the K-groups obtained from the

short exact sequences generated by an ideal I of a C*-algebra A:

0—-1—-A—A/I—0

which gives

Ko(l) —— Ko(A) — Ky(A/I)

| |

Ky(A/I) «—— Ki(A) «—— K;(1)

Figure 5.2: The Six Term Exact Sequence of K-Groups

In many cases, some of these K-groups are easily determined while others are not,
and this exact sequence, along with knowledge of the connecting maps, may allow us
to deduce certain K-groups which are hard to compute directly.

As before, let w be a substitution on n letters, a1, -- ,a,, and assume that the
substitution matrix of w is primitive (Definition 3.0.3). In order to describe the
procedure, we need to first introduce some notation. Note that in the definition
of our equivalence relation, Ry, as applied to a 1-dimensional tiling, points in the
intersection of two tiles (intervals) had their own equivalence classes depending on
the ordered pair of intersecting tiles. Let Vi denote the set of all such points in Xj,

which we will call vertices in analogy with the terminology of graphs (where we recall
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that X} denotes the interior of the support of the partial tiling Py). We will also call
a point (v, w) € R a vertex if both v and w are vertices in Xj. Note that the pair of
the left and right tiles define the equivalence class of each vertex in Ry, and we will
use the letter m (or my if it is not clear) to denote the number of equivalence classes
of vertices in Ry. In the 1-dimensional case, the set X}, is an open interval of a certain
length (the sum of the lengths of the tiles in Py). Note that X \ Vj then consists of
a set of disjoint open intervals, corresponding to the interiors of the supports of the
tiles in the partial tiling. Again, in analogy with the terminology of graphs, we call
the open intervals edges, and denote the set of all edges in Xy, \ Vi, by Ly (L for lines;
unfortunately, the obvious choice of E is already taken by our C*-correspondence).
Note that the equivalence relation given by Rj carries over to Lj X Lg, simply by

Ri N (L x Li), and is again an étale equivalence relation.

Lemma 5.1.1. If we identify C*(Ry) with Co(Ry) as linear spaces as in Theorem
4.1.5, then the set of functions which are zero at the vertices of Ry is an ideal in

C*(Ry), which we will denote Iy,. Furthermore, I}, has the following description:

Iy = @7 My, ® Co(int(supp(a;)))

where n is the number of letters in the substitution, and My, is the complex k; X k;
matrices where k; is given by the number of edges in Ly which are the support of the

letter a;.

Proof. That I is closed as a *-algebra is straight forward, so we will only verify the
absorbing property. Let a € C*(Ry) and b € Ij. Let (v,w) € Ry be a vertex. Then,
ab(v,w) =Y __ a(v,z)b(z,w) = 0 since (z,w) is a vertex in Ry, for all z ~ w. The
proof for ba is similar. This is a general fact; ideals in C}(G) come from G-invariant

open subsets of the unit space for G, a principal groupoid, [10].
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To show the second assertion, first note L; is a disjoint union of intervals; more
specifically, Ly = U {1, k;} x int(a;). Applying to L the equivalence relation
that was used on X}, to obtain Ry, we get U™ {1, -, k;}* x int(a;).that the edges
(which are open and disjoint) inherit an equivalence relation from that on the points,
where we can say two edges are equivalent if each point of each edge has an equivalent
point in the other. This amounts to defining any two edges corresponding to the same
letter to be equivalent. The obstruction to this view in Ry, was that the endpoints
of two equivalent edges may not have belonged to the same equivalence class. Using
this new view of the equivalence relation, we can see the claimed form .

]

The advantage of this characterization of I is that the K-theory of this type
of object is easily computed. In particular, we will use the six-term exact sequence
obtained from 0 — Iy - A — A/Iy — 0 to compute the K-theory of A. Thus, in
preparation, we next examine the structure of C*(Ry)/Ix, and in particular A/Iy =

C*(Ry)/ Io.

Lemma 5.1.2. The quotient C*(Ry) /1), = @ M;,, where m is the number is equiv-
alence classes of vertices in Xy, M, denotes the j; X j; matrices over C, and j; is the

number of members in the i™" equivalence class fori=1,--- m.

Proof. Let a € C*(Ry), so that a + I is an equivalence class in C*(Ry)/I. Let
{[vi]}*, denote the m equivalence classes of vertices in X, and for each i, let
{vi1, via, - -+ , v, } be the j; members in the equivalence class of v;. The isomorphism

maps a to
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a(vn, 1111) CL(U11; U12) te G(Uu, Uljl)
G(U12, Un) o .
G(Uljlavn) T T a(vlju U1j1)
a<Um17 Uml) CL(Umlu Um2) T a(vmh Umjm)
a<vm27 Uml)

NP
a(Vmjp, , Vi) e (Vg U

It is a straight forward, though tedious, procedure to verify that this map is a
*-homomorphism. Injectivity is immediate, since an element mapped to the zero
element is zero on all of the vertices, and as a result is a function in Ij. Surjectivity
follows by defining a continuous function which takes on the required values at the
vertices, which can be done since the minimum distance between any pair of vertices

exists and is positive.

]

We recall again the fact that ideals in C*(G) come from G-invariant open subsets
of the unit space for G, a principal groupoid, [10]. Consider now the short exact

sequence

which induces the 6-term cyclic exact sequence of Figure 5.3.
Of particular interest in the 1-dimensional case is when k& = 0: due to the char-

acterization of Iy and A/l given above, we can immediately determine their K-
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|

Ky (C*(Rg)/Iy) « K1(C*(Ry)) «— Ki1(Iy)

Figure 5.3: The Six Term Exact Sequence of K-Groups of C*(Ry)

groups. We use the facts that Ko(M;) = Ko(C) = Z, Ki(M;) = K;(C) = 0,
Ko(M; ® Cy(0,1)) = Ko(Cp(0,1)) = 0, and K;(M; ® C1(0,1)) = K;1(Cp(0,1)) = Z.
As a result, K,(Iy) and K.(C*(Ry)/Iy) depend only on the number of letters in the
substitution, and the number of equivalence classes of vertices. Thus, if the substitu-
tion has n letters and m equivalence classes of vertices, then Ky (ly) = 0, K;(ly) = Z",

Ko(A/ly) = 7™, and K,(A/Iy) = 0. These results gives us the exact sequence

or after replacing isomorphic groups

0— Ko(A) - Z™ - Z" — K1(A) — 0 (5.1.2)

In particular, the map Ko(A/Iy) — Ki(lp) is the exponential map, dy and so
Ko(A) = ker(do), which is computable since we know K(A/1y) and K;(1y). Similarly,
we have Kj(A) = coker(dy), which is also computable. We record these results as

part of the next lemma.

Lemma 5.1.3. Let A be as before, where we denote the n letters of the substitution by

ai, - ,a, and the number of equivalence classes of vertices by m. Then, Ky(Iy) =0,

Ki(ly) =2 72", Ko(A/lLy) = Z™, and K,(A/Iy) = 0. Furthermore, the generators of
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K;(1y) correspond to the equivalence classes of the unitaries in Iy, uy, - - , u,, where
u; 18 a function which is 0 off the diagonal of Ry, 1 on the diagonal, except on a
segment corresponding to an a; letter, where it wraps around the complex unit circle

once in the positive direction.

Proof. Tt is well known fact that a generator of K;(Cy(0,1)) is u(t) = €™ and we saw
above that K (ly) = K1 (@ My, @Cy(int(supp(a;)))) = Ki(D!,Co(int(supp(a;)))) =
&7 K1 (Co(int(supp(a;))))- O

Theorem 5.1.4. For A= C*(Ry), Ki(A) = Z.

Proof. We know that K (Iy) = Z" where n is the number of letters in the substitution.
As in Lemma 5.1.3, we let uq,--- ,u, in Iy denote the n generators of K;(Iy) and
denote the map from K;(/y) to K1(A) in equation 5.1.1 by 7,. Due to the exactness,
14 1s surjective. Moreover, 7, is the induced map between the K; groups given by the
inclusion map of Iy into A. Thus, i.([u;]) has a representative in A given by a function
which is one on the diagonal of Ry except on the support of the a; letter where it
wraps once around the complex unit circle in the positive direction. The point here
though, is that there is no longer the restriction of the vertices on the diagonal taking
the value 1, so that i, ([u;]) ~ i.([u;]) for all 4, j. Thus, K;(A) is generated by a single
element, and so K;(A) = Z.

O

Example 5.1.5. Consider the substitution from before, a — aab, b — ab. We took
Py = baab, and so we can see that we have two letters, a and b, and three vertices
at the intersection from left to right of b and a, a and a, and a and b. Each of the
three vertices is an equivalence class, and so A/ly =2 C3 and Iy = My @ Cy(int(a)) &
My ® Co(int(b)). We then know that Ko(A/ILy) =2 Z3 and K,(Iy) = Z*. We also know

that K1(A) =2 Z from Theorem 5.1.4. Then using the exact sequence 5.1.1, we can
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conclude that Ko(A) = Z*. Note: we could have also compute Ko(A) by calculating

the kernel of the exponential map.

Our goal is to compute the K-groups of Og. We follow Pimsner’s approach from
[9]. Using the results we covered in Section 2.4, in particular Theorem 2.4.7, we
have that K, (K (&4 7)) = K.(I) and K.(Tg) = K,.(A) and that the connecting map
between these two is given by [1—®E],, where 1 is the identity map, and I is the ideal
in A given by I = ¢~'(K(FE)) (not to be confused with I;,). In our case, A = I, since
W(A) C C*(R;y) = K(E). We outline our procedure for computing the map [®F]. in
the general case, and then we will explicitly compute it in the case of Example 3.0.4.

Recall that I denotes the ideal in B = C*(R;) consisting of those functions which
are zero on the vertices of Ry, v : A — B, the inflation map, and A, the inflation
constant. Let J be the ideal in A given by functions £ € A such that {(z,y) = 0
if A\(z) (or A(y)) is a vertex of Ry, or in other words, J = ¢ ~!(I;). Consider the

commutative diagram of Figure 5.4 (we will define the six vertical maps later):

G+ ) .
0 —— Ko(A) ——— Ko(A/Iy) —— K1 (Iy) ——— K (A) —— 0

G, e
0 — Ko(A) ——— Ko(A)J) —— Ky(J) ——— K (A) —— 0

s Py
00— Ko(B) — Ko(B/Ip) —— Ki(Ip) —— K\(B) —— 0

-1 -1
* aq*

* 6 *
0 —— Ko(A) —F 1 Ko(A/Ty) —2 s Ky (Iy) — s Ky (A) —— 0

(07

Figure 5.4: Commutative Diagram for Computing the Connecting Map [1 — @ F],

Each row comes from the six term cyclic exact sequence of Figure 5.3. Our goal is

to compute the far left and right vertical maps from top to bottom, as we will show
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later that these correspond to the map [®F]y and [® E]; of 5.1. Denote from left to
right, the vertical maps from the first row to the last row as I'1,'5,I'3 and I'y. The
general idea is that we are able to compute I'y, I's, q., 9 and 4., which then allows
us to deduce I'; and I'y from the commutativity of the diagram.

We wish to define the map G, which is induced by a homotopy ¢ : X x[0,1] — Xj
(recall X is the support of Py). Suppose Py = ay - - - a,, so that P, = w(a;) - - - w(ay,).
We denote w(a;) = by - - - by, Define X,, = supp(a;), and X, = supp(¢~(b;1)) C X,,.
In other words, X, is the subset of X, which is mapped to the first letter in the
substitution of a; by w. The homotopy that we wish to define will have the property
that g(z,0) = x for all z € X and ¢g(X,,, 1) = X,,. The existence of such a homotopy

is clear from Figure 5.5, but is also easy to define explicitly in specific cases:

Figure 5.5: A Visual Representation of the Homotopy, g

where ¢ 1(b;1), -+, ¢ (by,) correspond to the inverse image under ¢ of the substi-
tuted letters of a;. Note in the homotopy, ¢~ (bi), -, ¢ (b;,) are smoothly con-
tracted down to the end point of a; and ¢~ *(b;) is smoothy inflated until it is the
same length as a; and is thusly mapped onto a;. This process is extended to the
image of any partial tiling under a substitution by simply applying the procedure to
the image of each letter.

The next step is to extend the homotopy to the equivalence relation on the partial
tiling. For the equivalence relation on Fy given by Ry C Py x Py, the homotopy on

Py induces in a natural way a homotopy on P X P, which then induces a homotopy
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on R C P x P by restriction: for (z,y) € Ry, (g(t,x),9(t,y)) € Ry for all ¢t € [0, 1].
Recall that a homotopy between spaces X and Y, g : X — Y induces a homotopy
g:Co(Y) — Co(X) by g(f) = fog. Thus, as desired, we have obtained a path G,
from A = C*(Rp) to A, where Gi(f)(z,y) = f(g(t,x),9(t,y)). We claim, and prove
below, that when G is restricted to the ideal Iy C A, the image, G1(1p), is a subset
of J C A, so that G also induces a well defined *-homomorphism from A/I, into
A/J, which we denote G,. Thus, the desired map Gy, is simply the induced map
of G, on the K-groups; i.e. Gu([p] — [q]) = [G4(p)] — [G4(q)] where p,q € A/l are

representative projections for the element [p] — [q] € K¢(A/1y).
Lemma 5.1.6. G(lp) C J.

Proof. By definition, the image of the vertices of Ry under g(l,j contains the pre
images of the vertices of Ry, and so a function which is zero on the vertices of R,
will be mapped by G, to a function which is zero on the pre images of the vertices of

R;. [l

The next map we need to compute is ¢,. First, recall the inflation map ¢ :
A — B, given by ¢(a(x,y)) = a(A"1xz, \"ly) where X is the inflation constant of the
substitution. Next, note that ¢(J) C I, since by definition ¢(j) vanishes on the
vertices of B for any j € J. Thus, ¢ extends to a well defined map from ¢, : A/J —
B/I; and then ¢,, is defined to be the induced map on the K-groups.

-1 -1

Lastly, we need to define ", in order to define its induced quotient map, a,.

One might hope that it is simply the induced map on the K-groups of a~!, but while

o, is invertible, a is not. The easiest way to define o 1

is as the map implementing
the Morita Equivalence between B and A. Recall that to show two C*-algebras are
Morita Equivalence, we need a C*-correspondence between them. In the case of B

and A, F is exactly that C*-correspondence.
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Since A and B are Morita equivalent, their K-groups are isomorphic, and the
isomorphism is given by tensoring the C*-correspondence between them. We can
view the elements in Ky(B) as projective right Hilbert B modules, each of which
is given by pB™, where p is a projection in L(B") for some n € Z*. Then, the

isomorphism between Ky(B) and Ky(A) is given by

[pB"| — [pB" ® E] € Ky(A).

Lemma 5.1.7. With B = C*(R;), A= C*(Ro) and p a projection in L(B"™) for some
n ez, pA"Q4 E = ¢,(p)B"®p E as right Hilbert A-modules, where @p is balanced

by the identity map.

Proof. First note that we have the equality, ¢, (p)(bk)i_10 @5 & = on(p)(br)i_; @5
b, Let m : pA” ®4 E — ¢,(p)B" ®p E denote the homomorphism defined by
m(pag)i_, ®48) = dn(p)((P(ar))i_;) ®p €. It suffices to show that 7 is isometric and

that the range of 7 is dense. Let > 1", p((a,(j))k) ® & € pA" ®a E. Then,

[ Zp D&)A = Z &, (@), p((a)NEN I

zyl

Z Gn(p K) @ &, Z% ) @5 &)

= ||Z¢n )®B &illa

Next, we show that the range of 7 is dense. Since 7 is a module homomorphism,
it suffices to prove it for an elementary tensor ¢, (p)(b,(f)) Q& € ¢n(p)B" @p E, where
(bg)) r € B" is zero in all entries except the i'" where it takes the value b € B. Let
(€m)m C A be the approximate unit given by the n'* roots of a function on Ry which

is strictly positive and less than or equal to 1 on the diagonal of Ry, and 0 otherwise.
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Note that ¢(e,)n C B is an approximate unit for B. Given € > 0, we can pick m so

that

bn(P) (S(em)b)k @ € — Gu(p) (BN @ €] < €.

Now, gbn(p)(gb(em)b,(:))k ®RE= qbn(p)(gb(eg;)k)k) ® bE where (egz)k)k is zero in each entry
except the i'" where it takes the value e,, and ¢, (p)((b(effl)k)k) ®bE = W(p(efi)’k)k) ®0bE).

Thus the range of 7 is dense in ¢, (p)B"” ®p E.
]

The map I'y consists of ozq_*l 0 g+ © Ggi. The corresponding maps of I'; are denoted
respectively as G, ¢, and o 1. G, isinduced by G; which is homotopic to the identity,
and so by homotopy invariance, G, is the identity on the K-groups of A. Thus, the
composition of all three of these maps takes [pA"] to [¢™) (p)B" ® E] = [pA™ ® EJ,
where the equality is due to Lemma 5.1.7 and so we see that in Pimsner’s sequence
we have that I'y is [® F]p and similarly, T'y is [ F];.

In the 1-dimensional case, with the added condition that the substitution of each
letter starts with the same letter, a condition which we will explore more in the next
section, we can in general compute ['y, and we find that it is always the identity map.
To see this, first let u; denote the unitary corresponding to the letter a; as in Lemma
5.1.3 where we have defined the letters in the substitution to be aq,--- ,a, as usual.
We compute directly I's([u;]1), one map at a time. First, G.([u;]1) = [vi1]1, where v;
is zero off the diagonal, and 1 on the diagonal except on the preimage of the first letter
of the substitution of a;, where it wraps once around the unit circle in the positive
direction. Since the substitution of each letter begins with the same letter, which we
may assume is aj, we find that a; ! (¢.(Gi([wi]1))) = [w];.

We also have that i, = [1,1,--- 1], since as we saw before, the image of each

generator of Kj(ly) is homotopic in K;(A). Thus, by the commutativity of the
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diagram, we must have that 7,13 = I'44,, which implies that I'y = 1.

Consider the six term cyclic exact sequence of Figure 5.6 given by Pimsner in [9]:

Ko(K(€r4)) ﬂ Ko(Tg) ——— Ko(Og)

|

Ki(Op) ¢+ Ki(Tg) m Ki(K(€14))

Figure 5.6: Pimsner’s Six term Exact Sequence

Since presently we have that I = ¢~ '(B) = A, and using the results in [9] that
K.(K(&r 1)) = K1) and K.(Tg) = K.(A), we find that in our case, K.(K(Er4)) =
K.(A), K.(Tg) = K.(A). Combining these results with the fact that K;(A) = Z, we

obtain the new exact sequence:

1-14

K1(Og) Z 4

1-Ty
Figure 5.7: Pimsner’s Six Term Exact Sequence Applied to O
In the next example, we go through in detail the procedure for computing the K

groups of the Cuntz-Pimsner algebra of the prototype example from above.

Example 5.1.8. Recall the 1 dimensional substitution given by a — aab and b — ab.
We saw above that Ko(A) =2 72, Ko(A/T) 2 77, K\(I) 2 Z?, and K,(A) 2 Z. We

claim that the exponential map is given by the matrix
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Let py,pa, p3s € A/ be the three projections which generate Ko(A/I), where each
corresponds to a function which is one on the diagonal vertex, which we’ll denote vy,
vo and vs, corresponding to the intersection of the edges b, a, a,a and a,b respectively,
and zero elsewhere. Recall to compute the exponential map, we first seek preimages
A of p1, p2 and p3 which we denote respectively, a1, as, and az. For i = 1,2,3,
we need a; to take the value one at the vertex v;, and zero on the other vertices; in
other words, a; is a bump function on the diagonal of Ry around the vertex v;, and
zero elsewhere. Since a; has support only on the diagonal, we can really think of it
as being a function of one variable, a;(t), where t takes values in an open interval of
appropriate length. The exponential map is then given as do([pi]) = exp(2wia;) and in
particular exp(2m i a;) is zero off the diagonal, and can be expressed as exp(2mia;(t))
on the diagonal. Notice that exp(2miay(t)) wraps once around the complex unit circle
i the positive direction on the b edge, and once around the complex unit circle in the
negative direction on the a edge, which corresponds to the unitaries ui and uq, which

in the basis {uy,us} is given by

Similarly,
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and

We want to use this information to figure out the quotient map q. : Ko(A) —
Ko(A/I). Using ran(q.) = ker(dy) = spanz{(0,1,0),(1,0,1)}, and choosing a basis

for Ko(A) to be {q;1(0,1,0), ¢;*(1,0,1)}, with respect to these bases, we can write

We next define the vertical map G, : Ko(A/I) — Ko(A/J). To do so, we first
define the homotopy g : Py x [0,1] — Py. Since our substitution is given by a — aab
and a — ab,

To define the homotopy on each b segment, we identify the subsegments of b which
map to a and b, and simply denote these as a and b respectively, where we note that
¢ tw(b) = ¢~ (ab) has the same length as b. Then, our homotopy g stretches a while

shrinking b to the right endpoint of b so that ab — b, as s illustrated in Figure 5.8:

Figure 5.8: The Homotopy, g, Applied to the Substitution b — ab

Note that the ab segment is just a relabelling of b, and that this is really a homotopy

from b to b, or more precisely, from the support of b to the support of b.
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For a, we write it as an aab segment, it stretches the first a while shrinking the ab

segment to the right endpoint of a, so that aab — a, as is illustrated in Figure 5.21:

Figure 5.9: The Homotopy, g, Applied to the Substitution a — aab

We then extend this process to all of Py as is illustrated in figure 5.10:

b a a b

Figure 5.10: The Homotopy, g, Applied to the Substitution a — aab and b — ab on
Fy

Lastly, we extend it to Ry = Py x Py. This homotopy induces a homotopy G :
A x [0,1] — A, where G(A,0) = A and G(A,1) is a proper subset of A with the
property that K.(A) = K.(G(A, 1)), since homotopic maps induce the same map on
K-theory. Recall that G(I,1) C J, so that G induces a well defined map G, from A/
into A/ J.

Let us pause to consider J and A/ J. J = &2_ My ® C(c;), where {c;}2_, refers to
the 5 Ry-equivalence classes of edges, 8 a’s and 2b’s, each with 2 members. For A/J,
there are 6 Rg-equivalence classes of vertices where the elements in J vanish, 3 with
2 members and 3 with 1 member, and so we find that A/J = &}, Ms(C) P @3_,C.
In particular, Ko(A/J) = Z5.
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Now we compute G on the basis elements of Ko(A/I) = Z*. We’'ll describe the
procedure for (0,1,0), which involves choosing and element in s € A which maps to
po under the quotient map q, applying G to s and then examining its image under the
quotient map from A to A/J, and determining its class in Ko(A/J).

Let U be a small neighbourhood around (va, v2) € Ry and let s € A be an element

such that s >0 on U, s(v1,v1) =1 and s = 0 otherwise. Then,

1 :i=345
G(S(Uiavi)vl) =
0 :2=1,2,6

and so its image in A/J is given by a function which is 1 at vs,vg,vs and zero
otherwise. This is a projection, and its class in Ko(A/J) is (0,0,1,1,1,0). The

others are obtained similarly and we get:

G.(1,0,0) = (1,1,0,0,0,0)
G.(0,1,0) = (0,0,1,1,1,0)

G.(0,0,1) = (0,0,1,1,0,1)

Recall that ¢ : A — B is given by inflating an element in A into one in B: for
Ee A o&(r,y) = EA e, \ly). Neat note that ¢(J) C Ip, and so the induced
map ¢ : A/J — B/Ip is well defined. The effect of this map is to introduce more
equivalences. Note that B/Ip = M,(C) @ M3(C) @ My(C) since wy ~ wy ~ wy ~ wy,
wy ~ ws ~ wg and wy ~ wg and in particular, Ko(B/Ig) = Z*. Our goal is to
calculate ¢.(G4(1,0,0)), ¢.(G4(0,1,0)), and ¢.(G.(0,0,1)). Again, we’ll show the

details for ¢.(G.(0,1,0)). We use the same function s € A as above. Recall that
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1 :i=3,4,5
9(s(vi,v:),1) =
0 :i=1,2,6

Then, ¢(g(s,1)) will be a function which is 1 on the diagonal of Ry from (w3, ws)
to (ws,ws) and zero on the other vertices. The image of ¢(g(s,1) € B under the
quotient map to B/Ip is a function given by which is 1 at each of the vertices (w;, w;),
1= 3,4,5, and since these three vertices are respectively in each equivalence class of
B/Ig, it’s image in Ko(B/1p) is (1,1,1). The others are obtained similarly and we

get:

$.(G.(1,0,0)) = (1,0,1)
¢.(G,(0,1,0)) = (1,1,1)
¢.(G(0,0,1)) = (1,1,1)

Lastly, consider the map o : A — B, which injects A as a subalgebra of B without
inflation: recall that Ry C Ry, and so an image of A is contained in B by restricting

the elements of B to Ry. Also note that

KO(B/[B) = Ko(M4(C)) ) KO(MS(C)) (&) KO(MQ(C))

and

Ko(A/T) = Ko(C) @ Ko(C) @ Ko(C)

Lis as well.

so that o, 1s simply the identity map, and so o
Thus, as a matriz with respect to the basis of Ko(A/I) used in the preceding

discussion, given by p1, pa, and p3, we find that
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111
I'b=10 11
111

Then, by commutativity of the diagram, we have that the matriz Ty : Kyo(A) —

Ko(A) satisfies

Q*Fl = F2Q* - 1 1

with

from which we conclude that

Iy

A similar procedure gives

The exactness of row 1 of the diagram implies that

(1)

and then the commutativity of the diagram gives I'y = 1.

Thus, with Ko(A) = 72, Ki(A) 2 7Z, Ty —id = 0 and T'y — id an isomorphism,
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Pimsner’s 6-term exact sequence qives Figure 5.11:

I'y —id 0
7.2 & 7.2 Ky(Og)
0[ l“’
K,(Og) = Z 0 7

Figure 5.11: The Six Term Exact Sequence of the Substitution a — aab, b — ab

so that Ko(Og) =2 Z and K,(Og) = Z.

Example 5.1.9. The next example to investigate is the substitution a — a™, where
a™ denotes n consecutive a’s. It suffices to take Py = aa, since a is the only letter
that appears, so the only verter equivalence class is formed by the intersection of
two a edges. As always, we use the notation A = C*(Ry), and Iy is the ideal in
A corresponding to elements in A which vanish on the vertices of A. In this case,
Ko(ly) =0, K1(ly) = Z, Ko(A/Iy) = Z and K,(A/Iy) = 0. Thus, we have the exact

sequence

. 0 (n
00— Ko(A) g % 4y Ki(A) ——0

We first compute the exponential map 8. By Lemma 5.1.2, A/ly = C, since
there is only 1 wvertex which is formed by the intersection of the two a edges. Let
lp] € Ko(A/lLy), where p € A/ly is the projection which is 1 on the vertex (on the
diagonal) of Ry and zero otherwise. Since all non-zero projections in A/l are equiva-
lent in Ko(A/Iy), [p] is a generator for Ko(A/Iy) and its image will completely define
the exponential map. As in the previous example, when the vertex is formed by the
intersection of two of the same letters, it is mapped to zero by the exponential map.

Thus, do = 0 in this case and as a result, Ko(A) = Z and K,(A) = Z. Moreover, g,
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and 1, are isomorphisms, and so by choosing appropriate bases, we may assume each

18 the identity map.

-1

o s S0 that we can use the commutativity of

We next compute Ggu, ¢gs and o
Diagram 5.4 to determine T'y. Note that Ko(A/J) = My(C) @ -+ - ® My (C) @ C where
there are n — 1 occurrences of My(C) in the direct sum. This is due to the fact that
in Xy, there are n equivalence classes of points where functions in J vanish, n — 1
of which occur in the interior of an a edge, so that each class contains two elements
(one on each edge). The last class consists of only the vertex (where the two a edges
meet).

Let p be the projection in A/ly given by the function which is 1 on the diagonal
vertex of Ry and zero otherwise. Since the class of this projection is a generator for

Ko(A/I), we can use it to define Gy by examining its image. It is straight forward

to verify that

Gup)=mep@®---op @l (5.1.3)

where p1 € My(C) is the projection with a 1 in the top left entry and zeros elsewhere,

where we have used the identification that AJJ = My(C) @ --- @ My(C) @ C.
Applying ¢4 has the effect of making the support points of each projection in the

direct sum of equation 5.1.3 equivalent. Thus, the image of this projection under ¢4

18

I, 0
0 0

0

where I, is an n X n identity matriz, and the zero’s correspond to appropriately sized
zero matrices. Using the identification Ko(B/I,) = Z, we can see the K class of this

element 1sn € 7.
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Lastly, again we note that ag. is the identity map on the K-groups, and so oy’
1s as well. Thus, putting the maps together, we find that U's : Z — 7 is defined by
['2(1) = n. Then, since g, is the identity, we find that T'y : Z — 7Z is defined by
(1) =n as well.

It is straight forward to verify that I's is the identity map, and since i, is the
identity map, we can conclude that 'y is as well by the commutativity of the diagram.

Inputting these identifications into Pimsner’s 6-term exact sequence gives

(n—1) 7 T Ko(On)

Z

Figure 5.12: The Six Term Exact Sequence of the Substitution a — a”

12
o

where we have used the fact that (n —1) (viewed as a 1 x 1 matriz, i.e. multiplication
by n — 1) is injective, so that the preceding map must be 0, which then allows us
to conclude that the map from Z to K,(Og) must be an isomorphism. Finally, we
determine w1 and wo. The range of (n—1) is (n—1)Z, and so this must be the kernel
m1. Thus, we have a copy of Z,_1 in Ko(Og), and also a copy of Z, since wo must be

onto. Thus, we conclude that K1(Og) 2 7Z and Ky(Op) 2 Z & Zy_1.

5.2 Forcing the Border

Forcing the border is an extra condition which we can impose on a substitution tiling,
which, with a mild additional condition, will give us a simple formula for computing
the K-groups of our Cuntz-Pimsner algebra in the case where our substitution tiling

is on R. Although our results will be for tilings on R, we give the general definition
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of forcing the border for a substitution on R™.

Definition 5.2.1. Let Fy be a partial tiling of R™ made up of a subset of the prototiles
P1,- -, Pr. Let w be a substitution as before. Assume that all subsequent substitutions
of Py consist only of translations of the prototiles py,--- ,pr. A substitution tiling is
said to force the border if there exists a positive integer m such that the neighbouring
tiles of the supertile w™ (p; + x) are the same for any translate of p; by x in Py (since

Py may contain many translated copies of p; for fized i).

Example 5.2.2. Suppose in a 1-dimensional substitution tiling on the letters {a;}1,
that there exists a positive integer m such that for all k > m and 1 < i < n, w*(a;)
starts with a; and ends with a;. This substitution will force the border since for any 1,
a; will have some letters ags and a; on its left and right respectively, so that wk(ai) will
have w*(as), which must end with a;, on its left and w*(a;), which must start with a;

on its right.

Returning to the setting in R, let WW be a finite set whose elements we denote by
letters. Let W* be the set of all words on W, so W* = | J°~_, W™ where W™ is the set of
all words consisting of n letters of W. The substitution w : W — W* extends to a map
which we will also denote w : W* — W*, where w(ajas - - - a,) = w(ay)w(az) - - - w(ay).
For an element in ZW which is all finite Z-linear combinations of words in W*, just
extend w linearly, so that now we view omega as a map w : ZW* — ZW*. Let
W2 = {aa;11 : WF(a) = -+ a;a;41- -, for some a € W and k > 1}. In other words,
W2 consists of all pairs of letters of W that eventually appear after substituting some
letter of W enough times. Define A : Z(W*\ W) — ZW* by Aay---a,) = a1+~ ap_1
and extend linearly. Next define wy : ZW? — ZW* by wy(ab) = w(a)b, where

w(b) = biby - -+ b,. Again, for a general element in ZW?, just extend wy linearly. We

begin with a simple lemma which will be useful later.



70

Lemma 5.2.3. The following diagram commutes:

VAUS —>/\ W

[03))) w

Z —2— zi

Figure 5.13: Commutative Diagram of w and wy

Proof. Since all maps are linear, it suffices to prove it for an element of the form

ab € ZWx. Let w(b) = by - - b,,. Then, we have

w(A(ab)) = w(a)
= Aw(a)br)

= AMwz(abd))

O

Lemma 5.2.4. Define 3 : W? — W? by B(ab) = a,by where w(a) = ay---a, and
w(b) = by -+ by,,. There exists k > 1 such that B*1(W?) = *¥(W?). In other words,
B is a permutation on B*(W?) so that there exists | > 1 such that ¥ (ab) = 5*(ab)

for all ab € W2,

Proof. First note that W? is finite and S*¥(W?) must be nonempty for all k& > 0.
Thus, it will suffice to show that g1 (W?2) C g¥(W?), since then we have a sequence

consisting of finite, nonempty, decreasing sets so that they eventually must all become

equal. Once B 1(W?2) = g&(W?), B must be acting as a permutation on 3*(1W?2).
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Thus, we prove that S*1(W?2) C ¥(W?2). It is clear that 3(W?) C W2, since W2
contains all possible pairs. Then 1 (W?2) = p*(B(W?)) C BE(W?). O

Lemma 5.2.5. Suppose w forces its border, so that for some positive integer, k, the
neighbouring tiles of the super tile w*(p;) are the same for any p; € Py and choose k

large enough to also satisfy Lemma 5.2.5. If aby, aby € BX(W?), then by = by.

Proof. Since w forces its border after k substitutions, w**7(a) will always have the
same letters on either side of it, regardless of which letters surrounded a at the
start for any j > 0. Thus, 859 (ab) = B¥*9(ac) for all ab,ac € W? and positive
integers j. By the previous lemma, we also know that there exists a positive integer
[ such that g™ (ab) = B*(ab), for all ab € W? and any positive integer n. Thus,
aby = B*(aby) = B (absy) = aby, where the middle equality follows since kl > k and
the other equalities follow since kl is a multiple of I, and aby, aby, € S*(W?), so B
acts as the identity. Lastly, since ab = cd only holds if a = ¢ and b = d, so ab; = ab,

gives by = bs. O

Recall wy : ZW? — ZW* which acts by

waab) = ay -+ - apby, where w(a) =ay---a,, w(b)="by---by,.

Let H and G be the subgroups of ZW* given by H = spanz{w}(ab) : abe W2, k€
N} and G = spanz{w*(a) : a € W, k € N}.
Define oy : ZW* — ZW by o1(ay -+ - a,) = ay+- - ~+a, and oo : Z(W\W) — ZW?

by o9(ay -« - a,) = ayas + asasz + - - - + a,_1a, and extend both linearly.

Lemma 5.2.6. If w forces its border, then X : H — G is bijective, where X\ is
defined on ay---a, € H by Nay - an) = a1 - - - an_1, and extended linearly for general

elements.
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Proof. Suppose S\(hl) = 5\<h2) for some hy, hy € H. Then,

hy = an‘wk(ai)bz‘, ho = Zmiwk(ci>di

where n;, m; are integers. Then, S\(hl) = > niwk(a;) = > mw(e) = S\(hg). For
these two sums to be equal, the elements on either side must pair off (where without
adjusting notation, we assume that each sum has been simplified to consist of as few
terms as possible). Without loss of generality, assume that nw®(a;) = m;w*(c;) by
relabelling if necessary. We must have n; = m;, but also, since w forces the border at
level k, b; = d; for all i. Thus, h; = ho, and so )\ is injective.

For surjectivity, fix g € G, so that g = >, w*(a;). Then, Y, wh(a;b;) = >, w*(a;)bi €

H and

S\(Z wh(a:b;)) = Z Aw(a;)bir) = Zwk(az‘)
]

Lemma 5.2.7. Denote w by wy for this lemma. The mappings o; and w; satisfy

Proof. 1t is clear from the definitions that o; is an idempotent for i = 1,2, so of = 0;.

Notice that if o;w? = (o;w;)?, then

(O'iwi)k = (ini)kﬂaiwi@wi

)k*2aiw-2

= (oiw; i

= (O'iwi)kis(o'iwio'iwi)wi

; ot

= (oiwi)k_?’(aiw Yw; = (o3w; :
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Thus, it suffices to prove that o;w? = (o;w;)? in each case, i = 1,2.

Case: i=1 We will show that oyw}(a) = (o1w;1)?(a) for a € W, and the result extends

Z-linearly to elements in ZW.

o1wi(a) = oywi(ar - - - ay)
— Ul(agl)agz) . agnl)agl) . ag’”) . a7(11) .. 'aﬁln"))
—aV+aP 4+t adP o d g g

= O'l(agl)agm e agnl) + agl) e aéﬂa) + e + a/gll) e aglnn)>

=owi(ar +as+ -+ ay,)
= oywioi(aras - - - ay)
= gywiowi (a)

= (Ulwl)Q(a)

Case: i=2 Again we’ll show that oow3(ab) = (oawq)?(ab), where ab is a single word in
W2 and the result again extends Z-linearly to elements in ZW?. Let wy(ab) =
aias - - - apby where w(a) = ay - --a, and w(b) = by - - - by,. Let wo(a;) =

a§-1)a§2) > -a§-nj) for j=1,--- ,nand w(b) = bﬁl)b?’ . bng). Then,

oows(ab) = oowsy(aray - - - anby)

1 @) a(l”ll—l)a(nl)

_ 02<a1 al ), (@) a(2n2—1)agn2) . a(nn)b(l))

(1
1 Ay Gy n U1

— a/gl)agQ) + .+ ag’ln—l)ag’ln) + aglnn)bgl)
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(09w2)?(ab) = cows(aras + agasz + - -+ + @p_1a, + anby)

= 02(agl)a§2) . e a&nlil)agnl)agl) + PN + agll)ag) e a;n”)bgl))

— agl)agz) + o 4 alt Do) 4 aﬁ”")bgl)

Thus, (0ows)? = gaw? = ows.

Lemma 5.2.8. Let af = (0ow2)* = 09wk, The following diagram commutes:

ZW? —>>\ A4

k
(A.)Q wk
A
bl H—2—— g ok
02 01

ZW? # A4

Figure 5.14: Commutative Diagram of of and af
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Proof. All the maps are linear, so it will suffice to prove it for generators. Fix ab € W?

and let b; be the first letter of w*(b). Then

wFA(ab) = w¥(a) = Mw"(a)b) = A\(wh(ab))

Fix w*(a)b; = w¥(ab) € H. Then
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ok (ab) = o MwF(a)by) = 01wk (a) = o1 (aras - ay) = a1 + ag + -+ ay
= Mayag + agaz + - - - + apby) = Aog(ajay - - - a,by)

= Aoowh (ab)

]

Our goal is to show that A restricts to an isomorphism between ker(l — az)
and ker(l — aq) and also restricts to an isomorphism between coker(l — ay) and

coker(l — ay). We present this in a sequence of lemmas.
Lemma 5.2.9. The map A : ker(1 — as) — ker(1 — ay) is injective.

Proof. Suppose a € ker(1 — as) and A(a) = 0. Then Awk(a) = w¥A(a) = 0. But then

a)
o3

N

wy(a) = 0 since A is an isomorphism. Then oywh(a) = okwh(a) = af(a) = 0, but

as(a) = aso a=ak(a) =0.

]

Next we will prove surjectivity of this restriction of A, which itself will be broken
down into several lemmas. We first present a general result about groups which will

be used repeatedly.

Lemma 5.2.10. Let C be a group, B : C — C an endomorphism, and i : B*(C) —

C be the imbedding of 8*(C) into C. The diagram of Figure 5.15 commutes and

(co)ker(1 — B3)|gr(cy = (co)ker(1 — ).

Proof. Commutativity is immediate. We first check that the kernels are equal. We
have that ker(1 — B)|gey C ker(l — B3), since restricting a map to a subset of

its domain can only reduce the kernel. Let ¢ € ker(l — ). Then f(c) = ¢, so
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BHC) ————

C
1-8 J1
! C

pEC) ———
Figure 5.15: Commutative Diagram of 1 — 8 and ¢

B"(c) = c for all n > 1. Thus, ¢ = B(c) € B¥(C) and (1 — B)c = 0. Thus,
ker(1 — B) C ker(1 — B)|gk(c).-

Next we check that the cokernels are equal. The isomorphism is given explicitly by
the induced quotient map of 8 : C' — B*(C), denoted 8% : C'/(1—B)C — B*(C)/(1—
B)3%(C). We first note that this map is well defined since for ¢+ (1—3)C = 0+(1-3)C
means that ¢ € (1 — 8)C, and so %) € g*(1 — B)C = (1 — B)B*(C). Thus,
B+ (1=p)C) = p"c)+ (1 = B)BHC) = 0+ (1 — B)B*(C). To verify that 8} is
surjective, fix y € 8*(C)/(1—B)B*(C), so y = yo + (1 - B)B*(C) for some yo € B*(C).
Then, yo = 3* (o) for some z9 € C and so 5% (wg+(1—B)C) = B*(20)+(1—B)B(C) =
Yo+ (1= B3)B*(O).

Lastly, we show that £} is injective. First notice that ¢ + (1 — 8)C = B(c) +
(1—B)C = B"c)+ (1 —p)Cforall c € Candall n > 1. Fix z € C/(1—p)C,
so x = ¢+ (1 — p)C for some ¢ € C, and suppose that 8¥(z) = 0, so that 5%(c) €
(1—B)B*(C). Since (1—B)B(C) C (1—B)C, B(c) € (1—B)C. Thus, c+(1—B)C =
BE(e) + (1 —B)C =0+ (1 — B)C and so A% is injective. O

Lemma 5.2.11. The diagram Figure 5.16 commutes and (co)ker(1 — az‘)|a§c(zwi) =

(co)ker(1 — ;). Thus when proving our results, it suffices to work with this diagram.

Proof. The commutivity follows immediately from 5.2.8, and the other result follows

from Lemma 5.2.10.
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aB(ZW?) —2 s o (ZIW)

[03)) w
A
8% H——— ¢ aq
02 g1

ok (ZW?) # ok (ZW)

Figure 5.16: Commutative Diagram of a; and as

Lemma 5.2.12. The map X : ker(1 — ag) — ker(1 — aq) is surjective.

Proof. Let b € ker(1—ay). Since w*(b) € G, and A is an isomorphism between H and
G, there exists h € H such that A(h) = w¥(b). wk is surjective by definition, so there
exists a € ZW? such that Awk(a) = w¥(b), and then by commutivity, w*A(a) = w*(b).

At this point we have a € ZW? with w*\(a) = w*(b). First, we need to adjust a
so that it is in ker(1 — as), but still has the same properties that we’ve shown a to
have. Note that A\ak(a) = a¥\(a) = a¥(b) = b, and by Lemma 5.2.11, A\a5™(a) =

o \(a) = b for all n > 1.

Then,
S\WQOZS(CL) = (A}AO/QC(CL) = WQlAag(a) — W)\O[g+1 (CL) — szag_i_l(a)
Thus, wyaf(a) = way™ (a) which gives a5 (a) = a5%*(a) and so a5*'(a) €

ker(1 — o) and Aab™(a) = b.
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Note that by the commutivity of the diagram elements in ker(1 — ) are mapped
into elements in ker(1 — oy). In particular, Aab™ (a) € ker(1 — ay).

We have that w*\ab™(a) = w¥(b) and so if w* is injective when restricted to
ker(1 — ay), then Aa5™(a) = b. Suppose w*(b) = 0 for b € ker(l — o). Then
0 = ofw”(b) = a¥(b) = b. Thus, w* is injective on ker(1 — a;) and so Aas*'(a) = b.

]

Thus, we have established that A is an isomorphism between ker(l — ay) and
ker(1 — aq).
Next, we prove that A is an isomorphism between coker(1—as) and coker(1—ay).

We begin with a general lemma about maps between quotient groups.

Lemma 5.2.13. Let S7 and Sy be groups with normal subgroups Ty and Ty respec-
tiely. Suppose w: S1 — Sz, and that w(1y) C Ty. Let m, be the induced map between

quotients: m, : S1/Th — So/T>. Then, m, is well defined and
i) if m: S1 — Sy is surjective, then m, : S1/Ty — Sa/T5 is surjective,
i) if m: Sy — Sa is injective, and w(Ty) = Ty, then wy : S1/Ty — S/ Ty is injective

Proof. First, we verify that 7, is well defined. Suppose s € S} and s + 17 = 0 + T,
so that s € T}. Then, 7(s) € Ty by assumption, so 7 (s +11) = 7(s) + 1o = 0+ Ts.
Thus, 7, is well defined.

i): Fix sy + Ty € So/T5. Since 7 is surjective, there exists s; € S; such that
m(s1) = s9. Then, m,(s1 +T1) = 7(s1) + To = s2 + T.

it): Fix sy + T} € ker(m,). Then, 0+ 15 = m,(s1+11) = 7(s1) + T3, so 7(s1) € Tb.
Since 7(Ty) = T, there exists t; € T} such that 7(¢t;) = 7(s1), but 7 is injective so

tl = S1. ThllS, S1 +T1 =0 —|—T1



79

Lemma 5.2.14. Let N; denote the (normal) subgroup (1 — o;)ZW?* of ZW? for i =
1,2. The following diagram commutes and the induced maps between the quotients

are all well-defined. Also, N, : H/wE(Ny) — GJw¥(Ny) is an isomorphism.

q

ZW?/Ny — s ZW/N,

wsz wgl
k k 5\‘1 k k
Ogo | H/jwy(Np) ————— G/w"(N1) | g
0¢2 Oq1

q

ZW?/Ny — s ZW/N,

Figure 5.17: Commutative Diagram of o}, and o,

Proof. We immediately see that the maps wgz and oug are well-defined since in each
case the equivalence class of 0 is mapped into the equivalence class of 0. The same is

true for o, and o, since
k _ ok _ ok 2 _ k 2
oows (No) = a5 (Na) = a5 (1 — ) ZW?* = (1 — ag)as ZW= C Ny
and

lek(Nl) = Oé’f(Nl) == Oé’f(l - Oél)ZW = (]_ - Oél)OéleW C Nl.

To check that A, : ZW?/Ny — ZW/Nj is well defined, we verify that Aw(N,) C
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wi(Ny). Using Lemma 5.2.8 and Lemma 5.2.11 to replace ZW? and ZW respectively
with of(ZW?) and of (ZW), we have that

Ak (1 — ) ok ZW? = W (1 — o) AZIW? € WF (V).

Recall A : H — G is an isomorphism. If we show that A as a map from w’(Ns) to
wk(Ny) is an isomorphism, then Lemma 5.2.13 implies that ):q is also an isomorphism.
Since A : H — G is an isomorphism, it will suffice to show that A maps w5 (N,) onto
wk(Ny), since the restriction of an injective map is automatically injective. Again
using Lemma 5.2.11, we can replace ZW? and ZW respectively with of(ZW?) and

of(ZW). First we verify that A\ maps wh(N,) into w¥(N). Fix a € ZW?2. Then,

Ak (1 — an)ak(a) = WA (1 — az)ak(a) = WP (1 — ag)afA(a) € W*(Vy)

Next we check that X maps w§(Ny) onto w*(Ny). Fix b € w*(Ny), so b = wk(1 —
ay)ak(by), for some by € ZW. Since A : of(ZW?) — of(ZW) is onto, there exists

a € a5(ZW?) such that A(a) = b;. Then,

b=w"(1—ar)af(\a)) = ¥ (A(1 — az)as(a) = Mo (1 — az)as(a)

and so A, is an isomorphism as claimed.

]

Lastly, we show that )\, is in fact an isomorphism, so that coker(1—az) = coker(1—

O[1>.
Lemma 5.2.15. The map A\, : coker(l — as) — coker(l — ay) is an isomorphism.

Proof. We start by showing A, is injective. Let [a] € coker(l — as), and suppose
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that A ([a]) = 0 or equivalently, that A(a) € ran(l — az) for some a € ZW? in
the equivalence class of [a]. Then, qu&)’;q([a]) = wh Ag([a]) = 0 which implies that

@q2([a]) = 0 since ), is an isomorphism. Then,

k

ag(la]) =0 = (1—ag)([a]) = o] = [a] € ran(l - oy

,) = acran(l —af)

and so A, is injective.
For surjectivity, start by fixing [b] € coker(1l — ay). Then, since S\q is an isomor-
phism, there exists an [h] € H/wk(N,) such that A, ([h]) = wh ([b]), and then since wk,

is surjective, there exists [a] € ZW?/N, such that S\qw§2([a]) = wh ([6]) = whiA([al).

Thus, if w}, is injective, then Ay([a]) = [b]. Suppose w},([z]) = 0. Then,

af(2]) =0 = (1—al)([z]) = [z] = z€ran(l —a})

= [z] =0.

Thus, w’(;’l is injective and so A\, is surjective as claimed.

]

Recall from Section 5.1 that K(Opg) = coker(id—1I"1)®Z and K,(Og) = ker(id—
['1) ®Z and note that in the above, ay = 'y, (I'y is the second vertical map in diagram
5.4, a truncated version of which is provided below in Diagram 5.18) and so we need to
show that ker(1—Iy) = ker(1—TY), in order to conclude that we can replace I'y with
oy (note that the matrix form of o is the substitution matrix). Initially we had hoped

that when the substitution forces the border, that (co)ker(id—1"1) = (co)ker(id—T'3)
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so that the K-groups would be completely determined by the substitution matrix, but
as will be shown in Example 5.2.19, it isn’t quite enough. If, however, we add the
condition that the substitution of each letter, starts with the same letter, then we
do get that Ko(Opg) = coker(id — a1) & Z and K,(Op) = ker(id — ap) @ Z. This
extra requirement may seem very strong, but in practice, most substitutions which
force the border already satisfy this condition. We finish by proving that adding this
extra condition is sufficient to determine the K-groups by the substitution matrix,
and presenting a few examples which show that this extra condition, along with that
of forcing the border are both necessary.

To prove that the addition of this new condition is sufficient, we first recall a

truncated version of the commutative diagram of Figure 5.4:
0 —— Ko(A) —¢— Ko(A/ly) —b— K1(lp) —t— Ki(A) —— 0
U TR A
0 —— Ko(A) —%— Ko(A/ly) —b5— Ki(lp) —4— Ki(A) —— 0

Figure 5.18: Truncated Commutative Diagram

Observe that we may replace I'; with 1 — I'; for each ¢+ = 1,2,3,4 giving the

following commutative diagram:

0 —— Ko(A) —4— Ko(A/ly) —by— Ki(lp) —t— Ki(A) —— 0

1{r1 1{5 1{5 %m

0 —— Ko(A) —4— Ko(A/ly) —g— Ki(lp) —t=— K1(A) —— 0

Figure 5.19: Truncated Commutative Diagram with 1 — I’

The first thing to observe, is that with the added condition that the substitution

of each letter starts with the same letter, the map I's is now computed as
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11 1
00 --0
Ty =
00 -0

which in particular means that I'30p = 0. This result will be used repeatedly and so

we record it as a lemma.

Lemma 5.2.16. If a I-dimensional substitution tiling has the property that it forces
the border, and the substitution of each letter begins with the same letter, then the

composition I'3dg 1s the zero mapping, as is the composition doI'y = 0.

Proof. The range of dq is the Z-span of vectors which have one entry equal to one,
one entry equal to negative one and the rest zero, all of which are in the kernel of I's.

That doI'y = 0 follows from the commutativity of Diagram 5.18. O

We are now ready to begin proving the main result of this section. We will first
prove that with the added condition on the substitution that ker(1—I";) = ker(1—I'),
and second that coker(1 —I'1) = coker(1 — I's). Then, since we have already shown
the equivalences ker(1 — ay) = ker(1 —I'y) and coker(1 — ay) = coker(l —I'y), we

will have the desired result.

Theorem 5.2.17. Let aq be the matrix representation of a 1-dimensional substitution
tiling w on n letters, ay,--- ,a, that forces the border and with the property that for
each letter, the substitution begins with a;, for a fixed i. Then, the K-groups of the

corresponding Cuntz-Pimsner algebra are given by

Ko(Op) = coker(l1 — 1) ®Z and K;(Og) =ker(l—a;) ®Z
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Proof. We begin by proving the result for K;(Opg) since the method is more straight
forward, and gives insight into the strategy for Ky(Og). Our method will be to show
that g.(ker(l1 —T'y)) = ker(1 — I'y), which is equivalent to showing ker(l — I'y) =

ker(1 —T'y) since g, is injective.

1) gu(ker(1 —=T4)) C ker(1 —TI'y):
Let « € ker(1 —I'y). Then, we have that 0 = ¢.(1 — I'1)(z) = (1 — I'9)q.(z) by

the commutativity of Diagram 5.19 and so ¢.(z) € ker(1 —T'y).

2) ker(1—"T5) C gu(ker(1 —TY4)):
Let « € ker(1 —I'y), so that x = I'y(x). We have that §oI's(x) = 0 by Lemma
5.2.16. But then, I'y(z) € ker(dy) which implies that I'y(z) € ran(q.), by the
exactness of the rows. Thus, there exists y € Ky(A) such that ¢.(y) = I'y(x) =

x.

Before we prove the analogous containments for the cokernels, we first want to

[{P )]

consider the following diagram: where the subscript “q’s” are indicating that these

Ko(A) Ko(A/Io) K1 (Io) . K1 (A)
0 (1-T1)Ko(A) R (1-T'2)Ko(A/lo) Oq0 (1-T3)Ki(lo) T (1-T1)Ki(A) 0

s on o n

Ko(4) Ko(A/Ip) D) K1 (4)
0 — T 4 Trgmam o Tk T torara 0

Figure 5.20: Truncated Commutative Diagram of Quotients

are the induced maps on the quotients. We first note that these maps are all well
defined by showing the zero equivalence class is mapped into the zero equivalence class
for a vertical and a horizontal map, and the rest are analogous: q,.(1 —T'1)(Ko(A)) =
(1—-T9)q.(Ko(A)) C (1=T9)(Ko(A/Ip)); and T (1 =T1)Ko(A) = (1 -T'1)T1 Ko(A) C
(1-T1)Ko(A). Our strategy will be to show that g, is an isomorphism. To do so, we

will show that g,. is injective, that rang,. = kerd,o, and lastly that g,. is surjective.
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First, we’ll show that g,. is injective. Suppose g, [(z)] = [g.(x)] = [0] where g.(z)
is a member of the equivalence class. Then, ¢.(x) € (1—-T'9)K(A/Iy), or analogously,
that ¢.(z) = a — I'y(a) for some a € Ky(A/Iy). Then,

0=10g.(x) =0(a—Ts(a)) = d(a) — d2(a) = 0(a)

where the first equality follows from the exactness of the rows of Diagram 5.18. The
last equality follows since dI's(a) = 0, by Lemma 5.2.16. Thus, d6(a) = 0, so that
again by the exactness of the rows of Diagram 5.18, there exists y € Ky(A) such that
¢:(y) = a. Thus, ¢.(z) = ¢.(y) — I'2¢:(y) = ¢.(y) — @&.I'1(y) = ¢.(y — T'1(y)). Thus,
since g, is injective, x =y — I';(y), and so [z] = [0].

Next, we show that ran(ge.) C ker(d4). Fix [x] € ran(gg.), so that [z] = [g.(y)]
for some y € Ko(A). Then, 0,4 ([x]) = [0.q.(y)] = [0].

To see that ker(dg) C ran(qg), let [x] € ker(dg4.), so that dg]x] = [d.(x)] = [0].
Then, notice that x + (1 — I'y)(—x) = I'y(x) is in the equivalence class of [z], and
d(T'2(z)) = 0 by Lemma 5.2.16. Thus, there exists y € Ky(A) such that ¢.(y) = I's(z),
and $0 ¢q([y]) = [g-(y)] = [P2(2)] = [2].

Thus, the last thing to prove is that g, is surjective. Suppose [z] € coker(1—T),
so that [z] = x 4+ (1 — I'y)Ko(A/Iy) for some © € Ky(A/Iy). Then, by Lemma
5.2.16, I'sd = 0, so (1 — I'3)d(x) = d(z) which means that J,0([z]) € [0]. Thus, since
ker(dq4.) C ran(qgs), there exists [a] € coker(l —I'y) such that ¢,.([a]) = [z].

]

We now present two substitutions, one which forces the border, one which does
not, both of which have the same substitution matrix, but which have different K-

groups.

Example 5.2.18. Consider the substitutions w which takes 0 — 0101 and 1 — 0011
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and wy which takes 0 — 0110 and 1 — 1001 (the second is the square of the Thue-
Morse substitution). The first one forces the border, the second one does not, and
although the substitution matrices are the same, we will show that the Ky groups
are different from which we conclude that the addition of forcing the border was a
required condition. We use the same method as in section 5.1 to compute the two
'y maps corresponding to wy and ws. First, we’ll compute 'y for wi. We need to
first define a suitable Py which needs to contain the pairs 01, 10, 00 and 11. Thus,
let Py = 00110, so that P; = 01010101001100110101. [t becomes quickly evident that
these computations become long even with relatively stmple substitutions.

Define as before, A = C*(Ry), B = C*(Ry), and the ideals I C A and Ip C B
which consist of functions on Ry and Ry respectively which vanish at the vertices.
Again we take advance of the siz term exact sequences given by a C*-algebra and a

closed ideal, as illustrated in the following diagram:

Ve

0 —— Ko(A) ——— Ko(A)I) ——— K{(I) ——— K (A) —— 0
Figure 5.21: Commutative Diagram of the Thue-Morse Example
Let ', 15,13, Iy denote the J vertical maps, from the top row to the bottom row,

listed from left to right. We want to compute I'y and Iy, but to do so, we’ll compute

['s and I's and use the commutativity of the diagram.
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We begin by computing the exponential map oy : Ko(A/I) — Ki(I). First note
that AJ/I = C* since there are J I1-element equivalence classes of distinct points in
A/I. Thus, Ko(A/I) = Z*. We use the same argument used in section 5.1 of lifting
a projection inp € A/I to a self adjoint element in s € A, and then 6y(p) = €. , the
projections at the vertex of 00 and 11 will be in the kernel of the dy. The projections
at the vertices 01 and 10 will be mapped to u+v* and v+u* respectively, where u and
v are unitaries which rotate once around the unit circle in the positive direction on
the 0 and 1 intervals respectively. Let {e;}}_, be the standard basis for Z* = Ko(A/I)
where e; corresponds to the it" vertex from left to right in Ry (note that in Ry, there
are no off diagonal vertices). Let {fi1, f2} be the standard basis for Z* = K,(I) where
f1 and fy correspond to a unitary which wraps once in the position direction around
the complex circle on the 0 interval and the 1 interval respectively. The exponential

map has a matrix representation with respect to this basis:

0 1 0 -1
50 -
0 -1 0 1

The kernel of this map is isomorphic to Z3, from which we conclude that Ko(A) =
Z3. Define a basis for Ko(A) by {q:(e1),q:  (e3),q;  (e2 + e4)}. Then, we have a

matrix representation

qx

o o O
—
=)

01

We next calculate a matriz for the vertical map I's. Using the same homotopy

procedure, we see that a projection which is 1 at the vertex 00 is mapped to a projection



in AJJ which is 1 at the first four vertices, and zero elsewhere. Thus, in Ko(A/I) =
Z*, this corresponds to (0,2,0,2).

Thus, T'y(1,0,0,0) = (0,2,0,2). Similarly,

I'5(0,1,0,0) = (0,2,0,2) T3(0,0,1,0) = (1,1,1,1) T5(0,0,0,1) = (1,1,1,1)

In matriz form,

Now we impose the commutativity of the diagram, giving that I'sq, = ¢.I'1.

Thus,
011
21 3
FQQ* =
011
2 1 3
and so
01 1
=10 11
21 3
Now,
-1 1 1
I'—-1I= 0 0 1



has ker(I'y—1I) = {0} and coker(I'y—1) = {0} and so Ko(Of) = Z and K,(Of) =

The substitution matrix is given by

so that

which also has ker(Q —I) = {0} and coker(Q2—1I) = {0}. Thus, the two methods for
computing the K-groups agree in this case.
A similar calculation for the other substitution, wo which does not force the border

gives

but ker(T'y — 1) 2 Z and so Ko(Og) = Z*. Thus, despite having the same substitution

matrix, the K-theory of these two dynamical systems is different.

Next, we provide an example which shows the necessity of the condition that the
substitution of each letters begins with the same letter by giving an example of a
substitution which forces the border, but does not start with the same letter in each
substitution, and showing in this case that ker(id — I'y) and ker(id — I'y) are not

isomorphic, so that the K-groups cannot be obtained by substitution matrix.
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Example 5.2.19. The substitution, w, we are examining is given by

a — abe
b — bab

¢ — abe

We take Py = abcba, since this has all letters and pairs of letters that occur in
subsequent substitutions. Also, P, = abcbababcbababe and Py appears inside as is
required. We first show that this substitution forces its border. Note that Py consists
of an alternation of the blocks abc and bab, which also results in every other letter
being b. This means that Py will also consist of alternations of the blocks abc and bab,
again, with every other letter being b, as will Py, for k > 1. Thus, we can see the
partial tilings w(a) and w(c) will always be sandwiched between two b tiles, and w(b)
will always have a c to its left and an a to its right, and so the substitution forces its
border as claimed.

Then, Ry and Ry are the usual equivalence relations on Py and P respectvely,
A = C*(Ry), I is the usual ideal in A of functions vanishing at the vertices of Ry, J
1s the ideal in A consisting of functions which vanish at the points in Ry which the
substitution maps to vertices of Ry. We take B = C*(Ry) and Ip is the ideal in B
consisting of functions which vanish at the vertices of Ry.

Consider the commutative diagram of Figure 5.22. Let I'y, I's, I's, T'y, be the
maps, respectively from left to right obtained in each case by composing the three
vertical maps from top to bottom. We can compute and represent I's as a matrix
according to the basis of Ko(A/I) given in order by the projections at the vertices of

ab, be, cb, and ba. We note that
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0 Ko(A) — 2 Ko(A/T) — 2 Ky (1) — s Ky (4) —— 0

0 —— Ko(A) —— Ko(A/)J) —— Ki(J) ——— Ki(4) —— 0

0 —— Ko(B) —— Ko(B/Igp) —— Ki(Ig) ——— K;1(B) —— 0

0 —— Ko(A) —— Ko(A)I) ——— K;(I) ——— K (A) —— 0

Figure 5.22: Commutative Diagram for Forcing the Border Example

[y(ab) = ab + bc + ca
[a(bc) = ab + 2ba
[y(cb) = ab+ be + ca

I'y(ba) = ab + 2ba

Then,

Iy

020 2

Next, we compute the exponential map &g again as a matriz according to the same
basis for Ko(A/I) and the basis of Ki(I) given by three unitaries, w,v,w, which

correspond to functions which are 0 off the diagonal of Ry, and wind around the unit
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circle once on the (a,a), (b,b), and (c,c) intervals on the diagonal of Ry respectively

and are 1 otherwise. Then, with respect to these bases, the matrix representation is

Then, we have that Ko(A) = ker(8y) = Z*. Notice that ker(dy) is generated by
(1,0,0,1) and (0,1,1,0). Thus, we can generate Ko(A) by the pre images of these
vectors under q., which allows us, according to this basis of Ko(A), and the same

basis of Ko(A/I) as before, to compute q,.

4

Then, by the commutativity of the diagram, we have that I's o q, = q, o'y from which

we conclude that

2 2
I =
11
Now, ker(I'y —id) is trivial, but
0 1 11
1 =110
FQ - Zd =
1 0 00
0 2 01
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has the vector (0,1,1,—2) in its kernel, so the two kernels are not isomorphic.

5.3 The General n-Dimensional Case

In this section, we outline the procedure for computing the K-groups of the C*-algebra
system constructed above applied to a general n-dimensional substitution tiling. The
strategy is based on understanding the ideal structure of the C*-algebra A = C*(R,)
associated with the (partial) tiling space. In the one dimensional case, there was only
one ideal which was of importance in A, which consisted of functions which vanish
on the vertices. Let’s consider now the 2-dimensional case and assume our prototiles
ai,--- ,ay, are closed polygons for simplicity. The most obvious ideal to examine first
is that consisting of functions which vanish on the boundary of the tiles, which we

denote I;. We have the short exact sequence:

0—-1L >A— A/l -0

which gives

KQ(Il) _— K()(A) _— K@(A/]l)

| |

Ky(A/L) «—— K (A) «— K ()

Figure 5.23: Six Term Exact Sequence from Ideal Structure

Since I; is easily described as @} M;, ®Cy(int(a;)) where a; is one of the polygonal
prototiles, we find Ky(/;) = Z" and K;(I;) = 0. However, the K-groups of A and

A/I, are not obvious. However, A/I; can be view as functions whose domain is the
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boundary of the tiles, with the multiplication structure inherited from A. There is
another obvious ideal now in A/I;; that which consists of functions in A/I; which
vanish as the vertices of A/I;, where the vertices consist of points which lie in 3 or
more tiles. Denote this ideal in A/I; by I,. First, note that the K-groups of I, are

easily computable, since

I = @7 My, (Co(int(e;)))
where the e; are the various edges of the polygons a;, m is the number of equivalence
classes of edges and k; is the number of members in the equivalence class of e;. Also,
the K-groups of (A/11)/I; are easily computable, since
(A/I))/I> = @i M,

where [ is the number of equivalence classes of vertices, vy, --- ,v; and j; is the number

of members in the equivalence class of v;. Thus, from the short exact sequence:

0—=1,— A/l = (A/L)/ 1,

we have

Ko(ly) — Ko(A/L) — Ko((A/)/]5)

| |

Ki((A/)/15) «+— Ki(A/L) +—— Ki(I5)

Figure 5.24: Six Term Exact Sequence from Ideal Structure - Second Level

Thus, we are now able to compute the K-groups of A/I;, which in turn allows us

to use Diagram 5.23 compute the K-groups of A.
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In R™, there is a finite increasing sequence of ideals, in an analogous way to those
inR2, I, C I, C --- C I,,, where I; consists of functions which vanish on the boundary
of the tiles. We then view the boundary of the tiles as its own tiling space, so that
I, C A/I; consists of functions which vanish on the boundary of these new tiles. We
iterate this process until we reach a six term exact sequence where we know 4 of the
six terms, from which we deduce the other two. Then, we iterate the procedure back,

finally computing the K-groups of A.
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