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ABSTRACT

This thesis explores finite-size effects on the spin wave excitations of one-dimensional

ferromagnetic and antiferromagnetic systems. Specifically, it presents a theoretical

study of the scattering function, the physical observable in inelastic neutron and pho-

ton scattering experiments, under the influence of extra magnetic anisotropy energy

localized at the system’s boundaries.The method for calculating spin wave scattering

functions in bulk is adapted to the finite system case, enabling explicit numerical cal-

culations with edge effects. Our results show a significant broadening of the scattering

peaks of low energy spin waves in ferromagnetic and antiferromagnetic systems. We

show that broadening is due to the emergence of spin excitations localized at the edge

of the system, the so called edge modes.
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Chapter 1

Introduction

1.1 Overview of the Thesis

In this work, we explore the effects of finite size and edge anisotropy on the scat-

tering function of 1D ferromagnetic (FM) and antiferromagnetic (AFM) systems. In

particular, we examine the spin wave scattering function that gives a description of

inelastic scattering experiments using neutrons and photons. Through the study of

these finite 1D systems, we gain valuable insights into the behaviour of spin waves

(SWs, also known as magnons) and the interpretation of inelastic neutron scattering

(INS) [1] and optical Raman scattering [2] experiments of magnetic nanoparticles.

SWs provide a tool through which physicists can probe the physical properties of

magnetic nanoparticles, which differ significantly from their bulk parents [3, 4, 5].

Understanding the properties of nanoscale magnetic systems is crucial to the fields of

spintronics, magnetic memory storage, biomedical research, and more [6, 7, 8].

Our approach is an adaptation to finite systems, of the framework for evaluating

the INS scattering function outlined by Fishman et. Al. [1]. The scattering function’s

evaluation requires taking the space and time Fourier transform of the eigenvectors

of the equations of motion (EOM) of the spins. For systems with lattice translational

symmetry, Fourier transformation diagonalizes the EOM of the spins. For finite sys-

tems without periodic boundary conditions, the full lattice translation symmetry is

not present, and Fourier transformation is no longer sufficient to find the spin wave

spectra. Therefore, we employ numerical diagonalization of the EOM, the eigensys-

tem of which we use in the evaluation of the scattering function.

While previous studies have explored the INS scattering function of nanoparticle



2

systems through various means [9, 10], our approach allows for the determination of

the yet unknown effects of edge anisotropy on INS scattering in finite systems. The

development of our approach to evaluating the scattering function required unique

adaptations of the framework outlined by Fishman.

Our results show the rise of acoustic and optical SW edge modes in both FM and

AFM cases. FM edge modes appear in the presence of extra magnetic anisotropy at

the edges of the system (edge anisotropy). When the extra anisotropy is easy plane

(EP), the edge mode is acoustic (low frequency). If instead the anisotropy is easy

axis (EA), the edge mode is optical (high-frequency). These edge modes have been

previously theorized in the study of FM thin films [11, 12, 13]; however, their effect

on INS and the spin wave scattering function has not been explored.

The phenomenology of edge modes for AFM systems is much less explored in the

literature. Here we show that the nature of the edge mode is quite different in AFM

systems. An edge mode does appear in AFMs even without edge anisotropy, so long

that the system possesses bulk EA magnetic anisotropy (equal for all spins) and open

boundaries. Similar to the FM case, an optical edge mode arises in the presence of

large EA edge anisotropy, while EP edge anisotropy lowers the energy of the acoustic

edge mode.

This thesis will follow the chapters outlined below.

Chapter 1 motivates the problem of magnetic excitations in finite systems and gives

a basic introduction to spin waves in FM and AFM systems.

Chapter 2 describes our theoretical method to evaluate spin wave spectra and scat-

tering function in finite systems.

Chapter 3 describes our results for FM systems.

Chapter 4 describes our results for AFM systems.

Chapter 5 discusses our results in the context of the literature, provides conclusions

and avenues for future work.
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1.2 Motivation

Recent studies suggest that edge anisotropy plays a significant role in the behaviour

of magnetic nanoparticle systems. Of particular interest to us are recent works by Ian

Aupiais, Marc Allen, and others [2, 14], demonstrating the effects of edge anisotropy

on Bismuth Ferrite (BiFeO3) nanoparticles. The Raman spectra in figure 1.2 shows

the behaviour of optical Raman scattering of SWs in BiFeO3 nanoparticles as par-

ticle size decreases; however, the physical interpretation of what is happening is un-

clear. Work by Mark Allen suggests that magnetic anisotropy at the surface of the

nanoparticles causes inhomogeneous broadening of the spin wave excitations, leading

to vanishing of optical Raman scattering peaks. While a 3D BiFeO3 nanoparticle is

vastly different from a 1D FM/AFM chain (BiFeO3 has AFM cycloidal ordering [15]),

we hope that we can shed light on the effects through investigation of a simple model

of edge anisotropy on the scattering of SWs in finite systems. New understanding

achieved in this work can then be applied to the problem of scattering in BiFeO3

nanostructures, as well as other materials.

Additional motivation for studying the nature of the edge mode in finite 1D sys-

tems is that they provide the basic theoretical tool to describe surface spin wave

modes in thin films. The spin dynamics of thin films can be described by a 1D spin

chain perpendicular to the film’s plane. In that case surface anisotropy becomes edge

anisotropy for the 1D chain [11]. The edge mode becomes a surface mode in the thin

film system, as described in figure 1.1.

1.3 Microscopic Origin of Magnetism

We start our story with a basic introduction to the microscopic mechanisms that give

rise to magnetism. Spontaneous magnetic ordering in materials arises from the in-

teraction of the constituent atoms, which themselves have a magnetic moment. This

magnetic moment has two contributing factors, the orbital angular momentum of the

electron orbiting the atom, as well as the intrinsic “spin” of the electron. Interaction

between the spin of electrons in adjacent atoms is what leads to magnetic ordering.

Many microscopic mechanisms contribute to the exchange interaction between

spins [16]. The Coulomb exchange mechanism (arising from the Pauli exchange in-

tegral) contributes to J > 0 and therefore favours ferromagnetism. It occurs be-
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(a) (b)

Figure 1.1: Modelling of FM thin film as 1D spin chain (a) shows the thin film model, (b)
shows the form of spin waves along the z-axis, modelled by a 1D spin chain [11].
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Figure 1.2: Raman scattering of BFO nanoparticles. We see the vanishing of SW peaks as
particle size decreases, the explanation of which is yet unclear. [2]
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cause antiparallel spins (two-electron singlet states) have orbital wavefunction that is

symmetric under particle interchange, whereas parallel spins (two-electron triplets)

necessarily have antisymmetric orbital wavefunctions. This results in a difference in

the spacial wave function of the system, which due Coulomb repulsion, favours the

parallel alignment of spins, because for antisymmetric orbitals the probability of elec-

trons being on top of each other is zero. When the majority of spins in a system are

aligned, the system will exhibit a spontaneous net magnetization, or ferromagnetism.

The direct exchange mechanism has the opposite sign of Coulomb exchange, i.e.

it contributes to J < 0 (antiferromagnetism). Direct exchange occurs due to virtual

hopping of electrons from one magnetic ion to the other. The Pauli exclusion prin-

ciple requires that the spins of electrons occupying the same orbital are in a singlet

state. As a result, virtual hopping is only allowed when the spins of neighbouring

ions are antiparallel. As a result, direct exchange lowers the energy of singlet states

in comparison to triplet states, contributing to J < 0.

The superexchange mechanism occurs due to virtual hopping of electrons from

magnetic ions into an atom (usually oxygen) located in between them. Similar to

direct exchange, superexchange always contributes to J < 0. A good example of

this is in magnesium-oxide, where ionic bonding leads to linear chains of Mn2+ and

O2− ions running through the crystal. Along the chain direction the O2− has a full

p-orbital oriented along Mn-O-Mn. The Mn2+ ions have half-filled (3d5) d-orbitals

with parallel spins within each Mn2+. It is energetically favourable to have covalent

bonding between ions, and since the oxygen’s p-orbital is full, it shares its electrons

with the d-orbitals. The p-orbital shares an up-spin with one Mn2+ ion and a down-

spin with the other. As the d-orbitals are half-full, the donated spin must anti-align

with the other five spins in the orbital. The final result of this interaction is to have

antiparallel alignment of the spins on either side of the O2− ion favoured. This is the

dominant interaction in some magnetic oxides. The result of antiparallel alignment of

the spins is that while the crystal has spontaneous magnetic ordering, the magnetic

moments of the spins cancel each other out, and the system has no net magnetic

moment. This is referred to as antiferromagnetism.
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1.4 Spin Waves

The goal of this study is to elucidate the properties of elementary magnetic excitations

under a particular set of constraints. It, therefore, seems appropriate have a discussion

of the general nature of magnetic excitations.

1.4.1 FM Spin Waves

We begin our journey with a one-dimensional insulating ferromagnet, which is de-

scribed via the ferromagnetic Heisenberg Hamiltonian,

Ĥ = −J
∑
i

Ŝi · Ŝi+1. (1.1)

Here J is the exchange constant, which must be positive to promote ferromagnetic

ordering, i is the spin site index, and Ŝi is the spin operator at site i given by

Ŝ = [Ŝxi , Ŝ
y
i , Ŝ

z
i ]. The ground state of this system has all the spins aligned along a

single axis γ which we will take to be in the ẑ direction without loss of generality.

Si−2 Si−1 Si Si+1

a

x

z y
......

Excitations to this state take the form of a deviation of one of the spins from

the z-axis. When this occurs, the rest of the spins in the chain adjust in a wave-like

manner, thereby lowering the excitation’s energy. Finding the equations of motion of

the spins in these elementary excitations, or spin waves (SW), is not trivial, as the

spin operators do not commute. In this work, we map our spin operators to boson

creation and annihilation operators via the Holstein-Primakoff (HP) transformation

[17]. We spare the details of this transformation for now, as we will go into it at

great lengths when the time comes. Through the HP transformation, it is possible to

express the magnetic Hamiltonian as

Ĥ2 =
∑
q

ωqâ
†
qâq =

∑
q

2JS(1− cos(qa))â†qâq, (1.2)

where â†q and âq are the creation and annihilation operators for a boson excitation with

the quantum number q which sums over the first Brillouin zone. These excitations

correspond to the energy eigenstates of the system, with energy ωq = 2JS(1−cos(qa)),
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Figure 1.3: Side and top view of spins in a SW

Figure 1.4: Dispersion relation of one-dimensional Heisenberg ferromagnet, given by Eq.
1.2.

which is the SW dispersion. Here we have taken ~ = 1 for simplicity. The quantum

number q corresponds to the wavenumber of the plane wave solutions to the equa-

tions of motion. The semi-classical picture here has the spin at each site i precessing

about the z-axis with a frequency ωq; the spin at each site being out of phase with

its neighbour by qa. The dispersion relation relates the frequency of the oscillation

ωq to the wavenumber q.

We can see here that for low q, ωq ∝ q2 for a FM, and, as q → 0, we have ωq → 0.

The q = 0 mode corresponds to a uniform rotation of all the spins, called a Goldstone

mode. The rotational symmetry of the Hamiltonian guarantees the existence of the

Goldstone mode. We chose for the ground state to have the spins S
(G)
i align along

the z-axis, but this choice was arbitrary. We could have equally chosen for S
(G)
i to lie

along x or y or any other direction. The introduction of an external magnetic field

or an anisotropy field destroys this rotational symmetry, forcing S
(G)
i to align along

the direction of the external fields. The breaking of the rotational symmetry opens

up a gap in ω, resulting in ωq=0 > 0. The low energy excitations will be of particular

interest to us in this study.
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1.4.2 AFM Spin Waves

The second portion of our study investigates spin waves in the one-dimensional in-

sulating antiferromagnet. We can interpret the Heisenberg antiferromagnet as two

interlaced ferromagnetic sublattices, A and B, which anti-align with one another in

the ground state. We again arbitrarily choose ẑ as the axis of alignment, without loss

of generality.

SAm−1 SBm−1 SAm SBm SAm+1 SBm+1

a

x

z y
......

We describe he Heisenberg antiferromagnet via the Hamiltonian,

Ĥ = −J
∑
m

ŜAm · ŜBm − J
∑
m

ŜBm · ŜAm+1, (1.3)

where ŜA is the spin operator for spins on lattice A, ŜB is the spin operator for spins

on lattice B, and J < 0. The HP transformation is again applied in concert with

a Fourier transform to diagonalize the equations of motion; however, an additional

transformation, a Bogoliubov transformation, is required to decouple the SWs in

lattices A and B. The result is

Ĥ2 =
∑
q

ωaq â
†
qâq +

∑
q

ωbq b̂
†
q b̂q,= 2JS

∑
q

| sin(qa)|(â†qâq + b̂†q b̂q) (1.4)

where q again sums over the first Brillouin zone, âq is the creation operator for SW

excitations on lattice A, and b̂† is the creation operator for SWs on lattice B. Each

lattice has a dispersion relation; however, in the infinite case, the two lattices’ dis-

persion relations are degenerate. Fig. 1.5 shows the resulting dispersion relation. We

see here that for low q, ω ∝ q, again having ω → 0 when q → 0.

Now that we provided the basic idea of what a SW is in the context of FM and

AFM systems, we will describe the methods used to detect SWs.

1.5 Inelastic Neutron Scattering

Many experimental methods are useful in measuring and characterizing SWs; how-

ever, the nanoscale size of our systems will prove to be somewhat prohibitive in
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Figure 1.5: Dispersion relation of one-dimensional Heisenberg antiferromagnet, given by
Eq. 1.4
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selecting a particular method to model [1]. Recent studies focus on the use of INS

and optical Raman spectroscopy in the study of SWs excitations in nanoparticles

[9, 2, 18]. We will focus our attention on INS as its scattering function relies directly

on the eigenstates of the SWs, whereas Raman scattering requires the additional

treatment of the spin-orbit coupling [19].

Neutrons have no electric charge and are weakly interacting, which makes them

ideal candidates for probing the inner structure and dynamics of condensed-matter

systems. The wavelength of neutrons is on the length scale of interatomic spacings,

which lends them to the study of material structures. At the same time, their energy

is on the same order as thermal fluctuations in solids, which makes them ideal for

studying lattice dynamics. Furthermore, the neutron spin couples to electronic spins

in the system, allowing them to probe magnetic structures and SWs [20].

The neutron scattering process begins with the neutrons produced either via nu-

clear fission in a reactor or spallation at an accelerator. The neutrons are then cooled

through collisions with a moderator until they reach thermal equilibrium. We refer to

these as thermal neutrons. The neutrons are then passed through a monochromator

crystal, selecting only a narrow band of wavelengths. We now have an incident beam

of neutrons with linear momentum ~ki and energy ~ωi = (~ki)2/2mn, where mn is

the neutron mass. The neutrons then scatter through interactions with the nuclei

and electronic spins of the sample. The momentum and energy of the scattered neu-

trons are then measured from which we can get information on the structure and spin

dynamics of the system.

We let

~κ = ~(ki − kf ) (1.5)

and

~ω =
~2

2mn

(k2
i − k2

f ) (1.6)

be the momentum and energy transferred to the system by the incident neutrons.

The energy ~ω 6= 0 imparted to the system via INS creates or destroys elementary

excitations such as SWs. κ is related to the momentum transferred to the system;



12

however, the wave vector q associated with the excitation must lie within a single

Brillouin zone (BZ). q is related to κ via κ = q+ τ , where τ is an allowed reciprocal

lattice vector of the system. This relation holds if the periodicity of the magnetic

structure matches that of the atomic structure, such as in the case of the FM studied

previously. If the periodicities differ, as is the case in an antiferromagnetic (AFM)

system, a magnetic ordering wave vector Q must be included. κ is then written as,

κ = τ +Q + q′, where q′ = q −Q is the excitation wave vector. For example, in a

monatomic one-dimensional FM chain, the allowed values of τ are τ = n2π
a

, where n

is an integer, a is the interatomic lattice spacing, and we have assumed the chain ex-

tends along the x direction in real space. As the periodicity of the magnetic structure

of a FM is the same as that of the lattice, Q=0, and we can see that q′ = q ∈ [−π
a
, π
a
],

corresponding to the first BZ. In the case of an AFM we still have τ = n2π
a

, however,

the periodicity of the magnetic structure is now half that of the lattice, and Q = ±π
a
.

The resulting excitation wave vector is q′ = q −Q ∈ [− π
2a
, π

2a
]. (Note, that from here

on out we will refer to the excitation wave vectors as q and not q′)

INS directly measures the scattering function Sα,β(q, ω), which is the space and

time Fourier transform of the time-dependent spin-spin correlation function,

Sαβ(q, ω) =
1

2πN

∑
i,j

∫
dte−iωte−iq·(Ri−Rj) 〈Ŝαi (0)Ŝβj (t)〉

T
. (1.7)

The spin-spin correlation function evaluates how closely correlated the spin at site

i at time t is with spin j at time t′ (can also be represented as t = 0 and t′ = t as

we are only concerned with elapsed time). Generally speaking the further apart the

spins are in time and space, the less correlated they will be. The spin-spin correlation

function provides complete information on the spin-spin interactions in the system.

We delve into the details of Eqn. 1.7 in the following chapter; however, from this

expression, we can see that each neutron scattered with momentum ~κ and energy

~ω, directly measures a single Fourier component of the spin-spin correlation func-

tion. The scattering function Sα,β(q, ω) will form the focal point through which we

will investigate the behaviour of SWs in our system.

Finally, we provide a brief discussion on the value of Eq. 1.7 as a proxy for optical

Raman scattering experiments. The spin scattering function 1.7 at q ≈ ω/c ≈ 0,

where c is the speed of light, describes the spectral weight for inelastic spin exci-
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tations that can occur due energy and momentum conservation in optical Raman

scattering. By no means all excitations that satisfy energy and momentum conserva-

tion do occur, as there is an additional criteria related to spin-orbit coupling for light

absorption/emission.

A proper description of optical Raman scattering would involve the convolution

of Eq. 1.7 with a structure factor that depends on spin-orbit coupling [19]. However,

it is quite hard to calculate such structure factor from microscopic theory and the

usual approach is to rely on symmetry arguments. In summary, we can interpret

Sα,β(q = 0, w) as a proxy for the expected strength of Raman peaks for photons that

loose or gain energy ~ω, but we should keep in mind that not all peaks are expected

to lead to inelastic photon resonances.

1.6 Magnetic Anisotropy

One of the primary restraints we are going to impose on our system is magnetic

anisotropy. Magnetic anisotropy is the tendency of a system to resist magnetization

in some directions more than others. Previous work has shown that surface anisotropy,

in particular, plays a crucial role in the magnetic dynamics of finite systems [11, 21].

We aim to quantify the effects of surface anisotropy in the spin-dynamics of nanoscale

systems within the microscopic theory framework.

There are two general microscopic mechanisms for magnetic anisotropy. The first

one is magnetocrystalline anisotropy [4], which refers to the tendency of the magne-

tization to align along crystallographic axes. The origin of this effect is the spin-orbit

coupling. When we apply an external magnetic field to the sample, the electron spins

try to align with the field direction. Electron spins couple to electron orbitals; there-

fore, the orbitals also align along the direction of the external field. The orbitals are

also strongly coupled to the lattice, and therefore attempts to rotate the spin axes

are strongly resisted.

The second microscopic mechanism leading to magnetic anisotropy is the dipolar

interaction between spins. The total dipolar energy can be written as a volume in-

tegral of the magnetic field squared over the region outside the magnet [22]. When

written in this way, this is called magnetostatic energy. This contribution is large for
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FMs because they produce a large field outside their boundaries, and is negligible to

AFMs because their anti-aligned spins only produce a negligible field. For FMs this

leads to often denoted shape anisotropy. For example, a FM shaped like an ellipsoid

will have its spin orientation favoured along the long axis of the ellipsoid [4].

The preference for the magnetization to lie along an axis, with two preferential

directions, 180
◦

apart, is referred to as easy-axis (EA) anisotropy. In some cases,

the magnetization of the system prefers to lie perpendicular to a particular crystal

axis, we refer to this as easy-plane (EP) anisotropy. The impact of bulk anisotropy

on the spin wave spectra is well known [23], so we focus our study on the impact of

surface/edge anisotropy.

1.6.1 Surface Anisotropy

Initially proposed by Néel [24], the microscopic mechanism of surface anisotropy is

magnetocrystalline anisotropy. Surface anisotropy occurs because the symmetry of a

magnetic ion at the surface is lower than the symmetry of a bulk ion. As a result,

the magnetocrystalline anisotropy of a surface ion is different than the one for an ion

in the bulk [24]. Surface anisotropy can also be either EA or EP. The most common

situation is that the axis points perpendicular to the surface, and the plane is the

surface itself. We introduce magnetic anisotropy to our one-dimensional Hamiltonian

as,

Ĥ = −1

2
J
∑
i

Ŝi · Ŝi+1 −K
∑
i

(Ŝzi )2 −Ks

[
(Ŝz1)2 + (ŜzN)2

]
, (1.8)

where and Ks and K are the magnitudes of the surface and bulk anisotropy, respec-

tively, and z is the easy-axis direction. For Ks > 0, the edge spins will be pinned

along the z-axis, and for Ks < 0, the spins are unpinned provided that they lie in the

plane perpendicular to z. In large systems with small surface to volume ratio, the Ks

term is negligible compared to the bulk anisotropy K; however, it becomes important

for some nanoscale systems [21], which brings us to our second constraint of interest,

finite size.
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1.7 Magnetic Nanoparticles

The second constraint we impose on our system – finite size – goes hand in hand with

surface anisotropy. In nanoparticle systems, a significant proportion of the atoms

lie on the surface, which causes their properties to differ significantly from the bulk

materials. We wish to highlight several finite-size effects before moving forward as

they motivate some of the focus areas in our work.

1.7.1 Superparamagnetism

Superparamagnetism is a result of the reduction of the magnetic anisotropy energy

due to finite size [25]. The anisotropy energy of a magnetic system is roughly propor-

tional to its volume. Therefore, for small enough volumes, it can be on the same order

as the thermal energy kBT , where kB is the Boltzmann constant, and T is the temper-

ature. The result is that the system may be subject to magnetic reversals along the

easy axis due to thermal excitations; we refer to these reversals as superparamagnetic

relaxation. The superparamagnetic relaxation time is given by,

τ = τ0e
KV/kBT , (1.9)

where K is the bulk magnetic anisotropy constant, V is the particle volume, and τ0

is on the order τ0 ≈ 10−13s− 10−9s [26]. If the relaxation time is long relative to the

temporal resolution of the measurement technique, the instantaneous magnetization

of the sample will be measured. However, if the relaxation time is on the same order

as the temporal resolution, the average magnetization will be measured. This effect

is particularly detrimental to studies investigating the temperature dependence of

magnetization of nanoparticles. We refer to the temperature at which the two time

scales are on the same order as the superparamagnetic blocking temperature TB. In

this case, the system will appear to have a zero net magnetization in zero external

field; however, it will be extremely susceptible to an external field, more so than a

paramagnetic system, hence the term “superparamagnetic.” The temporal resolution

of INS is on the order of picoseconds, making it an ideal tool for the examination of

systems in the superparamagnetic regime [26]. While we investigate the full spectra

of excitations, our findings for low-lying excitations should be of particular interest

to those studying the temperature dependence of magnetization in nanoparticle sys-
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tems, as the low-energy SW excitations are responsible for the T-dependence of the

magnetization.

1.7.2 Discretized Spectra

A significant effect of the imposition of a finite length scale is the discretization of

the SW spectra [10]. Again, while we examine the full SW spectra of our system,

of particular interest are the low energy states. Even a system with zero magnetic

anisotropy will have a non-zero energy difference between ground and first excited

state:

~ω0 =
4π2JSa2

d2
, (1.10)

where d is the diameter of the nanoparticle and the last equality holds for a FM (Eq.

(1.2) with q = ∆q) [10]. This energy gap can be on the order of 10K, making the first

excited state the only available state below TB. This first excited state corresponds

to nearly uniform (q = 0) precession of the spins around the easy-axis. As we will

see, surface anisotropy significantly impacts the behaviour of these uniform excitation

modes.

1.7.3 Surface Modes

Measurements of ferromagnetic resonance (FMR) in thin films have shown the ap-

pearence of surface SW modes [27]. Theory showed that the origin of these modes is

due to surface magnetic anisotropy [11]. Since then, the study of these surface modes

has proved a fruitful area of study [28, 29, 30]. FMR uses the coupling between an

oscillatory external field and the magnetization of the sample, in concert with a per-

pendicularly applied DC field, to study the resonant modes of Larmor procession of

the atomic spins about the direction of the DC field. Studies have shown that EP

surface anisotropy leads to low-frequency “acoustic” modes, in which the amplitudes

of the precession cones vary monotonically from the largest value at the surface, to

the lowest value at the film centre. These acoustic modes result, in part, from the

distortion of the ω0 uniform modes by the EP anisotropy. EA anisotropy leads to

high-frequency “optical” modes, where the magnitude of the precession cones varies

monotonically in the same manner as the acoustic modes, but in which the precession

of adjacent layers are 180
◦

out-of-phase with one another. Optical modes require rela-
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tively large EA anisotropy and result from the distortion of the high-frequency modes.

The spin dynamics of magnetic thin films subject to surface anisotropy can be

described by modelling one-dimensional spin chains perpendicular to the film’s plane.

In that case surface anisotropy becomes edge anisotropy for the 1d chains [11]. The

interaction between spin chains leads to dispersion of the surface modes.

In summary, this chapter provided context for the problem that we tackle in this

thesis: The impact of edge anisotropy on the SW excitations of one-dimensional

spin chains. We hope solving this problem will provide insight into the magnetic

excitations of nanoparticles as well as thin films.
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Chapter 2

Theory of Spin Waves in a Finite System

While we considered several approaches to examining the behaviour of magnons in

nanoparticles, including an in-depth investigation of the equations of motion of semi-

classical spins, we settled on the investigation of the scattering function as the best

tool for tackling the problem outlined in the previous chapter. The primary benefit

of this approach is its translation to experimental results. The scattering function

is the physical quantity measured in inelastic neutron scattering. We hope that by

outlining a method to evaluate the scattering function of a finite magnetic system

with edge-anisotropy, we will provide an invaluable tool to experimental physicists

and theoreticians alike.

The evaluation of the scattering function for magnetic systems is non-trivial; how-

ever, we can draw heavily upon previous work evaluating the scattering function of

bulk magnetic materials [1]. Infinite (bulk) systems have translational symmetry of

the atomic sites, so that the application of a spatial Fourier transform leads to a di-

agonal Hamiltonian. Restricting our system to finite sizes destroys the translational

symmetry at the edges, so that Fourier transformation alone is not sufficient to di-

agonalize the Hamiltonian. The first contribution of this work is the development

of a framework to evaluate the scattering function of a magnetic system that is not

translation invariant.

The second contribution of this work is the inclusion of an edge-anisotropy term

in the Hamiltonian of the system. As outlined in the previous chapter, recent works

have led us to believe that edge-anisotropy may play a significant role in the dynamic

behaviour of magnetic nanoparticles. The development of a framework for evaluating

the scattering function of finite magnetic systems will allow us to understand the
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impact of edge anisotropy on the spin wave excitations.

The following sections of this chapter will first detail the evaluation of the scat-

tering function for finite systems. Following this, we will apply our framework to four

case studies; a 1D FM chain with periodic boundary conditions, a 1D FM chain with

edge-anisotropy, a 1D AFM chain with periodic boundary conditions, and a 1D AFM

chain with edge-anisotropy. These case studies will serve a three-fold purpose; they

will serve as validation of our approach as well as tutorials in the application of our

framework. Thirdly, they will probe the effects of finite-size and edge-anisotropy on

the dynamic behaviour of magnetic nanoparticles.

2.1 Method to Evaluate the Scattering Function for Finite Systems

The scattering function of a magnetic system is the space and time Fourier transform

of the time-dependent spin-spin correlation function,

Sαβ(q, ω) =
1

2πN

∑
i,j

∫
dte−iωte−iq·(Ri−Rj) 〈Ŝαi (0)Ŝβj (t)〉

T
. (2.1)

In this equation, q is proportional to the scattering momentum ~κ of the scattered

neutron, and ω is proportional to the energy transfer ~ω of the scattered neutron. N

is the number of sites, Ri and Rj are the positions of sites i and j, and Ŝαi and Ŝβj
are the cartesian components of the spin operators at sites i and j (α, β = x, y, z).

Sαβ(q, ω) corresponds to the creation of excitations along α due to scattering in β.

It should be possible to evaluate Sαβ(q, ω) based on our framework for any α and

β, however, without adding simplifying assumptions to the system, we must repeat

the process for each unique combination of α and β. We, therefore, limit ourselves

to collinear systems such as a Heisenberg FM or AFM where the spins are aligned

along ±z, and the total spin along z is a constant of motion. This restriction means

Sαβ(q, ω) = 0 for α 6= β, Sxx(q, ω) = Syy(q, ω), and Szz(q, ω) = 0. We will limit

ourselves to the examination of Sxx(q, ω), which corresponds to the creation of spin

waves.

The crux of the analysis is evaluating the correlation function, which requires

determining the energy eigenstates of the system, which in turn requires solving the
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EOM, and then finally, transforming the spin operators to the energy eigenstate basis.

Once we have achieved this, it is just a matter of evaluating,

〈Ŝxi (0)Ŝxj (t)〉
T

=
∑
n,n′

e
− En

kBT

Z
〈n|Ŝxi (0)|n′〉 〈n′|Ŝxj (t)|n〉 ,

=
∑
n,n′

e
− En

kBT

Z
〈n|Ŝxi (0)|n′〉 〈n′|eiĤt/~Ŝxj (0)e−iĤt/~|n〉 ,

(2.2)

where Z =
∑

n e
− En

kBT is the partition function, and n and n′ sum over the eigenstates

of the system.

The first task will be determining the EOM of our system. To study the dy-

namic behaviour of a magnetic system, we can describe our system via a Heisenberg

Hamiltonian,

Ĥ = −
∑
i,j

Jrij Ŝi · Ŝj. (2.3)

Here i and j sum over all atomic sites, Ŝi and Ŝj are the spin operators at the

ith and jth sites, and Jrij is the coupling constant between these spins. We further

simplify by assuming Jrij is negligible beyond nearest-neighbour spins, and that it is

constant, regardless of direction. These simplifications leave us with

Ĥ = −J
∑
<i,j>

Ŝi · Ŝj, (2.4)

where < i, j > corresponds to the summation over nearest neighbours.

We expand the spin operators as Ŝi · Ŝj = Ŝzi · Ŝzj + 1
2
(Ŝ+

i Ŝ
−
j + Ŝ−i Ŝ

+
j ), where S+

i

and S−i are the spin raising and lowering operators respectively, and an operator Ŝαi

acts on a state of the form |ji,mi〉. Here ji = Si is the total spin at the site i, and

mi is the magnetic spin quantum number. We can write the possible values of mi as

mi = ji −m′i, where m′i = 0, 1, ..., 2ji. We can simplify our system by applying the

constraint Si = S ∀i, allowing us to write |ji,mi〉 = |m′i〉, where m′i = 0, 1, ..., 2S.

One method for determining the eigenstates of this system would be to diagonal-
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ize the matrix representation of Ĥ using the basis formed by the direct products of

the states |m′i〉 corresponding to the state of each spin. This approach results in a

(2S+1)N dimensional Hilbert space, for which diagonalization of Ĥ, even for S = 1/2,

becomes computationally unfeasible for N > 15. We use the Holstein-Primakoff (HP)

representation to reduce the computational cost of eigendecomposition significantly.

2.1.1 The Holstein-Primakoff Representation

The HP representation boils down to a second quantization representation of the spin

states and operators. In the second quantization, we are still trying to solve

Ĥ |n〉 = En |n〉 , (2.5)

but we re-write Ĥ in terms of creation and annihilation operators, for which {|n〉}
are the eigenstates. The classic example is expressing the Hamiltonian of the simple

harmonic oscillator in terms of the creation and annihilation operators â† and â. We

search for a similar representation for our Heisenberg Hamiltonian.

We begin by examining the case of a single spin, and use the Ŝz operator as a

starting point and will work outwards from there. We know

Ŝz |j,m〉 = ~m |j,m〉 ,

= ~m |m′〉

= ~(S −m′) |m′〉

= Sz |m′〉

(2.6)

Drawing from the SHO, we write this as

Ŝz |m′〉 = ~(S − â†â) |m′〉 . (2.7)

We deduce that the occupation number m′ for the number of particles, which â†â

counts, indicates the number of excitation in the spin. It follows that
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â |m′〉 =
√
m′ |m′ − 1〉 , 1 ≤ m′ ≤ 2S

â† |m′〉 =
√
m′ + 1 |m′ + 1〉 0 ≤ m′ ≤ 2S − 1

[â, â†] = 1.

(2.8)

In order to write Eq. 2.4 in the HP representation, we must also determine the form

of Ŝ+ and Ŝ−. Making use of the fact that,

Ŝ+ |j,m〉 = ~
√

(j −m)(j +m+ 1) |j,m+ 1〉 , (2.9)

we can show,

Ŝ+ |m′〉 = ~
√

2S − (m′ − 1)
√
m′ |m′ − 1〉 ,

Ŝ+ = ~
√

2S − â†â â,

Ŝ− = ~â†
√

2S − â†â,

(2.10)

where we made use of the fact that Ŝ− = (Ŝ+)†. So â† creates a Holstein-Primakoff

boson, which is interpreted as a spin-flip excitation on top of the maximum spin state

|m = S〉. â annihilates one of these excitations. We can see that Ŝ+ annihilates HP

bosons, while Ŝ− creates HP bosons. Finally, we can write

Ŝx = ~
√

2S − â†â â+ â†
√

2S − â†â
2

,

Ŝy = ~
√

2S − â†â â− â†
√

2S − â†â
2i

,

(2.11)

from which we can show,

[Ŝα, Ŝβ] = i~εαβγŜγ, (2.12)

thus, the HP representation preserves the physics of the system. Eqs. 2.7 and 2.11

are the constituent elements of the HP representation. The |m′ = 0〉 ground state

is called vacuum and has m = S; in other words, all the spin aligns along z. We

generate a state |m′〉 from the ground state via,
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|m′〉 = Λ̂
(â†)m

′

√
m′!
|0〉 , (2.13)

where,

Λ̂ |m′〉 =

|m′〉 if 0 ≤ m′ ≤ 2S

0 otherwise
(2.14)

We can represent a collection of spins as |m′1,m′2, . . . ,m′i, . . . ,m′N〉, where m′i is the

number of HP bosons at the ith site. Operators â†i and âi act on the ith component

of |m′1,m′2, . . .〉, giving

â†i |m′1,m′2, . . . ,m′i, . . . ,m′N〉 =
√
m′i + 1 |m′1,m′2, . . . ,m′i + 1, . . . ,m′N〉 ,

âi |m′1,m′2, . . . ,m′i, . . . ,m′N〉 =
√
m′i |m′1,m′2, . . . ,m′i − 1, . . . ,m′N〉 .

(2.15)

From here, we limit ourselves to the study of single-excitation states, i.e. if m′i =

1, then, m′j = 0 for j 6= i. This is a reasonable approximation for low T , when only

the lowest lying energy states play a role [17]. Limiting ourselves to single-excitation

states also allows us to write Eq. 2.10 as

Ŝ+ ≈ ~
√

2Sâ,

Ŝ− ≈ ~â+
√

2S
(2.16)

provided that S � 1. It is important at this point to note that the states |m′1,m′2, . . . ,m′i, . . . ,m′N〉
are not eigenstates of the Hamiltonian in Eq. 2.4, however, equipped with our HP

representation, we are now ready to tackle the eigendecomposition of our Hamilto-

nian.

2.1.2 Diagonalization of the Hamiltonian

In this section, we will detail the procedure used for determining the eigenstates of

our Hamiltonian. However we will leave the explicit decomposition to a later section.

For reasons that will soon become clear, we will need to restructure our Hamiltonian

depending on whether we are studying the FM or the AFM case, meaning the explicit

decomposition of either at this point would cause a loss of generality. However,
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without loss of generality, we can expand Ĥ as

Ĥ = Ĥ0(S2) + Ĥ1(S1) + Ĥ2(S0). (2.17)

Ĥ0 is the ground state energy of the system, is proportional to S2, and does not

contain any âi or â†i terms. As Ĥ0 is a constant, it does not lend any additional

information on the spin dynamics of the system, and we will, therefore, drop it. Ĥ1

is the harmonic term, is proportional to S1, and contains terms of the form â†i âj. Ĥ1

corresponds to the energies of single excitations and, therefore, will be the focus of

our study. Ĥ2 is the anharmonic term, is proportional to S0, and contains terms of

the form â†i âj â
†
kâl. Ĥ2 describes the mutual interaction between excitations in the

system. This term is negligible at low T when the number of thermally activated

magnons is small. For this reason, we also drop Ĥ2 and focus entirely on Ĥ1. We

note that if we divide Eq. 2.17 by S2, it becomes an expansion in powers of 1/S.

Therefore, neglecting H2 is equivalent to dropping the 1/S2 contribution. Evidently

this becomes a good approximation in the limit S � 1.

It is convenient to write Ĥ1 in matrix form,

Ĥ1 = V̂ †LV̂ , (2.18)

where V̂ † =
(
â†1, â

†
2, . . . , â

†
N |â1, â2, . . . , âN

)
, and V̂ =

(
V̂ †
)∗T

. L is a Hermitian

2N × 2N matrix with the property,

L =

[
P Q

Q P

]
, (2.19)

where P and Q are N×N matrices. The form of V̂ † is chosen to allow the symmetry

arguments of 2.19 to be satisfied.

Here we have made our first departure from the conventional bulk approach to

evaluating the scattering function. In the bulk approach, at this point, we would

apply a Fourier transform to L, reducing it to a 2u× 2u matrix that depends on q,

where u is the number of sites in the magnetic unit cell along x. In the bulk case,

one ensures the symmetry requirements of Eq. 2.19 are satisfied by including both q

and −q terms in the Hamiltonian. Due to the lack of translational symmetry in our
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finite system, we must use the real space representation of L. We, therefore, we will

be required to determine an equivalent form of −q in the real space representation.

We go over how we achieve this when we deal with the FM and AFM cases explicitly,

for now we assume L has the necessary form.

The next step is to assume the behaviour of â†i and âi will be oscillatory, which

allows us to write,

âi(t) = âi(0)e−iωt and â†i (t) = â†i (0)eiωt. (2.20)

Our next step is to diagonalize the equations of motion (EOM) of V̂ given by

i~
dV̂

dt
= −[Ĥ1, V̂ ] = LV̂ , (2.21)

where L = NL and N =

[
I 0

0 −I

]
. The eigenvalues of L are

εn =

{
~ωn/2 if n ∈ (1, N)

−~ωn−N/2 if n ∈ (N + 1, 2N),
(2.22)

where N is the number of spins in the system. It is important to note here that εn

are not the energy eigenvalues of the Hamiltonian, but of the EOM.

We diagonalize L using unitary transformation L′ = ULU †, with the columns of

U † being the eigenvectors of L, which we will denote by un. We diagonalize Ĥ1 by

transforming it via,

Ĥ1 = V̂ †U †ULU †U V̂ = Ŵ †L′Ŵ , (2.23)

where Ŵ † = V̂ †U † =
(
α̂†1, α̂

†
2, . . . , α̂

†
N |α̂1, α̂2, . . . , α̂N

)
. Here α̂†n and α̂n are boson cre-

ation and annihilation operators respectively, satisfying [α̂n, α̂
†
n′ ] = δn,n′ . Expanding

Ĥ1 on this new basis, we have,

Ĥ1 =
N∑
n=1

~ωn
2

(
α̂†nα̂n + α̂nα̂

†
n

)
= ~

N∑
n=1

ωn(α̂†nα̂n +
1

2
). (2.24)

Noting that we can express α̂†n and α̂n as
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Figure 2.1: Side and top view of spins in a SW

α̂†n =
N∑
i=1

(
u†i,nâ

†
i + u†i+N,nâi

)
,

α̂n =
N∑
i=1

(
u†i,n+N â

†
i + u†i+N,n+N âi

)
,

(2.25)

where u†ij =
[
U †
]
ij

, it becomes clear that α̂†n and α̂n create and annihilate oscillating

collective excitations with energy ~ωn, i.e.,

α̂†n |0〉 = |n〉 ,

α̂n |n〉 = |0〉 .
(2.26)

In the FM with periodic b.c., these SWs are superpositions of forward and backward

propagating waves, leading to the sinusoidal form shown in Fig. 2.1.

As we shall see in the solution for the FM and AFM chains, a finite system has

similar SW solutions but with some distortion to the sinusoids.

2.1.3 Calculation of the Scattering Function

Now that we have determined how to evaluate the energy eigenstates of the system,

we recall,

Ŝxi = ~
√

2S(âi + â†i )

2
, (2.27)

and that the goal of this whole procedure was to evaluate,
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〈Ŝxi (0)Ŝxj (t)〉
T

=
∑
n,n′

e
− En

kBT

Z
〈n|Ŝxi (0)|n′〉 〈n′|Ŝxj (0)|n〉 ei(En−E′n)t/~, (2.28)

we transform âi and â†i to the eigenstate bases (α̂n and α̂†n operators) via,

~̂
V = U †

~̂
W =⇒ V̂i =

 âi =
∑N

n=1

(
u†i,nα̂n + u†i,n+N α̂n

†
)

if i ∈ (1, N)

â†i−N =
∑N

n=1

(
u†i,nα̂n + u†i,n+N α̂n

†
)

if i ∈ (N + 1, 2N)
.

(2.29)

These transformations allow us to write

Ŝxi (0) = ~
√

2S

2
(âi + â†i ) = ~

√
2S

2

N∑
n=1

α̂n (u†i,n + u†i+N,n)︸ ︷︷ ︸
X1(i,n)

+α̂†n (u†i,n+N + u†i+N,n+N)︸ ︷︷ ︸
X2(i,n)


(2.30)

and

Ŝj
x(t) = ~

√
2S

2

N∑
n=1

[
e−iωntα̂nX1(j, n) + eiωntα̂†nX2(j, n)

]
. (2.31)

Inserting these into Eq. 2.28 for the spin-spin correlation function we get,

〈Ŝxi (0)Ŝxj (t)〉
T

= ~2S

2

∑
n,n′

e
− En

kBT

Z
〈n|α̂nX1(i, n) + α̂†nX2(i, n)|n′〉

〈n′|e−iωntα̂nX1(j, n) + eiωntα̂†nX2(j, n)|n〉 .

(2.32)

As we are restricting ourselves to single-excitation states, if n 6= 0 then n′ = 0 and

vice versa. Therefore,
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〈n′|α̂n|n〉

{
6= 0 if n′ = 0

= 0 otherwise

〈n|α̂†n|n′〉

{
6= 0 if n′ = 0

= 0 otherwise
.

(2.33)

Using these conditions along with the commutation relation [α̂n, α̂
†
n] = 1, and

e
− En

kBT

Z
〈α̂n†α̂n〉 = nB(ωn), (2.34)

where nB(ωn) is the boson occupation function given by,

nB(ωn) =
1

e~ωn/kBT − 1
, (2.35)

we can finally write the scattering function as,

〈Ŝxi (0)Ŝxj (t)〉
T

= ~2S

2

∑
n

[
X1(i, n)X2(j, n)(nB(ωn) + 1)eiωnt +X2(i, n)X1(j, n)nB(ωn)e−iωnt

]
.

(2.36)

Inserting this into Eq. 2.1 for the scattering function we have,

Sα,β(~q, ω) =~2 S

4πN

∑
i,j

∑
n

∫
dte−i~q·(

~Ri−~Rj)
[
X1(i, n)X2(j, n)(nB(ωn) + 1)e−i(ω−ωn)t

+X2(i, n)X1(j, n)nB(ωn)e−i(ω+ωn)t
]
.

(2.37)

When we integrate over t, e−i(ω±ωn)t → δ(ω ± ωn), and assuming ω > 0, δ(ω + ωn) =

0 ∀ ω. Sxx(~q, ω) can then be expressed as,

Sα,β(~q, ω) = ~2 S

2N

∑
i,j

∑
n

e−i~q·(
~Ri−~Rj)X1(i, n)X2(j, n)(nB(ωn) + 1)δ(ω − ωn).

(2.38)

The next step is to look at specific spin configurations and Hamiltonians to de-
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termine the values of ωn, X1(i, n), and X2(i, n) through the process of eigendecom-

position outlined above.

2.2 Applications: FM and AFM Chains with and without Boundary Con-

ditions

We will now go over the case studies of a 1D FM spin chain and a 1D AFM spin chain.

For each case, we will analyze the system with both periodic and open boundary

conditions, and with both bulk and edge anisotropy in the latter case. Using periodic

boundary conditions will allow us to quantify the effects of finite-size better. These

are toy models that serve two purposes. First, they provide examples of how to

apply the procedure outlined in the previous section. Second, they serve as an initial

glimpse into the types of behaviours we may expect the finite size and edge anisotropy

to have in higher dimensional analysis. In this section, we will determine the form of

the L matrix for each case. Determining the form of L is by far the most challenging

step in the analysis. Once we have the form of L, the final steps are to perform the

eigendecomposition and insert the results into Eq. 2.38. The results of which are

presented and analyzed in the next two chapters.

2.2.1 FM with Periodic Boundary Conditions

We begin our investigation of the behaviour of SW excitations in finite systems with

the most straightforward conceivable system, the 1D ferromagnetic chain with peri-

odic boundary conditions where we consider only nearest-neighbour interactions.

Si−2 Si−1 Si Si+1

a

x

z y
......

The Hamiltonian for a 1D ferromagnetic chain with periodic boundary conditions

is given by

Ĥ = −J
N∑
i=1

Ŝi · Ŝi+1. (2.39)

If we were to expand Eq. 2.39 and apply the HP transformation, it would not

satisfy the symmetry requirements of Eq. 2.19. We, therefore, split the Hamiltonian

into two parts,
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Ĥ = −1

2
J

N∑
i=1

Ŝi · Ŝi+1 −
1

2
J

N∑
i=1

Ŝi · Ŝi−1. (2.40)

Including the Ŝi · Ŝi−1 terms is the real space equivalent of including −q terms in the

momentum space Hamiltonian. Expanding Ĥ we get

Ĥ = −1

2
J

N∑
i=1

(
Ŝzi · Ŝzi+1 +

1

2
(Ŝ+

i Ŝ
−
i+1 + Ŝ−i Ŝ

+
i+1)

)

−1

2
J

N∑
i=1

(
Ŝzi · Ŝzi−1 +

1

2
(Ŝ+

i Ŝ
−
i−1 + Ŝ−i Ŝ

+
i−1)

) (2.41)

Employing the HP transformation, we then write the Hamiltonian as

Ĥ =− ~2J

2

N∑
i=1

(
(S − â†i âi)(S − â

†
i+1âi+1) +

1

2
2S(âiâ

†
i+1 + â†i âi+1)

)

− ~2J

2

N∑
i=1

(
(S − â†i âi)(S − â

†
i−1âi−1) +

1

2
2S(âiâ

†
i−1 + â†i âi−1)

)

Ĥ =− ~2J

2

N∑
i

{
S2 − Sâ†i âi − Sâ

†
i+1âi+1 + Sâiâ

†
i+1 + Sâ†i âi+1 + â†i âiâ

†
i+1âi+1

}
− ~2J

2

N∑
i

{
S2 − Sâ†i âi − Sâ

†
i−1âi−1 + Sâiâ

†
i−1 + Sâ†i âi−1 + â†i âiâ

†
i−1âi−1

}
=−~2JNS2︸ ︷︷ ︸

Ĥ0

+ ~2JS

2

N∑
i=1

(
2â†i âi + â†i+1âi+1 + â†i−1âi−1 − âiâ†i+1 − â

†
i âi+1 − âiâ†i−1 − â

†
i âi−1

)
︸ ︷︷ ︸

Ĥ1

+O(S0)︸ ︷︷ ︸
Ĥ2

.

(2.42)

As outlined in the previous section, Ĥ is expanded into terms proportional to S2,

S1, and S0. As expected, Ĥ0 = −~2JNS2, the classical ground state energy of a 1D

ferromagnetic chain.
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We can then write Ĥ1 in matrix form Ĥ1 =
~̂
V †L

~̂
V with

L = ~2JS

2

[
P 0

0 P

]
and P =



2 −1 0 0 . . . −1

−1 2 −1 0 . . . 0

0 −1 2 −1 . . . 0
...

...
. . . . . .

0 0 0 −1 2 −1

−1 0 0 0 −1 2


. (2.43)

2.2.2 FM with Open Boundary Conditions, Bulk, and Edge Anisotropy

The first complication we introduce to the system is open boundary conditions with

bulk EA anisotropy, along with an edge anisotropy term. We arbitrarily choose the

axis of alignment to be the z axis. However, this does not cause a loss of generality.

The Hamiltonian then reads,

Ĥ = −1

2
J
N−1∑
i=1

Ŝi · Ŝi+1−
1

2
J

N∑
i=2

Ŝi · Ŝi−1−K
N∑
i=1

(Ŝzi )2−Ks

[
(Ŝz1)2 + (ŜzN)2

]
, (2.44)

where we have already split the exchange interaction terms to ensure symmetry in L.

The magnitudes of K and Ks describe the strength of the anisotropies, while their

signs determines whether the interaction will be EA or EP. A positive K(s) forces the

spins to align along z (EA), while a negative K(s) forces the spins to align in the

xy-plane (EP). The first two terms of Ĥ are identical to the periodic case except we

do not include the ŜN · Ŝ1 and Ŝ1 · ŜN terms. Applying the HP transformation to

these two terms, we see we must subtract

−J(~2S2−~2S)+
~2JS

2

(
â†N âN + âN â

†
N + â†1â1 + â1â

†
1 − â

†
N â1 − âN â†1 − â

†
1âN − â1â

†
N

)
(2.45)

from the periodic Hamiltonian. The anisotropy terms add

−Ks

[
(Ŝz1)2 + (ŜzN)2

]
= −2Ks(~2S2−~2S) +~2KsS

(
â†N âN + âN â

†
N + â†1â1 + â1â

†
1

)
,

(2.46)
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and,

−K
N∑
i=1

(Ŝzi )2 = −NK(~2S2 − ~2S) + ~2KS
N∑
i=1

(
â†i âi + âiâ

†
i

)
−O(S0) (2.47)

to the periodic Hamiltonian. The resulting matrix L is

L = ~2JS

2

[
P 0

0 P

]
where, P =



1 + Ks

|J | + K
|J | −1 0 0 . . . 0

−1 2 + K
|J | −1 0 . . . 0

0 −1 2 + K
|J | −1 . . . 0

...
...

. . . . . .

0 0 0 −1 2 + K
|J | −1

0 0 0 0 −1 1 + Ks

|J | + K
|J |


.

(2.48)

Note that while we use |J | here for consistency of notation, J > 0 for the FM case

and J < 0 would require a different treatment.

2.2.3 AFM with Periodic Boundary Conditions

Now that we have explored a baseline system with our approach, we will now move

to a more complicated system, a 1D AFM chain. The approach we use will be similar

to the ferromagnetic case, but with a few alterations. We may think of the AFM

as two interlaced FM sublattices, which we will call lattice A and lattice B. In the

ground state of the system, these lattices have opposing magnetic ordering. We will

again arbitrarily choose the z-axis as the axis of alignment. Therefore in the ground

state of the system, we will have Ŝ
A(g)
m = Sẑ and Ŝ

B(g)
m = −Sẑ. Here, spins in lattice

A are denoted by ŜAm, and spins in lattice B are denoted by ŜBm.

SAm−1 SBm−1 SAm SBm SAm+1 SBm+1

a

x

z y
......

The symmetrized Hamiltonian, in this case, is given by
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Ĥ = −J
2

N/2∑
m

(
ŜAm · ŜBm + ŜAm · ŜBm−1

)
− J

2

N/2∑
m

(
ŜBm · ŜAm+1 + ŜBm · ŜAm

)
(2.49)

Here the exchange interaction J must be negative for AFM order. Following a similar

expansion as for the ferromagnetic case we get,

Ĥ =− J

2

N/2∑
m

(
ŜAZm · ŜBZm +

1

2

[
ŜA+
m ŜB−m + ŜA−m ŜB+

m

]
+ ŜAZm · ŜBZm−1 +

1

2

[
ŜA+
m ŜB−m−1 + ŜA−m ŜB+

m−1

])

− J

2

N/2∑
m

(
ŜBZl · ŜAZm+1 +

1

2

[
ŜB+
m ŜA−m+1 + ŜB−m ŜA+

m+1

]
+ ŜBZm · ŜAZm +

1

2

[
ŜB+
m ŜA−m + ŜB−m ŜA+

m

])
.

(2.50)

At this point, we must be careful; if we wish to apply an HP transformation, we

must define ŜAZm and ŜBZm separately,

ŜAZm = ~(S − â†mâm) ŜA+
m ≈ ~

√
2Sâm ŜA−m ≈ ~

√
2Sâ†m

ŜBZm = ~(−S + b̂†mb̂m) ŜB+
m ≈ ~

√
2Sb̂†m ŜB−m ≈ ~

√
2Sb̂m.

(2.51)

This modification to the HP transformation is equivalent to applying a rotation,

aligning the spins on lattice B along the positive z direction in their local frame.

Applying the HP transformation to Eq. 2.50 for the single excitation periodic case,

we get

Ĥ =~2JN(S2 − S)

+ ~2JS

2

N/2∑
m=1

(
â†mâm + âmâ

†
m + b̂†mb̂

†
m + b̂mb̂

†
m + âmb̂m + â†mb̂

†
m + âmb̂m−1 + â†mb̂

†
m−1

)
+ ~2JS

2

N/2∑
m=1

(
b̂†mb̂m + b̂mb̂

†
m + â†mâ

†
m + âmâ

†
m + b̂mâm + b̂†mâ

†
m + b̂mâm+1 + b̂†mâ

†
m+1

)
+O

(
S0
)
,

(2.52)

and Ĥ1 =
~̂
V †L

~̂
V where,
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~V † =
(
â†1 b̂†1 â†2 b̂†2 . . . â†N/2 b̂†N/2 | â1 b̂1 â2 b̂2 . . . âN/2 b̂N/2

)
, (2.53)

and L = −~2 JS
2

[
P Q

Q P

]
, where

P =



2 0 0 0 . . . 0

0 2 0 0 . . . 0

0 0 2 0 . . . 0
...

...
. . .

0 0 0 0 2 0

0 0 0 0 0 2


and Q =



0 1 0 0 . . . 1

1 0 1 0 . . . 0

0 1 0 1 . . . 0
...

...
. . . . . .

0 0 0 1 0 1

1 0 0 0 1 0


. (2.54)

2.2.4 AFM with Open Boundary Conditions, Bulk, and Edge Anisotropy

The Hamiltonian for the 1D antiferromagnet with bulk and edge anisotropy is given

by

H =− J

2

N/2∑
m

(
ŜAm · ŜBm + ŜAm · ŜBm−1

)
− J

2

N/2∑
m

(
ŜBm · ŜAm+1 + ŜBm · ŜAm

)

−Ks

[(
ŜAz1

)2

+
(
ŜBzN/2

)2
]
−K

N/2∑
m

(ŜAzm )2 + (ŜBzm )2

 (2.55)

Here, compared to the periodic case, we must subtract the terms−J
2

(
ŜA1 · ŜBN + ŜBN · ŜA1

)
.

Expanding these terms and applying the HP transformation, we see that we must

subtract

~2JS2 − ~2SJ

2

(
2â†1â1 + 2b̂†N b̂N + â1b̂N + â†1b̂

†
N + b̂N â1 + b̂†N â

†
1

)
(2.56)

from the Hamiltonian for the periodic case. Expanding and applying the HP trans-

formation to the anisotropy terms we see we must add

− ~2S2Ks + 2~2KsS
(
â†1â1 + b̂†N b̂N

)
(2.57)
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and,

− ~2NS2K + 2~2KS

N/2∑
m

â†mâm + 2~2KS

N/2∑
m

b̂†mb̂m, (2.58)

to the periodic Hamiltonian. After symmetrizing the terms, the L matrix for the

open boundary conditions is L = −~2 JS
2

[
P Q

Q P

]
, where,

P =



1 + K
|J | + Ks

J
0 0 0 . . . 0

0 2 + K
|J | 0 0 . . . 0

0 0 2 + K
|J | 0 . . . 0

...
...

. . .

0 0 0 0 2 + K
|J | 0

0 0 0 0 0 1 + K
|J | + Ks

J


and Q =



0 1 0 0 . . . 0

1 0 1 0 . . . 0

0 1 0 1 . . . 0
...

...
. . . . . .

0 0 0 1 0 1

0 0 0 0 1 0


.

(2.59)

Here we use |J |, however, it is important to note the J < 0, and that the J > 0

case requires a different treatment.

In this chapter we first developed a method for evaluating the scattering function

of 1D finite systems. We then applied this method to our four case studies; periodic

FM and AFM systems as well as finite FM and AFM systems with bulk and edge

anisotropy. We are left with the matrix representation of the Hamiltonians of the

case studies. In the following two chapters we diagonalize these Hamiltonians, and

use the results to evaluate the scattering function of each case study.
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Chapter 3

Numerical Results for the Ferromagnetic Chain

This chapter first outlines the technical steps taken between determining the form

of the L matrices, and the plotting of the scattering function. We then present and

analyze the results for the FM cases.

We implement our analysis in Matlab due to its strong performance in matrix

diagonalization; however, any software/language capable of diagonalization of large

matrices should suffice. Our end step is plotting

Sx,x(q, ω) = ~2 S

2N

∑
i,j

∑
n

e−iq·(Ri−Rj)X1(i, n)X2(j, n)(nB(ωn) + 1)δ(ω − ωn).

(3.1)

The steps once we have determined the form of L, are as follows,

1. First, we are working with toy models in our 1D chains and not modelling real

physical systems. Therefore, we are more interested in overall behaviour than

exact physical quantities. To this end, we will work in reduced units, setting

S = J = ~ = 1. We also set the atomic spacing a to a = 1, allowing us to write

Ri −Rj = a(i− j) = (i− j).

2. Second, we diagonalize L = L · N (See Eq. 2.19). The diagonal elements of

L′ are the eigenvalues εn = ±~ωn/2, with each eigenvalue corresponding to a

an eigenvector un of the EOM. At this point, it is worth ensuring the proper

ordering of our eigenvalues in ascending order.

3. Third, the δ(ω − ωn) term in Eq. 3.1 must be replaced by a smooth function

with broadening set by the energy resolution of the measurements involved. For



37

Figure 3.1: Scattering function of FM with periodic b.c.

INS the usual choice is
e−(ω−ωn)2/(2∆2)

√
2π∆2

(3.2)

with width proportional to the energy resolution ∆. In INS ∆ is typically on

the order of meV . As we are not concerned with exact physical quantities, we

set ∆ = 0.02 for ease of plotting (again, we are using reduced units, so this does

not correspond to units of meV ).

4. Finally, we evaluate Eq. 3.1, and plot a heat map of the resulting spectrum for

q vs. ω, using a log scale for the spectral weight.

3.1 FM with Periodic Boundary Conditions

The evaluation of Sx,x(q, ω) for the periodic FM serves two primary purposes. First,

it allows us to compare our results to previous works, serving as an essential check to

ensure our method of evaluating Sx,x(q, ω) is valid. Second, it serves as a reference

point for us to compare our finite-size results. Our results are shown in Fig. 3.1.

There we see that the curve of Sx,x(q, ω), for the periodic case, follows the sin(qa)2

dispersion discussed in chapter 1 . We see in Fig. 3.1 that as we increase N , Sx,x(q, ω)

tends towards the bulk case.
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The primary difference between the finite and the infinite cases is the discretized

scattering lobes of the finite case. For the periodic case, there are N/2 + 1 lobes. The

lobe width on the ω axis is dictated by ∆, while the number of spins, N , dictates the

width in qa. Each discrete value of ω corresponds to several degenerate eigenstates.

3.1.1 Investigating the Eigenvectors

Understanding the physics behind the effects of anisotropy on Sxx(q, ω) is best achieved

by studying the effects of anisotropy on the eigenstates of the system. The eigenvec-

tors un of Eq. 2.21 characterize the eigenstates of the EOM, and have the form

un =
(
â1(0), â2(0), . . . , âN(0)|â†1(0), â†2(0), . . . , â†N(0)

)
. (3.3)

We may represent the energy eigenstates of the system using the expectation value

for the spin operator,

〈Ŝxi (t = 0)〉 = 〈n| 1√
2

(
â†i (0) + âi(0)

)
|n〉 for i = 1, . . . , N. (3.4)

From this representation we can construct the vector,

〈Ŝx(t = 0)〉 =
(
〈Ŝx1 (t = 0)〉 , 〈Ŝx2 (t = 0)〉 , . . . , 〈ŜxN(t = 0)〉

)
, (3.5)

which describes the spatial form of the SW as shown in Fig 1.3.

We look at several of these vectors for the FM with periodic b.c. in Fig. 3.2 for

a chain with N = 10 spins. The points correspond to the values of 〈Ŝi
x
(t = 0)〉 for

i = 1, . . . , N , while the curves are sinusoidals fitted to the points. Fig. 3.2 (a) shows

the degenerate eigenvector of the highest energy state, ωN . For each energy eigen-

value ~ωn of the FM system, there are at least two corresponding eigenvectors; one

with non-zero values of 〈âi(0)〉, and one with non-zero values of 〈â†i (0)〉, correspond-

ing to +εn and −εn, respectively. Fig. 3.2 (b) shows the degeneracy of the periodic

FM, which has two degenerate eigenvectors corresponding to each ωn for n 6= 0, N .

Noticing that each eigenvector in Fig. 3.2(b) is π/2 out of phase with the other, it

is evident why the ωN and ω0 modes are non-degenerate, while the remainder of the

modes are two-fold degenerate.
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(a)

(b)

Figure 3.2: Eigenvectors of the periodic FM. (a) shows the non-degenerate ωN mode, (b)
shows the two-fold degenerate ωN−2 mode.
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3.1.2 Investigating the Harmonics

One of the features of Fig 3.1 we wish to investigate is the presence of off-peak

harmonics, and whether or not we should expect to see them in experiments. For

simplicity, we will look at the ω0 mode. We know,

〈0| âi0, |0〉 = 1/
√
N and 〈0| â†i,0 |0〉 = 1/

√
N for i = 1, . . . , N. (3.6)

From this and Eq. 2.30, we get X1(i, 0)X2(j, 0) = 1/N ∀ i, j. Eq. 2.38 then reduces

to

Sx,x(q, 0) =
σS

2N2

∑
i,j

e−iq·(Ri−Rj) =
σS

2N2

∑
i,j

e−iqa(i−j), (3.7)

where we have let σ = (nB(ωn) + 1)δ(ω − ωn) as we are holding ω constant for this

analysis. When N → ∞ (Fig. 3.3(a)), Eq. 3.7 becomes proportional to δ(qa),

a statement of momentum conservation for the ω = 0 excitation. For finite N , it

contains the usual higher harmonics associated to the oscillatory approximation to

the delta function. Expanding the sum in Eq. 3.7, we get,

Sx,x(q, 0) =
σS

N2

[
N

2
+ (N − 1) cos(qa) + (N − 2) cos(2qa) + . . .+ cos((N − 1)qa)

]
.

(3.8)

This analytic result is plotted along with our numerical results in Fig. 3.3(b). We

can look at the slightly more complicated ωN mode for which,

〈N | âi0, |N〉 = (−1)i/
√
N and 〈N | â†i,0 |N〉 = (−1)i/

√
N for i = 1, . . . , N. (3.9)

Repeating the same procedure as we preformed for |0〉, we get,

Sx,x(q, ωN) =
σS

N2

[N
2
− (N − 1) cos(qa) + (N − 2) cos(2qa)− (N − 3) cos(3qa)

+ . . .+ cos((N − 1)qa)
]
,

(3.10)
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(a) Scattering function harmonics - Size dependence

(b) Scattering function harmonics - Low energy (ω = 0) excitation

(c) Scattering function harmonics - High energy (ω = 4) excitation

Figure 3.3: Harmonics in periodic FM

which, again, matches our results perfectly, as can be seen in Fig. 3.3 (c).

These results show that the series of harmonics appearing in Fig. 3.3 arise from

momentum conservation in a finite system of N sites. These harmonics are physical

and can be detected should the experimental resolution be high enough. If the ex-

periment is unable to resolve the harmonics, they will appear as broadening of the

primary peak [10].

3.2 FM with Open Boundary Conditions and Edge Anisotropy

The FM with open boundary conditions and K = 0 and KS = 0 is shown in Fig. 3.4,

while the FM with open boundary conditions and K = 0.4 and Ks = 0 is shown in

Fig. 3.5 (a). Two major features distinguish the case in Fig. 3.4 from the periodic

b.c. of Fig. 3.1. First, there are N distinct values of ~ω/JS, as opposed to the

N/2 + 1 values in the periodic case. The reason why the two-fold degeneracy is lifted

is because the π/2 out of phase eigenvectors from Fig. 3.2 (b) are no longer degenerate

in the open b.c. case (their energies split). Secondly, we see that the harmonics shift
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away from qa = 0. Fig. 3.5(a) shows that as expected, the effect of bulk anisotropy

on a FM system is to shift the SW spectra uniformly to higher energies, opening a

anisotropy gap in the bulk SW spectra.

In Figs. 3.5(a) and 3.5(b), we can see that EP edge anisotropy leads to a local-

ized mode with frequency smaller than the lowest bulk SW mode, i.e. within the

anisotropy gap. As we lower Ks, the frequency of the mode lies right inside the gap,

with spin oscillations localized at the edge of the chain. We will refer to these modes

as acoustic edge modes. In Figs. 3.6 and 3.7, we see that the origin of the edge modes

is the distortion of the low energy modes. Even for low values of |Ks|, these modes are

significantly distorted from their sinusoidal form, leading to the broadening of their

spectral weights. While there is a mild distortion of the other modes, it takes the form

of small changes in wavelength and phase, resulting only in the shift in harmonics, as

seen in Figs. of 3.5. Fig. 3.5(d) shows that EA edge anisotropy gives rise to an edge

mode at high frequency – we call this the optical edge mode.

Figs. 3.6, 3.7 and 3.8 explore the nature of the edge modes, and their subsequent

effect on the scattering function. Fig. 3.6 shows the rise of the acoustic edge modes

due to EP edge anisotropy. Fig. 3.6 (a) shows the lowest-frequency ω0 mode, which

corresponds to a uniform precession about the axis of bulk anisotropy (z-axis in our

case). It shows the distortion of the uniform ω0 mode, and the subsequent broadening

of the scattering function. The other localized edge mode is ω1, which is associated

to wavevector |q| ≈ 2π/N . Its frequency is quite close to ω0, but it has quite different

eigenvectors in that it corresponds to antisymmetric oscillations in space, see Fig 3.7.

Unlike the bulk modes, for both edge modes, the magnitude of the precession

cones decreases monotonically from the largest value at the edge, to the smallest

value at the centre. The decrease in magnitude follows an exponential decay.

Fig. 3.8 shows additional special cases for the FM edge modes. Figs. 3.8 (a)-(d)

show the effects of different values of Ks on each edge. We see that this destroys

the symmetric and antisymmetric modes, leaving oscillations at only one edge of the

chain. Note how the scattering function no longer exhibits higher harmonics as a

function of q, due to the complete destruction of translation symmetry.
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Figure 3.4: Scattering function of finite FM with open b.c. for Ks = 0 and with K = 0.0.
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(a) (b)

(c)
(d)

Figure 3.5: Scattering function of finite FM chain for several values of Ks, with a fixed
K = 0.4 EA bulk anisotropy.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.6: The rise of lowest frequency ω0 symmetric acoustic edge modes in FM for
decreasing values of Ks. (a),(b) have Ks = 0, (c),(d) have Ks = −0.2, (e),(f) have Ks = −1,
(g),(h) have Ks = −10. In all cases K = 0.4. Minimal labelling has been included for clarity.
See Figs. 3.2 and 3.3 for further description of interpretation.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.7: The rise of the second lowest frequency edge mode ω1, associated to |q| ≈ 2π/N
in a FM, for decreasing values of Ks. (a),(b) have Ks = 0, (c),(d) have Ks = −0.2, (e),(f)
have Ks = −1, (g),(h) have Ks = −10. In all cases K = 0.4. Minimal labelling has been
included for clarity. See Figs. 3.2 and 3.3 for further description of interpretation.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3.8: Here we show some special cases of the FM edge modes. Figs. (a)-(d) show
the effects of different values of Ks at each edge on the low-frequency acoustic edge modes
((a) and (b) correspond to ω0, while (c) and (d) correspond to ω1), with Ks,1 = −10 and
Ks,N = −6. Figs. (e)-(h) show the symmetric and asymmetric high-frequncy (ωN and
ωN−1) optical edge modes for Ks = 2.8. In all cases K = 0.4. Minimal labelling has been
included for clarity. See Figs. 3.2 and 3.3 for further description of interpretation.
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Figs. 3.8 (e)-(h) show the high energy optical edge modes due to EA edge

anisotropy Ks = 2.8. The optical mode has each precession cone 180
◦

out-of-phase

with its neighbour. The magnitude of the oscillations still decreases monotonically

towards the centre with exponential decay.
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Chapter 4

Numerical Results for the Antiferromagnetic

Chain

4.1 AFM with Periodic Boundary Conditions

Sxx(~q, ω) for the periodic AFM case is shown in figure 4.1 for N = 30. As we can

see in Fig. 4.1 (a), the shape of Sxx(~q, ω) matches the known |sin(qa)| dispersion

of an infinite AFM chain. Similar to the FM case, Sxx(~q, ω) becomes discretized at

finite sizes. For the periodic case, the eigenstates are highly degenerate with N/4 + 1

distinct values of ~ω/JS. When mod(N, 4) 6= 0, there are (N − mod(N, 4))/4 + 1

distinct values of ~ω/JS, with the non-ωN/ω0 modes being 4-fold degenerate. The

eigenvectors of the AFM case are slightly more complicated than those of the FM

case, as we can see in Fig. 4.2. The increase in complexity is due to each sub-lattice

having a partially independent waveform. For the periodic case, the dispersion of

lattices A and B are degenerate, explaining one part of the degeneracy we see.

As we saw in the ferromagnetic case, out-of-phase pairs for each set of eigenvectors

cause further degeneracy. Fig. 4.1 shows that bulk EA anisotropy no longer causes a

uniform increase in the energy of the SW modes. While the energy of all SW modes

do increase, it is not uniform, which results in an increase in the density of states, as

the low ω states are more affected than the high ω states.

4.2 AFM with Open Boundary Conditions and Edge Anisotropy

In Fig. 4.3 (a), we can see the introduction of open boundary conditions eliminates

the out-of-phase degeneracies as it did in the FM case. This leaves us with N/2
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(a) (b)

Figure 4.1: Scattering function of periodic AFM. (a) Zero magnetic anisotropy and (b)
easy-axis bulk anisotropy with K=0.05.

(a)

(b)

Figure 4.2: Eigenvectors of periodic AFM. Fig. (a) shows eigenvectors of two-fold degen-
erate ωN mode, Fig. (b) shows eigenvectors of four-fold degenerate ωN−2 mode.
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distinct values of ~ω/JS, as sub-lattices A and B still have degenerate dispersions.

We do not see the shift of the harmonics to high qa that we saw in the FM case.

Furthermore, we see that the introduction of open boundary conditions gives rise to

a broadened low energy mode in the presence of an EA bulk anisotropy. It turns out

that this mode is indeed an acoustic edge mode, as we can see in Fig. 4.4 (b). In

Figs. 4.3 (b)-(d), we see that the energy of the acoustic mode decreases with EP edge

anisotropy, and increases with EA edge anisotropy. This behaviour is the opposite

of the FM case, where EA edge anisotropy decreases the acoustic mode’s energy. As

can be seen in Figs. 4.4 (g) and (h), for a specific range of EA edge anisotropy, the

acoustic mode disappears, reappearing as an optical mode for large Ks as can be seen

in Fig. 4.3 (d). We do see the same shift of the harmonics towards lower qa as we

increase Ks, as we saw in the FM case.

Figs. 4.4 (a)-(d) show the effects of edge anisotropy on the acoustic modes of

the AFM chain. While the magnitudes of the precession cones no longer decrease

monotonically towards the centre, as in the FM case, the magnitudes of the preces-

sion cones within a given lattice do decrease monotonically towards the centre, with

exponential decay. We see the edge modes are no longer even and odd under parity

symmetry as in the FM case, instead behaving like the FM case with asymmetri-

cal values of Ks at either edge. We still see broadening of the scattering function;

however, it is significantly less pronounced than in the FM case, and does not show

harmonics.

Fig. 4.5 shows the acoustic mode behaviour of the uncompensated N = 21 case.

Here lattice A has 11 spins while lattice B only has 10 spins. In contrast to the

compensated case, the uncompensated case has inversion symmetry about the spin

in the middle of the chain. It also has lattice A being pinned at either end by the

edge anisotropy. Here we see the acoustic mode is symmetric, unlike the acoustic

mode in the compensated case. The uncompensated case behaves like a compensated

case in response to edge anisotropy, with a slightly more significant broadening of the

scattering function and demonstration of harmonics. The uncompensated case also

results in the A and B lattice SWs no longer being degenerate; however, the energy

gap between the corresponding SWs remains small.

Fig. 4.6 shows the optical modes of the AFM chain. The optical modes arise as
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(a) (b)

(c) (d)

Figure 4.3: Scattering function of finite AFM chain with open boundary conditions for
several values of Ks, with a fixed K = 0.05 EA bulk anisotropy.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.4: Eigenvectors of the compensated AFM low ω acoustic edge modes, for several
values of Ks and with K = 0.05. Figs. (a) - (f) show the acoustic modes for Ks = −0.1, 0
and 0.05, while Figs. (g) and (h) show the lowest energy mode for Ks = 0.3, which is not
an edge mode. In all cases K = 0.05 and N = 20. Minimal labelling has been included for
clarity. See Figs. 4.2 and 3.3 for further description of interpretation.
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Figure 4.5: Eigenvectors of the uncompensated AFM low ω acoustic edge modes, for several
values of Ks and with K = 0.05. Figs. (a) - (f) show the acoustic modes for Ks = −0.1, 0
and 0.05, while Figs. (g) and (h) show the lowest energy mode for Ks = 0.3, which is not
an edge mode. In all cases K = 0.05 and N = 21. Minimal labelling has been included for
clarity. See Figs. 4.2 and 3.3 for further description of interpretation.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.6: Eigenvectors of the AFM high ω optical edge modes, with K = 0.05 and
Ks = 0.8. Figs. (a) - (d) show the uncompensated case (N = 21), while Figs. (e) - (h)
show the compensated case (N = 20).
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a result of large EA anisotropy. We see that sublattices A and B individually exhibit

the same behaviour as the FM case’s optical modes, with the precession cone of each

spin site of the sublattice being 180
◦

out of phase with the neighbouring spins in the

sublattice, with magnitudes decreasing exponentially towards the centre. The scat-

tering function of the compensated case in Figs. 4.6 (f)-(h) do not show harmonics,

while the uncompensated case in Figs. 4.6 (a)-(d) do show harmonics. This behaviour

is consistent with the behaviour we saw in the compensated/uncompensated acoustic

modes.
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Chapter 5

Discussions and Conclusions

5.1 Analysis of FM results

The first task in analyzing our work is to compare it to previous work. This both

validates our approach, as well as hopefully serves as a tool for extrapolating our

results to three dimensions. Figure 5.1(a) shows Sxx(q, ω) when the formalism we

used is applied to a bulk FM system. We see similar results to our own, with more

intense scattering near q = 0 and q = 2π due to an increased density in states. Figure

5.1(b) shows Sxx(q, ω) for an FCC nanoparticle. Here, similar to our results, we see

a discretized spectra with broad peaks in q.

Furthermore, in figure 5.1(b), we see the presence of off-peak harmonics along q.

These results provide a strong reference point for extrapolating our results to three

dimensions. While the exact nature of the peaks is different in the three-dimensional

case, the overall properties are much the same, suggesting our 1D results may provide

valuable insights into the nature of INS of nanoparticle systems.

The emergence of the acoustic and optical modes as a result of edge anisotropy

is supported by previous works [11]. The effects of edge anisotropy on the energy

(frequency) of the excitations are shown in Fig. 5.2. We see that while EP edge

anisotropy increases the energy (relative to the Ks = 0 case) of both the ground

state and the first excited state, the increase in the ground state energy is greater,

resulting in a decrease in excitation energy, i.e. ~ω′0 < ~ω0. Similarly, we see that

EA edge anisotropy decreases the energy of both ground and highest excited states.

The decrease in energy of the ground state is greater, increasing excitation energy,

i.e. ~ω′′N > ~ωN .



58

(a) S(q, ω) of bulk 2D square lattice FM. [1]

(b) S(q, ω) for FCC cluster along the (111)
direction. (a) corresponds to N=55 (b) cor-
responds to N = 683 spins. [10]

Figure 5.1: Known S(q, ω) for FM cases
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The behaviour seen in Fig. 5.2 is congruent with the behaviour seen in the eigen-

vectors in Figs. 3.6 and 3.8. In the case of EP edge anisotropy (Fig. 3.6) the energy

of both ground and excited states are increased as the majority of the spin lies in

the z-axis. The energy of the first excited state is then minimized by localizing the

excitation to the edge spins, where the total anisotropy is K + Ks is lower than the

total anisotropy K for the bulk spins. The difference in anisotropy means the energy

penalty for spins lying outside the z-axis is lower for the edge spins than the bulk spins.

For the EA edge anisotropy case, EA edge anisotropy lowers the ground and ex-

cited states’ energy. However, now the total anisotropy at the edge spins is higher

than that of the bulk spins. As we see in Fig. 3.8, localization of the spins to the

edge in the optical mode reduces the change in energy of the highest excited state

between Ks = 0 and Ks > 0 cases, resulting in ~ω′′N > ~ωN , for large enough values

of Ks.

Understanding the effects of edge anisotropy on the eigenvectors of the system,

paired with the signature spectrums of the edge modes in Figs. 3.6, 3.7 and 3.8 should

provide useful tools for the analysis of SWs in nanoscale magnetic systems.

5.2 Analysis of AFM results

While less work has been done in the field of neutron scattering in finite AFM sys-

tems, we do have Fig. 5.3 which shows Sxx(q, ω) when a similar formalism to the one

we used is applied to a bulk AFM system. Comparing our results from Fig. 4.1 for

the periodic AFM, we see that our results have a similar form to those in Fig. 5.3,

however, Sxx(q, ω) in Fig. 4.1 does not show the same dependence on q that is seen

in Fig 5.3. This result suggests that finite size has an appreciable affect on the q

dependance of Sxx(q, ω).

The first significant result of the AFM case is the emergence of acoustic modes

due to finite size and a bulk EA anisotropy, without the presence of edge anisotropy.

The physical interpretation of this behaviour is not readily evident. We know it is

not due to asymmetry at the boundaries of the sublattices, as the acoustic modes still

exist in the uncompensated case (N/2 + 1 spins in lattice A, and N/2 spins in lattice
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Figure 5.2: Effects of anisotropy on the energy (frequency) of spin configurations. Red
arrows indicate change in ground state energy due to Ks, while blue arrows indicate change
in energy of excited states due to Ks. In all cases we assume K > 0 (bulk EA anisotropy).
Note: not to scale

Figure 5.3: S(q, ω) of bulk 2D square lattice AFM. [1]
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B). We can further rule out it being purely due to finite size effects, as the acoustic

modes do not exist without the anisotropy. This result, should it translate to the 3D

case, would be of particular significance as the existence of the edge mode does not

require edge anisotropy.

Like the FM case, the energy and degree of localization of the edge mode are

tuneable via the edge anisotropy. The compensated AFM is not symmetric under in-

version in the centre of the chain, and as a result the edge modes are not parity even

and odd like the FM case. As a result, the compensated AFM edge modes’ behaviour

parallels that of the FM case with asymmetric values of Ks. It then follows that the

behaviour of the uncompensated AFM case parallels the behaviour of the FM case

with symmetric values of Ks, with edge modes being even and odd with respect to

space inversion at the centre. Similar to the FM case, EA edge anisotropy causes an

increase in acoustic mode energy, while EP edge anisotropy causes a decrease in the

acoustic mode energy. For high enough values of EA edge anisotropy, a high energy

optical mode emerges.

5.3 Conclusions

Our work on evaluating the INS scattering function for 1D finite FM and AFM sys-

tems with bulk and edge anisotropies has shown the emergence of novel behaviour.

In the FM case under the influence of EP edge anisotropy, we see the emergence of

a low energy acoustic edge mode, as seen in studies of semi-infinite FM thin films

[11]. In our finite case, the acoustic mode causes a significant broadening of the

scattering peak in the low-energy states. We then show the emergence of a broad

peaked optical edge mode due to large EA edge anisotropy. Similarities between our

results and previous works on 3D cases suggest extrapolation of our results to physical

systems is reasonable. Our results in the AFM case show the emergence of a broad

peaked acoustic mode under the influence of bulk anisotropy and open boundary con-

ditions. We show that the acoustic mode’s energy is tunable through edge anisotropy,

with a high energy optical mode emerging in the presence of large EA edge anisotropy.

We achieve these results by adapting the framework outlined by Fishman et. Al.

[1] for evaluating the INS scattering function for bulk materials, the finite case, and
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adding edge anisotropy terms. The framework boils down to determining the eigen-

states of the system after a Holstein-Primakoff transformation of the Hamiltonian,

and the subsequent application of time and space Fourier transformations of the

eigenvectors to determine the scattering intensities. This work demonstrates how

edge anisotropy can be studied with INS of magnetic nanoparticles. Furthermore, it

provides a framework for the study of surface spin waves in thin films and the surface

of bulk systems.
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