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Abstract

The concepts of the treewidth and pathwidth of combinatorial structures have come to
play a central role in a number of important developments in discrete mathematics and
combinatorial algorithm design. In particular, they are of fundamental importance to
several general algorithm design techniques that provide an interesting line of attack for

many problems that are N P-complete.

This approach to algorithm design involves two basic steps: (1) the representation of
the combinatorial structure by a string or tree of symbols over a finite alphabet (termed

a parse of the structure), and (2) finite-state recognition of these representations.

The project reported on here explores several issues regarding this approach to al-
gorithm design that must be adequately resolved in order for these general theoretical
developments to deliver useful algorithms. In particular, these issues concern several
junctures where large hidden constants may hinder this approach. Since most of the tools
of theory are relatively insensitive to constants, the project has centered on an experimen-
tal methodology, and on developing general software to support the exploration of these
issues. In this setting, the experiments necessarily involve some preliminary theoretical

work.

There are three main results of this project. First, we identify a set of structural oper-
ators that are sufficient to parse graphs of bounded pathwidth, and prove this sufficiency.

Secondly, based on this parsing scheme we have implemented a general software system for



iii
studying finite-state recognition of families of graphs of bounded pathwidth represented as
structural parses. Finally, we have used this software to explore the finite-state recognition

of Hamiltonian graphs, obtaining data on the size of the resulting finite-state automata

for the pathwidth bounds 2 and 3.
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Chapter 1

Introduction

The project that is the subject of this report addresses several problems concerning graphs
of bounded pathwidth. The main goal has been to develop a software platform for the
experimental study of finite-state graph properties and recognizers.

This introductory chapter is organized as follows. In the first section we review the
background and motivation for the project in general terms, and survey the main re-
sults. In succeeding sections we review basic concepts and notation concerning graphs

and automata that are employed in the chapters that follow.

1.1 The motivation for the project and the main results

In recent years, the concepts of the treewidth and pathwidth of graphs (and other more
general combinatorial structures) have assumed a role of central importance in graph
theory, combinatorics and graph algorithms. There are basically two reasons for this:

(1) The concepts of treewidth and pathwidth play a central structural role in the proof of



the Graph Minor Theorem (as the solution of Wagner’s conjecture has come to be called),
by Robertson and Seymour [25,26,27,28]. This is clearly one of the deepest and most
beautiful results of mathematics in this century, having (on the side) profound implications
for computational complexity theory. Moreover, this major breakthrough has opened up
an area of research with tremendous prospects for further development.

(2) A fundamental way of coping with N P-completeness is to restrict the problem in-
stances. For graph problems, the restriction to bounded treewidth (or pathwidth) has
proved to be a general notion that unifies a wide variety of approaches to restricting input
for problems about graphs. Moreover, while “most graph problems are N P-complete in

”»

general,” it has been shown, as an accumulated result of a very large recent literature
[4,5,6,9,13,15,17,23] that, “most problems are easy for graphs of bounded treewidth or
pathwidth.”

The starting point for this project are the results of [2] showing that essentially all
of the wide variety of approaches in the very large literature on algorithms for graphs of
bounded treewidth and pathwidth can be viewed in an elegant unified framework based on

finite automata. The results of [2] also show that well-quasi-ordering results such as the
Graph Minor Theorem are intrinsically related to issues concerning finite-state recognition
for graphs of bounded treewidth and pathwidth.

There is the distinct possibility that these recent theoretical developments may lead
to novel and useful algorithmic approaches for a number of natural problems that ex-
hibit “bounded combinatorial width” including problems in VLSI layout, computational

biology, and natural language processing. This possibility is being active explored both




theoretically and in prototype system implementations [10]. The most significant remain-
ing difficulties concern “hidden constants” in the theoretical basis. Theoretical tools for
addressing questions about hidden constants tend to be both pessimistic and insensitive.
The primary purpose of this project has been to explore some of these issues experi-
mentally, and most importantly, to create a software environment to support the needed
empirical exploration, in the setting of bounded pathwidth.

The finite-state point of view concerning algorithms for graphs of bounded pathwidth
can be given the following high level description. The algorithms proceed according to the
following two steps:

Step 1: The input graph is parsed into a representation as a string of symbols. The symbols
represent a sequence of structural operations by which the graph can be built.

Step 2: The graphs having the property of interest (for example, Hamiltonicity) are rec-
ognized by means of a finite-state automata operating on the parsed representations. The
automaton should accept precisely, and only, the strings that are parses of graphs having
the property.

This project has focused on the following questions that immediately arise in this
program:

Question I: How many symbols are needed to parse the graphs of a given pathwidth?
Question 2: For familiar graph properties for which the above algorithmic program can
in principle be carried out, how large are the resulting automata?

We remark that while these are clearly important questions, there are also other im-

portant questions which this project does not address. In investigating these questions,




this project has achieved the following.

Main Result 1. A sufficient set of parsing operators is identified for graphs of bounded

pathwidth. This basic result is described in Chapter 2.

Main Result 2. Based on the identified parsing operators, a system has been implemented

by which the automaton for a graph property can be automatically compiled from the

information: (1) a decision subroutine for the property, and (2) a finite-state test set for

the property. Test sets are explained in Chapter 3, and pathwidth 2 and pathwidth 3 test

sets for the property of Hamiltonicity are identified. The organization and capabilities of

the system are discussed in Chapter 4.

Main Result 3. Numerical results on Hamiltonicity automata for pathwidth bounds 2 and

3 are obtained by using the automata compiler. These results are described in Chapter 4.
Chapter 5 concludes this report with a discussion of some of the remaining open

problems and areas needing further investigation.

1.2 Graph theoretic preliminaries

We will use the standard notation G = (V, E), where G is a graph with vertex set V and
edge set EJ. We refer to elements of V' as vertices and to elements of F as edges. Each
edge is an unordered pair of vertices. The order of a graph G' = (V,E)is |V|, and the
size of this graph is |E|. If both |V| and |E| are finite, then the graph is said to be finite
graph. A graph is called simple if it has no loop, and if there is never more than one
edge between any two vertices. Two different vertices are called adjacent if they are both

incident with the same edge. For each vertex z we denote by N(z) the neighborhood of



z, the set of vertices which are adjacent to z. Unless stated otherwise we assume that all
graphs in this project are simple and finite.

Let G = (V, E) be a graph. A subgraph of G is a graph H = (V', E") with V' C V and
E'C E. f W CV is asubset of vertices then G[WW] denotes the subgraph induced by W,
i.e., G[W]is the subgraph with vertex set W in which two vertices are adjacent whenever
they are adjacent in G. If W = {vy,...,v,} then we also use the notation G[vy,...,v;] for
G[W]. If W is a subset of vertices such that every pair of vertices is adjacent, then W is
called a cliqgue in G. The clique size of a clique W in G is the number of vertices of W.

A walk is an alternating sequence of vertices and edges, starting and ending with a
vertex, in which every edge is incident with the two vertices immediately preceding and
following it. If all vertices of a walk are distinct (and hence also all edges in the walk are
distinct) the walk is called a path . If the number of vertices in a path is equal to the order
of the graph, then the path is called a Hamiltonian path. If the walk is closed, i.e., the
starting and ending vertex are the same, and if all vertices in the walk are distinct, then
the walk is called a cycle. If the number of different vertices in a cycle is equal to the order
of the graph, then the cycle is called a Hamiltonian cycle. If a graph has a Hamiltonian

cycle, then the graph is called a Hamiltonian graph.

1.3 Background on languages and automata

An alphabet is a finite, nonempty set of elements. The elements of the alphabet ¥ are
usually called symbols. A word over an alphabet ¥ is a finite sequence of symbols from X.

The empty word is the empty sequence and is denoted by A. The empty word is a word



over every alphabet. The universal language of all words over an alphabet ¥ is denoted by
Y*. The set ¥* is always infinite. The length of a word z is denoted by |z| and is simply
the number of symbols in the given word. Let z be a word over an alphabet ¥ and let a
be in ¥. Then the a-length of = is denoted by |z|, and is the number of times a occurs
in z. Given two words z and y over an alphabet X, the catenation of x with y, denoted
by zy, is the word obtained by appending the word y to . Let ¥ be an alphabet. For all
words, z, y, and z over ¥, (zy)z = z(yz) = zyz where parentheses are used to indicate
which catenation operation is carried out first. In other words, catenation is associative.

Since a language is not an arbitrary set, but is a subset of ¥*, for some alphabet ¥, we
might expect that there is definitional method peculiar to languages. A recognizer defines
a language by providing an algorithm to recognize words in the language. A black box

view of a recognizer is given in Figure 1.1.

Yes-xisinL
Recognizer /

for

No-xisnotinL

Figure 1.1: A black box view of a recognizer

There are several ways to describe the recognizer, such as finite automata, pushdown
automata and Turing machines. In this project, we describe the recognizer as a finite
automata.

A deterministic finite automata (DFA), M, is specified by a quintuple M = (Q, %, 4, s, F),

where @) is an alphabet of state symbols; ¥ is an alphabet of input symbols; §: Q@ x X — @



is a transition function; s in @ is the start state; and F' C @ is a set of final states.

Let M = (Q,X,6,s, F) be a DFA. We say that a word in @Y~ is a configuration of
M. 1t represents the current state of M and the remaining unread input of M. If pz and
qy are two configurations of M, then we write pz F qy, if © = ay for some a in ¥, and
d(p,a) = q. We say pz yields qy. Observe that I is a binary relation over Q¥*. For k > 1,
we write pz F¥ qy (k-steps of M on pz) if either k = 1 and pz F gy or k > 1 and there
exists a configuration rz such that pz F 7z and rz F¥=1 gy. We write pz F* qy, where F+
is the transitive closure of I, if pz F* gy, for some k > 1. In a similar manner we define
F*, the reflexive closure of . We write pz F* qy if either p2 = qy or pxz F* qy. We say
that the sequence of configurations given by pz F* qy is a configuration sequence.

Let M = (Q,X,8,s, F)be a DFA. We say a word z in ¥* is accepted by M if sz +* f,
for some f in F. We say that sz F* f is an accepting configuration sequence. A word that
is not accepted is said to be rejected. The set of words accepted by M, called the language
accepted, defined, or recognized by M is denoted by L(M) and is defined as L(M)= {z: z

is in ¥* and sz F* f, for some f in F }.

(O—0O—0

Figure 1.2: An example of finite state automaton

Let M = (Q,X%,4,s, F) be defined by @ = {0,1,2,3,4}, X = {a,b}, s = {0}, F = {2},
and 6(0,a) = 1,6(1,a) = 2,6(2,a) = 0. The state diagram of M is displayed in Figure

1.2, where the start sate is indicated by an incoming wavy arrow and each final state is



drawn as a double circle. We get L(M) = a?*3" for all n > 0.

1.4 Background on pathwidth

A path-decomposition of a graph G = (V, E) is a sequence X;, Xa,..., X, of subsets of
V that satisfy the following conditions: U, <<, Xi = V; for every edge (u,v) € E, there
exists an X;, 1 < i < r,such that u € X; and v € X;;forallé, j,kand 1 <i<j<k<r,
XiN Xk C X;. The pathwidth of a path-decomposition X, Xs,...,X, of a graph G is
maxi<i<r|Xi| — 1. The pathwidth of a graph G, denoted pw(G), is the minimum pathwidth
over all path-decomposition of G.

In figure 1.4, an example of a graph with pathwidth 2 is given, together with a path-

decomposition of it.

DIOIOIGIGIOI®

Figure 1.3: Example of a graph with path-decomposition

The problems of determining the pathwidth of a graph, and of computing a path-
decomposition of optimal width are N P-hard, but if k¥ is a fixed constant the problems

are solvable in polynomial time. The first algorithms developed to solve these problems for



fixed k were based on dynamic programming and required O(n**2) [5] and O(n2¥*+4k+8)
[21] time, respectively. As a by-product of their work on Wagner’s conjecture, Robertson
and Seymour showed the existence of O(n?) algorithms (for fixed k) [26]. Ton Kloks
showed in his Ph.D. Dissertation [24] that for each k there exists an O(nlogn) algorithm
that, given a graph G = (V, E), decides whether the pathwidth of G is at most k and,
if it is, constructs a path-decomposition of width at most k. Recently, Bodlaender has

developed a linear time algorithm for this problem [8].



Chapter 2

Structural Parsing of a Bounded

Pathwidth Graph

In this chapter we describe a scheme for parsing bounded pathwidth graphs. We prove that
the operator set identified is sufficient to parse all graphs of a given pathwidth bound. As
a consequence, every bounded pathwidth graph can be represented by a string of symbols
representing a sequence of operators. For the set of operators that we identify we will show
conversely that every sequence of operators over this set generates a bounded pathwidth
graph. This representational mechanism provides the fundamental basis for the finite-state
approach to graph decision algorithms for graphs of bounded pathwidth, and is utilized

in the algorithm compilation system that is the focus of this project.

10
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2.1 Preliminaries

Definition 2.1 For a positive integer k, a k-simplez S of a graph G = (V,E) is an

injective map 0s : {1,2,...,k} — V.

Definition 2.2 A k-boundaried graph B = (G, S) is a graph G together with a k-simplex

S for G. Vertices in the range of ds are called boundary vertices.

Definition 2.3 An empty k-boundaried graph is a k-boundaried graph B = (G, S) where

G=(V,E)and |V| =k, |E|=0.

A fundamental operation (denoted @) on k-boundaried graphs that we consider is
that of gluing them together along their boundaries by identifying like-labeled vertices.

Formally:

Definition 2.4 [19] If B = (G, S) and B' = (G', §") are k-boundaried graphs, then B® B’
denotes the k-boundaried graph obtained from the disjoint union of the graphs B = (G, S)
and B' = (Gl, S') by identifying each vertex u in the range of 0s with the vertex v in the
range of Oy for which 0s(u) = 0g (v). (In some situations, which will be clear from the

context, we consider B @ B’ to be an ordinary graph, by “forgetting” the boundary.)

At the heart of the automata-theoretic approach to bounded pathwidth is the represen-
tation of graphs of bounded pathwidth as strings of symbols, where the symbols are taken
from a finite alphabet and represent structural primitives and operations for generating
the graph. Such a string we refer to as a structural parse for the graph. A general useful
notion for such representation schemes is that of a composition operator for boundaried

graphs.
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The idea of a boundaried graph composition operator is quite simple: the operator is
described by a fixed operator graph that has several boundaries (not necessarily disjoint).
For example, for an unary operator, the operator graph is equipped with 2 boundaries,
one for the argument to the operator, and the other to be the boundary of the resulting
graph.

Definition 2.5 [19] An n-ary composition operator @ is defined by the data

1. A k-boundaried graph Bg = ((Vg, Eg), Sg);

2. Injective maps (0s)i: {1,...,k} = Vg fori=1,2,...,n.

For the binary case, if By, for i = 1,2, is a pair of k-boundaried graphs B; = ((V;, E;), S;)
then By ® By is defined to be the k-boundaried graph for which the ordinary underlying
graph is formed from the disjoint union of By, B; and Bg by identifying each vertex u
of S; (for ¢ = 1,2) with its image Jg;(u) in Viz. The boundary set and the labeling for
By ® By is given by Sg and Osg.

Definition 2.6 Suppose F is a class of graphs. For two k boundaried graphs X and Y,

X ~r Y if and only if, for every k-boundaried graph Z, X ® Z € F <= Y & Z € F.

Definition 2.7 A family of F of graphs is finite state for a parsing scheme Q (operator
set ) if and only if there ezists a finite state machine M that accepts x € ¥* if and only

if © is a parse of a graph in F.

Theorem 2.1 [2] If Qy is a parsing scheme of k-boundary operators (operator set Ly) for
graphs of pathwidth at most k, then a graph family F is finite state if and only if ~r has

finite indez.
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Theorem 2.2 (2] The family F of Hamiltonian graphs is finite state.

We remark that the property of Hamiltonicity is by no means special in being finite-
state for bounded pathwidth. In fact, there are only a few known natural properties of
graphs which are not finite-state for bounded pathwidth. The reference [2] surveys most

of what is known in this regard.

2.2 The parsing scheme

In this section, we describe a set of operators, ¥, which has the following properties: For
any given graph G = (V, E), if the pathwidth of G, PW(G) < k, then the graph G can be
generated by some parse (g1, 92,...,9n) € X; and for any given parse (21, 22, ..., 2m) € X%,
if we let H be the graph which is generated by the parse, then the pathwidth of H,

PW(H) < k.

2.2.1 Definitions and lemmas

Graphs of bounded pathwidth have been defined in Chapter 1. For the purposes of this
Chapter, it is more convenient to work with an equivalent recursive characterization of

graphs of bounded pathwidth.

Definition 2.8 A graph G is a k-path if there exists a k-boundaried graph B = (G, S) in

the following family F of recursively generated k-boundaried graphs.

1. (Kk41,S5) € F where S is any k-simplezx of the complete graph Kjyy,.
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2. If B=((V,E),S) € F then B = ((V',E"),S') € F where V' =V U{v} forv gV
and (a) E' = EU{(9s(i),v)\1 < i < k};
(b) S" is defined in one of the following two ways:
(1) 0g(i) = 0s(1) for all i, or
(2) selecting any j € {1,2,...,k}
_ v if i=j
asl(l) =
ds(1) otherwise.

Definition 2.9 A partial k-path is a k-path with some edges removed.

Lemma 2.1 If G is a k-path then the pathwidth of G, PW(G) = k. Further if H is a

partial k-path, then the pathwidth of H, PW(H) < k.

Proof: We first prove that any k-path G, with defining k-boundaried graph (G, 5), has
a path-decomposition X, X, ..., X, of width k. We argue by structural induction on the
definition of a k-path. For the initial case of G' being a (k 4 1)-clique, the hypothesis
holds, since X; = {1,2,....k+ 1} = V(G) is a path-decomposition of width k. For the
inductive step, assume Xy, Xo,..., X, is the required path-decomposition for G. Let G
be the k-path built from some (G, S) by applying case 2 of the recursive definition. If
we set X,y1 = range(S)+ v, and v is a vertex that never occurs in Xy, X, ..., X, then
X1,X2, ...y X4y X741 is the required path-decomposition of G', since the following hold: (1)
the new vertex v is in X,,1; (2) all new edges (u,v) in E(G")\E(G) have u € X, and
v € Xrt1; (3) XiN X1 € Xi N X

To see that any k-path G has a lower bound of k for its pathwidth, we first notice

that G contains a clique C of size k + 1. For any path-decomposition X=X, X, ..., X,
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of G,let Y; = X;NV(C) for 1 < i <r. If any |Y;| > k then the width of X is at least
k. Suppose |Y;| < k for all ¥;. There must then be a ¥; and a ¥;, 1 < i < j < r, such
that u € Y;\Y; and v € V;\V; for different vertices  and v. Since (u,v) € E(C'), there
must be some Y;, 1 < k < r, such that u € Y; and v € Y. Now {u,v} € Y;NY; so
either k < tor k > j. But v € Y for k < ¢, and u ¢ Yj for £ > j. This contradicts that
X is a path-decomposition (since it fails the edge covering requirement). Therefore, the
pathwidth of any k-path is k.

For the second part of the lemma, we begin with a path-decomposition X, Xo,..., X,
of width k for a k-path G from which the partial k-path H has been obtained by some
edge deletions. We may simply note that the original path-decomposition X is still a
path-decomposition of the partial k-path H. So the pathwidth of H, PW(H) < k. This

proves the lemma. a

Definition 2.10 [10] A path-decomposition X1, X, ..., X, of pathwidth k is smooth, if for

all1<i<r, |Xj|=k+land foralll <i<r, |X;NXi41| =k.

Theorem 2.3 [10] Any path-decomposition of minimal width can be transformed to a

smooth path-decomposition of the same pathwidth.

Lemma 2.2 FEvery graph of k-bounded pathwidth (as defined in Chapter 1) is a partial

k-path.

Proof: Suppose G is a graph with pathwidth bounded by k. By Theorem 2.3 there is a
smooth path-decomposition X;, X, ..., X, of G, where forall 1 <i <7, |X;| =k+ 1 and

forall1<i<r, | X;N X;41| = k.
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we first construct a k-path from this smooth path-decomposition of G' as follows:
(1) For the initial step:
(Kk41,5) € F where S is any k-simplex of the complete graph K.
Let V(Kk4+1)=X;1 and
E(Kk41)=E(X1) U {(u,v)}. (vertices u,v € X; and edge (u,v) ¢ E(Xy)).
(2) For the inductive step:
If B=((V,E),S)€ F then B = ((V',E"),8") € F where V' = V U {v}.
Let v € (X3 U XU, ...,UX;) and v € X;41;
(a) E' = EU{(u,v)} where (edge (u,v) € E(X;41) and (u,v) ¢ E) or (vertices u,v €
Xiy1 and edge (u,v) € E(Xiy1)));
(b) S'=X,~+1ﬂX,~+2 forl1<i<(r—1)or §' =8 fori=r—1.
Then we can easily get a partial k-path representation of the graph G by deleting all the

edges e ¢ E(X;) for 1 <i < r in the above constructed k-path. a

Definition 2.11 [7] The graphs G and H are isomorphic, G ~ H, if there is a one to one
mapping of the vertices of G onto the vertices of H which maps adjacent pairs of vertices
in G to adjacent pairs of vertices in H and which also maps nonadjacent pairs of vertices

in G to nonadjacent pairs of vertices in H.
Definition 2.12 A parse is a sequence of operators (g1, 92, ...,9n) € .

Definition 2.13 A graph G is generated by the parse (g1,92,...,9,) € X}, if there is a

k-boundaried graph (B,S) = (91,92, ...sgn) Such that B ~ G.
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Definition 2.14 Let G, = (91,92, ...,9n) be a graph represented as a parse over Y. A

prefiz graph (of length m) of G, is Gy = (91,92, -y Gm), 1 < m < 1.

Definition 2.15 Let G = ¢1,92,...,9n and Z = z1,22,...,2, be any two sequences of

operators over Y. The catenation (-) of G and Z is defined as

G+ Z = Q158059555 Oris T3 835 505 %an)

Definition 2.16 Let Bds, be boundary vertices of graph Gi= (g1,92,...,9i). A prefiz
boundary vertices BOs,_, of the operator g; € G; are the boundary vertices of graph

Gi—l :(91:927-":92'—1)-

2.2.2 The operator set for the parsing scheme

The operator set Y, by means of which we will represent partial k-paths, consists of the
following unary composition operators. Our notational convention is that the argument
boundary of an operator graph is labeled 0,1,2,...,k-1, and the boundary of resulting graph
is labeled 0°,17,2’,...,(k-1)".

[a]: Switching vertex labels of vertex 0 and vertex 1.

k-1 = (k-1)



IEl: Cycling vertex labels of vertex 0, vertex 1, ....,vertex k — 1.

0 o (k-1y
1 =0
k-1 = (k-2)

[c]: Adding an edge between vertex labeled as 0 and vertex labeled as 1

k-1 = (k-1
IEI: Extending vertex labeled as 0 without any edge

0O o OO’

1 ol

k-1 = (k-1)



[e]: Extending vertex labeled as 0 with an edge

0 ——o00

] =1

k-1 = (k-1)
: Bulbing a pendant vertex with zero edge.

0 =0
1 =1 @

k-1 = (k-1)

: Bulbing a pendant vertex with one edge.

k-1 = (k-1

19
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: Bulbing a pendant vertex with two edges.

The above parsing scheme involves altogether k + 6 operators.

2.2.3 The relation of the operator set to boundaried pathwidth graphs

Lemma 2.3 Every parse G, = (g1,92,...,9n) € (Xk)* represents a graph with a path-

decomposition of width < k.

Proof: We begin by dividing the operators into two types:

1. 0r={ [d], [e}, [fo] [Au]-{ ] }s
2. 0,={[a}, [b].[c] }-

Let G, = (91,92,---,9n) be a k-boundaried graph and |G,| = m; (hy,h2,...,h,) be a
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sequence of operators in which h; = g;;, € G, and h; € Oy, and v; denote the index of the

i-th operator h; € (hy,hg,...,hy). Let I be the set of these v;. For each i € I, let

X; = { the prefix boundary vertices Bds,_, of operator h; = g;, }

U { the new vertex introduced by the operator h; = g;, }

We claim that X = Xy, Xy, ..., X7 is a path-decomposition of width k.
By the definition of X;, we get

(1) |Xi] = k413

(2) UXi = {1, 2,000 1]} = m = |Gl

We notice that edges can be added in the following ways

1. between prefix boundary vertices Bds,_, of the operator h; = g;, € O;.

2. between prefix boundary vertex Bds,_, of the operator h; = g;; € Oy and the new

vertex introduced by the operator h; = g;, € O;.

By the definition of X;, we can get
(3) For each edge E; = (v;, ;) in Gy, there is X; such that v; in X; and v; in Xj.
X;NX; ={ the boundary vertices that have not been changed from the operator
hi = gi, € O to the operator hj = g;, € O1, i< jand 4 < jq }
So for any k, i < k < j, we have X; (N X; C X;() X. This implies that
(4) X;NX; € Xk.
From the definition of the pathwidth of a graph, we know that the pathwidth of any

graph described by a parse sequence of operators is at most k. a
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Lemma 2.4 Every partial k-path can be represented by some parse G, = (g1, 92, ..., gn) €

(Zk)”

Proof: First we show that every k-path can be represented by a parse over the described
operator set ¥y.

We prove this inductively, from the recursive definition of k-paths. Suppose we start
from an empty k pathwidth graph. The initial (k 4+ 1) clique can be represented by the

following sequence of operators over Y.

®) @ @ G) @ - G @-

where the number of [c] operator is equal to k.

For the inductive step, assume that any k-path G = (g1, 92, ..., 9n) With |G| = m can
be represented as the sequence of operators in the given operator set ¥j;. We will prove
that for a k-path G’ with |G'| = m + 1, it can also be represented as the sequence of
operators in the given operator set .

From the definition of k-paths, there are two ways to construct G' from G.

1. boundary vertices keep unchanged.

G' =G +|fi]

2. one of boundary vertices is changed to interior vertex and the new added vertex is

added to boundary vertices.

() @) & @) @) .- ) @

where the number of [c] operator is equal to k — 1.
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Next, we need to prove that every partial k-path can be represented by a sequence of
operators from the described operator set. We use the fact that any partial k-path graph
can be obtained from a k-path by edges deleting.

For an edge deleting, if the edge is introduced by a [c] operator, we can simply delete
it; if the edge is introduced by an [e] operator, then we can use a @ operator to replace

it; if the edge is introduced by a (0 <@ < k—1) operator, then we can use a (@)*

([a)~ (E)* ([a])* (0 < j < 1) operator to replace it;
Thus we reach the conclusion that every partial k-path can be represented by the

operator set. O
Theorem 2.4 The family of graphs generated by Y\, equals the family of partial k-paths.

Proof: The theorem is proved from Lemma 2.3 and Lemma 2.4. a

2.3 Examples of the parsing scheme

To illustrate our parsing representation of bounded pathwidth graphs, Figure 2.1 shows
how the cycle with six vertices can be parsed with bounded pathwidth-three by the parsing

scheme. Notice that many possible pathwidth-three decompositions are possible. (The

square vertices denote the final set of boundary vertices.)
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n2 5‘2 o |:|2
2 f2e
2 2 1 1
o] | 0 O
f2eb f2ebc f2ebchb f2ebcbe
0
f2ebcbec

Figure 2.1: Parsing a cycle with six vertices



Chapter 3

Finite State Automata and Test

Sets

In this chapter, we describe the theoretical foundation of the algorithm compilation system.
A central role is played by a graph-theoretic analog of the well-known Myhill-Nerode
theorem of formal language theory. Another key concept is that of a test set for a regular
language, which is explained here both for formal languages and for bounded pathwidth
graphs. Test sets for the graph property of Hamiltonicity for the pathwidth bounds 2 and 3
are identified. These test sets form part of the input to the algorithm compilation system,
from which the Hamiltonicity automata are produced. The results of the compilation are

described in Chapter 4.

25
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3.1 Preliminaries

We first describe the principles of finite-state algorithm compilation in the setting of
regular formal languages, and then describe how this can be generalized to the setting of

finite-state algorithms for bounded pathwidth graphs.

Definition 3.1 [30] Let L C ¥* be an arbitrary formal language over the finite alphabet
Y.. We define the canonical (right) congruence for L to be the equivalence relation on ¥*

defined: x ~p, y if and only if for all z € ¥*, 2 € L < yz € L.

It is a standard fact (and easily verified) that: (1) ~f, is an equivalence relation; (2)
for all z,y,z € ¥*, @ ~p, y implies 2z ~p, yz; and (3) L is a union of equivalence classes
of ~. The property (2) is that of being a right congruence, which we define generally as

follows.

Definition 3.2 [30] Let ~ be an equivalence relation on ¥*. We say that ~ is a right

congruence if for all x,y,z € ¥*, x ~ y implies vz ~ yz.

When discussing an equivalence relation ~ on ¥*, we will use the notation [z]. to

denote the equivalence class of z € ¥* with respect to ~, or simply the notation [z] where

~ is understood.

Definition 3.3 [30] The indez of an equivalence relation ~ is the cardinality of the set of

equivalence classes. We say that ~ has finite index if the index of ~ is finite.

The classic Myhill-Nerode theorem of formal languages is usually stated as follows.
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Theorem 3.1 [30] The following are equivalent for a language L over a finite alphabet
X

(1) L is finite-state.

(2) The canonical congruence ~p, has finite indez.

(3) L is a union of equivalence classes of a right congruence of finite indexr on £*.

It is a standard fact that if L is a finite-state language, then there is a unique DFA for
L having a minimum number of states. This is termed the minimal automaton for L. The
equivalence relation ~j, provides an implicit description of the minimal automaton for L
in the following way.

1. The states of the minimal automaton are the equivalence class of ~p,.

2. The start state of the minimal automaton is [A], the equivalence class of the empty
word.

3. The transition function § is defined for @ € ¥ by é([z],a) = [za].

4. The accept states of the minimal automaton are those equivalence classes [z] for
which [z] C L.

The following “computational form” of the Myhill-Nerode theorem provides the con-

ceptual engine for the finite-state algorithm compilation system.

Theorem 3.2 [30] Let L C ¥* be a regular language, and suppose that the following are
supplied as inputs:

(1) A decision algorithm for L.

(2) A decision algorithm for a finite index right congruence ~ on ¥* with respect to which

L is a union of equivalence classes.
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Then from this information a DFA for L can be computed.

The algorithm described by the above theorem (described in more detail for the
bounded pathwidth setting in Chapter 4) progressively identifies a set of words R that
are representatives of the equivalence classes of ~ that implicitly constitute the states of
the DFA. Each equivalence class (state) is represented by a unique word in R. and the
transition function for the DFA represented as a function 6 : R X ¥ — R.

The process starts with R containing only the empty word A which represents the start
state [A\]. The transition function is defined (implicitly) by é([z],a) = [za]. Initially we
know that the start state is [A], represented by A, and that on the symbol a € ¥ there
is a transition from [A] to [Aa = a], which, if it is a new state, could be represented by
the word a. The question arises, however, whether this “new state” has already been
identified. That is, it may be the case that [A] = [a] (i.e. A ~ a). We use the input
decision algorithm (2) to determine whether this is the case. In general, we perform a
breadth-first search of X* beginning from A, at each step of this search determining, by
the use of algorithm (2), whether a representative of a new state has been identified, and
in any case progressively determining the transition function. Since there are only finitely
many states, this process must eventually complete. At that point, we use the input
decision algorithm (1) to identify the accept states of the automaton.

We remark that it is important to understand that the input (1) to the compilation
algorithm described above is generally not finite-state. In the case of Hamiltonicity of
graphs, we obviously know an effective but inefficient decision algorithm for the property

that consists in simply trying all possibilities for a Hamilton tour of the vertex set. The
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interesting thing is that this inefficient algorithm can be used to compile an extremely ef-
ficient finite-state algorithm (for bounded pathwidth). The algorithm compilation system
accesses the input decision algorithms (1) and (2) as subroutines.

We next describe the notion of a test set for a regular language L, which is used to

give us a handle on ~, for the purposes of finite-state algorithm compilation.

Definition 3.4 [30] Let L C X* be a reqular language and let T C X* be a set of words.
We define the equivalence relation on X*: & ~1 y (with respect to L) ifVt € T'(zt € L <

yt € L).

Definition 3.5 [30] A test set for a regular language L C ¥* is a set of words T C ¥*

such that ~p = ~g,.

In other (more intuitive) words, a test set for L is a set of “extensions” ¢ such that if z
and y agree on these extensions, then they agree on all extensions (compare the definition

of ~r). Of course, this is most interesting when the test set 7" is finite.

Lemma 3.1 Let M = (Q, %, qo, 6, F') be the minimal automaton for a regular language
L C X* IfT is a set of words with the property that for every pair of states ¢q,q' € Q,

there is a word t € T' such that 6(q,t) € F and §(¢',t) ¢ F (or vice versa) then T is a test

set for L = L(M).

Proof: We claim that ~7 = ~p. Clearly z ~j, y implies  ~7 y. Conversely, suppose
z ¢r, y. But then [z] and [y] are distinct states in the minimal automaton for I, and so
there is a word ¢ € T such that (without loss of generality) 6([z],t) € F while 6([y],t) ¢ F,

that is, t € L while yt ¢ L, and therefore z &7 y. a
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Note that necessarily if [z] and [y] are two distinct states of the minimal automaton,
then necessarily there is a word ¢ such that 6([z],t) € F while é([y],t) ¢ F (or vice versa).

From this one easily proves the following.

Lemma 3.2 [12] If L C ¥* is a regular language, then there is a test set T' for L that
consists of (g) words of length at most n?, where n is the number of states in the minimal

automaton for L.

The next lemma shows that if we have a test set T' for a regular language L then we
have a handle on the canonical congruence for L. The practical consequence is that finite-
state algorithm compilation based on a test set immediately yields the minimal automaton

for the language L.
Lemma 3.3 IfT is a test set for a regular language L, then ~7 = ~p.

Proof: It follows from Definition 3.5 of a test set. |

All of the above generalizes to the setting of finite-state algorithms for bounded path-
width graphs, and the proofs are essentially identical. The analog of the Myhill-Nerode
theorem for the bounded pathwidth setting has already been stated in Chapter 2 as The-
orem 2.1.

The relevant notion of a test set for a finite-state graph property is defined as follows.

Definition 3.6 Let k be a pathwidth bound, and let F be a family of graphs that is finite-
state for graphs of pathwidth at most k. A test set for F for pathwidth k is a set T
of k-boundaried graphs such that ~1 = ~x, where ~p is the equivalence relation on k-

boundaried graphs defined: X ~7Y if and only if V2 e T (X®Z e F <Y & Z € F).
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The algorithm compilation system for bounded pathwidth graphs that is the principal
result of this project embodies the following “algorithmic version” of the graph-theoretic

analog of the Myhill-Nerode theorem.

Theorem 3.3 [2] Let k be a pathwidth bound, and let F be a family of graphs that is
finite-state for graphs of pathwidth at most k. Suppose that the following are supplied:
(1) A decision algorithm for F.

(2) A test set for F for pathwidth k.

Then from this information a DFA for F for pathwidth k can be computed.

3.2 Test sets for Hamiltonicity

3.2.1 A complete test set for Hamiltonicity on partial 2-paths

In this section we identify a complete test set for building a finite state automaton for

Hamiltonicity on partial 2-paths (graphs with pathwidth < 2).

Definition 3.7 A class of graphs, F, that have a pathwidth decomposition < 2 and have

a Hamilton cycle are considered to be the language of Lpgma.

Definition 3.8 Two partial 2-paths G and H are Hamiltonicity equivalent, G ~ygc H, if
for every 2-boundary graph Z € ¥*, G ® Z is a member of Lpgmz if and only if H ® Z is

a member of Lygma.

Without loss of generality, if X %o Y we assume that there exists a test Z € ¥* such
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that X @ Z is in Ljgme while Y @ Z is not in Lpgma-

For the remainder of this chapter, let BV denote the set of boundary vertices of G and
IV denote the set of interior vertices of G. Let BEq denote the set of the edges between
boundary vertices of G and I Eg denote the set of the edges between interior vertices or
between an interior vertex and a boundary vertex of G. Let C denote a Hamilton cycle
in the graph of X @ Z.

Fact 1: For a boundary graph G, if there are no other vertices but k¥ > 1 degree two
interior vertices in a path between two boundary vertices, we can remove k—1 such interior

vertices to get a subgraph G’ of G for which G’ ~g¢ G. One example is as follows:

~

HC

Fact 2: If a boundary graph G has a Hamilton cycle and every edge in the cycle is
e € IEg, we delete or add an edge ¢ € BEg to get a subgraph or supergraph G’ of G for

which G’ ~gc G. One example is as follows:

~

HC

For the remainder of this section, we assume that all graphs are boundary graphs with

2 boundary vertices.

Theorem 3.4 The set of boundary graphs in Figure 3.1, To= { Test0, Testl, Test2,

Test3 }, is a complete test set for Hamiltonicity on partial 2-paths.
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Test0 Testl

Test2 Test3

Figure 3.1: A complete test set for Hamiltonicity on partial 2-paths

Proof: Let ~pyc be a Hamiltonicity equivalence class. Given two graphs X and Y, if
X ogc Y, we say that X and Y are not congruent graphs for Hamiltonicity. We will
show that there is a test T' € T such that (X @ T € Lpgmz and Y @ T € Lpgmz) or

(XOT & Lhamz and Y & T € Lpamz).

e Case 1: X is a Hamiltonian graph, and Y is not a Hamiltonian graph.
There is a test T = Test0 € Ty that leaves X in Lpgmo and throws Y out of Lpgma,

ie, XOT € Lhamz and Y BT ¢ Lpamo.

e Case 2: X is a Hamiltonian graph, and Y is a Hamiltonian graph too.
By Fact 1 and Fact 2 described above, the only possible pair of graphs X, Y are as

follows:
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There is a test T = Test2 € Ty that leaves Y in Ljgm2 and throws X out of Lpgma,

i, XOT & Lpgme and Y @ T € Lpgma.
e Case 3: X is not a Hamiltonian graph, and Y is not a Hamiltonian graph either.

—Case3.1: Ce XD Z and IV(X) = ¢.
The possible X is as follows:

x1 x2
We select T' = Test3 € Ty as a candidate test. So we have X & T € Lpamo. If
Y ®T & Lhama, then we finish this case proof. Else if Y @ T € Lpam2, then
there are two cases: (1) X = z1; (2) X = 22.

(1) If X =z1,Y can be one of the followings:

| < 1

and there is a test 7" = Test2 € T, that leaves Y in Lpam2 and throws X out
of Lham27 i'e-a X T, ¢ Lpam2 and Y @ T’ € LhamZ;

(2) If X = 22, then Y can be one of the followings:
yl y2 y3

If Y = yl, then there is a test T = Test2 € Ty that leaves X in Lj,m2 and

throws Y out of Lpgma, i.e., X @ T e Lhamz and Y & T &€ Lhama.
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If (Y = y2 or Y = y3), then there is a test 7" = Testl € T that leaves Y in
Liamz and throws X out of Lpamz, i, X ® T & Lyamz and Y @ T € Liama-

— Case 3.2: C€ X @ Z and IV(X) # ¢.

The following graph is the only X that satisfies the conditions.

<

We select T' = T'estl € Ty as a candidate test. So we have X @ T € Lpgma. If

Y ®T ¢ Lham2, then we finish this case proof. Else if Y @ T € Lpgmz, then Y

q

and there is test 7' = Test0 € T, that leaves Y in Lpgmz and throws X out of

is as follows:

Lham2, 1., X ®T' & Lpamz and Y @ T' € Lpama. a

3.2.2 A complete test set for Hamiltonicity on partial 3-paths

In this section we identify a complete test set for building a finite state automaton for

Hamiltonicity on partial 3-paths (graphs with pathwidth < 3).

Definition 3.9 A class of graphs, F, that have a pathwidth decomposition < 3 and have

a Hamilton cycle are defined to be the language of Lpam3.

Definition 3.10 Two partial 3-paths G and H are Hamiltonicity equivalent, G ~yc H,

if for every 3-boundary graph Z € ¥*, G & Z is a member of Lpams if and only if H & Z
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is a member of Lpam3s.

Without loss of generality, if X #gc Y we assume that there exists a test Z € ¥* such
that X @ Z is in Lpgmaz while Y @ Z is not in Lpgms.

For the remainder of this section we assume that all graphs are boundary graphs with
3 boundary vertices. We notice that Fact 1 and Fact 2 which have been discussed in

section 3.2.1 are also applied in this section.

Theorem 3.5 The set of boundaried graphs described in Figure 3.2, Tz={Test0, Testl,
Test2, Test3, Testd, Testh, Test6, TestT, Test8, Test9, Testl0, Testll, Test12, Testl3,

Testl4}, is a complete test set for Hamiltonicity on partial 3-paths.
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TestO Testl Test2 Test3

N

Test4 Test5 Test6 Test7
[ =]
u J
Test8 Test9 Test10 Testl1
Testl2 Testl3 Testl4

Figure 3.2: A complete test set for Hamiltonicity on partial 3-paths

Proof: Let ~gyc be a Hamiltonicity equivalence class. Given two graphs X and Y, if
X #pc Y, we say that X and Y are not boundary congruent graphs for Hamiltonicity.
We will show that we have a test 7' € T3 such that (X @ T € Lpamsz and Y & T & Lpams)

or (X o T ¢ Lpamz and Y @ T € L}mmg).
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o Case 1: C C X.
CCX=1Vy=¢,and IVy = ¢ = Z € {Test0, Testl, Test2, Test3, Test4, Test5,

Test6, Test7} of the follows:

SRR

TestO Testl Test2 Test3
Test4 TestS Test6 Test7

So we can always select a corresponding 7" € T3 to replace Z, such that X § T €

Lhgmz and Y @ T ¢ Lhoms-

e Case2: C C Z.
CCZ=IVx =¢. Weselect T' = {Test14} € T3 of the following as a candidate

test.

Test14

So we get X & T e Lpomz- Y & T & Lhams, then we finish this case proof. Else
Y ®T € Lhams, then IVy = ¢. By IVx = ¢ and I'Vy = ¢, we get all the possible

X and Y as follows:
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S < ¢

C T &<

Since for a combination of any two graphs above, there is a test 7' € T5 which leaves
one of the pair in the family and throws the other of the pair out of the family, we
always can find a test T € T3 such that (X @ T € Lpgms and Y @ T & Lpams) or

(X eT ¢ Lhamz and Y @ T € Lham3)-

Case 3: C' C X @ Z and its Hamilton cycle C' € X @ Z looks like the following:

CCX@Z=>(IVx # ¢and IVy # ¢). We select T' = {Test8} € T5 of the

following as a candidate test.

b

; Test8

So we get X @ T & Lisins- ¥ T & Lhams, then we finish this case proof.

Otherwise if Y @ T' € Lpams, then IVy # ¢. By (IVx # 6, IVy # ¢) and
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(X o T € Lhams, Y ® T & Lpams), we get all the possible different X and Y as

follows:

< G« <
& & & %
X ¥ X %

Since for a combination of any two graphs above, there is a test T € T3 which leaves
one of the pair in the family and throws the other of the pair out of the family, we
always can find a test ' € T3 such that (X @ T € Lhgms and Y @ T ¢ Lpams) or

(X T ¢ Lham3 and Y @7 € LhamB)-

e Case 4: C' C X @ Z and its Hamilton cycle C' € X @ Z looks like the following:
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e Case 5: C C X @ Z and its Hamilton cycle C € X @ Z looks like the following:

E=§

To prove case 4 and case 5, we can symmetrically use the same way as in case 3.

e Case 6: C' C X @ Z and its Hamilton cycle C' € X @ Z looks like the following:

(=

CCXPZ=(1IVx # ¢and IVy # ¢).

We select T' = {Test12} € Ts of the following as a candidate test.

Test12
So we get X @ F & Lrois. BEY BT & Lhams, then we finish this case proof.
Otherwise if Y @& T' € Lhams, then IVy # ¢. By (IVx # ¢, IVy # ¢) and
(X vl - Lpams, Y ® T & Lhams), we can get all the possible different X and Y as

follows:
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¢ 4 ¢ <
<< <k
E 4 < £

Since for a combination of any two graphs above, there is a test 7' € T3 which leaves
one of the pair in the family and throws the other of the pair out of the family, we
always can find a test 7' € T3 such that (X @ T € Lpgmz and Y @ T ¢ Lpams) or

(X erT ¢ Lham3 and Y OT € LhamB)-

e Case 7: C C X @ Z and its picture looks like the following:
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o Case 8: C C X @ Z and its picture looks like the following:

To prove case 7 and case 8, we can symmetrically use the same way as in case 6. O



Chapter 4

A Brief Description of the

Algorithm & Experiment Results

The conceptual engine is described as the following in Chapter 3 for the finite-state algo-
rithm compilation system for the regular language L C ¥*.

(1) A decision algorithm for L.

(2) A decision algorithm for a finite index right congruence ~ on ¥* with respect

to which L is a union of equivalence classes.

In this chapter, based on Theorem 3.3 of chapter 3, we describe how to implement this
finite-state algorithm compilation system for the bounded pathwidth setting. In section
4.1 we present a principal algorithm for the compilation. In section 4.2 we give our exper-
iment results of finite-state automaton for recognizing the property of Hamiltonicity on
partial 2-paths. And in section 4.3 we give our experiment results of finite automaton for

recognizing the property of Hamiltonicity on partial 3-paths.

44
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4.1 The finite-state compilation algorithm for bounded path-
width graphs

In this section we present a compilation algorithm for constructing a finite-state automa-
ton to recognize a finite-state property of bounded pathwidth graphs. We first give some
definitions which are necessary to understand our algorithm and then present our compi-

lation algorithm. Let F be a family of graphs that is finite state for graphs of pathwidth

at most k.

Definition 4.1 For every y = xa, where z,y € X}, and a € Xy, if y is a member of the set
S" if and only if z is a member of the set S', then we say that the set S' is a prefiz-closed
set. If a prefiz-closed set S is not empty and has finite elements then we say that S is a

non-empty finite prefiz-closed set.

Definition 4.2 The observation table is denoted by (S, T, f) where S is a nonempty finite
prefiz-closed set, T' is a complete test set for F for pathwidth k and f is a finite function

mapping of (SUS -Xx) @ T) to {0,1}.

An observation table can be visualized as a two-dimensional array with rows labeled by
elements of (S U S - X%) and columns labeled by elements of 7', with the entry for row s
and column ¢ equal to f(s,t). Where u = s@®t, f(u) = 1if and only if w € F. The row(s)
denotes the finite function f,; from 7" to {0,1}, defined by fs(t) = f(s,t). Our algorithm
of compilation for constructing a DFA for F is as follows:

Input: (1) A decision algorithm A for F;

(2) A complete test set T' for F for pathwidth k.
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Output: A DFA for F for pathwidth k.
Algorithm:
Initialize S to {A}.
Do membership testing for A @ ¢ for each element of ¢t € T' by calling A.
Do membership testing for A - a @ t for each a € ¥ and each element of t € T
by calling A.
Construct the initial observation table (S,T,f).
Repeat
While (S,T,f) is not closed
Find s; € S and a € ¥j such that
row(s; - a) is different from row(s) for all s € §.
Add sy -a to S.
Extend f to (SUS-X;)® T by doing membership testing by calling A.
Until (S,T,f) is closed

Make the DFA from this closed observation table.

Definition 4.3 An observation table is called closed provided that for each element sy €

S - Xy there exists an s € S such that row(sy) = row(s).

Theorem 4.1 If (5,7, f) is a closed observation table, the following automaton which is
defined over ¥y, with state set (), initial state qo, accept state set F' and transition function
0 is an automaton for F for pathwidth k.

1. Q ={row(s):s € S},

2. qo = row(\);
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3. 6: 6(row(s),a) = row(s,a) where a € Xj;

4. F ={row(s):s €S and f(s,A) =1}.

Proof:
1. Q = {row(s) : s € S}, the states of the DFA are the equivalence classes of ~x.
2. The start state of the DFA is [A], the equivalence class of the empty word.
3. The transition function é of the DFA is defined for a € X by é([z],a) = [za].
4. The accept states of the DFA are just those equivalence classes [z] for

which [z] C F. O

4.2 Experiment results on partial 2-paths

Input: (1) A decision algorithm for Hamiltonicity — trying all possibilities for a Hamilton
tour of the vertex set of the graph; and (2) the test set T'= {T'est0,Testl, Test2, Test3}
of Figure 3.1.
Output: A DFA for recognizing the property of Hamiltonicity of graphs with pathwidth
%= 2

Starting from the input we get the closed observation table (5,7, f) as

showed in Table 4.1.
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S \T || Test0 | Testl | Test2 | Test3

>
)
o
o
—

Bl ERERENa
=
_
_
-

ERla

Table 4.1: A closed observation table (S,T,f) for constructing a DFA to recognize the

property of Hamiltonicity of graphs with pathwidth <2

states\E@@[ﬁi—_I[e]

0 0] 0 1| 2| 2 2 2 3

Table 4.2: A transition table for constructing a DFA to recognize the property of Hamil-

tonicity of graphs with pathwidth < 2, final states: 4 and 5
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By the closed observation table showed in Table 4.1 we get the automaton transition
table as showed in Table 4.2.
By the automaton transition table showed in Table 4.2 we get our DFA as showed in

Figure 4.1.
9

RS>

] el

Note: [0]= all other symbols not marked in each

state’s transitions

Figure 4.1: A DFA for recognizing the property of Hamiltonicity of graphs with pathwidth

<2

4.3 Experiment results on partial 3-paths

Input: (1) A decision algorithm for Hamiltonicity — trying all possibilities for a Hamilton

tour of the vertex set of the graph; and (2) and the test set T'={T'est0, Testl, T'est2, Test3,
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Test4, Testh, Test6, Test7, Test8, Test9, Testl0, Testll, Test12, Testl3, Testl4} of
Figure 3.2.

Output: A DFA for recognizing the property of Hamiltonicity of graphs with pathwidth
£ 3.

Starting from the input we can get the closed observation table (5,7, f). By the closed
observation table (9,7, f) we can get the automaton transition table. By the automaton
transition table we can get our DFA. We just list our resulting finite state automaton
transition table in Table 4.3 since the automaton has 58 states. It is too big to draw its

closed observation table and DFA here.



states \S || [a] | [b] | [ | [d] | & | [fo] | [1n] | [ 2] | [ 5]
0 0 0 1 2 2 2 2 3 4
1 1 5 1 2 3 2 2 3 6
2 2 2 2 2 2 2 2 2 2
3 3 7! 3 2| 3 2 2 2 8
4 4 4 6 2 9 2 2 8 10
5 11| 11| 12 2 7 2 2 13 14
6 6| 14| 6| 15| 16 2 2 8| 17
7 15| 15| 18 21 7 2 2 13 19
8 81 19 81 15| 20 2 2 2 21
91 22| 23| 18 2 9 2 2 13 10
10 | 10 | 10 | 17 | 15| 24 2 2 21 21
11 5 1125 2 2 2 2 26 27
12 25| 28| 12| 15 4 2 2 13 29
13 26 | 30 | 13| 15 | 22 2 2 2 31
14 | 27| 27 [ 29 | 15| 32 2 2 31 17
15 7 3120 2 2 2 2 26 33
16 || 34 | 34 6 2135 2 2 8 17
17| 171 17 | 17| 15| 24 2 2 21 21
18 | 20| 36 | 18 | 15| 23 2 2 13 37
191 33| 33| 37| 15| 36 2 2 21 21
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states \2 || @] | [b] | [€] | [d] | & | [fo] | [a] | [ 2] | [fs]
20 || 18 | 13| 20 2| 26 2 2 26 28
21| 21| 21 | 21 2 2 2 2 2 2
22 9 91 20 2 3 2 2 26 10
23 || 23 | 22 6 2 7 2 2 8 10
24 || 39 8| 40 2 |33 2 2 41 38
25| 12 | 12| 25 21| 26 2 2 26 29
26 (| 13| 18 | 26 21| 26 2 2 2 31
27 || 14 6| 29 2| 42 2 2 31 17
28 || 28 | 25 | 43 21 30 2 2 31 29
201129 29| 29| 15| 27 2 2 31 17
30 || 36 | 20 | 44 21 30 2 21 45 37
3131|3731 15| 20 2 2 2 21
32 32| 16 | 29 2| 46 2 2 31 17
33 || 19 81 38 2133 2 2 21 21
34 || 16 | 32 6| 15 4 2 2 8 17
35 || 47 | 34 | 48 2|35 2 2 13 17
36 || 30 | 26 | 40 2| 49 2 2 41 38
37| 38| 38 | 37| 15| 36 2 2 21 21
38 || 37| 31| 38 2|33 2 2 21 21
391 24| 24|44 | 15| 50 2 2 45 37
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states \X || [a] @ @ [e]
40 || 44 | 31 | 40 2|33 2 2| 41 38
41 || 45 | 45 | 41 2|26 2 2 21 2
42 || 51 6 | 52 2| 42 2 2| 45 17
43 || 43 | 43 | 43| 15| 27 2 21 31| 29
44 || 40 | 40 | 44 | 15| 50 2 2| 45| 37
45 || 41 | 53 | 45| 15| 15 2 2 2] 21
46 || 54 | 16 | 44 2| 46 2 2| 45| 17
A7 || 35| 46 | 55 | 15| 22 2 2| 26| 17
48 || 55| 14 | 48 | 15| 16 2 2 13| 17
49 || 49 | 26 | 53 2|49 2 2|1 21| 21
50 || 50 | 20 | 29 2130 2 2| 31 17
51 || 42 | 42 | 56 | 15 | 54 2 2 41 17
52 || 56 | 29 | 52 | 15| 27 2 2| 45| 17
53 || 53 | 41 | 53 2|49 2 21 21| 21
54 || 46 | 35 | 40 2 | 57 2 2| 41 17
55 || 48 | 39 | 55 | 15| 20 2 2| 26 17
56 || 52 | 52 | 56 | 15 | 24 2 2| 41 i
57 1| 57 | 35 | 53 2|87 2 21 21| 31

53

Table 4.3: A closed observation table for constructing a DFA to recognize Hamiltonian

property of graphs with pathwidth < 3, final states: 17 21 29 31 37 38 40 41 43 44 45 52

53 56



Chapter 5

Summary and Discussion of Open

Problems

The main achievement of this project has been to create a software package for empirical
exploration of the problem of the sizes of finite automata for solving graph recognition
problems for bounded pathwidth. The use of the package has been demonstrated on
the well-known problem of graph Hamiltonicity, and the sizes of the automata for the
pathwidth bounds 2 and 3 determined. This effort involved also the identification and
proof of completeness for a set of parsing operators, and the identification of tests sets for
the property of Hamiltonicity.

A large number of interesting open problems remain. We note some of the most
important.
(1) It will be interesting to compare the automata size results for Hamiltonicity with

results for other graph properties. It can be shown that there are graph properties for

54
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which the minimal automata has arbitrarily large size, for any given pathwidth bound,
but it may be that most of the “natural” graph problems have a similar growth function
f(k) for the size of the minimal automata for a pathwidth bound of k.

(2) The size function discussed in (1) depends on the particular choice of parsing operators.
It would also be interesting to see how the size of the function is influenced by this choice
for the property of Hamiltonicity.

(3) There are several basic open problems concerning this computational perspective.
Among these: the complexity of computing tests sets of minimal size for finite-state lan-
guages over a fixed-size alphabet is presently undetermined. One can show that there
is a single “universal” test set U, C ¥* of size u(n) that is adequate for the all regular
languages over ¥ accepted by automata with at most n states. If a polynomial bound on
u(n) can be shown, then this would have interesting implications for both computational
learning theory and structural complexity. The problem of bounding the size of a smallest
universal test set is therefore interesting. Little is presently known about this question.
(4) For some important graph properties, such as having bandwidth bounded by a fixed
constant ¢, it can be shown that the decision problem is not finite-state for bounded
treewidth or pathwidth. However, it may be possible to compile a finite-state automata
that is “usually correct” (perhaps according a naturally occurring input distribution). As
an example of this possibility in the relatively simple setting of formal languages over the
2-letter alphabet {a,b}, it is well-known that the language {z : |z|, = |z|} is not finite-
state. Yet, if one chooses a large test set at random, the resulting compiled automata can

be observed to perform to some interesting degree of approximation. Some such finite-
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state approximation methods could conceivably be useful for some graph problems having
applications in VLSI layout. This could be explored with the software package developed

by this project.
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