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ABSTRACT

RF/microwave terrestrial point-to-point and satellite communication systems em-
ploy a large number of waveguide components operating at microwave and millimeter
wave frequencies. Accurate design of these components for optimum performance
of the overall system is critical. To achieve this, computationally efficient and ac-
curate numerical methods are indispensable tools in the design and optimization of
components and subsystems.

Among the large variety of potentially suitable numerical methods. the mode
matching method in conjunction with the generalized scattering matrix technique
has been found to be one of the most reliable and straightforward techniques to
design waveguide components. In the past the method has been mainly applied to
eigenvalue and scattering problems in rectangular waveguides. In this thesis. the mode
matching method is extended to ridge waveguide problems in circular waveguides and
thus closes a gap in the literature that has existed for a long time.

The thesis begins with a study of the basic principles of the mode matching method
as it is known from rectangular waveguides. These principles are then applied to the
analysis of the rectangular ridged and coaxial waveguide. followed by an eigenvalue
analysis of ridged circular waveguide. Rather than rectangular ridges. ridges of uni-
form angular thickness(conically shaped) are used in the circular waveguide to avoid
a mixed coordinate system which would render the mode matching method compu-
tationally very inefficient. On the other hand. conically shaped ridges are as easy to
fabricate as rectangular ridges and are not detrimental to the electrical performance
of the component.

The thesis then continues to treat the discontinuity problem at the interface be-
tween the empty circular waveguide and ridged circular waveguide. To verify the

computed scattering parameters, measurements were performed and good agreement
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was found. By cascading several discontinuities transformers and evanescent mode
filters were designed. A fifth order filter was designed and fabricated and also here
good agreement between measured and computed data was found.

The final chapter in the thesis analyses the coupling between orthogonal modes in
the presence of an asymmetric discontinuity. Determining the coupling factor between
orthogonal modes is an integral part of the design of polarizers and dual mode filters
and. for conically shaped ridges. has not been published in the open literature yet.
To realize various coupling coefficients, a single or double ridges must be placed at
an arbitrary angle to the exciting wave. The mode matching method is extended to
include also this case and various convergence tests have been performed to validate
the algorithm. As a final example, the algorithm has been applied to design a circular
polarizer with two ridges.

Although only two-port problems are treated in this thesis. the basic framework
for the mode matching method in circular waveguide has been established and can
now be extended to three-port problems. This will be the subject of future work to
analyze and design power dividefs and orthomode transducers.
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Chapter 1

Introduction

Advances in the field of telecommunications have been very rapid and substantial in
recent vears. Wireless communication is progressing at geometric proportions in re-
sponse to the massive information exchange that is taking place globally. The active
role of radio frequency and microwave components in the telecommunication industry
has directly lead to the demands for miniaturized components with improved perfor-
mance. This is particularly so in satellite systems where specifications are stringent
and compactness and light-weights are assets. However. smaller components satis-
fyving the specifications with great accuracy require precision in manufacturing. thus
increasing the investment in fabrication greatly. Consequently. the microwave indus-
try relies greatly on efficient computer aided analysis and design tools that eliminate
the costly and time consuming cut and try procedure in the fabrication. In addition.
the computer aided design process should be capable of handling optimization. as a
measure of meeting the stringent specifications.

The microwave components can be either passive or active. The present work
focuses on passive components only and therefore the discussions here are limited to
issues related to them. A couple of decades ago, passive microwave components such
as filters were first designed on the basis of low frequency prototypes. The microwave
filter was then realized by replacing the lumped elements in them using distributed

elements evaluated from the equivalent circuit approximations. Some of the com-



mercially available software packages like Touchstone. Spice and Super-compact still
use this theory for the design of components. Although slowly. depending on the
application. field-theory based methods replace network approaches. In microstrip
and similar technology. where the electromagnetic field behavior is quasistatic. the
equivalent circuit approximations are valid over a broad frequency band. For such
cases. the behaviour of the microwave realization is somewhat close to the expected
performance. Despite this. a rigorous numerical analysis is still worthwhile in order
to predict the exact behavior and a number of them have been developed recently.
Also. the complexity of such circuits has increased substantially due to the miniatur-
ization. Proximity of such components during system integration can degrade their
performance. Under such circumstances. numerical analysis of the electromagnetic
field is a key to meet the design goals.

Unlike for quasistatic cases. the equivalent circuit approximation for waveguides
is valid over a narrow band of frequency alone. Hence. this technique of realization
of waveguide components from the low frequency prototypes no longer meets. the
modern days demands of accurate performance requirements. Over the last two
decades. a variety of numerical techniques have been developed for rigorous analysis
and design in order to predict accurately the characteristics of the components over
a wide band of frequency. Every numerical technique has unique features and merits
that make them suitable for certain type of components. The search for the best
technique in terms of efficiency and accuracy has continued to be a challenge. The
characteristics of waveguide components are sensitive to dimensions. and a numerical
technique that can handle optimization of the initial design is an ideal candidate.

The numerical technique used in this work for the design and analysis of waveguide
components is called the Mode Matching Method (MMM) and it was first proposed
for the solution of rectangular waveguide discontinuities [1]. Subsequently a number
of researchers have used this technique to design various waveguide components. The

fact that this technique lends itself to the approach of building components from



the basic discontinuities in them makes it suitable for handling components com-
posed of many successive discontinuities. Also. an integrated system can be analyzed
rigorously once the components in it have been individually analyzed. The most im-
portant feature of the MMM is that it is rigorous and vet enables the optimization
of the parameters of the initial design.

The first section in this chapter gives a brief overview of the various numerical
techniques that can be used to analyze different types of passive microwave compo-
nents along with their merits and demerits.

This research focuses on the computer aided analysis and design of certain pas-
sive components for antenna feeds in satellite systems. The main objective has been
to develop computer aided design algorithms for the design of components in circu-
lar waveguide technology using a field theoretical approach. Antenna beam forming
networks in satellite systems. however. have recently used rectangular coaxial lines
(RCL) as an attractive alternative to waveguides due to their smaller size. How-
ever. all components in the satellite systems cannot afford the use of RCL as certain
components demand for example rectangular. circular or coaxial waveguides. finlines
and microstrip lines for various reasons. Each transmission line has its own distinct
advantages and disadvantages and preference of one over another depends upon the
requirements of the system.

The present work begins with a study on the analysis of some of the well known
structures in rectangular waveguides and RCL. The principles of this study have later
been utilized to rigorously design components in circular waveguides with good nu-
merical efficiency and using original modeling techniques. Some of the discontinuities
discussed in this work are not available in the published literature and hence measure-
ments have been carried out in order to validate the numerical algorithms presented.
A detailed outline of the dissertation follows at the end of this chapter. The contribu-
tion of this work is in the area of filters. matching networks and polarizers in circular

waveguide technology.



1.1 Numerical techniques - An overview

Electric and magnetic fields that are independent of time are called static fields. The
basic field problem in electrostatics is to solve Poisson’s or Laplace’s equation for a
potential function that satisfies the boundary condition. For some boundary value
problems a direct analytical solution of these is possible while for others a numerical
evaluation is the only approach.

For time-varving fields the electric and magnetic fields are described by Maxwell’s

equations:

aD

v = —_—
x H J+ T (L.1)

JB

\Y = —— 2
x E T (1.2)
V-D = p (1.3)
V-B = 0 (1.4)

For a homogeneous. isotropic. source free region Maxwell's equations can be reformu-

lated to obtain the Helmoltz equation. The Helmholtz equation is of the form:
VIS ke =0 (1.5)

where & = o\ /zc. For simple cases. it is possible to determine ? the vector po-
tential. from which the field in a homogeneous source free region can be evaluated
explicitly. However. for cases where analytic solutions are not possible a numerical
evaluation is sought. The numerical techniques themselves can be classified as time
domain and frequency domain techniques depending on whether the solution is ob-
tained using spatial discretization (frequency domain method) alone or spatial and
time discretization (time domain method) of the Maxwell’s equation. Some of these

methods are discussed below.



Finite Difference Frequency Domain method (FDFD):

This method is one of the oldest techniques to solve Maxwells equations. The
partial differential equations are solved by approximating the derivatives of functions
of continuous variables in space. by finite differences using Taylor’s series. Thus.
the region inside a specified boundary where the electromagnetic field problem needs
to be solved is divided into a rectangular mesh. The value of the function at the
intersecting points of the mesh. called the nodes. are derived from the value of the
functions at the neighboring points. The number of nodes that are used to form the
mesh are increased until a convergence in the value of the function is observed. A
technique called the Richardsons extrapolation can be used to increase the accuracy
of the solutions. Examples of this method have been discussed in [2].

In order to get accurate solutions the number of nodes can be large for certain
cases. With an increase in the number of nodes the solution using finite difference
technique needs more memory space and computation time. Hence. some problems
can become unwieldy using this method. But this method can handle arbitrary and
complicated shapes. like curved boundaries using stair step approximations. Because
of the general approach to solve problems. commercial packages are available. MAFIA
is one such tool to solve electromagnetic field problems.

Finite Difference Time Domain method (FDTD):

This method to solve Maxwells equation was first proposed by Yee [3]. Since
the electromagnetic fields vary both in time and space. in this method the partial
derivatives with respect to time and space are approximated by finite differences.
This method requires a closed region in order to have a finite number of nodes. To
handle problems involving open boundaries special absorbing boundary conditions
have been derived. Complicated geometries can be handled here too as in FDFD.
The frequency domain response is obtained from the time domain characteristics

using Fourier transforms. Examples of this method have also been discussed in [2].



Transmission Line Matrix method in Time Domain (TDTLM) and Fre-
quency Domain (FDTLM):

Here. the electromagnetic field problem is converted to a three dimensional equiv-
alent network problem based on Huygen's principle of wave propagation [4]. This
method is very general and can handle arbitrarily shaped structures and open bound-
aries with special absorbing boundary conditions. Once again here too. the compu-
tation time and memory space needed can be large for some problems.

The frequency domain TLM method was proposed by Jin and Vahldieck [5]. The
same discretization scheme as in the TDTLM is used. However. there is no need
to use a Fourier transform to obtain the frequency domain response since the entire
algorithm works in the frequency domain. In particular. for narrow band problems.

this method is faster than the TDTLM.
Method of Moments (MoM):

This method is more analytical {6] when compared to the above three methods. A
sum of basis functions with unknown coefficients is used as an approximate solution
to a differential or integral equation. By taking the inner product of the resulting
equation with a weighting function. a set of linear equations is obtained which is
solved to get the approximate solution to the problem. The choice of basis functions
depends on the problem itself and the boundary conditions. The weighting function
can be a delta function. pulse function or the same as the basis function. When the
choice of the weighting function is the same as the basis functions. the method is
also called Galerkin's method. The general MoM is also equivalent to a variational
method. A judicious choice of the functions used in this approach can minimize
computation time and memory and vet produce numerically accurate results.
Finite Element Method (FEM):

A variational formulation of the differential equation for the specified boundary
condition is first obtained. The region of interest is divided into a number of sub-

regions called finite elements. The elements can be any polygon. A triangle is the
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simplest of the surface elements but it can approximate very well most of the ar-
bitrary shaped structures. In this small element. the function is approximated by a
polynomial with unknown coefficients. The choice on the order of the polynomial is an
additional degree of freedom while using this method. Rayleigh-Ritz procedure trans-
forms the variational form into a linear system of algebraic equations. The system of
equations is then solved to obtain the unknown coeflicients of the functions. Using a
number of small elements with higher order polynomials to approximate the function,
accurate solutions to field problems can be obtained using this method. Eigenvalue
analysis of various structures like finlines in rectangular and circular waveguide hous-
ings [7]. ridged circular waveguides [8.9] have been performed using FEM. The analysis
of rectangular waveguide components using FEM is available in [10.11.12]

Since the procedure is general and can be used on arbitrary shapes. commercial
CAD packages like HFSS (High Frequency Structure Solver from Hewlett Packard)
are available. However. memory space and computational time required are high in

this method as well.
Other methods like integral equation method (IEM) [13] and boundary element

method (BEM) [14] have been frequently used to solve waveguide discontinuity prob-
lems. These methods deal with the discretization of the boundary rather than the
whole region of the problem as other discretization approaches do. Hence. they are
computationally efficient. However. they require more analytical effort.

Spectral Domain Method (SDM):

This method is well suited for analysis of planar transmission lines such as mi-
crostrips. finlines and coplanar waveguides [15]. Basis functions are chosen to ap-
proximate the current in the strips on the transmission line. Galerkin's method is
then used to yvield a homogeneous system of equations to determine the propagation
constants. current distribution and the characteristic impedance of the transmission

lines. Since the method is highly analytical. the computational efficiency is excellent.
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Method of Lines (MoL):

Although this method was available to solve problems in theoretical physics. it
was first proposed by Pregla [16] to solve electromagnetic field problems. To solve a
two dimensional electromagnetic field problem. discretization of space is applied in
one dimension while analytical formulations are possible in the other. This semiana-
Iytical procedure saves computation time and memory. In dealing with structures like
multilayered transmission lines. this method is often used. As the method can handle
arbitrary shapes. analysis of finlines in circular and elliptical waveguide housings [17.
18] have been published using this method.

Mode Matching Method (MMM):

As stated earlier. the Mode Matching Method was first proposed by Wexler to
handle waveguide discontinuity problems. In this method the fields on both sides
of the discontinuity are first expanded in terms of their respective modal functions.
Using the continuity condition of the field at the interface of regions along with
application of orthogonality property of the modal functions. results in a set of alge-
braic equations. The solution of these algebraic equations vields the eigenvalues or
the scattering parameters of the fundamental and higher order modes. The modal
representation of the fields directly provides the generalized scattering matrix which
enables one to evaluate the field at any point close to the discontinuity including
the effects of evanescent higher order modes along with the propagating fundamental
mode. Consequently. a rigorous analysis of the components is possible by cascading
the generalized scattering matrices of subsequent discontinuities in close proximity.
The technique to cascade individual discontinuities is called the Generalized Scat-
tering Matrix Technique (GSMT) [19]. An extension of the conventional scattering
matrix technique. it was introduced by Mittra and Pace.

For an efficient design of components. optimization is essential. Optimization of
any function can take several iterations before the function converges and therefore

it can be time consuming. especially when the evaluation of the objective function is



computationally intensive. But as MMM in conjunction with GSMT is a numerically
efficient approach. optimization of components is possible within a reasonable amount
of computation time. However. it should be noted that the MMM can handle only
those structures where the modal functions can be expressed analytically. This means
that highly arbitrary shaped structures cannot be analyzed using this method. On
the other hand. most waveguide structures are of rectangular or circular shapes. and
therefore explicit expressions for modal functions can be found analytically.

The equivalent circuit approximation of several waveguide discontinuities have
been discussed in great detail by Marcuvitz [20]. Using these closed form expressions.
Matthaei. Young and Jones have presented practical designs of many components
in [21]. Accurate design of waveguide components presently relies more on MMM.
Numerous paper quoted in the references have applied MMM to analyze and design
components such as matching networks. filters and polarizers which involve scattering
problems in rectangular waveguide technology [22-32]. finlines [33-33]. and microstrip
lines [36.37]). The propagation characteristics for a finline structure. shielded mi-
crostrip lines and ridged waveguides have been investigated in [33-40]. However. only
little work has been published on the analysis of components in circular waveguides
using MMDMI. Analysis and design of mode converters using circular waveguides have
been presented in [11.42]. Metal insert circular waveguide filter. analogous to the
E-plane filter in rectangular waveguide technology. was first developed by Filolie and
Vahldieck [43] where the insert was approximated by a bow-tie shaped structure. The
present work builds on this idea to design filters, matching networks and polarizers
in ridged circular waveguide technology. A more detailed discussion will follow in the

next section.

In view of the advantages of MMM. many researchers recently have focussed atten-
tion on the combination of discretization schemes with MMM [44.45]. This scheme has
been applied when there are rectangular elements in a circular housing or. in general.

to problems which involve mixed coordinate system. For a combination of FEM and
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MMM or FD and MMNM. the eigenvalue analysis of the arbitrarily shaped structure is
done using FEM or FD. Subsequently. the discontinuity from a structure that is well
suited for a MMM analysis is made possible by a combination of techniques. Since
the structure that is discretized is sandwiched on either sides by a region where fields
can be expressed as modes. application of the matching condition and orthogonality
of modes results in integrals which can be performed as summation. Therefore. the
modal representation gets directly incorporated and a generalized scattering matrix
is obtained. Such hybrid techniques are attractive due to the ability to handle struc-
tures that are. at least to some degree. arbitrarily shaped. In this work. however. only
such structures are investigated and designed for which the MMM analysis can be

used entirely. Measurements have been carried out to validate the theory proposed.

1.2 Organisation of the dissertation

Chapter 2 begins with the study of MMM. A full-wave analysis of double plane
step rectangular waveguide discontinuity is first discussed as an example. Eigenvalue
analysis in ridged rectangular waveguides and rectangular coaxial line have been
performed. A step discontinuity in rectangular coaxial line is also analyzed and
compared with the literature.

Chapter 3 discusses the eigenvalue analysis in ridged circular waveguides using
MMM. The analysis of one to four ridges placed equiangularly has been analyzed
and compared with the literature. The ridges have been shaped conically in order to
fit the cylindrical coordinate system. It is worth mentioning here that it is possible
to fabricate such shapes as well. Besides. a comparison with literature shows that
for very thin ridges. it is possible to approximate the rectangular cross-section as
conically shaped ones in the analysis.

The eigenvalue solutions are necessary before the scattering parameters of a dis-

continuity can be determined. Using the results from Chapter 3. a discontinuity from
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Figure 1.1: Three resonator evanescent mode circular waveguide filter

an empty circular waveguide to a ridged circular waveguide has been analyzed in
Chapter 4. Based on this analysis. evanescent mode circular waveguide filters using
ridged circular waveguide resonators have been designed. fabricated and measured.
Also ridged circular waveguide transformers have been designed. All designs have
been optimized. Figures 1.1 and 1.2 show an evanescent mode filter and a double
ridged circular waveguide transformer. respectively.

Circular waveguides can support orthogonal fundamental polarization. Asymmet-
ric structures couple energy from one polarization to the other. Such structures are
an essential feature in dual mode filters and polarizers. A typical dual mode filter

and a polarizer are shown in Figures 1.3 and 1.4. The dual mode filter has a coupling



Figure 1.2: Circular ridged waveguide transformer

screw placed asymmetrically (usually at 45 degree) to the excitation. There are two
other screws called the tuning screws placed horizontally and vertically. These screws
are needed to tune the filter in order to overcome the discrepancies that can occur
in practise. However the tuning screws can be eliminated if an accurate design is
available for practical realization. Such filters. without the use of tuning screws. have
been designed using a combination of FEM and MMM [45]. The hybrid approach
was needed because the coupling screw was simulated as rectangular post. Chapter 5
deals with the analysis of discontinuities where the ridges in the circular waveguides

have been placed asymmetrically to the excitation as in the case of a dual mode filter.
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Figure 1.3: A two-pole dual-mode filter

As the ridges have been shaped conically. a rigorous analysis of a discontinuity be-
tween empty circular waveguide and single ridged or double ridged circular waveguide
oriented at any arbitrary angle has been derived using MMDMI. The ridged region of a
dual mode filter and polarizer shown in Figures 1.3 and 1.4 has been modified to the
one as shown in Figure 1.5 for the analysis in the present work. The conclusions and

recommendations for further work has been presented in Chapter 6.



Figure 1.4: A circular waveguide polarizer
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(2) (b)
(c) (d)
Figure 1.3: (a) Ridged section in a dual-mode filter (b) Modified ridged section as

used in the present work (c) Corrugated section in a circular waveguide polarizer (d)
Ridged section as used in the present work
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Chapter 2

Analysis of Rectangular Coaxial
Lines Using Mode Matching
Method

2.1 Introduction

The Rectangular Coaxial Line (RCL) has been used in beam forming networks [46]
as an alternative to the rectangular waveguide. The RCL has reduced dimensions
compared to the rectangular waveguides which makes it attractive for satellite appli-
cations. The power handling capability and loss characteristics of RCL are compara-
ble to that of circular coaxial line. Besides. manufacturing components using RCL is
more economical compared to that in circular coaxial lines. Computer aided design
of RCL components is important to further reduce manufacturing cost and to reduce
the design-manufacturing cycle.

This chapter begins with a description of the Mode Matching Method as the
“engine” for the analysis of a variety of discontinuities utilized in the design of filters.
polarizers and beam forming networks. The double step discontinuity in rectangular
waveguides is analyzed first. Since. the Mode Matching Method analysis of step
discontinuities in rectangular coaxial lines is an extension to this type of discontinuity

it will be discussed second. The mode matching analysis of components in circular
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waveguides discussed in the later chapters can be derived straightforwardly from
discontinuities in rectangular waveguides.

[n order to characterize discontinuities using the Mode Matching Method. the
eigenvalues of the cross-section left and right from the discontinuity plane must be
known. The eigenvalues of the RCL cross-section cannot be written analytically as
In a rectangular waveguide or a circular coaxial line. Hence. in order to analyze
discontinuities in the rectangular coaxial lines an eigenvalue analysis of the cross-
section has to be done first. There are four possible svmmetries in the rectangular
coaxial lines cross-section. For a particular symmetry of RCL. the structure is that
of a single ridged rectangular waveguide which has been analyzed in the literature
before. This symmetry is discussed first. followed by the eigenvalue analysis of a RCL
for various other symmetries. The Transverse Electromagnetic cell(TEM cell) which
is used in electromagnetic interference and compatibility tests has the cross-section
of a RCL with very thin inner conductor. The eigenvalues of the RCL obtained
using the MMM are compared with the literature for a TEM cell. The characteristic
impedance of the RCL is another important parameter for the discontinuity analysis
and has been obtained in this chapter using the Mode Matching Method and the
finite difference method. Finally. a step discontinuity in the RCL has been analysed

and compared with measurements from the literature.

2.2 Full wave analysis of a double step disconti-
nuity in rectangular waveguide

The analysis of any discontinuity using the MMM involves the following steps.

1. The fields on both sides of the discontinuity are expanded in terms of a series

of modes of incident and reflected waves.

2. The magnitude of power carried by each of the modes is set to unity.
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3. The continuity conditions for the tangential components of the electric and

magnetic fields are imposed.

4. Using the principle of orthogonality of modes. the equations of the continuity
conditions are transformed into matrices relating the expansion coeflicients of

incident and reflected waves at the discontinuity.

5. The matrices are rearranged and inverted suitably to obtain the generalized
scattering matrix which describes the discontinuity in terms of the dominant

and higher order modes.

Theoretically. the generalized scattering matrix is of infinite dimensions corre-
sponding to the infinite number of eigenmodes. The matrix is truncated to a finite
size for numerical calculations. Hence a larger matrix has to be inverted if more
modes are included in the analysis. The test for the maximum number of modes to
be included for the most accurate result or. in other words. a test of convergence
of the evaluated scattering parameters is hence an important part of every analysis
using the MMM. Since there is a choice on the number of modes included in the two
or more regions of the discontinuity. the best possible ratio between the number of
modes also has to be identified. This phenomenon of relative convergence has been
extensively studied in the literature [47] and a further discussion will be presented
later at the end of this section.

A fact that is worth observing before beginning an analysis of a discontinuity is
to find if the fundamental mode that is excited in the discontinuity couples energy
to all the higher order modes included in the analysis. If the fundamental mode
that is excited in the discontinuity does not couple energy to some of the higher
order modes. then such modes can be eliminated from the analysis. By including
these modes. however. the scattering parameters of the fundamental mode do not get
altered. This certainly involves more computational effort in calculating the elements

of the matrices or inverting them. On the other hand. at certain discontinuities. it
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(a) (b)
Figure 2.1: H-plane step discontinuity

is sometimes necessary to include higher order modes that are not necessary for the
analysis of that discontinuity. This is so because at subsequent discontinuities these
higher order modes may get excited and. if the two types of discontinuities are in
close proximity to each other. all modes that can possibly be excited will interact and
affect the performance of the component. An example of such a situation is discussed
in Chapter 4. A knowledge of which modes must be included in the analysis can be
derived from the symmetries of a discontinuity and the symmetry in the fundamental
mode that is incident. For instance. at a H-plane discontinuity. as shown in Figure
2.1. the fundamental mode (T £} o mode) excitation will not excite modes other than
the T E,, o modes (where m = 1.2.3.---). At a discontinuity that has no symmetries
whatsoever. it is essential to include all the higher order modes in the analysis and
check for convergence to get the accurate values of the S-parameters.

The double plane step discontinuity as shown in Figure 2.2 is a symmetric one.
The incident fundamental T £, o mode will excite only modes with magnetic wall and
electric wall symmetry as shown in Figure 2.2. This implies that it is sufficient to
include only modes with such symmetry namely the TE,, . and T M,,, with m odd
and n even. However. at an asymmetric step shown in Figure 2.3(b) all the modes
have to be included in the mode matching analysis. The analysis of the double plane

step discontinuity is well known and has already been been presented in a number of
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Figure 2.2: Double plane step discontinuity in rectangular waveguides

papers. [23.24]. It has been repeated here for introducing the principles of MMM.
The full-wave analysis presented in the following is based on the matching of
the tangential field components at the discontinuity. The fields are derived from the
superposition of the electric and magnetic vector potentials. The two potential vectors
are represented in terms of mode functions that are transverse electric (T E}, ) and
transverse magnetic (T.V ) to either the z coordinate (usually the direction of wave
propagation) or the x (TE;, , and T M} ) ory (TEY , and T MY ) coordinates. The
alternative field descriptions other than the one in propagation direction is necessary
either for improving the efficiency of the method or for analyzing certain types of
discontinuities. However. in the following analysis the z-component of the vector
potentials is used to describe the field components as this is more appropriate for the

discussions in later chapters.
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The six field components are obtained from the superposition of the potential

—{h) —le)
vectors ¢ . and v .

. (k) 1 —le)
E=Vxuv., +—VxVxu, (2.1)
Jw€o
H = - VxVxuw. +Vxu. (2.2)
J<ts
—(h) e
The potential vectors v'. and v. individually satisfv the Helmholtz equation

from which the fields are derived. Superscripts h and e denote the magnetic and
electric potentials respectively. They can be written as an infinite sum of the incident
and reflected normal modes in both regions of the discontinuity. The coefficients C,,
and A, . are the incident wave amplitudes of T\ and T E. respectively. while D,,

and B,, . are the reflected wave amplitudes. respectively. as indicated in Figure 2.3.

—(RA) 0 X R
Umon {,l'. y. :) - Z Z ‘,Zr(nRh) (Rh) ,{(R) mn < + B(R) elam n -) (2.3)

m=0 n=0

—(Re) x = R ( Re) ( Re)
o ) = 30 S VIR (ORI DR (o)

p=1gq=1

where. R € [.[[ are the two regions of the discontinuity. The wave impedance Z and

admittance Y are as follows:

(Rh) _ “Ho 25
Z = (RR) (2.5)
m.n
YR o 5 (2.6)
3(38) =

[t can be observed that the coefficients of the field components namely A. B.C and D

have two indices. This is a direct consequence of the separation of variable solution to
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Figure 2.3: (a)Symmetric double plane step discontinuity in rectangular waveguide
(b) Asymmetric double plane step discontinuity in rectangular waveguide

the Helmholtz equation. However. these coefficients form a vector during the analysis.
since m.n or p.q represent one particular mode with a certain value of propagation

constant J,,, or J,,. The transverse component of the potential functions in the

region [/ can be written as:

cos(k{Nr) cos(k{fNy)

(IIR) _ (k) 9 -

Um.n (l’!/) - Tm.n (2.1)
V1t Somy/1 + bo.n

u',(,fqle)(r.y) = T}f_{,[‘)sin(kiﬁ”r)sin(k!(,:”y) (2.8)

where AU = m=/w . k!(h’_” =nn/h , kg” = pr/w and kx” = qm/h when w is the

width and h is the height of the rectangular waveguide in region I/.



Similarly in region I the potential functions are as follows:

cos(kﬁg(r - cx))cos(kx(‘ﬁ)(y - ¢y))

(1LY — TIhR) .
L m.n('r'y) - Tm,n = (2.9)
V1 + bomy/1+ b0
e e . . I p
el = T sin(kD (2 - ¢;)) sin(k(y — ¢;)) (2.10)

where ) = mz/a . kD = nz/b . kD = pr/a and k'Y = gz /b with a as the width
I'm Yn Ip Yq
and b as the height of the rectangular waveguide.

The propagation constants in either regions (R). can be evaluated from
3 = k2e, — kIR _ (RY (2.11)

The power carried by each mode and in each of the region is evaluated from

(R _ L, =B LB .
pR ;:R{/w (E,- <~ H |-dA (2.12)

where S'®) is the surface area of the cross-section of that region. The coefficients
TR and TR of the potential functions are chosen so that the magnitude of the

power carried in the corresponding mode is unity. Thus.

IW" for propagating modes
P =< +;jW  for evanescent TE modes (2.13)
—JW  for evanescent T M modes

This vields.

T(llh) —

T EER () Veh

(2.14)
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T ey — = (2.17)
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At the junction of the discontinuity (z=0) formed by two rectangular waveguides.

with their axis in line. as shown in Figure 2.3. the continuity condition is applied as

follows
ENr.y)y = EUDz.y) r € [c;.d;]) y € [cy.dy] (2.18)
= 0 otherwise (2.19)
H™r.y) = HY(z.y) r € [erd:). y€lc,.d,y) (2.20)

The above two continuity conditions of tangential electric and magnetic fields can
be separated into four sets of coupling equations using the property of orthogonality
of modes. The resulting coupling equations after matching the tangential electric

fields at the discontinuity and applying orthogonality is of the following form:

A+ BED = V(A + B + Vie(CY) + DY) (221)
C5+ DD = Vi3 + D) + V(AL + BUD,) (2.22)

[t must be noted that though the coefficients of the field components. namely A. B.C
and D when they form a vector are arranged in ascending order of the cutoff frequen-
cies of the corresponding modes. The elements of the matrices Vin. Ven. Vie and V.,

can be computed from the equations below.
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0 Cx Cy

The vectors € are the tangential electric fields evaluated from the potential functions

and are obtained using Appendix A or the equations below:

OISR W (2.27)
T = vk (2.25)
FatAERVE (2.29)
A (2.30)

It can be verified that V. is zero. This has been analytically proved in [48]. Matching

the H-fields and applying orthogonality again results in
AN — B = v (AUD — BUDY v (U — DU (2.31)
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It can be verified that the coupling matrices in the above equations are transposes of
the Vi, . V.n and V.. obtained in the E-field matching. Rearranging the four sets of

equations. we have

A A
0 U 0 Vi Dt _
—tw 0O U 0 AUD T
s < o0 ) \cun
Ky
0 Vi :" 4;;:
0 0 VL C 5 2
Vin 0 U 0 BUN (2.33)
Vo Vee 0 = pun
K2
where (" is the unit matrix.
The generalized scattering matrix of a step discontinuity is hence given by
S=RK"h, (2.34)

An alternative scheme of inversion [49] is given in the Appendix B. That scheme
is computationally more efficient. since the size of the matrix to be inverted is smaller
compared to that in the equation (2.34). Hence. the inversion technique in Appendix
B has been used in all the analyses presented in this work.

The symmetric double step discontinuity can also be analyzed using the TEZ |
approach. as the fundamental mode T ET{, is the same as TEj,. In this approach.
the fields at the discontinuity are evaluated based on the magnetic vector potential
R (E; = 0) alone. This approach is not a rigorous one as the v'¢ potential vector is
ignored due to the fact that the E, field is very small at the discontinuity. Although
this type of analysis produces a computationally efficient algorithm. it has been shown

in [50] that for certain types of component analysis. like resonant-iris waveguide filters.
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this approach can result in inaccurate results. An improved version of the TEZ |

approach has been presented in the same reference [50].

2.2.1 Convergence analysis

In order to overcome the phenomenon of relative convergence in the MMM. the num-
ber of modes included in the regions left and right of the discontinuity are truncated
suitably. This phenomenon has been discussed extensively in [47]. For rectangular
waveguides. where the potential vector is a double sum in the two coordinates of the
cross-section. best convergence is observed when the truncation ratio of the modal
indices in the two regions is equal to the corresponding dimension ratio. The conver-
gence of the S-parameters for a symmetric step discontinuity occurs with only about
20 TE and T M included in the waveguide with greater dimensions. The variations
of S and Sy, with frequency is shown in Figures 2.4 and 2.5. The results agree very

well with literature [26].

2.3 Eigenvalue analysis using MMM

The MMM can be applied to solve for the eigenvalues in complex structures includ-
ing microstrip lines. coplanar waveguides and finlines. A rectangular single ridged
waveguide has been treated here as an example. Since the structure is symmetric. a
magnetic wall or electric wall symmetry can be assumed to obtain the eigenvalues of
the corresponding modes. One half of the symmetric ridged waveguide is once again
divided into two subregions as shown in Figure 2.6. The potential functions in each
of these regions can be expressed in terms of x and v dependent terms that satisfy the
Helmbholtz equation and the boundary conditions in the two subregions. The electric

and magnetic potential functions for a magnetic wall symmetry is written as:

M

. mm, =

eV = 5 A, sin y cos(k{1)(z — a/2)) (2.35)
=1 q
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Figure 2.4: Magnitude of reflection coefficient from a input waveguide of dimension
10.7Tmm x 4.32mm to a output waveguide of dimension 15.8mm x 7.9mm
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The propagation constant in the r direction in the above equations (2.33) to (2.38)

can be obtained from the equations below.

2
2
(450) = w5 (2.39)
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Figure 2.5: Magnitude of transmission coeflicient from a input waveguide of dimension
10.7Tmm x +4.32mm to a output waveguide of dimension 15.8mm x 7.9mm

klte” 2 _ ey (E)2
(kf.g;,z) N O (;)2 (2.40)

At cutoff. k. is zero and the cutoff wavenumber is defined as k2 = k2 + ki. Hence. in
equations (2.39) and (2.40) k. is set to zero for the eigenvalue analysis. The tangential
components of £,. H. (for T E modes) or H,, E. (for T M modes) are evaluated from
the potential functions using the formulas in Appendix A. These field components are
matched at the interface of subregions 1 and 2. In order that the fields be described
completely. the summation of the potential functions should be infinite. i.e M and

NV should be infinite. However. for numerical purposes they are truncated. Using
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Figure 2.6: Single ridged rectangular waveguide
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orthogonality a system of homogeneous equations is obtained. It is of the form:

[FlIX]=0

(2.41)

The vector [X] is an array of the unknown coefficients C,, and D, for T £ modes

and 4,, and B, for T W modes. The characteristic equation for the TE modes is

given below:

(7 $)(5)=(5)

where the elements of the submatrices of £ can be obtained as:

sin (K8)(¢ —a/2))  if m=n=0

qk(xlh)
P(m.n) = { 1-d5sin (km (e —a/2)) if m=nand m # 0
0 otherwise
7 nwi mw
Q(m.n) = —cos k(xﬁ‘)t/ cos —2 cos ydy
0 q u

(2.43)

(2.44)
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wsin (kM) if m=n=0

S(m.n) ={ u/2sin (k@) if m=n and m # 0 (2.45)
0 otherwise
9 1 7
R(m.n) = cos kil")(t——a/:?)/ cos Y cos n—Tydy (2.46)
0 q u

In order for the coefficients of the potential functions to be non zero or. in other
words. to get a nontrivial solution. the determinant of the characteristic matrix F
should be zero. Hence. the cutoff wave number of all the modes can be obtained
by searching for the zero of the determinant at various k,. As the value of M and
N is increased a convergence behavior can be observed. The ratio of M to .V can
be set equal to the ratio of the ridge gap to waveguide height in order to overcome
the relative convergence phenomenon. [t has been shown that the Singular Value
Decomposition(SV'D) of the characteristic matrix [31] can be used to determine the
eigenvalues.

Using the SV'D. a matrix can be decomposed as below
(A) = (O)SNHV) (2.47)

where (&) is a diagonal matrix formed by the singular values in decreasing order and
(L") and (V') are columns of left and right singular vectors. The cutoff wavenumbers
are obtained using a search for the minimum of the smallest singular value while using
SVD. The poles of the determinant of F do not affect the singular values and hence
the values of .M and .V can be chosen for the best convergence. Using this procedure.
the eigenvalues of T £ and T M modes of the single ridged rectangular waveguide have
been obtained and summarized in Table 2.1. Results are in close agreement with [52]

where the eigenvalue solutions are obtained using variational technique.



Mode | Eigenvalue | Utsumi's [52] | MMM
Pattern | of rect. WG | solution solutions
rad/mm rad/mm rad/mm
TE o .1653 .0930 .0943
TE,, 3697 23332 3322
TEs3p .-1960 .3881 .3820
TES, .5962 3265 5282
TE,, 63817 6634 .6654
TE;s, .8267 6917 6918
TE;, 8267 7456 7438
TEs, .890+4 .8298 8321
TM,, |.3697 4665 4708
TM,, | .6817 7358 .7408
TM;, | .8267 9427 .9379

Table 2.1: Eigenvalues of single ridged rectangular waveguide of dimension a=19mm.
u=9.5mm. q=1.7mm and t=0.15mm

2.4 Analysis of rectangular coaxial line step dis-

continuity using MMM

Step discontinuities in rectangular coaxial lines (Figure 2.7) can be analyzed using the
MMM [53]. However. unlike in the case of rectangular waveguide or circular coaxial
lines. knowledge of higher order modes is not available analytically. Hence. the first
step involves the eigenvalue analysis for the determination of higher order TE and
T'M modes. The fundamental mode is the TEM type and its solution is obtained

from Laplace’s equation.

2.4.1 Step 1: Eigenvalue Analysis

The solution for the fundamental transverse electromagnetic mode is obtained by

solving Laplaces equation

Vi =0 (2.43)
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Figure 2.7: Symmetric inner conductor step discontinuity in RCL

Using a magnetic wall along the two lines of symmetry it is sufficient to analyze
one quarter of the cross-section alone. This is again divided into two subregions as
shown in Figure 2.8. The inner line is assumed to be at potential |, and the outer
line at zero potential. The solution for the potentials in both regions is obtained from
Laplaces equation with unknown coefficients. At the interface of the two subregions
the continuity of the potential is applied. The solution for the potentials in the two

regions is found as:

|
Vie.y) = =22 (2.49)
q
. ) N S | sin 25 q . nTYy . . n¥r _
Vir.y)® = —— — — L:l sin sinh (2.50)
n§3 bq (f)2 sinh(55(3 — t)) b b

The value of n is odd due to symmetry. For numerical purpose the summation in
equation (2.50)is truncated. The T E M electric field components in the two subregions

are obtained using

E=-VV (2.

[SV]
Ut
—
~
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Figure 2.8: (a)Cross-section of RCL (b) Expanded view of half the cross-section of
RCL

If the inner conductor of the RCL is infinitely thin. the potential functions can be
obtained by setting ¢ = b/2 in equations (2.49) and (2.30). The capacitance per unit
length of the line is obtained using Gauss law to solve for the charge Q on the center
conductor and then evaluated using the relation given below.

Q :
T (

(V]
ot
(V]
~

C=

The characteristic impedance is evaluated from the following relation

Z = Yt (2.33)
where v is the velocity of light.

The characteristic impedance for certain dimensions has also been obtained using
the finite difference technique in order to compare the solutions with the above tech-
nique. This comparison has been summarized in Table 2.2. The difference between
the two methods may be due to the edge condition not being satisfied completly at

the interface of the two subregions while using MMM.



Sl. | Dimensions in cms | MMM impedance | Finite

no. | a. b solution Difference
a2. b2 (Ohms) (Ohms)

l. I.1. 1.0 17.24 49.60
0.416.0.416

2. | L.1. 1.0 23.95 24.64
0.7. 0.6

3. 1 610. 730 17.32
406. 0.157

Table 2.2: Characteristic impedance of RCL

The variation of the characteristic impedance with the increase in the width of
the inner conductor. while keeping its thickness constant. is shown in Figure 2.9.

The cutoff frequencies of all the higher order modes in RCL can be obtained by
considering suitable symmetries. There are four possible symmetries for the RCL as
there are two lines of symmetry as shown in Figure 2.8 which can be either electric
or magnetic walls. Each of the higher order modes evaluated can be traced to the
TE,. . or the TV, , mode in an empty rectangular waveguide of the same dimen-
sions where the inner conductor of the RCL is absent. Hence. in the RCL they are
referred to by the same mode nomenclature as in a rectangular waveguide though
the field components are significantly altered. The cutoff frequencies of the higher
order modes corresponding to the magnetic wall along the y direction and electric
wall along the x direction (T E,qq.cvcen and T .M, y4cven) can be evaluated using the
equations presented in section 1.3 for the single ridged rectangular waveguide be-
cause the quarter cross-section of RCL for such a symmetry is the same as that of
the single ridged rectangular waveguide. Similarly. for the symmetry with electric
wall along the y direction and magnetic wall along the x direction (T E. enodd and

T M. enodq). the quarter cross-section reduces to that of a single ridged rectangular
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Figure 2.9: Characteristic Impedance of RCL's

waveguide. But the axes are interchanged. This change is applied to the analysis in

section 2.3 to determine the corresponding eigenvalues. For the case of T E, 44,44 and
T M,44.044 symmetry (magnetic walls along both the lines of symmetry). the equations

for potential functions are given as:

M

plel) = Z Amsin mTy cos(/ci,:)(.r —af2)) (2.54)
m=1 q
[e2) _ i B. si (2n—l)my 1 . fe(2€) (2.55)
e PR R 29
M mry |
e — z (', cos —= T sin(kf::‘)(z —a/2)) (2.56)
m= q k-l‘m
(h)) .\‘ (Qn + ].)h_y (‘)h) - —
et = Z B, cosq—cos(kr; r) (2.57)
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The procedure described for the eigenvalue analysis has been followed once again to
evaluate the cutoft frequencies of T M 44,44 and T Eoqq4,.44 modes. The eigenvalues
for a case of rectangular coaxial line with a veryv thin inner conductor. called the
Transverse Electromagnetic cell (TEM cell). has been evaluated and compared with
the FEM [54] and the TLM [53] method. It should however be noted that the FEM
and TLM methods have assumed the thickness of the center conductor zero although.
physically. the thickness of center conductor of the TEM cell is finite. This assumption
is made because otherwise a fine discretization is necessary in order to account for the
finite thickness of the inner conductor while using these methods. This may increase
the memory requirements and cpu time needed to solve the problem. However. an
approximation of zero conductor thickness does not introduce an appreciable error in
the cutoff frequencies of the TEM cell.

The values denoted ™ in the Table 2.3 indicate that the cut-off frequencies have
been evaluated using waveguide formula because the line of symmetry for those modes
are electric wall along the direction of the center conductor. As the thickness of the
center conductor is assumed to be zero. it is appropriate to use the waveguide cut-off
formula. The analysis for this symmetry however. have been evaluated using the
rigorous procedure described. as the inner conductor thickness is assumed non-zero.

The potential functions for such a symmetry have been given below.

M -
oD = S A, sin 2 L Gin(k19(z — a/2)) (2.58)
- - &m (le) I'm - -
m=1 q k:m
i al nwy | .
e =3 7 Busin —= —— sin(kz) (2.59)
n=l1 u kl'n
(h1) M . mxy 14)
L = Z C',, cos cos(kim (r —a/2)) (2.60)
m=0 q

N
A2 = Z D, cos nTy cos(k(zh)r) (2.61)
=0

u In
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The eigenvalue solutions for a TEM cell using MMM are in close agreement with

that of the FEM and TLM.

Mode | TLM method[55] | FEM method[54] | MMM
Pattern | fc in MHz fc in MHz in MHz
T Eo., 15.1 15.5 16.0
TE, 24.6™ 24.6™ 24.6
TE,, 311 31.2 31.4
TEy, 41.17 41.1~™ 11.1
TE,;, 45.4 43.3 16.1
TE, 17.8* 17.8* 47.8
TE,p 49.2" 19.2* 19.2
TEys 4.2 54.4
TFE,3 62.1 62.5
TE;, 64.1™ 64.1
TE;3 3.2 72.4
TEs, 73.8* 73.8
TE;, 76.9 75.6
TE;» 84.4™ 34.4
TFE;3 87.2 37.1
T My, 17.6 17.9 17.5
T My, 47.8 17.8™ 17.9
T Moy 64.3 63.0
T M, 64.1™ 64.1
T My, 32.0

Table 2.3: Cutoff frequencies of TEM cell of dimensions a=6.1m. b=7.3m. a2=+4.06m.
b2=0.157cm

2.4.2 Step 2: Analysis of a step discontinuity in rectangular
coaxial line

A symmetric step discontinuity in circular coaxial line has been analyzed considering

only TEM and T My, modes [56.57]. In the case of rectangular coaxial line discon-
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tinuity shown in Figure 2.8. however. an incident T EM mode which has magnetic
walls along the two lines of symmetry. will excite T E 44040 and T M 44 044 odes.

The cut off frequency of higher order modes with magnetic walls along the lines of
svmmetry is found using the steps discussed above for the eigenvalue analysis. The
coeflicients for the potential functions in the equations (2.54). (2.53). (2.56). (2.57)
can be obtained by solving the homogeneous characteristic equation (2.41) at the cut
off frequency. This is achieved by initially setting one of the coefficients in either
subregions to unity and then calculating the remaining coefficients. The potential
functions in the RCL cross-section can be written as the sum of the potential functions
in the two subregions in which they satisfy the boundary conditions. The respective
modal amplitude coefficients are obtained at all the cutoff wavenumbers. For instance.
the magnetic potential functions are written as the sum of the potential function in
the subregions 1 and 2 as given in equations (2.56) and (2.57) with their appropriate
modal amplitude coefficients and the value of k, obtained from the eigenvalue analysis.
These amplitude coefficients are then normalized so that the magnitude of the power
carried by each of the TE and T M modes is 1 watt. This is done by adding the
power evaluated in the subregions | and 2 for that mode. For the T £\ mode which
is included as a special case of T M mode in the discontinuity analysis. the power
carried is determined by V2/Z, where Z, is the characteristic impedance. It can be
noted that the T EM fields in a rectangular coaxial line is represented as a series in
subregion 2 and is truncated suitably.

At the junction between two rectangular coaxial lines with different dimensions.
there are subregions on both sides where the tangential components of electric and
magnetic fields have to be matched. Hence. a small length of a waveguide of the
dimension of the outer coaxial line is assumed initially (Figure 2.10) in the analyis of
the discontinuity [49]. The tangential components of E-fields at the junction between
the rectangular coaxial line and the waveguide are matched. A set of equations is

obtained using the property of orthogonality of modes. and the coupling integrals
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RCL1 WG RCL2

Figure 2.10: A junction between two RCL with an assumed waveguide section in
between them

can all be evaluated analytically. The H-field matching condition is obtained by
transposing the matrices that result from the matching condition of the E-field as
discussed in section 2.2. The generalized S-matrix of the step RCL discontinuity
(RCL1 - RCL2) is obtained from the above S-matrices for the two junctions (RCLI1-
WG and WG-RCL2) by letting the waveguide length. as shown in Figure 2.10. go to
zero. [t should be noted that there is no TEM mode in the empty waveguide but
while cascading generalized scattering matrices. the TEM mode S-parameters from
one RCL to another RCL is obtained because the T £.M mode is present in both the
RCLs.

A RCL cascaded step discontinuity has been analyzed using the above procedure
and compared with the literature. The characteristic impedance of the two lines are
nearly 30 Ohms and 25 Ohms (Table 2.2). The outer conductor dimensions of the 50
Ohm and 25 Ohm line are 11 x 10 mm. The inner conductor dimensions of the 25
Ohm line is 7 x 6 mm and that of the 50 Ohm line is 4.16 x 4.16 mm. The length of

the 25 Ohm section is 20mm. The S-parameters of such a cascaded step discontinuity
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Figure 2.11: Magnitude of reflection coefficient of cascaded inner conductor step
discontinuity in RCL (50 Ohm RCL input/output to 25 Ohm of length 20mm)

are compared with measured data available in [33]. A good agreement is found using

the full-wave analysis as shown in Figures 2.11 and 2.12.
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Chapter 3

Eigenvalue Analysis of Ridged
Circular Waveguides

3.1 Introduction

An overview of the mode matching method with regard to the analysis of rectangular
waveguide structures has been dealt with up to this point. This chapter deals with the
eigenvalue analvsis and the evaluation of characteristic impedance of certain types of
ridged circular waveguides. As indicated earlier. the ridges have been shaped conically
for mathematical ease in formulation. Ridged circular waveguides find application in
filters. matching transformers. orthomode transducers. septum polarizers. magnetrons
and gyratrons to name a few. A knowledge of the propagation characteristics and
characteristic impedance of the individual waveguide section is of utmost importance
in the design of these components.

This chapter is divided into two sections. The first section examines the technique
to determine the eigenvalues of fundamental and various higher order transverse elec-
tric and transverse magnetic modes for different types of ridged circular waveguides.

The second section deals with the evaluation of the characteristic impedance.
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3.2 Eigenvalue analysis

3.2.1 Single ridged circular waveguide

To start with. we first consider the cross-section of the single ridged circular wave-
guide of Figure 3.1(a) and (b). The eigenvalues of double. triple and quadruple
ridged circular waveguide can be easily derived by following the same theory below
and considering electric wall(ew) and magnetic wall(mw) symmetry suitably. The
eigenvalues of the orthogonal dominant modes and higher order modes of such a
structure can be obtained from the solution of the Helmholtz equation in cylindrical
coordinates.
19, v 1 9% O

——(p— — —_— 2y = .
~3,0 5, siger t g tRe =0 (3.1)

Assuming propagation in the = direction. the structure as shown in Figure 3.1(a)
can be divided into two homogeneous subregions. Solving the Helmholtz equation
in each homogeneous subregion by applying the boundary condition. the potential

function for subregions 1 and 2 of Figure 3.1(a) for TE modes can be written as

follows:
A1R) _ i 1 J, (kR p) sinno r =1 for mw 1)
y - n=r e cp cosno r = 0 fOl' ew ( v
A2
B = N CnlJilkEp) Ni(RED) — J{(KRb)Ni(KE p)]

m=r

{cosl(o—()) r=1.3.... and [ = 325 for mw (33)

cosl(p—0) r=0.1,... and [ = 25 for ew



Figure 3.1: Single ridged circular waveguide

The functions .J, are the Bessel functions of order n and .V; are the Neumann functions
of non-integer order [. The unknown coefficients of the eigenfunctions are A, and C,,
and b is the radius of the circular waveguide.

Similarly. the potential functions for the TV modes for both symmetries are given

by

A |
e X e cosno r =0 for mw )
Lo = z_: Ban(kCP){ Si:no r— 1 for ew (3.4)
. N2
e = S DA[(kEp)Ni(KS) — Si(kEb)Ni(kp)]
sinl(o — 0) ":1~3~-'-and1=‘2(—:§5formw i s
\sinllo—6) r=1.2....and [ = 2 for ew (3.5)

From the potential functions. the field components in each of the regions can be
derived using Appendix D. The continuity condition of the tangential components of

the electric and magnetic fields is then applied at the interface of the two subregions:
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EV = E® p=aoec[f.27r -9 (3.6)
=0 p=aoc[-0.0 (3.7)
HY = H®  p=aoelf.27 -6 (3.3)
HY = H? p=aoecif.2r -6 (3.9)
EMN = E® p=aoc(d.2r -0 (3.10)
=0 p=a.o€[—0.0] (3.11)

Equating £, and H. for TE modes and E. and H, for T\ modes at the inter-
face of the two subregions and using the orthogonality property. a syvstem of linear
equations of infinite size as a function of k. is obtained. The size of this system of
equations is made finite depending on the truncation index V1 and N2. They repre-
sent the number of modes included for the analysis in the two subregions. The ratio
between the number of modes in the two subregions is chosen to be close to the ratio
of the angular widths of region | and region 2 to avoid relative convergence problems
[47]. The set of linear homogeneous characteristic equations of finite size is of the

form:
F[X] =0 (3.12)

where [X] is a vector of unknown coefficients of the potential functions and F. the
characteristic matrix. is a function of k.. If the matrix F is written in terms of
submatrices P.Q. R and § as in equation 2.34 with [X] as a vector of the unknown
coefficients of the potential functions. then the elements of the submatrices of F for

T E modes are as follows:

1 1.h 3 —
p. = { JIk2b)yr ifn=m (3.13)

0 otherwise
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Qum = [Ji(kla) N{(kb) = Ji(k2b).N{(k}a)]

27=9 mw(o—0) . .
—A COSmhlnnOdO (3.14)

. (7 — O)[Ji(kPa) N[(kPb) — J/(k*b) Ni(kPa)] ifm =n R
Sam = ¢ - ¢ © . (3.13)
0 otherwise
27— mz(o—0)
— A - 7 .
Ram = .In(l.ca)/g sin no cos ST do (3.16)

The eigenvalues of the system are obtained either by searching for the minimum
of the smallest singular value of the characteristic matrix or by searching for the zeros
of the determinant(det[F]=0). The SVD technique has been used here for evaluation

of the eigenvalues.

There are two special cases for the ridge depth that have to be distinguished.

3.2.1.1 Special Case 1 : Ridge depth = Radius

In this case. subregion | vanishes when the ridge depth is equal to the radius of the

circular waveguide. The potential functions of the T E modes for this case is similar

to [33].
v =.J,(k.p)cosn(o—1¥0) (3.17)

. _— e 2
where. n = 0. pTEer R T S

The cutoff wavelength for the dominant and higher order modes can now simply
be obtained from the search for the zeros of the function J; (k.b) (as this makes £, = 0

for p = b) instead of using equation 3.12.



3.2.1.2 Special Case 2 : Ridge depth > Radius

When the ridge depth is greater than the radius of the circular waveguide (Figure
3.1(b)). the potential functions for TE modes for both symmetries is the same as

equation (3.3) for subregion 2. while for region 1 it is

(3.18)

where ¢ = =255 In contrast to case 1 the cutoff frequencies are now computed from
equation 3.12.
Similarly for the T.W modes. the potential function in subregion 2 is the same as

equation (3.3). while in region 1 for both the symmetries it is

et = Z An S, (kip)sin (3.19)

The cutoff frequencies for all the symmetries have been determined for the single
ridged circular waveguide. The nomenclature of TE, ,, and T M, , modes of the
empty circular waveguide is maintained even though the presence of metallic ridges
distorts the field distribution of these modes. Using the above mode nomenclature
means nothing else than that those modes can be traced back to the corresponding
ones in the empty (undisturbed) circular waveguide.

Figure 3.2 shows the cutoff characteristics of a single ridged circular waveguide.
The results of the fundamental mode have been compared with a finite element so-
lution [39] and good agreement was found. It is sufficient to include 7 mode in each
of the subregions to achieve convergence of the eigenvalues shown in Figure 3.2. It
is observed that the cutoff frequencies of the orthogonally polarized degenerate TE
modes of the circular waveguide move in the opposite direction when the penetration

depth of the ridge increases. For the polarization with £, __ along the direction of the
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Figure 3.2: Cutoff characteristics of single ridged circular waveguide (t/D=0.04)

ridge. the loading by the ridge is capacitive while for the polarization with E,__  per-
pendicular to the ridge the loading is inductive. Since the ridge is positioned to load
either inductively or capacitively for the orthogonal polarizations of the TE modes.
mode splitting occurs. The mode splitting phenomenon for TE and T.W modes is
represented as V(Vertical polarization or magnetic wall symmetry) and H(Horizontal
polarization or electric wall symmetry) in the Figure 2.2 and the following figures
of this chapter. Since the TE,,, modes and T My, modes are axially symmetric.
they exist only for electric wall symmetry or magnetic wall symmetry. respectively.
Therefore. those modes are not identified by V or H index. For the T M modes, the

ridges act as inductive load for both the symmetries and hence the cutoff frequency
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increases with the penetration of the ridge. An interesting conclusion that is of direct
importance in the design of septum polarizers can be drawn from Figure 3.2. [n [39]
it was reported that the low port isolation of a septum polarizer was due to the onset
of the TV, mode. However. as Figure 3.2 clearly shows. by exceeding certain ridge
penetration depths. the cutoff frequency of the T E, |V mode is lower than that of
the T My, and it is rather this mode that is responsible for the limited port isolation

reported in [39].

3.2.2 Double ridged circular waveguide

The double ridged circular waveguide cross-section is as shown in Figure 3.3. Unlike
in single ridged circular waveguide. an additional line of symmetry can be considered
here making it possible to analyze only one quarter of the cross-section. There are
four possible combinations of electric and magnetic walls along the lines of symmetry.
However. the most important symmetry is the one with magnetic wall along the
direction of the double ridges and electric wall perpendicular to it. This structure is
useful in the design of components like bandpass filters and transformers. Analysis
of all the four possible symmetries is essential for the design of a polarizers where the
ridges are placed at 43° to the 0 = 0° or the o = 180° planes.

The potential functions for TE modes in subregions 1 and 2 for a double ridged

circular waveguide for all possible symmetries is as follows:

N1
SR =SS (k)
sinno r=1.3.... for mw&ew.r =2.4.... for mw&mw (3.20)
cosne r=0.2,... for ew&kew.r =1.3.... for ew&mw i

In the above and following set of equations it should be noted that the first line

of svmmetry is the one that is along the direction of the ridge and the next one



Figure 3.3: Double ridged circular waveguide

1s perpendicular to the ridge. For instance. mw&ew in equation (3.20) indicate that
there is a magnetic wall along the direction of the ridge and electric wall perpendicular

to the ridge.

N2
e =3 CaldikZp)N{(k2b) = Ji(kb) Ni(KC p)]
cosl(o—~0) r=0.1.... and | = -7 for mw&ew or ewlew (3.21)
cosl(o—0) r=1.3....and | = 2% for ev&mw or mw&mw

Similarly. the potential functions for the T M/ modes for all the symmetries are

given by

N1
w19 = 5" B, J.(kSp)

n=—r

cosno r=1.3.... for mw&ew.r =0.2.4,... for mw&mw (3.22)
sinno r=12....for ew&kew.r = 1.3.... for ew&mw e
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Figure 3.4: Cutoff characteristics of fundamental mode of double ridged circular
waveguide

z [T p) NU(KSB) — Ji(KSb) Ni(S p)]

/2 —48)
sinl{(o—0) r=1.3....and [ = 2% for ew&mw or mw&mw

{ sinlfo—0) r=1.2... and | = ZF=5 for mw&ew or ew&ew (3.23)

Figure 3.4 shows the fundamental mode (£ field parallel to the ridges) cutoff
characteristics of a double ridge circular waveguide for varving ridge parameters.
The results are again in good agreement with the FEM [3] and TLM [60] solutions.
As illustrated in the Figure 3.4. the effect of ridge thickness on the cutoff frequency
of the fundamental mode is relatively small. The variation of the cut off frequency
of the higher order modes with respect to ridge penetration depth is shown in Figure

3.5. Mode splitting of the orthogonally polarized TE, ;. TE,,; and T M, is clearly

shown. Also here the splitting of these modes is due to the same reasons as explained



for single ridged waveguide.

3.2.3 Triple ridged circular waveguide

The triple ridged circular waveguide has one line of symmetry as in single ridged
circular waveguide. But the results of the eigenvalues are interesting to note. There
are three subregions in this structure as shown in Figure 3.6 and hence the size of
characteristic matrix becomes larger.

The electric and magnetic potential functions for the subregion 1 is the same as

in equations (3.2) and (3.4) for the single ridged circular waveguide. However. for the

subregions 2 and 3 they are as follows:

[ Sk p) NT(kRB) — JI(K"B) Ny(K" p)]

PA
E
|
i M 6

Sin[o r= l.:s....andlz%: for mw 5
| cos lo r=0.1....and [ = %/—2 for ew (3.24)
L8R = Z JI Lh l/(kéxb) _Jll(kfb).\’l(kfp)]
cosl(lo—0,/2—-20) r=0.1....and | = ';”" for mw 395
"\ cosllo—0,/2—20) r=0.1....and I = ZZ forew (02
N2
v = 3T Do [JikEp) Ni(keb) — Ji(kSb) Ni(kZp)]
COs [0 r=1.3.... a-nd | = ';—: for mw 5
] sinlo r=2.4....and [ = ’;‘—: for ew (3.26)
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Figure 3.5: Cutoff characteristics of double ridged circular waveguide



Figure 3.6: Triple ridged Circular waveguide

N2

B = N DL [D(kEp)NI(KED) — Ji(k2b) Ny (kEp)]
sinl(o — 0,/2 — 26) r=12...and [ = ZZ for mw 397
sinl{(0 —0,/2—-20) r=1.2....and [ = o—: for ew (3.27)

where o, is as shown in Figure 3.6. Alternatively. the triple ridged circular waveguide
can be viewed as 3 slots of 120 degree. Since the structure is periodic. the field
component at the boundary between two slots can be written as:

.)7:

v(r.o+ ".T) = w(r.o)e I3 (3.28)

In general for a structure with P slots.

27 .
v(r.o+ -%) = v(r.o)eI¥mkP (3.29)
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Figure 3.7: Cutoff characteristics of triple ridged circular waveguide

Since the structure closes on itself. v(r.27) = ©(r.0). Hence for a triple ridged
waveguide & in equation 3.28 takes the integer values 1.2 and 3. For the boundary
conditions with & =1 and & = 2. the phase of the field at one edge of the slot leads
or lags the other edge of the slot by 120 degree. Hence for the conditions k£ = 1
and & = 2. the eigenvalue solutions obtained are the same. From the boundary
condition & = 3 the axisvmmetric modes are obtained. This implies that the modes
of orthogonal polarizations are degenerate.

The cutoff frequency variation of a triple ridged circular waveguide versus ridge
penetration depth is shown in Figure 3.7. Also here a good agreement with measure-
ments [9] is observed. The bandwidth of the triple ridged circular waveguide is the

largest of all the cases investigated in this chapter since the modes do not split.
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Figure 3.8: (a)Quadruple ridged circular waveguide (b) Slotted circular waveguide

3.2.4 Quadruple ridged circular waveguide

[t is sufficient to analyze one quarter of the cross-section of a quadruple ridged circular
waveguide (Figure 3.3(a)) just like the double-ridged circular waveguide. However. it
is important to note that the symmetry planes can be rotated by 15 degrees and the
quadruple ridged waveguide appears as in Figure 3.8(b) which can be regarded as a
slotted circular waveguide.

The electric and magnetic potential functions in subregion | of the quadruple
ridged circular waveguide of Figure 3.3(a) are the same as in equations (3.20) and
(3.21) of a double ridged circular waveguide. However. the potential functions in

subregion 2 are below:

N2
B = ST Co Dk p) N (KEb) — J{(K2B)Ni(K2p)] cos l(0 — 6)

m=r

r=0.1....and [ = _—/’% for all polarizations (3.30)



[w]]
o

= S DAlAkp) Nukb) — JKEB) Mol )] sin L0 — 0)

r=1.2....and [ = —_/—27) for all polarizations (3.31)

The number of subregions in the case of slotted circular waveguide (Figure 3.3(b))
is three and hence the potential functions and the characteristic matrix differ from the
above. But the results of the eigenvalue analysis are just the same as for the case of
a quadruple ridged circular waveguide due to the periodicity of the quadruple ridged
structure. While certain modes are degenerate. some others get split. Physical reason
for mode degeneracy and mode splitting of quadruple ridged circular waveguide are
explained below. However. they can be explained from equation (3.29) as well.

The cutoff characteristics for the fundamental and higher order modes of a quadru-
ple ridged circular waveguide is shown in Figure 3.9. The modes with magnetic wall
along one line of symmetry and electric wall along the other line of symmetry (T E} ;.
TE;,. TE, etc. or in general T E2,,41.,) have the same structure for both polariza-
tions and hence the same eigenvalues. In contrast. the modes such as TE,,. TE,
and TE,, (in general. T E>,, ) will have either electric or magnetic walls along both
lines of symmetry for the orthogonal polarization and. therefore. the loading by the
ridges is either inductive or capacitive and mode splitting occurs. In comparison to
the single ridge and double ridge case. the loading is higher because of the presence
of additional ridges and. hence. the cutoff frequencies of such modes increase or de-
crease more rapidly. This is of practical importance in applications where the T E5,
modes can get excited. In such a case. the bandwidth is greatly limited when the
penetration depth of the ridge is increased. This is in contrast to a structure involv-
ing total symmetry. for example an orthomode transducer [61] which is a quadruple

ridged circular waveguide to circular waveguide transformer. Since in this case the
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stepped ridged discontinuities are symmetric. only T FEs, 41, and T M4, .» modes
get excited. Hence. the performance of the orthomode transducer is not affected by
the T E;; mode. Similar to the corresponding T £ modes. the T M, ;. T M;,; modes
(modes with magnetic wall along one line of symmetry and electric wall along the
other) do not split up. However. modes like T M, ;. TM,, and T M,, (modes with
electric walls or magnetic walls along both lines of symmetry) do split up which is
a phenomenon that has not been reported in [62.63]. But unlike for TE modes. the
loading by the ridges is always inductive for T.W/ modes and the loading is higher
in comparison to the single and double ridged waveguide due to the presence of the

additional ridges.

3.3 Characteristic Impedance

The characteristic impedance of the ridged circular waveguide can be obtained using

the power-voltage definition:
(3.32)

The slot voltage for the double ridged and quadruple ridged waveguide can be ob-

tained using the relation:

Vo= =2 [ B mosmadp (3.33)

For the fundamental mode. the slot voltage is as given below for one expansion term
used in the region [ of the double and quadruple rudged waveguide. The value of
k. in the following equation is that of the fundamental mode of the corresponding

ridged circular waveguide as obtained from the eigenvalue analysis.

_ a L
o= —2.4‘/0 Skep)do (3.34)
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Figure 3.9: Cutoff characteristics of quadruple ridged circular waveguide

The integral of the above kind can be evaluated numerically using the recurrence
relation of Bessel functions given in Appendix E. However. the integrand is not a
function of the propagation constant and therefore need not be evaluated repeatedly
at all the frequencies.

[t is essential to know the relationship between the coefficients of the potential
functions in the two subregions of the discontinuity for the evaluation of the power
flowing in the guide. The coefficient of the potential function corresponding to the first
expansion term in subregion 1 is assumed unity and then the coefficients for the fields

for the fundamental mode are evaluated by solving the homogeneous characteristic



61

equation (3.12) for k. as determined in the eigenvalue analysis.
The average power P transported in the quarter cross-section of the ridged guide

is determined using the relation
1 2
P= 55}2;/%(5‘“ x H*9).ds (3.35)

There are only two subregions (¢ = 1.2 for double and quadruple ridged circular
waveguide) over which the surface integral is computed. The power in region 1 and

2 for the fundamental mode in double ridged circular waveguide is given as

3 N1 N a rx/2 , ‘
P = o _-1;/ / [iz.]f(kcp)coszno+J,',2(L'¢p)sin2no pdpdo  (3.36)
Jep T4 o Jo p
‘ 3 (X2 o2 . , Lim(o—-40)
) _ _7 v2 "0, 19, . -ty 2 g t7le—v)
P = <m=oc’"/a /3 {[N1Ukeb)J{hep) = J{(keb) N{(kep)]? cos® T2
1 Y , i , . ,dx(o—186 -
+;_;[J,(k,’..‘p>.\,(k£‘b) ~ .1,(kgb),\.,(kgp)]zsmz_"“;—’}pdpdo) (3.37)

where. { = m= /o, and o, = /2 —§. The total power over the double ridged circular

waveguide cross section is four times the the sum of P(*) and P®?). For the quadruple
ridged circular waveguide the limits of o dependent integral in subregion 2 in equation
(3.37) are from 6 to #/2 — 6 and 0, = 7 /2 — 26

The characteristic impedance of double and quadruple ridged circular waveguide
have not been investigated in the literature before but is of practical importance
in the design of components such as transformers and orthomode transducers. The
characteristic impedance of double ridged circular waveguide for various penetration
depth is shown in Figure 3.10 and that of the quadruple ridged circular waveguide
is shown in Figure 3.11. Only the impedance for the polarization parallel to the

ridges is shown. because the double ridged circular waveguide is used in applications
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where this type of polarized mode propagates. Besides. the orthogonal polarization
does not get excited at symmetric discontinuities. The variation of the characteristic
impedance of the quadruple and double ridged circular waveguide with the ridge
penetration depth at three different frequencies is shown in Figure 3.12. In comparison
to the double ridged circular waveguide. the decrease in the characteristic impedance
of the quadruple ridged waveguide with the increased ridge penetration depth is
slightly higher because of the presence of the two additional ridges. Otherwise the

characteristic impedance behaves very similar in both cases.
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Chapter 4

Discontinuities in Ridged Circular
Waveguides

4.1 Introduction

The eigenvalue analysis of various types of ridged circular waveguides was discussed in
the previous chapter. However. this is only the first step in the design of components
in ridged circular waveguides. For a rigorous design of components involving ridged
circular waveguides it is essential to evaluate the S-parameters of every discontinuity
based on the interaction of the fundamental and higher order modes. Once again
here. the ridges have been shaped conically. This enables the coupling between the
fundamental and higher order modes to be evaluated analytically at least in certain
subregions of the discontinuity.

In this chapter. first a discontinuity from a circular waveguide into a double-
ridged circular waveguide is analyzed. Subsequently. the generalized scattering matrix
technique is utilized to analyze and design components. Based on the characteristic
impedance evaluated in the previous chapter. Chebychev transformers in double and
quadruple ridged circular waveguides have been designed and optimized. Similarly.
an evanescent mode circular waveguide filter has also been designed. A very thin

metal sheet of rectangular cross-section has been approximated as a conically shaped
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one in the numerical analysis. Using this approximation. a filter has been fabricated.

measured and compared with the theoretical analysis.

4.2 Circular to double ridged circular waveguide

discontinuity

The geometry of the discontinuity is shown in Figure 1.1. The excitation of such a
discontinuity is the fundamental mode namely TE, ;. From the geometry. it is clear
that there can be two lines of symmetry for this excitation. For the orientation of the
ridge and excitation shown. the lines of symmetry are magnetic wall along the line
joining the ridges and electric wall along the line perpendicular to this.

The solution to the Helmholtz equation in cylindrical coordinates is written for

both regions of discontinuity as a sum of incident and reflected waves of unknown

amplitudes.
ih - h h) _ k(lh)_) ih k(lh)_
it )(p. 0.2) = VZih )(p_o)(F(‘ el=ak: 720 L BUR)(+k: 7 )y (4.1)
—_— - . . (te) . e
vl (p.o.z) = VY iepld(p o) (Flelel=k2) 4 plie) (k) (4.2)

where. the superscript i refers to region [ or [[ of the discontinuity. The wave
impedance Z** and the wave admittance Y*¢ for a mode with propagation constant

k. are given as:

ik _  *Ho .
A Py (1.3)
yie = €0 (4.4)
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Figure 4.1: Discontinuity regions (a) circular waveguide (region [) (b) double ridged
circular waveguide (region /1) (c) side-view

The transverse component of electric and magnetic potential functions in the

empty circular waveguide(region /) for such a symmetry can be written as follows:

MhooNh

ep.o)y =3 3T P ULk p)sinno (4.5)
m=1 n=13
M:  N©®

eUNpo)y =3 S Pl Ju(ke p)cosno (4.6)
m=] n=1.3

The eigenvalues of the circular waveguide for T M and T FE modes can be determined
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from the zeros of the Bessel functions and their derivatives respectively. The coef-
ficients P represent the power normalization constants and are obtained by setting
the magnitude of the power carried in each of the modes to unity. For a circular

waveguide of radius b this yields.

Ik b —n2J, (k" b) n#0 _
Pnlhm = \/j h Ih (4")
VE IR BT (kL b) n=20

{ 3kl bJL(kE b)) n#0

Ple
vrkle bkl b)) n=0

The values of M*. M¢and V*. N¢in equations (4.5) and (1.6) depend on the trun-
cation of the number of TE and T M modes used in the evaluation of the generalized
scattering matrix.

In the region /7 of the discontinuity the electric and magnetic potential functions

are expressed as the sum of those in subregions | and 2. They are as follows:

Ry

M p o) = 3 (™ (p. o) + wM(p.0)) (+.9)
r=1
R.

e!fp.0) = 3 (" (p. 0) + *(p.0)) (4.10)
r=1

The magnetic potential functions in the ridged circular waveguide subregions 1
and 2. shown in Figure 4.1 for a ridge thickness of 26 can be written as follows:
N1

e (p.o) = 3 Auda(kPp)sinno (4.11)

n=1.3

L,.(2h)

(p.0) = Z Con[NI(RITPB) (kL p) = Ji(k:TMO) Nk p)] cos U0 — 6) (4.12)
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m

where | = £%. Similarly. the electric potential functions in the subregions 1 and 2

(S]]

are written as follows:

N1
vt p.o) = Z B,,Jn(k!f‘p)cos no (4.13)
n=1.3
_ N2
v p.o) = 3 D[ Ni(kIeb) Ik e p) — Ti(kIIeb) Ny(K! 1o p)] sinl(0 — 8) (4.14)
m=1
where. once again [ = 5.
2

[t should be noted that each r in «//%) corresponds to a set of indices n in v(1?)
and m in ©(®**) and has a particular value for &/™. It is similar for «(//¢). In other
words. the modal indices are different in each of the two subregions 1 and 2 as a
result of the differing boundary conditions in the two subregions. It should also be
noted that the potential functions in subregion 2 has Bessel functions and Neumann
functions of non-integer orders.

The value of A!'* and k!¢ in the potential functions has been evaluated using
the procedure in chapter 3. The coeflicients are evaluated as mentioned in the proce-
dure for the determination of the characteristic impedance in Chapter 2. The modal
coefficients are normalized so that the magnitude of power in each mode is unity.

From the potential functions described above in the two regions of discontinuity
the electric and magnetic fields in each of the regions of Figure 4.1 can be derived.
using the equations in Appendix D.

At the interface of the two regions (= = 0). the continuity of the tangential com-

ponents of E and H-field of the incident and reflected waves is applied:

Ef = EFre0.q.0€(0.27):r €a.b].0 €[(.7 - 8): (7 + 8.2% — )]
= 0 r€la.bl.oe[-0.40l.o€[x—0.7 + 6] (1.15)

Hi = HMre[0.qoe€[0.27];and r €[a.b]. 0 € [(8.7 — 8).(x + 0.27 — 0)]
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Using the orthogonality property of the modes. the above equation results in four
sets of equations relating the unknown wave amplitudes of the incident(F’) and
reflected(B) waves. For instance. the continuity of the tangential components of

the E-field results in the two sets of equations given below:

(F™ 4+ B [Vin](F1E 4 IRy (4.16)

(Fle + Blc) = [‘,;e](l;‘lle_{__ B[Ie) + [‘r';h](FI[h-{'- B[[h) (4.17)

where the [V'] matrices give the coupling between the fundamental and higher order

TE and T'W modes. The coupling matrices are given below.

Nl klh(.l')
Vin(r.y) = Z Term,; + Z Terms,) L’:’T(y) (4.18)
n=1.3 z

where the Term, and Term, are given below. The r refers to the mode that is excited
in cross section / while y refers to that in /. Also. k. represent the propagation
constants of the corresponding TE and T M modes in regions [ and //. The modal
coefficients of the subregions 1 and 2 A,. B,. Cr, and D,, have been absorbed into the
respective power normalization constants in the following equations of the coupling

integrals.

Term, = PHplhz

s.pton.r

/[n\ (k2 p)Julk!M™p) + Ji(kDE p)JL(kI p)lpdp if n=s

Csp r Cs.p

= 0ifn#s (4.19)

b
Term, = P”‘P”"/ _k sJs (KR p) [ Sk p) N (kIR b) —
a P

spt m,r
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[E]

],(L”hb) L”hp)]pdp 4/ cos sosinl(o — f)do +

Ps(,gl)Py(n[,ih)/ ]l Llh p) JI AIIh )\ (kllhb)

],(L”hb) L”hp)]pdp 4/ sin so cosl(o — 8)do (4.20)
where | = 2%: 0, = (7/2 — §) double ridged circular waveguide as region /1.

o

kiie(z)

Vee(r.y) = Z Termz + Z Termy) 7 (4.21)
n=1.3 m=1 kie(y)
Termz = P,’;Pn”f
R )L 0) + T KL o)LL p)pdp i m=s
= 0 ifn#s (4.22)
Termy = Ps’;P;’:/ —1—2;.1,(1;{; PIJ(kL T p) Ni(KLTb) —
a p P r r
](k”°b) (L”’ )]pdp - 4/ sinsocosl(o — §)do +
ey ptttey [° o, ple 101 Al
PP [T kL o)L ) Vil kD) —
Tk b) NI(k! " p) pdp - 4/ cos sosin (o — 8)do (4.23)
where | = 251 0, = (7/2 — 6) double ridged circular waveguide as region /1.
ko
Ver(r.y) Z Terms + Z Termg) (4.24)

n=1.3 =0 (y)k:h(l')



Terms = Pleplihz

s.p’ n.r
[T IR o) Tk 0) 4 5Tk p) T kI o)l dp if n=s
o . P

= 0 ifn#s (4.25)

b
Termg = Pleplih / =LKL p)[ (kR p) NI (K Rb) —

splm.r
JIRHRB) Ny (K p))dp - 4 /;/2 cos sosin (o — 0)do +
PURUIN [* 5 (kle o)LJL(KE0) N{(KLT%5) —
JURITRB) N (R p)dp - 4/6'?/2 sin socos l(o — 8)do (4.26)
where [ = 3o-0 0y = (7/2 — ) double ridged circular waveguide as region //.

While some of the integrals can be evaluated analytically. some others are evalu-
ated numerically. However. all the coupling integrals are frequency independent and
hence the numerical integration is not repeatedly evaluated at every frequency point.
Hence. this procedure is rigorous and vet computationally efficient.

Applying the continuity of the tangential components of the H-fields results in cou-
pling matrices that are the transposed of the coupling matrices in equations (4.16)
and (4.17). Equations (4.16) and (4.17) together with the matrix equations resulting
from the continuity of the H-fields can be rearranged suitably using Appendix B and
inverted to yield the generalized scattering matrix of the discontinuity between the
empty circular waveguide and a ridged circular waveguide. Any subsequent disconti-

nuity can be cascaded using the generalized scattering matrix technique described in

Appendix C.
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Figure 4.2: Discontinuity regions (a) circular waveguide (region [) (b) quadruple
ridged circular waveguide (region /) (c) side-view

4.3 Circular to quadruple ridged circular wave-

guide discontinuity

The regions of the discontinuity from a circular to a quadruple ridged waveguide are
shown in Figure 4.2. Since the extra pair of ridges as compared to the double ridged
circular waveguide appear along the electric wall symmetry. the discontinuity from
circular to quadruple ridged circular waveguide discontinuity is almost the same as

the circular to double ridged circular waveguide discontinuity.
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But there are minor changes in the potential functions and hence in the coupling

integrals too. For the quadruple ridged cross-section. { in v*(3#) and ©'(*%) of equations

(4.12) (4.14) is given as | = #25; for a ridge thickness of 26. This is also the value
2

of [ in the equations of the coupling integrals. namely (4.20). (4.23) and (4.26). The
coupling integrals also change with regard to the limits of the o dependent integral
in the equations for V... V.4 and Vi,;. The limits 6 to /2 — @ is used in place of 8 to

7 /2 for this discontinuity in equations (4.20). (4.23) and (4.26).

4.4 Convergence analysis

A convergence analysis for a discontinuity from empty circular waveguide to double
ridged circular waveguide shows that less than 40 TE and T .M modes are required.
This is shown in the Figure 4.3.

Since the highest order modes of the ridged circular waveguide included in the
discontinuity analysis have cutoff frequencies which are very close to the corresponding
one in the empty circular waveguide. the number of modes used in the discontinuity
analysis is the same in both regions of the discontinuity.

A discontinuity between an empty circular waveguide and ridged circular wave-
guide has not been analyzed in literature before. So a finitely long double ridged
circular wave guide placed between an input and output empty circular waveguide
was first evaluated using the rigorous procedure described above. The discontinuity
was fabricated with a very thin ridge (thickness= 125um in a circular waveguide of
diameter Smm) that has rectangular cross-section. In the computation. this ridge was
approximated as a conically shaped one with a constant angular thickness of § =1
degree. This value of 8 is the angle subtended on the edge of circular waveguide
to meet the rectangular thickness of the ridge and has been rounded to the closest
integer. The dimensions of the circular waveguide and the ridge depth are given in

Figure 4.4. A comparison was made with measurements and good agreement was
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Figure 4.3: Magnitude of S;; of a discontinuity from a circular waveguide to a double
ridged circular waveguide. b=2mm. a=1.5mm. f=55GHz. § = 5degree

found as shown in Figure 4.4. The small disagreement may be attributed to the

approximation of the shape of the ridges.

4.5 Components in ridged circular waveguides

4.5.1 Transformer Design

lowered characteristic impedance. The ridged circular waveguide has a lower charac-
teristic impedance compared to that of an empty circular waveguide. This enables
the excitation of the fundamental polarization in an empty circular waveguide from

a coaxially fed double ridged circular waveguide. This same feature allows excita-
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tion of fundamental orthogonal polarizations to a circular waveguide from a coaxially
fed quadruple ridged circular waveguide. Hence a rigorous design of transformers
from empty circular waveguide into a ridged circular waveguide is of great practical
importance.

Based on the characteristic impedance evaluated in the previous chapter. a Cheby-
shev transformer shown in Figure 4.5 is designed for a return loss specification. The
ridge depths in various sections of the Chebychev transformer are determined from
the characteristic impedance of the respective section. The lengths of the sections
initially assumed are quarter wavelength long at the chosen center frequency. In

order to evaluate the response of the transformer including the effect of the higher
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Figure 1.5: A Chebychev Transformer in double ridged circular waveguide

order modes. first the generalized scattering matrix of a discontinuity from an empty
circular waveguide to each ridged circular waveguide section is evaluated. Cascad-
ing the generalized scattering matrices of the individual sections (see Appendix C)
leads to the overall generalized S-matrix of the the transformer. While cascading
S-matrix of one section of the transformer to the subsequent section. the lengths of
the intermediate sections of circular waveguide are allowed to approach zero.

The length of the ridged sections were altered using an optimization routine to
provide an improved performance of the transformer. The optimization routine was
based on modified Fletchers algorithm for minimization of an objective function as
described in [64]. The objective function is the error function of the desired response
to the actual response of the transformer. The response during the optimization is
evaluated using about 20 TE and T.M modes. At the end of the optimization. the
final response is evaluated using 40 TE and T M/ modes.

Using this procedure a double ridged (Figure 4.5) and quadruple ridged circular
waveguide transformers have been designed and optimized. Their return loss charac-
teristics are shown in Figures 4.6 and 4.7.

[t should be noted that in these transformers, the limitation on the bandwidth is
due to the higher order modes. The capacitive action of the ridge not only lowers
the cutoff frequency of the fundamental mode but also lowers that of the first few

higher order modes greatly. Since the cutoff frequency of T E3,; mode is also lowered
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Figure 4.6: Response of an optimum 3-section double ridged circular waveguide trans-
former. dimensions in cm. section 1: b=2. a=1.7. [1=1.633. section 2: b=2, a=1.13.
[2=1.351. section 3: b=2. a=0.7. 13=1.191. section 4: b=2 a=0.5

considerably. and this mode is the first higher order mode that gets excited at the
discontinuities between each sections. the return loss of the transformer goes down
bevond the propagation of this mode.

The bandwidth of such a type of transformer can be improved to some extent by
reducing the outer circular diameter of the ridged circular waveguide in the subsequent
sections of the transformer. The structure of such a transformer is shown in Figure
4.83. The return loss characteristics of such an optimized quadruple ridged circular

waveguide transformer is shown in Figure 4.9.
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Figure 4.7: Response of an optimum 3-section quadruple ridged circular waveguide
transformer. dimensions in cm. section 1: b=2, a=1.62. 11=1.519. section 2: b=2.
a=1.09. 12=1.404. section 3: b=2. a=0.68. 13=1.363. section 4: b=2 a=0.5

4.5.2 Bandpass Filter

The significant lowering of the fundamental mode cutoff frequency in ridged wave-
guides can be used to fabricate filters in below cutoff sections of a waveguide. Such
filters have many attractive features like wide stopband characteristic. small compo-
nent size and high skirt selectivity. Hence. thev are well suited for applications in
antenna feed system. Because of these features they are also preferred over metal
insert filters and other conventional filters which are bigger in size and are heavier.
These two features are important for satellite applications.

The resonators inside these filters were initially constructed using round posts in-

side a below cutoff waveguide [65]. Rigorous design of such evanescent mode bandpass
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Figure 4.83: A quadruple ridged circular waveguide transformer with tapered outer
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Figure 4.9: Response of an optimum 3-section quadruple ridged circular waveguide
transformer. dimensions in cm. section 1: b=2. a=1.7. 11=1.162. section 2: b=1.95.
a=1.43. [2=1.474. section 3: b=1.9. a=1.25. 13=1.59. section 4: b=1.85 a=1.2
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Figure 4.10: Three section evanescent mode circular waveguide filter

filters using ridged rectangular waveguides were presented in [66.67]. The advantage
of this type of filter over metal insert type filter was also shown in these references.
In order to further improve upon the characteristics of evanescent mode filters. the
ridges were replaced by T-septa in [63].

Although rectangular waveguides have been traditionally used to build evanes-
cent filters. the circular waveguide filters are also of practical importance. Moreover.
the circular waveguide has lower attenuation for a given cutoff wavelength over a
rectangular waveguide. Keeping this in mind. a metal insert circular waveguide was
designed in {43]. analogous to the metal insert in rectangular waveguides. For the rig-
orous design. the metal insert was modeled as a bow-tie shaped discontinuity. Such
an approximation did not however affect the performance of the filter. Following this
approach. an evanescent mode circular waveguide filter shown in Figure 1.10 has been
rigorously designed.

An evanescent mode filter in circular waveguide involves rigorous characterization
of a symmetrical discontinuity between two circular waveguides and also the discon-
tinuity from an empty circular waveguide to ridged circular waveguide as shown in
Figure 4.11. The mode matching technique is once again used to characterize a step

discontinuity between two circular waveguides.
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[f the TE,; mode is the fundamental mode of excitation. then for this type of
discontinuity. the higher order modes that get excited are only TE,, and T .M, ,
where m =n=1.2.-.-.

The potential functions in region I of this discontinuity can be written as follows:

Mh
cUM(poo) = 3 PR Sk p)sino (4.27)

m=1

Mo
e p. o) = Z Pl{inJl(kff'mp)cos o (4.28)

m=]

The potential functions in region /[ can be written in a similar form. The tan-
gential components of the electric field is matched at the discontinuity. This results
in coupling matrices as explained in section 3.2. Along with the transpose of the
coupling matrices arising from the matching of the tangential magnetic fields. the
generalized scattering matrix of a step discontinuity in circular waveguide is obtained.
The S-parameters so obtained for an iris of finite thickness has been compared with
available measurements in [69] and are tabulated in Table 1.1. The convergence of
the S-parameters for the dimensions in the table occurs with 40 TE and T M modes
in the input waveguide and 20 TE and T.M modes in the iris.

[n the evanescent mode filter where the subsequent discontinuities are evanescent

sections of circular waveguide to double ridged circular waveguide. there can be higher



Thickness Reflection Coefhicient sy;
(inch) Calculated Measured [69]
Magni- Phase Magni- Phase
tude (o) tude (o)
0.005 0.837 150.5 0.855 150.5
0.008 0.831 151.1 0.866 151.7
0.050 0.933 156.5 0.927 155.3
0.100 0.963 159.3 0.956 158.1
0.200 0.990 161.6 0.981 160.6
0.500 0.999 162.6 0.993 161.1
1.000 1.000 162.6 0.995 161.5
Transmission Coefficient s,
0.005 0.483 60.5  0.465 56.8
0.008 0.474 61.1 0.451 59.3
0.050 0.345 66.4  0.330 62.6
0.100 0.250 69.3  0.240 65.1
0.200 0.138 71.6  0.134 67.1
0.500 0.025 72.6  0.026 69.0
1.000 0.002 72.6  0.002 70.1

Table 4.1: Calculated and measured S parameters (radius of input/output sec-
tion=A=0.50175 in. radius of the iris=B=0.25 in: {=9.0 GHz)

order modes other than T E ,, and T M, ,, excited. These modes have a magnetic and
electric wall along the lines of symmetry. as shown in Figure 4.1. Since the evanescent
sections of waveguide in the filter are close to both the input/output sections and the
ridged resonator sections. these higher order modes can affect the response of the
filter when the S-matrices of all discontinuities are cascaded. Hence the generalized
scattering matrix of each step discontinuity between the input circular waveguide and
the evanescent section is calculated including these higher order modes. The electric
and magnetic potential functions of region [ are now written as in equations (4.5)
and (4.6). A similar set of potential functions can be written for region /7 . Matching

of the field components and subsequent inversion leads to the generalized scattering
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matrix. However. the S-parameters of the T E ,, modes do not get affected by these
higher order modes when the discontinuity is evaluated individually. The coupling
between the included modes and the TFE ,, and T\, , are all zero.

By cascading the generalized scattering matrix of the stepped circular waveguide
discontinuity in the filter with the subsequent empty circular waveguide to ridged
circular waveguide discontinuities using the equations in Appendix C. the evanescent
mode filters response is obtained.

A single resonator evanescent mode filter is first analyzed using the approach

discussed above. Figure 4.12 shows the response of a single resonator filter.
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Figure 4.12: Characteristic of a single resonator evanescent mode filter. Radius of
input and output waveguide=4mm. radius of evanescent waveguide=2mm. depth
of ridge=1.6mm. thickness of ridge § = 5deg. length of evanescent sections=2mm.
(a):length of resonator=3mm (b):length of resonator=2mm
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A three resonator evanescent mode filter was first designed. [t was optimized
using the modified Fletcher algorithm as described in [64]. For this purpose. a suit-
able objective function was chosen in order to optimize the lengths of resonator and
evanescent sections of the filter. It should be noted that the ridge penetration was
kept constant in all the resonator sections and not used as a parameter for optimiza-
tion due to the following reason. If the ridge penetration was altered. the eigenvalues
have to be evaluated for every iteration of the optimization. The eigenvalue analysis
is however time consuming due to the search at fine steps of frequency points for the
minimum of the smallest singular value. The number of TE and T M modes used
during the optimization were 30. In the final analysis of the filter 40 modes were
included. The response of this filter is shown in Figure 4.13.

Based on the above design the filter was fabricated and measured. The .003 inch
uniformly thick brass metal used in the practical realization was approximated as
6 = ldeg. A first comparison between measured and calculated response showed a
significant offset. However. after remeasuring the actual physical dimensions of the
waveguide and the metal insert as well as adjusting the angular thickness of the ridges
from 6 = ldeg to 6 = 5.53deg. so that the tip of the conically shaped ridges show the
same thickness as that of the rectangular ridges used in the physical realization of
the filter. a relatively good agreement between theory and practise was found. This
is illustrated in Figure 4.14. It should be noted. however. that due to the different
effective widths of the insert metallization. the ridge length as well as the distance
between them is not optimized any longer. Therefore, the electrical performance of
the filter has deteriorated considerably. The high insertion loss of 3dB in the passband
of the filter is mainly due to the impedance mismatch at the input to the filter and
some due to conduction loss in the material. The wideband response of the filter is
shown in Figure 4.15.

A five resonator evanescent mode filter has been designed. optimized and fabri-

cated in aluminium circular waveguide. The .003 inch uniformly thick copper sheet
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Figure 4.13: Computed response of a 3-resonator evanescent mode circular waveguide
filter. dimensions in mm. radius of input/output section=4. radius of evanescent sec-
tion=b=2. a=0.4. § = ldeg. lel=lei=1.166. Irl=Ir3=1.595. le2=le3=1.396, Ir2=1.78

used in the practical realization was approximated as § = 53.5deg. The passband
response of the calculated and realized filter is shown in Figure 4.16. Good agree-
ment with measurements was found. The high insertion loss of 2.5dB of the filter
was still observed. A similar effect was observed at much lower frequencies of 8.8
GHz in [63] evanescent mode filter designed using T-septa as resonator sections. The
wideband response of the filter (Figure 4.17) behaves similar to an evanescent mode

ridge waveguide filter in a rectangular waveguide [67].
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Figure 4.14: Passband response of a 3-resonator evanescent mode circular wave-
guide filter. dimensions in mm. radius of input/output section=4. radius of evanes-
cent section=b=1.97. a=0.4. § = 3.5deg. lel=led=1.2. Irl=Ir3=1.538. le2=le3=4.4.
Ir2=1.78. dashed lines('- -’)-measured insertion loss. '+ measured return loss. solid
lines-computed response
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Figure 1.16: Passband response of an optimum 3-resonator evanescent mode circu-
lar waveguide filter. dimensions in mm. radius of input/output section=4. radius of
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Figure 1.17: Wideband response of the 3-resonator evanescent mode circular wave-
guide filter. dimensions in mm. radius of input/output section=4. radius of evanescent
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Chapter 5

Analysis of Orthogonal Mode
Coupling Elements

Circular and square waveguides support degenerate fundamental modes (and also
higher order modes) with orthogonal polarizations. In an unperturbed waveguide
the two polarizations do not couple. However. in the presence of any asymmetric
discontinuity. coupling between the two orthogonally polarized modes take place.
This coupling is essential in the functioning of components such as dual mode filters
and polarizers.

A dual mode filter can offer elliptic filter characteristics. Elliptic filters have the
advantage of improved stopband characteristics due to the presence of transmission
zeros at finite frequencies in contrast to Chebychev or Butterworth response (trans-
mission zeros at infinity). Hence. the number of resonators required to obtain a
specified stopband rejection is lower than for Chebychev or Butterworth filters. Also.
elliptic filters have equiripple passband characteristics. The transmission zeros at
finite frequencies is introduced by coupling nonsuccessive resonant circuits. In mi-
crowave filters this coupling can be realized using a multimode cavity. A multimode
cavity provides dual. triple or higher mode degeneracies. Two resonant circuits in
a single circular or square waveguide cavity are possible due to degenerate orthog-

onal polarizations. Cross coupling between two adjacent dual mode cavities (but
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nonsuccessive resonant circuits) produces one real or imaginary pair of poles of the
characteristic function. This results in an elliptic-function type filter characteristic.
Thus when the cavities in a dual mode filters are inline. the number of pole pairs is
half the number of physical cavities present in the filter. In a canonical configuration
of dual mode filters. cross coupling between the first and the last resonant circuits is
possible [70]. For such a configuration the same physical dual mode resonant cavity
becomes the first and last resonator of the filter. Thus an elliptic function charac-
teristic of higher order compared to an inline configuration is realized. Elliptic filters
of higher orders can also be realised using multiple mode degeneracies. In order to
realize a dual mode mode filter a coupling between the two orthogonal polarization
is necessary. In practise this is achieved with a screw placed at 15 degree inclination
to the horizontal and vertical polarization inside a cavity. A configuration of the
coupling screw in a dual mode filter has been shown in Figure 1.3 of Chapter 1. By
varyving the depth of penetration of the screw the degree of coupling can be altered.
Horizontal and vertical tuning screws (see Figure 1.3) have been used to account for
fabrication tolerances or inaccuracies of design. When a rigorous analysis and design
procedure is used these tuning screws can be eliminated [45] as accurate prediction of
the performance is possible. This chapter deals with the analysis of a discontinuity
from an empty circular waveguide to a coupling screw using MMDM. In order to avoid
a mixed coordinate system the coupling screw has been modeled as ridges of uniform
angular thickness in the numerical analysis. It is also possible to fabricate such ridges
positioned at an arbitrary angle to the excitation. This type of reshaping the screw
to suit the numerical technique has been applied in the literature as well. e.g.. the
coupling screw has been replaced with a corner cut in a square waveguide cavity [71]
in order to compute the coupling rigorously using MMM

Satellite links often use circularly polarized waves to provide link to mobile users.
A circularly polarized wave is represented by the superposition of two orthogonal

linearly polarized waves that possess identical magnitude and a phase difference of +
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90 degrees. Hence. frequency reuse is possible with right hand circularly polarized and
left hand circularly polarized waves. To generate or discriminate a circularly polarized
wave from a linearly polarized wave. polarizers are used. There are several ways to
realize polarizers both in square and circular waveguides. One possible configuration
is shown in Figure 1.4 of Chapter 1. In this polarizer. a linearly polarized signal at
the input is converted to semi signals of orthogonal polarization with a 90 degree
differential phase shift between them at the output. Analysis of the basic coupling
section of such a polarizer with double ridges of uniform thickness placed at 13 degree
inclination to the horizontal and vertical polarization is also presented in this chapter.
Since there are two ridges to perform the coupling. more coupling can be achieved
in a double ridged asymmetric discontinuity compared to a single ridged asymmetric
discontinuity. This structure can also be used in dual mode filters to achieve the
coupling between the two orthogonal polarizations.

There is vet another method for the generation and discrimination of circular
polarization. This method is based on generating semi signals of linear orthogonal
polarization at the first stage using a 3-dB power splitting transition [72]. These semi
signals are then fed to a differential phase shifter which produces the £90 degree
phase shift between the orthogonal polarization to generate circular polarization.
The difterential phase shifter can be designed from a ridged circular waveguide. A
quadruple ridged waveguide has been used for this purpose in {73]. The penetration
depth and thickness of the horizontal ridges are different from the vertical ridges
so as to achieve differing propagation constants for the two modes of orthogonal
polarizations. This resuits in a phase difference between the two polarizations that
grows as the waves travel down the ridged waveguide structure. A transformer from
an empty circular waveguide to such a quadruple ridged waveguide offering hoth a
good returnloss and a differential phase shift of £90 degree forms a polarizer unit. A
double ridged transformer can also be used in place of a quadruple ridged waveguide

design because the propagation constants of horizontal and vertical polarizations are
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Figure 5.1: (A)Discontinuity regions [ & II of the ridged circular waveguide section
of finite length (B) Subregions 1 & 2 of section [I

different in this structure as well. A differential phase shifter in a double ridged

circular waveguide has been designed and optimized at the end of this chapter.

5.1 Circular to single ridged waveguide disconti-

nuity

The cross-section of a discontinuity from an empty circular waveguide to a single
ridged circular waveguide with the ridge positioned at an arbitrary angle a is shown
in Figure 5.1. At such a discontinuity. which is asymmetric with respect to either the
vertical or horizontal polarization. both polarizations of the fundamental and higher
order TE, ,, and T M, ,, modes get excited. The electric and magnetic vector poten-
tials expressed as a sum of incident and reflected waves of unknown amplitudes for
the two regions of discontinuity are written as in equations 4.1 and 4.2. The incident
and reflected wave amplitudes at such a discontinuity for T £ modes of both the po-

larizations are shown in Figure 5.2. It should be noted that the F’* of equation 4.1
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for this discontinuity has two components namely F/** and F'* and similarly B
has the components B** and B*¢. Similarly F’¢ and B’¢ of equation 4.2 have two
components. The superscripts ‘¢ and s” denote the cosine and sine polarized electric
field component £, due to these potentials. This representation of the orthogonal po-
larization based on the electric field component is shown in Figure 5.1. The potential

functions in region [/ including the two polarizations are expressed as follows:

lhc \hc ,hs \h:

M (p. o) = Z Z P, l\”" _p)sinno + Z Z Pt g l\”“ p)cosno (5.1)
m=1 n=1 m=1n=0
Mre N M7 NS

eUp o) = Z Z P’“ A’e“ )cosno + Z Z P["J Af:fmp)sin no (3.2)
m=1 n=0 m=1 n=1

The power normalization constants for a circular waveguide of radius b are given in
equations (4.7) and (4.8) for the cosine and sine polarization.

For the single ridged circular waveguide region once again the potential functions
include the modes for both polarizations. The eigenvalues of the orthogonal TE and
T M modes of the single ridged waveguide are evaluated from electric and magnetic
wall symmetries at 0 = 0 as described in Chapter 3. As the ridge is positioned at an

angle a. the potential functions corresponding to the orthogonal polarizations must
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incorporate the boundary condition due to this angular displacement. This implies
that the potential functions are written using the electric and magnetic wall symmetry
lines at 0 = a. However. the eigenvalues evaluated with the ridge positioned at @ =0
can still be used in these equations because the eigenvalues do not change with the
rotation of the ridge. The superscripts ‘¢ and 's™ are again used in these potentials
to denote the two orthogonal polarizations with magnetic wall (mw) and electric wall
(ew) symmetries at 0 = a. respectively. Although this nomenclature is not meaningful
in the single ridged waveguide. it allows easy identification of the polarizations and

has hence been used. The potential function of region I are written as follows:

Rs
([[h)(p 0) — Z(L'(IhS)(p-o) + L.('2/‘1.:;)(10.0)) +

r=1

Re
Z(L.(lhc)(p_o) + ,’»uhc)(p_o)) (3.3)

r=1

where the functions on right hand side of the above equation are.
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(5.12)

The modal coefficients and the power normalization constants are once again

evaluated for a = 0 using the same procedure described in Chapter 4. From these

potential functions. the electric and magnetic fields are evaluated in region [ and

region I[ and matched at the discontinuity.

Using the orthogonality property of modes. the matching condition is converted

to a set of linear equations relating the unknown amplitudes of the incident and
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reflected waves as given by equations (4.16) and (4.17). The matrices Vp4. V.. and
V.n of equations (4.16) and (4.17) for this case of asymmetric discontinuity relate the
coupling between the orthogonal polarizations as well. Hence these matrices can be

expressed in terms of submatrices as shown below:

Vin = ( Li"‘ Lz‘j‘ ) (5.13)
hh hh

. Ly L3 .

lee = ( [ % ) (5.14)

Vi = ( o Lad ) (5.15)
eh eh

The superscripts “ss’. ‘sc’. ‘cc’. ‘cs’ indicate the coupling from sine to sine. sine
to cosine. cosine to cosine and cosine to sine polarizations of regions [ and /. re-
spectively. In other words the submatrices of the above equations relate the two
components of the incident and reflected modes shown in Figure 5.2. The size of the
coupling matrices depends on the number of modes of both the polarization included
in the analysis. The number of the modes used in the ridged and empty circular
waveguide for sine polarization are not the same as that for the cosine polarization
because only one of the polarizations includes the axisymmetric modes. This can be
observed from the equations of the electric and magnetic potential functions.

The elements of 1}, are evaluated from the following equations:

. Nic N2 k_[h‘:(l’)
Lis(r.y) = (Z Term; + Z Termy)\| o (5.16)
n=1 m=1.3 k: L(y)

where Term, and Term; are given below. The r corresponds to the mode that
1s excited in cross-section [ while y corresponds to that excited in [//. Also, k.

represent the propagation constants of the sine or cosine polarization of TE and T M
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modes in regions [ and /[ of the corresponding modes. In the following equations of
coupling integrals and those given in Appendix F the modal amplitude coefficients
of the potential functions in the subregion 2 have been absorbed into the power

normalization coefficients of region I/.
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m=

where [ = T
The other coupling integrals of the submatrices of equation (5.14) and (5.15) are given
in Appendix F. The continuity of the tangential components of the H-field results in
the transpose of the coupling matrices of equations (5.13). (5.14) and (3.13) to relate
the unknown field coefficients. By using all these coupling matrices as described in
Appendix B the generalized S-matrix of the orthogonal polarizations at a discontinuity
from an empty circular waveguide to a single ridged circular waveguide is obtained.
(Cascading the generalized S-matrices (as given in Appendix C) of the step from an
empty circular waveguide to a single ridged waveguide and back. the overall S-matrix
of a single ridged waveguide of finite length is obtained.

Since the analysis of such a discontinuity involves both the polarizations. the S-
matrix of the fundamental orthogonal polarization extracted from the generalized
scattering matrix is a 4 x 4 matrix. As mentioned earlier. the sine polarization is the
one with the £, field component varying sinusoidally with o and the cosine polariza-
tion is orthogonal to this. In the following discussions and figures. the subscripts “sc’
and ‘cs’ of the S-parameters denote the coupling from sine to cosine and cosine to
sine polarizations. respectively. The subscripts 's” and ‘¢’ denote the coupling from
sine to sine and cosine to cosine polarizations. respectively. For a discontinuity with
a finitely long single ridge. S),,. and Sy, are equal and so are the S|, and S);.,.
which is due to the svmmetry property of the S-matrix.

The computed S-parameters for a single ridged circular waveguide of finite length
is tested for convergence. It can be observed from Figure 5.3 that convergence (5,
is shown) occurs when 70 modes of both the polarizations of T E,._,, and T M, ,, modes
are included. In this analysis the ridge is placed at o« = 45 degree. Figures 5.4 and
5.5 show the variation of the S-parameters of such a discontinuity with frequency.
For a = 15 degree the discontinuity looks alike for both sine and cosine polarization.

Hence the Sy;. and Sy, are equal and similarly Sy,. and S)s are also equal. The
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theoretically computed values are very close to each other as shown in Figure 5.4.
However. these S-parameters are not equal for the other values of a.

When the ridge is positioned such that a = 0. then the orthogonal polarizations
do not couple. This can also be concluded from equations (5.22) and (3.23). In this
case. the submatrices L5 . L}, L33 L3, L3 and L3, become identically zero. Placing
the ridge along o = 0 and o = =/2 is identical. because at these ridge positions the
orthogonal polarizations are decoupled. However. if in the algorithm a is set to 7/2.

mathematically some of the elements of submatrices L35. L35 L. L2, LS and LS5
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become zero which should not be the case. [ncorrect solutions are thus obtained when
using a = 7 /2 owing to the symmetric discontinuity being treated mathematically as
asymmetric. Hence this setting should be avoided in the algorithm.

The parameter S, for various a is shown in Figure 5.6. [t can be concluded
that for ¢ = 45 degree. maximum coupling between the orthogonal polarizations is
obtained. This has been verified in Figure 5.6. Also. it can be observed that because
of rotational symmetry of the discontinuity. S),,. at @ = 30 degree is equal to that
at a = 60 degree. Similarly Si,,. at a = 15 degree is equal to that at @ = 75 degree.
Once again. due to rotational symmetry. for a = 30 degree and a = 60 degree. the
other S-parameters like Sy, and 5}, are interchanged with S),. and S},.. respectively.
as shown in Figures 5.7 and 3.3.

When the depth of penetration of the ridge increases. the parameter 5., should
increase because the coupling between the orthogonal polarizations is increased. This

is shown in Figure 5.9.
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5.2 Asymmetric double ridged waveguide discon-
tinuity

As mentioned earlier. a polarizer is a component that changes a linear polarization
into a circular polarization. There are a number of design variants of a polarizer in
square and circular waveguide technology [72]. The discontinuity discussed in this
section can be used as a basic unit of a polarizer In fact the polarizer of Figure 1.4
can also be modified to a tapered ridged waveguide similar to the design in a square
waveguide as discussed in [74]. and the same basic unit discussed here can be used to
design a polarizer by cascading the scattering matrices of individual discontinuities.

Figure 5.10(A) shows a double ridged waveguide placed asymmetric to the T E;
excitation in a circular waveguide. For the region /. the potential functions are
identical to those in equations (5.1) and (5.2). The eigenvalues of the double ridged

waveguide as evaluated in Chapter 3 can be used to write the potential functions in
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the region [ of the discontinuity. However. the potential functions are required to
satisfy the boundary conditions due to the rotation of the ridge by a. The orthogonal
polarizations of all the modes of region /[ are identified with superscripts ¢’ and s
and are expressed as a sum of the potential functions of the subregions 1 and 2 as in
equation (3.3) and (3.3).

The boundary conditions of subregion | of the double ridged waveguide is iden-
tical to that of a single ridged waveguide and hence for this subregion the potential
functions are similar to that in a single ridged waveguide. But. unlike in the single
ridged waveguide. in a double ridged waveguide there are four possible symmetries
that vield these orthogonal polarization (Figure 5.10(B)). These symmetries are dis-
cussed below with relevance to those in a single ridged waveguide. The potential
function (") is given by equation (5.4) where n = 1.3--- represent the symmetry
‘mw at 0 = a and ‘ew’ at 0 = a + 7/2. while n = 2.1--- represent the symmetry
‘mw’at 0 = a and ‘mw’ at © = a + /2. Similarly the potential function v-(**%) is
given by equation (3.3) where n = 1.3--- represent the symmetry ‘ew” at © = a and
‘mw at o = a+ /2. whilen = 0.2--- represent the symmetry ‘ew’ at © = a and ‘ew’

at o = a + x/2. Also. the potential function ¢'(**?) is given by equation (5.10) where

n =0.2--. represent the symmetry ‘'mw’ at © = a and ‘ew’ at 0 = a + /2. while
n = 1.3--- represent the symmetry mw at o = a and 'mw’ at 0o = a + 7/2. And
the potential function «{!**) is given by equation (5.9) where n = 2.4--- represent

the symmetry ‘ew’ at 0 = @ and 'ew’ at o = a + 7/2. while n = 1.3-- - represent the
symmetry ‘ew’ at 0o = a and mw’ at o = a + 7/2.

For the subregion 2 the potential functions are as follows:
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N2
L"(th)(p.O) — Z C A”h b)](LIIhL ) — J{(/\‘!rlhcb).\—[(k_{fhcp)]
ccosl(o—68 - a) (5.23)

m T

- Also here even values of m correspond to the modes with ‘'mw’ at

where [ =

o=a and ‘ew’ at 0 = a + /2 and odd values of m correspond to the modes with

‘mw at o =a and mw’ at o = a + 7/2

Na2s
N (p0) = 3T CLINIA 0Lk p) = (kLI b) Nk p)]
m=0

osl(o—¥0 — a) (5.29)

T

= Even values of m correspond to the modes with ‘ew” at 0 = a and

where [ =

‘ew’ at 0 = a + 7/2 and odd values of m correspond to the modes with ‘'ew” at 0o = a

and ‘'mw at o =a + /2.
\-‘L
( €c) P O) — Z Dm Allr b)](/\,;{rlecp) _ ']l(}l{rlecb)‘\'l(kclrle-:p)]
-sinl(o — 8 — a) (5.30)
where [ = —Z75. Even values of m correspond to the modes with ‘'mw” at o = a and

‘ew’ at 0 = a + 7 /2 and odd values of mn for the modes with ‘'mw” at o = a and ‘'mw’

at o =a + 7/2.

N2s
v p.o) = 30 DLINUK Bk p) — Si(k{I*b) Nu(k (I p)]

-sinl(o — 0 - a) (5.31)
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T=5s- Even values of m correspond to modes with ‘ew” at 0 = a and ‘ew’

where [ =
at o = a + 7/2 and odd values of m correspond to modes with ‘ew” at o = a and
‘mw’ at o =a+ x/2.

From the matching condition of the tangential components of E and H fields at the
discontinuity. the coupling matrices are obtained. The coupling matrices V;4. V.. and
V.n are expressed in terms of submatrices as in equations (5.13). (3.14) and (5.15).
The integrals of the coupling matrices closely resemble those of the single ridged case.
Hence. the coupling integrals of the submatrices of 1}, alone are given in detail in
Appendix G as an example. Similarly. the coupling matrices V., and V. are derived
and the discontinuity from a circular waveguide to a double ridged waveguide with
the ridges positioned at any arbitrary angle can be computed.

The discontinuity from a circular waveguide to a finite length double ridged cir-



113

1 - - -
_ -0
0.9+ —‘0’_9——" 1
e~
0.8+ _o—‘e‘
o—‘e—‘o—
L - — s 4
B s
o “e- S s
%0-6' o S::’i
2 T S
gos- x X Sllsc <
[1+]
2
0.4+ 1
0.3f
0.2 {
0.1 ‘ > - - - :
9.6 9.8 10 10.2 10.4 10.6 10.8 11

Frequency in GHz

Figure 5.12: Magnitude of S-parameters of a discontinuity from circular waveguide
to double ridged circular waveguide of finite length. b=1lcm. a=0.5cm. a = 43deg.
0 = 10deg. |=1.0mm

cular waveguide with the ridge positioned at a = 45 degree has been computed by
cascading the generalized S-matrices as explained in Appendix C'. The convergence of
the Sya,. versus the number of modes considering both the polarizations are incident
is shown in Figure 53.11. About 60 modes are found sufficient for this analvsis. Figure
5.12 shows the variation of S-parameters with frequency for such a discontinuity. Sim-
ilar to the circular to single ridged waveguide discontinuity. with the ridge positioned
at 13 degree to the vertical and horizontal polarizations. the S;;. and S;,, are equal
in this discontinuity as well. Also. Sys. is equal to Spa,. Si2sc is equal to Syac. and
Sties 15 equal to Sy,

The discontinuity from empty circular waveguide to a double ridged waveguide of
finite length with the ridge positioned at a = 0 has also been computed using the
above algorithm. For a = 0. the submatrices L35. Li5. L3, L. LS and L2, become

identically zero. similar to the single ridged discontinuity. In other words there is
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no coupling between the orthogonal polarization as the discontinuity reduces to the
symmetric discontinuity discussed in Chapter 4. For such a symmetric discontinuity.
T'E, . and T M, ,, modes with n even have not been included in the analysis. The
resulting S-parameters of the fundamental mode (cosine polarized) are the same as the
theoretical values of Figure 1.1. The S-parameters of the fundamental orthogonal (sine
polarized) mode was verified to satisfv the unitary relationship. The analysis of this
discontinuity including both the polarizations has been used to design a differential
phase shifter utilized for a polarizer.

A three section Chebychev transformer for the cosine polarized mode was first

designed using the fundamental mode theory. The response of the initial design was
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optimized for a good return loss performance of both the polarizations and for a 90
degree phase shift between them at midband. by altering the length of each ridged
section. The number of modes used in the optimization was 20 T £ and T .M modes of
each polarization. The final analysis was performed including 40 TE and T M modes
of each polarization. The return loss and phase response of this tvpe of polarizer
unit is shown in Figures 5.13 and 5.1 The bandwidth of such a polarizer is not as
high as the corrugated waveguide polarizer that in square waveguide technology [75].
However. it should be noted that the capacitive iris of [73] in square waveguides can

be realized only as a corrugated or ridged structure in circular waveguides.
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Chapter 6

Conclusions

6.1 Conclusions

The major objective of this research has been to expand the mode matching method
as an accurate numerical design tool for the design of filters and matching networks
in circular waveguide technology. Rigorous analysis and design of these components
is essential for modern microwave and satellite communication syvstems. Selected
components have been designed utilizing the MMM developed in this thesis.

Chapter 1 gives a survey on the available numerical methods and their advantages
and disadvantages. From the methods available to rigorously solve electromagnetic
field problems. the MMM has been found to be best suited for the design of waveguide
components.

Chapter 2 has reviewed the MMM as applied to rectangular waveguides and rect-
angular coaxial lines. A double step discontinuity in a rectangular waveguide was
solved using the MMM. Also. the eigenvalues of ridged rectangular waveguide and
rectangular coaxial line for various symmetries were determined using the MMMI. For
a rectangular coaxial line. the characteristic impedance was evaluated as well. From a
knowledge of the propagation characteristics of fundamental and higher order modes.
a step discontinuity in a rectangular coaxial line has been analvzed. A comparison

with literature shows a very good agreement for the eigenvalues and S-parameters of
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discontinuities analvzed in this chapter. Essentially. this chapter has laid the foun-
dation for an understanding of the fundamentals of this numerical technique. The
basic principles of the MMM has been applied to design components in cylindrical
coordinate svstem in the following chapters

The first step in the design of components is a study of the propagation charac-
teristics. Ridged circular waveguides find an important role in the design of filters.
polarizers. orthomode transducers etc. In Chapter 3. the eigenvalue analysis of var-
ious types of ridged circular waveguides has been discussed. A comparison of the
eigenvalues with the literature for single. double and triple ridged waveguides showed
very good agreement. The characteristic impedance of double and quadruple ridged
circular waveguides was also evaluated in this chapter.

A rigorous analysis of a discontinuity from an empty circular waveguide to a double
ridged circular waveguide including the interaction of fundamental and higher order
modes was performed in Chapter 4. A metal ridge of uniform angular thickness in
the theoretical analvsis was fabricated as a thin ridge of rectangular cross-section.
The theoretical analyvsis was compared with measurements and it was found that this
approximation did not introduce a large error. Having characterized discontinuities
in ridged circular waveguides. the analyvsis was applied to the design of certain useful
components. Based on the characteristic impedance evaluated in Chapter 3. double
and quadruple ridged waveguide transformers have been designed. The initial design
was analvzed including the interaction of fundamental and higher oder modes and
optimized to achieve improved performance. Two types of quadruple ridged wave-
guide transformer have been designed and a good return loss performance was found.
A fifth order evanescent mode filter was also built and measured. The insertion loss
was mainly due to the mismatch at the input of the filter and some owing to the poor
conductivity of the material.

A single or a double ridge placed at an arbitrary angle to the excitation in an empty

circular waveguide couples the orthogonal fundamental polarizations. A rigorous
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analysis of such a discontinuity has been presented in Chapter 5. This analysis is
very useful in the design of polarizers and dual mode filters. A variety of calculations
have been performed demonstrating the validity of the algorithms presented in this
chapter. A double ridged transformer to realize a polarizer has also been presented in
this chapter. A 90 degree differential phase shift between the orthogonally polarized
inputs has been achieved by using a double ridged circular waveguide transformer
where the ridges are positioned parallel to one excitation and perpendicular to the

other.

The results presented in this thesis demonstrate a significant step forward in the
rigorous design of components in circular waveguides using the MMM in conjunction

with the generalized scattering matrix method.

6.2 Further Work

For the design of orthomode transducers in circular waveguides. it is necessary to
characterize a coaxial feed to ridged circular waveguide. The analysis of a coaxial feed
to a ridged circular waveguide along with the quadruple ridged transformers designed
in Chapter 3 forms a complete orthomode transducer. For such an analyvsis. the inner
conductor of the coaxial line can once again be approximated as conically shaped.

[n conjunction with the analysis of a discontinuity from rectanguiar waveguide
to circular waveguide presented in [76.77] and the analysis of orthomode coupling
elements discussed in Chapter 3. a dual mode filter can be analvzed and designed
rigorously.

A circular waveguide polarizer shown in Figure 1.4 can be designed by cascading
several discontinuities of double ridged circular waveguides presented in Chapter 3.

The analysis of a discontinuity from empty circular waveguide to a single ridged
circular waveguide can be used to design a septum polarizer in circular waveguides
shown in Figure 6.1. An approximation of the thin metal septum as ridges of finite

angular thickness is necessary for an analysis of this tvpe of polarizer.
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Figure 6.1: A septum polarizer

[rises of sectoral shape as shown in Figure 6.2(b.c) can be used to couple the or-
thogonal polarizations into circular waveguides in place of the offset rectangular iris
(Figure 6.2(a)) presented in [43]. Such a shape (Figure 6.2(b.c)) avoids the mixed
coordinate system required to compute the structure of Figure 6.2(a) and. besides.
it is possible to fabricate them as easily. A wide range of similar waveguide compo-
nent designs related to filters. multiplexers. transformers polarizers and orthomode

transducers is possible as an extension to the approaches discussed in this work.
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(a)

(b) (C)

Figure 6.2: Irises for dual mode filters (a) Rectangular iris (b) and (c) Sectoral irises
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Field Components in Rectangular
Waveguides

o Field Components of Transverse Magnetic Modes
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Appendix B

Alternative Matrix Inversion

An alternative technique for evaluation of generalized scattering matrix in a two port
network with the coupling submatrices is presented here. The matrices V4. V.. and

l.n are the coupling matrices from which the generalized S-matrix is obtained.

M= ( Van O ) (B.1)

“.h “r,e

The submatrices of the generalized S-matrix are obtained as follows.

Snho= =W = MM (B.2)
S, o= 20N (B.3)
Syp o= MI[I+W(I = MMT) (B.4)
Sao = [=2M"WM {B.5)

where W = ([ + M MT)-!
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Appendix C

Generalized Scattering Matrix
Technique

The generalized scattering matrix technique is used to combine the interaction of fun-
damental and higher order modes at cascaded discontinuities. The following equations

are used to cascade the generalized S-matrices of two discontinuities shown in Figure

C.1.

S Si - S Ser- I
.-\[ L1t Lz Rl RI2 B
—_— — 4
—_ B | Star See Spar Sga:

{ Senn Sen — - Bu

— A it

-— Bl -— A

Set S

Figure C.1: Cascading two-port scattering matrices

Seni = St + SceSanW S (C.1)
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Scz Sei2(l + SpuW S122) Sk (C.2)
Scan Spa W Sy (C.3)
Sca2 Sraz + SpaW S0W Sgps (C.4)
where W™ = [/ — S[5,Sg11]7" and 5. and Sg are generalized scattering matrices as

shown in Figure C.1.

For the discontinuity of finite length as shown in Figure C.2 the generalised S

matrix is obtained as

o « - - -
St Su: ) expt) 8) S S JERE
St Six expi-j 6) 0 Su: S
S s a
_\[ cn c11 — - B[I
— ) -— A
St S

Figure C.2: Scattering matrix of a discontinuity of finite length

o
~
[
(2
r
~
o

- ~ ~ -~ -1
St + SpeD[l = S22 DS D]
S

Sp12D[l = Sp22DS1: D)7 S

Sca

(C.5)
(C.6)
(C.7)
(C.3)

where D is the diagonal matrix containing the phase or attenuation (#) relations of

the propagating and evanescent modes between the discontinuity of finite length /.
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D = Diag(e™*!) (C.9)

where. at any frequency f. the propagation constants in the region of the finitely long

guide is obtained from the cutoff frequency f. of all the modes as:

) Jhy1 = (£ * when f>f.

Jke = (f) (C.10)
ky1 — (é) when f < f.

The generalised S matrix of a two port junction followed by the region of electrical

length 8 as shown in Figure (.3 is obtained as

I
4
i
] .
I Stn Sus 0 exp(-) 8) - B[I
-— gl _ — A8
B Sisy Sy exp(-} 8) O
I S Sen —— Bu
— A i
-— BI -— A
Scai Sz

Figure C.3: Scattering matrix of a discontinuity followed by a guide of electrical

length 6

Seu = St (C.11)
Sci2 = SpD (C.12)
Senn = DSy (C.13)
Scy2 = DSpaD (C.14)

where D is the same as in equation (C.9).
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Field Components in Circular

Waveguides

¢ Field Components of Transverse Magnetic Modes
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Appendix E

Useful Bessel Function Relations

Bessel equation:

The Bessel functions are solutions of the differential equation:

d*P ld 2
,+——P+ l—n—, =0 (E.1)
dp*  pdp p’

The solutions to the above differential equation are convergent power series. These
solutions are called the Bessel functions of the first kind ./, and the Bessel functions
of the second kind .V,,. where n is the order. The value of n can be an integer. real or
a complex number. But. the value of n encountered in this work are either an integer
or a real number. Soine of the useful differentials and integrals of these functions for
real or integral n is listed below. The function B,(p) = AJ.(p)+ BN.(p). The B.(p)

could also be a sum of Hankel functions of the first and second kind which are written

as:

HY(ap) = J.(ap) +jNa(ap) (E.2)

H?(ap) = Julap) —jNu(eap) (E3)
The negative and positive order of the Hankel functions are related by:

H ) ap) = ¢™H(ap) (E.4)



HElap) = e HP(ap) (E.3)

The relation between the negative and positive orders in the Bessel functions of
the first and second kind can be derived from the equations (E.4) and (E.5). The
differentials and integrals given below can be found in [78.79.30]

Differentials in Bessel functions:

By(p) = —Bilp) (E.6)
B(_.(p) = (=1)"Bulp) (E.7)
nBu(p) = Z(Bu_ilp)+ Busilp)) (E.3)
IB,l ) Q
iﬂ = ;[3,1-1(0[')+Brx+1((1/))] (E.9)
dp 2
B
a ({)l(O/’) = —aBjlap) (E.10)

p
{B,

pE2 02 pB._i(ap) — nB.(ap) (E.11)
dp
dB,
p——ﬁp—) = nBq(ap) + apB.ii(ap) (E.12)
dp
(l n 3 n R
—(p"Balp)) = 1"B._i(p) (E.13)
dp
d _. .
—(p7"Bnlp)) = —r7"Basilp) (E.14)

dp

Integrals in Bessel functions:

/PzBo(p)dp = p*Bitp) + pBolp) —/Bo(p)dp (E.15)

/Bltp)dp —Bi(p) (E.16)



/pB‘(p)dp = —pBos(p) +/Bu(p)dp (E.17)

[ Bacitpidp = " Balp) (E.13)
/PBn(ap)Bn(dep = 5 f’_ —; (aBa(3p)B,(ap) — IB.(ap)B,(3p)) (E.19)
= —T55 (3B.ap)Bui(3p) — aBuoifap) Butdp)  (E.20)

= 55— (3Buap)Buri(3p) = aBusi(0p)Ba(3p))  (E21)

/,;Bi(op)dp = %:(B;(ap))" + %-’(1 - O%;.;)B;f(ap) (E.22)

= ’.’—,2(B;-i(ap>+B,.-lmp)Bw(am) (E.23)

Recurrence Relation:

Using this relation it is possible to obtain the values for Bessel functions of any
order when the values of the functions for any two orders. differing from the first by
integers are known.

2n
FBn/):Bn-#l(p)'*"Bn—l(p) (E.24)
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Appendix F

Coupling Integrals of Circular to
Single Ridged Circular Waveguide
Discontinuity

The coupling integrals of matrices of equation (3.14) and (5.15) are given below:

Li(r.y) = ZTerrnJ+ Z Termyg),| tt) .
| m=1.3 L “(y)
Termy = RI(.LW)P,(LI,“C)

a 2740
: (/ ’_’ﬁ./,,(A-,_{“p)Jn(A-,_f"-"‘p)(lp/ singosinn(o — a)do
) 4.p i a

+ .1,;(k,_.’jj;p).Ié(k.f,’"p)pflﬂ/” " cos gocosn(o — a )dO) (F.2)
lec pitec [°1q 11 e
Termy = PSP / —p—] PIDik = p) Ni(kL1*b)

2r4a—6
—.],(L-!r’“b).\}(kfj“p)]pdp/+0 singocos (o — a — 6)do
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m.r

+P(1€L)P‘1[f )/ / Ale LIIsz)\ (A[Inb)

2rda=i
-./;(A-,_{jf‘fb).\uk_{f*fm]pdp/M cosqosinl(o —a —60)do (F.3)

where [ = 2('::9)
\ls \ 2s k[[ea(r)
Lr. Term Termy,), | “— E
y) Z 1+ Z 12 k:’=S(y) ( )
Terrn” = P{I’s)P'(llr[cs)

" Ir+a
_ </ iz—q.],,(kff’ p)'/n(l‘,{l»_-sp)([p/ cos qocos n(o — a)do
) 1P o a

2t
+ ./,;(k!::p).],'l(A'fr’”p)prlp/ singosinn(o — a)do) (F.3)

¥
Termy = PPl [ p—‘ﬁ-l',(k!,,’;m[.,/,(A-!,’“p)-\}(A-jjf-*b)

r

Irta—d
/(L””b)\ (A”" pdp/ cos qocosl(o —a — B)do
_+_p(1's)P'("1£»s)/ i /\1 S ) [JI(kETeS o) Ny (k115

Qr4a—-d
—J{(l\'___[f”b).\}(k!r’“p)]pdp/H; singosinl(o —a — #)do (F.6)

m =

(=—6)

where [ =

- Nls N2s L.l[es(_[)
L3(r.y)=()_Termiz+ > Termyy) FC_(y—)

n=1 m=1

(F.7)
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— lec) p(lle
Term;; = P( =) pllles)

q 2r4a
(/0 Sk L pidp [~ singocosn(o - a)do

2r+a
+ .];(k!:;p)J;(k!rI”p)pdp/ cos gosin n(o — a)do) (F.3)
lec plles b [({ lec Iles - Iles
Termy, = PP /l ;-/-;(k';-,,',,,ﬂ)[vlz(kc, p).Ni(k.[“%b)
)r4+uo—48
— ik Ny kT spi]p(lp/ —sinqocosl(o — a — 8)do

P”" )P(”*Sl/ 1 (I‘If ]1 AII sp) \ (Allrab)

m,r

2r4a—4d
_.Il'(kfr[“b)_\}(kfr’“p)]p(lp/ , cosgosinl(o —a —f#)do (F.9)
[

where [ = (_L‘_%).
) Nle N2 /\——”CL( )
Li(r.y)= Z Term,s + Z Term) 3 (F.10)
n=0 m=1.3 A es(J)
Terms = P”fs)pilrle <)

a 2x+a
. (/ “LIkL )k pidp [~ cos qosinn(o - a)do
0 [a 5

2r4a
+ ./;(L‘!;:p).]:‘(k!rlfcp)pdp/ singqocosn(o — a)do) (F.11)
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r

)
+P(Ies)P'(nIIn) / I;(A!:;P)[]{(AfrIpr)-\-l(lnilnb)
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— Tkl o) Ny k1 pnpd,,/ sinqosinl(o — a — 8)do (F.12)
where [ = ;25
Nlis N2s A,
s(r.y) Term;- + Termg) ' (F.13)
h n;) mz_:t) \/l.:[es(l.)A‘!th(y)
Term- = P”"'P,g[,””

a 2r4+o
. (/0 n.J,| L‘ifip)./,,(/c!fh’p)dp/ —sinqgosin n{o — a)do

2t
+ q.]ﬁ,(ki::p).],'l(l;,{r[h’p)dp[ —cosqocosn(o — a)do) (F.14)

m.r

Termus = PlePLte [T LIkl o)Ak p) N (kIR
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where [ = (:’"_"9)
Li(r.y) = Z Termy + Z Termayg) b, (F.16)
n=|] m=1.3 \/k_!FL‘I)k:IIh'('/)
Term,g = P““’P,&I,[h‘

7 2r4a
. (/ n.l;(kf:;p).]n( /\'{r”“p)(lp/ cos qocosn(o — a)do
0 ’ a

24
+ z'{.],,(l:fq';p).l,'l(/\'_‘Ir’h“p)dp/ singosinn(o — a )do) (F.17)

b
Termay = Plopliv / LIk p [ (kIR p) N (kETR<b)

2r+a-6
_./,'(k!rlh“'b).\}(A‘{rlh’p)](lp/ | cosgosinl(o—a = f)do
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puf ) pliihe )/ q/( e p)[][(/\uhkp) v (Allh b)
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—./,'(k,_fr”‘“‘b)A\".'(kfr’h"p)]dp/+A singocosl(o — a — 0)do (F.18)

. _ m
where [ = T

. k
Li(r.y) = Term, + Term,s) Z (F.19)
h Z 1 m;; \/k:[es(l.)k:lihi(y)

Terma = P(’CS)pr(Irth
) 1 [1he 2rta
. (/o nJy (ke p)In(k, LP)(IP/ singosinn(o — a)do
[=4

2r4a
+ gy (kI )Tk p)dp [ cos qocos (o a)a’o> (F.20)
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b
Term,y, = P""’P”’“/ ['];(;\.L{:spp)['/((/\,L{rlhcp’.\vlr{kk{rlhcb)

m.r

Q=0
+./,'(I:!r“‘"h).\',(L{_{r’h“'p)]dp sinqgosinl{o —a — #)do

a+d

b
+PUSI P [ gt (kL ) TR p) N (KL

2r+a -4
],(A”"“b)\ (k”"‘ (lp/ cosqocosl(o —a —0)do (F.21)

where [ = 32
Li(r.y) = (\Zlf Terms; + \i:s Termay) ks (F.22)
eh b - 2 - 24 -
n=0 m=0 \/k:lec(.r)l‘.:[[hs(y)
Term,; = P”’ ’P,(l’,”“’

" do4a
. (/ n./;(lcv_,"’:p)./n(/.'![hsp)dp/ sinqosinn(o — a)do
0] i " )

240
+ q./,,(k_{q";p).l,'l( l.'fr”“"p)d,)/ cos qocosn(o — o)do) (F.23)

r

Termy, = Pleplits / LINKES p) ik TI ) N (k1 TRob)
Ir+a—4
Tk T by Ny (k1 Ths ) (lp/ cos gosinl(o — a — 0)do

P(ln)P{[lhs)/ q- ](‘/‘ )[JII(k!r[hsp).\'ll(kzrlhsb)
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2rt+a—-d
—JI kIR b)Y NI (kR p)]dp singocos (0 —a — §)do (F.24)

a+d

mT

. | —
where ! = 75




Appendix G

Coupling Integrals of Circular to
Double Ridged Circular
Waveguide

The nomenclatures used in the following equations have been discussed in Chapter 3
already. The coupling integrals of the matrix elements of V}; for a discontinuity from

a circular to a double ridged circular waveguide are as follows:

- Nle N2e A.{h:(l.)
[,';1"}1(1‘.3/):.(n§l Tt‘l'm;-&-mz;OTcrm_»)\jW (G.1)

Term, = RII_Z"'P”"“

n.r

4 2+
. (/ ﬂ.l.,(k,f{""m.ln(lcf’”“'p)dp/ cosgocosn(o — ajdo
o p B o o

+ II(A,[h: )]I I‘,Ilhv; { ST . 2 _ d G2
SR PVIAR plpdp ' singosinn{o — a)do (G.2)

Sq.p

o
Terms = PP [ =00 p LRI p) N R
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~T+a—4d
— J{KIReb) Ny (k1R p) pdp - 2 / ~ cosqosinl(o—a — 8)do
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A
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Terms; = p(lhu)P’iIrlm)
tn - dr+a )
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