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Abstract

The distribution of wave heights, and therefore the occurrence rate of extreme waves,
depends on the shape of the surface elevation spectrum. In an idealized two-layer flow,
e.g. fresh water overlaying salt water, the spectral shape of surface waves is modified by
class-3 triad interactions. We conduct numerical simulations of the wave field evolution
on a two-layer stratified fluid. Starting from realistic deep-water JONSWAP spectra, the
spectral density at high wavenumbers increases while the variance in the peak region de-
creases and the peak shifts slightly lower. The enhancement of the spectral tail grows
rapidly with increasing initial wave steepness and is strongest for broad-banded spec-
tra. Monte-Carlo simulations of surface realizations are performed, where the surface is
a linear superposition of wave components taken from the initial and the modified spec-
tra. In all cases, the wave height and crest height distributions can be expressed by mod-
ified Rayleigh distributions. On a two-layer flow the probability of rogue waves can be
up to 2 orders of magnitude lower than in the unstratified deep water case, whereas the
probability of rogue crests is nearly unaffected. The average crest-trough correlation, cal-
culated from the spectra, is a good predictor for rogue wave probabilities even for strongly
modified spectra with enhanced high wave number spectral variance.

1 Introduction

Large ocean waves may cause serious damage to ships, off-shore platforms, and coastal
structures, and understanding the occurrence rate of large waves is important for mar-
itime safety (Nikolkina & Didenkulova, 2011). The risk associated with large waves de-
pends on the absolute height of a wave as well as how extreme the wave is relative to
the prevailing sea state. Due to the stochastic nature of individual wave heights, exceedance
probabilities are the best way to assess the risk presented by an ocean sea state.

The prevailing sea state is characterized by the significant wave height H,, defined
as the average of the largest third of the waves in the wave field. An individual wave is
defined as the profile of the surface elevation between two consecutive downward zero
crossings at a fixed location. The wave height H is the distance from the peak (or crest)
of the profile to the trough, and the crest height 7 is the distance from the mean water
level to the wave crest (Holthuijsen, 2007). Wave height exceedance probability is the
probability that a given wave will exceed some value, often expressed as multiples of the
significant wave height Hy:

P(z) = prob(E >=2). (1)
Hi
In deep water gravity waves are dispersive and at any given location the wave field is a
superposition of individual wave components of varying frequency and direction. Based
on linear theory the resulting wave height distributions are given by the Rayleigh dis-
tribution (Longuet-Higgins, 1952), and for narrow-banded spectra their exceedance prob-
ability is

H
P (Hs > z) —¢ 2" and P (Igs > z) =8’ (2)

for wave heights, and crest heights, respectively.

More general, the exceedance probability can be written as a Weibull distribution

P <§ > z) - exp(_ﬁj:), P <;} > z) = exp(_;:). (3)

where « and § are functions of the spectral bandwidth, and water depth (Forristall, 2000).
For a discussion of common parameterizations for (3) see Gemmrich & Garrett (2011).
Besides these theoretically derived wave statistics a wide range of empirical distributions
have been developed, as reviewed in Vanem et al. (2022).
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The transformation
In(=In(P)) = aln(z) — In(B) (4)

results in straight lines of the exceedance probability (3) when plotted against in(z) and
deviations from the linear model are easily recognized (Gemmrich & Garrett, 2011). Ob-
served wave height distributions show good agreement with the Weibull distribution up

to moderate normalized wave heights H/H,, but a sharp increased probability for ex-
treme waves (Dysthe et al., 2008; Gemmrich & Thomson, 2017; Gemmrich & Cicon, 2022).
Monte-Carlo simulations of random superposition of fourth-order Stokes waves showed
excellent agreement with real ocean wave height distributions, including the increased
probability of extreme waves (Gemmrich & Garrett, 2011; Gemmrich & Thomson, 2017;
Gemmrich & Cicon, 2022). Thus, for idealized conditions of a narrow-banded wave field
on homogeneous deep water the wave height distribution is reasonably well known. How-
ever, on stratified water the wave spectra, and therefore the wave height distribution might
be different.

The commonly weak density stratification in the ocean supports internal waves which
can generate converging and diverging weak currents at the surface. The resulting wave-
current interactions affect mainly the high wavenumber tail of the surface wave spectrum,
making internal waves highly visible in remote sensing synthetic aperture radar (SAR)
images (e.g. Romeiser & Graber, 2015). Modulations of the surface wave spectra can be
significant, up to O(1), but are restricted to wave length of order 1m, or less (Lenain &
Pizzo, 2021), and will therefore have a negligible impact on the wave height distribution.

On the other hand, oceanic conditions with a shallow well-mixed surface layer hav-
ing a lower density than the underlying water can be idealized as a two-layer flow. Such
a two-layer flow supports so-called class-three wave-wave triad interactions between two
surface waves and an interfacial waves, all propagating in the same direction (Alam, 2012).
These triad wave-wave interactions are limited to wave numbers k& > k., where the crit-
ical wave number k. increases with decreasing density difference between the two lay-
ers. For large density differences the critical wave number is comparable to the wavenum-
ber k, at the peak of the wave spectrum and the triad interaction result in a downshift
of the peak (Tanaka & Wakayama, 2015). In oceanic conditions the density difference
between the two layers can be due to temperature and salinity, with salinity generally
taking a more dominant role. For example, a layer of fresh water overlaying oceanic salt-
water occurs naturally in estuaries or due to freshly melted sea ice. In such a situation
a realistic lower bound for the density ratio R = p,/p; is R = 0.97, where p,,, p; are
the densities of the upper and lower layer, respectively, and k. = 8.3k,.

Recent simulations of waves on an idealized two-layer stratified water body using
high order spectral methods (HOS) (Dommermuth & Yue, 1987) show the evolution of
the wave spectrum in the case of R = 0.97 (Gemmrich & Monahan, 2021). The sim-

ulations predict an overall energy decrease with a relative enhancement of the high-wavenumber

tail of the spectrum. Here we analyze what is the effect of this profound change of the
spectral shape on the resulting wave height distribution.

2 Simulation of wave field evolution

We consider a two-layer system with a shallow upper layer and a deep lower layer
with thickness h,, h;, respectively, and h, < h;. Such a system can support gravity waves
at the free surface and at the interface between the two layers, both propagating in the
positive x-direction. The model is described in detail in (Alam, 2012; Tanaka & Wakayama,
2015; Gemmrich & Monahan, 2021). Here we give a basic summary.

The irrotational motion is obtained from Laplace’s equation for the velocity po-
tentials @, (z, z,t) in the upper layer and ®;(z, z,t) in the lower layer, where z denotes
the vertical coordinate direction:



V20, =0, —hy+m<z<mn, (5a)
V20, =0, —hy,—h <z<—hy,+mn (5b)

% The kinematic boundary conditions are

O, Oy OPu 0Py

ot Vow ox " or 0 FT (6a)
el 1) — = = —hy, b
ot Tow ox 0z 07 e (6b)
877[ 8171 8<I>l 6<I>l
SR 22—, z=—h, 6
ot "0z ox 0= : o (6c)
99 The dynamic boundary conditions are given by the Bernoulli equation:
0b, 1 |[/00,\> [0®,)\>
0%,  11(00,\* (09,\*|
Put e T2 |\ ox 0z g
0v, 1| [09\>  [0%,\ B B
—P o Ty l( 3x> % +gm| =0, z=—h,+m (7b)
0P
8—;:0, z=—hy, —hy (7c)
100 where g is the acceleration due to gravity, and n,, n; are the elevations of the surface and
101 the interface, respectively, composed of superposition of small amplitude plane waves.
102 The system (5-7) can be expanded into a set of evolution equations:
onu _%8@5 g M 2 99, L (8a)
ot~ ox ox ox ) | 0z T M
oS 1] /095\* anu\ 2| [09,\2
= —— — 1 _— - -
o 2 ( e T\ on 0z s 2= (8D)
ony Oy O, om\?| 0%
2 T 1 bl i} - _
ot = or oz |V T\aw) | Bz FT e (8c)

o _ 1 [, (00N (09]’
ot 2 oz 0z
1 om\*\ [ [ 09:\° 99, _
+2<1+<89L‘> ) l((%) _R<82> —gm(l = R), z=—h,+n (8d)

103 where ®2(2,t) = @, (z,14,t) and W (x,t) = @, (v, —hy + 1, t) — R (2, —hyy + m1, ).
104 This system can be solved with the High Order Spectral Method (HOS) (Alam et al.,

105 2009). Similar to Gemmrich & Monahan (2021) we restrict the expansion to second or-
106 der in wave steepness.

107 The single boundary conditions at the a-priori unknown time- and space-varying
108 surface, z = n,(x,t), and interface, z = —h, +n(x,t), are transformed into a series of
100 linearized boundary conditions for the perturbed potentials @gm) and <I>l(m), m=1,2
110 at fixed vertical locations, which can be solved sequentially, starting from m = 1. Us-
11 ing a 4*Morder Runge-Kutta scheme for integration the time-varying surface and inter-
12 facial elevations and their velocity potentials at all locations = are obtained. After each
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time step the “wave-breaking scheme” described in Gemmrich & Monahan (2021) reduces
steep waves to the Stokes limiting steepness 0.14.

The model is non-dimensionalized with mean upper layer depth, lower layer den-
sity and acceleration due to gravity as scaling parameters. We initialize the model with
a realistic surface wave field and let it evolve over a period of 1000 dominant wave pe-
riods T},. This duration is long enough for class-three triad interactions to generate in-
terfacial waves (Alam, 2012) and to achieve nearly steady-state solutions.

Two-layer conditions in the ocean are most likely in fetch-limited conditions and
a JONSWAP type spectrum (Hasselmann et al., 1973) is a suitable choice for initial sur-
face wave spectra. The frequency-domain JONSWAP spectrum is implemented in the
Matlab toolbox WAFO (Brodtkorb et al., 2000):

Ss(w) = bH, (%)Sexp [Z (w> 41 v, g=exp (;W) (9)

Wp Wp s

with normalization factor b, peak frequency w, and s = 0.07 for w < w, and s = 0.09

for w > wy,. The peak enhancement factor v is a measure of wave field development,
ranging from v = 1 for fully developed seas to v = 7 for young seas. We then convert

the dimensional frequency domain spectrum S(w) into its non-dimensional wavenum-

ber form S(k/k,) based on the deep water dispersion relation w? = k g. The model (8)

is evaluated at N, = 22! evenly spaced locations where the initial surface elevation is

a random realization consistent with the initial wavenumber spectrum. The interface be-
tween the two layers is initially undisturbed. The evolution of the surface and interface
are then calculated for a duration of 1000 dominant wave periods T}, at a time step At =
T,/500.

To cover a wide range of sea states we run the two-layer model (8) for 56 initial con-
ditions, specified by R = 0.97, w, = 2m, v = [1,2,3,4,5,6,7], and nondimensional
wave heights Hy = [0.02,0.03,0.04, 0.05,0.06,0.07,0.08,0.09]. Each run is repeated six
times with different seeds for the random number generation, i.e. the initial surface wave
fields have identical spectral shapes but six different realizations. These 56 initial con-
ditions result in different average wave steepness ak, which is mainly governed by the
value of Hy, and different spectral bandwidth

mem 1/2
u:( 022—1) 7 (10)

where m,, is the n® moment of the spectrum (Longuet-Higgins, 1984).

Here we are interested in the changes of the spectral shape of the surface wave field,
due to class-three triad interactions and associated wave breaking. Except for very small
wave heights, and therefore small average wave steepness ak, the surface wave spectrum
undergoes following three changes: i) a weak downshift of the peak, ii) an overall loss
of power, and iii) a pronounced enhancement of the spectral tail, k& > 3k,. Modifica-
tions of the spectral shape in the peak region 0.5k, < k < 3k, are strongest for more
developed sea states, i.e. smaller v (Fig.1).

The surface energy dissipated during the evolution of the two-layer flow is a com-
bination of energy transfer to the interface displacement and dissipation due to wave break-
ing (Gemmrich & Monahan, 2021). It can be quantified as:

pu | J Sl t = 0)dk = [y S, (k t = 1000)dk
b= 12k, (11)
pu fy 2" Su(k,t = 0)dk

Here we chose ky,qe = 12k,. This choice ensures that the initial spectral density at k >
Kmaz is negligible, S(kpmaz,t = 0)/S(kp,t = 0) < 1073, while kynaz > kepit-




154 Energy dissipation I's shows a strong threshold behaviour on wave steepness with
155 little dissipation at ak < 0.07 and 20% to 30% dissipation for the steepest initial con-
156 ditions 0.12 < ak < 0.14. Its dependence on spectral bandwidth does not appear to
157 be systematic (Fig.2 a).

158 The strongest impact of the triad interactions is the enhancement of the spectral
150 tail. This can be quantified as tail enhancement
11, — Eran(t = 1000) ( Eyau(t = 0) )1 12)
* " Epeak(t = 1000) \ Epeak(t = 0)
160 where
2.5k, kmax
Epear(t) = / Ss(k, t)dk, Erau(t) = / Ss(k,t)dk (13)
0 2.5k,
161 The tail enhancement shows a strong threshold behaviour on wave steepness, sim-
162 ilar to the energy dissipation (Fig.2 b). In addition, I, is positively correlated with spec-
163 tral bandwidth v. For steep waves, ak > 0.11, the total variance in the spectral tail,
164 k > 2.5k, approximately doubles, II; ~ 2, compared to the initial JONSWAP condi-
165 tions.
166 3 Surface wave height distributions
167 To evaluate the impact these profound spectral changes, I's, I, have on the dis-
168 tribution of wave heights we perform Monte-Carlo simulations of surface elevations
Ny,
Nu(x) = Z ap, cos(knx) + by sin(kpx) (14)
n=1
160 The coefficients a,, b, are generated from a normal distribution, have zero mean,
170 and a variance equal to the desired spectrum at k,,. Surface elevations are generated from
m the initial spectrum, and the evolved spectrum at ¢ = 10007}, for each set of (v, Hy)
172 parameters of the two-layer simulations. The spectra are evaluated at N = 222 wavenum-
173 bers. This yields about 2 x 10° individual waves for each realization, from which the
174 normalized wave heights H/H, and crest heights 7/ Hy are extracted, where the signif-
175 icant wave height H, = 40, is calculated separately for each realization. This proce-
176 dure is repeated 100 times with different random seeds, but the same spectrum. Since
177 for each initial condition the two-layer evolution (8) is run six times, there are six sets
178 of slightly different spectra. The Monte-Carlo simulations of surface elevations are then
179 repeated for the additional runs of the two-layer evolution (8) for the given initial con-
180 dition, resulting in 600 synthetic surface elevation records for each initial (v, Hy). In to-
181 tal there are roughly 10® individual wave and crest heights from which the exceedance
182 probability can be calculated. Examples of initial and final wave height and crest height
183 distributions are given in Figures 3a, 4a.
184 It is well known that higher order Stokes corrections, responsible for sharper and
185 taller crests, and shallower and flatter troughs, result in several orders of magnitude in-
186 crease in the probability of extreme wave heights, resulting in curved lines for H/H, 2
187 2.2 when plotted according to (4) (Gemmrich & Garrett, 2011). To highlight the effect
188 of two-layer wave field evolution we purposely restrict our analysis to purely linear sim-
189 ulations, without Stokes corrections. For linear simulations the exceedance probability
190 curves are expected to be straight lines and deviations are easily determined.
101 The exceedance probability P of wave heights for any given value H/H, < 2.5
102 decreases for waves on a two-layer flow compared to the initial JONSWAP condition (Fig.3a).
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The initial as well as the final wave height distribution follow a Weibull distribution (3),
as expected for linear superposition and indicated by a straight line (4), with a(initial) =
a(final) = 2, and Sy (final) < Bg(initial) ~ 1/2. The decrease in [ implies that

the relative change in wave height exceedance probability increases with normalized wave
height z. The change in the wave height distribution is linked to the energy dissipation
and the tail enhancement during the two-layer evolution. Therefore, it is not surprising
that the relative change of exceedance probability, quantified by the ratio P(2) finai/P(2)initial,
shows a threshold behaviour on average wave steepness, similar to I'y; and II; (Fig.3b).
For example, the likelihood of rogue waves, defined as z > 2.2, decreases by roughly
10% in moderate steep initial conditions, ak < 0.1, but in the steepest conditions, ak >
0.12, their occurrence rate is expected to drop by almost 2 orders of magnitude.

In contrast, the distribution of normalized crest heights n/Hj is nearly identical
for the initial and the evolved spectra (Fig.4). Only the most extreme crests n/H, >
1.15 show a small increase of exceedance probabilities at the evolved stage. For the steep-
est initial wave fields the likelihood of rogue crests, commonly defined as n/Hy > 1.25,
increase by up to a factor 1.4 (Fig.4b), much smaller than the order of magnitude change
of rogue wave probabilities (Fig.3b).

4 Crest-trough correlation

The different evolution for wave height and crest height distributions implies a de-
crease in the average correlation r between crests and the following troughs. If the crest
heights were strongly correlated with the trough depths a large crest height would also
have a large trough depth in most cases. Since a wave height is just the sum of the crest
height and the trough depth, a large crest height and large trough depth would equal
a large wave height. As such, the only way for crest heights to show such different be-
haviour from the corresponding wave heights is if the crest heights became decoupled
from the trough depths. This difference in crest heights versus trough depths is not re-
lated to nonlinearities or higher-order Stokes corrections (Stokes, 1880) since the surface
elevation (14) is a linear superposition of independent, Gaussian-distributed components.

The probability of a large wave occurring, assuming a sufficiently narrow bandwidth,
is larger for strongly correlated crest heights and trough depths (Casas-Prat & Holthui-
jsen, 2010; Hafner et al., 2021b). Additionally, the Rayleigh exceedance curve (2) is cal-
culated assuming that each wave height is twice the corresponding crest height (Casas-
Prat & Holthuijsen, 2010). This assumption is equivalent to perfectly correlated crest
heights and trough depths, » = 1. For finite but narrow bandwidth the exceedance prob-
ability for wave heights is given by a modified Rayleigh distribution (Naess, 1985):

H _ 9,2
P<HS>Z)&TP< §j>7 /BT:1;T7 (15)

where the crest-trough correlation r is defined with trough depths taken to be positive,
i.e. 7 = 1 implying perfectly correlated crests and troughs.

A recent analysis of more than 1 billion individual waves (Héfner et al., 2021a) con-
firmed the crest-trough correlation as the strongest predictor for wave height exceedances
for z = 2.0 and z = 2.4 (Héfner et al., 2021b), and r could built the basis for a prac-
tical probabilistic rogue wave prediction. However, the calculation of the crest-trough
correlation requires the height and depth of the individual crest-trough pairs, which are
often not available. A proxy can be the average correlation at the dominant wave pe-
riod (Tayfun & Fedele, 2007):

o0

F:mi p? + A2, with p/OOOS(f)cos(27rfT)df, )\:/0 S(f)sin(2r fr)df, (16)

0
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where 7 =

[N

is the lag time at half the spectral mean period T = z—‘;, and m,, is the
nt? spectral moment.

The advantage of using 7 is that it can be readily calculated not only from the full
surface elevation record 7 but also from more widely available observed 1-d wave spec-
tra, and from standard wave model output (Gemmrich & Cicon, 2022).

Here we calculate 7initial, 7 finar according (16) from the initial and final frequency
spectra, respectively. For all our simulations the initial crest-trough correlation is rel-
atively high, 0.67 < Tiniria < 0.82, and the correlations corresponding to the final spec-
tra are generally less than the initial , 7finar < Finitiar. As a result of the wave field evo-
lution on the two-layer fluid the probability of rogue waves, P(H/Hs > 2.2) decreases
on average as the decline of the final crest-trough correlation becomes more prominent
(Fig.5a). However, for a given decline in correlation 7 the reduction of rogue wave prob-
ability can vary by up to one order of magnitude, especially for Tinitial — 7 finar > 0.2,
with no consistent dependence on the actual value of the correlation, or the wave steep-
ness (not shown). In a real-world two-layer flow the initial crest-trough correlation would
not be known, only 7;nq. However, the modified Rayleigh distribution (15) provides
a reasonable approximation of our scattered simulation data with only weak dependence
on the value 7;,:1iq1 of the crest-trough correlation in the unstratified case (Fig.5a).

As discussed above, the probability of large crests can increase slightly in a two-
layer situation for very steep initial wave fields (Fig.4b). However, the change in prob-
abilities of rogue crests P(n/Hs > 1.25) does not depend on the crest-trough correla-
tion, as expected (Fig.5b).

Rogue waves (rogue crests) are rare events that populate the tail of the wave height
(crest height) distribution, and therefore their probabilities are particularly sensitive to
sampling variability. Our simulations are based on six realizations for each parameter
setting. We expect that by substantially increasing the number of realizations the large
scatter of rogue wave probabilities would be reduced, and the apparent weak dependence
of rogue crest probabilities on 7 ¢;,4; would disappear.

5 Conclusions

Situations of a shallow layer of nearly fresh water overlaying a deep layer of salt
water resulting in a density ratio R = 0.97 are the limiting case of idealized two-layer
flows in the ocean. Even such small density changes can support class-three wave triad
interactions between two surface waves and an interfacial wave. These three-wave inter-
actions, which are not possible in deep unstratified water, result in a spectral tail enhance-
ment of the surface wave field. This modification of the shape of the surface spectrum
has a significant effect on the distribution of individual wave heights, and only a weak
effect on the distribution of crest heights.

Our analysis is restricted to purely linear waves, neglecting higher-order Stokes cor-
rections. Thus, absolute occurrence rates of rogue waves would not be representative for
real ocean conditions. However, the ratio of rogue wave probabilities in the two-layer sys-
tem to the unstratified case provides an estimate of the relative effect of stratification
on rogue wave occurrence. Our simulations show a decrease of rogue wave probabilities
in the two-layer flow by up to two orders of magnitude, and a much smaller increase of
rogue crests, up to a factor 1.4.

In deep, unstratified water the crest-trough correlation r evaluated at half the mean
wave period is a good predictor for rogue wave probabilities. The modified Rayleigh dis-
tribution, which includes r as a correction, accounts for finite bandwidth effects (Naess,
1985). The same correction is valid in the two-layer case, even for strongly modified spec-
tra with enhanced high wave number spectral variance.
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These results are based on idealized simulations and need testing in real-world con-
ditions. A first step should be the analysis of the spectral tail of the wave field in estu-
aries, or in polar conditions following ice melt. Since the spectral modifications are ex-
pected to be most visible at high wave numbers, say k& > 5k,, high sampling rates and
an extremely low noise floor are required for such measurements. Another pronounced
feature of waves on a two-layer fluid will be the reduced probability of extreme individ-
ual waves but a nearly unaffected probability of extreme crests. Therefore, a strong mis-
match between rogue wave occurrence and rogue crest occurrence in wave observations
in potential two-layer conditions would be a strong indication for the spectral modifi-
cations predicted by the model. Such observations have to be of sufficient length, say sev-
eral weeks, to show a significantly higher number of extreme crests than extreme waves.
While it is unlikely for a two-layer stratification due to melt water to remain for such
a long period, observations in estuaries would be a strong candidate to look for the asym-
metry of rogue wave and rogue crest occurrences.
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Figure 1. Evolution of normalized surface wave spectra from initial condition (blue) to condi-
tion at ¢ = 10007, (red); Hs = 0.07. a) y=2b) vy =T.
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Figure 5. Change of probability of a) rogue waves, (P(H/Hs > 2.2)), and b) rogue crests
(P(n/Hs > 1.25), as function of change in crest-trough correlation 7, stratified by final crest-
trough correlation 7f;nq; . Lines represent (15) for Finitiar = 0.82 (solid), and Finitiaa = 0.67
(dashed).
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