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Abstract

For a real nonsingular n-by-n matrix A, there exists a decomposition 4 =
VIIU, where II is a permutation matrix and V,U are upper triangular ma-
trices. When ITVTI is lower triangular and U is normalized, such a de-
composition is called the left Bruhat decomposition of A. An algorithm for
computing the left Bruhat decomposition is given. For classes of matrices
introduced by Wilkinson and recently (from a practical application) by Fos-
ter that have an exponential growth factor when Gaussian elimination with
partial pivoting (GEPP) is applied, left Bruhat decomposition has at most
linear growth. A partial pivoting strategy for Bruhat decomposition is also
developed, and an explicit equivalence between GEPP and Bruhat decom-
position with partial pivoting (BDPP) is derived. This equivalence implies
that the growth factor for GEPP on A equals the growth factor for BDPP
on pAT, where p is the permutation matrix that reverses the rows of AT,
BDPP is shown to give a growth factor of at most 2 when applied to any
matrix for which GEPP gives the maximal growth factor of 2",

Keywords: Bruhat decomposition, Gaussian elimination, growth factor,
numerical stability, partial pivoting.j'

AMS subject classifications. 65F05, 15A23

1. Introduction

Matrix factorization techniques are frequently used for solving nonsingular systems
of linear equations. The most common factorization is LU decomposition, and Gausslan
elimination with partial pivoting (GEPP) is the most common practical algorithm for com-
puting an LU decomposition. However, other decompositions, such as LP R decomposition

(see, e.g., Elsner [2], Gohberg and Goldberg [4]) and Bruhat decomposition, can also be

used to solve linear systems.

Bruhat decomposition, known from the theory of linear algebraic groups ([5], [9]), was
considered by Kolotilina and Yeremin [9] as an alternative to LU decomposition for solving
sparse systems of linear equations. Kolotilina and Yeremin also gave relations between

Bruhat decomposition and the other two decompositions given above, and sparsity of the

Bruhat decomposition factors was considered in [8].
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In the following sections we describe the left Bruhat decomposition, and give an algo-
rithm for its computation (Algorithm 2.1), which is the analogue of an algorithm given in
[9, Section 2] for the right Bruhat decomposition. In contrast with GEPP, Bruhat decom-
position is numerically stable for the classes of matrices given by Wilkinson and Foster
(Section 3). We also introduce a pivoting strategy for Bruhat decomposition (Algorithm
4.1), and derive explicit relationships (Corollary 4.5) between the factors that are deter-
mined by applying GEPP to A and Bruhat decomposition with partial pivoting (BDPP)
to pAT, where p is the permutation matrix that reverses the order of the rows of AT, We
show that BDPP gives a growth factor of at most 2 when applied to matrices that give
maximal growth when GEPP is applied (Section 5). BDPP is a practical algorithm for

solving systems of linear equations, and is an alternative to consider when GEPP may be

unstable.

2. Description of the Bruhat Decomposition

Let A be a given n-by-n real nonsingular matrix. Then there exists a decomposition
A=VIIU (2.1)

where V and U are n-by-n upper triangular matrices and Il is an n-by-n permutation ma-
trix. The permutation matrix II in (2.1) is uniquely determined by A4 [9]. A decomposition
of the form (2.1) is called a Bruhat decomposition of the matrix A, and II is called the
Bruhat permutation of A. The decompositibn (2.1) is called the reduced on the left Bruhat
decomposition if the matrix IITVII is lower triangular, and reduced on the right if the
matrix IIUTIT is lower triangular [9]. For the remainder of this paper, we work with the
reduced on the left Bruhat decomposition with U normalized to have all diagonal entries
equal to 1, and we refer to this as the left Bruhat decomposition. With this normalization,
the left Bruhat decomposition of a given nonsingular matrix is unique.

The decomposition (2.1) can be computed by post-multiplication of 4 by n — 1 non-
singular matrices U, whose entries are chosen so as to introduce zeros into the matrix

product. Let
A = 4 apnd AW = AU-DYG 1 <i<n -1,

so that A0) = AWMU ...y,



Denoting A®) = {aiﬂ, the matrices U can be written compactly as

U0 = [ — ¢ (mu))T,

where (o1
a . . .
mg-i)z ;?:J?T’ fori+1<j;<n
0 , otherwise,
6(-i) _ { 1, 1=
7 0, otherwise,

(i=1) # 0. Thus, at the ith step, al'V is the

Ti,? Ti,t

pivot entry, and multiplication by U zeros out all entries of A¥~1) in row r; and columns
i4+1,---,n. After n — 1 elimination steps, A"~V = AUMU®) UMD Let a7

Tn,N

and r; is the maximum row index such that a

denote the sole nonzero entry in column n of A= and I = [7;x] be the permutation

matrix with 7., x = 1, for 1 < k < n. Then, letting
Vv =A-0QT (2.2)

and U~ = UMU®@ ...y gives A = VIIU. "

The following algorithm determines the factors of this decomposition.



P . PR -y

P 1. .. 4+
Alsux ithim 2.1: Left Bruhat ut:\.uuxpu:lbluu
n-

Input: Nonsingular n-by-n matrix A

Output: The matrices V, II, and U, where the left Bruhat decomposition is A = VIIU
Initialization: U =1
fori=1lton
j =max{p | api # 0}
Tii=1, wu=0forl#j
vij=ay for 1<t <n

fork=i+1ton
a5k
aji
Ui =m
forf=1t0j7—1
Qgk = Qgk — MAy;

ajk=0

By construction, U is upper triangular. Thﬁs, to prove that Algorithm 2.1 gives the
left Bruhat decomposition of A, we show that V is upper triangular, and then show that
TV is lower triangular. Let m(j) = ¢ if m;; = 1; then 7~ 1(:) = j. From (2.2), for any

fixed ¢, y,qza(n b Ifq——mak{plan 1)#0} thenan(l) 0 for ¢ > ¢, hence V is

P.(q)
upper triangular. Also by (2.2),

(HTVH)r]' — (HTA(n—l))r]_ — a(n—l)

m=1(r),5°

But a(n_l(l)) # 0 and a(n 1)) ;= 0 for j > r as these entries are eliminated in the rth step
of the algorithm. Hence IIT VI is lower triangular.

In general, II cannot be determined from the zero-nonzero pattern of A; it depends as
well on the numerics. Even if matrix A does not have an LU decomposition, there exists
a permutation matrix P such that PA has an LU decomposition. Such a permutation
matrix is II7 from the left Bruhat decomposition [9], because if A = VIIU, then 174 =
(ITVII)U = LU. This relationship between the left Bruhat decomposition of A and the
LU decomposition (with U normalized) of IIT A shows that each of the triangular factors

of the left Bruhat decomposition is uniquely determined.
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9 DPuw::l.nnd T ~ maacidimn ~F ad o wirid T - DD
g, pDiinatv LJeCOMpPOosition Ol Matrices with warge 7 ior GEPI

For GEPP on a nonsingular matrix A = [a;i], the growth factor v is defined as
- (¥ .
7 = max |a;i| /ITJl,iXIaJkI,

(
J
and [10, p. 151]). The computation of the solution z of a linear system Az = b may be

where AW = [a 'k)] is the derived matrix after the ith elimination step (see, e.g., [7, p. 177]

unstable if the growth factor is very large [6]. Motivated by a backward error analysis for
LU decomposition {7, p. 176] and its relationship to Bruhat decomposition, we define the

growth factor for Bruhat decomposition as

vB = max {malf Iug-?I/rrjl.ix |ajkl, max Iag-?l/nﬁx lajki} : (3.1)

Wy

Wilkinson [11, p. 212] introduced an n-by-n matrix W, that achieves the largest possible
growth factor of 2"~! when GEPP is applied. The Bruhat decomposition, on the other

hand, gives 4 = 2, as demonstrated in the following example.

Example 3.1

The left Bruhat decomposition of the 5-by-5 Wilkinson matrix is

10 0 17
-1 1 0 0 1
Ws=|-1 -1 0 1
-1 -1 -1 1 1
-1 -1 -1 -1 11
2 -1 -3 -+ 1737000 0 1771 1 1 1 17
02 0 0 -1}]01 00001 35 5 0
=0 0 2 0 -1,/00 100|001 3 0
6 0 0 2 -1,/00010[{000 10
Lo 0 0 0 -1Jl1t 000 O0JLOOO O 1J

In general, application of Algorithm 2.1 to the n-by-n Wilkinson matrix W, gives yp = 2.
Wilkinson also noted that matrices with large 4 do not seem to arise in practical
applications. However, recently, Foster [3] discussed a class of n-by-n matrices that arises

in the numerical solution of Volterra integral equations and that for GEPP has growth
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factor close to the maximal value of 2”~'. In conirast, for Bruhat decomposition on
n-by-n matrix in Foster’s class, the factors ¥ and U can be explicitly determined, and vp

is linear in n.

Bruhat decomposition is a good alternative to GEPP for the matrices above when the
latter gives exponentially large growth factors. However, for some matrices both GEPP
and Bruhat decomposition give exponential growth (for example, the block matrix given
by Wright [12, equations (10) and (12)]). There are also examples of matrices for which
Bruhat decomposition gives exponential growth, whereas GEPP gives constant growth;

one such example is pW,,, where p is the permutation matrix that reverses the rows of Wi.

4. A Pivoting Strategy for Bruhat Decomposition

We now present a pivoting strategy for Bruhat decomposition that, like the use of
partial pivoting with Gaussian elimination, keeps the multipliers bounded by 1 and usually
results in a stable computation. The decomposition is computed by post-multiplication
of A by n — 1 pairs of nonsingular matrices POU® for i =1,2,---,n— 1, where P is
a permutation matrix and U(?) is chosen to introduce zeros into the matrix product. Let
A = A and A = AG-DPEOUH 5o that

AN — ApW W p@y@) . plyh),

At the ith step of the decomposition, PV is chosen to interchange columns i and ¢ of

AU=1 where ¢ is such that

(i—-1) _,.(i-1)
il_%ltasxn ‘a’nl—i+1,t! = Ian—i-{—l,c"

Then U is chosen so that “57{)—i+1,r =0, forr =1+ 1,042, -

,n. That is, letting
A1) pli) — [agik—l)]’ then U0 = T — eD(miNT | where

Flim1)

G) ! Ao ttld fori+1<j<n
m;’ = l

n—i41,1

[

, otherwise.



A=) — ApO M) pI@) .. pla=1)(n=1)

M (1) (2) (n=2) (n—1) (n—1)
ayy Gyttt O)p-2 1,n-1 @1a ]
(1) (2) (n—2) (n-1)
3y Qo9 " G p_p 495
— (1) (2) (n—2)
T | G831 Q32 "t Q3 p_2
(1)
.anl J
=Vp,

where V is an upper triangular matrix and the permutation matrix p reverses the columns

of V.

The following algorithm essentially determines the factors of the above decomposition
A= Vp (U(n-—l)) -t P(n——l) (U(n-—Z)) -1 P(n—-2) L. <U(1)> -1 P(l),

where we note that (P(i))_l = PO for i = 1,2,;- -+,n — 1. The one-dimensional array P
has P(i) = ¢ if P interchanges columns i and ¢ of AU~V . The ith row of the upper
triangular matrix (U(i))_1 is stored in the ith row of an n-by-n matrix U. The reduced

matrices A®) overwrite A and the function swap(s, c) is used to interchange columns 7 and

cof A.



Algorithm 4.1: Bruhat Decomposition with Partial Pivoting (BDPP)
Input: Nonsingular n-by-n matrix A

Output: The essential components of the factors V, (U("))”1 and P of the Bruhat

decomposition with partial pivoting of A.
Initialization: U =1,P(j)=j for j =1,2,---,n—1
for g =nto 2

1=n—7+1

find ¢: igasxn la;i] = |ac|

if ¢ > then
swap (z,c¢)
P(i)=c

l/tj=atif07' 1<t<y

fork=14+1ton

ajk
m = 1=

a_“
Ui =N

for £=11% 5 -1
Qg = Qg — Mayg;
ajr =0
Vip = Uin
The next theorem shows an equivalence between BDPP and GEPP.

Theorem 4.2. Let A be an n-by-n nonsingular matriz. Suppose that
[(=D) Blr=1)[(n=2) p(n=2) | L () (1) 4 — 7

is the result of applying GEPP to A, where L) is the lower triangular matriz of multipliers
and P i3 the permutation matriz associated with the ith step of GEPP. Suppose also that

pATp(l)U(l)p(2)U(2) Lo pn=lp(n=1) o Vp

is the result of applying BDPP to pAT = B. Then PW) = PW UW = (LNT and
p(ANT = BW for 1 <i<n-1.



h

Proof. The proof is by induction. For ¢ = 1, consider the first step of GEPP. Let

Jpax |ap| = lag].
Thus the effect of P(1) is to interchange rows 1 and t. Letting PWA = [d;i], then
LW =1 -m (e(l))T, where mgl) = %ﬁ- is the jth entry of the vector m{¥) for2 < j <n
and m(ll) = 0. Thus AV = LW PW 4 Now consider the first step of BDPP applied to

B = pAT. Note that

n
bn-—-p+1,j = Z Pn—p+1,k Gjk = Cjp for 1<j, p<n

k=1
Thus
jpax [bnsl = max lap| = |an| = [bnd,

and the effect of P(!) is to interchange columns 1 and ¢, so that P() = (P(l))T = pW),
Let BPW = [Ejk], and note that BPY) = p(P(l)A)T. Now UM = I — M) (:n(l))T,

where

A ) . L _ @ _
5 _~—=—~—J———m]- for 2<j<n and z;’=m; =0.
bp1 Q11

Thus UM = (L(l))T, hence

BW = ppig® =, (meu) _4>T — (Am).T_

Thus the statement is true for ¢ = 1.

Suppose that the theorem is true for all 7 such that 1 <7 < s < n —1, and consider
the (s +1)st step of GEPP. Let

max

() (s)
s+1<;<n laj 041l = lay sl

Thus the effect of P(t1) is to interchange rows (s + 1) and r. Letting
o(s A(s ~(s)
P( +1) A( ) - [a]—k} 3

T
then LU+ = [ — m{stD) (els+1)) 7 “where

&(3)
St dstl
m; ) 1
Q51,941

@]

=1
+
D
IN
IN
3
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and

m§-3+1)=0 for 1<7<s+1.

Thus A+ = L+ ples+1) 4(9) Now consider the (s + 1)st step of BDPP applied to
B = pAT. By the induction hypothesis, B =p (A(’))T, and consequently

()

: _ (s)
aj,s+ll = b

n—s,r|"

maXx
s+1<j<n

= max

—g. 7 a
n—y,; s+1_<_j§n r,8+41

(5) |=

Thus the effect of P! is to interchange columns (s + 1) and r, so that
_ T _
ple+1) (P(a+1)) = pls+1)

Let B() pls+)) = [Eg.;)], and note that B(®) P+D = p (BG+D) 46T, Now

UG+ = T _ gls+1) (I(s+1)>T

where
; ’B(s) ) a(_-s)
Lot o nmsd o Tdedl 0t g s19<i<n
j 7() =(s) !
n—sst+l  Gst1,s+1 '
and

2T =t =0 for 1< <s+1

Thus Ut = (L(’+1))T, and

Blet1) = pplstl)ris+l) = 5 (L(s+1) pls+1) A>T =) (A(a—i—l))T,

comnpleting the proof.

Remark 4.3. Consider GEPP applied to ATp. From Theorem 4.2, this is equivalent
to application of BDPP to p(ATp)T = A.

An immediate consequence of Theorem 4.2 is the following, which shows that Bruhat
decomposition with partial pivoting on A determines the left Bruhat decomposition of a

column permutation of A. This result is analogous to a well known result for GEPP.
Corollary 4.4. Suppose A is an n-by-n nonsinguler matriz and let
APy p@) @) ple=(n=1) - Vo
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be the result of BDPP applied to A. Then there ezist a permutation matriz P and an upper

triangular matrizc U such that AP =V pU.

Proof. Let
L(r=1) p(n=1) [(n=2) p(n=2) ... [ pW) AT, = 1 p AT p =
be the result of applying GEPP to ATp (see, e.g., [1, p. 123] and [10, p. 125]). Thus
UT = pAPT(L™H)T
= pA PO (L(l))T.,_p(n—n (L<n—1)>T
= pA 21837 40 p(n-l)U(n—l),

by Theorem 4.2 and Remark 4.3. Hence APT(L™1)T = Vp, which implies that APT =
VpLT, giving the required result with P = PTandU=LT. |

We summarize the relationship between GEPP and BDPP in the following corollary.

Corollary 4.5. Suppose A is an n-by-n nonsingular matriz. If the result of applying
GEPP t0 A is PA = LU, and the result of applying BDPP to pAT is pATP = VU, then

P=PT L=UT, and U=pVTs.

By virtue of the relations between the Bruhat decomposition and the LU decomposi-

tion, and between BDPP and GEPP, both Algorithms 2.1 and 4.1 require about n®/3 flops
(see, e.g., [1]).
5. Stability of BDPP

For BDPP the growth of entries in U is bounded by 1; thus, from (3.1), the growth
factor for BDPP is

YBP —rna:\ a kl/max lajx]| .

For pW,,, the row reversal of the Wilkinson matrix, it can be shown that v = 2, yp = on-1
and ygp = 2. The transpose of the Wilkinson matrix, WT, is another matrix that has

an exponential growth factor (yp = 2"~!) when Algorithm 2.1 is applied, and a constant

growth factor (ypp = 4) when Algorithm 4.1 is applied. Note that by the equivalence in

12



Theorem 4.2, v for A equals ygp for pAT. Thus ygp < 277!, and this upper bound is
realized, for example, by pW 7.

We now show that ygp < 2 for every n-by-n real matrix that has v = 2"~! when
GEPP is applied. The following theorem due to Higham and Higham characterizes this

class of matrices, which includes W,,.

Theorem 5.1 [6, Theorem 2.2]. All real n-by-n matrices for which v = 2*7! are of
the form

-

0 .
where D = diag(£1), M is unit lower triengular with m;; = -1 for i > j, T = [t;;] is
a nonsingular upper triangular matriz of ordern —1,d=1[124 --- 2" )7, and 6 is a

scalar such that

6 = |a1n| = max |a;;|.
3,7

For example, the general form of a 5-by-5 matrix with D = I having v = 2% is

111 t12 13 , tia 6
—t11 193 — t12 tog — t13 - 124 —t14 6
A= | —t1n —(ta2 +1t12) t3z — (t23 + t13) tas — (tos +t14) 6
—t11 —(te2 +t12) —(f33 +tag +t13) tas — (t3a +1t2a +114) 6
—t11 —(te2 +t12) —(f33 +ias +t13) —(taa +tsg +1oa+114) 6

Theorem 5.2. Let A be a real n-by-n matriz for which v = 2™~ when GEPP is
applied. Then application of BDPP to A gives ygp < 2.

Proof As A is assumed to have v = 2”71, matrix A must be of the form given in

Theorem 5.1. At the first step of BDPP on A4, if

b= gmax | ang] = lani| = [tul,

then no interchange is performed; however, if
6 > max . lang] or 8= max |ang| = |ank|

I<qgsn— 2<g<n—-1

with k € [2,--+,n — 1], then P interchanges columns 1 and n. (Note that this includes
a tie-breaking strategy for BDPP.) After one step of Algorithm 4.1,

rrj;a}ucx 'agi)l / rrjlai}\ lajk] < 2.

13



The resulting matrix A’ can be partitioned as

A(l)___tz H}
© 0

where z is either column 1 or column n of A, and H is an (n — 1)-by-(n — 1) upper

Hessenberg matrix with h; o1 = 0 for ¢ = 2,.--,n — 1. Thus further steps require only

column permutations (but no eliminations). Thus ygp < 2. |

We conjecture that if an n-by-n nonsingular matrix A can be written as A = R+ zy7,

where R is an upper triangular matrix, then y5p < 2(n — 1). The matrices of Theorem

5.1 and the matrices of Foster [3] are of this form.
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