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ABSTRACT

Distributed-memory multiprocessors are based on a collection of independent processing
nodes integrated through a point-to-point interconnection network. The presence of locally
generated or maintained data spawns the need for solving certain information dissemination
problems, alzo known as collective communications. They include: broadcasting where one
node needs to send one piece of information to all the other nodes; scattering where one node
needs to send different items of information to different nodes; gathering, the dual problem
of scattering, where one node collects data from every other node; multinode br«ndcasting
where every node needs to broadcast its own data; total exchange where every node needs
to perform scattering, that is every node has a different message to send to every other
node,

In this dissertation we study the above communication problems in packet-switched
networks under two capability models: single-port and multiport. We provide solutions
for specific networks as well as results applicable to general settings. In particular, we
design optimal scattering algorithms for extended rings and two-dimensional tori, we present
optimal total exchange algorithms in linear arrays and rings and we solve optimally the
aforementioned problems in fat trees.

For the multiport broadcasting problem we provide a general construction of broadcast
trees in multidimensional (cartesian product) networks. Under the single-port model we
derive new lower bounds. Known bounds on this problem become special cases of our
result.

For the single-port total exchange problem we construct an optimal algorithm for a large
number of node symmetric networks, the class of Cayley graphs. Complete graphs, rings,
circulants, hypercubes, cube-connected cycles, butterflies, belong to this family and our
construction is an optimal solution applicable to all these networks.

A general theory is also developed for total exchange in multidimensional networks. We
show that the problem can be decomposed to the simpler problem of performing total ex-
change in individual dimensions. We provide optimality conditions for any multidimensional
network under the single-port model and for homogeneous networks under the multiport
model. The analysis is applicable to many popular interconnection networks such as e.g.

hypercubes, meshes, tori (including k-ary n-cubes).
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Chapter 1

Introduction

There exists a wealth of practical scientific and engineering pioblems whose solutiorn: will
have a significant impact in advancing human civilization. These probiems, which have
been classified as “grand challenges” [14], include weather forecasting, genetic engineering,
petroleum exploration, fluid dynamics, aerodynamic simulations, to name just a few. Their
solution requires the use of extrem.., powerful (fast) computational systems.

The need for computational speed was always one of the driving forces that led to
technological improvements; one may anticipate that this will always be the case. However,
technology has physical limits, e.g. the propagation speed of signals in physical media. There
is probably a long way to go before approaching them but, nevertheless, they are there.
Apart from future predictions, it is a fact that today’s technology alone is not sufficient to
satisfy the ever-increasing demand for speed. Technological advances have been necessarily
combined with architectural improvements in the design of computing systems.

Advanced computer architectures are centered around the concept of parallelism. Par-
allelism means simply doing more than one thing at a time and clearly there is no limit (in
concept) to the number of concurrent actions. That is, if we have n functional components,
we can perform n different operations at a time, making thus our system n times faster.
Such a performrnce is, of couse, ideal. Although the major portion of an algorithm may
be parallelizeable for execution on the n components, there may exist segments of the code
for which this is impossible. In such cases, a simple relation known as Ahmdal’s Law [46]
shows that the departure from the ideal performance can be quite significant. Another lim-
iting factor is the time spent on communication between cooperative processes executing
on different functional components.

Parallelism car. be achieved within any of the SISD, SIMD and MIMD architectural
categories [34], in the form of pipelined processors, array processors and multiprocessors
respectively. The most general form of parallelism is associated with multiprocessors and

this is the class we concern ourselves with here.
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1.1 Multiprocessors and Interconnection Networks

Multiprocessors consist of maiy processirg elements (PE’s) which operate under the su-
pervision of a single operating system. Depending on the way the PE’s communicate with
each other, multiprocessors can be further classified as tightly coupled if communication
is achieved through shared memory modules or loosely coupled if communication occurs
through a message-passing processor interconnection subsystem. Because the second cat-
egory is the focus of this work, we consider the term ‘multiprocessor’ synonymous with
‘loosely coupled multiprocessor’,

In a (loosely coupled!) .ualtiprocessor, each PE is actually a complete computer module
with local memory and possibly an I/O subsystem. The whole system relies heavily on the

interconnection structure between the PE’s.

e |

_____.O

ey
N S |

Crossbar Switch

SWITCHES

- = wm wm = e

Multistage Network Static Interconnection Network

Figure 1.1. Multiprocessor interconnections

There have been many interconneztion schemes proposed and implemented, including
buses, crossbar switches, multistage networks and static networks (Fig. 1.1). Bus strue-
tures are attractive because of their low cost. Their performance, though, deteriorates as
the number of PE’s increase — improvement can be had with the use of multiple buses.
Crossbar switches yield the best possible performance because they provide a complete in-
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terconnectivity between the PE’s. Their cost is prohibitive, though, for more than a few
PE’s. Multistage networks involve one or more layers of switching elements that can be
programmed to provide different paths from their inputs to their outputs. It has been ar-
gued that multistage networks do not exploit computational locality. Such networks have
Lieen used mainly to interconnect processors and memory modules in tightly coupled mul-
tiprocessors and will not concern us here.

Static interconnection networks (or simply interconnection networks) have been adop-
ted as a cost-effective communication scheme between the PE’s. They consist of dedicated
point-to-point links between pairs of PE’s and can be circuit or packet switched much like
large scale and local area networks. The network is modeled as a graph where the vertices
correspond to PE’s and the edges correspond to links between PE’s. In what follows we use
the term node to ropresent a PE or its corresponding vertex in the underlying graph. Popular
networks include linear arrays, rings, meshes, tori, hypercubes, etc. (Fig. 1.2). Notice that
usually the links between nodes are bidirectional so that the graph is undirected; each edge
corresponds to two unidirectional links.

For communication to occur between processors, paths should be established over which
messages will be exchanged. This is the responsibility of the router; given a source node
and a destination node, routing policies determine the intermediate nodes and links to
be traversed in order for messages to travel from the source to the destination. Routing
policies need to be simple and fast. The requirement for simplicity and for inexpensive
communication hardware is also responsible for the regular and symmetric nature of most
popular interconnec. sn networks.

Apart from its topology and its routing policies, an interconnection network is also
characterized by its flow control algorithm and its switching mode [52]. Flow control is
responsible for decisions when a resource collision occurs. For example, consider a packet
traveling to a destination and assume that an intermediate node that lies on the path finds
the next link busy. The flow control algorithm may decide to drop the packet, stop it
in place, remove it and buffer it, reroute it, and so on. Switching is the mechanism that
forwards packets from an input channel to an output channel.

In packet switching, a packet is received in its entirety by an intermediate node and
it is buffered immediately. It is placed on the output channel as soon as this channel is
free and the next node has space in its packet buffers. Because of the overhead associated
with buffering, virtual cut-through was proposed whereby the header of the packet is ex-
amined before the whole packet is received, and the packet starts immediately flowing to
the appropriate output channel, as long as this channel is free. Buffering occurs only if the
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1. Introduction 5

output link is busy. In circuit switching on the other hand, a physical circuit is constructed
between the source and the destination during the ‘circuit establishment’ phase. In the
‘packet transmission’ phase the packet is transmitted along the circuit to its destination;
the circuit.is dedicated to the two nodes for the whole period. After transmission is complete
the circuit is released. Wormhole routing stands between virtual cut-through and circuit
switching. A packet is divided into very small parts called flits. These are forwarded in a
cut-through manner one after the other, in a pipelined fashion, resembling a moving worm.
The head flit determines the direction of the ‘worm’. Whenever the head flit is blocked at
some node, all other flits are also blocked at their places. A physical link can be multiplexed
to accommodate many virtual channels. In effect, although some worm may be blocked at

some links, another worm may continue moving over the same links.

1.2 Communication Modes

Apart from the necessity of communication between a pair of nodes, there is a need for
other forms of communication which we call communication modes and which have been

identified as follows.

1. (Single node) broadcasting, where one specific node has to send the same data to all

the other nodes in the network.
2. Multinode broadcasting, which involves simultaneous broadcasting from every node.

3. Gathering, where a specific node has to receive separate data from each of the other
nodes, and scattering, the dual problem of gathering, where a certain node needs to
send different data to each of the other nodes.

4. Total exchange, a multiple scattering/gathering operation, where every node has dis-

tinct data to send to every other node.

Notice the difference between broadcasting and scattering: in the second case different data
are sent to each node.

It is worth noting that in the literature the terminology is not standard yet; we have
followed Bertsekas et al [5, 4], Multinode broadcasting is also known as gossiping or all-to-all
communication [65], while Saad and Schultz [59, 60] named it ‘total exchange’. Scattering
is also known as one-to-all personalized communication [36, 6] and total exchange is termed
all-to-all personalized communication in [LC] and multi-scattering in (59, 60]. The above
communication modes are also known as collective communications. It is also important to

note that the above list does not exhaust all communication possibilities. Other operations
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have also been studied, e.g. multicasting [43], a generalized form of broadcasting where the
receiving nodes may form a proper subset of the nodes in the network.

The importance of efficient communication algorithms has been realized in the context
of linear algebra c~mputations {27, 35]. The aforementioned communication modes arise
quite naturally in other contexts as well. For example, broadcasting is essential in many
techniques for achieving synchronization among nodes of an asynchronous network [68], for
detecting the termination of distributed algorithms [66] and for other system maintenance
purposes. We illustrate the need for these communication patterns through an example

numerical application on an arbitrary network of n nodes.

Ezample:
A large number of numerical algorithms for linear and nonlinear problems are centered

around an iteration of the form

a(t+1) = £(a(t)) (1.1)

where f is a function from R" to R" and z(t), t = 0,1,..., is a sequence of n-dimensional
vectors as generated by (1.1). Iteration (1.1) is sometimes referred to as relazation iteration.
Jacobi-style, Gauss-Seidel and successive over-relaxation (SOR) methods for solving systems
of linear equations [62] can be written in the form of (1.1); in this case f is linear and the
iteration can be written as

z(t+1) := Az(t) (1.2)

(plus a constant possibly), where A is an n X n matrix, Statement (1.2) is essentially
a matrix-vector multiplication. To execute it we organize the multiprocessor as follows:
matrix A is stored in row-major manner, i.e. its rows are distributed among the n nodes. It
may be the case that z(i + 1) is needed in its whole at every node, possibly for subsequent
computations of the algorithm. Then, node i, i = 1,2,...,n, computes the inner product
of the ith row of A with z(t) and forms the ith component, z;(t + 1), of (¢ + 1), In order
for every node to form z{t+ 1), node i needs to send z;(t+ 1) to every node (for all {). This
is immediately recognized as a multinode broadcast problem.

On the other hand, it may be that node i needs only store z;(t + 1) instead of the
whole vector z(t + 1), as is the case with many distributed asynchronous algorithms [5).
Distributing the components of the initial estimate, z(0), from some node to the other nodes
(node i receives ;(0)) reqnires a scattering operation. After enough applications of (1.1)
or (1.2) satisfactory convergence is possibly reached (according to some criterion) so that

the algorithm terminates. The result is a vector z(t), for some t, and has its components
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distributed among the nodes. To collect the result at a certain node, we need every node 4
send z;(t) to the designated node. This is accomplished through a gathering operation.
Sometimes, depending on the sparsity structure of matrix A, it may be advantageous [5]
to store A in column-magjor fashion, whereby node ¢ holds the ith column of A. Changing
the storage scheme from row-major to column-major (or vice versa) requires the distribution
of the ith row to the other nodes, node j receiving the jth entry of row 4, A;;. This is to
occur for all n rows, leading to an instance of the total exchange problem. Notice that in
the above operation we essentially transpose A and this is the reason that total exchange

was considered synonymous to matrix transposition in [59, 60]. O

It can be seen [5] that scattering and gathering have increased communication require-
ments with respect to broadcasting; multinode broadcasting is at least as time consuming as
scattering/gathering; and total exchange is the most time demanding of all. It is also worth
noting that given an algorithmn for the scattering problem, an algorithm for the gathering
problem (and vice versa) is produced simply by reversing the data paths. This is to say
that the two problems are considered equivalent in terms of time requirements so that we

can concentrate only on scattering, without loss of generality.

1.3 About This Work

In this work we focus on the analysis of the communication modes discussed in the previous
paragraphs and on the design of algorithms to implement them in specific networks. Some
of the contributions of this thesis include: general bounds on the broadcasting problem
for arbitrary networks; optimal total exchange aigorithms for linear arrays and rings; a
theory for broadcasting and total exchange in multidimensional networks; a theory for
total exchange in Cayley networks; a complete set of communication algorithms for fat tree

networks. The topics are organized as follows:

Chapter 2. Related graph-theoretic terminology and some interconnection networks
of interest are introduced formally. Multidimensional networks form an important class
of topologies for parallel machines. We review some of their properties and derive new
ones related to our study. In addition, we state the major assumptions pertaining to the

communication model we are going to follow.

Chapter 3. Here we consider single-source communications (broadcasting and scatter-
ing/gathering). First we review general strategies for solving the broadcasting problem and
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provide coustructions for certain graphs, including multidimensional ones. We then proceed
with a derivation of general lower bounds for the problem in arbitrary networks. Certain
bounds known from the open literature become special cases of our formulas. The problem
of scattering is examined next and we show analytically that the time requirements are in-
dependent from the topology of the network under the single-port assumption (introduced
in Chapter 2). Optimal scattering schemes are given for extended rings and tori under the

multiport model.

Chapter 4. Total exchange is the densest of all the communication problems stated
previously. The known general bounds for this problem are given in this chapter. We then
proceed to develop optimal total exchange algorithms for two important networks: the linear
array and the ring. The algorithm for linear arrays is the onlv optimal algorithm known in
the literature. For rings, optimal algorithms were known for the cases where the number
of nodes is odd; our algorithms are optimal for any number of nodes. Under the single-
port model, we develop an optimal solution for any Cayley network. Rings, hypercubes,
(wrapped) butterflies and cube-connected cycles are only a few of the important networks
in the Cayley class that can take advantage of the developed theory. Optimal algorithms

were previously known for only two specific Cayley networks.

Chapter 5. Efficient solutions to most communication problems are necessarily topology-
specific. Nevertheless, we show here that it is possible to develop a general total exchange
theory for important classes of networks such as multidimensional ones (defined in the next
chapter). It is seen that lower bounds and algorithm construction can be had based on
bounds and algorithms for each dimension separately. The theory is novel and in effect

provides solutions for a whole class of graphs.

Chapter 6. Fat trees are networks based on complete trees and seem quite promising
candidates for massively parallel computing; they have already been utilized in certain com-
mercial machines. Fat trees differ in many ways from all the other networks we consider in
this thesis. We study in detail the communication problems in the context of such networks

and we provide algorithms for all problems and for different network configurations.

Chapter 7. Tkis is the final chapter, summarizing the work and concluding this thesis.
We review the major contributions and we identify issues that may form subjects for further

research,




Chapter 2

Networks and Communication
Model

2.1 Graph-theoretic Definitions

We are going to utilize some standard graph terminology which can be found in any text on
the subject (e.g. [28, 12]). A graph consists of a set of vertices, V, interconnected by a set of
edges, F, symbolized as G = (V, E). If the edges have no direction the graph is undirected
otherwise, it is directed. Unless otherwise stated, graphs will be assumed undirected.

The edge e that connects vertices v and u is written as e = (v,u) and is said to be
incident with v and u. If (v,u) € F then v and u are adjacent to each other. Vertices
adjacent to v will also be called neighbors of v. A vertex v has degree d,, if it is incident
with exactly d, edges. In a regular graph G, all vertices have the same degree, equal to dg.

A path from v; to v is a sequence of distinct vertices P = wvy,...,v; such that for
every i, 1 <1 < k, the edge (v;,vi41) is in E. Alternatively, a path could be defined as an
alternating sequence of vertices and edges such that the vertices are distinct and every edge
ie incident with the vertex preceding and the vertex following it in the sequence. A cycle
is a sequence of vertices C = vy,...,vy such that all vertices are distinct except v; = vy,
and (v, vi41) € E for all 4,1 < ¢ < k. Alternatively, a cycle can be viewed as a path plus
an additional edge joining the first and the last vertices of the path. The length of a path
is equal to the number of edges it contains, which is equal to the number of its vertices
minus one. We should note that we will always consider graphs in which there exists a path
between every pair of vertices in V; that is we consider only connected graphs.

The distance between v and u, dist(v,u}, is the minimum length of a path between
v and u. Consider the maximum distance from vertex v: let u be a vertex such that

dist(v,u) = maxyey dist(v,w). Vertex u is an eccentric vertex for v and the eccentricity of
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Figure 2.1. Trees

v is e(v) = dist(v,u). The maximum eccentricity among all vertices is the diameter of the
graph,

A subgraph of G = (V,E) is a graph H = (U,F) such that / C V and F C E. A
spanning subgraph of G has U = V. A tree is a connected graph that has no cycles,
Finally, a spanning tree of (7 is a spanning subgraph of G that is a tree.

Let G be a tree. Any vertex with degree equal to one wiii be called a leaf vertex and
it is known that there exist at least two such vertices in any tree [12]. In most cases we
will talk about a certain vertex in the tree, called the root, The tree will be drawn in a
top-down manner with the root being the top vertex as in Fig. 2.1, The height of the tree is
equal to the eccentricity of the root vertex. Vertices with the same distance from the root
are said to belong to the same level of the tree. In trees there exists a unique path Lotween
any pair of vertices. Consider this unique path from the root to a vertex v in the tree, The
vertex preceding v in the path is the parent of v. All the other neighbors (if any) of v are
its children and are usually depicted below vertex v. Finally, if v is a vertex other than the
root, the tree induced by vertices whose unique path from the root passes through v will be
called the subtree rooted at vertex v. One fact that will be useful in later sections is that
any tree with n vertices has n — 1 edges. Also, any connected graph with n vertices and
n — 1 edges is a tree.

In this thesis we use the terms ‘graph’ and ‘network’ interchangeably. We are going
to use the term ‘node’ to denote either a processing element in the multiprocessor or its
corresponding vertex in the underlying graph. The term ‘link’ is taken as synonymous to
‘edge’. In most cases we will have each node labeled by a unique name, called the address
of the node. The set of nodes will be equivalent to the set of their addresses,




2. Networks and Communication Model 11

1 {a,1) BHE o (bl 1)
a b 2 O (@ 20OH—O) | (b, 2)
O—-0
30 (@, 3PT O | v, 3)
Gl G2 Gl x G2

Figure 2.2. Cartesian product of two graphs

2.1.1 Muitidimensional networks

For our purposes, it is also useful to define the (cartesian) product of graphs [12]. Given k
graphs G; = (V;, E;), i = 1,...,k, their product is defined as the graph G = Gy x - - - x G}, =
(V, E) whose vertices are labeled by a k-tuple (vy,...,v;) and

V= {('Ul’---,vk) |vi € Vyi= 1,...,k}
E= {((“1."'"”k)’(uh'-':“k)) } 35 s.t. (vj,u;) € By and v; = u; for all ¢ #j}.

Such products of graphs are also termed multidimensional graphs here and G; is called
the ith dimension of the product. The ith component of the address tuple of a node will be
called the ith address digit or the ith coordinate. An example is given in Fig. 2.2. Dimension
1is a two-node graph with V) = {a, b} while dimension 2 cousists of a *hree-node cycle with
V2 = {1,2,3}. Their product has the n~de set given by:

V= {(a,, 1), (a,2),(a,3), (b, 1), (b,2), (b, 3)}

According to the definition, node (a, 1) has the following neighbors: since node a is adjacent
to node b in the first dimension, node (a,1) will be adjacent to node (b,1); since node 1 is
adjacent to both nodes 2 and 3 in the second dimension, node (a,1) will also be adjacent
to nodes (a,2) and (g, 3).

For multidimensional graphs it is known that if v; has degree d,; and eccentricity ei(v;)
in G; then the degree of v = (vy,...,v;) and its eccentricity in G are given by

k
dy = 3 dy (2.1)
i=1

k
e(v) = Y ei(w) (2.2)

i=1
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Also, if dist;(v;,u;) is the distance between v; and u; in G; then the distance between

v = (v1,...,v;) and 2 = (ug,...,u) in G is

k
dist{v,u) = Y dist;(vi,w;). (2.3)

i=1

In the context of multidimensional graphs it will be convenient to use the don’t care
symbol ‘4’ as a shorthand notation for a set of addresses. An appearance of this symbol at
an element of an address tuple represents all legal value= of this element. In the previous
example, (a,*) = {(a,1), (a,2), (a,3)}, (*x,1) = {(a,1), (b,1)} while (¥, *) denotes the entire
node set of the grapk.

The efficiency of a multiprocessor interconnection structure is closely related to the
characteristics of the underlying graph. For example, the degree is in direct correspondence
with the amount of communication hardware required at the nodes. On the other hand,
the diameter determines the maximum delay that a message has to suffer when traveling
between two nodes. Loosely speaking, multidimensional graphs have the desired fenture
of relatively small diameters but low-dimensioned graphs, on the other hand, yield better

erformance when it comes to VLSI implementation [15], due to their smaller degrees,
% g

2.1.2 Symmetry

In most cases, especially for general-purpose machines as opposed to machines optimized for
a specific problem, the interconnection possesses some type of symmetry. This symmetry is
usually expressed as “every node has the same view of the network”. Such a characteristic
is quite desirable since the implementation of the network is based on only one design: a
single type of node with a single type of communication hardware, No node is “special” or
different than the others.

A graph is node symmetric (or vertex transitive) [8, 12] if there exisis a mapping of any
vertex to any other vertex such that the edges are preserved. Formally, an automorphism
a of a graph is a one-to-one mapping of the vertices to the vertices such that edges are
mapped to edges, That is, (a(v),a(u)) € B iff (v,u) € E. A graph G is node symmetric if
for any two vertices v and u there exists an automorphism a of G such that a(v) = u.

It is easy to see that multidimensional graphs consisting of node symmetric dimensions
are also node symmetric. Let G = G1 X+ X G}. Assuming that every dimension G} is node
symmetric, we will show that G is also node symmetric, Consider any node v = (vy, ..., %)
and pick any other node v/ = (v}, ...,v}). Let a; be an automorphism in the jth dimensior
that maps v; to v;u Such an automorphism exists since G; is node symmetric, Consider
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the one-to-one mapping
a(viy. .., o) =(a1(vt), ..., on(vr)).

Clearly this maps v to v'. We only need to show that the mapping preserves the edges.
If (u,w) was an edge in G then by definition all coordinates of u and w are the same
except the jth, for some j, where (u;,w;) € E;. Since u; = wj; for all ¢ # j, we have
that a;(u;) = a;(w;). Since a; preserves the edges in Gj, we have that (uj,w;) € E; =
(j(u;), oj{w;)) € E;. This shows that (a(u),o(w)) € G, proving the claim.

Node symmetric graphs are regular (every node has the same degree) and if n;(») is
the number of nodes at distance j from v then n;(v) = n;(v') for all v’ in G and for all j.
A direct consequence is that the eccentricities of the nodes are the same, all equal to the

diame’er of the graph.

2.2 Node-disjoint Paths in Multidimensional Networks

The most basic form of communication in interconnection networks is communication be-
tween a pair of nodes. This is accomplished by constructing a path between the two nodes of
interest. In any (connected) k-dimersional graph, a path between two nodes v = (vy,...,v;)
and v = (ui,...,u) can be constructed as follows. Since dimencion ¢ (G;) is connected,
there exists a path between nodes v; and u; in Gj, denoted as v; — u;. Then the following

is a path from v to u in G:
(v1, 02,00y k) = (u1,v2,. 00y 0k) = (ugyuzy o0y vp) = 0o = (ug,ug,. .0 Uug).

This method of path construction is sometimes referred to as coordinate correction since the
path traverses dimensions sequentially, and in dimension 7 it aims at “correcting” the ith
coordinate of v to the ith coordinate of . As an example, consider the graph in Fig. 2.3(a).
A path from node (1,1) to node (2,3) is

(1,1) = (2,1) = (2,3),

where (2,1) - (2,3) is the path ((2,1),(2,2),(2,3)). Notice alsc that “partial” corrections
are possible where, while traversing dimension i for example we o not reach up to node
#; but rather reach an intermediate node «;, then t.averse other dimensions and return
later to the ith dimension to correct from z; to u;. Fig. 2.3(b) shows an example. We
first correct partially the second dimension (vertical) from (1,1) to (1,2), then correct the
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Figure 2.3. Paths in multidimensional graphs

first dimension (horizontal) from (1,2) te (2,2) and complete the correction in the second
dimension from (2,2) to (2,3).

Reliability and speed requirements make multiple node-disjoint paths (i.c. paths that do
not share any node except the first and the last one) between a pair of nodes quite desirable.
If there was only a unique path bztween two nodes then failure in any of the intermediate
nodes of the path would result in an inability to communicate. The presence of more
than one path that utilizes different intermediate nodes offers thus improved reliability, In
another context, when moving large amounts of data between a pair of nodes and there
exist p node-disjoint patiis between them, the most efficient scheme is to partition the data
into p equal parts; sending each part over a different path completes the transfer in 1/pth
the amount c¢f time it would take if we utilized only one path., We ate thus inlerested in
constructing as many node-disjoint paths as possible between any pair of vertices,

We show here that in a multidimensional graph G = G X +++ X G where in the ith
dimension there exist p; node-disjoint paths between v; and u;, there exist }:ﬁﬂpi nodle-
disjoint paths from v = (u1,...,v) to u = (u,...,up).

Let @1, @2, ..., 24, be the “penultimate” nodes in the paths of the ith dimension, i.e.
the nodes which are adjacent to u; in each of the p; node-disjoint paths between v; and
t;. The ith class of paths we will construct consists of first correcting partially the ith
coordinate up to the penultimate nodes, then the (i 4+ 1)th, ..., kth, 1st, ..., ( = 1)th
dimension in sequence and finally completing the correction of the ith dimension from the

penultimate nodes to wu;:

(V1ye ey Vi Uiy Vit g ooy U) = (V1y0 00 Vind, i, Vik1y s o 4 V)
= (Ulye ooy Viedy iy WideDy o s oy Vi)
.-’ ey

= (Uys e o U]y Bify Uik Ly« 0y Uk)

-

(uh vooy Uimedy Uiy Uidedy s v o ULy
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foralij =1,2,...,p;. Notice that since the paths from v; to z;; do not share any intermedi-
ate nodes with paths from v; to z;; (j' # j), the p; paths in this ith class are node-disjoint
just before they leave the ith dimension. After we leave the ith dimension, every node in
the jth path has its ith digit equal to z;; until the very last edge is traversed in order to
correct the ith dimension to u;. Consequently, since the x;; are distinct, there is no node
in common between the p; paths in the the ith class. Furthermore, it is not very hard to
see that there are no nodes in common between the ith class and the i'th class for any
i # 4, due to the different sequence of corrections. The conclusion is that there exist 3 p;
node-disjoint paths from v to u as claimed,

There is only one more case to consider. If v; = u; then clearly p; should be zero.
Nevertheless, we can construct ¥ p! node-disjoint paths between v and u where pi = p; if
v; # u; and p} = d,, (the degree of v; in G;) if v; = w;, as follows. Use the construction
given above for all classes ¢ such that v; # u;. For a class ¢ for which v; = w;, let the
“penultimate” nodes z;;, j = 1,...,d,,, be the d,, neighbors of v; in G; and follow the same

construction, We have thus proven the following:

Theorem 2.1 There ezist Y X p; node-disjoint puths between nodes (v1y...,0) and
(u1,...,u4) in G1 X ... X Gy, where p; is the number of node-disjoint paths between v; and
ui in Gy ifvi#ui, andp;=dy; ifv;=u;. 0O

2.3 Some Networks of Interest

Linear Array

A linear array is one of the simplest interconnection networks; it is a graph L,, consisting
of a path on n nodes, which are labeled 1 to n as shown in Fig. 2.4. Nodes ¢ and i + 1 are
adjacent for all 1 <7 < n —1. The diameter is clearly equal to n — 1. The degree of each

node is 2 except for nodes 1 and n which have degree 1.

Ring

A ring R,, is an n-node graph consisting simply of a cycle. Nodes are labeled in a clockwise
manner from 0 to n — 1, and node ¢ is adjacent to nodes i -1 mod n as in Fig. 2.4. Rings

are regular graphs with degree 2 and diameter equal to [n/2].




Extended Ring

Linear Array
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g
n-2 ~' 2

Ring

Figure 2.4. Linear arrays and rings

An extended ring Ef, consists of a ring enriched with additional edges which in effect give

a graph with a smaller diameter. Specifically, if the ring has n nodes, then in Ef node

i is adjacent to nodes i £ 1 modn, i+ 2modn, ..., i + p mod n, where p £ nf2 is the

connectivity parameter. The ring in Fig. 2.4 has p = 1. Fig. 2.5 shows E%,. These graphs

are a special case of certain node symmetric graphs called circulants [10] and have degree
equal to 2p if p < n/2 (20— 1 if p=n/2) and diameter equal to [|n/2]/p].

Mesh

Figure 2.5. Eztended ring B,

Merhes are cartesian products of linear arrays, see Fig. 2.6. One can see that in the 4 x 3 x 2

mesh, the first dimension (vertical) is a linear array of 4 nodes, the second dimension

(horizontal) is a linear array of 3 nodes and the third dimension is a'2-node linear array.
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For illustration purposes, we concentrate on square two-dimensional meshes, i.e. n x n
meshes. In such a graph, vertices are labeled as (4,5), 1 < i < n,1 < j < n. Vertices
(¢2,7) and (k,l) are adjacent if [ —k| =1and j =1, or [j —!] = 1 and i = k, that is,
without considering the boundary nodes, node (%, j) is adjacent to nodes (i +1, 5), (i — 1, 5),
(¢, +1), (i,7 —1). On the other hand, a boundary node has degree 3 and the four
corner nodes have degree 2. A minimum length path from node (4, 7) to node (k,!) can be
constructed by traveling in the ith row till we meet column ! and then in the /th column till
row k. Consequently, the diameter of the mesh is equal to 2n — 2, since this is the distance
between nodes (1,1) and (n,n).

i)

R (1,m) -l -
0,0} J ]J:(o, 1 (0, n-1)

(2,1 @, I »)
(1,0)\? {1,n-1)

4%x3x2 Hesh nxn Hesh nxn Torus

Figure 2.6. Meshes and tori

Torus

Tori are products of rings, see Fig. 2.6. Tori with m dimensions and 7 nodes per dimension
are also known as n-ary m-cubes, We concentrate on the n X n torus (or n-ary 2-cube).
Vertices are labeled by (4, 5) where 0 < i <n—1and 0 < j < n—1. Vertex (i, 7) is adjacent
to the four vertices (i1 mod n, j) and (4, 1 mod n), for all i and j. A minimum length
path is constructed as in the case of meshes but when moving in a row or a column we

select the shortest of the two available paths. The diameter is equal to 2[n/2].

Hypercube

There are several ways to define a hypercube, Q, consisting of n = 2% nodes. One is to view
it as a cartesian product of d linear arrays (or rings) of two nodes each. A more informative
way though is to represent each node with an address between 0 and 24 — 1. Two vertices
are adjacent if the binary representations of their addresses differ in exactly one bit, see also
Fig. 2.7. Qq is also called binary d-cube or simply d-cube. The degree and the diameter of
Q4 are equal to d = logyn.
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2-cube 3~-cube

Figure 2.7, Hypercubes

Hypercycle

Hypercycles are products of extended rings. Each extended ring has its own connectivity
parameter p;, i = 1,2,...,d, in an d-dimensional hypercycle. The degree and the diameter of
the graph are the sum of the degrees and of the diameters, correspondingly, of its dimensions.

Tori and hypercubes are hypercycles with p; =1, for all 3.

2.4 Communication Model

After defining the networks of interest, we now describe the assumptions we are going to
make in order to model communications among the nodes. Nodes are supposed to exchange
information in the form of messages. Messages traverse a path from a source node to
one or many destination nodes. We will assume that the networks are packet switched. As
explained in Chapter 1, this means that messages are split in packets of fixed size and a node
must receive a packet in its entirety before using it or forwarding it to another node. In this
thesis we will follow the common approach of treating the terms ‘message’ and ‘packet’ as
synonymous; in other words, for the information exchange in the communication problems
we consider, we will take the packet size to be equal to the size of the message(s) exchanged.

One may model the time taken for transferring a message between two nodes as follows:
if t, is the set-up time (preparing a link for transfer) and ¢, is the propagation time of a
single bit of data over a physical link, then a message (or packet) consisting of L bits is
transferred in time

t=t,+ Lt

This is referred to as the linear model. In this thesis we will follow the constant model where
t does not depend on the message length. This is a usual assumption in the literature when

studying theoretical properties of communications in networks. It is valid if the message
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sizes are small so that the term Lt, is negligible as compared to t;. The set-up time in
most of the commierciai machines is known to be quite large as compared to the propagation
delay [24, 21]. We are thus going to assume that transferring a message over a link requires

constant time, and we will normalize this time to unity
t=1 time unit.

We will also refer to one time unit as one step.

Usually, we will be interested in optimizing the time needed for a communication oper-
ation. Such optimizations under the linear model are difficult (if not impossible) in many
cases and the common practice is to optimize with respect to the total number of transmis-
sion set-ups and/or propagation delays separately. In view of this, optimization under the
constant model which we are going to assume here actually results in optimization of the
number of set-ups under the linear model. We should lastly point out that there have been
some authors who considered different time models as discussed in [25].

The next issue concerns the bidirectional nature of the links. We have already mentioned
that we deal mainly with undirected graphs where an edge between two nodes v and u
actually corresponds to two links, one from v to v and one from u to v. Thus each edge can
accommodate two directions of movement. An edge is half-duplex if only one direction can
be accommodated at a time or full-duplez if both directions can be used siinultaneously.
Since a half-duplex edge can emulate a full-duplex one in two time steps, we will only
consider full-duplex links. Any algorithm we will present can be trivially executed over
half-duplex links with a slowdown factor of at most two.

The final parameter to our model is port availability. A node of degree d has d neighbors,
hence d communication ports. Depending on the implementation of the machine, such a
node may be able to send messages only to one neighbor at a time. This will be referred to
as the single-port assumption and is suited for many early and current parallel machines.
Unless otherwise stated, we will assume that each node can also receive at most one message
in each step. Actually, our arguments will also work in the case where more than one
reception is allowed (but only one message can be sent at a time). The multiport assumption
relaxes these restrictions, that is, a node can communicate (send and receive messages) with
all its neighbors simultaneously. The nCUBE-2 is one example of a machine that allows this
overlapping of ports [47]. In many cases the design and the performance of communication

algorithms is heavily dependent on the port availability assumption in effect.
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Chapter 3

Single-source Communications

In this chapter we consider communication patterns for which one particular node needs
to communicate with all the other nodes in the network. First we take a closer look at
broadcasting where one node must disseminate a unique message. Under the multiport
model we review the known results and we give a general construction for multidimensional
networks which can be viewed as a generalization of the binomial tree for hypercubes. If
the single-port assumption is in effect, there is no known result that determines the time
needed to perform broadcasting in arbitrary graphs. Studies in the literature deal primarily
with specific networks. If the network is not known one may only determine lower bounds
on broadcasting time based on given properties of the network. For this case, we derive
analytically new lower bounds which include some known bounds as special cases.

The problems of scattering and gathering are examined next. Gathering algorithms can
be had from scattering algorithms (and vice versa) by r-versing the directions of the paths
traversed [5] so there will not be a special treatment of gathering here. We show first that
under the single-port model scattering is always completed in |V'| — 1 steps where |V is the
number of nodes in the network. It is seen that this may be achieved by any spanning tree
of the network. For the multiport model there exists only a straightforward lower bound
which may not always be tight. Through counterexamples it is seen that scheduling over
a spanning tree is not always optimal. We finally examine scattering in the context of

extended rings and tori.

3.1 Broadcasting Under the Multiport Model

It is known that if nodes can communicate with all their neighbors simultaneously then
broadcasting from a node v requires e(v) steps where e(v) is the eccentricity of v. A simple
algorithm is the following: once a node receives the message it sends it to all its neighbors.

Of course, many nodes will receive the message more than once. One is thus interested
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011

Figure 3.1. Broadcasting in Qg

in eliminating redundancies. This may be achieved with any tree of height e(v) rooted at
v, e.g. a shortest-paths spanning tree of the graph such as one constructed by Dijkstra’s
algorithm or by a breadth-first search of the graph [28].

For hypercubes, a tree suitable for broadcasting is the well-known binomial tree [63, 36).
Assuming that we broadcast from node 00--- 02 in Qy, the binomial tree is constructed as
follows: the root node sends the message to its d neighbors 10--.0,01--:03,...,00-- 15.
When a node with binary address by :--b,100---0 receives the message, it sends it to
nodes by_y---b;110---0, by_y---6,101---0, ..., bg_q---bx100--1. The general principle
is that an intermediate node receiving the message through a link in dimension & informs
its neighbors in all dimensions lower than k. An example in Q3 is given in Fig. 3.1,

For other topologies, constructions of spanning trees with various properties have been
given in [5, 25]. We have given an optimal spanning tree for broadcasting in extended rings
elzrwhere [17] (a short description follows shortly). An example is given in Fig. 3.2 for E},.
Noticc that this is not a shortest-paths spanning tree since node 8 is reached through a path
of length four although its distance from node 0 is three. Nevertheless the height of the tree
is equal to the diameter of E%, which is enough to guarantee optimality. More importantly,
tiir tree can be generated “on the fly”, that is, when the message reaches an intermediate
node, the node can find out to which neighbors it should be sent (i.e. find its childicn in
th~ tree) without any global information. This leads to a fully distributed broadcasting
algorithm that uses only local information at each node,

Below we outline the broadcasting algorithm that implicitly constructs such a spanning

tree for Ef. For integers %, j, let {® j and ¢ © j be their sum and difference modulo n. Let

D = [L’%ﬂ] (the diameter)

- [
n—(w+D)p-1.

>
it
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Figure 3.2. Broadcasting in E,

The source node attaches a “weight” field to the message. If node i is the source node,
then it sends the message with weight D to its neighbors in the clockwise direction, i.e.
nodest @1, ..., ¢ @ p. It also sends the message to the first & counterclockwise neighbors
(nodesi©1, ..., {© k) with weight w+1 and to the remaining counterclockwise neighbors
(nodesi© (k+1), ..., O p) with weight w. Any node j receiving the message follows the
algorithm:

1. decrease weight by one

2. if weight is zero then stop

else send message to node j @ p if it was received from the counterclockwise

neighbor or to node j & p otherwise.
Without going into more detail, we mention some of the properties of the generated spanning
tree [17]:
e the root has 2p children,
® each subtree rooted at a child of the root is a path,
e p of these subtrees have height D — 1, k have height w and p — k have height w — 1,
o a furthest node from the root is at distance D.

The last property shows that broadcasting with this scheme takes the minimum possible

time.

3.1.1 Broadcast trees in multidimensional networks

Consider a graph G = G1 X <+ X G}, and assume that we want to broadcast from a node
v = (v1,...,v;). We will provide a recursive construction of a spanning tree for G, rooted at

node v. This tree can be seen as a generalization of the binomial tree for hypercubes in the




3. Single-source Communications 23

sense that when a node recejves the message from a neighbor in dimension i it broadcasts
in all dimensions lower than ¢. The only difference is that it also takes part in broadcasting
within dimension <.

Let T*~1) be a spanning tree for broadcasting from node (v1yeeeyUk1) I Gy X X Gp_1
and let T,f,') be a spanning tree for broadcasting from node v; in G4, 1 =1,2,...,k. Then a

spanning tree T*) for @ is derived as follows:

Construct |V}| copies of T(*~1) and attach a kth digit z; to the address of all

vertices in the jth copy, where x; € G, j =1,2,...,|Vi/|.

Interconnect nodes (vy,...,v5-1,*) using the edges of Téf), ie. if (zj,2j) € T,Sf)
then ((1)1, ey Va1, T5), (v, . ,vk_l,:vj:)) e T®),

An example is shown in Fig. 3.3 for broadcasting from node (2,3,1) in the three-
dimensional 3 X 4 X 2 mesh. A broadcast tree for the first dimension (horizontal) is con-
structed (TV = Tz(l)). Then four copies of T{(}) are made, a spanning tree for the second
dimension (vertical) is constructed (Téz)), and vertices (2,%) are interconnected according
to T§2) ; this results in T(®). The procedure is repeated once more for the third dimension

to obtain the final tree T®).

Theorem 3.1 The above construction yields a spanning tree of G = Gy x - - - X G}, rooted at
(v1y...,9). Moreover, if the height of T,S:) in G; is equal to e;(v;), the height of the above
tree is equal to e(v).

Proof. If there exists only one dimension then trivially T(Y) = T,S,l ) , & spanning tree of G

with the claimed properties. Assuming as an induction hypothesis that the theorem is true
for k — 1 dimensions, we will show it holds for k¥ dimensions.

From the hypothesis it is seen than T*-1) is a spanning tree of G' = Gy X +++ x Gp_1.
Thus the node set of T*~1) is the (k ~ 1)-tuple (,...,%), i.e. the node set of G'. T®
is constructed from |Vi| copies of T(*~1) and the Jjth copy has node set described by the
k-tuple (x,...,*,&;), ; € V%. Lince z; takes all possible values in dimension k, the node set
of T} is the k-tuple (¥,...,%,*) which is equal to the node set of G. Also, T®) only uses
edges in G as seen easily from the construction. The conclusion is that T is a spanning
subgraph of G.

We only need to show that T™*) is a tree. T*) is connected since there is a path from
(v1y...,t) to any node (uy,...,up): correct first the kth dimension to u;. by following edges
of T.f,f') and then follow the (unique) path in T*-1) to correct the rest of the dimensions.
Since T(*~1) is a spanning tree of G/, it has |[V'|-1 = [Vi]++|Vi-1]|—1 edges (see Section 2.1).
T™® has |V3| copies of T~ plus the edges of T.Sf) which must be |Vi|~1 in number. Thus
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Figure 3.3. Broadcasting in the 3 x 4 x 2 mesh

T® has in total [Vi| — 1+ |[Vi](JV’| = 1) = |V| ~ 1 edges. Since T*) is a connected graph
on |V| vertices with |V| — 1 edges it must be a spanning tree.

If the height of T*~1 is equal to the eccentricity of (viy...yvk—1) in G', which is
%1 e;(vi) according to (2.2), and the height of T.ff) is equal to ex(vy) then the height of
T® is clearly X | e;(v;), the eccentricity of (vy,...v;) in G. .

Consider some node u = (uy,...,%i-1,%;, it1,...,u;) other than the root node, and
its parent in T® w = (uy,...,ui—1, Wi, Uit1,...,u;) for some i. Because the edges of the
tree are derived only from edges of the trees T.f,’ ) v J=1,2,...,k, it is seen that w; was the
parent of u; in T,ff) . Moreover, since only nodes (vy,...,v;_1,*) were interconnected when
constructing T, it must be the case that u; = v;, «v vy Uj—] = Vi-1. Since u; has a parent
in T.gf), it means that u; # v;. Consequently, no node (vy,...,vi1,u;,%,...,%) is inzident

with edges from trees T.Sf) for j > i. The conclusion is that node u has no neighbors in
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dimensions 7 > 7 in the tree. If its parent is in dimension ¢ then all its children lie in
dimensions lower or equal to ¢; it will have a child in dimension 7 only if u; is not a leaf in
T,sf) This is exactly the behavior of the binomial tree in hypercubes. Only in that case,
each dimension has only two nodes; u; is always a leaf in T.S,’) and thus it never has a child

in dimension 7 in the final broadcast tree.

3.2 Broadcasting Under the Single-port Model

Consider a graph G and assume that a vertex can only communicate with one neighbor at a
time. Let B(v) be the (minimum) number of time units required to complete broadcasting
from node v, called the broadcast time of v. One of the first known results is that B(v) >
logyn, where n = |V|. This can be seen as follows: if at some step m nodes know the
message, they can inform at most another m nodes in the next step. In other words, the
number of informed nodes can at most double after each step; hence the bound.

There has been a substantial amount of work on the broadcasting problem. Hedetniemi,
Hedetniemi and Liestman [30] and Fraigniaud and Lazard [25] gave two excellent surveys
on the subject. A large portion of the work has been concentrated on constructing efficient
broadcast graphs, i.e. graphs that allow for broadcasting in the minimum possible time and
contain as few edges as passible; see for example {29, 3] and the references therein. The rest
of the work on the problem concentrates mostly on developing minimum-time algorithms or
determining bounds on the broadcasting time of particular classes of graphs. In [42] bounds
on B(v) were given for graphs with maximum vertex degree three or four. The results were
generalized in [3] for arbitrary maximum vertex degree.

Here we derive general lower bounds for the broadcasting problem in arbitrary graphs.
Except for B(v) > logy n, the only other general bound known is that B(v) > e(v) where
e(v) is the eccentricity of the source node; this is easy to see since nodes at distance e(v)
from the source cannot be reached in less than e(v) steps. Fraigniaud and Lazard [25]
showed that if there exist at least 2 nodes at distance e(v) from the source node, then at
least e(v) + 1 steps are required, We show here that a general formula can be derived for
the case where the number of nodes at distance greater than a given constant is known.

Consider a graph G and let v be the source node. We will assume that there exist
ni nodes in G which are at distance i from v, for all i = 1,2,...,e(v). The sequence
{n1,n2,...,ne()} is known as the distance degree sequence of node v [12]. Based on this
sequence, we are going to derive a lower bound for the broadcasting time, B(v), of node v.

Let r(¢,t) be the maximum number of nodes that can be reached through paths of length
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£ from v and which get informed exactly at time ¢. Notice that if during broadcasting a
node is reached through a path of length £, it is not implied that its distance from node v is
£; there may exist shorter paths, too. A node informed through a path of length £ at time
t receives the message from a node lying on a path of length £— 1 from v who got informed

some time before ¢. Therefore r(£,t) is described by the following recursion:
r(ft)=r(f—1,t—1)+7(l—1,t=2)+ - +r(f—1,0~1). (3.1)

Notice that if £ > ¢ then no node £ links away from v has been informed as of time ¢.
Thus r(¢€,t) = 0 for £ > ¢ and this is why the above recursion stops at the term r(£—1,¢—1).
The recursion thus holds for any ¢ > £ and £ > 1. Since the root ¢an inform at most one of
its neighbors at a time, only one node at distance 1 from the root can be informed at any
step ¢ > 1, leading to the boundary condition r(1,t) = 1. We finally define #(0,0) = 1; the

source is assumed to become aware of the message at time 0.

r(L,t) = (z : 1)

Proof. Eq. (3.1) can be written in a more familiar form by observing that »(£—1,t—2) +
r(€~1,t=8)+ - +7(£—1,£—1) = r({,t —1). Consequently we have

Lemma 3.2

r(,t) =r(L~1,t —1)+r({,t—1),

with r(1,¢) = L for £ > 1. The solution of the above recursion is r(£,t) = ({Z}) [44]. |

3.2.1 General networks

Based on the above, we may express a general lower bound on broadcasting from node v.
As we already mentioned, nodes that receive the message through paths of length £ are not
necessarily at distance £ from v, In general, if a vertex is at distance £ from v, it may be
informed through any path of length £ > ¢. Concentrate on distance d and assume that
broadcasting finishes at time B(v) = T. Then by time T' all nodes at distance d or more
must have been informed. According to the distance degree sequence, the number of no¢ s

at distance at least d from v is )
ey

Ry = Zn;.

i=d
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Since such nodes must be informed through paths of length at least d, we must have

T T
S > r(e,t) > Ra.

L=d t=¢£

From Lemma 3.2 we obtain
T T i
Sy =3 Y (e_l).
t=d t=L l=d t={
The sum on the right-hand side evaluates to 37..4 (f) [44]. Hence,

T T T T
IPILUCLEDY (e) > Ry. (3.2)

= t=£ =d

We have thus proven the following:

Theorem 3.8 If Ry is the number of nodes at distance d or more from v and T is the
minimum t such that ¥)_, (;) > Rq then B(v) > T, i.e. broadcasting from v requires at
least T' steps. O

Notice that if d = 0, Rq = n, i.e. all nodes in the network are included. In this case,

using standard results, (3.2) reduces to

£()-r>-

£=0
which gives T' > logy n, the well-known bound for any network.

At the other extreme, consider the case of d = e(v). If T is equal to e(v) then (3.2)
shows that Re(y) = mev) £ 1. This was a result derived in [25]. We may obtain similar
results for other values of T' > e(v). For example, if T' = e(v) + 1 then (3.2) gives (e(c"()v';'l) =
e(v)+1 2 ny(y). Consequently, if there exist more than e(v) + 1 nodes at distance e(v) from
the source node, broadcasting requires at least e(v) + 2 steps.

We next give an approximate formula for the minimum 7' due to the difficulty associated

with handling inequality (3.2).
Corollary 3.4 Broadcasting from v requires time at least equal to
2d — 1 if Ry=4%1
T = { loga(4*! + Ry) if Rg> 441!

-g+ [d(Ry — 1M+ ¢ Ry < 4971,
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Proof. Setting T = 2d — 1, (3.2) evaluates to

21 (91 1% fad -1 Lood-1_ yd-1
Z / = 5 e = 52 = 4 2 Rl‘)
=d =0

hence the first branch of the result.
If Ry > 4% then T' > 2d — 1. We obtain

%00 - 20)-2()
%(0-507)

= 9T _ '_22(1— .

IA
M

Hence, 27 > 491 + Ry, or T > log, (441 + Ry).
If Rqg < 4% then T < 2d — 1. In this case the maximum term of the sum in (8.2) is

(%). Consequently,
T
T T
< (T —
E(e)se-alo)n

By standard combinatorial properties, (T'— d) () = (d+ 1)(, Jrl) Hence,

ZT:(T) S(d+1)(T—d)(T—d+1)mT+L

£=d ¢ (d + 1)!

It is well known that given m numbers ay,...,a, their geometric mean (a; - -a,,,)lf ™ iy

less or equal to their arithmetic mean (aj + - - + a,,)/m [51]. Thus, we seek the miniraum
T such that - :l]d+1
d!
Taking the (d+1)th root of both sides yields the desired result (last branch of the equation).
As a final note, for large m, Stirling’s approximation gives m! ~ v2rm(m/e)™, where e

is the base of the natural logarithms. Consequently, if d is large and Ry < 4971, the last

> Rs—1.

branch of the corollary can be written as

d d+1 ((12,,-1)@?)“Ll

T> =
"2+ e vd+1
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3.2.2 'Trees

Trees are of particular interest since a broadcasting algorithm actually defines a spanning
tree of the underlying network. The interested reader is referred to [56]. If the network is
a tree, the path between any two nodes is unique and as a consequence, nodes informed
through a path of length £ are at distance exactly £ from the root; (3.2) may thus take the

simpler form
z T
Z'I‘(d,t) = (d) 2 Nd,
t=d

which leads to the following corollary.

Corollary 3.5 If the network is a tree rooted ai v and T is the minimum t such that

(!) 2 na then B(v) > T, i.e. broadcasting from v requires at least T steps. O

It is interesting to note that if b = e(v) is the height of the tree, according to the above
corollary, if broadcasting is to be completed in the minimum number of steps (i.e. T' = h)
then there must exist at most (}) nodes in any level £ of the tree. Trees with exactly @)
nodes at every level £=0,1,...,h and which achieve this minimum broadcasting time are

“unigue [56]; shey are the binomial trees we encountered in Section 3.1 which are used for
proadcasting in hypercubes.

In conclusion, we derived lower bounds on the time needed to broadcast from a vertex
in arbitrary networks. The bounds may be viewed as a generalization of a result in [25] and
they are based on the distance degree sequence of the source node. The known bounds from
the literature, B(v) > logyn and B(v) > e(v) become special cases of our formulas. Tighter
bounds mzy be derived if it is known that the network is of bounded degree, i.e. no node
has degree greater than a given constant. In this case one may consider a recursion similar
to (3.1) but with limited history. However to the best of our knowledge no closed-form
solution can be obtained for such a recursion. In [38] an approximation was given for the
case where the maximum degree is four. The only other known result for bounded-degree
graphs is due to J.-C. Bermond et al [3] and is based only on the number of nodes in the

network.

3.3 Scattering Under the Single-port Model

The problem of scattering involves sending n — 1 distinct messages from a source node to
the n — 1 other 1:odes in the network. Since the source can send only one message at a

time, any algorithm requires at least n — 1 steps, In fact, there exists a simple solution to
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the problem that requires exactly n — 1 steps showing that the time nzeded for scattering
uner the single-port model is always n — 1 time units, independently of the topology of the
network. This fact was first observed by Bertsekas and Tsitsiklis [5, p. 81] but to the best
of our knowledge no formal proof has appeared in the literature. Here we provide a simple

proof through the next theorem.

Theorem 3.6 In a network with n nodes, scattering can be performed in n — 1 steps.

Furthest-first scheduling of the messages over any spanning tree of the network always

achieves the optimum time.

Proof. Consider any spanning tree of the network rooted at the source node v and let
{n1,nq,... yNe(w)} be the distance degree sequence of v in the tree, that is, the number of
nodes at distance 1, 2, ., , e(v) from the root. Notice that none of the n; are zero: n; > 1
for all i = 1,2,...,e(v), since the existence of a node in distance  implies the existence of
a node at distance ¢ — 1. Now consider a furthest-first scheduling of the n — 1 messages:
messages meant for nodes at distance ¢ leave before messages for nodes at distance i’ < 4.
Then, the last message for a node at distance 7 will leave v at time Ng() + Me(u)~1+ + -+ N
Because in a tree there are no cycles, this message can not collide with any other messages

and will thus arrive exactly ¢ — 1 time units later, at time
ﬂ =ne(v) +nc(v)_1+"'+ni+i-1-

Since Ti41 = Ne(y) +++* +njg1 + (1 +1) =1 = T; — n; + 1, and n; > 1, we conclude that
T;41 £ T; and T; is a non-increasing function of i. Consequently, the last node to receive a
message will do so at time

ma'x{le"',Te(v)} =T = Ne(v) + Nefy)—1+ -+ +n1=n— 1.
n

In the light of the last theorem, it is seen that the broadcast tree constructed in Section
3.1.1 can also be used for an optimal single-port scattering algorithm in any multidimen-

sional network.

3.4 Scattering Under the Multiport Model

Assuming that the source node v is able to communicate with all its d, neighbors simulta-

neously, the time required for scattering from v, S(v), is bounded below by

s 2 [*57]. (3.3)

/]
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This is because out of the n — 1 messages to be sent in total, at most d, can leave node v

at each step. A suflicient condition for attaining the lower bound has been given in [4].

Theorem 3.7 (Bertsekas et al, [4])

Let T be a spanning tree of a graph, rooted at node v. Let ¢ be the number of children of v
in T and let T; be the subtree rooted at the ith child of v, i = 1,2,...,c. If N; is the number
of nodes in T; then scattering from v requires max{Ny, Na,...,N.} steps. The lower bound
in (8.8) is achieved if the tree is balanced and c =d,. O

The theorem is seen easily by observing that the ith neighbor of v receives one message
at every step so that scattering in T; follows basically the single-port model of the previous
section. The term “balanced” refers to the number of nodes in each subtree. A tree is
balanced if the ¢ subtrees rooted at the children of the root have approximately the same
number of nodes. A more precise statement is the following: none of the ¢ subtrees has
more than [(n — 1)/c] nodes. This is because the average number of nodes in the subtrees
is (n — 1)/e, thus all subtrees must have a population as close as possible to this average.
Since the average is not always an integer, the ceiling operation is needed which also allows
for some of the trees to have a small amount of nodes below the average. If in addition
¢ = d, then (3.3) is tight.

Theorem 3.7 shows that if we are able to find a balanced spanning tree of a graph
such that v has dy children then we will be able to achieve the lower bound of (3.3), It is
important to observe that this bound is not always tight. A simple example is shown in
Fig. 3.4(a) where scattering needs three steps, one more than the time predicted in (3.3).
Another observation is that the converse of Theorem 3.7 is not true. If there exists no
balanced spanning tree in a graph, it is not implied that the bound of (3.3) cannot be
achieved. In fact, the optimal schedule need not be a tree. We demonstrate this with a
counterexample in Fig, 3.4(b). There exist only two spanning trees rooted at v, and such
that v has two children. In both trees one subtree has four nodes (both trees are unbalanced)
so that scattering over either of them needs four steps, The lower bound can nevertheless
be achieved through a non-tree schedule: in the first step send the messages for nodes d
and e through the two paths leading to node c. In the second step send the message for
node ¢ through any path and iu the last step inform nodes a and .

In conclusion, the lower bound on scattering time may not always be tight and the best
possible scattering time is not necessarily attained by scheduling over a spanning tree of
the graph. If there exists a balanced spanning tree such that the number of children of the

root is equal to the node’s degree in the graph, then scattering can be performed in time
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Figure 3.4,

equal to (3.3).

Scattering in linear arrays was considered in [5, p. 44]. Scattering in rings was considered
in |60}; the algorithin was shown to be optimal under the linear time model in [26]. Bhatt et
al [6] studied scattering and gatherirg in wormhole routed trees. For hypcicubes, balanced
tree constructions have been given in [32, 4]. We provide balanced trees for extended rings

and two-dimensional tori in the next paragraphs.

3.4.1 Scattering in extended rings

We show here that the broadcasting tree given in Section 3.| for EP can also be used for
n

scattering,.
Theorem 3.8 The spanning tree in Section 3.1 is an optimal scattering tree for EY.

Proof. According to Theorem 3.7, in order to prove the optimality of the tree it is enough
to show that the tree is balanced. From the properties of the tree, we know that the root
node has 2p children, equal to the degree of the graph. Each subtree is a path so that the
number of nodes in the subtree is equal to its height plus one. The maximum height is

D —1 thus D is the maximum subtree size. All we have to show is that

D<[""1].

<12
We already know that D = [|n/2]/p]. If n is odd [n/2| = (n — 1)/2 and the inequality
holds. Otherwise, D = [n/2p], which is equal to [(n — 1)/2p] for even n. B

3.4.2 Scattering in the 2D torus

Spanning trees for two-dimensional n x m tori have appeared in [5, 25, 53], Some con-
structions have interesting properties but were designed for the broadcasting problem, they

work for special values of n and m and they are not always balanced. The construction in
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Figure 3.5. Mapping a torus on the plane

[5. pp. 81-82] is for square n X n tori and is also suitable for the multinode broadcasting
problem. In the case of odd n this construction yields balanced trees, suggesting an optimal
scheme for scattering. However according to the suggested extension for the even n case,
the balanced-tree property fails and it is unclear how the construction can be generalized
to an n X m torus where n % m.

An n X m torus is node symmetric, every vertex has degree four and the number of

vertices is equal to nm. According to (3.3), the scattering time from any vertex is
am —1
Snxm 2 [ 4 ] .

We will construct a spanning tree which yields scattering time equal to [(nm — 1)/4] and

is therefore optimal, for n,m > 4.
Let (c,r) be the source node. We first map the nodes of the torus to points in a cartesian
coordinate system such that node (c,r) is identified with the center of the axes. A point on

the plane with coordinates [, 5] (¢ and j integers) corresponds to node
[¢,4] ¢« (r — j mod n, ¢ — i mod m) (3.4)

in the torus, where —|(m —1)/2] <i < [(m —1)/2], and —|(n —1)/2] < j £ [(n—1)/2],
as shown in Fig. 3.5. It is straightforward to see that this is a bijective mapoing and that
the neighbors of a node mapped to point [i, j] on the plane are mapped to the neighbors of
[¢, 4].

Excluding the origin, the sizes of the positive y-axis (y+), the negative y-axis (y-),
the positive z-axis (z-+) and the negative z-axis (z—) are, correspondingly, [(n — 1)/2],
L(n —1)/2}, [(m ~1)/2] and |(m ~ 1)/2] points. The four quadrants, not including the
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axes, have sizes:

4] = n ; 1] 'nl_;_l_ﬁ north-east region
|B] = L% m_2_—-1 south-east region
[c] = Ln ; 1- 17—12;-1- south-west region
|D| = n ; ” m___z__—-l north-west region.

Regions A, B, C and D will be ‘owned’ by points [0, 1], (1,0], [0, —1] and [~1,0] correspond-
ingly.

Inside a region a spanning tree can be constructed easily. In region A, starting from
point [0,1] we form a horizontal path spanning the width of the region. From each point
in the path we form vertical segments spanning the height of the region, as in Fig. 3.5, For
regions B, C and D we follow an analogous procedure.

Depending on the values of n and m, the four regions may not have the same number of
points. The idea is, then, to expand the regions appropriately in order to obtain a balanced
division of the area. Expansions are performed by either giving a whole axis to a region
or by sharing points on the axes among adjacent regions. In the second case we follow an
‘odd-even’ rule: axis points with odd coordinate are given to the region that is owned by a
point on the axis in question. For example, if we need to give half of the y+ axis to region
A and the other half to (adjacent) region D we give all points [0, ], where j is odd, to
region A since 4 is owned by point [0, 1] which is on the y+ axis; all points [0, 5], where j is
even, are given to region D. Notice that splitting an axis in two equal halves is not always
possible. The size of the y+ axis is {(n — 1)/2] points. The two halves of y+ have sizes

[f(n ~21)/21] , lf(n *-21)/21J

correspondingly. It is easily seen that the region that gets the ‘odd’ half of the axis (region A
in the above example) actually gets the bigger of the two halves. The four possible divisions
of the plane are shown in Fig. 3.6. The spanning trees in each region are expanded in a
straightforward manner as shown in the figure. For example, a point added to the left of a
region becomes a child of the leftmost point in this region which has the same y coordinate
as the added point.
Case 1: both n and m are odd.

In this case (n — 1)/2 and (m — 1)/2 are integers so that all four regions have the same
size. Then all axes are shared among adjacent regions. Region A gets half of the y+ and
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Figure 3.6. Four cases of area division in ann x m grid

half of the z+ axis. Region B yets half of the =+ and half of the y— axis. Region C gets
half of the y— and half of the z— axis and region D gets the remaining points on the axes.
Case 2: n is even and m is odd.

In this case the regions are expanded as follows: region A gets half of the y+ axis; region
B gets the whole z+ axis and half of y—; the other half goes to region C along with the
whole of z—. Finally, region D gets half of the y+ axis. In this case, however, point [—1,0]
owns region D and lies on the z— axis given to region C. To correct the imbalance, point
[~(m ~1)/2,1] is removed from region D and is given to region C.

Case 3: 7 is odd and m is even.

In this case the regions are expanded as follows: regions A and B share the z+ axis;
region C gets the whole y— and half of the z— axis; region D gets half of z— plus the y+
axis. Finally, because the owner of region A is on the y+ axis (point [0,1]), the top-left
corner of region A (point [1,(n — 1)/2]) is removed from A and given to region D.

Case 4: both n and m are even.

In this case regicn A is not expanded. Region B is given the z+ axis, region D is

given the y+ axis and region C gets z— and y—. Since point [0,1] on y+ owns region
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Figure 3.7. Scattering in a 7T x 7 torus

A, point [1,[(n — 1)/2]] from region A is given to region D. For the same reason point
[~l(m-1)/2],1] from region D is attached to region C.

We now show that the division in Case 2 is balanced. Quite similar arguments can be
used to show that the division is balanced in the other three cases, too, so we will omit the

details. Expressing n as 2k and m as 2) + 1, we find that

l’nm—l'l_n)‘+[2k—1'|_;|'n-—1]m—-1+[n-l‘|
4 | 4 {1 2 2 4 |
The sizes of the four expanded regions are

ID| < |4 = '"‘1]m;1+[f(n—l)/2l]

BI<lc| = |~ g J [ L(n 21)/2J] -1
- () ;14"221“’;1
< an4 I'I’

which shows that no region has more than [(nm — 1)/4] nodes.

We conclude the section with an example on the 7 x 7 torus in Fig. 3.7. Both n and
m are odd and the regions are expanded according to Case 1 above. In this case the four
regions have identical shape and the spanning trees for regions B, C and D can be obtained
by rotating the spanning tree in region A by 90°, 180° and 270°, correspondingly. The
corresponding spanning tree in the torus can be obtained through the mapping in (3.4).
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Chapter 4

Total Exchange

4.1 Introduction

In the total exchange problem, every node performs a scattering operation; in total n(n—1)
messages have to be sent in a network with n nodes. Clearly, the time required for total
exchange is bounded below by the time needed for scattering. However this bound is not
tight. Tighter bounds can be obtained for both the single-port and the multiport model.
First consider total exchange under the multiport model in G = (V, E). Partition the
vertex set V' in two disjoint sets V1 and V3 such that VUV, = V. Let Cy,y, be the number
of edges in F joining the two parts, i.e. edges ¢ = (v,u) such that v € V; and u € Vj.
Messages from nodes in Vi destined for nodes in V3 must cross these Cy, v, edges. The total
number of such messages is |V1||V2|. Since only Cy,y, messages are able to pass from V; to

V5 at a time, we obtain the following lower bound for total exchange time:

rE s WV
multipor .

4.1
2 (4.1)

We are of course interested in maximizing the fraction in the right-hand side by selecting V;
and V; appropriately so that the tightest possible bound results. In many cases a bisection
of the graph is the most appropriate choice, that is, a division of the nodes in two parts
with equal (within one) number of nodes. Then |V4{|V2| = |n/2}[n/2] = [(n? - 1)/4],
maximizing the numerator of the fraction in (4.1). The bisection width, BWg, of a graph

is the minimum number of edges whose removal induces a bisection. Thus, (4.1) gives

T 3 7= 1/

LA

- BWg

Determining the bisection width of a graph is an open research problem even for relatively

simple networks such as d-dimensional meshes [40}, so in most cases we just select a sensible

partition of V' such that the two parts are relatively close in size.
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The bound of (4.1) is not appropriate for the single-port model though since each of the
nodes ¢ send at most one message. If some node of Vj is incident with more than one of
the Cy;v, edges then not all these edges can be used to transfer messages simultaneously.

The status or total distance of a node v, s(v), is defined as [12] the sum of the distances
of all the other nodes in the network from node v. Let {nj,na,... sTie(v) } be the distance
degree sequence of v. Then clearly,

e{v)
s(v) = Z in;. (4.2)

i=1

The average status of the network is defined as
AS(G) = Eﬂf@ (4.3)

Since node v has to send a message to every other node in the network, it has n; messages for
nodes at distance ¢, each of which must travel over 7 links in order to reach its destination.
Thus, the status of v also determines the total distance of messages of node v from their
destinations when total exchange commences. Similarly, ¥,¢y s(v) represents the total
distance for all messages of all nodes involved in the total exchange operation. Every time a
message traverses a link its distance from its destination is reduced by one (at best). Total
exchange is complete if every message is within distance zero from its destination, In effect,
during total exchange the initial total distance ¥,y s(v) is reduced gradually to zero. If
the single-port model is in effect, then only one message can be sent by a node at a time,
Consequently, at most n messages can get closer to their destination; at most n units can

be subtracted from 3} ¢y s(v) at a time. We thus obtain the lower bound

TEningle-port 2 _Z_u‘e—:;'s—(i’)l = AS(G)~ (4.4)

In conclusion, total exchange under the single-port model is bounded below by the average
status of the network. If the graph is node symmetric then every vertex has the same
distance degree sequence, hence the same status, Let sg be the status of the vertices of a
node symmetric graph G. Then clearly, (4.3) gives AS(G) = sg and

TEnmlu wymmetele 2 sg. (4,5)

single-port

Notice that the number of message receptions does not play any role. Whether a node is
allowed to receive one or more than one messages at a time is irrelevant to the derivation

of (4.4) as long as one message departure per step is allowed from each node,
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4.1.1 Total exchange in certain networks

Total exchange algorithms for various networks and under a variety of assumptions have
appeared in [59, 60, 36, 4, 37, 33, 11, 61, 67, 24, 39, 64]. Under the packet-switched
model, references [59, 36, 4, 37, 67] deal with hypercubes. Saad and Schultz [59] were
among the first to study the communication problems we consider in this thesis. They
gave algorithms to solve the problems in hypercubes, including an algorithm for the total
exchange problem. This algorithm improved on a matrix-transposition algorithm which
appeared in [35]. Johnsson and Ho [36] presented more efficient algorithms which were
based on scheduling over certain spanning trees. The algorithms were close but not exactly
optimal under the constant model. An optimal recursive algorithm was given by Bertsekas
et al [4].

Algorithms for other networks have appeared in [60, 5, 67]. Rings and tori were con-
sidered in [60, 67]. The authors in [60] suggested a simple total exchange algorithm for
rings whereby data are rotated around the ring, dropping a message at each stop. In [67)
a different algorithm was constructed based on a matrix decomposition scheme associated
with the total exchange problem. Both algorithms are optimal only when the ring has an
odd number of nodes, as we will show later. Finally, linear arrays, among other networks,
were considered in [5] where optimal algorithms for all but the total exchange problem were
given,

In the following sections we will construct optimal total exchange algorithms under the
multiport model for two simple networks: the linear array and the ring. Their importance is
well-known [40] both for special-purpose as well as general-purpose computing (for example,
the structure of the Homogeneous Multiprocessor [19] is based on a linear array). As was
implied by the above survey, our algorithms are the only known optimal algorithms for the
two networks of interest,

With few exceptions, most of the work on total exchange has been centered around the
multiport model. In this chapter, in addition to the multiport model, we will consider total
exchange under the ri«l-port model. We provide a general construction for a certain type
of networks (Cayley nctworks) and analytically prove its optimality. Optimal algorithms
under the single-port model have appeared in the literature only for two such networks:
the hypercube [5, pp. 81-83] and the star graph [50]. We instead give an optimal solution
applicable to the entire class. Finally, our work on total exchange is continued in Chapter
5 where we will provide sclutions for multidimensional networks.
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Figure 4.1. Initial configuration of rightward messages

4.2 Multiport Total Exchange in Linear Arrays

For a linear array L, we may derive a lower bound on the total exchange operation using
(4.1). We recall that nodes are labeled 1 to n from left to right (sce Fig. 2.4 and 4.1), Let
Vi ={1,2,...,|n/2]} and Vo = V \ V} where \ is the set-theoretic subtraction. There is
only one link separating the two halves, namely the link from node |n/2) to node |n/2) +1
so that Cy,y, = 1. Since |V1||Va| = [n/2](n — [n/2}) = [(n? - 1)/4], (4.1) gives

n? -1

TE(L,;) Z [ ] = Topt'

A simple algorithm was suggested in [5, p. 44] in order to determine the complexity of the
operation: perform n consecutive scatterings, one from each node. The authors showed that
an optimal scattering from node i can be completed in max{i — 1,n - i} steps. After some
algebra, one can see that the time needed for this total exchange scheme is 3T}, — |n/2)
which is about three times slower than the optimum. In the next paragraphs we present an
algorithm that runs in time equal to T,.

Consider the messages that travel towards the right end of the array, i.e. messages origi-
nating from a node 7 and destined to a node j where j > i. These messages do not interfere
with the ones traveling towards the left end since they use links of opposite direction, Con-
tention occurs only between messages traveling in the same direction, Consequently the
problem can be thought as two subproblems, each involving message transmissions in one
direction, and under the multiport model they can be solved simultaneously. Without loss
of generality, we can concentrate only on the rightward messages,

The initial configuration is shown in Fig. 4.1. Node i,1 < ¢ < n—1, has . ~{ messages
to send to its right. In addition, there are i ~ 1 messages in total meant for node i, residing
at nodes 1,2,...,i— 1., The following algorithm will be shown to deliver all messages in the
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Figure 4.2. A 6-node linear array example (only message destinations are shown)

minimum number of steps:

Do in parallel for all nodes ¢ =1,2,...,n ~ 1, all the time:
if node i has any messages in its queue, it selects the message

that has to travel the longest distance and sends it to its right.

"That is, messages are always scheduled using a furthest-first discipline. Notice that there is
no synchronization required among nodes, although for our purposes we will assume that
all nodes start at the same time and are synchronized by a common clock. In Fig. 4.2 we
give an example for the case of n = 6 nodes. Notice also that when a message arrives at
its destination it is immediately forwarded to the local processor, i.e. it does not join the

node’s message queue,
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Although in the case of ties (two or more messages in the same node have to travel the
same distance) all tie-breaking protocols will yield the same runring time, we concentrate
in a specific protocol. The protocol we will assume breaks ties in favor of the message that
has already traveled the furthest distance, or in other words, in favor of the source with the
smallest address.

Let my, (i) stand for the message of node k addressed to node ¢. Mode k is the source and
node i is the destination of the message. Based on our scheduling rules, if my (i) competes
with any message m(j) at a node, then m(j) will have priority over my (i) if 5 > 4, or if
j=tandl <k,

For illustration purposes, we view the evolution of the algorithm as a sequence of logical
phases. Phase i starts after node i — 1 gets emptied, i.e. hus no more messages to send.
Our basic argument is that by the time node i gets emptied, i.e, by the end o puase 4, all
messages addressed to node n — ¢ + 1 will have reached their destination. By the end of
every phase the leftmost and the rightmost of the a.t've nodes become idle, reducing the
number of active nodes by two.

Message my, (i) has to go through all nodes j, 1 < k < j < i—1, before it reaches node 1.
Let (7 (my(3)) be the time my(3) leaves node j; shis is also the time my (1) arrives at node
J =+ 1. For the special case of messages destined to node n observe that m;(n) leaves node
J ab time 1, for all j < n — 1 and it moves towards n without any delays since it will have
priority over all other messages residing at the intermediate nodes. Message my(n) is the
last message to reach node n (it arrives at time ¢t = n — 1) and in general ¢() (my(n)) = 4.

We have the following lemma.

Lemma 4.1 If1<j<i<n-1, then

, t(miG+1))+1, i<n-1
) (ma(3)) = ’ ’ - (16)
j+1, i=n-1
tD (mpr1(i)) = 9 (mp(i)) +1, 1<k <j—1. (4.7)

Proof. We prove the lemma using double induction on i and j.
(Basis 1: i = n — 1), Messages destined for node n are not delayed anywhere, so Lhat
between time 1 and j, node j receives and sends messages m;(n), mj..1(n), ..., ma(n),
mi(n) correspondingly. Message mi(n — 1) leaves node 1 right after mj(n) and foliows
behind it without being delayed anywhere, as well. Hence it leaves node 7 right after m,(n)
does, i.e. at time j + 1, proving thus (4.6) for i =n — 1.

We prove (4.7) by induction on j. Clearly, my(n — 1) leaves node 2 immediately after
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my(n —1). If we assume as a hypothesis that (4.7) holds for all j = 1,2,...,J — 1, then
t D (sp1(n = 1)) = 9"V (my(n - 1)) + 1. (4.8)

We +ill show that it also holds for j = J. We saw above that the first message for node
n—1 to leave node J was mji(n —1), at time J +1, immediately after all messages for node
n were dispatched from this node. Equation (4.8) shows that all other messages for n — 1
arrive at node J one after the other with no delay, and consequently they will leave node J
one after the other, proving thus (4.7) for j = J,and i =n — 1.

(Basis 2: i =n —2). We prove (4.6) for i = n — 2 since t') (my, (1)) is given by a different
formula when i < n —1. The proof is by induction on j. Notice that the formula is true for
j=1 1If it holds for j =1,2,...,J — 1, then

=D (ma(n - 2)) = /"D (my_s(n - 1)) +1,

that is, m1(n —2) arrives at node J right after my._1(n—1). Since for i = n—1 (4.7) holds,
it is seen that m (n — 1) has not left yet (because it has to be the last message for node
n —1 t~ leave node J). Based on our scheduling rules, mi(n — 2) will be the first message

for node n — 2 to leave J, immediately after m;(n — 1) leaves. Hence,
t (my(n - 2)) = ¢V (ma(n—-1)) +1,

concluding the induction on j and proving (4.6) for i = n — 2.
(Hypothesis). Assume that (4,6) and (4.7) hold foralli =n—1,n—2,...,I + 1. We will
show that they also hold for ¢ = I, using separate inductions on j.

For (4.6), notice that it trivially holds for / = 1. Assuming as an indurtion hypothesis
on j that it holds for all j == 1,2,...,J — 1, we will show that it also holds for j = J. For
J=J —1 we obtain

7 (my(1)) = €7D (my-a (T +1)) +1,

that is, my (1) arrives at node J right after mj_1(I+1). But from the induction hypothesis
on i, for i = I+ 1, message m (I +1) has not left yet since from (4.7) it is the last message
for node I + 1 to leave node J. In other words, m;(I) arrives at nnde J before message
my (I + 1) leaves. Based on our scheduling discipline, my(I) will be the first message for
node I to be scheduled after the last message for node I +1 (my(I +1)), proving thus (4.6)
for 5 =7,

A similar induction on j can be used to prove (4.7) for ¢ = I, For, since ma(I +1) leaves
node 2 one time unit after my (I + 1) does, message my(I) has arrived at node 2 before
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ma(I) leaves; it will thus be scheduled to leave right before my(I), proving thus (4.7) for
J = 2. Assuming that the equation holds for all j = 1,2,...,J — 1, we will prove that it
also holds for j = J. For j = J — 1, we get

£ (mp41 (1)) = £V (ma (1)) + 1,

Thus my41(I) leaves node J — 1 right after my(I), i.e. it arrives at node J just after my,(I)
does. Because our scheduling regimen breaks ties in favor of the smallest source address,

my41(I) will leave node J immediately after my,(I). [ ]

Equations (4.6) and (4.7) state that there is no idle time between message dispatches
from node j, for all j < 4. In particular, (4.7) guarantees that all messages destined for
node ¢ have arrived at node j at appropriate times so as to be scheduled one after the other.
The last message, hence, to leave node j is message m;(i) which leaves j — 1 time units
after my(i). Equation (4.6) serializes the phases; only after all messages for node i+ 1 have
left node j, will messages for node 7 start departing from node j.

Equations (4.6) and (4.7) can be used to derive the exact expression for ¢} (my(4)) for
any i, j, k,1<k<j<i<n-1:

9 (mq (1)) (46) ) (mi(i+1)) +1 47 ) (ma(+ 1)) + 5.

Hence
1) (ma(5)) = 9 (my(n— 1)) + (n—i — 15 5 jn— ji 1,

and from (4.7),
t0) (my(3)) = t9 (m1 (3)) + k — 1 = jn — ji + k. (4.9)

If i = n—1 then (4.6) gives t@) (mi(n—1)) = j+1, and (4.7) shows that t¥) (my(n~ 1)) =
t0) (my(n — 1)) + k — 1 = j + k, which agrees with (4.9) for ¢ = n — 1. Thus (4.9) holds for
1<k<Lj<ig<n~1,

Lemma 4.2 Phase j < n/2 ends at time Tj = jn — j2 at which time node j sends its last

message and node n — j + 1 receives its last message.

Proof. Phase j ends when node j gets emptied. This occurs at time T} = ¢l (mj(j + 1))
since m;(j + 1) is the very last message to leave node 5. This can be seen from Lemma 4,1
as follows. Any message for a destination with a larger address leaves earlier (from (4.6)).
Also, from (4.7), m;(j + 1) will be the last among the messages destined for node j + 1 to

leave node j.
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Equation (4.9) gives
Ty = t0) (m;(j +1)) = jn — 2.

Also, node n—j+1 < n—1 (which is symmetric to node j) receives its last message at time
¢(n—=7) (mn—j(n — j + 1)) since, again, this is the last message to leave node n — 5. Working

exactly as above, we get
{n—j) An — 4 =in—i2 =T
t (mn_.,(n 3+ 1)) m—j ;.

The lemma also holds for the case of node n since it receives its last message (mi(n)) at

time n — 1, at the end of phase 1. |

Theorem 4.3 The algorithm terminates at time Tps.

Proof. After each phase the number of active nodes is reduced by two as Lemma 4.2
shows. The algorithm terminates at time T, after phase n/2 or phase (n — 1)/2 depending

on whether n is even or odd. Using Lemma 4.2, in the first case

2
n
T= Tn/2 = "Z‘
and in the second case )
n—1
T'=Tnp2=—7—
or, for any n, T = [(n? — 1)/4] = Typ. [ |

4.3 Mnultiport Total Exchange in Rings

We can obtain a lower bound on total exchange for a ring R, using (4.1). As shown
in Fig. 2.4 and 4.3, nodes are labeled 0 to n — 1 in a clockwise manner. Let Vj =
{0,1,...,In/2] — 1} and V2 = V \ V5. In this case Cy;1, = 2 since there are two
edges separating the two halves: edge (0,n — 1) and edge (|n/2] — 1,[n/2]). Since
Vi||Va| = [n/2)(n — n/2]) = [(n® - 1)/4], we obtain

[(n® —1)/4]
TE(Ru) 2 ""_—2‘_’—v

which gives easily:

TE(R,) > [ n 8'" 1] : (4.10)

A total exchange algorithm for rings was suggested in [60] where messages are rotated

around the ring, dropping one message at each stop. The algorithm was intended for rings
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where communication capabilities resemble the single-port model. Indeed, under such a
mode] the algorithm is optimal. Adopting the algorithm to the multiport model, it can be
seen that it remains optimal only when the ring has an odd number of nodes. Varvarigos and
Bertsekas [67] have studied a class of symmetric communication problems which they named
isotropic, and which include total exchange. Their results were based on a correspondence
between such problems and decompositions of certain matrices. They proposed general
methods for hypercubes and tori, including one-dimensional tori (rings). Apart from the
fact that the design of algorithms, as implied by their analysis, is quite complicated, they
achieve the lower bound of (4.10) only for odd n. When n is even their results yield
algorithms that require n(n + 2)/8 steps, i.e. they are subcptimal by an additive term of
©(n).

In the following we will present algorithms that solve the total exchange problem opti-
mally for any ring size. The algorithms are quite simple and in addition we show that they
are not unique. By the last statement we mean that there exist more than one algorithms to
solve the total exchange problem optimally, providing a range of choices. Such algorithms
will later be proven important for the single-port model, too.

In a ring there are two paths available between any two nodes, one in the clockwise
and one in the counterclockwise direction. It is beneficial, in terms of speed, to send each
message to its destination through the shortest of the two paths available. As in the case
of linear arrays we will concentrate only in one direction, specifically the clockwise one,
as counterclockwise messages do not interfere. The difference here is that every node has
at most |n/2| messages to send in each direction. Because of some irregularities, we will
discuss the cases of odd n and even n separately.

The following notation for operations on message addresses will be useful. Let z and y

be integers. Recall that

zBy 4o z+ymodn

0y = z-—ymodn.

We again let m;(¢) stand for the message of node j destined for node i. In addition, we
extend the operators @ and © to messages. Specifically, m;(¢) @z and m;(i) ©@ « define two

new messages with source and destination other than j and ¢ as follows:
(j'i'if m]q):r('l: 3] E)
mii)oz ¥ mig.(ioa).

m;(i) Dz

Finally, let Q be a set of messages. The new sets of messages Q @ z and Q & z are defined
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Figure 4.3. Clockwise messages in an odd ring

as follows:

Qozr ¥ [miez | mii) e @}
def

RQoz = {mj(lez | m(i) € Q}.

4.3.1 0Odd number of nodes

In the case of odd n, every node has (n — 1)/2 messages to send both clockwise and coun-
terclockwise. Concentrating on the clockwise direction, node i has messages for nodes 1 ®1,
1®2 ..., 1@ (n—1)/2 as shown in Fig. 4.3. As a result, the messages of node 7 have to

travel a total distance of
(n-1)/2 n? -1
Si = j = 8
Jj=1

In the whole ring the total distance 1or all clockwise messages is

_N g =)

S g S; =
In a manner similar to the derivation of bound (4.4) for the single-port model, we see that
total exchange will be completed when § is reduced to zero, In the case of odd n the
lower bound of (4.10) is exactly T, = (n? — 1)/8 steps. An algorithm is thus optimal if
it causes a decrease of S/T,,,,t = n in total distance S at every step. Such a decrease in S
is possible if and only if all n nodes are busy, all the time. Any algorithm achieving this
is thus optimal. "We show next that there exists a class of algorithms, which we will call

node-invariant algorithms, that meet the above requirement.
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Let Q(t) be the message queue of node i at time ¢ > 0. Consider a distributed aigorithm
f = (fo, f1,-.., fa-1) such that f; is the algorithm running on node i. This local algorichm
fi, at any time ¢, is given the message queue Q;(t) and decides that the next message to

leave node i is message f;(Q:(t)).

Definition 4.1 A distribuied algorithm f = (fo, f1,..., fu=1), where f; is the local algo-
rithm at processor 1, is called node-invariant if for any non-empty set of messages @, each

local algorithm selects a message of @, i.e. fi(Q) € @, and
filQ@ei) = fo(Q) @1,
filQeid) = fo(Q) o4,
forall t =90,1,...,n—1.

In essence, the above defines algorithms that possess a certain type of symmetry. For
every message dispatched at node 0, there is a corresponding message dispatched at every
other node (examples of node-invariant algorithms will follow shortly). The optimality of

these algorithms is derived from the following lemma.

Lemma 4.4 Any node-invariant algorithm guarantees that, for all t > 0,

Q:i(t) = Qo(t) ®1.

Proof., Initially (¢ = 0) we have

Q:(0) {mi(iﬂa1),mi(i®2),...,m;(i€B(n—-1)/2)}
{mO(l) ® i’m0(2) @1,.. "mO((n - 1)/2) & 2}
{mo(1),mo(2),...,mo((n - 1)/2)} &

Qo(0) ® 1.

i

i

If we assume as an induction hypothesis that Q;(t) = Qo(t) ® 7, we obtain

Qi(t+1) = Qi(t) U {fie1(Qier(1))} \ {£:(Qi(2))},

since f;(Qi(t)) is the message leaving node i and fig1(Qie1(t)) is the message received by
node i from its counterclockwise neighbor (i ©1) at time t. From the induction hypothesis,

Qi(t+1) = (Qu(t) ®1) U {fie1(Quen(t) ®i)} \ {£:(Qu(t) @) }.
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Using Definition 4.1, the above can be written as

Qi(t+1) = (Qo(t) ®i) U {foe1(Qoe1(?)) ®i}\ {fo(Qo(t)) @1}
= (Qo®) U {foe1(Qoer(®) }\ {o(Qo(1))}) @i
= QO(t + 1) &1,
concluding the induction. [ ]

Theorem 4.5 Any node-invariant algorithm is an optimal total exzchange algorithm for odd

TINgs.

Proof. Consider the first time that some node was observed to be idle, i.e. its queue
was empty, under some node-invariant algorithm. Because the algorithm is node-invariant,
Lemma 4.4 applies to show that all nodes have the same queue size, i.e. they are all empty.
Consequently all nodes become idle at the same time. In our earlier discussion, we saw that
any algorithm for odd rings which keeps all nodes busy all the time is optimal. Hence, this

is the case for our node-invariant algorithm as well. N

Most reasonable algorithms are node-invariant, e.g. the simple furthest-first and closest-
first types of scheduling with any consistent (across the ring) tie-breaking protocol. Consider

for example a closest-first algorithm f = (fo, f1,..., fn—1) where

fi+ select the message with the closest destination to node i. Break ties in favor

of the source in largest distance from node 1,

forall i=-0,1,...,n — 1, Consider a sct of messages

Q= {mka (il)imkz (7:2)1 ey Mk, (ifl)}'

Notice that if node z is at distance d, from node 0 then node & ® ¢ is at distance d, from
node 4. In other words, any node é; is in the same distance from node 0 as node i; &1 is from
node 4, and consequently, if node i. is the closest destination to node 0 in Q then i, @i is
the closest destination to node ¢ in Q @ 4. Similarly, it is seen that if my, (i) is the message
node 0 selects among tied messages in Q, then my, g;(i. ©1) is the message chosen by 7 from
Q ®i. Hence, if fo(Q) = my, (i), for some 1 < ¢ < g, then fi(Q ® i) = my, gi(i. ® 1), i.e.
fi(Q@1) = fo(Q) & 4. According to Definition 4.1 the algorithm is node invariant.
Another algorithm of interest is the message-shift algorithm where at every node mes-
sages join and leave the queue in a FIFO manner. In effect this is a rotation of the messages
around the ring as was initially proposed in [60]. An example utilizing this algorithm is
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Figure 4.4. Ezamples in a 7-node ring (a) and a 6-node ving (b)

given in Fig. 4.4(a). If the message queues are considered as ordered sets of messages, it is a
simple matter to show that Lemma 4.4 still holds, and as a result the algorithm is optimal.

It is interesting to note that although all node-invariant algorithms have the same com-
pletion time and achieve 100% utilization of the links, the closest-first type of algorithms
achieve the minimum possible average packet delay [67]. On the other hand, such algo-
rithms have a significant overhead at every step since the message queues must constantly
be sorted in order to determine the message with the closest destination. The message-shift

algorithm requires no such actions, allowing for simple and fast processing at every step.

4.3.2 Even number of nodes

The peculiarity of this case arises from the imbalance between clockwise and counterclock-
wise messages. Specifically, the furthest node from node 7 is node i @ n/2, so that if
m;i(i ®n/2) is scheduled for the clockwise direction, in the counterclockwise direction there
is one less message to be sent. If we let every node send n/2 messages in the clockwise

direction, then the total distance for clockwise messages is

n—1 71/2 2
, n*(n+2
5=y 3=
i=0 j=1
Any node-invariant algorithm would reduce S by n units at each step, requiring time equal
to n(n+2)/8; this is suboptimal by @(n) steps from the bound of (4.10). It is thus necessary
to have some of the nodes send n/2 — 1 messages clockwise.
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We show here that a slightly modified message-shift algorithm achieves the lower bound
of (4.10) for even n. The modification requires that all nodes with an even address send
n/2 messages and all nodes with an odd address send n/2 — 1 messages clockwise. In
the counterclockwise direction the situation is reversed. We concentrate on the clockwise
direction without loss of generality. Initially, the message queues are organized in a furthest-
first order. The transmissions then proceed in the normal FIFO manner.

Assuming that messages leave the queue from the right end and join the queue at the
left end, the algorithm can be stated as follows, for all ¢ = 0,1,...,n —1:
fi: Set

{mii®1),mi(i®2),...,m;(i ®n/2)} if  is even
()= { {m:(i®1),mi(i®2),...,mi(i ® (n/2 1))} ifiis odd.
While queue is nonempty do:
send the rightmost message in the queue to node i ® 1 and add the incoming message

from node i ©1 to the left end of the queue.
Theorem 4.6 The algorithm terminates at time Typ;.

Proof. It is a simple matter to show that for all even 1, Q;(t) = Qo(t) and for all odd
1, Qi(t) = Q1(t), for t > 0. The proof is similar to the proof of Lemma 4.4. We can thus

concentrate on nodes 0 and 1 without loss of generality. Initiolly,

{mo(1),mo(2),...,mo(n/2)}
{m1(2),m1(3), cen ,ml(n/Z)}.

Qo(0)
Q1(0)

After 2|Q1(0)] = n ~ 2 steps, all messages from nodes n — 2 and n — 1 will have been
transferred to nodes 0 and 1 respectively, with some of these messages being delivered to

the appropriate destinations on their way. Hence,

Qo(n~2) = {mﬂ~2(1)7mn-—2(2)’ ceeyMp—g(n/2 - 2)}
Qi(n-2) = {m,,_1(2), Mp-1(8),...,mp-1(n/2 — 2)}
In general, we shall say that “phase” j has been completed when all messages originating

at nodes n — 2j and n — 25 + 1 have been transferred to node 0 and 1 respectively. If phase
j ends at time T} then

Qu(Ty) = {ma-zi(k) | k=1,2,...,n/2-2}
QD) = {mu-zipalk) | k=2,3,...,n/2-2}.
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Notice that Qo(Tj+1) and Q1(Tj11) will be formed after 2|Q1(T})] = n — 45 — 2 steps.

Consequently, -
§=1

Ty =Y (n—4k ~2) = jn— 252,
k=0

If n/2 is even, then [Qo(T})| (hence |Q1(T})| as well) will be zero for j = n/4. Otherwise,
for j = (n—2)/4, |Qo(Ty)| = 1 and all queues become empty in the next step since the last

message in Qo will be destined for node 1. In the first case, the algorithm terminates at

time
,n2
T= Tn/4 = ?
and in the second case, \
n*+4
T= T(u—2)/4 +1= g
In both cases, it is easily seen that T' = [(n? — 1)/8] = T, (]

4.4 Single-port Total Exchange

In this section we extend the idea of node-invariant algorithms to total exchange under the
single-port model. We necessarily deal with node symmetric networks, so that the lower

bound of (4.5) is our optimality criterion

TEnn(lu symmetric 2 sg.

siangle-port

We start by showing how to determine the status of a few graphs of interest. In Chapter
5, we elaborate more on such calculations. First, we consider the complete graph K, on n

vertices. In such a graph every vertex is adjacent to every other vertex so that easily
sk, =n-—1, (4.11)

In a ring, nodes i and n — i are at distance i from node 0, for i < |n/2]. If n is odd then
nodes [n/2] and [n/2] are at distance |n/2| = (n —1)/2 from node 0 so that

(n-1)/2 2 _
=y s=221

i=1

If n is even the |n/2} and [n/2] coincide so there is only one node at distance |n/2] = n/2.

Thus
(n/2)~1
st = Y 24

i=1

»

n
T’

1S
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or, for any n,

n?—1
Snn=( I ] (4.12)

In extended rings EYf, it is seen that there exist n; = 2p nodes at distance 7 from node 0,
for all i =1,2...,q, where g is the largest integer such that 2pg < n — 1; g is actually the
quotient of the division (n—1)/2p. If p is the remainder of this division then n—1 = 2pq+p,
and there exist p more nodes at distance g + 1 from node 0. Notice that ¢ = |(n — 1)/2p]
and p = n — 1 mod 2p. We obtain

q
spp = ) 2i+p(g+1)

i=1

= (q+1)(lpq+P) .
L N

Equations (4.11)—(4.13) constitute lower bounds for single-port total exchange in the

corresponding graphs. Rather than designing specific algorithms for specific networks we
find that a whole family of graphs can be considered under the same setting and a general
theory can be applied based on the idea that algorithms behave “uniformly” at every node.
This family of graphs is introduced in the next section (Section 4.4.1).

Based on the observations made in Sections 4.1 and 4.3.1, if each of the n nodes is
busy all the time, then (at best) n units can be subtracted from the total initial distance
Yvev 8(v) = nsg at each step, leading to a running time equal to the lower bound of (4.5).
Requiring that all nodes are busy all the time is not sufficient though in a general setting.
We must in addition require that at each step all n transmitted messages get closer to their
destination. Consequently, no messages can be derouted at any step, meaning that every
message must travel on a shortest path towards its destination, In summary, a single-port
total exchange algorithm will achieve the bound of (4.4) if:

all nodes are busy all the time, and, (4.14)

every transmitted messages gets closer to its destination. (4.15)

Conditions (4.14)-(4.15) are sufficient but it is easy to see that they are alsc necessary for
node symmetric graphs, More generally, they are necessary in any graph for which the
average status is an integer (see (4.3)). If they are not met, then there will exist at least
one step for which the total distance is not reduced by n, hence never achieving the bound
of (4.4).
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4.4.1 Cayley graphs

Let V = {v; | i=0,1,...,n—1} be the node set; it will be convenient here to let subscript
i take values from 0 to n — 1.

Cayley graphs constitute a large family of node symmetric networks [8, 1], Hyper-
cubes belong to this family. The class also includes other important networks such as the
(wrapped) butterfly and the cube-connected cycles [2, 55, 13] which are bounded-degree
“approximations” of the hypercube. Connected circulant graphs (which include the com-
plete graphs, the rings, the extended rings) are Cayley graphs, too [8]. Some elementary
group-theoretic terminology is used in this section, which should be part of any text on the
subject (e.g. see [9] for a comprehensive introduction).

Given a set I' = {71,72,...,74} of generators for a group G, a Cayley graph has vertices
corresponding to the elements of G and edges corresponding to the action of the generators.
That is, if v;,v; € G, the edge (v;,v;) exists if and only if there is a generator y € I' such
that v; - v = v;, where ‘-’ is the multiplicative operation in G, There exists the restriction
that the identity element of G does not belong to I' (in order to avoid arcs from a node to

itself) and that I' is closed under inverses (so that the graph is in effect undirected).

4.4.2 An automorphism property of Cayley graphs

Let G be a node symmetric network with node set V = {vp,v1,...,vn-1}, and let II(G)
be its automorphism group, i.e. the set of all automorphisms of G. Denote by TI,, () the
subset of II(G) consisting of all automorphisms that map v to v;:

M, (G) ={o | o(w) =, o€ I(G)}.

Notice that II,,(G) is nonempty since G is node symmetric. From each set I1,,, (G') we select

one automorphism o, and form the set
B(G) = {oy;, | on, € ;(G),i=0,1,...,n~1}.

In particular, we select oy, to be the identity mapping. Let oo’ be the composition of
mappings o and o’. We insist that the selected mappings have the following property: for
every neighbor v, of node vy and for every i = 0,1,...,n -1,

aﬂu‘ (Uu) = U"iaﬂu ' (4.16)

In simple terms, requirement (4.16) means that if v, is mapped, through oy, to some
neighbor v of v; then oy, can be written as the composition of ¢y, and o,,. 'The implications
of (4.16) will be seen shortly; but first we have the following result,
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Lemma 4.7 Every Cayley network has a set £(G) of automorphisms that satisfy (4.16).

Proof. Consider any Cayley graph based on a group G, and the mapping

oy (Vs) = v; -v()‘l ‘< Ug,

where vy’ 1 is the inverse element of vy in G. This mapping is easily seen to be an automor-
phism of the graph [1] and clearly maps vy to v;. We obtain

Tay, (o) (V) = Ov(va) 05" s

__]_.

= w-val'va-vo Uy

= Oy(va- 'ub'l g )
= avi (ava (’UT)) ¢

which satisfies (4.16). |

Notice that the set of automorphisms given in the proof of Lemma 4.7 may not be the
only one which satisfies (4.16). Also, if the network is known, the automorphisms may have
a (computationally) simpler form. As an example, consider a ring with n nodes. Node v; is
adjacent to nodes v;g; and v;g; where ® and © denote addition and subtraction modulo n.
A set T(G) of automorphisms with the desired properties consists of the following mappings:

v (Va) = Viga,

i=0,1,...,n~1, Clearly,

UUu,-(va)(Um) = Tvia (v2) = vigags = 0v; (Vaga) = o (o'vn (’Um))»
satisfying (4.16). Actually, the above mappings work for any (connected) circulant graph.
Lemma 4.8 Let T(G) be a set of automorphisms satisfying (4.16). If vy “picks” one of
its neighbors, va, and every node v;, i = 1,2,...,n — 1, “picks” neighbor oy, {v,) then (a)
every node is picked by exactly one other node and (b) if vy, is the node that picks vy then
ay;(vp) is the node that picks v; (that is, oy, (up) (Va) = ¥i).
Proof.

(a) For the first part, all we have to show is that oy, (vs) # ov;(va) for i # j. That is,
no node is picked by more than one other node. Then, since there are n “picks” in
total, each of the n nodes is picked by exactly one other node. Let us say that there
exists some i and some j # ¢ for which 0y, (vs) = 0y;(vs) = vg, for some k. Then
Tuy. = Ogy,(v,)s 80 from (4.16), oy, = oy;0y,. Similarly, oy, = Ov;0y,. Consequently,
Oy Fvy = Oy;0y,, OF Oy = 0y, Which is absurd.
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(b) Let v, be the node that picks vp, that is vg = oy, (v,). Since v; = oy, (vp), we obtain
Vi = 0y, (0, (va)). From (4.16), v; = 5., (u)(Va). This means that node oy, (v)) picked
V4.
|
4.4.3 Optimal total exchange algorithms

Every node v; in the network maintains a message queue, Q,;, where incoming messages
from neighbors are deposited until they are scheduled for transfer to some other node, If i
incoming message is destined for v; it is assumed that it does not join the message queue but
is rather forwarded to the local processor for consumption. At node v; some local algorithm
Ay, operates in order to schedule the message transfers. Whenever there exist messages in
Qv;, Ay, is responsible for selecting the message to leave in the next time unit. Because of
condition (4.15) we see that apart from the decision of which message to send next, a node

must also decide to which neighbor to send it to so that the message is not derouted.

Definition 4.2 A distributed total exchange algorithm A = (Ay,, Ay, ..., Ay, ., ) is a col-
lection of local algorithms, algorithm A4,,; running on node v;, ¢ = 0,1,...,n~1, Algorithm
Ay, is written as Ay, = (fu;, wy,;), where, given a message queue Qu,, [y, sclects a message
fui(Qu;) = m and w,, selects a neighbor wy, (m) of v;.

Now we need to configure the two parameters f,, and w,, of each local algorithm in
such a way that uniformity is guaranteed. The idea is to let every node v; select a message
“corresponding” to the message selected by vg. Intuitively we expect that condition (4.14)
will be guaranteed, as in the case of rings. In general however, node vy may have more
than one neighbor and it may be the case that more than one of them is a suitable receiver
to satisfy condition (4,15). The same will hold for any other node v,, Consequently, there
must also exist a “correspondence” between the neighbor selected by vy and 40 neighbor
selected by v;. For example, in a ring we may require that whenever node r, selects its
clockwise neighbor then every node v; selects its own clockwise neighbor, too. In a general
node symmetric network, such correspondences can be established by automorphisms, An
automorphism oy, that maps vy to v; also maps all neighbors of 1y to neighbors of v;, If vy
communicates with one of its neighbors, v,, then we require that the node with which v,
communicates be node oy,(v,), the image of v, under oy,.

We are now ready to define node-invariant algorithms. The following notations will be
needed, Let my, (vy) be the message of node v, (source) meant for node v, (destination),
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For an automorphism o € II(G), let o(my, (vy)) be the message of node o(v;) destined for

node o(vy), i.e.
U(mvx ('U‘!I)) d=ef Mo (vg) (U('Uy)) . (4.17)

Finally, let @ be a set of messages. We define

(@) = {o(mu. () | mu,(v)€Q}. (4.18)

Definition 4.3 Let G be a node symmetric network that has a set £(G) of automorphisms
that satisfy (4.16). A total exchange algorithm A = (Ay,, ..., Ay,_,) where Ay, = (fo;, wy,),
i=0,1,...,n-1, will be called node-invariant if for any message queue Q and any message

m it satisfies

foi(00(@Q) = ou(fu(Q))

Wy, (o‘.,,.(m)) = Uvi(wvo(m))'

Lemma 4.9 If Q,,(t) is the queue of node v; at time t, i =0,1,...,n — 1, then any node-

invariant algorithm guarantees that

Qu; (t)= Ou; (Qvo (t))’
forallt >0,

Proof. The proof is by induction on t. Initially (¢ = 0) we have that

Qug = {’mvo('Uj) | = L2,...,n-1}.

Because automorphisms are bijections oy, (vi) # o, (ve) if k # £. Consequently, the set
{ou,(vj) | 7 =1,2,...,n —~ 1} contains all nodes of G except node v; (since o, (vg) = v;
and j 7 0). Thus the message set S = {m., (0w;,(v;)) | 7 =1,2,...,n — 1} is the same as
the set 8’ = {my, (vx) | k=0,1,...,n—1, k #i}. Notice that S’ = Q,,(0). If we write v;

as oy, (vg), we obtain

s = {ma",-(uo)(aw(uj)) | j=1a2’-"7n—1}

Mé?) {Uv'.(mu‘,(’l)j)) | j=1,2,...,n-—1}

(4i8) Uvs({mvo(”i) | .7'=1’2:"'7n"‘1})

= Oy (Qvo (O)) )
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showing that Qy;(0) = oy, (Qu, (0)).
Next, assume as an induction hypothesis that for some ¢ > 0

Qv; (t) = Oy; (Qvg (t)) . (419)

For time ¢ + 1 we proceed as follows. Let for simplicity my(y,) = fo, (Qu;(t)) and Vy(n) =
Wy (Myg(y;))- That is, My(y;) is the message selected by v;, and v,(,,) is the neighbor of v
to which the selected message is sent. From (4.19) and the definition of node-invariant

algorithms it is easily seen that

My(u)) = Oy, (ms(vo))’ (4.20)
Vs(v;) = Uvi('vs(vo))' (4.21)
Now notice that v,(,,) is the neighbor vy “picked” to send the message to. From (4.21) it

is seen that Lemma 4.8 applies to show that every node receives exactly one message, and

that, if vy(yy) is the neighbor from which vy receives a message then
Up(v;) = Ou; ('Ur(uo)) (4.22)
is the neighbor from which v; recsives its (unique) message. Moreover, if May(y;) 16 the
message received by v;, we obtain
m"(vl') = m”(ur(u;))
aur(u;) (mfl(uﬂ))

oy, (Vp(ug)) (mﬂ(‘ua))

= Oy (Uv,.(.,o) (m, (va) )) ]

and since My (yg) = m,(,,r(',o)) = 0'11,.(,,0) (my(vo))7
Mip(y,) = O, (Myp(ag)) (4.23)

To recapitulate, any node v; selects a message My(y;) Given by (4.20), sends it to some
node vy, given by (4.21) and receives a message m,,,) given by (4.23) from some node
Ur(y;) given by (4.22). If the destination of m,(,,) is node vy, then from (4.23) it is scen that
the destination of m,,,) is node v;. Conversely, if My (yy) 6 N0t meant for vy then m,,) is
not meant for v;. In the first case at node vy we will have

Qvo (t + 1) = Qu, (t) \ {mn(vn)}1
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since m,(y,) does not join the queue, and in the second case,

Quo (t + 1) = Qup (t) U {mr(vo)} \ {ms(vo)}, (4'24)

where ‘\’ is the set-theoretic difference. In the second case (the first case is treated identi-

cally), for node v; we have
Qu;(t + 1) = Qv; (t) u {mr(‘v.‘)} \ {n‘;s(v,')}'
Using (4.19), (4.20), (4.23) and (4.24),

Quit+1) = oy (Qvo (t)) U {oy, ('mr(vo))} \ {ow; (ms(vo))}
= Oy (Qvo (t) U {mp(o) } \ {ms(vo)})
= Oy (Qvo (t+ 1)) )

conciuding the induction. |

Lemma 4.10 If node vy never deroutes a message th.n the same is true for every other

node vi, i =1,2,...,n—1.

Proof. If at some time ¢ node vp selects message my, (v,) out of its queue and sends it to
some neighbor v,, then any node v; selects message o, (my, (vy)) and sends it to neighbor
0y;(vs) as we have already seen (equations (4.20)-(4.21)). All we have to show is that if v,
is on a shortest path from vp to vy (i.e. vy does not deroute the message) then oy, (v,) is on
a shortest path from v; to o, (vy).

This is easy to do because automorphisms preserve distances [8]. That is, if o is an
automorphism of a graph G then dist(v,u) = dist(o(v),o(u)) for any two vertices v and
v of G. If vp does not deroute then dist(vy,vy) = dist(vs,vy) + 1. Then, we must have
dist(v; = oy, (vy), 00, (vy)) = dist(oy,(vs), 04 (vy)) + 1 and oy, (v,) indeed lies on a shortest

path from v; to oy, (v). =

Theorem 4.11 Any node-invariant algorithm for which function wy selects shortest paths

is an optimal total exchange algorithm for Cayley graphs,

Proof. From Lemma 4.9 it is seen that all nodes have the same queue size at any step.
Thus all nodes become idle (ail queues are empty, hence total exchange is completed) at
the same time. ¥rom Lemma 4.10 no message is derunted if wg selects shortest paths,
Consequently, both conditions (4.14) and (4.15) are satisfied and the algorithm solves the
problem optimally. u
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Summarizing, we just showed that there exists a class of algorithms, called node-invariant
algorithms, which are able to solve the total exchange problem optimally in any Cayley
network. In each step, every node sends one message and also receives exactly one message.
Optimal algorithms were previously known only for two Cayley networks: the hypercube
(5, pp. 81-83] and the star graph [50].

As in the case of rings, most reasonable algorithms such as furthest-first, closest-first,
etc. schemes are valid candidates, as long as they do not stay idle when a queue contains
messages and they are replicated “consistently” at all nodes in the network. In the next
section, we provide a particularly simple node-invariant algorithm and we give a complete
example in the context of hypercubes.

Notice that all our arguments and all our results where based on the requirement that
the graph possesses a set of automorphisms that satisfy (4.16). In any network which has
this property (Cayley graphs do), node invariant algorithms can be defined and utilized for
the total exchange problem. We do not know, however, whether (4.16) is a property or not

of every node symmetric network.

4.4.4 A simple node-invariant algorithm

Assume that we have an algorithm W which takes a message, looks at its destination and
picks a neighbor of vp which lies on a shortest path from vy to the destination of the message.
We will use the same algorithm (with different inputs however) at every node. It is always
possible to construct such an algorithm W for any network, e.g. using a table look-up
procedure. More efficient schemes of course are possible if the structure of the network is
known. For example, in a ring R,, we can have

_f w  ify<n/2
W(ma, (vy)) = { Vp—-1 ot;herwi:se

(nodes vy and vy,_j-are the two neighbors of node ).
Let us treat a message queue as a set of messages that behaves as a FIFO queue, At

node vg, we initially sort destinations in any desired order. For instance,

Qdo (O) = {mvo (vl)1mvo (1-12)’ v o0y My (vn—‘l)}'

Suppose that the right end is the head of the FIFO queue and the left end is its tail,
Departing messages will leave from the head of the queue. Arriving messages will join at
the tail of the queue as long as they are not destined for the current node; otherwise they are
immediately forwarded to the local processor. We have to guarantee that initially Q,, (0) is
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Ay: (i=0,1,...,n—1)
At t =0 set
Qu; = {mvs (00; (v1)) M0, (00 (v2))s -« ., M0 (T, (W—1)) }a
and let
fui(Qu;): select the message at the head of the queue Q,,,
wy, (m):  if m = fy,;(Qy,), select neighbor oy, (W(a,,“il(m))),

Figure 4.5. An optimal single-port total exchange algorithm for Cayley networks. The
queues are FIFO. Messages join at the left end and depart from the right end of the queue.

equal to 0y, (Qu, (0)), so we let
Qv (0) = {mvi (av.' (vl)):mvi (o'v.' (1’2))7 ceey My (‘71).' (Un—l))}'
The local algorithm A,; = (f;,wy,;) is defined as follows:

fu;(Q) :  select the message at the head of the queue Q.

It is trivial to see that fy,(0y(Q)) = ov,(f1,(Q)): if m is the message at the head of
@ then oy,(m) is obviously the message at the head of 0,,(Q). Since m = f,,(Q) and
oy (m) = fu,(00;(Q)), it is derived that oy, (fu,(Q)) = fu, (0w (Q))-

The only parameter remaining is w,,. I.et 0~! be the inverse mapping of o € I(G).
The existence and the uniqueness of =1 is guaranteed by the fact the II{G) is a group [9,
pp. 300-301]. Given W we define

wy,(m) :  for message m select neighbor oy, (W(a,’,}1 (m)))

We only have to show that wy, (0, (m)) = oy, (wy,(in)), for any message m. Notice that o,
is taken to be the identity mapping so that w,, is actually the same as W. Thus we have to

show that wy, (o, (m)) = ¢, (W(m)). Indeed, from the description of w,, above, we have

wy, (o; (m)) = oy, (W(Uzz-l(”v.' (m)))) = Uv.'(W(m))’

since a",:lo,,; is the identity.

In summary, the algorithm shown in Fig. 4.5 is, based on Definition 4.3, node-invariant.
Therefore, it is an optimal total exchange algorithm for any Cayley network, according to
Theorem 4.11,
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A (i=0,1,...,2¢-1)
At t =0 set
Qi = {mg('i @y 1), (i By 2),...,m;(i @, (24 - 1))}
At any step t > 0,
e select the message at the head of Q; (say m,(v))
e send it to node i @ 2 where k is the leftmost

non-zero bit position of 7 @& y.

Figure 4.6. An optimal single-port total exzchange algorithm for d-dimensional hypercubes.

The standard e-cube routing paths are followed at every transmission.

4.4.5 An example in hypercubes

To illustrate the theory developed in the previous sections we construct an algorithm for
hypercubes, based on the algorithm in Fig. 4.5. An optimal algorithm was given in [5, pp.
81-83] but it is not in explicit form, and it is based on a rather involved algorithm for the
multiport model.

Let @ be the exclusive-or (addition modulo 2) operation. If the binary representation

of z is (x4-1,...,%1,2o) then the bitwise exclusive-or operation, @y, is defined as
T By Y = (Ta-1 ® Yd-1,.--,21 O Y1, 20 ® Yo).

Dropping ‘v’ from the name of node v;, a hypercube Q4 has node set V = {0,1,...,2¢~1},
As we already know, a node i has neighbors i @, 2, i @, 2!, ..., 1 ®, 29!, i.e. nodes whose
binary representation differs in exactly one bit position from the binary representation of .

The following is an automorphism of the hypercube [40] that maps node 0 to node 7:
oi(z) =i®d, . (4.25)
Because of the associativity of the exclusive-or, it is seen that
Ogi(a)(Z) =1 By a By & = 0i(04(x)),

for any node a, so that the set of automorphisms given by (4.25) for i = 0,1,,,.,24 ~ 1
satisfies (4.16). Because i @y ¢ = 0, it is seen that o} ! = o;. Pinally, it is known that if in
the binary representation of y, yi equals one for some k, then neighbor 2¥ of node 0 lies on a
shortest path from 0 to y, that is W(m.(y)) = 2¢. Usually, & is selected to be the leftmost
non-zero bit position of y in order to comply with the standard e-cube routing (63, 16].
Cousequently, the algorithm of the last section takes the simple form shown in Fig, 4.6,
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Chapter 5

Total Exchange in

Multidimensional Networks

5.1 Introducticn

Total exchange algorithms that have appeared so far have been topology-specific, that is,
they were designed specifically for a particular network. Algorithms for hypercubes are not
directly applicable to tori for example. These two networks have actually monopolized the
research interests of many authors. Under our communication model the major portion
of the work is centered around hypercubes [59, 36, 4, 37]. Tori were considered in [67]
where the authors derived a relationship between tota! exchange algorithms and matrix
decompositions. No explicit algorithms were given however and in addition only specific
types of tori (the class of k-ary n-cubes) were examined. Finally the works in [33, 11, 61,
39, 64] deal with circuit switched or wormhole routed hypercubes and tori under a variety
of communication models.

Multidimensional networks have been accepted as efficient interconnection schemes for
multiprocessors as a result of their nice graph-theoretic properties. In addition to hyper-
cubes and tori though, other interesting multidimensional net works have been proposed and
implemented, including meshes, hypercycles [20] and generalized hypercubes [7] to name a
few. No network has been proven optimal for every task and each one can exhibit superior
behavior than the others in certain situations.

Our purpose in this chapter is to study the total exchange problem in any arbitrary
multidimensional network. We seek to show that total exchange algorithms for these net-
works can be synthesized out of total exchange algorithms for the individual dimensions.
We have witnessed such decompositions of problems or quantities throughout this thesis.

For example, formula (2.2) determines the eccentricity of a vertex based only on the ec-
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centricities of its coordinates in the corresponding dimensions. The broadcasting problem
under the multiport mode: was solved in Section 3.1 by constructing a spanning tree which
is determined solely from spanning trees of each dimension.

Multidimensional networks are not simple networks (at least visually) and calculations
or algorithms related to them can be very complex. Breaking a calculation or an algorithm
to parts applicable to only one dimension provides major simplifications. We show that this
is also possible for the total exchange problem. We develop a general algorithm that under
the single-port model can solve the problem in any multidimensional network given that we
have devised total exchange algorithms for each of the dimensions. We determine the time
requirements of the algorithm and provide conditions under which optimality is achieved.
It is seen that these conditions are met for many interesting networks and consequently the
total exchange problem can be optimally solved with the given algorithm. In the course of
our analysis the status (or total distance) of vertices is required. We derive a novel formula
for calculating the status of a vertex in multidimensional networks in the next section, For
the multiport model the algorithm is modified in order to improve its time reqnirements. We
again provide conditions under which this extension is optimal and we apply the algorithm
to networks with certain characteristics.

In conclusion, in this chapter we present solutions to the to.al exchange problem for an
entire class of graphs. The problem is solved by decomposing it to the simpler problems
of performing total exchange in each dimension. As a byproduct of the analysis, it is
seen that under the single-port model it is possible to perform total exchange optimally
in many networks of interest including hypercubes, and general tori. In certain networks

(homogeneous ones) the algorithm also behaves optimally under the multiport model.

5.2 Status (Total Distance) in Multidimensional Networks

We recall that the status (or total distance) s(v) of a vertex v is the sum of the distances
from v to all the other nodes in the network. If n is the number of nodes, the quantity
s(v)/(n — 1) is known as the average distance of node v, giving the average number of links
that have to be traversed by a message departing from v, It is an important performance
measure of the network since under uniform addressing distributions, it is directly linked
with the average delay a message experiences before reaching its destination [58, 57],
Calculating s(v) or equivalently each term nj, ¢ = 1,2,...,e(v), in (4.2) for not-so-simple
networks is usually a challenging combinatorial problem that most often than not does not
yield usable results (if any). We calculate the status of vertices in two graphs in order to
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show the difficulty associated with the problem.

To calculate the status of a vertex in a hypercube Q4 we observe that a node is at
distance 7 from node 0 if it has 7 ones in its binary address. Since there are (‘:) ways of
placing ¢ ones in d bit positions, there exist n; = (‘:) nodes at distance ¢ from node 0. The
status of node 0 (or any other node) is then seen to be equal to d24-1,

Generalized hypercubes are products of complete graphs. A complete graph K, has all
its n vertices adjacent to each other. In the graph K,;,. X Ky, X +++ X Ky, the status of a
vertex can be calculated as follows. In each dimension every node is at distance one from
every other node. Thus, there exist m; — 1 nodes which differ in the jth coordinate from

some node v. In a manner analogous to hypercube calculations, we can find that [7]

n; = 2:(mj1 ~1):(mj —1)

where j1,...,7i € {1,2,...,k}, j1 # j2 # *++ # Ji, and the sum includes (';) such terms, If
m; = m for all dimensions j, we may derive n; easily but in any other case the argument
fails. It should be apparent that the situation is worse in any other multidimensional
network since hypercubes and generalized hypercubes consist of the simplest dimensions

possible.

Theorem 5.1 Let G = Gy x Ga X« --x Gy. If s;(v;) is the status of v; in Gy, i =1,2,...,k,
then the status of v = (vy,vg,...,v;) in G is

where n = |V1{|Va| -+ - |Vi| is the number of nodes in G.

Proof. We are not going to utilize (4.2) but rather the following equivalent formula which
is derived from the definition of the status of v,

s(v) = ) dist(v,u), (5.1)

ueG

where dist(v,u) is the distance between v and u. Hence, the status of v; in G; can be

written as

silv;) = Z dist(vi,u;). (5.2)
u, eG;

We know that in a multidimensional network the dictance between two vertices is equal

to the sum of distances between the corresponding coordinates (Eq. (2.3)). Consequently,
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from (5.1) we obtain

s(v) = > dist((v1,...,v), (u1,... up))

(11 ug ) EG

k
— Z Z Zdist(vi,u,’)

w1 €Gy u €Gy, i=1

— Xk:{ >y ¥ oLy dz‘st(vi,u;)}

=1 ‘u; Gy 1;~1€Gi_1 4i4+16Gis1 wL EG 4, €G,

@ i{z--- S OY % a)

WEGL  4i~1€G i1 4i41€Gi41 W EGy,

as claimed. |

The status of a vertex in a multidimensional graph is thus equal to the sum of the status
of its coordinates, weighted by a factor n/|V;| for the corresponding dimension. Theorem 5.1
can be used now to calculate the total or the average distance of vertices in many graphs
for which no closed-form formula has appeared up to now. As an example, generalized
hypercubes K, X +++ x K,,, have |Vi| = m;, n = mymg++-my, and nodes in dimension %
have status s; = m; — 1, as (4.11) shows. Consequently, the average distance of any vertex

in the graph is given by

k k
n m; — 1 n 1
= k~ —].
St (k)

In the context of the total exchange problem we are interested in the average statug of
the nodes in the network, Let AS(C;) be the average status of G, defined as AS(C;) =

Luec; Si(vi)/|Vi| (see (4.3)). We have the following corollary.
Corollary 5.2 Let G = Gy X Gy X +++ x Gy, If AS(G;) is the average status of G,
t=1,2,...,k, then the average status of G is given by

k ,
AS(G)=n), Af‘(/j").

i=1

Proof. From Theorem 5.1 we obtain

k
2 5(v)

ve@ (1)1,-.»““:)60 i=1 Vil
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_ £ si(wi)
SR PR YR

1 €G1 v €Gy i=1

k si(v;
SEOIDIERED MDD M o

i=1l1EG Vi-1€Gi~1 vi41EG41 1, €Gr 1 €G; *

k
=2y T L% ¥ As©)

i=1lmeG Vi=1€Gi—1 vi41€Gi41 v EGy

k
n
= n ;1 l—‘—/ﬂAS(G,),

which, divided by n, gives the required result. [ ]

5.3 Total Exchange Under the Single-port Model

Let G = A x B. A k-dimensional network G1 X -+ X G}, can also be expressed as the
product of two graphs by taking A = G X -+« X Gj-; and B = Gy, so we may consider
two dimensions without loss of generality. Let A = (V4,F4), B = (Vg, EB), G = (V, B),
ny = |Val, n2 = |Vp| and n = nynq. Finally, let

Va = {v | i=1,2,...,n1}
VB = {ui ! i=1,2,...,n}.

Graph G consists of n2 (interconnected) copies of V4. Let A; be the jth copy of A with
node set (*,u;), where % takes all values in V4. Similarly, G can be viewed as n; copies
of B, and we let B; be the i¢th copy of B with node set (v;,%). An example is shown in
Fig. 5.1.

We will develop the basic idea behind our algorithm through the example in Fig. 5.1.
Consider the top node of A, This node belongs to A; as well as By, All nodes in A; have,
among other messages, messages destined for the rest of the nodes in A;, These messages
can be distributed by performing a total exchange within A;. In addition, nodes in A; have
messages for all nodes in Az, A3 and A4. Somehow, these messages have to travel to their
appropriate destinations, What we will do is the following: all messages of the top node of
A meant for the nodes in Az will be transferred to the top node of Az2. All messages of
the middle node of A; destined for the nodes in Az will be transferred to the middle node
of Az. Similar will be the case for the bottom node of A1, Once all these messages have
arrived in Ag, the only thing remaining is to perform a total exchange within A2 and all
these messages will be distributed to the correct destinations.
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Figure 5.1. A 4 x 3 torus as (a) four copies of a three-node ring or (b) three copies of a

four-node ring

Next, nodes of A; have to transfer their messages meant for A3 to nodes of A3z, The
procedure will be identical to the procedure we followed for messages meant for 4;. Finally,
the remaining messages in A; are destined for A4 and one more repetition of the above
procedure completes the task. Notice that what we did for messages orviginating at nodes
of A; has to be done also for messages originating at the other copies of A, i.e. Az, Az and
A4. We are now ready to formalize our argumnents,

We are going to adopt a message notation similar to that of the previous chapter:
My(w; ;) Uk ) Will denote the message of node (vi,u;) destined for node (up,w). We
will also introduce the ‘#’ symbol to denote a corresponding set of messages. Kor ex-
ample, My, ) (*,u1) denotes all messages of node (v;,u;) destined for the nodes of Ay, and
™M(y; %) (U, w) denotes all messages of B; destined for node (vg,w). Similarly, my,, . ;) (ks %)
denotes all messages of (vj, ;). Notice that this last set normally includes my,, ,) (viy 1)
since (*, *) covers all nodes. Since no node sends messages to itself, it is always implied that
Jrom any set of messages, we have removed every message whose source and destinalion are
the same.

Consider the set of messages my, 4) (¥, *). This set represents our total exchange problem:
every node has one message for every other node, Next consider the set m, ,, ) (#,u;), This ig
the set of messages of nodes in A; destined for the other nodes in A;: they can be distributed
by a total exchange operation within A;. Finally, consider the set my,q,)(*,ut) of node
(vi,u;) meant for the nodes of Ay, This set will be transferred to node (viyug). Thus,
after such transfers, node (vy,uy) will have received myy, u ) (¥, ux), node (vz,u) will have
received myy, «,) (¥, ur), and so on. Notice that every node in A will have received messages
meant for every node in Ay these messages clearly can be distributed to the appropriate
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For every i =1,2,...,m
For every 7 =1,2,...,n2
For every k= 1,2,...,n9, k # 1

For every k =1,2,...,ng

1
2
3
4 Transfer messages my, 4 (¥, ux) to node (v;,ug);
5
6 Do in parallel for all A;, 7 =1,2,...,ng

7

In A; perform Total Exchange with node (v, u;)

sending messages My, u,) (*, %;);

Figure 5.2. Algorithm Al

destinations through a total exchange operation within A;.

To recapitulate, we can solve the total exchange problem in G = A x B using Algorithm
Al shown in Fig. 5.2, First we perform all the transfers we described above and then
we perform the total exchanges within each A;. The transfers correspond to lines 1-4 in
Algorithm Al. After they are completed, every node (v;, u;), for every ¢, j, will have received
all messages meant for the jth copy of A originating at nodes (vi,u), k =1,%....,n9, i.e.
all messages My, 4\ ) (*,u;). Lines 5-7 of the algorithm distribute these messages to the
corvect vertices of A; in ng rounds. In the kth round a total exchange is performed and the
exchanged messages have originated from Ay.

Algorithm Al solves the total exchange problem but lines 1-4 do not show how the
transfer of messages is exactly implemented. First of all, there may exist path collisions
between transfers from (vi,u;) to (vi,ur) and transfers from (vyr,u;) to (vir,ug), ¢ # ¢, if
we try to do them simultaneously, Let us consider again the example in Fig. 5.1. At some
point all nodes in A; want to transfer their messages, say, for nodes in A4, We make the
observation that these transfers can indeed be done in parallel, That is, the top node of A4;
can transfer its messages to the top node in A4, the middle node of A; can transfer its own
messages to the middle node of A4 and so on, without any interference between them. The
trick is to use only paths in the second dimension (B). That is, all the transfers of the top
node of A use links in By, all transfers from the bottom node of A; use links in Bg, etc.

Consequently, a straightforward way of parallelizing line 1 is the following: when trans-
ferring messages from (v;,u;) to (v;,u;) we only allow use of links in the second dimension.
In other words, the allowable paths (v;,u;) — (vi,u) involve only nodes (v;, *) of B;, Then
if vy # v, paths (vi,u;) = (vi,ur) and (vy,u;) = (vyr,ur) have no node in commeon.
Consequently, lines 1~4 can be rewritten in the improved form:
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For A, For A; For Ay | ForA,, |
Ry i|my{vi,y) Ma(vr, ) mg(un ug) X ey (it )
Ry | ma(viey,u) My (Vim1s ) Ty (Vg k) Ty (Uit Wy )
R |[my(vi,uy) — (v, ) LIRS
Rigy || my(vig1,11) My {Vig1, 1) My (Vi1 k) M (Vg gty )
' : : ' z
R, |[ms(vn ) 1Mg{Vn,  Uq) 10, (U, , Ug) o 1Vt )

Table 5.1. Messages to be transferred from node s = (vi,u;). The jth column is actually

unused since messages of (vi,u;) for A; are not to be transferred to any other copy of A.

1 Do in parallel for all v; € V4 (i =1,2,...,nq)

2 For svery j =1,2,,..,n9
3 For every k=1,2,...,n3, k # 1
4 Transfer messages myy, .;) (%, ur) to node (v;,uy) using links in Bj;

We may still improve matters by further parallelizing lines 1~3. Within B; we nced to
transfer messages m(,,h,‘j)(*,uk) from every vertex u; to cvery other vertex uy. In Table 5.1
we list the messages to be transferred by some vertex (v;,uj) of A;. Notice that we do
not have to transfer messages meant for A; anywhere, so the jth column of the table is
actually unused (it will only be used for a total exchange within A;), Column k containg
all messages of (vi,u;) meant for Ay, to be transferred first to node (v;, uy).

Instead of transferring the messages column by column (i.e. transfer all messages in
column 1 to Aj, then all messages in column 2 to As, etc.) we transfer them horizontally
(row by row), The batch R, of messages in row r contains all messages my, , ;) (Ury %) We
will transfer all of them, except of course for my,, , J)(v,.,u,-) in column j which is meant for
a node of A;. Let us consider again the network in Fig. 5.1 and assume that the bottom
nodes of Ay, Ay, Ag and A4 want to transfer their first batch, Ry. The batch of the bottom
node of A; contains one message for each of the bottom nodes of A, A3 and A4, Similarly,
batch R; for the bottom node of Az contains one message for the other three nodes in
question, It should be immediately clear that these messages constitute an instance of the
total exchunge problem in By: every node has one message for every other node in 3y,

In general, when every node (v;,u1), (vi,u2), ..., (vj,uy,) in Bj transfers its own batch
R, of Table 5.1, a total exchange within B; can distribute the messages appropriately,
Consequently, all rows of Table 5.1 of every node will be transferred where they should by
performing n; total exchanges in B;: at the #th exchange all nodes (vi, *) transfer their rth
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1 Forr=1,2,...,m
2 Do in parallel for all B;; i =1,2,...,m
3 In B; perform Total Exchange with :ode (vi,u;)

sending messages My, ;) (vr, %),7=1,2,...,n9;

4 Foreveryk=1,2,...,n9
5 Do in parallel for all 4;, j =1,2,...,n2
6 In A; perform Total Exchange with node (v;, u;)

sending messages My, u,)(*, %), 4 =1,2,...,n1;

Figure 5.3. Algorithm A2 for the single-port model

batch of messages (rth row of the corresponding tables).

Based on the above discussion, and recalling that transfers within B; do not interfere
with transfers within By, i/ # i, we may express our total exchange algorithm in its final
form, Algorithm A2, appearing in Fig. 5.3. Algorithm A2 is a general solution to the total
exchange problem for any multidimensional network. If the network has k > 2 dimensions,
G =Gy % -+ X G}, Algorithm A2 can be used recursively, by taking A = Gy X -+ X Gp_1
and B = Gj. The total exchanges in A; (lines 4-6) can be performed by invoking the
algorithm with 4 = Gy X -+ X G2 and B = G},_; and so forth.

The algorithm is in a highly desirable form: it only utilizes total exchange algorithms
fur each of the dimensions. The problem of total exchange in a complex network is now
reduced to the simpler problem of devising total exchange algorithms for single dimensions.
For example, we are in a position to systematically construct algorithms for tori, based on
algorithms we presented in Chapter 4 for rings.

We now proceed to determine the time requirements of the algorithm and the conditions

under which it behaves optimally.

5.3.1 Optimality conditions

It is not very hard to calculate the time required for Algorithm A2. This is because it is
written in a form suitable for the single-port model: every node participates in one total
exchange operation at a time. When each total exchange is performed under the single-port
model, in effect no node sends more than one message at a time. If in addition each total
exchange does not allow nodes to receive more than one message at each step, then the
same is clearly true for Algorithm A2,
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Theorem 5.3 If single-pert total exzchange algorithims for graphs A and B take Ty and Ty
steps correspondingly then Algorithm A2 for G = A » B requires

T =mTp +naTy

time units.

Proof. The result is straightforward: lines 1-3 perform n; total exchanges within B; (for
alli =1,2,...,n; in parallel), each requiring T'p steps. Similarly, lines 4-6 perform ns total
exchanges within A; (for all j =1,2,...,ny in parallel), each requiring T4 steps. ]

Corollary 5.4 If C'= Gy x Gy x --» X G}, and a single-port total exchange algorithm for
G; takes T; time units, i = 1,2,...,k, total exchange in G under the single-port model can
be performed in

<}'ﬂ

r-ny
steps, where n = |V1||Va -« |Vi|.

Proof. The proof is by induction. If we only have one dimension then the corollary is
trivially true, Assume as an induction hypothesis that it holds for up to & — 1 dimensions.
Then we must have b1

Wl

where 7" is the time needed for total exchange in G/ = Gy % +++ X Gg..q and n' =
Vil- [Viet] = n/[Vi]. If we let A = G' and B = Gy, ny = v/ and ng = |Vi], Theo-
rem 5.3 gives

T':—-"n'

T = nTp+ [VlT

[
= T Ml 2w

as required. n

Theorem 5.5 If singic-port total ¢zchange for every dimension i = 1,2,...,k of ¢/ =
Gy x Go X +++ X Gy, can be performed in time equal to the lower bound of ({.4) then the same
is true for GG,
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Proof. If in G; total exchange can be performed in time equal to the lower bound of (4.4)

then T; = AS(G;). From Corollary 5.4, we must have

k
AS(Gy)
T=n 2 T
i=1

which, combined with Corollary 5.2, shows that T = AS(G) and the algorithm is thus
optimal, =

Based on the last theorem and the analysis in Chapter 4 we immediately see that in
nroducts of Cayley graphs total exchange is performed optimally with Algorithm A2. For
example, since rings, extended rings a::d complete graphs are Cayley networks, it is derived
that Algorithm AZ is an optimal total exchange algorithm for tori (products of rings),
hypercubes, k-ary n-cubes (subclasses of tori), hypercycles (products of extended rings)
and generalized hypercubes (products of complete graphs).

5.4 Extension to the Multiport Model

In this section, we modify Algorithm A2 to work better under the multiport model. In its
present form, Algorithm A2 is not particularly efficient under this model. This is because
lines 4-6 are executed after lines 1-3 have finished. During execution of lines 1-3, only
edges of the second dimension (B) are used while lines 4-6 use only edges of the first
dimension (A4). In the multiport model, we try to keep as many edges busy as possible and
the behavior of Algorithm A2 does not ccatribute to that effect. We seek, consequently,
to transfer messages in both dimensions simultanecusly, In other words we reconstruct the
algorithm such that lines 1-3 overlap in time as much as possible with lines 4-6.

The theory we present here applies to homogeneous networks. A multidimensional
network is called homogeneous when all its dimensions are identical. Thus, G = H x
Hx...x H=H* for some graph H. We will only consider the two-dimensional case,
Le. G = H?, but it will also be seen that the algorithm we derive is applicable when the
dimensionality of the graph is in general a power of 2, i.e. G = H 2",

Let G = Ax B = (V, E) where A= B = H. Also, let n = |Vy|. The network in Fig. 5.4
will be used as an example for our arguments, For node (1,1), we give the messages it las
to distribute in Table 5.2, The messages in the first column are meant for the other nodes
in Ay, A total exchange within: 4; may thus begin immediately to distribute s1ich messages.
Since this total exchange uses only links in the first dimension, node (1,1) is also available
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Figure 5.4. A 3 x 3 homogeneous mesh
For A, For A, For A; l
- m1,1)(1,2) | ma(1,3)
ma1)(21) | ma1y(2,2) | ma.)(2,3)

ma,1)(3,1)

m.1)(3,2)

ma,n(2,3)

Table 5.2. Messages to be transferred from node (1,1)

to participate in some total exchange in the second dimension (i.e. in By). In a gencral
network, node (v;,u;) in A; can participate in a total exchange within B; as soon as the
first total exchange in A; starts. Within A; the transferred messages are m(,,‘.,,,J)(:k,uj), as
given in column j of Table 5.1,

Let us see what messages will be involved in the first total exchange within B;, Our
objective is the following: we want every node (v;,u;) in B; to receive n — 1 appropriate
messages so that after this total exchange in B; is done, another total exchange can be
initiated within A;. Consequently, we seek to arrange the transfers so that (v;,u;) receives
one message for each node in Ay, i.e. it receives messages with destinations (x,wu,). Notice
that any node (v;,u;) receives n — 1 messages through a total exchange in B;: since A; has
n nodes (including (v, u;)), all the n — 1 receptions of (v;,u;) should be meant for nodes
other than (v, u;) itself.

In the network in Fig. 5.4, we it for example node (1,1) send m(;,3)(2,2). This message
is at some point receiveded by node (1,2) and it provides one message for the forthcoming
total exchange in Az. If (1,2) sends m;,9)(2,3), then node (1,3) is also provided with one
message for total exchange in A3. Similarly, (1,3) sends m 3(2,1), needed by node (1,1).

Let us define the following operators:

@,y 2 [(z+y—1)medn] +1
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These operators work like addition/subtraction modulo n but produce numbers ranging
from 1 to n instead of 0 to n — 1, and are better suited for our purposes here. Based
on this operator and the preceding discussion, we see that one effective scheduling is to let
node (v;,u;) (for all i and all j) send, among other messages, message M (y; u;) (Vig, 1, Uj@,1)-
Hence, this node will also receive my, .., ,)(vi@.1,%;) from node (v;,4j0,1) which it will
use for the next total exchange in A;.

Let us see what other messages are sent during this first total exchange in B;. In our
example, it is seen that since node (1,1) decided to send m(1,1)(2,2), it cannot send another
message to node (1,2). Thus it has to send a message to node (1,3). Since this node
receives ™1 2)(2,3), which covers one destination in Aj3, the only choice for (1,1) is to send
my1,1)(3,3). This message completes the set of messages needed by (1,3) for the next total
exchange in A3 since all other vertices in A3 are now covered. Similarly, (1,2) and (1,3) must
send m(; 5)(3,1) and m(; 3)(3,2) and all three nodes will have a complete set of messages,
suitable for total exchanges within 4;, A2 and Aj. ' ‘

In general, the second message that node (v;,u;) sends is myy, u ) (vig,2, 4j@,2). This
provides node (vi,ujg,2) with a second message for the total exchange in A4;g,2. The
pattern should now be clear: during the first total exchange in Bj, every node (v;,v;),

j=12,...,n, sends the following messages:

My ,u,-)(vi@nl?uﬁbnl)v m(v;.uj)(vi@n?vuj%n?)’ coey m(vi,uj)("’i@" (n—-1)r Y@, (n-—l))a

or, in a compact form;

{m(unuj)@iGSnZ’uJ'G):;l) ‘ £=1,2,...,n— 1}'

This node provides node (v;,u;g,¢) With the £th message it needs (i.e. a message destined
for node (vig, ¢, Ujg,4) in Ajg,e). Notice that the above set contains one message to be
received by each node (vi,uj), 7/ # j, i.~. it is a perfect set for participation in the first
total exchange in B;. Also, it should be clear that (v;,u;) receives the following messages:

{m(”n“,i@ul) (’U;’$"g,uj) l = 11 2? Y (S 1}'

Again notice that this set contains one message for each node (vy,u;), ¢ # 1, in A;, Thus
we achieved our goal: every node in B; receives a full set of messages to be used for the
subsequent total exchange in Aj.

Since A = B, the first total exchange in A; finishes exactly when the first total exchange
in B; finishes, Thus the second total exchange in A; can start immediately using the newly
acquired (through the exchange in B;) messages. Then the story repeats itself: a second
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total exchange in B; can be performed simultaneously with the second total exchange in
4;. Our goal for this total exchange in B; remains the same: to distribute messages that
can be used for a third total exchange in A;.

The idea behind selecting a group of messages for this second total exchange in B;
is similar to the one in the first total exchange we saw above. Now, we let (v;,u;) send

messages

m(‘vmlj)(viGBuQ’uj@ul)’ eeey m(v;.uj)(viﬂ)n (n—-l))uj@,,(n-—2))’ m(v,-,u,)(’Ui(l),.l)uja)..(1|»~l))'

The situation is repeated continuously. While the rth total exchange within Aj is in
progress, the rth total exchange in B; is also performed in order to provide nodes with
messages for the next total exchange in A;. During the rth exchange in B; a node (v;,u;)

sends the following messages:

m(vi 1) ('U'i@" ™ Ui, 1)

Mos,0,) (Vi (r-+1) 1 i, 2)

m(v;,uj) (UiEB,. (n—1) ’ujeB,, (n -:1'))

M) (Vidnls Ui, (nert))

Mh(wiu;, Wim, (r~1) 1 U@, (n— 1) ) .

Observe that the destinations v;g, ¢ are in the order given by £ =r,741,.,.,n~1,%,,.., 7=
1. That is, the natural sequence 1,2,...,n — 1 which we used in the first total exchange
in B; is left-rotated by r positions. Based on this observation, it is easy to verify that the

above set of messages can be given in the compact form:

{ M) Wi (1100 )y Bia) | £=1,2,.. 0 1}. (5.3)

Similarly, it is seen that after the rth exchange in B;, node (v;,u;) will have received
messages
{m(""’“ﬂm((r.-ayay,,.,lc))(vi@nf’”ﬂ | £=1,2,,..,m~ 1}, (6.4)

which can be used during the (r - 1)th total exchange in 4,,

Let us recapitulate. During the first total exchange in Ay, (vi,u;) uses myy, ) (%))
Simultaneously, total exchanges in B; start, During the rth exchange in B, the same node
sends the set of messages given in (5.3), and receives the set given in (5.4). This set will be
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1 Do in parallel
2 - TEA();
3 - TEB();
TEB()
4 Forr=12,...,n~1
5 Do in parallel for all B;, i =1,2,...,n
6 Perform Total Exchange in B; with node (v;,u;) sending
{m(u;,uj)(Uz'@u((r'—l)@u-ll) yUjgae) | £=1,2,...,n =1}
7 Do in parallel for all B;,1=1,2,...,n
8 Perform Total Exchange in B; with node (v;,u;) sending myy, ) (vi, %);
TEA()
9 Do in parallel for all 4;, j =1,2,...,n
10 Perform Total Exchange in A; with node (v;,u;) sending myy, o) (*,45);
11 Forr=2,,..,n-1
12 Do in parallel for all 4;, j =1,2,...,n
13 Perform Total Exchange in A; with node (v;,u;) sending
the messages received from the second dimension (B;);

Figure 5.53. Algorithm A8 for multiport homogeneous networks: G = A% B and A=B =
H.

used for the (r + 1)th exchange in A;. This will occur for all r = 1,2,...,n — 1, All total
exchanges in B; are performed in parallel with the total exchanges in 4;.

The last (nth) total exchange in A; involves the messages received during the (n —1)th
total exchange in B;, It can be noticed that (v;,u;) has sent all its messages meant for
nodes in all other copies of A, Ay (k # j), except for nodes (vi,uy), In the example of
Fig. 5.4, we saw that during the first two exchanges in By, node (1,1) sent all its messages
with the exception of messages m 1)(1,2) and m(; 1)(1,3) which are destined for node (1,2)
and (1,3), The situation is similar for nodes (1,2) and (1,3) also: all messages of nodes (1, %)
meant for nodes in By are the only messages remaining to be sent.

In conclusion, messages my, v;)(vi,*) of node (v;,u;) are the only messages remaining
to be sent. Obscrve that this is a perfect set of messages for a (final) total exchange in B;.
This nth exchange can be performed while the nth exchange in A; occurs.
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What we have described up to now is formulated as Algorithm A3 in Fig. 5.5. The total
exchanges in the copies of A and B are completely parallelized, hence lines 1-3. Lines 4-8
perform the transfers we described above in B;. Lines 9-13 perform the total exchanges in
Aj. Notice how simple lines 11-13 are: whatever was sent through the rth exchange in B;
is used during the (r + 1)th exchange in 4;.

As it is, the algorithm works for any two-dimensional homogeneous netwerk. Extension
to more than two dimensions seems rather difficult because the homogeneity will be lost, in
the sense that A could be different than B. For example, if G = H3, G can be written as
G = A x Bonly if A= H? and B = H or vice versa.

However it is easy to see that the algorithm is applicable if the dimensionality is a power
of 2. It G = H?" then we let A = H?**™ and B = H?"™'. The algorithne can then be
applied recursively for A and B, by e.g. setting 4 = H2*™ x H?*™ and so on.

We proceed now to determine the time requirements of Algorithm A3 and to give opti-

mality conditions.

5.4.1 Optimality conditions

Theorem 5.6 If H has n nodes and total exchange in H requires Ty steps then Algorithm
A3in G=H x H r -.ures time equal to:

T= nTH.

Proof. Procedure TEA() performs n total exchanges in A; (for all j = 1,2,..,,n in
parallel), thus requiring nTy steps. Similarly, TEB() also requires nTyy steps. The algorithm
finishes when both procedures have finished, i.¢. at time 7' = nTY. [

By the recursive application of the algorithm for networks where the dimensionality is
a power of 2 we have the following corollary.

Corollary 5.7 Let G = H%, where d = 2%, If total exchange in I requires Ty time unils,
then total exchange in G can be performed in

T 2= ndwlTH
steps.

Proof. The proof is by induction. The case of two dimensions was covered in Theorem
5.6. If, as an induction hypothesis, for G’ = H%? we need time 17" = n*/2 17y then set
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G = G' x G' and apply Theorem 5.6 with G’ treated as H, T" treated as Ty, and n?/2
treated as n. It is then seen that T = n¥/2T" = n9~1Ty, as claimed. n

Theorem 5.8 Let G = H¢, where d = 2*. If total exchange in H can be performed in time
equal to the lower bound of (4.1) then the same is true for G.

Proof. From Corollary 5.7, total exchange in G requires T' = n%~ 1Ty time units, where
n = |Vy|. If Ty achieves the lower bound in (4.1) then there exists a partition Vg, , Vg, of

the node set of H such that
— IVH1HVH2|

Ty
OVH1 Vu, ’
where Cyy,, v, is the number of links separating the two parts.

Consider the following partition of V, the node set of G:

i = U (Viy*y .0y %)

i€V,
Vo = U (Viy#, .00y %),

vi€VH,
Then clearly, [Vi| = |V, |n?~! and |Va| = |Vi,|n?1. Notice that G contains n?~! copies of
H and that in order to separate the two parts we only need to disconnect each copy of H,
by removing links only in the first dimension. Since Cy,, v, links are needed to disconnect
each copy of H, we obtain

Cviw, = nd-la"nl Vi,

Thus, Vi and V2 is a partition of G such that

VillVal _ nd=2 Vi, [n%1 |V, |

Cvive n=10v, vi,

=Ty,

which is equal to T, the time needed for total exchange in ¢!, Thus the bound in (4.1) is
tight for G, too. n

Sumimarizing, Algorithm A3 is a multiport total exchange algorithm for homogeneous
networks whose dimensionality is a power of two. If total exchange in H can be performed
in time equal to the lower bound of (4.1), then Algorithm A3 optimally solves the problem
in (. From the regults in Chapter 4, we have the following direct consequence, If H is
a ring or & linear array, then Algorithm A3 is an optimal total exchange algorithm for
homogeneous meshes and tori with 2% (k > 1) dimensions.
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Chapter 6

Fat Trees \ -

In this chapter, we will study the communication problems in the context of fat tree net-
works. Fat trees constitute a promising interconnection structure for parallel processing and
in fact they have been utilized in a commercial multiprocessor, Thinking Machines’ ¢M-5
[41]. They are based on complete trees and it is this hierarchical structure that seems to
make them suitable for many scientific problemns as well as for general applications.

As it will be seen shortly, fat trees differ in many ways from all the other networks we have
considered up to now. First of all, they do not possess any symmetry. The most important
difference though, which will affect the analysis of our communication problerus, is that only
certain nodes constitute processing elements. The rest of the nodes in the network arc only
used for routing, This characteristic, in effect, renders most of the analysis in the previous
chapters inapplicable to fat trees. For example, the total exchange bounds in Section 4.1
are no longer valid since in their derivation w~ assumed that all nodes participate in the
operation by producing and consuming messages,

Some experimental results on communications in Thinking Machines’ (!M-§ were given
in [54]. Also, related but not exactly applicable to fat trees are the works in [23, 6], The
authors in [23] studied among other problems the problem of hroadcasting in complete trees,
while in [6], scattering under the single-port model in arbitrary trees wies considered, In
both cases the network was assumed to he wormhole routed and, unlike fat trees, all nodes
were assumed to generate and consume messages.

We introduce complete trees an:l fat trees formally in the next section, One parameter
in fat trees that was not present in networks of the previous chapters is the capacily of
channels. In graph-theoretic terminology, there may exist: multiple edges hetween adjacent,
nodes, This will affect the performance of the slgorithms since it allows multiple messages to
be exchanged between neighborr, We discuss communications under the single-port modi-:
in Section 6.2, If a processing node is not allowed to send more than one message at a
time, then capacities play no role and tho network behaves like a complete tree, Capacitien
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~d Level 3

b Javel 2

<— Level 1

< Level 0
0 1 2 3 4 5 6 7

Figure 6.1. A complete binary tree with 15 nodes (8 leaves)

certainly affect multiport communications, which will be examined in Section 6.3.

6.1 Preliminaries

A complete k-ary tree with height h consists of (k"+1—1)/(k—1) nodes and has the following
properties: every node except the leaves has exactly k children and all leaves are at the
same level (i.e. at the same distance from the root). A complete binary tree with 15 nodes
is shown in Fig. 6.1.

We will number the levels from the bottom to the top. The leaf level is level 0 and the
level of the children of the root is level h — 1. We will also say that the root belongs to level
h. A node in level 7 is at distance h — ¢ from the root of the tree. Since every “internal”
node (i.e. a non-leaf rode) has k children, level h — 1 has k nodes, level h — 2 has k2 nodes,
and in general the ith level has k"% nodes. The number of leaves is thus n = k" conversely,
if the tree has n leaves then it has height h = logy n, The leaves are numbered from left
to right as 0,1,...,n — 1 as shown in Fig. 6.1, In what follows we will assume that h > 2,
or alternatively, n > k? (if the height is one then the network degenerates to a star graph
which consists of n vertices adjacent only to an additional central vertex),

A k-ary fat tree is based on the same topology only branches! get thicker as one moves
from the leaves to the root of the tree. That is, branches closer to the root may include
more physical links than branches further from the root. The capacity of a branch is the
number of links it includes, A branch between levels 1 -~ 1 and i is called a level- branch
and has capacity ¢; 2 1. Since branches increase in capacity towards the root, we have
¢i 2 ¢j if i > 7. A portion of a k-ary fat tree is shown in Fig. 6.2,

It & fat tree, all processing nodes are confined to the leaf level; they are able to gen-
crate and consume messages. All the other nodes are usecl for establishing paths between

o

YThe chanuel Joining two ndjncent nodes In a tree will be termed *brancht® to differentiate with the terms
Sedge™ and “Hok™ which refer to u single physieal link,
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Level 2
Capacity ¢,
Level 1 ~-——memoemm
/.' X’ R Capacity ¢,
Level 0 —emem= [] see

01 k-1 L)
Figure 6.2. Portion of a k-ary fat tree

appropriate leaves and are thus called routing nodes.

Although the results presented here cover any capacity arrangement, two capacity pat-
terns v ' be of more interest in later sections: constant and exponential. These two pat-
terns represent two extremes in interconnection size. In the first case ¢; = 1 for all levels
i=1,2,...,h, and the resulting tree is the complete k-ary tree. In the exponential capuc-
ities case, ¢; = k'L, It is easily seen that in this case the total number of links at every
level is equal to n = k", being thus able to carry messages from all leaves simultancously,

In what follows, we denote by B(n), S(n), G(n), M B(n) and TE(n) the time necded
for broadcasting, scattering, gathering, multinode broadcasting and total exchange corre-

spondingly,

6.2 Communications Under the Single-port Model

It should be clear that if every node is incapable of sending more than one message ab
every time unit, branch capacities have no effect at all. Any fat tree behaves exactly
like the corresponding complete k-ary tree. In this section, we derive lower bounds for the
communication problems we consider and provide algorithms that achieve the lower bounds,
Notice that we allow any node to receive messages from all its neighbors simultancously
but it can only send one message at each step.

6.2,.1 Broadcasting

Let us first consider broadcasting from the root » of an arbitrary tree 1", where v has d
children v, 4 = 1,2,...,d. Let Ty, be the subtree rooted at v; and assume that broadensting
in Ty, needs b(T},) steps. Let us further assume for convenience that the trees have Incices
reversely to their broadcast times, L.e. if ¢ < j then 6(13,) 2 b(T},). Since the root cun send
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Yo
Figure 6.3. Broadcasting under the single-port model

the message to only one child at a time, it is clear that the best plan is to send the message

to vy first, then to vy, etc. As a result, the time needed to broadcast from v in T is
b(T) = max {(b(Ty) +1}. (6.1)

If T is a complete k-ary trec with height £, then the k subtrees rooted at the children of
root v are identical: they are all complete k-ary trees with height £ — 1. Let B, (£) be the
broadcast time from the root in I'. Then the broadcast time for any of the k subtrees is
B,(£ —1), and from (6.1), setting d = k, b(T) = B,(£), b(T3,) = B,(£ — 1), we obtain

B.() = B,(£—1) + k = B,(£) = ki. 6.2)

since B, (1) = k.

Our problem, however, is to broadcast from a leaf of a complete k-ary tree, Let, without
loss of generality, the leftmost leaf be the source node, labeled g in Fig. 6.3, Starting from
up's only parent (labeled 1)) and following the upward edges, we observe the following:
below the ith node u; in this path there are k — 1 complete k-ary trees of height ¢ — 1
(except the one rooted at u;-1). If u; gets informed about the message, then all the leaves
in these k£ — 1 subtrees can be informed in B, (¢ —1) 4+ k — 1 steps at the earliest, Of course,
ui also has to inform its parent, In order to determine the exact broadcast time for vy we
start from the end of the upward path, calculate the minimum time needed for broadcasting
from that node, and then work our way down to ug using (6.,1) at each step. We let b(T},)
be the broadcast time remaining after u; receives the message,

Node uy, in the path is the root node of our original tree. It can only be informed through
its leftmost child, When w, receives the message, it has to inform its k—1 remaining children
as we mentioned above and for this By(h ~ 1) + k — 1 steps are needed, Consequently,

b(Ty,) = Bp(h=1) + k = 1,
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Source Node:

1 Send message to parent;

Every Routing Node:
1 Send message to parent (if any);
2 Send message to each child in turn, except to the one

the message came from;

Figure 6.4. Optimal broadcasting algorithm under the sinjle-port model

Next, consider uy,—;. This node has to inform its k — 1 subtrees lying below plus its parent,
up,. For the subtrees below B,.(h —2) + k — 1 steps are needed, while for broadcasting from
upy By(h — 1) + k — 1 steps are necessary as we just saw. According to (6.1), the best plan
is to send the message to vy first and to the subtrees below next., Consequently, we need
time:

' b(Tuy_,) = max{b(Ty,) + 1, Bp(h = 2) + k} = b(T}, ) + L.

Proceeding downwards in this manner, it is seen that any node w; must first infori {ts
parent (u;4+1) and then its k ~ 1 remaining children, and

b(Ty;) = max{b(Ty,,,) + 1, Bp(i = 1) + k} = b(To, ) -+ b — 1,
giving
b(Tho) = b(Ty,) + h = Bu(h~1) -+ k ~ 1 + h,
Since from (6.2) By.(h —1) = k(h —1), we have the following result (recall that h = logy n):

Theorem 6.1 Broadcasting in fat trecs under the single-port model requires (k-+1) logy, n=1
steps,

Fig, 6.4 shows an algorithm that achieves this lower bound; it is directly derived from
the preceding analysis,

6.2,2 Scattering

Scattering and gathering in general trees of processors were considered in [6]. Although
related, our case differs in that the significant nodes are confined to the leaves of the tree,
The observation that the source node has to send or receive n —~ 1 different messages over
its incident link leads to a simple lower bound of S(n) = G(n) 2 n ~ 1 steps. As n matter




6. Fat Tyees 83

va'
"‘/f \\'\
4 "~
o / )/ .
/ N
So/ / 84 Skt~
o~ d o \um
0 «o- k™1 kTP 2t (k=1)k %1 ve- ki1

Figure 6.5.

of fact, the exact bound is n or n + 1 steps (depending on k) and can be seen as follows,
In gathering » — 1 messages at processor 0, in the first two steps we can at most receive
one message since the closest leaf is at distance two. Consequently there will be at least
one step with no message reception by node 0, i.e. $(n) = G(n) > n. If the tree is binary
(k = 2), there will be one extra step of no reception since the next closest leaves (2 and 3)
are both at distance four from node 0, i.e. S(n) =G(n) >n-1if k=2,

Since a gathering algorithm can be had from a scattering algorithm (and vice versa), we
only consider scattering here. The lower bourd of n or n 4- 1 steps can be achieved using
the furthest-first schieduling discipline whereby the source node gives priority to messages
that have to travel the furthest.

Theorem 6.2 The furthest-first discipline results in an optimal scattering algorithm.

Proof. Assuming without loss of generality that leaf node 0 is the source node, consider
the routing node R; at level ¢ which is the root of the subtree containing nodes 0 to k' —1, as
shown in Fig. 6.5. Let S; be the subtree rooted at the jth child of R; from the left (the source
node belongs to Sp). The last message destined for any of the subtrees Sy, S, ..., Sk..; leaves
node 0 before any message destined for a leaf within Sy does, according to the furthest-first
regimen; that is, it leaves at time n — k*~!, Since this message is destined for a node at
distance 2 from node 0, the last message for any of the aforementioned k ~ 1 subtrees of
R; is received at time
T,=n—k"1+2i~1,

Consequertly, the algorithm finishes at time

=

It can be seen that T; is a decreasing function of ¢ for ¢ > 2, The maximum value of 7} for
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integer ¢ can thu: cccur only for ¢ =1 or ¢ = 2. Since T} = n and T2 = n — k + 3, we see
tht T=mnifk>3and T =n+1if k =2, as claimed. |

6.2.3 Multinode broadcasting

In multinode broadcasting, every node broadcasts its own message. If all nodes start broad-
casting at the same time, contention will be observed sooner or later at the routing nodes.
An optimal multinode algorithm schedules the traffic in each node so that all leaves receive
all meséages at the minimum possible time. The algorithm we present next will be proven to

be optimal. First however, we derive a lower bound for multinode broadcasting algorithms.

Theorem 6.3 Any multinode broadcasting algorithm under the single-port model requires
at least kn + (k + 1)(logyn — 2) + 1 steps.

Proof. Consider the k children v;, ¢ = 1,2,...,k, of the root node. Node v; is at level
h — 1 and consequently has k"1 leaves lying below. Each of the ieaves will generate &
broadcast message and this message must be sent through a child of v1 to vy itself. Then
vy must send it to its remaining k — 1 children and to the root of the tree. Thus v; must
make kk"=1 = k" transmissions in total.

In addition, vy will receive all messages coming (through the root) from v, v3, ..., vg.
Each of these messages must be broadcast by v; to all its k children. Thus each of these
messages also forces vy to make k transmissions. Since each v; will send kh—1 messages, U1
will receive (k — 1)k"~! messages from the other children of the root. The total number of
transmissions for vy, including the k" transmissions from the previous paragraph, will thus
be k(k — 1)k"~! 4 k" = k1 = kn. Under the single-port model, v; can only send one
message at a time, Thus it must be busy for at least kn steps.

The first message will arrive at v; at time h — 1 at the earliest since the closest leaf is
at distance h — 1. The last message to leave v; will be sent to one of its children. But this
child will have to broadcast this message to the subtree it roots which is a complete k-ary
tree with height h — 2. In other words, after the last message leaves v; it will need another
B;(h —2) steps (as given by (6.2)) in order for the last leaf to receive it. Consequently, any

multinode broadcasting algorithm needs time
MB(n) > kn+h—-1+B.(h-2)
= kn+h-1+k(h-2)
= kn+(k+1)(loggn~—2)+1.
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Every Leaf Node:

Send message to parent;

Every Routing Node: (except the root)

A Receive all messages from children, storing them and sending
a copy of them upwards, one-by-one;

B Until the last message arrives from parent

Send o:e message to each child in turn;

Root Node:
B While receiving all messages from children, keep sending one

message to each child in turn;

Figure 8.6. Optimal multinode broadcasting algorithm under the single-port model

In Fig. 6.6, we give an algorithm for the multinode broadcasting problem and in Fig, 6.7
we demonstrate its operation for n = 4 leaves. After some initial delay, a routing node
starts receiving messages from its subtrees and from its parent. During “phase” A in the
algorithm, a node keeps forwarding all messages from the children to the parent but also
retains a copy of them in its queue (in Fig. 6.7, phase A for level-1 nodes ends in the 3rd
step). In phase B, messages in the queue (and any other messages coming from the parent)
are transmitted to the appropriate children. Notice that the children take turns in receiving

messages, i.e. each child receives one message per k steps.

Lemma 6.4 By the time a routing node sends the lust message to its parent (i.e. phase A
ends), the queues of all its k children will be empty.

Proof. Let R; be a node at any level ¢ < h — 2 and let Riy be its parent. Node R;
sends the last message to its parent at time i + k‘ since it receives k' messages from the
leaves below and the first message arrives at the ith step. Similarly, R;y sends the last
message to its parent at time i + 1 + k**l. Now, R; needs exactly (k — 1)k* time units
to exchange the messages between its children (since it has received k* messages and each
one must be given to k — 1 children). Consequently, its queue becomes empty at time
i+ Kk + (k= 1)k =i+ k!, That is, Ri’s queue becomes empty one step before R4
finishes sending messages to its parent, .

Theorem 8.5 The algorithm presented in Fig. 6.6 is optimal,




6. Fat Trees 88

my my
LY o CUNER LYY o QU
‘ O
0 1 2 3 0 1 2 3
Step 1 Step 2
mg m;
ml my D m2 my mo
0 1 2 3 0 1 2 3 0 1 2 3
Step 4 Step 5 Step 6
0 1 2 3 0 1 2 3 0 1 2 3
Step 7 Step 8 Step 9

Figure 6.7. Multinode broadcasting in 4 leaves under the single-port model

Proof. Consider any routing node R; at level 7 and let T4 and Tz be the time this node
needs for phases A and B correspondingly. Notice that since R; is in level 7, phase A starts
i steps after the time multinode broadcast commences.

During phase B, each message sent to a child of R; has to be broadcast to the corre-
sponding subtree which has height i — 1. Consider R;_;, a child of R;, When R;_; receives
the first message from R;, its queue is empty as Lemma 6.4 shows. For every received mes-
sage, R;1 needs k steps to broadcast it to its k children. From the way phase B is described
above, R;_) receives one message every k steps from R;. Consequently, at the time R;_y
finishes broadcasting a message, it receives a new one from its parent. As a result, at the
moment any message arrives from R, it finds R;_1’s queue empty. The conclusion is that
there is no contention at any node during phase B. Thus, after R; sends the last message
to its children (i.e. phase B ends), we only need B, (i — 1) steps to finish.

Concentrating on a node Rj_j, it is seen that the time needed for the algorithm is
T = (h~1) + Ta +Tp + By(h — 1). This is because Ry,; receives its first message at
time h — 1; it is busy for Ty + Tp steps, and B,(h — 1) steps is sufficien. to deliver the
last message it sends in phase B since, according to the above discussion, this message does

not compete with any other message. Cleariy, T4 = k"~! since k"~ messages are received
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from its children. These messages must also be exchanged among Rj,—;’s children and this
takes (k — 1)kP~1 steps, In addition, Rj_; receives (k- 1)k"~1 messages from the root
node that have to be sent to all its children. Since only one transmission occurs at a time,
Tp = (k — 1)k 1 + k(k — 1)k"~L. Fina'ly, B,(h — 1) = 2(h — 2). The total time needed is
seen to be T' = k1 4 (k + 1)(h — 2) + 1 which is the best possible according to the lower
bound derived previously. [ ]

One undesirable characteristic of the above algorithm is that it requires routing nodes
to be equipped with large queues to buffer the incoming messages. We defer a detailed
analysis of queueing for the section dealing with the multiport model of communication

since the problem arises there too.

6.2.4 Total exchange

Total exchange causes the densest form of contention on the network. Consider the subtree
rocted at a routing node R; at level i. A leaf « in this subtree will generate n~1 messages in
total, out of which n — k*~! will pass through R; as follows. There will be n — & “upward”
messages, that is messages to be sent through the parent of R; to a subtree other than
the one R; roots. There will also exist messages to be given from the subtree u lies in, to
the other k — 1 subtrees of R;. Those messages will be (k — 1)&*~1 in number, giving a
total of n — k*~! messages of u that go through R;. Under the single-port model we may
easily determine the lower bound of total exchange algorithms for messages generated at

the leaves.

Theorem 6.6 Any total exchange algorithm under the single-port model requires at least
n?(2k + 1) (k — 1) /k3 + 2log,n — 3 steps.

Prooi. Consider any total exchange algorithm and concentrate on some child v of the oot
node as we did in Theorem 6.2, Node v receives k"~1(n — k#~2) different messages from its
k"1 leaves below. In addition, v receives (k — 1)k"~1k"~! messages frou the root of the
tree, originating at the other subtrees of the root. All these messages must be transmitted
to the appropriate neighbors of v and under the single-port model only one transmission
is possible ¢t a time. Accounting for the initial delay for the first message to arrive at v
(h — 1 steps) and the smallest possible delay for the last message leaving v to arrive to its
destination (at best h — 2 steps after the departure instant), we obtain

TEM) > Kl n—k"Y+ k-1 %15 h-14h~2
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>,

Every Leaf Node:
Send the n — 1 messages in a furthest-first order;

Every Ronting Node: (except the root)

A While there exist upward messages from children
Send one message to parent;

B Until the last message arrives from parent

Send one message to any (appropriate) child;

Root Node:

D While receiving all messages from children, keep sending

one message to any (appropriate) child;

Figure 6.8. Optimal total exchange algorithm under the single-port model

2(2k+1)(h~1)

3 +2h 3.

We now present an algorithm that achieves the lower bound of Theorem 6.6. Every
leaf node transmits its n — 1 messages under the furthest-first discipline as in the case of
scattering and every routing node sends all possible messages to its parent before it starts
sending any messages to its children. The algorithm is given in Fig. 6.8.

Since leaves follow a furthest-first rule, “upward” messages arrive in routing nodes first,
followed by messages destined to within the subtrees rooted at the routing nodes. In a

similar fashion to Lemma 6.4 we have the following,.

Lemma 6.7 By the time a routing node sends the last message to its parent (i.e. phase A
ends), the queues of all its k children will be empty.

Proof. Let R; be a node at any level i < h — 2, and let R;y be its parent. Since node R;
receives k*(n—k’) “upward” messages, it sends the last message to its parent at time i+k*(n—
k*); similarly, R;1 sends the last message to its parent at time t = i+1+k L (n—k*1), Now,
R; receives an additional k*(k — 1)k*"! messages to be exchanged between its k subtrees.
Thus, its queue becomes empty at time i + ki(n — k') + ki(k — 1)k*~! = i + ki (n — k*-1), It
is casily seen that i + k*(n — k*~1) < t for k > 2. Thus R;’s queue becomes empty before
R4 finishes sending messages to its parent. [
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._Problem Time |
Broadcasting (k+1)loggn—1
Scattering/Gathering n(ifk>3),n+1(ifk=2)
| Multinode Broadcasting kn+ (k+1)(logen—2)+1
Total Exchange n?(2k + 1) (k —1)/k% + 2log, n — 3

Table 6.1. Time requirements for communications under the single-port model

Theorem 6.8 The algorithm presented above is optimal.

Proof. The proof is similar to the proof of Theorem 6.5 so the details are omitted,
Using Lemma 6.7 it is seen that during phase B in any routing node’s schedule there is
no contention of messages. Calculating the time needed for phases A and B leads to the
desired result. |

6.2.5 Discussion

We summarized the results of the previous analyses in Table 6.1. It is interesting to compare
the relative performance of different trees given that the number of leaves (n) is fixed, The
broadcasting time is a decreasing function of k for 2 < k < 4 and increases with k for k > 4;
quaternary trees need thus the minimum time. For multinode broadcasting though, binary
trees give the best performance as M B(n) is an increasing function of k for k > 2. Finally,
for the total exchange problem (ignoring the logarithmic term) it is seen that larger values
of k are needed; at the extreme where k = /7 the network consists of only three levels and

total exchange can be performed in ©(ny/n) steps.

6.3 Communications Under the Multiport Model

We now assume that a node is able to utilize all its incident links simultaneously, This
mode] of communication is affected by the capacity arrangement on the branches of the
tree since now the number of messages allowed to cross a link can be greater than one, In
order to compare the performance of fat trees with that of the simple complete k-ary tree,
we will assume that the processor (leaf) connections to/from the routing network are fixed,
and consist of exactly one link. Iu other words, the zapacity of level-1 branches will be

c1 =1,
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6.3.1 Single-source communications

We have already seen that if e(v) is the eccentricity of node v in any network, then broad-
casting from v under the multiport model takes time equal to e(v). In our case, since the fur-
thest node from a source is a leaf at distance 2A, broadcasting requires B(n) = 2h = 2logg. n
steps. It is easily accomplished by setting the routing nodes to a broadcast mode whereby
the received message is replicated towards all directions.

Scattering and gathering, under our assumptions, is governed by the same bounds as in
the single-port case; there is only one link available from a leaf to a routing node, forcing
only one message to be send or received at a time by a leaf. Consequently, S(n) = G(n) > n
(or n+ 1 if k = 2). Had we allowed c; > 1, other lower bounds could have been derived in

an obvious way.

6.3.2 Multinode broadcasting

The same argument used for deriving bounds for scattering/gathering algorithms can be
used to determine lower bounds for multinode broadcasting in the multiport model since
every leaf has to receive n—1 different broadcast messages. The exact bounds are M B(n) >
nifk >3 or MB(n) > n+1if k = 2. Tt is seen from this bound (and from the fact that
the bound will be shcwn to be tight) that capacities within the routing network make no
difference at least in terms of speed.

We show next that in a complete k-ary tree where all nodes begin broadcasting at
the same time and all nodes have enough buffers, all messages will have been received at
time n, i.e, multinode broadcasting can be performed in time equal to the lower bound.
The algorithm we follow is in effect a flooding procedure [65] where received messages are
replicated to all possible directions (expect the one they came from) when received by

intermediate nodes.
Theorem 6.8 Multinode broadcasting can be performed in time equal to the lower bound.

Proof. The proof is by induction on the height h of a complete k-ary tree. We will first
assume that & > 3. Consider only two levels (i.e. h = 1 and there exist k leaves in total).
It is clear that after the first step the root node knows all messages, Furthermore it is easy
to see that the root may distribute them to the appropriate leaves in another k — 1 steps
using the following schedule; during step i = 2,3,...,k it sends the message of leaf i — 1
to leaves 0, 1, ..., ¢ — 2 and the message from leaf 1 — 2 to leaves ¢ — 1, 4, ,.., k — 1. The

algorithm is thus completed in k steps.
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Assume now as an induction hypothesis that the theorem holds for height A—1 > 1 (i.e.
for k"1 leaves we need k"~ steps). We will show it holds for 4 levels, that is the algorithm
requires n = k" steps.

A complete tree with height h consists of k trees T1,T%,..., T} each with height h — 1,
rooted at nodes vy,vz,...,v;, plus an additional node v adjacent to vq,vs,...,v;. Concen-
trate on T}; without loss of generality. Let t; be the time the first message(s) arrive at v;.
The rest of the messages from the leaves of T} are pipelined below v; and reach vj in subse-
quent steps. Let also #; be the time the last messags from a leaf in Tj leaves v; downwards,
that is, the last message to complete multinode broadcasting within Tj. The first message
from wv; will be available at some other node v,, at time ty + 2 since it has to go through
the root v. This also means that v; itself wiil start receiving messages from other trees
Ton (m # j) continuously beginning at time t; + 2. According to the induction hypothesis
the algorithm operates in k"1 steps within T}. Since v; wiil receive a total of (k — 1)kh—1
messages from other trees, and since these messages will leave v; downwards after the /1
messages frota within T} do, the algorithm will operate iu k*~1+4(k—1)kh=1 = k = n steps;
the only requirement is that the last message of T; leaving v; downwards is smmediately
followed by the additional messages from the other trees. In other words, all we have to
prove is that ¢+ 2 < 4.

Clearly, the first message arrives in v; at time ¢y = h ~ 1, Node v; will receive in total
%P1 messages from the leaves of T}, each of which has to be transmitted to k& — 1 children
of vj; that is, there must be (k — 1)k"~? transmissions towards its k children. Since only k
transmissions may occur at any step, the last such message to leave v; will do so0 at time
ty = t; + (k — 1)kP~!/k. In order to show that ¢; + 2 < 1, all we have to show is that
(k- l)k"“z 2 2, which is true since we have assumecd that k > 3 and h — 1 > 1. This
completes the induction.

Quite similar arguments can be used to prove that for k := 2 the algorithm takes n - 1
steps. The only difference is that the induction basis is for a tree with 3 levels, Fig. 6.9
shows that the algorithm takes 5 steps in this case. |

6.3.2.1 Queueing considerations

The flooding algorithm analyzed above achieves the lower bound but bares the cost of
excessive queueing requirements. Concentrate on a routing node other than the root node,
i.e. a node R; at level 4, 1 < i < h ~ 1, of a simple k-ary tree. The node must maintain
a queue at each outgeing link, for a total of k + 1 queues. When a message is received,
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Figure 6.9. Multinode broadcasting in a 4-leaf binary tree

it is deposited to all the output queues (except one). Consider first the queue of the link
netween R; and its parent. Node R; is continuously receiving k messages from its children
but can only forward one of them at a time to its parent. Since this occurs for ki~ units
and R; has to send k' messages to its parent, the queue of the link reaches the size of
k'~ k=1 = (k — 1)A*~! messages.

On the other hand, if i > 3, there will be n — k* ronsecutive messages between (and
including) steps ¢ + 2 and i -+ n — k* + 1, coming from the parent of R; and intending to go
through the link between R; and one of its children. The same link is used by the (k—1)ki~1
messages of the other k — 1 children, between steps i and 7 + (k — 1)k*~1 — 1. As a result,

the queue of the link reachs the size of
min{i + (k= D& =, i+ n— K +1} - (i +2) +1

messages; since i < h, it is seen that the exact size will be (k ~ 1)k*~1 — 2 messages.
Although increasing the branch capacities intuitively seems to reduce the queueing re-
quirements, this is not the case for all links. Assume that the last message to be received
by node 0 is the message m from a node at distance 2i away. Normally m would arrive at
time 2¢ but due to contention it arrives at time n (n+1 if the tree is binary) instead; hence
it was delayed for n — 2¢ steps. Assuming FIFO queues, this means that the sum of the
queue sizes along its path reached the value n — 2i; on the ayerage the queue size per node
was (n — 2i)/2i. The minimum value for the last expression occurs for ¢ = k, and it shows
that at best the average queue size is O(n/ log; n). In conclusion, increased capacity allows
more messages to move upwards simultaneously but does not reduce queueing on their way

down to the leaves.
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1 Foralli=0,1,...,h—1
/¥ Phase i */
2 Do in parallel for all level & — ¢ nodes
3 Broadcast the messages from each of the k subtrees to
the other £ — 1 subtrees;

Figure 6.10. Multinode broadcasting algoritim that eliminates queues

It should be clear that the queueing requirements of the algorithm are excessive. The
routing nodes should be kept as low in complexity and cost as possible; the presence of
queueing plus the large size of the queuves do not contribute to that effect. Next we present

an (n + 2log; n — 2)-step algorithm that eliminates the queues completely.

6.3.2.2 Eliminating the queues

We show here that for multinode broadcasting it is possible to eliminate the queues at every
node at the expense of 2log;, n—2 extra steps. The algorithm induces no contention between
messages; nodes should only be capable of buffering one message from every incoming link.
It operates as follows. Initially, every node in the k subtrees of the root node broadcasts its
message only to the other k — 1 subtrees. In the normal broadcast algorithm we discussed
in Section 6.3.1, when a message is received by a routing node it is replicated towards all
directions. Now, however, we insist that such a node sends it only to its parent; only if the
message comes from the parent is it broadcast to the children.

The k"1 broadcastings from each subtree of the root do not start simultaneously hut
in different timne steps to avoid contention, After all messages have been transferred, we
are left with k subtrees which need to perform a multinode broadcasting within themselves.
The algorithm proceeds recursively in the same manner until we are left with one-node
subtrees. Iteratively, the algorithm can be stated as shown in Fig, 6.10.

During phase i the routing nodes involved are roots of trees with k"% leaves, and
consequently each one receives k"~ messages from the leaves below. In each steps, such
a node receives k messages from its children., It is possible to exchange them among the
children in k ~ 1 steps as was shown in the proof of Theorem 6.9, Consequently to avoid
contention, there must be only k leaves transmitting every k — 1 steps, This means that
phase ¢ of the algorithm requires tiine

T = (k- 1)k~ L o(h —4) - 1,
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accounting for the fact that the first message(s) arrives in the rcating node at step k — ¢
and that the last messuge(s) to leave this node needs h — i steps to reach the appropriate

leaves. In total, the algorithm requires time

T=’§_:1T,-=k”+h2-1. (6.3)
i=0

Instead of executing the phases serially, it is advantageous to pipeline them appropri-
ately, Consider phase ¢ exactly h — 7 — 1 steps before it finishes. This is the time when the
last message from a level & — ¢ node is transferred to one of its children. Phase i + 1 could
have safely started » — i — 2 steps before that tiine instant and no contention would occur
since no message of that phase would have reached the children of the level h — i node yet.
Consequently, phases i and i+ 1 can have 2h --2i — 3 steps overlapping, leading to a savings

of h—2

2(211,- 2 —~3)=h?—2h+1 steps.
i=0

Using (6.3), we conclude that the total number of steps for the new algorithm is

T=k"42h—2=n+2log,n— 2.

6.3.3 Total exchange

Lower bounds for the total exchange problem can be derived by considering the messages

that go through a level A —1 routing node. A particular node at this level receives &"~1(n —

kM=) = n%(k — 1)/4* “upward” messages from the leaves of the subtree it 100ts; those

messages go through the other nodes in level h — 1. If the branch capacities are ¢, then

only ¢, messages can be transferred at a time from our node to the root of the tree. Hence,

TE(n) > n2£c———}- + 2loggn —1. (6.4)
k2¢,

A simple total exchange algorithm that works for any capacity pattern and induces no
queueing can be derived from the multinode broadcasting algorithm of the previous section.
Initially, the k subtrees of the root node sxchange their n(n — k#~1) messages meant for
each other. Then, the k subtrees perform internally a total exchange in parallel. Iteratively,
the algor'shm can be stated as in Fig. 6.11.

During the ith phase a node at level h —i has to pass k#=*(k"~% — kh~i~1) messages over
its k incident iranches which have capacity ¢,..;. This means that a maximum of kcj—;

messages can cross towards the node at a time, To avoid contention while maintaining
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i Foralli=0toh—-1
/¥ Phase i */

Do in parallel fu. Il level h — 1 riodes

LS ]

Transfer all messages from each of the & subirees
to the other k — 1 subtrees;

Figure 6.11. A total czchange algorithm with no centention

maximum speed, exactly kcj, leaves should dispatch messages at o single step, and the
messages should be appropriately chosen so that their destinations are distinct., We omit,
any implementation details (see [18]) since we are only interested in the time reqirenients
of the algorithm. Phase ¢ clearly requires

h—irph—i _ 1.h—i-1
- l‘k (k"= — & )]
kepi

+2(h—i) =1,

where we alsc considered the delays for the first message to arrive at a level h — i node
and for the last message leaving this node to arrive at the appropriate leaf, The total time

needed for the algorithm is
h—1 2i—
T=3T= Z [Ll—)—k—-—] + K2,
i=0 #=1 Ci

Pipelining the phases as in the case of multinode broadcasting saves in total A2 — 2h + 1

steps, giving a final number of steps

1) je2i—2 .
T = Z [(’” )k ] + 2k —1. (6.5)
i=1 !
In particular, if the network is the simple k-ary tree (¢; = 1), the algorithm takes
k—1
— (12
T =(n*~ )k2 1-}-2/2.-‘1

If the capacities follow the exponential rule, i.e. ¢; = k*~1, we obtain from (6.5)
T=k4+2h-2=n+2h-2

It is seen from (6.4) that the time needed for our algorithm is slightly suboptimal by a small
constant factor, For the exponential capasities case, the bound of (6.4) is not tight since it
predicts TE(n) > n— n/k+ 2h — 2. It should be clear that TE(n) 2 n (ot TE(n) 2 n-+1
if the tree is binary) is a tighter bound, since muitinode broadcasting can be performed in
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Level logn -1

Figure 6.12. Collapsing the last 1 levels of the tree gives graph G;

at most as many steps as total exchange [5]. According to this last bound, the algorithm
we. presented above is suboptimal by 2log; n — 2 steps. It is interesting to see whether the
last bound is tight or not. In the next section we show that actually there exists a tighter

lower bound for trees with exponential capacities.

6.3.3.1 A tighter bound for exponential capacities t' s

We show here that for the case of trees with exponential capacities arrangement, a bound
tighter than TL(n) > n exists which guarantees that the total exchange algorithm we
presented is very close to optimal (within 2log;, log; n steps) for such trees.

If at any given step of a total exchange algorithm a leaf did not receive a message, we
say that a hole occurred in its receptions. Notice that since each leaf must receive n — 1
messages, if the average number of holes per leaf node was w then the algorithm takes time
T > n — 1+ w; the equality holds if all leaves had the same number of holes (w).

Consider the graph G; which is derived from our original tree by collapsing its last ¢ levels
into a single vertex (see Fig, 6.12). We then huve a collection of &* subtrees T}, Tb, .. ., T}
each having n/k* leaves and their roots have a single common parent. The height of the
new graph is & — ¢+ 1. In addition, we introduce new edges between every pair of leaves
within each of the k* subtrees so that mes=ages within a subtree can be transferred in a
single step. In order fo avoid those edges begin used simultaneously, we also impose the
restriction that only one message may be received by a leaf at any time as in the original
tree. It is scen that any total exchange algorithm for the original tree is a total exchange
algorithm for G; (but not vice versa) — the message transfers within the last ¢ levels of our
tree are substituted by no-ops in G; and the additional edges in G; are not utilized. As a
resuit, the graph G; can be used to derive a lower bound on total exchange algorithms for
our original tree,

A message is called internal to subtree T if both the source and the destination lie in




6. Fat Tyees 99

Tj; otherwise the message is ezternal. The crucial observation is that holes start appearing
in G; after the first external message is dispatched. Assume that T} is the one to send the
firsi e external messages at time t. Then at time ¢ + 1 therc will be e holes in the leaves
of Tp. In fact, due to the 2(h — i + 1)-step delay external messages suffer before reaching
their destinations, no messages arrive from any other subtree before time ¢ + 2(h — i +1).
Consequently, the number of holes in Ty between times ¢ and ¢+ 2(h -- i+ 1) is equal to the
total number of external messages it sent during this period.

We now find the minimum number of holes occur in every leaf in G;. Consider any total
exchange algorithm for G; and partition time in 2(h — < 4 1)-step periods. If there are p
such periods (plus possibly a last, shorter one), the algorithm needs time T' > 2p(h —i+1).
Assume that at the sth period there are wg 7 holes in T;i. Hence in the first period the total
number of holes is

w1=w§) ‘2)-4- +w( ').

This is exactly the number of external messages sent (in total) during the first period.

During the second period the total number of holes is
we = wél) + 'wgz) 4o wg“")

and as a result the total number of external messages sent during the second period is at
most equal to wy + wg. In general, during the jth period the maximum number of external
messages is w1 +wz2 + -+ - +w;. Hence after p periods the total number of external messages

observed is at most

P P
Dlwitwet o dw) = Y (p-j+1wy
j=1 "‘1
= Pzwj 2,./"1)
j=1
= pW Q

where W = 37 w; is the total number of holes and Q is a non-negative term.
Each leaf node must send in total n — 1 messages out of which n ~ n/k* are external-

Consequently, the total number of external messages is n(n — n/k'). This means that
W > n(n —n/k'),

Notice that the average number of holes per node is w = W/n and since T' 2 2p(h — i+ 1),
the last inequality yields .




6. Fat Trees 100

From our earlier discussion, if w is the average number of holes per leaf then
T>n—-1+4+w, 6.7)

with equality holding if all leaves have exactly w holes. Inequalities (6.6) and (6.7) can be
combined to determine t} e minimum value of T'. Since (6.6) holds for any value of i, we
can choose 7 so that we obtain the best bound on T'. For example if ¢ = 1, it can be seen

that T cannot be less than n+h —~1. A tighter bound can be had if we select ¢ = log;, A+ 1;
we obtain from (6.6):

wT

1\

1
2n(1 - E)(h ~log; h)

A\

1
2n(1 — %)(h — logy k)

2nh -- 2nlogy h — n+n£2%ﬁ

2nh — 2nlog; h — n. (6.8)

il

Vv

If w < g = 2h — 2logy, h — 1, then (6.8) gives

2nh = 2nlogyh —n
2h — 2log; h ~ 2
n+ =
2h-210gkh—2.

T

Noting that h = logy, n, and after a bit of algebra we obtain T' > n — 1 + q. On the other
hand, if w > g then from (6.7) T > n— 1+« > n —1+ q. Consequently, the minimum

time can be had ouly for w = ¢ and in that case
T=n—1+¢g=n+2h—2log,h—2 steps. (6.9)
Theorem 6.10 An optimal total ezchange algorithm for exponential capacity trees needs

at least n 4 2logy n — 2log), log;, n — 2 steps.

Proof. This is an immediate consequence of the facts that a total exchange algorithm for
the trees of interest is a total exchange aigorithm for G; and that for G; a lower bound is
given by (6.9). [ |

6.3.4 Discussion

The results for the multiport model are summarized in Table 6.2. The preceding analyses
were based on the assumption that ¢; = 1. It is expected that some of the problems require
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Problem Time |

Broadcasting 2log;n—1
Scattering/Gathering n(ifk>3),n+1(ifk=2)
Multinode Broadcasting n(fk>3),n+1(fk=2)
Total Exchange* > n?(k —1)/ (k%) +2log,n — 1
*see text

Table 6.2. Time requirements for communications under the multipert model

less steps if the first level branches consist of more than one link; it would be interesting to
see what the exact effect of ¢; is in this case.

For the total exchange problem, the bound given in Table 6.2 is general but provably
not tight in some cases. What we have shown here is that for complete k-ary trees, total
exchange can be performed in
k-1

n"’k-_1 +2logyn ~ 1< TE(n) < ("2‘1)k2 1

k2

and for trees with exponentially growing capacities,

+ 2logn — 1,

n+ 2log; n — 2logy logyn —2 < TE(n) < n+2log,n~ 2.

In conclusion, in this chapter we studied the implementation and the performance of
communication operations in k-ary fat trees where the processing nodes are confined to
the leaf level, considering both the single-port and the multiport models. The results can
actually be generalized to the case where nodes in different levels can have a different
number of children, that is level ¢ nodes having k; children, where n = kjko - - kj. Under
the multiport model, branch capacities as used in fat tree networks have a beneficial role in
high-volume communications such as total exchange. If the processing nodes are connected
through a single link with the routing network, capacities are of no importance (at least
with respect to speed) in the rest of the communication problems we studied.

There are still a number of issues to be considered. Multinode broadcasting has excessive
queueing requirements if it is to be performed in the minimum number of steps. The second
algorithm we presented for this problem avoids contention but requires 2logy n — 2 more
steps. It is still an open question whether this is optimal or contention can be avoided in less
steps. Another issue for consideration is total exchange under the multiport model. The
algorithm we presented is close to optimal especially in the case of exponential capacities,
where we showed that it is within 2 log;, logy, 7 steps from the lower bound. Improved bounds
though for the total exchange problem need to be found as the straightforward one does
not seem to be tight.
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Chapter 7

Conclusion

The subject of this thesis has been certain information dissemination problems related to
multiprocessor interconnection networks. Apart from the need for one node to communicate
with one other node, it has been observed that real-world applications require communica-
tions of the one-to-all and all-to-all type. Broadcasting, multinode broadcasting, scattering,
gathering and total exchange constitute a set of representative problems for such commu-
nications, appearing quite frequently in practice.

In distributed-memory multiprocessors, cooperation between processes residing in differ-
ent nodes occurs through messages passed over the interconnectiou network. The time spent
communicating among processors can be substantial, Efficient solution of the communica-
tion problems we have considered is thus of paramount importance to system performance.
This is also evident by the inclusion of collective communication operations in the Message
Passing Interface [49, 22], an emerging standard for communication routines in message
passing programs, and by their role in supporting various programming constructs in High
Performance Fortran [31, 45].

Studies on many of the problems we considered have appeared relatively recently [59].
However, multinode broadcasting in the form of gossiping appeared as a problem in 1950,
while broadcasting under the single-port model was introduced in 1977 (see [30] and the
references therein). These carly studies, especially for gossiping, were based on a model not
particularly suited for multiprocessors. The usual objective was to minimize the number
of communication “rounds”, independently of the number of messages transferred between
neighbors in a single round. In our case however we are interested in determining or mini-
mizing the time required to complete an operation.

Under this objective, we saw that in the multiport model the t'me required for the
broadcasting problem is governed by the diameter of the network. If the single-port model
is in effect, there has been found no single characteristic of the network that determines the

time needed for broadcasting, If the network has n nodes and diameter D then all that was
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known is that the broadcasting time T" is bounded below by T' > logon and T' > D. If at
least two nodes exist at distance D from the source node then T' > D +1 was an additional
result in [25]. Here, we offered a general bound based of the number of nodes R in distance
d or more form the source node. Specificaliy, we showed that 2{=0 (f) > Ry. The other
known bounds were seen to become special cases of our result.

Scattering (and its dual problem, gathering) was the second single-source (or one-to-all)
problem we studied. In this problem, one node has to send distinct items of information
to every other node in the network. We surveyed the known results in the literature and
we provided time-optimal scattering constructions for extended rings and two-dimensional
tori. Under the single-port model, the required time is governed by the number of nodes
in the network. In particular, we provided a formal proof of the fact that n — 1 steps are
always enough to complete scattering in an n-node network.

In the total exchange problem, every node performs a scattering. Under the multiport
model, we provided the first known algorithms to provably achieve the lower bound on total
exchange time in linear arrays and rings. Other algorithms have appeared for rings in the
literature but were optimal only for odd rings while ours work for every ring.

Based on a type of algorithms which we called node-invariant algorithms, and which we
initially introduced for rings, we were able to solve the single-port total exchange problem in
a large class of node symmetric graphs. This is the class of Cayley networks which includes
important topologies such as rings, extended rings, complete graphs, hypercubes, cube-
connected cycles, butterflies. We only know of two other optimal single-port algorithms;
one designed solely for hypercubes {5, pp. 81-83] and the other for star graphs [50).

In this thesis, we took a particular interest in multidimensional networks, including
hypercubes, meshes, tori and hypercycles, since they have been prevailing in the intercon-
nection network theory for multiprocessors, and because many of the commercially available
parallel machines are based on them [69]. We developed multiple node-disjoint paths be-
tween two pairs of vertices in Section 2.2 and we derived a broadcast tree in Section 3.1.1,
applicable to any multidimensional network. Total exchange in such networks was the sole
subject of Chapter 5. We derived a formula for the status of vertices and we used it to obtain
optimality conditions for a general total exchange algorithm we developed. This algorithm
decomposed the problem of total exchange in multidimensional networks to that of total
exchange in single dimensions. One of the conclusions was that as long as we have single-
dimension total exchange algorithms that achieve the lower bound of the average status,
then we can synthesize an optimal algorithm for the whole network (under the single-port
model). A corresponding conclusion was reached when we extended the algorithm to ho-
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mogeneous graphs with 2% dimensions and multiport capabilities. In effect, the theory we
developed provided optimal solutions for many popular interconnection networks.

We finally took a close look at fat tree networks, which constitute a quite promising
interconnection structure. Fat trees were found to be different in many aspects from all
the other networks we considered. We thus derived specialized bounds and algorithms for
them. An optimal set of aigorithms for broadcasting, scattering, multinode broadcasting
and total exchange was designed for the single-port model. Under the multiport model we
solved optimally the broadcasting, scattering and multinode broadcasting problems, We
also suggested a total exchange algorithm that runs in time very close to a certain (non-
tight) lower bound, especially for trees with exponentially growing capacities.

We would like to finish this section with a statement by Hedetniemi, Hedetniemi and
Liestman [30]:

“... First the subjects of broadcasting, gossiping and related information dissemination
processes are terribly rich in real-world applications.

.. And finally, as the results in this survey suggest, our undesstanding of this subject |
information dissemination ] at present is at best primitive.”

It is the hope of this author that this thesis will contribute to the understanding of

information dissemination, at least for the five communication problems considered.

7.1 Open Problems and Future Directions

There are a number of problems related to the subject of this thesis which we believe will
lead to fruitful future research. Starting with single-port broadcasting, it shouvld be clear
that the general insight is very limited. Actually, there is no known result which gives the
optimal broadcast time even for well-studied networks such as tori (with more than two
dimensions).

Little is known for scattering under the multiport model, too. For many interesting
networks the sufficient condition we mentioned in Section 3.4 seems enough. Two solutions
are known for hypercubes. For tori we provided a general construction in two dimensions.
We also have some evidence that balanced trees can be constructed for d-dimensional tori
(d 2 2) but only if they are homogeneous and consist of an odd number of nodes (i.e. the
class of k-ary n-cubes with odd k). However, constructions for general multidimensional
tori are lacking and constitute an interesting subject for research.

Also, we seek to determine new sufficient or necessary conditions for the optimal scatter-

ing time, One observation we made during the course of this research is that the presence of
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cut-nodes/edges (i.e. nodes/edges whose removal disconnects the network) may limit sub-
stantially the number of messages that can be simultaneously released from the source node
and can also make the use of spanning trees a suboptimal technique. We are interested in
the exact connection between scattering and cut-nodes/edges in the graph.

Total exchange in many networks is still an open problem. We actually provided optimal
solutions for a large number of interesting networks but not every possible topology was
covered. The most prominent problem in our opinion is total exchange in multidimensional
networks under the multiport model. Our theory for this communication model applies only
to power-of-two-dimensional networks. It is not clear yet how the theory can be extended
to networks with any number of dimensions. It is one of our future plans to continue our
work on this problem.

Finally, it would be interesting to see if the multiport total exchange algerithm we
presented for fat trees is optimal or not. We recall that it was shown that its running time
is within 2log;, log;, n steps from a certain lower bound. We conjecture that we cannot do
better than that and as part of our future work, we hope it can be actually proven. Also,
another interesting issue is the development of exact bounds and algorithms for the case
where the capacities of the first-level links are greater than unity.

The analysis in this thesis was based on the assumption that the network is packet-
switched. Recently, some works have appeared on communication problems as applied to
wormbhole-routed/circuit-switched machines (a survey is given in [48]). Under wormhole
routing and circuit switching most of our analysis is not applicable since in these cases the
distance between two nodes plays no significant role (as long as there is no link contention).
Most results are however on the preliminary stage and only for special topologies (mainly
hypercubes and two-dimensional tori). This is one particularly appealing area of future

research.
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