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ABSTRACT

Testimonies o f “wireless catching up with wireline” have begtm. However, the 
nonstationary and hostile nature o f the wireless channel impose the greatest threat to 
reliable data transmission over wireless links. The performance o f a digital modulation 
scheme is degraded by many transmission impairments including fading, delay spread, co­
channel interference and noise. Two powerful techniques for improving the quality o f 
service over the wireless network are investigated: diversity reception and adaptive error 
control schemes. Owing to the growing interest in wireless communications, the 
importance o f exact theoretical analysis of such systems carmot be understated. In light o f 
these considerations, this dissertation focuses on accurate and efficient analysis o f wireless 
digital communication systems in multiuser and multipath fading environments.

The evaluation o f error probabilities in digital communication systems is often 
amenable to calculating a generic error probability o f  the form P r { X<Q} ,  where X  is a 
random variable whose probability distribution is known. We advocate a simple numerical 
approach based on the Fourier or Laplace inversion formulas and Gauss-Chebychev 
quadratures (GCQ) for computing this error probability. Using this result, and by 
formulating the outage probability o f cellular mobile radio networks in the framework o f 
statistical decision theory, we can unify the outage performance analysis for cellular mobile 
radio systems in generalized fading channels without imposing any restrictions on the 
desired signal and interferers statistics.

Next, we develop two unified analytical frameworks for evaluating the bit or symbol 
error probability (SER) o f a broad class of coherent, differentially coherent and 
noncoherent digital communication systems with diversity reception in generalized fading 
channels. The exact SER is mostly expressed in terms o f a single finite-range integral, and 
in some cases in the form o f double finite-range integrals. Virtually “exact” closed-form 
expressions (in terms of a rapidly converging series) are also derived. This offers a 
convenient method to perform a comprehensive study o f  all common diversity combining 
techniques (maximal-ratio combining (MRC), equal-gain combining (EGG), selection 
combining (SDC) and switched combining (SWC)) with different modulation formats in a 
myriad of fading scenarios. In particular, our unified approach based on characteristic 
function (CHF) method allows us to unify the above problem in a single common 
framework. Nevertheless, the moment generating function (MGF) method often yields a
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more concise solution than the CHF approach in the analysis o f  MRC, SDC and SWC 
diversity systems.

Subsequently, we examine the performance o f a maximum amplitude selection diversity 
(MA/SD) rake receiver configuration in indoor wireless channels. The proposed low- 
complexity receiver structure is practically appealing because of its simplicity as well as its 
ability to operate effectively even at high signalling rates. We have also devised a robust 
packet combining mechanism to enhance the throughput and delay performance o f spread- 
spectrum radio networks without incurring a substantial penalty in receiver complexity. A 
simple indirect method to estimate the channel state condition for successful 
implementation o f a self-reconfigurable automatic repeat-request (ARQ) system, such as 
mixed-mode ARQ protocol or adaptive packet length strategy in a slowly varying mobile 
radio environment is also studied.
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Chapter 1

Introduction

M arconi’s innovative perception o f the electromagnetic waves and the air interface in 

1897 has been the first m ilestone on the important road to the shared use o f the radio 

spectrum. But only after alm ost a century later, the mobile w ireless communication 

started to take-off. Despite a series o f disappointing false starts, the communication 

world in the late 1980s was rapidly becoming more mobile for a much broader segment 

o f  com m unication users than ever before. H istorically , com m unication  has been 

restricted primarily to voice traffic between two fixed locations rather than between two 

people. With the advent o f wireless technology, a transition from point-to-point commu­

nication towards person-to-person communication (i.e., independent o f location) has 

begun. Testimony to this is the rapidly increasing penetration o f cordless and cellular 

phones, not just in North America but all across the world. In anticipation o f the growing 

consumer demands, the next generation of wireless systems endeavors to provide person- 

to-person communication o f both circuit and packet multi-media data.

Wireless access is an attractive alternative to copper wire because radio links cost 

much less than the wired networks for a vast range o f applications. In addition, wireless 

links offer increased flexibility in a network design (specifically for less equitably or 

sparsely distributed services and for early deployments o f new services) and possibly 

user mobility. Consequently, the developing countries can leap-frog into wireless technol­

ogy to minimize the infrastructure and maintenance costs. The wireless local loop system 

is a natural solution since it provides the infrastructure in a fraction o f  time at a fraction



o f cost. In developed nations, the most promising application o f  wireless access is 

mobile telephony - and its evolution towards the Personal Communication Networks 

(PCN). Satellite component o f the PCN enables global connectivity. Therefore it is no 

surprise mobile cellular communications represents the fastest growing segment o f 

wireless technology, particularly since the idea o f “wireless Internet” is conceived.

Radio signals generally propagate according to three mechanisms: reflection, dif­

fraction, and scattering. As a result o f these three mechanisms, macrocellular radio propa­

gation can be characterized by three nearly independent phenomenon: path loss variation 

with distance, slow log-normal shadowing, and fast multipath fading. In particular, the 

user mobility causes the radio link quality to be highly irregular. The nonstationary and 

hostile (noisy) nature o f the wireless channel imposes the greatest threat to reliable data 

transmission over wireless links. Noise arises from sources such as thermal noise in the 

receiver, natural and man-made interference. Such a poor channel quality has been recog­

nized as the largest obstacle facing the wireless communication systems designers. Fre­

quency reuse in FDMA/TDMA cellular systems also introduces cochannel interference, 

one o f the major factors that limits the capacity of cellular systems. Cochannel interfer­

ence arises when the same carrier frequency is used in different neighbouring cells. This 

dissertation discusses and analyze some important issues in this subject, by focusing into 

the key techniques that can be used to facilitate transmission o f voice, video and data in 

offering untethered personal communication services. These techniques include diversity 

reception and adaptive error control schemes (i.e., self-reconfigurable automatic repeat- 

request (ARQ) systems).

1.1 Significance of Research

In this dissertation, we address three major issues pertaining to analysis o f wireless digital 

communication systems in generalized fading channel. The first part of the dissertation 

deals with accurate outage performance analysis for cellular mobile radio systems in an 

arbitrary fading environment. In the research literature, much effort has been expended 

to find closed-form expressions for outage in mobile radio systems. To get explicit formu-



las, it is often necessary to make restrictive assumptions (e.g., Nakagami fading severity 

parameter be a positive integer or identical statistical distributions for all the interferers) 

or even approximations (replacing a Rician random variable by a Nakagami random vari­

able). Although the assumption that all the received signals (both desired and undesired) 

have the same statistical characteristics is quite reasonable for medium and large cell sys­

tems, its validity for pico- and microcellular systems is questionable. This is because an 

undesired signal from a distant cochannel cell may well be modelled by Rayleigh statis­

tics but Rayleigh fading assumption may not be a good assumption for the desired signal 

since a line-of-sight path is likely to exist in a microcell. Therefore, it is evident that dif­

ferent statistics are needed to characterize the desired user signal and the interfering sig­

nals in a micro or picocellular radio systems. If the probability density function (PDF) of 

the total interference I  is known, then the outage can readily be obtained. The PDF, 

f j ( ^ )  , can be expressed as an L -fold convolution integral where L denotes the number 

of interfering signals. While there is no analytical solution to this integral in general, sev­

eral early papers have taken this approach. Further Stuber [1] has pointed out that a more 

detailed analysis for the case o f Rician faded desired signal with multiple Rician/Ray­

leigh interferers is required because the present analytical approaches do not lend them­

selves to analyze this case. He quotes, “ ... Unfortunately, this does not result in a simple 

multiplication of Laplace transform as before, and, hence, alternative methods for finding 

the exact PDF must be employed. This is an open research problem.”[l, pp. 139]. In this 

dissertation we develop a general approach for computing the outage probability without 

imposing any restrictions on the desired signal or interfering signals statistics. First we 

advocate a simple numerical approach based on the Fourier or Laplace inversion formu­

las and Gauss-Chebychev quadratures (GCQ) for computing a generic error probability of 

the form Pr  { X<Q}  . Using this result, and by formulating the outage probability of cel­

lular mobile radio networks in the framework of statistical decision theory, we can unify 

the outage performance analysis for cellular mobile radio systems in generalized fading 

channels. Further, our analysis has been generalized to include a more refined outage cri- 

tenon (dual-threshold model) taking into account of the receiver noise. The outage analy­

sis in turn can help the system designers to determine the cell cluster size and the 

minimum transmit power requirements.



The second part of the dissertation is devoted to unified analysis o f diversity sys­

tems in generalized fading channels. Two analytical frameworks are outlined for evaluat­

ing the bit or symbol error probability (SER) o f a broad class of coherent, differentially 

coherent and noncoherent digital communication systems in all common fading distribu­

tions. The first unifying theory is based on the moment generating function (MGF) 

method in conjunction with the use o f alternate exponential representations for the one- 

dimension and two-dimension complementary error functions. The second approach is 

based on the characteristic function (CHF) method and relies on knowledge o f three Fou­

rier Transforms. The unified approach allows previously obtained results to be simplified 

both analytically and computationally and new results to be obtained for special cases 

that heretofore resisted solution in a simple form. The exact SER is mostly expressed in 

terms o f a single finite-range integral, and in some cases in the form of double finite- 

range integrals. Virtually “exact” closed-form expressions (in terms of a rapidly converg­

ing series) are also derived. This offers a convenient method to perform a comprehensive 

study of all common diversity combining techniques (maximal-ratio combining (MRC), 

equal-gain combining (EGC), selection combining (SDC) and switched combining 

(SWC)) with different modulation formats. In particular, our approach based on the CHF 

method allows us to unify the above problem under a single common framework. Never­

theless, the MGF method often yields a more concise solution than the CHF approach in 

the analysis o f MRC, SDC and SWC diversity systems. The generality and computa­

tional efiBciency of our new results render themselves as powerful means for both theoret­

ical analysis and practical applications.

We would like to point out that error performance analysis of EGC appears to be 

much more difficult than for MRC or SDC. The principle difficulty is finding a closed- 

form expression for the PDF of a sum o f random fading amplitudes. Indeed, even for 

Rayleigh fading, the PDF is known only for the dual diversity case. According to Jakes, 

[2, pp. 321], “The problem of finding the distribution... is an old one, going back even to 

Lord Rayleigh, but has never been solved in terms o f tabulated functions for L > 3 .” In 

the dissertation, we develop an alternative, direct technique to evaluate the exact perfor-



mance o f EGC diversity systems. Our approach relies on the use o f  the Parseval theorem 

to transform the error integral into the frequency domain. Since the Fourier transform of 

the PDF is the CHF, which is available in this case, our solution is general and exact. To 

the best of our knowledge, no exact analytical expression for EGC diversity receivers 

have been reported previously for Z > 3 even for the Rayleigh fading channel.

In this dissertation, we have also studied the performance o f a low-complexity rake 

receiver structure, which is based on selecting the finger with the largest composite 

received signal, in indoor wireless channels. The proposed receiver structure is practically 

appealing because o f  its simplicity as well as its ability to operate effectively even at 

high signalling rates. We have also devised a robust packet combining mechanism to 

enhance the throughput and delay performance o f spread-spectrum radio networks with­

out incurring a substantial penalty in receiver complexity. Such a scheme is suitable for 

wireless data networks that demand stringent bit-error rate requirements but relatively 

insensitive to delay.

The third part o f  this dissertation focuses on accurate analysis and parameter 

optimization o f several simple algorithms that are used estimate the charmel state condition 

via an indirect method, for successful implementation o f adaptive ARQ systems. The 

motivation for implementing an adaptive ARQ system arises from the fact that the wireless 

channel is time-varying and unlike forward error correction (FEC) schemes, the throughput 

of a fixed ARQ protocol falls rapidly with increasing channel error rates. Therefore, it is 

possible to improve the throughput performance by properly adapting the system 

parameters to the slowly varying channel conditions. In this dissertation we have examined 

two self-reconfigurable ARQ systems which use different block sizes (packet length) and 

multicopy transmission schemes as adaptation mechanisms. First, an accurate model for 

analyzing the transmission protocol with memory is developed. Subsequently, an efficient 

and systematic approach to acquire the suboptimal design variables is outlined.

Since the problems addressed in this dissertation is quite broad, the literature review 

pertinent to each topic will be discussed with greater detail in their chapters separately.



1.2 Thesis Outline

This thesis consists o f nine chapters. In Chapter 2, we outline a unified approach to evalu­

ating the outage probability in generalized fading channels without imposing any restric­

tions on the desired signal and the interfering signals statistics. The outage analysis in 

tiun can help the system designers and planners to determine the cochannel reuse distance 

(i.e., cluster size) and the minimum transmit power requirements.

In Chapter 3, we outline two unified approaches for calculating the error perfor­

mance of diversity systems in generalized fading channels. The approaches adopted here 

allows previously obtained results to be simplified both analytically and computationally 

and new results to be obtained for special cases that heretofore resisted solution in a sim­

ple form. Exact analytical expressions for the bit or symbol error probability (in the form 

o f either a single or double finite-range integral(s)) and virtually “exact” closed-form 

solutions based on GCQ formula are derived for the maximal-ratio combining (MRC), 

equal-gain combining (EGC), selection combining (SDC) and switched combining 

(SWC) diversity systems with different modulation formats. The generality and computa­

tional efficiency of the new results presented in this chapter render themselves as power­

ful means for both theoretical analysis and practical applications.

Subsequently in Chapter 4, we present a comprehensive study of the M-ary quadra­

ture amplimde modulation (MQAM) scheme with MRC and EGC diversity receivers 

over Nakagami-m fading channel. Specifically, we provide several methods for comput­

ing the average SER o f MQAM in the hope of stimulating further applications. Both 

independent and correlated fading cases for MRC are considered. In fact, until recently, 

there was no exact analytical expression for evaluating the SER o f square MQAM in gen­

eralized fading channel available in the research literature.

In Chapters 5, we rigorously examined the performance o f a dual branch switch- 

and-stay (SWC) diversity system for different modulation formats via the MGF method. 

Subsequently in Chapter 6, we derive several closed-form and infinite series expressions 

for the MGF of SNR at the output of a dual-branch SDC combiner in bivariate (corre­



lated) Nakagami-m and Rayleigh fading channels.

In Chapter 7, we develop a theoretical framework to analyze the performance of 

maximum-amplitude selection diversity (MA/SD) systems in a Nakagami fading channel 

with arbitrary parameters. In addition, we derive a simple expression for bounding the 

remainder term o f a Gauss-Chebychev quadrature (GCQ) formula using a complex-vari­

able method. This new bound is highly desirable since it does not require the evaluation 

of higher order derivatives, which can be difficult, time consuming and tedious.

The steady-state performance of both slotted and unslotted random access packet- 

switched DS/CDMA networks in conjunction with packet combining is investigated in 

Chapter 8. This technique is highly advantageous for systems which can tolerate a  cer­

tain delay and operate over highly time-varying channels. To facilitate the analysis, we 

have derived simple and computationally efficient lower and upper bounds for the aver­

age number o f retransmissions and throughput o f this new system with Poisson traffic 

assumption. The effects of the packet header failure rate and the feedback channel error 

probability on the system performance are examined.

In Chapter 9, we outline an efficient method to concurrently optimize a multiplicity 

o f design variables for a mixed-mode ARQ protocol, both in noiseless and noisy feed­

back channels. In our multicopy transmission strategy, we either adapt the number o f 

identical message blocks sent in each transmission or the number of copies o f a block 

retransmitted to handle a negatively acknowledged codeword dynamically to the esti­

mated channel condition.

Whereas in Chapter 10, we investigate the performance of an adaptive packet length 

strategy in mobile radio environment. In particular, we investigate four simple algo­

rithms (indirect method to estimate the channel state condition) to implement such an 

adaptive system for slowly time-varying channels.

Finally in Chapter 11, conclusions and suggestions for future work are provided.



Chapter 2 

A Unified Approach for Outage Analysis in 
Cellular Mobile Radio Systems

In cellular radio systems, the spectrum utilization efficiency may be improved by reduc­

ing the cluster size but at the expense of increased cochannel interference (CCI). The 

probability o f outage is a useful statistical measure o f performance in the presence of 

CCI [3]. The outage performance o f digital radio systems has been studied extensively 

(see [4]-[l 1] among many others). The statistical fluctuations o f the signal amplitude are 

often modelled by a Rayleigh, Rician or Nakagami distribution, or compound distribu­

tions like the lognormal-Nakagami, Suzuki and lognormal-Rice. These distributions can 

model most fading environments.

Consider evaluating ± e  probability o f outage (hereafter, simply referred to as out­

age) in an interference-limited mobile fading environment. The instantaneous signal pow­

ers are modelled as random variables (RVs) k = 0, 1, 2, ..., £ ,  with mean pj.. The 

subscript k  = 0 denotes the desired user signal, and k  = 1, ..., L are for the interfering 

signals. The outage is given by,

(2 . 1)

where I  = p^ + ... +p^ and q is the power protection ratio, which is fixed by the type 

o f modulation and transmission technique employed and the quality o f  service desired. 

Typically, 9 <q <20 (dB). For instance, q = 9.5dB  for the digital pan-European GSM



system using GMSK modulation.

In the literature, various complicated formulas have been derived for the outage. In 

fact, computing the basic outage simply requires the cumulative distribution function 

(CDF) at zero o f a linear sum o f random powers. Since the MGF o f the sum can be deter­

mined very easily, the outage follows at once from the Laplace or Fourier inversion for­

mulas. Virtually-exact closed form solutions to the integrals can be attained using a GCQ 

sum.

However, in the past numerous ad-hoc attempts have been made to obtain closed- 

form expressions for the outage under different fading scenarios. To get explicit formu­

las, it is often necessary to make restrictive assumptions (e.g., Nakagami fading severity 

parameter be a positive integer [4] or identical statistical distributions for all the interfer- 

ers [9]) or approximations (replacing a Rician RV by a Nakagami RV). Although the 

assumption that all the received signals (both desired and undesired) have the same statis­

tical characteristics is quite reasonable for medium and large cell systems, its validity for 

pico- and microcellular systems is questionable. This is because an undesired signal from 

a distant cochannel cell may well be modelled by Rayleigh statistics but Rayleigh fading 

assumption may not be a good assumption for the desired signal since a line-of-sight 

path is likely to exist in a microcell. Therefore, it is evident that different statistics are 

needed to characterize the desired user signal and the interfering signals in a micro or pic- 

ocellular radio systems. If the probability density function (PDF) o f the total interference 

I  is known, then the outage can readily be obtained. The PDF, /} (^ ) , can be expressed 

as an L -fold convolution integral. While there is no analytical solution to this integral in 

general, several early papers have taken this approach. Another approach is to use the 

Laplace transform (LT) of the PDF, i.e., the moment generating function (MGF). If the 

RVs are independent, the MGF o f total interference / ,

= jJ e x p (-5 ^ ) /^ (4 ) if4  (2 .2 )

is the product o f  the individual MGFs. While, in principle, inverting this MGF gives the
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PDF o f I , closed-form expressions are difficult or impossible under general conditions. 

This inversion can be circumvented if the desired signal power is a sum o f exponential 

RVs. From Eq. (2.1), it follows that

C ,  "  (2-3)

where F q (.) is the cumulative distribution function (CDF) of . If the desired signal 

amplitude is Rayleigh fading, then is an exponential RV with a CDF o f the form 

1 — exp {—Pq/P q) . Therefore, by combining Eq. (2.2) and Eq. (2.3) the outage can be 

expressed using (j) (̂5 ) . If  the desired signal amplitude is Nakagami faded with an inte­

ger fading index m , then p^  is a sum of m exponential RVs (i.e., a Gamma RV) with a 

CDF o f the form 1 — ̂ x ^ 'ex p  (—x) . If f { x )  and (j)(^) form an LT pair, so do
k (ft)(—y )  / ( - y )  and ({) (s) , the Arth derivative. Hence, the outage can be calculated using

the first m — 1 derivatives o f the MGF of / .  By approximating a Rice RV by a Nakagami 

RV, the above method can be used for the Rice-faded desired signal. These are some of 

the techniques that have appeared in the literature.

The main contributions o f this chapter include the following: (a) First, we unify the 

previous results by expressing the exact outage in an interference-limited environment as 

a finite-range integral for all the common fading distributions. The MGFs of the desired 

and interfering signal powers constitute the integrand. Using the standard mathematical 

and software packages such as Maple and Matlab, it is extremely simple to evaluate 

(numerically) the integral with high accuracy, whereas explicit closed-form solutions 

tend to require much programming effort. Our approach here is partly motivated by this 

consideration. Moreover, the integral can be approximated by extremely accurate sums 

(Gauss-Chebychev quadrature formulas) requiring knowledge o f the MGF at only a 

small number of points; (b) Next, we assess the suitability o f Nakagami-m approxima­

tion for a Rician RV; (c) Third, we derive two unified expressions for the outage perfor­

mance of a generalized threshold model which takes into account the receiver noise floor. 

The corresponding analysis can be handled either by treating the noise as interference or
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by introducing a minimum signal power constraint (i.e., dual-threshold model). An 

assessment o f the compatibility and applicability o f  these two approaches is also pro­

vided; (d) Finally we investigate the effect o f  correlated interferers on the outage perfor­

mance in a Nakagami-m fading channel.

The outline o f this chapter is as follows. In Section 2.1, we present the MGF and 

PDF for the signal power in different fading channel models. Our new methodology for 

outage analysis is outlined in Section 2.2. Selected numerical results are provided in Sec­

tion 2.3. Finally in Section 2.4, the main points are summarized and conclusions restated.

2.1 Statistical Representation of the Fading Channels
Given a random variable X ,  the MGF indicates the expected value o f the exponen­

tial o f  %, i.e., ({) (5 ) = E . Since our unified approach for computing the outage

performance requires the knowledge of only the MGF of the received signal power (i.e., 

in an interference-limited environment as well as when receiver noise is treated as inter­

ference) or both MGF and PDF o f the received signal power (i.e., for the dual-threshold 

model), we next identify the MGFs and PDFs for several commonly used fading channel 

models.

2.1.1 Rician and Rayleigh Fading

The PDF for the Rician-faded signal power is given by [1, (2.44)],

f i x )  = (2.4)

where is the modified Bessel function o f  the first kind and K  denotes the Rice

parameter, which is the ratio of the power in the line-of-sight and specular components to 

that in the diffuse component. The Laplace transform o f Eq. (2.4) gives the MGF for a 

non-centralized chi-squared RV [12, pp. 44],



1 2

= - n r h p

In a limiting case when the power in the line-of-sight path approaches zero, the channel 

reverts to the Rayleigh fading channel. Therefore the PDF and MGF for Rayleigh fading 

case can be obtained by setting AT = 0 in Eqs. (2.4) and (2.5), respectively.

2.1.2 Nakagami-m and Nakagami-q (Hoyt) Fading

Utilizing the transformation o f RVs, the squared-envelope o f a Nakagami-m distributed 

RV has the Gamma density,

where m denotes the fading figure. It is evident that Eq. (2.6) reduces to the Rayleigh 

fading case when m = \ . When m is an integer, it is an m -stage Erlang distribution. 

The MGF for the Nakagami-m fading channel can be obtained from [4, Eq. (44)],

The PDF of the signal power for the Nakagami-q [13] is given by,

where 6  = [ l  — q~\ /  [  1 + q~] and q (0 < g < oo) is the fading parameter. In particular, 

the Nakagami-q distribution reverts to the Rayleigh and the one-sided normal distribu­

tion when 6  = 0 and 6 = 1 ,  respectively. It can be easily shown that the MGF o f the 

received power for the Nakagami-q fading is,

(j)(5'} ^

for -1  < 6  < 1. (2.9)
1

J [ s p i l + b )  + 1] [ s p i l - b )  + 1]
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2.1.3 Lognormal-Rice and Suzuki Fading

Expressing the received fading envelope as the product o f independent Rice and lognor­

mal distributions, and then applying Hermitian integration, we can show

1 ^  
 7= X

( I + K)
exp

—Ks  p exp [  c .r J
+ R h (2 . 10)

where <5 is the logarithmic standard deviation of shadowing, and p is the local mean 

power. The abscissas x.  (/th  root o f  an iTth order Hermite polynomial) and weights w. 

are tabulated in [14] for H<2Q and is a remainder term.

The PDF for the lognormal-Rice is given by.

J 1 k (30.
exp In ( Q /p )  

-)
V 2 a~

dO. (2 . 11)
/

Since Suzuki distribution [10] is a special case of the lognormal Rician distribution, its 

MGF and PDF is readily obtained by setting AT = 0 in Eqs. (2.10) and (2.11).

2.1.4 Lognormal-Nakagami-m Fading

Similar to our derivation of Eq. (2.10), the MGF of the received power in a Nakagami-m 

fading channel with lognormal shadowing can be expressed as.

w.

1 +^pexp { J l a x . }  / m
(2 .12)

The PDF o f the composite Gamma and lognormal shadowing for the Nakagami-m chan­

nel is.

—mx^ I
r ( ,» )  O  ;

exp - l n - ( g / p ) l

V 2(7
d n . (2.13)
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2.2 Outage Performance Analysis

2.2.1 Interference Limited Environment

The radio link performance in pico- and microcellular radio systems is usually limited by 

interference rather than noise and, therefore, the probability o f co-channel interference is 

of primary concern. Then the probability o f outage is dictated by the event that the instan­

taneous carrier-to-interference ratio falls below a specified receiver threshold level q .

Let us define

L

y ~ ~ ~ ' Y u P k  (2-14)
^ Ar= I

and therefore the MGF o f y is given by

L

<j)y(̂ ) = 4) (̂-.y) , (2.15)
k= 1

where (j)̂ . {s) is the MGF o f Pf. . It follows that the outage is given by

/'««f = F r ( y < 0 ) .  (2.16)

In the following, we outline two general methods for evaluating the outage probability

expression illustrated by Eq. (2.16): (a) Laplace inversion method, and (b) Gil-Pelaez

inversion theorem.

2.2.1.1 Laplace Inversion Method

This probability in the form of Eq. (2.16) can be written as [15][16],

, ^  J _ j^  <l>y(g+y<a)
2 7 rJ^  c+J(û d(£)

1 ^R eal[(c-yco)(j) (c+yco)]

=

(2.17)
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where ^  = —1 , 0  < c < = min{a.]^ 1 < / < Z }  with a. being the z-th pole o f

(j),̂  (s) in the left half plane (i.e., a. > 0 ). Note that Eq. (2.17) emanates from the relation 

that the LT o f CDF is (j) (s) / s ,  and therefore Eq. (2.17) is simply a Laplace inversion 

integral. Next, by substituting a  = ctan ( 9 /2 )  in Eq. (2.17), we get

where ^., (.) is given by,

^ .,(0) = R e a l [ ( l ^ ’ta n (0 /2 ) ) ( j) ,^ (c + y c ta n (0 /2 ) )]  . (2.19)

This new form (i.e., Eq. (2.18)) is both easily evaluated and well suited to numerical inte­

gration since it only involves finite integration limits and knowledge of the MGF. The 

generality and simplicity o f this result is to be compared with other restrictive and more 

complex forms given in the research literature.

Further, using variable substitution 0 = acos (.r) , and then applying the GCQ formula 

[[14], pp. 889] to the resultant integral, we get

( 2 z - 1)tc- 
2n . + (2.20)

i = I

where the remainder term vanishes (decays) very rapidly (i.e., Eq. (2.20) is therefore 

a rapidly converging series).

Although the value o f coefficient c can be selected anywhere between 0 and a^ .^ , it is

better to choose it such that |<{).̂  ( c +700) [ decays very rapidly as co-^oo. The highest
_[

rate of decay is ensured if  5 = c is a saddle point; i.e., at 5 = c , 5  <j)̂  (5 ) achieves its 

m inim um  on the real axis. However, this optimal value of c requires a numerical search. 

In practice it is sufficient to use c = . For the MGFs listed in the previous sec­

tion, this value can be determined at once. As well, in the Appendix 2A we have derived 

a simple expression for the remainder term.
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2
7C r for some 0 < Ç < j t .  (2 .2 1 )

6n~

This new expression is very attractive for numerical evaluation since it only involves a 

second order derivative of the MGF instead of 2n -th order derivative o f the MGF using 

the formula furnished in [14] (i.e., Eq. (2A.6)).

2.2.1.2 Gil-Pelaez Inversion Theorem

Our second approach relies on the characteristic function (CHF) o f the decision variable 

y given in Eq. (2.14) (i.e., Fourier transform of the PDF of y) and the application o f an 

inversion theorem [17]. It is noted that the CHF is related to the MGF via relationship

¥ - ^ ( 0  = ‘t>y(-yO , (2 .2 2 )

and Gil-Pelaez’s inversion theorem provides the relationship between the CDF and the 

CHF,

(2.23)

where notation ( t) denotes the CHF o f y .

From Eqs. (2.16) and (2.23), the outage probability can be directly calculated as

Replacing ¥ y ( 0  = and then using variable substitution t = tan ( 9 / 2 )  , Eq.

(2.24) may be rewritten in the desired form,

y _
which is suitable for numerical integration. Alternatively, substituting t =  ̂ ^  in Eq.
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(2.24) and then applying GCQ rule, we get a closed-form formula for the outage proba­

bility in the form of a series expression.

out
1 2 ft
2 J - i

dx

V1 - x ^  J Î -X

4>y 1- /ta n
( 2 z - l ) 7 t

^  1 _ 2  "
2 n ^  . f  ( 2 / —1)tu

4n

(2.26)

Notice ± a t formulas like Eq. (2.25) when evaluated numerically have the form of 0.5 

minus a sum (e.g., see Eq. (2.26)). When the tails of the distribution are sought, the sum 

is also close to 0.5. As a consequence, many steps of numerical integration o f the oscilla­

tory integrand are needed to determine the sum accurately enough so that significant fig­

ures are not lost by roundoff errors, particularly for very small outage values. Since the 

Laplace inversion integral method circumvents this issue, we can anticipate that the rate 

of convergence of series shown in Eq. (2.20) to be much faster than that o f Eq. (2.26).

2.2.1.3 Exact CIosed-Form Formulas

In this subsection, we present exact closed-form expressions for two special cases 

o f desired signal envelope fading. As pointed out in [8 ], the inversion o f the MGF of /  to 

obtain the PDF /}(^) can be circumvented if the desired signal power is a sum of expo­

nential RVs.

Case A: Rayleigh fading

If the desired signal amplitude is Rayleigh faded, then it follows from Eq. (2.3) that

(2.27)

where
k =  1
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Case B: Nakagami fading with integer m

Similarly if  the desired signal amplitude follows a Nakagami distribution with integer m , 

then the outage probability may be obtained directly from the Laplace transform deriva­

tive property.

= j:

- OTg-l -

1 — exp
-m ^ q y ^  1 rnQqy

Z  T\
z = 0V Po / K PO V

mg-l

/  =  0

(2.28)

It is worth pointing out that in arriving to Eqs. (2.27) and (2.28) we do not impose any 

restrictions on the interferers signal statistics. Hence these formulas are useful to gain 

some insights as to how the interférer statistics affect the outage performance.

2.2.2 Interference and Noise Limited Environment

Thus far, we have assumed that satisfactory reception is achieved as long as the short­

term SIR exceeds the power protection ratio, thereby neglecting the receiver background 

noise. But in practice, thermal noise and/or receiver threshold exist(s) which may be of 

concern particularly in large cells (macro-cell). In the literature, there are two approaches 

to deal with this scenario. In the first technique, noise is treated as co-channel interference 

(e.g., [3]). Alternatively, a minimum signal power requirement is imposed as an addi­

tional criterion for satisfactory reception (e.g., [4] and [8 ]).

2.2.2.I Treating Noise as Interference

Using a more refined criterion, we can redefine the outage event as the likelihood 

that the desired signal strength drops below the total interference power /  by a CCI 

power protection margin q , and the total noise power N  by the noise power protection 

margin r ,  i.e..



19

P o u t  = P r { p Q < q I + l ^ }  =  P ^ \ ^ - j -  (--^9)
 ̂ ^ A- = I

where A = r N  is a constant. Notice that when A = 0 , Eq. (2.29) reduces to Eq. (2.16). 

Following the development of Eq. (2.17), we can now express the new exact outage prob­

ability as

1 pooReal [ (c-ycû) ((j)^(c +y<a) ) exp { (c +ym) K / q }  ]
= S o ----------------------- — ÿ r ; : -----------------------------

or in the form of a finite-range integral,

Poiu = Real [ ( 1-ytan ( 0 / 2 ) ) (<j)̂  (c +yctan ( 0 / 2 ) ) )

X exp ( [ 1 +ytan ( 0 / 2 ) ] A c /^ )  ] ĉ 0 (2.31)

where (}).̂  (.) is defined by Eq. (2.15).

From Eqs. (2.23) and (2.29), we have yet another exact expression for the refined out­

age criterion,

1 i r  Im ag [(j) i -Jt)  exp ( - j t A / q )  ]
P o , „  - 2 ~ S o --------- '------ ^

Eq. (2.29) may also be rewritten as

Pout = 1 -  J / /  (y) J  fp,  U'o) dp^dy
0 qy + A.

= Ç^f[ (y) Fq iq y  + A) dy

(2.33)

When A = 0 , Eq. (2.33) reduces to the familiar expression for outage in an interference- 

limited scenario (i.e., Eq. (2.3)). If  we assume the desired signal to be Nakagami-faded 

with integer , then following the development o f Eq. (2.28) we have a simple closed- 

form expression for the refined outage probability.



2 0

P o u t  = 1-exp
'tUn — I

I  A E ' c ,
/  =  0 /  =  0 ^

W )  —  [<t>/(-?)]
ds

(2.34)
/"o9

Po

where 'C = -----—------  is the coefficient o f binomial expansion. For the special case of
> -!(.r-y )!

Rayleigh-faded desired signal amplitude (/Wq = 1 ), Eq. (2.34) reduces to

Pout = 1 -  exp (-A /P o ) <t>/ (g /Po) (2.35)

2.2.2.2 Minimum Signal Power Constraint

The presence of thermal noise and the receiver threshold imply that the desired sig­

nal power must simultaneously exceed the total interference power by a protection ratio 

and a minimum power level. In other words, the effect o f noise was included implicitly 

by setting a minimum reception threshold for the desired signal. Therefore, the probabil­

ity of satisfactory reception can be expressed as the intersection of two probability events.

P r  {S'} = Pr '
r  L
^ ' Z P k ^ P o

L A- =  I 

L

= Ç / n ^ l L P k < P Q
k =  I

[Po > A] j

P q r/(P o ) ^Po

(2.36)

where A = rN  is the minimum power requirement due to receiver noise floor. Then the 

probability of outage is given by.

P o u t =  l - k o W  J f i ( ^ y ) d y d p ^

(2.37)

Note that specifying a minimum signal requirement will cause a floor on the outage prob­
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ability with or without co-channel interference because the deep fades will result in sig­

nal power level below the specified minimum.

Different from Eq. (2.37) (which involves L-fold convolution integral), we will 

solve the outage problem in the framework o f hypothesis-testing and determine the out­

age probability directly from the MGF o f a decision variable as in Section 2.2.1. The con­

ditional probability illustrated by Eq. (2.36) can be expressed using a Laplace integral:

^ k = \
P o = l —P r ' P q  I

(2.38)
1 fC+yoo 2

= -exp  (-.spg /g ) <|)/(-^) ( 6— TÇ/''c—ycc S

Then, we have

p .{ ^ }  = i - p „ ( A ) - x r
1 Gg (j)

2-tzJ j c —jx  s
^ r ( - s ) d s (2.39)

where Gq (s ) = exp {—spQ/q)f{pQ)  c/pg, which is convergent.

Finally the probability o f outage with minimum power requirement is given by

1 f X  G r . { C + j ( ù )

P c ,  = c+yco

i  =  I

where

0 y ( 8 )

When A

= Real

(2.40)

( l - / ta n  ( 0 / 2 ) ) Gq ( c+yctan  ( 0 / 2 ) ) (1)^.(—c —yctan ( 0 / 2 ) )
=  1

0 , Eq. (2.40) reverts back to Eq. (2.20) as anticipated.
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As well, for the special case of Rayleigh-faded desired signal amplitude, v/e have a 

closed-form expression for Gq (.) , i.e..

exp { - l ^ { s / q +  I / p o ) ]  
1 + sp ^ /q

(2.41)

Alternatively, the probability o f satisfactory reception illustrated by Eq. (2.36) may be 

restated as

<t>/ (-y^O J exp {-Jtpo)f{pQ) dp^ dt (2.42)

by invoking Gil-Pelaez inversion theorem. Hence,

out tcJq t «!>/ (-y^O J  ̂exp {-jtPo)f{pQ)  y^oj d t . (2.43)

2.2.3 Correlated Nakagami-faded Interferers

When the interferers are correlated, the analysis proceeds in a similar manner as the 

independent fading scenario. But we need to find the corresponding CHF or MGF of

y I = (he correlated Nakagami fading environment, the joint CHF of y y may
k

be written in the form

exp y E  % |
A- =  1

I—/.
(2.44)

where I  is the L~<L identity matrix, T is a diagonal matrix whose elements are 

(tj,  ..., t^) , T is a square synunetric matrix of dimension L and X is a constant.

For special cases o f constant and exponential correlation models (and with the assump­

tion of identical fading severity index and signal strength for all the interferers), the corre-
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sponding MGFs can be easily shown to be Eqs. (2.45) and (2.46), respectively:

Lm

V [ p 5 ( I —p + I p )  +/«]  [ / 7 5 ( I —p) + / « ] ^  V
(2.45)

L'
where x = L + f  L - - , —— J, p is the correlation coefficient and L is the number

1 — p^ 1 —p /

o f co-channel interferers. Using these MGFs, we can investigate the effect o f correlated 

interferers on the outage performance.

2.3 Computational Results and Remarks
We now provide a limited set of numerical results to show the efficiency of the uni­

fied expressions derived in this chapter for computing the outage performance o f mobile 

radio systems. Since the application of Eq. (2.18) for complicated mobile radio scenarios 

(e.g., unequal interferers and mixed fading distributions) is straightforward, our main 

focus here is to verify the accuracy of Eq. (2.20). In the following, the notation is 

the sum in the right hand side o f Eq. (2.20) excluding the remainder term, and the signal- 

to-interference ratio (SIR) is defined as the ratio between the desired user mean signal 

power to the sum of all interfering mean signal powers (i.e., Then the accu-

racy of the truncated series (GCQ estimate) is given by.

% error =
P —Pout out

p out

X  100 (2.47)

where P̂ ^̂  ̂ (i.e., the exact outage probability) is computed using Matlab’s quadS function 

with an absolute tolerance of 10 .
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Table 2.1 Sensitivity o f  the selection o f parameter c on the number o f samples 
required to achieve the desired accuracy for Pq,,, with Z, = 4 , 6 q = 0.5, 
[6 ^] = [0.4, 0, 0.2, 0.7] , [pi^ = [1.2, 0.6, 0.9, 0.5] 2i a d S I R / q  = \ 5 d B .

c 8 P̂ out

Number o f  samples required to 
achieve the desired accuracy 
(i.e., % error < e)

P out

a . 1 X I0‘- 3.55258076 x 10'- 17
min
4 1 X 10'^ 3.55273550 x 10'- 37 3.55270279 x 10'-

I X 10'^ 3.55270313 x 10'- 74

a ■ I X 10'- 3.55297886 x 10'- 12
min
2

1 X 10'^ 3.55273144 X 10'- 18 3.55270279 x 10'-

1 X 10'^ 3.55270313 x 10'- 36

A

I X 10'- 3.55299713 x 10'- 5

l X 10'^ 3.55273719 x 10'- 11 3.55270279 x 10'-
4

1 X 10'^ 3.55270306 x 10'- 24

Table 2.2 Sensitivity o f the selection of parameter c on the number o f samples 
required to achieve the desired accuracy for with Z = 2 , ATq = 2.5,
[K^] = [1.3, 0.9] ,  [ p j  = [1.1, 0.6] and S I R / q  = 2 0 d B .

c 8 p̂ out
Number o f samples required to 
achieve the desired accuracy 
(i.e., % error < e)

P out

a - 1 X 10'- 2.97613620 X 10'^ 7
min
4 1 X 10'^ 2.97594797 x lO'-’ 9 2.97592131 x 10'^

1 X 10'^ 2.97592143 x 10'^ 14

a . 1 X 10'- 2.97589037 x 10'^ 5
mm
2

1 X 10'^ 2.97592085 x 10'^ 6 2.97592131 x 10'^

1 X 10'^ 2.97592130 x 10'^ 7

3ûf . 1 X 10'- 2.97578343 x 10'^ 25
min

4
I X 10'^ 2.97589584 x 10'^ 27 2.97592131 x 10'^

1 X 10'^ 2.97592118 x 10'^ 33
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In Table 2 .1 and Table 2.2, we examine the sensitivity o f the number o f samples required 

to achieve a specified tolerance (% error < s ) for different selection o f parameter c on 

Nakagami-Hoyt and Rician fading channel, respectively. Here we show that the subopti­

mal choice o f c does not preclude the usage of Eq. (2.20) because n does not grow too 

large so as to become unmanageable (even with a relatively large deviation from the opti­

mum value). This is particularly interesting in that the rule o f thumb eliminates the need 

for a precise numerical search yet works very well in most instances. Furthermore, since 

a percentage accuracy o f s  ~ 10  " may be adequate in practice, only approximately ten 

samples o f the MGF are required to evaluate the outage in these examples.

Subsequently, in Table 2.3 we assess the accuracy of Eq. (2.20) for a shadowed 

Rician (desired)/Rician (interférer) mixed fading channel model with six interferers at 

different values of shadowing spread for the desired user signal. Our numerical results 

reveal that the rate of convergence o f the series in this mixed fading scenario is also quite 

good. Hence, an extremely high accuracy can be easily attained with only a reasonable 

number o f MGF samples (i.e., less than 25 samples).

Table 2.3 Comparison between the exact outage probability obtained using Eq. 
(2.18) and the truncated series expression (Eq. (2.20)) for different Cq and various n 
values. We have assumed [pj^ = [0.2, 0.6, 1.3, 0.7, 0.4, 1] , S I R / q  = IQdB, 
[ ^ J  = [0.2, 3.3, 5.8, 2.7, 0.9, 4.4] , = 7 and c = a ^ . ^ / 2 .

P out n p̂ ou t

15 4.919110147 X 10-*
0.5 dB 5.842568875 x lO"* 20 5.842568852 x 10"*

25 5.842568875 x 10"*

15 4.111391849 X 10'^

2.0 dB 4.596188514 X 10'^ 20 4.596188503 x 10'^

25 4.596188514 X 10'^

15 1.593690332x 10'-

3.5 dB 2.555192659 x 10'- 20 2.555192636 x 10'-
25 2.555192659 X 10'-
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The accuracy o f our simple expression in a mixed Nakagami/Rician fading sce­

nario is examined in Table 2.4. The received signal amplitude o f the desired user and the 

first two interferers are Nakagami faded, while the signal amplitude of the other three 

interferers are Rician faded. In this case, we select c such that

c = ^  = \m in  I [ . (2.48)2 2 p̂_ p. p^ p^ J

We observe that the error performance improves as the fading severity parameter o f the 

desired user increases, as anticipated. It is shown that Eq. (2.20) is simple yet yields 

remarkably accmate results even with only 10 sampling points o f the MGF over a wide 

range of fading severity index as well as in complicated fading channel conditions.

Table 2.4 Comparison between the exact outage probability obtained using Eq. 
(2.18) and the truncated series formula for different /Wg and various n values. We 
have assumed L = 5,  N  = 2,  = 0.5, = Q.l , = 3.1, = 1.8,
K- = Q, [pj^ = [0.4, 0.7, 1.2, 0.9, 0.8] , S I R / q  = 25dB and c =

m g P out n P■' out % error

5 2.5311177703 x 10'" 7.417 X 10-'
0.6 2.5500310127x 10'- 10 2.5499774104 X 10'- 2.102 X 10-^

20 2.5500310247X 10-- 4.717 X 10-'̂
5 2.2177210607 X 10'^ 3.405 X 10--

2.5 2.2184764209 X 10’̂ 10 2.2184846402 X 10'^ 3.705 X 10-*

2 0 2.2184764237 X 10'^ 1.228 X 10-'
5 2.3176039710 X 10'® 2.577 X 10-^

3.5 2.3176637079 X I O'* 10 2.3176668244 X 10'* 1 .3 4 5  X 1 0 -*

20 2.3176637087 X 10'^ 3 . 5 9 4  X 10-®
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In some o f the previous studies (e.g., [5]), the authors have suggested approximating a 

Rice RV by a Nakagami-m RV with a positive integer m to examine the outage perfor­

mance o f cellular mobile radio networks subject to Rician fading with nonidentical CCI 

statistics. This was done to circumvent the difficulty in performing the L-fold convolu­

tion integral to get . Hence, in Fig. 2.1 through Fig. 2.3 we investigate whether this 

is a valid (realistic) approximation.

q = 9.5 dB
Pt =  [ l . 1 .0 .6 , 0.9. 2J>]
Kt = [2.5. 1J.5JL 4 .7]

= [2.04. 1 .4 5 .2 3 3 . 3.12'
10" '

mo = 1.55
Ô  1 0 '

mo = 3.77

10 '*

 Rician
 Nakagami-m appro.x.

25
SIR/q (in dB)

Fig. 2.1 Comparison o f the outage probability between the Rician and its 
Nakagami-m approximation model.

In Fig. 2.1, we compare the outage performance of a cellular network where both the 

wanted signal and the four interfering signals are Rician-faded with its corresponding 

Nakagami-m approximation fading model. The fading severity index m (also known as 

fading figure) is obtained using the relationship m = (K +  l ) ~ / ( 2 K +  1) . Notice that 

we did not round this value to the nearest positive integer, which would result in a further 

departure from the actual performance curve. The interference signal statistics (mean sig­

nal power and fading parameter) are given by = [1.1,0 .6 ,0 .9 ,2 .2] and
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[AT̂ ] = [2.5, 1.3, 3.2, 4.7] . It is apparent from Fig. 2.1 that the Nakagami model for 

the desired signal yields misleadingly optimistic results. This observation may be attrib­

uted to the fact that the tails o f  the Rician and its Nakagami-m approximation distribu­

tions do not fit very closely. The difference in the behavior below the 1% point of the 

cumulative distribution function (CDF) o f the power for these two distributions (see Fig. 

2.2) may have led to a large difference in the required S I R / q  to achieve a prescribed 

value of Comparison between these CDF curves also suggests that some basic

results on Nakagami-m approximation model have been overlooked by some researchers 

previously.

K  =  1 
m = 133

§ K = 5 
' m  = 337

I

I K .=  10 
m = 5.76

Io

- - Rician
—  Nakagami-m appro.x.

10“'
Abscissa

Fig. 2.2 Comparison between the CDFs o f the normalized power for the 
Rician distribution and their corresponding Nakagami-m RVs.

It is noted that the real importance o f  the Nakagami-m fading model lies in the fact that it 

can often be used to fit experimental data and offers features o f analytical convenience in 

comparison to the Rician distribution. However, the goodness-of-fit tests used by iono­

spheric physicists to match measured scintillation data to a Nakagami-m distribution do 

not give special weighting to the deep-fading tail o f the distribution. As a result, we



29

sometimes have a better fit near the median of the distribution than in the tail region, 

although the tail behavior is o f greater significance to communication systems perfor­

mance analysis.

Diesta and Linnartz [6 ] also obtained a similar result by studying the behavior of 

the Laplace transform expressions for small arguments (i.e., corresponding to large SIR ) 

by expanding into MacLaurin series. Further, they suggested that Nakagami PDF with 

m >  I does not model deep fades, so it predicts much optimistic performance than 

Rician fading. O f course the Nakagami-m and Rician models are identical when 

ATq = 0 . From Fig. 2.1, we also find that the discrepancy between the actual and approxi­

mation model gets larger as Kq decreases, for a given outage value. For instance, the dif-
_ 3

ference in the required S I R /q  to achieve = 1 0  is l . l d B  and AAdB  when 

K q  = 1.5 and = 6 ,  respectively. But the Nakagami-m model predicts the exact per­

formance that of Rician distribution when Æ = 0 . We conclude that approximating a 

Rician RV o f the desired signal by a Nakagami-m is only accurate for its extreme limit­

ing cases — Rayleigh fading {K  = 0 )  and nonfading {K = oo). The discrepancy 

becomes larger as S IR /q  increases. The approximation is inaccurate even at moderate 

S I R / q  values. This is particularly interesting because our unified expression handles the 

Rician-faded desired signal as well as the mixed-fading situation very well.

In Fig. 2.3, we confirm that one may accurately model the Rician-faded interfering 

signal by a Nakagami-m signal. Different from Fig. 2.1, we only model the unwanted 

Rician-faded signals using its equivalent Nakagami-m approximation and the desired sig­

nal is still modelled as Rician-faded (i.e., a mixed Rician/Nakagami fading case). Specifi­

cally, we show that the discrepancy observed in our Fig. 2.1 is attributed to the 

inaccurate modelling of the desired signal rather than the interfering signal statistics. The 

curves obtained by modelling the interferers as Nakagami-faded signals yields virtually 

identical results with that evaluated directly as Rician-faded interfering signals (we can­

not distinguish their difference from Fig. 2.3 because the error due to the approximation 

is negligible). Fig. 2.3 also illustrates the effect of increasing the number o f interferers on 

the outage performance. Note that the abscissa is the average single interférer power.
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When L = 1 the interference statistics = 1.0 and = 2.2, which also correspond 

to the first entry of vectors pj. and Kf., respectively. The penalty in the required S I R / q  to 

achieve a prescribed outage gets larger with the CCI (i.e., higher number o f interferers), 

as anticipated. As well, when the Rice factor o f the wanted signal increases, a desired 

outage is achieved at smaller S I R / q  because severity o f the signal fading decreases.

-  - Rician
—  Nakagami-m approx.L = 6

lO”

Kq — 7.3 Kq — 1.7o 10"

q = 9 J  dB
Pt = [I -0 .0.6. U . 0.7. I . l .  U ]
Kk =  [2J:. 12!. 2.8. 1.7. 0 .9 .4,4] 
m t =  [1.90. 1.42.2.19. 1.66. 1.29.2.97]

25 30
L'SlR/q (in dB)

Fig. 2.3 Comparison of the outage between the Rician and its equivalent 
Nakagami-m approximation model o f the interfering signals (the desired 
signal is modelled as Rician-faded for both cases) for different K q as well

as number of interferers L .

In Fig. 2.4, we further substantiate the trends as well as the conclusions drawn from 

Fig. 2.3. In particular, we show that the outage performance is not too sensitive to the 

variations in the fading severity index o f the interfering users. For simplicity, let us 

assume that all fading statistics o f the interfering signals are identical. We see that the 

outage probability does not vary too much despite a considerable perturbation in the Rice
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factor o f the interfering signals if K q is small or if  L is large. This observation in turn 

explains why there is negligible amount o f error o f  the outage performance by modelling 

a Rician RV by a Nakagami-m RV for the interférer signals. However, note that the out­

age probability becomes more susceptible to the inaccuracies in modelling the interfering 

signals as K q increases when there are only a few number of interferers (i.e., single inter­

férer case) since the spread between the curve gets larger.

L =  6

10 ' '

1
a, 10'-g
O

10"̂
20-5

L’SIR/q (in dB)

Fig. 2.4 Outage probability versus average signal power to a single 
interférer power ratio in a Rician (desired)/Rician (interférer) fading 
channel.

It can also be seen from Fig. 2.4 that as Kf. (A: = ! , . . . , £ , )  decreases, the outage proba­

bility gets larger for a given S I R / q  in the moderate range (say 5 dB to 25 dB) if  Æg > 0 . 

This can be explained by realizing that for a given S I R / q ,  K q and Pf,, pQ must be
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increased if  Kj. decreases to keep L x S I R / q  the same because

SIR  =  ̂)P q {diffused)

'TuPk X   ̂) Pk(diffused)
k k

where Pj(jiffused) denotes the average power in the diffused path. If ATq » 0 , then the out­

age probability declines very rapidly even with a slight increase in (i.e., ‘waterfall 

curve’) in the range of interest, which explains the above phenomena. At the other 

extreme (i.e., when the desired signal is Rayleigh-faded), the outage probability gets 

larger as Kj. increases. If we change the abscissa to pQ, then we will find that the outage 

will always be higher for a larger Kj. , as anticipated.

In Fig. 2.5, we investigate the accuracy of modelling the shadowed Rician-faded 

desired signal PDF by its corresponding shadowed-Nakagami approximation. Here we 

assume that all the six interfering signals envelope follow the Nakagami distribution with 

the following statistics: = [1.0, 0.5, 0.75, 0.6, 0.65, 0.9] (fading severity index) and

Pj. = [0.1, 0.6, 0.3, 0.7, 0.2, 0.5] (mean signal power). The Nakagami distribution with 

fading figure m < \  models a fading channel condition that is more severe than the Ray­

leigh distribution (which cannot be represented using a Rician distribution). The Rice fac­

tor o f the desired signal is assumed to be = 6 .1. Hence, the fading severity 

parameter o f  the Nakagami approximation model is hIq = 3.819. From Fig. 2.5, we see 

that the outage probabilities for the shadowed Nakagami-m channel and the shadowed 

Rician channel have good agreements for small S I R / q  ; otherwise the deviation can be 

substantial, in particular when the shadowing is not severe. The shadowing has the net 

effect o f shifting the abscissa (i.e., S I R / q )  when the departure begins to the right. Our 

results reveal that this approximation is plausible only in the limiting case (i.e., exact for 

the Suzuki fading environment) or if  the desired signal experience heavy shadowing (i.e., 

large otq). Therefore the approximation performed in [II] is inadequate and cannot be 

justified for a general fading environment. However, the intuitive claim by the authors 

that the accuracy of approximating the shadowed Rician-faded desired signal by a shad­

owed-Nakagami improves when a strong specular path is available is correct.
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q = 9.5 dB
Pt = [0.1.0.6. 0 .3.0.7.0.2.0.5] 
ntt = [1.0. 0.5. 0.75. 0.6.0.65.0.9]

Co — 0
r (no shadowing)

Oo = I dS

- - Shadowed Rician
—  Shadowed Nakagami-m appro.x.

25 35
SIR/q (in dB)

Fig. 2.5 Comparison of the outage between the shadowed Rician-faded desired 

signal case (Kq = 6.1) and its equivalent shadowed Nakagami-m approximation

model for different shadowing spreads CTq of the desired user signal.

Table 2.5 Comparison between the upper bound (Eq. (2.50)) for and actual 
~  ^ o u t  o u t  (obtained using Eq. (2.18) and Eq. (2.20)) at different Kq .

Rice Factor 
K o

Remainder term R„

n = 5 n = 10

Upper  bound Exact Upper bound Exact
0 5.53 X 10-- 3.877 X 10-7 1.38 X 10-7 3.278 X 10-‘7

2.1 2.13 X 1Q-- 1.487 X 10-7 5.32 X 10-7 1.254 X 10-‘7

4.7 3.07 X 10'^ 2.119 X 10-8 7.67 X 10-^ 1.763 X 10-‘4

6.8 5.54 X 10-^ 3.758 X 10-^ 1.39 X 10-4 3.075 X 10-'=
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In Table 2.5, we provide an example to show the application o f Eq. (2.21) to derive 

an upper bound on the remainder term. By taking the magnitude o f , we can rewrite 

Eq. (2.21) as,

2
R^max)  < iE_ X max\^" ( ^ ) I for 0 < Ç < Jt. (2.50)

6n~

For the sake o f illustration, consider the following interferers signal statistics: 

K/. = [1.2,0,  1.5] and Pf, = [0.7, 0.3, 0.5] for k  = I, . . . , I ,  and S I R / q  = 2 0 d B . 

From Table 2.5, we observe that the remainder term diminishes very rapidly with the 

increasing number o f MGF samples, as anticipated. R^ also decreases as K q increases, 

for a given moderate value of n . Comparison between the entries in the second and third 

column and/or fourth and fifth column o f Table 2.5 reveal that the upper bound derived 

using Eq. (2.21) is quite loose. Consequently, if  Eq. (2.50) is used to estimate the number 

o f MGF samples required to achieve a specified accuracy, it will yield a rather pessimis­

tic result. Nevertheless, this formula provides a useful information about the rate o f  con­

vergence o f  the series given in Eq. (2.20), i.e., R^ diminishes by at least the reciprocal of 

n~ with increasing n .

It is apparent from Table 2.6 that Laplace-inversion method is far more efficient 

than the Gil-Pelaez inversion formula (based on inverse Fourier method) especially at 

lower outage values. In other words, the rate o f convergence o f Eq. (2.20) is much faster 

± an  Eq. (2.26). An explanation for this observation is given in Section 2.2.1.2. Even if  

we reduce s to 0.01%, the number o f samples required is less than 10 for the Laplace 

inversion method. However, the corresponding n for Eq. (2.26) grows too large and 

becomes unmanageable for practical use. This observation in turn suggests that other 

numerical techniques (e.g., Gaussian quadrature) may be more appropriate to approxi­

mate Eq. (2.24) or (2.25) instead of using the Gauss-Chebychev formula. It is also impor­

tant to highlight at this point that the number o f samples required by the Laplace 

inversion method to achieve a prescribed accuracy is actually smaller than the value tabu­

lated in Table 2.6 because we can further optimize the parameter c using the procedure 

outlined in Section 2.2.1.1.
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Table 2.6 Comparison between the Laplace inversion method (Eq. (2.20)) and Gil- 
Pelaez Fourier inversion formula (Eq. (2.26)) for outage analysis in terms o f the 
number o f GCQ samples required to achieve an accuracy better than 1%. 
Interferers statistics; S I R / q  = l5 d B ,  c = a ^ . ^ / 2 ,  [p̂ _] = [1.1, 0.9, 1.8, 1.2] 
and [ATJ = [0.4, 1.3, 5.0,2.7] .

Rice factor 
Ko

Exact
four

Number o f GCQ samples required to achieve 
an accuracy o f %error < 1%

Laplace Inversion 
Method

Gil-Pelaez Inversion 
Method

0 3.106373 X 10 - 5 180

2.8 8.184924 X 10'^ 5 350

5.2 1.625258 X 10'^ 5 786

8.6 1.569834 X 10-^ 4 2527

——  ni[j — O.S 
 mt = 0.5

£ 10'

10'*

SIR/q (in dB)

Fig. 2.6 Effect of correlated interferers (constant correlation model) on 

the outage performance with hjq = 2.5.
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In Fig. 2.6, we investigate the effect o f correlated interferers on  the outage perfor­

mance. To generate this plot, we have assumed that there are four identical Nakagami-m 

co-channel interferers with fading severity index (m = 0.5 or m = 0.8) and signal 

strength p  = 1.2. The background noise is assumed to be negligible. From this figure, it 

is apparent that correlated interferers tends to be less harmful. One m ay also arrive to this 

conclusion by substituting Eq. (2.45) into Eq. (2.27) (i.e., the desired signal is assumed 

to be Rayleigh-faded) and then considering the two limiting cases o f  the correlation coef­

ficient: p = 0 (uncorrelated case) and p = 1 (fully correlated case). Since

^  ^  ' for practical values of m and p ,  the outage probability will be
Lps + m \ m + p s

smaller as p gets larger. Besides, the fading figure of the interférer signals plays an 

important role in the determination o f the outage performance when the correlation is 

considered (because the spread between the curves for the two limiting cases o f p 

becomes wider as m increases). Similar trends were also observed with the exponential 

correlation model (not shown in the figure).

From Fig. 2.7, we observe that the coarse approximation o f the refined outage per­

formance predicted by treating noise as CCI tends to yield slightly pessimistic result com­

pared to the minimum power constraint approach. In fact, this upper bound gets tighter 

for both very small and very large S I R / q  regions. However, the discrepancy between 

these two curves (at moderate S I R / q  values) gets worse if  the desired signal is not 

severely faded. When both the methods yield comparable performance and for small A , 

Eq. (2.30) or Eq. (2.32) will be preferred for rapid assessment o f the system performance 

in a myriad of fading scenarios compared to Eq. (2.40) or Eq. (2.43)) since they require 

less programming effort. If the desired signal amplitude is Nakagami-faded (with integer 

m ), then (2.34) is reconunended. However, Eq. (2.40) should be used if  accurate outage 

performance measure is desired (instead of an upper bound).
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q = 9.5 dB
P l ,  = [l.I,0 .6 , 1.9.2Jl] 
mk = [l-7 .0 j.2_5.4 .7]
  Eq.(33)
  Eq. (40)10"

10" * '

Fig. 2.7 Assessment of the compatibility and applicability of the two 
approaches that either treat noise as cochannel interference or consider a 
m in im um  detectable receiver signal threshold in the presence of receiver 
noise in a Nakagami-m fading channel.

2.4 Conclusions
In the research literature, much effort has been expended to find closed-form 

expressions for outage in mobile radio systems. This ad hoc development has led to vari­

ous formulas. In contrast, we have developed several new unified outage expressions (in 

the form o f a finite-range integral) for all common fading distributions. These exact out­

age expressions require the knowledge o f only the MGF (for simple threshold model) or 

both MGF and PDF o f the signal power (for the refined outage criterion). We also provide 

new closed-form expressions (based on GCQ approximation) that offers a convenient 

method to evaluate the outage. This general method allows for arbitrary fading parame­

ters as well as dissimilar signal strengths, shadowing spreads and so on. It is a powerful 

tool for outage analysis — not imposing any restrictions while being easy to program.
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Moreover, we have shown that, in contrast to common belief, it is not very accurate to 

approximate the Rician or the shadowed Rician-faded wanted signal statistics by a Naka­

gami-m or the shadowed Nakagami-m distribution even at moderate S I R / q  specifically 

if  the desired signal is not shadowed heavily. Fortunately, the use o f  this approximation 

is unnecessary because our solution can handle Rice fading scenarios quite easily. The 

outage performance predicted by treating receiver noise as interference tends to be pessi­

mistic compared to the case when a minimum signal power requirement is imposed. 

Their discrepancy gets larger if  the desired signal experience less severe fading.

Appendix 2A

In this appendix, we will derive an alternative expression for the remainder term. In par­

ticular, we will show that the GCQ formula collapses to the mid-point trapezoidal mle 

for the class o f integral considered in this chapter.

Consider the class o f integral of the form,

A = \ f { x ) d x .  (2A.1)
Jo

One may evaluate the above integral using a mid-point trapezoidal rule. The basic ele­

ment of this rule is that as h tends to zero,

f  ̂  VW  dx = h f i a  + h / 2 )  + (a + h / 2 )  , (2A.2)
J a J

which is obtained by expanding f ( x )  at the vicinity o f x = a + h / 2  using Taylor series. 

The corresponding mid-point trapezoidal rule for an extended interval is

I  f { x ) d x  = h ' ^ f { k h  + h / 2 )  + (2A.3)
'0 k = Q

where h = b / n  and
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,3

3n

for some 0 < C < b .

Alternatively, the integral illustrated in Eq. (2A.I) can be estimated directly by applying 

GCQ formula (after the variable substitution % = cos“  ̂ t), i.e..

A: = I
+ (2A.50

where the remainder term is given by [[14], pp. 889],

for lv|/| < I . (2A.6)
I = \\f

If we substitute tc/« = h and replace k — I by A: in Eq. (2A.5), we have

n — I

A- = h Y ^ f i k h  + h / l )  +R^  (2A.7)
Ar =  0

which is identical to Eq. (2A.3). Hence, it is evident that the GCQ formula collapses to 

mid-point trapezoidal rule for ± e  class o f integral in the form o f Eq. (2A.1). Note also 

that we have two formulas for the remainder term but vj/ and Ç are not the same. As we 

have noted earlier, it is easier to work with in Eq. (2A.4) because it only requires the 

evaluation of the second order derivative of f{x)  and is independent o f the sample size. 

Eq. (2.21) is obtained by applying Eq. (2A.4) to Eq. (2.18).
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Chapter 3 

Error Performance of Binary and M-ary 
Signalling Formats with Diversity Reception 
on Generalized Fading Channels

Diversity is a powerful communication receiver technique that provides wireless link 

improvements at a relatively low cost. The underlying premise is that if two or more sta­

tistically independent (or at least highly uncorrelated) replicas o f a signal received over 

multiple diversity branches with comparable strengths, then it is improbable that all these 

signals will be in a fade at any given instant in time. Besides mitigating the deep fades 

experienced in wireless channels, diversity methods play a crucial role in minimizing the 

transmit power requirements, particularly in the reverse link, because the battery capac­

ity o f handheld subscriber units is usually limited. It also reduces the penalty in signal-to- 

noise ratio (SNR) due to co-channel interference.

To take advantage o f the improvement in signal statistics due to diversity, several 

combining techniques have been proposed in the research literature, and they can be clas­

sified into two groups, namely switched combining and gain combining (see [2] and 

[21]). Four such techniques are considered here: maximal-ratio combining (MRC —  the 

best known linear combining method), equal-gain combining (EGC), ideal selection 

diversity (SDC —  perhaps the simplest combining method) and one type of switch-and- 

stay selection diversity (SWC).
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combiner
output

=  max
CL,.

1 if  * = /  ̂ CLi
0 i f k ^ l  ^

«/  (0

Fig. 3.1 Predetection diversity systems.

Let us consider an L-branch diversity combiner as shown in Fig. 3.1. Each o f the 

L antennas is receiving locally coherent signal with statistically independent random 

amplitudes and random phases. Therefore, the received signal at the ^-th antenna, 

, may be written as.

J[Wc^ + Q(.c)] (3.1)

where is the carrier frequency, 8 (f)  is the information signal (desired phase modula­

tion), Sf. is the random phase uniformly distributed between [0 ,2% ) , and is the ran­

dom fading amplitude process.

The additive zero-mean noise component is assumed to be independent of the signal 

and uncorrelated with the noise in any other branch. The composite signal plus noise in 

each branch is then multiplied by a voltage gain factor gf. and then summed in a linear 

combiner with replicas o f the signal from all the other diversity branches. Thus, the
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resultant predetection diversity signal output is

L

7 o (0  = ^  ' (3 2)
k =  I

The values o f the gain factors depend on the type of combining that is employed. For 

instance, the SDC measures the SNR at each branch (i.e. antenna) and selects the branch 

with the highest SNR value. Thus, if  L branch diversity is employed and the mean noise 

power per branch is the same for all branches, the decision criteria reduces to max [ a j  , 

i = 1, ..., £ ,  where â . is the channel gain from the /th  branch. However, the ideal SDC 

may not be practical for radio links that use continuous transmission (e.g., FDMA sys­

tems) because it requires continuous monitoring o f all the diversity branches. This prob­

lem can be circumvented by adopting a suboptimal switched diversity scheme so that the 

rate o f branch switching is reduced (which translates into a reduction of transient effects 

due to switching). In [34], Abu-Dayya and Beaulieu proposed a variation o f the switch- 

and-stay diversity (SWC) strategy where the antenna switch is activated in the next 

switching instant as long as the measured local power in the current antenna is below the 

threshold level (i.e., envelope of the received signal need not necessarily cross the thresh­

old in the negative direction). Therefore, the SWC scheme does not require comparison 

o f present samples with past samples. In MRC, rather than selecting the single strongest 

signal, all the diversity branch are first co-phased, and then weighted in proportion to 

their SNR before summing. Different from MRC, the co-phased signals in an EGC com­

biner are simply added without having to weight the current SNR level o f each signal. 

Therefore, MRC is known to be optimum in the sense that it yields the best statistical 

reduction o f fading o f any linear diversity combiner as well as provides the highest aver­

age output SNR.

While there are several excellent papers on the subject of fading channels and diver­

sity reception, with many cases having been thoroughly analyzed, the approach adopted 

in this chapter results in “clean” derivations for the error probability expressions, and 

they are also numerically efficient. Two of the important techniques recurring throughout
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this chapter are the use of moment generating functions (MGFs) or the characteristic 

functions (CHFs), and application o f Gauss-Chebychev sampling to obtain rapidly con­

verging series expressions for the average bit or symbol error rates (ASER).

The organization o f this chapter is as follows. Section 3.1 briefly surveys some of 

the diversity techniques commonly used in cellular radio and satellite communication 

systems to mitigate the detrimental effects of signal fading. Subsequently in Section 3.2, 

the MGFs for several typical fading conditions are presented. Section 3.3 details the deri­

vation o f a generic conditional error probability (conditioned on the instantaneous SNR 

at the output of the predetection combiner) for a broad class o f binary and M-ary (multi­

level) modulation formats. The average error probability performance o f various coher­

ent, differentially coherent and noncoherent communication systems with predetection 

MRC, SDC and SWC are derived in Section 3.4 using the MGF method. In particular, 

we present new “closed-form” expressions (in the form o f a tnmcated series expressions) 

for the ABER and/or ASER in a myriad of fading environments. The final expressions are 

sufficiently general to allow for arbitrary fading parameters as well as dissimilar mean 

signal strengths across the diversity branches. Moreover, this method is computationally 

stable and approximates the true value of average SER within any degree o f accuracy. 

Yet another general approach for unified analysis of diversity systems on fading channels 

using the CHE method is discussed in Section 3.5. In particular, exact analytical expres­

sions for the predetection EGC diversity receivers are derived. Finally, the main points 

are summarized in Section 3.6.

3.1 Diversity Techniques Commonly Used in Wireless 
Communications

3.1.1 Space Diversity
Historically, space diversity has been the most common form o f diversity' used in cellular 

radio networks, owing to its simple implementation and because it does not require addi­

tional frequency spectrum resources [23]. The uncorrelated diversity branches are 

attained from “sufiSciently” spaced receiving antennas. The required antenna spacing
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Fig. 3.2 Effects o f diversity on the received power in the Rician fading channel [24].
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depends on the multipath angle spread. For the microscopic diversity, antenna separation 

o f the order o f 0.5 A.—0.8X. is adequate because the multipath signals at ± e  mobile usu­

ally arrive from all the directions in the azimuth. On the other hand, a larger coherence 

distance (typically lOX.—20X.) is required for the macroscopic diversity at the base sta­

tion due to the small multipath angle spread. Empirical measurements also show that 

larger antenna heights require wider antenna separation [20].

Figure 3.2 illustrates the effects of two branch micro-diversity on the power 5 in 

the fading envelope for both SDC and MRC. This was obtained through simulation [24] 

with the following parameters: 900 MHz carrier frequency, a mobile speed of 15 kilome­

ters per hour and a Rician factor K  = 2.  As  micro-diversity has no effect on shadowing, 

shadowing was not simulated. This figure clearly illustrates the performance improve­

ments obtained from diversity, especially with MRC. Note that for SDC, the combined 

signal strength will never exceed the strength o f the best branch. However, for MRC, the 

combined signal strength will always exceed that of the best branch. Furthermore, since 

the channel gain o f any branch may occasionally exceed unity in the multipath fading 

environment, with sufficient diversity branches (either MRC or SDC), the average signal 

strength in the multipath channel may actually exceed that of the non-fading channel.

3.1.2 Polarization Diversity
The implementation of space diversity at the base station is considerably less practi­

cal than at the mobile terminal because the narrow angle of incident fields requires large 

antenna separation. The comparatively high cost o f using space diversity at the base sta­

tion prompts the consideration of using orthogonal polarization to exploit polarization 

diversity. While the order of diversity is limited to two, it does allow antenna elements to 

be collocated. This is an important advantage in the personal communication service 

(PCS) base stations where low profile antennas (i.e., compact antenna assembly) are 

needed. More importantly, since the handset can be held at random orientations (due to 

hand-tilting) during a call, the use o f cross-polarized antennas at the base station is 

highly desirable because at least one of the two antennas will be well matched to the sig­

nal launch polarization.
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3.1.3 Frequency Diversity
Frequency diversity exploits the fact that if several replicas o f  a  signal are transmit­

ted on different carrier frequencies which are separated by at least the coherence band­

width (which is related to the reciprocal of the multipath delay spread) o f the channel, 

then it is imlikely that all the signals will experience simultaneous deep fades. However, 

this technique has the disadvantage that it not only requires additional spectrum (which 

is proportional to the diversity order), but also requires a higher transmitter power and as 

many receivers as the number o f channels used for frequency diversity. A common form 

of frequency diversity is multicarrier (or multitone) modulation.

3.1.4 Time Diversity
In time diversity, redundant information is transmitted after a specified time spac­

ing that exceeds the coherence time. The coherence time depends on the Doppler spread 

of the signal, which in turn is a flinction of the carrier frequency and mobile terminal 

velocity. The time diversity is usually exploited via interleaving, forward-error correction 

coding and automatic repeat-request. One fimdamental drawback with this approach is 

that it introduces unacceptable delay in obtaining time diversity when the mobile termi­

nal is moving very slowly. As well, the increased transmission power requirement makes 

it less efficient than the space diversity.

3.1.5 Angle (Directional) Diversity
Angle diversity is usually obtained by employing directional antennas in situations 

where the angle spread is very high because it attempts to reduce the Doppler spread. 

This form of diversity reception has been extensively utilized in indoor wireless local 

area networks.

3.1.6 Multipath Diversity
Path diversity is achieved by resolving and combining the multipath components of 

a transmitted signal if  the signal bandwidth is much larger than the coherence bandwidth, 

such as in spread-spectrum systems. Resolvability is ensured if the multipath arrivals are
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separated by at least one chip duration. Since the diversity branches are created after sig­

nal reception, multipath diversity is also referred as implicit diversity. The rake receiver 

and the adaptive equalizer are two typical examples that exploit path diversity. The most 

distinct feature o f this technique is that no extra antenna, power, or spectrum are neces­

sary to achieve the path diversity. However, the attainable diversity gain is dependent o f 

the delay profile.

3.2 Fading Channel Models
To evaluate and simulate a channel based on the statistical models chosen, the probabil­

ity density function (PDF), the cumulative distribution function (CDF) and the moment 

generating function (MGF) for each channel model are required. These functions are 

briefly described below.

Given a random variable x (Æ) and any fixed value o f .r , the CDF o f x is defined as

F (x )  = Fftob[x(^) <x] (3.3)

Differentiating F  (x) with respect to x , the PDF p  (x) is obtained,

JP (JC) == . (31,4)

The PDF indicates the relative frequency of occurrence o f any fixed value o fx . Finally, 

the MGF is defined as,

(j) (z) = E e~-^p{x)dx  (3.5)
•*—oc

where E [x] is the expected value (also called mean or average value) of .y {k) . (Note, 

the MGF is closely related to another statistical function, the characteristic function and is 

easily translated by the variable substitution z = —j v ) .  By definition, Eq. (3.5) is the 

Laplace transform of the PDF p  (x) . Thus, using the Laplace transform of a derivative 

property, the MGF may alternatively be written in terms o f the CDF:
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4 (z )  = r i,x)dx = z C e - ^ ^ F i x ) d x - F { Q ) , x > Q  (3.6)
Jo Jq

where F' (x) is the first derivative of F  (x) . At this point, we would like to point out that 

the property illustrated in Eq. (3.5) can be directly used in the evaluation o f MRC diver­

sity systems while the latter (i.e., Eq. (3.6)) is useful in the analysis o f selection diversity 

systems.

The random variable o f interest here is the power in the fading envelope of the 

received signal. Since our new approach for computing the error performance requires 

only the knowledge of the MGF of SNR at the output o f  diversity combiner, in the fol­

lowing we will summarize the MGF of SNR (without diversity) for some o f the com­

monly used fading channel models. Details may be found in [24].

3.2.1 Rician Channel
The MGF for the non-centralized chi-squared distribution (i.e., square of a Rician 

distributed fading amplitude) is well known, and is given by [12],

1 + ^ , -zKfP., .  

1 +
(3.7)

where = E [y^] , and Kj. is the Rice factor o f the Æ̂ th diversity branch, defined as 

the ratio o f the power in the line-of-sight (LOS) path to the power in the multipaths.

In a limiting case when the power in LOS path approaches zero, then and the

channel reverts to the Rayleigh fading channel. Then the corresponding MGF o f the 

exponential distribution is,

3.2.2 Nakagami Channel
The Nakagami distribution (m-distribution) is a versatile statistical distribution 

because it can accurately model a variety of fading environments. It has greater flexibil­

ity in matching some empirical data than the Rayleigh, lognormal or Rice distributions
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owing to its characterization o f the received signal as the sum o f vectors with random 

moduli and random phases. As well, this statistical model includes the Rayleigh and the 

one-sided Gaussian distributions as special cases for the fading figure m = 1 and 

m = 0.5, respectively. Moreover, the m-distribution can closely approximate the Rician 

distribution via relationship m = ( ^ + l ) " / ( 2 ^ + 1) [25].

The MGF for this fading charmel is given by

where It is evident that Eq. (3.9) reduces to Eq. (3.8) w hen m = 1 (i.e.,

Rayleigh fading).

3.2.3 Lognormal Rice Channel
The Rician distribution assumes a constant K.  In reality, this m ay not be the case 

since as the mobile terminal moves through the cell, a variety of topographical surroimd- 

ing are encountered. This is particularly evident in terrestrial environment where shadow­

ing (physical obstruction o f  the signal path) is more severe. Hence, it is plausible to 

consider a combined distribution incorporating the effects of shadowing into the Rician 

distribution.

Expressing the received fading envelope as the product of independent Rice and 

lognormal distributions, the MGF can be shown to be,

(j) .̂(r) = (j)[rp^.exp [72a^ .r], A:Jexp[--.Y"]<iY (3.10)
Vît ^ ^

where x = In (Q^/p.^) /  {V2cr^.} , cr is the logarithmic standard deviation o f  shadow­

ing, and p. is the local mean power. Now applying Hermitian integration, a numerical 

approximation expression for Eq. (3.10) is obtained,

H

( 4  = ^  E  fzp^exp [ V 2 % ] , / q  ]+ (3.11)
Vît ^ J



50

where x.  and are tabulated in [14] for H < 2 0  and is a remainder term.

3.2.4 Suzuki Channel
Suzuki fading characterizes the joint effects o f Rayleigh fading and lognormal shad­

owing and models a shadowed multipath channel without a LOS path. Since Suzuki dis­

tribution is a special case o f the lognormal Rician distribution, its MGF is readily 

obtained by setting AT = 0 in Eq. (3.11), i.e..

1
H w.

=  11 + zp^exp
+ RH- (3.12)

3.2.5 Mixed Fading Channel
Owing to the time-varying nature o f the wireless channels, a practical wireless 

channel may be more realistically modelled as a combination o f different statistical distri­

butions. The lognormal Rice or the lognormal Nakagami distribution may be further 

refined if  additional information o f  the channel condition is available. For instance. Lutz 

et. al. [26] presented a two-state land mobile satellite channel model (see Fig. 3.3) based 

on channel measurements.

Power in Diffused 
Paths 

(Rayleigh)

Power in LOS path

Lognormal
Shadowing

Good State

Bad State

Additive
Noise

Transmitted
Signal

■ e

Received
Signal

Fig. 3.3 Functional diagram of the satellite channel model.
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In this model, the channel is in the good state for a fraction o f the time I —A ,  and mod­

elled as a Rician random process. For the remaining fraction o f the time A , the channel 

is in the bad state modelled as a lognormally shadowed Rayleigh random process, or 

equivalently, a Suzuki random process. The net PDF o f the received power is thus the 

weighted sum o f the Rician and Suzuki PDFs, (y) and (Y) respectively:

p (y )  = +^Psuzuki(Y) (3 13)

Similarly, using the definition of the MGF from Eq. (3.6), the net MGF is [10],

4)(z) = e-=^p (y) gfy = (1 - /4 )  (z) + ̂ <t>suzuki (-) (3.14)

where (z) and (z) are the MGFs for the Rician and Suzuki fading states

given in (3.7) and (3.12), respectively.

3.3 Error Probability for Binary and M-ary Signalling 
Constellation in an AWGN Channel

Table 3.1 summarizes the instantaneous symbol error rate for a wide range o f mod­

ulation schemes in an AWGN channel. One immediately recognizes that these expres­

sions can be categorized into one of the four general forms: (a) function of only the

erfc ( JŸ)  ; (b) functions o f both erfc ( Jy)  and erfc ( Jÿ)  ; (c) exponential form; and 

(d) finite-range integral with exponential integrand. Using the alternative exponential

r  2form for the complementary error functions, i.e., erfc(Vy) = -  exp (—ycsc-8) <78
tuJq

I f -  4 (.71/4
and erfc (Vy) = -J  exp (—ycsc-8) <78, we can show that the conditional error prob­

ability for a broad class o f binary and two-dimension signalling constellations (for coher­

ent, differentially coherent and noncoherent modulation formats) as a special case o f the 

following generic form.
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= ^ J ^ “a„ (0 ) exp(-Y6^^(0))i/0 (3.15)

where <2„(0) and 6̂  ̂(0) are coefficients independent o f the instantaneous SNR per 

symbol y at the output o f the predetection combiner, but may be dependent on 0 .

Table 3.1 Instantaneous SER of several common modulation schemes.

Modulation Scheme Conditional Error Probability P^(e| y)

Coherent binary signalling:

(a) Coherent PSK

(b) Coherent detection o f 
differentially encoded PSK

(c) Coherent FSK 

Noncoherent binary signalling:

(a) DPSK

(b) Noncoherent FSK 

Quadrature signalling:

(a) QPSK

(b) MSK

(c) Tt/4-DQPSK [37]

Multilevel signalling:

(a) Square QAM

(b) MPSK

(c) MDPSK [38]

0.5 erfc (Vÿ)

erfc(Vÿ) -̂ erfc'fTÿ)
0.5erfc (V y/2)

0.5 exp (-y)

0.5 exp (—y /2 )

erfc (Vy) —0.25erfc" (Vy) 

erfc(Vy) —0.25erfc” (Vy)

J _ exp ( - y ( 2 - 7 2 c o s 9 ) ) Q̂ 
2 7 ü J o  7 2 - C O S 0

2<yerfc (V ^ )  -? " e r fc " (v ^ )
where q =  \ — \ / J m  and p  = 1.51ogyVf/ (M — I)

1 — 
JtJo exp

-ysin^ ( k / M )  log,Af 

sin"9
de

sin ( n / M )  exp (-y lo g ,A /[ I -  cos { n / M )  cosO] )
K JQ 1 — COS ( t z / M )  CO S8

1 f7C —  : c / i V [
or -  expn:JO

-ysin  (7t/A f)log,M  
1 + cos ( k / M )  cos8 de

(d) Two-dimension M-ary signal 
constellations [39]

k= 1

-y a s in - (Y^) 

^ sin \8  + Y )̂
de

where 5  is the niunber o f  signal points, and Pr( Sf . )  is the a 
p rio r i probability that the A'th signal point is transmitted.
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Alternatively, we can express the conditional error probability in terms o f the combiner 

output envelope ^  = J j  as

P j ( s |  9) = 2 ; j % „ ( 0 ) e x p [ - 9 \ ( 9 ) ] r f e .  (3.16)

3.4 Unified Analysis of ASER using MGF Method

The ASER in the fading channels with an L-branch diversity may be derived by 

averaging the conditional error probability over the probability density function (PDF) of 

SNR at the output of the diversity combiner p.^(.) in a specified fading environment, i.e.,

= {J^.y(G |Y )Py(Y )^Y . (3.17)

Substituting (3.15) into (3.17), interchanging the order of the integration, and then recog­

nizing that the Laplace transform (LT) integral o f the PDF o f y yields the MGF o f  the

resultant SNR at the combiner output, we get

= j;£'a„(0)<l>.,(f>„(e))<(e. (3.18)
u

If  the conditional error probability is in the exponential form, E"j(E| y ) = a exp (—by) ,

then (3.18) reduces to a closed-form expression. For instance, the average bit error rate 

performance for binary DPSK and noncoherent FSK with dual-branch SC is given by

f^ (E )  = a(|)X6) (3.19)

where { a  = 1 /2 ,  6 = 1 }  for binary DPSK and { a = 1 /2 ,  6 = 1 / 2 }  for binary orthog­

onal FSK.

Now consider the instantaneous SER o f  the form P ^ (e | y) = a erfc ( V ^ )  (e.g., coher­

ent binary PSK or FSK). In order to obtain an average error rate expression which is a 

function o f the MGF of SNR at the combiner output, an alternate exponential form for
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erfc (.) is required. Consider the definite integral and its solution given in [14, (7.4.11)],

dt = :^exp  ( a -z - )  erfc ( a z ) , a > 0 ,z > 0  (3.20)
Jo + z-  2z

Then the complimentary error function can be expressed in the desired form [10],

erfc (TTr) = (, > 0, y > 0 (3.21)
^  *'0 S~ +  b

Making the variable substitution tan8 = s /  J b  and using the trigonometric property 

1 + tan -8 = sec-8 , we arrive to,

.—  2 r^/2 -
erfc( 7 ^ )  = - |  exp (—6ysec-8)c^8 (3.22)

ttJq

This form is both easily evaluated and well suited to numerical integration since the inte­

grand is well behaved over the range o f  the integral. Substituting this alternative form 

(i.e., (3.22)) into (3.17), and then interchanging the order of integration and recognizing 

the integral with respect to y is equal to the MGF o f the fading channel evaluated at 

6 sec-8 , (3.17) reduces to.

2/7 rC fK/2
P c(g) = — r  (f8 [ exp ( -6 y se c -8 )o  (y)i/y 

7t J q  J q  '

—  f^~<^.(bsec^Q)dQ
K JQ '

(3.23)

'0

The ASER in (3.23) may also be re-written as

2a2a 1
P . ( s )  = —  f à UCSC"8 i/8 (3.24)TC JQ /

In general, a closed-form expression for (3.23) or (3.24) cannot be obtained. However, if 

the channel’s MGF is o f the form (j).̂  (z) = ( 1 + sa) ^ , one can directly solve (3.17) to 

obtain a closed form expression [10].

Using variable substitution t = cos (28) in (3.24) and then applying Gauss-Chebychev 

quadrature (GCQ) formula [14, pp. 889], we obtain a rapidly converging series expres­
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sion for the ASER:

^   ̂ (3.25)

i = 1

where « is a small positive integer, and the remainder term can be bounded using 

procedure outlined in [30] or [31].

Similarly for P ^ (s | y) = a  erfc ( 7 ^  ) - c  erfc i JFy)  (e.g., square QAM, quaternary 

PSK, coherent detection of differentially encoded PSK), the ASER is given by

^ c (s )  =  —  f 6 CSC 0 jdQ r (j) 1 6csc“0 d9
TC J 0 ' ^  ^  7C -«O ^

= ;  Ê  ^ ^ 7 7  ”) ) + • ' ' ' s~7 "])+

(3.26)

i = I

because we can express erfc (.) as

erfc ( 7 ^ )  = - f  exp [—i/ycsc”0](i0  (3.27)
tcJ q

by exploiting Simon’s results in [28].

Next, we will highlight the use o f GCQ formula for the ASER calculation in dif­

ferent propagation environments if  R ^(s| y) = exp [—6ycsc"0]c/0 . For the sake

of illustration, let us derive the rapidly converging series expressions for MPSK and 

MDPSK modulation formats with diversity reception over generalized fading chan­

nels. The evaluation o f SER for M-phase signals with diversity combining and fading 

has been studied extensively in literature (see [32] and its references). Most authors place 

the emphasis on deriving explicit closed-form solutions for ASER and ABER. When it is 

difficult to obtain exact expressions, bounds are derived instead.
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Proakis in [12] provides a comprehensive treatment o f the problem for MRC under Ray­

leigh and Rician fading, and presents a general closed form expression for all signaling 

alphabet size M  and the order o f diversity L . However, the evaluation o f the general 

expression requires L — 1 th order derivatives for L channel reception. Alternative 

expressions have been derived in [32] for the Rayleigh fading channel. The derivation of 

these closed-form formulas tends to be a rather ad hoc affair, requiring some ingenuity in 

evaluating the necessary integrals. With the proliferation o f standard mathematical soft­

ware such as Maple and Matlab, it is extremely simple to evaluate (numerically) these 

integrals with high accuracy. Whereas explicit closed-form solutions tend to require much 

more programming effort. Our approach here is motivated by this consideration. More­

over, the integrals can be approximated by extremely accurate sums requiring knowledge 

o f the MGF at only a small number o f points.

Our derivation begins from the exact SER expression for MPSK in an AWGN channel 

provided in [33],

]  / - ( A / —

P o (sl y) = - f  exp [-6 y csc“9j^/0 (3.28)
tiJq

where b = (log,M ) sin- ( k /AT) . Then the average symbol error probability in a slow 

and flat fading channel may be derived by averaging the error rate for the AWGN chan­

nel over the PDF of the SNR in a given fading channel, i.e.,

I ^ (iV /— I) k / A f  I— 1 -]
f . ( s )  = è  [6 csc"0 j^ e . (3.29)

jrJo '

Using variable substitution t = cos ( MQ/  [M — 1] ) in (3.29) and then applying GCQ 

approximation [14, pp. 889], we get a simple analytical expression for the ASER of 

MPSK in the form of a truncated series.

D r \ ^ — Ir i  , r 2
= i 7 ; r L , ' I ’t M

dt

 ̂ (3.30)
M - l  "

n M  "   ̂
/• = I

L In M + R.
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where « is a small positive integer, and the remainder term is given by.

^  ^  ( M - 1)^71- +  26^ l + 2 c o s - ; J ^ .

^sin"Ç^ sin Ç r I . 2 _ .  sm
C3J1)

for some 0<C,< ( M — 1 ) k / M .  Notations and (^) in (3.31) are used to

denote the first and second order derivatives o f the MGF. When the derivatives are avail­

able, bounding on is possible. The derivation o f (3.31) relies on the fact that the GCQ 

rule collapses to the mid-point trapezoidal rule for the class o f  integral considered here.

The conditional SER o f MDPSK is given by [33],

OgyM
1 — COS ( tt/M )  COS0

e x p (-y lo g y W [l-c o s (% /M )c o s 8 ])
T) = — ^ ------ L  ------------ :------------------  =-------------^0K

(3.32)

Following our analysis for MPSK, the unconditional exact SER for MDPSK can be writ­

ten in the form of a single integral with finite integration limits.

sin j n / M )  r%/2 4 ) . / l o § # [ l - c o s ( : r / M )  c o s 8 ] ) ^^ 
^ ^ jr Jo 1 — cos (tc/M ) COS0

(3.33)

Now applying the GCQ formulas on (3.33), we get a “closed-form” expression for SER 

of MDPSK in different fading environments.

271/7 1 —COS ( t l / AT) c o s a(■ = I

where a  =  (2 /  — 1) K / 4 / n  and the remainder term is given by, 

_  7T~sin ( k / M )

(3.34)

R.
24n~

+ ‘i>./Oô)

f f i  f 2z~ sin'Ç — Ô Z  cos Ç
Y y  L p O ; I 0̂ J

ôpzcos Ç — 2pz~ sin" ^
9

V y
, for 0 <Q< k / 2 (3 J 5 )
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where p  = logyW, z = cos (k /M ) and 6 = 1  —zcosi^.

Notice that the ASER formulas [see (3.18), (3.19), (3.23)-(3.26), (3.30) and (3.34)] 

are expressed in terms of only the MGF o f the resultant SNR, (j),̂  (.) , which is dependent

of the type of the diversity combining employed and the fading charmel model. There­

fore, in order to evaluate the error performance of any modulation formats listed in Table

3.1 in conjunction with a specific diversity combining scheme (MRC, SDC or SWC), we 

now need to determine only the ^^(.) for each type o f the diversity combiners. Hence, in

the following we will directly derive the MGF of the MRC, SDC and SWC combiner out­

puts over generalized fading channels.

3.4.1 Maximal-Ratio Diversity

It should be highlighted that the direct evaluation o f (3.17) involves an L -fold con­

volution integral. Therefore, it is apparent that the MGF method is an attractive proposi­

tion for a rapid calculation o f the ASFR with MRC diversity receivers, especially when 

L is large. From the definition of the MGF, we can easily show that

exp
L

= (3.36)
k = I

where £■[.] is the expected (average) value, L denotes the diversity order, and

= ( E ^ / N q) a~i_ where E ^ / N q is the symbol energy-to-Gaussian noise spectral den­

sity ratio. In other words, the MGF of signal power at the MRC combiner output is sim­

ply the product o f the MGF of the received signal power at each o f the statistically 

independent diversity branches.

At this juncture, it is important to highlight that we do not impose any restrictions 

on the mean received signal strength and/or fading severity index for each of the L diver­

sity branches. In fact, the fading statistics for different diversity branches may even be
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modelled using different families of distributions. The MGFs o f the signal power <()̂ . (.)

for all common fading distributions are listed in Section 3.2. The approach presented 

here can be easily extended to analyze the performance of MRC in arbitrarily correlated 

Nakagami-m and Rayleigh fading channels. Details can be found in Chapter 4.

3.4.2 Selection Diversity

Once the MGF o f the SNR at the output of selection combiner is determined, the ABER 

and/or ASER can be evaluated using the framework developed in Section 3.4. In fact, the 

final expression for the selection diversity will be identical to the MRC or SWC case, 

with the exception that the expression for the ({),̂  (.) will now be different.

The CDF o f SNR at the SDC combiner output is less than or equal to some value y  is

simply the product o f the CDF of each of the individual diversity branches, i.e.,

L L

W  = (3.37)
A- =  I =  1

Exploiting the relation between the MGF and CDF (through the use o f the Laplace trans­

form of a derivative property), the MGF of y is given by

^^SDC) ^  (Q) p j g )

For instance, the MGF of SNR with SDC in Rician and Nakagami-m fading are given by 

(3.39) and (3.40), respectively:

4"" ( 4  = Z  o , n  I , - q [ j 2 K ,  . } + ^,v (3.39)
/ = I A:= 1 \

/■= 1 1 '' '  ^
+ (3.40)
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where 0 { j 2 a ,  J i b )  = exp { - t —a) Iq { i j a i )  dt is the Marcum-Q function [21], %.
b

and (Ù . are the z-th abscissa and weight o f  the //-th  order Laguerre polynomial [14], and

T  (a , x) = f  ̂exp (—t) dt denotes the incomplete Gamma function [52].
Jf )

3.4.3 Switched Diversity

The analysis o f the switch-and-stay selection (SWC) diversity system is more 

involved compared to the ideal SDC scheme. In [65], the MGF for the SNR at the output 

o f  a dual-branch SWC combiner (statistically independent but with dissimilar fading sta­

tistics) is derived using a discrete-time model.

(SWC)4)." ' ( j)  = X (^) [1^ ( ^ , .,) + 4)2 (^) ( : )  ]

+ [ l - 4 ( ^ ) ]  [4 ) , (^ )F 2  0  + A . , (Ç ,^ ) ]

where Ç is the fixed switching threshold and ^  (^)
F ,C )

(3.41)

. Notation /^ ( .)  ,

f ^ ( . )  and 4)^(.) correspond to the PDF, CDF and MGF of the received signal power in

the ^-th  antenna. The marginal MGF 1 ^(^ , 5-) = exp {—su)ff^{u) du can be written 

in a closed-form for the Rician, Rayleigh and Nakagami-m channels:

1 + K ,

‘■k
r

X  o

'  - s K p . ,  
^ s Ç l k ^ K k ^ l j

I K ^  (^^  + 1 ) 2 (^Q^. + 1 ) :
n,.

(Rician) (3.42)

(Rayleigh) (3.43)

= r w

m,
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where r  (a , x) = r ( a )  — Y (a, x) = j ”  exp (—f) ^dt .

When both the diversity branches are assumed to be independent and identically distrib­

uted, then (3.41) reduces to:

 ̂(SWC) ^

While the SWC strategy has the ability to reduce the transient effects compared to the 

ideal SDC scheme, its operation and the attainable diversity gain are largely dependent on 

the selection of the fixed threshold level. For instance, there will be constant switching 

between two antennas if a large value is assigned to the switching threshold because the 

probability o f the received signal exceeding ^ will be small. In this case, the perfor­

mance o f SWC will be equivalent to the performance o f a diversity branch selected in 

random, which resembles the behavior for no diversity case. On the other extreme (i.e., 

the value o f ^ is set to be very small), the SWC combiner will be stuck in one of the 

diversity branches because the likelihood of received signal power staying above the 

specified threshold increases. Once again, the performance of the SWC will be close to 

the single diversity branch case. It is evident that the proper choice o f ^ will minimize 

the average error probability.

In [66], an analytical expression to compute the optimal switching threshold in 

a correlated fading channel with dissimilar signal strength across the two diversity 

branches is derived. For the special case of statistically independent and identically dis­

tributed diversity branches, the general expression collapses to

f^ (G | : )  = f f (3. 46)

where corresponds to the ASER o f the k-th  diversity branch. Next we will identify 

three special cases of the conditional error probability P ^ (s | y) which lend themselves 

to closed-form formulas for the calculation o f in all common fading environments:



equa-
-)

—In (({), (6) )
Case (a): If P^is \  y) = a exp (—6y) , then = ------- -------- .

Case (b): I fP ^ (8 | y) = a&cfc{Jby)  , then = i^erfcinv[P^^ V æ ] j  .

Case (c): I f P ^ ( s |S )  = a e r f c ( V ^ ) —cerfc ( V ^ )  , then by solving a quadratic

i j  a - J a "  —4 c f  I
tion formed using (3.46), we get ^* = -  j erfcinv ----------— -----------  r .

A comprehensive study of dual-diversity SWC systems in generalized fading channels is 

treated in Chapter 5.

3.5 Unified Analysis of ASER using CHE Method
In Section 3.4, we tried to unify the performance analysis of the diversity receivers 

on fading channels by putting the conditional error probability in a desirable form (i.e., a 

finite range integral with exponential integrand) so that one can directly apply the Laplace 

transform to perform the averaging over the PDF o f y . Determining a desirable exponen­

tial form for an arbitrary f ^ ( s |  y) may not be a trivial task and in some cases it is

impossible to partition the integral (3.17) into a product form. In fact, one caimot analyze

the EGC receiver performance using the MGF approach. In light o f  the above consider­

ations, we develope yet another general approach for calculating the error probability o f 

all common diversity combining techniques over fading channels in a  single common 

framework. Our novel derivation relies on the use o f the Parseval’s theorem to transform 

the product integral into the frequency domain, thereby circumventing the task to find and 

express the conditional error probability in a desirable form. But then we also need the 

Fourier transform (FT) of the conditional error probability, which surprisingly turns out to 

be very easily computed. As an application background, we will first derive exact analyti­

cal expressions for the EGC diversity receivers for both binary and M-ary modulation 

formats. Subsequently, we will show how this approach can be easily extended to other
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diversity combining techniques.

3.5.1 Equal-Gain Diversity

In an equal gain combiner, the output o f different diversity branches are first co­

phased, equally weighted, and then summed to give the resultant output. The instanta­

neous SNR at the output o f  the EGC combiner is y = where 8 is defined as

where is the fading amplitude random variable (RV). Let (£^/A^q) denote

the average SNR for the A'-th branch, which is consistent with our definition for the 

MRC case.

The average bit or symbol error probability in fading channels can be obtained by 

averaging the conditional error probability over the PDF o f the combined signal ampli­

tude at the output o f  the EGC combiner, namely

£ 5 ( 2 ) = (3.48)

where (.) denotes the PDF of RV 8 .

In general, error performance analysis o f EGC appears to be much more difficult 

than for MRC. The principal difficulty is finding a closed-form expression for the proba­

bility density function (PDF) of a sum of random fading amplitudes. Indeed, even for 

Rayleigh fading, the PDF is known only for the dual diversity case.

If the fading amplitudes are assumed to be independent, then the evaluation of 

ASER using the classical solution in the form of (3.48) will require L -fold convolution 

integrals. It is more insightful if  we transform the PDF into frequency domain since the 

CHF o f 8  (i.e., sum o f L fading amplitudes) is simply the product o f the individual 

CHFs. However, it is difficult (or impossible) to invert the CHF (.) to get a
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closed-form expression for the PDF of 9-. Therefore, a Fourier series approach has previ­

ously been used [49, 50].

Using the inverse Fourier transform representation for the PDF, and then rearranging the 

order o f integration, (3.48) can be restated as

P . ( s )  =

= J - f  (m) r r P5(8 |a)exp(-yma)</9
^7Z^—oo L 0

= :^£^FT[F^(s|9)]vi/f°^^*(cû)^/cù

d&

d a (3.49)

where notation (.) denotes the complex conjugate o f the CHF o f 9  . In fact, the

final result o f  (3.49) follows directly from the application o f Parseval’s theorem [55, pp. 

371] to transform the product integral in (3.48) into the frequency domain, thereby cir­

cumventing the need to find the PDF o f 9 .  But we now need to compute the FT of 

f ^ ( 6 |9 )  .

The FT o f the generic conditional error probability (i.e., Eq. (3.16)) is given by

r -> \  
—a

, 4 v e y
+ycùO

r 7 \
—a

,4 4 „ (9 )„ L 2

where F ( .)  denotes the Dawson’s integral,

+JF a

F ( x )  = exp [ - r “] J  exp I, | ; - x “

f  ,  2 ^

’ 2 '46^(8 )

■dQ

(3.50)

(3.51)

and O ( ., .; .)  is the confluent hypergeometric series. The Dawson’s integral can be com­

puted more efficiently using a direct method (based on the sampling theorem) suggested 

by Rybicki [56] instead o f evaluating sufl&ciently large number o f terms in the series rep-
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resentation of 1, - For this reason, we have expressed G q  ( c o )  in terms o f the

Dawson’s integral.

Substituting (3.50) into (3.49), and realizing that the imaginary part o f  this integral ib zero 

(since the ASER is real), we get an exact analytical SER expression for binary and M-ary 

modulation formats with predetection EGC:

2fZ /2A g(tan8)
= ;J^Real{G,Cco)vKf°‘'’*(o»}rfco = -dQ (3.52)

where A^(co) = Real {coG^ (co) (to) } , and the CHF o f @ in Nakagami,

Rician and Rayleigh channels are given by (3.53), (3.54) and (3.55), respectively:

y f ( 0.) = n  ®
/t =  1 L

1 —co" r ( m .  + 1/ 2 )
+y CO------  —

r  (/Mt) J ^ k

1 3 -C O

id.

* 2’ 2 ’4Z l^y

-ÿ^co

k =  I /  =  0

+yco

2-41(1  + a:̂ .)

'1 ( 1 + ^ ^ ) / = 0 (/!)

J

1 \

. 4 , 1 :
-?̂ .co

2’ 2 ’4 1 (1  +Kf^)

n | o
k  =

1 l . z M .
’ 2 ’ 4L

M k+y“ J ^ e x p
/  2 \ 

V 41 y

(3.53)

(3.54)

(3.55)

Notice that the evaluation of (3.52) for the most general case involves two-fold integrals. 

Next we will identify three special cases of the conditional error probability P ^ (6 | 8)

which allow the evaluation o f the generic expression given in (3.52) to be further simpli­

fied into a single finite-range integral. This simplification is attributed to the availability 

o f  closed-form formulas for the FT of f ^ ( e |  8) :
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Case (a): If  P ^ (s | &) = a exp [—68"] , then

G a(fo) = a
4b

Case (b): I f P ^ ( s | 8) = aerfc (V6 8) , then

CO
p -j

I — exp —co"

l4 6 " J

(3 .56)

(3.57)

Case (c): I fP ^ ( s l  8) = aerfc (^^6 8) —cerfc ( ^ 6 8 )  , then

Ac
(hJ k ^"^bJ (£,4k

1 — exp
r -y\

—CO

r ->\ 
—co'

V 86 y

V46"VJ

£
CO

I — exp —CO

V 46* y ^  V 2672
(3.58)

Similar to the development in (3.25), we can replace the finite-range integral (3.52) with 

the series expression using GCQ approximation.

1 A
—

f = 1 sin
(2 / -  I) 7t1 

In  J

R. (3 .59)

3.5.2 Maximal-Ratio Diversity

Following the development in (3.49), it is straight-forward to show that (3.17) can be 

restated as

c/0 (3.60)

where (co) = {—](£>) is the CHF o f SNR at the MRC combiner output,

G,,((o) = F T [ F ^ ( s |y ) ]  and A./co) = R e a l [ c o G . ^ ( c o ) ( c o ) ]  .
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It is clear that only the knowledge of is further required to investigate the error

performance o f different modulation formats. Since the FT o f  the generic error probabil­

ity illustrated in (3.15) is given by

)»(8) -ycù
(3.61)

then (3.60) can be rewritten as

(3.62)

m =Æ(8)

The inner integral o f (3.62) can be easily evaluated by directly applying the Cauchy inte­

gral formula. Then (3.62) reduces to

(3.63)

which is identical to the result obtained in Section 3.4.1 using the MGF approach.

If  the conditional error probability can be expressed in terms o f the complementary error 

functions, then we may derive an alternative expression for computing the ASER by 

directly evaluating the FT o f ( s | y ) and substituting the result in (3.60):

Case (a): If (s | y ) = aerfc ( V ^  ) , then

G. rœ ) = T
i J\

a
J(£)

(3.64)

Case (b): I fP < ,(s |y )  = aerfc ( V ^ ) —cerfc ( VÂÿ) , then

A b -jG i
- 1 + —

JG)

 ̂ 4 atan ( J l  —Jcù/b)
^  J l  —j ( o / b

(3.65)
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However, the final expression for the ASER with MRC diversity obtained using the CHF 

approach can sometimes be slightly more complicated compared to the result attained via 

the MGF method. Nevertheless, the former is attractive because it allows us to unify the 

performance evaluation for all the common diversity combining techniques under a single 

common framework. It is also interesting to note the similarities between expressions

(3.52) and (3.60).

3.5.3 Selection and Switched Diversity Systems

Similar to the analysis for the MRC case, the CHF of the SNR at the output o f  the SDC 

and the SWC combiners are related to their MGFs (derived in Sections 3.4.2 and 3.4.3) as

^(SDC) (-yœ) and (co) = (i/co) , respectively. Once

the CHF o f SNR at the combiner output is determined, the ASER can be evaluated 

directly using the framework developed in Section 3.5.2. In fact, the final expression for 

the selection and/or switched diversity systems will be identical to the MRC case, with

the exception that the expression for the (.) is now replaced with (.) or

(SWC)  . . . ,v|/ ( . ) ,  respectively.

3.6 Conclusions

Two unified approaches for evaluating the average error probability performance of 

diversity receivers in generalized fading channels are outlined. In the first approach, our 

derivation relies upon the properties of the MGF o f the SNR at the combiner output, the 

use o f  an alternative exponential form for complementary error functions, and the appli­

cation of a GCQ formula. In the second approach, we require the knowledge o f Fourier 

transforms o f the conditional error probability, the CHF of SNR, and the application o f a 

GCQ formula. These unified approaches allow previously obtained results to be simpli­
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fied both, analytically and computationally and new results to be obtained for special 

cases that heretofore resisted solution in a simple form. Exact analytical expressions for 

the bit or symbol error probability (in the form o f  either a single or double finite-range 

integrai(s)) and virtually “exact” closed-form solutions based on GCQ formula are 

derived for the MRC, EGC, SDC and SWC diversity systems with different modulation 

formats in a myriad o f fading scenarios. This offers a convenient method to perform a 

comprehensive study o f all common diversity combining techniques (MRC, EGC, SDC 

and SWC) with different modulation formats. The CHF method allows us to unify the 

above problem under a single common framework. Nevertheless, the MGF method some­

times yield a more concise solution than the CHF approach in the analysis o f  MRC, SDC 

and SWC diversity systems. The generality and computational efficiency o f the new 

results presented in this chapter render themselves as powerful means for both theoretical 

analysis and practical applications.
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Chapter 4 

Exact Evaluation of Maximal-Ratio and 
Eqnal-Gain Diversity Receivers for M-ary 
QAM on Nakagami Fading Channels

In recent years, the M-ary QAM (MQAM) modulation scheme has received much atten­

tion for facilitating high-rate data transmission over wireless links due to its inherent 

spectral efBciency. For instance, using a 16-QAM modulation scheme coupled with pilot 

symbol assisted fading compensation technique and two antenna diversity reception, 64 

kbps can be transmitted with almost same channel spacing as that o f present analog sys­

tems [42]. W hile M QAM  may be em ployed to increase the bandw idth efficiency, 

antenna diversity is usually needed to mitigate the effects o f  deep fades experienced on 

wireless links as well as to reduce the penalty in signal-to-noise ratio (SNR) due to co­

channel interference. Besides, diversity m ethods can m inim ize the transm it power 

requirements, particularly in the reverse link, which is important because o f the limited 

battery capacity o f handheld subscriber units.

Among the various known linear diversity combining techniques, maxima 1-ratio 

diversity (MRC) is considered optimum because it yields the best statistical reduction o f 

deep fades, as well as provides the highest average output SNR. Its main drawback, how­

ever, is that it requires sophisticated circuitry to accurately estimate the tap weights pre­

cisely. Equal gain diversity (EGC), on the other hand, can be implemented with much 

greater simplicity than the former, making it hardware feasible and cost viable. But this
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is achieved at the expense o f a slight degradation in performance.

While research into the performance of various modulation schemes in fading 

spans several decades, the symbol error rate (SER) performance of MQAM with MRC 

reception has been appearing only recently. The static SER o f MQAM [[12], 5-2-79] 

involves terms o f the form O {Jÿ)  and Q~ (Jÿ)  where 0 ( . )  is the Gaussian probabil­

ity integral. The averaging of the former over common fading distributions is well 

known, but the latter is less so. So the error performance o f  MQAM in some Rayleigh 

fading scenarios is given in [43]-[45]. In [46], we derive a simple expression (involving 

finite summations of the moment generating function (MGF)) for the SER o f MQAM 

with MRC diversity over an arbitrary Nakagami fading charmel by invoking a two- 

dimension GCQ formula. The use o f an integral representation for Q ( J ÿ )  [[22], [10], 

[30], [28], [41], [40]] and O (Vÿ) [28] have been suggested recently. More recently, 

Alouini and Goldsmith [41] exploited this idea to derive the SER of MQAM. Their 

related work also appeared in [40]. For the MRC case, the contribution of this paper dif­

fers from that of [40] and [41] in several ways: (a) virtually-exact closed-form expres­

sions for MQAM with MRC diversity reception on arbitrary Nakagami fading are 

presented; (b) exact closed-form SER expressions for three special cases of Nakagami 

fading are derived; and (c) the SER performance of MQAM in correlated fading is 

derived.

In general, error performance analysis of EGC appears to be much more difficult 

than for MRC. The principal difficulty is finding a closed-form expression for the proba­

bility density function (PDF) o f a sum o f random fading amplitudes. Indeed, even for 

Rayleigh fading, the PDF is known only for the dual diversity case. There are no closed- 

form solutions for the PDF o f a sum o f Nakagami or Rician random variables (RVs). Alt­

man and Sichak [47] have foimd an exact solution for the dual diversity system operating 

in a Rayleigh fading environment. For higher order of diversity, Jakes [2] has made use o f 

a small argument approximation for the PDF suggested by Schwartz et. al. [21]. Recently 

Beaulieu [48] has devised an approximate infinite series technique to compute the PDF 

for the sum of independent Rayleigh RVs. Applying this technique, Abu-Dayya and
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Beaulieu ([49] and [50]) analyze the performance of EGC for coherent and differential 

binary signalling schemes in Nakagami and Rician fading. In [40], the authors also 

derive an approximate solution for a binary case using Hermite integration. Here we 

develop an alternative direct technique to evaluate the exact performance of EGC diver­

sity systems. Our approach relies on the use o f  the Parseval theorem to transform the 

error integral into the frequency domain. Since the Fourier transform of the PDF is the 

characteristic function (CHF), which is available in this case, our solution is general and 

exact. The resulting finite-range integral can be estimated very accurately with MGF sam­

ples using the GCQ formula. The generality and computational efficiency o f our new 

expressions render themselves as a powerful tool for SER analysis under a myriad o f fad­

ing scenarios.

This chapter has the following organization. The underlying steps in the derivation 

o f average SER o f MQAM using an £-fold MRC space diversity on a Nakagami fading 

channel is outlined in Section 4.1. Section 4.2 details the error performance o f MQAM 

with predetection EGC. Subsequently in Section 4.3, selected numerical results are pre­

sented. Finally, the main points are summarized in Section 4.4.

4.1 Average SER of M-ary QAM with Maximal-Ratio 
Diversity Receiver

In the MQAM, a symbol is generated according to logyW bits of source data, and each 

symbol in a quadrant has different SER. Among the various known signal constellations, 

rectangular QAM signal is the most frequently used in practice because [12]: (a) its signal 

constellation is easily generated as two PAM signals impressed on phase-quadrature car­

riers; (b) the task o f signal demodulated can be performed without much difficulty; and 

(c) the average transmitted power required to attain a given minimum distance with rect­

angular QAM is only slightly higher than that o f  the best MQAM signal constellation. 

When logyW is even (i.e., square QAM), the exact SER for MQAM in the AWGN chan­

nel is given by [12],
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(6| y*) = 2 ç e r f c [ J ^ ]  - q ~ e r f c - [ J ^ ]  (4.1)

where q = I — 1 /  J m , p  = 1.51ogyVf/ (M — 1) , and is the average received SNR 

per bit. On the other hand, when l o g . ^  is odd, there is no equivalent ^M -ary  PAM sys­

tem. In this case, the symbol error probability is tightly upper bounded by,

P'f"' (G| Yè) ^  2 e r f c [ , y ^ ]  - e r f c " [ , ^ ]  (4.2)

if  the detector bases its decisions on the optimum distance metric (maximum likelihood 

criterion).

It is noted that some previous related smdies (e.g., [42]-[45] and [51]) have been 

restricted to AWGN and Rayleigh fading channels. While the Rayleigh fading model is 

plausible in macrocellular environments or in urban areas where a line-of-sight path sel­

dom exists, the Rician fading model or the Nakagami channel with fading figure larger

than unity is more appropriate for suburban areas, microcellular environments or satellite

communication links. In fact, the Nakagami distribution (m-distribution [25]) is a versa­

tile statistical distribution which can accurately model a variety o f fading environments. It 

has greater flexibility in matching some empirical data than the Rayleigh, lognormal or 

Rice distributions owing to its characterization o f the received signal as the sum of vec­

tors with random moduli and random phases. It also includes the Rayleigh and the one­

sided Gaussian distributions as special cases for fading figure m = 1 and m = 0.5, 

respectively. Moreover, the m-distribution can closely approximate the Rice distribution 

via relationship m = (AT+ \ )~/  { 2 K +  1) [25], or by a linear map (coarse approxima­

tion) /M = 0.499853ÂT+0.762216 for Rice factor AT> 2.

4.1.1 Independent Fading

In this section we outlined several methods for computing the SER o f MQAM with 

MRC diversity reception on a Nakagami fading environment. Each o f  these methods is 

unique, interesting and novel in its own right. Hence, we are presenting them in the hope
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o f stimulating further applications.

4.1.1.1 Computation of ASER using PDF of

As in [45], we assume matched filter detection and perfect channel estimation are 

available at the receiver. Then the average symbol error probabilities in a slow and flat 

Nakagami-fading channel may be derived by averaging the error rates for the AWGN 

charmel over the PDF o f the SNR in Nakagami fading,

p f  («) = C ( 4  Y.)A. (Yi) <4, = / , - A  (4.3)

where

A = 2 ee rfc [ (Yi) ^Y  ̂ (4.4)

4  = 9‘e r f c - [ y i ^  (Y^) (4.5)

E b ^  -> ^
and lb ~ ~  X  the instantaneous SNR per bit with I-fold MRC diver-

° / =  1 / =  I

sity where a  denotes the Nakagami distributed random variable. The PDF of y^ is 

readily obtained by invoking basic Fourier inversion theorem,

P-r, (Yft) = i r  (0  exp H ^ l b )  (4.6)* 0  Z 7t*̂—cc ‘ o

where (j).̂  (r) denotes the characteristic function (CHF) o f y^ [12],

\  (t) = n iJ ^ ^ p ( / '^ / ) ;^ Y (Y /)^ /  = n
/ = I / = I

(4.7)

with the assumption that the fading statistics across the L antennas are uncorrelated 

(achieved through sufficient antenna separation). The notation p,  ̂(y) in Eq. (4.7) corre­

sponds to the PDF of the received SNR o f a single diversity branch in Nakagami fading
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environment, which has the chi-square PDF given in. [[12], (14-3-14)]. Since (y^) is 

real and the real part o f the integrand is symmetric about t = 0 , we get

r L
cos

= ÎJT
^ /W /ta n  ^ ( f / y - t y ^  

_ / =  I
m/2

dt

1=  1

Re { exp [-yty^ + 7 6  (0 ] }
-------------- r-TT---------------  dt

71 Jo

(4.8)

L m / 2  ^  _j
where (^{t) = [l + (t/A.̂ ) j and 0(0  = 2 , m̂ tan (t/A. )̂. The parameter 

1=1 1=1

iTii in Eq. (4.8) denotes the fading figure of the I th diversity branch (i.e., antenna) and
E, E,

A.y = 7My/ÿ/ where ŷ  = — £|_a^J = — Qy corresponds to the average received SNR 

o f the / th antenna.

Now consider the Fourier transform (FT),

G, (co) = exp{-j(ùt)evfc{J^t)dt =
Jq 7 CO

Jp
J p  + J C Û .

(4.9)

which is obtained using identity [[52], 6.283]. Substituting Eq. (4.8) into Eq. (4.4) and 

recognizing ± a t the integration with respect to y^ is the FT shown in Eq. (4.9), /[ can be 

manipulated into the form.

+ cos [9 (0 ]

 ̂ Vpcos [0.5 tan ^{t/p)~\

7^sin[0.5 tan ^{t/p)~\ ^dt
2 2-10.25 J t (4.10)

by expressing Jp + j t  in the polar form, Jp + j t  = [ 7?" + 1” J exp [/0.5 tan  ̂{t/p) ] .
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In order to evaluate the integral illustrated by Eq. (4.5), let us first consider the following 

definite integral and its solution given in [[52], 8.258],

rerfc"(r) expl^-prji/r = Î
-I

, 4 tan (7 l + P) , / ? e { p } > - 2 .  (4.11)

After making the variable substitution t = and replacing p with j(£>/p, we get a 

Fourier transform identity,

G , (Cù) = QÏÏC~ i J ^ )  {—j(£>x) dx =
Jq / û>

. (4.12)

By changing the order o f integration in Eq. (4.5) and then applying the transformation 

formula Eq. (4.12), can be restated as,

2

A = [cos [0 (0  } R e [ G ,  it)  ] -  sin [0 (t) (r) ] ] dt  (4.13)

where

l b - i f  o ' )   ̂ - i f  —a — a In
/  7 9 \

Q~+ (6 +  I)

Ka~+ ( 6 - 1 ) “ ;

61n
A 9 9 \

fl~+ (6 +  1)~

a +  ( 6 - l ) “ y

K

- l a

J l + i t / p ) -
, (4.14)

tan 11 a
1 - 6

tan —a
l + b J j

k J i + { t /p )

= [ l  + ( t / /? ) “]  cos[o .5 tan  ^{t/p)~\.

and

6 = \_l + {t/p)^~\ s in[o .5 tan  ^ { t / p ) j .

L  (4.15)

(4.16)

(4.17)

Hence substituting Eqs. (4.10) and (4.13) into Eq. (4.3), we arrive to an exact analytical 

expression for SER of MQAM in Nakagami fading channel with arbitrary parameters.
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This one-dimension integral can be computed numerically (e.g., trapezoidal integration 

rule). As before, the SER for rectangular QAM may be evaluated is upper bounded by,

P ‘° ’ (£) (4.18)

In some previous work (e.g., [42], [43], [51]), the authors have used an approximate SER 

formula for MQAM in fading channel by ignoring the second integral in Eq. (4.3) since 

e r f c " [ ^ y ^ ]  « erfc as —> oo (or for relatively large SNR per bit). However,

the discrepancy between the exact SER and that o f calculated via the coarse approxima­

tion described above can be quite large even for moderate values o f y^ [46].

4.1.1.2 Com putation of ASER using PDF of y^ and G CQ Form ula

Our second approach for calculating accurate SER for MQAM in conjunction with 

MRC diversity is based on knowledge of two Fourier transform identities (Eq. (4.9) and 

Eq. (4.12)) and the application o f GCQ formula [[14], (25.4.38)]. Combining Eqs. (4.10) 

and (4.13), we can write

P f  (a) = (4.19)

where

v « )  -  2 ^ 4 a ta n - '( V n y g ^
I L V1 + j t /p   ̂ JT+Jt7p

Now making variable substitution r" + ^ = — in Eq. (4.19), we get

,(0  / . _ qc^ ^ ( x )Ps  (s) = y   ̂^ ^ _ d x  (4.20)

where

= '*'1
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Applying the GCQ formula of the first kind in Eq. (4.20), we have a closed-form expres­

sion for SER o f MQAM with MRC diversity on Nakagami fading channel.

1

(4.21)

Since the remainder term vanishes quickly as n increases, Eq. (4.21) is a rapidly con­

verging series.

4.1.1.3 Com putation of ASER using MGF of and G C Q  Form ula

Different from the conventional method for computing SER (i.e., direct evaluation 

o f Eq. (4.3)), our third approach relies upon the knowledge o f the MGF o f , the use of

an alternative exponential forms for one-dimension and two-dimension complementary 

error functions as well as the application o f GCQ rule [[30], [53], [31]]. The MGF tech­

nique has been applied successfully in [46] but / ,  was evaluated with the aid of a two- 

dimension GCQ formula, i.e..

,(E)

■ =  1 /  =  1 

n L

y = I /  =  1

1 +

1 +

sec" (8^)
X /p

sec" (Gy) -I- sec"(8y)
(4.22)

where n is a small positive integer, Gy = (2y—l)7 c /4 «  and Gy = ( 2 /—1) tt/ 4/7 . In

the following, we derive a much simpler closed-form SER formula for MQAM modula­

tion scheme on Nakagami fading channels. The new expression reduces the number of

MGF samples required to achieve a specified accuracy from n~ (in case o f Eq. (4.22)) to 

n.  This is mainly attributed to the alternative exponential representation o f the two- 

dimension complementary error function.

The MGF o f ŷ , is related to the CHF shown in Eq. (4.7) via relationship.
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5 + A./J
(4 .23)

Next by exploiting the results from the definite integral [[52], (7.4.11)], the complemen­

tary error function can be represented via an alternative exponential form as,

erfc f  — exp [ - y \_t~ + p]'\d t, p  > 0, y > 0 . (4.24)
^ ■ '° r+ /7

From Appendix 4A, we have an alternative exponential form for the two-dimension com­

plementary error function,

Qvfc~ {Jÿp)  = - f  e x p [-y [p c sc“ ( 0 ) ] ] û f 0 .  (4.25)
tcJ q

It is noted that Eq. (4.25) may also be derived directly using the results from definite inte­

grals [[52], (7.4.12)] and Eq. (4.24) with some algebraic manipulations. Substimting Eqs. 

(4.24) and (4.25) into Eq. (4.3), and recognizing

exp (-y^f)/?y^ (y^) /̂ŷ  = (j) (^) ,

we get

f  (6) = r  d t - ^  f '^ % [ p c s c '( 0 ) ] ^ / 0 .  (4.26)
^  Jo n Jo

Eq. (4.26) can be manipulated into a desired form (so that one can apply GCQ formulas 

directly) using variable transformations t~ + p = 2 p /  (x + 1) and y  = cos (4 0 )  ,

J T ?  TT?

Then using the GCQ approximation [22, (25.4.38)], leads Eq. (4.27) directly to a closed- 

form expression for the average SER o f MQAM in a slow and flat Nakagami fading 

channel.
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i = I / = I

n \ L psec' iQ.)
f n

/ =  I

1
 ̂ ^ p c s c ~ ( B / 2 )

8 0

(4.28)

where 8  ̂ = (2z — 1) 7 t/4«  . The remainder term can be bounded using the results o f 

Appendix A in [30] and/or [31]. However, this is not necessary in practice, since one sim­

ply computes Eq. (4.28) for several increasing values o f n , and stops when the result con­

verges to a prescribed accuracy. Since Eq. (4.28) can approximate the true SER within 

any degree of accuracy, it can be viewed as an exact closed-form solution. Note the impli­

cations of Eq. (4.28): we are simply sampling the MGF at n points. So as long as the 

MGF exists and computable, this method can work very effectively. In fact, its accuracy 

will be high if the high-order derivatives of the MGF vanishes rapidly. In Appendix 4A, 

we also present another method for computing / ,  . The Gauss-Lobatto quadrature (GLQ)

integration method also requires significantly fewer samples of MGF to evaluate the SER 

than the two-dimension GCQ technique (i.e., Eq. (4.22)) developed in [46].

Furthermore, using variable substitution t = Vptan (0 )  in Eq. (4.26), we get a 

simple exact analytical expression for the SER o f  MQAM with MRC diversity receiver 

on generalized fading channels.

(g) = ^ f ' " “ ( j ) [ / ? s e c " ( 0 ) ] j 0 - ^  r'^'^({)[j7Csc-(0)l£/0 (4.29)
7Ü JQ  71 J 0

which is identical to the results presented in [41]. This form is both easily evaluated and

well suited to numerical integration since the integrand is well behaved over the finite-

range o f the integration limits.

4.1.1.4 Computation of ASER using Parseval’s Theorem and GCQ Formula

Our fourth technique for evaluating the SER o f  MQAM with MRC diversity relies 

on knowledge o f two Fourier Transforms (FTs), the application o f the ParsevaFs theorem 

and GCQ formula. By applying Parseval’s theorem in Eq. (4.3), we get
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(G) = F T [ f ® ( 8 |T , ) ] ( t .  (tû)rfo)
ZtzJ ^  <b (4.30)

= ( “ ) ( o ) ]  <t>ŷ (co) d(û

where (j).̂  (co) , ( œ )  and G, ( cù) are defined in Eqs. (4.7), (4.9) and (4.12), respec­

tively. Notice that our method 4.1.1.1 and 4.1.1.4 are essentially the same. But the devel­

opment o f Eq. (4.30) is interesting because it lends itself into a imified-form of SER for 

MQAM with MRC diversity on arbitrary fading environments (not restricted to only 

Nakagami fading).

Now using variable substitution co = tan8 in Eq. (4.30) and then applying GCQ for­

mula, we get

P Ï \ z )  = - I  8(tane)sec"0£/0 
TtJo

= & Ê
k = I

where 0 (co) = Re { [2G[ (co) - q G j  (co) ] (co)} .

4.1.1.5 Exact Closed-Form Formulas for ASER of MQAM with MRC Diversity

Next, we will present exact closed-form SER formulas of MQAM with MRC diversity 

for three special cases o f Nakagami fading: (a) identical = /« //? / across the diversity

branches and '^ n i^  is a positive integer; (b) fading severity index assumes an integer 
/

value and is common to all diversity branches, but X̂  for / = 1, ..., Z are dissimilar; 

and (c) distinct diversity branches and integer ’s for / = 1, ..., £  .

Case (a): Let us assume = À for / = 1, ..., Z, and = Z) is a positive integer. In
I

this case, the random variable has a gamma PDF (obtained by inverting Eq. (4.23)),
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D - l

Then, it can be readily shown that

M ^ e r f c ( ^ ) p . ,  (Y)aTy
0 Z  -b

D ~ l

Z
A' =  0

D - l + k  
k k +  pz_

I k

(4 .32)

0*33)

using identity (14-4-15) in [12], and

2 ,  D

I 2 = / n ^ n ' - T *Gxp ( - l y ) e r f c “ ( V̂ ) d y( D - l ) ! J o

( D - l ) !  \ds

- 1
1 4 tan { J l + s / p )

^  s j l  + s / p

(4.34)

by exploiting the Fourier transform identity in Eq. (4.12). For small values o f  D ,  the 

(D  — 1 ) -th order differentiation in Eq. (4.34) can be computed by hand. For instance,

23%
A = 1 - 4 3  + 2KÀ-

p  + k_
when D = 1,

I-, — q 1 - 4 3  4-2kA . - ^ ^  + _ 4- 3 3 a.
p  + A. 2 ( p  + l )  I p  + X  2 O  +  Z)

i f  D  =

where 3  == atap (V l t A l P l  ^ ----------- P_
k J \  + X /p k (j ) + 'k ) (2p + X)

If  D  is large, then this differentiation may be performed with the aid o f common mathe­

matical software packages such as the Maple because the number of terms grows expo­

nentially. Alternatively, by substituting atan (z) / z  = z" j  [52, (9.121.27)]

in Eq. (4.34), and then invoking Leibnitz’ rule (i.e., n -th derivative o f a product o f two
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functions) [52, (0.42)], and after simplifications, namely

d («)

^  { n - k ) \ k \ds k  =  0

(.k) . (n-k)
(») ,

ds
(4 35)

and after simplifications, we get

D - l
I t — q - -  y  — -K ^  (2k-

k = 0
( 2 , +  . ,  + (4 36)

In this case, the final SER expression can be computed recursively in terms o f Gauss 

hypergeometric series. For the particular case of  m = 1 , Eq. (4.36) reduces to the results 

given in [45].

Case (b): Let us assume that the fading severity index is common to all diversity branches 

and assumes an integer value. However, the average received SNR per branch may be 

different. In this case, we can write the PDF of in the form,

L tn k k — I . .

Pr = Z  Z (4. 37)
'= I k= I (^ ~  I) -?/

- k

where

^ik =
i - m )

m — k ,m — k

m x = 'Ti
(438)

Then it is straight-forward to show that the SER may be expressed as,

‘  " . . J i a - u . T  y
/ = I k = \

L m

Z Z 4.
1=1 k = I

J =  0

A)'( - ( )
k - l

( & - 1)!
1 4 tan ( J l + s / p )

J  ^  s j \ + s / p
(439)
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where = J p ÿ /  {m +pÿ/) . For the particular case of m = 1, Eq. (4.39) reduces to 

the SER formula for square MQAM on Rayleigh fading channel derived in [45].

Case (c): If the diversity branches are distinct and ’s assume integer values, we obtain, 

upon performing the inverse Laplace transform of Eq. (4.23),

‘  ^  ‘*>.;expC-X.,y)
Py.(T> = E  —

/ = I A- = 1 (& --!)!

where

(4.40)

r  L

n \'
-/• =  I

—  k

m, — k
ds

(4.41)

Then, the corresponding exact SER may be evaluated as

/ = 1 I

-il- k— \

E
; =  0

L m

/  =  1 A- =  1

k -  I + i 
i

-1

i r i + ,
2V fjki  + pj_

I 4 tan ( J l + s / p )  
^  s j l  + s / p

(4.42)

To the best of the authors’ knowledge, all the exact closed-form expressions for 

MQAM on Nakagami fading channel presented in this section are new.

4.1.2 Correlated Fading

When the diversity branches are correlated, the analysis proceeds in a similar manner 

as the independent fading scenario. But we need to find the corresponding CHF or 

MGF o f the SNR at the output o f  the combiner. For the arbitrarily correlated Nakagami
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fading environment, the jo in t CHF o f the instantaneous SNR may be written in the 

form [54],

= d e t ( /- y T R A ) " ” (4.43)

where /  is the Z, x Z identity matrix, A is a positive definite matrix o f dimension L 

(determined by the branch covariance matrix), T  and R  are two diagonal matrices 

defined as T = d ia g ( tj ,  ..., r^) and R = d iag (ÿ ^ /m , , respectively, and

m is the fading parameter. Then the CHF of can be obtained from (4.43) by setting 

= ... = = f, i.e.,

L

(j),^ (̂t) = d e t( /-y R A t)~ '"  = (1-yZ^.r) (4.44)
k  =  1

where are eigen values o f  matrix R A . Thus, we can readily evaluate the exact SER 

performance of MQAM with MRC diversity by substituting (4.44) into (4.30) or (4 .31).

For special cases o f constant and exponential correlation models (and with the 

assumption o f identical fading severity index and signal strength across the diversity 

branches), the corresponding CHFs can be easily shown to be Eqs. (4.45) and (4.46), 

respectively:

Lm
L - \ y

(4.45)
[ /7 y ( p - l - Z p )  +m] [/7 y (p —1) + m \  

f  j n T  / r

- j t j x .
L'

p^ I - p
order of diversity.

where x = L + ( L — \ — — ] n is the correlation coefficient and L denotes theI —pv 1 — p /
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4.2 Average SER of M-ary QAM with Equal-Gain 
Diversity Receiver

The EGC is of considerable interest since it appears to offer comparable performance to 

the optimal MRC with much greater simplicity. The small argument approximation 

method [21] becomes inaccurate when L increases. A more refined analysis was pre­

sented recently by Beaulieu and Abu-Dayya by approximating the PDF of the sum of 

Nakagami RVs using an infinite series technique. In the following, we derive an exact 

analytical expression for EGC for MQAM on Nakagami fading channel in terms o f a 

finite-range integral. Our new approach circumvents the problem o f  computing the PDF 

o f the sum of RVs (corresponding to the ampfitude of the received signal) which is nor­

mally encountered in the analysis o f EGC diversity receivers. Furthermore, the integral 

can approximated very precisely using the GCQ formula requiring the evaluation o f a 

function at only a small number o f points. This simple expression also handles arbitrary 

fading parameters as well as dissimilar mean signal strengths across the diversity 

branches.

In an equal gain combiner, the output of different diversity branches are first co­

phased, equally weighted, and then summed to give the resultant output. The instanta­

neous SNR at the output o f the EGC combiner is = .r” where x  is defined as

-̂  = / S  7 .  ot, (4.47)

where is a Nakagami RV with the statistical parameters 171̂ and as defined in Sec­

tion 4.1. Let {E^^/Nq) denote the average SNR for the ^-th  branch, which is con­

sistent with oiu definition for the MRC case. The characteristic function (CHF) of .v (the 

sum of L Nakagami RVs) in this case is simply the product of the individual CHFs, i.e..

L

r  (m p
2m*-l

a  exp da. . (4.48)
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Recognizing the definite integral in Eq. (4.48) can be expressed in terms o f  parabolic 

cylinder fimction using identity [[52], (3.462)], we get

^ r ( m ,  + 1 /2 ) 
OrCm) = n    exp

(  2 \  —00

Â: =  1 2

D (4.49)

where and D_^ (z) is the parabolic cylinder function of order v .

Using identity [[52], (9.240)],

4 k

J Ï k z o

o

,1  3.z" 
2 ' 2'2 04 50)

r  (7M̂ )

we can express Eq. (4.49) in terms o f the of the more familiar confluent hypergeometric 

function o f the first kind O (a, 6;c) ,

1 —oo‘
2'4Z 1 k J

j T  (mf,+ 1 /2 ) 03

r  (m^) jLT^k
O 1 3 —03" (4.51)

k J

The confluent hypergeometric function may be computed efficiently using a convergent 

series for small arguments and via a divergent expansion for large arguments [refer to 

Appendix 4B].

From Eq. (4.1), the conditional error probability for square MQAM is

P ^ ^ \s \ x )  = Iqer fc  ( Jpx)  —q~erfc {4px) 

and we are interested in calculating its average over the Nakagami PDF,

(4.52)

( G )  == ( G [ r ) y , r  ( j : ) < Z c  ( /4  5 3 )

where (x) is the PDF o f the sum of L Nakagami random variables. It is difficult (or
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impossible) to invert Eq. (4.51) to get a closed-form expression for the PDF of .v. 

Therefore, a Fourier series approach has previously been used [49]. Since we already 

have the Fourier transform (FT) o f  the PDF, by transforming the product integral in Eq.

(4.53) to the frequency domain using Parseval’s theorem [[55], pp 371] the need to find 

the PDF is circumvented. But we then also need the FT o f f  (s |x )  , which surpris­

ingly turns out to be very easily computed. For our subsequent development, the follow­

ing two FTs are needed:

T  (co) = CO erfc (x) exp (/cox) cLx 
Jq

r-co 'l - c x p [  —
(4.54)

(p(co) = coj^ erfc (x) exp (/cox) ok

= J - J expl^

0L55)

which were obtained using integration by parts, and notation F (.) denotes the Daw­

son’s integral.

F (x )  = exp[^—x“Jj exp[^rjcf/. 0L56)

There are at least two methods for computing F  (x) . First, it has the series representa­

tion (in terms o f the confluent hypergeometric function),

F (x )  = xd)| I ,^ ; - x “ j. CL57)

Therefore, F (x )  can be computed using the procedure outlined in Appendix 4B (i.e., 

by evaluating sufficient number o f  terms in the series of O (a, cpc) ), which can handle
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any real a and c . It turns out that when a = I and c = 3 / 2 ,  there is a much more effi­

cient, direct method to compute I, . In this chapter, we use this second

approach due to Rybicki [56]. That is why Eq. (4.54) (which can also be expressed in 

terms o f the confluent series) and Eq. (4.55) are expressed in terms of this function.

Now applying Parseval’s theorem in Eq. (4.53), we obtain

(E) =  ^ j ^ F T [ p ^ ^ ( e | x ) ] ( i ) / ( c ù ) û i c û

= : : ^ r  - [ 2 ^ T ( C û ) -^■cp(C0)](j) *(VpCû)<fCù 
xTcJ^ca

0L58)

Since the imaginary part o f this integral is zero, we may re-write Eq. (4.58) as,

(£) = (4.59)
TIJQ Cl)

where

P (co) = i?e{ [2 T ^ (c ù )-^ c p (c ù )] ( j) /(^ (û )  } . (4.60)

Using variable substitution co = tan8 in Eq. (4.59), we can express this integral in a 

more desirable form (i.e., suitable for numerical integration).

Note that Eqs. (4.59) and (4.61) are exact analytical solutions for MQAM with EGC 

diversity. Yet making another variable substitution co“ + ^ = iti Eq. (4.59) and

then applying GCQ formula, we obtain a rapidly converging series representation for 

the EGC performance on Nakagami fading channel.
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, (E )

1 — X

LV2(TT7)-1 dx
‘ l - x “ . (4.62)
n

k = I I J Î  ^ 4»

It is also interesting to note that Eqs. (4.21) and (4.62) are in similar forms.

4.3 Numerical Results
In this section we present selected numerical results to show the efihcacy o f MRC 

and EGC diversity receivers on generalized fading channel with arbitrary fading parame­

ter. When applying the GCQ sum, we have used « = 64 and « = 512 for the MRC and 

EGC results, respectively. Note that these numbers were conservatively chosen to be 

large. In fact, as few as 8 samples can be sufficient in some cases. Fig. 4.1 depicts the 

SER performance curves of 4-QAM, 16-QANI and 64-QAM with the assumption that all 

the MRC or EGC space diversity branches undergo identical Nakagami fading with 

m = 1.8. This fading severity index corresponds to a Rician channel with Rice factor 

K  = 2 . From this figure, it is apparent that diversity reception is an effective technique 

for combatting the detrimental effects o f  deep fades experienced in wireless channels.

It is also observed that the penalty in SNR to achieve a given SER o f MQAM sys­

tem with a larger signal constellation size declines more rapidly than that o f a smaller sig­

nal set, as the diversity order increases. This is true for both MRC and EGC diversity 

systems. In other words, the diversity improvement is greater as the constellation size M  

increases. When L = 1, the performance curves evaluated using Eq. (4.21 ) and/or Eq. 

(4.28) coincide with that evaluated via Eq. (4.59), as anticipated (i.e., corresponds to the 

non-diversity case). As well, the penalty in SNR for the EGC diversity receiver to 

achieve the same level of performance with the optimum diversity receiver is quite mini-
_ 4

mal. For instance, the difference for 4-QAM at = 10 is only about 0.4 dB and 0.6
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Fig. 4.1 Symbol error probability for MQAM with MRC and EGC 
diversity receivers on Nakagami fading with fading figure m = 1.8.

----- 40.A..V1
  16-QAM
—  - —  64-QA.\!
oEGCM̂RCio"

L = 2

L = 7

25
Average SNR per channel (dB)

Fig. 4.2 Symbol error probability for MQAM with MRC and EGC 
diversity receivers on Nakagami fading with fading figure m = 0.75.
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dB for L = 1 and L = 1, respectively.

Nakagami distribution can also model a multipath fading environment which is 

more severe than the Rayleigh fading. This is achieved when m is less than unity. More 

importantly, some empirical data suggests that some urban environment path fading sta­

tistics are more adequately described by a Nakagami distribution with fading figure 

m = 0.75 [59]. Hence in Fig. 4.2 we plot the SER curves for different QAM systems, 

with and without diversity reception, in this fading environment. Comparison between 

Fig. 4.1 and Fig. 4.2 reveals that the relative diversity advantage is more pronoimced in a 

poorer channel condition. This is inmitively satisfying since the difference between the 

instantaneous received SNR on various diversity branches will be less as m increases. 

However, the SER performance is always better in a channel where a strong line-of-sight 

path exists for a specified average received SNR per branch , and diversity order. We 

also observe that the discrepancy between the EGC and MRC diversity performance 

curves gets larger as the fading becomes more severe (i.e., smaller m ).

Fig. 4.3 compares the exact SER with MRC (computed using Eq. (4.19) or (4.29)) 

with the approximate SER (which may be calculated via Eq. (4.10) or more efficiently by 

evaluating only the first term in Eq. (4.28)) for the system parameters considered in Fig.

4.1 and Fig. 4.2. Notice that the approximate SER for a dual-diversity 16-QAM is more 

than 10% higher than the true SER even at = 10 dB when m -  0.75 . The discrep­

ancy between the approximate and the exact SER diminishes as the average received 

SNR per branch increases or for higher order o f diversity. On the other hand, their differ­

ence becomes more apparent if the channel condition degrades (i.e., smaller m ) or for a 

larger signal constellation size.
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Fig. 4.3 Comparison between the exact and approximate SER of 
MQAM with MRC space diversity in different fading environments 
and for different diversity orders.
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Order of Diversity. L
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Fig. 4.4 Symbol error probability versus order of diversity for 64- 
QAM with MRC and EGC diversity receivers.

Next in Fig. 4.4, the SER performance o f 64-QAM system plotted against the order o f 

diversity for several fading severity indexes. All the diversity branches are assumed to 

have identical fading statistics and the received SNR per branch is assumed to be 

= lOdB. It is obvious that the larger the number of diversity branches, the smaller 

the chance of the combined signal going into fade. However, the effective improvement 

in SNR for a fixed error performance does not improve in proportion to increasing L 

(see Fig. 4.1 and Fig. 4.2). The greatest improvement step occurs in going from a single­

branch receiver to a two-branch receiver.

The results in Fig. 4.4 indicate that the discrepancy between the error performance of 

MRC and EGC diversity receivers becomes more apparent as the diversity order grows. 

This may be attributed to the fact that MRC yields better statistical reduction of deep 

fades as well as provides the higher average output SNR of the combined signal than 

EGC. Since the deviation between the EGC and MRC curves decline rapidly as m 

increases, we can conclude that the ability to mitigate the deep fades is the main factor
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that has contributed the difference in the performance o f the two receiver structures.

m =0.6

m = 1.0

m = 3.5

EGC
-MRC10"̂

10 15 20 25-1 0 ■5 0 5
Ï2 - YI (in (IB)

Fig. 4.5 Effect o f unbalance mean signal strength (ÿ, is fixed to 10 dB)

on the SER performance of dual-diversity 16-QAM systems in different 
fading conditions.

In Fig. 4.5 and Fig. 4.6 we examine the sensitivity o f the error probability for 16-QAM 

system with MRC or EGC diversity receivers in the presence of dissimilar mean signal 

strength and unequal fading parameters. It is clear that departure of the EGC perfor­

mance curve from the MRC case is not very significant if  the ratio y-,/?, is not exces­

sively small and/or if  the ratio m^/m^  is not too large.

From Fig. 4.5, it can be concluded that MRC makes much more effective use in 

diversity o f relatively weak signals than can the EGC. Besides, equal noise levels in all 

branches is crucial to proper operation o f EGC, since otherwise those branches with 

large noise levels would dominate the output SNR even if the branch itself were weak in 

signal level. This in hum suggests that a very weak signal should not be combined in the 

equal-gain diversity receiver configuration because it may cause a considerable dégrada-
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tioQ in the mean SNR (due to combination losses). Alternatively, one should equalize the 

noise levels across the diversity branches by introducing different gains in these branches, 

prior to the combiner.

rnVmi

10 dB

*5 10

10“̂

 EGC
 MRC

1.5 2 3 3.5 4.5 50.5 2.5 4

Fig. 4.6 Sensitivity of SER for I6-MQAM with dual-diversity MRC 
or EGC diversity receiver on Nakagami fading channels due to 
dissimilar fading severity index {m , is fixed to 1).

One way to explain the larger difference between the EGC and MRC performance curves 

as the ratio m^/m^  increases is by noting that fading severity index m has the diversity­

like effect. Hence, the ability to mitigate the deep fades and average output SNR of the 

EGC combiner is inferior to the optimum MRC, specifically when the order o f diversity 

increases (see Fig. 4.4).
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4.4 Conclusions
Exact symbol error probability expressions have been derived for coherent MQAM 

systems employing MRC and EGC antenna diversity in a Nakagami fading environment 

with an arbitrary fading severity index and/or dissimilar signal strength. The SER formula 

is exact for square QAM. A tight bound for the rectangular signal constellations was also 

presented. In particular, the closed-form formula based on GCQ can be easily pro­

grammed and evaluated efficiently. Our results are sufBciently general to allow for arbi­

trary fading parameters as well as dissimilar mean signal strengths across the diversity 

branches. The generality and computational efiBciency of the new results presented in 

this chapter rendering themselves as powerfiil means for both theoretical analysis and 

practical applications.

Appendix 4A
In this appendix we present an alternative technique for evaluating the term involving 

e rfc“ (.) in Eq. (4.3) instead of the two-dimension GCQ method illustrated in [46], 

namely,

h  = 9 " e r f c - [ ^ ] ; , . ^ ^  (y^) (4A.1)

By definition.

erfc"(z) = - f ” f”  exp [—[ r +  (4A.2)
TCJ-  J -

where the region o f integration is illustrated in Fig. 4.7.

Let t = vcos (0) and s = vsin (0) so that the double integral in (4A.2) reduces into a 

single integral, i.e..

erfc~(z) = vexp[^—v“J cos ( r /v )  — sin ^{z/v)~^dv (4A.3)
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integration

(0. 0)

Fig. 4.7 Integration Region.

Now performing variable substitution v = zVI + x~ in (4A.3), we arrive to,

e rfc ” (z) = z“.rexp(^—z” [ I + ,y “ ]  ^ 0  (x)  dx  (4A.4)

where

- 1
0  (x) = cos — sin

Since ^  { e x p [-z "  [ I + x”]  j } = - 2 z ”x e x p [-z ” [  1 + x”]  J , ^  { 0  (x) } = —^ ,

(4A.5)

dx

0 ( 1 )  = 0  and 0  (x) exp[ —z” [ I + x”]  J |^ _ j = 0, (4A.4) can be simplified as.

I + x ”

e r fc ^ M  =
KJ 1

(4A.6)
I + x”

by exploiting the identity ^udv  = u v —^ v d u .
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Then can be restated as.

=
TC J I

dt
1 + ,y"

=  ( 4 A .7 )

where the second integral in (4A. 7) is obtained via variable transformation 

x“ + 1 = 2 / ( 1  —z) . Now applying GLQ formula [[14], (25.4.36)], we arrive to a sim­

ple expression for evaluating (4A.1):

_ 2 " 

^2 = Z
i =  I A +  z.-

(4/L8)

(2/7)The abscissas and weights are given by z.  = 1—^7 and w.  = 2 w T  respectively,

where is the i th positive zero o f Legendre function (x) , and are the Gaus­

sian weights o f order 2 n . The remainder term can be bounded using the procedure 

outlined in [30]. It is evident that this alternative method requires fewer samples o f MGF

(i.e.. I n  « samples for practical values o f n ) compared to the two-dimension GCQ 

formula. This is because the numerical approximation is performed over a single inte­

gral in GLQ, instead o f the double integral in the latter approach.

Yet making another variable substitution x = cot ( 0 )  in (4A.6), we get

/  9 A4 r^/4 -7 4 ^
erfc"(z) = -  exp 

tcJq V sin” ( 0 )  /
dQ (4A.9)

which is an alternative representation for the two-dimension complementary error func­

tion. It is noted that this new form is essentially the same as the results presented 

recently by Simon and Divsalar in [28].
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Appendix 4B
In Appendix 4B, we present three series that are used in the calculations involving the 

confluent hypergeometric function o f the first kind. The confluent series is deflned as,

OC / \ ^

where the polychamer symbol ( 6 )  ̂ = 6 ( 6 + 1 ) . . .  (6 + r — 1) . Note that if  —a is a 

positive integer, then the series is a finite polynomial o f x , i.e..

= S - ( ^ '  (4B.2)

In the mathematical sense, the series (4B.1) converges everywhere (i.e., the radius con­

vergence is inflnite). However, for large |.r| the series does not converge until r » |.r|, by 

which time overflow problems may have occurred. Therefore (4B.1) is not computation­

ally useful when |.v| is large. Note that when the series (4B.1) reduces to (4B.2), the con­

vergence problem does not occur.

For EGC performance evaluation, both and + ^, | ; —r" j  are

needed, where m can be real or integer. Beaulieu and Abu-Dayya provides a method to 

compute + ^, r" j  for positive integer m [[49], Appendix A], and their finite 

series simply follows from (4B.3) and (4B.2). They also provide a recursion to compute 

O^m, [[49], Appendix B], which again holds for positive integer m only. In con­

trast, the following procedure handles both real and integer m :

We now consider the calculation o f O (a, c\—x)  for a, c >  0 and x  is a positive real

number. For this case, it is better to apply Kummer’s transformation formula,

0 ( a ,  c;—y )  = exp ( - y )  O ( c  —a, cpc) . (4B.3)
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The advantage o f this transformation is that if  m + 1 /2  ot  m is an integer, then the 

series required in Eq. (4.51) is a finite polynomial. Therefore, no convergence problems 

are encountered. For x  < 200, we use

“  ( c —a) y
0 ( a , c ; - .Y )  =  e x p ( - .r )  X  — T " ’ (4 B .4 )

r  =  o

which can be computed via standard series evaluation techniques. For .v > 200, we use 

the divergent expansion,

O  ( a ,  C--X) =  X  +  o ( y - ^ e x p  ( - .r )  ) .  (4 B .5 )

It is sufficient to use the first term only. In this case, the reliability o f the divergent series 

may be estimated as [[57], pp. 278],

0 ( f l , c - r )  =  ^  [ i + q [ h ~ 0 ]  • (4 B .6 )

Appendix 4C

In this appendix, we outline a method that can be used to improve the computational 

efficiency o f Eq. (4.19) if  evaluated using a standard numerical integration technique such 

as the trapezoidal rule, as an alternative to GCQ formula (i.e., (4.21)). Assume that the 

integral in Eq. (4.19) is truncated at t = u and we require the truncation error to be less 

than s . It is easy to show that

\Mf{t)\<A + q + ^  (4C.1)

Thus, we have



“ t 

where

1 0 2

K Ç - ^ ^ d t < z  (4C.2)

(4C.3)

and D = From (4C.2), we obtain
I

u > n g .  (4C.4)

Surprisingly the simple trapezoidal rule integration technique requires a lot more com-
4

putational effort than the GCQ (for instance, in the order o f 10 times at = lOdB ) 

even after truncating the integration limit to achieve a prescribed accuracy o f s = 10  ̂.
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Chapter 5 

Unified Analysis of Switched Diversity 
Systems in Independent and Correlated 
Fading Channels

Among the various known diversity combining methods, selection diversity is the sim­

plest and perhaps the most frequently used in practice. For instance, a form o f selec­

tion diversity has been implemented in current digital cellular system (specified in the 

rS-54 common air interface) where the diversity branch is selected prior to the trans­

mission o f  a TDMA burst. However, the ideal selective combining (SDC) that selects 

the branch with the highest signal-to-noise ratio (SNR) may not be practical for radio 

links that use continuous transmission because it requires continuous monitoring o f all 

the diversity branches. This problem can be circumvented by adopting a suboptimal 

switched diversity scheme.

In Chapter 3, we have outlined two unified approaches to the performance evalua­

tion o f four common predetection diversity techniques on generalized fading channels. In 

particular, we have shown that the MGF or the CHF of SNR at the combiner output can 

be used to unify the performance evaluation of a broad class o f modulation formats on 

fading channels. Therefore, in this chapter we directly derive ± e  MGF of signal power at 

the output o f a dual-branch SWC combiner. The first-order derivative of the MGF with 

respect to the switching threshold is also derived, which is exploited to determine the 

optimal switching threshold.
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Fig. 5.1 Block diagram of a predetection switched diversity system.

Consider a two-branch switched diversity system depicted in Fig. 5.1. If the instan­

taneous envelope of the received signal falls below a predetermined threshold, the 

antenna switch is triggered, thus selecting the second branch. If the second branch is 

above the threshold, switching ceases. If the second branch is also in fade, we can imme­

diately revert to the first branch, and if  necessary, continue the rapid switching between 

the two antennas until one o f them emerges above the threshold (i.e., switch-and-exam- 

ine strategy), or we may switch to the second branch and remain there at least until the 

next switching instant regardless whether the instantaneous signal power in the second 

antenna is above or below the threshold (i.e., switch-and-stay strategy). Moreover, the 

switched diversity system has the advantage that only a single intermediate-ffequency cir­

cuitry and a receiver “front-end” are used, thus avoiding the expense of extra dip lexers 

and other high-frequency analog circuits.

Previous related studies on the switched diversity systems include the following: In 

[60], Rustako et. al. theoretically and experimentally examined a switched diversity sys­

tem on independent Rayleigh channels using a continuous time signal model. In their 

switch-and-stay strategy, switching between, the two antennas only occurs if  there is a 

downward threshold crossing. Shortall [61] builds a prototype o f a switched diversity sys­

tem and experimentally examine the effect o f  the signal correlation on the receiver per­

formance. Subsequently, Adachi et. al. [62] investigated the performance o f a periodic 

switching diversity technique using digital FM  with discriminator detection on Rayleigh
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fading channels. Blanco and Zdunek [63] theoretically examined the performance of 

switched diversity system initially proposed in [60] for noncoherent frequency shift key­

ing (NCFSK) in independent Rayleigh fading charmels based on a discrete-time 

approach. Their analysis was extended in [64] for the Nakagami-m fading channels.

In [34], Abu-Dayya and Beaulieu proposed a different switch-and-stay strategy 

(which is referred to as SWC) and analyzed the performance o f binary NCFSK on Naka­

gami-m fading channel based on a discrete-time model. Different from [63], the antenna 

switch in the SWC scheme is activated in the next switching instant as long as the mea- 

siured local power in the current antenna is below the threshold level (i.e., the envelope of 

the received signal need not necessarily cross the threshold in the negative direction). 

Therefore, it does not require comparison of present samples with past samples. More­

over, the rate o f branch switching is reduced with respect to the ideal selection diversity, 

, which translates into a reduction o f transient effects due to switching. Their analysis for 

both independent and correlated Nakagami-m signal fading has been extended to Rician 

fading in [35]. More recently, performance of BPSK signalling with SWC has been 

examined in [36] by exploiting an alternative exponential representation for the Gaussian 

probability integral. The authors’ also derived a closed-form expression for evaluating the 

corresponding optimum threshold in Rayleigh and Nakagami-m fading channels when 

both the diversity branches are independent and identically distributed.

By contrast, in this chapter we derive a generic formula to study the performance 

o f SWC for a wide range o f binary and two-dimensional signal constellations in a myriad 

o f fading environments. Different from [34]-[36], we directly determine the MGF o f the 

resultant signal power statistic without imposing any restrictions. In fact, the signal statis­

tics from different diversity branches may even be modelled using different families of 

distribution (i.e., mixed-fading). In particular, we examine the effect o f  power imbalance 

on the diversity receiver performance and the optimal switching threshold. This is an 

important consideration because in practice identical fading statistics across the diversity 

branches are rarely available. However, all the previous theoretical studies only consid­

ered the case o f identical diversity branches for analytical simplicity. Once the MGF is
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available, we can express the ASER in terms of a finite-range integral involving only the 

MGR Since the derivative o f the MGF with respect to the switching threshold can be 

obtained at once, the optimum switching threshold can be readily expressed in a closed- 

form in many instances.

The outline o f this chapter is as follows. In Section 5.1, we derive the MGF o f the 

local signal power at the output of the switched combiner, for both correlated and inde­

pendent signal fading cases, taking into account o f power imbalance, nonidentical fading 

severity index and/or the mixed-fading scenario. In Section 5.2, the optimization o f the 

SWC strategy is considered. The optimum switching threshold for both independent and 

correlated signal fading can be attained either in a closed-form (for the identical fading 

statistic case) or by solving a nonlinear equation numerically (for the nonidentical fading 

statistics across the diversity branches). Selected numerical examples are presented in 

Section 5.3. Finally, the main points are summarized in Section 5.4.

5.1 Statistical Characterization of the SNR at the Output 
of the SWC Combiner

Table 3.1 summarizes the instantaneous symbol error rate for a wide range of modulation 

schemes in an AWGN channel. These conditional error probabilities (for binary and M- 

ary signal constellations) may be evaluated as

Y) =  ^ j " % ^ ( 8 ) e x p ( - Y 6 ^ ( 8 ) ) ( / 8  (5.1)

Then the ASER in the fading channels with SWC can be derived by averaging the condi­

tional error probability over the PDF of SNR at the output o f the switched combiner in a 

specified fading environment. It is more insightful if  we employ the MGF approach [ 10, 

37] since the ASER can be expressed in terms of only the MGF of the resultant SNR. 

Further, closed-form formulas for the computing the optimum switching threshold can be 

determined in a straight-forward fashion for all common fading channels and for differ­

ent modulation schemes if  the diversity branches have identical fading statistics.
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5.1.1 Correlated Fading and Nonidentical Diversity Branches

Similar to [34], [35], [63] and [64], our analysis is based on a discrete time model. 

The switching is performed at discrete instants o f  time t = nT,  where « is an integer, 

and T  is the interval between switching instants. The CDF of the resultant signal power 

at the output o f the SWC combiner can be written as [34, Eq. (4)],

F . («) = P r { z < u }
(5.2)

= P r { z ^ = x ^  and < u} + Pr {z^ = and y „ < u }

where x^ and v denotes the local powers of the signals received by the two antennas at 

t = nT,  and z^ is the local signal power at the output of the switched diversity receiver 

at r = nT.

If  we assume the pair of samples from each diversity branch are independent^ (i.e., ,

and x^ are independent; a n d a r e  independent), then (5.2) can be restated as

F .  i l l )  = Pr  { ^ < x^ < i i ]  + P r { x ^ < ^  and y„<w}

P r { ï , < y ^ < u ) + P r { y ^ < ^  and Fr{z„_i  = v „ _ i )  (5.3)

where ^ denotes the switching threshold. In the following derivations, the tim e index n 

will be omitted for brevity. By differentiating (5.3) with respect to u , we obtain the PDF 

o f the resultant signal power z^ :

/-(« )  = % (« )  * f / , . y ( X u ) d X

I- [ / / « )  Vi . u -K)

Pr {z  = ,y}

P r { z = y } ,  II >0  (5.4)

1. This assumption is valid if T  is large enough such that the fading process introduce small or no correla­
tion in the time sequence o f the samples in each branch. For small T , the justification o f  the final result 
(5.3) is explained in the Appendix o f [34].
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where K(%) = 0 f o r X < 0 ,  and V( X)  = 1 otherwise. Notations and F^( . )

correspond to the PDF and CDF o f the signal power for antenna x ,  respectively; 

y ( ;  ■) is the joint PDF o f  and . Hence the MGF o f  is given by

= [^J^exp + P r { z  = x}

exp du + (f, Y ) d Y  P r { z = y )+ (5.5)

where (j)̂  {s, Y) = F) exp {-su)  du & (j)̂ , {s, X)  =  ̂{X, u) exp {-su) dll

are the marginal MGFs.

Now let us calculate the antenna selection probabilities Pr {z  = x}  and 

Pr  { z =  y}  . If  both diversity branches have identical fading statistics, then each o f the 

two antennas will have an equal chance o f being selected. However, when the sequences 

{x^} and {y^} are not identically distributed due to power imbalance, then the likeli­

hood of staying in a “good” diversity branch will be higher because a branch with a 

higher mean received signal power will be favoured most o f  the time. The branch selec­

tion probabilities may be computed using a two-state Markov chain shown in Fig. 5.2.

Pap = ft(£)

Fig. 5.2 A two-state Markov chain for calculating the antenna 
selection probabilities.

The states a  and P correspond to the event that antenna x  and antenna y  is selected, 

respectively. The state transition probabilities, p.j,  is dictated by the probability that the 

power on a specified branch is either greater or smaller than the preset threshold. The
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steady-state solution to this Markov chain yields the antenna selection probabilities:

%(^) '  ‘

Since exp {—s u) f ^{ i i )du  = ^^(s)  — exp (—s u ) f ^ ( u ) d u  and substituting (5.6) and

(5.7) into (5.5), we obtain a general expression for the MGF of the local signal power at 

the output o f  the switched combiner taking into account o f the branch correlation as 

well as the dissimilar fading statistics, i.e.,

(j). (f)  = A { (|)̂  (5 ) + (5 , X)  -  exp i - s X ) f ^  (X)  ] dX}

+ [ 1 -^ (̂ ) ]{*/.,)+ [4)., n -  exp (-̂  ny;, ( n ] m  (5.8)

where (j)^(.) and (()̂  (.) are the MGF of the signal power in antenna x and y ,  respec­

tively (see Table 5.1 for a list of MGF o f the signal power for several common fading 

channels). To the best o f our knowledge, this result is new. From (5.1), ± e  ABER or 

ASER with SWC is simply

(5.9)

5.1.2 Independent Fading and Nonidentical Diversity Branches

If  the antenna separation is greater than half-wavelength then it is reasonable to 

assume that the two diversity branches will be independent. However, their signal 

strength and fading severity index may be different in an actual mobile link since the 

radio waves take different propagation paths and may undergo different fading before 

arriving at the receiver.
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Table 5.1 . PDF and MGF of signal power for several common fading models. 

Channel Model PDF and MGF o f signal power X

PDF: f ^ ( X)  =  where Ç1 =  E [ X \

Rician
( K > 0 )

Nakagami-q 
(-1 <'6 < 1 )

Nakagami-m 
( m  >  0.5 )

Correlated 
Nakagami-m 
with identical 
mean signal 
strength 
(i.e., Ox = Qy)

Correlated 
Nakagami-m 
with power 
imbalance

POP,
- Ks a  

■sQ.

PDF : /;(%) = 

MGF: 6 (f) =

:exp
a .

f  - X  1

1

V[JD(1 + b )  + I] [ j O ( l - 6 )  + 1]
- I

PDF : / ;  (X,  D  = (m/Cl)
m — I 

Ï

r(m) [1 - p ]  p 

- m { X +  Y)exp a [ l - p ]

( m - l ) / 2

'- K Q [ l - p ]  J

MGF : (j)̂  i s ,  Y) = Q
1

r( /n)  [1 +.yQ [I — p] / m\  

where p is the power correlation coefficient.

[m /7 5 7 5 ;.]"" '

xexp

- “ n - 5 ^
m +

.m [ 1 — p ] .

f  - m  (%4- F) 1 J I m J p X Y

U ^ A - I ' - p l J

MGF: 4)̂ (5, Y) =
y/n-l r 2  1 

m
m

exp —m Y
\

F(m) + s ( l  - p ) Q ^ ) l ^ y m +sQ^( 1 —p) J



Ill

For independent signal fading, the joint PDF is the product o f the individual PDFs, and 

therefore (5.4) reduces to

+ (5.10)

The MGF o f z_ is

(j).(5) =  A ( ^ )  { J ^ e x p  ( - 5 U ) / ; ( « ) £ / «  + (j)̂ .( 5 ) F ^ ( £ )  }

+ [ l - ^ ( ^ ) ]  { ( j ) ^ ( ^ ) F / ^ ) + r e x p ( - M y ; ( f f ) ^ « } .  (5.11)
J ç

One may also arrive to (5.11) directly from (5.8) by recognizing that the marginal MGFs 

4)̂ . (^, vY) = / i , ( ^  4>i,.(-s) and ( J, F) = /^  ( F) 4>.r (-̂ ) when the two diversity

branches are statistically independent. Notice that (5.11) is still valid even if  the received 

signal envelope in different antennas are modelled from different families o f the fading 

distribution (i.e., mixed-fading model). As before, the ASER of the SWC with uncorre­

lated diversity branches is given by (5.9). However, (j).(.) is evaluated using (5.11) 

instead o f (5.8).

5.1.3 Correlated Fading and Identical Diversity Branches

If  and are identically distributed, then f ^{ . )  = /^ ,( .) ,  ( .r , .) = (j)^.(5,. ) ,

F ^ (.)  = and Pr  {z = x)  =  P r  {z  = y )  = 1 /2 .  Owing to the symmetry, (5.4)

reduces to [35, Eq. (6)]. Similarly, the MGF o f z^ illustrated in Eq. (5.8) may now be 

simplified as

4)X^) = F) -e x p (- .s F )y ;(F )]6 fF . (5.12)
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5.1.4 Independent Fading and Identical Diversity Branches

Following our treatment in Section 5.1.3, it is straight-forward to show that (5.4) 

reduces to [35, Eq. (7)] for the independent and identically distributed diversity 

branches. Hence the MGF o f  the resultant signal power is given by

=  ( j)^ (5 )F ^ (£ )+ J ^ e x p  (5.13)

5.2 Optimization of the SWC Strategy
If the switching threshold ^ is set to be very large, then there will be constant 

switching between the two antennas because the probability o f the received signal 

exceeding ^ will be small. In this case, the performance o f SWC will be equivalent to 

the performance of a diversity branch selected in random, which resembles the behaviour 

for no diversity case. On the other extreme (i.e., the value o f  ^ is set to be very small), 

the SWC combiner will be stuck in one of the diversity branches because the likelihood 

o f received signal power staying above the specified threshold increases. Once again, the 

performance of the SWC will be close to the single diversity branch case.

It is evident that the performance of switched diversity strategy is dependent on the 

selection o f the switching threshold, and proper choice o f ^ will minimize the average 

error probability. Hence in the following, we will derive analytical expressions that will 

allow us to compute the optimum switching threshold (in the minimum error rate sense) 

either in a closed-form (for identical fading statistics) or numerically (for nonidentical 

fading statistics) for a broad class for a broad class o f digital modulation formats in arbi­

trary fading environments.
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5.2.1 Correlated Fading and Nonidentical Diversity Branches

Differentiating (5.8) with respect to Ç, we get

— (j)_. (s) = A (^) [(j)̂  (s,  Ç) -  exp (^) ] + B  (^ ) [(j)̂  is)  -(j)^ (5 ) ]

+ [4) / ^ , ^ )  -  e x p ( - : ,^ ) r  ( : ) ]

+ (j)^(5,11) u) + i f i l l )  - f ^ i u ) } exp i - su) dll (5.14)

where A i'if) is defined in (5.6) and

+ f , ( 5 ) r
(5.15)

Now our task is to find the optimum £* that minimizes the ASER. This value can be
c P .

determined by solving —  = 0 for S . By differentiating (5.9) under the integral sign, 

and exploiting the results o f  (5.14), we have

d_P,
M ( : )  4 ) /6 ^ ( e ) ,  : )  + { 1 - ^  ( ^ ) } 4)X 6^(8), ^ ) ]

k

4)y (^, 11) -4)^.(f, 11) + {f^i l l)  - / r ( “ ) } exp i - su)

dQ

dll dQ

+ S ( y  [ f j "  - p f ]  - F j ( s |  Ç) [A ( % ( g )  + { 1 - .4  (5) } / , , ( y  ] (5.16)

where notation and P^  correspond to the ASER o f  the diversity branch x  (i.e., 

obtained by replacing (f). (5 ) in (5.9) with (j) (5 ) ) and y ,  respectively. For this general

case, no closed-form solution for exists. Therefore, this value will be determined 

numerically.
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5.2.2 Independent Fading and Nonidentical Diversity Branches

If  the diversity branches are assumed to be statistically independent, then we may 

replace the marginal MGFs in (5.16) with (j)̂ , ( 5 , «)  = / ^ ( « )

(j)^(5, «) = /j, (w) . Then it can be easily shown that the optimal threshold is

obtained by solving the following expression:

A p f  ’ + { I -/I (5) }/, a )  pj" + P (Ç) [f,  (^) p f  -F , (£) p f ’]

{/„(«) -A (w )  } exp ( s u ) dll dQ

(5.17)

5.2.3 Independent Fading and Identical Diversity Branches

If  both the diversity branches are assumed to be independent and identically distrib­

uted, then the PDF, CDF and MGF of and are interchangeable. Moreover, 

A ( t )  = 1 /2  and B (S) = 0 . In this case, (5.17) reduces to

P j(£ | = P f  = P y (5.18)

where or  ̂ corresponds to the ASER without diversity reception. Next we will 

identify three special cases o f the conditional error probability P ^ (s | y) which lend 

themselves to closed-form formulas for the calculation o f in all common fading envi­

ronments.

A. Exponential Fonn: F’̂ (s | y) = <3exp (—by)

The instantaneous BER of some noncoherent binary modulation schemes (e.g., 

DPSK and NCFSK) can be expressed in the exponential form. Then = a(j).(6) for 

the switched diversity receiver, and their corresponding optimiun switching threshold is 

(directly from (5.18)),

-ln ((j)^ .(6))

X ^  /
(5.19)
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Substituting 6 = 1 /2  and using appropriate expression for (.) , we arrive to the pre­

vious expressions for the optimum threshold of NCFSK in Nakagami-m [34, Eq. ( 14)] 

and Rician [35, Eq. (12)] fading channels, respectively.

B. P ^ (s | y) = uerfc (V&y )

The ASER of some coherent binary modulation schemes (e.g., CPSK and CFSK)

l a  r’̂ /-with SWC is given by Pç = — f (j>. (6csc-0) . Using (5.18), we get
K JQ

= i(^erfcinv[p_^'’'V a ]  j "  = ij^erfcinv^^J^ cj)̂  (6csc-0) 

where erfcinv (.) denotes the inverse o f the complementary error function.

(5.20)

C. P ^(6 | ^) = u e r f c ( V ^ ) -cerfc ( V ^ )

The ASER for square QAM, QPSK and coherent detection o f differentially encoded

9 /7  c J t /2  A (7 (>k / 4
PSK with SWC is given by = —  | (j).(6csc-0) <f0------f ^. (bcsc-d)  dQ . By

TC JQ ~ 7t Jo ■

solving the quadratic problem cerfc ( V ^ )  —aerfc ( V ^  ) + Pj'^* = 0  for S (i.e., Eq.

(5.18)), we obtain a closed-form expression for the optimal switching threshold.

a - ^ a - - A c P f
2c

(5.21)

For instance, the optimal switching threshold for the QPSK or the 4-QAM modulation 

scheme is given by

Ç* = [erfcinv(^2[ l - J u ^ p ] ^  j j  (5.22)

2  p ^ /2  _ 1 fJr/4  _
where Pç = - f  (j),.(csc-0) ^/0 —  | ^ (csc~Q) dQ.

J TCJq TCJo
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5.2.4 Correlated Fading and Identical Diversity Branches

I f  the assumption o f  branch independence is slightly relaxed, then we may only get 

the optimal ^ in a closed-form for the exponential form of P^(e[ y) in correlated Ray­

leigh and/or correlated Nakagami-m fading channels. Following our treatment for the 

independent signal fading, the optimal switching threshold for the differentially coherent 

or the noncoherent binary modulation format is obtained by solving (6) = 0 for £ :

(6 , (^) exp ( - 6 : )  =  0 .  (5.23)

Substituting the marginal MGF for the correlated Nakagami-m fading channel with iden­

tical mean received signal strength (see Table 5.1) in (5.23), we get

m + bO. ( 1 — p)
p) {m + 6Q)_ ln| 1 + - I - (5.24)

which is a generalization o f  Eq. (24) in [34] for the differentially coherent binary signal­

ling scheme and for arbitrary m values. By setting the power correlation coefficient 

p = 0 , (5.24) reduces to (5.19). For other modulation formats listed in Table 3.1, is 

given by the unique real positive root o f (5.25), which will be determined numerically:

^ j " % ^ ( 8 ) ( ( ) ^ ( 6 ^ ( 8 ) ,^ ) ^ 8 - / ; ( ^ ) f ^ ( 6 | a) . (5.25)

5.3 Numerical Results
In this section, we provide selected numerical examples to show the generality of 

the new results derived in this chapter. The performance of the SWC (with optimum 

switching threshold) for different M-ary signalling constellations in Rayleigh and Rician 

fading channels are shown in Fig. 5.3. For the Rician fading channel, the CDF of signal 

power (for a single branch) is given by
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and

1 + K :

sÇï.-'r K- + 1
exp

—sK-Cl- 
^ s a .  + K.+ i ^

2K.  (AT. + 1 ) 2 i sQ.  + K.+ l ) ^
“ I J s c i . + K . +  r a.. (5.27)

where i e  {.r,y} , and Q { J2a ,  J i b )  = j exp {—t — a) /g i l j a t )  dt is the Marcum-Q
 ̂b

function.

 without diversity
 SWC with optimum t

(a) K = 0
(b) K. = 6.5

M = 64

10" '

35 4015 20
Average SNR per Channel (in d6)

25 305 100

Fig. 5.3 Performance o f MQAM with SWC in Rayleigh and Rician 
fading channels.

If the received signal envelopes from the two antennas are assumed to be independent 

and identically distributed, then Q.. = Q and K.  = K.  Substituting (5.26) and (5.27) into 

(5.13), we get a closed-form expression for (j). (.) , i.e..

-sKQ. 
sCi + AT + 1

X (5.28)
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and the optimal threshold is calculated using (5.21). For Rayleigh fading, (5.28) 

reduces to

1
I

[ I — exp (—̂ * /Q )  + exp (—(^Q  + 1 )  Ç*/Q ) ] (529)

since O (0, P) = exp [—P / 2 ]  .

From Fig. 5.3, it is apparent that the diversity reception is a simple yet powerful 

technique for mitigating the effect of deep fades experienced in wireless channels. For 

instance, the dual-branch SWC system can reduce the penalty in the required SNR to 

achieve an error rate o f  = 10  ̂ for the 64-QAM by approximately 11 dB in a Ray­

leigh fading channel with respect to the no diversity case. The diversity advantage is 

greater for a larger alphabet size and in a poorer channel condition (i.e., as AT —> 0 ), as 

anticipated.

In Fig. 5.4, we examine the effect of power imbalance on the performance of 

BDPSK with SWC on a Rayleigh fading channel. Using (5.11) and (5.27), we can 

express the ABER as

1

1 -4  (^*)
(5.30)

where

F , ( : )  = l - e x p ( ^ / n , ) (5.31)

and

a . + 1exp a. (5.32)

are obtained by setting K  = 0 and .y = 1 in (5.26) and (5.27). The optimum switching 

threshold is given by the real positive root o f (5.33):
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-exp ( - ^ )
A r + l

-exp ( - 4 )

+ ̂ ( ^ ) n ^ 4 - i  Q ^ + i  ---̂
+ r^, 1 ) - ^  r ^ , i ) =  0

where A ( ^ )  and B (^)  are defined in (5.6) and (5.15), respectively.

 Optimum q* (Eq. (33))
 ‘mismatched* z  (upper)
 ‘mismatched’ q (lower)

4.5

3.5

Z5

0.5

14

Ox (in dB)

(5.33)

Fig. 5.4(a) Effects o f power imbalance on the optimal switching 
threshold for BDPSK in a Rayleigh fading channel.

In Fig. 5.4(a), the optimum switching threshold is plotted as a function of for the fol­

lowing four cases: (i) = Q^; (ii) = 20.^; (iii) Q.^ = 5Q^; and (iv) = lOQ^..

We find that the optimum threshold (corresponding to the solid-line curves) decreases 

rapidly as the ratio Q.yO.^ decreases. This trend can be explained by noting that when 

the power imbalance between the two diversity branches increases, then a lower threshold 

level is desirable so that the switched combiner will have an increased likelihood of 

choosing and staying in a “good” branch. Furthermore, a very large value for Ç only 

results in performance degradation due to bad switchings.
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The optimal switching threshold for the independent and identically distributed 

(i.i.d.) case can be determined in closed-form for three different forms o f conditional 

error probability, as derived in Section 5.2.3. For these cases, is also desirable if  we can 

provide an estimate o f in a closed-form for the nonidentical fading statistics situation. 

Exploiting the trends from Fig. 5.4(a) and using (5.19), it is possible to  bound the opti­

mal threshold for the exponential form as

- In  [(j)^  ̂(6) ] / b  < 4* < - ln  [(()^^(6) ] / b  (5.34)

where <j) ̂ ^ ( •) = max {(j)̂  (. ),  (j)̂  ( . )} (which corresponds to the M GF of the “weaker” 

branch), and the mean signal power used in is the average o f signal power

received from the two diversity branches, i.e., = (Q^ + Q^) / 2 .  These bound are

also plotted in Fig. 5.4(a). All the three curves coincide when and the optimal

threshold is much closer to the upper limit if  0.25 < < 4 , and the lower limit oth­

erwise. It is also noted that the lower limit of the optimal threshold for case (ii) and (iii) 

is given by of the i.i.d. case. We have also verified that the optimal threshold obtained 

using (5.19) and (5.33) are identical for case (i). Expressions similar to (5.34) can be eas­

ily derived for ( s | y ) in the form o f a 1-D complementary error function or a combi­

nation o f 1-D and 2-D complementary error functions.

In Fig. 5.4(b), we investigate the sensitivity of the ABER to the ‘mismatch’ in the 

switching threshold level. The solid and the dashed or the dash-dot curves correspond to 

the optimal threshold (calculated using (5.33)) and the threshold level predicted using 

(5.34), respectively. While there can be a noticeable difference in ± e  switching threshold 

levels (e.g., see the curves corresponding to = 2Q^ and = 5Q^. in Fig. 5.4(a)), 

the ABER performance appears to be not too sensitive to this variation. In fact, we find 

that the lower bound given in (5.34) can be viewed as a good coarse approximation of 

, and therefore attractive for rapid computation of the ASER or ABER. The discrep­

ancy between the true and approximate ABER curves becomes appreciable only when the 

mean received signal power imbalance is very large.
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 optimum (Eq. (33))
 ’mismatched' £ (upper)
 ’mismatched' £ (lower)

(in dB)

Fig. 5.4(b) Sensitivity o f the average bit error rate performance o f BDPSK to 
the mismatch in the optimal switching threshold on a Rayleigh fading channel.

Subsequently in Fig. 5.5, we study the effect o f dissimilar fading severity index 

on the performance of 8-PSK with SWC. The corresponding ASER of MPSK 

can be easily shown to be

sin~(k / M )  logylT 

sin”0
dQ (5.35)

where (j)..(.) is obtained by substituting (5.26) and (5.27) into (5.11), and then setting 

Ç1. = Q.. From Fig. 5.5, we can conclude that the optimal switching threshold and the 

ASER are not severely affected by unequal fading index unless the perturbation is very 

large. Once again the optimum switching threshold point shifts to the left as the discrep­

ancy between and gets larger. Now look at the and the SWC curves

corresponding to case (c) with Q  = 10 dB. While the SWC will always perform better 

than any of the two identical diversity branches for the entire region o f ^ (see the curves 

for case (a)), this may not be necessarily true if  the branch statistics are not identical. If
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^ is chosen to be very large, the performance of SWC will be dictated by the average 

performance of the two diversity branches (due to the random switching). On the other 

extreme (i.e., ^ is set to a very small value), the SWC closely resembles the performance 

o f the branch with better statistics. For the cases (b) and (c), we observe that the perfor­

mance o f SWC is actually slightly worse than as ç —> 0 . This is because there is 

always a finite probability that the “weaker” branch will be selected and the averaging of 

the error performance contribute to this phenomena. Comparison between the curves for 

case (b) and case (c) reveal that this gap actually diminishes as the difference between 

the fading severity indexes gets larger, as anticipated.

10" '

Ps'-* for Ky = 0 and f i  = 1 OdB

a =  I OdB

g 10

n =  I5dB

 Ps"“
 SWC

(a) K, = 3.5. K y -3  j
(b)lC, = 5.0. k ', = 2.0
(c)IC, = 7.0.1<, = 0

-5 0 S
Switching Threshold (in dB)

10 IS 20

Fig. 5.5 Effects o f nonidentical fading severity index on the optimal switching 
threshold level and the SER performance of 8-PSK signalling scheme.

In Fig. 5.6, we quantify the switched diversity receiver performance degradation 

due to branch correlation for the BDPSK modulation scheme. We have assumed both the 

diversity branches have equal mean received signal strength to isolate its effect on the 

ABER performance. For the correlated Nakagami-m channel, it is more convenient to 

rewrite (5.12) as (5.36) since both the integrals can be directly expressed in terms o f the
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incomplete Euler integrals:

1 m
r  (m) \ m  + 5Q

r  [m, Ç (5  + m/Q.)  ] + Y /w.
^ ( s  + m/D.)

I + 5 Q (I  — p )  / m J ,

(5.36)

where j ( a , x )  = f  exp (—t) ^d t ,a>0  is the incomplete Gamma function, and its

companion is defined as E (a, %) = F (a) — y (a , x) = exp (—t) dt (known as 

the complementary incomplete Gamma function). Now substituting (5.24) and (5.36) 

into (5.9), we get a simple closed-form expression for calculating the ABER o f  BDPSK 

with optimal switching threshold, namely = 0.5(j)_(l) . When the power correlation 

coefficient p increases, the switched diversity receiver performance degrades due to the 

increased likelihood of simultaneous deep signal fades at the branch inputs.

10" tn = 0.5

m = 1 J .

(b) (a)

< 10

: (a) p = 0 (independent)
; (b) p = 0.5 
. (c)p = 0.9 
; (d) p = 0.95 

(e) p = 1 (fully correlated)

10''

15 20 25
Average SNR per Channel (in dB)

Fig. 5.6 Effect of branch correlations on the attainable switched diversity gain for 
BDPSK modulation format in Nakagami-m fading channels.



124

From Fig. 5.6, we can also conclude that the low branch correlation has negligible effect 

o f  the achievable diversity gain and the average SER performance does not seriously 

deteriorate unless p » 0 .5 . Even with a high value of correlation a significant diversity 

improvement can still be realized, particularly in channels that experience severe deep 

fades. For instance, the diversity gain in a Nakagami-m fading channel with fading index 

m = 1.3 is more ± an  9 dB and 6 dB at = 10 for p = 0.5 and p = 0.9, respec­

tively. When the two branches are completely correlated, the ABER curve for SWC col­

lapses to the no diversity case as expected.

Finally in Fig. 5.7, the ASER o f  7t/4-DQPSK are plotted as a function o f switching 

threshold for the correlated Rayleigh and Nakagami-m fading channels with nonidentical 

mean received signal strength. Using (5.8) and (5.9), and then following the development 

o f (5.36), we can express the corresponding exact ASER in terms o f a single integral 

with finite integration limits,

=  ^ j ^ 4>,(2 - 7 2 c o s e j^ ^ ^  1 r — 2 ------------------------------- 3

27cJo 7 2 - c o s O  27tJo - I I - J I c o s QJ

where (j)_ (.) is now given by

(m + )

(j)_(5) = ----------------------------
m. Q ( / w + ^ a  ( 1 - p ) )

[ l - ^ ( ^ ) ]  F[m, ^(5 + w / a  )] +^ (^ )y

r  {m) (1 s Q . y  m)"'

{m +
m.

r(/M)
(5.38)

and A(c,)  is evaluated using (5.6) with F. ( ^ )  = y (m, / T  (m)  for

/ e  {.r,y} . The second integral in (5.37) can be obtained from the first integral through 

geometric relations (see Eq. (10) in [38]). While increases as the chaimel condition 

improves (i.e., the optimum threshold level in Figs. 5.7(a) and 5.7(b) shifts to the right o f  

the x-axis as m increases), it declines as p gets larger. Fig. 5.7(a) also reveals that high 

branch correlation levels can seriously deteriorate the ASER performance in the presence
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o f  power imbalance, specifically if  the fading severity index is large. For instance, the 

SWC exhibits an inferior performance compared to the diversity branch y  alone even at 

the optimum switching threshold when p = 0.8 , Q  = l2dB  and Q = l 5dB.

10*'

m = I

S 10' m = 3.1

(a) p = 0 (independent) \
(b) p =0.5
(c) p =0.8
(d) p = I (completely correlated)

10 **

10 20-5 0 5
Switching Threshold (in dB)

15

Fig. 5.7(a) Sensitivity o f the ASER o f 7t/4-DQPSK and the optimal switching 
threshold level to the branch correlations in the presence o f dissimilar mean 
received signal strengths = 12 dB and Qy = 15 dB.

It is also interesting to note that the optimal switching threshold remains almost 

unaffected despite a large deviation in the mean received signal strength across the diver­

sity branches (see Fig. 5.7(b)). This in turn suggests that we can estimate for the 

power imbalance case by computing the optimal threshold for the identical branches with

n  = min {Q^, . This observation also validates the usefulness o f the idea estab­

lished in (5.34) for rapid calculation of the approximate ASER for several modulation

formats (i.e., if  a closed-form formula for computing is available) when the restric­

tion of identical fading statistics is relaxed.
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io“

m = I

(W
o  10'

10“  SWC

(a )O t=  12dB.£\.= I2dB
(b )£ l,=  12dB .£\ = 13dB
(c) = 12dB. = 16dB
(d) = I2dB, n ;  = ISdB

-S
Switching Threstiold (in dB)

Fig. 5.7(b) Effects of unequal mean received signal strength on the ASER 
performance o f tc/4-DQPSK and the optimal switching threshold level 
when p = 0.5.

5.4 Conclusions
In this chapter, we outline a concise, unified approach for evaluating SWC receiver 

performance for a wide range o f modulation formats and fading environments by directly 

deriving the MGF o f SNR at the combiner output. The derivative of the MGF is used to 

determine the optimal (in the minimiun error rate sense) switching threshold. Results of 

[34]-[36] are presented as special cases of our analysis. Closed-form expressions for the 

optimal switching threshold are derived for three generic forms of conditional SER prob­

ability by assuming identical fading statistics across the statistically independent diver­

sity branches. When the effect of branch correlation is taken into account, a closed-form 

formula for the optimal switching threshold is only available for the exponential form of 

conditional error probability in Rayleigh and Nakagami-m fading channels with equal 

mean received signal strength.
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Chapter 6 

Analysis of Selection Diversity in Bivariate 
Nakagami Fading

The error performance o f dual-diversity SCs over correlated Rayleigh and/or Nakagami- 

m fading channels has been analyzed by many authors (e.g., [21], [67]-[71]). The recent 

work o f Simon and Alouini [71] has rekindled the interest in this topic. In [71], the 

authors differentiate an integral representation for the cumulative distribution to get the 

PDF. Their resulting expressions depend on the branch power ratios and the power corre­

lation coefficient p [71, Eq. (3)]. They then use the PDF to average the conditional error 

probability for different modulation formats. Alternatively, if one derives the SC output 

MGF first, the performance o f a broad class o f  modulation formats can be obtained at 

once. Previously, Okui [67] derived a Gauss hypergeometric series for the MGF o f the SC 

output signal-to-noise ratio (SNR). However, his result [67, Eq. (7)] holds for the case o f 

equal average SNRs only. Fedele et. al. [69] generalize the results in [67] by considering 

the effect o f dissimilar mean received signal strengths.

Motivated by Simon and Alouini’s work and the fact that SC output MGF is the 

key to the performance analysis, we attempted to derive closed-form solutions for the 

average symbol error probability of binary noncoherent and differentially coherent modu­

lation formats using an approach similar to that o f [71] — which utilizes certain integral 

representations o f Q (a, b) . These take different forms depending on a >b ,  a = b or
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a < b  [72, 73]. During our attempt, we have discovered a number o f related results 

which are worthy o f reporting. Our results provide some new insights and supplement 

[67, 69, 71]. Our major results and comments are as follows:

(a) Using the integral representation of (a, b) [72], an exact closed-foi~m expres­

sion for the MGF o f SC output in correlated Nakagami-m fading for positive integer 

m can be derived. As shown in Appendixes 6B-6D, this however leads to fairly 

long expressions, which are somewhat complicated from a programming point o f  

view.

(b) We became aware o f a circular contour integral representation for the generalized 

Marcum-Q function [12]. Interestingly, unlike [72] or [73], it is valid whether a >  b , 

a =  b or <2 < 6 . As well, it encapsulates the modified bessel series expansions for

{a, b) , which are used in [72, 73]. Therefore, not smprisingly, we show that the 

representations due to both Simon [72] and Helstrom [73] follow from this contour 

representation. We also derive a new, single integral representation for Q ^ ( a ,  b) 

that is valid for a > b,  a = b or a < b .

(c) We have used this contour representation to derive exact closed-form expression for 

the SC output MGF in correlated Nakagami-m fading for positive integer m . Unlike 

[71], the resulting formula applies regardless o f the values o f the branch power 

ratios and p . For instance, the independent fading case can be treated directly by set­

ting p = 0 . Therefore, it leads to a compact, unified analysis o f a broad class o f  

modulation formats for dual-diversity SC in Nakagami-m fading.

(d) We also derive an infinite series formula for the SC output MGF with non-integer m .

(e) We show that Okui’s formula can be reduced to a finite series for the

case o f integer m and for m = 1 /2 .

In Section 6.1, we first introduce the circular contour integral representation for the 

generalized Marcum-Q function, and subsequently show that the alternative integral rep­

resentations for {a, b) due to Helstrom, and then later by Simon can be easily 

obtained from this representation by proper variable substimtion. Section 6.2 details the
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derivation o f the SC output MGF for both integer and non-integer fading severity 

indexes in bivariate Nakagami-m fading. In Section 6.3, we present several generic 

expressions for calculating the average bit or symbol error probability o f a broad class of 

modulation formats for a dual-diversity SC. The average error rate is expressed either in 

a closed-form (e.g., for binary signalling with differentially coherent or noncoherent 

detection schemes) or in terms o f a single integral with finite integration limits. Finally, 

the main points are summarized in Section 6.4.

6.1 Integral Representations for Q̂ {a,b)

Proakis [12, pp. 885] provides the contour integral representation for the general­

ized Marcum-Q function,

Ô» (“ . * ) =

where g {z )  = ( 1 / z  — 1) / 2  + 6” (z — 1) / 2  and F is a circular contour o f  radius r

that encloses origin. The singularities o f the integrand are at z = 0 and z =  1. There­

fore, by Cauchy’s theorem we can choose any 0 < /• < I . Now if  we choose r  = 1, then 

we need to remove the singularity at z = 1 on F by suitably deforming F (see Fig. 

6.1b). This representation holds regardless o f  a> b , a = b or a < b , and for any posi­

tive integer m . In the following, we will show that both Helstrom’s [73] and Simon’s [72] 

integral representations readily follow from (6.1) for integer values o f m .

(i) Consider the case a <b  (see Fig. 6.1a) where the circular contour F encloses origin

with a radius less than unity. Therefore, z in (6.1) can be written as z = with 

r < 1 and 0 < 0 < 27t . Now select r = a / b , so we immediately get

- a ' / 2  — , N  ̂ cftcosG—y ( m - 1)0
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where Z  is the set o f positive integers. Taking the magnitude o f the integrand, we 

obtain the new botmd

Q ( a , b )  < e
a

(6.3)
+ b-

which holds for any integer /n > I , whereas the bound due to Simon [72, Eq. (12)] 

holds only for m = I .

(a) r  = a/b  < 1 (b) r = a/S = I

(c) r  = a /b  > I

Fig. 6 .1 Contours o f a line integral for: (a) r  < I ; (b) r  = I ; and (c) r  > 1.

~)
(ii) Consider the case a = b (see Fig. 6.1b). Now g  (r) = a “ ( r + 1 / z ) / 2  —a ” and F

as shown in Fig. 6.1b. Hence,
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where Fj is the half-circle contour centered on z = I with radius s .  On F j ,  

2 = 1 — and —k / 2  < a <  k / 2  . Taking the real value of the first integral on the 

right hand side and letting 8 ^  0 , we obtain

(5.5)

This result (i.e., Eq. (6.5)) is in fact identical to [73, pp. 528] derived by Helstrom.

(iii) If  a > 6 , r  =  a / b  is greater than unity. So we need to consider the closed contour 

shown in Fig. 6.1c. The inner circle F has a radius less than unity, while the outer 

circle Fj has a radius o f a / b . Inside the closed contour, the only singularity of the 

integrand occurs at z = I . Hence using Cauchy’s theorem, we find

^  + = l i m ^ ^  (6.6)
27ty 1 _  , )  2 tzj T  ̂ -- = 1

The first integral is O (a, b) and z = ( a / 6 )  on F. . Therefore, we get

- a " / 2  —6 " / 2 /  , T aôcosG —y (m — I ) 0e \ b \  e
e„ *) -1 = — 27— b J  Jo‘ “ [F T IT T ''® '  ̂^

Note that (6.2) and (6.7) are identical to Helstrom’s results [73], except the integrands 

are in a complex format, and hence are slightly more compact. Since the integrals are 

real-valued, taking the real parts o f the integrands in (6.2) and (6.7) gives the exact same 

integral representations o f  Helstrom.

Similarly, Simon’s results [72, 40] are very closely related. For instance, consider 

the a < b  case. As in the derivation of (6.2), we can select z  = ( a / 6 )  . Note that the

magnitude of z is still less than unity, i.e., |z| < I . Hence using this new substitution in

(6.1), we find
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[e + jt/2]

[ b / a  —je/^~\
d%, m e  Z

132

(6.8)

Again, this representation is very compact, yet it is identical to [72, Eq. (7)], [72, Eq. (10)] 

and [40, Eq. (14a)].

6.1.1 Yet Another Simple Integral Representation for (a, b)

While the contour in Fig. 6.1b is used for the a = 6 case, it can also be used when

a ^ b . Therefore, if we use z = in (6.1) along with the contour in Fig. 6.1b, we may 

obtain a new integral representation for the generalized Marcum-Q function. Now

g( z )  = ^ ^a" + 6 " j [ c o s 0  —1] 4 -/ — j s i n O .  H e n c e ,

i  [ a ~  +  6 " ]  ( COS0 — 1 —y s in 0 )  —y (m  — I ) 0
1 fSTt-eg-

[ 1 - / ]
-d% +

2tty f  . (

r(r)

1 - z )
-dz (6.9)

Taking the real value o f  the first integral on the right hand side and letting s —> 0 , we 

obtain

:^ (C O S 0 -  I) [a" +  b'~ \

i - c o s e ^ ^ ' -2ti

2 r "'“I ^tn
1 1 c2 ti - s i n  ( 0 / 2 ) [ a ‘  + 6 ‘]

~ 2 ^  4^J 0 ^

where \(/(0) = cos j^(w—1) 0 + |sin0

(2w - 1 ) 0 +  [ a " - 6 “]s in 0
(6 .10)

sin ( 0 / 2 ) dQ

— cos mQ + ^ a ~  — b~ |sin0 and

m e  Z . To the best o f our knowledge, the above expression is new, and it holds for a  < ô , 

a = b or a> b . Also notice that if  a  = b , (6.10) reduces to (6.5).

Since the integrand in (6.10) contains a factor \_a~ — b~~\ inside the sin (.) term, it is not
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suitable for the average error rate analysis o f  noncoherent digital communication systems 

over fading channels where a = a ' J ÿ ,  b = b ’-Jy and a'  and b’ are modulation format 

dependent constants. In this case, further averaging over the distribution o f  y is neces­

sary. However, it can be utilized to obtain very concise outage expressions.

6.2 Derivation of the MGF of SNR at the Output of a 
Dual-Branch SC Combiner

The joint probability density function (PDF) o f  the bivariate Nakagami-m fading is given 

by [74],

4 (xy)

r ( m ) Ç ï ^ Ç l , ( l - p ) y a ^ C > , p
r  ~> ? -1 \  /

m — 1

exp - 1
1 - p lQ [ Q-2̂ m — I

i j p x y

 ̂~ P )
o&dl)

where x > 0 , y  > 0 , p = cov[x“, y~~\ /  Jvar[_x~2 var\_y~~\ , p 0, 1, Q j = {x / m \  , 

Q , = {y~/m}  and m is a positive number greater than 1 / 2 .

Then the CDF o f signal envelope at the output o f SC combiner is

F ( r )  = r  ( f { x , y ) d x d y . •’o-'o (6.12)

Now differentiating (6.12) with respect to r ,  we obtain the PDF of the signal envelope.

A O  = r r ) d x - ^ ( f ( r ,  y)  d y . 
•*0 •'0 06 13)

From the definition o f the m -th order generalized Marcum-Q function [12],

Q„{a ,b )  = e x p (~-  ̂ ] l ^ _ ^ { a x ) d x  (6.14)

we can show that
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m —l /  2

exp. ^
'0 '  '  ' - (2c)

if  a > 0, i? > 0 and c >  0 .

Substituting (6.11) into (6.13) and using identity (6.15), we get

/■(/') = ViC'*)

+ (/-)

2/77 — I

 ̂ U ( i - p ) n / V ( i - p ) a 2
(6.16)

where Mfj (r) = 2r

r ( / » ) n ; '
exp

/' 7\
—r

. 4 ,
,y e  {1,2} , is introduced for ease o f notation.

Now, the desired MGF may be evaluated as

(j)(5) = j j e x p [ - 5 r " j / '( r ) i / r . (6.17)

6.2.1 Integer Fading Severity Index

Clearly, the solution to the definite integral (6.18) is required to solve our problem on 

hand:

I ^ { p , a , b )  = Ç x'"'  ^exp[-/7.v"J [ 1 - 0 ^  (a.r, bx)  ] dx

_ F(m)

2p
j j  .r"'” ‘ exp [  -px~  J ( ax, bx) dx

(6.18)

where Real {p}  > 0 . From (6.1), we have

(6.19)

where g ( z )  = a ” ( l / z —l ) / 2 - i - 6 ~ ( z —l ) / 2  and F is a circular contour o f radius less 

than unity that encloses origin. This representation holds regardless o f  a> b , a = b or 

a < b .
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Now substituting (6.19) into (6.18) and performing the integration with respect to 

X first (changing the order o f integration is valid because both the integrals are conver­

gent), we find

dzJ___L r__
-p" r ( l - z ) z " [ ; 7 - g ( z ) ] ' " j

which can be rewritten as

(6 .20)

(p, b) = 1 ( - 2 Y  1 r dz (6 .21)

where ccg = \^2p + a~ + b~ j / b ~  and = { a / b ) ~ . The denominator o f the integrand 

in (6.21) has two positive roots, namely

_ -  L 2 1 _ 2 p  + a~ + b~ + J l 2 p +  (a + b)-^  [ i p  + ( a - b ) ~ ,
-  2 L“ o + -----------------------------------------— ^---------------------------------

It can be easily shown that 0 < < 1 and r ,  > 1. Therefore, applying the residue theo­

rem, we get

/  (p, a, b) _ r (m) 1 2 y d
 ̂ I dz

( m - l ) 1

(1 - z )  ( / - , - z )

Now invoking the Liebnitz’ differentiation rule [52, (0.42)]

k  =  0

(v) .

and after simplifications, we obtain a closed-form solution for I  (p, a, b) :

(2 6 )-"  " U V ( m  + A')

p"' [ Y i Y - X ) ] " ' k  = o

1

(6.22)

(6.23)

(6.24)

where X  = 2p + a~ — b~ and Y  = J\ j2p + (a + b) "] \_2p + (a  —6) .
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Obviously (6.24) holds only for integer m . Besides, we would like to point out that (6.24) 

is equivalent to [67, Eq. (6)] but simpler than the latter. Therefore, the MGF o f  SNR at 

the SC combiner output in bivariate Nakagami fading can be conveniently evaluated 

using expression (6.25):

4)(^) = Z
1 2p

, - = i , y ^ , - r ( m ) a ”  Q / ^ ( i - p ) a . ’^ ( i - p ) a ^ .

Im m - \
  r  (ot + k)

where

(6.25)

7Q.(i-p)/2 J [ s n p j ( i - P )  +Q. + a.]--4pn.Q̂ .
^'7 a / Q . - 1  + 50^.( 1 -  p) “  '/ s a p .  ( 1 -  p) + o^.- Q.

•In Appendix 6A, we also show that it is possible to derive yet another closed-form for­

mula (finite series expression) for the MGF with the aid of the integral formula identity 

[67, Eq. (6)].

6.2.2 Non-Integer Fading Severity Index

If  the fading severity index is not an integer value, then the methods discussed thus 

far are no longer applicable because we cannot simplify the contour integral through the 

use o f residue theorem. In this case, the infinite series found by Tan and Beaulieu for 

computing the CDF of bivariate Rayleigh and Nakagami-m fading is a good alternative. 

The CDF of SNR at the SC combiner output is given by [74, Eq. (3)],

Z  + (6.26)
k = Q
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where ^ / e  {1,2} and y ( a , x )  = f exp ( - r )  Vf, [Re {a} > 0 ]
pj JQ

is the incomplete Gamma function. Therefore, the PDF o f the signal envelope can be 

readily expressed as

n r )  =

= S ( i - p )
r  (m) ^  T { m + k ) k \

i = l . j ^ i  k  = Q

30
P  2ni + 2 k - \  r  c  2-1 r  ^  ^  l i

(6.27)

Substituting (6.27) into (6.17) and after simplifications (with the aid o f [52, (6.455.2)]), 

we obtain the desired MGF as.

«|)W = X ( 1 - p ) '
k

r  (m) ^  Y { m + k ) k \
i = \ . j * i  k  =  0

5,-5/ i m + t

1, 2 {m-k k) \m + k-k I;

r  {2m + 2k) 
m + k

(6.28)

To the best o f our knowledge, the expression (6.28) is new and holds for arbitrary m > 0.5 

values. This MGF can be used to unify the performance evaluation o f various modulation 

formats in Nakagami-m fading with arbitrary parameters. Although the above expression 

also holds for integer m , the finite polynomials derived in Section 6.2.1 is recommended 

to increase the computational efficiency.

6.3 ASER of Binary and M-ary Modulation Formats 
with Dual-Diversity SC

In this section, we present some applications of our new MGFs as a tool for unified 

analysis o f a broad class o f modulation formats employing dual branch SC in Nakagami 

fading with arbitrary parameters. Craig [76] outlined a simple method for computing the 

conditional error probability o f  an arbitrary two dimension signalling constellation.
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Using an alternative exponential form for the erfc (Vy) and erfc (Vy) , we can show 

that the conditional error probability for the binary and M-ary signalling constellations 

(coherent, differentially coherent and noncoherent modulation formats) as a special case 

o f the following generic form [66],

= ^ | % ^ ( 8 ) e x p ( - Y 6 ^ ( 8 ) ) ( / 8  (6.29)

where a^(8)  and 6^(8)  are coefiBcients independent o f y but may be dependent on 0 . 

Then the ASER can be expressed in terms of only the MGF o f the resultant SNR:

= g j " % t ( 8 ) ( { ) ( 6 ^ ( 8 ) ) ( / 8 .  (6.30)

It is clear that the evaluation o f generic ASER expression only involves a single 

integral with finite integration limits since we have a closed-form solution for the MGF. 

Unlike the development of [71, Eq. (59)], no further manipulations are necessary. Fur­

thermore, the evaluation for the independent fading case can be directly obtained by sub-

stimting p = 0 in our expressions. More importantly, our expressions (e.g., (6.25), (6A.4), 

(6A.5), (6.28)) are not conditioned on the ratio between the arguments of the Marcum-Q 

function.

If  the conditional error probability is in the exponential form, namely 

y ) = (2 exp {—by) , then we also have a closed-form expression for the ASER.

For instance, the average bit error rate performance for binary DPSK and noncoherent 

FSK with dual-branch SC is given by

=  (6.31)

where [a = 1 /2 , 6 = 1] for binary DPSK and [<2 = 1 / 2 , 6 =  1/2]  for binary orthogo­

nal FSK. As well, when m = 1 (Rayleigh fading), we get



139

(2A ) ~

■ , . S . , W * V T

where A.j and B.j are as defined in (6.25). Eqs. (31) and (32) in [71] follow at once from 

(6.32). Also notice that (6.32) (unlike Eq. (32) in [71]) is independent o f the ratio between 

the arguments o f the generalized Marcum-Q function even when p 0 . Similarly for inte­

ger m and p = 0 , Eq. (57) in [71] follows at once from (6.25).

If  the conditional error probability is of the form ( s | y ) = a erfc (Jby  ) (e.g., coherent 

binary PSK or FSK), then the ASER can be expressed as

Pc = — f^ '( t)[6 csc“0 ] i/e .  (6.33)
TC JQ

Similarly for P^ (e |  y) = aerfc {Jby)—cQrfc ( V ^ )  (e.g., square QAM, quaternary 

PSK, coherent detection o f differentially encoded PSK) the ASER is given by

P ^ =  \-bCSC-0] d% -  4) [b CSC“0] dQ . (6.34)

6.4 Conclusions

This chapter makes a number of contributions: (a) we derive closed-form expres­

sions for the MGF for integer /w ; (b) we derive an infinite series expression for the MGF 

for non-integer m ; (c) we point out that Okui’s result can be represented as a finite poly­

nomial expression for integer m and inverse sin (.) function for m = 1 / 2 ;  (d) we 

show that the two previously reported alternative integral representation for (a, 6) 

can be directly obtained from ± e  contour integral representation [12]; (e) we derive a 

new, single integral representation for (a, b) (with finite integration limits) that is

valid ïor a> b , a = b ov a <b \ and (f) we also show that closed-form expressions for
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the MGF o f SC combiner output in a bivariate Nakagami-m fading can be obtained using 

integral representations for (a, b) given in [72] and [73]. The details are provided in

Appendixes 6B-6D for completeness and comparison purposes (also some o f the deriva­

tions such as (6C.4) or (6C.6) seem not to be reported anywhere else). To enable the 

error analysis, we derive the required MGF for both cases of identical and dissimilar 

mean received signal strengths. The evaluation for the independent fading case can be 

directly obtained by setting the power correlation coefficient to zero in our expressions. 

The closed-form formulas can be directly used to determine the error performance o f a 

broad class of modulation formats with dual-diversity SC over independent and corre­

lated Nakagami-m and Rayleigh fading channels.

Appendix 6A
Using the integral formula identity [67, Eq. (6)],

2— 2^"- Y( 2/ 7z) 6- " 'px~""   ̂exp[-p .r“ J [ 1 - 0 ^ ;  (ax, bx)  ] dx  =
° r ( m  + l) [ Y( X+Y) ]

X .jFj [1 —/n,/n; ( 1 + m; ( 1 —X / F ) / 2 )  ], p  > 0, m > 0.5 (6A.1)

we can easily get an analytical expression for the MGF of SNR at the SC combiner output 

involving Gauss hypergeometric series , i.e.,

 ̂_ 2-"r_(2/»)
 ̂ r ( m ) F ( / n  + l)

1I m

X y  --------- X - ---------   ,F  f  1- m ,  m ; l + m ; |  ( 1 -  I / s ,,) 1 (6A.2)

“  (a) (b)  7"
where (a, 6;c;z) = V  — is convergent for |z| < 1, A. ,  and 5-. as - I (c) n\ J J

n  = Q "
defined in (6.25), and notation (.)  ̂ denotes the Pochhammer’s symbol. Eq. (6A.2) gener­

alizes the result in [67] for the case o f  dissimilar signal strengths. For the particular case o f
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Q j = (6A.2) reduces to [67, Eq. (7)]. It is also noted that (6A.2) is valid for arbitrary

m >  1 / 2 .

For integer m > 2 , the Gauss hypergeometric series has also a finite series representation;

m — I

since 1 — w is equal to a negative integer. In fact, (6A.3) is also valid for m = \ since 

(0, b;c\z) = (a, 0;c;z) = 1 and therefore the right-hand side o f the finite

series reduces to unity. Hence, (6A.2) may be conveniently evaluated using

4>(-s) =
Y { l m )

r (m) r (/7Î + 1)

z
2m m —\

(= I,y„- [n,S,y ( 1 + S,y) ] " „ .  0 

for positive integer m .

(6A.4)

One may also express (6A.4) in terms o f  Jacobi polynomial using identity [52, (8.962.1)]:

2 .2m
4 , ( 5 )  =  Ÿ ^ ( 6 A . 5 )

If m = 1 / 2 ,  then (6A.2) may be simplified as

S sin 7 ( 1 - 1 / S  ) / 2 (6A.6)

with the aid o f identity [52, (9.121.26)].

Although the preceding development constitute only minor extensions o f [67], none of the 

recent papers on this subject highlighted the availability o f closed-form solutions for the 

above cases. In fact, more complicated formulas were derived instead and they are not in
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closed-form (e.g., simplicity o f the results given by (6A.4) and/or (6A.5) should be com­

pared to Eq. (55) given in [71]).

Appendix 6B
Recently, Simon and Alouini obtained an analytical expression for the MGF in terms of a 

single finite-range integral by utilizing an exponential representation for the generalized 

Marcum-Q function [73, 75] when integer m > 1. In what follows, we will show that it is 

also possible to obtain closed-form expressions for the desired MGF (for both the identi­

cal and nonidentical diversity branches situations) in Nakagami fading directly from the 

integral representation o f (a r, br) . From [73], we know that the integral form for

O (a ,  P) varies according to a  < P , a  = P or a  > P :

( a . P)

/7„ , ( a ,p )  if a < p  

1 / 2  + / / ^  ( a ,  a)  if a  = p 

l + / 7 ^ ( a , P )  if a > P
(6B.1)

where the finite-range integral H  (a , P) is defined by [73, C-26]

/ 7 ^ ( a , p )  = a [ ^ ]  exp 

1

— (P — g) 
2

Pcos (ffl — 1) 9 — a cos m9  

a ” + P“ —2gpcos 0
X — Iq exp [ - a P  ( 1 — cos 6) ] dQ . (6B.2)

6B.1 Identical Diversity Branches

When Q , = = Q , (6.16) reduces to

f { r )  = 2vi/(r)
( l - p ) Q

for 0 < p < 1 (6B.3)

For this case, it is obvious that we can replace (ar, br) with (a/% br)  since b > a .  

Combining (6B.3), (6B.2), (6.17) and then invoking identity [52, (3.381.4)], we obtain
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= - - - - ? ---------f  f t c o s ( m - l ) 9 - a c o s m e  (6B.4)
( jQ + l ) ™  Ca” + 6” —2a6cos6] I —aècosG)”'

? 1

a~ + yBy introducing parameters a, = —— > 1 and <3-, = ^  > 1, (6B.4) may be restated in
z a b  ~ a b

a more desirable form.

(j)(5) = ------ ± ^  (6B.5)
( 5 Q + 1 ) ^  ® (a ,  — COS0) ( a ,  — COS0)™

mwhere l / X  = D. a b . The denominator of the integrand in (6B.5) can be expressed in

terms o f partial fractions as.

, m m + I —k
J  ^   M:________ y  ______

(a ,  — COS0) (a^ — cos0)"‘ ( a , —cos0 )" ‘ jt= i (a-, — cos0)^
- (6B.6)m \Tf

= z — ^
A: = 0 (5 .̂—COS0)

r a ,  if Ar=0 J  if  A: = 0 J  1 if ^ = 0
where «r-= |  ,,, ;f = 1 ;f  i-> , ’ I*  = j  i' if t-> 1

p. — 1 / («2 —<2j) .

Finally, the desired closed-form solution is obtained by substituting (6B.6) into (6B.5) and 

using the results from Appendix 6C:

m

Z  ' * ' . [ < ■ "  (5r) - C ’
( ^ n + l )  i- = o (6B.7)

= ------ ------------ —/(s ' + I / Q ,  m, <2 , b)
( s Q + 1 ) ' ” o '"

where /^^^ (8^) and I { s  + I / Q ,  m, a, b)  are computed with the aid of (6C.4) or (6C.6) 

and (6D.5).
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6B.2 Nonidentical Diversity Branches

Let us denote and assume that Q j > without any loss o f  generality.

Now we can rewrite (6.16) as

= ¥ 2 ( 0  +v| i j(r) [ l - 0 ^ ( â r ,  6 r ) ] (6B.8)

where à = 2p
( I — p) Q ,

b =
( I - - P ) O ,

, a
2 p and b =

( 1 — p) n .

It is clear that b> à always, and therefore (âr, hr) may be replaced with

(â r , hr) . However, à  > 6 if  p > Pg ; à = 6 if p = Pg ; and a < h  if  p < Pg .

Using (6B.I), we can express (6B.8) in a desired form, i.e.,

5 ( p - P o ) ‘
f { r )  = v|/, (r) “ (Po“ P) 6 r ) 8 ( p - p g )

-\{ /2 ( r ) / f ^ ( à r ,  a r ) Ô ( p - p g )  +V|/j(r) [ } - H ^ { à r , b r ) ~ \ (6B.9)

where u{ t )  =
1 if  f > 0 j l i f r  = 0
0 if  r < 0 unit-step function, 6(f)  =1 q  ̂^  g is the unit-

J 0 if  f = 0
impulse function and its complementary is given by 6 (f) 1 i f  f # 0  '

A closed-form expression (finite series representation) for the corresponding MGF can be 

readily obtained using (6.17) and Appendix 6D:

(j)(5) = 1

( , ( %, +1)
“ ( Po ~P )

5 ( P - P g )

— \ - i [ s + 1/ 0 2 , a, Àl6(p-pg) - - ^ / ( 5 +  i/Oj,  m, a, a )5(p -pg)

(5 0 i + i)  a ;
s + 1 /0 , ,  m, a, b (6B.10)
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When Q j = (6B.10) reduces to (6B.7) since p < Pq. While we have derived much

simpler expressions for the MGF o f SC combiner output (e.g., Eq. (6.25) and (6A.5)), the 

results presented in Appendix 6C and 6D may still serve as a useful reference since they 

provide new closed-form formulas for some integrals related to the Marcum-Q function.

Appendix 6C

Consider an integral o f the form

/ ( - ) ( « )  = cos(m9)
2rtJo [ a _ c o s ( 0 ) ] ”

(6C.1)

where m>Q,  « > 1 ,  a > \ , m and n are integers. Now making variable substitution 

z = exp (/9) , (6C.1) can be restated in terms of a circular contour integral with unit 

radius, i.e..

m + n  — \

=  I [ z  —l a z  + l]
- dz . (6C.2)

Since the denominator o f the integrand in (6C.2) has two positive roots, namely 

= a — Ja~ —I < 1 and r., = a + Ja~ — 1 > I , the contour integral has an «-th order 

pole. Invoking the residue theorem, we get

( n — l ) \ d z

m +  n —l

(6C.3)

Now applying the Liebnitz’ differentiation rule (see Eq. (6.23)) and after simplifications, 

we obtain a closed-form solution for (a)  :

(a) = 2 ' ' [ a - J a ~ - l Y

— I l l  2« — k  — 2 
n  — 1

k  =  0

a — Jia ~ - l

\ J a -

2n —k — I

(6C.4)
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For instance, (a) = ^a — Ja~ —I / J a ~ — I , which is similar to [52, (3.613.1)].

Alternatively, using identity [52, (9.112)] we can show that the integral (6C.1) is associ­

ated with the Gauss hypergeometric series via relationship.

,n + ni
(6C.5)

where notation Ç = a — J a  — 1. Now applying Kummer’s transformation formula [52,

(9.131.1)], we get

r
n ,  1 — « ; 1  +

m \ r  (n) 1 —Ç C'-lJ

^  Ç  Y '
kÇ - I ,

_ 2" ;
n + m

l - C

P
■y \n 1

1 + C  
i i - r v

, ( a . p )where ' (x) denotes the Jacobi polynomial.

(6C.6)

Appendix 6D
Let us define

I (c, m, a, 6) = ^  (ffl) ^ e x p [ -c r “j / f ^ ( a r ,  6 r ) i/r  (6D.1)

where m assumes a positive integer value.

Substituting (6B.2) into (6D. 1) and rearranging the order o f integration, we get

, ,  1 f2î^Z)cos (m —1) 0 —acosmG l a  ( b

2m-I r 
X r  e x p j ^ - r^ e x p | - r “ [ c  +  | ( Z >  — < 3 ) “  +  < 2 0 ( l  — C O S 0 ) drdQ . (6D.2)
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Since the integration with respect to the random variable r  can be carried out using the 

identity

i n - i  f , r («) _ „ 1X expl —qx )dx = — for q > Q , n >  - ,  
Jo \  /  2?" 2

(6D.3)

equation (6D.2) reduces to

Tf 1 1 bcos ( m — 1) 9 —ÛCOSm 0 dQ
( ô j —COS0) (Ô, —COS0)

(6D.4)

, o + 6 J o 2c + a +bwhere &, = ——— and = ----- — r------ .
‘ l a b  - l a b

By expressing the integrand o f (6D.4) in terms of partial fractions [see Eq. (6B.6)], and 

then using the result o f  Appendix 6B, we can show that I  (c, m, a, b) also has a closed- 

form solution:

I i c , m , a , b )  = 1 f  f  a b ^ ^  r ,  Am-i )

- E
k = I

t )
m+ I—k , (m)

For the special case o f w = 1, (6D.5) reduces to

(6D.5)

/ (c, 1, a, b) — — a ~ - b ~  + l c

_ V [ ( a  + 6 ) -  + 2 c ] [ ( a - 6 ) -  + 2c]
- I (6D.6)
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Chapter 7 

A Reduced Complexity Rake Receiver 
Structure for High Speed Indoor Wireless 
Communications

Direct-sequence spread-spectrum multiple access (DS/CDMA) has been proposed for 

future personal communication networks (PCN) due to its inherent advantages in terms of 

statistical multiplexing, fading immunity, soft-handover capability, interference suppres­

sion and overlay communication. In addition to multiuser interference, the deep fades 

experienced on wireless channels remain a serious problem to ensure a reliable communi­

cation, particularly for the narrowband systems.

Diversity reception has long been recognized as a powerful technique for mitigat­

ing the detrimental effects o f channel fading. In Chapter 3, we have briefly reviewed vari­

ous forms o f diversity techniques commonly used in the cellular radio communications. 

A thorough treatment o f the diversity schemes and the signal combining techniques may 

be found in [21] and [2]. Among these approaches, selecting the branch with largest 

received composite signal for demodulation is the simplest option but yields inferior per­

formance compared to the optimal maximal-ratio combiner (if accurate channel fading 

estimate is available).

In wideband DS/CDMA systems, it is natural to exploit the autocorrelation proper­

ties o f the pseudo-random spreading signature waveforms to resolve and combine the 

multipath components to obtain multipath diversity. Resolvability can be achieved if  the
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signal bandwidth is larger than the coherence bandwidth of the channel. In other words, a 

multipath can be resolved if  the time difference between the first arriving signal and the 

consecutive multipaths is greater than a chip duration. Various diversity combining tech­

niques may be employed to achieve a good compromise between the performance and 

implementation complexity. Kavehrad and McLane [78] analyzed the average bit-error 

rate (BER) performance for the conventional selection diversity^ (SNR/SD) and the max- 

imal-ratio diversity (MRC) over a frequency-selective Rayleigh fading channel by assum­

ing a uniform multipath intensity profile (MIP). In [79], Eng and Milstein studied the 

performance o f MRC in a Nakagami fading environment with a decaying multipath 

intensity profile. Subsequently in [80], the authors examined the performance of a pre­

selection maximal-ratio combiner over Rayleigh fading channels. The analysis was 

extended in [81] for a Nakagami fading environment. In this chapter w e will investigate 

the performance o f a low-complexity rake receiver architecture" which simply selects the 

finger with the largest magnitude of the received composite signal (and therefore suitable 

for high-speed wireless links).

In a related work [82], Chyi et. al. investigated the performance of two receiver 

structures for M-ary orthogonal signalling over frequency non-selective Rayleigh fading 

channels. More recently, Neasmith and Beaulieu [83] have investigated the performance 

o f four receiver structures for noncoherent FSK signalling and two receiver structures for 

DPSK signalling employing selection diversity over a frequency non-selective Rayleigh 

fading channel. They have shown that in an identical mean signal strength scenario, the

1. If the £th  order diversity is employed and the mean noise power is assumed to be identical for all 
branches, then the decision criterion reduces to m ax[|a j , i  =  I, where a .  is the channel gain
from the i  th branch. In this situation, it is evident that selecting the branch with the largest SNR is equiv­
alent to selecting the branch with the largest signal power or amplitude.

2. In practice, measurements o f SNR may be difficult or expensive especially for high signalling rates. To be 

most effective, the system should be able to make its selection in a period o f time equal to or less than the 

interval o f the shortest signal that will be transmitted. Consequently, the branch with the largest ampli- 
mde o f the received composite signal is chosen.
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practical S+N (or in our case MA/SD) rule (based on choosing the diversity branch with 

the largest amplitude of the received composite signal, i.e., signal plus noise) yields supe­

rior performance compared to that o f  SNR/SD scheme (which is based on choosing the 

diversity branch with the largest signal to noise ratio) owing to the stochastic nature o f 

the noise. Subsequently in [84], performance o f two different selection diversity rules 

have been examined in the presence o f a specular component for asynchronous DS/ 

CDMA systems with coherent BPSK demodulation. Our result validates the previously 

established and explained phenomena concerning selection diversity systems that 

appeared in [82] and [83], but for coherent signal detection. Moreover, numerical results 

in [84] reveal that the MA/SD scheme exhibits comparable performance with that o f the 

maximal-ratio combiner in environments where a strong specular path is available (better 

channel conditions) and for small diversity orders. It should be emphasized, however, that 

these conclusions were drawn based on the assumptions that all the statistically indepen­

dent diversity branches have identical fading parameters and equal mean signal 

strengths. As well, the analysis is restrictive in the sense that the fading figure was con­

fined to the set of elements that are multiples o f 0.5 and assumed to be identical on each 

diversity branch.

By contrast, in this chapter we move away from these restrictions and study the 

effectiveness o f the new selection diversity mle in more realistic channel conditions. Due 

to the random nature of the propagation channel, it is more realistic to assume that the 

mean signal strengths and/or the fading parameter may be different (and may assume an 

arbitrary value) for the different diversity branches. This may well be the case in an actual 

mobile link, since the radio waves take different paths and may undergo different fading 

before arriving at the receiver. Subsequently, the performance o f the proposed rake 

receiver configuration is compared with that o f MRC by considering the effect o f  Gauss­

ian error in the combiner weighting factors.
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7.1 System Model
The delay spread encountered in indoor radio channels are very small and the maxi­

mum multipath delay spread is typically in the range o f 200-300 ns. For instance, the chip 

duration (after Nyquist pulse shaping) of a DS/CDMA signal which uses the binary mod­

ulation format and employs a transmission bandwidth of 1.25 MHz will not give rise to 

path diversity in an indoor wireless channel, resulting in a frequency non-selective fad­

ing channel. However, the maximum multipath delay spread is usually less than the sym­

bol duration 7^, and therefore intersymbol interference (ISI) can be assumed to be 

negligible. The application of micro-diversity techniques becomes even more crucial in 

indoor wireless channels (characterized by high-rate traffic but with low mobility users), 

because in such scenarios, coding with interleaving approach will not work effectively to 

combat multipath fading. This is because the interleaving time span need to cover inde­

pendent fades, and therefore requires a very large memory. At the base-station, antenna 

diversity may be employed to achieve the desired performance. Whereas, multipath 

diversity is more feasible for portable units.

Intentional 
Time Delay

Data Signal 
bk(t) •

Spreading Code

^COS(O)^t)

Fig. 7.1 Transmitter Diversity with Intentional Time-Offset
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An effective way to overcome this problem is by implementing transmitter diversity 

[77], which artificially creates multipath o f sufficient delays for the rake processor to 

work effectively [see Fig. 7.1]. The signals received from the neighboring antennas are 

distinguished by PN temporal processing. When path diversity is available, the transmit­

ter diversity will increase the effective order of diversity. The impact o f the emulated fre­

quency-selective channel via transmitter diversity is two fold. First, due to the increased 

diversity order, the required signal-to-noise ratio for a prescribed error rate is lowered. 

Secondly, the variance o f the multi-access interference is reduced, thereby increasing 

capacity. However, it should also be realized that while multipath allows us to gain diver­

sity advantage by employing a rake receiver, it has the undesirable effect o f  accentuating 

the effect of multiple-access interference.

7.2 Error Probability Analysis
The sample (decision statistic) of the received composite signal at a sampling 

instant can be described in a compact form as in [84],

C  = a .6 Q + « . (7.1)

where a.j = J P / 2  is the fading sample, rij is the MAI (multipath and multi-user 

interference plus AWGN noise) sample with variance err, and is the polarity of the 

data bit being detected. Also, Oy and rij are assumed to be statistically mutually indepen­

dent Nakagami and Gaussian random variables, respectively. Subscript / corresponds to 

the /th  copy of a signal available at the rake receiver for detection, / e  { 1 ,2 , . . . ,  M}  , 

where M  corresponds to the order o f diversity (i.e., number of resolvable multipaths). 

Since ctj is a Nakagami random variable, it has a probability density function (PDF) of 

the form,

/„ ( « )  = ^  (7.2)
F ( ^ ) a  “

where w(.) denotes the unit-step function and T (.) corresponds to the Gamma func­
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tion. The scalar m in Eq. (7.2) is defined as the ratio o f  moments, called the fading figure, 

w = Q “/ £ ’[(7?" —Q)~] > 0 .5 , where £ [ . ]  denotes the statistical average (or mean) 

function, and D. = E  [i?“]  .

7.2.1 Maximum Amplitude Selection Diversity (MA/SD)

When the branch with the largest received composite signal amplitude is chosen 

[see Fig. 7.2], the average probability o f bit error is given by.

Pb = = for all i ^ j )
7=1

Using the transformation Zj = i^./Oy , /  = 1 ,2 ,. . . ,  M , Eq. (7.3) can be re-stated as.

(7.3)

M

j =  I

(7.4)

where (z .) denotes the density function of the decision variable z. when 6^ = +1 .

Rx
Input

Output
PN Signature 

Sequence

Matched
Filter

Decision
Device

Envelope
Detector

Demodulator Tapped 
Delay Line

Selector

Fig. 7.2 Block diagram of the proposed MA/SD rake receiver.

Assuming that 6q = +1 was transmitted, the random variable z.  is the sum o f a Gaussian 

and a Nakagami distributed random variables. Therefore, the PDF o f  g^(zy) can be
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obtained easily through convolution o f their individual density functions [84],

— (z- —x) -  m 2 m — I Im X exp
r  2 \—mx

2\Q.j/cSj
d x .

After some mathematical manipulations, (7.5) can be re-stated as.

rc(-y) =
J I k T (m) (2m  + ÿ )'

exp
^ - Z j ( 4 m + y j )  ^

4 (2m + Ÿ-) y
I-

(7.5)

(7.6)

where ÿy = Qy/ctT = 2ÿ^y is the mean signal-to-noise plus interference ratio (SNIR) of 

the /  th rake finger, y^y denotes the average SNR per bit, and D_^ (z) is the function of the 

parabolic cylinder [52] o f order v and argument r .  It is noted that (z) can be com­

puted efficiently using the recurrence relationship given by Eq. (7.7) if m is a multiple of 0.5 :

with

and

D I (z) - z D  (z) +pD  t (z )  = 0

^-1

D , ( z )  = e x p [ - L ] _ z e x p ( ÿ ) J ^ e r f c ( ^ ^ l .

(7.7)

(7.8)

(7.9)

Using identities 19.3.7 and 19.12.2 in [85], D_^(z) can be written in the form o f Whit­

taker function ^ (x)  :

(7.10)

] _ _ v  J _

D _ /z )  = 2 "  -z -P K ^  ,
4 2’ 4

and in terms o f the confluent hypergeometric function o f the second kind U(a,  c, z) via
2 k  +  I

relationship ^(x) = ex p ^ -^  j  x " ^ { ^ ^ 2   ̂ "M , 2x: + l , x j  :
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= 2 2 ' 2 ' 2
-^(V'+I) ( - r - ] ^ J v + l 3 z

I —C ,

(7.11)

Now applying U {a, c, z)  = z U{a + I —c, 2 —c,z)  (Kummer’s transformation for­

mula), Eq. (7 .II) reduces to.

D ( z )  = 2 “ exp (7.12)

Since f /(n , c, z) = ^ F ^ i a ; c ; z )  \ F ^ ( I + a - c ; 2 - c ; z )

[86], and substituting Eq. (7.12) into Eq. (7.6), the PDF of (z^) can be re-stated in 

terms of the more familiar confluent hypergeometric function of the first kind.

2 '”'^^m .'”‘ r (2 /« .)
Sc (Si ) = ------------------------------   exp

J 2 % r  (m.) (2m. + j.)

r i \

J
J k

•n m .  +  -

7,-

+ 7/J 2 k z . 
r  (m.) a/ 2m. + j .  1" ‘

F, 7,-
L2m. + ÿ J

(7.13)

Unlike Eq. (10) in [84] (which is restrictive because the fading parameter m is confined 

to the set o f elements that are multiples o f 0.5, i.e., m e  {0.5, I.O, 1.5, 2, ...}  ), Eq. 

(7.13) enables us to compute the bit error rate performance with arbitrary fading severity 

parameters. In other words, m may now assume any real value that is greater than or 

equal to 1 / 2 .  The average probability o f bit error described by Eq. (7.4) can be evaluated 

numerically by using the adaptive Simpson’s integration method. Also for the particular 

case o f = I (Rayleigh fading), Eq. (7.13) reduces to Eq. (A.4) in [84] by utilizing the 

following three known identities; l + e r f ( x )  = e r fc (—.r) ,  , F j ( a ; a ; .Y )  = exp (x) 

and jF jf 1 ; ^ ; x “ J = \ + J k x  exp {x“ } e r f  (x) .
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7.2.2 Maximum SNR Selection Diversity (SNR/SD)

The conventional selection diversity model specifies that o f M  diversity branches, the 

one providing the largest SNR be selected for data recovery. If we assume that = +1 

was transmitted, then the conditional error probability is given by.

M 2 2 ct- a-
P r  { Ç  < 0| ^0 = + l } = Y j Ç  < 0’ 7y = “3  > - ^  = 7/ all i #y \ (7.14)

y = i O y  C t;

In [78], statistics from the self-interference, multiple-access interference and the 

Gaussian noise are assumed to be same on each diversity branch. Consequently, the selec­

tion diversity process is simplified by considering the largest path gain as the best esti­

mate o f the transmitted signal.

cc. max  
1 < i < M

{a,.} . (7.15)

Assuming that the data bits are equiprobable, and owing to the statistical symmetry 

property o f the decision variable, the average bit error rate (for integer m) can be 

expressed as.

nij mj-\  ^

y= 1

M

-  n
/■ = I . / - /

exp

J '  V

1 — exp - ^ ,7 /
7/ 7 y- = ok\ V y

dj j (7.16)

where corresponds to the mean SNIR o f the / th  diversity branch (finger) and 0 { . )  is 

the Gaussian probability integral.

Q{x)  = - 4 = r  exp ^  k  = | e r f c [ ^ (7.17)
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When all the diversity branches have identical fading statistics, Eq. (7.16) can be 

expressed as,

M—\ w(/n—I)

i J k  (/n — 1) '

X ‘ e x p ( - ( w + l ) Y ) r f i  ;X yV Y  (7.18)
*1 1  v  ^  i f  L y>0 i m

where is the binomial expansion coefficient, 4̂̂  = 1, A'  ̂ = vv,
0) .U. y

. W r  1 /  /  1 \  n  j  1 Z ( W +  1 )  , ,
^u-(m-i) = [ l / ( / w - I ) ! ]  and Af. =-----------  j r -----evaluated recur-

/ = I
sively for 2 < A' < w (m — 1 ) — 1 and V = min {k,m — l) . Since the definite integral in 

Eq. (7.18) has a known closed-fonn solution, the average BER formula reduces to,

^  I) c ^ - ■ ( _ i ) (m H- A- +  0.5)

e l l  , v , J - Z - 4 - l , r , J . Z - J - 1   \_________

1) )

As discussed in Chapter 3, there is a much simpler way to compute the average

BER o f the SNR/SD diversity receivers. Moreover, the moment generating function

(MGF) approach is sufficiently general to handle arbitrary fading parameter and unequal

mean received signal powers. By exploiting the alternative exponential representation for
r  2 r%/2the complementary error function, i.e., erfc(V-v) = -  exp (—rsec -0 ) z/0, the aver-

tuJq
age BER can be expressed in terms o f  a finite range integral,

^ 6  =  - r " ^ * y ^ ^ ) ( a : c 2 0 ) d 0  (7 2 0 )
° jtJo '

which requires only the knowledge o f the MGF of SNR at the output o f  the selection 

combiner. Using the relation between the MGF and cumulative distribution function 

(CDF) from the Laplace transform o f a derivative property, we can easily compute the 

MGF o f the SNR at the output o f the SNR/SD selection combiner as.
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(_) = r  e - ^ F ' { x ) d x  = z Ç e - - ^ F Ç x ) d x - F i O )
 ̂ J—rr- J 0

(7.21)

where F  (x) is the CDF of .v. Following the steps outlined in Chapter 3, it can be easily
(SC)shown that the (j),̂  (.) in a Nakagami fading channel is given by.

(-) -  Z n  (-Ÿt) ) / r  (/n^.)] + ^,v (7.22)
/■ =  1 =  1

where Y (a, %) = J  r“~^exp (—t) dt is the incomplete gamma function, x,- and cù̂ . are 

the i th abscissa and weight of the AA-th order Laguerre polynomial, and corresponds 

to the remainder term.

7.2.3 Maximal-Ratio Combining (MRC)

Maximal-ratio combining is known to be optimum in the sense that it yields the best 

statistical reduction of fading in any linear diversity combiner. In this technique, the M  

diversity branches are first co-phased and then weighted in proportion to their signal 

level before summing. It is worth noting that the approximate bit error rate expression 

found in [79] is only accurate if the discrepancy between the mean signal strengths are 

small (exact for the equal mean signal strength case). On the other hand, the closed-form 

formula derived in [84] is exact even if  the variances of the mean signal strengths are 

large, but limited to integer m . In [87], Efihymoglou et. al. presented a more general 

expression (i.e., for arbitrary fading parameters) by invoking the Gil-Pelaez inversion the­

orem, but the result is in the form of an integral:

, 00 M

“ 2̂1 n
-I — “ Js in [0 .5 ta n  ^(f)]

0.25 cosÇ

+
COS [0.5 tan ^(f)]

y + l ]
0.25 Sin; r rt (7.23)

M
w h e re ; = ^  m^tan (f/X^) and 7.  ̂ = .

k= 1
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An alternative but considerably simpler analytical expression is obtained in [22] and [10] 

by using the MGF method.

n
k  =  1

^  s e c >
K  J

dif (7.24)

More recently, we have estimated this expression very precisely involving only a finite 

sum of the MGF samples [27] (and therefore, our new expressions allows for a rapid 

evaluation o f  MRC diversity performance in different fading environments without 

imposing any constraint while being very easy to program):

n M

n2n
/■ = I k = \

sec“ (0.) 
1 +  : -- (7.25)

where « is a small positive integer (typically, « < 1 5 ) ,  and 0- = ( 2 / —I) tc /4 /«  . In 

Appendix 7A,  we have derived a relatively tight bound for the remainder term.

7.3 Numerical Results
In this section, we first compare the performance of the proposed MA/SD selection rule 

with the traditional SNR/SD and the optimal MRC receiver structures in Rayleigh and 

Nakagami fading channels. Subsequently, we will investigate the effect o f noninteger 

and/or nonidentical fading figures across all the fingers o f a rake receiver, as well as the 

imbalance in the mean received signal strength levels on the receiver performance.

Fig. 7.3 compares the ABER performance o f BPSK signals with three different 

combining techniques and varying diversity order over a Rayleigh fading channel. Obvi­

ously all the diversity combining methods yield the identical result for a single diversity 

branch. We have also verified that when the average signal power is zero (i.e., = 0 or

(in  dB) —>•—oo), the probability o f bit-error is 0.5 (not shown in this figure), which is 

anticipated for BPSK signals. It is also apparent from this figure that the largest diversity 

gain is obtained using 2-branch diversity and diminishing returns are obtained with
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increasing order o f M. This is typical for all diversity techniques. Another interesting 

point to note is that the MA/SD selection rule outperforms the traditional selection 

scheme. The explanation for this phenomena has been furnished in [83]. As an example, 

the differences in required SNR per bit predicted by the MA/SD selection model with 

respect to the conventional selection scheme for dual-diversity and four-fold diversity 

systems are 0.9 dB and 1.4 dB respectively, at an average BER o f  10”̂ . As we can see, 

the difference becomes more evident with a larger number o f diversity branches. This 

may be attributed to the increased number of choices among statistically independent 

(Gaussian) noise samples.

10“ = -

- .  - SNR/SD Selection Diversity
  MA/SD Selection Diversity
 Maximnm-Ratio Diversity

P

C2

X M=I 
+ M=2 
0 M=3 
* M=4

Average SNR per bit (dB), yy

Fig. 7.3 Performance comparison of different diversity combining 
techniques and varying diversity order (M =l, 2, 3 and 4) for 2-PSK 
signals over a Rayleigh fading channel (m =l).
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- .  - SNR/SD Selection Diversity
  MA/SD Selection Diversity
 Maximum-Ratio Diversity

Diversity Order 
X M=I o M=3 
+ M=2 * M=4

Average SNR per bit (dB), 'fb

Fig. 7.4 Bit error rate performance for binary PSK signals over a 
Nakagami fading channel with fading figure m=2, as a function of 
mean received signal-to-noise ratio.

Fig. 7.4 depicts the bit error performance for binary PSK signals over a Nakagami 

fading channel with fading figure m = 2.  Similar trends as in the Rayleigh fading case 

are observed here, except that the results are slightly better, /klso notice that the results in 

these figures clearly illustrate the advantage of diversity as a means o f overcoming the 

severe penalty in SNR/bit caused by fading. A few important conclusions can be drawn 

by comparing Fig. 7.3 and Fig. 7.4. First, the fade distribution affects the diversity gain. 

The relative advantage of diversity is greater for Rayleigh than Nakagami (m > 1 ) fading 

because as the fading figure m increases, there is less difference between the instanta­

neous receiver SNR on the various diversity branches. However, the performance is 

always better with Nakagami (/ti > 1 ) fading than Rayleigh fading for a given average 

received signal-to-noise ratio and diversity order. Next, the discrepancy between the 

SNR/SD and MA/SD selection systems becomes more pronounced in environments that
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have strong specular paths (large m ). Finally it is observed that the performance of the 

MA/SD scheme is much closer to the maximum-ratio diversity than the conventional 

selection scheme for small diversity orders. This observation becomes more noticeable in 

good channel conditions. However, the reverse is true when the number of diversity 

branches grows.

Fig. 7.5 illustrates the bit error rate performance o f a rake receiver with two fingers 

as a function of the average received SNR per finger for eight different combinations o f  

fading figures, but both diversity branches have identical mean signal strengths (corre­

sponds to the uniform MIP). We found that the performance curves for these cases vary 

considerably. This suggests that the effect of noninteger and/or nonidentical fading 

parameters cannot be ignored in the analysis o f a diversity receiver operating in a Nakag­

ami fading environment. This is particularly interesting because the new expression 

derived in this paper allows us to predict the bit error rate performance o f the MA/SD 

rake receiver accurately for arbitrary channel parameters, i.e., without imposing any 

restrictions on the fading parameters and/or the mean received signal strengths.

 MRC
M.VSD

g  10

(f) m, = 2.0. m, = 2.0
(g) m, = 2.25. tn, = 2.75
(h)m , =3.0. m, = 3.5

4 6 8 10 12 14
Mean Received SNR per Branch (in dB)

Fig. 7.5 Bit error rate performance of a dual-finger rake receiver in 
Nakagami fading environment with different fading parameters.
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<1BI< 10
a  Maximal-Ratio Combiner 
oSN'RySD
X MA/SD ( ( T  fixed, vary CÏ) 
+ MA/SD (£2 fixed, vary cr)

-10 -5
10log (Y1/Y 2 /  = I5 -Y 2  (in dB)

20 25

Fig, 7.6 Effects of unequal mean signal strengths on the BER 
performance o f MA/SD, SNR/SD and MRC receiver structures with 
fading figure /tj , = = 2 , y ,  is fixed at 15 dB, and M  = 2.

The effect o f imequal mean signal strength on the performance o f  a rake receiver with 

two fingers is illustrated graphically in Fig. 7,6. Here we assume that both these multipath 

diversity branches have identical fading parameters (m^ = = 2 ) to isolate its effect

on the system performance. As well, it is important to investigate the variations in the 

variance o f MAI a “ and unbalances in the mean received signal power Q  separately, 

especially noting that the ratio Oy/cr^ in Eq. (7.4) is different for these two cases. The 

unique trends cited in [84] are also apparent from this figure: (a) the diversity gain is 

maximized when the statistically independent diversity branches possess equal mean sig­

nal strength; (b) the MA/SD rule outperforms the traditional SNR/SD model if  the dis­

crepancy in the mean received SNR across the diversity branches is small (however, if the 

variation is extremely large, a very noisy branch can easily upset the system performance 

because it introduces ambiguity in the selection process); (c) it is observed that the MA/ 

SD scheme is less susceptible to the variations in the mean received signal power levels 

compared to the fluctuations o f the MAI power; (d) the SNR/SD selection diversity sys-
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tern performs identically to the variations in cr" and Q , which is anticipated.

Fortunately in practice, the assumption o f equal MAI power in all the rake fingers 

is valid in most instances (because number o f  interfering users is the same for all the 

resolvable multipath signals). Consequently, the proposed MA/SD technique will always 

perform better than the traditional selection diversity model as long as the variations in 

the mean received signal power are not excessively large. But careful consideration 

should be placed in the case of time-diversity or macro-diversity reception because the 

above assumption may become void.

(h) m , = l . l ,  1112 = 3.9
(i) m, = 0 .6 . m , =4.4

in igi

2 4 6 8 10 12
Average Received SNR per Branch (in dB)

Fig. 7.7 Effect o f  nonidentical fading parameter on the performance of 
a rake receiver employing MA/SD.

Fig. 7.7 and Fig. 7.8 illustrate the effect of nonidentical fading parameters on the 

error performance of MA/SD and MRC rake receivers, respectively. A close look at the 

trends of these curves suggest that the effect o f  nonidentical fading figure along the multi- 

path signals is somewhat similar to that exhibited by a rake receiver with unequal mean 

received signal power levels. From these figures we also observe that the best perfor­

mance is realized when the received multipath signals undergo the same level o f  fading. 

Therefore the assumptions o f identical fading figure and/or mean signal strengths tend to
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yield rather optimistic results. A comparison between Fig. 7.7 and Fig. 7.8 reveals that 

the MA/SD system is more sensitive to nonidentical fading than that o f  MRC because 

the spread o f the best-case and worst-case performance is much wider for the former.

(“) (b) (cl (ill lei

(a) m , = 0 J ,  m j
= 0.75, n ,  =  2JÎ5 

=  2.0
(b) m[
(c)m i = 1.0.102 = 2.0
(d) mi = 1.25, (02= 1.75(d) mi 
(c) mi = 1 
(Omi = 2J, m]
(g)mi
(h)mi = 1.1. m2
(i)mi

(0 (gl
0.6. m-.

4 6 8 10
Average Received SNR per Branch

Fig. 7.8 Effect of nonidentical fading parameter on the performance o f 
a rake receiver employing MRC.

7.4 Comparison between MA/SD and Imperfect MRC
In the maximal-ratio diversity system, the complex weighting factors on each 

branch of the combiner are adjusted to remain proportional to the complex conjugate o f 

the fading signal phasor on each respective branch. Stein [21] has examined the effect o f 

errors in MRC by computing the reduction in average output SNR for a fixed phasor error 

or a fixed amplitude error in the weighting factors. A more comprehensive study on this 

subject was performed by Cans [88] by considering the Gaussian errors in the combiner 

weighting factors. The Gaussian errors may be induced either due to inaccurate signal 

estimation or to decorrelation o f the medium distortion on the pilot compared to that on 

the signal.
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In case o f the Rayleigh fading channel with uniform MIP, the probability density func­

tion o f an MRC combiner with imperfect channel estimation is [88],

r  '>~[  ̂ s M— 1
 ̂ _  [ l - p “]  e x p ( - y / ÿ )  1 [ M - l

P Ü Y ) ------------------- r   E  F
t  = 0

2 
P Y (7.26)

where ÿ denotes the mean SNR per branch, and p is the correlation coefficient. Notice 

that when p = 1 (perfect correlation), perfect MRC combining is realized. On the other 

extreme, i.e., p = 0 , there is no correlation between the pilot and the signal fading. As a 

result, the net performance is equivalent to the performance o f a rake receiver without 

diversity (i.e., M  = I).  Then it can be easily shown that the average bit error rate perfor­

mance o f a MRC rake receiver without perfect channel estimation is given by.

k = 0 
k

1 = 0

L i - p - J l + y y j

-ik+ I

(7.27)

'  '  p  =  0.80

p = 0.9S

MRC
MA7SD p = 1.0

Average Received SNR per Branch (in dB)

Fig. 7.9 Comparison between MA/SD rake receiver with imperfect 
MRC in a Rayleigh fading (/« = 1 ) channel and uniform MIP. M  is 
assumed to be 3 (three fingers).
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It is apparent from Fig. 7.9 that inaccurate estimation o f combiner weighting factors 

leads to serious degradation o f the performance o f the MRC rake receiver. In this situa­

tion, the proposed MA/SD receiver outperforms MRC because it is independent o f  such 

type o f errors i.e., combination loss).

7.5 Conclusions
An analytical framework to evaluate the performance of a practical rake receiver 

structure in various propagation environments has been developed. The results obtained 

are sufficiently general to allow for arbitrary fading parameters as well as different mean 

signal strengths in the multipath signals. The selection mle based on choosing the finger 

with the largest composite received signal lends itself to a low-complexity receiver archi­

tecture, besides yielding improved performance over the traditional SNR/SD scheme in 

many realistic channel conditions. As well, inaccurate fading estimation leads to serious 

degradation in the performance o f MRC receivers, and in this case, the proposed MA/SD 

becomes superior to MRC.

Appendix 7A
In this appendix, we will derive a simple expression for the remainder term, and there­

fore complement our previous work [27] by providing the error analysis for the resulting 

estimate of the truncated series.

Eq. (7.25) is a simple and efihcient formula for computing the MRC diversity per­

formance in Nakagami fading channel with arbitrary parameters. The expression simply 

involves summing up n samples of the MGF of the output SNR o f the maximal-ratio 

combiner. However, there is remainder term associated with Eq. (6) in [27], which 

vanishes as n gets large. So, the natural question is how large n should be or how to 

choose n for a specified error tolerance? The direct solution is to keep increasing n until 

the difference between the successive values of the expression is less than the specified 

error tolerance. However, this approach does not provide any indication about the conver­
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gence rate o f  the expression. Alternatively, if  a bound on magnitude o f as a function 

o f n is available, a suitable value of n can be directly chosen so that the error magnitude 

is less than the accuracy threshold. This is the approach developed in this appendix. In 

other words, we provide a bound on the magnitude o f by an a priori  error analysis. 

This bound also indicates the range of average SNR values for which our expression 

breaks down.

In [27], we have shown that the average BER for binary signals with MRC diversity 

reception over a frequency-nonselective Nakagami fading channel is in the form.

J l  - x ~

where

x + i  r
2 tc  ■

/ =  1 x + 1 + 2a~/X
(7A.2)

i J

where and the coefiBcient a in (7A.2) indicate the type o f  modulation

[a = 1 for antipodal signaling (PSK) and a = \ /  J Ï  for orthogonal signaling (FSK)]. 

Parameters L , and denote the diversity order, average SNR per branch and fading 

figure of the /th  branch, respectively. Using Gauss-Chebychev (GCQ) approximation 

[[14], pp. 889] to evaluate (7A.1), we get [[27], Eq. (6)],

n
j  = \ 1= \

a~SQC~{Qj)
(7Au3)

where Gy = (2y—1) 7t/ 4 /«  . The exact BER is given by . In [27], we

asserted that the remainder term decreases to zero as n gets large, without offering any 

further proof. Taking the magnitude o f the remainder term [14, pp. 889], we have an 

upper bound on R^ ,

|«»| ^ ( O I  for - 1 <  ;  < 1 (7A.4)
( 2 /1) !2
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where notation (x) denotes the n th derivative of function f { x )  , and Ç is unknown. 

However, evaluating higher order derivatives o f /( .r)  depicted in (7A.2) is difficult and 

tedious. Therefore, using a comp lex-variable technique, we bound ( Q  i  in terms o f 

maximum \f{z)\ on some contour containing [-1, I] in its interior within the region o f 

analyticity of f  (z) . The n -th derivative of an analytic function is given by the formula 

in [[89], pp. 65],

(7/L5)

for any Ç inside the analytic region and can be any arbitrary contour with p > 1. 

Here we choose circular contour = pexp (/0) for 0 < 0 < 2tc, where i~ = —I (see 

Fig. 7.10).

Fig. 7.10 Circular contour of integration.

Consider any Ç on the real axis between —1 and + 1, and let

MC/; Cp) = max
: e C . I / W l  -

By taking absolute value o f integral (7A.5) and using the maximiun value of \f{z)  | and

minimum value of |z — Ç| on , we get

(7A.6)

In order for (7A.6) to be a valid bound, p > 1 and f { z )  should be analytic in the interior 

o f  Cp (i.e., there are no poles o f f { z )  in the interior). The analytic region of / ( z )  fol-
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lows readily. Since it has poles at =  —[ l  + l a ~ / X ^  , which should not lie inside Cp, 

let p = m in { 1 + [2 a ”/A.J j 1 < / < Z }  .

Then f { z )  is analytic inside Cp for 1 < p < p . On the circular contour, the maximum o f 

l/(z) I occurs at 0 = 0 or 0 = 7C. Hence combining (7A.4) and (7A.6) we have.

min
1 < p < p

2kp max {[/■(p)l, | / ( - p ) |} (7A.7)

Note that [/"(p) | > p) | only when p is near unity. Eq. (7A.7) shows that the remain­

der term vanishes rapidly for a larger sample size n and higher average received SNR 

per channel O . The constrained minimization of (7A.7) also can be solved easily using 

common mathematical software packages such as Maple and Matlab.

This new bound (i.e., Eq. (7A.7)) is highly desirable since it does not require the evalua­

tion of higher order derivatives, which can be difficult, time consuming and tedious. 

More importantly, it allows us to choose an appropriate value for n that satisfies a pre­

scribed error tolerance. Since (7A.7) is an upper bound, it is not necessary to perform 

this minimization with a very high accuracy. In fact, choosing p = p /2  may be suffi­

cient for large SNR values. Thus,

4 ' ( P - 1 )
2*+i n

/=1
i - p

[ l  +2a~ /X^  - p
P = T

(7A.8)

Note also that for large SNR values, p % 2a~Q./m where Q./m is the minimum 

Q.[/nil across the diversity branches. Thus, the term inside the product sign are nearly 

unity, and the remainder term decreases as 2n -th power o f  the SNR. Note also for small 

SNR values (i.e., Q  —>• 0 ), p ^  1. Then the above bound becomes very loose. Thus for 

extremely small SNR values Q « 1, our expression (7A.3) breaks down as indicated by 

the loose bound on . It means that the expression is not valid for Q  —oo (dB), so 

increasing n is not enough.
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In the case o f identical diversity branch statistics and 2n + \ > M  where

M  = the value of p that minimizes the term (p — I ) ~ " ^ [ l  + 2a~/X  — p]
I

in (7A.7) is

p* = [(2/7+ I-iVO [ l + 2 a ~ / x ]  + m ] / ( 2 / 7  + I)

Therefore,

J  < ------------------------ 2 Î-----------------------   (7A.9)

Next, a few selected numerical examples for the error bound (7A.7) and its tight­

ness are provided. The analysis o f tightness of the error bound is quite tricky because the

bound decreases very rapidly (see the tables) as n increases. Since the exact
“-50= Pfj — Pfj,  we need to compute with accuracy (say) 10 , much more exact

than the floating point precision. In the most general case, can only be expressed as an 

integral (not an explicit closed-form formula) and it is impossible to achieve such a level 

o f accuracy. Therefore, in the following antipodal signaling (BPSK) examples, we have 

assumed that all the diversity branches have identical Q and same fading figure although 

the general expression can handle both unequal mean signal strengths and dissimilar fad­

ing parameters. In this case, using [[12], (14-4-15)] with = D./m  and replacing L by 

//7 l, the exact BER expression is given by.

mL — I

Pb =
/t =  0

(7 A. 10)

where p = J  £1/ (m  +Q ) and mL is an integer. Using Maple to compute Eq. (7A.3) 

and Eq. (7A.10) with the accuracy up to 80 decimals, we can investigate the tightness o f 

upper boimd for R^.  Table 7.1 reveals that Eq. (7A.7) is a valid upper boimd for the 

remainder term even at SNR levels as low as 0 dB. The boimd becomes tighter with the 

increase in Q , as anticipated.
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Table 7.1 Comparison between the upper bound for (Eq. (7A.7)) and actual 
R = P , —Pij (Eqs. (7A.3) and (7A. 10)) at different SNR levels {L = 2, m = I ).

Mean received 
SNR per 

channel, Q

Remainder term /?„

n =  5 « = 10

Upper bound Exact Upper bound Exact

OdB 2.3051 X lO"̂ 9.0986 X 10'* 9.4226 X 10-'° 1 4.4543 x 10''^

2dB 1.9796 X 10'® 3.6995 X 10-^ 8.1820 X 10-'-* 5.7406 X 10-'*

5dB 1.7014 X 10-̂ 1.5248 X 10’“ 7.1236 X 10-2° 7.5404 X 10-22

15dB 1.4492 X 10-'^ 7.0916 X 10-2' 6.1659 X 10-4° 1.2234 X 10-*'

Table 7.2 Bound on R^ for different L (Cl = 5dB, m = I )

Diversity 
order, L

Number o f samples. n

5 10 15
1 2.8937 X 10-'° 5.6225 X 10-2' 8.0925 X 10-22

2 1.7014 X 10-° 7.1236 X 10-2° 1.5751 X 10-2°

5 1.2818 X 1Q-* 8.4363 X 10-'* 7.6542 X 10-2*

10 6.4100 X 10-" 1.2535 X 10-'° 2.1064 X 10-22

15 2.2983 X 10-'^ 1.1257 X 10-'2 1.2247 X 10-24

Table 7.2 shows the upper bound on R^ for different diversity orders. The remainder term 

diminishes very rapidly with the increasing number o f MGF samples for a given order of 

diversity, as expected. Although the remainder term increases with the increasing diver­

sity order initially, this value will be always smaller than R^ obtained with a much 

smaller n . From the column entry corresponding to n = 5 , we notice that R^ will 

reduce eventually with L if the order of diversity becomes very large.

The effects o f Cl and m on the remainder term are illustrated in Table 7.3 and Table 7.4, 

respectively. These numerical results validate the asymptotic trends that can be derived 

from (7A.8). Comparison between Table 7.2 and Table 7.4 reveals that L and m have 

similar effects on the bound of the remainder term.
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Table 7.3 Bound on for various Q (L = 3, m = 2)

Mean received Number o f samples, n
SNR per 

channel, (1 10 15 20

I dB 4.1055 X 10'  ̂ 6.1349 x 10'  ̂ 3.8758 x 10'^
3 dB 3.3038 X lO'"̂  5.0089 x 10‘‘-  3.1855 x 10*‘^
5dB 2.7974 X 10-" 4.2981 x lO'*® 2.7498 x 10'-^
10 dB 2.2040 X 10--' 3.4665 x 10-̂  ̂ 2.2403 x 10-̂ ^

Table 7.4 Bound on for various /n (Q  = 7dB, L  =  1 )

Fading Number o f samples, n
figure, m

5  10 15
0.5 2.5371 X 10-'^ 4.8384x 10- '̂ 6.8116 x lO'̂ '̂
l.O 1.5981 X 10-" 6.7310 x IQ--  ̂ 1.4909 x 10-̂ ^
1.5 3.0000 X 10-̂  1.6696 x 10-'  ̂ 3.3356 x 10-^°
3.0 8.1388 X 10-̂  9.1476x10-*- 8.1168 x 10-'^

From the numerical examples, we find that the BER expression (7A.3) developed in [27] 

is virtually exact for sufficiently large n (say, 20 samples) and SNR over 0 dB. The 

expression only breaks down when the SNR approaches dB.
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Chapter 8 

A Robust Diversity Combining Scheme for 
Spread Spectrum Packet Radio Networks

Random access protocols such as ALOHA are attractive in wireless environments due to 

their simplicity, and because they do not require centralized coordination. However, the 

traditional narrowband ALOHA suffers from its low maximum throughput, inherent sys­

tem instability, and rapid rising delay imder intensive traffic loading. Although its perfor­

mance can be improved by employing a carrier-sensing technique, it is rather difficult to 

achieve a reliable carrier sensing in a wireless environment due to hidden terminal prob­

lems. Besides, there exists a maximiun data rate that can be transmitted via a narrowband 

ALOHA channel (limited by the intersymbol interference). In order to facilitate high 

data rate transmissions, the only choice until now has been the awkward use o f multiple 

ALOHA channels in parallel (e.g., Inmarsat networks).

On the other hand, wideband code division multiaccess (CDMA) is an attractive 

signalling scheme for high-speed packet radio networks because it has good signal cap­

ture, along with spread spectrum advantages [90], such as immunity to external interfer­

ence and jamming, robustness against intersymbol interference, antimultipath capability, 

and low probability o f intercept. Consequently, employing spread spectrum signaling in 

a random access packet-switched radio network may provide a possible solution to attain 

the high throughputs and high data rates required for new applications o f today — an 

important milestone towards achieving the promised ubiquitous personal communication 

services (PCS).
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However, the advantages o f packet CDMA are generally offset by channel band­

width utilization levels due to the large processing gain required for reliable multiuser 

operation [91]. This motivates the application o f forward error correction (FEC) coding 

which is known to provide significant capacity increases both in fixed assigned CDMA 

and slotted packet CDMA. Besides multiuser interference, the wireless medium can 

severely degrade the system performance. In order to cope with the detrimental effects of 

channel fading and multiuser interference, some form of diversity reception is needed. 

Fortunately, an automatic repeat-request (ARQ) strategy can be easily incorporated into 

packet-switched networks, thereby allowing these systems to operate at higher raw error 

rates.

In the conventional random-access packet-switched direct sequence CDMA (here­

after, simply referred to as DS/CDMA ALOHA) [91][92], erroneous packets will be dis­

carded, and decoding of a newly received copy is attempted at the receiver without using 

any prior knowledge from previously received copies of the same packet (which were 

not decoded successfully). Simply discarding the noisy packets seem to be wasteful, par­

ticularly when one realizes that a portion o f  a packet may have been received correctly ̂  

Chase [93] has suggested combining the noise corrupted packets at the codeword level to 

form a single more reliable packet, thus minimizing the average number of retransmis­

sions required before a packet is received successfully. Whereas in [94], the authors ana­

lyzed the efficacy of packet combining with an average diversity combiner for 

continuous data transmission. In [95], packet combining technique has been applied to a 

slotted frequency hopped spread spectrum multiple access (FH/SSMA) system. It should 

be pointed out, however, that in [95] the authors have neglected the effects o f channel 

fading and additive white Gaussian noise in their analysis, by assuming co-channel inter­

ference as the only source of error. Furthermore, only a lower bound on the throughput 

performance (worst-case analysis) o f  the proposed system was presented.

I. Since the severity o f the errors in a packet is a monotonically increasing function o f  the number o f  simul­
taneous transmissions, a large portion o f the packet may not be affected if the number o f active users is 
not excessively high.
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By contrast, in this chapter we examine the performance of slotted and unslotted 

random access asynchronous DS/CDMA radio networks with retransmission diversity 

combining, in a Rayleigh multipath fading environment. The analysis can be easily 

extended to other fading conditions by exploiting the results in Chapter 3. In our system, 

the combining operation occurs at the bit level, and the resulting decisions are produced 

by employing maximal-ratio diversity at the output o f  the rake receiver. Specifically, we 

outline a novel mechanism to ensure a reliable packet combining operation, and investi­

gate the effects o f  the time-varying multiuser interference (due to bursty nature of the 

traffic) on the system performance by validating the tightness of the upper and lower 

bounds for the throughput and packet error probability. Computationally eflBcient formu­

las for evaluating the performance o f these systems will be presented. Finally, the sensi­

tivity o f  the system performance to the channel impairments, such as packet header 

failure and missed acknowledgment messages, will be studied.

An outline o f this chapter is as follows: The assumptions required for analytical 

tractability, traffic flow model and the system operation are described in Section 8.1. Sec­

tion 8.2 details the bound estimations for the packet error probability and the throughput 

performance for both slotted and unslotted DS/CDMA ALOHA networks with packet 

combining. Subsequently, in Section 8.3, an error performance analysis for a combined 

packet-diversity and rake receiver with finite tap-statistics is outlined. Numerical results 

are presented in Section 8.4. Finally in Section 8.5, the main points are summarized.

8.1 DS/CDMA Packet Radio Network

8.1.1 Analytical Model

When the spread-spectrum multiple access channel is operated in a random access 

packet mode, the analysis proceeds in a manner that is analogous to that for ALOHA 

channels, with the difference that m> I simultaneous transmissions do not necessarily 

produce a collision, but result in a soft degradation in error rate. The assumptions used in
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this chapter are similar to those adopted in [91], [92], [95] and [96]. We shall describe 

them briefly, in order to be complete.

Composite 
packet znivzl rate

Newly generated 
packets —

Success tul 
packets

Packets received 
with uncorrec table

Retransmitted
packets Correctly decoded 

packets aflcr 
packet combining

Packet
Combining

Random
Retransmission

Delay

Random Access CDMA 
Multipath Fading Channel

Fig. 8.1 Schematic o f trafiflc flow in the proposed random access 
DS/CDMA system.

A schematic representation of traffic flow in a random access DS/CDMA system with 

packet combining is shown in Fig. 8.1. Each transceiver can be in either one of two oper­

ation modes: origination mode or backlog mode. In the origination mode, there is no 

backlogged packet to be retransmitted, and new packets are transmitted in any given slot 

with probability . When a packet retransmission is requested, the user enters the back- 

logged mode, where the probability of retransmission of this packet in the next slot is 

geometrically distributed with probability p^.  I f  p ^ = p ^  = p ,  the composite packet 

arrival distribution becomes binomial with parameters p  and (number o f subscrib­

ers). Further simplification occurs when p^ = p^ = p  Q and co, because the

binomial distribution approaches the Poisson traffic model with an arrival rate equal to

the traffic intensity. The composite packet arrival distribution {m)  is [91],

(8.1)

with a finite composite arrival rate X., and packet reception interval T. Hence, p. = XT  

is the offered traffic (average number of attempted transmissions per slot).
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Modeling the time-varying nature of the multiple access interference is simplified 

if  the bit error probabilities in adjacent bits o f a packet are independent to each other. This 

condition is satisfied when the spreading signature sequences are truly random and if  per­

fect chip level synchronization is achieved [97]. The second requirement is a constraint 

that is needed for analytical purposes and tends to impact the achievable performance 

adversely. However, the statistical independence assumption becomes quite realistic if 

the system is operating in a fast fading environment or in an ideally interleaved condition. 

Although the latter has delay or latency ramifications, these are less critical than those 

due to retransmissions. Furthermore, packet combining can reduce correlation and 

tends to make the occurrence of bit errors random. It is also reasonable to assume that 

errors in different packets occur independently, since the CDMA spreading codes are 

generally sufficiently random to allow for this.

8.1.2 Network Description

When the information bits from a particular user are ready for transmission, parity 

bits for error detection based on a high error detecting code Cq are appended to them, 

yielding an information sequence o f bits. Subsequently, they are encoded for error 

correction by a different code C[ (e.g., an k^, tj) BCH code) to form a packet of 

bits. For simplicity, let us assume that the same cyclic code will be used for both 

error correction and error detection. The FEC code is capable o f correcting up to  r . ran­

dom errors per packet. The encoded binary data are then phase modulated to yield a con- 

stant-envelope data-modulated carrier before the direct-sequence spreading operation 

(which is accomplished by multiplying with the user’s signamre waveform). Similar 

operations are performed by K  other active users in the system.

The transmitted signal is perturbed by self-interference and channel attenuation due 

to multipath fading, multiuser interference, and additive white Gaussian noise. In order 

to capture the signal from user z, the received composite signal is assumed to go through 

a rake receiver with M  taps (fingers), where M < L ,  and L corresponds to the maximum 

number of resolvable multipaths. First, the received signal is despread independently for
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each multipath component by multiplying the spreading signature code o f the i th user, 

delayed by an amount equal to the estimated multipath delay. The modulated signal is 

then down-converted to a baseband signal and passed through a bank of correlators prior 

to diversity combining. In the maximal-ratio combiner, the voltage signal from each o f 

the M  path diversity branches are first co-phased, and then weighted in proportion to 

their signal level before stunming. The sampled decision statistic at the output o f  the rake 

demodulator (before a hard decision for the bit is made by the threshold detector) is 

stored in a register until the packet is successfully received or decoded. When a received 

packet is detected in error, the receiver first attempts to correct the error. If  the received 

packet is not detected in error or does not contain an uncorrectable error pattern, a posi­

tive acknowledgment (ACK) message is sent to the transmitter, indicating that the packet 

has been successfully decoded and delivered to the user. Then, the content o f  the corre­

sponding registers are flushed.

In case o f a decoding failure, a negative acknowledgment (NAK) message is sent 

to request for a retransmission. The transmitter reschedules the same packet for transmis­

sion after a certain random delay. When the retransmitted packet is received, the receiver 

again attempts to correct errors (if any). If the decoding is successful, an ACK message 

will be sent to the transmitter, as before. However, if the decoding is not successful, then 

the packet combining mechanism will be initiated [see Fig. 8.1]. It is worth noting that 

an acknowledgment message (either NAK or ACK) will not be sent to the transmitter 

until the packet combining process is completed. The retransmissions continue imtil the 

receiver is able to reconstruct the transmitted packet. Theoretically, a message might be 

repeated forever while awaiting an ACK. Usually, a system implementation will contain a 

retransmission limit (i.e., truncated ARQ protocol) beyond which the message is returned 

undelivered. Such a strategy is also important for delay sensitive applications that 

impose an upper bound on the time delay, at the expense o f packet reliability (quality o f 

service).

Similar to [98], we assume that the feedback channel error can only make ACK and 

NAK messages indistinguishable and the transmitter will handle this erred ACK or NAK
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message (erasure symbol) as a NAK. Such an assumption is reasonable since the unde­

tectable error probability can be made very small by proper selection o f error detecting 

codes. The following two additional protocols are required for a noisy feedback channel: 

(a) Each time the transmitter sends out a packet, the timer for the packet is initialized and 

started. If  the response from the receiver is not obtained for the packet after a reasonable 

period of time, it is assumed that the response is a NAK; (b) If  the receiver receives a 

packet that has already been accepted, an ACK is sent to the transmitter and the packet is 

discarded.

8.1.3 Packet Identification Mechanisms

If the pseudo-random (PN) spreading code is unique for each user, the signal will appear 

as random noise for unintended recipients. This protection level (also known as the pro­

cessing gain, P G)  is given by the ratio between the PN sequence chipping rate and the 

encoded source rate. It is evident that the spreading-despreading operation helps to reduce 

or possibly eliminate the probability o f erroneous or incorrect combining o f packets from 

different users in a receiver oriented protocol.

Consider now the packets received by a particular user. The receiver is expected to 

determine if a received packet is a new packet or a retransmission of a previously trans­

mitted packet (in case o f  decoding failure) before it is routed to the combiner. In a practi­

cal operating environment, the receiver may not be able to determine the packet 

sequence number with certainty unless it is completely free o f errors or contains a cor­

rectable error pattern. As a consequence, the receiver may incorrectly combine two or 

more different packets intended for the same user. In this case, there is obviously no rea­

son for additional diversity! Hence, it is evident that the results presented in [94] and 

[95] are contingent upon perfect knowledge about the sequence numbers of the noisy 

packets (although no such mechanisms were proposed therein).

Decoding of the newly received packets first prior to the combining operation helps 

to reduce this error eventr. But this step still does not guarantee a reliable packet combin­
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ing operation. Alternatively, packet retransmissions can be sent on a different carrier fre­

quency (in this case, additional RF bandwidth is required) or using different spreading 

sequences (each user will be assigned a pair o f signature codes). However, these approaches 

are not justifiable in practice due to the inefficient use of the limited resources, and increased 

hardware complexity (the former scheme requires an additional modulator-demodulator cir­

cuitry, whereas the latter approach requires a second correlator at the receiver front-end with 

its own signature waveform generation circuitry). In light of these considerations, in this 

chapter we present two simple yet robust mechanisms that will enable the receiver to dis­

tinguish a new packet from a retransmitted copy intended for the same user or eliminate 

the need for such a requirement in a receiver oriented protocol, even in the presence of 

feedback channel errors.

8.1.3.1 Idle ARQ

The simplest resolution to this issue is to ensure each user operates in a stop-and- 

wait ARQ operation mode (i.e., the transmitter will not send a new packet until it receives 

a positive acknowledgment for the current packet). While this strategy is plausible for ter­

restrial communications where the propagation delay is negligible or small, such a  sys­

tem will yield a very low throughput if a typical long round trip delay scenario or high­

speed modems are considered.

8.1.3.2 Extra Protection for the Packet Header

Since the packet header contains at least source identification and packet sequence 

number which are used in packet combining process, it is natural to protect this header 

information bits) by using a powerful FEC. In our scheme, the message itself is con­

tained within a packet, with source address and packet sequence number preceding the

2. By performing this “checking” process and only triggering the combining operation if the newly received 
packet was not decoded successfully, we can assure that the performance o f the packet combining system 
will not be any poorer than that o f the traditional type-I hybrid ARQ scheme, even if all the packets were 
combined incorrectly.
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message in a header [see Fig. 8.2 (b)]. The header is encoded separately from the mes­

sage so that the header may be read before making a decision as to whether to read the 

following message section. When the packet header preceding a message is not decoded 

correctly, then the packet (i.e., message) will be discarded, and a retransmission will be 

requested. However, if the packet header is detected correctly but not the message, then 

the packet combining operation will be triggered. An ACK will be sent on return channel 

if both packet header and the message were received successfully. It is worth noting that 

the likelihood o f the event that a packet header is missed but its corresponding message 

block is received correctly is negligible because the header is normally protected with a 

very low rate code and its block size is usually much smaller than the message block 

length, i.e., . From now onwards, we shall assume that packet combining sys­

tems will adopt this scheme, unless stated otherwise.

Control Information CRC
Field Field Field

(a)

N'h kd

Control CRC Information CRC
Field Field Field Field

kh (b)

Fig. 8.2 Data frame format for: (a) conventional DS/CDMA ALOHA 
(i.e., without packet combining); and (b) packet combining systems.

Thus far, we have assumed a receiver oriented protocol and subsequently proposed 

two methods to ensure a reliable packet combining operation. But disadvantages o f the 

receiver oriented protocol include transmitters that must select proper spreading codes 

and the possibility o f overlapping messages from two transmitters intended for the same
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receiver. Two other spreading protocols, i.e., the transmitter oriented protocol and the 

approach where a common spreading sequence is used for the entire network (i.e., spread 

ALOHA), yield the possibility of a receiver accidentally combining packets not intended 

for it unless the header is first correctly decoded and the packet destination is examined. 

In all these cases, our second approach o f  providing extra protection to the packet header 

(which contains the packet sequence number as well as the source and the destination 

addresses) will ensure a reliable packet combining operation.

8.2 Throughput Analysis

In this chapter several performance quality indices o f a packet radio network are 

considered. The average packet error probability or the average bit error rate metric is 

related to a particular link performance, whereas throughput and average time delay are 

representative o f network performance, in terms o f channel bandwidth utilization effi­

ciency and stability. As in [91], the steady-state throughput P is defined as the expected 

number o f  successful transmissions per time slot. Then, the throughput o f a conventional 

slotted random access DS/CDMA is given by,

Ŝ.1AX ^MAX~ *
p =  %]mP^(m)y;^(/7z)=p 21 (8.2)

m = I K=Q

where {m) denotes the packet success probability conditioned on m = K  + I simul­

taneous transmissions during that packet transmission interval, p is the offered load, and 

^MAX corresponds to the maximum number o f users that can be simultaneously handled 

by the system, because the number o f receivers or available codewords is limited.

Exact evaluation o f the throughput performance with packet combining is rather 

involved, specifically because the packet success probability is dependent not only on the 

most recently received packet, but also related to previously received copies o f that 

packet. In particular, the time-varying co-channel interference produces a nonstationary 

packet error probability. This is true for both slotted and unslotted radio networks under



184

consideration. Moreover, in an unslotted system the interference level changes even dur­

ing the reception o f a packet because some transmissions are started while others are 

completed during that interval. Since the time-varying nature of multiuser interference 

imposes considerable analytical and computational difficulties, we resort to bounding 

techniques to investigate the system performance. Subsequently, the tighmess of the 

upper and lower boimds for the frame-error rate and throughput are validated.

8.2.1 Bound Estimation for Packet Error Probability

Let D ( ATj, K ^ , ........., K.) be the event that after combining i copies of the same

packet, decoded data block still contains an imcorrectable error pattern, conditioned on 

Kj+ I simultaneous users during transmission of the / th  copy, /  = 1 , 2 , . . . , / .  The prob­

ability of this event is denoted as P.  = p  AT,, , K.) } . Since a decoding

failure o f the combined packet after the /th  reception will initiate the request of an 

/ + I th transmission of that packet, it is evident that the packet error rate with / number 

of transmissions, P g '*, is equal to the repeat-request probability (RRP) of the / + I th 

transmission:

( A : , . ) , ^ ^ ' )  ( A f ^ ,  A : , ,  . . . , A : , )  }  ( 8 . 3 )

For instance, corresponds to the RRP of the first retransmission (i.e., the probabil­

ity that original packet contains an uncorrectable error pattern), while P^”  ̂ denotes 

the RRP of the second retransmission (i.e., both the original and first retransmitted 

packets was not decoded successfully, and the new packet formed from the two avail­

able packets at the receiver still contains an uncorrectable error pattern) and so on. 

Evaluation of expression (8.3) is rather difficult because the events p  {D^^^(Afj) } , 

/? {D^“ (̂ATp AT,) } , . . . ,  and p  {D^'^ K.) } are not independent. How­

ever, it is possible to derive the upper and lower bounds. Realizing
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p {D K-„ ..., K ^  } , the upper bound is given by P..  Whereas the lower bound

can be obtained by assuming that are all independent events. Using the

upper and lower bounds for the RRP, the packet error probability is bounded by,

f  ̂  ( / i : , )  X  f  ̂  (/C3) X  . . .  X  f  ̂  (^ .) f .  <  f  f . (8.4)
y = 1

where ( AT̂ ) = p  ( AT̂ ) } . Note that the block en’or rate o f the conventional sys­

tem (type-I hybrid ARQ) is given by f j '^  = P^{K^)  x P^(AT,) x ... x P^(AT .̂) , which 

is equivalent to the performance of a simple time-diversity strategy without packet com­

bining (diversity combining).

8.2.2 Bound Estimation for Average Number of Transmissions

Now consider the following three situations: (a) the interference level is constant^ and 

equal to z over the entire interval [0, 7] ; (b) the maximum number o f interfering users 

among the i combined packets is equal to z = AT*, where AT* = max{K^,  K^,  .... K.) ; 

and (c) the minimum number o f interfering users between the i combined packets is 

z = K * , where AT, = min (Ky, ..., AT̂) . Consequently, the error probability for P.  

is bounded by,

<;?{D('\A:i,A:,,...,A:.)} <;?{Z)('^|Ar^} (8.5)

where

3. This condition is satisfied in a slotted system because the users have to wait until the beginning o f some 
time-slot to transmit or retransmit their packets. However, it becomes void in an unslotted case because 
the number o f interfering transmissions changes during the reception of a packet. Consequently, one may 
have to resort to bounding techniques even to analyze the performance o f a conventional unslotted sys­
tem (without packet combining).
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(8.6)

.r  =  0  ^

and (.) is the average probability o f bit-error o f a rake-rake receiver coiifiguration 

(combined packet and spread spectrum diversity), which can be calculated as in Section 

8.3. In order to use the bounds depicted in (8.5), it is necessary to find the distribution o f 

K* and K *. In what follows, mathematical expressions for the probability density func­

tions o f K* and K* are developed, and employed to obtain the upper and lower bounds 

on the average number o f transmissions required to transmit a packet successfully, and 

the corresponding throughput performance for the DS/CDMA ALOHA systems with 

packet combining.

8.2.2.1 Slotted DS/CDMA ALOHA

In this section, we consider a time-slotted asynchronous direct-sequence CDMA 

packet radio network that operates in a random access mode. It is considerably easier to 

implement a slotted system than to synchronize the chip duration among all the terminals 

in the network. Since the users in this system are required to wait until the beginning o f 

some time-slot to transmit or re-transmit their packets, there is no loss in generality in 

assuming a constant number of interfering transmissions throughout the entire packet.

Let ..., K^)  denote the average number o f transmissions necessary to

transmit a given packet successfully, conditioned on K.  other users transmitting simulta­

neously during the i th transmission o f this packet. Utilizing the upper and lower bounds 

o f  the RRP, K-,, ..., K^)  can be bounded by,

oc i 00

i = I y = 1 / = 1
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For analytical tractability, we further assume that the packet arrivals in the different 

time slots are independent Poisson random variables. Then the unconditional average 

number of transmissions, R , is obtained by averaging (8.7) over (8.1) [99],av

oc r cc
(i)
B (8.8)

/■ = 1  ̂K, — 0 AT, = 0 K, = 0

After some algebraic manipulations [see Appendix 8A], (8.8) can be easily shown to be 

upper and lower bounded by (8.9) and (8.10), respectively, by considering the maximum 

and the minimum number o f interfering users among the combined packets.

Ra v —A U

r ^  5 1 / V - 1 5

— z \ L e ~ ^
5 !-y = 0 - ,y = 0

= ‘ + z z ■
/ =  1 AT. =  0

A T . - I

^ - Z ! r
=  0

i’!

K.

I -Z iLe~^I
s =  0

X  (8.9)

(8.10)

where p  {d '̂ ‘"*\k *} and p  {D | } are evaluated using (8.6). It is important to high­

light that (8.9) is the absolute upper bound for the average number o f  transmissions. 

However, this is not the case with the lower limit described by (8.10) due to our pessimis­

tic assumption o f  . But (8.10) is useful because it allows us to investigate the effects 

of the time-varying multiuser interference on the system performance. The absolute lower 

bound on R can be evaluated in a similar way.

^av-AL = 1 + Z  Z  ' 
/  =  1 a : .  =  0

x . - i   ̂

.  = o " '

K. s

x H f  (8.11)
y = 1

It is also noted that the expressions in (8.9), (8.10), and (8.11) are related in the following 

manner,

^ a v - A L - ^ a v - L - ^ a v - A U  (8-12)
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Since average portion o f a packet which is received successfully in each

transmission, and p  is the average number o f packets generated during each time slot, the 

system throughput is given by,

P = (8.13)

It can be easily shown that (8.13) reduces to (8.2), the familiar expression for throughput 

o f a conventional slotted DS/CDMA ALOHA when packet combining is not considered. 

The channel utilization efficiency is dictated by the normalized throughput r\ ,

n = (8 14)
av

which is defined as the number o f information bits correctly received per second per unit 

bandwidth [bits/s/Hz] (i.e., data throughput per unit bandwidth). The scalar \j/ in (8.14) 

corresponds to the percentage of the message information bits in a data frame. Hence, 

\\f = and vj/ = k y  (N^ + Nf^) for the conventional DS/CDMA ALOHA

and the packet combining systems, respectively.

8.2.2.2 Unslotted DS/CDMA ALOHA

In an unslotted (without frame synchronization) system, the packets are transmitted on 

the channel as soon as they are generated. Consequently, each transmitted packet experi­

ences a random multiuser interference pattern corresponding to the evolution of channel 

traffic (asynchronous packet arrivals and departures) during the transmission interval. 

This imposes more severe computational difficulty when compared to the slotted case.

The probability distributions for the maximum and minimum number o f interfering users 
within a packet reception interval in an unslotted system have been developed in [96] by 
considering the following three situations: (a) the maximum interference level over the 

interval [0, L] is z ; (b) the interference level is constant and equal to z over the entire 

interval; and (c) the minimum interference level over the interval is z . These distribu­

tions are given in terms of the Poisson density function /^  (.) and the Poisson cumula-
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tive distribution function (r) =  (W  ,
II' = 0

+ + [ ( ^ +  } /  (- + 1 )  (8.15)

^n_mm (-) = y ^ ( - )  ( ( f l+ l - ^ ) y ^ ( ^ )  + [ l - ' F ^ ( ^ ) ]  } (8-16)

By exploiting the knowledge o f  these probability density functions, and following 

the steps as we have outlined for the slotted case in Section 8.2.2.1, it can be easily shown 

that the average number of transmissions for the unslotted DS/CDMA ALOHA with 

packet combining is bounded by (8.17) and (8.18),

+ Z  Z  ■

/■ =  1 a:* =  0

■ K- i ' k ’ - i

S  ^\L_max —

-5 = 0 - 5  =  0

(8.17)

■ a:. - 1 i K.
— 1 ~  ^  S ^_n iin  (-̂ )

- 5  =  0 - 5  =  0

y= 1

Once again, the corresponding absolute lower and absolute upper bounds on the normal­

ized throughput can be attained using the definition in (8.14).

8.2.3 ACK Sensitivity

ARQ transactions in a Selective-Repeat retransmission request system with a noisy feed­

back channel is illustrated in Fig. 8.3. When an ACK or NAK is missed, the previous 

transmission is repeated. A missed NAK has no effect on the throughput performance 

because the response will be interpreted as a NAK anyway. The missed ACK, however, 

causes an extra transmission. Its effect is to increase the by a factor P p /  ( 1 —Pp) 

for an ACK failure probability o f Pp.  It is important to highlight that if  the receiver
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receives a packet that already has been accepted, an ACK is sent to the transmitter, and 

the packet will be discarded.

TRANSMITTER

Packet header 
«y, lailure

'a ck

RECEIVER

Fig. 8.3 ARQ transactions in a Selective-Repeat retransmission request 
system with a noisy feedback channel.

8.2.4 Packet Header Sensitivity

When a header is missed, the transmission is wasted. If denotes the packet 

header failure probability, then is the fraction of messages wasted. Consequently, if 

transmissions must be received to deliver a message successfully, then 

( 1 — P^)  transmissions must be sent. It is evident that its effect is to decrease the 

system throughput by the same factor. As an example, the resulting Rav~4 u^ taking into 

account both packet header and ACK sensitivities, for the slotted DS/CDMA ALOHA 

with packet combining is,

R 1
OC o c

___________ . T  T
av -A U  f ] —P \ ^  ^ 5!

fC s
Y

- 5  =  0
51

/ \
X p

4-
1

( 1 - f ^ )  ( 1 - p ^ )

where the header failure probability is computed as.

(8.19)

iV.

X

( 1) K  + 1
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8.3 Performance of Combined Multipath and Packet 
Diversity (2-D Receiver)
Rake reception is an excellent strategy to exploit the autocorrelations properties of 

the PN spreading signature waveforms by resolving and combining the multipath compo­

nents to obtain spread spectrum diversity. In practice, the diversity improvement attained 

by combining many demodulator fingers actually declines beyond some optimal value, 

as each tap has already improved statistics, and because o f surmounting combination 

losses o f many fingers. Hence, in this section an analytical closed form expression to 

evaluate the average bit error rate o f the coherent binary phase shift keying (BPSK) sig­

nal, after combining the finite M < L  tap decisions (i.e., M-fingers) from each of the B

packets (time-diversity branches), is outlined. The analysis can be easily extended to 

other fading conditions as well, following the moment generating function (MGF) 

approach presented in Chapter 3.

Following the analysis for maximal-ratio combining in [12], the probability o f bit 

error conditioned on a fixed set of path gain is,

^6 (Y^) = ^ e r f c [ / ^ ]  =  ^J^^‘'e x p [-Y ^ c s c " (0 ) ]û i0  (8.21)

where denotes the instantaneous received signal-to-noise ratio (SNR), defined as.

76 = Z  Z  7,7 (8.22)
, =  I /  =  I

and the notation corresponds to the instantaneous received SNR for the /th  packet 

and / th multipath component. In the preceding section, the bounds on throughput and 

packet error probability are derived by considering that multiple copies o f the same 

packet are affected in a similar manner (i.e., same number o f interfering users). This 

allows us to assume are statistically identical with respect to index / ,  yielding 

7i/ ~ Ÿ?/ “  ... = ÿgi = ÿ/. If  we assume the branch fading as well as branch noises to 

be statistically independent, then the characteristics function for is simply the product
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(8.23)

where

1 , B ~ i M

n 1

, V ,  (1
'' k^l

s  = 1 / 'h

(8.24)

and is the average SNR for path / o f the target receiver is given by [99],

Yl =
h  i  4p;]3 N

J = L J^ l y = 1

(8.25)

where corresponds to the channel gain of the / th  path. With the assumption of an 

exponentially decaying power delay profile, (8.25) reduces to.

Ÿ/
2 { K +  1) 

3 N
- U - i ) 5 ^ 2 K ^  

3 N
Mo 1 ( / — 1 ) 5e

1-1
(8.26)

because ^ Parameter 5 in (8.26) represents the decay rate o f

the multipath intensity profile (MIP).

The inverse Fourier transform of the characteristic function in (8.23) yields the probabil­

ity density function o f in the form.

M  B . ; - l
e x p f ^ (8.27)
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Therefore, the average probability o f bit error for BPSK with combined spread spectrum 

and packet diversity, conditioned on K  + I active users, is given by.

(8.28)

The definite integral in (8.28) has a known closed-form solution (e.g., [100]),

r  ^erfc  { Jx  ) -----   : e x p T ^ l  dx
( / - ! ) ! ( ? , ) '( / - l ) ! ( % r ) '

= ( 2 i - l ) !  2^1 r f , i  + i , / + l , ^ V [ 2 - ' ( ? / ) ' ( / - l ) ! f ! ]
7/

5 ( 1 - A / )  Z
i— I , .
—  — i + w ^ r i

vv
w = 0

( 8 2 9 )

where Ay = ^  y^/ (1 + ÿy) . Hence, the closed-form bit-error rate expression is obtained 

by substituting (8.24) and (8.29) into (8.28).

Alternatively, the performance o f the two-dimension diversity receiver (i.e., combined 

packet and spread-spectrum diversity) in a Rayleigh fading channel may be evaluated 

using Eq. (8.30):

,(5) ( 8 . 3 0 )

For different fading environments, one just need to substitute an appropriate expression 

for the MGF <j>,̂ (.) in Eq. (8.30). As well, Eq. (8.28) can be further simplified for the 

uniform multipath intensity profile (5 = 0 ) case, i.e..

-  ( 1  —  A )
,/n iW5— 1 , 

IV =  0

( 8 . 3 1 )

By choosing different values o f M , the trade-off between performance and receiver com-
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plexity can be investigated. For instance, the performance of a single correlation receiver 

can be readily evaluated by setting M  = \ . On the other hand, by selecting M  = L ,  the 

performance of the optimum coherent receiver is realized.

8.4 Numerical Results
We now present some representative numerical results which give an indication of 

the performance improvement provided by packet combining. Each packet in the conven­

tional DS/CDMA ALOHA consists o f = 127 bits, and FEC is assumed to correct up 

to = 4 bits, i.e., a (127, 99,4) BCH code. For simplicity, we assume that the same 

cyclic code will be used for both error correction and error detection. Whereas, the 

packet combining systems will have an additional = 31 bits tagged preceding the 

message block, as illustrated in Fig. 8.2. The packet header is assumed to be protected by 

(31, 11,5) BCH code, unless stated otherwise. Gold codes of period 63 are employed as 

a spreading sequence. Therefore, W = 63 because each bit is encoded with 63 chips. For 

the Rayleigh multipath fading model, we assume that the maximum number o f resolv­

able paths L to be 5, the MIP decay rate parameter 6 = 1 ,  and the average received 

SNR of the first arriving path, in the absence of multiuser and self-interference, is fixed 

a t£ :[p ^ ]£ ^ /A o  = 15 dB.

Fig. 8.4 compares the frame error probabilities for two different block sizes and 

error correction capabilities. It is evident from this figure that the packet header failure 

rate is significantly lower than that o f the message frame. This suggests that the likeli­

hood o f a message block being received correctly when its corresponding header block 

was missed is negligible. The difference in the error performance is due to two factors: 

(a) the header frame length is smaller than the message block size, and therefore it is 

more robust to random channel errors; (b) error protection for the header section is 

greater (i.e., lower code rate), thereby further reducing the frame error rate.
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(127, 99, 4) BCH 
(31, 11,5) BCH10
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Fig. 8.4 Comparisoa between the message (solid curve) and packet 
header (dashed curve) failure rates as a function of offered traffic.

The tightness o f the bounds on throughput and packet error probability are depicted 

in Fig. 8.5. As expected, the throughput characteristics for the conventional DS/CDMA 

ALOHA (denoted as Type-I HAlRQ) exhibits behavior that is typical of random access 

systems, with throughput initially increasing with the channel traffic and then decreasing 

as the load"  ̂ increases beyond the channel “capacity”. In order to make a fair comparison 

between the conventional and the proposed packet combining system (i.e., isolate the 

effect o f  the different message block size), is maintained to be identical for both sys­

tems. The header information bits = 11 bits) in the conventional DS/CDMA 

ALOHA will have the same protection level as the message information bits of length 

. This is because a packet retransmission will be initiated unless both the

4. In this thesis, we have used the terminologies “offered traffic”, “traffic intensity” and “channel traffic” 
synonymously.
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header and message fields were received correctly. Therefore, in this case it is only waste­

ful to allocate extra redundancy bits for protecting the packet header. Comparison 

between the upper bound and the absolute upper bound for throughput curves o f  the 

packet combining system (obtained by substituting (8.10) and (8.II) into (8.14), respec­

tively) indicate that the bound on packet error rate is very tight over a wide range o f 

offered traffic. Hence, P.  is a very good approximation for f j '^  in the analysis o f 

throughput and/or delay performance. However this is not the case for the average num­

ber o f transmissions, when the effect o f multiuser interference is taken into account. 

While this bound (given by expressions (8.9) and (8.10)) is reasonably tight at low and 

moderate values o f  p., it becomes weak as the traffic intensity increases. This observa­

tion is attributed to the fact that the difference between K* and AT, becomes significant 

at higher ranges o f  offered load.

^ 0.25

v’anable P»: (o 1, 11.5 ) BCH 
Pti = 0 (ideal) 

o Tvpc-t Ha RQ (no combining) 
Packet Combining:
+ Absolute Lower Bound 
• Upper Bound 
X Absolute Upper Bound

40 50 60
Offered Traffic

Fig. 8.5 Bounds on throughput performance o f a slotted DS/CDMA ALOHA 
with Poisson traffic: (a) = 0, and (b) variable P^ - (31,11,5) BCH code.
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  Variable P „: (31.11 j )  BCH
 P^ = 0 (ideal)
o Type-I HAR(^ (no combining) 
Packet Combining:
+ Absolute Low er Bound 
X Absolute Upper Bound

2  10

0.05 0.15 
Normalized

0.2
Normalized Throughput

0.25 0.3 0.35 0.4

Fig. 8.6 Delay-throughput characteristics o f a slotted random access 
packet CDMA with and without retransmission diversity combining in an 
error-free feedback channel.

In Fig. 8.6, delay-throughput performance of slotted DS/CDMA networks (with 

and without packet combining) are plotted for different packet header failure rates. It is 

clear that the type-I hybrid ARQ system is still inherently unstable. But this serious prob­

lem can be mitigated by introducing some form o f diversity reception. Notice that when 

the traffic intensity is low, the proposed packet combining scheme has the net effect o f 

reducing the normalized throughput, compared to the performance curve of the conven­

tional DS/CDMA ALOHA. This is because additional parity bits (fixed overhead) are 

sent in each transmission for protecting the packet header. However, as the traffic inten­

sity increases, the former performs better because o f its ability to exploit packet diversity 

which reduces the retransmission frequency. Packet combining also dramatically reduces
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the average number o f  transmissions necessary before a packet is decoded successfully, 

thereby improving the delay performance of the type-I hybrid ARQ system.

0.4
PC

0.35

- P C  —

0.3

0.2  Unslotted DS/CDMA
 Slotted DS/CD\1A

+ Absolute Lower Bound 
X. Absolute Upper Bound 

NC Type-I Hybrid ARQ 
PC Packet Combining

NC NC NC

0.05

100
Offered Traffic

Fig. 8.7 Bounds on normalized throughput for the slotted and unslotted random 
access spread-spectrum radio networks with Poisson traffic arrival, and Pp = 0.

Fig. 8.7 examines the impact o f packet combining on channel utilization efficiency 

o f an unslotted random access DS/CDMA. This scenario is important because o f the pure 

ALOHA-like implementation complexity and robustness advantages associated with 

completely uncoordinated channel access. While there is a 2:1 capacity differential (i.e., 

0.368 versus 0.184) between slotted and unslotted fixed packet length narrowband 

ALOHA networks, unslotted operation results in a much smaller penalty (perhaps only 

10-30%) for packet CDMA. It is also apparent from this figure that the throughput for 

the slotted random-access packet-switched DS/CDMA system falls in between the abso­

lute upper and lower bounds for the unslotted DS/CDMA system. This is true for both
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the packet combining and no combining cases. Because of the nature o f the functional 

dependence o f the error probability on the number of simultaneous transmissions, it is 

expected that the absolute lower bound is closer to the actual throughput than the absolute 

upper boimd. Therefore, we conjecture that the throughput for an unslotted system falls 

between the absolute upper bound for the slotted system and the absolute lower bound 

for the unslotted system. Similar observations and conclusions were drawn for a conven­

tional frequency-hopped spread-spectrum multiple access network in [96].

0.3
P[: = O.I

0.25

= 0.5

^ 0.2

S0.15

0.1

0.05

100
Offered Traffic

Fig. 8.8 Throughput performance o f a slotted DS/CDMA ALOHA with and 
without packet combining in the presence of a noisy feedback channel. The packet 
header is assumed to be protected with a (31,11,5) BCH code.

From Fig. 8.8, it is obvious that feedback charmel errors (i.e., missed ACK) only 

causes graceful degradation to the network performance. Hence, we can conclude that in 

practice the reduction in the throughput performance due to Pp. will be negligible since
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the ACK messages are normally protected by a low-rate code and their packet size is usu­

ally short. On the other hand, the system throughput may decline rather rapidly as the 

load increases, depending on the protection level o f the packet header (see Fig. 8.5 and 

Fig. 8.6). This observation is attributed to the fact that packet diversity may not be real­

ized if  the header block is corrupted. This reduction, however, can be restored by adopt­

ing an adaptive multi-copy packet header transmission strategy or other approaches that 

will reduce the header failure probability. Analysis o f such schemes are beyond the scope 

o f this thesis.

,-2

F = 2
F = 2

,-5HI F = 3
F = 3

Q-

,-7
 Typc-I HARQ

(no combining)
 Packet Combining
-r Lower Bound 
X Upper Bound

-8

,-9

8040 50
Number of Active Users

7030
Number

Fig. 8.9 Comparison of packet error probability between a type-I hybrid 
ARQ scheme and the proposed packet combining technique in a Rayleigh 
multipath fading environment.
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It is also worth noting that the network stability issue can be alleviated by limiting 

the maximum number o f  packet retransmissions (in situations where a large number o f 

retransmissions occur), but at the expense of packet reliability. Let notation F — 1 denote 

the maximum allowable packet retransmissions in a truncated ARQ protocol. Packet error 

probability can be used as a reliability metric in an hybrid ARQ protocol with finite 

(small) number o f transmissions because its reliability is mainly determined by the 

decoding failure, rather than the undetectable error probability. While the delay perfor­

mance for the proposed packet combining scheme is identical with that o f the conven­

tional DS/CDMA ALOHA when F  = 2 (only single retransmission is allowed), the 

system reliability is significantly better for the former than the latter, as shown in Fig. 

8.9. As well, the packet error rate for the multicopy transmission system is identical with 

the absolute upper bound o f the packet combining system (with its corresponding F ). 

From Fig. 8.9, we can conclude that packet combining can significantly improve the reli­

ability o f the tnmcated ARQ protocol, or alternatively support a larger number of simulta­

neous users for a given reliability index. As an example, the conventional type-I HARQ 

with two retransmissions (F  = 3 ) can only facilitate up to 17 simultaneous users (on 

average) at Fg = 10  ̂. On the other hand, the packet combining system can accommo­

date up to 46 users with the same number of retransmissions. This is particularly interest­

ing in that a considerable improvement is attained with only a modest increase in the 

buffer requirements and processing complexity of the conventional system.

8.5 Conclusions
A steady-state performance analysis has been presented for both slotted and unslot­

ted random access packet-switched DS/CDMA networks in conjunction with packet com­

bining. This technique is highly advantageous for systems which can tolerate a certain 

delay and operate over highly time-varying channels. To facilitate the analysis, we have 

derived simple and computationally efficient formulas for evaluating the average number 

o f transmissions and throughput o f this new system with Poisson traffic. Numerical
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results reveal that the proposed adaptive retransmission diversity combining system 

yields a higher maximum throughput in comparison with the conventional DS/CDMA 

ALOHA, and helps to sustain a high level o f  throughput over a wide range o f offered 

traffic (at the expense o f only a slight increase in implementation complexity). Packet 

combining also dramatically reduces the average number o f  transmissions necessary 

before a packet is received correctly, thereby improving the delay performance o f  the 

type-I hybrid ARQ system. Missed ACK and controlled header failure rate only cause 

graceful degradation o f the network performance. Besides ensuring a more stable net­

work, the reliability o f  a truncated ARQ protocol can be substantially enhanced by 

employing packet diversity.

Appendix 8A
Expressions (8A.5) and (8A.7) derived in this appendix enable us to evaluate both the 

upper and lower bounds on (8.8) efficiently. For mathematical simplification but without 

any loss in generality, let us assume that m j will take the maximum value for the number

o f interfering users among the combined packets, i.e., = max  ........

Hence, the unconditional average number o f transmissions is upper-bounded by,

Z  Z  -  (8A.1)
/ = 1 t ^  ̂ = 0 = 0 m. = 0

where p { D ^ ‘̂ \ m ^ }  = p  {m^, m ^ , .........., / n Q } .  Subsequently, (8A.1) can be

restated as,

X r  OC r X X 1
Si)

/  =  1 = 0 7̂7J, =0 m - = 0
(8A.2)

The right-hand side o f (8A.2) can be re-written in the form o f a binomial series, i.e..
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RHS = 1 + X
: =  1

'm,-l ,

f =  0

'■OT| -  I ^ 1 / —2

i - l

'm,-l f 1 i - J

1  ^ " 1  + - +  ‘c j Z
/n, =  0 f =  0

+ - +  S
TTIj = 0

m, = 0

x p  {D^'^ I /» J

f =  0

(8A.3)

where the binomial coefficient is defined as
{a — b) \b\

Therefore, Eq. (8A.3) can be simplified as.

RHS = 1 + 2  2
/• =  1 m , =  0

which reduces to.

I ' m , - I  ^ i - k  1

A- =  1 f = 0
x p  {£) I /ÎÎJ} (8A.4)

0 0  OC

RHS = 1 + X Z
L / =  0

\Le~^ >('■)x p  { D  I } (8A.5)

The lower bound on can be obtained in a similar way. Let us now define

m, = min {m^, m^, ........ , . Hence,

t i / - I

i  -  I  

00

'c, Z 4 'W  Z I
=  m,  +  I

m^=0 '[ = m, + I /Wj = 0

m, = 0
(8A.6)

which can be re-stated in a compact form.
0 0  oc

=  1 m, =0

-  00 t i CO tz \L e ~ ^
t \

— z r!
J  =  m. _ f =  m i  +  l

TOx p  { D  I / « I } (8A.7)

Notice that (8A.7) is equivalent to the expression described by (8.10).
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Chapter 9 

Analysis and Optimization of Adaptive 
Multicopy Transmission ARQ Protocols for 
Time-Varying Channels

Automatic repeat-request (ARQ) schemes have received considerable attention for data 

transmission because o f its simplicity, and are highly reliable compared to the forward- 

error correction (FEC) schemes [102]. Among the various known ARQ protocols, Go- 

Back-N (hereafter, simply referred as GBN) is very popular for terrestrial communica­

tions because it provides a good trade-off in terms o f  implementation complexity and per­

formance. However, for systems that impose large propagation delays (such as satellite 

communication links), Selective-Repeat (SR) is a  better candidate. Another class of 

ARQ protocols has evolved by exploiting the benefits o f both ARQ and FEC schemes 

[104]. Consequently hybrid approaches offer superior performance at the expense of 

increased implementation complexity.

A major drawback of repeat-request strategies is that their throughput is not con­

stant (unlike the case with FEC) and it falls rapidly with increasing charmel error rate 

[101]. In order to address this issue, many adaptive ARQ protocols have been suggested 

in literature [104]-[111]. For instance in [109]-[11I], the authors suggested varying the 

forward error correction rate to compensate for the fluctuations in the charmel conditions. 

In [108] and [105]-[107], different block (packet) sizes and multi-copy transmission
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schemes were used as adaptation mechanisms, respectively. The underlying premise is 

that if accurate channel state information (CSI) is exploited to dynamically change the 

protocol operation modes, then obviously higher throughput can be realized over a wide- 

range o f error probability, versus a fixed (nonadaptive) algorithm. Fortunately, the fre­

quency o f the acknowledgment messages provides a natural source o f channel state infor­

mation. Hence, no additional circuitry is needed for channel state estimation (CSE). It 

should be pointed out that most o f these studies, with the exception o f [105], do not take 

into account the effects o f  unreliable feedback ch annel in their adaptation algorithm. This 

is an important consideration since the CSI is extracted from the received acknowledg­

ment messages. Besides quantifying the degree of performance degradation, one should 

also answer the question as to how the selection of the CSE design parameters is affected 

by this form of errors (reflects the robustness of the algorithm). Other known channel 

estimation techniques include signal power measurements and pilot tone transmissions 

[117], which involves estimation and signal processing complexity.

In this chapter, we consider the CSE method outlined in [105], where channel con­

ditions are estimated by counting the contiguous positive acknowledgments (ACKs) and/ 

or contiguous negative acknowledgments (NACKs). As we will describe shortly, this 

technique is simple, yet can yield an accurate estimate o f the channel condition. The reli­

ability o f this algorithm improves at high signalling rates or in a slowly-varying environ­

ment. Notice that in [105], the author modelled the adaptive ARQ system by a simple 

Markov chain with two states. However, this representation becomes void if  the design 

variables are selected to be larger than unity because now the present state probabilities 

will be dependent on a specified number o f previous state values, and therefore

P r{X ^ | ^ P r { X J ^  ^ n - \ ^  - Hence, an accurate analytical model to

analyze the performance o f this adaptive ARQ system is developed in this paper by repre­

senting the adaptive system by an r-order Markov chain {multiple Markov process) [120]
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instead. As well, Yao [105] used trial methods to obtain the system design variables, and 

consequently does not provide sufficient guidelines to choose appropriate values for 

these parameters. In contrast, here we adopt the Broyden-Fletcher-Goldfarb-Shanno 

(BFGS) algorithm [115], a well-known nonlinear optimization technique to obtain the 

suboptimal values for these parameters in a systematic and efficient manner. Moreover, 

in [105] no attempt was made to verify as to how the selection o f these design parame­

ters is affected by feedback channel errors. These questions are answered here. Further­

more, our work extends the results presented in [105]: (a) by studying a more general 

case o f mixed-mode ARQ strategy with transitions between any two arbitrary f-copy 

GBN schemes, (b) by outlining an efficient and systematic approach to acquire the subop­

timal design parameters, (c) by providing a quantitative measure o f the appropriateness 

o f the selected design variables (reliability criterion), (d) by investigating the asymptotic 

properties of the estimated throughput expression, and (e) by presenting simple expres­

sions to estimate the suboptimal design parameters, both in noisy and noiseless feedback 

channels. Additionally, we have also evaluated the performance o f Weldon’s Selective - 

Repeat ARQ strategy with transitions between two operation modes.

This chapter has the following organization: The operation o f an adaptive Go-Back- 

N ARQ strategy and CSl acquisition techniques are described in Section 9.1. Section 9.2 

details the throughput analysis for r-copy GBN and Weldon’s SR ARQ strategies. Subse­

quently, exact analytical expressions for computing the throughput cross-over probability 

between any two multicopy transmission modes are derived. In Section 9.3, application 

o f a Quasi-Newton optimization method to find the suboptimal design parameters is out­

lined. Selected numerical results are presented in Section 9.4. Finally in Section 9.5, the 

main points are summarized and conclusions restated.
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9.1 System Description
For convenience, a brief description for each o f the parameters affecting the throughput 

performance is summarized in Table 9.1.

Table 9.1 Description o f the notations used in the throughput analysis.

Notations Explanation

f N u m b e r  o f  identical message blocks sent in each transmission in case o f  a Go-Back-N scheme or 
number o f  copies o f  a block retransmitted to handle a NACKed codeword for the Selective- 
Repeat ARQ strategy. The subscripts I and 2 denote the low- and high-channel error rate states, 
respectively.

a . p Design variables that correspond to the count o f  contiguous NACKs and ACBCs. respectively. If
the transmitter receives a  contiguous NACKs while in state L (or p contiguous ACKs while in 
state //) , it will switch its operation mode from tpcopy transmission to ti-copy transmission 
scheme (or vice-versa).

Pl ' Pff Steady-state probabilities for each o f  the low- and high-channel error rate states, respectively.

P^. Pff Sum o f  steady-state probabilities o f  all the individual states in their respective low- and high
channel error rate groups, and therefore correspond to the fraction o f  time that the adaptive sys­
tem operates in a ([-copy and ti-copy transmission modes, respectively.

Pg Channel block error probability (i.e, message frame error rate).

/y  Feedback channel error rate (i.e, probability than an acknowledgment message is corrupted).

P^g Channel block error probability at which the throughput o f one ARQ protocol cross-over that o f
another in a noise-free feedback channel (hereafter, simply referred as throughput cross-over 
probability).

Pco-noisy Throughput cross-over probability in the presence o f  a noisy feedback chaimel.

T Throughput efficiency o f  the adaptive system.

M Block storage o f  the link (has the same meaning as in the basic Go-Back-N scheme, as well as
the size o f  the finite buffer in the Selective-Repeat protocol to store the error-free frames).

E (a , P) Quality criterion that indicates the appropriateness o f the selected design variables in terms o f
matching the performance curve o f  the proposed CSE scheme with the desired performance 
envelope.

User defined weight sequence that provides addinonal flexibility in matching different data sam­
ples with varying accuracy.

9.1.1 ARQ System Operation

The forward channel is considered to have a finite number o f states associated with 

distinct channel conditions. As an example. Fig. 9.1 depicts an adaptive Go-Back-N 

ARQ strategy with transition between two operation modes. State L and H  correspond to 

low and high channel error rate conditions, respectively.
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(a) System description o f  an adaptive Go-Back-N ARQ strategy.

H,

a  s a le s  correspond to the operation in tj^copy 
transmission mode (low channel*error sa te s )

P s a te s  correspond to the operation in t^-copy 
transmission m ode (high channel «error s a te s )

(b) (a+P)-state Markov chain representation.

Fig. 9.1 An example o f the proposed ARQ scheme illustrating the transition 
between two operation modes.

The transmitter operates in a r^-copy GBN transmission mode while in state L. 

When the channel condition degrades, it switches to ^^copy GBN transmission mode. 

The operation o f r-copy GBN is the same as pure Go-Back-N except that t copies o f a 

data block are sent in each transmission. Notice that because we have to provide

greater amoimt of redundancy to improve the overall system throughput and delay char­
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acteristics at high channel error rates. The decision regarding the transitions between dif­

ferent operation modes is made based on the received acknowledgment messages. In our 

example, the transmitter assumes that the channel condition transits from state L lo H  

upon receiving a  contiguous NACKs or erasure symbols. On the other hand, if  the trans­

mitter receives (3 contiguous ACKs, then the transmitter would consider that the channel 

is traversing from state H io  state L. Similar to [105] and [118], we assume that the feed­

back channel error can only make ACK and NACK messages indistinguishable and the 

transmitter will handle this erred ACK/NACK message (erasure symbol) as a NACK. 

This form o f error process is referred as “product-approximation” in [116]. Such an 

assumption is reasonable since the undetectable error probability can be made very small 

by proper selection o f error detecting codes [104].

Since the transition from one state to another depends on the number of contiguous 

NACKs or number o f contiguous ACKs that have been received, i.e.,

+ ^ _ a + r  can represent the pro­

posed adaptive system precisely by an r-order Markov process. It is straightforward to 

transform a multiple Markov process into a simple one by expanding the number o f 

states defined for the system and correspondingly increasing the size o f the transition 

matrix. Then the adaptive ARQ system can be characterized by an ( a  + P) -state Markov 

chain whose state space is partitioned into two groups o f a  low-channel error rate states 

and P high-channel error states, as illustrated in Fig. 9.1(b). The ( a  + P) x ( a  + P) 

state transition matrix can be easily constructed (tabulated) from Fig. 9.1(b). After some 

mathematical manipulations, we obtain the following steady-state probabilities:
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where A. = (1 —Pf) ^P f-’ Pf P^ denote the feedback channel error probability

and message block error probability, respectively.

Since the adaptive system operates in a t^-copy GBN transmission mode while in any of
a

the L- states, it is useful to define a new parameter ^  P^ which dictates the
f = 1

steady-state probability o f the channel at low channel error rate group.

Similarly, the steady-state probability of the channel at high channel error rate group is

given by.

The throughput o f this new adaptive scheme is therefore an average of the throughput 

values o f the two operation modes, i.e.,

r  =  p ,  +  p ^  = p^ +  ( 1 - p ^  ) (9.5)

and throughput performance for each of the operation modes are derived in Section 9.2.

9.1.2 Channel State Estimation

Perhaps the most difficult problem in implementing an adaptive scheme is finding a sim­

ple real-time adaptive algorithm. In other words, the channel error characteristics should 

be identified within a few block transmissions while preserving simplicity. Typically, the 

channel is monitored by counting the number of retransmissions during an observation 

interval (OBI) and comparing that number with a set o f  thresholds to determine the chan­

nel condition [109]. If OBI is large, then the delay in reacting to a change in the channel 

could be significant. On the other hand, very small values of OBI will not provide a reli-
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able CSI decision. It should be pointed out that more reliable CSI can be achieved by 

exploiting a more complex decision statistics, such as the exact number o f erroneous bits 

in the received packet. Such techniques allow the predicted bit-error rate (BER) to con­

verge to the “true” BER much faster. However, considerable overhead requirements and 

the added complexity are not likely to be justified in practical applications.

In [108], a method for estimating the BER was outlined. By accumulating the val­

ues o f total number o f «-bits blocks in error (TNBE) and total number o f «-bits blocks 

(TNB) over a long period, the expression (9.6) does provide a real-time adaptation,

= T N B E /  ( TNB x « ) . (9.6)

However, as pointed out in [112], such a long term bit error rate is meaningless as a 

description o f practical communication channels, because real channels often have errors 

occurring in bursts. To provide a more reasonable estimate o f the instantaneous block 

error probability, weighted sum o f errors should be considered. This ensures that the 

influence o f the most recent errors is the largest. Two other CSE methods were presented 

in [109] and [105]. In the former scheme, the authors predict the channel conditions by 

scoring the outcome o f the decoding process. It has been shown that the statistical 

sequential inspection scheme will require, on average, fewer samples (and therefore 

shorter observation interval) to detect this change than with a fixed sample size approach. 

In our analysis we adopt the CSE proposed in [105]. Specifically, in Appendix 9A we 

have shown that the selection of the design parameters is not very sensitive to the feed­

back channel errors. Unfortunately this is not the case for throughput performance.

The CSE scheme considered in this chapter addresses a few shortcomings found in 

some other approaches. First, by counting the contiguous ACKs or NACKs, we place a 

greater emphasis on the influence o f most recent errors. Consequently, our measurements 

tend to estimate the desired instantaneous block error probability parameter more realisti­

cally, and therefore can make a reliable decision much faster than the traditional channel 

monitoring technique. Next, this CSE method allows us to choose a wide-range o f subop­

timal design parameters which can be properly selected depending on the rate at which
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the channel statistics vary and the mode switching reliability criterion. Finally, the com­

putation o f the suboptimal design variables involves very simple operations and, if neces­

sary, can be performed in real-time for both noiseless and noisy feedback channels.

9.2 Throughput Analysis
In this section, throughput performance for multi-copy transmission o f Go-Back-N and 

Selective-Repeat ARQ protocols are presented. Subsequently, we seek to find exact ana­

lytical expressions for computing the break point o f the channel error probability where 

the performance of one ARQ scheme is better than the other, so that the overall system 

throughput can be optimized. The knowledge of this throughput cross-over probability is 

essential in the design o f mixed-mode ARQ strategies because the operation mode 

switching will occur at the vicinity of this intersection point.

9.2.1 Multi-copy Transmission of Go-Back-N ARQ Protocol

The operation of the r-copy GBN scheme is the same as the basic GBN ARQ strat­

egy, except that t identical copies of a data block are sent in each transmission. The trans­

mitter considers block i as being correctly received if at least one of the t copies has 

been positively acknowledged by the receiver. However, a retransmission of block i is 

required when all the copies o f block i have been negatively acknowledged.

Let 5 denote the number of data frames which can possibly be sent during the round trip 

propagation delay of the channel, i.e..

s = ^^prop = N - I ,  (9.7)

where R is the transmission rate in bits/s, Tp^op denotes the round trip propagation delay 

in seconds, n corresponds to total number o f bits per frame, and N  has the same mean­

ing as in the basic Go-Back-N scheme (block storage o f  the link). Notation [x ]  indi­

cates the smallest integer larger than or equals to x . Notice that r < 5 + 1 because it will
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be pure waste o f time sending more copies than the channel round-trip propagation delay.

In the r-copy GBN ARQ system, a retransmission is requested only if  all the t origi­

nal transmissions o f a particular codeword were detected in error, which always involves 

resending (r  + 1) data frames. Consequently, the average number o f  transmissions for a 

codeword to be successfully received and acknowledged is [104][106],

+ ( l - 0 ; +  (2r + 3f) ( 1 - Q r  + ...
(9.8)

= Z  ( 1 - 0
g = 0

where Ç = [ 1 — (P^ + ( 1 —Pf) ] % P^ denotes the probability that a received packet

contains no error, P̂  ̂ is the probability ± a t a received codeword contains an undetect­

able error pattern, and Pf corresponds to the feedback channel error probability. In arriv­

ing to (9.8), we have assumed that the packet error process is independent and identically 
distributed. The effects o f packet error correlations on the system performance have been 
examined in a greater detail by Zorzi and Rao [121]. Using identities

/ =  0 /■ =  I

' ^ y ‘ = 1 / ( 1  —y)  and ^  iy ‘ = y / ( I  —y)“ allows us to simplify (9.8) as,
i= I

_ t + sÇ _  t + 5 [ l - ( P ^  + P^^) ( 1 - ^ ) ]
^r-CB.V = t 9  = ---------------- '----- ----------- — - (9-9)

1 - Ç  1 - [ 1 - ( P ,  + P J ( 1 - / } ) ] r

Since the undetectable error probability P̂  ̂ can be made very small by proper selection 

of error detecting codes [104], virtually an error-free transmission can be attained. For 

example, the (2047, 2014) triple-error correcting primitive BCH code satisfies the follow­

ing tight bound [103],

{1 + ( l - 2 s ) " - 2 ( l - e ) " }  , (9.10)

where s and k  correspond to the channel bit-error rate and the number o f information
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bits in a packet size o f length n , respectively. Consequently, the error event o f  a system 

employing such a code can be made very small by using only a moderate number o f  par­

ity bits. Since 4- = 1, we can substitute = 1 — in (9.9), where

is the probability that the received block contains a detectable error pattern (hereafter, we 

shall refer as frame error rate). Then the throughput eflBciency of the r-copy GBN 

scheme is given by,

n f + ( # _ l )  ( 1 - ^ ) ] '  ( N - 1 ) ^ '

where q  = k / n  is the code rate o f error detecting code. Notice that (9.11) reduces to the 

throughput o f pure GBN strategy when f = 1, and throughput o f pure SR ARQ scheme 

when both t = 1 and N  = \ . Similarly, (9.11) reduces to the familiar expression in 

[113] when ^  = 0 .

We now derive the exact throughput cross-over probability between any two arbi­

trary f-copy transmission of Go-Back-N ARQ strategies. After some algebraic manipula­

tions, the throughput difference between the fpcopy and f^-copy GBN transmission 

protocols is given by.

t-i—copy CBN — copy GBN

k  ( ^ 1 - 0  + ( # + 4 - 1 ) 1 ' - ( N + r ^ - 1 ) 1 "  (9-12)
=  -  X

n [4 +(#-l)l'] [4 + (#-!)!']

It is evident that the denominator o f (9.12) is always greater than zero. Thus, with the 

assumption of noisy feedback channel and r, > , the fo-copy transmission strategy out­

performs the ti'Copy transmission scheme when the numerator term of (9.12) is positive, 

namely.
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( 1 —A.) x ^ | ^ l + A ,  + A.~ +  . . .  +  A,'

r r, f , + 1 1-| ^+ ÎA, + A. +--- + A." J ( A^ + f j  — 1) J > 0 ( 9 . 1 3 )

For an error-free feedback link, (9.13) can be simplified as,

( i - p j  x[ [ i+p^  + p ;+ . . .+p/ '
r  f, r,+ i n  ^

+ [P e+ P e  J ( i V + ^ - I )  J > 0  (9.14)

For the specific case of = 1, (9.13) reduces to.

( 1 - X )
— 1 f, — 2 f , —3 1A,' + A, ~ + A. ~ +--.+A.—~

N  .
> 0  (9.15)

It is important to mention here that the t-copy transmission protocol performs better than 

the pure Go-Back-N ARQ strategy only if (9.15) is satisfied. In other words, if 

Pe ^  Pco-noisv 0^ , and fg  < 1, then multi-copy transmission approach yields

higher throughput than the pure Go-Back-N protocol. The throughput cross-over proba­

bility is obtained by solving for when inequalities in (9.13), (9.14) and (9.15) are 

replaced with equalities. Selected numerical examples are illustrated in Table 9.2 (a) and 

Table 9.2 (b). The knowledge o f this exact probability (which can be computed numeri­

cally) is essential in the design of our adaptive protocol because the switching will occur 

at the vicinity o f this transition point.

As well, comparison between (9.13) and (9.14) reveals an interesting relationship 

between the cross-over probability for the noiseless and noisy feedback channels,

(9 . 16)
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Table 9.2 (a) Examples of throughput cross-over probability 
between any two arbitrary f-copy GBN transmission schemes 
with the assumption o f  error-free feedback channel and N=10.

Throughput Cross-over Probability,

t 2 3 4 5 6
I 0.10000 0.17082 0.23304 0.287 II 0.33426

2 - 0.35037 0.42640 0.48519 0.53231

3 0.35037 - 0.53301 0.58763 0.62996

4 0.42640 0.53301 - 0.65246 0.69038

Table 9.2 (b) Throughput cross-over probability between different r-copy 
GBN transmission and the pure Go-Back-N schemes in the presence of 
feedback channel errors. N  is assumed to be 5.

t

Throughput Cross-over Probability, Pco-nois\-

Pf=Q 0.001 Pf= 0.05 Py=0.I0 Pf= 0.20

2 0.20000 0.19920 0.15789 O.IIIII 0 0.44444

3 0.30623 0.30553 0.26971 0.22914 0.13278 0.31182

4 0.38937 0.38875 0.35723 0.32152 0.23671 0.23877

5 0.45532 0.45477 0.42665 0.39480 0.31914 0.19306

Table 9.2 (c) Examples o f throughput cross-over probability 
between any two arbitrary t-copy SR transmission schemes with 
the assumption of error-free feedback channel and N=25.

Throughput Cross-over Probability, P^g

t 2 3 4 5 6
1 0.04000 0.07446 0.10726 0.13797 0.16668

2 - 0.21629 0.27735 0.32679 0.36809

3 0.21629 - 0.38426 0.43787 0.48075

4 0.27735 0.38426 - 0.51070 0.55259
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9.2.2 Weldon’s Selective-Repeat ARQ Protocol

Consider a two level Weldon’s SR ARQ system (hereafter, referred as r-copy SR) 

for which the receiver has a finite buffer N  to store the error-free frames, when a 

received word is detected in error. As in Section 9.2.1, the quantity W corresponds to the 

block storage of the link. We refer to [107] for a detailed description o f  the operation o f 

this ARQ scheme. Following the analysis presented in [107], the throughput efficiency o f 

this protocol can be easily obtained as,

where parameters X and q are as defined in (9.4) and (9.11), respectively. It is evident 

that (9.17) reduces to the expression given in [107] when the feedback channel is 

assumed to be error-free. The difference in throughput performance o f  the ti-copy and /[- 

copy SR protocols is,

(9.18)
[ l  + ( W - l ) l '  + ( W - l ) l  + X t ^ - X j

Notice that the denominator of (9.18) is always greater than 0 since 0 < 2. < 1, r > 1 and
[  I

t — X > 0 . Whereas, the numerator o f (9.18) can be rewritten as,

( I —X. ) x ^ ^ 1 h-X. +  X” + . . .  + X,'

r  t. r, + 1  r , -  In )
+ |_1 +  A. + . . . + A . -  J ( W + r , - l )  J > 0 ,  (9.19)

which is similar to (9.13). Then, the throughput cross-over probability is computed by let­

ting (9.19) equal to 0, and then solving the polynomial for P^.  Selected examples are 

illustrated in Table 9.2 (c).
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9.3 Quasi-Newton Optimization
In this section, we outline the use o f the BFGS algorithm [115], a well-known non­

linear optimization technique, to compute the suboptimal values o f the CSE design vari­

ables in a systematic and efficient manner. This methodology is particularly attractive in 

cases where a large number o f variables need to be optimized simultaneously (multi­

dimensional optimization). Additionally, in this chapter we have introduced a user 

defined weight sequence that provides greater flexibility in matching different data points 

with varying accuracy.

9.3.1 Problem Formulation

Consider the adaptive ARQ strategy depicted in Fig. 9.1, and let T{P^)  and 

T  (Pg) denote the throughput performance o f the desired (ideal) and adaptive ARQ pro­

tocol respectively. Our task is to find the optimal design parameters such that f  (P^) 

best approximates T ( P J  in the sense that the total estimation error is minimized,

m inim ize _ - -P ( a , P )  =  f W l n P J - T i P J J d P ^  
[ a , P ] € Z  ^0

K

= a X  (9.20)
I

sub jec t to:

< P <

where K  denotes the sample size, P^/. corresponds to the block error probability of the

Pth sample, is the user defined weight sequence that provides additional flexibility in

matching different points with varying accuracy, and the optimization variables can

assume any value from the set Z ,  which consists o f positive integers. In other words, the

mean square error (MSB) function is our objective function, and its local minimum point
T

contains the information o f the optimal design parameters, x* = [a *  P* ] . Discrete 

determination o f £  (a , P) is valid if  the step size A between the consecutive data points
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is selected to be relatively small. In this paper, we decide to choose the samples to be 

equally-spaced in the region 0 < 1, with a step-size o f A = 0.0010. It is apparent

that the objective function depicted in (9.20) serves as a reliability indicator of our CSE 

algorithm. For the sake of illustration, consider an error-free feedback channel scenario. 

Then, the envelope of the desired throughput performance curve is described by.

^ - p ^ k

^Hk ~
^ -P e k

if

(9.21)

and the throughput expression for the proposed adaptive scheme is,

P^Pek^ ~  PLk^Lk'^ PHkPHk-> (9.22)

w i±  the steady-state probabilities given by (9.3)-(9.4). is the throughput cross-over 

probability between tpcopy and 6-copy transmission schemes when Pj-= Q (noise-ffee 

return channel), and the system throughput for low- and high error rate state are denoted 

as T^f. and respectively.

As we will describe shortly, the optimal solution to our problem (i.e., when the perfor­

mance curve o f the proposed CSE scheme coincides with the desired performance enve­

lope over the entire 0 < 1 range) exists in the infinite a-P  space [see Appendix 9A].

In this case, the steady-state probabilities {P^ and P ^ )  will be equal at = P^^. 

Hence, it can be readily shown that the optimal design parameters are related by,

P * - l  ^  l a [ l + C  ( 1 - 2 P , „ ) ]
a * —1 hi ( 1 —Pgg) (ct—1) In (1 —P^^)

f In ( 1 -  P ,  J  In [  1 + ( 1 _  P^ J  P -  \  2 P _  -  1 ) ] (9.23)
 ̂ h i ( P , J  

hi jPco) 
h i ( l - P _ )

( P - l ) l n ( l - P ^ J



220

Since the optimal solution (i.e., local minimum point) does not lie in a reasonable value 

range, one can resort to the suboptimal solutions with some sacrifice in performance. If  

we select a  and P values to be very large, then this scheme will lose its ability to adapt 

to moderately fast channel variations. On the other hand, extremely small values o f  a  

and P will result in premature (unnecessary) switching, and poor fit to the desired perfor­

mance curve. Therefore we have introduced additional boundary constraints to the 

design parameters, which will be specified by the channel behavior and/or the intended 

application. In our minimization problem, these boimdary constraints can be eliminated

via transformation y  =  — s  tanh (z) . The hyperbolic tangent is a monotonically
e~ +  e  ~

increasing function with respect to z that maps the entire 1-D space -<o < z  <co to 

—1 < tanh (z) < 1. Subsequently, it is easy to show that the linear relationship described 

in (9.24) gives a map from (-% , =o) to (.r^,.„, J  ,

.r = I 'l E £ £ _ ^ ] t a n h ( z )  + ^ (9.24)

Finally the objective function for an unconstrained optimization is obtained by substimt-

ing [ a  p]
0 (anh (z^) + 0 .5(a^ ^, + a ^ . jmax min̂

r  .imizing the MSE function with respect to z = [z^ Zp] , i.e.

into (9.20), and min-

K
m inim ize E  (z^, Zp) = A ^  W f^ J  (P^^.) -  T ( f^ ^ )]"  , 
[^a’ -p] I

(9.25)

where consists o f the set o f  real numbers. The corresponding gradient function (first- 

order partial derivatives) can be obtained without much difficulty.
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9.3.2 Optimization Algorithm

In quasi-Newton algorithms only the gradient vector needs to be computed, and it 

is unnecessary to manipulate or invert the Hessian matrix H . Additionally, if  the initial 

matrix Sq is positive definite, then the updating formula for will yield a sequence

of positive definite matrices even for a non-quadratic function. This guarantees that the 

next search direction to be a descent direction. The BFGS recmsion formula is contrived 

to be an approximation o f , and is given by.

where  ̂—g^, 6^ = is a scaling factor obtained using line search,

and gf. corresponds to the gradient vector.

The algorithm o f  the BFGS method to obtain the suboptimal design parameters is sum­

marized as follows:

Step 1: Initialization:

(a) Input initial values for Xg and convergence criterion s .

(b) Set k<—0 and S'q <— (/^ corresponds to an « x « identity matrix, 

where n is the length of matrix Xq ).

(c) Compute f  (xq) and .

Step 2: (a) Set feasible direction < ^iSk-

(b) Find a ^ , the value o f scaling factor c that minimizes /"(x^ + c(/^) 

using a line search routine.

(c) Set 5* <- and  ̂ <- x^ + 8^.

Step 3: Check if  convergence has been achieved by using an appropriate criterion:

IF II8̂ 11 < s , then do:

Declare x* = x^.^j and/"(x*) = /(x^.+ [) as suboptimal solutions.

End.

ELSE goto Step 4.
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Step 4: Update new search direction:

(a) Compute .

(b) S e t Y t < - g t + i - g f

(c) Compute BFGS updating formula j using Eq. (9.26).

(d) Set k<— k + I and goto Step 2.

9.4 Computational Results and Remarks
In this section, we present a few examples to illustrate the system design and perfor­

mance evaluation of the proposed adaptive repeat-request strategy. Table 9.2 (a) and 

Table 9.2 (c) depict the throughput cross-over probability between any two arbitrary t- 

copy GBN and t-copy SR transmission modes respectively, with the assumption o f noise­

less feedback channel. These values were obtained by computing the roots o f the polyno­

mial described in (9.14). As we have shown in the preceding sections, the knowledge of 

this exact cross-over probability is essential because it determines the selection o f the sys­

tem design variables. Whereas, Table 9.2 (b) displays the throughput cross-over probabil­

ity between different r-copy GBN and the pure Go-Back-N schemes in the presence of 

feedback channel errors. Similar to the above, these cross-over probabilities were com­

puted numerically by solving (9.13) for P^. Alternatively, if  the knowledge of is 

available, Pco-noisv easily obtained via relationship given in (9.16). It was also
observed that the cross-over throughput value remain constant regardless o f the ACK/ 

NACK error rates, if < P^^ .

We now describe the trends observed from the solutions obtained via the Quasi- 

Newton optimization approach. Table 3 depicts the suboptimal design parameters and 

their corresponding total estimation error for various adaptive GBN ARQ systems, by 

modelling the forward link as a partitioned Markov chain with (a  + P) states. It is appar­

ent from this table that a  always assumes the value of (i.e., suboptimal solution 

exists on the boundary of the specified region), and the objective function approaches its 

absolute minimum point as the upper limit for a  increases. This trend challenges the con­

clusion drawn in [105]. Additionally, we observe that for each a  there exists an opti­

mum value for P that minimizes the error function.



223

Table 9.3 Suboptimal design parameters and their corresponding error function 
(MSE) for different values o f t, N  and The forward-channel is modelled by a 
partitioned Markov chain with two channel state groups, associated with the pure 
GBN (i.e., = 1) and f-copy GBN transmission (i.e., f? = 0  modes; and Wĵ  is assigned
to be unity for all data points.

t V
= 1 = 3 = 5 = 10

.r* = [ a  p f £ ( .r* ) X *  = [a  p f £ ( .r* ) -r* = [ a  p f £(.i*) -r* = [ a  p f E(x*)

5 [1 3 f 3.17 X 10-* [3 1 5 f 133 X 10-5 [5 30]T 1.90 X 10-® [10 6 6 f 1.67 X 10-^
2 10 [1 7]T 2.33 X 10-* [3 4 5 f 4.81 X 10-* [5 89]T 631 X 10-'̂ [10 198f 5.54.x 10-®

5 [I i f 6.18 X 10-* [3 7]T 3.93 X 10-5 [5 1 4 f 631 X 10-® [10 3 0 f 5.67 X 10-'
3 10 [ 1 4 f 4.51 X  10-* [3 2 0 f 1.45 X 10-5 [5 39]T 2.00 X 10-® [10 8 6 f 1.76 X 10-"*

5 [1 i f 5.89 X 10-* [3 5 f 5.94 X 10-5 [5 9 f 1.12 X 10-5 [10 1 8 f 1.00 X  10 ®

4 10 [1 2 f 5.40.x 10-* [3 1 2 f 2.24 X 10-5 [5 23]T 339 X 10 ® [ lO S O f 2.95 X 10-'
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Fig. 9.2 Relationship between the suboptimal design variables o f an adaptive 
multi-mode GBN ARQ protocol (i.e., = 1 and f? = 2), as a function of

the buffer size N.



224

It is also worthwhile to investigate as to how these suboptimal design parameters 

will be related to each other, so that we can interpolate the results in broader ranges. The 

asymptotic property o f the estimated throughput expression is examined in Appendix 

9A. However, this property only provides the relationship between the design variables 

at the absolute minimum point (which lies in the infinite space). Consequently, the appli­

cation of optimization technique becomes increasingly beneficial in studying the behav­

ior of this interaction under realistic system considerations (i.e., finite a-(3 space). 

Interestingly, our optimization results reveal that the relationship between â*  and |3* can 

be well approximated by (9A.3) or (9A.4) when a  is quite small, and by a linear function 

(9A.5) as a  increases. Fig. 9.2 describes this interaction graphically for an adaptive GBN 

ARQ protocol with = I , t~, = 2 ,  and varying buffer sizes N .  Notice that the gradient 

for each o f these lines (in the linear portion) takes the value In (P^^) / In  ( 1 — P^^) , 

which suggests that the relationship attained from the asymptotic analysis seem to hold 

true in other regions as well. Another trend to note here is that the ratio (3 /a  becomes 

larger as the buffer size increases (corresponding to systems with large roundtrip delay), 

but declines for higher values o f t (refer to Table 9.3).

Fig. 9.3 illustrates the throughput performance o f a multi-mode GBN ARQ proto­

col for three different sets o f suboptimal design parameters. It is apparent firom this figure 

that the adaptive system provides higher throughput than other comparable nonadaptive 

ARQ schemes, under a wide-range o f error rate conditions. Moreover, it is shown that our 

optimized {a, (3} pairs yield a very close fit to the envelope o f the desired performance 

curve even by limiting the optimization variables values to a moderate range. Since 

increasing a  beyond 2 or 3 in this example will result only in a slight improvement o f the 

quality criterion, these values (with their corresponding (3) appear to be a good compro­

mise in terms of the accuracy in matching to the desired performance curve, avoiding 

unnecessary switching between various protocols ( ‘ping-pong effect’) and at the same 

time sustaining the ability to adapt to fast variations experienced on wireless channels. It 

is also interesting to highlight at this point that the selection of [ a  = 1, P = 10] (coarse 

estimation^ o f the channel condition based on conventional channel monitoring method
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with OBI = 10) is not optimal in terms o f mode switching reliability (i.e., 

E { \ ,  10) = 2.79 X 10^  versus £ ( 1 , 7 )  = 2.33 x 10~^), as well as the rate at which it 

can react to the fluctuations in the channel statistics. Next, by looking at the performance 

curves of [ a  = 1, P = 7] and [ a  = 2, p = 24] , we conclude that a substantial gain in 

curve fitting can be realized by selecting a slightly larger value for a  and its correspond­

ing P value. This is intuitively satisfying since the reliability o f the switching will be 

improved by considering the effects o f the most recent errors, i.e., reducing the number of 

false alarms.

0.75

single ARQ protocol: 
...g... pure Go-back-N 
...t.... 2-

0.7

 2-copy transmission mode

mixed-mode ARQ strategy:
X a  = 1,P = 7 
+—  a  =

0 .6 5 -

0.6
2.P = 24 

o—  a =  3, P =45g  0.55 

I  0.S

0.45=0

2
:= 0.4 L
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0 .25
0.05 0.1 0.15 0.2
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0.25 0.3 0.35 0.4

Probability,

Fig. 9.3 Performance comparison of the proposed adaptive GBN ARQ system 
with different sets o f suboptimal design parameters for A/=10, t i=l ,  and ^9=2.

1. This is actually an optimistic approximation because the protocol switches its operation mode to 
the 2-copy transmission immediately after receiving a NACK, rather than continue monitoring the 
incoming acknowledgment messages for the remaining duration of the observation interval and then 
switch to the 2-copy GBN strategy. Consequently, the anticipated throughput reduction in the conven­
tional channel monitoring approach is associated with the idle time (delay) incurred before reacting to 
the changing channel conditions.
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single ARQ protocol:
...g... pure Go-back-N 
...I.... 3-copy transmission mode

mixed-mode ARQ strategy:
(i) a  = 2, p = 20
(ii) a  = 2, p = 50
(iii) a  = 2, p = II (suboptimal)
(iv) a  = 3, p = 11
(v) a  = 5. P = 11

0.2 0.3 0.4
Frame Error Probability,

Fig. 9.4 Sensitivity of the selection of the design variables ( a  and (3) on the 
throughput performance o f a mixed-mode GBN ARQ protocol. AA, and h  are 

assumed to be 10, 1 and 3, respectively.

Comparisons of the throughput performance for various settings (sensitivity analy­

sis) of the design variables are illustrated graphically in Fig. 9.4. It is evident that a larger 

value of a  (while keeping (3 identical) relates to a higher probability o f being in State L. 

As a consequence, this selection yields much lower throughput within the error range 

slightly greater than the throughput cross-over probability (although an improved perfor­

mance is attained at the lower error rates). Similarly, a larger value of (3 translates into a 

higher probability while being in state H, and therefore its performance curve tends to be 

closer to the 2-copy transmission scheme for a wider range of the channel error rates. 

These trends also validate the observations (a) and (b) in Appendix 9 A.

Table 9.4 depicts the suboptimal CSE design parameters for the adaptive GBN 

ARQ system illustrated in Fig. 9.1, with different user defined weight sequences. Nota­

tion W^.y denotes the weight coefiBcients assigned to each of the data points in the follow­
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ing two regions: Q<P^ <  (Region A) and P^^ < P ^ < \  (Region B). For instance, 

Wjo:i will amplify the mean square error function by a factor o f 10 in region A com­

pared to the same amount o f  mismatch in region B. This translates into matching different 

data points with varying accuracy. Whereas, Wj-i dictates that identical weights will be 

assigned to all data points in the region 0 <P^ <  1. With the declining weight assign­

ments from region A to region B, the ratio p / a  o f the suboptimal design variables are 

also lowered compared to the identical weights scenario, as anticipated. On the other 

hand, a higher weight assignment for region B relates to a higher probability o f being in 

state H,  and therefore requires a larger value for p when a  is fixed.

Table 9.4 Suboptimal CSE design parameters for the adaptive GBN 
ARQ system depicted in Fig. 9.1, with different user defined weight 
sequences W/.. System parameters: W= 10, = 1 and r? = 2.

Weight
Coefficients

«Ty
^̂ 100:1

a 2 2 2 2 2 2 2

p 24 20 18 12 29 31 38

p/a 12.00 10.00 9.00 6.00 14.50 15.50 19.00

a 4 4 4 4 4 4 4

p 67 62 59 52 72 74 82

p/a 16.75 15.50 14.75 13.00 18.00 18.50 20.5

Table 9.5 Sensitivity o f the CSE design variables to the 
feedback channel error in a mixed-mode Go-Back-N ARQ 
strategy with N =  5, ti = I and r? = 2.

Feedback 
channel error 

rate
“ ma.x= 1 ^ma-x - ^ma.x ^ ^max ^ “ ii.a.x = 10

/y=o.oo [I 3 f [2 9 f [3 1 5 f [5 30]T [10 6 6 f

Pf= 0.05 [ I 3 f [2 9 f [3 1 5 f [5 30]T [10 6 6 f

Pf= 0.10 [I4]T [2 9 f [3 I 6 f [5 30]T [10 6 6 f

P/=0.15 [I6]T [2 I l f [3 I7]T [5 3 0 f [10 6 6 f
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Whereas in Table 9.5, the sensitivity of the design parameters to the feedback chan­

nel errors is investigated. It is evident that the suboptimal solutions remain unchanged if 

Pj- is kept small, regardless the value of a . As well, the selection of the design variables

appears to be independent o f the feedback channel errors when a  is chosen to be quite 

large. This observation is validated by the our asymptotic analysis in Appendix 9A. On 

the other hand, if  a  is quite small but P j  approaches very closely to P^^, then there is a

noticeable increase in the ratio P * /â * . This can be easily explained by noting that the 

system should only operate in a 2-copy transmission mode when Pj-> P^^, and therefore

it is desirable to have the ratio p / a  —> oo. Although the suboptimal P may vary consider­

ably in this regime, but we found that the quality criterion (MSE function) appears not to 

be very sensitive to this change.

In Fig. 9.5 and Fig. 9.6, throughput performance o f the adaptive GBN and SR sys­

tems are plotted as a function of the frame error probability, and for different ACK/ 

NACK error rates. Although the throughput cross-over probability has changed due to 

feedback channel errors, the discrepancy between the adaptive ARQ curve with the 

desired performance envelope appears to be not influenced by this type o f errors. These 

figures also indicate that the throughput performance is not severely affected unless the 

acknowledgment error rates are excessively large (Ry> 0.01 ). In general, the magnitude 

o f the feedback channel error is usually much lower than the forward channel because 

the packet sizes are much shorter and these acknowledgment messages can be heavily 

protected by a low-rate FEC code. However for large Pj- scenarios, the degradation in 

the system performance can be restored by introducing additional redundancy (i.e., by 

implementing a similar adaptive strategy used in the forward-link on the feedback chan­

nel). Analysis of such schemes is beyond the scope o f this paper and shall be considered 

as part o f our future study.
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Fig. 9.5 Effects o f feedback channel errors on the throughput performance of a 
mixed-mode GBN ARQ strategy with = I, ti = 2, and A^= 10. To obtain these 

curves, the design variables are selected to be a  = 2 and p = 24.

Table 9.6 Comparison between the interpolated p and the 
suboptimal p* for an adaptive SR ARQ system with A^= 25, = 1,
^2 = 2 and Py= 0.

a
Interpolated integer 

value of P estimated 
using (9A.4)

Suboptimal p *  via 
optimization methodP = c ( a — 1) +  I

2 80 81 98

3 78.8515 159 159 169

5 316 316 322
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•g 0.6 
e

E -

Proposed CSE Algorithm 
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0 .2 -

Packet Errer Probability, Pg

Fig. 9.6 Performance of an adaptive multi-copy SR ARQ system (i.e., = 2, = 3,

and N  = 25) in the presence o f unreliable feedback channel, a  and (3 for the CSE 
algorithm are assumed to be 3 and 15, respectively.

As might be anticipated, the deviation of the suboptimal solutions from the interpo­

lated asymptotic properties becomes larger with decreasing a  [see Table 9.6]. This obser­

vation becomes more pronounced in situations where the ratio described in (9A.5) is 

very large, (i.e., when the throughput cross-over probability is very small). For instance, 

the suboptimal solution and its corresponding interpolated CSE parameters for an adap­

tive SR ARQ system with = \, tj = 2, and A/" = 25 are x* = [2 98] ^ and
T

^interpolated ~  80] , respectively. However, the objective function (MSE) appears

not to be very sensitive to the variations in the quantity p , i.e., E (2, 98) = 9.81 x 10  ̂

and £ ( 2 ,  80) = 2.10 x 10“^.
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Region I Region II Region HI Region IV

Time (in several orders o f the packet duration)

Fig. 9.7 Trade-offs an(J/or considerations for the selection o f the CSE design 
variables in a moderate or slowly varying channels (i.e., variable-error-rate channels).

Fig. 9.7 summarizes some of the considerations for selecting the design parameters 

in a variable-error-rate channel. The proposed CSE algorithm aims to adapt to the slow 

variations o f the long-term signal fading statistics rather than the rapid fluctuations o f  the 

short-term signal strength due to multipath fading. While in region I (i.e., local mean 

evolves very slowly), one would choose a moderate value for the design variables to 

achieve an improved mode switching reliability. However when the rate at which 

crosses increases (i.e., in region II), it would be desirable to select the suboptimal 

[a , P] pair as small as possible so that it can quickly react to the change in the channel 

conditions. On the other hand, a slightly larger value for a  and its corresponding P may 

be appropriate i f  the channel condition is changing very rapidly (as shown in region III). 

This eliminates the need for too frequent switching between the two protocols, but at the 

expense o f some sacrifice in performance. Moreover, it may become prohibitive to accu­

rately track the channel condition in this situation (due to inability to acquire a reliable 

CSI), which in turn can results in a poorer performance (if the adaptive ARQ system is 

not ‘synchronized’ with the changing channel condition). Whereas in region IV, a moder­

ate value for the design variables is again preferred to reduce the ‘false-alarms’. Taking 

into account all these factors, and realizing that a close fit to the desired performance 

envelope can be attained even with a reasonably small a , we suggest that a  be selected
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in the range o f 2 to 4 for practical systems, with its corresponding suboptimal |3.

Finally, Fig. 9.8 illustrates the performance comparison o f a mixed-mode GBN 

ARQ protocol and the single ARQ protocols for a Rayleigh faded channel at two different 

Doppler rates. Using a fade threshold model, the expression for the block error rate is 

given by [122],

P  = 1 -  exp
0.693 2v|//^ f  0.693 V (9.27)

where p denotes the median received signal amplitude to threshold ratio, v(/ is the mes­

sage length in seconds, and corresponds to the Doppler frequency for a vehicle speed 

V and carrier frequency . When goes to infinity the message becomes very long 

compared to fading process, and consequently P^ approaches unity. As well, the block 

error probability remains constant for vehicle speeds inversely related to the message 

duration [122]. This is intuitively satisfying since the probability of error depends on the 

message duration relative to the fading process. For moderate and fast fading channels or 

longer packet lengths, it is reasonable to assume that the probability o f a transmission 

failure for one block is independent of that for other blocks [124]. Typically, 

/ ^  = 80 Hz for fast fading and /^  = 40 Hz for moderate fading. These fading rates 

correspond to 48 km/h speed and 24 km/h speed at a carrier frequency o f 1800 MHz, 

respectively. While the effect o f bit correlations within a packet is taken into account in 

(9.27), the expression do not consider time-correlation between adjacent packets. More­

over, independent block error probability is implicitly assumed in the derivations of (9.5) 

and (9.11), for analytical tractability. As a result, the results presented in this chapter are 

applicable for the moderate and fast fading channels where the statistical independence 

assumption between neighbouring packets is not violated. For a very slow fading chan­

nel (e.g., [q = 1.34 Hz), one should resort to the rigorous treatment on this subject by 

Justin Chuang [123] and Li Fung Chang [124] where they carefully examined the 

throughput performance o f several basic ARQ protocols in a time-correlated Rayleigh 

fading channel and used instantaneous block error probability for the computation of
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throughput performance with the aid o f computer simulations and estimation techniques.

1

0.9

0.8
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single ARQ protocol:
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o... 2-copy transmission mode

mixed-mode ARQ strategy:
0  = 2, P = 9 

—  0  = 3 ,P =  15

o 0.4

fo = 80 Hz
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Mean Received Signal Ampliuide to Threshold Ratio, p (in dB)

Fig. 9.8 Performance comparison o f the proposed multi-mode GBN ARQ system 
(with suboptimal design parameters) and the single ARQ protocols for a Rayleigh 
faded channel at two different Doppler rates. N, A and vj/ are assumed to be 5, 1, 2, 

and 0.01, respectively.

From Fig. 9.8, we observe that the throughput increases monotonically as p 

increases. Since fast fading (i.e., = 80 Hz) introduces errors which are more ran­

domly distributed in time than caused by a smaller Doppler rate, it causes more retrans­

missions o f groups of N  frames for GBN ARQ protocol than the latter. In other words, 

the discrepancy between the throughput performance for a channel at = 40 Hz and 

fj^ = 80 Hz is attributed to the fact that the probability of a packet failure rate in a chan­

nel with burst errors is much lower than a channel with pinely random errors. We also
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note that the performance curve of the mixed-mode GBN ARQ scheme with 

[a =  2, P= 9] deviates slightly farther away from the desired performance envelope at a 

higher Doppler rate. This may be attributed to the “false-alarm” phenomena that we have 

described in region IV o f Fig. 9.7. Hence, we can conclude that the design parameters 

are relatively insensitive to the short-term fading rate (for the independent block error 

probability case), as long as their values are not too small.

9.5 Conclusions
A simple channel state estimation scheme suitable for wireless packet data communica­

tions has been studied. The channel state information is extracted from the frequency of 

the received contiguous ACKs and NACBCs acknowledgment messages at the transmitter. 

The effectiveness of this algorithm has been highlighted by analyzing the performance of 

adaptive multicopy transmission GBN and SR protocols. In particular, a systematic and 

efficient approach for computing the suboptimal CSE design variables has been outlined. 

The optimization results reveal that this CSE algorithm can provide a reliable CSI (accu­

rate estimate o f the channel conditions) within only a few block transmissions, while pre­

serving simplicity. Additionally, it has been shown that the proposed CSE algorithm is 

robust against feedback channel errors since the selection of the design variables are not 

very sensitive to this type o f errors.

Asymptotic properties o f the estimated throughput expression have been investi­

gated. The asymptotic analysis can be considered complementary to the analysis per­

formed in a finite region o f the a-[3 space using the optimization approach. Subsequently, 

a simple formula to estimate the suboptimal design parameters is suggested. This approx­

imation becomes quite accurate especially when the throughput cross-over probability is 

quite large or as the value o f  a  increases. Finally, this CSE method also allows us to 

choose a wide-range o f suboptimal design parameters depending on the evolution o f the 

channel statistics, i.e., based on the rate at which the channel block error probability 

crosses and the mode switching reliability criterion.
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Appendix 9A
In this appendix, we analyze the asymptotic properties o f the estimated throughput 

expression. This is motivated by the trends observed from our optimization results which 

suggests that the optimal solution for the design variables lies in the infinite region. 

Therefore, here we attempt to show analytically that the observation is valid, and subse­

quently investigate the relationship between the design parameters at the optimum point. 

For mathematical simplifications, we model the forward-link by a partitioned Markov 

chain with two channel state groups, and assume a noiseless feedback channel. Then, 

in (9.5) can be re-written in the form.

(  p “ ~ ^  ^e (  i - ( i - p ^ ) P ^
r '

u - p “ J 1  J j
(9/L l)

We note the following observations:
Limit

(a) If a  -> 00 with finite P , then a  —>• qo T {P^) ~  since 1 (because
finite P

limit , ^  = o ) a n d P „ =  ( 1 - P J  - » 0 .
. r - > 0

Limit
(b) If P ^  oo with finite a , then |3 _> co ^(/°g) = Tf j  since P ^  —> 0 and P ^  —> I .

finite a

(c) If both a ,  P —> CO, (9A.1) can be well approximated as,

f i-\Ct — I

p - i

1 + exp ( a  — I) In ( 1 —P  ) P - 1
In ( 1 — Pg) a  — 1 

Limit

(9/L2)
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then T(P^) = since ^  0 and ^  1.
a , p ^ 0 0

then f (P^ )  = since P^ 1 a n d P ^ ^ O .
a , P —>oo

Therefore by forcing the observations in (c) at the throughput cross-over probabil­

ity, i.e., Pg = P^^, we achieve the best fit to the desired (ideal) performance curve over a

wide range of channel error probability. Notice that for P^ > P^^ (observation (ii)), the 

throughput performance o f the adaptive protocol converges towards T^.  On the other 

hand, when P^ < P^^ (observation (iii)), T  (P^) approaches very closely. Finally,

when P^ = P^g, we have P(P^) ~ = T^ .  Hence, we have shown that the best fit

happens (which corresponds to the local minimum point o f our objective function) when 

both the parameter values approaches infinity. However, it should be stressed that the 

asymptotic analysis has no practical significance (because it assumes the channel to be 

quasi-stationary) except for providing useful insights regarding the interaction o f the 

design variables, as well as a mle o f thumb allowing a handy calculation o f the a  for a 

given P (suboptimal solutions), or vice-versa. The relationship between the design param­

eters at the optimum point can be easily attained by letting P^ = P ^  at the throughput 

cross-over probability, and then solve the equation for a  or p.
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Since a*  » 1 and |3* » 1, a good approximation for (9A.3) and (9A.4) is given by,

_ ^ ^ P çq)
Ct _ — I In ( 1 -  P )

(9A.5)

In the presence of feedback channel errors,

f r ^0.-1
P l =  1 +

PM

( 1 - t ) p - i
(9/L6)

Applying the steps outlined for an error-free feedback channel, but now forcing the corre­

sponding three observations from (9A.6) at the new throughput cross-over probability.

ot. 1 k i ( l

where = Pco-noisy^^-Pf)

It is apparent from (9.16) that and therefore we have shown that the opti­

m um  [a* value is independent o f the quality o f the feedback channel. In other 

words, the selection o f the design variables for the proposed CSE algorithm is not 

strongly influenced or affected by the feedback chaimel errors.
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Chapter 10 

Evaluation of Self-Reconfigurable ARQ 
Systems with Adaptive Packet Length in a 
Slowly Varying Mobile Radio Environment

Automatic repeat request (ARQ) error control schemes are practically appealing for pro­

viding reliable packet data transmissions over two-way wireless communication links, 

owing to their simplicity and high system reliability. On the other hand, a major draw­

back o f the repeat-request strategies is that their throughput is not constant (unlike the 

case with forward-error correction schemes) and it falls rapidly with increasing channel 

error rate [101]. In order to address this issue, many adaptive^ ARQ protocols have been 

suggested in literature [109]-[127]. For instance in [109], [110] and [111], the authors 

suggested to vary the forward error correction rate to compensate for the fluctuations in 

the channel conditions. In [108] and [125], adaptive block (packet) size strategy was 

adopted. Whereas, in [105]-[107] and [127], different multi-copy transmission schemes 

were used as adaptation mechanisms. The underlying premise is that if  accurate channel 

state information is exploited to dynamically change the protocol coding rate, packet 

length or the operation modes, then obviously higher throughput can be realized over a 

wide-range o f error probabilities, versus a fixed (nonadaptive) algorithm.

1. It is worth noting that error detection w ith retransmission itself is an adaptive system  because the 
redundant information is only transm itted when errors occur. The protocol throughput efficiency can 
be further enhanced by optim izing its parameters such as the packet length and/or the code rate.
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Adaptive ARQ schemes rely oa a certain algorithm to estimate the channel condi­

tions and then adjust the protocol parameters accordingly. Ideally, the knowledge of 

instantaneous packet error probability is required. But this involves accurate estimation of 

the signal strength (via signal power measurement or with pilot tone transmission) as well 

as the mobile terminal velocity (need a speed sensor at the receiver), which give rise to 

signal processing complexity. Alternatively, a reliable channel state information (CSI) 

can be attained by exploiting a complex decision statistics such as the exact number o f 

erroneous bits in a received packet, and periodically transmitting the information to the 

transmitter. Certainly the efficiency of the exchange improves with the frequency o f the 

feedback packets, but at the expense o f a larger consumption o f retum-channel capacity. 

While such techniques allow the predicted packet error rate (PER) to converge to the 

“true” PER quite rapidly, the considerable overhead requirement and added complexity 

are not likely to be justified in practical applications. Fortunately, the frequency of the 

retransmission requests provide a natural source of CSI. Hence no additional circuitry is 

required for estimating the channel state (except for the knowledge o f either the received 

signal strength or the mobile terminal velocity if  both o f these parameters are changing 

with time). Since an indirect method is employed to predict the variation in the channel 

condition, the effectiveness of the adaptive system is mainly dictated by the rate at which 

the estimated PER converges to the instantaneous PER.

Typically, the channel is monitored by counting the number o f retransmissions dur­

ing an observation interval (OBI) and comparing that number with a set of thresholds to 

determine the channel condition [109]. If OBI is large, then the delay in reacting to a 

change in the channel could be significant. On the other hand, very small values o f OBI 

will not provide a reliable CSI decision. In [108], a method for estimating the bit-error 

rate (BER) was outlined. By accumulating the values o f total number of «-bits blocks in 

error (TNBE) and total number of «-bits blocks (TNB) over a long period, the expression 

(10.1) does provide a real-time adaptation,

P T N B E / { T N B  ^ n )  . (10.1)
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However, as pointed out in [112], such a long term bit error rate is meaningless as a 

description o f practical communication channels, because real channels often have errors 

occurring in bursts. To provide a more reasonable estimate o f the instantaneous block 

error probability, weighted sum of errors should be considered. This ensures that the 

influence of the most recent errors is the largest. More recently. Rice and Wicker sug­

gested to predict the channel conditions by scoring the outcome o f the decoding process 

[109]. It has been shown that the statistical sequential inspection scheme will require, on 

average, fewer samples (and therefore shorter observation interval) to detect this change 

than with a fixed sample size approach.

Whereas in [125], Hara and others performed a simulation study for the stop-and- 

wait (SAW-ARQ) protocol with adaptive packet length by employing the traditional 

channel monitoring algorithm. They constructed a permanent look-up table based on the 

parameters for very fast fading situation, and therefore its usage is restrictive (limited). 

By contrast, in this chapter we have developed an analytical framework to analyze the 

performance o f this algorithm and present closed-form expressions to update the PER 

table in real-time (rather than a permanent look-up table). This robust adaptation strategy 

is desirable in many practical applications where both the mobile terminal speed (or the 

Doppler frequency) and the received mean signal strength are slowly varying. In addition, 

we propose three other simple algorithms to implement an adaptive ARQ protocol with 

variable packet lengths. Numerical results reveal that these algorithms perform remark­

ably well in spite o f their simplicity. In particular, the algorithm based on counting the 

contiguous positive and/or negative acknowledgment messages provides a reliable CSI 

within only a few block transmissions, and requires the shortest observation interval 

among these four schemes. Explicit expressions to construct the PER look-up table are 

derived, and rule o f thumb for handy calculations o f the suboptimal design parameters in 

certain algorithms is found. As an illustrative example, the throughput performance o f 

selective-repeat (SR-ARQ) protocol with adaptive packet length is furnished.
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10.1 Throughput Analysis
In this section, throughput performance for adaptive packet length o f SR-ARQ and SAW- 

ARQ protocols are presented. First, we determine the optimal packet length which maxi­

mizes the throughput efficiency in a Rayleigh fading channel. Subsequently, we seek to 

find exact analytical expressions for computing the break points of the channel block 

error probability where the performance with a specified packet length is better than the 

other, so that the overall system throughput can be optimized. The knowledge o f these 

throughput cross-over probabilities (entries in the PER table) are essential in the design of 

the adaptive ARQ strategies because the packet length adaptation will occur at the vicin­

ity o f  these intersection points.

MH
HHLL

LM

HM

Fig. 10.1 Markov chain representation for an adaptive ARQ protocol 
with three different packet lengths.

The forward channel is considered to have a finite number of states associated with 

distinct channel conditions. As an example. Fig. 10.1 depicts an adaptive ARQ strategy 

with transition between three different packet lengths. State L, M  and H  correspond to 

low, moderate and high channel error rate conditions, respectively. The packet length is 

assumed to be bits while in state L. When the channel condition degrades, the number 

o f  information bits in a packet is reduced to n^ — h bits, where h denotes the number of 

overhead bits in each packet. The decision regarding the transitions between different 

packet lengths is made based on the received acknowledgment messages as well as from 

the measurement o f either the received mean signal strength or the speed o f  the mobile 

terminal. On the other hand, when the transmitter considers that the channel is traversing
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from state H  to state M,  the packet length is adapted from «3  to bits. Notice that 

«3  j because short packets are less likely to encounter fades than long packets.

But they are more burdened by overheads. The tw'o contradicting requirements suggest 

that the optimal packet length vary at different channel error rates.

Now the throughput o f this adaptive scheme with three controllable packet lengths is sim­

ply an average o f the throughput performance with their individual packet lengths, i.e.,

ir, == fff, (10 2)

where T. and P- denote the throughput efficiency and steady-state probability of the 

channel while in state i (/ e  (T, M, H]  ), respectively. The steady-state probabilities are 

dependent on a specific algorithm employed for sensing the channel condition, and will 

be derived in Section 10.2.

10.1.1 Stop-and-Wait ARQ Protocol

SAW-ARQ is the simplest form of repeat request error control strategy but inher­

ently inefficient due to the idle time spent waiting for an acknowledgment of each trans­

mitted codeword. Consequently, this scheme is only suitable for terrestrial 

communications with short propagation delays, and low data rate applications.

10.1.1.1 Optimal Packet Length

Using a fade tlireshold model [128][122] where both the average gap length and average 

burst length obey exponential density laws, the probability of packet success (i.e., 

received signal level is above the threshold level) in a Rayleigh fading channel can be 

readily obtained as

= e x p [ - p - / ^ V ^ T j  , (10.3)

where p corresponds to the ratio between the threshold power level and the mean 

received power level, and = n / R  is the packet duration at signalling rate R. It is 

noted that the threshold power level is fixed by the type o f modulation and transmission
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techniques employed, and the quality o f service desired. Parameter is the

Doppler frequency with v and denote the mobile speed and the carrier wavelength, 

respectively. The approximate packet success probability predicted by the threshold 

model is quite acciurate and has been verified by experimental results [122].

The throughput efficiency o f SAW-ARQ scheme is then given by.

- p
n f ^ J l n p

R
(10.4)

where A is the number o f bits that could have been transmitted during the period equiva­

lent to the roundtrip propagation delay, had the transmitter not been idle, waiting for an 

acknowledgment.

Differentiating (10.4) with respect to n,  and then solving it for maximum throughput 

(i.e., setting the derivative to 0), we obtain a closed-form expression for the optimal 

packet length.

"opt 2 a (10.5)

where Q = . Therefore, the maximum attainable throughput with adaptive

packet length can be expressed as.

1 +
Q(/z+A)

1

Q.
X e x p [  -  P - - /z -  A + J  (/z + A) ■ + ( 10.6)

10.1.1.2 Determination of Packet Error Rate Table

We now derive the exact throughput cross-over probability, , between any two 

arbitrary packet length o f SAW-ARQ scheme. After some algebraic manipulations, the 

throughput difference between the two fixed packet length protocols is [129],
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V =
exp
(/z. + A) ( « . ^ j  +A)

X (rt̂ . +  A ) ( « ^ . ^ j + A ) e x p ( n / 2 . ^ f - Q « . ) ]  (1 0 .7 )

where the notation n.  denotes the number o f bits in a packet while the adaptive system is 

in state / . It is evident that the denominator o f (10.7) is always greater than zero. Thus 

with the assumption o f n-> n._̂ _ ^, the throughput efficiency o f SAW-ARQ with packet 

size bits is higher than that o f  n. bits per block if  the numerator o f (10.7) is posi­

tive, namely,

1 In
( n . - h )  (n.+ ^4-A) 

_(a2. + A) ( 10.8)

Consequently, for a fixed p , the packet length is adapted from n. to if the

estimated block error probability is greater than (10.9), and vice-versa if  the estimated 

block error probability is less than (10.10) [129]:

= 1 --exp - p
i) In

CO  ( / .

n,
- P - - ------------\  In

{ n . - h )  (/2-^j +A ) 
{n. + A) (/z.+ , - A )

( 1 0 . 9 )

( 10. 10)

Similarly for a fixed , the corresponding throughput cross-over probability entries of 

the PER table are [129]:

1) == 1 -- exp

,(X)
CO  (  / ,  t  +  1 )

- p .
«/ In

= 1 -  exp

' { n . - h )  (%.+ [ +A)  ' 
 ̂ (n.  + A) (»;+[--&) ^

{ ( n , - A )  («/+!  +A)  ' 
+ (« ,•-« ,•+1) ""I («■ + A) ( « . ^ j - / z )- -P c , '.  ' ....ki

, ( 10. 11) 

, ( 10. 12)

where

Pco(/ , i  + 1)
R

Æ / û  ( « / - « / + 1)
In

{ n . - h )  (n.+ i  +A) 

(n.  + A) (n,-+i-/2)_
(10.13)
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10.1.2 Selective-Repeat ARQ Protocol

Selective-repeat retransmission scheme yields the highest throughput efficiency 

among the class o f basic ARQ protocols. This is because the transmitter retransmits only 

those blocks which were detected in error, but requires resequencing buffers at the 

receiver. Therefore, SR-ARQ strategy is preferred for applications with large propaga­

tion delays (e.g., satellite communication links) and/or high signalling rates (i.e., high­

speed modems).

10.1.2.1 Optimal Packet Length

Throughput formula for the ideal SR-ARQ scheme (i.e., no overflows) can be easily 

derived from that of SAW-ARQ by ignoring the terms associated with propagation delay. 

Substituting A = 0 in (10.4), (10.5) and (10.6), we obtain the expressions for the 

throughput efficiency, optimal packet length and the maximum achievable throughput 

with optimal packet length for the SR-ARQ scheme:

'T  ^  r  1T =  exp [—p - / î Q ]  ,

n = —opt 2

Y = ^Ih.opt 4
aexp( - p - y h +  h~ +

n

(10.14)

(10.15)

(10.16)

It should be pointed out that our analysis for the SR-ARQ protocol with adaptive packet 

length is strictly valid if  the channel is evolving very slowly (so that (10.14) will be a 

good approximate for the steady-state throughput in a given state). But this requirement 

can be relaxed without any loss of generality for both SAW-ARQ and Go-Back-N ARQ 

strategies.

Fig. 10.2 depicts the throughput performance curves for various fixed packet 

lengths and an adaptive SR-ARQ scheme with optimal packet length at a fixed p . It is 

evident that by dynamically adapting the number of information bits in a packet in an
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appropriate manner to the changing channel conditions, a higher throughput efficiency 

can be realized over a wide-range o f Doppler fading rates.

0.8

0 0.6̂

o 0 .4

0.2 r

Maximum Doppler FrequencyJ^

Fig. 10.2 Performance comparison between the adaptive and fixed 
packet length SR-ARQ systems in a Rayleigh fading channel at p=0.05.

0.2r

too 200

Fig. 10.3 Throughput curves o f SR-ARQ protocol plotted as a function o f the 
block size (obtained using (10.14) with p = 0.05, h = 32 bits and R = 9600 bps).
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Also notice that we can still achieve a very good performance (closely approaching the 

ideal performance curve) even by adjusting the packet length within a set o f  geometri­

cally related integers as the channel condition fluctuates. This is because the throughput 

versus block size curve at various Doppler rates do not show a sharp peak, but rather a 

wide interval spread around the maximum (optimal packet length), as shown in Fig. 10.3.

I  0 .4 } -

  n=512

Ij-IJ4HZR. =9600 bps

1 0  lO'-* 1 0  1 0  1 0  1 0
Threshold to Mean Received S ignal Pow er Ratio.P

(a) Slow fading c h a n n e l , “  ^-34 Hz

0.8

0.7'r

.0.6-

0.2 r

10'' 10"’ 
Threshold to Mean Received Signal Power Ratio. P

10''
Threshold to

(b) Fast fading channel,/}) = 80 Hz

Fig. 10.4 Throughput performance of fixed and variable packet length 
SR-ARQ systems in a Rayleigh fading channel at a fixed/ q .
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Whereas in Fig. 10.4, the throughput performance for different packet lengths are plotted 

as a function o f p for a fixed . Typically, = 80 Hz for fast fading and 

1.34 Hz for slow fading [125]. These fading rates correspond to 30 mi/h speed 

and 0.5 mi/h speed at a carrier firequency of 1800 MHz, respectively. Comparison 

between Fig. 10.4(a) and Fig. 10.4(b) reveal that the adaptive packet length strategy is 

less effective when Doppler fading rate is very small (i.e., very slow fading) even if the 

dynamic range o f p is quite large. However for moderate and fast moving terminals (i.e., 

fast fading scenario), block size adaptation is an effective technique for improving the 

system throughput over the variable-error-rate channel.

10.1.2.2 Determination of Packet Error Rate Table

Similar to our treatment for the SAW-ARQ scheme, we first determine the intersec­

tion point between two throughput curves for SR-ARQ which corresponds to the block 

sizes n. and j • Then it can be shown that at the cross-over point, the following condi­

tion is satisfied.

_(«.  + A) (10.17)

It follows that the entries for the PER table of the adaptive SR-ARQ are computed by 

substituting A = 0 in (10.9) and (10.10) if  p is known, or using formulas (10.11) to

(10.13) (with A = 0 ) when knowledge about is available.

Suppose the initial packet length is chosen to be n- bits. Then this packet length 

will be remain unchanged if  the instantaneous PER (or the estimated PER) is greater than 

but less than . . . . .  A shorter packet size o f n. .  , bits will be selected 

if  the block error probability is greater than , and a longer packet length if the

instantaneous PER is less than /) • example. Table 10.1 illustrates the

entries of a PER table for the following two different cases: (i) measiurement or the 

knowledge of the average signal power is available; and (ii) mobile terminal velocity
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(can be obtained using speed sensor) or the Doppler fading rate is known.

Table 10.1(a) PER table for a given p =  0.05. R =  9.6 kbps 
and h =  32  bits.

Controllable Packet Size Range Throughput cross-over probability

/i, = 2‘ - ‘ x 5 1 2 .i = 1.2.3....

n i= 5 1 2 - 0.1714

«2 = 256 0.1122 0.3011

«3 = 128 0.1847 0.5772

«4 = 064 0J658 -

Table 10.1(b) PER table for a very slow fading situation 
(/b = 1.34 Hz). h = 3 2  bits and R  =  9.6 kbps.

Controllable Packet Size Range Throughput crossrover probability

n, = 2‘ - ' x 512,1 = 1.2.3.....

rt, =512 - 0.5187

«2 = 256 0.4843 1.0000
«3 = 128 1.0000 1.0000
«4 = 064 1.0000 -

Table 10.1(c) PER table for a fast fading condition 
(/b =  80 Hz). R  =  9600 bps and h =  32  bits.

Controllable Packet Size Range Throughput crossrover probability

«, = 2‘ - 'x 5 1 2 . /= 1 .2 .3 ....

«, =512 - 0.1290

«2 = 256 0.0668 0.2677

«3 = 128 0.1457 0.5946

«4 =064 0J919 -

In order to attain the maximum throughput, the entries in the PER table should be contin­

uously updated because they are dependent on both and p . Expressions (10.9)-

(10.13) provide closed-form formulas for updating these entries in real-time (instead o f  a 

permanent look-up table). It is apparent that these formulas only require the measure-
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ment of a single parameter (either the mean received signal power or the speed of the 

mobile terminal) to estimate the instantaneous block error probability via an indirect 

method. Moreover in a reverse-1 ink communication (from the mobile terminal to the 

base-station), the knowledge o f the Doppler frequency is usually acquired at no additional 

cost because the moving vehicles are usually equipped with speedometer. Then the block 

size can be adapted to the fluctuations in p , without having to measure the received sig­

nal strength, by using (10.11), (10.12) and a simple indirect channel state estimation 

scheme.

10.2 Channel State Estimator
Perhaps the most difficult problem in implementing an adaptive scheme is finding a 

simple real-time adaptive algorithm. In other words, the channel error characteristics 

should be identified within a few block transmissions while preserving simplicity. 

Although a reliable CSI can be acquired by continuously measuring the received signal 

power and the speed o f the mobile terminal, this is not preferable in terms o f implementa­

tion. Therefore in practice, the frequency of retransmission request during an observation 

interval is used to sense the changes in the channel condition. Since an indirect method is 

employed to detect the fluctuations in the channel condition, the effectiveness of the 

adaptive system is mainly dictated by the rate at which the estimated PER converges to 

the instantaneous PER. In light o f these considerations, we will study the performance o f  

four simple channel state estimation (CSE) algorithms, which may be used to implement 

an adaptive ARQ system.

10.2.1 Maximum Likelihood PER with Fixed Observation Interval 
(Algorithm A)

Traditionally the CSI is acquired by counting the number of retransmissions during an 

observation interval (OBI) and comparing that number with a set of thresholds to deter­

mine the channel condition [109]. This algorithm is based on maximum likelihood esti­

mate for the packet error probability [129] with an identical OBI for all the channel
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states (see Appendix lOA). The packet length control strategy is summarized as follows:

(i) During an observation interval, the packet length n.  is kept unchanged.

(ii) The block error probability is calculated as,

p , . _  No. ofNACKs _  No. ofNACKs  .p.
OBI No. o f ACKs + No. ofNACKs  ̂ ' ’

(iii) The packet length in the subsequent OBI is determined according to,

n._ j is chosen if ( « .) < ,

/z. is selected if  f   ̂ < f g (n.) < ,

n. + , is chosen when Pg (« .) > P % y + i )

Hara et. al. [125] have investigated the performance o f this algorithm via simulation and

furnish a permanent PER table for a very fast fading condition. By contrast, in this paper

we have developed a theoretical framework to analyze the performance o f this algorithm 

and present closed-form expressions to update the PER table in real-time (instead of a 

permanent look-up table for achieving an improved throughput efficiency).

Let us consider an adaptive ARQ strategy with a set of three controllable packet 

sizes, namely {«-, = 256, «3 = 128, «4  = 64} , and a fixed observation interval o f 10 

acknowledgment messages. R, h and are assumed to be 9600 bps, 32 bits and 50 Hz, 

respectively. The adaptive ARQ strategy can be represented by a simple Markov chain 

with three states as illustrated in Fig. 10.1. Then we obtain the following steady-state 

probabilities,

Pl = ------------------------------ , (10.19)
P 23 P 34 P 23 P43 P43 P 32

Pm  = ------------------------------ , (10.20)
P 23 P 34 P 23 P 43 P43 P 32

P h  = ----------^23 /^34  ----------  ̂ (10.21)
P 23 P 34 Pli  P42 P43 P 22
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where {^23,/^34} and are obtained using (10.22) and (10.23), respectively:

( 10.22)
OBI

Pab =  Z

Pba
IV - 0

for a e  {2, 3} and b = a + 1.

0.9

0.8^

proposed

0.6 r

10’̂ 10'* 10"’ 
Threshoto to M ean Received Signal Pow er Ratio. P

(10.23)

Fig. 10.5 Performance of an adaptive SR-ARQ protocol with three 
controllable packet lengths based algorithm A (maximum likelihood 
PER with fixed observation interval).

Fig. 10.5 compares the performance o f the proposed adaptive scheme with that o f  the 

fixed block length SR-ARQ systems as well as the maximum attainable throughput (with 

optimal block length) curve. It is apparent that the performance o f the adaptive system 

with three controllable packet sizes closely resembles the envelope of the corresponding 

three fixed packet length performance curves. The performance o f this adaptive system
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can be improved slightly by optimizing the observation interval. In selecting the value 

for OBI, the following factors must be taken into consideration:

(a) If the OBI is very large, then the delay incurred before reacting to a change in 

the channel could be significant;

(b) On the other hand, very small values for the OBI will not provide a reliable 

CSI decision.

The generalization of this algorithm for an adaptive system with more than three states is 

straight-forward.

10.2.2 Maximum Likelihood PER with Variable Observation Interval 
(Algorithm B)

This CSE algorithm is similar to that o f algorithm A except that now the observa­

tion interval can be chosen to be different at each distinct state. This relaxation provides 

a greater flexibility in selecting the design parameters (i.e., observation interval) associ­

ated with each state, and therefore this CSE algorithm has the potential to yield a supe­

rior performance than algorithm A. Alternatively, this algorithm could be designed to 

react much faster to the changing channel condition (i.e., shorter OBI) without signifi­

cantly affecting the performance. In order to evaluate the performance of this algorithm, 

equation (10.22) and (10.23) should be modified as shown below:

OBI
OBI O B I - w

= Z  , (10.24)

P i a =  Z T ,  ( V I  , (10.25)
W =  0

for a  e  {2, 3} and b = a + 1.
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10.2.3 Variable Observation Interval with Weighted Success or Error 
Events (Algorithm C)

Let us consider an adaptive ARQ system with two controllable packet lengths, and 

define the observation intervals associated with the low- and high-channel error rate 

states to be a  and P , respectively. The channel estimator would consider that the chan­

nel condition is transiting from state L to state H  if  all the received acknowledgments 

messages during that observation interval (i.e., a )  are NACKs. Hence the transition 

probability is = {Pg (n^) ] “ . On the other hand, if  the transmitter receives P con­

tiguous ACKs during the observation window of length p , then the block length will be 

adapted from to bits. The transition probability from state to state L is therefore 

= [ 1 — Pg ] *̂ . Then the steady-state probabilities are given by.

Pr = P h l

^ P l h ' ^ P h l

P l h  

P l h '^ P h l
Ph -

(10.26)

(10.27)

and the expressions for the desired and estimated throughput performance o f this adaptive 

SR-ARQ with two controllable packet lengths are given by (10.28) and (10.29), respec­

tively:

rir —h
T,  =  exp

L ( P )  =
n,

n ^ - h
n

■exp
H

- p .

- P

ngfoJlTzp
R . 

VTjtp

CO {L. H)
, (10.28)

(P) ( 10.29)

where {9max~^min^ dictates the dynamic range o f the parameter p .
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Exploiting the asymptotic property of the steady-state probabilities when {a , |3} oo, 

it can be easily shown that the optimal solution to our problem (i.e., when the perfor­

mance curve of the proposed CSE scheme coincides with the desired performance enve­

lope) lies in the infinite a-P space (i.e., asstunes a quasi-stationary channel). In this case, 

the steady-state probabilities ( f ^  and P ^ )  will be equal at the cross-over point. It follows 

that the optimal design parameters are related by,

P* _  (10,30)

Since the optimal solution does not lie in a reasonable value range, one can resort 

to the suboptimal solutions with some sacrifice in performance. If we select a  and P val­

ues to be very large, then this scheme will lose its ability to adapt to moderately fast chan­

nel variations. On the other hand, extremely small values of a  and P will result in 

premature (unnecessary) switching, and poor fit to the desired performance curve. There­

fore we have introduced additional boundary constraints to the design parameters, which 

will be specified by the charmel behavior and/or the intended application.

The problem of finding the suboptimal design parameters (i.e., a  and P ) may be 

accomplished via an optimization approach [126] such that (p) best approximates 

(p) in the sense that the total estimation error is minimized.

K
minimize £  (a , p) = A ^  ^ k \ j A  (P/r) “  ^-4 (P*) ] 
[a , P] e  Z A:= 1

subject to:

(10.31)

where K  corresponds to the sample size, p^ denotes the threshold to signal power ratio 

o f the A:th sample, Wj. is the user defined weight sequence that provides additional flex­

ibility in matching different points with varying accuracy. The optimization variables.
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a  and [3, can assume any value from the set Z , which consists o f positive integers. In 

our minimization problem, these boundary constraints can be eliminated via transforma­

tion y  =  — s  tanh (z) .
e” + e ’

Table 10.2 Comparison between the interpolated p (from asymptotic analysis) and the 
suboptimal p* (via Quasi Newton optimization method) for an adaptive SR ARQ system 
based on algorithm C. It is assumed that h = 32 bits, R = 9600 bps,_/}) = 50 Hz, = 256 bits 
and riff= 128 bits.

a

Interpolation Technique Quasi-Newton optimization method

Integer value o f
p  =  c a

£ ( a , p ) Suboptimal P f ( C C P )

1

8 .0 1 4 7

8 4 .4 5 0 7  X  10-^ 13 1 .4 9 1 9  X  1 0 -^

2 1 6 5 .7 1 3 6  X  10-7 19 3 .8 2 7 1  X  1 0 -7

3 2 4 1 .7 0 3 5  X  10-7 2 6 1 .3 9 7 3  X  1 0-7

10 8 0 4 .6 2 9 6  X  10-^ 81 4 . 5 0 4 0 . x  1 0 - ''

From Table 10.2 it is evident that the discrepancy between the suboptimal design 

parameters obtained via the optimization approach and the interpolation o f  Eq. (10.30) 

diminishes as a  and P gets larger, as anticipated. Therefore, Eq. (10.30) provides a rule 

o f thumb allowing a handy calculation o f  P for a given a  > 1, or vice versa.

From Fig. 10.6 we observe that this CSE algorithm yields a very close match to the 

desired performance envelope even with relatively small a  and P (i.e., a shorter OBI is 

required to acquire a reliable CSI compared to the algorithm A). Consequently, this 

scheme outperforms the traditional channel monitoring system in terms o f the ability to 

react to rapid fluctuations in the channel condition. This is because we have placed a 

greater emphasis on the influence of most recent errors, and therefore our measurements 

tend to estimate the instantaneous block error probability parameter more realistically.
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Fig. 10.6 Performance of an adaptive SR-ARQ protocol with two 
controllable packet lengths based algorithm C (variable OBI with 
weighted success or error events).

However, this algorithm may not be very effective for an adaptive ARQ system with 

more than two controllable packet lengths because it lacks the flexibility in choosing suit­

able values for the observation intervals in the intermediate channel error states. As a 

consequence, the practical application o f  this algorithm is restricted to a Markov chain 

with two channel error states.

10.2.4 Sliding Observation Window(s) with Weighted Success or Error 
Events (Algorithm D)

In this algorithm, the CSI is gathered by monitoring the count o f contiguous ACKs and/or 

NACBCs. Therefore the observation interval could be different even in a particular chan- 

ne 1-error state (consequently, overcomes the major limitation o f algorithm C for systems 

with more than two controllable packet sizes). Although this algorithm was first pro­

posed by Yao [105], the author failed to accurately model this adaptive ARQ system. The
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simple Markov chain representation in [105] becomes void if the design variables are 

selected to be larger than unity because now the present state probabilities will be depen­

dent on a specified number o f previous state values, and therefore

J  .

Since the transition from one state to another depends on the number o f contiguous 

NACKs or ACKs that have been received, i.e.,

+ i \  ~~ 1 1  ^ n  — a .+  V  "  '  ’

we can represent the proposed adaptive system precisely by an r-order Markov (multiple 

Markov process) process. It is straightforward to transform a multiple Markov process 

into a simple one by expanding the number o f states defined for the system and corre­

spondingly increasing the size o f the transition matrix.

a  su tcs correspond to the operation in t,-copy 
transmission m ode (low channei-crror states)

|3 states correspond to the operation in tj^copy 
transmission mode ( high channel-error states)

Fig. 10.7 (a+p)-state Markov chain representation for an adaptive ARQ 
strategy with two controllable packet lengths.

As an example consider an adaptive SR-ARQ system with two controllable packet 

lengths. The CSE assumes that the channel condition transiting from state L lo H  upon 

receiving a  contiguous NACKs. On the other hand, if the transmitter receives P contigu­

ous ACKs, then the CSE would consider that the channel is traversing from state H  to 

state L. Then the adaptive ARQ system can be characterized by an ( a  + P) -state Markov 

chain whose state space is partitioned into two groups of a  low-channel error rate states
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and P high-channel error states, as illustrated in Fig. 10.7. The ( a  +  P) x ( a  + P) state 

transition matrix can be easily constructed (tabulated) from this figure.

After some mathematical manipulations, we obtain the following steady-state probabili­

ties [129]:

[I , [ f a K ) ] ° [ l - [ l - . P 8 ( V ] ' ’] ’

p  = __________________________________________________________________________________________________________  ( ( 0  3 3 ,

where . r e  { 1, 2, . .., a }  and y e  { 1, 2, ..., P} , respectively.

Since the adaptive system operates with a packet length while in any of the
a

states, it is useful to define a new parameter f ^  ^  which dictates the steady-
-r =  I

state probability o f the channel at low channel error rate group.

pl =  i  p . ,
X = I

[ l-Pa(»„)lT‘ -[P8("t)l°] , [Ps(”i . ) ] ° [ l - [ l -P « (V ] ' ' ]
1 — Pÿ  (%^) Pb (p#)

Similarly, the steady-state probability o f the channel at high channel error rate group is 

given by,

p  ^  ______________ [ P g  ( " J  ] ° P «  ( " » ) / ]  / P «  ( " , / ) ______________  ( ( 0  3 5 ,

" t i - P g ( V ] T ‘-[PgK )]°]  , [P«(«:)]°['-[t-P«("H)]']
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Following our treatment for algorithm C, the relationship between the optimal 

design parameters can be found by exploiting the asymptotic properties o f the estimated 

throughput expression:

I

In

■In
i r p ( ^  r *

L  ̂ ^ c o { L , H ) A  CO (L,  /f) J

f i p W  _p(U)  r *
^ c o { L , H )  L ^ c o { L , H ) J

10.36)

a)

(10.37)

Table 10.3 Comparison between the interpolated P (from the asymptotic analysis) and the 
suboptimal p* (via Quasi Newton optimization method [9]) for an adaptive SR ARQ system 
based on algorithm D. It is assumed that h = 32 bits, R = 9600 bps,/^ = 50 Hz, = 256 bits 
and riff= 128 bits.

a
Interpolation Technique Quasi-Newton optimization method

Integer value o f 
P using 
(10.36)

£ ( a , p ) Suboptimal P £ ( a , p )

1 3 3.7665 X I0-- 7 5.4330 X 10-*
2 8 4.0663 X  I0-* 12 1.4878 X 10-*

3 15 7.1246 X  10-'' 18 4.6308 X  10-''

4 23 2.0381 X  10-'' 25 1.7424 X  10-''

10 71 6.8577 X  10-'' 71 6.8577 X  10 ''

As might be anticipated, the deviation o f the suboptimal design parameters from the 

interpolated asymptotic properties o f the throughput expression becomes larger with 

decreasing a  (see Table 10.3). Nevertheless, the interpolated value can be used as a 

good initial point for the optimization routine. However, when the ratio

gGts much closer to unity (or alternatively, the upper 

and lower limits o f the charmel cross-over probability is approximately 0.5) the value pre­
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dieted using (10.36) is quite accurate even for very small a . In fact, both the interpolated 

and the suboptimal P yield almost identical results for = 128 bits and = 64 bits

= 0 4732 = 0.6488).

Now consider an adaptive ARQ scheme with three controllable packet lengths. The 

system operation is illustrated in Fig. 10.8, and its corresponding Markov-chain represen­

tation is shown in Fig. 10.9. Notice that in the medium channel error-rate state, the pro­

posed channel estimation scheme permits distinct OBI for the count o f contiguous ACKs 

and the count of contiguous NACKs, respectively, instead of a fixed OBI associated with 

each of the channel-error states.

Ç S tan ^

-------- [

NoNo

NoNo

Low Channel 
Error State

Medium Channel 
Error State

High Channel 
Error State

set 
count = 0

set 
count = 0

set 
count = 0

set 
count = 0

Count of 
contiguous 

NACKs

Count of 
contiguous 

ACKs

Block LengthBlock Length
Block Length

Count of contiguous 
ACKs & NACKsr T

L

Fig. 10.8 System description o f the proposed adaptive ARQ strategy 
(algorithm D) illustrating the transition between three block lengths.
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a  states correspond to the operation with packet 
length nj_ m ode (low channci-error states)

Hi

■/ stales correspond to (he operation with packet 
length mode ( low channel-error states )

Fig. 10.9 (a+P+y+5)-state Markov chain representation for an adaptive ARQ 
strategy with three controllable packet lengths (based on algorithm D).

AJfter some tedious calculations, we arrive to the following steady-state probabilities:

P l, =  X ( ' ( t  - ' [ t - 4 J f i l '. ' = 1 . 2 .  . .. a  (10.38)

' =  I . 2 . - . T  (10.39)

P m , =  X < l - / ’. f f ) ' ^ “£ [ ( l - ^ . M ) ' ’ ' ' [ l - P L ] + ( = ' . x ' [ l - ( l - P . . « ) ' ’] ]  (10.40)

P m „ = ( 1 -  W  ' [ l  - ' P L ]  (1 ( =  2 . 3 ,  . . . , P

P m „, = ( 1 - f . , f ) ' ' [ l  -  ( 1 -  W  H f i l ; . ( = 2 ,3 , . . . ,5

Where =  P q  ’ P e H  =  P b  (« //)  - and

(10.41)

(10.42)
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^ - f L ]  [l - C ]  /  (1 - f . : )

+CfL'[i-c- -p.«) “] [  ‘ - ( 1 - p. h) ■'] /fp-
e H

+  (  1 -  f , , / )  %  [  1 -  f L ]  [  1 -  ( 1  -  f ]  /  [ f I  ( 1 0 « )

Finally, the steady-state probability of the low, medium and high channel error-rate 

groups are given by (10.44), (10.45) and (10.46), respectively:

a
( ‘ ( 1 ■' [ i - p I m \  [ i - C ]

i  =  I

(10.45)

n  Z-i H. AP „
/•  =  1

Our results reveal that this simple scheme can yield a reliable estimate of the chan­

nel condition within only a few block transmissions. For instance, if  

[/7̂ , M yy, «^] = [256, 128,64] bits respectively (see Fig. 10.8), then we have 

[a, P, Ô, y] = [ 1, 7, 4, 3], [2, 12, 5, 4], [2, 12, 10, 7] , etc. as possible suboptimal 

solutions, obtained via optimization method. As well, since the CSE based on algorithm 

D requires the shortest period to accurately detect a change in the channel condition 

among the four schemes presented in this chapter, it is an excellent choice for implement­

ing an adaptive ARQ strategy over wireless links. This algorithm also permits a flexible 

selection of the design variables for an adaptive system with an arbitrary number o f con­

trollable packet lengths. The generalization of this self-reconfigurable ARQ protocol 

with more than three controllable packet lengths is straight-forward from the analysis 

(methodology) presented in ± is chapter.
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10.3 Conclusions
Four simple CSE algorithms to implement an adaptive ARQ scheme over slowly 

varying mobile radio channels have been studied. The channel state information is 

extracted from the frequency of the received contiguous ACKs and NACKs acknowledg­

ment messages at the transmitter. The effectiveness o f these algorithms has been high­

lighted by analyzing the performance of an adaptive packet length SR-ARQ protocol. 

Simple formulas to estimate the suboptimal design parameters are suggested. Numerical 

results reveal that the algorithms perform remarkably well, in spite of their simplicity. 

Specifically, the CSE algorithm based on counting the contiguous positive and/or nega­

tive acknowledgment messages provides a reliable CSI within only a few block transmis­

sions, and requires the shortest observation interval among these four schemes. This 

algorithm also permits a flexible selection of the design variables for an adaptive system 

with an arbitrary number of controllable packet lengths.

Appendix 10 A

In this appendix we will show that the channel estimation scheme based on algo­

rithm A or B is essentially based on maximum likelihood estimation for the packet error 

probability. Suppose in an observation interval of (.r +y) packets, x packet have been 

received successfully and y packets are received in error. Then the likelihood function 

can be written as,

z  = (1 0A.I)

and logarithm of the likelihood function as,

logjoZ = xlogj^Cl-R^) +ylog^(yPg + constant (10A.2)
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The most convenient way to obtain the maximum likelihood estimator is to examine all 

the local maxima of log-likelihood function, i.e.,

c T \0 g ,^ Z  _ r  y

  —  = ------ :---- - --^  < 0, since x > 0 ,y > 0 , .r + y > 0  and 0 < P „ <  1 (10A.4)

Hence it is evident from (10A.3) and (10A.4) that in an observed proportion of the sam­

ples, y /  (.r + y) is the maximum likelihood estimate of P g , the packet error probability.
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Chapter 11

Conclusions

In this chapter, a brief summary of results described in the previous chapters is given, 
and suggestions for further research are made.

11.1 Summary of the Dissertation

The dissertation focuses on accurate and efficient analysis o f wireless digital com­
munication systems in multiuser and multipath fading environments. Diversity techniques 
are employed to mitigate the detrimental effects of channel fading while adaptive ARQ 
strategies may be used to improve the overall system throughput in a slowly time-vary­
ing channel.

In Chapter 2, we derive several new unified expressions for computing the probabil­
ity of outage in cellular mobile radio systems by exploiting either the Laplace inversion 
formula or Gil-Pelaez inversion theorem (Fourier inversion method). These methods han­
dle non-integer Nakagami fading indexes, unequal Rice factors, dissimilar shadowing 
spreads, unequal transmit powers, correlated interferers as well as all the common fading 
distributions (Rayleigh, Rice, Nakagami-m, Nakagami-q, lognormal-Rice, Suzuki and 
lognormal-Nakagami-m). Both the interference-limited and the minimum signal power 
constraint (due to receiver noise floor) situations are considered. The exact outage proba­
bility is expressed in terms of a single finite-range integral. The integral may be approxi­
mated very precisely by a Gauss-Chebychev quadrature (GCQ) formula requiring the 
knowledge of the moment generating function (MGF) at only a small number of points. 
An estimate of the remainder term is also derived. The proposed techniques lend them­
selves to a powerful tool for outage analysis since they do not impose any restrictions 
while being easy to program. Moreover, our analytical framework, based on statistical



267

decision theory, can be used to assess the compatibility and applicability of previously 
published approaches that treat noise as cochannel interference or consider a minimum 
detectable receiver signal threshold, in the presence of receiver noise. Some previous 
studies have suggested approximating Rician desired signal statistics by a Nakagami-m 
model to circumvent the difficulty in evaluating the outage in Rician fading. We asses the 
suitability of this approximation by providing a comparison study of the outage perfor­
mance in these two fading conditions. Surprisingly, some basic results for Nakagami-m 
channel have been overlooked, which has led to misleadingly optimistic results with the 
Nakagami-m approximation model.

Chapter 3 briefly surveys some of the diversity techniques commonly used in cellu­
lar radio and satellite communication systems to mitigate the detrimental effects of signal 
fading. Subsequently, two unifled approaches for evaluating the average symbol error 
probability (SER) of a wide class of coherent, differentially coherent and noncoherent 
communication systems in different fading environments are presented. All common 
diversity combining techniques (maximal-ratio combining (MRC), equal-gain combining 
(EGG), selection combining (SDC), and switched combining (SWC)) are studied. In the 
first approach, our novel derivation relies upon the properties of the MGF of the signal- 
to-noise ratio (SNR) in the fading channel without diversity reception, the use of an alter­
native exponential form of the one-dimension and two-dimension complementary error 
functions, and the application of GCQ formulas. In the second approach, we require the 
knowledge of six Fourier Transforms, characteristic function (CHE) of SNR, and the 
application of GCQ formulas. While the MGF method (i.e., the first approach) fails to 
analyze the EGG diversity case, it usually leads to a more concise solution for other 
diversity combining methods such as MRC, SDC and SWC compared to the CHE 
method. Our method is computationally stable and the closed-form expressions (in the 
form of a rapidly converging series) derived in this chapter can approximate the true aver­
age SER within any degree of accuracy.

Exact integral expressions for calculating the average SER of multilevel quadrature 
amplitude modulation (MQAM) in conjunction with L-fold antenna diversity on arbitrary 
Nakagami fading channel are derived in Chapter 4. Both MRC (in independent and corre­
lated fading) and EGG (in independent fading) predetection diversity combining tech­
niques have been considered. Exact closed-form SER expressions for three restricted 
Nakagami fading cases (MRC reception) are also derived. An exact analysis of EGG for 
MQAM has not been reported previously despite its practical interest. Remarkably, the
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exact SER integrals can also be replaced by a finite-series using a GCQ formula. A use­
ful procedure for computing the confluent hypergeometric series is also presented in the 
appendix. Our unified expressions handle arbitrary fading parameters as well as dissimi­
lar mean signal strengths across the diversity branches. The generality and computational 
efficiency of these new formulas render themselves as a powerful tool for SER analysis in 
different fading conditions.

In Chapter 5, the MGF of SNR at the output of a dual-branch SWC combiner is 
derived. The first-order derivative of the MGF with respect to the switching threshold is 
also derived. These expressions are obtained for the general case of correlated fading and 

nonidentical diversity branches, and hold for any common fading distributions. The opti­
mum switching threshold (in a minimum error rate sense) is obtained by solving a nonlin­

ear equation which is formed by using the first-order derivative of the MGF. This 
nonlinear equation can be simplified for several special cases. For independent and identi­

cally distributed diversity branches, the optimal switching threshold in closed-form is 
derived for three generic forms of the conditional error probability. For correlated Ray­
leigh or Nakagami-m fading with identical branches, the optimal switching threshold in 

closed-form is derived for the non-coherent binary modulation formats. We show that pre­
vious published results as special cases of our unified expression.

In Chapter 6, we derive a new closed-form formula for the MGF of the output SNR of 
a dual-diversity selection combiner in bivariate Nakagami-m fading with positive integer 
fading severity index using a circular contour integral representation for the generalized 

Marcum-Q function, (a, b) . This result involves only elementary functions and holds 

for any value of the ratio a / b  in (a, 6) . As an aside, we have shown that previous 
integral representations for {a, b ) can be obtained from a contour integral and also 

derive a new, single finite-range integral representation for (a, 6) . A new infinite 

series expression for the MGF with arbitrary m  is also derived. These MGFs can be 
readily used to unify the evaluation of average error performance of the dual-branch SC 

for coherent, differentially coherent and noncoherent communications systems.

In Chapter 7, we examined a new reduced-complexity rake receiver structure 
which is particularly attractive for high-speed wireless communications in indoor wire­
less channel. Subsequently, a general expression is derived to quantify the average bit
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error rate performance of a maximum amplitude selection diversity (MA7SD) rake 
receiver over Nakagami multipath fading channels. This includes all possible conditions 
of signal strengths and arbitrary fading parameters. This low-complexity receiver archi­
tecture is practically appealing because o f its simplicity as well as its ability to operate 
effectively even at high signalling rates. While the MRC combiner with perfect channel 
fading estimation outperforms the proposed MA/SD scheme, the latter yields superior 
performance when inaccurate channel estimation is considered (i.e., with Gaussian error 
in the combiner weighting factors). Simple yet accurate expressions for rapid evaluation 
of MRC and SDC diversity performance in a Nakagami fading channel with arbitrary 
parameters are also presented. A bound on the magnitude of the remainder term is also 
derived using a complex-variable method. This new bound is highly desirable since it 
does not require the evaluation of higher order derivatives, which can be difficult, time 
consuming and tedious. More importantly, it allows us to choose an appropriate value for 
n (upper limit for the truncated series) that satisfies a prescribed error tolerance. Numeri­
cal examples reveal that the number of samples of MGF required to achieve a specified 
accuracy declines rapidly with a higher average received SNR per channel, but increases 
when the channel has a strong line-of-sight path. It is shown that the series expression is 
virtually exact for sufficiently large n (say, 15) and SNR over 0 dB. The expression 
breaks down when the SNR approaches —co dB.

In Chapter 8, an adaptive retransmission diversity combining scheme is investi­
gated for both slotted and unslotted random access packet-switched code division multi­
ple access (DS/CDMA ALOHA) systems over a frequency selective Rayleigh fading 
channel. Multiple received noisy packets are combined on a bit by bit basis to form a sin­
gle, more reliable packet. A novel mechanism to ensure a reliable packet combining oper­
ation is outlined. It is shown that packet combining is an effective mechanism for 
enhancing the network throughput and delay performance of the conventional DS/ 
CDMA ALOHA, while sustaining a reasonable receiver complexity. This scheme is 
highly advantageous for systems which can tolerate a certain delay and operate over 
highly time-varying channels. Sensitivity of the system performance to the packet header 
failure rate and in the presence of feedback channel errors have been investigated.

Chapter 9 outlines an efficient method to concurrently optimize a multiplicity of 
design variables for continuous selective-repeat (SR) and go-back-N (GBN) ARQ strate­
gies, both in noiseless and noisy feedback channels. For these ARQ protocols, we adapt 
either the number of identical message blocks sent in each transmission (in case o f GBN
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scheme) or the number o f copies of a block retransmitted to handle a NACKed codeword 
(for the SR protocol) dynamically to the estimated channel condition. The channel state 
information is obtained by counting the contiguous acknowledgment (ACK or NACK) 
messages. Exploiting the asymptotic properties of the steady-state probability expres­
sions, we show analytically that the optimum solution indeed lies in the infinite space. 
Subsequently, a simple expression to estimate the suboptimal design parameters is sug­
gested. Our approach o f minimizing the mean square error function yields to a quantita­
tive study of the appropriateness of the selected parameters. Exact analytical expressions 
that allows us to compute the throughput cross-over probability between any two arbi­
trary multicopy transmission modes are derived. The results provide fundamental 
insights into how these key parameters interact and determine the system performance.

The throughput of conventional ARQ protocols, such as the stop-and-wait, go-back- 
N and selective-repeat, can also be improved by dynamically adapting the protocol packet 
length to changes in channel conditions. Such action requires a method for sensing the 
channel state and detecting a change in it. Fortunately, the frequency of retransmission 
requests in ARQ error control schemes provides a natural source of channel state infor­
mation (CSI). Chapter 10 examines four simple algorithms to implement such an adaptive 
system in a slowly varying mobile radio channel. Our numerical results reveal that in 
spite of their simplicity, the algorithms performs remarkably well. In particular, the algo­
rithm based on counting the contiguous positive and/or negative acknowledgment mes­
sages provides a reliable CSI within only a few block transmissions, and requires the 
shortest observation interval among these four schemes. This algorithm also permits a 
flexible selection of the design variables for an adaptive system with an arbitrary number 
of controllable packet lengths.

11.2 Suggestions for Further Work
The following are interesting topics which may be pursued for future work. Some of this 
work is already in progress.

• Extension of the EGC receiver analysis in Rician and Nakagami-Hoyt fading 
channels and also perform the comparison between the CHF, Fourier series and 
Hermitian approximation methods in terms of their computational complexity.

• Accurate analysis of digital communications systems in band-limited channels
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(to study the performance degradation due to intersymbol interference) and in the 
presence of cochannel interference.

A useful method for studying the error floor phenomena in Turbo codes in differ­
ent fading environments. In fact, one no longer needs to invoke the Chemoff- 
Union bound since we can now analyze the exact union bound very efficiently.

Analysis of BDPSK with post-detection EGC.

Analysis of a simple packet combining strategy using majority logic on the hard 
decisions at the bit level.

Simple techniques for evaluating the Gaussian probability integral O  (,r) and the 
generalized Marcum-Q function 6) with arbitrary M .

Analysis of average diversity combiner in multipath fading environment.

Since there is a strong analogy between the conditional error-rate performance 
for diversity reception of an i.i.d. Z-path received signal and the pair-wise error 
probability of two-sequences (length L) of i.i.d. faded symbols, one may charac­
terize the performance o f error correction coded communication systems (e.g., 
convolutional, trellis) over fading channels using the approach outlined in this 
dissertation. In particular, the analyses for MRC and EGC are directly applicable 
for the evaluation of pair-wise error probability with the known and unknown 
channel state information, respectively.

"It is dangerous to p u t  lim its  on  w ireless  ”
- Guglielmo Marconi (1932)
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