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Abstract

It is known that the smallest complete bipartite graph which is not
3-choosable has 14 vertices. We show that the extremal configuration is
unique.

1 Introduction

A list colouring of a graph G is a proper vertex colouring of G in which every
vertex v is assigned a colour from a set (or list) L(v) of colours. The graph G is
k-choosable, or k-list colourable, if the condition that every list has size at least
k is sufficient to guarantee the existence of a list colouring of G. The choice
number, or list chromatic number, of G is the smallest positive integer & such
that G is k-choosable. A recent survey on list colourings is [5].

Both Erdds, Rubin and Taylor [2] and Vizing [4] observed that the choice
number of a complete bipartite graph can be arbitrarily large. Erdos, Rubin
and Taylor demonstrated that the choice number of K7 7 is at least four. Their
example consisted of assigning the seven lines in the Fano plane to the seven
vertices in each set in the bipartition. It is proved in [3] that the choice number
of any bipartite graph with at most thirteen vertices is less than or equal to
three.

In this report we show that the fourteen vertex example of Erdds, Rubin
and Taylor is unique up to renaming the colours. The proof is a detailed case
analysis. The cases to be considered are determined in Lemma 2.8. Our initial
goal was to undertake a combinatorial computing project and examine all pos-
sibilities, up to isomorphism. In order to be able to limit the size of the search,
results were established regarding the structure of the lists in an example where



a list colouring does not exist. Eventually there were enough such results for a
proof.

For a discussion of the many other contexts in which the Fano configuration
arises, see [1].

2 Preparatory Results

We assume throughout this article that K, . is a complete bipartite graph,
where a < ¢, in which lists of size three are assigned to the vertices. We use
A = Ay, As, ..., A, to denote the collection of lists assigned to the vertices
in one set of the bipartition, and C = Cy, Cs,...,C, to denote the collection
of lists assigned to the vertices in other set of the bipartition. Define N =
[AfUA U U4, UCUCU---UC,|. For integers a < b we use [a,b] to
denote the set {a,a +1,...,b}. We will use the following results from [3].

Theorem 2.1 ([3]) Every bipartite graph on at most thirteen wertices is 3-
choosable.

Let X = X1, Xa,..., X, be a collection of sets. A transversal of X is a set
TCXUXaU---UX,suchthat TNX; £ W fore=1,2,...,n

Lemma 2.2 ([3]) Suppose the complete bipartite graph K, . has the collections
A and C as the lists assigned to vertices in the sets in the bipartition. The
following are equivalent:

1. K, is not list colourable from the lists in A and C.
2. Every transversal of A has a subset that is a list in C.

3. Every transversal of C has a subset that is a list in A.

B

Each subset of [1, N] is either disjoint from some list in A or has a subset
that is a list in C.

Lemma 2.3 ([3]) If K, . is not 3-choosable, then N > 5.

Theorem 2.4 ([8]) If K, is not 3-choosable, then a- (N3 +c- (723 > (1)

for all0 <1< N where (N7¥) =0 for 1> N~3 and (Y 7F) =0 for i < k.

N
Corollary 2.5 ([3]) If K. is not 3-choosable, then a +c > ‘(‘NTT;Q)-(_‘JFL‘“"‘()N_“ﬁ for
all 0 <1 < N where (Nl_k) =0 forl>N-—3 and (]7::‘) =0 forl<k.

We will make repeated, often implicit, use of the following fact.



Proposition 2.6 ([3]) Suppose G is a bipartite graph on fourteen vertices and
there is an assignment of lists for which there is no list colouring of G. Then ev-
ery colour appears in lists on both sides of the bipartition, and no list is assigned
to two vertices on the same side of the bipartition.

We will say that the pair (x,y) is in the set X when {z,y} C X.

Lemma 2.7 ([3]) Let G be a bipartite graph in which lists have been assigned
to the vertices of G. Let N = |U'UEV L(v)l, Suppose there is no list colouring of
G and some pair of colours does not appear together in a list. Then there is a
collection of lists L'(v),v € V, such that |L'(v)| = |L(v)| for every v € V, and
|Upey L(v)| =N — 1.

Lemma 2.8 Suppose a+c = 14. If there is a collection of lists of size three for
which there is no list colouring of K, ., then there is such a collection in one of
the following situations:

1. N=Tanda=T7
2. N=8anda= ¥4, 6 or 7.
3 N=9anda=25, 6or?7.

Proof Suppose K, . is not 3-choosahle. The fourteen lists of size three together
contain 42 not necessarily distinct pairs. Since (%)) = 45, by Lemma 2.7 it may
be assumed that N < 9.

By Lemma 2.3, N > 5. By Proposition 2.6 no list is assigned to two vertices
on the same side of the bipartition. However, the inequality from Corollary 2.5
is satisfied for neither the pair N = 5 and [ = 2, nor the pair N =6 and [ = 3.
Therefore, N > 7. Further, using N = 7 and [ = 3 in the formula of Theorem
2.4 we obtain @ > 7. Using NV =8 and [ = 3, we obtain a > 5, and using N = 9
and [ = 4, we obtain a > 5. Finally, a < ¢ and a + ¢ = 14 implies that a < 7 for
any value of N. The result follows. O

Lemma 2.9 Suppose a + ¢ = 14. If any element is in more than a — 3 lists of
A or c— 3 lists of C, then there is o list colouring of I, ..

Proof Suppose K, . is not 3-choosable, and that A and C are collections of
lists from which there is no list colouring of K, .. By Lemma 2.8, we have
5<a<L7and 7< e <.

Now suppose some element is in a — 2 lists of A. Without loss of generality,
assume 1 € Ay N Ay .- N Ag_2. Then for any z € A,y and y € A,, {1,2,y}
is a transversal of A. By Lemma 2.2, every transversal of A has a subset that
is a list in C. Hence, for every choice of z and y the elements in {1,z,y} are all
distinct and {1,z,y} is a list in C . Hence, ¢ = 9. However, all nine lists in C
contain 1. Therefore, {1} is a transversal of C, and, by Lemma 2.2, K, ., can



be properly coloured, a contradiction. Thus no element is in more than a — 3
lists of A.

Suppose some element is in ¢ — 2 lists of C. It can be similarly shown that
C has nine transversals of size three. Since a < 7, this contradicts the fact that
every transversal of C has a subset that is a list in A. The result follows. O

Lemma 2.10 Suppose 7T < N < 9. If some element is in more than three lists
of A (or C), then there is a list colouring of K7 7.

Proof  Suppose A and C are collections of lists from which there is no list
colouring of K7 7. By Lemma 2.2, every transversal of A (respectively C) has
size at least three, and every transversal of A (respectively C) of size three is a
list in C (respectively A).

Now suppose that some element is in four lists of A. Without loss of gener-
ality, assume 1 € A; for all ¢ € [1,4]. By Lemma 2.9, 1 & A5 U Ag U A7. Hence,
|As U Ag U A7| <8, and |A5 N Ag| + |As N A7| + |As N A7| > 1. Also note that
As N Ag N A7 = (), since A has no transversal of size two.

We claim that |4; N A4;| < 1 for any i,j € [5,7] where i # j. To see this,
assume that |As N Ag| = 2. Then, for any © € As N Ag and any y € A7, {1,z,9}
is a transversal of A. Since A has no transversal of size two, there are six distinct
transversals of this type. Since each of these six transversals is a list in C, there
are six lists in C that contain 1. Lemma 2.9 then asserts that a list colouring
exists, a contradiction. Hence, 1 < |A5 N Ag| + |45 N A7| + |Ag N A7| < 3.
Case 1: Suppose |As N Ag|+|AgN A7+ A5 N A7| = 3. Then any two of As, Ag
and A; have exactly one element in common. For any distinct 4, 7, k € {5,6,7},
the set {1,2,y} where z € A; N A; and y € Ar — (4; N A4;) is a transversal of
A. Each such transversal is a list in C. Hence, at least six lists in C contain 1.
Lemma 2.9 then asserts that a list colouring exists, a contradiction.

Case 2: Suppose |45 N Ag| + |As N A7] + |45 N A7| = 2. Without loss of
generality, assume that |As; N Ag| = 1 and |45 N A7| = 1. Since As, Ag and Ay
have no common element, we may assume that As = {2,3,4}, Ag = {2,5,6}
and A; = {3,7,8}. Then {1,2,3}, {1,2,7}, {1,2,8}, {1,3,5} and {1, 3,6} are
all transversals of A. This gives five lists of C, each containing 1. Lemma 2.9
then asserts that a list colouring exists, a contradiction.

Case 3: Suppose |AsNAg|+|AsNA7|+|AsNA7| = 1. Without loss of generality,
we may assume As = {2,3,4}, 4g = {2,5,6} and A7 = {7,8,9}. Then {1,2,7},
{1,2,8} and {1,2,9} are transversals of A and therefore lists in C. Suppose
these are C, Cy and Cj, respectively.

For any v € As — {2}, v € Ag — {2} and z € A7, the set {1,z,y,2} is a
transversal of A. Let S be the set of these twelve distinct transversals. Note
that none of Cy, Cy or (g is a subset of any set in 5, and no list in C is a subset
of more than three sets in S. Furthermore, a list C; is a subset of three sets in
S only if it contains 1. Since every set in S has a subset that is a list in C, each



of Cy, Cs, Cg and C7; must be a subset of exactly three sets in §. Therefore,
1 € C; for all ¢ € [4,7]. However, this means that {1} is a transversal of C
which is a contradiction.

Hence, if some element appears in either three lists of A or three lists of C,
then GG can be properly coloured. O

3 Nine Colours

Lemma 3.1 Suppose N = 9. T If there is no list colouring of Ks9 then no
pair appears in more than one list in A.

Proof.  Suppose that A and C are families of lists for which there is no list
colouring of Kxo. Then, by Lemma 2.2, every transversal of A has size at least
three, and every transversal of A of size three is a list in C.

By Lemma 2.9, no element appears in more than two lists of A. Since every
element appears in at least one list of A, there are six elements in exactly two
lists each and three elements in exactly one list each. Say every element in [1, 6]
is in exactly two lists of A.

Suppose some pair, say (1,2), is in two lists, say A; and As. Then there are
two elements of [3, 6] each of which is in neither A; nor A;. Assume 3 € A3MN Ay
and 4 is in two of Az, A4 and As.

Suppose 4 € A3 N Ay. Then for each z € A1 N As and y € A3 N Ay, and
= € As, {2,y, =} is a transversal of A. There are twelve such transversals. This
contradicts the fact that every transversal of size three is a list in C.

Suppose 4 € A3N As. Then {1,3,4} and {2, 3,4} are transversals of A. It is
also the case that for each & € A5 — {4}, {1,3,z} and {2, 3,z} are transversals
of A. And, for each y € Ay — {3}, both {1,4,y} and {2,4,y} are transversals
of A. This gives a total of ten transversals of A of size three. This contradicts
the fact that every transversal of A of size three is a list in C. O

Lemma 3.2 Suppose N = 9. If there is no list colouring of K5, then no
element appears in more than four lists of C.

Proof  Suppose that A and C are families of lists for which there is no list
colouring of K5 9. Then, by Lemma 2.2, every transversal of C has size at least
three, and every transversal of C of size three is a list in A.

By Lemma 2.9, no element is in more than six lists in C and no element is
in more than two lists of A.

Suppose some element is in exactly six lists of C. Say = € C1 N CyN---NCe,
but z ¢ C7 U Cs U Cy. Then |C7 U Cs U Cy| < 8 and two of Cr, Cg and Cy
contain a common element. Say y € C7; N Cs. Then for every = € Cy, {z,y, z}
is a transversal of C. Since C has no transversal of size two, there are three
transversals of C of size three. Hence, there are 3 lists in A containing x. This
is a contradiction to Lemma 2.9.



Suppose some element is in exactly five lists of C. Say x € C1NCsN---NCs,
but z & Ce UC7 U Cs U Cy. Then |Cs U C7UCsUCy| < 8 and at least two
of Cg, C7, Cg and Cy have an element in common. Suppose y € Cg N Cr. If
y € Cg U Cy, then there are three transversals of C containing y. Hence, there
are three lists in A containing y. This is a contradiction to Lemma 2.9. Hence,
we may assume that y & Cg U Cg. Suppose Cg N Cy # (. Then {z,y,z} is a
transversal of C for each z € Cg N Cy. Since A has at most one list containing
the pair (z,y), it must be the case that |Cs N Cy| < 1.

Suppose |[Cg N Cy| = 1. Say r € Cs N Cy, {z,y,7} is a transversal of C and
therefore a list in A. For each z € Cg — Cy and w € Cy — Cg, the set {z,y, 2, w}
is a transversal of C. There are four such transversals. Since {z,y,7} is the only
list in A containing the pair (z,y), no list in A is a subset of more than one
of these transversals. There is one list in A containing 2 but not y, and one
list containing y but not x. Each such list is a subset of at most one of these
transversals. Hence, at least two of these transversals have no subset in A.

Suppose Cg N Cy = W. For each z € Cg and w € Cy, {,y,2,w} is a
transversal of C. There are nine such transversals. At most one list in A contains
the pair (z,y). This list is a subset of at most three of the nine transversals.
A list containing exactly one of z or y is a subset of at most one of these
transversals. Hence, at most four of these transversals have a subset in A, so
there is a transversal of C that has no subset in A, contrary to Lemma 2.2. O

Lemma 3.3 If N =9, then there is a list colouring of Ks 9.

Proof. Suppose there is no list colouring of K5 9. By Lemma 2.9 no element is
in more than two lists of A. By Proposition 2.6, every element is in at least one
list of A. Then we may assume that every element in [1,06] appears in exactly
two lists of A. Suppose 1 € A; N Ay. Then there is some element from [2,6] is
not in A1 U Ay, Say 2 € Az N Ay

Suppose some element from [3,6] is in the list As. Since 3 is in two lists,
we may assume that 3 € A5 N 4;. Then {1,2,3} is a transversal of A, as is
{1,2,2} for each © € A5 — {3} and {2,3,y} for each y € Ay — {1}. This gives
five transversals of A of size three, each containing 2. By Lemma 2.2 each of
these transversals is a list in C. This contradicts Lemma 3.2.

Hence, A5 = {7,8,9}. By Lemma 3.1 every pair appears in at most one
list of A. So, without loss of generality, we can assume that 4; = {1,3,4} and
Ay = {1,5,6}. Without loss of generality, assume 3 € A3. Similarly, 4 € A3UA,.
Since the pair (3,4) is in at most one list of A, 4 € A4. By a similar argument,
we may assume, without loss of generality, that 5 € A3 and 6 € A4. Therefore,
for each = € {7,8,9}, the sets {1,2,z}, {3,6, 2}, {4,5,z} are all transversals of
A. By Lemma 2.2, each of these transversals is a list in C. It then follows that
{1,3,5} is a transversal in C. However, this transversal is not a list in A which
is a contradiction to Lemma 2.2. Hence, G can not be properly coloured. a



Lemma 3.4 Suppose N = 9. If there is no list colouring of Kgg, then no
element 1s in more than four lists of C.

Prosf Suppose that A and C are collections of lists from which there is no list
colouring of K g. Then, by Lemma 2.2, every transversal of C has size at least
three, and every transversal of C of size three is a list in A.

Suppose some element is in five lists of C. Without loss of generality, assume
1 is in lists Cy through Cs. By Lemma 2.9, 1 is in none of Cg, C7 or Cy. Hence,
CeUC7UCs C[2,9], and some pair of Cg, C7 and Cg share a common element.
Say 2 € Cg N Cy. Then for any = € Cs, {1,2,2} is a transversal of C and thus
a list in A . Since C has no transversal of size two, this gives three lists of A
containing the pair (1,2). Say these are lists A;, A and As. By Lemma 2.9,
neither 1 nor 2 is in any of A4, As or Ag. Since N = 9, it must be the case that
some pair of Ay, As and Ag have a common element. Say y € A4 N As. Hence,
for all z € Ag, {1,y, 2} and {2,y, z} are transversals of A and therefore lists in
C. Since A has no transversal of size two, this gives six lists in C each containing
y. But Lemma 2.9 now implies that a list colouring exists, a contradiction. O

Lemma 3.5 Suppose N = 9 and each element appears in exactly two lists of
A. If some element appears in more than three lists of C then there is a list
colouring of Ke g.

Proof:  Suppose that every element appears in exactly two lists of A, but
there is no list colouring of Kgg. Then, by Lemma 2.2, every transversal of A
(respectively C) has a subset that is a list in C (respectively A).

Suppose that some element is in four lists of C. Without loss of generality,
assume 1 € C1 NCy NC3NCy. By Lemma 3.4, 1 is not in any other list of C.
Since C has no transversal of size two, C5 N Cq N C7 N Cy = (). Furthermore,
for any distinct 4,7,k € [5,8], C; N C; N Cy = #. Otherwise, {C5, Cs, C7, Cs}
would have three transversals of size two, resulting in three transversals of C of
size three all containing 1. Since every element is in exactly two lists of A, this
contradicts the fact that every transversal of C of size three is a list in A.

Since C5 U Cg U Cr U Cy C [2,9], some pair of Cs through Cg must have a

common element. Without loss of generality, assume 2 € Cs N Cg. Therefore,
2 ¢ C7UCh.
Case 1: Suppose |C7 N Cgl = 2. Then for any « € C; N Cs, {1,2,2} is a
transversal of C, and, therefore, a list in A. Let Ay and As be the lists resulting
from these transversals. Now, {1,2,y, z} is a transversal of C where y € C; —Cj
and z € Cg — Cy. Since neither A; nor As is a subset of {1,2,y,z} and no
other list in A contains either 1 or 2, then {1,2,y,z} has no subset in A, a
contradiction.

Case 2: Suppose |C7 N Cs| = 1. Then for x € C7;NCsg, {1,2,z} is a transversal
of C. Say this is list A;. There are also four transversals of the form {1,2,y, z}
where y € C7 — {2} and z € Cs — {z}. Note that A, is not a subset of any



of these four transversals. Furthermore, no list is a subset of more than two
of these transversals, and a list is a subset of two of them only if it contains
the pair (1,2). Since each element appears in exactly two lists of A, there is a
single value of ¢ € [2,6] such that 1 € A;. Similarly, there is a single value of
J € [2,6] such that 2 € A;. If { = j, then A4; is a subset of at most two of the
four transversals. If ¢ # j, then each of A; and A; is a subset of at most one of
the transversals. In either case, there are two transversals of C with no subset
in A, a contradiction.

Case 3: Suppose C7yNCsg = 0. For any y € Cy and =z € Cg, {1,2,y,2} is a
transversal of C. Let S be the set of these nine transversals. A list in A is a
subset of zero, one or three elements of S. It is a subset of three of them only
if it contains (1,2) and it is a subset of one of them only if it contains 1 or 2
but not both. Since 1 and 2 each appear in exactly two lists of A, at most six
elements of S have a subset that is a list in A. Therefore, at least three elements
of S have no subset which is a list in A, so there is a list colouring of Ksg. O

Lemma 3.6 If N =9, then for any collection of lists A and C, there is a list
colouring of K¢ g

Proof. Assume that A and C are collections of lists for which there is no list
colouring of Kgg. Then, by Lemma 2.2, every transversal of A (respectively
C) has a subset that is a list in C (respectively A). Since N = 9, either some

element appears in three lists of A, or every element appears in exactly two lists
of A.

Case 1: Suppose there is an element that appears in three lists of A. Without
loss of generality, assume 1 € A;NA3NA3z. By Lemma 2.9, A;UAsUAg C [2,9].
Then two of A4, As and Ag have an element in common. Without loss of
generality, assume 2 € Ay N As. If 2 € Ag, then A has a transversal of size
two, a contradiction. Hence, we may assume that Ag = {3,4,5}. Then {1, 2,3},
{1,2,4} and {1,2,5} are transversals of A. We may assume these are lists C1,
Cs and Cj, respectively.

Suppose 3 € Ay. Then for any © € 45 — {2}, {1,3,z} is a transversal of
A. Since there are no transversals of size two, 3 &€ As, so there are two such
transversals. If both of these lists are in C, there are five lists in C containing 1,
contrary to Lemma 3.4. Hence, 3 & A4. It can be similarly shown that 4,5 ¢ A,
and 3,4,5 & As.

Suppose there is some = € (44 N As) — {2}. Then {1,z,3}, {1,z,4} and
{1,x,5} are transversals of A and therefore lists in C. These three lists together
with Cy, Cp and Cjy give six lists in C all containing 1, contrary to Lemma 3.4.
Hence, A4 N A5 = {2}.

Now, for any z € Ay — {2} and y € A5 — {2}, {1,3,2,y} is a transversal of
A. Let S be the set of these four distinct transversals. Note that none of Cj,
Cy or Cy is a subset of any set in S.



If none of Cy through Cg contains the pair (1,3), then for each choice of
z and y, either {1,z,y} or {3,z,y} is a list in C. This means Cy through Cy
contain two lists with 1 or three lists with 3. Thus there are five lists of C
containing 1 or five lists of C containing 3, contrary to Lemma 3.4. Therefore,
at least one of C, through Cg contains the pair (1, 3). Without loss of generality,
assume (1,3) is in Cy.

Now, let S’ be set of elements of S that have no subset in {C1, Cs, Cs, Cy}.
Since Cj is a subset of at most two sets in S, |S’| > 2. By Lemma 3.4, none
of C5 through Cg contains 1. Since each set in S’ has a subset that is a list
in C" = {Cs, Cg,C7,Cs}, at least two lists in C” contain 3. Say 3 € Cs N Cs.
Hence, 2 € C1NCyNC5 and 3 € Cy N Cs N Cq. Hence, for any = € C7 and
y € Cs, {2,3,2,y} is a transversal of C. Let T be the set of these transversals.
Since 1 € C7 U Cg, none of Aj, Ag or As is a subset of any transversal of the
form {2,3,2,y}. Since the pair (2,3} is in no list of A, there is no choice of
and y such that 2 = y. Hence, |T| = 9, and a list of A is a subset of at most
one set in 7. Hence, for each choice of z and y, either {2,z,y} or {3,z,y} is a
list in A. This contradicts the fact that A contains six lists.

Case 2: Suppose every element appears in exactly two lists of A. Without loss
of generality, assume 1 € Ay N As. Obviously, some element from [2,9] is in
neither A; nor A;. Suppose 2 € Ay U A;. Without loss of generality, assume
2 € A3 N Ay. Then for any © € A5 and y € Ag, {1,2,z,y} is a transversal of
A. Let S be the set of these transversals. Let C; 5 be the number of lists in C
containing the pair (1,2), and assume C; 5 < 2.

Suppose |As N Ag| = 2. Then, without loss of generality, As = {3,4,5} and
Ag = {3,4,6}. Then {1,2,3} and {1,2,4} are lists in C. Since {1,2,5,6} is a
transversal of A and C; 2 < 2, without loss of generality {1,5,6} is a list in C.
If |A3 N A4| > 2 then, for any = € (A3 N Ays) — {2}, both {1,2,3} and {1, z,4}
belong to C, contrary to Lemma 3.5. Thus |A3 N A4] = 1. Let A5 = {2, w,z}
and Ay = {2,y,z}. Then {1,3,w,y},{1,3,w,2},{1,3,z,y} and {1,3,2, =} are
all transversals of A. Each of these has a subset that is a list in C. Since 1
already belongs to three lists in C, it can not belong to any of these subsets.
Thus, 3 belongs to all four subsets, contrary to Lemma 3.5.

Suppose |As N Ag| = 1. The situation where |A; N Ag| =2 or |[Ag N Ag| =2,
is covered by the argument in the previous paragraph, so assume |41 N Aq} =
|A3 N A4| = 1. Let A, = {1,u1,u2},A2 = {l,vl,vg},A3 = {2,’11)1,7.02},/14 =
{2,21,22}, As = {3,y1,y2} and A5 = {3, 21, z2}. Then, for 7,5 € {1,2} we have
w; # vy, w; # x;, and y; # z5. The set {1,2,3} is a transversal of A, hence it
is alist in C. Let S = {{1,2,yi, %}, {1,3, wi, z;}, {2,3,u5,v5) 0 1 <d,5 <2}
Then |S] = 12. Each element of S is a transversal of A, so each has a subset
that is a list in C. It follows from the structure of the lists in A that no list
in C is a subset of more than two elements of S. Suppose that ;2 = 2, that
is, a second list in C contains the pair (1,2). This list is a subset of at most
two elements of S, so there are at least five other lists in C that are subsets of



elements of S. Each of these five must contain a 1, a 2 or a 3. By Lemma 3.5, no
element is in more than 3 lists of C. Since both 1 and 2 are already in two lists
of C, and 3 is in one list of C, at most four further lists of C can containa 1, a
2, or a 3. Therefore C; 5 = 1. There are at least six lists in C that are subsets
of elements of 5, and each of these contains a 1, a 2, or a 3. Since {1,2, 3} is
an element of C, the set {1, 2,3} has non-empty intersection with at least seven
of the eight lists in C. Therefore either {1,2,3} or {1,2, 3,p} is a transversal of
C, for some p € [4,9]. No such transversal has a subset that is a list in A, a
contradiction.

Suppose |A5MN Ag| = 0. Then A has nine transversals of the form {1, 2, z, v},
where x € As and y € Ag. A list in C is a subset of zero, one or three of these.
It is a subset of three of them only if it contains the pair (1,2), and it is a
subset of one of them only if it contains 1 or 2 but not both. Since C 9 < 2, at
most eight of these nine transversals have a subset that is a list in C. Therefore,
some transversal of A has no subset that is a list in C contrary to Lemma 2.2.
Therefore, Cy o = 3.

Without loss of generality, assume C; = {1,2,3}, Cs = {1,2,4} and C3 =
{1,2,5}. By Lemma 3.5, 1,2 ¢ C4 U Cs U --- U Cg. Therefore, each pair from
{1,2} x [6,9] must appear in some list in A. Hence, A; U Az C {1} U[6,9] and
AsUAy C{2}U[6,9]. Since each element is in exactly two lists of A, this means
AsUAg C {3,4,5}. This implies A5 = Ag which is a contradiction. Hence, there
is a list colouring of Ks g. 0O

Lemma 3.7 Suppose N = 9. If any pair appears in more than two lists of A
(or C), then there is a list colouring of K1 7.

Proof  Suppose some pair, say (1,2), is in each of Ay, Ay and As. Since
these three lists are all distinct, assume that A; = {1,2,3}, A = {1,2,4} and
Az = {1,2,5}. By Lemma 2.10, we may assume no element appears in more
than three lists of A. Then A; C [3,9] for i € {4,7]. Furthermore, by Lemma
2.2, every transversal of A of size three is a list in C.

Let Z = [1,5] % [6,9]. None of the lists Ay, Ay and A3 contains a pair from
Z, and every other list in A or C contains either no pairs or exactly two pairs
from Z. Therefore, C contains at most fourteen pairs from Z. By Lemma 2.7,
we may assume that every pair in Z is in some list of A or C. Since Z contains
twenty pairs, A contains at least six pairs from Z. Without loss of generality,
we may assume that A4, A; and Ag each contain two pairs from Z. Since each
of these lists is a subset of [3,9], A; N [3,5] # ¥ for ¢ € [4,6].
Case 1: Suppose none of 3, 4 or 5 is in two of the lists A4, A5, Ag and A7. Then
|4; N [3,5]| =1 for i € [4,6] and A7 C [6,9]. Without loss of generality, assume
A7 = {7,8,9}. Then exactly six pairs from Z are in A and fourteen pairs are
in C. Therefore, no pair from Z is in more than one list of A or C.

Since A4, As and Ag each contain two elements from {6, 9], either some el-
ement of {7,8,9} is in two of the lists A4, As and Ag, or 6 € A; for every
ie[4,6]
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Suppose some element in {7,8,9} is in two of As, Ag and A;. Without loss
of generality, assume that 7 € As N Ag. Then for any v € Ag N {3,4,5} the
sets {1,7,2} and {2,7, 2} are transversals of A and, therefore, lists in C. This
contradicts the fact that each pair from Z is in exactly one list.

Hence, 6 is in all three lists, and {1,6,7} and {1, 6,8} are both transversals
of A. Hence, these are lists in C which contradicts the fact that each pair from
Z is in exactly one list. Therefore, there is a list colouring of K7 ;.

Case 2: Suppose one of 3, 4 or 5 is in two of the lists A4, A5, Ag and A;.
Without loss of generality, assume that 3 € A4 N As. Since 3 is in at most three
listsin A, 3 & Ag U A7.

Suppose © € AgNA7. Then {1,3,z} and {2,3, z} are both transversals of A,
and, therefore, lists in C. Say they are C7 and Cb, respectively. If there exists
w € (Ag N A7) — {z} then {1,3,w} and {2,3,w} are transversals of A, and
therefore lists in C. Thus, four lists in C contain the element 3, contradicting
Lemma 3.5. Therefore, A¢ N A7 = {z}. Now, for any y € A — {z} and
z € A7 — {z}, the sets {1,3,y,z} and {2,3,y, 2} are transversals of A. This
gives eight distinct transversals of A. Now, for any ¢ € [1,7], if 3 € C; then C;
is a subset of at most one of these transversals, otherwise it is a subset of at
most three. Since Ci and Cy are subsets of none of these transversals and, by
Lemma 2.10, at most one other list in C contains 3, some transversal does not
have a subset in C. Hence, by Lemma 2.2, a list colouring exists.

Suppose Ag and A7 are disjoint. Then there are nine transversals of A of
the form {1,3,z,y} and nine of the form {2,3,z,y} where z € Ag and y € As.
However, at least four lists of C do not contain 3 and each one is a subset of
at most one transversal. Since no list in C is a subset of more than three of
these transversals, at least five transversals do not have a subset in C. Hence,
by Lemma 2.2, a list colouring exists. |

Corollary 3.8 If the elements x and y each appear in three lists of A (respec-
tively C), but the pair (x,y) is in no list of A (respectively C), then there is a
list colouring of Kr 7.

Proof: Without loss of generality, assume 1 € A; for 4 =1,2,3 and 2 € A; for
j =4,5,6. Then for each x € A7, {1,2,z} is a transversal of A. By Lemma 3.7,
the pair (1,2) is in at most two lists of C. Therefore, one of these transversals
is not in C and, by Lemma 2.2, a list colouring exists. O

Lemma 3.9 Suppose N =9. If there is no list colouring of K7 7, then for any
collection of lists A and C there is a list A’ in A such that

1. [A'NCY <1 forallie]l,7]

2. A’ is disjoint from ezactly three lists in A.
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Proof. By Lemma 2.7, we may assume that every pair of elements appears in

some list of A or C. Since each list contains three pairs, the lists in C together

contain at most twenty-one of these pairs. Hence, the lists of A contain fifteen

pairs that are not found in C. This means some list in A contains three pairs

not found in C. Let Ay be such a list. Hence, |4, NC;| < 1forallie[1,7].
Without loss of generality, assume that 4; = {1,2,3}.

Case 1: Suppose that A is disjoint from at most two lists in A. Without loss
of generality assume that A; N A; # 0 for all ¢ € [2,5]. Then for any = € As
and y € Az, the set {1,2,3,2,y} is a transversal of A. By Lemma 2.2, we may
assume that each such transversal has a subset that is a list in C. Then for
every © € Ag and y € Ay, there is a list C; such that |C; N {1,2,3,z,y}| = 3.
Since |C; N {1,2,3}| < 1foralli € [1,7], A;, Ag and A7 are pairwise disjoint.
This means there are nine distinct transversals of the form {1,2,3,z,y}. Since
no list in C is a subset of more than one of these transversals then at least two
transversals of A have no subset in C which is contradiction. Hence, at least
three lists in A are disjoint from A;.

Case 2: Suppose that four lists of A are disjoint from A;. These four lists
along with A; do not contain any pair from the set X = [1,3] x [4,9]. The
remaining two lists in A, say Ao and Aj, each contain at most two pairs from
X. By Lemma 2.7 we may assume that every pair from X is in some list of A
or C. Since the lists of C collectively contain at most fourteen of the pairs from
X, then each of Ao and A3 contain exactly two pairs and C; contains exactly
two pairs for each ¢ € [1,7]. Furthermore, no pair from X is in two lists of A or
C.

For each i € [1,3], define X; to be the set {1} x [4,9]. Since each list in C
contains a pair from X, |C; N Ay > 1 for all i € [1,7]. Hence |[C; N A4 =1
for all ¢ € [1,7]. Therefore, each list in C contains either no pairs or exactly
two pairs from X;. Hence, the lists of C collectively contain an even number of
pairs from X7. Since X3 contains six pairs, the lists Ay and As together contain
an even number of pairs from X;. Similar statements can be made regarding
Xo and X3.

The collection A contains exactly four pairs from X. Suppose A contains
four pairs from Xy, say, and none from X5, and X3. Then, C contains two
pairs from X; and six from each of Xy and X3. Without loss of generality,
1€C,2eConC3nNCy,3€ CsnCeNCq,and 2,3 & Cp. Thus, there exist
two transversals of C of the form {z,2, 3}, where z € C; — {1}. But only one
list in A contains the pair (2,3), so this is impossible. Thus, A must contain
exactly two pairs from each of two of the sets Xy, X9 and X3. Without loss
of generality, assume A contains no pair from X, and contains two pairs from
each of X and X3.

If each of A5 and Aj were to contain one pair from each of X5 and X3, then
the pair (2,3) would be in both Az and As. Since this pair is also in Ay, by
Lemma 3.7 a list colouring would exist. Hence, we may assume that Ao contains
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two pairs from X, and Az contains two pairs from Xj.

This means C contains six pairs from X, and four pairs from each of X5
and X3. Since |C; N {1,2,3}| = 1 we may assume that 1 € C; N Cy N Cs,
2e CyndCs and 3 € Cg N Cr. Since no two lists in C contain the same pair
from X, Cs N C7 = {3}. Hence, there are four distinct transversals of C of the
form {1,2,z,y} where z € Cg — {3} and y € C7 — {3}. By Lemma 2.2, we may
assume that each of these transversals has a subset that is a list in A. However,
A7 is not a subset of any such transversal. Neither are any of the four lists in A
disjoint from A, nor is As. This implies As is a subset of all four transversals
which is impossible.

Hence, A; is disjoint from exactly three lists in A. |

Theorem 3.10 Suppose N = 9. Then for any collection of lists A and C, K7 7
can be properly coloured.

Proof: By Lemma 2.7, we assume that every pair is in some list of A UC, and,
by Lemma 2.2, that every transversal of A (respectively C) has a subset that is
a list in C (respectively A). By Lemma 3.9, we can assume that 4; = {1, 2,3},
Ain{1,2,3} # 0 for all 2 € [2,4], A;N{1,2,3} = 0 for all ¢ € [5,7] and
|C; M {1,2,3}] <1 forallie][l,7]. This means that A contains at least four
and at most six pairs from the set X = [1, 3] x [4,9] and C contains at least
twelve and at most fourteen pairs from X. Hence, at least six lists in C contain
an element from {1,2,3}.
Define X7, X5 and X3 as in the previous proof.

Case 1: Suppose C; N {1,2,3} # @ for all i € [1,7). By Lemma 2.10 and
Corollary 3.8, we may assume that 1 € C1NCyNCs, 2 € C4NCs and 3 € CgNCy.
Hence, C contains at most four pairs from each of X5 and X3. Hence, A contains
at least two pairs from each of X5 and X3.

Suppose there is some 2 > 3 such that v € C4 N C;. Then {1,2,z} is a
transversal of C and therefore a list in A. Say, Ay = {1,2,z}. Tt is also follows
that C contains exactly three pairs from X3. So, A must contain three pairs
from X3. Therefore, we may assume that 3 € Az3MA,. Now, by Proposition 2.6,
there is a second transversal of C of the form {1,2,y, 2z} where y € Cs — {3, z},
z € C7 —{3,2}, and y # z. However, no list in A is a subset of this transversal
which is a contradiction. Therefore, Cg N C7 = {3}. Similarly, Cy N C5 = {2}.

For any « € Cg — {3} and y € C7 — {3}, the set {1,2,z,y} is a transversal
of C. There are four such transversals. For any o € Cy — {2} and b € C5 — {2}
the set {1,3,a,b} is also a transversal. There are four transversals of this type.
Any list in A is a subset of at most two of these eight transversals, while the
lists A1, Ay, Ag and A7 are subsets of none of these. Hence, at most six of these
transversals have a subset that is a list in A, a contradiction.

Case 2: Suppose exactly six lists in C contain an element from {1,2,3} and
some element in {1,2, 3} is in only one list of C. By Lemma 2.10 and Corollary
3.8, we may assume that 1 € C1NCaNCs, 2 € C4NCs, 3 € Cg and C7N{1,2,3} =
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(). Therefore, at most four pairs from X5 and at most two pairs from X3 are in
C. Therefore, A contains two pairs from Xy and four pairs from Xj. Since As,
As and A4 are the only lists of A containing any pair from X3, 3 must be in
at least two of these sets. In fact, 3 appears in exactly two of these sets since
3 € A; and no element appears in A four times. Assume 3 € Az N A4. Then
Az U Ay C[3,9]. It follows that 2 € Ag and Ay C {2} U [4,9].

Now, for any © € Cg — {3} and y € C%, the set {1,2,z,y} is a transversal
of C. The only list in A that could be a subset of any such transversal is As.
Hence, there is no choice of z and y such that x = y. Therefore, there are four
transversals of this type and As is a subset of at most two of them. This implies
that there are at least two transversals of C with no subset that is a list in A,
a contradiction.

Case 3: Exactly six lists in C contain an element from {1,2,3} and every
element in {1, 2, 3} is in exactly two lists of C. Without loss of generality, assume
1eCiNCy,2e€C3NCy, 3€Cs5NCsand Cr N{1,2,3} = . Since C contains
at least twelve pairs from X, C contains exactly four pairs from each of X7, Xa
and X3. Since A contains at most six pairs from X, then A contains two pairs
from each of X7, X5 and Xj3. Therefore, {1,2,3} C Az U A3 U Ay.

Suppose that the pair (1,2) appears in some list in A besides A;. Without
loss of generality assume that 1,2 € As. Since there is only one pair from each
X1 and X5 in As, 1,2 € A3 U A4. Since the pair (1,2) is in both A; and As,
by Lemma 3.7, we may assume that 1 € A3 and 2 € Ay. Since A; C [4,9] for
i =5,6,7 then for some i # j,4,j € [5,7], AiNA; # (0. Assume that 4 € AsNAg.
Then for any y € Ay, the set {1,2,4,y} is a transversal of A. Since no list in
C contains the pair (1,2) and every transversal of A of size three is a list in C,
4 ¢ A7. Hence, there are three transversals of A of the form {1,2,4,y}. Since
no list in C contains both 1 and 2 then for any y € A there is a list {a,4,y}
in C for some a € {1,2}. Hence, either two lists of A contain the pair (1,4) or
two lists contain the pair (2,4). This contradicts the fact that no pair from X
appears in more than one list. Hence, the pair (1,2) is in no list of A besides
Al-

We may similarly assume that each of the pairs (1,3) and (2,3) appears in
no list of A besides A;. Hence, [4; N {1,2,3}] = 1 for all ¢ = 2,3,4. Since
{1,2,3} C A2 U A3 U Ay, we may assume that 1 € Ay, 2 € A3 and 3 € Ay,

Recall that C7 C [4,9]. Without loss of generality, assume C7 = {7,8,9}.
Now , for any a € {1,2, 3}, at most two pairs from {a} x [7,9] are in A. Hence,
C contains at least one such pair. This means C; M (Cy;—1 U Co;) # 0 for all of
i=1,2 and 3. Assume C; NC; # P fori=1,3,5.

Let Cy = {1,y,z}. Then for any a € C; N C7 the sets {2,3,a,y} and
{2,3,a, z} are transversals of C. Since the only list in A containing both 2 and
3 is {1,2,3} there is no choice of a such that a = y or @ = z. Since Az and
Ay are the only lists besides {1,2,3} containing 2 and 3 respectively, assume
Az ={2,a,y} and Ay = {3,a,z}.
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Let Cy = {2,w,z}. Then for any b € C5 N Cq, {1,3,b,w} and {1,3,b,z}
are transversals of C. As before, we can conclude that Ay = {1,b,w} and
Ay = {3,b,x}. From the two representations of A4, we have {a,z} = {b,z}.
Since no pair in X is in both Az and Cy then {w,z} N {a,y} = 0. Hence,
b = a. However, this means that Ay and C; both contain the pair (1,a) which
contradicts the fact that no pair from X is in more than one list. O

4 Eight Colours

Lemma 4.1 Suppose a + ¢ = 14 and N = 8. If there is no list colouring of
K. then one of the following holds.

1. Foranyi# 7, |AinN4; <1.
2. For anyi# 7, |CinC;l <1.
3. Foranyi and j, |A;NCy| > 1

Proof Let T be the set of all 4-subsets of [1, 8] and let X be any set in 7. If
X is a transversal of A then, by Lemma 2.2, C; C X for some ¢ € [1,7]. If X is
not a transversal, A; N X = {} for some i € [1,7]. Hence, every set in T is either
disjoint from some list in A or has a subset that is a list in C.

Fach list in A is disjoint from exactly five sets in T and each list in C is
a subset of exactly five sets in T. Since T contains seventy sets and there are
fourteen lists in A U C, then each set in T is either disjoint from exactly one
list in A or has exactly one subset in C, but not both. The result follows. O

Lemma 4.2 Suppose a + ¢ = 14 and N = 8. If some element is in more than
a —4 lists of A (respectively C) then there is a list colouring of K, ..

Proof By Lemma 2.9, if some element is in more than a — 3 lists of A, then
K, . can be properly coloured.

Suppose some element is in a—3 lists of A. Without loss of generality, assume
le AiNAan---NAg_3. Then A, o UA,_1UA, C[2,8]. Therefore, some pair
of Aq_o, Ay_1 and A, contain a common element. Assume 2 € A, 0N A, 1.
Then for each z € A4, the set {1,2,2} is a transversal of A. It follows that either
one of these transversals is not a list in C or there are three lists in C, each
containing the pair (1,2). Hence, by Lemma 2.2 and Lemma 4.1,a list colouring
exists. o

Theorem 4.3 Suppose a+c = 14, and N = 8. Then for any collection of lists
A and C, there is o list colouring of K, .

Proof Suppose a = 5. Since N = §, some element appears in at least two
lists of A. Hence, there is an element in more than a — 4 elements of A and, by
Lemma 4.2, a list colouring exists.
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Suppose a = 6. Since N = 8, some element appears in three lists of A.
Therefore, by Lemma 4.2, a list colouring exists.

Suppose @ = 7, and A and C are collections of lists for which K7 7 has no
list colouring. Then, by Lemma 4.2, no element is in more than three lists of
A. Hence, at least five elements are in exactly three lists of A. It follows that
for some A;, every element in A; appears in exactly three lists of A. Assume
that Ay = {1,2,3} and each element in A, is in three lists of A. Furthermore,
by Lemma 4.1, A; is the only list in A containing any of the pairs (1,2), (1, 3)
and (2,3). Hence, we may assume without loss of generality that Ay = {1,4, 5},
Az = {1,6,7}, 2€ A4NAs, 3 € Agni Ar.

The sets {1,2,3}, {2,3,4,6}, {2,3,4,7}, {2,3,5,6} and {2,3,5,7} are all
transversals of A. Therefore, by Lemma 2.2, they have subsets that are lists
in C. Hence, we may assume that C; = {1,2,3}. Since the pair (2,3) is in
at most one list of C, either {2,4,6} or {3,4,6} is a list in C. Without loss
of generality, assume Co = {2,4,6}. By Lemma 4.1, it follows that {3,4,7},
{3,5,6} and {2,5,7} are lists of C. We may assume these are lists C3 through
Cs, respectively.

By Lemma 4.1, 44 N Cs and A4 N Cy are both non-empty. Since 3 is not
in Ay, Ay N {4,7} # ¥ and Ay N {5,6} # 0. It can be similarly shown that
As N {4,7} # B and A5 N {5,6} # (). Hence, Ay, A5 C {2,4,5,6,7}. Since Ay
and As are the only lists in A containing 2, the pair (2,8) is in no list in A.
However, the pair (2,8) is in none of C;, C2 or Cs. Since these are the only
lists in C containing 2, the pair (2,8) is not in any list of C. By Lemma 2.7,
this implies a list colouring exists, a contradiction. a

5 Seven Colours

Lemma 5.1 Suppose N = T. FEither every element appears in exactly three lists
of A (respectively C) or there is a list colouring of I 7.

Proof By Lemma 2.10 no element is in more than three lists in A. Since
|A] = 7, each element is in exactly three lists in A. EJ

Lemma 5.2 Suppose N = 7 and A and C are collections of lists for which
K77 is not list colourable. Then every pair of elements appears in exactly one
list of A (respectively C).

Proof By Lemma 2.10, no element is in more than three lists of A or three
lists of C. Since a = ¢ = 7, each element must appear in exactly three lists in
each of A and C.

Now suppose the pair (1,2) is in no list of A. We may assume, without loss
of generality, that 1 € 4; N Ay N Az, 2 € AyNAs N Ag and A7 = {3,4,5}. Then
the sets {1,2,3}, {1,2,4} and {1,2,5} are transversals of A, and, by Lemma
2.2 lists in C.
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Since 6 is in exactly three lists of A, it must either be in at least two of Ay,
As and Az or at least two of Ay, A5 and Ag. Without loss of generality, assume
6 € A1 N As. Consider any 2 € A3 — {1,7}. Then = € [3,6]. If z = 6 then the
set {2,3,6} is a transversal of A, otherwise the set {2,6,z} is a transversal of
A. In either case, the transversal is not a list in C since at most three lists of
A contain 2. This contradicts Lemma 2.2.

Therefore, every pair of elements appears in some list in A.. Since there are
21 such pairs and each of the seven lists in A contain exactly three, each pair
appears in exactly one list in A. O

Lemma 5.3 Suppose N = 7 and A and C are collections of lists for which
K77 is not list colourable. Then A = C.

Proof  Without loss of generality, assume A; = {1,2,3}. Then, by Lemma
5.2, none of (1,2), (2,3) or (1,3) is in A; for any ¢ € [2,7]. By Lemma 2.10,
each of 1, 2 and 3 is in exactly three lists. We may therefore assume, without
loss of generality, that 1 € Ay N Ag, 2 € Ay N Ay and 3 € Ag N A7. Hence, the
set {1,2,3} is a transversal of A. By Lemma 2.2, this set must be a list in C.
Therefore, every list in A is also in C and it follows that A = C. 0

Theorem 5.4 Suppose a + ¢ = 14. Then, for any assignment of lists of size
three to its vertices, there is a list colouring of Ko, unless a = ¢ = 7 and the
collections of lists A and C are the following, up to isomorphism:

A=C=1{1,23}1{1,4,7},{1,5,6},{2,4,6},{2,5,7},{3,4,5},{3,6,7}

Proof It has been shown that unless N = 7 and a = ¢ = 7 there is a list
colouring of K, .. Hence, assume that N =a =c=17. In A we are requiring
seven 3-subsets of [1, 7] such that every pair appears in exactly one subset. This
is a Steiner Triple System on seven points, and it is well known that there is
only one of these up to isomorphism. |

Corollary 5.5 Let G be a bipartite graph on ot most fourteen vertices. Then
G is 3-choosable unless G = K+ 7.
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