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Abstract 

We present an algorithm for the LU-decomposition of M-matrices based upon Gaussian 

Elimination applied with a new pivoting strategy . At each step of the elimination, the pivoting 

strategy selects a column that is the most (column) diagonally dominant in the unreduced subma­

trix and exchanges it into the pivotal column position through a symmetric permutation on the 

matrix. We demonstrate that this approach is well-suited to M-matrices, and can be implemented 

efficiently. The stability of the method is shown by providing a bound on the growth factor asso­

ciated with the backward error analysis of the Gaussian Elimination algorithm. 

W e provide background for our results by surveying the literature on M-matrices, describing 

characterizations of matrices of this type and noting previous work regarding the LU factorization 

of M-matrices. Some applications in which M-matrices occur are also given. Finally, we discuss 

the extension of our algorithm to a larger class of matrices known a.s H-matrices. 

Examiners; 

Dr. Frank D.K. Roberts 





iii 

Table of Contents 

Abstract ........................................................................................................................... ii 

Table of Contents .......................................................................................................... iii 

CHAPTER 1: Introduction .......................................................................................... 1 

CHAPTER 2: Terminology and Concepts .... ,............................................................ 4 
Definitions . . . . . . . .. . . . .. . . ... . . . ..................... ..... .. . . . .. . . . .. . . . . . . . . . ... . . .. . .. .. . . . . . . .. .. . . . .. . . .. .. . .. .. .. . .. . . . .. . . . .. 4 
Solving Systems of Linear Equations .................................................................................. 8 

Gaussian Elimination ........................................................ ............................................. 9 
Pivoting Strategies . . .. . . .... . . . . . . . . .. . . . .. . .... . . ... . . . .. . . . ... . . . ... . . .. .. . .. . . . . . . . . .. . . . .. . . . . .. . .... . . . .. . . . .. . . . .. 11 

Partial Pivoting ............................................................................................... ........ 11 
Complete Pivoting ................................................................................................... 12 

Other Direct Methods for the Solution of Linear Systems ............. :................................. 12 
Stability Considerations for Direct Methods ................................................................... 14 

CHAPTER 3: A Survey on M-matrices ..................................................................... 16 
Definition and Characterizations of M-matrices .................................................................. 16 
Applications of M-matrices ................................................................................................ 19 

Markov Chains ........................................................................................................ .'...... 20 · 
Lotka-Volterra Model ...................................................................................... :.............. 21 
Linear Complementarity Problems ................................................................................. 22 
Input-Output Analysis .................................................................................................... 22 

CHAPTER 4: The LU-Decomposition ofM-matrices Using Gaussian Elimina-
tion .......................................................................................................................... 25 

Stability Considerations ...................................................................................................... 26 
Column Diagonal Dominance in M-matrices ....................................................................... 28 
GE With Odd-Pivoting ...................................................................................................... 31 

Stability of GE With Odd-Pivoting ........................................ _...................... .................. 34 
The GE With Odd-Pivoting Algorithm .............................................................................. 39 

CHAPTER 5: Extensions of Gaussian Elimination With Odd-Pivoting ............... 42 
ff-matrices ......................................................................................................................... 42 
GE With Odd-Pivoting for ff-matrices ............................................................................... 44 

CHAPTER 6: Conclusions ............................................................................................ 48 

Bibliography ................................................................................................................... 51 



CHAPTER 1 

Introduction 

One of the most common problems encountered in numerical computing is to find a solution 

to a system of n linear equations with n unknown variables. A method of solution for this prob­

lem known as Gaussian Elimination has in fact been used for a number of centuries, and most 

people with any advanced mathematical training have encountered both the problem of solving 

the systems of linear equations along with the method of Gaussian Elimination. Many basic prin­

ciples of matrix theory and linear algebra are related to the method of Gaussian Elimination. 

A system of linear equations is commonly expressed as 

Ax=b, (1.1) 

where A is an n X n coefficient matrix, b is the right-hand side vector of length n , and x is the 

vector of unknowns having length n . The matrix A and vector b consist of known values, and 

we are required to find the values for vector x • While there are a number of different methods for 

solving a system of linear equations, they can be categorized into two classes - iterative methods 

and direct methods. Gaussian Elimination is a type of direct method. Selection of an appropriate 

method for solving a given linear system usually depends on knowledge of the characteristics of 

the coefficient matrix A and on the accuracy and efficiency requirements of the problem. Com­

puter programs implementing many different methods are available. 

Our discussions will be directed at solving (1.1) when the coefficient matrix A is from the 

class of M-matrices. This class of matrices has a special structure and many characteristics that 

are useful in algebraic and matrix computation. M-matrices have a wide range of applications in 

such areas as numerical analysis, probability, economics and operations research. There has been 

considerable research in M-matrix theory, both in terms of characterization of the matrices in this 
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class, as well as with the solution of problems involving M-matrices. A great deal of work has 

been done with iterative methods of solution for large sparse systems. 

The primary purpose of this paper is to describe a direct method for the LU-decomposition 

of an M-matrix. The method we propose is a variant on the Gaussian Elimination algorithm that 

incorporates a pivoting strategy that is particularly well-suited to M-matrices. We will demon­

strate that the method is stable as well as efficient compared with other known variations on 

Gaussian Elimination. The algorithm may be easily implemented in a computer program. 

As well, this paper will provide a survey of M-matrix theory and a description of the appli­

cations where M-matrices are commonly found. Further, we will describe the extension of the 

class of M-matrices to a class known as H-matrices, and will discuss the possible extension of our 

algorithm to this larger class of matrices. 

Chapter 2 will provide the rather extensive foundation of general matrix theory necessary 

for the development of our discussion of M-matrices. Definitions of required matrix terminology 

will be provided, and the concepts involved with methods of solution for systems of linear equa­

tions will be described in detail. Important issues in the use of Gaussian Elimination will be illus­

trated and conditions for the stability of the method will be provided. 

Chapter 3 will survey the research that has been done in M-matrix theory and describe the 

applications in which M-matrices occur. The important characterizations of M-matrices will be 

described in some length. A brief historical perspective on the development of the theory of M­

matrices is included. M-matrix applications are noted with brief description and references to 

other sources of these applications are given. Four of the more illustrative applications are 

described in more detail. 

Chapter 4 will describe our main results regarding a variation on Gaussian Elimination for 

the LU-decomposition of M-matrices. We will describe the current state of research regarding 

LU-decompositions of M-matrices in the literature, and provide with proof, the theorems 
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motivating our results. A rigorous proof of the stability of the method is also given, and illustra­

tive examples are included. 

Chapter 5 will briefly define and describe the class of matrices known as H-matrices. This 

class of matrices will be characterized, and we will ·discuss the extension of our method of solution 

from Chapter 4 to this larger class of matrices. 

We will discuss and summarize the results of the research outlined in this paper in Chapter 

6. Conclusions and suggestions for further work will be described. 



CHAPTER 2 

Terminology and Concepts 

2.1. Definitions 

Unless otherwise mentioned explicitly, we will let A =(a;,;) and B =( b; ,; ) be real matrices 

of order n . For the purposes of comparison of vector and matrix elements we will write 

and 

A ~B 

A> B 

A >>B 

if a,,;~b,,; for all i,j, 

if A ~Band A ,',B, 

if a;,;>b;,; foralli,j. 

We will use the same notation for vectors as defined above for matrices. A matrix B such that 

B ~O is called a nonnegative matriz. 

We will denote the determinant of A by det(A ), the transpose of A by A T, and the spec­

tral radius of A by p(A ). 

If a,{J are strictly increasing sequences in <n >={1,2, ... , n }, then the Bubmatriz A[a,fJ] 

consists of those elements in the rows of A specified by a and the columns of A specified by {J. 

A principal ,ubmatriz is a submatrix A [a,fJ] with a=fJ. We denote the principal submatrix 

A [a,a] as A [a]. 

A leading· principal submatriz is a principal submatrix A [a] with a={l,2, ... , n -r} for 

some r ~n. 

The determinant of a (leading) principal submatrix is called a (leading) principal minor. 

4 
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A permutation matrix is a square matrix which has precisely one entry equalling unity in 

each row and each column, with all other entries zero. An elementary permutation matrix P1 ,; is 

the identity matrix with the rows i and j exchanged. 

Given a matrix A and a permutation matrix P, the matrix PAP T is called a symmetric or 

simultaneous permutation on A . 

For n ;::,: 2, a matrix A is reducible if there exists a permutation matrix P such that 

T [A 1,1 A 1,2] 
PAP = 0 A , 2,2 

where A 1,1 is an r Xr submatrix and A 2,2 is an (n-r)X(n-r) submatrix, 1:=:;r <n. H no such 

permutation exists, then A is irreducible. If A is of order 1, then A is irreducible if its entry is 

nonzero, and reducible otherwise. 

Given a matrix A, we let G(A) denote the directed graph on n distinct vertices associated 

with A. H a,,; ,-;o in A then there exists an arc from vertex i to vertex j in G(A ). More gen­

erally, there exists a path from vertex i to vertex j if there is a set 

A directed graph G(A) is strongly connected if, for all distinct vertices i and j, there exists 

a path from vertex i to vertex j . The significance of strong connectedness in matrix theory is 

that a matrix A is irreducible if and only if its directed graph G(A) is strongly connected (see, 

for example, pp. 20 in Varga [19621). 

For a n X n matrix A , let A denote the reduced normal form of A . That is, 
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A1,k 

.A.2,1: 

Ak,k 
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(2.1) 

where P is a permutation matrix and A; ,i is either a square irreducible submatrix or a zero 

matrix of order one, 1 ;5; j :5, k • 

An elementary lower triangular matrix of order n and index k is a matrix of the form 

(2.2) 
where / 0 denotes the n X n identity matrix, m is some vector and e; is a vector with unity in 

position i and zero in all other positions and 

elm=O for 1:5,i;S,k. 

A matrix A is row diagonally dominant if 

n 

I a;,; I ~ E I a;,; I 
j=l 
i,,,,i 

for all i. (2.3) 

A matrix is strictly row diagonally dominant if strict inequality holds in (2.3) for all i. Similarly, 

matrix A is column diagonally dominant if 

n 

I•;.; I ~EI a;,; I for all j, 
i=l (2.4) 
i,,,,i 

and strictly column diagonally dominant if strict inequality holds. 

A symmetric matrix A is positive definite if 

and positive semidefinite if 

z~O => _,T Az ~O. 

Let A be a matrix and kjar] a principal submatrix of A . Let A be a symmetric permutar 

tion of A so that 
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Let k denote the cardinality of a. If A [a] is nonsingular, then the Schur Complement of A [a] in 

A is the (n-k )X(n-k) matrix (A/A [al) given by 

(2.5) 

A matrix A is positive stable if the real part of each eigenvalue of A is positive. 

A matrix A is semipositive if there exists a vector z >>Osuch that Az >>O. 

A matrix A is inverse-positive if A -I exists and A -I ,::0 (a;,; ,::O for all i ,j ), or equivalently 

matrix A is monotone if 

Az ,::0 => z ,::O for all z ER•. 

A is almost monotone if 

Az ,::O => Az =0 for all z ER•· 

So far we have described terminology relating to the characterization of matrices. We now 

describe some concepts and terms relating to algorithms. 

In discussing the computer implementation of numerical algorithms, we will use the follow­

ing functional notation. The numerical algorithm is defined by some mathematical formula or 

process that takes data from, say, the domain Rm and produces some result in a range R • (for 

example). We can think of this algorithm, then, as a function / :Rm -+R •. Unfortunately, the 

computer representation of the initial data z ER m only approximates that data, and the com­

puter implementation of the algorithm is not precisely the mathematical definition / , so at best 

we are only approximating the solution / ( z ). We are interested in investigating conditions for 

the solution produced by a computer implementation of an algorithm to be, in some sense, "near" 

the actual solution / (z ). 

As noted, we usually have only an approximation z • to the actual data z, so at best we 

can calculate only / (z • ). If a problem for which z • is "near" z results in / (z) not "near" to 
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/ (x '), we say the problem is ill-conditioned. If we attempt to solve an ill-conditioned problem 

starting with inexact data, the solution is likely to be inexact regardless of how it is computed. 

The implementation of an algorithm to solve a mathematical problem described by / 

amounts to defining a new function / •, that, given data x, produces an approximate solution 

/ • ( x) to / ( x ). We would hope that if our problem is not ill-conditioned that / • ( x) would be 

near/ (:r). We say that an algorithm/' is stable if for any :rERm there is a nearby :r'ERm 

such that / (x •) is near / • (:r ). In other words the algorithm is stable if it yields a solution that 

is near the exact solution of a slightly perturbed problem. 

If we apply a stable algorithm to an ill-conditioned problem we have no guarantees that the 

computed solution will be near the actual solution. Thus, stability in an algorithm does not 

ensure accurate results in all circumstances. Nevertheless, when developing algorithms for use on 

a computer, we attempt to implement an algorithm that is stable, and we would hope to be able 

to detect ill-conditioning in the data. We want to be able to provide the user of the computer 

algorithm with the confidence that either his problem has been solved accurately, or that the 

nature of his problem suggests that an accurate solution may not be possible. 

Admittedly, our definitions for the conditioning of data and the stability of algorithms are 

quite informal. We will be examining the stability question more rigorously in section 2.3 in the 

context of direct methods for the solution of linear systems of equations. 

2.2. Solving Systems of Linear Equations 

We are concerned with determining a solution vector " for the system of linear equations 

Ax =b, where matrix A of order n and vector b of length n contain known values. In general, 

two classes of methods for solving linear systems exist - iterative techniques and direct methods. 

While both classes of methods are in common use, iterative techniques are seldom used for solving 

systems of small dimension. For certain large sparse systems having special structure, the itera-
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tive methods can be efficient and accurate compared with corresponding direct methods. In par­

ticular, they avoid the fill-in of zero entries which usually occurs with direct methods of solution 

of sparse linear systems. 

An iterative technique to solve the n X n linear system Az =b starts with an initial 

approximation .,(o) to the solution :,; , and generates a sequence of vectors {z(k)}/~.0. Most of 

these iterative techniques involve a process which converts the system Az =b into an equivalent 

system of the form :,; =Tz +c for some n X n matrix T and vector c . Having selected the ini­

tial vector z (o), the sequence of approximate solution vectors is generated by computing 

.,(k )=Tz (k-1J+c 

for each k =1,2,3, .... IT the method is convergent, then Jim .,(k)=z. 
k~oo 

While iterative techniques form an important class of solution methods for solving linear 

systems of equations, we will be focusing our attention on direct methods of solution. The 

method of Gau,,ian Elimination is the most common direct method, and will be the subject of 

most of our study. 

2.2.1. Gaussian Elimination 

Given the linear system Ux =b where U is a nonsingular upper triangular matrix we can 

solve for x by the well-known method of backward substitution. Similarly, if U is singular we 

can easily determine if no solution exists, or if there exists many solutions. In general, matrix A 

of Ax =b is not upper triangular, so we seek a method to factor matrix A into a product of a 

nonsingular lower triangular matrix L and an upper triangular matrix U such that A =LU. 

Then x can be determined by solving two triangular systems, Ly =b and Ux =y. Such a factor­

ization is called the LU-decompo,ition of A . 

The method of Gaussian Elimination (we hereafter a~breviate this as GE) attempts to pro­

duce the LU-decomposition of a matrix A with L being unit lower triangular. The matrix is 
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premultiplied by a sequence of elementary lower triangular matrices M,, each chosen to introduce 

a column of zeros below the diagonal. Thus, letting A -A 0, each step of GE produces 

Ak=MkAk-1 

for each step k, l~k ~n-1, where matrix Ak has the first through kth columns all zero below 

the diagonal. Clearly A0 _ 1 will be upper triangular and 

so 

A -(M-IM-1 ... M.-1 )" o- 1 2 n-1 u, 

The product M11Mi1 
• • • M0·:\ is unit lower triangular so this is an LU-decomposition. The 

elements of the matrices M; are easily calculable, and the inverse of an elementary lower triangu­

lar matrix is found by simply changing the signs of the off-diagonal elements (see Theorems 2.2, 

2.3 in Stewart[1973], pp. 116). 1 The reduced matrix after k steps of GE will have the form of 

a 1,1 a1,2 a l,k+l a 1,n 

aJ,~ aJ.~+I aJ,~ 

Ak 
ak~l.k+1 ak~l •• 

- [~ ~k] (2.6) 
Ak 

0 ak~J.k+I ak(!J,. 

Bn~k)+I a (k) ••• 
where (Jk is a k Xk upper triangular matrix, Ak is a (n-k)X(n-k) matrix and Ok is a 

k X ( n -k) matrix. We note that Ak is the Schur complement of A with respect to its k X k 

leading principal submatrix (if that submatrix is nonsingular). 

The nonzero off-diagonal elements of Mk+ 1 are given by 
a,in, 

a1:<!l.1: +I 
1 for k+2~i~n, so 

clearly the GE algorithm breaks down if the pivot element ak~l,k+i =0. IT, for example, all lead-

1For a. complete description of GE, see section 2 or Chapter 3 of Stewart[1973J, pp. 113. 
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ing principal mi.nors of A are nonzero then all pivotal elements are nonzero and the matrices Mk , 

1::,;k ::,;n-1, are uniquely determined (see, for example, Wilkinson [1965]). If we encounter 

ak~l,k+I =0 and all a,!n1 =0, k +2::,;i ::;n' the reduction may continue but Mk+! is no longer 

unique and U An-1 is singular. If some a,!n1 ;F0, k+2$i $n, with •k~l.k+I =0 then the 

reduction cannot be continued. 

We have noted that GE may fail if a pivot element is zero. From the point of view of 

numerical computation using GE, we must also be concerned with small pivot elements. In fact, 

there are many documented examples of the instability of GE when small pivots are encountered. 

For this reason, strategies for avoiding small pivots are used. 

2.2.1.1. Pivoting Strategies 

A pivoting strategy is a means to avoid small pivot elements at the (k +l)th step of the GE 

process by interchanging rows and columns in a way that will leave a relatively large element in 

the pivotal position. This corresponds to the pre- and post-multiplication of Ak to produce 

A I k =PH1,,,Ak PH1,1,, (2.7) 

where Pk+i,,, and Pk+i,,, are elementary permutation matrices. Pivoting strategies differ based 

on the criterion used to select the new pivot element. The two most common pivoting strategies 

are partial pivoting and complete pivoting. 

2.2.1.1.1. Partial Pivoting 

At the k th step of GE, the partial pivoting strategy involves determining the largest ele­

ment in modulus of a, (i ~1 , k + 1 $ i $ n . By exchanging the (k + 1 )th row with the row contain­

ing the largest element, we ensure that all the off-diagonal elements in ·column k +l of Mk+! are 

$1 in modulus. Thus partial pivoting has the effect of producing A I k in (2.7) with PH1,7, =I 

and Pk corresponding to the row containing the element of maximum modulus below the diagonal 

in the (k +l)th column of Ak. If the maximum element in modulus of a,(1~1 with k +1$i $n is 
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zero, no reduction is necessary at this step, and the algorithm may proceed to the next step. Oth­

erwise, GE can proceed as usual. 

The advantage of partial pivoting is that it is relatively inexpensive to realize in a computer 

program. The disadvantage, as we will see, is that we still cannot guarantee the absolute stability 

of the GE process with this pivoting strategy. Nevertheless, GE with partial pivoting is one of 

the most commonly used direct methods for solving linear systems. 

2.2.1.1.2. Complete Pivoting 

The complete pivoting strategy determines Pk and 'fk in (2.7) so that 

(2.8) 

That is, the pivot element is chosen to be an element of maximum modulus in .A.k • Ir the max-

imum element is zero, we clearly need not proceed as Ak is then in upper triangular form. 

In practice, the pivoting process at each step of the elimination may consume a good deal of 

time, since ( n -k )2 elements must be searched to determine the maximum element. On the other 

hand, GE with complete pivoting is a stable algorithm (as we will demonstrate later). Thus in 

comparison with partial pivoting, complete pivoting will guarantee stability but at the expense of 

increased cost. 

2.2.2. Other Direct Methods for the Solution of Linear Systems 

We have seen that GE produces an LU-decomposition of a matrix A with L unit lower tri­

angular and U upper triangular. We have described conditions under which the LU­

decomposition may not be unique or may not exist .. Given an LU factorization of a nonsingular 

matrix A by GE (without pivoting) we observe that we can factor U such that U =DU' where 

D is a diagonal matrix and U' is unit upper triangular. Then we see A =LDU' is unique. In 

general, a matrix A has a unique LDU I decomposition if and only if its leading principal minors 

are nonzero (see Wilkinson [1965]). 
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So given that A =LDU 1 exists, we can examine variants on the LU-decomposition by 

treating the diagonal matrix D in different ways. By associating D with U 1 we get the factori-

zation 

A=LU L(DU') 

produced by GE. But we could also associate D with L to get 

A=L' U1 =(LD)U' 

where L 1 =LD no longer has unit diagonal elements. This is known as the Crout decomposition. 

When A is symmetric and has a unique LDU' decomposition the factorization must have 

the form 

A=LDLT. 

If the elements d; ,; of D are positive we can write D 112=diag( d 82 , ••• , d.',{2). Then A is 

positive definite and can be written as 

A =(LD 112)(D 112LT). 

This variant is known as the Cholesky decomposition of A . 

While each of these decompositions could be calculated from the GE reduction on A , there 

are advantages to calculating the decompositions directly. The algorithm that directly factorizes 

a matrix into its Crout decomposition (called Crout reduction) requires the same amount of work 

as GE. The Crout algorithm usually requires partial pivoting and exhibits similar stability 

characteristics as GE with that same pivoting method. 

To apply the Cholesky decomposition algorithm to a matrix A , we require that A be posi­

tive definite. This algorithm takes approximately half as a many operations as GE or Crout 

reduction, and demonstrates a particularly stable behaviour. 
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2,2.3, Stability Considerations for Direct Methods 

We are interested in determining conditions for the stability of direct methods for the solu­

tion of systems of linear equations. The algorithms in the previous section are used to compute 

an LU-decomposition for some matrix A-A 0 • Using floating point arithmetic, computed tri­

ai1gular factors are found such that 

LU A 0+E. 

We wish to find a bound on the size of elements <; ,; of E. H the elements of E can be shown to 

be small, then the algorithm can be considered stable. 

Stability conditions on the GE algorithm derived by Wilkinson [1961] and later modified by 

Reid [1971] suggest that control of the size of the growth of the elements of the reduced matrices 

Ak is of prime importance. As noted above, if GE with floating point arithmetic is applied to a 

general n X n matrix A 0, then triangular factors L and U are determined such that 

LU A 0+E, 

where L is unit lower triangular and U is upper triangular. The elements •; ,; of E are bounded 

by 

{
(3.0l)rn (i-1), 

I•;,;/:::; {3.0l)rnj, 
j ?.i 
j <i 

where f specifies the relative accuracy of the floating point computation and a is the largest 

number in any of the matrices Ak, o:::;k :::; n -1, encountered during the reduction. That is, 

a = max I a-<~) I . 
j ,j ,fi: I ,J 

It is common, and often more meaningful, to consider the growth factor 7 defined as 

as a measure of the perturbation with respect to the magnitude of the elements a,,; of the origi­

nal matrix A 0• 
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For GE with partial pivoting, the bound on the growth factor "I is 

1::,2•-l, 

This function is fa.st growing in relation to n , so we cannot assert that GE with partial pivoting is 

necessarily stable. In fact, examples are known for which the bound can be attained. 

GE with complete pivoting ha.s a bound of 

"l<(n ,2131/241/s ... n 1/(•-l)jl/2, 

and the proof that establishes it shows that it cannot be attained. This bound increases rather 

slowly with n and thus GE with complete pivoting is a stable algorithm. 

The error analysis for Crout reduction is similar to that for GE. The growth factor "I in the 

bounds for Crout reduction is the same as the growth factor for GE. Since partial pivoting is the 

only convenient pivoting method for Crout, we observe the same bound a.s for GE with partial 

pivoting. 

The error analysis for the Cholesky decomposition indicates that there is no growth, so 

")'=1. It should be mentioned, however, that there is no growth when GE or Crout reduction 

(with no pivoting) is performed on positive definite matrices. Regardless, we see that the Chole­

sky algorithm for positive definite matrices is unconditionally stable. 



CHAPTER 3 

A Survey on M-matrices 

In this chapter we will be defining M-matrices and describing many of the characteristics 

associated with these matrices. The special structure of M-matrices occurs in many diverse appli­

cations, including · problems in partial differential equations, linear and non-linear systems, 

dynamic systems, economic modeling, operations research and Markov processes in probability 

and statistics. We will provide descriptions of some of these application areas in this chapter as 

well. 

3 .1. Definition and Characterizations of M-matrices 

A commonly occurring matrix structure found in many applications has nonpositive off­

diagonal and nonnegative diagonal entries. An n X n matrix A of this type can be written as 

a 1,1 -a 1,2 -a 1,a 

-a2,1 •2,2 -a2,a 

A 
-aa,1 -aa,2 aa,s (3.1) 

where a, ,i :2'.0 for all i ,j. Obviously, we can express A in the form 

A =sl -B , e >O, B ;::o. (3.2) 

We adopt the usual notation of the literature and define 

z•X•={A=(a,,;)ER•X•: .,,;:50, i7'aj}. 

We are interested in a subclass of z• X• called M-matricee defined as a restriction on (3.2). 

Definition: A matrix A is called an M-matriz if it can be written as A =el -B where B is a 

nonnegative matrix and • is a scalar such that e :2'.p(B ), the spectral radius of B. 

16 
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Cleaxly A is a nonsingular M-matrix if and only if a > p(B ). 

There appears to be no cleax picture of the history of the development of M-matrix theory. 

The first reference to the term M-matrix seems to have been by Ostrowski [1937] in describing the 

work of Minkowski [1900,1907]. In some axeas the terms Minkowski matrix and (usually, non­

singular) M-matrix are used interchangably. Following the work by Ostrowski, M-matrix research 

was done primarily by two groups - mathematicians and economists. Fan and Householder [1958, 

1959, 1960] studied M-matrices primarily for the purpose of giving topological proofs for certain 

theorems on matrices with nonnegative elements. The economists studied M-matrices in connec­

tion with Leontief's input-output analysis (Leontief [1936, 1941]) and stability of a general equili­

brium (Hawkins and Simon [1949]). 

The first systematic effort to present a unified account of the properties and applications of 

M-matrices was by Fiedler and Ptak [1962]. They gave 13 equivalent conditions for a matrix A 

in z• Xn to be a nonsingular M-matrix. Some of these conditions axe 

(1) A is semipositive; 

(2) A is positive stable; 

(3) all principal minors of A are positive; 

(4) there exists a permutation matrix P such that PAPT =LU, where L is a lower triangular 

M-matrix with positive diagonals, and U is an upper triangular M-matrix with positive 

diagonals; 

(5) A is inverse-positive. 

As well, Fiedler and Ptak gave equivalent conditions for a matrix A EZ" xn to be an M­

matrix. These conditions include 

(1) all principal minors of A are nonnegative; 



(2) the real part of all eigenvalues of A are nonnegative; 

(3) A +d is a nonsingular M-matrix whenever <>0. 
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Further, Fiedler and Ptak noted some properties of singular, irreducible M-matrices which 

will be important in some of our later results. In particular, if A is a singular, irreducible M­

matrix of order n , then 

(1) A has rank n-1; 

( 2) there exists a vector ., > > 0 such that A:r =0; 

(3) each principal submatrix of A other than A itself is a nonsingular M-matrix; 

( 4) A is almost monotone. 

Poole and Boullion [1974] presented a further survey on M-matrices. Plemmons [1977] com­

bined and extended this survey to include the work of Varga [1976], and stated 40 equivalent con­

ditions for a matrix A in z• xn to be a nonsingular M-matrix. Some important conditions not 

contained in the work of Fiedler and Ptak are 

( 1) A is monotone; 

(2) A has a convergent regular eplitting, that is, A has a representation 

A=M-N, M-1~0, N~0 

with M-1N convergent (Varga [19621); 

(3) there exists a positive diagonal matrix D such that 

is positive definite; 

( 4) A has all diagonal elements positive, and there exists a positive diagonal matrix D such 

that AD is strictly row diagonally dominant. 
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The Plemmons paper also gives 4 conditions for a matrix A to be a nonsingular M-matrix 

given that A is an arbitrary matrix in R • X• • These conditions are 

(1) A +D is inverse-positive for each nonnegative matrix D; 

(2) A +al is inverse-positive for each scalar o:2'.0; 

(3) each principal submatrix of A is inverse-positive; 

(4) each principal submatrix of A of orders 1, 2 and n is inverse-positive. 

Conditions (1) and (2) are due to Willson [1971], and (3) and (4) to Cottle and Vienott [1972]. 

Related work regarding nonsingular M-matrices was done by Schroder [1978], who listed 

some characterizations using operator theory and partially ordered linear spaces, and Kaneko 

[1978], who noted characterizations and applications of nonsingular M-matrices in terms of linear 

complementarity problems in operations research. 

The work of Plemmons was expanded by Berman and Plemmons [1979], particularly in 

Chapter 6 of that book. They list 50 equivalent conditions for a matrix in Z • x • to be a non­

singular M-matrix, and give some classifications of general M-matrices. The work of Berman and 

Plemmons remains as probably the most comprehensive collection on M-matrix theory. In addi­

tion, Chapters 7-10 in this book describe applications in which M-matrices occur. 

Finally, Neumann and Plemmons [1980] extended the work of Berman and Plemmons to 

include some new characterizations relating to stability and monotonicity. 

3.2. Applications ofM-matrices 

As mentioned in the introduction to this chapter, there are many diverse applications for 

M-matrices. This has lead to some duplication and parallel development in many aspects of M­

matrix theory. It is often difficult to determine an original author of a particular M-matrix result 

for this reason; similarly, different groups of researchers in different application contexts have, on 
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occasion, obtained common results independently. 

We will describe four of the more common applications of M-matrices - namely, finding sta­

tionary distribution vectors of ergodic Markov chains, determining equilibrium population levels 

in the Lotka-Volterra model, finding solutions to linear complementarity problems, and determin­

ing gross output in the Leontief input-output model. For additional information on M-matrices 

and finite difference methods for partial differential equations, see Varga [1962] or Wendroff 

[1966]; in convergence of iterative methods for solving linear systems of equations see Chapter 7 

of Berman and Plemmons [1979] or Varga [1962]; for the design of multivariable control systems, 

see Araki and Nwokah [1974]; for stability of control systems using Lyapunov methods (see Araki 

[1975]) and non-Lyapunov methods, see Cook [1974]; for stabilization by feedback, sediiljak and 

Vukcevic [1974]; and for arms race stability (and dynamic systems in general), see 1iiljak [1978]. 

3.2.1. Markov Chains 

The computation of the stationary distributions of a Markov chain is of widespread interest. 

For example, computing the stationary distribution vector p of an ergodic Markov chain with 

probability transition matrix Q amounts to solving 

Q T -P-P, (3.3) 

where we note that Q is an n X n irreducible (nonnegative) row stochastic matrix, and p is an 

n-vector of positive probabilities. Solving for p in (3.3) is important in many areas, including 

queueing theory (see Kaufman [1983]) and in compartmental analysis tracer models (Funderlic 

and Mankin [1981]). Harrod and Plemmons [1984] describe more applications of this problem, 

and provide a comparison of solution methods. 

Clearly A =l -QT is a singular M-matrix, and solving (3.3) is equivalent to solving Ap =0. 

A is irreducible so rank(A) = n -1. But A has an LU-decomposition where L is a unit lower 

triangular M-matrix and U is an upper triangular M-matrix of rank n -1 with "• ,n =0 (see Kuo 
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[1977]). Solution of Ap =0 is then possible, and algorithms for solving this problem are described 

in Funderlic and Mankin. 

3,2.2, Lotka-Volterra Model 

The Lotka-Volterra equations attempt to model the interaction between the populations of 

n species in a common environment. (See 1liljak [1978], Chapter 5, for a detailed description of 

the Lotka-Volterra model and related topics.) There exists a predator-prey relationship amongst 

the species, as for example, species i might prey on species i, while species k might be a preda­

tor on species i. The absence of species i from the system might mean the extinction of species 

i and k due to starvation, while the removal of species k from the environment might mean 

explosive growth of the species i population. We seek to determine the equilibrium populations 

of the system. 

The environmental system is described by the equations 

• x; = z;(c; + Eb;,; z; ), l~i ~n' 
j=l 

(3.4) 

where z; represents the population of species i, and x; is the first derivative of z; with respect to 

time (that is, the rate of change of the population of species i with respect to time). The 

coefficients b; ,; represent the interaction between species i and i, arid the c; represent growth 

rates for population i. Equilibrium populations are determined by solving the equations when 

• 
z;(c; + E b;,;z;) = 0. 

j=l 

We are interested in a solution with :z #, that is, we must solve 

c+Bz=0 (3.5) 

and obtain z =(-B J-1c >>0. Since c; >0, z >>0 if -B is inverse-positive. A special case of the 

Lotka-Volterra model has the matrix-BEZ"><• and thus a solution to (3.5) exists if -B is a non-
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singular M-matrix. 

3.2.3. Linear Complementarity Problems 

M-matrices play a role in the linear complementarity problem (LCP) encountered in 

mathematical programming. The problem is stated as follows: for a given r ER• and MER• X• 

find (or conclude there is no) z ER• such that 

r+Mz 2'.0, 

z2'.0, zT(r+Mz)=O. (3.6) 

We denote this problem by the symbol (r ,M). 

Problems posed in the form of (3.6) are found in (linear and) complex quadratic program­

ming, in finding the Nash equilibrium point of a bimatrix game (see Cottle and Dantzig [1968], 

Lemke [1965]), and also in a number of free boundary problems of fluid mechanics (Cryer [1971]). 

The set of feasible vectors z associated with the LOP ( r ,M) is-defined as 

X(r ,M) = {z ER•: r +Mz 2'.0, z 2:0}. 

The off-diagonal elements of M are nonpositive (MEZ•X•) if and only if X(r ,M) has a least 

element which is a solution of (r ,M) for each r such that X(r ,M)~0. Matrix M is a nonsingu­

lar M-matrix if and only if X(r ,M) has a least element which is the unique solution of (r ,M). 

These results relating to the least element of X(r ,M) are important features in determining if the 

LOP (r ,M) can be solved by a single linear program. (See Cottle [1975] and Kaneko [1978] for 

surveys on the usage of nonsingular M-matrices with LCP's.) 

3.2.4 .. Input-Output Analysis 

M-matrix results have played a large role in the construction and analysis of input-output 

models in economics. First introduced by Leontief [1936],. input-output analysis has been used as 

a tool of analysis for a wide variety of economic problems and as a guide for the implementation 

of various kinds of economic policies. Input-output models have been used in other areas as well, 
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as with certain corporate planning problems (see Stone [1970] or Sandberg [19741), and in studies 

of environmental pollution (Gutmanis [19721). 

Leontief's input-output analysis deals with determining what level of output each of n 

interdependent industries should achieve to satisfy the demand for the product of each industry. 

The analysis relies on the assumption that each industry requires varying numbers of output com­

modities from the other industries as input, and produces a single output commodity. So, for the 

j th industry to output one unit of its commodity, it requires I;.; units produced by the i th 

industry, l:<:, i :':, n . These I;,; are called input coefficient,, and are assumed to be constant. 

If we let x; denote the output of the i th industry per fixed unit of time, a portion of the 

groBB output from industry i is needed as input into the n industries. This portion of the gross 

output can be expressed as 

n 
E t;,;x;. 
j=l 

The remainder of the output from industry i can be given as 

n 

d;=x;-Et,,;x;. (3.6) 
j=l 

The vector d · ( d;) can be thought of as the contribution of the open ,ector of the economy 

where consumer purchases, etc. are taken into account. 

Letting x and d be n -vectors with elements x; and d; respectively, we can express (3.6) as 

(I-T)x=d, 

where A=I-T is obviously in znxn, since the I;,; are positive (and usually scaled to be :<:,1). 

If the economic system is to be /ea,ible, A-1 must exist and A-12:0 (A is inverse-positive). In 

other words, A must be a nonsingular M-matrix. Thus, given any demand vector d , we can 

solve for the gross output vector x . 

We have described the open Leonlie/ model, where the open sector lies outside the model. 

The closed Leontief model treats the open sector as just another industry in the system, thus final 
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demand does not appear. This way all commodities are produced simply to satisfy the input 

requirements for the industries. Mathematically, we are solving a homogeneous system of equa­

tions with the coefficient matrix in z• xn again. 

Recently, there has been interest in sensitivity analysis of solutions to linear equations 

involving M-matrices as applied to the Leontief model (see Sierksma [1979], Fujimoto, Herrero 

and Villar [1985]). 



CHAPTER 4 

The LU-Decomposition of M-Matrices Using Gaussian Elimination 

In discussing the LU-decomposition of M-matrices by Gaussian Elimination we shall adopt 

the following notation. An n X n M-matrix A will be written as 

a 1,1 -a1,2 -a 1,a 

-a2,1 a2,2 -a2,s 

-aa,1 -a3,2 6 a,a (4.1) A =Ao= 

where a;,; 2'.0 for all i ,j. The reduced matrix after k steps of Gaussian Elimination (which we 

continue to abbreviate as GE) we denote by 

a 1,1 -a 1,2 -a 1,h+l -a 1,n 

aJ.~ -•l~+l -aJ') •• 

Ak -
•k~l.k+l -•k~l .• - [~ ~·] (4.2) 

Ak 
0 -ak~J,k+I -ak~J,o 

-a.C,\l+1 a (k) ••• 
where f1k is a k Xk upper triangular M-matrix, Ak is a (n -k )X(n -k) M-matrix and Ok is a 

k X( n -k) matrix of nonpositive elements. We note that Ak is the Schur complement of A with 

respect to its k Xk leading principal submatrix (if that submatrix is nonsingular). 

A sufficient condition for the existence of an LU-decomposition of an M-matrix A is given 

in Theorem 1 in Funderlic and Plemmons [1981], and Varga and Cai [1981] showed that this con­

dition is both necessary and sufficient for the LU-decomposition of PAP T for every permutation 

matrix P . That is, an M-matrix A satisfies the generalized diagonal dominance condition 

25 
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11 TA ~O for some vector 11 >>O, (4.3) 

if and only if for every permutation matrix P , there eJcists a lower triangular nonsingular M­

matrix L with unit diagonal and an upper triangular M-matrix U such that 

All nonsingular M-matrices satisfy (4.3), as do all singular irreducible M-matrices (see Berman and 

Plemmons [1979], pp. 136, 156). In addition, nonsingular M-matrices have all principal minors 

positive so the application of GE will produce nonzero pivot elements. This (theoretically speak­

ing) ensures that the application of GE to a nonsingular M-matrix will produce an LU­

decomposition without the need for pivoting. From a computational standpoint, though, this may 

not be a satisfactory approach. 

4.1. Stability Considerations 

We are concerned with establishing conditions for the stability of an algorithm producing an 

LU-decomposition of a nonsingular M-matrix. We should note that if an M-matrix A is column 

diagonally dominant (this implies that 11 T may be chosen as (1, ... , 1) in (4.3)), we can apply 

GE without pivoting and have a growth factor 7'.51.1 Similarly, if a vector 11 satisfying (4.3) is 

known a priori, with D =diag(111, ... , Yn ) then DA is column diagonally dominant. Under 

these conditions GE is a stable algorithm. In practice, though, such a vector is usually unknown 

before the decomposition. 

GE is also guaranteed to be stable when applied to a symmetric M-matrix. A symmetric 

nonsingular M-matrix is called a Stieltjea matrix. It is well-known that given a symmetric matrix 

A EZ" xn, A is a Stieltjes matrix if and only if A is positive definite (see Berman and Plemmons 

[1979], pp. 141). Obviously, Cholesky's method could be applied in these circumstances. 

1 In general, 152 for a diagonally dominant matrix (see·Wendroff [1Q66I). Since growth in an M-ma.trix can only 
occur in an off-diagonal element, 151. 
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The use of partial or complete pivoting with GE could certainly be used when decomposing 

a general M-matrix to ensure the usual bounds on the growth factor. But such an approach has 

the disadvantage of potentially destroying the M-matrix structure. The additional structure and 

information that we gain by knowing our matrix is an M-matrix is lost. 'Fan [1960] showed that if 

GE is applied to an n X n nonsingular M-matrix A , the remaining unreduced submatrices At are 

nonsingular M-matrices. Similarly, Lemma 2 in Varga and Cai [1981] implies that if an M-matrix 

A that admits an LU-decomposition with L nonsingular is irreducible, each submatrix At is also 

an irreducible M-matrix. These results suggest that it would be valuable to maintain the M­

matrix structure through the elimination. 

Discussion regarding direct methods for the LU-decomposition of M-matrices in the litera,. 

ture usually suggest the algorithms described in Funderlic and Plemmons [1981] or Funderlic and 

Mankin [1981]. Essentially, these algorithms use GE without pivoting, and assume knowledge of 

the vector y in the generalized diagonal dominance condition (4.3). As noted above though, the 

vector y is usually unknown a priori. In addition, GE without pivoting has no guarantees of sta,. 

bility. We will see an example shortly of large growth in the LU-decomposition of an M-matrix 

using GE with no pivoting. 

Kuo [1977] shows that there exists at least one permutation matrix P for every M-matrix A 

such that PAP T has an LU-decomposition with nonsingular L. As mentioned earlier, the result 

of Varga and Cai [1981] shows that an LU-decomposition exists for all P given that A satisfies 

the generalized diagonal dominance condition ( 4.3). All of these results suggest that the logical 

method for pivoting during GE would be the simultaneous row and column interchanges produced 

by PAP T • But this leads to the obvious question: what should be the criteria for determining 

which columns and rows should be interchanged? 

Let us firstly make some observations based on the generalized diagonal dominance condi­

tion. If y T =(1, ... , 1) in (4.3), then A is diagonally dominant and GE is stable. But there 
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exist M-matrices that are not diagonally dominant and which can subsequently have large growth 

of individual elements when GE is applied with no pivoting. For example, consider the nonsingu­

lar irreducible M-matrix 

A - [-10~ 
0 -100] 

100 -1 
-1 100 

= [-5~ ~ ~] [~ 10~ _;~~~]. 
0 -0.01 1 0 0 49.99 

(4.4) 

The growth factor 7 is 5001/100=50.01. Now with a symmetric permutation of the first and 

second rows and columns we have 

[~ ~ ~]A[~ ~ ~] [1~ -10~ -1~~] 
0 0 1 0 0 1 -1 0 100 

[ 
~ ~ ~] [10~ -10~ -1~~]. 

-0.01 -.5 1 0 0 49.99 

The growth factor 7 is 1 for GE applied to the permuted matrix. Obviously, the symmetric per-

mutation allowed us to avoid a large multiplier in the reduction step. By observation, we were 

able to pick a column that would create small multipliers for the elimination. To be more precise 

- and to extract an analogy with column diagonal dominance - we chose the pivotal columns to be 

those columns of A that were, in a sense, the "most" diagonally dominant. For matrices with 

the M-matrix sign pattern this is equivalent to choosing a column with the maximal column sum. 

4.2. Column Diagonal Dominance in M-matrices 

The following theorem states that we can always find at least one column of an M-matrix 

that satisfies the column diagonal dominance condition. 

Theorem 4.1: Given an n X n M-matrix A , there exists at least one subscript j such that 
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n 

a;,;> Eaid 
i=l 

(4.5) 
i,fj 

Proof: Assume without loss of generality that A is in reduced normal form. Then if .A 1,1 is a zero 

matrix of order one, trivially 

n 

o = • 1,1 ~ E •1 ,1 = o 
i=2 

and the condition is satisfied. If .A 1,1 "F O, it is sufficient to show that the condition is true for an 

irreducible M-matrix A . 

If A =sl-B is an irreducible M-matrix with B ~O and • ~p(B ), B is irreducible. Let j 

be a column of B such that 

n 
"b·. LJ •• , 
i=l 

= min [ E b1,1] • 
1~1 ~n i=l 

Then by a well-known result of Perron-Frobenius theory (see Lemma 2.5 of Varga [1962], pp. 31) 

and • ~ p( B ) implies 

which is ( 4.5). ■ 

n 

p(B) ~ Eb1,; 

s-b;,; > 

t"=l 

n 
"b· . LJ •• , 
i=l 
i,fj 

Theorem 4.1 provides us with assurance that, given an M-matrix A, we can always find a 

column with a nonnegative column sum. By exchanging that column into the pivotal position 

through symmetric permutations on A , we are assured that the sum of the multipliers at that 

step is ~1. This would at least ensure that growth as occurred in the example (4.4) could not 

happen and would suggest improved stability for the GE process. 
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We now state the special case of Theorem 4.1 for nonsingular M-matrices. 

Theorem 4.2: Given a n X n nonsingular M-matrix A , there exists at least one subscript j such 

that 

a;,; > 
n 
~ ... 
LJ ',J 
i=l 
;f,; 

(4.6) 

Proof: Since A is nonsingular, the reduced normal form of A cannot have A 1,1 as a zero matrix 

of order one, so we need only consider the irreducible (nonsingular) case. 

The result now follows from the proof of Theorem 4.1 when we note that e >p(B) in the 

nonsingular case. ■ 

The inequality condition of Theorem 4.1 can also be extended to strict inequality for singular, 

irreducible M-matrices if we know that there exists a column where the sum of the off-diagonal 

elements is strictly greater (in modulus) than the diagonal element. Theorem 4.3 formalizes this 

observation. 

Theorem 4.3: Let A be an n X n singular, irreducible M-matrix. There exists a column j such 

that 

n 

«,-,,. > E 0i,; 
1°=1 
;f,; 

if and only if there exists a column r such that 

n 
a,.,,. < Ea,•,,. 

i=l 
i,fr 

Proof: Assume first!}'. that (4.7) is satisfied. If there is no column r as in (4.8) then 

(4.7) 

(4.8) 



• 
ar,r 2:: Eai,r 

i=1 
i,fr 
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for all r,f,j. But then (1, ... , l)A 2':0, and since A is almost monotone (see Berman and Plem-

mons [1979], pp.156), this implies (1, ... , l)A =O, which contradicts (4.7). 

To prove the converse, assume that (4.8) is satisfied and that there is no j for which (4.7) 

holds. A contradiction is obtained as (-1, ... , -l)A =0. ■ 

4.3. GE With Odd-Pivoting 

We now define the pivoting process we have described. Assume A =A O is an n X n M­

matrix and let Ak be the reduced M-matrix (4.2) after k steps of GE. Assume that column jk 

( k < jk :5 n ) has the maximal column sum in Ak . By Theorem 4.1 we know this sum is nonnega­

tive. Then column diagonal dominant pivoting (cdd-pivoting) is the process of exchanging the 

(k+l)th and jk th columns and rows of Ak prior to the (k+l)th step of GE (0:5k <n-2). The 

interchanging is equivalent to forming 

Pk+1,;,Ak P{+1,i, 

where P1: +l,i.t is an elementary permutation matrix. 

Certainly if all the column sums are nonnegative or if at some stage in the elimination pro­

cess all column sums of the remaining unreduced submatrix Ak become nonnegative, we no longer 

need to pivot (since Ak will be diagonally dominant). Thus we may not need to use cdd-pivoting 

through all the n-1 steps of GE. 

The calculation of the column sums of an n X n matrix requires on the order of n 2 addi­

tions. To do this at each step of the elimination would entail a substantial computational 

expense. In order to reduce this cost, we consider two possibilities: 
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(1) Can we determine the necessary ordering for the rows and columns of our matrix prior to 

any steps of GE? 

(2) Can we find an inexpensive computation to calculate the column sums of the unreduced 

submatrix . .Ak at each step based on information available prior to that step? 

Consider the 4X4 nonsingular irreducible M-matrix 

1 0 -1 0 
0 1 0 -1 

Ao= 0 -1 1 -1 

-1/4 0 -1/4 1 

which has column sums decreasing from columns 1 through 4. One step of GE gives the reduced 

matrix 

1 0 -1 0 
0 1 0 -1 

A1= 0 -1 1 -1 
0 0 -1/2 1 

and the second column of the unreduced submatrix A I of order 3 has the only positive column 

sum. Thus we see the original ordering based on column sums is not invariant under GE, and it 

does not seem to be possible to order the columns of A O a priori so that no further interchanges 

would be necessary to implement the cdd-pivoting strategy. 

Theorem 4.4 relates the column sums of the unreduced submatrix A I to the column sums of 

A -Ao• This result provides an easy method for determining the column sums of the unreduced 

submatrix Ak at the k th step in the elimination based on information obtained at the previous 

step. 

Theorem 4.4: Let A be an n X n M-matrix, and define 

• 
s;=a;,;-Eai,;, 

i=l 
;,;.; 

1$.j $.n. (4.9) 



Let A I be the result of one step of GE applied to A (cf. (4.2)), and 

Then, 

• ,.(I)= a·(l) - ~4.(l) 2<_,· <_n. 
J J,J LJ ,,, ' 

i=2 
;-,t,.; 

(1) [ a,.; ) •· = •· + 81 --
' ' a 1,1 

Proof: Firstly we note from (4.9) 

From ( 4.10), 

n a· · 8· 
E....!.!L..=1--'­
i=l a;,; a; .i 
;-,t,.; 

•. (!)=a- • - -''-a 1 • - ~ a- •+-••-a,• a· 1 • [ a· 1 l 
' '·' a '' LJ 

1 

'' a '' 1,1 i =2 1,1 
;-,t,.; 

n n a· 1 
=a·· - ~a-· - a 1 • ~-••-, ., LJ ',, ,, LJ 

i=2 i=2 a 1,1 
;-,t,.; 

. I ., l = a· • - ~ a· · - a 1 · 1 - --, ,, LJ ,,, ,, a 
i=2 1,1 
if,-j 

n a I • 
=a•• - ~a-·+ s 1-''-, ,J .LJ •• , 

i=l a 1,1 
if,-j 
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(4.10) 

(4.11) 

(4.12) 

As noted earlier, Kuo [1977] showed that for any M-matrix A, there always exists at least 

one permutation matrix P such that PAPT has an LU-decomposition with nonsingular L. By 

applying GE with cdd-pivoting we will always find such a permutation matrix P , thus our algo­

rithm will never fail to determine L and U. 
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In general, GE (without pivoting) will fail if the elimination process results in •k~J,h+l =0 

and a,!H, ,-f0 for some IE{k+2, ... , n }. Using cdd-pivoting on M-matrices ensures that the 

pivotal column sum is nonnegative so if a zero pivot element is encountered, then a,!H, =0 for 

all I E{k +2, ... , n }. No computation is needed at that step, and we can continue on to the 

(k +l)th step. Thus, GE with cdd-pivoting will not fail for any M0matrix, and the resultant LU­

decomposition will be an LU-decomposition of PAP T for some permutation matrix P. 

We see then that by using cdd-pivoting with GE we maintain the M-matrix structure, we 

ensure relatively small multipliers at each step, and we can do this with a minimum of extra cost. 

But what assurances do we have regarding the stability of our method? 

4.3.1. Stability of GE With Odd-Pivoting 

To examine the stability of our algorithm we need to find a bound on the growth factor 7 

for the method. Thus we must examine the growth of the elements of the intermediate matrices 

Ah, lSk Sn-1 (cf. (4.2)). The interchanges required for the pivoting strategy complicate the 

expressions for the Ah, making analysis of the algorithm difficult. Fortunately, the following 

lemma shows that using GE with. cdd-pivoting is equivalent to doing the interchanges first and 

then applying GE without any pivoting. 

Lemma 4.1: Let A 1 =A 01 be an n X n M-matrix and let 1 S k Sn -1. Let M;' , 1 Si S k , 

denote elementary lower triangular matrices and P; , 1 Si S k , denote elementary permutation 

matrices such that 

A;' =M;' P;A,_,, Pl, lSiSk, 

denote the reduced matrices obtained by applying k steps of GE with cdd-pivoting to A 1 • Let 

Ao=PkPk-1 · · · P,Ao' Pf · · · P{.,P{ Then GE without pivoting may be applied to A 0 {and 

if some pivot a;!i-'l=O, then a;\~-l)=o for i +1::;; Sn). If M;, lSi Sk, denote the elementary 

lower triangular matrices such that 
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are the reduced matrices obtained by applying k steps of GE without pivoting to A 0, then 

Proof: See Theorem 2.9 in Stewart[1973], pp. 125. ■ 

Using Lemma 4.1 we obtain the following result which gives an upper bound, dependent 

upon values contained in A =A 0, ••• , Ak _2 for the elements of the intermediate matrix Ak , 

Lemma 4.2: Let A I be an n X n nonsingular M-matrix and let 1:::; k :::; n -2. Let A A O and 

A;, 1:::;i :::;k, be defined as in Lemma 4.1. Then• for 1:::; t :::;k-1, 

•. ,~) < •· . + I ,J t ,J 

k 

E •,,; 
e=h-t+l 

where k + 1:::; i :::; n , 

[ 
•· ' k a I l + ,, + ~ ,, 

a 1,,- -- LJ --
41,1 11=k-t+l a1,1 

(4.13) 

Proof: We first note that all elements which appear in denominators in (4.13) are nonzero since 

the reduced matrices Ak are also nonsingular M-matrices. 

The off-diagonal elements of A are defined by 

from which it follows that 

a,(k-1) 
(k) (k-1) I ,k (k-1) -a• • = -a- • - ---r.:--;-;-a• • 

t ,J I ,J n, l~-lJ r.,J 
ak,k 

(k) a; I 
a· · = a· · + -'-a 1 • t ,J I ,J ,J 

a 1,1 

The lemma is now proved by induction on t . 

(4.14) 



From (4.14) we obtain 

. ,(k-1) k-2 a,(I) 
(k) a,,1 a,,,. (k-1) ~ r11 •,1+1 

•;,; =a;,;+ --•1,; + (i'=ij'a,.,; + .u•l+ ,; (lj 
a1,1 ak,k l=l a,+ ,l+l 

a· 1 k-2 a;(f~t < •· '+ _._, •1' + .k(k,-l) + ~./'l ·' , ,J a ,, ,, LJ .!t- ,J a II/ 
1,1 l=l Ft ,1+1 

(k-1) 
since cdd-pivoting guarantees that a;[:-!) <1. On expanding ak\~-l) using (4.14), 

ak,k 

Thus, the condition is true for t =1. 

Now, on assuming that (4.13) holds for t =m -1 <k-1, we have 

a· · < a· · + ~ a · + a 1 · -' + ~ -' (k) h [a;i k ••t] 
,,, 1,J LJ .,, ,, LJ 

•=k-m+2 a1,1 1=k-m+2"1,1 

k a (',)+1 ] + E __,.',.• -
,-h-m+2 a,Ql.1+1 

= •·. + ~ a . + •1. --+ --k [ •;,1 Ek .,,1 I 
• ,J L.J •• , ., 

1=k-m+2 a1,1 •=k-m+2a1,1 

+ ~ ar,k-m.+1 k (k-m) I 
LJ (k-m 

r=k-m+2 ak-m+l.k-m+l 

Cdd-pivoting implies that 

a,,k-mTl + ~ ar,k-m+l 
[ 

(k-m) k · (h-m) I 
(k-m LJ (h-m 

ak-m+l.k-m+1 r=k-m+2 ak-m+tk-m+l 
< 1, 

and expansion of ak~.;;i_il,; using (4.14) yields 
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a-(~) < a- -
I ,J I 1J 

k [ail k a,11 + ~ a . + •1 . -• + ~ -• LJ • ,J ,J LJ 
1=k-m+2 4 1,1 1=k-m+2 4 1,1 

= a- · + ~ a · + •1 · -• + ~ -· • [ a,· I k a, t ] 
I ,J L.J I ,J ,J LJ 

1=k-m+l 6 1,1 e=k-m+l 4 1,1 

k a (11)+1 I + E -' .... •­
r=k-m+2 a,~l,1+1 

h a (11)+1 I + E ---.',..•-'--
r =1:-m +1 a,~l,1+1 

which is (4.13) with t =m, completing the proof. ■ 
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We can now state our result regarding the stability of GE with cdd-pivoting on M-matrices. 

Theorem 4.5: Let A be an n X n nonsingular M-matrix. Then the growth factor 'Y resulting 

from the application of GE with cdd-pivoting to A is bounded by 

max a-(~) 
,·,;,k I ,J 

< n-1. (4.15) 
max a-· . . , ,, 

I ,J 

Proof: Since growth in the elements of the reduced matrices produced by GE only occurs in off­

diagonal positions, we need only consider bounding the growth of off-diagonal elements of A; , 

Letting t=k-1 in (4.13) we have 

a-(~)< a- · + ~ a · + •1 · -'•- + ~ -••-h [ a- I k a I I 
,,, ,,, L.J •• , ., LJ 

,=2 4 1,1 ,=2a1,1 

where k+I:5i:5n, k+I:5i:5n and i,f,j. Since [ 
a,,! + E a,,! ] < 1 when using cdd-
a 1,1 , =2 a 1,1 

pivoting, 
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a-C~) < a· . + 
I 1J I 1J 

< (k +1) * max a, ; 
•E{l, ... ,k,i} I 

The result now follows on letting k =n -2, since no growth in off-diagonal elements can occur 

when k =n -1. ■ 

The matrix 

1 0 0 0 -1 
-1+• 1 0 0 -1 

-1+• 
Ao= 0 0 -1 {4.16) 

1 -1 -1 
0 -1+• 1 -1 

0 -< 1 

is an n Xn nonsingular irreducible M-matrix for 0<•::,1 and for sufficiently small e>O. Apply­

ing GE with cdd-pivoting results in 

1 

-1+• 1 
0 -1+• 

Ao= 0 0 

0 0 

0 

1 

-1+• 1 

0 -•/• 1 

1 0 
1 

0 

i(i-1) 2 
where 6,(,) = 

2 
< + 0 (• ). 

0 -1 
0 -2+• 

-3+6s(•) 

0 --4+6,(•) 
-1 

f -(n-1)+60 _ 1(•) 

1-l[ n -1-60 _ 1(,)] 

' 

Thus for sufficiently small •>O, we can obtain growth in the (n-1,n }-position of U approaching 

n -1 times the maximum element in magnitude in A 0• 

The strict inequality in (4.15) for nonsingular M-matrices is also applicable to singular, 

irreducible M-matrices. By Theorem 4.3, if A is a singular irreducible M-matrix, it has all 

column sums equal to zero, or it has at least one negative column sum and at least one positive 
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column sum. For maximal growth to occur, the latter must be true. But this implies that there 

exists a pivotal column with positive column sum, indicating that the sum of the multipliers at 

that step will be strictly less than one. This ensures that the growth factor 7 cannot equal n -1. 

Note that by choosing , in ( 4.16) so that the ( n , n )-element of U is zero, A O is a singular, irredu­

cible M-matrix and the upper bound of n -1 on 7 is seen to be tight for this case. 

We observe that the 5 X 5 singular reducible M-matrix 

1 0 0 -1 -1 
-1 1 0 0 -1 

A 0 = 0 -1 1 O -1 
0 0 -1 1 -1 
0 0 0 0 1 

can be decomposed using GE with cdd-pivoting to return the lower and upper triangular factors 

1 1 0 0 -1 -1 
-1 1 1 0 -1 -2 

0 -1 1 1 -1 -3 
0 0 -1 1 0 -4 
0 0 0 0 1 1 

The growth factor 7 is 4 in this example, so our bound of Theorem 4.5 can be attained for singu­

lar reducible M-matrices. This is consistent with our expectations considering that Theorem 4.1 

shows that the sum of the multipliers at every step of GE can be equal to one. Note that the 

above example generalizes to the n X n case. 

4.4. The GE With Odd-Pivoting Algorithm 

Following ·is an outline of the algorithm for GE with cdd-pivoting: 



forj=lton do 
c;=a 1,; 

/ /• calc. column sums 

for i=2 ton do 
c;=c;+a,,; 

end for 
if c; < min c, then 

1::;t ::;;-1 
•=i 

end if 
end for 

for k=l to n-1 do / /• pivot if necessary 
if c, ::;o then 

find r such that c, = maJ< ci 
k<i<n 

& 8 such that c, = min Cj 
1: :5iSn 

end if 
if r ,,',k and c, ::;o then 

exchange r th and k th columns and rows of A 
exchange b, and bk 

end if 

if ai i >to/ do 
fo~ i=k+l ton do 

m =a,,k =a,,k / a,,, 
for j=k+l ton do 

a,,;=a,,;-m*a1:,; 
end for 
bi =bi-m*bk 

end for 
end if 

if k < n -1 and c, ::;o then 

/ /• do GE step 

for I =k +1 to n do / /• update column sums for next step 
C1=c1+ck *(ak,i/•k,k) 

end for 
end if 

end for 

The operation count for GE (with partial or no pivoting) is 

1 s 1 2 5 -n + -n - -n multiplications/divisions 
3 2 6 

and 
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1 a 1 
3 n - 3 n additions/subtractions. 

Using GE with cdd-pivoting, the additional column sum calculations increase the operation count 

to 

1 3 3 2 11 
-n + -n - -n - 6 multiplications/divisions 
3 2 6 

and 

1 3 3 2 11 
-n + -n - -n - 3 additions/subtractions. 
3 2 6 



CHAPTER 6 

Extensions of Gaussian Elimination With Cdd-Pivoting 

In the last chapter we have shown the usefulness of using cdd-pivoting with Gaussian Elimi­

nation when determining the LU-decomposition of an M-matrix. In this chapter we will investi­

gate the application of our algorithm to a larger, more general class of matrices known as H­

matrices. 

6.1. H-matrices 

If B =(b;,;) is a complex n Xn matrix, we define the comparison matrix M(B )=(O; ,; ) by 

{ 
lb;,; I if i=j, 

O· . = . . . '., - I b;,; I 1f I ,/, J· 

We will define matrix B to be an H-matrix if its comparison matrix is an M-matrix. 1 Given any 

complex matrix B, if there exists scalars d; >O, 1:=,;i :=:;n, such that 

• 
d; I b;,; I > Ed; I b;,; I ' 

i=l 
i ,,.; 

(5.1) 

matrix B is said to be generalized diagonally dominant. Equation (5.1) is another form of the gen-

eralized diagonal dominance condition (4.3) we encountered for M-matrices. Clearly, an H-matrix 

is generalized diagonally dominant if its comparison matrix is nonsingular, or singular and irredu­

cible. By our definition of H-matrices, there obviously exist some H-matrices that are not general­

ized diagonally dominant. 

The generalized diagonal dominance condition is important in determining the existence of 

LU-decompositions of M-matrices as well as in our development of the cdd-pivoting strategy. 

1There appears to be no standard definition for H-matrices in the literature, Frequently, H-matrices are defined as 
having a nonsingular comparsion matrix (for example, Varga [1Q76] or Neumann and Plemmons [10841}. We adopt the 
definition of Berman and Plemmons [1Q79], pp. 184. 
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Thus, we seek to extend some of that theory to the more general H-matrices. 

Clearly, the set of M-matrices is a subset of the set of H-matrices. We would expect then 

that some of the theory developed for M-matrices can be generalized to H-matrices. Berman and 

Plemmons [1979] note some characterizations of H-matrices in terms of the convergence of itera­

tive methods. Varga [1976] gives 9 equivalent conditions for a complex matrix with nonzero diag­

onal elements to be an H-matrix (with a nonsingular comparison matrix). 

Funderlic, Neumann and Plemmons [1982] investigated the existence and stability of LU­

decompositions of generalized diagonally dominant matrices by GE . without pivoting. They 

present an existence theorem for LU-decompositions of these matrices that extends Theorem 1 in 

Varga and Cai '[1981] and Theorem 1 in Funderlic and Plemmons [1981]. But firstly, for an M­

matrix A (in the form of (3.1)) we define the set !)A of complex matrices by 

Thus, B =(b;,; )E!"lA if and only if 

I b;,; I?.•;,;, l'.5j'.5n, 

and 

I b;,; I :5a;,;, i,f,j, l'.5i,j'.5n. 

So, when B E!"lA , B is at least as diagonally dominant as A . In discussing LU-decompositions we 

are interested in M-matrices A which are generalized diagonally dominant. Theorem 1 of Fun­

derlic et al. [1982] states that the following are equivalent given that A is an M-matrix: 

(1) y TA '?:_O for some y >>O; 

(2) each B E!"lA is generalized diagonally dominant; 

(3) for each BE!1A and each permutation matrix P, PM(B_)PT has an LU-decomposition 

where L and U ( dependent on P) are M-matrices; 
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(4) for each B EOA and each permutation matrix P, PEP T has an LU-decomposition depen­

dent on P. 

As was the case for M-matrices, investigations into the LU-decomposition of H-matrices 

have focused on applying GE with no pivoting to those matrices. As was also the case with M­

matrices, it is easy to construct examples of H-matrices where large growth could occur during the 

decomposition. Again, we are motivated to find a stable method for producing such an LU factor-

ization. 

6.2. GE With Odd-Pivoting for H-matrices 

The results mentioned above suggest that we may be able to extend our theorems of 

Chapter 4 to H-matrices. In fact, Theorem 4.1 can be extended directly. 

Theorem 6.1: Given an n X n H-matrix B, there exists at least one subscript j such that 

• I b;,; I > E I b,,; 1. 
i=l 
i,'i 

(5.2) 

Proof: The proof of Theorem 4.1 establishes Theorem 5.1 when all references to elements a1 ,i of 

A in Theorem 4.1 are replaced by I b, ,i I . ■ 

Theorem 4.2 does not extend to H-matrices, as demonstrated by the nonsingular H-matrix 

We note (see Funderlic et al. [1982]) that the application of GE to a generalized diagonally 

dominant matrix B results in the unreduced matrix Bk after k steps of GE (cf. 2.6) being gen­

eralized diagonally dominant. If we let A =M(B), then there exists y >>Osuch that yT A ~O. 

Letting A. be the result of k steps of GE applied to A, and y(•l=(O, ... , O,Yk+1, •.• , Yo JT 

then 
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yTA=(y(olf Ao~(y('lf A,~ ... ~(y(•-'lf A._,=(y(•-'lf u~o. 
Further, for any B Efl A and each k , 1 :'S k :'S n -1, 

(y(k))T M(Bk )~(y(k)f Ak. 

Thus, while the degree to which Bk is generalized diagonally dominant may deteriorate during 

the decomposition, we are assured that the unreduced matrix remains generalized diagonally dom­

inant. Given an H-matrix, we can see that the above argument holds if we consider the matrix to 

be in reduced normal form. 

The above argument combined with the result of Theorem 5.1 assures us that GE with cdd­

pivoting can be applied to any H-matrix B =BO to produce an LU factorization, if we use the 

column sums of M(Bk) to determine the pivot at the (k+l)th step of the elimination. As was 

the case with M-matrices, the algorithm will never fail, since if a zero pivot element is encoun­

tered, we are guaranteed that all entries in the column below that pivot element are zero. If that 

is the case, we may skip to the next elimination step. 

Unfortunately, Theorem 4.4 cannot be extended to H-matrices since it depends on the M­

matrix sign pattern. To determine the "most" diagonally dominant column would then entail 

calculating 

n 

I b .(k.) I - ~ I b-(~) I ,., LJ ,,, 
i=k+l 

i <f j 
after the k th step, of GE for the unreduced H-matrix Bk ( cf.2.6). This would add O ( n 3) addition 

operations to the operation count for the GE algorithm. While this is relatively expensive, the 

user can expect improved stability with this method as opposed to GE with no pivoting. 

We do not provide a bound on the growth factor for GE with cdd-pivoting on H-matrices. 

However, as shown in the proof of Theorem 2 of Funderlic el al. [1982], if an M-matrix A is the 

comparison matrix for H-matrix B such that A is generalized diagonally dominant, then the 

application of k steps of GE (without pivoting) results in Ak :",M(Bk ). In fact, this will always 
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be the cruse for any M-matrix A as long as GE without pivoting can be applied to A up to the 

k th step. This shows that the magnitude of the off-diagonal elements of the reduced matrix Bk 

are bounded above by their corresponding elements in Ak . This observation leads to Theorem 

5.2, which extends Theorem 2 of Funderlic et al. [1982]. 

Theorem 5.2: Let A be an M-matrix of order n. Let B EflA and let PAP T L I U' be the 

LU-decomposition of A by GE with odd-pivoting, where P is the permutation matrix represent­

ing the product of the elementary permutation matrices produced at each step by the pivoting 

method. Then, PBP T can be solved by GE with no pivoting and PBP T =LU with 

I,.· I< I 1. ·' I <1 for all;,,·, ,,, - .. , -
I u- · I < I u- ·' I < (n-1) max a I for all i ,r,i, 

I ,J - I ,J - e ,f •' 

and 

I u; ,; I ~ I u; ,;' I . 

Proof: We define 

and 

• 
,.(k) = I b.(k.) I -. ~ I b,(~) I 

J J,J LJ •• , 
i=k+l 
if; 

for k + 1 :5 j :5 n , using the notation of ( 4.2) and (2.6) to represent Ak and Bk after k steps of 

Gaussian Elimination have been applied. We note that t}kl:5,}kl for all j at any step k (this is 

essentially described in Funderlic et al. (19821). Since the maximal column sum t}k) in Ak is 

nonnegative, the corresponding •/k) in Bk is also nonnegative. This ensures that the multipliers 

at that next step will be :51 when using odd-pivoting. 
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By noting that Lemma 4.1 extends to H-matrices, and by Theorem 2 of Funderlic et al. 

[1982] we can establish the bounds on j 1; ,i I and I u; ,i I . ■ 

This theorem does not directly suggest a bound on the growth factor 7 since the j u; ,i j 

are not bounded. The knowledge that the absolute value of the sum of the multipliers at any 

step is bounded by one suggests that large growth could not occur in the diagonal position. 



CHAPTER 6 

Conclusions 

In this paper we have presented a new pivoting strategy for computing the LU­

decomposition of M-matrices. Column diagonal dominant pivoting is based on the observation 

that at least one column sum of an M-matrix is nonnegative. It uses symmetric permutations, 

which insures that all reduced matrices of the Gaussian Elimination process remain M-matrices. 

We note that the application of GE with cdd-pivoting to any M-matrix will always produce 

an LU-decomposition with L nonsingular, even if that M-matrix is singular. It is known that for 

an M-matrix A , there always exists at least one permutation matrix P such that PAP T =LU 

with L nonsingular. GE with cdd-pivoting will generate one of those matrices P. 

We have shown that the growth factor "1 from the backward error analysis of GE is bounded 

by n -1 for GE with cdd-pivoting applied to M-matrices. Compared with the exponential growth 

factor bound for the widely used partial pivoting strategy, the cdd-pivoting bound is very favour­

able. The user of GE with cdd-pivoting for the LU-decomposition of an M-matrix has the 

assurance of numerical stability. 

The cdd-pivoting variation on the GE algorithm increases the operation count for GE (with 

no pivoting) by about O ( n 2) additions and multiplications. As is often the case, the price for 

improved stability of an algorithm is increased cost. Considering that GE without pivoting itself 

uses O ( n 3) additions and multiplications, the increased cost due to cdd-pivoting is quite accept­

able. 

We have shown that GE with cdd-pivoting can be extended to a larger class of matrices 

known as H-matrices, of which M-matrices are a subset. While the pivoting method and the 
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pivoting criteria extend easily, we noted that we could not use the results of Theorem 4.4 to cal­

culate the column sums of the comparison matrix of the unreduced submatrix at any step in the 

elimination. This suggests we must perform that calculation explicitly, which means our H-matrix 

algorithm is more costly than the M-matrix version. 

We also demonstrated that the growth of the off-diagonal entries of an H-matrix B are 

bounded by the off-diagonals of an M-matrix A for which B EflA . We did not provide a bound, 

however, for the diagonal element growth of B . Hence, we cannot claim that GE with cdd- · 

pivoting is stable for H-matrices, but we hypothesize that such a bound exists. The derivation of 

a growth factor bound for GE with cdd-pivoting on H-matrices is a potential area for further 

work. As well, we believe much of the work in the paper of Funderlic, Neumann and Plemmons 

[1982] could be extended based on the use of GE with cdd-pivoting. We illustrated such an exten­

sion with Theorem 5.2. 

Comparing GE with cdd-pivoting to the current methods for the LU-decomposition of M­

matrices, we see a number of advantages with our method. Current algorithms sometimes rely on 

knowledge of the scaling vector in the generalized diagonal dominance condition a priori to pro­

duce the decomposition. In general, this vector is unknown before the computation. The current 

algorithms usually use GE without pivoting to produce the triangular factors, but we have 

demonstrated that this approach can be unstable for M-matrices. As well, our algorithm will 

work for the LU-decomposition of M-matrices that are not necessarily generalized diagonally dom­

inant. Current algorithms depend on the generalized diagonal dominance condition being 

satisfied. 

Given a linear system Az =b with A a nonsingular M-matrix, if A is diagonally dominant, 

then GE without pivoting may be used to determine z, and the algorithm is stable. Similarly, if 

A is a symmetric M-matrix, then the Cholesky algorithm (with its guaranteed stability) may be 

used to compute z . For a general M-matrix A , we believe that GE with cdd-pivoting is a reli-
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able and efficient method for the solution of Ax= b . Compared with the current approach of 

using GE with no pivoting to factor A , we believe the odd-pivoting approach is more reliable and 

robust. Similarly, we believe that the odd-pivoting algorithm could produce accurate results when 

applied to H-matrices. 
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