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Abstract

Supervisor: Professor F. I. Cooperstock

We develop new variational techniques, acting on classes of Lagrangians with
the same functional dependence but arbitrary functional form, for the derivation of
general, strongly conserved quantities, supplementing the usual procedure for deriv-
ing weak conservation laws via Noether’s theorem. Using these new techniques we
generate and generalize virtually all energy-momentum complexes currently known.
In the process we discover and understand the reason for the difficulties associated
with energy-momentum complexes in general relativity.

We study a Palatini variation of a novel Lagrangian due to Nissani. We find
that Nissani’s principal claim, that his Lagrangian specifies Riemannian geometry
in the presence of a generalized matter tensor, is not in fact justifiable, and prove
that his Lagrangian is not unique.

We speculate on the possibility of deriving a general-relativistic analog of
Maxwell’s current equation, a matter current equntion, yielding an entirely new
approach to the idea of energy-momentum in general relativity. We develop the
SL(2,C) x U(1) spinor formalism naturally combining the gravitational and elec-
tromagnetic potentials in a single object—the spinor connection. Variably charged
matter is rigourously introduced, through the use of spin densities, in the unified
potential theories we develop.

We generate both the Einstein-Maxwell equations and new equations. The
latter generalize both the Maxwell equation and the Einstein equation which in-
cludes a new “gravitational stress-energy tensor”. This new tensor exactly mimicks
the electromagnetic stress-energy tensor with Riemann tensor contractions replacing
Maxwell tensor contractions. We briefly consider the introduction of matter. A La-
grangian generalizing the two spinor Dirac equations has no gravitational currents
and the electromagnetic currents must be on the light cone. A Lagrangian gen-
eralizing the Pauli equations has both gravitational and electromagnetic currents.

The equations of both Lagrangians demonstrate beautifully how the divergence of
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the total stress-energy tensor vanishes in this formalism. In the theory of the gen-
eralized Einstein-Maxwell and Pauli equations we succeed in deriving an equation

describing a generalized matter-charge current density.
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Chapter 1

Introduction

In this dissertation we present new work on variational principles and gauge theories
in general relativity. It basically consists of two parts: the development of varia-
tional techniques on classes of Lagrangians and the development of SL(2,C) x U(1)
gauge theories of the combined gravitational-electromagnetic field, loosely bridged
by a chapter in which we investigate a class of Lagrangians based on that of Nis-
sani [23]. However, the underlying motivation for the work reflects a common theme;
a search for a “good” description of energy-momentum in general relativity.
Conventional work in general relativity (and other classical theories) de-
scribes energy-momentum as a conserved quantity. This approach has been fairly
well developed in terms of weak conservation laws (dependent on the ficld equa-

tions), generally derived via Noether’s theorem. In the words of J.C. duPlessis [8):

“Conservation laws are mostly associated with the invariance proper-
ties of problems in the calculus of variations and a general procedure
for obtaining such conserved quantities were (sic) laid down in 1918 by
E. Noether. However, it is in fact the case that many so-calied conser-
vaticn laws exist independently of the particular variational principle
employed to describe the physical situation. There appears to be no

general formalism to accomodate these laws.”

It is just such a general formalism for strong conservation laws (independent of the

field equations) which is developed in the first part of this dissertation.
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It is worth noting that, while we are here concerned primarily with general
relativity, the techniques we develop are quite general and have a much wider ap-
plicability. We present canonical procedures for the manipulation of whole classes
of Lagrangians that share the same transformation law and functional dependence,
but are otherwise arbitrary in functional form, and for the derivation therefrom of
generalized conserved quantities. These techniques are applicable to any type of
Lagrangian or argumernt with a known transformation law.

Einstein’s theory of general relativity provides an ideal example for the
demonstration of these new procedures. When derived via a Hilbert variation the
theory is of second order in the derivatives of the metric and, hence, considerably
more complex than other theories. But general relativity presents other problems.

Along with the principle of equivalence, one of the cornerstoces of general
relativity is the i1dea of covariance. Just as quantum mechanics deems that good
quantities be observable, general relativity requires them to be covariant!. Thus
it is disconcerting that, while a covariant momentum vector does exist for a point
particle, general energy-momentum complexes are not covariant—in sharp contrast
to the stress-energy tensor which describes the non-gravitational energy-momentum
density.

Another problem with energy-momentum complexes in general relativity is
that they are valid only near infinity in asymptotically flat spacetimes (and usually
only in asymptotically Cartesian coordinates). It has been argued that, in view
of the (strong form of the) equivalence principle, a transformation to freely falling
coordinates will eliminate the gravitational field and, hence, gravitational energy-
momentum must be inherently unlocalizable. This argument is fallacious. “No
I'’s means no ‘gravitational field’...” (Misner, Thorne and Wheeler [21]) is simply
wrong. The absence of a ‘gravitational field’, ie. curvature, is determined by the

vanishing of the Riemann tensor. Synge [30] long ago suggested the retirement of

the equivalence principle and Ohanion {24] has shown that, in the presence of tidal

!With the notable exception of the connection which, of course, occupies a special position in the
theory.
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effects (ie. any non-homogeneous gravitational field), the (strong form of the) equiv-
alence principle fails even for arbitrarily small volumes—it isn’t even locally true?.

On the other hand it can be argued that localization is necessary (Rindler [29]).

Briefly, in view of mass-energy equivaience we expect all energy—including gravita-
tional energy —to gravitate, and thus its location should be significant in a theory of
gravity. Peters [27] has shown that the lecation of ihe gravitational energy density
can affect the predicted perihelion precession in a nonlinear extension of Newtonian
gravity and that in general relativity this effect also depends on the trace of the
gravitation stress. In any case both Weinberg’s energy-momentum complex [32] and

Penrose’s quasi-local mass [26] are claimed to be local quantities; though neither is

derived via a couservation law.

Finally we bring up a problem implied by the use of the plural in the previous
paragraphs. In general relativity there are no fewer than three energy-momentum
complexes in common use (Einstein [9], Landau and Lifshitz {17], Mgller [22]) and
an infinite number are known (Goldberg [14], Komar [15]). None has proven wholly
satisfactory. This multiplicity is related to the non-covariant nature of these com-
plexes and the freedom inherent in conservation laws. With an arbitrary choice
for a transformation law any divergenceless quantity may be added, ad hoc, to a
particular energy-momentum complex in order to generate another.

Thus we are led to the following objectives in our search for a good energy-
momentum ccmplex: it should be covariant and its derivation should be as unam-
biguous as possible so as to lead to a unique quantity. As a further bonus, we may
also wish to demand symme'ry so that it defines a conserved angular momentum
complex.

Our attempt to attain these objectives will centre upon a powerful but lit-
tle known resource; a set of invariance re'ations derived from the transformation

laws of the Lagrangian and its arguments [6,20]. As we shall see, these invariance

?There is little doubt that a transformation to freely falling coordinates would minimize a local
energy density, but this is hardly surprising. For example, the same is true for a particle’s kinetic
energy in special relativity.
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relations are intimately connected to the variational process and may be used to
“integrate”® conserved quantities in a very natural fashion. However, the functional
derivatives of the Lagrangian, in terms of which the invariance relations are written,
are not generally the covariant quantities we wish to work with in general relativ-
ity. Hence we follow duPiessis [8] and introduce tensor quantities concomitant to
these functional derivatives whereupon we rewrite the invariance relations in tensor
form*.

We will make the derivation as unambiguous as possible by sticking as closely
as we may to the actual quantities involved in the variation. We will convert the in-
variance relations to covariant form by substituting tensor concomitants, changing
partial derivatives to covariant derivatives and simplifying only via exact cancel-
lations and previously converted invariance relations. In ihe “integration” of the
conserved quantity we will attempt to eliminate only those expressions which will
“integrate” to zero, generally simplifying as above. As we shall see, the invariance
relations provide a natural direction to the path we take.

Following these guidelines will provide a compact derivation of a number
of new and well-known momentum complexes and generalizations thereof. The
general expression from which particular complexes are generated will have several
advantages. In particular, it will be mathematically simpler in that most of its
propertics may be deduced by inspection. While we will fail to attain our goals
of covariance and localiiy, the reasons for the failure will become apparent, lying
in the choice of the fundamental quantities on which the theory is based and the
choice of the invariance group with which we generate the conserved quantities.

Another possible approach to conserved quantities is via currents. The

Maxwell equations (and their generalizations, the Yang-Mills equations) appear

3Here and in the following we will locsely use the term “integrate” to represent the phrase “take
the antidivergence.”

1DuPlessis used the concomitant invariance relations to define ad hoc conserved quantities, but
appareritly knew nothing of their connection to the variational principle and that his ad hoc quantities

appear in actual conservation laws.
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in two forms

F, = i (L)
Sadech;b =0 (12)

where (1.1) clearly implies that \/—g j° is conserved. As there is a natural general
relativistic analog of (1.2 in the Bianchi identities, one is led to speculate about the
possibility of a momentum density equation co: ‘esy:i-nding to (1.1). Unfortunately,
general relativity, as usually formulated, exhibits no such corcespondence. The
closest analog is fcund via the Palatini variational principle, in which the metric
and connection are assumed to be independent. The equation resulting from the

variation of the connection then establishes the rclation between them. But it is

clear that this equation might be altered if we add to the Lagrangian further terms
in the connecticn. In order to investigate this possibility we consider the Palatini
variation of a class of Lagrangians based on that of Nissani [23].

Nissani presents a novel Lagrangian which, he claims, generates the Einstein
equations and specifies Riemannian geometry (connection equals Christoffel symbol)
in the presence of a generalized matter tensor. Howcver we will show that, in fact,
this latter claim is unjustified. Riemannian geometry must be assumed in order
for the additional terms in the Euler-Lagrange equation to vanish properly. In
addition we also present a new Lagrangian which possesses properties like Nissani’s,
demonstrating that Nissani’s Lagrang'an is not unique.

The use of aliernate Lagrangians like that of Nissani will indeed affect the
resulting equations in a Palatini variation, but, as yet, we will have seen no indica-
tion how this might lead us to some sort of energy-momentum current. However,
part of the motivation for Nissani’s work was to investigate the classical anslog
of Carmeli’s [3,4,5] SL(2,C) gauge theory Lagrangian for general relativity. If we
also recall that our failure with regard to energy-momentum complexes was related
to our choice of fundamental quantities and invariance group, it becomes natural
to consider gauge theoretic formulations of general relstivity based on alternate

fundamental quantities.
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Most gauge theories of general relativity are based on the group SL(2,C).
Howeve  we will choose the group SL(2,C) x U(1), with the section and spinor
connection as fundamental quantities, because the resulting spinor formalism com-
bines the gravitational and electromagnetic potert.als in a single object—the spinor
connection. Not only does *his greatly facilitate comparison between the two fields,
but, in a quantum mechanical sense at least, this constitutes =.- nification of gravity
and electromagnetism. It is naturai to consider the significance, if any, of this fact.

In general relativity, the usual unification criteria deal with fields and seem
to go back to Einstein [10] who suggested two possible points of view, the first

stronger and preferable, which we paraphrase liere:

(1) That the field appear as a unified covariant entity—ie. not separa-
ble, under the transformation group(s), iato covariant parts—as per the

Maxwell tensor.
(2) That both the field equations and the Lagrangian be unified entities—

ie. not separable into invariant parts-—as per Maxwell’s equations and

the usual Maxwell Lagrangian.

Our field quantity will fail to conform to condition (1) and neither our field equa-
tions nor Lagrangians will satisfy condition (2). However, it is interesting that in
electromagnetic theory, the garadigm of unification and the model behind Einstein’s
reasoning, both conditions follow from the unification (under the Lorentz and the
U(1) gauge transformations) of the electromagnetic j,otential. Of perhaps more im-
portance is the fact that, since Einstein’s day, the Aharanov-Bohm experiment has
altered our ideas about the reality of the electromagnetic potential (see Feynman,
et al [11]) and gauge potentials in general.

At issue is not which adjeclive may or may not be used in describing a
theory but how much content may be squeezed into a theory based on a certain
formalism. In this case the SL(2,C) x U(1) spinor formalism has enabled the
definition of a unified gravitational-electromagnetic potential. If this unification

has ony significance we would expect the corresponding Euler-Lagrange equation
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to be an equation in the gravitational-electromagnetic field (unified or not) which,
in. the presence of matter, becomes a relaiion for a matter-charge current density.
That is we expect a theory which if not of Yang-Milis type is at least a close relative.

We will present several Lagrangians that result in the Einstein-Maxwell equa-
tions and we find that the current equation is of the desired form but, as we should
expect, only the charge current is nonzerc. However it is possible to devise La-
grangians with which the gravitati-mal analog of the electromagnetic current is
also nonzero. Tue interpretation of the resulting system of equations is unclear
since the Einstein equation has been inevitably “damaged” by the appearance of
a new gravitational stress-energy tensor. But the form of the new g.4,Tss is of
some interest—proportional to a contraction of the Bel-Robinson tensor, it is ex-
actly analogous to the electromagnetic stress-energy tensor with Riemann tensor
contractions replacing those of the Maxwell tensor.

Finally, in an attempt to clarify the significance of these new equations, we
briefly consider the introduction of matter; and in a spinor formulation of tae theory
it is natural to investigate spinor type matter (although we will not go so far as to
attempt quantization). For a Lagrangian generating the two-spinor Dirac equations
we find that there can be no gravitational currents and that electromagnetic cur-
~ents must be on the light cone; that is particles must be massless. For a Lagrangian
generating the Pauli equations (generalizations of the Klein-Gordon equations) we
find that both gravitational and electromagnetic currents are allowed. The prop-
erties of this system favor a general relativistic gauge theory with the “damaged”
form of the Einstein equation. Thus we ultimately arrive at a theory containing a
fully generalized mat*cr-charge current density, if only at the cost of “damaging”

Einstein’s equation.




Chapter 2

Invariance Properties

2.1 Introduction

The value of the variational principle in field theory lies in the generation of the
Euler-Lagrange equations and the derivation of associated conserved quantities for
a particular system or theory. While the techniques developed herein may be used
to elucidate certain properties of the Euler-Lagrange equations, their primary ad-
vantage is in the improvement and generalization of the procedures for deriving
conserved quantities. Central to these techniques will be the application of the in-
variance relations we derive in Section 2.3 of this chapter. However, as first derived,
these relations will noi be in covariant form. Thus in Section 2.4 we introduce the
necessary tensor concomitants (due to duPleissus [8]) and, in Section 2.5, rewrite

the invariance relations in terme of them.
In this and the following two chapters “ve will be considering a scalar den-

sity Lagrangian for both the gravitational and electromagnetic field. We include
the electromagnetic part in the Lagrangian and derive its contribution to the con-
served quantities, despite the fact that the electromagnetic energy-momentum den-
sity can be (and usually is) obtained directly from the Einstein-Maxwell equations.
Generally, the electromagnetic energy-momentum density is derived as a conserved
quantity only within the framework of classical electromagnetism. However, the
derivation involves manipulations to ensure symmetry. We perform the operation

here, in the presence of gravity, because the symmetrization process may also be
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applied to the gravitational part of the combined energy-momentum complex and
provides insight into this and intermediate complexes. In doing so we are led (for
the first time, to the best of the author’s knowledge) to a derivation of the Landau

and Lifshitz pseudotensor via a variational principle [6].

2.2 Definitions and Transformation Laws

In this and the following chapter we consider the general Hilbert variation of a

scalar action

S = / Ld's (2.1)
where the Lagrangian L is a scalar density with the functional dependence

L= L(gaba Gab,cy Jab,cdy ¢as ¢a,b) (22)

but as yet unknown functional form, ¢, is a vector and g, is a symmetric tensor.

As is usual in a Hilbert variation we assume that our manifold is Riemannian

but, in the interest of greater generality and, especially, to clarify and control the
introduction and elimination of zeros in the upcoming “integration” of a general
conserved quantity, we will not identify g,, with the metric until we actually consider
the specific case of gravitational and electromagnetic fields.

We introduce the following notation for the functional derivatives of L

A OL e 0L, 0L
0gab’ Oab,c’ OFab,cd (2.3)
Yoa T
which obey the symmetry relations
A% = AP (2.4)

Aabc = Abac (25)




CHAPTER 2. INVARIANCE PROPERTIES
Aabcd = Abacd - Aabdc.

Under a coordinate transformation &' = #'(z®) with the definitions

C = det(Cai)
. ox° . 321.6 a _ 3%“
C% =3 C% = 35 aar it = B oz oF

the transformation laws of L and its arguments are
L =cCL
Gii = C%C%ga
Gijpe = Caicbjcckgab.c + (Caikaj +C%C bjk)gab

. b d
Gijke = C%C°C%C Gab,ed

10

(2.6)

(2.7)

(2.8)
(2.9)

(2.10)

+(Caiecbj %+ C%C%,C% + Caicbj e + Caikcbj e+ CiC bjkccl)gab,c

J

+(C%C bj +C az’kajl + Caa'lejk + Caiijk[)gab

¢i = Ca{¢a
ai,j = Caicbj¢a,b+ca,’j¢a-

(2.11)
(2.12)

(2.13)

In the next section we use these transformation laws to derive transformation

laws for, and invariance relations in, the functional derivatives of {. As we will see,

the quantities (2.3) are not all tensorial. Thus we find it convenient to introduce

appropriate tensor concomitants in Section 2.4 and rewrite the invariance relations

in terms of them in Section 2.5. While neither the invariance relations nor the

tensor concomitants are new (see, for instance, [8,20]), they appear to have found

little application in the literature. We will find that, using them, we may generate a

surprising amount of general information, withoui reference to the exact functional

form of any specific Lagrangian, which may be directly applied to the “integration”

of a general conserved quantity in Chupter 3.
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2.3 Invariance Relaticns

We now consider the transformation laws of I~](§,~j, Gijks Jij ke éi, Q;;,j) and its argu-
rents. Differentiating these relations with respect to the arguments of L will yield
transformation laws for the functional derivatives of L. For example, differentiat-

ing (2.8) with respect to g., we find

oL 85;;  OL 0gijx . 8L Bfijke _ oL

oo = ~ = 2.14
03i; Ogas  0Gijk Ogas  Ofijre Odab 09ab (2.14)
or, introducing the notation (2.3) and noting (2.9-2.11),

;A;ijcaicbj + [\ijk(cm,'cbj),k + ]\ijkl(caicbj)'ke — CAab. (215)

Transformation laws for the rest of the quantities (2.3) are derived similarly. They

are

A:’jkcaicbjcck + Aijkl[(cvaicbj ck),l + (Caiij),kCc[] = CAabc (216)

Aijklcaicbjcck(:vdl = CAabcd (217)
?'C + & C; = Co° (2.18)
dCeCt = Cot. (2.19)

We see that A*?and ®°* are tensor densities, while it appears that A%, A% and
®° are not (if ®°° is antisymmetric, ®* will be a vector density— see the discussion
in Section 3.4).

In order to derive the invariance relations we differentiate the transformed
Lagrangian E(g,’hg.’j,k,g,‘j'ke,q;,',(};,"j) with respect to C?% and its derivatives after
which we consider the special case of the identity transformation. For example,

differentiating (2.8) with respect to C?,,, we have

0L Bgijne

= =0 2.20
agijyk[ acpqrs ( )
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or, introducing the compact notation (2.3), noting (2.11), and taking care to con-
sider all possible permutations of the symmetric covariant indices
(l;A‘f"‘[ég(a;’s;&; + 676,67 + 676785 -+ 676,67 + 67676, + 6:-'6;5,’;)(;’"]~
+C“,-6z(6}6,"52 + 66767 + 676765 + 656,65 + 65676% + 616767)]1gap = 0.(2.21)
Now, considering the identity transform, so that C? = ¢ and any remaining deriva-
tives vanish, making use of the symmetry relation (2.6) and r..ting that, in general,

gap # 0 we find
Aaqrs + Aa'rsq + AGSQT = 0. (222)

Similarly, differentiating by C”,, and considering the identity transform yieids

(A% + A™)gps + (A% + A*%)g,y
+(Aqbcr + A’bcq + Aqbrc + Arch)gpb,c + (Aaqcr + Aeree +Aaqrc + AarQC)gap'c
AT AT g, 4 (BT 4 ), =0 (2:23)

where we have not simplified further, via the symmetry relations, as this form will

be found more convenient in what follows.

Before deriving the third invariance relation we note that

ocC
ac”?,

=C(CY, (2.24)

which, when we consider the identity transformation, reduces to §2. Thus, differen-

tiating (2.8) by C?, and considering the identity transform gives

Angpb + Aaqgap + I\qbcgpb,c + Aachap,c + Aabqgab,p
+Aqudgpb,cd + Aandgap,cd + Aaqugab,pd + Aabcqgab,cp

+9%¢, + 8%, + 84y, = 1L (2.25)

where once again, for the sake of future convenience, we neglect to simplify further.
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The first of the invariance relations may be used to derive further information

about the symmetry properties of A%, Repeated application of equation (2.22)
gives, with (2.6), the relation |

Acbed _ pcdab (2.26)

With the derivation of this last symmetry relation we are in a position to introduce
the quantity

wade — %(Aabcd _ Aadcb) (227)

which will be found useful later. From this definition, the symmetry relations (2.6)
and (2.26), and the invariance relation (2.22) we may show that 1®¢ has the

following properties!:

Aabcd - ¢abcd + ,(/}abdc (228)
¢abcd — _¢cbad = _,(/)adcb - ,‘/)badc — ¢cdcb (229)
¢abcd + ¢adbc + ,‘paCdb = 0. (2-30)

The invariance relations will prove invaluable in the “integration”, in the
next chapter, of a general conserved quantity h® for Lagrangians with the functional
dependence (2.2). However, the fact that these relations contain non-tensorial quan-
tities combined with the complications due to the presence of second derivatives of
the potential g, results in difficulties in devising an unambiguous techniyue for
the “integration” of a tensorial conserved quantity. Thus, in the next section, we
introduce suitable tensor concomitants for A%, A% and ®° so that we may rewrite
the invariance relations and derive conserved quantities wholly in {erms of tensors

and tensor densities.

Ht is interesting that r9%¢d = ¢9cbd and sobed = _gpsbed have respectively the symmetries

of the Riemann tensor and Synge’s [30] symmetrized Riemann tensor, and also share the same
interconnecting relationships (derivable from equations (2.27) and (2.28)). Synge’s symmetrized

Riemann tensor is derived from the coincidence limit of the fourth order covariant derivative of
his two-point world function. Other derivatives of this two-point world function may also be used,

with the Riemann tensor, to define tensorial (two-point) conserved quantites: the fluxes of total
4-momentum and angular momentum across an open 3-space relative to a base event P. Of course
these conserved quantities are not derived via a variational principle.
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2.4 Tensor Concomitants

We begin with the introduction of an arbitrary symmetric tensor field h,; and define
the quantity [8,20]
F = Aab‘:dhab'cd + Aabchab,c + Aabhab. (2.31)

Using the transformation laws for A% A% and A°", and rearranging terms we

have

0§ij ke B 0§ij ke OGiskt, .y

0ij ke
'—&l_hab ed + ab,c + - a
Gab

C}p = :&ijkl
(8gab,cd ' agab,c

9Gijik 39. 0
ik gk 7.k ij J
+A (g 2hase + 5 22 he ») + A Bg s

= A™R;ne + ARy + ARy, (2.32)

from which we conclude that F is a scalar density.

We now assume the existence of quantities IT1** and II*® such that
F = A hgpeq + TRy + %A, (2.33)

Rewriting, in equation (2.31), the partial derivatives of h,; in terms of covariant
derivatives and equating coefficients with equation (2.33) we find
Ik = A%e 4 (Anbed 4 pAmbdeypa
H(A%ned 4 ponde)pb | 4 psbndpe (2.34)
It = A% 4 A™epe 4 A9ned
FAYTE 4 T7T%,,) + AP, T
FATAES L T, T, ) + AT T8
= A% pII%ere 4 [enert 4 Ambedpe 4 Aenedrt
_Ambedpe pm _ Ammedpe b pwedpa pm
_Amned[a [ Aend[b Tm _ pancdph pm (2.35)
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Note that I1®* and II** also obey the symmetry relations
et = 11t (2.36)

I°% = Irbee. (2.37)
In order to determine the tensorial nature of I1%%*, we substitute the trans-
formation laws (2.16) and (2.17) and that of the connection

re, = f‘ijkcai(c_l)jb(c-l)kc - Cajk(C_l)jb(C_l)kc (2.38)

into equation (2.34) after which it is easy to see that II** is a tensor density. This
and the tensorial nature of F, A*¢ and h,; and its covariant derivatives is enough
to establish that II* is also a tensor density.
Finally, we wish to show that the first Euler-Lagrange equation is tensorial.
Rewriting equations (2.31) and (2.33 ) we have
F = (Aab _ Aabc'c + Aab‘:d,dc)hab
J.‘[(Aabc _ Aade,d)hab + Aadehab,d],c
— (Hab _ nabc;c + Aade;d;c)hab
+[(Habc _ Aade;d)hab + Aadehab;d];c- (239)
But is is easy to see, by direct substitution, that the two expressions in brackets are
equal. Thus, since V¢, = V¢, for a vector density, we have
ab ab ke abed
E® = —A®+ A" A",
ab K
= % 4 I1%%, — A%, (2.40)
and E® is clearly a tensor density.

Having defined tensor concomitants for A% and A®*, we now wish to do the

same for ®*. As the Lagrangian (2.2) contains only first derivatives of the potential
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¢, this task will prove considerably simpler than the foregoing analysis and we
merely outline the procedure.

Introducing the arbitrary vector field k,, we define the quantity
I=®%k,, + ®°,. (2.41)

Substituting the transformation laws of ®*® and ®° into (2.41) and rearranging

terms we find that I is a scalar density. We now write

I =8k, + Ik, (2.42)
and, after rewriting &, in terms of k,; and equating coefficients we have

I = &° 4+ d™r° . (2.43)

Noting that I — ®°°k,, is a scalar density we see that II* is clearly a vector density.
Finally, in order to show that the second Euler-Lagrange equation is tensorial,

we rewrite (2.41) and (2.42) in the form
I = (9% — 0% ks + (8°k,) s
= (II* — @ ks + (2°ks ). (2.44)
But, since $°°k, is a vector density, this implies that

Ea = _¢a+¢ab'b

= —II*+ fD“b;b (2.45)
from which it is clear that E°® is a vector density.

2.5 Conversion of the Invariance Relations

Having derived tensor concomitants for the functional derivatives of L we now

wish to rewrite the invariance relations in terms of them. This will be done by
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simple substitution, the conversion of partial derivatives to covariant derivatives, the

occasional use of a previously rewritten invariance relation and, where convenient,
the introduction of the quantity ¢°*? in expressions in A%,

The first invariance relation, equation (2.22), is already tensorial and needs
no conversion. After the substitution of II®*, forA®*, and the replacement of partial,

by convariant, differentiation in equation (2.23) we have

(T + T gpp + (T1*7 + 11°7%) g,
F(AT 4 A AT 4 AT (g + T Gnb)
F(AR 4 AT 4 AT LAY g LT g,0)
FA®T + A ) gap, + (37 + 27,
—[(A™rE 4 A4 ATPOT (A 4 A 4 AT g
—[(A® 4 AP AT+ (AT AT 4 AT gy

— (AT 4 AC"”’)I""Cpgnb — (A" + A*II" gan = 0. (2.46)
We now invoke equation (2.22) and apply it to each of the I'-terms with the result

(T + 7% gy + (T1°7 4+ 1*77)g,
F(APer 4 Aber 4 pabre g prbeeyg
(A% 4 ABTe 4 poTTe 4 poracyg
HA 4 A ) gy + (B + 379)g, = 0. (247)
For later convenience we define the intermediate quantity
AT, = g, + " gy + (A® 4+ A ) g,
HA™ + A7) gapic + A gapp + D74, (2.48)
in which case the converted relation (2.47) is just the condition of antisymmetry,

AT, AT, =0, (2.49)
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The conversion of equation (2.25) proceeds similarly with an additional appli-
cation of (2.47) and the introduction of the useful quantity ¢***?. As the calculation

is quite lengthy, we leave the details to Appendix A and present the result:
6:1-/ = qugpb + Haqgap + qucgpb;c + Hachap;c + Huhqgab;p
+Aqb6dgpb;c;d + Aaq(:dgap;c;d + Aaqugab;p;d + Aabcqgab;p;c
+nq¢p + quqsp;b + (I)aq¢a;p
_%(d)abdchqucda + "/)adegGPchdb)

+ %(wabcqgannpm + ¢aqugﬂﬂRnpdb)' (250)

It will also prove useful to rewrite the relation

L;p = Aabgab;p + Aabcg«:b,c;;z + Aadegab,cd;p + ¢u¢a;p + Qabqsa,b;p- (251)

The conversion of this equation is similar to the preceding and, as it too is lengthy
and not particularly illuminating, we again relegate the details to Appendix A and

proceed to the final result, which is

L;p = Habgab;p + Habcgab;p;c + Aabadga');mc;c" + Ha¢a;P + Qab‘ﬁam;b

+%Aqranprq + 1/)adegﬂbRnpca;d + ¢abdcgaanpcb;d' (252)

These relations, togethei with the symmetry relations, will greatly simplify

the “integration” of the general conserved quantity h® i1 the next chapter.




Chapter 3

The Variational Principle

3.1 Introduction

This chapter is the heart of the first part of the dissertation. We begin with a general
variation of the action {2.1) and derive the resultant conserved quantities. As a
consequence of the preparatory work of Chapter %, the actuzl “integration” process
will proceed smoothly—almost inevitably-—and the intimate connection between
the invariance relations and the variational principle will be readily apnarent.
After varying the action we write the integrand of S as the divergence of
a vector density, in the form h®,. At this point most authors specify the varia-
tior as an infinitesimal translation and use the properties of a specific Lagrangian
to obtain a mixed energy-momentum complex h®, which is then “integrated” to
form the superpotential. Komar [15] derives an improved superpotential from the
Hilbert Lagrangian \/—g i in terms of an arbitrary variation 6z°. In contrast, we
use the invariance relations of Chapter 2 ‘¢ “integrate” a strongly conserved quan-
tity h?, which is general in the choice of both the variation and the Lagrangian.
The resulting expression has several advantages. It is mathematically simpler in
that most of its properties may be deduced by inspection. Also, by specifying the
appropriate variation, one may generate both a mixed and contravariant energy-

momentum complex and an angular momentum complex for general scalar density

Lagrangians. The complexes h% and 7% are derived in Section 3.5. The angular

19
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momentum complex h®* is presented in Section 3.6. We show that the moment of
h°t constituces only part of h*°. We then use the conservation of h°* to find the
unaccounted-for “spin” energy contribution of the remaining part of h®°, which is
added to h* to produce a symmetric total energy-momentum complex H*. Finally,
in the following chapter Lovelock’s Lagrangian is considered and new complexes are

generated along with generalizations of those in common use.

3.2 Variation of the Action

In this section we take a general variation of the action (2.1). Rather than sepa-
rately varying each of the fields we subject the total Lagrangian to a simultaneous
variation of the cocrdinates z* and potentials ¢, and gq. This permits the repre-
sentation of the variation as a single infinitesimal coordinate transformation, which,
in concert with the invariance relations derived in the previous chapter, permits the
“integration” of a conserved quantity h® in terms of both an arbitrary variation and
scalar density Lagrangian. The resulting expression is a generalization of Koraar’s
complex.

The general variation of the coordinates and potentials of the action (2.1)

results in the expression [2]
§8 = / SLd'z + [ Léz*dS, (3.1)
R oR
5L = Aﬂb&gab + Aabc‘sgab,c + Aabad&gﬂb.cd + ¢a6¢a + Qab6¢a,b (32)

where OR denotes the boundary of the region R. If we (here) require that §x® and
its first and second derivatives vanish on R, then the invariance of the action yields

the Euler-Lagrange equations
Eab = __Aab + Aabc’c _ Aabcd’dc =0 (33)

E*=-3"+9%, =0 (3.4)
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which, with an appropriate Lagrangian, reduce to the Einstein-Maxwell equations.

As we have shown previously, both E* and E¥ are iensor densities.

3.3 “Integration” of the Conserved Quantity h®

We now rewrite the variation of the action (3.1) in the form
§5=2 / he, d'z (3.5)

and define the vector x* = éz°. 1In the following we derive a strong conse.:vat.on
law by “integrating” the quantity h® without making reference to equations (3.3)
and {3.4).

The “integration” procedure is motivated by ou: objectives ihat the con-
served quantity be covariant and its derivation unambiguous. Thus we will derive
values for the varied potentials and substitute covariant for partial derivatives and
tensor concomitants for the functional derivatives of the Lagrangian in the expres-
sion for 6L. In doing so we will find that we have written §L in terms of prodiucts
of equation (2.52) or the invariance relations, or segments therefrom, and the vari-
ation 6z° or its derivatives. When “integrating” we will eliminate only terms which
would “integrate” to zero. The main consequence of this “rule” will be that in
terms containing the Riemann tensor it will, if possible, be interpreted as acting on
concomitants rather than éz* or its derivatives.

Under the infinitesimal transformation i* = z® + x*, the change in the

potentials may be written

>
-
)

il

$a(3*) = dala*) = —gix’..
= 6¢a + ¢a.po (36)
ggab = gab(ik) - gab(zk) = —g;in,a - ganJ,b

= 60w+ GurX". (3.7)
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Thus
6ba = —(dapx’ + d’po,a)
= —(apX” + ¢p‘x’°;a) (3.8)
69ab = ~(GubpX® + 9oX7 0 + GapX'p)
= —(GaripX” + IppX7s0 + GapX"p) (3.9)

where both 64, and 8g,; are clearly tensors and we see that §L in equation (3.2) is

of the form of a sum of equations (2.31) and (2.41). Therefore, we may write
6L = I1°6¢, 4+ ®*°6dap + M6 gap + M gap,c + A6 gatica (3.10)

a form in which all elements are tensors or tensor densities.

For the sake of notational convenience we now define, from equations (2.52)

and (2.50) respectively,

w, = P, R ..+ podeg, R
= Lyp- %Aqranprq —I*@ayp — ‘I’ab¢a;p;b
~T*gabip — T Gabipic — A" Gabipiesa (3.11)
O, = 2" guR e + ¥ 90pRss) + 2P G R oy + ™ gan R i3)
= §L -6, — 3¢y — B¢y
1% gy — I1*9gap — T gppye — T1%%gap — T*gasy
"Aqb‘:dgpb;c;d - Aandgap:C;d - Aaqugab;p;d - Aabcqgab;p;c' (3-12)
Now by substituting 64,, 6gs and their covariant derivatives into equa-
tion (3.10) we have
8L = (wp— Ly + A", R, X" + (9, = SSL)x",

—Aqrpxp;q;r - Aade(ngXp;a;C;d + gapxp;b;c;d) (3'13)
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or, noting (3.1) and (3.5) and substituting (2.28) for A%t?,
2h%, = (wp + FATLR N + QX + AT Xy
_(,‘/)abcd + ¢abdc)(gpbxp;a;c;d + gapxp;b;c;d)' (314)

This is the expression we must “integrate”.

We first note that

1 Aqr pn P — 49T P
2A nR pqu =-4 pX

(3.15)

irig

and so we could cancel the terms in 4% in equation (3.14). But we also have

AanRnprq Aqr Aqr +An7‘qunrq +Aqﬂ.pRT

pirie pigit nrg
= 247, (3.16)
so that
%Aqranpqup + Aqrpxp;r;q = (Aqrpxp);r?q - Aqrp;rxp;q - Aqrp;qxp;r
= (Aqrpo);r;q (3.17)

and we see that the terms in A", do not “integrate” to zero and should be retained.

Thus, written out in full,
2ha;a = (Aacpxp);c;a + (wadegannpca;d + 'L'abdcgaanpcb;d)Xp
+(3Y™ T gu B yeq + 39" gan R 4
—%‘/’abdcgprcha - %wadegaqucdb )Xp;q
~(4* + ™) g X" wicia F Jop X ica)- (3.18)

In the terms in x? the Riemann tensor must first be partially integrated

before it can be applied to anything. Hence, we write
¢abcdgannpca;pr + ,(/)abcqgannmep;q _ 2"/)ab0dgpbxp;a;c;d
ab
= (d) CdgﬂbRnpcaXp);d - (I(/)adegnb);anpcaxp

“(2¢ab6dgpbxp;a;c)3d + 2(¢adeng);d Xp;a;c' (3 19)
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Noting that
d}abcanpcaxP —_ 2¢abcd n;a;c (320)

we see that the first and third terms of (3.19) have “integrated” to zero and may

be cancelled. As to the remaining two terms,

"(‘)babadgnb);anpcaXp + 2(¢adegpb);pr;a;c
= (¥ g )idiase ~ (¥ gnt dicia + (™ gpb)id R nae + ($°" 93 )d Ronac]X”
“2(¢adegpb);pr;c;a
= "gi(wadegpb);pr];c;a + 2(¢°b°dgpb);d;cx";a + 2(¢ab6d9pb);d;axp;c

= -2[(¢a66dgpb);dxp];cm- (3.21)

Similarly
Y% Gan R o X"+ " Gan R s XP i — 20 % GapX e = —2((0**Gap)ieX i (3-22)
and we have
2ha;a = [A“px” - 2(¢ade9pb);pr];c;a - 2[(¢a60d9ap);cxp];d;b
+%(¢abcqgﬂbRnpca + '1baqugaanpdb — ¢ g R, — ’l’adegaqucdb)Xp;q
(e 1[)abdc)gpbxp;a;c;d — (et — d,abdc)gapx";b;c;d, (3.23)
But
TG R oy — VTG R 0 )X g
= (@B Gnb)icia — ¥ Gubsasc
PTG R oy + G R X,
= (‘/’adegprp;d);C;a - (d’abaigpb);cxp;d;a
— (g ). X e — e 90X’ e

= (1/)adengxp;d);C;a - ¢dbcagpbxp;a;c;d (324)
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and, for the corresponding terms in g,

a n n abe adbc
%(’(tb quganR pdb — ¢ab dgaPandb)Xp;q = ("/) b dgapxp;c);d;b - ’(/) b gGPXp;b;c;d‘ (325)

We are just about done. Now

oh%, = [A% X+ pobed X a — 2™ gs) X7 a
W gapX?;e — 2™ Gap)ieX”liaip
(e g pote y gpbenyg P
—(gpebed 4 qpeeds  qpadbeyg P (3.26)

The last two lines vanish by equation (2.30) leaving, after we apply the relation

,l/)abcd —_ l/)badc,
ha;a = [%AachP + ‘»badegprp;d - 2(¢adegpb);pr];cm- (3.27)

Thus we may finally write

h® = [FA™X" + 97 g x" g — 2% gy )ax”]ic- (3.28)

It is readily apparent from (3.28) that h® is a vector density with vanishing
divergence (if we wish, we may define h® as the divergence of an antisymmetric su-
perpotential, itself a tensor density). Thus, (3.28) constitutes a strong conservation
law, general in the Lagrangian (2.2), which generates a conserved quantity for any

specified variation x°. This new expression constitutes a generalization of Komar’s

complex.

3.4 Introduction of the Metric

It is possible, via the introduction of a general metric 5;;, to complete the analysis of

this chapter with g¢,; an arbitrary symmetrié tensor field. However we now wish to
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explicitly consider the gravitational and electromagnetic fields. Thus we designate

gay as our metric and restrict our Lagrangian to the form

L = GL(gaby Gab,c> Jabed) + EML(Gab, Pay Parp) (3.29)

so that the invariance relations split into gravitational and electromagnetic parts.

Now, from equation (2.47)
)+ + 0" +10,7=0 (3.30)

(37 + 3")4, = 0. (3.31)

Equation (3.31) implies that 7" is antisymmetric; from which, along with (2.18)
and (2.43) we also see that ®° -= [I* is a vector density. Equations (3.30) and (2.37)
imply

I =0 (3.32)

in which case equation (2.4C -educes to
AT = @7 g, (3.33)
Finally, we rewrite h® in the f>rm

R = (%@ac¢pxp + ¢adeXb;d __ 2¢'0de;de);6

= (%q)ac¢pxp £ ¢adeXb,d _ 2¢ab6d;de),c- (334)

3.5 Derivation of Conserved Complexes from h¢

In order to generate physically interesting conserved quantities from the complex
h® we consider the variation of the previous section as given by an infinitesimal
transformation defined in terms of an arbitrary set of independent parameters 6k*p,

where, here, the capitals represents sets of indices. That is, we write

x® = [, B skAy (3.35)
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where f°,% is some function of the coordinates and potentials and the §k“4g, which
are just the infinitesimal generators of the group whose “motion” represents the
symmetry of the spacetime, are to be considered as arbitrary buf predeteimined,
and thus constant with respect to the coordinates.

Ag in Hamilton-Jacobi theory we may then write

65

— a B .
T / h* B ds, (3.36)

(note that, up to a linear transformation, this fixes the coordinates). Now, by
specifying the appropriate infinitesimal generators k45, we may write the “mo-
menta” P,, P' and the “angular momentum” J** as surface integrals of the energy-
momentum complexes h®,, h* and the angular momentum complex h®*. These

6k?g derive from the infinitesimal vectors
£ =7%" + ¢ (3.37)

£ = mnz" + G (3.38)

where vy, is antisymmetric. But £°, £, are just the Killing vectors of Minkowski
space and do not generally represent true symmetries of the spacetime. Only by
integrating near infinity on an asymptotically flat spacetime may we be sure of
obtaining valid results. Thus the motivation for the term “complex”; these objects
are not true momentum densities and, in general, will not exhibit the corresponding
local properties.

Further, as long as the sets of indices of §k45 include at least one coordinate
index, writing equation (3.36) will fix the coordinates, up to a linear transforma-
tion, and the conserved quantity will not, in general, be covariant. But if for the
fundamental quantities of the theory we choose objects, such as spinors ¢r twistors,
which admit additional transformation groups whose infinitesimal generators §k4g
do not possess coordinate indices, the resulting conserved quantities will be coordi-

nate (though not gauge) invariant.
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We can now conclude that our goal of a covariant, localizable conserved
quantity cannot be realized in a (general relativistic) theory that exhibits only
coordinate invariance. However, the foregoing analysis has not been in vain. We
are now in a postion to provide a compact derivation of a number of new and well-
known momentum complexes and generalizations thereof. These objects are still in
widespread use and, as they are likely to remain so, are not yet devoid of interest.

Letting
XF = /=g Ve 6k (3.39)

we obtain from equation (3.34) the mixed complex

(")has = [% \' —g(n—l)q)ac¢s + (V "’g(n—l)gbs),d'/}abd - 2\/ —g(n_l)gbslb“b"d;d],c (3-40)

and, if we let
X* = /=g" Vg™ sk, (3.41)

we in turn generate the contravariant complex

(n)hut — [%\/___:E("-l)¢¢w¢t + \/:E("—l)'dwatcd _ 2\/__9("_1)¢atcd;d]yc (342)

where we have written \/—_g("_l) to denote /=g to the power n — 1 and (,)h** to
denote the weight n complex.

With the introduction of a general relativistic Lagrangian, objects derived
from equations (3.40) and (3.42) will, under the appropriate coordinate conditions,
correctly give the global values for energy and momentum. However, equation (3.42)
is not symmetric and thus the moment of (,)A* does not define a conserved angular
momentum complex. Further, both (,)h%, and (,)h®* contain a bothersome term in
®°¥. With the introduction cf the field equations (3.4) into these expressions we

find those parts containing electromagnetic terms to be

e’ = V=0 EMAT g + (L =g" V%0, (3.43)
mten® = V=9 enA™ + [L/=g" Vg (3.44)
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(recall that with an appropriate Lagrangian gyA* = /—¢T%!), from which we
see that the final terms must be eliminated if we are to correctly obtain the usual
electromagnetic stress-energy tenser. These terms may be discarded ad hoc since
they are divergenceless. However, it is instructive to seek a more illustrative basis
for their elimination, which may lend itself to some physical interpretation. An
appropriate procedure is suggested by appealing to electromagnetic field theory.
In the absence of a gravitational field, both equations (3.43) and (3.44) rep-

resent the same object
mtem™ = EMA™ + (38%¢Y) (3.45)

which, for the usual Maxwell Lagrangian, reduces to the nonsymmetric stress-energy

tensor [17],

tem™ = 3(—4¢i 0’ F* + n* F,;F¥) (3.46)

where n? is the Minkowski metric. Equation (3.46) can be symmetrized, producing
the normal electromagnetic stress-energy tensor, through the addition of a diver-
genceless term obtained via the conservation of the angular momentum density.
This term is interpreted as the as yet uncounted energy-momentum contribution
of that part of the angular momentum density not represented by the moment
of (3.46). The presence of this anomalous electromagnetic term in our calculation
in the presence of gravitation seems to imply a similarly uncounted gravitational
energy-momentum contribution, which we may include via a symmetrization of the
whole gravitational-electromagnetic complex. We perform this operation in the

following section.

3.6 The Symmetrization of (,)h*

The angular momentum complex is generated from an infinitesimal rotation. Thus,

we set

xP = /—-(_g n—l)(gpsxt _ g”‘z’)&k,, (3.47)
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in which case (3.36) and (3.34) define the object

Wh™ = @h™a' = e’ + [V=g" T — ),

+[%‘/’_§("—1)(¢at¢s _ (Pasqst) + J:g("—l)'d(z/)astd _ ¢atsd)

-9 /_—g("_l)(,l/)astd _ ¢at8d);d]
= (n)AIats + (n)sats

30

(3.48)

where (,) M®* is the moment of the complex (,)h*, and (,)S** represents an intrinsic

field momentum (in quantum mechanics this term is used to derive spin). The

energy inherent in the (,)S* portion of (,)h** has not yet been accounted for; thus,

we add an additional “spin” term (n)s% to (»)h** to obtain a total energy-momentum

complex

(n)Hat —_ (n)hat + (n)sat.

(3.49)

The expression for (,)s** is derived through the following set procedure (see Cor-

son [7}).

We begin by writing the conservation law for the angular momentum complex

hats'a —_ hts _ hst + Sats’a

= hts - hst + (ﬂtsa — usta),a

so that A* 4 u'**  defines a symmetric object. Thus, if we let

ath

H*  will vanish if and only if u**;, vanishes; that is, if and only if

ath bta

pt = —p
From equations (3.50-3.52) we may infer

sta — _;_(Sata + Ssta + Stsa),a

(3.50)

(3.51)

(3.52)

(3.53)
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which, after substitution of S$% from (3.48), becomes

(n)sts - ___2( ﬁ_g(n_l)¢tsac)'ca _ (n)ht". (354)
Substitution of (3.54) into (3.49) yields the total energy-momentum complex
3 ——(n-1 sac
(n)Ht — _2( _g( )¢t ),ca
= —(v=g" AL, (3.55)

Reference to (2.29) shows that (3.55) is indeed symmetric and vanishes under a

divergence of either index.




Chapter 4

Particular Energy-Momentum
Complexes

4.1 Introduction

The formalism presented thus far has been sufficient to generate the field equa-
tions, the general conserved quantity h°, the energy-momentum complexes (n)h®,
and (,)h*, the angular momentum complex (,)h**, and the symmetrized energy-
momentum complex (,)H*; all without reference to any particular Lagrangian. We
will see that these quantities suffice to generate and generalize virtually all energy-
momentum complexes currently known®.

The physical situation in which we are interested is the usual one in Einstein-
Maxwell theory: an electromagnetic field in the presence of gravity. In particular,
the elimination of the electromagnetic field does not imply the elimination of the
gravitational field and hence our Lagrangian takes the form (3.29). The most gen-
eral such scalar density Lagrangian that generates the Einstein-Maxwell equations

without the cosmological term is (Lovelock [18,19])

L=Lg+ Lgm (4.1)

1The notable exceptions are the complexes of Einstein [9] and Weinberg [32]. Weinberg’s complex
does not lend itself to derivation via a variational principle. However, our technique may be applied
to the Einstein Lagrangian to derive Einstein’s complex, although the nonscalar nature of this
Lagrangian complicates the analysis and only the mixed weight-one complex (1)h%, (Einstein’s)

exists.
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where?
Le = Ly+aL,+p8Lg (4.2)
Lev = Lu++L, (4.3)
Ly = /-gR (4.4)
Lo = 7R Ry (4.5)
Ly = +/—g(RR—-4R;R" + R",,R",)) (4.6)
Ly = /—gF;F’ (4.7)
L, = &*F;F, (4.8)

a, B, and v are arbitrary constants, and
Fij = ¢ji — ¢i;- (4.9)
From the above, and Section 3.4 we immediately have
n=0 (4.10)

et = 0. (4.11)

Also, by making use of the symmetry relations (including the antisymmetry of $2)
we may rewrite the contributions of Lg and Lga to equation (2.50) in the form

oI = H(g" GL + YR — SYTUR,) (4.12)

Ml = gyA” = Y(g" gy L + @7 FP). (4.13)

The direct calculation of II?? is quite lengthy and tedious. With equation (4.10-

4.13) we can evaluate the Euler-Lagrange equations and the conserved quantities

from a knowledge of 4 and ¢ alone.

2We set c = G = 1.
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4.2 The Euler-Lagrange Equations

As an intermediate step in the calculation of the functional derivatives of the La-

grangian we consider the Lagrangian as a function of the quantities F,; and
Raved = 5(Gadype + Gbciad — Gacd — Godiac) + Gmn(T™ 5l 0q — Tl 00)- (4.14)

From equation (4.9) we can see

aF.'ab
aQSM

= — 8767 + 6061, (4.15)

In taking the functional derivative of R,.4 we must be careful to consider the

symmetry of the metric and its second derivatives. Then

6Rac g k
%—bi L[(6763 + 8762)(6;62 + 6767) + (8067 + 6267)(8,65 + 8562)
prq,rs
—(656¢ + 8263)(6563 + 636;) — (8863 + 6365 )(6,6% + 6763)). (4.16)
Thus
ALy o OF,
@ab = =9 /— tk gl
M Oap =999 E16¢a,b
= —4—gF* (4.17)
and
S8 = gt E (4.18)
Similariy
ghobed = Olm =g gt gie ORiske
agabﬂ:d agab,cd

= —v=9(9"¢" - }9°°¢" — 19°'¢") (4.19)
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and
aAabcd — _(eijacRbdij + 6ijbd}zm:ij + eijadecij + eijbcRad‘_j)
ﬂAabcd — __2\/:_?[Radbc + Racbd _ 2gabRcd _ 2gcdRab
+gadec + gbcRad + gacRbd +gbdRac
+R(gab cd ;Jacgbd 1 ad bc)]

Hence, from equation (2.27) we have

abed __ ab_cd __ ad bc
HY = —3vV—9(9*yg )
ad)ade — _%(26z’jacRbdij + 2€ijbdRacij + Eijadecij
+€ijbcRadij + EijabRCdij + €ideRabij)
ﬂ¢abcd — _2\/:_—g’[Racbd . (gabRcd + gcdRab _ gadec _ gbcRad)

+1 R(gab cd __ ad bc)]
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(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

In order to derive the Euler-Lagrange equations (2.40) and (2.45) we must

first calculate the quantities I1%.

.HUJPdechdb = \/:E R
so equation (4.12) gives us
HIP? = =g(3" R~ R) = — /=5 C*"
where G™ is just the Einstein tensor.
a¢prdchdb = (eijprCdij + sideprij)qucd
and so appealing to (4.12) once more gives

_ ikl pab ijkf ppb DY
o7 = LGP R Ry, — 269 R RS,

ijpb pecd q o l]ql‘ cd  pp
+e"P R RY, , — R*;R,.,).

(4.25)

(4.26)

(4.27)

(4.28)
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We can show that ,II?? is symmetric through the use of the following permuta-

tion identities, which result from the fact that 5;’?3-":21 vanishes identically in four

dimensions:

1 cpabed rq _i7kf pm _
izérijklg e R n;mencd =0

= gPe MR Ropke -- 4™ ROy RN (4.29)

ij
16785 “Gasgute®  B™™ Roynea = 0
= g"e ™ R® Rupke — 2™ Ry R — 26" Ry R, M. (4.30)
Thus, we may write oII? in the symmetric form
JIP = (g™ ke Rabij Rupe — 2694 prij R,
—epbinqbkeRijke - €Qbinpbk£Rijk{)' (4.31)
We can now further simplify ,II?? via the permutation identity
— 07kt gase ™" Ry Ry = 0
= Mgkt Rabij Rapie — 26494 prij R,
~ (P Ry + 5qbinpbk£)Rijkl
+2(e™I R, + e RP,)Roa (4.32)
which, when substituted into (4.31) gives
oIIP? = (e R + eI RP ) Ryg. (4.33)
In order to ralculate gII*? we first note
s Ry, = 2¢/=g(R” R, — 2RPR%, — 2RP"“ Ry, + R™R) (4.34)

which is clearly symmetric in the indices p,q. Thus, after substituting into equa-

tion (4.12) we have
ﬁHPq — %H{gPQ(RadeRabcd _ 4RabRab + RR)

—4(R”_,R%,* — 2R R, — 2R""°R,, + R™R)]. (4.35)




CHAPTER 4. PARTICULAR ENERGY-MOMENTUM COMPLEXES 37

However, by another permutation identity, we have the Bach-Lanczos identity [1,16)
ijk¢ rq pa ed .
5?:;%:;59 ‘R bklRij ‘=0
— gpq(Rabcd cd 4RabRab + RR)

—4(R™ ,R%,* — 2RP R, — 2R™"“ R,y + R"R) (4.36)

and hence gII*? vanishes

TP = 0, (4.37)

The electromagnetic Lagrangians yield simpler concomitants. From equa-

tions (4.13) and (4.17) we have
anq — \/-—_g(%g”"F“”Fab _ 2prFqb)
= 8my/—gT" (4.38)
where T?9 is just the usual electromagnetic stress-energy tensor.
7 = H(gPe b, Fy — 4™ ) (4:39)
but, by a permutation identity analogous to equation (4.29) we see
abed _pr i
24 5?‘:]“ gp JkeF chd =
= "%y Foy — 4™ FYF (4.40)

so ,IIP? also vanishes

JIP = Q. (4.41)

It is clear from equation (4.19) that gA®**!_ is zero and as is evident from

equation (4.36)
\/—— 6Z;;Llacgtbg.1delmn — ﬂd}abcd (442)
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which implies that g1p°*,;, 5¥***L  and hence gA®**; vanish via the Bianchi iden-

tities. Taking covariant derivatives of (4.20) we have

aAade;d — 2(€£jcaRbi;j _ et'jbcRai;j) (443)
Wy = R(2VOR - TR — eTURE) (4.44)
3 qucd;d;c (eP¥ quij + 990 pr‘,j) R, (4.45)

From equations (4.9) and (4.18) it is also evident that ., ®°*, is identically zero.
Thus the Euler-Lagrange equations (2.40) and (2.45) reduce to

V—9(G??* — 87T™) = 0 (4.46)

—4/=gF™ =0, (4.47)

the Einstein-Maxwell equations.

4.3 The Energy-Momentum Complexes

Having calculated all of the relevant quantities we are now in a position to examine
conserved quantities generated from the Lagrangian (4.1). Equations (3.34), (3.40),
(3.42) and (3.55) now read:
ha —_ [%(MQGC + 7‘y¢ac)¢pxp
+(H1/)abcd + awabcd + ﬂ ﬂ'l/)ade)Xb,d — % a"/)ade;de],c
= {=2(V=gF* + 1" Fj)¢pX” ~ (3v=9(g"¢" - g*'g"™)
+%a(2€ijacRbdij + 2€ijbdRacij + eijadecij
t7bc pad ijab ped tjed pab
+€J R ij +€J R° ij+61 R tj)
+2ﬂ\/__g'[Racbd _ (gabRcd + gcdRab - gadec _ gbcRad)

+%R(gabgcd _ gadgbc)])Xb,d
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mh*

(n) hat

+§a(26ijacRbt_;j + €ijbcRai;j + EijabRci;j)Xb}'c (4.48)
BV=3"" (4@ +7,2%)p,

+(\/:?("‘1)gbs),d(H¢abcd + aawabcd + ﬂﬁ¢abcd)

—2ay/—g n—l)gbs ad)abcd;d]'c
{~2v=g" (V=g F* + 7"V )¢,

~(V=9"V 1) a(3v/=9(g™% — g*4g*°)

+%a(2€ijacRbdij + 2€ijbdRacij + gijadecij

+€ijbcRadij + EijabRCdij + Eijcd]_zab‘.j)

+28/=g[R* — (¢** R + ¢ R — g¥dRbe _ gtoRod)

+%R(gabgcd _ gadgbc)])

+iay/—g n-1) (26"°°R,;.; + gbseijbcRai;J‘ + gbssijabRci;j)},c (4.49)
BV=" V(@ + 7,8%)¢"

+v/ =g n‘l)’d(H,(/)atcd + aa,d)atcd + ﬂﬂ¢atcd)

—2a\/—g ""l)ad)utcd;d]'c
{_2\/__9("‘1)(\/__9Fac + 7" F) ¢t

—v=g" " J(Av=g(g*g™ — g*%*)

+%a(2€ijathdij + 2€ijthaC{j + 6|'jathcij

+€ijtcRadij + eijatRcdij + 6:'jcd}zatij)

+28v/=g[R*! — (4™ R + ¢“/R* — goiRte _ gtoRad)

+3R(g"g* — 9*¢*)])

+§a e n—l)(zeijathi;j + GijtcRa;;j + EijatRci;j)},c (450)
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(n)I{at _ _2[\/:?"—1)(H¢atcd +a oﬂ/}atcd + ﬂﬁ¢at0d)],dc
{ ’—_~g(n)(g“tg°d _ g“dgtc) + 2 ,-—-—(_g n_l)(Eijathd,‘j + Eijthacij)
+4ﬂ\/:§(”)[Ractd _ (gatRcd + gcdRat . gathc _ gtcRad)

+%R(gatgcd _ gadgtc)]},dc- (451)

i

We have seen that neither L,, Lg, nor L. has any effect on the Einstein-Maxwell
equations. L., does not contribute to the usual electromagnetic stress energy tensor
[see (4.51)] and hence is rarely encountered. L, and L both contribute to the com-
plexes (4.49-4.51) and other objects derived from (4.48) and neither contribution
vanishes with the connection. At the same time they are nonzero in vacuum. The
presence of the Riemann tensor in the a and § terms is also worthy of note. These
may prove of interest in studies of gravitational radiation.

Having presented the general formulas, we now derive previously encountered

energy-momentum complexes. Other than the weight-one a and 3 terms in (,,)h?,
(which can be found in Goenner and Kohler [12,13]), these all requirea = 3 = v = 0.
Equation (4.48) now reads

h* = (2 m®8x” + mY " X04)

= BV=(—4F%X" + X7 4+ x*)] ¢ (4.52)

which, aside from the electromagnetic term, is I{omar’s complex. Equations (4.49-

4.51) become

wh?, = BvV=g" e, + (V=9"""g1s) a 5™ c
= H-av/=g"F %, + V=3 974 (Gperg + Ga0)
/=" V3629 — 829°)] e (4.53)
wh® = By g Ee e+ g et
= —1av=g e + V=" Vgl - 979" (4.59)
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(n)Hat = -2 r'_—g(""l)H,"batcd]'dc

= W8 (%% — 9°%0™)] c. (4.55)

Neglecting the electromagnetic terms, we see that (4.53) is a generalization of the
(n = 1) Mgller [22] complex to arbitrary weight. Equation (4.54) is the generaliza-
tion to arbitrary weight of a complex briefly considered by Lorentz and Levi-Civita
and later rejected by Einstein (see Pauli [25]). For n = 1 the ronelectromagnetic
terms vanish. Thus, introducing the field equations, we may write the gravitational

part of (3jh** in the form
(l)tGat =g Gat (4-56)

where G° is the Einstein tensor. This complex was considered unsuitable because
it permits the existence of nonempty spacetimes with zero total energy. Equa-
tion (4.55) gives the infinite family of complexes obtained by Goldberg, as general-
izations of the Landau and Lifshitz complex, which is given by (4.55) with n = 2.
To the best of the author’s knowledge, this is the first time the Landau and Lifshitz

complex has been derived via a variational principle.

The complex (,)H® is of interest on another note. Setting n = 1 and sub-
stituting (3.55) into the Euler-Lagrange equation (2.40), we have (dropping the
subscript)

Hab — Aade,dc — Aab _ Aabcyc (457)

a relation which will also hold for more general Lagrangians including matter terms
(as long as they do not contain derivatives of higher than second order in the met-
ric). This is just the expression given by Landau and Lifshitz [17] for the energy-
momentum density of a nongravitational field (note that our definition c = G =1
differs from that of Landau and Lifshitz). Landau and Lifshitz, having generated
the Einstein equations with the Einstein Lagrangian for which (4.57) vanisles iden-
tically, point out that their relation does not hold for gravitation. In fact, for the

Einstein Lagrangian, equation (4.57) simply gives the nongravitational contribution
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to the Einstein equations: the stiess-energy tensor. However the previous analysis
has shown that, using (for instance) the Hilbert Lagrangian \/—g R with the appro-
priate interpretation of H* as a combined energy-momentum complex, this relation

does, in fact, hold (in a global sense at least) for gravitation.




Chapter 5

A Palatini Variational Principle

5.1 Introduction

In this chapter we investigate the Palatini variation of a class of Lagrangians based
on that of Nissani [23]. A Palatini variation differs from the Hilbert variation consid-
ered in the previous chapters in that the fundamental quantities chosen to represent
the gravitational field are the metric, the connection and its first derivatives rather

than the metric and its first and second derivatives.

The Palatini variational principle is sometimes considered to be superior to
the Hilbert variation because, for the usual Lagrangian /=g R, the connection may
be generalized from the Christoffel symbol to an arbitrary symmetric connection.
Then the Euler-Lagrange equation resulting from the variation of the generalized
connection requires that the connection be the Christoffel symhol. That is, the
variation of the connection specifies the geometry to be Riemannian. In this sense
the Palatini variation is more general than the Hilbert variation, in which Rieman-
nian geometry must be assumed. However, if additional terms are added to the
Lagrangian, to include matter for instance, then any further functional dependence
on the connection will disrupt the Euler-Lagrange equation, once more relegating
the Riemannian condition to the status of an assumption.

Nissani presents a Lagrangian which, he claims, generates Einstein’s equa-
tions and specifies Riemannian geometry in the presence of a general matter tensor.

But, as we will show, his latter claim is not justified; Riemannian geometry must,

43
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in fact, be assumed.
Nissani’s variational strategy is quite different from the usual one, and is

perhaps unique. He defines a Lagrangian with the functional form
L= L(galn Faba Pabc,d> Wabed, Mabcd) (51)
where W,ped, Maped are tensors satisfying

I/Vabcd = —Wabde (52)
Mabcd =  —iMghde- (53)

The generalized matter tensor M, is to be considered arbitrary during the varia-

tion but will later be restricted to the form
Mabcd = %(gachd - gadTbc - gbcTad + gdeac) + %(gadgbc - gacgbd)T (54)

where T, is the stress-energy tensor and T is its trace. It is the Euler-Lagrange
equations resulting from the variation of M,;.y and W4 which generate the Ein-

stein equations. The first of these is

Wabcd + Mabcd = Rabcd- (55)

The second, with (5.5) is
Wiha =0 (5.6)

which, after invoking equation (5.4), gives the Einstein equations and establishes
Wabea as the Weyl tensor.

Nissani’s Lagrangian is of interest for several reasons. Unlike the usual for-
mulations of general relativity, his Lagrangian follows the pattern of other field
theories and permits the derivation of the field equations from a Lagrangian which
is quadratic in the field quantities. Also Nissani’s Lagrangian is based upon the
Lagrangian [3,4,5] of Carmeli’s SL(2, C') gauge theory of gravitation.

We investigate this Lagrangian here in order to study the effects of an alter-

nate set of fundamental quantities on both a new Lagrangian and, since Nissani’s
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class contains the usual Palatini class, the gravitational Lagrangians considered pre-
viously. In particular we will be examining the Euler-Lagrange equation resulting
from the variation of the connection. Further we will show that Nissani’s Lagrangian

is not unique.

5.2 The Variation

In this section we take the Palatini variation of the class of Lagrangians with the
functional dependence (5.1) where I'%,, is an arbitrary symmetric connection. As
the symmetry properties of W,.q and Mg do not affect the analysis of this section
we will, for the time being, consider them to be undetermined. When we consider
Nigsani’s Lagrangian we will assume they obey equations (5.2) and (5.3), respec-
tively. However, in order to derive the field equations of general relativity it will,
as we shall see, be necessary to assume Riemannian geometry in which case both
Wabea and Mipeq must be antisymmetric in their first, as well as their second, pair

of indices. Thereafter we shall assume

Wabeda = —Wapde = ~Wiaea (6.7)
Muedi = —Mapae = —Mpgea. (5.8)

Using the definitions (2.7) for a coordinate transformation #* = #'(z%) and

noting that
(C™oap = =Cu(CTY(CTVL(CTM (5.9)
we have the following transformation laws for I'*,, and I'*,, ,
fijk = (C_l)iacbj %L % + (C_l)iacajk (5.10)
f‘ijk.l = (C7Y,C bj %CT %
+[_Cdml(c-l)id(c_l)macbj %+ (C—l)iacbjecck + (C_l)iacbj %l T

—Cdml(c_l)id(c—l)macajk + (C—l)iacajkl' (5.11)
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We introduce ’ ne following notation for the functional derivatives of L

Aab — aaL , Tabc — a?‘f , 7_a.bcd — al?aL
Gad be be,d
oL oL
abed __ abed __
@ N BWabcd, # N 6Mabcd

which obey the symmetry relations

Aab — Aba
be cb
Ta = T,
bed cbd
Ta - Ta.
Qabcd _ _Qa,bdc - _Qbacd
abed __ abde __ bacd
pret = —p® = e,

(5.12)

(5.13)
(5.14)
(5.15)
(5.16)
(5.17)

Differentiating the transformation laws of i(g;,-, f"jk, f‘ijk,lv W',-jkg, M;,-kg) and

its arguments with respect to the arguments of L, yields the following transforma-

tion laws for the quantities (5.12)
Aijcaicbj — CA®
7O CHC4 + #M(CTY,Ch 5] = Ot
f;jke(C'l)‘aij cde - CTabcd
Qijklcaicbj ¢ 04, = caebed
ﬁijktcaicbj ¢ C4, = Cpo,

Only 7,% is not a tensor density.

We note that

OC e miini fetng
—a@g——-(c )p(CT7)s-

(5.18)

(5.19)
(5.20)
(5.21)

(5.22)

(5.23)
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Then, differentiating the transformation laws of L and its arguments with respect

to the coordinate transform C?, and its derivatives and considering the particular

case of the identity transformation yields the invariance relations

Tp qrs + Tp'rsq + Tp-‘"]"‘ =0 ' (524)

qr rq beqpr ber- ~g
T +T, =T, I‘bc—rp 1.

+(r, % + 7,7+ (r.% + 71, bfq)[“‘bp =0 (5.25)

bed d bgd b
'uq ¢ Mpbcd + uaqc A':[apcd + 'ua 9 Mabpd + ,Ufa chabcp
QO Wppq + QW ped + QW + QPIW,
+ pbed + aped + abpd + abep
bed g geda bgda beqgpa
—Tp r be,d + Ta r pc,d + 7T, r bp,d + Ta r

be,p

—7, T, + 7,9T%,. + 7,%T%, + A%gp + A*gap, = 6L (5.26)

It is appropriate, here, to define the useful quantity v, ¢, analogous to the

quantity 1 introduced in Section (2.3),

Vna.bc %(Tnabc _ Tncbfl) — __Vn"-b“_ (527)

The new quantity satisfies the relations
Vnabc + anac = 7,nabc (528)

Vnabc + ynbca + Vncab = 0. (529)

As 7,% is non-tensorial, we now wish to derive its tensor concomitant. We
introduce the arbitrary symmetric (in its lower indices) tensor h?%,_ and define the
quantity

F=r deh“bc,d + 7,%he,,. (5.30)

Using the transformation laws for 7,%¢ and 7,% it is easy to show that F is a scalar

density.
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We now assume the existence of a quantity II > such that
F =7, g+ TR, (5.31)
Comparing (5.3C) and (5.31) we conclude that

b b bedypin: bmd e zb
b =% — 7 bedr™ 4, ™+ 7, = 10 (5.32)

a a ’m

and, since F' — 7,%9h%,_; is a scalar density, we see that II > is clearly a tensor
density.

In order to show that the Euler-Lagrange equation which will result from
the variation of the connection is a tensor equation we rewrite (5.30) and (5.31) in

the form

F = (T b Ty de,a')habc + (Ta dehabc)~d

a

= (.Habc ~ Ta de;d)habc + (Ta deh'abc);d‘ (533)
But, since 7,%h%,_is a vector density, this implies tuiat

be be bed
E = T, + 7, d

3

—I,% + 7,7, (5.34)

from which it is clear that E % is a tensor density.

The conversion of the invariance relations proceeds much more smoothly
here than in Chapter 2. Equation (5.24) is, of course, already in tensor form.
Substitution of II.*" for 7,% in (5.25) yvields. by (5.24) and the symmetry of the
connection

I = 0. (5.35)

»

In o der to obtain a teasor form of (5.26) we must convert the expression

P — . bedpg .. gcda bgda beqa
q g — 7 rp r be,d + "a r pe.d + Ta r bp.d + Ta r be,p

—‘T,,bcrqbc + Tﬂqcrapc + 7, bqrdbp- (536)
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As the connection is non-tensorial we should expect the resulting expression to
consist of terms in the Riemann tensor. Again substituting II % for = % leads, after

applying (5.24) and (5.35) to

Cpq = —prCd(Fqbc.d - Pmbdrqmc - chdrqu)
+Ta90d(rup6-d + I-\umdrmpc _ chdrapm)

+’-a de(Fabp.d + Famdrmbp - Pmbdramp) + Ta quI‘G (5'37)

be,p*
Changing 7, bed to v’s via (5.28) and applying the first invariance relation (5.24) to
7,54 quickly reduces (,? to the form
Cpq — VpbcdRQde + T, chRaCdp + T, deRabdp‘ (538)
Thus the tensor form of the third invariance relation is
8L = A¥gpy + A%g,, + Vpb':dchbd + 7, quR“Cdp + 7, b"dRabdp
+QQde"Vpbcd + Qand"Vapcd + Qaquv"rabpd + Qabch'Vabcp
+ 1T Mipbed + 1 Mipea + %% Migypa + p®* M. (5.39)

Finally, for notational convenience, we formally extend the covariant dif-
ferentiation operation to apply to the nontensorial quantities I'?,, and I',_; and
convert

Wp =T, chucb;p + Ta deFabc.d;p (540)

in order to write L, entirely in terms of tensor quantities. Substituting II % for r_ %

and use of (5.24) and (5.35) gives
Wp =T, de(Pacb.d + FumdFmbc);P' (541)
Once again introducing v’s through equation (5.28) we have

_ bed pa g bed pa
Wy = —l, R chdip — _2'/0 “R chp;d (542)
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where, in anticipation of the next stage, we have made use of the Bianchi identities

to obtain the second equality. Thus
L;P = Aabgab;p - zuadeRucbp;d + QadevVabcd;p + uadeMabcd;p- (543)

We now consider the action (2.1) where L is a scalar density with the func-

tional dependence (5.1). The variation of the action is of the form (3.1) with

6L = A®6ga+ 7,2 6T%, +1,%06T°,

+Qade SWabed + /l.ude SM,ped. (5.44)

The resulting Euler-Lagrange equations are

E* = —A"=0 (5.45)
EY = —rlyrt =rb=0 (5.46)
qEbd = _qebed — g (5.47)
JES = yebed =, (5.48)

Under the infinitesimal transformation #* = z® 4+ x® the varied potentials

take the form

6gab = (gpX";a + GapX"yp + GabipX”) (5.49)
6% = =X+ RO X" (5.50)
Wabed = ~WobeaX”,s — WapcaX'p = WabpaXPe = WabepX”.g — Waseapx? (5.51)
Maped = —MpbeaX”,, — MapeaXPyp — MavpaXP,, — Mabep X' g — MabeaipX” (5.52)

all of which are clearly tensors. Thus 7,60, + 7,4 éI'%,_, is of the form (5.30)

and we may write

§L = A® 6gab + T, bed 6Pabc;d + Qade SWaped + ﬂade SMapea. (553)
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Substituting for the varied potentials above and making use of equations (5.39)

and (5.43) then gives

6L = —(LXP)W - (21/ b — Tade)Rabcp;dxp

a

R g + (27,7 + TR X — TN e (5.54)

q

As per equation (3.5) we write 2h° , for § L+(LxP?),,. In equation (5.54) we simplify
the term in x? by using equations (5.28) and (5.29). We convert 7’s to ¢’s in the x?,,

term by applying (5.24) and (5.27) and apply (5.28) to the x*,.., term to obtain
2h’a;a = l/abdc‘Rabcp;dxp + (Uprdchbd + SvachRabcp)xp;q
(1,7 + 1, )P (5.55)

As before we will assume, if possible, that the Riemann tensor operates on
the functional derivatives of the Lagrangian rather than the variation y?. Thus,

partially integrating the x? term is the obvious first step. We note

bnc pa _ 1, bnecpa
vy R = —3v, R, (5.56)
and then write
e — 1 bde pa P 1., bdc a r
2h a “2(”«1 R pbeX );d + 2Va ;dR pbe X
bed g bge pa P bed cbd\_. p
+(Vp R cbd — Vg R pbc)X 9 (Vp + vy )X bicid® (557)
Now
1., bdc a P bde P _ bde bde _p
2Va ;dR pbcx - Vp ;d;b;cx - (Vp ;pr);b;c - Vp ;dx ibie
_ bde _p bde _,p bde_p
- (Vp dX );b;C - (yp X ;b;c);d + Vp X ihicid (558)
and

bme pg bgepm  __ bgc =
Vy R e = Vi TR e = 20,77 (5.59)
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Substituting these into equation (5.57) we have

2ha;a = -%(Vpbchpmbcxm);d + (Upbdc;dxp);b;c - (Vpbdcxp;b;c);d
+2V’)ch;c;bxp;d + ('/pbdc — Vpbcd — VPde)Xp;b;c;d. (5.60)

Upon “integrating”! the first and third terms will cancel and may thus be elimi-

nated. Also
bde bed cbdy, P _ bde_ p
(Vp - Vp - Vp )X shied — 2Vp X dsesd (561)

so we finally obtain

2ha;a = (2upadcxp;d - Vpadc;dxp);c‘;a (562)

or
h* = (Vpadcxp;d - %Upadc;dxp);c‘ (5'63)

Note the difference between (5.63) and the gravitation contribution to (3.34).
The change in the coefficient of the x? term is a consequence of our adoption of the
connection as a fundamental quantity.

As in Section (3.5) we may generate momentum complexes from (5.63) by

considering the transformations

X* = =g Vv sk (5.64)
X = /=g Vg sk (5.65)

XP — /——(_g n—l)(gpsxt - g}’tms) 6’&‘“. (566)

Then we have, respectively, the complexes

(n)has = [V -9 n_l),dusadc + vV—g "—1)(Vmadcrmsd - %Vsadc;d)],c (5‘67)

[(\/:_—g(n—l)gpt)’dypadc_*_ \/__g‘(ﬂ—l)gpt(umadcl-\mpd _ %Vpadc;d)],c (568)

(n) hats — (n)hasxt _ (")hatxs

i

(n)hat

ltaking the antidivergence

S
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+[1/ (n 1)(gP3V pt asC)]
+(\/_(" 1) ps) v adt+\/_'(" 1) ps(V adtrm ___ adt )
—[(\/——-__q-(n_l)gpt),dljpads+)/——g(n_l)gpt(umadarmpd—%Vpad’;d)-(5-69)

We again form a symmetric complex by adding to (,)h** a “spin” contribution

derived from (n)h***. We find

(n)st’ — %[\/:g—(n—l)(gpaupstc + gpauptsc _ gptupsa ps,, aC)] @ (n)hta (5.70)
from which we obtain
) HY = %[ \/:’E("“l)(yastc + potse 4 yteas +Vscat)],m
— :_[\/:?ﬂ-l)(ram_*_rcsta + Ttaca_*_Tscat)]'ca (5.71)

where we have made use of equation (5.28) in deriving the last line.

5.3 Lagrangians

We are now ready to apply the analysis of the previous section to particular La-
grangians. We will begin with Nissani’s Lagrangian. Hence we adopt the symmetry

relations (5.2) and (5.3) for Weyea and Mypq and write

L=L+L,+Ls (5.72)
where

Li = g% g VipeaVison (5.73)

Vabed = Wabed + Mabed — Raped (5.74)

Ry = Thge = TPeg + TP Iy = TP .07, (5.75)

L, = V=999 ¢" ¢""WapeaWesgn (5.76)

Ly = —“"R R, (5.77)
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Following Nissani, we first consider the Euler-Lagrange equation resulting

from the variation of M. We have
PP = P = 9eciTI P (5.78)
which, with (5.48), implies that V;;.q is identically zero and
Wabed + Mabed = Rabea- (5.79)

As L, is now seen to be quadratic in the vanishing term V.4 it will not contribute

to the other functional derivatives.

Next we consider the Euler-Lagrange equation resulting from the variation

of Wapeq. We have
Qe = (T = TG, — W) (5.80)
which, after contracting (5.47) with g,., implies
W = 0. (5.81)

Thus L, is quadratic in the vanishing term W9, and it, too, will not contribute
further in the analysis. We now assume that M, is of the form given by equa-

tion (5.4). Then, substitution of (5.79) into (5.81) results in
de == %gde = Rab“d. (582)

If the geometry is Riemannian these are just an alternate form of the Einstein
equations.
Turning to the Euler-Lagrange equation resulting from the variation of the

metric, we see that
AP = 3AP = (£.83)
so that equation (5.45) is identically satisfied.

Finally we consider the Euler-Lagrange equation resulting from the variation

of the connection. We have

d d
7,70 = 97,0 = 2R + R ) (5.84)
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so that (5.46) vanishes via the Bianchi identities; providing no further information

about the geometry. Nissani, in obtaining

R L =0 (5.85)

ped;s

for the Euler-Lagrange equation (5.46) seems to have functionally differentiated

s

.s» 18 not symmetric in the indices

incorrectly: (5.85), which should represent 7,%

t,j. Regardless, Nissani writes:
€ R e =0 (5.86)
“which are the Bianchi identities” give, with (5.85)
€ Rimpeag™., = 0. (5.87)

For a given j these are a set of sixteen homogeneous equations in the sixteen un-

knowns g™, which implies

g™, =0. (5.88)

But, in fact, for an arbiirary connection the Bianchi identities are [20]

4 4 4
Rjpkp + R jppin + R jpy

= mhlejmp + Smkplemh + Smthl jmk (5.89)

where, here,
Sehk = Plhk - Fekh (5-90)

is the torsion. When the torsion vanishes, as in our case, equation (5.90) clearly
reduces to (5.85) rather than (5.86). Thus in writing equation (5.86) Nissani is
assuming (5.88). His reasoning is circular and hence erroneous. Riemannian geom-
etry must be assumed in order for equations (5.82) to correspond to the Einstein

equations.
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We will now make the assumption that the geometry is Riemannian. Thus
we acknowledge that the components of the connection are given by the Christoffel
symbols but still consider g,; and I'*;, to be independent in the variation. Effectively
we let g,; be an arbitrary symmetric tensor and only later select it to be the metric.
This does not affect the analysis of the previous section but will affect the results
in this section. The Riemann tensor is now antisymmetric in both its first and last

pair of indices which, with equation (5.4), implies the same must hold for both W4

and M,.q if we are to obtain equation (5.79). Hence we will now assume that Wpcq
and M4 obey equations (5.7) and (5.8). These new symmetries do not affect u®>?,
so (5.79) holds as before; but they do change 22%¢, Recall that we must consider all

possible permutations of indices when taking functional derivatives. We now have
QT = T = LWL — W, W W), (591)

Contracting first with g,,9,, and afterwards with g,. again yields equation (5.81).

One might expect that we will also have to modify the derivations of A% and
b

7,%? and, indeed, wonder why we have not explicitly considered the symmetries
Ryq = —R%,, (5.92)
g®dRe, =0 (5.93)

in the previous derivation of 7, %

Of course (5.92) is clearly embodied in our
definition of the Riemann tensor, equation (5.75). But (for a symmetric connec-
tion) (5.93) also follows from (5.75). It is a consequence of the functional form of
R* (T, %, 4) and, as such, is already “built in” to the theory, as is evident from

the first invariance relation. The new symmetries

Rabcd = —'Rbacd (594)
Rabcd = Rcdab (595)

which result from the restriction to Riemannian geometry are in fact equivalent and
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need not be considered separately. However, in order to write
Rabcd = %(Rabcd + gcigajRidjb) (596)

which would result in changes to both A®® and 7,%?, we must explicitly identify
gap as the metric. But then g,, and I'*,, would no longer be indeperdent and we

would be forced to resort to a Hilbert variation?

. Thus the previous derivations
of A® and 7,%“ remain valid and the corresponding Euler-Lagrange equations are
satisfied. Once again equations (5.79) and (5.81) imply, with (5.4), equations (5.82)
and that, with the assumption of Riemannian geometry in place, these are just the
Einstein equations.

Examination of the Lagrangian (5.72), in light of the resulting Euler-Lagrange
equations, shows that the only “surviving” term is L3 which is just L, of equa-
tion (4.5). As L; is also of this form, the analysis of Chaper 4 suggests that we
may obtain results analogous to Nissani’s by using Lagrangian terms based on the

double-dual form, Lg. Thus we define

L=Li+Ly+Ls (5.97)
where
Li = V=969 9"9"9" VarcaVeson (5.98)
Ly = —4Lp=—V=g&3{ ¢ g R, R}, (5.99)
Then
PP = P = 2/ =g 85 g gV VR, (5.100)

which, when substituted into the Euler-Lagrange equation (5.48), again implies that
Vibea vanishes and that (5.79) follows. Like L,, L, is seen to be quadratic in the

2In the analysis of Chapter 4, when we used equation (4.14) to define Rg)cq, all the symmetries
evident in equations (5.92-5.95) are “built in”. This is a reflection that theoretical changes occur
when we switch fundamental quantities. The Palatini variational principle omits a direct consid-
erction of the Christoffel symbols and, consequently, a certain amount of information is lost. This
is particularly evident in the fact that the quantity ¥2%¢ is, in general, much richer in symmetry
properties than its Palatini analog, v,%°9.
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vanishing term V3.4 and does not contribute further. Iience L, is the only remaining
term in W54 and we again have (5.91), equations (5.81) and (5.82) following, and,
since the geometry is Riemannian, equations (5.82) give the Einstein equations. For

T 78 we have

7,90 = 57,90 = 2/—g(8905g% + 655eg™ ) RM (5.101)

so that Euler-Lagrange equation (5.46) is satisfied by the Bianchi identities and

our Riemannian geometry. Finally,
AP = AP = —L/=g(8%5E " + 635 9P )R 4R, (5.102)

and once again vanishes identically. Thus we have shown that Nissani’s Lagrangian
is not unique. In fact any linear combination of the Lagrangians (5.73) and (5.97)
will work. The only complication arises in the Euler-Lagrange equation for u?i"?,

which is then equivalent to

(agingie + BV =g eiie) V¥, =0 (5.103)

but this equation, as well, implies that V,;.s must vanish.

We now turn to the question of conserved quantities and, in particular, a
comparison between quantities derived from equations (3.34) and (5.63). We will
focus on the Lagrangian given by equation (4.1) as it contains the contributing
terms of the Lagrangians presented in this chapter. But first we must discover the

bed

relationship between 7,°¢ and v,*? and their Hilbert variation analogs A®**¢ and

wabcd'

After having taken our Palatini variation and decided upon g¢,; as the metric

we may, in “hindsight”, write

- bod oy.a

APITS —
agpq rs

(5.104)

a

from which we easily determine that

APITS = __‘1;(7.7)8"1 4 TITP 4 TIPS Tqur) (5105)
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PP = L(yPere e g yresa _ yemary) (5.106)

It is immediately apparent that, as a consequence of (5.105), our expressions for
(nyH*, equations (3.55) and (5.71), are identical. Unfortunately, in the general
case it is impossible to simplify (5.105) and (5.106) in order to establish a closer

correspondence between equations (3.34) and (5.63). However if, for a particular

abed

Lagrangian, v%°°* satisfies

pobed — __jadeb . _ chad (5.107)

then it immediately follows that

I'»()ade = Vabcd. (5108)

In fact, from (5.101) and (4.42) is is easy to show that
5Vabcd — _4ﬁ¢abcd (5109)

indicating that (5.108) holds for the double-dual Lagrangian Lg. Equation (5.108)
is also true for Ly and, since 1/)“"“1;4 vanishes for these two Lagrangian terms, it is

thus apparent that, for Ly and Lg, equations (3.34) and (5.63) produce identical
results.

On the other hand, for the Lagrangian term L,, equations (3.34) and (5.63)
yield differing results. We have

C’(ypqrs — %(2€cdqaRrpCd + EcdqusPCd + ecdraqucd) (5110)

and so oVP7* # —ov"%* and equation (5.108) does not hold. Neither does o1,

vanish; we find

o, = 8 R, . (5.111)

Equations (5.63), (5.67) and (5.68) give

amh® = F{(269°R%,;; 4+ R + PR 4

pij
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+[(2€ijacRdmij + EijadRcm'_j + eijchamij)Fmpd
+25ijacRpi;j]Xp} (5.112)
a(")ha.‘3 - g{ /"—(_g ﬂ—l),d(zeijacRd“j + SijadRcsij + sijchasij)
(n—1) ijac pd ijad pc ijd m
V=g [(26¥°R%,;; + VR, + VR, Ty
+269°° Ry} (5.113)
at __ 2 —(n=1) pt\ o ijac pd ijad pe ijde pa
a(n)h e 3{( g g )vd("‘e R pij +e ptj +e€ th)
+ ,_:g(n_l)[(QeijacRdmij + EijadRcmij + sijchamij)gptFmpd

+2¢7*°R'. 1} (5.114)

expressions which are somewhat simpler than their Hilbert analogs, the « terms of
equations (4.48—4.50).

The fact that Lagrangians of the form of L, yield differing conserved quanti-
ties in all but the symmetric case can be construed in either a positive or a negative
sense in arguing for or against the use of the Lagrangians, the variational principles
or the resulting conserved quantities. Yet it is probably relevant that L,’s field
theoretic analogs such as L., given by equation (4.8), are only rarely encountered.

In this chapter we have seen that a change in fundamental quantities may
yield new results. One of these results was the derivation of the Bianchi identities
as an Euler-Lagrange equation. Since the Bianchi identities are the general rela-
tivistic analog of the second of Maxwell’s equations, equation (1.2}, one is led to
speculate on the possibility of a general-relativistic analog to (1.1). Such an analog
would constitute a matter current equation and would yield an entirely new ap-
proach to the idea of energy-momentum in general relativity. Unfortunately, the
equations resulting from the Lagrangians we have so far considered have not led to
any such relation. Still, in the presence of matter (introduced in the usual way by

a matter Lagrangian Ljs rather the~ via Nissani’s generalized matter tensof) the
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Euler-Lagrange equation (5.46) takes the form

T2 = Ml (5.115)

a

where, now, pII,% need not vanish. This is reminiscent of a current equation,
especially when we consider that in a theory based on tetrads or spinors the indices
a, b of (5.115) would become tetrad or spinor indices.

Part of Nissani’s motivation for investigating his Lagrangian was that it was
based on the Lagrangian of Carmeli’s SL(2, C') gauge theory of gravitation. Among
the results of this chapter is the realization that Nissani’s Lagrangian is not unique.
In the following chapters we will be investigating SL(2,C) x U(1) gauge theories
of gravitation and electromagnetism in the hope that more general Lagrangians,
based in part on the new material presented thus far, will enable us to derive a
general relativistic analog to the Maxwell equations (1.1), leading to some form of

generalized matter current density.




Chapter 6

Theory of the SL(2,C) x U(1) Gauge
Field

6.1 Introduction

In this chapter we present a variational principle on a class of gauge theories over
the SL(2,C) x U(1) group. As the inclusion of the U(1) symmetry requires some
modification to the usual SL(2,C) based spinor formalism, we will begin with an
introduction to SL(2,C) x U(1) spinors. The material of this section follows fairly
closely the SL(2, C) presentation found in Carmeli [5] (alternatively see Pirani [28]
or Wald [31]).

The SL(2,C) x U(1) formalism has several attractive properties. Usually,
particularly in quantum field theory, gauge potentials are defined via ad hoc exten-
sions (or introductions) of a spinor connection. Foi :nstance, the SL(2,C) gauge
theory of gravitation is also U(1) invariant and thus permits such an ad hoc in-
troduction of electromagnetism. However, in the SL(2,C) x U(1) formalism an ad
hoc extension is unnecessary; an Abelian gauge potential is already present. As a
result, variably charged matter may be cleanly and rigourously introduced through
the use of spin densities—spinors of relative gauge weight. But a more immediate
consequence lies in the fact that the gravitational and electromagnetic potentials
have been naturally combined in a single object—the spinor connection. Not only

does this greatly facilitate comparison between the two fields but, in a quantum me-

62
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chanical sense at least, it constitutes a unification of gravity and electromagnetism.
The obvious question arises: is this a coincidental mathematical artifact or a result
with real physical implications?

In general relativity, the usual unification criteria seem to go back to Ein-

stein [10].

“If we speak about a unified theory we have two possible points
of view, whose distinction is essential for the following:

(1) That the field appear as a unified covariant entity. As an
example I cite the unification of the electric and the magnetic fields by
the special theory of relativity. The unification here consists in this that
the entire field considered is described as a skew-symmetric tensor. The
basic group of Lorentz transformations does not enable us to split this
field independently of the system of coordinates, into an electric and a
magnetic one.

(2) Neither the field equations nor the Hamiltonian function can
be expressed as the sum of invariant parts, but are formally unified
entities. Also this (weaker) criterion of uniformity is satisfied in our

example of the special relativistic description of Maxwell’s equations.”

These criteria deal with fields, which is quite unsurprising since in Einstein’s
day fields were considered to be the fundamental descriptors of physical phenomena,;
potentials were considered merely artificial matnematical constructions. However,
today we know better. The Aharanov-Bohm experiment has radically altered our
ideas about the reality of the electromagnetic potential [11] and gauge potentials
in general. Thus it is interesting that in electromagnetic theory, the paradigm
of unification and the model behind Einstein’s reasoning, both conditions (1) and
(2) follow from the unification of the electromagnetic potential under the group of
Lorentz and U(1) gauge transformations.

The theories we develop in the following will in no way satisfy either of

these field-based conditions. However, in the SL(2,C) x U(1) formalism, the spinor
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connection does satisfy a potential-based formulation of the strong condition (1). It
is unified in chat the group of coordinate and SL(2,C)x U(1) gauge transformations
does not enable us to split the potential, independently of the gauge and coordinate
system, into gravitational and electromagnetic parts. If this unification has any
real significance we may expect that, in the theories we develop, the Euler-Lagrange
equation resulting from the variation of the spinor connection should be an equation
in the graviational-electromagnetic field (unified or not) which, in the presence of
matter, becomes a relation for a matter-charge current density. That is we expect
a theory similar in form to a Yang-Mills theory.

With this in mind we apply, in the latter part of this chapter, our variational
technique to a general class of Lagrangians based on the (cross) section (of the fiber
bundle) and the spinor connection and its first derivatives. In anticipation of future
needs we will also provide for the inclusion of both covariant and contravariant

gauge weighted spinors.

6.2 SL(2,C) xU(1) Spinors

As a base space for our SL(2,C) x U(1) gauge theory we choose a manifold (hence-
forth referred to as spacetime) endowed with a symmetric connection I'*,, and a
metric g,» which vanishes under covariant differentiation. Thus our spacetime is Rie-
mannian; the first condition implying that the Riemann tensor satisfies the Bianchi
identities

eadeRmnbc;d =0 (61)

and the second implying that the connection is just the Christoffel symbol®.
For the structure group of our theery we have choosen SL(2,C) x U(1), the

group of all two-by-two complex matrices whose determinant S is unimodular.

!We note the necessity of this assumption despite the fact that we will later be taking Palatini
variaticns on our Lagrangians. With the incorporation of the electromagnetic potential into the
spinor connection the resulting Euler-Lagrange equation will be of the form of a Maxwell equation
and will not fix the connection.
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The correspondence between spinors and tensors is established, as usual, via

the 2 x 2 Hermitean matrices 0,48’ (the section—primes denote conjugate indices)

where
0,40’ g = & (6.2)
0, % 0%, = 6465 (6.3)
Thus
Vi = 0,8 Vap (6.4)
napcp = 0°4pi0°cpMab- (6.5)
We will choose a spinor metric f4c proportional to the Levi-Civita spinor
€ac
€A = ERIDr = ( “(1) (1) ) = eAC = B'D’ (6.6)
Thus
fac = feac, FAC = f1c4C
feip = fepipr, fBD' = f1B'D (6.7)

f = fdet(fac) = e
where w is real. The spinor and spacetime metrics satisfy the correspondence
9a60°48:0°cpr = fac farpr = €acenp. (6.8)
As fac is antisymmetric, we must contract it with care. We will lower and
raise indices by contracting, respectively, on the first and second index of f4c. Thus
Ve = facV4, VA = fACY,
A%B, = —ApB® - (69)

53' = fc-A = “fAc-
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We also note that the reiation
faBfep + facfpos + fanfec =0 (6.10)

leads to tiie frequently encountered identity

nac — Nca = facip™. (6.11)

A second useful identity, in the section 0,48, may also be derived as follows. We
define ¢AB'CD'EF'GH' | the analog of the Levi-Civita tensor, to be +1 (—1) when
AB',CD',EF',GH' is an even (odd) permutation of 00’,01’,10’,11’ and zero other-

AB'CD'EF'

. ’ . . .
wise. Then ¢ GH' (a scalar under coordinate transformations) satisfies the

relation
1R ’ Ja 'H! iy 'F!
¢AB'CD'EF'GH' _ _AG_B'F' .CE_D'H' _ _AE_B'H' CG_D'F (6.12)

which may be verified via decomposition (as in Pirani [28]) or simply by checking

components in the above for all possibl-: values of the indices. Then, defining

o = det(0,4%) = \fg = —iv/=g (6.13)

where the sign of 0 has been choosen to agree with the convention that the section of
Minkowski space (in Cartesian coordinates) be just the identity and Pauli matrices,

we have

’ ! 7] 1
€ abed og*AB’ GbCD’ (cEF' JdGH
. -1 1t 33 eyt g
: /—g( )(SAGéB F EGESD H €AE€B H ECGED F ). (6.14)

Note that, following relativistic convention, €44.q is defined via the relation

€% GuiGhiGokGae = —gEijie (6.15)

so that €123 = —1. Multiplying (6.14) by oapowcp fEp frn vields

!

GH GH' . dGH'
OLPH'O, — 0y OPH = U0/ —¢g Sk[chcPH;U (616)
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and noting that, by (6.11)

0248'0,°8 4+ 0,%Foyam = gasb§ (6.17)

we have, finally
cEB’ 1 C , 1. dCB’
TaaB'Ty = 39ab04 + 30V —g EabcaT 450" " . (6.18)

We extend the usnal rules for covariant differentiation to spinor indices
through the introduction of the spinor connections I'*;, and T'®'p,,. A spinor

Naap which, under a coordinate trsnsformation C%, C = det(C?%), C*) = C to the

power k, satisfies
foap = C ¥, 45 C°, (6.19)

and under a gauge transformation $4;, S = det(S§4;) = S(-1) satisfies

flacpr = ™8™, 0554 S5, (6.20)
is said to be a relative spinor of coordinate weight k, gauge weight m and gauge
antiweight n. The covariant derivative of such a spinor is defired to be

TaaBip = NaaB'p — [opllinB — FMA,,naMB' - FN,BlpﬂaAN' — Qpasp (6.21)
Q, = kI, +mIM, +nl"y, . (6.22)
Note that in accordance with our definition of gauge weight (for example consider

a weighted scalar) we must require that '™, be imaginary. That this is the case

follows from the fact that

(facfBD)p = (cacep)p = 0. (6.23)

Thus we write
FMMp = 1A, + f,/f (6.24)
I, = [, +168(iA, + £/ f) (6.25)

I, = T8, 1684, + f,/f) (6.26)
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where I 4c, and I'gipr, are symmetric in their spinor indices. I‘Acp is a vector under

coordinate transformations. Under a gauge transformation we have
1~1CDp = FABp(S-l)CASBD + (S—I)CASAD,p' (6.27)

It now follows that

Facp = —ifacAp, A0, =if4°4,

fopip = ifp Ay, fBD = —ifB'D'4,

fo =i (6.28)
66, =0, 8., =0

€acyp = 0, EAC;p =0

eBprp =0, e8P =0

In the following we will identify 4, —if,/f = —iI'M Mmp With the vector potential of
the electromagnetic field.

The relation between the spinor and spacetime connections is estahlished by
requiring

0% 4grp = 0 (6.29)

which implies

a a AB' CB'pA AD'=B!
r o*ap(0y"” p+0, " T, + 0, T p,)

bp
= UaAB'(abAB',p + abCB'fACp + abAD'fB,D’p) (6.30)
Mg, = T Car I*po"cpr) (6.31)
f‘BlD"p = %UaCBl(U uCD’,p +I*.,0%cp)- (6.32)

In analogy to the Riemann curvature tensor, we define the curvature spinor
P .
F Qab*

o — EQuia = Flpubp + nFM, 6o (6.33)
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Flow =TP04a = TFous + TN IV gy — TP 0TV, (6.34)

where F¥, Qab 18 clearly antisymmetric in @, b. It is a tensor under coordinate trans-

formations and transforms properly under gauge transformations
a P - >
FAoy = FRou(57)*pS5%. (6.99)

We may also write F¥,, in the form

FFPow = FFyu+ 6l F (6.36)
FPQab = 1:‘PQb,a - I‘z‘PQa,b + I:‘PNaf‘NQb - 1A-\PNbI';NQa (6'37)
Fip = Apa— Aap (6.38)

where ﬁanb is symmetric in its spinor indices. It is easy to show that FF, Qab (.d

both its gravitational and electromagnetic parts) satisfy the spinor Bianchi identities
e Fhpea = 0. (6.39)

The relation between the curvature spinor and the Riemann tensor is also

obtained via equation (6.29), when the identity

Nbipig =~ Mbsgsp = RAB,bpanB'
= (UbCBlFACpq + abADIFB’D’pq)T’AB' (6.40)
implies
R%, = %4 ,C8’ FACpq + 0%, 50, AP FP e
= 0450, O FY, 4 0% g0 AP FE (6.41)
I:"Acpq = %UQAB'UI’CB,R“,,W (6.42)

~

FB'D, = %UQAB’UbAD/Rabpq. (6.43)
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Although we will be considering Lagrangians which are functions of the section
and spinor connection it will be useful to examine both the Lagrangians and the

resulting field equations on our spacetime. Thus we define

Py = O'aAB'O'bCB'FAccd (6.44)

— ' =R

Py = aaAB’UbAD FBD/cd (645)
and, noting (6.18) and (6.41-6.43), write

1 CB' 1A AD’ B CB' A AD' B’
Paca = 300a8(0, " Foyq+0," " Fopy+0,"" Floq — 0" Fopiy)
1 1: 1
= 3Rabed + 50V —9€atpg RY 4 + 3190 F e (6.46)

Finally, we Jhould note that the condition 0,5, = 0 is analogous to the
condition g5, = 0. That is, given a Riemannian base space, we may always choose a
connection such that equation (6.29) is true. Further, it is only with this connection

that equations (6.41-6.43) hold.

6.3 A Variational Principle on the Spinor Mani-
fold

In this section we apply our variational techniques to the class of scalar density

Lagrangians with the functional dependence

L = L(00aB, T 0y TG00 T2 110y T Dr ¥ Y00 ¥, $50,a, 64, ¢* 8%, 6% L)
(6.47)
where 14 and ¢# are of gauge weights (n — 1) and —(n — 1) respectively. Thus, for
«xample,

'([)A;a = '¢’A,a - f‘["Aad’}\l - nPAl]v!a"ﬁA (648)

and we may consider n to designate units of electric charge.
Despite the potential complexity of the Lagrangians of this class, the fact

that some of the argumeuts are weighted and the fact that we must consider both
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coordinate and gauge transformations, the analysis of this chapter will prove to be
relatively simple.

Under a gauge transformation $4., as in equation (6.20), and noting that

(S-I)IA.a = —(S—I)IC(S‘I)KASCK,a (6-49)

a

n-i 1 "
s 2) (n — 1)s=2)(§~1)K .SC, . (6.50)

we have for the transformation laws of L and its arguments

L =1 (6.51)
Gatr = S48 004 (6.52)
Mo = (57 4S%T 0 + (57 4S%. (6.53)
Mgap = (S_I)IASCKFACa,b

+H=(STH g(S™IM, SEM.bSCK + (S_I)IASAK,b]PACa

—(STY o (S™TIM 1S S k0 + (ST 4S5 s (6.54)
M, = (§Y) 582,58, + (51,57 (6.55)
f‘J,L'a,b = (g—l)J'B'gDIL'f‘BIu'a,b

H=(S p (ST 58 Ny 8P + (S 5. 8P 1 T

-(5_1)J'D’(g_l)N,B'SD'N',bSBIL',a +(5) 55 (6.56)
g = StmgAy, (6.57)
ra = SUDSAy,,

+80D(n — IS 5%, 54 + T4yl (6.58)
vy = 5‘"'%’55’,@3’ (6.59)

~ — i._., -
bp. = S5 g,
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il 5-1\L' gD'  GB' | GB' 17
+807D[(n — (S 58P 55 3 + 551 b

1
S-(n—i)(s—l)IA ¢A

§-(=3) (571 g7,

1 - .
-5~ — 1§~ MK, 5% (S7Y,

+(S—I)IC(S_I)KASCK,¢;]¢A

55 5 5P

_ 1, _ " —nt
Y (Rt L

o n G-1\L' D' (G-1\J'
~§70D[(n - IS HE D'SDL',a(Svl)J B’

HE p (8T 557 I8P
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(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

We introduce the following notation for the functional derivatives of L

‘ oL
aAB' __
= - aCraAB’
oL
r Ca =
A T4,
Cab __ aL
T4 B a]‘-‘A(l'a,b’
oL
A = —,
0
oL
\IIAa — ,
ad)A,a
oL
QA = W7
oo 0L
A=

04’

a

- pa_ 0L
B ore',,
- Dlab _ aL
B a]'-‘B'D'a,b
o - 9L
Op
= o aL
phe = —
a'bB'.a
= oL
bp = —
B 3¢>B'
_ . oL
@Bl = a(ZB’

(6.65)
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1. .
where $248' is, of course, Hermitean.

Differentiating the transformation laws (6.51-6.64) of

¥ = =¥ SJ! 8J A T 7 i1 1le ZJ'° I,
L(aaIJ',PIKaaFKa.bar L'a,r L’a,b,¢1a¢I,a’¢']'7¢-]’,a,¢ ’¢ a,¢ 1¢ a)

and its arguments with respect to the arguments of L yields the following gauge

transformation laws for the functional derivatives of L

Fell' _ A 5B _ wedB’ (6.66)

F RS 1S %k + 7 (ST 4S% s = T (6.67)
(ST 48 = 7,0 (6.68)
V15D gA 4 Fl(sD A, = v (6.69)
@’“5‘“‘5).9/‘, = pAe (6.70)

.50 D(S™y + &[5 DS |0 = @4 (6.71)
$25~ (S, = @0 (6.72)

along with the conjugates of equations (6.67-6.72). We note that £°4B8’ and 7,
are “gauge tensors”, ¥4% and $,° are “gauge tensor densities” of gauge weights
~(n — }) and (n — 1) respectively while 7, ¥4 and $, transform improperly.
The respective conjugates naturally possess appropriately conjugated properties.

Differentiating the transformation laws (6.51-6.64) of

= =7 =1 = 5 = 5 . - ~ ~ .y o~ =~ =g,
L(aaIJ’,F Kavr Ka,baP L'mP L'a,bs ¢’1a¢1,aa '/’J', I/)J',uv ¢Ia ¢1,a’¢J a¢J ,a)

and its arguments with respect to S*; and its derivatives and then considering the

identity transform yields the following invariance relations

Tpqu + Tqup =0 (673)
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(o] R
TPRP —Tp apPRCa +7Ta apFAPa

+ U+ (n - HERUY, — B PHR — (n - 1B ,Pe% = 0

ZaRB'a,aPBI - CuFRCa + 74 RaI\APa - PcabPRCa,b + 7, RabPAPa,b
+pp + (n — EFV Ya + Tpa + (n — 1)EFT Yy,

~®pp™ — (n — D)6EDA" — Bp%6", — (n - 1)6F® 0, =0

along with their complex conjugates.

74

(6.74)

(6.75)

Under a coordinate transformation C%, as in equation (6.19), we have the

following transformation laws for L and its arguments.

L = CL
GiAB C%0aap
fAC: CaiPACa
T4 C%C%T A0, 4 + C%T e,
%5, cir%p,
D puy = CHCYTF ), + C% T,
$a Ya
Ya C%aa
U = p
Ty C¥pa
(;A ¢A
g4, = Cugt,
oo
.- o,

(6.76)
(6.77)
(6.78)
(6.79)
(6.80)
(6.81)

(6.82)
(6.83)
(6.84)
(6.85)
(6.86)
(6.87)
(6.88)

(6.89)
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Differentiating the transformation laws (6.76-6.89) of

~ ~ ~ = ., = 7 ~ o~ = = 11 e SJOG,
L(UaIJ’aPIKQ,F]Ka,b,FJL'aaF L'a,b’¢1>¢1.a7¢J’a¢-",a’¢ ,¢ a’¢ 7¢ a)

and its arguments \rith respect to the arguments of L yields the following coordinate

transformation laws ror the functional derivatives of L

$iaB g = oypead’ (6.90)
7,00C% + 7,59 C%; = Cr,©° (6.91)
7,90 C4CY = O, 0% (6.92)
¥4 = Ccot (6.93)

$AiCe = Cp (6.94)

&, =Cd, (6.95)
$,Ccy=0C%,° (6.96)

along with the conjugates of equations (6.01-6.96). After noting equation (6.73)
and its conjugate we see that all of the functional derivatives of the Lagrangian are
coordinate scalar or tensor densities.

Finally, differentiating the transformation laws (6.76-6.89) of

¥ ¥ ~¥4 =J! =J! T T q I ilae FJ' ZJ,
L(aaIJ’,F Kaar Ka_bar L'aaP L'a,b’¢1,¢I,a’¢.}’9'/)~7',av¢l’¢ a,¢ 7¢ a)

and its arguments with respect to C'% and its derivatives and then considering the

identity transform, yields the additional invariance relations

(1,7 + TAcqp)FACa + (f‘BlD’pq + fB'D'qp)f‘B'D'a =0 (6.97)

AB' CrpA = D'ppB!
S agap + 74 TG, + 7 TP ),
CpbrA CappA ~ D'pbrB’ — D'apRB'
+TA r Cq,b + T4 r Ca,qg + Tg! r D'q,b + Tg! r D'a,qg

+ Y, + O PP + B, P8+ 85760 = 60L (6.98)

q
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where (6.97) is identically satisfied by (6.73).

We now derive tensor concomitants for 7,2, ¥4, ®, and their conjugates.
We introduce arbitrary quantities ki, k%', ka, kg, t4, %' which transform
properly under gauge or coordinate transformations (whichever we are considering),
ka and t4 being of gauge weight (n — 1), —(n — 1) respectively and kps and 8" of

gauge antiweight (n — %), —(n —~ %) respectively. We define

H = Ta GabhACa,b + Ta Ca hACa (699)
K = Uy, + %, (6.100)
T = &,°t", + 34! (6.101)

and their com;lex conjugates. It is easy to show that H, I, T and their respective
conjugates are coordinate scalar densities and gavge scalars.
We now assume the existence of quantities I1,°%, II4, P4 and the complex

conjugates such that

H = TACabhAcn;b+HACahACa (6.102)
K = Uk, + A%k, (6.103)
T = &,°t', + Pst? (6.104)

along with their conjugate equations. Comparing equations (6.99-6.101) we may

conclude
HACa = TACa _ TMCabF)\/fAb +,rAMabFC]”b (6105)
Y = 44+ oM, + (n = DT, (6.106)
Pp o= 04—, TV, —(n-1)8,°TM, . (6.107)

and similarly with their conjugates.
Noting that H, 7,98, b4, , K, ¥4, k, T, ®,2, ¢4 and their conjugates are

tensorial (under whichever type of transformation we are considering} establishes
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that I1,%, II4, P4 and their conjugates are also tensorial under both coordinate
and gauge transformations.

These defiuitions also imply

EACa = —TACG+TACGb,b

= —I,% +7,°%, (6.108)
JEA = _\I,A+‘I,Aa'a

= M4+ ¥4 (6.109)
oEa = —34+0,°,

= —P4+®,°, (6.110)

and similarly for their conjugates. It is now clear that E,°%, ,E4, 4E4 and their
conjugates are both coordinate and gauge tensorial.
The conversion of the invariance relations is straightforward. Of course (6.73)

needs no conversion. Equations (6.74), (6.75) and (6.98) become

Ip™ + URPp + (n — DEFU P, — @77 — (n - D)sfBPe* =0 (5.111)

ZGRBIO'@PB' _ %TPcabFRCba + %TA nubFAPba
+11%%p + (n — D8RIy 4 + URp, + (n — %)5}’,3\11AG¢A;G

~Ppg™ — (n = 1)6EPA¢* — @p d", — (n — 1)opd %92, =0 (6.112)

!

pAB’ 1. CpbpA 1- D'pb B
b T4AB! + ';TA F Cbg + 27B F Dby

+ P a + UBPPpi, + 8,705 + 85745 = 67L. (6.113)
We also wish to convert the expression

_ aAB' CamA CabpA
L$P = X UGAB'EP+TA r Cu;p+TA r Ca,b;p
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_ o R _  D'abrB'
+TB:D uFB D'aip + Ty ¢ FB D'abip
: A I, B 7 N : 2
+¥ 4‘/"-4;1’ + ¥ a'¢A,a;p + ¥ ¢B’;P + ¥ a'/)B',a;p

+Bad?, + 2,004, + B5d® + 3587
which yields with only siightly more difficulty

Ly = S0, p+ 1 O, 47y D'BFE
4 F O 40 + T8 Ppi, + $F g,
APt + @000+ Ppid® + 85067
+[T 7 Pa + (0 — %)52‘I’M°¢M]FAC,,,,
TP Yp + (n = 165 NPy | FPp,,,
—~[,%¢% + (n - %)6S®MG¢NI]FACap

]

~[@5¢” + (n — )68, 852 gV FE .

78

(5.114)

(6.115)

We now reconsider the action (2.1) where I is a scalar density with the

functiona’ dependence (6.47). Under an infinitesimal coordinate transformation

the variation of the action is again of the form of (2.1) while under an infinitesimal

gauge transformation we have
65 = [SLd%
where, in both cases, 6L is given by

SL = T%F 80,45 + 7,%° 6T, + 7,90 6T,
+75, 2 618, + 75 D' 6TF
+ A6 + T 5ep g, + TE Shp + TP g1,

+34 64" + B, 60", + Bp 68 + By 667 .

(6.116)

(6.117)
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The resulting Euler-Lagrange equations are

EAB' = _yeAB _
EAC" = -1, Ca 4 T Cab'b =0
EBID’a — __i.B'D’a + 7—_B,D’ab'b =0
¢EY = 94404 =0
JEB' = OB 4 @B =0
oEBa = —04+9,",=0
sEg = —®p +&p°, =0.

79

(6.118)
(6.119)
(6.120)
(6.121)
(6.122)
(6.123)

(6.124)

Under the infinitesimal coordinate transformation £* = z%+ x” the variations

of the potentials take the form

EUaAB’

T4,
d1pa
54

long with the usual

= —[0maB' X"y + TanBrimX™
+(aaMB'FMAm + UaAN’I_-‘N,B’m)Xm]
= —[(Memx™)a = Foamx™
= —[am + T, b0+ (n~ %)FMMm‘/’A]Xm

= _[¢A;m - PA/quSAl - (Tl - %)FA[PIm¢A]Xm

(6.125)
(6.126)
(6.127)

(6.128)

conjugate equations. As these are coordinate vectors and

scalars we may rewrite 6L in the form

oL

24 §0,p0 + 11,00 6T, + 7,6 ) S
+Hp " 6T, + 75,7 6TF .,
+0% 63pp + A St a0 + 1B 63pp0 + B §4)p1,,

+P4 50" + @, 69", + Ppi 665 + 857647

(6.129)

Substitution of equations (6.125--5.128) and the relevant conjugates into equa-

tion (6.129) and application of the inv=riance relations and (6.115) immediately
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yields
6L+ (LX™)im = [(TACGbPACm + "—'B'Dlabf‘B’D'm)Xm];b;a- (6.130)

Adopting the notation introduced in equation (3.5) then gives

h* = %[(TAcabPACm + ?B'Dlabe'D'm)Xm];b‘ (6131)

Under the infinitesimal gauge transformation S, = §4, — x4 the variations

of the potentials take the form

§0uap = ~(TarmX™ 4+ Gaan X" ) (6.132)
M, = —X'ca (6.133)
pa = —loax™ 4+ (n = DO ax'k] (6.134)
5¢A == ¢MXAA1+("“%)5§{¢AXIK (6.135)

along with the appropriate conjugate equations. As these all transform properly
under the gruge transformation we may agnin rewrite 6L in the form (6.129).
Now substitution of equations (6.132-6.135) and the relevant conjugates into equa-

tion (6.129) and application of the invariance relations gives

_ Cnb A Cab A = D'ab B’ = D’ab_B’
6L = Ta  heX C+TA X C;b;a+TB’ e X D’ +TB’ X' D'

1

= (1,54, + 75 PP ) b (6.136)

In order to distinguish this result from the coordinate variation we write
65 = [20, d's (6.137)

in which case

Ja = %(TA CabXAC + ‘FB;DlabiBlD;);b- (6138)

Both A% and J? are vector densities under a coordinate transformation and J® is

iavariant under a gauge transformation. Energy-momentum complexes generated
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by h® will have all the coordinate dependent problems of those of classical general

relativity. However this is not the case with J°. Noting that

o =1 kT, % (6.139)

where the T 4. are the generators of SL(2,C) x U(1) and the k, are the parameters
of the infinitesimal transformation, we see that currents derived from J® will be

coordinate invariant.




Chapter 7

Gauge Theories

7.1 The Einstein-Maxwell Equations

In this chapter we will be considering Lagrangians, with functional dependence
given by equation (6.47), which generate gauge theories of gravitation and electro-
magnetism. In Sections 7.1 and 7.2 we will be concerned only with “pure” fields

and thus the subclass of Lagrangians with the functional dependence
L= L(aﬂAB" FACa? FACa,b’ I_"B’D’a’ f‘B'D’a,b)' (71)

In this section we will prove our previous claim; that, as a consequence of the fact
that the connection already contains an Abelian gauge potential, our SL(2,C) x
U(1) gauge theories will describe both gravitation and electromagnetism. We
present three separate Lagrangians whose Euler-Lagrange equations are the Einstein-
Maxwell equations.

Once we have discovered a Lagrangian which properly generates Einstein-
Maxwell theory we may, of course, reconsider it to be a function of the metric,
the electromagnetic potential and their derivatives. Recalling Lovelock’s result,
that the most general scalar density Lagrangian of the form (3.29) which generates
the Einstein-Maxwell equation without the cosmological constant is given by equa-
tion (4.1), it thus appears expedient to look for SL(2,C)x U(1) Lagrangians which,

on our spacetime, reduce to this expression.
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Perhaps the most immediate way to construct such a Lagrangian is to discard
the dual part of Py (the second term of the final expression) in {6.46). So, we
define

I{abcd = Pabcd - Pbacd = Rabcd + igachd (72)
Koo = 3(K%q+ K, )= Ru (7.3)
K = K, = (7.4)

where the symmetrized contraction appears in (7.3) because only these contractions

occur in both the Einstein equations and the Bach-Lanczos identity for Rgp.q’.

Our Lagrangian is

L = kLi+al,+BL; (7.5)
Ly = J=aI’ (7.6)
L, = K™, Knnea (7.7)
Ly = J=g(K*, K, -4K*K,*+ KK) (7.8)

where x, o and 3 are constants. The functional derivatives of the Lagrangian are

1S = /g o PU(gPK - K™Y — K°P,) (7.9)
1T = — /TG Onppa, B (g™ g™ — g™g"P) (7.10)
P - (7.11)
,5PPQ = (7.12)
2Tp P = —donppo,FBePIE™ (7.13)
2—Q'S'pq — 27.QSP<1 (7.14)

!These symmetrized contractions would also cppear in the usual Bach-Lanczos identity but for
the symmetry of the Ricci tensor.
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SSPPR = \/___anPQ’{gW[Kabch(ade - 4K“,,Kab + KK]

—4[K*™, K™ — 2K°PK ¢

~ K, K™, — K°,) + KK™]} (7.15)
3Tp Ree  _ —4\/:—g—a'mpalanRBI[I\"""”"
~(gPK™ 4 gE™ — gME™ — g"PK™)
+3(9™ 9" ~ g™ 9"V K] (7.16)
:ﬁg:sl’"’ = 3y (7.17)

which, after substituting for K44, become

2P = V=90, YV s(g" R - 2R) + B(—4¢g" FuuF™ + 16F,F™)]
= V=g0, ¥ (~26G™ — 641 T™) (7.18)
TPRPJ — ‘_UmPB‘UnRB’[K,\/:E(gmpgnq - gmqgnp)

Hae R, 4 6y/7G SR, g g
—8i68(ae™™ F,, + By/—g FP?) (7.19)
where use has been made of the Bach-Lanczos identity and G?? and T?? are, respec-

tively, the Einstein tensor and the electromagnetic stress-energy tensor.

The Euler-Lagrange equations (6.118) and (6.108) now imply

-3273
K
(V=g F"),=0 (7.21)
which are just the source-free Einstein-Maxwell equations.

While the “field” (7.2) does work, its definition is somewhat artificial. For-

GP =

TP (7.20)

funately, it is not unique. Just as Nissani’s Lagrangian (5.72) was based on the
y q grang

Lagrangian of Carmeli’s SL(2, C') gauge theory, it is possible to design a Lagrangian
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for our SL(2,C) x U(1) gauge theory based on the double dual form of our alternate

Nissani-class Lagrangian (5.97). We set & = 0 and rewrite (7.5) in the form
where

Ly = /—g(P+ P)
= V=gR (7.23)
Ly = J=g[2(P* P, —4P"P,* + PP
+P P, —4P" P+ PP)
—5(P¥ 4+ P* (P, + P,,)

v—9(R*® R, — 4R*,R,® + RR — 4F,;F*') (7.24)

B and k are, of course, real constants and we have defined
P = YPY 4P = 1R, (7.25)
P = P* =1R (7.26)

in analogy to equations (7.3) and (7.4).

The relevant functional derivatives are
P = /5o, P PP + P) - (PP 1 )
= -2y/=g0, % G™ (7.27)
PR QHU.qPQ'{qu[Pabchab “ _ 4P’ P,%+ PP
—4[P*?P,,“ —2P"”P,* — 2P"(P"* { P,") 4+ PP
+g""[P* 4P, * — 4P%P," + PP]
—4[P® PP, 9Pt _ 9B (pr e 4 B iy | p )

—%gmfpabcd + PY ) (P, + P,
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+2(Pabcp + Pabcp)(Pab “ + Pabcq)}

= —64m\/—g aqPQ'T”" (7.28)
T = VG, (Mg - ) (7.29)
sTpqu — _SHUaPQ'UbRQ,[%(Paqu+Pabpq)

—(g®PPY — g1 ptP | gbapap _ gbp pa)
+3(9°7g" — g*7¢"")P — Pot9]
= —\/=g(0°pgo" PSR, + 8i6RF™) (7.30)
and the Euler-Lagrange equations again reduce to the Einstein-Maxwell equations
(7.20) and (7.21).
While the Lagrangian (7.22) also generates the Einstein-Maxwell equations,
its complexity is somewhat of a handicap. However it is possible to define a much

simpler Lagrangian, similar in form to a Yang-Mills Lagrangian, which reduces

directly to the usual Maxwell Lagrangian. We write

L=kLy+ BLg (7.31)
where
Lg = —4/=gP¥ P,
= —4\/=g F,F*. (7.32)

The relevant functional derivatives are

GEPPQ' _ __4\/_—gaqPQl(gpqpabcdpab ed _ 2Pabcppab cq _ 2_Pabc qﬁab cp)
= _gamy T P (7.33)
6eTp M = 8/=gop 7

and the Euler-Lagrange equations yet again reduce to the Einstein-Maxwell equa-

tions (7.20) and (7.21).
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7.2 The Generalized Einstein-Maxwell Equations

In the previous section we have proven our claim that, since the connection already
contains an Abelian gauge potential, our SL(2,C) x U(1) gaug: theories describe
both gravitation and electromagnetism. However, despite the fact that this is a
consequence of having a unified SL(2,C) x U(1) potential, we have, in vnese deriva-
tions, acted contrary to tI»  pirit of this unification in the following sense. All three
of the Lagrangians presented in the previous chapter consist, in whole or in part,
of terms in which pieces of the natural “field” P,.4 (ie. the curvature spinor F4,_,;)
have been discarded. In the first Lagrangian we discarded the dual part of P,p.4
in defining K,sq. The second Lagrangian contains terms in Puycq + Pabed = Rabed
and in the third Lagrangian, P® P, = FM, FN',° and we have retained only
the Maxwell tensor part of P,.. Thus all three Lagrangians are subject to the
criticism that they are somewhat artificial; each has been selectively modified in

order to achieve the desired results.

This may be considered as mathematical support for our ideas about unifi-
cation and its significance; that the natural consequence of a significant unification
should be a theory in which the Euler-Lagrange equation resulting from the variation
of the spinor connection would be an equation in the gravitational-electromagnetic
field which, in the presence of matter, becomes a relation for a matter-charge current
density. Such an equation would generalize the Maxwell current-equation and open
up entirely new possibilities for the description of gravitational energy-momentum.
We now present such a set of generalized Einstein-Maxwell equations through the

introduction of a Yang-Mills Lagrangian. We write
L=«kL,+ BLy (7.35)
where

Ly = 2/=g(P“ P, + PP,

—4 /—g(FACchA Ced + FB' ’chB'DICd)
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= 2v/=g(R® R, —2F,F*). (7.36)

We note that the Lagrangian (7.35) is not of the form of the general La-
grangian (4.1). Thus we might anticipate what we will shortly see; in generalizing
the Maxwell equation we have “damaged” the Einstein equation.

The relevant functional derivatives of L, are

! 1 — — d
7EPPQ = 2 -9 aqPQ [gpq(Pabchab o + })abch)abC )

—'4(Pabcppabcq + Pabcppab CII)]

= —64r/=g s, (T" + cT™) (7.37)
-1, a ¢ a c
cT™ = g‘;(ing P iRy — R PR, (7.38)
7TPqu — —8\/:§aaPQ’GbBQ/Pabpq
= 16/—g Fp"" (7.39)

and, thus, the Euler-Lagrange equations take the form

—-327p3

K

GP? =

(TP + gT") (7.40)

168(v=g Fp"™),, =0
= —80v/=g(0upqo,"¥ R + isRF™ )

= —88v=gl(0%pg: 0" Y — o’poio* )R, + i6EF™ . (7.41)

It is easy to show that Fp Rra  vanishes so that, in the presence of matter, the

P
current which will appe-r in equation (7.41) must be conserved. Thus we have
accomplished our goal of generalizing the Maxwell equation in a gravitational set-
ting. On the other hand, equation (7.40) is not the Einstein equation but instead

includes an extra “gravitational stress-energy tensor” ¢T?. This new tensor has an
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intriguing form—exactly mimicking the electromagnetic stress-energy tensor with

Riemann tensor contractions replacing Maxwell tensor contractions. In fact

1
pq _ ___TPar 7.42
T 167rT r (742
where
TP = RP",R%,** + R**,R*,"* — 1g"R*"\ R_* (7.43)

is the Bel-Robinson tensor, which has been found useful in studies of gravitational
radiation.

Equations (7.40) and (7.41) are even more complicated than the Einstein-
Maxwell equations. But, from the properties of the Bel-Robinson tensor [20], it
follows that any vacuum solution of the Einstein equations will also satisfy equa-
tions (7.40) and (7.41). It is also interesting, though, that the Reissner-Nordstrém
solution does not satisfy these equations; nor does it have a spherically symmetric
analog. This need not be a fault, but could be considered a reflection of the physical
fact that charged particles exhibit spin, implying that general relativistic charged
solutions should possess at most cylindrical symmetry. However, at present there
simply are no good reasons to displace the Einstein equation as the relation which
best describes the gravitational field. Thus, unless such reasons eventually do ap-
pear, equation (7.40) must be considered only a potential alternative. Nevertheless,
these equations and the reasoning which led to them are of some interest and in the
following section we will explore some of the consequences of the introduction of

matter and their implications concerning a generalized Maxwell equation like (7.41).

7.3 Matter

In this section we consider generalizations of the two most common sets of equations
used in describing matter with spinors, the Dirac and Klein-Gordon equations. We

will assume our Lagrangians are of the iorm

L=1Lg+ Ly (7.44)
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where « is a real constant,
LM = L(O’,, AB', FACav f‘B’Dla, ¢A7 ¢A,a’ "ZB’y ";‘b—B',a’ ¢A7 ¢A,a’ GZB', &B',a) (745)

and Lg is of the form (7.1). The Lagrangians (7.44) form a subclass of the class
of Lagrangians (6.47) introduced in Section 6.3. While we shall consider Lg to
be given by one of (7.31) or (7.35) we will not, here, explicitly choose either but
tentatively assume the latter until the properties of Ly and the Euler-Lagrange
equations rule otherwise.

In order to facilitate thc study of the Euler-Lagrange equation (6.108) we
define the quantity

c ' cB! ba C bC
0,6 = Y(o°45:0*F — 0°,50°°F) = =" ,C = o%C,. (7.46)

Noting equations (6.16) and (6.17), it is easy to show that

a [of ac C 1 a
Ub/‘C’a,dCA__ 2(g bd gadgb _H\/———( ) bcd) (7.47)

Thus

o"pla, n" = 262 (7.48)

and, using the contracted Bianchi identities with equation (7.41),

Or TP T, = —4B\/—g R;s (7.49)

As we also have

§hrpfP = ~16if/—g F™, (7.50)

we are now in a position to separately examine the matter and charge current
density components of pII,"

The generalized Dirac Lagrangian takes the form

= i\/-"—g-[aaABI('(/)A‘;B’;a - 'l/)A;a'J)B’) + UaAB'(¢A;a$B’ - ¢A$B';ﬂ)
—2m(pad” — ¥p6°)] (7.51)
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where ¥4, ¥g/, ¢4 and ¢8’ are gauge densities as described in Section 6.3. Then

vPe = —i/Zgo* B Y
0P = iy/=g(6*"F Ppia — 2me”)
&' = V=g pyd”

—-2'\/ -’g(aaPBléB’;a + Qm'l,bp)

o
I

and the Euler-Lagrange equations (6.109) and (6.110) become
V=9(c*"B'Pp.s —mgF) = 0
V=g aaPB'$B';a +myp) = 0
and similarily for their complex conjugates. These equations imply
L;=0.

Ra

Noting from equation (6.105) that pIL?* = 7,7 we have

ML = i/=glo"™B'Ypip + 0" ppi "GP

+(n — 1)SE(aPAB Y s b + 0”4 50765 ).

Introducing the (real) null vectors

, -
"/’a - a,aAB "/)Ad'B'

A7TB'
b = U'G‘AB/¢ ¢

we may rewrite equation (7.59) in the form

MHpRp = ‘i\/:g[dquR("/’q — ¢g) — 7"‘511'3(‘/)1» + ép)].

(7.52)
(7.53)
(7.54)

(7.53)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

Then, splitting the Euler-Lagrange equation into its gravitational and clectromag-

netic contributions, we have by equations (7.50) and (7.62)

8BF™, = —ny(vp + ¢p)

(7.63)
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and, from equations (7.48), (7.49) and (7.62)

4R, = %h’(’% - ¢q)- ) (7'64)

Since (7.64; must be real this implies
Yy = & (7.65)
pa o« ¢ (7.66)

so the matter current density must vanish and the charge current density is null.

Finally, we have

MEPY = i /=g 0P 0P (aidge, — YaatEr)
+07 5(¢%. 8% — 6467 )], (7.67)

Writing
= Z3pPQ'°'qPQI (7.68)

and recalling that 43?7, must be proportional to the Ricci scalar, we may substitute

equations (7.56) and (7.57) into (7.67) to show that
R=0. (7.69)

The Euler-Lagrange equations are, of course, strongly coupled. It is interest-

ing to examine some of the properties of ;I1p"7 and 4 £PP?". To begin with, after

substituting (7.65) in (7.62) it is easy to show that
MIp =0 (7.70)

by the Euler-Lagrange equations (7.56), (7.57) and their complex conjugates. Thus
the (electromagnetic) current density defined by 3II 517 is conserved. Alse, by writ-
ing equation (7.67) in form (7.68) we see that, in gencral, 5y Z7? and hence »7T7? need
not be symmetric. Since the field portion of the Euler-Lagrange equation is sym-

metric, this constitutes a severe constraint on the matter spinors 14, ¢4 and their
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complex conjugates. Finally, with the use of the Euler-Lagrange equations (7.56)
and (7.57), their complex conjugates and (7.62) and its complex conjugate we may,

independently of (7.65), write
MEPPQ’W = —"O'GPQ,(FACpa MHACp + F’BIDIPG ]‘,/[ﬁB/D'p). (771)

This, with the Euler-Lagrange equation (6.108), illustrates beautifully the vanishing
of the divergence of the total energy-momentum tensor, T”";p.

While the Lagrangian (7.51) and its Euler-Lagrange equations may be con-
sistently paired with either of the Lagrangians (7.31) or (7.35) its properties corre-
spond more closely to those of the former. Lg describes “massless” charzed particles
on the light cone. This is a reflection of the common difficulty associated with the
introduction of “massive” particles in field theory; usually solvable only by breaking
gauge invariance. However, we will now consider a gauge invariant, scalar density
Lagrangian which can describe “massive” particles and for which the matter current
density does not, generally, vanish.

We introduce the generalized Klein-Gordon Lagrangian which takes the form
Ly = v -g[UaAB’(UbCBﬂ/)A;ad’C;b + UbAD"LB';aq;D,;b) - mZ(d)AqSA + J’B"EB')] (772)

. T TR’ o, . .
where, once again, ¥4, ¥p/, ¢ and ¢2 are gauge densities as described in Sec-

tion 6.3. Then

P = /TgoPB ot 6%, (7.73)
n° = —/=gm?¢* (7.74)
e = V=g o' ppibasa (7.75)
Pp = —\/—gmPyp {7.76)

and the Euler-Lagrange equations (6.109) and (6.110) become

V=9(0°PP 0’058 a + m?e7) = 0 (7.77)

V=9(c**B e a0p + mPPp) = O (7.78)
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and similarly for their complex conjugates. Equations (7.77) and (7.78) may be

rewrit‘en in the form of generalized Pauli equations

%V —g[gab‘/’P;a;b - UabPA(FMAab¢A4 + nFMMablf’A) + 2m2¢'P] = 0 (7.79)
%\/ —g[gab¢P;a;b - UabcP(FCMab‘lsM + nFMMab(.ﬁC) + 2m2¢P] =0 (7-80)

which, for chargeless particles in a vanishing gravitational field, clearly reduce to

the Klein-Gordon equations.

Ra

Again noting that, here, Mﬂpp‘“ = pMTp* we have

MY = —/=glo"* o cpppd®, — ™% 0 g paad”
+(n — D6R(0™B ol ppadC,y, — 0*F 0P g 408, (7.81)

Introcducing the shorthand notation

-

Kgqg == UaAB/¢B ia (7-82)

M o= g8, (7.83)

and similarly for their complex conjugates, we may rewrite equation (7.81) in the

form

MIL™ = =glo"p (0, P haR + 0pam ¢ NF')

—nbf(o™ B YaRp — 0P 45 ¢ AB")). (7.84)

As before we may split the Euler-Lagrange equation (6.108) into its gravitational

and electromagnetic contributions. Then, by (7.50) and (7.84) we have
8iBF™ = ny(oPB'YaRp — 07 g ¢ AE) (7.85)
and, by equations (7.48), (7.49) and (7.84)

—4BR, = 3v(0, "B Yaip + 00ap 4" 2P). (7.86)
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As the right hand sides of equations (7.85) and (7.86) must be, respectively, imagi-

nary and real we see that 0*4%'y 4k and 0°,5.¢* 1P’ must be complex conjugates.

Hence

o*4B' Y kg = 0% 5 A5 (7.87)
and consequently, we may write
M o= uetCye (7.88)

i¢%eca (7.89)

K4

Y ’

where 4 is of gauge weight ~2n , with similar conjugate equations for kg, A\B
Equations (7.87-7.89) have several immediate consequences.

The conjugates of equations (7.88) and (7.89), with the conjugates of equa-
tions (7.82) and (7.83), give the first order equations

UOAB'KI)A;Q —ﬁEB'D”l;DI = 0 (7.90)
U“AB,¢A;G+;L€B'D'Q§BI = 0 (7.91)

and, with equations (7.82), (7.83), their complex conjugates and the conjugates of
the Euler-Lagrange equations (7.77) and (7.78), give the first order equations

0B gy + m2uVB PR, = 0 (7.92)
o 4p A, — m2 g Vepp AP = 0. (7.93)

Also, since (7.88) and (7.89) imply that
Kadt = —|pf*yag? (7.94)

we may take the divergence of equation (7.87) to find

(m* — ) ($ad?* — $p:d") = 0. (7.95)

Finally, using (7.94) we have

MILy P 9oy mIl%7 = dn?(—g)|ul? | ad?|? (7.96)
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and, since y = 0 implies that the whole current density pII,°¢ vanishes, we deduce
that the condition that the electromagnetic current be null is (neglecting the trivial

chargeless case) the usual
pag? = 0. (7.97)

The last of the functional derivatives of the Lagrangian is

uEFY = /2ga, P {g" [0 (6 g andCy + 0 aphBriad” )
—m*pad* + 5 d®)]
~oPA B (gt g, 10 + a6 )
=048 (0 o aad™ + 0% 4 bpiad” )}
= V=70, P g7 (m® + |u)(pad? + b5 d”)
+0P AP0, R + kap ™) + 07 4p($7INE + M GP)](7.98)

Noting that, by equations (7.78) and (7.90), 4 = 0 implies m = 0 (the converse

does not follow), we see that p = 0 implies that both »II,°® and p X%’ vanish

and, hence, signals the absence of any real matter field.
We again investigate some additional properties of yIIp"” and pXPPQ’. By

the Euler-Lagrange equations (7.77) and (7.78) we find, for the divergence of a1l P,

MHPRp;p = —;/—-g(apRBll/)P;pRBI —_ UPPBI¢R;p:\BI) (7-99)

which, in general, will not vanish identically. But if the Euler-Lagrange equation is

satisfied, (7.99) must vanish, implying

¥p P kg = ¢R pp AF (7.100)

and the conservation of the generalized current density. Rewriting (7.98) in the

form (7.68) we see that once again pX?? and hence pT? need not, in general, be
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symmetric. However we may write

’ g -1
a‘pAB z/)A,an, + UPCB'qu,q/\B

- R

AB’ AB' P@ = 1/..P PQ’ q PQ’'\ «C B
= %(GP UqPQI + Uq GPPQ')¢A ? KRB + 5(0’ CB'oq Q + 23 CB:O'p Q )¢ ;PQ'/\
- ! BI A BI ABI ;P ,_
+3(0745 0" pg ~ a" g™ + M0 — 07po 0™ )y, T kR

] [ P [ ] \C B’
+%(UPCB;UqPQ "UPPBIUqCQ +0'p B:UqCQ ‘UPPQ 0q081)¢ ;PQ'/\ .(7.101)

Then, given equation (7.99) and recalling that ¢ g, and 14 B’ are just kg and A%’
respectively we may easily show, using the relation (6.11) that the sum of the last
two lines of (7.101) vanishes. Thus the conservation of the matter-charge current
density implies that /377 is symmetric. Further, though the analysis is slightly
more complex, we may, using the Euler-Lagrange equations (7.77) and (7.78), again

show that the divergence of £PPQ’ takes the form

I = —a" PV (P4, ML, + PP, pIIPP). (7.102)

P Cpa

The Euler-Lagrange equations derived from Lg are subtly interconnected

and are rich in interesting properties. As the gravitational contribution to gl'IPR i
does not generally vanish, the properties of this system of equations clearly corre-
spond most closely to the generalized Einstein-Maxwell equations derived from the
Lagrangian (7.35). Thus we have arrived at a theory containing a fully general-
ized matter-charge current density, if only at the cost of “damaging” the Einstein
equations,

It is likely that these properties are related. Certainly any Lagrangian gen-
erating a “damaged” field stress-energy tensor similar to (7.37) must also imply a
current equation with a nonzero generalized matter-current term if the divergence of
TP s to vanish. And while the converse is not so clear, the beautiful relations (7.71)
and (7.102) suggest that a fully generalized matter-charge current density is likely

to be accompanied by a correspondingly “damaged” stress-energy tensor. Thus it
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appears that the generalized Maxwell equations are inextricably bound to the “dam-
aged” Einstein equations (7.40) and, in the absence of any real need to replace the
Einstein equations, must be abandoned. Unless the introduction of some entirely
new set of fundamental quantities permits the Einstein tensor to be represented in
a fori1 quadratic in some new field quantity, a generalized matter-charge current

density seems incompatible with general relativity.




Chapter 8

Conclusion

In this dissertation we have presented new work on variational principles and gauge
theories inn general relativity. The general theme underlying the work has been a
search for a “good” description of general-relativistic energy-momentum. While we
cannot be said to have achieved this difficult objective, significant progress has been

made in several areas.
In the first part of the dissertation we developed new variational techniques,

acting on classes of Lagrangians with the same functional dependence but arbitrary
functional form, for the derivation of general, strongly conserved quantities. Ein-
stein’s theory of general relativity provided an excellent example for the demonstra-
tion of these techniques both because of its difficulty and because of the opportunity
to clarify the somewhat confused state of conserved quantities in the theory.

A potent tool in the development of this theory was the use of a seemingly
little known resource; a sev of invariance relations derived from the transformation
laws of the Lagrangian and its arguments. Since the functional derivatives of the
Lagrangian, in terms of which the invariance relations were written, were not gen-
erally the covariant quantities we wisked to work with, we followed duPlessis and

introduced their tensor concomitants with which we rewrote the invariance rela-
tions in tensor form. The intimate connection between the invariance relations and

the variational principle became manifest in the manner in which the invariance
relations guided and simplified the “integration” of the general conserved quantity.

Consideration of coordinate group invariances whose “motions” represent

99
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spacetime symmetries enabled us to generate both mixed and contravariant energy-
momentum complexes. Furiher consideration of the angular-momentum complex
enabled us to generalize the electromagnetic symmetrization process resulting in the
symmetric energy-momentum ccmplex H%. By selecting particular Lagrangians,
derived from Lovelock’s general Einstein-Maxwell Lagrangian, we were then able to
generate and generalize virtually all energy-momentum complexes currently known.
In particular we presented, for the first time to the best of the author’s knowiedge, a
derivation of the Landau and Lifshitz energy-momentum complex via a variational
principle.

In the process of investigating our group invariances we discovered the reason
for the difficulties associated with energy-momentum complexes in general relativ-
ity: the infinitesimal gencrators of our “motions” were, in fact, just the Killing
vectors of Minkowski space and did not generally represent true symmetries of the
spacetime. Thus the well known limitation: only by integrating near infinity on
an asymptotically flat spacetime may one be sure of obtaining valid results. These
complexes are not true momentum densities and, in general, will not exhibit the
corresponding local propeiiies.

These considerations pointed to the possiblity of formulating general rela-
tivity in terms of new quantities which possess group invariances on the tangent
space. In order to investigate the manner in which an alternate set of fundamental
quantities affect the theory we studied a Palatini variation of Nissani’s Lagrangian
which is based on the Lagrangian of Carmeli’s SL(2, C') gauge theory of gravitation.
We found that Nissani’s principal claim, that his Lagrangian specified Riemannian
geometry in the presence of a general matter tensor, was not in fact justifiable.
In addition we presented a new Lagrangian with properties analogous to Nissani’s,
proving that Nissani’s Lagranian is not unique.

In studying Nissani’s Lagrangian we saw that a change in fundamental quan-
tities may indeed yield new results, one of which was the derivation of the Bianchi
identities as an Euler-Lagrange equation. Since the Bianchi identities are the

general-relativistic analog of the second of Maxwell’s equations (1.2), we were led
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to speculate on the possibility of a general-relativistic analog to Maxwell’s current
equation, (1.1). Such an analog would constitute a matter current equation, yielding
an entirely new approach to the idea of energy-momentum in general relativity.

In pursuit of this objective we developed the SL(2, C)xU(1) spinor formalism
in which the gravitational and electromagnetic potentials naturally combine in a
single object—the spinor connection. In consequerice, variably charged matter could
be cleanly and rigourously introduced through the use of spin densities and we were
able to develop unified potential theories.

In order to demonstrate that this formalism did in fact describe both gravi-
tation and electromagnetism, we presented three different Lagrangians which gen-
erated the Einstein-Maxwell equations. However, notably, all three Lagrangians
suffered from the flaw thas they could be considered somewhat artificial as, in all
three, terms from the natural “field” P,y (ie. the curvature spinor F4,,,) were
selectively extracted in order to achieve the desired results.

When we developed the theory in terms of the full field P,y (FACab) new
results were cbtained. The Euler-Lagrange equation corresponding to the spinor
connection was indeed found to have generalized the Maxwell equation, taking a
rorm which, in the presence of matter would constitute an equation in a matter-
charge current density. However, the Euler-Lagrange equation corresponding to
the variation of the (cross) section no longer gave the Einstein equation but also
included a new term, the “gravitational stress-energy tensor”. This new tensor,
proportional to a contraction of the Bel-Robinson tensor, took an interesting and
intriguing form, exactly mimicking the electromagnetic stress-energy tensor with
Riemann tensor contractions replacing Maxwell tensor contractions. While there
are at present no good reasons to replace the Einstein equation as the relation which
best describes gravitation, should such reasons arise the equations we have derived
herein may provide a viable alternative.

In order to attain a better understanding of the significance of thesc com-

plex new equations we brietly considered the introduction of matter (described via
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spinors) to the theory. For a Lagrangian generating the generalized two spinor Dirac
equations, we found that there could be no gravitational currents and that the elec-
tromagnetic currents must be on the light cone. For a Lagrangian generating the
generalized Pauli equations, we found that both gravitational and electromagnetic
currents were allowed. Both sets of equations, but especially the latter, demonstrate
subtle cornections between the {generalized) Einstein and Maxwell equations. In
particular the unique results given by equations (7.71) and (7.102) beautifully il-
lustrate the vanishing of the divergence of the total stress-energy tensor in this
formalism. In the theory embodied by the generalized Einstein-Maxwell and Pauli
equations we finally accomplished our goal of deriving an equation describing a

generalized matter-charge current density.
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Appendix A

Conversions

In this appendix we convert the invariance relation (2.25) and the chain rule on the
Lagrangian (2.51) to their concomitant forms (2.50) and (2.52).
Beginning with (2.25) we first note that
By + "Gy + 240,

= Il'¢, + q)qb‘?sp;b + % dsp — (I)nd¢prqnd + (@7 + q)rq)ﬁbnrmrp- (A.1)
The conversion of
aqp = Aqbgpb + Aaqgap + Aqbcgpb,c + Aachap,c + Aabqgab,p (A2)

will now complete the calculation.
Writing A?® and A®* in terms of their concomitants, (2.34) and (2.35), and
converting partial to covariant derivatives in the II%*¢ terms, we have
@ty = % + I¥gap + T gppe + T* gapie + M gas,
[P + ™) gy + (1% + T17) g )T,
—'[Hnbdgpb + Handgap + (Anbcd + Anbdc)gpb,c + (Aancd + Aandc)gap’c
+Aabndgab,p _ (Anbcd + Anbdc)rmbcgpm _ (Aancd + Aandc)r\macgmp]rqnd
—'Aade[(I\qac,d - Pqncrnad - annrncd)gpb

(T g = T Iy = T4 T ) gap)

106
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AP g = T L ™0 = Tt )m
+I"4Gpne + T capbn + T eGpn

=AM g =~ T T 00 ~ T T™ 4)gp
+I7" 40npc + I aGapm + T 4 cGnp,dl

—Aaqu(rnadgnb,p + Pnbdgan,p) - Aabcq(rnacgnbm + Fnbcg“"vl’)' (AS)

We now convert partial to covariant derivatives in the I'", ; term (lines 3-4) to obtain

o, = T + M0y + T gpe + Mgy + T gasy
[P + ) gry + (T + %) gan]T™,,
[y + TI*g,, + (AT 4 A™e)g

HAY 4 A e + A e T,
— AT g — T Ty — T, ™ )
F T gt + T T agnb + T g™ g
+(T g = T T 0 — T, T )9y
+T " pefan + T T 09 + T 00", gan)
_Aqud[(Fnbc,d — I g = T I a)gpn
A Gpne + 17 capbn + Iy Gpnd]
AR~ T T T T g,
4T aGnpec + T cafapn + T Gnp,d]

"-Aaqu(rnadgnb,p + Imbdgamp) - Aabcq(rnacgﬂbyp + Fnbcyan»P)' (A4)

After using the invariance relation (2.22) on the A%? term (lines 5-8) it

reduces to
— AT, g + T T )0 + (T + Tl "5 )gen] (A.5)
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but, by the same relation and A%°? = A% we may write
Abed o L(psbed _ pchady | L(pable _ pdbacy
= L(Avbed _ poebd) | L(pobed _ padeny (A.6)
Thus, the A®**? term is just
- ;laAade(chdang + chdbgap) = “'12' ‘/)abchchagpb + ¢adechdbgap)' (A7)

In ord-r to simplify the A% term [lines 9-10 of equation (A.4)] we first
substitute

Fnbcgpﬂ = gpb,c - gpb;c - Pnpcgnb (A.8)

into (I'™,.gpn )4, then convert all partial to covariant derivatives—-excepting only

gpbca—after which this term reduces to

(Aqbcr + Aqbrc)gnb;crnrp
+APgphed = pbed + (U pesa + Tl i)
= (Aqbcr + AQbrc)gnb;crnrp + AQde(ng;C;d - gpb'Cd)

— AN e + T T Vs — AT+ T T, Vg (AL9)
Similarly, the A®°? term [lines 11-12 of equation (A.4)] reduces to
(A% + A7) gan, ™ + A" Gapicid — Gapyed)
— AT + T T i )gan — AT e + T, I )0 (A10)
Thus, writing
¥, = a%, + A" g ca + Aoy ca + A Gup pd + A Gas cp (A.11)
we have

bqp = H"bg,,b + Haqgap + qucgpb;c + Hachap;c
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411 + A% g + A% G
+ [T 4+ ) g + (%7 + ") gan

+(A? + AT g e + (AT + A7) gan T,
™ gy + Ty, + (A™ 4 A™Yg

F(A™ + A"V g + A garp )T
—3 (W g R gy + " gap R )
+Agap 50 — T oagnbp — T padanp

(T e + T I ) gns — (T + 17 " d) 9an]
+A gy e — I by — T Gany

—(ana;c + Fmpcrnma)g'nb - (rnpb;c + Fmpcrnmb)gﬂn]' (A12)

To simplify the A®*%? terms (lines 8-9) we convert all partial to covariant

derivatives, when this term reduces to

(Archgnb;c + Aarchan;c + Aabqrgab;")rnrp + Aaqugab;p;d
+A® (g R gy + ganR" )
= Archgnb;c + Aarchan;c + Aabqrgab;n)rnrp + Aabq;lgab;p;d

+2(P* g R op + " gan R ). (A.13)
Similarly, the A%**? term [lines 10-11 of equation (A.12)] reduces to
(Arbcqgnb;c + Aarcqgan;c + Aabrqgab;n)rnrp + Aabcqgab;p;c- (A14)

Now

SIL = qugpb + Haqgap + qucgpb;c + Hachap;c + Habqgab;p

P

bed cd bqd b
+Aq ¢ Gpbic;d + Aaq Gapic;d + Aa 7 Gab;pid + Aa cqgab;p;c

+Hq¢p + q)Qb¢p;b + Qaqgsa;p
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H(T 4 T)gus + (T + 17 gan + (A + A7) gatin

(AT 4 AT 4 AT 4 AT gy

F(AST . ASTS 4 ASTS 4 ASTIY g g (G 4 §7)g, T
_[Hnbd b + T1end gap + Anbed 4 Ande) Gpbic

HAT 4 AT) g + A gapy + DT,y
—L(yp g R 4, + g Ry,

+%(,¢)abcq gannpca + ¢adegaanpdb)' (A.lﬁ)

But the terms in I, and I, are just (47, + A7 )T"  and —A™ T ,, both of
which vanish leaving us with equation (2.50).

We now wish to convert equation (2.51). We first note that
3 Baip + 3 bapp = M dbup + 2% baip + Y bn7 "0y (A.16)
where, for the sake of convenience, we have introduced the notation
T oar = Dpge = Dl e (A.17)
We now write gqp,c;p in the form
Jabep = Gabipse + I acnbip + Ty cGanp + 'anacgnb + v "pbcyan (A.18)
so that

Aabcgab,cm = Aabcgab:p;c + (Anbcranc + Aamrbnc)gab;p

+(Aqbr9nb + Aaqrgan),ynpqr- (Alg)
It is also fairly easy, if somewhat tedious, to write gas cq;, in the form

n
Gabedip = YGabipicid + " aGnbipie + T acYnbipid

n n n
A" aGanpie + T peanipid + T caabipin




APPENDIX A. CONVERSIONS 111

where

pacd

+Pnac,d9nb;p + I T maGnbip + T 0 L Gmnsp

+Fnbc,d9an;p + I L egmnp + T I aanip

+" padInbic + ¥ pacTnbid + ¥ ppaGanse + V" ppeFanid + ¥ peaJabin
Y pmel addnb + YV pmal acnb + ¥ pacl baGnm
7" padl " beGnm + Y pam L cagnb + Y bl admn

+7npbdrmacgnm + 7npmcrmbdgan + 7npmdrmbcgan + 7npbmrmcdgan

+B" g cagnb + B ppcaan (A.20)
= 7npac;d - 7npmdrmac + ‘Ympcdr‘ﬂma + 7mpadrnmc
= ana,cd - ana,drmpc - ana.crmpd - 7npamrmcd

"7npmcrmad - 7npmd1-‘mac + 7mpacrmmd + 7mpadrnmc (A21)

is clearly symmetric in ¢ and d . Thus, using (2.28) we have

and, hence

bed
A Gab,cd;p

AadeBnpacd = zwabchnpaCd (A22)
Aabcd Bnprd — 2,(/)abdc Bnpbcd ( A23)
Aadegab;p;c;d

(Ao 4 AmbdeYa 4 (Aned 4 pondeyp o pebndpe o
H(A™TE g+ AT T+ AT T
" Aancdl'\bnc’d + Amncd[‘“m T+ A“"““’Pmncrbmd)gab;p
F{A® 4+ AP e + (A7 + Ao + A guin
F[(A™ 4 AP 4 (AT pemdrype

+Aqudrrmd]gnb + [(Amqrd + Aqur)r\amd
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+( Asmrd Aamdr)rqmd + Aaqmdr\rmd] Jan) Y
20" G vaa + 26 GanY b
— Aadegab;p;c;d + (Habc _ Aabc)gab;p;c
(T — A% — A™eD= _ Asnep yg
+{II? — A% g + (1% — A*")gqn
F(ATT 4 AT gy + (A2 ,+ A ganic + A% Gatinl ¥ oqr

+¢abcdgannpca;d + ¢‘abd¢:gaanPCb;d. (A24)

But the term in v",,, is just A?",v",,, or, noting (2.49) and (A.17), just ;A R", .

Therefore we may finally write

L, = Habgab;p + Habcgab;p;c + Aadegab;p;c;d + I @ap + (I)ab‘ﬁa;p;b

+%A‘h‘ﬂ Rnprq + ,‘/)abcdgannpca;d + Q/"abdcgaﬂRnpcb;d (Azs)

which is equation (2.52).




