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We develop new variational techniques, acting on classes of Lagrangians with 

the same functional dependence but arbitrary functional form, for the derivation of 

general, strongly conserved quantities, supplementing the usual procedure for deriv­

ing weak conservation laws via Noether’s theorem. Using these new techniques we 

generate and generalize virtually all energy-momentum complexes currently known. 

In the process we discover and understand the reason for the difficulties associated 

with energy-momentum complexes in general relativity.

We study a Palatini variation of a novel Lagrangian due to Nissani. We hnd 

that Nissani’s principal claim, that his Lagrangian specifies Riemannian geometry 

in the presence of a generalized m atter tensor, is not in fact justifiable, and prove 

that his Lagrangian is not unique.

We speculate on the possibility of deriving a general-relativistic analog of 

Maxwell’s current equation, a m atter current equation, yielding an entirely new 

approach to the idea of energy-momentum in general relativity. We develop the 

S L (2 ,C ) x 17(1) spinor formalism naturally combining the gravitational and elec­

tromagnetic potentials in a single object—the spinor connection. Variably charged 

m atter is rigourously introduced, through the use of spin densities, in the unified 

potential theories we develop.

We generate both the Einstein-Maxwell equations and new equations. The 

latter generalize both the Maxwell equation and the Einstein equation which in­

cludes a new “gravitational stress-energy tensor” . This new tensor exactly mimicks 

the electromagnetic stress-energy tensor with Riemann tensor contractions replacing 

Maxwell tensor contractions. We briefly consider the introduction of matter. A La­

grangian generalizing the two spinor Dirac equations has no gravitational currents 

and the electromagnetic currents m ast be on the light cone. A Lagrangian gen­

eralizing the Pauli equations has both gravitational and electromagnetic currents. 

The equations of both Lagrangians demonstrate beautifully how the divergence of
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the total stress-energy tensor vanishes in this formalism. In the theory of the gen­

eralized Einstein-Maxwell and Pauli equations we succeed in deriving an equation 

describing a generalized matter-charge current density.
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Chapter 1 

Introduction

In this dissertation we present new work on variational principles and gauge theories 

in general relativity. It basically consists of two parts: the development of varia­

tional techniques on classes of Lagrangians and the development of 5L(2, C) x 1/(1) 

gauge theories of the combined gravitational-electromagnetic field, loosely bridged 

by a chapter in which we investigate a class of Lagrangians based on that of Nis- 

sani [23]. However, the underlying motivation for the work reflects a common theme; 

a search for a “good” description of energy-momentum in general relativity.

Conventional work in general relativity (and other classical theories) de­

scribes energy-momentum as a conserved quantity. This approach has been fairly 

well developed in terms of weak conservation laws (dependent on the field equa­

tions), generally derived via Noether’s theorem. In the words of J.C. duPlessis [8 ]:

“Conservation laws are mostly associated with the invariance proper­

ties of problems in the calculus of variations and a general procedure 

for obtaining such conserved quantities were (sic) laid down in 1918 by 

E. Noether. However, it is in fact the case that many so-called conser­

vation laws exist independently of the particular variational principle 

employed to describe the physical situation. There appears to be no 

general formalism to accomodate these laws.”

It is just such a general formalism for strong conservation laws (independent of the 

field equations) which is developed in the first part of this dissertation.
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It is worth noting that, while we are here concerned primarily with general 

relativity, the techniques we develop are quite general and have a much wider ap­

plicability. We present canonical procedures for the manipulation of whole classes 

of Lagrangians that share the same transformation law and functional dependence, 

but are otherwise arbitrary in functional form, and for the derivation therefrom of 

generalized conserved quantities. These techniques are applicable to any type of 

Lagrangian or argument with a known transformation law.

Einstein’s theory of general relativity provides an ideal example for the 

demonstration of these new procedures. When derived via a Hilbert variation the 

theory is of second order in the derivatives of the metric and, hence, considerably 

more complex than other theories. But general relativity presents other problems.

Along with the principle of equivalence, one of the cornerstones of general 

relativity is the idea of covariance. Just as quantum mechanics deems that good 

quantities be observable, general relativity requires them to  be covariant1. Thus 

it is disconcerting that, while a covaiiant momentum vector does exist for a point 

particle, general energy-momentum complexes are not covariant—in sharp contrast 

to the stress-energy tensor which describes the non-gravitational energy-momentum 

density.

Another problem with energy-momentum complexes in general relativity is 

that they are valid only near infinity in asymptotically flat spacetimes (and usually 

only in asymptotically Cartesian coordinates). It has been argued that, in view 

of the (strong form of the) equivalence principle, a transformation to freely falling 

coordinates will eliminate the gravitational field and, hence, gravitational energy- 

momentum must be inherently unrealizable. This argument is fallacious. “No 

T’s means no ‘gravitational field’. .. ” (Misner, Thorne and Wheeler [21]) is simply 

wrong. The absence of a ‘gravitational field’, ie. curvature, is determined by the 

vanishing of the Riemann tensor. Synge [30] long ago suggested the retirement of 

the equivalence principle and Ohanion [24] has shown that, in the presence of tidal

1 With the notable exception o f the connection which, o f course, occupies a special position in the 
theory.
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effects (ie. any non-homogeneous gravitational field), the (strong form of the) equiv­

alence principle fails even for arbitrarily small volumes—it isn’t even locally true2. 

On the other hand it can be argued that localization is necessary (Rindler [29]). 

Briefly, in view of mass-energy equivalence we expect all energy—including gravita­

tional energy—to gravitate, and thus its location should be significant in a theory of 

gravity. Peters [27] has shown that the location of ih t gravitational energy density 

can affect the predicted perihelion precession in a nonlinear extension of Newtonian 

gravity and th a t in general relativity this effect also depends on the trace of the 

gravitation stress. In any case both Weinberg’s energy-momentum complex [32] and 

Penrose’s quasi-local mass [26] are claimed to be local quantities; though neither is 

derived via a conservation law.
Finally we bring up a problem implied by the use of the plural in the previous 

paragraphs. In general relativity there are no fewer than three energy-momentum 

complexes in common use (Einstein [9], Landau and Lifshitz [17], Mqller [22]) and 

an infinite number axe known (Goldberg [14], Komar [15]). None has proven wholly 

satisfactory. This multiplicity is related to the non-covariant nature of these com­

plexes and the freedom inherent in conservation laws. W ith an arbitrary choice 

for a transformation law any divergenceless quantity may be added, ad hoc, to a 

particular energy -momentum complex in order to generate another.

Thus we are led to the following objectives in our search for a good energy- 

momentum complex: it should be covariant and its derivation should bo as unam ­

biguous as possible so as to lead to a unique quantity. As a further bonus, we may 

also wish to demand symmetry so that it defines a conserved angular momentum 

complex.

Our attem pt to attain these objectives will centre upon a powerful but lit­

tle known resource; a set of invariance relations derived from the transformation 

laws of the Lagrangian and its arguments [6,20]. As we shall see, these invariance

2There is little doubt that a transformation to freely falling coordinates would minimize a local 
energy density, but this is hardly surprising. For example, the same is true for a particle’s kinetic 
energy in special relativity.
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relations are intimately connected to the variational process and may be used to 

“integrate” 3 conserved quantities in a very natural fashion. However, the functional 

derivatives of the Lagr angian, in terms of which the invariance relations are written, 

are not generally the covariant quantities we wish to work with in general relativ­

ity. Hence we follow duPiessis [8 ] and introduce tensor quantities concomitant to 

these functional derivatives whereupon we rewrite the invariance relations in tensor 

form4.
We will make the derivation as unambiguous as possible by sticking as closely 

as we may to the actual quantities involved in the variation. Wc will convert the in­

variance relations to covariant form by substituting tensor concomitants, changing 

partial derivatives to covariant derivatives and simplifying only via exact cancel­

lations and previously converted invariance relations. In the “integration” of the 

conserved quantity we will attem pt to eliminate only those expressions which will 

“integrate” to zero, generally simplifying as above. As we shall see, the invariance 

relations provide a natural direction to the path we take.

Following these guidelines will provide a compact derivation of a number 

of new and well-known momentum complexes and generalizations thereof. The 

general expression from which particular complexes are generated will have several 

advantages. In particular, it will be mathematically simpler in that most of its 

properties may be deduced by inspection. While we will fail to attain our goals 

of covariance and locality, the reasons for the failure will become apparent, lying 

in the choice of the fundamental quantities on which the theory is based and the 

choice of the invariance group with which we generate the conserved quantities.

Another possible approach to conserved quantities is via currents. The 

Maxwell equations (and their generalizations, the Yang-Mills equations) appear

3Here and in the following we will loosely use the term “integrate” to represent the phrase “take 
the antidivergence.”

4DuPlessis used the concomitant invariance relations to define ad hoc conserved quantities, but 
apparently knew nothing of their connection to the variational principle and that his ad hoc quantities 
appear in actual conservation laws.
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in two forms

=  /  ( i . i )

sm Fm , =  0  (1 .2 )

where (1.1) clearly implies that j a is conserved. As there is a natural general

relativistic analog of (1.2) in the Bianchi identities, one is led to speculate about the

possibility of a momentum density equation cox espi nd'ng to (1.1). Unfortunately, 

general relativity, as usually formulated, exhibits no such correspondence. The 

closest analog is found via the Palatini variational principle, in which the metric 

and connection are assumed to be independent. The equation resulting from the 

variation of the connection then establishes the relation between them. But it is 
clear that this equation might be altered if we add to the Lagrangian further terms 

in the connection. In order to investigate this possibility we consider the Palatini 

variation of a class of Lagrangians based on that of Nissani [23].

Nissani presents a novel Lagrangian which, he claims, generates the Einstein 

equations and specifies Riemannian geometry (connection equals Christoffe! symbol) 

in the presence of a generalized m atter tensor. However we will show that, in fact, 

this latter claim is unjustified. Riemannian geometry must be assumed in order 

for the additional terms in the Euler-Lagrange equation to vanish properly. In 

addition we also present a new Lagrangian which possesses properties like Nissani’s, 

demonstrating that Nissani’s Lagrangian is not unique.

The use of alternate Lagrangians like that of Nissani will indeed affect the 

resulting equations in a Palatini variation, but, as yet, we will have seen no indica­

tion how this might lead us to some sort of energy-momentum current. However, 

part of the motivation for Nissani’s work was to investigate the classical analog 

of Carmeli’s [3,4,5] SL (2 ,C )  gauge theory Lagrangian for general relativity. If we 

also recall that our failure with regard to energy-momentum complexes was related 

to our choice of fundamental quantities and invariance group, it becomes natural 

to consider gauge theoretic formulations of general relativity based on alternate 

fundamental quantities.
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Most gauge theories of general relativity are based on the group S L (2, C ). 

Howevo we will choose the group SL (2 ,C )  x £7(1), with the section and spinor 

connection as fundamental quantities, because the resulting spinor formalism com­

bines the gravitational and electromagnetic potentials in a single object—the spinor 

connection. Not only does this greatly facilitate comparison between the two fields, 

but, in a quantum mechanical sense at least, this constitutes a nification of gravity 

and electromagnetism. It is natural to consider the significance, if any, of this fact.

In general relativity, the usual unification criteria deal with fields and seem 

to go back to Einstein [10] who suggested two possible points of view, the first 

stronger and preferable, which we paraphrase here:

(1) That the field appear as a unified covariant entity—ie. not separa­

ble, under the transformation group(s), into covariant parts—as per the 

Maxwell tensor.
(2) That both the field equations and the Lagrangian be unified entities— 

ie. not separable into invariant parts—as per Maxwell’s equations and 

the usual Maxwell Lagrangian.

Our field quantity will fail to conform to condition (1) and neither our field equa­

tions nor Lagrangians will satisfy condition (2). However, it is interesting that in 

electromagnetic theory, the paradigm of unification and the model behind Einstein’s 

reasoning, both conditions follow from the unification (under the Lorentz and the 

£7(1) gauge transformations) of the electromagnetic potential. Of perhaps more im­

portance is the fact that, since Einstein’s day, the Aharanov-Bohm experiment has 

altered our ideas about the reality of the electromagnetic potential (see Feynman, 

et al [1 1 ]) and gauge potentials in general.

At issue is not which adjective may or may not be used in describing a 

theory but how much content may be squeezed into a theory based on a certain 

formalism. In this case the SL (2 ,C )  x £7(1) spinor formalism has enabled the 

definition of a unified gravitational-electromagnetic potential. If this unification 

has any significance we would expect the corresponding Euler-Lagrange equation
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to be an equation in the gravitational-electromagnetic field (unified or not) which, 

in the presence of m atter, becomes a relation for a matter-charge current density. 

That is we expect a theory which if not of Yang-Milis type is at least a close relative.

We will present several Lagrangians that result in the Emstein-Maxwell equa­

tions and we find that the current equation is of the desired form but, as we should 

expect, only the charge current is nonzero. However it is possible to devise La­

grangians with which the gravitational analog of the electromagnetic current is 

also nonzero. Tiie interpretation of the resulting system of equations is unclear 

since the Einstein equation has been inevitably “damaged” by the appearance of 

a new gravitational stress-energy tensor. But the form of the new gravTab is of 

some interest—proportional to a  contraction of the Bel-Robinson tensor, it is ex­

actly analogous to the electromagnetic stress-energy tensor with Riemann tensor 

contractions replacing those of the Maxwell tensor.

Finally, in an attem pt to clarify the significance of these new equations, we 

briefly consider the introduction of matter; and in a spinor formulation of tne theory 

it is natural to investigate spinor type m atter (although we will not go so far as to 

attem pt quantization). For a Lagrangian generating the two-spinor Dirac equations 

we find that there can be no gravitational currents and that electromagnetic cur­

rents must be on the light cone; that is particles must be massless. For a Lagrangian 

generating the Pauli equations (generalizations of the Klein-Gordon equations) we 

find that both gravitational and electromagnetic currents are allowed. The prop­

erties of this system favor a general relativistic gauge theory with the “damaged” 

form of the Einstein equation. Thus we ultimately arrive at a theory containing a 

fully generalized matter-charge current density, if only at the cost of “damaging” 

Einstein’s equation.



Chapter 2 

Invariance Properties

2.1 In trod u ction

The value of the variational principle in field theory lies in the generation of the 

Euler-Lagrange equations and the derivation of associated conserved quantities for 

a particular system or theory. While the techniques developed herein may be used 

to elucidate certain properties of the Euler-Lagrange equations, their primary ad­

vantage is in the improvement and generalization of the procedures for deriving 

conserved quantities. Central to these techniques will be the application of the in­

variance relations we derive in Section 2.3 of this chapter. However, as first derived, 

these relations will not be in covariant form. Thus in Section 2.4 we introduce the 
necessary tensor concomitants (due to duPleissus [8 j) and, in Section 2.5, rewrite 

the invariance relations in termc of them.
In this and the following two chapters we will be considering a scalar den­

sity Lagrangian for both the gravitational and electromagnetic field. We include 

the electromagnetic part in the Lagrangian and derive its contribution to the con­

served quantities, despite the fact that the electromagnetic energy-momentum den­

sity can be (and usually is) obtained directly from the Einstein-Maxwell equations. 

Generally, the electromagnetic energy-momentum density is derived as a conserved 

quantity only within the framework of classical electromagnetism. However, the 

derivation involves manipulations to ensure symmetry. We perform the operation 

here, in the presence of gravity, because the symmetrization process may also be

8
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applied to the gravitational part of the combined energy-momentum complex and 

provides insight into this and intermediate complexes. In doing so we are led (for 

the first time, to the best of the author’s knowledge) to a derivation of the Landau 

and Lifshitz pseudotensor via a variational principle [6 ].

2.2 D efin ition s and T ransform ation  Laws

In this and the following chapter we consider the general Hilbert variation of a 

scalar action

S  = J l d 4x (2.1)

where the Lagrangian L  is a scalar density with the functional dependence

L L((/a6 , QabyCi dabbed) ^atb̂) (^*^)

but as yet unknown functional form, <f>a is a vector and gab is a symmetric tensor. 

As is usual in a  Hilbert variation we assume that our manifold is Riemannian 
but, in the interest of greater generality and, especially, to clarify and control the 

introduction and elimination of zeros in the upcoming “integration” of a general 

conserved quantity, we will not identify gab with the metric until we actually consider 

the specific case of gravitational and electromagnetic fields.

We introduce the following notation for the functional derivatives of L

i a abc _  dL abcd dLJ^at> — A°   ĵ abca__
dgab,c dgab,cd ^  ^

$ a =  <jj“ 6 =  - h -
d<f>a ’ d(j)a,b

which obey the symmetry relations

Aa6 =  A6a 

Aa6c   A^ac

(2.4)

(2.5)
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Aa6cd =  Abacd =  Aabdc. (2.6)

Under a  coordinate transformation x' = x '(x a) with the definitions

(2.7)
C  =  det( C \  1

dxa d2xa d^xas~ia __ u  /> a    u  x  / i a    u _df___
{ "  d& ’ ij ~  dx* dxi ’ “  dx' dxi d xk

the transformation laws of L  and its arguments are

L  =  C L  (2.8)

Si j = C \C % „  (2.9)

9<i.k =  C°iC hi C \ g ^  + ( C \kC ii + C \C ijk)g«, (2 .10)

9i,M =  C ‘iC b]C \C d,g .iM

, (  f t a  f i b  f i c  I f i a  f i b  f i c  . f t  a f i b  f i c  . f t  a f i b  f i c  . f i a  f i b  f i c  \
ie'-' j '- '  * +  C  i U  j l L' k +  ^  i JM +  c  C  i<;C  f)ffab ,c

+ (C “KC* +  +  C ”„C ‘ t  +  C °C ‘ *,)<,„» (2.11)

4  =  C *> . (2 .1 2 )

k ,  =  C-,.C‘̂ . lS +  C V -  (2.13)

In the next section we use these transformation laws to derive transformation 
laws for, and invariance relations in, fhe functional derivatives of L. As we will see,

the quantities (2.3) are not all tensorial. Thus we find it convenient to introduce 

appropriate tensor concomitants in Section 2.4 and rewrite the invariance relations 

in terms of them in Section 2.5. While neither the invariance relations nor the 

tensor concomitants are new (see, for instance, [8,20]), they appear to have found 

little application in the literature. We will find that, using them, we may generate a 

surprising amount of general information, without reference to the exact functional 

form of any specific Lagrangian, which may be directly applied to the “integration” 

of a general conserved quantity in Chapter 3.
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2.3 Invariance R ela tion s

We now consider the transformation laws of L(gij,gijtk,gij,kii $*•> ^«\j) and its argu­

ments. Differentiating these relations with respect to the arguments of L  will yield 

transformation laws for the functional derivatives of L. For example, differentiat­

ing (2 .8 ) with respect to gab we find

dL dgg t dL dgjj'k | dL dgijM _  g  dL  
dgij dgab dgij k dgab dgij,kt dgab dgab

or, introducing the notation (2.3) and noting (2.9-2.11),

KijCaiC hj +  Ay*(C°iC6j )lfc +  A *^(C ‘ C bj)M = C A ab. (2.15)

Transformation laws for the rest of the quantities (2.3) are derived similarly. They 
are

AijkC aiCbJC ck + Aijke[(CatCb3C ck)te +  (C°iC 6i )1*C,c/] =  C A abc (2.16)

A ijkeC aiCbj C ckC de =  C A abcd (2.17)

+  V iC 'ij  =  C $ a (2.18)

& ’CaiC bj = C $ ab. (2.19)

We see that A“6c<iand $ a 6  are tensor densities, while it appears that A°6, Aa{c and 

$° are not (if <5ab is antisymmetric, will be a vector density—see the discussion 

in Section 3.4).

In order to  derive the invariance relations we differentiate the transformed 

Lagrangian L(gij.gijtk, gij,k(, <f>i, <i>i,j) with respect to C “ and its derivatives after 

which we consider the special case of the identity transformation. For example, 

differentiating (2.8) with respect to Cpqrs we have
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or, introducing the compact notation (2.3), noting (2.11), and taking care to con­

sider all possible permutations of the symmetric covariant indices

§ a ° “ [«,■(<?««; +  w s ;  + s j m  +  +  e f t s ;  + W s d c 'j

+ c ‘lsbr(s'j 6is; + + sfsis; +  + s] «)]<w. = o. (2.21)

Now, considering the identity transform, so that C “ =  6 " and any remaining deriva­

tives vanish, making use of the symmetry relation (2 .6 ) and noting that, in general, 

gab 7^ 0  we find
A agrs +  j^arsg  +  ^  =  q

Similarly, differentiating by Cpqr and considering the identity transform yields

(A,6r +  Arb<!)gpb + (Aaqr +  Aarq)gap

+(Aqbcr +  Arbcq +  A,6rc +  Arbqc)gpbfC +  (Aaqcr +  Aarcq +  Aaqrc + A arqc)gap,c 

+(A “6,r +  A abrq)gab,P + ( $ ,r +  * r> P =  0 (2.23)

where we have not simplified further, via the symmetry relations, as this form will 

be found more convenient in what follows.
Before deriving the third invariance relation we note that

dC
QC? =  C{C~X)% (2.24)

which, when we consider the identity transformation, reduces to Sq. Thus, differen­

tiating (2.8) by Cpq and considering the identity transform gives

Aqbgpb +  A aqgap +  A qbcgpb,c +  A°qcgap,c +  Aabqgab<p 

+AqbcdgpbtCd +  A aqcdgap,cd +  A abqdgab,pd +  A abcqgab,cp 

+ $ V P +  $ ?V P ,6 +  r ^ a,p =  6qpL  (2.25)

where once again, for the sake of future convenience, we neglect to simplify further.
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The first of the invariance relations may be used to derive further information 

about the symmetry properties of Aabcd. Repeated application of equation (2.22) 

gives, with (2 .6 ), the relation

Aabcd _  ^cdab' (2.26)

W ith the derivation of this last symmetry relation we are in a position to introduce 

the quantity
yabed = | ( Aabcd _  Aadcbj ^ . 27)

which will be found useful later. From this definition, the symmetry relations (2.6) 

and (2.26), and the invariance relation (2 .2 2 ) we may show that il>abcd has the 

following properties1:

Aabcd = \l>abcd +  ipahdc (2.28)

^a b ed  _  _ ^ c b ad _  _ ^ a d c b  _  ^ b a d e  _  ^ c d c b  ^ . 2 9 )

ya b ed  +  ^adbc  +  ^acdb  _  q  ^ . 3 0 )

The invariance relations will prove invaluable in the ‘'integration” , in the

next chapter, of a general conserved quantity ha for Lagrangians with the functional 

dependence (2.2). However, the fact that these relations contain non-tensorial quan­

tities combined with the complications due to the presence of second derivatives of 

the potential gab results in difficulties in devising an unambiguous technique for 

the “integration” of a tensorial conserved quantity. Thus, in the next section, we 

introduce suitable tensor concomitants for Aab, Aabc and so that we inay rewrite 

the invariance relations and derive conserved quantities wholly in terms of tensors 

and tensor densities.

xIt is interesting that r abcd =  ipaeid and sahcd =  - Z \ abed have respectively the symmetries 
of the Riemann tensor and Synge’s [30] symmetrized Riemann tensor, and also share the same 
interconnecting relationships (derivable from equations (2.27) and (2.28)). Synge’s symmetrized 
Riemann tensor is derived from the coincidence limit of the fourth order covariant derivative of 
his two-point world function. Other derivatives of this two-point world function may also be used, 
with the Riemann tensor, to define tensorial (two-point) conserved quantites: the fluxes of total 
4-momentum and angular momentum across an open 3-space relative to a base event P. Of course 
these conserved quantities are not derived via a variational principle.
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2.4 Tensor C on com itan ts

We begin with the introduction of an arbitrary symmetric tensor field hab and define 

the quantity [8 ,2 0 ]

F  =  Aabcdhab<cd +  A abch.ab<c +  A abhab. (2.31)

Using the transformation laws for Aai>cd, Ao6c and Aoi>, and rearranging terms we

have

i.i liiktt ®9ijM t , d&ijM l  i ®9ijM t nab>cd + — nabtC + —-----nab)
ogab,cd ogab,c ogab

ogab,c ogab ogab

=  A ijkehijM +  A ijkhijtk + Aijhij (2.32)

from which we conclude that F  is a scalar density.

We now assume the existence of quantities IIo6c and IP 6 such that

F  = A abcdhab,c,d +  i r 6c/ia6;c +  nai,/ia6. (2.33)

Rewriting, in equation (2.31), the partial derivatives of hab in terms of covariant

derivatives and equating coefficients with equation (2 .3 3 ) we find

jjabc   Aabc -)- (An6cd -J- Anbdc)Ta

+ (Aancd + Aandc)Tbnd + AabndTcnd (2.34)

TTa  ̂ =  \ ab i A nbcT'a * A oncrit
' A nc ' nc

+a m (T‘^  + r m„ r “mJ) +

+  r m„cr lmj) +  A“ ' r , X  

= a-* + nn*er*„ + ir”T*nc +
\n b c d r ia  p m  a mncd-na p 6  a nbcdrta  p m

1 me nd  1 md m e ~  A  L n m 1 cd

-A^^rvr^d -  A“~'r*mcr“.J -  A""“'r‘„„r” (2.35)
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Note that IF 6 and IIa6c also obey the symmetry relations

IT 6 =  n fca (2.36)

n a6c =  n 6ac ( 2 . 3 7 )

In order to determine the tensorial nature of IIa6c, we substitute the trans­

formation laws (2.16) and (2.17) and that of the connection

r v  = (2-38)

into equation (2.34) after which it is easy to see that II“kc is a tensor density. This 

and the tensorial nature of F, Aabcd and hab and its covariant derivatives is enough 

to establish that IP 6 is also a tensor density.

Finally, we wish to show that the first Euler-Lagrange equation is tensorial. 

Rewriting equations (2.31) and (2.33 ) we have

F  =  (A“ 6 — Ao6ciC +  Aabcd ic)hab

+ [(\abc- A abcdid)hab + Aabcdhab,d],c

= (n°6 -  irkc.c + Aabcd.d.c)hab

+ [(n abc -  Aabcd.d)hab + Aabcdhab;d\;c. (2.39)

But is is easy to see, by direct substitution, that the two expressions in brackets are 

equal. Thus, since V a.a = V aa for a vector density, we have

E ab = —Aab + Aabcc — Aabcddc

=  - I P 6 +  na6c;c -  Aalcd.d.c (2.40)

and E ab is clearly a tensor density.

Having defined tensor concomitants for A° 6 and A“6c, we now wish to do the 

same for As the Lagrangian (2 .2 ) contains only first derivatives of the potential
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<j>a this task will prove considerably simpler than the foregoing analysis and we 

merely outline the procedure.

Introducing the arbitrary vector field k a , we define the quantity

/  =  $°bkatb +  $°jfca. (2.41)

Substituting the transformation laws of $ “ 6 and 4>a into (2.41) and rearranging 

terms we find that I  is a scalar density. We now write

I  = $ abh ib +  IF  fca (2.42)

and, after rewriting fc0 j6 in terms of ka;b and equating coefficients we have

IF  =  $ “ +  $ nAr an6. (2.43)

Noting that I  — $ ahka;b is a scalar density we see that 1 1 ° is clearly a vector density.

Finally, in order to show that the second Euler-Lagrange equation is tensorial, 

we rewrite (2.41) and (2.42) in the form

=  (IT  -  +  («•**„)*. (2.44)

But, since $ o6 fca is a vector density, this implies that

E a =

=  - n a +  $ a6;() (2.45)

from which it is clear that E a is a vector density.

2.5 C onversion  o f th e  Invariance R ela tion s

Having derived tensor concomitants for the functional derivatives of L  we now 

wish to rewrite the invariance relations in terms of them. This will be done by
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simple substitution, the conversion of partial derivatives to covariant derivatives, the 

occasional use of a previously rewritten invariance relation and, where convenient, 

the introduction of the quantity rpabcd in expressions in Aabcd.

The first invariance relation, equation (2.22), is already tensorial and needs 

no conversion. After the substitution of IIobc, forAol>c, and the replacement of partial, 

by convariant, differentiation in equation (2.23) we have

(u qbr +  i r b9 )<7p6 +  ( i r 9r +  u arq)gap

+(A ?bcr +  Arb c 9  +  A?brc +  Arbqc)(gpb;c +  r  npcgnb)

+(A a,c +  Aarc, +  A„,rc + A ^ ) ( g ar<e + Tnpc9an)

+(A a6,r +  Aabrq)gab.p +  ($"r +  V q)<j>p

-[(A nbrd +  A"Wr +  Arbnd)Tqnd + (Anbqd + Anbdq + Aqbnd)Trnd]gpb 

~[(Aanrd +  Aandr -I- Aarnd) r , „d +  (Aon,d +  Aandq +  Aaqnd)Vrnd)gap 

~ (A cbqr + Acbrq)Tncpgnb -  (AacqT +  A ^ T ^ g ^  =  0. (2.46)

We now invoke equation (2.22) and apply it to each of the T-terms with the result

( ip br +  i r b% p6 +  ( u aqr +  n ar9)^ap 

+(A ?bcr +  Ar6c? +  A?brc +  Arbqc)gpb.c 

H-(Aa,cr +  Aarcq +  Aaqrc + A aTqc)gap.c

+(Aabqr +  Aabrq)gab;p +  ($ 9r +  V q)<f>p = 0. (2.47)

For later convenience we define the intermediate quantity

A qrp =  W brgpb + Haqrgap +  (A9bcr +  AqbTC)gpb:c

+(AaqcT +  A aqrc)gap:c + AabqTgab.p +  * * ^ p (2.48)

in which case the converted relation (2.47) is just the condition of antisymmetry,

A?rp +  A rqp =  0. (2.49)
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The conversion of equation (2.25) proceeds similarly with an additional appli­

cation of (2.47) and the introduction of the useful quantity xj>abcd. As the calculation 

is quite lengthy, we leave the details to Appendix A and present the result:

£}L =  n qbgpb +  Haqgap +  Uqbcgpb,c +  Haqcgap,c +  Uahvgab;P

+A qbcdgpb;c;d + Aaqcdgap;c.d + Aabqdgab.<p.4 +  A abcqgab.p.c 

+ n V P +  ^ V p ;6 +  ^ aV a;P 

- \ { r bdc9P»Rqcda+ r bcd9ar>Rqcdb)

m r bCq9nbR \ ca +  r bqd9anRnpdb). (2.50)

It will also prove useful to rewrite the relation

L-j> — A abgab;P +  Aaicgab,C;p +  AabcdgabiCd.p +  $ V a ;P +  $°V a ,6 ;P- (2.51)

The conversion of this equation is similar to the preceding and, as it too is lengthy 

and not particularly illuminating, we again relegate the details to Appendix A and 

proceed to the final result, which is

L.p = II abgab-,P + U ^ g ab;PiC +  Aabcdgab.p.c.d +  II a<f>a-,P + $ ab4>a-,P-,b

+ lA " nJ T „  +  (2.52)

These relations, together with the symmetry relations, will greatly simplify 

the “integration” of the general conserved quantity ha r i  the next chapter.



Chapter 3 

The Variational Principle

3.1 In trod u ction

This chapter is the heart of the first part of the dissertation. We begin with a general 

variation of the action (2.1) and derive the resultant conserved quantities. As a 

consequence of the preparatory work of Chapter 2 , the actual “integration” process 

will proceed smoothly—almost inevitably—and the intimate connection between 

the invariance relations and the variational principle will be readily apparent.

After varying the action we write the integrand of 6S  as the divergence of 

a vector density, in the form ha.a. At this point most authors specify the varia­

tion as an infinitesimal translation and use the properties of a specific Lagrangian 

to obtain a mixed energy-momentum complex hab which is then “integrated” to 

form the superpotential. Komar [15] derives an improved superpotential from the 

Hilbert Lagrangian \J—g R  in terms of an arbitrary variation Sxa. In contrast, we 

use the invariance relations of Chapter 2 to “integrate” a strongly conserved quan­

tity ha, which is general in the choice of both the variation and the Lagrangian. 

The resulting expression has several advantages. It is mathematically simpler in 

that most of its properties may be deduced by inspection. Also, by specifying the 

appropriate variation, one may generate both a mixed and contravariant energy- 

momentum complex and an angular momentum complex for general scalar density 

Lagrangians. The complexes hab and hab are derived in Section 3.5. The angular

19
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m omentum  complex habc is presented in Section 3.6. We show that the moment of 

hab constitutes only part of habc. We then use the conservation of habc to find the 

unaccounted-for “spin” energy contribution of the remaining part of habc, which is 

added to hab to produce a symmetric total energy-momentum complex H ab. Finally, 

in the following chapter Lovelock’s Lagrangian is considered and new complexes are 

generated along with generalizations of those in common use.

3.2 V ariation  o f th e  A ction

In this section we take a general variation of the action (2.1). Rather than sepa­

rately varying each of the fields we subject the total Lagrangian to a simultaneous 

variation of the coordinates xa and potentials 4>a and gab- This permits the repre­

sentation of the variation as a single infinitesimal coordinate transformation, which, 

in concert with the invariance relations derived in the previous chapter, permits the 

“integration” of a  conserved quantity ha in terms of both an arbitrary variation and 

scalar density Lagrangian. The resulting expression is a generalization of Komar’s 

complex.

The general variation of the coordinates and potentials of the action (2.1) 

results in the expression [2 ]

SS = I 8L<Tx+ f  L6xa dSa (3.1)
J r  J d R

SL =  Aab8gab + Aabc6gab, + Aabcd8gr.b<cd + ^ a64>a + ^ ab6<f>a,b (3.2)

where dR  denotes the boundary of the region R. If we (here) require that 8xa and 

its first and second derivatives vanish on dR, then the invariance of the action yields 

the Euler-Lagrange equations

E ab ^  __Aab +  A„fcc  ̂ ^  = q ( 3  3 )

E a =  - $ a +  $ abb = 0 (3.4)
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which, with an appropriate Lagrangian, reduce to the Einstein-Maxwell equations. 

As we have shown previously, both E ' and E 'i are tensor densities.

3.3 “In tegration ” o f  th e  C onserved  Q u an tity  h a

We now rewrite the variation of the action (3.1) in the form

SS  =  2  J  ha.a d4x (3.5)

and define the vector x a — fix'1- the following we derive a strong conservation 

law by “integrating” the quantity ha without making reference to equations (3.3) 

and (3.4).

The •integration” procedure is motivated by our objectives that the con­

served quantity be covariant and its derivation unambiguous. Thus we will derive 

values for the varied potentials and substitute covariant for partial derivatives and 

tensor concomitants for the functional derivatives of the Lagrangian in the expres­

sion for 6L. In doing so we will find that we have written 6L in terms of products

of equation (2.52) or the invariance relations, or segments therefrom, and the vari­

ation Sxa or its derivatives. When “integrating” we will eliminate only terms which 

would “integrate” to zero. The main consequence of this “rule” will be that in 

terms containing the Riemann tensor it will, if possible, be interpreted as acting on 

concomitants rather than f x a or its derivatives.
Under the infinitesimal transformation x a = xa + \ 'a, the change in the 

potentials may be written

8<j>a =  ]>a(xk) -  (j>a(xk) = ~<f>iX\a

= 6<f>a +  4>a<Px P (3.6)

hab = ffab(xk) ~  gab(xk) =  ~g;bX\a ~  9ajX\b

= &9ab "t~ ffa6,pX̂ - (̂ •" )̂
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Thus

8<f>a = -(<i'a,pXP + h X V,a)

=  -(<^a;PXP +  <£pXP;a) (3 ‘8)

8gab = ~(9ab,pXP + gPbXP,a+9apXP,b)

=  -(9ab',pXP + 9pbXP-a +  9apXP-b) (3-9)

where both 8(f>a and 8gab are clearly tensors and we see that 6L in equation (3.2) is

of the form of a sum of equations (2.31) and (2.41). Therefore, we may write

SL =  n a8<t>a +  # a66> a ;6 +  ^  °‘fy «6 +  nafc%a6;c +  Aabcd8gab.c.<d (3 .1 0 )

a form in which all elements are tensors or tensor densities.
For the sake of notational convenience we now define, from equations (2.52)

and (2.50) respectively,

U>p =  r bCd9nbR\ca.,d + r bdC9anRnpcb.4

=  l.,p -  \A < \R nprq -  n -  * ahK,p*

- n ahgab,v -  HabCgab;p;c -  AabCd9ab;p;c;d (3.11)

= - \{ rhdC9pbR\da + r bCi9apRqcdb) + K rbCqgnbRnpca + r bqdg«nRnpdb)
=  S * L -  n V p - ^ V p ;6 - ^ a ; p

-n ,ljpi -  nâ ap -  n9fccffp6;c -  n “̂ ap;c -  n % o6;p

- A 9bcigpb,c,d -  Aa9cdgap.,c;d -  Aab9dgab.p.,d -  Aabc<!gab,p,c. (3.12)

Now by substitutive; 8<pa, 8gab and their covariant derivatives into equa­

tion (3.10) we have

SL =  K  -  £ ,  +  +  («% -  S}L )?„

-A«rpx ',., -  +  Sr.pxV*) (3-13)
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or, noting (3.1) and (3.5) and substituting (2.28) for Aafrcd,

2 h \  =  («„ +  |  A"-nR \ rq)Xp +  W pX*.tq + A qrpXp.r.q

+ +  s.pX%rtd). (3.14)

This is the expression we must “integrate” .

We first note that

l^ „ J J V ,X p = - • ' t V ™  (3-15)

and so we could cancel the terms in A qrp in equation (3.14). But we also have 

A qr R n =  A qr — A qr -I- A nr R q -I- A qn R r** n*11' prq ** p;r;g ** p\q\r » -rx p * 1, nrq ~  ** p AV nrq

=  2 A \„ ]r (3-16)

so that

| A q\ R npTqXp + A qrpXr;r.<q =  {Aq\ Xp),r.iq -  ^ p;rXP i9 -  ^ rp:?x ” r

=  (A qrpXp).,r.,q (3.17)

and we see that the terms in A qrp do not “integrate” to zero and should be retained. 

Thus, written out in full,

2  =  (A %  x pU .  +  +  r id‘g ..R "pd,4 )x r

+ ( §  r ^ g n i P " ^ .  +  f

-  i i’M g.rR"M)xr:,

_ ( r W +  r ^ ){griXVmc:d + gvXrM ). (3.18)

In the terms in Xp the Riemann tensor must first be partially integrated 

before it can be applied to anything. Hence, we write

v > " s „ » ir 1,„;dx' +  -  2  r hcdgtkx r„„4

=  ( r Mg^Rnpax’’)4 -  ( r lcdgPi)4R"pcPxr

- V r ^ g p i X '^ h  + W ^ g ^ M W  (3.19)
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Noting that

=  2<fr**°VW (3-20>

we see that the first and third terms of (3.19) have “integrated” to zero and may

be cancelled. As to the remaining two terms,

=  -  W“‘“W t o  +  (.<Pu sA 4 B ‘~' + ("/’“‘“V ) ^ , ,  J x '

- 2 « “V ) rfx 'U

=  ~2i(V-“‘“,9pi)iJx ’’]„ . +  2 W ‘cV ) .„ fax f„  +  2 W x p*

=  -2[(V “‘“'ffpe.)^Xp]1<=„- (3.21)

Similarly

r Ucg ^ r^ x r+ r b' is . , ^ x \ - 2 r Ucsv x% ;̂  =  - 2 [ ( ^ ‘“W W ’U i  (3 .2 2 )

and we have

2V,„ =  -  2 [ » ‘“ s . ,W ' W

+ i ( r t‘, g ^ D 'rc.  +  r h ig ^ pM -  r ^ R " ^  -  </>M gn R?ca ) x ’ „ 

+(i>M  -  -  « "  -  r u ‘)g.rx r-M - (3.23)

But

+V.”6cs? ^ „ e„ +  •A’ln,w JSc„ „ )x '!,

=  -  ( - / - " ^  w ’,*. 

- ( r bcJg A . x rld;c -  r ^ g p i X ^ . , .

=  -  ^ ‘“ Spix',.^  (3.24)
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and, for the corresponding terms in gai,

-  r bnigv R ir,dl, ) x \  =  (3 .2 5 )

We are just about done. Now

2 h \  =  [ A '‘pXp +  -  2 ( r ^ g A 4 X rU

+ i r icdgv x px -  2 ( r lcdg ,r);cXrY.<i*

- ( r l-d + r bdc+ ^ n g v i x " . . ^

- < r hci+ < r " + v dl°)g .,xr-M„ d- (3.26)

The last two lines vanish by equation (2.30) leaving, after we apply the relation
^abcd _  p̂badĉ

h‘„ = f tA ‘%xp +  -  2(,/>',‘'V ) r f X l’k . .  (3-27)

Thus we may finally write

h" =  {LA“ px ” +  ^ ‘“W *  -  2 ( r bcdgl i )idXr\v - (3.28)

It is readily apparent from (3.28) that ha is a vector density with vanishing 

divergence (if we wish, we may define ha as the divergence of an antisymmetric su­

perpotential, itself a tensor density). Thus, (3.28) constitutes a strong conservation 

law, general in the Lagrangian (2.2), which generates a conserved quantity for any 

specified variation x “. This new expression constitutes a generalization of Komar’s 

complex.

3.4  In trod u ction  o f  th e  M etric

It is possible, via the introduction of a general metric rjij, to complete the analysis of 

this chapter with gab an arbitrary symmetric tensor field. However we now wish to
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explicitly consider the gravitational and electromagnetic fields. Thus we designate 

garj as our metric and restrict our Lagrangian to the form

L  =  G-L(</ai, gab,ci 3 ab,cd) 4“ EML{^gabi <̂0,6 ) (3.29)

so that the invariance relations split into gravitational and electromagnetic parts. 

Now, from equation (2.47)

n y  + n y  + i y r + up = o (3 .3 0 )

($ 9r +  <T9)<£P =  0. (3.31)

Equation (3.31) implies that $ ?r is antisymmetric; from which, along with (2.18)

and (2.43) we also see that 4>“ -= 11“ is a vector density. Equations (3.30) and (2.37)

imply

na6c = 0 (3.32)

in which case equation (2.4C -educes to

A qTp = & T<f>p. (3.33)

Finally, we rewrite ha in the form

A* =  (l2W exp + r MXw-2<l’M 4Xi);C

=  (1*“W  r ^ X M  -  (3.34)

3.5 D eriva tion  o f  C onserved  C om p lexes from  ha

In order to generate physically interesting conserved quantities from the complex 

ha we consider the variation of the previous section as given by an infinitesimal 

transformation defined in terms of an arbitrary set of independent parameters SkAB, 

where, here, the capitals represents sets of indices. That is, we write

x° = r Aa sk AB (3.35)
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where f aAB is some function of the coordinates and potentials and the 6 kAB, which 

are just the infinitesimal generators of the group whose “motion” represents the 

symmetry of the spacetime, are to be considered as arbitrary but predetermined, 

and thus constant with respect to the coordinates.

As in Hamilton-Jacobi theory we may then write

2 § r  =  J h ‘/ d $ ‘ ( 3 ' 3 6 )

(note that, up to a linear transformation, this fixes the coordinates). Now, by 

specifying the appropriate infinitesimal generators 6 kAB, we may write the “mo­

menta” Ps, P* and the “angular momentum” J ts as surface integrals of the energy-

momentum complexes has, haL and the angular momentum complex hats. These

6 kAB derive from the infinitesimal vectors

C = y \ x n + C  (3.37)

6  =  l t n X n + Ct (3.38)

where j tn is antisymmetric. But £s, are just the Killing vectors of Minkowski 

space and do not generally represent true symmetries of the spacetime. Only by 

integrating near infinity on an asymptotically flat spacetime may we be sure of 

obtaining valid results. Thus the motivation for the term “complex” ; these objects 

are not true momentum densities and, in general, will not exhibit the corresponding 

local properties.

Further, as long as the sets of indices of 6 kAB include at least one coordinate 

index, writing equation (3.36) will fix the coordinates, up to a linear transforma­

tion, and the conserved quantity will not, in general, be covariant. But if for the 

fundamental quantities of the theory we choose objects, such as spinors or twistors, 

which admit additional transformation groups whose infinitesimal generators 6 kAB 

do not possess coordinate indices, the resulting conserved quantities will be coordi­

nate (though not gauge) invariant.
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We can now conclude that our goal of a covariant, localizable conserved 

quantity cannot be realized in a (general relativistic) theory that exhibits only 

coordinate invariance. However, the foregoing analysis has not been in vain. We 

are now in a postion to provide a compact derivation of a number of new and well- 

known momentum complexes and generalizations thereof. These objects are still in 

widespread use and, as they are likely to remain so, are not yet devoid of interest.

Letting

Xp = ^ (n' \ S k a (3.39)

we obtain from equation (3.34) the mixed complex

( n ) h as =  [ |v /= ^ (n_1)$ a> s +  ( v ^ (n‘ V ) > a6ai -  2 ^ n - l ) g bsr bcd;dl c  (3.40) 

and, if we let

= (3.41)

we in turn  generate the contravariant complex

<«)*“  =  +  v ^ n~ ' V ”1 -  (3.42)

where we have written y/— to denote y/^g  to the power n — 1 and (n)hat to 

denote the weight n complex.

W ith the introduction of a general relativistic Lagrangian, objects derived 

from equations (3.40) and (3.42) will, under the appropriate coordinate conditions, 

correctly give the global values for energy and momentum. However, equation (3.42) 

is not symmetric and thus the moment of (n)hat does not define a conserved angular 

momentum complex. Further, both {n)has and (n)hat contain a  bothersome term  in

$ “fe. W ith the introduction cf the field equations (3.4) into these expressions we 

find those parts containing electromagnetic terms to be

<n)W. =  (3.43)

<»>W“ =  + (3.44)
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(recall that with an appropriate Lagrangian emA0< =  y/—g T at), from which we 

see that the final terms must be eliminated if we are to correctly obtain the usual 

electromagnetic stress-energy tensor. These terms may be discarded ad hoc since 

they are divergenceless. However, it is instructive to seek a more illustrative basis

for their elimination, which may lend itself to some physical interpretation. An

appropriate procedure is suggested by appealing to electromagnetic field theory.

In the absence of a gravitational field, both equations (3.43) and (3.44) rep­

resent the same object

(n) W “ =  EMAat + (§ * “V ).c  (3.45)

which, for the usual Maxwell Lagrangian, reduces to the nonsymmetric stress-energy 

tensor [17],

W  =  U - W j t f 'F *  + n“ FijF ii) (3.46)

where r)at is the Minkowski metric. Equation (3.46) can be symmetrized, producing 

the normal electromagnetic stress-energy tensor, through the addition of a diver­

genceless term obtained via the conservation of the angular momentum density. 

This term  is interpreted as the as yet uncounted energy-momentum contribution 

of that part of the angular momentum density not represented by the moment 

of (3.46). The presence of this anomalous electromagnetic term in our calculation 

in the presence of gravitation seems to imply a similarly uncounted gravitational 

energy-momentum contribution, which we may include via a  symmetrization of the 

whole gravitational-electromagnetic complex. We perform this operation in the 

following section.

3.6 T h e S ym m etriza tion  o f (n)hat

The angular momentum complex is generated from an infinitesimal rotation. Thus, 
we set

XP =  -  gptx°) Skts (3.47)
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in which case (3.36) and (3.34) define the object

<»)*»“ '  =  -  (n)hatX* + { y / ^ n' 1 \ r aCt ~ r tCS)L

+[12 V =g{n~1)( ^ atr  -  $ aV )  +  ^ n- l)M atd -  4 at3d) 

—2 \ f —g'n~l){ipaatd -  r t3du

= (n)M aU +  (n)Sat3 (3.48)

where is the moment of the complex (n)hat, and (n)Sats represents an intrinsic

field momentum (in quantum mechanics this term  is used to derive spin). The 

energy inherent in the (n)Sats portion of (n)hats has not yet been accounted for; thus, 

we add an additional “spin” term  (n)-sa< to (n)hat to obtain a total energy-momentum 

complex

(n)H at = (n)hat + {n)sat. (3.49)

The expression for (n)Sa( is derived through the following set procedure (see Cor­

son [7]).

We begin by writing the conservation law for the angular momentum complex

haUa =  hts -  hst +  S aUa

= hu  -  hst + (nUa -  //sta),a (3.50)

so tha t hu +  n tsa a defines a symmetric object. Thus, if we let

= n atsta (3.51)

H at a will vanish if and only if /i°<6 6a vanishes; that is, if and only if

pa<6 =  - p 6<a. (3.52)

From equations (3.50-3.52) we may infer

SU =  I ( S a u  +  S sta +  s t s a y a ( 3  5 3 )
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which, after substitution of S ats from (3.48), becomes

(„)»“  =  -  (»)*“*■ (3.54)

Substitution of (3.54) into (3.49) yields the total energy-momentum complex

{n)H tS =  - 2 ( N/ ^ (n- 1V <S°C),ca

=  - ( ^ " " ^ A  lsacha. (3.55)

Reference to (2.29) shows that (3.55) is indeed symmetric and vanishes under a 

divergence of either index.



C hapter 4 

Particular Energy-M om entum  
C om plexes

4.1 In trod u ction

The formalism presented thus far has been sufficient to generate the field equa­

tions, the general conserved quantity ha, the energy-momentum complexes (n)h°s 

and (n)hat, the angular momentum complex (n)hat3, and the symmetrized energy- 

momentum complex (n)H ts; all without reference to any particular Lagrangian. We 

will see that these quantities suffice to generate and generalize virtually all energy- 

momentum complexes currently known1.

The physical situation in which we are interested is the usual one in Einstein- 

Maxwell theory: an electromagnetic field in the presence of gravity. In particular, 

the elimination of the electromagnetic field does not imply the elimination of the 

gravitational field and hence our Lagrangian takes the form (3.29). The most gen­

eral such scalar density Lagrangian that generates the Einstein-Maxwell equations 

without the cosmological term is (Lovelock [18,19])

L  =  L g +  L em  (4-1)

1The notable exceptions are the complexes of Einstein [9] and Weinberg [32]. Weinberg’s complex 
does not lend itself to derivation via a variational principle. However, our technique may be applied 
to the Einstein Lagrangian to derive Einstein’s complex, although the nonscalar nature of this 
Lagrangian complicates the analysis and only the mixed weight-one complex (i)h°4 (Einstein’s) 
exists.

32
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where2

L g =  L h +  a l'o  +  @Lp (4-2)

Lem  =  Lm  +  l L 1  (4.3)

L h = y/—<i R  (4.4 J

L a = £ '^ R abl3 R abke (4.5)

L p = y / ^ ( R R  -  4RijR i:* +  R'JkeR hetJ) (4.6)

L m  =  y fH F ijF ij (4.7)

L .7  =  eijheFijFkt (4.8)

a , /?, and 7  are arbitrary constants, and

Fij =  (f)jp <f>ij. (4.9)

From the above, and Section 3.4 we immediately have

IT =  0 (4.10)

n a6c =  0 . (4 .1 1 )

Also, by making use of the symmetry relations (including the antisymmetry of $ “6) 

we may rewrite the contributions of L g and L em  to equation (2.50) in the form

0n «  =  +  (4.12)

emII" =  £mA» = \(</° emL + <b*F\). (4.13)

The direct calculation of IP 9 is quite lengthy and tedious. W ith equation (4.10-

4.13) we can evaluate the Euler-Lagrange equations and the conserved quantities 

from a knowledge of $ “ 6 and xj)abcd alone.

2 We set c =  G  =  1.
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4 .2  T h e E uler-L agrange E quations

As an intermediate step in the calculation of the functional derivatives of the La­

grangian we consider the Lagrangian as a function of the quantities Fab and

Rabcd = 2 {dad,be 4" 9bc,ad 9 ac,bd 9 bd,ac) d" 9 mn{U (,CF T ac). (4.14) 

From equation (4.9) we can see

dFab
= -6181 + 5181 (4.15)

In taking the functional derivative of R abcd we must be careful to consider the 

symmetry of the metric and its second derivatives. Then

dR
=  j P M  +  > > V I W K  + W )  + W l  +  W I X K V  +  « « )"ffpq,rs

- ( W ! + + m )  -  («r«s+ « ) ( % ■ + w i .  (4 .1 #)

Thus

M $ ab =  —  =  ^ y f —g g ikg i l Fi dFkl

and

Similarly

9<f>a,b " 13 d<f>a,b

=  - 4 y f ^ j F ab (4.17)

^ ab = - 4  (4.18)

^ 9 o.b}cd &Hab̂cd

=  9“  -  ~  'i9°d+ )  (4.19)
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and

a A abcd =  _ ( £ ija cR b d +  g U b d jja c ^  +  ^ a d  R bc ̂  +  £ ijbcR a d ^

pAabcd =  - 2 y /^ j [ R adbc +  R acbd -  2gabR cd -  2gcdR ab 

+gadR bc +  gbcR ad +  gacR bd +  gbdR ac 

+R(gabgcd -  \g acgbd -  \g adgbc)\.

Hence, from equation (2.27) we have

fjtpabcd =  - \ ^ { g abgcd- g adgbc)2

a^bcd =  _I^2 £ij“ R bd.. +  2eijbdR acij + e'JadR bctJ

+ e ijbcR adij +  eijabR cdij +  e'3cdR abt3)

0 ^ abcd =  - 2 s / U j { R acbd -  ( g abR cd +  g cdR ab -  g adR bc -  g bcR a d )  

+ \ R { g abg cd -  g adg bc)} .

In order to derive the Euler-Lagrange equations (2.40) and (2.45) ' 

first calculate the quantities IP 6.

Hi>pbuR"cdi = V z v « ”

so equation (4.12) gives us

HIP 9 =  ^ ( 1  g P0R  _  R ph) =  _ y i 7̂ G m  

where Gpg is just the Einstein tensor.

a4’picdl + e ^ R ^ J R ' ^  

and so appealing to (4.12) once more gives

Qn p9 = \{gpqeijUR abijR abkf. - 2 e iiHRpbijR gbU 

+ e ijpbR cd{jR \ cd -  ZeijghR cd{jR pbcd).

35

(4.20)

(4.21)

(4.22)

(4.23)

(4.24) 

; must

(4.25)

(4.26)

(4.27)

(4.28)
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We can show that an pg is symmetric through the use of the following perm uta­

tion identities, which result from the fact that Sp°bkd vanishes identically in four 

dimensions:

TA8 Vrim 9 TqeiM R mn, hRrnncd =  0

=  g W e ^ R ^ j R M t  - - 4epbij R \ kiR (jke (4.29)

■9as9ueatktR mnijR mnC'i =  0 

-  gpH iikiR aiijR abke -  2epbl3R qbk(R tJke -  2eqh'3 R pbkeR tJke. (4.30)

Thus, we may write «IIP9 in the symmetric form

„ n ~  =  -  2e‘i i ‘Rpl’ijlV M

K m R ,? ) -  (4.31)

We can now further simplify 0IIP? via the permutation identity

-- 0

=  g” ci’k,R ‘bijR M  -  2 e'>y  R r\ IR \ t ,

+2 +  e’iiiRr‘ij)R ti (4.32)

which, when substituted into (4.31) gives

aHpq = - { e pbiiR qdii +  eqb' 3 R pdl3 )Rbd- (4.33)

In order to calculate /sIP’ we first note

p V hcdR qcdb = 2V =H(RpbcdR qbcd ~  2R pbR \  -  2RPhqdR bd +  R pqR) (4.34)

which is clearly symmetric in the indices p ,  q.  Thus, after substituting into equa­

tion (4.12) we have

(in1” =  \ ^ l S” (R blatR ^ d - i R ^ R nl, + RR )

- i ( R , ‘‘,AR lCd -  2RCJT, -  I R ^ R u  +  (4.35)
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However, by another permutation identity, we have the Bach-Lanczos identity [1,16]

\ & d9 rqR abkeR ijcd =  o 

= gpq(R abcdR abcd -  4RahR ab + RR)

- 4 (RpbcdR \ cd -  2RFhR \  -  2RFbqdR bd + R pqR) (4.36)

and hence pTLvq vanishes

^IF9 = 0. (4.37)

The electromagnetic Lagrangians yield simpler concomitants. From equa­

tions (4.13) and (4.17) we have

mIP9 =  ^ { \ g pqF ahFab -  2FpbF \ )

=  87T\/—5 T pq (4.38)

where T pq is just the usual electromagnetic stress-energy tensor.

7IP 9 =  \{gpqeabcdFabFcd -  4eqbcdF pbFcd) (4.39)

but, by a permutation identity analogous to equation (4.29) we see

h & 9 preijkeFabFC(i = 0 

= gpq£ahcdFabFcd -  4eqbcdF pbr  (4.40)

so 7IIP9 also vanishes

-,IF9 =  0. (4.41)

It is clear from equation (4.19) that //Ao6cd;m is zero and as is evident from

equation (4.36)

-  (4.42)
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which implies that p‘*l>ahcdtf, ^ abcd;c hence pAabcd.(i vanish via the Bianchi iden­

tities. Talcing covariant derivatives of (4.20) we have

aAabcd.d = 2(eijcaRbi.j - e ijbcR ai.j ) (4.43)

arPabcd.d =  \{2el3caR blu -  e'jbcR ai;j -  £,3abR ct.3) (4.44)

aApqcd,d;c =  (epbijR ,,di j + e qdijR pbij)Rbd. (4.45)

From equations (4.9) and (4.18) it is also evident that - ^ ab.b is identically zero. 

Thus the Euler-Lagrange equations (2.40) and (2.45) reduce to

y /^g(G pq -  8nTpq) -- 0 (4.46)

- 4 y /= ^ F pq>q = 0 , (4.47)

the Einstein-Maxwell equations.

4.3 T he E n ergy-M om en tu m  C om p lexes

Having calculated all of the relevant quantities we are now in a position to examine 

conserved quantities generated from the Lagrangian (4.1). Equations (3.34), (3.40), 

(3.42) and (3.55) now read:

h‘ =  [§ (« * “  + 7

+(„V’"  + a ar Ud +  H/><i>M ) x ^ -  2o,ai ,M 4 XtU  

=  {-2(v*=»F “  +  y e ^ F ^ x ” -  ( f  -  g‘dgk )

+ Ja(2eu“ f l" y  +  2£ijMjr%  +

+£i,4c

+2@y/—g[Iiaebd -  (9 °bK :d +  gedR 't -  g 'dR tc -  gk R “1)

+ lR (g 'igdd -
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+ la(2eijacR bi;j + eijbcR a,tj +

( n ) h as =  [§ +

H y f ^ n~l)9 >>s)4 { H r bcd +  a ar bcd+ p Pr bcd)

- 2  a ^ n- l)gbsar hcd.4],c 

=  {—2 v /-^ " -1)(v/~5 E ac + j£ acii Fij)(f>3

- ( v ^ ' V W t v ^ ' V ' 1 -  9ad9hc) 

+ la(2£ijacR bdij +  2eijbdR acij +  £i3adR bcl3 

+eijbcR adij +  £ijabR cdii +  eijcdR abij)

+2 P y f^ [ R acbd -  (gabR cd + gcdR ab -  gadR bc -  gbcR ad) 

+ \R (g abgcd -  gadgbc)])

+ |« VC ^ " - 1 ) ( 2  e ^ R 3, .  + gbaeijbcR a,tj + gb3e'>abR % )} ,

( n ) h at =  [ \ ^ r j n - x\ M * ac + 1

+ ^ n~x\ d{ H r tcd+ a ar tcd+ /3 0 r tcd)

- 2 a ^ n- X)ar tcd.4lc 

=  { - 2 y/=?*~ 1 \ y / =g F “  + y e r iiF ij)4>t

- y /= ? n~1 U W = 9 ( 9 't9ed ~  9ad9tc)

+ \a{2eiiacR tdi - +  2eijtdR acij + £'jadR ictJ 

+eijtcR adIJ +  £'3atR cd l3 +  e'3cdR attj) 

+2/3y/^j[R actd -  (gatR cd +  gcdR at -  gadR tc -  gtcR ad)

+ \R {gatgcd -  gadgtc)})

+ i a y / ^ n- 1)(2£ijacR t,J + £ * cR \ j + £ i3atR \ j )}<c

39
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(n)H at =  - 2 [ ^ n- l){Hr tcd+ < * * r tcd + P e r tcd)],dc

= {V=g(n\gat9cd -  9adgtc) + 2a ^ in~1\eijacRtdij +
+ 4 ^ v/ = ? n)[iZactd -  (gatR cd +  gcdR at -  gadR tc -  gtcR ad) 

+ \R {gatgcd -  gadgtc)]},dc- (4.51)

We have seen that neither La, Lp, nor L7  has any effect on the Einstein-Maxwell 

equations. L7  does not contribute to the usual electromagnetic stress energy tensor 

[see (4.51)] and hence is rarely encountered. La and Lp both contribute to the com­

plexes (4.49-4.51) and other objects derived from (4.48) and neither contribution 

vanishes with the connection. At the same time they are nonzero in vacuum. The 

presence of the Riemann tensor in the a  and /? terms is also worthy of note. These 

may prove of interest in studies of gravitational radiation.

Having presented the general formulas, we now derive previously encountered 

energy-momentum complexes. Other than the weight-one a  and ft terms in (n)has 

(which can be found in Goenner and Kohler [12,13]), these all require a = 0  — 7  =  0. 

Equation (4.48) now reads

h ‘  =  m ),c

=  {iV =9 (-lF “ 't'r)c’’+ X™ + X‘'‘)h  (4-52)

which, aside from the electromagnetic term, is Komar’s complex. Equations (4.49- 

4.51) become

<»>**. =

=  + g„,p)

+VC 5("",,,p•J=9(K9cr -  S O L  (4.53)

=  - i ! 4 ^ nV ‘<»' + x / ^ (”- ^ N / ^ ( s * ' ^ - r t ‘%  (4.54)
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=  W a i f ' s *  -  »“ V ) ] * .  (4.55)

Neglecting the electromagnetic terms, we see that (4.53) is a generalization of the 

(n =  1 ) M0 ller [22] complex to arbitrary weight. Equation (4.54) is the generaliza­

tion to arbitrary weight of a complex briefly considered by Lorentz and Levi-Civita 

and later rejected by Einstein (see Pauli [25]). For n  =  1  the nonelectromagnetic 

terms vanish. Thus, introducing the field equations, we may write the gravitational 

part of (i)hat in the form

(i)*aai = ^ G at (4.56)

where Gat is the Einstein tensor. This complex was considered unsuitable because 

it permits the existence of nonempty spacetimes with zero total energy. Equa­

tion (4.55) gives the infinite family of complexes obtained by Goldberg, as general­

izations of the Landau and Lifshitz complex, which is given by (4.55) with n — 2. 

To the best of the author’s knowledge, this is the first time the Landau and Lifshitz 

complex has been derived via a variational principle.

The complex (n)H at is of interest on another note. Setting n =  1 and sub­

stituting (3.55) into the Euler-Lagrange equation (2.40), we have (dropping the 

subscript)
H ab = Aabcd dc =  Aab _  A«fcc ̂  ^  ^

a relation which will also hold for more general Lagrangians including m atter terms 

(as long as they do not contain derivatives of higher than second order in the met­

ric). This is just the expression given by Landau and Lifshitz [17] for the energy- 

momentum density of a nongravitational field (note that our definition c =  G =  1  

differs from tha t of Landau and Lifshitz). Landau and Lifshitz, having generated 

the Einstein equations with the Einstein Lagrangian for which (4.57) vanishes iden­

tically, point out that their relation does not hold for gravitation. In fact, for the 

Einstein Lagrangian, equation (4.57) simply gives the nongravitational contribution
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to the Einstein equations: the stiess-energy tensor. However the previous analysis 

has shown that, using (for instance) the Hilbert Lagrangian y/—g R  with the appro­

priate interpretation of H*j as a combined energy-momentum complex, this relation 

does, in fact, hold (in a global sense at least) for gravitation.



Chapter 5 

A Palatini Variational Principle

5.1 In trod u ction

In this chapter we investigate the Palatini variation of a class of Lagrangians based 

on that of Nissani [23]. A Palatini variation differs from the Hilbert variation consid­

ered in the previous chapters in that the fundamental quantities chosen to represent 

the gravitational field are the metric, the connection and its first derivatives rather 

than the metric and its first and second derivatives.
The Palatini variational principle is sometimes considered to be superior to

the Hilbert variation because, for the usual Lagrangian \J—g R, the connection may 

be generalized from the Christoffel symbol to an arbitrary symmetric connection. 

Then the Euler-Lagrange equation resulting from the variation of the generalized 

connection requires that the connection be the Christoffel symbol. That is, the 

variation of the connection specifies the geometry to be Riemannian. In this sense 

the Palatini variation is more general than the Hilbert variation, in which Rieman­

nian geometry must be assumed. However, if additional terms are added to the 

Lagrangian, to include m atter for instance, then any further functional dependence 

on the connection will disrupt the Euler-Lagrange equation, once more relegating 

the Riemannian condition to the status of an assumption.

Nissani presents a Lagrangian which, he claims, generates Einstein’s equa­

tions and specifies Riemannian geometry in the presence of a general m atter tensor. 

But, as we will show, his latter claim is not justified; Riemannian geometry must,

43
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in fact, be assumed.

Nissani’s variational strategy is quite different from the usual one, and is 

perhaps unique. He defines a Lagrangian with the functional form

L = L(gab, r a6c, r ^ d ,  Wabed-, Mabcd) (5.1)

where W abcd, M abcd are tensors satisfying

wa bed = - W a bde (5.2)

Mabcd ~  M abdc• (®*̂ )

The generalized m atter tensor M abcd is to be considered arbitrary during the varia­

tion but will later be restricted to the form

Alabcd 2 9̂ acTbd QadTbc QbcTad “i“ QbdT'ac) ”1“ ^(Qadfjbc SacQbd^T (5.4)

where Tab is the stress-energy tensor and T is its trace. It is the Euler-Lagrange 

equations resulting from the variation of M ahcd and W abcd which generate the Ein­

stein equations. The first of these is

^Vabcd "t" M[abcd — Rabcd• (5.5)

The second, with (5.5) is

=  0 (5.6)

which, after invoking equation (5.4), gives the Einstein equations and establishes 

Wabcd as the Weyl tensor.

Nissani’s Lagrangian is of interest for several reasons. Unlike the usual for­

mulations of general relativity, his Lagrangian follows the pattern of other field 

theories and permits the derivation of the field equations from a Lagrangian which 

is quadratic in the field quantities. Also Nissani’s Lagrangian is based upon the 

Lagrangian [3,4,5] of Carmeli’s S L (2, C) gauge theory of gravitation.

We investigate this Lagrangian here in order to study the effects of an alter­

nate set of fundamental quantities on both a new Lagrangian and, since Nissani’s
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class contains the usual Palatini class, the gravitational Lagrangians considered pre­

viously. In particular we will be examining the Euler-Lagrange equation resulting 

from the variation of the connection. Further we will show that Nissani’s Lagrangian 

is not unique.

5.2 T h e V ariation

In this section we take the Palatini variation of the class of Lagrangians with the 

functional dependence (5.1) where r atc is an arbitrary symmetric connection. As 

the symmetry properties of Wabcd and M abcd do not affect the analysis of this section 

we will, for the time being, consider them to be undetermined. When we consider 

Nissani’s Lagrangian we will assume they obey equations (5.2) and (5.3), respec­

tively. However, in order to derive the field equations of general relativity it will, 

as we shall see, be necessary to assume Riemannian geometry in which case both 

Wabcd and M abcd must be antisymmetric in their first, as well as their second, pair 

of indices. Thereafter we shall assume

^Vabcd = ^Vabdc = V̂bacd (0.7)

NIabcd — Afabdc -= ^Ibacd■ (5.8)

Using the definitions (2.7) for a coordinate transformation x' = x '(x a) and 

noting that

= - c ’jk(c-lu c - ly.(c-')\ (5.9)

we have the following transformation laws for Tabc and r a6c d

t ‘it = (c-I)i.cbjc%r\c + (C-'y.C'p (5.10)

r~ t __ /  /-t — 1 \ t  /—t6 s~ic (~td -pa
jk,e ~  j'-' eL bc,d

+ { - c dm, ( c - ' ) id( c - i r ' C ij c % + ( c - ' y . c y n + ( c - ' r . c ' c y  r v  

- c imt( c - l)‘d( c - ' r . c <‘, k +  ( C - ') '„ C > .  (5.11)
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We introduce ' ne following notation for the functional derivatives of L

A - _  “

Q,abcd =

dgab’ 

dL
dWabcd'

which obey the symmetry relations

r  6c _  ^ dL
a a r a6c’

(5.12)

..abed dLI1 dMabcd

relations

Aat = Aba (5.13)

racb (5.14)

r a6cd = t m (5.15)

-£ iabdc = -$ ibacd (5.16)

abed _fl —
abdc __ bacd /x — fi (5.17)

Differentiating the transformation laws of L(gij, f ‘j f c Wijke, Mijki) and 

its arguments with respect to the arguments of L, yields the following transforma­

tion laws for the quantities (5.12)

A =  C A ab (5.18)

Tijk(C - 1 y aCbj C ck +  f , '" [ (  C - ' y ^ C M e  =  C rabc (5.19)

f 1^ ( C - 1 ),aC 6JC c,C ^  =  CTabcd (5.20)

& MC%Cb3 C ckC dt =  CQ.abcd (5.21)

F ’ktC aiC bj C ckC de =  C /iafccd. (5.22)

Only r a6c is not a tensor density.

We note that

=  —(C “ 1 )‘p(C,_1),a. (5.23)
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Then, differentiating the transformation laws of L  and its arguments with respect 

to the coordinate transform C pq and its derivatives and considering the particular 

case of the identity transformation yields the invariance relations

TPqra +  Tp aq +  rPS9r =  0 (5.24)

-r 1T -i_ t  r 1 _  t  fc=9Tr  _  r  bcr'i'1 p  r  Tp Tp  1 be ^  be

+ ( T a qcr +  rarcq)Tapc + (Ta bqr +  Ta brq) T \ p = 0 (5.25)

f i qbcdM pbcd +  H aqCdM apcd +  l P bqdM abpd +  f4abaqM abcP

+nqbcdwpbcd + naqcdwapcd + nabqdwabpd + nabcqwabcp
b e d -p q  . q c d - p a  . b jd-po . 6cg-pa 

p ^ 6c,d ■ ' a pcyd *a ■** bptd ' a  6c,p

- r pbcTqhc +  raqcT \ c +  rabqT \ p + A qbgpb +  A aqgap = 6 qpL. (5.26)

It is appropriate, here, to define the useful quantity unabc, analogous to the

quantity ipabcd introduced in Section (2.3),

a6c   I / — <ifcc _  cba\    , ,  cbo / c
n =  z V n  ~ Tn )  =  • ( 5 - 2 7 )

The new quantity satisfies the relations

= r„ ,fc (5.28)

+ I',"-" + = 0. (5.29)

As T bc is non-tensorial, we now wish to derive its tensor concomitant. We

introduce the arbitrary symmetric (in its lower indices) tensor habc and define the

quantity

F = T . M h ‘M  + T .h h ‘tc. (5.30)

Using the transformation laws for Tabcd and Tabc it is easy to show that F  is a scalar 

density.
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We now assume the existence of a quantity II06c such that

F = ' - / “'hV;d + n„k ftV- (5-31)

Comparing (5.30) and (5.31) we conclude that

n bc  _  be _  b e d j ^ n - .  , _  m c d 'p t  , _  b m d j ^ c _____ __ t t  cb q o \
a =  Ta ~  <m 1 ad +  Ta 1 m d  +  Ta 1 n d  ~  A1o \ 0 . 6 1 )

and., since F  — Ta bcdh abc.d is a scalar density, we see that IIa6c is clearly a tensor

density.

In order to show that the Euler-Lagrange equation which will result from 

the variation of the connection is a tensor equation we rewrite (5.30) and (5.31) in 

the form

F  =  (r  * - T “ 4 ) h \  + (T ™ h-k U

= (n„‘c -  r . ^ V  +  (5-33)

But, since Ta bcdh abc is a vector density, this implies that

E abC =  ~TabC +

=  - n a 6c +  ~a bcd:d ( 5 - 3 4 )

from which it is clear that E abc is a tensor density.

The conversion of the invariance relations proceeds much more smoothly

here than in Chapter 2. Equation (5.24) is, of course, already in tensor form.

Substitution of IIa6' for rabc in (5.25) yields, by (5.24) and the symmetry of the 

connection

1 1 /  =  0. (5.35)

In o der to obtain a tensor form of (5.26) we must convert the expression
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As the connection is non-tensorial we should expect the resulting expression to 

consist of terms in the Riemann tensor. Again substituting n abc for rabc leads, after 

applying (5.24) and (5.35) to

f V  — — T  _  p m  p ?  _  p m  p 9  \
q p 6c.d 6d me cd 6 m /

+  _  qcd / 'pa  , 'p a  p m  p m  p a  \
a pc.d ' mrf^ pc ^ cd'*' p m )

+  r “mJr m4p -  r ” Mr*m,)  +  r ^ r ^ .  (5 .3 7 )

Changing rpbcd to u's via (5.2S) and applying the first invariance relation (5.24) to 

rabcq quickly reduces (,pq to the form

C, = (5.38)

Thus the tensor form of the third invariance relation is

6 qpL  =  Aqbgpb + A aqgap + vpb‘dR qcbd +  ro q*dR \ dp +  ra bqdR \ dp

+nqbcdwpbcd + naqcdivapcd + nabqdwabpd + nabcqwabcp

+ ^ bcdM pbcd + LLaqcdM apcd +  fiabqdM abpd + n abcq M abcp. (5.39)

Finally, for notational convenience, we formally extend the covariant dif­

ferentiation operation to apply to the nontensorial quantities r a6c and r a6c d and 

convert

“V =  T, t‘r ’d;P +  (5-40)

in order to write L-p entirely in terms of tensor quantities. Substituting n afcc for rabc 

and use of (5.24) and (5.35) gives

-v  =  r„ lrf( r cU +  r ^ r v ) , .  (5 .4 1 )

Once again introducing i/s  through equation (5.28) we have

u> = = - 2 » .bcJR°etr;J (5.42)



CHAPTER 5. A PALATINI VARIATIONAL PRINCIPLE 50

where, in anticipation of the next stage, we have made use of the Bianchi identities 

to obtain the second equality. Thus

L,p =  Aabgab,p -  2vabcdR \ b p .4  +  nabcdWabcd,p + n ahcdM abcd,p. (5.43)

We now consider the action (2.1) where L is a scalar density with the func­

tional dependence (5.1). The variation of the action is of the form (3.1) with

6 L  =  l ,1<W + r 1fcf r ‘k + r “ f r ' w

+{!“*“' 6 Wot„, + 6 M„icd. (5.44)

The resulting Euler-Lagrange equations are

E ab =

OIIOc1 (5.45)

E .l‘ H _ _  be , bed _  bed _  n  
Ta + T a , d ~  a ;d ~  U (5.46)

jpabed _
t ,  = - Q abcd =  0 (5.47)

jjiabcd  _ - / i abed =  o. (5.48)

Under the infinitesimal transformation xa — x a +  the varied potentials 

take the form

s 9ab  =  { g Pb X P;a +  9 a PX P',b +  9ab-,PX P)  (5.49)

w abc =  - x a;b;c +  R abcPx p (5.50)

tW abcd =  - W pbcdXP,a -  W apcdX P-b ~  W a b p d X P-c -  W a.bcPX P-4 ~  W abcd;pXP (5.51)

S M abcd =  AfpjycdXP-,a M a PcdX  ;6 M a b Pd X P-,c M abcpX P 4  N I abcd-p ) ( P (5.52)

all of which are clearly tensors. Thus rabc 6 Fabc +  rabcd STa b c 4  is of the form (5.30) 

and we may write

SL =  A“6 Sgab +  t % bcd 6 Tabc.d +  Slabcd 6 Wabcd +  //abcd 6 M abcd. (5.53)
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Substituting for the varied potentials above and making use of equations (5.39) 

and (5.43) then gives

SL =  ~ (L x r):, -  ~

+  W *  +  r J ” )R‘icr )x”,q -  W * * -  (5.54)

As per equation (3.5) we write 2ha.a for 6 L + (L xp)-,p- In equation (5.54) we simplify 

the term  in x p by using equations (5.28) and (5.29). We convert r ’s to i/’s in the x p-,q 

term by applying (5.24) and (5.27) and apply (5.28) to the XP-b-,c-,d term  to obtain

2 h \  =

~ (» ,M  +  (5.55)

As before we will assume, if possible, that the Riemann tensor operates on 

the functional derivatives of the Lagrangian rather than the variation x P• Thus, 

partially integrating the x p term  is the obvious first step. We note

(5.56)

and then write

M v ^ R ? * ,  -  +  " / V (5-57)

f c . 'W x '  -  W  -  -  •v 'V * .

= (■',‘V V  -  ( ^ V f c ) , -  +  (5.58)

~  =  2^*’',.,. (5.59)

Now

and
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Substituting these into equation (5.57) we have

+ 2 ‘’r* l# X r *  +  ^  -  •'pM )x , -m « -  (5 .60)

Upon “integrating”1 the first and third terms will cancel and may thus be elimi­

nated. Also

-  ‘'rM )x’ .Mai =  (5-61)

so we finally obtain

2 h \ ,  =  (2up' i‘x p,d -  (5-62)

or

h- =  ( V V *  -  W \ x , )„- (5.63)

Note the difference between (5.63) and the gravitation contribution to (3.34). 

The change in the coefficient of the x p term is a consequence of our adoption of the 

connection as a fundamental quantity.

As in Section (3.5) we may generate momentum complexes from (5.63) by 

considering the transformations

=  y f ^ n' 1)6 l 6 ka (5.64)

Xp =  V * * t  (5-65)

XP =  v/-<7(n~1)(s,psz< ~  gptx B) 8 kta. (5.66)

Then we have, respectively, the complexes

<.)*>•. =  + (5.67)

= [ ( / ^ ' " ' V ) , ^  +  y / - 9 in~1\ pt(i'madcT1npd -  (5.68)

(n)« =  (n)h x — (n)ft a;

1 taking the antidivergence
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+[v/z 91”' '1 V V '  -  SfV “ )]lt

H V = ? n- " r h ’'r'*  + VO'™""!’”* -

- [ ( ^ " ' V ' ) . ^ / ' "  + -  $.,,,•%). (6.69)

We again form a symmetric complex by adding to (n)hat a “spin” contribution 

derived from (n)hats. We find

(.)<’• =  V v “  +  -  s ' V "  -  9’V “ ) U  -  <">'*”  <5-70)

from which we obtain

r i t s    l r  /  ~ ( n ~ I b - . a a i c  , , ,o i sc  , ,,<cas . , , 4 c a t \ i
( n ) - n  =  2 IV  \ V  +  "  +  "  +  17 )! -“

  l r  / l d n —̂ J z —otsc | _csta | _ t o c s  . _ * c a t \ l  / e  >71 \=  4 W - 9  (r  + T + T  + T  )J,ca (5.71)

where we have made use of equation (5.28) in deriving the last line.

5.3 L agrangians

We are now ready to apply the analysis of the previous section to particular La­

grangians. We will begin with Nissani’s Lagrangian. Hence we adopt the symmetry 

relations (5.2) and (5.3) for Wabcd and M akcd and write

L =  L\ +  L'2 +  L 3 (5.72)

where

L\ =  ecd9hgaigbeVa bcdVefgh (5.73)

Vabcd = abed H” M-abcd 72abed (5.74)

= r v  -  r'w  + rpmtr"M -  (5.75)

£2 =  V = 99~!l” 9 ,‘‘gdhWM W '„k  (5 .76)

£3  = - e ‘d’hR-tcdRbnk. (5.77)



CHAPTER 5. A PALATINI VARIATIONAL PRINCIPLE 54

Following Nissani, we first consider the Euler-Lagrange equation resulting 

from the variation of M abcd • We have

=  lflw  = 2ecdrsV <lpcd (5,78)

which, with (5.48), implies that Vabc<t is identically zero and

Wabcd. +  Mabcd. =  Rabcd• (5.79)

As L\ is now seen to be quadratic in the vanishing term  Vabed it will not contribute 

to the other functional derivatives.
Next we consider the Euler-Lagrange equation resulting from the variation 

of Wabcd- We have

ftP9rs =  2fF 'rs =  V=g(gprW aqas -  gp3W aqaT) (5.80)

which, after contracting (5.47) with gpr, implies

Wafrad =  0. (5.81)

Thus L 2 is quadratic in the vanishing term W abad and it, too, will not contribute

further in the analysis. We now assume that M abcd is of the form given by equa­

tion (5.4). Then, substitution of (5.79) into (5.81) results in

Tbd -  \9bdT =  R abad. (5.82)

I f  the geometry is Riemannian these are just an alternate form of the Einstein 

equations.

Turning to the Euler-Lagrange equation resulting from the variation of the 

metric, we see that

Ap« =  3Ap<? =  0 (L83)

so that equation (5.45) is identically satisfied.

Finally we consider the Euler-Lagrange equation resulting from the variation 

of the connection. We have

v r‘ =  3 t„<" =  +  e ^ - n r ^ )  (5 .84)
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so that (5.46) vanishes via the Bianchi identities; providing no further information 

about the geometry. Nissani, in obtaining

£cdisR jpcd.,a = 0 (5.85)

for the Euler-Lagrange equation (5.46) seems to have functionally differentiated 

incorrectly: (5.85), which should represent Tp‘JS;s, is not symmetric in the indices 

i , j .  Regardless, Nissani writes:

eabcdRmnab-4 =  0 (5.86)

“which are the Bianchi identities” give, with (5.85)

ecdiaRmPcd9mj;s =  0. (5.87)

For a given j  these are a set of sixteen homogeneous equations in the sixteen un­

knowns gmKa which implies

9mj;s =  0. (5.88)

But, in fact, for an arbitrary connection the Bianchi identities are [20]

R'jhk-.p  +  R 'jk p ;h  +  R*jphik

=  S-'u B ‘imr +  S \ R ‘lmh + S V (5. 89)

where, here,

^hk = hk ~  ^kh  (5.90)

is the torsion. When the torsion vanishes, as in our case, equation (5.90) clearly 

reduces to (5.85) rather than (5.86). Thus in writing equation (5.86) Nissani is 

assuming (5.88). His reasoning is circular and hence erroneous. Riemannian geom­

etry must be assumed in order for equations (5.82) to correspond to the Einstein 

equations.
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We will now make the assumption that the geometry is Riemannian. Thus 

we acknowledge that the components of the connection are given by the Christoffel 

symbols but still consider gab and r “bc to be independent in the variation. Effectively 

we let gab be an arbitrary symmetric tensor and only later select it to be the metric. 

This does not affect the analysis of the previous section but will affect the results 

in this section. The Riemann tensor is now antisymmetric in both its first and last 

pair of indices which, with equation (5.4), implies the same must hold for both Wabcd 

and Mabcd if we axe to obtain equation (5.79). Hence we will now assume that Wabcd 

and Mabcd obey equations (5.7) and (5.8). These new symmetries do not affect fiabcd, 

so (5.79) holds as before; but they do change £labcd. Recall that we must consider all 

possible permutations of indices when taking functional derivatives. We now have

Qpqra = 2n pqrs =  \ ^ { g pTW aqa3 -  gpsW aqar -  gqrW apa3 +  gqsW apar). (5.91)

Contracting first with gprgqs and afterwards with gpr again yields equation (5.81).

One might expect that we will also have to modify the derivations of Aab and 

Ta bcd and, indeed, wonder why we have not explicitly considered the symmetries

R\cd  =  ~R\dc  (5.92)

sabcdR ebci =  0 (5.93)

in the previous derivation of Ta bci. Of course (5.92) is clearly embodied in our 

definition of the Riemann tensor, equation (5.75). But (for a symmetric connec­

tion) (5.93) also follows from (5.75). It is a consequence of the functional form of

R abcd(rabciFabc,d) and, as such, is already “built in” to the theory, as is evident from

the first invariance relation. The new symmetries

R a b c d  — R b a c d  (5.94)

R -a b c d  =  R c d a b  (5.95)

which result from the restriction to Riemannian geometry are in fact equivalent and
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need not be considered separately. However, in order to write

t f w  =  i ( * w  +  S ^ R ^ )  (5.96)

which would result in changes to both A°6 and r a6cd, we must explicitly identify 

gab as the metric. But then gab and r°i)C would no longer be indeperdent and we 

would be forced to resort to a Hilbert variation2. Thus the previous derivations 

of A°6 and Ta bcd remain valid and the corresponding Euler-Lagrange equations are 

satisfied. Once again equations (5.79) and (5.81) imply, with (5.4), equations (5.82) 

and that, with the assumption of Riemannian geometry in place, these are just the 

Einstein equations.

Examination of the Lagrangian (5.72), in light of the resulting Euler-Lagrange 

equations, shows that the only “surviving” term is L$ which is just L a of equa­

tion (4.5). As Li is also of this form, the analysis of Chaper 4 suggests that we 

may obtain results analogous to Nissani’s by using Lagrangian terms based on the 

double-dual form, L@. Thus we define

L =  Li -f- X12 -H L$ (5.97)

where

U  =  (5.98)

U  =  - 4  Le = - ^ b ^ g u g‘i R \ u R ‘llk (5.99)

Then

= = 2v̂ <&yy>V*ii (5.100)

which, when substituted into the Euler-Lagrange equation (5.48), again implies that

Vabcd vanishes and that (5.79) follows. Like L \ , L4 is seen to be quadratic in the

2In the analysis of Chapter 4, when we used equation (4.14) to define R a-,cd, all the symmetries 
evident in equations (5.92-5.95) are “built in” . This is a reflection that theoretical changes occur 
when we switch fundamental quantities. The Palatini variational principle om its a direct consid­
eration of the Christoffel symbols and, consequently, a certain amount o f information is lost. This
is particularly evident in the fact that the quantity ipabcd is, in general, much richer in symmetry
properties than its Palatini analog, vabcd.
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vanishing term Vabcd and does not contribute further. Hence L2 is the only remaining 

term in Wabcd and we again have (5.91), equations (5.81) and (5.82) following, and, 

since the geometry is Riemannian, equations (5.82) give the Einstein equations. For 

Tpqrs we have

V "  =  s V "  =  V = H O " '  +  («•“ » )

so that Euler-Lagrange equation (5.46) is satisfied by the Bianchi identities and 

our Riemannian geometry. Finally,

A« =  „A« =  +  KrS3M 9'r)I>kt^ R i,k (5.102)

and once again vanishes identically. Thus we have shown that Nissani’s Lagrangian

is not unique. In fact any linear combination of the Lagrangians (5.73) and (5.97)

will work. The only complication arises in the Euler-Lagrange equation for f/,pqrs, 

which is then equivalent to

(agik9jt +  £ijke)Vkfmn = 0 (5.103)

but this equation, as well, implies that Vabcd must vanish.

We now turn  to the question of conserved quantities and, in particular, a 

comparison between quantities derived from equations (3.34) and (5.63). We will 

focus on the Lagrangian given by equation (4.1) as it contains the contributing

terms of the Lagrangians presented in this chapter. But first we must discover the

relationship between r bcd and v bcd and their Hilbert variation analogs Aabcd and 

ip ahcd.

After having taken our Palatini variation and decided upon gab as the metric 

we may, in “hindsight”, write

BTa
A.pqrs =  Tabcd~z——  (5.104)

&ffpq,rs

from which we easily determine that

A pgrs _  _ l ( r p.r, +  r ,rV +  r rW, +  r .Mr) (5.105)
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^ p q r s  _  I ( u pqrs _  y qrsp +  p,rspq _ (5.106)

It is immediately apparent that, as a consequence of (5.105), our expressions for 

(n)Hts, equations (3.55) and (5.71), are identical. Unfortunately, in the general 

case it is impossible to simplify (5.105) and (5.106) in order to establish a closer 

correspondence between equations (3.34) and (5.63). However if, for a particular 

Lagrangian, uabcd satisfies

v a.bcd _  _ u adcb _  _ v cbad (5.107)

then it immediately follows that

^abcd  _  u abcd' (5.108)

In fact, from (5.101) and (4.42) is is easy to show that

5uabcd = —4 pipabcd (5.109)

indicating that (5.108) holds for the double-dual Lagrangian Lp. Equation (5.108) 

is also true for L h and, since V’°fccti;d vanishes for these two Lagrangian terms, it is

thus apparent that, for Lfj and Lp, equations (3.34) and (5.63) produce identical

results.

On the other hand, for the Lagrangian term L a, equations (3.34) and (5.63) 

yield differing results. We have

„!/„•”  =  1(2 +  e ^ ' R ' ^  +  e ^ R " ^ )  (5.110)

and so avvqra ^  —aurqpa and equation (5.108) does not hold. Neither does avpqTa.T 

/anish; we find

ai / / rV =  I  ecda<1R pc.,d. (5.111)

Equations (5.63), (5.67) and (5.68) give

=  H(2€iiacR dpij + + c‘̂ R ' tij)x ’4
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+{(2e‘̂ R dmij + e * di r mii +

+2e‘i"‘R rili] ^ }  (5.112)

+2£i' “eii»,1J]} (5.113)

.<»)*" =  | { ( v ^ n' , ,S,'‘).J(2£y“ i r 'py + £ i' “̂ j + £ 'l !fcB*pjj)

+2e,jac.R*ty]} (5.114)

expressions which axe somewhat simpler than their Hilbert analogs, the a  terms of 

equations (4.48-4.50).

The fact that Lagrangians of the form of L a yield differing conserved quanti­

ties in all but the symmetric case can be construed in either a positive or a negative

sense in arguing for or against the use of the Lagrangians, the variational principles 

or the resulting conserved quantities. Yet it is probably relevant that La ’s field 

theoretic analogs such as X7 given by equation (4.8), are only rarely encountered.

In this chapter we have seen that a change in fundamental quantities may 

yield new results. One of these results was the derivation of the Bianchi identities 

as an Euler-Lagrange equation. Since the Bianchi identities are the general rela- 

tivistic analog of the second of Maxwell’s equations, equation (1.2), one is led to 

speculate on the possibility of a general-relativistic analog to (1.1). Such an analog 

would constitute a m atter current equation and would yield an entirely new ap­

proach to the idea of energy-momentum in general relativity. Unfortunately, the 

equations resulting from the Lagrangians we have so far considered have not led to 

any such relation. Still, in the presence of m atter (introduced in the usual way by 

a m atter Lagrangian L m  rather th?^ via Nissani’s generalized m atter tensor) the
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Euler-Lagrange equation (5.46) takes the form

TabCd;d =  \ fR abC (5-115)

where, now, mII06c need not vanish. This is reminiscent of a current equation, 

especially when we consider that in a theory based on tetrads or spinors the indices 

a, b of (5.115) would become tetrad or spinor indices.

Part of Nissani’s motivation for investigating his Lagrangian was that it was 

based on the Lagrangian of Carmeli’s S L (2, C) gauge theory of gravitation. Among 

the results of this chapter is the realization that Nissani’s Lagrangian is not unique. 

In the following chapters we will be investigating SX(2, C) x 17(1) gauge theories 

of gravitation and electromagnetism in the hope that more general Lagrangians, 

based in part on the new material presented thus far, will enable us to derive a 

general relativistic analog to the Maxwell equations (1.1), leading to some form of 

generalized m atter current density.



C hapter 6 

Theory o f the S L ( 2 ,C ) x f/(l) Gauge 
Field

6.1 In trod u ction

In this chapter we present a variational principle on a class of gauge theories over 

the SL(2, C) x (7(1) group. As the inclusion of the l r( l)  symmetry requires some 

modification to the usual SL (2, C) based spinor formalism, we will begin with an 

introduction to SL{2, C ) x 17(1) spinors. The material of this section follows fairly 

closely the SL{2, C) presentation found in Carmeli [5] (alternatively see Pirani [28] 

or Wald [31]).

The S£(2, C) x 17(1) formalism has several attractive properties. Usually, 

particularly in quantum field theory, gauge potentials are defined via ad hoc exten­

sions (or introductions) of a spinor connection. Foi instance, the SL(2, C) gauge 

theory of gravitation is also U (l) invariant and thus permits such an ad hoc in­

troduction of electromagnetism. However, in the S L (2 ,C )  x 17(1) formalism an ad 

hoc extension :‘s unnecessary; an Abelian gauge potential is already present. As a 

result, variably charged m atter may be cleanly and ligourously introduced through 

the use of spin densities—spinors of relative gauge weight. But a more immediate 

consequence lies in the fact that the gravitational and electromagnetic potentials 

have been naturally combined in a  single object—the spinor connection. Not only 

does this greatly facilitate comparison between the two fields but, in a quantum me-

62
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chariical sense at least, it constitutes a unification of gravity and electromagnetism. 

The obvious question arises: is this a coincidental mathematical artifact or a result 

with real physical implications?

In general relativity, the usual unification criteria seem to go back to Ein­

stein [10].

“If we speak about a unified theory we have two possible points 

of view, whose distinction is essential for the following:

(1) That the field appear as a unified covariant entity. As an 

example I cite the unification of the electric and the magnetic fields by 

the special theory of relativity. The unification here consists in this that 

the entire field considered is described as a skew-symmetric tensor. The 

basic group of Lorentz transformations does not enable us to split this 

field independently of the system of coordinates, into an electric and a 

magnetic one.

(2) Neither the field equations nor the Hamiltonian function can 

be expressed as the sum of invariant parts, but are formally unified 

entities. Also this (weaker) criterion of uniformity is satisfied in our 

example of the special relativistic description of Maxwell’s equations.”

These criteria deal with fields, which is quite unsurprising since in Einstein’s 

day fields were considered to be the fundamental descriptors of physical phenomena; 

potentials were considered merely artificial matnematical constructions. However, 

today we know better. The Aharanov-Bohm experiment has radically altered our 

ideas about the reality of the electromagnetic potential [11] and gauge potentials 

in general. Thus it is interesting that in electromagnetic theory, the paradigm 

of unification and the model behind Einstein’s reasoning, both conditions (1) and 

(2) follow from the unification of the electromagnetic potential under the group of 

Lorentz and 17(1) gauge transformations.

The theories we develop in the following will in no way satisfy either of 

these field-based conditions. However, in the S L (2, C) x 17(1) formalism, the spinor
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connection does satisfy a potential-based formulation of the strong condition (1). It 

is unified in chat the group of coordinate and S L (2, C) x £7(1) gauge transformations 

does not enable us to split the potential, independently of the gauge and coordinate 

system, into gravitational and electromagnetic parts. If this unification has any 

real significance we may expect that, in the theories we develop, the Euler-Lagrange 

equation resulting from the variation of the spinor connection should be an equation 

in the graviational-electromagnetic field (unified or not) which, in the presence of 

m atter, becomes a relation for a matter-charge current density. That is we expect 

a theory similar in form to a Yang-Mills theory.

W ith this in mind we apply, in the latter part of this chapter, our variational 

technique to a general class of Lagrangians based on the (cross) section (of the fiber 

bundle) and the spinor connection and its first derivatives. In anticipation of future 

needs we will also provide for the inclusion of both covariant and contravariant 

gauge weighted spinors.

6 . 2  SL(2,C)  x U{ 1) Spinors

As a base space for our SL(2, C) x  U(l)  gauge theory we choose a manifold (hence­

forth referred to as spacetime) endowed with a symmetric connection r a6c and a 

metric g„b which vanishes under covariant differentiation. Thus our spacetime is Rie­

mannian; the first condition implying that the Riemann tensor satisfies the Bianchi 

identities

=  0 (6-1)

and the second implying that the connection is just the Christoffel symbol1.

For the structure group of our theory we have choosen SL{2, C) x £7(1), the 

group of all two-by-two complex matrices whose determinant S  is unimodular.

*We note the necessity o f this assumption despite the fact that we will later be taking Palatini 
variations on our Lagrangians. With the incorporation of the electromagnetic potential into the 
spinor connection the resulting Euler-Lagrange equation will be of the form of a Maxwell equation 
and will not fix the connection.
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The correspondence between spinors and tensors is established, as usual, via 

the 2 x 2  Hermitean matrices craAB' (the section—primes denote conjugate indices) 

where

° a A B ' ° bA B ’ =  <  (6.2)

craA B  CD1 — (6.3)

Thus

-Va = (TaAB'VAB. (6.4)

rlAB 'C D l =  GaAB,crl>Qp,riai). (6.5)

We will choose a spinor metric f Ac  proportional to the Levi-Civita spinor
£ac

£ a c  =  £ b >D' — ( 1 n 1 =  e A°  — ^ B °  • (6-6)

Thus

f A C = f € A C , f * C = f - l e AC

f B ' D ' =  j U b 'd f B 'D ' =  f - ' e B 'D ' ( 6 -7 )

/  =  ^det ( fAc)  =  e,w

where ui is real. The spinor and spacetime metrics satisfy the correspondence

{JabGaA B 'G bCD' ~  I acI b 'D' =  ^ A C ^ B ’D'- (6.8)

As f Ac  is antisymmetric, we must contract it with care. We will lower and 

raise indices by contracting, respectively, on the first and second index of f A c  • Thus

V c  =  f A c V A , V A = f A C V c

A aB a =  - A b B b (6.9)

=  f c A = - f Ac-
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We also note that the relation

/ a b / c d  +  / a c / d b  +  / a d / b c  =  0  ( 6 .1 0 )

leads to the frequently encountered identity

9  a c  — i]c a  =  I actim M . ( 6 -1 1 )

A second useful identity, in the section <?aAB'i may also be derived as follows. We 

define ^AB‘CD'EF'GH' ̂  the analog of the Levi-Civita tensor, to be +1 (—1) when 

A B ',C D ',  EF ', GH' is an even (odd) permutation of 00', 01', 10', 11' and zero other­

wise. Then £AB'CD'EF'GB' (a  scalar under coordinate transformations) satisfies the 

relation
£ A B 'C D 'EF 'G H ' _  £ AG £ B'F<£ C E £ D'H ' _  £ A E £B ' I f ' £ CG£ D'F' ^  ^

which may be verified via decomposition (as in Pirani [28]) or simply by checking 

components in the above for all possible values of the indices. Then, defining

a  =  d e t(e r /fi') = y/g = - i s f ^ g  (6.13)

where the sign of a  has been choosen to agree with the convention that the section of 

Minkowski space (in Cartesian coordinates) be just the identity and Pauli matrices, 

we have

_ _a A B ' b C D ' c E F ' d G H '
Cabcd# a a a

=  - > V = S,~ % AaeB'F'cCBt D'H' -  eAEs B’H'ec o eD'F’). (6.14)

Note that, following relativistic convention, e abcd is defined via the relation

£ 9ai9bj9ck9<U = 9̂ -ijkf. (6.15)

so that £ 0 1 2 3  =  —1. Multiplying (6.14) by <rkA B ,(TtC D 'I e p f F ' H 1 yields

<rkPH’<TeaH' ~  <TkGH'(Ttpn> = i\T I g e ktcdOcPWa iGH' (6.16)
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and noting that, by (6.11)

VaAB>0bCB' +  aaCB'abAB< =  g*b&A (6-17)

we have, finally

VaAB'ObCB' =  \9ab$A + \ i \ f ~ g  ^abcd^ab^ 8 ' ■ (6.18)

We extend the usual rules for covariant differentiation to spinor indices 

through the introduction of the spinor connections TACa and TB'D,a. A spinor 

rjaAB' which, under a coordinate transformation C ab) C  =  det(Ca6), ~  C  to the 

power fc, satisfies

tfbAB' =  C ^ r jaAB>Cab (6.19)

and under a gauge transformation S AC, S  =  det(5j4c ) =■ 5 -̂1  ̂ satisfies

VaCD' =  S ^ S ^ r i aAB'SAc S B'D, (6.20)

is said to be a relative spinor of coordinate weight k , gauge weight m  and gauge 

antiweight n. The covariant derivative of such a spinor is defined to be

VaAB'w =  VaAB',p ~  ^ap^iAB' ~  ApTjaMB' ~  B'pVaAN' ~  QpVaAB' (6.21)

Sl„ = kT‘r,  +  mTMKJr +  n f r<,K,p. (6.22)

Noie that in accordance with our definition of gauge weight (for example consider 

a weighted scalar) we must require that TMMp be imaginary. That this is the case 

follows from the fact that

{.fAC fB'D')-,p — (£ac£B'D')-,p =  0. (6.23)

Thus we write

T M Mp  =  iAp + f J f  (6.24)

r %  = t ACp +  \6 A(iAp 4- / , / / )  (6.25)

f 'B D'p = D,p — i(5®,(?74p + / tP/ / )  (6.26)



(6.28)
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where T^cp and FB'D 'p  are symmetric in their spinor indices. ^ A c P a  vector under

coordinate transformations. Under a gauge transformation we have

f ° Dl, =  r \ , , ( s - ' ) V BD +  ( J - f A ,  (6 .2 7 )

It now follows that

j a c ;p =  - i f A c A p , f AC.p =  i f AC A p

} b 'D'-,p =  i f B ' D ' A p ,  f B 'D';p =  - i f B 'D' A p

f-,p =  - i f A p

=  0, =  0 

SACip =  0, £AC.p =  0

£B'D';p =  0, e B  D '-,p ~  °-

In the following we will identify Ap -  if,p/ f  =  - i T MMp with the vector potential of

the electromagnetic field.

The relation between the spinor and spacetime connections is established by 

requiring

° aAB>;p =  0 (6.29)

which implies

r \ P =  ° \ B ’( ° bA B \p +  <rbC B ,r ACp +  cTbA D ,r B ,D ,p)

=  ° aA B ' ( ° bA B \p  +  ° bC B ' t Ac p  +  * bA D ' r B ,D'p) (6.30)

r Ac P =  W D\<’ acD ',p  +  T anp° nCD' )  (6.31)

F B D'p =  2a a ° B ( ° aC D \p  +  F anp&nC D ')-  (6.32)

In analogy to the Riemann curvature tensor, we define the curvature spinor

F Fq

6 -  = F PQâ p  + n F MMab̂ Q (6.33)



CHAPTER 6. THEORY OF THE SL(2, C) x H(l) GAUGE FIELD 69

F Po .t = r V  -  r V 4 + r ^ .r ^  -  r^ r" ,. (6.34)

where F Pqab is clearly antisymmetric in a, b. It is a tensor under coordinate trans­

formations and transforms properly under gauge transformations

F*c« = F FqJ.S-')*pS°0. (6 .00)

We may also write F Pqab in the form

F PQab =  F PQab +  \^ q F ab (6.36)

FrQ.t = f V  -  r V  + f pv.rNw -  rV f" ,. (6.37)
Fab = Ab,a — -4o,6 (6.38)

where Fpqab is symmetric in its spinor indices. It is easy to show that F Pq ab ( , :d

both its gravitational and electromagnetic parts) satisfy the spinor Bianchi identities

£abcdF PQbc;d =  0. (6.39)

The relation between the curvature spinor and the Riemann tensor is also 

obtained via equation (6.29), when the identity

_  4 D/

Vfypiq “  rlb;qtp =  R  bpqVAB*

=  <,°bCB'FAcvq + °bAD' F ^ J ^ s ,  (6.40)

implies

p a    _ a  _ CB' TP A , a AD' tpB'
f t  bpq ~  C ABi(Tb *  Cpq +  °  AB,(Tb *  D'pq

  _ a  _ CB' jpA , a AD' jpB'
— a AB'ab * Cpq +  a AB'ab F  D,pq (6.41)

F ACpq — 2 ao.AB ° hcB'Rabpq (6.42)

F B D' =  2aaAB ^AD'R*bpq- (6.43)
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Although we will be considering Lagrangians which are functions of the section 

and spinor connection it will be useful to examine both the Lagrangians and the 

resulting field equations on our spacetime. Thus we define

P abcd =  <raAB'(TbCB'F ACcd (6.44)

P abcd =  G a A B 'G b ^  D ’cd (6.45)

and, noting (6.18) and (6.41-6.43), write

p  _  1 _  / _  CB' _ AD' rSB' , _  CB' rv l „  AD' r'B' \
Pabed — 2(TaAB' \ (Tb *  Ccd +  a b *  D'cd +  a b *  Ccd ~  ffb *  D'cd)

= \Rabcd +  \ i y / - 9  ZabpqR™cd +  \WabFcd- (6.46)

Finally, wt should note that the condition craAB,.p =  0 is analogous to the

condition gab,P =  0. That is, given a Riemannian base space, we may always choose a 

connection such that equation (6.29) is true. Further, it is only with this connection 

that equations (6.41-6.43) hold.

6.3 A V ariational P rin cip le  on  th e  Spinor M ani­
fold

In this section we apply our variational techniques to the class of scalar density 

Lagrangians with the functional dependence

L = L((TaAB',TACa, f B D,a, TB Diab, ^Pai^Aai^B'i i>B',a, <j>A, <f>A <a, 4>B , 4>B ?a)

(6.47)

where ip a and <pA are of gauge weights (n — | )  and — (n — | )  respectively. Thus, for 

example,

V>.4;a =  ^ A , a  ~  t M A a 4 'M  ~  n T M M a 1pA  (6.48)

and we may consider n to designate units of electric charge.

Despite the potential complexity of the Lagrangians of this class, the fact 

that some of the arguments are weighted and the fact that we must consider both
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coordinate and gauge transformations, the analysis of this chapter will prove to be 

relatively simple.

Under a gauge transformation S AC, as in equation (6.20), and noting that

(S ~ 'Y a* =  - ( S O Y A S ' 1)* a^ k* (6.49)

(6.50)S'"**’ .  =  ( n - i ) S <" -* ,( S - , ),fc S c )f,

we have for the transformation laws of L  and its arguments

L = L  (6 .5 1 )

V aU ’ =  S At S B j ,O aAB' (6 .5 2 )

f V  =  (S -1) 'AS °Kr ' 1Ca +  (S - ‘) 'J S /,K,. (6.53)

i “K.* = (s - ' Y a^ k

+[-(s->)'£(s-1)M/!s EM,ls cA. + ( s - '^ s ^ j r ^ .

- ( S - ' f t t S - ' l W * .  +  ( S - ' Y a S \ m (6.54)

=  ( S - y A f V + ( S - f A ,  (6 .5 5 )

r J’ — cD' r B '
1 L’a,b — W  ) B '°  L'l D'afi

M - ( s - y F, ( s - y ' B . s F,Nlibs D,L. + ( s - y B. s D'L, b} r B'D,a

~ ( S  l )J D ' (S  l ) N B ' S °  N',bSB L',a +  ( S  1 ) J  B ' S B L'.ab (6 .5 6 )

=  S (n' ^ S A^ A  (6 .5 7 )

j>I,a =  5 (n-2 )5^/^ , a

+ 5 (n- 2 ) [ ( n  -  (6 .5 8 )

$ j>  — S^n 2^S B j , iJ>b 1 (6 .5 9 )

h ' , a  =  s (n - ^ s B ' j ^ B ,,a
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-  \ ) ( S - ') l'd'S D'l. J B'j . + S b ,j , J 4,b, (6.60)

y  = S - {’ - 2 \ S - i y A^ A (6.61)

+ ( S - ') 'C(S -1)K/1SCK,.W.'' (6.62)

I 1' =  S - {' - \ \ S - xY  b4 b' (6.63)

Y . ,  =  S - |" -5 i(S -1)j 'b,^b'i.

-S -< "-2 >[(„ -  \)(S-'Y D,sD'l,a(~s-'Y „■
+(S ' )J D.(S 1 )L B‘S °  ■ (6.64)

We introduce the following notation for the functional derivatives of L

™ab ' dL^aA o  _
dVaAB'

dL _ ni„ dLCa _  U1J -  D'a
rA ~  w A ^ ,  ' B' - d ? B ' Dia

dL  _ n'nh dLCab   — D1 abTa =
dTACa;  'B' -  dt*'D,a<b

^ A = dL_ - B, =  dL_ (6 .6 5 )
dip a ’ dipB'

,Aa _  dL - B,a dL
=  ■ —  ■ \Z>a a  =

dip A,a ’ dips',a

dL - dL
$A = TTTTi $B' ~d<j)A ’ " d<pB'

^*  A r\ i A ) B' ------

B w 8',.
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where Y,aAB' is, of course, Hermitean.

Differentiating the transformation laws (6.51-6.64) of

L { o a I . V ,  I? 1 K a i  ^ K a . b i  ^  L ' a i  ^  L 'a ,b i  V’/ . a j  $  J ' J ' , a ,  f t , f t ’* , f t  , f t  ’° )

and its arguments with respect to the arguments of L  yields the following gauge 

transformation laws for the functional derivatives of L

y a i r  _  s AjS b ,j , =  EaAB' (6.66)

^ ‘(S -1) ' ^  +  ^ ( S - 1) V C * ] , 6  =  ta c'  (6.67)

f K ^ S - 1)1 AS CK =  rACab (6.68)

$ /£ (» - b s * !  + ¥ a(S {n- ^ S A[),a = * A (6.69)

^ / a 5 ( n - | ) 5 ^  _  y A a  (g yg)

# / 5 - (n- a )( 5 - 1)/it +  # /0 [5 -(B-2 ) (5 -1)/>l]ta =  (6.71)

$ /° 5 - (n" t ) ( 5 - 1 ) / /1 =  (6.72)

along with the conjugates of equations (6.67-6.72). We note that Y,aAB' and rACab

are “gauge tensors” , \I>j4a and § Aa are “gauge tensor densities” of gauge weights

—(n — | )  and (n — | )  respectively while rAca, tyA and $ . 4  transform improperly. 

The respective conjugates naturally possess appropriately conjugated properties. 

Differentiating the transformation laws (6.51-6.64) of

L(<Tau ' , r lKa, f 1 K a b, t J  L ,a , T J  L ,a b, V>/, ip 1,a , f t ,  f t ’a , f t  , f t  ’“ )

and its arguments with respect to S AC and its derivatives and then considering the 

identity transform yields the following invariance relations

rPRpq +  rPBqp =  0 (6.73)
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TP R p - r P C a p r R Ca +  r A R a p T A Pa  

+ <HRpxl>p +  (n -  \)8R* Apxl>A -  -  (n -  §) 8 ^ / c j , A =  0 (6.74)

aRB' CapR  . Bap.4 CabpR  , Ba&pyl
^  < 7 a P B '-T p  1 C a + T A  L Pa ~  TP  1 Ca,b +  r A F  Pa,6

+'!'">/>f  +(>• -  +  ( n  -  \ ) i p ' V A'n>A.,

- * p 4,r -  (n -  \ ) S ^ ^ A -  * P‘ 4>\ -  (n -  \)6p ^ a ^ A,. = 0 (6.75)

along with their complex conjugates.

Under a coordinate transformation C ab, as in equation (6.19), we have the 

following transformation laws for L  and its arguments.

L = CL (6.76)

&iAB’ = C aiaaAB' (6.77)

VA L a = c \ ? ACa (6.78)

f A1 Ci,j = c \ c )  r Ac .,t +  c % v Ac „ (6.79)

r B>1 D>i = /ta p B '
L' i1 D'a (6.80)

t B>1 D'iJ = a pii p B '  , pia p B '
U iL/ j L D'a,b T ^  iji- D'a (6.81)

$ A = i>A (6.82)

4>A,i = C â A,a (6.83)

$B> = $B' (6.84)

$B',i = C ai^B',a (6.85)

+ A = (6.86)

= c%<i>A,a (6.87)

} B ' = r (6.88)

K = C \ 6 B\a. (6.89)
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Differentiating the transformation laws (6.76-6.89) of

£(*„/.,', f !Ka, f r J'L,a, t J,L,â  fa ,  f a „ f a . , f a . „  V ,  ¥ ' a, t J,’a)

and its arguments with respect to the arguments of L  yields the following coordinate 

transformation laws ior the functional derivatives of L

t iAB>C ai = C Z aAB' (6.90)

f AciC \  +  rACiiC% =  CrACa (6.91)

f A iiC aiC \  =  CrACab (6.92)

tf -4 =  C'bA (6.93)

VAiC ai = C V Aa (6.94)

* a = C $ A (6.95)

(6.96)

along with the conjugates of equations (6.91-6.96). After noting equation (6.73) 

and its conjugate we see that all of the functional derivatives of the Lagrangian are 

coordinate scalar or tensor densities.

Finally, differentiating the transformation laws (6.75-6.89) of

L{aau>, t IKa, t IKa b, t J L ,a , TJ Vab, ifi ,  V , <1>J ’“)

and its arguments with respect to C “ and its derivatives and then considering the 

identity transform, yields the additional invariance relations

(’/ ’'* +  ’- / ’T V  +  (fB .D‘r’ +  ?b ” ” )Tb' =  0 (6.97)

S’" / . '  + rACrT*c, + fB.D'’’t B'n,,
, CpbyiA , Cap-pA , -  D'pbfiB’ . -  D'apf^B'
> 'A  L Cq,b +  TA L Ca,q T  TB< 1 D'q,b +  TB' L D>a,q

+ * ^ „  +  9 b ’' J b .„ +  i / r „  + =  i ’ L  (6.98)
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where (6.97) is identically satisfied by (6.73).

We now derive tensor concomitants for rACa, 'I/'4, and their conjugates. 

We introduce arbitrary quantities h.ACa, hB £>.a, kA, k g t A, tB which transform 

properly under gauge or coordinate transformations (whichever we are considering), 

kA and tA being of gauge weight (n — |) ,  —(n — | )  respectively and kg' and tB of 

gauge antiweight (n — |) ,  —(n — | )  respectively. We define

H  =  TA0' i hAc.,l + Ti c°hAc,  (6.99)

K  = V AakA'a + $ AkA (6.100)

T  =  $ AatAa + $ AtA (6.101)

and their complex conjugates. It is easy to show that H, K ,  T  and their respective 

conjugates are coordinate scalar densities and gauge scalars.

We now assume the existence of quantities IIACa, II"4, PA and the complex 

conjugates such that

H  =  TACabhACa)b + UACahACa (6.102)

I< =  +  1 1 ^  (6.103)

T =  <j>AatA.a + P AtA (6.104)

along with their conjugate equations. Comparing equations (6.99-6.101) we may 

conclude

n Ca __  _ Ca _  Cabr^M . _ Mabj^C /a  -!r\K\
a  =  ta  ~ t m   ̂ A b A  ta I Mb (6. ±05)

IT* =  * A + <SfMar AMa + (n - l)< H Aar MMa (6.106)

PA = -  V C  -  (n -  (6.107)

and similarly with their conjugates.

Noting that H , rACaB, hACa, K ,  \I>-4a, k T, $ Aa, tA and their conjugates are 

tensorial (under whichever type of transformation we are considering) establishes
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that UACa, UA, PA and their conjugates are also tensorial under both coordinate

and gauge transformations.

These definitions also imply

=  - T A ^  + r A ^ t

=  - n / “ +  (6.108)

= - IT 4 +  (6.109)

aEa s  - $ a +

=  -P a + (6.110)

and similarly for their conjugates. It is now clear that E ACa, ^ E A, $E A and their 

conjugates are both coordinate and gauge tensorial.

The conversion of the invariance relations is straightforward. Of course (6.73) 

needs no conversion. Equations (6.74), (6.75) and (6.98) become

+ q f ^ p  +  („ _  \)8Rq>A^ A -  $ Pv<t>R -  (n -  \)6 ^ /< f> A = 0 (6.111)

ynaRB* 1 CabrpR j _  1 —  nub rpA
^  CTaPB' -  2 TP *  Cba +  2 TA *  Pba

+ n R^ P + ( n ~  \)8RHA^ A +  q>Ra^p.a + ( n -  \)8Rq>A^ A,a

- P P<f>R -  (n -  \)8RPA<f>A -  $ p^ ;a -  (n -  l)8'p*Aa<f>A.,a = 0 (6.112)

*ppAB' , 1 Cpb jpA , 1 -  D'pb riB'L  (JqAB> +  r: r A t  Cbq +  -2tb , F  D,bq

+ ̂ A"4’A;, + = P,L- (6-113)

We also wish to convert the expression
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, =. D 'an fl' , = D'abftB'
* B*  ̂ D*a;p ' B '

+ « ■ > .,„  +  +  * s '<As.ip +

+  • J / ' A ' 4 . , , , ,  +  +  * b .“ # b ' w  ( 6 . 1 1 4 )

which yields with only slightly more difficulty

r    yiaAB' , Cab jr>A , -  D'ab i?B'
L ;p — L. VaAB'-.p ~r t a  r  Cpa;b +  r g / i 4 D,pa.j,

+ n ^ Jip h +  4>b' ‘.;.6,„ ,

4-pA<i,A,r + s/*-4.,;. + Pb4 b';p +

+  (r. -  |)« S * w"0M]f4e .,

+ (* D'“V>S' +  (n -

- | n / ( 6 c  +  (n -

- [ * b ,V d ‘ +  (n  -  (6-115)

We now reconsider the action (2.1) where /  is a scalar density with the

functional dependence (6.47). Under an infinitesimal coordinate transformation

the variation of the action is again of the form of (3.1) while under an infinitesimal 

gauge transformation we have

6S =  J  8Ld4x (6.116)

where, in both cases, 6L is given by

5L =  XaAB'6aaAB, +  TAc“ 6 r ACa +  TAc «b6 r ACatb 

+ f BID'a 6 r BIDla +  f B,Dlabs r B,Dla,b

+ * A Slj>A + * Aa Sip a,a + ¥ B> Hb> +  * B'a 6$b>,a 

+  $ A W ‘\ a  +  *B> H B' +  S B *  (6-117)



CHAPTER 6. THEORY OF THE 51(2, C) x U( 1) GAUGE FIELD 79

The resulting Euler-Lagrange equations are

j^aAB' — _ S aAB' _  q (6 .1 1 8 )

jp Ca
L a  — — r  Ca 4- r  Cah — 0 'A +  Ta b — U (6 .1 1 9 )

TP D'a _— =. D'a . = D'a6 _  r> 
~B’ +  r B' ,6 — u (6 .1 2 0 )

tS u* II .^q>A _|_ \p Aa ~  o (6 .1 2 1 )

jpB' — 4>B' +  'k B “ =  0 (6 .1 2 2 )

II■X - $ 4  +  $ / , „  =  0 (6 .1 2 3 )

$ E b > = - $ B '  +  ^ B'a ,a =  0 . (6 .1 2 4 )

Under the infinitesimal coordinate transformation x“ =  xa +  x" the variations 

of the potentials take the form

8<TaAB' =  —[<TmABlX m- , a + CraAB'-,mXm

+ (c raM B ' T M Am  +  <*aAN'Us  B 'm ) x m ] (6.125)

W ACa = ~ [ ( r  AcmXm) ; « - F ACamXm] (6.126)

Si>A =  -[</>*» +  r v «  +  (n -  5 ) r " M„ ^ ! x m (6.127)

H A =  - I f 4,.. -  -  (n  -  (6 .128)

along with the usual conjugate equations. As these are coordinate vectors and

scalars we may rewrite 8L in the form

SL =  EaAB’ SaaAB> +  n ACa s r ACa +  rACab s r ACa,h

+ n BID'a 8 t B,Dla + f BID'ab6 t B,Dlaib 

+HA 8ij)A +  V Aa 6*l>A.a +  t iB' 8$B, +  * B'“ 8 ^ B,.a

+PA 8(j>A +  8(j>A.a +  PB' 8$b' + $ B'° (6.129)

Substitution of equations (6.125 -6.128) and the relevant conjugates into equa­

tion (6.129) and application of the invariance relations and (6.115) immediately
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yields

SL +  (L x m),m =  [(T4 c ,‘r ' !0m +  „)*”•)*,.■ (6.130)

Adopting the notation introduced in equation (3.5) then gives

=  M(r4 C“‘r '1c „  +  (6.131)

Under the infinitesimal gauge transformation S AC = SAc ~ x Ac the variations 

of the potentials take the form

SGaAB' =  — A +  aaAN'X.N B>) (6.132)

STACa =  X^ C\a (6-133)

H 'a =  + ( n  -  D a t a ' s ]  (6.134)

S j A =  + (n -  1 ) « ? W * .  (6.135)

along with the appropriate conjugate equations. As these all transform properly 

under the gauge transformation we may again rewrite SL in the form (6.129). 

Now substitution of equations (6.132-6.135) and the relevant conjugates into equa­

tion (6.129) and application of the invariance relations gives

CT  _  ^  Cab A , _  Cab A  , -  D'ab - B '  , =  D ' a b - B '
S T  — r A  ;6;cX C  +  T A  X C;b;a +  T B> ;6;a X  D '  +  T B '  X D'-,b-,a

=  (’ / ' V 0 +  l=s . 0 '‘‘x % .)* » . (6.136)

In order to distinguish this result from the coordinate variation we write

SS = j 2 J a.a(Px (6.137)

in which case
r  =  1 (T jC„V c  +  (6.138)

Both ha and J°  are vector densities under a coordinate transformation and J a is 
invariant under a  gauge transformation. Energy-momentum complexes generated
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by ha will have all the coordinate dependent problems of those of classical general 

relativity. However this is not the case with J a. Noting that

XAc = i T , k°T° Ac  (6-139)
a

where the Ta Ac  are the generators of SL(2, C ) x U ( l )  and the ka are the parameters 

of the infinitesimal transformation, we see that currents derived from J a will be 

coordinate invariant.



G auge Theories

7.1 T h e E in stein -M axw ell E quations

In this chapter we will be considering Lagrangians, with functional dependence 

given by equation (6.47), which generate gauge theories of gravitation and electro­

magnetism. In Sections 7.1 and 7.2 we will be concerned only with “pure” fields 

and thus the subclass of Lagrangians with the functional dependence

L =  L(^AB.,rAc„VJCatl, t B'D. „ t B'D,ai). (7.1)

In this section we will prove our previous claim; that, as a consequence of the fact 

that the connection already contains an Abelian gauge potential, our S L( 2, C ) x 

17(1) gauge theories will describe both gravitation and electromagnetism. We 

present three separate Lagrangians whose Euler-Lagrange equations are the Einstein- 

Maxwell equations.

Once we have discovered a Lagrangian which properly generates Einstein- 

Maxwell theory we may, of course, reconsider it to be a function of the metric, 

the electromagnetic potential and their derivatives. Recalling Lovelock’s result, 

that the most general scalar density Lagrangian of the form (3.29) which generates 

the Einstein-Maxwell equation without the cosmological constant is given by equa­

tion (4.1), it thus appears expedient to look for S L ( 2, C)  X 17(1) Lagrangians which, 

on our spacetime, reduce to this expression.
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Perhaps the most immediate way to construct such a Lagrangian is to discard 

the dual part of Pabcd (the second term of the final expression) in (6.46). So, we 

define

Rabed — Pabcd Pbacd — Rabcd 4" IfjabPzd ( 7. *-)

Kbd =  %(Kabad +  K b \ )  =  Rbd (7.3)

K  =  K ‘b. t = R  (7.4)

where the symmetrized contraction appears in (7.3) because only these contractions 

occur in both the Einstein equations and the Bach-Lanczos identity for K abcdX.

Our Lagrangian is

L ~  kL\ -f- chL2 +  /?Z<3 (7.5)

L\ = V - g  H  (7.6)

L 2 = £abcdK mnabK mncd (7.7)

Ls =  S Z9 ( K abcdKabCd- * I< abKah + K K )  (7-8)

where k , a  and /? are constants. The functional derivatives of the Lagrangian are

XY?PQ' =  \ / —i? (TqPQ'{gvqK  — K pbqb — K apaq) (7.9)

i rPRpq =  - V zl< rmpB«TnRBI(gmpgn,l- g mqgnp) (7.10)

> fQ , s ' ”  =  i T q  Spg (7 .1 1 )

2S pPC3' =  0 (7 .1 2 )

2 Tp Rpq =  —4:CrmpB'CTnRB' eabpq K mnab (7.13)

2 ^ < S'P9 =  2r Q Sp9 (7 .1 4 )

xThese symmetrized contractions would also appear in the usual Bach-Lanczos identity but for 
the symmetry of the Ricci tensor.



CHAPTER  7. GAUGE THEORIES 84

3 EpPQ' = oqp<*  {gpq[KabedK abcd -  4 I< \K ab +  KK ]

- 4 [KabqdK abpi -  2 K apK a q

- K ab(K paqb -  K ap\ )  +  KI<pq\} (7.15)

3 rPRpq =  - 4 ^ a mPB,anRB'[Kmnpq

—(gmpK nq +  gnqK mp -  gmqI<np -  gnpICmq)

+ i ( 7̂mV ,, -  gmqgnp)K} (7.16)

3 V S'P? =  (7.17)

which, after substituting for K abcd, become

EpPQI = y / ^ j a qPQ'[K(gpqR - 2 R pq) + /3 (-4gpqFcdF cd+ l 6 F qdF pd)\

= V ZI9 ^ qPQ,(-2K G pq -  647r/3Tpq) (7.18)

r P Rpq =  -<TmPBl(Tn R B ' [ K y / ^ ( g mpg nq -  g mqg np)

+4 asabpqR m\ b + 0 y /= j  ̂ W / V V " ]  

- 8 i6 R(aeabpqFab + / 3 ^ F pq) (7.19)

where use has been made of the Bach-Lanczos identity and Gpq and T pq are, respec­

tively, the Einstein tensor and the electromagnetic stress-energy tensor.

The Euler-Lagrange equations (6.118) and (6.108) now imply

q v i  =  ~ 3 “ 5 ^  T p q  ( 7 . 2 0 )
AC

( l / = 5 ^ ) ,  =  0 (7.21)

which are just the source-free Einstein-Maxwell equations.

While the “field” (7.2) does work, its definition is somewhat artificial. For- 

funately, it is not unique. Just as Nissani’s Lagrangian (5.72) was based on the 

Lagrangian of Carmeli’s S L (2, C) gauge theory, it is possible to design a Lagrangian
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for our S L (2, C) x 17(1) gauge theory based on the double dual form of our alternate 

Nissani-class Lagrangian (5.97). We set a  =  0 and rewrite (7.5) in the form

L — kL 4 -+■ fiTh (7.22)

where

i 4 = y = ^ (p  +  Jp)

=  g R  (7.23)

Ls = ^ { 2 ( P abcdPabcd- A P bdPbd + P P  

+ P abcdPabcd- 4 P bdPbd + P P ) 

- \ ( P abcd + P abcd){Pabcd + Pabcd)

=  V =g(R abcdRabcd -  ± R \R b + R R -  4FcdFc l) (7.24)

fi and k are, of course, real constants and we have defined

+  -D‘V> =  (7.25)

P  =  (7.26)

in analogy to equations (7.3) and (7.4).

The relevant functional derivatives are

4 EpPQ' =  \ / —g o’qpQ'[gpq(P  +  P )  — 2{Ppq +  P PV)]

=  - 2  y / Z j a W G ”  (7.27)

=  2 s / ^ j o qPQ'{gpq[PabcdPabcd- 4 P bdPbd + PP)

- 4 [PabcpPabcq -  2P bpPbq -  2P hd(P pbqd +  Pbpdq) +  P P pq) 

+gpq[PabcdPabcd- 4 P bdPbd + P P } 

- 4 [PabcpPabcq -  2P bpPbq -  2 P bd(P pb id- Pbpdq} q. ppP9j
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+2 (Pabcp + PabcP)(PabCV + PabCQ)}
= -6 4 T T y /^  aqPQ'T pq (7.28)

4 rPRpq =  - ^ < T aPQ'<TbPQ\ g apgbq- g aqgbp) (7.29)

5r p Rpq =  - 8  y/=j<TaPQ>(TbRQ'[ l(P abpq+ P abn

—(gapP bq — gaq P bp +  gbq P ap — gbpP aq)

+  \ { 9 " pS H ~  a ' V ' j P  ~  f “‘" l  

=  +  8  i ip F ” ) (7.30)

and the Euler-Lagrange equations again reduce to the Einstein-Maxwell equations 

(7.20) and (7.21).

While the Lagrangian (7.22) also generates the Einstein-Maxwell equations, 

its complexity is somewhat of a handicap. However it is possible to define a much 

simpler Lagrangian, similar in form to a Yang-Mills Lagrangian, which reduces 

directly to the usual Maxwell Lagrangian. We write

L = kL/4 -(- flI /6 (7.31)

where

U  =  - 4

=  - 4 v ^ j  F'iFcd. (7.32)

The relevant functional derivatives are

=  —647T\A - /Q ’T pq (7.33)

6 T p  n  — 8 \ / ~ < 7  b p  jy/, pq

=  - 8  i ^ 8 $ F pq (7.34)

and the Eulel'-Lagrange equations yet again reduce to the Einstein-Maxwell equa­

tions (7.20) and (7.21).
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7.2 T h e  G eneralized  E in stein -M axw ell E quations

In the previous section we have proven our claim that, since the connection already 

contains an Abelian gauge potential, our S L ( 2 , C )  x U ( l )  gauge theories describe 

both gravitation and electromagnetism. However, despite the fact that this is a 

consequence of having a unified S L ( 2, C) x 17(1) potential, we have, in tnese deriva­

tions, acted contrary to l!> pirit of this unification in the following sense. All three 

of the Lagrangians presented in the previous chapter consist, in whole or in part, 

of terms in which pieces of the natural “field” P abcd (ie. the curvature spinor F AC cd )  

have been discarded. In the first Lagrangian we discarded the dual part of P abcd 

in defining K a bcd• The second Lagrangian contains terms in P abcd +  P abcd  =  R a b cd  

and in the th ird  Lagrangian, P abcdP ab cd =  F MM c d F N 'N , cd and we have retained only 

the Maxwell tensor part of P abcd• Thus all three Lagrangians are subject to the 

criticism that they are somewhat artificial; each has been selectively modified in 

order to achieve the desired results.
This may be considered as mathematical support for our ideas about unifi­

cation and its significance; that the natural consequence of a significant unification 

should be a theory in which the Euler-Lagrange equation resulting from the variation 

of the spinor connection would be an equation in the gravitational-electromagnetic 

field which, in the presence of m atter, becomes a relation for a matter-charge current 

density. Such an equation would generalize the Maxwell current-equation and open 

up entirely new possibilities for the description of gravitational energy-momentum. 

We now present such a set of generalized Einstein-Maxwell equations through the 

introduction of a Yang-Mills Lagrangian. We write

L  =  k L . i +  f I L i  (7.35)

where

L 7 =  2 V = J ( P “ ‘  +  P - lc d P ^ d )

=  - 4  ̂ F AC cdF A c‘d +  F b 'd ,cJ F b , D ’cd)
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=  2 \ /^ g (R abcdR abcd -  2 FcdF cd). (7.36)

We note that the Lagrangian (7.35) is not of the form of the general La­

grangian (4.1). Thus we might anticipate what we will shortly see; in generalizing 

the Maxwell equation we have “damaged” the Einstein equation.

The relevant functional derivatives of £ 7  are

7EpFQ' =  2 y / ^ * f Q'lgpq(P abcdPabcd + P abcdPabcd)

- 4  (P ab/ P abcq +  P ahcpPabC9)\

= — 647r yf—g '7 q p®' (T vq +  GT pq) (7.37)

gT pq =  ~ { \ g mR ahciR abcd- R abpR J q) (7.38)

rrp*™ =  - Z ^ < T aPQ'CxbRQ'P abpq

=  16 s /^ g F PRp9 (7.39)

and, thus, the Euler-Lagrange equations take the form

QK >r= + gTp̂  (7.40)
K

1 6 /9 ( v ^ F p R" ) . , = 0

=  - i P y / = d L{o 'Fq.aiK r  -  (7.41)

It is easy to show that / p  vanishes so that, in the presence of m atter, the 

current which will a p p ^ r  in equation (7.41) must be conserved. Thus we have 

accomplished our goal of generalizing the Maxwell equation in a gravitational set­

ting. On the other hand, equation (7.40) is not the Einstein equation but instead 

includes an extra “gravitational stress-energy tensor” c T pq. This new tensor has an
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intriguing form—exactly mimicking the electromagnetic stress-energy tensor with 

Riemann tensor contractions replacing Maxwell tensor contractions. In fact

aT pq = ~ T pqrr (7.42)
l07T

where
T P<irs =  +  _  I g V l f f c r ^ j b  ^ g j

is the Bel-Robinson tensor, which has been found useful in studies of gravitational 

radiation.

Equations (7.40) and (7.41) are even more complicated than the Einstein- 

Maxwell equations. But, from the properties of the Bel-Robinson tensor [20], it 

follows that any vacuum solution of the Einstein equations will also satisfy equa­

tions (7.40) and (7.41). It is also interesting, though, that the Reissner-Nordstrom 

solution does not satisfy these equations; nor does it have a spherically symmetric 

analog. This need not be a fault, but could be considered a reflection of the physical 

fact tha t charged particles exhibit spin, implying that general relativistic charged 

solutions should possess at most cylindrical symmetry. However, at present there 

simply are no good reasons to displace the Einstein equation as the relation which 

best describes the gravitational field. Thus, unless such reasons eventually do ap­

pear, equation (7.40) must be considered only a potential alternative. Nevertheless, 

these equations and the reasoning which led to them are of some interest and in the 

following section we will explore some of the consequences of the introduction of 

m atter and their implications concerning a generalized Maxwell equation like (7.41).

7.3 M atter

In this section we consider generalizations of the two most common sets of equations 

used in describing m atter with spinors, the Dirac and Klein-Gordon equations. We 

will assume our Lagrangians are of the form

L =  L g + 7  L m (7.44)
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where 7  is a real constant,

L m  = L (ar\B < ^ACai^B D 'a^A ^A ,a , a, <t>A-,<f>A,a ^ B > ^  ,a) (7-45)

and L g is of the form (7.1). The Lagrangians (7.44) form a subclass of the class 

of Lagrangians (6.47) introduced in Section 6.3. While we shall consider L q to 

be given by one of (7.31) or (7.35) we will not, here, explicitly choose either but 

tentatively assume the latter until the properties of L m  and the Euler-Lagrange 

equations rule otherwise.

In order to  facilitate the study of the Euler-Lagrange equation (6.108) we 

define the quantity

_a6 C   1 / a _6CB' _ 6  _aCB'\   _fco C   (<7
a  A  — 2 \ a  A B 'a  ~  a  A B 'a  ) ~  ~ a  A ~  a  A - (7-46)

Noting equations (6.16) and (6.17), it is easy to show that

= - \ { g acgbd -  gadgbc +  . v ^ " 1̂ ) .  (7.47)

Thus

° PqpR°nPRP =  IK  (7.48)

and, using the contracted Bianchi identities with equation (7.41),

^ rRP arPH” , = - i H ^ i R ^  (7.49)

As we also have

(7.50)

we are now in a position to separately examine the m atter and charge current 

density components of \fH PRp.

The generalized Dirac Lagrangian takes the form

Ls = i y / : : g[cTa A B '(ll>A'l>B>-,a-'>pA-,a'l>B') + 0 aA B<(<i>A -,a<i>B ' ”

- 2 m (^ A<j)A -  i>B 'V)\ (7.51)
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where 4>Ai tygi, <f>A and <f>B' are gauge densities as described in Section 6.3. Then

* Pa = (7.52)

Up =  iy/^(<TaPB!$ BI;a-2m<f>p ) (7.53)

=  iy F g < fPH4 B' (7-54)

Pp =  - i \Z i:g(<TapB,4>B'.a + 2 rmpp) (7.55)

and the Euler-Lagrange equations (6.109) and (6.110) become

V ~ 9 (a a P B -  m<f>p) =  0 (7.56)

\ / -9(<TapB>4>B -,a + m 4>p) =  0 (7-57)

and similarily for their complex conjugates. These equations imply

L 3 = 0. (7.58)

Noting from equation (6.105) that ^ 1 1 ^ “ =  MTpRa we have

MHpRp =  i\/—g{<7pRB iftpipB' + <7PpB,<t)R(f)B
+(n -  l ) 6 B(rrPAB' ^ B, +  apAB4 A4>B')\. (7.59)

Introducing the (real) null vectors

4>a =  <yaAB'^A4'B> (7.60)

K  =  ° aAB,<t>A4>B' (7.61)

we may rewrite equation (7.59) in the form

m HpRv =  -* v /=-^[crP?p H(V’? ~  <!>q) ~  nt>p(4>p +  (7.62)

Then, splitting the Euler-Lagrange equation into its gravitational and electromag­

netic contributions, we have by equations (7.50) and (7.62)

8/?Fp% =  - n 7 (i/>P +  4»P) (7.63)
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and, from equations (7.48), (7.49) and (7.62)

4/3R.<q — §*7 (^ , -  <pq). (7-64)

Since (7.64) must be real this implies

$q =  <Pq (7 -6 5 )

ip a cx <pA (7.66)

so the m atter current density must vanish and the charge current density is null. 

Finally, we have

MEpPQ> -  - i y / ^ a aPQ'[<TpAB\tpA'>JlB'ia -

+<yPA3 ^ AJ B' -  (7.67)

Writing

=  (7.68)

and recalling that m Hpp must be proportional to the Ricci scalar, we may substitute 

equations (7.56) and (7.57) into (7.67) to show that

R  = 0. (7.69)

The Euler-Lagrange equations are, of course, strongly coupled. It is interest­

ing to examine some of the properties of m IIpRp and m ^ pP®' ■ To begin with, after

substituting (7.65) in (7.62) it is easy to show that

Mn PRp.p = 0  (7.70)

by the Euler-Lagrange equations (7.56), (7.57) and their complex conjugates. Thus 

the (electromagnetic) current density defined by mHpRp is conserved. Also, by writ­

ing equation (7.67) in form (7.68) we see tha t, in general, M%Epq and hence m Tp<i need 

not be symmetric. Since the field portion of the Euler-Lagrange equation is sym­

metric, this constitutes a severe constraint on the m atter spinors ip a , <PA and their
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complex conjugates. Finally, with the use of the Euler-Lagrange equations (7.56) 

and (7.57), their complex conjugates and (7.62) and its complex conjugate we may, 

independently of (7.65), write

w S '™ ;  =  -<r‘Pa'(F Ac„  „ n / "  +  F b 'd ,,a a f l / ' ) .  ( H I )

This, with the Euler-Lagrange equation (6.108), illustrates beautifully the vanishing 

of the divergence of the total energy-momentum tensor, T pq.p.

While the Lagrangian (7.51) and its Euler-Lagrange equations may be con­

sistently paired with either of the Lagrangians (7.31) or (7.35) its properties corre­

spond more closely to those of the former. Lg describes “massless” charged particles 

on the light cone. This is a reflection of the common difficulty associated with the 

introduction of “massive” particles in field theory; usually solvable only by breaking 

gauge invariance. However, we will now consider a gauge invariant, scalar density 

Lagrangian which can describe “massive” particles and for which the m atter current 

density does not, generally, vanish.

We introduce the generalized Klein-Gordon Lagrangian which takes the form

£9  =  X ^ C B '^ A v V 0 -,b +  <*b -b) -  m 2 (^A<f>A +  $B>4>B')] ( 7 .7 2 )

where, once again, ^ 4 , ^ b 1, <f>A and 4>B' are gauge densities as described in Sec­

tion 6.3. Then

* Pq = > V = 9 ^ PBV CB^ %  (7.73)

Hp =  (7-74)

V  =  y f ^ ^ ' ^ P B ^ A ; *  (7.75)

Pp = -y/ZIjm txjjp  (7.76)

and the Euler-Lagrange equations (6.109) and (6.110) become

^ ( < T aPB'<TbCB.<j>c .b.a + m 2 <j>p) = 0 (7.77)

^ / —y(<70ylfl <76pB/V’A;a;6 +  TT12V,p ) =  0  (7 .7 8 )
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and similarly for their complex conjugates. Equations (7.77) and (7.78) may be 

rewritten in the form of generalized Pauli equations

I V ^ ! s ° ‘</>P;a;t-T“,pA<FuM </,u+nFMM M  + 2m2M  = 0 (7.79)

2">VP] =  o (7.80)

which, for chargeless particles in a vanishing gravitational field, clearly reduce to 

the Klein-Gordon equations.

Again noting that, here, =  MTp Ra we have

m R / " 1 =  -  a ' A B ' a r P B ,t!>A-a<t’ R

+ (n  -  J)«?(<r"u V c s .< M c ., -  <r‘‘AB'° tCB.i>A;AC)\- (7.81)

Introducing the shorthand notation

ka — aaAB,(j>B ;o (7.82)

A'4  =  a aAB'^ B,<a (7.83)

and similarly for their complex conjugates, we may rewrite equation (7.81) in the 

form

m H p R p =  \ f ::g [ a 1>qp R ((7qA B ,^ A R B , +  crq A B ,<f>A \ B ‘)

- n 6 ^ AB'^ AKB> -  apAB,<j>AAb')]. (7.84)

As before we may split the Euler-Lagrange equation (6.108) into its gravitational 

and electromagnetic contributions. Then, by (7.50) and (7.84) we have

8 i/?Fp% =  n~,(apAB'if>AKB' -  <7 r ,.b 4 AAb ') (7.85)

and, by equations (7.48), (7.49) and (7.84)

-  4/3Rin =  h ( a nAB'^ARB, +  avAB,4>A\ B'). (7.86)
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As the right hand sides of equations (7.85) and (7.86) must be, respectively, imagi­

nary and real we see that o aAB' î a ^B ' and craAB,<f)A\ B' must be complex conjugates.

Hence

craAB'xi)AKB> = (raAB,XA^ B' (7.87)

and consequently, we may write

\ A = neACi>c  (7.88)

* 4  =  p,<i>C£CA (7.89)

where /x is of gauge weight —2 n , with similar conjugate equations for kb>, X3 ' ■ 

Equations (7.87-7.89) have several immediate consequences.

The conjugates of equations (7.88) and (7.89), with the conjugates of equa­

tions (7.82) and (7.83), give the first order equations

<raAB' ~  fi£B,D'tpD> =  0 (7.90)

^ A B '^ w  +  =  0  (7.91)

and, with equations (7.82), (7.83), their complex conjugates and the conjugates of 

the Euler-Lagrange equations (7.77) and (7.78), give the first order equations

<TaAB>KA-a +  =  0 (7.92)

^ a b ' ^ a  ~  rn2 p,(~1 )CB'D'^D' — 0. (7.93)

Also, since (7.88) and (7.89) imply that

*a^A = - \h \ 2 *I>a<I>A (7.94)

we may take the divergence of equation (7.87) to find

(m 2 -  [n\2 )(ipA<j>A -  M 3 ') =  0. (7-95)

Finally, using (7.94) we have

M n / 's r M„ n y i =  4n2( - 5 ) (7.96)
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and, since /x =  0  implies that the whole current density MlIACa vanishes, we deduce

that the condition that the electromagnetic current be null is (neglecting the trivial

chargeless case) the usual

= 0. (7.97)

The last of the functional derivatives of the Lagrangian is

- m 2 (i(>A<t>A + -ipB’<f>B')]

— U pA B  ( v bC B ' i ’A <l<f)G ;b +  ° bA D ' ^ B , q \b)

— a aAB' (crP CB,ll) A\a4>C 'q +  (TPAD>$B'-,a<i>D';q)}

=  - y / - g  <rqPQ'[gpq(m 2 + \p\2 ) (^ a ^ A + $B'<f>B>)

+apAB:( ^ A«RB' + ka$ b,*) + <rpAB,(<j>A’q\ B' +  A4^ B :,)].(7.98)

Noting that, by equations (7.78) and (7.90), /x =  0 implies m  =  0 (the converse 

does not follow), we see that /x =  0  implies that both m X\ac,x and M ^aAB> vanish 

and, hence, signals the absence of any real m atter field.

We again investigate some additional properties of m R pRp and m EpPQ' . By 

the Euler-Lagrange equations (7.77) and (7.78) we find, for the divergence of \fH PRp,

MUP\  =  - ^ { a pRB'xPP,pRB' ~  B') (7.99)

which, in general, will not vanish identically. But if the Euler-Lagrange equation is

satisfied, (7.99) must vanish, implying

i/>p 'r b 'rbi = <j>R.PB, XB' (7.100)

and the conservation of the generalized current density. Rewriting (7.98) in the

form (7.68) we see that once again a/Ep? and hence aiT pq need not, in general, be
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symmetric. However we may write

=  +  ^ AB' ^ Fq, ) ^ P<i'KB. +  H o ' c B ^ '  +  a'cB ’’’P'’0‘)^€ -.PQ'^'

+ -  <rp W " '  + ^ Aq, a \ B' -  ^ FQ,^ AB’) ^ f q'KB,

I 1 („V „<lPQ' „ Pp rrq Q' -L PTp P  PTq Q' n ^ P Q '„<) \ A p  \B' /'7 1 m'ICB,a ~  a B' C + a B,cr C ~ a a CB'W -.Pi}'* .

Then, given equation (7.99) and recalling that <pc .CB, an<  ̂^ a AB are ius  ̂^ b> A"*

respectively we may easily show, using the relation (6.11) that the sum of the last 

two lines of (7.101) vanishes. Thus the conservation of the matter-charge current 

density implies that mEP9 is symmetric. Further, though the analysis is slightly 

more complex, we may, using the Euler-Lagrange equations (7.77) and (7.78), again 

show th a t the divergence of a /£pP<̂  takes the form

m SpP«'.p =  - v ° BV (F ACp,  „ H °>  +  F ‘ , ; n 8,D'p). (7.102)

The Euler-Lagrange equations derived from L 9  are subtly interconnected 

and are rich in interesting properties. As the gravitational contribution to 9 n p Pp 

does not generally vanish, the properties of this system of equations clearly corre­

spond most closely to the generalized Einstein-Maxwell equations derived from the 

Lagrangian (7.35). Thus we have arrived at a theory containing a fully general­

ized matter-charge current density, if only at the cost of “damaging” the Einstein 

equations.

It is likely that these properties are related. Certainly any Lagrangian gen­

erating a  “damaged” field stress-energy tensor similar to (7.37) must also imply a 

current equation with a nonzero generalized matter-current term if the divergence of 

T pq is to vanish. And while the converse is not so clear, the beautiful relations (7.71) 

and (7.102) suggest that a fully generalized matter-charge current density is likely 

to be accompanied by a correspondingly “damaged” stress-energy tensor. Thus it
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appears that the generalized Maxwell equations are inextricably bound to the “dam­

aged” Einstein equations (7.40) and, in the absence of any real need to replace the 

Einstein equations, must be abandoned. Unless the introduction of some entirely 

new set of fundamental quantities permits the Einstein tensor to be represented in 

a fori a quadratic in some new field quantity, a generalized mat ter-charge current 

density seems incompatible with general relativity.



Chapter 8 

Conclusion

In this dissertation we have presented new work on variational principles and gauge 

theories in general relativity. The general theme underlying the work has been a 

search for a “good” description of general-relativistic energy-momentum. While we 

cannot be said to have achieved this difficult objective, significant progress has been 

made in several areas.
In the first part of the dissertation, we developed new variational techniques, 

acting on classes of Lagrangians with the same functional dependence but arbitrary 

functional form, for the derivation of general, strongly conserved quantities. Ein­

stein ’s theory of general relativity provided an excellent example for the demonstra­

tion of these techniques both because of its difficulty and because of the opportunity 

to clarify the somewhat confused state of conserved quantities in the theory.

A potent tool in the development of this theory was the use of a seemingly 

little known resource; a sei of invariance relations derived from the transformation 

laws of the Lagrangian and its arguments. Since the functional derivatives of the 

Lagrangian, in terms of which the invariance relations were written, were not gen­

erally the covariant quantities we wished to work with, we followed duPlessis and 

introduced their tensor concomitants with which we rewrote the invariance rela­
tions in tensor form. The intimate connection between the invariance relations and 
the variational principle became manifest in the manner in which the invariance 

relations guided and simplified the “integration” of the general conserved quantity.

Consideration of coordinate group invariances whose “motions” represent
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spacetime symmetries enabled us to generate both mixed and contravariant energy- 

momentum complexes. Further consideration of the angular-momentum complex 

enabled us to generalize the electromagnetic symmetrization process resulting in the 

symmetric energy-momentum complex H at. By selecting particular Lagrangians, 

derived from Lovelock’s general Einstein-Maxwell Lagrangian, we were then able to 

generate and generalize virtually all energy-momentum complexes currently known. 

In particular we presented, for the first time to the best of the author’s knowledge, a 

derivation of the Landau and Lifshitz energy-momentum complex via a variational 

principle.

In the process of investigating our group invariances we discovered the reason 

for the difficulties associated with energy-momentum complexes in general relativ­

ity: the infinitesimal generators of our “motions” were, in fact, just the Killing 

vectors of Minkowski space and did not generally represent true symmetries of the 

spacetime. Thus the well known limitation: only by integrating near infinity on 

an asymptotically flat spacetime may one be sure of obtaining valid results. These 

complexes are not true momentum densities and, in general, will not exhibit the 

corresponding local properties.

These considerations pointed to the possiblity of formulating general rela­

tivity in terms of new quantities which possess group invariances on the tangent 

space. In order to investigate the manner in which an alternate set of fundamental 

quantities affect the theory we studied a Palatini variation of Nissani’s Lagrangian 

which is based on the Lagrangian of Carmeli’s S L (2, C) gauge theory of gravitation. 

We found that Nissani’s principal claim, that his Lagrangian specified Riemannian 

geometry in the presence of a general m atter tensor, was not in fact justifiable. 

In addition we presented a new Lagrangian with properties analogous to Nissani’s, 

proving that Nissani’s Lagranian is not unique.

In studying Nissani’s Lagrangian we saw that a change in fundamental quan­

tities may indeed yield new results, one of which was the derivation of the Bianchi 

identities as an Euler-Lagrange equation. Since the Bianchi identities are the 

general-relativistic analog of the second of Maxwell’s equations (1.2), we were led
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to speculate on the possibility of a general-relativistic analog to Maxwell’s current 

equation, (1.1). Such an analog would constitute a m atter current equation, yielding 

an entirely new approach to the idea of energy-momentum in general relativity.

In pursuit of this objective we developed the S L ( 2 , C ')xU (l)  spinor formalism 

in which the gravitational and electromagnetic potentials naturally combine in a 

single object—the spinor connection. In consequence, variably charged m atter could 

be cleanly and rigourously introduced through the use of spin densities and we were 

able to develop unified potential theories.

In order to demonstrate that this formalism did in fact describe both gravi­

tation and electromagnetism, we presented three different Lagrangians which gen­

erated the Einstein-Maxwell equations. However, notably, all three Lagrangians 

suffered from the flaw that they could be considered somewhat artificial as, in all 

three, terms from the natural “field” Pabcd (ie. the curvature spinor F ACah) were 

selectively extracted in order to achieve the desired results.

When we developed the theory in terms of the full field Pabcd (F ACab) new 

results were obtained. The Euler-Lagrange equation corresponding to the spinor 

connection was indeed found to have generalized the Maxwell equation, taking a 

form which, in the presence of m atter would constitute an equation in a matter- 

charge current density. However, the Euler-Lagrange equation corresponding to 

the variation of the (cross) section no longer gave the Einstein equation but also 

included a new term, the “gravitational stress-energy tensor” . This new tensor, 

proportional to a  contraction of the Bel-Robinson tensor, took an interesting and 

intriguing form, exactly mimicking the electromagnetic stress-energy tensor with 

Riemann tensor contractions replacing Maxwell tensor contractions. While there 

are at present no good reasons to replace the Einstein equation as the relation which 

best describes gravitation, should such reasons arise the equations we have derived 

herein may provide a viable alternative.

In order to attain a better understanding of the significance of these com­

plex new equations we briefly considered the introduction of m atter (described via
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spinors) to the theory. For a Lagrangian generating the generalized two spinor Dirac 

equations, we found that there could be no gravitational currents and that the elec­

tromagnetic currents must be on the light cone. For a Lagrangian generating the 

generalized Pauli equations, we found that both gravitational and electromagnetic 

currents were allowed. Both sets of equations, but especially the latter, demonstrate 

subtle connections between the (generalized) Einstein and Maxwell equations. In 

particular the unique results given by equations (7.71) and (7.102) beautifully il­

lustrate the vanishing of the divergence of the total stress-energy tensor in this 

formalism. In the theory embodied by the generalized Einstein-Maxwell and Pauli 

equations we finally accomplished our goal of deriving an equation describing a 

generalized matter-charge current density.
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A ppendix A  

Conversions

In this appendix we convert the invariance relation (2.25) and the chain rule on the 

Lagrangian (2.51) to their concomitant forms (2.50) and (2.52).

Beginning with (2.25) we first note that

+  *°V«,p

=  n ^ p +  & b<t>p,b +  * aVa;p -  * nd<t>pr \ d +  ( * ,r +  * r> n r nrp. (A .l)

The conversion of

a \  =  A qbgpb +  Aaqgap + A *bcgpbtC +  A aqcgap<c +  A abqgab%p (A.2)

will now complete the calculation.

Writing Aoi and Aabc in terms of their concomitants, (2.34) and (2.35), and 

converting partial to covariant derivatives in the nai,c terms, we have

a% =  W bgpb + n aqgap + W bcgpb.<c + n aqcgap;c + Ilabqgab.,p 

+[(iFbr + w bq)9nb + (ir9r + nar9)̂ an]rnrp 

-[n nbdgph + n andgap + (Anbcd + a nbdc)gpb,c +  (Aancd +  Aandc)gap,c

+Aabndgab,P -  (Anbcd +  Anbdc)Tmbcgpm -  (Aancd + Aandc)Tmacgmp]Tqnd

abcd|YT"\g

10R
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kqbcdtfTMi n n  p m  p n  p m  \
“ A  [ \L be4  “  1 m e1 bd “  1 bm l  cd )9pn

"t’ ! '  bd9pn,c +  r  cd9pb,n  +  T  bc9pn,d]

A aqedr/pn p n  p m  p n  p m  \
—A  IV1 ac,d ~  L m e1 a d ~  1 im A cd)9np

+ r ”ad9„PiC + v ncdgap,n +  r nocfif„P)d]

- A abqd( T \ dgnb<p +  T \ dgan,p) -  Aabcq(Tnacgnb,p +  T \ cgan<p). (A.3)

We now convert partial to covariant derivatives in the Y" nd term  (lines 3-4) to obtain

a \  =  n qbgPb +  i i aqg ap +  D qbcgpb.lC +  n aqcg ap,c +  n abq9 ab.<P

+ [(n ?6r +  w bq)gnh +  (n a?r +  i r r% an]r" rp 

-[Ylnbdgpb +  n  andgap +  (Anbcd + A nbdc)gpb,c

+ ( A ar,cd +  A a n d c ) g a p .c +

- A o6cd[(r*aCi(i -  r 9ncr nad -  r ^ r * * ) ^

+ r ?adr npc<7nf) +  TqacTnpdgnb -f Tqcdr napgnb

+ ( r \ c,d -  r 9„cr nw -  r ^ r - * ) * ,

+r*Mr \ c9an +  Tqbcv \ dg + YqcdYnbpgan]

\qbcd \/T ^n  p n  p m  p n  p m
“ /V [ \ l  bc,d “  1 m e1 bd ~  1 bml  cd )9pn

bd9pn,c H" r  cd9pb,.i “1“ f  bcg pn<d\

Aagedr/pn p n  p m  p n  p m  \
l\  ac,d me ad am cd )9np

ad9np,c  +  r  cc[9ap,n  +  T  ac9np,d ]

+ r v w )  -  A“‘c» ( r „ * (,p + r"4c*„,,). (A.4)

After using the invariance relation (2.22) on the Aabcd term (lines 5-8) it 

reduces to

-  A '^ K r v , + + ( r w  +  r*wr \ ) ?CI>] (A.s)
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but, by the same relation and \ abcH =  Aaoac, we may write

j^abcd _ l^j^abcd    _j_ l^j^abdc   j^dbac^

=  l (A abcd -  Aacbd) +  §(Aobcd -  Aadco). (A.6)

Thus, the Aabcd term is just

-  1 + R " ^ )  = - i ( r U‘« '^ g rl + (A.7)

In ord?r to simplify the Aqbcd term [lines 9-10 of equation (A.4)] we first 

substitute

I1 bcdpn =  9pb,c 9pb\c P  pC9nb

into ( r n(,c3pn) id, then convert all partial to covariant derivatives—-excepting only 

9pb,cd—after which this term reduces to

(A9bcr +  AqbTC)gnh.tCTnrp

+Aqbcd[gpb.c,4 -  gPb,c,d + (Tnpc;(i +  r mpdr nmc)gnb]

= (A?bcr +  A?brc)^n6;cr nrp + Aqbcd(gpb.c;d ~  9 Pb,cd)

_ .A a ^ d( T npda +  rmparnmd)9nb -  Aabcq( r npa.c +  r mpcr nma)gnb. ( a .9 )

Similarly, the Aaqcd term [lines 11-12 of equation (A.4)] reduces to

(Aaqcr + Aaqrc)gan,cTnTp +  Aaqcd(gap,c,d -  gapM)

- A ^ t r v *  +  r " 'plr ’>w )9 l„ -  (a . i o )

Thus, writing

bqp =  aqp + A qbcdgpb,cd +  A aqcdgaPiCd +  A abqdgab,pd +  Aabcqgab<cp (A .ll)

we have

bqp =  n qbgPb + n aqgap + u qbcgpb,c + n aqcgap.<c
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+ n abq9ab;p +  A qbcdgpb.c:d +  A aqcdgap;c-4 

+ [(IP 6r +  Urbq)gnb +  (IT*r +  Uarq)gan 

+ (A9bcr +  A qbrC)9 nb;c +  (A"’"  +  A09’'C)^an;c] r nrp 

-[n nWfirpi + n andgap +  ( A nbcd + Anbdc)gpb.,c 

+(Aancd +  Aandc)gap.c +  AabndgabiP)Tqnd 

- +  )

-\-Aabqd[gab,pd — ^ nad9nb,p — r n6 d9an,p

“(r v,a + rropornmii)sfn6 -  (v npd;b + i 'mpbr \ id)gan]

+Aabcq[ga.b<cp — r nac9nb,p — Tnhcgan,p

- ( r nPa;c +  r  mpcr nmo)ffn6 -  (r% fe;c +  r mpcrnmb)gan}. (A.1 2 )

To simplify the Aahqd terms (lines 8-9) we convert all partial to covariant

derivatives, when this term reduces to

(Arbqcgnb;c +  Aarqcgan-,c +  Aabqrgab.,n) T \ p +  Aabqdgab.p;d 

+A abqd(gnbR npda + 9 anR pdb)

= A rbqcgnb;c +  Aarqcgan-,c + Aabqrgab.,n) T \ p +  Aabqdgab,p.,d

+ \ ( r bCq9nbRnpca +  r bqd9anRnpdh). (A.13)

Similarly, the Aabcg term [lines 10-11 of equation (A.12)] reduces to

(A rbcqgnb,c +  Aarcqgan\c +  A“6r̂ a6;„ ) rnrp +  Aabcq gab;p,c. (A.14)

Now

s qpL  = n qbgpb + n aqgap + u qbc9pb,c + n aqcgap,c + u abqgab.,p 

+ Aqbcdgpb;c.d + A aqcdgap,c,d +  Aabqigab.iP.d +  Aabcqgab.p.c

+ n V P +  * , V P;6 +  $°V a;P
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+[(IP6r +  i r 6*)</n6 +  (UaqT +  Uarq)gan + (Aabqr +  Aabrq)gab;n 

+(Aqbcr +  Arbcq + AqbTC + Arhqc)gnb.c 

+(Aaqcr + Aarcq + AaqTC + A aTqc)gan.c +  ($ gr d- $ r9)^n) r %  

- [ i r % 6 +  Uandgap + (Anbcd +  Anbdc)gpb,c

+ (A ancd +  Aandc)gap;c +  A abndgab;p +  * nd<f>P] r qnd

- \ { r bdcg*RqcdaA r bcdg«vRqcib)

+  ! ( r hCq9nbRnpca + r bqd9anR\db). (A.15)

But the terms in r nrp and r ’nd are just (A qrn +  A r?n) r nrp and —A ndpTqnd, both of 

which vanish leaving us with equation (2.50).

We now wish to convert equation (2.51). We first note that

where, for the sake of convenience, we have introduced the notation

It is also fairly easy, if somewhat tedious, to write gab,cd-,p in the form

(A.17)

We now write gab,c-,p in the form

9ab,c;p — 9ab;p;c d~ T ac<7n6;p +  T bc9an;p d" "7 Pac9nb d~ 7  pbc9an  (A. 18)

so that

(A.19)

9ab\p-,c\d "I" r  od9nb;p;c d" T  ac9nb;p;d 

d ~ l bd9an;p;c d" T  bc9an;p-,d d" T  cd9ab;;
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ac,d9nb\p  +  T  0(. r  m ^3 n b \p  +  T  acr  bd9m n;p  

'^ '^1 bc,d9an-,p +  F  bc9m n;p  +  T  j,cF  m(l9 a n ;p

H~7 pad9nb;c "t“ 7  pac9nb\d  "f" 7  pbd9an\c d~ 7  pbc9an;d V  7  pcd9ab;n

i ~ ,n  r w  ~  i - , n  *Pm  ~ i ~,n  ^
pm c a d9nb  • pm d ac9nb  "r "Y pac^- b d 9 n m

t - ,n 'P ’ti i _,» p m  „  , ^ n p m  „
*”T pad b c9 n m  ”r  Y patn cd9nb  *r Y pbc a d 9 fnn

i ~>n  T^m _ . A,n pm  ^ -pm _ x _,n p m  „
"r“Y pbd^ a c 9 n m  *1 Y p m c^  bd9an  *1” Y p m d  bc9an  “r  Y pbm cd9&n

+ B npacd9nb +  B npbcdgan (A .

n n  _ _  n   n  pm  _ j _  m p n  ,  m p n
pacd — Y pac;d / p m d A ac ' Y pcd m a  ' T  padA me

  p n   p n  p-m  p n  p m    n pm
A pa,cd A ma,dA pc A ma,c pd Y  pam cd

..n pm  A/n pm  . ^ m p n  , _,m p n  /  a
Y pmc*- arf Y pmd-*- oc ' 7  pac^ m d  ' Y pad'*- me v"^*

is cleaxly symmetric in c and d . Thus, using (2.28) we have

A =  2 (A.

=  2 (A.

and, hence

A abed „_______ __ \a b c d „
9ab,cd\p — A  Qab\p-,c-,d

+[(An6cd +  Anbdc) r \ d +  (Aancd +  Aandc) r 6„, +  Aa6B<ir cBrf]^flt3,;C

i ( A nbedr^a • a n6erfpm  p a  , a m n c d p a  p 6+VA I  nCtd +  A  I  ncI  mrf +  A  i  m cl  nd

+A“““ir ‘„c,J +  Amncdr “njdr 6n<. +  A ^ r ^ r 1̂ ) ^

+ { (A ’*~ +  A * ' ‘ )Snt;c +  (A “,CT +  A •» " )» ..*  +  A“V 9„(,;„

+[(Am6r<< +  AmWr)r9m(1 +  (A?mrd +  A?mdr)r 6
md

+Avbmdr md]gnb +  [(Am?rd +  Am9rfr)r a
md
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+(A .m«l +  A am dr)^^ +

+ 2 r bCd9nb7npac.4 +  W MC9aninpbc,d 

=  Aa6ĉ a6;p;c;(/ +  ( n a6c- A “6c)ff06;P;C

+(n°6 -  Aat -  AntT \ c -  Aancr 6nc)gr06;p 

+[(n,6r -  A?6r)ff„6 +  (na?r -  Aaqr)gan

+(A ,6cr +  Aqbrc)gnb;c +  (A°9Cr +  Aaqrc)gan.c + Aab*rga;Kn}ynpqr

+ r bcdgnbR npca,d + r bdc9 .nR npcb,d. (A.24)

But the term in 7 np?r is just A qrn~fnpqr or, noting (2.49) and (A.17), just \ A qTnR nprq. 

Therefore we may finally write

I*  = n-VJl;p + irS**,.* + + rr?>„;p +

+  i ^ ’rn +  r UCS.nR~rd,.A (A.25)

which is equation (2.52).


