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 A B S T R A C T

The classical Hertz–Knudsen–Schrage (HKS) model for non-equilibrium mass and heat transfer across liquid–
vapor interfaces is extended to account for real gas effects and non-linearity. Specifically, the HKS relations 
are re-derived for a temperature and velocity dependent condensation coefficient (Tsuruta et al., 1999) and 
combined with real gas property relations derived from the Enskog–Vlasov (EV) equation (Struchtrup and 
Frezzotti, 2022). The resulting non-linear Tsuruta–EV–HKS model is valid for mass and heat transfer up to the 
critical point. The resulting interfacial resistivities exhibit marked dependence on temperature, with resistivities 
strongly decreasing towards the critical point, as well as non-linear dependence on mass and heat flux.
1. Introduction

Thermodynamic evaluation shows that non-equilibrium evapora-
tion and heat transfer processes across liquid–vapor interfaces are 
expected to be accompanied by jumps in temperature and Gibbs free 
energy, which imply deviation of pressure from saturation [1,2]. The 
thermodynamic description of these jumps employs a matrix of so-
called interfacial resistivities, which link the magnitude of jumps to 
mass and heat fluxes across the interface. Phenomenological theo-
ries of nonequilibrium thermodynamics can only predict the existence 
of jumps, however, the resistivities must be determined either from 
experiments or from microscopic modeling.

The study of nonequilibrium processes at interfaces gained renewed 
interest when Ward and co-workers observed surprisingly large jumps 
in experiments on the centimeter scale [3,4], which correspondingly 
predict large resistivities [5,6]. More recent precision experiments show 
smaller jumps [7].

Since interface coefficients such as resistivities affect processes on 
the microscale, they are difficult to measure experimentally. Macro-
scopic experiments suffer from experimental uncertainties that make it 
almost impossible to verify models, or extract reliable data on transport 
coefficients [8,9]. As of now, reliable data is not available.

Molecular dynamics (MD) simulations exhibit jumps on the micro- 
and nano-scale [10,11], but suffer from stochastic noise that strongly 
affects determination of resistivities [12,13]. To reduce noise, MD sim-
ulations are often performed in strong nonequilibrium, and for denser 
vapors outside the ideal gas regime [11].

There is a rich history of describing interface processes in the kinetic 
theory of gases, where the vapor is considered as an ideal gas, with 

E-mail address: struchtr@uvic.ca.

a sharp interface at the liquid boundary, and liquid–vapor interac-
tion described by condensation and accommodation coefficients. Best 
known is the pioneering Hertz–Knudsen model for evaporation mass 
flux [14,15], which was later improved by Schrage [16]. A complete 
thermodynamic model requires also an expression for interfacial heat 
flux which is included in, e.g., [12,13,17–20]. Most, but not all [21,
22], kinetic theory models are valid only for small deviations from 
equilibrium, in particular for vapor velocities well below the speed of 
sound.

Resistivities can be extracted from such kinetic theory models in 
dependence of the condensation and accommodation coefficients, thus 
the difficulty of determining resistivities from experiments or MD sim-
ulations is replaced by the equivalent difficulty of extracting these 
microscopic coefficients.

While in experiments such as Ward’s the vapor is expected to be in 
the ideal gas regime, MD simulations are often conducted closer to the 
critical point, where real gas effects become important. In this realm, 
the structure of the interface poses an additional challenge. Indeed, in 
the highly resolved MD simulations, the interface appears not as a sharp 
jump in density, but has a diffuse structure where the density decreases 
continuously from liquid towards vapor. This structure results from the 
interplay of intermolecular forces, density, and temperature, where MD 
simulations [11] as well as microscopic modeling [23–25] show wider 
interfaces at larger temperatures. This variation of interfacial structure 
affects the overall condensation probability for a particle that leaves 
the bulk vapor and enters the interfacial zone.
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Tsuruta and co-workers used particle tracking in MD simulations 
to determine a refined model for the condensation coefficient as func-
tion of effective interfacial temperature and the microscopic particle
velocity [26,27]. In this model, the condensation probability is higher 
for faster particles, which can penetrate deeper towards the liquid, but 
it is lower for higher temperatures, where the interface is wider and 
vapor density is higher, so that deeper penetration is less likely.

The Tsuruta model was used before to determine interfacial fluxes 
and resistivities [6,12], where, however, the vapor was still described 
as an ideal gas, and temperature dependence was not further evaluated. 
In the present contribution we extend the modeling to account for 
temperature dependence and real gas effects as well as incorporating 
non-linearities in the fluxes. To this end, we consider a gas model 
derived from the Enskog–Vlasov (EV) equation [28,29] which is a 
modification of the Boltzmann equation [30–32] to account for fi-
nite particle size through the Enskog collision term [33] and for the 
attractive inter-particle potential through the Vlasov force [34].

In the hydrodynamic limit, where the Navier–Stokes–Fourier equa-
tions hold, the property relations and transport coefficients of the EV 
gas are explicitly known, with a van-der-Waals-like thermal equation 
of state that describes phase equilibrium. With this, the EV gas is a 
convenient model for this research.

First, combining the kinetic theory modeling in [12] and [13], we 
derive the non-linear extended Hertz–Knudsen–Schrage (eHKS) model 
based on the Tsuruta condensation coefficient for the ideal gas. The 
modeling relies on an approximation of the velocity distribution func-
tion that also appears for the EV gas in the hydrodynamic limit [23,
24]. This modeling overlap forms the base of extending to the real 
gas, where, indeed, we model resistivities up to the critical point, in 
dependence of temperature, and accounting for non-linearities in the 
fluxes.

While the resulting Tsuruta–EV–eHKS model relies on a number of 
simplifying assumptions, it accounts for all relevant physics in meaning-
ful approximation, including vanishing resistivities towards the critical 
point. We believe this model will be useful in particular for a better un-
derstanding of MD simulations where real gas effects and non-linearity 
affect the observations.

The remainder of this paper is structured as follows: Section 2 
provides a short introduction of resistivities within the framework 
of nonequilibrium thermodynamics, where we explicitly include non-
linear terms that often are ignored in the literature. In Section 3 we 
discuss kinetic theory modeling and present the approximate distri-
bution functions for the bulk vapor and the vapor in front of the 
interface; the Tsuruta condensation coefficient is introduced. This forms 
the base for the derivation of the non-linear eHKS relations for the 
Tsuruta model in Section 4. In Section 5 we briefly summarize the EV 
gas model, which is then combined with the Tsuruta–eHKS model in 
Section 6, where we show how to obtain the resistivities, and plot these 
in the linear regime and for the non-linear case. The paper ends with 
our conclusions.

2. Nonequilibrium thermodynamics: Resistivities

Often the discussion of heat and mass transfer across phase inter-
faces considers linearized theory which is justified for most but not all 
applications. For our evaluation of real gas effects in these processes 
we include processes with large evaporation rates, where Mach number 
effects cannot be ignored. Thus, we extend the standard model for 
sharp interfaces in nonequilibrium processes [1,2,6,9] by accounting 
for non-linear contributions in flow velocity.

As usual in this field, we only consider steady flows normal to 
the interface, which is at rest in the observer frame, denoting the 
normal fluxes of mass, momentum, and energy as (𝐽 , 𝑃 ,𝑄). To connect 
bulk transport equations for adjacent liquid and vapor regions jump 
relations are needed, which are derived by means of the second law of 
thermodynamics.
2 
Since the interface does neither produce nor destroy mass, mo-
mentum, and energy, the fluxes leaving one phase are equal to those 
entering the other phase, that is, denoting states of liquid and vapor 
just at the interface with indices 𝐿, 𝑉 , we have [1,2,6]

𝐽𝐿 = 𝐽𝑉 = 𝐽

𝑝𝐿 +
𝐽 2
𝐿
𝜌𝐿

= 𝑝𝑉 +
𝐽 2
𝑉
𝜌𝑉

= 𝑃 (1)

𝐽𝐿

(

ℎ𝐿 + 1
2
𝐽 2

𝜌2𝐿

)

+ 𝑞𝐿 = 𝐽𝑉

(

ℎ𝑉 + 1
2
𝐽 2

𝜌2𝑉

)

+ 𝑞𝑉 = 𝑄

where 𝑝 denotes pressure, ℎ is specific enthalpy, and 𝑞𝐿 = −𝜅𝐿
𝑑𝑇
𝑑𝑥 |𝐿

, 
𝑞𝑉 = −𝜅𝑉

𝑑𝑇
𝑑𝑥 |𝑉

 are the normal Fourier heat fluxes in the two phases 
at the interface, with heat conductivity 𝜅; viscous stresses are ignored. 
The flow velocity is 𝑣 = 𝐽∕𝜌, with the mass density 𝜌. Fig.  1 provides 
a simple sketch of geometry, properties, and fluxes.

In nonequilibrium, entropy 𝑠 is not conserved but must be produced 
in nonequilibrium processes, hence with direction 𝑥 pointing from 
liquid to vapor as in Fig.  1 the entropy balance for the interface reads 
𝐽𝑠𝑉 +

𝑞𝑉
𝑇𝑉

= 𝐽𝑠𝐿 +
𝑞𝐿
𝑇𝐿

+ 𝜎 (2)

where 𝑞𝑇  is the non-convective entropy flux [1,2], and 𝜎𝑆 ≥ 0 is the 
interfacial entropy generation rate which vanishes in equilibrium and 
is positive in nonequilibrium.

Eliminating the heat flux in the liquid, 𝑞𝐿, and introducing Gibbs 
free energy 𝑔 = ℎ − 𝑇 𝑠, the entropy generation rate can be written as 
𝜎𝑆 =

∑

𝛼
𝛼𝛼 , (3)

where the entropy generation is interpreted as a sum of products of 
thermodynamic forces 𝛼 and thermodynamic fluxes 𝛼 , identified as

 =

{

𝑔𝐿
𝑇𝐿

−
𝑔𝑉
𝑇𝑉

+ ℎ𝑉

(

1
𝑇𝑉

− 1
𝑇𝐿

)

− 1
2
𝐽 2

𝑇𝐿

(

1
𝜌2𝑉

− 1
𝜌2𝐿

)

, 1
𝑇𝑉

− 1
𝑇𝐿

}

, (4)

 =
{

𝐽 , 𝑞𝑉
}

(5)

In equilibrium the forces (4) as well as the fluxes (5) vanish, thus 
both phases have the same temperature 𝑇𝑉 = 𝑇𝐿 = 𝑇 , and identical 
Gibbs free energies 𝑔𝑉 = 𝑔𝐿. This is the well known equilibrium 
condition for coexistence of liquid and vapor [1,35], which states that 
for given temperature 𝑇  phase equilibrium is possible only at the 
saturation pressure 𝑝sat (𝑇 ) with 
𝑝𝐿 = 𝑝𝑉 = 𝑝sat (𝑇 ) and 𝑔𝑉

(

𝑇 , 𝑝sat (𝑇 )
)

= 𝑔𝐿
(

𝑇 , 𝑝sat (𝑇 )
)

. (6)

We proceed based on the methods of Linear Irreversible Thermo-
dynamics (LIT) [1,2,36–38]. If a system is in a nonequilibrium state, 
i.e., the thermodynamic forces are non-zero, thermodynamic fluxes 
drive the system towards equilibrium. That is, the fluxes are induced 
by the forces, and must vanish in equilibrium, together with the forces. 
This behavior is guaranteed by linear relations between fluxes and 
forces, of the form 
𝛼 =

∑

𝛽
𝑟𝛼𝛽𝛽 , (7)

where 𝑟𝛼𝛽 is a matrix of interface resistivities, which is positive semi-
definite to ensure non-negative entropy generation 𝜎𝑆 . The matrix is 
expected to be symmetric to fulfill the Onsager reciprocity relations [1,
36]. Phenomenological thermodynamics cannot predict resistivities, 
which must thus be either found from physical measurements [3,4,7], 
evaluation of molecular dynamics simulations [5,10,11], or from mod-
eling. The goal of this contribution is to develop models for resistivities 
by combining ideas from kinetic theory and thermodynamics.

In classical linear irreversible thermodynamics, the resistivities are 
assumed to depend only on the local temperature, which is either a 
suitable interface temperature, 𝑇𝐼 , or the temperature of the liquid at 
the interface, 𝑇 . The detailed discussion in Ref. [39] showed that both 
𝐿
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Fig. 1. Geometry, properties, and fluxes in one-dimensional mass and heat transfer across a liquid–vapor interface.
temperatures are expected to be rather close, and in the following we 
consider the liquid temperature 𝑇𝐿 as the relevant temperature for the 
description of the interface.

Moreover, in Refs. [13,39] we argued that in strong equilibrium 
the resistivities will depend not only on equilibrium properties — 
the chosen temperature — but also on the local nonequilibrium state 
through the fluxes passing the interface, that is 𝑟𝛼𝛽 = 𝑟𝛼𝛽

(

𝑇𝐿, 𝐽 , 𝑞𝑉
)

. 
Then, the linear relations are extended into the non-linear realm—this 
will be assumed from now on.

Explicitly, the force–flux relations read 

⎡

⎢

⎢

⎢

⎣

[

𝑔𝐿
𝑇𝐿

− 𝑔𝑉
𝑇𝑉

+ ℎ𝑉
(

1
𝑇𝑉

− 1
𝑇𝐿

)

− 1
2
𝐽2

𝑇𝐿

(

1
𝜌2𝑉

− 1
𝜌2𝐿

)]

[

1
𝑇𝑉

− 1
𝑇𝐿

]

⎤

⎥

⎥

⎥

⎦

=

[

𝑟11 𝑟12
𝑟21 𝑟22

][

𝐽

𝑞𝑉

]

, (8)

where non-linearity in the mass flux is explicit in the kinetic energy term 
in the force, and implicit in the argument of the resistivities. The resistivity 
matrix must be positive semi-definite, hence 𝑟11 ≥ 0, 𝑟22 ≥ 0 and 𝑟11 𝑟22 −
𝑟12 𝑟21 ≥ 0, symmetry 𝑟12 = 𝑟21 is expected.

In the typical linear approach, the non-linearity in the fluxes is not 
considered, and the kinetic energy contribution does not appear in the 
mass transfer force. To facilitate comparison with literature results while 
considering non-linearity, we move this contribution to the other side of 
the equation, which yields the equivalent form 

⎡

⎢

⎢

⎣

[

𝑔𝐿
𝑇𝐿

− 𝑔𝑉
𝑇𝑉

+ ℎ𝑉
(

1
𝑇𝑉

− 1
𝑇𝐿

)]

[

1
𝑇𝑉

− 1
𝑇𝐿

]

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝑟11 +
1
2
𝐽
𝑇𝐿

(

1
𝜌2𝑉

− 1
𝜌2𝐿

)

𝑟12

𝑟21 𝑟22

⎤

⎥

⎥

⎥

⎦

[

𝐽

𝑞𝑉

]

. (9)

Here, we recognize a mass-flux-dependent reformulation of the resistivity 
𝑟11, while now both forces are independent of fluxes. This shift does 
not change the symmetry properties of the matrix 𝑟𝛼𝛽 , and for all cases 
considered below does not affect its definiteness.

It is generally advantageous to work with dimensionless forces ̂𝛼 , fluxes 
𝐽 , and resistivities ̂𝑟𝛼𝛽 , so that the dimensionless force–flux relations become 

[

̂𝐽
̂𝑞𝑉

]

=

[

𝑟̂11 𝑟̂12
𝑟̂21 𝑟̂22

][

𝐽

𝑞𝑉

]

. (10)

Following Refs. [12,13] we obtain the dimensionless forces through division 
with the gas constant 𝑅 of the fluid under consideration or multiplication 
with temperature 𝑇𝐿, respectively. Introducing temperature in energy units 
as 𝜃 = 𝑅𝑇 , we thus find 
[

̂𝐽
̂

]

=
⎡

⎢

⎢

𝑔𝐿
𝜃𝐿

− 𝑔𝑉
𝜃𝑉

+ ℎ𝑉
(

1
𝜃𝑉

− 1
𝜃𝐿

)

𝜃𝐿

⎤

⎥

⎥

. (11)

𝑞𝑉 ⎣ 𝜃𝑉

− 1
⎦

3 
The fluxes are made dimensionless by means of liquid temperature 𝜃𝐿 and 
the corresponding saturation pressure 𝑝sat

(

𝜃𝐿
)

, 
[

𝐽

𝑞𝑉

]

=

⎡

⎢

⎢

⎢

⎣

√

2𝜋𝜃𝐿
𝑝sat

(

𝜃𝐿
)𝐽

√

2𝜋𝜃𝐿
𝑝sat

(

𝜃𝐿
)

𝑞𝑉
𝜃𝐿

⎤

⎥

⎥

⎥

⎦

; (12)

where the factor 
√

2𝜋 is suggested by kinetic theory relations that will be 
seen below.

From these definitions we find the dimensionless resistivities 𝑟̂𝛼𝛽 as

𝑟̂11 = 𝑟11
𝑝sat

(

𝜃𝐿
)

𝑅
√

2𝜋𝜃𝐿
+ 1

4𝜋

[

1 −
(

𝜌𝑉
𝜌𝐿

)2
](

𝑝sat
(

𝜃𝐿
)

𝜌𝑉 𝜃𝐿

)2

𝐽 ,

𝑟̂12 = 𝑟12
𝑝sat

(

𝜃𝐿
)

𝜃𝐿
√

2𝜋𝜃𝐿
, 𝑟̂21 = 𝑟21

𝑝sat
(

𝜃𝐿
)

𝜃𝐿
√

2𝜋𝜃𝐿
, 𝑟̂22 = 𝑟22𝜃

2
𝐿

𝑝sat
(

𝜃𝐿
)

𝑅
√

2𝜋𝜃𝐿
(13)

The kinetic energy correction in 𝑟̂11 has the sign of the mass flux, hence is 
positive in evaporation and negative in condensation. It is small compared 
to 𝑟11 in all applications considered below where the dimensionless mass 
flux ||

|

𝐽 ||
|

≤ 0.4. In the general non-linear case the dimensionless resistivi-
ties are expected to depend on local temperature and the fluxes, that is 
𝑟̂𝛼𝛽

(

𝜃𝐿, 𝐽 , 𝑞𝑉
)

.
Often one is interested in processes where deviations from equilibrium 

are small, and the force–flux relations can be linearized. For this, we express 
the forces to leading order in the deviations from equilibrium 
𝛥𝑝 = 𝑝 − 𝑝sat

(

𝜃𝐿
)

, 𝛥𝜃 = 𝜃𝑉 − 𝜃𝐿 . (14)

By means of Taylor expansions and thermodynamic property relations 
(

𝜕𝑔
𝜕𝑝

)

𝜃
= 1

𝜌
, 
(

𝜕𝑔
𝜕𝑇

)

𝑝
= −𝑠 [35], the force–flux relations reduce to 

⎡

⎢

⎢

⎣

−
[

1
𝜌𝑉 ,sat

− 1
𝜌𝐿,sat

]

𝛥𝑝
𝜃𝐿

− 𝛥𝜃
𝜃𝐿

⎤

⎥

⎥

⎦

=

[

𝑟̂11 𝑟̂12
𝑟̂21 𝑟̂22

][

𝐽

𝑞𝑉

]

, (15)

where we omitted the arguments of the saturation mass densities 𝜌𝑉 ,sat
(

𝜃𝐿
)

, 
𝜌𝐿,sat

(

𝜃𝐿
) for compact notation.

The above equations are valid for general liquid–vapor states. A further 
simplification results from considering states well below the critical point, 
where the vapor behaves as an ideal gas, and the specific volume of the 
liquid can be ignored against the specific volume of the vapor, so that the 
linearized dimensionless mass transfer force reduces to 
̂𝐽 = −

[

1
𝜌𝑉 ,sat

− 1
𝜌𝐿,sat

]

𝛥𝑝
𝜃𝐿

= − 1
𝜌𝑉 ,sat

𝛥𝑝
𝜃𝐿

= −
𝛥𝑝

𝑝sat
(

𝜃𝐿
) . (16)

In the following we are mainly interested in non-ideal gas vapors, with 
relations that will be build as extensions of ideal gas behavior.

3. Kinetic theory models

Evaporation is widely considered in kinetic theory of ideal gases using 
sharp interface models. Macroscopic interface models derived from kinetic 
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theory lead to the classical phenomenological Hertz–Knudsen and Schrage 
formulas, as well as to their refinements [6,12–20]. These models form the 
base of our extension towards non-ideal gas vapors which will be discussed 
in later sections.

3.1. Distribution function and moments

In kinetic theory, the behavior of a system of particles (i.e., atoms
or molecules) is described by the distribution function 𝑓 , where
𝑓
(

𝑥𝑖, 𝑡, 𝑐𝑖
)

𝑑𝐜𝑑𝐱 is the number of particles with microscopic velocities in 
{𝐜, 𝐜 + 𝑑𝐜} and positions in {𝐱, 𝐱 + 𝑑𝐱} at time 𝑡.

Macroscopic properties such as mass density 𝜌, momentum density 𝜌𝑣𝑖, 
internal energy, pressure tensor, and heat flux can be computed as moments 
of the distribution function; for comprehensive reviews see [30–32]. Consid-
ering only one-dimensional transport normal to the interface, mass density, 
momentum density (which equals mass flux), and total energy density (that 
is the sum of internal and kinetic energies) are obtained as 

𝜌 = 𝑚∫ 𝑓 𝑑𝐜 , (17)

𝜌𝑣 = 𝐽 = 𝑚∫ 𝑐𝑛𝑓 𝑑𝐜 , (18)

𝜌
(

3
2
𝜃 + 𝑣2

2

)

= 3
2
𝜌𝜃 + 1

2
𝐽 2

𝜌
= 𝑚∫

1
2
𝑐2𝑓 𝑑𝐜 , (19)

where 𝑚 denotes particle mass and 𝑐𝑛 = 𝑐𝑖𝑛𝑖 is the velocity component 
normal to the interface.

Moreover, ignoring viscous stresses, momentum and energy flux are 
obtained as 
𝑃 = 𝑝 + 𝜌𝑣2 = 𝑝 + 𝐽 2

𝜌
= 𝑚∫ 𝑐2𝑛𝑓 𝑑𝐜 , (20)

𝑄 = 𝜌
(

5
2
𝜃 + 𝑣2

2

)

𝑣 + q =
(

5
2
𝜌 + 1

2
𝐽 2

𝜌2

)

𝐽 + q = 𝑚∫
1
2
𝑐2𝑐𝑛𝑓 𝑑𝐜 . (21)

Here, q denotes the kinetic heat flux for the gas, which as we proceed must 
be carefully distinguished from the actual heat flux.

In general, the distribution function must be obtained as a solution of 
the Boltzmann equation. Assuming sufficiently small Knudsen numbers, one 
finds approximations of the distribution function by means of the Chapman–
Enskog (CE) expansion [30–32]. For the one-dimensional flows of interest, 
we propose the approximation [13]

𝑓CE = 𝑓𝑀 (𝜌, 𝜃, 𝑐)
{

1 +
𝑐𝑛𝐽
𝜌𝜃

+ 1
2
𝐽 2

𝜌2𝜃2
(

𝑐2𝑛 − 𝜃
)

+ 1
6
𝐽 3

𝜌3𝜃3
𝑐𝑛
(

𝑐2𝑛 − 3𝜃
)

+2
5
q𝑐𝑛
𝜌𝜃3

(

𝑐2

2
− 5

2
𝜃
)}

, (22)

where 

𝑓M (𝜌, 𝑇 , 𝑐) =
𝜌
𝑚

1
(2𝜋𝜃)3∕2

exp
(

− 𝑐
2

2𝜃

)

. (23)

is the Maxwell distribution function in the rest frame of the interface.
Notably, the distribution function 𝑓CE produces the proper moments for 

the conservation laws of mass, momentum, and energy including all non-
linear contributions in flow velocity 𝑣 = 𝑣𝑛, that is (17)–(21) are fulfilled. 
This distribution refines the distribution derived in [12] by including higher 
order terms in mass flux, which where ignored in [12].

The distribution 𝑓CE is well-suited to describe classical bulk flow, as 
in the Navier–Stokes–Fourier equations. In the vicinity of walls and in-
terfaces, mean free path effects induce Knudsen layer corrections of the 
distribution [20]. In the following, Knudsen layers are ignored, and the CE 
distribution is considered to be valid also directly in front of the interface. 
While this introduces some error into the analysis, the results are still viable 
for the general understanding of transport behavior across phase interfaces.

We note that when considering interface resistivities, the assumption is 
that the adjacent bulk phases can be described by the Navier–Stokes–Fourier 
(NSF) equations of hydrodynamics. This implies that all deviations from 
(NSF) including Knudsen layers are lumped into the resistivities that de-
scribe the jump between the bulk phases.
4 
We will argue in Section 5.3 that the distribution 𝑓CE(22) is also 
relevant for non-ideal gases, where the kinetic heat flux q appearing in the 
distribution is linked to the actual heat flux 𝑞 through a density dependent 
factor.

3.2. Vapor distribution at the sharp interface

To develop kinetic theory interface conditions, we assume that the 
interface is a sharp jump from liquid to vapor, that is we ignore the 
diffuse structure of the interface, which has a thickness of ∼10−20 particle 
diameters [11,24]. The discussion below is closely following Ref. [12], with 
some changes in notation.

When a particle from the vapor phase hits the liquid–vapor interface, 
it interacts with the liquid particles. Depending upon the microscopic 
conditions for the particular interaction, the particle can be absorbed by the 
liquid — it condenses — or it might be reflected back into the vapor. The 
energy of the liquid particles at the interface fluctuates, and occasionally 
a particle gains enough energy to leave the liquid to enter the vapor—the 
particle evaporates.

Evaporation, condensation and reflection processes influence the distri-
bution function at the interface and determine the rates of mass and energy 
transfer across the interface. We write the distribution function directly at 
the interface as 

𝑓int =

{

𝑓in, 𝑐′𝑛 < 0

𝑓em, 𝑐𝑛 > 0
, (24)

where 𝑓in is the distribution of incident particles, and 𝑓em is the distribution 
of emitted particles; the prime at the velocity of incident particles simplifies 
to distinguish between incident and emitted particles.

The distribution of particles leaving the interface is the sum of a term 
that describes evaporation, and a term that describes the reflection of non-
condensing particles back into the vapor. The relation between the incident 
and emitted distribution functions is written as [40,41], 

𝑓em = 𝜒𝑒
(

𝑐𝑘
)

𝑓M
(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

+ 1
|

|

𝑐𝑛|| ∫𝑐′𝑛<0
𝑓in

(

𝑐′𝑘
)

𝑅𝑐
(

𝑐′𝑘 → 𝑐𝑘
)

|

|

𝑐′𝑛|| 𝑑𝐜
′ .

(25)

Here, 𝜒𝑒
(

𝑐𝑘
) is the evaporation probability, which in general must 

be assumed to depend on particle velocity relative to the interface, 
and 𝑅𝑐

(

𝑐′𝑘 → 𝑐𝑘
) is the condensation–reflection kernel, which gives 

the probability that a particle that hits the interface with velocities in 
{

𝑐′𝑘, 𝑐
′
𝑘 + 𝑑𝑐

′} will be scattered with velocities in {𝑐𝑘, 𝑐𝑘 + 𝑑𝑐
} [30]. The 

liquid side of the interface is assumed to be in local equilibrium [6,
19,41,42], and thus the distribution of evaporating particles is linked 
to the Maxwellian distribution 𝑓M

(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

, where 𝜃𝐿 is the 
liquid surface temperature and 𝜌sat

(

𝜃𝐿
) is the corresponding saturation 

density.
In the classical Maxwell wall reflection kernel, it is assumed that 

a portion 𝛾 of particles is reflected diffusively, that is in a Maxwell 
distribution in equilibrium with the wall, and the portion (1 − 𝛾) is 
reflected specularly, where 𝛾 is the so-called accommodation coef-
ficient [30,31]. While specular reflection can easily be included in 
liquid–vapor interface models [12], in the following we adapt the 
Maxwell model to evaporation assuming that non-condensing particles 
return into the vapor by diffuse reflection only, that is 𝛾 = 1. Indeed, a 
vapor particle entering the interfacial region will interact with several 
particles before either entering the liquid as a condensed particle, or 
returning to the vapor as a reflected particle, while specular reflections 
appear to be unlikely.

Following Ref. [12], but with 𝛾 = 1, we consider the, properly 
normalized, condensation–reflection kernel 

𝑅𝑐
(

𝑐′𝑘 → 𝑐𝑘
)

= 𝛼
(

𝑐′𝑘
) 𝛼

(

−𝑐𝑘
)

|

|

𝑐𝑛|| 𝑓0
(

𝜃𝐿, 𝑐
)

( )

| |

( ) , (26)

∫𝑐𝑛>0 𝛼 −𝑐𝑘 |

𝑐𝑛| 𝑓0 𝜃𝐿, 𝑐 𝑑𝐜
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where, 𝛼 (𝑐′𝑘
)

= 1 − 𝜒𝑐 (𝑐′𝑘) is the reflection probability, 𝜒𝑐 (𝑐′𝑘) is the 
condensation coefficient, and 

𝑓0
(

𝜃𝐿, 𝑐
)

= 𝑚
𝜌

√

𝜃𝐿
2𝜋
𝑓𝑀

(

𝜃𝐿, 𝑐
)

= 1
2𝜋𝜃2𝐿

exp
(

− 𝑐2

2𝜃𝐿

)

(27)

is the reduced Maxwellian at 𝜃𝐿. The reflection kernel fulfills the 
reciprocity relation [30,40,41,43], 
|

|

𝑐′𝑛|| 𝑓0
(

𝜃𝐿, 𝑐
′)𝑅𝑐

(

𝑐′𝑘 → 𝑐𝑘
)

= |

|

𝑐𝑛|| 𝑓0
(

𝜃𝐿, 𝑐
)

𝑅𝑐
(

−𝑐𝑘 → −𝑐′𝑘
)

. (28)

In thermal equilibrium no net evaporation or condensation occurs, 
the vapor and the liquid have the same temperatures, 𝜃𝑉 = 𝜃𝐿, the 
vapor pressure is equal to the saturation pressure, 𝑝 = 𝑝sat (𝜃𝐿), and
the vapor is in the corresponding Maxwellian distribution
𝑓𝑀

(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

. This equilibrium behavior is guaranteed by the 
micro-reversibility condition [42], 
𝑓in|𝑒𝑞 = 𝑓em|𝑒𝑞 = 𝑓𝑀

(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

. (29)

Combining (25), (26), (29) and using that 
𝑓0

(

𝜃𝐿, 𝑐
)

𝑓M
(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
′) = 𝑓M

(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

𝑓0
(

𝜃𝐿, 𝑐
′) (30)

the micro-reversibility condition reduces to 
1 = 𝜒𝑒

(

𝑐𝑘
)

+ 𝛼
(

𝑐𝑘
)

⇒ 𝜒𝑒
(

𝑐𝑘
)

= 1 − 𝛼
(

𝑐𝑘
)

= 𝜒𝑐 (𝑐𝑘) , (31)

that is microscopic evaporation and condensation coefficients agree.
As stated before, we shall in the following consider the Chapman–

Enskog distribution 𝑓CE as the distribution of incident particles. Thus, 
combining the above, kinetic theory interface conditions will be deter-
mined from the distribution function 

𝑓int =

{

𝑓CE, 𝑐′𝑛 < 0

𝑓em, 𝑐𝑛 > 0
, (32)

where the distribution of particles leaving the interface is given by 
𝑓em = 𝜒𝑐

(

𝑐𝑘
)

𝑓M
(

𝜌sat
(

𝜃𝐿
)

, 𝜃𝐿, 𝑐
)

+
[

1 − 𝜒𝑐
(

−𝑐𝑘
)]

𝛬𝑓0
(

𝜃𝐿, 𝑐
)

(33)

with the abbreviation 

𝛬 =
∫𝑐′𝑛<0

[

1 − 𝜒𝑐
(

𝑐′𝑘
)]

|

|

𝑐′𝑛|| 𝑓CE
(

𝑐′𝑘
)

𝑑𝐜′

∫𝑐𝑛>0
[

1 − 𝜒𝑐
(

−𝑐𝑘
)]

|

|

𝑐𝑛|| 𝑓0
(

𝜃𝐿, 𝑐
)

𝑑𝐜
. (34)

3.3. Condensation coefficient

To proceed, we require meaningful expressions for the condensation 
coefficient 𝜒𝑐

(

𝑐𝑘
)

. In kinetic theory of ideal gases one typically assumes 
the condensation coefficient as a constant with value close to unity. 
A more elaborate model was suggested by Tsuruta and co-workers 
based on tracking particles in molecular dynamics simulations [26,27]. 
Based on their data for argon-like particles they suggested a velocity 
dependent condensation coefficient of the form 

𝜒𝑐
(

𝑐′𝑛
)

= 𝜓

[

1 − 𝜔 exp

(

−
𝑐′2𝑛
2𝜃𝐿

)]

. (35)

This condensation probability depends on the normal impact velocity 
𝑐′𝑛. In this model, faster particles are more likely to condense, since they 
can more easily penetrate towards the liquid and dissipate their energy 
to a larger number of neighboring particles. The dimensionless coef-
ficients 𝜓 , 𝜔 that describe the details of the condensation probability 
depend on the temperature of the liquid [26], with data given in Table 
1 for actual argon temperatures, as well as temperatures relative to the 
critical temperature 𝜃cr , i.e. 𝜃𝐿∕𝜃cr , where 𝜃cr ≃ 150K.

Fig.  2 shows the data points relative to polynomial fits of second 
order over the temperature ratio 𝜃𝐿∕𝜃cr . These fits will be used in the 
following.

Classical kinetic theory models with constant condensation coeffi-
cient for ideal gas vapors arise from setting 𝜔 = 0. The data in Fig.  2 
shows that for temperatures well below the critical point the coefficient 
5 
Table 1
Temperature dependent coefficients in the Tsuruta model as functions of 
temperature 𝜃𝐿 and relative to critical temperature [26,27].
 𝑇𝐿/K 𝜃𝐿∕𝜃cr 𝜓 𝜔  
 84 0.56 0.971 0.086 
 90 0.60 0.935 0.220 
 102 0.68 0.923 0.299 
 120 0.80 0.75 0.388 
 130 0.867 0.685 0.554 

𝜓 is close to unity while 𝜔 is rather small. With this, the Tsuruta model 
agrees well with the typical assumptions in classical kinetic theory for 
lower temperatures. Closer to the critical point, however, the Tsuruta 
model predicts significantly smaller coefficient 𝜓 and larger 𝜔, and 
thus marked decrease of the overall condensation coefficient 𝜒𝑐 . This 
behavior might be explained by the changing thickness of the diffuse 
interfacial region, which is rather narrow for lower temperatures, 
where liquid and vapor densities differ strongly, while it becomes wider 
towards the critical point, where liquid and vapor densities differ less.

In the following our interest lies in processes at higher tempera-
tures, where non-ideal gas behavior becomes relevant. We consider 
the Tsuruta model as viable for the description of the condensation 
probability.

4. Extended Hertz–Knudsen–Schrage equations

With the kinetic theory description of the previous section, we have 
all that is required to determine non-equilibrium interface conditions. 
These result from the requirement that the fluxes of mass and energy as 
determined from the interface distribution 𝑓int (32) and from the bulk 
distribution at the interface 𝑓CE(22) agree. Specifically we consider the 
equations

𝑚∫ 𝑐𝑛𝑓CE𝑑𝐜 = 𝑚∫ 𝑐𝑛𝑓int𝑑𝐜 (36)

𝑚∫

( 1
2
𝑐2𝑐𝑛 −

5
2
𝜃
)

𝑐𝑛𝑓CE𝑑𝐜 = 𝑚∫

( 1
2
𝑐2𝑐𝑛 −

5
2
𝜃
)

𝑐𝑛𝑓int𝑑𝐜 (37)

which through the distribution function 𝑓CE (22) are linear in the 
kinetic heat flux q, but non-linear in the mass flux 𝐽 .  The resulting 
equations are the extension of the well-known Hertz–Knudsen–Schrage 
(HKS) equations [6,13–16] towards non-linearity.

Wolfram Mathematica was used for the evaluation of these equa-
tions. The resulting expressions are rather lengthy, even more so with 
the Tsuruta condensation coefficient (35), and were stored and further 
evaluated on the computer.

In order to give the reader some idea of the results, we present 
HKS equations for special cases, in particular for constant condensation 
coefficient 𝜒𝑐 = 𝜓 , and for the linear case with the Tsuruta model.

As for the LIT expression, we use the saturation state at liquid 
temperature to define the dimensionless fluxes 

𝐽 = 𝐽

√

2𝜋𝜃𝐿
𝑝sat

(

𝜃𝐿
) , q̂𝑉 =

q𝑉
𝜃𝐿

√

2𝜋𝜃𝐿
𝑝sat

(

𝜃𝐿
) . (38)

Furthermore, we denote the ratio between vapor and liquid tempera-
tures as 

𝛩 =
𝜃𝑉
𝜃𝐿

. (39)

4.1. eHKS model for constant condensation coefficient

With constant condensation coefficient 𝜒𝑐 = 𝜓 we find mass and 
kinetic heat flux at the interface as 

𝐽 =
2𝜓

[

𝜌𝑉 ,sat𝜃𝐿 −
𝜌𝑉 𝜃𝐿√𝛩 − 1 𝑝sat 𝐽 2

√

]

, (40)

2 − 𝜓 𝑝sat 𝑝sat 4𝜋 𝜌𝑉 𝜃𝐿 𝛩
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Fig. 2. Tsuruta coefficients as functions of temperature ratio 𝜃𝐿∕𝜃cr .
q̂𝑉 =
2𝜓

2 − 𝜓

(

2 − 5
2
𝛩
)

[𝜌𝑉 ,sat𝜃𝐿
𝑝sat

−
𝜌𝑉 𝜃𝐿
𝑝sat

√

𝛩
]

+ 4
𝜌𝑉 𝜃𝐿
𝑝sat

[1 − 𝛩]
√

𝛩

+ 1
4𝜋

[

8
1 − 𝜓
2 − 𝜓

(

𝜌𝑉 𝜃𝐿
𝑝sat

√

𝛩
(

1 − 7
4
𝛩
)

+ 1
2
𝜌𝑉 ,sat𝜃𝐿
𝑝sat

𝛩
)

−𝛩
(

𝜌𝑉 𝜃𝐿
𝑝sat

√

𝛩 + 2
𝜌𝑉 ,sat𝜃𝐿
𝑝sat

)] 𝑝2sat
𝜌2𝑉 𝜃

2
𝐿

𝐽 2

𝛩

+ 1
8𝜋2

𝜓
2 − 𝜓

𝑝3sat
𝜌3𝑉 𝜃

3
𝐿

𝐽 4
√

𝛩
, (41)

where for compact notation we abbreviated 𝑝sat = 𝑝sat
(

𝜃𝐿
)

, 𝜌𝑉 ,sat =
𝜌𝑉 ,sat

(

𝜃𝐿
)

.
These equations were presented in Ref. [13], only that here we set 

the accommodation coefficient 𝛾 to unity, and — in preparation for 
the extension to non-ideal gas vapors — explicitly write mass densities, 
instead of employing the ideal gas law and writing pressures. Indeed, if 
the vapor behaves as an ideal gas, then saturation pressure and vapor 
pressure are related to densities as 𝑝sat = 𝜌𝑉 ,sat𝜃𝐿, and 𝑝𝑉 = 𝜌𝑉 𝜃𝑉 =
𝜌𝑉 𝜃𝐿𝛩, respectively, and the HKS equations assume the dimensionless 
form given in Ref. [13].

4.2. Linear Tsuruta-eHKS model

Next, we consider the HKS equations for the Tsuruta condensation 
coefficient in the linear limit. Ignoring non-linear contributions in the 
mass flow, evaluating (36) we find expressions for mass and kinetic 
heat flux that are linear in the vapor densities, and can be written as 

𝐽 =
√

𝜃𝐿
2𝜋
𝛼sat

(

𝜃𝐿, 𝜃𝑉
)

𝜌𝑉 ,sat −
√

𝜃𝐿
2𝜋
𝛼𝑉

(

𝜃𝐿, 𝜃𝑉
)

𝜌𝑉 (42)

q𝑉 = 𝜃𝐿

√

𝜃𝐿
2𝜋
𝛽sat

(

𝜃𝐿, 𝜃𝑉
)

𝜌𝑉 ,sat − 𝜃𝐿

√

𝜃𝐿
2𝜋
𝛽𝑉

(

𝜃𝐿, 𝜃𝑉
)

𝜌𝑉 (43)

Here, 𝛼sat , 𝛼𝑉 , 𝛽sat , 𝛽𝑉  are dimensionless coefficients. Aiming for linear 
relations, we set 𝜃𝑉 = 𝜃𝐿 + 𝛥𝜃 and linearize the coefficients in 𝛥𝜃 as

𝛼sat
(

𝜃𝐿, 𝜃𝑉
)

= 𝛼0 + 𝛼1,sat
𝛥𝜃
𝜃𝐿

, (44)

𝛼𝑉
(

𝜃𝐿, 𝜃𝑉
)

= 𝛼0 + 𝛼1,𝑉
𝛥𝜃
𝜃𝐿

, (45)

𝛽sat
(

𝜃𝐿, 𝜃𝑉
)

= 𝛽0 + 𝛽1,sat
𝛥𝜃
𝜃𝐿

, (46)

𝛽𝑉
(

𝜃𝐿, 𝜃𝑉
)

= 𝛽0 + 𝛽1,𝑉
𝛥𝜃
𝜃𝐿

. (47)

The coefficients 𝛼0, 𝛼1,sat , 𝛼1,𝑉 , 𝛽0, 𝛽1,sat , 𝛽1,𝑉  depend on the two 
temperature-dependent coefficients Tsuruta coefficients 𝜓 (

𝜃𝐿
)

, 𝜔 (

𝜃𝐿
)

through explicit but lengthy polynomial expressions that can be found 
in Appendix, Eqs. (A.1)–(A.7). 
6 
Furthermore, we linearize in the density deviation 
𝛥𝜌 = 𝜌𝑉 − 𝜌𝑉 ,sat , (48)

keeping only linear terms in 𝛥𝜌, 𝛥𝜃, to find the dimensionless linear 
Tsuruta–HKS equations as

𝐽 = −𝛼0
𝛥𝜌

𝑝sat∕𝜃𝐿
+
(

𝛼1,sat − 𝛼1,𝑉
) 𝜌𝑉 ,sat𝜃𝐿

𝑝sat
𝛥𝜃
𝜃𝐿

, (49)

q̂𝑉 = −𝛽0
𝛥𝜌

𝑝sat∕𝜃𝐿
+
(

𝛽1,sat − 𝛽1,𝑉
) 𝜌𝑉 ,sat𝜃𝐿

𝑝sat
𝛥𝜃
𝜃𝐿

. (50)

For the classical case with 𝜔 = 0 the coefficients reduce to
𝛼0 =

2𝜓
2 − 𝜓

, 𝛼1,sat = 0 , 𝛼1,𝑉 =
𝜓

2 − 𝜓
, (51)

𝛽0 = −
𝜓

2 − 𝜓
, 𝛽1,sat = −

5𝜓
2 − 𝜓

, 𝛽1,𝑉 = 1
2 − 𝜓

(

8 − 19
2
𝜓
)

(52)

which give the linearized classical HKS relations as

𝐽 =
𝜓

2 − 𝜓

[

−
𝛥𝜌

𝑝sat∕𝜃𝐿
− 1

2
𝜌𝑉 ,sat𝜃𝐿
𝑝sat

𝛥𝜃
𝜃𝐿

]

, (53)

q̂𝑉 =
𝜓

2 − 𝜓
𝛥𝜌

𝑝sat∕𝜃𝐿
−

8 − 9
2𝜓

2 − 𝜓
𝜌𝑉 ,sat𝜃𝐿
𝑝sat

𝛥𝜃
𝜃𝐿

. (54)

4.3. Non-linear Tsuruta-HKS model

For the non-linear case with Tsuruta model, the corresponding 
equations were explicitly determined on the computer, where they 
were subsequently evaluated as explained further below. Due to their 
length, the equations are not shown in detail. The expressions for 
dimensionless mass and kinetic heat flux can be written in compact 
form, with 𝛩 = 𝜃𝑉 ∕𝜃𝐿, as 
𝐽 = 𝖩

(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

q̂𝑉 = 𝖰
(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

. (55)

where 𝜃𝐿 appears as a parameter that determines the values of
𝜌𝑉 ,sat

(

𝜃𝐿
)

, 𝑝sat
(

𝜃𝐿
)

, 𝜓 (

𝜃𝐿
)

, 𝜔 (

𝜃𝐿
) which appear in the functions 𝖩 and 

𝖰.
For the classical case, 𝜔 = 0, these equations reduce to (40), (41), 

and when linearized, they reduce to (49), (50) with the coefficients 
(A.1)–(A.7).

5. Enskog-Vlasov model for non-ideal gas

The Enskog–Vlasov non-ideal gas model results from evaluation of 
the Enskog–Vlasov (EV) equation [28,29], which is an extension of the 
Boltzmann equation that accounts for the finite size of particles through 
the Enskog collision term for hard spheres [33], and for the attractive 
force between particles through the Vlasov model [34]. Similar to 
the van-der-Waals-gas, the property relations for the EV gas are valid 
for liquid and vapor phases, with saturation states determined from 



H. Struchtrup International Journal of Heat and Mass Transfer 256 (2026) 127943 
Maxwell’s equal area argument [35]. Here we only list the relevant 
thermodynamic properties for this model, with details and further 
references found in Refs. [23,24].

5.1. Property relations

As in the cited references, we consider a unit system in which 
particle diameter 𝑎, particle mass 𝑚 and potential parameter 𝜙𝑎 are set 
to unity, 𝑎 = 𝑚 = 𝜙𝑎 = 1. The van-der-Waals-like thermal equation of 
state relates pressure, mass density and temperature as 

𝑝 (𝜌, 𝜃) = 𝜌𝜃
(

1 + 2𝜋
3
𝜌𝑌

)

− 2𝜋
3
𝜒1𝜌

2 , (56)

where 𝑌  denotes the pair correlation function for which we use the 
expression proposed by Carnahan and Starling [44], 

𝑌 (𝜌) = 1
2

2 − 𝜋
6 𝜌

(

1 − 𝜋
6 𝜌

)3
. (57)

The parameter 𝜒1 arises through the Vlasov force, for attractive power 
potentials of order 𝜛 it is found as 𝜒1 = 𝜛

𝜛−3 ; we will use 𝜛 = 6, hence 
𝜒1 = 2.

Specific internal energy 𝑢 and enthalpy ℎ of the EV gas are given by 

𝑢 (𝜌, 𝜃) = 3
2
𝜃 − 2𝜋

3
𝜒1𝜌 , ℎ = 𝑢 +

𝑝
𝜌
=
( 5
2
+ 2𝜋

3
𝜌𝑌

)

𝜃 − 4𝜋
3
𝜒1𝜌 . (58)

The corresponding entropy follows from integration of the Gibbs equa-
tion 𝜃𝑑𝑠 = 𝑑𝑢 − 𝑝

𝜌2
𝑑𝜌 as 

𝑠 − 𝑠0 =
3
2
ln 𝜃
𝜃0

− ln
𝜌
𝜌0

−

⎡

⎢

⎢

⎢

⎣

3 − 𝜋
3
𝑎3

𝑚 𝜌
(

1 − 𝜋
6
𝑎3
𝑚 𝜌

)2
−

3 − 𝜋
3
𝑎3

𝑚 𝜌0
(

1 − 𝜋
6
𝑎3
𝑚 𝜌0

)2

⎤

⎥

⎥

⎥

⎦

(59)

where 𝑠0, 𝜌0, 𝜃0 define a suitable reference state that cancels from the 
equations below.

With the definition of the Gibbs free energy, 𝑔 = ℎ−𝜃𝑠, the (dimen-
sionless) driving force for mass transfer (11)1 results from considering 
these relations for liquid and vapor as

̂𝐽 =
𝑔𝐿
𝜃𝐿

−
𝑔𝑉
𝜃𝑉

+ ℎ𝑉

(

1
𝜃𝑉

− 1
𝜃𝐿

)

= 5
2

(

1 −
𝜃𝑉
𝜃𝐿

)

− 3
2
ln
𝜃𝐿
𝜃𝑉

+ ln
𝜌𝐿
𝜌𝑉

+2𝜋
3

[

𝜌𝐿𝑌𝐿 − 𝜌𝑉 𝑌𝑉
𝜃𝑉
𝜃𝐿

]

− 4𝜋
3
𝜒1
𝜌𝐿 − 𝜌𝑉
𝜃𝐿

+

⎡

⎢

⎢

⎢

⎣

3 − 𝜋
3 𝜌𝐿

(

1 − 𝜋
6 𝜌𝐿

)2
−

3 − 𝜋
3 𝜌𝑉

(

1 − 𝜋
6 𝜌𝑉

)2

⎤

⎥

⎥

⎥

⎦

, (60)

where we abbreviated 𝑌𝐿 = 𝑌
(

𝜌𝐿
)

, 𝑌𝑉 = 𝑌
(

𝜌𝑉
)

.
The heat transfer force (11)2

̂𝑞𝑉 =
𝜃𝐿
𝜃𝑉

− 1 (61)

is independent of the property relations.

5.2. Phase equilibrium

In phase equilibrium both forces vanish, ̂𝐽 = ̂𝑞𝑉 = 0, hence 
𝜃𝑉 = 𝜃𝐿 = 𝜃, and the saturation densities of liquid and vapor, 𝜌𝐿,sat (𝜃), 
𝜌𝑉 ,sat (𝜃), are related as

0 = ln
𝜌𝐿,sat
𝜌𝑉 ,sat

+ 2𝜋
3

[

𝜌𝐿,sat𝑌𝐿,sat − 𝜌𝑉 ,sat𝑌𝑉 ,sat
]

− 4𝜋
3
𝜒1
𝜌𝐿,sat − 𝜌𝑉 ,sat

𝜃

+

⎡

⎢

⎢

⎢

⎣

3 − 𝜋
3 𝜌𝐿,sat

(

1 − 𝜋
6 𝜌𝐿,sat

)2
−

3 − 𝜋
3 𝜌𝑉 ,sat

(

1 − 𝜋
6 𝜌𝑉 ,sat

)2

⎤

⎥

⎥

⎥

⎦

, (62)

which is equivalent to the result of the equal area evaluation as outlined 
in [23,24]. The saturation pressure is 
𝑝 𝜃 = 𝑝

(

𝜌 𝜃 , 𝜃
)

= 𝑝
(

𝜌 𝜃 , 𝜃
)

. (63)
sat ( ) 𝐿,sat ( ) 𝑉 ,sat ( )
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Fig.  3 shows saturation pressure and mass densities as functions of 
temperature for values up to the critical point, for which 
𝜃cr = 0.7456 , 𝑝cr = 0.06748 , 𝜌cr = 0.2491 . (64)

Saturation data was determined numerically.

5.3. Actual and kinetic heat flux

Evaluating the Enskog–Vlasov equation and its moment equations 
in the Navier–Stokes–Fourier limit [24,45], one identifies Fourier’s law 
for the kinetic heat flux as (in one dimension) 

q(NSF) = −15
4

√

𝜃

(

1 + 3
5
2𝜋
3 𝜌𝑌

)

16
5

√

𝜋𝑌
𝑑𝜃
𝑑𝑥

, (65)

and the actual heat flux as 

𝑞(NSF) = −

⎡

⎢

⎢

⎢

⎣

15
4

√

𝜃

(

1 + 3
5
2𝜋
3 𝜌𝑌

)2

16
5

√

𝜋𝑌
+ 2

3
√

𝜋
√

𝜃𝜌2𝑌

⎤

⎥

⎥

⎥

⎦

𝑑𝜃
𝑑𝑥

. (66)

Eliminating the temperature gradient we find an explicit relation be-
tween actual and kinetic heat fluxes as 
𝑞 =  (𝜌) q , (67)

with a factor that depends only on mass density, 

 (𝜌) = 1 + 3
5
2𝜋
3
𝜌𝑌 + 128

225
𝜋

𝜌2𝑌 2

1 + 2𝜋
5 𝜌𝑌

. (68)

This relation is valid without restriction, that is it can be applied to 
liquid and vapor states. In the ideal gas limit vapor density is negligibly 
small and  → 1, so that kinetic and actual heat flux agree.

5.4. Useful relations

Below we require derivatives of the equation of state that we list 
here for convenience.

The thermal equation of state (56) gives the derivatives of pressure 
with respect to density and temperature as
(

𝜕𝑝
𝜕𝜌

)

𝜃
= 𝜃

(

1 + 2𝜋
3
𝜌𝑌

)

+ 2𝜋
3
𝜌𝜃

(

𝑌 + 𝜌𝑑𝑌
𝑑𝜌

)

− 4𝜋
3
𝜒1𝜌 , (69)

(

𝜕𝑝
𝜕𝜃

)

𝜌
= 𝜌

(

1 + 2𝜋
3
𝜌𝑌

)

, (70)

where 
𝑑𝑌
𝑑𝜌

= 𝜋
36

15 − 𝜋𝜌
(

1 − 𝜋
6 𝜌

)4
. (71)

From standard relations between thermodynamic properties [35] 
we thus find the derivatives of density as
(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿
= 1

(

𝜕𝑝
𝜕𝜌

)

𝜃𝐿

= 1

𝜃
(

1 + 2𝜋
3 𝜌𝑌

)

+ 2𝜋
3 𝜌𝜃

(

𝑌 + 𝜌 𝑑𝑌𝑑𝜌
)

− 4𝜋
3 𝜒1𝜌

,

(72)

(

𝜕𝜌
𝜕𝜃

)

𝑝
= −

(

𝜕𝑝
𝜕𝜃

)

𝜌
(

𝜕𝑝
𝜕𝜌

)

𝜃

= −
𝜌
(

1 + 2𝜋
3 𝜌𝑌

)

𝜃
(

1 + 2𝜋
3 𝜌𝑌

)

+ 2𝜋
3 𝜌𝜃

(

𝑌 + 𝜌 𝑑𝑌𝑑𝜌
)

− 4𝜋
3 𝜒1𝜌

.

(73)

6. Resistivities for non-ideal gas vapors

We now combine the kinetic theory based eHKS model for inter-
facial fluxes, incorporating the Tsuruta condensation coefficient, with 
the non-ideal Enskog–Vlasov gas model, and extract the resistivities 
as functions of temperature up to the critical point. This procedure 
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Fig. 3. Saturation pressure 𝑝sat (𝜃) and saturation densities 𝜌𝐿,sat (𝜃), 𝜌𝑉 ,sat (𝜃) of the EV gas as functions of temperature. The dot indicates the critical point.
relies on the distribution function 𝑓CE that was used in determining 
the eHKS relations being written in terms of the mass densities and 
temperatures of the vapor and the kinetic heat flux, which all are 
meaningful for the EV gas as well. This allows us to use the van-der-
Waals-like pressure (56) and other equations of state of the EV gas, 
and the relation between actual and kinetic heat fluxes, to extend the 
ideal gas eHKS relations towards the non-ideal gas case. The Tsuruta 
condensation coefficient was determined for the case of non-ideal gas 
vapor, hence is meaningful in particular in this realm.

Below, the linear case, where resistivities depend only on the local 
temperature 𝜃𝐿, and the non-linear case, where resistivities depend on 
temperature and fluxes, are treated separately.

6.1. Linear resistivities 𝑟̂𝛼𝛽
(

𝜃𝐿
)

In the linear case, resistivities connect the fluxes 𝐽 , 𝑞𝑉  to pressure 
and temperature deviations, 𝛥𝑝, 𝛥𝜃 as expressed in Eq. (15). In the lin-
ear Tsuruta–HKS equations (49), (50) the fluxes are related to density 
and temperature deviations, 𝛥𝜌, 𝛥𝜃. Thus, to extract the resistivities 
from the linear HKS equations, we express the density variation 𝛥𝜌
through pressure and temperature variation by expanding the equation 
of state, 

𝛥𝜌 = 𝜌𝑉 − 𝜌𝑉 ,sat
(

𝜃𝐿
)

=
(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿 ,sat
𝛥𝑝 +

(

𝜕𝜌𝑉
𝜕𝜃

)

𝑝,sat
𝛥𝜃 . (74)

where the explicit density derivatives are given in (72), (73). With this, 
the Tsuruta–EV–HKS equations read

𝐽 = −𝛼0

[

𝜃𝐿

(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿 ,sat

]

𝛥𝑝
𝑝sat

+

[

𝛼1,sat − 𝛼1,𝑉 − 𝛼0

[

𝜃𝐿
𝜌𝑉 ,sat

(

𝜕𝜌𝑉
𝜕𝜃

)

𝑝,sat

]]

𝜌𝑉 ,sat𝜃𝐿
𝑝sat

𝛥𝜃
𝜃𝐿

, (75)

q̂𝑉 = −𝛽0

[

𝜃𝐿

(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿 ,sat

]

𝛥𝑝
𝑝sat

+

[

𝛽1,sat − 𝛽1,𝑉 − 𝛽0

[

𝜃𝐿
𝜌𝑉 ,sat

(

𝜕𝜌𝑉
𝜕𝜃

)

𝑝,sat

]]

𝜌𝑉 ,sat𝜃𝐿
𝑝sat

𝛥𝜃
𝜃𝐿

. (76)

For comparison with (15), we introduce the linearized thermodynamic 
force by writing 
𝛥𝑝
𝑝sat

= −
[

−
(

1
𝜌𝑉 ,sat

− 1
𝜌𝐿,sat

)

𝛥𝑝
𝜃𝐿

]

⟹  =
𝜃𝐿∕𝑝sat
1

𝜌𝑉 ,sat
− 1

𝜌𝐿,sat

, (77)

and we replace the kinetic heat flux q̂𝑉  with the actual heat flux 𝑞𝑉  by 
means of (67). With this, the equations can be written as 
[

𝐽

𝑞

]

= 𝐿̂𝛼𝛽
⎡

⎢

⎢

−
(

1
𝜌𝑉 ,sat

− 1
𝜌𝐿,sat

)

𝛥𝑝
𝜃𝐿

− 𝛥𝜃

⎤

⎥

⎥

, (78)

𝑉

⎣ 𝜃𝐿 ⎦
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with the dimensionless Onsager matrix 

𝐿̂𝛼𝛽 =

⎡

⎢

⎢

⎢

⎢

⎣

𝛼0

[

𝜃𝐿
(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿 ,sat

] [

𝛼1,𝑉 − 𝛼1,sat + 𝛼0

(

𝜃𝐿
𝜌𝑉 ,sat

(

𝜕𝜌𝑉
𝜕𝜃

)

𝑝,sat

)]

[

𝜌𝑉 ,sat 𝜃𝐿
𝑝sat

]

𝛽0

[

sat𝜃𝐿
(

𝜕𝜌𝑉
𝜕𝑝

)

𝜃𝐿 ,sat

] [

𝛽1,𝑉 − 𝛽1,sat + 𝛽0

(

𝜃𝐿
𝜌𝑉 ,sat

(

𝜕𝜌𝑉
𝜕𝜃

)

𝑝,sat

)]

[

sat
𝜌𝑉 ,sat 𝜃𝐿
𝑝sat

]

⎤

⎥

⎥

⎥

⎥

⎦

.

(79)

Here, sat = 
(

𝜌𝑉 ,sat
(

𝜃𝐿
)) is evaluated at the saturation state of the 

vapor.
Inversion of the Onsager matrix finally yields the desired matrix of 

resistivities for the linear case, 
𝑟̂𝛼𝛽

(

𝜃𝐿
)

= 𝐿̂−1
𝛼𝛽 . (80)

Fig.  4 shows the resulting resistivities for the Tsuruta–EV–HKS 
model in blue, in comparison to the Tsuruta–HKS model for the ideal 
gas, for which 

𝜃
(

𝜕𝜌
𝜕𝑝

)

𝜃
= 𝜃 1

𝜃
= 1 , 𝜃

𝜌

(

𝜕𝜌
𝜕𝜃

)

𝑝
= 𝜃
𝜌

(

−
𝑝
𝜃2

)

= −1 ,  = sat = 1 .

(81)

All Tsuruta–EV resistivities for the real gas (blue) decrease with 
temperature and vanish towards the critical point. Considering that at 
the critical point the differences of liquid and vapor — and thus the 
interface — vanish, this behavior is physically meaningful. It must be 
noted that the Tsuruta condensation coefficient (35) was not deter-
mined up to the critical point, hence these results rely on extrapolation, 
see Fig.  2.

The contrast to the ideal gas case (orange) is most striking for 𝑟̂11
which for the ideal gas case grows strongly with temperature, but 
decreases for the real gas case. While the modeling yields symmetric 
resistivities 𝑟̂12 = 𝑟̂21 for the ideal gas case, the real gas effects lead to 
asymmetry. Considering the simplicity of the modeling approach, the 
relatively weak asymmetry is not very concerning. Nevertheless, more 
refined modeling approaches should be developed in the future.

6.2. Non-linear resistivities 𝑟̂𝛼𝛽
(

𝜃𝐿, 𝐽
)

, 𝑟̂𝛼𝛽
(

𝜃𝐿, 𝑞𝑉
)

For the non-linear case, to link the non-linear Tsuruta–eHKS rela-
tions (55) to the force–flux relations of nonequilibrium thermodynam-
ics (10), we rewrite the latter in terms of the kinetic heat flux, so that 

[

̂𝐽
̂𝑞𝑉

]

=

[

𝑟̂11 𝑟̂12
𝑟̂21 𝑟̂22

][

𝐽

 (𝜌) q̂𝑉

]

. (82)

As is often done [10,11,24,46], we consider single flux cases, where 
either 𝑞 =  𝜌 q̂ = 0 for pure evaporation, or 𝐽 = 0 for pure heat 
𝑉 ( ) 𝑉
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Fig. 4. Blue: Resistivities ̂𝑟𝛼𝛽
(

𝜃𝐿
) for the Tsuruta–EV–HKS model in the linear case as function of relative temperature 𝜃L∕𝜃cr up to the critical point (𝜃cr = 0.7546). 

Orange: Ideal gas resistivities 𝑟̂𝛼𝛽
(

𝜃𝐿
) for the Tsuruta condensation coefficient.  (For interpretation of the references to color in this figure legend, the reader is 

referred to the web version of this article.)
transfer. The resistivities for these case are determined from

Evaporation: 𝑟̂11 =
̂𝐽
𝐽

, 𝑟̂21 =
̂𝑞𝑉
𝐽

,  with q̂𝑉 = 0 (83)

Heat transfer: 𝑟̂12 =
̂𝐽

 (𝜌) q̂𝑉
, 𝑟̂22 =

̂𝑞𝑉
 (𝜌) q̂𝑉

,  with 𝐽 = 0 (84)

To proceed, we consider the liquid temperature as the main vari-
able, that is prescribe 𝜃𝐿, and determine the other quantities. Specifi-
cally, the evaluation requires the thermodynamic forces (60), (61) for 
the EV gas, which we can write formally as 

̂𝐽 = 𝖥̂𝐽
(

𝜌𝑉 , 𝜌𝐿, 𝛩; 𝜃𝐿
)

, ̂𝑞𝑉 = 𝖥̂𝑞𝑉
(

𝜌𝑉 , 𝜌𝐿, 𝛩; 𝜃𝐿
)

, (85)

and the kinetic theory HKS conditions for the Tsuruta model (55)

𝐽 = 𝖩
(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

q̂𝑉 = 𝖰
(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

. (86)

Moreover, temperatures and mass densities of the phases, and, for non-
linear processes the mass flux, are related through the conservation law 
for momentum (1)2, which in dimensionless form reads 
𝑝
(

𝜌𝐿, 𝜃𝐿
)

𝑝sat
+
𝑝sat∕𝜃𝐿
𝜌𝐿

𝐽 2

2𝜋
=
𝑝
(

𝜌𝑉 , 𝜃𝑉
)

𝑝sat
+
𝑝sat∕𝜃𝐿
𝜌𝑉

𝐽 2

2𝜋
. (87)

For the evaporation case (𝑞𝑉 = 0) we perform the following steps:

1. Prescribe a value for liquid interface temperature 𝜃𝐿.
2. Prescribe a value for mass flux 𝐽 .
3. Determine corresponding vapor mass density 𝜌𝑉  and tempera-
ture ratio 𝛩 = 𝜃𝑉 ∕𝜃𝐿 from the eHKS equations 𝐽 =
𝖩
(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

, 0 = 𝖰
(

𝜌𝑉 , 𝛩, 𝐽 ; 𝜃𝐿
)

.
4. Determine the corresponding liquid mass density 𝜌𝐿 from con-
servation of momentum (87).

5. Determine the corresponding forces ̂𝐽  and ̂𝑞𝑉  from (85).
6. Finally, use the collected data to determine the resistivities 𝑟̂11
and 𝑟̂21 from (83).

This procedure mimics experiments and molecular simulations, where 
one would control mass flux through pressure [3,4,10,11]. With liquid 
9 
temperature 𝜃𝐿 and mass flux 𝐽 as controlled variables, we list and plot 
the results for the resistivities as 

Evaporation: 𝑟̂11
(

𝜃𝐿, 𝐽
)

, 𝑟̂21
(

𝜃𝐿, 𝐽
)

. (88)

The corresponding procedure to find the resistivities 𝑟̂12 and 𝑟̂22 for 
pure heat transfer is similar, only that in Step 2 vapor temperature 
ratio 𝛩 = 𝜃𝑉 ∕𝜃𝐿 is prescribed instead of mass flux, and in Step 3 
vapor density 𝜌𝑉  is obtained from 0 = 𝖩

(

𝜌𝑉 , 𝛩, 0; 𝜃𝐿
)

, and with that 
kinetic heat flux from q̂𝑉 = 𝖰

(

𝜌𝑉 , 𝛩, 0; 𝜃𝐿
)

. This yields the resistivities 
as functions of temperature and heat flux 𝑞𝑉 = 

(

𝜌𝑉
)

q̂𝑉 , 

Heat transfer: 𝑟̂12
(

𝜃𝐿, 𝑞𝑉
)

, 𝑟̂22
(

𝜃𝐿, 𝑞𝑉
)

. (89)

The four resistivities are depicted in Fig.  5 as functions of tempera-
ture and their relevant flux. While their temperature dependence shows 
the same principal behavior as in the linear case, non-linear influence of 
the fluxes is clearly visible, in particular for the evaporation resistivities 
(𝑟̂11, 𝑟̂21).

Towards the critical temperature the mass transfer resistivity 𝑟̂11
drops sharply, reaching values of zero for forced condensation, where 
𝐽 < 0, already for temperatures 𝜃𝐿 below the critical point.

The exact determination of resistivities from experiments or molec-
ular simulations is rather difficult due to significant errors caused by 
experimental uncertainty or stochastic noise [3,4,9–13]. At present 
there is no meaningful data available for evaluation of the combined 
temperature and flux dependence of resistivities.

For general non-linear processes with mass and heat flux present, 
the relation (82) between forces and the HKS relations provide only two 
relations for four resistivities 𝑟̂𝛼𝛽

(

𝜃𝐿, 𝐽 , 𝑞𝑉
)

, thus the system is under-
determined. While meaningful functions 𝑟̂𝛼𝛽

(

𝜃𝐿, 𝐽 , 𝑞𝑉
) can be obtained 

from optimization [13], these are not unique and thus have limited 
physical meaning. Non-linear resistivities provide an excellent means 
of data visualization for single-flux cases, where they are unique, but 
might be difficult to explore in the general two-flux case, due to the 
inherent non-uniqueness.
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Fig. 5. Resistivities 𝑟̂𝛼𝛽 for the Tsuruta–EV–HKS model as functions of temperature and mass flux 𝐽 (for 𝑟̂11, 𝑟̂21) or heat flux 𝑞𝑉  (for 𝑟̂12, 𝑟̂22).
) 
6.3. Resistivities from molecular dynamics

Accurate resistivity data from experiments or microscopic simula-
tions is scarce, hence a detailed comparison of the modeling results with 
data is not possible. At present, the most thorough data available might 
be the recent MD simulations by Homes and Vrabec [11]. In order to 
obtain reliable data with little noise, MD simulations are often run at 
large fluxes, where non-linear effects play a role. In [13] we evaluated 
the Homes–Vrabec data with emphasis on non-linear effects, while 
now we are more interested in temperature dependence, in particular 
changes as the temperature approaches the critical temperature.

Fig.  6 shows the dimensionless resistivities (13) as computed from 
the original data [11] as functions of relative temperature 𝜃L∕𝜃cr , where 
the relative size of mass and heat fluxes is indicated by gray levels, with 
points darker for larger absolute fluxes. The largest temperatures are 
∼0.83 𝜃cr , hence the temperatures are below the region where in Fig.  5 
resistivities are strongly decreasing.

As discussed in [13], the values of resistivities from MD are affected 
by the assumed location of the interface to which data curves are 
extrapolated, which accounts for the observed lack of symmetry of 
the resistivity matrix. Moreover, due to stochastic noise effects, the 
data scatters relatively widely, in particular for smaller fluxes, but 
nevertheless some trends are clearly visible as follows:

At least for large mass fluxes, the resistivity 𝑟̂11 is a slowly de-
creasing function of temperature, in agreement with Fig.  5. The heat 
transfer resistivity 𝑟̂22 exhibits comparatively faster decrease, which as 
well agrees with Fig.  5. Both off-diagonal resistivities decrease rather 
10 
weakly with increasing temperature, with 𝑟̂21 appearing to be larger for 
larger mass fluxes, which also agrees with Fig.  5.

7. Conclusions

Combining ideas of nonequilibrium thermodynamics and kinetic 
theory of ideal and non-ideal gases, we have derived the non-linear 
Tsuruta–EV–eHKS model for mass and heat transfer across liquid–vapor 
interfaces, which generalizes the classical Hertz–Knudsen–Schrage (HKS
model for non-ideal gas vapor up to the critical point, as well as 
extending it to account for non-linearities due to Mach number effects. 
Real gas effects are included through the use of the EV gas model 
for liquid and vapor, and through the Tsuruta condensation coeffi-
cient which accounts for temperature dependence and particle impact 
velocity. The corresponding matrix of interface resistivities for heat 
and mass transfer was determined, where all resistivities show marked 
decrease as temperature increases towards the critical point, as well as 
clear variations due to non-linearity. This stands in contrast to classical 
kinetic theory results which rely on constant condensation coefficients 
and ideal gas behavior to find constant values for the dimensionless 
resistivities.

Due to the inherent difficulty of determining resistivities from phys-
ical experiments or molecular simulations, a detailed comparison of 
model predictions with data from other sources is presently not pos-
sible. Thus, this paper aims to extend the knowledge about interface 
coefficients in general, but not at providing a detailed model for prac-
tical applications. Nevertheless, evaluation of MD data shows a general 
agreement of trends.
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Fig. 6. Dimensionless resistivities 𝑟̂𝛼𝛽 determined from MD simulations by Homes and Vrabec [11] plotted over relative temperature 𝜃L∕𝜃cr . The gray level 
indicates the strength of dimensionless mass and heat flux, respectively, with darker colors indicating larger absolute fluxes. Dimensionless mass fluxes are in 
𝐽 = {0,… , 0.5} and heat fluxes in 𝑞𝑉 = {−0.08,… , 0}.
In summary, we strongly believe that the observed behavior — 
marked temperature dependence, in particular for temperatures ap-
proaching the critical point, and non-linearity — will affect experiments 
and molecular dynamics simulations, and recommend careful consid-
eration of these effects in evaluation of the resulting data. Useful data 
of high quality could, e.g., be obtained from kinetic models based on 
the Enskog–Vlasov equation which allow deterministic solutions for 
flows close and far from equilibrium and can be tuned to agree with 
Lennard-Jones gases [47,48].
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Appendix. Coefficients for linear Tsuruta-HKS
11 
Here we list the explicit expressions for the coefficients 𝛼0, 𝛼1,sat , 
𝛼1,𝑉 , 𝛽0, 𝛽1,sat , 𝛽1,𝑉 , that appear in the linearized Tsuruta–HKS model.

With the abbreviation 

𝜁 = 80 (2 − 𝜓) (1 − 𝜓) +
(

80 + 23
√

2
)

𝜓𝜔 −
(

40 + 23
√

2
)

𝜓2𝜔 + 13
√

2𝜓2𝜔2 .

(A.1)

we find the coefficients as 
𝛼0 =

𝜓
𝜁

[

160 (1 − 𝜓) + 80 (2𝜓 − 1)𝜔 −
(

40 − 3
√

2
)

𝜓𝜔2
]

(A.2)

𝛼1,sat = −
75𝜓2
√

2𝜁2
[2 − 2𝜓 + 𝜓𝜔]

[(

4 +
√

2
)

𝜓𝜔3 − 16𝜓𝜔2 + 8𝜓𝜔 + 12𝜔2 − 8𝜔
]

,

(A.3)

𝛼1,𝑉 =
𝜓
𝜁2

[

6400 (2 − 𝜓) (1 − 𝜓)2 + 3840
√

2𝜔

+
(

12800 − 7160
√

2
)

𝜓𝜔

−
(

19200 − 2800
√

2
)

𝜓2𝜔 +
(

1104 + 3180
√

2
)

𝜓𝜔2

+
(

992 − 1760
√

2
)

𝜓2𝜔2

+
(

1095 + 330
√

2
)

𝜓2𝜔3 +
(

6400 + 520
√

2
)

𝜓3𝜔

−
(

496 + 1420
√

2
)

𝜓3𝜔2

−
(

1095 − 880
√

2
)

𝜓3𝜔3 +
(

276 − 150
√

2
)

𝜓3𝜔4
]

, (A.4)

𝛽0 =
10 [

−80𝜓 (1 − 𝜓) + 120𝜓𝜔 − 160𝜓2𝜔 +
(

40 + 10
√

2
)

𝜓2𝜔2
]

,

𝜁
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(A.5)

𝛽1,sat =
10
𝜁2

[

−3200𝜓 (2 − 𝜓) (1 − 𝜓)2 + 3200𝜓𝜔 −
(

14400 + 950
√

2
)

𝜓2𝜔

+
(

3200 + 385
√

2
)

𝜓2𝜔2 +
(

16000 + 1900
√

2
)

𝜓3𝜔

−
(

6400𝜓3𝜔2 + 1855
√

2
)

𝜓3𝜔2

+
(

773 + 490
√

2
)

𝜓3𝜔3 −
(

4800 + 950
√

2
)

𝜓4𝜔

+
(

2400 + 1470
√

2
)

𝜓4𝜔2

−
(

373 + 795
√

2
)

𝜓4𝜔3 −
(

12 − 145
√

2
)

𝜓4𝜔4
]

, (A.6)

𝛽1,𝑉 = 10
𝜁2

[

320 (2 − 𝜓) (1 − 𝜓)2 (16 − 19𝜓) +
(

14080 + 2752
√

2
)

𝜓𝜔

−
(

37120 + 7922
√

2
)

𝜓2𝜔 +
(

6448 + 3405
√

2
)

𝜓2𝜔2

+
(

31040 + 7588
√

2
)

𝜓3𝜔

−
(

10336 + 6529
√

2
)

𝜓3𝜔2

+
(

1188 + 1318
√

2
)

𝜓3𝜔3 −
(

8000 + 2418
√

2
)

𝜓4𝜔

+
(

3648 + 3124
√

2
)

𝜓4𝜔2

−
(

788 + 1261
√

2
)

𝜓4𝜔3 +
(

105 + 145
√

2
)

𝜓4𝜔4
]

(A.7)

Data availability

Data will be made available on request.
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