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Abstract—A problem in mathematical economics concerning the
optimal investment of resources is solved via the techniques of op-
timal control theory. Interesting theoretical complications include
the simultaneous presence of interdependent conmtrol variable in-
equality constraints, state variable inequality constraints, and singu-
larity conditions. Economic implications of the results are briefly
discussed.

[. INTRODUCTION

HERE has been, in economic theory, extensive
Tdiscussion of aggregate models ol capital accumu-

lation, much of it directed toward the determina-
tion of investment plans optimal under some specified
criterion [3], [6], [8], [9]. This problem may be for-
mulated as one in optimal control. The following exam-
ple, involving two state variables rather than the single-
state variable customary in earlier analyses, has been
artificially simplified in other respects in order to high-
light the way in which newly developed techniques of
control theory enter into the solution of such problems
in economic growth. Discussion of a more general for-
mulation of the economic model will be undertaken else-
where.

Essentially, the economic problem is in the allocation
of output between consumption and investment, and in
the composition of investment, which may be directed
toward growth in alternative capital assets. Thus, it is
supposed that the capital stock and the labor force of
the economy at any moment determines the maximum
output flow; then, by its expenditures on capital ac-
cumulation and labor training, the society determines
the rates of growth of capital and trained labor, and
hence determines the paths of output, consumption, and
employment for the future. One possible measure of the
resulting current welfare in the society is per capita con-
sumption.

In Section 1I the problem is formally posed. Some
relevant facts from control theorv are summarized in
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Section III, and a solution is given in Section 1V. A
brief economic interpretation of some of the optimality
conditions, and some concluding comments, are set out
in Section V.

II. TuE PROBLEM

The allocation problem is formulated in this section.
It is assumed that the total value of the community’s
annual production of goods can be represented as a
function of its capital stock and employed labor force.
Thus, letting ) (measured in dollars per year) denote
the value of annual production, K (measured in dollars)
the value (replacement cost) of the physical capital
stock, and W (measured in men) the number of em-
ployed workers, the assumption is that

Q= FK,W). (D

The function I is assumed to be homogeneous of degree
one in K and W, to be positive, with positive first par-
tial derivatives, concave in K and W, and to satisfy

F(0, W) = F(K, 0) = 0.

Moreover it is assumed that a point (K, W) can be found
which satisfies the equation

= pwi b
aK 5 =1n Y

for all relevant values of the parameters #n, v, 8, to be
mtroduced below. (All variables are functions of time,
but the argument ¢ will generally be omitted.)

Two categories ol nonconsumption use of the output
flow represented by ( are recognized in this analysis.
The first is allocation of part of output to accumulation
of further capital stock. Let I (measured in dollars per
vear) be the rate of flow of output directed toward such
additions to capital; 7 is then the rate of gross invest-
ment in physical capital. The realized net addition to
physical capital is, however, not so large, since some in-
vestment is necessary simply to maintain the capital
stock at existing levels. Approximating this replacement



DOBELL AND HO: OPTIMAL INVESTMENT POLICY 5

requirement by 6K (dollars per year),!

I =K+ 6K, or K=1—34K. (2)

(This equation, thus, says simply that the gross invest-
ment rate 7 has two components—the portion required
to match retirement of existing capital and the part left
over for increase of the stock.)

A second category of expenditure arises because it is
assumed that training costs are incurred in qualifying
labor for entry into production. For the present work it
will be assumed that this cost is a constant, d dollars
per man,? and therefore that for every man newly
trained in a given year, the consumption of the com-
munity must be reduced by d dollars that year. Let it be
supposed that the number of men which it is necessary
to train in any year in order to maintain the level of
employvment constant at W is uW per year. Then, since
W +uW is the total number of men newly trained per
vear, and d is the cost per man, the reduction in attain-
able consumption due to training of new labor may be
written

E = d(W + pW), or

The variable E might then be called the rate of gross
investment in “human capital,” and (3) shows that it
also has two components representing provision for re-
tirement of existing stocks and provision for increase of
stocks.

Consumption (in dollars per year) is given as the
residual

C=FK,W)y—I—E
= F(K, W) — (K + 8K) — d(W + ugW). (4)

This equation thus reflects the fact that the total out-
put flow @ is allocated among three uses—a flow C
destined for present consumption, a flow [ representing

W =E/d—uW. (3)

! The noneconomist should be warned that this discussion glosses
over some difficulties in valuation of capital. Here these are avoided
by measuring capital stock in dollars and output in dollars per year,
and supposing that the physical unit of capital stock and the sacrifice
of consumption required to acquire one physical unit are unchanging.
More precise discussion of this issue would be long, and not really
relevant to the concerns of this paper.

A word about the depreciation assumption is also appropriate.
Throughout, the assumption that the propertion of the capital stock
and of the labor force being retired each year is a constant is rather
unsatisfactory in a dynamic growing economy, except as a crude ap-
proximation. Simple dependence on time or on the state of the system
could easily be admitted, but it should be observed that the most
appealing hypothesis—that the probability of retirement for a ma-
chine or a laborer depends on the length of time already served—
would prohibit any finite representation of the state of the system.
The reason is that the requirement for replacement, and hence the
rate of increase, of both physical capital and labor would then depend
on the present age structure of each, rather than just the total stock,
and thus would depend on the entire past histories of investment in
capital and labor. The “exponential decay” assumption avoids this
difficulty.

? Alternatively, if the training cost d is assumed to depend upon
K/ (the capital per worker) at the time of training, or upon W/L
(the employment rate) at the time of training, the analysis carries
through. In either of these cases there arises the possibility of optimal
balanced growth at less than {ull employment.

the consumption foregone because of the use of resources
in adding to stocks of physical capital, and a flow E
representing the consumption foregone in order to de-
vote resources to training newly employed labor.

The development of this model economy is completely
determined when, from a given initial position, the pres-
ent and future allocation of output to the two invest-
ment uses (physical capital and labor training) is speci-
fied. Supposing this to be open to choice, one may ask
what allocation would be best for an economy with given
production possibilities. The criterion for the present
problem will be taken to be

T C)
7= e (—ia )
o L)

where T i a “planning horizon” which may be infinite,
v is a rate of discount of future flows, and L represents
the total labor force. A given allocation plan, resulting
in a unique consumption path, thus yields a single value
for J. The plan yielding the greatest such value will be
selected as best.

A feasible allocation must guarantee that none of the
flows C, I, E become negative, reflecting the fact that
investment cannot be financed by permitting consump-
tion to fall below zero (defined to be the subsistence
level), and that resources once embodied in machines or
training cannot be recovered and transferred to provide
consumption, nor transformed into one another. This
requirement can be expressed conveniently by defining
two gross investment rates as proportions of total out-

put Q,

_I_K4oK E_dWtwan
Q F(K,W) 0 F(K, W)
and requiring
0=y OG=xg s+e£), (M

the need for the last inequality stemming from the fact
that

C=(01—-—s5s—eFK,W) (8)
and C is required to be non-negative.

There is a further constraint, arising from the fact
that labor is not produced within the system. Here it is
assumed that the total labor force is determined exog-
enously according to the simple growth law

L =nL, L(0) = Ly (9)

where 7 is a constant rate (per year) of labor force
growth. Then the number of emploved workers must
satisfy the full employment constraint

W< L. (10)

Two treatments of this restriction are possible. The first
is simply to incorporate the hard barrier of full employ-
ment into the analysis by adding conditions (9) and (10)
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to (6) and (7). This form of the problem, which presents
the greater technical challenge, will be discussed here.
An alternative is to argue that the pressures of full em-
plyment come into play more smoothly, with mounting
social costs associated with rising employvment rates
beyond some level. In this case, a penalty cost function
might be constructed to represent the social costs of
inflationary pressures. There is no need to discuss this
latter approach explicitly here.?

If the horizon 7" is infinite, the terminal conditions
may be left free, with the analysis itsell determining the
optimal endpoint. But, as is plausible —and recognized
in the economics literature [3|—for a finite horizon
problem, terminal conditions are essential to represent
any weight attached to the welfare (so far as capital
stocks are relevant) of generations beyond the horizon.
Terminal targets may be expressed as

W(T) > Wqg, or il > wr;
= ) =

K(T) > K¢, or il > re. (11)
= KTy

Specification of the system is thus complete. It is con-
venient, however, to rewrite the problem in terms of the
capital-labor ratio and the employment rate, as is
permitted by the assumption of linear homogeneity of
the function F, Writing the capital-labor ratio and the
employment rate as

K 14

r=— and w=—
L

respectively, and introducing the function f(r) to repre-
sent F(r, 1), the criterion becomes

J= f (1 — 5 — e)wf(r/w) exp (—vt)dl. (12)

The growth of the system is given by two equations
which are obtained by observing that

(K L)K K
p = | e = e P

E /L L

_ (W L)W 114

=l———)—=——nw
w L/L L

? Introducing the employment rate w= W/L, and a nominal full
employment level @ <1, one computationally convenient form would
be

PO =5 (0 — D — 7)

where A4 is a constant and U is a unit step function. The criterion is
then modified to

j o fa ! (% = P) ——

Analysis of this problem was completed before solution of the in-
equality form, and it was later verified that as 4— e, @—1, the solu-
tion goes over to that given in this paper for the inequality form.
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and using (6) to substitute for K and W. The result is
7 = swf(r/w) — (n + 8)r (13)

(14)

e

W ) wf(r/w) — (n + pw.

Thus the problem, finally, is to determine the invest-
ment policy s(t), e(f), which vields a maximum to J,
subject to the system equations (13) and (14), the con-
straints (7), (8), (9), and (10), and the terminal condi-
tions (11). A solution is outlined in Section 1V, alter a
summary of some facts from control theory.

I111. Facts rroM CONTROL THEORY

Before attempting the solution of the problem formu-
lated above, it is appropriate to summarize in one place
a set of recently developed control theoretic results
scattered till now in different places in the literature.
Consider the dynamic system

x=f(x,u,t); x(l) = xo (15)

where x is an n-vector of state variables, u an m-vector
of control variables, and f an n-vector function of the
variables x, u, and ¢, of sufficient smoothness to insure
unique solution of the differential equation (15) for all
initial values x, that may be of interest. The problem is
to choose the control function u(f) 0<¢<7T such that
the criterion

b
J:f L(x, u, 1)d! (16)

is maximized subject to the constraints

Y(x(1),T) =0

(¢ equations of terminal con-
straints)

(17)
ull) e U

(U is a convex set in R™; inequality
constraints on the control varia-

bles) (18)

Clx, ) <0 (scalar inequality constraint on

the state variables)

(19)

where it is again assumed that the various functions L,
iy, C are sufficiently smooth to insure the existence of
partial derivatives of various order that may be required
in the ensuing analysis. Defining for convenience the
scalar function

H(x, », u,t) = L+ 371, (20)

the necessary conditions for the optimality of the con-
trol function u(t) can now be stated as follows. The opti-
mal u®(#) must necessarily satisfy

1) Euler-Lagrange equations when C(x, t) <0 [7]
Y(x(7), T) =0

x = .f(X, ut)’ t)-) x(tﬂ) = X, (21)‘

* The notation f, denotes the vector of first partial derivatives of
the function f with respect to the components of the vector x; simi-
larly £, denotes the matrix of the partial derivatives.
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M= Hy= — AT — L () = Vllsay (22)
H(x, 2, u’, 1) > H(x, ,, u,l) v U (23)

i.e., u is determined by maximizing the Hamiltonian
function H for fixed x and X; the vector v is a g-vector of
constants to be chosen appropriately.

1) Euler-Lagrange equations when C(x,1)=0 [1], [7]
In this case, (20) and (22) are to be modified by

H(x, 2, u,n,1) = L+ 37+ 9C (20)
AT = — Hy = — 3Tfy — Ly — 9(C)x (22")

where 7(t) is a scalar function of time satisfying
7(t) <0, (29)

dH
o Lu; + 3Ty, + 9(C)u; = 0, (25)
and where u," is determined by

C=Cf +Ci= (26)

provided u;°& U, and all other ;%7717 are determined by
maximizing the Hamiltonian function subject to u*&E U.

112) Corner conditions

It is assumed that the optimal trajectory does not
initially lie on the constraint C=0. Let / be the time
when the constraint € <0 changes [rom a strict inequal-
ity to an equality; then at ¢

AT() = AT + 7Cx|xe (27)
H() = H(t+) — wCs (28)

and
Cx(),) =0 (29)

where 7 is an appropriately chosen constant.

i) Singularity conditions [5], [12]

In i) and ii), if the maximization of the Hamiltonian
function leads to nonunique determination of one or
more control variables u;, then a “singular” situation in
u; results. E.g., if H=g(x, %, {)u;+terms involving no
#;, then it is possible for solutions of (21) and (22) or
(227) to take on values such that g(x, &, £) =0 for a finite
length of time. In this case, H is independent of #; and
maximization does not determine the optimal value of
;. In such singular cases, the control variables u; are
determined by differentiating the condition for singular-
itv (i.e.,, g=0) with respect to time twice

R s B ( g H)O (30)
P v

a2/ a

g(f H) = 0. (31)
dl‘,:! 6“_.,'

Equation (31) in general will involve u; explicitly and
can be used for the unique determination of u;° (pro-

DOBELL AND HO: OPTIMAL INVESTMENT POLICY 7

vided #,°€& U) which is in turn required by (21) and (22)
or (22) in order to calculate the particular x(¢) and A(z)
which satisfy (30) and g=0. In other words, (31) in
this case plays a role analogous to (23) or (26) in supply-
ing the values of the control variables for (21) and (22),
with (30) and g=0 serving as extra constraints on the
possible trajectories of x(!) and A(f). Furthermore, on
rthese “singular” trajectories, it is necessary to have

a d*f d
— | — H) > 0.
du; di? \du;

(32)

Remarks

a) Statement i) represents the usual statement of the
Maximum Principle [7] and leads to the usual two-point
boundary value problem as defined by (21)—(23). If
using (23) is considered to eliminate the variables u
completely, then at =0 there are # unknowns, A(0), and
at =17, 2n+qg unknowns x(7°), AN(T), v, and n--g con-
ditions.

b) There are at least two approaches [1], [7] to the
handling of state variable inequality constraints C(x, f)
<0, both involving the modification of the definition
of the Hamiltonian function and the Euler equation. The
approach in ii) follows Bryson-Denham-Dreyfus. For
the connection with that of Pontriagin-Gamkrelidze,
see [4].

c) It is tactily assumed that (26) will always lead to
values of #; which are realizable. In other words, cases
are explicitly ruled out where the specification of U, C,
and xy lead to impossible situations. On the other hand,
if (31) results in u; which violates u;& U, then it merely
implies that the singular conditions are no longer sus-
tainable.

d) Note that the corner condition (29) at ¢ and (26)
insure that C(x, t) =0 continuously when Case ii) is in
effect.

e) Equation (32) is known as the generalized
Legendre-Clebsch condition due to its resemblance to
3/0u;(0H /du;) >0 for the nonsingular case.

f) The statements ii) and iv) are not the most general
ones possible. In particular, it may happen that (26) or
(31) are independent of #; or #; in which case further
manipulations are necessary. For details see [2], [5],
[11]. The present statements are sufficient for the pur-
pose of this paper; prools of all can be found in the
appropriate references,

¢) Note that the singular Case iv) has to be con-
sidered whenever the control variables enter into the
system differential equations and the criterion function
linearly. This happens to be the case for the economic
optimization problem here. Furthermore, it will be
shown that these happen to be economically the most
interesting cases.



8 IEEE TRANSACTIONS ON AUTOMATIC CONTROL

IV. OUTLINE SOLUTIONS?

The problem, it will be recalled, is to find the invest-
ment allocation plan which yields a maximum of

7
J = f [1 — 5 — e]wfexp (—y)dt (33)
(1]

subject to

t = swf — (n + &)r r(0) = rp

e

R (R MR Ty

0Ly V=g OLspell (35)

0<w<1, 07 (36)
and to terminal conditions

r(T) =ry, w(T) = wr.

These terminal conditions may subsequently be weak-
ened or removed.

A. Calalogue of Cases

It is clear that this problem fits into the class of con-
trol problems covered by i)-iv) in the previous sections.
The following table identifies the specific variables of
this problem with those of the general problem.

General Problem Economic Problem

State variables x
w
Control variables u :
r
swf (-;) —(n--8)r=+¢
System function f " )
S (2) —rturu=a
d w
"
1—s—euw (m)
Criterion I ( ) w
cexp (—vt)
20; €20
Control constraints U CD?:%‘MSH) :gs_}_:

(M) =rr; w(T)=wr

I, TI=0 | D), w(T) free

Terminal constraints

State variable

Clx, =<0 w(f) <1*

constraints

* Strictly speaking, constraints r>0, w>0 should also be in-
cluded. However, it turns out that they are not effective for the prob-
lem of interest.

® Throughout the following, the function f, appearing without
specific argument, is to be understood as denoting f(r/w). The argu-
ment 7/w will be omitted. Further, the subscripts A, A, denote com-
ponents of the vector A of auxiliary variables, and do not indicate
partial derivatives.
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Define
H= (1 —35—e&ufexp (—v) + \[swf — (n + 8)r]

e
+ (Aw +9) l:;— wf — (n + p)w]. (37)
Then the Euler-Lagrange equations are accordingly
AN=—H =—[(1 —s5—e) exp (—v) + s\,
€
T Qe alf + (o + O (38)
Ao = — H, = —[(I — 5 —e) exp (—v1) + s\,
€ r
+ r A + n)] (f = ;f’) + (n+pw)o+1n) (39
where
_ { 0 ifw<1 40
T lzo #fw=1. S

The interesting cases appear when the maximization
of the Hamiltonian function is attempted. Note that the
control variables enter into H linearly. Hence, in gen-
eral, the maximum should occur on the boundary of the
constraints of the control or state variables. The geo-
metrical situation of the maximization for the case w <1
is illustrated in Fig. 1 in terms of the admissible region
of s and e and the vector

Grad H = [H,, H,]

1
= [}\w-}— —exp (=), X — exp (-—-"yl):| wf. (41)

s+e = | LINE

F— .G

7
1
(5 E H

VH = [Hs, Hel
= [wf Ohp-expl-yt), wf(2% - exp(-y 1]

Fig. 1. Control space and possible directions of VH.

The seven vectors show the seven possible directions of
the Grad H vector (Case G corresponds to the case
Grad H=0) and the respective value, or values, of the
maximizing control variables s and e. For Cases A, B,
and C the choices for s and ¢ are obvious. The trajec-
tories of the system (solutions of the system and Euler-
Lagrange equations) can be readily determined by sub-
stituting the appropriate values of s and e into (34),
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(38), and (39). The remaining four Cases D through G
represent singular cases and require somewhat more

anaysis, as follows.
Case D: This case is defined by the condition

H,— H,=0; H,=H.>0 (42)
which implies s+e=1 and
Aw
p T 43
: (#3)

along a singular trajectory. Differentiating (43) with
respect to time [see (30)], the following equation is ob-
tained:
' d
f——f —df = (u—8)d. (44)
w

One more differentiation of (44) leads to [see (31)]

f(sw o —;-) — [ Bl (45)
from which,
wf — (6 — ur
P e e
f(w +r)
d
P e =)
d i
e = (46)

(=+3)
YT
Equation (46) can then be used to specify differential

equations for 7, w, A;, Ay.
Case E: This case is defined by

H,<0=s5=0
Hy,=0=\, = dexp (—vi).
Hence,
Aw = — dy exp (—v1)

which implies

f——f' = (ot u+ M.
w

Further differentiation vields

d(u — 9)
P B
f

=0,
Case F: Here the condition is
H, < 0=e=10

H, = 0=, = exp (—v0).
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This leads, upon differentiation, to
f=n4+ds+7v
which, in turn, requires

_G—ar

w

S

Observe that, depending on the sign of (u—3§), one of E
or F is not a sustainable path. Henceforth, it shall be
assumed that u> 4.

Case GG: This case requires

H,=H, =19
so that,
ff=n+oty

and
s
(f—f’“) =(n+p+9)d
w

These two conditions are in general satisfied by different
values of r and w so that Case G is not a sustainable
path.

Now the different cases corresponding to (i)
=1 (p<0) will be treated. Equation (26) becomes
simply =0 which implies

d
e= (ﬂ#)u [Compare (26)] (47)
and (25) determines 7 as
7(t) = dexp (—v) — M. (48)

Three more cases are possible from a consideration of
maximization of H with respect to the second control
variable s.

Case 1:
H: > 0.
One has

(this being the largest value which can be taken without
violating the constraint s+e<1) and the motion is de-

termined.
Case 2:

H'<04

One has s=0 and the motion is again determined.
Case 3: H,=0 corresponding to a singular situation
on the constraint w=1. Then

Ar = exp (—vi)
which implies through differentiation

F=ntqytd
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and

(n + 6)?‘_ .
7

These particular values for s and e result in #=1%=0 and
yield the equilibrium state for the economic system.

Remarks

h) In terms of the geometrical picture of Fig. 1, Cases
1-3 can be visualized by considering the vectors Grad
H and

Grad H* = [H.*, H,]

E["E — exp (—10), A — exp (—vf)] (49)

where H,* is the change in H due to change in ¢ if one
ignores the presence of the constraint w=1. This is
shown in Fig. 2. The meaning of the multiplier function
n(t) is now clear. It is adjusted to ensure that H,=0
on the constraint boundary. Furthermore, f,* always
points in the direction of violation of the constraint
boundary which explains the sign of n(f). Note that in
the control space the constraint corresponding to w<1
is not fixed and depends on the values of the state vari-
ables » and w.

i) It can be verified that the generalized Legendre-
Clebsch condition is satisfied for all singular Cases E,
D, and 3. For details see Appendix I.

This lengthy catalogue of cases gives all possible
modes of movement for the system. The resultant sys-
tem of equations for each case may be easily derived.

s STATE VARIABLE CONSTRAINT
y .,/ =1 REFLECTED IN CONTROL
“4 v SPACE

Cases on state variable constraint boundary.

Fig. 2.

B. Corner Conditions, Terminal Conditions, and Transi-
tton Sequences

The remaining problem is to determine the sequence
of cases (i.e., to piece together a trajectory out of the
individual motions of the differential equations govern-
ing each case) appropriate for the given initial condition

7(0) = fo

w{(0) = wy, (50)
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the necessary terminal conditions and intermediate
corner conditions. The corner conditions occur at the
time of entry /; onto the constraint boundary w=1.
They are [cf., (27)—(29)]

w(ty) = 1 (51)
Rw(h_) =, )\w(ff‘_) + (52)
Ar(hi) = ?\r(il+). (53)

The necessary terminal conditions depend upon the
terminal constraint imposed. Two cases are considered.
Terminal state and time fixed: From (22) one has

(1) = rp

w(T) = wr (54)
M(T) = v, = constant to be determined
Ao(T) = vy, = constant to be determined. (55)

Terminal time infinite and states free: In this case,
Ar(2) =10

Aw() = 0. (56)

It is readily verified that this case can only be realized
via the equilibrium Case 3. This is a standard result
for models of optimal saving (see [3], [10]).

Finally, the possible transition from case to case must
be considered. In this connection, it may be noted that
both H, and H, are continuous functions of time (except
at the entry corner #;). This fact helps to eliminate cer-
tain transition sequences. Figure 3 lists the various pos-
sible transitions.® One type of transition, that of getting
off the constraint w =1, deserves further discussion. Re-
ferring to Fig. 2 once again, note that the transition
from Case 1 to B occurs whenever

i/
e — expill) B E{ ,

meaning the multiplier 7 may have a jump. On the
other hand, transition from Cases 2 and 3 to E and G
can take place only when

n(t) = dexp (=) — Au(h)

is becoming zero and turning positive,

For the infinite time and free terminal state problem
possible sequences which are economically meaningful
and satisfy all the conditions are

B7D%1—>3 or 4—1—53
A or A—2—>3
or A—3.

The trajectorv in state space is in Fig. 4.7

& Several transitions may be ruled out because they would entail
violation of inequality constraints.

" The figures are drawn on the assumption that the ray D is at a
lower r/w|K /W] ratio than the ray F, so that D intersects w=1 to
the left of the equilibrium point r* If not, then (even though the
state (3) may be physically sustainable) the net contribution of a
laborer falls short of the interest return required on the resources
required to equip and train him, so perpetual decumulation results.
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This completes the discussion of the necessary condi-
tions. Turning to the question of sufficiency, there are
essentially three approaches to the establishment of the
optimality of the extremals discussed above. The first
approach would use arguments based on the concativity
of the system and criterion function and show directly
that the stationary extremals are maximizing. The sec-
ond approach would involve the checking of the Jacobi
(conjugate point) condition and the Weierstrass condi-
tion along the extremals. Finally, a third approach
would be to attempt a #umerical solution of the problem
using dynamic programming for specific system and cri-
terion functions. This is the particular approach chosen
for this problem in view of the analytical complication
and the two-dimensional nature of the problem.

A straightforward dynamic programming solution
was carried out for

/I‘] : ; g f \ e MUST BE
CONTINUOUS
TRANSIENT
CASES NOT
SUSTAINABLE\
G A

Fig. 3. Possible transition between cases.
wit)
Equmbmum State
7777 1ii /(z)/
B \\\
D
r(t)
Fig. 4. Qualitative phase trajectories,
Terminal Surfoce
wit) at T=15 yrs.
Trojectory remained here
to= 5 yrs. from t=1.0 t=13.0
- 2 22077,
— - L2
~_ .
~

05—

15
2 P 03 -
J 5]“ s-elwlz) Jepl-ostldt time guantization = 0.5 yrs.

= F= sn(%)n'}-o.ar S*0 1x5+e w i = 08%
wetwiE 0w ezo 1w r " = 0.1 unit
| 1 L I 1 1 1
1.0 2.0 3.0 4.0

r(t)

Fig. 5. Optimal trajectory from dynamic programming calculation.
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¥ r\®
f(>=(—);a=0.3;?1:0.036:0.05d—2
w il

g = 0.15 v = 0.05.
The range of variables involved is
0.5 <w(@) <1 10 divisions 0.8 < w(?) <
0<r(H) <4 40 divisions r(T) =4

0<1<15=171T 30divisions.

First order difference approximations are used for the
system differential equations.

A typical trajectory is shown in Fig. 5. It is clear from
inspection that it agrees well with the qualitative tra-
jectory obtained in Fig. 4, Section IV.

V. INTERPRETATION

It is possible to suggest, without extensive detail, an
interesting economic interpretation of the foregoing re-
sults. As in mathematical programming or Lagrangian
multiplier techniques for constrained extremum prob-
lems, the interpretation is based on identifying the \-
variables as wvalues associated with scarce resources.
Consider then, ignoring all that has gone before, tenta-
tively assigning unspecified values exp (—vt), A (£), Au(2)
as implicit unit prices (in terms of the consumption good
at time zero) for the consumption good, the physical
capital asset, and the trained laborer, respectively, de-
livered at time £.3

The model economy produces three outputs—a con-
sumption good which is immediately used up, and
machines and trained laborers which live on to produce
further output. Accepting the assigned prices, the value
(scaled to time zero) of the gross national product flow
at time ¢ is simply the sum of the product flows, each
evaluated at the appropriate discounted price. Denoting
this sum ¥, it becomes

vt) + (K + 6K)N + (W + pW)kw. (57)

This is the discounted market value of production at
time /. But it is not quite the proper concept for this
economy to employ in its optimizing decisions. The
reason is the presence of the full employment (state-
space) constraint, which may prevent the economy from
producing all the trained labor it wishes, and therefore
may, as will be seen below, cause the value A, to diverge
from the value which would correctly reflect the net con-
tribution to this society of a trained laborer. To arrive
at a corrected measure, it is necessary when the econ-
omy is at full employment—that is, when the state-
space constraint is binding—to break the value A, into

= Cexp (—

# The distinction between the same good received at two different
times, and the assignment of different values to each, is essential
because, it will be recalled, the criterion (12) weights future consump-
tion less heavily, so that all valuations referring to acquisitions at
time ¢ must be reduced by the factor exp (—v#) to reflect value as
measured at time zero. [t is somewhat more convenient and common
in the economics literature to work with undiscounted values by
scaling all the above prices by exp (v£). But the scaling convention
alters no results, so consistency will be preserved here by continued
use of discounted units.
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two components, namely, the discounted cost ol train-
ing, d exp (—+t), and the “profit” which makes up the
difference between this cost and the market price A,.
Denoting this “profit” by the symbol —7, it becomes in
the case of full employment,

Aw = dexp (—vl) + (=)

Below full employment, 7 is assigned the value zero.

This quantity —7 is in economic terms the capitalized
value of the “scarcity rent” due to untrained labor. (For
example, if college quarterbacks were scarce, and could
be sold to professional teams for A, then —#n measures
the maximum “scholarship” which a high school gradu-
ate who could be trained at a cost d exp (—v!) could ex-
tract from a profit-maximizing football coach.) More
immediately, —» measures the bonus which this model
economy could pay to an untrained immigrant (to in-
duce him to enter the country) and still be better off.
Suppose, in fact, that all new labor had to be induced to
enter in this way. Then the value of gross national prod-
uct, after deduction of these incentive payments, or
rents to untrained labor, would be

V* = Cexp ( — vt) + (K + SK)\,

+ (W + pW)(Aw + 7). (58)

Substituting from (4) and (6), this may be rewritten

¥* = |:(1 — 5 —¢e) exp (—)

B % Ao + ;n} F(K, W), (59

which is the market value of gross national product ex-
cept that trained labor is valued at the cost of produc-
tion rather than the price A,. Denoting the expression
in square brackets—which is seen to be a weighted
average price—by a*,

T* = o*F(K, W). (60)

Now, since the prices A, A, purport to measure the
value of the durable assets which produce this output,
economic theory yields expressions which they ought to
satisfy. It can be shown (see Appendix II) that the
auxiliary variables A;, A, are the economists’ competitive
asset prices, and the necessary conditions (38) and (39)
are the usual “zero-profit” conditions arising from the
requirement that asset prices be the present value of
future earnings.! Then, dividing (39) by L, it can be
seen that the per-capita value of output differs from the
Hamiltonian 3¢ only by terms which do not involve the
controls. Hence, the requirement that the controls be so
selected as to maximize 3C has its parallel in the economic

9 We are grateful to Prof. D. Cass, who discussed this paper at the
December, 1965, meetings of the Econometric Society, for several com-
ments. One comment properly emphasized that this interpretation of
the multiplier equations is possible only with the linear criterion
function employed here.
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precept that if suitable implicit prices are given, the invest-
ment policy which maximizes the implicit value of current
oulput at every instant, also realizes the oplimum path
over time.

Moreover, it is now easily seen that the catalog of
possible cases is based upon a comparison of benefit-
cost ratios for the production of the three possible out-
puts. Singular cases arise when these ratios of demand
price to cost of production are equal in two or three
directions. The last case, in which exp (—vt) =\
=(A\p—+n)/d, represents the unique equilibrium case, in
which the economy has no incentive to alter any alloca-
tions.

One further interpretation may be noticed, but will
not be pursued here. The condition defining the ray D
in Fig. 1 may be written

o |:f - r_f’} = (f' + n — )da*.
w

Then, since the left-hand term is the wage rate, and the
term do* is the value of the resources used for training
(the training cost), it may be easily checked that an
economy which decreed a rate of interest equal to
(f"+u—206) on education loans, and further decreed that
untrained labor should be trained when, and only when,
the wage level meets the interest charge on an education
loan to cover the training cost, would duplicate the
optimal trajectories of Fig. 4 until full employment was
attained. Moreover, this rule would permit a decentral-
ized policy in that, once the rate was set, each individual
could make his own profit maximizing decision, without
any need to consult the unknown (and, as mentioned
below, generally indeterminate) value A, assigned to an
individual laborer.

VI. CoNCLUSIONS

The problem studied here is of course highly simpli-
fied, and differs relatively little from problems of
optimal saving widely discussed in the economics litera-
ture [8], [10]. But some of the differences (for example,
the existence of state-space constraints and of singular
paths which do not represent full system equilibrium)
are important enough that a complete and detailed
solution to this straightforward problem seems useful,
and an essential preliminary to the study of any richer
models involving retraining costs or technical progress.

The results of the analysis are for the most part very
plausible. Essentially, they require that, except for an
initial phase of capital scarcity, the society invest so as
to attain full employment as quickly as possible. Other
results of interest are, however, obtained along the way,
and can be reviewed briefly here.

A planning office, in its wisdom, and with a little com-
puting, can establish the investment allocation rates
s(t), e(t)[0<t<T]| which realize the optimal path of
accumulation from any given initial point. These func-
tions represent a solution of the so-called “open loop”
control problem.
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Further, the planning office can extend the analysis to
an optimal policy s(r, w), e(r, w) which determines the
investment allocations at any point in the state space
(r, w). Such a policy is a solution of the “feedback con-
trol” problem, and permits the system to adjust auto-
matically to shocks along the accumulation path.

To an economist, concerned with decentralized sys-
tems, or bound by existing market institutions, still a
further form of solution is of interest. The analysis of
this essay shows that, if there were observable market

prices A., Ay, a policy

SOy ) = U (x, 5 %) UG — exp (=),

_ Aw 7 Aw
ehs Ng) = U(E — )\,) (g — exp (—‘yi)),

where U again represents a unit step function, would be
optimal provided A,, A, satisfy the modified zero-profit
conditions discussed above, and attain the appropriate
terminal values (or, in the infinite horizon case, satisfy
the appropriate transversality conditions). The difficult
singular cases are taken care of in this rule by allowing
some “chatter” in the system, along traditional eco-
nomic lines. That is, one observes that along the singular
paths the allocation according to this policy is indeter-
minate. If, however, the allocation actually selected
should be in error, price adjustments could lead to a
nonsingular case with a unique allocation, driving the
system back toward the optimal path.

As a final modification of the policy rules, it may be
suggested briefly that even if A, should not be observa-
ble, there will in some cases be a control law which can
be observed by a decentralized system. The existence of
such a rule in this case depends on a capital market
which provides education loans against future wage in-
come.

The following may also be noted:

1) In general, it is precisely the difficult singular cases
in which the economist may frequently be interested,
and which will represent the most significant portions
of an optimal path.

2) In the presence of a full employment constraint,
there will in general be a discontinuity in the implicit
value of a trained laborer as full employment is at-
tained. Moreover this implicit value is not determinate
in an economy which attains and remains at full em-
ployment.

3) The logical possibility of declining employment
rates along the optimal path exists, and the quantitative
importance of this possibility may be great when physi-
cal capital is scarce and training costs high. The alloca-
tion decision may be summarized by the requirement
that unemployment should rise until the wages of a
laborer enable him, in principle, to pay interest at the
rate (f'-+p—38) on the cost of training.

4) Neither the cost of training nor the rate of mortal-
ity and retraining affects the determination of the opti-
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mum capital intensity (capital per worker) for a given
economy. (In the penalty function approach, these fac-
tors determine the appropriate employment rate.)

5) Application of new control theoretic techniques
appears useful in the study of this and similar models of
investment allocation.

APPENDIX |

Generalized Legendre-Clebsch Test for Cases
E, D, and 3

The generalized Legendre-Clebsch test says that for
a singular extremal to be optimal (maximal), it must
necessarily satisfy the condition that along the singular
trajectory
a d?

e e 55 )
6%; di?

(61)

where u; is the particular control variable which is singu-
lar. Thus, for Case E we have

d d* a a

Aw
5; —E = a EWf(—— — exp (_’Yl_))- (62)

d
It is laborious but straightforward to show that (2)
yvields

J 4 a  dr /.
de dit ° e (

(e m) @
which, after further manipulations, gives
ad d*H. a r & {r
a5 ()]

d 7
= —exp (—v) f' —— (fw — wr)
de w w?

r 1
=L e (- (- 2
w w? d

2

— exp (—if " —

It

[

Since by assumption d>0, r>0, w>0, f>0, /<0, we
see that

= -iz—- H: >0 (64)
de df?
as is required. Similarly for Case 3 we have
2 L Bl e
ds di? ds di?
= O — exp (=)
ds ° df?
] dfr
- - g (5)
= — exp (—yO)f"'f = 0. (65)
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Lastly, for Case D let us use the substitution s=1—¢
and eliminate e. Then the problem is singular in the
variable 5. We have

b
7= (- ) (66)
and

J d* wd + r & d/r

s o, = —wf———-?\,—f"—_ o

ds di* wd ds dal \w

wd + r
= — wf —— N 2>0 (67)
wd

as is required.

AppENDIX 1
Economic Interpretation of N, and A,

It is a standard argument that the current earnings of
any asset in a competitive economy tend to equality
with the marginal product of that asset, which means
the earnings of capital goods, properly evaluated, should
be
aFr

= a* — = af(r/%)

ax*
aK

(68)

and the earnings (wages) of a trained laborer, properly
evaluated, should be

av* L OF _ *[f_ ;f,(;)]
aw oW w w

where a* and V* are as defined in (58) and (60). Fur-
ther, the price of a durable asset should be the present
value of all such current earnings over the lifetime of the
asset, future earnings discounted at a suitable rate of dis-
count which reflects physical depreciation as well as
market interest rates. Taking the market rate of inter-

est to be #, the price of a unit of the capital good would
be calculated, in economic theory, as

(69)

® r
Ar = f exp[ — (n+8)(r — {)]a*f'(:) dr. (70)

; 2
Differentiating with respect to ¢, and comparing the re-
sult with (38), one sees that the auxiliary variable \,
defined by (38) together with the terminal condition
(56), is exactly the price which would be computed for
capital goods from economic theory if a market rate n
were used in discounting future earnings. (It should be
noted that all these prices, including a*, are already dis-
counted by the factor exp (—+f). Working in current,
undiscounted values, one could take n-++ as the market
rate.) Were it not for the unearned scarcity rents accru-
ing to labor, a parallel argument would suffice to inter-
pret X,. But here the initial bonus must be accounted for
in the economic pricing relationships, which essentially
require that values be conserved. One might conceive of
the accounting procedure as assigning the scarcity value

—1(f) to laborers at any time ¢, and paying interest on
this amount to each laborer as a supplement to his
earnings given in (69). Then the value A\, would be the
capitalized value of earned and unearned incomes,
given by

he = [ exp = 4w = 0]l = (/) /)
— (n + w)yldr. (71)

Differentiating this expression with respect to ¢, and
comparing it with (39), one sees that the auxiliary vari-
able A, defined by (39) agrees with this implicit price of
trained labor, up to a possible constant difference. It
appears, however, that as long as this economy remains
at full employment, there is insufficient information to
determine A\, and 7 separately. Setting —n= M >0 after
full employment is attained leads to

B, = fmexp [— 4+ (i = D]e*[f — (r/w)f']ldr + M

t

l'u'- + 7= d exp (_7‘!)

[ ew = @+ w6 = lerls ~ ¢/l

which agrees with economic intuition, and

hw"l_'rf_)o

as ¢ — o,

so that (56) is satisfied. The arbitrariness of the value of
n again agrees with results from control theory [1].
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