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Abstract

An adaptive optics system consists mainly of a wavefront sensor to detect optical aber-
rations, a control system to reconstruct the wavefront and compute a correction, and a
deformable mirror to apply the correction. In this dissertation, the problem of optimal
control of an adaptive optics system is investigated. A direct optimal control approach is
used in the controller design.

The direct optimal control methodology developed for discrete parameter systems is
extended in this study to distributed parameter systems, where the Rayleigh-Ritz method
is used for both spatial and temporal variables. The displacement field is written as the
product of spatial functions (mode shapes for a vibrating structure, and Zernike modes for
deformable mirror) and the generalized coordinates. These generalized coordinates and the
control input functions (voltages) are written as simple series expansions in time in terms
of selected functions and unknown coefficients. Substitution of these selected functions and
their variations into Hamilton’s law of varying action results in algebraic equations of motion
(AEM) of the structure. These AEM are then considered as the algebraic state equations
where the unknown expansion coefficients of the time series (assumed time-modes) for the
generalized coordinates are recognized as the states and those of the input functions are
recognized as the controls.

Using the space-time assumed mode method, the usual variational optimal control prob-
lem is transformed into an equivalent algebraic problem. Optimal solutions are then ob-
tained in a closed form and the solution is a global optimum within the time period con-
sidered. The solution procedure does not lead to any Ricatti equation or alike. The direct
method proved to be simple, computationally efficient, attractive from implementation point
of view, and it is general and allows a deterministic modelling of many physical problems.

Applied to active vibration control of plates with piezoelectric transducers, the direct
methodology exhibits results similar to those obtained through conventional methods. Ac-
tive shape control of a deformable mirror using the direct approach results in high perfor-
mance of the controller. The method allows direct control of Zernike modes, and highlights
the relationship between the control inputs and Zernike modes through an algebraic con-
trollability measurement index. Robustness of the controller is shown through simulation
of smooth and severe random variations of the optical aberrations.

In the same line of thought, a space-time finite element method is developed and applied
to structural optimal control problems. Finite element method is used for both spatial and
temporal discretizations. The unique feature of this method is its ability to analyse the
structure-control interaction in the same mathematical framework, which allows simultane-
ous control and structural model design iterations. However, due to its high dimensionality,
the space-time finite element method is computationally less efficient than its counterpart

assumed mode.
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Chapter 1

Introduction

1.1 System Description

As suggested by the title of this thesis, the focus of this investigation is the adaptive
optics control system. Particularly, the problem of optimal control of a deformable

mirror is studied.

In general terms. adaptive optics deals with the control of light in a real time
closed-loop fashion and refers to optical components whose characteristics are con-
trolled during actual operation in order to improve the quality of an optical signal

5. 6, 27, 44, 72].

A typical adaptive optics system consists of three main components: deformable
mirrors, wavefront sensors, and a control system. Figure 1.1 illustrates the design of a
typical adaptive optics system. An optical wavefront is collected by a telescope and is
reflected off a deformable mirror. The reflected wavefront is observed by a wavefront
sensor. The wavefront sensor measures an array of local phase gradients/curvatures,

which are processed in a wavefront reconstructor to estimate the phase/curvature of
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Figure 1.1: Adaptive Optics System

the incoming wavefront. These estimates are then used by the control system driving

the deformable mirror to compensate for the incoming wavefront distortions.

Adaptive optics includes correction of both amplitude/intensity and phase of a
light beam. Amplitude/intensity variations (also called scintillation) contribute to
image quality degradation much less than phase variations and are therefore generally

ignored in the planning and evaluation of adaptive optics systems [17].

Wavefronts represent surfaces of constant phase for the electromagnetic field.
Wavefront for plane and spherical waves are considered as a reference. Any deviation
from a reference sphere or plane results in an aberrated wavefront. This deviation
occurs when the index of refraction of the propagating medium, the atmosphere,
changes due to density and temperature changes. As a result, the wavefront of light
traveling through the medium is distorted. An adaptive optics system seeks to adjust
the shape of the deformable mirror so as to cancel out this deviation exactly; this is

called phase conjugation.
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Deformable mirrors are typically continuous surface mirrors deformed by actuators
to have peaks and valleys. These actuators are usually piezoelectric actuators which
are attached to the bottom of the mirror at preselected points. One form of frequently
used actuators is the stacked piezoelectric actuator. When a voltage is applied. the
piezoelectric material either expands or shrinks (depending on the polarity of the
voltage) and shapes the surface of the deformable mirror. Instead of stacked actuators,
bimorph mirrors use two thin plates of oppositely polarized piezoelectric materials
[31, 50, 41, 55]. The plates are bonded together and controlled by a set of electrodes

deposited on the back side of one plate.

In adaptive optics, there are mainly two types of wavefront sensors, namely wave-
front slope sensors which measure the two-dimensional spatial gradients of the phase
at a discrete number of points, and curvature sensors which measure local curva-
tures of the phase at discrete locations. The information about phase, phase gradient
and/or curvature is used in the control system to reconstruct the wavefront. There
are various types of common wavefront sensors which differ in the manner by which

the gradients are measured [34, 49, 45, 73].

Adaptive optics finds its major application in astronomy. There are many tele-
scopes in the world which use adaptive optics, among them the Keck telescope in
Hawaii, the Bonnette system at the Dominion observatory in Victoria (Canada). and
the European Southern Observatory in Germany and Chile. Other application fields
of adaptive optics include communications, biomedicine and laser welding. Atmo-
spheric distortions affect ground-based, free space laser communications. Medical
devices (e.g., endoscopes) image tissue through bodily fluids that cause optical aber-
rations and degrade image quality. These aberrations also affect precise delivery of
laser power in endoscopic and retinal surgery. Likewise, heat induced aberrations

affect the delivery of laser power in welding and cutting applications.
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1.2 Problem Description

Adaptive compensation in large optical telescopes, or in airborne imaging or missile
systems, requires deformable mirrors capable of correcting large optical path errors
at high speed. This is due to the requirement on the control bandwidth to be 10kHz

or more [26).

Controlling a deformable flexible mirror is part of structural control. A critical
problem in structural control is the interaction between the active control system and
the structural dynamics. The overlap of the control bandwidth with modal frequency
spectrum is a major issue in the active control of flexible structures. The classical
method for avoiding control instability relies on having a wide separation between
the lowest-frequency resonance and the highest frequency for the control closed loop
response. The effectiveness of the control system depends on the degree of interaction
between the control system and the structural resonances, which, in turn, depends

on the details of the control law used.

An equally critical problem in adaptive optics control design, is the random na-
ture of the turbulent atmosphere which prohibits a deterministic expression relating
turbulent effect to optical image quality. The quality of the received image depends
on such factors as wavelength, refractive-index structure constant, zenith angle to the
source, wind velocity, and wind velocity distribution over altitude. The combination
of these effects results in a randomly distorted wavefront. Past research (19, 63, 32, 68|
has always considered a stochastic description of the wavefront distortions. A possi-
ble representation for describing atmospheric phase distortion is by a set of Zernike
polynomials. The Zernike function space provides an orthogonal basis set of func-

tions corresponding to aberrations commonly studied in optics [63]. The total phase
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distortion ¢(r,0,t) is described by a linear combination of the Zernike functions:

N

o(r,0,t) =Y _ Ai(t)Zi(r,0)

=0
where Z;(r,0) are the Zernike basis functions (which will be explained in the next
chapter) spanning the space within the aperture as functions of radial and angular
coordinates r and 6, and A;(t) are random time-varying coefficients. However, control

design using deterministic -as opposed to stochastic- control laws, requires that the

phase distortion present in the wavefront is to be described deterministically.

For high speed applications several types of mirrors have been proposed, such as
thin-plate mirrors on piezoelectric stacks, and bimorph mirrors. The bimorph mirror
is especially appealing since it provides large-amplitude continuous deformations at

high speed with low voltages [31].

The potential of using bimorph mirrors for high speed adaptive compensation
has been convincingly demonstrated in some experiments [31] where the device per-
forms to frequencies in excess of 10 kHz. Nevertheless, there are many issues which
still need to be resolved before appropriate control design procedures are developed.
Specifically, given a piezoelectric material, electromechanical coupling, the structure
(mirror) and the control domain. a designer should be able to obtain an optimum
procedure for controlling the shape of the given mirror’s surface. To meet this de-
sign goal, one must be able to obtain -deterministically- a measure of the wavefront

aberrations and correlate them to the variables used in the controller design.

To resolve some of these issues, the research in this thesis is directed towards the

following major objectives:

1. The first objective is to develop models for the active structure (i.e., deformable

mirror) consisting of a thin-plate structure and piezoceramic actuators. This
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also includes a deterministic representation of the wavefront aberrations (i.e.

mirror’s surface).

[SV]
H

The second objective is to develop an optimal control methodology for dis-
tributed parameter systems based on the developed models. This also includes
optimal regulator problem for active vibration control of a tip/tilt mirror, and
an optimal tracking problem control for active shape control of a deformable

mirror.

1.3 Literature Survey and Proposed Approach

Since the adaptive optics system consists of a multi-actuator deformable mirror and
multiple wavefront sensor gradient/curvature measurements, it is a multi-dimensional
control system. The required speed of this system is dictated by the frequency con-
tent of the incoming optical wavefront [38. 39]. As the signal bandwidth increases.
the control system will be required to respond faster. Currently control bandwidths
of a few hundred Hertz are in use for most applications [33. 48]. The word band-
width is often cited in adaptive optics literature, without regard to the multivariable
nature of the system. Some articles assume that the overall system operates at one
bandwidth, thus analyzing the adaptive optics system as a single-input single-output
system [38, 39, 74|, which results in lower performance when applied to multi-input
multi-output systems. [n some other papers it is recognized that there are multi-
ple loops and therefore multiple “bandwidths” but without considering the possible
coupling between the different loops [4, 22, 64, 36, 51]. Huang [48] considered the
multivariable nature of the system and proposed multivariable H,, control design, but

this was computationally non-efficient due the high dimensionality of the controller.

For systems using curvature sensors, Roddier [67] suggests coupling this type of
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sensors with a bimorph mirror to remove the intermediate stage of reconstructing
the wavefront. This is done by connecting the output of each curvature detector to
the corresponding input of the bimorph which results in a very fast time response
of the system. This claim was contested by Shwartz [69] who showed that indeed
an intermediate stage is necessary to correct for the mismatching terms between the
bimorph mirror surface and the wavefront. Furthermore, the multivariable problem
for the bimorph mirror coupled with a curvature sensor remain unresolved to date,
and the existing controller was designed based only on the quasi-static model of the

mirror.

Control of a deformable mirror is strongly related to control of flexible structures
for which a well established theory and algorithms exist in the literature. Meirovitch
[59] has written what is already a classical book on control of flexible structures. He
develops models of flexible structures and gives frequency and time domain methods
of systems analysis and synthesis. Porter [65] introduces modal control which can
be considered as a predecessor to balanced control. Junkins and Kim [54] give an
up-to-date introduction to control of flexible structure. Also Junkins [53] edited a
monograph that consists of up-to date contributions to the dynamics, identification
and control of flexible structures. Lin [58] gives a good and wide-ranging review of
methods used in advanced system analysis and synthesis: H, and H,, controllers,
robust design , nonlinear systems fuzzy controllers, and control using neural network.
The monograph by Joshi [52] presents his own developments in the area of control
of flexible space structures, supported by numerous applications; it concentrates on
robust dissipative controllers and LQG controllers. However, application of these
conventional control approaches to adaptive optics was not possible without resort to

stochastic methods in describing the random variation of the atmospheric aberrations.

A recently developed control methodology called “Direct” methodology is seen
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as an alternative to the stochastic problem of the wavefront representation. The
foremost feature of the proposed methodology is that the conventional differential
state space formulation is replaced by an equivalent algebraic representation. The
source of inspiration here has been the work of Adiguzel [1] who developed the direct
optimal approach for discrete systems. His development is based on the analyses of
response problems of mechanics introduced for the first time by Bailey [8. 9] and

consists in essence of utilizing Hamilton’s Law of Varying Action, in short HLVA.

To help understand the premise of the direct methodology via HLVA, a brief
summary would be appropriate at this point. HLVA was set forth by William Rowan
Hamilton in 1834-1835 in his classical papers on a general methodology in dynamics
[42, 43]. It manifests a natural law of mechanical systems, mathematically expressing
minimization of an energy functional of the system. As in extremization of any
functional, one can then bring in mathematical tools of calculus of variations to
attempt a solution. When this is done without deducing or resorting to any differential
equation of motion, the approach is referred to as direct method. When the governing
laws are expressed by differential equations, which can also be obtained from HLVA,

the approach is simply indirect [1].

Central to generating the solution directly to the response problem of mechanics
espoused by Bailey, is the concept of expressing the displacement field during a time
interval of motion in the form of truncated simple power series in time with constant
expansion coefficients which are treated as the unknowns of the response problem.
In essence, this is the method of Ritz [12], [i1], [1]. Application of this concept to
the time varying coefficients in Zernike expansion represents an alternative to the

stochastic problem.

Following Bailey’s papers in mid and late 1970’s, a trend has emerged and others

have obtained direct solutions to dynamics problems either based on HLVA or ref-
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erencing to it. From the latest articles, to mention a few, are those of Borri et al.
[21], Ben-Tal and Bar-Yoseph [18], Bar-Yospeh et al. [15], Atilgan and Hodges (3],
and Hodges and Hou [47] with various emphases, who successfully applied the direct
approach and provided numerical results that could get as close to known exact so-
lutions as desired. The remarkable feature of this approach is not only the capability
to solve these problems (solution to some of them are available by other means), but
also the simplicity of the procedure with which the results are obtained considering

their accuracy.

Since the direct method in response analysis proved successful, addressing the
control (inverse response) problem directly via HLVA becomes an appealing technique
to investigate. In particular, its demonstrated simplicity, generality and accuracy
provides the motivation to search for possibilities of devising a direct control approach
to mechanical systems. To this end , a direct open-loop control methodology using
HLVA was demonstrated by Oz and Raffie [62]. Adiguzel [1] successfully developed
and demonstrated through a few examples, a direct optimal control methodology for
discrete systems. It was concluded in [1] that: Many issues still remain to be addressed
... Perhaps more practically and readily, an immediate eztension would be the study
of distributed parameter systems using the direct control concept of this study. An
on-line tmplementation task can be undertaken. A comparative study can be pursued
by applying the proposed direct method and others. And many other questions need
to be studied as to how such a direct (control) approach would fit into the problem
of controllability, observability, optimality, and feedback control, etc. All of these

aspects of the direct control problem are investigated in this study.

Another similar but somehow different approach, is the space-time finite element
optimal control approach. Nagurka and Wang [60], and Yen and Nagurka [77] proposed

an approach to solving an optimal structural control problem. The approach consists



CHAPTER 1. INTRODUCTION 10

of discretization of the equations of motion and the performance index by expanding
the states in terms of a finite number of prespecified basis functions and undetermined
parameters. This formulation leads to a constrained quadratic programming prob-
lem that is solved analytically. An alternative approach for solving optimal control
problems by discretization in time was studied by Hodges and Bless [46]. In their
approach, the optimal control problem was formulated via temporal finite elements
resulting in a two point boundary value problem whose solution yields a discrete-
time control law. This was applied only to discrete systems. Following Ben-Tal’s
(18] approach, the optimal control problem is solved while performing simultaneous
temporal and spatial discretization. Therefore, this method can be viewed as a gen-
eralization and extension of the above approaches. Ben-Tal et. al [18] use dynamic
programming method to solve for the control law, while in this study the control law

is simply derived using the conventional methods of discrete optimal control theory.

To address the optimal control problems directly, the spatial part of displacement
fields are prescribed and curve fitted by known shape functions which represent the
Zernike polynomials in an adaptive optics system or the mode shape in a vibrating
structure. The temporal part is expanded in power series up to desired accuracy.
This concept is extended to the input fields, which are the ultimate unknowns in a
control problem. The spatial expansion is prescribed according to the geometrical
distribution of the actuators, for the temporal part, the expansion is in simple power
series with unknown coefficients, and the series are truncated to match the order
of the accelerations. The expansion coefficients of displacement and control field in
their respective time-series, together, constitute the control unknowns of the problem.
Direct application of HLVA to these yields a set of algebraic equations for the control
problem. Thus without any resort to differential equations, the control problem

can also be studied directly via such algebraic equations. Through the proposed
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direct methodology, the conventional variational optimal problem involving integral

functionals, is transformed to an equivalent algebraic optimal problem, from which.

solutions are obtained in closed form with a straightforward procedure. The space-

time finite element -another direct methodology- based optimal control methodology

is also developed and analysed through some examples.

1.4 Thesis Contribution

The contribution of this thesis can be summerized as follows:

L.

IL.

I1I.

An optimal control design for high speed adaptive optics compensation has
been developed. The design methodology is applicable to a wide spectrum of
problems, whether the problem considered is deterministic or stochastic. It is
simple, computationally efficient and possesses a great flexibilty for hardware

implementations.

As a consequence of this study, a new technique for modelling stochastic prob-
lems by deterministic models is developed. Application of this technique to
conventional stochastic control problems could simplify the controller design

for such problems.

Beside the direct optimal control methodology, the space-time optimal control
approach newly developed in the course of this thesis, offers another alterna-
tive for structural control for both stochastic and deterministic problems. The
unique feature of this method is its ability to analyse the structure-control in-
teraction in the same mathematical framework, allowing a better understanding

of this interaction, which results in better control designs.
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1.5 Thesis Organisation

Chapter 2 provides a description in a more detailed fashion about adaptive optics
systems, in particular the concept of atmospheric aberrations and their polynomial
representation. Adaptive optics using phase conjugation is described along with the
components which constitute an adaptive optics system. Wavefront sensing methods,
and the corresponding correction methods associated with each sensing system are
introduced. Attention is finally drawn to adaptive systems using bimorph mirrors
and curvature sensor which constitute the motivating application of this study. The

chapter closes with some remarks and conclusions.

Chapter 3 is dedicated solely to the descriptions and definitions for the flexible
structure in terms of the assumed mode technique. The preliminary formulations
of system dynamics via HLVA and the resulting algebraic state equations (based on
assumed mode expansion) are derived. Equations of time continuity required in a
time marching process are also included, followed by discussions on controllability
from the perspective of direct control approach. This discussion is undertaken to

shed light on the controllable and uncontrollable modes of a deformable structure.

In chapter 4, the optimal regulator control problem is studied. The formulatica
of an algebraic optimal control problem for a classical linear regulator is introduced
after the introduction of the assumed modes into the control performance measure.
Then a straightforward solution of the optimal problem is given and an illustrative
example demonstrating the method is included. Formulation and applications of the
direct optimal control are then extended to tracking problems in Chapter 5, where
an optimal controller is designed for a flexible deformable mirror. A simulation of
the deformable mirror (bimorph mirror) with and without the controller is included

at the end of the chapter.
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Chapter 6 introduces the space-time finite element formulation applied to struc-
tures with discrete and/or continuous piezoelectric transducers. The optimal control
is reconsidered here. An optimal controller is designed using space and time discretiza-
tion, and the resulting controller is compared with the direct optimal controller in
overall performance via simulation of the deformable mirror introduced previously.

Some concluding remarks close this chapter.

This study is concluded in chapter 7 with an overall summary and assessment of

the findings and directions for future research.
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Chapter 2

Adaptive Optics Systems

In this chapter, we will present a general overview of an adaptive optics system as
found in the literature. We will describe and explain in a more detailed fashion, the
major functions and components that constitute an adaptive optics system. We first
define a block diagram representation of the closed loop adaptive optics system, then
using the diagram, we will explain the function of each component in the diagram.
Since the control system is the focus of this study, reconstruction and control of the

wavefront are given more attention.

2.1 Introduction

Figure 2.1 represents a block diagram of the closed loop adaptive optics system. The
atmospheric aberrations are represented as additive disturbances by the vector d.
Note that all the components of d can have different and perhaps independent tem-
poral variations that must be compensated for by the adaptive optics control system.

The wavefront is reflected from a deformable mirror, and the resulting wavefront
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Figure 2.1: Block diagram of an AQ system

error vector e is introduced into the sensor. The wavefront sensor measures local
subaperture slopes in the r and y directions and/or wavefront curvature which are
represented by the vector s. The wavefront reconstructor combines these measure-
ments and produce an estimate of the wavefront error &. The wavefront estimates
are passed to the control system, which selects control signals for each actuator (for
discrete actuator mirror) or electrode (for a bimorph mirror) to reduce the estimated
error €. The output of the control system V is amplified by an amplifier circuit,
which produces the mirror drive voltages V,. The voltages V', drive the piezoelectric
actuators which deflect the surface of the deforrmable mirror. When the closed loop
system is operating properly, the shape of the deformable mirror will match the shape

of the incoming disturbance in steady state, producing zero wavefront error.

2.2 Phase Conjugation

The principle of phase conjugation is the core of adaptive optics. It can be analyzed by
a number of ways. The method can be shown by observing Figure 2.2. The wavefront
of a beam entering from the left (a) is distorted by a piece of glass because the index

of refraction is higher than 1. The wavefront is retarded as it goes through the glass



CHAPTER 2. ADAPTIVE OPTICS SYSTEMS 16

Wavefront Mirror
] [
Aberrator

a b c
] I ]
e d

R [ Deformable Mirror
a b [ o4

N .
e d

Figure 2.2: Principle of phase conjugation
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(b). After reflection from the mirror (c), the wavefront has the same shape but it is
propagating in the opposite direction. As it traverses the glass again, it receives the
same retardation as before. The exiting wavefront (e) is greatly distorted, since it

passed through the aberrator twice.

If we want to achieve a plane wavefront after a beam passes through the glass
twice, there may be a way to alter the surface of the mirror in such a way as to invert
the wavefront so that the second passage leaves no residual distortion. Looking at
figure 2.2, we can see that a bump in the mirror at just the right place and at just
the right amount can cause the leading edge of the wavefront to be reversed. When
this wavefront (d) passes through the aberrator again, the final wavefront (e) is once
again plane. This is called conjugation of the phase which comes from the fact that
the correction is proportional and inverse in sign to the amount of aberration in the
wavefront. Note that if the aberration is dynamic -in reality it is-, we must place the

phase conjugate on the beam at the right time [72].

2.3 Representation of the Wavefront

For imaging applications, atmospheric turbulence (which is referred in the literature
to the changes of air density due to temperature variations) along the propagation
path causes continuous spatial and temporal variations in the index of refraction.
Such variations in index of refraction result in spatial and temporal modulation of

intensity and phase of the optical image.

The random nature of the turbulent atmosphere prohibits a deterministic expres-
sion relating turbulent effects to optical image quality. The quality of the received
image depends on such factors as wavelength, refractive-index structure constant,

zenith angle to the source, wind velocity, and wind velocity distribution over alti-
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tude. The combination of these effects results in a randomly distorted wavefront.
Thus it becomes necessary to have means of mathematically describing the phase

distortion present in the wavefront.

A number of mathematical constructs are used to describe the phase of a beam.
These include power series representation and a set polynomials called Zernike Poly-

nomials.

The power series representation is. unfortunately, not an orthonormal set over
a circle. Many such series exist. The set of polynomials that is orthonormal over a
circle introduced by Zernike has some very useful properties. The series called Zernike
series, is composed of sums of power series terms with appropriate normalizing factors.
A detailed description of the Zernike series is given by Born and Wolf [20], and an
analysis of Zernike Polynomials and atmospheric turbulence including their Fourier

transforms was done by Noll [61].

Z; | n | m | Expression (p.0) Expression (z,y) Description
Zy |00 1 1 Piston

Zy {11 1] 2pcosé 2z y Tilt

Zz | 1| 1] 2psiné 2y x Tilt

Z, |21 0] V3[20% - 1) V3[2z? + 2y — 1] Defocus

Zs |21 2] V6p*cos26 V6[z? — y?] Astigmatism
Zs |2 2| V6p?sin20 V62zy Astigmatism
Z: |3 1] V8[(3p° —2p)cosf] | V8[3z(z? + y?) — 2z] | Coma

Zs | 3] 1] V8[(3p° —2p)sinf] | V8[3y(z? + y?) —2y] | Coma

Zy | 3] 3| V8[p®cos36] V8[z(z? — 3y?)) Trefoil

Zw 3] 3] V8[p°sin36) V8[y(3z2 — y?)] Trefoil

Table 2.1: First 10 Zernike Polynomials

1

The general Zernike series contains all aberration terms, including piston ' and

tilt. The analytic expressions of the first 10 Zernike terms are given in table 2.1. In

! Piston is the constant retardation or advancement of the phase over the entire beam.
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polar coordinates, these polynomials are defined by {61, 75]
Zevenj = V2An+1)R}(p)cosml; m#0
Zodd; = V2An+ 1R} (p)sinmb;: m#0
Z = JAn+ DRp) ; m =0 (2.1)

Where p = £, r is a radial distance, R is the aperture radius , 8 is the azimuth angle.

n is the degree of radial mode, m is the azimuthal frequency, and

(rn~m)/2 s
meoy (=1)*(n — s)! n—2s .
Rlo) = Z‘% sl(n+m)/2 = s]t{(n — m)/2 —s]!p 2 (22)

Therefore, a wavefront W can be described by a linear combination of the Zernike
functions as:
N
W(r,0,t) = Ao(t) + kz_:l Ak(t)Zi(r. 9) (2.3)
where Z(r,0) are the Zernike basis functions spanning the space within the aper-
ture as functions of radial and angular coordinates r and 6, and Ai(t) are random
time-varying coefficients which have to be determined using information about the

wavefront obtained through phase measurements.

Mathematically, an infinite number of Zernike functions are required to character-
ize the wavefront completely. However, approximately 92% of the root mean square
(rms) phase information is contained in the first 14 Zernike modes excluding the pis-
ton (zeroth mode) [63]. The piston mode represents the average phase within the
aperture. It is nondistortive and unobservable by the wavefront sensor. As such the

piston is removed from the summation in Eq. 2.3.

An important property of the Zernike functions is that they form an orthogonal
basis set of functions that satisfy the relation [63]

L
7w R?

/2" do /R Z:Zirdr = §;; (2.4)
0 0 J ¥
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Where 6;; is the Kroneker symbol:
1, i=j
5 = : (2.5)
0, i#j
From Egs. (2.3), (2.4) it can be shown that the rms value of phase across an aperture

is simply the root sum square of the Zernike coefficients:

c=\(G+3+3+...+&) (2.6)

The Zernike coeflicients for an arbitrary value of phase are obtained as:

o Jd0 [®(r,0)W (r.0,t) Zi(r,8)rdr ‘
Al = Jdé [ ®(r,0)rdr (2.7)

Where ®(r, ) is the aperture weighting function defined in this study as:

I, r<R
o(r,0) = (2.8)
0, >R

2.4 Wavefront Sensing

The wavefront information that is derived from measured data, will be used by the
control system for phase correction. The actual reconstruction of the phase from this
data is discussed in subsequent sections. Two basic types of wavefront information
are used. When the wavefront is expressed in terms of Optical Path Differences
(OPD) over a small spatial area, or zone, the wavefront is said to be zonal. When the
wavefront is expressed in terms of coefficients of the modes of a polynomial expansion

(such as Zernike Polynomials) over the entire pupil, it is said to be modal.

The wavefront sensors (WFS) in adaptive optics do not measure directly the
wavefront but its first and/or second spatial derivatives. Hartmann-Shack sensors
are the most commonly used for the measurement of the first spatial derivative (or
tilt), and curvature sensors are used to measure the second spatial derivative which

is the curvature of the wavefront.
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2.4.1 Hartmann-Shack Wavefront Sensor

The principle of Hartmann-Shack WFS is presented in Figure 2.3. A lenslet array
is placed in a conjugate pupil plane in order to sample the incoming wavefront. If
the wavefront is plane, each lenslet forms an image of the source at its focus Figure
2.3a. If the wavefront is distorted, each lenslet receives a tilted wavefront in the first
approximation and forms an image out of axis in its focal plane Figure 2.3b. The
measure of the image position gives directly the angle of arrival of the wave at each

lenslet.

Usually, the Shack-Hartmann WFS requires the use of a reference plane wave
generated from a reference source in the instrument, in order to calibrate precisely the
focus positions of the lenslet array. A good feature of this sensor is the simultaneous
determination of the z and y slopes by the measurement of the image position (z and

y coordinates)

A number of methods can be used to measure the Hartmann-Shack images formed
by the lenslet array. The simplest technique is to use a quad-cell detector for each
subaperture [2],[72]. The main drawbacks of this technique are generally the limited
dynamic range and spot size dependent response. Another solution is the use of a
CCD as a detector to record simultaneously all the images. The good feature of a
CCD is the perfectly determined pixel positions and the 100% fill factor. Even a
CCD can be used as an array of quad-cells. But it allows in principle to calculate the

centroid of the spot at the price of a large number of pixels per subaperture. [2]

2.4.2 Curvature Sensor

This type of sensor was developed by Roddier [67] to measure curvature instead of

wavefront slope measurement as in Hartmann-Shack WFS described previously. The
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Figure 2.4: Principle of the Curvature Sensor

Laplacian of the wavefront together with the wavefront tilts at the aperture edge are
measured, providing data to solve Poisson’s equation to reconstruct the wavefront.
Contrary to what is claimed in the literature [2] this type of sensor cannot be used
directly with a bimorph mirror to solve Poisson’s equation. Rather, an intermediate

stage is needed for correction [69].

The principle of this sensor is presented in Figure 2.4. The telescope of focal length
f images the source in its focal plane. The curvature sensor consists of two image
detectors placed out-of-focus. The first detector records the irradiance distribution in
plane P, at a distance { before the focal plane. The second one records the irradiance
distribution in plane P, at the same distance [ behind the focus. A local wavefront
curvature will produce an excess of illumination in one plane and a lack of illumination
in the other (Figure 2.4). A field lens is used for symmetry in order to reimage the

pupil. The planes P; and P, can be also seen as two defoculized pupil planes. It can
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be shown that in the geometrical optics approximation, the difference between the
two irradiance distributions is a measure of the local wavefront inside the beam and
the radial first derivative at the edge of the beam [2, 67]. The geometrical optics is

approximated by:

A= <<ro§ (2.9)

ro

The measured signal S is the normalized difference between the illuminations /;(7)

and I5(7) in the planes P, and P; and is given by [67]

I(r) - h(-r) _ f(f 1) o2 fr + Qw .

S(r) =
Where 7 is a position vector, W = W (r) is the measured wavefront surface, VW is
the Laplacian of the wavefront, gz is the wavefront slope at the edge of the aperture.
and 4. is a linear impulse distribution around the pupil edge.

For high order aberration measurements, the distance [ must be larger than for
the case of low order aberrations measurements. For extended sources, the distance [
must also be larger than the case of point sources. An increase of the distance [ means
a decrease in the sensitivity (and an increase of the dynamic) of the curvature sensor
as expressed by Eq. 2.10. The distance [ of the curvature sensor is very similar to
the lenslet focal length of the Hartmann-Shack sensor. Note that when the distance
[ is decreased to the minimum, the curvature sensor is only able to measure tilts and

is reduced to quad-cell. In the limiting case the curvature sensor provides four edge

measurements and no more curvature.

The setup used at the University of Hawaii [37] employs a variable curvature
mirror placed at the focus of the telescope as a field lens. It allows to reimage on the
detector array the inside and outside focus blurred pupil images by its concave and

convex deformation. This produces a modulation of the illumination on the detector
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array. The curvature signals are recovered by synchronous detection. The pixels
inside the beam give the local curvatures, the pixels on the edge of the beam give the
local wavefront slopes. The modulation frequency is the temporal sampling frequency
of the wavefront, the deformation amplitude directly determines the working distance
[. A good feature of this device is its capability to modify easily the sensitivity of
the sensor by changing the amplitude of the mirror vibrations (i.e. [). Because of
the low number of subapertures in the sensor, photo-counting avalanche photodiodes
are used as detectors. taking advantage of their quantum efficiency. For curvature

sensing, only two detectors are required per subaperture [2].

2.5 Wavefront Correction

As with sensing, there are both modal and zonal means of correction as well. The need
to engineer better systems, with higher spatial resolution, more stroke capability, and
higher operational bandwidth, has been a catalyst in developing actuators, faceplate

materials, and analytical techniques that apply to many other areas of engineering.

Mirrors that have an actively controlled reflective surface are the most common

devices used for wavefront correction.

2.5.1 Modal Tilt Correction

The simplest form of wavefront correction is variation of the beamn direction, or the
tilt of the wavefront. The amount of energy needed to control the tilt mode in an
optical system is directly related to the stroke and bandwidth requirements for the

steering mirror [72]
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2.5.2 Modal Higher-order Correction

The next most common form of correction is an active focus system. While peering
through a telescope, an image is brought into focus by one’s knowledge that a “fuzzy”
image is out of focus while a “sharp” image is not. By cycling through the position
of the sharpest focus, the system can be made to adapt to variations in the receiver’s

lens system, the observer’s eye (or a camera).

It can be shown that astigmatism can be corrected by moving a single lens or
mirror. If a cylindrical mirror or lens is aligned with the beam and moved along the
optic axis, astigmatism is changed. By having two mirrors or lenses with their cylinder

axes oriented 45° to each other, astigmatism for all orientations can be corrected [72].

2.5.3 Multichannel Correction

When it is necessary to correct for modes higher than astigmatism, the wavefront
can be divided spatially. Each part of the beam is corrected by applying the required
strength of correction to that part. Devices that work in this manner are called

multichannel correctors.

Segmented mirrors

As reported in [72], the earliest implementation of a multichannel corrector was the
segmented mirror. This is a mirror made up of a number of closely spaced small
mirrors with piston or tilt correction capabilities. See Figure 2.5. In this way the
higher-order modes of correction can be applied by determining the individual con-
tribution of each of the segments. Some segmented mirrors of this type have been
operated in a piston-only mode, whereby each segment is confined to simple up-and-

down motion. The piston/tip/tilt has been shown also. Each segment operates with
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Figure 2.5: Segmented multichannel mirror

three degrees of freedom: the up/down piston mode and two orthogonal axes of tilt.
A further consideration is the shape of the segments. Square, hexagonal, and circular

segments have been used.

The discontinuities (gaps) between segments have an impact on overall perfor-
mance. Energy is lost through the gaps. It is important that the area of the gaps
is below 2% [72]. Because each segment operates independently, there is no cross-
coupling or need for actuator preloading. The step response for a segment can be as

low as 100us

Continuous Faceplate Mirrors

The continuous faceplate mirrors as opposed to segmented mirrors, automatically
maintain continuity and therefore can work with a reduced number of actuators. Ac-
tuators are generally of the push-pull type using mostly piezoelectric or electrostrictive
materials. The actuators can be discrete actuators perpendicular to the surface as in
Figure 2.6 or discrete actuators on the edges that impart bending moments. They

can also be continuous such as in membrane mirror or bimorph mirror. See Figures
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C

Figure 2.6: Discrete Actuators mirrors: a) discrete position actuators; b) discrete
force actuator; ¢) bending moment actuators

2.7, and 2.8

Discrete Actuators Deformable Mirrors

SADM (Stacked Actuator Deformable Mirror) correctors, with discrete sets of actua-
tors in the form of a stack of piezoceramic disks supported on a rigid base were first
developed in the late 1970’s [30] to address the large stroke requirements of infrared
systems. A mirror deformation of 0.8um was obtained, but the total voltage required
for each stack is more than 1 kV. In the beginning of 1980’s the range of displacement
is increased to + 8um. The high supply of voltage required for control, the large hys-
teresis and the limitation on the number of actuators made this type of mirrors not
an ideal one. Miniaturization of actuators, low operating voltages, position accuracy,
and low hysteresis become then important parameters to consider. A review made

by Ealey [29] and Raybova and Zakharenkov [66] discussed other developments of
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deformable mirrors.

Membrane Mirrors

Membrane Electrode

(- T T l ||l
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Control Electrodes

Figure 2.7: A membrane mirror

New types of deformable mirror designs have also been developed in recent years,
such as the membrane mirror [40]. From Figure 2.7, a reflective surface is positioned
between a transparent electrode and a series of electrodes at the back of the mirror.
The deformation is caused by electrostatic forces. The membrane is suspended in a
partially evacuated environment to reduce damping. For large-stroke designs, damp-
ing has been found to be needed since the surface tends to be unstable and pin the
membrane against the electrodes. Additionally a membrane mirror requires the use

of a window which complicates applications in the infrared.

Bimorph Mirrors
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A bimorph mirror is made of two thin plates of piezoelectric materials bonded to-
gether. The two plates are oppositely poled. When a voltage is applied, the piezoelec-
tric effects leads to an opposite variation of the transverse length of the two plates,
and this results in bending of the mirror. See Figure 2.8. The use of curvature adap-
tive optics is strongly advocated for correction of the lower order aberrations on the
basis of its economy. of its simplicity of control, and because its influence function
which is global across the entire mirror has a spatial behavior similar to that of the

Kolmogorov-based atmospheric wavefront structure [17]

2.6 Wavefront Reconstruction

Wavefront sensors, described earlier measure the condition of the wavefront and pro-
duce signals that represent the wavefront. Both zonal and modal sensors may be used
in a particular system. It is up to the reconstructor to sort out the meaning of those
signals, and then it is the control system that must determine how to treat the signals

and relay them to the appropriate correction device.

2.6.1 Phase from wavefront slopes

Retrieving the phase from slope measurements is the determination of the phase at
various points from the knowledge of the wavefront slopes at other points of the
wavefront plane. This is a fundamental problem of adaptive optics. The most com-
mon wavefront sensors (Hartmann-Shack sensors or shearing interferometers) produce

output signals proportional to the wavefront slopes.

The number of unknown phase points is N and the number of wavefront slope

measurements is M. The problem of phase determination from wavefront slopes
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depends upon the geometry of the problem. The phase estimation at NV locations is
on- The measured slopes at M locations are s,,. The matrix connecting the two is
determined by the geometry of the problem. For instance, for the geometry given
by Figure 2.9a, the measured slopes from the wavefront sensor are represented by sz,
or s¥ . The superscripts represent the slope in the = or y direction. The phase is
to be determined at the points ¢_; _;, &#_10, .... where the subscripts represent the

coordinates of the unknown points. A set of equations can then be constructed

5] = @11 — do,-1

s3 = ¢o.-1 — bop

that can be written in a matrix form as
s = Bé (2.11)

Where the matrix B is the reconstruction matriz. Often, B is simply composed
of sums and differences based on the geometrical configuration of wavefront sensor
positions and phase determination positions. Many of the elements are +1 or -1.
In some cases, however, B can be quite complex. In wavefront sensors, the slope
measurements is seldom a simple difference between two different points, but usually it
is a spatial average over the subaperture. In adaptive optics control system problems,
one often encounters the case where the number of equations M is greater than the
number of unknowns /N. This overdetermined system is the basis for much research

in numerical techniques, many of which apply to adaptive optics systems.

The problem reduces to calculating the values of the unknowns such that the error
between the measured, or known parameters s; and the actual values of s is small.

An inverse for a non-square matrix cannot be calculated directly. An approximation
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can be determined based on a specific merit function. Solving for the phase ¢, the

least squares solution of Eq. (2.11) is given by
¢ =[BTB]'BTs (2.12)

where BT is the transpose of the matrix B. The matrix [BT B]"'B7 is called the
pseudoinverse of B for which, the norm ||s — B¢|| is minimum. Although, this
method apears starightforward, a number of difficulties can arise. The inversion of
matrix [BT B] is impossible if it is singular or if, numerically, it is close to singular.
To get around this problem, the method of singular value decomposition (SVD) can
be used to invert [BT B] and reconstruct the phase from the measured slopes. If noise
measurement is considered, and correlated with a covariance matrix C,, the phase is

then given by
o=[BTC'B|"'BTC's (2.13)

To go into a detailed description of numerical methods used to overcome the singular-
ity problems is beyond the scope of this thesis, however. a good overview and analysis

regarding these points can be found in [72]

Several wavefront reconstruction algorithms have been published {34, 28, 49, 71].
Fried [34] and Southwell [71] (see Figure 2.9) discussed zonal wavefront reconstruction
methods for different configurations of Hartmann-Shack wavefront sensor subaper-

tures with respect to actuators of wavefront corrector.

2.6.2 Modes from wavefront slopes

Another common method, that constitutes the basis of this study, is the phase rep-

resentation in terms of its modal coefficients. The problem of phase modes from
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wavefront slopes is similar to reconstruction of phase values at various points dis-
cussed in the previous section. The wavefront phase W is described by a polynomial
expansion as in Eq. (2.3), rewriting the same expansion without the piston mode one
obtains,

N

W(z,y,t) = Y Ak(t)Zi(z,y) (2.14)
k=1

A Hartmann-Shack wavefront sensor measures the slopes of the wavefront at vari-
ous points m. There are M total measurements. It is assumed that the wavefront
sensor measures the z-directional derivative p of the phase, and/or the y-directional

derivative q of the phase at a particular location in a subaperture. That is

oW (z,y,t
Pi(l"y’t) = —(aiy_))
z i
G(z.y.t) = __aw(;’y’”' (2.15)
y i

where the index : implies evaluation at the coordinates (z;,y;). From Eqs.(2.14) and

(2.15) we can express
azk .’L' y)

ZA(t

3Zk (z,y)

ZA ()——

[n a matrix form this set can be represented by the matrix equation

s=BA (2.17)
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where the 8 is the slope vector and A is the mode coefficient vector

2}
D2
) A
A
s= ™| a=|" (2.18)
q1
q2 | Av |
| IM ]
while the reconstruction matrix B is
zZ, 2, ... 24,
Z{"': ng va'z
ZM M M
B= iz “2z Nz (2.19)
le‘y Z.zl'y Z,{,'y
Zf'y Zzz'y Z‘,'“(,'y
|zl 2, .- ZY, |
for which an element ZT%, is given by
m 3Z,'(27,y) B
VAR . (2.20)

As it can be seen in this case, the matrix B is not simply sums and differences
based on the geometrical configuration of the wavefront sensor positions and phase
determination positions. The elements are the derivatives of the polynomial basis
functions evaluated at the wavefront subaperture positions. Since this system is

overdetermined, the solution is found by finding the pseudoinverse of B,

A=[B'B]'BTs (2.21)
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If the basis functions (modes) are Zernike polynomials, the derivatives can be found
explicitly and a straightforward approach can be used to compute the pseudoinverse

matrix.

If the noise covariance matrix of the measurements is C,, the pseudoinverse least-

squares solution is
A=[(B"C;'B)"'B’C;!|s (2.22)

The accuracy of the modal estimation is determined by noise and the amount of
overdetermination of the system. Southwell [71] defines undermodeling as a system
of reconstruction equations where there are fewer modes required than can be actu-
ally projected out of the data. A more serious problem occurs when undersampling
occurs. When the sampling density of the wavefront slopes is insufficient for the
modes required, higher order modes will appear as perturbations on the lower order
modes. Elimination of this from a wavefront aliasing requires careful examination of
the number and form of the polynomials for the modes in terms of the number and
placement of available wavefront slope measurements. In general if there are more
modes desired, there should be more samples acquired. They should be in a geometry

sufficient for coding the wavefront information [72].

2.6.3 Modes from Curvature Measurements

Another method of reconstructing the modes of a wavefront is using information
obtained by a curvature sensor instead of a slope sensor, as suggested by Xin and
Xueye [76]. As explained earlier, the signals obtained from a curvature sensor are
local curvature in the inner region of the aperture and normal slope at the aperture

edges.
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Using Eq. (2.10), and considering polynomial expansion in Zernike modes of Eq.

(2.3) the measured signal from the curvature sensor can be expressed as:

N
S(r,t) =Co S Ailt) [VzZ,—(Clr )+ %Z;(Clr )6,

=2

where

A measurement signal S; given by a detector j can be written in the form

N

Si(r,t) = Co D Ai(t)by;

=2

where

b = |V2Zi(Crr) + iZi(cﬂ‘)‘sc
on

from which we can write

’

so = So/Co = Azby+ Azbze+ ...+ Anbno

< si1 = 51/Co = Aby + Aszbs1 + ...+ Anbyy

— . —

sM = Su/Co = Abaps + Asbam+ ... + Anbym

\

or in a matrix form

s=BA
Where
[ s [ b bso bno A
s=| | B o

| sMm | bom bam ... bwm | An |

(2.26)

—~—
o
(V)
-

A

(2.28)
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Since the matrix B is rectangular, the Zernike polynomials coefficients vector A can

be determined using least squares method resulting in
A =[BTB]'BT (2.29)

and for a correlated noise with a correlation matrix C, the solution is obtained in a

weighted least square sens with a weighting matrix C, as
A=[(B"C;'B)'B’C;!|s (2.30)

With this method. the difficulty in detecting the normal slopes at pupil edges is
overcome and the compensation of high order aberrations could be realized with high

accuracy.

2.6.4 Modes from wavefront phase

Finally, for control purposes (modal control), it is necessary to extract the modes of
a wavefront to be processed by the control system. If OPD (Optical Path Difference)
information is provided, in this case, the modes are extracted from the phase infor-
mation given by the OPD data. For Zernike polynomials, the modal coefficients can

be computed using Eq. (2.7).

2.7 Control System

In this section, conventional control methods used in adaptive optics are presented,
where only continuous faceplate mirrors with discrete actuator or segmented mirrors

are considered. Control of bimorph mirrors will be presented subsequently.
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2.7.1 Zonal control from continuous phase

Once a phase map or a modal representation is constructed, it is necessary to deter-
mine the application of that information for driving a wavefront corrector which is a

deformable mirror in most of the cases.

A deformable mirror is assumed to be a linear system of electro-mechanical actu-
ators that deform a mirror surface into a desired shape. The details of the shape are
not important in the general case; however the precise influence of each actuator of
discrete actuators mirror is a very important consideration in the wavefront control
scheme. A desired surface ¢(z,y) is generated by applying the proper amplitude a;
to n actuators. The effect of each actuator on the surface Wi(z,y) is its influence

function. A set of linear equations can be constructed
oey) = L aWitz.y) (231)
i=
which can be written in a matrix form,
¢ =Wa (2.32)

For a surface represented by k points, the influence matrix W has k£ rows and n
columns. A pseudoinverse of W is required. The actuator commands are then
derived from the actuator amplitude a; by multiplying a suitbale gain factors and
voltage conversions, and by accounting for the factor of 2 cos # multiplier between the

wavefront and the mirror surface with an incidence angle of 3.

Constructiong the influence matrix W is not trivial. The effect of each actuator
on a point (z,y) in the wavefront plane must be determined. Although the influences
often couple, they are assumed to be linear. The influences are often unsymmetric,

and are especially so when the edge of the mirror is caged. The geometric effect of
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clamping neighboring actuators has a complicated effect on the influence of each ac-
tuator. These considerations, and their temporal characteristics, must be considered

before constructing the influence matrix and inverting it [72].

2.7.2 Modal control from continuous phase

In this case, the wavefront o to be constructed by the modal control system, is a sum
of modes with basis functions Z;(z,y) and coefficients A;,
N
o= AZ (2.33)
=1
The modes of the wavferont for the controller can be determined by inverting the

linear set to solve for A;
A=2% (2.34)

where Z' = [ZTZ]-'Z7 is the minimum norm pseudoinverse of the matrix Z. If
the Z; are orthogonal, the matrix is diagonal and the inversion is simple. If the
modal correctors do not form an orthogonal set, the inverson is more complicated but

achievable.

2.7.3 Zonal control from modal phase

If the phase is constructed and the corrector devices respond to commands in a zonal
sense, another set of linear equations must be formed. Two similar reconstruction
problems are combined. The zonal corrector commands are derived by inverting the
linear sum of influence functions

w(z,y) = Zn:aeW;(z,y)

=1
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If the wavefront ® is represented by a sum of modes with basis functions Z;(z,y) and

coefficients A;

N
& =3 AZ

=1
and the two summations can be equated

n N
e=0=) aWiz,y) =D AZ

=1 =1

Using matrix notation
ZA=Wa (2.35)
which gives

A=Z'Wa (2.36)

2.7.4 Zonal control from wavefront slopes

The most common and perhaps the most interesting problem in adaptive optics con-
trols is the indirect method applied when the input is a number of wavefront slopes
measured with a wavefront sensor and the output of the control are signals to various
actuators that apply a correction to the wavefront. Unfortunately, there is hardly
ever one-to-one correspondence between the slope measurements and the actuator
drive signals. If there were, the signals would be corrupted by noise. Fortunately the

problem is linear and can be treated as in previous sections.

Recalling Eq. (2.11), knowing that the slope vector s is given by (cf. Eq. (2.11))
s = B¢

and the phase is corrected by a surface ¢ which is the sum of the actuator influence

functions (cf. Eq. (2.31))

p=¢p=Wa
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Combining the two equations eliminates the central step of explicit phase represen-

tation
s=BWa (2.37)
and the actuator commands a; are given by
a=[BW]'s (2.38)
Where,

[BW]' = (BW)T(BW)|"'[(BW)']

2.7.5 Modal control from wavefront curvature

In a similar way, an indirect method for correcting wavefront modes as applied to non-
discrete actuator mirror, specifically to a bimorph mirror was suggested by Chellabi,

Stepanenko and Dost [23].

Field equations governing the deformation of the bimorph mirror are reduced to
Poisson’s equation [55]. The displacement of the ith surface position z; is linear in

electrode voltages V; and may therefore, be written in the form of
Ne
5= ZR-J-VJ- (2.39)
=1

where A;; are coefficients derived from solutions of Poisson’s equation, and . is the
total number of electrodes. Displacement along the boundary is taken to be zero.
The influence function at each position of the surface is obtained through the column
vector A;; by fixing j and varying ¢, in other words, the values of an influence function
at surface positions labeled : = 1, ..., N,, where N, is the number of surface points.

Each influence function is the surface displacement caused by a unit voltage applied
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to a single electrode and is combined linearly with the other influence functions to

give the total surface displacement z;.

The problem in controlling the mirror configuration to a desired shape, is to find a
set of voltages V; that best fit the mirror surface z to a desired surface z’ at a selected

set of surface-matching points.

The control algorithm is based on least-squares optimization method proposed
initially by Claflin and Bareket [25] and applied to configure a membrane electrostatic
MIrror.

The quantity to be minimized is

WNp

J =) (zi—2)? (2.40)

i=1

Eq. (2.39) may be written in matrix form
z =PV (2.41)

where P is the influence function matrix with elements P;;, and z; and V; are the
components of the vectors z and V respectively. Solving Eq. (2.41) for V in the least

squares sense of minimizing Eq.(2.40), one finds the solution
V = (PTP)'PTY (2.42)

The components P;; of the influence matrix P are computed by solving Poisson’s
equation that governs the static behavior of a bimorph mirror as given by Kokorowski

[55].

2.8 Concluding Remarks

In sections 2.7.1-2.7.4, dealing with the control system, only the required deflection

vector is calculated without mentioning the driving voltages that produce such deflec-
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tions. However. in most cases, for piezoelectric actuators, the relationship between

the displacements and their driving voltages is assumed to be linear.

Other components of the adaptive optics system include the D/A converters, which
imposes a fixed gain in each channel. The amplifier circuit is based on resistors,
capacitors, and operational amplifiers. The piezoelectric actuator can be modelled
depending on the type of the faceplate material, the number of actuators and the

dimension of the active region [48].

From a mathematical standpoint, zonal and modal correction methods are very
similar. For the zonal correction method, the wavefront to be corrected is decom-
posed in terms of localized zonal influence functions. This decomposition produces a
set of phase slopes or tilts which correspond to the drive signal required to implement
correction at the actuator location of the respective zone or node. The coefficients
are selected to minimize the mean square error between the aberrated wavefront and
the implemented correction. For modal correction, the wavefront is decomposed into
various modes. As was previously described, Zernike Polynomials describe aberration
modes for a circular aperture. As for the zonal case, a set of coefficients which cor-
respond to actuator drive voltages is chosen to minimize the wavefront error. From
a purely theoretical standpoint, the performance of both the zonal and the modal
corrector is the same provided that enough zones or modes are used in the wave-
front corrector. Zonal correction utilizes a localized influence function whose shape
is tailored to the contour of the spatial content of the aberrated wavefront to effect
an optimal local surface deformation. Modal correction utilizes a global influence
function to effect a full aperture deformation which is tailored to match the modal
surface contour with minimal error. In either case, the goal is to minimize the curve
fitting error by matching the wavefront aberration with a best-fit conjugate (mirror

image) mirror surface provided by the deformable mirror.
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Note that all the control methods -except the last one- presented in this chapter
are the ones used and found in the literature. None of these methods use the dynamic
model of the mirror in their design, relying only on the static behavior of the mirror.
Except for few designs, most control strategies ignore the time dimension in their
design given the delay in measurement. temporal consideration which has a direct
effect on the bandwidth of the system, is a very important parameter in the design

of the controller.

2.9 Conclusion of Chapter 2

In this chapter, the principle of adaptive optics based on phase conjugation correction
was described. The major steps in adaptive optics system are explained, starting with
wavefront mathematical representation passing by wavefront sensing and finishing
with wavefront correction and control. We have shown that the wavefront can be
represented by a set of orthogonal polynomials (Zernike polynomials) which can be
used later to design the control system. In wavefront sensing, two methods, namely,
slope sensing and curvature sensing were introduced. After sensing, the next main
component of an adaptive optics is the corrector, this is mainly a deformable mirror.
Different types of mirrors used in adaptive optics were presented. Segmented mirrors,
continuous faceplate mirrors with discrete actuators and bimorph mirrors were among
the correctors described. Wavefront reconstruction algorithms were presented and
their mathematical description was explained. Control systems including modal and

zonal approaches were presented.

Next chapter will deal with the development of the dynamic model of the structure
(deformable mirror) based on the space-time assumed mode method. This model will

be used later in the design of an optimal controller of a bimorph mirror. The model
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of the discrete actuator mirror will be given in chapter 5 where the finite element

model of the active structure is formulated.
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Chapter 3

System Dynamics: Assumed

Modes

3.1 System Representation

The general system is represented in Figure (3.1). It is composed of an elastic body
with inclusions of piezoelectric material which are poled and electroded arbitrarily.
This configuration reflects the structure of a bimorph mirror, where a shim metal
(elastic body) is inserted between two oppositely poled piezoelectric plates. The shim
metal plays the role of a common electrode. The electrodes represents the continuous

actuators, where a distributed electric charge is applied.
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Elastic Body

A

Electrode

Figure 3.1: Electroelastic Continuum System

3.2 Electromechanical Constitutive Relation

Using the IEEE standard notation, the linear constitutive equations of a piezoelectric

material written in a Cartesian coordinate system are given by:
T=CS-€e"E
D =eS+eFE (3.1)
where T'(z,y) is the stress tensor, C is the elasticity matrix, S(z,y) is the inifinites-

imal strain tensor, e is the piezoelectric matrix, E(z,y) is the electrical field in the

material, D(z,y) is the electric displacement vector, and € is the dielectric matrix,

with
[ Su ] [ S ] [ T ]
S22 Sa T;
% = S S T:
D=|D,|; E=|E|; s=| " |=|"; 7=|"| @62
2523 S4 T4
D4 E,
2531 55 T5
-2512_ _56_ _T6_




CHAPTER 3. SYSTEM DYNAMICS: ASSUMED MODES 49

€1 0 0
€ = 0 €1 0 (3.3)
0 0 €3

The matrix e can be expressed in terms of the more commonly used piezoelectric d

matrix
0 0 0 0 dis O
d= 0 0 0 d15 0 0 (34)
d31 d32 0 0 0 dss
as:

e =dC (3.5)
Equation (3.1) then becomes with C = CT (C is always symmetric)

T=CS-Cd'E (3.6)

A piezoelectric structure is an electro-mechanical system which involves both me-
chanical degree of freedom (dof) represented by a generalized displacement vector u

as well as an electrical dof denoted by a generalized electrical potential v.

In the traditional Rayleigh-Ritz approach to response of dynamic systems, the
generalized displacements u and the generalized electrical potential v are treated as
assumed or known vectors (or functions) of some spatial basis vectors (or functions)

U(z,y,z) and V(z,y, z) multiplied by unknown coefficients q(t) and ¢(¢).

Note that specifically, for a deformable mirror, the spatial basis functions U(z, y, =)
represent the shape of the mirror surface. They also represent the spatial functions
of Zernike polynomials such as given in Table (2.1). For other applications such

as vibration control, these spatial basis functions represent the mode shapes of the
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vibrating structure. The assumed modes representation can thus be written as

u = [uv w =U(z,y.2)q(t) (3.7)
v = V(z,y,z)¢(t) (3.3)
where
U, 0 0 V. O 0
U=|0 U, 0 |; V=|o0 VvV, 0 (3.9)
0 0 U, 0 0 V,
T - T
a=|af of o] o=[o7 o of] (3.10)
T T
Ua qi1 Vi oi1
Ui=| : s qi=| |5 Vi=| rei=1 ¢ |y i=1,23 (3.11)

U Gir Vik ik
U denotes the matrix of spatial mode shape functions of the mechanical displacement,
with r modes, V is the matrix of spatial mode shape functions of the electrical
potential with A" modes, q is the generalized mechanical coordinate, and ¢ is the

electrical generalized coordinate.

We consider only the deflection in the z direction, which describes the bending
of a thin plate, thus only the coordinate w is considered in this study. For the
electrical dof we also consider the voltage applied only in one direction namely in
the = direction (poling direction), thus only one electrical coordinate will be used
throughout the following development. Generalization to all three coordinates can
be readily accomplished by augmenting the appropriate matrices and vectors by the

additional dofs. Therefore, we use

U=Us V=V3 q=q3 ¢=¢&; (3.12)
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3.3 Variables Definitions

3.3.1 Generalized Mechanical Coordinates

For distributed parameter systems, the basis functions (mode shapes) are affiliated
with the spatial information. The coefficients of these functions are the unknown
parameters to solve for in a dynamic system. Solution of the problems requires
obtaining these unknown time-dependent coefficients either explicitly or numerically
from the differential equations. As with any other function, however, an unknown
function ¢;(t) can also be represented over any time (t;,¢s) by a set of basis functions

in time.

Denoting the set of m basis functions over (¢;,tf) of ¢;(t) by Ak(t) one can write

the expansion in time as

m
gi(t) = D ejwAi(t), (G =1,2,...,7) (3.13)
k=0

where Ak (t) are independent continuous functions in time with continuous derivatives
over (¢;,t5) and a;; are the unknown constant coefficients of expansion in that interval.
Analogous to the spatial basis functions as assumed-modes of expansion, the functions
Ak(t) constitute the assumed-time modes of the unknown generalized coordinates ¢;(t)

with m time-modes.

Many choices exist for m and associated Ai(¢) combinations and a selection may
be made depending on convenience, computational efficiency and desired accuracy, to
mention a few factors. In this work, we shall employ the same time-basis functions as
those used by previous researchers such as Adiguzel and Bailey in [1, 8]. Specifically,

the functions Ag(t) are in the form

Ap = (= t)F (k=1,2,...,m), t; <t<ti (3.14)
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which constitute the simplest basis functions, leading to a simple power series expan-

sion of ¢;(t) in time. However, the derivation that follows does not depend on the

specific form of the basis functions.

Introducing (3.14) into (3.13) results in
gi(t) = 0o +a(t —ti) + D aul(t — ;) (3.15)
k=2

From which we recognise

dg; L
aj, = q;(t;), aj; = % , aj, = (k!) lﬁ (3.16)

t=¢t, t=t,
[t is convenient to introduce the non-dimensional time T defined as

-t
r= t—a—',where 0=t —ti; t;<t<t; thendt=06dr (3.17)

Thus the expansion in (3.13) becomes

gi(7) =aj, +a;, 7+ Y ajtt (3.18)
k=2
where now,
dq; d*q;
a4 = 7 ] G = S% L (3.19)

The factors 8 and (k!)~'(8)* that should surface in the new form are absorbed by the

constants a;, and aj,, respectively. Defining

Aj(r)=[lr], Ai(r)=[?... "] (3.21)
in matrix form, equation (3.18) becomes

g;j(t) = Ajo(T)ajo + Aj(T)aj; J=12,---,r (3-22)
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and for all of the r coordinates, we have
q(7) = Ao(T)ao + A(T)a (3.23)

where Ag a matrix of order r x 2r, and A a matrix of order r x r(m — 1) along with

the vectors ag and a with dimensions 2r x 1 and (m — 1)r x 1 respectively are given

by
(Ao O ... 0 ] (4, 0 ... 0]
0 Ap ... O 0 A, ... ©
Ag=|  F A= 7T _ (3.24)
0 0 ... A | 0 0 ... A
Qo a
a a
a=| " a=|" (3.25)
_aro_ _arJ

Hence, the initial states are represented by a¢ and other generalized states are rep-
resented by @. For an initial value problem in dynamics, ag is given and the vector
a constitutes the unknowns of the response problem. Finally, the complete assumed

modes model of the generalized displacement in Eq. (3.7) becomes

u = Ul[Aoao + Aa] (3.26)
= UAa (3.27)
where
A = [A; A) (3.28)
a = |® (3.29)
a

in which, the argument 7 is dropped from Aq and A for simplicity. Dimensions of A

are v X (m + 1)r and those of @ are (m + 1)r x 1.
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3.3.2 Generalized Electrical Coordinate

Similar to the development above, the electrical counterpart of Eq. (3.23) gives the

form of the electrical generalized coordinate as
(1) = By(7)b, (3-30)

where B has dimensions A x K([/+1) and b, dimensions of A'(/+ 1) x 1 and written

as
(B, 0 ... 0 | [ by |
0 B, ... 0 b, )
B,=| | , ; by=| |5 K<r (3.31)
R 0 0 .o Bu)’\'d _bul\"_
Bu,-(r)=[1 r o2 .7 Jj=12,--- K (3.32)

The complete assumed modes for the electrical dof given by Eq. (3.8) can then be

written as:
v=VB,b, (3-33)

Note that the assumed displacement distributions (mode shape) U must satisfy the
geometric boundary conditions as stated above, while the assumed potential distri-
butions V' must be consistent with the prescribed voltage boundary conditions (e.g.
the grounded potential is null). Note also that for a potential applied only in the

poling direction of the piezoelectric material, the matrix V' degenerates to a vector.

3.3.3 Generalized Applied Forces

Following the same line of thought, the applied forces (non-conservative) and electrical

charge may also be expanded into a series of modal forces and charge, generating



CHAPTER 3. SYSTEM DYNAMICS: ASSUMED MODES 55

consequently the generalized forces and charge. Neglecting body forces, the applied

forces P, along with the electrical charge o can be written as
P, = Wi(z,y)f(t) = W(z,y)Bsb; (3-34)
o = V(z,y)p(t)=V(z,y)B.B (3.35)
where W and V represent spatial distribution matrices with dimensions 1 x J and
I x K respectively, By is equivalent to B, with dimensions J x J({ + 1), 8 and by
are coefficient vectors.

Discrete actuators can be treated as distributed by writing the elements W, of the

matrix W(z,y) present in Eq. (3.34) as
Wi(z,y) = é(z — z;)é(y — y;) (3.36)

where 6(z — ;) and é(y — y;) are Dirac delta functions.

bso Bo
b
br=| | B= ﬂ,‘ (3.37)
| bs | | B |

3.4 Statement of Hamilton’s Law

Consider a distributed parameter dynamic system whose motion can be described by
a vector of generalized displacement %. For any time span (¢; — ¢;) of motion of this

system, Hamilton’s law of varying action (HLVA) is expressed as:
ty ty
(6L + 6W)dt — /V 5qu’ —0 (3.38)
L, t,

Where L is the Lagrangian of a bounded volume V defined by a difference of a kinetic
energy T and a potential energy U, §W is the virtual work done by external forces
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and applied surface charges, and p is the generalized momentum. Writing
L=T-U (3.39)
Eq. (3.38) becomes

t
5 / (T - Ut + [ Y Wt — = (3.40)
t,

For a system consisting of an elastic body characterized by a material density p, and
bounded by a volume V, with inclusions of piezoelectric material having a material

density p,, bounded by a volume V; poled and electroded arbitrarily:

A DV B
T = §p,uTu+§ppuTu (3.41)
T = [ L aTadv + / L aTadv (3.42)
v, 2 v, 2P
U = / LsTray + / Ls™T - ETDlav (3.43)
v, Vp 2
oT
P = oo =patp (3.44)

where % is the velocity (time derivative of the displacement). The virtual work 6W

done by the external forces and applied surface charge (neglecting body forces) is

W= [ 6uTP,dS — / svTordS (3.45)
S

S
where P, is the vector of applied forces, S; is the surface area, v is the electric

potential, & is the surface charge.

3.5 The Variations

In order to derive the system electromechanical equations and mechanical/electrical

boundary conditions of the structure, one needs to carry out variations with respect




[¥]]
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to v and v in Eq. (3.40) and collect coefficients of similar terms. The variation of the
kinetic energy is presented first, and followed by the variation of the potential energy
(including strain and electric energies), and work of the external applied forces and
electric charge o (virtual work). A final variational equation is derived, which leads
to all electromechanical system equations and boundary conditions. The variation
operator 4 is defined as interchangeable with the partial diffrentiation operator as

outlined in [1] and [14].

3.5.1 Generalized Coordinates

The variation of the generalized coordinates ¢ and ¢ along with ¢ constitutes the
basic variation upon which the next development is based. Using Eq. (3.23), (3.17),

and (3.30), we get
) 1
8q = Aba; 6q = 5A’6a.; é¢ = B,bv (3.46)

where the prime denotes differentiation with respect to non-dimensional time 7.

3.5.2 Kinetic Energy
From Eq. (3.7) we have

u=Ugq (3.47)
Substituting Eq. (3.47) into Eq. (3.42) results in

_ LR S | S
T = /ngp,q U quV+/VP2p,,q UTUGdV (3.48)

1. :
507 (M, + M,)q (3.49)

1. .
= 24"Mg (3.50)
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where M,, M ,, and M are the mass matrices given by
M, = /V pUTUdV: M, = /V o, UTUdV; M =M, + M,

from (3.50) and (3.46), the variation of the kinetic energy is given by

T = 6¢" Mg

Using

B‘it (6¢"Mq) = 64" Mg+ 69" Mg
we have

64" Mg = = (6q" M3) - 6q" M3
in which

6qT Mg = 6a*Ma
where
M = %ZTM.Z" = 01—2 [0 ATM 4"

3.5.3 Potential Energy

58

(3.33)

(3.54)

(3.55)

(3.56)

Using the constitutive equations of the elastic body and the piezoelectric material.

the potential energy given by (3.43) can be further expanded into

_ ler lrar QT Ty _ pT T
U_/V’25 C,SdV+/VP2[S C,S — S"e"E — ETeS - ETeE|dV  (3.57)

The strains S are defined by the first derivative of the displacement vector u through

the differential operator matrix L, [16], and the electric field vector is defined by the

electric potential v through the gradient operator L,
S=B.,q; E=-Bo
B,=L,U; B,=L,V

(3.58)
(3.59)



CHAPTER 3. SYSTEM DYNAMICS: ASSUMED MODES 59

Substituting Eq. (3.58) into Eq. (3.57) we obtain

1
U = 5[q7(Kuus+ Kup)d+ 4 Kusd + 6" Koug — ¢" Koot (3.60)

1

= .:)'[qTKuuq + qTKu¢¢ + ¢TK¢uq - ¢TK¢¢¢] (3.61)
in which

— T . _ T ; \
Kuu= [ BIC.BuV: Kup= [ _BIC,B.dv (3.62)
w = | BTeTB,dV; , = TeTBdV 3.63
K., /v, TeTBydV: Koy /VpBéeBd, (3.63)
Kuu = Kuus + Kuup; Kc‘)u = KL (364)

where K ,us, Kuup, and K, are the stiffness matrices K,; is the electromechani-
cal matrix of the piezoelectric part of the system, and K44 is the piezoelectric (or

capacitance) matrix.

Finally, the variation of the potential energy is readily obtained by using (3.46)

SU = 6q"[Kuuq + K] + 66T [Kou — K] (3.65)
= 6aT[Kuua@ + K 4b,] + 6bT[K 4,@ — b, K s4b,] (3.66)
where
Ku.=ATK,A=[A"K,A, A"K,A| (3.67)
K., =ATK B,;, K, = B'K,:B, (3.68)

3.5.4 Work done by External Forces

The work done by the externally applied forces and electric charges is expressed by

W = [ 6uTP,dS — /52 svT adS (3.69)

$
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Upon substitution of Egs. (3.34), and (3.35) into Eq. (3.69) one obtains

W = 6q"Ff —607Qep (3.70)
= 6aTB,b; - 6bT B, (3.71)
where
F = SUTWdS (3.72)
Q = / vTVds (3.73)
S
B, = ATFB; (3.74)
B, = BIQB, (3.75)

3.5.5 Boundary Terms

The boundary term in Hamilton’s Law of Varying Action (HLVA) involving the gen-
eralized momentum in Eq. (3.38) namely ¢ p evaluated at the limits of time period

can be written as follows. Using Egs. (3.44), (3.46), and (3.51), we get

t
/V 6qu'!dv = sq"My[’ (3.76)
t '

3.6 Algebraic Equations of Motion (AEM)

The algebraic equations of motions (AEM) are obtained through HLVA stated previ-
ously and given Eq. (3.40) in conjunction with the complete assumed mode model of
Eq. (3.26). Upon substitution of the variational terms and collection of coefficients

of similar terms, one can arrive at
([l - _ _
sa { [ (B + Ko)a - Kusbo - B.b f]dr}
0

1 — -—
— T { /0 (K sud + K y5by — B,ﬂ]dr} -0 (3.77)
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which leads to the following AEM,

Ga = K,;b, + B.b; (3.78)
K4 + Kosb, = —B,j (3.79)

Eqs. (3.78), and (3.79) are usually referred to as the actuator equations, and sensor

equations respectively, in which, the following notation is used
_— L _ = _ —
X = / Xdr; and G=M +K,, (3.80)
()

where @ represents the coefficients of the system to be controlled, b, is used to denote
the coefficients of the control voltages, and b stands for the coefficient of the external

control forces.

3.6.1 Actuator Equations

Eq. (3.78) can also be written as:

ara + aoao = I?,mbu + E,-bf (381)
G.a = K b, + B,b; — Goaq (3.82)

where G, and Gy have dimensions (m—1)rx(m—1)r and (m —1)r x 2r, respectively.
As we can see the matrix §, is square and its inverse will not be a major problem
since both the mass and stiffness matrices are positive definite. The coupling matrix
(forcing term) K ., is of dimensions (m — 1)r x K(I + 1) and the forcing matrix B,
is of dimension (m — 1)r x J({ + 1) which makes them rectangular. The ranks of
these matrices will play an important role in determining the mode controllability
with respect to a set of inputs. Actuator placement for designing the deformable

mirror will be consequently discussed using the rank of these matrices as will be seen
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subsequently. Note also that G depends only on the stiffness matrix as
Go= ' ATK,, Agdr (3.83)
Eq. (3.82) replaces the conventional linear state-space equations
X(t) = A()X(t) + B(t)u(t) (3.84)

where a and b, and/or by are regarded as the state and control vectors respectively.

In particular, identification of @ in AEM as the state vector in control context
rests on justifiable grounds. In view of a typical simple power series expansion of an
admissible gj(t) about ¢; and comparing with Eq. (3.15), one can observe that the
coefficients a;; in Eq. (3.15) are directly proportional to the :** order derivatives of the
generalized coordinate g;(t). Of course, this reflects to a;; in the nondimensional-time
form of the expansion given by Eq. (3.18). This identification is consistent with the
definition of state variables for a dependent variable in a differential equation setting
which are typically chosen as the derivatives of the dependent variables. By necessity,
in a differential equation setting only the displacement and velocity are identified as
state variables. In contrast, in the expansion given by Eq. (3.15) or equivalently Eq.
(3.18), higher order derivatives of g; (including acceleration and jerk) also qualify as
state variables. Accordingly the question of how many time modes in Eq. (3.18)
should be included for a desired accuracy of the solution becomes tantamount to the

question of how many generalized states should be included in the expansion.

3.6.2 Sensor Equations

This study is concerned only with the control design methodology using the dynamic
model of the structure. One consequence of applying the variational principle to

active piezoelectric structure is the resulting sensor equations. For completeness,
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of this methodology. we only state the different sensing methods using the direct

approach without any application pertaining to this study.

There are two types of sensing considered in this study, namely voltage sensing

and charge (or current) sensing.
e Voltage measurement sensor

In the standard piezoelectric sensor application, the voltage at the piezoelectric elec-
trodes is measured by a high impedance amplifier which allows no current flow to
and from the electrodes. The electrodes are essentially open circuited and thus the
applied charge is zero 3 = 0, the measured voltage in this case is used to reconstruct

the mechanical state using the sensor equation Eq. (3.79) from which we have,

——] ~—

b,=-K, ,K;.a (3.85)
o Charge measurement sensor

Another important sensor application arises when a low impedance charge amplifier
is attached to the piezoelectric. The electrodes are essentially shorted and thus the
voltage is zero b, = 0. This type of sensor was examined by Lee in [56]. In this case
the piezoelectric strain or strain rate can be found by measuring the charge or current
flowing to the electrodes. The strain is proportional to the applied current, we thus

get

B.8 = Ksa (3.86)

3.7 Generalized Coordinates Continuity Equations

Solutions of AEM for arbitrarily large intervals of time can be obtained by a time

marching algorithm simply by providing continuity conditions of the generalized co-
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ordinates tying subsequent transition intervals.

The continuity condition across two subsequent intervals (j) and (j + 1) for a time

marching system has the form
alf*! = pa) 4 Pyal’ (3.87)

P and Py can be identified from the continuity of time-modes expansion of generalized

coordinates using the nondimensional form by writing
qU1(0) = qV(1), q'U+V(0) =gV (1) (3.88)

Using the non-dimensional expansion given by Eq. (3.13), these in turn define the
initial conditions from each time subinterval in terms of the values already available

from the previous one:

P 0 ... O P, O ... O
0 P ... 0 o P, ... O
L R IR ) IR IRCY.0
| 0 0 P, | | 0 O P, ]
where
1 1 1 1 ... 1
P = . Py = ; (3.90)
01 23 ... m

It is worth noting that the continuity matrices Py and P of dimensions 2r x 2r and
2r x (m — 1)r respectively, depend only on the number of degrees of freedom and
the degree of truncated power series for each degree of freedom; nothing else. As
such, they remain unchanged throughout the total period of control time, regardless
of whether the system dynamics are time varying or not. One consequence of this
is an overwhelming simplicity in implementing the continuity, both analytically and

computationally, without any compromise in return.
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The number of terms to retain in the series expansion of the generalized coordi-
nates has to do with the accuracy desired. This is also affected by the size of the
time step (¢; — ts) and usually there is a trade off between this and the number of
terms. Generally, one can determine an appropriate number of terms by solving the
response problem first, in the absence of control inputs. For a given specific problem.
a preliminary convergence check on the response solution can be made by starting
with a small number of terms and increasing them gradually. Experience to date
has shown that one does not need to go beyond single digits even for conceivably
difficult problems. and in most cases six to eight terms in the series are sufficient
(1, 8]. Convergence is also contingent upon the complexity of motion within the time
interval (¢; — ;) [8]. Therefore 8 should not be taken too large and it can be based
on characteristic time of the system. In control applications with the same choice of
8, experience to date indicates that even fewer number of terms for the coordinates
can be used without a noticeable compromise in accuracy, provided that the control
effort is strong enough to damp the motion quickly [1]. However too much freedom
should not be exercised in this respect, for otherwise this may lead to an unrealistic
representation of the physical problem. On the other hand, one has complete freedom
to choose the number of terms for the control inputs, since this is a matter of avail-
ability and/or capability of instrumentation to implement these inputs. Naturally,
one might want to consider the simplest case, which would be only one term. This
corresponds to a zero-order hold, a choice that would be very favorable for digital
implementation. The number of terms used in the simulation examples of this study

are given in the statements of these examples.



CHAPTER 3. SYSTEM DYNAMICS: ASSUMED MODES 66
3.7.1 Hamilton’s Law and Initial Value Problems

The first thing to be mentioned at this point is the clear distinction between what is
commonly called Hamilton's principle and Hamilton’s law of varying action. Hamil-
ton’s law given by Eq. (3.38) states

=0

ty
t

A Y (6L + 6W)dt — [ 5uTp

If u is constrained to take on specified values at ¢; and t; then 6u(t;) and édu(ty)
vanish in Eq. (3.38) and the result is Hamilton’s principle:

t
§ [ 6(L+W)dt=0 (3.91)

¢

As pointed out by Simkins in [70], an observation to be made here is that Eq. (3.91)
corresponds to a system of a boundary value problems -not initial value problem-
since the boundary term can only vanish through boundary (end point) constraints
either natural or imposed. Thus Eq. (3.91) cannot, with complete logic, be used
to formulate any system of initial value problems of dynamics. The introduction of
initial data has in fact always been the obstacle preventing the use of Hamilton's

Principle for the variational formulation of initial valu problems. [70]

Since Hamilton’s principle is a valid physical statement of mechanics only when
the boundary constraints are such that the boundary term vanishes, it is really a
“constrained variational principle,” as opposed to Eq. (3.38), which are unconstrained
variational laws of mechanics, suitable for the application of arbitrary constraint

conditions.

Application of Hamilton’s law to initial value problems has been demonstrated in

many articles such as in [7, 8, 9, 10, 13, 70, 18, 1, 46].
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3.8 Controllability

Theoretical aspects of controllability are well established in the linear system theory
based on the traditional approach (24, 35]. The controllability concept is defined
under the assumption that a complete knowledge of the linear differential state-space
formulation are assumed to be known beforehand. Following the trend this concept
(controllability) is only briefly discussed here, since a more detailed discussion is
provided in [1] for discrete systems, the same concept applies for discrete systems
and distributed parameter systems. But of course, they will be conveyed from the
standpoint of direct algebraic formulation of dynamic equations presented in previous

sectlons.

In the next sub-sections, first the definition of controllability is given, together
with associated state-space equations. Then the corresponding algebraic equations
are used to study it and to show how it fits the mainframe of the direct formulation.
However, it is not the scope of this study to go in details of deriving the necessary
and sufficient conditions of controllability as applied to AEM, rather we apply the al-
ready existing formalism of discrete systems developed in [1] to distributed parameter
systems and study the conditions and terms under which the “modal” controllability
is characterized. The controllability measure will be used in determining the control-

lable and uncontrollable modes for specific set of control inputs.

3.8.1 Controllability

Consider a linear differential state equations (LSE) for an r degrees of freedom time-

varying discrete parameter linear dynamic system with R inputs given first by

X (t) = A(t)X(t) + B(t)u(t) (3.92)
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X is the state vector, u is the input vector, and A and B are respectively the state
and input matrices whose entries are continuous functions of time over the total time

interval I of study.

Definition

The state equation (LSE) is said to be state controllable at time tg € I, if there exists
a finite t; € [ with ¢; > o such that for any X (¢) and X (¢,) in the state space,
there exists an input u over [to, ;] that will transfer the state X (Zo) to the state
X (t1). Otherwise the state equation is said to be uncontrollable at time t,.

In other words, this definition requires that the input u be capable of moving any
state to any other state in a finite time. The trajectory that should take is not

specified.

In terms of the algebraic state equation, rewriting the AEM,
G.a = K .sb, + B.b; — Goaq (3.93)

Controlled response of the system will be determined by the generalized state vector
a through whatever input b, or by it may call for a desired configuration. Generally
speaking, the control b, or b; does not have to be in terms of a@. In particular, in
the absence of the forcing term, the equation should yield the uncontrolled, unforced
dynamic response of the system to arbitrary initial excitations. This means, one must

be able to solve it for a, and obtain
——]—
a= —G,_ Goao (394)
Therefore the matrix G, must be invertible in the first place. Fortunately, given
the structure of G, which the sum of the square positive definite mass and stiffness

matrices of the structure, this condition is already met. Hence, a necessary condition
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for controllability is that the matrix G, must be invertible.

The following analysis considers only structures with distributed actuators for sim-
plicity and clarity of the matter, however the inclusion of structures with discrete
actuators should be an obvious one. In what follows, to consider the discrete actua-
tors case, one has to replace the control input b, and the corresponding matrix K us

with the inputs by and the matrix B, respectively.

Considering a structure with distributed actuators (the case of bimorph mirrors),
the control inputs are b, (b;y = 0), using the controllability formalism of discrete
systems given by Adiguzel [1], and defining the 2r x K({ + 1) C and 2r x 2r Z as

C. = PG, K.
Z, = PG.'Go+ P, (3.95)

we can state

Local Controllability (for each time step)

|

e G, exists. (necessary condition)

e rank C = K (Sufficient condition)

Global Controllability (for all steps up to the jth step)
° 5’,— ! exists. (Necessary condition)

e rank C; = 2r (Sufficient condition)




CHAPTER 3. SYSTEM DYNAMICS: ASSUMED MODES 70

where C; of dimensions 2r x jK ([ + 1) is given by
Ci=|[CLZ.CL---Z}CL--- 271 Cy (3.96)

The controllability conditions stated above will only lead to what we call a “Pseudo-
controllable” system since the matrix Cp is rectangular. The pseudo-controllability
is a consequence of the solution for the control inputs b, using the algebraic equations
of motion along with the continuity equations. The solution for control inputs b, is

given by
b, = CL{a}" - Z,a}} (3.97)
where C! is the pseudo-inverse of C given by
ci=(cic'c] (3.98)

Eq. (3.97) is the least square solution that minimizes

E =|Cbl —af*™" + ZpaY| (3.99)
or
c! =clic.ci! (3.100)

which minimizes the control inputs (i.e. b,) in the least square sense.

3.8.2 Trajectory Controllability

Controllability of algebraic system dynamics studied in the above section was strictly
in the sense of pointwise state controllability so that the concept can be viewed from
the same perspective as it is implied and done by the conventional (differential) state

formulation. Accordingly, state trajectories are suppressed and so far it is considered
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to be the capability to drive any a‘(,l) to any ag) with finite ;j > 1. By contrast, it

may also be desirable to reach a particular trajectory from any a} in a finite number
of advances in time. The intention in this section is therefore to broaden the above
mentioned perspective of controllability and extend it to search for trajectory specific

inputs.

Response trajectory of the system during any step in time is determined by the
generalized state vector @ as per (AEM) and its continuity across the time steps
maintained by the continuity equation. A desired trajectory on the other hand can
be prescribed either analytically or as a set of point data. At any rate, it must be
admissible and therefore, it can be curve fitted (step by step) by some suitable a@
so that it implies with the associated (AEM) and the natural continuity constraints
therein. Without further delay, using the same formalism as in [1] as applied to
distributed parameter systems, the system is said to be trajectory controllable or

a-controllable when

Global a-Controllability
° E;,' ! exists. (Necessary condition)

e rank Cgqj = rank I?u.,s (Sufficient condition)

where Cgq; is given by

Ca; = [Kuw GoCr GoZLCL GoZiCy - GoZyCy (3.101)



Chapter 4

Direct Optimal Control

In this chapter, the focus is on the development of a direct optimal control law for
distributed parameter systems using the algebraic equations of motion obtained in
previous chapters. In controlling the vibrations of a flexible structure using piezoelec-
tric actuators, the control input is the voltage applied to the actuators of the flexible
structure and the response is represented by the deflection of the surface, the variable

w.

The following development is applied to distributed parameter systems with dis-
tributed actuators, for which the discrete actuators are considered inactive. Therefore,

b; = 0.

An optimization problem consists generally of two major components; an objec-
tive function(or performance measure) and a set of constraint equations. In control
applications, the former involves a certain performance measure criterion and the lat-
ter is usually the state space equations of the system. The objective is to determine
the control input functions that minimize (or maximize as the case may be) the per-

formance criterion while the constraints are simultaneously satisfied. In order to put
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the proposed optimal control methodology in the right perspective, here, a widely
used standard performance measure in the control theory is considered. Thus. that

measure is chosen as

- % /:’ { /V [WTW.u + @ Wi + o7 Ro) dv} dt (4.1)
which corresponds to a typical performance measure of classical linear quadratic reg-
ulator problems. In this selection Eq.(4.1), if one considers a general case involving
all displacements in the z, y, and = directions, W, and W are 3 x 3 real, symmetric,
positive definite weight matrices for w and w respectively, R is a 3 x 3 real, symmet-
ric, positive definite weight matrix for the control v. However, for the special case
studied herein these matrices would be reduced to a simple scalar coefficient since w
is the only nonzero displacement. Naturally, it is also possible to account for some
terminal measures and even cross coupling terms for v and u in J. However such

details are inconsequential from the perspective of the general methodology presented

in this chapter.

4.1 Algebraic Performance Measure

To provide the statement of the direct (algebraic)optimal control problem, the perfor-
mance measure given by Eq. (4.1) will be converted to an equivalent algebraic form.
Non-dimensionalizing the time parameter ¢ and substituting the assumed mode ex-
pansion of the displacement and electrical potential given by Eqs. (3.27) and (3.33)

respectively into Eq. (4.1), the performance measure becomes

o r

J[t—l,bu] = 5'[1 [Aa+A000]TWq[Aa+Aoao]dT

1 1

0 0
6 r

+ 5 /0 [Bb,] R,[Bb,|dr (4.2)

6 rt1 , 1
+ 5/0[5440-{' Aaao]TWq[aA'a-i- AgaoldT
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where (') denotes nondimensional time derivative, and
w, = / UTW, UdV: W, = / UTW.UdV; R, = / VIRVAV (4.3)
v v v

which have dimensions (r x r), (r x r), and (K x K') respectively. Obviously, without
loss of generality, the performance index could be defined differently using the weight-
ing matrices W,, W, and R, instead of the matrices W, W, and R. This choice
will lead to allocating different weights to different modes, but the original definition
of the performance index J has physical significance as it is related to energy of the
system (kinetic energy, strain energy, etc...). The second choice may lead in some

cases to better results but its physical significance is not obviously understood.

Performing the transposition and arranging terms, we obtain

1
J(a.b,) = —g-aT U [ATWqA-f-eizA’TWqA']dr]a
Z 0
Lo i
+ 6af /0 [ATWqu-i-a,;,_-A’TWdA{,]dT] ao
9 r ol
+ 267 | /0 [BTR,,B]dT]a
O r[['ar L oo /
+ zal /O (ATW Ao + 7 A7 WéAo]d-r] ao (4.4)
Defining
—_— 1 —_— 1
W, = /0 [ATW ,Aldr: W, = /O [ATW, Ao)dr (4.5)
— 1 rt , — 1 1 ,
W=z /o [ATW A Wi = 5 /0 [ATW,AL]dr (4.6)
— —_— — —_— — — — 1
W=W,+Wy;; Wo=W,,+Wio; R,= /0 [BT R, Bdr (4.7)
9 1 1
Jo = saf [ /0 [ATW, Ao+ 5 AT W,;A{,]dr] ao (4.8)

the objective function can be written as

J(a,b,) = g {a"Wa +2a"Woao + bIRob, } + Jo (4.9)
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Hence, the linear quadratic regulator performance measure given by Eq. (4.1) in its
typical functional form involving integral expressions is now converted to an equivalent
algebraic form. Note that this result is achieved by introducing the complete assumed
mode expansion given by Eqs. (3.27) and (3.33) into the performance measure, Eq.
(4.1). Once the system is defined and the weight matrices are chosen, the integrations
involved in the definition of Wq, qu, Wq-, w—qo, and R, can easily be performed
systematically; because the matrices A, A’, Ag and B possess a certain structure in
their 7 dependency by virtue of the time modes and Aj is merely a constant matrix.
Therefore, Eq. (4.9) is truly an algebraic expression. Note that the performance
measure J(a,b,) is quadratic in the unknowns a and b, and the last term J; is not

function of a@ or b,.

4.2 Formulation of Constraints

The constraints of the optimal control problem consists of the state equations derived
previously, from the AEM of the system under consideration. These are readily
available in algebraic forms in terms of @ and b, from the linear algebraic state

equations
éra = I?ud,bu - aoao (410)

Simply, rearranging above equations, the constraint equations of the optimization

problem are formed as:
C(a,b,) = G,a — K.4b, + Goao (4.11)

It is worth noting that the constraint equations thus obtained are the result of the

direct substitution of the admissible functions forms (finite series expansion) of the



CHAPTER 4. DIRECT OPTIMAL CONTROL 76

unknown states and inputs into Hamilton’s law of varying action that governs the

motion of the system.

4.3 Direct Optimal Control Statement

Developed above is the quadratic regulator performance measure converted to an
equivalent algebraic performance measure along with the algebraic state equations
written in the form of constraint equations. Hence, both components of the op-
timization problem are available in their algebraic form. Consequently, the linear

optimal problem can now be stated as:

Linear Optimal Control Problem
¢ Minimizing J(a, b,) = g— {aTWa + 2GTW000 + bfﬁubv} + Jo

¢ Subject to C(a, b,) =§,.a. — I?wb,, + aoao =0

Assuming that the controllability and observability conditions are satisfied, a fixed
final time t; (corresponding to a fixed period of time §) and free final states are con-

sidered. @ and b, constitute the unknown states and the unknown inputs respectively.

The equivalent problem in traditional control approach using differential equations
would normally require a standard procedure for solution: Augment the objective
function J by the differential state equations (constraints), after introducing a set of
Lagrange multipliers (known as co-states); resort to techniques of calculus of varia-
tions to minimize the augmented objective function thereafter. It is well known that

this conventional procedure leads to a set of nonlinear matrix differential equation
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known as the Riccati Equations. By contrast, the direct optimal control problem
involves only the algebraic equations. Two solution procedures are provided here.
Both are straightforward and neither one leads to any differential equations. Instead,

both procedures yield the optimal solution directly as shown below.

4.4 Optimal Solution

4.4.1 Optimal Solution via Direct Substitution

By noting the structure of the direct optimization problem emerged above, one rec-
ognizes that constraint equations C{a.b,) = 0 possess a bilinear form and, therefore,
there is no need for a set of co-states. Furthermore, the algebraic character of the
functional allows us to solve the problem by simple substitution rather than invoking

any kind of calculus of variations.

From the constraint equations C(a,b,) = 0 we can readily obtain a in terms of

b,:

——

a=G. Kub, — G. Goao (4.12)

r

Substituting for a directly into the objective function, rearranging terms, one obtains

9 - _
J(by) = 5 {bT[H + R.]b, + 2bT[Hoao] } + Jo(ao) (4.13)
where
H = [G. K. WG, K. (4.14)
Ho = [G, K.|'[-WG, Go+ W, (4.15)

_ 8 ——]— ]~ —
Jo(ae) = Jo+zaj [G. G WG, Go-2Wolao (4.16)
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Thus, the objective function is reduced to a simple quadratic form in b,. Jo(aq)
represents the residual terms in ag only and has no effect on the optimal solution.
(mathematically, it is possible to construct a system of algebraic equations for which
arbitrary eliminations may pose complications, this is not a concern in this study.
since a natural separation of the controls and states takes place for the physical

systems considered here through this study.)

e Necessary Condition to minimize J(b,) is that

aJ
= 4.17
3. 0 (4.17)
which gives the optimal solution as:
b: = —[H + R,]"[Hoao) (4.18)

o Sufficient Condition for b} to correspond to a minimum is that the second partial
derivative of J(b,) with respect to b, must be positive definite. From Eq. (4.13) we
get

%31 — O[H + R (4.19)
in which R, is positive definite since the weighting matrix R is positive semi definite.
On the other hand, an inspection of Eq. (4.14) indicates the same for H too. Conse-
quently, their sum is also positive definite. Therefore, %‘%— is in fact positive definite.

Hence, any concern on the existence of the inversion involved in obtaining b in Eq.

(4.18) is removed.

4.4.2 Optimal Solution via Lagrange Multipliers

Another form of the optimal solution can be obtained directly by using Lagrange

Multipliers associated with the constraint equations. To this end, we augment the
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objective function and write
Ju(a,b,) = J(a,b,) + 0ATC(a,b,) (4.20)

where A is identified as an average Lagrange multiplier over [tq, t]. Necessary condi-

tions for optimality are:

oJ.  od. _ 8l
o, = % =0 5T

0 (4.21)

Carrying out the required operations, the first and second conditions yield

b, = R, K.\ (4.22)
A = —G. [Wa+ Woaq (4.23)

The last condition simply recovers the constraint equations. Substituting Eq. (4.23)

into Eq. (4.22), the optimal solution is obtained:
ee] ~T e T e ~ T ~aT——
b: = —[Ru lKZd:Gr TW]a - [RUKuéGr Wo]ao

Since R, is positive definite, the sufficient condition for b} to be a minimum is assured.
The difference between the forms of optimal control in Eq. (4.18) and Eq. (4.24) is
one of algebraic operations. Eq. (4.24) clearly shows the full state feedback form of
the optimal direct control, however the alternate form Eq. (4.18) being in terms of
feedback of initial states only will prove to be much more practical in simulating the

closed loop system and implementation of the control law.

4.4.3 Optimal Gains and Physical Controls

Obviously the optimal control solution b is not the actual physical optimal control

to be implemented. These latter are simply obtained using the time assumed-modes
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expansion. Using Eq. (4.18) or (4.24) the physical control (ie. voltage) is given by
¢™(r) = B(r)b; (4.25)

Looking at the form of b} in Eq. (4.18) and Eq. (4.24) we can easily identify optimal

feedback gain matrices go, g; and § by writing

b, = g.a0 (4.26)
b, = ga (4.27)
where
9, = —[H+R,]'Ho (4.28)
g = [94] (4.29)

Note that these gain matrices are constants and need to be computed only once during

the period [t;, ts]. Their physical counterparts can be readily obtained as

K\(r) = B(r)g,; K(r)=B(r)g (4.30)

4.5 Closed Loop System

As stated previously, the algebraic equations of motion derived in the preceding chap-
ter take on the role of the differential state space equations of conventional control
theory for the same dynamic system. Both representations describe the open loop
system dynamics. Similar to the conventional approach, the feedback controls either
in Eq.(4.26) or Eq.(4.27) can be introduced into the state space equations to arrive
at the closed loop system. However, since the simulation of the closed-loop dynamics
is desired, the form of state feedback given by Eq. (4.26) would be more useful to
this end. Accordingly, substituting Eq. (4.26) into Eq. (4.10) we obtain

~—~—] o~ ~——] o~
a =[G, K.g, -G, Golao (4.31)
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which is in the form of

a = Pag (4.32)
& = [G. Kuwg, -G, Go (4.33)

The matrix @ can now be identified as the closed loop system dynamic matrix, similar
to the transition matrix of the conventional state-space control theory. With the aid
of natural continuity conditions across each time step, Eq. (4.32) relates the closed
loop dynamics in any time step to the initial values at any previous step and for that
matter to the original initial conditions of the dynamic problem. Using the continuity

condition given by Eq. (3.87) one can write

alt' = Pda) + Pyal

= (P® + Py)aj}, (4.34)
where P and P, are given by Eq. (3.89). According to Eq. (4.32) we have
a’t! = dalt! (4.35)

Hence, with Eq. (4.34) and Eq. (4.35) the dynamic response can easily be computed
for any period of time. Noting also, that the simplicity both analytically and compu-
tationally of the proposed methodology as applied to linear optimal control problem

under discussion should be more obvious now.

[t is important to note that the methodology thus far developed is not restricted
to structures with distributed actuators only. For that matter, for example if we
consider discrete actuators instead of distributed ones, the optimal control inputs b}
corresponding to b} as given by Eq. (4.24) along with the closed loop dynamic matrix
@ would be

b, = —[R,'B.G. Wla—-[R,B.G. Wao
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= ga +goao (4.36)
& = [G. B,g,— G. Gy (4.37)

4.6 Active Vibration Control of a Plate

In most practical applications, the thickness of a plate is small in comparison with
its smallest lateral dimension, and hence Kirchhoff’s hypothesis may be assumed to
be valid. That is, tractions on surfaces parallel to the reference plane are negligibly
small as compared with the inplane stresses, and inplane displacements are linear
functions of z. The transverse shear deformations and rotary inertia are neglected.
The transverse shear strains are also neglected i.e. S3; = Ss = 0 and S3; = 54 = 0.
Under this assumption the inplane displacements u and v and the transverse deflection
w at an arbitrary point of the plate in the z, y and = directions may be approximated

by

u(z,y,z.t) = —z%lf
ow
v(z,y,2,t) = —z—
(2,4,5:0) s
w(z,y,z.t) = w(z,y,t) (4.38)

The strains are related to the displacement field as:

ou dv ou Ov
Slz—a? Sz—a—, “6‘_y+a_x (4.39)
which gives
J*w 0w d*w
S] = _"W’ 52 = _‘W' Ss = —QZayal‘ (440)
and

53 = 54 = 55 = (4.41)
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so, the strain vector is reduced to
S = [Sl 52 SG]T (442)

and hence the matrix B, is given by for Cartesian coordinate as,

32
Ersd
B,=L,U=- % U(z,y) (4.43)
992
“3zdy

and in polar coordinates it is expressed as

32
37

B, = - 1o 4 Flfa%zf U(r,0) (4.44)
1 32 19
2(LoZ — & 3)
and the corresponding material elasticity matrix C after integrating over the thick-

ness, along with the piezoelectric matrix e are given by

1L » O 0 0 emn
c= ¥ : eT=10 (4.45)
BRETETL N O A R -
00 ¢ 00 0

2

where Y is Young’s modulus, v is Poisson’s ratio, h thickness of the plate. The

potential operator B, is given by

Bd’ e (4.46)

Yo o o
<

At this point, the designer must decide upon the shapes of the assumed displacement

field w and electrical potential v.

In an adaptive optics system, a tip-tilt mirror is a fast steering mirror which

corrects for wavefront gradient of the incoming light beam. The surface of the mirror
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Property | Plexiglas | Piezo. Ceramics (PZT G1195) | Units
p 1.19 x 10° 7.6 x 10° kg/m3
Y 3.10 x 10° 63.0 x 10° N/m?
h 1.60 x 1072 100.0 x 10~° m
v 0.35 0.28
d3; 180 x 10~12 m/V
d32 180 x 10-'2 m/V

Table 4.1: Material Properties

has to be constantly flat. But because of the induced vibrations in the mirror’s
motion, some vibration mode shapes come to exist which degrade the performance of
the mirror. The optimal control methodology developed previously for the regulator

problem is applied for such a case.

A plexiglas square plate sandwiched between two thin piezoelectric polymers is
used in the analysis. It is assumed that all four edges of the plate are simply sup-
ported. The top piezoelectric layer is divided into quarters, giving four equally seg-
mented actuators. Figure 4.1 illustrates the plate model. Note that the separation is
infinitesimally small so that it is continuously elastic, but is open-circuit electrically.
[t is assumed that the plate has a dimension of 0.2 x0.2 x 1.6 x 10~3m? and it is made
of plexiglas. The piezoelectric actuator layer is made of piezoelectric polyvinylidene
fluoride (PVDF') polymer with a thickness of 100um. All material properties are

summerized in Table 4.1.

Case I: Controller performance

In this case we consider the uncontrolled and the controlled response of the plate.
No damping is included (be it natural or Rayleigh type). The four patches represent

the actuators with four control inputs. The time-series expansion of the each single
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T~

PiezoelectricPatches

Figure 4.1: Geometry of the square plate with piezoelectrics
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input is restrained to the zeroth order term in the series. Thus the simplest possible
form of expansion of the inputs is chosen. With this choice, the control variable o is
identified as the physical control input and by definition it is an unknown constant
to be found optimally over the control period to < t < ;. Hence it is assumed that
the control input will remain constant at its value at the beginning of each control
interval. This corresponds to a zero-order hold on the physical input over a control
period, a choice which would be very attractive for digital implementation.

The system matrices can be obtained following step by step the procedure given

throughout this chapter.
For this case, the mode shapes for a simply supported square plate are given by

Uy = sin(¥)sin(qaﬂ); p=123 g¢=1,2 (4.47)

which is equivalent to r = 6 natural modes. Obviously, one can include as many
modes as possible to ensure a more precise analysis of the plate vibration. However.
the goal here is to study the performance of the controller designed using the direct
optimal methodology, therefore, the six first modes already represent the six natural

modes, further analysis was not deemed necessary.

For the generalized coordinates q;, the time-series expansion was limited tom = 4
equivalent to a third order fitting polynomial. The plate was given an initial distur-
bance (initial velocity is zero) where all the natural modes were excited with different
amplitudes. For the controller, the weighting factors were chosen to be W, = 1 x 102,
W, = 2 x 102, and R = 1. The sampling period was chosen to be 20 ms. With
these choices, the feedback gain g, of Eq. (4.28) was readily computed using the
definitions of matrices involved via Eqs. (4.14, 4.15). We could also compute the full
state feedback gain matrix g defined by Eq.(4.29) which is for this case a 4 x 24 gain

matrix. However, by considering the closed loop system, the 4 x 12 gain matrix g is
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eliminated to yield an effective 4 x 12 gain matrix g, for the feedback of initial states
only.

Unlike the discrete system case, the gain matrix in distributed parameter systems,
is not a feedback matrix of physical displacements and velocities. However, the op-
timal control methodology does yield a linear state feedback control in the common

form after conversion of different matrices to their physical counterparts.

Figure(4.2) shows the uncontrolled and controlled responses at a specified location
(z = y = 5cm from the (0,0) corner) on the plate along with the control voltages

time history of the four actuators.

The shape of the plate at specified time frames is shown in Figure (4.3), where we
can see clearly how the controller acts to damp out the higher modes at first, dealing
later with only the first modes to bring the whole structure to zero displacement at
the final time. This is confirmed by the fact that the decay of any modal oscillation
depends mainly on the frequency content of the mode considered. Hence, even if we
have the same active damping gain (equivalent to damping ratio), the higher modes

decay faster.

Case II: Effect of the initial disturbance

In this case, we study the effect of the initial condition (disturbance) on the per-
formance of the controller leaving the weighting factors W, W, and R the same
as in the previous case (case I). For this case only one mode, namely mode (1,1) is

considered.

The results of the uncontrolled and controlled responses at the center of the plate,
and the time history of the input control voltages are depicted in Figure (4.4). The
results show that the control effort to damp out the oscillations are lower than for

the previous case, this can be explained by the fact that the oscillation amplitude has
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Figure 4.2: Controlled and Uncontrolled responses at point (5,5)cm of the plate, and
the control voltages of the four piezoelectric patches for the controlled response; Case
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diminished due to the absence of higher modes.

Also to be noticed, is the uniform behavior of the four actuators to act as one
single actuator for such a case, this due to the single mode excitation. Clearly, this
shows how the controller is trying to optimally distribute the control effort among

the four actuators, leading to lower demand in input control voltages.

Case III: Effect of the weighting factors

In this case, we study the effect of the weighting factors W, W, and R on the
performance of the controller. First, only W; was set to a higher value than in the
previous case, W, = 2x 103, whereas W, and R remain the same as in case . Figure
(4.5) shows the uncontrolled and the controlled responses at the center of the plate,

along with the time history of the control voltages of the four actuators.

In this case, the oscillations are damped very quickly as compared to case I,
but the price to pay for that results in higher voltages to drive the actuators to such
performance of the controller. In another attempt -not shown here- to study the effect
of W, on the performance of the controller, it was noticed that, the factor W has
a predominant effect on the controller performance. This is due to the fact that the
control efforts (moments) induced in the segmented distributed actuator counteract
the motion of one half and augment the motion in the other half of the displacement
feedback control cycle. However, the control efforts (moments) always counteract the
oscillation in the velocity feedback control. Furthermore, higher gains give better
control effects. However, in practice, the total feedback voltage is restricted by a
breakdown voltage, usually 10 — 30V/um (d.c./a.c. voltage), for piezoelectric PVDF
polymers. Besides, a sudden change of high voltages resulting from higher control

gains could cause unstable oscillations.

Case IV: Effect of the actuator area size
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In this example, the actuators area is changed from covering the total palate’s
area ) to %, -‘33, and %. Figure (4.6) shows the controlled response at the center of
the plate with the input control voltage of actuator # 1 only, since only one mode is
in effect. The weighting factors W,, W, and R remain unchanged throughout each

area case.

[t is observed that the control effect decreases as the effective actuator area shrinks.
This is due to the effective control line moments reduces as the effective area becomes

smaller.

4.7 Concluding Remarks

The optimal control law introduced here represents a global optimum for the the
time interval (fo, ¢;). In a time-marching solution for an arbitrary length of time, it
localizes to the time slice (%o, t;). Certainly one may be concerned that the control
policy generated for an arbitrary period by time-marching of local controls may not be
globally optimal. Such concerns should be overridden by simplicity and computational
efficiency with which locally optimal direct controls can be obtained by the method
proposed in this chapter. Furthermore, the global optimality of solutions of the linear
quadratic regulator theory for arbitrary control periods is only subjective and not
necessarily desirable for all control tasks and the traditional theory merely serves as
an elegant mathematical means of generating control laws. It is this latter feature that
makes it more valuable to the control designer rather than its global optimality. From
this perspective, the feedback control gain matrix § of the direct method obtained as
a non-algorithmic solution to the control problem should be an attractive alternative
to traditional indirect approach which uses differential equations and culminates in

Riccati equations.



CHAPTER 4. DIRECT OPTIMAL CONTROL 92

To recapitulate, a direct method of optimal feedback control via Hamilton’s law
is developed and illustrated. The method yields closed form solutions for feedback
control gains by optimizing a quadratic regulator performance measure. The novel
feature of the method is that the control and response problems are cast in the form
of algebraic equations instead of traditional differential equations. Consequently, the
technique developed here has the potential to yield solutions to control problems in
a general, yet simple, straightforward, computationally efficient manner. The case in
point is the subject of this chapter: The form of the solution we developed is equally
applicable to both time-variant and time-invariant linear distributed parameter sys-
tems, and furthermore, in the proposed method no Riccati equations -or alike- were

encountered.

Applied to active vibration control, the direct methodology offers an alternative
method of analysis and simulation of stuctural dynamics. For the example studied,
it was found that the control effect decreases as the weighting factors decrease. The

control effect also decreases as the actuator effective area is reduced.

Since the lower modes are more important than the higher modes in structural

monitoring and control, only lower modes are considered in this study.

Higher feedback gains generally lead to better control effects. However, in prac-
tice, the highest feedback voltage is restricted by a breakdown voltage, around 10 —
30 V/um (d.c./a.c. voltage) for piezoelectric PVDF polymers. In addition, an abrupt
change of feedback control resulting from high feedback gains could introduce unstable

oscillations.
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Figure 4.4: Controlled and Uncontrolled Displacements at the middle of the plate,
and the control voltages of the four actuators; Case II
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Chapter 5

Direct Optimal Shape Control

5.1 Direct Optimal Tracking Control

[n this chapter, the tracking control problem is envisaged, particularly, the focus is
on finding an optimal control law for configurating a surface to a desired shape in
time and space. The main application of this control law is to control a deformable
mirror used in adaptive optics where the surface of the mirror has to be configured
to the shape of the light wavefront. The problem considered is: Given the shape of
the wavefront in time and space, find the optimal control law to configure the surface

of the deformable mirror to the desired surface (wavefront shape).

The direct optimal regulator problem was presented in the preceding chapter, for
which the optimal solution was obtained given the algebraic state equations. For
targeting a surface configuration in space and time, the previous formulation need
to be reconsidered and modified as necessary. Hence the general tracking problem is

considered.

In a similar manner as previously symbolised, the performance measure for linear



CHAPTER 5. DIRECT OPTIMAL SHAPE CONTROL 97

optimality problems we consider is given by

= %/:' {/V [(w — @)W . (u — &) + (& — &)TWa(a - &) + v" Ro] dv} dt (5.1)

where 4 denotes the prescribed configuration in space and time (or simply the pre-
scribed trajectory) for the generalized displacement vector u. W, and W are real,
symmetric, positive definite weight matrices for u and % respectively, R is a real,
symmetric, positive semidefinite weight matrix for the control v. The subscript ¢ of

J: in Eq. (5.1) designates that the integrand is in terms of the actual time variable .

5.2 Prescribed Trajectories

The prescribed vector of desired trajectories for tracking is given by
a=[adw (5.2)

these trajectories can be prescribed either analytically or as set of point data. Either
way, they can be curve fitted and represented by modal expansion. More specifically,
for a period of time [¢; t;] corresponding to a nondimensional time period [0 1] where

the nondimensional time variable is T we can write
@ =U(z,y,2)[A(r)a + Ao()a0] (5.3)

The form of the prescribed trajectory is inspired from the modal expansion (assumed
modes) method presented in chapter 3. In the curve fitting process, the space and
time functions could be chosen arbitrarily as long as the boundary conditions are

respected. Among the choices, we can always choose U and A as

-~

U

——

A

U (5.4)
A (5.5)
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for Ag is equal to Ag by virtue of initial conditions. The expressions of U and A
given by Eq. (5.4) and (5.5) will be used through out this chapter. Other choices
could be used without altering the generality of the proposed method.

5.3 Objective Function

The objective function to be minimized is given by the performance measure of Eq.
(5.1). To make it easier to follow, the performance measure is written in terms of

nondimensional time r and decomposed into three components as follows
JSe=dv+ i+ Iy (5.6)

where each component is given by

g o ) )

J. = 5/0 /V(u—u) W (u — @)dVdr (5.7)
0 . AT .2

Jo = 5/0 /V(u—u) Wil — 4)dVdr (5.8)
8 [

Jo = 5[ [ o Rvdvar (5.9)

Using Eq. (5.3) and Eq. (3.26) we get

u—u =U[A(a - a)+ Ao(ao — Go)] (5.10)

@ -4 =U[A'(a- &)+ Aj(ao — @o)] (5.11)
Substituting into Eq. (5.7), transposing, and rearranging terms, yields
I = g / 1 [ (a-a)TATU'W A(a - &)avir
+ g /0 ' /V %a — &)TATUTW U[Ao(ao — do)dVdr

6 ~ \T oTyT - .
+ 3 /0 /V (a0 — Go)TATUTW , Ag(ao — do)dVdr (5.12)
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Using Eq. (4.3) we can write the component J, of the performance index J as

9 n . N " “
Ju = 3 /o [(a—a)TATW A(a — &) +2(a — &)TATW Ao(ao — @o)
+ (@0 — @o)T Ag W, Ao(ao — @o)]dr (5.13)

Similarly, J; is written as

3 I r 7 s
J, = g/ (e —&)TATW A'(a —a) +2(a —a)TATW;Ay(ao — @)
< J0

+ (a0 — @o)T AT W ;Al(ao — do)]dr (5.14)
and
0 l T T -
Jy == / T BTR, Bb,dr (5.15)
2 Jo

Using the notation given by Egs. (4.5), (4.6, and (4.7), we finally obtain J in the

form

9 — _ _
J(a,b,) = 5 {(a - &)TW(a - &) + 2(a — &) Wo(ao — o) + b] Ryb, } + Jo(5.16)

where

g R , _
b = 3 /0 (@0 — Go)TATW ; Al)(@o — do)dr

6 rt . ) , -
+ 5 [ (@0 — G0 AT W ;A4 a0 — Go)dr (5.17)

~

5.4 Direct Optimal Tracking Control Statement

Given the constraint equations Eq. (4.11) along with the objective function repre-

sented by Eq. (5.16), one can state the direct optimal tracking problem formulation

as follows
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Direct Optimal Tracking Problem

e Minimizing: J(a. b,) =2{(a — @)TW(a — &) + 2(a — &) Wo(ao — &)

+ b{Ebu} + Jo

e Subject to :C(a, b,) =G.a — I?,,.,,b,, + Goag =0

5.5 Optimal Solution

Before proceeding into the solution, it would be useful for us to rewrite the objective
function in a suitable form to facilitate the algebraic operations subsequently. For

this we write
J = g[aTW’a +2aTWoao + bTR,b,] — 6[a”Wa + a’ Woao| + J (o, &, @0)(5.18)

where

| <

J=2[aTWa + 28T Woao — 28T Weao) + Jo (5.19)

5

NJ

By inspection of Eq. (5.18), we note that the major difference between this and the
corresponding optimal regulator problem is the presence of the middle term in the
expression of Eq. (5.18). Therefore, the procedure for solution will be almost the

same as before taking into account the differences between the two formulations.

5.5.1 Optimal Solution via Direct Substitution

Method of direct substitution introduced in chapter 3 is examined first, which uses

the constraint equation Eq. (4.11) to write @ as function of b, and then injecting it
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into the expression of the objective function. Hence a is eliminated from J and the

resulting expression is

9 — e pe— o
k) = 3 {67(H + R.]b, + 2bT[Hoaol} — 6b7 (G, K .s]"(Wa + Wodo)

+jo(ao,&7&o) (5.20)

where Jy(ao, @, @) represents all the residual terms in ao, @, and @o, and has no
effect on the optimal solution, and the objective function is reduced to a quadratic

formin b,

e Necessary Condition to minimize J(b,) is that

aJ

T

This gives immediately the optimal solution as
b = [H + R {[5,‘ 'K o]T(Wa + Woao) — Hga.o} (5.21)

e Sufficient Condition for b to correspond to a minimum is that the second partial
derivative of J(b,) with respect to b, must be positive definite. From Eq. (4.13) we
get

a%J —

— =0[H 5.22
in which R, is positive definite since the weight matrix R is by definition. On the
other hand, an inspection of Eq. (4.14) indicate the same for H too. Consequently,
their sum is also positive definite. Therefore, %{- is in fact positive definite. Which

should clarify the existence of the inverse involved in obtaining b .

The optimal solution b could also be written as

~

b, = g,a0 + b.o (5.23)
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where

9. = —[H+RJ]'Ho (5.24)
bo = [H+RJ'G, K.|"(Wa+ Woao) (5.25)

A simple inspection of Eq. (5.23) reveals that in the optimal tracking solution is
imbeded the optimal regulator solution. That is the first term in Eq. (5.23) corre-
sponds to the optimal solution of the regulator problem, the second term involves
contribution from both disturbance and tracking components. Note also that the
gain matrix Gj is the same as the one without tracking. The term 50 can be viewed
as a reference input imposed by the prescribed trajectories and input disturbances
at every interval [to tf]. The gain matrix is systematically determined as soon as the
system is defined and the weighting matrices are chosen. Moreover, it is computed
once throughtout the total period of control time as well as the matrices of @ and @

defining the reference input.

5.5.2 Optimal Solution via Lagrange Multipliers

A different method for obtaining the optimal solution of the tracking problem, is the
one in which Lagrange multipliers are used. To this end, the objective function given
by Eq. (5.16) is augmeted by a the constraint equation associated with Lagrange
multipliers. Lagrange multiplier vector A is averaged over the period of time [to ¢4].

Thus the extended objective function is written as
J.(a,b,) = J(a,b,) + 0ATC(a, b,) (5.26)

Necessary conditions for optimality are:

aJ, 8. aJ,




CHAPTER 5. DIRECT OPTIMAL SHAPE CONTROL 103

Carrying out the required operations, the first and second conditions yield

b, = R, K.\ (5.28)
A = -G [W(a-a)+ Wo(ao— do)] (5.29)

The last condition simply recovers the constraint equations. Substituting Eq. (5.29)

into Eq. (5.28), the optimal solution is obtained:

Am

b, = —(R,'K,,G, |{W(a-a)+Wo(ao—ao)}
= g(a - a)+go(ao — ao) (5.30)

The positive definitness of G, insures for b to be minimum. The form of the optimal
solution thus obtained which is of linear state feedback form, is different from the one
obtained by direct substitution. This difference is merely one of an algebraic opera-
tion. However, using Eq. (5.21) will prove to be much more practical in simulating
the closed loop system and implementation of the control law since it is function of

the initial states only.

5.5.3 Optimal Gains and Physical Controls

The physical controls can be obtained in the same way as prviously done for the case
of optimal regulator problem. Reconsidericg the physical control voltages given by
Eq. (5.31)

(1) = B,(1)b

along with Egs. (5.23), (5.30) restated as

i’ul = 91‘10'*'50

Ax

b, = g(a—a)+gy(as— ao)
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the physical controls can be obtained as

¢(r)= K(a—a); ¢(r)=Kiao (5.31)
which gives
K\(t) = By(r)g;; K(r) = B,(7)3 (5.32)
with
9 =909l (5.33)

K and K, are the actual feedback matrices which will be time dependent if B, is T
dependent. Note that the possible time dependency of the feedback gains K (or K)
is implicit through the assumed-time modes, however the actual gain computations
are done only for the matrix g, (or §). The optimal control law Egs. (5.31), (5.31)
represent a global optimium for the time interval [¢; ¢f]. In a time-marching solution
for an arbitrary length of time, it localizes to the time slice (¢; — ¢;). One may be
concerned that the control policy generated for an aribtrary period by time-marching
of local controls may not be globally optimal. However, the simplicity and com-
putational efficiency here should override such concerns. Moreover, noting that the
feedback control gain matrix G of the direct approach is obtained as non-algorithmic
solution to the optimal control problem, it should be an attractive alternative to

traditional indirect approach which culminates in Riccati equations.

5.5.4 Concluding Remarks

As was done with the optimal regulator problem, the optimal tracking problem is not
restricted only to stuctures having distributed actuators. For a structure with discrete

actuators the optimal solution, and consequently optimal gains can be obtained by
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simple substitution of the matrix §,. in lieu of K u¢ for different gain calculation as

in the optimal solution given by Eq. (5.30) we can get

b, = —[R,'B,G, |{W(a-a)+ Wo(ao — o)}

= g(a —a)+ go(ao — o) (5.34)

Another important point pertaining to the actuator placement index. Given the
optimal control gain matrix g, (or §), one can always check the singular values of this
matrix to exclude the corresponding mode from the model, leading to computationally

more efficient control system.

5.6 Tracking Control of a Deformable Mirror

A circular bimorph deformable mirror is considered in this study. The mirror’s di-
ameter is 60 mm, however the optically active area has a diameter of 30 mm. The
total mirror’s thickness is | mm. The mirror is considred simply supported at the
edge (i.e at its r=30 mm) and has six electrodes in the back, one central electrode
and five peripheral ones, see Figure (5.1). In this study, Zernike polynomials up to
ten modes with different amplitudes are chosen to be the desired shape of the mirror.
Outside the optically active area, the mode shapes considered satisfy the simply sup-
ported boundary condition of the mirror, these mode shapes are also enforced with
continuity conditions at the interface, these include displacement, slope and moment

continuities at r = 15 mm.

The displacement field w, within an optically active area is also represented by
Zernike polynomials. However the total area of the mirror goes beyond this optically
active area. It is important to choose the optically active area of the deformable

mirror within normalized dimensions less than unity. This choice is necessary to
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Figure 5.1: Bimorph mirror with sixe electrodes
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accommodate the Zernike polynomials, which generally have nonzero or spatially
varying values at the edge and at the same time account for the boundary conditions

at the support points of the mirror. Therefore for circular mirror with a radius R, we

have
,0) =U,(r,0)q(t); inside th erture
w(r.0.1) = wy(r, 0) 1(r,0)q(t); inside the ap (5.35)
wo(r,0) = U,(r,0)n(t); outside the aperture
Ui = Z; and q represents the Zernike coefficients, and Us; are given;
r
Un = I (—) 5.36
21 n R ( )
T\’ 5.37)
fae = - = .
Uz . (R) (

r\? r\?
= (L — (= 5.38
Uas (R) [1 (R) ] (5.38)
[n addition to the specified displacements boundary conditions, the displacements.

w; and ws, must satisfy the natural continuity conditions at the aperture boundaries

.l.eat r = Rg.

wl(R0709t) = w2(R0v07t) (5'39)
Ouy _ 0w (5.40)
or R - or R )
0%*w, 0w, (5.41)
ar? Re T or? R )

Similarly, the potential field within the piezoceramic can be represented in terms of
the voltage at the electrodes of each patch. For a K patches the potential function is

approximated by
v=[V V- Vklo (5.42)

where

2—1; 9,’ <0<0;; n<rr;
) 1 25 i LY (5.43)

0 otherwise

N
[
Y ammnthaeN
-



CHAPTER 5. DIRECT OPTIMAL SHAPE CONTROL 108

where 6;; and 6;; are the angular limits of the ** electrode, and r;; and ri; are the
lower and upper radial limits of the :** electrode. This shape function gives a potential

function that is grounded on both surfaces of a bimorph mirror. (i.e at z = th).

Case I: Tracking control of an environment distur-
bance

I[n this example, it is assumed that the atmosphere changes suddenly, and can be
represented by a tracking trajectory -labeled trajectory # 1- (desired generalized

coordinate) of the form:
gi = exp(—awt)sin(Bwt) (5.44)

where a and 3 are positive constants. The tracking path was sampled at a 5 ms
time step, and curve fitted to a 3" order polynomial. The desired trajectory can be
regarded as a set of data points through which a polynomial curve fitting will be done
over each local time sub interval of length §. The control inputs were chosen to be a
zero-order hold on the physical input as in the previous chapter. Another trajectory

is considered in this case where the atmosphere changes randomly in time.

For the tracking controller the weighting factors were shosen to be W, = 1 x 102,
W, =1x10° and R = 8. Figure (5.2) shows the prescribed trajectories and
the controlled responses at the center of the mirror. The input control voltages time
histories for both trajectories are depicted in Figures (5.3), (5.4). The results suggest,
that wether the trajectory is a predefined time function or a randomly generated
one over a period of time, the controller is still able to track it within the specified
limits of the hardware used, such as input voltage limitations, and/or Digital Signal
Processor limitations in terms of speed and number of bits used for quantization of

the incomming signal in the process of curve fitting.



CHAPTER 5. DIRECT OPTIMAL SHAPE CONTROL 109

Track and controlled response

displacement in =

te-0%

4e-0S

2a-0%
. /\ e
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Cime 0 mEec
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-de-3%1

Track and controlled response

displacement in o

)

4e-GCS

-4e-3%

Figure 5.2: Tracking and response at the center of the mirror for two different trajec-
tories
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Figure 5.3: Control voltages corresponding to trajectory #1
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Control Voltage of the actuator ¢1

Control Voltage of the actuator #2

Control Voltage of the actuator #3

Figure 5.4: Control voltages for the randomly generated trajectory

111



CHAPTER 5. DIRECT OPTIMAL SHAPE CONTROL 112

Case II: Effect of the number of electrodes

In this case we study the effect of the number of electrodes on the number of
Zernike modes to be controlled. We compared the results of two designs, in the first
one we consider six (6) electrodes over the optically active area, in the second design
there are seventeen (17) electrodes over the same optically active area. For both
designs, we want to control ten (10) Zernike modes. Figure (5.5) shows a contour
plot of the mirror’s surface at different time frames for the six electrodes case. Figure
(5.6) shows the contour plots of the mirror’s surface at the same time frames for the

seventeen (17) electrodes case.

By analysing these results, it becomes obvious that the more electrodes used the
better is the accuracy of the controlled surface to match the number of Zernike modes.
This can be seen from the fact that at ¢ = 70 ms frame, the six electrodes mirror is
able to control only four (4) Zernike modes, whereas the seventeen (17) electrodes one
presents six (6) Zernike modes. This lead us to ask the fundamental question, how
much is each mode controllable? or in other words, we need to have a controllability
measure rather than asserting only if the system is controllable or not. This question,
although pertaining to this study is the subject of a wide broad area in control systems
of flexible structures. A controllability measure will be defined to answer this question

subsequently.

The choice of the number of electrodes for each case was motivated by two effects.
For the six electrode case, the number of Zernike modes to control was higher than the
number of available input control voltages, in this case we are dealing with an under-
determined system. For the seventeen electrodes case, we have more electrodes than

modes, the system is overdetermined. In both cases, the control input is calculated
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to minimize in the least square error between the desired and the controlled response
for each time period. Note also, that the choice of an optimal methodology (be it
direct or indirect) allows us to calculate the input control voltages without resort to
pseudoinverse of the matrix K ., which -as it is known- is not an exact inverse of the

same matrix.

The controllability test allowed us in each simulation case to see whether the
system is controllable or not. The degree of controllability of each mode was not
possible using the same test procedure, namely checking the rank of the matrix
CL = PG. K.

Controllability measure:

A controllability measure was developed using the direct methodology. The mea-

sure is represented by the condition number of the matrix ¥ given by

-1

S =G, |Kug, - Go (5.45)

The condition number by definition is the ratio of the largest singular value over the
lowest singular value of the matrix ¥£. This measures how far is the largest singular
value to the lowest one, an indication how well is the system conditioned. It is obvious
that a well conditioned system is a system which has the minimal condition number.
Analyzing both 6 and 17-electrode mirrors cases, the condition number of each case
was found to be 8044 for 6-electrode mirror. and 2823 for 17-electrode one. This
explains well why for the latter case we have more controlled Zernike modes than the

former case.

This suggests that the less controllable modes corresponding to the lowest singular
values can be deleted from the model without affecting much the performance of the
system. This would reduce further the system and speed up the matrices computation

procedure involved in the computation of the feedback gain.
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Mirror‘s shape at t=10 ms Mirror’s shape at t=20 ms

Mirror°'s shape at t=30 ms Mirror's shape at t=1§ ms

Mirror‘'s shape at t=40 ms Mirror’s shape at t=70 ms

Figure 5.5: Surface shape of the mirror for 10 modes and 6 electrodes
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Mirror‘s shape at tzl0 ms Mirror’s shape at t=20 ms

Mirror’s shape at t=30 ms Mirror’s shape at tsl6 ms

Mirror’s shape ac t=40 ms Mirror’s shape at t=70 ms

Figure 5.6: Surface shape of the mirror for 10 modes and 17 electrodes
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5.7 Concluding Remarks

[n this chapter. direct methodology for optimal active shape control (optimal tracking)
of distributed parameter system is presented. It is seen that the representation of pre-
scribed trajectories for coordinates in the form of polynomial curve fitting simplifies
the algebra considerably. As a result, the procedures to obtain the optimal policies
here are essentially the same as in the case without tracking, since the constraint
equations remain the same. Hence, specific contributions of tracking to the optimal
solutions can readily be identified when compared to nontracking counterparts. The
tracking effect has the appearance of a reference input to the nontracking solution.
Since the method reduces the optimality problem to an algebraic one, the feedback
gains are obtained in a closed form, readily applicable to simulate the closed-loop
system. Furthermore, the form of the solutions is equally applicable to time varying
cases. The optimal tracking control laws derived here represent a global optimum
for the time interval [t; ¢;]. In a time marching solution for an arbitrary length of
time, they localize to the time slice (¢; — ;). One may be concerned that the control
policy generated for an arbitrary period by time-marching of local controls may not
be globally optimal. But the simplicity with which locally optimal direct controls
can be obtained by the method proposed here has the potential to overcome such

concerns in practice.

From this perspective, the feedback control gain matrices of the direct method
obtained as non-algorithmic solution to the control problem may serve as an attractive
alternative to the traditional indirect approaches that use differential equations and

culminate in Riccati equations.

Applied to shape control of a deformable mirror, as part of an adaptive optics

system, the direct methodology allowed us to simulate and have a good understanding
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about the behavior of the deformable mirror in presence of different atmospheric

conditions which affect the the light wavefront distortions.

The wavefront distortions were represented by Zernike polynomials where the time
dependent coefficient of each mode represents the desired trajectory in time. Two
cases were considered in this study, the first case simulate an abrupt change of the
atmosphere, the second is totally a random trajectory. The optimal tracking controller
designed using the direct methodology showed high performance in presence of any

type of disturbance.

The number of electrodes controlling the bimorph mirror is an important param-
eter to consider in the design of such a device. It was found that, increasing number
of electrodes would improve the accuracy of the desired shape, in that matter large

number of electrodes allow wide spectrum of Zernike modes to be controlled.

A controllability measure was set to assess the controllability of each mode for
a given mirror’s design. This controllability measure is simple, straightforward and
offers a new alternative to the design of deformable mirrors in terms of modal con-

trollability.
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Chapter 6

Space-Time Finite Element

Formulation

[n order to gain an insight to the proposed optimal control methodology, an alterna-
tive method in analyzing and evaluating the control system of distributed parameter

systems which is in the same line of thought, is investigated herein.

In this chapter. instead of using modal expansion in space and time of the me-
chanical and electrical coordinates, a finite element discretization in both space and
time is considered, from which the optimal control law is derived. The steps under-
taken are the same as for the modal expansion method, precisely, first, the variables
are discretized in time and space. After substitution of the discretized variables into
Hamilton’s Law, we derive the algebraic equations of motion. Then these equations
are put in a discrete state-space from for which the optimal control law can be ob-
tained. At the end of the chapter the case studies considered previously with the

assumed mode technique are repeated here for comparison purposes.
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6.1 Variational Equations

To derive the equations of motion. we use Hamilton’s law of varying action (HLVA)
given in chapter 3 by Eq.(3.38). All the terms included in Eq.(3.38) are given in
chapter 3, so, to avoid repeating the same statements, only the final variational

equation is given below.

Substituting all strain, electric displacement, virtual work terms in HLVA and

taking the variation, one can derive
t
I { / p5uTadV — [ [657CS +65TeE — §ETeS — 6ET<E| dv
ty v v
- / suTP,dV + / suTP,dS — / 5¢qu5} dt
|4 S $2

t2
= / 6qudV| (6.1)
174 ty

6.2 Finite Element Discretization

The discretization is done in both space and time domains. The domain of solution
in each time step contains a set of elements in space direction and m elements in the
time direction (A7 = (3 — 7(1) is the temporal element length). The displacement
u, velocity v and the applied voltage ¢ are defined within the element and the
momentum p is defined on the element temporal boundaries. It should be noted
that the discretization of displacements and the momenta are independent. This fact

ensures that there is no loss of accuracy due to the temporal differentiation. Thus,
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we have the following discretization scheme.

u==®(z,y,z2)P(t)u, ; ou=9P(z,y,z)P(t)bu,
w==®(zc,y,z)¥t)u, ; bu=9>D(zy,:)P(t)su,
¢ = Rz,y, NS, : 6= z,y, ) ()56, (6.2)
q = O(z,y)I'(t)q, . p=®(z,y,2)p,
i Py=w(z,y)v(t)f,
where @, 2, w, and @ are matrices of spatial shape functions, and ¥, I" and « are

matrices of temporal shape functions, u,, @,, q,, P, Pss, and p, are vectors of the

nodal variables of the structure.

Denoting uf , v{ , and wf the displacements in z, y, and z directions respectively of
node : at time level j. for a structure of n space-wise nodes, the displacement vector

u! at time level j, and the total displacement vector u, are as follows:

uj = [u{,v{,u:{,---,uj vj wﬂT (63)

S n! “n?

v, = [ul,---ulT (6.4)

s
where m is the number of time-wise nodes.

The strains S are defined by the first derivative of the displacement vector u
through the differential operator matrix L, [16]. The electric field vector is defined

by the electric potential ¢ through the gradient operator Ly as follows

S = B Wu, E = —B,l¢,
B, = L& By = L,

(6.5)

For a hexahedron isoparametric piezoelectric solid element with eight space-wise

nodes, we have

B. = [Bu,....,By] (6.6)
B, = [Bén""Btts] (6.7)
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Where

Q Q QO
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o JPRB Y o o
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y
|
Q Q QD
S’lp &’lp 3"_:)

ok o HF o 8 o

6.3 Equations of Motion
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(6.8)

Using Eqs. (6.1),(6.2), and (6.5), considering the coefficients of éuT and 57 results

in the system’s (structure) equations of motion

(M—Kuu) us-Ku¢¢3 = I—"',f,-i-(—;'p,

I—(¢¢¢3_I—(f¢us = QQs

where the matrices present in the formulation are as follows:

2 .7
/ W
t

t
L
t LNe

-/

tl

./ .
tl

[ T . t2 . T .
) / b didV] dt = [ @ Mdt
LNel” Ve t

[ ¢

) i BZCB,,dV] wdt = [ OTK, Wdt
Nel e

t

[ t
3 / BfeTB¢dV] rdt= [ wTK.Idt
| Net 7 Ve 2}

[ T _ [?pT
J%:I /V , BéeBd,dV] rdt = /t ITK 4, Idt

-/: w7 [Z/s‘ Buw dS] ydt

WT

Nel

. Lz{:l I , ¢T¢dVJ
[ [Z [, ae dS] rd

Nel

(6.9)
(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)



CHAPTER 6. SPACE-TIME FINITE ELEMENT FORMULATION 122

In Eq. (6.11-6.17) V. is the element’s volume, Nel is the number of elements in the
structure, and M, K,,, K,s, K44 are respectively the mass. stiffness, electrome-
chanical coupling, and piezoelectric capacitance matrices, and the momenta matrices

of the assembled system which are written as

B MUdt ... [P0, MWdt
M = : : (6.18)
JEE, M¥dt . [, MUt

POTKOdt ... [P K W Padt
I-(uu = . - . (6'19)
| [ KL Thdt . [ K W Wndt |
JPOTK sMdt ... [PUTK GTndt
K, = : : (6.20)
POl K, Odt ... [PWIK 4Tt
JBTTKedt ... [ TTK 4yl ndt
| J? ThKssTdt ... [P T7KssIndt |
[2riQridt ... [?riQr.d
Q = : : (6.22)
t2 T tz2 T d
| 2 TRQIdt ... [2I7QIndt
G ... 0 M ... 0
G = =% (6.23)
0 ... G 0 ... M

where M, K,,, K,;, K44 , and G are the usual mass, stiffness, electromechanical
coupling, and piezoelectric capacitance matrices, and the momenta matrices of the

assembled system respectively. The mass matrix M and stiffness matrix K, include
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both the elastic part as well as the piezoelectric part of the whole structure. The

structure’s matrices are defined as

M = Z/Vep@'[@dv

Nel

K, = BICB.dv
lvzd/;C

Kud) = Z/ BICTB¢dV
Nei?Ve

_ T
K, = ;{/V BTeBydV

Q = 3 [ a7eds

Nel

6.3.1 Actuator Equations

(6.24)
(6.25)

(6.26)

The equations of motion thus obtained represent as in the assumed mode model,

the actuator equation and sensor equation. Since we are merely concerned with the

actuator equation in this study, this latter is analyzed more thoroughly.

The actuator equation (6.9), can be written in a more compact form as:

B,y ... Binm u! —P! h!
. . _ o 41
Bmi ... Banm ul P™ h™
~P! G ... 0 -p!
0 _ . . .
P™ o ... G pT

where

B; = M~ (Ku),
h=[h'"..R")T = Ky.¢,+F.f,

(6.29)

(6.30)

(6.31)
(6.32)
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6.3.2 Sensor Equations

The sensing procedure considered in this section deals with the determination (mea-
surement) of the resultant voltage subject to a prescribed displacement. There are
two different cases to explore, namely: i) when a structure is used a simultaneous

sensor/actuator transducer, and i7) the structure is used only as a sensor.

In a general case the voltage generated as a consequence of a prescribed displace-

ment and an applied charge is given by:

¢, = Ky [Kopu. + Qq,) (6.33)
or in an elaborate form:
R Ly Lin u, Nu Nim q,
= by (6.34)
o5 L, Lonm ug Nm1 Nmm q7

e Voltage measurement sensor

In the standard piezoelectric sensor application, the voltage at the piezoelectric elec-
trodes is measured by a high impedance amplifier which allows no current flow to
and from the electrodes. The electrodes are essentially open circuited and thus the
applied charge is zero q, = 0, the measured voltage in this case is used to reconstruct

the mechanical state using the sensor equation Eq. (6.33)
- _1=T .
¢, =K, K, u, (6.35)
e Charge measurement sensor

Another important sensor application arises when a low impedance charge amplifier

is attached to the piezoelectric. The electrodes are essentially shorted and thus the
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voltage is zero ¢, = 0. This type of sensor was examined in [56]. In this case the
piezoelectric strain or strain rate can be found by measuring the charge or current

flowing to the electrodes. The strain is proportional to the applied current

=—1

g, =-Q 'Kl u, (6.36)

6.4 Two Nodes Time Element

We consider a structure of n space-wise nodes and 2 time-wise nodes (m = 2),and

linear polynomial in time direction, for which, the equations of motion are written

—p! h!

ml
Pl O M 24

as:

B,, B,
B;, By,

) et
LR
S’
I

Transforming Eq. (6.37) into

’=Hz'+h (6.39)
where
r = [uﬂ ’P{]T
N = -B;, Bu B;;
i BBy} By — By —BxnBy
_ [ BIR
h = 12 (6.40)
i +By; B h' — h?

Given the forcing terms h, and knowing the generalized displacement and momenta

at the initial stage @', % can be obtained and the solution is evaluated step-by-step.
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Note that the numerical computation of the matrices H and h needs to be done only
once during the solution. Computationally, the inversion of B, is the most intensive

step during this solution procedure.

For linear polynomials in the time direction the temporal shape functions are given

by
r= Ltk ;o At=tp—t; (6.41)
ty —t;
U, =I'=(1-7)I,; ¥, =I;=r1I, (6.42)
. . . . 1
v, =I = —ﬁln: v, =I;= EIn (6.43)

The matrix B and its constituents are thus obtained by direct time integration of

Egs. (6.18 - 6.21) where ¢; < t < ty,

_
M=—
At

M -M _ At
7 Kuu
-M M

= __A__t-[ wa %Ku‘b

Ku=3 (6.45)
31K Ku

_ At | Kgs %K od
K= |,

21 Koo Koo
where M and K, are the usual global mass and stiffness matrices of the structure

respectively. The submatrices B;; of B in Eq. (6.37) are then given by

= B = —_— — — un .
B 22 AtM 3 K (6.46)
1 At
= B = —_—— _—— uu .
B 21 Al M 6 K (6.47)

6.5 Optimal Control Formulation

In this section, the optimal regulator control problem is introduced first using the

dynamic model obtained through the finite element discretization scheme. The ob-



CHAPTER 6. SPACE-TIME FINITE ELEMENT FORMULATION 127

jective is to control the shape of the flexible structure (mirror) so that the resulting
shape is as close to the desired configuration as possible. This is done by defining
an objective function (performance index) to be minimized. The performance index
can be viewed as weighted sum of the mechanical energy accumulated in the system
during the operation and the control effort. Particularly using the same performance

index J introduced in Chapter 4, namely:

= é /t j’ { /V [uTWuu. +aTWau + ¢TR¢] dv} dt (6.48)

'

where all the matrices involved are given in Chapter 4.

Using the space-time finite element approach, and considering the two nodes time
element model, the control input ¢ or P, is approximated by a constant within the
element which is equivalent to introducing of a zero order holder into the control loop.

The forcing term h is then expressed as (with f,=0)

_ t BL K,
R=8g, =2 e Y (6.49)
° | (BuBy —DK.uw
The resulting dynamic model is written in a discrete state space form as
z?® = HeV) 4 Bo, (6.50)

where the matrix B is given by Eq. (6.49)

Thus, a descretized performance index can then be written as -the control inputs

being ¢,-

J=53 (@) Qe + ¢T R (6:51)

1=1

N o—

¢

or in the case the control forces being P, we get

[

J=33 @V Q= + SRS (6.52)

~ ]=1

D
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System Model:

Ti+1 = Hax + Bu, k>

Performance Index:

Ji = %Z(zZkak +ufRiu) Q. >0, R >0 and symmetric
k=1

Optimal Feedback Control:

S, =HT [s,,+l ~ Skt B(BTS11B+ R BTSi| H+Q, Sn =0
K.,=(B'S;. B+ R.)'B'S ., H, k<m

uk=—Kkzk, k<m

Table 6.1: Optimal Regulator Control Problem with free End State

The form of the performance index J is similar to the one usually used for Discrete
Linear Quadratic Regulator with final state free. Following the same procedure as
explained in [57], the optimal solution is obtained through the algorithm given in

table (6.1).

Note that the optimization problem defined above is over a finite number of pa-

rameters (the nodal values of the control voltage, or the nodal forces)

6.6 Active vibration control of a plate

The same example as in section (4.6) is reconsidered here, the purpose is to confirm
the performance of the direct optimal control methodology presented in the previous

chapters, by studying an equivalent but different control design of distributed param-
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eter systems. For this reason, only the regulator problem will be considered in this
study, extension of the same method to tracking problem can be easily done following
the steps of the algorithm thus described.

In this case the plate is modeled using finite element software developed by (ANSYS
Inc.). A 3-D solid element is used for space discretization, the plate has four elements.
and each actuator is represented by one piezoelectric element, giving eight elements
in total for the whole structure. The structure was given an initial disturbance at the
center of the plate and the optimal controller was activated. Since only one mode
is disturbed (mainly the central node). the four actuators have the same behavior.
which gives the same input control voltages time histories. For clarity, the results of

one actuator are shown here.

Figure (6.1) shows the controlled response and the input control voltages of each
actuator for two different weighting matrices. As it is shown, the behavior of the
controller using this method is very similar to the one designed using the direct
methodology. It can be seen that there exist small high frequency residual oscillations
after complete damping. These could be the result of temporal truncation errors
interference. They can be considerably reduced by applying small temporal steps or

using some high feedback gains.

6.7 Optimal Tracking Control

For the optimal tracking problem, the optimal tracking control law is obtained through
the algorithm given in Table (6.2). The tracking controller, is designed to track the
trajectory of the mirror’s surface, rather than the Zernike mode’s trajectory. This is
a major difference between the tracking optimal controller designed using the direct

methodology and the one using space-time finite elements method. In this case we
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System Model:

zi1 = Her + Bug
Y. =Czs

Performance Index:

Ji= 3D e — )" Quyr — ) + uf Riur] Q. >0.R. >0
k=i

Optimal Affine Control:

Ki=(B'Sit B+ Ri)'BTS ./ H; S,.=0
St =HIS . (H-BK:)+CTQ.cC
Vi=(H-BKy) Vi +CTQure V=0
K} = (B'Sis1B+ Ri)'BT

Ur = —Kk.’l!k + K',:Vk.H

Table 6.2: Optimal Linear Quadratic Tracker

can only control (track) the shape of the mirror after fitting it to a desired shape for
each time step, which affects considerably the response time of the controller. Fur-
thermore, the structural matrices are larger compared to the assumed modes ones.
Adding to that, the feedback control gain is obtained in an algorithmic procedure
rather than in a closed form such in the case of direct methodology. For this rea-
son the tracking optimal control using space-time finite elements is presented here

without any example due to the non-relevance of the comparison.
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6.8 Concluding Remarks

[n this chapter, a space-time finite element formulation for the optimal control design
was developed. It is a new computational approach for modelling and control of
flexible structures. Finite element method is used for both spatial and temporal
discretization and creates the appropriate framework for simultaneous control and
structural model design iterations. This approach can be successfully applied in
areas like active vibration damping. It has the advantage of being a general method
for such applications with no need to find the structural model modes. However, for
applications like in adaptive optics where a flexible structure -deformable mirror- has
to be controlled to track a modal shape in space, this method needs an additional
step -curve fitting- to complete the task, which puts it in a lower performance rank

with respect to the direct optimal methodology.

The model matrices are generally larger than their counterpart in the direct

methodology approach.
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Chapter 7

Closing Comments

The mission of this dissertation was to investigate and develop a methodology which
allowed to the control of any flexible structure in an optimal way and was simple
to implement and computationally efficient. An emphasis placed on application to
adaptive optics systems.

The Direct methodology presented and developed in this study offers many advantages

for such applications compared to traditional approaches.

First, using space-time mode expansion technique, derivations of the algebraic
equations of motion for a distributed parameter system were developed -for the first
time- in chapter 3, this lead to the extension of the concept of controllability from
discrete systems and its adaptation to distributed parameter systems. The modal
expansion was the basis for the introduction of the direct optimal control method-
ology. Applied successfully for active vibration control of plates, this set the way to
the design of an optimal shape controller for an adaptive optics system. Finally an
alternative method was developed to assess the direct methodology in terms of its

performance.
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To recapitulate here it would appropriate to review the outline of this presentation

and state explicitly what was planned and accomplished.

To begin with, a background exposition was provided, this was subdivided into
two main issues, namely the issue of the direct methodology, and the issue of the
adaptive optics control system. The sources of inspiration and the motives to pursue
this study were presented; its scope and purposes were spelled out and a layout of
the manuscript was given. Accordingly then, a broad picture about adaptive optics
systems was presented along with the different systems which constitute an adaptive

optics system, the functionality of each component and its limitations.

Hamilton’s law of varying action was stated; the dynamic systems under consider-
ation were defined, the mode shapes were chosen to satisfy the boundary conditions of
a vibrating structure, and the Zernike modes were chosen to shape a deformable mir-
ror, the generalized coordinates -mechanical and electrical- and the input functions
were written as simple series expansions in time; these were directly substituted into
Hamilton’s law; time variable was integrated out and hence the algebraic equations of
motion were derived. The unknown expansion coefficients of the time series (assumed
time-modes) for the generalized coordinates were recognized as the states and those
of the input functions were recognized as the controls. These algebraic equations were

so formed that it enabled both the response and control problems to be addressed.

Next, controllability properties pertaining to these equations were investigated.
This was followed by an account of optimal control problems. To this effect, the stage
was set with a typical quadratic regulator performance measure in its familiar function
form involving integral expressions, widely used in optimal control theory. Then,
the time modes expansions were introduced into the performance measure, time was
integrated out and hence the equivalent algebraic performance measure was obtained.

This, together with the algebraic state equations, instantly transformed the usual
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variational optimal control problem to an equivalent algebraic problem. Subsequently,
optimal feedback gains were obtained in closed form, ready to simulate the associated
closed-loop systems. This lead to the development of a newly designed controllability
measure where the condition number of a coefficient matrix was taken as a reference.
Thus a direct optimal control methodology was developed for distributed parameter

systems and demonstrated.

The method was extended to tracking problems and optimal tracking policies
were obtained. This revealed the usefulness of the method to control directly Zernike
modes without resorting to an additional step for surface fitting. Finally an equiva-
lent but different approach was developed and simulated where space and time were
descretized in finite elements. This approach proved to be useful for structural mod-
elling and control design within the same framework, where the structural and control

design are carried out in parallel.

Without any resort to differential state equations, some control problems were
studied directly via algebraic state equations, derived and cast here for general spa-
tially continuous mechanical systems. The direct methodology proved to be simple
and general. The direct methodology presented here is proposed as an alternative
choice. It has proven to be very suitable to application such as adaptive optics con-

trol system design.

Many issues still remain to be addressed, namely:
e Implementation of a direct methodology constitute an interesting subject to
investigate.

e Possible implications and/or interpretation towards frequency domain tech-

niques can be looked into.



CHAPTER 7. CLOSING COMMENTS 136

e Estimation and filtering techniques constitute an attractive research domain

using the direct methodology especially when considered with control design.

e Different assumed mode forms can also be studied and a comparison study

would be appropriate.

e a Direct time optimal control problems deserves closer attention since the time
is integrated out. Adaptive control and systems identification using the direct

methodology constitute another avenue for researchers to explore.
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