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Abstract

Superconducting radio frequency (SRF) cavities accelerate charged particle beams
by transferring radio frequency (RF) energy. When operated near resonance, the
applied RF power generates strong electromagnetic fields, with the electric field
driving beam acceleration and the accompanying magnetic field running along
the cavity surface. If this magnetic field becomes too large, the superconductor
quenches, transitioning to the normal state and dissipating the stored energy. State-
of-the-art Nb cavities are limited by their superheating field (𝐵sh), which defines
the maximum sustainable surface field in the superconductor’s Meissner state [1,
2]. Since applied magnetic field (𝐵0) scales with the accelerating gradient (𝐸acc)
(i.e., the energy gain per unit length), increasing the 𝐵sh limit allows a given beam
energy to be achieved with a shorter linear accelerator, thereby reducing both the
overall length and cost.

Coating Nb with thin superconducting layers of larger penetration depth 𝜆 than
Nb, with or without insulating spacers (i.e., forming superconductor-superconductor
(SS) or superconductor-insulator-superconductor (SIS) heterostructures), can en-
hance the attainable 𝐸acc by sustaining the Meissner state beyond each layer’s 𝐵sh,
supported by reduced surface currents and interfacial barriers. To investigate how
these coatings modify local magnetic behavior, “exotic” ion-implanted 𝛽-detected
spin spectroscopies (i.e., muon spin rotation (𝜇SR), low energy muon spin rota-
tion (LE-𝜇SR) and 𝛽-detected nuclear magnetic resonance (𝛽NMR)) were used to
probe the internal fields within such heterostructures.

Previous 𝜇SR studies have indicated the presence of an interface barrier to flux
penetration at the boundary between two superconductors, while low-temperature
baking (LTB) treatments showed apparent increases in the vortex penetration field
(𝜇0𝐻vp) where surface pinning effects could not be excluded. Motivated by these
findings, 𝜇SR measurements were performed on Nb3Sn(2 µm)/Nb and LTB-treated
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Nb samples to distinguish between interface-barrier and pinning contributions.
Using thin Ag foils as energy moderators for the implanted muon spin probes,
depth profiling in the 10 µm-100 µm range of an SS bilayer revealed a 𝜇0𝐻vp

consistent with Nb’s metastable superheating field (𝜇0𝐻sh), indicating a surface
barrier that delays flux entry. In contrast, the LTB-treated Nb exhibited a 𝜇0𝐻vp

close to the lower critical field lower critical field (𝜇0𝐻c1) of Nb, with values
increasing with implantation depth, provides clear evidence for surface-localized
flux pinning.

Further optimization of multilayer coatings requires understanding how layer
thickness influences screening currents. To this end, LE-𝜇SR measurements probe
nanoscale (depths ≲150 nm) Meissner screening in Nb1–xTixN(𝑥 nm)/Nb bilayers
with surface-layer thicknesses 𝑥 = 50, 80, and 160 in applied fields of ≤ 25 mT.
The results confirm strong current suppression in the surface layer, consistent with
theoretical predictions, and reveal bipartite field profiles well described by Lon-
don theory. The extracted penetration depth 𝜆Nb1–xTixN agrees with bulk values,
establishing the optimal coating thickness for maximizing the vortex penetration
field. These findings emphasize the importance of multilayered superconduct-
ing/insulating stacks for achieving the highest 𝐸acc.

To further investigate multilayer enhancement mechanisms, the superconduct-
ing and normal-state properties of a thin-film Nb0.75Ti0.25N(91 nm) in a Nb0.75Ti0.25N
(91 nm)/AlN(4 nm)/Nb SIS heterostructure were studied using 𝛽NMR in the vortex
state. Resonance spectra displayed broad, symmetric lineshapes at all tempera-
tures, with additional broadening below critical temperature (𝑇c) ∼15 K, yielding
penetration depth (𝜆) and upper critical field (𝐵c2) values consistent with litera-
ture. Spin-lattice relaxation (SLR) data exhibited metallic Korringa behavior at
low temperatures, modified below 𝑇c by a Hebel-Slichter peak characterized by
a superconducting gap and modest Dynes-like broadening, confirming the super-
conductor’s strong-coupling behaviour. Possible sources of high-𝑇 SLR dynamics
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are suggested.
Finally, this characterization of the superconducting layer in the SIS heterostruc-

ture establishes a foundation for future studies of the Meissner–vortex phase tran-
sition to directly test field enhancement. The high-parallel-field 𝛽NMR spec-
trometer [3] has been upgraded for such transition measurements, increasing the
maximum 𝐵0 from 24 mT to ∼200 mT (comparable to the lower critical field (𝐵c1)
of Nb) parallel to the sample surface, enabling investigations under realistic SRF
cavity conditions.



vi

Table of Contents

Supervisory Committee ii

Abstract iii

Table of Contents vi

List of Tables x

List of Figures xiv

Symbols xliv

Acronyms xlvi

Acknowledgements l

Preface lii

1 Introduction 1

2 Basics of superconductivity 5
2.1 Meissner effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 London model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Ginzburg-Landau theory . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Bardeen-Cooper-Schrieffer (BCS) theory . . . . . . . . . . . . . . 15
2.5 Critical magnetic fields . . . . . . . . . . . . . . . . . . . . . . . . 20



vii

2.5.1 Thermodynamic critical field 𝐵c . . . . . . . . . . . . . . . 20
2.5.2 Lower and upper critical fields 𝐵c1 and 𝐵c2 . . . . . . . . . . 23
2.5.3 Superheating field 𝐵sh . . . . . . . . . . . . . . . . . . . . . 28

2.6 Radiofrequency supercoductivity . . . . . . . . . . . . . . . . . . 33

3 Materials for SRF cavities 38
3.1 Current materials and their limitations . . . . . . . . . . . . . . . . 39
3.2 Materials other than Nb . . . . . . . . . . . . . . . . . . . . . . . 41
3.3 Multilayer structure for SRF cavities . . . . . . . . . . . . . . . . . 42
3.4 Performance of multilayers . . . . . . . . . . . . . . . . . . . . . . 52

4 Experimental details 57
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 Basics of nuclear magnetic resonance (NMR) . . . . . . . . . . . . 60
4.3 Basic features of 𝛽-decay . . . . . . . . . . . . . . . . . . . . . . 65
4.4 𝜇SR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.4.1 Properties of muon . . . . . . . . . . . . . . . . . . . . . . 67
4.4.2 Principle of the technique . . . . . . . . . . . . . . . . . . . 71
4.4.3 LE-𝜇SR . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.5 𝛽NMR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.5.1 Properties of 8Li . . . . . . . . . . . . . . . . . . . . . . . . 82
4.5.2 𝛽NMR facility at TRIUMF . . . . . . . . . . . . . . . . . . 83
4.5.3 𝛽NMR spectrometer . . . . . . . . . . . . . . . . . . . . . . 85
4.5.4 𝛽NMR measurements . . . . . . . . . . . . . . . . . . . . . 88

4.6 Ion implantation in solids . . . . . . . . . . . . . . . . . . . . . . 91
4.7 Data analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5 Measurements of the first-flux-penetration field in surface-treated
and coated Nb: Distinguishing between near-surface pinning and an
interface energy barrier 95



viii

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.2 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.2.1 Samples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6 Evidence for current suppression in superconductor-superconductor
bilayers 117
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.1.1 SRF materials beyond niobium . . . . . . . . . . . . . . . . 118
6.1.2 Magnetic screening and current in superconducting het-

erostructures . . . . . . . . . . . . . . . . . . . . . . . . . . 119
6.2 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

6.2.1 The LE-𝜇SR technique . . . . . . . . . . . . . . . . . . . . 122
6.2.2 Muon Stopping Profiles . . . . . . . . . . . . . . . . . . . . 124
6.2.3 Sample Preparation . . . . . . . . . . . . . . . . . . . . . . 126

6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.4.1 Predictions of critical fields . . . . . . . . . . . . . . . . . 138
6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
6.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.6.1 Fit parameters of LE-𝜇SR time spectra data of Nb1–xTixN
(50 nm)/Nb sample . . . . . . . . . . . . . . . . . . . . . . 141

7 Superconducting properties of thin film Nb1–xTixN studied via the
NMR of implanted 8Li 143
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
7.2 Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146



ix

7.2.1 Sample Preparation . . . . . . . . . . . . . . . . . . . . . . 148
7.3 Results and analysis . . . . . . . . . . . . . . . . . . . . . . . . . 149

7.3.1 Resonance Spectra . . . . . . . . . . . . . . . . . . . . . . 149
7.3.2 SLR Spectra . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
7.4.1 Metallic & Superconducting Response . . . . . . . . . . . . 162
7.4.2 High-𝑇 Dynamics . . . . . . . . . . . . . . . . . . . . . . . 168

7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
7.6 Supplemental . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

7.6.1 Structural and Thin Film Characterization . . . . . . . . . . 171
7.6.2 Superconducting Properties Characterization . . . . . . . . . 172
7.6.3 Magnetic Field Suppression of 𝑇c . . . . . . . . . . . . . . 177
7.6.4 Knight Shift Calculation . . . . . . . . . . . . . . . . . . . 180

8 Summary & outlook 182
8.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
8.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

9 Additional Information 187
9.1 Spin−1

2 precession . . . . . . . . . . . . . . . . . . . . . . . . . . 187
9.2 Nb ellipsoidal sample specifications and characterization . . . . . . 191

Bibliography 194



x

List of Tables

Table 3.1 Comparison of key superconducting material parameters rel-
evant to SRF applications, including the critical temperature
𝑇c, thermodynamic critical field 𝐵c, lower and upper critical
fields (𝐵c1 and 𝐵c2), superheating field 𝐵sh, magnetic pen-
etration depth 𝜆, superconducting energy gap Δ, and BCS
coherence length 𝜉0. For MgB2, two distinct superconduct-
ing gaps are listed due to its multi-band nature. Reported
values are based on Refs. [94, 98–101]. . . . . . . . . . . . 40

Table 4.1 The fundamental properties of 𝜇+ and 8Li. The columns
contain each probe’s nuclear spin 𝐼, radioactive lifetime 𝜏,
gyromagnetic ratio 𝛾/2𝜋, and, quadrupole moment𝑄 [142–
144]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Table 4.2 Measurement capabilities relevant to SRF studies using the
𝜇SR, LE-𝜇SR, and 𝛽NMR techniques [139, 146, 148]. Here,
𝐵0 represents the applied magnetic field, oriented either par-
allel (∥) or perpendicular (⊥) to the sample surface, 𝐸 de-
notes the beam implantation energy, while ⟨𝑧⟩ corresponds
to the resulting mean implantation depth. . . . . . . . . . . 59



xi

Table 6.1 Superconducting properties of Nb1–xTixN films from several
literatures [94, 251–256]. Here, 𝑇c is the critical tempera-
ture, 𝐵𝑐 is the thermodynamic critical field, 𝐵c1 is the lower
critical field, 𝐵sh is the superheating field, 𝐵c2 is the upper
critical field, 𝜆 is the penetration depth, and 𝜉 is the BCS [57]
coherence length. . . . . . . . . . . . . . . . . . . . . . . 126

Table 6.2 Fit results of the Nb1–xTixN (50 nm)/Nb bilayer with a counter-
current-flow (i.e., Equation (3.8)) and a naive bi-exponential
model (i.e., Equation (6.1)). Here, 𝐵applied is the applied
magnetic field, 𝑁 is the demagnetization factor, 𝑑Nb1–xTixN is
the thickness of Nb1–xTixN layer, and 𝜆Nb1–xTixN, 𝜆Nb are the
penetration depths of Nb1–xTixN and Nb at 0 K. . . . . . . 133

Table 6.3 Individual parameters derived from a global fit to the counter-
current-flow model of three Nb1–xTixN/Nb samples. The
magnetic penetration depths at 0 K of the Nb1–xTixN layer
and the Nb substrate were derived as global fit parameters,
using the analysis approach described in Section 6.3. Here,
𝐵applied is the strength of the magnetic field applied parallel
to the sample surface, 𝑁 is the demagnetization factor, and
𝑑Nb1–xTixN is the thickness of the Nb1–xTixN layer. . . . . . . 135

Table 6.4 Superconducting parameters Ginzburg-Landau (GL) param-
eter 𝜅, thermodynamic critical field 𝐵c, lower critical field
𝐵c1, and superheating field 𝐵sh were calculated from the
measured penetration depths of 𝜆Nb1–xTixN = 182.5(31) nm
and 𝜆Nb = 43.3(19) nm. 𝐵c for Nb and 𝜉0 for both materials
are taken from literature. . . . . . . . . . . . . . . . . . . 139



xii

Table 7.1 Stable spin-active nuclei present in Nb1–xTixN. Here, 𝑛𝐴 is
the natural isotopic abundance, 𝐼 is the nuclear spin, 𝛾 is
the gyromagnetic ratio, and 𝑄 is the electric quadrupole
moment. For comparison, properties of our 𝛽NMR probe
8Li are also listed. Inapplicable properties are marked by an
asterisk (*). . . . . . . . . . . . . . . . . . . . . . . . . . 152

Table 7.2 Fit parameters describing the temperature dependence of
resonance linewidth’s Gaussian component𝜎 (shown in Fig-
ure 7.4) using Equations (2.41), (2.49), (7.2) and (7.3) and
Equation (2.16) with 𝑛 = 2. Here, 𝑑Nb0.75Ti0.25N is the thick-
ness of the Nb0.75Ti0.25N thin film, 𝑇c(0 T) is the critical
temperature at 0 T, 𝜆(0 K) is the penetration depth at 0 K,
𝜎nc is the Gaussian width in the normal conducting state,
𝐵0 is the applied magnetic field, and 𝐵c2(0 K) represents the
upper critical field at 0 K. Both 𝑑Nb0.75Ti0.25N and 𝐵0 were
determined independently and fixed during fitting. . . . . . 154



xiii

Table 7.3 Fit parameters describing the temperature dependence of the
SLR rate 1/𝑇1 (shown in Figure 7.6) using Equations (2.32),
(2.49) and (7.7) to (7.14). Here, Δ(0 K) represents the su-
perconducting gap at 0 K, 𝑇c(0 T) is the critical temperature
at 0 T, ℏ𝜔0 corresponds to the final scattering state asso-
ciated with the 8Li NMR frequency, ΓD is the broadening
parameter, 𝑚 is the Korringa slope, 𝐵0 is the applied mag-
netic field, 𝐵c2(0 K) is the upper critical field at 0 K, 𝜏−1

0 and
𝐸A are the Arrhenius prefactor and activation energy from
Equation (7.13), 𝑐 is a coupling constant, while 𝑔 and 𝐸exp

are the prefactor and activation energy from Equation (7.14).
The values of ℏ𝜔0, 𝐵0, 𝑇c(0 T) and 𝐵c2(0 K) are fixed, as
the first two quantities are known independently, while the
latter two are determined from resonance linewidth analysis
(Table 7.2). . . . . . . . . . . . . . . . . . . . . . . . . . . 162



xiv

List of Figures

Figure 2.1 Ellipsoidal samples in different states. (a) Normal state:
Magnetic flux lines pass through the superconductor, and
(b) Meissner state: flux lines expel from the interior of the
superconductor. . . . . . . . . . . . . . . . . . . . . . . . 6

a Normal state . . . . . . . . . . . . . . . . . . . . . . . . 6
b Meissner state . . . . . . . . . . . . . . . . . . . . . . . . 6

Figure 2.2 Exponential decay of magnetic field 𝐵(𝑧) screening inside
a superconductor as a function of depth 𝑧 from the surface,
normalized to the applied field 𝐵0. The decay follows the
London model described by Equation (2.14), with London
penetration depth (𝜆L) of 30 nm, indicating the characteristic
length over which the field decreases to 1/𝑒 of 𝐵0. . . . . . 9

Figure 2.3 Temperature dependence of the London penetration depth
𝜆L(𝑇) calculated using Equation (2.16) with both 𝑛 = 2 and
𝑛 = 4. The values of 𝜆L remain constant near 𝑇 = 0 K and
diverges as 𝑇 approaches 𝑇c. . . . . . . . . . . . . . . . . . 10



xv

Figure 2.4 GL free energy functions plotted as a function of the order
parameter 𝜓 for temperatures above and below the critical
temperature, 𝑇c. For𝑇 > 𝑇c (𝛼 > 0), the free energy exhibits
a single minimum at 𝜓 = 0, corresponding to the normal
state. For 𝑇 < 𝑇c (𝛼 < 0), the free energy develops a
double-well structure, with minima at nonzero values of 𝜓,
representing the emergence of the superconducting state. For
simplicity, 𝜓 is assumed to be real in this plot. . . . . . . . 12

Figure 2.5 Magnetization (−4𝜋𝑀) as a function of applied magnetic
field for (a) type-I and (b) type-II superconductors. (a) A
type-I superconductor exhibits a complete Meissner state
up to the thermodynamic critical field 𝐵c, above which it
undergoes a first-order transition to the normal state. (b)
A type-II superconductor is characterized by two critical
fields: the lower critical field 𝐵c1, at which magnetic flux
begins to penetrate the material in the form of quantized
vortices (vortex or mixed state), and the upper critical field
𝐵c2, beyond which superconductivity is destroyed and the
material becomes normal. The region between 𝐵c1 and 𝐵c2

corresponds to the vortex state, where the superconductor
partially expels the magnetic field while allowing quantized
flux lines to penetrate. The dashed line marks the 𝐵c. . . . 14

a type-I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
b type-II . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14



xvi

Figure 2.6 Temperature dependence of the normalized energy gapΔ(𝑇)/Δ(0 K)
obtained using Equations (2.31) and (2.32), compared with
the numerical BCS result [65]. Near absolute zero, all the
Δ remains nearly constant, reflecting the stability of the su-
perconducting state at low temperatures. As the tempera-
ture approaches the critical temperature 𝑇c, Δ(𝑇) decreases
rapidly, eventually vanishing at 𝑇 = 𝑇c, marking the transi-
tion to the normal state. Both analytic forms follow the BCS
curve closely, with only subtle deviations near 𝑇c. . . . . . 19

Figure 2.7 Superconducting density of states (DOS) 𝑁s(𝐸) compared
to the normal state 𝑁n(0). The superconducting DOS is
shown using the BCS model (Equation (2.33)) with a zero-
temperature gap Δ(0 K) = 1.764𝑘B𝑇c, as well as the Dynes
broadening model (Equation (2.34)) with broadening pa-
rameters ΓD = 0.1Δ(0 K) and 0.2Δ(0 K), represented by the
solid coloured lines. The red dashed line denotes the normal
state DOS. In the ideal BCS case, a divergence in the DOS
occurs at 𝐸 = Δ (indicated by the vertical dotted line). For
𝐸/Δ ≫ 1, the superconducting DOS approaches the normal
state value. . . . . . . . . . . . . . . . . . . . . . . . . . . 21



xvii

Figure 2.8 (a) Illustration of a single vortex in a type-II superconductor,
highlighting the normal core, quantized magnetic flux, GL
coherence length 𝜉GL, London penetration depth 𝜆L, and the
circulating vortex current 𝐽 (𝑟). (b) Mixed-state representa-
tion showing an array of vortices within the superconducting
phase, with the diamagnetic response and quantized flux in
each vortex core. The interplay between vortex currents and
the surrounding superconducting regions reflects the mixed-
state behaviour characteristic of type-II superconductors. . 24

a Single vortex . . . . . . . . . . . . . . . . . . . . . . . . 24
b Mixed state . . . . . . . . . . . . . . . . . . . . . . . . . 24

Figure 2.9 Simulated magnetic field distribution of a triangular super-
conducting vortex lattice based on the modified London
model with a Gaussian cutoff, calculated using reciprocal-
space summation [72, 73, 77]. Here, 𝐵0 denotes the applied
(average) magnetic field corresponding to the mean flux den-
sity in the lattice, 𝐵min is the lowest local field occurring
midway between vortices, 𝐵peak represents the most prob-
able field value in the field distribution 𝑝(𝐵), and 𝐵max is
the maximum field found at the vortex cores. (Left) Mag-
netic field distribution 𝑝(𝐵) computed from Monte Carlo
sampling of spatial points uniformly distributed within the
vortex lattice unit cell, illustrating the characteristic field
broadening due to the flux line lattice. (Right) Contour plot
of the spatial variation in the magnetic field 𝐵(𝑥, 𝑦) over
several vortex lattice unit cells, showing periodic field mod-
ulation around vortex cores. . . . . . . . . . . . . . . . . . 25



xviii

Figure 2.10 Dependence of the lower critical field 𝐵c1 (normalized by
the thermodynamic critical field (𝐵c)) on the GL parameter
𝜅. Equation (2.44) with 𝛼 = 0.08 and 𝛼 = 0.497 are shown
as purple and green solid lines, respectively, highlighting
their deviations from the numerical simulations of Harden
et al. [80], Neumann et al. [81], represented by • and ▼.
In contrast, Equation (2.45) exhibits excellent agreement
with the numerical data and remains valid across the full
range of 𝜅 that corresponds to type-II superconductivity (i.e.,
1/
√

2 ≤ 𝜅 ≤ ∞). . . . . . . . . . . . . . . . . . . . . . . . 27
Figure 2.11 The upper critical field 𝐵c2(𝑇) (nomalized to 𝐵c2(0 K)) as

a function of reduced temperature 𝑇/𝑇𝑐. The solid curve
depict the temperature dependence of 𝐵c2 based on Equa-
tion (2.49). . . . . . . . . . . . . . . . . . . . . . . . . . . 28



xix

Figure 2.12 (a) Energy profile of a magnetic flux line near the vacuum-
superconductor interface as a function of distance 𝑥 from
the surface, based on Equation (2.51), illustrating the Bean-
Livingston (BL) barrier for 𝜆L ≫ 𝜉GL under various applied
fields 𝐵0. The blue curve shows 𝐵0 = 0 (𝐵0 < 𝐵c1) where
the vortex is fully repelled. The solid orange, green, and
red curves are representative of when 𝐵c1 < 𝐵0 < 𝐵sh,
where vortex penetration is energetically favorable but still
blocked by the surface barrier. The dotted-dashed curve cor-
responds to 𝐵0 > 𝐵sh, where the barrier disappears, allow-
ing unhindered vortex entry. (b) Maximum barrier height,

expressed as max
[
𝐸 (𝑥)
𝜖

]
− 𝐸 (∼ 𝜉GL)

𝜖
, plotted against nor-

malized field 𝐵0/𝐵c1, showing the barrier decreases with
increasing 𝐵0 and vanishes above 𝐵sh. For 𝐵0 < 𝐵c1, the
energy is 𝐸 (∼ 𝜉GL) < 𝜖 , indicating vortex repulsion (filled
squares), while for 𝐵0 > 𝐵c1, vortices are energetically fa-
vorable but still face the barrier (filled circles) until 𝐵sh is
reached. . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
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Figure 2.13 Schematic of a single-cell elliptical SRF cavity, illustrating
the fundamental mode’s electromagnetic field distribution.
The oscillating electric field (blue lines) peaks near the iris
and drives particle acceleration, while the magnetic field
(magenta loops) reaches its maximum near the cavity equa-
tor. The particle beam is represented by green bunches
traveling along the cavity axis. The surface magnetic field at
the equator is a key factor limiting the cavity’s accelerating
gradient. . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

Figure 2.14 Sketch of an SRF cavity’s quality factor quality factor (𝑄0)
as a function of its accelerating gradient 𝐸acc. In the ideal
case, 𝑄0 remains relatively constant up to a certain gradient,
beyond which it drops sharply due to a quench, where the su-
perconducting cavity material transitions from the supercon-
ducting to the normal conducting state. Achieving high𝑄0 at
elevated 𝐸acc is essential for efficient SRF cavity operation,
enabling reduced cryogenic load and compact accelerator
design. The quench point defines the maximum sustainable
field before energy dissipation becomes prohibitive. . . . . 37

Figure 3.1 Schematic of the SIS heterostructure, illustrating a surface
layer of thickness 𝑑s and an insulating layer of thickness 𝑑i

deposited on a bulk superconductor. For SRF applications,
a common example of such a structure consists of a thin
Nb1–xTixN surface layer deposited on a thin AlN insulating
layer atop a bulk Nb substrate. . . . . . . . . . . . . . . . . 43
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Figure 3.2 Schematic illustration of SS heterostructure used for SRF
applications. A typical configuration consists of a thin
Nb1–xTixN surface layer of thickness 𝑑s deposited on a bulk
Nb substrate. (a) Cross-sectional view of the SS structure.
(b) Configuration under an applied field 𝐵0 parallel to 𝑥-
axis, a vortex in the surface layer and its image antivortex,
carrying screening currents 𝐽 and 𝐽img parallel to 𝑦-axis. . . 46

Figure 3.3 (a) Magnetic field screening profile 𝐵(𝑧) normalized to the
applied field 𝐵0, and (b) current density screening profile
𝐽 (𝑧) normalized to the current density at the SS interface
𝐽 (𝑑s). The curves are calculated using Equations (3.8)
and (3.10), with parameters 𝑑s = 50 nm, 𝜆s = 200 nm, and
𝜆sub = 40 nm. The magnetic field profile exhibits continuity
across the structure’s interfaces and boundaries, whereas the
current density profile is discontinuous. . . . . . . . . . . . 48

a Normalized magnetic field screening profile 𝐵(𝑧)/𝐵0 as a
function of a depth 𝑧 below the sample surface. . . . . . . 48

b Normalized screening current density profile 𝐽 (𝑧)/𝐽 (𝑑s)
as a function of a depth 𝑧 below the sample surface . . . . 48

Figure 3.4 Maximum field 𝐵max, normalized to the surface superheating
field 𝐵s

sh, plotted as a function of the normalized surface layer
thickness 𝑑s/𝜆s, using Equation (3.18). Colored solid curves
correspond to 𝐵max in different layers, while the horizontal
dotted lines indicate the superheating fields of the surface
𝐵s

sh and substrate 𝐵sub
sh layers, respectively. The optimal field

𝐵
opt
max is achieved by tuning 𝑑s indicated by the intersection

of horizontal and vertical dashed lines. Notably, this value
exceeds both superheating field limits. . . . . . . . . . . . . 51
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Figure 3.5 Normalized vortex interaction force FB(𝑧) as a function of
vortex position 𝑧 normalized to surface layer thickness 𝑑s

in a superconducting bilayer. The force is normalized to
its value near 𝑧 ≃ 0, corresponding to the conventional BL
barrier (i.e., FB(0) ≃ FBL) at the vacuum-superconductor
interface. A secondary barrier appears near the SS bound-
ary at 𝑧 ≃ 𝑑s when 𝜆s > 𝜆sub, providing additional resistance
to vortex entry. This feature is absent in homogeneous su-
perconductors where (𝜆s = 𝜆sub). A short-distance cutoff
of 𝑑s/20 is applied to regularize the singular behavior at the
interfaces, i.e., at the vacuum or substrate boundary. . . . . 52

Figure 3.6 Magnetization 𝑀 , curves as a function of 𝐵0 for ellipsoidal-
shaped superconducting samples measured at 2 K [48]. The
𝐵0 was oriented parallel to the sample’s longest semi-axis.
The black curve represents the bare Nb sample, while the
red curve corresponds to the sample after being coated with
Nb0.75Ti0.25N(43 nm)/AlN(10 nm) multilayers. Both curves
exhibit an initial linear region, characteristic of perfect dia-
magnetism in the Meissner state. The point of deviation
from linearity marks the field of first flux penetration, vortex
penetration field (𝐵vp). The coated sample shows a higher
𝐵vp compared to the bare one, indicating improved flux ex-
clusion capability due to the multilayer coating. . . . . . . 54
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Figure 3.7 RF measurements of the cavity quality factor𝑄0 as a function
of accelerating gradient 𝐸acc at 1.4 K, comparing the perfor-
mance of a multilayer-coated cavity (Nb0.75Ti0.25N(∼50 nm)
/AlN(10 nm)/Nb, red circles) with a baseline (bare Nb cav-
ity, black squares) [48]. The multilayer-coated sample shows
reduced performance relative to the baseline. . . . . . . . . 55

Figure 4.1 Energy level splitting for a nucleus with spin 𝐼 = 1
2 in a static

magnetic field 𝐵0. In the absence of an external field (𝐵 = 0),
the two spin states are degenerate. When a magnetic field 𝐵0

is applied, the degeneracy is lifted, resulting in two distinct
energy levels corresponding to magnetic quantum numbers
𝑚𝐼 = ±1

2 . The energy separation between these levels is
ℏ𝜔0 = 𝛾ℏ𝐵0, where 𝛾 is the gyromagnetic ratio and 𝜔0 is
the Larmor frequency. . . . . . . . . . . . . . . . . . . . . 62

Figure 4.2 Angular probability distribution 𝑊 (𝜃) of positrons emitted
from a 𝜇+ decay, for positron energies between 0 MeV to
52.8 MeV, as described by Equation (4.21). The angle 𝜃
is defined between the muon spin direction at its instant
of decay and the positron emission direction. The dashed
green curve shows the average asymmetry 𝑎̄(𝐸) = 1/3 for
this energy range. . . . . . . . . . . . . . . . . . . . . . . 70
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Figure 4.3 Sketch of a transverse field muon spin rotation (TF-𝜇SR)
experiment setup. Muons are implanted with their spins
initially aligned along the 𝑦-axis, antiparallel to the beam
direction. While the external magnetic field 𝐵0 is applied
perpendicular to the muon spin direction (along the 𝑧-axis),
parallel to the sample surface, and the positron detectors
are placed in the 𝑦𝑧 plane. The muon spin precesses about
the local magnetic field at its stopping site in the sample.
Redrawn from Ref. [159]. . . . . . . . . . . . . . . . . . . 73

Figure 4.4 Sketch of a zero field muon spin rotation (ZF-𝜇SR) exper-
iment setup. The muon spin direction is antiparallel to the
muon beam direction, which is parallel to the 𝑧 axis. The
detectors are placed in the 𝑦𝑧 plane along the beam direction.
Redrawn from Ref. [159]. . . . . . . . . . . . . . . . . . . 75

Figure 4.5 Schematic of the Paul Scherrer Institute (PSI) low energy
muon (LEM) beamline. A 4 MeV surface 𝜇+ beam is mod-
erated to 15 eV using a 125 µm Ag foil coated with a 200 nm-
300 nm solid Ar N2 layer. The moderated beam is re-
accelerated to energies up to 20 keV and guided to the sample
position via electrostatic elements, including a 45◦ electro-
static mirror and a spin rotator [165]. A thin carbon foil
start detector measures the beam before implantation into the
sample, which is mounted on a cryostat cold finger for depth-
tunable implantation (0.5 nm to several 100 nm). Adapted
from Ref. [166]. . . . . . . . . . . . . . . . . . . . . . . . 79
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Figure 4.6 Beamline layout of the upgraded 𝛽NMR facility. The 8Li+

beam is spin-polarized in-flight (first neutralized with an
alkali vapor cell and later re-ionized by a He vapor cell)
using dedicated optical pumping infrastructure, allowing for
routine operation. The fast electrostatic kicker enables the
semi-simultaneous operation of two spectrometers (i.e., two
experiments running at the same time off a single radioactive
ion beam (RIB)). Both spectrometers are equipped with cold-
finger ultra-high vacuum (UHV) cryostats: at the 𝛽NMR leg,
the spectrometer with a superconducting solenoid allows
measurements at high magnetic fields (up to 9 T) perpendic-
ular (⊥) to the sample surface, while the upgraded 𝛽NMR
parallel-field spectrometer (in the image 𝛽-NQR Leg) en-
ables measurements up to 200 mT parallel (∥) to the sam-
ple surface, just downstream of the existing low-parallel-
field (0 mT to 24 mT) spectrometer. The inset shows a side
view of the upgraded high-parallel-field beamline and the
high-voltage (HV) platform above the beamline. Adapted
from [3]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
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Figure 4.7 Schematic of the high-perpendicular-field spectrometer (i.e.,
𝛽NMR). The applied magnetic field 𝐵0 is perpendicular (⊥)
to the sample surface, but parallel to the beam’s momen-
tum and polarization axis. The polarized 8Li+ beam enters
from the left side, passing through a small aperture in the
upstream “Backward” scintillation detector and before be-
ing implanted in the sample. The other “Forward” detector
is located downstream of the sample and is 180◦ opposite
to the upstream detector. A transverse RF field 𝐵1 ∼ 1 G
at frequency 𝜔 may be applied by a Helmholtz coil in the
horizontal direction, perpendicular to both the beam and the
applied field 𝐵0. . . . . . . . . . . . . . . . . . . . . . . . 88

Figure 4.8 Predicted range of positive muons implanted in copper as
a function of implantation energy. 𝜇SR employs 𝜇+ beams
at about 4 MeV to probe bulk properties on millimeter length
scales, whereas LE-𝜇SR uses tunable low energies (≤30 keV)
for depth-resolved studies of thin films, multilayers, and
nanometer-scale interfacial regions. Adapted from [192].
Copyright ©2004, Taylor & Francis. . . . . . . . . . . . . . 93
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Figure 5.1 Sketch of the present 𝜇SR experiment on superconducting
Nb samples with ellipsoidal shape in an applied magnetic
field parallel to the ellipsoid major axis (- - -), with the mag-
netic flux lines (—) also indicated. (a): In the Meissner
state, complete flux expulsion from the ellipsoid’s interior is
achieved. Without any energy moderation for the 𝜇+ beam,
the magnetic probes stop well-below the sample surface and
experience no external contribution to their local field. (b):
In the vortex state, some magnetic flux penetrates the sample
as quantized fluxoids with a field-depended lattice arrange-
ment, leading to a broad local field distribution samples by
the 𝜇+ beamspot. (c): In the presence of strong near-surface
pinning in the vortex state, fluxoid penetration is localized
to the sample surface, which may go undetected by the im-
planted 𝜇+ at full beam energy. (d): Through the use of
thin Ag foils as energy moderators for the 𝜇+ beam, the 𝜇+

probes stop closer to the surface, allowing for flux that is
surface-pinned in the vortex state to be observed. . . . . . . 98

a Meissner state . . . . . . . . . . . . . . . . . . . . . . . . 98
b Vortex state . . . . . . . . . . . . . . . . . . . . . . . . . 98
c Vortex state with (undetected) pinning . . . . . . . . . . . 98
d Vortex state with (detected) pinning . . . . . . . . . . . . 98

Figure 5.2 Schematic of the horizontal gas-flow cryostat and low-background
(i.e., Knight shift) insert used with TRIUMF’s high parallel-
field (i.e., “HodgePodge”) spectrometer [139]. The thin Ag
foils used as 𝜇+ energy moderators are located between a
8 mm diameter beam collimator (also made of Ag) and the
inner 𝜇+ counter. . . . . . . . . . . . . . . . . . . . . . . . 99
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Figure 5.3 Simulated stopping profiles for ∼4.1 MeV “surface” 𝜇+ im-
planted in Nb using the Stopping and Range of Ions in Matter
(SRIM) Monte Carlo code [183]. The profiles, represented
here as histograms, were generated from 106 𝜇+ projectiles
and account for all materials in the beam’s path prior to im-
plantation (e.g., cryostat windows, 𝜇+ counters, moderating
foils, etc. — see Figure 5.2). Using Ag foils of different
thicknesses (indicated in each plot’s inset), mean stopping
depths ⟨𝑧⟩ in the range of ∼36 µm to ∼108 µm are achieved.
The width (i.e., standard deviation) 𝜎𝑧 of each stopping dis-
tribution is also indicated. Note that a reduced 𝜇+ implanta-
tion energy is used for panel (d), yielding a ⟨𝑧⟩ comparable
to using a thicker moderating foil, as shown in panel (c). . . 100



xxix

Figure 5.4 Typical 𝜇SR data in surface-treated Nb, illustrating the evo-
lution with applied magnetic field 𝜇0𝐻0. Both panels (a)
and (b) display the same dataset; however, (b) specifically
represents the initial 0.5 µs. The temperature 𝑇 and applied
magnetic field (𝜇0𝐻0) for each superconducting state are de-
tailed in the panel’s inset. The solid lines are fits to the data
points using Equation (5.1). In the normal state, coherent
spin-precession is observed with minimal damping, consis-
tent with a narrow local field distribution. In the Meissner
state, the applied field is completely screened and the local
field is dominated by the host’s 93Nb nuclear spin, resulting
in the characteristic (dynamic) “zero-field” signal. At fields
just above the vortex penetration field, a mixed signal with
both zero- and transverse-field components is observed, the
latter being strongly damped. Finally, in the vortex state,
the broad field distribution causes strong damping of the
transverse-field response. . . . . . . . . . . . . . . . . . . 105
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Figure 5.5 Volume fraction of the zero-field 𝜇SR signal 𝑓ZF at differ-
ent applied magnetic field 𝜇0𝐻0 and mean 𝜇+ implantation
depths ⟨𝑧⟩. The ⟨𝑧⟩ and measurements temperature 𝑇 are
mentioned in the figure’s inset. The solid colored lines de-
notes fits to a logistic function, intended to guide the eye.
The 𝜇0𝐻vp at each ⟨𝑧⟩ are shown using colored dotted ver-
tical lines. Vertical dotted-dashed and dashed brown lines
are included to mark Nb’s lower critical field 𝜇0𝐻c1 and
superheating field 𝜇0𝐻sh at 2.7 K. Note that Nb3Sn has a
considerably smaller 𝜇0𝐻c1 = 25.0(14) mT [119] compared
to the fields shown here. (a): In LTB Nb, the vortex pen-
etration field 𝜇0𝐻vp is comparable to 𝜇0𝐻c1, but shows a
strong ⟨𝑧⟩-dependence, increasing with increasing ⟨𝑧⟩. (b):
In Nb3Sn(2 µm)/Nb, 𝜇0𝐻vp is ⟨𝑧⟩-independent and close to
𝜇0𝐻sh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
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Figure 5.6 Summary of the first-flux penetration measurements at dif-
ferent mean 𝜇+ implantation depths ⟨𝑧⟩ for LTB Nb and
Nb3Sn(2 µm)/Nb. For comparison, we include re-analyzed
results for additional SRF Nb treatments (originally reported
elsewhere [132, 133]). (a): Measured vortex penetration
fields 𝜇0𝐻vp. The horizontal dashed and dotted-dashed
brown lines denote Nb’s superheating field 𝜇0𝐻sh and lower
critical field 𝜇0𝐻c1, respectively. In Nb3Sn(2 µm)/Nb, 𝜇0𝐻vp

is ⟨𝑧⟩-independent and close to 𝜇0𝐻sh, whereas 𝜇0𝐻vp ≈
𝜇0𝐻c1 in LTB Nb, increasing modestly with increasing ⟨𝑧⟩.
The other surface-treatments have 𝜇0𝐻vps that are similarly
close to 𝜇0𝐻c1. The cyan color solid line represents the
“straight line” fit applied to the LTB data, providing an
estimate of the depth where 𝜇0𝐻vp = 𝜇0𝐻c1. (b): Mea-
sured Meissner-vortex transition “widths” Δ𝜇0𝐻vp, divided
by 𝜎𝑧, confirm that the stopping distributions are not sig-
nificantly different. The dotted and dash-dotted horizontal
lines are the average values of Δvp/𝜎𝑧, ⟨Δvp/𝜎𝑧⟩ for LTB and
Nb3Sn(2 µm)/Nb samples, respectively. . . . . . . . . . . . 108
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Figure 6.1 Magnetic field profiles given by Equations (3.8) and (6.1) in
(a) and the current density distributions of those equations
normalized to the current density at interface in (b). The
used magnetic penetration depths are 𝜆Nb1–xTixN = 200 nm
and 𝜆Nb = 50 nm for the Nb1–xTixN and Nb layers, respec-
tively. The thickness of the Nb1–xTixN layer is 50 nm. Com-
paring the two field profiles in (a), the strongest effect on
field screening is observed in the Nb1–xTixN layer due to the
suppressed Meissner current in the Nb1–xTixN layer as seen
in (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Figure 6.2 Typical stopping profiles for 𝜇+ implanted in (a) Nb1–xTixN
(50 nm)/Nb, and (b) Nb1–xTixN(160 nm)/Nb SS bilayer, sim-
ulated using the Monte Carlo code TRIM.SP [184]. The den-
sities of Nb1–xTixN and Nb are 6.6223 g cm−3, and 8.57 g cm−3,
respectively. The light gray color in the first 50 nm of figure
(a) and 160 nm of figure (b) refers to the Nb1–xTixN film
thickness on bulk Nb substrate (i.e., dark gray color). The
normalized stopping distribution 𝜌 of 𝜇+ is plotted against
the depth 𝑧 below the surface. The black solid curves are
fits to the stopping profile (represented as a histogram) us-
ing Equations (6.2) and (6.3). These fits clearly capture all
features of the stopping profiles. . . . . . . . . . . . . . . . 124
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Figure 6.3 Asymmetry as a function of time for different implantation
energies (given in the panel’s inset) in Nb1–xTixN (50 nm)/Nb
in both the normal (20 K) and Meissner state (2.7 K) at an ap-
plied magnetic field of∼25 mT parallel to the sample surface.
In the normal state (gray shaded background panel), there is
no substantial energy dependence to the time evolution of the
muon ensemble polarization, meaning the implanted muons
experience the same local field. By contrast, it is evident that
the temporal evolution of 𝐴(𝑡) varies in the Meissner state
(plain white background panels). As the implantation en-
ergy increases, the 𝜇+ spin-precession frequency is reduced,
and the signal is more strongly damped. The solid red lines
denote fits to all of the data (i.e., a global fit) using Equa-
tions (6.6) to (6.8). Clearly, the model captures all the data’s
main features. . . . . . . . . . . . . . . . . . . . . . . . . 128

Figure 6.4 Fourier amplitude of the LE-𝜇SR data (shown in Figure 6.3)
in Nb1–xTixN (50 nm)/Nb as a function of field (note 𝜔𝜇 =

𝛾𝜇𝐵), in the normal (20 K) and Meissner (2.7 K) state with
an applied magnetic field of ∼25 mT. The red lines are
skewed Gaussian fits corresponding to the field distribution
described by Equations (6.6) to (6.8). Above ∼14.5 keV two
distinct peaks are observed indicating that muons of a single
implantation energy sense the field in both layers of the SS
bilayer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
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Figure 6.5 Nb1–xTixN (50 nm)/Nb field profile: Plot of the mean mag-
netic field, ⟨𝐵⟩, sensed by 𝜇+ at different implantation en-
ergies, 𝐸 , in a Nb1–xTixN (50 nm)/Nb sample at an applied
field (𝐵0 ∼ 25 mT) parallel to the sample surface in the
Meissner (𝑇 = 2.7 K) and normal state (𝑇 = 20 K). The
closed circles and open squares are the data points in the
Meissner state and normal state, respectively. The implan-
tation energy 𝐸 is related to the mean implantation depth
⟨𝑧⟩ as shown in the top 𝑥-axis. The solid red lines are
fits to the data in the Meissner state and the dashed red
lines are fits to the normal state data. Both figures repre-
sent the same data points fitted to different models. In the
Meissner state ⟨𝐵⟩ decays with increasing 𝐸 as expected.
The fit to Figure 6.5(a) represents the field screening us-
ing Equation (6.1) i.e., a simple London model with fit pa-
rameters 𝜆Nb1–xTixN = 498(34) nm and 𝜆Nb = 42.9(30) nm.
Figure 6.5(b) is fitted with the Equation (3.8) which consid-
ers counter-current-flow induced by the substrate layer and
the extracted fit parameters are 𝜆Nb1–xTixN = 185(7) nm and
𝜆Nb = 43.6(29) nm. . . . . . . . . . . . . . . . . . . . . . 133
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Figure 6.6 Plot of the mean magnetic field, ⟨𝐵⟩, sensed by 𝜇+ at dif-
ferent implantation energies, 𝐸 , in Nb1–xTixN/Nb samples
with different Nb1–xTixN thicknesses (i.e., 50 nm, 80 nm, and
160 nm) at applied fields of 15.0 ≲ 𝐵0 ≲ 25.0 mT, parallel
to the sample surface in the Meissner state (𝑇 ≤ 2.8 K) and
normal state (𝑇 ≥ 20 K). The mean implantation depth ⟨𝑧⟩
corresponding to 𝐸 of each sample is shown in the top 𝑥-axis
on each panel. The colored closed circles and open squares
are the data derived from the LE-𝜇SR measurements. The
solid and dashed lines represent a (global) fit to the data using
Equation (6.10) where 𝐵(𝑧) is the field screening formula,
i.e., Equation (3.8). In the normal state, there is no energy or
depth dependence to ⟨𝐵⟩, which represents the strength of
the applied magnetic field. However, in the Meissner state,
⟨𝐵⟩ decays with increasing 𝐸 . The apparent difference in
⟨𝐵⟩ at 𝐸 ∼ 0 keV between the Meissner and normal state is
due to the field “enhancement” in the Meissner state. The fit
parameters are shown in the Table 6.3. . . . . . . . . . . . 134
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Figure 6.7 Prediction of the maximum applied field 𝐵max where the
Meissner state can be sustained for an SS bilayer as a func-
tion of thickness of the top Nb1–xTixN superconducting layer,
𝑑s (i.e., 𝑑Nb1–xTixN) in Nb1–xTixN/Nb. The orange curve
starting from the left represents maximum field (𝐵max) of
the substrate Nb layer and the curve starting at right corre-
sponds to the surface Nb1–xTixN layer. Here the measured
penetration depths of 𝜆s = 𝜆Nb1–xTixN = 182.5(31) nm and
𝜆sub = 𝜆Nb = 43.3(19) nm were used to find the magnitude
of 𝛾1 and 𝛾2 using Equations (3.12) and (3.14). The pre-
dicted values of the superheating field of Nb1–xTixN and Nb
are 𝐵(s)

sh = 𝐵
(Nb1–xTixN)
sh = 570(40) mT and 𝐵(sub)

sh = 𝐵
(Nb)
sh =

229(6) mT, respectively. The +, + and + are the position
of maximum fields for each of the 50 nm, 80 nm, and 160
nm samples. . . . . . . . . . . . . . . . . . . . . . . . . . 139

Figure 6.8 Plot of the fit parameters 𝐴0, 𝐵p, 𝜎±, and 𝜙 of Equations (6.4)
to (6.8) as a function of 𝐸 in Nb1–xTixN (50 nm)/Nb in
the Meissner state (2.7 K) at an applied magnetic field of
∼25 mT. For 𝐸 ≤ 14.5 keV the fit is constrained such that
𝑛 = 1 in Equation (6.7) indicating the 𝜇+ sample is only
implanted in the Nb1–xTixN layer. (a) The blue and orange
closed circles are the asymmetry, 𝐴0 data points correspond-
ing to the Nb1–xTixN and Nb layer, respectively. (b) the peak
field, 𝐵p of Nb1–xTixN and Nb layer are denoted by the blue
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Chapter 1

Introduction

This thesis explores superconducting coating on Nb, both with and without alter-
nating insulating layers, aimed at increasing the maximum applied magnetic field
(𝐵0) under which Nb’s Meissner state can be sustained—an essential parameter for
advancing superconducting radio frequency (SRF) cavity performance. SRF cav-
ities, which serve as microwave-frequency electrodynamic resonators, accelerate
charged particles via the electric field established when radio frequency (RF) power
is applied near resonance. The axial electric field drives acceleration, while the as-
sociated 𝐵0 extends along the cavity surface. Since 𝐵0 scales with the accelerating
gradient (𝐸acc), which determines the energy imparted per unit length, increasing
this limit is critical for improving accelerator efficiency. Once 𝐵0 exceeds a critical
threshold, the superconductor quenches—transitioning from Meissner to normal
state—leading to energy dissipation and degradation of cavity performance.

Nb is the material of choice for SRF cavities due to its favorable superconduct-
ing properties, including the highest critical temperature (𝑇c) among elemental
metals of 9.2 K and the highest lower critical field (𝐵c1) of ≃ 170 mT of all
superconductors [7, 8]. These properties are vital for maintaining stable super-
conductivity in the presence of magnetic fields, a requirement in the operation of
particle accelerators. Despite this, practical breakdown fields in Nb cavities typi-
cally occur around ∼80 mT to 100 mT [2, 8–10], significantly below the theoretical
𝐵c1. In pursuit of higher performance and delayed quench (superconducting break-
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down field) onset, various low-temperature heat treatments—commonly referred
to as low-temperature baking (LTB)—have been developed, wherein Nb cavities
are baked at around 120 ◦C in vacuum or low-pressure gas atmospheres modifying
the composition and structure of the Nb at the inner surface of the cavity where
flux penetration starts [11–16]. Such treatments have enabled 𝐸acc ∼ 50 MV m−1,
corresponding to a 𝐵0 ∼ 200 mT in TESLA-shaped cavities [17].1 Achieving
further advancements with “bulk” Nb technology faces intrinsic limitations, as the
surface screening current density, 𝐽0 ∝ 𝐵0, approaches the depairing current den-
sity (𝐽d)—the fundamental limit of superfluid stability. This threshold corresponds
to the superheating field (𝐵sh) (i.e., 𝐽d ∝ 𝐵sh), which defines the ultimate field limit
under RF conditions beyond which the Meissner state becomes unstable. Crossing
this limit initiates vortex penetration, dissipation, and ultimately the quenching of
superconductivity.

A promising route to overcome the limitations of bulk Nb involves coat-
ing Nb with other thin superconducting layers—either alone (superconductor-
superconductor (SS) structures [18, 19]) or interleaved with insulating layers
(superconductor-insulator-superconductor (SIS) heterostructures [18, 20–22]). These
coatings are designed with materials possessing a longer magnetic penetration
depth (𝜆), than their Nb “substrate,” which are predicted to suppress surface screen-
ing currents and thereby help sustain the Meissner state beyond the 𝐵sh of each
individual layer. In coated superconducting heterostructures, the vortex penetration
field in the substrate layer is enhanced by a reduction in screening currents, which
arises from a compensating “counter-current”2 induced in the underlying substrate.
Furthermore, an interfacial energy barrier analogous to the Bean-Livingston (BL)
barrier [24] forms at the material junction, helping to inhibit vortex penetration
into the bulk. SIS heterostructures provide an even more robust defense against
flux entry; in these systems, the inclusion of insulating layers does not impede the

1This is an elliptical 9-cell cavity shape is designed for TeV Superconducting Linear Accelerators (TESLA) [17].
2This is a counterflow current generated by the substrate in a multilayer superconductor [18, 19, 22, 23].
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propagation of vortices from the surface into the underlying Nb substrate.
To study the behavior of such layered superconducting systems, a variety of

experimental techniques can be employed to probe local magnetic-field distribu-
tions, visualize vortex structures, examine flux penetration, and determine pene-
tration depth. Magneto-optical imaging [25–29] enables real-time visualization of
flux dynamics and trapping with micrometer-scale spatial resolution, while Bitter
decoration [30–34] provides sub-micrometer imaging of vortices on the sample
surface. Techniques such as scanning superconducting quantum interference de-
vice (SQUID) microscopy [35], scanning tunnelling microscopy (STM) [36–38]
and scanning Hall-probe microscopy [39, 40] offer local magnetic-field mapping
with micrometer-scale lateral resolution. Similarly, Magnetic force microscopy
(MFM) [41–43] provides surface-sensitive measurements with high lateral resolu-
tion and has been employed to extract penetration depth. Furthermore, combined
MFM and SQUID susceptometry [44, 45] enables simultaneous determination of
penetration depth and pinning forces. In contrast, bulk-sensitive techniques such
as macroscopic magnetization measurements [46–48] and neutron scattering [49]
provide averaged superconducting properties over the entire sample volume. De-
spite their success in characterizing superconductors, these methods typically offer
either high-resolution surface information or bulk-averaged responses, and thus
lack true depth-resolved capability essential for investigating layered heterostruc-
tures such as SS and SIS systems.

For investigations requiring depth resolution, the superconducting behaviour
of coated Nb is examined using depth-resolved techniques such as muon spin ro-
tation (𝜇SR), low energy muon spin rotation (LE-𝜇SR), and 𝛽-detected nuclear
magnetic resonance (𝛽NMR), which utilize implanted radioactive probes to mea-
sure the local electromagnetic environment within the sample. These methods
are especially suited for studying field penetration, Meissner screening profiles,
and superconducting properties in both bulk and multilayer systems. Specifically,
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𝜇SR measurements of the first flux penetration field in Nb3Sn-coated Nb and LTB-
treated Nb provided evidence for an interface barrier. The suppression of Meissner
currents in the surface layers was observed via LE-𝜇SR by measuring nanoscale
(depths ≲150 nm) screening profiles in 50 nm, 80 nm, and 160 nm Nb1–xTixN on
Nb samples under applied fields of ≤ 25 mT. Finally, the superconducting and
normal-state properties of a thin-film Nb0.75Ti0.25N in a SIS Nb0.75Ti0.25N(91 nm)
/AlN(4 nm)/Nb heterostructure were characterized using 𝛽NMR in the vortex state
for future Meissner-vortex transition measurements.

In order to interpret the experimental observations and guide the selection of ap-
propriate measurement techniques, the remainder of this dissertation is organized
as follows. Chapters 2 and 3 present the theoretical framework of superconductiv-
ity, including both conventional bulk superconductivity and extensions relevant to
heterostructured systems. Building on that foundation, the Chapter 4 details the
experimental methods, with each technique chosen based on its sensitivity to key
superconducting properties and its relevance to the specific questions addressed.
The Chapters 5 to 7 present the experimental investigations carried out using above
techniques. Finally, Chapter 8 summarizes the key findings and outlines directions
for future research.
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Chapter 2

Basics of superconductivity

Superconductivity is a remarkable physical phenomenon observed in certain elec-
trically conductive materials at extremely low temperatures, characterized by zero
electrical resistance and unique magnetic properties. When cooled below a criti-
cal temperature (𝑇c), these materials undergo an electronic phase transition into a
superconducting state.

2.1 Meissner effect

One of the most striking and defining properties of superconductors is the Meissner
effect, discovered by Meissner et al. in 1933 [50]. Upon entering the supercon-
ducting state, a material expels magnetic fields from its interior, creating a state of
perfect diamagnetism. This magnetic field exclusion is not merely a consequence
of zero resistance, but rather a fundamental property of the superconducting phase
itself. While both superconductors and ordinary diamagnetic materials oppose
applied magnetic fields, they do so in fundamentally different ways. In ordinary
diamagnets, such as bismuth, weakly induced currents oppose changes in the ap-
plied field, but the material still permits partial penetration of magnetic flux into
its bulk. In contrast, superconductors exhibit perfect diamagnetism,1 actively ex-
pelling magnetic flux from their interior below 𝑇c, regardless of its initial state,

1For comparison, bismuth has one of the largest diamagnetic susceptibilities among non-superconductors, yet its
response is still about 104 times weaker than the perfect diamagnetism of a superconductor.
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as illustrated in Figure 2.1. As a result, cooling an ordinary diamagnetic material
has no effect on any magnetic flux already present, whereas a superconductor will
expel the field upon entering the superconducting state. This perfect diamagnetic
response is what sets the Meissner effect — and thus superconductivity — apart
from conventional diamagnetic behaviour.

T > Tc

flux 
lines

(a) Normal state

flux 
lines

T < Tc

(b) Meissner state

Figure 2.1: Ellipsoidal samples in different states. (a) Normal state: Magnetic flux lines pass
through the superconductor, and (b) Meissner state: flux lines expel from the interior of the
superconductor.

Based on the discovery of the Meissner effect, the London brothers proposed a
theoretical framework to describe how magnetic fields behave inside superconduc-
tors, including how they are expelled near the surface [51]. Their model provides
quantitative estimates for the penetration depth of magnetic fields into a super-
conductor, forming the foundation of the London equations, which we describe
below.

2.2 London model

In order to derive London equations [51], the relevant Maxwell’s equation is:

∇ × E = −1
𝑐

𝜕B
𝜕𝑡
, (2.1)

where ∇ represents the three-dimensional gradient operator, E is the electric field,
B is the magnetic field, and 𝑐 is the speed of light. According to the classi-
cal Drude model of electrical conductivity, which describes charge transport in
metals, conduction electrons experience resistance due to scattering. In contrast,
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in a superconducting metal, superconducting electrons move without resistance.
Consequently, their equation of motion in an electric field contains no friction
term:

𝑚
dvs
d𝑡

= −𝑒E, (2.2)

where vs is the velocity of the superconducting electrons and 𝑚 and 𝑒 are their
mass and charge, respectively. Given a density 𝑛s of superconducting electrons per
unit volume, the resulting supercurrent density Js is:

Js = −𝑛s𝑒vs. (2.3)

Substituting Equation (2.3) into Equation (2.2), leads directly to the first London
equation:

dJs
d𝑡

=

(
𝑛s𝑒

2

𝑚

)
E. (2.4)

Taking the curl on both sides of Equation (2.4) and substituting Equation (2.1)
yields the second London equation:

𝑚

𝑛s𝑒2

(
∇ × dJs

d𝑡

)
= ∇ × E (2.5)

𝑚𝑐

𝑛s𝑒2

(
∇ × dJs

d𝑡

)
+ dB

d𝑡
= 0 (2.6)

d
d𝑡

(
∇ × Js +

𝑛s𝑒
2

𝑚𝑐
B
)
= 0. (2.7)

To account for the magnetic flux expulsion from a superconducting body, the
Londons postulated that: (

∇ × Js +
𝑛s𝑒

2

𝑚𝑐
B
)
= 0, (2.8)
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which is consistent with Equation (2.7). Recalling the fourth Maxwell equation
(for time-independent fields):

Js =
𝑐

4𝜋
(∇ × B) , (2.9)

substituting Equation (2.9) into Equation (2.8) produces:

(∇ × ∇ × B) + 4𝜋𝑛s𝑒
2

𝑚𝑐2 B = 0, (2.10)

∇(∇ · B) − ∇
2B + 4𝜋𝑛s𝑒

2

𝑚𝑐2 B = 0 (2.11)

∇2B =
1
𝜆2

L
B, (2.12)

where
1
𝜆2

L
=

4𝜋𝑛s𝑒
2

𝑚𝑐2 . (2.13)

At vacuum-superconductor interface, the solution of Equation (2.12) is given
by:

𝐵(𝑧) = 𝐵0 ×


1, 𝑧 < 0,

exp
(
− 𝑧

𝜆L

)
, 𝑧 ≥ 0,

(2.14)

where 𝐵0 is the magnitude of the external applied field, 𝑧 is the length below
the surface and the quantity 𝜆L is known as the London penetration depth [51].
The behaviour of Equation (2.14) is shown in Figure 2.2. The most important
consequence of Equation (2.9) and Equation (2.12) is that a static magnetic field
is screened from the interior of a bulk superconductor over a characteristic length
scale 𝜆L. As one approaches the critical temperature 𝑇c, 𝑛s → 0 continuously as
𝑇 → 𝑇𝑐, and, as a consequence of Equation (2.14), 𝜆(𝑇) diverges toward infinity.
Equation (2.14) is true for 𝑇 = 0, Gorter and Casimir found that good agreement
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Figure 2.2: Exponential decay of magnetic field 𝐵(𝑧) screening inside a superconductor as a
function of depth 𝑧 from the surface, normalized to the applied field 𝐵0. The decay follows
the London model described by Equation (2.14), with London penetration depth (𝜆L) of 30 nm,
indicating the characteristic length over which the field decreases to 1/𝑒 of 𝐵0.

with early experiments could be obtained if one assumes, what is known as the “two-
fluid” model [52]. The model assumes that the total current in the superconductor
below the critical temperature 𝑇c is the sum of two components (electron fluids),
one of normal electrons and one of superconducting electrons:

𝑛s(𝑇) = 𝑛n

[
1 −

(
𝑇

𝑇c

)2
]
. (2.15)

Here, 𝑛n is the density of normal conducting electrons. Empirically, the 𝑇-
dependence of 𝜆L follows:

𝜆L(𝑇) ≈ 𝜆L(0 K)/
√︁

1 − (𝑇/𝑇c)𝑛, (2.16)
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where the exponent 𝑛 = 2 − 4 and 0 K penetration depth is defined as:

𝜆L(0 K) =

√︄
𝑚𝑐2

4𝜋𝑛s𝑒2 . (2.17)

In many conventional superconductors, 𝑛 = 4, which is consistent with the two-
fluid model of Gorter and Casimir;2 however, the behaviour isn’t universal.

Alternatively, for some superconductors 𝑛 = 2 gives much better agreement with
the data. Interestingly, the use of 𝑛 = 2 in Equation (2.16) gives an excellent ana-
lytic approximation of𝜆L’s𝑇-dependence derived from Bardeen-Cooper-Schrieffer
(BCS) theory — a microscopic model of superconductivity [53]. The behaviour
of both 𝑛 = 2 and 4 in Equation (2.16) are plotted in Figure 2.3.

0.0 0.2 0.4 0.6 0.8 1.0
T/Tc

0

1

2

3

4

5

6

7

L(T
)/

L(0
K)

1
[1 (T/Tc)4]1/2

1
[1 (T/Tc)2]1/2

Figure 2.3: Temperature dependence of the London penetration depth 𝜆L(𝑇) calculated using Equa-
tion (2.16) with both 𝑛 = 2 and 𝑛 = 4. The values of 𝜆L remain constant near 𝑇 = 0 K and diverges
as 𝑇 approaches 𝑇c.

While the London model effectively describes the electromagnetic response
of superconductors, particularly the expulsion of magnetic fields (the Meissner

2This could be derived by substituting Equation (2.15) in Equation (2.13).
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effect), it does not account for the thermodynamic or spatially varying properties
of the superconducting state near the transition temperature.

2.3 Ginzburg-Landau theory

To address the shortcomings of London theory, the Ginzburg-Landau (GL) theory
was proposed by Vitaly Ginzburg and Lev Landau in 1950 [54] as a phenomeno-
logical framework providing a macroscopic description of superconductivity. GL
theory extends the London model by introducing a macroscopic complex order
parameter 𝜓(r̂) for the low 𝑇 “ordered” state of the electrons (i.e., the super-
fluid electrons), which represents the collective behaviour of the superconducting
electron pairs. This order parameter varies smoothly in space and is particularly
sensitive near the 𝑇c, where the superconducting state emerges. Under conditions
of small variations in 𝜓(r̂) near 𝑇c and in the absence of a magnetic field, the free
energy density of the superconducting state, 𝐹s, can be expanded as a power series
in |𝜓(r̂) |2, relative to the normal-state free energy density 𝐹n:

𝐹s = 𝐹n + 𝛼(𝑇) |𝜓(r̂) |2 +
𝛽(𝑇)

2
|𝜓(r̂) |4 + ..., (2.18)

here 𝛼(𝑇) and 𝛽(𝑇) are material dependent phenomenological parameters. While
Equation (2.18) is strictly valid only for temperatures 𝑇 ≃ 𝑇c, the expansion
contains only even powers of the order parameter, ensuring stability both at the
transition and in the superconducting state. For 𝑇 ≥ 𝑇c the free energy 𝐹s must
have a minimum at 𝜓 = 0, while stability of the superconducting state requires
𝛽(𝑇) > 0 so that 𝐹s admits a minimum at finite |𝜓 |. Consequently, the change in
free energy density Δ𝐹:

Δ𝐹 = 𝐹s − 𝐹n = 𝛼(𝑇) |𝜓(r̂) |2 + 𝛽(𝑇)
2

|𝜓(r̂) |4 + ..., (2.19)
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is contingent only on the sign of 𝛼(𝑇). In the normal-conducting phase (𝑇 > 𝑇c),
𝛼(𝑇) > 0, leading to the minimum at 𝜓(r̂) = 0 (see, Figure 2.4). Conversely, in
the superconducting phase (𝑇 < 𝑇c), 𝛼(𝑇) < 0, resulting in the minimum at:

|𝜓(r̂) |2 = −𝛼
𝛽
. (2.20)

Thus, 𝛼(𝑇) must necessarily change its sign at 𝑇c.

F T/Tc = 0.0
T/Tc = 0.3
T/Tc = 0.7
T/Tc = 1.0
T/Tc = 1.3
T/Tc = 1.7
T/Tc = 2.0

Figure 2.4: GL free energy functions plotted as a function of the order parameter 𝜓 for temperatures
above and below the critical temperature, 𝑇c. For 𝑇 > 𝑇c (𝛼 > 0), the free energy exhibits a single
minimum at 𝜓 = 0, corresponding to the normal state. For𝑇 < 𝑇c (𝛼 < 0), the free energy develops
a double-well structure, with minima at nonzero values of 𝜓, representing the emergence of the
superconducting state. For simplicity, 𝜓 is assumed to be real in this plot.

To account for spatial variations of the order parameter—such as those intro-
duced by surfaces or interfaces—and the presence of a magnetic field, the free
energy density expansion in Equation (2.18) must be generalized. The resulting
GL free energy density takes the form [55]:

𝐹s = 𝐹n + 𝛼(𝑇) |𝜓(r̂) |2 +
𝛽(𝑇)

2
|𝜓(r̂) |4 + 1

2𝑚∗ | (−𝑖ℏ∇ − 𝑒∗A)𝜓(r̂) |2 + 𝐵2

2𝜇0
, (2.21)

where 𝑚∗ = 2𝑚, 𝑒∗ = ±2𝑒 with their hole(electron) counterparts 𝑚 and ±𝑒 and
A represents the vector potential describing the currents (hence magnetic field) in
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the superconductor—the kinetic energy of a charged particle in a magnetic field.
The last term is the energy density of the magnetic field inside the superconductor.
Minimizing the free energy with respect to 𝜓(r̂) yields the condition that 𝜓(r̂) → 0
as 𝑇 → 𝑇𝑐, and |𝜓(r̂) |2 = 𝑛s(r̂), identifying the order parameter magnitude with
the local superconducting carrier density. The following definition of the GL
penetration depth is obtained:

𝜆GL =

√︄
𝑚∗𝑐2

4𝜋 |𝜓(𝑟) |2𝑒∗2 , (2.22)

=

√︄
𝑚∗𝑐2

4𝜋𝑛s𝑒∗2 ≃ 𝜆L. (2.23)

Expressing the density of superconducting carriers in terms of the equilibrium value
of the order parameter i.e., Equation (2.20), which is applicable far from an interface
it is found that Equation (2.22) agrees with the definition of 𝜆L in Equations (2.13)
and (2.17).

In addition to identifying 𝜆L, GL theory introduces another fundamental length
scale, the coherence length 𝜉GL, which emerges when minimizing the free energy
with respect to a spatially varying 𝜓 in the absence of an external magnetic field.
This characteristic length defines the spatial scale over which variations in the
magnitude of the order parameter, or equivalently the density of superconducting
electrons, occur:

𝜉GL(𝑇) =

√︄
− ℏ

2𝑚𝛼(𝑇) , (2.24)

where 𝛼(𝑇) is a temperature-dependent coefficient in the series expansion of the
free energy.

To classify different types of superconductors, the GL theory defines a dimen-
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sionless parameter 𝜅, known as the GL parameter, which is the ratio of the 𝜆L to
the 𝜉GL:

𝜅 =
𝜆L

𝜉GL
. (2.25)

This parameter plays a crucial role in determining the magnetic behaviour of super-
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Figure 2.5: Magnetization (−4𝜋𝑀) as a function of applied magnetic field for (a) type-I and (b)
type-II superconductors. (a) A type-I superconductor exhibits a complete Meissner state up to the
thermodynamic critical field 𝐵c, above which it undergoes a first-order transition to the normal
state. (b) A type-II superconductor is characterized by two critical fields: the lower critical field
𝐵c1, at which magnetic flux begins to penetrate the material in the form of quantized vortices (vortex
or mixed state), and the upper critical field 𝐵c2, beyond which superconductivity is destroyed and
the material becomes normal. The region between 𝐵c1 and 𝐵c2 corresponds to the vortex state,
where the superconductor partially expels the magnetic field while allowing quantized flux lines to
penetrate. The dashed line marks the 𝐵c.

conductors. Seven years after Ginzburg and Landau’s publication, Abrikosov [56]
demonstrated that 𝜅 governs the transition between type-I and type-II behaviour
through the sign of the surface (interface) energy separating normal and super-
conducting regions. For small 𝜅, this energy is positive, making it energetically
unfavorable for magnetic flux to penetrate, resulting in complete flux expulsion
(type-I behaviour). For 𝜅 values above a certain critical value, the interface energy
becomes negative, and above a lower critical field (𝐵c1), it is favorable for magnetic
flux to enter the material as quantized vortices where superconductivity is locally
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suppressed—characteristic of type-II superconductors:

𝜅 <
1
√

2
→ type-I, (2.26)

𝜅 >
1
√

2
→ type-II. (2.27)

This distinction is illustrated in Figure 2.5, in type-I superconductors, the ap-
plied magnetic field is completely expelled from the bulk (the Meissner state)
up to a thermodynamic critical field thermodynamic critical field (𝐵c), beyond
which superconductivity is abruptly destroyed. In contrast, type-II superconduc-
tors exhibit a completely different magnetic response: above a lower critical field
𝐵c1, magnetic flux begins to penetrate the material in the form of quantized vor-
tices—regions where superconductivity is locally suppressed and magnetic flux
lines pass through. In many cases, these vortices arrange themselves in a regular
lattice, forming what is known as the mixed or vortex state. This state persists
until an upper critical field (𝐵c2), above which the material transitions fully into
the normal (non-superconducting) state. The field distribution within the vortex
state is further described in Section 2.5.2.

2.4 BCS theory

Despite the success of GL theory in describing the macroscopic behaviour of
superconductors, it does not address the microscopic mechanism underlying the
formation of the superconducting state. This fundamental question was resolved by
the development of the Bardeen-Cooper-Schrieffer (BCS) theory in 1957 [57, 58],
which remains the most successful and widely accepted microscopic explanation
of conventional superconductivity.3 BCS theory offers a quantum mechanical

3The term “conventional superconductors” refers to materials whose superconducting properties are well described
by the BCS theory, where electron pairing arises from electron-phonon interactions. In contrast, “unconventional
superconductors”—such as cuprates, iron-based, or heavy-fermion systems—exhibit pairing mechanisms that deviate
from the BCS framework and are often not mediated by phonons.
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explanation for superconductivity by describing how conduction electrons form
bound pairs, known as “Cooper pairs.” Rather than presenting full derivations
of the BCS formalism, the following discussion outlines the central concepts and
physical insights that form the foundation of the theory. For readers interested in
a more detailed treatment, comprehensive discussions can be found in Refs. [55,
59].

The concept of Cooper pairs was first introduced by L. Cooper in 1956 [60], who
showed that in the presence of an attractive interaction, even an infinitesimal one,
electrons near the Fermi surface—the boundary between occupied and unoccupied
electronic states at zero temperature—can pair up. In a crystalline lattice, this
attraction arises from an interaction mediated by phonons (or lattice vibrations). As
a negatively charged electron moves through an arrangement of positively charged
ions, it distorts the lattice structure, creating a region of excess positive charge.
This distortion then attracts a second electron with opposite spin and momentum,
resulting in the formation of a Cooper pair. Electrons are fermions and obey the
Pauli exclusion principle, but Cooper pairs act as composite bosons and can occupy
the same quantum state. Once paired, these electrons act collectively as a single
quantum state and can move through the lattice without resistance. This collective,
resistance-free motion of Cooper pairs is what gives rise to the superconducting
state.

At the microscopic level, the Fermi-Dirac distribution function describes the
probability of occupation of electronic states at a given energy 𝐸 and temperature
𝑇 , and is given by:

𝑓 (𝐸) = 1
exp ((𝐸 − 𝐸F)/𝑘B𝑇) + 1

, (2.28)

where 𝑓 (𝐸) is the probability of occupancy for energy state 𝐸 , 𝐸F is the Fermi
energy (i.e., the energy level of the highest occupied state at absolute zero 𝑇), and
𝑘B is the Boltzmann constant. At 𝑇 → 0 all states with energies 𝐸 < 𝐸F are fully
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occupied, while states with 𝐸 > 𝐸F, are empty.
At absolute zero, when two electrons are added to the Fermi sea—the collection

of all occupied electronic states up to the Fermi energy—they interact via phonon-
mediated coupling to form a Cooper pair. In a typical electron-electron interaction,
Coulomb repulsion would prevent pairing, but within a crystal lattice, this repulsion
is overcome through the exchange of lattice vibrations (phonons). The exchanged
particle in this interaction is a virtual phonon (a transient lattice vibration that medi-
ates an interaction between electrons without being a real, propagating excitation).
Unlike real phonon exchange, which would result in a dissipative process transfer-
ring energy to the lattice and generating resistance, the virtual phonon exchange
allows for the formation of Cooper pairs without dissipation. The characteristic
length over which these pairs interact is defined as the BCS coherence length, 𝜉0.4
When the electrons form a singlet state with zero total momentum, they behave as
bosons, and the Cooper pairs collectively form a coherent superconducting state
described by a single macroscopic wavefunction.

This bound electron state is energetically favored below 𝑇c, but not all electrons
in the Fermi sea can pair up. Only electrons within a narrow energy range (on
the order of meV) around 𝐸F, specifically within the range 𝐸F ± ℏ𝜔 (where 𝜔
is the cutoff frequency associated with the maximum phonon energy), contribute
to superconductivity. This implies that only a small fraction of the Fermi sea is
involved in the superconducting state. The energy of the bound system yields [61,
62]:

𝐸pair = 2𝐸F − Δ, (2.29)

where Δ is the energy gap in the superconducting state between the paired electron
state and the non-interacting state. In the weak coupling limit (i.e., Δ ≪ ℏ𝜔), BCS
theory establishes a relationship between Δ at absolute zero and 𝑇c, with the ratio

4For a “pure” superconductor (i.e., one where its electron mean free path ℓ ≫ 𝜉0) near 𝑇c, 𝜉0 is related to the GL
coherence length at 0 K by 𝜉GL (0 K) ≃ 0.74𝜉0. In the opposite limit (i.e., the “dirty” limit where ℓ ≪ 𝜉0), the relation
becomes 𝜉GL (0 K) ≃ 0.855

√︁
𝜉0ℓ [55].
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being approximately constant. This ratio is given by [57, 58]:

Δ(0 K)
𝑘B𝑇c

= 1.764. (2.30)

The magnitude of Δ depends on the strength of the electron-phonon interaction
and therefore varies for different materials. Additionally, its value varies with
temperature: as 𝑇 increases from absolute zero to 𝑇c, the gap gradually decreases,
and then rapidly approaches zero near 𝑇c. While BCS theory provides no analytic
expression forΔ (i.e., it must be computed numerically), an excellent approximation
takes the form [63]:

Δ(𝑇) = Δ(0 K) tanh

(
1.82

(
1.018

(
𝑇𝑐

𝑇
− 1

))0.51
)

(2.31)

where Δ(0 K) energy gap at 𝑇 = 0 K. An even simpler approximate expression
that works well for many superconductors follows [64]:

Δ(𝑇) ≈ Δ(0 K)

√︄
cos

(
𝜋𝑡2

2

)
, (2.32)

where 𝑡 = 𝑇/𝑇c. Equations (2.31) and (2.32) are compared with the numerical
results of BCS theory calculated by Mühlschlegel [65], as shown in Figure 2.6.
The approximations closely reproduce the numerical BCS solution across the full
temperature range, confirming their validity for conventional superconductors.

The formation of the energy gap significantly alters the density of states (DOS),
𝑁 (𝐸), which represents the number of available states at a particular energy level
for electrons. The gap introduces singularities at the energy levels corresponding
to the gap edges. Since Cooper pairs follow the Bose-Einstein distribution, an
effectively infinite number of pairs can occupy the same energy level. As a result,
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Figure 2.6: Temperature dependence of the normalized energy gap Δ(𝑇)/Δ(0 K) obtained us-
ing Equations (2.31) and (2.32), compared with the numerical BCS result [65]. Near absolute
zero, all the Δ remains nearly constant, reflecting the stability of the superconducting state at low
temperatures. As the temperature approaches the critical temperature 𝑇c, Δ(𝑇) decreases rapidly,
eventually vanishing at 𝑇 = 𝑇c, marking the transition to the normal state. Both analytic forms
follow the BCS curve closely, with only subtle deviations near 𝑇c.

the DOS in the superconducting state 𝑁s takes the form:

𝑁s(𝐸) =


𝑁n(0)Re

(
|𝐸 |√︁

|𝐸 |2 − Δ2

)
, for 𝐸 > Δ,

0, for 𝐸 < Δ,

(2.33)

where 𝑁n(0) is the DOS in the normal conducting state. In Equation (2.33) the
singularities arise when 𝐸 = Δ, marking the energy gap edges as seen in Figure 2.7.
These singularities indicate a sharp change in the DOS near the gap, which plays a
crucial role in the superconducting behaviour. In practice, it is crucial to consider
modifications to the energy gap, which can result from imperfections in the crystal
structure and the finite lifetimes of quasiparticles (collective excitation that behave
like particles and represent the effective low-energy degrees of freedom in a many-



20

body system). These factors contribute to the broadening of the singularities in
the DOS, ultimately reducing their height. When the singularities are smeared
out at 𝐸 = Δ, subgap states with finite DOS appear at energies below Δ. Such a
situation is often described by the phenomenological Dynes formula [66, 67]:

𝑁s(𝐸) =


𝑁n(0)Re

(
𝐸 − 𝑖ΓD√︁

(𝐸 − 𝑖ΓD)2 − Δ2

)
, for 𝐸 > Δ,

0, for 𝐸 < Δ,

(2.34)

where ΓD is a broadening term (in other words, a damping parameter) which ac-
counts for the finite lifetime of quasiparticles. The characteristic features of Equa-
tion (2.34) with finite quasiparticles lifetime (i.e., ΓD = 0.1Δ(0 K) and 0.2Δ(0 K))
are plotted in Figure 2.7. This quantity is measured more or less directly in tunnel-
ing experiments, and such data motivated the development of the phenomenology.

2.5 Critical magnetic fields

As discussed in Sections 2.1 and 2.2, in the Meissner state the applied magnetic field
(induction) 𝐵0 is screened by 1/𝑒 over the 𝜆L. However, there is a limit of 𝐵0 below
which the sample remains a superconductor, above that limit it turns into normal
conductor. The transition to the normal state can be analyzed using thermodynamic
principles. In exploring the critical magnetic field of superconductors, our attention
turns to the “Gibbs free energy”5 to compare the magnetic contributions in both
phases under the same applied magnetic field.

2.5.1 Thermodynamic critical field 𝐵c

For the simplest case of a type-I superconductor at temperature 𝑇 and in the
absence of an applied magnetic field (i.e., 𝐵0 = 0), a superconducting specimen

5A thermodynamic potential used to compare the stability of the superconducting and normal states in an external
magnetic field in a situation of constant external pressure (typically 1 atm).
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Figure 2.7: Superconducting DOS𝑁s(𝐸) compared to the normal state𝑁n(0). The superconducting
DOS is shown using the BCS model (Equation (2.33)) with a zero-temperature gap Δ(0 K) =

1.764𝑘B𝑇c, as well as the Dynes broadening model (Equation (2.34)) with broadening parameters
ΓD = 0.1Δ(0 K) and 0.2Δ(0 K), represented by the solid coloured lines. The red dashed line
denotes the normal state DOS. In the ideal BCS case, a divergence in the DOS occurs at 𝐸 = Δ

(indicated by the vertical dotted line). For 𝐸/Δ ≫ 1, the superconducting DOS approaches the
normal state value.

possesses a Gibbs free energy per unit volume represented by 𝐹s, while the normal
conducting state exhibits 𝐹n (as considered in Section 2.3). Upon applying an
external magnetic field, 𝐵0, parallel to its surface, it develops a magnetization, 𝑀 .
The alteration in free energy per unit volume is consequently influenced by this
magnetic field:

Δ𝐹 (𝐵0) = 𝐹s(𝑇, 𝐵0) − 𝐹s(𝑇, 0),

= −
∫ 𝐵0

0
𝑀𝑑𝐵.

(2.35)

Given that a superconductor behaves as an ideal diamagnet, its 𝑀 = 𝐻0 =
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−𝐵0/𝜇0, whereas in the normal state, is negligible (see Figure 2.5), therefore:

Δ𝐹 (𝐵0) = 𝐹s(𝑇, 𝐵0) − 𝐹s(𝑇, 0) =
𝐵2

0
2𝜇0

. (2.36)

Thus, a superconductor will be in superconducting state up to maximum magnetic
field strength called critical field 𝐵c. When 𝐵0 = 𝐵c at a specific temperature
𝑇 < 𝑇c, the free energy takes the form:

𝐹s(𝑇, 𝐵𝑐) − 𝐹s(𝑇, 0) =
𝐵2

c
2𝜇0

. (2.37)

At 𝐵c the free energy density in the superconducting 𝐹s and normal state 𝐹n are
equal which yields:

𝐵c =
√︁

2𝜇0 [𝐹n(𝑇) − 𝐹s(𝑇, 0)] . (2.38)

The 𝐵c using GL theory takes the form [55]:

𝐵c(𝑇) =
Φ0

2
√

2𝜋𝜉GL(𝑇)𝜆GL(𝑇)
, (2.39)

where Φ0 = ℎ/2𝑒 = 2.068× 10−15 Wb.6 At temperatures below 𝑇c, 𝐵c(𝑇) exhibits
an approximate temperature dependence, often well-described by a parabolic rela-
tionship given by [55]:

𝐵c(𝑇) = 𝐵c(0 K)
[
1 −

(
𝑇

𝑇c

)2
]
. (2.40)

Here, 𝐵c(0 K) is the critical field at 𝑇 = 0 K and 𝐵c(𝑇) represents the maximum
field that the Meissner state can sustain for type-I superconductors (see Figure 2.5a).
When the applied field strength exceeds this critical value, superconductivity
abruptly ceases. In contrast, type-II superconductors exhibit both a lower crit-

6The smallest amount of magnetic flux that can penetrate a superconductor is one flux quantum, Φ0 = ℎ/2𝑒, which
corresponds to the magnetic flux associated with a Cooper pair carrying charge 2𝑒.
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ical field 𝐵c1 and an upper critical field 𝐵c2 (see Figure 2.5b), which are discussed
below.

2.5.2 Lower and upper critical fields 𝐵c1 and 𝐵c2

In type-II superconductors, the Meissner state becomes energetically unfavorable
in the presence of external magnetic fields that exceed the lower critical field,
denoted as 𝐵c1. While a Type-II superconductor exhibits ideal diamagnetism
below this threshold (see Figure 2.5b), at higher fields a regular array of flux tubes,
termed vortices (see Figure 2.8), allows the partial penetration of the magnetic field
into the superconductor. In the simple GL [54] model, each vortex, as illustrated
in Figure 2.8, carries a quantized magnetic flux Φ0 and has a normal-conducting
core covering an area of approximately 𝜋𝜉2

GL/2 [2]. Inside these “tubules,” the
order parameter, 𝜓(r̂), diminishes to zero along the radial axis of each flux tube,
with the magnetic field associated with the vortex reaching its maximum at the
core center and decaying exponentially outward over the London penetration depth
𝜆L. Within these normal conducting “cores,” there exist shielding currents that
rotate in the opposite direction to the diamagnetic surface current. This partial
flux penetration is referred to as the “vortex state” or, given the coexistence of
superconducting and normal conducting regions, the “mixed state”. In this state,
the vortices form a lattice whose spacing is determined by the applied field 𝐵0,
leading to increasingly dense vortex packing as 𝐵0 increases.

As a consequence of the spatial variation of magnetic flux lines in the vortex
state, the magnetic field distribution 𝑝(𝐵) exhibits several key characteristics,
including a sharp cutoff at low fields, which results from the minimum of the field
distribution 𝐵min (located at the corners of Wigner-Seitz [68] unit cells7 centered
on the vortices), a sharp peak 𝐵peak arising from the saddle point between two
adjacent vortices, and a long tail stemming from the region around the vortex

7This is the region of space around a lattice point that contains all points closer to it than to any other lattice point.
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Figure 2.8: (a) Illustration of a single vortex in a type-II superconductor, highlighting the normal
core, quantized magnetic flux, GL coherence length 𝜉GL, London penetration depth 𝜆L, and the
circulating vortex current 𝐽 (𝑟). (b) Mixed-state representation showing an array of vortices within
the superconducting phase, with the diamagnetic response and quantized flux in each vortex core.
The interplay between vortex currents and the surrounding superconducting regions reflects the
mixed-state behaviour characteristic of type-II superconductors.

core, with the high-field cutoff dictated by the maximum of the field 𝐵max at the
center of the core [69]. The field distribution of this state, simulated using the
models described in Refs. [70–73], is shown in Figure 2.9. Note that 𝑝(𝐵) can be
experimentally measured using techniques like muon spin rotation (𝜇SR) [74–76].
The variance, 𝜎2 = ⟨(𝐵 − ⟨𝐵⟩)2⟩, of the field distribution is related to 𝜆L. In an
isotropic, extreme type-II superconductor with 𝜅 ≥ 70 and within the field range
0.13/𝜅2 ≪ 𝑏 ≪ 1, where 𝑏 = 𝐵0/𝐵c2, this relationship is often expressed as [74]:

𝜎2
sc(𝑇) = 0.00371

Φ2
0

𝜆4
L(𝑇)

. (2.41)

This formula demonstrates how the spatial variation of the magnetic field in the
vortex state is tied to the material’s superconducting properties, particularly to
𝜆L. Thus, 𝐵c1 marks the boundary between a complete Meissner state, where
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Figure 2.9: Simulated magnetic field distribution of a triangular superconducting vortex lattice
based on the modified London model with a Gaussian cutoff, calculated using reciprocal-space
summation [72, 73, 77]. Here, 𝐵0 denotes the applied (average) magnetic field corresponding
to the mean flux density in the lattice, 𝐵min is the lowest local field occurring midway between
vortices, 𝐵peak represents the most probable field value in the field distribution 𝑝(𝐵), and 𝐵max is
the maximum field found at the vortex cores. (Left) Magnetic field distribution 𝑝(𝐵) computed
from Monte Carlo sampling of spatial points uniformly distributed within the vortex lattice unit
cell, illustrating the characteristic field broadening due to the flux line lattice. (Right) Contour plot
of the spatial variation in the magnetic field 𝐵(𝑥, 𝑦) over several vortex lattice unit cells, showing
periodic field modulation around vortex cores.

the magnetic flux is fully expelled except within a few 𝜆 of the free surface, and
the onset of vortex formation, where quantized flux lines begin to penetrate the
superconductor, forming the characteristic field distribution 𝑝(𝐵) described above.
At this point, the Gibbs free energy is the same whether a vortex is inside or outside
the superconductor. By solving the GL equations for a single vortex, one obtains
the characteristic expression [55]:
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𝐵c1 ≈ Φ0

4𝜋𝜆2
L

ln 𝜅, (2.42)

=
𝐵c√
2𝜅

ln 𝜅. (2.43)

A more general formula for 𝐵c1 was first derived by Abrikosov [56] through
the solution of the GL equations for the cylindrically symmetric scenario, which
represents an isolated flux tube, in the case where 𝜅 ≫ 1 𝐵c1 has the form:

𝐵c1 =
Φ0

4𝜋𝜆2
L
(ln 𝜅 + 𝛼) , (2.44)

where the additional term 𝛼 = 0.08. A close examination of the precise GL
expressions introduces𝛼 = 0.497 to the 𝐵c1 [78, 79], which supersedes Abrikosov’s
earlier approximation. Both 𝛼 = 0.08 and 0.497 are valid only when 𝑘 ≫ 1, and do
not hold true for 𝜅 → 1/

√
2. Therefore, numerical solutions of the GL theory (i.e.,

Equation (2.21) given the condition when magnetic flux first enters) are required,
which were computed over the range of 1/

√
2 < 𝜅 < ∞ [80, 81] and showed

agreement with the Abrikosov formula at 𝜅 ≫ 1 but they deviated at 𝜅 ∼ 1/
√

2
(see Figure 2.10).

An accurate approximation (to within 1 %) for the 𝜅-dependent numeric coeffi-
cient was proposed by Brandt [82], which is valid for 1/

√
2 < 𝜅 < ∞, where:

𝛼 =
1
2
+ 1 + ln 2

2𝜅 −
√

2 + 2
. (2.45)

This convenient expression, when used with Equation (2.44), provides excellent
agreement with the 𝐵c1 values derived from numerical solutions to the GL differ-
ential equations reported by Harden et al. [80] and Neumann et al. [81], as shown
in Figure 2.10. The temperature dependence of the 𝐵c1 aligns closely with 𝐵c,
following an expression akin to Equation (2.40).
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Figure 2.10: Dependence of the lower critical field 𝐵c1 (normalized by the 𝐵c) on the GL parameter
𝜅. Equation (2.44) with 𝛼 = 0.08 and 𝛼 = 0.497 are shown as purple and green solid lines,
respectively, highlighting their deviations from the numerical simulations of Harden et al. [80],
Neumann et al. [81], represented by • and ▼. In contrast, Equation (2.45) exhibits excellent
agreement with the numerical data and remains valid across the full range of 𝜅 that corresponds to
type-II superconductivity (i.e., 1/

√
2 ≤ 𝜅 ≤ ∞).

As the magnetic field surpasses 𝐵c1, the cores gather closer, increasing the
average flux density in the superconductor, as each core carrying a fixed flux
amount. With sufficiently high magnetic fields, these cores merge, bringing the
combined flux density of the cores and the surface current closer to the flux density
of 𝐵0. This critical point, where the flux density aligns with the 𝐵0, marks the
transition of the material into the normal state and is termed the upper critical field,
𝐵c2. At 0 K, the 𝐵c2 is defined as follows:

𝐵c2(0 K) = Φ0

2𝜋𝜉2
GL
, (2.46)

=
4𝜋𝜆2

L𝐵
2
c

Φ0
, (2.47)

=
√

2𝜅𝐵c, (2.48)
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The 𝑇 dependence of 𝐵c2 can be approximated using Werthamer-Helfand-
Hohenberg (WHH) theory, which, while not yielding a closed-form analytical
solution, in its simplest form it can be accurately approximated by the expres-
sion [83]:

𝐵c2(𝑇) =
𝐵c2(0 K)

0.693
· ℎ∗ (𝑡) , (2.49)

where 𝑡 =
𝑇

𝑇c
and

ℎ∗ (𝑡) = (1 − 𝑡) − 𝐶1 (1 − 𝑡)2 − 𝐶2 (1 − 𝑡)4 , (2.50)

with 𝐶1 = 0.153 and 𝐶2 = 0.152. The functional form of Equation (2.49) plotted
in Figure 2.11.
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Figure 2.11: The upper critical field 𝐵c2(𝑇) (nomalized to 𝐵c2(0 K)) as a function of reduced tem-
perature𝑇/𝑇𝑐. The solid curve depict the temperature dependence of 𝐵c2 based on Equation (2.49).

2.5.3 Superheating field 𝐵sh

Recall that although the lower critical field 𝐵c1 represents the field at which it be-
comes energetically favorable for flux to enter the bulk of a type-II superconductor,
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the Meissner state can be sustained exceeding 𝐵c1—a metastable non-equilibrium
state that decays toward thermal equilibrium at a finite kinetic rate. This delay is
due to the presence of an energy barrier associated with the nucleation of vortices
at the superconductor’s surface. This phenomenon, initially explored by Bean-
Livingston (BL) [24] in 1965 with London theory for type-II superconductors, is
termed the BL barrier. As a result of this barrier, a superconductor can maintain
its perfect diamagnetism in magnetic field exceeding 𝐵c1 until this barrier is sur-
passed. Consequently, the state remains metastable up to a field value above 𝐵c1,
known as the superheating field 𝐵sh, beyond which the barrier vanishes, and vor-
tices can spontaneously penetrate the material, causing a “quench” via the sudden
penetration of vortices. The superheating field (𝐵sh) therefore defines the theo-
retical magnetic field limit for sustaining a metastable Meissner state in type-II
superconductors.

The physical mechanism underlying this barrier originates from the interaction
between vortices at a superconductor’s surface. On a perfectly smooth supercon-
ductor containing an isolated vortex parallel to its surface and located at a distance
𝑥 from the surface, two competing forces arise. An attractive force is produced
by a surface screening current, which opposes the external magnetic field and can
be equivalently represented by an “image vortex” located outside the surface.8 Si-
multaneously, a repulsive force acts on the vortex due to the applied magnetic field
itself, aligned with the vortex’s magnetic field. The competition between these
forces determines whether a vortex can escape the surface and penetrate into the
supercondcutor. The total energy 𝐸 (𝑥) of an isolated flux thread near the surface
can be quantitatively expressed by [24]:

𝐸 (𝑥) = 𝜖 −
(
Φ0

4𝜋𝜆L

)2
𝐾0(2𝑥/𝜆L) +

Φ0

4𝜋
𝐵0 exp (−𝑥/𝜆L), (2.51)

8The method of images involves removing material boundaries and extending the system to all space, then intro-
ducing one or more fictitious image vortices to satisfy boundary conditions. These images exert forces on real vortices,
influencing their dynamics near interfaces.
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where 𝜖 represents the energy per unit length of an individual flux thread, observed
far from the surface, and is approximately equivalent to:

𝜖 =

(
Φ0

4𝜋𝜆L

)2
ln (𝜆L/𝜉GL) , (2.52)

and 𝐾0 is the modified Bessel function of the second kind. Using the definition of
𝐵c1 from Equation (2.43), Equation (2.52) becomes:

𝜖 =
Φ0

4𝜋
𝐵c1. (2.53)

The second term in Equation (2.51) represents the attractive force exerted on the
surface by the flux thread (i.e., between the vortex and its image), whereas the final
term accounts for the repulsive force acting on the vortex due to the external field
𝐵0, decaying exponentially with increasing distance from the surface.

Figure 2.12 shows the energy barrier for vortex entry near the surface of a type-II
superconductor for increasing applied fields. At 𝐵0 = 0, the vortex is attracted to
the surface but cannot enter. For 𝐵0 < 𝐵c1, vortices are energetically unfavorable
inside the superconductor. In the regime 𝐵0 < 𝐵c1 < 𝐵sh, the vortex entry
becomes energetically favorable, but a surface barrier still inhibits penetration.
The barrier height decreases with increasing 𝐵0 and vanishes when 𝐵0 = 𝐵sh,
allowing unhindered vortex penetration.9 Note that thermal fluctuations capable
of activating vortices over the surface barrier in conventional superconductors
are negligible for two main reasons. First, the condensation energy within a
coherence volume 𝐹𝜉3

GL greatly exceeds the thermal energy 𝑘B𝑇 [86]. Here, 𝐹
is the condensation energy density, 𝜉GL is the GL coherence length, 𝑘B is the
Boltzmann constant, and 𝑇 is the temperature. Because each Cooper pair overlaps

9For superconducting radio frequency (SRF) cavities, the persistence of the metastable Meissner state under strong
radio frequency (RF) fields depends on the vortex core formation time 𝜏v relative to the RF period (i.e., inverse of RF
frequency 𝜈) [84, 85]. The core forms within 𝜏v ∼ 𝜉GL/𝑣d ≃ (𝑣F/𝜋𝑣d) ℏ/Δ, where 𝑣d and 𝑣F are the vortex terminal
velocity and the Fermi velocity, respectively. For Nb, 𝜏v ∼ 2× 10−12 s− 4× 10−12 s, giving 𝜈𝜏v ∼ 10−2 − 10−3 at GHz
frequencies [85]. Thus, once 𝐵0 exceeds 𝐵sh, vortex penetration occurs almost instantaneously.
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Figure 2.12: (a) Energy profile of a magnetic flux line near the vacuum-superconductor interface
as a function of distance 𝑥 from the surface, based on Equation (2.51), illustrating the BL barrier
for 𝜆L ≫ 𝜉GL under various applied fields 𝐵0. The blue curve shows 𝐵0 = 0 (𝐵0 < 𝐵c1) where
the vortex is fully repelled. The solid orange, green, and red curves are representative of when
𝐵c1 < 𝐵0 < 𝐵sh, where vortex penetration is energetically favorable but still blocked by the surface
barrier. The dotted-dashed curve corresponds to 𝐵0 > 𝐵sh, where the barrier disappears, allowing

unhindered vortex entry. (b) Maximum barrier height, expressed as max
[
𝐸 (𝑥)
𝜖

]
− 𝐸 (∼ 𝜉GL)

𝜖
,

plotted against normalized field 𝐵0/𝐵c1, showing the barrier decreases with increasing 𝐵0 and
vanishes above 𝐵sh. For 𝐵0 < 𝐵c1, the energy is 𝐸 (∼ 𝜉GL) < 𝜖 , indicating vortex repulsion (filled
squares), while for 𝐵0 > 𝐵c1, vortices are energetically favorable but still face the barrier (filled
circles) until 𝐵sh is reached.

with roughly 106 neighbors, the system behaves as a mean-field model (i.e., each
pair experiences only the average occupancy of other pairs), thereby strongly
suppressing thermal fluctuations of the order parameter [87]. Second, the energy
barrier for vortex nucleation is itself immense when compared to the available
thermal energy 𝑘B𝑇 . The energy per unit length of a vortex line integrated over a
coherence length 𝜉GL, is 𝐸v = 𝜖𝜉GL, (𝜖 is given by Equation (2.52)) which gives
a ratio with thermal energy of 𝐸v/𝑘B𝑇 ≈ 1.4(𝑇c/𝑇) (𝐸F/Δ)2, where 𝐸F is the
Fermi energy and Δ is the superconducting gap [86]. Since Δ ≪ 𝐸F, the vortex-
nucleation barrier is enormously larger than 𝑘B𝑇 , rendering thermally activated



32

flux penetration effectively impossible [86]. Consequently, the Meissner state
remains kinetically stable up to the 𝐵sh.

Building on these considerations of vortex penetration and the stability of the
Meissner state, the validity of Equation (2.51) is confined to the regime where
𝜆L ≫ 𝜉GL and 𝑥 ≫ 𝜉GL. Near the surface, when 𝑥 ≈ 𝜉GL, the model predicts
an unphysical divergence due to the behaviour of the Bessel function 𝐾0. To
ensure physical accuracy, the force must vanish smoothly at the surface, requiring
a modification of the expression in this limit. Additionally, Equation (2.51) faces
two key limitations [88]: (i) for 𝜆L ≈ 𝜉GL, 𝐵sh becomes sensitive to 𝜉GL, reducing
the model’s reliability; and (ii) it neglects the suppression of Cooper pair density
near the surface, an aspect not considered in the BL framework, thus limiting
its applicability to regions 𝑥 ≫ 𝜉GL. These considerations do not undermine the
utility of the BL framework, but highlight the contexts in which caution is required.

The value of the 𝐵sh relies on 𝑇-dependent material characteristics, such as
𝜆L and 𝜉GL. A numerical solution of the GL equations based on linear stability
analysis provides a rigorous evaluation of the 𝐵sh within GL theory for both 𝜅 < 𝜅c

and 𝜅 > 𝜅c, where the (critical) value is 𝜅c = 1.1495 [89]. This approach yields
numerical results with an accuracy within ∼1 % of the full GL solutions. The
resulting expressions for 𝐵sh take the form:

𝐵sh ≈ 𝐵c


2−1/4𝜅−1/2 1 + 4.6825120𝜅 + 3.3478315𝜅2

1 + 4.0195994𝜅 + 1.0005712𝜅2 , for 𝜅 < 𝜅c,
√

20
6

+ 0.54476
√
𝜅

, for 𝜅 > 𝜅c.

(2.54)

It is important to note that the GL theory is strictly valid at 𝑇 ≃ 𝑇c, whereas
superconducting cavities typically operate at much lower temperatures 𝑇 ≪ 𝑇c,
where the GL formalism breaks down. Accurate determination of the 𝐵sh at low-
temperature (i.e., 𝑇 ≪ 𝑇c) regime requires solving the full BCS or Eilenberger
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equations [90, 91], which are valid at all 𝑇 , must be treated numerically or via
approximation due to a lack of analytical solutions. This microscopic approach
enables reliable calculation of 𝐵sh at 𝑇 ≪ 𝑇c. In particular, for a clean supercon-
ductor in the limit 𝜅 → ∞ as 𝑇 → 0, the expression for the 𝐵sh is given by [92,
93]:

𝐵sh ≃ 0.84𝐵c. (2.55)

This result is particularly relevant for emerging SRF materials such as Nb3Sn
and Nb1–xTixN [94], which possess significantly larger 𝜅 values than pure Nb
and are being investigated for their potential to withstand higher fields. The
(emperical) quadratic temperature dependence of the thermodynamic critical field
(i.e., Equation (2.40)) provides a good approximation for 𝐵sh [95].

2.6 Radiofrequency supercoductivity

Thus far, our discussion of superconductivity has focused exclusively on the phe-
nomenon’s behaviour under DC fields; however, the SRF cavities that motivate this
work exclusively under RF fields. While the concepts introduced so far are suitable
for this regime, several aspects specific to cavity operation in the GHz range are
discussed below. The characteristic response time of conduction electrons and
the superconducting condensate is orders of magnitude shorter than the period of
the applied RF field, ensuring that both metallic and superconducting responses
effectively follow the RF oscillations in real time [86].

As noted in Chapter 1, SRF cavities are key components in modern particle
accelerators, designed to accelerate charged particle beams by converting RF power
into electromagnetic (EM) fields. When driven near their resonant frequency, the
cavity supports standing electromagnetic waves, with the electric field oriented
along the beam axis to accelerate particles. The accompanying magnetic field
oscillates perpendicular to the electric field and runs parallel to the cavity surface,
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Figure 2.13: Schematic of a single-cell elliptical SRF cavity, illustrating the fundamental mode’s
electromagnetic field distribution. The oscillating electric field (blue lines) peaks near the iris and
drives particle acceleration, while the magnetic field (magenta loops) reaches its maximum near the
cavity equator. The particle beam is represented by green bunches traveling along the cavity axis.
The surface magnetic field at the equator is a key factor limiting the cavity’s accelerating gradient.

as required by Maxwell’s equations. The typical distributions of the electric and
magnetic fields in a single-cell 𝛽 = 1 cavity are illustrated in Figure 2.13, where
𝛽 = 𝑣/𝑐 with 𝑣 being the particle velocity and 𝑐 the speed of light. In such
cavities, the electric field peaks near the iris, while the magnetic field reaches its
maximum near the cavity equator. The accelerating performance of an SRF cavity
is limited by the maximum surface fields that can be sustained without causing a
breakdown of superconductivity. When the surface magnetic field surpasses the
material’s critical threshold, the cavity undergoes a quench, transitioning to the
normal conducting state and dissipating the stored energy.

In addition to magnetic breakdown, the efficiency of SRF cavities is also fun-
damentally limited by surface resistance, which governs the quality factor (𝑄0) of
the “resonator.” Although superconductors exhibit zero direct current (DC) resis-
tance, SRF cavities remain dissipative under RF fields, because normal electrons,
which are always thermally excited, are driven by the alternating EM fields even
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at cryogenic temperatures, resulting in a finite surface resistance [1, 96]. The per-
formance of an SRF cavity is primarily characterized by two key figures of merit:
𝑄0 and the accelerating gradient (𝐸acc), which are discussed below.
𝑄0 is the ratio of the stored energy to the energy dissipated in the cavity in a

radian of the RF cycle [1, 10]:
𝑄0 =

𝜔𝑈

𝑃d
, (2.56)

where 𝜔 is the angular frequency of the accelerating mode and 𝑃d is the dissipated
power in the cavity walls. Expressing 𝑈 and 𝑃d in terms of magnetic fields,
Equation (2.56) can be as [1, 10]:

𝑄0 =
𝜔𝜇0

∫
𝑉
|H|2d𝑉

𝑅s
∮
𝐴
|H|2d𝐴

, (2.57)

where 𝜇0 is the vacuum magnetic permeability, H is the magnetic field, 𝑉 is the
cavity volume, 𝐴 is the surface area, and 𝑅s is the surface resistance. 𝑅s is typically
decomposed into two contributions:

𝑅s = 𝑅BCS(𝑇) + 𝑅res, (2.58)

where 𝑅BCS(𝑇) is the 𝑇-dependent component described by BCS theory [96]:

𝑅BCS(𝑇) =
𝐴0𝜔

2

𝑇
exp

(
− Δ

𝑘B𝑇

)
, (2.59)

where 𝐴0 is a material-dependent factor related to purity and electron mean free
path, Δ is the superconducting energy gap, and 𝑘B is the Boltzmann constant. 𝑅BCS

arises from the RF excitation of thermally activated quasiparticles and decreases
exponentially with decreasing temperature, making high-𝑇c materials particularly
attractive for RF applications. The second term, 𝑅res, known as the residual
resistance, is largely 𝑇-independent and not yet fully understood. It is commonly
attributed to extrinsic sources such as surface roughness, impurities, defects, or
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trapped magnetic flux during cooldown [1, 2, 96, 97]. Equation (2.57) may also
be expressed as:

𝑄0 =
𝐺

𝑅s
, (2.60)

where 𝐺 is the geometry factor and is defined as:

𝐺 =
𝜔𝜇0

∫
𝑉
|H|2d𝑉∮

𝐴
|H|2d𝐴

, (2.61)

which is determined only by the shape of the cavity.
𝐸acc quantifies the energy gain per unit length experienced by a charged particle

traversing an SRF cavity. It is defined as [10]:

𝐸acc =
𝑉c

𝐿
, (2.62)

where𝑉c is the accelerating voltage, obtained by integrating the electric field along
the particle’s trajectory through the cavity, and 𝐿 is the effective cavity length. For
example, a TESLA-type cavity consists of 9 cells, giving 𝐿 = 9𝜆/2 for 𝛽 = 1. Here,
𝜆 denotes the RF wavelength corresponding to the cavity’s resonance frequency.

In practice,𝑄0 is often observed to be a function of 𝐸acc, as shown in Figure 2.14.
While achieving both high 𝑄0 and high 𝐸acc is essential for the optimal perfor-
mance of SRF cavities—minimizing RF power dissipation and enabling compact
accelerator designs—this thesis focuses exclusively on increasing the 𝐸acc. A
higher 𝐸acc reduces the length required to achieve a target beam energy, thereby
decreasing the overall size and cost of the accelerator system.

A fundamental challenge in pushing 𝐸acc to higher values lies in avoiding
quenches, wherein a loss of superconductivity due to excessive surface magnetic
field transpires (see Figure 2.14). The maximum achievable 𝐸acc is ultimately
limited by the magnetic field that the cavity can sustain in the Meissner state (i.e.,
𝐵sh) [1]. Thus, the central objective of this thesis is to investigate and extend this
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Figure 2.14: Sketch of an SRF cavity’s quality factor 𝑄0 as a function of its accelerating gradient
𝐸acc. In the ideal case, 𝑄0 remains relatively constant up to a certain gradient, beyond which it
drops sharply due to a quench, where the superconducting cavity material transitions from the
superconducting to the normal conducting state. Achieving high𝑄0 at elevated 𝐸acc is essential for
efficient SRF cavity operation, enabling reduced cryogenic load and compact accelerator design.
The quench point defines the maximum sustainable field before energy dissipation becomes pro-
hibitive.

limit by exploring the underlying mechanisms that constrain surface field stability,
with the goal of enabling SRF cavities to operate at higher accelerating gradients.
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Chapter 3

Materials for SRF cavities

A superconducting material intended for superconducting radio frequency (SRF)
cavity applications must exhibit superior electromagnetic (EM) performance along
with favorable physical and chemical surface properties.1 The foremost require-
ment is a large superheating field (𝐵sh), as this determines the maximum ac-
celerating gradient (𝐸acc) achievable before magnetic flux penetration occurs, as
discussed in Section 2.6. Equally important is a high critical temperature (𝑇c),
which allows operation at elevated cryogenic temperatures, reduces the Bardeen-
Cooper-Schrieffer (BCS) surface resistance exponentially, and consequently lowers
the refrigeration power demand (see Section 2.6).

The high quality factor (𝑄0) required for efficient SRF operation arises from
the need to minimize the surface resistance 𝑅s, which depends strongly on the
superconducting energy gap Δ and the material’s purity and surface quality. Recall
from Section 2.6, a larger Δ suppresses thermally excited quasiparticles, lowering
the BCS contribution to 𝑅s, while impurities, roughness, and trapped magnetic flux
increase the temperature-independent residual resistance 𝑅res. Achieving a low 𝑅s

therefore requires materials with long electron mean free paths, minimal impurities,
1Typical elliptical SRF cavities, such as the 1.3 GHz nine-cell type used in electron linacs, are about 1 m long with

a cell aperture of roughly 70 mm. Designed for particles moving nearly at the speed of light (𝛽 = 𝑣/𝑐 ≈ 1 defines
the ratio of the particle velocity 𝑣 to the speed of light in vacuum 𝑐), these cavities operate in the 𝜋-mode, where
adjacent cells are phase-shifted by 180◦ to maximize acceleration. The cell-to-cell spacing is 𝛽𝜆/2, and the overall
cavity diameter is typically ∼ 0.9𝜆, where 𝜆 is the radio frequency (RF) wavelength. Operated within a cryomodule
weighing several hundred kilograms, the cavities are cooled by superfluid helium at about 2 K—the lowest practical
temperature of pumped liquid 4He [2, 17].
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and atomically smooth, defect-free surfaces. Good thermal conductivity is also
essential, as it enables efficient heat removal from localized hotspots and stabilizes
the cavity against thermal runaway under high RF power [94, 97].

From a materials engineering perspective, the superconductor must be chemi-
cally and mechanically stable under repeated thermal cycling to cryogenic temper-
atures, resistant to oxidation and contamination, and capable of being fabricated
into high-purity, uniform films or bulk structures with reproducible surface treat-
ments. Compatibility with established cavity manufacturing processes—such as
forming, welding, and polishing—is equally important for practical integration
into accelerator systems [1, 94, 96].

Overall, an ideal SRF material should possess a high𝑇c, large 𝐵sh, a wide super-
conducting gap Δ, low 𝑅s, excellent thermal conductivity, and robust surface and
mechanical stability [1, 96]. These combined characteristics enable high acceler-
ating gradients, low cryogenic losses, and reliable long-term performance under
intense RF fields, making them essential benchmarks for modern superconducting
materials.

3.1 Current materials and their limitations

In view of the criteria discussed in the previous section, the selection of bulk Nb
as the standard material for SRF cavities was a natural choice. A comparison
of key superconducting parameters for Nb and other candidate SRF materials is
summarized in Table 3.1.

Although the BCS surface resistance 𝑅BCS decreases exponentially with increas-
ing𝑇c, suggesting that materials with higher𝑇c could offer better SRF performance,
Nb remains the most practical and reliable choice. Despite its modest critical tem-
perature of 𝑇c = 9.2 K compared to other superconductors with higher 𝑇c (i.e.,
≥16 K) such as Nb3Sn, Nb1–xTixN, or MgB2, it uniquely satisfies both the fun-
damental and technological requirements for SRF applications. Its combination
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Table 3.1: Comparison of key superconducting material parameters relevant to SRF applications,
including the critical temperature 𝑇c, thermodynamic critical field 𝐵c, lower and upper critical
fields (𝐵c1 and 𝐵c2), superheating field 𝐵sh, magnetic penetration depth 𝜆, superconducting energy
gap Δ, and BCS coherence length 𝜉0. For MgB2, two distinct superconducting gaps are listed due
to its multi-band nature. Reported values are based on Refs. [94, 98–101].

Material 𝑇c (K) 𝐵c (mT) 𝐵c1 (mT) 𝐵c2 (mT) 𝐵sh (mT) 𝜆 (nm) Δ (meV) 𝜉0(nm)
Nb 9.2 200 180 280 240 29 1.5 40
Nb3Sn 18 540 30 28000 425 ∼100 3.1 ∼5
Nb1–xTixN 17.3 500 30 15000 440 150-200 2.8 ∼2.5
NbN 16 230 20 15000 214 200-350 2.6 ∼3
MgB2 40 430 30 3500-60000 170 185 2.3 /7.2 5

the highest lower critical field (𝐵c1) of all superconductors with a large 𝐵sh, low
surface resistance, and excellent thermal conductivity ensures efficient operation
with minimal RF losses [96].

While Nb’s favorable superconducting properties have established it as the
standard material for SRF cavities, its performance remains constrained by both
fundamental and practical limits [18, 20]. The primary objective of this thesis is
to increase the achievable 𝐸acc, which is ultimately constrained by the theoretical
magnetic field limit that a superconductor can sustain in the Meissner state, de-
fined by the 𝐵sh, as discussed in Section 2.6. Although low-temperature baking
(LTB) treatments have significantly enhanced the performance of Nb-based SRF
cavities, the achieved fields still fall short of Nb’s theoretical limit [11–14] (i.e.,
an 𝐸acc of approximately 50 MV m−1) corresponding to an applied magnetic field
(𝐵0) of about 200 mT in TESLA-shaped cavities (as defined in Chapter 1). Further
improvements with bulk Nb are intrinsically limited by the onset of vortex penetra-
tion and quenching, as the surface current density approaches the depairing current
density (𝐽d), which is ∝ 𝐵sh, as discussed in Chapter 1. The LTB process modifies
the near-surface region of Nb by diffusing native oxygen—the oxygen from the
metal’s natural surface oxide layer—into the metal, forming a “dirty” layer that
suppresses hydride precipitation and alters the vacancy structure [11]. This effect
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reduces the concentration of free hydrogen accumulated during prior chemical
treatments, thereby mitigating the formation of nanoscale niobium hydrides—the
primary cause of superconducting quench around 100 mT—and improving both
Meissner-state stability and overall cavity performance [10, 102]. Ultimately,
the remaining discrepancy between experimental and theoretical field limits arises
from the onset of vortex penetration and associated dissipation mechanisms, which
become significant well below 𝐵sh in practical systems.

3.2 Materials other than Nb

To overcome the intrinsic performance limits of bulk Nb, one promising direction
involves adopting alternative superconducting materials with higher superheating
fields 𝐵sh. Compounds such as Nb3Sn, Nb1–xTixN, NbN, and MgB2 are prime
candidates to surpass the established bulk Nb technology (see Table 3.1). How-
ever, their 𝐵c1 values are lower than that of Nb, rendering the Meissner state more
vulnerable to vortex penetration. These materials also exhibit greater sensitivity
to surface defects due to their relatively short BCS coherence lengths (≲5 nm),
which are approximately an order of magnitude smaller than that of Nb. The
level of research maturity (e.g., characterization of each material’s intrinsic prop-
erties, challenges of integrating them into cavity structures, etc.) across these
alternative materials varies significantly, in part because their application in SRF
cavities requires the development of advanced thin-film deposition techniques on
suitable substrates. Currently, none of these materials surpass Nb in terms of RF
performance (i.e., 𝐸acc ≳ 50 MV m−1 while maintaining 𝑄0 ∼ 1010) in accelerator
environments. Among them, bulk Nb3Sn (i.e., when the material’s thickness is far
greater than its magnetic penetration depth) is the most advanced and is closest to
becoming a viable alternative for SRF cavities; its recent progress is summarized
below.

Nb3Sn cavity performance has advanced significantly over the past decades. Us-
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ing the maximum 𝐸acc at𝑄0 > 1010 and 4.4 K, as a benchmark, the 𝐸acc of a Nb3Sn
cavity has improved from approximately 5 MV m−1 in the 1990s [103] to around
24 MV m−1 by 2021 [104], enabled by sustained progress in material development,
cavity preparation, and coating techniques [105–112]. Despite continued devel-
opment through 2024 [113–118], this value remains below 24 MV m−1, falling
short of the ∼50 MV m−1 achieved by the best bulk Nb cavities [14–16]. Exper-
imental investigations indicate that this performance ceiling in Nb3Sn cavities is
primarily caused by surface defects, such as grain boundaries, roughness, or inho-
mogeneities, which can locally suppress the surface barrier and enable premature
magnetic flux entry [119, 120].

Although the Bean-Livingston (BL) surface barrier can delay vortex penetra-
tion, it is highly sensitive to imperfections. At typical cavity operating temperatures
(𝑇 ≲ 4 K), even minimal vortex entry can trigger thermomagnetic flux avalanches,
leading to sudden and irreversible quenching [18, 22, 23]. Thus, while these alter-
native materials like Nb3Sn are promising, their implementation is fundamentally
constrained by vortex instability under realistic SRF operating conditions.

3.3 Multilayer structure for SRF cavities

To mitigate the limitations, in particular premature flux penetration of both bulk Nb
and its higher-𝐵sh alternatives, a compelling solution was first proposed by Gure-
vich [20]. The concepts involves coating Nb with a superconducting material that
has a penetration depth 𝜆 > 𝜆Nb and 𝐵sh > 𝐵

Nb
sh , such as Nb3Sn or Nb1–xTixN, so as

to enhance the vortex penetration field [20]. This approach involves constructing
a cavity with several thin superconducting and insulating layers, with the simplest
configuration being a single superconducting layer and an insulating layer on su-
perconducting Nb substrate, known as a superconductor-insulator-superconductor
(SIS) structure (see Figure 3.1).

The key principle behind this approach lies in the absence of thermodynamically
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Figure 3.1: Schematic of the SIS heterostructure, illustrating a surface layer of thickness 𝑑s and
an insulating layer of thickness 𝑑i deposited on a bulk superconductor. For SRF applications, a
common example of such a structure consists of a thin Nb1–xTixN surface layer deposited on a thin
AlN insulating layer atop a bulk Nb substrate.

stable parallel vortices within a decoupled superconducting surface (s) layer when
its thickness 𝑑s becomes greater than the layer’s screening length 𝜆s (i.e., 𝑑s < 𝜆s).
The inclusion of an intermediate insulating layer prevents the formation of the
vortex and if the layer is thick enough it suppresses Josephson coupling between
the surface layer and the underlying superconducting substrate, thereby effectively
decoupling the screening currents. This configuration ensures that the magnetic
field 𝐵(𝑧) at the interface with the bulk Nb substrate remains below its 𝐵c1 of
≃ 170 mT [7, 8]. Under these conditions, the effective 𝐵c1 for vortex penetration
in a thin surface-layer is substantially enhanced and approximated by [121, 122]:2

𝐵c1 =
2Φ0

𝜋𝑑2
s

[
ln

(
𝑑s

𝜉GL
− 0.007

)]
, 𝑑s < 𝜆s, (3.1)

where Φ0 is the flux quantum and 𝜉GL is the Ginzburg-Landau (GL) coherence
2This expression assumes vortex penetration from both sides of the film and is therefore not strictly applicable to

the single-sided geometry relevant for SRF cavities. It remains useful, however, as a qualitative indication that the
effective 𝐵c1 increases with decreasing film thickness.
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length. For a stack of 𝑛 superconducting films with total thickness 𝑛𝑑s ≫ 𝜆s, the
maximum screenable field is limited by the 𝐵sh of the surface-layers. As described
by Equation (2.55) for a type-II superconductor (i.e., 𝑘 ≫ 1), the 𝐵sh ∝ 𝐵c, where
𝐵c is the thermodynamic critical field. Since 𝐵c of the potential surface-material
nearly twice that of Nb (see Table 3.1), the achievable 𝐵sh in an SIS multilayer
can significantly exceed Nb’s intrinsic value. Note that, a direct application of
Equation (2.55) to multilayer coatings is invalid, as field amplitudes differ across
each superconducting layer due to screening. Instead, the vortex penetration
field must be derived by evaluating the net force on a vortex within this layered
structure [18].

Furthermore, in such an SIS heterostructure the current distribution within each
layer is influenced not only by the intrinsic properties of the individual materials,
but also by the electromagnetic interaction with adjacent layers, the latter being
governed by boundary and continuity conditions at the interfaces [18, 19, 22]. In
particular, the Meissner screening current density (𝐽) in the surface-layer is reduced
when its magnetic penetration depth 𝜆s is greater than in the substrate (sub) layer
(i.e, 𝜆s > 𝜆sub). This suppression arises because 𝐽 is proportional to the spatial
derivative of the magnetic field, and a larger penetration depth leads to weaker
field attenuation in the surface layer. Consequently, the theoretical field limit can
be enhanced, as it depends directly on the magnitude of 𝐽. This relationship can
be understood quantitatively through the connection between the thermodynamic
critical field 𝐵c and 𝐽d, expressed as [123]:3

𝐽d = 𝐵c/𝜇0𝜆. (3.2)

Since 𝐵sh ∝ 𝐵c, based on the relation in Equation (2.55), suppressing the Meissner
current through appropriate material design leads to an effective enhancement of

3This form applies in the limit of zero temperature and represents the condition at which superconductivity breaks
down, either due to an applied magnetic field exceeding 𝐵c or a current exceeding 𝐽c.
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the vortex penetration field. This provides a significant advantage over traditional
homogeneous superconducting cavities when it comes to extending the theoretical
field limit. The presence of an insulating layer plays a critical role in decoupling
adjacent superconducting layers. Moreover, the insulating layer serves a dual pur-
pose: it not only inhibits vortex entry but also suppresses vortex-related dissipation
by eliminating the dissipative vortex core within the insulating region [18, 21].

However, a simplified variant of the SIS structure omits the insulating interlayer,
yielding the superconductor-superconductor (SS) bilayer configuration. Such a
model was proposed by Kubo [18, 19] as a model for LTB Nb, as illustrated
in Figure 3.2. Like SIS structures, SS bilayers with a surface layer of larger
penetration depth than the substrate (i.e., 𝜆s > 𝜆sub) suppress vortex entry via two
mechanisms [18, 21, 22]: enhanced surface vortex penetration field due to reduced
Meissner current, and an interface energy barrier analogous to the BL barrier [24].
This barrier, arising from interactions with “image” vortices,4 repels real vortices
toward the high-penetration depth (𝜆) layer, stabilizing the Meissner state up to the
substrate’s 𝐵sh [18]. Unlike SIS structures, SS bilayers suppress flux nucleation in
the substrate solely through superconducting interface effects.

To understand vortex penetration in SS structures, it is essential to examine the
fundamental mechanism by which vortices enter a superconductor. As discussed
in Section 2.5.3, vortex entry is governed by the balance of forces acting on a vortex
near the surface. Consider an extreme type-II superconductor with penetration
depth 𝜆 and GL coherence length 𝜉, and a vortex carrying a flux quantum Φ0 =

2.07×10−15 Wb located at (𝑦, 𝑧) = (0, 𝜉) in Figure 3.2b. The vortex experiences a
Lorentz force from the Meissner current induced by an external applied magnetic

4The method of images involves removing material boundaries and extending the system to all space, then intro-
ducing one or more fictitious image vortices to satisfy boundary conditions. These images exert forces on real vortices,
influencing their dynamics near interfaces.
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Figure 3.2: Schematic illustration of SS heterostructure used for SRF applications. A typical
configuration consists of a thin Nb1–xTixN surface layer of thickness 𝑑s deposited on a bulk Nb
substrate. (a) Cross-sectional view of the SS structure. (b) Configuration under an applied field 𝐵0
parallel to 𝑥-axis, a vortex in the surface layer and its image antivortex, carrying screening currents
𝐽 and 𝐽img parallel to 𝑦-axis.

field 𝐵0, given by [18]:

FM(𝜉) = J(𝜉) ×Φ0x̂ = Φ0𝐽 (0)ẑ, (3.3)

where J(𝜉 = 0) = 𝐽 (0)ŷ is the surface screening current density. Simultaneously,
a repulsive force arises from an image antivortex5 located at (0,−𝜉), constructed
using the method of images to satisfy boundary conditions at the superconductor
surface [18]:6

FB(𝜉) = Jimg(𝜉) ×Φ0x̂ (3.4)

= −
Φ2

0
4𝜋𝜇0𝜆2𝜉

ẑ, (3.5)

where Jimg(𝜉) = 𝐽img(𝜉)ŷ = −
(
Φ0/(2𝜋𝜇0𝜆

2 · 2𝜉)
)
ŷ is the current circulating the

image antivortex for 𝑧 < 𝜆 [18]. Writing out the “balancing” requirement for
5Required to ensure that the normal component of the current density at the vacuum-superconductor boundary is 0.
6When considering vortex at the surface (i.e., 𝑥 = 𝜉0) and 𝜉0 ≪ 𝑑s.
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Equations (3.3) and (3.5) yields:

FM(𝜉) + FB(𝜉) = 0, (3.6)

𝐽 (0)ẑ =
Φ2

0
4𝜋𝜇0𝜆2𝜉

ẑ, (3.7)

which is the maximum screening current density at 𝑧 = 𝜉 under which |FM(𝜉) | >
|FB(𝜉) |. By solving the relation between applied field 𝐵0 and screening current
density 𝐽 differential equation in the London model, following the boundary7

and continuity conditions8 in an SS heterostructure, the field distribution 𝐵(𝑧)
yields [18]:

𝐵(𝑧) = 𝐵0 ×



cosh
(
𝑑s − 𝑧
𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s − 𝑧
𝜆s

)
cosh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) , 0 ≤ 𝑧 < 𝑑s,

exp
(
−𝑧 − 𝑑s

𝜆sub

)
cosh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) , 𝑑s ≤ 𝑧 ≤ ∞,

(3.8)

where 𝑧 is the depth below the surface, 𝑑s is the thickness of the surface layer, 𝜆s

and 𝜆sub are the penetration depths of the surface and substrate layers, respectively.
Using the definition of current density:

𝐽 (𝑧) = − 1
𝜇0

d𝐵(𝑧)
d𝑧

, (3.9)

7This is, zero current normal to the boundaries at 𝑧 = 0 and 𝑧 = 𝑑s in an SS structure.
8That is, both 𝐽 (𝑧) and its derivative must vary continuously across 𝑧 = 𝑑S.
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Equation (3.8) implies a spatially-dependent 𝐽 (𝑧) of:

𝐽 (𝑧) = 𝐵0

𝜇0
×



(
1
𝜆s

) cosh
(
𝑑s − 𝑧
𝜆s

)
+

(
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𝜆s

)
sinh

(
𝑑s − 𝑧
𝜆s

)
cosh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) , 0 ≤ 𝑧 < 𝑑s,

(
1
𝜆sub

) exp
(
−𝑧 − 𝑑s

𝜆sub

)
cosh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) , 𝑑s ≤ 𝑧 ≤ ∞.

(3.10)
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(a) Normalized magnetic field screening profile
𝐵(𝑧)/𝐵0 as a function of a depth 𝑧 below the
sample surface.
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(b) Normalized screening current density profile
𝐽 (𝑧)/𝐽 (𝑑s) as a function of a depth 𝑧 below the
sample surface

Figure 3.3: (a) Magnetic field screening profile 𝐵(𝑧) normalized to the applied field 𝐵0, and
(b) current density screening profile 𝐽 (𝑧) normalized to the current density at the SS interface
𝐽 (𝑑s). The curves are calculated using Equations (3.8) and (3.10), with parameters 𝑑s = 50 nm,
𝜆s = 200 nm, and 𝜆sub = 40 nm. The magnetic field profile exhibits continuity across the structure’s
interfaces and boundaries, whereas the current density profile is discontinuous.

The magnetic field 𝐵(𝑧) and current density 𝐽 (𝑧) profiles for an SS structure
are shown in Figure 3.3. According to Equation (3.10), the current distribution
is modified across adjacent materials due to their differing 𝜆, resulting in the
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suppression of the Meissner screening current in the surface layer [18, 22]. At the
vacuum-superconductor interface, 𝐽 (0), is given by:

𝐽 (0) = 𝛾1

(
𝐵0

𝜇0𝜆s

)
, (3.11)

where the factor

𝛾1 ≡
sinh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
cosh

(
𝑑s

𝜆s

)
cosh

(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) , (3.12)

encapsulates the combined effects of the superconducting film thickness 𝑑s the
penetration depths 𝜆s of the film, and 𝜆sub of the substrate.

As shown in Figure 3.3, the current density profile exhibits sharp maxima at the
material interfaces, with 𝐽 (0) representing the peak within the superconducting
film. These interface value is encoded in 𝛾1. This quantity is crucial for evaluating
field limits and stability criteria in SS structures and will be further analyzed below.
In the same way, the current density at the SS interface (i.e., 𝑥 → 𝑑s) may be written
as:

𝐽 (𝑑s) = 𝛾2

(
𝐵0

𝜇0𝜆sub

)
, (3.13)

where the analogous constant is:

𝛾2 ≡ 1

cosh
(
𝑑s

𝜆s

)
+

(
𝜆sub

𝜆s

)
sinh

(
𝑑s

𝜆s

) . (3.14)

These current densities must remain below the respective depairing limits of
the surface layer and the substrate, denoted by 𝐵s

sh/𝜇0𝜆s and 𝐵sub
sh /𝜇0𝜆sub, where

𝐵s
sh and 𝐵sub

sh are the superheating fields of the surface and substrate layers, respec-
tively [18]. Therefore, any improvement the substrate gains is primarily attributed
to the fact that the surface layer offers some screening of 𝐵0 over a distance 𝑑s
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according to Equation (3.8). The maximum field 𝐵max under which the entire SS
structure remains in the Meissner state necessitates optimizing 𝑑s so as to simul-
taneously increase the 𝐵0 for the surface and suppress the screening field at the
buried SS interface. This requirement is expressed by [18]:

𝐵max = min

{
𝐵s

sh
𝛾1
,
𝐵sub

sh
𝛾2

}
. (3.15)

Equation (3.15) indicates 𝐵max is a function of 𝑑s which reaches it’s maximal
value when the below condition satisfied:

𝐵s
sh
𝛾1

=
𝐵sub

max
𝛾2

. (3.16)

The corresponding thickness 𝑑opt
S that achieves this condition takes the form [18]:

𝑑
opt
s = 𝜆s log


𝜆s𝐵

s
sh

(𝜆s + 𝜆sub) 𝐵sub
sh

+

√√√(
𝜆s𝐵

s
sh

(𝜆s + 𝜆sub)𝐵sub
sh

)2

+
(
𝜆s − 𝜆sub

𝜆s + 𝜆sub

) , (3.17)

with the corresponding field value 𝐵opt
max given by:

𝐵
opt
max =

√√√(
𝐵s

sh

)2
+

(
1 −

𝜆2
sub

𝜆2
s

) (
𝐵sub

sh

)2
. (3.18)

𝐵
opt
max as a function of the 𝑑s is plotted in the Figure 3.4, showing how small

changes to 𝑑s can give rise to a 𝐵opt
max that exceeds the 𝐵sh of both the surface and

substrate layers. This model predicts not only an enhanced vortex penetration field,
but also the emergence of an interface energy barrier in SS bilayers. The force
acting on a vortex in an SS bilayer can be calculated using the method of images,
extending the approach in Equation (3.5) to include an infinite series of image
vortices that satisfy the boundary conditions at both interfaces. More precisely,
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Figure 3.4: Maximum field 𝐵max, normalized to the surface superheating field 𝐵s
sh, plotted as a

function of the normalized surface layer thickness 𝑑s/𝜆s, using Equation (3.18). Colored solid
curves correspond to 𝐵max in different layers, while the horizontal dotted lines indicate the super-
heating fields of the surface 𝐵s

sh and substrate 𝐵sub
sh layers, respectively. The optimal field 𝐵opt

max is
achieved by tuning 𝑑s indicated by the intersection of horizontal and vertical dashed lines. Notably,
this value exceeds both superheating field limits.

this can be expressed as [18]:

FB(𝑧) = −
Φ2

0

4𝜋𝜇0𝜆
2
s

[
−1
𝑧
+

∞∑︁
𝑛=1

(−1)𝑛
(
𝜆2

s − 𝜆2
sub

𝜆2
s + 𝜆2

sub

)𝑛 (
1

𝑛𝑑s − 𝑧
− 1
𝑛𝑑s + 𝑧

)]
ẑ. (3.19)

The resulting force profile is shown in Figure 3.5. The appearance of an addi-
tional barrier at the SS interface for 𝜆s > 𝜆sub indicates a potential mechanism
for inhibiting vortex entry, thereby raising the onset of vortex penetration in SS
bilayers. Experimental validation of this effect is crucial to assess its impact on
the performance of practical SRF cavity structures.
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Figure 3.5: Normalized vortex interaction force FB(𝑧) as a function of vortex position 𝑧 normalized
to surface layer thickness 𝑑s in a superconducting bilayer. The force is normalized to its value
near 𝑧 ≃ 0, corresponding to the conventional BL barrier (i.e., FB(0) ≃ FBL) at the vacuum-
superconductor interface. A secondary barrier appears near the SS boundary at 𝑧 ≃ 𝑑s when
𝜆s > 𝜆sub, providing additional resistance to vortex entry. This feature is absent in homogeneous
superconductors where (𝜆s = 𝜆sub). A short-distance cutoff of 𝑑s/20 is applied to regularize the
singular behavior at the interfaces, i.e., at the vacuum or substrate boundary.

3.4 Performance of multilayers

Multilayer coatings for SRF cavities remain an active area of research and de-
velopment. Experimental demonstrations of such coatings (with or without insu-
lating layers) have shown promising results over the years. The effective first
penetration field of the Nb layer is enhanced in studies of single and multi-
ple stacks of NbN(25 nm-200 nm)/MgO(15 nm) deposited on Nb(≥250 nm) thin
films, characterized using direct current (DC) superconducting quantum interfer-
ence device (SQUID) and third-harmonic alternating current (AC) susceptibility
measurements [124–127]. A similar delay in magnetic field penetration beyond
Nb’s 𝐵c1 has been observed for NbN(30 nm-50 nm)/MgO(15 nm)/Nb(250 nm-
600 nm)/MgO [128] and for MgB2(100 nm-200 nm) coated on ellipsoidal Nb [129],
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both using SQUID magnetometry. In the latter case, the vortex penetration field
increased from approximately 210 mT for uncoated Nb to about 270 mT for Nb
coated with a ∼200 nm MgB2 layer which is 28 % increase.

Thickness-dependent increases in the lower critical field of MgB2 thin films
have also been reported for MgB2(40 nm-100 nm)/Al2O3 [130] and MgB2(100 nm-
300 nm) grown on SiC and MgO substrates [131], again using SQUID magnetom-
etry. Furthermore, delayed vortex entry—up to the 𝐵sh of Nb—has been observed
in first-flux-penetration measurements using muon spin rotation (𝜇SR) for MgB2

and Nb3Sn layers of 50 nm-2000 nm on Nb [132, 133], with the latter study [133]
suggesting the presence of an SS barrier in an SS Nb3Sn/Nb sample. However,
further experimental verification is required to conclusively establish the existence
of such an SS barrier.

Building upon the progress made with SS multilayer coatings, recent studies
have explored the potential of SIS heterostructures to further enhance the field limits
of superconducting surfaces. Hall probe measurements on flat SIS samples con-
sisting of NbTiN(83 nm-400 nm)/AlN(10 nm)/Nb demonstrated a 25 % increase in
the first magnetic penetration field [134]. Similarly, Nb0.75Ti0.25N/AlN/Nb ellip-
soids investigated in Ref. [135] exhibited an enhancement in the vortex penetration
field (𝐵vp) of about 15 mT, corresponding to an 8 % improvement. Although this
enhancement is roughly four times smaller than that achieved for SS MgB2(100 nm-
200 nm)/Nb ellipsoids [129], the presence of the insulating layer in SIS structures
offers a key advantage—robust protection against vortex penetration even in the
presence of surface imperfections (see Section 3.3).

In the latter study, the magnetic response of superconducting ellipsoidal samples
was measured using SQUID magnetometry to assess the effectiveness of the SIS
coating. Two configurations were compared: a bare Nb ellipsoid and one coated
with Nb0.75Ti0.25N(43 nm) and AlN(10 nm). In the Meissner state, the magnetic

The raw data of Figure 3.6 were kindly provided by Kalboussi [48] and replotted here in the author’s style.
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Figure 3.6: Magnetization 𝑀 , curves as a function of 𝐵0 for ellipsoidal-shaped superconducting
samples measured at 2 K [48]. The 𝐵0 was oriented parallel to the sample’s longest semi-axis.
The black curve represents the bare Nb sample, while the red curve corresponds to the sample after
being coated with Nb0.75Ti0.25N(43 nm)/AlN(10 nm) multilayers. Both curves exhibit an initial
linear region, characteristic of perfect diamagnetism in the Meissner state. The point of deviation
from linearity marks the field of first flux penetration, vortex penetration field (𝐵vp). The coated
sample shows a higher 𝐵vp compared to the bare one, indicating improved flux exclusion capability
due to the multilayer coating.

moment decreases linearly with increasing applied field 𝐵0, reflecting ideal dia-
magnetic screening. This linearity persists up to the vortex penetration field 𝐵vp,
beyond which the response becomes nonlinear as flux begins to enter. For the bare
ellipsoid, 𝐵vp was observed at 148.3 mT, increasing to 159.6 mT with the multi-
layer coating. After accounting for demagnetization effects using the ellipsoidal
geometry factor 𝑁 [136], the corrected values are 170.4 mT and 183.5 mT, respec-
tively, indicating a 13.4 mT enhancement due to the coating. This improvement
is significant for SRF applications, corresponding to an estimated gain of about
5 MV m−1 in accelerating gradient (𝐸acc) for a TESLA-shaped cavity (as defined
in Chapter 1).

The raw data of Figure 3.7 were kindly provided by Kalboussi [48] and replotted here in the author’s style.
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Figure 3.7: RF measurements of the cavity quality factor 𝑄0 as a function of accelerating gradient
𝐸acc at 1.4 K, comparing the performance of a multilayer-coated cavity (Nb0.75Ti0.25N(∼50 nm)
/AlN(10 nm)/Nb, red circles) with a baseline (bare Nb cavity, black squares) [48]. The multilayer-
coated sample shows reduced performance relative to the baseline.

Complementing the results from DC magnetization studies, several investi-
gations have examined the RF performance of SIS multilayers. In quadrupole
resonator (QPR) measurements, NbTiN(75 nm)/AlN(15 nm) coatings on bulk Nb
showed that the maximum field in the Meissner state was limited by a magnetic
quench near 20 mT—approximately corresponding to the 𝐵c1 of NbTiN—indicating
early flux penetration [137]. A similar limitation was observed in NbTiN(180 nm-
197 nm)/AlN(8 nm-35 nm)/Nb(3000 nm-4000 nm) multilayers deposited on Cu QPRs,
which exhibited quench fields around 35 mT [138]. Further insight into the RF per-
formance in a practical SRF cavity was obtained by measuring the𝑄0 of a 1.3 GHz
Nb cavity as a function of 𝐸acc at 1.4 K, before and after applying a Nb0.75Ti0.25N
(∼50 nm)/AlN(10 nm) coating. As shown in Figure 3.7, the coated cavity exhibited
a notable degradation in 𝑄0 across the entire 𝐸acc range.

The observed degradation in 1.3 GHz Nb0.75Ti0.25N(∼50 nm)/AlN(10 nm)/Nb
cavity is likely caused by premature vortex dissipation in the Nb0.75Ti0.25N layer
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under RF excitation. This may have been exacerbated by film delamination re-
sulting from suboptimal annealing conditions, where inadequate vacuum control
compromised the film’s integrity [48]. This is despite the effective suppression
of Meissner screening currents that would otherwise shield the underlying Nb up
to its 𝐵sh. While bulk magnetization measurements such as those in Figure 3.6
reveal the overall magnetic behavior of the multilayer, they lack the spatial res-
olution needed to pinpoint layer-specific vortex penetration. Taken together, the
1.3 GHz cavity results and earlier QPR studies highlight a persistent challenge in
SIS multilayers—namely, their experimental performance continues to fall short
of theoretical expectations and remains below the established benchmarks of bulk
Nb cavities.

To address this limitation, a depth-resolved measure of subsurface fields un-
der conditions that mimic those inside an SRF cavity, where 𝐵0 is parallel to the
cavity walls are essential. Such measurements have recently become feasible us-
ing “exotic” ion-implanted 𝛽-detected spin spectroscopies that employ implanted
radioactive spin probes [3]. In such methods, the energy of the implanted probe dic-
tates the characteristic depth at which it stops below a sample’s surface, wherein it’s
spin interacts with the local (electro)magnetic environment and “communicates” a
measurement of the fields via it’s decay products.

To provide the necessary context for interpreting experiments using these tech-
niques, their underlying principles, operational mechanisms, and capabilities are
presented in the next chapter.
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Chapter 4

Experimental details

4.1 Introduction

This thesis employs 𝛽-detected implanted spin spectroscopies including muon
spin rotation (𝜇SR) [139, 140] low energy muon spin rotation (LE-𝜇SR) [141],
and 𝛽-detected nuclear magnetic resonance (𝛽NMR) [142]. These techniques
are highly effective for studying the electromagnetic (EM) properties of materials
making them well suited for the study of superconducting materials. Although
they share conceptual similarities with conventional nuclear magnetic resonance
(NMR), their detection mechanisms and sensitivity to local magnetic environments
differ fundamentally.

While conventional NMR is well-suited for bulk materials, as it typically re-
quires ∼1017 probe nuclei to generate measurable signals, its application to thin
films, multilayers, or depth-dependent analyses is limited due to the smaller number
of spins in these regions. In contrast, methods like 𝜇SR, LE-𝜇SR, and 𝛽NMR detect
their NMR signal via high-energy 𝛽-decay products, overcoming this sensitivity
limitation and extending the scope of magnetic and electronic structure studies.
Each operates on the same underlying principles: a beam of highly polarized spins
is implanted into a sample of interest—almost invariably normal to its surface—
and their spin-polarization is monitored through the anisotropic 𝛽-emissions from
the decay of the radioactive spin probes. While both 𝜇SR and LE-𝜇SR techniques
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employ positively charged muons 𝜇+ as the probe, 𝛽NMR experiment generally
utilizes 8Li nuclei as probes. Table 4.1 outlines some fundamental properties
of 𝜇+ and 8Li. Note that, these experiments can only be performed at dedicated
spectrometers installed at the end of accelerator beamlines.

Table 4.1: The fundamental properties of 𝜇+ and 8Li. The columns contain each probe’s nuclear
spin 𝐼, radioactive lifetime 𝜏, gyromagnetic ratio 𝛾/2𝜋, and, quadrupole moment 𝑄 [142–144].

Probe 𝐼 𝜏 (s) 𝛾/2𝜋 (MHz T−1) 𝑄 (mb)

𝜇+ 1/2 2.2 × 10−6 135.54 0
8Li 2 1.21 6.302 31.4

𝜇SR, LE-𝜇SR, and 𝛽NMR are complementary techniques; however, they differ
in several key aspects. These differences arise primarily from their distinct probe
lifetimes, as summarized in Table 4.1, which make each technique sensitive to
phenomena on different timescales. Moreover, while 𝜇SR and LE-𝜇SR use spin-
1/2 muons, which are pure magnetic probes, 8Li 𝛽NMR is additionally sensitive to
electric field gradients (EFGs) as a result of the probe’s non-zero nuclear electric
quadrupole moment.

Conventional 𝜇SR employs high-energy “surface” muons with a kinetic energy
of approximately 4.1 MeV, corresponding to a stopping range of about 100 µm in
Nb and its alloys [6, 132, 133]. This makes the technique particularly effective
for probing bulk magnetic properties under magnetic fields applied parallel to the
sample surface. In contrast, LE-𝜇SR and 𝛽NMR operate with significantly lower
implantation energies in the range of ∼2 keV to 30 keV, resulting in implantation
depths on the order of ∼10 nm to 100 nm [4, 5, 101, 145]. In these methods,
the implantation energy of the probe serves as a tunable and independent pa-
rameter, enabling depth-resolved measurements on the nanoscale—a length scale
comparable to the London penetration depth (𝜆L). These shallow depths render
LE-𝜇SR well-suited for depth-resolved investigations of magnetic screening under
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surface-parallel fields,1 while 𝛽NMR is especially advantageous for characterizing
superconducting properties of Nb-based alloys in the presence of magnetic fields up
to 9 T perpendicular to the sample surface.2 Regarding field capabilities mimick-
ing superconducting radio frequency (SRF) cavities, LE-𝜇SR is currently limited
to surface-parallel fields of about 30 mT [146], since low-momentum muons are
readily deflected by the applied field. By contrast, a specialized high-parallel-field
(∥) 𝛽NMR technique [3] now supports surface-parallel fields up to ∼200 mT, ap-
proaching the lower critical field (𝐵c1) of Nb. Recent upgrades to the parallel-field
𝛽NMR spectrometer [3] have enabled these higher fields, allowing the emulation
of SRF cavity operating conditions. As a result, this version (∥ field) of 𝛽NMR is
uniquely suited for depth-resolved magnetic field profiling and for clearly identi-
fying the Meissner-to-vortex transition [147] in both bare and coated Nb samples.
A summary of these techniques specific features applicable for the study of SRF
materials is given in Table 4.2.

Table 4.2: Measurement capabilities relevant to SRF studies using the 𝜇SR, LE-𝜇SR, and 𝛽NMR
techniques [139, 146, 148]. Here, 𝐵0 represents the applied magnetic field, oriented either parallel
(∥) or perpendicular (⊥) to the sample surface, 𝐸 denotes the beam implantation energy, while ⟨𝑧⟩
corresponds to the resulting mean implantation depth.

Techniques 𝑩0 𝑬 ⟨𝒛⟩ Suitable to study/measure
𝜇SR

(TRIUMF) 0 mT-300 mT ∥ ∼4.1 MeV (fixed) ∼100 µm (fixed) Pinning strength, Field of first
vortex penetration

LE-
𝜇SR(PSI) 0 mT-30 mT ∥ ∼2 keV-30 keV ∼10 nm-100 nm Magnetic screening, Hydrogen

diffusion, Magnetic impurities

𝛽NMR*

(TRIUMF)

0 T-9 T ⊥
∼2 keV-30 keV ∼10 nm-100 nm

Penetration depth, Upper critical
field, Superconducting gap

0 mT-200 mT ∥ Vortex penetration in the London
layer, penetration depth

* In 𝛽NMR techniques, the applied field applied magnetic field (𝐵0) can be oriented either perpendicular (⊥) or parallel (∥) to the
sample surface. The ⊥ configuration, used in this thesis, does not represent the field orientation in an SRF cavity but is suitable
for probing superconducting properties in the vortex state, particularly in Nb alloys such as Nb1–xTixN.

1In this standard geometry, the applied magnetic field is parallel to the sample surface and therefore orthogonal
to the incident beam of charged probes. This configuration results in a Lorentz force that can deflect the beam, a
consideration common to all charged-particle beam techniques, though the magnitude of the effect depends on the
beam energy and mass.

2A perpendicular-field LE-𝜇SR configuration also exists, though it is limited to applied fields of 𝐵0 ≤ 300 mT [146],
and was not employed in this thesis.
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The following sections provide a brief overview of the fundamental principles
underlying the experiments presented in this thesis. The discussion begins with an
introduction to NMR techniques, followed by a review of the basic features of 𝛽-
decay, which form the conceptual foundation for spin-polarization–based methods.
This is then extended to the specific methodologies of 𝜇SR, LE-𝜇SR, and 𝛽NMR,
including descriptions of implantation profiles and the data analysis procedures
employed.

4.2 Basics of NMR

NMR is a sophisticated and powerful analytical technique used to study the mag-
netic properties of atomic nuclei3 and their surrounding environment. It is pri-
marily based on the principle that certain nuclei possess a property called “spin,”
which gives rise to a magnetic moment 𝜇. When placed in an externally applied
static magnetic field, nuclear magnetic moments align along the field in discrete
orientations determined by their spin quantum number—for example, a spin-1/2
nucleus has two possible orientations, parallel or antiparallel to the field, resulting
in two distinct spin states.4 Transitions between these states are induced when the
nuclei absorb and subsequently emit radio frequency (RF) radiation, forming the
basis of NMR spectroscopy. After such excitations, the nuclear spin system does
not remain in the perturbed state indefinitely and gradually returns to thermal equi-
librium with its surrounding molecular environment. This return process, known
as “relaxation,” is governed by specific mechanisms that are crucial for interpreting
the measurements. The detailed discussion that follows is inspired by the works
of Kittel et al., Blundell and Cowan [62, 149, 150], which provide foundational
insights into the principles and relaxation phenomena in NMR.

NMR is based on the fact that, under an externally applied magnetic field 𝐵0,
3While the “N” in NMR refers to atomic nuclei, the underlying principles are equally applicable to any particle

possessing both non-zero spin and a magnetic moment, such as the positive muon.
4More generally, a nucleus with spin 𝐼 has 2𝐼 + 1 possible spin states.
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nuclear spins can occupy discrete quantum states. Consider a nucleus characterized
by a magnetic moment 𝜇 and an angular momentum ℏ𝐼, where 𝐼 is the nuclear
spin quantum number and ℏ is the reduced Planck constant. These two quantities
are aligned parallel to each other, and their relationship can be mathematically
represented as:

𝜇 = 𝛾ℏ𝐼, (4.1)

where 𝛾 is the gyromagnetic ratio that varies for different nuclei. The interaction
energy 𝐸 of the magnetic moment with the external field 𝐵0 is then:

𝐸 = −𝜇𝐵0

= −𝛾ℏ𝐼𝐵0.
(4.2)

However, since the component of angular momentum along the direction of the
field is quantized, the energy levels are expressed in terms of the magnetic quantum
number 𝑚, which takes on 2𝐼 + 1 discrete values from +𝐼 to −𝐼. Thus, the energy
associated with each quantum state is:

𝐸𝑚 = −𝛾𝑚ℏ𝐵0. (4.3)

In the specific case of spin-1/2 nucleus, there are two energy levels for the𝑚 = ±1/2
states. The energy difference between these two levels, denoted as Δ𝐸 or the
Zeeman energy, is represented by ℏ𝜔0 and can be expressed as:

Δ𝐸 = ℏ𝜔0 = 𝛾ℏ𝐵0, (4.4)

where
𝜔0 = 𝛾𝐵0, (4.5)

is the resonance frequency, also known as the Larmor frequency.5 This resonance
condition is fundamental for magnetic resonance absorption.

5A quantum-mechanical description of spin precession, yielding an identical expression, is derived in Section 9.1.
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Figure 4.1: Energy level splitting for a nucleus with spin 𝐼 = 1
2 in a static magnetic field 𝐵0. In the

absence of an external field (𝐵 = 0), the two spin states are degenerate. When a magnetic field 𝐵0 is
applied, the degeneracy is lifted, resulting in two distinct energy levels corresponding to magnetic
quantum numbers 𝑚𝐼 = ±1

2 . The energy separation between these levels is ℏ𝜔0 = 𝛾ℏ𝐵0, where 𝛾
is the gyromagnetic ratio and 𝜔0 is the Larmor frequency.

In addition to defining the energy level structure, the interaction between the
nuclear magnetic moment 𝝁 and the applied magnetic field B0 also governs the spin
dynamics of the system. Specifically, in the presence of a static B0, 𝝁 experiences a
torque given by 𝝁 × B0. According to the rotational analogue of Newton’s Second
Law, which states that the rate of change of angular momentum of a system is
equal to the torque acting on the system, this relationship can be mathematically
expressed as:

ℏ
dI
d𝑡

= 𝝁 × B0. (4.6)

Substituting the definition of 𝝁 and applying Equation (4.1) in Equation (4.6), we
obtain:

d𝝁
d𝑡

= 𝛾𝝁 × B0. (4.7)

For an assembly of nuclear spins, the magnetization vector M can be introduced,
representing the total magnetic moment per unit volume (i.e.,

∑
𝝁𝒊). By summing

the equations of motion for each spin (assuming they belong to the same species),
we derive the equation of motion in terms of M:

dM
d𝑡

= 𝛾M × B0. (4.8)
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This equation can be easily solved once the direction of B0 has been specified.
Specifically, when B0 = 𝐵0𝒛, the solution to Equation (4.8) is:

𝑀𝑥 = 0,

𝑀𝑦 = 0,

𝑀𝑧 = 𝑀0.

(4.9)

For the simplest case, the magnetization of a system with 𝐼 = 1
2 is related to the

state population difference 𝑁+ − 𝑁− of the lower and upper levels, where 𝑁 refers
to a unit volume. The population ratio in thermal equilibrium is given by the
Boltzmann factor of the energy difference 2𝜇0𝐵0:

𝑁−
𝑁+

= exp
(
−2𝜇𝐵0

𝑘𝐵𝑇

)
, (4.10)

and the equilibrium magnetization is 𝑀0 = 𝑁𝜇 tanh(𝜇𝐵/𝑘𝐵𝑇).
When the magnetization component 𝑀𝑧 is not in thermal equilibrium, we sup-

pose that it approaches equilibrium at a rate proportional to the departure from the
equilibrium value of 𝑀0:

d𝑀𝑧

d𝑡
=
𝑀0 − 𝑀𝑧

𝑇1
. (4.11)

This 𝑇1 is the spin-lattice relaxation (SLR) time, quantifying the characteristic
timescale of approach to equilibrium. In general, SLR involves an energy exchange
between the spin system and its surrounding environment—often referred to as the
“lattice.” If an unmagnetized specimen is placed in a magnetic field B0 = 𝐵0𝒛 at
time 𝑡 = 0, the magnetization increases from 𝑀𝑧 = 0 to 𝑀𝑧 = 𝑀0. Considering
Equation (4.11), the 𝑧 component of Equation (4.8) is:

d𝑀𝑧

d𝑡
= 𝛾 (M × B0)𝑧 +

𝑀0 − 𝑀𝑧

𝑇1
, (4.12)

where the additional term 𝑀0−𝑀𝑧

𝑇1
arises from Equation (4.11), indicating that M
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not only precesses around the magnetic field but also relaxes to the equilibrium
value M0.

While the magnetic field tends to align B0 with the 𝑧-axis, the 𝑥- and 𝑦-
components, 𝑀𝑥 and 𝑀𝑦, are not initially zero. Over time, 𝑀𝑥 and 𝑀𝑦 decay to
zero due to the alignment of the magnetic field with the 𝑧-axis, as the transverse
components are zero in thermal equilibrium. The transverse relaxation can be
described by:

d𝑀𝑥

d𝑡
= 𝛾 (M × B0)𝑥 −

𝑀𝑥

𝑇2
,

d𝑀𝑦

d𝑡
= 𝛾 (M × B0)𝑦 −

𝑀𝑦

𝑇2
.

(4.13)

Here, 𝑇2 is known as the spin-spin relaxation time, which describes the decay of
phase coherence among the probe nuclei. Typically, in solids, 𝑇2 ≪ 𝑇1, while in
liquids, 𝑇2 ≈ 𝑇1. From Equation (4.13), it is evident that the magnetic energy
remains unchanged as 𝑀𝑥 or 𝑀𝑦 changes, provided that B0 is along the 𝑧-axis.
Together Equations (4.12) and (4.13) are referred to as the Bloch equations [151],
which provide a macroscopic model describing the collective behavior of nuclei.
Note, the magnetization in the transverse plane (i.e., Equation (4.13)), is often
described using a complex representation in the 𝑥-𝑦 plane as:

𝑀𝑥𝑦 = 𝑀𝑥 (𝑡) + 𝑖𝑀𝑦 (𝑡), (4.14)

which simplifies the mathematical treatment of precessional motion. The solutions
to Equations (4.12) and (4.14) are given by:

𝑀𝑧 (𝑡) = 𝑀0 + (𝑀𝑧 (𝑡 = 0) − 𝑀0) exp(−𝑡/𝑇1) (4.15)

𝑀𝑥𝑦 (𝑡) = 𝑀𝑥𝑦 (𝑡 = 0) exp(−𝑡/𝑇2) exp(−𝑖𝜔0𝑡) (4.16)

where 𝜔0 is given by Equation (4.5). The Bloch formalism thus describes both
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longitudinal and transverse relaxation: the longitudinal (i.e., SLR) processes are
experimentally examined in Chapter 7, while transverse relaxation is probed in
Chapters 5 and 6. Specifically, Equation (4.16) shows that the transverse magneti-
zation precesses at the Larmor frequency 𝜔0 with an exponential decay governed
by𝑇2, reflecting the loss of spin phase coherence. In the special case 𝑀𝑧 (𝑡 = 0) = 0
and 𝑀𝑥𝑦 (𝑡 = 0) > 0, the magnetization dynamics reduce to spin-precession at a
frequency 𝜔0 that is damped by a factor exp(−𝑡/𝑇2).

For more detailed microscopic descriptions, such as incorporating higher-order
spin interactions, the density matrix formalism provides a broader framework [152,
153], though the essential physical picture remains consistent with the Bloch
model. Importantly, the macroscopic magnetization vector M introduced here is
itself a collective representation of the underlying microscopic spin polarizations,
which are directly probed in the experimental techniques employed in this thesis.
In particular, the spin polarization of radioactive nuclei produced via 𝛽-decay
serves as a sensitive probe of local magnetic environments. The following section
introduces the essential principles of 𝛽-decay.

4.3 Basic features of 𝛽-decay

𝛽-decay is one among various types of radioactive decay processes, occurring when
a nucleus undergoes a charge state transition between its nucleons (i.e., proton or
neutron) to attain a more stable configuration. The process is accompanied by the
emission of a 𝛽-particle, which can be either an electron (e–) or a positron (e+).

Formally, a progenitor nucleus X transforms into a progeny nucleus Y according
to the following reactions for 𝛽±-decay (i.e., e± emission):

A
ZX A

Z–1Y + e+ + 𝜈e ,

A
ZX A

Z+1Y + e– + 𝜈̄e ,
(4.17)

where A and Z are the mass and atomic numbers of the progenitor nucleus,
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respectively, and 𝜈e and 𝜈̄e represent the electron neutrino and antineutrino. The
specific type of 𝛽-decay that an isotope undergoes depends on its neutron-to-proton
ratio: neutron-rich nuclei undergo 𝛽−-decay, while neutron-poor nuclei undergo
𝛽+-decay. A related process, known as “electron capture,” occurs in proton-rich
nuclei when an inner orbital electron is absorbed by the nucleus, converting a
proton into a neutron. During 𝛽-decay, several quantities are conserved, including
mass number, electric charge, and lepton number. The emission of a neutrino
or antineutrino ensures lepton number conservation, making 𝛽-decay a three-
body process. The total energy released in the decay—equal to the difference in
rest-mass energy between the progenitor and progeny nuclei—is shared among the
emitted particles. As a result, the 𝛽-particles exhibit a continuous energy spectrum,
ranging from zero up to a maximum (endpoint) energy determined by the available
decay energy. The recoil energy of the progeny nucleus, though finite, is typically
negligible.

The mechanism of 𝛽-decay is governed by the weak interaction, one of the four
fundamental forces. Unlike electromagnetism, gravity, and the strong interaction,
where parity (mirror symmetry) is conserved, the weak interaction exhibits max-
imal parity violation. In physical terms, a parity transformation inverts spatial
coordinates, making “left” and “right” indistinguishable if parity is conserved. In
weak processes, however, this symmetry is broken, and handedness becomes a
physically meaningful property. The idea that weak interactions might violate par-
ity was first proposed by Lee et al. [154] and confirmed the following year in two
landmark experiments: the measurement of anisotropic 𝛽-emissions in the decay
of polarized 60Co nuclei by Wu et al. [155], and the measurement of asymmetric
positron emissions from spin-polarized 𝜇+ decay by Garwin et al. [156], the latter
exploiting the natural polarization of 𝜇+ from 𝜋+ decay. The practical consequence
of this discovery is that for an ensemble of spin-polarized nuclei or particles, 𝛽-
particle emission direction is probabilistically correlated with the progenitor’s spin
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orientation at the moment of decay. This principle forms the foundation of 𝜇SR
and its complementary technique, 𝛽NMR, which are discussed in detail below.

4.4 𝜇SR

𝜇SR is a versatile spectroscopic technique that probes local magnetic environments
in materials by tracking the time evolution of the spin polarization of implanted
muons. In this section, we first introduce the fundamental properties of the muon
relevant to 𝜇SR, followed by the basic principles of the technique. We then de-
scribe the characteristic depolarization functions for zero field muon spin rotation
(ZF-𝜇SR) and transverse field muon spin rotation (TF-𝜇SR) configurations, which
form the foundation for analyzing subsurface magnetic field distributions in super-
conductors and related systems.

4.4.1 Properties of muon

In 𝜇SR and LE-𝜇SR, the probe is the muon, an unstable spin-1
2 lepton with a

mean lifetime of 2.197 µs. It has a mass approximately 207 times that of the
electron (or roughly 1/9 the proton mass) and a gyromagnetic ratio of 𝛾𝜇+ =

2𝜋 × 135.54 MHz T−1. Due to the asymmetric decay properties of the muon, the
𝜇+ is suitable as a sensitive probe of magnetic environment in the matter. Muons
are created by the decay of charged pions, which are primarily produced by high
energy protons colliding with nuclei like carbon or beryllium. The decay of pions
that are produced in MeV energy proton-nucleon collisions are as follows:

p+ + p+ p+ + n0 + 𝜋+ ,

p+ + n0 n0 + n0 + 𝜋+ ,
(4.18)
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where p+ is the proton, n0 is the neutron, and 𝜋+ is the positive pion, is a short lived
meson (mean lifetime 26 ns) which decays into a positive muon (𝜇+) and a muon
neutrino (𝜈𝜇):

𝜋+ 𝜇+ + 𝜈𝜇 . (4.19)

The decay of pions at rest (e.g., those stopped near the surface of the production
target) is used to produce a fully polarized muon beam. Due to angular momentum
conservation—manifested by the exclusively left-handed neutrinos—the resulting
muons emerge with 100 % polarization. This resultant beam possesses a kinetic
energy of 4.12 MeV and a corresponding momentum of 29.8 MeV/𝑐 (where 𝑐 is
speed of light in vacuum), with the spin of the 𝜇+ particle aligned antiparallel to its
momentum. Muons generated in this manner are referred to as a “surface” muon
beam.

Muons are unstable particles that decay into a positron (e+), electron neutrino
(𝜈e), and, a muon antineutrino (𝜈̄𝜇) as follows:

𝜇+ e+ + 𝜈e + 𝜈̄𝜇 . (4.20)

This is a three-body decay as discussed in Section 4.3, so the total energy of the
muon is shared among the positron and the two neutrinos. As a result, the kinetic
energy of the emerging positron can vary continuously from nearly zero—if the
neutrinos carry most of the energy—up to a maximum of 52.8 MeV, discussed
below.

Due to the parity-violating nature of weak 𝛽-decay, the positron in a 𝜇+ decay
is correlated with the direction of the muon’s spin at the time of decay. This leads
to an angular distribution 𝑊 (𝜃) for the 𝛽-emission direction. As an example, for
the decay of 𝜇+ described by Equation (4.20),𝑊 (𝜃) takes the form:

𝑊 (𝜃) = 1 + 𝑎(𝐸)𝑃𝑣
𝑐

cos(𝜃), (4.21)
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where 𝜃 is the angle between the spin polarization axis and the 𝛽-particle emission
direction, 𝑣 is the velocity of the 𝛽 electrons, 𝑐 is the speed of light (generally
𝑣 ≈ 𝑐),6 𝑃 is the nuclear spin-polarization, and 𝑎(𝐸) is the energy-dependent
decay asymmetry. The 𝑃 is defined by:

𝑃 =
1
𝐼

+𝐼∑︁
𝑚=−𝐼

𝑝𝑚𝑚, (4.22)

where 𝐼 is the nuclear spin quantum number, 𝑚 is the nuclear magnetic quantum
number and 𝑝𝑚 is the population of the corresponding sublevel. For 𝜇+, which
are produced highly polarized in pion decay, no external polarization procedure is
required, so 𝑃 = 1. The 𝑎(𝐸) is given by:

𝑎(𝜖) = 2𝜖 − 1
3 − 2𝜖

, (4.23)

with 𝜖 = 𝐸/𝐸m, where 𝐸m = 52.83 MeV is the maximum energy of the emitted
positron. Equation (4.21) is depicted in Figure 4.2 for a variety of positron energies.
While the decay asymmetry is 1 at the maximal positron emission energy of
52.8 MeV, the angular distribution is isotropic (𝑎(𝐸) = 0) at half of that energy.
When 𝐸 is even smaller, 𝑎(𝐸) becomes negative (not shown in Figure 4.2). When
sampling positron energies uniformly [157], 𝑎(𝐸) averages to 𝑎̄(𝐸) = 1/3.

The angular dependence of positron emission in 𝜇+ decay, described by Equa-
tion (4.21), motivates the use of a two-detector system with detectors positioned
at 0◦ and 180◦ relative to each other. At these angles, the difference in emission
probability is maximized, making the measurement most sensitive to the muon
spin orientation. By forming the asymmetry of the counts measured in the two
detectors, one can directly track the time evolution of the muon spin polarization.
More formally, one can define the asymmetry spectrum 𝐴(𝑡) of the counts 𝑁±

6The factor 𝑣/𝑐 arises because for relativistic 𝛽-electrons, the correlation is strongest when 𝑣 ≈ 𝑐; at lower velocities,
the asymmetry is suppressed.
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+

0.0 MeV

26.4 MeV

52.8 MeV

Figure 4.2: Angular probability distribution𝑊 (𝜃) of positrons emitted from a 𝜇+ decay, for positron
energies between 0 MeV to 52.8 MeV, as described by Equation (4.21). The angle 𝜃 is defined
between the muon spin direction at its instant of decay and the positron emission direction. The
dashed green curve shows the average asymmetry 𝑎̄(𝐸) = 1/3 for this energy range.

measured by the two detectors as:

𝐴(𝑡) = 𝐴0𝑃(𝑡), (4.24)

=
[𝑁+(𝑡) − 𝑁+,bg] − 𝛼[𝑁−(𝑡) − 𝑁−,bg]
[𝑁+(𝑡) − 𝑁+,bg] + 𝛼[𝑁−(𝑡) − 𝑁−,bg]

. (4.25)

where 𝛼 ≡ 𝑁+,0/𝑁−,0 is the balance parameter between the two detectors (e.g.,
detection efficiencies and solid-angle coverage) [158].7 Here, 𝐴0 is the initial

7This 𝛼 depends on the detailed geometry of the experiment, it is not known a priori and is typically treated as a fit
parameter in the analysis.
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asymmetry, which is directly related to the theoretical asymmetry 𝑎(𝐸) in Equa-
tion (4.21) and 𝐴0𝑃(𝑡) is a function describing the time evolution of the muon spin
polarization.

Thus, forming the asymmetry provides a direct measure of the muon spin
dynamics. In this context, the time histogram of positron counts naturally extends
the angular distribution in Equation (4.21) to the time domain and takes the form:

N±(𝑡) = 𝑁±,0 exp(−𝑡/𝜏𝜇) [1 ± 𝐴0𝑃(𝑡)] + 𝑁±,bg, (4.26)

where 𝑁±,0 is a normalization constant, 𝜏𝜇 is the 𝜇+ lifetime, 𝑁±,bg is a contribution
of uncorrelated background events. The empirically observed maximum 𝐴0 typi-
cally lies between 0.2 to 0.3, lower than the theoretical 1/3, due to factors such as
the finite solid angle covered by the detection geometry, the sensitivity/efficiency
of the detectors, and positron absorption in the sample and surroundings. Through
the use of two opposing detectors, Equation (4.25) provides 𝐴(𝑡) directly by can-
celing the lifetime factor exp(−𝑡/𝜏𝜇) that originates from Equation (4.26), yielding
the time evolution of the muon-spin polarization 𝑃(𝑡). The measured 𝐴(𝑡) is
influenced by both the static and dynamic characteristics of the local fields at the
𝜇+ stopping site, encompassing all relevant information regarding the magnetic
interactions between the 𝜇+ spin and the host sample material.

4.4.2 Principle of the technique

The 𝜇SR technique is employed to investigate the local magnetic fields within a
material. In this process, spin-polarized 𝜇+ are introduced into a sample, where
their spins interact with the local electromagnetic environment. By leveraging the
asymmetric decay of the muon, the time evolution of spin polarization is monitored.
In the experiments performed in this thesis, the 𝜇+ are implanted into a sample one
at a time using (quasi-)continuous beams.

At the beginning of a measurement, a single 𝜇+ enters into the spectrometer,
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passing through a trigger detector that initiates the start of a high-precision timer
(e.g., see Figure 4.3). The muon then stops in the sample in a very short time
(≈ 10−10 s) of the muon lifetime (2.2 µs) while retaining its polarization. In general,
the muon’s spin interacts with its local environment meaning, the spin precesses
around the local magnetic field at the Larmor frequency𝜔0 (i.e., Equation (4.5)), as
does the preferential positron emission direction. The emitted positron is detected
in one of the positron detectors surrounding the sample once the muon decays.
Subsequently, the timer is stopped, and the decay event is recorded in a histogram.
It is essential to measure the decay of numerous muons, often more than ∼106,
in order to derive the time evolution of muon spin polarization with sufficient
statistical accuracy,8 ensuring that even the small fraction of long-lived muons
is adequately sampled and the resulting spin-precession signal can be reliably
extracted.

During the measurement, a histogram of decay events as a function of time after
the muon arrives in the sample is created for each detector recorded, as described in
Section 4.3. In this thesis, the asymmetry 𝐴(𝑡) (i.e., Equation (4.25)) is evaluated
in two distinct configurations:

• ZF-𝜇SR: This is the fundamental technique for studying magnetic systems,
where the absence of an external field leaves the system undisturbed and
𝑃(𝑡) reflects only the internal fields and their distribution.9 In such experi-
ments, the muon spin is usually antiparallel to the beam direction, its natural
orientation.10

• TF-𝜇SR: An external magnetic field is applied perpendicular to 𝑃𝜇 (0), allow-
ing measurements of the internal magnetic field distribution and the behavior

8The relative statistical uncertainty follows Poisson statistics as 1/
√︁
𝑁 (𝑡), where 𝑁 (𝑡) is the number of decay events

recorded at time 𝑡; increasing 𝑁 (𝑡) reduces the fractional uncertainty.
9ZF measurements require active compensation of the Earth’s and surrounding magnetic fields, typically to within

∼2 µT.
10The ZF-𝜇SR setup can be regarded as a special case of longitudinal-field 𝜇SR, where a field is applied along the

initial muon spin direction. Longitudinal-field scans help distinguish static from fluctuating internal fields.
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Figure 4.3: Sketch of a TF-𝜇SR experiment setup. Muons are implanted with their spins initially
aligned along the 𝑦-axis, antiparallel to the beam direction. While the external magnetic field 𝐵0 is
applied perpendicular to the muon spin direction (along the 𝑧-axis), parallel to the sample surface,
and the positron detectors are placed in the 𝑦𝑧 plane. The muon spin precesses about the local
magnetic field at its stopping site in the sample. Redrawn from Ref. [159].

of the local magnetic susceptibility.

By employing these two configurations, this thesis leverages the unique capa-
bilities of ZF-𝜇SR and TF-𝜇SR to detect and characterize magnetic fields in SRF
materials. ZF-𝜇SR is employed to study the distributions of 𝑃(𝑡) in the absence
of an external field, which is subsequently used in Chapter 5 to determine the
field of first-flux-penetration in SRF samples. In contrast, TF-𝜇SR is particularly
relevant for investigating the field screening profile in Chapter 6, as the applied
field 𝐵0 is oriented parallel to the cavity surface, allowing precise measurement
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of local magnetic field distributions. The depolarization of muons in these two
configurations is discussed next.

ZF-𝜇SR depolarization function

The depolarization of the 𝜇SR signal depends on the configuration and fluctuation
rate of the internal field that is experienced by the muon. In ZF-𝜇SR, the initial
spin polarization of the muon beam is along the 𝑧-direction (Figure 4.4), and the
polarization function is based on the assumption that the muon ensemble encounters
a magnetic field distribution.

In general, the muon spin polarization’s time evolution, 𝑃𝑧 (𝑡), in the case that
the distribution is static, is given by:

𝑃𝑧 (𝑡) = cos2 𝜃 + sin2 𝜃 cos(𝜔0𝑡),
= cos2 𝜃 + sin2 𝜃 cos(𝛾𝜇𝐵𝑡),

(4.27)

where 𝜃 denotes the relative angle between the spin polarization and the direction
of the magnetic field, 𝛾𝜇 is the gyromagnetic ratio of muon and 𝑩 = |𝐵|.

When the muon ensemble encounters a non-uniform internal magnetic field,
each muon does not experience the same field strength. The time evolution of
the muon spin polarization is determined by averaging Equation (4.27) over the
relevant magnetic field distribution [160]:

𝑃(𝑡) =
∫ ∫ ∫

𝑃(𝑩)𝑃𝑧 (𝑡)d𝑩, (4.28)

where 𝑃(𝑩) is the normalized probability distribution of magnetic field inside
the sample. Within the sample, randomly oriented magnetic moments create a
magnetic field distribution at each muon site. In the simplest case, 𝑃(𝑩) can be
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Figure 4.4: Sketch of a ZF-𝜇SR experiment setup. The muon spin direction is antiparallel to the
muon beam direction, which is parallel to the 𝑧 axis. The detectors are placed in the 𝑦𝑧 plane along
the beam direction. Redrawn from Ref. [159].

approximated by a three-dimensional Gaussian distribution:

𝑃(𝐵𝑖) =
𝛾𝜇√

2𝜋𝜎2
exp

(
−
𝛾2
𝜇𝐵𝑖

2

2𝜎2

)
, (𝑖 = 𝑥, 𝑦, 𝑧), (4.29)

where 𝜎/𝛾𝜇 is the width of the internal magnetic field distribution. By substituting
𝑃(𝑩) into Equation (4.28) and solving the integral, we obtain the so-called static
Gaussian Kubo-Toyabe polarization function [161, 162]:

𝑃ZF(𝑡) =
1
3
+ 2

3
(1 − 𝜎2𝑡2) exp

(
−1

2
𝜎2𝑡2

)
, (4.30)

shows that a finite-width field distribution leads to muon spin depolarization.
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This function exhibits Gaussian damping initially and recovers to 1
3 of its initial

value later on, with initial damping caused by 𝑥 and 𝑦 local field components
perpendicular to the initial muon spin direction.

In many instances, the magnetic field sensed by the muon ensemble is not static,
and stochastic (i.e., random) processes are responsible for the field fluctuation(s)
that modulate the spin’s time-evolution. These dynamic fields, resulting from
fluctuations in either the local magnetic field or the muon’s site (with a single
fluctuation rate 𝜈), contribute to the depolarization of the muon-spin ensemble.
The polarization function under these dynamic conditions is derived assuming a
stationary Gaussian-Markovian process, implying that the properties of the dy-
namic process are time-independent. More precisely, the probability of a future
state is not influenced by its history, and the field distribution at any given moment
is Gaussian.

Using the strong-collision model, the muon spin polarization for sudden changes
in the internal field can be derived. In this model, initially, the muon ensemble
evolves in a static field, but approximately after an average time of 𝜏 = 1/𝜈, the
local field undergoes a discontinuous fluctuation, adopting a new value. The muon
ensemble then precesses in this updated static configuration until the next discon-
tinuous change occurs. This process, effectively resetting the muon precession,
is mathematically addressed through dynamicization. In the dynamical case, the
muon depolarization function 𝑃D(𝑡) is the sum of the depolarization functions
corresponding to all configurations:

𝑃D(𝑡) =
∞∑︁
𝑘=0

𝐺𝑘 (𝑡), (4.31)

where 𝐺𝑘 (𝑡) describe 𝑘 number of field changes between instants 0 and 𝑡. This
model assumes that the probability that the internal field fluctuates within the
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interval ∈ [0, 𝑡] is described by:

𝑃(𝑡) = exp(−𝜈𝑡). (4.32)

Therefore, in the absence of any fluctuation (i.e., 𝑘 = 0) and for a static depolar-
ization function (e.g., 𝑃ZF(𝑡) following Equation (4.32)), 𝐺𝑘 (𝑡) yields:

𝐺0(𝑡) = 𝑃(𝑡)𝑃ZF(𝑡),
= exp(−𝜈𝑡)𝑃ZF(𝑡).

(4.33)

Given these hypotheses and using the recursive relation:

𝐺𝑘 (𝑡) = 𝜈
∫ 𝑡

0
𝐺𝑘−1(𝑡 − 𝑡′)𝐺0(𝑡′)d𝑡′, (4.34)

upon combining Equations (4.31), (4.33) and (4.34) we can derive a polarization
function 𝑃DGKT:

𝑃DGKT = 𝑃ZF(𝑡) exp(−𝜈𝑡) + 𝜈
∫ 𝑡

0
𝑃D(𝑡 − 𝑡′)𝑃ZF(𝑡′) exp(−𝜈𝑡′)d𝑡′. (4.35)

The integral equation relates the dynamic to the static polarization functions and
is commonly referred to as the dynamic Kubo-Toyabe polarization function [162].

TF-𝜇SR depolarization function

In the case of TF-𝜇SR, a magnetic field 𝐵0 is applied perpendicular to the initial
muon spin direction, as shown in Figure 4.3. The components 𝐵𝑥 and 𝐵𝑦 are
negligible compared to 𝐵𝑧 ≈ 𝐵0 among the values of 𝑩 with significant weight
in the distribution. As a result, the muons perceive an effective field distribution
mainly along the 𝑧-direction, causing muon spin precession in the 𝑥𝑦-plane. The
triple integral in Equation (4.28) reduces to a single integral, and the time evolution
of the initial muon spin polarization monitored along the 𝑦-direction is given
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by [146]:
𝑃TF =

∫
𝑃(𝐵𝑧) cos

(
𝛾𝜇𝐵𝑧𝑡 + 𝜙

)
d𝐵𝑧. (4.36)

where 𝜙 is the initial phase of the muon spin polarization. For a static Gaussian
internal magnetic field distribution 𝑃(𝐵𝑧) can be expressed as:

𝑃(𝐵𝑧) =
𝛾𝜇√
2𝜋𝜎

exp

(
−
𝛾2
𝜇 (𝐵𝑧 − 𝐵0)2

2𝜎2

)
. (4.37)

By substituting𝑃(𝐵𝑧) into Equation (4.36) and evaluating the integral, the transverse-
field polarization function becomes:

𝑃GTF = exp
(
−𝜎

2𝑡2

2

)
cos

(
𝛾𝜇𝐵𝑧𝑡 + 𝜙

)
, (4.38)

which features an oscillating component reflecting the muon spin precession about
the applied magnetic field, along with a “damping” term accounting for depolar-
ization at long times due to the field distribution. It is important to note that in this
TF-𝜇SR geometry, only the longitudinal component 𝐵𝑧 contributes to damping of
the transverse polarization, so the depolarization rate in this geometry is reduced
relative to the ZF-𝜇SR case by a factor of 1/

√
2. Similar to the expression in

Equation (4.35), the dynamic expression for Equation (4.38) can also be derived;
however, this expression is not required for the analyses presented in this thesis, and
the derivation is therefore omitted. Detailed discussions can be found in Refs. [146,
158].

4.4.3 LE-𝜇SR

The LE-𝜇SR experiments were conducted at the Paul Scherrer Institute (PSI)s Cen-
ter for Neutron and Muon Sciences in Villigen, Switzerland. In these experiments,
a “surface” muon beam with an initial energy of 4.1 MeV is moderated to ap-
proximately 15 eV, and subsequently accelerated to create a beam with adjustable
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energy ranging from 2 keV to 30 keV. Importantly, the spin polarization of the
muons remains intact during the moderation process, allowing for the generation
of a 100 % spin-polarized 𝜇+ beam [163, 164]. Figure 4.5 Illustrates the schematic
layout of the 𝜇E4 beamline.
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Helmholtz coils
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Einzel lens, L1
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Figure 4.5: Schematic of the PSI low energy muon (LEM) beamline. A 4 MeV surface 𝜇+ beam is
moderated to 15 eV using a 125 µm Ag foil coated with a 200 nm-300 nm solid Ar N2 layer. The
moderated beam is re-accelerated to energies up to 20 keV and guided to the sample position via
electrostatic elements, including a 45◦ electrostatic mirror and a spin rotator [165]. A thin carbon
foil start detector measures the beam before implantation into the sample, which is mounted on
a cryostat cold finger for depth-tunable implantation (0.5 nm to several 100 nm). Adapted from
Ref. [166].
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The following describes the key components of the beamline–from muon mod-
eration and separation, to transport optics and energy selection–that together enable
the delivery of a highly controlled, low-energy polarized muon beam to the sam-
ple. First, a “surface” muon beam traverses a moderator composed of a thin layer
(∼100 nm) of rare gas solid or solid nitrogen deposited on a 125 µm silver sub-
strate [164, 167]. To prevent rapid deterioration of the moderator and enable the
use of high voltages for beam transport, the LE-𝜇SR muon beamline is maintained
under ultra-high vacuum (UHV) conditions [168, 169]. This entails maintaining
pressures of approximately 10−10 mbar in the moderator area and typically better
than 10−8 mbar in the sample space. A very small fraction (10−5 to 10−4) of the
muons escape the moderator with a mean energy of about 15 eV and an energy
spread full width at half maximum (FWHM) of around 20 eV. The majority of
the beam exits the moderator target as fast (degraded but unmoderated) muons
with an average energy of 500 keV and a similar FWHM. These fast muons are
separated from the slow ones by an electrostatic mirror made of a fine wire grid,
which deflects the low-energy muons by 90◦ while leaving their spin direction
unchanged.

Following deflection, the muon spin and momentum directions become perpen-
dicular. Fast muons remain unaffected by the electrostatic mirror and are monitored
by a multi-channel plate (MCP) detector. Low-energy muons are distinctly identi-
fied through a time-of-flight (TOF) measurement between the start scintillator and
the trigger detector. The trigger detector, consisting of an ultra-thin carbon foil
(2.2 µg cm−2), serves to establish the initial arrival time for incoming low-energy
muons. As the muons pass through the foil, they emit on average three electrons,
which are deflected by 90◦ and detected by a grid system to a MCP to provide
the start signal for the 𝜇SR measurement. The detection efficiency of the trigger
detector is approximately 80 %, ensuring the amount of material interacting with
the muons and the consequent effects on the trajectory is minimal. The trigger de-
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tector induces an energy loss of ∼1 keV for muon beam, with a (Gaussian) standard
deviation of 450 eV. Upon passing the trigger detector, the 𝜇+ beam is focused on
the sample using an Einzel lens (L3) and a conically shaped electrostatic lens. The
final element, the ring anode (RA) labeled in Figure 4.5, serves to steer and focus
the muons onto the sample.

The energy of the muon beam prior to implantation in the sample under inves-
tigation is accomplished using static electric fields in a two-step process. Initially,
a high positive potential is applied to the moderator substrate to initiate down-
stream transport. Subsequently, the sample can be biased to further accelerate or
decelerate the muons before implantation into the sample. The sample, affixed to
a Ni-coated Al holder, is electrically insulated by a thick sapphire crystal and can
be biased from −12.5 kV to 12.5 kV. The sapphire crystal also facilitates good
thermal contact between the cold finger cryostat and the sample. The implantation
energy of the muons at the sample is determined by the re-acceleration voltage
applied to the moderated beam, corrected for the small energy loss incurred when
passing through the thin carbon-foil trigger detector, and further adjusted by the
bias voltage applied to the sample holder (which can be either positive or negative).
Under typical operating conditions, this results in a tunable muon energy in the
range of 2 keV to 30 keV. In the bottom of Figure 4.5 a small Helmholtz coil
generates an external magnetic field of up to 30 mT, applied parallel to the sample
surface and perpendicular to the beam direction.

4.5 𝛽NMR

A 𝛽NMR experiment employs a beam of highly spin-polarized radioactive nuclei–
typically 8Li+–implanted into a sample. The technique closely parallels LE-𝜇SR
(see Section 4.4.2), since both methods infer the time evolution of a probe’s spin
polarization from the asymmetry in detected decay products and both employ
implanted probes with tunable kinetic energies on the keV scale. Crucially, both
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𝛽NMR and LE-𝜇SR require highly specialized infrastructure, making the facilities
that host these experiments essentially world-unique. In addition, producing the
probes differs: generating isotopically pure beams of short-lived radioisotopes
such as 8Li is more involved than producing muons, and isotopic purity alone is
insufficient–the beams must also be prepared with the required spin polarization.
Further elaboration on this technique will be provided in the subsequent discussion.

4.5.1 Properties of 8Li

In complement to LE-𝜇SR, 𝛽NMR also involves implanting a low-energy, ra-
dioactive isotope into the sample and monitoring the probe’s spin-polarization via
𝛽-decay. At TRIUMF, 𝛽-NMR primarily employs the 8

3Li radioisotope due to
its abundant availability from a host of production targets, making it one of the
simplest to produce in the form of a high-intensity ion beam. Moreover, it has a
relatively small mass facilitating efficient implantation at tunable depths, making
it particularly suitable for probing thin films and near-surface regions. The 8

3Li
𝛽-decay scheme is:

8
3Li 8

4Be* + 𝜈̄e + e–,

8
4Be* 2𝛼 ,

(4.39)

yielding 8Be* in an excited state which subsequently decays with a short mean
lifetime of 8.19 × 10−17 s into two 𝛼 particles (see Equation (4.39)) [170], a
negative 𝛽-particle (i.e., e–), and an electron antineutriono, 𝜈̄e. Because 𝛽 decay is
a three-body process (see Section 4.3), the emitted 𝛽-particles (e– or e+) exhibit a
continuous energy spectrum ranging from 0 MeV to 13 MeV. In the case of 8Li, the
emitted e– tends to be emitted opposite to the nuclear spin direction at the moment
of decay. Consequently, the angular distribution of the emitted electrons can be
expressed using Equations (4.21) and (4.22), which describe the general form of
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anisotropic 𝛽 emission from polarized nuclei.11 For 8Li, average 𝑎̄(𝐸) = −1/3,
meaning that its decay electron is preferentially emitted in the direction opposite
its spin-polarization.

In a 𝛽NMR experiment, a specific way to measure the asymmetry is using
four-counter method,12 which is proportional to the nuclear spin-polarization 𝑃:

𝐴(𝑡) ≡ 𝑟 − 1
𝑟 + 1

= 𝐴0𝑃, (4.40)

where

𝑟 ≡

√︄ (
𝑁+
𝐹
/𝑁+

𝐵

)(
𝑁−
𝐹
/𝑁−

𝐵

) ,
𝑁±
𝐵

and 𝑁±
𝐹

are the beta decay electron events recorded in the forward (𝐹) and
backward (𝐵) detectors for the positive (+) and negative (−) helicities,13 and
𝐴0 ≈ 0.1 is a proportionality factor that depends on the experimental setup (e.g.,
detection geometry, probe 𝛽-decay properties, etc.).

4.5.2 𝛽NMR facility at TRIUMF

At TRIUMF’s isotope separator and accelerator (ISAC) facility [171], the process
of generating isotopes involves bombarding the stable nuclei in a target material
(typically SiC or Ta, depends on the desired isotope) with a 500 MeV proton
beam [172], inducing various spallation reactions. For the production of 8Li,
a typical target comprises metallic Ta foils operated at temperatures exceeding
2000 K to facilitate isotope diffusion. The resulting isotopes then diffuse out of
the target, where they must ionized and collected as an ion beam then purified
to remove unwanted isobars. The diffusion proceeds from the target to a surface

11The 8Li nuclei are spin-polarized in flight before entering the 𝛽NMR spectrometer,resulting in a non-thermal
population of the magnetic sublevels with a preferential occupation of the highest magnetic sublevels (e.g., 𝑚 = +2)
(see Section 4.5.2).

12Forming the asymmetry in this manner has the advantage of implicitly removing select detection systematics (e.g.,
different detector efficiencies).

13These details have been discussed in Section 4.5.2.
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ionization tube, where thermal ionization occurs–a particularly effective scheme
for elements with low ionization energies, such as the alkalis. To ensure efficiency,
the target is kept at a high positive voltage to expel any cations produced, which are
then extracted to form a high-intensity beam. Before delivery to the experiment,
the beam undergoes isotopic purification based on their mass-to-charge ratio (𝑚/𝑞)
using a magnetic dipole mass separator. Since there are no stable species with a
mass number of 8, isotopic purification for 8Li is straightforward and obtaining
a beam free of contaminants is routine. While the radioactive ion beam (RIB)
produced at the ISAC facility is continuous, a pulsed beam can be generated with
the assistance of an electrostatic kicker. The beam is then transported through a
high-vacuum beamline (∼10−6 Torr) using electrostatic optical elements to reach
the experimental station.

It is important to note, however, that while this isotope production method
provides a high-quality, isotopically pure 8Li beam, it does not produce spin polar-
ization. This stands in contrast to the case of muons, which are inherently produced
with nearly 100 % spin polarization due to the parity-violating nature of pion decay
(see Section 4.4.1). In 𝛽NMR, achieving nuclear polarization in the 8Li probe re-
quires additional beam preparation, involving three key steps: neutralization of the
8Li+ ions, optical pumping of the neutralized atoms, and re-ionization of the beam,
as outlined in Ref. [173]. These steps are briefly discussed below. Firstly, the 8Li+

ions undergo neutralization, typically facilitated by a charge exchange cell filled
with the key parameter is that the gas atoms must be more electropositive than Li
(i.e., so the “pass” their valence electron to Li spontaneously). This neutralization
is crucial since 8Li polarization relies on the presence of an unpaired electron spin.
Any remaining unneutralized ions are subsequently removed from the beam using
electrostatic deflection plates. After neutralization, the hyperfine levels of 8Li are
manipulated through collinear pumping using a circularly polarized resonant laser
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beam.14 The sense of 8Li beam’s polarization, or helicity, is alternated by periodi-
cally inserting a half-wave plate into the laser beam’s path. This procedure reduces
systematic errors in the 𝛽NMR measurement.

Following optical pumping, 8Li predominantly occupies states with a nuclear
magnetic quantum number 𝑚 = ±2, resulting in a high degree of spin polariza-
tion, typically reaching around ∼70 % [173, 174]. Following polarization, the
beam undergoes re-ionization upon passing through a He vapor cell. Once re-
ionized, the polarized 8Li ion beam is directed electrostatically towards either of
the two 𝛽NMR spectrometers for implantation into a material under investigation.
This re-ionization process typically operates with an efficiency of approximately
50 % [175]. Meanwhile, the remaining neutral fraction travels undeflected into a
neutral beam monitor positioned outside the polarizer. This neutral beam serves
as a sample-independent diagnostic tool for assessing the polarization process. In
a 𝛽NMR spectrometer, the experimental asymmetry 𝐴(𝑡) is calculated from the
emitted 𝛽-particle as described in Section 4.5.1.

4.5.3 𝛽NMR spectrometer

At TRIUMF’s ISAC-I facility, two spectrometers cover a broad range of magnetic
field conditions: (1) a high-perpendicular (to the sample surface) field spectrometer
for measurements at >0.5 T and (2) a high/low parallel (to the sample surface) field
spectrometer providing fields in the range of 0 mT to 200 mT [3, 139, 176–179].
Both spectrometers operate under UHV conditions, with base pressures around
∼10−10 Torr each using He flow coldfinger cryostats for temperature control over a
broad range (3.5 K to 317 K). In this UHV environment, gas molecules primarily
interact with the chamber walls rather than with the beam or sample, improving
ion beam transport efficiency and reducing contamination from the progressive

14A small longitudinal holding field applied along the polarizer section of the beamline leading to the spectrometers
lifts the degeneracy of the magnetic hyperfine sublevels.
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accumulation of surface adsorbates. Sample insertion and removal are performed
via a vacuum load-lock chamber that is isolated from the main vacuum system
by a gate valve. This configuration enables independent venting and pumping of
the load-lock chamber, preserving the UHV conditions of the main spectrometer
chamber. Each spectrometer is positioned on an electrically isolated HV platform,

Electrostatic
Kicker

Low-parallel-field
Spectrometer

High-parallel-field
Spectrometer

Optical pumping
region

β-NQR Leg

β-NMR Leg
(High-perpendicular-field

Spectrometer)
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Figure 4.6: Beamline layout of the upgraded 𝛽NMR facility. The 8Li+ beam is spin-polarized
in-flight (first neutralized with an alkali vapor cell and later re-ionized by a He vapor cell) using
dedicated optical pumping infrastructure, allowing for routine operation. The fast electrostatic
kicker enables the semi-simultaneous operation of two spectrometers (i.e., two experiments running
at the same time off a single RIB). Both spectrometers are equipped with cold-finger UHV cryostats:
at the 𝛽NMR leg, the spectrometer with a superconducting solenoid allows measurements at high
magnetic fields (up to 9 T) perpendicular (⊥) to the sample surface, while the upgraded 𝛽NMR
parallel-field spectrometer (in the image 𝛽-NQR Leg) enables measurements up to 200 mT parallel
(∥) to the sample surface, just downstream of the existing low-parallel-field (0 mT to 24 mT)
spectrometer. The inset shows a side view of the upgraded high-parallel-field beamline and the
high-voltage (HV) platform above the beamline. Adapted from [3].

facilitating the deceleration of incoming positive ion beams by applying a positive
bias. This capability enables quick switching between energies ranging from
0.1 keV to 30 keV, depending on the production target voltage. The spectrometers,
equipped with charge-coupled device (CCD) cameras, use scintillating sapphire
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substrates—particularly defective ones—for imaging the beam’s location at the
sample position.15 Sapphire scintillates effectively under 8Li+ irradiation, making
it a robust and economical choice for beam imaging [180, 181]. The CCD graphical
user interface (GUI) of bccd16 assists in accurately overlaying sample and beamspot
images, a feature especially vital for small sample analyses.

Although both spectrometer configurations are available at TRIUMF, this thesis
exclusively utilizes the high-perpendicular-field 𝛽NMR setup. Accordingly, the
following section focuses on the design and operational principles of this specific
configuration.

High perpendicular-field spectrometer

Figure 4.7 illustrates a schematic of the high-field spectrometer. The setup features
two plastic scintillators, named the forward and backward detectors, positioned
in front of and behind the sample, whose function is to detect the outgoing 𝛽-
particles emitted after the 8Li 𝛽-decay. The sample is mounted on a UHV cold
finger cryostat. The beam enters through a small aperture in the backward detector,
and finally lands on the sample. The size of the beam spot on the sample, typically
ranging from 1 mm to 2 mm (with beam intensities ∼107 s−1 [3]), is primarily
determined by the focusing electrostatic Einzel lenses, three adjustable collimating
slits before the spectrometer, the applied magnetic field, and the beam energy. In
particular, the Einzel lenses assists in tuning the 8Li+ beam and focusing it under
magnetic fields ≲ 1 T.

The polarization is oriented along the beam axis, which is parallel to a high-
homogeneity magnetic field (𝐵0 up to 9 T) produced by a superconducting solenoid.
A small Helmholtz coil straddling the sample position applies an RF field 𝐵1(𝑡) of
up to 1 G in the horizontal transverse to 𝐵0. The design of the cryostat, combined

15Defective sapphire (𝛼-Al2O3) contains crystal imperfections that act as luminescent centers.
16This is an in-house open source software package available at https://pypi.org/project/bccd/.

https://pypi.org/project/bccd/
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Figure 4.7: Schematic of the high-perpendicular-field spectrometer (i.e., 𝛽NMR). The applied
magnetic field 𝐵0 is perpendicular (⊥) to the sample surface, but parallel to the beam’s momentum
and polarization axis. The polarized 8Li+ beam enters from the left side, passing through a small
aperture in the upstream “Backward” scintillation detector and before being implanted in the
sample. The other “Forward” detector is located downstream of the sample and is 180◦ opposite
to the upstream detector. A transverse RF field 𝐵1 ∼ 1 G at frequency 𝜔 may be applied by a
Helmholtz coil in the horizontal direction, perpendicular to both the beam and the applied field 𝐵0.

with the split coil around the sample position, restricts a sample’s lateral dimensions
to 8 × 12 mm and a thickness of approximately 2 mm.

4.5.4 𝛽NMR measurements

Spin lattice relaxation

As in conventional NMR, SLR in 𝛽NMR originates from time-dependent local
magnetic field fluctuations at the Larmor frequency, which typically lies in the
radiofrequency range. However, because the probe nuclei are radioactive, the
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range of relaxation times that can be experimentally accessed is constrained by
the nuclear lifetime, 𝜏. In practice, reliable SLR time 𝑇1 values can usually be
measured between 10−2𝜏 and 102𝜏 [182]. For very long𝑇1, the relaxation is so slow
that only a nearly linear decay is observed within the experimental time window,
and the relaxation rate becomes strongly coupled to the fitted initial polarization
amplitude. Conversely, if the relaxation is much shorter than 𝜏, most of the spin
polarization is lost before the nuclei decay, leading to an apparent missing fraction
or abrupt step in the measured asymmetry. These limitations define the practical
dynamic window of 𝛽NMR as a local probe of magnetic fluctuations.

To access this relaxation behavior experimentally, the time dependence of the
nuclear polarization of 8Li is monitored through a spin-lattice relaxation measure-
ment without applying the RF 𝐵1 field. An electrostatic kicker is used to pulse
the ion beam, with the probe polarization monitored both during and following
the process.17 The pulse’s duration is short, typically a few radioactive lifetimes
(e.g., 4 s for 8Li), followed by a longer counting period of ∼10 radioactive lifetimes
(i.e., to allow all implanted nuclei to decay before the next beam pulse arrives).
This cycle is repeated until sufficient (counting) statistics have accrued. During
the pulse, the polarization (i.e., Equation (4.40)) relaxes towards a dynamic equi-
librium, determined by the balance between the loss of polarization due to SLR
and the continuous arrival of new polarized spins. After the pulse, the polarization
decays to its thermal equilibrium value, which is effectively zero.

Independent of the form of the SLR function 𝑓 (𝑡, 𝑡′; 1/𝑇1), where 𝑡 is the decay
time, 𝑡′ is the arrival time, and 1/𝑇1 is the relaxation rate, the average polarization
follows [77]:

17Unlike in 𝜇SR, there is no direct analog to a muon counter; the technique does not associate individual 8Li nuclei
with single beta decays. Instead, the probe polarization is derived from the measured asymmetry in the beta emission,
which provides an ensemble average.
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𝑃(𝑡) = 𝑃0



∫ 𝑡

0 exp−(𝑡−𝑡′)/𝜏 𝑓 (𝑡, 𝑡′; 1/𝑇1)𝑑𝑡′∫ 𝑡

0 exp(−𝑡/𝜏) 𝑑𝑡
, 𝑡 ≤ 𝑡p,∫ 𝑡p

0 exp−(𝑡p−𝑡′)/𝜏 𝑓 (𝑡, 𝑡′, 1/𝑇1)𝑑𝑡′∫ 𝑡p
0 exp(−𝑡/𝜏) 𝑑𝑡

; 𝑡 > 𝑡p,

(4.41)

where 𝑃0 is the initial nuclear spin polarization set by the optical pumping of 8Li
before implantation, 𝑡p is the beam’s pulse length and 𝜏 is the radioactive lifetime
of 8Li. In the simplest case of a single characteristic relaxation rate 1/𝑇1, the SLR
function as the form:

𝑓 (𝑡, 𝑡′; 1/𝑇1) = 𝐴0𝑒
− 1
𝑇1
(𝑡−𝑡′)

. (4.42)

In the experiment, one measures the asymmetry 𝐴(𝑡) whose form follows Equa-
tions (4.40) and (4.41) due to its proportionality with the polarization 𝑃(𝑡).

Resonance

Unlike conventional NMR, 𝛽NMR experiments determine the resonance condi-
tion using a continuous wave (CW) approach. It provides a highly efficient means
of obtaining resonance spectra with optimal counting statistics. This efficiency
is particularly important in radioactive probe experiments, where beamtime is
limited and statistical precision is at a premium. Under typical conditions, a reso-
nance spectrum can be acquired in roughly half an hour, while systems exhibiting
quadrupolar splitting may require longer accumulation times to resolve the full line
shape. Despite these challenges, CW 𝛽NMR remains one of the most effective
tools for extracting resonance frequencies and local magnetic environments on
practical experimental timescales.

The spectral information obtained in this way reflects the microscopic interac-
tions experienced by the implanted nuclei. The nuclear spin interacts with local
magnetic fields through the Zeeman interaction, and their time-averages influ-
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ence the resonance shift and lineshape. Moreover, due to 8Li’s non-zero nuclear
quadrupole moment, our resonance spectrum can exhibit quadrupolar splitting
from the interaction of the quadrupole moment with non-zero EFGs. In such
cases, the peak splitting is determined by the nuclear quadrupole Hamiltonian.
Additionally, the width and relative peak position of the spectra from a resonance
measurement can also offer insights into the system’s relaxation when the relax-
ation rate is comparable to or slower than the resonance frequency, while very fast
relaxation can broaden these features beyond resolution.

Resonance measurements are acquired using a continuous ion beam implanted
at a constant rate. Under these conditions, the polarization approaches a steady-
state (i.e., a dynamic equilibrium) value given by Equation (4.41) with a 𝑡𝑝 = ∞.
A small transverse RF magnetic field 𝐵1 stepped slowly through the 8Li Larmor
frequency. When the RF field matches 8Li’s resonance frequency 𝜔0, it causes
the polarization to precess in a plane perpendicular to 𝐵1. The rapid precession
during a short integration time (typically 1 s) leads to a reduction in polarization,
resulting in a decrease of the observed asymmetry. In resonance measurements,
the off-resonance asymmetry value acts as the “baseline” for any signals in the
spectrum.

4.6 Ion implantation in solids

As mentioned in Section 4.1, all three techniques (𝜇SR, LE-𝜇SR, and 𝛽NMR)
involve implanting spin polarized probes (𝜇+ or 8Li+) into a sample under inves-
tigation, where they come to rest at subsurface depths. At these depths, their
interaction with the local magnetic environment provides microscopic information
about the internal magnetic fields. In many cases, knowledge of this stopping depth
is crucial to the interpretation of the measurements. While not directly available
from these techniques, it is possible to simulate the implantation process and ac-
curately predict this length scale. The method of calculation and estimation of the
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stopping depths are briefly discussed below.
Ion implantation is a non-equilibrium process, analogous to semiconductor dop-

ing [183, 184], in which energetic ions are introduced into a solid. As ions traverse
the host material, they lose energy through a stochastic sequence of collisions with
electrons and nuclei until they come to rest. Because each ion follows an individual
trajectory, the stopping depth is statistically distributed, producing a depth profile
that can be characterized by two parameters: the projected range (mean stopping
depth) and the straggle (standard deviation). These parameters provide a statistical
description of where the implanted probes reside, summarizing the more complete
stopping probability distribution that contains all depth-dependent information. In
the context of 𝜇SR, LE-𝜇SR, and 𝛽NMR, knowledge of such details allows for
selective studies of surfaces, interfaces, and bulk regions.

The stochastic slowing-down of implanted probes charged particles in solids is
accurately described using Monte Carlo simulations. These simulations are typi-
cally performed using the Stopping and Range of Ions in Matter (SRIM) [183] and
TRIM.SP [184] codes. Both employ Monte Carlo algorithms based on the binary
collision approximation and are well-established for predicting ion range distri-
butions across various materials. They are routinely applied in depth-controlled
experiments such as LE-𝜇SR [145] and 𝛽NMR [185]. By specifying the probe’s
energy, charge, and mass, along with the target’s density and chemical composition,
implantation profiles can be reliably simulated.

SRIM is particularly well-suited for simulating the implantation of heavier light
ions such as 8Li+ in 𝛽NMR experiments [101, 185], whereas TRIM.SP provides
more accurate results for lighter, hydrogen-like projectiles such as 𝜇+ at keV
energies [145, 186]. In LE-𝜇SR and 𝛽NMR, the probe implantation energy can
be tuned continuously in the low-energy regime (≤30 keV), providing nanometer-
scale depth resolution. By contrast, in 𝜇SR, the 𝜇+ beam energy is much higher
(about 4.1 MeV), corresponding to stopping ranges of 0.1 mm to 1 mm in typical
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solids. Such conditions are well suited for probing bulk properties of matter. For
illustration, the stopping range of 𝜇+ in copper as a function of implantation energy
is shown in Figure 4.8.18

Figure 4.8: Predicted range of positive muons implanted in copper as a function of implantation
energy. 𝜇SR employs 𝜇+ beams at about 4 MeV to probe bulk properties on millimeter length
scales, whereas LE-𝜇SR uses tunable low energies (≤30 keV) for depth-resolved studies of thin
films, multilayers, and nanometer-scale interfacial regions. Adapted from [192]. Copyright ©2004,
Taylor & Francis.

Together, these simulation frameworks provide quantitative stopping profiles es-
sential for connecting implantation depths to the measured local magnetic response
in the spectroscopic measurements.

4.7 Data analysis

All 𝜇SR and LE-𝜇SR data presented in Chapters 5 and 6 were initially ana-
lyzed using the dedicated software package musrfit [193], which is built on
the ROOT [194] object-oriented data analysis framework developed at CERN for
high-energy physics experiments and employs the Minuit2 minimization rou-

18For 𝜇+ implantation at keV energies in Nb-containing compounds however, accurate modeling requires refinements
to the electronic stopping cross section that governs energy loss of proton-like projectiles [187]. Earlier parameteriza-
tions [188–190] underestimated the stopping ranges of hydrogen isotopes in Nb, as reviewed in Ref. [145]. A revised
Varelas-Biersack fit [191], constructed using the full set of available stopping data, corrected this discrepancy and now
provides a reliable mapping between the probe’s stopping distribution and the spatial regions probed in Nb [145].
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tines for fitting data [195, 196]. Post-analysis of the parameters extracted from
musrfit was carried out using custom fitting functions implemented in Python,
with homemade scripts making extensive use of the NumPy [197], SciPy [198], and
iminuit [199] libraries for statistical modeling and minimization. The 𝛽NMR
data presented in Chapter 7 were analyzed separately using Python scripts incor-
porating the mudpy, bdata, and bfit libraries [200, 201], together with iminuit
for fitting. In addition, many of the figures in this thesis were generated using
Matplotlib [202].
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Chapter 5

Measurements of the first-flux-penetration field in
surface-treated and coated Nb: Distinguishing between
near-surface pinning and an interface energy barrier

5.1 Introduction

A key technical application of the elemental type-II superconductor Nb is its use
in superconducting radio frequency (SRF) cavities [1, 2, 203], which are utilized
in particle accelerators across the globe. Crucial to their operation is maintaining
Nb in its magnetic-flux-free Meissner state (i.e., to prevent dissipation caused by
magnetic vortices), which generally restricts their use to surface magnetic fields
up to the element’s lower critical field (𝜇0𝐻c1) ≈ 170 mT [47]. Such a limitation
ultimately sets a ceiling for a cavity’s maximum accelerating gradient (𝐸acc) (i.e.,
the achievable energy gain per unit length), which impacts design considerations for
accelerating structures (e.g., size, operating temperature, etc.). Consequently, there
is great interest in pushing SRF cavity operation up to Nb’s so-called superheating
field (𝜇0𝐻sh) ≈ 240 mT [119, 133], where the Meissner state is preserved in a
metastable configuration. Currently, the largest gradients are achieved by so-called
low-temperature baking (LTB) surface treatments, wherein a Nb cavity is baked
at temperatures on the order of ∼120 ◦C either in vacuum [11, 14] or in a low-
pressure gas atmosphere [12, 13]. Indeed, the best performing treatments have
enabled cavities to achieve surface magnetic fields beyond 𝜇0𝐻c1 (with some even
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approaching 𝜇0𝐻sh) [14, 119, 204]; however, the underlying mechanism for this
enhancement remains unclear.

The typical LTB treatment, involves vacuum annealing Nb at 120 ◦C for a dura-
tion up to 48 h [11]. Early measurements of this treatment’s effect on Nb’s Meissner
response using low energy muon spin rotation (LE-𝜇SR) [192, 205] showed a sharp
discontinuity in the screening profile [206], which led to suggestions that LTB can
be used to create an “effective” superconductor-superconductor (SS) bilayer [18].
Of particular interest for SRF applications is the case where a thin “dirty” layer
resides atop a “clean” bulk (e.g., as a result of surface-localized inhomogeneous
doping), as it offered several avenues for increasing the vortex penetration field
(𝜇0𝐻vp) via a reduced current density at Nb’s surface (e.g., following directly from
the SS-like structure [18] or as a consequence of deformations found in the Meiss-
ner profile itself [207, 208]). While both theories [18] and measurements [206]
have been presented that support the interpretation of a surface barrier originat-
ing from a “dirty” layer, other measurements [145] and analyses [209] contradict
such views. To resolve this discrepancy, additional measurements using alternative
approaches would be highly beneficial.

One such possibility is instead using techniques capable of identifying 𝜇0𝐻vp

directly. This has been done, for example, using “bulk” muon spin rotation
(𝜇SR) [158, 210], which provides a local measurement of the magnetic field
∼100 µm below Nb’s surface. Such studies have found 𝜇0𝐻vp ≳ 𝜇0𝐻c1 for both
LTB and coated Nb [132], the latter yielding 𝜇0𝐻vp ≈ 𝜇0𝐻sh [133]. While this
provided strong evidence that a surface energy barrier [24] was preventing flux nu-
cleation in SS samples, some ambiguity in interpreting the enhancement from LTB
remained. Specifically, subsequent magnetometry measurements on identically
prepared samples showed no such enhancement [47], implying an accumulation
of near-surface vortices caused by pinning. The discrepancy between 𝜇SR and
magnetometry suggests that any pinning centers must be localized to depths less
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than ∼100 µm below Nb’s surface.
To test these ideas, here we extend the “bulk” 𝜇SR approach used in related

work [9, 132, 133] to provide depth-resolved measurements of 𝜇0𝐻vp in both
surface-treated and coated Nb. Specifically, we make use of thin Ag foils to
moderate the implantation energy of the muon spin probes, providing spatial
sensitivity to depths on the order of ∼30 µm to ∼100 µm. In the presence of surface
energy barrier [24], 𝜇0𝐻vp is expected to be depth-independent, whereas surface-
localized pinning is anticipated to produce larger 𝜇0𝐻vps deeper below the surface
(see Figure 5.1). Using this approach, we find that 𝜇0𝐻vp is depth-independent
and close to Nb’s 𝜇0𝐻sh for a Nb sample coated with the A15 superconductor
Nb3Sn [211, 212], consistent with the energy barrier expected for the SS bilayer.
Conversely, for Nb that has been surface-treated by LTB at 120 ◦C, the measured
𝜇0𝐻vps are comparable to Nb’s 𝜇0𝐻c1, but increase deeper below the surface,
suggesting the presence of localized pinning near the surface that prevents detection
by deeper implanted muons.

5.2 Experiment

𝜇SR experiments were performed at TRIUMF’s Centre for Molecular and Materials
Science (CMMS) facility in Vancouver, Canada. Using the M20C beamline [139],
a ∼100 % spin-polarized ∼4.1 MeV “surface” 𝜇+ beam was extracted, spin-rotated
in flight, and delivered to the high-parallel-field (i.e., “HodgePodge”) spectrometer
equipped with a horizontal gas-flow cryostat and a low-background (i.e., Knight
shift) insert [139]. A sketch of cryostat configuration is given in Figure 5.2. This
setup is similar to that used in related experiments [9, 132, 133], with the external
magnetic field parallel to each sample’s surface (see Figure 5.1) and perpendicular
to the implanted 𝜇+ spin direction. Notably, the present work also incorporates
thin Ag foils (Goodfellow, 99.95 % purity, 10 µm to 30 µm thick) as part of the
cryostat assembly, acting as energy moderators for the 𝜇+ beam. By varying
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Figure 5.1: Sketch of the present 𝜇SR experiment on superconducting Nb samples with ellipsoidal
shape in an applied magnetic field parallel to the ellipsoid major axis (- - -), with the magnetic flux
lines (—) also indicated. (a): In the Meissner state, complete flux expulsion from the ellipsoid’s
interior is achieved. Without any energy moderation for the 𝜇+ beam, the magnetic probes stop well-
below the sample surface and experience no external contribution to their local field. (b): In the
vortex state, some magnetic flux penetrates the sample as quantized fluxoids with a field-depended
lattice arrangement, leading to a broad local field distribution samples by the 𝜇+ beamspot. (c):
In the presence of strong near-surface pinning in the vortex state, fluxoid penetration is localized
to the sample surface, which may go undetected by the implanted 𝜇+ at full beam energy. (d):
Through the use of thin Ag foils as energy moderators for the 𝜇+ beam, the 𝜇+ probes stop closer
to the surface, allowing for flux that is surface-pinned in the vortex state to be observed.

the thickness of the foils, the range of implanted 𝜇+ in the Nb samples can be
controlled on the µm scale. Simulations of the moderating effect were performed
using the Stopping and Range of Ions in Matter (SRIM) Monte Carlo code [183],
which incorporated all major materials along the beam’s path (e.g., muon counters,
moderator foils, etc.—see Figure 5.2), as well as compound corrections [213] to
the stopping powers (where appropriate). Typical 𝜇+ stopping profiles for this
setup are shown in Figure 5.3, showing mean stopping ranges ⟨𝑧⟩ between ∼36 µm
to ∼108 µm for a Nb target, along with the width (i.e., standard deviation) 𝜎𝑧 of the
stopping distributions.1 Note that similar simulations for Nb3Sn(2 µm)/Nb samples

1Note that the mean stopping depth ⟨𝑧⟩ is often used as a proxy for the full 𝜇+ stopping distribution.
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(not shown) yielded virtually identical results. In cases where a 60 µm Ag foil was
used, a small fraction (∼2 %) of the implanted probes stop in the inner 𝜇+ counter,
located immediately upstream of the sample (see Figure 5.2).

76.2 μm Kapton 254.0 μm Lucite 12.7 μm Mylar 50.8 μm Mylar

Inner μ+ 
counter

Outer μ+ 
counter

μ+ beamline
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Figure 5.2: Schematic of the horizontal gas-flow cryostat and low-background (i.e., Knight shift)
insert used with TRIUMF’s high parallel-field (i.e., “HodgePodge”) spectrometer [139]. The thin
Ag foils used as 𝜇+ energy moderators are located between a 8 mm diameter beam collimator (also
made of Ag) and the inner 𝜇+ counter.

In 𝜇SR, the implanted 𝜇+ spin probes (spin 𝑆 = 1/2, gyromagnetic ratio
𝛾/(2𝜋) = 135.54 MHz T−1, lifetime 𝜏𝜇 = 2.197 µs) are sensitive to the local
magnetic field at their stopping sites, with the temporal evolution of the ensemble’s
spin-polarization monitored via the anisotropic property of radioactive 𝛽-decay.
Specifically, each 𝜇+ decay positron’s emission direction is statistically correlated
with the 𝜇+ spin direction at the moment of decay, providing an easy means of
tracking spin-reorientation. Specifically, in a two-detector setup like that used
here (see Figure 5.2), the recorded histogram of decay events takes the form of
Equation (4.26), where ± denotes each detector, 𝑡 is the time (in µs) after im-
plantation, 𝑁±,0 and 𝑏± denote the rate of “good” and “background” decay events,
𝑃(𝑡) is 𝑃𝜇 (𝑡) ∈ [−1, +1] is the muon spin-polarization, and 𝐴0 is a proportionality
constant (∼0.2 here). The most essential part of Equation (4.26) is 𝐴0𝑃𝜇 (𝑡) and
it may be obtained directly by taking the asymmetry of two counters using Equa-
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Figure 5.3: Simulated stopping profiles for ∼4.1 MeV “surface” 𝜇+ implanted in Nb using the
SRIM Monte Carlo code [183]. The profiles, represented here as histograms, were generated
from 106 𝜇+ projectiles and account for all materials in the beam’s path prior to implantation (e.g.,
cryostat windows, 𝜇+ counters, moderating foils, etc. — see Figure 5.2). Using Ag foils of different
thicknesses (indicated in each plot’s inset), mean stopping depths ⟨𝑧⟩ in the range of ∼36 µm to
∼108 µm are achieved. The width (i.e., standard deviation) 𝜎𝑧 of each stopping distribution is
also indicated. Note that a reduced 𝜇+ implantation energy is used for panel (d), yielding a ⟨𝑧⟩
comparable to using a thicker moderating foil, as shown in panel (c).

tion (4.25), where 𝛼 ≡ 𝑁+,0/𝑁−,0 accounts for imperfections in the detector pair
(e.g., different efficiencies, effective solid angles, etc.). Important for this work
is the temporal evolution of 𝑃𝜇 (𝑡), which contains all information about the local



101

magnetic environment below the sample’s surface (i.e., at the 𝜇+ stopping site).
Fortunately, 𝑃𝜇 (𝑡) differs in each of Nb’s superconducting states, allowing us to
quantify their volume fraction for our set of measurement conditions.

For the simplest case of Nb’s normal state, where magnetic flux penetrates the
sample’s surface freely, the 𝜇SR signal follows that of a typical transverse-field
measurement i.e., Equation (4.38) [158], where 𝑡 is the time after implantation, 𝜎 is
the damping rate (from a Gaussian field distribution), applied magnetic field (𝜇0𝐻0)
is magnetic field at the 𝜇+ stopping site (dominated by the external applied field),
and 𝜙 is a phase factor. In non-superconducting Nb, the term 𝜎 ≈ 0.5 µs−1 [9,
132, 133], causing minimal damping. Conversely, in Nb’s vortex state, where
fluxoids form a periodic arrangement with a broad distribution [70, 82], 𝜎 is much
larger and the signal is damped quickly (i.e., within the first ∼0.3 µs following
implantation). In the opposite limit of Nb’s Meissner state, where all magnetic
flux is expelled from the sample’s interior, the signal follows that of a so-called
dynamic zero-field Kubo-Toyabe function [162] i.e., Equation (4.35), which is
obtained from a static Kubo-Toyabe function by Equation (4.30) [161], where the
local field is fluctuating (e.g., from stochastic site-to-site “hopping” of 𝜇+ [214]) at
a rate 𝜈, typically ∼0.7 µs−1 for SRF Nb [9, 215]. Note that both Equations (4.30)
and (4.35) assume the local field distribution at the 𝜇+ stopping site to be Gaussian,
in accord with related studies [9, 132, 133, 215].

For the present experiments, the 𝜇SR signal is, in general, described by a
superposition of Equations (4.35) and (4.38), which may be written as:

𝑃𝜇 (𝑡) = 𝑓ZF𝑃DGKT(𝑡) + (1 − 𝑓ZF)
∑︁
𝑖

𝑓TF,𝑖𝑃GTF,𝑖 (𝑡), (5.1)

where 𝑓ZF ∈ [0, 1] denotes the volume fraction of the zero-field component, which
for superconducting Nb in an applied field corresponds to its Meissner state, and
𝑓TF,𝑖 ∈ [0, 1] represents the individual transverse-field components (e.g., normal
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state, vortex state, etc.), subject to the constraint that
∑
𝑖 𝑓TF,𝑖 ≡ 1. Examples of

this type of composite signal are shown in Figure 5.4.
In order to identify the 𝜇0𝐻vp in each sample, the evolution of 𝑓ZF in (mono-

tonically increasing) magnetic fields 𝜇0𝐻0 up to ∼260 mT was measured at the
cryostat’s base temperature (𝑇 ≈ 2.7 K) following zero-field cooling. Any depth-
dependence was inferred from repeat measurements using different moderator foil
thicknesses (and 𝜇+ beam energies). Note that, to ensure the accuracy of the applied
fields reported for all superconducting states (i.e., due to its geometric enhancement
from flux-expulsion), all values were derived from field calibration measurements
conducted above 𝑇c (i.e., at 𝑇 ≥ 10.5 K for the LTB Nb and 𝑇 ≥ 20 K for the SS
bilayer), where the 𝜇SR signal simply follows Equation (4.38). Specifically, they
were corrected using [216]:

𝜇0𝐻0 = 𝜇0𝐻
NS
0 × 1

1 − 𝑁 , (5.2)

where 𝜇0𝐻
NS
0 is the (measured) applied field in the normal state and 𝑁 ≈ 0.13 [132,

133] is the demagnetization factor for our samples (see Section 5.2.1).

5.2.1 Samples

The samples used in this study are identical to those employed in previous 𝜇SR
measurements on the first-flux-penetration field [132, 133]. For completeness, we
briefly restate their preparation details below.

Each Nb sample was cut from fine-grain Nb (Wah Chang Corporation) stock
sheets with a residual-resistivity ratio (RRR) >1502 and machined into prolate
ellipsoids with a semi-major radius 22.9 mm and semi-minor radii 9.0 mm for the
other axes. After machining, the samples underwent buffered chemical polishing
(BCP) to remove the surface’s topmost 100 µm of the material (see, e.g., [217]).

2The RRR of the Nb stock (> 150) is lower than that typically specified for TESLA [17] cavities (≥ 300). Possible
contributions to the reduced RRR, including the role of interstitial and metallic impurities, are discussed in detail
in Section 9.2.
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For one of the samples, a typical LTB “recipe” was followed where, after de-
gassing in vacuum at 800 ◦C for 4 h, the Nb ellipsoid was baked in vacuum at
120 ◦C for 48 h [11]. A complementary magnetostatic characterization of the LTB
sample can also be found elsewhere [47]. Microstructure analysis was conducted
on identically prepared flat “witness” samples using scanning electron microscope
(SEM)/energy dispersive X-ray spectroscopy (EDX) and secondary ion mass spec-
trometry (SIMS). The SEM/EDX analysis revealed no unexpected features or con-
taminations beyond typical observations for high-RRR Nb exposed to air [218].
SIMS confirmed the expected increase in near-surface oxygen concentration fol-
lowing LTB for depths <20 nm, in accord with models for oxygen diffusion [219–
221]. For another sample, a 2 µm Nb3Sn surface coating was applied using a
vapour diffusion [222, 223] procedure developed at Cornell University [106, 107].
SEM and atomic force microscopy (AFM) measurements on identically prepared
“witness” samples revealed that the as-grown Nb3Sn exhibits surface roughness
comparable to their grain size, typically in the µm range [212]. Further tests
on substrates prepared using different polishing techniques had no effect on the
bilayer’s surface roughness [224].

5.3 Results

Figure 5.4 depicts typical time-differential 𝜇SR data in one of our samples (LTB
Nb [11]), showing the contrast in signals for different material states. In the
normal state, where the local field at the 𝜇+ stopping sites is dominated by the
(transverse) 𝜇0𝐻0, coherent spin-precession is observed with minimal damping,
consistent with a narrow field distribution. By contrast, in the Meissner state, 𝜇0𝐻0

is completely screened3 and the local field is dominated, in part, by Nb’s 100 %
abundant 93Nb nuclear spins, resulting in the characteristic (dynamic) “zero-field”

3The range of implanted 𝜇+ greatly exceeds Nb’s London penetration depth (∼29 nm [145]), leading to the absence
of magnetic flux density for depths greater than ∼100 nm.
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signal [162]. At applied fields just above the vortex penetration field 𝜇0𝐻vp, a mixed
signal with both zero- and transverse-field components is observed, the latter being
strongly damped. As the field is further increased beyond 𝜇0𝐻vp, the sample fully
enters a vortex state, where the signal resembles that of the normal state, but the
broad field distribution from the vortex lattice causes strong damping of the spin-
polarization. Similar behavior is observed at other implantation ranges, as well as in
the Nb3Sn(2 µm)/Nb sample (not shown). In line with the experiment’s description
in Section 5.2, these observations can be quantified through fits to Equation (5.1),
yielding good agreement with the data in all cases (typical reduced-𝜒2 ≈ 1.07). A
subset of the fit results are shown in Figure 5.4.

To aid in identifying 𝜇0𝐻vp and its depth-dependence, we plot the measured
𝑓ZFs vs. 𝜇0𝐻0 for each Nb sample in Figure 5.5. The resulting “curves” all have a
sigmoid-like shape, where 𝑓ZF = 1 for 𝜇0𝐻0 < 𝜇0𝐻vp, with 𝑓ZF decreasing rapidly
towards zero once 𝜇0𝐻0 ≥ 𝜇0𝐻vp. This behavior is phenomenologically captured
by a logistic function:

𝑓ZF(𝜇0𝐻0) ≈
𝑓0

exp [−𝑘 (𝜇0𝐻0 − 𝜇0𝐻m)] + 1
, (5.3)

where 𝑓0 is the curve’s height, 𝑘 denotes the “steepness” of the transition, and 𝜇0𝐻m

represents its midpoint. Fits of the measured volume fractions to Equation (5.3)
are shown in Figure 5.5 as guides to the eye.

It is clear from Figure 5.5 that 𝜇0𝐻vp’s depth-dependence is quite different
for LTB and coated Nb. In the LTB sample, flux-penetration is detected just
above Nb’s 𝜇0𝐻c1, with the onset pushed to higher 𝜇0𝐻0s for larger 𝜇+ ranges.
Similarly, the field span of this “transition” (i.e., going from zero- to full-flux-
penetration) also increases slightly deeper below the surface. By contrast, in
the Nb3Sn(2 µm)/Nb, first-flux-penetration onsets close to Nb’s 𝜇0𝐻sh, with this
value and the transition’s width both virtually unaffected by 𝜇+’s proximity to the
sample’s surface. Qualitatively, this disparity between the Nb treatments indicates
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Figure 5.4: Typical 𝜇SR data in surface-treated Nb, illustrating the evolution with applied magnetic
field 𝜇0𝐻0. Both panels (a) and (b) display the same dataset; however, (b) specifically represents
the initial 0.5 µs. The temperature 𝑇 and 𝜇0𝐻0 for each superconducting state are detailed in
the panel’s inset. The solid lines are fits to the data points using Equation (5.1). In the normal
state, coherent spin-precession is observed with minimal damping, consistent with a narrow local
field distribution. In the Meissner state, the applied field is completely screened and the local
field is dominated by the host’s 93Nb nuclear spin, resulting in the characteristic (dynamic) “zero-
field” signal. At fields just above the vortex penetration field, a mixed signal with both zero- and
transverse-field components is observed, the latter being strongly damped. Finally, in the vortex
state, the broad field distribution causes strong damping of the transverse-field response.

that different mechanisms are likely responsible for determining each sample’s
𝜇0𝐻vp.

To quantify these differences explicitly, we use a non-parametric approach to
identify 𝜇0𝐻vp for each “curve” in Figure 5.5. Noting that each 𝑓ZF has a statistical
uncertainty of ∼4 % (determined from fitting), we define 𝜇0𝐻vp to correspond to
the applied field where 𝑓ZF ≤ 0.96 (i.e., the very onset of flux-penetration). Due
to the finite “sampling” of our measurements, this field is estimated as midpoint
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Figure 5.5: Volume fraction of the zero-field 𝜇SR signal 𝑓ZF at different applied magnetic field 𝜇0𝐻0
and mean 𝜇+ implantation depths ⟨𝑧⟩. The ⟨𝑧⟩ and measurements temperature 𝑇 are mentioned in
the figure’s inset. The solid colored lines denotes fits to a logistic function, intended to guide the
eye. The 𝜇0𝐻vp at each ⟨𝑧⟩ are shown using colored dotted vertical lines. Vertical dotted-dashed
and dashed brown lines are included to mark Nb’s lower critical field 𝜇0𝐻c1 and superheating field
𝜇0𝐻sh at 2.7 K. Note that Nb3Sn has a considerably smaller 𝜇0𝐻c1 = 25.0(14) mT [119] compared
to the fields shown here. (a): In LTB Nb, the vortex penetration field 𝜇0𝐻vp is comparable to 𝜇0𝐻c1,
but shows a strong ⟨𝑧⟩-dependence, increasing with increasing ⟨𝑧⟩. (b): In Nb3Sn(2 µm)/Nb, 𝜇0𝐻vp
is ⟨𝑧⟩-independent and close to 𝜇0𝐻sh.

between the pair of 𝑓ZFs on either side of the threshold criteria.4 These values
are marked graphically in Figure 5.5 by vertical dotted colored lines. Similarly,
we take the width of the zero- to full-flux-penetration “transition” Δvp to be the
field range where 4 % ≤ 𝑓ZF ≤ 96 %. To correct for any influence from the finite
span of the 𝜇+ stopping profile we additionally normalize the Δvps by the width

4While simple, this approach introduces an additional systematic uncertainty to the assignment of 𝜇0𝐻vp. We
estimate this quantity as one-sixth the distance between the field points, such that ±3 standard deviations covers the
full span of the “uncertain” region with ∼100 % probability.
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𝜎𝑧 of the implantation distribution, which varies for different beam implantation
conditions (see Figure 5.3). For each of our samples, the dependence of both
𝜇0𝐻vp and Δvp/𝜎𝑧 on the implanted 𝜇+ range ⟨𝑧⟩ is shown in Figure 5.6. For
comparison, measured values for additional surface-treated samples [132, 133]
have also been included.5 Lastly, to facilitate comparison between the measured
𝜇0𝐻vps, we correct for minor temperature differences and extrapolate our values
to 0 K using the empirical relation by Equation (2.40), but for 𝜇0𝐻vp(𝑇), where
𝑇 is the absolute temperature, 𝑇c ≈ 9.25 K is Nb’s critical temperature [7], and
𝜇0𝐻vp(0 K) is the value at absolute zero.

5.4 Discussion

Consistent with our main observations in Figure 5.5 for the vortex penetration field,
Figure 5.6(a) shows that 𝜇0𝐻vps in Nb3Sn(2 µm)/Nb (extrapolated to 0 K) remain
depth-independent with an average value of 234.5(35) mT, in excellent agreement
with Nb’s 𝜇0𝐻sh(0 K) ≈ 240 mT [119, 133]. That the flux penetration occurs in
such close proximity to the superheating field is strong evidence for the presence of
an interface barrier at the SS boundary, similar to a Bean-Livingston (BL) surface
energy barrier [24], as anticipated by the theoretical framework for superconducting
multilayers [18, 21]. Conversely, in LTB Nb the 𝜇0𝐻vps are much lower, remaining
close to (but slightly above) 𝜇0𝐻c1 for all measurements. In this case, however,
a modest depth-dependence is observed, with 𝜇0𝐻vp increasing gradually with
increasing ⟨𝑧⟩. That these details coincide is significant, as it sets LTB apart
from other surface treatments, where flux-penetration occurs at Nb’s lower critical
field. We note that, though small, the observation of such a depth-dependence
is inconsistent with a surface energy barrier being solely responsible for pushing

5To ensure the self-consistency of our 𝜇0𝐻vp comparison in Figure 5.6, following the approach described in
Section 5.2, we re-analyzed the raw 𝜇SR data for select samples originally reported in Refs. [132, 133]. As anticipated,
our updated values are in good agreement with those in the original reports.
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Figure 5.6: Summary of the first-flux penetration measurements at different mean 𝜇+ implantation
depths ⟨𝑧⟩ for LTB Nb and Nb3Sn(2 µm)/Nb. For comparison, we include re-analyzed results
for additional SRF Nb treatments (originally reported elsewhere [132, 133]). (a): Measured
vortex penetration fields 𝜇0𝐻vp. The horizontal dashed and dotted-dashed brown lines denote Nb’s
superheating field 𝜇0𝐻sh and lower critical field 𝜇0𝐻c1, respectively. In Nb3Sn(2 µm)/Nb, 𝜇0𝐻vp
is ⟨𝑧⟩-independent and close to 𝜇0𝐻sh, whereas 𝜇0𝐻vp ≈ 𝜇0𝐻c1 in LTB Nb, increasing modestly
with increasing ⟨𝑧⟩. The other surface-treatments have 𝜇0𝐻vps that are similarly close to 𝜇0𝐻c1.
The cyan color solid line represents the “straight line” fit applied to the LTB data, providing an
estimate of the depth where 𝜇0𝐻vp = 𝜇0𝐻c1. (b): Measured Meissner-vortex transition “widths”
Δ𝜇0𝐻vp, divided by 𝜎𝑧, confirm that the stopping distributions are not significantly different. The
dotted and dash-dotted horizontal lines are the average values of Δvp/𝜎𝑧, ⟨Δvp/𝜎𝑧⟩ for LTB and
Nb3Sn(2 µm)/Nb samples, respectively.

𝜇0𝐻vp > 𝜇0𝐻c1.6 An alternative possibility is the presence of pinnning centers
localized near LTB Nb’s surface, which has been suggested previously [47, 132].
In such a case, 𝜇0𝐻vp closely approximates 𝜇0𝐻c1 due to the presence of pinning,

6A similar argument can be made for the Nb3Sn(2 µm)/Nb sample (i.e., that flux pinning — particularly from the
thin Nb3Sn layer — may contribute to the increased 𝜇0𝐻vp we observe). We point out, however, that the observed lack
of depth-dependence in our data, along with the magnitude in which 𝜇0𝐻vp exceeds Nb’s 𝜇0𝐻c1, suggest that pinning
is not the dominant mechanism for elevating the vortex penetration field in the SS bilayer.
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which diminishes towards the sample’s center, resulting in delayed flux penetration
(i.e., the pinning centers act as supplemental flux “blockades,” providing resistance
to the free motion of the fluxoids, which would otherwise uniformly distribute
throughout the sample) [132]. Independent of the mechanistic details, from our
data we identify the length scale over which flux-penetration is retarded. Using
a simple linear fit to the measured values, we find that 𝜇0𝐻vp ≈ 𝜇0𝐻c1 at a
mean depth of ∼14 µm, characterizing the distance in which it is delayed for
our sample geometry. Note that, there is a significant proportion of muons that
stop significantly closer to the surface at this average depth. We shall return the
implications of this quantity later on.

Further insight into the flux-penetration mechanism for the LTB and SS sam-
ples can be gleaned from the (normalized) flux-entry “transition” widths Δvp/𝜎𝑧,
which are shown in Figure 5.6(b). The span from first- to full-flux penetration
provides a measure for the “haste” in which vortices nucleate through the probe 𝜇+

stopping depths where, in the presence of near-surface pinning, we expect that the
Meissner-vortex transition becomes “extended” to a larger range of applied fields
(i.e., the presence of pinning centers delays full-flux penetration). Thus, we suggest
that Δvp/𝜎𝑧 serves as a proxy for each treatment’s pinning strength. Indeed, we
observe that the values for LTB Nb are all similar, which also suggests that the pin-
ning strength appears to be depth-independent and exceeds the values of all other
surface preparations shown in Figure 5.6. However, given the relatively large un-
certainty in each measurement, drawing firm conclusions about treatment-specific
differences is challenging. This is clear from their average values, which turned
out to be 0.56(15) mT/µm (for LTB) and 0.37(18) mT/µm (for Nb3Sn(2 µm)/Nb),
respectively. Interestingly, both quantities are comparable to that of Nb in the
absence of any treatment (0.46(14) mT/µm), which is larger than both the values
obtained for 1400 ◦C annealing (0.14(13) mT/µm), as well as 1400 ◦C annealing
+ 120 ◦C LTB (0.22(14) mT/µm). We note that, in line with our expectations
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for Δvp/𝜎𝑧, its value is minimized for the 1400 ◦C treatment, which is known to
release virtually all pinning [132]. Thus, although not as conclusive as the 𝜇0𝐻vp

measurements, the large values for LTB insinuate that pinning is strongest for this
treatment. With these results in mind, we will explore their implications in the
remaining discussion.

First, we consider the SS bilayer Nb3Sn(2 µm)/Nb, whose high 𝜇0𝐻vp is favor-
able for technical applications requiring operation in a flux-free state (e.g., SRF
cavities). In fact, direct current (DC) measurements of first-flux-penetration using
a Hall probe magnetometer on a 1.3 GHz single-cell SRF cavity of similar com-
position are in good agreement with our result [119], with similar 𝜇0𝐻vp values
reported for surface coatings other than Nb3Sn, such as hybrid physical chemi-
cal vapour deposition (HPCVD) MgB2 [133]. The combination of our work and
related studies [119, 132, 133] provides compelling evidence for the use of SS
bilayers as an empirical means for increasing 𝜇0𝐻vp, consistent with earlier ob-
servations using 𝜇SR [132, 133]. For further insight into why such a treatment is
so effective at enhancing 𝜇0𝐻vp, we must consider the theory of superconducting
multilayers (see, e.g., [18]), which we shall briefly outline below.

In bilayer superconductors, by analogy with the BL barrier at the surface of
“bulk” superconductors [24], the discontinuity in each material’s (coupled) elec-
tromagnetic response at the SS interface is responsible for creating a second (sub-
surface) barrier that impedes flux penetration [21]. Specifically, electromagnetic
continuity across the SS boundary creates a “coupling” between the layer’s prop-
erties, leading to marked deviations from the lone material’s native behavior when
the surface layer penetration depth is larger than the substrate. Microscopically,
this is predicted to manifest in the heterostructure’s Meissner screening profile
with a distinct bipartite form [21], which was recently confirmed experimentally
for Nb1−xTixN(50 nm to 160 nm)/Nb samples [5]. A weaker Meissner screening
current is observed, which, as a corollary, provides enhanced protection against
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flux nucleation (see, e.g., [18]). While the 𝜇0𝐻vp ≈ 𝜇0𝐻sh we observe is in
good agreement with this prediction, the theory also suggests that 𝜇0𝐻vp can be
improved further still through optimizing the Nb3Sn coating’s thickness. This
enhancement is achievable by ensuring a flux-free surface layer and enabling su-
perheating in both the surface and substrate layers. Achieving this involves precise
adjustments to the thickness of the surface layer and the presence of an interface
barrier at the SS boundary for the substrate layer. For an SS structure, the opti-
mum thickness of the surface layer 𝑑opt

s is defined by Equation (3.17) [18]: where
𝜆𝑖 and 𝐻𝑖sh denote the magnetic penetration depth and superheating field for the
surface (𝑖 = s) and substrate (𝑖 = sub) layers. Using literature values for these
quantities (𝜆Nb3Sn = 173(32) nm [99, 119]; 𝐵Nb3Sn

sh = 430(110) mT [99, 119];
𝜆Nb = 29.01(10) nm [145]; and 𝐵Nb

sh = 237(29) mT [119, 133]), Equation (3.17)
yields 𝑑opt

s = 210(60) nm or, equivalently, ∼1.2𝜆Nb3Sn. Similar predictions have
been made for Nb1−xTixN/Nb [5]. It would be interesting to test these explicitly, for
example, using the experimental formalism employed in this work. Investigating
this phenomena in closely related superconductor-insulator-superconductor (SIS)
heterostructures would also be fruitful, as they offer similar means of enhancing
𝜇0𝐻vp [18].

As a close to our discussion of the Nb3Sn/Nb bilayer, it is interesting to consider
its synthesis. We note that in our sample, as is common for heterostructures
prepared by thermal diffusion, the composition of the Nb3Sn/Nb interface deviates
appreciably from each layer’s respective “bulk” [212, 225]. Specifically, within the
first few hundred nanometers from the heterojunction, a localized Sn deficiency
(enhancement) is present in the Nb3Sn (Nb) layers, with the former known to lower
Nb3Sn’s 𝑇c, making the region a poor superconductor [212, 225]. The presence of
such inhomogeneities, however, do not meaningfully impact 𝜇0𝐻vp, as indicated by
it’s agreement with Nb’s 𝜇0𝐻sh. Testing the extent in which this remains true, for
example, on samples with extended defect regions, would be interesting. Similarly,
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these nanoscale inhomogeneities at the SS interface could be examined directly
using a depth-resolved technique such as LE-𝜇SR [192, 205], with the caveat
that the Nb3Sn layer thickness must be compatible with the technique’s spatial
sensitivity (i.e., subsurface depths typically <150 nm). Finally, given the presence
of a secondary energy barrier at the SS interface, we suggest that incorporating SS
bilayers into SRF cavity structures holds great promise for surpassing the inherent
limitations of current Nb cavity technology (i.e., enabling higher accelerating
gradients and enhanced performance in particle accelerators).

We now turn our attention to the 120 ◦C LTB treatment [11], which is well-
known in SRF applications for its ability to alleviate the so-called high field𝑄 slope
(HFQS) “problem” [2, 10], where a rapid decrease in a cavity’s quality factor (𝑄0)
occurs as the peak surface magnetic field exceeds ∼100 mT.7 True to this fashion,
our finding of 𝜇0𝐻vps in excess of Nb’s 𝜇0𝐻c1 underscores its utility in this domain;
however, the treatment’s depth-dependent 𝜇0𝐻vp and relatively large Δvp/𝜎𝑧 make
it unique among the comparison treatments reported here. As mentioned above,
near-surface pinning of the flux-lines provides the most likely explanation for these
facts. The observed delay in flux-penetration would then arise from the pinning
centers acting as “supplementary barriers,” impeding the movement of vortices
from the edges of the sample to the center [132]. The relatively large Meissner-
vortex transition “widths” observed here also support this interpretation. It has
been suggested by others that material inhomogeneities, such as interstitial oxygen
or hydrogen precipitates, may dominate the pinning mechanism [226]. For further
insight into the matter, it is instructive to consider some of the treatment’s finer
details, which we do below.

During LTB, the heat treatment induces changes to Nb’s superfluid density in
its outermost nanoscale region through the dissolution and diffusion of oxygen

7Note that, in regards to HFQS mitigation, the most effective LTB treatments generally include an electropolishing
(EP) step in place of the BCP used in this work.
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originating from the metal’s native surface oxide [11].8 This alteration is believed
to result in a “dirty” region localized near Nb’s surface (i.e., the first ∼50 nm), as
explained by an oxygen diffusion model [219]. This length scale aligns well other
work, including an experiment that used repeat hydrofluoric HF “rinses” to remove
the topmost ∼50 nm and (essentially) restore the HFQS following LTB [230].
Similarly, an increase of the ratio of the upper and surface critical fields after baking
was explained by the presence of an impurity layer of thickness smaller than Nb’s
coherence length [231], which is of similar magnitude. Other work on related
treatments have also found similar results [221, 232], and the first ∼10 nm may
be particularly enriched with interstitial oxygen [233]. It has been suggested that
the LTB effect (i.e., HFQS mitigation) is due to the strong suppression of hydride
precipitation [102], as oxygen efficiently traps interstitial (or “free”) hydrogen that
has accumulated during standard chemical treatments, such as BCP or EP [102,
232, 234]. Indeed, LTB has been linked to changes in the vacancy structure in
Nb’s near-surface region [235, 236], supporting the prevailing idea that nanoscale
niobium hydrides cause the HFQS [102]. These works all point to the importance
of surface defects, especially those closest to the surface.

Within the ∼50 nm “dirty” region, it is expected that quantities sensitive to
the density of (nonmagnetic) scattering centers (e.g., the carrier mean-free-path,
the magnetic penetration depth, etc.) be altered from their (clean-limit) “bulk”
values. As the doping is likely inhomogeneous over this length scale, a similar
character may be imparted on dependent quantities. Early experimental results
seemed to favor this possibility [206], with other authors suggesting a strong
likeness of LTB Nb to an “effective” SS bilayer [18]. Subsequent experiments,
however, have shown that such a distinction is far from clear, with both a recent
a commentary [209] and a separate LE-𝜇SR experiment [145] showing that the

8The microscopic mechanisms underlying these changes remain an active topic of investigation. Proposed expla-
nations include limited oxygen diffusion at 120 ◦C, reorganization of the metal–oxide interface, and the formation or
dissociation of suboxide phases; see Refs. [227–229].
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effects are homogeneous over subsurface depths spanning ∼10 nm to ∼160 nm.
Such a finding was rather surprising, given the aforementioned related work [219,
230, 231] and that doping from the closely related nitrogen infusion treatment [13]
yields inhomogeneous superconducting properties over the same length scale [208].
We point out, however, that the observed electromagnetic response for LTB [145,
209] is consistent with the absence of an interface energy barrier preventing flux-
penetration [207, 208], in line with our present findings.

As alluded above, the “dirty” nature of LTB provides an ample environment
for pinning centers, which can serve as seeds for flux penetration. While other
experiments are clear on their surface proximity, their ∼50 nm localization is quite
different from the micrometer depth-dependence we observe for 𝜇0𝐻vp, which
warrants further consideration. As is shown in Figure 5.6(a), LTB’s 𝜇0𝐻vp varies
approximately linearly in ⟨𝑧⟩. From a fit to a function of the form

𝜇0𝐻vp(⟨𝑧⟩) ≈ 𝐴 + 𝐵⟨𝑧⟩,

we parameterize this trend, but postulate that Nb’s 𝜇0𝐻c1 acts as the floor for
𝜇0𝐻vp. Upon equating the two relations, we find that 𝜇0𝐻vp(⟨𝑧⟩) ≈ 𝜇0𝐻c1 when
⟨𝑧⟩ ≈ 14 µm. Clearly, this scale is considerably larger than the “dirty” region’s
extent [219, 230, 231]. We argue that, despite the LTB effect being confined to
the very near surface, this “layer” could introduce pinning over a µm length scale
in an ellipsoidal geometry. This is a consequence of the fact that, even if flux
lines penetrate further into the material, they must both enter and exit through the
“dirty” region. The pinning strength is directly influenced by the flux line’s path
length through this volume, which in the case of an ellipsoid is minimized for the
straight path along its equator, but maximized for a (curved) trajectory close to the
surface (see Figure 5.1). Indeed, magnetometry studies demonstrate that LTB can
significantly alter the pinning characteristics in this geometry [47]. We emphasize
that an ellipsoidal geometry is the ideal means for probing intrinsic pinning effects,
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as opposed to other sample forms (e.g., rectangular prisms) where additional
geometric effects are present [216]. In line with the generally accepted view that
LTB changes the concentration of pinning centers (i.e., from the redistribution
of near-surface defects) [221, 230, 237, 238], our identification of a length scale
associated with flux pinning may prove useful in further refining their microscopic
distribution. In the future, it would be interesting to use this finding as a constraint
for simulations of flux-entry in ellipsoidal geometries (see, e.g., Ref. [239]).

In terms of SRF cavity performance, it is important to highlight that our inves-
tigation on the LTB “dirty” layer cannot explain situations where cavities in radio
frequency (RF) operation exhibit 𝜇0𝐻vps above 𝜇0𝐻c1, reaching values as high
as ∼190 mT [226, 240], equivalent to accelerating gradients of ∼45 MV m−1 [2].
Recall that, if the Meissner state of any (type-II) material persists above 𝜇0𝐻c1,
it must do so in a metastable state. For DC fields, flux penetration can only be
prevented by an energy barrier [24], generally anticipated for defect-free surfaces.
From the delineations above, it is clear that LTB results in surfaces that are anything
but defect-free and any prospect for achieving such high 𝜇0𝐻vp fields during RF
operation depends on the interplay between the time needed for the vortex core
formation and the RF period. In such cases, maintaining a flux-free state above
𝜇0𝐻c1 necessitates the time required for vortex penetration to exceed the operating
RF period (i.e., the inverse RF frequency) of the cavity [85]. Comparing this study
with 𝜇0𝐻vp ∼ 190 mT [226, 240], we suggest that LTB cavities need a longer flux
nucleation time than the RF period to sustain the Meissner state. Alternatively,
SS bilayers can maintain that up to its 𝜇0𝐻vp ∼ 235 mT, even in the DC flux pen-
etration case, offering a more robust approach for achieving higher accelerating
gradients than LTB.

Considering the above details, it is apparent that LTB Nb differs fundamentally
from that of an SS bilayer in both its composition and mechanism for impeding
flux entry. Concerning the latter, our present findings, in conjunction with related
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work [47, 132], support the notion that LTB does not create a supplemental energy
barrier, but instead postpones vortex penetration above 𝜇0𝐻c1 due to pinning.
While it remains an open question as to if this behavior could be further engineered
to benefit SRF applications, it is apparent that careful control over the near-surface
doping is crucial. Advances in this area are already apparent [221]. In future work,
it would be interesting to test these ideas on related LTB treatments [12–14], as
well as the recently discovered “mid-𝑇” treatments that are known to produce very
small surface resistances [241, 242].

5.5 Conclusion

Using 𝜇SR, we measured the depth-dependence (on the µm scale) of the vortex
penetration field in Nb ellipsoids that received either a LTB surface-treatment or
a 2 µm coating of Nb3Sn. In each sample, the measured field of first-flux-entry
is greater than Nb’s lower critical field of ∼170 mT, suggesting their applicability
for SRF cavities. In the coated sample, we find a depth-independent 𝜇0𝐻vp =

234.5(35) mT, consistent with Nb’s superheating field and the presence of interface
energy barrier preventing flux penetration. Conversely, in LTB Nb, its 𝜇0𝐻vp is
only moderately larger than Nb’s 𝜇0𝐻c1, increasing slightly with increasing depths
below the surface. The latter observation, in conjunction with the increased span
of the Meissner-vortex transition, suggests pinning from surface-localized defects.
Our findings confirm that the introduction of a thin superconducting overlayer on
Nb can effectively push the onset of vortex penetration up the superheating field,
but rules out LTB as a means of achieving this. We suggest that its success is
rather due to effects specific to the operation under RF fields, such as the time
required for vortex nucleation. These findings validate the potential of employing
superconducting bilayers to achieve a flux-free Meissner state up to the superheating
field of the substrate.
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Chapter 6

Evidence for current suppression in
superconductor-superconductor bilayers

6.1 Introduction

A large accelerating gradient (𝐸acc) (i.e., energy gain per unit length) is required
for high energy accelerators to limit their length and therefore their cost [1, 10].
Currently, the highest 𝐸acc values are achieved using normal conducting radio
frequency (RF) cavities, some exceeding 100 MV m−1 [243, 244]. In the case
of field-emission-free superconducting radio frequency (SRF) cavities, the maxi-
mum 𝐸acc is proportional to the highest sustainable vortex-free surface magnetic
field, which is presently achieved by cavities made from niobium sheets. Some
of these cavities have produced 𝐸acc values as high as ≈49 MV m−1 [14], corre-
sponding to surface magnetic fields on the order of ∼210 mT, exceeding “clean”
Nb’s lower critical field (𝐵c1) ≈ 170 mT at 2 K [7, 245]. While this achievement
is commendable, it remains below the ultimate limit for bulk Nb, which is set
by its superheating field (𝐵sh) ≈ 240 mT [89]. While Nb cavity operating condi-
tions continue to approach this material limit, substantial advances in accelerator
technology necessitate finding alternative materials.
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6.1.1 SRF materials beyond niobium

One possibility to achieve surface magnetic fields beyond 𝐵sh of Nb is to use a dif-
ferent superconducting material with a greater 𝐵sh (e.g., Nb3Sn or Nb1–xTixN) [94];
however, there is no viable replacement with a 𝐵c1 exceeding that of Nb. This is
problematic, as all real SRF cavities possess both surface defects and topographic
imperfections, facilitating vortex penetration below 𝐵sh. Vortices that penetrate at
these “weak points” often evolve into a thermomagnetic flux avalanche, quenching
superconductivity at SRF cavity operating temperatures (𝑇 ≲ 4 K) [18, 22, 23].

To overcome this, a different approach has been proposed, wherein supercon-
ducting multilayers are used to push the field of first-flux penetration beyond Nb’s
intrinsic 𝐵sh (see e.g., [18, 20–22]). Gurevich [20] was the first to suggest the
use of multilayer structures as a means of preventing thermomagnetic avalanches
induced by vortex penetration at defects before they become predominant. The
approach is to coat a conventional Nb cavity with several thin superconducting and
insulating layers, the simplest version of which is one superconducting and one
insulating layer on Nb, referred to as a superconductor-insulator-superconductor
(SIS) structure. The insulating layer decouples the superconducting layers and if
the layers are thinner than the London penetration depth (𝜆L) of their material,
nucleation of parallel vortices will only become energetically favorable at larger
fields than 𝐵c1 of layer material. Kubo [18] suggested that a simpler structure
containing only a single superconducting layer with a larger penetration depth on
top of a Nb cavity can also increase the vortex penetration field (𝐵vp) due to the
presence of an energy barrier at the superconductor-superconductor (SS) interface
analogous to the vacuum-superconductor interface (i.e., the Bean-Livingston (BL)
barrier [24]). Experimental evidence for this interface barrier has been reported in
Ref. [133].

In summary, the maximum field (𝐵max) depends on the thickness and super-
conducting properties of all individual layers in a correlated way. This is a direct
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consequence of Maxwell’s equations with continuity conditions enforced at inter-
face boundaries [18].

6.1.2 Magnetic screening and current in superconducting heterostructures

Recall that, for a bulk superconductor in the “local” London limit (see e.g., [246])
with an ideal flat surface, the Meissner screening profile, 𝐵(𝑧), is given by Equa-
tion (2.14), where 𝐵0 is the (effective) applied magnetic field, 𝑧 is the depth below
the superconductor’s surface, and 𝜆L is the London penetration depth. Equa-
tion (2.14) is well-known for its applicability to semi-infinite superconductors;
however we are interested in SS bilayers comprised of dissimilar layers whose
materials have different screening properties (i.e., 𝜆Ls). Considering a naive expo-
nential London decay in each component of the SS bilayer by treating the screening
properties independently, the field screening profile is given by:

𝐵(𝑧) = 𝐵0 ×



1, 𝑧 < 0,

exp
(
− 𝑧
𝜆s

)
, 0 ≤ 𝑧 < 𝑑s,

exp
(
−𝑑s

𝜆s

)
exp

(
−𝑧 − 𝑑s

𝜆sub

)
, 𝑧 ≥ 𝑑s,

(6.1)

where 𝑑s is the thickness of the top superconducting layer, and the 𝜆𝑖 denote the
penetration depth in the surface (𝑖 = s) and substrate (𝑖 = sub) layers, respectively.
While Equation (6.1) is both conceptually simple and qualitatively correct in its
form, it does not consider any “coupling” between the adjacent layers. Notably,
the substrate layer significantly influences the screening properties of the surface
layer superconductor when their penetration depths differ. This occurs because an
SS bilayer’s electromagnetic (EM) response depends on satisfying the boundary
and continuity criteria for both the magnetic field and vector potential. Recently, it
has been predicted that this coupling depends also on the surface layer’s thickness
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and is most effective when 𝑑s ∼ 𝜆s [21]. For example, when the surface layer
penetration depth is larger than the substrate’s (i.e., 𝜆s > 𝜆sub), the Meissner current
in the surface layer is suppressed by the substrate layer’s counter-current (i.e., a
counterflow current generated by the substrate in a multilayer superconductor [18,
19, 22, 23]) to satisfy the boundary and continuity condition at the interface. This
results in a higher 𝐵-field for vortex entry in the outer layer with a correspondingly a
reduced shielding of the substrate (higher field at the substrate interface). This effect
is expected for all superconducting heterostructures with and without insulting
interlayers. Quantitatively, the field screening considering counter-current-flow
induced by the substrate is derived by solving the relation between the applied
field, 𝐵0 and current density, 𝐽 (or equivalently vector potential, 𝐴). For a SS
structure this yields Equation (3.8) [18, 19, 21, 22].

The current density distribution, 𝐽 (𝑧) can be obtained from the field screening
profiles using Equation (3.9). Both Equations (3.8) and (6.1) are essentially forms
of exponential decay; however, the screening behavior is significantly modified in
the surface layer. Figure 6.1 presents a comparison of the magnetic field profiles
and current density distributions, with (a) showing normalized field screening
behavior and (b) representing normalized current density distributions. In both
figures, the solid red curve describes the London screening behavior in the absence
of a “coupling” between the superconducting layers [Equation (6.1)], whereas the
blue dashed curve corresponds to screening according to Kubo’s counter-current-
flow model [Equation (3.8)]. Here, the SS bilayer is Nb1–xTixN (50 nm)/Nb with
assumed penetration depths of 𝜆Nb1–xTixN = 200 nm and 𝜆Nb = 50 nm for Nb1–xTixN
and Nb, respectively. As alluded to above, the two models have qualitatively
similar behavior; 𝐵(𝑧)’s decay rate in the Nb substrate is identical, with the two
curves differing only in their amplitudes at the SS boundary. This similarity
is also observed in the decay rate of 𝐽 (𝑧) in the Nb substrate. Conversely, a
notable difference is apparent in the top Nb1–xTixN layer, where the decay rate is
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substantially reduced in Kubo’s model. This is the effect of the reduced current in
the surface layer as seen in Figure 6.1(b) due to the counter-current induced by the
substrate.
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Figure 6.1: Magnetic field profiles given by Equations (3.8) and (6.1) in (a) and the current density
distributions of those equations normalized to the current density at interface in (b). The used
magnetic penetration depths are 𝜆Nb1–xTixN = 200 nm and 𝜆Nb = 50 nm for the Nb1–xTixN and Nb
layers, respectively. The thickness of the Nb1–xTixN layer is 50 nm. Comparing the two field
profiles in (a), the strongest effect on field screening is observed in the Nb1–xTixN layer due to the
suppressed Meissner current in the Nb1–xTixN layer as seen in (b).

In order to observe the effect of counter-current in SS bilayers, it is necessary to
investigate the field screening profiles experimentally and quantify the penetration
depths using an appropriate model. Perhaps the best way of achieving this through
low energy muon spin rotation (LE-𝜇SR) [145, 247–250], which uses implanted
positive muons to probe the sub-surface field distributions in the material under
investigation. The key feature of this approach is the ability to control the energy at
which the muons are implanted, conferring depth-resolution to the measurements.
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This is in contrast to other surface-sensitive techniques (e.g., Magnetic force mi-
croscopy (MFM) [41–45], scanning tunnelling microscopy (STM) [39, 40], etc.),
which provide lateral resolution across the surface, but lack the depth sensitivity
to directly view the Meissner screening profile across a buried interface.

To this end, we measured the Meissner screening profile and observed sup-
pression of screening current in the surface layer in Nb1–xTixN/Nb samples with
different alloy thicknesses using the LE-𝜇SR technique. These measurements were
conducted under applied fields (15 ≲ 𝐵0 ≲ 25) mT. By globally fitting the field
profiles of all the samples, we quantitatively determined the common magnetic
penetration depths of Nb1–xTixN, 𝜆Nb1–xTixN, and Nb, 𝜆Nb. This quantitative assess-
ment involves comparing Kubo’s counter-current-flow model (i.e., London theory
with appropriate boundary and continuity conditions) with a simple London model
without appropriate boundary conditions. The resultant comparison highlights the
significant suppression of the Meissner current in the surface Nb1–xTixN layer
in Nb1–xTixN/Nb samples with film thicknesses shorter but close to the London
penetration depth of Nb1–xTixN.

6.2 Experiment

6.2.1 The LE-𝜇SR technique

LE-𝜇SR experiments were performed at the Paul Scherrer Institute’s (PSI) Swiss
Muon Source located in Villingen, Switzerland, using the 𝜇E4 beamline [141].
In the beamline a thin film of condensed noble gas [167] is used to reduce the
energy of a “surface” muon beam of ∼4 MeV down to around 15 eV. Following
that, the muons are accelerated to create a beam with an adjustable energy 𝐸 ≤
30 keV which corresponds to an implantation depth of ≲ 150 nm in Nb and Nb-
based alloys. These low energy positive muons (𝜇+) are ∼100 % spin-polarized.
The 𝜇+ are implanted into a sample one at a time using a (quasi-)continuous
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beam [192], wherein they quickly thermalize in the target and their spins precess
around the local magnetic field at the Larmor frequency, 𝜔𝜇 permitting depth-
resolved measurements of the field screening profile in surface-parallel applied
fields up to ∼30 mT [146].

When a 𝜇+ decays, it emits a positron preferentially along its spin direction at
the moment of decay. The emitted positrons are detected as a function of time
in a set of positron detectors symmetrically placed surrounding the sample. This
allows for the temporal evolution of the muon’s spin orientation to be deduced, and
consequently, the properties of the magnetic fields it experiences.

In this experiment, the asymmetry of 𝜇+ decay is determined in a transverse
field arrangement wherein a magnetic field is applied perpendicular to the initial
direction of muon spin-polarization and parallel to the sample surface. The positron
event rate in one (or more) “counters” 𝑖 (expressed as±), is given by Equation (4.26),
where 𝜏𝜇 = 2.2 µs is the muon lifetime, 𝑁0,𝑖 represents the total number of “good”
decay events (i.e., decays from muons stopped in the sample), 𝑏𝑖 is the time-
independent rate from uncorrelated “background” events, and 𝐴0(𝑡) represents
the time-evolution of the muon ensemble asymmetry by Equation (4.24), where
𝐴0 is the experimental decay asymmetry and 𝑃(𝑡) is expressed as 𝑃𝜇 (𝑡) is the
polarization of the muon ensemble.

In a transverse-field experiment, the time-evolution of 𝑃𝜇 (𝑡) is given by Equa-
tion (4.36), where 𝑝(𝐵) is the internal magnetic field distribution sensed by the
muons, 𝛾𝜇 = 2𝜋 × 135.54 MHz T−1 is the gyromagnetic ratio of the muon, 𝐵 is the
magnitude of the local magnetic field at the muon site, 𝑡 is the time after implanta-
tion, and 𝜙 is the phase factor (i.e., angle between the initial muon spin-polarization
and the effective symmetry axis of a positron detector).
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6.2.2 Muon Stopping Profiles

As mentioned in Section 6.2.1, LE-𝜇SR has the ability to explore the local field
in a depth resolved manner. Muons of a particular energy stop over a specific
range distribution when implanted into a sample. In this experiment, a range of
implantation energies (∼2 keV to ∼30 keV) were used (see Figure 6.2), providing
depth-resolution on the nm scale (i.e., ∼10 nm to ∼150 nm).
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Figure 6.2: Typical stopping profiles for 𝜇+ implanted in (a) Nb1–xTixN (50 nm)/Nb, and (b)
Nb1–xTixN(160 nm)/Nb SS bilayer, simulated using the Monte Carlo code TRIM.SP [184]. The
densities of Nb1–xTixN and Nb are 6.6223 g cm−3, and 8.57 g cm−3, respectively. The light gray
color in the first 50 nm of figure (a) and 160 nm of figure (b) refers to the Nb1–xTixN film thickness
on bulk Nb substrate (i.e., dark gray color). The normalized stopping distribution 𝜌 of 𝜇+ is
plotted against the depth 𝑧 below the surface. The black solid curves are fits to the stopping profile
(represented as a histogram) using Equations (6.2) and (6.3). These fits clearly capture all features
of the stopping profiles.

The stopping profile of muons can be accurately simulated [145, 186, 205]
using the TRIM.SP code (a Monte Carlo code) [184], which treats all collisions
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within the target using the binary collision approximation. Simulation results for
𝜇+ implanted in a Nb1–xTixN(50 nm)/Nb, and a Nb1–xTixN(160 nm)/Nb SS bilayer
are shown in Figure 6.2, illustrating LE-𝜇SR’s typical range of spatial sensitivity.
For our analysis (see Section 6.3), it was convenient to have the ability to describe
these profiles at arbitrary 𝐸 , which can be accomplished by fitting the simulated
profiles and interpolating their “shape” parameters [145]. Empirically, we found
the 𝜇+ stopping probability, 𝜌(𝑧), at a given 𝐸 can be described by:

𝜌(𝑧) =
𝑚∑︁
𝑖

𝑓𝑖𝑝𝑖 (𝑧), (6.2)

where 𝑝𝑖 (𝑧) is a probability density function, 𝑓𝑖 ∈ [0, 1] is the 𝑖th stopping fraction,
constrained such that

𝑚∑︁
𝑖

𝑓𝑖 ≡ 1,

and 𝑧 is the depth below the surface. For our SS bilayers, the stopping data are
well-described using 𝑚 = 2 and a 𝑝(𝑧) is given by a modified beta distribution.
Explicitly,

𝑝(𝑧) =


0, for 𝑧 < 0,
(𝑧/𝑧0)𝛼−1 (1 − 𝑧/𝑧0)𝛽−1

𝑧0 𝐵(𝛼, 𝛽)
, for 0 ≤ 𝑧 ≤ 𝑧0,

0, for 𝑧 > 𝑧0,

(6.3)

where 𝑧 ∈ [0, 𝑧0] is the depth below the surface and 𝐵(𝛼, 𝛽) is the beta function:

𝐵(𝛼, 𝛽) ≡ Γ(𝛼)Γ(𝛽)
Γ(𝛼 + 𝛽) ,

with Γ(𝑠) denoting the gamma function. Further details of the stopping profile
simulation can be found elsewhere [145, 186].
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6.2.3 Sample Preparation

Table 6.1: Superconducting properties of Nb1–xTixN films from several literatures [94, 251–256].
Here, 𝑇c is the critical temperature, 𝐵𝑐 is the thermodynamic critical field, 𝐵c1 is the lower critical
field, 𝐵sh is the superheating field, 𝐵c2 is the upper critical field, 𝜆 is the penetration depth, and 𝜉
is the BCS [57] coherence length.

Sample 𝑇c (K) 𝐵c (mT) 𝐵c1 (mT) 𝐵sh (mT) 𝐵c2 (mT) 𝜆 (nm) 𝜉 (nm) Ref.
Nb1–xTixN/Nb 15.97 35 [251]
Nb1–xTixN/Al2O3 17.3 30 15 000 150 − 200 [94]
Nb1–xTixN/Al2O3 15.8 25 186 208 [252]
Nb0.62Ti0.38N/Si ∼15.0 2.4(3) [253]
Nb1–xTixN/MgO ∼15.0 [254]
Nb1–xTixN/Al2O3 ∼13.1 [255]
Nb0.62Ti0.38N/Si ∼16.0 200(20) [256]

In this study, Nb1–xTixN/Nb SS bilayer samples were prepared by growing thin
films of Nb1–xTixN on “bulk” Nb substrates using direct current (DC) magnetron
reactive sputtering (R-DCMS) in a vacuum chamber with a base pressure of low
1 × 10−10 mbar. The sputtering target consisted of 80/20 (wt %) Nb/Ti alloy, was
used within an Ar and N2 (PN2/PAr) gas mixture at a pressure of 2 × 10−3 mbar.
Films with nominal thicknesses of 50 nm, 80 nm, and 160 nm were deposited at
450 ◦C on 3 mm thick bulk Nb substrates, with respective 𝑇c values of 15.8 K,
16.3 K and 16.3 K.1 Following standard practice for preparing the surface of a Nb
SRF cavity, the substrates were prepared by mechanical polishing (MP) followed
by 5 µm cold electropolishing (EP) or by 50 µm buffered chemical polishing (BCP)
(see e.g., Ref. [217]). Specifically, the 50 nm sample was prepared using EP and
the others using BCP. Prior to film growth, the substrates were baked at 600 ◦C
for 24 h under vacuum and the Nb1–xTixN films were annealed at 450 ◦C after
deposition. The typical surface roughness of the Nb1–xTixN layer is similar to the
original substrate roughness (1 nm for MP+EP substrates and microns for BCP

1Based on the measurements of 𝑇c carried out for other samples prepared using identical methods with dissimilar
thicknesses of Nb1–xTixN.
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substrates).2 All film depositions were performed at Thomas Jefferson National
Accelerator Facility (JLab) and further details on deposition technique can be found
in Ref. [251]. Note that, unlike the elemental superconductors, the magnitude
of superconducting properties (such as the penetration depth and the coherence
length) of Nb1–xTixN are not robust. This is due to the fact that Nb1–xTixN is
not a “natural” compound [251]. Therefore, the superconducting properties of
some Nb1–xTixN films prepared using different target stoichiometries, deposition
techniques, and preparation methods have been reviewed from the literature and are
listed in Table 6.1 for reference. Although the tabulated values for various samples
show considerable variation, the attributes derived from all reviewed research are
in fair agreement with one another. These will be used to compare our measured
penetration depths in Section 6.3 as well as for the prediction of critical fields
in Section 6.4.1.

6.3 Results

Typical muon spin-precession signals are shown in Figure 6.3(a) for the normal
conducting state (20 K) and in Figure 6.3(b-f) for the Meissner state (2.7 K) in
Nb1–xTixN (50 nm)/Nb. In the normal state, there is no substantial energy depen-
dence to the time evolution of the muon ensemble polarization. This means muons
implanted at different depths experience almost the same local field. By contrast,
in the Meissner state the temporal evolution of 𝐴(𝑡) varies as the implantation
energy increases, wherein the 𝜇+ spin-precession rate is greatly reduced, and the
signal is more strongly damped at high implantation energies.

Figure 6.4 shows the Fourier amplitude (i.e.,
√︁
(Fourier power) [257]) of the

LE-𝜇SR time spectra depicted in Figure 6.3 in the Nb1–xTixN (50 nm)/Nb sample
as a function of field (note 𝜔𝜇 = 𝛾𝜇𝐵), in the normal (20 K) and Meissner (2.7 K)

2We note that while a smoother surface is advantageous for the BL barrier, the larger surface roughness of the BCP
treated substrates does not inhibit characterization of the Meissner screening profiles in the SS bilayers.
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Figure 6.3: Asymmetry as a function of time for different implantation energies (given in the
panel’s inset) in Nb1–xTixN (50 nm)/Nb in both the normal (20 K) and Meissner state (2.7 K) at an
applied magnetic field of ∼25 mT parallel to the sample surface. In the normal state (gray shaded
background panel), there is no substantial energy dependence to the time evolution of the muon
ensemble polarization, meaning the implanted muons experience the same local field. By contrast,
it is evident that the temporal evolution of 𝐴(𝑡) varies in the Meissner state (plain white background
panels). As the implantation energy increases, the 𝜇+ spin-precession frequency is reduced, and
the signal is more strongly damped. The solid red lines denote fits to all of the data (i.e., a global
fit) using Equations (6.6) to (6.8). Clearly, the model captures all the data’s main features.

state. In the Fourier transform of the data, it is evidenced that a large damping
rate in the time domain signal corresponds to a wider distribution of frequencies
(i.e., local fields) [see Figure 6.4(b-f)]. For energies above ∼14.5 keV, the Fourier
spectra show two distinct peaks, implying at least two unique field regions are
sensed, consistent with the different materials in the SS bilayer.
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The measured internal field distribution, 𝑝(𝐵), in the Meissner state depends
on energy via the muon implantation depth profile and the magnetic screening
due to the Meissner current. We will now consider how to approximate 𝑝(𝐵)
in Equation (4.36) for our analysis. In the Meissner state, the applied field decays
to zero monotonically below the sample surface and the field screening is expected
to be intrinsically asymmetric. For the Nb1–xTixN/Nb samples, it is found that a
sum of two skewed Gaussian (SKG) components (i.e., one for each material) gives
a good fit describing the data in all measurement conditions. Because each layer
in the SS has a different screening properties, the SKG distribution function is
defined as [258]:

𝑃SKG(𝐵) =
√︂

2
𝜋

𝛾𝜇

(𝜎+ + 𝜎−)
×


exp

[
−1

2
(𝐵 − 𝐵p)2

(𝜎+/𝛾𝜇)2

]
, 𝐵 ≥ 𝐵p,

exp

[
−1

2
(𝐵 − 𝐵p)2

(𝜎−/𝛾𝜇)2

]
, 𝐵 < 𝐵p,

(6.4)

where 𝐵p is the “peak” field (i.e., not the mean) and𝜎± denotes the distribution’s
“width” on either side of 𝐵p.

By substituting Equation (6.4) into Equation (4.36) for 𝑝(𝐵), the polarization
formula can be written as:

𝑃SKG(𝑡) = 𝑃+
SKG(𝑡) + 𝑃

−
SKG(𝑡), (6.5)

where

𝑃±
SKG(𝑡) =

(
𝜎±

𝜎+ + 𝜎−

)
exp

(
−𝜎

2
±𝑡

2

2

)
[
cos(𝛾𝜇𝐵p𝑡 + 𝜙) ∓ sin(𝛾𝜇𝐵p𝑡 + 𝜙) erfi

(
𝜎±𝑡√

2

)]
,

(6.6)
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where erfi(𝑥) is the imaginary error function. Therefore, the total asymmetry
signal 𝐴(𝑡) yields:

𝐴(𝑡) = 𝐴0

𝑛∑︁
𝑖=1

𝑘𝑖𝑃SKG,𝑖 (𝑡), (6.7)

where 𝑘 reflects the fraction of muons stopping in each component of the SS
bilayer, constrained such that

𝑛∑︁
𝑖=1

𝑘𝑖 ≡ 1. (6.8)

To fit the data, the program musrfit was used [193]. The red lines in Figure 6.3
are fits to all the data (i.e., a global fit) of the 50 nm sample using Equations (6.4)
to (6.8), where the phase, 𝜙 is shared as a common parameter. The imposition
of this restriction is necessary because in situations where 𝐴(𝑡) is significantly
damped at high implantation energies in the Meissner state, the phase becomes
poorly defined, and only a few complete precession periods can be resolved. The fit
was constrained such that for 𝐸 ≤ 14.5 keV (i.e., mean stopping depths ≤ 50 nm)
we assumed 𝑛 = 1 in Equation (6.7) and used 𝑛 = 2 at higher implantation energies.
This choice gave the best fit to the data at all measurement conditions, as evidenced
by the goodness of fit criterion (i.e., reduced-𝜒2 = 1.06).

In order to construct the Meissner screening profile in the Nb1–xTixN (50 nm)/Nb
sample, the mean field, ⟨𝐵⟩, needs to be derived from 𝑝(𝐵) for each implantation
energy 𝐸 . The ⟨𝐵⟩ is a convenient means of encapsulating the 𝑝(𝐵)’s shift to
lower fields as the 𝐸 increases. The ⟨𝐵⟩ is derived using the fit parameters 𝐵p,𝑖,
𝜎+,𝑖, and 𝜎−,𝑖 (see Section 6.6) of Equation (6.7):

⟨𝐵⟩ =
𝑛∑︁
𝑖=1

𝑘𝑖

[
𝐵p,𝑖 +

√︂
2
𝜋

(
𝜎+,𝑖 − 𝜎−,𝑖

𝛾𝜇

)]
. (6.9)

The field screening profile of Nb1–xTixN (50 nm)/Nb at an applied field of
𝐵0 ∼ 25 mT as a function of energy 𝐸 (bottom scale) and corresponding mean
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Figure 6.4: Fourier amplitude of the LE-𝜇SR data (shown in Figure 6.3) in Nb1–xTixN (50 nm)/Nb
as a function of field (note 𝜔𝜇 = 𝛾𝜇𝐵), in the normal (20 K) and Meissner (2.7 K) state with an
applied magnetic field of ∼25 mT. The red lines are skewed Gaussian fits corresponding to the
field distribution described by Equations (6.6) to (6.8). Above ∼14.5 keV two distinct peaks are
observed indicating that muons of a single implantation energy sense the field in both layers of the
SS bilayer.

implantation depth ⟨𝑧⟩ (top scale) in the Meissner (𝑇 = 2.7 K) and normal state
(𝑇 = 20 K) is shown in Figure 6.5. The closed circles and open squares in
Figure 6.5(a) and (b) represent the mean field ⟨𝐵⟩ of the same data. In the normal
state the ⟨𝐵⟩ is not screened and in the Meissner state ⟨𝐵⟩ decays with increasing
𝐸 as expected.

In order to fit ⟨𝐵⟩, we shall consider a model that describes all essential features
of the data. In Equations (4.36) and (6.4) to (6.9), ⟨𝐵⟩ is derived by fitting a field
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distribution 𝑝(𝐵) at a given energy 𝐸 . At specific 𝐸 , muons sample over a range
of depths (i.e., distribution) which is simulated and quantified by 𝜌(𝑧) as discussed
in Section 6.2.2. The quantities 𝜌(𝑧) and 𝑝(𝐵) are both energy dependent. Hence,
⟨𝐵⟩ depends on the Meissner screening and the 𝜇+ implantation distribution 𝜌(𝑧).
The mean field ⟨𝐵⟩ as a function of 𝐸 is therefore:

⟨𝐵⟩(𝐸) =
∫ ∞

0
𝐵(𝑧)𝜌(𝐸, 𝑧) d𝑧, (6.10)

where the dependence on 𝐸 is accounted for implicitly by 𝜌(𝐸, 𝑧) which is pre-
determined from fits to simulated implantation profiles (see Figure 6.2). The
screening profile 𝐵(𝑧) is derived from Equations (3.8) and (6.1). Note that the
applied magnetic field, 𝐵applied in both Equations (3.8) and (6.1) is enhanced in the
Meissner state due to the sample geometry, which needs to be accounted. This is
done by using:

𝐵0 = 𝐵applied ×
1

(1 − 𝑁) , (6.11)

where the demagnetization factor 𝑁 depends on the geometry of the sample [132,
136, 259]. To compare our measured penetration depths with literature values (see
Table 6.1), the 𝑇 dependence of 𝜆 was assumed to follow the phenomenological
power law by Equation (2.16) where 𝑛 = 4 [123].

The fits to the normal state data in Figure 6.5 are represented by dashed red
curves. The solid red curves denote fits to the Meissner state data using Equa-
tion (6.10) and one of the screening models introduced in Section 6.1.2 (i.e.,
counter-current-flow or simple London model). Figure 6.5(a) is fitted with a
simple London model (Equation (6.1)), and the counter-current-flow model field
distribution (Equation (3.8)) is used to fit the data in Figure 6.5(b). It can be seen
that both models capture all physically meaningful details of the data and give
excellent fits. The fit parameters for both models are tabulated in Table 6.2. The
values of the extracted parameters 𝑁 , 𝜆Nb, and 𝑑Nb1–xTixN are almost identical in the
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Figure 6.5: Nb1–xTixN (50 nm)/Nb field profile: Plot of the mean magnetic field, ⟨𝐵⟩, sensed
by 𝜇+ at different implantation energies, 𝐸 , in a Nb1–xTixN (50 nm)/Nb sample at an applied
field (𝐵0 ∼ 25 mT) parallel to the sample surface in the Meissner (𝑇 = 2.7 K) and normal state
(𝑇 = 20 K). The closed circles and open squares are the data points in the Meissner state and
normal state, respectively. The implantation energy 𝐸 is related to the mean implantation depth
⟨𝑧⟩ as shown in the top 𝑥-axis. The solid red lines are fits to the data in the Meissner state and
the dashed red lines are fits to the normal state data. Both figures represent the same data points
fitted to different models. In the Meissner state ⟨𝐵⟩ decays with increasing 𝐸 as expected. The
fit to Figure 6.5(a) represents the field screening using Equation (6.1) i.e., a simple London model
with fit parameters 𝜆Nb1–xTixN = 498(34) nm and 𝜆Nb = 42.9(30) nm. Figure 6.5(b) is fitted with
the Equation (3.8) which considers counter-current-flow induced by the substrate layer and the
extracted fit parameters are 𝜆Nb1–xTixN = 185(7) nm and 𝜆Nb = 43.6(29) nm.

Table 6.2: Fit results of the Nb1–xTixN (50 nm)/Nb bilayer with a counter-current-flow (i.e.,
Equation (3.8)) and a naive bi-exponential model (i.e., Equation (6.1)). Here, 𝐵applied is the applied
magnetic field, 𝑁 is the demagnetization factor, 𝑑Nb1–xTixN is the thickness of Nb1–xTixN layer, and
𝜆Nb1–xTixN, 𝜆Nb are the penetration depths of Nb1–xTixN and Nb at 0 K.

Model 𝐵applied (mT) 𝑁 𝑑Nb1–xTixN (nm) 𝜆Nb1–xTixN (nm) 𝜆Nb (nm)
counter-current-flow 25.209(31) 0.079(5) 58.5(13) 185(7) 43.6(29)

simple London 25.209(31) 0.070(4) 59.0(15) 498(34) 42.9(30)

two models. However, a large discrepancy exists between the determined values
of 𝜆Nb1–xTixN. The simple London model gives 𝜆Nb1–xTixN = 498(34) nm, while
Kubo’s counter-current-flow model gives 𝜆Nb1–xTixN = 185(7) nm. Interestingly,
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the value determined using Kubo’s counter-current-flow model [Equation (3.8)] is
in good agreement with literature estimates (see Table 6.1), whereas the expression
in Equation (6.1) overestimates 𝜆Nb1–xTixN by a factor of ∼2.5. This observation
strongly supports the predictions of the counter-current-flow theory [18] and sug-
gests that Equation (6.1) is not appropriate for quantifying 𝐵(𝑧) in superconducting
heterostructures.
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Figure 6.6: Plot of the mean magnetic field, ⟨𝐵⟩, sensed by 𝜇+ at different implantation energies,
𝐸 , in Nb1–xTixN/Nb samples with different Nb1–xTixN thicknesses (i.e., 50 nm, 80 nm, and 160 nm)
at applied fields of 15.0 ≲ 𝐵0 ≲ 25.0 mT, parallel to the sample surface in the Meissner state
(𝑇 ≤ 2.8 K) and normal state (𝑇 ≥ 20 K). The mean implantation depth ⟨𝑧⟩ corresponding to 𝐸 of
each sample is shown in the top 𝑥-axis on each panel. The colored closed circles and open squares
are the data derived from the LE-𝜇SR measurements. The solid and dashed lines represent a (global)
fit to the data using Equation (6.10) where 𝐵(𝑧) is the field screening formula, i.e., Equation (3.8).
In the normal state, there is no energy or depth dependence to ⟨𝐵⟩, which represents the strength
of the applied magnetic field. However, in the Meissner state, ⟨𝐵⟩ decays with increasing 𝐸 . The
apparent difference in ⟨𝐵⟩ at 𝐸 ∼ 0 keV between the Meissner and normal state is due to the field
“enhancement” in the Meissner state. The fit parameters are shown in the Table 6.3.
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Table 6.3: Individual parameters derived from a global fit to the counter-current-flow model of
three Nb1–xTixN/Nb samples. The magnetic penetration depths at 0 K of the Nb1–xTixN layer and
the Nb substrate were derived as global fit parameters, using the analysis approach described in
Section 6.3. Here, 𝐵applied is the strength of the magnetic field applied parallel to the sample surface,
𝑁 is the demagnetization factor, and 𝑑Nb1–xTixN is the thickness of the Nb1–xTixN layer.

Sample 𝐵applied (mT) 𝑁 𝑑Nb1–xTixN (nm) 𝜆Nb1–xTixN (nm) 𝜆Nb (nm)

Nb1–xTixN (50 nm)/Nb 15.058(29) 0.0801(22) 57.5(9)
182.5(31) 43.3(19)25.214(29)

Nb1–xTixN (80 nm)/Nb 15.115(20) 0.0977(35) 84.0(9)
Nb1–xTixN (160 nm)/Nb 14.89(5) 0.115(7) 168 (fixed)

To be more conclusive about this observation, we measured the field screening
profile in three samples with different Nb1–xTixN thicknesses (50 nm, 80 nm, and
160 nm) deposited on Nb substrates, see Figure 6.6. Using the counter-current-
flow model, the field screening profiles were fitted simultaneously (i.e., global
fit) with the penetration depth values at 0 K of Nb1–xTixN and Nb as shared fit
parameters, this is justified by the fact that when the profiles for each sample were
fit separately, identical 𝜆 values were obtained. Other fit parameters were the
thickness of each film and individual demagnetization factors. The thickness of
the Nb1–xTixN (160 nm)/Nb sample cannot be determined from the fit as all muons
are stopped in the Nb1–xTixN layer, see Figure 6.2(b). This parameter was therefore
directly measured using transmission electron microscopy (TEM) and found to be
168 nm [100].

The best fit parameters were determined to be: 𝜆Nb1–xTixN(0 K) = 182.5(31) nm
(using 𝑇c of Nb1–xTixN mentioned in Section 6.2.3) and 𝜆Nb(0 K) = 43.3(19) nm
(using 𝑇c = 9.25 K for Nb [7]). All fit parameters can be found in Table 6.3.
Although the magnetic screening is very different for each sample, the fact that
the global fit gives excellent agreement with the entire data, with the penetration
depths of the layer and the substrate as common fit parameters, further confirms
the applicability of the counter-current-flow model to the data.
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6.4 Discussion

From Figure 6.6, it is obvious that in both the 50 nm and 80 nm samples the decay
of 𝐵(𝑧) is weaker in the Nb1–xTixN layers, whereafter it is attenuated strongly in
the Nb substrate. This bipartite screening represents the presence of two distinct
penetration depths (i.e., 𝜆Nb1–xTixN and 𝜆Nb), each associated with a distinct region
in the SS bilayer. This spatially segregated response is directly resolved by the
raw LE-𝜇SR data, as evidenced by the Fourier spectra in Figure 6.4. Note that
a low-temperature baked [11] Nb was considered an “effective” bilayer due to
the anomalous Meissner screening [206] near the surface, however, more recent
analysis evidenced that this bipartite screening profiles is absent (i.e., there is no
evidence for an effective SS bilayer) [145]. The analysis shown in Figure 6.6,
gives 𝜆 values that are independent of the particular sample used and measurement
conditions, implying that the measured quantities are intrinsic to the individual
materials (originating from this batch of “stocks” and the coating procedure). The
experimentally obtained 𝜆Nb1–xTixN in Table 6.3 agree with the literature values
shown in Table 6.1, highlighting the suppression of the Meissner current in the
surface layer. The obtained 𝜆Nb = 43.3(19) nm exceeds the average literature
estimate of Nb’s penetration depth in the “clean” limit 𝜆 = 28.0(15) nm [145,
250]. We propose that this increased 𝜆Nb is due to the suppression of the electron
mean free path, ℓ. There might be some impurity added to the Nb substrate due
to the material “doping” while exposing its surface to the Ar/N2 mixture during
sputtering at 450 ◦C. Commonly, low temperature baking of Nb in N2 reduce ℓ [15,
260, 261] and consequently increase 𝜆 based on the Pippard’s approximation [262].

Note that, Pippard’s nonlocal electrodynamics [262] were not considered in
describing the superconducting properties of Nb. Our previous LE-𝜇SR investi-
gation on “bare” and “N2 doped” Nb samples [145] have shown that the London
model sufficiently describes these properties, suggesting that the effects of nonlocal
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electrodynamics could be even more prominent in higher purity samples [263].
Regarding the field screening in the Nb1–xTixN (160 nm)/Nb sample the field

decays far more rapidly in the first few nanometers than in the other samples, but
the whole data can be fitted with a single 𝜆Nb1–xTixN value. Agreement of the film
thicknesses extracted as fit parameters with the nominal thicknesses of the films
for different measurement conditions further confirm that the counter-current-flow
model can very well describe the material properties. Also, the different magnitude
of 𝐵applied for the 50 nm sample does not have any effect on the other fit parameters.

An (apparent) difference in applied fields, 𝐵applied for measurements in the
normal and Meissner state is observed in Figure 6.6. 𝐵applied is used as a shared
fit parameter between Meissner and normal state data for all the samples, while
for the Meissner state the magnetic field enhancement is accounted for by the
demagnetization factor, 𝑁 as an individual fit parameter (see Equation (6.11)).
From the fit, the extracted value of 𝐵applied agrees with the nominal applied fields
of the samples.

We also find that a non-superconducting layer (i.e., “dead layer”) at the surface
is absent in our model. While such feature is often found in “real” superconductors,
its absence here is not unexpected, given the surface roughness of our samples and
the chemical stability of Nb1–xTixN. The 50 nm sample is mirrored surface finished
and others are prepared by BCP however, we did not observe any effect of surface
roughness in the field screening profile. The surface of Nb1–xTixN oxidizes on
exposure to the ambient atmosphere (forming NbOx and TiOx), with the thickness
of the oxide layer saturating quickly to ∼1.3 nm [264]. This layer is too thin for
observation by LE-𝜇SR at the implantation energies used here. Thus, while we
can not completely rule out the existence of a thin ∼1 nm non-superconducting
region at the surface of our samples, we assert that such a feature is too small to
meaningfully impact the material quantities reported here.
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6.4.1 Predictions of critical fields

As discussed in Sections 6.1 and 6.3, the counter-current-flow model predicts that
multilayer superconductors can maximize the field of first-flux entry beyond the
individual superheating field of its layers and substrate. For a crude estimate of
this quantity, the superheating field, 𝐵sh and Ginzburg-Landau (GL) parameter,
𝜅 ≡ 𝜆/𝜉GL (i.e., the ratio between the magnetic penetration depth 𝜆 and the GL
coherence length 𝜉GL), of each layer are required, which we consider below.

Through linear stability analysis using GL theory (strictly valid at 𝑇 ≃ 𝑇c) 𝐵sh

for 𝜅 > 1.1495 was derived to be Equation (2.54), where 𝐵c is the thermodynamic
critical field. Following that, 𝜅 is calculated for each material from experimentally
measured penetration depth with the literature value of the London penetration
depth 𝜆L and Bardeen-Cooper-Schrieffer (BCS) [57] coherence length 𝜉0 [55, 99]:

𝜅 =
𝜆

𝜉GL
=

2
√

3
𝜋

𝜆2

𝜉0𝜆L
, (6.12)

using the fact that 𝜉0 and 𝜉GL both are correlated to the magnetic flux quantum
Φ0 [55]. Here, 𝜆L and 𝜉0 are the fundamental properties of the metal defined by
the clean stoichiometric material.

The next quantity is the lower critical field 𝐵c1, which is calculated for both ma-
terials using Equation (2.44) where 𝛼 = 0.497.3 Now, 𝐵c of Equation (2.54) needs
to be determined, which is well-defined for Nb [7]. However, since Nb1–xTixN
is not a natural compound 𝐵c is not readily available from the literature, which
we can be self-consistently evaluated when 𝐵c1 is known, by re-arranging Equa-
tion (2.43) [55]. To summarize the results of these calculations, the values of
𝜅, 𝐵c1, 𝐵c, and 𝐵sh for Nb1–xTixN and Nb are presented in Table 6.4.

Finally, the maximum field for which the SS bilayer can remain in the Meissner
state 𝐵max is derived by solving the relation between applied field and screening

3This approximation is valid for 𝜅 ≫ 1, as discussed in Section 2.5.2, which holds well for Nb1–xTixN. However, it
is also applied to Nb (𝜅 ∼ 1) to provide a rough estimate.
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Figure 6.7: Prediction of the maximum applied field 𝐵max where the Meissner state can be
sustained for an SS bilayer as a function of thickness of the top Nb1–xTixN superconducting layer,
𝑑s (i.e., 𝑑Nb1–xTixN) in Nb1–xTixN/Nb. The orange curve starting from the left represents 𝐵max of the
substrate Nb layer and the curve starting at right corresponds to the surface Nb1–xTixN layer. Here
the measured penetration depths of 𝜆s = 𝜆Nb1–xTixN = 182.5(31) nm and 𝜆sub = 𝜆Nb = 43.3(19) nm
were used to find the magnitude of 𝛾1 and 𝛾2 using Equations (3.12) and (3.14). The predicted
values of the superheating field of Nb1–xTixN and Nb are 𝐵(s)

sh = 𝐵
(Nb1–xTixN)
sh = 570(40) mT and

𝐵
(sub)
sh = 𝐵

(Nb)
sh = 229(6) mT, respectively. The +, + and + are the position of maximum fields for

each of the 50 nm, 80 nm, and 160 nm samples.

Table 6.4: Superconducting parameters GL parameter 𝜅, thermodynamic critical field 𝐵c, lower
critical field 𝐵c1, and superheating field 𝐵sh were calculated from the measured penetration depths
of 𝜆Nb1–xTixN = 182.5(31) nm and 𝜆Nb = 43.3(19) nm. 𝐵c for Nb and 𝜉0 for both materials are taken
from literature.

Material 𝜆L (nm) 𝜉0 (nm) 𝜅 𝐵c1 (mT) 𝐵c (mT) 𝐵sh (mT)
Nb1–xTixN 150 [94] 2.4(3) [253] 102(17) 22.9(11) 710(40) 570(40)

Nb 28.0(15) [145, 250] 40.3(35) [145] 1.83(25) 74(11)* 199(1) [7] 229(6)
* The 𝐵c1 value for Nb obtained from Equation (2.44) with 𝛼 = 0.497 (valid for 𝜅 ≫ 1) is an underestimate, as Nb has
𝜅 ∼ 1. A more accurate evaluation using Equations (2.44) and (2.45) yields 𝐵c1 = 132(14) mT.

current density in the London model, with appropriate boundary and continuity
conditions by Equation (3.15) [18, 19, 22], where 𝐵(s)

sh and 𝐵(sub)
sh are the super-

heating fields of the surface and substrate layers, respectively, and the terms 𝛾1

and 𝛾2 arise as coefficients while solving the relation for 𝐵max (see Ref. [18] for
details). Explicitly, the 𝛾𝑖s are Equations (3.12) and (3.14).
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In Equation (3.15), the term 𝛾−1
1 𝐵

(s)
sh is related to the maximum applied field

for the surface layer, whereas the term 𝛾−1
2 𝐵

(sub)
sh corresponds to the substrate. As

𝐵max is a function of the surface layer thickness, 𝑑s, there exists an optimum where
its value is maximized expressed by Equation (3.18) [18, 19, 22].
𝐵max is plotted in Figure 6.7 as a function of 𝑑s, wherein the entire Nb1–xTixN/Nb

SS structure remains in the Meissner state. The predicted maximum applied fields
for our different film thicknesses (50 nm, 80 nm, and 160 nm) were found to
be 253(5) mT, 276(5) mT and, 377(5) mT, indicated in Figure 6.7 by “plus” (+,
+, and +) symbols, respectively. Clearly, these values exceed the intrinsic field
limit of the Nb substrate. The orange curve in Figure 6.7 represents the criteria
for the surface and substrate layer to remain in the Meissner state. For zero
film thickness, the substrate can sustain its Meissner state up to the superheating
field of the substrate 𝐵sh (229(6) mT for our Nb substrates). Upon increasing
the 𝑑s, 𝐵max is initially increased, as the applied field is shielded by the surface
superconductor before it reaches the SS interface. 𝐵max reaches its optimum (i.e.,
𝐵

opt
max = 610(40) mT) for a surface layer thickness, 𝑑m ∼ 1.4𝜆s = 261(14) nm

according to Equation (3.18).
Note that a surface layer thicker than 𝜆s can only remain in the Meissner state

above 𝐵c1 in the presence of a BL barrier [24] just like a bulk superconductor of
same material. The strong suppression of the screening current by the counter-
current-flow between substrate and surface layers therefore suggests that multilayer
structures with several interlayers to stop vortices are necessary in order to achieve
largest 𝐵opt

max.

6.5 Summary

In conclusion, the depth-dependent field screening profile in SS bilayers composed
of Nb1–xTixN films (50 nm, 80 nm, and 160 nm) deposited on Nb substrates were
measured using LE-𝜇SR. A fit of the magnetic screening profile to a counter-
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current-flow model yielded a penetration depth for Nb1–xTixN of 182.5(31) nm in
agreement with literature values. This is contrasted by fits to a naive biexponential
model, which was found to overestimate 𝜆 by a factor of ∼2.5. For the Nb
substrates, a common 𝜆 of 43.3(19) nm was found. This comparison highlights
the pronounced suppression of the Meissner current within the surface layer and
serves as an experimental validation of the counter-current-flow model. Using these
quantities, the optimum maximum field that can be sustained before first-flux entry
by a Nb1–xTixN/Nb heterostructure with these material properties was predicted to
be 610(40) mT. This study emphasizes that the samples tested can collectively be
well described by a London model with appropriate boundary conditions.

6.6 Appendix

6.6.1 Fit parameters of LE-𝜇SR time spectra data of Nb1–xTixN (50 nm)/Nb sample

Figure 6.8 shows fit parameters of the Meissner state (2.7 K) data of the Nb1–xTixN
(50 nm)/Nb sample presented in Figure 6.3. The size of the error bars in the fit
parameters signifies the robustness of the skewed Gaussian approach to present the
field distribution.
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Figure 6.8: Plot of the fit parameters 𝐴0, 𝐵p, 𝜎±, and 𝜙 of Equations (6.4) to (6.8) as a function of
𝐸 in Nb1–xTixN (50 nm)/Nb in the Meissner state (2.7 K) at an applied magnetic field of ∼25 mT.
For 𝐸 ≤ 14.5 keV the fit is constrained such that 𝑛 = 1 in Equation (6.7) indicating the 𝜇+ sample is
only implanted in the Nb1–xTixN layer. (a) The blue and orange closed circles are the asymmetry,
𝐴0 data points corresponding to the Nb1–xTixN and Nb layer, respectively. (b) the peak field, 𝐵p
of Nb1–xTixN and Nb layer are denoted by the blue and orange closed circles, (c) the distribution’s
“width” on either side of 𝐵p, 𝜎± is plotted for both Nb1–xTixN and Nb layers indicated by colored
closed circles shown in the figure inset, and (d) represents the shared parameter, phase 𝜙.
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Chapter 7

Superconducting properties of thin film Nb1–xTixN studied via
the NMR of implanted 8Li

7.1 Introduction

Nb1–xTixN is a ternary alloy with a cubic 𝐵1 (rocksalt) crystal structure (see Fig-
ure 7.1), derived from Group IV and Group V transition metal nitrides [265, 266].
It forms a fully miscible, quasi-binary solid solution with its end members TiN
and NbN over the entire 0 ≤ x ≤ 1 composition range [254, 267], with structural
details that closely follow Vegard’s law [268, 269]. Similar to its end members,
the alloy is a type-II superconductor with a relatively high critical temperature
𝑇c (up to 17 K [270, 271]). Thanks to the alloy’s facile synthesis in the form of
thin films [255, 265, 272, 273], Nb1–xTixN finds use in numerous technical appli-
cations that employ superconducting coatings (e.g., tunnel junctions [274, 275],
THz receivers [276, 277] and mixers [278, 279], etc.). In particular, the alloy has
emerged as a promising candidate [94] for coating conventional Nb superconduct-
ing radio frequency (SRF) cavities — common components of modern particle
accelerators [203] — which we consider in detail below.

SRF cavities accelerate charged particle beams via the electric fields created
under resonant radio frequency (RF) excitation. Essential for maintaining a high
quality factor 𝑄0 is low electrical resistivity of the cavity material, making su-
perconductors like Nb ideal [203]. The performance of Nb cavities is ultimately
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Figure 7.1: Crystal structure of cubic 𝐵1 (rocksalt) Nb1–xTixN (space group 𝐹𝑚3̄𝑚, number 225).
The metal atoms Nb and Ti atoms (blue and red spheres) randomly occupy the Wyckoff 4𝑎 site,
which forms an FCC sublattice. Similarly, the N atoms (green spheres) occupy the Wyckoff 4𝑏 site,
can be viewed as filling the octahedral “intersticies” of the FCC metal sublattice. The gray bonds
highlight the octahedral coordination environment of each equilibrium position. Lattice constants
𝑎, 𝑏, 𝑐 for the x = 0.25 stoichiometry are indicated in the inset. The structures were drawn using
VESTA [280].

limited by the element’s so-called superheating field 𝐵sh ≈ 240 mT [119, 133], be-
yond which vortex penetration occurs and resistive losses cause𝑄0 to plummet. To
address this limitation, coatings with superconductors having higher 𝑇c and super-
heating field 𝐵sh than Nb (e.g., Nb3Sn, Nb1–xTixN) have been proposed [18, 20, 21].
Such coatings (with or without an insulating “buffer” layer) are predicted [18–22]
to allow such devices to operate in field regimes beyond the capabilities of “bare”
Nb cavities, a claim supported by recent experiments [4, 5, 126, 129, 133, 281].
Central to modelling the macroscopic behavior of these heterostructures, however,
is knowledge of the coating film’s microscopic superconducting properties, which
are not well-established for Nb1–xTixN.

Part of the uncertainty in Nb1–xTixN’s intrinsic properties stems from their
compositional “tunability”, with a transition temperature 𝑇c that can be tuned with
stoichiometry. For instance, a 𝑇c ≈ 17 K has been reported for x = 0.34 [282, 283],
while a slightly lower value of ∼15 K is observed for x ≲ 0.5 [251, 252, 265, 266].
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As x → 1, 𝑇c decreases further to approximately 4 K [252, 284]. This trend may be
attributed to the properties of the end-member compositions, where NbN exhibits
𝑇c ≳ 16 K [285, 286], while TiN has a significantly lower 𝑇c ≈ 4 K [287, 288].
Less well characterized is how stoichiometry affects its other superconducting
properties. For example, measurements indicate a magnetic penetration depth
𝜆 ≳ 150 nm [5, 100, 252, 256, 279, 289, 290] for x ≤ 0.46, a Ginzburg-Landau
(GL) coherence length 𝜉GL ≈ 4 nm [253, 255, 267, 291], a lower critical field
𝐵c1 ≈ 30 mT [251, 292, 293], and an upper critical field 𝐵c2 ≳ 15 T [265, 267,
272, 284, 291, 294, 295]. Similarly, the alloy’s superconducting energy gap Δ is
also known to vary with x, with gap ratios 2Δ(0 K)/𝑘B𝑇c(0 T) ranging from 3.53
to 5.0 [274–279, 289, 290, 296–298]. This complexity can be further compounded
by their variability with other factors such as film thickness, substrate material, and
post-deposition annealing [48, 254, 255, 273, 299–301].

As Nb1–xTixN films are most important for technical applications — partic-
ularly in form of superconductor-insulator-superconductor (SIS) structures (e.g.,
Nb1–xTixN/AlN/Nb), which are widely used in tunnel junctions, THz mixers, and
SRF cavities — we focus our attention on this material class. One means of
elucidating its properties is through the study of the superconductor’s internal
magnetic field distribution 𝑝(𝐵) in the vortex state [56, 70]. Techniques such as
nuclear magnetic resonance (NMR) [302, 303] and muon spin rotation (𝜇SR) [53,
75] are effective approaches for bulk superconductors, but are less suited for thin
films or layered heterostructures. On the other hand, closely related techniques
based on low-energy implanted spin-probes like low energy muon spin rotation
(LE-𝜇SR) [146, 205] and 𝛽-detected nuclear magnetic resonance (𝛽NMR) [142,
304] are well-suited to such a situation, enabling spatially resolved measurements
at subsurface depths ≲ 150 nm.

In this work, we investigate the superconducting and normal-state properties
of thin film Nb1–xTixN using 8Li 𝛽NMR spectroscopy [142, 304]. Specifically,
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we report measurements in the normal and vortex states of a Nb0.75Ti0.25N(91 nm)
/AlN(4 nm)/Nb heterostructure under a 4.1 T field applied normal to its surface.
Resonance measurements find wide 8Li lineshapes that (symmetrically) broaden
below the film’s𝑇c due to the formation of vortex field lines. Spin-lattice relaxation
(SLR) data reveal distinct 𝑇-dependent behavior, with a Korringa response [305]
below ∼100 K that displays a Hebel-Slichter coherence peak [306, 307] below
𝑇c, and relaxation that is dominated by thermally activated fluctuations at higher-
𝑇 . From an analysis of these features, we quantify the parameters governing the
film’s superconducting properties and compare them against literature values. Our
findings provide key insight into the superconducting behavior of Nb1–xTixN thin
films in an SIS arrangement.

7.2 Experiment

𝛽NMR [142, 304] experiments were conducted at TRIUMF’s isotope separator
and accelerator (ISAC) facility in Vancouver, BC, Canada. The local spin probe
8Li (nuclear spin 𝐼 = 2, radioactive lifetime 𝜏8Li = 1.21 s (half-life 848 ms),
gyromagnetic ratio 𝛾8Li/(2𝜋) = 6.301 98(8) MHz T−1, nuclear electric quadrupole
moment 𝑄 = +32.6 mb, and mass 𝑚8Li = 8.023 u) was introduced into the sample
by ion-implantation using a beam of 8Li+. The incident ion beam had a typical flux
of ∼106 ions s−1 over a beam spot ∼3 mm in diameter, with a beam implantation
energy 𝐸 = 4.85 keV, corresponding to a mean stopping depth ⟨𝑧⟩ ∼ 21 nm, as
calculated by the Stopping and Range of Ions in Matter (SRIM) [183] Monte Carlo
code (see Figure 7.2). Prior to implantation, the probe was spin-polarized in-flight
by collinear optical pumping with circularly polarized laser light [308], achieving
a polarization 𝑃 ≈ 70 % [173]. All 𝛽NMR measurements were performed in an
applied field 𝐵0 = 4.1 T perpendicular to the sample’s surface.

During the measurements, 8Li’s 𝑃, defined by Equation (4.22). In this pro-
cess, an electron is preferentially emitted opposite to the direction of the nuclear
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Figure 7.2: Simulated stopping profile for 106 8Li+ implanted in Nb0.75Ti0.25N(91 nm)/AlN(4 nm)
/Nb at energy 𝐸 = 4.85 keV, obtained using the SRIM Monte Carlo code [183]. The target’s layer
thicknesses and material densities are indicated in the inset. The stopping profile 𝜌𝑧 (𝐸) (i.e., the
distribution of implantation depths 𝑧) is represented as a histogram, whose mean implantation depth
⟨𝑧⟩ ≈ 21 nm and straggle (i.e., standard deviation) 𝜎𝑧 ≈ 11 nm.

polarization at the time of decay. This was done using a pair of fast plastic scin-
tillation counters positioned 180◦ apart with respect to each other along the beam
axis [142, 178]. During the data acquisition, the handedness of the laser polariza-
tion used during optical pumping was periodically alternated to control the 8Li+

beam’s helicity (i.e., positive and negative) [142], with data recorded separately for
each polarization sense ±. The four-counter method was used to form the 𝛽-decay
asymmetry 𝒜, which is proportional to 𝑃 by Equation (4.40).1

In this work, two types of experiments were conducted (i) resonance measure-
ments, where the steady-state (i.e., time-integral) spin-polarization was monitored
as a function of the frequency of the small RF magnetic field 𝐵1, which is used
to map the (static) local field distribution; and (ii) SLR measurements, where the

1Forming the asymmetry in this manner has the advantage of implicitly removing select detection systematics (e.g.,
different detector efficiencies).
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temporal decay of 𝑃 caused by stochastic fluctuations in the probe’s local field is
monitored both during and following implantation. In the former, a continuous
8Li+ beam was used with the frequency of the small transverse RF field stepped
slowly near 8Li’s Larmor frequency by Equation (4.5), where 𝛾 is the gyromagnetic
magnetic ratio of 8Li.

On resonance, the 8Li spin precesses rapidly due to the RF field, resulting in a
loss of the time-averaged asymmetry. Multi-frequency techniques were also used
to search for small “quadrupolar” features (see, e.g., Refs. [309, 310]). For the SLR
measurement, a pulsed 8Li+ beam was used with a typical duration Δ ∼ 4 s. As
the initial state of the probe nuclei are very far from thermal equilibrium, no RF
field is required to measure SLR, unlike conventional NMR. During the pulse, the
polarization approaches a dynamic equilibrium value, while afterward it relaxes to
∼0. Notably, data acquired in this manner has a characteristic bipartite form with
(statistical) error bars that are governed by Poisson statistics. This uncertainty is
minimized near the pulse’s trailing edge, but increases exponentially with the 8Li
lifetime afterward (see, e.g., [304]). In the present study, the typical duration of
either measurement was ∼15 min to ∼30 min.

7.2.1 Sample Preparation

First, flat Nb substrates were prepared by cutting fine-grain Nb stock sheets (Wah
Chang Corporation) with a residual-resistivity ratio (RRR) > 150 and machining
them into flat plates approximately 12 mm by 8 mm by 0.5 mm. Following machin-
ing, the samples underwent buffered chemical polishing (BCP) (see, e.g., [217])
to remove the topmost ∼100 µm of material from the surface. Subsequently, the
samples were annealed at 1400 ◦C for 5 h to relieve any remaining mechanical
stresses in the metal. After annealing, an additional round of BCP was performed
to remove the topmost ∼10 µm of material from the surface, effectively eliminating
any contaminants introduced during the annealing process.
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The Nb1–xTixN/AlN bilayer was deposited on a Nb substrate using thermal
atomic layer deposition (ALD) in a custom-built reactor at CEA Saclay [311]. The
AlN layer was grown using a standard process with AlCl3 and NH3 precursors [312],
while the Nb1–xTixN film was deposited at 450 ◦C by alternating NbN and TiN
cycles. Its composition can be controlled by adjusting the number of TiN and
NbN cycles [48, 300, 301]. In this work, each Nb1–xTixN supercycle consisted
of 4 (TiCl4 + NH3) cycles followed by 1 (NbCl5 + NH3) cycle, as the subsequent
NbCl5 pulse etches surface Ti in the form of volatile TiCl4. NH3 was pulsed
for 0.5 s, TiCl4 for 2.5 s, and NbCl5 for 1 s, with 10 s purges after each step.
This yielded a Ti/Nb ratio of 0.25 (x = 0.25), confirmed by x-ray photoelectron
spectroscopy (XPS) [48]. Excess nitrogen incorporated during deposition was
effectively removed by high-vacuum annealing at 900 ◦C [48]. Further discussion
on the annealing process, along with additional characterization, can be found
in Section 7.6.1 of the Supplemental Material Section 7.6.

The film’s characteristic superconducting transition temperature 𝑇c was deter-
mined to be ∼15 K using a vibrating sample magnetometer (VSM). Point contact
tunneling (PCT) [313, 314] measurements on a similarly prepared sample show a
spatial variation in the density of states near the Fermi level, which is encapsulated
by an energy gap Δ = 2.49(29) meV and a Dynes-like [66] broadening parame-
ter ΓD = 0.10(6) meV. Full characterization details, along with complementary
measurements on similarly prepared samples, are presented in Section 7.6.2 of the
Supplemental Material Section 7.6.

7.3 Results and analysis

7.3.1 Resonance Spectra

Typical resonance spectra in Nb0.75Ti0.25N are presented in Figure 7.3. At all
temperatures, the lineshape consists of a single, broad resonance whose ampli-
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Figure 7.3: Typical 8Li NMR lineshapes in Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb, measured in an
applied field 𝐵0 = 4.1 T perpendicular to the sample’s surface, at select temperatures 𝑇 (indicated
in the figure) above and below the film’s critical temperature 𝑇c ≈ 15 K. For 𝑇 > 𝑇c, the resonance
linewidth remains roughly𝑇-independent, but broadens by up to a factor of∼2 at lower temperatures.
The solid black lines represent fits to the data using Equation (7.1).

tude decreases with decreasing temperature. The simplicity of this spectral shape
suggests that all implanted 8Li+ stop in high-symmetry lattice positions where the
local electric field gradients (EFGs) is vanishing.2 These sites are likely the tetra-
hedral interstitial positions (e.g., (1/4, 1/4, 1/4) in Figure 7.1), which are vacant
in the ideal rocksalt structure. Such a site assignment aligns with the cubic sym-
metry of Nb1–xTixN (see Figure 7.1), as well as with observations in isostructural
compounds like MgO [315]. In the film’s normal state, the resonance’s width
is approximately temperature-independent, with a full width at half maximum
(FWHM) of 8.126(18) kHz. This large width is likely due to the high natural
abundance of spin-active isotopes that make up the film’s elemental composition
(see Table 7.1), and is consistent with values predicted from dipolar broadening

2To confirm the absence of any (static) non-zero EFGss, we also performed frequency comb measurements (see,
e.g., Refs. [309, 310]), which greatly amplifies the sensitivity to such features. No evidence for any finite EFGss was
found at all measured temperatures.
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Figure 7.4: Temperature 𝑇 dependence of the Gaussian component 𝜎 of the resonance linewidth
Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb in an applied field of 𝐵0 = 4.1 T perpendicular to its surface.
Note that the parameter 𝜎 is expressed as a magnetic field in units of mT. The solid red line
represents a fit to the data for 𝑇 < 35 K using the model given by Equations (2.41), (2.49), (7.2)
and (7.3) and Equation (2.16) with 𝑛 = 2, capturing the line broadening below the superconducting
transition temperature𝑇c, with the𝑇-independent (normal state) contribution highlighted as a dotted
line. Measured values at temperatures up to 270 K are shown in the inset, where (apart from some
small scatter) 𝜎’s 𝑇-independence is evident.

by host nuclear spins for the likely interstitial or substitutional sites in an ideal,
unperturbed host lattice. Below 𝑇c, the resonance broadens substantially, with the
linewidth gradually increasing by a factor ∼2. Such a broadening is typical of a
superconductor upon formation of the vortex state’s flux-line lattice (FLL) [82].

To quantify these features, the resonances were fitted using a phenomenological
pseudo-Voigt (𝑝𝑉) function:

𝑝𝑉 (𝜈) = A [𝛼𝐺 (𝜈) + (1 − 𝛼)𝐿 (𝜈)] , (7.1)

which represents a linear combination of Gaussian (𝐺) and Lorentzian (𝐿) com-
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Table 7.1: Stable spin-active nuclei present in Nb1–xTixN. Here, 𝑛𝐴 is the natural isotopic abun-
dance, 𝐼 is the nuclear spin, 𝛾 is the gyromagnetic ratio, and 𝑄 is the electric quadrupole moment.
For comparison, properties of our 𝛽NMR probe 8Li are also listed. Inapplicable properties are
marked by an asterisk (*).

Isotope 𝑛𝐴 (%) 𝐼 𝛾/(2𝜋) (MHz T−1) 𝑄 (mb)
14N 99.58 1 3.077 71 +20.44
15N 0.42 1/2 −4.317 27 *
47Ti 7.44 5/2 −2.404 10 +302
49Ti 5.41 7/2 −2.404 75 +247
93Nb 100 9/2 10.439 56 −320
8Li * 2 6.301 98 +32.6

ponents:

𝐺 (𝜈) ≡ exp
(
−(𝜈 − 𝜈0)2

2𝜎2

)
,

𝐿 (𝜈) ≡
Γ2

L

(𝜈 − 𝜈0)2 + Γ2
L
.

and it mimics features of the true Voigt function which is a convolution of the two,
and provides a good description of the data. Here, A is the resonance amplitude,
𝛼 ∈ [0, 1] is a mixing term that defining the lineshape’s Gaussian fraction, 𝜈0

is the resonance frequency, 𝜎 = Γ/(2
√

2 ln 2) is the Gaussian width parameter,
ΓL = Γ/2 defines the Lorentzian width, and Γ denotes the line’s (common) FWHM.
Consistent with the qualitative description above, the 𝑇-dependence of the line’s
FWHM remains its most salient feature. Assuming the Lorentzian contribution to
the line is systematic (i.e., “power broadening” from the single-tone continuous
wave (CW) technique described in Section 7.2),3 we encapsulate this broadening
by 𝜎’s 𝑇-dependence, which is shown in Figure 7.4. Although some scatter is
evident, 𝜎 remains approximately constant above 𝑇c, but increases monotonically
below the superconducting transition.

3Which is nearly 𝑇-independent in the film’s normal state but decreases monotonically below 𝑇c.
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To understand this broadening, we consider the following model. In the nor-
mal conducting (nc) state, the Gaussian width 𝜎 can be approximated by a 𝑇-
independent constant, whereas in the vortex state the measured value consists of a
convolution of the superconducting (sc) and nc contributions:

𝜎2 =


𝜎2

sc + 𝜎2
nc, 𝑇 < 𝑇c,

𝜎2
nc, 𝑇 ≥ 𝑇c.

(7.2)

In an isotropic type-II superconductor with GL parameter 𝜅 ≫ 1, 𝜎sc is related to
the material’s effective magnetic penetration depth 𝜆eff by replacing 𝜆L in Equa-
tion (2.41) [74, 82], where Φ0 = 2.068× 10−15 Wb is the magnetic flux quantum.4
In thin-film superconductors subjected to a magnetic field normal to their surface,
when the film thickness 𝑑 is smaller than the material’s (bulk) penetration depth
𝜆, 𝜆eff is given by the Pearl length [316]:

𝜆eff (𝑇) =
𝜆2(𝑇)
𝑑

, (7.3)

where we account for 𝜆’s 𝑇-dependence using the analytic approximation by Equa-
tion (2.16) with 𝑛 = 2,5 where 𝜆(0 K) is the penetration depth at 0 K and 𝑇c(𝐵0)
accounts for the suppression of the transition temperature in an applied field.6 We
treat this suppression empirically by inverting an analytic approximation for the
simplest solution to the Werthamer-Helfand-Hohenberg (WHH) [318] expression
for 𝐵c2 by Equation (2.49) [83], where, 𝑡 ≡ 𝑇c(𝐵)/𝑇c(0 T). Further details are given
in Section 7.6.3 of the Supplemental Material Section 7.6. We note that WHH the-
ory has been used describe the 𝑇-dependence of 𝐵c2 in Nb1–xTixN [265, 295] and
related materials (e.g., NbTi [317] and Nb3Sn [83]), implying the correctness of

4As Nb1–xTixN alloys exhibit small coherence lengths [253, 255, 267, 291] and large magnetic penetration depths [5,
100, 252, 256, 279, 289, 290], which together imply a large GL parameter.

5The form of Equation (2.16) with 𝑛 = 2 closely approximates the 𝑇-dependence predicted by Bardeen-Cooper-
Schrieffer (BCS) theory (see, e.g., [53]).

6Note that the exponent in Equation (2.16) is 2 here, unlike its more common value of 4 found in the two-fluid
model. This choice is intentional, as it better describes 𝜆(𝑇) in Nb1–xTixN [290] and NbTi [317].
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this choice here, where fitting our data to this expression yields 𝐵c2(0 K) = 18(4) T.
A fit of Equations (2.41), (2.49), (7.2) and (7.3) and Equation (2.16) with 𝑛 = 2

to the𝜎(𝑇) data is shown in Figure 7.4. In the fit, both the film thickness 𝑑 = 91 nm
and the applied field 𝐵0 = 4.1 T were fixed to their known values (see Section 7.2),
with all other parameters left free. The fit is in good agreement with the data,
with the optimal values for the free parameters summarized in Table 7.2. At this
juncture, we note the good agreement of the extracted𝑇c with the value identified by
magnetometry measurements (see Section 7.2.1), as well as the 𝜆(0 K) measured
in other films [5]. We shall consider these results further in Section 7.4.1.

Table 7.2: Fit parameters describing the temperature dependence of resonance linewidth’s Gaus-
sian component 𝜎 (shown in Figure 7.4) using Equations (2.41), (2.49), (7.2) and (7.3) and
Equation (2.16) with 𝑛 = 2. Here, 𝑑Nb0.75Ti0.25N is the thickness of the Nb0.75Ti0.25N thin film,
𝑇c(0 T) is the critical temperature at 0 T, 𝜆(0 K) is the penetration depth at 0 K, 𝜎nc is the Gaussian
width in the normal conducting state, 𝐵0 is the applied magnetic field, and 𝐵c2(0 K) represents
the upper critical field at 0 K. Both 𝑑Nb0.75Ti0.25N and 𝐵0 were determined independently and fixed
during fitting.

Parameter Value Unit Comment
𝑑Nb0.75Ti0.25N 91 nm fixed (from Section 7.2.1)
𝑇c(0 T) 15.4(7) K
𝜆(0 K) 180.57(30) nm
𝜎nc 540.1(19) µT
𝐵0 4.1 T fixed (from Section 7.2)
𝐵c2(0 K) 18(4) T

Besides the changes to the resonance lineshape induced by the superconducting
transition, we also quantified 8Li’s NMR shift 𝐾c in the film. Using the resonance
position in single crystal MgO with 𝐵0 ∥ (100) at 295 K as a reference [315], 𝐾c

(in ppm) is obtained using the expression (see, e.g., [319]):

𝐾c = 106
(
𝜈0/𝜁0 − 𝜈MgO/𝜁MgO

𝜈MgO/𝜁MgO

)
, (7.4)
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where the factor
𝜁𝑖 = 1 +

(
1
3
− 𝑁𝑖

)
𝜒𝑖 (7.5)

corrects for contributions from demagnetization,7 with 𝑁𝑖 denoting the demagne-
tization factor and 𝜒𝑖 denoting the material’s volume susceptibility. While details
of the full calculation can be found in Section 7.6.4 of the Supplemental Mate-
rial Section 7.6, we summarize the main results below. We find that 𝐾c varies
between +15 ppm to +35 ppm over the measured 𝑇-ranges. This magnitude is typ-
ical of 8Li in many materials [142, 304], but as is common with small NMR shifts,
corrections for demagnetization are a dominant contribution (+25.4 ppm here).8
This range of 𝐾c is small compared to other metals (see, e.g., [320]), suggesting
weak hybridization with the ternary alloy’s conduction band. We shall consider
this quantity further in Section 7.4.1.

7.3.2 SLR Spectra

Representative time-differential SLR data at various temperatures are shown in
Figure 7.5. At low temperatures the relaxation is very slow, approaching the
limit of what is measurable by 8Li due to its radioactive lifetime [142]. As the
temperature is raised, so too does the relaxation, though it remains slow compared
to other cubic metals (e.g., Ag [177] and Nb [321]), but comparable to other
metallic compounds where the probe’s hybridization with the conduction band is
weak [322–324]. Interestingly, this increase in relaxation is non-monotonic with
temperature, with a local maximum observed near ∼140 K. At all temperatures,
the SLR is non-exponential, as might be expected for a host with an abundance
of spin-active nuclei (see Table 7.1) and three-dimensional (3D) disorder (see,
e.g., [325]). We note that even in the absence of structural disorder from alloying,

7Note that the form of Equation (7.4) correctly accounts for the general case when both the sample and reference
have different magnetic susceptibilities and demagnetization factors.

8The “raw” (i.e., uncorrected) 8Li NMR shifts were measured to range from −10 ppm to +10 ppm.
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93Nb NMR of the end member NbN also displays non-exponential SLR [326],
suggesting the behaviour may be intrinsic.
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Figure 7.5: 8Li SLR data at various temperatures 𝑇 in Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb,
measured under a perpendicular applied field of 𝐵0 = 4.1 T. The shaded region indicates the
duration of the 8Li+ beam pulse (4 s). The data exhibit𝑇-dependent relaxation that is non-monotonic
with temperature, with a significant non-relaxing or very slow-relaxing component. The solid black
lines represent fits to a stretched exponential [Equation (7.6)] convoluted with the 8Li+ beam pulse
using a common stretching exponent 𝛽 (described in Section 7.3.2). The displayed data have been
binned by a factor of 20 for clarity.

To quantify these observations, we adopt a phenomenological approach used
to analyze other disordered metal-like compounds [323, 324] and fit the SLR data
using a stretched exponential model. Explicitly, for an 8Li ion implanted at time 𝑡′,
the spin polarization at a later time 𝑡 > 𝑡′ is given by:

𝑃(𝑡, 𝑡′) = exp

(
−

[
(𝑡 − 𝑡′)
𝑇1

] 𝛽)
, (7.6)

where 1/𝑇1 is the SLR rate (i.e., the reciprocal of the signal decays to 1/𝑒 of its
initial value) and 0 < 𝛽 ≤ 1 is the stretching exponent. This model provides a
simple yet effective fit to the data, while minimizing the number of free parameters.
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Figure 7.6: Temperature 𝑇-dependence of the 8Li SLR rate 1/𝑇1 in Nb0.75Ti0.25N(91 nm)/AlN
(4 nm)/Nb at 𝐵0 = 4.1 T. 1/𝑇1 varies nonmonotonically with temperature, with 𝑇-linear behavior
below ∼100 K that is modified by a Hebel-Slichter coherence peak below the film’s 𝑇c (see inset
for a detailed view). Near ∼140 K, a BPP peak is observed, while at higher temperatures 1/𝑇1
increases exponentially with increasing 𝑇 . The solid red line shows the fit to Equations (2.32),
(2.49) and (7.7) to (7.14) (described in Section 7.3.2), with the individual contributions from the
linear slope, BPP peak, and exponential rise shown as dotted lines. The green dash-dotted and blue
dashed curves show the expected Hebel-Slichter coherence peak for fixed ΓD = 0 and 0.1 meV,
respectively, using the same fit parameters.

To further avoid overparameterization, all SLR data were fit simultaneously using
Equation (7.6) convoluted with the 4 s beam pulse and a shared 𝛽 = 0.216(6).9
While this approach yields an excellent fit (reduced 𝜒2 ≈ 1.02), as pointed out
by others [327, 328], this choice has the caveat of imparting some temperature
dependence to 𝐴0. We assert that this choice does not impede the quantitation
of 1/𝑇1 and that this model provides a simple, accurate fit across all measured
conditions.10 We note that the small 𝛽 indicates a very broad distribution of rates,
and the relaxation could also be modeled as a sum of exponentials. However,

9This suggests a significant fraction of 8Li relax much more slowly than the fitted 1/𝑇1, likely due to weak coupling
to the electronic system in low-density or poorly metallic regions, beyond simple site-to-site Korringa variation.

10For example, sharing 𝐴0 instead of 𝛽 yields a very similar fit, with a virtually identical 𝑇-dependence to 1/𝑇1.
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the extra parameters required to define this relaxation lead to overparametrization.
The resulting 1/𝑇1 values in both normal and superconducting states are shown in
Figure 7.6.

Consistent with the above observations, the𝑇-dependence of 1/𝑇1 exhibits a rich
assortment of behavior. At temperatures below ∼100 K, 1/𝑇1 varies linearly with
𝑇 , typical of metallic systems [305]. Near the film’s 𝑇c, this linear proportionality
is modified, revealing a small Hebel-Slichter coherence peak [306, 307] that decays
exponentially to zero for 𝑇 ≪ 𝑇c. Such a feature is expected for an 𝑠-wave BCS
superconductor, but a rare observation by 8Li 𝛽NMR (see, e.g., [185]). Above
∼100 K, additional relaxation contributions appear superimposed on the 𝑇-linear
contribution. At ∼140 K, 1/𝑇1 goes through a local maximum, reminiscent of a
Bloembergen-Purcell-Pound (BPP) peak [329]. At higher temperature, the peak
vanishes and 1/𝑇1 increases exponentially, suggesting another distinct contribution
to the SLR.

With these qualitative features in mind, we now consider a quantitative model to
describe them. We postulate that the distinct 𝑇-dependencies of 1/𝑇1 correspond
to the presence of distinct relaxation mechanisms, with the measured SLR rate
corresponding to their sum. We make the ansatz that the rate contributions can be
added linearly:

1
𝑇1

=

(
1
𝑇1

)
e
+

(
1
𝑇1

)
BPP

+
(

1
𝑇1

)
exp
, (7.7)

where each (1/𝑇1)𝑖 term represents a specific contribution 𝑖. Here, we assign 𝑖 = e
to relaxation due to conduction electrons, 𝑖 = BPP to the BPP peak, and, 𝑖 = exp
to the exponential takeoff at high-𝑇 . We now consider the detailed form of each
mechanism.

The SLR in metallic systems is governed by spin-flip scattering “collisions”
between conduction electrons and the probe nuclear spins. The magnitude of this
contribution is proportional to the density of states (DOS) at the Fermi level 𝐸F,
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as well as the probe’s hybridization with the host’s conduction band, yielding a
relaxation rate that varies linearly with 𝑇 [305]. In BCS superconductors below
𝑇c, the condensation of Cooper pairs along with the opening of a gap in the DOS
at 𝐸F modifies this linearity, producing a coherence peak [306, 307] just below 𝑇c

and exponential decay of (1/𝑇1)e to zero as 𝑇 → 0 K (i.e., due to the freezing-out
of all cross-gap thermal excitations). Quantitatively, this can be described by (see,
e.g., [302, 330, 331]):

(
1
𝑇1

)
e
=


𝑚𝑇, 𝑇 > 𝑇c

𝑚𝑇 × 2
𝑘B𝑇

∫ ∞

0
𝑓 (𝐸) [1 − 𝑓 (𝐸′)] [𝑁s(𝐸)𝑁s(𝐸′) + 𝑀s(𝐸)𝑀s(𝐸′)]𝑑𝐸, 𝑇 ≤ 𝑇c

(7.8)
where 𝑚 is the so-called Korringa slope [305], 𝐸 and 𝐸′ = 𝐸 + ℏ𝜔0 are the
superconducting quasiparticle energies in their initial and final scattering states
(the latter defined by the NMR probe’s Larmor frequency), 𝑓 (𝐸) is Fermi function:

𝑓 (𝐸) = 1
exp [𝐸/(𝑘B𝑇)] + 1

,

𝑘B is the Boltzmann constant, 𝑁s(𝐸) denotes the superconducting DOS, and𝑀s(𝐸)
refers to the anomalous quasiparticle density arising from the coherence factor [302,
332]. These latter two quantities can be expressed as:

𝑁s(𝐸) = Re
{
(𝐸 − 𝑖ΓD)/[(𝐸 − 𝑖ΓD)2 − Δ2]1/2

}
, (7.9)

𝑀s(𝐸) = Re
{
Δ/[(𝐸 − 𝑖ΓD)2 − Δ2]1/2

}
, (7.10)

where Δ is the superconducting energy gap by Equation (2.32) [64] where Δ(0 K)
is the gap’s value at 0 K, and ΓD is an empirical broadening parameter (e.g.,
accounting for finite quasiparticle lifetimes) [66]. Additionally, the dependence of
𝑇c under an applied magnetic field follows the same relationship as described in
Equation (2.49), and also quantifies the 𝐵c2 independently.
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We now consider the SLR contribution from the BPP peak. Quite generally,
a local maximum in the SLR rate manifests when the correlation rate 𝜏−1

c of the
fluctuating interaction causing the relaxation matches the probe’s Larmor frequency
[see Equation (4.5)]. Far away from this “resonance,” the contribution to the
relaxation is negligible, leaving a “peak” that is superimposed atop the other SLR
contributions. Explicitly, this contribution can be described by [329, 333]:(

1
𝑇1

)
BPP

= 𝑐(𝐽1 + 4𝐽2) (7.11)

where 𝑐 is a coupling constant proportional to the mean-squared transverse fluctu-
ating field, and 𝐽𝑛 is the 𝑛-quantum NMR spectral density function [333]:

𝐽𝑛 =
𝜏c

1 + (𝑛𝜔0𝜏c)2 . (7.12)

As𝜔0 is fixed in the measurements, the temperature dependence of Equation (7.11)
arises from 𝜏−1

c , which we assume follows an Arrhenius form:

𝜏−1
c = 𝜏−1

0 exp [−𝐸A/(𝑘B𝑇)] , (7.13)

where 𝜏−1
0 is the attempt frequency, and 𝐸A is the activation energy. Note that these

expressions are agnostic the source of the (thermally activated) dynamics causing
the relaxation “peak.”

Finally, we consider a model for the growth of the SLR observed for 𝑇 ≳ 200 K.
Recalling the exponential-like take-off noted above, we describe this behavior
empirically using: (

1
𝑇1

)
exp

≈ 𝑔 exp
[
−𝐸exp/(𝑘B𝑇)

]
, (7.14)

where 𝑔 is a prefactor, 𝐸exp is the activation energy. Note that the form of Equa-
tion (7.14) is identical to Equations (7.11) to (7.13) in the “slow fluctuating” limit
(i.e., when 𝜏−1

c ≪ 𝜔0).
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Combining the above models [Equations (2.32), (2.49) and (7.7) to (7.14)], we
fit the 1/𝑇1 vs. 𝑇 data shown in Figure 7.6. For consistency with the lineshape
analysis in Section 7.3.1, we fixed both 𝑇c(0 T) and 𝐵c2(0 K) at the values listed in
Table 7.2. Similarly, we fixed ΓD at 0.02 meV to mitigate its strong correlation with
Δ(0 K) (i.e., the present data lacks to the precision to simultaneously identify both
quantities).11 We note that this value small compared to what is expected from PCT
(see Section 7.2.1); however, it is consistent with the range reported by others [298,
334, 335]. This (empirical) restriction notwithstanding, our approach enables a
robust description of 1/𝑇1’s 𝑇-dependence across both Nb1–xTixN’s normal and
superconducting states, with the resulting fit in good agreement with the data (see
Figure 7.6). Values of the extracted fit parameters are summarized in Table 7.3.
We will return to considering these results in Section 7.4.2.

7.4 Discussion

The 8Li 𝛽NMR data presented in Section 7.3 display a rich range of behavior. At
temperatures below ∼100 K, the NMR response is metallic, with the most salient
features occurring at or below the superconducting transition, where significant
lineshape broadening coincides with a coherence peak in the SLR. At higher
temperatures, the lineshape remains 𝑇-insensitive, while the SLR is dominated by
additional sources of relaxation, deviating significantly from the 𝑇-linear Korringa
response. Following this dichotomy, we divide our discussion into two parts. First,
we consider the low-𝑇 metallic behavior in Section 7.4.1, followed by the dynamics
observed at higher temperatures in Section 7.4.2.

11Alternatively, ΓD can be determined by fixing Δ(0) = 2.49(29) meV, as obtained from PCT, yielding ΓD =

0.039(12) meV. The consistency of both parameters—regardless of which is fixed—demonstrates the robustness of
the fit and agreement with independent PCT results.
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Table 7.3: Fit parameters describing the temperature dependence of the SLR rate 1/𝑇1 (shown
in Figure 7.6) using Equations (2.32), (2.49) and (7.7) to (7.14). Here, Δ(0 K) represents the
superconducting gap at 0 K, 𝑇c(0 T) is the critical temperature at 0 T, ℏ𝜔0 corresponds to the final
scattering state associated with the 8Li NMR frequency, ΓD is the broadening parameter, 𝑚 is the
Korringa slope, 𝐵0 is the applied magnetic field, 𝐵c2(0 K) is the upper critical field at 0 K, 𝜏−1

0 and
𝐸A are the Arrhenius prefactor and activation energy from Equation (7.13), 𝑐 is a coupling constant,
while 𝑔 and 𝐸exp are the prefactor and activation energy from Equation (7.14). The values of ℏ𝜔0,
𝐵0, 𝑇c(0 T) and 𝐵c2(0 K) are fixed, as the first two quantities are known independently, while the
latter two are determined from resonance linewidth analysis (Table 7.2).

Parameter Value Unit Comment
Δ(0 K) 2.60(12) meV
𝑇c(0 T) 15.4 K fixed (from Table 7.2)
ℏ𝜔0 1.1 × 10−4 meV fixed (from Section 7.2)
ΓD 0.02 meV fixed (from Refs. [298, 334, 335])
𝑚 12.7(6) × 10−6 s−1 K−1

𝐵0 4.1 T fixed (from Section 7.2)
𝐵c2(0 K) 18 T fixed (from Table 7.2)
𝑐 0.50(5) × 106 s−2

𝜏−1
0 1 × 1012 s−1 fixed (see Section 7.4.2)
𝐸A 0.0968(14) eV
𝑔 0.6 s−1 fixed (see Section 7.4.2)
𝐸exp 0.1011(15) eV

7.4.1 Metallic & Superconducting Response

To start this section, we proceed with a discussion of the resonance lineshapes,
whose salient feature is a broadening upon transition to the vortex state below
𝑇c. From the analysis in Section 7.3.1, we find that 𝜆(0 K) = 180.57(30) nm for
our film, in excellent agreement with a direct measurement using LE-𝜇SR [5] and
comparable to a crude estimate made for different Nb1–xTixN stoichiometries [252].
Other studies have reported values where 𝜆 ≳ 200 nm [256, 279, 289, 290],
suggesting that our measurement is likely closer to the alloy’s intrinsic value (i.e., its
London penetration depth 𝜆L ∼ 150 nm [94]). While 𝜆L value is not well-defined,
we may use it to estimate the GL parameter 𝜅 for our film via Equation (6.12) [55,
336], which makes use of the relationship between Φ0 and the coherence lengths
within BCS (𝜉0) and GL theory. Using the values for 𝜆(0 K) and 𝜆L noted above,
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along with 𝜉0 = 2.4(3) nm [253], Equation (6.12) yields 𝜅 = 100(12), placing
our film in the extreme type-II limit. While a value on this order is typical of
Nb1–xTixN, we note that it justifies our use of Equation (2.41), which requires
𝜅 ≳ 70.

Similar to 𝜆, the extracted critical temperature 𝑇c(0) = 15.4(7) K from the
lineshape analysis agrees with the magnetometry measurements (see Section 7.2.1
and Section 7.6.2 of the Supplemental Material Section 7.6) and range expected
for our film’s stoichiometry [251, 252, 265, 266]. Given Nb1–xTixN’s variability
in properties, particularly with synthesis and form (see Section 7.1), this level of
agreement is encouraging. Unique to our analysis approach though, is using 𝑇c’s
suppression by 𝐵0 to make an estimate of our film’s upper critical field 𝐵c2(0 K).
This value turned out to be 18(4) T, which has a high relative uncertainty (∼22 %),
largely due to 𝐵c2’s strong correlation with 𝑇c(0 T). Nonetheless, its value is
consistent with the range reported by others [267, 291, 294, 295]. To further
validate this estimate, we calculate the 𝜉GL by re-arranging Equation (2.46) [55],
which yields 𝜉GL(0 K) = 4.3(5) nm, in excellent agreement with prior reports [253,
267, 291], further suggesting the reliability of our analysis approach.

We now turn our attention to the Knight shifts 𝐾c extracted from the reso-
nance data. As noted in Section 7.3.1, 𝐾c is small and positive, ranging from
+15 ppm to +35 ppm over the measured temperature range. The observed shift
arises from a (presumably isotropic) contact hyperfine interaction, stemming from
the hybridization of 8Li+’s vacant 2𝑠 orbital with Nb1–xTixN’s conduction band.
This weak coupling is a general feature of 8Li 𝛽NMR, and similar observations
have been noted for other cubic metals (see, e.g., [320]). While this static (i.e.,
time-average) contribution of the contact interaction gives rise to the resonance
shift, its dynamic (i.e., time-dependent) component dominates 8Li’s low-𝑇 SLR,
which we consider below.

The 𝑇-linear relaxation observed below ∼100 K is one of the hallmarks of the
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metallic state probed by NMR [152, 305]. Over this temperature range, a linear
fit with zero intercept yields a slope 𝑚 = 12.7(6) × 10−6 s−1 K−1. This value is
surprisingly small and at least an order of magnitude less than in other cubic metals
(cf. [320]). From relaxation in metals, this slope may be written as [152, 305]:

𝑚 ≡ 1
𝑇1𝑇

=
2𝜋𝑘𝐵
ℏ

𝐴2𝜌𝑒 (𝐸)2, (7.15)

where 𝑘B is the Boltzmann constant, ℏ is the reduced Planck constant, 𝐴 is the
hyperfine coupling (in units of energy), and 𝜌𝑒 (𝐸) is the electronic DOS. It follows
from Equation (7.15) that two sources can contribute to a small 𝑚: a small 𝐴
or a small 𝜌𝑒 (𝐸) (or both). Given the metallic nature of Nb1–xTixN [267, 292],
the implication of this means that a small hyperfine coupling is the most probable
source for the small𝑚, but note that a small 𝐴 is also unexpected given Nb1–xTixN’s
structure (see Figure 7.1). That is, in the rocksalt structure there are a limited
number of sites for implanted 8Li+ that could facilitate this (cf. the van der Waals
gap in layered chalcogenides [322–324]). Noting the absence of quadrupolar
splittings to our resonance data (see Figure 7.3), symmetry constrains the possible
candidates. We suggest the most plausible interstitial position to be the Wyckoff
8𝑐 site i.e., the tetrahedral interstitial sites in the face-centred cubic (FCC) lattice,
situated in the center of the sub-cubes within the alloy’s unit cell (see Figure 7.1),
but note that 8Li+ may simply be substitutional for Nb/Ti in Wyckoff site 4𝑎. The
small𝑚 is even more surprising when one considers the (intrinsic) disorder present
in the film, which generally increases its value [337, 338].

Further insight into the film’s metallic behavior can be inferred from considering
𝐾c and 𝑚 in unison. Following a so-called Korringa analysis, we compute the
(dimensionless) Korringa ratio [152, 321]:

K ≡ (𝐾c)2𝑇1𝑇

S , (7.16)
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where S is a constant specific to the NMR probe nucleus (S ≈ 1.20 × 10−5 s K
for 8Li). Using our measured value for 𝑚, along with 𝐾c(270 K) = 14.0(13) ppm,
we obtain K = 1.29(25).12 In the limit that the conduction electrons are non-
interacting, one expects K = 1; however, deviations from this can indicate
(anti)ferromagnetic electronic correlations and are often encountered for weakly
interacting systems [152] (see, e.g., [320]). Alternatively, a K > 1 may be under-
stood in terms of an enhancement factor 𝜂 resulting from disorder [337, 338]:

Kmeasured = K𝜂,

caused by, for example, an increased residence time of the conduction electrons
at the probe’s site. Assuming electronic correlations in our film are negligible, an
𝜂 ≈ 1.3 at 270 K is implied. While this is quite modest on the scale of (disordered)
conductors, it agrees with predictions (see, e.g., the “Warren plot” in Ref. [337])
based on our film’s conductivity inferred from measured resistivity using four-
point probe method (see Section 7.6.1 of the Supplemental Material Section 7.6).
Despite the film’s intrinsic disorder, the above suggests that its electronic behavior
is consistent with nearly-free electrons, but close to the crossover to diffusive
transport.

Having discussed the metallic SLR in the film’s normal state, we now consider
its modification below the superconducting transition, whose main feature is the
Hebel-Slichter coherence peak [306, 307] below 𝑇c (see the inset in Figure 7.6).
While such an observation is rare for 𝛽NMR (see, e.g., 8Li SLR in NbSe2 [185]),
its presence is not unexpected. For example, such a feature is also observed in the
93Nb NMR of the alloy’s end member NbN [326, 339]. One might anticipate that
Nb1–xTixN’s intrinsic disorder may suppress such a feature, but given the alloy’s
modest enhancement factor 𝜂 (see above), any suppression is likely minimal [340,

12If different values were chosen, such as 𝐾c (20 K) = 22.5(14) ppm or 𝐾c (120 K) = 20.3(13) ppm, the correspond-
ing Korringa ratios would be K = 3.4(5) and K = 2.7(4), respectively.
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341]. While our data is in good qualitative agreement with the theoretical de-
scription outlined in Section 7.3.2, it does not provide a perfect match. Notably,
a rise in 1/𝑇1 is observed above the onset of film’s (average) 𝑇c. Indeed, trans-
port measurements of a similarly prepared sample on an Al2O3 substrate show a
sharp transition at approximately 15 K, but with a small deviation beginning earlier
around ∼16 K [48], suggesting a range of 𝑇c values. While the relaxation model
captures the most prominent 𝑇c, the SLR data appear much more sensitive to this
distribution of transition temperatures than the resonance measurements (see Sec-
tion 7.3.1). The precise reason for this is unclear; however, we remark that these
deviations are small and that the SLR model does an excellent job of describing
the data below the film’s “characteristic” 𝑇c. As will be clear below, this aberration
does affect our ability to quantify parameters governing the coherence peak.

Following Equations (2.32) and (7.8) to (7.10), the magnitude of the Hebel-
Slichter coherence peak is dictated primarily by two quantities: a zero-temperature
gap Δ(0 K) = 2.60(12) meV,13 and a Dynes [66] broadening parameter ΓD =

0.02 meV. The extracted gap agrees with PCT measurements on similarly prepared
samples (see Section 7.2.1). In contrast, the smaller ΓD value inferred from 𝛽NMR
differs from the PCT value of 0.10(6) meV, which is too large to account for
the magnitude of the coherence peak (see Figure 7.6). This discrepancy could
reflect differences in each technique’s spatial sensitivity [PCT is only sensitive to
depths up to ∼10 nm, but has micrometer lateral resolution; 𝛽NMR has sensitivity
to depths up to ∼60 nm (see Figure 7.2), but averages over lateral distances on
the order of millimeters (i.e., the 8Li+ beam’s spot size)]. The 𝛽NMR value of
ΓD agrees with the 0.015 meV to 0.02 meV range reported for Nb1–xTixN thin-
film coplanar waveguide resonators, where a Dynes broadening parameter ΓD was
required in Mattis-Bardeen [342] fits to microwave transmission measurements at

13This value reflects a spatial average over many vortex unit cells within the ∼3 mm 𝛽NMR beam spot. Given
the short GL coherence length 𝜉GL = 4.3(5) nm, the vortex cores occupy a negligible volume fraction, so the spatial
variation of Δ in the mixed state can be neglected.
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100 mK [298, 334, 335]. We note that without the broadening term (i.e., ΓD = 0)
the coherence peak is much too sharp relative to the data (see Figure 7.6).

Using the values of ΓD and Δ(0 K), the dimensionless ratio ΓD/Δ(0 K) =

7.68(34) × 10−3 was obtained, serving as a sensitive metric for quantifying disor-
der within the superconducting film. This value is consistent with tunneling studies
on disordered films of Nb1–xTixN’s end members NbN [343] and TiN [344], and
implies small disorder in the crystal lattice. The film’s room temperature resis-
tivity of 124 µΩ cm (see Supplemental Material Section 7.6 Section 7.6.1) further
supports this, exceeding the >100 µΩ cm threshold for disorder reported in [299].
A corresponding ΓD/Δ(0 K) = 0.040(24) extracted from PCT measurements, ap-
pears larger due to its higher absolute ΓD, but still overlaps with the 𝛽NMR result.
These results suggest that ΓD at the surface is higher compared to that in the bulk
of the film. The modest peak suppression and the overall agreement with the relax-
ation model [Equations (2.32) and (7.8) to (7.10)] is suggestive of 𝑠-wave symmetry
of the Cooper pairs, consistent with other reports [299]. Returning to the zero-
temperature gap, upon combining Δ(0 K) with the 𝑇c(0 T) determined from the
resonance lineshape analysis we obtain a gap ratio 2Δ(0 K)/𝑘B𝑇c(0 T) = 3.92(25).
This value aligns well with the 3.53 to 5 range reported in the literature [274–279,
289, 290, 296–298], and matches with values observed for films of similar stoi-
chiometry [277]. This ratio is also consistent with the BCS strong-coupling limit,
as well as other reports on Nb1–xTixN [289, 297]. Overall, our measured parame-
ters—including𝑇c(0 T), 𝜆(0 K), 𝐵c2(0 K), Δ(0 K), and ΓD—show good agreement
with independent measurements detailed in the Supplemental Material Section 7.6
and the literature reviewed in Section 7.1.

With the alloy’s superconducting properties established, it would be interesting
in the future to study how they translate into preventing magnetic-flux-nucleation
in SIS heterostructures.14 Similar 8Li 𝛽NMR measurements have been done on

14Particularly in ellipsoidal samples, which prevent field penetration from both sides of the superconducting layers
and ensure a uniform magnetic response, making them a relevant proxy for SRF cavities.
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“bare” and “baked” Nb [147] using a purpose-built 𝛽NMR spectrometer [3]. Such
measurements would complement the findings of Ref. [5], but under conditions
closer to those of state-of-the-art accelerator cavities [203].

7.4.2 High-𝑇 Dynamics

Similar to Section 7.4.1, we first discuss the 8Li resonance at high temperatures.
Above 𝑇c, the lineshape is approximately 𝑇-independent, characterized by a field
distribution width 𝜎n = 540.1(19) µT (see Figures 7.3 and 7.4). The absence
of any pronounced linewidth reduction at elevated temperatures (i.e., “motional
narrowing” [152]) immediately rules out long-range translational dynamics as the
source of the dominant SLR contributions above ∼100 K. While it is difficult to
be conclusive about their origin, we consider some possibilities below.

To begin, we consider the BPP at ∼140 K (see Figure 7.6). The fit of this
peak to the model given by Equations (7.11) to (7.13) is characterized by three
main terms: a coupling constant 𝑐 = 0.50(5) × 106 s−2, an activation barrier
𝐸A = 0.0968(14) eV, and an assumed attempt frequency 𝜏−1

0 = 1012 s−1 (see
Table 7.3), the latter being comparable to optical phonon frequencies. Consistent
with the absence of “motional narrowing,” the small 𝐸A is incompatible with 8Li+

diffusion, which is typically characterized by a larger energy barrier (in all but the
most exceptional lithium-ion conductors). This is reasonable based on Nb1–xTixN’s
structure (see Figure 7.1), and the (nominal) ionic valence of its atomic constituents.
Thus, the kinetic process causing relaxation must be highly localized. We shall
hold off on speculating its origin for the time being, but note that the magnitude
of the coupling term 𝑐 is also rather small. This is surprising given Nb1–xTixN’s
dense spin concentration (see Table 7.1); however, the dynamic component of the
local field may have an origin distinct from the static component (cf. the 8Li 𝛽NMR
in Bi [345]).

We now consider the monotonic increase in 1/𝑇1 above ∼200 K, which is
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empirically described by an Arrhenius-like relation [Equation (7.14)]. As noted in
Section 7.3.2, Equations (7.11) to (7.13) reduce to this expression in the limit that
𝜏−1

c ≪ 𝜔0, emphasizing its similarity with the BPP peak. This SLR component
is governed by an activation energy 𝐸exp = 0.1011(15) eV and a fixed prefactor
𝑔 = 0.6 s−1 (assigned empirically). The similarity of 𝐸exp to 𝐸A is remarkable and
possibly suggests a connection between the two. Much like 𝐸A, 𝐸exp’s magnitude
is suggestive of a localized kinetic process. A closer comparison with the former’s
kinetic details is, however, hampered by our ability to precisely identify 𝑔, which
is only correct to an order-of-magnitude. This is often the case for fits in the “slow
fluctuating” limit, where the coupling term is inseparable from the (apparent)
prefactor. A crude calculation using 𝑐’s magnitude suggests the 𝑔 is equivalent to
a 𝜏−1

0 on the order of ∼106 s−1, which is too low to be physical. While the kinetic
process’ true prefactor remains uncertain, we may infer that the coupling term for
this likely exceeds 𝑐 by several orders-of-magnitude.

Having discussed the high-𝑇 relaxation details, we now consider their possible
origin. The observed relaxation may plausibly arise from several distinct micro-
scopic processes. One possibility is from annealing of damage caused by 8Li+

implantation, which creates Frenkel pairs (i.e., a vacancy and an interstitial defect)
that may induce local atomic rearrangements, potentially involving a site-change
transition of the probe ion. Another is the implantation-induced displacement of
residual nitrogen atoms, leading to the formation of molecular N2 whose ther-
mally activated rotational or vibrational modes could weakly couple to the 8Li
spin system. A further possibility is the annealing of Ti/Nb interstitials, whose
thermally activated migration to vacant 4𝑎 sites is supported by similar activa-
tion energies, reflecting their comparable ionic sizes and charges. Identifying the
dominant origin among these possibilities is beyond the scope of this work, and
further experimental studies are required to test these ideas. Additional SLR mea-
surements at different applied fields may help refine our parameterization of the
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underlying kinetic processes. Central to this may be identifying 8Li’s stopping site,
which, for a dense spin system like Nb1–xTixN, may be accomplished by search-
ing for avoided level-crossing resonances (ALCRs) over a wide range of applied
fields (see, e.g., [346]). A recently upgraded 𝛽NMR spectrometer at TRIUMF is
well-suited for this purpose [3].

7.5 Conclusion

Using implanted-ion 8Li 𝛽NMR as a local space probe, we investigated the super-
conducting and normal-state properties of a Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb
thin film between 4.6 K ≤ 𝑇 ≤ 270 K in a 4.1 T field perpendicular to its sur-
face. Resonance measurements revealed a broad lineshape in the normal state
that (symmetrically) broadens below 𝑇c due to FLL formation in the vortex state.
From a fit to a broadening model, we find a superconducting transition temperature
𝑇c(0 T) = 15.4(7) K, an upper critical field 𝐵c2(0 K) = 18(4) T, and a magnetic
penetration depth 𝜆(0 K) = 180.57(30) nm, in good agreement with independent
measurements and estimates from the literature. SLR measurements find a metal-
lic response at low-𝑇 with a Korringa slope 𝑚 = 12.6(6) × 10−6 s−1 K−1, which
is modified by below 𝑇c by a Hebel-Slichter coherence peak characterized by a
superconducting gap Δ(0 K) = 2.60(12) meV and a Dynes broadening parameter
ΓD = 0.02 meV. These findings yield a gap ratio 2Δ(0 K)/𝑘B𝑇c(0 T) = 3.92(25),
consistent with strong-coupling behavior for the ternary alloy. These supercon-
ducting properties measured in thin films (not accessible by conventional NMR) are
relevant for technological applications. In the future, it would be interesting to test
explicitly how these properties translate into preventing magnetic-flux penetration
in SIS heterostructures (e.g., for SRF cavity applications).
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7.6 Supplemental

7.6.1 Structural and Thin Film Characterization

The Nb1–xTixN/AlN bilayer was deposited on a Nb substrate using thermal ALD
in a custom-built reactor at CEA Saclay. ALD is a chemical-phase film depo-
sition technique based on sequential, self-limiting gas-surface reactions, enabling
atomic-scale thickness control. During this process, two or more chemical pre-
cursors are introduced to the surface separately, one at a time, following a cyclic
sequence [311].

As mentioned in Section II A, the film stoichiometry is x = 0.25, correspond-
ing to Nb0.75Ti0.25N. The optimization of film properties was characterized using
a similarly prepared Nb0.75Ti0.25N (50 nm)/AlN (∼10 nm)/Al2O3 sample [48], as
summarized here. The thickness was determined by x-ray reflection (XRR) us-
ing a Rigaku Smartlab diffractometer with Cu K-𝛼 radiation. The as-deposited
film exhibited a normal-state resistivity of ∼225 µΩ cm and a critical temperature
𝑇c ≈ 7 K, measured via the standard four-point probe method. This 𝑇c is signif-
icantly lower than the typical value of ∼15 K, consistent with a reduced lattice
constant 𝑎 ≈ 4.25 Å (measured by Grazing incidence x-ray diffraction (GIXRD))
and density 6.5 g cm−3 (measured by XRR). These reduced values are attributed to
a nitrogen-rich growth environment, where TiCl4 and NbCl5 react with NH3 [48],
resulting in excess nitrogen, lattice distortion, and reduced crystallinity. Annealing
improves crystallinity and superconducting properties of nitride films [347, 348].
By removing excess nitrogen, annealing resulted in lower resistivity ∼100 µΩ cm,
higher 𝑇c ≈ 14 K, increased lattice constant 𝑎 ≈ 4.31 Å, and density of 6.6 g cm−3.

The optimal annealing protocol involved heating to 800 ◦C at 6 ◦C min−1, then to
900 ◦C at 18 ◦C min−1, followed by immediate cooling using the same ramps with-
out holding at 900 ◦C. This procedure was applied to fabricate our Nb0.75Ti0.25N
(91 nm)/AlN(4 nm)/Nb sample. Further film properties were characterized on a
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witness Nb0.75Ti0.25N (91 nm)/AlN(4 nm)/Al2O3 sample. Figure 7.7 represents fit-
ting the XRR measurements yielded a Nb0.75Ti0.25N density of 6.5 g cm−3 and an
AlN thickness of 4 nm with a density of 3.26 g cm−3. GIXRD confirmed a cubic
𝐵1 structure with lattice parameter 𝑎 = 4.313 Å, as shown in Figure 7.8. The
resistivity of the Nb0.75Ti0.25N film was measured to be 124 µΩ cm on the same
witness sample using a standard four-point probe method.
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Figure 7.7: XRR measurement of the Nb0.75Ti0.25N(91 nm)/AlN(4 nm)bilayer deposited on an
Al2O3 substrate. Experimental data (red curve) and the corresponding fit model (black curve) are
shown.

7.6.2 Superconducting Properties Characterization

The superconducting critical temperature 𝑇c was measured using VSM, which
detects the “bulk” magnetization as a function of temperature, identifying 𝑇c by
the sharp drop in magnetization as the sample enters the Meissner state. For
the Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Al2O3 sample, a clear superconducting tran-
sition was observed at approximately 15 K (see Figure 7.9(a)). In contrast, the
Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb multilayer exhibited two distinct transitions:



173

30 40 50 60 70 80
2  (°)

101

102

103

104

Co
un

ts
 (a

.u
.) Nb0.75Ti0.25N

(111)

Nb
(110)

Nb0.75Ti0.25N
(200)

Nb
(200)

Nb0.75Ti0.25N
(220)

Nb
(211)

Nb0.75Ti0.25N
(311)

Nb0.75Ti0.25N
(222)

Figure 7.8: GIXRD pattern of the Nb0.75Ti0.25N/AlN/Nb multilayer structure. From the measured
diffraction peak positions, the lattice parameter was determined to be 𝑎 = 4.313 Å. The diffraction
peaks corresponding to the Nb0.75Ti0.25N film (shown in blue) indexed according to the cubic 𝐵1
NaCl-type structure. The prominent reflections appear at positions consistent with the (111), (200),
(220), (311), and (222) planes of Nb0.75Ti0.25N. Peaks corresponding to the Nb substrate (shown in
black) indexed as (110), (200), and (211) reflections, confirming FCC structure of the space group
𝐹𝑚3̄𝑚 as expected. The logarithmic intensity scale highlights both strong and weak reflections
across the range of 2𝜃 values from 30◦ to 80◦.

a first at 15 K, attributed to the Nb0.75Ti0.25N layer, and a second at 9.3 K, corre-
sponding to the Nb substrate, as shown in Figure 7.9(b).

The surface superconducting properties were characterized on similarly pre-
pared Nb0.75Ti0.25N(50 nm)/AlN(6 nm)/Nb multilayer structure using PCT, fol-
lowing the methodology described in Ref. [313]. This technique is a powerful and
sensitive probe of the DOS in superconducting materials and has recently been ap-
plied in SRF contexts to reveal metallic inclusions and crystalline inhomogeneities
in niobium surfaces [314]. In our setup, junctions were formed by approaching the
sample surface with an Al tip, creating a superconductor-insulator-normal (SIN)
junction where the insulator is the oxide layer on the sample surface. The PCT
system used in this study is capable of measuring junction resistances spanning
from a quasi-ohmic regime (a few hundred Ω) to a tunneling regime (up to 1 GΩ),
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Figure 7.9: Superconducting transition temperature 𝑇c measurements using VSM for (a) the
Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Al2O3 sample, showing a single transition at 15 K, and (b) the
Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb sample, displaying two transitions at 15 K and 9.3 K. The
dashed lines indicate the corresponding 𝑇c values in each plot.

while enabling lateral mapping of superconducting properties over areas ranging
from tens of µm2 to several mm2. In the tunneling regime, the current 𝐼ns flowing
between a normal (n) metal electrode (in this case, an Al tip) and a superconducting
(s) sample (e.g., a Nb0.75Ti0.25N film) through an insulator (i.e., the oxide layer on
the surface which is thin and formed during deposition) is measured as a function
of the applied bias voltage 𝑉 . The resulting PCT spectra provide information
about the superconducting DOS. To quantitatively interpret these measurements,
the data were analyzed using the standard expression for the differential tunneling
conductance, expressed as:

𝑑𝐼ns(𝑉)
𝑑𝑉

∝
∫ ∞

−∞
𝑁s(𝐸)

(
−𝜕 𝑓 (𝐸 + 𝑒𝑉)

𝜕 (𝑒𝑉)

)
d𝐸, (7.17)

where 𝑁s(𝐸) is the superconducting DOS, and 𝑓 (𝐸) is the Fermi-Dirac distribution
function. Here the superconducting DOS, 𝑁s(𝐸), was modeled using the Dynes
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formula [66] given by Equation (2.34).
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Figure 7.10: Representative tunneling conductance spectra measured on the Nb0.75Ti0.25N(46 nm)
/AlN(8 nm)/Nb multilayer sample at 1.8 K within a 100 µm × 100 µm area. Closed circles are
measured data points, while solid lines represent fit to the data using Equations (2.34) and (7.17).
The data illustrate the range of junction behaviors observed: two with smaller superconducting
gaps (top), two characteristic of ideal Nb0.75Ti0.25N spectra (middle), and two exhibiting enhanced
subgap conductance (bottom). Solid lines represent fits to the Dynes formula. The extracted
parameters (Δ, ΓD) in meV, from top to bottom, are: (1.44, 0.25), (1.56, 0.10), (2.74, 0.02), (2.75,
0.06), (2.74, 0.19), and (2.61, 0.143).

A total of approximately 100 junctions were measured within a 100 µm×100 µm
area at 1.8 K. Representative tunneling conductance spectra alongside Dynes fits
are presented in Figure 7.10. The data reveal a range of junction behaviors: some
with smaller superconducting gaps (two top curves), some consistent with ideal
Nb0.75Ti0.25N spectra (middle two curves), and others showing subgap conductance
features (bottom two curves), which may arise from magnetic impurities or local
stoichiometric fluctuations within the Nb0.75Ti0.25N film.

The statistical distributions of Δ and ΓD, extracted from Dynes fits, along with
their spatial maps, are shown in Figure 7.11. The histogram of Δ values was
fitted with a Gaussian function (solid line in Figure 7.11(a)), yielding a distribution
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Figure 7.11: Statistics of the superconducting gap Δ and Dynes broadening parameter ΓD were
extracted from fits to tunneling conductance spectra measured at 1.8 K. (a) Histogram of the Δ,
with a Gaussian fit (solid line) giving a mean value of Δ = 2.49(29) meV. (b) Histogram of ΓD,
fitted with a Gamma distribution (solid line), yielding a mean value of 0.10(6) meV. (c) Spatial
map of Δ and (d) spatial map of ΓD across the sample surface. Black dots indicate the positions
of individual tunnel junctions. The color bars reflect the local values of Δ and ΓD, revealing the
spatial distribution.

centered at 2.49(29) meV. Similarly, the distribution of ΓD values was fitted with
a Gamma distribution (solid line in Figure 7.11(b)), resulting in a mean value of
0.10(6) meV. The corresponding spatial maps ofΔ and ΓD (shown in Figure 7.11(c,
d)) reveal some local variations of superconducting properties.

Additionally, temperature-dependent measurements of the superconducting en-
ergy gap Δ(𝑇) were performed at two distinct locations on the sample, as displayed
in Figure 7.12. In both cases, the temperature evolution of the gap closely fol-
lows the expected BCS behavior, yielding 2Δ(0 K)/𝑘B𝑇c(0 T) = 4.5(13) in Fig-
ure 7.12(a) and 2Δ(0 K)/𝑘B𝑇c(0 T) = 3.8(5) in Figure 7.12(b) confirming conven-
tional 𝑠-wave superconductivity in the Nb0.75Ti0.25N layer.
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Figure 7.12: 𝑇 dependence of the Δ measured by PCT spectroscopy on the Nb0.75Ti0.25N/AlN
/Nb multilayer sample at two different locations. Black circles represent the extracted Δ(𝑇) values
obtained by fitting the differential conductance spectra at each temperature using Equations (2.34)
and (7.17). The solid red lines correspond to fits using Equation (2.32) of the main text, yielding
2Δ(0 K)/𝑘B𝑇c(0 T) = 4.5(13) in (a) and 3.8(5) in (b), indicating slight spatial variations. The insets
show representative normalized tunneling conductance spectra at select temperatures, highlighting
the superconducting gap and coherence peaks.

7.6.3 Magnetic Field Suppression of 𝑇c

Key to our analysis of the 8Li 𝛽NMR data is accounting for the well-known
suppression of the superconducting transition temperature 𝑇c in a static magnetic
field 𝐵0. As mentioned in Section III A, we treat this quantitatively by inverting
an empirical expression for 𝐵c2 derived from WHH theory [83, 318], with explicit
steps given below.

Starting from Equation (9) of the main text, we re-arrange it into the form of a
depressed quartic expression:

𝑢4 + 𝑝𝑢2 − 𝑞𝑢 + 𝑟𝑏 = 0, (7.18)
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where we have used the substitutions:

𝑢 ≡ 1 − 𝑡,

𝑏 ≡ 𝐵0

𝐵c2(0)
,

𝑝 ≡ −0.153
−0.152

,

𝑞 ≡ 1
−0.152

,

𝑟 ≡ −0.693
−0.152

.

To solve Equation (7.18), we first write it as:

𝑢4 = −𝑝𝑢2 + 𝑞𝑢 − 𝑟𝑏,

whereafter we introduce an auxiliary term 𝑦 that makes both sides of this expression
perfect squares. While the left-hand side may be rewritten using:

(𝑢2 + 𝑦)2 − (2𝑦 − 𝑝)𝑢2 − 𝑞𝑢 − (𝑦2 − 𝑟𝑏) = 0,

for the right-hand side to be a perfect square the condition:

𝑦2 − 𝑟𝑏 =
𝑞2

4(2𝑦 − 𝑝)

must hold. Upon substitution, it can be shown that:

(𝑢2 + 𝑦)2 −
(
𝑢
√︁

2𝑦 − 𝑝 + 𝑞

2
√︁

2𝑦 − 𝑝

)2

= 0.
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This leads to four possible solutions for 𝑢:

𝑢1± =
1
2

(
−
√︁

2𝑦 − 𝑝 ±
√︄

2𝑦 − 𝑝 − 4𝑦 − 2𝑞√︁
2𝑦 − 𝑝

)
𝑢2± =

1
2

(√︁
2𝑦 − 𝑝 ±

√︄
2𝑦 − 𝑝 − 4𝑦 + 2𝑞√︁

2𝑦 − 𝑝

)

Among these, only

𝑢2− =
1
2

(√︁
2𝑦 − 𝑝 −

√︄
2𝑦 − 𝑝 − 4𝑦 + 2𝑞√︁

2𝑦 − 𝑝

)
(7.19)

is physically meaningful, based on the criterion that 𝑢 ∈ [0, 1] (i.e., ensuring a real
and positive 𝑇c).

To determine 𝑢2−, we solve the corresponding cubic equation for 𝑦:

2𝑦3 − 𝑝𝑦2 − 2𝑟𝑏𝑦 +
(
𝑝𝑟𝑏 − 1

4
𝑞2

)
= 0.

Its solution is:
𝑦 =

𝑝

6
+ 𝑣 − 𝑥

3𝑣
, (7.20)

where

𝑣 =
3

√︄
−𝑤

2
+

√︂
𝑤2

4
+ 𝑥

3

27
, (7.21)

𝑥 = − 𝑝
2

12
− 𝑟𝑏, (7.22)

𝑤 = − 𝑝3

108
+ 𝑝𝑟𝑏

3
− 𝑞

2

8
. (7.23)

Substituting the known values of 𝑚, 𝑛, 𝑝, and 𝑏 into Equations (7.20) to (7.23)
provides the explicit solution for 𝑦, which in turn determines 𝑢2− and ultimately
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𝑇c’s dependence on 𝐵0 using Equation (7.19).

7.6.4 Knight Shift Calculation
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Figure 7.13: Temperature 𝑇-dependence of the (corrected) 8Li Knight shift 𝐾c in the Nb0.75Ti0.25N
thin film. The data are presented for two different sample geometry approximations: prismatic
(blue circles) and ellipsoidal (orange squares). Both geometries yield nearly identical values across
the measured temperature range.

As described in Section III A, correcting for demagnetization contributions to
the resonance position are crucial for quantifying the Knight shift, which can be
calculated using Equations (10) and (11) of the main text for the case when both
the sample and reference have different geometries (see, e.g., [319]). Necessary
for the computation are knowledge of each component’s demagnetization factor 𝑁
and (volume) magnetic susceptibility 𝜒. Below, we detail our estimates for these
quantities.

For thin films, the demagnetization factor 𝑁 = 1 [349], which applies to our
91 nm Nb0.75Ti0.25N thin film sample. For the reference compound MgO, with
dimensions 10 × 8 × 0.5 mm3, the 𝑁 was calculated assuming both prismatic
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and ellipsoidal geometries [136]. These calculations yielded consistent values of
𝑁 ≈ 0.9 (𝑁 = 0.922 for a prism and 𝑁 = 0.917 for an ellipsoid), confirming
the minor geometric dependence. The centimetre-gram-second system of units
(CGS) volume magnetic susceptibility of Nb0.75Ti0.25N 𝜒0 was calculated from
the molar susceptibilities of its components, NbN (31 × 10−6 emu mol−1) and TiN
(38 × 10−6 emu mol−1) [270, 350], using their molar masses (106.913 g mol−1)
and (61.874 g mol−1) [351], respectively. Assuming our sample stoichiometry
𝑥 = 0.25 and incorporating the measured density of the Nb0.75Ti0.25N (6.5 g cm−3),
𝜒0 was estimated to be 2.23 × 10−6. For MgO, the molar susceptibility 𝜒mol

MgO =

−10.2 × 10−6 emu mol−1 [351] is typical of weakly diamagnetic solids. This was
converted into a volume susceptibility 𝜒MgO = −9.11 × 10−6 using its density
(3.6 g cm3 [351]) and its molar mass (40.3044 g mol−1 [351]). Inserting these
values into Equations (10) and (11) of the main text along with the measured
𝜈0s, we obtain the corrected (Knight) shift 𝐾c, which varied between +15 ppm
to +35 ppm over the measured 𝑇-range (see Figure 7.13), with the correction for
demagnetization (+25.4 ppm) being the dominant contribution.
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Chapter 8

Summary & outlook

8.1 Summary

This thesis presents a comprehensive investigation of Meissner-current suppres-
sion, first-flux penetration, and the superconducting properties of coated Nb het-
erostructures relevant to next-generation superconducting radio frequency (SRF)
applications. The insight gained into these domains was made possible through the
use of “exotic” ion-implanted 𝛽-detected spin spectroscopies, including muon spin
rotation (𝜇SR), low energy muon spin rotation (LE-𝜇SR), and 𝛽-detected nuclear
magnetic resonance (𝛽NMR). In the following, we summarize the main findings
of these experiments.

In Chapter 5, 𝜇SR measurements revealed the µm-scale dependence of the
vortex-penetration field in Nb ellipsoids subjected to low-temperature baking
(LTB) or coated with 2 µm Nb3Sn. Both treatments yielded vortex penetration
field (𝜇0𝐻vp) values exceeding the Nb lower critical field (𝜇0𝐻c1) (∼170 mT), high-
lighting their potential for SRF cavity enhancement. The Nb3Sn-coated sample
exhibited a depth-independent 𝜇0𝐻vp = 234.5(35) mT, consistent with Nb’s super-
heating field (𝜇0𝐻sh) and indicative of an interfacial barrier in a superconductor-
superconductor (SS) structure [18]. In contrast, the LTB treatment produced only
a modest increase above 𝜇0𝐻c1, with a weak depth dependence consistent with
defect-induced pinning. These results show unambiguously that a thin supercon-
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ducting overlayer can elevate the vortex-entry field to 𝜇0𝐻sh, while LTB baked Nb
lacks this feature.

Depth-resolved magnetic screening in SS Nb1–xTixN/Nb bilayers (50, 80, and
160 nm) was examined using LE-𝜇SR in Chapter 6. Fits to the counter-current-flow
model [18] for a SS bilayer yielded penetration depths of Nb1–xTixN 𝜆Nb1–xTixN =

182.5(31) nm and “dirty” Nb 𝜆Nb = 43.3(19) nm, the former is in agreement with
estimates by others, whereas naive biexponential fits overestimated 𝜆Nb1–xTixN by a
factor ∼ 2.5. These findings confirm strong suppression of the Meissner current in
the surface layer and provide experimental validation of the counter-current model
in the Meissner state. The parameters derived from the analysis predict a maximum
sustainable field of 610(40) mT before flux entry, exceeding the superheating field
(𝐵sh) of the individual layers. These results emphasize the potential for how,
through careful selection of the thicknesses used in a superconducting multilayer,
the first-flux-entry field may be maximized.

Superconducting and normal-state properties of a Nb0.75Ti0.25N(91 nm)/AlN
(4 nm)/Nb superconductor-insulator-superconductor (SIS) heterostructure were char-
acterized using implanted-ion 8Li 𝛽NMR in Chapter 7 under a 4.1 T perpendicular
field between 4.6 K and 270 K. Below the film’s critical temperature (𝑇c), the
spectra showed symmetric broadening from flux-line lattice (FLL) formation. Fits
yielded 𝑇c(0 T) = 15.4(7) K, 𝐵c2(0 K) = 18(4) T, and 𝜆(0 K) = 180.57(30) nm,
consistent with other studies in the literature. Spin-lattice relaxation (SLR) data re-
vealed metallic Korringa behavior below ∼100 K, which was modified below 𝑇c by
a Hebel-Slichter coherence peak. This peak was characterized by a superconduct-
ing gapΔ(0 K) = 2.60(12) meV, Dynes broadening parameter ΓD = 0.02 meV, and
a gap ratio 2Δ/𝑘B𝑇c = 3.92(25), confirming strong-coupling superconductivity in
the alloy. Above ∼100 K, SLR was dominated by thermally activated dynamics.
While further field-dependent SLR measurements are suggested to clarify the un-
derlying kinetic processes, this characterization sets the stage for future 𝛽NMR
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measurements aimed at directly identifying the first-flux-penetration field at the
nanoscale in similar SIS heterostructures.

Together, the results on the SS bilayers confirm the prediction of Section 3.3 that
a single-layer Nb coating provides two key advantages: suppression of the Meissner
screening current in the surface layer and the creation of an interface barrier at
the SS junction. These findings demonstrate that superconducting coatings can
enhance flux penetration fields beyond the intrinsic limits of individual materials,
highlighting multilayer architectures with interlayers that impede vortex entry as a
promising pathway to maximize the vortex penetration field.

Building on this, vortex penetration studies in SIS heterostructures are essential
to validate the role of interlayers. A necessary precursor to such measurements is
the characterization of the coated superconducting layer, which has been achieved
through the 𝛽NMR study in Chapter 7. This study quantified the superconducting
properties of the Nb0.75Ti0.25N surface layer in a Nb0.75Ti0.25N(91 nm)/AlN(4 nm)
/Nb SIS heterostructure with applied magnetic field (𝐵0) applied perpendicular
to the surface, providing a foundation for future vortex penetration experiments.
The following outlook discusses these forthcoming measurements and broader
directions for advancing superconducting heterostructure research.

8.2 Outlook

A logical next step is to carry out depth-resolved 𝛽NMR studies of the Meissner-to-
vortex transition in a Nb0.75Ti0.25N(91 nm)/AlN(4 nm)/Nb SIS heterostructure with
𝐵0 applied parallel to the surface. These measurements would directly determine
the maximum sustainable field in each layer. This is particularly important because,
as shown in Section 3.4, magnetization measurements with a vibrating sample
magnetometer (VSM) suggested enhanced performance, whereas radio frequency
(RF) tests on Nb0.75Ti0.25N/AlN-coated Nb cavities did not. A likely explanation
is that the Nb0.75Ti0.25N layer enters a vortex state prematurely, while the Nb
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substrate remains protected up to the superheating field by the interface barrier.
Conventional “bulk” VSM measurements cannot resolve layer-specific magnetic
responses, which makes 𝛽NMR indispensable for depth-resolved studies of the
Meissner-to-vortex transition.

Recent advances in beamline and spectrometer design [3], enabling 𝛽NMR
measurements up to ∼200 mT parallel to the sample surface, have already been
applied to study this transition in “bare” and “baked” Nb [147]. In these studies,
depth-dependent SLR measurements as a function of 𝐵0 were employed, since
the SLR rate is inversely proportional to 𝐵0 [101, 147, 185]. However, SLR
studies are challenging because spin dynamics at low fields are complex [101], and
extracting the transition requires careful parametric modeling of both the magnetic
field profile and the implantation distribution of the 8Li probe [147].

An alternative and potentially simpler approach is to measure the field depen-
dence of the 8Li resonance, which directly probes the internal field distribution.
In the Meissner state, the distribution is expected to skew asymmetrically towards
zero field, whereas in the vortex state it should be centered on the applied field
and broadened by the FLL, with the linewidth reflecting flux-line lattice sym-
metry. In practice, such measurements require a highly symmetric 8Li stopping
site to avoid quadrupolar contributions, which complicate the lineshape and re-
duce the measurement’s signal-to-noise ratio. This condition is not met in Nb,
where quadrupole splitting of 8Li is observed below 70 K [321]. By contrast, at
all temperatures (4.6 K to 270 K) in Nb0.75Ti0.25N the resonance appears as a sin-
gle, broad line whose amplitude decreases with decreasing temperature, as shown
in Chapter 7. Owing to this simpler spectral shape, we propose resonance-based
measurements of the Meissner-to-vortex transition to determine the layer-specific
maximum sustainable fields in SIS heterostructures and to assess how coating
strategies can suppress magnetic-flux nucleation and enhance cavity performance.

Future work may also include flux penetration studies of thicker surface layers,
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aimed at realizing the optimum thickness predicted in Section 6.4.1, but now
within an SIS heterostructure. Similarly, optimizing the insulating-layer thickness
is crucial, as the current 4 nm AlN layer may not sufficiently decouple the surface
and substrate. This could be pursued through bulk magnetization measurements
using a VSM; however, if flux penetration occurs earlier under RF excitation, such
bulk measurements would not capture that behavior, as discussed in Section 3.4.
Therefore, depth-resolved techniques remain the most suitable approach. Beyond
thickness optimization, exploring SIS multilayers with alternative superconductors
and insulators could yield valuable insights. Potential superconductors include
NbN, Nb3Sn, MgB2, V3Si and even more exotic Fe-based pnictides, while candidate
insulators include MgO, AlN, and Al2O3. Furthermore, systematic flux penetration
studies of multilayered Nb stacks incorporating alternating superconducting and
insulating layers would directly probe the effectiveness of multilayers in enhancing
field limits. Overall, the prognosis for enhancing SRF cavity performance through
the use of superconducting multilayers remains promising.
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Chapter 9

Additional Information

9.1 Spin−1
2 precession

A significant component of this thesis is dedicated to investigating static magnetic
field distributions using muon spin rotation (𝜇SR) and low energy muon spin
rotation (LE-𝜇SR). Therefore, it is instructive to outline the Larmor precession
of a spin-1

2 particle in a magnetic field oriented at an arbitrary angle relative to
the quantization axis. The following discussion, which largely follows Ref. [352],
provides the necessary quantum mechanical framework.

Quantum mechanical treatment

In quantum mechanics the spin operator 𝑺 for a spin-1
2 particle is given by

𝑺 =
ℏ

2
𝝈, (9.1)

where 𝝈 = (𝜎𝑥, 𝜎𝑦, 𝜎𝑧) is the vector of Pauli matrices, which represent the intrinsic
spin components along the Cartesian axes:

𝜎𝑥 =

(
1 0
0 1

)
, 𝜎𝑦 =

(
0 −𝑖
𝑖 0

)
, 𝜎𝑧 =

(
1 0
0 −1

)
. (9.2)
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The eigenstates of 𝜎𝑧 have the quantum numbers 𝑠 = 1
2 and 𝑚𝑠 = ±1

2 . These
eigenstates can be used as a basis to describe the spin−1

2 wave function |𝜓⟩:

|𝜓⟩ = 𝛼 |𝑠 = 1/2, 𝑚𝑠 = 1/2⟩ + 𝛽 |𝑠 = 1/2, 𝑚𝑠 = −1/2⟩,
= 𝛼 | ↑⟩ + 𝛽 | ↓⟩,

= 𝛼

(
1
0

)
+ 𝛽

(
0
1

)
=

(
𝛼

𝛽

)
,

(9.3)

where different common notations for this spinor have been recalled. The coeffi-
cients 𝛼 and 𝛽 are complex numbers obeying the normalization condition

|𝛼 |2 + |𝛽 |2 = 1. (9.4)

In order to arrive at a “spatial representation” of this spinor, the spin direction should
be given by 𝒏̂ = (cos 𝜙 sin 𝜃, sin 𝜙 sin 𝜃, cos 𝜃), where 𝜙 and 𝜃 are the standard
spherical coordinate angles. Therefore, the combination of the spin operator 𝝈
and the projection onto this direction must yield the same spinor. Mathematically,

this means that

(
𝛼

𝛽

)
is an eigenvector of 𝒏̂ · 𝝈 with the eigenvalue 1:

𝒏̂ · 𝝈
(
𝛼

𝛽

)
=

(
𝛼

𝛽

)
. (9.5)

Combining Equation (9.4) and Equation (9.5) yields |𝛼 | = cos(𝜃/2) and |𝛽 | =
sin(𝜃/2), as well as a phase difference of 𝜙 between 𝛼 and 𝛽. Taking into account
the 2-dimensional special unitary operator SU(2) relation that a rotation of |𝜓⟩ by
2𝜋 gives −|𝜓⟩ and only a rotation by 4𝜋 returns |𝜓⟩, one arrives at the following
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representation (up to a constant phase):

|𝜓⟩ =
©­­­«

exp
(
−𝑖 𝜙

2

)
cos

(
𝜃

2

)
exp

(
𝑖
𝜙

2

)
sin

(
𝜃

2

) ª®®®¬ . (9.6)

The interaction of the magnetic moment 𝝁 of a spin−1
2

particle in the presence
of a magnetic field 𝑩 is given by:

𝝁 = 𝛾𝑺

= 𝛾ℏ
𝝈

2
,

(9.7)

where 𝛾 is the gyromagnetic ratio of the respective particle carrying the spin. The
time evolution of a spin system can be described by the Zeeman Hamiltonian H:

H = −𝝁 · 𝑩,

= −𝛾ℏ𝝈
2
· 𝑩.

(9.8)

In the case that only a static magnetic field is considered, H is time-independent
and therefore, the time evolution of the wave function is obtained by the unitary
operator𝑈 (𝑡):

𝑈 (𝑡) = exp
(
− 𝑖
ℏ
H𝑡

)
,

= exp
(
𝑖

2
𝛾𝝈 · 𝑩𝑡

)
.

(9.9)

Assuming the magnetic field is directed along the 𝑧 direction (𝑩 = 𝐵0𝒛), then𝑈 (𝑡)
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simplifies to:

𝑈 (𝑡) = exp
(
𝑖

2
𝛾𝜎𝑧𝐵0𝑡

)
,

=

©­­­«
exp

(
𝑖

2
𝛾𝐵0𝑡

)
0

0 exp
(
𝑖

2
𝛾𝐵0𝑡

) ª®®®¬ .
(9.10)

Finally, the propagator of Equation (9.10) describing the time evolution of the
initial wave function of Equation (9.6) can be obtained:

|𝜓(𝑡)⟩ = 𝑈 (𝑡) |𝜓(0)⟩,

=

©­­­«
exp

(
𝑖

2
𝛾𝐵0𝑡

)
0

0 exp
(
𝑖

2
𝛾𝐵0𝑡

) ª®®®¬
©­­­«

exp
(
−𝑖 𝜙

2

)
cos

(
𝜃

2

)
exp

(
𝑖
𝜙

2

)
sin

(
𝜃

2

) ª®®®¬ ,
=

©­­­«
exp

(
− 𝑖

2
(𝜙 − 𝛾𝐵0𝑡)

)
cos

(
𝜃

2

)
exp

(
𝑖

2
(𝜙 − 𝛾𝐵0𝑡)

)
sin

(
𝜃

2

) ª®®®¬ .
(9.11)

When comparing Equation (9.11) and Equation (9.6), it is obvious that after a
time interval 𝑡, the spin gets rotated by 𝛾𝐵0𝑡 about the direction of the field; this is
known as Larmor precession, whose angular frequency is:

𝜔0 = 𝛾𝐵0. (9.12)

Thus, the time evolution of the spin state is fully characterized by the Larmor
frequency, which determines the fundamental precession rate of the system. In
experiments such as 𝜇SR, LE-𝜇SR, and 𝛽-detected nuclear magnetic resonance
(𝛽NMR), the observable quantity is not the motion of an individual spin but
rather the ensemble-averaged expectation value of the spin operator along the
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quantization axis. The resulting precession of this ensemble polarization occurs
at the Larmor frequency, corresponding directly to the experimentally observed
precession signal.

9.2 Nb ellipsoidal sample specifications and characterization

The ellipsoidal sample used for the study described in Section 5.2.1 was fabricated
from a fine-grain Nb ingot procured from the Wah Chang Corporation, with a
nominal residual-resistivity ratio (RRR) > 150. Figure 9.1 compares the upper
limits of impurity concentrations in the as-received Nb ingot with the TESLA cavity
specifications summarized in Ref. [17]. While TESLA cavities are specified to
have a RRR of ≥ 300 to ensure high thermal conductivity and stable operation
at high accelerating gradients, the ellipsoidal sample produced from the Nb ingot
exhibits a lower and spatially varying RRR. The values range from approximately
168 at the top to approximately 310 at the bottom of the ingot, where “top” and
“bottom” refer to the physical positions within the ingot at which the measurements
were taken during fabrication.

The impurity levels in the Nb ingot—including both interstitial impurities (H, C,
N, O) and metallic impurities (Si, P, Ti, Fe, Ni, Zr, Mo, Hf, Ta, W)—are generally
comparable to those specified for TESLA cavities, but are higher in the case of
interstitial impurities (see Figure 9.1). These differences likely reflect variations
in impurity incorporation during ingot fabrication. Interstitial elements such as C,
N, and O are known to strongly influence the electron mean free path and therefore
reduce the RRR of Nb [1, 17]. Similar correlations between impurity content and
RRR have been reported in the production of Nb by Tokyo Denkai Co., Ltd. for
superconducting radio frequency (SRF) cavity applications [353].

Following baking treatments at 1400 ◦C and 120 ◦C, the sample underwent fur-
ther microstructural analysis using scanning electron microscope (SEM)/energy
dispersive X-ray spectroscopy (EDX) and secondary ion mass spectrometry (SIMS),
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Figure 9.1: Comparison of impurity concentration upper limits (in ppm) for the Nb to make
ellipsoidal sample described in Section 5.2.1 with the TESLA cavity specifications reported in
Ref. [17]. The elements considered include interstitial impurities (H, C, N, O) and metallic
impurities (Si, P, Ti, Fe, Ni, Zr, Mo, Hf, Ta, W). The TESLA specification showed the concentration
of interstitial impurities slightly lower values then the used sample, with an overall high RRR ≥ 300
compared to the sample RRR > 150.

as shown in Figure 9.2. The SEM/EDX analysis revealed no unexpected features
or contamination, consistent with observations typically reported for high-RRR
Nb exposed to air [218] (see, for example, Figures 9.2a and 9.2b). Following the
120 ◦C baking treatment, an increase in oxygen concentration was observed using
SIMS within the near-surface region, extending to depths of approximately 20 nm.
This behavior is consistent with predictions from oxygen diffusion models [219–
221] (see Figure 9.2c). While the average RRR of the ellipsoidal sample is lower,
the near-surface composition and microstructural properties relevant to the present
study remain comparable to those of RRR ≥ 300 Nb commonly used for SRF
cavity fabrication.
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(a) SEM image of 1400 ◦C Nb. (b) EDX measurement of 1400 ◦C Nb.

(c) SIMS measurement of 1400 ◦C and 120 ◦C Nb.

Figure 9.2: (a) SEM imaging of 1400 ◦C annealed Nb followed by (b) EDX analysis of the samples
reveals no chemical residue or subparticles in the samples. (c) SIMS plot of O–/Nb– showing the
area under the oxide layer. An increased oxygen concentration is observed for 120 ◦C Nb. A sputter
time of 200 s roughly corresponds to a depth of 20 nm.
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