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ABSTRACT

A total dominating function (TDF) of a graph is a function from its vertex
set to the unit interval such that the sum of function values, taken over the
open neighbourhood of each vertex, is at least one. The thesis studies some
basic properties of minimal total dominating functions (MTDFs) of graphs
and in particular the question of when convex combinations of MTDFs are
themselves MTDF's, especially on trees. We give a necessary and sufficient
condition for graphs to have a unique MTDF and various conditions for gen-
eral graphs and trees to have a universal MTDF. We characterize universal
MTDFs of a certain class of trees. Several classes of trees with a universal
MTDF or without a universal MTDF are given.
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Chapter 1

Introduction

This thesis is concerned with convexity properties of total dominating func-
tions of graphs. Such functions generalize the notion of total dominating
sets of a graph. The definition of these concepts are given in Section 1.1,
motivation for‘ the work is the subject of Section 1.2 and the contents of the

remainder of the thesis are summarized in Section 1.3.

1.1 Notation and Definitions

In this section, we list definitions and notations used in this thesis. For the

basic graph-theoretic terminology, the reader is referred to [4].

A graph is an ordered pair G = (V(G), E(G)), where V(G) is a finite
set of vertices and E(G) is a set of unordered pairs, called edges, of distinct

vertices. If {u,v} € E(G), we denote {u,v} by uv.



A graph G is called a complete graph if uv € E(G) for every pair of
distinct vertices u,v € V(G). The complete graph with n vertices is denoted
by K,,.

A graph Gis a compl;zte bipartite graph if V(@) can be partitioned into
nonempty subsets X and Y such that E(G) = {wvju e X,v e Y}. If | X| =n
and |Y| = m, we denote G by K, .

The path P, is the graph with vertex set V(P,) = {v1,...,v,} and edge
set E(P,) = {viviy1]1 €% <n —1}. The integer n — 1 is called the length of
the path.

The cycle C, has vertex set {v1,...,v,} and E(C,) = {viviy1]l <1 < n}
(where addition is modulo n). The integer n is the length of C,,.

A graph G with n+1 vertices is called an (n+1) -verter wheel, and denoted
by W,,,if V(G) = V(Cr)U{vo} and E(G) = E(Cn}U{vovi|t = 1,...,n}. The
vertex vy is called the center of W,,.

A tree is a connected acyclic graph.

A graph G is k-regular if every vertex has degree k.

A graph G is vertez-transitive if for any two vertices u,v € V((), there
is an automorphism f such that f(u) = v. We note that a vertez-transitive
graph is also a regular graph.

Let W C V(G). The subgraph of G induced by W is the subgraph of G
whose vertex set is W and whose edge set is the set of all edges in E(G)

which have both incident vertices in W.



A rooted graph is an ordered pair (G,v) where G is a graph and v is a
vertex of G called the root. Let T be a tree rooted at v and w € V(T), T,
will denote the subtree of T induced by w and all descendants of w.

The open neighbourhood of a vertex v in a graph G = (V, E), denoted by
N(v), is the set {u € V | uv € E}.

The closed neighbourhood of a vertex v, denoted by N[v], is the set
N@)Ufo}.

The distance between two vertices u, v, denoted by d(u,v), is the smallest
length of those paths connecting » and v.

The diameter of a graph G, denoted by diam(G), is max, ,ev(e) d(u,v).

The following are some concepts related to domination in graphs.

A total dominating set(TDS) is a subset X of the vertex set V such that
any v € V is adjacent to at least one z € X.

A minimal total dominating set(MTDS) is a TDS X such that any proper
subset of X is not a TDS.

A domsinating set is a subset X of the vertex set V such that anyv e V
is either in X or adjacent to at least one z € X.

For subsets A, B of vertex set V', we say A totally dominates B and write
A— Bif N(v)NA # 0 for each v € B. We say A dominates B and write
A > Bif N[v]N A # 0 for each v € B.

A total dominating function(TDF) of G = (V, E) is a function f : V —



[0,1] such that

Y, fluw)>1

uEN(v)

foreachv € V,
A dominating function(DF) of G = (V,E) is a function f : V — [0,1]
such that

>, flw)>1

ueN[v]

for each v € V.

We use the same notation f[v] for Y, enp) f(u) if f is a DF and for
Yuen(w) f(w) if f is a TDF. When the notation ffv] is used , the ambiguity
will be clarified by the context.

Let f be a TDF or a DF. The boundary of f is denoted by By = {v €
V| f[v] = 1}. The positive set of f is denoted by Py = {v € V | f(v) > 0}.

The aggregate of a TDF (DF) f is the quantity

3 flu).
ueV

For any two functions f, g: V — [0,1] of G = (V, E), we write f < g if
for all v € V, f(v) < g(v). Further, we write f < g if f < g and for some
veV, f(v) < g(v).

A TDF (DF) g of G = (V, E) is minimal, denoted by MTDF (MDF), if
for all functions f : V' — [0,1] such that f < g, f is not a total dominating

function (a dominating function). If an MTDF (MDF) f has integer values



(i.e., 0 or 1), then we call f a 0-1 MTDF (MDF). An MTDF (MDF) f of
G = (V, E) is called positive if f(v) > 0 for each v € V.

A convex combination of the TDFs (DFs) f and g of G = (V,E) is a
function h, : V' — [0,1], where ¢ € (0,1) and h,(v) = tf(v) + (1 — t)g(v) for
each v € V. For MTDFs (MDFs) f, g of G, we write fRg if h; is an MTDF
(MDF) for all £ € (0,1) and fRg otherwise.

The following are some notations:

Co(G) = {v e V| f(v) =0 for all MTDF f of G }.

Ci(G) = {v € V| f(v) =1 for all MTDF f of G }.

L(G) = {v e V| d(v) = 1}, the set of leaves of G

R(G) = {ve V|v e N(u) for some u € L}, the set of remote vertices of G.

S(G) = {v eV |visnot aleaf and N(v)N R # 0 }, the set of short vertices
of G.



Example 1: In Fig 1, f and g are TDFs of the graph G with vertex set
{1,2,3,4,5}. Since f < g, g is not minimal, A later result (Theorem 27) will
demonstrate that f is minimal, i.e., is a MTDF. The vertices of boundaries
By, B, are depicted by solid squares. For this graph L(G) = {4,5}, R(G) =
{2,3} and S(G) = {1,2,3}.

f 1 g: 1

2 3 2 3
1 1 1 1

4mQ 0m 5 4m1 O=b5

Fig 1 Two TDFs of a graph G

1.2 Motivation for the Thesis

There has been a vast amount of mathematical literature recently concerning
dominating sets in graphs. Dominating functions (DFs) generalize the con-
cept of dominating sets because the integer valued (i.e., 0 or 1) dominating
functions are precisely the characteristic functions of dominating sets. The
reader is referred to [16] for an excellent bibliography concerning these topics.

In particular, the convexity of minimal dominating functions (MDFs) has



been considered in [7,8-12]. The original reason for this was an attempt to
answer the following interpolation problem raised by Hedetniemi[l15].

Given MDFs f,g of G with aggregates a,b respectively and any c satis-
fying a < ¢ < b, does there exist an MDF of (7 with aggregate ¢ ?

Suppose that f and g are DFs of G. For t € (0,1), define the convex
combination k, : V — [0,1] of f and g by:

h(v) = tf(v) + (1 —t)g(v)

for eachv € V.

It is elementary to show that A, is a DF and that if f, ¢ have aggregates
a,b respectively and e < ¢ < b, then by a suitable choice of ¢ € (0,1), k, has
aggregate ¢. Hence the answer to the above question is “yes”, provided that
h; is minimal. However this is not always the case and this fact led to the
study of the binary relation 3 on the set & of all MDFs of G, defined by:
fRg if and only if A, is an MDF for all ¢ € (0,1). In particular, some graphs
have a universal MDF, i.e., an MDF f satisfying fRg for all MDF g¢.

In this thesis, we develop an analogous convexity theory for total domi-
nating functions which arise when we simply change “closed” neighbourhood

in the definition of dominating functions to “open”.



1.3 Outline

It is the purpose of Chapter 2 to give a survey of results on minimal domi-

nating functions (MDFs) of graphs, which motivated this thesis.

Our main results about minimal total dominating functions (MTDF's) of

graphs are discussed in Chapter 3, 4 and 5.

In Chapter 3, some general results on MTDF's of graphs are given. In
Section 3.1, we present some basic results about MTDFs which give a nec-
essary and sufficient condition for a total dominating function (TDF) to be
minimal and a necessary and sufficient condition for convex combinations
of two MTDFs to be MTDFs themselves. Also, several classes of graphs
which have a universal MTDF are given. The section ends with a condition
for the non-existence of universal MTDFs which is then applied to vertex-
transitive graphs. In Section 3.2, we characterize the graphs which have a
unique MTDF. Short vertices and hot vertices of graphs, which are very im-
portant in the question of the existence of universal MTDF's, are defined and

discussed in Section 3.3.

In Chapter 4, we turn our attention to trees. Hot vertices for trees are
characterized in Section 4.1. These vertices play a central role in the con-

vexity of MTDFs of trees and are heavily involved in questions of existence



of universal MTDFs of U-trees, which is the main topic of Section 4.2.

In Chapter 5, we use the analysis of Section 4.1 to exhibit three classes
of trees which have universal MTDFs and one class of trees which does not

have universal MTDFs.

Finally, in Chapter 6, we compare and contrast our results on MTDFs
with those for MDFs, give the conclusions of this thesis and state some open

problems.



Chapter 2

Convexity of Minimal
Dominating Functions of
Graphs

In this chapter, we will review recent results of [7-12] on convexity of MDF's of
graphs. As stated above, the purpose of this thesis is to develop an analogous
theory for MTDF's. Similarities between the two theories will be apparent in
later chapters. Further details and illustrations may be found in the refer-

€I1CES.

2.1 Basic Results

Firstly, we give a necessary and sufficient condition for a DF to be minimal.

Theorem 1 (Fricke [13]) A DF f of a graph G is an MDF if and only if
Bf - Pf. |

10
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The following example shows that convex combinations of MDF's are not
always themselves MDFs.
Example 2[12] Consider the tree T* of Fig 2. Let f(1),..., f(6) = 0,0,1,0,1,0
and g(1),...,9(6) = 3,3,3,3,0,1. It is easy to verify that f,g are MDFs.
H(;)WCVGI, hasa(1)y- .., hiya(6) = 3,3,3, 2,1,3, This is a DF whose boundary

{1,2,6} does not dominate its positive set {1,2,3,4,5,6}. Therefore by Theo-

rem 1, hys4 is not an MDF.

Fig 2 Tree T

The next theorem shows that either all convex combinations of MDFs f,g¢
are minimal or nore of them are. Recall that for MTDFs f, g, we write fRg

if the convex combinations of f and g are MTDFs.

Theorem 2 (7| For any MDFs f, g of a graph, fRg if and only +f B¢ B, >
P,UP,. "
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Theorem 3 [7| Any graph G has a positive MDF. |

2.2 Universal MDFs of Graphs

This section considers the question of the existence of MDFs which relate in

R to all the other MDFs.

A universal MDF g is an MDF whose convex combinations with any other

MDF's are MDF's, i.e., for all f € Sand all ¢ € (0,1), the convex combination

hy € S

Not all graphs have universal MDFs. Examples will be given in a later

section. The next result gives a simple criterion for existence.

Proposition 4 (7] If the MDF g satisfies B, =V and foroll f €S, By » V,

then g is a universal MDF. |

This result can be used to prove the existence of universal MDF's in sev-

eral classes of graphs.

Theorem 5 {7] The path P,(n > 1), the cycle C,(n > 3), the complete
graph K, (n > 1), the complete bipartite graph K, ,(m,n > 1) and
the n-vertex wheel W,,(n > 4) all have universal MDFs. |
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Proposition 6 (7] If g is a universal MDF, then B, > V. | |

The next result demonstrates the existence of universal MDFs whose
boundaries do not contain all vertices (as required by Proposition 4). It also

provides examples of graphs, all of whose MDF's are universal.

Let u be a vertex of graph H. By a complete addition to H at u, we mean
the identification of u and a vertex of some complete graph with at least two

vertices.

Proposition 7 [7] Let H be any graph. Form G from H by making one or
more complete additions to H at u, for each vertex u of H. Then each MDF

of G is universal. | |

2.3 Cool Vertices and Loose Vertices

In this section, we will introduce two types of vertices which play an impor-

tant role in the existence of universal MDFs.

Definition: Let f be an MDF of G. Vertex v is called f-looseif By N[v] = 0
and is called loose if v is f-loose for some MDF f.
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Theorem 8 [7] If G has a vertex v such that each u € N[v] is loose, then G
has no universal MDF. |

Corollary 9 [7] If G is vertex-transitive, then G has e universal MDF if
and only if for every MDF fof G, By = V. [ |

The following example gives a vertex-transitive graph which does not have

universal MDFs.

Example 3 [7] Let G be the circulant formed by adding edges {i,7 + 5}
fori=1,...,5 to the cycle with vertex sequence 1,...,10. Then, for exam-
ple, the function f whichis 1 on {1,3,6,8} and 0 elsewhere, is an MDF with
B; = {4,5,9,10} which does not dominate V. By the corollary, G has no
universal MDF.

Definition: Let f be an MDF of G. Vertex v is called f-cool if and only
if Bf N N[v] C R and is called coolif v is f-cool for some MDF f of G.

We observe that a loose vertex is a special case of a cool vertex.

Example 4(12] In the tree T* of Fig 2, By = {1,2,3,5,6},

N[4] = {3,4,5} and R = {3,5}. Since By N N[4] C R, vertex 4 is f-cool.

Proposition 10 [8] (¢} If v is a cool vertez of a graph G, then v ¢ LU R.
(b) If v is f-cool in a graph G, then f(v) = 0 and v & By. [
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The next three theorems indicate the relevance of cool vertices to the

existence of universal MDF's in graphs.

Theorem 11 (8] If g is a universal MDF of G, then g(v) = 0 for each cool
vertez v of G. 1

Theorem 12 (8] If the MDF g satisfies (i} g(v) = 0 for each cool vertez v
and (ii)) V — R C By, then g is a universal MDF. | |

Theorem 13 [8] If G has a vertez v such that each u € N[v] is cool, then
G has no universal MDF. |

We note that this theorem generalizes Theorem 8.

2.4 Universal MDFs of Trees

This section contains characterizations of cool and loose vertices of trees,
properties of such vertices, a characterization of MDFs of trees which are

universal and a variety of existence results for universal MDF's of trees.

Theorem 14 [8] Vertez v is a cool verter of a tree if and only if
(¢) d(u) > 3 for each v € N(v) ~ R and
(b} N(v) contains at least two vertices, each of which is adjacent to at least

two vertices of V — R. ||



16

Theorem 15 (8] Vertez v is a loose vertez of a tree if and only if
(a) d(u) > 3 for each v € N(v) and
(b) N(v) contains at least two vertices, each of which is adjacent to at least

two vertices of V — R. |

When proving facts concerning cool vertices and the existence of universal
MDFs in trees, it is often important to have information about the function

f for which a certain vertex v is f-cool. We present one result of this type.

Theorem 16 [8] Let the tree T be rooted at vertex v. Then v is cool if and
only if v is g-cool where

(a) B;NN[] = RO N[v],

(b) g{v) = 1 for allu € RN N[v] and

(c) g has integer values(i.c., 0 or 1) ezcept perhaps on T,,, where w € N(v)—
R and g(w) > 0. n

Now we give some results concerning universal MDFs of trees. The first

one is an immediate corollary of Proposition 7.

Corollary 17 [7] Any MDF of a tree whose leaves dominate the tree, is

universal. [ |

The next theorem is a characterization of universal MDFs of trees.
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Theorem 18 [8] The MDF g is a universal MDF for a tree T if and only if
(a) g(v) = 0 for all cool vertices v of T and
(b)V — R C B,. |

The remaining results which assert the existence of universal MTDF's de-
pend on the successful completion of one of two algorithms called UNICAND
and UNICANDI. Details of these two algorithms are given in [8].

Theorem 19 [8] If T may be rooted at v such that for allu e V — (LUR),
u has a non-cool child, then T has a 0-1 universal MDF. |

Corollary 20 [8] In a tree T, if each v € V — (LU R) has at least two

non-cool neighbours, then T has a (-1 universal MDF. |

Theorem 21 [8] If the tree T is a generalized star or a caterpillar, then T
has a 0-1 universal MDF. - |

Theorem 22 [8] If T is a tree with diam(T) < 7, then T has a 0-1 universal
MDF. |

Theorem 23 [8] If diam(T) = 8 and the central vertez of T is not cool, then
T has a 0-1 universal MDF, |

It will have been noticed that all the above existence theorems guarantee

the existence of 0-1 universal MDFs. A corollary of the next theorem states
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that a tree with a universal MDF always has a 0-1 universal MDF.

Theorem 24 [9] Let f be an MDF of the tree T and
letve Ay = {ve V|0 < f(v) <1}. Then T has an MDF g satisfying
(a) g(v) =1, (b)B,2 By, (c)P,CP;y (d)A,C Ay | |

Corollary 25 [9] If T has a universal MDF, then T has a 0-1 universal
MDF. n

The final result concerns the non-existence of universal MDF's of trees.

Theorem 26 [8] Let z and y be distinct vertices of a tree T satisfying

(a¢) N[z]N Ny] = {v} where v # z,y and

(b) each v € N(z)|J N(y) is cool.

Then T has no universal MDF. N



Chapter 3

Convexity of Minimal Total
Dominating Functions of

Graphs

We now commence the original work of this thesis, i.e., we develop an anal-
ogous convexity theory for total dominating functions (TDFs) which arise
when we simply change “closed” neighbourhood in the definition of dominat-
ing functions (DFs) to “open”. In order to ensure the existence of a TDF, we
restrict our attention to graphs without isolated vertices. The integer-valued
TDF's are precisely the characteristic functions of TDSs. TDFs and TDSs
have been studied in [1-3, 5, 6, 14, 17-21].

There are some potential applications of TDFs. Suppose the graph G
models a network of people all of whom use and can usually supply for them-

selves, one unit of commodity X. Occasionally a member of the network is

19
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unable to supply X for himself and hence must be supplied by his neighbours
in the network. Therefore , in addition to supplying his own needs, person
v must have available an extra f(v) units of X in case of an emergency in
his neighbourhood. If for each v, 0 < f(v) < 1, then in order that any single

emergency may be dealt with, f must be a TDF of G.

To be specific, suppose X is security. Usually a person is present and
physically able to take care of his own property. However in his absence
or illness, various neighbours collectively look after his security needs. Let
f(v) be the proportion of time that person v is able to guard a neighbour’s
property in an emergency. Provided that f is a TDF of the network, the

property of any single absentee may be protected by his neighbours.

Now we give some basic results about MTDFs of graphs.

3.1 Universal MTDF's of Graphs

Theorem 27 The TDF f is minimal if and only if By — Py.

Proof. If f is minimal and By / Py, then there exists v € P¢ such that
N@)N By =0. Let N(v) = {v1,...,0,}. Fori € {1,...,n},flv;] > 1. Let €
satisfy 0 < ¢ < f(v) and

e < miin{f[fv,-] -1}
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Define a new function g by g(v) = f(v) — € and g(u) = f(u) for each
u €V — {v}. For each u ¢ {v1,...,v.},gu] = flu] > 1,
and for ¢ € {1,...,n}, glv;] = flvs] — ¢ > flvil = (fv;] — 1) = 1. Therefore
the function g is a TDF satisfying g < f, a contradiction.

Conversely, suppose that By — Py but f is not minimal and there exists
a TDF g < f. For some vertex v,g(v) < f(v), hence f(v) > 0. It follows
that By — {v}, i.e., there exists a vertex v € By N(v). But v € N(u),

hence g[u] < flu] = 1. Therefore g is not a TDF, a contradiction. |

In the graph G of Fig 1, we observe that By — P; and hence f is an
MTDF.

Theorem 28 Let f,g be MTDFs and hy = tf + (1 — t)g where ¢t € (0,1).
Then hy is an MTDF if and only if BN B; — Py U F,.

Proof. We will prove that By, = B;N B, and Py, = P;UP,. The result
is then immediate from Theorem 27. If v & P;|J Py, then f(v) = g(v) =
he(v) = 0. If, say, v € P;, then hi(v) > tf(v) > 0. Thus P, = Py P,
Suppose v € By (1 B,. Then

> (hfw)) = 3 (tf(u) + (1 - t)g(u))

uEN(v) uEN(v)

=t > (f)+(1-1t) X (gu))=t+(1—1t)=1.

ueN(v) ueN(v)
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A similar calculation shows
Z (ht(u)) >1
uEN(v)

for w € By N B, and hence By, = By B,. |

We emphasize that this theorem shows that the minimality of k. is inde-
pendent of ¢, i.e., either all nontrivial convex combinations of f, g are minimal

or none are minimal.

A universal MTDF g is an MTDF whose convex combinations with any
other MTDFs are MTDFs, i.e., for all MTDF f and all ¢t € (0,1),A, is an
MTDF.

Proposition 29 If the MTDF g satisfies B, = Vand for all MTDFs f,
B; — V, then g is a universal MTDF.

Proof. For any MTDF f, B, By = By which totally dominates
V 2 P;UUP, By Theorem 28, h; is an MTDF. Therefore g is a universal
MTDF. . |

The existence of universals in certain classes of graphs can be proved

using Proposition 29.
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Theorem 30 The cycle C,.(n > 3), the complete bipartite graph K, ,(m,n >
1), the (n+1)-vertex wheel Wn(n > 3) and the complete graph Kn(n > 2) all

have universal MTDF's.

Proof. (1) The cycle Cp, :
The function g which assigns 1/2 to each vertexis an MTDF with By = V.
Let f be any MTDF of G such that By / V, i.e., there exists vy € V such
that By N N(vo) = 9. Since By — Py, f(vo) = 0. Suppose N(vo) = {v1,v2},
and v, is also adjacent to vz (for n = 3,v3 = v,). Since v; € By, we have
flv1] = f(vo) + f(vs) = f(vs) > 1, a contradiction. Hence by Proposition 29,
g is a universal MTDF of C,,.

(2) The complete graph K, :

The function g which assigns 1/(n — 1) to each vertex is an MTDF with
B;=V.

Suppose K,, has an MTDF f whose boundary B; does not totally dom-
inate vertex a. Trivially n > 2. Then no vertex b of V — {a} is in By and
f(a) =0 (since By — Py). Hence

fll=f@+ Y fw)>t
u€V ~{ab}

Therefore

> flw)>L

ueV—{a,b}
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But
flalz2 > flu)>1.

u€V—{a,b}
We deduce a € By and By = 0, a contradiction.

Then by Proposition 29, g is a universal MTDF of K,.

(3) The (n+1)-vertex wheel W,(n > 3):

This graph has (n+1)-vertices and is the join of K7 and C,. Let the cen-
tral vertex be vy and the cycle have vertex sequence vy,...,%,. The function
g which assigns 1/n to each v;,7 > 1 and g(vy) = 1 — 2/n is an MTDF with
B,=V.

Suppose W,, has an MTDF f such that By /4 V. There are two cases to

consider:

Case 1: Bj /+ {ug}:
Then no cycle vertex is in By and since By — Py, f(v) = 0.
Since 1 < flva] = f(v1)+ f(vs) + f(vo), we deduce f(vy) + f(vs) > 1.
Therefore fluo] > f(v1) + f(vs) > 1 and so By =, a contradiction.

Case 2: Bj # {v;} (without loss of generality):
Then none of vy, vy, v is in By and since By — Py, f(v2) = 0.
Ifn =3, since vo € By, f(v1)+ fva)+ f(vs) > 1, Le.y fvr)+ f(vs) > 1.
Then flvs] > f(v1) + f(vs) > 1,v2 & By and By = 0, a contradiction.
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Ifn > 4, then flvg] = f(v2)+ f(vo)+ f(v4) and since vz & By, this gives
F(vo) + F(va) > 1 and it follows that f(vs) > 0. Now flus] > f(wo) +
f(vs) > 1 (for n = 4,v5 = v;). Therefore vs ¢ By and By /4 {vs}

which contradicts By — Py.

By Proposition 29, g is a universal MTDF for W.,,.

(4)The complete bipartite graph K, »:

Let the defining independent sets of K., , be {a1,...,an } and {by,...,5,}.
The function g which satisfies g(a;) = 1/m and g(b;) = 1/nfori € {1,...,m}
and j € {1,...,n} is an MTDF with B, = V.

For any MTDF f of K., if (say) By # {a1}, then f[b;] > 1 for each
i =1,...,n. Therefore there exists a; such that f(a) is positive.

But N(ax)N B, =, i.e., B; /+ Py, a contradiction. By Proposition 29, g is
a universal MTDF for K, ,.

This completes the proof of Theorem 30. |

The next result will be used to prove the non-existence of universal

MTDFs for some graphs.

Proposition 31 Let v € V' be such that for each u € N(v) there exists an
MTDF f, where By, +# {u}. Then G has no universal MTDF.

Proof. Suppose (G has a universal MTDF g. Then for any MTDF f,
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B,N B; — P,J P;. But by the hypothesis, for each u € N(v), B, By, /
{u} and we deduce u ¢ P, P;, and g(u) = 0. Therefore g[v] = 0 and g is

not a TDF, a contradiction. | |

Corollary 32 If G is vertez-transitive, then G has a universal MTDF if and
only if for each MTDF f, By - V.

Proof. Let G be vertex-transitive and r-regular. If By — V for any MTDF
f, the function g with value 1/» on each vertex satisfies B, = V' and is uni-
versal by Proposition 29.

Conversely, suppose B 4 V for some MTDF f. Then By /4 {v} for some
v € V. Since G is vertex-transitive, there exists for every u € V(G) and
in particular for every u € N(v), an MTDF f, for which By, /4 {u}. By
Proposition 31, G has no universal MTDF. ||

The following example shows a vertex-transitive graph which does not
have a universal MTDF.
Example 5: Let G be the circulant formed by adding edges {i,7 + 2} for
¢ = 1,...,11 (addition is modulo 11) to the cycle with vertex sequence
{1,...,11}. Then the function f, which is 1 on {2,4,9,11} and 0 elsewhere,
is an MTDF with B; = {4,5,6,7,8,9} which does not totally dominate {1}.
By Corollary 32, G has no universal MTDF.
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3.2 Graphs Having a Unique MTDF

The main purpose of this section is to characterize those graphs which have
a unique MTDF. This is done in Theorem 37.

Recall that Co(G) is the set of vertices whose function values are zero for
all MTDFs of G and that C1(G) is the set of vertices whose function values
are one for all MTDFs of G.

We first establish some properties of Co(@) and C1(G).

Proposition 33 For any graph G,C1(G) = R.

Proof. Let v € C41(G) and v ¢ R where N(v) = {v1,...,vn}. Since v ¢ R,
no v; is a leaf and therefore N{v;) — {v} # 0 fori = 1,...,n. Now we define

a function g : V — [0, 1] by:

g(u)z{ 0 ifu=w

1 otherwise.

For v; € N(v), since N{(v;) — {'u} £ 0,
gl =g(v)+ > glw) 21
weN(vi)—{v}
For v & N(v), d(u) > 1, hence g[u] > 1.
Therefore g is a TDF and there exists an MTDF g’ such that g’ 5 g. However
¢(v) < g(v) = 0 and 50 v ¢ C4(G).
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If v € R, then there exists [ € L adjacent to v. For any MTDF f,
1 < fil] = f(v), ie., f(v) =1 and v € C1(G). | |

Proposition 34 The vertez v € Co(G) if and only if for any u € N(v) there

exists a vertex w such that N(w) C N(u) — {v}.

Proof. Let v € Co(G) and let U be the set of vertices z € N(v) such that for
all vertices w € V, N(w) € N(z) — {v}. The result states U = §. Suppose
not and choose © € U with minimum degree k. By Proposition 33, v & R
and hence & > 2. Define g : V — [0,1] by:

o(z) = { 1/k for z € N(u)

11 otherwise.

We note g[u] = 1. For t € V satisfying N(t) € N(u),
gll> X g(=)>1,
2EN()—N(u)
If N(t) C N(u), since N(t) Z N(u)— {v}, we deduce v € N(t) and therefore
t € N(v). If a vertex w satisfies N(w) C N(¢)~{v}, then N(w) C N(u)—{v}
which would contradict v € U. It follows that ¢ € U/ and so by the mini-
mality of k, N(t) = N(u) and d(£) = k which implies g[t] = 1. Therefore
g is a TDF and there exists an MTDF h with & < g. If h(v) < g(v), then
hlu] < g[u] =1 and h is not a TDF. We deduce h(v) = 1/k # 0, contrary to

the hypothesis.
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Conversely, suppose that v is a vertex for which the set U/, as defined
above, is empty and that f is an MTDF with f(v) # 0. Let g(v) = 0
and g(z) = f(z) for all z € V — {v}. For any u € N(v), there exists w
with N(w) C N(u) — {v}. Therefore g[u] > glw] = flw] > 1. For any
t € V — N(v), we have g[t] = f[t] > 1. It follows that gis a TDF and g < f,

contrary to the minimality of f. |

Example 6: In the graph G of Fig 3, C1(G) = R(G) = {5}. The vertex
v = 1 satisfies the hypothesis of Proposition 34. Observe that N(1) = {2, 3}.
For u = 2,w = 8 satisfies N(w) C N(u) — {v} = N(2) - {1}.

For u = 3,w = 7 satisfies N(w) C N(u) — {v} = N(3) - {1}.

Hence by Proposition 34, 1 € Co{G) and in fact one may verify (using this
Proposition} that Cy(G) = {1}.

Fig 3 Illustration of Cy(G), C1(G)
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The next result gives characterization of Co(@), C1(G) in terms of MTDSs
of the graph G.

Proposition 35 For any graph G and vertez v,
(a) v € Co(G) if and only if v is in no MTDS of G.
(b) v € C1(G) if and only if v is in every MTDS of G.

Proof. (a) Let v € Co(G) and suppose, contrary to the result, v € B, an
MTDS of G. The characteristic function f of B is an MTDF with f(v) = 1.
Hence v ¢ Co(@G), a contradiction.

Conversely, suppose v & Cy(G). Then by Proposition 34 there exists
u € N(v) such that for any w € V,N(w) € N(u) — {v}. It follows that
X = {v}U{V — N(u)} is a TDS which contains an MTDS ¥. The only

vertex of X which totally dominates u is vertex v. Therefore v € Y.

(b) Let v € C1(G) = R (Proposition 33) and A be any MTDS. There ex-
ists I € LM N(v). Since A totally dominates [,» € A. Conversely, if v ¢ R,
then Y — {v} is a TDS which contains an MTDS, i.e., there exists an MTDS

not containing v. |

Here, we mention that the above characterization theorems of Co(G) and

C1(G) have a big influence on later work.
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Note that for any graph G(V, E) without isolated vertices, the vertex set
V is a TDS of G and thus G has an MTDS. The characteristic function
of this MTDS is a 0-1 MTDF. Therefore the next result is an immediate

consequence of this observation.
Proposition 36 If G has a uniqgue MTDF g, then g 1s a 0-1 MTDF.
We now establish the main results of this section.

Theorem 37 The graph G has a uniqgue MTDF if and only if every vertex

of G is adjacent to a remote vertex.

Proof. Suppose that G has a unique MTDF g. For any v € V, since g[v] > 1,
by Proposition 36, there exists « € N(v) with f(u) = 1. Since g is unique,
u € C1{G) = R (Proposition 33) and v is adjacent to a remote vertex.
Conversely, suppose each v € V is adjacent to a remote vertex. Let g
be the characteristic function of R. Since Ci(G) = R , it remains to show
V — R C Co(G) and it will follow that g is unique. Let © € V — R and
v € N(z). By the hypothesis, u is adjacent to r € R(r # z) and r is

adjacent to w € L. Then
N(w) ={r} € N(u) — {=}

and z € Cy(G) by Proposition 34, as required. [

The following example uses Theorem 37 to show the existence of a uni-

versal MTDF f whose boundary does not totally dominate V. This situation
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differs from that of MDF theory, in which the boundary of every universal
MDF dominates V (Proposition 6).

Example 7: Let G have V = {1,2,3,4,5,6} and E = {12,23,13,15,34,26}.
Then R = {1,2,3}. By Theorem 37, G has a unique MTDF f which has
value 1 on {1,2,3} and 0 elsewhere. Since f is the unique MTDF of G, f is

universal. However, By = {4,5,6} does not totally dominate {4,5,6}.

Theorem 38 A graph G has either a unique MTDF or infinitely many
MTDFs.

Proof. If G has more than one MTDF then, by Theorem 37,
M={zcViNEz)NR=0}+#0.

Let u € M such that d(u) < d(z) for all z € M. Since leaves are only

adjacent to remote vertices, k = d(u) > 2. Let v € N(u) and for n > 2,

define g, : V — [0,1] by:

1/n z=v
gn(z) = { (1-1/n)/(k—1) =z € N(u)— {v}

1 otherwise.
For = such that N(z) — N(u) # 0, g.[z] > 1. If N(z) C N(u), then

N(z)NR C N(x)NR = 0 and therefore = € M. By the minimum prop-
erty of u, N(z) = N(u) and g,[z] = g,[u] = 1. Thus g¢,, is a TDF and there
exists an MTDF k, < g,. Moreover h,(y) = gn(y) for y € N(u) (otherwise
ho|u] < gnlu] = 1). Further h,(v) # hn(v) if n # m and we have an infinite
set of MTDF's. n
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3.3 Short Vertices and Hot Vertices

In this section we introduce two types of vertices of graphs which are very
important in the question of the existence of universal MTDFs.
A vertex v is called shortif v € L and v is adjacent to a remote vertex.
Let S(@) or § (if confusion is unlikely) denote the set of short vertices of G.
Let f be-an MTDF of G. Vertex v is called f-hot if By N(v) C S.
Further, v is called hot if v is f-hot for some MTDF f. Let H(G) or H (if
confusion is unlikely) denote the set of hot vertices of G.
Example 8: In Fig 4, we depict a 0-1 MTDF g of a 12-vertex graph G
with V = {2,...,13}, B, = V—{6,9} (solid squares) and 5 = {6,8,9,10,11}.
We observe that B,(\N(7) = {8} C S, B,NAN(12) = {10} C § and

B,NN(13) = {11} C S. Therefore vertices 7, 12, 13 are g-hot.
0

12

Fig 4 Short vertices and hot vertices
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We now establish a few properties of hot and short vertices and finally in

Theorem 45, relate them to universal MTDF's.

Proposition 39 If N(v) C §, then v € Co(G).

Proof. Suppose N(v) C S. Since LNS =0, v ¢ R. For any u € N(v) C 5,
there exists a remote vertex 7(# v) adjacent to « and a leaf ! adjacent to r.

We have N(I) = {r} C N(u) — {v}. By Proposition 34, v € Co(G). |

Proposition 40 Let f be any MTDF of G . Then

(a) L C By and

(b) A vertex v € SN By if and only if v L and v is adjacent to ezactly one
remote vertez r and f(z) = 0 for all x € N(v) — {r}.

Proof. (a) Let v € L be adjacent to » € R. By Proposition 33, r € C1(G)
and so f[v] = f(r)=1and v € By.
(b) If v € SN By, then v is adjacent to exactly one r € R, otherwise Propo-

sition 33 asserts f[v] > 2. Since v € By, we have

1=fpl=50)+ 3. fl=)
zEN(v)—{r}
Since f(r) = 1 by Proposition 33, it follows that f(z) = 0 for all
xz € N(v) — {r}.

The converse is obvious. [ |
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Proposition 41 Let u be o vertez of a graph G. If there is at most one
vertez ¢ € N(u) such that N(z) — {u} € 5, then v € By for any MTDF {.

Proof. Suppose that there is at most one vertex # € N(u) such that
N(z) — {u} € S, but u ¢ By, i, flu] > 1. Then u has at least two
neighbours with positive values of f, and by the hypothesis, one of these, say
w, satisfies N{w) — {u} C 5. Let € > 0 satisfy flu]|—e > 1and f(w)—e> 0.
Define g : V — [0,1] by g(w) = f(w) — € and g(z) = f(z) on V — {w}. Note
that

glu] = flu]—€ 2 1. Fory & N(w), g[y] = f[y] > 1. Fory € N(w)—{u}, since
y € S, there exists » € R which is adjacent to y. Therefore g[y] > g(r) = 1.

We have proved that ¢ < f is a TDF, contrary to the minimality of f. B

Corollary 42 Let r be a remote vertez of a graph G. If |[N(r) — L| < 1,
then r € By for any MTDF f of G.

Proof. Let I € N(r) and ! € L. Then N(I) — {r} = 0 € S. Since
|N(r) — L| < 1, there is at most one z € N(r) such that N(z) — {r} € S.
By Proposition 41, » € By for any MTDF f. . ||

Proposition 43 (o) If v is @ hot vertex , then v & R.
(b) If v is f-hot, then f(v) = 0.
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Proof. (a) If v € R, then there exists a leaf [ adjacent to v. Suppose v were
f-hot. Since [ € B; (Proposition 40{a)),l € By N(v) € S. But SN L =10,

a contradiction.

(b) If f(v) > 0, then by Theorem 27, By — {v} and there exists u €
B; N N(v) C S. By Proposition 40(b), u is adjacent to exactly one r € GG

and by (a), r # v. Since u € By and f(r) = 1 (Proposition 33), we have
L= flu] 2 f(r) + f(v) = 1 + f(v).

It follows that f(v) = 0, a contradiction. [ |

Theorem 44 If v is a hot vertex of a graph G, then
for each v € N(v) — S, there are at least two vertices z € N(u) — {v} with
N(z)~{u} £ 5.
Proof. Suppose that v is f-hot where f is an MTDF of G. Let u € N(v)— 5,
then v ¢ By (otherwise u € BN N(v) C §, a contradiction). Therefore,
flu] > 1 and u has at least two neighbours with positive values of f. But
v € N(u) and f(v) = 0 by Proposition 43(b). Hence v has at least three
neighbours v,z, and y where f(z) and f(y) are positive.

Suppose z satisfies N(z) — {u} € 5. Choose € > 0 so that flu] —e>1
and f(z) —e > 0. Define g : V — [0,1] by g(z) = f(z) — € and g(t) = f(¢)
for each t € V — {z}.
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I ¢ Ne),glt) = £ > 1
If t € N(z) — {u}, then t € S and ¢ is adjacent to 7 € R = C1(G). Hence
olf] > g(r) = () = 1. Also glu] = flu] — ¢ > 1.
Therefore ¢ < f is a TDF, contrary to the minimality of f. Therefore
N(z)—{u} € S. Similarly N(y) — {u} € 5. Therefore there are at least two
vertices ¢ € N(u) — {v} with N(z) — {u} € S. [

Now, we are ready to relate hot vertices to universal MTDF's.

Theorem 45 (a) If the MTDF g of a graph G satisfies
(i) V — 8 C B, and (ii) g(v) = 0 for each hot vertez v,
then g is a universel MTDF of G.

(b) If g is a universal MTDF of G,

then g(v) = 0 for each hot vertezx v of G.

Proof. (a) Let f be any MTDF and v € P¢|JP,. We claim that v is not
f-hot, for otherwise f(v) = 0 by Proposition 43(b) and g(v) = 0 by the
hypothesis. Therefore v & P; U P,, a contradiction. Since v is not f-hot,
there exists @ € By N\ N(v) such that ¢ §. Since V — 5§ C B,, it follows
that z € (B,NB;) N N(v) and so By B, — P¢|J P,. By Theorem 28, g is
a universal MTDF.
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(b) Suppose v is f-hot and g(v) > 0. Since v € P;|) P, and g is universal,
Bs;N By — {v}, i.e, there exists z € BN ByN N(v) C S (since v is f-hot).
Since z is short, there exists r € N(z) R and by Proposition 43(a) r # w.
It follows that

1= g[z] > g(r) + 9(v) =1+ g(v) > 1,

a. contradiction. [ |

Theorem 46 If G has a vertex v such that each u € N(v) is hot,
then G has no universal MTDF.

Proof. Suppose G has a universal MTDF g. By Theorem 45(a)(ii), g(«) = 0

for each u € N(v). Therefore g[v] = 0, i.e., g is not a TDF, a contradiction.ll

In Chapter 5, Theorem 46 will be invoked to show non-existence of uni-

versal MTDFs in a class of trees.



Chapter 4

Convexity of Minimal Total
Dominating Functions of Trees

In this chapter, we apply the analysis of Chapter 3 to prove two principal
results concerning the convexity of MTDF's of trees. Firstly, in Section 4.1
we obtain a necessary and sufficient condition for a vertex of a tree to be
hot. This result will permit the solution of the existence problem for uni-
versal MTDFs in several classes of trees (Chapter §). Then in Section 4.2,
we obtain a characterization of universal MTDFs for a special class of trees

known as U-trees.

4,1 Characterization of Hot Vertices of Trees

In this section, a characterization of hot vertices of trees will be obtained
(Theorem 49) by showing that the converse of Theorem 44 holds for trees.

We need some preliminary work.

39
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Theorem 47 For any vertez v of tree T, v € Co(T) tf and only if N(v) C S.

Proof. Let v € Cy(T). By Proposition 34, for any u € N(v), there exists
a vertex w such that N(w) C N(u) — {v}. Since N(w) # 0, it follows that
N(u) —{v} #0,ie,u g L. lf w ¢ L, then T would have a cycle, which
is impossible. Therefore w € L and there exists a remote vertex r such that
{r} = N(w) C N(u)— {v}. Thus u is adjacent to » and, consequently, u € §
which implies that N(v) C S. |

The converse is a special case of Proposition 34. ||

Corollary 48 (a) For any MTDF f of a tree T and v € Co(T), v 1s f-hot.
(b) For any tree T and any vertez v of T, if N(v)NCo(T') # 0, then
N(w)NR #0.

Proof. (a) Let v € Cy(T). By Theorem 47, N(v) C S and so N(v)N B; C S,
ie., vis f-hot.

(b) Let 2 € N(v)NCo(T). By Theorem 47, N(x) C S and in particular,
v € S. Thus there exists a vertex y € N(v)N R and N(v)N R # 0. N

The next result shows that the converse of Theorem 44 holds for trees

and thus we have a characterization of hot vertices of trees.
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Throughout the remainder of this chapter, we repeatedly use the notation
which is illustrated by the following three examples: Let T be a tree rooted
at v and w € V(T). '

flr, = x(MTDS,w) means the function f restricted to T, is the charac-
teristic function of an MTDS of T,, which contains w.

flr, = x(MTDS,%) means the function f restricted to T, is the charac-
teristic function of an MTDS of T, which does not contain w.

flr, = x(MTDS) means the function f restricted to T, is the character-

istic function of an MTDS of T,,.

Theorem 49 The vertez v of the tree T is hot if and only if for each u €
N(v)—S, there are at least two vertices ¢ € N(u)—{v} with N(z)—{u} € S.

Proof. The condition is illustrated in Example 9, Fig 5 following this proof.

Suppose the condition holds. We will define a 0-1 MTDF f so that v is
f-hot. If N(v) C 5, then for any MTDF f, B N N(v) C S and v is f-hot.
Hence we assume N(v) — S # 0.

The definition of f will have two stages. We first define a function
g:V — [0,1] and then under certain conditions g will be amended to form
the required MTDF f.

Let g(v) = 0 and define g on V — {v} by G1,G2,G3 below. Assume that

the tree T is rooted at wv.
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G1: For w € N(v)N 5, define

Iz = x(MTDS,w) if w € Co(Tw)
girw = x(MTDS,w) otherwise

Let W ={we N@)NS | glw)=1}

G2: Assignment of g values for vertices of N(v) — §.
(i) I N(x)N(W U R) # 0, then for each u € N(v) — §, let

g(u):{ 1 ifue C(T)=R

0 otherwise.
(ii) If N(v) (W U R) = 0, then by Corollary 48(b), N(v) ) Co(T) = 0.
Thus we select any A € N(v) — S # 0 and define
g(A\) =1 and
g(u) = 0 for each u € N(v) — (SU{A}).

G3: Assignment of g values for descendents of u € N(v) — S.
Let w € N(v) — S. There exist children z;,z; of u such that N(z;) —
Wres,i=1,2
Let g|r,, = x(MTDS, ;) fori =1, 2.
For z € N{u)—{v,z1, %2}, let g(z) =0 for z € L, and g|g, = x(MTDS)
for z & L.

In order to show that g is well-defined, we must prove that G3 is possible,
i.e., that T, possesses an MTDS containing ®;. Suppose the contrary. By
Proposition 35(a), #; € Co(T%;) and by Theorem 47, each neighbour y of z;

inT,, isa short vertex of Ty, 1.6, y is not a leaf of T, and y is adjacent to
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a remote vertex r, of T,,. It follows that y is not a leaf of T and r, is also
remote in T. Hence y is a short vertex of T. We have N{z;) — {u} C 5,

contrary to the definition of ;.

The above assignments have defined g : V — [0,1]. This function will
now be amended to form an MTDF f for which v is f-hot.

Let U = {u € N(v) - § | g(u) =1} and 4 = {¢ | ¢ is a grandchild of
u € U,g(t) =1and N(t)N B, = 0}
Define f : V — [0, 1] as follows,

F1.:

0 ifzec A
g(z) otherwise.

)=
Now we show f is a TDF.
The assignment G1, G2, F1 ensure that f[z] = g[z] > 1 for

ze {0 U V(T)

weN(v)NS

ue N(v)— S, where f(u) = g(u) = 0, then G2, G3, F1 ensure that
flz] = glz] > 1 for all z € V(T,,).
Suppose that v € U and w € V(T,). If w ¢ N(t) for £ € A, then
flw] = g[w] 2 1 by G3.

Suppose that w is adjacent to t € A. Either w € N(u) and
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flw] > Ff(u) = g(u) = 1 or w is a child of £. In the latter case, by the
definition of A, B, N(t) = 0, i.e., g{w] > 2. Therefore flw] = glw] —-1> 1.
We conclude that f is a TDF.

We now demonstrate the minimality of f. Let z € P; (i.e., f(2) = 1).

Several .cases must be considered.
Case 1: If z € T, for w € N(v)N S, G1 and F1 ensure that B; — {z}.

Case 2: If z € T, where u € N(v) — § and g(u) = 0, G3 and F1 give

In the rest of the cases, we assume that # € T, where v € U (i.e., f(u) =

g(uv) =1).

Case 3: z = u where u € R. In this case, G3 assigns g(!) = 0 for a leaf [

adjacent to z. Then [ € By and so By — {z}.

Case 4: ¢ = u = ], the selected vertex of G2(ii). In this case, g(w) = 0 for
all w € N(v) — {1} and f[v] = g[v] = g[A] = 1. Therefore v € By and
By — {z}.

Case 5: Let ¢ € T, where v € U and = # u. Then ¢ € T, for some
z € N(u). Notice that since the TDF f satisfies f < g, By, C By. Since

f(z) = 1,g(z) = 1 and by G3, there exists y adjacent to « in T}, such
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that
Z glw) =1.
weNTz(y)
If y # z, Np(y) = Nr,(y) and
Z g(w) = 1.
weENT(y)

Therefore y € B, C By and By — {x}.
If y = z, then z is a grandchild of . Since f(z) = 1,z ¢ A and hence
N(z) B, # 0. Therefore By 2 B, — {z}.

It follows from Cases 1—5 that f is an MTDF.
Finally, if v € N(v) — 9, then by G3, flu] = glu] > g(z1) + g(z2) = 2.
Therefore N(v) N By € S and v is f-hot.

The converse is a special case of Theorem 44. |
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Example 9: In the tree of Fig 5, vertices z,u,v are indicated which

satisfy the condition of Theorem 49. Therefore v is hot.

Fig 5 Illustration of Theorem 49

Corollary 50 Verter v in a tree T is hot if and only if there exists a 0-1
MTDF g such that v is g-hot.

Proof. Let g be the 0-1 MTDF f 'deﬁned in the proof of Theorem 49. |

The hypothesis of Proposition 31 involves vertices u, for each of which

there exists an MTDF f, with By, /4 {u}. This clearly implies
B;{ NN(u)=0C S,

i.e., such vertices form a subset of the hot vertices. We call these vertices

hard. ( In the MDF theory of Chapter 2, loose vertices analogously form a
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subset of the cool vertices.)

There is a characterization of hard vertices of trees which is very similar
to that of hot vertices (Theorem 49). The only difference is that “u €
N(v) — 87 is replaced by “u € N(v)”. The proof, which closely resembles

that of Theorem 49, is omitted.

4,2 TUniversal MTDFs of U-Trees

In Theorem 45(a), sufficient conditions for an MTDF of a graph G to be a
universal MTDF were given. In this section (Theorem 53), we prove that
these conditions are also necessary if G is a special kind of tree which we will

call a U-tree. The next result is involved in the U-tree definition.

Proposition 51 Let v be a vertez of a tree T. Then vertezx v € B; for any
MTDF f of T if and only if there exists at most one vertezx u € N(v) such
that N(u) —{v} € S.

Proof. Suppose v € By for any MTDF f and assume , contrary to the result,
there exist at least two vertices z;,z; € N(v) such that N(z;)—{v} € S and
N(zy) — {v} € S. Therefore by Theorem 47, z; € Co(Ty, ) and 23 € Co(Ty,).

We will define an MTDF f such that v ¢ By. The idea is almost the
same as that used in the proof of Theorem 49. We first define a function g
and then amend g to form the required MTDF f. Assume that the tree is

rooted at v.
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Define a function g : V — [0, 1] by:

G1: (i): If v € R then let
glvy=1and g(I) =0for I € N(v)N L.
(i1): If v € R then let g(v) = 0.

G2: g|r,, = x(MTDS,z;).
glr., = x(MTDS,z,).

G3: glr, = x (MTDS), z € N(v) — LU {z1,2}.

Since z1 & Co(Ty,) and z2 & Co(T,), G2 can be achieved. Therefore g is
well-defined.

We now amend g to form the required MTDF f.
Let A={t|tisachildofuc N(v)—L,g(t)=1and NE)NB, =0}

Define f : V' — [0,1] as follows:

Fi:-
0 fze A

g(z) otherwise .

)=

The assignments G1, G2 ensure that f[z] = g[z] > 1
for z € {v} U{N(v)N L}.
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The assignments G2, G3, F1 ensure that if w € N(¢) for t € A, then
flw] = glw] 2 1.

Now suppose w is adjacent to t € A. By the definition of A, B, N(¢) =
0, i.e., g[w] > 2. Hence flw] = glw] —1> 1.

We conclude that f is a TDF.

We now show the minimality of f, i.e.,, By — P;. Let 2 € Py (i.e.,

f(z) = 1). Several cases must be considered:
Case 1: If & = v, then by G1(i),  is totally dominated by a leaf { € By.
Case 2: If z is not a child of w for w € N(v) — L, by G2, G3, F1, B; — z.

Case 3: If 2 is a child of w € N(v) — L, since f(z) = 1 = g(z), by F1,
z ¢ A, then there exists £ € N(z) such that ¢ € B,. By F1, ¢ € By.

Therefore By — z.

It follows from Cases 1-3 that f is an MTDF. But,

flv] 2 f(z) + f(z2) = 2.

Therefore v € By, a contradiction.

The converse is Proposition 41. |

By Theorem 47, we obtain the following corollary.
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Corollary 52 Let the tree T be rooted at v. The vertex v € By for any
MTDF f of T if and only if there is at most one vertez u € N(v) such that
u & Co(Ty). |

Definition: A tree T is called a U-tree if and only if

(a) for any r € R there is at most one vertex u € N(r) such that
N(u)—{r} £ S and

(b) forvg RUL,|N{v) - 5| > 2.

Example 10: The tree T in Fig 6 is a U-tree with § = {s1,s,}. [t is eésy
checked that the vertices not in R|J L satisfy condition (b) and to illustrate

condition (a), we observe that there is exactly one vertex s; € N(r) such

that N(s;) — {r} = {r',s2} € S.

S

5

A

Fig 6 A U-tree
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We now show that the conditions of Theorem 45(a) characterize universal

MTDFs of U-trees.

Theorem 53 The MTDF g of a U-tree T is a untversal MTDF if and only
if (i) g(v) = 0 for each hot-vertex v and (1) V — 5 C B,.

Proof. By Theorem 45, it suffices to prove that if g is a universal MTDF of
a U-tree, then V — 5 C B,.

Suppose this is false and there exists v € V — § which is not in B,. The
definition of T and Proposition 51 imply that R C B, and for any graph,
L C By; hence v € V — (SULUR). Choose any vertex w € N(v) — § (# 0
by the definition of T'). Since v € R,w & L and so w € N(v) —(SUL). It is
easily verified from the above that for any ! € L, both distances d(v,!) and
d(w,1) are at least three. Consider T to be rooted at v.

Define the function A : ¥V — {0,1} as follows:
C1: h(w) = h(v)=1.

C2: For v € N(v) — {w}, h|r, = x(MTDS, @).
Since d(v,l) > 3for Il € L, u & R(Ty), i.e., u & C1(T,). Therefore, by

Proposition 35(b), the assignment of C2 is possible.
C3: For any y € N(w) — {v}, h(y) = 0.

C4: Forany ¢ € N(y)—{w} wherey € N(w)—{v}, let |y, = x (MTDS,z).

To show that this assignment is possible, we must show = ¢ Cy(T}).
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This is certainly true if ¢ € R (Proposition 33). Otherwise z ¢ R L
and, by the definition of T, |N(z) — S| = 2. Therefore

N(z) — {y} € S(T) and hence N(z) — {y} € S(T). By Theorem 47,
z & Co(Ts).

Now, we show that & is a TDF.

By C1 and w adjacent to v, we have h[v] > 1 and hlw] > 1.

By C2, h[z} > 1 for z € T, where u € N(v) — {w}. Since h(w) =1, Afy] > 1
for y € N(w) — {v}.

Finally by C4, we have hfu] > 1 for u € T, where ¢ € N(y) — {w} and
y € N(w) - {v}.

We have proved that & is a TDF.

It is easily verified that if 2(¢) = 1 and ¢t € {v} U V(T%) then By — {t}.
This may not be the case for alI. vertices s such that A(s) = 1 where s € V(T,)
for u € N(v) — {w}, l.e., h may not be minimal. If h is not minimal, there
exists an MTDF h; < h where hy(z) = h(z), except possibly for vertices
z € V(T,) — {u} where u € N(v) — {w}. It follows that

Bh1 n N('w) = ByN N(w) = {‘U}

Recall that v ¢ B,. If h is an MTDF, then B, By N(w) = 0 and so
B,N By # {w}, where w € P;|JP,. Otherwise the same holds when the
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MTDF h, replaces h. Hence by Theorem 28, we have contradicted the uni-

versal property of g. [ |



Chapter 5

More Special Classes of Trees

In this section, we will use Theorem 45(a) and Theorem 49 to obtain several

classes of trees which have a universal MTDF or have no universal MTDF.

Let T;, denote the the set of trees rooted at v with the following proper-
ties. If H) denotes the set of vertices at distance k from v (Hg = {v}), then

for k=0,...,n — 1, each u € H), has at least two children and H, = L.

Theorem 54 Ifn > 8 and T € T,, then T has no universal MTDF.

Proof. First observe that for n > 2 and T € T,,,5 = H,_». It is then easy
to check the conditions of Theorem 49 to show that for n > 8 and T € T,
each vertex of HoJ...UH,,—¢ U H,_4 is a hot vertex of T. In addition, if
n = 8 or 9, then H; or H; also consists of hot vertices respectively. Hence
for n = 8 or n > 10, H; |J H, contains only hot vertices. For u € H;';,N(u)

contains only hot vertices. By Theorem 46, T' has no universal MTDF. If

54
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n =9, for v € Hy, N(u) contains only hot vertices. By Theorem 46, T has
no universal MTDF. [ |

If the root v of T € T}, has degree at least three, then Theorem 49 shows
that each vertex of H, is also hot for » = 5 or n > 7, and when n = 6,

Hy |J H, consists of hot vertices. A similar proof then establishes:

Theorem 55 IfT € T, wheren > 6, and d(v) > 3, then T has no universal

MTDF.

Definition : A caterpillaris a tree consisting of a path with vertex sequence
v1,...,v; and each v; is adjacent to a set L; (possibly empty) of leaves. With-

out loss of generality, we assume Lq, L, # 0.

We now show that all caterpillars have 0-1 universal MTDFs (Theo-

rem 57).

Proposition 56 Let g be a 0-1 MTDF of a graph G,l € L,r € R and lis
adjacent to r. If g(1) = 1, then g(v) = 0 for allv € N(r) — {l}, i.e., r € B,.

Proof. If not, since g is a 0-1 MTDF, there exists v € N(r) — {{} such that
g(u) = 1 then g[r] > 2. Define a function A by:

)= { Sy o

g(w) otherwise.
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Then hlr] = g[r] —1 > 1. Therefore k is a TDF and % < g, which contradicts

the minimality of g. [

Theorem 57 If T is a caterpillar, then T has a 0-1 universal MTDF.

Proof. We require some preliminary results which we state and prove as

lemmas. Recall that H is the set of hot vertices.

Lemma 58 Let T be a caterpillar, then
(a) If v; € H, then N(v;) C 8§, i.e., v; € Co(T).
(6) Ifl€ L; and 1 € H, then (1) N(I) C S, i.e., [ € Co(T)

or (1))3<i1<t—2 andv;x, &€ S.

Proof. (a) If v; € H:

Since HMN R = @ by Proposition 43(a), 7 # 1,¢ and v; € R, i.e., I; = 0.
Then, if N(v;) € S, say vi_1 € S, by Theorem 49, d(v;—1) > 3, so v;_; € R.
By Theorem 49, there are at least two vertices y € N(v;—) — {v;} =
{vi—2}U L;i_; (or simply L;_, ifi = 2) such that N(y)—{vi-1} € S. Therefore
there exists a leaf! € L;_; such that N(I)—{v;} € S. But N())—{v;i.1} =0 C
S, a contradiction. Therefore v;_, (and similarly v;y;) € S and N(»;) C S.
By Theorem 47, v; € Co(T).

(b)Ifle L;and Il € H :
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Suppose I € Ly and N(I) € S, ie, v; &€ S. Since v; € N(I) — S, by
Theorem 49 there are two vertices ¢ € N(v) — {I} with N(z) — {v1} £ S.
We obtain a similar contradiction as in the proof of (a). Hence N(I) C S.
An identical proof shows N(I) C Sifl € L,.

So now assume ! € L; where 1 <7 < ¢t. If N(I) € S, i.e.,, v; € S, then,
v;41 & R which implies 3 < i < ¢ — 2. By Theorem 49, there are at least two
vertices {z,y} C N(v;)~{I} such that N(z)—{v;} € S and N(y)—{w;} € S.
Therefore {z,y} = {vi_1,vi41}. Hence N(vix1) — {v:i} = {viz2} € S. a

Lemma 59 Let T be a caterpillar, then
there exists a 0-1 MTDF g such that g(v) =0 for allv e H.

Proof. Let Z; be the set of vertices v with f(v) = 0 for an MTDF f. Choose
a 0-1 MTDF f such that |Z;N H| is maximum. If H C Z;, then we are
finished. Otherwise let v € H — Z; (i.e., f(v) = 1).

By Lemma 58, v=1€ L;, NI) £ §,3<i<t—2and vu2 & S.

By Proposition 56, we have f(v;1;) = 0 and v; € By. Now we define

g1 :V = {0,1} by:
u=1

0
afu)=<1 U = Uiy
f(u) otherwise.
Let U = {u € N(viy2) | g1(v)=1}and A={ye U | N(y)N B,, = 0}.
Define g : V' — [0, 1] as follows:

0 zC A
9(z) = { ai(z) zeV - A
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We claim that g is a 0-1 MTDF of T It is easily verified that g, is a 0-1 TDF.

If, for all e € A, y & N(a), then gly] = g1(y] > 1.

Supposey € N(a) wherea € A. Ify € N(a;) N N(a;) where {a;,as} C 4,
then y = viy2. Since v;yy is totally dominated by v; € By, ,vir1 € A. Hence
(say) ay € Liys and flviza] > fa1) + f(a2) = 2. It follows that B; does not
totally dominate a; € Py, a contradiction which shows y # v;15. Further, by
the definition of A4, ¢;[y] > 2. Therefore

gyl =gy -12>1.

We conclude that ¢ is a TDF.

We now show that g is minimal. Clearly v; € B, B,,. Next observe
that v;,1 is the only vertex whose function value has been increased during
the construction of g, i.e., f(v;41) = 0,g1(viy1) = 1 and g(v;41) = 1. Because

of these facts and since g, g; are TDFs, we have
Bf - {vi+2} - Bgl c BQ"

Let z € P, i.e., g(z) = 1.

If z = v;44, then v; € B, N N(x).

If £ ¢ U, then f(z)=1and B, 2 By ~ {viz2} — {z}.

Finally, let ¢ € U — {vi;1}. Since g(z) = 1,z € A and hence N(z)N B, # 0,
ie., B, 2 B, — {z}.
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Therefore g is an MTDF. But [ is hot and v;4; is not hot (by Lemma 58(a),
note g{vit1) = 1). Hence |Z,N H| > |Z; N H| + 1, contrary to the maximum

property of f. This concludes the proof of Lemma 59. ||

Lemma 60 Let T be a caterpillar, then
(a) {v1,v:} C B; for any MTDF f.
() If f is a 0-1 MTDF and v; € By, then f(viz1) = 1.
(c) If f(vi_1) =0 or f(viy1) = 0 for some 0-1 MTDF f, then v; € By.

Proof. Easy and omitted. | |

We now continue with the proof of Theorem 57. By Theorem 45(a) and
Lemma 59, it is sufficient to show that in the set M of 0-1 MTDFs which
are zero on all hot vertices , there is a function g satisfying V — § C B,.

Suppose this statement is false and define
0£M ={meM | |(V—-25)— By|is minimum}.

For m € M”, let i(m) be the largest integer such that v;(m) € (V — §) — B,
and choose g; such that ¢ = i(g;) is maximum. By Lemma 60,2 <i<t-—1
and g1(vix1) = 1, while the minimality of g; (as a TDF) ensures that g,({) = 0
for each I € L;. Note that since v; & S,v;11 € R, i.e., Ligy = 0.

Form g, from g, by:

] 0 U= Vip
g2(v) = { g1{u) otherwise.
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By the minimality of g;, ¢, is not a TDF. The construction of g, and the fact
that L;;; = 0 imply that go[u] = g1[u] for v & {vi,vis2}. Also, go[v;] = 1.
Hence we deduce that ga{viys] = g1[viy2] — 1 = 0 since vy € B,, — {vi1 }-
It follows that g;(u) = 0 for u € N(viys) — {vis1 }.

Since vi41 € R, N(viz2) MR =0 and so v;2 € S.

Ifi+2=t,then L;;; # 0. Choose any [ € L;;;. By Lemma 58(b), [ ¢ H.

Define g3 by:

2(u) w#l
wi={ #2017

It is easy to see that g3 is an MTDF, hence g3 € M. But g3v;] = 1 and
g3[v;] = q1[v;] for j # 4, contradicting g, € M™.

Thus ¢ > ¢ + 3 and since g;(v;13) = 0, it follows that v;.3 & R = C1(T).
Therefore ¢ > ¢ + 3 and by Lemma 60(c), v;44 € By, . Thus gi(z) = 1 for

precisely one vertex # € N(viys) — {viga}-

0 U= Vi
ga(w) =41  w=uvy,

g1(u) otherwise.

Define g4 by:

Clearly, g4 is a 0-1 TDF. Further, since v;y2 € $,N(vi13) € S and by
Lemma 58(a), v;4s is not hot. But v; € B,, and hence, by the choice of
91, 94 is not an MTDF. Since g, is an MTDF and vy € By, — {v;y4} C B,,,
it follows that B,, /4 {z}, i.e., gs[u] > 2 for all » € N(z). But then the

function gy defined by

gs(u)={0 =

g4(u) otherwise
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can easily be seen to be a 0-1 MTDF with gs(u) = 0 for all hot vertices,
v; € By, and By, C B,,, contradicting the choice of g;. This completes the
proof of Theorem 57. |

Corollary 61 The path P,(n > 2) has a 0-1 universal MTDF.

Proof. The path is the special caterpillar with L; =0 for 2 <3 < n — 3 and
|L1I = 1, |Lﬂ_2| = 1. .

Definition: Suppose that Q;,Q,, Q3 are paths with vertex sequences

(V1yee ey Vhytho )y (U1, oy Uky ) and (w1,.. ., Wk, 4y ) Tespectively,

where ky, k3, ky > 2 and kg, ks > 1. The H-tree T(ky, ks, ks, kg, k5 ) is formed
from @1, @, Q3 by two vertex identifications. Firstly u, and vy, are identi-

fied and secondly u, and w;, are identified.

The next result will be needed to show that certain H-trees Tk, ko, k3, ka, ks)

possess universal MTDFs.

Proposition 62 The path with verter sequence (v1,.:.,v,)(n # 4,7) has
two 0-1 MTDFs f1, fa such that V — § C By, V — 8 C By, and fi(v;) =
1, fa(v:) = 0 for v; € R.
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Proof. We define f; and f; by:

0 ¢=0,1(mod4) and v; ¢ R
1 otherwise,

fiv) ={

and
yv_ )0 ¢=2,3(mod4) and v; ¢ R
Falvi) = { 1 otherwise.

It is easily verified that fi, f, satisfy the conclusions of the proposition. M

Theorem 63 The H-tree T(kl,kg,kg,k4,k5) with kl,k4 > G,kz,ks Z 5 and
ks # 1(mod4) has a universal 0-1 MTDF.

Proof. The set of short vertices of T'(ky, ko, k3, k4, ks) is the set

S = {vs, wa, Vi, 1hy—2 Wi, +ks—2} and by Theorem 49, when k3 # 3, H = 0. It
is therefore sufficient to construct a 0-1 MTDF g with V — S C B, (Theo-
rem 45(a)).

By Proposition 62, there exist MTDFs f1, f, of Q, such that
fi(w) = 1, fo(ts) = 0 and V(Qy) — S(Q1) C By,(i = 1,2). Also there exist
MTDFs Ay, by of Qg such that hy(us,) = 1, ha(us,) = 0 and
V(Qs) — 5(Q3) C Bi (1 =1,2).

There are some cases to be considered:



63

Case 1: k; = 0(mod4):
Define g by:

filv) v e V(Q,)

o) = hi(v) v € V(Qs)
0 v = u; for 1 = 2,3(mod4)
1 otherwise.

It is easy to show that g is an MTDF and V(Q.) C B,. Since § =
S(Ql)US(Q:;), gIQ]_ = fl and gIQa = h]_, it follows that V — S (_: Bg

and g is universal.

Case 2: k3 = 2(mod4):
Define g by:

fg('v) v e V(Ql)
(0) = ha(v) v € V(Qs)
g 0 v = u; for ¢ = 1,2(mod4)

1 otherwise.

Similarly, we can show that g is universal.

Case 3: k; = 3(mod4):
Define g by:

L) veV(@y)
g(v) = ha(v) v € V(Qs)
0 v = u; for ¢ = 2,3(mod4)

1 otherwise.

When k3 # 3, similarly, we can show that g is universal.
When ks = 3, H C {u;} by Theorem 49. Also we have gluz) = 0.
Therefore gz = 0. Moreover V — § C B,. Hence g is a universal

MTDF (Theorem 45(a)).
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Definition: A generalized star is a tree formed from k(> 3) disjoint paths
with vertex sequences v;1, ..., %), = 1,...,k (each () > 2), by identify-

ing the end vertices v11,vy;,...,vx1. This identified vertex is denoted by v.

Proposition 64 Let T be the generalized star with t(i) > 3 for each i =
1,...,k. Then

either (i) H = {v} and t(i) =4 for all i =1,...,k,

or (1) HC {vpli=1,...,k}.

Proof. (i) If v € H, then d(u) > 3 for each u € N(v) — § by Theorem 49(a).
But d(w) < 2 for all w € N(v). Therefore N(v) C 8, i.e,foralli=1...,k,
viz € §,vi3 € R and vy € L. Hence ¢(2) = 4 for all i and Theorem 49 implies
that H = {v}.

(ii) Suppose v ¢ H. If v;, € H where n > 3 and 1 < ¢ < k, then vy, Z R
by Proposition 43(a). Since ¢(i) > 3,v ¢ R. Therefore Vi(n—1) & S.
But vita_1) € N(vin), d(vitn—1)) = 2 and hence by Theorem 49, v;, ¢ H, a
contradiction. Hence H C {vp[i = 1,...,k}.

Now suppose, without loss of generality, v;, € H.
If v € 5, then there exists v,,; € R. By Proposition 43(a), v & H.
If v ¢ S, by Theorem 49(b) there exist two vertices {z,y} C N(v) — {v12}
such that N(z) — {v} € S and N(y) — {v} € S. If, say, £ = vs, then
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N(z) — {v} = vo3 € S. Since d(vz3) =2 or 1 < 3, vgy € H by Theorem 49.
Therefore H C {vp2[t =1,...,k}. |

Theorem 65 The generalized star T has a 0-1 universal MTDF.

Proof. Let the path of T with vertex sequence v;,...,vii) be denoted by
Q.

Case 1: ve H:
By Proposition 64(i), we have {(i) = 4 for ¢ = 1,...,k. Define a

function g by:

u=v
U = U2
U = V14

g(w) = 5 U = v for i = 2,

ok
v=vyfori=2,...,k
u=vzfori=1,...,k.

- o~ O

\

It is easy to verify that g is an MTDF and B, =V 2> V — 5. Moreover

g|H = g(v) = 0. Therefore g is universal by Theorem 45(a).

Case 2: t(i) > 4forall:=1,...,kand v & H:
By Proposition 64(ii), we have H C {v;z]¢ =1,...,k} and there exists

a vertex, say vis, such that v1, ¢ H. Define g on V(Q,) by:

0 otherwise.

1 j=t(1)—1
glvy;) = { 1 7=1,2(mod4)
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Define g on V(Q;) for ¢ = 2,...,k by:

1 j=¢t()-1
g(’u,-j) = 1 j = 0, 1(1110(14)
0 otherwise.
It is easily verified that g is a 0-1 MTDF satisfying V — 5 C B,.
Moreover by Proposition 64, H C {v22,..., %2} and glfus,,..v0r = 0.

Hence g|g = 0 and g is universal by Theorem 45(a).

Case 3: t(m) = 3 for some m € {1,...,k} and £(i) > 3 for i = 1,..., k.

This case implies v € § and v € H (Proposition 64(i)).

Define g on V(@;) for i =1,...,k by:

0 otherwise.

1 j=t(i)—1
g(’b‘ij) = 1 j = 0, l(modé)
It is easy to check that g is a 0-1 universal MTDF using Theorem 45(a).

Case 4: v € R, i.e., for some m € {1,...,k},t(m) = 2.

In this case, one may prove from Theorem 49 that H C {v;,visli =
1,...,k}. We claim that for some g € {1,...,k},v,2 & H. By symme-
try, either all leaf neighbours of v are hot or none are.

In the former case, since vms € H, there exists z € N(v) —~ {vm2} (say
& = vg ) with N(z) — {v} € 5. It follows that v,; exists and is not
short. Thus vertex vg3 is a non-short neighbour of v,, of degree less
than three and we deduce v, ¢ H.

In the latter case, take ¢ = m.
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Define g on V by:

FI=t1) -1

J = 0,1(mod4)
Vij = Vg2
otherwise.

1
1
9vis) =4 |
0
One further change must be made if £(g) > 3, specifically, in this case,
values of g(v,;) must be assigned by:
1 j=¢()-1
9(vg;) = ¢ 1 j=1,2(mod4)
0 otherwise.

Function g is a 0-1 MTDF satisfying V — S C B, and ¢g|y = 0. Thus

g is universal by Theorem 45(a).



Chapter 6

Conclusions: Open Problems

In this thesis, motivated by work of [7-12] on convexity of MDFs, which was
summarized in Chapter 2, we have begun to develop an analogous theory for
MTDFs.

Many facts about minimality and convexity in the TDF theory (Section
3.1) closely resemble results in the DF theory . However there are also
basic differences. It was showed that some graphs have vertices which have
the value zero in any MTDF (Proposition 34). Thus unlike MDF's, not all
graphs have MTDFs with all positive function values. We have been unable
to characterize such graphs but make the following:

Conjecture: A graph G has a positive MTDF if and only if Co(G) = 0.

A further difference is that there exist-graphs with a unique MTDF (The-
orem 37) while for graphs with at least one edge, there are infinitely many
MDFs.

Our main work was on the existence of universal MTDFs. It turns out
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that all paths, cycles, complete graphs, complete bipartite graphs and wheels
have both universal MTDFs and MDFs.

A basic difference here is that the boundary of any universal MDF g of
G dominates the vertex set V of G (i.e., B, > V, (Proposition 6)), but there
exist universal MTDFs whose boundaries do not totally dominate
( Example 7).

In Section 3.3; we introduced short vertices and hot vertices , the counter-
parts of remote vertices and cool vertices in MDF theory. These were found
to play an important role in the existence of universal MTDFs (Theorem 45).

Hot vertices of trees were characterized in Chapter 4 (Theorem 49) and
this result enabled us to solve the universal MTDF existence problem for
various classes of trees (Chapter 5).

If v is a hot vertex of a tree, there is always a 0-1 MTDF f such that »
is f-hot (Corollary 50). The analogous statement for cool vertices of trees in
MDF theory is false.

A characterization of MTDFs of trees which are universal, has not yet
been obtained. The corresponding problem for MDFs has been solved. We
were only able to find such a result for U-trees (Theorem 53).

We are far from characterizing the graphs which have universal MTDFs
and in fact (as in the MDF theory) this problem has not even been solved
for trees. The analysis developed in Chapter 3 and 4 might ultimately lead

to a solution of the tree characterization problem.
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In conclusion, we note that we have only studied one topic concerning
the convexity relation on the set of MTDFs of a graph, namely the existence
of universals. Further investigation of this relation will undoubtedly lead to

interesting results.
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