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ABSTRACT

In this thesis, we study the notion of graph summarization, which is a fundamental
task of finding a compact representation of the original graph called the summary.
Graph summarization can be used for reducing the footprint of the input graph,
better visualization, anonymizing the identity of users, and query answering.

There are two different frameworks of graph summarization we consider in this
thesis, the utility-based framework and the correction set-based framework. In the
utility-based framework, the input graph is summarized until a utility threshold is not
violated. In the correction set-based framework a set of correction edges is produced
along with the summary graph. In this thesis we propose two algorithms for the
utility-based framework and one for the correction set-based framework. All these
three algorithms are for static graphs (i.e. graphs that do not change over time).
Then, we propose two more utility-based algorithms for fully dynamic graphs (i.e.
graphs with edge insertions and deletions).

Algorithms for graph summarization can be lossless (summarizing the input graph
without losing any information) or lossy (losing some information about the input
graph in order to summarize it more). Some of our algorithms are lossless and some
lossy, but with controlled utility loss.

Our first utility-driven graph summarization algorithm, G-SCIS, is based on a
clique and independent set decomposition, that produces optimal compression with
zero loss of utility. The compression provided is significantly better than state-of-the-
art in lossless graph summarization, while the runtime is two orders of magnitude
lower.

Our second algorithm is T-BUDS, a highly scalable, utility-driven algorithm for
fully controlled lossy summarization. It achieves high scalability by combining mem-
ory reduction using Maximum Spanning Tree with a novel binary search procedure.
T-BUDS outperforms state-of-the-art drastically in terms of the quality of summa-
rization and is about two orders of magnitude better in terms of speed. In contrast
to the competition, we are able to handle web-scale graphs in a single machine with-
out performance impediment as the utility threshold (and size of summary) decreases.
Also, we show that our graph summaries can be used as-is to answer several important
classes of queries, such as triangle enumeration, Pagerank and shortest paths.

We then propose algorithm LDME, a correction set-based graph summarization

algorithm that produces compact output representations in a fast and scalable man-
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ner. To achieve this, we introduce (1) weighted locality sensitive hashing to drastically
reduce the number of comparisons required to find good node merges, (2) an efficient
way to compute the best quality merges that produces more compact outputs, and
(3) a new sort-based encoding algorithm that is faster and more robust. More inter-
estingly, our algorithm provides performance tuning settings to allow the option of
trading compression for running time. On high compression settings, LDME achieves
compression equal to or better than the state of the art with up to 53x speedup in
running time. On high speed settings, LDME achieves up to two orders of magnitude
speedup with only slightly lower compression.

We also present two lossless summarization algorithms, Optimal and Scalable,
for summarizing fully dynamic graphs. More concretely, we follow the framework of
G-SCIS, which produces summaries that can be used as-is in several graph analytics
tasks. Different from G-SCIS, which is a batch algorithm, Optimal and Scalable
are fully dynamic and can respond rapidly to each change in the graph. Not only
are Optimal and Scalable able to outperform G-SCIS and other batch algorithms
by several orders of magnitude, but they also significantly outperform MoSSo, the
state-of-the-art in lossless dynamic graph summarization. While Optimal produces
always the most optimal summary, Scalable is able to trade the amount of node
reduction for extra scalability. For reasonable values of the parameter K, Scalable
is able to outperform Optimal by an order of magnitude in speed, while keeping the
rate of node reduction close to that of Optimal. An interesting fact that we observed
experimentally is that even if we were to run a batch algorithm, such as G-SCIS, once
for every big batch of changes, still they would be much slower than Scalable. For
instance, if 1 million changes occur in a graph, Scalable is two orders of magnitude

faster than running G-SCIS just once at the end of the 1 million-edge sequence.
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Chapter 1
Introduction

Graphs are ubiquitous and are the most natural representation for many real-world
data such as web graphs, social networks, communication networks, citation networks,
transaction networks, ecological networks and epidemiological networks. Such graphs
are growing at an unprecedented rate. For instance, the web graph consists of more
than a trillion websites [2] and the social graphs of Facebook, Twitter, and Weibo,
have billions of users with many friend/follow connections per user [1, 4, 3].

Graph summarization is a fundamental task of finding a compact representation
of the original graph called the summary. It allows us to decrease the footprint of
the graph and query more efficiently [15, 44, 51]. Graph summarization also makes
possible effective visualization thus facilitating better insights on large-scale graphs
(60, 14, 37, 30, 13]. Also crucial is the privacy that a graph summary can provide for
privacy-aware graph analytic [34, 21].

The problem has been approached from different directions, such as compression
techniques to reduce the number of required bits for describing graphs [48, 7, 11,
49|, sparsification techniques to remove less important nodes/edges in order to make
the graph more informative [54, 42] and grouping methods that merge nodes into
supernodes based on some interestingness measure [34, 44, 51, 47, 39]. Grouping
methods constitute the most popular summarization approach because they allow the
user to logically relate the graph summary to the original graph. The grouping based
methods are mainly categorized into three main categories: utility based approaches
[32, 47], correction-set based approaches [51, 44, 28] and approaches for inferring the
expected adjacency matrices of summaries [34, 47, 33, §].

The first and second categories are the focus of this thesis. On the other hand,

algorithms in the third category aim at inferring the ezpected adjacency matrix by



minimizing the error between the reconstructed graph from the summary and the
original graph [33, 34, 47, 8]. However there are some limitations with these algo-
rithms, namely, they are not scalable to large graphs with more than a billion edges,
they produce a lossy summary and the losslessness is not guaranteed. In addition,
they need to store weights which may cause the footprint of the summary graph to
exceed the original graph.

In the following we explore the utility-based framework and correction set based
framework in more detail and discuss our contributions to these frameworks. Finally,
we explore the lossless graph summarization problem in the fully dynamic scenario
in which edges are inserted or removed from the original graph and discuss our pro-
posed lossless algorithms that are able to incrementally update the summary graph

in constant time.

1.1 Utility-based summarization

The flip side of summarization is loss of utility, or loss of “useful information” con-
tained in the original graph. At a conceptual level, utility is defined by attempting
to reconstruct the original graph G from a summary G thus obtaining reconstructed
graph G'. Compared to G, graph G’ can miss original edges that have been lost or
can have spurious edges that have been added. We define the utility of summary G to
be the utility of the reconstructed graph G’. The utility of G’ is penalized in terms of
the number of lost edges and spurious edges. As a consequence, the more structural
similarity G’ has with G, the higher its utility.

A problem with most previous works is that it is hard to predict the utility of
their produced summaries. They do not incorporate measuring utility at each step of
the algorithm. To the best of our knowledge the only works that present utility-aware
algorithms are [51], [28], and [32]. In [51], Shin et al. present SWeG, an algorithm
that preserves a neighborhood similarity measure for each pair of corresponding nodes
in G and G'. This however is a local measure, not easily generalizable to global utility
for the whole graph. Furthermore, the edges are considered of equal importance, thus
further hampering the measuring of utility. In [28], Ko et al. present MoSSo, an
incremental algorithm for maintaining lossless summaries of dynamic graphs. Similar
to [51], MoSSo also is not conducive to considering a global notion of utility.

In [32], Kumar and Efstathopoulos are the first to address global utility. However,

their approach, UDS, requires time O(V?); based on our experiments, it can only



handle small to moderate datasets, often requiring more than 100 hours. Furthermore
UDS only scratches the surface of what is possible to achieve in utility-based graph
summarization. For example, for the case when we desire zero loss of utility, UDS
performs rather poorly producing a summary that is not very different from the
original graph it started from. On the other hand, for the case when utility loss
is allowed, UDS uses simple criteria for merging nodes of the original graph thus

producing summaries that can be vastly improved.

1.1.1 Contributions

To address these challenges, we propose two utility-driven algorithms, G-SCIS and
T-BUDS, for the lossless and lossy cases, respectively, which can handle large graphs
efficiently on a consumer-grade machine. G-SCIS is based on a clique and inde-
pendent set decomposition that produces significant compression with zero loss of
utility. Compared to SWeG, MoSSo, and UDS, G-SCIS produces better summaries
with respect to reduction in number of nodes, while having a running time lower by
two-orders of magnitude.

We also show that G-SCIS summaries possess an attractive characteristic not
present in SWeG, MoSSo or UDS summaries. Due to our clique and independent set
decomposition, we are able to compute important classes of queries, such as Pagerank,
triangle enumeration, and shortest paths using the G-SCIS summary “as-is” without
the need to perform postprocessing or execute neighborhood queries as SWeG and
MoSSo do.

Our second algorithm, T-BUDS, is a highly scalable iterative algorithm for the
lossy case, which incorporates measuring utility at each iteration and allows the user
to fully control the loss of utility according to their needs. T-BUDS significantly
outperforms SWeG and UDS in terms of node reduction while requiring significantly
less time and space. We achieve this by combining the use of weighted Jaccard
similarity, a memory reduction technique based on Maximum Spanning Tree and a
novel binary-search approach for merging nodes. In summary, our contributions are

as follows.

e We propose an optimal algorithm, G-SCIS, for lossless graph summarization and
show that it outperforms state of art by two orders of magnitude in runtime

while achieving better reduction in number of nodes.



e We show interesting applications of the summary produced by G-SCIS to tri-
angle enumeration, Pagerank, and shortest path queries. For instance, we show
that we can enumerate triangles and compute Pagerank on the G-SCIS sum-

maries much faster than on the original graph.

e We propose a utility-driven algorithm, T-BUDS, for lossy summarization. T-
BUDS achieves high scalability and outperforms state-of-the-art by two orders

of magnitude.

e We also show that T-BUDS significantly outperforms state-of-the-art in terms
of utility achieved for a given level of node reduction. Conversely, for a given
utility threshold, T-BUDS offers much better node reduction than state-of-the-

art.

1.2 Summarization in fully dynamic scenario

We also tackle the problem of summarizing massive dynamic graphs that come as a
fast stream of edge insertions and deletions [57, 28, 20]. The problem is of paramount
importance. Real graphs are massive (e.g. web and social networks) spanning billions
of nodes and edges, thus, summarizing them is imperative in order to make graph
processing feasible in practice. Real graphs are also highly dynamic, for example,
more than 250,000 new web pages and 500,000 new Facebook users are added every
day!' and many millions of links and connections are created every minute. Therefore,
we need dynamic graph summarization algorithms that can scale and rapidly respond
to changes in the graph.

Graph summarization takes as input a graph and it produces a more compact
graph as output [25, 40, 12]. There are many summarization methods, such as graph
compression to reduce the volume of input graph [11], graph sparsification to remove
less important nodes or edges [42], and group-based graph summarization (GGS) to
group similar nodes and edges into supernodes and superedges [51, 44, 32, 33, 47].
GGS is by far the most popular family of methods and our work also belongs in GGS.
However, most of the works in GGS consider static graphs, thus ignoring the highly
dynamic nature of real graphs. While there are some works on dynamic graph sum-

marization [61, 57, 18, 50], they produce lossy summaries, i.e., salient information in

https://siteefy.com/how-many-websites-are-there
https://backlinko.com/facebook-users



the original graph can be irrecoverably lost.

Recently, Ko et al. in [28] proposed MoSSo, the first lossless dynamic GGS al-
gorithm, which builds on the framework of SWeG [51] for static graphs. However,
the summaries of MoSSo and SWeG can only be used via neighborhood queries, i.e.,
given a node, return its neighbors. This amounts to slowly and incrementally recon-
structing the original graph, one node at a time, often multiple times for the same
node if the node is requested repeatedly. As such, these summaries can mainly be
used as compression devices, rather than data structures to speed up graph analytics.

In contrast, the G-SCIS framework, introduced by Hajiabadi et al. in [19], pro-
duces summaries that can be used as-is to speed up important classes of graph an-
alytics, such as graphlet enumeration, centrality computation, and shortest paths.
However, the G-SCIS algorithm given in [19] works only for static graphs leading us
to ask the following questions: For a dynamic graph stream, is it possible to maintain
and update a summary efficiently in the G-SCIS framework? Furthermore, can such
summaries be lossless and optimal or close to optimal size in the G-SCIS framework?

We propose an optimal dynamic lossless summarization algorithm (Optimal) that
works in near constant time for each change. Optimal obtains and dynamically up-
dates the smallest-possible-anytime lossless summary in terms of node reduction. We
achieve up to 8 orders of magnitude running time improvement over batch counter-
parts, and up to 12x improvement over MoSSo, while at the same time offering up to
6x improvement in node reduction compared to MoSSo. We then present a second al-
gorithm, Scalable, which offers an additional order of magnitude speed improvement
at the cost of having less node reduction than Optimal. Nevertheless, our extensive
experiments show that node reduction rates of Scalable are close to those of Optimal
and still better than those of MoSSo. As such, Scalable is a good choice when the
speed of change is very high.

1.2.1 Contributions

We propose an optimal dynamic lossless summarization algorithm (Optimal) that
works in near constant time for each change. Optimal obtains and dynamically up-
dates the smallest-possible-anytime lossless summary in terms of node reduction. We
achieve up to 8 orders of magnitude running time improvement over batch counter-
parts, and up to 12x improvement over MoSSo, while at the same time offering up to

6x improvement in node reduction compared to MoSSo. We then present a second al-



gorithm, Scalable, which offers an additional order of magnitude speed improvement
at the cost of having less node reduction than Optimal. Nevertheless, our extensive
experiments show that node reduction rates of Scalable are close to those of Optimal
and still better than those of MoSSo. As such, Scalable is a good choice when the
speed of change is very high. In contrast to MoSSo, which is a randomized algorithm,
our Optimal and Scalable algorithms are deterministic and rooted in number theory,
i.e., they produce always the same output for a given input.

More specifically, Optimal uses a sort-insensitive hashing scheme to bucketize
nodes using their neighbor sets; nodes in same bucket are candidates for merge. Sort-
insensitivity allows quick update of the hash value of a node upon an edge change
that changes its neighbor set. Typical hash schemes for sets or strings assume a sort
order before applying hashing. However, resorting a neighbor set each time a change
occurs is impractical for a high rate of changes. We also pay special care to properly
identify the set of nodes that need a new supernode home. This is important because
the relocation of a node can cause other nodes to relocate too. Nevertheless, we
show that the number of affected nodes is never more than four, thus keeping several
computations at constant complexity.

The main cost that Optimal incurs is neighbor set equality checks it performs
between nodes in the same bucket. Our next algorithm, Scalable, addresses this
problem by introducing a hash signature of K sort-insensitive functions, where K
is a user-specified integer. Using elementary symmetric polynomials and Newton’s
identity, we show that our hash signature is such that, for every node of degree less
or equal to K, we obtain exactly the same grouping result as Optimal. Nodes with
degree greater than K are left alone in singleton supernodes, not merged with other
nodes. The bigger the value of K, the more node reduction we obtain, but the slower
the algorithm becomes. For K equal to maximum degree in the graph, Scalable
produces the same summary as Optimal. However, we do not need to increase K too
much to see good summaries. A small value of 20, is sufficient for most datasets to
see node reduction rates very close to Optimal. This is because most of group merges
happen among nodes of small degree. Finding similar nodes among nodes of higher
degree is quite rare. As such, Scalable performs excellently both in term of speed and

quality for small values of K. In summary, we make the following contributions.

e We present Optimal, a fully dynamic algorithm that provides the smallest-any-
time lossless summary of a graph that arrives as a stream of edges. It comes

with a complete guarantee of always producing the same summary as the batch



counterpart.

e We present Scalable, another fully dynamic algorithm, which is an order of
magnitude faster than Optimal at the cost of less node reduction. Scalable still
produces lossless summaries, and its node compression rate is close to that of

Optimal.

e We conduct an extensive experimental analysis that shows the superiority of

our algorithms compared to the batch and dynamic state-of-the-art.

e We present Directed-Scalable, which is an adaption of Scalable for directed
graphs. We show that Directed-Scalable exhibits similar characteristics as Scal-

able with excellent scalability and node reduction ratio.

1.3 Correction-set based framework

Correction-set based framework, is another popular framework in grouping based
approach. In this approach, as defined in [44, 51], the output representation consists
of a summary graph and correction set. The correction set is used to reconstruct the
original graph from the summary graph either perfectly (lossless) or with some loss in
information (lossy). Correction set based graph summarization algorithms consist of
three broad steps: merge nodes of the original graph into supernodes of the summary
graph, encode the original edges into superedges of the summary graph and correction
set, and drop some edges from the summary graph and correction set to yield a more
compact output (for lossy case).

The current state of the art correction set based graph summarization algorithm
is SWeG of [51]. SWeG is faster than all of its competitors, yields better compression
than other methods, and can also run in a distributed setting. SWeG improves upon
the original framework of [44] by adding a dividing step that divides the nodes into
smaller groups prior to merging (for parallelizability and efficiency) and introducing an
approximation metric for finding nodes to merge. Despite the impressive performance
of SWeG compared to other algorithms, there are several steps in the algorithm which
bottleneck its performance. In particular, the merging algorithm is quadratic in the
size of groups, so its running time suffers due to the dividing step not creating small
enough groups of nodes. The merging step also uses an approximation metric to find

good merges since [51] did not present an efficient way to directly compute the true



best merges in a group. Finally, the encoding algorithm also becomes a bottleneck
since it scales quadratically based on the number of supernodes, making it perform

poorly for larger graphs.

1.3.1 Contributions

We propose LDME (Locality Sensitive Hashing Divide Merge Encode), an efficient
and scalable correction set based graph summarization method which makes opti-
mizations in each step of SWeG. In particular, LDME introduces weighted locality
sensitive hashing to reduce the amount of computation during the merge phase, uses
an efficient method of computing the best merges, and implements a faster and more
scalable encoding algorithm. Our optimizations are such that we can now handle
large datasets requiring only a single machine without the need for expensive clusters
of machines. Additionally, LDME includes the benefit of being able to tune its per-
formance to trade off compression for running time. In particular, LDME with high
compression settings achieves up to 53x speedup with equal or better compression
than SWeG and with high speed settings achieves up to two orders of magnitude
speedup with only a small loss in compression. In summary, our contributions are as

follows.

e New node dividing algorithm which introduces weighted locality sensitive hash-

ing to significantly improve the running time of the bottleneck merging step

e Efficient method to directly compute the best nodes to merge that gives better

overall compression and is faster than the approximation metric used in SWeG

e New edge encoding algorithm that scales better based on only the number of
edges in the original graph and is up to 26x faster than SWeG (especially on
very large graphs)

e A performance tuning technique to allow the choice of more compressed output

representation or faster running time

e Extensive experimental results showing the speedup and scalability of our ap-

proach that is able to handle billion-scale datasets on a single machine.



1.4 Selected Publications

In the following, I have listed my publications which show the outcome of my research

and collaboration, as the main author, with my supervisors and lab mates.

e Yong Q, Hajiabadi M, Srinivasan V, Thomo A. Efficient graph summarization
using weighted Ish at billion-scale. In Proceedings of the 2021 International
Conference on Management of Data 2021 Jun 9 (pp. 2357-2365).

e Hajiabadi M, Singh J, Srinivasan V, Thomo A. Graph Summarization with
Controlled Utility Loss. In Proceedings of the 27th ACM SIGKDD Conference
on Knowledge Discovery & Data Mining 2021 Aug 14 (pp. 536-546).

e Hajiabadi M, Srinivasan V, Thomo A. Dynamic Graph Summarization: Opti-

mal and Scalable, conference version in submission, 2022.

1.5 Dissertation Outline

The outline of this dissertation is as follows.

e Chapter 2 explores the utility based graph summarization algorithms in more
detail and provides an overview of existing works in literature and proposes
two utility-based graph algorithms, G-SCIS which is a lossless summarization
algorithm, and T-BUDS which is a lossy summarization algorithm. This chapter

reflects our research published in [19].

e Chapter 3 focuses on graph summarization in a fully dynamic scenario, and
proposes two different algorithms for lossless dynamic graph summarization.
They are called Optimal and Scalable. Optimal produces the smallest-any-time
lossless summary. Scalable does not have this guarantee, however, it is still
lossless, and a magnitude faster than Optimal. This chapter reflects our recent

work which is under submission.

e Chapter 4 focuses on the correction-set based framework for graph summariza-
tion. It investigates the current state-of-the-art algorithms in this framework
and proposes LDME (Locality Sensitive Hashing Divide Merge Encode), an
efficient and scalable correction set-based graph summarization method. This

chapter reflects our research published in [59].



e Chapter 5 concludes the dissertation and discusses potential future work.

10



11

Chapter 2

Graph Summarization with
Controlled Utility Loss

This chapter starts with an overview of literature on utility-based graph summariza-
tion. Next, we introduce the problem statement and the proposed methods, namely
G-SCIS for lossless summarization and T-BUDS for lossy summarization. We then
propose how we are able to use G-SCIS summary as-is to answer queries with more

effective time and finally show experimental results and conclusions.

2.1 Related Work

Graph summarization has been studied in different contexts and we can classify the
proposed methodologies into two general categories, grouping and non-grouping. The
non-grouping category includes sparsification-based methods [36, 42] and sampling-
based methods [5, 38]. For a more detailed analysis of non-grouping methods, see the
survey by Liu et al. [40].

The grouping category of methods is more commonly used for graph summariza-
tion and as such has received a lot of attention [32, 34, 44, 47, 51, 28, 39]. In this
category, works such as [34, 47| can only produce lossy summarizations optimizing
different objectives. On the other hand, [44, 51] are able to generate both lossy and
lossless summarizations. Among works of the grouping category, we discuss the fol-
lowing works [32, 39, 44, 51, 28] that aim to preserve utility and as such are more
closely related to our work.

Navlakha et al. [44] introduced the technique of summarizing the graph by a com-
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pact representation containing the summary along with correction sets. Two different
algorithms greedy and randomized were proposed in [44] to produce a compact sum-
mary along with the correction sets. Liu et al. [39] proposed a distributed solution to
improve its scalability. Recently, Shin et al. [51], proposed SWeG, that builds on the
work of [44]. They used a shingling and minhash based approach to prune the search
space for discovering promising candidate pairs. MoSSo is a recent incremental algo-
rithm for summarizing dynamic graphs using correction sets [28]. While SWeG [51]
summaries are queryable, the use of correction sets makes SWeG inefficient for queries
such as Pagerank or triangle enumeration.

Finally, we note that there are other methods in literature which also aim to
create summary graphs with the goal of minimizing reconstruction error, albeit dif-
ferently [34, 47]. They could find some interesting bounds in the quality of summary
or the accuracy of query answering such as number of triangles, but in fact storing
the expected adjacency matrix of the summary graph required much enough memory
to unable these methods to create summary for large graphs. GraSS [34] leveraged
the idea to generate a probabilistic approximate adjacency matrix, A ;upon which in-
coming queries are computed. Due to maintaining |V| x |V| matrix and |V| (number
of nodes in graph) being some billions in social network graphs like Facebook, the
approach has high memory requirements and is thus not scalable.

The objective function is to minimize normalized reconstruction error so that the
summary can behave like the original graph. If A is the original adjacency matrix
for G = (V,E) and A is the real valued approximate adjacency matrix, then the

normalized reconstruction error is evaluated as

error — ﬁ S5 JAG ) — AGL )| (2.1)

iV jev

While GraSS [34] did not specify any guarantees on the queries, Riondato et
al. [47] provided an approach with theoretical bounds for the query efficiency. The
proposed algorithm was the first polynomial-time approximation algorithm of it’s
kind. Given k& number of supernodes, the objective function is to minimize p-norm of
A — A as compared to normalized reconstruction error in GraSS [34].

Kumar and Efstathopoulos [32] presented UDS, an algorithm that preserves the
utility above a user specified threshold. The framework assigned an importance score
to each edge based on their centrality and the loss of utility is measured using these

centrality scores. A lossy algorithm, UDS, was proposed using a memoization-based
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approach and its effectiveness was established in terms of quality and overall prac-
ticality. However, UDS cannot be effectively used for lossless summarization as the
summary generated for such a case is very close to the original graph. Furthermore,

for the lossy case, UDS is not scalable to moderate or large graphs.

2.2 Preliminaries

Let G = (V, E) be an undirected graph, where V is the set of nodes and E the set
of edges. A summary graph is also undirected and denoted by G = (V, &), where
V is a set of supernodes, and £ a set of superedges. More precisely we have V =
{S1,85,..., Sk} such that k < |V|, V.= U, S; and Vi # 4,8, NS; = 0. The
supernode which a node u € V belongs to is denoted by S(u).

Reconstruction. Given a summary graph, we can (lossily) reconstruct the original

graph as follows. For each superedge (S;, S;) we construct edges (u, v), for each u € 5,
and v € §;. For ¢ # j, this amounts to building a complete bipartite graph with S;
and S; as its parts. For ¢ = j (a self-loop superedge), the reconstruction amounts to

building a clique among the vertices of 5;.

Utility. In order to reason about the utility of a graph summarization we need to
define the notion of edge importance. We denote the importance of an edge (u,v)
in G by C(u,v). For example, the edge importance could measure its centrality.
Obviously, the more important edges we recover during reconstruction, the better it
is. However, this should not come at the cost of introducing spurious edges. In order
to measure the amount of spuriousness, we also introduce the notion of importance
for spurious edges and denote that by Cs(u,v). Now in a similar way to [32] we define

the utility of a summary graph G = (V, ) as follows.

u(@ = > > Cluv)— Y. Ciluw) (2.2)

(Si,55)e€ (uv)eE (u,0)¢FE
u€S;veS; uES; weS;

In words, the utility of a summary is measured by summing the importance scores
of edges of the original graph that can be reconstructed from it and subtracting the
sum of importance scores of the spurious edges that are introduced by the recon-
struction. C'(u,v) and Cs(u,v) are normalized so that their respective sums equal

one.
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Figure 2.1 shows an example for this framework. There are 14 edges and 11 nodes.
We assume that the weight of each actual edge is equal to i E| and the weight of
each spurious edge is equal to ﬁ = ﬁ. That is, there are 41 spurious edges in
total and the weight of each is set2 in this example to be equal to 1/41. In part (a) the
set of nodes inside the circles merge together into new supernodes and the utility still
remains one because no information has been lost. In part (b) the circles show two
merge cases. In the first case, the blue supernode merges with the red node and in the
second case, the green supernode merges with the blue node. In the first case, there
is a utility loss of & for missing one actual edge (see part (d) for the reconstructed
graph). We chose not to add an edge from the new blue supernode to one of the
neighbours of the red node because doing so would introduce three spurious edges for
a cost of 7 that is greater than 5 (cost of missing one actual edge). Similarly, in the
second case, there is a utility loss of 7 for introducing two spurious edges. Therefore,

2 505

the utility after this step is 1 — ¢; — ;7 = &=;. Part (c) shows the summary after all

the four merges and part (d shows the reconstructed graph of summary in part (c

YREE

Figure 2.1: Example of the utility-based framework. (a) Shows the original graph
with two candidate merges with no loss of utility. The result is shown in (b) along
with two more candidate merges. The merge of the green supernode with the blue
node introduces two spurious edges (see the relevant part in the reconstructed graph
in (d)). The merge of the blue supernode with the red node loses an actual edge
as shown by the result in (d). (d) shows the reconstructed graph starting from the
summary graph in (c).

In order to have a good summary, the user defines a threshold 7, 0 < 7 <1, and
requests that u(G) > 7. Now we define the optimization problem we study as follows.

Given graph G = (V, E) and user-specified utility threshold 7, our objective is to

minimize |V| subject to u(G) > 7. (2.3)
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2.3 Optimal lossless algorithm

Kumar et al. [32] showed that given a utility threshold 7, computing the optimal
graph summary with utility loss of at most 7 is NP-Hard. In this section, we analyze
the problem for the special case of 7 = 1, that is, lossless graph summarization. When
we reconstruct the graph from such a summary, no actual edge will be lost and no
spurious edge will be introduced. We show that we can obtain in polynomial time the
optimal summary in terms of the objective function, i.e. the one with the smallest
number of supernodes.

We denote by N(u) the set of neighbors of vertex u. In the following whenever
we refer to a clique we mean a clique C, such that if u,v € C, then N(u) U {u} =
N(v) U {v}. This implies the vertices of C' share the same neighbours outside the
clique. Similarly, whenever we refer to an independent set (a set of nodes where no
two nodes are connected) we mean an independent set I, such that if u,v € I, then
N(u) = N(v). We have the following lemmas.

Lemma 2.3.1. In a summary for T =1, each node can be (1) in a supernode of size
one, or (2) inside a supernode representing a clique in G, or (3) inside a supernode

representing an independent set in G.

Proof. During reconstruction, a supernode either generates just one node, a clique
(when a self-loop exists), or an independent set (when a self-loop does not exist).
Now if the original graph does not precisely correspond to what is reconstructed,
then there will be at least either one spurious edge added (in the case of a clique
supernode), or one actual edge lost (in the case of an independent set supernode).
Thus the summary would be lossy and the reconstructed graph would be different

from the original graph. [

Lemma 2.3.2. A node v cannot be in a clique supernode in one lossless summary

and in an independent set supernode in another.

Proof. Let us assume, if possible, that nodes u, v are inside an independent set su-
pernode in one lossless summary and u, v are inside a clique supernode in another.
This implies that N(u) = N(v) and N(u) U{u} = N(v) U {v}, a contradiction. [

We now show that there is a polynomial-time algorithm that computes an opti-
mal lossless summary. Algorithm 1 gives a global greedy strategy for finding such a

summary. For each node u, the goal of the algorithm is to find the largest supernode
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that u can be a part of. For the summary to be lossless, such a supernode has to be

either an independent set or a clique.

Algorithm 1 Finding the best summary for 7 =1
1: Input: G = (V, E)
2: Initialization: Status|Vv € V| < False, S < []
3: for u € V A Status[u] = False do
4: S(u) < {u}, Statusfu] < True

5 for v € V' A Status[v] = False do

6 if (N(u)=N(v))V (N(u)U{u} = N(v)U{v}) then
7 S(u) < S(u) U{v}, Status[v] « True

8 S.add(S(u))

9: BUILDSUPEREDGES(S)

Condition in line 6 of Algorithm 1 checks whether vertices u and v can be in the
same clique or independent set with neighborhood properties as described above. If
so, u and v are greedily merged. Further, Lemma 2.3.2 proved that the two conditions
in line 6 are mutually exclusive. That is, all the vertices in S(u) will satisfy exactly
one of these two conditions. If neither of these conditions holds true, then node u

should be in a supernode of size one.

Building Superedges. Once the appropriate supernodes have been identified we

build superedges as follows. For each supernode S, an edge is added to another
supernode S’ iff w € S and v € §" and (u,v) € E. We refer to this process as
BuildSuperEdges (last line of Algorithm 1).

Theorem 2.3.3 (Tractability of lossless graph summarization). Lossless graph
summoarization is in P. That is, Algorithm 1 computes the optimal solution in poly-

nomaial time for T = 1.

Proof. We claim that the supernode S, containing a vertex v € V in the summary
output by Algorithm 1 is the largest possible supernode for u in any lossless summary.
Suppose S, is an independent set supernode. All the nodes in S, must have the same
neighbor set as u. As Algorithm 1 greedily finds and adds all vertices v € V' such that
N(v) = N(u) to Sy, this must be the largest set possible; the only way to make such
a supernode larger is to include a node with different neighbor set. Doing so makes
the summary be no longer lossless. An analogous argument applies for the case when

Sy is a clique supernode.
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We now show that Algorithm 1 produces an optimal lossless summary. For con-
tradiction, let us assume that there exists an optimal lossless summary in which the
number of supernodes is less than the summary provided by Algorithm 1. If so, there
should exist at least one node u € V such that its supernode size in the optimal sum-
mary is larger than the its supernode size in the summary provided by Algorithm 1.
However, we proved in the previous paragraph that this can never happen and hence
is a contradiction. Finally, it can be verified that the time complexity of Algorithm 1
is O(V2Aae), where A, is the maximum degree of a node in G and hence lossless

summarization is in P. O

2.3.1 Scalable Lossless Algorithm, G-SCIS

Algorithm 1 is of O(V2A,,.4.) time complexity, which makes it impractical for large
datasets. Here we propose an improved algorithm of O(FE) complexity, which uses
hashing to speed up the process. We can break down the process into three parts: (a)
finding candidate supernodes, (b) filtering supernodes, and (¢) connecting superedges.

A hash function is used to hash N(u) and N(v) in the case of independent sets,
or N(u)U{u} and N(v)U{v} in the case of cliques, respectively. If v and v have the
same hash value, then they are candidates to be merged into an independent set or
clique supernode.

Note that the use of a hash function could result in candidate supernodes with
false positives (i.e. two nodes that should not belong to same supernode might be
present into one candidate supernode) but there cannot be false negatives (i.e. two
nodes that must belong to same supernode cannot be in two different candidate
supernodes). Of course, the probability of a false positive depends on the quality
of the hash function used. In order to completely remove false positives, we further
examine each candidate supernode for false positives, which are then filtered out into
separate supernodes. After this step all the supernodes are as they should be in an
optimal summary and finally the superedges are added between them.

In Algorithm 2, two different hash values (h. and h;) are generated for the neighbor
sets of each node. The nodes that have the same h,. value (line 4) are grouped together
to form candidate clique supernodes. Similarly, the nodes that have the same h;
value (line 5) are grouped together to form candidate independent set supernodes.
Note that due to possible false positives, there can exist a node that is present in

both a candidate independent set and a candidate clique at the same time. Finally,
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Algorithm 2 returns two hashmaps, mapC' and mapl, where keys are hash values and
buckets contain the set of nodes falling in the same candidate clique or independent
set supernode.

Algorithm 3 filters the candidate supernodes to become correct supernodes. For
any candidate supernode, it selects a random node u, and, using its neighbourhood
list, removes all the other nodes v in that supernode for which the appropriate condi-
tion is not satisfied. Namely, we have N(u)U{u} = N(v) U {v} for the case of clique
and N(u) = N(v) for the case of independent set. If the quality of the hash function
is perfect, i.e. no false positives occur, then the loop in line 4 executes only once and
Algorithm 3 is very efficient. On the other hand, if there are false positives, the loop
will execute several times. While we can devise perfect hashing (see [17]), in practice
we observed that we have few false positives even for simple default hash functions
and the number of iterations was always small.

Algorithm 4 is the main algorithm that drives the whole process and produces the
summary. It obtains the two hashmaps mapC and mapl using Algorithm 2 (line 3).
It then removes the false positives using Algorithm 3 (lines 4 and 5). Lines 7 to 10

handle the supernodes of size one. Finally, the superedges are built in line 11.

Time and space complexity: The work space requirement' of Algorithm 2 is O(V)

due to the fact that two hashmaps mapC and mapl as well as list of supernodes S
only use O(V') space. The runtime is O(E) as the hash function has to traverse each
neighbor set of each node. Similarly, building superedges takes O(V') space and O(FE)
runtime. Algorithm 3 takes O(V') space. Its runtime, as mentioned above, depends
on the quality of the hash function. For a perfect hash function (no false positives)
this is O(FE). We observe very close to this order in practice even for simple hash
functions, e.g. x%p, where p is a large prime. The better the hash function the
more (non-empty) buckets we have, but their number cannot be more than O(V).
To summarize, the runtime of Algorithm 4 is O(F) and its work space requirement
is O(V).

2.3.2 How to query G-SCIS graph summaries?

In general there are two ways to query graph summaries. The first is to reconstruct
the original graph, incrementally and on-the-fly, then answer queries. For example,

using neighborhood-queries as a primitive illustrates such a reconstruction (c.f. [51]).

'Not considering the read-only input graph and the write-only summary graph.
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Algorithm 2 Candidate Supernodes

: Input: G=(V,E), h > hash function to map list to number
: mapC < {} , mapl < {} > hash maps
: for v € V do

hc — h((N('U) U {/U})sorted)
h; < h(N(U>sorted)

mapC'[h.] < mapC|h.] U {v}
mapl [h;] < mapl[h;] U {v}

1
2
3
4:
5:
6
7
8: return mapC, mapl

Algorithm 3 Filter Supernodes

1: Input: map, type > map containing candidate supernodes
2: S« | > list of filtered supernodes
3: for X € values(map) do > for each candidate supernode

4: while X # ¢ do
u < remove-random-node(X)
if type = clique then
S(u) « {ve X |Nwu)U{u} =N(v)U{v}}
else S(u) < {ve X | N(u) = N(v)}
if S(u) # {u} then
10: X X\ S(u)
11: S.append(S(u))

12: return S

Algorithm 4 Scalable algorithm for 7 =1

1: Input: G = (V, E)

2: Status|Vv € V] - FALSE | S «+ || > list of supernodes
3: mapC, mapl < CANDIDATESUPERNODES(G)

4: C' + FILTERSUPERNODES(mapC, type = clique)

5: I < FILTERSUPERNODES(mapl, type = independentset)
6: S.append(C'), S.append(I)

7. for S; € S do

8: for u € S; do Status|u] < True

9: for u € V. AND Status[u| = False do
10: S.append({u})
11: BUILDSUPEREDGES(S)
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The run time of this approach is at least as much as querying the original graph.
The second approach is to devise query answering algorithms that work directly on
the summary graph and never reconstruct the original graph. This class of algorithms
has the potential to produce significant gains in running time compared to executing
the query on the original graph. Here we propose three such algorithms for summaries
produced by G-SCIS. They are for computing Pagerank, enumerating triangles, and

answering shortest path queries, which form the basis for many graph-analytic tasks.

Computing Pagerank. We show now how to find the Pagerank scores of all nodes in

G without reconstructing G.

Let Pi(u) denote the Pagerank value of any node u after i-th iteration of the
Pagerank algorithm [45]. For any undirected graph G = (V, E), all the nodes are
initialized with the same Pagerank value i.e. V,eyP°(u) = 1. In iteration i, it is
updated as follows: P'(u) < 3,y ﬁ)]\;(—llg”') In this equation we ignore damping
factor for simplicity but it can be easily incorporated without impacting our results.

We can show the following result.

Theorem 2.3.4. For any supernode S € V, all the nodes inside S must have the

same Pagerank value.

To calculate the exact Pagerank scores of the nodes in GG using its summary G,
we propose Algorithm 5, an adaptation of the Pagerank algorithm, that runs directly
on G. Algorithm 5 maintains the invariant that the Pagerank of a supernode after
iteration ¢ is the sum of the Pagerank of its nodes after iteration ¢ of the Pagerank
algorithm. It initializes the Pagerank of a supernode to be its size (line 2). It com-
putes the number of neighbours of a node inside a supernode X (lines 5 and 7). Using
this, it updates the Pagerank of supernode X in iteration ¢ (line 10 to 13). Finally,
it computes the Pagerank of each node of G from the Pagerank of its supernode in G

(line 16). We can show the following theorem.

Theorem 2.3.5. Algorithm 5 outputs exactly the same Pagerank score for each node

v in G as the Pagerank algorithm.

Enumerating Triangles. Triangle enumeration using G-SCIS summary is described

in Algorithm 6. It can be extended to enumerate other types of graphlets, such as
squares, 4-cliques, etc.
There are three types of triangles in the summary: (a) those having all three

vertices in the same supernode, (b) those having two vertices in one supernode and
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) () B

Figure 2.2: Three different type of triangles

one in another, and (c) those having all vertices in different supernodes. The idea
underlying Algorithm 6 is to enumerate type-(a) and type-(b) triangles by iterating
over the clique supernodes in G and to generate type-(c) triangles by considering all
the supernodes (cliques and independent sets).

Let X be a clique supernode. Type-(a) triangles from X can be found by listing
every subset of three vertices in X (see lines 3 and 4). Type-(b) triangles with two
vertices in X can be computed by listing every subset of two vertices in X combined
with every subset of one vertex from a neighbor supernode Y (lines 5 and 6).

Finally, any triangle enumeration algorithm can be used on the summary graph to
find all the super triangles (triangles formed by three supernodes). Type-(c) triangles
can now be listed as follows. If (X, Y, Z) is a super triangle, then all the corresponding
type-(c) triangles can be listed by combining every choice of the first node from X,

second node from Y, and third node from Z (lines 7 to 9).

Answering Shortest Path Queries. We observe that G can be used to compute lengths

of shortest paths between any two nodes u,v € G in time O(|E] + |V|). We can show
the following.

Theorem 2.3.6. Given nodes u,v such that S(u) = S(v), we have
1. If S(u) is a clique, the shortest path length between u and v in G, d(u,v), is 1.

2. If S(u) is an independent set and |N(S(u))| > 0, then d(u,v) = 2. Otherwise,

d(u,v) = 00.

Theorem 2.3.7. Given nodes u,v such that S(u) # S(v), d(u,v) is equal to the
length of shortest path between S(u) and S(v) in G.

Based on the above theorems we present Algorithm 7 for computing d(u, v) given

two nodes u,v € V using a G-SCIS summary.
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Algorithm 5 Pagerank using G-SCIS summary

: Input: G = (V,€)
Initialization: VX € V, P(X) = | X|,i + 1
for X € V do
if X ¢ N(X) then
W(X) « ZYEN‘(X) Y|
else
W(X) < Xyen-o0 Y+ (X[ =1)
while P! # P~! do
9: for X € V do

®

10 if X ¢ N(X) then
i X|-Pi-l(y
12: else
i X|-Pi-l(y X|-1)-PmL(X
13: Pi(X) « ZYGN*(X)I IW(Y)( ) 4 (X] m;(X) X)
14: for X € V do
15: for u € nodes(X) do
16: P(u) « 52
17: return P

> X is IS

> X is clique

> until convergence

> X is IS

> X is clique

Algorithm 6 Enumerating Triangles

L: Input: G = (V,€) , triangle-enum
algorithm

2: for X € V do

3 if X € N(X) then

4: Output all type a triangles in X

5: for Y e {N(X)\ X} do

6 Output all type b triangles having 2 vertices

in X and 1 vertex in Y > (l);‘)|Y| triang.

=t

super-triangles < triangle-enum(G)
8: for (X,Y, Z) € super-triangles do
9: Output all type c triangles in (X,Y,Z)

> State of the art triangle enumeration

> X has a superloop
> ('g') triangles

> —X—Y —7Z— triang.
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Algorithm 7 Shortest Paths using G-SCIS summary

L: Input: G =V, &), u,veV
2: if S(u) = S(v) then
3: if S(u) is a clique then

4: d(u,v) =1

5: else

6: if N(S(u) > 0 then
7 d(u,v) =2

8: else

9: d(u,v) = 00

10: else

11: d(u,v) = d(S(u),S(v))

12: return d(u,v)
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2.4 Scalable Lossy Algorithm, T-BUDS

Although G-SCIS achieves significant compression without any loss in utility, in this
section we discuss a scalable lossy algorithm, T-BUDS, to further compress the sum-
mary graph G produced by G-SCIS while minimizing the loss in utility. Our algorithm
can work with a G-SCIS summary as well as with the input graph; hence we continue
to denote the input by G = (V| E). The output is a more compressed, lossy summary.
T-BUDS iteratively merges pairs of (super)nodes until the utility of the graph drops
below a user-specified threshold 7 < 1. Intuitively, it is desirable that any two nodes
in the same supernode have similar neighborhoods. A starting point is to look at the
two-hop away nodes, as they have at least one neighbor in common. However, we do
not stop here; we use a special version of weighted Jaccard similarity that incorpo-
rates the weight of edges in order to come up with a proper score for similarity of
nodes’ neighborhoods. Based on this score we decide the merge sequence of nodes.
We denote the set of two-hop away nodes by F. To decide the order of merge
operations, we consider F' as the candidate pairs set. T-BUDS starts merging from
the less desirable pairs (based on weighted Jaccard as described in Section 2.4.1) of
F" because they result in less damage to the utility. It iterates over a sorted version

of F' and in each iteration performs the following steps.

1. Pick the next pair of candidate nodes (u,v) from F, find their corresponding

supernodes S(u), S(v), and merge them into a new supernode S, if S(u) # S(v).

2. Update the neighbors of S based on the neighbors of S(u), S(v). In particular,
add an edge from S to another supernode if the loss in utility is less than the
loss if not added.

3. (Re)compute the utility of the summary built so far and stop if the threshold

is reached.

We reiterate that while this description provides the intuition behind T-BUDS, addi-

tional techniques described below are needed to ensure its time and space efficiency.

2.4.1 Ordering Candidate Pairs

We order the node pairs in F' using weighted Jaccard similarity and make sure that

only the highly similar nodes are merged together. Using weighted Jaccard similarity
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enables us to capture both the importance score of each edge as well as the number

of the common neighbors between any pair of two-hop nodes (u, v).

Weighted Jaccard (WJ) Similarity: For a pair of nodes (u,v)

ZxEN(u)ﬁN(v) min(w(u, z), w(v, x))

ZmEN(u)UN(v) max(w(u, z), w(v,z))

WJ(u,v) = (2.4)
where we define the weights w(u,z) as follows. If u is connected to = we define
w(u,r) = 2 - maxg —(Cy, + C,), where maxe = maxy,ey Cy, otherwise w(u,z) = 0.
Observe that the higher the centrality of x, the lower w(u,z) is. The intuition for
the above is as follows. In the extreme when the neighborhoods of two nodes v and
v are the same (i.e. mergable according to G-SCIS), we have that their degrees and
centrality scores are the same, thus we have W.J = 1. Relaxing this, in order to merge
u and v, we still want a high amount of neighborhood commonness, hence we use a
form of Jaccard similarity between sets of neighbors. In this process, we would like
to weigh the high centrality neighbors below low centrality ones. This stems from the
fact that in general, we try to avoid merging high centrality nodes because this can
cause a high loss in utility. Now, the greater the number of high-centrality neighbors,
the higher the centrality of u and v usually is. Therefore, we give low priority to these
u, v pairs by applying the proposed weighted Jaccard similarity. To summarize, we
order the merge operations by sorting the two-hop away pairs by their W.J score in

descending order.

Using Maximum Spanning Tree (MST). We observe that not every candidate pair

will cause a merge. This is because the nodes in the pair can be already in a supern-
ode together due to previous merges. Therefore, there are many useless pairs, which
we can eliminate with our proposed MST technique below.

Let us denote the two-hop graph by Ga_pep, = (V, F'). That is, F' = {(a, c)|(a,b) €
FE and (b,c) € E}. We propose a method to reduce the number of candidate pairs
from O(|F|) to O(|V'|) by creating an MST of G_p4p. In Theorem 2.4.1, we prove that
using the sorted edge list of MST of G5_j,, Will produce exactly the same summary
as using the sorted edge list of Ga_pep.

Let us denote by L the weight-based sorted version of F'. Also, we denote by H
the sorted list of edges of an MST for Ga_p.,. We now present a sufficiency theorem,
which says that using H instead of L as the list of candidates is sufficient. The idea

of the proof is that the candidate pairs leading to a merge when L is used, in fact,
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exactly correspond to the edges of an MST.

Theorem 2.4.1 (MST Sufficiency Theorem). For utility threshold T, using H as

the list of candidate pairs will produce the same graph summary as using L.?

Proof. Initially G is same as GG and let us assume that at iteration ¢+ a new pair
(u,v) < L[i] is chosen and S(u)'~" and S(v)"" are their corresponding supernodes.
If S(u)F1 =+ S(U)F1 then they should be merged together into a new supernode. The
following two claims ensure the sufficiency of H as a candidate set.

(1) If (ug,v1) and (ug,v9) are in H s.t. (uj,v;) appears before (ug,v) in H then
(u1,v1) appears before (us,vq) in L.

(2) If u and v are not inside a same supernode, that is S(u)" "' # S(v)""", then (u, v)
must be in H.

Proof of (1): As both H and L are sorted based on the weighted Jaccard similarity
of the pairs, the order in which (u;,v1) and (us, v9) appear in H will be the same as
their order in L.

Proof of (2): S(u)"™' # S(v)~! implies that there does not exist any other pair
(W', vy <= L[j] for any j < i such that ' € S(u)""! and v' € S(v)"~'. Otherwise,
S(u')? would have been merged with S(v’)? in the j-th iteration. Thus, «' and o’
would belong to the same supernode and S(u)*~! should be same as S(v)"~!. Hence,
(u, v) is the largest weighted edge in Ga_j,, connecting S(u)"~* and S(v)"~'. We want
to show now that (u,v) € H i.e. part of the MST. To show this, we claim that, in
fact, (u,v) is the largest weight edge in G, connecting S(u)™! and V '\ S(u)"~'.
Suppose not. Let us consider the edges between S(u)"™! and V'\ S(u)""!. Recall that
a cut in a connected graph is a minimal set of edges whose removal disconnects the
graph. Therefore, the edges between S(u)~! and V'\ S(u)"~! form a cut in Go_pep. A
well known property called cut property of MST (maximum spanning tree) states that
the maximum weight edge of any cut belongs to the MST [31]. Now let, if possible,
a different edge, (u”,v”) in Go_pep be the edge with the largest weight connecting
S(u)~t and V'\ S(u)""'. Then by the cut property, (u”,v") belongs to H and would
have been considered as a candidate pair for merge in an earlier iteration. In that

case, u” and v” will belong to the same supernode which is a contradiction. O

Using Locality Sensitive Hashing (LSH). Since computing the weighted Jac-

2There can be different sorted versions of L due to possible ties (albeit unlikely as weights are
real numbers). What this theorem shows is that the summary constructed based on MST is the
same as the summary constructed using some sorted version of L.
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card similarity for all the possible two-hop away nodes is an overhead, we deploy
a locality sensitive hashing scheme presented in [53] to partition the two-hop graph
into multiple buckets. We only compute weighted Jaccard for nodes u, v of edges
(u,v) € F that fall in the same bucket. On the other hand, if v and v fall in different
buckets, we consider the score of edge (u, v) to be zero. Theorem 2.4.1 holds the same.
For ease of notation we continue to call by W.J this LSH-based version of weighted

Jaccard similarity.

2.4.2 Merging Candidate Pairs

Based on Theorem 2.4.1, we can use H instead of L for the list of candidate pairs.
Furthermore, we show in following theorem that the utility is non-increasing as we

merge candidate pairs of H in order. It can be verified that

Theorem 2.4.2 (Non-increasing utility theorem). Let G° = G and G be the
summary graph obtained by processing H in order from index 1 tot where 1 <t < |H]|.
Then w(G'™1) > u(Gh).

Theorems 2.4.1 and 2.4.2 form the basis of our new approach T-BUDS that uses
binary search over the sorted list of MST edges, H, in order to find the largest index
t for which u(G") > 7 (see Algorithm 8). This requires computing H (Algorithm 9)
followed by 1g(|H|) computations of utility. The latter is done using Algorithm 10.

Given graph G = (V, E) and centrality scores for each node Clu € V], T-BUDS
first creates the sorted candidate pairs H by calling the Two-hop MST function (Al-
gorithm 9). This function follows the structure of Prim’s algorithm [46] for computing
MST. However, we do not want to build the Ga_p,, graph explicitly. As such, we
start with an arbitrary node s and insert it into a priority queue ) with a key value
of co. All other nodes are initialized with a key value of 0. For any given node v with
maximum key value deleted from @), v is included in the MST, and the key values of
its two-hop away neighbours are updated, when needed.

After creating the two-hop MST and sorting its edges, T-BUDS uses a binary
search approach and iteratively performs merge operations from the first pair until
the middle pair in H (Algorithm 8). In each iteration, we pick a pair of nodes wu,v
from H, find their supernodes S(u) and S(v) and merge them into a new supernode S.
This process continues until the algorithm reaches the middle point. G is the resulting

summary after these operations and we compute its utility in line 11. If this utility
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> 7, then we search for the index ¢ in the second half, otherwise, we search for the
index t in the first half. The algorithm finds the best summary in lg|H| iterations
and |H|, being the number of edges in the MST of Ga_pgp, is just O(V).

Algorithm 8 T-BUDS
1: Input: G = (V, E),C, 7
2: H + TwoHoPMST(G,C)
3: low < 0, high < |H| — 1
4: while low < high do

5 mid « MR Y Vi 0

6: for i < mid do

7 (u,v) <= H[i], i< i+ 1

8: S < MERGE(S(u), S(v))

9: V+ V\{Su),Sv)}Hus
10:  u(G) + CoMPUTEUTILITY( V)
11: if u(G) > 7 then high = mid — 1
12: else low = mid + 1

13: BUILDSUPEREDGES(V)

Algorithm 10 computes the utility for a specific summary G = (V, ). In following
discussion we will assume that the centrality of any edge (u,v) is defined as C'(u,v) =
S—Z + g—u Also, we will assume all the non-existent edges are assigned equal weights

and each such edge gets a weight Cs(u,v) = m Our analysis can be easily
VT)—

adapted to other definitions of C(u,v) and Cg(u,v).

The algorithm iterates over all supernodes one at a time and for a given supern-
ode S;, it creates two maps (count and sum) to hold the details for the superedges
connected to S;. count[S;| stores the number of actual edges between supernodes
S; and S;. Similarly, sum[S;] contains the sum of the weights for all the edges be-
tween S; and S;. Lines 4 to 12 initialize these two structures. Sedge(.S;,S;) (the
cost of drawing a super edge between S; and S;) and nSedge(S;,S;) (the cost of
not drawing a super edge between S; and S;) can be estimated using count and
sum. As nSedge(S;, S;) is the sum of weights of edges in G between nodes in S;
and Sj, it is exactly equal to sum|[S;] (line 14). If S; # S;, the number of spurious

edges is equal to |5;||S;| — count[S;] and since each spurious edge has cost —<|V|)1 it
V)=

Sedge(S;, S;) = [SillS)] —eountlSi] (fine 15). Similarly, if S; = S;, the number of spurious

(218l
. 1S:| ’ (‘SQil)—count[Sj} . .
edges is ('31) — count[S;] and Sedge(S;, S;) = BT (line 16). Finally the

utility loss can be estimated as min(Sedge(S;, S;) , nSedge(S;,S;)) and the utility is
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decremented by the loss. Algorithm 10 returns the final utility for G which is used
by Algorithm 8 to make decisions.

Building Superedges. Once the appropriate supernodes have been identified, a

superedge is added between two supernodes S; and S; if and only if Sedge(S;, ;) <
nSedge(S;, ;). This task can be completed in O(|E|) time: Line 18 of Algorithm 10
can be replaced by the task of adding superedge between S; and S;.

Algorithm 9 Two-hop MST
: Input: G =(V,E),C > C is centrality scores array for nodes
key[s] < oo, parent[s| «+— Null, Q.insert(s, key[s])
for (v € V' \ {s}) do
keylv] < 0, parent[v] < Null, Q.insert(v, key[v])
while lisEmpty(Q) do
(v, ) = Q.delMax()
for (we N(N(v)) |weQ & w#v)do
if key[w] < WJ(v,w) then
Q.setKey(w, W(v,w))
parent[w] < v
. H < {(v,parent[v]) :v e V \ {s}}
: return sorted H based on C

,_.
<

— =
N =

Data structures. We used the union-find algorithm [22] for representing our supern-

odes. The union operation was used to implement the merge operation in line 8 of
Algorithm 8 and the find operation was used to find the corresponding supernode for
a specific node in line 8 of Algorithm 8 and line 6 of Algorithm 10. Using path com-
pression with the union-find algorithm allows reducing the complexity of the union
and find operations to O(lg* |V|) (iterated logarithm of [V|). As lg*|V] is about 5
when |V| is even more than a billion, we treat it as a constant in our calculations. The
union-find algorithm only needs two arrays of size |V| and thus the working memory

requirement is O(|V]).
Complexity analysis. We can show that the time complexity of T-BUDS is O(((|F|-

Ay + V1) - 1g|V])) and the space complexity is O(]V]). Of course in practice by
using LSH we reduce the O(F - A,,,,) complexity to only O(F" - Ayuz), where F’ is
the subset of u, v pairs in F' such that u and v fall in the same LSH bucket.
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Algorithm 10 Compute Utility

1: Input: G = (V, E), utility < 1,V > set of supernodes
2: for S; € V do > for each supernode
3: count < {}, sum < {}
4: for u € S; do
5: for v € N(u) do
6: Sj — S(v)
7 if (S; #5;)V (S; =5 ANi < j) then
8: if count[S;] > 1 then
9: count[S;] < count[S;] + 1
10: suml[S;| <= sum[S;] + C(u,v)
11: else
12: count[S;] < 1, suml[S;] < C(u,v)
13: for S; € count.keys Ni < j do
14: nSedge(S;, S;j) + sum|S;]
15 if S, # 5, then Sedge(s,. 5;) + i)
s,
16: else Sedge(S;, S;) M
( 2 )"E‘
17: if Sedge(S;, S;) < nSedge(S;, S;) then
18: utility < utility — Sedge(S;, S;)
19: else utility < utility — nSedge(S;, S;)

20: return utility
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2.4.3 Complexity analysis of T-BUDS

Let us begin by analysing the time complexity of Algorithm 9. As its structure
follows that of Prim’s algorithm [46], and computing weighted jaccard similarity adds
an overhead of O(A,,..) for each pair (assuming the neighbor lists are sorted), As
the number of edges in H is O(|V]), sorting it takes O(|V|lg|V|) time. it requires
O(|F| - 1g|V] - Apaz) steps to compute MST. Thus, the total time complexity of
Algorithm 9 is O((|F| - Az + |V]) - 1g [V]).

The total space required by Algorithm 9 is O(|V]) as it stores the priority queue
@ and arrays key, parents, and H all of size O(|V).

Now let us analyse the time complexity of Algorithm 10. To compute the utility
of G, the algorithm iterates over all the edges in GG, each edge exactly once, to identify
pairs of supernodes (.5;, .S;) that have at least one edge of G between them. This step,
that includes the computation of count and sum for each supernode, takes O(E) time.
Once this step is completed, it takes O(1) time to compute the Sedge and nSedge
cost for a pair (5;, S;). Therefore, the time complexity of Algorithm 10 is O(|E|). It
requires O(|V]) space to store the count and sum arrays.

Finally, let us analyse the time and space complexity of Algorithm 8. As discussed
in Section 5.2, Algorithm 8 will perform lg |H| iterations. For each iteration, merging
supernodes in Algorithm 8 requires O(|H|) operations and the utility estimation using
Algorithm 10 requires O(|E|) time. Thus the time complexity for each iteration is
O((|E| + |V]) and time for a total of lg |H| iterations is O((|E| + |V]) - 1g(]V])). The
space requirement inside Algorithm 8 is storing H and V, which is O(|V]). Thus, the

space requirement of Algorithm 8 is O(|V|). Summarizing all the above, we have

Theorem 2.4.3. The time complexity of T-BUDS is O(((|F| - Amaz + |V]) - 1g|V])).
The space complexity of T-BUDS is O(|V]).

2.5 Experiments

The experimental evaluation is divided into the following four parts:

1. Performance analysis of G-SCIS versus lossless versions of SWeG, UDS and

MoSSo [32, 51, 28] in terms of running time and node reduction.?

3MoSSo only performs lossless summarization.
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Graph Abbr Nodes Edges
cnr-2000 CN 325,557 5,565,380
hollywood-2009 | H1 1,139,905 113,891,327
hollywood-2011 | H2 2,180,759 | 228,985,632
indochina-2004 | IC | 7,414,866 | 304,472,122

uk-2002 Ul | 18,520,486 529,444,615
arabic-2005 AR | 22,744,080 | 1,116,651,935
uk-2005 U2 | 39,459,925 | 1,581,073,454

Table 2.1: Summary of datasets

2. Performance analysis of G-SCIS on Pagerank computation and triangle enu-

meration.

3. Performance analysis of T-BUDS versus lossy versions of SWeG and UDS in

terms of running time, reduction in nodes, and scalability.

4. Accuracy analysis of T-BUDS versus SWeG and UDS in terms of top-k queries

on the reconstructed graph.

Except for MoSSo for which the source code is publicly available, we imple-
mented all other algorithms in Java 14 (https://github.com/MahdiHajiabadi/
GSCIS_TBUDS) on a single machine with dual 6 core 2.10 GHz Intel Xeon CPUs, 64 GB
RAM and running Ubuntu 18.04.2 LTS. In [32] UDS was run on higher-end AWS
hardware for more than 2 weeks, whereas we have a time cutoff of 100 hours (about
4 days) on commodity hardware. We used seven web and social graphs from (https:
//law.di.unimi.it/datasets.php) varying from moderate size to very large (Ta-
ble 2.1).

2.5.1 Lossless Case: G-SCIS

In this section, we evaluate the performance of G-SCIS in terms of (1) reduction
in nodes, (2) running time, and (3) efficiency of Pagerank computation and triangle
enumeration. We observed that the reduction in nodes of UDS [32] for the lossless case
is not competitive with the other algorithms; in all our datasets the UDS reduction in
nodes was less than 0.01 (1%). Therefore we decided to not show the UDS numbers
alongside G-SCIS, SWeG and MoSSo.
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Comparison of G-SCIS to SWeG and MoSSo

The reduction in nodes (RN) is defined as RN = (|V| — |V])/|V]| (c.f. [32]). Since
SWeG and MoSSo produce also correction graphs to add/delete (Ct,C~), RN for
them is more precisely computed as

RN = (V] = (IV|U |Ve+| U V=) /IV|. We ran SWeG for different choices of the
number of iterations up to 80 and chose the best RN value obtained. We use the
same configuration for MoSSo as in [28], 0.3 escape probability and 120 sample size
for each trial. Since MoSSo is an incremental algorithm, we started from an empty
graph and inserted one edge at a time and updated the summary after each step until
all edges are inserted.

Figure 2.3 shows the comparison between G-SCIS, SWeG, and MoSSo in terms
of RN and running time.* As the figure shows, G-SCIS outperforms both SWeG and
MoSSo in terms of RN and is also orders of magnitude faster. On large graphs like
AR and U2, SWeG is not runnable within 100 hours while G-SCIS finishes in about
15 and 23 minutes respectively. MoSSo, on the other hand, is much faster than SWeG
and is able to finish on large graphs but it is still not competitive with G-SCIS on
both running time and RN. For example, on H2, G-SCIS is 131x faster and produces

6x more compression than MoSSo.

Pagerank computation and triangle enumeration

In Figure 2.4, we show the reduction in runtime for Pagerank computation and tri-
angle enumeration using G-SCIS summaries as described in Section 2.3.2 versus the
runtime using SWeG summaries with neighbor (adjacency list) queries ([51]). We see
a significant reduction in time for both queries for all datasets, reaching up to 80%
for IC. We omit results for shortest paths due to space constraints. We observe in
Figure 2.4 (left) and (right) a similar order of datasets with some exceptions, such as
H2 or Ul, for which the order is reversed. We attribute this to the size of the output

in triangle enumeration.

4When we compare our algorithms to SWeG, MoSSo and UDS, we use green for G-SCIS and
T-BUDS, blue for SWeG and red for either UDS or MoSSo.
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Figure 2.3: G-SCIS vs SWeG vs MoSSo in terms of node reduction and running time.
G-SCIS achieves better reduction than both SWeG and MoSSo. Runtime of G-SCIS
is orders of magnitude better than them. SWeG could not run within 100h for AR
and U2.

Hi[ | H1 [

AR ] H2 [

18 I AR | |

H2 [ ] U1 | |

U2 || | U2 | |

CN || | CN | |

IC | | IC | |

0% 20% 40% 60% 80% 0% 20% 40% 60% 80%

(a) PageRank (b) Triangle

Figure 2.4: Runtime improvement of Pagerank and triangle enumeration when run-
ning directly on G-SCIS summary vs running on SWeG summary using neighbor
queries.



35

2.5.2 Lossy Case: T-BUDS

Performance of T-BUDS

In this section, the performance of T-BUDS is compared to the performance of UDS
and SWeG in terms of running time and memory usage (Figure 2.5). For our com-
parison, we set the utility threshold at 0.8. In order to extend SWeG to support edge
weights, we subtract the weight of each removed edge from the current utility value
in the dropping step of [51]. Dropping continues until the value of utility drops below
the threshold.

We observe that UDS ([32]) is quite slow on moderate and large datasets. Namely,
it was not able to complete in reasonable time (100h) for none of the datasets. As
such, we provide as input to UDS not the full list of 2-hop pairs as in [32], but the
reduced list from the MST of G5_pep. This way, we were able to handle with UDS
the datasets CN, H1, and H2. However, we still could not have UDS complete for
the rest of the datasets. SWeG on the other hand, is much faster than UDS but still
significantly slower than T-BUDS.

Specifically, in Figure 2.5, we observe that T-BUDS outperforms UDS in running
time by orders of magnitude. T-BUDS can easily deal with the largest graph, U2, in
less than 7 hours. In contrast UDS takes more than 90 hours on a moderate graph,
such as H2, to produce results. T-BUDS also outperforms SWeG significantly (see
for example CN and IC). Regarding memory consumption both T-BUDS and SWeG
need orders of magnitude less memory than UDS.

In another experiment we compare the performance of T-BUDS, UDS and SWeG
for varying utility thresholds. Figure 2.6 shows the runtime of the three algorithms
on two different graphs CN and H1 in terms of varying utility threshold. Having an
algorithm that is computationally insensitive to changing the threshold is desirable
because it allows the user to conveniently experiment with different values of the
threshold. As shown in the figure, the runtimes of T-BUDS and SWeG remain almost
unchanged across different utility thresholds. In contrast, UDS strongly depends on
the utility threshold and its runtime grows as the threshold decreases.

In Figure 2.7, we compare the summarization performance (RN) values for each
algorithm subject to the utility threshold. As results show, T-BUDS significantly
outperforms SWeG and UDS for all datasets and all threshold values considered (0.5
- 1.0). For instance, for threshold value 0.7 on CN, T-BUDS offers a node reduction
of 0.83, much higher than UDS (RN=0.59) and SWeG (RN=0.38). Similar behaviour
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Figure 2.5: T-BUDS vs UDS and SWeG in terms of runtime in (sec). 7 is set to
0.8. T-BUDS is faster than both UDS and SWeG. We provide our MST edge pairs
as input to UDS because the original version of UDS could not complete within 100h
for all the datasets but CN. Still, even with MST as input, UDS could not complete
for IC, U1, AR, and U2.
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Figure 2.6: Runtime of T-BUDS, UDS and SWeG for different utility thresholds on
CN and H1. T-BUDS and SWeG are independent of threshold while UDS heavily
depends on it. T-BUDS is order of magnitude faster than both SWeG and UDS.
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Figure 2.7: RN values for different utility thresholds. For each threshold, T-BUDS
gives more compression than SWeG and UDS.

is seen for other datasets. UDS starts off worse than SWeG for higher values of 7
but improves for lower values; it is still worse than T-BUDS for any value of 7. As
already mentioned, for medium and big datasets UDS cannot complete within 100
hours. Hence there are no results for UDS for IC and Ul.

Accuracy analysis of top-k£ query on reconstructed graph

In this section, we study the performance of T-BUDS towards top-k£ query answer-
ing. To do so, we compute the PageRank centrality (P) for the nodes, and assign
(normalized) importance score to each edge (u,v), C(u,v), based on the importance
scores of its two endpoints. We then compute the summary using T-BUDS. Similarly,
we also summarize graphs using UDS [32] and SWeG [51]. In the end we reconstruct
the graph from the summary of each method (T-BUDS, UDS, and SWeG) and run
PageRank centrality on them. We obtain the top k% of central nodes in the recon-
structed graph and match against the actual top k% central nodes in the original
graph. A higher number of matches indicates that the lossy summary obtained is
better at preserving the graph structure.

Table 2.2 shows the top-k% match performance of T-BUDS with varying RN on
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Graph || RN || 10% | 20% | 30% | 40% | 50%
0.50 || 0.85 1092 | 0.94 | 0.95 | 0.96
0.55 || 0.79 | 0.87 | 0.91 | 0.93 | 0.94
0.60 || 0.75 | 0.84 | 0.88 | 0.90 | 0.91
0.65 || 0.69 | 0.78 | 0.84 | 0.88 | 0.89
0.70 || 0.61 | 0.71 | 0.78 | 0.83 | 0.85
0.50 {| 0.97 | 0.98 | 0.98 | 0.99 | 0.99
0.55 || 0.87 | 0.90 | 0.93 | 0.94 | 0.95
Hi 0.60 | 0.82 | 0.87 | 0.90 | 0.92 | 0.93
0.65 || 0.74 | 0.83 | 0.85 | 0.87 | 0.89
0.70 || 0.65 | 0.76 | 0.80 | 0.81 | 0.83

CN

Table 2.2: Match of top-k% PageRank query on reconstructed graph from T-BUDS
summary. RN is the node reduction level we consider. Each of the following columns
represent a level of k in the top-k% query. The numbers in these columns shows the

ratio of the top-k% nodes that appear in both the original and reconstructed graphs.
two graphs, CN and H1. The five columns after RN show results for different levels of

k in top-k% queries. The match performance of T-BUDS is impressive. For instance,
on H1 for RN of 0.5 we get a 97% match of the top-10% nodes in the original graph.
Now we compare the performance of T-BUDS vs. the lossy versions of SWeG and
UDS in terms of RN. In order to find the summary of SWeG given the RN value,
we first obtain the lossless summary of SWeG and then in the dropping step find the
appropriate value for error bound € (see [51]) which results in the same value for RN.
Figure 2.8 shows the relative improvement of T-BUDS over UDS and SWeG. Each
subfigure shows the relative improvement of T-BUDS over SWeG and UDS for a spe-
cific value k% of top-k%. For each choice of top k% query, we run PageRank on the
original graph and on the reconstructed graph obtained from the summaries of the
three algorithms. We match the top k% central nodes of each reconstructed graph
with the top k% central nodes of the original graph. We observe T-BUDS to be signif-
icantly better than both SWeG and UDS as seen in Figure 2.8. Its relative improve-
ment over UDS and SWeG is impressive; mostly above 60% and 20%, respectively.

2.6 Conclusions

In this chapter, we studied utility-driven graph summarization in-depth and made
several novel contributions. We presented a new, lossless graph summarizer, G-SCIS,

that can output the optimal summary, with the smallest number of supernodes, with-
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Figure 2.8: Relative improvement for top-k% query answering of T-BUDS over SWeG
and UDS. The cyan bar shows the improvement of T-BUDS over UDS and the yellow
bar shows the improvement of T-BUDS over SWeG. The y axis shows different RN
values (i.e. 0.5, 0.55, 0.6, 0,65) and the x axis shows the percentage of relative
improvement of T-BUDS over each algorithm.
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out using correction graphs as in previous approaches. We showed the versatility of
the G-SCIS summary using popular queries such as enumerating triangles, estimating
Pagerank and computing shortest paths.

We designed a scalable, lossy summarization algorithm, T-BUDS, that uses weighted
Jaccard similarity for measuring neighbourhood similarity. Two key insights leading
to the scalability of T-BUDS are the use of MST of the two-hop graph combined with
binary search over the MST edges. We demonstrated the effectiveness of T-BUDS
for answering top-k% Pagerank queries and showed significant improvement on the

quality of results compared to state-of-the-art.
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Chapter 3

Dynamic Graph Summarization:

Optimal and Scalable

This chapter starts with exploring state-of-the-art algorithms in summarizing fully dy-
namic graphs. While many state-of-the-art algorithms in the dynamic setting are for
lossy summarization, we propose two different algorithms for losslessly summarizing a
dynamic graph. Our first algorithm, Optimal, produces the smallest-possible-anytime
summary and the second algorithm, Scalable, goes further into speeding up dynamic
updates by offering an additional order of magnitude improvement over Optimal at
the cost of having lesser node reduction. Finally, we conduct extensive experiments to
show that both algorithms outperform competitors [28] with an order of magnitude

running time improvement and 6x improvement in reduction in nodes.

3.1 Related Work

Graph summarization has been studied for more than a decade [40, 25]. The algo-
rithms are generally classified as grouping and non-grouping methods and our work
belongs in the former category.

Lossless graph summarization has been studied in the utility-based framework [32,
19] in which the objective is to minimize the number of supernodes in the summary
while preserving the utility of the summary. In the lossless setting, all the actual edges
should be possible to be recovered and no spurious edge should be added [32, 19]. In
the correction set based framework for lossless graph summarization [59, 51, 44, 27],

two sets of side information (C'+, C'—) are stored along with the summary graph and
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they are used for correction during reconstruction.

Recently, incremental graph summarization algorithms have received attention
[18, 28, 50, 57, 16, 6, 55, 24, 61, 10]. Shah et al. [50] used the minimum description
length (MDL) technique to minimize the number of required bits for describing the
graph. Fernandes et al. [16] proposed a memory-less dynamic lossy graph summariza-
tion algorithm where in each step the summary is recomputed from the scratch. All of
these algorithms, with the exception of [28], are lossy. Ko et al. in [28] proposed the
first incremental lossless algorithm, MoSSo, in the correction set framework. MoSSo
is able to update the summary in near-constant time. [41] proposed a parameter-free
incremental lossless algorithm in the correction set framework, based on exploring
the subgraph influenced by the insertion of an edge. However, achieving parameter-
freeness comes at the cost of being up to an order of magnitude slower than MoSSo.
Our work is the first to present dynamic lossless summarization in the utility based

framework.

3.2 Preliminaries: G-SCIS Framework

Let G = (V, FE) be an undirected graph, where V' is the set of vertices and FE is the
set of edges. A G-SCIS summary [19] is also an undirected graph and is denoted by
G=(V,&), where V = {8, 8,,..., 8} for k < |V|, V=L, S and Vi # j, S;NS; =
(). We refer to V as the set of supernodes and £ as the set of superedges.
Reconstruction. Given a summary, we reconstruct (as a thought process) the orig-
inal graph as follows. For each superedge (5;,S;) € &, we construct edges (u,v), for
each v € S; and v € S;. That is, for i # j, we build a complete bipartite graph with
S; and S; and for i = j (a self-loop superedge), we build a clique among the vertices
of S;. If the reconstructed graph (@) is exactly the same as the original graph G=0a,
the summary is called lossless. Otherwise, it is lossy.

Fully Dynamic Graphs They can be viewed as a sequence of modifications, where
at each time step ¢,t > 0, a new edge e; = (u,v) is either added to or removed from
the graph. We denote the graph at time ¢ by G; = (V;, E;) and assume that G is
empty.

Problem Formulation. Our objective is to maintain a lossless summary G, =
(Vy, &) of a fully dynamic graph G; = (V;, E;) such that the number of supernodes

in the summary is the minimum possible after each time step t. Formally, for all ¢,
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t > 0, we seek to
minimize [V,|  subject to Gy = G. (3.1)

Optimal Lossless Summary (OLS) in Static Graphs: Let N(u) denote the
set of neighbors of a vertex u and let N*(u) = N(u) U {u}. A set of nodes I is an
independent set in G if for all u,v € I, N(u) = N(v). A set of nodes C'is a clique in G
if for all u,v € C, N*(u) = NT(v). In other words, our definition of an independent
set I must satisfy two conditions: (1) no two vertices in [ are connected by an edge,
and (2) every vertex in I must be connected to the same set of vertices outside I.
Similar conditions hold for a clique C.

The following result is shown in [19].

Proposition 3.2.1. (1) In an OLS, each node is in a supernode of size one, or in
a supernode that is a clique in G, or in a supernode that is an independent set in G.
(2) Furthermore, a node v cannot be in a clique supernode C in one OLS and in an

independent set supernode I in another.

Using this proposition, Algorithm 11 below from [19] computes an OLS as follows.
For each node u, it greedily finds the largest independent set or clique supernode that

u can be a part of.

Algorithm 11 Finding the best summary

1: Input: G = (V| E)

2: Initialization: Status[Vv € V] < False, S < ||

3: for u € V' A Status[u] = False do

4: S(u) < {u}, Status[u] < True

5 for v € V A Status[v] = False do

6 if (N(u) =N(v))V (N*(u) = NT(v)) then
7 S(u) < S(u) U{v}, Statuslv] < True
8
9

S.add(S(u))
: BUILDSUPEREDGES(S)

Algorithm 11 checks whether vertices © and v can be a part of a clique or an
independent set (Line 6) supernode. If so, u and v are merged. Note that by Propo-
sition 3.2.1, the two conditions in line 6 are mutually exclusive. If such a set is not
found, node u becomes a supernode of size one. After constructing the supernodes,
the algorithm calls the function BUILDSUPEREDGES(S), which builds superedges as
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follows. An edge is added between supernodes S and S’ iff w € S and v € S and
(u,v) € E.

3.3 Optimal Lossless Algorithm

Algorithm 11 has O(|V|*d ez ) time complexity, making it impractical for large datasets.
An idea is to hash nodes based on their neighborhood set. Nodes that hash to the
same bucket are candidates to be grouped together. However, hashing sets in a dy-
namic setting needs special care. This is because as new neighbors are gained or
current neighbors are lost, we want to recompute the hash value of the set quickly in
order to rapidly respond to each change.

In this section, we propose a hashing framework which is able to (1) update
the hash value of a node u in constant time when there is some change in the u’s
neighborhood, (2) only compare u’s neighborhood with the neighborhoods of a small
set of nodes in order to determine any possible merge (3) guarantee the optimality of
the summary graph in each step.

One of the important properties desirable for hashing nodes in dynamic setting is
sort insensitivity which avoids sorting the set of neighbors of a node before applying
hashing on the list. The hash function we propose is a sum of the k’th powers of
neighbors of a node modulo P, where k is a small integer, e.g. 1, 2 or 3, and P
is a large prime number. Using Equation 3.2, we can update the hash value of a
node u using its previous value and the recent neighbor (v) it was connected to or

disconnected from. In practice, we found that k = 2 gives fewer collisions.

IiJu] = Ii[u] +v* mod P (u,v) insertion
Cru] = Ci[u] +v* mod P (u,v) insertion
IiJu] = It[u] —v* mod P (u,v) deletion (3.2)
Clu] = Clu] —v* mod P (u,v) deletion

After updating the hash value of node u, we lookup for supernodes with the same
hash value as u. We call these supernodes, candidate supernodes. Now, we need to
evaluate each candidate supernode S whether it is a correct supernode for u or a false

positive (i.e. hash collision). In order to deal with this, we perform a neighborhood
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equality check for u and a representative node (u') of S. If there is a match, i.e.,
N(u) = N(u') when S is an independent set supernode, or N*(u) = N*(u') when S
is a clique supernode, we add u to S, otherwise we make u a singleton supernode.

Algorithm 12 shows the steps of our optimal algorithm. It uses two arrays I and
C for storing hash values of each node. I[u] is the independent set hash value of node
u based on N(u) and C[u] is the clique hash value of node u based on N*(u). After
an edge change (u,v), I[u] and Clu] are incrementally updated based on (3.2).

Supernodes are represented by two static arrays n and p where nfu] points to the
next node in the supernode of node w and p[u] points to the previous node in the
supernode of node u. If node u is in a singleton supernode then nfu] = u, plu] = w.

We also use two hash data structures HI and HC', where each entry in HI and
HC is keyed by an independent set or a clique hash value respectively and the
value for each key is a set of single nodes with the same hash value but different
neighborhoods. In other words, each pair of key value (h,{uy,...,u;}) in HI has
the following characteristics. For any pair of nodes (u;,u;) € {w1,...,ux},i # j,
Iu;) = Ifu;] = h and N(u;) # N(u;), and for each pair of key value (h', {u], ..., u}})
in HO, Cluj] = Cluj] = h' and i # j, N*(u;) # N*(u}). For each supernode there is
just one node from that supernode in HI or HC' (depending on the type of supern-
ode) which we call it the representative of that supernode. We remark here that the
structures HI and HC' are similar to mapl and mapC used in Chapter 2 because
both of them store the candidate independent set and clique supernodes, however
they are different because they use different hashing schemes.

After each change ((u,v) insertion or deletion) the algorithm calls function Find-
Nodes (Algorithm 13) to find all nodes whose supernodes need to be updated. Find-
Nodes returns a set of 2, 3, or 4 nodes. Nodes u and v are always in this set. If _u is
in the same supernode of size 2 as u, then _u is added in the returned set. Same logic
is applied for _v. The reason for this choice is that if u is removed from a supernode
of size 2, then the other node in that supernode, _u, may be able to join another
supernode of size greater than one (recall Proposition 3.2.1). So in order to keep the
number of supernodes minimum, we also need to update the supernodes of _u and
_v. Let nodes be the set of nodes whose supernodes need to be updated. For each a
in nodes (line 3 of Algorithm 12) we update the representation of its supernode S, in
HI and HC as described in Algorithm 14.

In line 6 of Algorithm 12, for each a € {u,v}, we update I[a] and Cla] based on

their current values and the recent change using Equation 3.2. Next, we lookup I]al
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in HI. If I[a] exists in HI, we iterate over all nodes a’ in value set HI(I[a]) and
perform a neighborhood equality check for nodes a and a’. If there is a match of a
and a’, a is inserted to the supernode of @' by calling function merge and the process
for node a is terminated (lines 7-11 of Algorithm 12). Otherwise, a similar process
is performed for Cla] and HC' (lines 12-16). If neither of the lookups succeed, we
call Algorithm 15 in line 17 to put node a into a singleton supernode and add both
(Ila],{a}) and (C|a],{a}) to HI and HC respectively.

Algorithm 12 Optimal Algorithm (Optimal)
1: Input: e = (u,v),+/—
2: nodes = findNodes(u,v)
3: for a € nodes do

4: updateH(a)

5: if a ==uVa==vthen

6: I[a], Cla] < incremental(a, I]al, Cla]) > Eq. (3.2)
7 if (I[a] € HI) then

8: for o’ € HI(I[a]) do

9: if N(a’) == N(a) then
10 merge(a, a’)

11: continue

12: if Cla] € HC then

13: for o’ € HC(Cla]) do

14: if N*(a') == N*(a) then
15: merge(a, a’))

16: continue

17: singleton(/[a], Clal, a)

Algorithm 13 findNodes(u, v)

L7 < {u,v}

2: if S, exists and |S,| == 2 then
3: Let _u be the other node in S,
4: Add utor

5. if S, exists and |S,| == 2 then
6: Let _v be the other node in S,
7 Add v tor

8: Return r

Figure 3.1 shows an example of a graph going through changes from step a to step
d. Nodes with the same color are in the same supernode. Table 3.1 shows detailed

values of our data structures. Equation 3.2 with & = 1 is used for incrementally
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Algorithm 14 updateH(a)

1: if a serves as a representative of S, in HI then
2: replace a by some other node b € S, in HI.
3: if a serves as a representative S, in HC' then
4: replace a by some other node b € S, in HC.

Algorithm 15 singleton(hl[u], hClu], u)

1: Add Ifu] to HI and u to HI(I[u])
2: Add Cfu] to HC and u to HC(Clu])

3: Create a singleton supernode > nlu] = u, plu] = u

Algorithm 16 merge(u, u)

L nfu] < _u, plu] < p[-u]
2: nlplul]] < u, plu] + u
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Figure 3.1: Evolution of supernodes as new edges come in. Nodes with the same color
are in the same supernode.

step | edge C HI HC

a - - (5,{1,2}) (6, {1})
AT =10 [ACT =11 (5, (4,2}, (10, {1} L {1}

b (s | allsl =1 | ACE) =6 | (544,20 100, (45 | (L {1, (6. {5)

hif4] =5 | hC[A] =9 | (5,{4,2}),(10,{1}), (L, {5}) | (11,{1}),(6,{5}). (9, {4})

iy [T =0 RCW =1 6.0, 00, (1), (L (5 | (L {1]), 6, (5%
’ h[[5] =5 hC[5} =10 <5, {2}), <10, {1}> <117 {1})
T [P =14 [ AC[H] =15 | (5.{2}). (10, {4}). (14, (1]) (15, {1})
LA hri = 11 | hefg) = 15 (5, {21), (14, {1}) (15, {1})

Table 3.1: Values of I[u|, C[u], HI and HC after each change.
updating hash values. In step (a), HI(5) has two values, 1 and 2, because I[1] =

I[2] =5 and N(1) # N(2). Other entries are computed similarly.
Correctness of Optimal. We show that after each step ¢, Algorithm 12 computes

the lossless summary of GGy with minimum number of supernodes. We begin with the

following observation.
Proposition 3.3.1. The hash function in Eq. 3.2 is order independent.

That is, two nodes with the same neighbours which arrived in a different order
(e.g., (u1,us,us) and (ug,uy,us)), are hashed to the same bucket for any choice of k
in Equation 3.2.

In Algorithm 12, each supernode has a representative in the data structures H I

or HC' depending on its type.

Proposition 3.3.2. An independent set (clique) supernode has one of its nodes u as
its representative in HI (HC'). That is, the entry (I[u],u) in HI ((Clul,u) in HC')

18 non-empty,.

Recall that Algorithm 12 after updating a hash value for a node u does a neigh-
borhood equality check to ensure that the neighborhood set of node u is the same
as the neighborhood set of the representative node of that supernode under either

independent set or clique requirements. Hence, we have the following property
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Proposition 3.3.3. At the end of step t, Algorithm 12 always computes a lossless

summary of Gy.
We now state and prove our main result.

Theorem 3.3.4. At the end of step t, Algorithm 12 computes the lossless summary

of G with the minimum number of supernodes.

Proof. We use induction on time ¢. Consider the case ¢t = 1 when an edge (u,v)
is added to an empty graph. Algorithm 12 places both nodes u and v inside a
clique supernode because Clu] = C[v] = u* + v* for any k. Hence, the number of
supernodes is 1 and minimum. Let us suppose that the statement is true after ¢t — 1
steps. Suppose that a new edge (v, v') arrives and the number of supernodes created
by Algorithm 12 after processing this step ¢ is more than the number of supernodes in
the optimal summary. According to Proposition 3.3.3, Algorithm 12 always generates
a lossless summary. So, there must be one supernode s, at the end of step ¢, with size
greater than one in optimal solution that is split into two or more supernodes in the
summary constructed by Algorithm 12. We consider three possible cases: (1) Neither
v’ nor v’ are in s; (2) Either node v’ € s or v' € s; (3) Both nodes v’ and v’ are in s.

Case 1: To show that this is not possible, we note that no change occurred to the
neighborhood of nodes in s, |s| > 2. So, all the nodes in s must have been in the same
supernode of the optimal solution before step ¢ and hence in the same supernode of
the summary produced by Algorithm 12 before step ¢t. Therefore, these nodes would
stay together in the same supernode of the summary at the end of step ¢ also and
will not be split by the algorithm.

Case 2: Now let us assume either node u' or v' is in s. There are two possible
scenarios: 1) supernode s existed before (u/,v') was inserted or deleted in step ¢ and
one of u’ or v’ joined s after the change or 2) s was created in step ¢. In the former
case, the only possibility is that the node u’ and the rest of the nodes of s are in
different supernodes of the summary constructed by the algorithm (see the discussion
in Case 1). However, based on Proposition 3.3.2, supernode s has one representative
node w in HI or HC' (in both if it is of size 1) which enables Algorithm 12 to add
u' to supernode s. In the latter case, the size of s cannot be greater than one in the
optimal solution because if it was greater than one the supernode s existed before
the change. On the other hand, if it is of size one, it cannot be split further in the

summary output by Algorithm 12.
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Case 3: This is similar to case 2. Nodes v/ and v’ are in the same supernode s in
the optimal solution. If s existed before step t, it has one representative node in H I
or HC and Algorithm 12 will add both " and ¢’ to s as they will hash to the same
value by Proposition 3.3.1. If s is a new supernode created in step ¢, then the nodes
u' and v will be added to that supernode in summary constructed by Algorithm 12
and hence will be in the same supernode.

Therefore, in all cases the summary output by Algorithm 12 is the same as the

optimal summary. O]

Complexity analysis. Algorithms 13, 14, 15, and 16 take constant time to find

nodes whose supernodes need to be updated, to update HI and HC', to place a node
into a singleton supernode, and to add a node to a supernode.

The quality of the hash function affects the number of neighborhood equality
checks between node u and other nodes in HI(I[u]) or HC(C[u]) in Algorithm 12
and consequently affects the total update time. If the hash function is perfect, each
entry of HI and HC has at most one value and thus each step takes either constant
time if node u ends up with a singleton supernode or O(|N(u)|) time if v ends up with
a supernode of size greater than one (it needs to perform one neighborhood equality

check between node u and the representative node of supernode of node ).

3.4 Scalable lossless algorithm

Intuitively, as the degree of a node increases, the node becomes less likely to find a
set of nodes in the graph that share the same neighborhood under either clique or
independent set conditions. In other words, it is more likely that higher degree nodes
reside in singleton supernodes and lower degree nodes reside in crowded supernodes.
Therefore, if we summarize the nodes with low degree (less than a threshold K) we
are able to 1) achieve high reduction in nodes that remains close to the optimal point,
2) generate a perfect hashing scheme to eliminate the neighborhood equality check
which was a computational bottleneck in Algorithm 12.

If Vi represents the set of supernodes in G, containing nodes of degree less or

equal to K, our objective in this section is as follows. For all ¢, ¢ > 0,

minimize |V%|  subject to Gy = G. (3.3)



o1

We propose a new hashing scheme which 1) updates K different hash values of
a node w in constant time 2) guarantees a perfect hashing which is significant as it
enables us to avoid the expensive process of the neighborhood equality check while
maintaining losslessness, 3) guarantees the optimality of summary for all nodes with
degrees less or equal to K.

We assume each independent set supernode is represented by a tuple of size K +1
((I1, I, ..., Ik, d)) and each clique supernode is represented by a tuple of size K + 2
((C1,Cy, ..., C,, Ciy1,d)) where the last element d represents the degree of nodes in
graph and others represent the hash values of using different (K for independent set
and K + 1 for clique) hash functions. For example, I;(u) is a hash function of linear
sum of neighbors of node u, I5(u) is sum of squares of neighbors of node u and etc.
C1(u) is similar to I;(u) but it also includes node w in the computation. The hashing
scheme we propose is shown by Equation 3.2. Ix(u) for 1 < k < K and Cy(u) for
1 <k < K +1 are updated based on their previous values and the recent change to
the neighborhood of node u (i.e (u,v) insertion or (u,v) deletion). The last element
d capturing the degree of node u is incremented or decremented depending on the
edge insertion or deletion. Each Ix(u) is initialized by 0 and each Cy(u) is initialized
by u*¥ mod P.

We note that K is a user specified threshold that allows the algorithm to summa-
rize only the nodes with degrees less or equal to K, while others with degree greater
than K are placed into singleton supernodes. When there is a change in the neigh-
borhood of node u and its total degree so far is less and equal than K, the algorithm
incrementally updates 1 < k < K, [(u) and 1 < k < K + 1,Ci(u) based on Equa-
tion 3.2. It then searches updated tuple of node u in supernodes set. If there exists a
supernode with the same tuple, node u is added to that supernode without requiring
the neighborhood equality check, otherwise node u will be in a singleton supernode
as there is no match for the tuple of node w.

Algorithm 17 shows the main steps. As in Algorithm 12, supernodes are repre-
sented by two static arrays n and p. It uses two data structures HI and HC which
each entry in H I is keyed by a tuple of size K + 1 and each entry in HC' is keyed by
a tuple of size K + 2. As the hashing scheme used in Algorithm 17 is perfect (proven
by Theorem 3.4.1), each entry in HI or HC' has exactly one value.

For each change (u,v), as in Algorithm 12, it first calls findNodes function (Al-
gorithm 13) to find all nodes whose supernodes may need to be updated. For each

node a € nodes it checks the degree of node a. If it is greater than K then node a
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will be in a singleton supernode and the process is terminated for node a (line 5-7
of Algorithm 17). Otherwise, it calls updateH function (Algorithm 14) to update
HI and HC. Algorithm 14 checks whether node a is one of the representatives in
HI or HC (i.e. either I(a) or C(a) is non-empty and node a is the value). If so,
it is replaced by another node in that supernode. Then Algorithm 18 is called to
update the tuple of hash values for node a. Incremental function updates I(u) and
C'(u) based on the Equation 3.2. The last element in I(u) or C'(u) is incremented or
decremented depending on insertion or deletion.

Line 10 of Algorithm 17 searches I(a) through HI, if there is an entry in HI
(HI(I(a) has a value a) it adds a to the supernode of @’ by calling Algorithm 16
and terminates the process for node a, otherwise it goes ahead and searches C(a)
through HC' to see if there is a non-empty entry of HC'(C'(a)), if there is, a is added
to the supernode of @’ and the process is terminated. Finally, if the Algorithm 17
found no match in HI or HC, it adds I(a) to HI and node a to HI(I(a)) and C(a)
to HC and adds node a to HC(C(a)) and places node a into a singleton supernode

(nla] = a, pla] = a).

Algorithm 17 Scalable Algorithm (Scalable)
1: Input: e = (u,v),+/—, K
2: nodes = findNodes(u,v)
3: for a € nodes do

4: if a ==uVa==vthen

5: if I(a)(K +1) > K then > Degree greater than K
6: Create a singleton supernode > nla] = a,pla] = a
7: continue

8: updateH(a)

9: I(a),C(a) < Incremental(I(a),C(a),u,v) > Eq. 3.2
10: if I(a) € HI then
11: a <« HI(I(a))
12: merge(a,a’)
13: continue
14: if C'(a) € HC then
15: a +— HC(C(a))
16: merge(a, a’)
17: continue

18: Add I(a) to HI and a to HI(I(u))
19: Add C(u) to HC and u to HC(C(u))
20: Create a singleton supernode > nla] = a,pla] = a
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Algorithm 18 Incremental

1: Input: I(u),C(u),u,v,

2: Update degree, I 1(u), Cria(u)

3: Update I;(u) and Ci(u), based on Eq 3.2
4: return C(u), I (u)
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Correctness of scalable algorithm. Suppose that for two nodes v and v, d(u) =
d(v) = d and N(u) # N(v). The system of Equations 3.4 describes the false positive
error of the proposed hashing scheme while checking if N(u) = N(v) or not. We will
show that if K > d, (3.4) cannot be satisfied.

Z u; mod P = Z v; mod P

w; €N (u) v, EN(v)
Z u? mod P = Z v? mod P
u; €N (u) v, EN(v)

(3.4)
uX mod P = vX mod P
Z Z

u; €N (u) v EN(v)

Theorem 3.4.1. Suppose that u and v are two vertices in G such that d(u) = d(v) = d
and let K > d. Then the system of equations (3.4) holds if and only if N(u) = N(v).

Proof. One direction is clear: if N(u) = N(v), all the equalities in the system of
equations 3.4 hold. We now show the other direction using two key lemmas. Let
N(u) ={uq,...,uq} and N(v) = {vy,...,v4}. We begin with a definition.

The elementary symmetric polynomials on d variables are defined as follows:
er( X1, Xo, .o, Xa) = X0 e Xy e2(Xa, X, o, Xo)
= [Licicjca XiXjs - s ea(Xy, Xoy oo, Xg) = X1 Xo ... X

The following lemma states that if Eqn. (3.4) holds, then the d elementary sym-

metric polynomials are all equal modulo P.

7 mod P forallj={1,2,..., K}.
Then eg(uy,us, ..., uq) = ex(vi,ve,...,v4) mod P, for all k={1,2,...,d}.

Lemma 3.4.2. Suppose that }_, (. ul = D oieN () v

Proof. We prove the lemma by induction on k. Clearly, the claim is true for k =1 as
e1(uy, ug, . .., ug) = er(vy,vg,...,v4) mod P is an equation in (3.4). Let us assume
that the induction hypothesis holds for all £ <t and prove it for £ = ¢ + 1. For this,

we make use of Newton’s identity.

Proposition 3.4.3. For alld>1 andd >k > 1,

kegp(xy,...,xq) = Z(—l)i_lek_i(xl, ooy xq) Pz, ..., xg) mod P
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where Pi(xy,...,xq) = ijl ot and eg(wy, ..., xq) = 1.

Using the facts, > u; mod P =3 v; mod P,> u? mod P =
S 02 mod P,...,> u™ mod P =3 v/ mod P, and
er(uy, ug, ..., ug) mod P = eg(vy,vq,...,0g9) mod P, for all k € {1,2,...,t}. and
combining them with Newton’s identity, we get
err1(ug, ug, ... ug) mod P = epq(vy,v2,...,v4) mod P.
O

The following lemma shows that if the d elementary symmetric polynomials are

equal modulo P for two vertices of degree d, their neighbourhoods are the same.

Lemma 3.4.4. Suppose d(u) = d(v) = d and eg(uy,ug, ..., uq) = ex(vy,ve,...,0q)
mod P, for all k € [1,d]. Then N(u) = N(v).

Proof. To show this, we use the following equation:

d
d d—1
H(x + uz) = + 61(U1,U2, s ,Ud)l' +oeee ed(u17u27 s ,Ud)
i=1
From the above expression and the assumption that eg(uy, us, . . ., ug) = ex(vy, vo, ..., vq)

mod P, for all k = {1,2,...,d}, we can conclude that [, (z + u;) = [1,(z + v)
mod P. Using this identity and the well known fact that if a prime P divides
aiasy . .. a,, then it must divide a; for some i, we can show that {uy,us,...,us} =
{v1,v9,...,v4}. To prove this, substitute x+ = —uy in the identity above. As the LHS
of the equation is 0, it implies that u; = v; for some ¢ using the fact above. Repeating
this reasoning helps us conclude that N(u) = N(v). O

The two lemmas together prove Theorem 3.4.1. O]

A similar result holds for clique supernodes with N (u) instead of N(u) and
K > d+ 1 equations instead of K > d. Thus, we obtain

Corollary 3.4.5. At the end of step t, Algorithm 17 computes a lossless summary

that is optimal for nodes of degree at most K.

Complexity analysis. As in Algorithm 12, findNodes, updateH take constant time

and we need O(K) time to update hash values of nodes where K is user specified
threshold (between 10-50). Updating supernodes takes constant time as we do not

need to perform neighborhood equality check. Hence, the time for each update is
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O(K) if the degree of node u is less than K; otherwise it takes constant time to place

u in a singleton supernode.

3.4.1 Summarizing Directed Graphs

In this section, we extend the proposed scalable algorithm to summarize dynamic
directed graphs. In a directed graph, each node has a set of in-neighbors and out-
neighbors. So, we begin with the definition of independent sets and cliques in this

setting.

Definition 3.4.6. (1) A set of nodes I is an independent set in a directed graph 8
if and only if their in-neighbor and out-neighbor sets are the same. That is, for all
u,v € I, Nip(u) = Nip(v) & Now(u) = Nowt(v) (2) A set of nodes C' is a clique in
a directed graph 8 if and only if: Ny, (u) U{u} = N (v) U{v} & Now(u)U{u} =
Nowt(v) U {v}

To adapt the scalable approach for directed graphs, we use the threshold K to
bound the in-degree and the out-degree of the vertices to be processed. In particular,
we use K /2 as an upper bound for the in-degree and the out-degree. Therefore, each
I supernode a tuple (I, ..., Ix 2, din, Ixj2+1, - -, I, dou) Of size K + 2 and each C'
supernode is a tuple (C4, ..., Ck/2, Ckjat1, dins Ci 242, - - -, Cr43, dour) of size K + 4
where K is an even number. The first K/2 (or K/2 + 1 in C) elements are hash
values of in-neighbors of node wu for I (for '), followed by the in-degree of node u;
the next K/2 (or K/2+ 1 in C) elements are hash values of out-neighbors of node
u, followed by the out-degree of node u. It also uses Equation 3.2 for updating hash
values. Algorithm 19 shows the main steps of directed dynamic graph summarization.
It receives an edge change <1ﬁ> and the number of hash functions K. It needs to
update the hash values of the out-neighbors of node u and hash values of the in-
neighbors of node v. If the degree of in-neighbors or out-neighbors of nodes u or v
exceeds the threshold K/2, it puts that node into a singleton supernode. The other
steps are similar to scalable algorithm; after updating hash values it searches through
HI or HC to see is there is any match or not. Finally it puts that node into a
singleton supernode and adds both I and C to HI and HC.

3.5 Experiments

Implementation: We implemented the proposed algorithms in Java 14 on a machine
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Algorithm 19 Directed-Scalable Algorithm

1: Input: (m), +/— K

2: > Updating out neighbors hashes for u and in-neighbors for v
3. for a € {u,v} do

4: if I(a)(K+2)VI(a)(K/2+1)> K/2then

5: Create a singleton supernode > nla] = a,pla] = a
6: continue

7 updateH(a)

8: if a == u then

9: Update I(a)(K + 2) and C'(a)(K + 4)

10: if a == v then

11: Update I(a)(K/2+ 1) and C(a)(K/2 + 2)

12: I(a),C(a) < Incremental(I(a),C(a),u,v) > Eq. 3.2
13: if I(a) € HI then

14: a' <+ HI(I(a))

15: merge(a,a’)

16: continue

17: if C(a) € HC then

18: a < HC(C(a))

19: merge(a,a’)
20: continue
21: Add I(a) to HI and a to HI(I(u))
22: Add C(u( to HC and u to HC(C(u))
23: Create a singleton supernode > nla] = a,pla] = a
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Graph Abbr Nodes Edges
cnr-2000 CN 325,557 5,565,380
Eu-2005 EU 862644 19,235,140

hollywood-2009 | H1 | 1,139,905 | 113,891,327
hollywood-2011 | H2 | 2,180,759 | 228,985,632
indochina-2004 | IC | 7,414,866 | 150,984,319

uk-2002 Ul | 18,520,486 261,787,258
arabic-2005 AR | 22,744,080 553,903,073
uk-2005 U2 | 39,459,925 | 1,581,073,454

Table 3.2: Summary of datasets

with dual 6 core 2.10 GHz Intel Xeon CPUs, 64 GB RAM and running Ubuntu 18.04.2
LTS (https://anonymous.4open.science/r/GraphSumDynamic-359C/README . md).
Other state-of-the-art algorithms were also implemented in Java and they are publicly
available. All the dynamic algorithms are evaluated in a fully dynamic scenario; each
time an edge is added to or removed from graph, the summary is updated dynamically.
Datasets: We choose different graphs varying from moderate to large (see Table 3.2
for details). All graphs have been symmetrized. We also perfomed experiments with
the unsymmetrized versions of several graphs (directed case). Due to space constraints
we mostly show results for symmetrized graphs (undirected case).

Baseline algorithms: We use state-of-the-art lossless algorithms including batch
[19, 59] and dynamic [28]. Source codes of all state-of-the-art lossless algorithms
are publicly available and they were all implemented in Java. G-SCIS [19] does not
require any input parameters. For LDME [59] we use k=20 as the size of DOPH
signature. There are 4 different versions of MoSSo (MoSSo-Greedy, MoSSo-MCMC,
MoSSo-Simple and MoSSo-MoSSo) in [28]. We use MoSSo-MoSSo (MoSSo) as it is
orders of magnitude faster than the other variants and we use the same configuration
as in [28], e = 0.3 and ¢ = 120, where e is the escape probability and c is the sample
size of each trial (see [28]). SWeG [?] is another state-of-the-art algorithm but we
decided to not include it in our experiments because first the source code is not
publicly available and also because it was improved by LDME [59], which we use in
our experiments.

Evaluation: Reduction in nodes (RN) [19, 32] is a metric used to evaluate the degree
of summarization for each algorithm. It is defined as RN = (|V|—|V|)/|V|. Regarding
MoSSo, since it produces also correction graphs C'*,C~, we need to consider them

in order to reconstruct the original graph. Thus, RN for MoSSo is more precisely

computed as RN = (|[V| = (YU V(Ct)uV(C)|))/|VI.
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Figure 3.2: Average processing time per edge for Optimal and Scalable vs. MoSSo,
G-SCIS, LDME. Scalable is up to 8 and 7 orders of magnitude faster than LDME
and G-SCIS, respectively, and around 30 times faster than MoSSo.
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Average processing time per change: We compare the average processing time
per edge change of different algorithms. The averages are obtained by inserting or
deleting 100 random edges each time and performing 10 experiments. Since batch
algorithms are not able to incrementally update the summary, they need to obtain
the summary from scratch for each change to the graph. Figure 3.2 shows the results
of our comparison in microseconds. We can see for instance that Scalable is up to
8 and 7 orders of magnitude faster than LDME and G-SCIS, respectively, and also
around 30 times faster than MoSSo. It is interesting to note that, if 1 million changes
occur in a graph (take H2 for example), Scalable is 2 orders of magnitude faster
than running just once a batch algorithm at the end of the 1 million-edge sequence.
Also as the size of graph increases, both Optimal and Scalable have a higher chance
for grouping nodes and consequently their average processing time for each change
decreases. MoSSo also exhibits a similar behavior as the the graph sizes become
larger. We observed in our experiments that the average processing time per edge
was constant for each dataset, namely that the running time as the graph gets more
insertions grows linearly. However, this constant is different for different graphs, not
related to their size.

Accumulative running time and reduction in nodes: We compute the accu-
mulative running time and reduction in nodes of MoSSo and proposed methods after
|E| steps of edge insertion. The results are shown in Figures 3.3 and 3.5. Optimal

is faster than MoSSo and provides far better reduction in nodes. Scalable is up to
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Figure 3.3: Accumulated running time for Scalable, Optimal, and MoSSo after F
changes to each graph. Scalable is up to 40x faster than MoSSo and also up to 10x
faster than the optimal algorithm (see for instance U2 and CN).

40x faster than MoSSo and also up to 10x faster than the optimal algorithm (see
for instance CN and U2). We also provide a more refined analysis of accumulated
time in Figure 3.4. We see that all three dynamic algorithms, Optimal, Scalable, and
MoSSo, scale linearly with |E|, with Optimal and Scalable being significantly better
than MoSSo. In terms of RN, Figure 3.5, we can see that both Optimal and Scalable
outperform MoSSo.

Sensitivity analysis to input parameters: Next we show the performance of
Scalable with respect to the number of hash functions. Figure 3.6 shows these results
and we can see that Scalable behaves similarly for different datasets as k varies.
Running time does not increase much and the RN value only changes slightly after
some point, k£ value of 20 or 30, so that is a sweet spot for k.

Performance on Directed Graphs: Since other state-of-the-art lossless algorithms
are not able to summarize directed graphs, we can only show the performance of our
Directed-Scalable algorithm in a fully dynamic scenario in Figure 3.7. The details of
Directed-Scalable are given in the Supplemental Material. We can see in Figure 3.7,
for instance, that Directed-Scalable is able to achieve a 35% reduction in nodes for
CN and in most cases the RN is more than 25%. The figure also shows a running

time performance similar to that of Scalable on undirected graphs.
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Figure 3.4: Accumulated running time in seconds (vertical axis) for Scalable vs Op-
timal vs MoSSo with respect to number of total changes (horizontal axis). (a) Time
measured for EU every 2M changes, (b) Time measured H1 every 8M changes. The
charts show that the scalability of all three algorithms is quite linear in |E|, with
Optimal and Scalable being significantly better than MoSSo.
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Figure 3.5: Reduction in nodes for Optimal, Scalable, and MoSSo. Both Optimal

and Scalable outperform MoSSo. For CN, EU, IC, U1, AR, U2 Scalable is quite close
to Optimal.
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3.6 Conclusions

In this work, we focused on lossless summarization of dynamic graphs where the ob-
jective is to minimize the number of supernodes in the summary after each change.
We presented two lossless summarization algorithms, Optimal and Scalable, for sum-
marizing fully dynamic graphs. More concretely, we follow the framework of G-SCIS
[19] which produces summaries that can used as-is in several graph analytics tasks.
Different from G-SCIS, which is a batch algorithm, our algorithms are fully dynamic
and can respond rapidly to each change in the graph. Not only are our algorithms able
to outperform G-SCIS and other batch algorithms by several orders of magnitude,
but they also significantly outperform MoSSo, the state-of-the-art in lossless dynamic
graph summarization. While our first algorithm, Optimal, produces always the most
optimal summary, our second algorithm, Scalable is able to trade the amount of node
reduction for extra scalability. For reasonable values of the parameter K, Scalable
is able to outperform Optimal by an order of magnitude in speed, while keeping the
rate of node reduction close to that of Optimal. An interesting fact that we observed
experimentally is that even if we were to run a batch algorithm, such as G-SCIS, once
for every big batch of changes, still they would be much slower than Scalable. For
instance, if 1 million changes occur in a graph, Scalable is two orders of magnitude

faster than running G-SCIS just once at the end of the 1 million-edge sequence.
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Chapter 4

Efficient Graph Summarization
using Weighted LSH at

Billion-Scale

In this chapter we explore the correction-set based framework for graph summariza-
tion. We start by reviewing related work and exploring a recent state-of-the-art algo-
rithm, SWeG [51], based on this framework. We then propose our algorithm LDME
and show that LDME outperforms SWeG by conducting thorough experiments.

4.1 Related Work

Graph summarization is an active area of research and studied in a variety of settings
(see [40, 25] for detailed surveys). Previous work on this topic can be classified
into two categories, grouping [32, 34, 15, 44, 51, 47, 56, 27, 33] and non-grouping
(60, 36, 42, 23, 35, 43, 5, 58, 38, 18, 55]. Grouping based methods received more
attention in the last few years and they are divided into non-correction set based
methods such as [33, 34, 47, 32, 29, 15, 18, 56] and correction set based methods
[44, 51, 28, 27].

Navlakha et al. [44] introduced a novel framework in which a graph is repre-
sented compactly as a summary graph along with correction sets. Their algorithm,
RANDOMIZED, picks a random supernode and identifies the supernode that gives
the best savings with it among possible candidate merges from supernodes that are

2-hops away. SAGS [26] uses simple locality sensitive hashing instead of Saving or
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SuperJaccard in the merge phase to choose the best pair among pairs that are 2-hop
away. VoG [29] uses existing clustering algorithms for finding important candidate
subgraphs to summarize. These works, however, are unable to achieve strong com-
pression while maintaining scalability.

The state of the art algorithm for correction set based graph summarization is
SWeG studied by Shin et al. [51] which achieves strong compression and scales
an order of magnitude better than RANDOMIZED and SAGS. MoSSo is a recent
incremental algorithm for summarizing dynamic graphs using correction set [28] which
we also include in our comparisons. SlimGraph [9] is a programming framework, where
various summarization algorithms can be plugged-in (such as SWeG), rather than an

algorithmic contribution, so there is no direct avenue to compare it with our work.

4.2 Correction Set Based Graph Summarization

Here we describe the framework of correction set based graph summarization (CGS).
In this framework, we are given a simple undirected input graph G = (V| F), and
the output consists of a summary graph G = (S,P) and corrections sets C* and C~
which contain edges to be inserted and deleted respectively. The goal is to recon-
struct G using the summary graph and correction sets. We denote the reconstructed
graph by G = (V, E) If G = G, we call the summarization lossless; otherwise, the

~

summarization is lossy. We denote the set of neighbours of node v in G (G) by N,
(Vo)

Problem Definition. We begin by formally describing the method used to obtain
the reconstructed graph G from the output of CGS, namely the summary graph and

the correction set. Given a summary graph G = (S,P) and correction sets C*, 0™,
we build G = (V, E) as follows:

1. For each superedge (A, B) € P, add all pairs of nodes (a, b) as edges to E where
ac€Aandbe B.

2. Add each edge in C*t to E

3. Remove each edge in C~ from F

The graph summarization problem (an optimization problem) that CGS algo-

rithms aim to solve is defined below.
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Figure 4.1: The scheme of correction set based graph summarization

Graph Summarization Problem
Input: Graph G = (V, E)
Output: Summary graph G = (S, P) and correction sets CT, C~

Minimizing IP|+ |CT| + |C| (4.1)

Such that the restored graph G = (V, E) satisfies the constraint
INy \ No| + | Ny \ No| < €|Ny|, Vo eV (4.2)

The objective function (Eq. (4.1)), which we want to minimize, is the sum of the
number of superedges in the summary graph and the number of edges in the correction
sets. In our implementation, we only count the non-loop superedges since self loops
can be encoded using a single bit, so their total size is negligible. Note that the
constraint in Eq. (4.2) applies only to lossy summarization which is orthogonal to the
contributions in this work. Figure 4.1 shows graph summarization using correction
sets. It losslessly summarizes the input graph with 7 nodes and 9 edges to the
summary with 3 supernodes, 3 superedges and 3 correction edges (1 insertion and 2
deletions). SWeG [51] is the current state of the art of CGS for large-scale graphs that
builds on the algorithm by Navlahka et al. [44] and provides approximate solutions to
the graph summarization problem. SWeG contains several optimization techniques
over [44], namely an efficient approximation metric for determining merge pairs and
a dividing step to speed up the algorithm and parallelize the code for a distributed
computing environment. The goal of our work is to introduce new techniques to
summarize large scale graphs faster than SWeG by significantly reducing the amount

of computation, while maintaining comparable output compactness.

Algorithmic Framework. To better describe our algorithm, we will first outline
the CGS approach of [51, 44].
At a high level, the input to the algorithm is a graph G = (V, E), number of
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iterations 7', and an error bound ¢; the output is a summary graph G = (S,P) and
correction sets C't, C'~. Firstly, the set of supernodes S is initialized such that every
supernode contains exactly one vertex of V' and every vertex of V' is in exactly one
supernode. Then, § is repeatedly updated over T iterations by performing sequences
of supernode merges per iteration. In the case of SWeG, in each iteration, S is divided
into disjoint groups prior to the merging step and merges are performed within each
group.

Once the supernodes are identified, the original edges E are encoded into su-
peredges P and correction sets CT and C'~. Finally, in the case of lossy summa-
rization (if € > 0), some superedges/edges are dropped from P, C*, and C~ while
maintaining the constraint in Eq. (4.2). The individual steps in the algorithm will

now be described in further detail.

Dividing step. The dividing step divides § into disjoint groups of supernodes such
that supernodes which are similarly connected are placed into the same group. This
step is an optimization technique introduced by [51] for the purpose of speed, memory
efficiency, and parallelizability. The division is performed by grouping supernodes
based on their shingle. The shingle f(v) of a regular node v € V' is defined as f(v) :=
MiNyeN, or u=v N(1) where h is a random bijective function h : V' — {1,...,|V|}. The
shingle F'(A) of a supernode A € § is defined as as F(A) := min,caf(v). S is then
divided into disjoint groups {S™"), ..., S} where supernodes in each group have the

same shingle value.

Merging supernodes. Let S be the entire set of supernodes. In the case of [51], set
S to be each S € {SW, ... 8™} from the dividing step and perform the following
for each group. (In a parallel implementation, each group is processed in parallel).
The merging step merges supernodes in S by selecting a random node A from S,
determining A’s best merge candidate supernode B (in terms of minimizing Eq. (4.1))
from S, then merging A and B if the result of the merge reduces Eq. (4.1) by a

sufficient amount. Formally, this is done as follows:
e Initialize temporary set temp to S
e While temp is not empty:

— Randomly remove a supernode A from temp

— Find the best merge candidate B for A from temp
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— If the savings (defined below) obtained from merging A and B is above
some threshold, merge A and B then replace B in temp with the merged

result

To define savings, we need the notion of cost described as follows. The cost of each
supernode A € § is denoted by Cost(A,S) and is defined to be the number of
superedges in P and edges in C* and C~ that A contributes to Eq. (4.1). This is
computed by performing a temporary edge encoding step (described later) relative to
A on the current state of S. In particular, to compute Cost(A, S) for some supernode
A, we would calculate the number of edges between A and every adjacent supernode,
then use this to calculate how many superedges and correction set edges would be
encoded. Similarly, Cost(A U B) is computed by looking at edges between merged
supernode A U B and all adjacent supernodes.
The savings obtained by merging two supernodes A # B € S, denoted Saving(A, B, S),

describes the “benefit” of merging A and B by calculating the inverse of the ratio
between the cost of merged supernode AU B and the sum of A and B’s separate cost.

Savings is formally defined as

Cost(AUB,(S\ {A,B}) U{AU B})
Cost(A,S) + Cost(B,S)

Saving(A, B,S) :==1—

[51] claims that computing Saving is computationally expensive, and uses an ap-
proximation metric known as SuperJaccard similarity to approximate Saving. The

SuperJaccard similarity between two supernodes is defined as

Z’UENAUNB min(w(A’ U)’ w(B7 U))
ZUENAUNB max(w(A, U)v w(Bv U))

Super Jaccard(A, B) = (4.3)
where N4 is the set of nodes adjacent to the nodes inside supernode A € S and
w(A,v) is the number of nodes in supernode A € S adjacent to node v € V, formally
defined as w(A,v) := [{u € A : {u,v} € E}|. SuperJaccard aims to measure the
similarity between two supernodes based on the similarity of their connectivity and
is used to approximate the best merge candidate. After the best merge candidate
B is identified using SuperJaccard, then Saving(A, B,S) is computed once to decide
whether or not to merge. Formally, if Saving(A, B,S) > merging threshold 6(t), for
iteration 1 <t < T, then A and B are merged. Here, 6(t) is defined as 1/(1 +t) so

that more merge opportunity is allowed in the later iterations.
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Encoding edges. The encoding step takes the supernodes S from the merging step
and encodes the edges E of the original graph into superedges P and corrections
C*,C~. This is done by iterating over all pairs of supernodes (A, B) where the set
of edges in E between the nodes in A and nodes in B is not empty. Then we either
(1) choose to not encode a superedge between A and B or (2) choose to encode a
superedge between A and B. In case (1), since we do not introduce a superedge, we
would lose all the edges between A and B in the reconstruction step, so we must add
all these edges to C*. In case (2), we add a superedge (A, B) to P and as a result we
could potentially introduce extraneous edges that were not in the original graph; we
add those edges to C'~. For each supernode pair A, B € S, E4p is the set of edges in
E that are between the nodes inside supernodes A and B, and Fp is the set edges

between all pairs of nodes in A and B. Formally,

Eap:={{u,v} CV:ue Awve B,u,veFE}
Fap ={{u,v} CV:ueAvebB}

For each pair of supernodes A, B € S where Eap # 0, if |Eap| < % = &Z‘B‘ then
we do not encode E 45 as a superedge, so E4p is merged into C*. Otherwise, E4p is
encoded as a superedge, so edge (A, B) is added to superedges P and (Fap \ Fap) is
merged into C'~. In the special case where A = B, the condition is such that we do

[Faal _ [A-(AI=D) ;
A = T Otherwise, we do

not encode a superedge (superloop) if |Eaa| <

encode a superloop.

Dropping edges. In [51, 44] there is also an optional post processing step (when
e > 0), called the dropping step, where some edges are removed from the summary
graph and correction sets so that the summary is more compact. The dropping step
ensures that Eq. (4.2) is satisfied by verifying the constraint is still met as each edge
is removed. We do not discuss this step further as its running time is negligible and

it is orthogonal to the main approach.

4.3 Proposed Method

Since the correction set based summarization method of [51] is the current state of
the art, we will discuss our proposed methods of improvement with respect to SWeG.
Our goal is to optimize the steps of SWeG by reducing the amount of computation

performed.
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The merging step is, computationally, the most challenging stage of the algorithm
and takes a significant fraction of the total running time, making it the overall bot-
tleneck step for most graphs. This is because the process is quadratic in the size of
groups. Here we propose an improved dividing step that reduces the size of groups,
thus significantly speeding up the merge phase. Additionally, we propose an efficient
algorithm to compute Saving directly during merge eliminating the need to use an ap-
proximation metric. For some graphs, the encoding step becomes a problematic step
since it iterates through all pairs of supernodes, inducing a large amount of overhead
required for computing/remembering the edges between pairs of supernodes. For
graphs with a high number of supernodes, the overhead causes the encoding step to
run much slower and in some cases not complete within reasonable time. We present
a new sort-based encoding step which has an improved practical running time and
is more robust than the one in [51]. We show the overall structure of our approach
in Algorithm 20. It consists of the divide, merge and encode steps as outlined in
Section 4.2.

Algorithm 20 Algorithm Overview
1: Input: input graph G = (V, E), number of iterations T’
2: Output: summary graph G = (S, P), corrections C* and C~
3: initialize supernodes S to each vertex in V
4: fort=1...T do
5: compute weighted LSH signature of each supernode in &
6
7
8
9

divide § into disjoint groups based on their signature

perform merges in each disjoint groups
. encode edges E into superedges P and correction edges C* and C'~
. return summary graph G = (S, P) and corrections C*+, C'~

Speeding up the merging step. In the merging step of [51], after picking a random
supernode A from the group, the merge partner B for A is determined by checking
every other supernode in the group and selecting the best candidate. Overall, the
merging step takes time quadratic in the number of supernodes in a group. Concep-
tually, we can improve the running time of the merging step by reducing the size of
each group S@ ¢ {SW, .. S We achieve this by introducing a refined divide
step which uses SuperJaccard similarity for grouping supernodes. Note that SWeG
uses SuperJaccard as an approximation of Saving in the merge phase. We instead
propose to use SuperJaccard in the divide step. Namely, we want to create groups

such that nodes with high SuperJaccard similarity end up in the same group. How-
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ever, we will aim to avoid computing SuperJaccard for every pair of supernodes as this
would be prohibitive. Instead we want to devise a locality sensitive hashing scheme
for SuperJaccard and then hash the supernodes to the proper groups.

Locality sensitive hashing (LSH) is a technique used to group similar items. A
hash function (or hash function family) is used to assign items to buckets, and the
items in each bucket are “similar” to each other with high probability. Typically,
items are considered to be sets and LSH schemes are designed for well-known set
similarity measures, such as simple Jaccard, Hamming, and Cosine similarity. In the
following, we show that SuperJaccard can be casted as weighted Jaccard similarity,
for which there exist locality sensitive hash functions.

The weighted Jaccard similarity W.J(X,Y') between two vectors X and Y of equal
length and with integers weights is defined is

B >, min(X,, Yy)
N >, maz(X,,Y,)

WJ(X,Y):

Note that when X and Y are Boolean vectors, the above equation gives the simple

Jaccard similarity between two sets represented by vectors X and Y.

Weighted LSH based dividing step. We assign a “supervector” Vg of size n to
each supernode S € S, where n is the number of nodes in V. Each index u in Vg
(where 1 < u < n) represents a node in V', and the weight of Vg at index u for each
node u is w(S, u). Recall, from Section 4.2, that w(S,u) is the number of nodes in S
adjacent to u.

We claim that for two supernodes A and B, the weighted Jaccard similarity be-
tween their supervectors V4 and Vg is equal to the SuperJaccard similarity between
A and B. Namely, we note that

_ Zv min((VA)w (VB)U) Zv min(w(A,v),w(B,v))
Zv mam((VA)w (VB)D) Zv max(w(A,v),w(B,v))

WJ(Va,Vs)

is equal to SuperJaccard(A, B) as defined in Eq. (4.3). For any supernode S, the
non-zero values in its assigned supervector Vg correspond exactly to the nodes in Ng.
So, in WJ(Va, Vp), only the indices v € Ny U Np contribute to the overall value.
Therefore, WJ(Va, Vg) = SuperJaccard(A, B).

Now, we can use a weighted LSH scheme (to be described shortly) in order to split
S in the dividing step and have the property that supernodes with high SuperJaccard
similarity have a high probability of being in the same bucket. Compared to the simple
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single-shingle based approach of [51], weighted LSH is a more precise metric that
divides S into more groups of smaller size while ensuring that supernodes with similar
connectivity are in the same group. Furthermore, we can control the performance of
our algorithm by tuning the precision level of the hash function in order to trade

compression for running time.

Updated Dividing Step. As a weighted LSH scheme, we use Densified One Per-
mutation Hashing (DOPH) [53], which takes as input a binary vector I of length
|V| and uses a single permutation h : {1,...,|V|} — {1,...,|V|} to produce a hash
signature Hy for I of length k. We use the fact from [52] that for any sparse weighted
vectors V4 and Vg, the probability that the binarized forms of V4 and Vz have the
same DOPH signature is approximately the weighted Jaccard similarity between V4
and Vg (non binarized).

Given a binary vector I of length |V|, a random permutation h : {1,...,|V|} —
{1,...,|V]}, a hash signature length k, and a random binary vector D of length k
(where D;, 1 < i < k, is set to 0 or 1 independently and uniformly at random), DOPH

signature H; is computed as follows (see Algorithm 21):
e Permute the bits in I by re-indexing based on h. (Line 1)
e Separate [ into k equal length bins. We denote bin ¢ as b;, 1 <i < k. (Line 2)

e Define H,, as the first index within the bin b; that contains a non-zero value. If
the bin contains no non-zero values, H, is "empty”. Set H,, to be the value of

the signature H; at position 7. (Lines 3 - 7)

e For each empty H,,, we define the value to be the first non-empty signature
index either to the left or right (with wraparound at the endpoints). The choice
of left or right is determined by the bit D;. (Lines 8 - 12)

e Return H; = {H,,, ..., Hy, }. (Line 13)

We use DOPH as a new metric for dividing supernodes S into disjoint groups, where
each group of supernodes has the same DOPH signature. For each supernode A € S,
we binarize the supervector V), (supervector defined in the previous section) by con-
verting each non-zero entry to 1 and compute A’s hash signature H 4. We then divide

S into groups by hash signature value. The algorithm is illustrated in Algorithm 22.
Tuning the performance. Using DOPH to divide § allows us to tune the perfor-

mance of the overall algorithm. In particular, we can obtain a more compact output
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Algorithm 21 Densified One Permutation Hashing (DOPH)

1:

>

10:
11:
12:
13:
14:
15:

Input: Binary vector I, random permutation h : {1,...,|V|} — {1,....|V]},
hash signature length k, random binary vector D of length &
Output: Hash signature H

: permute the values of I using h

divide V' into k sequential bins of equal size (right pad V' with zeroes if k does
not divide |V|)
for each bin b;, 1 <7 < k do
if b; has a non-zero entry (i.e. b; is non-empty) then
H,, < index of first non-zero entry in b;, 1 < Hy,, < |b;]
else
Hbi — 0
for each H, where Hy, =0, 1 <i <k
if D, =1 then
Hy, < Hy,, j is index of first non-empty bin to the right
else
Hy, <= Hy,, j is index of first non-empty bin to the left
return H = {H,,, ..., Hy, }

Algorithm 22 Weighted LSH Divide

,_.
<

Input: Graph G = (V, E), current supernodes S, signature length k
Output: Disjoint groups of supernodes: {SM, ..., S}
generate a random permutation b : {1,....|V|} — {1,...,|V|}
generate random binary vector D of length &
for each supernode A € S do
compute supervector Vy (as previously defined)
I4 < binarize(Vy)
DOPH (14, h,k,D) > compute hash signature H, (Algorithm 21)
divide supernodes in S into {SM, ..., 8™} by their hash signature
return {SW ... S}
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with more running time or obtain a less compact output with less running time. Tun-
ing is done through modifying the k value in DOPH which specifies the number of
bins that we divide the input vector V into and the length of the hash signature.
Increasing k£ means that vectors must be more similar to have the same signature,
which results in S being divided into more groups of smaller size with higher weighted
Jaccard similarity. Conversely, reducing k results in less groups but of larger size. As
k increases, the running time of the merge algorithm significantly decreases since the
merge algorithm receives groups of smaller size. Amount of compression also decreases
due to the probabilistic nature of LSH since groups of smaller size result in a higher
likelihood of good potential merge pairs being placed in different groups. Being able
to tune k allows the option of trading compression for running time (depending on
which is more important for a particular application). The number of groups increas-
ing with k can also be explained combinatorially by analyzing the number of possible
signatures for any given k, which we observe is (7 + 1)*. This is because there are
% + 1 possible values per bin (namely 7 indices and the empty value) and k total
bins in a DOPH signature. Hence, the number of possible groups grows exponentially
with k, compared to the shingle method in which the number of possible groups is
fixed at n.

Efficiently computing Saving. As previously discussed, the merging step in [51]
computes the SuperJaccard between supernodes to find the best merge partner for
a particular supernode. SuperJaccard is an approximation for Saving, where Saving
is the true amount of decrease in Eq. (4.1) when merging two supernodes. Here we
present a method to directly compute the Saving between supernodes in running time
no more than computing SuperJaccard.

For each group S® of supernodes, we create a hashtable-of-hashtables data struc-
ture W. The first level hashtable of W is keyed by the supernodes in the group S@.
A second level hashtable, denoted by W4 for some supernode A in S@ . contains key-
value pairs (B, val) where the key B is a supernode in S such that there exist edges
in £/ between the nodes within A and B and the value val is the number of edges in
E between A and B. This data structure enables us to find out the number of actual
edges between any pair of supernodes in expected constant time and consequently
compute its Cost and Saving with other supernodes. Algorithm 23 shows how to
calculate Saving for a pair of supernodes A and B. The algorithm works along the
lines of the decision process inside the encoding step described in Section 4.2. For

this, it needs the numbers of edges between supernode pairs, which are conveniently
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retrieved from the hashtable structure we described (see lines 4,5,8,9,11).

Algorithm 23 Compute Saving

1: Input: Hashtables W4 and Wpg

2: Output: Saving(A, B,S)

3: initialize Cost(A) = 0,Cost(B) = 0,Cost(AUB) =0
4: for each supernode C € keyset of W4 do

5: if keyset of Wp does not contain C' then

— i ((ALICI=D)

6: Cost(A)+=min <f, Wy [C])

7 Cost(A U B)+=min (—GAH‘B‘Q)'(‘C'*U ,Wa [C])
8: for each supernode C € keyset of Wg do

9: if keyset of W4 does not contain C' then
10: Cost(B)+=min (ELUZ=D, W)
11: Cost(A U B)+=min (—GAH‘B‘Q)‘(‘C'*D ,Wg [C])
12: else
13: Cost(AU B)+=min (w Ws[C] + WA[C]>

Cost(AUB)

14: return | — oo m gy

After merging any two supernodes A and B, we update W by iterating over the
keyset of the hashtable corresponding to the supernode with smaller size (say B). For
each key-value pair (C, Wg[C]) in Wg (i.e. C shares an edge in F with B) we do the

following steps:

1. If key C' exists in W, (i.e. C shares an edge in E with A), we set W4[C] =
W4[Cl+Wg|[C] (i.e we add the number of edges between B and C' to the count
of edges between A and C'). Otherwise, we add a new pair (C, Wg[C]) to W 4.

2. If Weisin W (i.e. C belongs to the same group as A and B) and key A exists
in We, we set We[A] = We[A] +We[B] and remove B from We. If key A does
not exist in We, we create a new entry for A, set We[A] = We[B], and remove
B from We.

Finally, we remove B from W since the supernode B no longer exists after the merge.
We note that computing Saving using Algorithm 23 requires only iterating over su-
pernodes in S (in contrast to computing SuperJaccard which requires iterating over
nodes in V). This helps us to speed up the merge step while eliminating the need of

approximating the Saving computation.

Improving the encoding step. The encoding algorithm of [51] requires iterating

over all supernodes and for each supernode A, identifying all supernodes B € S for
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which there is at least one edge in E between the nodes within A and B (i.e. Fap #
(). Implementing this step requires a significant amount of computational overhead
especially for summary graphs with many supernodes. In a simple implementation,
all pairs of supernodes (A, B) would be checked and if Exp # (), we would perform
the rest of the encoding algorithm. However, this implementation would take time
that is quadratic in the number of supernodes leading to poor scalability. In a more
careful implementation, for each supernode A, we only iterate over the supernodes B
where E p # (). To do this, we require a preprocessing step where we iterate over
the nodes in V' within A, compute the edges incident to these nodes to obtain the
supernodes B that shares an edge in E with A, and save these edges in a lookup table
for the subsequent steps. However, there is a significant overhead due to computing,
storing, and looking up incident edges for each supernode.

Nevertheless, even the more careful implementation above performs poorly when
the number of supernodes is large and in some cases caused the algorithm to not
complete within reasonable time. Here we will introduce a restructured encoding
step algorithm that has faster practical performance, is more consistent, and requires

little computational overhead aside from reading the edges in E.

Updated Encoding Step. In our encoding algorithm (Algorithm 24), for each edge
e € E, we add a 2-tuple (s,e) to a list L. In each 2-tuple, e = (u,v) corresponds to
the original edge and s = (A, B) is a ”candidate superedge” where A and B are the
supernodes containing nodes u and v respectively. The candidate superedge identifies
which pair of supernodes an edge is between. We then group L into {L("), ..., L)} by
their candidate superedge value s so that any supernode pair (A, B) where Ep # 0,
which have edges to be encoded, have the edges between them grouped together (line
5 in Algorithm 24). Each group L € {LM, ..., LM} is associated with a pair of su-
pernodes (A, B) and contains exactly the edges between A and B (namely F4p5) that
are needed for the encoding step. Thus, for each group, we can look at the respective
E 4p to decide whether or not to encode a superedge using the same conditions as in
[44, 51]. Line 5 in Algorithm 24 can be done efficiently by lexicographically sorting
the 2-tuples in L by their candidate superedge value s. Effectively, this groups all the
edges in E' by their supernode endpoints. Iterating through each group (line 6) can be
done by linear scanning L in sorted order and a group change is detected by a change
in the candidate superedge s of a 2-tuple during the scan. The edges between the
pair of supernodes of a group are obtained by temporarily saving each edge e in the

2-tuple scan until the group changes, at which point the remainder of the encoding
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step can be performed on the saved edges.

Algorithm 24 Updated Encoding Step

1: Input: Input graph G = (V, E), supernodes S

2: Output: Summary graph G = (S, P), corrections C* and C~
3 L= {}

4: for each edge e = (u,v) in E do

5: A < supernode containing u, B < supernode containing v
6: s < candidate superedge (A, B), L < LU {(s,¢)}

7. group L into {LW, ..., LM} by candidate superedge s = (A, B)
8: for each LW € {LW .. L®} do

9: (A, B) < candidate superedge s of L

10: Ep + set of edges e in L (denoted E44 if A= B)

11: if A+# B then

12: if |[Eap| < BUEL then CF < O U Eyp

13: else P+ PU{(A,B)}, C~ + C U (Fap\ Eap)

14: else

15: if Baq < AAED then CF + CF U Eay

16: else73<—73U{(A,A)}; C’*<—07U(FAA\EAA)

17: return G = (S, P) and C+,C~

In summary, we significantly reduce the running time of the encoding algorithm of
[44, 51] in practice by directly working with the edges in E. This reduces the overhead
that comes from iterating over pairs of supernodes and computing the associated

edges.

Time Complexity. The time complexity of LDME is dominated by the merge
phase, which is O((n/|S*|) - |S*|*) = O(n - |S*—), where S* denotes the largest
group in {SW, ..., 81 from the divide phase. Note that this is similar to the time
complexity of the merge phase in SWeG, however the largest group size in LDME is
much smaller than in SWeG, thus resulting in a significant improvement in running

time in practice.

Space Complexity. The space requirement for storing G, G, C*, and C~ is O(|V| +
|E|) = O(|E|). The hashtable-of-hashtables W, created for each group, stores the
number of edges between supernodes in the group and their adjacent supernodes,
which in the worst case is O(|E|). However, LDME’s divide phase creates small
groups, especially as k increases, thus the space requirement will be much less in

practice. The other data structures used, such as the signatures and the encoding
edge list, are all O(|E|).
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Figure 4.2: The comparison between original SWeG, LDME5 and LDME20 in terms
of compression, total time (seconds), divide/merge time (seconds), encode time (sec-
onds) over 60 iterations.

Parallel Implementation Description. Similar to SWeG, LDME is highly paral-
lelizeable and can run in a distributed environment for higher speed and scalability.
In the dividing step, the DOPH signature of each supernode can be computed in
parallel (lines 5 and 6 of Algorithm 22). Then, the merging step can be performed
on each group in {SW,...,S(™} in parallel (line 5 in Algorithm 20). Finally, each
supernode A in the encoding step can be processed in parallel, so line 2 of Algorithm
24 only reads in the edges incident to each A. Processing each supernode in parallel

also removes the need for grouping candidate superedges via sorting in line 5.
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4.4 Experiments
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Figure 4.3: Compression and total time at final iteration 60 of LDME5/20 on graphs
that SWeG could not complete within 1 day.

In our experiments, we compare our approach to SWeG [51], Mosso [28], and VoG [29]
(we do not compare versus [44] because it is superseded by SWeG). In our experiments,
we wish to test how our algorithmic improvements translate to gains in running time
compared to the mentioned algorithms. We evaluate the implementations of all above
algorithms on a single-threaded machine where we can better observe our main goal
of reducing the amount of computation. We also compare the performance of the
parallel implementation of LDME and SWeG in a distributed setting.

We experiment with two versions of our approach, one where we use DOPH sig-
nature length £ = 5 in our dividing step and the other where £ = 20. We call our
general approach LSH-based Divide-Merge-Encode (LDME), and the two versions
LDMES5 and LDME20 for £ = 5 and k = 20 respectively. Both versions demonstrate
a significant speedup over the compared algorithms (often an order of magnitude),
with LDME20 faster than LDME5. With respect to compression, LDMES5 is very
similar to SWeG and Mosso, whereas LDME20 shows some moderate reduction in
compression as trade-off for its speedier execution over LDMES5.

We use the datasets in Table 4.1 from Laboratory of Web Algorithmics (http:
//law.di.unimi.it/datasets.php). The sizes of the graphs we use are as fol-
lows: ¢nr-2000 is a (relatively) small graph, in-2004, eu-2005, and hollywood-2009
are medium graphs, and hollywood-2011, indochina-2004, uk-2002, and arabic-2005
are large graphs. Table 4.1 shows the characteristics of each graph. We note that

the number of edges shown in Table 4.1 is after symmetrization, where we add the
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Graph Abbr Nodes Edges
cnr-2000 CN 325,557 5,565,380
in-2004 IN 1,382,908 27,560,356
eu-2005 EU 862,664 32,778,363

hollywood-2009 | H1 | 1,139,905 | 113,891,327
hollywood-2011 | H2 | 2,180,759 | 228,985,632
indochina-2004 | IC | 7,414,866 | 304,472,122
1k-2002 UK | 18,520,486 | 529,444 615
arabic-2005 | AR | 22,744,080 | 1,116,651,935

Table 4.1: Summary of datasets

reverse of directed edges if they do not already exist.

LDME vs. SWeG. We evaluate the difference between SWeG and LDME5/LDME20
using four different metrics: (1) compression (2) total running time, (3) dividing
and merging time, and (4) encoding time. For each metric, we ran SWeG and
LDMES5/LDME20 for T = 10, 20, 30, 40, 50, 60 iterations. The amount of compression
was computed using the complement of the ratio between the number of superedges

+ correction set edges and number of original edges. Specifically:

PI+ICT+]C7
|El

Compression = 1 —

Figure 4.2 illustrates the compression and total running time of SWeG, LDMES
and LDME20 on graphs for which all algorithms could complete within a reasonable
time of 1 day (CN, IN, EU, and H1). In terms of compression, LDME5 demonstrates a
similar final compression as SWeG; CN, IN, and EU achieved 2% to 4% increase at it-
eration 60 and H1 had a 1% decrease. LDME20 demonstrates a final compression that
matches or is only slightly lower than SWeG; CN and IN achieved 0.5% increase at it-
eration 60 while EU and H1 had a 7% and 8% decrease respectively. In terms of total
running time, LDMES5 demonstrates a 3.6x to 31x speedup over SWeG on CN, IN and
EU, and is 53x faster on H1. LDME20 shows an even more significant speedup ranging
from 11x (IN) to 96x (CN) faster than SWeG. Thus, the expected effect of increasing k
from 5 to 20 in LDME is clearly demonstrated in both compression and running time.

Figure 4.2 also shows the comparison of SWeG and LDME’s divide/merge and
encode times on CN and EU (we do not show this for IN and H1 since the behavior is
similar). Since the merging step dominates the total running time of the algorithms,

the divide/merge time and total running time are similar. The breakdown of encoding
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Figure 4.4: The number of groups (red, left y-axis) and the largest group size (blue,
right y-axis) for increasing values of k.

time illustrates the difference between our encoding algorithm and SWeG’s encoding
algorithm. LDME’s encoding time is rather uniform through all iterations, while
SWeG’s starts high and decreases over iterations as the number of supernodes is
compressed (since it scales based on —S—). On CN, IN, EU, and H1, LDME’s
encoding time is 7x to 26x faster than SWeG, and for larger datasets (eg. UK,
AR), SWeG'’s encoding could not complete within reasonable time while our encoding
algorithm stayed consistently small.

To illustrate the superior scalability of LDME over SWeG, Figure 4.3 shows the
final compression and running time of LDME5/20 on larger graphs H2, IC, UK, and
AR, on all of which SWeG could not complete within reasonable time (1 day). SWeG
ran overtime on these graphs due to its slow merging step and in some cases also
due to its inefficient encoding step. Similar to the results in Figure 4.2, LDME20’s
compression is slightly lower than that of LDMES5, but achieves a faster running
time. AR, having over 1 billion edges, also shows that our algorithm can successfully

summarize billion edge scale graphs using only a single machine.

Results of tuning k. Figure 4.4 illustrates the number of groups created in the
dividing step and the size of the largest group for & = {5, 10, 15, 20} on graphs
CN, H1, and H2. As k increases, there is a clear significant increase and decrease in

number of groups and max group size respectively.
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Figure 4.5: Running time of (a) LDME vs. Mosso on a single machine, (b) LDME
vs. SWeG in a distributed environment, and (¢) SBM experiments for LDME, SWeG,

Mosso, and VoG on a single machine

LDME vs. Mosso and VoG. Figure 4.5 (a) shows the running time for Mosso and
LDMES5/20 (for 10 iterations) on CN, H1, H2, and UK. VoG was also run, but it was
over 40x slower than LDME on all datasets, hence its running time is not displayed.
We use the configuration (e = 0.3, ¢ = 120) for MoSSo as used in [28], where e is
the escape probability and c is the sample size of each trial. LDME5 and LDME20
achieved a 1.5x to 5.7x and 2.6x to 10.2x speedup over Mosso respectively. Mosso
could also not complete AR within reasonable time (1 day) while both LDMES5/20
could (see Figure 4.3).

Distributed Environment Experiments: Figure 4.5 (b) illustrates the running
time of the parallel implementations of SWeG and LDMES5/20, both run for 10 it-
erations, in a distributed environment. The implementation of both algorithms were
done using Apache Spark and they were run on Amazon EMR clusters with the follow-
ing specifications: 8 mbxlarge (4 vCore, 16GB memory, 64GB EBS storage) instances
for CN/H1/H2 and 8 mb.2xlarge (8 vCore, 32GB memory, 128GB EBS Storage) in-
stances for UK/AR. LDME’s significant improvement in running time also translates
to a distributed setting, where LDMES5 achieved 3.0x to 23.8x speedup and LDME20
achieved 3.1x to 36.0x speedup on the experimented datasets. LDME also achieves
higher scalability, as illustrated by SWeG being unable to complete AR within rea-

sonable time (12 hours).

Stochastic Block Model Experiments: Stochastic block model requires two pa-
rameters for generating random graphs, the number of nodes in each community and
the block matrix which shows the level of interaction between communities. We gen-
erate different random graphs with 3 communities, 300 nodes in each community and

900 nodes in total. We gradually increase the level of interactions between/within
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communities to generate more dense random graphs. We compare the running time
of LDMES5/20 with MoSSo, SWeG and VoG. Figure 4.5 (c) shows the performance
of each algorithm. VoG goes off the figure and MoSSo running time increases sub-
stantially as the density of graph increases. SWeG and LDME5 /20 are quite resilient
with respect to density and LDMES is up to 8x faster than SWeG in some cases.

4.5 Conclusions

We proposed LDME, a correction set based graph summarization method that high-
lights the usefulness of weighted LSH to graph compression. LDME is able to handle
large datasets using only a single machine and improves each step of SWeG, namely,
the dividing, merging, and encoding steps. Furthermore, using weighted locality sen-
sitive hashing in the dividing step allows for performance tuning of LDME where
compression can be traded off for running time. With high compression settings,
LDME achieves up to 53x times faster running time while maintaining compression
rates as good as SWeG. With high speed settings, LDME achieves up to two orders

of magnitude speedup while allowing a small loss in compression.
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Chapter 5

Conclusion and Future Work

Many real world networks are huge and contain more than million nodes and billion
edges. Graph summarization is an important task of finding a compact represen-
tation of the original graph called summary. The summary graph can be used for
privacy, better visualization, reducing the foot print of graph on memory and an-
swering queries more effectively in terms of running time. In this thesis we analyzed
the graph summarization problem and investigated the state-of-the-art algorithms
and showed their limitations. We then proposed five different graph summarization
algorithms in order to overcome the challenges of existing algorithms. In particular,

the contributions of this thesis were as follows.

e We first presented G-SCIS, a lossless algorithm based on clique and independent
set decomposition. We showed that the G-SCIS summary is the smallest graph
in terms of number of supernodes and finally we showed that the G-SCIS graph
summary can be used as-is to answer several important classes of queries, such

as triangle enumeration, Pagerank and shortest paths.

e We proposed T-BUDS, a utility-based lossy algorithm for fully controlled utility
loss. T-BUDS achieved high scalability by combining memory reduction using
Maximum Spanning Tree with a novel binary search procedure. T-BUDS out-
performed state-of-the-art drastically in terms of the quality of summarization

and is about two orders of magnitude better in terms of speed.

e We proposed Optimal, an incremental lossless graph summarization algorithm
in the fully dynamic scenario in which edges are inserted into or removed from

the graph. We showed that the lossless summary that Optimal maintains is the
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smallest-possible-anytime in terms of the number of supernodes and showed
that this algorithm is 8 orders of magnitude faster than batch algorithms and
12x faster than dynamic graph summarization competitors while at the same
time achieving a 6x improvement in node reduction. We then proposed Scal-
able, another dynamic lossless algorithm, that achieves an additional order of

magnitude over Optimal at the cost of having slightly less node reduction.

e Finally, we proposed a correction set-based graph summarization algorithm
LDME, which is based on weighted locality sensitive hashing (LSH) that en-
ables us to have a trade-off between running time and compression rate. We
showed that LDME is about two orders of magnitude faster than competitors

while achieving a compression ratio as good as them.

5.1 Future Work

In the following we discuss some ideas and research directions that can be beneficial

to investigate in the future.

e While in literature, most algorithms work on deterministic graphs, many real
world graphs such as influence, trust and biological graphs are modeled as proba-
bilistic graphs in which the existence of an edge is associated with a probability.
Making existing algorithms work on probabilistic graphs could be one of the

future directions of this area.

e In Chapter 2 we showed how G-SCIS summary can be used as-is for counting
the number of triangles more efficiently. There are more than 20 different 3,4
and 5-nodes graphlets and extending the use of G-SCIS summary to count all

graphlets with more than 3 nodes could be another direction in future.
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