
Closure Operations 
and Hamiltonian Properties of 

Independent and Total Domination 
Critical Graphs 

JILL SIMMONS 
B.Sc., University of Victoria, 1996 
M.Sc., University of Victoria, 1998 

A Dissertation Submitted in Partial Fdfillment of the 
Requirements for the Degree of 

DOCTOR OF PHILOSOPHY 

in the Department of Mathematics and Statistics 

@ Jill Simmons, 2005 
University of Victoria 

All rights reserved. This dissertation may not be reproduced in whole or in 
part, by photocopying or other means, without the permission of the author. 



Supervisor: Dr. Gary MacGillivray 

Abstract 

When an edge is added to a graph, each of the parameters y, i, and yt may 

change. When the addition of any edge causes the parameter under considera- 

tion to decrease, such a graph is referred to as y-critical (domination critical), 

i-critical (independent domination critical), or yt-critical (total domination crit- 

ical), respectively. The graphs studied in this dissertation are the independent 

domination critical and total domination critical graphs. 

For i-critical graphs G with i = 3, it is established that when S 2 3, the graph 

G is hamiltonian, and when 6 = 2, there is exactly one family of non-hamiltonian 

graphs. In all cases, G has a Hamilton path provided it has more than six 

vertices. The hamiltonian properties of i-critical graphs are determined using a 

closure similar to one developed by Hanson. Furthermore, characterisations are 

given of the i-critical graphs with i = 3 that either contain a cut vertex or are 

2-connected with S = 2. 

Many properties of 7,-critical graphs are established, and the ?,-critical graphs 

with yt = 3 are studied in detail. It is known that all 7,-critical graphs G with 

yt = 3 satisfy 2 5 diam(G) 5 3, and hence the hamiltonian properties of the 

diameter two and diameter three cases are studied separately. 



A new closure for total domination critical graphs is defined and used to study 

the hamiltonian properties of 2-connected diameter three yt-critical graphs with 

yt = 3. All such graphs are shown to contain a Hamilton path (and in most 

cases a Hamilton cycle), and several families of these graphs are characterised. 

The ?,-critical graphs with yt = 3 that contain a cut vertex were characterised 

by Haynes, Mynhardt, and van der Merwe. All such graphs have diameter three 

and contain a Hamilton path. 

In general, the diameter two yt-critical graphs with yt = 3 cannot be char- 

acterised in terms of a finite number of forbidden subgraphs. However, all such 

graphs are shown to be hamiltonian if 2 5 S 5 3. A characterisation of several 

infinite families of diameter two yt-critical graphs with yt = 3 and S = 3 is given. 

Supervisor: Dr. Gary MacGillivray (Department of Mathematics & Statistics) 
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Chapter 1 

Introduction 

1.1 Preview 

The study of domination theory has grown to be a vast area of research in graph 

theory, giving rise to literally thousands of papers covering a broad range of 

related topics. 

In graph theory, results are often obtained for specific families of graphs, that 

is, graphs that share some common properties. Insight can also be gained by 

studying the graphs within a family that are minimal or critical with respect to 

the defining property of the family. This work is important in that sometimes 

an observation about these minimal or critical graphs can lead to a more general 

result about the entire family of graphs. 
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In domination theory, the domination number y , the independent domination 

number i, and the total domination number yt, are parameters that are defined 

for any graph (yt is defined only if 6 > 0). However, if a graph is altered by adding 

a missing edge, each of the parameters y, i, and yt may change or may remain 

the same. It is interesting to study the family of graphs for which the addition 

of any edge causes the parameter under consideration to decrease. Such graphs 

will be referred to as critical (with respect to edge addition), and are the focus of 

this dissertation. Specifically, the hamiltonian properties of these critical graphs 

will be addressed, and for some families of critical graphs, a characterisation is 

given. 

Section 1.2 will provide many of the definitions required in this dissertation. 

Other definitions specific to a particular section will be provided as needed. 

For further discussion of basic graph theory not found here, the reader is 

referred to West [21]. If more background on the subject of domination theory is 

desired, the two volume reference by Haynes, Hedetniemi, and Slater [lo, 111 is 

a good resource. 

Section 1.3 provides an overview of what follows in each of the remaining 

chapters. 
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1.2 Definitions and Not at ion 

All graphs G = (V(G), E(G)) will be simple, finite, and undirected. When it is 

clear from the context what graph is being discussed, the vertex set and edge set 

of G will be denoted simply by V and E, respectively. 

For a vertex v E V, the neighbourhood of v, N(v), and closed neighbourhood 

of v, N [v] , are defined by N(v) = {w E V : vw E E) and N [v] = N(v) U {v), 

respectively. We can also define the neighbourhood of a subset of V: If S C V, 

N(S) = {w E V I w E N(v), V E  S) and N[S] = N ( S ) U S .  

For any vertex v E V, the degree of v, denoted d(v), is the number of vertices 

adjacent to v, or simply d(v) = IN (v) 1. The smallest (largest) value of d(v), over 

all v E V, is called the minimum (maximum) degree of G and is denoted 6(G) 

(w-7). 

The circumference of a graph G, denoted c(G), is the length of a longest cycle 

in G. A Hamilton path (cycle) in a graph G is a path (cycle) that passes through 

every vertex in V. A graph is called hamiltonian if it contains a Hamilton cycle, 

and hence if c(G) = I V(G) I. 

A connected graph G is a graph for which there is a path from u to v (a u - v 

path) for every pair of vertices u, v E V. In general, G is called k-connected if 

G - S is connected for any S V where (SI < k. The largest value of k for which 
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G is k-connected is called the connectivity of G, and is denoted K(G). Certainly 

if G is hamiltonian, then G is 2-connected. For a connected graph G, when G - S 

is not connected for S c V, the set S is called a vertex cut of G. Furthermore, 

if {v) is a vertex cut of G, then v is called a cut vertex of G. For any vertex set 

S c V, the number of components in G - S is denoted by w(G - S ) .  

The subgraph of G induced by the nonempty vertex subset S V will be 

denoted by G[S], or simply by [S] when it is clear from the context what graph 

is being discnssed. 

A subset D C V is called a dominating set of a graph G if for every v E V, 

either v E D or v is adjacent to a vertex in D, that is, N [Dl = V. The minimum 

cardinality of a dominating set in G is the domination number of G, y(G). An 

independent set in G is a set of pairwise nonadjacent vertices, and the indepen- 

dence number of G, P(G), is the maximum cardinality of an independent set in 

G. A dominating set which is also an independent set is called an independent 

dominating set. The minimum cardinality of such a set in G is the independent 

domination number of G, i(G). Lastly, a subset D C V is called a total dominat- 

ing set of a graph G if every vertex of G is adjacent to a vertex in Dl  or in other 

words, if N(D) = V. The minimum cardinality of a total dominating set in G is 

the total domination number of G, yt(G). Note that yt(G) is only defined when 

6(G) > 0. Since every independent dominating set is also a dominating set, and 
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every total dominating set is also a dominating set, it is not hard to see that for 

any graph G in which all parameters are defined, 

When a pair of adjacent vertices u and v are discussed in the context of 

domination theory, it is often meaningful to say that u dominates v (or that v 

dominates u), and write u + v (or v + u). Since a vertex u dominates every 

vertex in N(u), we write u + N(u). In general, for subsets S and T of V, if every 

vertex in T has a neighbom in S, we say that S dominates T and write S + T. 

The graphs studied in this dissertation are those which are critical with respect 

to edge addition and one of the three graph parameters y, i, or yt. Specifically, 

if e $ E(G), then y(G + e) 5 y(G). However, if y(G) = k and y(G + e) < lc 

for every edge e @ E(G), then G is said to be lc-edge-y-critical. We say that 

G is edge-y-critical if there exists k such that G is k-edge-y-critical. Similarly, 

if i(G) = k (yt(G) = k) and i(G + e) < k (yt(G + e) < k) for every edge 

e $ E(G), then G is called k-edge-i-critical (k-edge-yt-critical). We say that G 

is edge-i-critical (edge-yt-critical) if there exists k such that G is kedge-i-critical 

(k-edge-yt-critical). It is worth noting that for a graph G and e $ E(G), it may 

be that i(G + e) is greater than, less than, or equal to i(G). Also, it was first 



observed in [13] that yt(G) - 2 I yt(G + e) 5 yt(G). 

Since we discuss only graphs which are critical with respect to edge addition, 

the word edge will be dropped in each of the above definitions, for ease of notation. 

For example, a 3-edge-y-critical graph will be referred to as a 3-y-critical graph. 

Various other notions of criticality of dominating sets are compared and con- 

trasted in [2, 10, 191. With regard to edge addition, there seems to be no general 

relationship between changes in y (G), changes in i(G), and changes in yt(G) re- 

sulting from joining a pair of non-adjacent vertices of G. Consequently, each of 

the families of graphs which are critical with respect to edge addition and the 

parameter y, i, or yt, will be discussed separately. 

1.3 An Overview 

In the previous section, definitions were given for graphs which are critical with 

respect to edge addition and one of the graph parameters y, i, or yt. 

Several papers have been written on y-critical graphs [lo]. Chapter 2 is 

dedicated to summarizing some of the results that have been obtained for y- 

critical graphs. The results are stated without proof, but are included because 

many of the results directly motivated the new results for i-critical and yt-critical 

graphs that will be developed in detail in Chapters 3 through 6. 
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Chapter 3 contains new results that have been obtained for i-critical graphs, 

and specifically, for 3-i-critical graphs. The hamiltonian properties of 3-i-critical 

graphs will be discussed, and a characterisation will be given for some families of 

3-i-critical graphs. 

Chapter 4 contains new results pertaining to ?,-critical graphs. Results spe- 

cific to 3-yt-critical graphs are given, and the 3-yt-critical graphs with a cut vertex 

are discussed in detail. As with the 3-i-critical graphs, the hamiltonian properties 

are discussed, and a characterisation is given. 

In Chapters 5 and 6, all other 3-7,-critical graphs are discussed. Many families 

of 3-?,-critical graphs are characterised and shown to be hamiltonian. 



Chapter 2 

Domination Critical Graphs 

This chapter provides a summary of many of the results that have previo~isly 

been obtained for domination critical graphs, and in particular, those results 

that motivated the new results for independent domination critical graphs and 

total domination critical graphs which follow in Chapters 3 through 6. This 

dissertation does not contain any new results on domination critical graphs. 

The study of domination critical graphs was initiated by Sumner and Blitch 

in [18]. Other results summarized here are taken from [7], [8], [17], and [22]. 

Section 2.1 contains general results on domination critical graphs, as well as 

results specific to 3-y-critical graphs. Section 2.2 summarizes the results on the 

hamiltonian properties of 3-y-critical graphs. 



2.1 3-y-critical Graphs 

To begin the study of domination critical graphs, first consider the 1-y-critical 

graphs. For any graph G, y(G) 2 1, so for a graph G that is not complete and 

has y = 1, y(G + e) = 1 for any e $! E. Therefore, the 1-y-critical graphs are 

precisely the complete graphs K,, n 2 1. The 2-y-critical graphs are not much 

more difficult to characterise. 

If G is a 2-y-critical graph, then for any edge uu $ E(G),  y(G + uu) = 1. 

Without loss of generality, this means u > V - {v} in G. Since this is true for 

any pair of nonadjacent vertices in G, every edge of is incident with a vertex 

of degree one in G. This gives the following characterisation of the 2-7-critical 

graphs. 

Theorem 2.1.1 [I81 A graph G is 2-?.-critical if and only if i s  a disjoint 

union of nontrzvial stars. 

Note that a nontrivial star is simply a complete bipartite graph of the form 

Kip, n > 1. 

For k 2 3, the problem of characterising the k-y-critical graphs becomes much 

more complex. In fact, the problem of characterising the 3-y-critical graphs is 

difficult. 
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The remainder of the results on domination critical graphs that will be given 

here are for 3-y-critical graphs. Furthermore, all graphs will be assumed to be 

connected, since the disconnected 3-y-critical graphs can be easily characterised: 

Theorem 2.1.2 [I71 A disconnected graph G is 3-y-critical if and only if either 

G is the disjoint union of a single vertex and a 2-y-critical graph, or G is the 

disjoint union of a complete graph and a complete graph minus a perfect matching. 

A simple but important observation about 3-y-critical graphs was first noted 

in 1181. The observation is that for any edge uv $! E(G), where G is a 3-y-critical 

graph, there exists a vertex w in V(G) - {u, v) such that either {u, w) dominates 

every vertex in G except v, or {v, w) dominates every vertex in G except u. 

Sumner and Blitch used the notation [u, w] t v and [v, w] t u to represent the 

two cases, respectively. This notation will be adopted here. 

The first result in [18] proven for 3-y-critical graphs follows. Analagous re- 

sults will be shown to hold for 3-i-critical graphs and 3-yt-critical graphs in later 

chapters. 

Lemma 2.1.3 [18] Let G be a 3-y-critical graph and I an independent set of 

m > 4 vertices. Then the vertices in I may be ordered as XI ,  2 2 ,  . . . , x, in such 

a way that there exists a path pl,p2,. . . ,p,-1 in G - I with [xi,pi] t xi+l for 

i = 1 , 2  , . . . ,  m -  1. 
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Arising directly from Lemma 2.1.3 are the following two results. 

Lemma 2.1.4 [18] If I is an independent set with 111 = m in a connected 

3-y-critical graph G, then there exists x E I with d(x)  > m - 2. 

Theorem 2.1.5 [I 71 If G is a connected, 3-y-critical graph, and S is a vertex 

cut in G,  then w(G - S )  5 IS1 + 1. 

The next result states a relationship between the independence number and 

the maximum degree of G, when G is a 3-y-critical graph. 

Theorem 2.1.6 [I 71 If G is a 3-y-critical graph, then P(G) 5 A(G) .  

Furthermore, it is noted in [18] that there exist 3-y-critical graphs with ar- 

bitrarily large independence number. In [17], a construction method is given, as 

well as the following result. 

Theorem 2.1.7 (171 For every n 2 3, there exists a 3-y-critical graph G with 

3n vertices and P(G) = n. 

In [I], Allan and Laskar showed that if G has no induced K1,3, then y(G) = 

i (G).  Motivated by this, Slirnner and Blitch conjectured that if G is a connected 

k-y-critical graph, then y (G)  = i(G). They proved the following: 

Theorem 2.1.8 [I81 The diameter of a 3-y-critical graph is at most three. 
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Slimner and Blitch then proved their conjecture when k = 3 and diam(G) = 3. 

The conjecture, however, was shown not to be true by Ao, who constructed a 

4-y-critical graph G with i (G) = 5 [2]. The construction was later generalised 

in [3] to disprove the conjecture for k 2 4, and finally disproven for all k > 3 

in [12]. 

In addition to their conjecture, Sumner and Blitch also suggested that it is 

natural to ask when a k-y-critical graph is hamiltonian. This suggestion moti- 

vated many papers on the topic, and related results are summarised in Section 

2.2. 

Hamiltonian properties of 3-y-critical 

graphs 

Sumner conjectured that every 3-y-critical graph on more than 6 vertices has a 

Hamilton path. Wojcicka proved this conjecture in [22], making use of several 

reslilts from [17] and [18] to prove that all 3-y-critical graphs with at most two 

vertices of degree one have a Hamilton path. The 3-y-critical graphs with at most 

one vertex of degree one are handled separately. First, the following results are 

shown. A dominating cycle (dominating path) is a cycle (path) whose vertices 

form a dominating set. 
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Theorem 2.2.1 [22] If G is a connected 3-y-critical graph, then G has a dom- 

inating cycle. 

Corollary 2.2.2 [22] If G is a connected 3-y-critical graph, then G has a dom- 

inating path. 

Since a connected 3-y-critical graph G contains a dominating path, it must 

contain a longest such path. By showing that the longest dominating path in G 

is actually a Hamilton path, the main result of [22] is obtained: 

Theorem 2.2.3 [22] If G is a connected 3-y-critical graph on more than 6 

vertices, then G has a Hamilton path. 

As well as proving Sumner's conjecture, Wojcicka concluded with a conjecture 

of her own: 

Conjecture 2.2.4 [22] If G is a connected 3-y-critical graph with S(G) > 2 ,  

then G is hamiltonian. 

In [8], some results are obtained regarding the structure of 3-y-critical graphs. 

The first result requires the definition of a 1-tough graph: A graph G is said to 

be t-tough if for every vertex cut S c V(G), JSI > tw(G - S) .  

Theorem 2.2.5 [8] Let G be a connected 3-y-critical graph with 6(G) > 2.  

Then G is 1-tough. 
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Consequently, if G is a connected 3-y-critical graph with 6 ( G )  2 2, then G 

does not have a cut vertex, and G is 2-connected. 

Flandrin, Tian, Wei, and Zhang then used Theorem 2.2.5 and other results 

to prove the next Theorem involving the circumference, c ( G ) ,  of a 3-y-critical 

graph. 

Theorem 2.2.6 (81 Let G be a connected 3-y-critical graph with n vertices and 

C be a longest cycle of G. If there exists a vertex u of G - V ( C )  that i s  adjacent 

to  at least 2 vertices in C ,  then c ( G )  2 n - 1. I n  particular, if G is  2-connected, 

then c ( G )  > n - 1. 

Favaron, Tian, and Zhang [7] then used Theorems 2.2.5 and 2.2.6 to tackle 

Wojcicka's conjecture. They do this by conditioning on the size of a maximum 

independent set in a 3-y-critical graph. The following results were found. 

Theorem 2.2.7 [7] The independence number ,B of a 3-y-critical graph G with 

m i n i m u m  degree 6 2 2 satisfies ,f? 5 S + 2. Moreover, if ,B = S + 2 ,  then every 

max imum independent set contains every vertex of degree 6 .  

Theorem 2.2.8 [7] Every 3-y-critical graph G of min imum degree 6 > 2 and 

independence number /3 = 6 + 2 satisfies P(G) = y (G) . 

Theorem 2.2.9 [7] Every 3-y-critical graph with S > 2 and ,B 5 6 + 1 is  

hamiltonian. 
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In 1201, Tian, Wei, and Zhang extended these results by working on the 3- 

y-critical graphs with 6 > 2 that satisfy ,Ll = 6 + 2. They proved the following 

results. 

Theorem 2.2.10 (201 Let G be a 3-y-critical graph with 6 2 2 and ,Ll = 6 + 2. 

Then  G has only one vertex with degree 6.  

Theorem 2.2.11 [20] Every 3-y-critical graph with 6 2 2 and P = 6 + 2 is 

hamiltonian. 

Theorem 2.2.11, together with Theorem 2.2.9, completes the proof of the 

conjecture of Wojcicka: 

Theorem 2.2.12 [7, 201 If G is a connected 3-y-critical graph with 6 ( G )  > 2, 

then G is hamiltonian. 

It will be shown in later chapters that analogous results to Theorems 2.2.7 

through 2.2.10 hold for 3-yt-critical graphs. 

When studying the hamiltonian properties of graphs, a well-known result of 

Ore [16] that gives sufficient conditions for a graph to be hamiltonian is often 

referred to: 

Theorem 2.2.13 Let G be a graph o n  n vertices. If d ( x )  + d ( y )  > n for every 

pair of nonadjacent vertices x and y ,  then G is hamiltonian. 
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Bondy and Chviital generalized Ore's theorem by defining the closure of a 

graph G to be the graph cl(G) obtained from G by recursively joining nonadja- 

cent vertices whose degrees slim to at least n. They proved that a graph G is 

hamiltonian if and only if its closure is harniltonian. 

Prior to Wojcicka's conjecture being proven, Hanson [9] defined a new closure 

concept that could be iiseful in the study of hamiltonian properties of 3-y-critical 

graphs. It involves adding an edge uv to G whenever {u, v) + V - { w )  for some 

w with d(w) 2 3. The obtained graph is denoted by D* (G) .  Hanson obtained 

the following result for 3-y-critical graphs. 

Theorem 2.2.14 [9] Let G be a 2-connected 3-y-critical graph. Then G is 

hamiltonian if and only if D*(G) is harniltonian. 

An important consequence of using a closiire is that often the obtained graph 

has large enough minimum degree to conclude that it is hamiltonian. 

Although Hanson's closlire concept was not used in the proof of Theorem 

2.2.12, it motivated the new closures that will be defined for 3-i-critical and 3- 

?,-critical graphs in Chapters 3 and 4 which prove valuable in the study of the 

hamiltonian properties of these graphs. 



Chapter 3 

Independent Domination Critical 

Graphs 

This chapter contains the following results for 3-i-critical graphs G: 

(i) If G is 2-connected with 6 > 3, then G is hamiltonian (Corollary 3.1.4). 

(ii) There is exactly one family of 2-connected non-hamiltonian graphs with 6 = 2 

(Theorem 3.3.6). 

(iii) If G is connected and 1 VI > 6, then G has a Hamilton path (Theorem 3.3.7). 

(iv) A characterisation is given of the 2-connected, 3-i-critical graphs 

with 6 = 2 (Theorems 3.2.9 and 3.2.10), and 

(v) A characterisation is given of the 3-i-critical graphs with a cut vertex 

(Theorems 3.2.6 - 3.2.8). 
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First, using a closure similar to the one developed by Hanson, we show that 

every 2-connected 3-i-critical graph with minimum degree at least three has a 

Hamilton cycle. We characterise the 2-connected, 3-i-critical graphs with S = 2, 

and determine which of these are hamiltonian. By combining these results with a 

complete characterisation of the 3-i-critical graphs with a cut-vertex, we establish 

that any connected 3-i-critical graph with more than six vertices has a Hamilton 

path. 

3.1 Minimum degree at least three 

In this section we prove that every 2-connected, 3-i-critical graph with S 2 3 is 

hamiltonian. The main tool is a domination closure similar to that found in [9]. 

Let G be a 3-i-critical graph. If uv 6 E(G), then i(G + uv) = 2 implies that 

there exists a vertex x # N(u) U N(v) such that either {u, x) dominates G - v or 

{v, x) dominates G - u. In the former case we write [u, x] --+ v, and in the latter 

case we write [v, x] + u. 

Theorem 3.1.1 Let G be a 2-connected graph. If [u, v] + w for some vertices 

u, v and w with d(w) 2 3, then G is hamiltonian if and only zf G + uv is hamil- 

tonian. 
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Proof: First note that if G is hamiltonian then G + uv is obviolisly also hamil- 

tonian. 

Now consider vertices u ,  v ,  and w such that [u, v] w and d (w) 2 3. Suppose 

G+uv is hamiltonian while G is not. Then, G contains a Hamilton path vlv2 . . . v, 

from u = vl to v = v, where n = IVI, and N[vl]  u N[v,] = V - {up)  with up = w. 

Define M = max{i : vlvi E E )  and m = min{j : vjvn E E ) .  If vlvi E E ,  

then v,vi-l @ E ,  otherwise ~ 1 ~ 2 . .  . V~-~V,V , -~ .  . . viul is a Hamilton cycle in G. 

Therefore neither the case p < m < M nor the case m < M < p is possible. The 

remaining cases are M 5 m < p (orp < M 5 m), M < p  < m, and m < p < M.  

Case 1: M 5 m < p. 

Since [vl, v,] t up, it follows that vl dominates {v l ,  v2, . . . , v M ) ,  v, dominates 

{urn, vrn+l, . . . , v,} - {up) ,  and therefore M 5 m 5 M + 1. 

We will first prove that vivj 6 E for all i and j ,  where 1 5 i < M and 

m < j 5 n. Consider i and j such that 1 5 i < M and m < j 5 n. If vivj E E,  

certainly i # 1 and j # n. If j - 1 # p, then 

is a Hamilton cycle in G. Hence, assume j - 1 = p, that is, j = p + 1. We will 

obtain a contradiction by showing that up can have no neighbows other than 

up-1 = vj and Suppose there exists k $ {p - 1,p + 1)  such that vkvp E E. 



If 1 < k 5 M - 1, then 

is a Hamilton cycle in G. If M 5 k 5 p - 2, then 

is a Hamilton cycle in G. Finally, if p + 2 5 k 5 n, then 

is a Hamilton cycle in G. Hence d(vp)  = 2, a contradiction. Therefore uivj $ E 

for all i and j where 1 5 i < M and m < j 5 n. 

Now, since G is 2-connected, m # M. Thus, m = M + 1. Since U M  and urn 

are not cut-vertices, there must exist i and j with 1 5 i < M < m < j 5 n, such 

that UiUm E E and V M U ~  E E. If j - 1 # p, then G contains the Hamilton cycle 

Hence, assume j - 1 = p. We will now obtain a contradiction by showing that 

v, can have no neighbours other than up-1 and up+l = uj. Suppose vkvp E E for 

some k $ {p- l , p +  1). If 15 k 5 M - 1, then 



is a Hamilton cycle in G. If k = M, then G contains the Hamilton cycle 

If m 5 k 5 p - 2, then 

is a Hamilton cycle in G. Finally, if p + 2 5 k 5 n, then 

is a Hamilton cycle in G. It follows that d(up)  = 2, a contradiction. 

Since the case where p < M 5 m is symmetrical to the above, the proof of 

Case 1 is complete. 

Case 2: M < p < m. 

In this case we must have m = M + 2. Also, vivj $ E for all i and j such 

that 1 5 i < M < m < j 5 n, otherwise 

is a Hamilton cycle in G. Since d(up) > 3, by symmetry we can assume that 

vkvp E E for some k with 1 < k < M. 

Suppose upv, $ E for all q such that m < q < n. Then since urn is not a 

cut-vertex, 2 1 ~ U . j  E E for some j with m < j < n. However, this implies 
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is a Hamilton cycle in G, a contradiction. Therefore, upvq E E for some q with 

m < q < n .  

Since up is not a cut-vertex, viv, E E for some i with 1 < i 5 M. But now, 

if i < M then 

is a Hamilton cycle of G, and if i = M then 

is a Hamilton cycle of G, a contradiction. 

Case 3: m < p < M. 

In this case we must have N(vl) > {v2, us, . . . , urn-1, up+l, vp+2, . . . , UM), and 

N(vn) > {urn, Urn+l ,  . . . up-1, V M + ~ ,  VM+2, . . . vn-1). 

As in the previous cases, we obtain a contradiction by showing that up can have 

no neighbours other than up-1 and vp+l. Suppose there exists k @ {up-l, 

such that vkvp E E. If 1 5 k 5 m - 2, then 

is a Hamilton cycle in G. If m 5 k 5 p - 2, then 



is a Hamilton cycle in G. If k = m - 1, then 

is a Hamilton cycle in G. By symmetry, if p + 2 5 Ic 5 n, then G contains a 

Hamilton cycle. Hence d(vp) = 2, a contradiction. 

Since all cases lead to a contradiction, we conclude that if G + uv is hamilto- 

nian, then G is hamiltonian. This completes the proof. I 

If G is 2-connected, then we define the domination closure of G, denoted by 

D* (G) , to be G together with all edges uv of G where u, v are such that, in G, 

[u, v] t w for some vertex w with d(w) > 3. 

Corollary 3.1.2 If G is 2-connected, then D*(G) is hamiltonian if and only if 

G is hamiltonian. 

Proof: If G is hamiltonian, then certainly D*(G) is hamiltonian. 

Suppose the converse is false and choose a minimal subset {el, e2,. . . , ek) 

of E(D* (G)) - E(G) such that G + {el, e2, . . . , ek) has a Hamilton cycle but 

G' = G + {el,e2,. . . ,ek-1) does not. By Theorem 3.1.1, Ic 2 2. Let ek = xy. 

Then G' has a Hamilton path P = vlvz . . . v,, where x = vl and y = v,. 

Since ek = xy, [x, y] t w for some w with d(w) 2 3 in G. By the minimality 

of {el, ea, . . . , ek), all edges el, ez, . . . , ek-1 must be in P. If neither xw nor yw 
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are edges in P, then [x, Y] 4 w in GI (as well as in G). But GI is Zconnected 

(since G is a subgraph of GI), and GI + x y is hamiltonain, so Theorem 3.1.1 gives 

that G1 is hamiltonian, a contradiction. 

Therefore, without loss of generality, suppose xw is in P, that is, w = u2 and 

[x, w] + y. Consider the path w = u2u3 . . . un = y in GI. If there exists k where 

3 1 k 5 n and uluk, E E(G), then 

is a Hamilton cycle in G + {e2, e3, . . . , ek), a contradiction. Therefore, since 

[x, w] + y, there exists p such that N p  (u2) = {u3, uq, . . . , up) u {ul) and NGl ( v ~ )  = 

ivp+l , vp+2, . . . , vn) U ( ~ 2 ) .  But [x, y] -+ w gives unup E E (G), and hence 

is a Hamilton cycle in GI, a contradiction. The result now follows. 

We write d*(x) for the degree of vertex x in D*(G). 

Theorem 3.1.3 If G is a 2-connected, 3-i-critical graph with 6(G) 2 3 ,  then 

D* (G) i s  hamiltonian. 

Proof: Let w be any vertex of G, and let N(w) = V(G) - N[w]. Define the sets 

A, and B, by 



A, = {x E ~ ( w )  : 3y E N(w) s.t. [x,y] 4 w), and 

B, = N(w) - A,. 

Since G is 3-i-critical, for any x E B, there exists y such that, in G, [w, y] + x. 

This implies that y dominates every vertex in A,, so y E B,. Hence, for each 

x E B, there is a y E B, so that [w, y] -+ x. Furthermore, [w, x] 4 y, and hence 

[z] is a matching and wx E E(D*(G)) for all x E B,. Now, for x E A,, there 

exists y E A, such that [x, y] + w, and hence xy E E(D*(G)). 

From the above argument, it follows that each vertex of N(w) is incident with 

at least one edge of D*(G) which is not an edge of G. We call each of these edges 

a n e w  edge with respect to w. 

Consider now any edge in E(D*(G)) - E(G), say xy. Since [x, y] + w for 

some w, xy is a new edge with respect to w, x, and y (and no other vertex). 

Each vertex x is in x ( w )  for (N(x)l = JV(G)( - IN[x]( = IV(G)I - d(x) - 1 

vertices w. Each of these choices for w leads to a new edge incident with x, and 

each new edge arises from exactly two choices of w (a new edge incident with x 

arrises from an independent dominating set {x, y, z )  and is new with respect to 

y and 2 ) .  Thus, 

Hence, by Dirac's theorem, D* (G) is hamiltonian. 4 
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Corollary 3.1.4 I fG is 2-connected and 3-i-critical with 6 2 3, then G is hamil- 

tonian. 

Proof: By Theorem 3.1.3, D*(G) is hamiltonian. Thus, by Corollary 3.1.2, G is 

also hamiltonian. r 

3.2 Characterisations 

In this section we give a complete description of the 3-i-critical graphs with 

a cut-vertex, and a complete description of the 2-connected, 3-i-critical graphs 

with S = 2. 

The following three lemmata are similar to work found in [17, 181. 

Lemma 3.2.1 Let G be a 3-i-critical graph and I be an independent set in G 

with size m 2 4. Then, the vertices in I may be ordered as xl, x2, . . . , x, in 

such a way that there exists a path plp2. . .p,-1 in G - I with [xi, pi] -+ xi+l for 

i = l , 2  , . . . ,  m - 1 .  

Proof: We first define an orientation of the edges of G as follows: For any 

uv @ E(G),  there exists x such that either [u, x] + v or [v, x] + u (or both). 

If [u, x] -+ v, then orient uv as (u, v), and otherwise orient it as (v, u). (If both 

conditons hold, then the orientation (u, v)  is chosen.) Since I is an independent 
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set in G, this orientation of induces a tournament with vertex set I. Since 

every tournament has a directed Hamilton path, we may label the vertices in I as 

X I ,  2 2 ,  . . . , x, as determined by the Hamilton path. Hence, for i = 1,2, . . . , m- 1, 

there exists pi such that [xi, pi] + xi+l. 

We claim that plp2 . . . p,-1 is the required path. Since 111 = m 2 4, the 

vertex pi dominates at least two vertices in I, and thus pi $ I .  Furthermore, 

the vertices pl,pz,. . . ,p,-l are distinct: if j # i , i  + 1, then pjxi+l E E(G) and 

pixi+l $I? E(G), so pj # pi. Suppose 1 5 i 5 m - 2. Then pixi+2 E E(G) and 

pi+lxi+2 $ E(G), SO pi # pi+l. Finally, for i = 2,3, .  . . , m - 1, we have that 

pi-lxi $I? E(G) and [xi, pi] + xi+l, so pi-lpi E E(G). This proves the claim. 

Arising directly from Lemma 3.2.1 is the following resnlt. 

Lemma 3.2.2 Let G be a connected 3-i-critical graph. If I is an independent set 

in G with I I1 = m, then there exists x E I with d(x) 2 m - 2. 

Lemma 3.2.3 If G is 3-i-critical, then no vertex of G has two neighbours of 

degree one. 

Proof: Suppose that x is adjacent to vertices u and v of degree one. Since i = 3 

and d(u) = 1, there exists w such that wx $ E and wu $ E. Hence there exists x 

such that either [u, x] --+ w, or [w, x] -+ u. In either case, v must be dominated, 
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SO x = v. If [u, v] + w, then V = {u, v, z, w) and E = {uz, vz), contradicting 

i = 3. Therefore [v, w] t u. Now, since zw # E, {z, w} is an independent 

dominating set of size two, a contradiction. I 

Lemma 3.2.4 If G is a 3-i-critical graph and S C V(G) is a vertex cut, then 

w(G-  S) 5 IS1 + 1. 

Proof: First suppose that S = {v} and that G - v has components C1, C2, C3 

(and possibly others). Then, by Lemma 3.2.3, at most one of these can be 

trivial. Assume that JV(C1)l 2 2 and IV(C2)1 > 2. For i = 1,2, let xi E V(Ci) 

be adjacent to v. Since x1x2 @ E, without loss of generality we may assume that 

there exists x E V(G) such that [xl,x] -+ 22. Since xlx # E, the vertex x # v 

and hence x E V(C3). But no u E V(C2) - {x2) # 0, is dominated by {xl,x), a 

contradiction. Therefore, G - v has at most (SI + 1 = 2 components. 

Now assume that IS1 = n 2 2 and G - S has components Al, A2,.  . . , An+2 

(and possibly others). Let I = {xl, x2, . . . , x,+~) be an independent set in G, 

where xi E V(Ai) for i = 1,2, . . . , n + 2. Then, 111 = n + 2 2 4. We may assume 

that the vertices in I are ordered as in Lemma 3.2.1, and plp2 . . . pn+l is a path in 

G - I such that [xi, pi] + xi+l for i = 1,2, . . . , n + 1. Then, for i = 1,2, . . . , n + 1, 

since xi dominates only vertices in Ai and in S, we must have pi E S.  But the 

vertices pl, pz, . . . , pn+l are distinct, so this contradicts IS1 = n. I 
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Lemma 3.2.5 Let G be a connected, 3-i-critical graph. If v is a cut vertex of 

G, then G - v has exactly two components C1 and C2, with C1 complete and 

i(C2) = 2. 

Proof: By Lemma 3.2.4, G - v has exactly two components, C1 and C2. For 

i = 1,2, let xi E V(Ci) be adjacent to v. Since xlx2 $ E, there exists x such 

that [xl, x] --t x2 or [x, x2] 4 XI. In either case, the choice of xl and x2 implies 

that {x, xl , x2) is an independent dominating set not containing v. Without loss 

of generality, x E V(C2), so that i(C1) = 1 and i(C2) 5 2. Suppose there exists a 

vertex z E V(C2) that dominates C2. Then, since xl dominates V(Cl) U {v) and 

xlx $ E, the set {xl, z )  is an independent dominating set of G with size two, a 

contradiction. This gives i(C2) = 2. 

If IV(C1)l = 1, certainly C1 is complete. Otherwise, suppose x, y E V(C1) 

and x y $ E.  Then there exists z such that (in G) either [x, z] -+ y or [y, z]  -+ x. 

Since i(C2) = 2, z = v and v dominates C2. Now, for any u E V(C2), since 

xu @ E, there exists w such that either [x, w] + u or [u, w] -+ x. Since i(C2) = 2 

and v dominates C2, w E V(C2). But then y can not be dominated by {x, w,  u), 

a contradiction. Therefore C1 is complete. I 

Let G and H be disjoint graphs. The join of G and H is the graph G + H with 

vertex set V(G) uV(H)  and edge set E(G) u E(H)  U {gh : g E V(G), h E V(H)). 
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The join of n 2 3 vertex-disjoint graphs G I ,  GP, . . . , G, is recursively defined to 

Let en,, ( p  > n )  denote the set of graphs Q , ,  on n + p vertices that can be 

obtained from Kp uK, by adding, for each vertex v E Kp, an edge from v to any 

one vertex in En, such that Q,,  has no isolated vertices. 

We use T,,,, to denote the complete n-partite graph in which each part con- 

tains r vertices. 

For distinct vertices u and v, we use N(u)  $ N(v )  to denote the symmetric 

difference of the neighbourhoods of u and v. 

Theorem 3.2.6 Let G be a connected 3-i-critical graph, and let v be a cut vertex 

of G. Then, G-v has exactly two components C1 and C2 such that Cl is complete 

and i(C2) = 2. Furthermore, if lV(C1)l 2 2, then the following hold: 

1. C2 = T2,,, for some n 2 2, and 

2. for every x E V(C1) ,  vx E E,  and for any pair u, u' of nonadjacent vertices 

of C2, vu E E if and only if vu' E E. 

Proof: Since v is a cut vertex of G, by Lemma 3.2.5, G - v has two components 

C1 and C2 with C1 complete and i(C2) = 2. 

We first prove that C2 = T2 + R2 + . - .  + R2 = Tzn,, Let x E V ( C l )  be 

adjacent to v. For every u E V(C2) ,  since xu @ El there exists u' such that either 



3 1 

[u, u'] -+ x or [x, u'] -+ U. Since Cl is complete and xu E E, u' E V (C2), and 

since (V(C1) 1 > 2, [x, u'] -+ u. So, N[ul] > V(C2) - {u). Now, since xu' @' E, 

there exists w such that [x, w] -+ u' or [u', w] -+ x. As above, [x, w] -+ u' and 

w E V(C2), so w = u and N[u] > V(C2) - {u'). Therefore, for every u E V(C2), 

there exists u' E V(C2) such that u and u' are both adjacent to every vertex of 

V(C2) - {u,u'). Hence C2 = R2 +R2 + ...  +R2 = T2,,, for some n > 1. 

To prove statement 2, consider u E V(C2) with vu @ E. Then there exists y 

such that either [u, y] t v or [v, y] -+ u. If [u, y] -+ v, then y E V(Cl), and hence 

u dominates C2, a contradiction. Thus [v, y] -+ u. If y E V(C1), then yv @ E and 

there exists w such that [y, w] + v or [v, w] -+ y. In the first case, w E V(C2) 

and w dominates C2, a contradiction. In the second case, since C1 is complete 

and [v, y] -+ u, w E V(C2), and w = u. Now, for the unique non-neighbour of u 

in C2, u', since yu' # E, there exists z such that either [x, y] -+ u' or [z ,  u'] -+ y. 

In both cases, z = u (as y dominates C1, u' dominates C2 - u, and u'v E E).  

But, since vu, vy # E, it is not possible that [u, y] + u'. Therefore, [u, u'] + y 

and V(C1) = {y), contrary to JV(C1)( 2 2. Hence y E V(C2). Since u' is the 

only vertex of C2 not adjacent to u, y = u' and u'v # E. Thus v is adjacent to 

either both u and u', or neither u nor u'. 

Suppose v dominates V(C2). Then either {v) is an independent dominating 

set of size one in G, or there exists x E V(C1) such that {x, u) is an independent 
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dominating set of size two in G. Both cases contradict i (G) = 3, and therefore 

there exists a pair of vertices u and u' in V(C2)  such that [u, v] + u'. It fol- 

lows that vx E E for every x E V(C1) ,  completing the proof of statement 2. 

Furthermore, since v does not dominate C2, and G is connected, it follows that 

C2 = T2n,n for some n 2 2, completing the proof of statement 1. I 

Corollary 3.2.7 Let G be a connected 3-i-critical graph, and let v be a cut vertex 

of G.  Let C1 and C2 denote the two components of G - v, where C1 is complete 

and i(C2) = 2.  Then IV(C1)l 2 2 if and only if 6(G) > 2. 

Proof: If 6(G) > 2, certainly IV(Cl) I > 2. Conversely, suppose IV(C1)l 2 2. 

Then, by Theorem 3.2.6, C2 = Tz,,, for n 2 2, and hence d(x)  > 2 for all 

x E V(C2) .  Also by Theorem 3.2.6, vx E E for every x E V ( C l ) ,  and hence 

d(x)  > 2. Furthermore, d(v) 2 2. Therefore 6(G) 2 2. 1 

Theorem 3.2.8 Let G be a connected 3-i-critical graph with 6 = 1,  and let v be 

a cut vertex of G. Then, G - v has exactly two components C1 and C2 such that 

IV(C1)l = 1 and i(C2) = 2. Furthermore, 

1. C2=S1+S2+' . .+Sm,  whereSj =Kg ~ r a g r a p h Q ~ , ~ ~  Q2,p, 15 j < m ,  

and 



2. there exist nonadjacent vertices u, u' E V (C2) - N [v] such that 

(a )  N[u] U N[ul] = V(C2), and 

(b) for all z E N(u) $ N(u1), vz E E and N[z] > V(C2) - {u, u'). 

Proof: Since v is a cut vertex of G, by Lemma 3.2.5, G - v has exactly two 

components C1 and Cz, with Cl complete and i(C2) = 2. Furthermore, by 

Corollary 3.2.7, IV(C1)l = 1. 

Let V(C1) = {x). Then, since G is connected, vx E E.  Since i (G) = 3, there 

exists u E V(C2) with vu $ E, and u' such that [v, u'] -+ u or [u, u'] -+ v. But 

x @ N[u] U N[ul], so it must be that [v, u'] -+ u, where u' E V(C2). Furthermore, 

the fact that vu' @ E implies there exists y such that [v, y] t u' or [u', y] t v. 

By the same reasoning, [v, y] -+ u', where y E V(C2). Now, since [v, u'] -+ u, it 

must be that y = u. Hence [v, u] -+ u' and [v, u'] -+ u. We now prove statements 

(a) and (b) hold for these vertices. 

Suppose there exists w E V(C2) - N[u] U N[ul]. Then, from wu $ E, there 

exists y such that [w, y] -+ u or [u, y] -+ w. Since x must be dominated, y must 

be v or x. But u' @ N[w] U N[v] U N[u], a contradiction. Hence, (a) holds. 

To prove (b), we first define S1. Let Al = N(u) $ N(ul). If Al = 0, then 

S1 = G[{u, u')] = F a .  Otherwise, there exists z E Al. Consider z E N(u) such 

that z $ N(ul). From the fact that [v, u'] -+ u, vz E E.  Now, from zu' $ E, 
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we have t such that [z, t]  -+ u' or [u', t] -+ z.  Since vz E E and u'u # E, we 

must have t = x. Thus [z, x] -, u' and N[z] = (V(C2) - {u')) U {v). Similarly, if 

z E N(ur) and z # N(u), then N[z] = (V(C2) - {u)) U {v). Therefore GIA1] is 

complete. In this case (Al # a), set S1 = GIA1 U {u, u')]. 

We now show that S1 E Q2,p. Suppose Al N(u) and z E Al. Then, xu # E 

implies there exists y such that either [x, y] -, u or [u, y] -, x. If [x, y] -, u, then 

y # v as xu E E, and y # N(u) gives y = u'. But xx, u'z # E, a contradiction. 

Thus [u, y] -+ x. Since xu E E ,  y # v. Flirthermore, since uv # E, y E N(v). But 

vu' # E gives y # u', and hence y # N(ul) - N(u), a contradiction. Therefore, 

A1 g N(u), and S1 E Q2,p. 

Let B1 = N(u) n N(ul). If B1 = 0, then C2 = S1. Otherwise, B1 # 0. If 

ulv E E for all ul E B17 then GIB1] = K2 + K2 + + K2, as in the proof 

of Theorem 3.2.6. Otherwise, there exists ul E B1 such that ulv # E. Then, 

again as in Theorem 3.2.6, it can be shown that there exists u', E B1, such that 

ulu', # E and such that (a) and (b) hold with ul and u', in place of u and u'. 

In general, if Bk = N(uk-1) n N(u',-,) = 0, then C2 = S1 + S2 + + Sk. 

Suppose Bk # 0. If U ~ V  # E for a11 UI, E Bk7 then G[Bk] = K2 + K2 + . . . + X2. 

Otherwise, there exists uk E Bk such that ukv E E(Bk) and ukv $ E. Thus, 

there exists u; E Bk such that uku; # E ,  and such that (a) and (b) hold with uk 

and u', in place of u and u'. 
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Since G is finite, we have B, = 8 for some m, and thus C2 = S1 +S2+ - . . +Sm, 

where S j  = K2 or Q 2 ,  for all 1 5 j 5 m. The result now follows. 1 

Let L , ,  denote the bipartite graph constnicted from K1,p-l U K1,,-l by adding 

an edge between the vertex of degree p - 1 in K1,p-l and the vertex of degree 

q - 1 in Kl,q-l. We will refer to the vertices incident with this new edge as the 

centre vertices of K1,p-l and K1,q-l. Note that when p = 1 (or q = 1) L , ,  = K1,, 

(or K1,p, respectively), and LIJ1 = K1,1 = K2. 

Now, consider a 2-connected 3-i-critical graph G with 6 = 2. Let x be a 

vertex with d (x )  = 2. Then N ( x )  is a vertex cut of size two. By Lemma 3.2.4, 

the graph G - N ( x )  has at most three components. The following two theorems 

give a description of such graphs. 

Theorem 3.2.9 Let G be a 2-connected, 3-i-critical graph with 6 = 2. If there 

exists a vertex x such that N ( x )  = { v ,  v') = S ,  where vv' 4 E,  then either 1 or 

2 holds. 

1. The graph G - S has exactly two components Cl and C2 such that 

V(C1) = { x )  and C2 = S1 + S2 + . . . + S,, where m 2 1 and S j  = E l ,  or 

- 
L,,, for all 1 5 j 5 m. Furthermore, 

(a) C2 - ( N ( v )  U N(v ' ) )  is a complete graph on r > 1 vertices, and 
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(b) for j = 1,2,  . . . , m, one of the following holds: 

i. S j  = zp,, with centre vertices {w ,  w'), where w,  w' E N ( v )  $ N ( v l ) ,  

and V ( S j )  - {w ,  w')  G N ( v )  n N(vl ) ;  

ii. S j  = R1, with centre vertex u,  where u  E N ( v )  n N(v l )  or V ( S j )  - 

{ u )  N  ( v )  n N  (v') . 

2. G - S  has exactly three components C l ,  C2 and C3 such that V ( C 1 )  = { x ) ,  

C2 = K1, and C3 = Kg with q > 3. Furthermore, N ( v )  = N ( v l )  and there 

exist vertices 21, z2,23 E V ( C 3 )  that satisfy 

Proof: By Lemma 3.2.4, G - S  has either two or three components. We consider 

these two cases separately. 

Case 1: G - S  has exactly two components C1 and C2. 

Without loss of generality, V ( C 1 )  = { x ) ,  and i (C2)  2 2. 

We first show that for any w  E N ( v )  $ N(v l ) ,  there is a unique vertex w' E 

N ( v )  @ N(v l )  such that ww' @ E, and furthermore, w  dominates V ( C 2 )  - ( N ( v )  U 

N  (v ' ) )  . For any w  E N  ( v )  - N  (v') ,  wv' @ E implies that there exists w' such 

that [w, w'] + v' or [v', w'] + w. Since {w ,  w', v') must be an independent 

set, w' @ N [ x ]  , and hence [v', w'] -+ w. Furthermore, w' E N ( v )  - N(v l )  and 

N[wl] > V ( C 2 )  - ( N ( v l )  u { w ) ) .  Now, from w'v' @ E we must have [v', w] + w' 
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and thus N [w] > V (C2) - (N(vl) U {w')) . Similarly, for any u E N (v') - N(v), 

we have u' E N(vl) - N(v) such that N [u] > V(C2) - (N(v) U {u')) and N [u'] > 

V(C2) - (N(v) U {u)). Now suppose there exists w E N(v) - N(vl) and u E 

N(vl) - N(v), such that wu $! E. Then there exists t such that [w, t] -+ u 

or [u, t] t w. In either case, since t 6 {v, v') and t must be dominated, t = x. 

However, neither [w, x] -+ u nor [u, x] + w is possible, a contradiction. Therefore 

wu E E for all w E N(v) - N (v') and u E N(vl) - N(v) . 

Next, we prove that C2 - ( N  (v) U N (v')) is a complete graph with r 2 1 

vertices. Let y E V(C2) - (N(v) U N(vl)). Note that y exists, else {v, v') is an 

independent dominating set. Since vy 6 E, there exists t such that [v, t] -+ y 

or [y, t] + v. In either case, {v, t, y) must be an independent set, and N(y) > 
N(v) @ N(ul) by the first paragraph. Flirthermore, neither v nor y dominate v'. 

It follows that if [v,t] --+ y, then t = v', and if [y,t] -+ v, then t = v'. Now, if 

[v, v'] -+ y, then C2 - (N(v) U N(v1)) = {y), a complete graph on one vertex. 

Otherwise, [y, v'] t v (and by the same argument, [y, v] t v'), and N[y] > 
V(C2) - (N(v) f l  N(vl)). Since y is arbitrary, it follows that C2 - (N(v) LJ N(vl)) 

is a complete graph with r 2 1 vertices. 

Finally, we prove that C2 = S1 +S2+ . .+S,, with m > 1 and Sj = or zp,q 
for all 1 5 j 5 m. Recall that i(C2) > 2. First, consider any pair of nonadjacent 

vertices w, w' E N(v) @ N(vr). If there exists a vertex z # w' such that wz 6 E, 
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then z E N(v) n N(vl) and either [w, x] -t z or [z, x] -+ w. Since {w, x) does 

not dominate w', we must have [z, x] -+ w and N[z] > V(C2) - {w). Therefore 

V(C2) - N(w) - {w'} induces a subgraph Similarly, V(C2) - N(wl) - {w) 

induces a subraph Together, these two subgraphs induce a subgraph &,, 

with centre vertices w and w'. Thus the vertices in N (v) $ N (v') together with the 

vertices of N (v) n N (v') that do not dominate N (v)$ N(v') induce S1 +S2+. . '+Si, 

where Sj = &,, for all 1 5 j 5 i = I N(v) $ N(v1)1/2. 

It remains to be shown that Sj = E l ,  for i + 1 5 j 5 m. The subgraphs 

Si+1, Si+2,  . . . , S, can be found reclirsively as follows. To find Sj, consider any 

pair of nonadjacent vertices y and z in V(C2) - V(S1 + S2 + . . + Sj-1). Such 

vertices exist, else {x, y) would be a dominating set for any y E V - V(Sl + S2 + 

. . + Sj-1). By fact (a), either y or z (or both) is in N(v) n N (v'). Hence either 

[y, x] -+ z or [z, x] --+ y, that is, either N[y] > V(C2) - {z) or N[z] > V(C2) - {y). 

Without loss of generality, suppose [y, x] --t z. Now consider all nonneighbours 

of z in V(C2). Specifically, if wz # E, then [w, x] -t z. Therefore, the graph 

induced by V - N(z) is a graph The result now follows. 

Case 2: G - S has exactly three components Cl, C2 and C3. 

Without loss of generality, V(Cl) = {x). 

Since G is 2-connected, for i = 2,3 there exist vertices yi E V(Ci) such that 

vy2 E E and vtys E E. Now, Y2Y3 @ E implies that there exists t such that 



have t = x. Without loss of generality, [y3, x] + y2. Hence, V(C2) = {y2), and 

hence C2 is a complete graph on one vertex. For any z E V(C3), y2z # E gives 

[z, x] -+ y2 and hence C3 is complete. 

Furthermore, since 6 = 2, v1y2 E E. Also, for any z E V(C3), if v'z E E 

then vz E E (otherwise {v, z) is an independent dominating set) and if vz E E 

then v'z E E (otherwise {v', z) is an independent dominating set). Therefore, 

N (v) = N (v'). Since i = 3, {v, v') is not an independent dominating set, and 

hence there exists z E V(C3) such that z 6 N(v) U N(vl). Also, since y3 is not 

a cut vertex, V(C3) n N(v) # {y3). It follows that C3 = Kq for some q 2 3. 

Specifically, there exist distinct vertices zl, z2,z3 E V(C3) such that zl, 2 2  E N(v), 

z3 9' N(v), and 

This completes the proof. I 

Let R3,p be the set of graphs R3,p on 3 + p vertices with the form: R3,p can 

be obtained from K2 U K1 U Kp by adding, for each v E Kp, two edges from v to 

vertices not in Kp, such that the resulting graph is 2-connected. 
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Theorem 3.2.10 Let G be a 2-connected 3-i-critical graph with S = 2, and a 

vertex x with N ( x )  = { v ,  v') = S ,  where vvl E E .  Then, G - S has exactly two 

components C1 and C2 such that C1 = { x )  and C2 = S1 + S2 + + Sm, where 

S j  = K I , ~ ,  a graph Q B , ~  E Q Z , ~ ,  OT a graph R3,p E R3,p, for all 1 5 j 5 rn. 

Furthermore, there exist nonadjacent vertices u ,  u' E V ( C 2 )  - N ( v )  such that 

1. N[u]  U N[ul] = V ( C 2 ) ,  and 

2. either 

(a) for a11 z E V ( C 2 )  - ( N ( u )  n N(u l ) )  - {u ,u l ) ,  vz E E ,  v'x E E ,  and 

N[z]  2 V(C2) - {u ,u l ) ,  or 

(b )  there exists u" E N ( v )  - N(vl )  such that for all z E V ( C 2 )  - ( N ( u )  n 

N(u l )  n N(ul '))  - {u ,  u', ul'), vz E E ,  v'z E E ,  and N[z]  > V ( C 2 )  - 

{ u ,  ul, u'l). 

Proof: By Lemma 3.2.4, G - S has either two or three components. 

Suppose G - S has three components C1, C2, C3 where V ( C l )  = { x ) .  Since G 

is 2-connected, there exist vertices y2 E V ( C 2 )  and y3 E V ( C 3 )  such that vy2 E E 

and v1y3 E E.  Since Y2Y3 6 E ,  without loss of generality, there exists a vertex t 

such that [y2 ,  t] --+ y3. Since x must be dominated by t and v y2, v1y3 E E ,  t = x. 

Hence [y2, x] 4 93, and C3 = { y 3 ) .  Since G is 2-connected, v y3 E E ,  and i = 3 

implies there exists x E V(C2) such that vx 6 E. Again, since zy3 6 E, there 
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exists t such that either [z, t]  -+ y3 or [y3,  t ]  + z. In either case, x  must be 

dominated by t as xz, y3z 6 E,  and y3v, y3v1 E E. Thus, t = x. Since {y3 ,x )  

does not dominate y2, it is not possible that [y3,  x] -+ z. Therefore, [z,  x] -+ p3 

and { z ,  v) is an independent dominating set, a contradiction. Therefore G - S 

has exactly two components C1 and C2, where V ( C 1 )  = {x). 

Since i = 3, there exists u  E V ( C 2 )  - N(v) .  Now, uv $ E implies there 

exists u' such that either [u, u'] t v  or [v, u'] -+ u. Suppose [u, u'] --t v. Then, 

u' $ { x ,  v,  v'), and x  is not dominated. Therefore [v, u'] -+ u. Since u'v @ E, we 

have u' E V ( C 2 )  - N ( v )  and N[ul] > V ( C 2 )  - N ( v )  - { u ) .  Also, u'v @ E implies 

there exists w such that either [u', w] -+ v  or [v, w] -t u'. As above, [v, w] + u' 

and w E V ( C 2 )  - N(v) .  Now N[ul] > V ( C 2 )  - N(v)  - { u )  implies w = u. Hence 

[v ,  U ]  -+ U' and N[u] > V ( C 2 )  - N ( v )  - {u'). This argument shows that every 

u  E V ( C 2 )  - N(v)  can be paired with a unique vertex u' E V ( C 2 )  - N ( v )  such 

that [v, u] -+ u' and [v, u'] -t u. Similarly, every u  E V ( C 2 )  - N(vl )  can be paired 

with a unique vertex u" E V ( C 2 )  - N(vf  ) such that [v', u] --+ u" and [v', u"] -+ u. 

Consider u  E V ( C 2 )  - ( N ( v )  U N(v1)) .  We now consider the possibilities for 

u  and u' defined above. Suppose u' E V ( C 2 )  - ( N ( v )  U N(v l ) ) .  Since [v', u] -+ u" 

and uu', v'u' 41 E,  u' = u". Frirthermore, [v, u] -+ u', [v', u] + u', [v, u'] 4 u, and 

[v', u'] + u gives N[u] > V ( C 2 )  - ( N ( v )  n N ( v l ) )  - {u')  and N [u'] > V ( C 2 )  - 

( N ( v )  n N(v1))  - {u} .  Therefore, if u' E N (v') ,  then u" E N (v) .  



42 

We have now shown that G - S has exactly two components C1 and C2 with 

C1 = {x), and that the vertices in V(C2) - (N(v) n N(vf)) can be uniquely 

partitioned into pairs of the form {u, u') and triples of the form {u, u', u"). If y 

is in a pair in the partition, we will refer to y as Type I, and if y is in a triple in 

the partition, we will refer to y as Type II. 

Consider u E V(C2) - N(v) (the same argument applies for u E V(C2) - 

N(v')). Suppose there exists w E V(C2) - N[u] - N[u1]. Since wu # E, there 

exists t such that either [w, t] -+ u or [u, t] + w. In either case, x must be 

dominated by t, and hence t E {x, v, v'). Also, u' must be dominated, and 

u' $! N[w] U N[u] U N [x] U N [v], so t = v'. Therefore u 6 N(v1) and u' E N(v1). 

Similarly, wu' 6 E gives u' g' N (v') , u E N (v') , a contradiction. Therefore, 

N [u] U N [u'] = V(C2). 

We now show that if y E N(v) - N(v') and u E N(vl) - N(v), then uy E E. 

Suppose uy # E. Then there exists w such that [u, w] t y or [y, w] + u. In 

either case, x must be dominated by w, and uv', yv E E, so w = x. If [u, x] + y, 

then uu' E El a contradiction. So [y , x] -+ u and yy' E E, a contradiction. Hence 

uy E E for all y E N(v) - N(v1), u E N(v1) - N(v). 

We have shown that statement 1 of the theorem holds. We now prove s ta te  

ment 2. There are two cases. After both have been considered, we subsequently 

show that Cz has the structure claimed. 
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Case 1: u is Type I. 

Let Al = V(C2) - ( N  (u) n N(u1)) - {u, u'). Consider z E Al . If u, u' E N (v') 

(the case where u, u' E N(v) is similar), then z # N(v) - N(vl) since both u and 

u' dominate N (v) - N (v') , and z @ V (C2) - N (v) , so z E N (v) n N (v') . If u, u' @ 

N (v) U N (v'), then both u and u' dominate V(C2) - ( N  (v) n N (v')) - {u, u') and 

hence N (u) n N (u') 2 V(C2) - ( N  (v)n N(vl)) - {u, u'). Therefore z E N(v)n N(vf). 

In either case, without loss of generality, let uz E E and u'z @ E. Now zu' @ E 

implies there exists t such that [z, t] -+ u' or [u', t] -+ z. Since xz, xu' # E and 

z E N (v) n N (v') , t = x. Hence [u', x] + z is not possible as neither u' nor x 

dominate u. Therefore, [z, x] -+ u' and N[z] > V(C2) - {u'). Similarly, if u'z E E 

and uz $ E, then N[z] > V(C2) - {u). Therefore N[z] > V(C2) - {u, u'). 

Case 2: u is Type 11. 

Let Al = V(C2) - (N(u) n N(ul) n N(u")) - {u, u', u"), and consider z E Al. 

From previous results, each of u, u', u" dominates every vertex in 

Therefore, z E N(v) II N(vf). Suppose zu @ E. Then, there exists t such 

that [z, t] -+ u or [u, t] -+ z. In order to dominate x, t = x. Since u' must 

be dominated, it is not possible that [u, x] -+ z. Therefore, [z, x] -, u and 

hence N[z] > V(C2) - {u). The same argument for zu' # E or zu" $ E gives 
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N[z]  > V(C2) - {u ,  u', u"). 

This completes the proof of 2. It remains to show that C2 has the claimed 

structure. We begin by defining S1, depending on whether u is Type I or Type 

11. 

Suppose u is Type I. Let Al = V ( C 2 )  - ( N ( u )  n N(ut ) )  - {u,  u'). If A1 = 0 ,  

then let Sl = G[{u,ut)]  =  XI,^. If Al # 0,  let S1 = G[A1 U { u , ~ ' } ] .  Since 

N[z]  > V ( C 2 )  - {u ,  u') for all z  E All GIA1] = Kp. Now consider any z  E Al. 

Without loss of generality, uz E E l  and u'z # E. Also, xu $! E implies there 

exists y such that [x, y] -+ u or [u, y] -+ x. In either case, u' must be dominated, 

so y E N[ut].  But y # u' as neither [x,  u'] -+ u nor [u, u'] -, x. Also, y E V ( C 2 )  

as xy 6 E. Therefore, y E N(ut)  and y # N ( u ) ,  so y  E Al and Al N(u) .  

Therefore S1 E Q2,p. 

Suppose u is Type 11. Let Al = V ( C 2 )  - ( N ( u )  n N(ur)  n N(ut'))  - {u ,  u', u"). If 

A1 = 0 ,  let S1 = G[{u, u', u"}] = Sl = If Al # 0 ,  let S1 = GIA1u{u, u', u")].  

Since N[z]  > V ( C 2 )  - {u ,  u', u") for all z  E Al,  again we have GIA1] = Kp. 

By definintion of Al,  for any z  E Al there exists w E {u ,  u', u") such that 

wz 6 E. Therefore there exists t  such that either [w,t] -+ x or [z , t ]  -+ w. 

Since zx, wx # El  x  must be dominated by t ,  and z is adjacent to both v and 

u', SO t  = x. Now [w, x] f ,  z, as w does not dominate {u ,  u', u"). Therefore 
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[z, x] -+ w and z dominates {u, u', u") - {w). This shows that every z E A1 

is adjacent to exactly two vertices in {u, u', u"). Suppose one of u, u', or u" is 

adjacent to every vertex in Al . Specifically, suppose u'z E E for all z E Al . Then 

N[uf] = V - {x, v, u). Since u'x $? E, there exists y such that either [u', y] -+ x or 

[x, y] -4 u'. In either case, {u', y, x) must be an independent set, and hence y = u. 

But neither [u', u] -+ x nor [x, u] -+ u' is true, a contradiction which implies u' 

does not dominate Al. A similar argument can be used to show that neither u 

nor u" dominate Al. Therefore, every vertex in {u, u', u") has a neighbour in Al, 

and specifically, u has at least two neighbours in Al. This proves S1 E R3,p. 

Proceed inductively as follows. If u is Type I, let B1 = N(u) f~ N(uJ), and if 

u is Type 11, let B1 = N(u) n N(u') n N(ul'). If B1 # 0 and there exists y E B1 

such that y E (N(v) U N(v')) - (N(v) n N(vf)), repeat the above procedure to 

find Ai, Si, Bi for i = 2,3, .  . . , j (as in Theorem 3.2.6, Case 2), where j is the 

least i such that Bi = 0 or there is no y E Bi such that y E (N(v) U N(vf)) - 

(N(v) n N(v1)). In the first case, C2 = S1 + S2 + - . . + Sj. In the second case, 

y E N (v) n N(vl) for all y E Bj. In this case, for any y E Bj there exists 

yl E Bj such that yyl $?! E, otherwise {y, x) is an independent dominating set 

of G. Now yyl 6 E implies there exists t such that, without loss of generality, 

[yl, t] -+ y. Either yl or t must dominate x, so t = x and [yl, x] -+ y. This implies 

N[yl] 2 Bj - {y). For each vertex w E Bj - {y, yl), either yw E E or [w,x] t y 



46 

(as [Y, X] -+ w wodd imply yyl E E). So let {yl, y2, . . . 3,) be the set of vertices in 

Bj such that [yi, x] -+ y, 2 = 1,2 ,  . . . p .  Now let Sj+1 = G[{y, yl, . . . y,)] = El,,, 

p 2 1. Note that every vertex in {y, yl, . . . , y,) is adjacent to every vertex in 

V(C2) - {y, yl, . . . y,). If Bj - {y, yl, . . . , y,) = 0 then C2 = S1 + S2 +. . . + Sj+1. 

Otherwise, set Bj+1 = Bj - {y, yl, . . . , y,), and repeat this argument to find 

Sj+2, Sj+3,. . . , Sm. It is important to note that at each step, Bj, Bj+l, .  . . , B, 

each contain at least two vertices, as if Bm = {y) then {y, x) is an independent 

dominating set of G. Therefore C2 = S1 + S2 + . - . + Sm, where Sj has one of the 

claimed structures, for j = 1,2,  . . . m. 

3.3 Hamilton Paths and Cycles 

Using the results of the previous sections, we give a characterisation of the 2- 

connected, 3-i-critical graphs that are hamiltonian. We then prove that every 

connected, 3-i-critical graph with more than six vertices has a Hamilton path. 

Note that each graph in Q 2 ,  has a Hamilton path. By the definition of join 

we have the following lemmata. Several of the easy proofs are omitted. 

Lemma 3.3.1 If G has a Hamilton cycle, then so does G + El,,,  G + &,, 

G + Q2,, for any Q2,, E Q2,,, and G + Rqp for any R3,, E R3,,. 
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Lemma 3.3.2 If G = S1 + S2 + + Sk,  where k 2 2 and Sj = XI ,  or zp,q, 

for j = 1,2 , .  . . , k ,  then G has a Hamilton cycle. 

Lemma 3.3.3 Every R3,p E R3,p has a Hamilton cycle. 

Lemma 3.3.4 If G = S1 + S2 + + Sk where Sj  = El,p, Q2,p E &2,p, or 

R3,p E R3,p for j = 1,. . . , k ,  then G has a Hamilton cycle, unless G = E l ,  or 

G E Q2,p. If G E Q2,p, then G has a Hamilton path. 

Proof: If Sj = R3,p for any j ,  then by Lemma 3.3.1 and Lemma 3.3.3, G has a 

Hamilton cycle. Otherwise, since E l ,  + fT1,,, E l ,  + Q2,,, and Q 2 ,  + Q2,, have 

Hamilton cycles, by Lemma 3.3.1 so does G, except possibly if k = 1. If G = Q2,p, 

it is easy to see that G has a Hamilton path. 

For any q 2 3, let Wq,4 denote the set of graphs on q + 4 vertices constructed 

from Kq U C4 such that two nonadjacent vertices of C4 have the same neighbolir- 

hood in Kq of size greater than 1 and less than q, and the other two vertices of 

C4 have no neighbours in Kq. 

Lemma 3.3.5 Each graph in  Wq,4 has a Hamilton path, but not a Hamilton 

cycle. 

Theorem 3.3.6 If G is 2-connected and 3-i-critical, then G is hamiltonian, un- 

less G E Wq,4, in which case it has a Hamilton path. 
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Proof: If 6 2 3, then by Corollary 3.1.4, G is hamiltonian. Otherwise, suppose 

that there exists x E V such that d(x) = 2. Let S = N ( x )  = {v, v'}. Then by 

Theorem 3.2.9 and Theorem 3.2.10, G - S has at most 3 components and one of 

1 or 2 in the statement of Theorem 3.2.9 holds, or vv' E E. 

If 1 holds, then by Lemma 3.3.2, C2 is hamiltonian. Notice that there exists 

some Hamilton path in C2 that starts at a point of N(v) and ends at a point of 

N(vl). Hence G is also hamiltonian. 

If 2 holds, then G E Wq,*, and by Lemma 3.3.5, G has a Hamilton path, but 

not a Hamilton cycle. 

If vv' E E, by the construction of C2 in Theorem 3.2.10, 

Note that C2 # otherwise G is not 2-connected. Therefore, by Lemma 3.3.4, 

C2 is either hamiltonian or C2 = Q2,p. If C2 is hamiltonian and Sj  = Qz,, or R3,p 

for some 1 5 j 5 m, then there exists a Hamilton path in C2 from a vertex in 

N(v) to a vertex in N(v1), and hence G is hamiltonian. If C2 is hamiltonian and 

- - 
C2 = K1,p, + K1,p, + . . - +  K1,p,, where pi = 1 or 2 for i = 1,2 , . . . ,  m, it is 

not difficult to find a Hamilton path in Cz from a vertex in N(v) to a vertex in 

N(v1), and therefore G is hamiltonian. If C2 = Q2,p, then each of the vertices in 

the defining copy of x2 in C2 have degree greater than one (or else G has a cut 
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vertex) and there exists a Hamilton path in C2 from a vertex in N (v) to a vertex 

in N(v'). Hence there exists a Hamilton cycle in G. I 

Theorem 3.3.7 If G is connected and 3-i-critical with (V(G)( > 6, then G has 

a Hamilton path. 

Proof: If G is Zconnected, then by Theorem 3.3.6, G has a Hamilton path. 

Thus assume G has a cut vertex v. By Theorem 3.2.6, G - v has exactly two 

components C1 and C2, such that C1 is complete, i(C2) = 2, and either 1 or 2 in 

the statement of Theorem 3.2.6 holds. 

If 1 holds, then since GIC1 U {v}] is complete, it has a Hamilton path P that 

ends at v. Since T2,,, has a Hamilton path that starts at any vertex, G[C2 U {v)] 

has a Hamilton path Q that starts at v. Then the path P Q  is a Hamilton path 

of G. 

If 2 holds, then since G is connected and i(G) = 3, C2 # K2. Thus, by 

Lemma 3.3.4, C2 has a Hamilton path. Furthermore, G[{v) U V(C2)] has a 

Hamilton path Q that starts at v, except when C2 E Q2,2 (i.e. C2 is a path with 

4 vertices). Since IV(G)( > 6, this does not happen. Let P = xu. Then the path 

P Q  is a Hamilton path of G. Therefore, if JV(G)I > 6 (thus, C2 # P4), then G 

has a Hamilton path. I 
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Corollary 3.3.8 If G is connected and 3-i-critical with IV(G)I > 6 even, then 

G has a perfect matching. 

For any k 2 4, there are arbitrarily large k-i-critical graphs with no Hamilton 

path: Let m > 2k, and p = 1 + 1 + . + 1 + (m - 2k + 1) be a partition of 

p = m - k. Then each graph in Q k ,  is k-i-critical but has k - 1 2 3 vertices of 

degree one, and hence no Hamilton path. 

For k 2 4, the question of when a Ic-i-critical graph G contains a Hamilton 

cycle is still open. 



Chapter 4 

Total Domination Critical 

Graphs 

This chapter begins with many results of Haynes, Mynhardt, and van der Merwe. 

Sections 4.1 and 4.2 provide a summary of results from [13], where total domina- 

tion critical graphs were introduced. These include properties of total domination 

critical graphs as well as properties specific to 3-yt-critical graphs. In section 4.3, 

a characterisation of the 3-yt-critical graphs with a cut vertex is given, and it is 

shown that all such graphs contain a Hamilton path. Furthermore, it may be 

seen that any 3-yt-critical graph G satisfies 2 5 diarn(G) 5 3. Section 4.4 marks 

the beginning of new work done on 3-yt-critical graphs, where the need for a new 

closure concept is motivated, and a closure is defined. It will be established that a 
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3-yt-critical graph G is hamiltonian if and only if the closiire of G is hamiltonian. 

In addition, several results about the struct~ire of G and its closure will be given. 

4.1 Properties of  yt-critical graphs 

As in the cases of domination critical graphs and independent domination critical 

graphs, the first nontrivial case of a yt-critical graph G occurs when yt (G) = 3. 

Since the size of a total dominating set in any graph must be at least two, the 

only 2-yt-critical graphs are vaccuoiisly the complete graphs Kn, with n 3 2. 

For any yt-critical graph G, since yt (G + uv) < yt (G) for any uv 6 E (G) , it is 

not difficult to see that every minimum total dominating set of G + uv contains 

at least one of u and v. Frnthermore, the addition of the edge uv to G can change 

the total domination number by at most two: 

Theorem 4.1.1 [I 31 For any  edge uv E E(G), 

Theorem 4.1.2 [13] For any  connected graph G, A(G) 5 (V(G) I - yt(G). 

Theorem 4.1.3 [13] For any  graph G and any  m i n i m u m  total dominating set  

S of G, if v E S is in a component of [S] of cardinality a t  least 3, then N(v) is  

no t  complete. 
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Theorem 4.1.4 [13] Everg, vertex in a yt-critical graph is adjacent to at most 

one vertex of degree one. 

4.2 Introduction to  3-yt-critical graphs 

What follows is a list of several results from [13] specific to 3-yt-critical graphs. 

First, a simple observation which is fundamental to all of the results on 3-yt- 

critical graphs is made. 

Observation: For any 3-yt-critical graph G and any pair of nonadjacent vertices 

u and v ,  at least one of the following holds: 

1. {u ,  v )  dominates G. 

2. There exists w E N (u) such that {u ,  w) dominates G - v ,  but not v. 

3. There exists w E N (v) such that {v ,  w) dominates G - u, but not u. 

The second and third situations will be denoted by uw + v and vw -t u, 

respectively. 

The first result is a corollary to Theorem 4.1.3 for graphs G with yt(G) = 3. 

Corollary 4.2.1 [I 31 If a graph G with yt(G) = 3 has a vertex v such that N(v) 

is complete, then v $! S ,  for any minimum total dominating set S of G.  
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The next result states that there is only one 3-yt-critical graph on less than 6 

vertices. All other results are for graphs with at least 6 vertices. 

Theorem 4.2.2 [13] The only 3-yt-critical graph with fewer than 6 vertices is 

Theorem 4.2.3 [13] Every 3-yt-critical graph G has a minimum total dorninat- 

ing set S such that [S] = P3. 

The next result provides some insight into one of the reasons why a charac- 

terisation of the 3-yt-critical graphs does not come easily. 

Theorem 4.2.4 [13] For any graph G, there is a 3-yt-critical graph H such that 

G is an induced subgraph of H. 

In other words, there is no finite forbidden subgraph characterisation for the 

3-yt-critical graphs. 

4.3 3-yt-critical graphs with a cutvertex 

The following results of Haynes, Mynhardt, and van der Merwe lead to a charac- 

terisation of the 3-yt-critical graphs with a cut vertex. It will also be shown that 

all such graphs contain a Hamilton path. 
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Theorem 4.3.1 [13] If  G is a 3-yt-critical graph, then G has at most one vertex 

of degree one. 

Corollary 4.3.2 [13] No tree is 3-yt-critical. 

Theorem 4.3.3 [13] Let G be a graph with yt(G) = 3. If v is a cut vertex of 

G ,  then v is an element of every minimum total dominating set of G .  

Theorem 4.3.4 [13] For any 3-yt-critical graph G with a cut vertex v ,  G - v 

has exactly two components. 

Theorem 4.3.5 [I 31 If G is a 3-yt-critical graph with a cut vertex v, then v is 

adjacent to a vertex of degree one. 

Corollary 4.3.6 [13] If G is a 3-yt-critical graph, then G has at most one cut 

vertex. 

Theorem 4.3.7 (131 If G is a 3-yt-critical graph, then 

With use of the above results, a complete characterisation of the 3-yt-critical 

graphs with a cut vertex can be made. The characterisation also makes use of 

the following Lemma: 
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Lemma 4.3.8 [13] If G is  a 3-yt-critical graph that contains a cut vertex, then 

Theorem 4.3.9 [I31 Let G be a graph with a vertex u  of degree one, and let 

N ( u )  = { v ) .  Let A = N ( v )  - { u )  and B = V - N[v]  . Then  G is  3-7,-critical if 

and only ;if 

1. [A] is  complete and ]A]  2 2, 

2. [B] is complete and 1 B] 2 2, and 

3. every vertex in A is  adjacent to 1 BI - 1 vertices in B and every vertex in 

B is  adjacent to at least one vertex in A. 

The next two corollories follow from Theorem 4.3.9 and Theorem 2.2.13 and 

address the hamiltonian properties of the 3-yt-critical graphs with a cut vertex. 

Corollary 4.3.10 [I 31 If G is a 3-yt-critical graph with a vertex u  of degree 

one, then G - u  is  hamiltonian. 

Corollary 4.3.11 If G is a 3-7,-critical graph with a vertex u of degree one, then 

G has a Hamilton path. 

In [14] and [15], the 3-yt-critical graphs which do not have a cut vertex 

are considered. The first paper discusses the 3-yt-critical graphs with diame- 

ter three, and the second, the 3-yt-critical graphs with diameter two. We saw in 
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Lemma 4.3.8 that a 3-yt-critical graph with a cut vertex has diameter three, and 

in Theorem 4.3.9 these graphs were characterised. The two families of graphs 

that will be explored here are the Zconnected 3-yt-critical graphs with diameter 

three, and the 3-yt-critical graphs with diameter two (whlch are 2-connected by 

Lemma 4.3.8). 

4.4 A new closure 

The 3-yt-critical graphs with diameter two and diameter three will be studied 

separately in the chapters which follow. In both cases, when the hamiltonian 

properties of the graphs are discussed, we make use of a new closure: edges are 

added to a graph G in such a way that the obtained graph is hamiltonian precisely 

when G is hamiltonian. 

Before the closure of a total domination critical graph is defined, a few defi- 

nitions and observations about 3-yt-critical graphs need to be developed. 

If G is a graph with d i a m ( G )  = k and d ( u ,  v )  = Ic ,  then we say that u and v 

are diametrical vertices. Two subsets X and Y of V are called diametrical sets 

if d ( x ,  y )  = d i a m ( G )  for each x E X and y E Y .  If X and Y are diametrical 

sets, then ( X ,  Y )  is a maximal diametrical pair if for each z E V - ( X ,  Y ) ,  

d ( x ,  z )  < d i a m ( G )  for some x E X and d ( y  , z )  < d i a m ( G )  for some y € Y .  
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Theorem 4.4.1 [Id] If G is a 3-7,-critical graph with diam(G) = 3, then G has 

a unique maximal diametrical pair ( X ,  Y ) .  Moreover, X (say) has cardinality 

one and [Y] is complete. 

In a 3-yt-critical graph with diameter two, it is possible that every pair of 

nonadjacent vertices dominates the graph. This is not the case in a 3-7,-critical 

graph with diameter three: 

Theorem 4.4.2 [Id] If G is a 3-7,-critical graph with diam(G) = 3, then G has 

a pair of nonadjacent vertices that does not dominate G.  

Furthermore, it is also possible in a 3-yt-critical graph with diameter two that 

for every pair of nonadjacent vertices u and v, there exist vertices x and y sixh 

that ux -t v and vy + u. This is not possible in the diameter three case: 

Theorem 4.4.3 [Id] If G is a 3-yt-critical graph with diam(G) = 3, then G has 

a pair of nonadjacent vertices u and v such that ux -+ v, for some x E V ,  but 

there is no vertex y such that vy -+ u. 

The following theorem marks the start of our developement of a total domi- 

nation closure of a graph G. 

Theorem 4.4.4 If u and v are nonadjacent vertices in a 2-connected 3-yt-critical 

graph G and {u ,  v) + G, then G is hamiltonian if and only 2f G + uu is hamilto- 

nian. 
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Proof: Let u and v be a pair of nonadjacent vertices that satisfy {u, v) % G. 

Certainly G + uv is hamiltonian if G is hamiltonian. 

Now suppose G+uv is hamiltonian but G is not. Since G + uv has a Hamilton 

cycle, G must have a Hamilton path from u to v, say u = vlvz.. . v, = v. For 

any i where 1 5 i < n, vlvi+l and viv, cannot both be edges in G, otherwise 

is a Hamilton cycle in G. 

Therefore, since {vl, v,) + G, and G is 2-connected, u1v2, ~ 1 ~ 3 ,  . . . , v1vi E 

E(G) for some i > 3, and vjvn,v~+lvn,. . . ,u,-lv, E E(G) for i 5 j 5 i + 1. 

Consider p and q such that 1 < p < i and j < q < n. It must be that 

vpv, @ E(G), otherwise 

is a Hamilton cycle in G. 

We now consider two cases: 

Case 1: j = i. 

Since yt (G) = 3, {v,, v,) # G (and {vl , vi) # G) . Hence there exists p E 

(2,3, .  . . , i - 2) such that vivp 6 E(G). This means that for i + 1 5 q 5 n, 

d (up, v,) = 3 and therefore vivi+l, viui+z, . . . , uiun E E(G). But now {vl, vi) + G, 

a contradiction. 
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Case 2: j = i + 1. 

Since d(vl, v,) = 3, and G has a unique maximal diametrical pair ({x), Y) by 

Theorem 4.4.1, without loss of generality vl = x and v, E Y. Now, since v2 @ Y, 

and by the ~miqueness of ({x), Y), it must be that d(vz, v,) = 2 and hence 

V2vi+l E E(G). Similarly, ~ 3 ~ i + l ,  v ~ v ~ + I ,  . . . , v i - l V i + l  E E(G). NOW, { ~ i ,  ~ i + ~ )  # 

G implies that there exists k E {i + 3 , i  + 4 , .  . . ,n  - 1) such that vk is not 

dominated by {vi, v ~ + ~ ) .  But now d(v2, vk) = 3 and v2 6 {x) U Y, contradicting 

the ~iniqueness of ({x) , Y) . 

Therefore G is hamiltonian when G + uv is hamiltonian. 

The closure of a 3-yt-critical graph G is defined as follows: Define Dt(G) 

to be the graph obtained from G by adding the edge uv to G for each pair of 

nonadjacent vertices u and v that satisfy {u, v) + G. 

From Theorem 4.4.2, we know that any 3-yt-critical graph G with diameter 

three has a pair of nonadjacent vertices u and v that does not dominate G (de- 

noted {u, v) # G). Hence, for a 3-yt-critical graph G, IE(Dt(G))I 2 IE(G) 1, 

but Dt (G) is not complete. Theorem 4.4.4 showed that a 3-yt-critical graph G 

is hamiltonian precisely when G + uv is hamiltonian, for nonadjacent vertices u 

and v that satisfy {u, v) + G. In fact, the following stronger result holds: 
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Theorem 4.4.5 For any 2-connected 3-yt-critical graph G, G is hamiltonian if 

and only if Dt(G) is harniltonian. 

Proof: Certainly Dt(G) is hamiltonian if G is hamiltonian. 

To prove the converse, suppose Dt(G) is hamiltonian while G is not. Consider 

a minimal subset {el, e2,. . . , ek} G E(Dt(G))-E(G) for which G+{el, e2, . . . , ek} 

is hamiltonian but G' = G + {el, e2, . . . , ek-1) is not. By Theorem 4.4.4, k > 2. 

Let el, = xy. Then G' has a Hamilton path P : viva . . . v,, where vl  = x and 

v, = y. By minimality, each of el, e2, . . . , ek-1 is on P. By definition of Dt(G), 

since ek = xy, {x, y) + G. As in the proof of Theorem 4.4.4, there is no i such 

that vlvi+l, vivn E E(G), SO ~ 1 ~ 2 ,  ~ 1 ~ 3 ,  . . . , U l U i ,  ujvn vj+lvn,. . . , v,-~v, E E(G) 

for some i 2 3 and i 5 j 5 i +  1. 

Now, for each el, e2,. . . , e,!+l, the pair of ends of each edge dominates G. But 

vpvq @ E(Gt) for 1 < p < i and j < q < n, otherwise 

is a Hamilton cycle in G'. Therefore each of el, e2, . . . , ek-l must have an end in 

{vi, vj), and hence k 5 3. 

Case 1: j = i .  

If both { u ~ - ~ ,  vi} and {vi, u ~ + ~ )  dominate G, then ui dominates G, a contra- 

diction. Therefore without loss of generality, k = 2, el = vjvj+l, and ez = xy. 
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NOW vjvj-1. . . VlvnVn-l.. . vj+l is a Hamilton path in G + e2. As before, 

{vj ,  + G gives vjvj-1, vjvj-2, . . . , u p l ,  v jv ,  E E(G) .  But v, dominates 

{v j  , vj+l, . . . , vn-l), and hence vjv, is a dominating edge of G,  a contradiction. 

Case 2: j = i +  1. 

As in Case 1, at most one of { ~ i - ~ ,  vi)  and {vi, vi+l) dominates G,  and simi- 

larly, at most one of { v ~ - ~ ,  v j )  and { v j ,  vj+1) dominates G. If both {viPl, vi) and 

{vj,  vj+1) dominate G, then since vi-lvj+l @ E(G) ,  vivj+l, vjvi-1 E E ( G )  and 

hence 

is a Hamilton cycle, a contradiction. This implies k = 2 with e2 = xy. As in 

Case 1, el # vjvj+l (and el # Therefore el = vivj. 

Now vivi-1. . . vlv,v,-1 . . . vj is a Hamilton path in G+e2. As in the argliment 

used for G+el, {vi ,  u j )  + G gives vivi-1, vivi-2, . . . , vivl, v,vj, vn-lvj,. . . , vj+lvj E 

E (G) .  Also, there is no p such that vivp+l, vpvj E E(G) .  Hence uivp @ E ( G )  for 

all j 5 p 5 n, v,vj @ E(G)  for all 1 5 p 5 i ,  and vpv, @ E(G)  for all 1 < p < i ,  

j < q < n. Hence G is not connected, a contradiction to G 2-connected. 

Since both cases lead to a contradiction, G must be hamiltonian. I 
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What follows is a collection of new results analagous to ones found in Chapters 

2 and 3, except that the results here are shown for the total domination closure 

of a 3-yt-critical graph G, rather than for G itself. Many of the results will be 

shown also to hold for G. The reason Dt(G) is considered first is that all of our 

proofs of hamiltonicity use Dt (G) and Theorem 4.4.5. 

Theorem 4.4.6 Let G be a 3-yt-critical graph and I an independent set in Dt(G) 

with 111 = m. Then the vertices in I can be ordered as XI,  22,. . . , x, in such a 

way that there exists a path plp2. . .p,-1 in G - I, where xipi t xi+l in G for 

i = 1 , 2  , . . . ,  rn-1.  

Proof: There is a natural orientation that can be given to the edges of Dt(G): 

For uv 6 E(Dt(G)),  there exists w such that, in G, either uw -+ v or vw t u. 

In the first case orient uv as (u, v), and in the second case orient uv as (v, u). 

Since I is independent in G, the subgraph of induced by I is complete, and 

hence the orientation gives a tournament on I (with possibly extra arcs). Hence 

I contains a directed Hamilton path xlx2 . . . x,, and for each i = 1,2, . . . , m - 1 

there exists pi such that xipi -+ xi+l. Since xipi E E(G), certainly pi 6 I. 

Furthermore, pi dominates I - {xi+l), so the vertices pi are distinct. Finally, 

for i = 1,2, . . . , m - 2, since pixi+l 6 E(G) and xi+lpi+l --+ xi+,, it follows that 

pipi+l E E (G). Therefore plp2 . . . p,-1 is the required path. I 
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Corollary 4.4.7 Let G be a 3-yt-critical graph and I a n  independent set in G 

with I I1 = m > 3. Then  the vertices i n  I can be ordered as x l ,  x2, . . . , x ,  in such 

a way that there exists a path plp2. . .p,-1 in G - I, where xipi -+ xi+l in G for 

i = 1 , 2  , . . . ,  m-1 .  

Proof: If m 2 3, then for any two vertices xi ,  x j  E I, { x i ,  x j )  + G. There- 

fore I is also an independent set in Dt(G), and the result follows directly from 

Theorem 4.4.6. r 

Note that the paths described in Theorem 4.4.6 (and Corollary 4.4.7) in a 

3-yt-critical graph G are not necessarily unique. The existence of these paths will 

be central to many arguments which follow, and will be referred to as follows: For 

an independent set I, the set of paths that satisfy the conditions of Theorem 4.4.6 

will be denoted by PI. If P is a path given by I and Theorem 4.4.6, we will simply 

write P E PI.  

Lemma 4.4.8 Let I be an independent set of m vertices i n  a 3-yt-critical graph 

G such that I U {v) is independent i n  Dt(G) (and therefore i n  G) for some vertex 

v E V - I .  Then the vertices of any path P E PI all lie i n  N(v). 

Proof: Let P E PI. Each vertex pi of P is not v, as xipi E E(G). Since 

Xipi -+ Xi+l  and xiv $! E(G), pi must dominate v and hence be in N(v). 
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Corollary 4.4.9 Let I be an independent set of m > 2 vertices in a 3-yt-critical 

graph G such that I U { v )  is independent in G for some vertex u E V - I .  Then 

for any P E PI,  the vertices of P all lie in N ( v ) .  

Proof: Since m > 2, ( I  U { v ) (  > 3, and hence I U {v) is independent in Dt(G). 

The result follows directly from Lemma 4.4.8. 1 

Lemma 4.4.10 Let v be a vertex of degree d 2 2 in a 3-yt-critical graph G and 

let I be a maximum independent set in Dt (G) . If N ( v )  C I ,  then I I - N ( v )  1 5 1. 

Proof: Suppose N ( v )  C I and there exist distinct vertices y ,  z in I - N ( v ) .  By 

Theorem 4.4.6, there is an ordering X I ,  2 2 ,  . . . , xd+2 of the vertices in N ( v )  U{y ,  z )  

and a path pip,.. . pd+l contained in V ( G )  - N[v]  - { y ,  z )  such that xipi + xi+l 

for 1 5 i 5 d + 1. In the ordering X I ,  2 2 ,  . . . xd+2, without loss of generality, xi = y 

for some 1 < i < d + 2. Since ypi -+ xi+l, it follows that either pi or y dominates 

v ,  which is not possible as neither pi nor y are in N(v) .  Therefore 1 I - N ( v )  1 5 1. 

I 

As with Lemma 4.4.8 and Corollary 4.4.9, the following corollary follows di- 

rectly from Lemma 4.4.10 when the cardinality of a maximum independent set 

in G is at least three. 
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Corollary 4.4.11 Let v be a vertex of degree d > 2 in a 3-yt-critical graph G 

and let I be a maximum independent set of cardinality at least three in G .  If 

N ( v )  I ,  then 11 - N ( v ) (  5 1. 

The following results relate several graph parameters in a 3-yt-critical graph 

G to graph parameters in Dt(G). The first result shows that when the closure 

Dt(G) is constructed, by adding to G every edge uv for which {u,  v )  + G,  Dt(G) 

will not contain a pair of nonadjacent vertices which dominate Dt (G)  . 

Theorem 4.4.12 Let G be a 2-connected, 3-yt-critical graph. If u and v are 

nonadjacent vertices in Dt ( G ) ,  then {u ,  v )  + Dt (G) .  

Proof: Suppose u and v are nonadjacent vertices in Dt(G) and that { u ,  v )  + 

Dt(G). Then there exists a vertex w such that uw, vw $! E(G) (else uv would be 

in the closure). Since {u ,  v) + Dt(G), either uw or vw is an edge in Dt(G),  and 

hence either {u ,  w )  + G or {v ,  w )  + G. This gives a contradiction since uv, uw, 

and vw @ E(G) .  I 

An important consequence of Theorem 4.4.12 is that for any pair of nonadja- 

cent vertices in Dt (G) ,  there must exist a vertex w such that either uw -+ v or 

vw -+ u in G. 



Theorem 4.4.13 Let G be a 2-connected, 3-yt-critical graph. A set I of at least 

3 vertices is independent in G if and only if it is independent in Dt(G),  and hence 

/3(G) = /3(Dt(G)) when P(G) > 3. 

Proof: Since G is a subgraph of Dt(G), if I is independent in Dt(G) ,  then 

certainly I is independent in G. 

Now assume I is an independent set in G with 111 > 3, and suppose I is not 

independent in Dt (G)  . Then there are vertices u,  v E I such that uv E E (Dt  ( G )  ) . 

It follows that {u ,  v )  + G,  contradicting 111 being an independent set of size at 

least three in G. 

Theorem 4.4.14 Let G be a 2-connected 3-yt-critical graph, and St the minimum 

degree of Dt(G).  The independence number Pt of Dt(G) satisfies Pt 5 St + 2. 

Moreover, if Pt = St + 2, then every maximum independent set contains all of the 

vertices of degree St .  

Proof: Let v be any vertex of degree St in Dt(G),  I any maximum independent 

set in Dt (G) ,  and A = I - N[u]. Notice that 1 I n N [u] 1 5 St and that if v E I 

then I n N ( v )  = 0. The independence number is equal to I N[v] n I (  + IAl, so 

pt = IAl + 1 if v E I and Pt = (A1 + IN(v) n I1 otherwise. 

Consider first the case where u E I ,  and hence Pt = (A1 + 1. From the previous 

result, ,Dt = 2 is not possible. If ,Dt = 1, then 6t = IVI - 1, so Pt < 6t + 2 holds. If 
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,Bt 2 3, by Lemma 4.4.8 there exists an ordering X I ,  xz, . . . , xk of the vertices of 

A and a path P : p l p z . .  .pk-l in N ( v )  such that xipi -+ xi+l for 1 5 i 5 k - 1. 

This implies St 2 Ic - 1 = (A1 - 1. Therefore i f t  = /A (  + 1 5 dt + 2. 

Now consider the case where v @ I .  Consider any path P E PA. Each vertex 

p E P must dominate v and hence lies in N ( v )  - I .  It follows that 

In either case, i f t  5 St + 2, with equality only possible when v E I and 

1 AJ = St + 1. Since this is true for any minimum degree vertex v ,  if i f t  = St + 2, 

then every maximum independent set must contain every vertex of degree ht. 

By the same reasoning as in the proof of Theorem 4.4.14, the following result 

is obtained: 

Corollary 4.4.15 Let G be a 2-connected 3-yt -critical graph, and d the minimum 

degree of G. If the independence number ,b of G satisfies i f  2 3, then P 5 6 + 2. 

Moreover, if i f  = S + 2, then every maximum independent set contains all the 

vertices of degree 6 .  

When the upper bound in Theorem 4.4.14 for the independence number ,bt of 

Dt(G) is attained, more can be said about the str~icture of Dt(G) ,  and a lower 

bound on the maximum degree of Dt(G) is found: 
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Theorem 4.4.16 Let G be a 3-yt-critical graph for which Dt(G) has minimum 

degree St 2 2 and independence number Pt = St + 2. Let x be a vertex in Dt(G) 

of degree St. Then Dt[N(x)] is complete and the maximum degree At of Dt(G) 

satisfies At 2 2St. 

Proof: By Theorem 4.4.14, every maximum independent set in Dt(G) is of the 

form I U {x). Let X I ,  x2,. . . , xat+l be an ordering of the vertices of I and P 

be a path plpz.. .pat that satisfies xipi --, xi+l for 1 5 i 5 St (that is, P E 

PI) .  By Lemma 4.4.8, the path P lies in N(x), and since d(x) = St, N(x) = 

{PI ,P~ ,  - - .  ,pat)- 

Now consider any two vertices xi+l and xj+l in I, where 1 5 i # j < St. 

Without loss of generality, there exists a vertex y such that xi+ly -+ xj+l. The 

vertex y is in N(x), and the only vertex in N(x) that is not adjacent to xj+l is pj. 

Thus y = pj. Now, since Xi+lpj -+ xj+1 and xi+lpi 9 E, it must be that pjpi E E. 

Since this holds for any pair i, j, it follows that [N(x)] is complete. Moreover, 

every vertex pi E N (x) is adjacent to every vertex in ( N  [XI - {pi)) U (I - 

Hence d(pi) 2 St + 1 - 1 + St = 2St and therefore At > 2St. 1 

Corollary 4.4.17 If G is a 3-yt-critical graph for which S(Dt(G)) 2 2 and 

A(Dt(G)) < 2S(Dt(G)), then P(Dt(G)) 5 S(Dt(G)) + 1. 
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Using the previous theorem, it can now be shown that when P(Dt(G))  = 

S(Dt(G))  + 2, as in Theorem 4.4.14, then the graph Dt(G) has a unique vertex 

of minimum degree: 

Theorem 4.4.18 Let G be a connected 3-yt-critical graph. If the minimum de- 

gree St and independence number Pt of Dt(G) satisfy Pt = St +2, then Dt(G) has 

a unique vertex of degree St .  

Proof: Let I = {x l  , x2, . . . , ~ p + ~ )  be a maximum independent set in Dt (G). 

By Theorem 4.4.14, I contains every vertex of degree St. Consider any path 

P : plp2 . . . p,jt+l E PI,  where xipi -+ xi+, for 1 5 i 5 St + 1. 

Suppose d ( x j )  = St for some j with 1 5 j 5 St + 1. Since pj E N ( x j )  and by 

Theorem 4.4.16 [ N ( x j ) ]  is complete, pj + N ( x j ) .  Also, since xjpj + ~ j + ~ ,  p j  + 

V - ( N ( x j )  - {xj+l)) .  Therefore, pj > V - {xj+1). But then { p j ,  z j+l)  > Dt(G),  

contradicting Theorem 4.4.12. Thus xgt+2 is the only vertex of degree St.  

The last result of this chapter is analogous to Lemma 3.2.4 for 3-i-critical 

graphs: 

Theorem 4.4.19 Let G be a connected 3-yt-critical graph. If S is a vertex cut 

of G ,  then G - S has at most JSI + 1 components. 

Proof: Let m be the number of components of G - S.  If m = 2, then clearly 

m = 1 + 1 5 IS1 + 1. If m 2 3, let C1,C2, . . . ,  C, denote the components of 
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G - S,  and let xi be any vertex in Ci , for i = 1,2,  . . . , m. The set {xl, 22, . . . , x,) 

is an independent set in G, and hence by Corollary 4.4.7, there exists a path 

plp2 . . . p,-1 where xipi -+ xi+l for i = 1,2, . . . , m - 1. For each i, pi E S as pi 

dominates V - Ci. Therefore m - 1 5 (SI, which completes the proof. 

It should be noted that this chapter is not a complete summary of all of the 

general results which have been found for 3-yt-critical graphs. Several new general 

results arise when specific subfamilies of 3-yt-critical graphs are considered. Such 

results will be given as required, as some of them make use of notation that is 

not yet introduced. 



Chapter 5 

Diameter Three 3-yt-critical 

Graphs 

In the previous chapter, we recalled (see Theorem 4.3.7) that in [13] it was proven 

that a 3-yt-critical graph G has diameter either two or three. In the same paper, 

it was shown that a 3-yt-critical graph with a cut vertex has diameter three, and 

these graphs were characterised. 

This chapter will focus on the 2-connected 3-yt-critical graphs with diameter 

three. Specifically, in Section 5.1, results that hold for all 3-yt-critical graphs 

with diameter three will be given. These graphs will then be partitioned into 

four families of graphs based on the type of maximal diametrical pair the graph 

posesses. This will be explained in detail in Section 5.1. 
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The other sections in this chapter contain some characterisations of the fam- 

ilies of graphs defined in section 5.1, as well as proof that all 3-yt-critical graphs 

with diameter three contain a Hamilton path (and in most cases contain a Hamil- 

ton cycle). 

5.1 Properties when diam(G) = 3 

The results which hold for all 3-yt-critical graphs with diameter three are now 

given. At the end of this section, the 3-yt-critical graphs with diameter three will 

be partitioned into four families which will be studied separately in the remaining 

sections of Chapter 5. 

First, three results regarding 3-yt-critical graphs with diameter three that 

were given in Section 4.4 to motivate the need for a new closure concept are 

restated. 

Theorem 5.1.1 [Id] If G is a 3-yt-critical graph with d iam(G)  = 3, then G has 

a unique maximal diametrical pair ( X ,  Y). Moreover, X (say) has cardinality 

one and [Y] is  complete. 

Theorem 5.1.2 [Id] If G is a 3-yt-critical graph with d iam(G)  = 3, then G has 

a pair of nonadjacent vertices that does not dominate G. 
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Theorem 5.1.3 [ I d ]  If G is a 3-yt-critical graph with diarn(G) = 3, then G has 

a pair of nonadjacent vertices u and v such that u x  -+ v, for some x E V, but 

there is no vertex y such that vy -+ u. 

In [14], the fact that every 3-yt-critical graph with diameter three has a ~inique 

maximal diametrical pair ( { x ) ,  Y) is used to divide the 3-yt-critical graphs with 

diameter three into four subfamilies. The notation introduced in 1141 will be 

adopted here: 

Let F be the family of all graphs G with diameter three and maximal dia- 

metrical pair ( { x ) ,  Y). For G E F, let A = N ( x )  , B = {b I b @ Y and b + Y), 

and C = V - (A U B U Y U ( 2 ) ) .  Note that at least one of B and C is not empty. 

Now F can be partitioned into F = Fl U .F2 U F3 U F4, where 

G E 3; if C = 0  and lYl > 2; 

G E F 2  if C = 0  and JYI = 1; 

G E F3 if B = 0; 

G E F4 if B # 8 and C # 0. 

In [14], several results are given for the 3-yt-critical graphs in each of the 

above families. The results which hold for all families are now given. The results 

specific to a particular family will be given in the appropriate section of Chapter 

5. 



Lemma 5.1.4 [Id] Let G E 3: be 3-yt-critical with IY I 2 2. If either I3 = 0 or 

C = 0 ,  then [A] is complete. 

Lemma 5.1.5 [Id] If G E F is 3-yt-critical, then every vertex in C is adjacent 

to exactly IY 1 - 1 vertices in Y.  

Lemma 5.1.6 [Id] If G E F is 3-yt-critical and C # 8, then [C] is complete. 

When the hamiltonian properties of each of the families of 3-yt-critical graphs 

in Fl, F2, 6, and .& are discussed in the remaining sections of Chapter 5, the 

closure Dt(G) will be used extensively. Several results relating graph parameters 

in Dt(G) to graph parameters in G were given in Section 4.4. A corollary to 

Theorem 4.4.13 holds for the diameter three case: 

Corollary 5.1.7 Let G be a 2-connected 3-yt-critical graph with diarn(G) = 3. 

Then P (G)  = P(Dt ( G ) )  . 

Proof: By Theorem 5.1.2, P(G) > 3, and the result follows directly from Theo- 

rem 4.4.13. 1 

Corollary 5.1.8 Let G be a 2-connected 3-yt-critical graph with diam(G) = 3. 

If P(Dt(G))  = G(Dt(G)) + 2, then G(G) = G(Dt(G)). 
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Proof: By Corollary 5.1.7, ,B(G) = ,B(Dt(G)), and ,B(G) 5 6(G) + 2 by Corol- 

lary 4.4.15. Therefore, 

Since P(Dt(G)) = S(Dt(G)) + 2, it follows that S(G) + 2 = S(Dt(G)) + 2 and 

hence S(G) = S(Dt (G)). I 

Throughout the remainder of Chapter 5 (and Chapter 6), the following nota- 

tion will be used: 

When [A[  = m, the elements of A will be denoted by {al, az, . . . , a,). The 

set B can be partitioned into sets of vertices with the same neighbourhood in A. 

The notation Bilri2,,,,,iP will be used to denote the subset of B given by 

Hence B is partitioned into at most 2m - 1 subsets. Furthermore, for any ai E A, 

we will denote by NB(ai), the subset of vertices b E B that are adjacent to ai. 

That is, NB(ai) = N(ai) f l  B. 

5.2 3-yt-critical graphs in .Fl 

In this section, the 3-yt-critical graphs in 3; are shown to be hamiltonian. 
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As a starting point, [14] provides a collection of neccessary conditions for a 

3-yt-critical graph to be in Fl: 

Theorem 5.2.1 [Id] A graph G E Fl is 3-yt-critical i f  and onlv if the following 

conditions hold: 

1. ({x), Y) is the unique maximal diametrical pair of G and [Y] is complete. 

2. [A] is complete. 

3. For e v e y  pair of nonadjacent vertices u, v E B, there is  a vertex a E A 

such that ua  --+ v. Also, no pair of adjacent vertices dominates G.  

4 .  For every vertex b E B, there is  a vertex d E B U Y such that bd + x. 

5. For every pair {a, b) of nonadjacent vertices where a E A and b E B ,  

{a,b) 5 G o r a w - t  b forsome w E B .  

In [14], a complete characterisation is given of the family of graphs in Fl that 

are 3-yt-critical and have 6(G) = 2: 

Theorem 5.2.2 [Id] A graph G E 35 with 6(G) = 2 is  3-yt-critical if and only 

if the following conditions hold: 

1. ({x), Y) is  the unique maximal diametrical pair of G and [Y] is complete. 

2. d(x) = 2 and [A] is complete. 



3. Bl,2 = 0 or [Blt2] is complete. 

5. [B1 U B2] is the disjoint union of nontrivial stars. 

6. If Bl,2 # 0 ,  then every vertex in Bl,z dominates exactly lBil - 1  vertices in 

Bi, for i E {1,2). Also, if u  E Bl (u E B2, respectively) does not dominate 

Bl,2, then u  has a neighbour v E Bl,2 U B2 (B1,2 U B1, respectively) such 

that {u,  v) t- B.  

An example of a 3-yt-critical graph in Fl with 6 = 2 is given in [14]: 

Figure 5.1: A 3-yt-critical graph G E .Fl with 6 = 2 

For any 3-yt-critical graph G E .Fl, since C = 0, {x, y) t- G for any y E Y. 

Thus, we have the following. 
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Corollary 5.2.3 If G E F1 is 3-7,-critical, then y(G) = 2. 

We are now ready to prove the main result of this section, that every 3-7,- 

critical graph G E Fl is hamiltonian. The proof makes use of the fact that a 

graph G is hamiltonian if the connectivity of G is not less than the independence 

number of G: 

Theorem 5.2.4 [6] For any graph G ,  if K(G)  2 P(G) (and G # Kz), then G 

is hamiltonian. 

Theorem 5.2.5 If G is a 3-7,-critical graph in 3-1, then G is hamiltonian. 

Proof: Consider cl(Dt(G)) (as defined in Section 2.2). By Theorem 5.2.1, both 

[Y] and [A] are complete. For every y E Y, since {x, y) + G,  xy is an edge in 

Dt (G). Also, by Theorem 5.2.1 condition 4, every vertex in A must be adjacent 

to a vertex in B. Therefore in Dt(G),  for any a E A and y E Y, 

so ay is an edge in cl (Dt (G)) .  

Now consider a E A and let %(a) = B - NB(a) .  For each b E %(a) there 

exists b' E NB(a) such that ab' + b and b' + %(a) - b (and hence the b"s 

are distinct). Therefore I NB(a)  1 > I G ( a )  1 and each b E %(a) has at least 
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I x ( a )  1 - 1 neighbows in NB (a) .  Hence in cl (Dt ( G ) )  , 

So ab E cl (Dt ( G ) )  for all a E A, b E B.  It has now been established that if 

uv @ E(cl (Dt(G)) ) ,  then either u = x and v E B ,  or u ,  v  E B .  

Now, let S be a vertex cut of cl(Dt(G)) and u,  v  be vertices in V - S such 

that in cl (Dt ( G ) )  there is no u - v path. If u = x and v E B ,  then A U Y G S.  

If u , v  E B, again A U Y C S .  Hence J S J  2 JAI + IYI and tc = tc(d(Dt(G)))  2 

IAI + IYI. 

Let I  be an independent set of cardinality P = P(cl(Dt(G))).  If ,B = 1, then 

clearly IE 2 P. Otherwise, for any v E A U Y ,  v  6 I ,  so I  2 B U {x}. Let IB be a 

maximum independent set in [B]. We have 

By Theorem 4.4.6, the vertices of IB can be ordered bl, b2, . . . , bl IBl  in such a way 

that there is a path in A, plpz . . . p11~-11, that satisfies pibi --+ bi+l for 1 5 i 5 

( I B (  - 1. Hence (A1 2 ( I B (  - 1 and 

Since IE 2 ,B in cl (Dt (G)) ,  by Theorem 5.2.4, cl (Dt ( G ) )  is hamiltonian. Therefore 

Dt(G) is also hamiltonian, and by Theorem 4.4.5 G is hamiltonian. I 
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5.3 3-%-critical graphs in F2 

In this section, the 3-yt-critical graphs in F2 will be shown to be hamiltonian. 

The main method used is showing that /c: 2 P, as in the proof of Theorem 5.2.5. 

This proves to be a much more difficrilt problem than it was for the 3-yt-critical 

graphs in Fl, however. 

Theorem 5.3.1 [ I d ]  A graph G E F2 is 3-yt-critical if and only if the following 

conditions hold: 

1. ({x}, {y}) is the unique maximal diametrical pair of G. 

2. For each a E A and b E B with ab E E(G),  { a ,  b)  f G. 

3. For each a ,  a' E A with aa' $! E(G), there exists b' E B such that ab' -+ a'. 

A similar statement holds for each b, b' E B with bb' $ E(G). 

4 .  For every a E A, { a ,  y) F G or there exists a' E A such that aa' -+ y .  A 

similar statement holds for every b E B.  

5. For every pair {a ,  b )  of nonadjacent vertices where a E A and b E B, 

{ a ,  b )  + G or there exists b' E B (or a' E A) such that ab' -+ b (a'b -+ a). 

What follows is a collection of results which will be used to prove that all 

3-yt-critical graphs in F2 are hamiltonian. First, recall by Corollary 5.1.7 that 
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P(G) = /3(Dt(G)). Furthermore, rc(Dt(G)) 2 K(G), so if K(G) 2 P(G), then 

K(D~(G) )  2 /3(Dt(G)). However, it may be that K(D~(G))  > P(Dt(G)) when 

K(G) 2 P(G). Hence rather than attempting to show K(G) 2 P(G) for a 3-yt- 

critical graph in F2, we will show K ( D ~  (G)) 2 P(Dt (G)) . 

For any 3-yt-critical graph in F2 ,  consider a minimum vertex cut S and a 

maximum independent set I in Dt(G). Since Dt(G) - S is not connected, the 

vertices of V - S can be partitioned into two sets {C1, C2), so that no edge of 

Dt(G) has one end in C1 and the other in C2. In what follows, the graphs in 

F2 are partitioned according to the size of the subsets C1 and C2. The graphs 

arising in each case are then shown to be hamiltonian. We first consider the case 

where both C1 and C2 contain at least two vertices. 

Lemma 5.3.2 Let G be a 3-yt-critical graph G in F2, S a minimum vertex cut in 

Dt(G), and I a maximum independent set in Dt(G). Let {Cl, C2) be a partition 

of V - S such that no edge of Dt(G) has one end in C1 and the other in C2. If 

(CII 2 2 and lC21 2 2, then K(D~(G))  2 P(Dt(G)) and hence G is hamiltonian. 

Proof: Let XI ,  ~ 2 ,  . . . , xp be an ordering of the vertices in I and P : plp2 . . . p p l  

be a path in 731. That is, xipi -+ xi+l in G for i = 1,2 , .  . . , p - 1. 

If xi E C1, where i # p, then since Xi  has no neighbours in C2, and 1C21 2 2, 

pi must dominate C2 - Also, xipi E E (G) , SO pi E S. Similarly, if xi E C2, 
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where i # p, then pi E S.  Let Icl denote I n  C1, Ic, denote I n  C2, and Is denote 

I n s .  If xp E Is, then IS( 2 IIs(+ IIcll + IIc2J = )I) and hence K 2 p. 

If xp E Icl U Ic2, then IS1 > (Is\ + (Icll + lIc21 - 1 = ,L? - 1. If there exists 

xi E Is such that pi E S then this can be improved to IS] > P - 1 + 1 = P. 

Otherwise, xp E Ic, U Ic, and for each xi E S, pi 6 S. In this case, suppose 

x E I .  Then y @ I as xy E E(Dt(G)). Also, x = xp as xpi + xi+l is not 

possible for any i, as I - x B and N[x] # {y). Without loss of generality, let 

xp E Icl. Since y $! I and {x, y) + G, it follows that y E S - Is. Therefore (SI 2 

(Ic,~Ic2)-l+)ISI+l = III, as y#pi foranyi ,  sincepi E Afori  = 1,2, . . . , ,L?- 2 

and pp-2pg-1 E E(G). Similarly, if y E I, then IS( 2 1 II. Finally, suppose 

I L AU B. Then by Theorem 5.3.1, pi E AU B for i = 1,2 , .  . . ,P  - 1. Now if x 

or yis in S, thensincex and y arenot on P, IS1 > JIc, U I G I - l + ) I s J + l  = 111. 

Otherwise, if x, y 6 S, then since xy E E(Dt(G)), without loss of generality, 

x, y E C1. But then since {x, y) + G, it follows that C2 = 0, a contradiction. 

Since K. 2 ,B in all cases, Dt(G) (and hence G) is hamiltonian. r 

Lemma 5.3.3 Let G be a 3-yt-critical graph in F2, S a minimum vertex cut in 

Dt(G), and I a maximum independent set in Dt(G). Let {C1, C2) be a partition 

of V - S such that no edge of Dt(G) has one end in C1 and the other in Cz. If 

JC2 1 = 1 (or IC1 1 = 1) and I C C1 U S (I 2 C2 U S), then G is hamiltonian. 
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Proof: Let Ic, denote InCl and Is denote I n s .  Since I is maximum, Is # 0. Let 

X I ,  2 2 ,  . . . , xp be an ordering of I for which there is a path P : plp2 . . . pp-1 E PI. 

For any xi E C1 where i < p, pi must be in S since {xi,pi) + {c) (where 

{c) = C2). SO if xp $! C1, then IS( > I Is[ + I Icl 1 = I I I and G is hamiltonian. 

If, however, xp E Cl, we will consider the possible locations for x and y (where 

({x, y)) is the unique maximal diametrical pair of G). 

If x E I, then I -  {x) B, x = x p , p i  E A for 15 i 5 p - 2 ,  andpp-1 E B. 

Sincexcg E, C E  B a n d y  E S. But y isnotonP,so  IS1 2 (Ic,I-l+lIsl+l = III. 

Similarly, if y E I, then IS\ > III. In either case, K 2 P. 

Otherwise, if x ,y  6 I, then I A U  B andpi E A U B  for 1 5  i 5 P -  1. 

Now, if x or y is in S, then IS1 > IIcll - 1 + lIsl + 1 = II( (and again K > p). If 

x, y $! S, then since {x, y) + G, xy E E(Dt(G)) and hence x, y E C1 and C2 = 8, 

a contradiction. 

In all cases that do not lead to a contradiction, K ( D ~  (G)) > B(Dt (G)). There- 

fore Dt(G), and hence G, is hamiltonian. , 

Lemma 5.3.4 Let G be a 3-yt-critical graph in F2, S a minimum vertex cut in 

Dt (G), and I a maximum independent set in Dt (G) . Let {C1, Cz) be a partition 

of V - S such that no edge of Dt(G) has one end in C1 and the other in C2. If 

ICz( = 1 (or lCll = 1) and I c C1 U C2 and I c A U B, then G is hamiltonian. 
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Proof: Since I is maximum, III 2 3 and there exist vertices a and b such that 

a E A n I and b E B n I .  Without loss of generality, let C2 = {a).  Then x E S 

Suppose y E S. Then there is a path P on 1/3 - 2 vertices in PIcl which must 

lie in S. Since I C A U B, pi E A U B for all i. Therefore IS1 2 P - 2 + 2 = P. 

Now suppose y 6 S. Then y E C1 and ay 6 E(Dt(G)). So there exists a' E A 

such that aa' -, y. This implies a' E S and a' + I, which gives a' not on P. 

Therefore IS1 2 P - 2 + 1 + 1 = P. It follows that G is hamiltonian. I 

Lemma 5.3.5 Let G be a 3-yt-critical graph in F2, S a minimum vertex cut in 

Dt (G), and I a maximum independent set in Dt(G). Let (C1, C2) be a partition 

of V - S such that no edge of Dt(G) has one end in C1 and the other in C2. If 

lC21 = 1 (or lCll = 1) and I G C1 U C2 and x E I n  C1 (or y E I n  C1), then G 

is hamiltonian. 

Proof: Let X I ,  x2,. . . , X P  be an ordering of I for which there is a path P : 

plp2.. .pp-1 E PI. Then xipi + xi+l for i = 1,2 , .  . . , @  - 1. Since x E Icl, 

I - {x) G B and C2 = Ic, = {c) for some c E B. Since S = N(c), it follows that 

y E S.  For any b E B,  there is no w such that xw + b, so x = xg and pi E A for 

i = 1,2, . . . , p - 2. Also, xg-1 # A as xp-2pp-2 -+ xg-1 and pp-2 E A. Therefore 

Pa-1 E B. 
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If P is contained in S, then 1st 2 (p  - 1) + 1 = p. Otherwise, c = xi+l for 

some i where 1 5 i 5 p - 2 and pi E C1 n A. 

Now $! E(Dt(G)) implies that there exists b' E B such that -+ x. 

Since S = N(X,+~),  b' E S. If S n B # { ~ p - ~ ) ,  then IS1 2 (P - 2) + 1 + 1 = P.  

Otherwise b' = pp-1 and xi+lpp-l + x. Then pp-1 + C1 - {x) and hence 

pp-1 + B in G. But now { ~ , p ~ - ~ )  + G, which contradicts xpp-1 $! E(Dt(G)). 

Therefore in all cases, K(D~(G))  > P(Dt(G)) and it follows that Dt(G) (and 

hence G) is hamiltonian. 

Before the last lemma of this section is given, a definition is needed: A set of 

paths will be called independent if no vertex occurs on more than one path, and 

end vertices of distinct paths are not adjacent. 

Lemma 5.3.6 Let G be a 3-yt-critical graph in F2, S a minimum vertex cut in 

Dt (G), and I a maximum independent set in Dt (G) . Let {C1, C2) be a partition 

of  V - S such that no edge of Dt(G) has one end in C1 and the other in C2. 

If lC2l = 1 (or lCll = I), I c C1 U C2, and C2 = {x) (or {y)), then G is 

hamiltonian. 

Proof: Since C2 = {x), S = N(x) and A U {y) S.  Since I C C1 U C2 and 

C1 c B, I = B' U {x) for some B' C_ B. Consider an ordering xl, xz, . . . , xp 

of the vertices in I for which there is a path P : plp2.. .pp-1 in PI. Note 
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that xw + b is not possible for any w E V and b E B, and xipi + xi+l for 

i = 1,2 , .  . . , p  - 1. Therefore x = xp and pi E A (and hence pi E S )  for 

i = 1,2 , .  . . , p  - 2. For i = p - 1, xp-lpp-1 -+ x gives pp-1 E B since xp-1 # A. 

So far, {PI, ~ 2 ,  . - - , pp-2) U {Y) G S. 

If B n S # 0, then IS1 2 (/3 - 2) + 1 + 1 = ,f? and Dt(G) (and therefore 

G) is hamiltonian. Otherwise, S = A U {y) and Cl = B. If there exists a E 

A - {pl, p2, . . . , ppP2), then IS1 > (/3 - 2) + 1 + 1 = ,B and G is harniltonian. 

The only remaining case is when S = A U {y) and A = {pl, p2, . . . , pp-2). 

In this case, /-c(Dt(G)) < P(Dt(G)), so G will be shown to be hamiltonian by 

directly finding a Hamilton cycle. First, we establish the following two facts: 

Fact 1: xl + B - B'. 

Proof: Consider any b E B - B'. Since xl % A, if xlb 6 E, then xla -+ b for some 

a E A. Since A = {pl,pz, . . . ,pp-2), axi+l 4: E for some i E {1,2, . . . , ,B - 2). 

But xlxi+l 6 E either, which contradicts xla + b. Therefore xl + B - B'. 

Fact 2: For any b E B - B' and i E {2,3,. . . , ,B - 2), either bxi E E or bpipl E E. 

Proof: Suppose bxi 6 E for some i E {2,3,. . . , /3 - 2). As in the proof of Fact 

1, xia + b (for all a E A) since this would imply a + B'. Therefore ba -+ xi and 

a = pi-1. Now bpi-l -+ xi gives bpi-l E E, which completes the proof of Fact 2. 

Now, notice /3 > 4 and IB'I > 3, as IAl > 2 (there are no cut vertices). 

Consider a maximum independent set in B - B'. Since xb 6 E(Dt(G)) for all 
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b E B,  the independence number of B - B' is no larger than I B'J = ,8 - 1 (since I 

is maximum), and hence B - B' can be partitioned into m 5 p - 1 independent 

paths. 

Let {bl, b2,. . . , b,) be a set obtained by talung one endvertex from each of 

the m paths in B - B'. Let Q be any nonempty subset of {bl, b 2 , .  . . , b,). Since 

Q is an independent set, the number of vertices in B' not dominated by Q is no 

more than p - 1 - I Q I .  Therefore I N B ~  ( Q )  ( 2 (Q I. By Hall's Theorem, there is a 

matching of {bl, b2,. . . , b,) into B'. 

Using the edges defined by this matching, we can obtain a partition of B into 

,D - 1 paths with endvertices X I ,  2 2 ,  . . . , xg-1, We will refer to these end vertices 

as the heads of the paths, and the other end vertices of the paths as the tails. If 

m < p - 1, then some paths will be a single vertex, which will be both the head 

and tail of its path. 

By Fact 1, xl is adjacent to the tail of any path with more than one vertex. 

Adjoin xl to the tail of any such path. We know such a path exists as B - B' # 0,  

since pp-1 E B - B'. Continue to join two paths whenever they are not inde- 

pendent. Any new path created will still have its head in {x2, x ~ ,  . . . , ~ p - ~ ) .  

This process yields a partition of B into r independent paths PI, P2,. . . , P,, 

where 1 5 r < p - 2. Denote the head of Pi by b!, and the tail by bi, for 

each i = 1,2, . . . , r.  Note that {b',, b;, . . . , b:) c {x2, x3, . . . , ~ p - ~ ) .  Without loss 
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of generality, we can assume that the paths PI, P2, . . . , P, are labelled such that if 

1 5 i < j 5 r and b', = xk and b[i = xl, then k < 1. In other words, the paths are 

ordered according to the order in which their heads occur in {xl, xa, . . . , ~ p - ~ ) .  

Suppose r = 1 and b/, = xi, 2 5 i I ,B - 1. Then since xi > A - {pi-l), either 

plxi E E or ps-2xi E E. So either 

is a hamilton cycle in Dt(G), and hence G is hamiltonian. 

Now suppose r = 2. Then b', = xi and b', = xj for some 2 5 i < j < ,B - 1. 

Now 

ybl . . . b',pipi+l . . . p p - 2 ~ ~ 1 ~ 2  . . . pi-1 b; . . . b2y 

is a Hamilton cycle in Dt(G), and hence G is hamiltonian. 

Now suppose r 2 3. For each i E {1,2, . . . , r) ,  let ai be the unique vertex in 

A that is not adjacent to b',. For any bi, b$ where i # j, we know that bib> 6 E. 

By Fact 2, biaj E E. Since this is true for all i # j, it follows that for each i, 

bi has at least r - 1 neighbours in A' = {al, az, . . . , a,). Specifically, b i ~ i + l  E E 

(subscripts are mod r) for i E {1,2,. . . , r). Now, since b', > A - {ai), certainly 

b:ai+2 E E for i E {1,2,. . . , r) .  We can join PI, P2,. . . , P, together using the 



above edges to get the path 

in Dt(G)  which uses all vertices in {a l ,  a2, . . . , a,) U B. We will now extend the 

path to include all of A. 

Due to the way the Pi were labelled, if ai = pk and aj = pl where i < j ,  

then k < 1. If a2 = pl and al = pk # p1-1, then replace a2 on the path by 

pk+lpk+2 . . . a2. If al = pk # pl, replace bL-,al on the path by bC-,plp2 . . . al. This 

is possible since bk-, + A - {a,-l) and pl # a,-1. Finally, for i E {3,4, . . . , r) ,  

if ai = pl and ai-1 = pk # plPl, replace biP2ai on the path by bi-lpk+lpk+2.. . ai. 

Call the obtained path P. 

Since P has one end in A and the other end in B, if a, = pp-2 then x Pyx is 

a Hamilton cycle in Dt(G).  If a, = pk # pp-2, then since b: is an end vertex of P 

and b:pk+1 E E, X P P ~ + ~  . . . pp-2x is a cycle in Dt(G).  Now since r 5 /3 - 2, some 

path Pi has at least two vertices, and each path Pi is a subpath of P.  Therefore 

there is an edge wlw2 E P such that wl ,  w2 E B. Replacing wlw2 on the cycle 

by wl yw2 gives a Hamilton cycle in Dt (G). In either case, G is hamiltonian. 

Theorem 5.3.7 If G is a 3-yt-critical graph in .F2, then G is hamiltonian. 

Proof: Let S be a vertex cut of Dt(G) of cardinality 6 ( D t ( G ) ) ,  and let I be an 

independent set of Dt ( G )  of cardinality /3(Dt (G)). Let {C1, C 2 )  be a partition of 
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V - S such that no edge of Dt (G) has one end in C1 and the other in C2. 

If lCl) 2 2 and JC2) 2 2, then by Lemma 5.3.2, G is hamiltonian. Otherwise, 

without loss of generality, assume IC2( = 1. 

If I C Cl U S, then by Lemma 5.3.3, G is hamiltonian. If I Cl U S ,  then 

C2 = {c) E I. Since S = N(c), I C C1 U C2. 

Now if I C A U B, then by Lemma 5.3.4 G is hamiltonian. Otherwise, 

without loss of generality, assume x E I. By Lemma 5.3.5 and Lemma 5.3.6, G 

is hamiltonian. 

Figure 5.2: A 3-yt-critical graph G E .F2 with K(D~(G))  = 4 < 5 = ,B(Dt(G)) 

Notice that in only one of the five lemmata used to establish Theorem 5.3.7 

does h(Dt (G)) 2 ,B(Dt (G)) not hold. The example shown in the figure satisfies 

the conditions of Lemma 5.3.6, and verifies that there are in fact 3-yt-critical 

graphs in .F2 with /c(Dt(G)) = ,D(Dt(G)) - 1. 



5.4 3-yt-critical graphs in F3 

In this section, the 3-yt-critical graphs in 35 are shown to be hamiltonian. 

First, the following result characterizes the 3-yt-critical graphs in F3: 

Theorem 5.4.1 (141 A graph G E .F3 is 3-yt-critical if and only if the following 

conditions hold: 

1. ({x), Y) is the unique maximal diametrical pair of G and [Y] is complete. 

2. [A U C] is complete. 

3. ICJ 2 2, IY( 2 2, and every vertex in C is adjacent to exactly (YI - 1 

vertices in Y. 

Theorem 5.4.2 If G is a 3-yt-critical graph in F3, then G is hamiltonian. 

Proof: Since B = 0 and diam(G) = 3, each y E Y has a neighbour in C. This 

fact, together with property 3 in Theorem 5.4.1 says that there must be two 

vertices cl, cp E C such that Ny (el) # Ny ( c ~ ) ,  and hence there exist vertices 

yl, y2 E Y where cl E N(y1) - N(y2) and c2 E N(y2) - N(yl). Label the remain- 

ing vertices of C as cg , c4, . . . , C I ~ ,  and label the vertices of A as a1 , a2, . . . , a l ~ l .  

Finally, label the vertices of Y - {yl, yz) as 33, y4,. . . , Y I Y I .  Then, 

is a Hamilton cycle in G. 
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5.5 3-7,-critical graphs in F4 

As was done with the 3-yt-critical graphs in F2, the 3-yt-critical graphs in F4 

will be partitioned into subfamilies based on the structure of G - S ,  where S is a 

minimum vertex cut. Again, {Cl, C2) will be used to denote any partition of the 

vertices of V - S for which no edge of Dt(G) has one end in C1 and the other in 

c2 - 

Before the results on the hamiltonian properties of the 3-yt-critical graphs in 

F4 are given, the following three results from [14] state some properties that hold 

for these graphs: 

Theorem 5.5.1 [ I d ]  A graph G E .F4 is 3-yt-critical if and only if the following 

hold: 

1. ({x), Y) is the unique maximal diametrical pair of G and [Y] is complete. 

2. [C] is complete and each c E C dominates exactly JYI - 1 vertices in Y. 

3. If IY I 2 2, then for every y E Y ,  {x, y) + G or there exists w E B U C such 

that yw 4 x. If IY( = 1, then { x ,  y) % G and there exists y' E B such that 

y' + A u C or x' E A such that x' + B U C.  

4.  For every c E C, there exists w E B U C U Y such that cw 4 x .  
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5. For every b E B ,  { x ,  b )  + G or there exists w E B U C U Y such that 

6. For every a E A and y E Y, {a,  y)  + G or there exists w E A U C such that 

aw --+ y. 

7. For each a E A and c E C with ac 6 E ,  there exists b E B such that ab t c. 

8. For each a E A and b E B, ifab 6 E, then {a ,  b) + G or there exists a' E A 

such that a'b t a or b' E B such that ab' t b. If ab E E ,  there exists 

w E A U B U C such that w 6 N ( a )  U N(b) .  

9. For each b E B and c E C with bc @ E,  there exists a E A such that ab t c. 

10. For each c E C and y E Y with cy @ E,  there exists a E A such that 

a c t  y. 

Lemma 5.5.2 [Id] If G E F4 is 3-yt-critical and [A] is not complete, then 

ICl 2 IYL 

Lemma 5.5.3 [Id] If G E .F4 is 3-yt-critical and [A] is not complete, then every 

y E Y dominates at most ICI - 1 vertices in C .  

Recall, for a maximum independent set I ,  we denote the sets S n I, Cl fl I ,  

and C2 n I by Is ,  IG,  and I& respectively. 
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Note that the following lemma holds for all 3-yt-critical graphs, not specifically 

for graphs in 34: 

Lemma 5.5.4 Let G be a 3-yt-critical graph. If for eve? maximum independent 

set I in Dt(G) none of the sets Is, Icl, and Ic2 are empty, then G is hamiltonian. 

Proof: Let I be a maximum independent set in Dt(G) such that all of the sets 

Is, Icl , and IC2 are nonempty. It follows that ICl I > 2 and IC2 I > 2 (else 

S = N(C1) or S = N(C2)). Let {xl, 2 2 ,  . . . , xp) be an ordering of I such that the 

path P : plp2 . . . pp-1 is in PI. For 1 < i < p, if xi E C1, then since xipi t xi+l 

and (C2( 2 2, it follows that pi E S .  Similarly, pi E S when xi E C2. Therefore, 

if xg E Is, then IS( > I Icl U Ic2 I + I Is[ = 1 I1 and the result follows immediately. 

So assume xp E C1 U C2. 

If IIsl > 2, let xi,xj E Is (i < j < p). If either of pi,pj are in S ,  then 

IS1 > ( I  I,, U Ic2 1 - 1) + ([Is( + 1) = 111. Otherwise, without loss of generality, 

pi E C1 and hence xipi t xi+l gives xi+l E IC2 and Ic2 = {xi+l). Furthermore, 

i + 1 # j and i < j, so xi+l # xp. Now, since xi+l t- P - {pi), pj E C2 and hence 

{ x ~ + ~ )  = Icl = {xp). But now xi+lxj+l $ E implies there exists w E S such 

that either xi+lw + xj+l or xj+lw t xi+l. In either case, w # pi+l and hence 

IS1 2 lIl. 

Now consider the case where lIsl = 1. There are three subcases to consider: 



Case 1: I Icl 1 2 2 and I Ic2 1 > 2 

For 1 5 i 5 ,l3 - 1, pi E S and hence IS1 2 (p  - 1) + 1 = [I[. 

Case 2: I Icl 1 = 1 and I Ic2 1 = 1 

In this case, ,B = 3. Since the hypothesis states that there is no maximum 

independent set in Cl UC2, both [C1] and [C2] are complete. If {pl, p2) C S, then 

I SI 2 1 11 and G is harniltonian. Otherwise, IS1 = 2 and, without loss of generality, 

pi E C1, pj E S (where {i, j )  = {1,2)). Since pi + {xl, x2, x3) - xi+l E 

C2. But now {pi, xi+l) + Dt(G), a contradiction. 

Case 3: IIc21 = 1 and lIcll 2 2 (or lIcll = 1 and IIc21 2 2) 

If [C2] is not complete, then there exists a maximum independent set in C1UC2, 

a contradiction. Therefore [C2] is complete. 

Suppose IS( < I I ( .  Then the vertices of P, namely {pl, p2, . . . , pp-1) can 

not all be in S .  Specifically, there exists pi E Cl such that xipi -+ xi+l, where 

IS = {xi) and Ic2 = {xi+l). F'urthermore, S = ({pl, p2, . . . , pp-1) - {pi)) U {xi). 

Suppose xl E C1. Then for any c E C2 - x1c Sf E(Dt(G)) and there 

exists w E S such that either xlw + c or cw -+ XI. Every neighbour of xl in S 

is in P and hence has a nonneighbour in I, so cw -+ xl. But xl dominates every 

vertex in P, so w = xi and cxi + xl. This is not possible as xi + Ic, - {xl), a 

contradiction. 

Hence Is = {XI),  Ic2 = {xz), and xi E C1 for 3 5 i < p. Specifically, 
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2 3 ,  x4 E C1 and p3 E S. Again consider any c E Cz - {x2 ) ,  and conclude that 

there exists w E S such that cw + $4. Since xl + Cl - { x 4 )  and 2 4  + P- {p3),  it 

follows that w = p3 and hence cp3 -+ x4. It now follows that p3 + C1 - {x4) .  Also, 

p3 + Cz since x3p3 + x4, and P3xl E E. But x4 + P - {p3), SO {p3 ,  x4)  + Dt (G)  , 

a contradiction. Therefore IS1 > III and G is hamiltonian. I 

Before the cases where one of Is, Ic,, and Icz is empty are considered, we 

establish the following preliminary result: 

Lemma 5.5.5 Let G be a 3-yt-critical graph in F4 and I a maximum independent 

set in Dt(G). If I n ( { x )  U Y )  # 0, then xp E { x )  U Y .  Furthermore, zf for every 

maximum independent set I ,  both x E I and Y n I # 0,  then ,B = 3 and G is 

hamiltonian. 

Proof: If x = xi for i < ,L?, then Xpi + Xi+l implies pi E A, and xi+l = y  (and 

Y = {xi+l)).  If y = xj for j < ,B, then ypj -+ xj+l implies pj E B U C ,  and 

xj+l = x. Combining these statements, it follows that if x E I or Y n I # 0 ,  then 

xp E { x ,  y ) .  In the case that every maximum independent set I contains x and 

an element in Y, by Theorem 5.5.1, I also contains exactly one vertex in C ,  and 

hence ,B = 3. Furthermore, if u, v are nonadjacent vertices in A U B U C ,  then 

{u,  v) + Dt (G)  . Thus [A U B U C]  is complete in Dt (G), a Hamilton cycle can 

readily be found in Dt(G),  and hence G is harniltonian. I 
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We will now consider the 3-yt-critical graphs in F4 that contain a maximum 

independent set I in Dt(G) for which at least one of Is, Icl, and IC2 is empty. 

Lemma 5.5.6 Let G be a 3-yt-critical graph in F4 and I a maximum independent 

set in Dt(G) such that I c S .  Then G is hamiltonian. 

Proof: The result is immediate, since K > P. I 

Lemma 5.5.7 Let G be a 3-yt-critical graph in F4 and I a maximum independent 

set in Dt(G) such that I C C1 U S (I G C2 U S) .  Then X I ,  22,. . . , x141 E Is and 

xpsl+l, - . . , xp E Icl (IC2), or G is hamiltonian. 

Proof: For xi E Icl and i < P, pi dominates C2 and hence pi E S. If (SI 2 1 11, 

then G is hamiltonian. Otherwise, S = Is U {pilxi E Ic l ,  i < P) and xp E Icl. 

Now, since Icl U {c2)  is independent for any c2 E C2, by Lemma 4.4.8, the 

vertices in Icl can be ordered xi ,  xk, . . . , x h  (where m = 1 Icl I) such that there is 

I a path P ' , , P ~ ,  - .  . ,P,-I entirely in S that satisfies xipi -+ xi+,. Certainly pi $ Is, 

I 
SO {pi,pk,. . . ,P,-~) = {pilxi E Icl, i < 0).  Therefore if pi E S ,  then pi + Is 

and hence xi+l E Icl . This fact, together with xp E Icl gives X I ,  x2, . . . , xlls 1 E Is 

and qrsl+l,. . . , X p  E kl. I 
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Lemma 5.5.8 Let G be a 3-yt-critical graph in F4 and I a maximum independent 

set in Dt(G). If I C_ C1 U S  (or I G C2 u S )  and (C21 > 2 nClI > 2), then G is 

hamiltonian. 

Proof: Let X I ,  x2,. . . , xp be an ordering of I such that there is a path P : 

plp2. . . p p l  in PI. For any xi E Cl where 1 5 i < ,B, pi must dominate 

C2 and hence pi E S.  Suppose G is not hamiltonian. Then by Lemma 5.5.7, 

X I ,  22,. . . , X ,  E S (where (Is\  = m) and xm+l, xm+2,. . . ,xp E C1. Also, by 

Lemma 5.5.6, 1 5 m < P. In order to satisfy xipi -+ xi+l for all 1 5 i < 

P, pm+l,pm+2,. . . ,pp-1 E S and pi,p2,. . . ,pm-1 E Ci. Also, pm E C1 since 

Pm-lPm E E-  

For any X i  E S ,  xipi -+ xi+l and pi E C1 implies xi + C2. Similarly, for any 

pi E S ,  Xipi -+ xi+l and xi E C1 implies pi + C2. In other words, every vertex in 

C2 dominates S.  

Consider pl E C1 and any vertex c2 E C2. The vertices pl and c2 are not 

adjacent, so there exist w such that either plw -+ c2 or czw -+ pl. Since IC21 > 2 

and c2 + S ,  plw -+ c2 is not possible. So c2w -+ pl for some w E S.  If w E Is, 

then {c2, w )  + Ic,. If w = pi for some m + 1 5 i 5 p - 1, then {c2, w )  + xi+l. 

Therefore IS1 > 1 11, which contradicts G not hamiltonian. 
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Lemma 5.5.9 Let I be a muximum independent set in Dt(G) and S a minimum 

vertex cut in a 3-yt-critical graph G. If IC1 I 2 2,  lC21 2 2, and I C C1 U C2, then 

G is hamiltonian. 

Proof: Let X I ,  x2, . . . , x,  be an ordering of Ic, for which there exists a path 

P : plpz . . .p,-1 in RC1 (where rn = IIcJ). Similarly, let y l ,  y2,. . . , yn be an 

ordering of Ic2 for which there exists a path Q : qlq2.. . qnPl in PIc2 (where 

n = IIc2 1 ) .  Since xipi -4 xi+l, pi t C2 and pi E S ,  for all 1 5 i < rn. Similarly, 

Yiqi + Yi+l implies qi t C1 and qi E S ,  for all 1 5 i < n. 

Since xl yl @ E, there exists w such that, without loss of generality, xlw --+ yl. 

Since (C21 > 2, w E S and w t C2 - {y l ) .  By the fact that wyl @ E, w is neither 

on P nor Q. 

Now consider c E C2 - yl. Such a vertex exists, since otherwise C2 is inde- 

pendent and N(y2)  = S - {q l )  is a vertex cut, a contradiction. Since xlc @ E, 

there exists z such that either cz + xl or xlz -+ c. In either case, z E S .  First 

suppose cz t xi. Since xl + P U Q and xlw E E, z @ P U Q U { w )  and hence 

(SI > (m - 1) + (n - 1) + 2 = 111. Suppose now that xlz + c. Since each pi 

dominates C2 and each qi has a nonneighbolir in Ic2, z @ P U Q. Furthermore, 

wyl @ E gives z # w. Therefore in both cases IS\ 2 III, and it follows that G is 

hamiltonian. I 
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The graphs that still need to be considered are those for which every minimum 

vertex cut in Dt (G) is the neighbowhood of a single vertex. In this case (as in 

all previous cases), if u;(Dt(G)) 2 /3(Dt(G)), then G is hamiltonian. Note that 

there are 3-yt-critical graphs in .Ed for which K(G) < P(G), but which satisfy 

6(Dt(G)) 2 /3(Dt(G)). Figure 5.3 gives an example of such a graph. 

Figure 5.3: A 3-yt-critical graph G E .F4 with 6(G) = 3 and P(G) = 4 that 

satisfies 6(Dt (G)) 2 P(Dt (G)) 

Furthermore, there exist 3-yt-critical graphs G E .F4 for which 6(Dt(G)) < 

/3(Dt(G)). An example of such a graph is in Figure 5.4. 

Notice that although 6(Dt(G)) < P(Dt(G)) in the graph in Figure 5.4, the 

graph is in fact hamiltonian. Despite significant effort at tempting to find a hamil- 

ton cycle in those graphs G which do not satisfy r;(Dt(G)) 2 P(Dt (G) ) ,  the best 



Figure 5.4: A 3-yt-critical graph G E F4 with K(D~(G) )  = 3 and P(Dt(G)) = 5 

result we can obtain with our methods is that all such graphs contain a Hamil- 

ton path. Before this theorem is given, a corollary to Theorem 5.2.4 is needed. 

Although the following result is almost certainly known, we were not able to find 

a reference. Thus, the proof is included here. 

Corollary 5.5.10 For any graph G, if K(G) 2 P(G) - 1, then G contains a 

Hamilton path. 

Proof: If K 2 /3, then G contains a Hamilton cycle, and hence a Hamilton path. 

Suppose K = P - 1. Consider the graph GI constructed by adding a new vertex 

v to G and the edge vx for each vertex x E V(G). A maximum independent set 

in G' does not include v, so ,B(G1) = ,L? (G). 

Consider now a minimum vertex cut S' in G'. Since vx E E(G1) for all 
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x E V(G), it follows that S' = S U {v) for some S C V(G), and S is a vertex cut 

of G. Therefore, K(G') = K(G) + 1 = P(G) - 1 + 1 = P(G) = P(G1), and hence G' 

contains a Hamilton cycle. Such a Hamilton cycle in G' yields a Hamilton path 

in G when v is removed. I 

Theorem 5.5.11 A 3-yt-critical graph G contains a Hamilton path zf and only 

.if Dt(G) contains a Hamilton path. 

Proof: If G contains a Hamilton path, certainly Dt(G) contains a Hamilton 

path. 

Suppose Dt(G) contains a Hamilton path but G does not. Consider any 

minimal subset {el, e2, . . . , ek) G E(Dt (G)) - E(G) for which G + {el, e2, . . . , ek) 

has a Hamilton path, but G' = G + {el, e2, . . . , ek-1) does not. Let vlv2 . . . v, 

be a Hamilton path in G + {el, e2, . . . , ek). By the minimality of {el, e2, . . . , ek), 

all edges el, e2,. . . , ek are on the path, and specifically ek = vivi+l for some 

1 < i < n .  

Suppose 1 < i < n  - 1. Since Dt(G) is not hamiltonian (otherwise G is hamil- 

tonian), vlv, $ E(Dt (G)). Since { v ~ ,  ui+l) + G, {vi, vi+1) + {vi, v,). If V l V i + l  E 

E (G) (similarly for v~v,), then vivi-1. . . vlvi+lvi+2 . . . v, is a Hamilton path in 

G'. Therefore vlvi+l, viv, $ E(G) and hence vlvi, vi+lv, E E(G). Suppose 

vjvi+l E E(G) for some 1 < j < i. Then vj+lVj+a.. . vivlvz.. . ~jvi+1vi+2.. . vn is 
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a Hamilton path in G', a contradiction. A similar argument gives vivj @ E(G) 

for i + 1 < j < n. SO vi > (211, ~ 2 , .  . . , ~ i - ~ )  and Vi+l > { v ~ + ~ ,  ~ i+3 , .  . . , 21,). NOW 

consider j and Ic where 1 5 j < i and i + 1 < Ic 5 n. If vjvk E E(G) ,  then 

vj+lvj+2.. . t l i~lv2. .  . vjvkvk+1.. . vnvi+1vi+2.. . vk-1 is a Hamilton path in G', a 

contradiction. However, vivi+l $ E ( G )  and hence G is not connected, a contra- 

diction. 

Now suppose ek = vlv2 (or V,-~V,). Since Dt(G) is not hamiltonian, vlv, $ 

E(Dt (G) ) .  Since dG(vl) # 0, vlvi E E(G)  for some i ,  2 < i < n. Furthermore, 

{vl , v2)  + G gives V ~ V ,  E E (G)  . Now vlvivi+l. . . vnv2v3 . . . vi-1 is a Hamilton 

path in G', a contradiction. 

If follows that if Dt(G) contains a Hamilton path, then so does G. I 

The final result of this section states the hamiltonian properties of the 3-yt- 

critical graphs in F4. 

Theorem 5.5.12 Let G be a 3-yt-critical graph in 34. If there exists a minimum 

vertex cut S of Dt(G) that is not the neighbourhood of a single vertex, then G is 

hamiltonian. Otherwise, G contains a Hamilton path. 

Proof: Suppose there exists a minimum vertex cut S of Dt(G) such that for all 

v E V ( D t ( G ) ) ,  S # N ( v ) .  By Lemmata 5.5.4, 5.5.8, and 5.5.9, G is hamiltonian. 

Now suppose S is a minimum vertex cut and I is a maximum independent 
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set (in Dt(G)) and S = N ( v )  for some vertex v E V(Dt(G)). Let C1 denote 

V - N[v]. Also, let xl, x2,. . . , xp be an ordering of the vertices in I for which 

there exists a path P E PI. There are two cases to consider: either I c S U C1 

or I C C1 U {v). 

Case 1: I C SUC1. 

By Lemma 5.5.7, either G is hamiltonian or Is = {xl, x2,. . . , xm) for some m, 

1 5 m < P, and Ic, = {x,+~, xm+2, . . . , xp). In the latter case, since xipi t xi+l, 

{pm+~,pm+~, . . . ,P,L-I) G S.  Therefore {XI, X 2 , .  . . ,  Xm,Pm+l,Pm+2, - - - C 

S and hence K 2 /3 - 1. By Corollary 5.5.10 and Theorem 5.5.11, G contains a 

Hamilton path. 

Case 2: I Cl U {v). 

If 6 2 ,b' - 1, then as in Case 1, G contains a Hamilton path. Otherwise, 

the vertices of Ic, can be labelled xl, xz, . . . , xp-1 so that there exists a path 

P E PIC.. Since pi + u for each 1 < i 5 8 - 2, P lies entirely in S. 

Consider C1 - Ic,. As in the proof of Lemma 5.3.6, the graph induced by 

C1 - Ic, can be partitioned into m 5 P- 1 independent paths. Let {yl, y2, . . . , ym) 

be a set containing one end-vertex from each path. For any subset Q of size q ,  

Q dominates at least q  vertices in 1x1, x2,. . . , xp-I), otherwise there exists an 

independent set in C1 of size greater than q  + (/3 - 1 - q )  = P - 1, a contradiction. 

Again, as in the proof of Lemma 5.3.6, by Hall's Theorem, the m paths can be 



106 

extended by a matching to obtain a partition of Cl into ,L? - 1 paths, each with 

one end in {xl, x2,. . . , xp-1). Denote the other end of each path by xi. Note 

that p - 1 - m paths will be a single vertex xi, in which case xi = x:. Denote 

the path from xi to x: by Pzf and the path from x: to xi by P,-. 

For 1 < i 5 ,O - 2, xipi + xi+l gives {xi,pi) t- x:-,. Therefore either Pzlpixi 

or Et1xi is a path in Dt(G). Also, d(v) 2 2 gives ,L? 2 4, so xp-lpl E E and 

is a path in Dt(G), where vertices (pi) are only present in the path when PLlpixi 

is a path in Dt (G). Thus there exists a path that contains every vertex in Cl and 

a subset of S.  Either every vertex in S is on the path or there is some pi not on 

the path, 1 < i 5 p - 2. 

Suppose not every vertex in S is on the path. Then for each i, 1 5 i < ,B - 2, if 

pi is on the path and pi+l is not, replace pi by pipi+l. This can be done recursively 

from i = 1 to ,O - 3 until the path contains all of Cl U S. Now since the obtained 

path contains adjacent vertices pipi+l for some i, pipi+, can be replaced by pivpi+l 

to obtain a Hamilton path in Dt(G). 

Lastly, suppose the given path is in fact 

The path P contains every vertex in C1 U S ,  but does not include v. To find a 
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Hamilton path, two cases will be handled separately: the case where the paths 

Pt , P,f , . . . ) P&, are independent, and the case where they are not independent. 

First consider the case where P:, Pz, . . . , P& are independent. That is, 

X : X ~  9 E for all i # j. Consider any xi such that xi # xi(such an i exists). 

For 1 5 j 5 p - 2 and i # j ,  since xjpj t xj+l and xjxi 6 E, pjxi E E.  

Now consider the independent set I U {xi) - {xi). There exists an ordering of 

these vertices and a path in PIu{x;}-{xt} that lies in S. Since pjx: E E for all 

j # i, if xi has a nonneighbour in S, then it must be pi. But pixi+l @ E and 

xixi @ E, so pixi E E. It follows that xi must be the first vertex in the ordering 

of I U {xi) - {xi). This argument holds for all xi # xi, so at most one path 

P: has nonzero length (consider I U {xi, xi) - {xi, xj)), and specifically we can 

assume Pt is the path of nonzero length. 

Now consider {xl, v). Since vw + XI is not possible (as xl + S ) ,  xlw + v 

for some w E C1. Since P: is the only path of nonzero length, w is on P:. 

Furthermore, w + I. But since I U {xi) is not independent, xlx', E E, and 

hence if PT = XI . . . w-ww+ . . . xi, then since P2f is trivial, it follows that P* = 

xzww- . . . xlx', . . . w+ is a path that combines P,f and P,f. Now since x3p3 + xq, 

either XQW E E or p3w E E) and hence either Pi-lplvp2P*p3P,+. . .pp-2P$-2 or 

Pi-lpl~p2P3P*P,+ . . . pp-2P&2 gives a Hamilton path in Dt (G). 

The case that remains is where there exist i # j such that X:X~ E E. As in 
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the previous case, we will alter the path P = Pi-lpl P:p2 P $ ~ ~  . . . pa-2 Pl-2 to 

obtain a Hamilton path. The manner in which P is altered depends on whether 

i < j o r j < i .  

Suppose i < j .  Remove e+ from P and replace pjxj by pj e + x j .  Then replace 

pipi+l by piVpi+l. This is a Hamilton path in Dt (G). 

Suppose i > j .  Remove $+ from P. If i # ,B - 1, replace p, in the path 

with pjpj+l and replace pip: by p p , P ~ P ~ p i + l  E E, otherwise x ~ + ~ x ;  E E 

and the method for i < j can be applied). Now replace pjpj+l by p j ~ p j + ~ .  If 

i = ,B - 1, replace Pi-, by Pjr Pi-, and then replace ~ j p j + ~  by pjvpj+l. In either 

case, the obtained path is a Hamilton path in Dt(G). I 

We conjecture that all 3-yt-critical graphs in F4 are hamiltonian. In the 

subfamily of F4 that has been shown to contain a Hamilton path, it is possible 

that some additions to the proof of Theorem 5.5.12 would yield the desired result. 

It is more likely that additional information on the location of the maximum 

independent set and minimum vertex cut will need to be included. That is, for 

S = N ( v ) ,  the cases where v is a vertex in the unique diametrical pair of G and 

the cases where v E A U B U C may need to be handled individually. 



Chapter 6 

Diameter Two 3-yt-crit ical 

Graphs 

In this chapter, the 3-yt-critical graphs with diameter two will be discussed. It 

will first be shown that this family of graphs cannot be characterised in terms 

of a finite number of forbidden subgraphs. This result also provides evidence 

that other types of characterisations of these graphs may be very difficult to find. 

However, when the minimum degree is small, some infinite families of 3-yt-critical 

graphs with diameter two can be described and shown to be hamiltonian. 

For each of the four possibilities for the subgraph induced by the neighbour- 

hood of a degree three vertex, a collection of conditions necessary for the graph 

to be 3-yt-critical are described. In the case where the neighbows of such a ver- 
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tex are independent, the conditions are shown to be sufficient. In all cases, the 

necessary conditions are used to show that all such graphs (with minimum degree 

three) are hamiltonian. 

Properties when diarn(G) = 2 

In this section, the results which hold for all 3-yt-critical graphs with diameter 

two will be given. It will also be shown why this family of graphs cannot easily 

be characterised. This same result shows that there is no characterisation of 

the 3-yt-critical graphs of diameter two in terms of a finite number of forbidden 

subgraphs. 

Recall that in the previous chapter it was seen that in a 3-yt-critical graph 

with diameter three, there must be a pair of nonadjacent vertices that do not 

dominate the graph. This is not the case for the diameter two graphs, and hence 

it is worth mentioning this special family of graphs: 

Theorem 6.1.1 Let G be a 3-yt-critical graph with diam(G) = 2. If {u, v )  + G 

for every pair of nonadjacent vertices u and v, then G is harniltonian. 

Proof: The proof follows directly from the fact that Dt(G) is complete and 

hence hamiltonian. 

In [15], a characterisation of the 3-yt-critical graphs in Theorem 6.1.1 is given: 
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Theorem 6.1.2 (151 A graph G is 3-yt-critical and satisfies {u,  v) t G for 

every pair of nonadjacent vertices u and v i f  and only if 

1. [V - N [ v ] ]  = Km, m 2 2, for every v E V ,  and 

2. X = V - ( N [ u ]  U N [ v ] )  # 0 and [XI is complete for eve? uv E E 

The following theorems and corollary demonstrate why a complete character- 

isation of the 3-yt-critical graphs with diameter two can not be expected. The 

first result is found in [13], while the latter two results provide a slightly stronger 

statement that will be needed in the next section. 

Theorem 6.1.3 [13] For any graph G ,  there is a 3-yt-critical graph H such that 

G is an induced subgraph of H .  

Theorem 6.1.4 Let G be a graph that does not have a dominating edge. Then 

there exists a 3-yt-critical graph H with diam(H) = 2 such that G is the subgraph 

induced by N ( x ) ,  for some x E V ( H ) .  

Proof: 

Let G be such a graph, where V ( G )  = {a l ,  a2, . . . , a,) = A. The construction 

will require a copy of that is vertex disjoint from G. Denote the vertices in 

by B = {bl ,  b2,.  . . , b,), where bi = ai for all i. 
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The graph H is obtained by adding to the graph G U a new vertex x such 

that N(x) = A, and the set of edges {aibj I ai E A, bj E B,  i # j ) .  Certainly H 

has diameter two and [N(x)] Z G. It remains to be shown that H is 3-yt-critical. 

Consider an edge xai E E(H).  Since {x, ai) # bi, xai is not a dominating 

edge. An edge aiaj is not dominating, as G does not have a dominating edge. 

Furthermore, aibj is not dominating since {ai, bj) # {aj, bi). Finally, no edge bibj 

is a dominating edge, as xbi, xbj $Z E(H).  Hence yt(H) 2 3. 

Now consider a1 E A. Since a1 + B - bl and b2 + A - a2, and either ala2 E E 

or blb2 E E, it follows that either {al, a2, b2) or {al, bl, b2) is a total dominating 

set in H.  Therefore, yt(H) = 3. 

It remains to be shown that H is 3-yt-critical. Equivalently, it will be shown 

that for any pair of nonadjacent vertices u and v in H,  either {u, v) + H or, 

without loss of generality, uw + v for some vertex w. 

For xbi $Z E(H) ,  xai + bi. For aiaj $Z E(H) ,  aibj + a j  and similarly, for 

bibj $Z E(H) ,  biaj + bj. Finally, aibi $Z E(H),  but {ai, bi) + H. Therefore, H is 

3-yt-critical. I 

Corollary 6.1.5 For any graph G, there is a diameter two 3-yt-critical graph H 

and a vertex x E V(H) such that G is the induced subgraph of some subset of 

N(x). 
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Proof: By Theorem 6.1.4, the result is true when G does not have a dominating 

edge. So consider any graph G that contains a dominating edge. 

Let G' be the graph GU K1. Then G' satisfies the hypothesis of Theorem 6.1.4 

and the result follows. 

In [15], a characterisation of the 3-yt-critical diameter two graphs G with 

S(G) = 2 is given. Before this characterisation is stated, similar notation to that 

used in Chapter 5 is defined: 

For any vertex v in a 3-yt-critical graph G with diameter two, let A = N (v) = 

{al, a2,. . . ,a,) and B = V - N[v]. 

The vertices in the set B can be partitioned according to their neighbourhood 

in A: The notation Bil,i2,..,,ip will be used to denote the subset of B given by 

BilTi2 ,.,,, ip = { b  E B I N(b) n A = {ai,, a,, . . . ,aG}}. Note that every vertex in 

B is adjacent to some vertex in A, as diarn(G) = 2. For ease of notation, if 

X = {ail, ai,, . . . , ai,), Bx may be used to denote Bi,,i2 ,,,,, i,. 

As before, NB(ai) denotes the subset of vertices in B that are adjacent to ai. 

That is, NB (ai) = N (ai) n B. 

Theorem 6.1.6 [I 51 A graph G with diarn(G) = 2 and S(G) = 2 is 3-yt-critical 

if and only if for each vertex v of degree two and N(v) = {al, az), 



2. either B1,2 = 0 or [B1,2] is complete, 

3. [Bl U B2] is complete, and 

4.  if B1,2 # 0 ,  then every vertex in B1,2 is adjacent to  (B1l - 1 vertices in B1 

and to  I B2( - 1 vertices in B2, and 1 Bl 1 > 2 and 1 B21 2 2. If Bl,2 = 0,  then 

IBll 2 1 and lB21 2 1. 

It is not difficult to see that the graphs in Theorem 6.1.6 are hamiltonian: 

Theorem 6.1.7 If G i s  a 3-yt-critical graph with diam(G) = 2 and S(G) = 2 ,  

then G is hamiltonian. 

Proof: From the characterisation in Theorem 6.1.6, if B1,2 = 0, then G contains 

the Hamilton cycle val Bl B2a2v (where Bi in the cycle denotes the vertices in Bi 

in any order). 

If B1,2 # 0,  then val B1,2 B1 B2a2v is a Hamilton cycle (where if b12 is the last 

vertex listed from Bl,2, then the first vertex listed in B1 is one of the 1 Bl 1 - 1 

vertices in B1 adjacent to b12). I 

Since the 3-yt-critical graphs with diameter two and S = 2 have a nice char- 

acterisation (and are easily seen to by hamiltonian), it seemed reasonable to 

attempt to characterise the subfamily with S = 3. T h s  proved to be a much 

more difficult undertaking. 
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For diameter two 3-yt-critical graphs with 6 = 3, many necessary conditions 

on the structure of G can be given. However, meaningful sufficient conditions 

have not been found, that is, a characterisation that does not require resorting 

to the statement that either {u, v)  + G or uw t v for some vertex w for certain 

pairs of nonadjacent vertices u and v. 

We have separated the diameter two 3-yt-critical graphs with 6 = 3 into 

several types based on the structure of the graph with respect to N[v], where v is 

any minimum degree vertex. In some cases, such as when N(v) is an independent 

set, the graphs can be characterised, providing some infinite families of diameter 

two 3-yt-critical graphs with 6 = 3. In other cases, much can be said about the 

structure of G, but the conditions found are not quite sufficient. These results 

will be the focus of the next section. First, some properties of all 3-yt-critical 

graphs with diameter two are given: 

Theorem 6.1.8 Let G be a diameter two 3-yt-critical graph. Let v be any ver- 

tex in G, A = N(v), and B = V - N[v]. The graph G satisfies the following 

properties: 

1. For every nonempty subset X C_ A, [Bx] is complete or empty. 

2. Let XI, X2, . . . , Xt be proper subsets of A, and suppose that for each i ,  

1 5 i < t ,  no vertex in Xi dominates A - Xi. Then [Bx, U Bxz U . . . U Bxt] 



i s  complete. 

3. For each a E A, a # B. 

4.  For X c Y C_ A, if b, E Bx and by E By where b,b, @ E ,  then  there exists 

a E Y - X such that  bya t b,, and hence by + Bx - b, and by dominates 

all nonneighbours of a in B - b,. 

5. If X C Y C A, t hen  each by E By has at mos t  one nonnezghbour in Bx 

6. If X C Y c A, t hen  [Bx U By] is  a disjoint union of stars centred in Bx. 

Proof: 

1. Suppose b l ,  b2 E Bx and bl b2 $ E. Since { b l ,  b2 )  + G, there exists a E X 

(in order to dominate v) such that, without loss of generality, abl + b2. 

But ab2 E E, a contradiction. 

2. Let bl , b2 E Bx, U Bx2 U . . - U Bx, and suppose bl b2 $! E. By the above, 

without loss of generality, bl E Bx, and b2 E Bx2. Since { b l ,  b2 )  # G, 

without loss of generality, there exists a E X 1  such that bla + b2. But 

{ b l ,  a }  + A, a contradiction. 

3. If not, a v  would be a dominating edge. 
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4. Since {b,, by )  # G, there exists a E Y such that either b,a 4 by or bya + b,. 

Since X C Y, a E Y - X and bya + b,. Therefore b, + Bx - b, and by 

dominates all nonneighbours of a in B - b,. 

5 .  Follows directly from 4. 

6. Follows directly from 5. 

7. Proven in [13]. 1 

Additional properties satisfied by 3-yt-critical graphs of diameter two and 

S = 3 can be described. Such results, as well as characterisations in special cases, 

will be given in the next section. 

6.2 Necessary conditions when 6 = 3 

The diameter two 3-yt-critical graphs with S = 3 can be divided into four types, 

depending on the structure of A = N ( v ) ,  where v is a vertex of minimum degree: 

[A] is independent, [A] contains a single edge, [A] is a path, or [A] is complete. 

In all cases, recall A = {al, a2, as), and hence B = B1 U B2 U B3 U B1,2 U B1,3 U 

B2,3 U B1,2,3, where not all of the sets Bx need be nonempty. The only case in 

which the graphs have been completely characterised is when [A] is independent. 
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These graphs will also be shown to be hamiltonian. In all other cases, necessary 

conditions for a graph G to be 3-yt-critical will be given. 

In all cases, characterising the graphs becomes much more difficult when 

Bl,2,3 # 0. However, when B1,2,3 # 0, the following lemma holds: 

Lemma 6.2.1 Let G be a 3-yt-critical graph with diarn(G) = 2 and 6(G) = 3. 

With respect to a minimum degree vertex v, if B1,2,3 # a t  then for any b123 E 

B1,2,31 b123 has either 2 o r  3 nonneighbours in B.  Specifically, b123 has one non- 

neighbour in each of Bl,2, B1,3, B2,3, o r  b123 has one nonneighbour in each of 

Bi, Bj,, for some i # j # k. 

Proof: Since for any a E A and b123 E B1,2,3, b123a is not a dominating edge, 

b123 has a nonneighbour in b E B - B1,2,3. Since {b123, b) # G and ba f +  b123 for 

all a E A, there exists ai E A such that bla3ai -t b. Thus b E Bj U Bk U Bj,k, 

i # j # k, and b123 dominates B j~Bk~Bj ,k -{b) .  This holds for any b E B-B1,2,3, 

so b123 has at most one nonneighbour in Bi U Bj U Bi,j for all 1 5 i < j 5 3. 

Furthermore, for any b123 E B1,2,3 and ai E A, b12,ai # G, so b123 # Bj U Bk U Bj,k 

for all 1 5 j < k 5 3. Therefore b123 has exactly one nonneighbour in each of 

B1 U B2 U Bl,2, B1 U B3 U B1,3, and B2 U B3 U B2,3. If b123 has a nonneighbour 

in Bi, then by above, b123 + Bj U Bk U Bi,j U Bi,k and hence has exactly two 

nonneighbours: one in Bi and the other in Bj,k. Otherwise, if bI23 > B1 U B2 U B3, 
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then b123 has exactly three nonneighbours: one in each of B1,2, B1,3, and B2,3. 

This completes the proof. 

6.3 A characterisation when 6 = 3 and [A] is in- 

dependent 

The main result of this section is a characterisation of all 3-yt-critical graphs 

with diameter two and 6 = 3 in which [N(v)]  is independent for some vertex v of 

minimum degree. Some conditions that such a graph must satisfy are established 

first: 

Lemma 6.3.1 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G) = 3. 

Let u be any minimum degree vertex in G. If [N(u)]  is independent, then G has 

the following properties: 

1 .  Blt2 and B1,3 are nonempty (without loss of generality). 

2. B2 U B3 U B2,3 # 0. 

3. [B  - B1,2,3] is complete. 

4 .  If B1 U B2 U B3 # 0, then B1,2,3 # 0. 
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Proof: 

1. Since {a l ,  a2, a3) is independent, without loss o f  generality, there exists 

b13 E B1,3 and b12 E Bl,2 such that alb13 -+ a2 and a2b12 -+ a3. Specifically, 

B1,3 and B1,2 are nonempty. 

2. Since y,(G) = 3, { a l , v )  # G. Hence a1 # B ,  and B2 U B3 U B2,3 # 0. 

3. Suppose x ,  y E B - B1,2,3 and xy $? E. Since { x ,  y)  # G ,  without loss o f  

generality, xai -+ y for some i, 1 5 i 5 3. But { x ,  ai)  does not dominate 

some aj E A, i # j (since x $? B1,2,3). This contradicts xai -+ y, and 

therefore [ B  - B1,2,3] is complete. 

4. Consider bi E Bi,  1 5 i 5 3. By property 1, Blt2 # 0 and B1,3 # 0. 

So va3 ft bi and va2 ft bi. Without loss of generality, assume i # 2. 

Since {bi, a2)  # G and biai ft a2, there exists w such that a2w -+ bi and 

w E B1,2,3. Therefore i f  B1 U B2 U B3 # 0 ,  then B1,2,3 # 0. I 

Lemma 6.3.2 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G)  = 3. 

Let v be any minimum degree vertex in  G .  If [ N ( v ) ]  is independent and B1,2,3 = 0, 

then G has the following structure: 

1. B = BlT2 U B1,3 U B2,3 arid Bi,j # 0 for all 1 5 i < j 5 3. 



121 

2. [B] is complete. 

Furthermore, any graph G with the given structure has diam(G) = 2 and is 

3-yt -critical. 

Proof: By Lemma 6.3.1, B1 U B2 U B3 = 0 follows from B1,2,3 = 0. Therefore 

B = Bl,2 U B1,3 U B2,3. Also by Lemma 6.3.1, each of B1,2, B1,3, and B2,3 

is nonempty, and [B] is complete. This completes the proof that the claimed 

structure is necessary. It remains to be shown that the structure is sufficient. 

Let G be any graph that satisfies both 1 and 2. It is easy to verify that 

diam(G) = 2 and that yt(G) = 3. To prove that G is 3-yt-critical, we will consider 

each pair of nonadjacent verticies x, y E V and show that either {x, y) + G or 

there exists w E V such that xw -+ y or yw -. x. 

For any bij E Bi,j, 1 5 i < j I 3, {v, bij) + G and {ak, bij) + G (k # i and 

k  # j ) .  For i # j ,  {ai,aj) # G, but aibik -+aj for any bik E Bi,k, k #  i #  j .  The 

result now follows. 

Lemma 6.3.3 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G) = 3. 

Let v be any minimum degree vertex in G. If [N(v)] is independent and B1,2,3 # 0, 

then G has the following properties: 

1. [B1,2,3] is complete. 



2. [B  - B Q ~ ]  is complete. 

3. B1,2 and B1,3 are nonempty. 

5. If bla3 E B1,2,3, then b123 has either 2 or 3 nonneighbours in B .  Specifi- 

cally, b123 has one nonneighbour in each of B1,2, B 1 , ~ ,  B2,3 or b123 has one 

nonneighbour in each of Bi, Bj,k for some i # j # k .  

6. Each b123 E B1,2,3 has a neighbour in B - B1,2,3. 

7. For 1 < i 5 3, each bi E Bi has at least one nonneighbour in B1,2,3. 

Proof: Property 1 follows from Theorem 6.1.8. Properties 2 through 4 follow 

from Lemma 6.3.1. Property 5 follows from Lemma 6.2.1. 

To verify property 6, suppose to the contrary that b123 does not have any 

neighbours in B - B1,2,3. Consider the nonadjacent vertices v and b123. Since 

{v, b123) )f G and vai f ,  b123 for ai E A, it must be the case that bI23b -) v for 

some b E B1,2,3. Furthermore, b and b123 do not have any common nonneighbours 

in B ,  and hence IB - B1,2,31 2 4. But b123 has either 2 or 3 nonneighbours in 

B - B1,2,3, and therefore has a neighbour in B - B1,2,3. 

Finally, consider bi E Bi, 1 5 i 5 3. For any j # i ,  {aj ,  bi)  )f G and ai bi f ,  aj, 

so ajbla3 + bi for some b123 E B1,2,3. Therefore bi has a nonneighbour, b123, in 
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B1,2,3. This completes the proof of the final property. 

The  necessary conditions given in Lemma 6.3.3 are not sufficient, in that a 

graph can have all o f  these properties and still not be 3-yt-critical. The  problem 

arises in  that there may exist vertices b E B - B1,2,3 such that { v ,  b) # G ,  and 

neither bw -t v nor vw -+ b hold for any w E V .  

The  3-yt-critical graphs of diameter two with 6 = 3 that satisfy B1,2,3 # 0 will 

be characterised as two subfamilies: those in which vai + b for some ai E A and 

b E B ,  and all others. 

Lemma 6.3.4 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in  G .  If [ N ( v ) ]  is independent, B1,2,3 # 0 ,  

and vai + b for some ai E A,  b E B ,  then G has one of the following structures: 

(b) Each of B2 ,  B1,2, B1,3, and B1,2,3 are nonernpty. 

(c) At least one of B2 and B1,3 contains exactly one vertex. 

(d) Each b123 E B1,2,3 has exactly two nonneighbours in  B :  one in  each of 

B2 and B1,3. 

(e) If lB21 2 2, then e v e y  vertex in B2 has both a neighbour and non- 

neighbour in  B 1 , 3 .  



(d) Each bI23 E B1,2,3 has exactly three nonneighbours in B: one in each 

of Bl,2, B1,3, and B2,3. 

(e) If there exists b12 E B1,2 (or b13 E B1,3) that has no neighbour in B1,2,3, 

then either IBl,21 = 1 or there exists b13 E B1,3 (b12 E B1,2 respectively) 

that dominates B1,2,3. 

3. (a) B = BI U B1,2 U B1,3 U B2,3 U B1,2,3 and both [B1,2,3] and [Bl U B1,2 U 

B1,3 U B2,3] are complete. 

(b) Each of B1, B1,2, B1,3, B2,3, and B1,2,3 are nonempty. 

(c) B2,3 = (b23)- 

(d) For each bl E B1, bl has both a neighbour and nonneighbour in B1,2,3. 

(e) For each b123 E B1,2,3, b23b123 $! E and b123 has either exactly one other 

nonneighbour (which lies in B1) or exactly two other nonneighbours 

(one in Bl,2 and one in B1,3). 

Furthermore, any graph G with one of the above structures has diameter two, and 

is 3-yt -critical. 
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Proof: By Lemma 6.3.3, B1,2 # 0 and B1,3 # 0. Suppose B2,3 = 0. NOW 

either Val -+ b2 and hence B2 = { b 2 )  (the case where val -+ b3 for some b3 E B3 

is symmetric), or va2 -+ b13 for B1,3 = { b I 3 )  (the case where va3 -t b12 for 

Bl,2 = {b12) is symmetric). These two cases together will make up the family of 

graphs defined in 1. We will call these graphs Type 1. 

Type 1: 

First suppose val -+ b2 for some b2 E B2, and hence B2 = { b 2 )  and B3 = 0. 

Since B2,3 = 0, no b123 E B1,2,3 can have a nonneighbour in B2,3, and hence must 

have exactly two nonneighbours (by Lemma 6.3.3). Since B2,3 = 0 and B3 = 0, 

b123 has one nonneighbour b2 and the other nonneighbour in B1,3. NOW since 

each bl E B1 must have a nonneighbour in B1,2,37 B1 = 0. By Lemma 6.3.3, 

[Bl,2 U B1,3 U B2] is complete, and [B1,2,3] is complete. Since b123 E B1,2,3 has 

nonneighbours b2 and some b13 E B1,3, b123 + B1,2. 

Now consider the case where va2 -+ b13, and hence B1,3 = ( b13 )  and B1 U BQ = 

0. Since B2 U BQ U B2,3 # 0, B2 # 0. By the same argument as above, each 

b123 E B1,2,3 has exactly two nonneighbours, one of which is in B2 and the other 

is bI3. Again, b123 + &,2. 

Suppose B2 contains more than one vertex. We need to verify that for any 

b2 E B2, b2 has both a neighbour and a nonneighbour in B1,2,3. Suppose to the 

contrary that some b2 + B1,2,3. NOW b2al @ E and {b2 ,a l )  # G, and alw j+ b2 
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for all w E V. Therefore b2a2 -+ al, a contradiction. Now suppose b2 has 

no neighbow in B1,2,3. Since lB21 > 2, va ft b2 for any a E A. Therefore 

b2b123 -+ v for some b123 E B1,2,3, a contradiction. This completes the proof that 

the conditions in 1 are necessary. 

In all cases above, G does not have a dominating edge, but {al, b12, biz,} + G 

for any b12 E Bl,2 and b123 E B1,2,3. SO yt(G) = 3. TO prove that any graph 

with the given structure is 3-yt-critical, each pair of nonadjacent vertices must 

be considered. 

For any b E B, vb 6 E ,  but val -+ b2 if B2 = {b2), va2 -+ b13 if B1,3 = {b13), 

b12b123 -+ v (for any b12 E B1,2 and b123 E B1,2,3), and b13b12 -) v (for any 

b13 E B1,3 and b12 E B1,2). If 1 B2) _> 2, then b2bI23 + v for each b2 E B2 and some 

b123 E B1,2,3. We now check all other nonadjacent pairs of vertices involving a 

vertex in B: alb2 6 E but either val -+ b2 or alb123 -+ b2 for some b123 E B1,2,3, 

a2b13 6 E but {a2, b13} + G, a3b2 @ E but a3b123 -t b2 for some b123 E B1,2,3, 

a3b12 6 E but b12al -+ a3, when b2b123 @ E b123a3 -+ b2, and if b13b123 6 E then 

b123a2 -$ b13 (where b2 E B2, b12 E 4 2 ,  b13 E &,3, and b123 E B1,2,3). Finally, 

consider the remaining pairs of nonadjacent vertices: ala2 9 E, alas @ E, and 

~ 2 ~ 3  $ E, but alb13 -+ a2 for any b13 E B1,3, albl2 -, a3 for any bl2 E B1,2, and 

a2b12 -+ a3 for any b12 E Bl,2. Therefore such a graph is 3-yt-critical. 
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It can easily be checked that if G has the given structure, then diam(G) = 2. 

This completes the proof that all graphs defined in 1 are diameter two, 3-yt- 

critical. 

Now suppose B2,3 # 0. Since all of B1,2, B1,3, and B2,3 are nonempty, by 

symmetry it can be assumed that V a l  -+ b for some b E B2,3. There are two cases 

to consider: the graphs in which B1 = 0 and the graphs in which B1 # 0. These 

two cases will give the Type 2 and Type 3 graphs which follow. 

Type 2: 

Suppose B1 = 0. Since val -+ b for some b E B2,3, B2,3 = {b23), B2 U B3 = 0, 

and B = B1,2 U B1,3 U B2,3 U B1,2,3. It follows directly from Lemma 6.3.3 that 

[B1,2 U B1,3 U B2,3] is complete, [B1,2,3] is complete, and every vertex in B1,2,3 has 

exactly one nonneighbour in each of the sets B1,2, B1,3, B2,3. Furthermore, each 

b123 E B1,2,3 has a neighbour in B - B1,2,3, SO either IB1,21 > 1 or IB1,31 > 1. 

Finally, suppose there exists b12 E Bl,2 such that b12b123 9 E for a11 b123 E B1,2,3 

and IBl,21 > 1. Since {v ,  b12) $ G and va3 ft b12, it must be that b12b13 + v 

for some b13 E B1,3. Hence b13 + B1,~,3. The same argument holds for bl,3 E B1,3 

where b13b123 6 E for all b123 E B1,2,3 and > 1. Therefore all of the 

properties in 2 are necessary. To show that the properties are sufficient, it remains 

to show that such a graph is diameter two 3-yt-critical. It is easy to check that 



128 

such a graph G has diameter two and has yt(G) = 3. By a similar argument used 

for the Type 1 graphs, the Type 2 graphs can be shown to be 3-yt-critical by 

checking that for every pair of nonadjacent vertices x and y, either {x, y) + G 

or without loss of generality xw -+ y for some, vertex w. 

Type 3: 

Suppose B1 # 0. Since val -+ b for some b E B2,3, B2,3 = {b23), B2 U B3 = 0, 

and B = B1 U Bl,z U B1,3 U B2,3 U B1,2,3. By Lemma 6.3.3, [B1,2,3] is complete, 

[B1 U Bl,2 U B1,3 U B2,3] is complete, each b123 E B1,2,3 has nonneighbours as 

described in 3e, and each bl E B1 has a nonneighbour in B1,2,3. It remains to be 

shown that each bl E B1 also has a neighbour in B1,2,3. If JB1l > 1, then each 

bl E B1 has a neighbour in B1,2,3 (any nonneighbour of another vertex in B1), 

so suppose lBll = 1. It follows that each bI23 E B1,2,3 has nonneighbours bl and 

b23. But now consider {v, bl): None of {v, bl) + G, va2 -+ bl, va3 -+ bl, and 

blb2,3 -+ v are true, contradicting G 3-yt-critical. Therefore the properties in 3 

are all necessary. As in the other two cases, sufficiency is shown by checking that 

such graphs G have diameter two, have yt = 3, and for every pair of nonadjacent 

vertices x and y, either {x, y) + G or without loss of generality xw -+ y for some 

vertex w. 

The result now follows. I 
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Lemma 6.3.5 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G) = 3. 

Let v be any minimum degree vertex in G.  If [N(v)]  is independent, B1,:!,3 # 0, 

and vai f ,  b for all ai E A, b E B,  then G has the following structure: 

1. [Bl U B:! U B3 U B1,:! U B1,3 U B2,3] is complete. 

2. [B1,2,3] is complete. 

3. Each of BlI2, B1,3, and B1,2,3 are nonempty. 

4. I B i u B j u B i , (  2 2 for all 15 i < j 5 3. 

5. Each b123 E B1,2,3 has either 2 or 3 nonneighbours in B - B1,:!,3: one in 

each of Blt2, B1,3, B2,3 or one in each of Bi, Bj,k for some i # j # k .  

6. Each b123 E B1,:!,3 has a neighbour in B - B1,:!,3 

7. Each bi E Bi, 1 5 i 5 3, has at least one nonneighbour in B1,2,3. 

8. If there is a vertex b E B - B1,2,~ with no neighbours zn B1,:!,3, then there is 

also a vertex b' E B - B1,2,3 that dominates B1,2,3, and bb' -, v. 

Furthermore, if a graph G has the given structure, then G is diameter two 3-yt- 

critical. 

Proof: All of the claimed properties other than 4 and 8 follow directly from 

the hypothesis and Lemma 6.3.3. 
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First consider property 4. By Lemma 6.3.3, I Bi LJ Bj U Bi,j 1 2 1 for all 

1 5 i < j 5 3. However, since vai f ,  b for all ai E A and b E B,  IBiuBjuBi,I 2 2 

for all 1 5  i < j 5 3. 

Now consider property 8. Let b E B-B1,2,3 be a vertex that has no nieghbours 

in B1,2,3. Since vb @ E and {v ,  b )  # G and va f ,  b for all a E A, there must exist 

b' E B such that bb' + v. It follows that b' + B1,2,3. This completes the proof 

that all of the given properties are necessary. It remains to be shown that they 

are sufficient. 

To prove sufficiency, all pairs of nonadjacent vertices x, y in a graph G that 

satisfies properties 1 through 8 must be checked, to verify that either {x, y) + G 

or without loss of generality xw + y for some vertex w. For any b E B - B1,2,3, 

if b has a neighbour blZ3 in B1,2,3, then bb123 --+ V ,  and otherwise bb' + v (by 

property 8) .  For blZ3 E B1,2,3, b123b -+ v for any neighbour of b E B - B1,2,3 

(exists by property 6). For ala2 @ E,  alb13 -+ a2 for any b13 E B1,3 (exists 

by property 3). Similarly, alb12 + a3 and a2b12 + a3 for any b12 E B1,2- For 

alb2 @ E (b2 E B2),  alblZ3 + b2 for some b123 E B1,2,3 (by properties 5 and 

7). For al b23 $2 E (b23 E B2,3), { a l ,  b23) + G. The same argument can be used 

for all other ab @ E where a E A and b E B. If blblZ3 @ E (for bl E B1 and 

b123 E B1,2,3), then blZ3a2 -+ bl (and similarly for b2b123 and b3b123). Finally, if 

b12b123 @ E (for bI2 E B1,2 and b123 E B1,2,3), then b123a3 -+ b12 (and similarly for 



b13b123 and b23b123). 

Since any graph G that satisfies properties 1 through 8 has diameter two and 

does not have a dominating edge, by the above argument, G is 3-yt-critical. 

Theorem 6.3.6 The 3-yt-critical graphs G with diam(G) = 2 and S(G) = 3 that 

satisfy [N(v ) ]  independent for some vertex v of minimum degree, can be charac- 

terised by  the five families of graphs given in Lemmata 6.3.2, 6.3.4, and 6.3.5. 

In only two of the graphs characterised by Theroem 6.3.6 is it possible to have 

more than one vertex of minimum degree ( 6.3.2 and 6.3.4 Type 1). In each of 

those families, there are infinitely many graphs that have exactly one degree 3 

vertex, and infinitely many that have exactly two degree 3 vertices. However, 

there are only two graphs that contain more than two minimum degree vertices. 

This fact is stated as a corollary, and the two mentioned graphs are shown in 

Figure 6.1. The proof is straightforward and omitted. 

Corollary 6.3.7 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3 

that has a minimum degree vertex v such that [N(v )]  is independent. Then G 

satisfies the following: 

1. JV(G)J  2 7.  

2. If G has 4 vertices of degree 3, then G is the unique graph on 7 vertices 

defined by Lemma 6.3.2 
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3. If G has 3 vertices of degree 3, then G is the unique graph on 8 vertices 

defined by Lemma 6.3.4 (Type 1). 

4 .  If IV(G)I > 9,  then G has either 1 or 2 vertices of degree 3. 

Furthermore, for all n 2 8,  there exists such a graph G with IV(G)J  = n with 

exactly one degree 3 vertex, and such a graph with exactly two degree 3 vertices. 

Figure 6.1: The only two graphs characterised by Theorem 6.3.6 that have more 

than two vertices of degree 3 

Note that the first graph given in Figure 6.1 is the graph obtained by the 

construction in Theorem 6.1.4, where G consists of three isolated vertices. 

The final result of this section shows that all 3-yt-critical graphs with diameter 

two that satisfy [ N ( v ) ]  independent for some vertex v are hamiltonian. Note that 

this result is not specific to IN (v) 1 = 3. 

Theorem 6.3.8 If G is a 3-yt-critical graph with d iam(G)  = 2, S(G)  2 3, and 

[ N ( v ) ]  is independent for some v E V ( G ) ,  then G is hamiltonian. 
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Proof: Let G be a 3-yt-critical graph with d iam(G)  = 2 and S(G) 2 3, and let 

v be a vertex for which [N (v)]  is independent. Let A  = N(v)  and B  = V  - N  [v]. 

Let m = IAl. 

For some ordering a l ,  a2,. . . , a, of A, there exists a path p1p2.. .P,-~ in B 

such that aipi --t ai+l for all 1 5 i < m. Consider an independent set I in B. 

Any path in PI must lie in A. Since [A] is independent, \ I )  5 2. 

Consider a longest path P in [B] that uses all of the edges plp2, p2p3, . . ., 

and pm-2pm-l. If P does not contain every vertex in B,  then for b not on P, 

b is not adjacent to the endpoints of P. Since P([B]) 5 2, the endpoints of P 

are adjacent and hence it can be assumed that P  = blb2 . . . bkplp2 . . . P,-~. Now 

since p,-1 is not adjacent to any vertex in B  not on P, [B - V ( P ) ]  is complete 

and a,-1 + B  - {prn-2). SO 

is a Hamilton path in G, where ( B  - V ( P ) )  denotes the vertices of B  - V ( P )  

listed in any order, and {am-2, pmP2) occurs in whichever order creates a path. 

If in fact P contains every vertex in B,  then 

is a Hamilton path. In either case, since d iam(G)  = 2, every b E B has a 

neighbour in A and, specifically, bl is adjacent to ai for some i ,  1 5 i 5 m. 
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If bla, E E, certainly G contains a Hamilton cycle. Otherwise, if blai E E for 

i 5 m-2, replace the portion of the Hamilton pathpiai-1. . . bzbl by b lbz .  . . ai-lpi. 

The obtained path together with pia, is a Hamilton cycle. Finally, if i = m - 1, 

remove a,v from the path (to obtain a path from a,-1 to b l )  and replace the 

edge alpl  by alva,pl. The obtained path, together with blam-l is a Hamilton 

cycle. In all cases, a Hamilton cycle can be found, and the result now follows. 

As a final note, all arguments which led to the characterisation in Theo- 

rem 6.3.6 relied on the fact that I N ( v )  1 = 3. Specifically, when each vertex 

b E B = V - N [ v ]  was considered, since vb  @ E and { v ,  b )  + G, it follows 

that either v a  + b for some a E N ( v )  or bb' + v for some b' E B. Even with 

I N ( v ) (  = 3, it was tedious to conclude the exact location of b', and many more 

necessary conditions were known. For example, when ( N ( v ) l  > 3, an argument 

such as that made in Lemma 6.3.3 can not be made to specify the exact locations 

of the nonneighbours of vertices in BA. 

What follows in the next sections is a collection of necessary conditions for 

diameter two 3-yt-critical graphs with S = 3 for which [ N ( v ) ]  is not independent 

for any minimum degree vertex v .  In some cases, a characterisation can be given. 

The arguments are similar to those found in this section, and hence the results 

are stated without proof. Perhaps slightly counterintuitively, less can be said 
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about the hamiltonian properties of slich graphs than for the case with [N(v)]  

independent. The reason for this is that all the properties obtained for each family 

of graphs is done by considering all possible pairs of nonadjacent vertices. Fewer 

nonadjacent vertices in N(v)  results in fewer necessary properties in [V - N[v]].  

6.4 Necessary conditions when 6 = 3 and [A] con- 

tains one edge 

This section contains a characterisation of the diameter two 3-yt-critical graphs 

with S = 3 that satisfy [N(v)] contains a single edge (where v is a degree 3 vertex), 

and B1,2,3 = 0. When B1,2,3 # 0, a collection of neccessary conditions are given. 

In both cases, all such graphs will be shown to be harniltonian. 

The notation used is defined at the beginning of Chapter 6. 

Theorem 6.4.1 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in G. If [A] contains the single edge ala2, 

then G has the following properties: 

1. [B1 U B2 U B3 U B1,2] is complete. 

2. [Bl U Bl,z U B 1 , ~ ]  is complete. 

3. [Bz U Bl,2 U B2,3] is complete. 
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4. [B1 U B2 U B3 U B1,3 U B2,3] is a disjoint union of stars, and any trivial 

stars must be in B1 U B2 U B3. Furthermore, for any nontrivial star, either 

(a) the centre is in B1 (B2) and the ends are in B2,3 (B1,3), 

(b) the centre is in B3 and the ends are in B1,3 U B2,3, or 

(c) the centre is in B1,3 (B2,3) and the ends are in B2,3 (B1,3). 

The necessary conditions given in Theorem 6.4.1 hold when B1,2,3 = 0 as well 

as when B1,2,3 # 0- 

Despite the large amount of structure defined by Theorem 6.4.1, it is still 

possible to construct a graph which satisfies all of the given properties but is not 

3-yt-critical. 

When B1,2,3 = 0, additional properties can be added to Theorem 6.4.1 to 

obtain a characterisation. 

Theorem 6.4.2 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in G. If [A] contains the single edge ala2 

and B1,2,3 = 0, then G is in one of the following three families of graphs: 

(a) B = B1,2 U B1,3 U B2,3. 

(b) Both [&,2 U B I , ~ ]  and [B1,2 U B2,3] are complete, and B i ,  # 0 for all 

i #  j .  



(c) Either I Bl,s 1 = 1 or I Bz,3 1 = 1. 

( d )  [B1,3 U B2,3] is a disjoint union of nontrivial stars. 

2. (a) B = B3 U Bl,2 U B1,3 U B2,J. 

(b) Both B3 and B1,2 are nonempty, and I B3 U B1,3 U B2,J1 2 2. 

(c) For any b12 E B1,2, b12 + B.  

(d) [BJ U B 1 , ~  U B2,3] is a disjoint union of stars. Any trivial star must be 

in B3. If b13 E B1,3 (b23 E B2,3) is the centre of a star, then the ends 

must lie in B2,3 (B1,3). If b3 E B3 is the centre of a nontrivial star, 

then the star must have ends in both B1,3 and B2,3. 

3. (a) B = B1 U B3 U B1,3 U B2,3. 

(b) Both B1,3 and B2,3 are nonempty, and B1 = (bl).  

(c) For any b3 E B3, b3 + B.  

(d) [B1 U B1,3 U B2,3] is a disjoint union of nontrivial stars. One star has 

centre bl and ends in B2,3. For all other stars, if the centre is in B1,3 

(B2,3), then the ends are in B2,3 (B1,3). 

Furthermore, any graph in one of the above families of graphs has diameter two 

and is 3-yt-critical. 
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Note that the graph obtained by the construction in Theroem 6.1.4 for G = 

K1 U K2 is the graph defined by Theorem 6.4.2 of Type 1, where I Bl,21 = I Bl,31 = 

IB2,31 = 1- 

The last result of this section shows that all diameter two 3-yt-critical graphs 

with 6 = 3 in which [N(v)] contains a single edge (v a minimum degree vertex) 

are hamiltonian: 

Theorem 6.4.3 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in G. If [A] contains the single edge ala2, 

then G is hamiltonian. 

Proof: Consider a longest path P = plp2.. . p, in [B - B123]- We claim that 

P contains every vertex in B - B1,2,3. Suppose to the contrary that there exists 

b E B - B1,2,3 such that b is not on P .  Since P is a longest path, plb, p,b $ E, 

and therefore b is the centre of a star in (by Theorem 6.4.2). 

We will show that, without loss of generality, P contains precisely the vertices 

in B2,3. If b E B1, then pl, p, E B2,3 and hence plp, E E .  Thus b has no 

neighbour on P and hence V(P) = B2,3. Similarly, if b E B2, then V(P) = B1,3. 

Also, if b E B1,3, then V(P) = B2,3, and if b E B2,3, then V(P) = B1,3. Finally, 

if b E B3, then V ( P )  = B1,3 U B2,3. But if V ( P )  = B1,3 U B2,3, then B1,2 = B1 = 

B2 = 8 and a3v is a dominating edge, a contradiction. So either V(P) = B1,3 or 
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V (P) = B2,3. Without loss of generality, assume V(P) = B2,3. 

Since P is a longest path, there are no edges with one end in B2,3 and the 

other end in B1 U B2 U B3 U B1,2 U B1,3. This implies B2 = Bl,2 = 0. Also, 

since b23 E B2,3 has at most one nonneighbour in B1 and a3 + B, B1 = {bl). 

Furthermore, since P is a longest path, blb23 @ E for all b23 E B2,3. 

Now, since every b23 E B2,3 is in exactly one star (centred at bl ), B2,3 U B1,3 is 

complete, as is B3 U B2,3. Since P is a longest path, B1,3 = B3 = 0. However, since 

d(bl, b23) = 2 for any b23 E B2,3, there exists b E B1,2,3 such that blb, b23b E E. 

But every b123 E B1,2,3 has a nonneighbour in B1 and B2,3 by Lemma 6.2.1, so bl 

has no neighbour in B1,2,3, a contradiction to diam(G) = 2. 

It follows that P contains every vertex in B - B1,2,3. NOW, if the ends of 

P are adjacent, then P can be rewritten as a path with ends in different sets 

Bx, By such that a3 E X ,  Y # X, and Y n {al, a2) # 0. If the ends of P are not 

adjacent, by the properties in Theorem 6.4.1, the ends of P are in Bx and BY 

for some X and Y, where a3 E X and Y n {al, a2) # 0. In either case, assume 

pl E By and p, E Bx. Without loss of generality, let a1 E Y. If B1,2,3 # 0, 

then alplp2 . . .pma3B1,2,3a2val is a Hamilton cycle (where the vertices in B1,2,3 

are listed in any order). If B1,2,3 = 0, then alplp2. . .pma3va2al is a Hamilton 

cycle. I 
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6.5 Necessary conditions when S = 3 and [A] con- 

tains two edges 

There are two results given in t h s  section. The first is a list of properties that 

hold for all diameter two 3-yt-critical graphs with S = 3 for which [N(v)]  contains 

exactly two edges (where v is a minimum degree vertex). The second result shows 

that all such graphs are hamiltonian. 

Theorem 6.5.1 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G) = 3. 

Let v be any minimum degree vertex in G. If [A] contains precisely the edges ala2 

and ~ 2 ~ 3 ,  then G has the following properties: 

1. [Bx] is complete for all X C A. 

2. [Bl U B3] is complete and B1 # 0,  B3 # 0 .  

3. [B2 U Bl,2 U B2,3] is complete and nonempty. 

4 .  [B1 U B2 U B3 U Bl,2 U B2,3] is a disjoint union of stars such that nontrivial 

stars have centres in B1 U B3 and ends in B2 U Bl,2 U B2,3 

5. For b E B2 U Bl,2 U B23, b # B1 U B2 U B3 U B1,2 U B2,3 if and only if b + B1,3. 

6. For b13 E B1,3, b13 has a nonneighbour in each of B2 U B3 U B2,3 and 

B2 U B1 U Bl,2. Furthermore, if one of the nonneighbours b is in B1 (or 
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B3), then b13 t B1 U B2 U B1,2 - b 0 1 3  t B2 U B3 U B2,3 - b). 

7. For b123 E B1,2,3, b123 either has exactly one nonneighbour in each of B1,2, 

B1,3, B2,3 or b123 has exactly one nonneighbour in each of Bi, Bj,k for some 

i # j # k .  

Theorem 6.5.2 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in G. If [A] contains precisely the edges ala2 

and a2a3, then G is hamiltonian. 

Proof: Since both B1 and Bg are nonempty, and [B1 U BS] is complete, there 

exists a path in G that starts in B1, uses every vertex in B1 U B3, and ends in B3. 

We will simply denote such a path by BIB3. Similar notation is used throughout 

the proof. 

By Theorem 6.5.1, B2 U B1,2 U B2,3 is nonempty. For b E B2 U B1,2 UB2,3, either 

b + B1 or b + B3 (by Theorem 6.5.1). If B1,3 U B1,2,3 = 0, then without loss 

of generality, a2B2B1,2B2,3B1B3a3vala2 is a Hamilton cycle. So assume B1,3 U 

B1,2,3 # 0- 

First, suppose B1,2,3 = 0 and hence B1,g # 0. If there exists b E B2 U B1,2 U B2,3 

such that b has a nonneighbour in B1 U B3, then b + B1,3. Since every vertex in 

B2UB1,2UB2,3 has at most one nonneighbour in B1UB3, without loss of generality, 

there is a path Q of the form alB1B3(B2 U Bl,2 U B2,3) that ends at b. In this 



142 

case, QB1,3a3va2al is a Hamilton cycle in G. Otherwise, every b E B2 U B1,2 UB2,3 

dominates B1 U B3. Any such vertex b has a nonneighbour b13 E B1,3 and without 

loss of generality, b13b3 E E for every b3 E B3. Now a2B2B1,2B2,3B1B3B1,3a3wa2 

is a Hamilton cycle. 

Finally, suppose B1,2,3 # 0. AS before, any b E B2 U B1,2 U B2,3 dominates 

either B1 or B3. SO without loss of generality, there is a path of the form 

B1 B3B2 B1,2B2,3. If B1,3 = 0, then al B1 B3 B2B1,2 B2,3a2 B1,2,3a3val is a Hamilton 

cycle. If B1,3 # 0, then since b123 E B1,2,3 can not have a nonneighbour in both 

B1 and B1,3, without loss of generality, either alB1B3B2B1,2B2,3a2B1,2,3B1,3a3val 

or al B1,2,3 B1 B3 B2B1,2B2,3a2va3 B1,3a1 is a Hamilton cycle. 

Since all cases result in a Hamilton cycle, the result follows. I 

6.6 Necessary conditions when 6 = 3 and [A] is 

complete 

In this final section of Chapter 6, necessary conditions for a graph G to be 

diameter two, 3-yt-critical with S(G) = 3, and satisfy [N(v)] is complete (where 

v is a minimum degree vertex). All such graphs will be shown to be hamiltonian. 

Theorem 6.6.1 Let G be a 3-yt-critical graph with diam(G) = 2 and S(G) = 3. 

Let v be any minimum degree vertex in G. If [A] is complete, then G has the 



following properties: 

1. [Bx] is complete for all X c A. 

2. Each of B1, B2, and B3 are nonempty, and [B1 U B2 U B3] is a disjoint 

union of stars. 

3. B1,2 U B1,3 U B2,3 f 0,  and if B1,2,3 = 0 ,  then each of B1,2,B1,3,B2,3 are 

nonempty. 

4 .  For any b E Bij ,  either b # Bk and b + Bi U Bj (i f j # k), or b has 

exactly two nonneighbours, one in each of Bx and By for some X # Y and 

neither X nor Y equal to {al ,  a2, as), ai E X and aj E Y .  

5. For any b123 E B1,2,3, b123 has either 2 or 3 nonneighbours in B.  Specifi- 

cally, b123 has one nonneighbour in each of B1,2, B1,3, B2,3 or b123 has one 

nonneighbour in each of Bi, Bj,, for some i f j f k. 

Theorem 6.6.2 Let G be a 3-yt-critical graph with diam(G) = 2 and 6(G) = 

3. Let v be any minimum degree vertex in G.  If [A] is complete, then G is 

hamiltonian. 

Proof: By Theorem 6.6.1, without loss of generality, Bl,2 f 0. Furthermore, 

any b12 E B1,2 either dominates B1 U B2 or has exactly one nonneighbour in each 

of B1 U B1,3 and B2 U B2,3. 
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Suppose that for all i # j, bij t Bi U Bj. Then B1 B1,2B2 and B2,3B3B1,3 are 

paths (where B1,3 and B2,3 need not be nonempty). Note that, as in previous 

arguments, BxBy is used to denote any path that lists all vertices in Bx followed 

by all vertices in By. 

If B1,3 = B2,3 = 0, then B1,2,3 # 0 and every b123 E B1,2,3 dominates B1 U B2. 

Hence consider the paths B3 and B1 B1,2B2B1,2,3. Note that the ends of the second 

path are adjacent. Since a3 is not a cut vertex, some b3 E B3 is adjacent to a 

vertex in B1 U Bl,2 U B2 U B1,2,3. Thus there is a path that contains all vertices of 

B which starts in B1 U B1,2 U B2 U B1,2,3 and ends in B3, and hence a Hamilton 

cycle in G can be obtained. 

If B1,3 or B2,3 is nonempty, without loss of generality, B1,3 # 0. Then since 

b13 E B1,3 dominates B1 U B3, B2,3B3B1,3B1B1,2B2 is a path that contains all of 

the vertices of B-B1,2,3. Hence a3B2,3B3B1,3B1B1,2B2a2~alB1,2,3a3 is a Hamilton 

cycle (where B2,3 may be empty). 

Now, without loss of generality, suppose there exists b12 E Bl,2 with exactly 

two nonneighbours, one in B1 U B1,3 and one in B2 U B2,3. It follows that b12 t B3 

(and bl2 * B1,2,3). 

Suppose that for all b13 E B1,3 and b23 E B2,3, b13 t B1UB3 and b23 t B2UB3. 

First consider the case where B1,3 = B2,3 = 0. Then B1,2,3 # 0 and B1,2,3 t B1 U 

B2. Therefore there is a Hamilton cycle of the form a2 B1,2 B3a3val B1 BlI2,3 B m .  
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Second, consider the case (without loss of generality) where B1,3 = 0 and B2,3 # 0. 

Then B1,2,3 # 0 and B1,2,3 + B2. Consider the paths B1,2B3B2,3B2B1,2,3 and 

B1. Let the ends of the first path be bi2 E B1,2 and b123 E B1,2,3: If these 

vertices are not adjacent, then since B1,3 = 0, and bi2b123 $ E, b123 + B1 and 

a2B1,2B3B2,3B2B1,2,3Blalva3a2 is a Hamilton cycle. If bi2b123 E E, then since al is 

not a cut vertex, a Hamilton cycle can be found, as before. Finally, suppose both 

B1,3 and B2,3 are nonempty. Consider the paths B1,2B3B1,3 B1 and B2,3B2. Since 

each b123 E B1,2,3 is adjacent to a vertex in B1 U Bl,2, whether or not B1,2,3 = 0, 

either a2B1,2,3B122B3B1,3B1alva3B2,3B2a2 or a2B1,2B3B1,3B1B1,2,3alva3B2,3B2a2 

is a Hamilton cycle. 

Next suppose that for all b13 E B1,3, b13 + B1 U B3 and there exists b23 E B2,3 

such that b23 + B2 U B3. It follows that B2,3 # 0 and b23 + B1. First consider the 

case where B1,3 = 0. It follows that B1,2,3 # 0 and B1,2,3 + B2. Consider the paths 

B1,2B3, B1B2,3, and B1,2,3B2, Since each b123 E B1,2,3 is nonadjacent to both ends 

of one path and neither end of the other, one of the following is a Hamilton 

cycle: a2B2Bl32,3B1,2B3a3valB1B2,3a2 or a2B2B1,2,3B2,3Blalva3B3Bl12a2- Set- 

ondly, consider the case where B1,3 # 0. If B1,2,3 = 0, then consider the 

paths B1,2B3B1,3B1B2,3 and B2. Let the ends of the first path be bi2 and 

b',,. If b',3bi2 E E, then since a2 is not a cut vertex, we are done, as before. 

Otherwise bi2b',3 $ E, and it follows that bi2 + B2. As before, there is a 
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Hamilton cycle. If however B1,2,3 # 0, then either there is a Hamilton cycle 

al B1,2B3 B1,3B1 B2,3a3B1,2,3 B2a2ual, or every vertex in Bl,2,3 is nonadjacent to a 

vertex in B2 and in B1,3, but dominates B1 U B3 U B2,3 U B1,2. In this case, 

B1,2,3B1,2B3B1,3B1B2,3 and B2 is a partition of [B] into a cycle and a path. Since 

a2 is not a cut vertex, we are done, as before. 

To complete the proof, we consider the remaining case, where there exist ver- 

tices b12 E B1,2, b13 E B1,3, and bz3 E B2,3 such that bl2 t- B3, b13 t- B2, and b23 + 

B1. Consider the paths B1,2B3, B1,3B2, and B2,3B1. If B1,2~ # 0, then each of 

b123 E B1,2,3 is nonadjacent to at most one end of each path. Without loss of gen- 

erality, alB1,2B3B1,2,3B1,3B2a2ua3B2,3Blal or a3B3B1,2B1,2,3B1,3B2a2B2,3Bla1va3 

is a Hamilton cycle. If B1,2,3 = 0, then since any b12 E Bl,2 either dominates 

B1 U B2 or has exactly one nonneighbour in B1 U B1,3, one of the following is a 

Hamilton cycle: a2B2,3B1 Bl,2B3a3ual Blt3B2a2 or a2B2B1,3B1,2B3a3B2,3Bla1ua2. 

This completes the proof. 1 



Chapter 7 

Concluding Remarks 

In this dissertation, new results were obtained for 3-i-critical and 3-yt-critical 

graphs. 

Using a closure operation, it was established that all 2-connected 3-i-critical 

graphs with 6 > 3 are hamiltonian. When S = 2, there is exactly one family 

of nonharniltonian graphs. All connected 3-i-critical graphs on more than six 

vertices were shown to contain a Hamilton path. Characterisations were given of 

the 3-i-critical graphs which either have S = 2 or contain a cut vertex. 

A closure operation was also used to study the hamiltonian properties of 3- 

yt-critical graphs. All 2-connected 3-yt-critical graphs with diameter three were 

shown to contain a Hamilton path and, for all but one family, they were shown 
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to be hamiltonian. The 3-yt-critical graphs with diameter two were shown to be 

hamiltonian when 2 5 6 5 3. Several infinite families of diameter two 3-yt-critical 

graphs with 6 = 3 were given. 

The following are some suggestions for future research: 

1. Find improved structural characterisations for the four families of diameter 

three 3-yt-critical graphs studied in Chapter 5. 

2. Complete the proof that all diameter three 3-yt-critical graphs contain a 

Hamilton cycle (see Section 5.5). 

3. Complete the characterisation of the diameter two 3-yt-critical graphs with 

6 = 3 (see Chapter 6). 

4. Use the structural results in Chapters 5 and 6 to find bounds on the number 

of edges in a 3-yt-critical graph. Such results could be used in the study 

of diameter 2-critical graphs, as the complement of a 3-yt-critical graph is 

diameter 2-critical. 

5 .  For each of the parameters y, i, and yt (and others), there are other notions 

of criticality that have been studied in the literature (e.g. see [lo, 111). One 

example is criticality with respect to vertex deletion. The structure and 

hamiltonian properties of such graphs codd be investigated. 
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6. Consider the k-2-critical or k-7,-critical graphs for k 2 4. It is known that 

for k 2 4, not all k-i-critical graphs contain a Hamilton path (see page 

50), so one problem would be to characterise the families which contain a 

Hamilton path or cycle. 
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