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Abstract

When an edge is added to a graph, each of the parameters v, ¢, and ~; may
change. When the addition of any edge causes the parameter under considera-
tion to decrease, such a graph is referred to as ~y-critical (domination critical),
i-critical (independent domination critical), or ~y-critical (total domination crit-
ical), respectively. The graphs studied in this dissertation are the independent
domination critical and total domination critical graphs.

For i-critical graphs G with ¢ = 3, it is established that when § > 3, the graph
G is hamiltonian, and when § = 2, there is exactly one family of non-hamiltonian
graphs. In all cases, G has a Hamilton path provided it has more than six
vertices. The hamiltonian properties of i-critical graphs are determined using a
closure similar to one developed by Hanson. Furthermore, characterisations are
given of the i-critical graphs with i = 3 that either contain a cut vertex or are
2-connected with § = 2.

Many properties of y;-critical graphs are established, and the ~;-critical graphs
with v, = 3 are studied in detail. It is known that all y;-critical graphs G with
v = 3 satisfy 2 < diam(G) < 3, and hence the hamiltonian properties of the

diameter two and diameter three cases are studied separately.
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A new closure for total domination critical graphs is defined and used to study
the hamiltonian properties of 2-connected diameter three ~,-critical graphs with
v, = 3. All such graphs are shown to contain a Hamilton path (and in most
cases a Hamilton cycle), and several families of these graphs are characterised.
The ~;-critical graphs with v, = 3 that contain a cut vertex were characterised
by Haynes, Mynhardt, and van der Merwe. All such graphs have diameter three
and contain a Hamilton path.

In general, the diameter two ~y.-critical graphs with v, = 3 cannot be char-
acterised in terms of a finite number of forbidden subgraphs. However, all such
graphs are shown to be hamiltonian if 2 < § < 3. A characterisation of several

infinite families of diameter two ~y,-critical graphs with v, = 3 and § = 3 is given.

Supervisor: Dr. Gary MacGillivray (Department of Mathematics & Statistics)
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Chapter 1

Introduction

1.1 Preview

The study of domination theory has grown to be a vast area of research in graph
theory, giving rise to literally thousands of papers covering a broad range of
related topics.

In graph theory, results are often obtained for specific families of graphs, that
is, graphs that share some common properties. Insight can also be gained by
studying the graphs within a family that are minimal or critical with respect to
the defining property of the family. This work is important in that sometimes
an observation about these minimal or critical graphs can lead to a more general

result about the entire family of graphs.
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In domination theory, the domination number ~, the independent domination
number ¢, and the total domination number ~;, are parameters that are defined
for any graph (v, is defined only if 6 > 0). However, if a graph is altered by adding
a missing edge, each of the parameters v, i, and ; may change or may remain
the same. It is interesting to study the family of graphs for which the addition
of any edge causes the parameter under consideration to decrease. Such graphs
will be referred to as critical (with respect to edge addition), and are the focus of
this dissertation. Specifically, the hamiltonian properties of these critical graphs
will be addressed, and for some families of critical graphs, a characterisation is
given.

Section 1.2 will provide many of the definitions required in this dissertation.
Other definitions specific to a particular section will be provided as needed.

For further discussion of basic graph theory not found here, the reader is
referred to West [21]. If more background on the subject of domination theory is
desired, the two volume reference by Haynes, Hedetniemi, and Slater {10, 11] is
a good resource.

Section 1.3 provides an overview of what follows in each of the remaining

chapters.



1.2 Definitions and Notation

All graphs G = (V(G), E(G)) will be simple, finite, and undirected. When it is
clear from the context what graph is being discussed, the vertex set and edge set
of G will be denoted simply by V and E, respectively.

For a vertex v € V, the neighbourhood of v, N(v), and closed neighbourhood
of v, N[v], are defined by N(v) = {w € V : vw € E} and N[v] = N(v) U {v},
respectively. We can also define the neighbourhood of a subset of V: If S C V,
NS)={weV|weN(Qw), ve S} and N[S]=N(S)US.

For any vertex v € V, the degree of v, denoted d(v), is the number of vertices
adjacent to v, or simply d(v) = |N(v)|. The smallest (largest) value of d(v), over
all v € V| is called the minimum (maximum) degree of G and is denoted 6(G)
(A(G)).

The circumference of a graph G, denoted ¢(G), is the length of a longest cycle
in G. A Hamilton path (cycle) in a graph G is a path (cycle) that passes through
every vertex in V. A graph is called hamiltonian if it contains a Hamilton cycle,
and hence if ¢(G) = |[V(G)|.

A connected graph G is a graph for which there is a path from u tov (a u—v
path) for every pair of vertices u,v € V. In general, G is called k-connected if

G — S is connected for any S C V where |S| < k. The largest value of k for which



4
G is k-connected is called the connectivity of G, and is denoted x(G). Certainly

if G is hamiltonian, then G is 2-connected. For a connected graph G, when G — S
is not connected for S C V, the set S is called a vertex cut of G. Furthermore,
if {v} is a vertex cut of G, then v is called a cut vertez of G. For any vertex set
S C V, the number of components in G — S is denoted by w(G — S).

The subgraph of G induced by the nonempty vertex subset S C V will be
denoted by G|[S], or simply by [S] when it is clear from the context what graph
is being discussed.

A subset D C V is called a dominating set of a graph G if for every v € V,
either v € D or v is adjacent to a vertex in D, that is, N[D] = V. The minimum
cardinality of a dominating set in G is the domination number of G, ¥(G). An
independent set in GG is a set of pairwise nonadjacent vertices, and the indepen-
dence number of G, 5(G), is the maximum cardinality of an independent set in
G. A dominating set which is also an independent set is called an independent
dominating set. The minimum cardinality of such a set in G is the independent
domination number of G, i(G). Lastly, a subset D C V is called a total dominat-
ing set of a graph G if every vertex of G is adjacent to a vertex in D, or in other
words, if N(D) = V. The minimum cardinality of a total dominating set in G is
the total domination number of G, 1(G). Note that v(G) is only defined when

4(G) > 0. Since every independent dominating set is also a dominating set, and
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every total dominating set is also a dominating set, it is not hard to see that for

any graph G in which all parameters are defined,

¥(G) <i(G) < B(G)  and

1G) < n(G).

When a pair of adjacent vertices u and v are discussed in the context of
domination theory, it is often meaningful to say that u dominates v (or that v
dominates u), and write u > v (or v > u). Since a vertex u dominates every
vertex in N (u), we write u > N(u). In general, for subsets S and T of V, if every
vertex in 7" has a neighbour in S, we say that S dominates 7" and write S > T.

The graphs studied in this dissertation are those which are critical with respect
to edge addition and one of the three graph parameters v, ¢, or ;. Specifically,
if e ¢ E(G), then v(G + €) < v(G). However, if ¥(G) = k and v(G +¢) < k
for every edge e ¢ E(G), then G is said to be k-edge-y-critical. We say that
G is edge-y-critical if there exists k such that G is k-edge-vy-critical. Similarly,
if i(G) = k (m(G) = k) and i(G +¢e) < k (m(G + e) < k) for every edge
e & E(G), then G is called k-edge-i-critical (k-edge-y;-critical). We say that G
is edge-i-critical (edge-y;-critical) if there exists k such that G is k-edge-i-critical
(k-edge-vy;-critical). It is worth noting that for a graph G and e ¢ E(G), it may

be that i(G + €) is greater than, less than, or equal to i(G). Also, it was first



observed in [13] that %(G) — 2 < %(G + €) < 1(G).

Since we discuss only graphs which are critical with respect to edge addition,
the word edge will be dropped in each of the above definitions, for ease of notation.
For example, a 3-edge-y-critical graph will be referred to as a 3-vy-critical graph.

Various other notions of criticality of dominating sets are compared and con-
trasted in {2, 10, 19]. With regard to edge addition, there seems to be no general
relationship between changes in v(G), changes in i(G), and changes in v:(G) re-
sulting from joining a pair of non-adjacent vertices of G. Consequently, each of
the families of graphs which are critical with respect to edge addition and the

parameter -y, 1, or 7y, will be discussed separately.

1.3 An Overview

In the previous section, definitions were given for graphs which are critical with
respect to edge addition and one of the graph parameters v, 7, or ;.

Several papers have been written on v-critical graphs [10]. Chapter 2 is
dedicated to summarizing some of the results that have been obtained for ~-
critical graphs. The results are stated without proof, but are included because
many of the results directly motivated the new results for i-critical and ~;-critical

graphs that will be developed in detail in Chapters 3 through 6.
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Chapter 3 contains new results that have been obtained for i-critical graphs,
and specifically, for 3-i-critical graphs. The hamiltonian properties of 3-i-critical
graphs will be discussed, and a characterisation will be given for some families of
3-1-critical graphs.

Chapter 4 contains new results pertaining to v;-critical graphs. Results spe-
cific to 3-y;-critical graphs are given, and the 3-;-critical graphs with a cut vertex
are discussed in detail. As with the 3-i-critical graphs, the hamiltonian properties
are discussed, and a characterisation is given.

In Chapters 5 and 6, all other 3-v;-critical graphs are discussed. Many families

of 3--critical graphs are characterised and shown to be hamiltonian.



Chapter 2

Domination Critical Graphs

This chapter provides a summary of many of the results that have previously
been obtained for domination critical graphs, and in particular, those results
that motivated the new results for independent domination critical graphs and
total domination critical graphs which follow in Chapters 3 through 6. This
dissertation does not contain any new results on domination critical graphs.
The study of domination critical graphs was initiated by Sumner and Blitch
in [18]. Other results summarized here are taken from (7], (8], [17], and [22].
Section 2.1 contains general results on domination critical graphs, as well as
results specific to 3-y-critical graphs. Section 2.2 summarizes the results on the

hamiltonian properties of 3-y-critical graphs.



2.1 3-v-critical Graphs

To begin the study of domination critical graphs, first consider the 1-y-critical
graphs. For any graph G, v(G) > 1, so for a graph G that is not complete and
has v = 1, 7(G + €) = 1 for any e € E. Therefore, the 1-vy-critical graphs are
precisely the complete graphs K,, n > 1. The 2-v-critical graphs are not much
more difficult to characterise.

If G is a 2-y-critical graph, then for any edge uv ¢ E(G), v(G + wv) = 1.
Without loss of generality, this means u > V — {v} in G. Since this is true for
any pair of nonadjacent vertices in G, every edge of G is incident with a vertex
of degree one in G. This gives the following characterisation of the 2-y-critical

graphs.

Theorem 2.1.1 [18/ A graph G is 2-y-critical if and only if G is a disjoint

union of nontrivial stars.

Note that a nontrivial star is simply a complete bipartite graph of the form
K 1,ny 1 2 L
For k > 3, the problem of characterising the k-~-critical graphs becomes much

more complex. In fact, the problem of characterising the 3-y-critical graphs is

difficult.



10

The remainder of the results on domination critical graphs that will be given
here are for 3--critical graphs. Furthermore, all graphs will be assumed to be

connected, since the disconnected 3-y-critical graphs can be easily characterised:

Theorem 2.1.2 [17] A disconnected graph G is 8-y-critical if and only if either
G is the disjoint union of a single vertex and a 2-y-critical graph, or G is the

disjoint union of a complete graph and a complete graph minus a perfect matching.

A simple but important observation about 3-7-critical graphs was first noted
in [18]. The observation is that for any edge uv ¢ E(G), where G is a 3-y-critical
graph, there exists a vertex w in V(G) — {u, v} such that either {u, w} dominates
every vertex in G except v, or {v,w} dominates every vertex in G except u.
Sumner and Blitch used the notation [u, w] — v and [v, w] — u to represent the
two cases, respectively. This notation will be adopted here.

The first result in [18] proven for 3-y-critical graphs follows. Analagous re-
sults will be shown to hold for 3-i-critical graphs and 3-v;-critical graphs in later

chapters.

Lemma 2.1.3 [18] Let G be a 3-y-critical graph and I an independent set of
m > 4 vertices. Then the vertices in I may be ordered as x1,x3,...,ZTm in such

a way that there exists a path p1,pa,...,Pm-1 in G — I with [z;,p;] — i1 for
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Arising directly from Lemma 2.1.3 are the following two results.

Lemma 2.1.4 [18] If I is an independent set with |I| = m in a connected

3-y-critical graph G, then there exists x € I with d(z) > m — 2.

Theorem 2.1.5 [17] If G is a connected, 3-y-critical graph, and S is a vertex

cut in G, then w(G — S) < |S|+ 1.

The next result states a relationship between the independence number and

the maximum degree of G, when G is a 3-y-critical graph.
Theorem 2.1.6 [17] If G is a 3-y-critical graph, then B(G) < A(G).

Furthermore, it is noted in [18] that there exist 3-v-critical graphs with ar-
bitrarily large independence number. In [17], a construction method is given, as

well as the following result.

Theorem 2.1.7 [17] For every n > 3, there exists a 3-y-critical graph G with

3n vertices and B(G) = n.

In [1], Allan and Laskar showed that if G has no induced K 3, then v(G) =
i(G). Motivated by this, Sumner and Blitch conjectured that if G is a connected

k-v-critical graph, then v(G) = i(G). They proved the following:

Theorem 2.1.8 [18] The diameter of a 3-y-critical graph is at most three.
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Sumner and Blitch then proved their conjecture when & = 3 and diam(G) = 3.
The conjecture, however, was shown not to be true by Ao, who constructed a
4-y-critical graph G with i(G) = 5 [2]. The construction was later generalised
in (3] to disprove the conjecture for k£ > 4, and finally disproven for all £ > 3
in [12].

In addition to their conjecture, Sumner and Blitch also suggested that it is
natural to ask when a k-vy-critical graph is hamiltonian. This suggestion moti-

vated many papers on the topic, and related results are summarised in Section

2.2.

2.2 Hamiltonian properties of 3-v-critical
graphs

Sumner conjectured that every 3--critical graph on more than 6 vertices has a
Hamilton path. Wojcicka proved this conjecture in [22], making use of several
results from [17] and [18] to prove that all 3-y-critical graphs with at most two
vertices of degree one have a Hamilton path. The 3-v-critical graphs with at most
one vertex of degree one are handled separately. First, the following results are
shown. A dominating cycle (dominating path) is a cycle (path) whose vertices

form a dominating set.
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Theorem 2.2.1 [22] If G is a connected 3-y-critical graph, then G has a dom-

inating cycle.

Corollary 2.2.2 [22] If G is a connected 3-y-critical graph, then G has a dom-

inating path.

Since a connected 3-vy-critical graph G contains a dominating path, it must
contain a longest such path. By showing that the longest dominating path in G

is actually a Hamilton path, the main result of [22] is obtained:

Theorem 2.2.3 [22] If G is a connected 3-y-critical graph on more than 6

vertices, then G has a Hamilton path.

As well as proving Sumner’s conjecture, Wojcicka concluded with a conjecture

of her own:

Conjecture 2.2.4 [22] If G is a connected 3-y-critical graph with 6(G) > 2,

then G is hamiltonian.

In [8], some results are obtained regarding the structure of 3-v-critical graphs.
The first result requires the definition of a 1-tough graph: A graph G is said to

be t-tough if for every vertex cut S C V(G), |S| > tw(G — 95).

Theorem 2.2.5 [8] Let G be a connected 3-y-critical graph with §(G) > 2.

Then G is 1-tough.
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Consequently, if G is a connected 3-v-critical graph with 6(G) > 2, then G

does not have a cut vertex, and G is 2-connected.
Flandrin, Tian, Wei, and Zhang then used Theorem 2.2.5 and other results
to prove the next Theorem involving the circumference, ¢(G), of a 3-y-critical

graph.

Theorem 2.2.6 [8] Let G be a connected 8-y-critical graph with n vertices and
C be a longest cycle of G. If there exists a vertex u of G —V(C) that is adjacent
to at least 2 vertices in C, then ¢(G) > n — 1. In particular, if G is 2-connected,

then ¢(G) > n — 1.

Favaron, Tian, and Zhang [7] then used Theorems 2.2.5 and 2.2.6 to tackle
Wojcicka’s conjecture. They do this by conditioning on the size of a maximum

independent set in a 3-y-critical graph. The following results were found.

Theorem 2.2.7 [7] The independence number 38 of a 3-y-critical graph G with
minimum degree § > 2 satisfies 5 < 6 + 2. Moreover, if 5 = 6 + 2, then every

mazimum independent set contains every vertexr of degree 0.

Theorem 2.2.8 [7] Every 3-y-critical graph G of minimum degree § > 2 and

independence number 3 = § + 2 satisfies (G) = v(G).

Theorem 2.2.9 [7] Every 3-y-critical graph with § > 2 and 8 < 6 + 1 is

hamiltonian.
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In [20], Tian, Wei, and Zhang extended these results by working on the 3-

~-critical graphs with § > 2 that satisfy 8 = d + 2. They proved the following

results.

Theorem 2.2.10 [20] Let G be a 3-y-critical graph with § > 2 and B = 6 + 2.

Then G has only one vertex with degree §.

Theorem 2.2.11 [20] Every 3-y-critical graph with 6 > 2 and B = 6 + 2 s

hamiltonian.

Theorem 2.2.11, together with Theorem 2.2.9, completes the proof of the

conjecture of Wojcicka:

Theorem 2.2.12 [7, 20/ If G is a connected 3-y-critical graph with 6(G) > 2,

then G is hamiltonian.

It will be shown in later chapters that analogous results to Theorems 2.2.7
through 2.2.10 hold for 3-v;-critical graphs.

When studying the hamiltonian properties of graphs, a well-known result of
Ore [16] that gives sufficient conditions for a graph to be hamiltonian is often

referred to:

Theorem 2.2.13 Let G be a graph on n vertices. If d(z) + d(y) > n for every

pair of nonadjacent vertices x and y, then G is hamiltonian.
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Bondy and Chvatal generalized Ore’s theorem by defining the closure of a

graph G to be the graph cl(G) obtained from G by recursively joining nonadja-
cent vertices whose degrees sum to at least n. They proved that a graph G is
hamiltonian if and only if its closure is hamiltonian.

Prior to Wojcicka’s conjecture being proven, Hanson [9] defined a new closure
concept that could be useful in the study of hamiltonian properties of 3-y-critical
graphs. It involves adding an edge uv to G whenever {u,v} > V — {w} for some
w with d(w) > 3. The obtained graph is denoted by D*(G). Hanson obtained

the following result for 3-y-critical graphs.

Theorem 2.2.14 [9] Let G be a 2-connected 3-y-critical graph. Then G is

hamiltonian if and only if D*(G) is hamiltonian.

An important consequence of using a closure is that often the obtained graph
has large enough minimum degree to conclude that it is hamiltonian.

Although Hanson’s closure concept was not used in the proof of Theorem
2.2.12, it motivated the new closures that will be defined for 3-i-critical and 3-
ve-critical graphs in Chapters 3 and 4 which prove valuable in the study of the

hamiltonian properties of these graphs.



Chapter 3

Independent Domination Critical

Graphs

This chapter contains the following results for 3-i-critical graphs G:

(i) If G is 2-connected with § > 3, then G is hamiltonian (Corollary 3.1.4).

(ii) There is exactly one family of 2-connected non-hamiltonian graphs with ¢ = 2
(Theorem 3.3.6).

(iii) If G is connected and |V| > 6, then G has a Hamilton path (Theorem 3.3.7).

(iv) A characterisation is given of the 2-connected, 3-i-critical graphs
with 6 = 2 (Theorems 3.2.9 and 3.2.10), and

(v) A characterisation is given of the 3-i-critical graphs with a cut vertex

(Theorems 3.2.6 - 3.2.8).

17
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First, using a closure similar to the one developed by Hanson, we show that
every 2-connected 3-i-critical graph with minimum degree at least three has a
Hamilton cycle. We characterise the 2-connected, 3-i-critical graphs with § = 2,
and determine which of these are hamiltonian. By combining these results with a
complete characterisation of the 3-i-critical graphs with a cut-vertex, we establish
that any connected 3-i-critical graph with more than six vertices has a Hamilton

path.

3.1 Minimum degree at least three

In this section we prove that every 2-connected, 3-i-critical graph with § > 3 is
hamiltonian. The main tool is a domination closure similar to that found in [9].

Let G be a 3-i-critical graph. If uv &€ E(G), then i(G + uv) = 2 implies that
there exists a vertex z ¢ N(u) U N(v) such that either {u,z} dominates G — v or
{v,z} dominates G — u. In the former case we write [u, z] — v, and in the latter

case we write [v, z] — u.

Theorem 3.1.1 Let G be a 2-connected graph. If [u,v] — w for some vertices
u,v and w with d(w) > 3, then G is hamiltonian if and only if G + uv is hamil-

tonian.
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Proof: First note that if G is hamiltonian then G + uv is obviously also hamil-
tonian.

Now consider vertices u, v, and w such that [u,v] — w and d(w) > 3. Suppose
G+uw is hamiltonian while G is not. Then, G contains a Hamilton path v,v, ... v,
from u = v1 to v = v, where n = |V|, and N[v;]UNv,] =V — {v,} with v, = w.
Define M = maz{i : viv; € E} and m = min{j : vju, € E}. If vjv; € E,
then v,v;_1 € E, otherwise vyvy ... 0;_10UUs_1...v;v; is 2 Hamilton cycle in G.
Therefore neither the case p < m < M nor the case m < M < p is possible. The
remaining cases are M <m <p(orp<M <m), M <p<m,and m <p < M.

Case 1: M <m < p.

Since [vy, vy] — vp, it follows that v; dominates {v;, ve, ..., va}, v, dominates
{VmsVms1,. .., Un} — {Up}, and therefore M <m < M + 1.

We will first prove that v;u; € E for all i and j, where 1 < i < M and
m < j < n. Consider ¢ and j such that 1 <i < M and m < j <n. lf vv; € E,

certainly i # 1 and j #n. If j — 1 # p, then

V1V2 .. - ViUjV541 - . - UpUj—1Vj_2 . . . Vg4 1]

is a Hamilton cycle in G. Hence, assume j — 1 = p, that is, j = p+ 1. We will
obtain a contradiction by showing that v, can have no neighbours other than

vp—1 = v; and vpy1. Suppose there exists k € {p — 1,p + 1} such that v, € E.
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If1<k<M-1,then

V102 ... UgUpUpy1 .. . UnUp—_1Up—2 ... Ug4101

is a Hamilton cycle in G. If M < k < p— 2, then

U1V2 .. . UiUp+1VUp42 - - - UnVk+1Vk42 - - - UpUgVk—1 ... Vi41U1

is a Hamilton cycle in G. Finally, if p+ 2 < k < n, then
V1V2 ... VUjUpt1VUpt2 - . - Vp—1UnUn—1 . .. UgUpUp—1 - . - V4101

is a Hamilton cycle in G. Hence d(v,) = 2, a contradiction. Therefore v,v; € E
for all i and j where 1 <i< M and m < j < n.

Now, since G is 2-connected, m # M. Thus, m = M + 1. Since vy and v,
are not cut-vertices, there must exist ¢ and j with 1 <i < M <m < j < n, such

that v;v,, € E and vpv; € E. If j — 1 # p, then G contains the Hamilton cycle
U102 .. . ViUmUm+1 - - - Vj—1UnUp-1 ... VjUMUM-1 - - - Vit1V1-

Hence, assume j — 1 = p. We will now obtain a contradiction by showing that
v, can have no neighbours other than v, ; and vp.; = v;. Suppose vzv, € E for

some k€ {p—Lp+1}. H1<k<M-1,then

V1V2 .. . UgUpUpt1 . . . UpUp—1Up—2 .. . Up41U1
p
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is a Hamilton cycle in G. If kK = M, then G contains the Hamilton cycle

V1Vi+1Vi41 - - - UMUpUpt1 -« . UnUp—1VUp—2 . . . U U3 VUi—1 . . . V1.

Ifm<k<p-—2, then

V1V2 ... ViUmUm+1 - - - UgUpUp—1 . . - Uk41UnUn—1 . . - Up41UMUNM -1 - - - V4101

is a Hamilton cycle in G. Finally, if p+ 2 < k < n, then
V12 . .. ViUnUm41 - - - UpUkUk41 - - - UnUk—1Vk—-2 . - - Up41UMUM -1 - - - Vi+101

is a Hamilton cycle in G. It follows that d(v,) = 2, a contradiction.

Since the case where p < M < m is symmetrical to the above, the proof of
Case 1 is complete.

Case 2: M <p <m.

In this case we must have m = M + 2. Also, v,u; € E for all ¢ and j such

that 1 <i< M <m < j <n, otherwise
V1V2 .. . ViUjVj41 - . . UpVj—1Vj—2 ... Vig1U1

is a Hamilton cycle in G. Since d(v,) > 3, by symmetry we can assume that
vkUp € E for some k with 1 < k < M.
Suppose v,v, € E for all ¢ such that m < ¢ < n. Then since v, is not a

cut-vertex, vpv; € E for some j with m < j < n. However, this implies

V1V .. . UkUpUmUm+1 - - - Uj—1UnUn—1 . . . U;UMUM-1 - . - Uk41N1
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is a Hamilton cycle in G, a contradiction. Therefore, v,v, € E for some ¢ with
m < q<n.

Since v, is not a cut-vertex, v;v,, € E for some ¢ with 1 <4 < M. But now,

if i < M then
V1V .. . ViUmUm41 - - Ug—1UnUn—1 - - . VgUpUp—1 . .. V34101
is a Hamilton cycle of G, and if i = M then

V1V2 . . - UUpVUqUq+1 - - - UnUq—1Vg—2 . . - U UMUM-1 . - - V4111

is a Hamilton cycle of G, a contradiction.

Case : m<p< M.

In this case we must have N(v1) D {va,v3, ..., Um—1,Up+1, Upt2s - - -, Unr }, and
N(vn) 2 {Vm, Umt1s -« Up—1, Vi1, Un425 - - - > Un—1 }-

As in the previous cases, we obtain a contradiction by showing that v, can have
no neighbours other than v,_; and vp41. Suppose there exists k € {vp_1,Vpy1}

such that vyv, € E. If 1 <k <m —2, then

V1V2 . . . UkUpUpy1 - - - UnUp—1Up—2 ... V411

is a Hamilton cycle in G. If m < k < p — 2, then

MV ... . VUpVUp—1 ... Vk41UnUn—1...Up41V1
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is a Hamilton cycle in G. If k =m — 1, then
NV2... Un—1VpUp-1...UnUnUn_1...VUp41U1

is a Hamilton cycle in G. By symmetry, if p + 2 < k < n, then G contains a

Hamilton cycle. Hence d(v,) = 2, a contradiction.

Since all cases lead to a contradiction, we conclude that if G + uv is hamilto-

nian, then G is hamiltonian. This completes the proof. g

If G is 2-connected, then we define the domination closure of ¢, denoted by
D*(G), to be G together with all edges uv of G where u,v are such that, in G,

[u, v] — w for some vertex w with d(w) > 3.

Corollary 3.1.2 If G is 2-connected, then D*(G) is hamiltonian if and only if

G is hamiltonian.

Proof: If G is hamiltonian, then certainly D*(G) is hamiltonian.

Suppose the converse is false and choose a minimal subset {ej,es, ..., ez}
of E(D*(G)) — E(G) such that G + {ej,ea,...,ex} has a Hamilton cycle but
G' = G+ {ey,ey,...,ex_1} does not. By Theorem 3.1.1, k > 2. Let ¢, = zy.
Then G’ has a Hamilton path P = v v, ...v,, where £ = v; and y = vy,.

Since e, = zy, [z,y] — w for some w with d(w) > 3 in G. By the minimality

of {e1,es,...,ex}, all edges ey, ey, ..., €41 must be in P. If neither zw nor yw
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are edges in P, then [r,y] — w in G’ (as well as in G). But G’ is 2-connected
(since G is a subgraph of G'), and G’ + zy is hamiltonain, so Theorem 3.1.1 gives
that G’ is hamiltonian, a contradiction.

Therefore, without loss of generality, suppose zw is in P, that is, w = vy and
[z,w] — y. Consider the path w = vou3...v, = y in G'. If there exists k where

3 <k < n and vyvg, vovgy € E(G), then

VoV +1Vk42 -+ - UnV1VUgVUk—1 - . - V2

is a Hamilton cycle in G + {eg, e3,...,ex}, a contradiction. Therefore, since
[z, w] — y, there exists p such that N¢/(v2) = {vs, va, ..., v,}U{v1} and Ner(v;) =

{vpt1, Upro, - -, Un} U {wo}. But [z,y] — w gives v,v, € E(G), and hence
VVUp+1VUpt2- .- ’Un’Up’Up_l ..U
is a Hamilton cycle in G’, a contradiction. The result now follows. g

We write d*(z) for the degree of vertex z in D*(G).

Theorem 3.1.3 If G is a 2-connected, 3-i-critical graph with §(G) > 3, then

D*(@G) 1is hamiltonian.

Proof: Let w be any vertex of G, and let N(w) = V(G) — N[w]. Define the sets

A, and B, by
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i

{z € N(w) : Iy € N(w) s.t. [z,y] — w}, and

Ay
B, = N(w) — A,.

Since G is 3-i-critical, for any z € B,, there exists y such that, in G, [w, y] — z.
This implies that y dominates every vertex in A,, so y € B,. Hence, for each
T € B, thereis a y € B, so that [w,y] — z. Furthermore, [w, ] — y, and hence
[B,] is a matching and wr € E(D*(G)) for all z € B,,. Now, for z € A,, there
exists y € A,, such that [z,y] — w, and hence zy € E(D*(G)).

From the above argument, it follows that each vertex of N(w) is incident with
at least one edge of D*(G) which is not an edge of G. We call each of these edges
a new edge with respect to w.

Consider now any edge in E(D*(G)) — E(G), say zy. Since [z,y] — w for
some w, Ty is a new edge with respect to w, x, and y (and no other vertex).

Each vertex z is in N(w) for [N(z)| = |V(G)| — |N[z]| = |[V(G)| — d(z) — 1
vertices w. Each of these choices for w leads to a new edge incident with z, and

each new edge arises from exactly two choices of w (a new edge incident with x

arrises from an independent dominating set {z,y, z} and is new with respect to

y and z). Thus,
&' (z) > d(z) + [N(@)|/2 = d(z) + [V(G)]/2 - d(2)/2 — 1/2 = [V (G) /2

Hence, by Dirac’s theorem, D*(G) is hamiltonian. gz
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Corollary 3.1.4 IfG is 2-connected and 3-i-critical with 0 > 3, then G is hamal-

tonian.

Proof: By Theorem 3.1.3, D*(G) is hamiltonian. Thus, by Corollary 3.1.2, G is

also hamiltonian. g

3.2 Characterisations

In this section we give a complete description of the 3-i-critical graphs with
a cut-vertex, and a complete description of the 2-connected, 3-i-critical graphs
with § = 2.

The following three lemmata are similar to work found in {17, 18].

Lemma 3.2.1 Let G be a 3-i-critical graph and I be an independent set in G
with size m > 4. Then, the vertices in I may be ordered as x,,xs2,...,Tym N
such a way that there exists a path pip2...pm-1 1 G — I with [z;, p;] — Ti41 for

i=1,2....,m—1.

Proof: We first define an orientation of the edges of G as follows: For any
uv € F(G), there exists z such that either [u,z] — v or [v,z] — u (or both).
If [u,z] — v, then orient uv as (u,v), and otherwise orient it as (v, u). (If both

conditons hold, then the orientation (u,v) is chosen.) Since I is an independent
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set in G, this orientation of G induces a tournament with vertex set I. Since
every tournament has a directed Hamilton path, we may label the vertices in I as
Z1,Z2,..., Ty as determined by the Hamilton path. Hence, fori =1,2,...,m—1,
there exists p; such that [z;, p;] — 1.

We claim that pips...pm—1 is the required path. Since |I| = m > 4, the
vertex p; dominates at least two vertices in I, and thus p; € I. Furthermore,
the vertices p1,p, ..., Pm—1 are distinct: if j # ¢,% 4+ 1, then p;z;11 € E(G) and
piziy1 € E(G), so p; # pi. Suppose 1 < i < m — 2. Then p,x;y2 € E(G) and
pPit1Tire € E(G), so p; # piy1. Finally, for ¢ = 2,3,...,m — 1, we have that

pi_1z; € E(G) and [z;, p;] — i1, 50 pi—1p; € E(G). This proves the claim. g
Arising directly from Lemma 3.2.1 is the following result.

Lemma 3.2.2 Let G be a connected 3-i-critical graph. If I is an independent set

in G with |I| = m, then there exists x € I with d(x) > m — 2.

Lemma 3.2.3 If G is 3-i-critical, then no vertex of G has two neighbours of

degree one.

Proof: Suppose that z is adjacent to vertices u and v of degree one. Since i = 3
and d(u) = 1, there exists w such that wz ¢ E and wu ¢ E. Hence there exists x

such that either [u,z] — w, or [w, z] — u. In either case, v must be dominated,
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soz =wv. If [u,9] = w, then V = {u,v,2,w} and E = {uz, vz}, contradicting
i = 3. Therefore [v,w] — u. Now, since zw ¢ E, {z,w} is an independent

dominating set of size two, a contradiction. g

Lemma 3.2.4 If G is a 3-i-critical graph and S C V(G) is a vertez cut, then

w(G - 8) < |8] +1.

Proof: First suppose that S = {v} aﬁd that G — v has components C, Cs, Cs
(and possibly others). Then, by Lemma 3.2.3, at most one of these can be
trivial. Assume that [V (C;)| > 2 and |[V(C2)| > 2. For i = 1,2, let z; € V(C;)
be adjacent to v. Since z1z2 € F, without loss of generality we may assume that
there exists z € V(G) such that [z, 2] — x5. Since z;z € E, the vertex z # v
and hence z € V(C3). But no u € V(Cy) — {z2} # 0, is dominated by {z;,z}, a
contradiction. Therefore, G — v has at most |S| + 1 = 2 components.

Now assume that |S| = n > 2 and G — S has components Ay, Ay, ..., Anto
(and possibly others). Let I = {21, 20, ... ,Tnio} be an independent set in G,
where z; € V(A4;) for i =1,2,...,n+ 2. Then, |I| =n+2 > 4. We may assume
that the vertices in I are ordered as in Lemma 3.2.1, and p1ps . . . pp41 is a path in
G — I such that [z;,p;] — ziy1 fori=1,2,...,;n+1. Then, fori=1,2,...,n+1,
since z; dominates only vertices in A; and in S, we must have p;, € S. But the

vertices py, s, . . ., Pny1 are distinct, so this contradicts |S| =n.
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Lemma 3.2.5 Let G be a connected, 3-i-critical graph. If v is a cut vertex of

G, then G — v has ezactly two components Cy and C,, with C; complete and

i(Cs) = 2.

Proof: By Lemma 3.2.4, G — v has exactly two components, C; and C,. For
i=1,2, let z; € V(C;) be adjacent to v. Since 1z, ¢ E, there exists x such
that [z, 2] — 2 or [z, 23] — z;. In either case, the choice of z; and zs implies
that {z, z1, z2} is an independent dominating set not containing v. Without loss
of generality, z € V(Cs), so that i(C;) = 1 and i(C2) < 2. Suppose there exists a
vertex z € V(Cs) that dominates C5. Then, since z; dominates V(C;) U {v} and
r1z € E, the set {x1, 2} is an independent dominating set of G with size two, a
contradiction. This gives i(Cs) = 2.

If |[V(C1)| = 1, certainly C; is complete. Otherwise, suppose z,y € V(C1)
and zy ¢ E. Then there exists z such that (in G) either [z, 2] — y or [y, 2] — z.
Since i(C3) = 2, z = v and v dominates C5. Now, for any u € V(C,), since
zu ¢ E, there exists w such that either [z, w] — u or [u,w] — z. Since i(C3) =2
and v dominates Cs, w € V(C5). But then y can not be dominated by {z,w, u},

a contradiction. Therefore C; is complete. g

Let G and H be disjoint graphs. The join of G and H is the graph G+ H with

vertex set V(G)UV (H) and edge set E(G)UE(H)U{gh:g € V(G),h € V(H)}.
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The join of n > 3 vertex-disjoint graphs Gi, Gs, ..., G, is recursively defined to

be the graph G1 + Go+ -+ G = (G1 + Go+ -+ + Gn_1) + G-

Let Q,, (p > n) denote the set of graphs Qn, on n + p vertices that can be
obtained from K, UK, by adding, for each vertex v € K, an edge from v to any
one vertex in K, such that (Jnp has no isolated vertices.

We use Ty, to denote the complete n-partite graph in which each part con-
tains r vertices.

For distinct vertices u and v, we use N(u) @ N(v) to denote the symmetric

difference of the neighbourhoods of u and v.

Theorem 3.2.6 Let G be a connected 3-i-critical graph, and let v be a cut vertex
of G. Then, G—v has exactly two components C; and Cy such that C is complete

and i1(Cy) = 2. Furthermore, if |V (C))| > 2, then the following hold:

1. Cy =Tonp for somen > 2, and

2. for every x € V(C)), vz € E, and for any pair u, v’ of nonadjacent vertices

of Cy, vu € E if and only if vu' € F.

Proof: Since v is a cut vertex of G, by Lemma 3.2.5, G — v has two components
C; and Cy with C7 complete and i(C3) = 2.
We first prove that Cy = Ko+ Ko + -+ + Ko = Tynpn. Let z € V(Cy) be

adjacent to v. For every u € V(Cs), since zu ¢ E, there exists u' such that either
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[u,u'] — z or [z,u] — u. Since C; is complete and zv € E, «' € V(Cy), and
since |V(C1)| > 2, [z,v] = u. So, N[u'] 2 V(Cy) — {u}. Now, since zu’' ¢ FE,
there exists w such that [z,w] — «' or [v/,w] — z. As above, [z,w] — «' and
w € V(Cy), so w=u and Nfu] 2 V(C;) — {u'}. Therefore, for every u € V(C,),
there exists u' € V(Cs) such that v and v’ are both adjacent to every vertex of
V(Cy) — {u,u'}. Hence Cy = Ko+ Ko+ - -- + Ko = To, , for some n > 1.

To prove statement 2, consider u € V(Cs) with vu € E. Then there exists y
such that either [u,y] — v or [v,y] — u. If [u,y] — v, then y € V(C4), and hence
u dominates Cs, a contradiction. Thus [v,y] — u. If y € V(C}), then yv ¢ E and
there exists w such that [y, w] — v or [v,w] — y. In the first case, w € V(Cy)
and w dominates Cj, a contradiction. In the second case, since C; is complete
and [v,y] — u, w € V(Cy), and w = u. Now, for the unique non-neighbour of
in Cy, ¢, since yu' € E, there exists z such that either [z,y] — ¢’ or [z,u] — .
In both cases, z = u (as y dominates C;, v’ dominates C; — u, and v'v € E).
But, since vu,vy ¢ E, it is not possible that [u,y] — v'. Therefore, [u,u’] — y
and V(C;) = {y}, contrary to |V(C})| > 2. Hence y € V(C5). Since v’ is the
only vertex of C; not adjacent to u, y = v’ and v'v € E. Thus v is adjacent to
either both u and «/, or neither v nor u'.

Suppose v dominates V(C5). Then either {v} is an independent dominating

set of size one in G, or there exists x € V/(C;) such that {z,v} is an independent
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dominating set of size two in G. Both cases contradict i(G) = 3, and therefore
there exists a pair of vertices u and «’ in V(C3) such that [u,v] — «'. It fol-
lows that vz € E for every x € V(C}), completing the proof of statement 2.
Furthermore, since v does not dominate Cs, and G is connected, it follows that

Cy = Ty, for some n > 2, completing the proof of statement 1. g

Corollary 3.2.7 Let G be a connected 3-i-critical graph, and let v be a cut vertex
of G. Let C; and Cy denote the two components of G — v, where C} is complete

and i(Cy) = 2. Then |V(C1)| > 2 if and only if 6(G) > 2.

Proof: If §(G) > 2, certainly |V(C1)| > 2. Conversely, suppose |V (C1)| > 2.
Then, by Theorem 3.2.6, Cy = Tb,, for n > 2, and hence d(z) > 2 for all
z € V(C,). Also by Theorem 3.2.6, vz € E for every z € V(C}), and hence

d(z) > 2. Furthermore, d(v) > 2. Therefore §(G) > 2. y

Theorem 3.2.8 Let G be a connected 3-i-critical graph with 6 =1, and let v be
a cut vertex of G. Then, G — v has exactly two components Cy and Cy such that

|V(C1)| =1 and i(Cy) = 2. Furthermore,

1. Cy =81+ 8o+ + S, where S; = Ky or a graph Qap € Qap, 1 < j <m,

and
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9. there exist nonadjacent vertices u,u' € V(Cy) — N[v| such that

(a) Nlu]UN[u]=V(C), and

(b) for all z € N(u) ® N(v'), vz € E and N[z] 2 V(C;) — {u, u'}.

Proof: Since v is a cut vertex of G, by Lemma 3.2.5, G — v has exactly two
components C; and C,, with C; complete and i(Cy) = 2. Furthermore, by
Corollary 3.2.7, |[V(C1)| = 1.

Let V(C;) = {z}. Then, since G is connected, vz € E. Since i(G) = 3, there
exists u € V(Cy) with vu ¢ E, and u’ such that [v,u] — u or [u,u/] — v. But
T & N[u]U N[u], so it must be that [v,u'] — u, where v’ € V(C). Furthermore,
the fact that vu’ € E implies there exists y such that [v,y] — v’ or [v/,y] — v.
By the same reasoning, [v,y] — u/, where y € V(Cs). Now, since [v,u/] — u, it
must be that y = u. Hence [v,u] — v and [v, %] — u. We now prove statements
(a) and (b) hold for these vertices.

Suppose there exists w € V(Cy) — N[u] U N[u']. Then, from wu ¢ E, there
exists y such that [w,y] — u or [u,y] — w. Since z must be dominated, y must
be v or z. But v/ ¢ N[w| U N[v] U N[u], a contradiction. Hence, (a) holds.

To prove (b), we first define S;. Let A; = N(u) ® N(u'). If A; = @, then
S; = G[{u,u'}] = K. Otherwise, there exists z € A;. Consider z € N(u) such

that z ¢ N(u'). From the fact that [v,u'] — u, vz € E. Now, from zu’ ¢ E,
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we have ¢ such that [2,f] — v or [v/,t] — 2. Since vz € E and v'u € E, we
must have ¢ = z. Thus [z, z] — «' and N[z] = (V(C3) — {u'}) U{v}. Similarly, if
z € N(u') and z &€ N(u), then N[z] = (V(C3) — {u}) U {v}. Therefore G[4,] is
complete. In this case (A4; # 0), set S1 = G[A; U {u, u'}].

We now show that S; € Q,,. Suppose A; C N(u) and z € A;. Then, zu ¢ E
implies there exists y such that either [z,y] — u or [u,y] — z. If [z, 9] — u, then
y#vaszv € E, and y € N(u) gives y = v'. But zz, v'2 € E, a contradiction.
Thus [u,y] — z. Since zv € E, y # v. Furthermore, since uv ¢ E, y € N(v). But
v’ € E gives y # o/, and hence y ¢ N(u') — N(u), a contradiction. Therefore,
A1 € N(u), and S; € Qo

Let By = N(u) N N(uv'). If By = 0, then Cy = S;. Otherwise, B, # 0. If
u1v € E for all u; € Bj, then G[B)] = Ky + K2 + -+ + K, as in the proof
of Theorem 3.2.6. Otherwise, there exists u; € Bj such that u;v € E. Then,
again as in Theorem 3.2.6, it can be shown that there exists u} € By, such that
uyu] € E and such that (a) and (b) hold with u; and u} in place of u and u'.

In general, if By = N(ug-1) N N(uj_;) = 0, then Cy = S; + Sy + --- + 5.
Suppose By # 0. If uyv ¢ E for all uy € By, then G[By] = Ko+ Ko+ -+ + K.
Otherwise, there exists u; € By such that uyv € E(By) and uzv € E. Thus,

there exists u;, € By such that uyu) ¢ E, and such that (a) and (b) hold with wuy

and uj, in place of u and u'.
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Since G is finite, we have B,, = 0 for some m, and thus Cy = S1+Ss++ - -+ S,

where S; = K, or Q2 for all 1 < 7 < m. The result now follows. g

Let L, , denote the bipartite graph constructed from K ,_; UK 41 by adding
an edge between the vertex of degree p — 1 in K ,_; and the vertex of degree
g—1in K4 ;. We will refer to the vertices incident with this new edge as the
centre vertices of K11 and K1 41. Note that whenp =1 (orq=1) L, = K14
(or Ky, respectively), and L;; = Ky ; = Ko.

Now, consider a 2-connected 3-i-critical graph G with 6 = 2. Let z be a
vertex with d(z) = 2. Then N(z) is a vertex cut of size two. By Lemma 3.2.4,
the graph G — N(z) has at most three components. The following two theorems

give a description of such graphs.

Theorem 3.2.9 Let G be a 2-connected, 3-i-critical graph with 6 = 2. If there

ezists a verter © such that N(z) = {v,v'} = S, where vv' € E, then either I or

2 holds.

1. The graph G — S has ezactly two components C; and Cs such that
V(Cy) = {z} and C3= S, + Sy +++++ S, wherem > 1 and S; = K, or

L, for all1 < j < m. Furthermore,

(a) Co — (N(v) UN(V')) is a complete graph on r > 1 vertices, and
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(b) for j =1,2,...,m, one of the following holds:

i. Sj = Ly, with centre vertices {w,w'}, where w,w’ € N(v)®N(v'),
and V(S;) — {w,w'} ST N@w)NN@);
i. S; = K1, with centre vertez u, where u € N(v)NN(v') or V(S;)—

{u} € Nw)NN{®).

2. G — S has exactly three components Cy,Ca and Cs such that V(C1) = {z},
Cy = Ky, and C3 = K, with ¢ > 3. Furthermore, N(v) = N(v') and there

exist vertices z1, 23, 23 € V(C3) that satisfy
V(Cl) U V(CQ) U {Zl, 22} g N(’U) g V(Cl) U V(CQ) U (V(C3) - {23})

Proof: By Lemma 3.2.4, G — S has either two or three components. We consider
these two cases separately.

Case 1: G — § has exactly two components C; and Cs.

Without loss of generality, V(C;) = {z}, and i(Cs) > 2.

We first show that for any w € N(v) @ N(v'), there is a unique vertex w' €
N(v) © N(v') such that ww' ¢ E, and furthermore, w dominates V(Cy) — (N (v) U
N(v')). For any w € N(v) — N(v'), wv' ¢ E implies that there exists w' such
that [w,w'] — ¢ or [v/,w'] — w. Since {w,w',v'} must be an independent
set, w ¢ N[z], and hence [v/,w'| — w. Furthermore, w' € N(v) — N(v') and

Nw'] 2 V(Cy) — (N(v") U{w}). Now, from w'v’ ¢ E we must have [v/, w] — o'
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and thus Njw] D V(Cs) — (N(v') U {w'}). Similarly, for any u € N(v') — N(v),

we have v’ € N(v') — N(v) such that N[u] D V(C;) — (N(v)U {«'}) and N[u'] D
V(Cs) — (N(v) U {u}). Now suppose there exists w € N(v) — N(¢') and u €
N(¥') — N(v), such that wu ¢ E. Then there exists ¢ such that [w,t] — u
or [u,t] — w. In either case, since t ¢ {v,v'} and ¢t must be dominated, ¢ = z.
However, neither [w, z] — u nor [u, z] — w is possible, a contradiction. Therefore
wu € E for all w e N(v) — N(v') and u € N(v') — N(v).

Next, we prove that C; — (N(v) U N(v')) is a complete graph with » > 1
vertices. Let y € V(C,) — (N(v) U N(v')). Note that y exists, else {v,v'} is an
independent dominating set. Since vy ¢ F, there exists ¢ such that [v,t] — y
or [y,t] — v. In either case, {v,t,y} must be an independent set, and N(y) D
N(v) @ N(v') by the first paragraph. Furthermore, neither v nor y dominate v'.
It follows that if [v,t] — y, then t = ¢/, and if [y,¢] — v, then ¢t = v'. Now, if
[v,v'] = y, then C3 — (N(v) U N(v')) = {y}, a complete graph on one vertex.
Otherwise, [y,v'] — v (and by the same argument, [y,v] — ¢'), and Ny] D
V(Cy) — (N(v) N N(v")). Since y is arbitrary, it follows that Cy — (N (v) U N(v'))
is a complete graph with r > 1 vertices.

Finally, we prove that Cy = S1+ S+ - -+Sp,, withm > 1and S; = Fl,p or —L—p,q
for all 1 < j < m. Recall that i(Cy) > 2. First, consider any pair of nonadjacent

vertices w,w' € N(v) @ N(v'). If there exists a vertex z # w' such that wz € E,
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then z € N(v) N N(v') and either [w,z] — z or [z,z] — w. Since {w,z} does
not dominate w’, we must have [z, 2] — w and N[z] 2 V(C32) — {w}. Therefore
V(Cy) — N(w) — {w'} induces a subgraph K ,. Similarly, V(C3) — N (v') — {w}
induces a subraph K ,. Together, these two subgraphs induce a subgraph L,
with centre vertices w and w'. Thus the vertices in N (v)@® N (v') together with the
vertices of N(v)NN(v') that do not dominate N (v)®N (v') induce S1+S2+- - -+.5;,
where S; = L, , for all 1 < j <i=|N(v) ® N(')|/2.

It remains to be shown that S; = K, for i + 1 < j < m. The subgraphs
Sit1, Si+2, - - -, Sm can be found recursively as follows. To find S;, consider any
pair of nonadjacent vertices y and z in V(Cs) — V(S1 + Sz + - -+ + Sj—1). Such
vertices exist, else {z,y} would be a dominating set for any y € V —V(S; + 52 +
--++4 Sj_1). By fact (a), either y or z (or both) is in N(v) N N(v'). Hence either
[y, x] — zor [z, 2] — y, that is, either N]y] 2 V(C2)—{z} or N[z] D V(C,) —{y}.
Without loss of generality, suppose [y, z] — z. Now consider all nonneighbours
of z in V(Cy). Specifically, if wz ¢ E, then [w,z] — 2. Therefore, the graph
induced by V — N(z) is a graph K;,. The result now follows.

Case 2: G — S has exactly three components C1, Cy and Cj.

Without loss of generality, V(Cy) = {z}.

Since G is 2-connected, for i = 2,3 there exist vertices y; € V(C;) such that

vy, € E and v'y3 € E. Now, yoys ¢ E implies that there exists ¢ such that
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[y2,t] — y3 or [ys,t] — yo. Since z & Nlyo] U N[ys] and t € {v,v'}, we must

have t = z. Without loss of generality, [ys,2z] — y2. Hence, V(Cs) = {y2}, and
hence C; is a complete graph on one vertex. For any z € V(C3), y22 ¢ E gives
[z, 2] — y2 and hence Cj is complete.

Furthermore, since § = 2, v'y, € E. Also, for any z € V(C3), if vz € E
then vz € E (otherwise {v, z} is an independent dominating set) and if vz € E
then v’z € E (otherwise {v/, z} is an independent dominating set). Therefore,
N(v) = N(v'). Since i = 3, {v,v'} is not an independent dominating set, and
hence there exists z € V(C3) such that z ¢ N(v) U N(v'). Also, since g3 is not
a cut vertex, V(C3) N N(v) # {ys}. It follows that C3 = K, for some ¢ > 3.
Specifically, there exist distinct vertices 21, 22, 23 € V(C3) such that z;, 20 € N(v),

z3 & N(v), and
V(C)UV(Cy)U{z1,20} C N(v) = N(V') CV(C1) UV(Co) U(V(C3) — {23}).

This completes the proof. g

Let R3, be the set of graphs Rz, on 3 + p vertices with the form: Rs, can
be obtained from K, U K; U K, by adding, for each v € K, two edges from v to

vertices not in K, such that the resulting graph is 2-connected.
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Theorem 3.2.10 Let G be a 2-connected 3-i-critical graph with § = 2, and a

verter x with N(z) = {v,v'} = S, where vv' € E. Then, G — S has ezactly two
components C1 and Cy such that C; = {z} and C2 = S; + Sy + - -- + Sy, where
S; = Kip, a graph Qap € Qayp, or a graph Rsp € Rap, for all1 < j < m.

Furthermore, there exist nonadjacent vertices u,u’ € V(Cy) — N(v) such that
1. N[u]U N[v] = V(Cs), and
2. either

(a) for all z € V(Cs) — (N(u) N N(v')) — {u,v'}, vz € E, v'2 € E, and
N[z] 2 V(Cs) — {u,u'}, or

(b) there exists u” € N(v) — N(v') such that for all z € V(Cy) — (N(u) N
N@ YN N@w") —{u, v, u"}, vz € E, vz € E, and N[z] 2 V(Cs) —

{u, v, u"}.

Proof: By Lemma 3.2.4, G — S has either two or three components.

Suppose G — S has three components C;, Cy, C3 where V(C1) = {z}. Since G
is 2-connected, there exist vertices yo € V(C3) and y; € V(C3) such that vy, € E
and v'ys € E. Since yoys € E, without loss of generality, there exists a vertex ¢
such that [ys,t] — y3. Since z must be dominated by t and vy, v'ys € E, t = x.
Hence [ys, 2] — y3, and C5 = {y3}. Since G is 2-connected, vys € E, and i = 3

implies there exists z € V(Cy) such that vz ¢ E. Again, since zy3 ¢ E, there
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exists t such that either [z,¢{] — y3 or [ys,t] — 2. In either case, z must be
dominated by t as zz,y3z € E, and y3v,y3v’ € E. Thus, t = z. Since {ys,z}
does not dominate y,, it is not possible that [y3,z] — z. Therefore, [z, z] — y3
and {z,v} is an independent dominating set, a contradiction. Therefore G — S
has exactly two components C; and C3, where V(C;) = {z}.

Since ¢ = 3, there exists u € V(C;) — N(v). Now, uv ¢ E implies there
exists «’ such that either [u,u] — v or [v,u] — u. Suppose [u,u'] — v. Then,
v & {z,v,v'}, and z is not dominated. Therefore [v,u'] — u. Since u'v € E, we
have v’ € V(C2) — N(v) and N[u'] D V(Cs) — N(v) — {u}. Also, v'v ¢ E implies
there exists w such that either [v/,w] — v or [v,w] — . As above, {v,w] — v’
and w € V(Cs) — N(v). Now N[u'] D V(Cq) — N(v) — {u} implies w = u. Hence
[v,u] = v and N[u] D V(C2) — N(v) — {«'}. This argument shows that every
u € V(C2) — N(v) can be paired with a unique vertex v’ € V(Cy) — N(v) such
that [v,u] — v and v, ¥'] — u. Similarly, every u € V(C;) — N(v’) can be paired
with a unique vertex u” € V(C3) — N(v') such that [v/,u] — «” and [v/,v"] — w.

Consider u € V(Cy) — (N(v) U N(v')). We now consider the possibilities for
u and v’ defined above. Suppose v’ € V(Cy) — (N(v) U N(v')). Since [/, u] — "
and v/, v'v € E, v = u”. Furthermore, [v,u] — ¢/, [v/,u] — ¥/, [v,4] — u, and
[v/,u] — u gives Nu] 2 V(Cy) — (N(v) N N(v')) — {u'} and N[u'] D V(C2) —

(N(w) N N(v")) — {u}. Therefore, if &' € N(v'), then v € N(v).
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We have now shown that G'— S has exactly two components C; and C, with
C; = {z}, and that the vertices in V(C3) — (N(v) N N(v')) can be uniquely
partitioned into pairs of the form {u,u'} and triples of the form {u,u’,u"}. If y
is in a pair in the partition, we will refer to y as Type I, and if y is in a triple in
the partition, we will refer to y as Type I1.

Consider u € V(C3) — N(v) (the same argument applies for u € V(Cy) —
N(v')). Suppose there exists w € V(C;) — N[u] — N[v/]. Since wu ¢ E, there
exists ¢ such that either [w,t] — w or [u,t] — w. In either case, x must be
dominated by ¢, and hence ¢ € {z,v,v'}. Also, ' must be dominated, and
v & N[w]U N[u] U N[z] U N[v], so t = /. Therefore u ¢ N(v') and v’ € N(v').
Similarly, wu' € FE gives ' ¢ N(v'),u € N(v'), a contradiction. Therefore,
N[ U N[w] = V(Cy).

We now show that if y € N(v) — N(v') and v € N(v') — N(v), then uy € E.
Suppose uy € E. Then there exists w such that [u,w] — y or [y,w] — u. In
either case, r must be dominated by w, and wv',yv € E, so w = z. If [u,z] — y,
then wu’' € E, a contradiction. So [y, z] — v and yy' € E, a contradiction. Hence
uy € E for all y € N(v) — N(v'), u € N(v') — N(v).

We have shown that statement 1 of the theorem holds. We now prove state-
ment 2. There are two cases. After both have been considered, we subsequently

show that Cy has the structure claimed.
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Case 1: u is Type L.

Let A; = V(C2) — (N(u)NN(u')) — {u,u'}. Consider z € A;. If u,u’ € N(v')
(the case where u, v’ € N(v) is similar), then z ¢ N(v) — N(v') since both u and
v’ dominate N(v) — N(v'), and z & V(C3) — N(v), so z € N(v)NN(v'). If u,u’ ¢
N(v)UN(v'), then both u and v’ dominate V(Cy) — (N(v) N N(v')) — {u, v’} and
hence N(u)NN(u') 2 V(Co)—(N()NN(v'))—{u,u'}. Therefore z € N(v)NN(v').
In either case, without loss of generality, let uz € F and v'2 ¢ E. Now zu' € E
implies there exists ¢t such that [z,¢] — u' or [v/,t] — 2. Since zz,zv’ ¢ E and
z € N(v)NN(v'), t = z. Hence [v/,z] — z is not possible as neither u' nor z
dominate u. Therefore, [z, 2] — v’ and N[z] D V(Cy)—{v'}. Similarly, if u'2 € E
and uz € E, then N[z] 2 V(Cy) — {u}. Therefore N[z] D V(Cy) — {u,u'}.

Case 2: u is Type II.

Let Ay = V(C2) = (N(u)NN(u')NN@")) — {u, v, u"}, and consider z € A;.

From previous results, each of «, v/, «” dominates every vertex in
V(Cy) = (N(w) NN (v")) — {u, ', u"}.

Therefore, z € N(v) N N(v'). Suppose zu ¢ E. Then, there exists ¢t such
that [2,¢{] — u or [u,t] — z. In order to dominate x, ¢ = x. Since u' must
be dominated, it is not possible that [u,z] — z. Therefore, [2,z] — u and

hence N[z] O V(C3) — {u}. The same argument for zu' ¢ E or zu” ¢ E gives
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N{z] D V(Cy) — {u, v/, u"}.

This completes the proof of 2. It remains to show that C; has the claimed
structure. We begin by defining S;, depending on whether u is Type I or Type
IL.

Suppose u is Type L. Let A; = V(C2) — (N(u) N N(v')) — {u, u'}. If A; =0,
then let S; = G[{u,u'}] = K11. If A} # 0, let S; = G[A; U {u,u'}]. Since
Niz] 2 V(C3) — {u,u'} for all z € Ay, G[A] = K,. Now consider any z € A;.
Without loss of generality, uz € E, and u'z ¢ E. Also, zu ¢ E implies there
exists y such that [z,y] — u or [u,y] — z. In either case, v’ must be dominated,
so y € N[u']. But y # «’ as neither [z,u] — w nor {u,u'] — z. Also, y € V(C5)
as zy € E. Therefore, y € N(v/) and y € N(u), so y € A; and A; € N(u).
Therefore Sy € Qs .

Suppose u is Type IL. Let A; = V(Cy) ~ (N (u)NN (' )NN(u")) —{u, v, u"}. If
A =0,1et S; = G[{u, v, u"}] = S1 = K15. If A1 # 0, let S; = G[A1U{u, v/, u"}].
Since N[z] 2 V(C3) — {u,u/,u"} for all 2 € A;, again we have G[A;] = K.
By definintion of A;, for any 2z € A; there exists w € {u,¢,%"} such that
wz € E. Therefore there exists ¢ such that either {w,t] — z or [z,t] — w.
Since zz,wz ¢ F, r must be dominated by ¢, and z is adjacent to both v and

v, s0t = 1. Now [w,z] 4 2, as w does not dominate {u,«’,u”}. Therefore
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[2,2] — w and z dominates {u,u/,u"} — {w}. This shows that every z € A;
is adjacent to exactly two vertices in {u,u,u"}. Suppose one of u,u’, or v’ is
adjacent to every vertex in A;. Specifically, suppose vz € E for all z € A;. Then
Nu'| =V —{z,v,u}. Since v’z ¢ E, there exists y such that either [v/,y] — z or
[z,y] — «. In either case, {t/, y, z} must be an independent set, and hence y = u.
But neither [v/,u] — z nor [z,u] — u' is true, a contradiction which implies ¢’
does not dominate A;. A similar argument can be used to show that neither u
nor v’ dominate A,. Therefore, every vertex in {u, v’, u"} has a neighbour in A,
and specifically, u has at least two neighbours in A;. This proves S; € R3,.
Proceed inductively as follows. If u is Type I, let By = N(u) N N(v/), and if
u is Type I1, let B; = N(u) N N(u') N N(u"). If By # 0 and there exists y € B;
such that y € (N(v) U N(v')) — (N(v) N N(v')), repeat the above procedure to
find A;,S;, B; for ¢ = 2,3,...,7 (as in Theorem 3.2.6, Case 2), where j is the
least 7 such that B; = @) or there is no y € B; such that y € (N(v) U N(v)) —
(N(v) N N(¢')). In the first case, C; = S1 + Sz + -+ + S;. In the second case,
y € Nv) N N(¥) for all y € B;. In this case, for any y € B; there exists
y1 € B; such that yy; ¢ E, otherwise {y,z} is an independent dominating set
of G. Now yy,; € E implies there exists t such that, without loss of generality,
[y1,t] — y. Either y; or ¢t must dominate z, so t = z and [y;, z] — y. This implies

N[y1] 2 B; — {y}. For each vertex w € B; — {y, 11}, either yw € E or [w,z] — ¥y
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(as [y, ] — w would imply yy; € E). Solet {y1,ys,...yp} be the set of vertices in

B, such that [y, 7] — y, i =1,2,...p. Now let S;11 = G{{y,y1,---Yp}] = K1p,
p > 1. Note that every vertex in {y,y1,...,Yp} is adjacent to every vertex in
V(Co) —{y,y1,--yp} U Bj—{y,y1,-..,yp} =0 then Co = S1 + So+--- + Sj41.
Otherwise, set B;j;1 = Bj — {y,v1,...,Yp}, and repeat this argument to find
Sjt+2,5j43,---,Sm. It is important to note that at each step, Bj, Bj;1,..., Bn
each contain at least two vertices, as if B,, = {y} then {y,z} is an independent
dominating set of G. Therefore Cy = S; 4+ S2 + - - 4+ S,, where S; has one of the

claimed structures, for j =1,2,...m. g

3.3 Hamilton Paths and Cycles

Using the results of the previous sections, we give a characterisation of the 2-

connected, 3-i-critical graphs that are hamiltonian. We then prove that every

connected, 3-i-critical graph with more than six vertices has a Hamilton path.
Note that each graph in Q;, has a Hamilton path. By the definition of join

we have the following lemmata. Several of the easy proofs are omitted.

Lemma 3.3.1 If G has a Hamilton cycle, then so does G + K14, G + Ly,

G+ Qap for any Qop € Qap, and G + R3,, for any Rsp € R p.
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Lemma 3.3.2 If G = S, + Sy + -+ Sk, where k > 2 and S; = K1, or L,

for j=1,2,... k, then G has a Hamilton cycle.
Lemma 3.3.3 Every Rz, € R3p has a Hamilton cycle.

Lemma 3.34 If G = 51+ Sy + -+ + S¢ where §; = Fl,pa Q2p € Qop, OT
Rs, € Rs, forj =1,....k, then G has a Hamilton cycle, unless G = K1, or

G € Qap. If G € Qyyp, then G has a Hamilton path.

Proof: If S; = Rs,, for any j, then by Lemma 3.3.1 and Lemma 3.3.3, G has a
Hamilton cycle. Otherwise, since K1, + K14, K1p + Q2. and Q2 + Q2,4 have
Hamilton cycles, by Lemma 3.3.1 so does G, except possibly if k = 1. If G = Qap,

it is easy to see that G has a Hamilton path. g

For any ¢ > 3, let W, 4 denote the set of graphs on ¢ + 4 vertices constructed
from K, U Cj such that two nonadjacent vertices of C4 have the same neighbour-
hood in K, of size greater than 1 and less than ¢, and the other two vertices of

C4 have no neighbours in K.

Lemma 3.3.5 Each graph in W,4 has a Hamilton path, but not a Hamilton

cycle.

Theorem 3.3.6 If G is 2-connected and 3-i-critical, then G is hamiltonian, un-

less G € Wy, tn which case it has a Hamilton path.
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Proof: If § > 3, then by Corollary 3.1.4, G is hamiltonian. Otherwise, suppose

that there exists r € V such that d(z) = 2. Let S = N(z) = {v,v'}. Then by
Theorem 3.2.9 and Theorem 3.2.10, G — S has at most 3 components and one of
1 or 2 in the statement of Theorem 3.2.9 holds, or vv' € E.

If 1 holds, then by Lemma 3.3.2, C5 is hamiltonian. Notice that there exists
some Hamilton path in C, that starts at a point of N(v) and ends at a point of
N(v'). Hence G is also hamiltonian.

If 2 holds, then G € W, 4, and by Lemma 3.3.5, G has a Hamilton path, but
not a Hamilton cycle.

If v/ € E, by the construction of C in Theorem 3.2.10,

Sl < {le,}:—{_l,la_ﬁlﬂa R3,p}‘

Note that Cy # K, otherwise G is not 2-connected. Therefore, by Lemma 3.3.4,
C is either hamiltonian or Cy = Qy,. If Cy is hamiltonian and S; = Q3 or Ra,
for some 1 < j < m, then there exists a Hamilton path in C; from a vertex in
N(v) to a vertex in N(v'), and hence G is hamiltonian. If C; is hamiltonian and
Cy = Ky, +f1,p2 + +f1,pm, where p; = lor 2 for i = 1,2,...,m, it is
not difficult to find a Hamilton path in C; from a vertex in N(v) to a vertex in
N(v'), and therefore G is hamiltonian. If C; = @2, then each of the vertices in

the defining copy of K in C, have degree greater than one (or else G has a cut
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vertex) and there exists a Hamilton path in C5 from a vertex in N(v) to a vertex

in N(v'). Hence there exists a Hamilton cycle in G. 1y

Theorem 3.3.7 If G is connected and 3-i-critical with [V(G)| > 6, then G has

a Hamilton path.

Proof: If G is 2-connected, then by Theorem 3.3.6, G has a Hamilton path.
Thus assume G has a cut vertex v. By Theorem 3.2.6, G — v has exactly two
components C; and Cy, such that C; is complete, i(Cs) = 2, and either 1 or 2 in
the statement of Theorem 3.2.6 holds.

If 1 holds, then since G[C; U {v}] is complete, it has a Hamilton path P that
ends at v. Since Ty, , has a Hamilton path that starts at any vertex, G[Cy U {v}]
has a Hamilton path @ that starts at v. Then the path PQ is a Hamilton path
of G.

If 2 holds, then since G is connected and i(G) = 3, Cy # K,. Thus, by
Lemma 3.3.4, C; has a Hamilton path. Furthermore, G[{v} U V(C,)] has a
Hamilton path @ that starts at v, except when Cy € Qs (i.e. C» is a path with
4 vertices). Since |V (G)| > 6, this does not happen. Let P = zv. Then the path
PQ is a Hamilton path of G. Therefore, if |[V(G)| > 6 (thus, C2 # P,), then G

has a Hamilton path. g
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Corollary 3.3.8 If G is connected and 3-i-critical with |V (G)| > 6 even, then

G has a perfect matching.

For any k > 4, there are arbitrarily large k-i-critical graphs with no Hamilton
path: Let m > 2k, and p =1+ 1+---+ 1+ (m — 2k + 1) be a partition of
p = m — k. Then each graph in Qy, is k-i-critical but has £ — 1 > 3 vertices of
degree one, and hence no Hamilton path.

For k > 4, the question of when a k-i-critical graph G contains a Hamilton

cycle is still open.



Chapter 4

Total Domination Critical

Graphs

This chapter begins with many results of Haynes, Mynhardt, and van der Merwe.
Sections 4.1 and 4.2 provide a summary of results from [13], where total domina-
tion critical graphs were introduced. These include properties of total domination
critical graphs as well as properties specific to 3-y;-critical graphs. In section 4.3,
a characterisation of the 3-y;-critical graphs with a cut vertex is given, and it is
shown that all such graphs contain a Hamilton path. Furthermore, it may be
seen that any 3-y;-critical graph G satisfies 2 < diam(G) < 3. Section 4.4 marks
the beginning of new work done on 3-y;-critical graphs, where the need for a new

closure concept is motivated, and a closure is defined. It will be established that a

o1
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3-v,-critical graph G is hamiltonian if and only if the closure of G is hamiltonian.

In addition, several results about the structure of G and its closure will be given.

4.1 Properties of v;-critical graphs

As in the cases of domination critical graphs and independent domination critical
graphs, the first nontrivial case of a 7;-critical graph G occurs when v(G) = 3.
Since the size of a total dominating set in any graph must be at least two, the
only 2-v,-critical graphs are vaccuously the complete graphs K, with n > 2.
For any ~,-critical graph G, since v,(G +uv) < 1(G) for any uv ¢ E(G), it is
not difficult to see that every minimum total dominating set of G + uv contains
at least one of u and v. Furthermore, the addition of the edge uv to G can change

the total domination number by at most two:
Theorem 4.1.1 [13] For any edge wv € E(G),
1(G) — 2 < %(G + uwv) < 1(G).
Theorem 4.1.2 [13] For any connected graph G, A(G) < |V(G)] — (G).

Theorem 4.1.3 [13] For any graph G and any minimum total dominating set
S of G, if v € S is in a component of [S] of cardinality at least 3, then N(v) is

not complete.
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Theorem 4.1.4 [13] Every vertex in a ~y.-critical graph is adjacent to at most

one vertex of degree one.

4.2 Introduction to 3-v-critical graphs

What follows is a list of several results from [13] specific to 3-y;-critical graphs.
First, a simple observation which is fundamental to all of the results on 3-7;-
critical graphs is made.

Observation: For any 3-.-critical graph G and any pair of nonadjacent vertices

u and v, at least one of the following holds:
1. {u,v} dominates G.
2. There exists w € N(u) such that {u,w} dominates G — v, but not v.
3. There exists w € N(v) such that {v, w} dominates G — u, but not .

The second and third situations will be denoted by uw — v and vw — u,

respectively.

The first result is a corollary to Theorem 4.1.3 for graphs G with v,(G) = 3.

Corollary 4.2.1 [13] If a graph G with v,(G) = 3 has a vertez v such that N(v)

is complete, then v € S, for any minimum total dominating set S of G.
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The next result states that there is only one 3-y;-critical graph on less than 6

vertices. All other results are for graphs with at least 6 vertices.

Theorem 4.2.2 [18] The only 3-y;-critical graph with fewer than 6 vertices is

Cs.

Theorem 4.2.3 [13] Every 3-v;-critical graph G has a minimum total dominat-

ing set S such that [S] = Ps.

The next result provides some insight into one of the reasons why a charac-

terisation of the 3-y-critical graphs does not come easily.

Theorem 4.2.4 [13] For any graph G, there is a 3-vy,-critical graph H such that

G is an induced subgraph of H.

In other words, there is no finite forbidden subgraph characterisation for the

3-~y;-critical graphs.

4.3 3-v.~critical graphs with a cutvertex

The following results of Haynes, Mynhardt, and van der Merwe lead to a charac-
terisation of the 3-,-critical graphs with a cut vertex. It will also be shown that

all such graphs contain a Hamilton path.
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Theorem 4.3.1 [18] If G is a 3-y;-critical graph, then G has at most one vertex

of degree one.

Corollary 4.3.2 [13] No tree is 8-y;-critical.

Theorem 4.3.3 [13] Let G be a graph with v(G) = 3. If v is a cut vertez of

G, then v 1s an element of every minimum total dominating set of G.

Theorem 4.3.4 [13] For any 3-y.-critical graph G with a cut vertex v, G — v

has exactly two components.

Theorem 4.3.5 [13] If G is a 3-y;-critical graph with a cut vertex v, then v is

adjacent to a vertex of degree one.

Corollary 4.3.6 [13] If G is a 8-y;-critical graph, then G has at most one cut

vertex.

Theorem 4.3.7 [13] If G is a 3-y;-critical graph, then

2 < diam(G) < 3.

With use of the above results, a complete characterisation of the 3-y;-critical
graphs with a cut vertex can be made. The characterisation also makes use of

the following Lemma:
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Lemma 4.3.8 [13/ If G is a 3-y;-critical graph that contains a cut vertez, then

diam(G) = 3.

Theorem 4.3.9 [13] Let G be a graph with a vertex u of degree one, and let
N(u) = {v}. Let A= N(v) — {u} and B=V — Nv]. Then G is 3-y;-critical if

and only if
1. [A] is complete and |A| > 2,
2. [B] is complete and |B| > 2, and

3. every vertex in A is adjacent to |B| — 1 vertices in B and every vertez in

B is adjacent to at least one vertex in A.

The next two corollories follow from Theorem 4.3.9 and Theorem 2.2.13 and

address the hamiltonian properties of the 3-v;-critical graphs with a cut vertex.

Corollary 4.3.10 [13] If G is a 3-y;-critical graph with a vertez u of degree

one, then G — u is hamiltonian.

Corollary 4.3.11 If G is a 8-y;-critical graph with a vertex u of degree one, then

G has a Hamilton path.

In [14] and [15], the 3-v-critical graphs which do not have a cut vertex
are considered. The first paper discusses the 3-v-critical graphs with diame-

ter three, and the second, the 3-y;-critical graphs with diameter two. We saw in
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Lemma 4.3.8 that a 3-v;-critical graph with a cut vertex has diameter three, and
in Theorem 4.3.9 these graphs were characterised. The two families of graphs
that will be explored here are the 2-connected 3-v;-critical graphs with diameter
three, and the 3-v;-critical graphs with diameter two (which are 2-connected by

Lemma 4.3.8).

4.4 A new closure

The 3-+;-critical graphs with diameter two and diameter three will be studied
separately in the chapters which follow. In both cases, when the hamiltonian
properties of the graphs are discussed, we make use of a new closure: edges are
added to a graph G in such a way that the obtained graph is hamiltonian precisely
when G is hamiltonian.

Before the closure of a total domination critical graph is defined, a few defi-
nitions and observations about 3-7;-critical graphs need to be developed.

If G is a graph with diam(G) = k and d(u, v) = k, then we say that v and v
are diametrical vertices. Two subsets X and Y of V are called diametrical sets
if d(z,y) = diam(G) for each z € X and y € Y. If X and Y are diametrical
sets, then (X,Y) is a mazimal diametrical pair if for each z € V — (X,Y),

d(z, z) < diam(G) for some z € X and d(y, z) < diam(G) for some y € Y.
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Theorem 4.4.1 [14] If G is a 8-y;-critical graph with diam(G) = 3, then G has

a unique mazximal diametrical pair (X,Y). Moreover, X (say) has cardinality

one and Y] is complete.

In a 3-+-critical graph with diameter two, it is possible that every pair of
nonadjacent vertices dominates the graph. This is not the case in a 3-y;-critical

graph with diameter three:

Theorem 4.4.2 [14] If G is a 8-y:-critical graph with diam(G) = 3, then G has

a pair of nonadjacent vertices that does not dominate G.

Furthermore, it is also possible in a 3-y,-critical graph with diameter two that
for every pair of nonadjacent vertices u and v, there exist vertices  and y such

that uz — v and vy — wu. This is not possible in the diameter three case:

Theorem 4.4.3 [1}] If G is a 3-y;-critical graph with diam(G) = 3, then G has
a pair of nonadjacent vertices u and v such that ux — v, for some x € V, but

there is no vertex y such that vy — u.

The following theorem marks the start of our developement of a total domi-

nation closure of a graph G.

Theorem 4.4.4 [fu andv are nonadjacent vertices in a 2-connected 3-v;~critical
graph G and {u,v} = G, then G is hamiltonian if and only if G + uv is hamilto-

nian.
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Proof: Let v and v be a pair of nonadjacent vertices that satisfy {u,v} > G.
Certainly G 4 uv is hamiltonian if G is hamiltonian.

Now suppose G + uv is hamiltonian but G is not. Since G +wuv has a Hamilton
cycle, G must have a Hamilton path from u to v, say u = vjv,...v, = v. For

any ¢ where 1 < i < n, vju;4; and v;v, cannot both be edges in G, otherwise
V1V2 .. . VjUnUp_1 ... V4101

is a Hamilton cycle in G.
Therefore, since {vi,v,} > G, and G is 2-connected, v vy, V103, ..., 010; €
E(G) for some i > 3, and vjvn, Vj+1Vn, - - ., Un-1Vn € E(G) fori < j <i+ 1.
Consider p and ¢ such that 1 < p < ¢ and j < ¢ < n. It must be that

vpvg € E(G), otherwise

V1VUp+1Up42 - - - Ug—1UnUn—1 . - - VgUpUp—-1 ... V1

is a Hamilton cycle in G.

We now consider two cases:

Case 1: j =i.

Since %(G) = 3, {v;,vn} ¥ G (and {v1,v;} ¥ G). Hence there exists p €
{2,3,...,1 — 2} such that vv, ¢ E(G). This means that for i +1 < ¢ < n,
d(vp, vy) = 3 and therefore v;viy1, Viviye, . - ., ViUn € E(G). But now {v;,v;} > G,

a contradiction.
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Case 2: j=1+1.

Since d(vi, v,) = 3, and G has a unique maximal diametrical pair ({z},Y) by
Theorem 4.4.1, without loss of generality v; = x and v,, € Y. Now, since v, € Y,
and by the uniqueness of ({z},Y), it must be that d(vs,v,) = 2 and hence
voUi11 € E(G). Similarly, vsvit1, vavis1, ..., vic1viy1 € E(G). Now, {v;, viy1} ¥
G implies that there exists k¥ € {i + 3,7 +4,...,n — 1} such that v is not
dominated by {v;, viy1}. But now d(ve, vx) = 3 and v, & {2} UY, contradicting
the uniqueness of ({z},Y).

Therefore G is hamiltonian when G + uv is hamiltonian. g

The closure of a 3-y;-critical graph G is defined as follows: Define D*(G)
to be the graph obtained from G by adding the edge uv to G for each pair of
nonadjacent vertices u and v that satisfy {u,v} ~ G.

From Theorem 4.4.2, we know that any 3-v;-critical graph G with diameter
three has a pair of nonadjacent vertices 4 and v that does not dominate G (de-
noted {u,v} ¥ G). Hence, for a 3-y;-critical graph G, |E(DY(G))| > |E(G)|,
but D*(G) is not complete. Theorem 4.4.4 showed that a 3-v,-critical graph G
is hamiltonian precisely when G + uv is hamiltonian, for nonadjacent vertices u

and v that satisfy {u,v} = G. In fact, the following stronger result holds:
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Theorem 4.4.5 For any 2-connected 3-v-critical graph G, G is hamiltonian if

and only if D'(G) is hamiltonian.

Proof: Certainly D*(G) is hamiltonian if G is hamiltonian.

To prove the converse, suppose D*(G) is hamiltonian while G is not. Consider
a minimal subset {ey, €, . ..,ex} C E(D*(G))—E(G) for which G+{ey, es, .. ., ex}
is hamiltonian but G’ = G + {e1, e, ...,ex_1} is not. By Theorem 4.4.4, k > 2.
Let ex = zy. Then G’ has a Hamilton path P : vivs...v,, where v; = z and
vn, = y. By minimality, each of ey, ey, ..., ex_; is on P. By definition of D*(G),
since ex = zy, {z,y} > G. As in the proof of Theorem 4.4.4, there is no i such
that v1v;41,v,0, € E(G), S0 v1V9, V103, . . ., V1Vi, UjUn, Vjt1Vn, - - - , Un—1Vp € E(G)
forsomei>3andi<j<i+1.

Now, for each ey, es, ..., ex_1, the pair of ends of each edge dominates G. But

vpug € E(G') for 1 < p<iand j < g <n, otherwise

V1VUp+1Up42 - - - Vg—1UnUp—1 - . - VgUplUp—-1 ... N1

is a Hamilton cycle in G'. Therefore each of ey, es, .. ., ex_; must have an end in
{vs,v;}, and hence k < 3.

Case 1: j =1.

If both {v;_1,v;} and {v;, v;11} dominate G, then v; dominates G, a contra-

diction. Therefore without loss of generality, k = 2, e; = v;v;11, and e; = zy.
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Now v;v;_1...010,VUn1...0j41 1S & Hamilton path in G + e;. As before,
{vj,v;51} > G gives vjv;_1,VVj_9,..., V01,00, € E(G). But v, dominates
{v;,v41, - - ,Un_1}, and hence v;v, is a dominating edge of G, a contradiction.

Case 2: j =1+ 1.

As in Case 1, at most one of {v;_1,v;} and {v;,v;;1} dominates G, and simi-
larly, at most one of {v;_1,v;} and {v;,v;;1} dominates G. If both {v;_1,v;} and
{vj,v;41} dominate G, then since v,_1vj411 € E(G), v0;41,vvi-1 € E(G) and
hence

V1V2 ... Vi—1V;UnUp—1 . . - V41001

is a Hamilton cycle, a contradiction. This implies k¥ = 2 with e = zy. As in
Case 1, e; # v;vj41 (and e; # v;—1v;). Therefore e; = v;v;.

NOW U;U;_1 ... U1UnUn_1 ... v; is a Hamilton path in G+e;. Asin the argument
used for G+ey, {v;,v;} = G gives v;v;_1,V;Vi_9, . . ., ViV1, Un¥j, Un—1Yj, - - - , Vj11V; €
E(G). Also, there is no p such that v;v,41,v,v; € E(G). Hence v;v, € E(G) for
all j <p < m,vw; & E(G) for all 1 < p <4, and vpv, € E(G) for all 1 < p < 4,
j < g < n. Hence G is not connected, a contradiction to G' 2-connected.

Since both cases lead to a contradiction, G must be hamiltonian. g
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What follows is a collection of new results analagous to ones found in Chapters
2 and 3, except that the results here are shown for the total domination closure
of a 3-y-critical graph G, rather than for G itself. Many of the results will be
shown also to hold for G. The reason D*(G) is considered first is that all of our

proofs of hamiltonicity use D*(G) and Theorem 4.4.5.

Theorem 4.4.6 Let G be a 3-y,-critical graph and I an independent set in D*(G)
with |I| = m. Then the vertices in I can be ordered as x1,T3,...,Tm in such a

way that there exists a path pips...Pm—1 i G — I, where z;p; — Tiy1 in G for

Proof: There is a natural orientation that can be given to the edges of D!{(G):
For uv ¢ E(D'*(@G)), there exists w such that, in G, either vw — v or vw — u.
In the first case orient uv as (u,v), and in the second case orient uv as (v, u).
Since I is independent in G, the subgraph of G induced by I is complete, and
hence the orientation gives a tournament on I (with possibly extra arcs). Hence
I contains a directed Hamilton path z1z5...2,, and foreacht=1,2,...,m—1
there exists p; such that z;p; — z;,1. Since z;p; € E(G), certainly p; &€ I.
Furthermore, p; dominates I — {z;;1}, so the vertices p; are distinct. Finally,
fori=1,2,...,m— 2, since p;z;;1 € F(G) and z;11p;41 — Tiy2, it follows that

pipir1 € E(G). Therefore p1p; ... pm_1 is the required path. g
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Corollary 4.4.7 Let G be a 3-y;-critical graph and I an independent set in G

with |I| = m > 3. Then the vertices in I can be ordered as x1,Za, ..., Tm in such

a way that there exists a path p1pa...pm—1 in G — I, where x;p; — ;41 in G for

Proof: If m > 3, then for any two vertices z;,z; € I, {z;,z;} ¥ G. There-
fore I is also an independent set in D*(G), and the result follows directly from

Theorem 4.4.6. g

Note that the paths described in Theorem 4.4.6 (and Corollary 4.4.7) in a
3-7-critical graph G are not necessarily unique. The existence of these paths will
be central to many arguments which follow, and will be referred to as follows: For
an independent set I, the set of paths that satisfy the conditions of Theorem 4.4.6
will be denoted by P;. If P is a path given by I and Theorem 4.4.6, we will simply

write P € Py.

Lemma 4.4.8 Let I be an independent set of m vertices in a 3-y;-critical graph
G such that IU{v} is independent in D'(G) (and therefore in G) for some vertex

v €V — I. Then the vertices of any path P € Py all lie in N(v).

Proof: Let P € P;. Each vertex p; of P is not v, as z;p; € E(G). Since

T;pi — Tiy1 and zv € E(G), p; must dominate v and hence be in N(v). g
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Corollary 4.4.9 Let I be an independent set of m > 2 vertices in a 3-v;-critical
graph G such that I U {v} is independent in G for some vertezv € V — I. Then

for any P € Py, the vertices of P all lie in N(v).

Proof: Since m > 2, |I U {v}| > 3, and hence I U {v} is independent in D*(G).

The result follows directly from Lemma 4.4.8. g

Lemma 4.4.10 Let v be a vertex of degree d > 2 in a 8-v;-critical graph G and

let I be a mazimum independent set in D'(G). If N(v) C I, then |I ~ N(v)| < 1.

Proof: Suppose N(v) C I and there exist distinct vertices y,z in I — N(v). By
Theorem 4.4.6, there is an ordering x1, T, . . ., Z442 of the vertices in N(v)U{y, z}
and a path p1ps ... p4s1 contained in V(G) — N[v] — {y, 2} such that z;p; — z;41
for 1 <1i < d+1. Inthe ordering x1, zy, ... 4.9, without loss of generality, z; = y
for some 1 < ¢ < d+2. Since yp; — T;11, it follows that either p; or y dominates

v, which is not possible as neither p; nor y are in N(v). Therefore |I — N(v)| < 1.

As with Lemma 4.4.8 and Corollary 4.4.9, the following corollary follows di-
rectly from Lemma 4.4.10 when the cardinality of a maximum independent set

in G is at least three.
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Corollary 4.4.11 Let v be a vertex of degree d > 2 in a 3-vy,-critical graph G

and let I be a mazimum independent set of cardinality at least three in G. If

N(w)C I, then |l — N(v)| < L.

The following results relate several graph parameters in a 3-v;-critical graph
G to graph parameters in D*(G). The first result shows that when the closure
D*(G) is constructed, by adding to G every edge uv for which {u,v} > G, DY(G)

will not contain a pair of nonadjacent vertices which dominate D*(G).

Theorem 4.4.12 Let G be a 2-connected, 3-v;-critical graph. If u and v are

nonadjacent vertices in D*(G), then {u,v} ¥ D(G).

Proof: Suppose u and v are nonadjacent vertices in D*(G) and that {u,v} >
DY(G). Then there exists a vertex w such that uw,vw ¢ E(G) (else uv would be
in the closure). Since {u,v} > D*(G), either uw or vw is an edge in D*(G), and
hence either {u, w} > G or {v,w} > G. This gives a contradiction since uv, uw,

and vw ¢ E(G).

An important consequence of Theorem 4.4.12 is that for any pair of nonadja-
cent vertices in D*(G), there must exist a vertex w such that either uw — v or

vw — u in G.
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Theorem 4.4.13 Let G be a 2-connected, 3-v;-critical graph. A set I of at least

3 vertices is independent in G if and only if it is independent in D*(G), and hence

B(G) = B(D'(G)) when B(G) = 3.

Proof: Since G is a subgraph of D!(G), if I is independent in D!(G), then
certainly I is independent in G.

Now assume I is an independent set in G with |I| > 3, and suppose I is not
independent in D¥(G). Then there are vertices u,v € I such that uv € E(D*(G)).
It follows that {u,v} > G, contradicting |I| being an independent set of size at

least three in G. g

Theorem 4.4.14 Let G be a 2-connected 3-,-critical graph, and &' the minimum
degree of D'(G). The independence number 8* of DY(G) satisfies f* < &' + 2.
Moreover, if 3t = 8* +2, then every mazimum independent set contains all of the

vertices of degree 6°.

Proof: Let v be any vertex of degree ¢¢ in D*(G), I any maximum independent
set in D(G), and A = I — N[v]. Notice that |I N N[v]| < é* and that if v € T
then 7 N N(v) = 0. The independence number is equal to [N[v] N I| + |A], so
Bt =|A|+1ifv eI and 8 = |A| + |N(v) N I| otherwise.

Consider first the case where v € I, and hence 8¢ = |A|+1. From the previous

result, 3¢ = 2 is not possible. If 3* = 1, then §* = |V| -1, so 8 < §* + 2 holds. If
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Bt > 3, by Lemma 4.4.8 there exists an ordering z1, Zs, ..., Z) of the vertices of
A and a path P : p1py...pr—1 in N(v) such that x;p; — z;41 for 1 <7<k — 1.
This implies 6° > k — 1 = |A]| — 1. Therefore §* = [A]| +1 < §* + 2.

Now consider the case where v € I. Consider any path P € P4. Each vertex

p € P must dominate v and hence lies in N(v) — I. It follows that
S +1=|Npl|=|Nw)NI+[N@)=I|+1>|Nw)NI|+|A]~1+1=p5"

In either case, ' < ' + 2, with equality only possible when v € I and
|A| = &* + 1. Since this is true for any minimum degree vertex v, if 8¢ = ¢* + 2,

then every maximum independent set must contain every vertex of degree d*. g

By the same reasoning as in the proof of Theorem 4.4.14, the following result

is obtained:

Corollary 4.4.15 Let G be a 2-connected 3-v;-critical graph, and é the minimum
degree of G. If the independence number B of G satisfies § > 3, then f < 6 + 2.

Moreover, if 3 = 6 + 2, then every mazimum independent set contains all the

vertices of degree 9.

When the upper bound in Theorem 4.4.14 for the independence number 5* of
D¥(G) is attained, more can be said about the structure of D*(G), and a lower

bound on the maximum degree of D*(G) is found:
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Theorem 4.4.16 Let G be a 3-y,-critical graph for which D*(G) has minimum

degree 6* > 2 and independence number 8* = §' + 2. Let z be a vertex in D'(G)
of degree 0*. Then D'[N(z)] is complete and the mazimum degree A of D'(G)

satisfies At > 261,

Proof: By Theorem 4.4.14, every maximum independent set in D*(G) is of the
form I U {z}. Let z1,x9,...,Ts:41 be an ordering of the vertices of I and P
be a path pips...ps that satisfies z;p; — x4 for 1 < 4 < §* (that is, P €
Pr). By Lemma 4.4.8, the path P lies in N(z), and since d(z) = &', N(z) =
{p1,p2,....pse}.

Now consider any two vertices z;4; and ;41 in I, where 1 < ¢ # j < 4.
Without loss of generality, there exists a vertex y such that z;11y — z;41. The
vertex y is in N(z), and the only vertex in N(z) that is not adjacent to z;41 is p;.
Thus y = p;. Now, since z;y1p; — z;41 and z;1.1p; € E, it must be that p;p; € E.
Since this holds for any pair ¢, j, it follows that [N(z)] is complete. Moreover,
every vertex p; € N(z) is adjacent to every vertex in (N[z] — {p;}) U(I — {z:y1}).

Hence d(p;) > 6* +1 — 1+ ' = 26* and therefore A? > 25t.

Corollary 4.4.17 If G is a 3-y-critical graph for which 6(D*(G)) > 2 and

A(DYQ)) < 26(DY@)), then B(DHG)) < §(DHG)) + 1.
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Using the previous theorem, it can now be shown that when B(DY(G)) =
d(D*@G)) + 2, as in Theorem 4.4.14, then the graph D*(G) has a unique vertex

of minimum degree:

Theorem 4.4.18 Let G be a connected 3-y,-critical graph. If the minimum de-
gree 0* and independence number 3¢ of D'(G) satisfy 8* = &' + 2, then D'(G) has

a unique vertex of degree 8*.

Proof: Let I = {z1,zy,...,Z542} be a maximum independent set in D*(G).
By Theorem 4.4.14, I contains every vertex of degree 6. Consider any path
P :pips...psie1 € Pr, where a;p; — 441 for 1 <i < 6+ 1.

Suppose d(z;) = é* for some j with 1 < j < é* + 1. Since p; € N(z;) and by
Theorem 4.4.16 [N(z;)] is complete, p; > N(z;). Also, since z;p; — Zjt1, pj >
V —(N(x;) —{z;+1}). Therefore, p; = V —{z;11}. But then {p;, z;41} = D'(G),

contradicting Theorem 4.4.12. Thus x5 is the only vertex of degree 6¢. g

The last result of this chapter is analogous to Lemma 3.2.4 for 3-i-critical

graphs:

Theorem 4.4.19 Let G be a connected 3-y;-critical graph. If S is a vertex cut

of G, then G — S has at most |S| + 1 components.

Proof: Let m be the number of components of G — S. If m = 2, then clearly

m=1+1<|S|+1 Ifm>3 let C;,Cy,...,C,, denote the components of
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G — S, and let z; be any vertexin C;, fori = 1,2,...,m. Theset {z;,22,...,Zm}
is an independent set in GG, and hence by Corollary 4.4.7, there exists a path
P1D2 - . - Pm—1 Where z;p; — ;41 for i = 1,2,...,m — 1. For each i, p; € S as p;

dominates V' — C;. Therefore m — 1 < |S|, which completes the proof. g

It should be noted that this chapter is not a complete summary of all of the
general results which have been found for 3-vy;-critical graphs. Several new general
results arise when specific subfamilies of 3-y;-critical graphs are considered. Such
results will be given as required, as some of them make use of notation that is

not yet introduced.



Chapter 5

Diameter Three 3-v;-critical

Graphs

In the previous chapter, we recalled (see Theorem 4.3.7) that in [13] it was proven
that a 3-y;-critical graph G has diameter either two or three. In the same paper,
it was shown that a 3-v,-critical graph with a cut vertex has diameter three, and
these graphs were characterised.

This chapter will focus on the 2-connected 3-v;-critical graphs with diameter
three. Specifically, in Section 5.1, results that hold for all 3-y-critical graphs
with diameter three will be given. These graphs will then be partitioned into
four families of graphs based on the type of maximal diametrical pair the graph

posesses. This will be explained in detail in Section 5.1.

72
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The other sections in this chapter contain some characterisations of the fam-
ilies of graphs defined in section 5.1, as well as proof that all 3-v,-critical graphs
with diameter three contain a Hamilton path (and in most cases contain a Hamil-

ton cycle).

5.1 Properties when diam(G) =3

The results which hold for all 3-v,-critical graphs with diameter three are now
given. At the end of this section, the 3-vy;-critical graphs with diameter three will
be partitioned into four families which will be studied separately in the remaining
sections of Chapter 5.

First, three results regarding 3-7,-critical graphs with diameter three that
were given in Section 4.4 to motivate the need for a new closure concept are

restated.

Theorem 5.1.1 [14] If G is a 3~y;-critical graph with diam(G) = 3, then G has
a unique mazimal diametrical pair (X,Y). Moreover, X (say) has cardinality

one and [Y] is complete.

Theorem 5.1.2 [14] If G is a 3-y;-critical graph with diam(G) = 3, then G has

a pair of nonadjacent vertices that does not dominate G.
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Theorem 5.1.3 [1/] If G is a 3-y;-critical graph with diam(G) = 3, then G has

a pair of nonadjacent vertices u and v such that ux — v, for some z € V, but

there s no vertex y such that vy — u.

In [14], the fact that every 3-v;-critical graph with diameter three has a unique
maximal diametrical pair ({z},Y") is used to divide the 3-y;-critical graphs with
diameter three into four subfamilies. The notation introduced in [14] will be
adopted here:

Let F be the family of all graphs G with diameter three and maximal dia-
metrical pair ({z},Y). For Ge F,let A=N(z), B={b|b&€Y and b > Y},
and C =V — (AUBUY U{z}). Note that at least one of B and C is not empty.
Now F can be partitioned into F = F; U Fo U F3 U Fy, where

GeFRifC=0and|Y|>2;

GeFRifC=0and |Y|=1;

G e F3 if B = {;

GeFuif B#0and C # 0.

In [14], several results are given for the 3-y,-critical graphs in each of the
above families. The results which hold for all families are now given. The results

specific to a particular family will be given in the appropriate section of Chapter

.
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Lemma 5.1.4 [14] Let G € F be 3-y;-critical with |Y| > 2. If either B =10 or

C =0, then [A] is complete.

Lemma 5.1.5 [1}] If G € F is 8-y,-critical, then every vertez in C is adjacent

to exactly |Y| — 1 vertices in Y.

Lemma 5.1.6 [14] If G € F is 8-y-critical and C # 0, then [C] is complete.

When the hamiltonian properties of each of the families of 3-v;-critical graphs
in F1, Fa, F3, and F, are discussed in the remaining sections of Chapter 5, the
closure D*(G) will be used extensively. Several results relating graph parameters
in D*(G) to graph parameters in G were given in Section 4.4. A corollary to

Theorem 4.4.13 holds for the diameter three case:

Corollary 5.1.7 Let G be a 2-connected 3-y,-critical graph with diam(G) = 3.

Then B(G) = B(D"(G)).

Proof: By Theorem 5.1.2, 3(G) > 3, and the result follows directly from Theo-

rem 4.4.13. g

Corollary 5.1.8 Let G be a 2-connected 3-y,-critical graph with diam(G) = 3.

I B(DHG)) = 8(DHG)) + 2, then 6(G) = §(DH(G)).
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Proof: By Corollary 5.1.7, 3(G) = B(D*(G)), and 5(G) < §(G) + 2 by Corol-

lary 4.4.15. Therefore,
B(DHG)) = B(C) < 8(G) +2 < 6(DHC)) +2.

Since B(DYG)) = §6(DHG)) + 2, it follows that 6(G) +2 = 6(DYG)) + 2 and

hence §(G) = 6(DYG)). »

Throughout the remainder of Chapter 5 (and Chapter 6), the following nota-
tion will be used:

When |A| = m, the elements of A will be denoted by {a1,as,...,am}. The
set B can be partitioned into sets of vertices with the same neighbourhood in A.

The notation Bj, s, ;, Will be used to denote the subset of B given by

yoos

Bil,iz ,,,,, ip = {b € B I N(b) ﬂA = {ail,aiz, .. .,a,-p}}.

Hence B is partitioned into at most 2™ — 1 subsets. Furthermore, for any a; € A,
we will denote by Ng(a;), the subset of vertices b € B that are adjacent to a;.

That iS, NB(ai) = N(ai) N B.

5.2 3-v-critical graphs in 7

In this section, the 3-v;-critical graphs in J; are shown to be hamiltonian.
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As a starting point, [14] provides a collection of neccessary conditions for a

3-y;-critical graph to be in Fi:

Theorem 5.2.1 [14] A graph G € Fy is 3-y-critical if and only if the following

conditions hold:
1. ({z},Y) is the unique mazimal diametrical pair of G and [Y] is complete.
2. [A] is complete.

3. For every pair of nonadjacent vertices u,v € B, there is a vertezx a € A

such that ua — v. Also, no pair of adjacent vertices dominates G.
4. For every vertex b € B, there is a vertex d € BUY such that bd — z.

5. For every pair {a,b} of nonadjacent vertices where a € A and b € B,

{a,b} > G or aw — b for some w € B.

In {14}, a complete characterisation is given of the family of graphs in F, that

are 3-y,-critical and have §(G) = 2:

Theorem 5.2.2 [14] A graph G € Fy with 6(G) = 2 is 3-y,-critical if and only

if the following conditions hold:
1. ({z},Y) is the unique mazimal diametrical pair of G and [Y] is complete.

2. d(z) =2 and [A] is complete.
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3. B1a =0 or[Bi] is complete.

4. |Bi| > 2 and [B;] is complete, for i € {1,2}.
5. [B1 U By] is the disjoint union of nontrivial stars.

6. If Bia # 0, then every vertex in B, o dominates ezactly |B;| — 1 vertices in
B;, fori€ {1,2}. Also, if u € By (u € By, respectively) does not dominate
Bi 2, then u has a neighbour v € By 2 U By (B12 U By, respectively) such

that {u,v} > B.

An example of a 3-v;-critical graph in F; with § = 2 is given in [14]:

Figure 5.1: A 3-v;-critical graph G € F; with § = 2

For any 3-v;-critical graph G € Fy, since C = 0, {z,y} = G for any y € Y.

Thus, we have the following.
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Corollary 5.2.3 If G € F, is 8-y-critical, then v(G) = 2.

We are now ready to prove the main result of this section, that every 3-+;-
critical graph G € F, is hamiltonian. The proof makes use of the fact that a
graph G is hamiltonian if the connectivity of G is not less than the independence

number of G:

Theorem 5.2.4 [6] For any graph G, if k(G) > B(G) (and G # K3), then G

is hamiltonian.

Theorem 5.2.5 If G is a 3-y;-critical graph in F1, then G is hamiltonian.

Proof: Consider cl(D*(G)) (as defined in Section 2.2). By Theorem 5.2.1, both
[Y] and [A] are complete. For every y € Y, since {z,y} > G, zy is an edge in
D'(G). Also, by Theorem 5.2.1 condition 4, every vertex in A must be adjacent

to a vertex in B. Therefore in D*(G), for any a € A and y € Y,
d(a) +d(y) 2 |A[+ 1+ Y[+ [B| =n,

so ay is an edge in cl(D(G)).
Now consider a € A and let Ng(a) = B — Np(a). For each b € Np(a) there
exists b € Np(a) such that ab’ — b and ¥ = Np(a) — b (and hence the s

are distinct). Therefore |Ng(a)| > |Np(a)| and each b € Np(a) has at least
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|Ng(a)| — 1 neighbours in Np(a). Hence in cl(DY(G)),

d(a) +d(b) > (IA] + INs(@)| + [Y]) + (Y| + [Np(a)| - 1) =n+ [Y[ -2 > n.

So ab € cl(DYQG)) for all @ € A, b € B. It has now been established that if
uwv € E(cl(D*G))), then either u =z and v € B, or u,v € B.

Now, let S be a vertex cut of cl(D*(G)) and u,v be vertices in V — S such
that in c/(D*(G)) there is no u — v path. If u = z and v € B, then AUY C S.
If u,v € B, again AUY C S. Hence |S| > |A| + |Y| and « = k(cl(D*(G))) >
|A| + Y.

Let I be an independent set of cardinality 5 = B(cl(D*(G))). If 8 = 1, then
clearly kK > . Otherwise, for any v € AUY, v ¢ I, s0 I C BU{z}. Let Ig be a

maximum independent set in [B]. We have
B-1=|Il-1<|Ig| <|I|=5.

By Theorem 4.4.6, the vertices of Ig can be ordered by, by, .. ., b1, in such a way
that there is a path in A, pips...p,—1), that satisfies p;b; — b;q for 1 <4 <
|Ig| — 1. Hence |A| > |Ig| — 1 and

k> A+ Y| >l -1+ Y| > I+ 1> || =8

Since &k > 8 in cl(D*(G)), by Theorem 5.2.4, cl(D*(G)) is hamiltonian. Therefore

D(G) is also hamiltonian, and by Theorem 4.4.5 G is hamiltonian. g
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5.3 3-v-critical graphs in F;

In this section, the 3-+y;-critical graphs in F, will be shown to be hamiltonian.
The main method used is showing that x > 3, as in the proof of Theorem 5.2.5.
This proves to be a much more difficult problem than it was for the 3-v;-critical

graphs in F7, however.

Theorem 5.3.1 [14] A graph G € F; is 3-y-critical if and only if the following

conditions hold:
1. ({z},{y}) is the unique mazimal diametrical pair of G.
2. For each a € A and b € B with ab € E(G), {a,b} ¥ G.

3. For each a,a’ € A with ad' & E(G), there ezists b’ € B such that ab' — a'.

A similar statement holds for each b,b' € B with bb' & E(G).

4. For every a € A, {a,y} > G or there exists a' € A such that aa’ — y. A
Y Y

similar statement holds for every b € B.

5. For every pair {a,b} of nonadjacent vertices where a € A and b € B,

{a,b} = G or there exists b’ € B (or a' € A) such that ab’ — b (a’b — a).

What follows is a collection of results which will be used to prove that all

3-v;-critical graphs in F; are hamiltonian. First, recall by Corollary 5.1.7 that
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B(G) = B(D*G)). Furthermore, x(D*(G)) > k(G), so if k(G) > B(G), then

k(DYG)) > B(D*(G)). However, it may be that «(D*(G)) > B(D*(G)) when
k(G) # B(G). Hence rather than attempting to show k(G) > B(G) for a 3-v-
critical graph in F,, we will show x(D*(G)) > B(D*(G)).

For any 3-v;-critical graph in F3, consider a minimum vertex cut S and a
maximum independent set I in D*(G). Since D'(G) — S is not connected, the
vertices of V' — S can be partitioned into two sets {C), C2}, so that no edge of
DY(G) has one end in C; and the other in Cy. In what follows, the graphs in
F, are partitioned according to the size of the subsets C; and C,. The graphs
arising in each case are then shown to be hamiltonian. We first consider the case

where both C; and C; contain at least two vertices.

Lemma 5.3.2 Let G be a 3-y;-critical graph G in Fy, S a minimum vertex cut in
DY(G), and I a mazimum independent set in D*(G). Let {C1,Cs} be a partition
of V.— S such that no edge of D'(G) has one end in C; and the other in Cy. If

|C1| > 2 and |Cs| > 2, then k(DY(G)) > B(D*(G)) and hence G is hamiltonian.

Proof: Let 1,3, ...,z be an ordering of the vertices in I and P : pyp;...ps_;
be a path in P;. That is, ;p; > z;4.; in Gfori=1,2,...,8 —1.
If z; € Cy, where i # 3, then since z; has no neighbours in Cs, and |Cy| > 2,

p; must dominate Co—{x;41}. Also, z;p; € E(G), so p; € S. Similarly, if z; € Cs,
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where ¢ # 3, then p; € S. Let I, denote INCY4, I, denote INCy, and Is denote

INS. If zg € Ig, then |S| > |Is| + |Ic,| + |Ic,| = |I| and hence > 8.

If g € I, U Ig,, then |S| > |Is| + |, | + Ic,| = 1 = 8 — 1. If there exists
z; € Ig such that p; € S then this can be improved to |S| > 8 -1+1 = 8.
Otherwise, zg € Ic, U I, and for each z; € S, p; ¢ S. In this case, suppose
z € I. Theny ¢ I as zy € E(DYG)). Also, z = x5 as zp; — z;41 is not
possible for any i, as I —z C B and N|x] ¥ {y}. Without loss of generality, let
zg € Ic,. Sincey € I and {z,y} > G, it follows that y € S — Is. Therefore |S| >
|Ic,Ulc,|—1+|Is|+1 = |I|, as y # p; for any 4, since p; € Afori=1,2,...,8—-2
and pg_9ps-1 € E(G). Similarly, if y € I, then |S| > |I|. Finally, suppose
I C AU B. Then by Theorem 5.3.1, p, e AUBfori=1,2,...,8—1. Nowif z
or y is in S, then since z and y are not on P, |S| > |Ig, Ulg,| -1+ |Is|+1 = |1].
Otherwise, if z,y ¢ S, then since zy € E(D*(G)), without loss of generality,
z,y € Cy. But then since {z,y} = G, it follows that Cy = ), a contradiction.

Since x > 8 in all cases, D(G) (and hence G) is hamiltonian. g

Lemma 5.3.3 Let G be a 3-y;-critical graph in F», S a minimum vertex cut in
DY@), and I a mazimum independent set in D*(G). Let {Cy, C2} be a partition
of V — S such that no edge of D*(G) has one end in C, and the other in C,. If

|Col =1 (or|Ci]=1)and I CC1US (I CCyUS), then G is hamiltonian.
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Proof: Let I, denote INC) and Ig denote INS. Since I is maximum, Ig # (. Let

T1,Z2,...,Zs be an ordering of I for which there is a path P : pips...ps—1 € Pr.
For any z; € C, where i < 3, p; must be in S since {z;,p;} > {c} (where
{c} = Cy). Soif zg & C4, then |S| > |Is| + |Ie,| = |I]| and G is hamiltonian.
If, however, z5 € C;, we will consider the possible locations for z and y (where
({z,y}) is the unique maximal diametrical pair of G).

Ifzel,then] —{z} CB,z=1z3p, € Afor1 <i:<3—-2,and pg_, € B.
Sincezc € E,c € Bandy € S. But yisnot on P, so |S| > |I¢, |- 1+|Is|+1 = |I].
Similarly, if y € I, then |S| > |I|. In either case, K > 3.

Otherwise, if z,y € I, then I C AUB andp, € AUBfor1 <:< j3—1.
Now, if z or y is in S, then |S| > |Ic,| — 1 + |Is| + 1 = |I| (and again & > 3). If
z,y € S, then since {z,y} > G, zy € E(D*(G)) and hence z,y € C; and C; = 0,
a contradiction.

In all cases that do not lead to a contradiction, x(D*(G)) > B(D*(G)). There-

fore DY(G), and hence G, is hamiltonian. g

Lemma 5.3.4 Let G be a 3-y-critical graph in Fs, S a minimum vertex cut in
DYG), and I a mazimum independent set in D'(G). Let {Cy,C3} be a partition
of V — S such that no edge of D*(G) has one end in C; and the other in Cy. If

|Col =1 (or|Ci|=1) and I CC1UC, and I C AU B, then G is hamiltonian.
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Proof: Since [ is maximum, |I| > 3 and there exist vertices a and b such that
a€ ANT and b € BN 1. Without loss of generality, let Cy = {a}. Then z € S.
Suppose y € S. Then there is a path P on 8 — 2 vertices in P;, which must
lie in S. Since I C AU B, p; € AU B for all 5. Therefore |S| > 5 —-2+2=4.
Now suppose y € S. Then y € C; and ay € E(D*@)). So there exists a’ € A
such that aa’ — y. This implies a’ € S and o’ > I, which gives @’ not on P.

Therefore |S| > 8 —2+ 1+ 1= 3. It follows that G is hamiltonian. g

Lemma 5.3.5 Let G be a 8-y;-critical graph in Fy, S a minimum vertex cut in
DY@G), and I a mazimum independent set in D*(G). Let {C1,C2} be a partition
of V. — S such that no edge of D*(G) has one end in Cy and the other in Cy. If
|Col =1 (or|C1]|=1)and I CC1UCy andz € INC, (ory € INCL), then G

18 hamiltonian.

Proof: Let z1,z,,...,73 be an ordering of I for which there is a path P :
pip2...pg—1 € Pr. Then zip; — x4y for 1 = 1,2,...,8 — 1. Since z € I¢,,
I—{z} C B and C, = I¢, = {c} for some c € B. Since S = N(c), it follows that
y € S. For any b € B, there is no w such that zw — b, so z = x5 and p; € A for
i=1,2,...,8—2. Also, x5_1 ¥ A as rg_2ps—2 — Ts_1 and pg_2 € A. Therefore

ps-1 € B.
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If P is contained in S, then |S| > (8 —1) + 1 = 8. Otherwise, ¢ = 2,4 for

some i where 1 < i< f—-2and p; € C;NA.

Now ;112 € E(D*(G)) implies that there exists # € B such that z;,1b' — z.
Since S = N(z;41), b € S. U SN B # {psg_1}, then |S| > (F-2)+1+1=3.
Otherwise ¥ = pg_; and z;11ps—1 — z. Then pg_; > C; — {z} and hence
ps—1 >~ B in G. But now {z,pg_;} > G, which contradicts zpg_1 ¢ E(D(G)).

Therefore in all cases, £(D*(G)) > B(D*G)) and it follows that D*(G) (and

hence G) is hamiltonian. g

Before the last lemma of this section is given, a definition is needed: A set of
paths will be called independent if no vertex occurs on more than one path, and

end vertices of distinct paths are not adjacent.

Lemma 5.3.6 Let G be a 3-v,-critical graph in Fy, S a minimum verter cul in
DY(G), and I a mazimum independent set in D'(G). Let {Cy,C>} be a partition
of V. — S such that no edge of D*(G) has one end in C; and the other in Cs.
If|Cs] =1 (or |Cy] = 1), I C CLUCQC,, and Cy = {x} (or {y}), then G is

hamiltonian.

Proof: Since C; = {z}, S = N(z) and AU {y} C S. Since I C C; UC, and
C1 C€ B, I = B'U{z} for some B’ C B. Consider an ordering x1,zs,...,Z3

of the vertices in I for which there is a path P : pipy...ps_1 in P;. Note
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that zw — b is not possible for any w € V and b € B, and z;p; — x4, for
i = 1,2,...,8 — 1. Therefore z = z5 and p; € A (and hence p; € S) for
i=1,2,...,0—2. Fori=p—1, x3_1ps_1 — x gives pg_1 € B since z5_1 ¥ A.
So far, {p1,p2,...,ps—2} U{y} C S.

If BNS # 0, then |S| > (8—2)+1+1 = 8 and D¥G) (and therefore
() is hamiltonian. Otherwise, S = AU {y} and C; = B. If there exists a €
A—{p,p2,...,ps—2}, then |S| > (6 —2) + 1+ 1= and G is hamiltonian.

The only remaining case is when S = AU {y} and A = {p1,pa,...,ps-2}

In this case, k(D*(G)) < B(D*G)), so G will be shown to be hamiltonian by
directly finding a Hamilton cycle. First, we establish the following two facts:
Fact1: z; - B— B'.
Proof: Consider any b € B— B’. Since x; > A, if z:1b ¢ E, then 70 — b for some
a € A. Since A = {p1,p2,.-.,Pp-2}, aziy1 &€ E for some i € {1,2,...,8 — 2}.
But z1z;;1 € E either, which contradicts z;a — b. Therefore z; > B — B'.
Fact 2: Forany be B— B’ and i € {2,3,...,08—2}, either bz; € E or bp;_; € E.
Proof: Suppose bz; ¢ E for some 7 € {2,3,...,8 — 2}. As in the proof of Fact
1, zia 4 b (for all a € A) since this would imply a > B’. Therefore ba — z; and
a = p;—1. Now bp,_; — x; gives bp,_1 € E, which completes the proof of Fact 2.

Now, notice # > 4 and |B'| > 3, as |A| > 2 (there are no cut vertices).

Consider a maximum independent set in B — B’. Since zb ¢ E(D'G)) for all
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b € B, the independence number of B — B’ is no larger than |B’| = 5 —1 (since I

is maximum), and hence B — B’ can be partitioned into m < § — 1 independent
paths.

Let {b1,bs,...,bm} be a set obtained by taking one endvertex from each of
the m paths in B — B’. Let ) be any nonempty subset of {by,bs,...,b,}. Since
Q is an independent set, the number of vertices in B’ not dominated by @ is no
more than 8 — 1 — |Q|. Therefore |Np/(Q)| > |Q|. By Hall’s Theorem, there is a
matching of {by, b, ...,b,} into B'.

Using the edges defined by this matching, we can obtain a partition of B into
B — 1 paths with endvertices 1, s, ...,z3-1. We will refer to these end vertices
as the heads of the paths, and the other end vertices of the paths as the tails. If
m < 8 — 1, then some paths will be a single vertex, which will be both the head
and tail of its path.

By Fact 1, z; is adjacent to the tail of any path with more than one vertex.
Adjoin z; to the tail of any such path. We know such a path exists as B— B’ # (),
since ps_; € B — B'. Continue to join two paths whenever they are not inde-
pendent. Any new path created will still have its head in {z2,23,...,25-1}.
This process yields a partition of B into r independent paths Py, P, ..., P,
where 1 < r < 8 — 2. Denote the head of P, by b, and the tail by b;, for

each i =1,2,...,7. Note that {b1,b},...,b0.} C {zo,z3,...,25-1}. Without loss
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of generality, we can assume that the paths P, P,, ..., P, are labelled such that if

1<i<j<randb, =z and b; = xi, then k <. In other words, the paths are
ordered according to the order in which their heads occur in {z1, z9,...,2z5-1}.
Suppose r =1 and b} = z;, 2 < i < §—1. Then since z; > A — {p;_1}, either

piz; € E or pg_sx; € E. So either

IPg—2PB-3 - - plbll R blyl'

or
IP1P2 - .. Pa—2b ... biyz

is a hamilton cycle in D*(G), and hence G is hamiltonian.
Now suppose r = 2. Then b = z; and b, = z; forsome 2 < i< j < g —1.
Now

ybl .. -b/1pipi+1 ... DPg-2ZP1P2 - - -pi—lbIQ .. .bgy

is a Hamilton cycle in D*(G), and hence G is hamiltonian.

Now suppose r > 3. For each ¢ € {1,2,...,r}, let a; be the unique vertex in
A that is not adjacent to b;. For any b;,b; where i # j, we know that b;b) & F.
By Fact 2, ba; € E. Since this is true for all ¢ # j, it follows that for each i,
b; has at least r — 1 neighbours in A’ = {a;,ay,...,a,}. Specifically, b;a;,,1 € F

subscripts are mod r) for i € {1,2,...,r}. Now, since b’ = A — {a;}, certainl
i Y

bla;.o € E for i € {1,2,...,7}. We can join P}, P, ..., P, together using the
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above edges to get the path

a2b1 . b'1a3b2 e b'2a4 N b;_zarbr_l ce b;_lalbr .

T

in D*(G) which uses all vertices in {a1, as,...,a,} U B. We will now extend the
path to include all of A.

Due to the way the P, were labelled, if a; = pr and a; = p, where 7 < j,
then £ < I. If ap = p; and a; = pr # pi—1, then replace a; on the path by
Prt1Pk42 - - - a2. If a; = pp # p1, replace V. _,a, on the path by b, _,p1ps...a;. This
is possible since b, _; > A — {a,_,} and p; # a,_,. Finally, for i € {3,4,...,r},
if a; = p; and a;_1 = px # pi_1, replace b,_,a; on the path by b_;pk11Dkt2 - - - @i
Call the obtained path P.

Since P has one end in A and the other end in B, if a, = pg_s then zPyz is
a Hamilton cycle in D*(G). If a, = px # ps_2, then since ¥/, is an end vertex of P
and b.pry1 € E, TPpry1 - - - pg_ax is a cycle in DY(G). Now since r < 3 — 2, some
path P, has at least two vertices, and each path P, is a subpath of P. Therefore
there is an edge wyws € P such that wy,ws € B. Replacing wyw, on the cycle

by wiyws gives a Hamilton cycle in D!(G). In either case, G is hamiltonian. g

Theorem 5.3.7 If G is a 3-y;-critical graph in F», then G is hamiltonian.

Proof: Let S be a vertex cut of D*(G) of cardinality x(D!(G)), and let I be an

independent set of D(G) of cardinality 3(D*(G)). Let {C1, Cs} be a partition of
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V — S such that no edge of D*(G) has one end in C; and the other in Cs.

If |C1] > 2 and |C,| > 2, then by Lemma 5.3.2, G is hamiltonian. Otherwise,
without loss of generality, assume |Cy| = 1.

If I C CyUS, then by Lemma 5.3.3, G is hamiltonian. If I € C; U S, then
Cy ={c} € I. Since S = N(c), I C Cy UCs.

Now if I C AU B, then by Lemma 5.3.4 G is hamiltonian. Otherwise,
without loss of generality, assume z € I. By Lemma 5.3.5 and Lemma 5.3.6, G

is hamiltonian. g

@® denotes vertex in

Figure 5.2: A 3-y,-critical graph G € F, with k(D*(G)) = 4 < 5 = (DY G))

Notice that in only one of the five lemmata used to establish Theorem 5.3.7
does k(D*@G)) > B(D*G)) not hold. The example shown in the figure satisfies
the conditions of Lemma 5.3.6, and verifies that there are in fact 3-y-critical

graphs in F, with «(D*(G)) = 8(D*(G)) — 1.
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5.4 3-~-critical graphs in F3

In this section, the 3-~y;-critical graphs in F3 are shown to be hamiltonian.

First, the following result characterizes the 3-v;-critical graphs in Fj:

Theorem 5.4.1 [14] A graph G € Fj is 3-y.-critical if and only if the following

conditions hold:
1. ({z},Y) is the unique mazimal diametrical pair of G and [Y] is complete.

2. [AUC] is complete.

3. |C| > 2, Y| > 2, and every vertex in C is adjacent to exactly |Y| — 1

vertices in Y .
Theorem 5.4.2 If G is a 3-vy;-critical graph in F3, then G is hamiltonian.

Proof: Since B = () and diam(G) = 3, each y € Y has a neighbour in C. This
fact, together with property 3 in Theorem 5.4.1 says that there must be two
vertices ¢;,co € C such that Ny(c;) # Ny(cp), and hence there exist vertices
Y1, Y2 € Y where ¢; € N(y1) — N(y2) and ¢; € N(ys) — N(y1). Label the remain-
ing vertices of C as ¢3,¢4,...,¢c|, and label the vertices of A as a;,as,...,a)4-

Finally, label the vertices of Y — {y1, 2} as ys, %, ..., yjy|- Then,

Y1Y3Ya . . - Yy|Y2C2Cs - . . Clc|A102 - . - Q| A|-12a|4|C1

is a Hamilton cycle in G. g
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5.5 3-v-critical graphs in F;
As was done with the 3-v;-critical graphs in F,, the 3-vy;-critical graphs in F,
will be partitioned into subfamilies based on the structure of G — S, where S is a
minimum vertex cut. Again, {C1, Co} will be used to denote any partition of the
vertices of V — S for which no edge of D*(G) has one end in C; and the other in
Cs.
Before the results on the hamiltonian properties of the 3-v,-critical graphs in
F, are given, the following three results from [14] state some properties that hold

for these graphs:

Theorem 5.5.1 [14] A graph G € Fy is 3-y;-critical if and only if the following

hold:
1. ({z},Y) is the unique mazimal diametrical pair of G and [Y] is complete.
2. [C] is complete and each ¢ € C dominates exactly |Y| — 1 vertices in Y.

3. If[Y| > 2, then for everyy € Y, {z,y} > G or there exists w € BUC such
that yw — z. If |Y| =1, then {z,y} # G and there exists y € B such that

Yy - AUC orz’ € A such thatz’ - BUC.

4. For every c € C, there exists w € BUCUY such that cw — 1.
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For every b € B, {z,b} = G or there exists w € BUC UY such that

bw — .

For everya € Aandy €Y, {a,y} > G or there exists w € AUC such that

aw — Y.

For eacha € A and c € C with ac € E, there exists b € B such that ab — c.

For eacha € A andb € B, ifab € E, then {a,b} > G or there existsa’ € A
such that a’'b — a or b € B such that ab’ — b. If ab € E, there exists

w € AUBUC such that w & N(a) U N(b).

For eachb € B and ¢ € C withbc & E, there exists a € A such that ab — c.

For each ¢ € C andy € Y with cy ¢ E, there exists a € A such that

ac — y.

Lemma 5.5.2 [14] If G € Fy is 3-y-critical and [A] is not complete, then

IC| = |Y].

Lemma 5.5.3 [14] If G € Fy is 3-y-critical and [A] is not complete, then every

y € Y dominates at most |C| — 1 vertices in C.

Recall, for a maximum independent set I, we denote the sets SNI, Ci N1,

and Co NI by Ig, I, and I¢, respectively.
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Note that the following lemma holds for all 3-v;-critical graphs, not specifically

for graphs in Fj:

Lemma 5.5.4 Let G be a 3-vy;-critical graph. If for every mazimum independent

set [ in DY(G) none of the sets Is, I¢,, and Ic, are empty, then G is hamiltonian.

Proof: Let I be a maximum independent set in D*(G) such that all of the sets
Is, Ip,, and Ic, are nonempty. It follows that |Ci] > 2 and [Cs| > 2 (else
S = N(Cy) or S = N(C5)). Let {z1, 2o, ..., 23} be an ordering of I such that the
path P : pipy...pg-1 isin P;. For 1 < i < 8, if z; € C1, then since z;p; — z;41
and |Cy| > 2, it follows that p; € S. Similarly, p; € S when z; € Cy. Therefore,
if zg € Ig, then |S| > |Ic, U Ig,| + |Is| = |I| and the result follows immediately.
So assume zg € C1 U Ch.

If |Is| > 2, let a,2; € Is (i < j < B). If either of p;,p; are in S, then
|S| > (|Ig, U Ie,| — 1) + (|Is| + 1) = |I|. Otherwise, without loss of generality,
p; € Cy and hence z;p; — 1,41 gives 2,1, € I, and I, = {z;41}. Furthermore,
i+1+#jand i< j,s0xz;41 # z5. Now, since 2,41 > P —{p;}, p; € C> and hence
{zjs1} = Ic, = {z5}. But now z;11z;11 ¢ E implies there exists w € S such
that either z;,1w — ;4 or 41w — 4. In either case, w # p;41 and hence
S| > |1].

Now consider the case where |Is| = 1. There are three subcases to consider:
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Case 1: |Ig,| 2 2 and |I¢,| > 2

For1 <:<f3-1,p; € Sandhence |S|>(B-1)+1=|]|.
Case 2: |I,| =1 and |I,| =1

In this case, 8 = 3. Since the hypothesis states that there is no maximum
independent set in C;UCa, both [C4] and [C,] are complete. If {p;, p2} C S, then
|S| > |I] and G is hamiltonian. Otherwise, |\S| = 2 and, without loss of generality,
p; € C1, pj € S (where {i,5} = {1,2}). Since p; > {z1, 22,23} — {Zix1}, Tiy1 €
C,. But now {p;, z;11} > D'(G), a contradiction.

Case 3: |Ig,| =1 and |Ig | > 2 (or |Ig,| =1 and |Ig,| > 2)

If [C5] is not complete, then there exists a maximum independent set in C;UC5,
a contradiction. Therefore [Cy] is complete.

Suppose |S| < |I|. Then the vertices of P, namely {pi,p2,...,ps-1} can
not all be in S. Specifically, there exists p; € C) such that z;p; — x;,,, where
Is = {z;} and I, = {z;41}. Furthermore, S = ({p1,p2,...,ps-1} — {p:}) U{z:}.
Suppose z; € C;. Then for any ¢ € Cy — {z:11}, T1¢ ¢ E(D'(G)) and there
exists w € S such that either z;w — ¢ or cw — x;. Every neighbour of z, in S
is in P and hence has a nonneighbour in I, so cw — z;. But z; dominates every
vertex in P, so w = z; and cz; — z;. This is not possible as z; ¥ Ic, — {21}, a
contradiction.

Hence Is = {z1}, Ig, = {z2}, and z; € C; for 3 < i < B. Specifically,
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13,24 € C; and p3 € S. Again consider any ¢ € Cy — {25}, and conclude that

there exists w € S such that cw — z4. Since z; ¥ C1—{z4} and z4 > P—{ps}, it
follows that w = p3 and hence ¢p3 — x4. It now follows that p3 > C;—{z4}. Also,
p3 > C, since z3p3 — =4, and p3z1 € E. But 24 > P—{ps}, so {p3, 4} » D*(G),

a contradiction. Therefore |S| > |I| and G is hamiltonian. g

Before the cases where one of Ig, I¢,, and I, is empty are considered, we

establish the following preliminary result:

Lemma 5.5.5 Let G be a 3-y;-critical graph in F4 and I a mazimum independent
set in DNG). If IN({z}UY) # 0, then zg € {z} UY. Furthermore, if for every
mazimum independent set I, bothx € I andY NI # O, then 8 = 3 and G is

hamiltonian.

Proof: If z = z; for ¢ < 3, then xp; — z;;; implies p; € A, and z;,; = y (and
Y = {zin1}). fy = z; for j < B, then yp; — z;,; implies p; € BUC, and
z;41 = . Combining these statements, it follows that if z € J or Y NI # 0, then
zg € {z,y}. In the case that every maximum independent set I contains z and
an element in Y, by Theorem 5.5.1, I also contains exactly one vertex in C, and
hence f = 3. Furthermore, if u,v are nonadjacent vertices in A U B U C, then
{u,v} > D*G). Thus [AU B U C] is complete in D*(G), a Hamilton cycle can

readily be found in D¥(G), and hence G is hamiltonian. g
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We will now consider the 3-v;-critical graphs in F, that contain a maximum

independent set I in D*(G) for which at least one of Is, I¢,, and I, is empty.

Lemma 5.5.6 Let G be a 3-y;-critical graph in F, and I a maximum independent

set in D'(G) such that I C S. Then G is hamiltonian.

Proof: The result is immediate, since Kk > 5. g

Lemma 5.5.7 Let G be a 3-v;-critical graph in Fy and I a maximum independent
set in DY(G) such that I CCyUS (I CCoUS). Then z1,%2,...,2), € Is and

Trgi+1s - - - 28 € Ioy (Ie,), or G is hamiltonian.

Proof: For z; € I¢, and i < 3, p; dominates C; and hence p; € S. If |S| > |1],
then G is hamiltonian. Otherwise, S = Is U {pi|z; € I¢,, 1 < 8} and z5 € I¢,.
Now, since I, U {co} is independent for any cs € C3, by Lemma 4.4.8, the
vertices in I, can be ordered z, x5, ...,z (where m = |Ig,|) such that there is
a path p},py, ..., p,,_; entirely in S that satisfies z;p; — z;,,. Certainly p] & Ig,
so {p1, 0% - Pm_1} = {pilzi € Ig,, i < B}. Therefore if p; € S, then p; > I
and hence z;,; € Ip,. This fact, together with zg € I¢, gives 21,29, ..., 215 € I

and T\Ig|+15-- -, X3 € I(Jl- n
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Lemma 5.5.8 Let G be a 3-v;-critical graph in F4 and I a maximum independent
set in DYG). If I CC1US (or I CCoUS) and |Cy| > 2 (|Cy| > 2), then G is

hamiltonian.

Proof: Let z,,79,...,23 be an ordering of I such that there is a path P :
p1P2...ps—1 in Pr. For any z; € C; where 1 < ¢ < (3, p; must dominate
Csy and hence p; € S. Suppose GG is not hamiltonian. Then by Lemma 5.5.7,
Z1,%2,...,Tm € S (where |Ig| = m) and Zpmi1, Tmto,..., 28 € C1. Also, by
Lemma 5.5.6, 1 < m < B. In order to satisfy z;p; — z;41 for all 1 < i <
B, Pmt1,Pm+2,---,Pp—1 € S and p1,pa,...,Pm-1 € C1. Also, p,, € C; since
DPm—1Pm € E.

For any z; € S, x;p; — z;;1 and p; € C} implies x; > C5. Similarly, for any
p; € S, z;p; — x;41 and z; € C) implies p; > Cs. In other words, every vertex in
C5 dominates S.

Consider p; € C) and any vertex ¢ € Cy. The vertices p; and ¢y are not
adjacent, so there exist w such that either pyw — ¢z or cow — p;. Since |Cy| > 2
and ¢y > S, pyw — ¢y is not possible. So cow — p; for some w € S. If w € Ig,
then {co,w} ¥ Ic,. If w = p; for some m+1 < i< B —1, then {cy, w} ¥ Ti11.

Therefore |S| > |I|, which contradicts G not hamiltonian. g
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Lemma 5.5.9 Let I be a mazimum independent set in DY(G) and S a minimum
vertez cut in a 3-y,-critical graph G. If |C1| > 2, |Cs| > 2, and I C C1UCs, then

G is hamiltonian.

Proof: Let z1,2s,...,Z, be an ordering of I, for which there exists a path
P :pip2...pmo1 in Py (where m = |Ig,|). Similarly, let y1, s, ...,y be an
ordering of I, for which there exists a path @ : qig2...¢n—1 in Py, (where
n = |Ig,]). Since z;p; — Ty, p;i = Cz and p; € S, for all 1 < i < m. Similarly,
YiG; — Yip1 implies ¢; > Cy and ¢; € S, for all 1 < i < n.

Since z,y; € E, there exists w such that, without loss of generality, x;w — ;.
Since |Cs| > 2, w € S and w > Cy — {y1}. By the fact that wy; € E, w is neither
on P nor Q).

Now consider ¢ € Cy — ;. Such a vertex exists, since otherwise C5 is inde-
pendent and N(y2) = S — {q1} is a vertex cut, a contradiction. Since z,c € E,
there exists z such that either ¢z — x; or ;2 — c¢. In either case, z € S. First
suppose cz — 1. Since z; > PUQ and zyw € E, 2 ¢ PUQ U {w} and hence
S| > (m —1)+ (n — 1) + 2 = |I|. Suppose now that z;z — c¢. Since each p;
dominates C, and each ¢; has a nonneighbour in Ip,, 2 € P U Q. Furthermore,
wy; € E gives z # w. Therefore in both cases |S| > |I|, and it follows that G is

hamiltonian. g
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The graphs that still need to be considered are those for which every minimum
vertex cut in D'(G) is the neighbourhood of a single vertex. In this case (as in
all previous cases), if K(D*(G)) > B8(D*(G)), then G is hamiltonian. Note that
there are 3-v;-critical graphs in F, for which x(G) < S(G), but which satisfy

k(DY@)) > B(D*(G)). Figure 5.3 gives an example of such a graph.

>
-

v

oA N
Q H— s
A

Figure 5.3: A 3-y-critical graph G € F; with x(G) = 3 and 3(G) = 4 that

satisfies k(D(G)) > B(D*(G))

Furthermore, there exist 3-v,-critical graphs G € F, for which x(D*(G)) <

B(D*(G)). An example of such a graph is in Figure 5.4.

Notice that although x(D*(G)) < B(D*(G)) in the graph in Figure 5.4, the
graph is in fact hamiltonian. Despite significant effort attempting to find a hamil-

ton cycle in those graphs G which do not satisfy x(D*(G)) > S(D*G)), the best
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Figure 5.4: A 3-v,-critical graph G € F, with x(D*(G)) = 3 and 8(D'*(G)) =5

result we can obtain with our methods is that all such graphs contain a Hamil-
ton path. Before this theorem is given, a corollary to Theorem 5.2.4 is needed.
Although the following result is almost certainly known, we were not able to find

a reference. Thus, the proof is included here.

Corollary 5.5.10 For any graph G, if k(G) > B(G) — 1, then G contains a

Hamilton path.

Proof: If K > 3, then G contains a Hamilton cycle, and hence a Hamilton path.

Suppose k = 3—1. Consider the graph G’ constructed by adding a new vertex
v to G and the edge vz for each vertex z € V(G). A maximum independent set
in G’ does not include v, so 5(G') = 5(G).

Consider now a minimum vertex cut S’ in G'. Since vz € E(G’) for all
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z € V(G), it follows that S’ = SU{v} for some S C V(G), and S is a vertex cut

of G. Therefore, K(G') = k(G) +1 = B(G)—1+1= B(G) = B(G’), and hence G’
contains a Hamilton cycle. Such a Hamilton cycle in G’ yields a Hamilton path

in G when v is removed. g

Theorem 5.5.11 A 3-v,-critical graph G contains a Hamilton path if and only

if DY(G) contains a Hamilton path.

Proof: If G contains a Hamilton path, certainly D*(G) contains a Hamilton
path.

Suppose D!(G) contains a Hamilton path but G does not. Consider any
minimal subset {e}, ez, ..., ex} C E(DY(G))— E(G) for which G+ {ey, e, ..., e}
has a Hamilton path, but G’ = G + {ey, e, ... €51} does not. Let vivy... v,
be a Hamilton path in G + {ey, €2, . . ., ex}. By the minimality of {e1, ez, ..., ek},
all edges ei,ey,...,ex are on the path, and specifically ey = v;vi;1 for some
1<i<n.

Suppose 1 < i < n— 1. Since D*(G) is not hamiltonian (otherwise G is hamil-
tonian), vv, € E(DYG)). Since {vi,viy1} > G, {vs, viy1} > {v1,vn}. If V10541 €
E(G) (similarly for v;v,), then v;v;_1... 01041042 ... Vs is a Hamilton path in
G'. Therefore v1v;41,v:v, € E(G) and hence vyv;,vip1v, € E(G). Suppose

v;v;i+1 € E(G) for some 1 < j < 4. Then v;11vj49. .. VU102 ... VjVit1Vig2 ... Un 18
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a Hamilton path in G', a contradiction. A similar argument gives v,v; € E(G)
fori+1<j<mn.Sowv; > {v,ve,...,vi-1} and viy1 = {Vis2, Vi3, ..., Un}. Now
consider j and k where 1 < j <dand i +1 < k < n. If vjuy € E(G), then
Vi41Uj42 - - - ViU1V2 - . . UjUkUk41 - - - UnVip1Vig2 - - - Ug—1 i @ Hamilton path in G’, a
contradiction. However, v;v;,1 € E(G) and hence G is not connected, a contra-
diction.

Now suppose e = v;vy (or v,_1vy,). Since D*(G) is not hamiltonian, v,v, &
E(DYG)). Since dg(v1) # 0, viv; € E(G) for some i, 2 < ¢ < n. Furthermore,
{vi, 12} = G gives vov, € E(G). Now v10;V;41 ... UpV0s ... ;-1 is a Hamilton
path in G’, a contradiction.

If follows that if D*(G) contains a Hamilton path, then so does G. y

The final result of this section states the hamiltonian properties of the 3-v;-

critical graphs in F;.

Theorem 5.5.12 Let G be a 3-y;-critical graph in F4. If there exists a minimum
vertez cut S of D'(G) that is not the neighbourhood of a single vertez, then G is

hamiltonian. Otherwise, G contains a Hamilton path.

Proof: Suppose there exists a minimum vertex cut S of D*(G) such that for all
v € V(DYG)), S # N(v). By Lemmata 5.5.4, 5.5.8, and 5.5.9, G is hamiltonian.

Now suppose S is a minimum vertex cut and I is a maximum independent



105
set (in D*G)) and S = N(v) for some vertex v € V(D¥G)). Let C; denote

V — N[v]. Also, let z1,2,...,23 be an ordering of the vertices in I for which
there exists a path P € P;. There are two cases to consider: either I C S U,
or I C C; U {v}.

Case1l: IC SUC,.

By Lemma 5.5.7, either G is hamiltonian or Is = {z1, 2, ..., Zn} for some m,
1 <m< B,and Ie, = {Zm+1, Tm+2, - - -, Za}. In the latter case, since z;p; — z;41,
{Pm+1,Pms2,--->Ps-1} C S. Therefore {z1,22,...,Zm, Pm+1, Pms2,---,P8-1} C
S and hence k > 3 — 1. By Corollary 5.5.10 and Theorem 5.5.11, G contains a
Hamilton path.

Case 2: I C Cy U {v}.

If K > 8 — 1, then as in Case 1, G contains a Hamilton path. Otherwise,
the vertices of I, can be labelled z1,22,...,23-1 so that there exists a path
P € Py, . Since p; = vforeach 1 <1< 5 —2, P lies entirely in S.

Consider C; — I¢,. As in the proof of Lemma 5.3.6, the graph induced by
C,—I¢, can be partitioned into m < 3—1 independent paths. Let {y1,y2,...,Ym}
be a set containing one end-vertex from each path. For any subset @) of size g,
() dominates at least q vertices in {z1,z9,...,2Z3-1}, otherwise there exists an
independent set in C; of size greater than ¢+ (8—1—gq) = §—1, a contradiction.

Again, as in the proof of Lemma 5.3.6, by Hall’s Theorem, the m paths can be
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extended by a matching to obtain a partition of C; into 8 — 1 paths, each with

one end in {z1,%s,...,23-1}. Denote the other end of each path by z,. Note
that 8 — 1 — m paths will be a single vertex z;, in which case z; = z. Denote
the path from z; to =} by P;" and the path from z to z; by P;.

For 1 <i < f8—2, 2;p; — T;41 gives {z;, p;} > z!_,. Therefore either P, ;p;z;

or Pt x; is a path in D*(G). Also, d(v) > 2 gives >4, 50 z5_1p; € E and
Py ;P (p2) P (ps) - .- (ps—2) Pa s

is a path in D*(G), where vertices (p;) are only present in the path when P p;z;
is a path in D*(G). Thus there exists a path that contains every vertex in C; and
a subset of S. Either every vertex in S is on the path or there is some p; not on
the path, 1 <i< 8 —2.

Suppose not every vertex in S is on the path. Then for each i, 1 < i < -2, if
p; is on the path and p;;; is not, replace p; by p;p;;1. This can be done recursively
from i = 1 to 8 — 3 until the path contains all of C; US. Now since the obtained
path contains adjacent vertices p;p; 1 for some i, p;p; ;1 can be replaced by p;vp; 11
to obtain a Hamilton path in D*(G).

Lastly, suppose the given path is in fact
P = Py p1Pp2Pyps ... pg_aPi,.

The path P contains every vertex in C; U S, but does not include v. To find a
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Hamilton path, two cases will be handled separately: the case where the paths
P, P,..., P§_, are independent, and the case where they are not independent.

First consider the case where P;", Py,..., Py, are independent. That is,
zix; ¢ E for all ¢ # j. Consider any z; such that z; # z;(such an i exists).
For 1 < j < 3 —2 and i # j, since z;p; — z;41 and z;2, € F, p;z, € E.
Now consider the independent set I U {z}} — {z;}. There exists an ordering of
these vertices and a path in Prua;}—{z;} that lies in S. Since p;z; € E for all
J # 1, if z; has a nonneighbour in S, then it must be p;. But p;z;,; € E and
z;7; € E, so p,x;, € E. It follows that z must be the first vertex in the ordering
of I U{z;} — {z;}. This argument holds for all z} # z;, so at most one path
P} has nonzero length (consider I U {z}, 2} — {z;, z;}), and specifically we can
assume P;" is the path of nonzero length.

Now consider {z;,v}. Since vw — = is not possible (as z; > S), T;w — v
for some w € C;. Since P is the only path of nonzero length, w is on Pj.
Furthermore, w > I. But since I U {z}} is not independent, z;2] € E, and
hence if P = z;...w™ww™ ...z}, then since P, is trivial, it follows that P* =
Toww™ ...T1Z} ... w" is a path that combines P;" and P;". Now since z3ps — z4,
either z3w € E or psw € E, and hence either PB__lplvng"ngg+ e pB_gP;_Q or
P35 1p1wpapsP* Py .. pg_s Py, gives a Hamilton path in D¥(G).

The case that remains is where there exist ¢ # j such that zjz; € E. Asin
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the previous case, we will alter the path P = Pz ;p1 P p, Py ps ... pg-2P4_, to

obtain a Hamilton path. The manner in which P is altered depends on whether
1<jorj<i.

Suppose i < j. Remove P;" from P and replace p;z; by p; P, z;. Then replace
PiPi+1 by Divpiy1. This is a Hamilton path in D*(G).

Suppose ¢ > j. Remove Pf from P. If i # 3 — 1, replace p; in the path
with p;p;;1 and replace p; B;" by piP;" P p;11 (piy17); € E, otherwise ;1127 € E
and the method for i < j can be applied). Now replace p;p;41 by pjupjt1. If
i = —1, replace P;_; by P; F; | and then replace p;p;+1 by pjup;+1- In either

case, the obtained path is a Hamilton path in DYG). u

We conjecture that all 3-y,-critical graphs in J; are hamiltonian. In the
subfamily of F; that has been shown to contain a Hamilton path, it is possible
that some additions to the proof of Theorem 5.5.12 would yield the desired result.
It is more likely that additional information on the location of the maximum
independent set and minimum vertex cut will need to be included. That is, for
S = N(v), the cases where v is a vertex in the unique diametrical pair of G and

the cases where v € AU B U C may need to be handled individually.



Chapter 6

Diameter Two 3-v;-critical

Graphs

In this chapter, the 3-y-critical graphs with diameter two will be discussed. It
will first be shown that this family of graphs cannot be characterised in terms
of a finite number of forbidden subgraphs. This result also provides evidence
that other types of characterisations of these graphs may be very difficult to find.
However, when the minimum degree is small, some infinite families of 3-v;-critical
graphs with diameter two can be described and shown to be hamiltonian.

For each of the four possibilities for the subgraph induced by the neighbour-
hood of a degree three vertex, a collection of conditions necessary for the graph

to be 3-y;-critical are described. In the case where the neighbours of such a ver-

109
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tex are independent, the conditions are shown to be sufficient. In all cases, the
necessary conditions are used to show that all such graphs (with minimum degree

three) are hamiltonian.

6.1 Properties when diam(G) = 2

In this section, the results which hold for all 3-v;-critical graphs with diameter
two will be given. It will also be shown why this family of graphs cannot easily
be characterised. This same result shows that there is no characterisation of
the 3-v-critical graphs of diameter two in terms of a finite number of forbidden
subgraphs.

Recall that in the previous chapter it was seen that in a 3-y;-critical graph
with diameter three, there must be a pair of nonadjacent vertices that do not
dominate the graph. This is not the case for the diameter two graphs, and hence

it is worth mentioning this special family of graphs:

Theorem 6.1.1 Let G be a 3-y;-critical graph with diam(G) = 2. If {u,v} > G

for every pair of nonadjacent vertices u and v, then G is hamiltonian.

Proof: The proof follows directly from the fact that D*(G) is complete and

hence hamiltonian. g

In [15], a characterisation of the 3-y;-critical graphs in Theorem 6.1.1 is given:
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Theorem 6.1.2 [15] A graph G is 3-y.-critical and satisfies {u,v} > G for

every pair of nonadjacent vertices u and v if and only if
1. [V = N[)] = Ky, m > 2, for everyv €V, and
2. X =V — (N[u]U NJ[v]) # 0 and [X] is complete for every uv € E.

The following theorems and corollary demonstrate why a complete character-
isation of the 3-7;-critical graphs with diameter two can not be expected. The
first result is found in [13], while the latter two results provide a slightly stronger

statement that will be needed in the next section.

Theorem 6.1.3 [13] For any graph G, there is a 3-y;-critical graph H such that

G is an induced subgraph of H.

Theorem 6.1.4 Let G be a graph that does not have a dominating edge. Then
there exists a 3-y;-critical graph H with diam(H) = 2 such that G is the subgraph

induced by N(z), for some z € V(H).

Proof:
Let G be such a graph, where V(G) = {a1, as, . . ., a,} = A. The construction
will require a copy of G that is vertex disjoint from G. Denote the vertices in G

by B = {bl,bQ, .. .,bn}, where bi = a; for all 1.
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The graph H is obtained by adding to the graph G UG a new vertex x such

that N(z) = A, and the set of edges {a;b; | a; € A, b; € B, i # j}. Certainly H
has diameter two and [N(z)] & G. It remains to be shown that H is 3-;-critical.

Consider an edge ra; € E(H). Since {z,a;} ¥ b;, za; is not a dominating
edge. An edge a;a; is not dominating, as G does not have a dominating edge.
Furthermore, a;b; is not dominating since {a;, b;} % {a;, b;}. Finally, no edge b;b;
is a dominating edge, as zb;, zb; ¢ E(H). Hence v,(H) > 3.

Now consider a; € A. Since a; > B —b; and b, = A —as, and either aja0 € F
or bib, € E, it follows that either {a,, az, b2} or {a1, b1, b} is a total dominating
set in H. Therefore, v(H) = 3.

It remains to be shown that H is 3-y;-critical. Equivalently, it will be shown
that for any pair of nonadjacent vertices u and v in H, either {u,v} > H or,
without loss of generality, uw — v for some vertex w.

For zb; ¢ E(H), za; — b;. For a;a; ¢ E(H), a;b; — a; and similarly, for
bib; ¢ E(H), bja; — bj. Finally, a;b; ¢ E(H), but {a;,b;} > H. Therefore, H is

3-~y;-critical. g

Corollary 6.1.5 For any graph G, there is a diameter two 3-v;-critical graph H
and a vertex x € V(H) such that G is the induced subgraph of some subset of

N(z).
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Proof: By Theorem 6.1.4, the result is true when G does not have a dominating
edge. So consider any graph G that contains a dominating edge.
Let G’ be the graph GUK]. Then G’ satisfies the hypothesis of Theorem 6.1.4

and the result follows. g

In [15], a characterisation of the 3-v.-critical diameter two graphs G with
5(G) = 2 is given. Before this characterisation is stated, similar notation to that
used in Chapter 5 is defined:

For any vertex v in a 3-y-critical graph G with diameter two, let A = N(v) =
{a1,as,...,am} and B=V — N[v].

The vertices in the set B can be partitioned according to their neighbourhood

in A: The notation B;, ;, will be used to denote the subset of B given by

..... in
Biiig.i, = {b € B| N(b)NA = {a;,0i,,---,0;,}}. Note that every vertex in
B is adjacent to some vertex in A, as diam(G) = 2. For ease of notation, if
X = {ai,, @, ---,0;,}, Bx may be used to denote B, i, i,

As before, Ng(a;) denotes the subset of vertices in B that are adjacent to a;.

That is, Ng(a;) = N(a;) N B.

Theorem 6.1.6 [15] A graph G with diam(G) = 2 and 6(G) = 2 is 3-y;-critical

if and only if for each vertex v of degree two and N(v) = {a1, a2},

1. a0 € F,
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2. either By o =0 or [B12] is complete,

3. [B1U Bg] is complete, and

4. if B12 # 0, then every vertez in By is adjacent to |By| — 1 vertices in By
and to |Ba| — 1 vertices in B, and |B1| > 2 and |Bo| > 2. If B1o =0, then

|B1] > 1 and |Bs| > 1.

It is not difficult to see that the graphs in Theorem 6.1.6 are hamiltonian:

Theorem 6.1.7 If G is a 3-y;-critical graph with diam(G) = 2 and 6(G) = 2,

then G 1is hamiltonian.

Proof: From the characterisation in Theorem 6.1.6, if B; » = @, then G contains
the Hamilton cycle va; By Boasv (where B; in the cycle denotes the vertices in B;
in any order).

If By 2 # 0, then va; By 2 B1Bsayv is a Hamilton cycle (where if bys is the last
vertex listed from Bj o, then the first vertex listed in Bj is one of the |B;| — 1

vertices in B; adjacent to by2).

Since the 3-y-critical graphs with diameter two and 4 = 2 have a nice char-
acterisation (and are easily seen to by hamiltonian), it seemed reasonable to
attempt to characterise the subfamily with § = 3. This proved to be a much

more difficult undertaking.
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For diameter two 3-7;-critical graphs with 6 = 3, many necessary conditions
on the structure of G can be given. However, meaningful sufficient conditions
have not been found, that is, a characterisation that does not require resorting
to the statement that either {u,v} > G or uw — v for some vertex w for certain
pairs of nonadjacent vertices v and v.

We have separated the diameter two 3-y;-critical graphs with § = 3 into
several types based on the structure of the graph with respect to N[v], where v is
any minimum degree vertex. In some cases, such as when N (v) is an independent
set, the graphs can be characterised, providing some infinite families of diameter
two 3-y-critical graphs with § = 3. In other cases, much can be said about the
structure of G, but the conditions found are not quite sufficient. These results
will be the focus of the next section. First, some properties of all 3-y;-critical

graphs with diameter two are given:

Theorem 6.1.8 Let G be a diameter two 3-vy;-critical graph. Let v be any ver-
tex in G, A = N(v), and B =V — N[v|. The graph G satisfies the following

properties:
1. For every nonempty subset X C A, [Bx] is complete or empty.

2. Let X1, Xs,...,X; be proper subsets of A, and suppose that for each i,

1 <i<t, no vertex in X; dominates A— X,;. Then [Bx, UBx, U...UBx,]
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18 complete.
3. For each a € A, a ¥ B.

4. For X CY C A, ifb, € Bx and b, € By where bb, & E, then there exists
a €Y — X such that bya — b, and hence b, = Bx — b, and b, dominates

all nonneighbours of a in B — b,.
5. If X CY C A, then each b, € By has at most one nonneighbour in Bx.
6. If X CY C A, then [Bx U By| is a disjoint union of stars centred in Bx.

7. G 18 2-connected.

Proof:

1. Suppose by, by € Bx and biby € E. Since {by,bs} ¥ G, there exists a € X
(in order to dominate v) such that, without loss of generality, ab; — bo.

But ab, € E, a contradiction.

2. Let by,by € Bx, UBx, U---U By, and suppose b1b; ¢ E. By the above,
without loss of generality, by € By, and by € By,. Since {b1,b} ¥ G,
without loss of generality, there exists a € X; such that bya — b;. But

{b1,a} ¥ A, a contradiction.

3. If not, av would be a dominating edge.
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4. Since {b,,b,} ¥ G, there exists a € Y such that either b,a — b, or bya — b,.

Since X C Y, a €Y — X and bya — b;. Therefore b, > Bx — b, and b,

dominates all nonneighbours of a in B — b,.
5. Follows directly from 4.
6. Follows directly from 5.

7. Proven in [13]. u

Additional properties satisfied by 3--y-critical graphs of diameter two and
d = 3 can be described. Such results, as well as characterisations in special cases,

will be given in the next section.

6.2 Necessary conditions when ¢ = 3

The diameter two 3--critical graphs with § = 3 can be divided into four types,
depending on the structure of A = N(v), where v is a vertex of minimum degree:
[A] is independent, [A] contains a single edge, [A] is a path, or [A] is complete.
In all cases, recall A = {ay,az, a3}, and hence B = BiUB,UB3UB; ,UB; 3U
By 3 U By 23, where not all of the sets Bx need be nonempty. The only case in

which the graphs have been completely characterised is when [A] is independent.
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These graphs will also be shown to be hamiltonian. In all other cases, necessary
conditions for a graph G to be 3-y-critical will be given.
In all cases, characterising the graphs becomes much more difficult when

B 23 # 0. However, when Bj 53 # 0, the following lemma holds:

Lemma 6.2.1 Let G be a 3-y-critical graph with diam(G) = 2 and §(G) = 3.
With respect to a minimum degree vertex v, if Bias # 0, then for any bios €
Bi23, bias has either 2 or 3 nonneighbours in B. Specifically, bias has one non-

neighbour in each of Big2, B13,B23, or bios has one nonneighbour in each of

Bi, Bjx for some i # j # k.

Proof: Since for any a € A and bi23 € B; 23, bi2sa is not a dominating edge,
bi23 has a nonneighbour in b € B — B; 5 3. Since {b123,b} ¥ G and ba 4 bio3 for
all a € A, there exists a; € A such that biosa; — b. Thus b € B; U By U Bj4,
i # j # k, and by3 dominates B;UByUB, y—{b}. This holds for any b € B—B 53,
so biz3 has at most one nonneighbour in B;UB,; UB;; forall 1 <i < j < 3.
Furthermore, for any bi23 € B123 and a; € A, bigsa; ¥ G, 80 bigs ¥ B;UBUB;
for all 1 < j < k < 3. Therefore by23 has exactly one nonneighbour in each of
By UByU B2, ByUB3U B3, and B, U B3 U Bys. If biog has a nonneighbour
in B;, then by above, bjo3 > B; U By U B; ; U B, and hence has exactly two

nonneighbours: one in B; and the other in B; . Otherwise, if b1g3 > B;UB2UBs,
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then byg3 has exactly three nonneighbours: one in each of B s, B3, and Bss.

This completes the proof. g

6.3 A characterisation when § = 3 and [4] is in-

dependent

The main result of this section is a characterisation of all 3-v;-critical graphs
with diameter two and § = 3 in which [N(v)] is independent for some vertex v of
minimum degree. Some conditions that such a graph must satisfy are established

first:

Lemma 6.3.1 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertex in G. If [N(v)] is independent, then G has

the following properties:
1. By and By 3 are nonempty (without loss of generality).
2. BoUB3U By3 #90.
3. [B — B123] is complete.

4. IfBl U B2 U B3 7é (Z), then B1,2’3 7é (Z)
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Proof:
1. Since {a;,a2,a3} is independent, without loss of generality, there exists
bis € By s and b1 € By 2 such that a;bis — a2 and agbi; — az. Specifically,

B3 and B;, are nonempty.
2. Since v (G) = 3, {a1,v} ¥ G. Hence a1 ¥ B, and B, U B3 U By 3 # 0.

3. Suppose z,y € B — Bios and zy € E. Since {z,y} ¥ G, without loss of
generality, za; — y for some 7, 1 < i < 3. But {z, q;} does not dominate
some a; € A, i # j (since z € Bys3). This contradicts za; — y, and

therefore [B — Bj 93] is complete.

4. Consider b; € B;, 1 < i < 3. By property 1, Bio # 0 and B;3 # 0.
So vas 4 b; and vay /A b;. Without loss of generality, assume 7 # 2.
Since {b;,as} ¥ G and b;a; /> aq, there exists w such that aow — b; and

w € Bl,2,3. Therefore if B; U By U Bs 7é 0, then Bl’2)3 75 . »

Lemma 6.3.2 Let G be a 3-y-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertex in G. If [N (v)] is independent and By 55 = 0,

then G has the following structure:

1. B :BLQUBLgUBQ’g and Bi,]' 7é (Z)fOT‘ all 1 <1 <j < 3.
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2. |B] is complete.
Furthermore, any graph G with the given structure has diam(G) = 2 and is

8-y, -critical.

Proof: By Lemma 6.3.1, B; U Bo U By = ) follows from B; 235 = 0. Therefore
B = By UB;3U Bys. Also by Lemma 6.3.1, each of By, B3, and By
is nonempty, and [B] is complete. This completes the proof that the claimed
structure is necessary. It remains to be shown that the structure is sufficient.

Let G be any graph that satisfies both 1 and 2. It is easy to verify that
diam(G) = 2 and that v,(G) = 3. To prove that G is 3-y,-critical, we will consider
each pair of nonadjacent verticies z,y € V and show that either {z,y} > G or
there exists w € V such that zw — y or yw — 2.

For any b;; € B;;, 1 <i<j <3, {v,b;} > G and {ax,b;;} > G (k # i and
k # j). For i # j, {ai,a;} # G, but a;b;x — a; for any by € B; g, k # i # j. The

result now follows. g

Lemma 6.3.3 Let G be a 3-y-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertex in G. If[N(v)] is independent and By 23 # 0,

then G has the following properties:

1. [B123] is complete.
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2. [B — Bias] is complete.

3. B12 and B; 3 are nonempty.
4. BoUB3UBa3 # 0.

5. If bios € Biag3, then biog has either 2 or 3 nonneighbours in B. Specifi-
cally, bia3 has one nonneighbour in each of Biy, B13,Bas or biag has one

nonneighbour in each of B;, B for some i # j # k.
6. Each bia3 € B123 has a neighbour in B — By 23.

7. For 1 <1 <3, each b; € B; has at least one nonneighbour in Bi 3.

Proof: Property 1 follows from Theorem 6.1.8. Properties 2 through 4 follow
from Lemma 6.3.1. Property 5 follows from Lemma 6.2.1.

To verify property 6, suppose to the contrary that bjs3 does not have any
neighbours in B — B;23. Consider the nonadjacent vertices v and byp3. Since
{v,b123} ¥ G and va; #» bio3 for a; € A, it must be the case that byob — v for
some b € B, 3. Furthermore, b and b123 do not have any common nonneighbours
in B, and hence |B — By 23| > 4. But b3 has either 2 or 3 nonneighbours in
B — By 33, and therefore has a neighbour in B — By 5 3.

Finally, consider b; € B;, 1 <1 < 3. For any j # 1, {a;, b;} % G and a;b; / q;,

0 ajbigs — b; for some byg3 € B;a3. Therefore b; has a nonneighbour, by, in
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Bj 23. This completes the proof of the final property. g

The necessary conditions given in Lemma 6.3.3 are not sufficient, in that a
graph can have all of these properties and still not be 3-y;-critical. The problem
arises in that there may exist vertices b € B — Bj 23 such that {v,b} ¥ G, and
neither bw — v nor vw — b hold for any w € V.

The 3-v,-critical graphs of diameter two with § = 3 that satisfy B; 23 # 0 will
be characterised as two subfamilies: those in which va; — b for some a; € A and

b € B, and all others.

Lemma 6.3.4 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertex in G. If [N(v)] is independent, By 23 # 0,

and va; — b for some a; € A, b € B, then G has one of the following structures:
1. (a) B=ByUB2UB;3UBj 23 and both [By 23] and [BoU By 2U By 3] are
complete.
(b) Each of By, By, B13, and B3 are nonempty.
(c) At least one of By and By 3 contains exactly one vertez.

(d) Each bia3 € Bi23 has ezactly two nonneighbours in B: one in each of

B2 and Bl’3.

(e) If |Bs| > 2, then every vertez in By has both a neighbour and non-

neighbour in Bias.
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2. ((l) B = B1’2 U B1,3 U B2,3 U B1,273 and both [Bl’z,g] and [BLQ U B173 U Bz’g]

are complete.

(b) Each of B2, B13, Bas, and By 33 are nonempty.

(c) Bas = {bos} and either |Bia| > 1 or |Bys| > 1.

(d) Each bigs € By 23 has exactly three nonneighbours in B: one in each
of By, B13, and Bo 3.

(e) If there exists bip € Bya (or biz € By 3) that has no neighbour in By o3,
then either | By o| = 1 or there ezists bis € By (b2 € By 2 respectively)

that dominates B2 3.

8. (a) B=ByUB12UB13UBy3UBi23 and both [By 3] and [B1 U B2 U
Bi3 U Bag| are complete.
(b) Each of By, Bi12, B13, Bas, and By a3 are nonempty.
(¢) Bas = {bss}.
(d) For each by € By, by has both a neighbour and nonneighbour in By 3.
(e) For each bias € B3, bagbios & E and biag has either ezactly one other

nonneighbour (which lies in By) or ezactly two other nonneighbours

(one in By 2 and one in By3).

Furthermore, any graph G with one of the above structures has diameter two, and

is 3-y-critical.
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Proof: By Lemma 6.3.3, B1s # 0 and By 3 # 0. Suppose Bys = . Now

either va; — be and hence By = {bs} (the case where va; — bs for some b3 € Bj
is symmetric), or vag — bz for B3 = {b13} (the case where vag — b2 for
B2 = {b12} is symmetric). These two cases together will make up the family of
graphs defined in 1. We will call these graphs Type 1.

First suppose va; — b, for some b, € Bs, and hence By = {by} and B; = .
Since By 3 = 0, no bio3 € Bi 23 can have a nonneighbour in B, 3, and hence must
have exactly two nonneighbours (by Lemma 6.3.3). Since Bo3 = 0 and B; = 0,
b12s has one nonneighbour b, and the other nonneighbour in B; 3. Now since
each b; € By must have a nonneighbour in B; 33, By = 0. By Lemma 6.3.3,
[B12 U B1s U By] is complete, and [B; 53] is complete. Since b3 € B3 has
nonneighbours b, and some bi3 € B; 3, bi2s > Bio.

Now consider the case where va; — by3, and hence By 3 = {b13} and B;UB3 =
0. Since Bo U B3 U B3 # 0, By # (. By the same argument as above, each
bi2s € Bi 23 has exactly two nonneighbours, one of which is in By and the other
is b13. Again, big3 > Bi2.

Suppose B; contains more than one vertex. We need to verify that for any
by € Bs, by has both a neighbour and a nonneighbour in B ;3. Suppose to the

contrary that some by > By 3. Now bsay € F and {by, a1} % G, and a;w 5 by
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for all w € V. Therefore byay; — a1, a contradiction. Now suppose b, has
no neighbour in Bj3. Since |By| > 2, va /4 by for any a € A. Therefore
babiaz — v for some bio3 € B; 23, a contradiction. This completes the proof that
the conditions in 1 are necessary.

In all cases above, G does not have a dominating edge, but {ay, b1z, b123} > G
for any b2 € B2 and bja3 € Bi23s. So v(G) = 3. To prove that any graph
with the given structure is 3-v.-critical, each pair of nonadjacent vertices must
be considered.

For any b € B, vb ¢ E, but va; — by if By = {b2}, vaz — bi3 if By 3 = {b13},
biobias — v (for any b1y € Biy and bjps € Biag), and bisbiz — v (for any
bis € B3 and biy € Byo). If | By| > 2, then bybip3 — v for each by € B, and some
b123 € By23. We now check all other nonadjacent pairs of vertices involving a
vertex in B: a1b; € E but either va; — by or a1b123 — by for some b123 € B 23,
asbis € E but {as,bi13} > G, asby € E but agbias — by for some bio3 € B a3,
azbiz € E but bipa; — az, when bybiog & E biasas — by, and if bisbios & E then
biozas — byz (where by € By, biy € By 2, big € B3, and biog € Bigs). Finally,
consider the remaining pairs of nonadjacent vertices: aia; € E, a1a3 ¢ E, and
azaz € E, but aibys — ay for any b3 € By 3, a1bio — as for any b2 € By, and

asbyo — a3 for any b € By o. Therefore such a graph is 3-y;-critical.
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It can easily be checked that if G has the given structure, then diam(G) = 2.

This completes the proof that all graphs defined in 1 are diameter two, 3-7-

critical.

Now suppose Bys # 0. Since all of By, B3, and By3 are nonempty, by
symmetry it can be assumed that va; — b for some b € B, 3. There are two cases
to consider: the graphs in which B; = ) and the graphs in which B; # (). These
two cases will give the Type 2 and Type 3 graphs which follow.

Suppose B; = 0. Since va; — b for some b € By 3, By 3 = {bes}, Bo U B3 = 0,
and B = By, U By 3U By3 U By 3. It follows directly from Lemma 6.3.3 that
[B12U B13U By ) is complete, [B 23] is complete, and every vertex in By o3 has
exactly one nonneighbour in each of the sets B 2, By 3, Bos. Furthermore, each
bios € Bi23 has a neighbour in B — Bjy3, so either |Byg| > 1 or |Bys| > L
Finally, suppose there exists bj2 € B; o such that biobi2s € E for all biog € By ogs
and |Bi2| > 1. Since {v,b12} ¥ G and vas /4 big, it must be that biobiz — v
for some b3 € By 3. Hence b1z > B;23. The same argument holds for b, 3 € By 3
where bisbios € E for all bigs € Bios and |Bys| > 1. Therefore all of the
properties in 2 are necessary. To show that the properties are sufficient, it remains

to show that such a graph is diameter two 3-y;-critical. It is easy to check that
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such a graph G has diameter two and has ,(G) = 3. By a similar argument used
for the Type 1 graphs, the Type 2 graphs can be shown to be 3-,-critical by
checking that for every pair of nonadjacent vertices z and y, either {z,y} >~ G
or without loss of generality zw — y for some. vertex w.

Suppose By # 0. Since va; — b for some b € By3, Bys = {bas}, Bo U B3 = 0,
and B = By UB;2U By3UBysUBj 3. By Lemma 6.3.3, [By23] is complete,
[B; U B12 U By 3 U Bag| is complete, each b3 € Bj o3 has nonneighbours as
described in 3e, and each b; € B; has a nonneighbour in Bj 2 3. It remains to be
shown that each b, € B; also has a neighbour in Bjo3. If |By| > 1, then each
b, € B has a neighbour in B; 3 (any nonneighbour of another vertex in B;),
so suppose |B;| = 1. It follows that each bio3 € Bj 23 has nonneighbours b; and
by3. But now consider {v,b;}: None of {v,b;} = G, vag — b1, vag — by, and
bibes — v are true, contradicting G 3-y,-critical. Therefore the properties in 3
are all necessary. As in the other two cases, sufficiency is shown by checking that
such graphs G have diameter two, have v, = 3, and for every pair of nonadjacent
vertices z and y, either {z,y} > G or without loss of generality zw — y for some

vertex w.

The result now follows. g
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Lemma 6.3.5 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) = 3.

Let v be any minimum degree vertez in G. If [N(v)] is independent, By 23 # 0,

and va; /b for all a; € A, b € B, then G has the following structure:
1. [BiUByU B3 U By 3 U By 3U By 3] is complete.
2. [By23] is complete.
3. Each of By, B13, and B3 are nonempty.
4. |BiUB;jUB; | >2 foralll <i<j<3.

5. Each biog € Bia3 has either 2 or 3 nonneighbours in B — By23: one in

each of By 2, B13, Ba3 or one in each of B;, By for some i # j # k.
6. Each bigs € B3 has a neighbour in B — Bys3.
7. Each b; € B;, 1 < i <3, has at least one nonneighbour in B; 3.

8. If there is a vertex b € B — By 23 with no neighbours in By, 3, then there is

also a vertex i/ € B — B 23 that dominates By o3, and bb' — v.

Furthermore, if a graph G has the given structure, then G is diameter two 5-y;-

critical.

Proof: All of the claimed properties other than 4 and 8 follow directly from

the hypothesis and Lemma 6.3.3.
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First consider property 4. By Lemma 6.3.3, |B; U B; U B;;| > 1 for all

1 <14 < j < 3. However, since va; /4 bforalla; € Aand b € B, |B;UB;UB,; ;| > 2
forall 1 <i<j<3.

Now consider property 8. Let b € B— B 3 be a vertex that has no nieghbours
in By 3. Since vb ¢ E and {v,b} % G and va 4 b for all a € A, there must exist
b € B such that bY — v. It follows that ¥ > B),3. This completes the proof
that all of the given properties are necessary. It remains to be shown that they
are sufficient.

To prove sufficiency, all pairs of nonadjacent vertices z,y in a graph G that
satisfies properties 1 through 8 must be checked, to verify that either {z,y} > G
or without loss of generality zw — y for some vertex w. For any b € B — B 53,
if b has a neighbour bjp3 in Bj 23, then bbio3 — v, and otherwise bb' — v (by
property 8). For bjoz € Bia3, biosb — v for any neighbour of b € B — By a3
(exists by property 6). For aja; € E, ajbi3 — ag for any b3 € B3 (exists
by property 3). Similarly, a;b;2 — a3 and asb12 — ag for any bj2 € B;y. For
arby € E (by € By), aibia3 — by for some bia3 € Byas (by properties 5 and
7). For aybes & E (byg € By3), {a1,ba3} = G. The same argument can be used
for all other ab ¢ E where a € A and b € B. If bybiss ¢ E (for b, € B, and
bios € Bi23), then bigzas — by (and similarly for bobsz and bzbigs). Finally, if

b12b123 ¢ E (fOI‘ b12 € BLQ and b123 € Bl,2,3), then b123a3 — blg (and similarly for
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bisbi2s and bysbias).
Since any graph G that satisfies properties 1 through 8 has diameter two and

does not have a dominating edge, by the above argument, G is 3-y;-critical. g

Theorem 6.3.6 The 3-y;-critical graphs G with diam(G) = 2 and 6(G) = 3 that
satisfy [N(v)] independent for some vertex v of minimum degree, can be charac-

terised by the five families of graphs given in Lemmata 6.8.2, 6.3.4, and 6.3.5.

In only two of the graphs characterised by Theroem 6.3.6 is it possible to have
more than one vertex of minimum degree ( 6.3.2 and 6.3.4 Type 1). In each of
those families, there are infinitely many graphs that have exactly one degree 3
vertex, and infinitely many that have exactly two degree 3 vertices. However,
there are only two graphs that contain more than two minimum degree vertices.
This fact is stated as a corollary, and the two mentioned graphs are shown in

Figure 6.1. The proof is straightforward and omitted.

Corollary 6.3.7 Let G be a 3-y;-critical graph with diam(G) =2 and §(G) =3
that has a minimum degree vertex v such that [N(v)] is independent. Then G

satisfies the following:

1. V(@) >T.

2. If G has 4 vertices of degree 3, then G 1is the unique graph on 7 vertices

defined by Lemma 6.3.2
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3. If G has 3 vertices of degree 3, then G is the unique graph on 8 vertices

defined by Lemma 6.3.4 (Type 1).

4. If [V(G)| > 9, then G has either 1 or 2 vertices of degree 3.

Furthermore, for all n > 8, there exists such a graph G with |V(G)| = n with

exactly one degree 8 vertez, and such a graph with ezactly two degree 3 vertices.

Figure 6.1: The only two graphs characterised by Theorem 6.3.6 that have more

than two vertices of degree 3

Note that the first graph given in Figure 6.1 is the graph obtained by the
construction in Theorem 6.1.4, where G consists of three isolated vertices.

The final result of this section shows that all 3-;-critical graphs with diameter
two that satisfy [V (v)] independent for some vertex v are hamiltonian. Note that

this result is not specific to |N(v)| = 3.

Theorem 6.3.8 If G is a 3-y;-critical graph with diam(G) = 2, §(G) > 3, and

[N(v)] is independent for some v € V(G), then G is hamiltonian.



133
Proof: Let G be a 3-7;-critical graph with diam(G) =2 and 6(G) > 3, and let

v be a vertex for which [N(v)] is independent. Let A = N(v) and B =V — N[v].
Let m = |A|.

For some ordering ai, as, . .., an, of A, there exists a path pips...pm-1in B
such that a;p; — a;;1 for all 1 < ¢ < m. Consider an independent set I in B.
Any path in P; must lie in A. Since [A] is independent, |I| < 2.

Consider a longest path P in [B] that uses all of the edges pip2, paps,- .-,
and pp_2pm_1. If P does not contain every vertex in B, then for b not on P,
b is not adjacent to the endpoints of P. Since §([B]) < 2, the endpoints of P
are adjacent and hence it can be assumed that P = biby...bgp1D2 ... Dm—1. Now
since p,,_1 is not adjacent to any vertex in B not on P, [B — V(P)] is complete

and am_1 > B — {pm-2}. So

A Vam—1 (B - V(P)){am—27pm—2}pm—lam—Spm—Sam—4pm—4 <. -plbkbk—l o bl

is a Hamilton path in G, where (B — V(P)) denotes the vertices of B — V(P)
listed in any order, and {a@m—2, pm—2} occurs in whichever order creates a path.

If in fact P contains every vertex in B, then
AmV0m—1Pm—10m—2Pm—2 - - - P1Okbr_1 . . . by

is a Hamilton path. In either case, since diam(G) = 2, every b € B has a

neighbour in A and, specifically, b, is adjacent to a; for some ¢, 1 < i < m.
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If b1a,, € E, certainly G contains a Hamilton cycle. Otherwise, if bya; € F for

1 < m—2, replace the portion of the Hamilton path p;a;_; ... bsby by bibs. .. a;_1p;.
The obtained path together with p;a,, is a Hamilton cycle. Finally, if : = m — 1,
remove a,,v from the path (to obtain a path from a,,_; to b;) and replace the
edge a1p; by ajva,p;. The obtained path, together with b,a,,_; is a Hamilton

cycle. In all cases, a Hamilton cycle can be found, and the result now follows. g

As a final note, all arguments which led to the characterisation in Theo-
rem 6.3.6 relied on the fact that |N(v)] = 3. Specifically, when each vertex
b € B =V — N[v] was considered, since vb ¢ E and {v,b} ¥ G, it follows
that either va — b for some a € N(v) or bb' — v for some &' € B. Even with
|N(v)| = 3, it was tedious to conclude the exact location of ¥’, and many more
necessary conditions were known. For example, when |N(v)| > 3, an argument
such as that made in Lemma 6.3.3 can not be made to specify the exact locations
of the nonneighbours of vertices in Ba.

What follows in the next sections is a collection of necessary conditions for
diameter two 3-y,-critical graphs with § = 3 for which [N(v)] is not independent
for any minimum degree vertex v. In some cases, a characterisation can be given.
The arguments are similar to those found in this section, and hence the results

are stated without proof. Perhaps slightly counterintuitively, less can be said
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about the hamiltonian properties of such graphs than for the case with [N(v)]

independent. The reason for this is that all the properties obtained for each family
of graphs is done by considering all possible pairs of nonadjacent vertices. Fewer

nonadjacent vertices in N(v) results in fewer necessary properties in [V — N[v]].

6.4 Necessary conditions when § = 3 and [A] con-

tains one edge

This section contains a characterisation of the diameter two 3-;-critical graphs
with § = 3 that satisfy [N (v)] contains a single edge (where v is a degree 3 vertex),
and By 23 = 0. When B3 # 0, a collection of neccessary conditions are given.
In both cases, all such graphs will be shown to be hamiltonian.

The notation used is defined at the beginning of Chapter 6.

Theorem 6.4.1 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertez in G. If [A] contains the single edge ajaz,

then G has the following properties:
1. [B1 U By U B3 U By 9] is complete.
2. [By U B12U By 3| is complete.

3. [Bg U Bl,g U Bg,g] 18 complete.
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4. [BiUByUB3UB;3UByg3] is a disjoint union of stars, and any trivial

stars must be in By U By U Bs. Furthermore, for any nontrivial star, either

(a) the centre is in By (Bz) and the ends are in Bys (B13),
(b) the centre is in By and the ends are in B13U By 3, or

(c) the centre is in B1s (Ba23) and the ends are in By 3 (B13).

The necessary conditions given in Theorem 6.4.1 hold when B; 23 = 0 as well
as when B3 # 0.

Despite the large amount of structure defined by Theorem 6.4.1, it is still
possible to construct a graph which satisfies all of the given properties but is not
3-y;-critical.

When B;,3 = 0, additional properties can be added to Theorem 6.4.1 to

obtain a characterisation.

Theorem 6.4.2 Let G be a 3-y;-critical graph with diam(G) = 2 and 6(G) = 3.
Let v be any minimum degree vertex in G. If [A] contains the single edge aqas

and B123 =0, then G is in one of the following three families of graphs:
1. (a) B= B1,2 U B173 U B2’3.

(b) Both [B12U By 3| and [B12 U Bas] are complete, and B;; # O for all

i
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(¢) Either |Bis| =1 or |Bys| = 1.

(d) [B13U Bag] is a disjoint union of nontrivial stars.
2. ((L) B = B3 U BLQ U Bl’3 U 32,3.
(b) Both Bz and B; 5 are nonempty, and |Bs U By3U Bag| > 2.

(C) For any by5 € Bl’g, b2 = B.

(d) [B3U By13U By is a disjoint union of stars. Any trivial star must be
in Bs. If bi3 € B13 (baz € By3) is the centre of a star, then the ends
must lie in Bys (B1s). If bs € Bs is the centre of a nontrivial star,
then the star must have ends in both B3 and By 3.

3. (a) B=B;UB3UB;3UBs3.
(b) Both B3 and B3 are nonempty, and B; = {b;}.

(c) For any by € Bs, by >~ B.

(d) [B1U By 3U Ba 3| is a disjoint union of nontrivial stars. One star has
centre by and ends in Ba3. For all other stars, if the centre is in By 3

(Bs3), then the ends are in By (B13).

Furthermore, any graph in one of the above families of graphs has diameter two

and is 3-ys-critical.
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Note that the graph obtained by the construction in Theroem 6.1.4 for G =

K, UK, is the graph defined by Theorem 6.4.2 of Type 1, where |B; 2| = |B1 3| =
| B3| = 1.

The last result of this section shows that all diameter two 3-v;-critical graphs
with § = 3 in which [N(v)] contains a single edge (v a minimum degree vertex)

are hamiltonian:

Theorem 6.4.3 Let G be a 3-y;-critical graph with diam(G) = 2 and 6(G) = 3.
Let v be any minimum degree verter in G. If [A] contains the single edge aias,

then G is hamiltonian.

Proof: Consider a longest path P = p1py...pn in [B — Bias]. We claim that
P contains every vertex in B — By 23. Suppose to the contrary that there exists
b € B — B 23 such that b is not on P. Since P is a longest path, p1b,pmb € E,
and therefore b is the centre of a star in G (by Theorem 6.4.2).

We will show that, without loss of generality, P contains precisely the vertices
in Bys. If b € By, then py,p, € B3 and hence pip, € E. Thus b has no
neighbour on P and hence V(P) = By 3. Similarly, if b € B, then V(P) = By 3.
Also, if b € By 3, then V(P) = Bags, and if b € By 3, then V(P) = B, 3. Finally,
if b € Bs, then V(P) = B;3U Bss. But if V(P) = By 3U By 3, then By g = B, =

By = 0 and a3v is a dominating edge, a contradiction. So either V(P) = By 3 or
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V(P) = By 3. Without loss of generality, assume V(P) = By 3.

Since P is a longest path, there are no edges with one end in B;3 and the
other end in By U By U B3 U Byp U By 3. This implies B, = By = . Also,
since bog € Boz has at most one nonneighbour in B, and as % B, B; = {b;}.
Furthermore, since P is a longest path, bibes ¢ E for all byg € By 3.

Now, since every bys € By 3 is in exactly one star (centred at b;), By 3 U By 3 is
complete, as is B3UB, 3. Since P is a longest path, By 3 = B3 = 0. However, since
d(b1,ba3) = 2 for any byg € Bsj, there exists b € B; o3 such that byb, bysb € E.
But every bio3 € Bj 23 has a nonneighbour in B, and B, 3 by Lemma 6.2.1, so b;
has no neighbour in B; 53, a contradiction to diam(G) = 2.

It follows that P contains every vertex in B — B;o3. Now, if the ends of
P are adjacent, then P can be rewritten as a path with ends in different sets
Bx, By such that a3 € X, Y # X, and Y N{ay,as} # 0. If the ends of P are not
adjacent, by the properties in Theorem 6.4.1, the ends of P are in By and By
for some X and Y, where a3 € X and Y N {a1,as} # 0. In either case, assume
p1 € By and p, € Bx. Without loss of generality, let a; € Y. If B3 # 0,
then aip1ps ... pmasBi23aova; is a Hamilton cycle (where the vertices in Biags
are listed in any order). If Byo3 = 0, then a;pips...pmasvaza; is a Hamilton

cycle. g
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6.5 Necessary conditions when ) = 3 and [A] con-

tains two edges

There are two results given in this section. The first is a list of properties that
hold for all diameter two 3-y;-critical graphs with é = 3 for which [N (v)] contains
exactly two edges (where v is a minimum degree vertex). The second result shows

that all such graphs are hamiltonian.

Theorem 6.5.1 Let G be a 3-y,-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertez in G. If [A] contains precisely the edges aiaz

and asaz, then G has the following properties:
1. [Bx] is complete for all X C A.
2. [By1 U Bs] is complete and By # 0, B3 # 0.

3. [B2 U By U By is complete and nonempty.

4. [B1U By U B3 U By 2 U Byg] is a disjoint union of stars such that nontrivial

stars have centres in B; U B3 and ends in Bo U B2 U Bas.
5. Forb € B2UB1,2UB2’3, b % Bl UBQUBgUBLQUBg,g ’Lf and only ’lfb - Bl’g.

6. For bis € Biyg, bis has a nonneighbour in each of B2 U B3 U Baj and

By U By U By 5. Furthermore, if one of the nonneighbours b is in By (or
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Bg), then b13 - B1 U B2 UBLQ -b (blg > B2 U B3 U B2’3 - b)
7. For biaz € Bi23, bias either has exactly one nonneighbour in each of B,

Bi3, Ba3 or bias has ezactly one nonneighbour in each of B;, B, for some

17 JF# k.

Theorem 6.5.2 Let G be a 3-y,-critical graph with diam(G) = 2 and §(G) = 3.
Let v be any minimum degree vertez in G. If [A] contains precisely the edges ajaz

and aqasz, then G is hamiltonian.

Proof: Since both B, and Bj are nonempty, and [B; U Bs] is complete, there
exists a path in G that starts in B, uses every vertex in By U Bs, and ends in Bs.
We will simply denote such a path by B;Bs. Similar notation is used throughout
the proof.

By Theorem 6.5.1, BoU By 2UB; 3 is nonempty. For b € BoUB; 2U Bs 3, either
b > B; or b > By (by Theorem 6.5.1). If B;3U B;23 = 0, then without loss
of generality, a;B2B) 2By 3B1Bsasva;a; is a Hamilton cycle. So assume Bj 3 U
By a3 # 0.

First, suppose B; 23 = 0 and hence By 3 # (. If there exists b € BoUB; 2UBs 3
such that b has a nonneighbour in B; U Bs, then b > B; 3. Since every vertex in
ByUB, 2UBs 3 has at most one nonneighbour in B;UBj3, without loss of generality,

there is a path @ of the form a;B;B3(Bs U By 2 U By3) that ends at b. In this
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case, () By 3a3vaqa, is a Hamilton cycle in G. Otherwise, every b € BoUB; 2UBs 3
dominates B, U Bs. Any such vertex b has a nonneighbour b;3 € B; 3 and without
loss of generality, bi3b3 € E for every b3 € Bs. Now asB2B1 3B, 3B1 B3 B 3asva;as
is a Hamilton cycle.

Finally, suppose Bi 23 # 0. As before, any b € By U B; 2 U By 3 dominates
either B; or Bs. So without loss of generality, there is a path of the form
B1B3ByB19Bos. If By g = 0, then a3 B1B3 By By 9By 309B1 2 3a3va; is a Hamilton
cycle. If By 3 # 0, then since bjo3 € By 23 can not have a nonneighbour in both
B, and By 3, without loss of generality, either a1 B1BsB2B) 2Bs 302B1 2381 3a3va;
or a1 B, 23B1B3ByB; 9B 3a2vagBi 3a1 is a Hamilton cycle.

Since all cases result in a Hamilton cycle, the result follows. g

6.6 Necessary conditions when § = 3 and [4] is

complete

In this final section of Chapter 6, necessary conditions for a graph G to be
diameter two, 3-v.-critical with 6(G) = 3, and satisfy [N (v)] is complete (where

v is a minimum degree vertex). All such graphs will be shown to be hamiltonian.

Theorem 6.6.1 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) = 3.

Let v be any minimum degree vertex in G. If [A] is complete, then G has the
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following properties:

1. [Bx] is complete for all X C A.

2. Each of By, B,, and Bs are nonempty, and [B1 U By U Bs] is a disjoint

union of stars.

3. BioUB13UBy3 # 0, and if Bios = 0, then each of By g, By 3, Bas are

nonempty.

4. For any b € B;, either b % By and b > B; UB; (i # j # k), or b has
ezactly two nonneighbours, one in each of Bx and By for some X #Y and

neither X norY equal to {a1,a2,a3}, a; € X anda; €Y.

5. For any bigs € Biag3, bios has either 2 or 3 nonneighbours in B. Specifi-
cally, bias has one nonneighbour in each of Biy, B1s, Ba3s or biss has one

nonneighbour in each of B;, B for some i # j # k.

Theorem 6.6.2 Let G be a 3-y;-critical graph with diam(G) = 2 and §(G) =
3. Let v be any minimum degree vertex in G. If [A] is complete, then G is

hamiltonian.

Proof: By Theorem 6.6.1, without loss of generality, By, # 0. Furthermore,

any bjs € B; 4 either dominates B; U B; or has exactly one nonneighbour in each

of B1 U B1’3 and B2 U B2,3.
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Suppose that for all ¢ # 7, b;; = B; U B;. Then BB, 2B, and B, 3B3B, 3 are

paths (where B; 3 and B3 need not be nonempty). Note that, as in previous
arguments, Bx By is used to denote any path that lists all vertices in Bx followed
by all vertices in By.

If Bysg = B3 =0, then By o3 # 0 and every bis3 € B 23 dominates B; U Bs.
Hence consider the paths Bs and B1 B, 2B2B,23. Note that the ends of the second
path are adjacent. Since a3 is not a cut vertex, some b3 € Bj is adjacent to a
vertex in By U B; U B,y U By 2 3. Thus there is a path that contains all vertices of
B which starts in B; U By ;U Bo U By 23 and ends in Bs, and hence a Hamilton
cycle in GG can be obtained.

If By 3 or By 3 is nonempty, without loss of generality, B; 3 # 0. Then since
bi3 € By 3 dominates By U B3, B, 3B3B; 3B1B12B; is a path that contains all of
the vertices of B— B 3 3. Hence a3 B 3B3Bi 3B1B1 2Boasva1 By 2 303 is a Hamilton
cycle (where B, 3 may be empty).

Now, without loss of generality, suppose there exists b1z € B; o with exactly
two nonneighbours, one in B; UB; 3 and one in By U By 3. It follows that b1 > Bj
(and b2 > Bia3).

Suppose that for all b3 € By 3 and byg € Ba 3, big > B1UB3 and bey > ByUBs.
First consider the case where B3 = By3 = 0. Then Bys3 # 0 and By 93 > By U

B;. Therefore there is a Hamilton cycle of the form a; B 2 Bsazva; B1Bj 2 3Bsas.
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Second, consider the case (without loss of generality) where By 3 = ) and By 3 # 0.
Then B3 # 0 and B, ,3 = B;. Consider the paths B;2B3Bs3B2B; 23 and
B;. Let the ends of the first path be b}, € Bi, and bjp3 € Bjos: If these
vertices are not adjacent, then since By 3 = 0, and b),b123 € E, bio3 = By and
a2B1,2B3 B 3By B 2 3B1a1vasa;y is a Hamilton cycle. If b1,b123 € E, then since a; is
not a cut vertex, a Hamilton cycle can be found, as before. Finally, suppose both
B 3 and B33 are nonempty. Consider the paths B; ;B3B1 3B; and B 3B». Since
each b123 € By 23 is adjacent to a vertex in By U By 5, whether or not By 23 = 0,
either 0231,2,331,23331,33101UasBz,sBza2 or 0231,23331,33131,2,30100332,33202
is a Hamilton cycle.

Next suppose that for all b3 € By 3, b1 > B U B; and there exists bs € Ba 3
such that by ¥ B2 U Bs. It follows that By 3 # 0 and bes > Bj. First consider the
case where By 3 = 0. It follows that By 53 # 0 and B o3 > Bs. Consider the paths
B3B3, B1Byj3, and B 2 3B,. Since each bjo3 € By 23 is nonadjacent to both ends
of one path and neither end of the other, one of the following is a Hamilton
cycle: ayByBi 23By2B3azva; BiBysas or a; BBy 23B,3B1a1vagBsBy 2as.  Sec-
ondly, consider the case where By3 # 0. If Bio3 = 0, then consider the
paths B 2B3B;3B1By3 and B,;. Let the ends of the first path be 4, and

hs- 1f bhsbl, € E, then since as is not a cut vertex, we are done, as before.

Otherwise bj,bh3 ¢ E, and it follows that b, > B,. As before, there is a
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Hamilton cycle. If however B;s3 # (), then either there is a Hamilton cycle
a1 B, 2B3B1 3B1Bs 3a3B1 2 3B2asva,, or every vertex in Bj o3 is nonadjacent to a
vertex in By and in B3, but dominates By U B3 U Byg U Byo. In this case,
B123B12B3B1 3B1B2 3 and B; is a partition of [B] into a cycle and a path. Since
as is not a cut vertex, we are done, as before.

To complete the proof, we consider the remaining case, where there exist ver-
tices b1 € B2, b1g € B13, and byg € By g such that by > Bs, b1z > B3, and ba3 >
B,. Consider the paths By 2Bs, B13B2, and By3B;. If Bia3 # 0, then each of
bio3 € Bi 23 is nonadjacent to at most one end of each path. Without loss of gen-
erality, a; By 2B3 B 23B1 3BaasvazBa 3Bia; or azB3 By 2B1 2381 3B2asBs 3Biajvas
is a Hamilton cycle. If Bjo3 = 0, then since any bj; € B either dominates
By U B, or has exactly one nonneighbour in B; U B, 3, one of the following is a
Hamilton cycle: apBs 3By By 2Bsazvay By 3Boay or apByBy 3By 2Bsaz B 3 Brajva,.

This completes the proof. g



Chapter 7

Concluding Remarks

In this dissertation, new results were obtained for 3-i-critical and 3-v;-critical
graphs.

Using a closure operation, it was established that all 2-connected 3-i-critical
graphs with 4 > 3 are hamiltonian. When § = 2, there is exactly one family
of nonhamiltonian graphs. All connected 3-i-critical graphs on more than six
vertices were shown to contain a Hamilton path. Characterisations were given of
the 3-i-critical graphs which either have § = 2 or contain a cut vertex.

A closure operation was also used to study the hamiltonian properties of 3-
ve-critical graphs. All 2-connected 3-v;-critical graphs with diameter three were

shown to contain a Hamilton path and, for all but one family, they were shown
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to be hamiltonian. The 3-y;-critical graphs with diameter two were shown to be
hamiltonian when 2 < § < 3. Several infinite families of diameter two 3-+y;-critical

graphs with = 3 were given.

The following are some suggestions for future research:

1. Find improved structural characterisations for the four families of diameter

three 3-v;-critical graphs studied in Chapter 5.

2. Complete the proof that all diameter three 3-v;-critical graphs contain a

Hamilton cycle (see Section 5.5).

3. Complete the characterisation of the diameter two 3-v;-critical graphs with

d = 3 (see Chapter 6).

4. Use the structural results in Chapters 5 and 6 to find bounds on the number
of edges in a 3-vy;-critical graph. Such results could be used in the study
of diameter 2-critical graphs, as the complement of a 3-v;-critical graph is

diameter 2-critical.

5. For each of the parameters v, i, and ~; (and others), there are other notions
of criticality that have been studied in the literature (e.g. see {10, 11]). One
example is criticality with respect to vertex deletion. The structure and

hamiltonian properties of such graphs could be investigated.
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6. Consider the k-i-critical or k-v;-critical graphs for k > 4. It is known that

for k > 4, not all k-i-critical graphs contain a Hamilton path (see page
50), so one problem would be to characterise the families which contain a

Hamilton path or cycle.
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