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Abstract

Let C1(8) be the class of normalized functions f, which are analytic in the open unit
disk U, given by the power series:

o0
f(z)=z+ Zanz",
n=2
and satisfy the inequality:

zf'(2) ; oo i
Re{wﬁﬁ}>0 <Z€Z/[,——2—<ﬁ<‘é‘)

for some normalized univalent and convex function ¢. In this paper we solve the
Iekete-Szegd problem for the family:

er=ya(g) (-5 <A<3)
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by proving that

max ia )\a2|—— g-{—i 2<)\<—2-
maxles— Ml =93 3%y \g="=3

1. Introduction
Let S be the class of (normalized) analytic and univalent functions in the open unit disk
U={z:2z€C and |z| <1}
that are given by the Taylor series:

f(z)=z+Zanz” (zel). (1.1)
n=2

Let S* and K denote, respectively, the subsets of S consisting of starlike and convex functions in
U. A function f, analytic in &/ and given by the series (1.1), is said to be close-to-convex in U if

zf'(2) ; T T
Red 220 >0 (zelpe st -3 2)- 1.2
e{¢(z)e}> zeU; pe ST 2<,3<2 (1.2)
We denote the family of close-to-convex functions in ¢f by C. This class was introduced and studied
by Kaplan [10]. The number e is necessary in (1.2) for the definition of close-to-convex functions.

It is well known, for f € S and given by (1.1), that
|as —a3| <1, (1.3)

where the equality holds true for the Koebe function:

k(z) = _(T——Z—ZP =z 4 ;nzn.

Since k € §* (D C), the estimate (1.3) is true for $* and C without any further refinement. However,
Trimble [18] has shown that, for f € K and given by (1.1),

1
as — a%l < 3 (1.4)

Earlier in 1933, Fekete and Szegd [4] made use of Léwner’s parametric method in order to prove
that, if f € S and is given by (1.1),

|a3—/\a,2|§1+2€—1—;—)\- 0<A<1). (1.5)

Equality in (1.5) holds true for the Koebe function k(z) only for A = 0 and A = 1. The case
0 < A < 1 provides an example of an extremal problem over S in which the Keobe function k(z)
fails to be extremal. The determination of sharp upper bound for the nonlinear functional |a3 - )\agl
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for any given family F of normalized analytic functions is popularly known as the Fekete-Szegt
problem for F. The result (1.5) was also proved later by Goluzin (7], Jenkins [9], Pfluger [14],
Shaffer and Spencer [15], and others.

The Fekete-Szegs problem for the families K, §*, and C has been completely solved in the liter-
ature. Thus we have (c¢f. [10] and [11])

maxlag /\ag\ =rnax{l,|)\—— 1|l,
fek 3 J

|3 — 4] </\§ and /\§1>

[N

max |as — )\a2| =

fes* 1
1 <-§§A§1),
and

1

0<A< =
0 (0sa<3)

1 4 1 2

_ S+ [z<a<i
Tee 19 e R Y (3—A“3>

1 2 <1

L 3T 7

Many other recent works on the Fekete-Szegd problem include, for example, [1], [3], [6], {13], [14],
and [17].

We now introduce the class C1(8) of (normalized) analytic functions f in &/, which are given by
(1.1) and satisfy the inequality (1.2) with ¢ € K (instead of ¢ € §*), and let

C = LﬁJCl(ﬂ) <—g <pB< -g—) :

Since K C &*, it follows that C; C C. Also, by taking f = ¢ in (1.2), we have K C ;.
Furthermore, the choice ¢(z) = z in (1.2) exhibits the fact that the class of (normalized) analytic
functions satisfying the inequality:

; T T
Re {ezﬁf'(z)} >0 (z e, —5 < B < 5)
is contained in the class C;.
Problems involving growth and distortion inequalities, coefficient estimates, convex huil, extreme
points, and so on, for the family C; were investigated by Silverman and Telage [16]. In this paper,
we completely solve the Fekete-Szegt problem for the family C;. In particular, one of our results

(Theorem 4 below) gives a refinement of (1.3) for the smaller set C;, and it also includes some
recent results of Abdel-Gawad and Thomas [2].

Theorem 1. Let f € C; and be given by (1.1). Then
2 7

= 2
as — —anl < —
37 9™ =5
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The result is sharp.
Theorem 2. Let f € (;

The result is sharp.
Theorem 3. Let f € Cy

The result is sharp.
Theorem 4. Let f € 4

The result is sharp.
Theorem 5. Let f € Cy

The result is sharp.
Theorem 6. Let f € C;

The result is sharp.

It follows from the definition that, if f € Cy, then f’ can be written as

f'(z) = %Z)h(z)e_w (z elU; ¢ €K; T e B < il

where

and be given by (1.1). Then

9A 2
a3—/\a%!§.—~—~1—1— ()\S-g—)

ol O

and be given by (1.1). Then

2 1 2 2

2

— <... J— p— —_ .
|a3 )\a2l 3 + X <9 <AL 3)

and be given by (1.1). Then

2., 5
a3 — 50y Sg

3

and be given by (1.1). Then

5
|a3 - a%l < 5

and be given by (1.1). Then

Z

|a3-,\a§|gg <§§/\§1>.

2

h(z) = GJ:—ZZ;) cos B+ isinf

for some Schwarz function w analytic in U such that

Thus, if f is given by (1.1),

and

w(0) =0 and J|w(z)| <1 (z€l).

(1.6)

(1.7)

(1.8)

(1.9)
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then
209 = (2@45 cos ,8) a1 + by (1.10)
and
3az = 2e P (a2 +a? + albg) cos 3 + bs. (1.11)
Equations (1.9) and (1.10), together, yield

1 3 2 _; ;
az — Aa2 = 3 (bg — Z)xb%) + ge"ﬁ \:012 + <1 — g/\e“’ﬂ cos ﬁ) a%] cos 8

2 3
+ ge_w (1 - 5/\> a1bg cos B. (1.12)

The expression (1.12) shall be used throughout this paper. We shall also need the following results
for the proof of Theorems 1 to 6.

Theorem A (Keogh and Merkes [11]). Let ¢ given by (1.8) be a univalent convez function in
U (that is, ¢ € K). Then, for any complex number s,

1
|bs — sb3| gmax{§,|s—1]}. (1.13)

Theorem B (Keogh and Merkes [11]). Let the Schwarz function w be given by (1.7) and the
power series (1.9). Then, for any complex number s,

o — sa%| <1+ (Js| — 1) |ea|?. (1.14)
Theorem C (Silverman and Telage [16]). Let f € C1 and be given by (1.1). Then
1
|an| SQ—E (n e N\{1}). (1.15)
Equality in (1.15) holds true for the function:

(e10) = Clog(1 - ¢2) + 1oy (] =1

2. Proofs of Theorems 1 to 6
2
Proof of Theorem 1. Putting A = 3 in (1.12), we get

1 2 1 _,
—= zZ — [ 2t — 2
5 +{3 1e%) (36 cos 3 1) oy

Using Theorem A, Theorem B, and the inequality |bs| < 1, we get

<i+ 2 1+ l(cosﬁ——z'sinﬂ)cosﬂ—l —1)]asf?
=187 13 3 !

1

<3 |bs b3

4
as —§a% +§|a1b2|}cos,3

az —

2
=
92

4
+t3 lalbzl} cos 3

17 |2 5 4
< z — 2 cos?2 8 — 2,z . .
<35 + {3 < 1 5 cos I5} 1> la]” + g Ialbgl}cosﬁ (2.1)
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5 2 1
\ll—gcoszﬁ—lg——1=—§,

17 2 1 4

33 (-5 toal + Gloatal con
T2, 2w 2, o 4

= 18+§lb2| cosﬁ—{glbgl +9|a1| —9|a1b2| cos 3

7T 2
< 5 g bl - |au|)* cos 8

7
61

Since

w

we find from (2.1) that

2
=2
a3—§a2

IN

<

which completes the proof of Theorem 1.

Proof of Theorem 2. We begin by considering

2
as —-/\a§| = laz — ga% =+ 5(1% — Xa2
2 2 5
< (la—‘g‘a% + (5*)\) |laz]”,
which, in view of Theorem 1, yields
2 7
ag — 5&% < *‘6‘
Thus, using Theorem C, we have
7, (2 3\?
_ 5 0
3 47

which completes the proof of Theorem 2.
Equality can be shown to hold true by putting by =bs =1, a1 =1, ag =0, and =0 in (1.12).
Proof of Theorem 3. By (1.12), we have

1
3

3 2
ag—)\a§! < b3_l_1/\b% +§ cos 3

g — (g)\e_iﬁ cosff — 1> a?

2 3
+3 <1 — —5)\> |ce1 | |ba] cos B. (2.2)
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Now, using Theorem A, Theorem B, and the fact that |by| < 1, we get

4—-3x 2 3 ; 2-3X
a3 — Aaj| < 15 t3 {1 + ( 5/\€~1BCOS,8— l‘ - 1) |a1|2}cos,6+ |c1] cos B

3

_4-3x f2 2, 912) cos?
_.——17—+{§+§|a11 <\/1—<3/\—Z>\)cos ﬂ—l) cos (2.3)
22230
3 1

Putting cos 8 = y and |a;1| = o in (2.3), we get

4 — 3\ 2 2 9 2 -3\
2 L2202 — (3N —I)2),2 -
Iag )\a2|§ 2 +y{3+ga <\/1 (3,\ 4)\>y 1>—|— 3 a}

= Fy(a,y) (say). (2.4)

P

In the rest of the proof, we shall show that Fj(a,y) attains its maximum value for (a,y) € [0, 1] x
[0, 1] at the point (

——————/}, 1) . Note that

6A
2 —3) 2 1
Fy (——GA ,1) =3 +ox (2.5)

We shall first show that F) does not have a local maximum at any interior point of the open
rectangle (0,1) x (0,1). For, if F) had a local maximum at some point (ag,y0) € (0,1) x (0,1),

then the partial derivatives a—)‘ and %F—)l must vanish at (ag, yo) . Now
& Y
OFy 4o ) 9A? 2—3)
Ba V|3 Jl'y (3’\'7?) AR
Thus the first requirement:
OF;
Bl =0
@ (aowo)

implies that
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Similarly, we have

9)\2

8F, |2 202 972 2 — 3\ 202 (V) (3’\_ 4)
2o (12 (a2 ) — 1+ (=22 a4y [
()
VTV 4

/

Thus the second requirement:

o

Oy =0

(aofyﬂ)

implies that

2 (31 9A2
2 202 9A? 2 — 3\ 223 O\ 4
Rl I (Y SR (3 ol RS ) IS ap = 20 4 .@
1—yd {3\ - =
i)
_ ) 9N .
Substituting the value of yg { 3\ — T from (2.6) into (2.7), we find that
2 _ 7
2,26 ( 7\, 400 25|30 95| _,
3 3 3ag 9 3 1— I
3oy
or, equivalently, that
agy —3ag+v=0. (2.8)
Solving the quadratic equation (2.8) for ag, we have
3— /9 — 442
N BV 29)

The value of Fj (ag,yo) written in terms of v becomes

2 2

6+ 4 2 2
Fy (a0, %0) = —“égl + Yo (g + 5’7040) )
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which, upon substituting the value of ag~y from (2.9), yields

644 1 4
F (ap,y0) = 3674’3/0 (1—— 1——’72>

3 9
6 + 4~y 1 4
< — =1 — =~
ST TiTg3 97
1
21+27—6,/1—§72
- 18 :

Since y € (0,1), there exists n > 0 such that

3 4 T
2 [1 2.2 — =
7—20056 and 1 57 sin <O<77<6< 2).

Moreover, the inequality:
1 <2coséd+sind
gives

cos? §

(1 —cosb)(1 —siné) < 5

(1 — cosé) (21-%-‘27—6\/1—[—;72)

= (1 — cos 6)(15 + 3cos 8) + 6(1 — cos 8)(1 — sin §)
< 15+3cos8 — 15cos§ — 3cos? § + 3cos? §
=15—12cos 6§ = 3 + 12(1 — cosé).

4
- A2
21 + 2y — 64/1 57 ) 5 9 1

so that

Therefore, we have

< S=s 4=
18 6(1——c036)+3 3T on
which shows that
2 1
Fx (o0, 90) < 5 + o3
3 %A
Hence F) (e, y) does not have a local maximum in (0,1) x (0,1), so that the maximum must be

attained at a boundary point. Since

4—-3x 2 1
2 <37

there is no maximum on the line y = 0. Similarly, we have

4-3" 2 4-3\ 2 2 1
BOy)=—p—+tgys—(+t3<3+gn

F)\(a, 0) =
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so that there is no maximum on the line o = 0 either. On the line y = 1, we get

F(a,1)=1-— —2 —o? + <% - /\> a=G)(a) (say).

Putting o = 1, we get

5 9
G\(1l)=75——.
Since G»(1) is not maximal, the local maximum of G, (@) is attained at
92—
ap = 63A for which fgiggaqm=o.
This leads to the maximal value given by (2.4). The proof will be complete if we show that
‘7 1
Fy(1 -+— (0 1). 2.10
MLy) g+ (0<y<) (2.10)
Since
1 2y
F(1,y) = § <\/ 1-——'7 ) +~§->
_1]3+2
; [ 0]
3
where

2(3—7?
H <-0—= (0 1). 2.11
Therefore, it suffices to prove (2.11) at the points y € (0,1) for which
dH,(y) _
dy '

which implies that

2 4 4
= a2 A2 9,2 _ = -1
3 \/1 Yy <1 57 ) 2y (l 57 ) . (2.12)

Squaring both sides in (2.12), we get

() 240 3) () o

Thus we have

(2.13)
since 0 <y < 1.
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We first square both sides of the inequality (2.11), substitute the value of y? from (2.13), and
get the equivalent inequality :

(3—2v) (9 —5° —7\/18+72) (\/18+72 + 57)2 <83 +27)(3-m"

For simplicity of our calculations, we put ¢ = /18 + v2; then (after a routine calculation) this
becomes

18t7(3 — 2v) (2 — 7?) < 729 — 486y — 270y* + 324v° — 309* — 28+°. (2.14)
The right-hand side of (2.14) turns out to be positive, since
729 — 486 — 270~ 4 324~® — 30y* — 28+°
= (1 — 1) (729 + 243y — 27y% + 297® + 267v*) + 239+°
> 0.
Thus, squaring (2.14) once again, we get the equivalent inequality:
324 (18 +~2) 7% (36 — 48y — 2092 + 484% — T4* — 129° + 4+°)
< 729% — 2-729 - 486y + (486% — 2 729 - 270) % + (2 - 729 - 342 4 2 - 486 - 270) 4°
+ (270% — 2729 - 30 — 2 - 486 - 324) y* + (—2) - 729 - 28
+2-486 - 30 — 2270 - 324)y° + (3242 4 2- 486 - 28 + 2 - 270.30) °
+(2-270-28 — 2324 - 30)7" + (900 — 2 - 324 - 28)~® 4 60 - 28~° + 784~10.
that is,
324~ (648 — 864y — 324+% 4 8167° — 1467* — 1687° + 65¢° — 127" + 49°)
< 729 — 2729 - 486 + (4867 —2- 729 - 270) v* + (2 729 - 324 + 2 - 486 - 270)~°
+ (270% —2- 729 - 30 — 2- 486 - 324) v* + (—2- 729 - 28
+2-486 - 30 — 2.270 - 324)~° + (324% + 2 - 486 - 28 + 2 - 270 - 30) A°
4 (2270 - 28 —2- 324 - 30) 4" 4 (900 — 2 - 324.28) +® + 60 - 28~° + 784~
Thus the reformulated inequality is given by
729% — 2- 729 - 486y + (486% — 2 729 - 270 — 324 - 648) v°
+ (2729 - 324 + 2- 486 - 270 + 324 - 864) 4* + (270% — 2- 729 - 30
~ 2486324 +324%) y* 4+ (—2) - 720 - 28 + 2 - 486 - 30 — 2 270 - 324
— 324 -816+° + (324% +2-486 - 28 +2- 270 - 30 + 324 - 146) ~°
+(2-270-28 —2-324 - 30 4+ 324 - 168)~7 (900 — 2 - 324 - 28 — 324 - 65)4°
+ (1680 4 324 - 12)7° 4 (784 — 324 - )40 > 0. (2.15)
Now the left-hand side of (2.14) is
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531441 — 708588~y — 36741642 + 1014768~ — 180792y* — 451008~°

+ 195696+° + 50112v" — 38304~° + 5568+° — 512~1°

= 531441(1 — ) — 171147~(1 — ) — 544563~%(1 — ) + 4702057*(1 — )
+ 289413v*(1 — ) — 1615957°(1 — ) + 3410175(1 — ) + 8421377 (1 — ~)
+ 45909~+%(1 — ) + 514774 (1 — 5) -+ 50965~1°

= (1 — )(531441 — 177147~ — 5445632 + 470205+> + 2894134* — 16595~°
+ 34101~° + 84213~7 + 4590948 + 5147770 + 50965~1°

= (1 —) [(1 — ) (531441 + 354204~y — 190269~? + 161595+*) + 279936~>
+ 127818y* + 341014° + 84213" + 45909+® + 51477+°] + 50965+

= (1 —7)[(1 — ~){531441 + 164025~ + 190260~(1 — ~) + 161595+*}

+ 279936~ 4 127818~* + 34101~° + 842137 + 459094° + 51477~°] + 59065~10
> 0.

Hence (2.15) is true. This completes the proof of the main assertion of Theorem 3. The result can

2 -3\
T and ag = 1 — of in (1.12).

be shown to be sharp by setting by = b3 =1, =0, a; =

Proof of Theorem 4. Putting A = = in (1.12), we get

wl o

2 1 1 2 .
az — ga% =3 <b3 - ~2-b%> + ge"“@ [ag + (1 —e P cos ,3) a%] cos 3.
Hence

2
asz — —CL%

3

1
by — b3

<

2 N 2
< +§la2~ (e”lﬁcosﬂ——l) al‘cos,B.

1
3

Using Theorem A and Theorem B, we get

2 1 1 2 .
ag—ga% < —?;-—2—+§[1-}—(e"’ﬁcosﬁ——l‘——l)]a1|2]cosﬁ
= L 2 (T o028 — 1) |y |?] cos
fad bl sl 1—|— VL—wOS ,B—L ]’V‘ll uuaIB
6 3 J
1 2 2. 2
= E+§cosﬁ+§(|81nﬂ|~1)|a1| cos 8
5 2 , )
< = —==(1-lsinf])|ai|*cosp
6 3
5
< o
- 6

which completes the proof of Theorem 4.
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Proof of Theorem 5. Putting A =1 in (1.12), we get
: 2 . }
az — a3 = —é— <b3 — %b%) + ge—zﬁ |:Oé2 + <1 - %e"ﬁ cos ,B) aﬂ cos 3

— Zagbee™% cos B.

3
3 18
- <§e cos § — 1)

Using Theorem B and a result of Trimble [18], we find from (2.16) that

11— b b2 2
las — a2 < ( |2|>+u| 2y

Hence

|a3—a§|< |b3—b2|+ |+

3
3\7 3 12 3<°°Sﬁ_1

> Ia1b2|

Tl P2 [ ) | loab)

—9+18 B +3 1—4008,3—-1 leer|” + 3
7

- gz’sin,@cosﬂ

4

2”1 (|baf? \/—‘3—— \
=—4——c|— -2 2 cos? B — _ .
5t 18 3| 4 1—7cos? f—1 ] en|" —|ade]

The elementary inequality:

3
1—ZCOSZﬁZ

3
\/1—ZCOS2BZ

1
4
immediately yields

l\D[»—l

Thus we find from (2.17) that

7 1 1 (|b*
laz —a}| < §+1§*§<—;L+|a1\2—|albzl
_ 5 Ll N
T 6 3\ 2 v
< 2
=~ 6

This completes the proof of Theorem 5.
Proof of Theorem 6. Observe that

2
az — a3 = 3\ —2) (as — a3) +3(1 — A) <a3 - —?;a,%) .

The main assertion of Theorem 6 follows from Theorem 4 and Theorem 5.

+| 132| cos 0.

13

(2.16)

(2.17)
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Equality can be shown to hold true by setting bs = b3 =1, as =1 — a%, 8 =0, and

(2—3)) £iv/Br—4
6

Q1 =

in (1.12).

Acknowledgements

The present investigation was supported, in part, by the Natural Sciences and Engineering

Research Council of Canada under Grant OGP0007353.

REFERENCES

[1] O.P. Ahuja and M.Jahangiri, Fekete-Szegé problem for a unified class of analytic functions, Pan Amer. Math.
J. 7(2)(1997), 67-78.
[2] H.R. Abdel-Gawad and D.K. Thomas, A subclass of close-to-convex functions, Publ. Inst. Math. (Beograd)(N.S.)
49(63)(1991), 61-66.
[3] H.R. Abdel-Gawad and D.K. Thomas, The Fekete-Szegt problem for strongly close-to-convex functions, Proc.
Amer. Math. Soc. 114(1992), 345-349.
[4] A. Chonweerayoot, D.K. Thomas, and W. Upakarnitikaset, On the Fekete-Szegé theorem for close-to-convex
functions, Publ. Inst. Math. (Beograd)(N.S.) 52(66)(1992), 18-26.
[8] M. Fekete and G. Szegd, Eine Bemerkung {iber ungerade schlichte Funktionen, J. London Math. Soc. 8(1933),
85-89.
[6] Chun-Yi Gao, The Fekete-Szegd problem for a class of close-to-convex functions, Chinese Ann. Math. Ser. A
15(1994), 650-656.
[7] G.M. Goluzin, Some questions in the theory of univalent functions, Trudy Mat. Inst. Steklova 27(1949), 1-112
(in Russian).
[8] A.W. Goodman and E.B. Saff, On the definition of close-to-convex functions, Internat. J. Math. and Math. Sci.
1(1978), 125-128.
[9] J.A. Jenkins, On certain coefficients of univalent functions, in Analytic Functions, Princeton Univ. Press, Prince-
ton, New Jersey, 1960, 159-194.
[10] W. Kaplan, Close-to-convex schlicht functions, Michigan Math. J. 1(1952), 169-185.
[11] F.R. Keogh and E.P. Merkes, A coefficient inequality for certain classes of analytic functions, Proc. Amer. Math.
Soc. 20(1969), 8-12.
[12] W. Koepf, On the Fekete-Szegd problem for close-to-convex functions. I and II, Proc. Amer. Math. Soc.
101(1987), 89-95; Arch. Math. (Basel) 49(1987), 420-433.
[13] W. Ma and D. Minda, Uniformly convex functions. I, Ann. Polon. Math. 58(1993), 275-285.
[14] A. Pfluger, The Fekete-Szegt inequality by a variational method, Ann. Acad. Sci. Fenn. Ser. AI 10(1984).
[15] A.C. Shaeffer and D.C. Spencer, The coefficients of schlicht functions, Duke Math. J. 10(1943), 611-635.
[16] H. Silverman and D.N. Telage, Extreme points of subclasses of close-to-convex functions, Proc. Amer. Math.
Soc. 74(1979), 59-65.
[17] D.K. Thomas, The Fekete-Szegd problem for strongly close-to-convex functions, in Topics in Univalent Functions
and Its Applications (Kyoto, 1989}, Strikaisekikenkytisho Kakytiroku 714(1990), 11-17.

g o of s A Il =7 SEREEEES ittt

[18] S.Y. Trimble, A coefficient inequality for convex univalent functions, Proc. Amer. Math. Soc. 48(1975), 266-267.



