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Abstract: In the present paper, we deal with some general estimates for the difference of operators
which are associated with different fundamental functions. In order to exemplify the theoretical
results presented in (for example) Theorem 2, we provide the estimates of the differences between
some of the most representative operators used in Approximation Theory in especially the difference
between the Baskakov and the Szdsz—Mirakyan operators, the difference between the Baskakov and
the Szasz-Mirakyan-Baskakov operators, the difference of two genuine-Durrmeyer type operators,
and the difference of the Durrmeyer operators and the Lupag-Durrmeyer operators. By means of
illustrative numerical examples, we show that, for particular cases, our result improves the estimates
obtained by using the classical result of Shisha and Mond. We also provide the symmetry aspects of
some of these approximations operators which we have studied in this paper.

Keywords: approximation operators; differences of operators; Szdsz-Mirakyan-Baskakov operators;
Durrmeyer type operators; Bernstein polynomials; modulus of continuity

1. Introduction, Definitions and Preliminary Results

Approximation by positive linear operators is a classical and important topic of research in
Approximation Theory and Computer-Aided Geometric Design (CAGD). The basis of the familiar
Bernstein operators is an important tool in Computer-Aided Geometric Design. This basis is used in
order to construct Bézier curves, which have applications for designing curves for the cars industry and
problems involving animations. In addition, the Bézier curves are used in order to control the velocity
over time. A class of symmetric Beta-type distributions involving the symmetric Bernstein-type basis
function was introduced and studied in [1]. In recent years, the quantum (or the g-) calculus and
its variation, the so-called post-quantum or the (p, q)-calculus, which have many applications in
quantum physics, attracted the attention of many researchers. For example, some variations of positive
linear operators by using the (p, g)-calculus instead of their known forms involving the traditional
g-calculus were, in fact, published recently in Symmetry itself (see [2]). In this connection, the readers
are referred also to a subsequent survey-cum-expository review article by Srivastava [3] in which the
above-mentioned variation aspect of the (p, g)-calculus was exposed. Several other applications of the
positive linear operators in learning theory can also be found in the literature. For more details about
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this topic, the reader is referred to the applications of the Bernstein operators and the iterated Boolean
sums of operators (see [4]) and the applications of the Durrmeyer operators (see [5]).

The attention of many researchers in the study of the differences of positive linear operators
began with the question raised by Lupas in regard with the possibility to give an estimate for the
following commutator:

[By,By] := By oB, — B, o By,

where B, are the Bernstein operators and B,, are the Beta operators (see, for details, [6]).

In [7], an algebraic structure of positive linear operators, which map C[0,1] into itself,
was considered in order to give an inequality for the commutators of certain positive linear operators.
In several sequels to this study, Gonska et al. (see, for example, [8-10]) considered an algebraic
structure (S, +, 0,0, I) which satisfies each of the following conditions:

(i)  Itis closed under both “+” and “o”;

(ii) Both “4+” and “o” are associative;

(iii)  Ois the identity for + and I is the identity for “o”;

(iv) 0is an annihilator for “o”, thatis, Ac0 =00 A = 0;

(v)  “+”is commutative;

(vi) “o” distributes over “+”, that is, both of the distributive laws hold true.

The set
PLO ={L:CJ[0,1] = C[0,1] and L islinear and positive},

which is equipped with the canonical operations of addition and operator composition, is an algebraic
structure defined above. The commutator given by

[A,B]:= AB—BA  (A,B € PLO)

was studied from a quantitative point of view in [7].

A solution of the Lupas problem was given by Gonska et al. [7] by using the Taylor
expansion. The estimates for the differences of two positive linear operators, which have the same
moments up to a certain order, were derived in [8-10]. In [11], the differences of certain positive
linear operators, which have the same fundamental functions, were studied. These studies of the
positive linear operators, which are defined on unbounded interval, become an interesting area of
research in Approximation Theory (see [12-15]). Estimates for the differences of these operators
in terms of weighted modulus of smoothness were obtained by Aral et al. [16]. The Bernstein
polynomials are, by all means, the most investigated polynomials in Approximation Theory and
were introduced by Bernstein in order to prove the Weierstrass Theorem. Various new generalizations
of these operators were considered in, for example, [17,18]. In [19], estimates of the differences of the
Bernstein operators and their derivatives were obtained. Recently, some interesting results on this
topic were published in [20-25]. In the present paper, our approach involves positive linear operators
which have substantially different fundamental functions. In fact, the results presented in this paper
extend the earlier studies in [11] for more general classes of positive linear operators.

We denote by E(I) the space of real-valued continuous functions defined on an interval I C R,
which contains the polynomials. Let

Il =sup {[f(x)| : x € I}

and
Ep(1):={f €E(I) and |f] < oo}.

Let ej(t) =t (j=0,1,2,- - -. We consider the linear positive functional F : E(I) — R preserving
constant function, namely, F(ey) = 1. We also put
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pr = F((er — de)’) = i (r) (1) Fle,—)[9")" (reN),

i—0 \!

where ¢f := F(e;). For the functional F, the following basic result was obtained in [11].

Lemma 1 (see [11]). Let f € E(I) with f*) € Eg(I). Then

F(f) = f(9) - ’;éf@) (9") - §f<3)(4>F) < ffnf“)n.

Let us now consider the fundamental functions py,x, by > 0, k € K, and py, i, by € C(I)
such that

Z pm,k(x) = Z bm,k(x) = €o,
kek keK
where K is a set of non-negative integers, that is,
K =Ny :=NuU{0}.
Suppose also that F,, x, G, : E(I) — R are the linear positive functionals such that

Fux(eo) = Guleo) =1

and denote

D(I) == {f € E(I)

Z pm,ka,k(f) € C(I) and 2 bm,ka,k(f) € C(I) } .

kek kek

Define the positive linear operators Uy, Vi, : D(I) — C(I) as follows:

Un(f, x) := Z Pm,k(x)Fm,k(f) and  Viu(f,x) == Z bm,k(x)Gm,k(f)'

kek kek

In [11], the following result concerning the difference of the operators U, and V;,;, was proved.
Theorem 1 (see [11]). Suppose that
Pmk = by and </>Fm/’C = gbG'"rk ke K; meN.
Let f € D(I) with f® € Eg(I) (i =2,3,4). Then
(U = Vi) (£, )] < IFP () + £ ) + 1 F D flax)  (x € 1),
where

F"’l Gm
v(x) = 2 |1y - Ho 'k|Pm,k(x)/
kekK

FWL Gm
B(x) = Z ‘Vg * — U3 'k|Pm,k(x)
kek
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and

Fm GWl
a(x) = Y (g™ + ") P ().
keK

In the series of papers [8-10], the results concerning the estimations of the differences of certain
positive linear operators were based upon the fact that the positive linear operators have the same
moments up to a certain order. In the recent paper [11], the approach involved the positive linear
operators which have the same fundamental functions. The main goal of this paper is to extend the
above result for the positive linear operators that have different fundamental functions. Furthermore,
the condition ¢fmk = ¢Cmk of ([11], Theorem 4) is shown to be not necessary in order to obtain an
estimate of the differences of the positive linear operators V;,;, and Uy,.

Theorem 2. Let f € D(I). If f) € Eg(I) (i = 2,3,4), then

| (U = Vi) (f, )] < A F ]+ BE)f P | + C) [P
+ 2w (f, 61(x)) +2w1 (f, 62(x)) (x € 1),

where w1 (f, -) is the usual modulus of continuity,

1 Fy G
A(X) = 57 2 Pk (g™ + b (X)),
" kek
1 E, G
B(x) = g Z pm,k(x)ﬂg, *— Z bm,k(x)ﬂ3 * ’
* |keKk kek
1 E, G
Clx) =5 Y P (O™ =Y by ()™
* |kek kek

2 1/2
61(x) = (2 Pu(x) (97 —x) )

kekK

and

N\ 172
6a(x) = (Z by (x) (‘PG’””‘ - x) ) :

keK

Proof. First of all, by using Lemma 1, we get

| (U = Vi) (f, ¥)| <

Y Puk(X)Eui(f) — Y bm,k(x)Gm,k(f)‘

kekK keK
yFm,k ‘Z/lFm’k
< k;( Puuk(%) [Fue(f) = f(p'me) = 2= (gm) = =2 " ()
ycm,k me,k
+ Z bm,k(x) Gm,k(f) - f(¢Gm’k) - 227|f”(qbcm,k) _ 337|f///(47cm’k)
keK : :
‘qu,k ]/le,k
+ 1Y Pmi(x) ;, =Y bug(x) 2’2‘ A1
kek ‘ keK .
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Fm,k Gk
| X s = X bus () B | 1157
kek kek
+ 3 Pk (DF(@T5) = F(O)[+ Y bui ()| (@) = f(x)]|
kek keK
(mek iy Y () )IIf’” |
keK keK
F G
+ me,k( mek ||f”||
keK 2! kek
Fm,k Gk
| L pk 0B = ¥ b B |17
keK ! keK
+ ) Pkl x)lf(4>F’"'k) —f@)l+ ) bm,k(x)|f(¢Gm’k) - f(x)]
keK keK

= A DN+ B+ )£

L2
N (1 N YkeK Pm,k(’é) (¢ — ) ) wy(f,61(x))
o1 (x)

k— x 2
(1 n ZkEK bm,k(xz) ((PG”,, ) > w1 (f, 52(95))
5 (%)

= A@)[IFP) + B+ Cx) | PN + 21 (f, 01 (x)) + 21 (f, B2(x)).

_|_

This completes the proof of Theorem 2. [

Remark 1. Let

Nl—=

vi(x) = (Un ((e2 = 2)%x) )
and )
n(x) = (Vm ((81 - x)z;ac))E .

Then, by using the result of Shisha and Mond [26], we find that

|(Um — Vi) (f;0)| < [Um(f5x) = f(x)| + [V (f; x) — f(x)]
<2wi(f,v1(x)) +2w1(f,v2(x)).

Since
F;%,k(el) < Fm,k(e%)

and
Gsn,k (61 ) < Gm,k (3%)/

it follows that
5i(x) <wvi(x) (i=1,2).

2. Applications of Theorem 2

As applications of the Theorem 2, in this section, we give estimates of the differences between some
of the most used positive linear operators in Approximation Theory. The considered examples involve
the Baskakov type operators, the Szdsz—Mirakyan type operators, and the Durrmeyer type operators.
We also show for the Durrmeyer type operators that, in some particular cases, our result improves the
estimates obtained by using the classical result of Shisha and Mond [26].
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2.1. Difference Between the Baskakov and the Szdsz—Mirakyan Operators

The Szasz-Mirakyan operators are defined by

Sw(f,x) = :20 Pon (X Eni (),

where
k

Pnlx) = ’”(mT) and  Fyi(f) = f (") .

m

Lemma 2. The moments of S, satisfy the following relation:
x
Sm(eni1,x) = aS,/n(en,x) + xSm(en, X).

In particular,
Smleo,x) =1, Spler,x) =x and Spy(eyx) = x>+ %

and

3x? 6x3  7x? X
Sm(€3,x>:x3+7+ﬁ and Sm<€4,x):x4+7+ﬁ+$'
Remark 2. We have )
¢Fm’k = Fpx(er) = m
and, for v € N, we get
Fm,k o F . ka r__
ue" = Fy (61 — ¢ mkeg)” = 0.

The Baskakov operators are defined by

V() = kﬁ O ()G ),
=0

o om0 = (") i e Gt = £ (5.

Lemma 3. The moments satisfy the following relation:

x(1+x)

Vin(eni1,%) = V) (en, x) + xViy(en, x).

The moments of the Baskakov operators up to order 4 are listed below:

Vin(eg,x) =1

Vin(er,x) = x

Vin(ez,x) = M%

Vin(es, x) = x3(m+1)(M+2T)n;r3xz(m+1)+x

Vin(eg x) = 201+ D0+ 2 +3) +6x°(m+ (m +2) + 723 (m 1) + %

m3

6 of 19

)

@
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Remark 3. We have '
4)Gm’k = Gm,k(el) = %/
and, for r € N, we get

mk

G
" = Gy i(ey — pOmkeg)” = 0.

Now, as an application of Theorem 2, the difference of V}; and S;, defined, respectively, by
Equations (1) and (2), can be given as Proposition 1 below.

Proposition 1. Let [ = [0,00), f € D(I) and f©) € Eg(I) (s = 1,2,3,4). Then, for each x € [0,00), it is

asserted that
|(Vin = Sm) (f, %)] < 2 (f, x(lmm> + 2w, (f' \/Z) '

The proof of Proposition 1 follows from Remarks 2 and 3, Lemmas 2 and 3, and Theorem 2. We,
therefore, omit the details involved.

2.2. Difference Between the Baskakov and the Szdsz—Mirakyan—Baskakov Operators

In the year 1983, Prasad et al. [27] introduced a class of the Szdsz-Mirakyan-Baskakov
type operators. These operators were subsequently improved by Gupta [28] as follows:

Mu(f,x) = kf Do) Honi (£, 3
=0

where

Hux(F) = (m = 1) [~ oni() f(1)at.

Here p,, i and v,, ; are defined in Equations (1) and (2), respectively.

Remark 4. Since

B ® /m+k—1 £ v (kFr)(m—r—2)!
we get
k+1
¢tk = Hyyp(er) = —
and

H,
,112 mk — Hm,k(el _ ¢Hm'keo)2

B k+1)° k+1
= Hyx(e2) + <m—2> — 2H,, x(e1) (m—Z)

_ (k+2)(k+1) <k+1>2
(m—2)(m—3) m—2

_ K2 +mk+m—1

= (m—22(m—3)’
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Hm
iy "™ = Hyxler = ¢'inieg)®
k+1
= Hy,x(es) — 3Hy k(e2) <_ 2>

+ 3Hy, k(e1) <k+_12> — Hyx(eo) <71’<1+_12>3

A3+ 6mk? + (2m2 + 4m — 4)k + 2m(m — 1)
N (m —2)3(m —3)(m — 4)

and

Hy, H, 4
]/14 mk — Hm,k(el — 4) m,keo)

k+1
= Hy,x(es) —4H, 1 (e3) (1712) +6H,, 1 (e2) ( >

k+1)° k+1
—4H, x(e1) (m_2> + Hy, k(eo) (m 5

_ (k+1)(k+2)(k+3)(k+4) .y (k+1)(k+2)(k+3) (k—i—l)
(m—5)(m—4)(m—3)(m—2) (m—4)(m—3)(m—2) \m—2

o (ns) s (s) ()

In Proposition 2 below, a quantitative result concerning the estimate of the difference between

M,, and V}, is proved.

Proposition 2. If f € D([0,00)) with f) € Cp[0,00) (i = 2,3,4), then, for each x € [0,00), it is

asserted that

|(Min = Vi) (f, )] < A@IF DN+ BN FDN +CEF PN+ 21 (£, 61(x)) + 21 (f, 62(x)),

where

1
AC) = 5 = a2 L7

+ x(4x3 4+ 14x% + 14x + 5)m*
+ (x +1)(24x% 4 5x + 3)m® 4+ 28x% 4 7x — 8)m2} ,

B(x) — x(x+1)2x + )m® + 2x +1)Bx + 1)m? —m
(x) = 3(m — 2)2(m — 3)(m — 4)

4

Cx(l+x)m? + (x+1)m—1
CO) = =5 = 22(m = 3)

7

and

_ VAR (At m)x+1
(m 2) '
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Proof. Applying Remarks 3 and 4, together with Lemma 2, we find that

HW GWI
AX) = 5 L (Pma(x)py™ + o (2)g™)

e Dk +2)(k+3) <k+1>

(m—4)(m—3)(m—2) \m—2
(k+1)(k+2) (k+1\*>  (k+1) [k+1\°
+ S 3o (nz) ~4or 2 (rz) *
1

= 8(m—>5)(m—4)(m—3)(m—2)* {xz(x +1)*m°
+ x(4x® + 14x% + 14x + 5)m*

+ (x +1)(24x% 4 5x + 3)m® + 28x% + 7x — 8)m2}

and

B(x) = 5,

~ H,,
Y g () g ™
k=0

k+1
m—2

w Gux  Xx(x+1)2x+1)m® + (2x+1)(Bx+1)m?> —m
- va,k(x)‘u3 T=
k=0

3(m—2)2(m—3)(m—4)

Furthermore, we have

Cx) =5

- HWI - Gm
Z pm,k(x).”z *— Z Um,k(x)VZ *
k=0 k=0

Cx(l+x)m? + (x+1)m—1
- 2(m —2)2(m —3) ’

0o 1/2
mw:(gwwmww—mﬁ

and

- 1/2
G2 (x) = <k20 P () (i — x)2>

- (lir’m,k(X) <7’1<:12 _x)2>1/2

VA2 (A+m)x+1
a (m—2) '

Now, by using Theorem 2, Proposition 2 is proved. [

)]

90f19
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2.3. Difference Between the Baskakov and the Szdsz—Mirakyan—Kantorovich Operators

Let p,, x be the Szasz—Mirakyan basis function defined in Equation (1). In addition, let

(k+1)/m

Jmi(f) =m f(#)dt.

k/m

The Szasz-Mirakyan—-Kantorovich operators are defined by

2 pmk ]mk (4)

Remark 5. The following result can be obtained by simple computation:

k 1

Ik = T 1(e1) = — i

Moreover, we have

]mk

1" = T(er — ¢lmieg)?

ko 1N\ [k 1)
= Jmk(e2) =2 ( + 2m> (m + 2m>
1

~ 12m2

]mk

u3" = Jp(er — plnkeg)?
k 1
= Jmk(e3) = 3] i(e2) ( + )

2m

+3haten) (5 + 1)2 ~nalen) (5 + 1)3

2m 2m
=0

and

]mk

g™ = Ji(er — plmkeg)?

k k 2
= Jmj(ea) = 4Jm,k(e3) (m + 21”) + 6Jmi(e2) <m + 1>

k 3 k 4
— 4]k (e1) < + 2;) + Jmk(eo) < + 2;)
1

= 80mA

The following quantitative result concerning the difference between K, and V;; is proved next.

Proposition 3. Let [ = [0,00). If f € D(I) with f/) € Eg(I) (i = 2,3,4), then, for each x € [0, c0), it is
asserted that

(K — Vi) (f, %) | < A@) [ fD ] + COIf P + 21 (f, 61) + 21 (f, 62),

where

= 24m?
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and
x(1+x véamx 41
51(9() = % and (52(3() = T

Proof. Applying Remarks 3 to 5 and Lemma 2, we get

AR = 3 Y (P + 0 (™)
1 & 1
= ﬂk;)l’m,k(x)w
_ 1
~1920m4
and
B(x) = 2 | Pk = 3 (S
k=0 k=0
=0.
Furthermore, we have
1| Ink v G
C(x) = E Z pm,k(x).uz *— Z Um,k(x)‘uz *
k=0 k=0
_ 1
C 24m2’

and

Il
N
e
=
3
=
a3
7N
SRS
+
N
SR
|
=
S~
N
~
—_
~
N

11 0f 19

Upon collecting the above estimates and by using Theorem 2, the proof of Proposition 3

is completed. [
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2.4. Difference of Two Genuine-Durrmeyer Type Operators
Letp > 0and f € C[0,1]. Suppose also that

f(0) (k = 0)

ko—1(1 _ \(m—k)p—1
mi(f) = /OHPB(,E;I(H?_k)pg f(hdt  (k#0,1)

£(1) (k=1).

Paltanea and Gonska (see [29-31]) introduced and studied a new class of the Bernstein—-Durrmeyer
type operators defined by

m
Uy : Cl0,1] = I, and  Uh(f;x) := Y Fb (f)pmx(x),
k=0
where

pus() = ((p )t =t

Neer and Agrawal [32] introduced a class of the genuine-Durrmeyer type operators as follows:
70 (" 0 <>
U (f;x) = Z Pm,k(f)pm,k (x),
k=0

where
<%> B 2-m!

m
™ () = 2o () miom = )
Proposition 4 below provides an estimate of the difference between Ul and Uf,.

Proposition 4. Let f € C*[0,1]. Then the following inequality holds true:

|(ufh - T) ()] < A@IFDN+ BN+ CEllF?|
+2w1 (f,61(x)) +2w1 (f, 62(x)),

where

Alx) = x(1—x)(n—1)
© 8m3(mp + 1) (mp +2)(mp +3)(m + 1) (m + 2) (m + 3)

: {mp(3m4 +5m® 4+ 7m* — 5m — 6) + 4m> + 4m* + 4m> — 30m> + 30m

436 + x(1 — x) (m —2) (m — 3)(mp — 6)(2m> + 6m> + 11m +6),

7

B(x) i x(1—x)|1 —2x|(m—2)(m—1)(3m+2)
© 3(mp+1)(mp+2)m?(m+1)(m+2)

 x(1-x)(m—1)
€)= o T Dm(m+ 1)’
o1(x) == x(1 =)
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and

o) i= | S

Eui(f) = Gui(f) = Ey 1 (f),

Proof. In Theorem 2, we set

so that we have

7

k
F, mk — Gm,k —
gl = gOne = =

k(m —k)

Fug _ o Gk _ Eui ) — .
" = 1 k—Pm,k(elféb 'k) T 2(mp 1 1)

Fm Gm 3
ut = "t = Fop (‘31 - ‘PF"”")
 2k(2K? — Bkm + m?)
-~ m3(mp +1)(mp +2)

and

Pm,k _ Gm/k _ F 4
py" =wpy" =Fyx(er— ¢k

m#(mp + 1) (mp + 2)(mp + 3)

Now, by considering the following relations:

n
Z Pm,k(x) =1,
k=0

pm,k X) = xl
k=0

5 (5 puatr) = xr ),

k=0 m

ok x(m?x? — 3mx? 4+ 3mx +2x> —3x + 1)
Z pm,k( ):

2 ’
k=0 \ m
m k 4
)y () Pmi(x) = % <m3x3 — 6m*x® 4 6m2x? + 11mx®
k=0 \" ’ m

—18mx? — 6x° + Tmx + 12x% — 7x + 1) ,

3k(k*mp — 2k*m?p + km3p — 6k> + 12k?m — 8km? + 2m3)

13 of 19
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s 2x(1—x)

k\? <i>
6mx?(1 — x) 6x(1—x)
T Dmr2)

m <k>3 T = x +(m+1)(m+2)

k=0 \"
and
kNt <iso 12(m? +1)x3(1 — x) 12(3m —1)x2(1 — x)
,;O(m> Puic (%) x4+(m+1)(m+2)(m+3)+(m+1)(m+2)(m+3)
2(13m — 1)x(1 — x)
m(m+1)(m+2)(m+3)’

x € [0,1] and p = 2, we get the following estimate:

the proof of Proposition 4 is completed. [
®)

_x
X241’

Example 1. Applying Proposition 2 for f(x) =
| (Ui — Th) (f:0)] < Em(f),

where
En(f) = Killf Wl + Kol fO + Ks| f@ | +2(61 + 6)[I '] and  f € C*[0,1]

and
o (m—1)
U 6amB(2m + 1) (m + 1)2(2m + 3) (m + 2) (m + 3)
(m —2)(m — 3)2(2m3 + 6m? + 11m + 6) +10m° + 14m* + 18m> — 40m? + 18m + 36) )

.(1
2
. (m=2)(m—1)(3m+2)
2T 2402m+ 1) (m+1)2m2(m+2)’

Kaim m—1
T 82m+ m(m + 1)

and

2 A
(6)

Now, by using the result of Shisha and Mond (see [26]; see also Remark 1), we get the following estimate:
i (f)

m

|(Uhy — Th) (f;x)| < E

omt 1 )>nfwfecwam

where
(SM) [y _ 3
Em (f)_<\/2m+1+\/(m+1)(2m+1

Table 1 below contains the values of E,,(f) and EGM) (f) for certain given values of n. We note
here that, for this particular case, the estimate in Equation (5) is better than the estimate given by the

Shisha-Mond result in Equation (6).
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Table 1. Estimates for the difference of U, f and UIf, f.

m Eu(f) ESM (f)
10 0.74402776700 0.84783596730
102 0.24073382150 0.27926364330
103 0.07632064786 0.08868768037
104 0.02414170100 0.02805750320
105 0.00763444237 0.00887294116
106 0.00241421554  0.00280588236
107 0.00076343666 0.00088729829
108 0.00024142458  0.00028058836

15 0f 19

2.5. Difference of the Durrmeyer Operators and the Lupas—Durrmeyer Operators
Durrmeyer [33] and, independently, Lupas [34] defined the Durrmeyer operators by

" 1
Mun(f,) = (m+1) Y- pue(x) [ pong(®) (O (x € [0,1)), )
k=0 0
Gupta et al. [35] introduced a modification of the operator in Equation (7) as follows:
D (f5x) = (m4+1) Y po” [ pma®Of(0adt (f € ). ®
k=0

1
Finally, the difference between M,, and D, s provided in the estimate asserted by
Proposition 5 below.

Proposition 5. Let f € C*[0,1]. Then the following inequality holds true:

](Mm _ D;P) (Fix)| < A@IFD | + B +c 1 F2)|

+ 2wy (f,61(x)) +2w1 (f,62(x)),

where
A(x) = !
(x) = 8(m+1)(m+2)°(m+3)2(m+4)(m+5)
Ax(1—=x)ym(m—1) [x(1 —x)(m—2)(m—3)(m—4)
- (2m® + 6m* 4+ 11m + 6) + 11m° + 41m* + 77m> + 25m> + 26m + 24}
+(m+1)2(m+2)(m+3)<3m2+5m+4)},
B(x) = m|x(1—x)(1 —2x)(m —1)(m —2)(3m +2) + m3 + 4m? + 5m + 2|
o 3+ 1) (m + 23 (m +3) (m 1 4) '
 om(m—1)x(1—x)+ (m+1)>2
o) = T DT 22 +3)
51 (x) = V(- xr)nm+—|—2(2x —1)2
and

_ V2x(1—x)m2 + (1 —2x)2(m +1)

Pa(x): (m+2)Vm 1




Symmetry 2020, 12, 915 16 of 19

Proof. In Theorem 2, we let

Fusl) = Guns(F) = (m+1) [ puel) (00

so that we have
k+1

(PPm/k = (PGm,k = ,
m+2
Fm/k _ Gm,k _ F, 2
P =y = Eng (€1 — @k

C(k+1)(m—k+1)
(m+2)2(m+3) '

Fy G 3
uy™t = "t = Fog (6’1 - 47F’”"‘)
_ 2(k+1)(2k* — 3km + m?> — 2k + m)

(m+2)3(m+3)(m—+4)
and
Fm,k _ Gm/k _ ka 4
By W =My " = m,k<el_4’ )

_ 3(k+1)(k—m —1)(kK*m — km* — 4k? + 4km — 3m?> — 5m — 4)
N (m+2)*(m+3)(m+4)(m+5) '

Now, by applying the relations from the proof of Proposition 2, the resulting estimate of
the difference of the Durrmeyer operator and the Lupas-Durrmeyer operator is as asserted by
Proposition 5. [

Example 2. By pplying Proposition 5 for f(x) = cos(27x) for x € [0, 1], we get the following estimate:

(M= D3%) (33| < En() ©)

where
En(f) = Ki| f9 + Kol f + Kall fP | +2(61 + &) ||l f € C*[0,1]

and

1
8(m +1)(m +2)>(m + 3)2(m + 4) (m +5)

. {1m(m -1) [1(171 —2)(m —3)(m —4)(2m® 4 6m> + 11m + 6)

Kl =

1 1
+ 11m° + 41m* + 77m3 + 25m2 + 26m + 24}

+(m+1)2(m+2)(m+3)(3m2+5m+4)},

3(m~+1)(m+2)3(m—+3)(m+4)

«{1(1711)(m2)(3m+2)+m3+4m2+5m+2},

K2 =

4
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1 1
K3 := S T 2 £ 3) (1) Em(m71)+(m+1)z )
m+4
o1i= 2(m +2)
nd
! o m242(m+1)
(m+2)y/2(m+1)

Thus, by using the result of Shisha and Mond (see [26]; see also Remark 1), we get the following estimate:

(Mo = D377 ()| < ), (10)
where
(SM) ; m+1 3m?2 +3m + 2 ,
Ew T f) =2 (\/z(m+z)(m+3) * \/4(m+1)(m+2)(m+3)> 171l f & ctlo]
(sM)

Table 2 below gives the values of E,;(f) and E,;’(f) for certain specific values of m. We also
note that, for this particular case, the estimate in Equation (9) is better than the estimate given by the
Shisha-Mond result in Equation (10).

1
Table 2. Estimates for the difference of M;, f and D; i f.

m Em(f) ESM (£)
102 1.5210054310 1.9330219770
103  0.4794548855 0.6237181803
104 0.1516781199 0.1976406539
105 0.0479680333  0.0625122598
106  0.0151689380 0.0197685170
107 0.0047968431  0.0062513668
108 0.0015168951  0.0019768561

Remark 6. The earlier works [36,37] proposed certain general families of positive linear operators which
reproduce only constant functions. Recently, as a continuation of these works, in [38] some positive linear
operators reproducing linear functions were introduced and studied. Analogous further researches for this class
of operators are possible.

3. Conclusions

The studies of the differences of positive linear operators has become an interesting area of
research in Approximation Theory. The present paper deals with the estimates of the differences of
various positive linear operators, which are defined on bounded or unbounded intervals, in terms of the
modulus of continuity. In several earlier papers, the results of the type which we have presented here
were obtained for a class of positive linear operators constructed with the same fundamental functions.
The novelty of this paper is that the fundamental functions of the positive linear operators can chosen
to be different. Our present study makes use of the Baskakov type operators, the Szdsz—Mirakyan
type operators, and the Durrmeyer type operators. In some illustrative numerical examples, we have
shown that the estimates obtained in this study are better than the estimates given by the classical
Shisha—Mond result. For a future work, we propose to obtain estimates for these operators involving
some suitably weighted modulus of smoothness.
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