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Abstract 

For any nonsingular n x n matrix A there exists a decomposition A= VIIU, where 

II is a unique permutation matrix and V,U are upper triangular matrices. When ITTVII is 

lower triangular and Uhas unit diagonal, such a decomposition is called the left Bruhat 

decomposition of A. The Bruhat decomposition, known from the theory of linear 

algebraic groups, was discussed by Kolotilina and Y eremin in the context of solving large 

sparse linear systems. We give an algorithm for computing the left Bruhat decomposition 

and consider its application to solving non-sparse linear systems. 

The numerical stability of an algorithm for computing a matrix factorization 

depends on the growth of elements in the derived matrices. For example, for Gaussian 

elimination with partial pivoting (GEPP), the growth of elements in the derived matrices 
is measured using the growth factor YoP = maxla;~I/ maxia;,I, where A(i) = [a;n is the ith 

l,J,I; J,k 

derived matrix. GEPP is well-known to be unstable ( YoP is exponential inn) for classes 

of matrices given by Wilkinson and recently (from a practical application) by Foster. We 

show that the left Bruhat decomposition gives at most linear growth inn for these classes, 

demonstrating its stability. 

In order to obtain a practical, general-purpose algorithm for solving non-sparse 

linear systems, we specify a partial pivoting strategy for the Bruhat decomposition 

(BDPP). Simple relationships are determined between the derived matrices, permutation 

matrices and the matrices of multipliers associated with BDPP (applied to matrix A) and 
those of GEPP (applied to AT p, where p is the permutation matrix that reverses the 

order of the columns). All real matrices that give the maximum exponential growth factor 
of 2•-1 with GEPP were characterized by Higham and Higham. We showthatBDPP 

gives a growth factor of at most 2 for these matrices. Thus BDPP is stable for matrices 

that give the maximum exponential growth factor with GEPP, as well as for the matrix of 

Foster. For linear systems in which GEPP is unstable, application ofBDPP is a practical 
alternative. 
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We introduce a bipartite graph model for the Bruhat decomposition of a pattern, 

and we develop an algorithm for computing the patterns of the factors in the left Brubat 

decomposition. This algorithm is shown to model the corresponding numerical algorithm. 

Examiners: 
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Chapter 1 

Introduction 

Basic definitions and notation from matrix theory that are used in the following chapters 

are presented. Matrix factorization techniques are discussed, in particular the LU 

factorization and Gaussian elimination with partial pivoting (GEPP), LPR decomposition, 

and the Bruhat decomposition. Computational aspects of triangular factorization are 

presented, and stability results for LU and GEPP are discussed. A brief historical review 

of matrix factorization in the context of solving systems of linear equations is given. The 

chapter concludes with an overview of the thesis. 
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1.1 Basic facts and notation 

Before introducing the Bruhat decomposition and discussing known results, we give some 

terminology and notation. We start with basic definitions from linear algebra and matrix 

theory, and throughout consider square n x n matrices with real entries. The matrix entry 

in the ith row and the jth column of matrix A is denoted by a U' and frequently we write 

A= [ aif]. For a description of the usual matrix operations and functions ( e.g., addition, 

multiplication, transpose, inverse, determinant ), the reader can refer .to [H&K] or [H&J]. 

A matrix U is upper triangular if uff = 0 whenever i>j, and similarly a matrix Lis 

lower triangular if lu = 0 whenever i<j. A triangular matrix with all diagonal entries equal 

to 1 is called a unit triangular matrix and is referred to as a normalized triangular matrix. 

Note that the product of upper (lower) triangular matrices is an upper (lower) triangular 

matrix. Moreover, if all matrices in the product are normalized, the resulting matrix is 

normalized. A special case of a triangular matrix is a diagonal matrix. Matrix D is diagonal 

if dij = 0 whenever i * j. The identity matrix, denoted I, is the normalized diagonal 

matrix. Clearly the determinant of a triangular matrix is the product of its diagonal entries. 

A permutation matrix is a matrix with entries from { 0, 1} with exactly one 1 in 

every row and every column; note that its inverse is equal to its transpose. Associated 
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with an n xn permutation matrix II is a permutation function ir:{1,2, ... ,n}➔ {1,2, ... ,n }, 

defined as ir(i) = j if ir ff = I. The set of inversions associated with i, denoted inv(i), is 

defined as inv(i) = {j: j > i and ir(j) > ir(j)}, and the length of ir (or II) is defined as 

n 

/(II)= /(ir) = 2)nv(i)J, where linv(i)I denotes the cardinality of the set inv(i). 
i=l 

We denote by p the permutation matrix that reverses the order of the rows of A 

in the product pA. Thus 

0 I 

p= (I.I.I) 
I 

I 0 

Clearly the permutation function associated with the n x n permutation matrix p has the 

maximum length among all permutation functions defined on the set {1,2, ... ,n}, namely 

l(p) = n(n -1)/ 2. Note that for any lower triangular matrix L, pLp is upper triangular, 

and for any upper triangular matrix U, pUp is lower triangular. 

We consider nonsingular matrices, which are characterized in the following well 

known result, see e.g. [Wat., Thm. 1.3.3]. 
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Theorem 1.1.1. Let A be an n x n matrix. Then the following are equivalent. 

1. A is nonsingular. 

2. The determinant of A, denoted det(A), is nonzero. 

3. The inverse of A, denoted A-1, exists. 

4. There is no nonzero vector x such that Ax = 0. 

5. The rows of A are linearly independent. 

6. The columns of A are linearly independent. 

7. The rank of A is n (i.e., A has full rank). 

Let l,J c {1,2, ... ,n }. We denote by A[I,J] the submatrix of A consisting of the 

entries in A in rows indexed by I and columns indexed by J, and we write A [ l] whenever 

l=J. A leading principal submatrix of A is the submatrixA[l], where / = {I,2,- • • ,k }and 

1:::; k:::; n -1. For any two n xn matrices A and B, we writeA<B if au< bu for all 

1:::; i, j:::; n. The matrix IAI has entries !au!-

r 

4 
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1.2 Triangular matrix factorizations and solution of linear systems 

Often matrices and vectors are used to represent a system of linear equations as Ax = b , 

where A is the n xn coefficient matrix, x e R" is a vector of variables, and b eR" is the 

vector of constants. The system has a unique solution if and only if the coefficient matrix 

A is nonsingular. A well known method for solving this system is the reduction of matrix 

A to upper triangular form using a sequence of elementary row operations. These 

operations are of three types: 

1. Interchange two rows 

2. Multiply a row by a nonzero constant 

3. Add a multiple of one row to another row . 

Elementary column operations are defined similarly. If a type 3 operation intentionally 

introduces a O in a certain location, the operation is referred to as an elimination operation. 

We consider three matrix factorizations that can be used to solve a system of 

linear equations. The most common is the LU decomposition, which can be computed by 

the Gaussian elimination algorithm. Although less common, the LPR decomposition and 

the Bruhat decomposition can also be used to solve linear systems. All three 

factorizations employ elementary column or row operations. 
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1.2.1 Gaussian elimination and its variants 

The Gaussian elimination algorithm uses repeated applications of type 3 elementary row 

operations to reduce the coefficient matrix A (provided A satisfies the conditions of 

Theorem 1.2.1 below) to upper triangular form. This is called forward elimination. Once 

the matrix is reduced to upper triangular form, the solution of the linear system can be 

obtained by applying the back substitution algorithm [G&V, Algorithm 3.1.4]. 

Each of the n-1 steps of the forward elimination of Gaussian elimination can be 

accomplished by pre-multiplication by a unit lower triangular matrix LV) [G&V, p. 96]. 

That is, r(n-IJ ••• L(2) J5'l A= U, where U is an upper triangular matrix, and thus Gaussian 

elimination results in a factorization of the matrix A as A = LU, where L is a unit lower 

triangular matrix. This is known as the LU decomposition of A. The next theorem is 

known as the LU decomposition theorem. For a proof, see for example [G&V, Thm. 

3.2.1]. 

Theorem 1.2.1. Let A be an n x n matrix whose leading principal submatrices are all 

nonsingular. Then A can be decomposed uniquely into a product A= LU, where 

L is a lower triangular matrix, U is an upper triangular matrix and either L or U is 

normalized. 

Note that the converse of Theorem 1.2.1 is true only if A is nonsingular. That is, if 

A is a nonsingular matrix and has an LU decomposition, then the leading principal 
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submatrices of A are nonsin~lar. Clearly not every nonsingular matrix has an LU 

decomposition. However, Theorem 1.2.2 [Dat., Cor. 5.2.l] states that some permutation 

of the rows of A results in a matrix that has an LU decomposition. 

Theorem 1.2.2. Let A be an n x n nonsingular matrix. Then there exists a permutation 

matrix P such that PA has an LU decomposition. 

7 

Gaussian elimination with partial pivoting (GEPP) [G&V, Algorithm 3.4.3] is an 

algorithm that uses type I and type 3 elementary row operations to compute a 

permutation matrix P and the LU decomposition of PA, where A is nonsingular. GEPP is 

the most commonly used algorithm for solving systems of linear equations. In the next 

section we discuss the computational aspects of Gaussian elimination and GEPP that 

attribute to the popularity of GEPP in solving linear systems. Another variant of the 

Gaussian elimination algorithm is Gaussian elimination with complete pivoting. This 

algorithm uses type I elementary row and column operations as well as type 3 

elementary row operations. Complete pivoting is rarely used since GEPP is more efficient 

and, for practical problems, almost always determines the solution as accurately as can be 

determined by Gaussian elimination with complete pivoting. 

1.2.2 LPR decomposition 

The LP R decomposition is a decomposition of matrix A into a product A = LP R, where L 

is a lower triangular matrix, P is a permutation matrix, and R is an upper triangular matrix. 
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Because of the similarity to the LU decomposition, the LPR decomposition is referred to 

in some literature, see e.g. [K&Y], as the generalized Gauss decomposition. Theorem 

1.2.3 below shows that any nonsingular matrix has such a factorization. For a proof, see 

e.g. [Els., Tom. l]. 

Theorem 1.2.3. Let A be an n x n nonsingular matrix. Then A can be decomposed into a 

product A = LP R , where L is a unit lower triangular matrix, P is a unique permutation 

matrix, and R is an upper triangular matrix. 

Note that no additional condition on the matrix A is needed in order for it to be 

decomposed as a product A= LPR. The reason for this is the presence of the 

permutation matrix in the product. An algorithm for computing a specific LPR 

decomposition is given in the proof of Theorem 1 in [Els.]. Note that in general an LPR 

decomposition is not unique for a given matrix A. For example, if A = LpR, where L is a 

8 

unit lower triangular matrix and R = pLp, then A= LpR = Lp(pLp) = L2 pl. Hence A has 

two different LPR decompositions, but the permutation matrix remains unique (See 

Sections 2.1 and 2.2). Clearly the LU decomposition is a special case of the LPR 

decomposition with the permutation matrix being the identity matrix. Although the LPR 

decomposition is not practical for solving linear systems, it is still of interest from a 

theoretical point of view. Further discussion of the LPR decomposition is presented in 

Section 2.2. 
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1.2.3 Bruhat decomposition 

The Bruhat decomposition of a nonsingular matrix A is a factorization of A as a product 

A = VITU, where V and U are upper triangular matrices and II is a unique permutation 

matrix (see e.g. [Gri., App.] and [K&Y]). The matrix II is referred to as the Bruhat 

permutation of A. Theorem 1.2.4 states the existence of the Bruhat decomposition for any 

nonsingular matrix. For a proof, see e.g. [Gri., Prop. 11]. 

Theorem 1.2.4. Let A be an n x n nonsingular matrix. Then A can be decomposed into a 

product A = VITU, where Vis an upper triangular matrix, II is a unique permutation 

matrix, and U is a unit upper triangular matrix. 

Note that the factors U and Vofthe Bruhat decomposition are not generally 

unique, as shown in the following example. 

Example 1.2.5. 

Consider 

[
1 2 3] 

A= I I 2 . 

1 1 I 

Then A has the following two Bruhat decompositions: 
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[: 

2 

il-[i 
1 

:I: 
1 

m 
1 

:] 1 1 0 1 
I 0 0 o. 

~[: 0 

m 
I 

m 
I 

i] I 0 I 

0 0 0 

In Chapter 2 we state a condition on the factor V that gives a unique Bruhat 

decomposition and give an algorithm for computing the Bruhat decomposition of a 

nonsingular matrix A. The Bruhat decomposition can be used to solve a system of linear 

equations Ax = b as follows: 

1. Compute the Bruhat decomposition of A so that the system can be written as 

VIIUx=b 

2. Use back substitution to solve for yin 

Vy=b 

3. Use back substitution to solve for x in 

In the following chapters we focus on the Bruhat decomposition and develop a 

practical algorithm for solving a linear system with a nonsingular coefficient matrix. 

We remark that if A is an n x n singular matrix, then there exists a decomposition 

A = VITU, where V,U are upper triangular matrices and IT is a unique subpermutation 

matrix (i.e., each row and column of the matrix IT with entries from { 0, I} has at most one 

nonzero entry). The uniqueness of IT follows from a rank argument, see e.g. [G&G, p. 

10 
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220] and Theorem 2.1.3. Both matrices U and V can be chosen to be nonsingular, as the 

following example illustrates. 

Example 1.2.6. 

Consider the singular matrix 

[I I :]~[: 2 

m 
0 

T 
-1 

n A= 2 -1 1 1 0 0 1 
1 -1 0 0 0 0 0 

where (8) is any real number. 
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1.3 Computational aspects of triangular factorization 

Triangular systems of linear equations are of particular interest since such systems can be 

solved inexpensively using back substitution or forward substitution. Although most 

systems are not triangular, a given system can be solved by factoring the coefficient 

matrix into a product of triangular matrices and possibly a permutation matrix as 

discussed in Section 1.2. The solution is then obtained by solving two triangular systems. 

Numerical analysis is concerned with the development of numerical algorithms 

that are accurate, efficient, and easy to implement. The efficiency of a numerical algorithm 

depends on the choice of the platform of computation. The flop (floating point operation) 

count is frequently used to measure the efficiency of a numerical algorithm. We define a 

flop as one multiplicative(/ or*) operation [Hig., p. 3]. Note that in some of the 

literature, see e.g. [Wat.] , a flop is defined as one multiplicative operation and one 

additive operation ( - or + ). 

There are several factors that should be considered when choosing and 

implementing a numerical algorithm to solve a linear system Ax = b. These include: 

I. Hardware and software considerations 

2. Stability of an algorithm 

3. Properties of A, including its condition number. 
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The efficiency of a numerical algorithm depends on the architecture of the 

computing hardware used. Parallel computing has a great influence on the implementation 

of numerical algorithms. Some algorithms run faster when programmed on parallel 

computers, and thus measuring the efficiency of an algorithm using the flop count is no 

longer sufficient. However, not all numerical algorithms can be implemented in parallel. 

For further details on the effect of computer architecture on numerical computation, see 

e.g. [Wat., Section 1.10] and [G&V, Ch. 6]. 

The choice of data structures for object representation is crucial in implementing a 
\ 

numerical algorithm. For example, in sparse matrix factorization 30-40% of the total time 

is spent on index processing, see e.g. [K&Y] and [G&L]. Thus it is important to develop 

data structures with fast access time and to use storage efficiently. 

Another aspect of numerical computation is the notion of stability. Algorithm @ 

for solving Ax= b is stable if the computed solution :i satisfies (A+ E)x = b + 8b, 

where E, the perturbation of A, and 8b, the perturbation of b, are small. The size of a 

perturbation is determined by the relative error using norms, e.g. IIEII !IIAII and JJobJJ /jjbjl, or 

by the magnitude of the entries of the matrix E and the vector 8b . The perturbations in A 

and b are usually obtained from a backward error analysis of@, see e.g. [Hig.J or 

[Wil.63]. Suppose Algorithm & uses elementary (row or column) operations to reduce 

matrix A to upper triangular form in n-1 steps. Denote by A(k) = [ atk>] the derived matrix 

after k elimination steps of Algorithm @. The unit roundoff error 
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{ 
l.. 131-1 

µ= 2 
131-1 

for rounded arithmetic 

for chopped arithmetic 

is a function of /3, the base of the floating point number system in use, and t, the number 

of digits used to represent numbers in the system, see e.g. [G&V, p. 62]. 

Wilkinson [Wil.63] showed, using backward error analysis, that if Gaussian 

elimination (without pivoting) is applied to solve a system Ax = b, then the computed 

solution x satisfies (A+ E')x = b with /E/ s; nµ( 3/A/ + s/i//~) + 0(µ 2
), where LO is the 

computed LU factorization of A using Gaussian elimination. For a derivation of this 

result, see e.g. [G&V, Thm. 3.3.2]. The bound can be written using a matrix norm as 

Clearly 1/i/L or 1/~L can be arbitrarily large, as can be shown by 

with 1/~L = max {/1 / s/, 1 + /e/} and 1/i/L = 1 + /1 / e/. By letting s be arbitrarily small, /Ii[ L 

and //~I,, become arbitrarily large. Thus Gaussian elimination without pivoting may be 

unstable. 

Wilkinson showed that the above bound on [[E[/.,, for Gaussian elimination also 

holds for GEPP . However, GEPP guarantees that the multipliers used in the elimination 

process have magnitudes less than or equal to I, and this restricts the magnitudes of 

14 
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entries of the derived matrices .Thus //i/L s; n and it can be shown (see, e.g. [G&V]) that 

IIEooll s; cµn
3y GPIIAll00 + 0(µ

2
), where c is a constant and r GP is the growth factor for 

Gaussian elimination with partial pivoting, defined as r GP = max/a;~/ I max/aik/. Thus the 
1,1,k 1,k 

stability of GEPP is essentially determined by the magnitude of r GP. Wilkinson 

introduced an n x n matrix that achieves the largest possible growth factor of 2n-1 when 

GEPP is applied. All real matrices with r GP = 2 n-I were characterized by Higham and 

Higham [H&H]. Wilkinson also noted that matrices with large r GP do not seem to arise 

in practical applications. However, recently Foster [Fos.] and Wright [Wri.] discussed 

classes of matrices arising from practical problems that have exponential growth factors 

with GEPP. Since matrices with exponential growth factor rarely arise in practical 

applications, GEPP is generally the algorithm of choice for solving a linear system. A 

tight upper bound for the growth of elements in Gaussian elimination with complete 

pivoting is still unknown; the best known bound, proposed by Wilkinson [Wil.63, p. 97], 

is n11 2{213112 4113 • • •n"<•-'l). Although this bound grows much slower than 2•-1, the extra 

cost associated with the complete pivoting strategy makes GEPP a more efficient 

algorithm and Gaussian elimination with complete pivoting is seldom used in practice. 

The stability results for Bruhat decomposition and Bruhat decomposition with 

partial pivoting (BDPP) are discussed in Chapter 3. 
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The attributes of A affect the choice of an algorithm. For example, if A is positive 

definite, the algorithm of choice is the Cholesky factorization algorithm since it is always 

stable and faster than Gaussian elimination. Other relevant attributes of A include 

sparsity, diagonal dominance, symmetry, etc. For a description of the effect of such 

attributes on the choice of algorithm, see e.g. [G&V] or [Wat.]. 

One of the most significant attributes of A with regard to solving a linear system is 

its condition number. Problem <Pis said to be ill-conditioned if the exact solution to q> 

changes greatly with small changes in the data defining (P, otherwise, <Pis said to be well­

conditioned. Associated with a nonsingular matrix A is a quantity called the condition 

number of A, denoted by ,c(A) and defined by 

In general, if the condition number of A is very large, the problem of solving Ax= b is ill­

conditioned, and we say that A is ill-conditioned. It is clear from the definition that the 

condition is a measure of how sensitive a problem is to small perturbations. The condition 

of a problem is very relevant in interpreting the results of a numerical computation. Finite 

precision arithmetic, unlike real arithmetic, uses a finite number of digits to store the data, 

and thus the data may be perturbed at the storage or input phase. 
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1.4 Historical Remarks 

The earliest mention of solutions of simultaneous linear equations (systems of linear 

equations) is attributed to the ancient Greeks as early as 275 BC [Smi., p. 432]. The 

subject was greatly extended by the ancient Chinese between 206 BC - 220 AD. The 

Chinese used elementary column operations for solving small systems of!inear equations. 

The largest documented problem solved by the Chinese involves six variables. The 

method they used is identical to the Gaussian elimination algorithm with the exception 

that the Chinese used only integer and fractional arithmetic and the operations were 

performed on columns not on rows, see e.g. [Smi.] and [Y &S]. The same method was also 

used in Japan for solving linear systems of equations. 

C. F. Gauss (1777-1855) was the first to arrive at an algorithm for solving a 

general system of n linear equations in n unknowns. He developed the algorithm, known 

today as the Gaussian elimination algorithm, in 1795 in his work on the least squares 

problem; see e.g. [Go!., pp. 212-224] for details of the discovery. Gauss was also the first 

to give conditions for the existence of a unique solution to the problem. 

With the development of computers in the twentieth century, more work was 

done on numerical methods for solving systems of linear equations. The first work on the 

stability of Gaussian elimination is attributed to Goldstine and von Neumann in two 
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papers published in 1947 and 1951 ([G&vN.47] and [G&vN.51]). They used a forward 

error analysis to obtain their results. Backward error analysis was developed by 

Wilkinson in the 1950's and 1960's and was used to obtain the perturbation results in 

Section 1.3 for Gaussian elimination and GEPP. It is documented that backward error 

analysis was developed by Wilkinson, however the idea had appeared in the papers by 

Goldstine and von Neumann and also in a paper by Turing in 1948 [Hig.]. 

18 

Bruhat decomposition is known to have its origin from the theory of linear 

algebraic groups. The decomposition was introduced by Bruhat in 1954 in work on 

representation theory [Suz.]. The matrix form of the Bruhat decomposition was 

considered for sparse matrix computation by Kolotilina and Y eremin in 1987 [K& Y]. In 

fact, they used the Bruhat decomposition for solving large sparse systems of linear 

equations and showed that the Bruhat decomposition can give better sparsity results than 

GEPP. In 1982, Grigor'ev [Gri.] used the matrix version of the Bruhat decomposition as a 

theoretical algebraic tool, whereas Kolotilina and Y eremin used the decomposition as a 

practical alternative to GEPP for numerical matrix computation. In the following chapters, 

we deal with the decomposition solely from a matrix analysis point of view. 
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1.5 Thesis overview 

Chapter 2 describes the Bruhat decomposition for nonsingular matrices. We prove the 

uniqueness of the Bruhat permutation and of the triangular factors in the left Bruhat 

decomposition (Section 2.1). We also present a relationship between the left Bruhat 

decomposition and the LU factorization, and discuss the relationship between the Bruhat 

decomposition and the LPR decomposition (Section 2.2). We give and illustrate an 

algorithm for computing the left Bruhat decomposition (Algorithm 2.3.1), and complete 

the proof of the existence and uniqueness theorem (Theorem 2.1.4) for the left Bruhat 

decomposition. We conclude the chapter by deriving the left Bruhat decomposition for a 

rank one perturbation of a diagonal matrix, which gives alternative proofs for the inverse 

and determinant formulas for a rank one perturbation of a diagonal matrix. 

Chapter 3 discusses the stability of the Bruhat decomposition and compares 

stability results to those for LU and GEPP. We use the relationship between the left 

Bruhat decomposition and the LU factorization from Chapter 2 to obtain stability results 

similar to those for the LU decomposition presented in Section 1.3. We discuss the 

stability of the left Bruhat decomposition for classes of matrices that give exponential 

growth factor for GEPP. In particular, we discuss two classes of matrices; a class 

introduced by Wilkinson [Wil.65] that gives the maximum exponential growth factor for 
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GEPP, and a class of matrices given by Foster [Fos.] that arises in a practical application. 

We show that the Brnhat decomposition is stable for these classes of matrices. We 

present a pivoting strategy for Brnhat decomposition (BDPP) that ensures that the 

magnitudes of multipliers is less than or equal to I. We also obtain a relationship between 

the factors ofBDPP and GEPP, which is used to derive stability results for BDPP similar 

to those for GEPP presented in Section 1.3. Finally, we show that BDPP is stable for any 

real n x n matrix that gives the maximum possible growth factor for GEPP, namely 2•-1 
, 

this class of matrices was characterized by Higham and Higham [H&H]. We also compare 

growth factor results for GEPP, BDPP, and the Brnhat decomposition and give examples 

that illustrate other aspects of the growth factor for BDPP. 

Chapter 4 deals with a sparsity analysis for the Brnhat decomposition of a 

pattern when accidental numerical cancellation is ignored. Firstly, we give the necessary 

definitions and notation from graph theory and combinatorial matrix theory that are 

needed for the sparsity analysis. We develop an algorithm for computing the patterns of 

the factors in the left Brnhat decomposition (Algorithm 4.2.1 ), and show that this 

algorithm is consistent with the numerical algorithm given in Chapter 2. 
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Chapter 2 

Description of the Bruhat decomposition 

In this chapter, a detailed description of the Bruhat decomposition of a nonsingular matrix 

is given. Uniqueness results for the Bruhat decomposition are proved, and relationships 

between the Bruhat decomposition and the LU (Corollary 2.1.5) and LPR factorizations 

(Section 2.2) are established. Knowing the Bruhat decomposition of a matrix A, either the 

LU or an LPR factorization of a permutation of A can be derived, and vice versa. An 

algorithm for computing the left Bruhat decomposition of a matrix is developed and 

illustrated. This algorithm is the analog of an algorithm given in [K&Y, Section 2] for the 

right Bruhat decomposition. 
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2.1 Uniqueness results 

The focus of this section is on the Bruhat decomposition as defined in Section 1.2.3. 

Some properties of the Bruhat decomposition are investigated and some uniqueness 

results are presented. A relationship between the Bruhat decomposition and the LU 

decomposition is also derived. 

We start by proving the uniqueness of the Bruhat permutation. A different 

uniqueness proof that uses algebraic techniques can be found in [Gri., App.]. Our proof, 

however, uses properties of permutation matrices. We need the following lemma about 

permutation matrices, see e.g. [G&G, p. 221]. 
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Lemma 2.1.1. Let P and Q be n x n permutation matrices. Then P = Q if and only if 

rankP[S;,Sj]= rankQ[S;,Sj] forall l:::;i:::;n-1 and l:::;j:::;n,where Sk ={1,2,-··,k}. 

Proof 

If P = Q, then clearly rank P[S;, Sj] = rank Q[S;,Sj] for 1:::; i:::; n-1 and 1:::; j::; n. 

Conversely, suppose that rank P[S;,Sj] = rank Q[S;,Sj] for all 1:::; i:::; n-1 and 

l:::;j:::;n.Clearly P[S1,Sn]= Q[S1,Sn] and P[Sn,S1]= Q[Sn,SiJ. Supposethat P*Q. 

Then let r;,: 2 be the least integer such that P[S,, Sn]* Q[S,, Sn] and let t ~ 2 be the 

least integer such that p,1 * q,1 • Without loss of generality suppose that p,1 = 1 (thus 
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q,1 =0). Then p1 =q1 =0 for l:s;j:s;t-1 and P;, =q;, =0 for 1:s;;:s;r-1,implying 

that rankP[S,,S,] = rank Q[S,,S1 ]+ 1. This contradiction implies that P = Q. ■ 

An immediate consequence is the following, which can be proved by applying 

Lemma 2.1.1 to the permutation matrices pP and pQ. 
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Corollary 2.1.2. Let P and Q be n x n permutation matrices. Then P = Q if and only if 

Note that Lemma 2.1.1 and Corollary 2.1.2 imply that the rank equalities hold for 

all 1 :s; i :s; n . This follows from the fact that both P and Q are permutation matrices, thus 

they have full rank. 

Theorem 2.1.3. (Uniqueness of the Bruhat permutation). Let A be an n x n nonsingular 

matrix. Let A = VITU be a Bruhat decomposition of A. Then the Bruhat permutation 

matrix II is unique. 

Proof 

Partition the matrices A, V, IT, and U conformally so that 

where A11 is an r x j submatrix, )1i 1 is an rx r submatrix, II11 is an r x j submatrix, 

and U11 is a j x j submatrix, with 1 :s; r :s; n-1 and 1 :s; j :s; n. Thus A21 = V22II21U11 . 

Since A is nonsingular, both of f;2 and U11 must be nonsingular, and thus 
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rank A21 = rank II21 • Suppose that A = ViIIU1 = Vi PU 2 are two different Bruhat 

decompositions of A. Using the same partitioning as above for both decompositions, we 

musthave rankA21 = rankII21 = rankP21 ,where A21 isan (n-r)xj submatrixofA. 

By applying Corollary 2.1.2, II= P . ■ 

24 

Theorem 2.1.3 shows that if matrices A and B have the same Bruhat permutation, 

then rank A[T,,_;, Sj] = rank B[T,,_;, Sj], where T,,_; and Sj are as defined in Corollary 

2.1.2. 

A Bruhat decomposition A= VIIU is called a right Bruhat decomposition if the 

matrix IIUIIr is lower triangular. Similarly a decomposition is called a left Bruhat 

decomposition if the matrix IITJi'II is lower triangular. If II= p as defined in (1.1.1), then 

a Bruhat decomposition is both a left and a right Bruhat decomposition. Note that the 

definition of a left or a right Bruhat decomposition is a pattern property (see Lemma 

2.2.3). Recall that Theorem 1.2.4 (the Bruhat decomposition theorem) states the 

uniqueness of only the Bruhat permutation. The next theorem, however, guarantees the 

uniqueness of the decomposition, provided it is a left or a right Bruhat decomposition. 

Theorem 2.1.4. Let A be an n x n nonsingular matrix. Then A can be decomposed into a 

product A = VIIU, where Vis an upper triangular matrix, II is a unique permutation 

matrix, and U is a unit upper triangular matrix. If, in addition, the decomposition is a right 

or a left Bruhat decomposition, then the decomposition is unique. 
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Proof 

We leave the existence proof for Section 2.3 where we introduce an algorithm for 

computing the Bruhat decomposition. For the uniqueness, suppose A= mu is a left 

Bruhat decomposition. Then ITT A= ITT mu= LU, where L = ITTnI is a lower 

triangular matrix and U is a unit upper triangular matrix. From the uniqueness of the LU 

decomposition (Theorem 1.2.1) of ITT A and the uniqueness of the Bruhat permutation, 

we have uniqueness for the left Bruhat decomposition. Similarly the right Bruhat 

decomposition is unique, see also Theorem 2.1.6. ■ 

The above proof gives the following relationship between the left Bruhat 

decomposition and the LU decomposition. 

Corollary 2.1.5. Let A be an n x n nonsingular matrix and A = mu be its left Bruhat 

decomposition. Then ITT A= (ITrnI)U is the LU decomposition of ITT A with U 

normalized. 

Note that, unlike the LU decomposition, the Bruhat decomposition needs to be 

either a left or a right Bruhat decomposition in order to have uniqueness. The two 

decompositions in Example 1.2.5 satisfy the normalization condition, but the second 

decomposition is the (unique) left Bruhat decomposition of the matrix A. 

The left and right Bruhat decompositions are related in the sense that the left 

Bruhat decomposition of a nonsingular matrix A can be obtained from the right Bruhat 

decomposition of pAT p . The next theorem shows this relationship. 

25 
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Theorem 2.1.6. Suppose A is an n x n nonsingular matrix. Let pAT p = VITU be the left 

Bruhat decomposition of pAT p. Then the right Bruhat decomposition of A is A= flfrtJ, 

where fl= pUT p, IT= pIIT p, and tJ = pVT p. 

Proof 

Consider the left Bruhat decomposition of pAT p, namely pAT p = VITU. Thus 

A= pUT(pp)rr.T (pp)VT p, where pp= I. Clearly both of pUT p and pVT p are upper 

triangular matrices, and pUT p is normalized. Toe matrix pIIT p is a permutation matrix. 

Thus A = flfit), where fl= pUT p, fl= pIIT p and tJ = pV T p, is a Bruhat 

decomposition of A. To show this is the right Bruhat decomposition, consider the matrix 

fitJfF = pIIT ppVT prf!p= pIITVTIIp = pLT p, where LT= IITVTII is upper 

triangular. Thus fitJfF is lower triangular and the decomposition is the right Bruhat 

decomposition. ■ 

Matrix A is persymmetric if A = pAT p. Suppose A= VITU is the left Bruhat 

decomposition of a persymmetric matrix A. Then by Theorem 2.1.6 and the uniqueness of 

the Bruhat permutation, II= pIIT p and the decomposition is both the left and the right 

Bruhat decomposition. 

We remark that the Bruhat decomposition of A is sometimes written as 

A = VIID U, where both V and U are unit upper triangular matrices, II is the Bruhat 

permutation of A, and Dis a diagonal matrix, see e.g. [K& Y]. The following result shows 
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that the diagonal matrix D is unique. 

Theorem 2.1.7. Let A be an n xn nonsingular matrix, and let A= VIIDU be aBruhat 

decomposition of A, where V and U are unit upper triangular matrices, II is the Bruhat 

permutation of A and D is a diagonal matrix. Then the matrix D is unique. 

Proof 

Let A= V0IID0U0 = ViIID1U1 be two different Bruhat decompositions of A. Thus 

27 

IIr (r;-1r;;)IID0 = Di(Uif{;1
), and since U1U0-

1 is a unit upper triangular matrix, the matrix 

rrr (vt Vo)II must be an upper triangular matrix. Moreover, since r,;- 1v0 is a 

unit upper triangular matrix and is similar to rrr cr,;-1 Vo)II, the latter must also be a unit 

upper triangular matrix. The diagonal entries in the matrix Di(Up;;1) are precisely those 

of the matrix D1 in the same order. Similarly, the diagonal entries in the matrix 

rrr cv;-1 Vo)ITD0 are precisely those of the matrix D0 in the same order, and thus 

Do =D1. ■ 
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2.2 Relation to the LPR decomposition 

We now investigate the relationship between the Bruhat decomposition and the LPR 

decomposition. Suppose A = LP R is an LPR decomposition of an n x n nonsingular 

matrix A. Then pA = (pLp)(pP)R is a Bruhat decomposition of pA. Note that the Bruhat 

permutation of pA is pP, where P is the permutation matrix from an LPR 

decomposition of A. Thus if P = p, then the Bruhat permutation of pA is I, which 

indicates that the matrix pA is an upper triangular matrix. Finally, the Bruhat 

decomposition of pA as derived above is a left Bruhat decomposition if pT LP is a lower 

triangular matrix. Similarly, the decomposition of pA is a right Bruhat decomposition if 

PRPT is an upper triangular matrix. The following lemma is used to obtain conditions on 

an LPR decomposition of A in order for the Bruhat decomposition of pA , as derived 

above, to be the left or right decomposition. 

Lemma 2.2.1. Let P be an n xn permutation matrix with P;.~ = 1 for i = 1,2, ... ,n, and 

let L be an n x n nonsingular lower triangular matrix. Then there exists a nonsingular lower 

triangular matrix l such that pT LP= l if and only if /if = 0 whenever k; < k1. 

Proof 

If pT LP= l, then lif = ¼,.k
1 
= 0 whenever k; < k1. For the converse, define L = [ipq ], 
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where ~q = l¢(Plli< q) and ~ is defined by ~( k;) = i , so that p ¢(k, ll<, = I. Thus l is a 

nonsingular lower triangular matrix. Then (LP);q = li.¢(q) = l¢(k,)l/(q) = {,,q = (Pl)q, and 

thus LP= PL or equivalently pT LP= l. ■ 

With this lemma and the result of applying it to the nonsingular upper triangular 

matrix LT, we obtain the following. 

Theorem 2.2.2. Suppose A = LP R is an LPR decomposition of the nonsingular n x n 

matrix A with P; k = I for i = 1,2, ... , n . Then pA = (pLp )(pP)R is a Bruhat 
" 
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decomposition of pA . Moreover, it is the left Bruhat decomposition if and only if lff = O 

whenever k; < kj , and the right Bruhat decomposition if and only if 1k,,k
1 

= 0 whenever 

j<i. 

Thus, the relationship between the Bruhat decomposition and the LPR 

decomposition is extended. Theorem 2.2.2 gives conditions on an LPR decomposition of 

A in order for the derived Bruhat decomposition of pA to be the left or the right Bruhat 

decomposition. 

The following lemma gives a relationship between two LPR decompositions of an 

n x n nonsingular matrix A. 

Lemma 2.2.3. Let P be an n xn permutation matrix with Pi,k, = I for i = 1,2, .. . ,n, and 

let L be an n x n nonsingular lower triangular matrix. Then there exists a nonsingular 

upper triangular matrix U such th.at LP= PU if and only if ~ = 0 whenever k; > kj . 
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Proof 

Let LP= PU. Thus L= PUPr and 

n n 
1u = LLP;,u,,pJt 

1=1 s=l 

Thus !if = 0 whenever k; > k 1 since U is an upper triangular matrix. For the converse, 

define U = [upq ], where upq = 1¢(p),i,(q) and ef, is as defined in the proof of Lemma 2.2.1. 

Thus U is a nonsingular upper triangular matrix. Then 

Recall that an LPR decomposition of a nonsingular matrix A is not in general 

30 

unique. However, Lemma 2.2.3 gives more insight. Suppose A= L0PR0 = L1PR1 are two 

different LPR decompositions of A. Then P(RoR;1
) = (L~1li)P, and from Lemma 2.2.3, 
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2.3 An algorithm for computing the Bruhat decomposition 

The left Bruhat decomposition can be computed by post-multiplication of A by n-1 

nonsingular matrices uui , whose entries are chosen so as to introduce zeros into the 

AVl = AUC1lu<2
J ... u<IJ. If t1 is the maximum row index such that a, 1 * O(i.e., a, 1 is I• I• 

the pivot entry in the first column), then 

I - a,,,2 - a,, ,3 

a,.,1 a t1,I 

I 
U(I) = 0 

0 I 

I 

and 

all a<'l 
12 

a(Il 
ln 

a,1-1,1 
a(l) a<'l 

11-1,2 11-1,n 
A(ll = 0 0 - [ (I)] 

a11,1 - ajk . 

0 a,1+1,2 a,1+1,n 

0 a.2 a •• 

Note that uui can be written compactly as u<il = I -e<i) (m<il), where 
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(i)_{l,i=j 
ej - 0 , otherwise, 

and f; is the maximum row index such that a,U-11l cf. 0. For the second elimination step, if ,. 

t2 is the maximum row index such that ar;2 ,t. 0, then uc2l = / -e<2l (mC 2l). Note that 

t2 may be less than or greater than t1, either may be equal to n, but t2 cf. t1 • If t1 < t2 , 

then 

all a<'l (2) a<2J 
12 a13 In 

Q/1-l,l 
a<'l a<2J (2) 

,, -1,2 ti-1,3 a,1-1,n 

a,1,l 0 0 0 

0 a,,+1,2 
a<2J 

t1+1,3 
ac2J 

ti+l,n 

Ac2J = = [ a;J>]. 

0 ar2-1,2 
(2) a<2J 

a,2-1,J t2 -l,n 

0 a,2,2 0 0 

0 0 a,2+1,3 a,2+1,n 

0 0 an, a .. 

After n-l elimination steps, A<n-JJ = AU(llU(2) •·· u<n-1). Let a(n-I) denote the sole 
tn,n 

nonzero entry in column n of A<n-J), and II= [ nik ]be the permutation matrix with 

n I k = l, for 1 :<;; k :<;; n . Then •• 
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VII= Acn-1J , (2.3.1) 

and letting u-1 = ucl) uc2i • • • ucn-iJ gives A = VIIU. 

The following algorithm determines the factors of this decomposition. 

Algorithm 2.3.1: Left Bruhat Decomposition 

Input: Nonsingular n x n matrix A 

Output: The matrices V, II, and U, where the left Bruhat decomposition is 

A=VIIU 

Initialization: U = I 

Jori= !ton 

j = max {p I aP, * O} 

'IT:;; = I, 7r:u = 0 forlaej 

vlj = a,1 for I:,;, t::;, n 

fork= i+I ton 

uik = m 

Jori= ltoj-1 

a1k = a1k -mau 

ajk = 0 

Theorem 2.3.2. Let A be an n x n nonsingular matrix. Then Algorithm 2.3 .1 determines 

the left Bruhat decomposition of A. 
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Proof 

We show that the matrices V and U are upper triangular, and then show that ITrVII is 

lower triangular. Let rr be the permutation function associated with the permutation 

matrix IT. From (2.3.1), V = A<•-1lITT, and thus for any fixed q, v,q = a),:ciJ· If 

- { · <•-1l o} th <•-1l - 0 " . h V. . 1 Al b q - max p. ap,n(q) -.e , en a,,n(q) - 1or z>q, ence IS upper tnangu ar. so y 
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(2.3.1) (ITTVIT) . = (ITT A<•-1l) . = a<•-I) . But a<•-I) -.e O and a<•-I) = 0 for j > r as 
' r; r; 11"_, (r),j JT-1 (r),r ,r-1 (r),j 

these entries are eliminated in the rth step of the algorithm. Hence ITTVII is lower 

triangular and the algorithm gives the left Bruhat decomposition of A. ■ 

Thus Theorem 2.3.2 combined with the uniqueness results from Section 2.1 

completes the proof of Theorem 2.1.4. 

In Algorithm 2.3. I, the matrices U and V are explicitly stored. The algorithm can 

be modified so that the entries of both matrices overwrite the entries of A. Then, the only 

additional storage needed is for an n-dimensional vector that stores the Bruhat 

permutation, and which is used to access entries in V and U. This is the same technique 

used for some implementations of GEPP, where rows of matrix A are not physically 

interchanged, see e.g. [Dat., Alg. 5.2.2]. 

The time complexity of Algorithm 2.3 .1 as shown by the flop count as a function 

n 

of n is ~)n -i)rr-1(i), where rr is the permutation function associated with IT. The 
i=2 
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/-loop requires rr-1 (i) flops, and is executed n-i times inside the k-loop. The worst case 

3 

complexity is ~+ O(n2
) when II= p (giving /(II) its maximum value), A is full, and 

3 

accidental cancellation is ignored, in which case the algorithm has to eliminate n(n-l)/2 

entries. On the other hand, if II is obtained from the identity by interchanging any two 

3 

rows (i.e., rr-1 (i) = i for all but two values of i), then the complexity is : + O(n 2
). 

This shows the dependence of execution time on the Bruhat permutation. 

In general, computation of the left Bruhat decomposition of A requires 

3 

~+ O(n 2
) flops, which is the same as that for Gaussian elimination. Algorithm 2.3.1 

3 

also requires the extra cost of O(n 2) search operations. However, the Bruhat 

decomposition exists for any nonsingular matrix. (In comparison, Gaussian elimination 

requires that matrix A satisfies the conditions of Theorem 1.2.1.) 

We illustrate Algorithm 2.3 .I by the following. 

Example 2.3.3. 

Let 

2 0 0 -1 2 

0 0 -1 0 -1 

A= 0 -1 2 -1 2 

-1 0 3 1 0 

0 1 0 2 1 

35 
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In the first step of the Bruhat decomposition, a41 is the pivot entry; thus n(4)=1 and 

I 0 -3 -1 0 2 0 6 I 2 
0 I 0 0 0 0 0 -1 0 -1 

A(ll = A 0 0 I 0 0 = 0 -1 2 -1 2 
0 0 0 I 0 -1 0 0 0 0 

0 0 0 0 I 0 I 0 2 I 

In the second step aW is the pivot entry. Thus 

I 0 0 0 0 2 0 6 I 2 
0 I 0 -2 -1 0 0 -1 0 -1 

A<2l =A<1l 0 0 I 0 0 = 0 -1 2 I 3 

0 0 0 I 0 -1 0 0 0 0 

0 0 0 0 I 0 I 0 0 0 

The final result of the decomposition is 

OS -2 6 2 0 0 0 0 0 I I 0 -3 -1 0 

0 OS -1 0 0 0 0 0 I 0 0 I 0 2 I 

A= 0 0 2 0 -] 0 0 I 0 0 0 0 I 0.5 IS 
0 0 0 -1 0 I 0 0 0 0 0 0 0 I I 

0 0 0 0 I 0 I 0 0 0 0 0 0 0 I 

Matrix A in Example 2.3 .3 above does not have an LU decomposition, but there 

exists a permutation matrix P such that PA has an LU decomposition. Note that such a 

permutation matrix is rrT from the left Bruhat decomposition. Note that neither P nor II 

can be determined froin the zero-nonzero pattern of the matrix A, i.e., they depend on the 
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numeric computation as well as the zero-nonzero pattern of A. In particular, a51 = 0 

and a41 '#- 0 imply that n( 4) = 1, but ai~l '#- 0 implies that n(2) = 4 even though a24 = 0. 

(See the third step of Example 4.2.2). 
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2.4 Bruhat decomposition of a rank one perturbation of a diagonal 

matrix 

38 

In this section, the Bruhat decomposition of a rank one perturbation of a diagonal matrix 

is presented. Some properties of the decomposition and the original matrix are 

investigated. We write D =diag(d1,d2 , ••• ,dn) to denote the n xn diagonal matrixDwith 

d;; = d; . For nonzero u, v ER", the matrix D + uvT is a rank one perturbation of a 

diagonal matrix. The next theorem gives the Bruhat decomposition of such a matrix. 

Theorem 2.4.1. Let u,v eR" with unvl * 0, and D =diag(d1,d2 , ... ,dn) be a 

nonsingular matrix. If D + uvT is nonsingular, then D + uvT = VIIU is its left Bruhat 

decomposition, where 

/n-2 /n-2 

(dn +u.v.)/u.v1j 
w , 

1 
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The decomposition can be verified by matrix multiplication. As observed in 

[K& Y], the decomposition above is both the left and the right Bruhat decomposition with 

II =Ilr, and both matrices U and Vhave the same zero-nonzero pattern, namely 

* 18> 18> 18> 

* 0 18> 

0 * 18> 

* 

where ® is any real number and * is any nonzero real number . 

It is easy to verify that the set of nonsingular upper triangular matrices having the 

pattern R is a subgroup under matrix multiplication of the set of nonsingular upper 

triangular matrices. Thus the left (and right) Bruhat decomposition of R1 (D + uvrJ2 is 

(R1V)II(UR2 ), whe~e R1 and R2 have the pattern R above and R2 is normalized. That is, 

the pattern of the decomposition is invariant under multiplication on the left or right by a 

matrix with pattern R. With U and Vas in Theorem 2.4.1, 

-zr zrw-(d.+u.v.)/u.v1] 

In-2 -w , 

1 

-ID-I T 
-C I X 

D-1 
I 

c-
1
(xr ~:y-a)/u.v1] 

-D1 y/u.v1 , 

J/un V1 
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and u-1rrv-1 is both the left and the right Bruhat decomposition of (n + uvr J'. The 

Bruhat decompositions of D + uvT and (p + uvT J' give an alternate proof of known 

formulas for det(D+uvT) and (n+ uvrJ', see e.g. [Dat., p. 239]. 

40 
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Chapter 3 

Numerical stability and a pivoting strategy 

In this chapter, the stability of the Bruhat decomposition is discussed and compared with 

stability results for LU and GEPP. Stability results of the left Bruhat decomposition for 

classes of matrices that give exponential r GP are discussed, and Bruhat decomposition is 

shown to be stable for classes of matrices given by Wilkinson and by Foster. A pivoting 

strategy for Bruhat decomposition (BDPP) is developed and a relationship between the 

factors ofBDPP and GEPP is given. BDPP is shown to give a growth factor of at most 2 

for any real n x n matrix that gives the maximum growth for GEPP, namely r GP = 2 n-J. 
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3.1 Bruhat decomposition of matrices with large yGP 

In this section we consider the application of the left Bruhat decomposition to matrices 

for which GEPP gives large growth factor. Recall from Section 1.3 that if Gaussian 

elimination (without pivoting) is applied to solve a system Ax = b, then the computed 

42 

solution x satisfies (A+E)x=b with IIE!loo :,;nµ(3IIAll
00 

+sJJiJIJujJJ+o(µ2
), wh~re 

LO is the computed LU factorization of A using Gaussian elimination. In fact, if the left 

Bruhat decomposition (Algorithm 2.3.1) is used to solve a system Ax= b, then the 

computed solution x also satisfies an equation of the same form, namely (A+ E)i = b, 

with 

(3.1.1) 

To see this, let vrrtJ be the computed left Bruhat decomposition of A. Using the 

relationship between the left Bruhat and the LU decompositions of A (Corollary 2.1.5), 

we obtain 

(3.1.2) 

Using the facts that JlrrTvrrJL = ll~L and llrrT At= IIAlloo' we obtain (3.1.1), which is 

similar to the bound for Gaussian elimination. Note that JJ~L or JJ~L can be unbounded, 

as can be shown by the matrix 
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for arbitrarily small e. 

It is important to note that growth in both triangular factors U and V of the Bruhat 

decomposition affects the computation of the solution of a linear system. We define the 

growth factor for Bruhat decomposition as 

max ld'll .. k jk 

r B = max{ru,rv}, where Yu= l~f I and Yv 
. k Jk ], 

max ia<nl .. k jk 
I,], N h t = I 

1
. otetayu 

max a.k "k J ], 

and rv 

represent the growth in U and V, respectively. Note that JJvJk ~ ny vJJAJk ~ ny sJJAJk, and 

the bound for JJUJk is similar, and thus the perturbation in A depends on y 8 (see 

(3.1.1)). 

We now consider application of Algorithm 2.3.1 to matrices that give exponential 

growth when GEPP is applied. The classical n x n example due to Wilkinson[Wil.65] has 

y GP = 2 n-J. The Bruhat decomposition, on the other hand, gives growth factor equal to 2. 

The following example demonstrates this fact. 

Example 3.1.1. 

The left Bruhat decomposition of the 5 x 5 Wilkinson matrix W, is 
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1 0 0 0 1 2 -1 -1/2 -1/4 1 0 0 0 0 1 1 1 1 1 
-1 1 0 0 1 0 2 0 0 -1 0 1 0 0 0 0 1 1/2 1/2 

w, = -1 -1 1 0 1 = 0 0 2 0 -1 0 0 1 0 0 0 0 1 1/2 
-1 -1 -1 1 1 0 0 0 2 -1 0 0 0 1 0 0 0 0 
-1 -1 -1 -1 1 0 0 0 0 -1 1 0 0 0 0 0 0 0 

In general, application of Algorithm 2.3 .1 to the n x n Wilkinson matrix Wn gives 

r u = I, r v = 2, and thus r B = 2. 

Recently, Foster[Fos.] discussed a class of n xn matrices that arises in the 

numerical solution of Volterra integral equations and that for GEPP has growth factor 

close to the maximal value of2"·1
• We consider the numerical solution of the following 

boundary value problem given by Foster. 

1 

0 

Suppose positive constants L, k, and C, and a function g(t), 0 :, t :;; L, are given. 

We wish to find a numerical approximation to the solution x(s) of the problem 

' ., 
x(s) - f kx(t)dt - x(L) IC =f g(t)dt . 

0 0 

Foster used the trapezoidal rule to approximate the integrals and obtained the linear 

system Ax = b, where the n x n 11),atrix A is given below with a, = kh/2, h = U(n-1) and 

/3 = -1/C: 

44 

1 

0 

0 . 

0 

1 
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1 0 0 0 /3 
-a 1-a 0 0 /3 
-a -2a 1- a 

A= (3.1.4) 
0 

-a -2a -2a 1-a /3 
-a -2a -2a -2a 1+/3-a 

It is easily seen that if [a[ ~ 1/3, then no pivoting is required when GEPP is applied. 

Application of GEPP to the matrix A above with n=6 I, L=40, C=6, and k= I gives a 

growth factor equal to 128 x 10 17 (see Foster [Fos., p. 1360]). The left Bruhat 

decomposition of the above matrix A is A=VIIU, where 

d -2 -2(1- a) -2(1- a)"-3 

I+ a (I+ a)~' 
l+a 0 0 -a 

45 

I+ a I+ /3 - a n-2 c- a)' V= withd=/3+ -2I -- , 
0 a ;=i I+ a 

0 I+ a -a 

-a 

1 2 2 2 I+/3-a 
-a 

I 
2a 2a a-1 

n-[~ ~}mnu. 
l+a 1-i; a a+l 

/n-2 

1 2a a-I 
l+a a+l 

0 1 
a-1 

a+l 
1 
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from which we obtain the following. 

Theorem 3.1.2. Let A be the n xn matrix given by (3.1.4) with a= kL/2.(n-1). If 

jaj s; 1/ 3 and max In ij I = I , then YB is linear in n. 
l:S:tJ:S:n r 

Proof 

Application of Algorithm 2.3.1 shows that 1J;'.'i ja;f j s;~ ~Jkl· The maximum 

absolute value of an entry in Vis max{2,jdj}where for large n 

ldls;I.Bl-1 ll+!-al 1-2(n-2) 

= I.Bl+ 2(n- ~1 + .B) -11 +2(n-2). 

That is, jdj grows linearly with n and y v = max{2, ldl}. Similarly 

Yu= max{ 2,1
1 

+ !-a1} is linear inn for large n. Thus YB is linear inn. ■ 

Note that the zero-nonzero pattern of Vis R as defined in Section 2.4. This 

pattern occurs in V whenever A is a rank one perturbation of an upper triangular matrix . 

46 
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3.2 A pivoting strategy for Bruhat decomposition 

Bruhat decomposition is a good alternative to GEPP for the matrices in Section 3.1 when 

the latter gives exponentially large growth factors. However, for some matrices both 

GEPP and Bruhat decomposition give exponential growth. For example, the block matrix 

given by Wright [Wri., equations (10) and (12)] has an exponential growth factor when 

GEPP is applied, and application of Algorithm 2.3.1 to Wright's equation (10) also gives 

exponential growth. There are also examples of matrices for which Bruhat decomposition 

gives exponential growth and GEPP gives constant growth; one such example is pW,,, see 

the comments after Example 3.2.2. 

We now present a pivoting strategy for Bruhat decomposition that, like the use of 

partial pivoting with Gaussian elimination, keeps the magnitudes of the multipliers 

bounded by 1 and usually results in a stable computation. The decomposition is 

· computed by post-multiplication of A by n-1 pairs of nonsingular matrices pUl u<o for 

i = 1, 2, ... , n -1 , where pUl is a permutation matrix and uu) is chosen to introduce 

zeros into the matrix product. Let A<0l = A and A'0 = A(H) pUl[jO = [a;?] so that 

AYl = APCl>uCI> pC2>uc2> ... po>ucn. At the ith step of the decomposition, pU> is chosen 

to interchange columns i and c of A (H) where c is such that max ia<i-_ll I= laU-:Il I· , i~t'5.n n-1+l,t n-t+l,c 
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Then uuJ is chosen so that av>. = O for n-1+1,r , 

r = i+l, i+2, ... ,n. That is, letting A<HJpUJ =[iifl)], then u<il =J-e<il(m<ilJ', where 

!
a<i-:1> . 

n-t+lJ . < . < 
(i) _ ~(i-I) , for1+l_J_n 

mj - an-i+l,i 

0 , otherwise. 

Note that u<,) differs from/ only in its ith row. Thus, for example, 

1 _ an2 _ an3 - ann 
Qnl Qnl Qnl 

uO> = 
I 

0 and A<1> = 

0 1 
a(Il a(ll 

n-1,I n-1,2 

1 
a(l> 0 

nl 

After n- l steps, 

a(ll 
11 

a(2l 
12 

a<n-2) 
1,n-2 

a<n-1) 
t.11-l 

a<n-1) 
In 

a<IJ 21 
a<2J 

22 
a<n-2) 

2,n-2 
a<n-1) 

2,n-1 

= 
a(ll 

31 a''l 32 
a<n-2) 

3,n-2 

0 
Q(l) 

n1 

= Vp, 

a(l) 
In 

a(Il 
n-l,n 

0 

where Vis an upper triangular matrix and p is the permutation matrix given in (1.1.1 ). 

The following algorithm essentially determines the factors of the above 

decomposition 
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where we note that (P<IJr' = p<n for i = I, 2, ... , n-1. The one-dimensional array P has 

P(l)=c if p<n interchanges columns i and c of A(i-l). The ith row of the upper triangular 

matrix (UUl)-1 is stored in the ith row of an n xn matrix U. The reduced matrices A<n 

overwrite A and the function swap(i,c) is used to interchange columns i and c of A. 

Algorithm 3.2.1: Bruhat Decomposition with Partial Pivoting (BOPP) 

Input:Nonsingular nxn matrixA 

Output: The essential components of the factors V, (U<IJ)-' and p<'l of the 

Bruhat decomposition with partial pivoting of A. 

Initialization: U = I, P(j) = j for j = I , 2 , ... , n-1 

forj = n to 2 

i=n-j+l 

find C: ,max In jt I= In 1,I 
15,t:5,n r r 

ifc> i then 

swap(i,c) 

P(i) =c 

vlj = a,, for I 5, t :5, j 

for k = i + I to n 

a k m = _1_ 

a;; 

U;k = m 
for l = I to j - I 

a,k = a,k - mau 

ajk = 0 
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We illustrate Algorithm 3.2.1 on the following matrix. 

Example 3.2.2. 

Consider the matrix 

-1 -1 -1 -1 1 
-1 -1 -1 1 1 

pW, = -1 -1 1 0 1 
-1 1 0 0 1 
1 0 0 0 1 

In the first step of Algorithm 3.2.1, no swapping is necessary. Thus P(l) = 1 , 

1 0 0 0 -1 -1 -1 -I -1 2 

0 1 0 0 0 -1 -1 -1 1 2 

u<') = 0 0 1 0 0 , and (pW,;)<'l = -1 -1 1 0 2 

0 0 0 I 0 -1 1 0 0 2 

0 0 0 0 1 1 0 0 0 0 
' 

In the second step of the algorithm, P(2) = 5 and 

1 0 0 0 0 -1 2 -1 -1 -2 

0 1 0 0 -05 -1 2 -1 1 -2 
uc2) = 0 0 1 0 0 . Thus (pW, )'2l = -1 2 1 0 -2 

0 0 0 1 0 -1 2 0 0 0 

0 0 0 0 1 1 0 0 0 0 
J 

The final result of the decomposition is 
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-1 2 -2 -2 -2 1 0 0 0 1 

-1 2 -2 -2 0 0 1 0 0 0.5 

Vp = (pfVs)<4l = -1 2 -2 0 0 
' 

U= 0 0 1 0 0.5 ,and 

-1 2 0 0 0 0 0 0 1 0.5 

1 0 0 0 0 0 0 0 0 1 

P= [1 5 5 s]. 

In general, application of Algorithm 3.2.1 to pWn gives V, U, and P having similar 

patterns to those for pW5 , and thus y BP = 2, where we define 

y BP = ~ ia;21/II]llX f Jk I to be the growth factor for BDPP. Note that the definition for 
l,J,k J,k 

y BP is a special case of y 8 when the growth in U is bounded by 1. For pWn , it can be 

shown that y GP = 2 and y 8 = 2 n-l • The transpose of the Wilkinson matrix, w: , is 

another matrix that has an exponential growth factor ( y 8 = 2"-1
) when Algorithm 2.3.1 is 

applied, and a constant growth factor ( y BP = 4) when Algorithm 3 .2.1 is applied. 

Note the similarity between BDPP and GEPP. In fact the two algorithms are 

equivalent in the sense that if GEPP is applied to a matrix A, then the permutation 

matrices, matrices of multipliers, and derived matrices, A"), can be obtained from those 

of BDPP of pA r . The next theorem shows this equivalence. 

Theorem 3.2.3. Let A be an n x n nonsingular matrix. Suppose that 

1<n-l) p (n-l) L (n-Z) P (n-Z) ... 1<1) P (l) A = U is the result of applying GEPP to A , where 

1<n is the lower triangular matrix of multipliers and p(•l is the permutation matrix 
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associated with the ith step of GEPP. Suppose also that 

pAT pO)u(l) p<2lu<2) ... p(n-I)u(n-l) = Vp is the result of applying BDPP to pAT = B. 

Proof 

The proof is by induction. For i=l, consider the first step of GEPP. Let llllJX la jll = ja11 i. 1:S:J:S:n 

Thus the effect of P (I) is to interchange rows 1 and t. Letting J5<1> A = [ iijk], then 

r<1
) = / - m0 >( e<1 l l, where m)') = ':i' is the jth entry of the vector m(l> for 2 :S: j ::;; n 

all 

and mi'> = 0. Thus A('l = L(I) p(l> A. Now consider the first step of BDPP applied to 

n 

B= pA.r. Note that bn-p+1,j = LPn-p+1,kajk =ajp for 1:S:j,p:S:n. Thus 
k=l 

llllJX lb• I = llllJX In jl I= ja, ii = lb., I, and the effect of pO) is to interchange columns 1 and 
l:S:1:S:n " 1:S: 1:s:n1 

Thus the statement is true for i= 1. 

Suppose that the theorem is true for all i such that 1 :S: i :S: s < n -1, and consider 
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the (s+ 1 )st step of GEPP. Let ~ ln
1
Ct I j = In~':+ 1 I· Thus the effect of P (s+ I) is to 

s+ls;;s;nr · r , 

-(s) 
( I) a. +l ( I) where m _s+ = u for s + 2 s; ;· s; n and m,:'+ = 0 for 1 s; ;· s; s + 1. Thus 
J -(s) 

as+I,s+l 

A(s+l) = L(s+l) p(s+l) A(s). Now consider the (s+ l)st step of BDPP applied to B = pA.T. 

By the induction hypothesis, B(sJ = p(A(s) r, and consequently 

max jb(s) ·I= max ln(s) I= ln(s) I= l,,(s) I· Thus the effect of p(s+l) is to 
l< "< n-sJ +l< "< j ;,s+l jr,s+l jn-s,r s+ -J-n s -J-n 

interchange columns (s+ 1) and r, so that p(s+I) = (P(s+l)l = pts+I). Let 

-cs) 

U (s+l) _ I -e(s+l)(x(s+l))T where x(s+l) = bn-s,j 
- , j 'fi(s) 

-(s) 
aj,s+l 

-(s) 
a s+l,s+l 

mj'+IJ for s +2 s; j s; n and 
n-s.s+l 

B(s+l) = BP(s+l)u(s+l) = p(rts+I) p(s+l) A)= p(A(s+l) r' completing the proof. ■ 

Remark 3.2.4. Consider GEPP applied to AT p. From Theorem 3.2.3, this is equivalent 

to application of BDPP to p( AT pf = A . 

An immediate consequence of Theorem 3.2.3 is the following, which shows that 
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Bruhat decomposition with partial pivoting on A determines the left Bruhat 

decomposition of a column permutation of A. This result is analogous to a well known 

result for GEPP . 

Corollary 3.2.5. Suppose A is an n x n nonsingular matrix and let 

APCI>u<1> p(2)u<2J ... p<n-1Ju<n-1> = Vp be the result ofBDPP applied to A. Then there 

exist a permutation matrix P and an upper triangular matrix U such that AP = V pU . 

Proof 

Let IJ.n-l) p(n-l) r(n-Z) p(n-Z) .. -L(l)pO) AT p = r-1p AT p = U be the result of applying 

GEPP to A7 p (see, e.g., [Dat., p. 123] and [Ste., p.125]). Thus 

uT = pAPT cr1l 
= pAP(l)(LO)f ... p(n-l)(L(n--l)f 

= pAP(')u(l) ___ p(n-l)u(n--l), by Remark3.2.4. 

54 

Hence APT ( r-1
) T = V p, which implies that APT = V pi! , giving the required result with 

We summarize the relationship between GEPP and BDPP in the following 

Theorem, where the growth factor result (ii) follows from the relation between the derived 

matrices in Theorem 3.2.3. 

Theorem 3.2.6. Suppose A is an n x n nonsingular matrix. If the result of applying GEPP 

to A is PA = LU , and the result of applying BDPP to pAT is pA T P = Vp U, then 
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(i) P=Pr,L=Ur,andU=pVrp, 

(ii) r GP for A equals r BP for pAr. 

Finally, Theorem 3 .2.3 also implies that if Bruhat decomposition with partial 

pivoting (Algorithm 3 .2.1) is used to solve a system Ax = b, then the computed solution 

i satisfies (A+ E)x = b, with 

(3.2.1) 

where r BP denotes the growth factor for A. This can be shown by considering the 

computed solution i to (A' p)x = b using GEPP, which was shown in Section 1.3 to 

satisfy (A' p + E)x = b with 

where y GP denotes the growth factor for A' p. The bound (3.2.1) follows using Remark 

3.2.4 and Theorem 3.2.6 (ii), and the fact that IIA' PIL = IIA'li.,,. 
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3.3 Stability of BDPP for matrices with large rGP 

We now show that Bruhat decomposition with partial pivoting is stable for every n x n 

real matrix that has y GP = 2 n-l. The following theorem due to Higham and Higham 

characterizes such matrices. 

Theorem 3.3.1. [H&H, Theorem 2.2]. All real n x n matrices for which y GP = 2 n-l are of 

[
T : 0d] 

the form A = DM 
O 

: , where D = diag(±l), Mis unit lower triangular with 

m,j = - l for i > j , T = [ tif] is a nonsingular upper triangular matrix of order n-1, 

d = [1 2 4 ... 2n-lr, and 0 is a scalar such that 0 = Ja1nl = max,.jlal 

The general form ofa 5 x 5 matrix with D=/having y GP =24 is 

{II t12 t13 t14 0 

-41 t22 -t12 t23-t13 t24-t14 0 

A= -41 -(t22 + t12) l33- (t23 + f1:J f34-(f24+f14) 0 

-ti, -(t2, + t,,) -(f33+f23+f1:J 144 -(1,. +1,. +t,.) 0 

-4, -(12, + 112) -(t33+f23+f,:J -Ct •• +134 +124 + t,.) 0 

(3.3.1) 

We show in Theorem 3.3.3 that application ofBDPP to this class of matrices 

gives a growth factor of at most 2. 
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Theorem 3.3.2. Let A be an n x n nonsingular matrix for which r GP = 2 n-t • Then 

application of BDPP to A gives r BP :,; 2 . 

Proof 

57 

As A is assumed to have r GP = 2 n-t , matrix A must be of the form given in Theorem 3 .3 .1. 

At the first step of BDPP on A, if 0 = max janql = lan 1 I= lt111, then no interchange is 
1Sq'5Jl-1 

performed; however, if 0 > max In nql or 0 = max lanq I= lank I with 2 :,; k:,; n -1, then 
ISq!t!-1 r 2SqSn-l 

pol interchanges columns 1 and n. (Note that this includes a tie-breaking strategy for 

BDPP.) After one step of Algorithm 3.2.1, Il)llXfJ~ IVIl)llXlajk I:,; 2, and the resulting 
J,k 1,k 

[
z : HJ matrix A(ll can be partitioned as A(t) = ; 

0 
, where z is either column 1 or column 

n of A, and His an (n-1) x (n-l)upper Hessenberg matrix with h;n-t = 0 for 

i = 2, ... , n -1. Thus further steps require only column permutations (but no 

eliminations). Thus r BP :,; 2 . ■ 

Table 3.3.3 summarizes growth factor results for GEPP, BDPP, and Algorithm 

2.3.1 applied to the matrix W,, of Example 3.1.1 and related matrices. 
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Table 3 .3 .3. Growth factor results. 

YGP Y BP rs 

w,, 2n-l 2 2 

pW,, 2 2 2n-l 

wr 2 4 2n-l 
n 

pW,,T 2 2n-l 2n-l 

pW,,T p 2 2 2 

pW,,p 2 2 2n-l 

W,,p 4 2 2 

W,;p 2 2 2 

Note that for a general n xn nonsingular matrix, Theorem 3.2.6 shows that the 

upper bound for the growth factor for BDPP is the same as that for GEPP, namely 2•-1
• 

Thus, Theorem 3.3.1 gives a characterization of all real matrices achieving this bound, 

namely pAr where A is given by Theorem 3.3.1. The matrix pW,,r belongs to this class as 

shown in the table above. 

We illustrate other aspects of the growth factor for BDPP in the following 

examples. 
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Example 3.3.4. 

Consider the matrix 

[

3 3 -3] 
A= 2 I O . 

0 I I 

Matrix A has y B = 3/2 and y BP = 2 . Thus it is possible for y BP to be larger than y B. 

This happens because of the nature of the pivoting strategy, which is not designed to 

minimize the growth factor. 

Example 3.3.5. 

Consider the matrix 

6 I I I 20 

-6 -3 I 1 20 

A= -6 1 0 0 20, 

-6 I --{j -2 20 

-6 I --{j -10 20 

which is the matrix of (3.3.1) with 1n = e, 112 = 113 = 114 = 1, 122 =-2, 123 = 124 = 2, 

133 = 134 = 3, 144 = 4, and 0 =20. For matrix A above y GP =24
, y BP =I, and 

y O = max{2, 120/ el}- For arbitrarily small e, y B is unbounded. Thus, unlike BDPP, the 

left Bruhat decomposition (without pivoting) is not stable for all matrices that give the 

maximum exponential growth factor with GEPP. 

59 
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As a final remark, we note that other pivoting strategies for Bruhat decomposition 

were considered. In particular, we considered pivoting strategies that preserve the Bruhat 

permutation. One such strategy is to find a permutation matrix pCil whose effect is to 

interchange the row containing the pivot entry ,; (see Section 2.3) with row c, where 

maxla,~-
1>! = la~;-

1>!, so that the pivot entry is the largest entry in column i. The next step 
l:S:t:S:r1 

is to eliminate all entries to the right of a<H) where pu> A<Hl = [zj<Hl] The disadvantage 
lj,I ' jk • 

of this strategy is that it does not restrict the magnitudes of the multipliers. It is still 

possible to have an unbounded multiplier as shown by 

for arbitrarily smalls. For both GEPP and BDPP, the magnitude of each multiplier is less 

than or equal to I, resulting in a growth factor less than or equal to 2•-1• To control the 

magnitudes of multipliers, a pivoting strategy must take into account the magnitudes of 

entries that are to be eliminated. The strategy described above does not take these into 

account, thus resulting in the possibility of an unbounded growth factor. 
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Chapter 4 

Bipartite graph model of the Bruhat 

decomposition 

A bipartite graph model for the Bruhat decomposition of a pattern is discussed in this 

chapter. This analysis is carried out ignoring accidental cancellation. Definitions and 

notation from graph theory and combinatorial matrix theory that are needed for the 

sparsity analysis are introduced. An algorithm for computing the patterns of the factors 

in the left Bruhat decomposition (Algorithm 4.2.1) is developed and illustrated. This 

algorithm is shown to model the numerical algorithm (Algorithm 2.3.1) in Section 2.3. 

61 
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4.1 Introduction 

We start this section by introducing some terminology and notation from graph 

theory and combinatorial matrix theory that is needed for the following analysis. For 

further details see e.g. [McH.], [Har.], [Pis.], and [G&L]. 

62 

A (undirected) graph G = (V(G),E(G)) consists of a pair of sets, V(G) and E(G), 

where V( G) is a set of vertices and E( G) is a set of unordered pairs of distinct vertices of 

V(G) called edges. We denote by uv the edge between vertices u and v in G. If uv is an 

edge in G, then we say that the vertices u and v are adjacent. The neighborhood of vertex 

v E V(G) is the set of vertices adjacent to v and is denoted by Nv , thus 

Nv = {u:uv EE(G) }. If u,v EV(G) and uv <1.E(G), we use the notation G+uv to denote 

the graph obtained from G by adding the edge uv. Similarly, if uv E E(G), then G-uv is 

the graph obtained from G by removing the edge uv. A graph H=(V(H),E(H)) is called a 

subgraph of G if V(H),;;;;; V(G) and E(H) c E(G). If S,;;;;; V(G), then the subgraph 

H =(S,E(H)), where E(H) = {uv: uv EE(G) and u, v ES}, is called the subgraph o/G 

induced by S. 

A graph G is a bipartite graph (bi graph) if there exists a bipartition of V( G) such 

that no two vertices in the same partition are adjacent. Let G be a bipartite graph with 
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bipartition V(G) = v; u V2 • We say that G is a complete bipartite graph if every vertex in 

v; is adjacent to every vertex in V2 • The complement of G, denoted G , is a bipartite 

graph with V(G) = V(G) and E(G) = {uv: u E V1 and v E)7z and uv fc E( G) }. A uv-path 

in G, or simply a path, is a sequence of vertices u = u1, u2 , u3 ,- • ·, un = v such that 

U;½+I E E( G) for Is; i s; n - I. 

Let A be an n x n matrix. The zero-nonzero pattern ( or simply pattern) of A is an 

n x n array A with 0 and * entries such that A has a * entry exactly when the 

corresponding entry in A is nonzero. If matrix A has pattern A, we write A E A. Let A 

and B be two n x n patterns. Pattern addition and multiplication are carried out similarly 

to matrix addition and multiplication under the following assumptions, which imply that 

accidental cancellation is ignored: 

(Addition) *+*=*+0 = 0+*=*, and 0+ 0 = 0; 

(Multiplication) 0·0=*·0 =0·*=0, and*·*=*. 

We illustrate pattern operations in the following example. 

Example 4.1.1. 

Consider the patterns 

*O] [O*O] *0,B=0**. 

0 * * * * 

Then 
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An n x n pattern A is combinatorially singular if and only if every matrix A e A 

is singular. An n x n pattern A is sometimes modelled by a bigraph 

B(A) = (V(B),E(B))with bipartition V(B) = Ru C, where R = h: I :S:j :S: n}and 

C = { c1 : I :S: j :S: n}, and ,;c1 eE ( B) if and only if the (i,j) entry in A is nonzero. For an 

illustration with n=5, see the beginning of Example 4.2.2. 

Kolotilina and Y eremin discussed some aspects of the sparsity of the factors of 

the Bruhat decomposition. Theorem I in [K&Y, p. 424] states that the length of the 

Bruhat permutation /(n:) is an upper bound on the number of nonzero off diagonal 

entries in the factor U of the right Bruhat decomposition. They also studied effects of 

permuting the original matrix in order to reduce fill-ins in the upper triangular factor U. In 

a subsequent paper [Kol.] , Kolotilina studied the locations of some zero entries in the 

triangular factors of the right Bruhat decomposition. The focus of the paper was on 

obtaining upper and lower bounds on the length of the Bruhat permutation. Kolotilina 

obtained tight upper and lower bounds on the length of the Bruhat permutation and 

demonstrated these bounds for Hessenberg matrices and block triangular matrices. Neither 

paper gave a detailed study of the patterns of the triangular factors of the Bruhat 

decomposition, which is the aim of this chapter. 
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4.2 Computation of the patterns of factors in the Bruhat 

decomposition 

65 

We consider the following problem: For an n xn pattern A that is not 

combinatorially singular, determine (ignoring accidental cancellation) the Bruhat 

permutation associated with a nonsingular matrix A EA, and the patterns of the factors U 

and Vin the left Bruhat decomposition of A. Sparsity analysis for the LU decomposition 

is often modelled by means of directed graphs. However, Golumbic [Go!.] and George, 

Liu and Ng [GL&N] used bigraphs for their sparsity analyses. 

To solve the above problem, we develop an algorithm that computes the patterns 

of the factors U and V and the Bruhat permutation by performing symbolic elimination on 

the bigraph of A. For the symbolic elimination, the rules of pattern addition and 

multiplication as given in Section 4.1 are used. 

Algorithm 4.2.1. 

Input: An n x n pattern A that is not combinatorially singular. 

Output: Bi graphs of the patterns of V and U, and the matrix II, in the left Bruhat 

decomposition of nonsingular A EA (ignoring accidental cancellation). 

Initialization: set B0 = B(A). 
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set colour(v) = 0 for every v eV(B0 ) 

for i = 1 ton 

j = max {p I C;rp eE(B;.1)} 

n P = 1, nu = 0 for l * j 

Letlf; bethesubgraphinducedby {c;,'f} uNc, uN,; -{x: colour(x)=l} 

colour( c;) = 1 

colour(1;) = 1 

B; =B;.1 +E(H;)-{'Jv eE(B;-i):v*c; andcolour(v)=O} 

ff; = ff-;_ 1 + {,;v: 1;v eE(BH) and 1;v ~E(BJ} 

Relabel column vertices of V(B.) such that c; ➔ c,.'(l)for I~ i ~ n 

Algorithm 4.2.1 stores the pattern of Vin the bigraph Bn and the pattern of U in 

the bigraph W,,. We illustrate Algorithm 4.2.1 in the following example. In the bigraphs, 
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vertices with colour O are unfilled and vertices with colour 1 are filled. An edge of H; that 

is added to BH is indicated by a thick line in B;. 

Example 4.2.2. 

Consider the pattern 

* 0 0 * * 
0 0 * 0 * 

A= 0 * * * * 
* 0 * * 0 

0 * 0 * * 
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The bigraph B( A) = B0 is 

In the first step of Algorithm 4.2.1,p=4 is the largest index such that c1rP EE(B0); thus 

n: 41 = 1 and H 1, H 1 are as follows. 
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The bigraph B1 is 

and Wj = Wo + {r1 c3, r1c4 }. In the second step, p= 5 is the largest index such that 

c2rP eE(B1); thus :rr:52 =1 and H2 , H2 areas follows. 
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The bigraph B2 is 

and Wz = Wi + {i-2c4 , r2s }. In the third step,p=3 is the largest index such that 

c3rP E E(B2) ; thus n 33 = I and H3 , H3 are as follows. 
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The bigraph B3 is 

and W; = Wz + {r3c4 ,r3c5 }. In the fourth step,p=2 is the largest index such that 

c4r P EE ( B3) ; thus n: 24 = 1 and H4 , H4 are as follows. 
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The bigraph B4 is 

and ~ = 1f'.i + r4 c5• In the final step, the bigraph B5 is identical to B4 except that r1 and 

Cs are filled, and fJ7s = W;j • The relabelled B5 is as follows. 
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Thus 

Pattern(V) = 0 0 * 0 * , Pattern(U) = 0 0 * * * , and 

0 0 0 * 0 0 0 0 * * 
0 0 0 0 * 0 0 0 0 * 

0 0 0 0 1 
0 0 0 1 0 

II= 0 0 1 0 0 

1 0 0 0 0 

0 1 0 0 0 
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Matrix A in Example 2.3.3 has pattern A in Example 4.2.2. We note that the 

patterns of V, II, and U as computed in Example 4.2.1 are identical to the patterns of the 

computed factors in the left Bruhat decomposition of A in Example 2.3.3. 

We now justify that Algorithm 4.2.1 models the left Bruhat decomposition 

(Algorithm 2.3.1) assuming no accidental cancellation. The search operation for finding a 

pivot entry and constructing II is identical in both algorithms, hence it suffices to show 

the consistency of the elimination operations. This is shown in the following theorem 

where the notation from Section 2.3 is used. 

Theorem 4.2.3. Let A be an n x n pattern that is not combinatorially singular. Suppose 

A EA is nonsingular and let A<0 = AuCI>uc2>. • • uco be the ith derived matrix in the left 

Bruhat decomposition of A. Then, assuming no accidental cancellation, for 1:;; i :;; n-1 the 

bigraph of the pattern of A(i) is B; as defined in Algorithm 4.2.1. 

Proof 

The proof is by induction. For i=l, consider the first step of the left Bruhat 

decomposition. Let t1 be the largest index such that a, 1 * 0, and let ,, 

u<I) = J -el1l(m<1ll. Thus for j '?. 2, m<I) * 0 if and only if a, * 0, or equivalently 
J ,,J 

r,, c1 EE ( B0) . Let j '?. 2 be an index such that m;1l * 0 , and denote by A y> the jth 

column of A(i). Then AJ° = A1 -m;1l A1 and a,\'.j = 0. Assuming no accidental 

cancellation, a}Y * 0 if and only if akj * 0 or ak1 * 0, for 1:;; k:, t1 -1. If akj * 0 then 
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Suppose the theorem is true for all i such that I :, i :, s < n -1, and consider the 

(s+ I )st step of the left Bruhat decomposition. Let t s+I be the largest index such that 

at!,s+l .s O, and let u<s+l) = I -e<s+l)(m<s+l)f. Thus for j"?. s +2, mf+I) .s O if and only 

if at!.1 * 0, or equivalently r,,., c1 EE(B,) , Let j?. s +2 be an index such that 

m<_s+l) ,e 0, Then A(s+I) = A(s) -m<s+l) A(s) and a<s+I) = 0. Assuming no accidental 
J J J J s+1 t.r+1,J 

cancellation, af_:+ 1> .sO if and only if a~>* 0 or af1+t .sO,for l:,k:,ts+l -1. If afjl * 0 

A(s+t) is B,+I, completing the proof. ■ 

Theorem 4.2.3, also shows that w; is the bigraph of the sum of the patterns of the 

matrices of multipliers u(l>,u(2),. .. ,u<1l. 

The symbolic elimination operation in Algorithm 4.2.1 can be interpreted in terms 

of a path condition on H; for I::; i :, n - I , 
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Theorem 4.2.4. Let A be an n x n pattern that is not combinatorially singular. Suppose 

A EA is nonsingular. Using the notation of Algorithm 4.2.1 and ignoring accidental 

cancellation, suppose for some i,j that n J1 = I . Let s * j and t > i be two integers such 

that r,,c1 EV(H,).If c1 isreachablebyapathfrom r, in H;, then r,c, EE(B;)­

Moreover, if k>i and r1ck E E(H;), then ,;ck E E(W:). 

Proof 

Note that c1 EV(H;) if and only if r1c, E E(B;_1), or equivalently the (i,t) position in 
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A (i-l) is nonzero, which implies that the multiplier for column tis nonzero (see Theorem 

4.2.3). Similarly r, EV(H;) if and only if r,c; EE(B;_1), whichimpliesthatthe(s,i) 

position in A(i-l) is nonzero. Thus r,,c;, r
1
,c1 is an r,c, -path in H;. Since a nonzero 

multiple of column i is added to column t to obtain the pattern of A (i) , we must have a * 

in the (s,t) position of the pattern of AU), thus r,c, EE(B;). Finally r1ck E E(H;) 

implies that the multiplier in column kin the ith step is nonzero, hence ,;ck E E(W:) . ■ 

Note that if r,, c1 EV ( H,) , then there is always an r,c, -path in H; , namely 

r,,c;,r1 ,c,. This is true since c1 EN'1 and r, EN
0 

and r1c; EE(H,). Thus, if 

r,c, <£ E(H,), then r,c, E E(H,), which justifies adding the edges of H; to Bi-I to obtain 

B, (after removing the edges associated with multipliers). 

Finally, we remark that accidental cancellation can affect the computed factors 

significantly. For example, a rank one perturbation of a diagonal matrix (see Section 2.4) 



CHAPTER 4. SPARSITY ANALYSIS OF THE BRUHAT DECOMPOSITION 76 

can have a full pattern (no zero entries). Application of Algorithm 4.2.1 to such a matrix 

gives pas the Bruhat permutation and the patterns of U and V are full upper triangular, 

which does not agree with the numerical results in Section 2.4 ( where the matrices U and 

V have pattern R). 
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