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ABSTRACT

The object of the present paper is to prove several interesting
results involving coefficient inequalities, distortion theorems,
starlikeness and convexity for functions belonging to the subclasses
Yj(u,k) and § (o,A) of analytic and univalent functions, which are
introduced here in terms of fractional calculus. Some theorems for
the classes 5r*(a,k,k) and ¢ (o,),k) of functions with fixed
finitely many coefficients are also proved, and the classes of univalent

functions with quasiconformal extension are considered.

1. INTRODUCTION

Let 4 denote the class of functions of the form

(1.1) f(z) =z+ ) az"
n
n=2
which are analytic in the unit disk % = {z: |z| < 1}. Further, let § be
the subclass of ¢ consisting of analytic and univalent functions in the unit
disk J. Then a function f(z) of § is said to be starlike of order o if

and only if

(1.2) Re[z—ii(—g—)z—)—] > (z ¢ 9

*
for some o (0 = o < 1), We denote by § (o) the class of all starlike

functions of order o.



A function f£(z) belonging to the class § is said to be convex of order
o if and only if
2f”(z)
(1.3) Re(l + ?(—Zj—] > a (z € %)
for some o (0 = a < 1). We denote by # (o) the class of all convex functions
*
of order a. We note that £(z) € #(e) if and only if zf’(z) ¢ § (@), and

that

§ ) <870 =8, T <% =%, and L(@ <§ (&)

for 02 a < 1.

The classes 5*(a) and % (o) were introduced by Robertson [10], and were
studied subsequently by Schild [13], MacGregor [4], Pinchuk [9], and others.

Many essentially equivalent definitions of the fractional calculus (that
is, fractional derivatives and fractional integrals) have been given in the
literature (cf., e.g., [2, Chapter 13], [6], [71, [11], [12], {15, p. 28 et seq.],
[17], and [18]).. We find it to be convenieﬁt to recall hefe,the foliowing

definitions which were used recently by Owa [8] (and Py‘Srivastava'and Owa [16]).

DEFINITION 1. The fractional integral of order A is defined, for a

function f(z), by

-2 1 [P
(1.4) D" £(2) = 753 Jo — dz,

where X > 0, f(z) 4is an analytic function in a simply-connected region of

the z-plane containing the origin, and the multiplicity of (z-g)A-1 is



removed by requiring log(z-z) to be real when z - 7 > 0.

DEFINITION 2. The fractional derivative of order X is defined, for a

function £(z), by

A 1 d [* £
(1.5) D" £(2) = ——-J —=_ dz,
Z T(1-}) dz 0 (Z—C)l

where 0 = A <1, f(z) is an analytic function in a simply-connected region
L. i .. + e st s N
of the z-plane containing the origin, and the multiplicity of (z-Z) 1s

removed as in Definition 1 above.

DEFINITION 3. Under the hypotheses of Definition 2, the fractional

derivative of order n + A is defined by

*
Let & (o,\) denote the class of all functions £(z) in &§ satisfying

the inequality

r(i-azt? Di** £(2)
(1.7) Re {0 > a (z e

for A <1 and 0=a < 1. Also let % (a,)) denote the class of all functions

f(z) in & such that

(1.8) r-nz ol g e §” (a,n)



for A <1 and 0 = o < 1. Clearly,
8§ (e,0) =8 (o) and %(x,0) =% ()

* ) 2
where we have set A = 0. Thus § (o,\) and 7£(cx_,>\) are generalizations of
* .
the classes ¢ (a) and % (o), respectively.
Let 7 be the subclass of § consisting of all functions of the form

0

(1.9) £(z) = z - 22 anzn (a2 0).
n:

*
Denote by ¥ (a,A) and & (a,r) the classes obtained by taking intersections,

* .
respectively, of the classes § (a,A) and K (a,A) with J, that is,

(1.10) T, =8 (@) a7
and
(1.11) g a,n) =%, nT.

The special cases of the classes T*(a,k) and & (a,\), when X =0,
were studied by Silverman [14]. Thus the classes 7*(a,>\) and §(a,\) provide
interesting generalizations of the classes considered by Silverman [14].

In this paper, we first prove several interesting results for functions
belonging to the general classes 7*(u,k) and % (a,)\). We then introduce the
subclasses f/-r*(a,)\,k) and ¢ (a,A,k) of functions with fixed finitely many
coefficients. And, finally, we consider the classes of univalent functions with

quasiconformal extension.



2. COEFFICIENT INEQUALITIES

THEOREM 1. Let the function £(z) be defined by (1.1). If

(2.1) Y {T(n;tlii;—A) - a}lan! £1-a
n=2

ItA

*
for A <1 and 0=a <1, then £(z) €§ (a,A). The result (2.1) is sharp.

PROOF. We need only prove that (2.1) implies (1.7). 1In order to prove

(1.7), it suffices to show that

: rei-nztt? Di+x £(2)
(2.2) D) - 1~ <1-a (zel).
Note that
14\ 1 A v I(ntl) _ n-1-A
(2.3) DZ f(Z) = m Z + nzz ———I‘(n—X) anz ,
which readily yields
r(1-n)zt A D;+A £(z2)
(2.4) D -1

= F(n+1)T(1-2) n
nZZ { Tn-A) 1}anz

n
n

zZ - 2 az
n=2



v [T+ )T(-2)
nZZ { T-n) 1}an

A

A
=
1

Q

provided that

(2.5) y {r(“;tifgi"*) - 1}an < (l—a)[l - nZZ an}.

n=2

We note that (2.5)'is equivalent to (2.1). Further, the result (2.1) is sharp

for the functions

(2.6) sz) =z + [El—aa//{r(n;%%iii—x) - a}lzﬂ (nz2).

Thus we complete the proof of Theorem 1.

REMARK 1. Letting XA = 0 in Theorem 1, we obtain the corresponding

*
result for § (o) due to Silverman [14].

THEOREM 2. Let the function f£(z) be defined by (1.1). If

8

(2.7)

liA
-
1
Q

no~13

I (n+1)T(1-}) {P(n+l)P(1-A) ) u}‘a | s
n

L, T TN T (n-1)

for A <1 and 0= o <1, then f£(z) e ¥ (a,\). The result (2.7) is sharp.

PROOF. Note that £(z) € £(o,)) if and only if

I+d _1+A
Dz

r(l-A)z f(z) € 5*(a,X).



Therefore, on replacing a by [I’(n+1)I‘(l—>\)/I‘(n—>\)]an in Theorem 1, we

have Theorem 2. Further, the result (2.7) is sharp for the functions

(2.8) f(z) = z + ‘El_a/r(n;g:)(\)l;ﬂ {T(n;gﬁgi-k) - aﬂzn (nz

REMARK 2. Letting A =0

in Theorem 2, we have the corresponding result

for K (o) given by Silverman [14].

THEOREM 3.

Let the function f(z) be defined by (1.9). Then £(z)

*
belongs to the class J (a,A) if and only if

n

(2.9) 2 {I'(n;gig)l-)\) - a}a £1-a
n=2 ‘

for A <1 and 0= o < 1. The result (2.9) is sharp.

*
PROOF. By means of Theorem 1, (2.9) implies that £(z) €7 (o,}).

*
Suppose that f£(z) is in the class J (@,A). Then
re1-ay 2ttt Di+x £(z2)

(2.10) Re 0

© T(n+1)T(1-2) . n-1
1 - n=2_-2 T (o) az

= Re

ot -1
1 - z az"
n=2 n

for A <1, 0=a<1, and z e§. Choose values of z on the real axis



so that F(l-k)zl+l Di+x f(z)/£f(z) is real. Upon clearing the denominator in

(2.10) and letting z > 1, we obtain

I(n+)T(1-2) _ °
T (n-2) h = a[l h Zz anJ

(2.11) 1- 3
n=2

which implies (2.9). The result (2.9) is sharp for the functions

(2.12) £(z) = z - {El-a}//{r(n;%ifii'k) - a}}zn (mz2).

This completes the proof of Theorem 3.

COROLLARY 1. Let the function £(z) defined by (1.9) belong to the class

7j(a,A). Then

(2.13) a

A

v

(1-a) /{r(n+1)r(1-x) ) a} az 2.

n / T'(n-2)

The result (2.13) is sharp for the functions £(z) given by (2.12).

Next we have

THEOREM 4. Let the function f(z) be defined by (1.9). Then f£(z) belongs

to the class & (o,A\) if and only if

(2.14)

- O

He~18

F(n+1)T(1-A) {r(n+1)r(1-x) i “}an <1

022 T(n-A) F(n—k)_

for A <1 and 0 = o < 1. The result (2.14) is sharp for the functions

(2.15) £(z) = z - {Ei-ai//r(“;tif§§'k) {F(“;tifii‘k) - u}}zn (nz2).




COROLLARY 2. Let the function £(z) defined by (1.9) belong to the

class & (a,A). Then

v

(2.16) a s (l_a)/r(ml)ru-x) {I‘(n+1)I‘(l-—X) ) a} (nz2).

I'(n-21) I'(n-2)

The result (2.16) is sharp for the functions f£(z) given by (2.15).

By virtue of the coefficient inequalities, we can prove the following
*
distortion theorems for functions £(z) belonging to the classes J (a,\)

and & (c,N).

. : * ] .
LEMMA 1. The class 7 (a,A) is closed under linear combinations.

PROOF. Let the functions

8

. = - n i = . =
(3.1) fi(z) z , an,iz (i=1,2; an,i z 0)

n

i t~1

*
be in the class J (a,\). Then we need only prove that the function
8 fl(z) + (l—6-)f2(z) (6=s86=1)

*
is also in the class ¥ (o,A). In fact, we have

(3.2) 8 fl(z) + (l—d)fz(z)

[e]

n
=z - 2 [6 an,l + (1-6)an,2}z .
n=2



10.

Hence, with the aid of Theorem 3, we have

L, O - offe o e 0o0s )

n= ?

o v [T(m+D)r(1-n)
=6 ) { Tm-n “}an,l

n=2

£ (1-8) ) {P(“;%%fgi‘k) - u}an,z

n=2

A

§(1-0) + (1-68)(1-u)

which completes the proof of Lemma 1.

*
By means of Lemma 1, we know that 7 (o,2) is convex, and hence further

that 7 (a,A) has some extreme points.

LEMMA 2. Let

(3.4) £,(2) =z

and

(3.5) £ (2) =z - r(n+1fr51f3) 2 (nz2).
T (n-A) B

*
Then £(z) is in the class 7 (a,A) if and only if it can be expressed in the

form

8

(3.6) £(z) =

i~

£ (D),



where Xn 20 (nzl1l) and

(3.7) z )\n =1,
n=1

PROOF. We assume that f(z) has the form (3.6). Then

o (1-a)An n
(3.8) f(z) = z - L Tr D) T (127 zZ .
n= Tn-n)
Consequentiy, we obtain
o (1-a)A
T'(n+1)T(1-2) . n
(3.9) 22 { T(n-A) - “} T(n+1)T(1~-7)
n= T'(n-A) - ¢

(1-a) ) A
n=2 n

i}

(1-0) (1-4)

A

l - oq,

*
which implies that f£(z) €7 (o,)).

11.

*
For the converse, we assume that £(z) is in the class § (o,\). Then,

by setting

(3.10) A = {P(“;%if§§'x) - a}an/(l—a) (n 2
and

(3.11) A, =1 - Y A,

we have (3.6).



12,

In view of Lemma 2, we have

. *
THEOREM 5. The extreme points of 7 (o,\) are the functions fn(z)

(nz 1) given by (3.4) and (3.5).
Similarly, we have
THEOREM 6. The extreme points of ¢ (a,A) are the functions fn(z)
(nz 1) given by (3.4) and
i - - 1_(} L. L i’
(3.12) £.02) = 2 - Fmraen JT@enran - (n=2).
T'(n-1) I'(n-1) - .

THEOREM 7. Let the function £(z) defined by (1.9) belong to the class

*
7 («,A). Then, if -1 = A <1

(3.13) €] = 2| - L0 (4]
and
(3.14) £2)] = |2] + 2202 o)

2 - o(l-N)

for z e . Furthermore, if 0= A <1,

, ~a) (1-)
(3.15) EIGIEREE S 0;)((114)) 2]
and
(3.16) £ (2)| = 1 + 202 UR)

2 - a(l-N)



for z € J{. The bounds (3.13) to (3.16) are sharp.

PROOF. Note that the extremal function is one of the extreme points.

Therefore, we have

(3.17) |fu)|;|zyqfxrﬁﬁbgdiM |2 |™
B2 =T my

and

(3.18) Lf(z)| = |z| + mgx r(n+1;f6if&) ‘Zln .
=2 T men

Now define
n
(3.19) &(r,a,m,|z]) = L(n-A) |z

T(n+D)T(1-2) - a T'(n-A)

for -1=A<1, 0=a<1l, nz2, and z ef. If
(3.20) E(\,a,n,|z]) 2 & ,a,n+l,|z])

for lz\ # 0, then we have the first half of the theorem.
Set
(3.21) 51(x,a,n,\z|) = T(n+)T(1-){(n+1) - (n-2)]|z|}
- o T(n+l-A)(1-]z]).

If Zl(k,a,n,\zl) z 0, then we have (3.20). We note that gl(x,a,n,lzl)

13.

is



a decreasing function of o. This implies that

(3.22) &, (o, [z]) 28, (01,m, |2])

{T(n+2)T(1-1) - T(n+1-2)}

- {(m-NT DT (I-2) - T(n+1-2)}] 2]

Since El(k,l,n,lz]) is a decreasing function of |z|, we also have

v

(3.23) &, (0ua,m,lz]) 28, (2,1,n,1)

(1+M) T (n+1)T (1-2)

v
(=)

for -1 =2XA <1, and nz 2.

In order to establish the second half of Theorem 7, we note that

(3.24) £ (z)] =z 1 - max P(n+l?§tifi) lz|n_1
22—y

and

(3.25) [£(2)| =1 + max F(n+1?£%1?i) lzln-l'
=2 =y @

Define
n-1
(3.26) FOLam, |2]) = me i LA 2]

'(n+1)T(1-2) - o I'(n-2A)

and



15.

(3.27) Fl(x,a,n,lzl) I(n+2)T(1-M){n - (n-1)]z|}

a T(n+1-0){n - (n-1)|z|}

v

for 0=A<1l, 0soa<1l, nz2, and z €. Since Fl(A,a,n,Izl) is a

decreasing function of «,

v

(3.28) Fl(x,a,n,|z|) Fl(x,l,n,lzl)

= n{T(n+2)T(1-2) - T(n+1-1)}

- (- {T(n+2)T(1-1) - T(n+1-1)}|z].

Further, since Fl(k,l,n,|zl) is a decreasing function of lzl, we get

v

(3.29) Fl(x,a,n,lzl) Fy(A,1,n,1)

MT(m+2)T(1-1) - T(n+l-2)}

v
<

for 0= A <1 and n = 2. Thus we have (3.15) and (3.16).

Finally, by taking the function

(1-0) (1-)) 2

(3.30) f(z) = z - 2 - a(loh) s

we can show that all bounds given by Theorem 7 are sharp.

COROLLARY 3. Let the function f£f(z) defined by (1.9) be in the class

J(@,A\) with -1=Xx <1 and 0=a < 1. Then the unit disk i is mapped




onto a domain that contains the disk |w| < (L+A)/{2 - a(1-1)}.

THEOREM 8. Let the function f(z) defined by (1.9) be in the class

g (o,A). Then, if -1 =4 <1,

2
(3.31) £ = l2| - 3Gy
and

(1-a) 1-1)2
(3.32) lf(Z)l = IZ|+ 2{2 - 0!.(1—)\)} lzl

for z € J. Furthermore, if 0= X <1,

|G a-n?

(3.33) | £ (2) | 5 a(i-N)

v
i

and

liA

2
1 + (l-—a) (1—>\) ‘Zl

(3.34) | £ (2) | TSN

for z e {. The bounds (3.31) to (3.34) are sharp.

PROOF. By means of Theorem 6, we have

l -« n
(3.35) [£(2)] = |z] - X )T (10 {r(n+1)r(1-x) - |z
n= T(n-A) Tn-n)

and



17.

1 -«
(3.36) [£(2) ] = [z] + P T DT (L) JT(n+D)T (1-2) |2]7
=7 Ton Tn-a)
Let
r(n-2)2]z|®
(3.37) H(A,a,n,|z]) =

T(n+DT(1-MD{T(n+1)T(1-2) - T'(n-A)of

and

(3.38) 06|z =t nra-0{men? - @z}

- a(m-M)T -0 (n+1) - (n-2)|z|}

for -1=A<1, 00 <1, nz2, and z ¢ {. Then, we know that

H(M,o,n,|z|) is a decreasing function of n if

W
o

Hy (A,a,m, |z])

In fact, since Hl(k,u,n,lzl) is a decreasing function of o, and Hl(k,l,n,lz|)

is a decreasing function of |z|, we can prove that

i\

(3.39) Hl(x,a,n,lzl) Hl(x,l,n,|z|)

v

Hl()‘,lin’lzl)

(1+0){ (2n+1-M)T(n+1)T(1-2) - T(n+1-A)}

v
o

for -1 =X <1 and n 2 2. Consequently, we have the first half of Theorem 8.

Next, we note that



18.

, - l -0 n-1
(3.40) £ ()] 21 - meX TN [T rDT (L)) 2]

Y T-n)
and

, - l - a n-1

(3.41) £ (2] =1+ S TMTO-N [Tm+lT(1-2) 12|

n= T(m-2) | T(n-}A) -
Define

2 n-1
. T T'(n-M)“ |z]

(3.42) GlA,a,n,|z]) = T()T(1-M){T(n+1)T(1-1) - o I'(n-A)}
and
(3.43) Gl(l,d,n,lZI) = )T -) {n(neD) - (1-2)%[ 2}

- a r@+1-){n - (n-2)|z|}

for 0sXA<1, 0=a<1l, nz2, and z ¢ . Then it is sufficient to
prove that

G, (A,a,n,|z]) 2 0.
Note that Gl(A,a,n,Izl) is a decreasing function of o, and Gl(A,l,n,lzl)
is a decreasing function of |z|. Thus we have,
(3.44) Glcx,a,n,lzl) = Gl(x,l,n,[zl)

z Gl(k,l,n,l)

= (n+2kn—%2)r(n+1)F(1—k) - A T'(n+l1-2)

%
o



19.

for 0= A <1 and n =z 2, which implies the second half of Theorem 8.

Finally, all bounds asserted by Theorem 8 are sharp for the function

(1-0) (1-1)2 2
212 - e(1-0) ] -

(3.45) f(z) = z -

COROLLARY 4. Let the function f£f(z) defined by (1.9) be in the class

$(o,\) with -1=x2 <1 and 0 = o < 1. Then the unit disk % is mapped onto

a domain that contains the disk |w]| < Ty where T, is given by

2
) (1-a) (1-})
(3.46) to =1 - S5 a7 -

4. STARLIKENESS AND CONVEXITY

Silverman [14] proved the following lemmas.

LEMMA 3. Let the function f(z) be defined by (1.9). Then f£(z) is

starlike of order o if and only if

o0

(4.1) 22 (n-a)an =1 -a

for 0 =a < 1.

LEMMA 4. Let the function £(z) be defined by (1.9). Then £(z) is

convex of order o if and only if

(4.2) Y n(n-a)a_s1-a
n=2 n



20.

for 0=a <1,

By applying the above lemmas, we now prove

THEOREM 9., Let the function £(z) defined by (1.9) be in the class

*
7 (a,A) with 0=A <1 and 0= o< 1. Then f£(z) is starlike of order a.

PROOF. Note that

I'(n+1)T(1-1)
T'(n-A)

(4.3) n =

liA

for 0=X<1, 0=20a<1, and nz 2., This shows that

(4.9 y (n-a)a_ {P(n;%if&%-l) - a}an

n=2 n=2

A
~13 8

liA
(W
I

“Q

and we complete the proof of Theorem 9 in view of (4.1).

Similarly, by using Lemma 4, we have

THEOREM 10. Let the function f(z) defined by (1.9) be in the class

§(a,\) with 0=A<1 and 0=a <1, Then £(z) is convex of order a.

" ,
REMARK 3. For A = 0, the classes J (a,A) and % (a,A) reduce to the

*
classes J (a) and & (o), respectively, which were introduced by Silverman

[14]. It follows that



(4.5) 7 ,0) =7 (@)

(4.6) & (0,00 =8 ().

Hence, by means of Theorem 9 and Theorem 10, we have

4.7 T @) <7 (a,0) ©0=x<1)

(4.8) & (a,)) <f(a,0) (0=1<1).
Since

(4.9) F(n;ti{%i—k) -0 Z2n-a

and

(4.10) ST [TODIAY) o < pre)

for A <0, 0=a<1, and n=Z 2, we also have

(4.11) 7 @ 27 (2,0) (< 0)

and

(4.12) g (a,)) 28 (c,0) (A < 0).
THEOREM 11. Let the function f(z) defined by (1.9) be in the class

*
7 (a,\) with A <1 and 0=a < 1.

Then £(z)

is convex of order ¢

21.



(0=8<1) 1in the disk Iz‘ < Ty where
1/(n-1)
e {rmenra-n - o r(n-0}
(4.13) = ;;g[: Hn=8) (1-a) T (A=A) :] '

PROOF. It is sufficient to show that

(4.14) éf(gg) <1 -8
for Izl <7, Note that
n(n-1)a_ lzln—l
LN =2 )
(4.15) 15(23) =022
n-1
1- ) na_ |z|
n=2 n
<1 -8,
if and only if
(4.16) ] nm-8)a_ |z|™t =1 - s,
n=2

With the aid of Theorem 3, we need only find the values of |z\ for which

(1-8){r(+DT(1-2) - a I'(n-N)}

2|1 ,
n(n-0) (1-a) T (n-1)

=

(4.17)

v

(nz 2)

and the proof of Theorem 11 is thus completed.

22,



23.

5. CLASSES OF FUNCTIONS WITH FIXED FINITELY MANY COEFFICIENTS

* *
In view of Theorem 3, we denote by J (o,\,k) the subclass of 7‘(a,k)

consisting of all functions of the form

k -
(5.1) f(z) = z - 2 A p.z1 - E a zn,
ij=2 T 1 n=k+1 o
where
- r(i+1T(1-3)

(5.2) Ai = (1-a)//{ TGN - u} ,

k
0= Py £1, and 0 = -2 p; = 1

i=2

Further, in view of Theorem 4, we denote by & (o,A,k)

¢ (a,A) consisting of all functions of the form

Dbt e e
(5.3) f(z) = z - B. p.z" -~ az,

i=2 * 7t n=k+1 "
where

_ TE+D)T(1-A) JT(E+1)T(1-A)
(5.4) By = (1‘“%// T(i-A) { T(i-M)
k
= = = s

0= p; = 1, and 0 = Z P; = 1.

i=2

the sublcass of

J,

Our first result on the classes of functions with fixed finitely many

coefficients is contained in

THEOREM 12. Let the function £(z)

be defined by (5.1).

*
in the class J (a,A,k) if and only if

Then f£(z) 1is
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0 ( k
I (n+1)T(1-1) _ < . i
(5.5) n=E+1 { Ty a}an = (1 a)[l 22 pi]

for A <1 and O =a < 1. The result (5.5) is sharp.

PROOF. Putting
(5.6) a, = A.p. (1 =2,3,...,k)

in Theorem 3, we have

k o
I(n+1)T(1-1)
(5.7) (1-a) . { - u}a =1-a
i>=:2 Pi n=12<+1 ['(n-4) n

which implies (5.5). Furthermore, the result is sharp for the functions

A.p.z1

(5.8) f(z) = z - 3P;

fl 155

i=2

k 3
- (1—0){1 - _22 PiJ//{F(n;%%E£%—A) - a} 2" (nz k + 1).
1:

COROLLARY 5. Let the function f(z) defined by (5.1) be in the class

*
7 (a,r,k). Then

k
(5.9) a_ = (1-a) [1 - i?:—.z Pi]/{r(n;ag)l—l) - a} (nzk+1).

The result (5.9) is sharp for functions f£(z) of the form (5.8).

Similarly, we prove
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THEOREM 13. Let the function f£(z) be defined by (5.3). Then £(z) is

in the class & (a,A,k) if and only if

- k
I(n+1)T(1-)) [T(n+1)T(1-2) < (1- -
(5.10) n=g+1 Y { Y a}an = (1 u)[l 122 Pi]

for A <1 and 0 = o < 1. The result (5.10) is sharp for the functions

k .
(5.11) f(z) =z - ) B.p.z"

\

g I (n+1)T(1-A) [T (n+1)T (1-A) n

L, Py T(n-A) T(n-A)  *f(?
(nzk + 1).

COROLLARY 6. Let the function £(z) defined by (5.3) be in the class

£ (o,r,k). Then

1A

(5.12) a

I ~"1=

F'(n+1)T(1-2) T (n+1)T(1-A) -
(1—&)[1 - ) pi]// T noN) { TCnoh) - a} (nzk + 1).

i

The result (5.12) is sharp for functions f£(z) of the form (5.11).

*
We find the extreme points of 7 (o,2,k) and €(a,),k) by using the

same technique as in Theorem 5.

*
THEOREM 14. The extreme points of 7 (a,A,k) are

X .
(5.13) £(z) =z- ] Ap 2t

and
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k :
(5.14) Cf(x) =z- § Ap.z

k
- (1—3)[1 - _22 Pi]//{r(n;%%fii_x) - a} 2" (nzk + 1),
1:

where Ai is given by (5.2).

THEOREM 15. The extreme points of & (a,r,k) are

k
(5.15) fk(z) =z - .2 Biplzl
i=2
and
k 1
(5.16) £(2) =z - _2 B.D. 2
i=2
k
o [1 . pi} [romrgon fomran _ Jr sk,

where B.1 is given by (5.4).

Next we determine the radius of convexity for functions belonging to the

*
class 7 (a,r,k). Our result is given by

THEOREM 16. Let the function £(z) defined by (5.1) be in the class

*
9 (a,x,k). Then f£(z) 1is convex in the disk Iz| < r2, where rz is the

largest value for which
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5 k
n“(1-0) (1 - _2 p; [T(n-2)

k
.2 i-1 i=2 n-1
(5.17) izz L APyT TP DTN - o Ty © =1
for nz k + 1. The result (5.17) is sharp.
PROOF. It suffices to prove that
k . o
} iG-DAp.rr ™t + ] n@-Da ™t
2£7(2) | . i=2 vt n=k+1 "
(5.18) 7 =
£ (z) k . ®
1_.“-;1\717-1-1_ V nqn_l
A - L S n-l—'.-& = L‘ ir L= -
i=2 b7 n=k+1 "
=1
for |z| = r. Note that (5.18) is true if and only if
ko2 i-1 % 2 ml
(5.19) Y i“ Ap.T + Y n“ar " =1.
. ifi n
i=2 n=k+1
By virtue of Theorem 12, we can write
k
(1-a)|1 - ) p,
_ i=2
(5.20) a = T DTN - An (nz k + 1),
I'(n-A)
where ln 20 (nzk+1) and
(5.21) y A= 1.
n=k+1

For each fixed r, we choose the integer n, = nO(r) for which

2 n-1/T({(n+1)T(1-2)
nr //{ T(n-n) “}
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is a maximum. Then we have

k

2
(5 22) 0§ n2 . rn-l ) no(l—a) 1 - izz pi rno."l
_ n=k+1 n P(n0+1)P(l—A) .

F(no—k)

Hence the function £(z) is convex in Izl = rz if

) Kk
ng(1-ej il - _Z P;i| n.-1
i=2

K 2 i-1 0
. - =
(5.23) DR T TR TIIN r = 1.
i=2 0 -
T(nofk)
We find the value T and the corresponding no(ro) s0 that
k 1
nz(l—a) 1 - z
K . 0 Lo Pil op -1
(5.24) ] i aprts 1=2 r 0 -1
: oy i®i%0 T(n,*DT(I-%) 0
- o

T(ng-)

Then this value r, is the radius of convexity of functions f£(z) in the

0

*
class J (a,r,k). Furthermore, we know that the result of the theorem is sharp

for the functions £(z) given by (5.8).

6. QUASICONFORMAL EXTENSION

Let f be a sense-preserving homeomorphism of a domain %. Then f is

said to be a [%;%}—quasiconformal mapping of 9 if it is absolutely continuous

on almost all lines parallel to the coordinate axes and

jL-f(z) < k (z € 9)

9z

(6.1)

3
"a—z' f(Z)
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for 0 =k < 1. We say that a function £(z) is in the class ¢ if it is

k
in the class § and has a {%;%}-quasiconformal extension defined on the
extended complex plane (cf. [5]).
~%
Let & (a,A\) denote the subclass of § whose members satisfy the coef-

ficient inequality (2.1) for A <1 and 0 = a < 1. Then it follows that

(6.2) T @) <8 @) <8 (a,0).

Tem 1g foo AN Adamede
Also let (c¢,A) denote t

ficient inequality (2.7) for A <1 and O = a < 1. Then we have
(6.3) & (a,0) <F(e,n) <F(o,n).

We shall apply the following lemma due to Fait, Krzyz and Zygmunt [3] in

order to prove Theorem 17 below.

LEMMA 5. If the function £(z) defined by (1.1) is in the class

and satisfies

(6.4) L nla | =k,
n=2

then f(z) ¢ &

K*

THEOREM 17. Let the function £(z) defined by (1.1) be in the class

~k
§ (0,A) with 0 <A <1 and 0soa <1, Then f(z) €d

1 where

2(1-a) (1-1)

(6.5) k = 300
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PROOF. 1In view of (2.1) and Lemma 5, we need to prove that (2.1) implies
(6.4). Define L{a,A,n) by

(6.6) L,A,m) = g — {F(“;%if§§'x) - a} -2

for 0<Aa<1, O

A

o<1, and n =z 2, Then it suffices to show that

L(a,A,n) 2 0 for 0 <A <1, 0=a<1, and n=z 2, Note that L(a,A,n) =20
if
(6.7) X = n(1-o0)T (n-2)

T(n+D)T(1-2) - a T(n-2)

IIA

for 0<A<1l, 0=a<1l, and n=z 2. Since

n(l1-0)T(n-1)
T(n+1)T(1-2) - o T(n-i)

is a decreasing function of n, and

2(1-0) (1-1)

2 - a(l-A) 1

(6.8) 0=

for 0 <A <1 and 0= a <1, we conclude that f(z) ¢ for k given by

k
(6.5).

COROLLARY 7. Let the function £(z) defined by (1.9) be in the class

*
7 (o,A) with 0 <X <1 and 0=oa <1, Then f(z) ¢d, for k given by

k
(6.5).

Recently, Brown [1] established the following results.
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LEMMA 6. If the function f£(z) defined by (1.1) is in the class 4 and

satisfies

(6.9)

He~18
(&'
—
s
I
=] =
1
=
| L
3
IIA
N
=

then f(z) € 8* n Sk.

LEMMA 7. If the function £(z) defined by (1.1) is in the class 4 and

(6.10) y n[n e lﬂlanl < 2k _ |
n=2

then f(z) ¢ nesk.

THEOREM 18, Let the function £(z) defined by (1.1) be in the class

~ *
$ (¢,\) with 0=A<1 and 0 <o <1l. Then £(z) €d (o) n Sk’ where

k = (1-a)/(1+a).

PROOF. Since

I'(n+1)T(1-1)

(6.11) n S =R

for 0= A <1 and n=z 2, we have

oo

(6.12) Iomelal= 1 {TEDIE a}lanl

n=2 n=

HIA

In
ot
1

L
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*
which implies that £(z) € § (o), by means of [14].
Further, replacing o by (1-k)/(1+k) in (6.12), we get (6.9). Hence
*
f(z) is also in the class § n 5k for k = (1-a)/(l+a). We note that

5*(a) c 5* for 0 = a <1, Therefore, f(z) € 5*(a) n $k.

COROLLARY 8. Let the function f(z) defined by (1.9) be in the class

* *
7 (a,)) with 0=A<1 and 0 < a< 1. Then f(z) €7 (v,0) ncSk, where

k = (1-0)/(1+a).
By using Lemma 7, we prove

THEOREM 19. Let the function f(z) defined by (1.1) be in the class

H(e,X) with 0=XA <1 and 0 <a < 1. Then £(z) €% (a) n Sk’ where

k = (1-a)/(1+0).

COROLLARY 9. Let the function f(z) defined by (1.9) be in the class

G(a,A) with 0=X<1 and 0 <a <1, Then £(2) €% (x,0) n ék’ where

k = (1-0)/(1+a).

ACKNOWLEDGEMENTS

The author's thanks are due to Professor H.M. Srivastava for his kind
encouragement and guidance. The author also wishes to thank the referee for

his valuable suggestions.



[1]

(2]

(3]

(4]

(51

[6]

(7]

(8l
[9]

[10]

[11]

[12]

[13]
(14]

[15]

33,

REFERENCES

J.E. Brown, Quasiconformal extensions for some geometric subclasses of
univalent functions, Internat. J. Math. and Math. Sci. 7(1984), 187-195.

A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Tables of
Integral Transforms, Vol. II, McGraw-Hill Book Co., New York, London and
Toronto, 1954.

M. Fait, J. Krzyz and J. Zygmunt, Explicit quasiconformal extensions for
some classes of univalent functions, Comment. Math. Helv. 51(1976), 279-285.

T.H. MacGregor, The radius of convexity for starlike functions of order 3,
Proc. Amer. Math. Soc. 14(1963), 71-76.

A

0. Lehto and K.I. Virtanen, Quasiconformal Mappings in the Plane, Springer-
Verlag, Berlin, Heidelberg and New York, 1973.

K. Nishimoto, Fractional derivative and integral. Part I, J. College Engrg.
Nihon Univ. Ser. B 17(1976), 11-19.

T.J. Osler, Leibniz rule for fractional derivatives generalized and an
application to infinite series, SIAM J. Appl. Math. 18(1970), 658-674.

S. Owa, On the distortion theorems. I, Kyungpook Math. J. 18(1978), 53-59,

B. Pinchuk, On starlike and convex functions of order «, Duke Math. J.
35(1968), 721-734.

M.S. Robertson, On the theory of univalent functions, Ann. of Math.
37(1936), 374-408.

B. Ross, A brief history and exposition of the fundamental theory of
fractional calculus, in Fractional Calculus and Its Applications (B. Ross,
Ed.), pp. 1-36, Springer-Verlag, Berlin, Heidelberg and New York, 1975.

M. Saigo, A remark on integral operators involving the Gauss hypergeometric
functions, Math. Rep. College General Ed. Kyushu Univ. 11(1978), 135-143.

A. Schild, On starlike functions of order o, Amer. J. Math. 87(1965), 65-70.

H. Silverman, Univalent functions with negative coefficients, Proc. Amer.
Math. Soc. 51(1975), 109-116.

H.M. Srivastava and R.G. Buschman, Convolution Integral Equations with
Special Function Kernels, John Wiley and Sons, New York, London, Sydney
and Toronto, 1977.




34,

[16] H.M. Srivastava and S. Owa, An application of the fractional derivative,
Math. Japon. 29(1984), 383-389.

[17] H.M. Srivastava, S. Owa and K. Nishimoto, Some fractional differintegral
equations, J. Math. Anal. Appl. 106(1985), to appear.

[18] H.M. Srivastava, S. Owa and K. Nishimoto, A note on a certain class of

fractional differintegral equations, J. College Engrg. Nihon Univ. Ser. B
25(1984), 69-73.

Department of Mathematics
Kinki University
Higashi-Osaka, Osaka 577
Japan



