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Abstract

This thesis deals with the use of stable neural networks for identification of nonlinear

dynamic systems.

Neural Networks have been in increasing use. Lately, they have been applied to
identification of nonlinear systems. Neural networks have the advantage that they are
extremely flexible and, once trained, provide accurate and fast modeling of complex
systems. Proofs are available which show that neural networks can implement systems of
arbitrary complexity.

Here, a novel approach to system identification is used. A class of recurrent neural
networks which have been proven to be asymptotically stable are the basis for
identification. Equations for training these neural networks to model the complex
behaviour that nonlinear systems exhibit are developed. Computer simulations are used to
test the theory. In a simulated system, the neural network is found to provide good
modeling. The equations are also applied to train a neural network to model the dynamic
behaviour of a boat and a PUMA-560 two-link robot.
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Introduction

This thesis is entitled "Asymptotically Stable Neural Networks for Identification of
Nonlinear Dynamic Systems". The purpose of this thesis is to present some recent work
which unites the fields of neural networks and nonlinear system identification.

In recent years, much has been accomplished in the field of neural networks.
Investigations have been made as to what neural networks can do. This thesis continues
this investigation process, but it will be pay more attention to known theoretical
considerations than most neural network research. The most important consequence of
this is that the most fundamental idea of control theory, which is the concept that the
priority of a controller is to provide stability, will be observed at all times. This means
that the dynamic systems which are created by the neural networks used here will be
proven to be asymptotically stable.

This approach causes some difficulty since although a class of neural networks
exists which is known to be asymptotically stable, no method exists in prior work for
training such neural networks to have the kind of complex behaviour which is exhibited by
nonlinear systems. Much of the work here will be concentrated on developing useful
methods for training such neural networks.

Motivation will also be given for this approach by investigating nonlinear systems.
It is common in the liteature to assume that a certain neural network is stable since it has
been tested using methods common to linear system theory and appears to be stable. In
this thesis, nonlinear systems which appear to pass tests for linear system stability, but are
actually unstable, will be analyzed. The results will provide further motivation for the
necessity of using neural networks which are known to be stable in critical applications.

To prove the utility of the neural networks which are discussed here, simulations are

used to test system identification ability. Some of theses simulations are abstract computer



simulations, but some involve actual data in the identification of a robot. This is intended
to lend credence to the training methods which are developed here.

The structure of this thesis is as follows. Chapter 1 is intended to provide the
background information on linear systems, nonlinear systems, and neural networks which
is needed to understand the discussion in the rest of the thesis. Chapter 2 discusses
identification in the context of this thesis. Chapter 3 presents the theoretical work which is
used to develop a stable neural network suitable for identification of nonlinear systems.
Chapter 4 presents the results of simulations which use the developments of chapter 3.

Chapter 5 provides the conclusions of this thesis.



Chapter 1: Background

1.0 Linear Systems

1.0.0 Linear Dynamic Systems
The main purpose of this section is to discuss the definition of a linear dynamic
system. Linear systems are discussed throughout this thesis, and are used to give intuitive
insight into the operation of nonlinear systems. Both continuous time and discrete time
dynamic systems will be discussed here. For a thorough discussion of the subjects
mentioned here, consult [9],[15], or [16].

Consider a continuous time differential equation which may be considered to have

an input () and an output y(7). A general differential equation will have the form
f(t, (), (), y"(2),..., y™ (), u(t),u’ (t),u”(t),...,u™ (t)) =k (1.1)

where k € R. Although this form is the most general one available, it is very difficult to
make any useful generalizations about this equation. However, many systems and
processes in real life give rise to differential equations which may be well approximated by

the form
a,y(t) +a,y (t)+--+a,y"™ (t) = bu(t) —bu'(t)—--=b u™ (1) =0 (1.2)

where the @,'s and b,'s are real valued constants. Equations of this form are called linear,
time-invariant differential equations. Of course, linear differential equations obey the
principles of superposition and scaling of response equal to scaling of inputs[16].

In a real system, the most fundamental question which may be asked is, what
happens to the system in the long term? Specifically, it is important to know if the output
will continue to grow in magnitude as time evolves, eventually reaching some critical value

and having catastrophic results. This is known as the stability question. A real valued




function f(¢) is stable if there exists a finite valued number A > 0 such that

|f(t)| <A Vi120. Ifthe solution y(¢)of equation (1.1) is stable in this sense to all
stable inputs u(?) then the system is said to be bounded input, bounded output (BIBO)
stable.

It is important to note that if a system is not BIBO stable, then it does not
necessarily follow that every stable input will cause an unstable output, but only that some
stable input will cause an unstable output. For instance, the zero input will cause a stable
output for any linear system, namely the zero output. This is an important fact since it
means that stability of a system cannot be tested merely by applying a stable input and
watching to see if the output is stable.

1.0.1 Linear Transformations

Let V and W be vector spaces. The function 7:V— W is called a linear
transformation of V into W if the following two properties are true for all u and v in V
and for any scalar c:

1.1 Tu+v) =T) + T(v) (superposition)

1.2 T(cu) = cT(u) (invariance under scaling) [p.310, reference 12]

The Laplace Transform, defined as

x(0)] = X (s) = [ex()dt (1.3)
0

is a linear transform. This transformation is used extensively in control theory. Its main
use is in the analysis of linear, time-invariant differential equations since it can transform a
differential equation into a polynomial equation. This greatly simplifies the analysis of the

differential equation, especially with regards to stability.




For the vector space of discrete sequences, the z-transform is analogous to the

Laplace Transform for continuous functions. The z-transform is a linear transform

defined on a sequence {e(k)} as

o

E(z)=j[{e)}] = Y ety (1.4)

=0

As with the Laplace Transform, the z-transform can be used to turn difference

equations into polynomial equations.

It is also well known that if
F {
y(1) = jh(z —1)x(t)dt (1.5)
0
then
Y(s)=H(s)X(s) (1.6)
For the proof of this, refer to [p.238 reference 16]. Similarly for discrete sequences,
if
k
y(k)= Z;h(k —n)x(n) (1.7)
then
Y(2)=H(z)X(2) (1.8)

1.0.2 Transfer Functions
A transfer function is defined as the ratio of the input of a system to the resulting

output, as expressed in the frequency domain. For discrete linear time invariant systems

with input Y (z) and output U(z),



Y(z)=H(z)U(z2) (1.9)

H(z) is called the transfer function of the system. The transfer function describes how the
system transfers the input to the output. The value of this transfer function, in addition to
facilitating the solution of the difference equation, is that it completely separates the
reliance of the system behaviour on the input. This is to say that the dynamics of the
system may be studied independently from those of the input. This is highly desirable
since it was mentioned that the test for BIBO stability of a system is that the output must
be stable for all stable inputs. If the transfer function allows for testing of the stability of
the system separately from the stability of the input, then the difficulty of the testing job
has been reduced. As will be seen in more detail in the following section on stability, it is a
simple matter to say whether the transfer function is stable, and thus if the output will be

stable for all stable inputs.

1.0.3 Stability of Linear Systems

A(s)

B(s)

It is well known that the transfer function will be stable if and only if all of

its poles have negative real parts[8]. BIBO stability is concerned with the response of the
system to stable inputs, and thus the poles of the input may all be assumed to have
negative real parts. Thus, the BIBO stability of the system may be examined without any
reliance on the input merely by testing the poles of the transfer function. Specifically, if
the poles of the transfer function H () all have negative real parts, then the system will be
BIBO stable.

A similar result is available for discrete time systems. A discrete transfer function
H (z) will be stable provided that all of its poles have magnitude less than one, i.e., ]zi[ <1
for each of its poles. In general, the poles of a discrete transfer function may be complex,
and thus this test for stability is sometimes referred to as "having the poles within the unit

circle".



Graphs showing the stable and unstable regions for poles for continuous and

discrete systems are shown in Figure 1.1.

Discrete Time

Continuous Time

{s}

~ Re{s}
//
Z
Stable:
Unstable:

Figure 1.1: Stable and Unstable Pole Positions

1.0.4 State Space Representation
This section discusses an alternate way for representing a linear system. This is the
state space method of representation. It is more general than the transfer function since
state space models can be used to represent time-varying systems and multi-input, multi-
output systems as well as the single-input single-output ones.
A state space representation takes a linear differential equation of order n and splits
it into n first order differential equations. In general, the state space representation of an

nth-order system with m inputs and k& outputs will be of the form

X =Ax+Bu

y =Cx+Du (A0

where x is nx1, A is nxn, B is nxm, uis mx1, y is kx1, C is kxn, and D is kxm. For a time

varying system, the matrices A, B, C and D may be made time varying. In virtually all




real systems, there is some propagation lag from input to output, and thus the matrix D,
which represents immediate or direct transfer of the input to the output, is the zero matrix.
When D is zero, some of the calculations to be shown here are simplified slightly, and so it
will be assumed that D = 0.

It is a simple matter to switch from a state space representation of a linear time
invariant system to a transfer function representation. In general,

a, s""'+--as+a,

n-1

-1
s"+b, 8" +--4b,

0 1 0 0 (0]
0 0 1 0 0
A= g B=
0 0 0 1 0
L —b, -b, —b, _bmqjﬂn _l_ml
C =[ a, a, a, a,. ]m

(1.11)

Itis possible to represent the same system with an infinite number of state space
| models through the use of similarity transforms. Let the matrix S be invertible, and let
‘ X = Sx, and therefore x =S™'X. From (1.20), if X = Ax + Bu, then premultiplying by S
yields

Sx =SAx+SBu, or

; 1.12
X =SAS™%+SBu S

The output y is obtained as y = CS™'X. Now letting A =SAS™, B =SB, and

C=CS", the equivalent state space system

+Bu

Il
>
»

(1.13)

“
]

@l

0



can be written. Note that this representation has the identical input-output relation as the
original system. The transformation A =SAS™ is called a similarity transform. One
important property of similar matrices is that they have the same eigenvalues.

The solution of a state space differential equation will be stable if and only if each
eigenvalue of the system matrix A has a negative real part. This criterion is of course
identical to the test of a transfer function, which had to have all of its poles with negative
real parts for stability. In fact, the eigenvalues of a state space linear time invariant
representation are always equal to the poles of the system's transfer function.

State space representations are also available for discrete time linear systems. In

this case, the system is described as

x(t+1) = Ax(¢) +Bu(?)

1.14
y(t) =Cx(t)+Du(z) G
It is also easy to switch from a discrete transfer function to a state space
representation:
a, 27"V +..az" +a,
2" +b, 27"+ +b,
[0 1 0 0 1] (0]
0 0 1 0 0
A= : B=
0 0 0 1 0
L =b, —b, -b, _bn-l_,,x,, |+ dxi
C =[ ay a, a, n-1 ]lx,,
(1.15)

As is the case with continuous systems, the poles of the discrete transfer function
correspond to the eigenvalues of the system matrix of the state space representation. As

was discussed in the section on stability, discrete systems must have all their poles within
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the unit circle to ensure stability, and thus all eigenvalues must be less than unity

magnitude.
1.2 Nonlinear Dynamic Systems
1.2.0 Background for Nonlinear Differential Equations

This section discusses some basic mathematical definitions which are required for

some of the material discussed in this Chapter and in Chapter 2.

Definition : C °, the set of continuous functions, is defined as:

Let C° ={f:R" — R"|f is continuous }

Definition : C’, the set of continuous differntiable functions, is defined as:

Let C' ={f:R" > R|f €C, f € C°}

Definition : Flow of a differential equation

Let f €C',f:R" — R". Let x(t) be the solution to the differential equation
x’(t) = f(x),x(0) = x,. Then the flow determined by f is the n-parameter set of

all possible such solutions.

The flow is written as an operator which acts on an initial value, i.e., g'x(0). The
flow may be thought of as describing the evolution in time of the physical system which f
represents for all possible initial values. A pictorial representation of the flow, where
possible, is perhaps the most meaningful way it may be represented. For instance, it is

X

known that for n=2 and f(x) = I: ] the flow for x, (0),x,(0) > 0 is as shown in

X2

Figure 1.2.



11

Figure 1.2: Sample flow for two-dimensional function
It is said that f points inwards on a set 8 if x(0) € § implies x(¢) € SV 2>0.
Thus, once the flow enters such a set, it never leaves. The set {(xl ,)62)|x1 y Ky > 0}

constitutes such a set in the above example.

Definition : Inverse of a function

h7! is called the inverse of hif h™' (h(x)) = x Vx € R"

Definition : Homeomorphism

A function h:R" — R" is a homeomorphism on R”" if and only if:
1. h is one-to-one and onto
2. heC’

3.heC”
Definition : Topological Equivalence of Flows

Two flows g' and f' on R"are topologically equivalent if there exists a

homeomorphism 4: R" — R" such that A(g'x)=f‘h(x) VX € R" and Vi€ R.
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1.2.1 z-Transforms, Transfer Functions and Nonlinear Systems

This section will discuss aspects of nonlinear differential equations which do not
apply to linear systems. Although there is a very extensive amount of material which falls
into this category, only information which is relevant to the motivation and understanding
of this thesis is presented here.

z-Transforms and Laplace Transforms - two of the most common tools used by
modern engineering analysis - take place within the context of Linear Systems Theory.
The switch from analyzing a system in the 'time domain' to ‘Laplace domain' is so common
that often it is forgotten that such a switch can only be made if the system in question is a

linear, time-invariant one. Consider a simple non-linear system defined by the relationship
e(k)-.5¢* (k —=1) = u(k)+.3u(k - 1) (1.16)

Note the similarity of this example to the simple linear system
e(k)—.5e(k—1)=u(k)+.3u(k-1) (1.17)

Equations (1.16) and (1.17) are identical except that the term .5e(k — 1) has been
changed to .5¢*(k—1). Equation (1.17) may be written in the z-domain as

14+.3z7"
1-.5z7!

E(z)= U(z). However, when the z-Transform is applied to equation (1.16), the

quadratic term causes difficulty. Transforming gives

Je’(k-D=Y e’ (k-1z*
k=0

00

= z"';ez(k)z"‘ (1.18)

* 27 (E(2))°



13

Unlike when equation (1.17) was transformed to the z-domain, it is impossible to
factor E (z) out of each term and thereby separate the effects of the input from the effects
of the system. In this nonlinear system, the behaviour of the system is intricately linked to
the dynamics of the input. Thus in this case, there is no simple resulting expression for a
transfer function. Unlike the linear example, it is not possible to say whether or not the
nonlinear system will be stable for all stable inputs.

For the system defined by equation (1.17), both the properties of superposition and
invariance to scaling apply. However, in (1.16), neither property holds. It is this fact that
dictates the applicability of the z-transform. The z-transform relies on superposition to
allow specification of the system response as the sum of its response to basis functions.

This example shows that it is impossible to separate the behaviour of a nonlinear
system from the input. This is one of the reasons that nonlinear systems are more difficult
to analyze than linear ones. There are no simple tests for stability. Furthermore, there is
no way to conveniently represent the system as something which is separate from the input.
In the next section, it is proven by way of a simple example that the stability for a general
nonlinear system, about which nothing is known, cannot be guaranteed without some

knowledge of what the input is.

1.2.2 Non Global Stability

This section discusses non global stability, a phenomenon whereby a nonlinear
system is stable for some initial values but not for others. The simple example of the
previous section is used to illustrate this.

Equation (1.16) illustrates a serious problem associated with nonlinear systems.
This simple example exhibits non-global stability. It is simple to verify that the response
to an impulse-like sequence, u(k) ={a,0,0,0,...} (which is clearly a stable input
provided a stays finite) will decay to zero provided that the value of a lies between -2.3736
and 1.7736. But when a is outside of this range, the response grows without bound

towards positive °. Note that this sort of behaviour cannot occur in a linear system since
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a linear system by definition has responses to scaled inputs which are scaled by the same
factor, as was stated in property (1.2).

A system which exhibits non-global stability is dangerous from the point of view of
system designers. This is because a designer may implement a controller which has been
thoroughly tested and appears to be stable, only to discover that vastly different system
behaviour can occur if the input lies even just slightly outside the test range.

1.2.3 Input-Dependent Stability

This section discusses a type of nonlinear system which exhibits input-dependent
stability. Input-dependent stability is a form of non-global stability, where a system which
appears to be stable for a given input can actually become unstable with a slight change to
the input.

Consider a nonlinear differential equation of the form

X= fix.u) (1.19)

If the function f () has a solution x, with the property
f(g(®)x,,u) = g(t)x, f,(u), then input-dependent stability can arise. For instance,

consider the function
f(x,u)=ux (1.20)

Assume that some bounded input function u, exists which produces some bounded
output x,. A stable function u, is shown by the solid line in Figure 1.3, and its response

X, is the solid line in Figure 1.4.
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Figure 1.3: Inputs u, and u,
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Figure 1.4: Responses x, and x,

Now consider a function x, = hx,, where the function # is to be specified shortly.
The question of interest here is, what input is required to give the output x, ? The product

rule for differentiation says that

%, = hx, +hi, (1.21)
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and equations (1.19) and (1.20) yield
X, =u,x, =u,hx, (1.22)
Equating these two results in a differential equation for A:
hx, + hx, = u,hx, (1.23)

which can be simplified as follows:

hx, +hi, = hxu, +hx, (u, —u,)
hx, +h(x, —x,u,) = hx,(u, —u,) (1.24)
h=h(u, —u,)

since X, = XU, .

Now let h = t*, where k>0. Then h=kt*" and equation (1.24) can be solved to
yield

k
u, =uo+7 (1.25)

Note that this function approaches u, as t — . However, since x, = hx,, the
response to this input is x, = t* X,, which may grow without bound. Thus two functions
which appear to be very similar can in fact produce responses which are topologically
distinct.

This is illustrated in Figures 1.3 and 1.4. Figure 1.3 shows two inputs, ©, and u,

which are given by

u,(t)=sint

sint, 1 <50 (1.26)
w, (1) =1 |
sinz+4/t,t>50
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The time interval shown is [0...100]. Thus the two inputs are identical for the first
half, and after that vary by less than 8%. The responses to these two inputs is shown in
Figure 1.4. Clearly, x, and x, are identical for the first half, and then X, begins to grow
without bound.

After dealing with linear systems, it is very surprising to see this kind of result. It
seems unlikely that such a small difference in the input can produce such a difference in
the output. The extra term added to u, was less than 8% at its maximum, and had
decreased to less than 4% by the end of the interval shown here. Terms of this magnitude
are often intentionally neglected in the analysis of differential equations.

The reason that this example has been used is to show that nonlinear differential
equations can have a response which is highly dependent on the input. It is never possible
to state with complete confidence that a nonlinear system is definitely stable since it has
been thoroughly tested, since it is never possible to apply all foreseeable inputs to it and
measure the response.

The ramifications of this for identification and control are serious. Nonlinear
controllers are sometimes used in critical applications, such as the control system of a
forward-swept-wing fighter jet[8], where failure of the control system results in
catastrophic results. In these situations, the highest priority of a controller must be to
remain stable.

In Chapter 2, a traditional design for a nonlinear identification scheme is presented.
This design is tested and is known to be a good way of identifying nonlinear systems, but
nothing is known about the stability of the resulting model. This is motivation for the
original work presented in this thesis, which is the use of neural networks which are known

to be stable as a basis for a nonlinear identification model.
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1.3 Optimization

This section gives a brief discussion of some well-known optimization techniques.
The purpose of this section is to present the techniques of optimization which are used
later in this thesis to develop training algorithms for neural networks.

Optimization is concerned with choosing a defined mathematical model which is 'the
best' or optimal in some sense. Often, a parameterized model exists for a physical system,
in which case the job of optimization is to select the parameters which allow the model to
most closely represent the physical system.

Optimization is concerned not only with selecting the best values, but also with the
best way to select these values. There is a large number of techniques currently in
existence which have been developed to do this[7] , but a discussion of them is beyond the
scope of this thesis. This section will primarily discuss two concepts which are used in
this thesis. Section 1.3.0 discusses the concept of a cost function, and Section 1.3.1
describes the method of gradient parameter adjustment.

1.3.0 Cost Functions

A cost function takes as inputs the model and the physical process which the model
approximates and rates in precise mathematical terms the effectiveness of the model. As
an example, consider the linear circuit shown in Figure 1.5. Depending on the initial value
of the voltage V, on the capacitor, the equation for V(¢) is V (¢) = Voe'y”c. An

~t/t

optimization problem may be to take a model V (z) = Ae™”" and select optimal values for

Aand T.

vl ==c SR

Figure 1.5: Simple Electrical Circuit
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One possible measure of the effectiveness of the model is the integral-squared-error:

IV = %[V -v @) dr (1.27)

Another possible cost function is the instantaneous squared error,
~ ~ 2
JV) =40 -v©) (1.28)

The most important criterion for a cost function is that it should have an absolute
minimum value. When the cost function has obtained this value, it is then possible to say
that the model has attained its best possible result. In the two sample cost functions shown
here, this minimum value is 0.

1.3.1 Gradient Methods

This section discusses an optimization technique which is used to adjust the
parameters of a model. This technique is called the gradient descent method. The reason
for this is that the parameters are adjusted so as to cause the cost function to decrease
along the gradient of the cost function with respect to the parameters. This is not always
the best way to adjust parameters in the sense that sometimes better adjustments can be
made by going in a different direction[7], but it is guaranteed to produce a model which
has been improved.

The gradient descent method states that if O is a parameter of the model, then adjust

0 according to the relation

do aJ (0)
—=-N— 1.2
dt N 20 (2%

The parameter T} controls the rate at which the parameter is adjusted. The optimal

selection of this value is in itself an optimization problem which is difficult to solve.
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Often, a value in the range [.1,.5] is used, although this is merely an empirical rule of
thumb|[7].
As an example, consider the cost function of equation (1.28). Again consider the

—t/%

simple linear circuit of Figure 1.5, and use as a model V(t)= Ae™*. A gradient

parameter adjustment for the parameter A is obtained by using the chain rule for

differentiation:
aA _ o
dt ~  0A
aJ oV
=-N—%— 1.30
Tlav A (1.30)

=-nV@)-V (1))

Using this technique, it is possible to obtain parameter adjustment formulae for all
the parameters in the model. This technique will be used later in this thesis to obtain a

formula for training a neural network.
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1.4 Neural Networks

This section presents an overview of neural networks. Definitions for various kinds
of neural networks, including static neural networks and dynamic neural networks, are
given. Some of the popular training methods for neural networks are also presented. This
section does not cover all facets of neural networks, but rather is intended to introduce the
background information which is pertinent to the work in this thesis. For a more thorough
overview of neural networks see [19].

The layout of this section is as follows. Section 1.4.0 discusses static neural
networks, section 1.4.1 discusses dynamic neural networks, section 1.4.2 presents a
method of training called self-organization or Hebbian learning, and section 1.4.3
describes the method of back propagation for training.

1.4.0 Static Nets
As the name implies, static neural networks are governed by a static rather than a

dynamic, or differential, equation.

ul
1
u2
s W
. O
un-l
u Wn

Figure 1.6: A sample neuron

Figure 1.6 shows a typical neuron in a neural network. Each value labeled u; is a
real-valued scalar input to the neuron. The output of the neuron, sometimes called the
activation, is labeled o. The values labeled w; are called the connection weights. The

input and output are related by the activation equation:
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o=f|y wu (131)
where the function f () can be any desired nonlinear function. Some commonly used

functions are the hard-limiter,

0,x<9

= 1.32
i) {l,xzﬁ W2

the semi-linear function,

0,x<0

B 133
fi(x) {x,xZO (1.33)

and the sigmoid nonlinearity:

1
1+e™

f,(x)= =9 (1.34)

These three functions are illustrated in the following diagrams.

£(x)

1+

Figure 1.7: Hard limiting neuron activation function
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JACY)

Figure 1.8: Semi-linear neuron activation function

X

Figure 1.9: Sigmoid neuron activation function

Note that as ¢ increases for the sigmoid activation function, it begins to resemble an
offset version of the hard limiting neuron. Also note that for small values of x the sigmoid
function is approximately linear.

When a collection of neurons which all have the same input are arranged together,

the resulting grouping is called a /ayer. A layer is shown in Figure 1.10.
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Figure 1.10: A single layer

For convenience, the input and output are sometimes vectorized, and the resulting

activation equation is written as

0 =f(Wu) (1.35)
with
T
o=[o, o, 0, ,
u=[u, u u]’,
W{ wll w12 Wln
T
w w, Y w,,
W — .2 = 21 2 2
Wz wml Wm2 wmn
(1.36)

This can be represented pictorially as
W
O 0

Figure 1.11: Alternate representation for a single layer
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When the activation function is some sort of monotonically non-decreasing function,
such as the three functions introduced here, a single layer neural network of this variety
can be used to implement a least-mean-square-error detector[18]. If there are m hypothesis
signal vectors labeled h, to h,, set the weight vectors of the m neurons in the output
equal to h, to h,, respectively. When the input is set to h; + n, where n is a noise vector,
neuron i will have the largest expected activation.

To see this note that the problem of choosing w to maximize h,.Tw for a given
magnitude of vector w can be solved by using the method of Lagrangian multipliers[7] to
change the constrained optimization problem to an unconstrained one. It is therefore

necessary to find the solution to the optimization problem

J(w,A)=h]w +)»(1—wrw) (1.37)

which is easily seen to be given by w = h,. Thus, in the neural network described in the
preceding paragraph, neuron i will have the largest activation when input h, is present due
to the non-decreasing activation function. The matter of deciding which signal is present
merely involves checking to see which neuron has the largest activation.
Neurons in the single layer configuration shown in Figure 1.10 with a hard-limiting
activation function can make decisions about which side of a linear decision boundary the
input lies. For instance, in a two-dimensional model, the decision plane as a function of

the input is depicted in Figure 1.12.
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activation = 0 ("off")

—_rrr

activation = 1 ("on") N \%\ \\

Figure 1.12: Decision boundary for neuron in a single layer

In some applications, this decision boundary may not be complex enough. For
instance, a classification problem may require a decision boundary which is curved. In
order to implement more complicated boundaries, multilayer neural networks may be used.

For instance, a two layer neural network is shown in Figure 1.13.

Figure 1.13: A two layer neural network

The two layer neural network can implement curved decision boundaries. However,
it cannot implement decision boundaries which have non-contiguous areas which are to be

classified together. In order to implement these types of decision boundaries a three-layer
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neural network is required. In fact, it can be shown that a three-layer neural network can
implement an arbitrarily complex decision boundary provided there are enough neurons in
the network [17].

It has been shown [10],[22] that a two layer neural network can approximate any
deterministic function over a specified input range with the proper connection weights and
with a sufficient number of neurons. In this case, the activation function must be
continuous, so the hard-limiter function is not admissible as an activation function. This

means that a two layer neural network, which will have a response

0 =f,(W,f (W,u)) (1.38)
can in theory be made to have the same response as any function,

0=g(u) (1.39)

1.4.1 Dynamic Neural Networks
The neural networks described in the previous section were called static neural
networks since the activation equation contained no dynamics. The neural networks
described in this section are called dynamic neural networks since the activation equation
is a differential one.
The type of dynamic neural network which is of relevance to this thesis is governed

by the activation equation

O =-TO+Wf(0)+b(z) (1.40)

In (1.40), there are N neurons divided into & classes, and

(1.41)
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is the state of the neural network. The topology of the network is determined by the
network connectivity matrix W, which is itself composed of matrices which define how the

k classes affect each other:

Wu w12 o wlk
W = : (1.42)
Wkl wk2 o Wkk

The N X N diagonal matrix T,

T=diag{“c,‘ ,‘EN}, T, >0 (1.43)

is the matrix of neural relaxation constants. The N X 1 vector b(#) is the input to the
neural network, and f(Q) is some nonlinear function.

A sample dynamic neural network is shown in Figure 1.14 Note the existence of
multiple feedback paths. This is the distinction between recurrent neural networks and
static feedforward ones as described in section 1.4.0. A feedforward neural network
consists of layers, where the output of the first layer is the input to the second, the output
of the second is the input to the third, and so forth. A recurrent neural network can have a

much more general structure. Dynamic neural networks of this type can also be used to

make decisions, much like the static neural networks described in the previous section[5].
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Figure 1.14: Sample Dynamic Neural Network

1.4.2 Back Propagation in Neural Networks
This section describes a technique known as 'the method of back propagation of

error' which is commonly used to train the static neural networks described in Section
1.4.0. In the previous sections, it was mentioned that neural networks can be used to make
decisions with the proper selection of the connection weights. This section will outline one
method used for selecting these weights. Like the gradient optimization methods, this
technique adjusts the connection weights in a direction which decreases an error function,
which is calculated as a measure of the difference between the actual and correct

responses. The chain rule for differentiation is used to obtain formulae which describe the

weights' depedence on the error.

Figure 1.15: Multilayer Neural Network
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Figure 1.15 shows an arbitrary multilayer static neural network which has a single
neuron in the output layer. The techniques shown in this section can be generalized to
neural networks with more neurons in the output layer, but one neuron is used here for
clarity.

Assume that the neural network is to be trained so that the output y is to have a
specified value in response to several different inputs. The training procedure is as
follows. An input pattern is applied to the network, and the output value is calculated by

applying equation (1.35) for each layer. An error may then be calculated as
e=y-y, (1.44)

where y, is the desired value of the output neuron.

In a manner analogous to the optimization techniques of section 1.3, define a cost

function J(e) as, for instance,
J(e)=1¢ (1.45)

Then, it is desired to adjust the weights of the neural network in a direction opposite

to the gradient of the cost with respect to the weights. Thus,

oW

=—T— 1.
dt "ae et

; . . aJ
where O is a connection weight somewhere in the neural network. To compute % , use

the chain rule to obtain

o _ o,

98 do, 90 -



31

where weight 0 is connected to neuron o,. The second derivative may be calculated from

the activation equation:
do, _ 0
90 90 f()-;w""o’) (1.48)
=f ,(Si)oj

where weight 0 is weight w;, and the notation s; = Z w;;0; has been introduced for
J

clarity.
The first derivative in equation 1.47 can also be easily calculated. If o, is the

output node y, then the derivative is merely

2l
S ==y =e (1.49)
0.

i

Thus, for weights connected to the output layer, the weight adjustment formula is

dw,
L = ‘T\f/(s,- )(y -Y; )0,'

dt (1.50)

— —116,.0]

where the notation 8, = f’(s,)(y — y,)has been introduced. For clarity, 5, will be

alternately referred to as 8, for the output layer.
If o, is in the layer immediately before the output layer, then note that by the chain

rule,
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U _dy
a—oi - dy do,
= f7(8,)(y=ya)wy, (1.51)
=6ywyi

where weight w; connects o; to the output. Note that the error term O, has been
propagated from the output to the preceding layer. This is where the term 'back
propagation' is derived. Equation (1.51) and (1.48) may be combined to obtain a weight

adjustment formula for neurons in the layer preceding the output:

aw,
=B W, (),

(1.52)
=-Nd,0,
where 8, =0, w,, f'(s;).
This procedure may be repeated for each preceding layer, by propagating the error

from the layer which has just been adjusted to its input. The general adjustment formula is

dw,
- = "“01261:”’1:;
3

dt (1.53)

= -—T]f),.oj
where the index  runs over all the connections from neuron 0, to the layer above it.
The parameter M controls the rate of adjustment of the weights. If 1] is too large,

then the weight adjustment formula can become unstable, but if it is too small then the
training algorithm can take an excessively long time to converge. There is currently no

method for determining the optimal value for 1}.
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1.4.3 Self Organization and Hebbian Learning in Neural Networks

The previous section discussed a method for adjusting the neural network weights
which was rooted in a mathematical optimization problem. This section discusses a
method of training which has its basis in the observation of biological neurons. This is
called Hebbian learning. Hebbian learning can be applied to either static or recurrent
neural networks. Due to the lack of any other method, Hebbian learning has traditionally
been the method of choice for training recurrent neural networks.

In 1949, D.O. Hebb suggested that a type of learning called associative learning
occurs in biological neural networks by strengthening the connection of weights between

neurons which are both active. In mathematical terms,

’ « 0.0, (1.54)
dt il

Note that since the activations are always positive, this implies that the connection
weights can only strengthen. In simulated neural networks, it is often useful to add a term

which mimics the natural atrophy of neural connections, so that

aw,
—L 0,0, —kw,

1.55
dt & s

where & is some unspecified constant which controls the rate of 'forgetting'.

Note that no mention is made of a reference or desired target value for an output
neuron. This is similar to the case in biological neural networks where the network must
learn in an unsupervised manner. This type of training can be used to allow the neural
network to discover primitives in the input sequence which are relevant to that sequence.
For a good example of this type of learning, see [11]

Hebbian learning is not used in this thesis, but it is mentioned here to describe the

traditional method of training recurrent neural networks. Chapter 2 discusses a new
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method for training such neural networks which, like the back propagation method

discussed in the previous section, is based on an optimization problem.

1.5 Chapter Summary

This chapter has provided background information necessary for developing the
notions and techniques used in the rest of this thesis. It is beyond the scope of this chapter
to give a full treatment of linear system theory, nonlinear differential equations, or neural
networks. For a more thorough discussion of linear systems consult [8],[9],[12] or [15];
for nonlinear differential equations consult [3],[9] or [16]; for neural networks see

[51,[10],[13],[14] or [17].
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Chapter 2: Identification

Introduction

The purpose of this Chapter is to present the theoretical work which has been
previously used for identification of unknown nonlinear systems. In developing this work,
some linear system theory is presented. The main focus of the discussion on linear systems
is to show how linear identification schemes work, and why similar schemes cannot be
used for nonlinear systems.

The topic of stability is mentioned throughout this Chapter. It is emphasized
frequently that stability is the most important part of any identification procedure which is
to be used in any critical application. The Section on linearity also discusses the hazards
associated with the stability of nonlinear systems. The reason for this is to motivate the
use of neural networks which are proven to be stable as the tool for identification of
nonlinear systems.

In this Chapter, linear identification schemes are discussed in Section 2.0. Section
2.1 discusses traditional nonlinear identification schemes, including the use of Volterra

Series and neural networks.

2.0 The Linear Model

The main purpose of this Section is to discuss on a theoretical level the reasons
underlying the difficulties which nonlinear identification schemes have. Since linear
identification methods perform so well, in the first part of this Section, linear methods are
discussed in detail, and the reasons that nonlinear systems are more difficult to analyze are
shown. This will include a discussion of the method of least squares, and gradient

parameter search methods. The applicability of these methods to nonlinear systems is also
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covered. Finally, there is a brief discussion of the concept of persistent excitation in linear

systems, and how this notion applies to nonlinear systems.

2.0.1 Linear Identification Schemes

This Section uses the z-Transform technique to show that linear identification
schemes parameterize the systems they attempt to identify. Then, it is shown why a
similar parameterization is impossible for nonlinear systems. In the following Sections
there is then a discussion of some well-known linear identification schemes, including the
method of least squares, and recursive gradient parameter search methods.

All linear system identification schemes rely on properties 1.1 and 1.2, which were
the definitions of a linear transformation. These properties were the properties of
invariance under superposition of signals and scaling of signals. This is true because they

all assume that the discrete-time system in question may be modeled as

n

Z;ake(z—k)=ibku(t—k) (2.1)
k=

k=0

or for the continuous case,

n X m
Zake( ") =Z bu®(t) (2.2)
k=0 k=0
Thus, the assumption that the system in question is a linear one actually allows a
great deal to be known about it. It allows a useful, parameterized model to be assumed for
the system. It is a fact that if the order of the system is known, so that n and m in

equations 2.1 or 2.2 are known, then these equations will model any and all linear systems,

provided the parameters a, and b, are identified.
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A similarly elegant model is not available for nonlinear systems. The reason for this
is that it is not possible to specify a finite set of functions which can determine any and all
nonlinear systems. In the nonlinear example of Section 1.2.0, the term .5¢” (z — 1)
occurred in the difference equation. In order to accommodate this, a parameterized
nonlinear model would have to include a term of the sort a,ce2 (r=1) to incorporate the
effects of the quadratic term. But this does not allow for the presence of cubic terms, or
higher order polynomial terms, trigonometric terms, exponential terms, or other yet-
unnamed functions.

Thus any nonlinear identification scheme has a much more difficult job of
identification than a linear one since the model it assumes cannot be neatly parameterized
into a set of unknowns @, and b, . Clearly this is going to have an effect on how quickly or
accurately the identification method will converge. This is the main reason that linear
identification schemes work so well.

The next two Sections discuss two linear identification methods. These are the

method of Least Squares, and Gradient Parameter Search Method.

2.0.2 The Method of Least Squares
A good example of a linear identification scheme is the method of Least Squares. In

this method, it is assumed that a linear system exists, and that the system is modeled as:

y(t+1)==ay(t)-...—a,y(t—n+1)+bu(t)+...+b u(t—m+1)

2.3
= (1)0 =5

where

e:[al...a" b]...bm]T
@) =[=y(0)---=y(t=n+1) u(®)---ut-m+1)]"
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If several samples of the output are considered at once, using the notation

Y =[y1) y2) - y@)]

o M 2.4)
o) =

" (1)
then the following equation arises:
Y(t)=P(1)0 (2.5)

Gauss was the first to show that the vector 0 which minimizes the square error

defined as

V() =" ()e(t)

2 x (2.6)
= (PO -Y (@) (D(1O-Y (1))

is given by:
0=(d"D)'dTY 2.7)

provided that the matrix ®” @ is invertible. This can be seen by expanding (2.6) and

completing the square :

V@)=YTY -Y"d0-0"d"Y +0" "D
=Y (I-D@D D) dT)Y + (2.8)
0= (D7D DTY) T DO - (T D) dTY)
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The first term is independent of 0 , and the second is always non-negative since
®"® is always positive semi-definite. Thus the minimum is obtained by setting the
second term to zero, which can be achieved using equation (2.7).

Although this technique can be used to give optimal values for the parameters, it has
the drawback that it requires the inversion of a matrix, as well as the calculation of the
matrix ®” @, which can be potentially time consuming. Furthermore, if this method is
used in a recursive manner, so that at each time interval new (and hopefully more accurate)
parameters are obtained, a matrix inversion and calculation of ®"® must be performed at
each step. This is unacceptably time consuming. In order to combat this, another method
which is more suited to a recursive application has been developed. This is the topic of the

next Section.

2.0.3 Gradient Parameter Search Method
This technique uses the optimization methods discussed in Section 1.3.1. The
gradient parameter search method is a more general technique than the method of least
squares. All that it requires is that the system has been parameterized into some set of
unknown variables. The technique can be extended to nonlinear systems, as is discussed in
detail further in this Chapter.
For linear systems, it is assumed that the model in question has been parameterized

as in the preceding Section. Thus the model is defined by

Je+1) =9 (1)0 (2.9)

As above, it is desired to minimize the square error of the difference between the

parameterized model and the observed output y(7). Let the instantaneous value for the

cost function be




J(0) = Ye’
® =% ) (2.10)
=@ (10— y(1))*
Now consider a recursive parameter adjustment scheme which adjusts the
parameters in a direction which causes the error to descend along the gradient:
d_G = —YQ'L (2.11)
dt 20

Here, v is a parameter which controls the rate of adaptation. This derivative can be

evaluated by using the chain rule for differentiation:

=—ve—= (2.12)

This is a simple and effective scheme, and if the cost function has a single minimum
then this scheme will approach it, provided the system is active enough to allow for

identification. This condition is known as the input being persistently exciting.

2.0.4 Persistent Excitation
This Section discusses what is meant by the term persistent excitation, and relates
this concept to the invertibility of the matrix ®” @ in the method of least squares.
Persistent excitation is a concept for linear systems, and its implications and limitations for

nonlinear systems is also discussed here.
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At the end of Section 2.0.3, it was mentioned that the system in question could be
identified provided the input was ‘sufficiently active'. A simple example will help to clarify
this. Consider the FIR discrete system described by the difference equation

x(t) =bu(t)+bu(t—1)+e(t) (2.13)
where e(7) is a stochastic signal which could represent the measurement noise. This system
has two unknowns. For a first attempt at identification of the unknowns, the step input

u(t) =k is applied and the response from time =1 on is measured. After N

measurements, the Grammian of the matrix @ is easily calculated to be

QP = N[]; i:] (2.14)

This matrix is clearly singular, and thus parameter identification is not possible.
This is to be expected, since equation (2.13) shows that with the step input, the
measurement equation is always x(¢) = 2k(b, +b,)+e(t). Thus, the two unknowns
always appear as a sum, and so can never be uniquely determined.

For a second identification technique, consider applying a single-tone sinusoid of
known frequency ® to the system. The Grammian after N measurements (when N
becomes large) is

(2.15)

' = N|: 1 cos (D:l

cosm 1

This will be positive definite, and thus parameter identification when the input is a
sinusoid is possible.
When the input results in a Grammian of size nxn which is positive definite, then the

input is said to be persistently exciting of order n. When this occurs, the input can be
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seen from equation (2.7) to be 'sufficiently active' to identify » parameters. If more than
unknowns exist in the model, then the input will be insufficient to allow for identification.
In the example of equation (2.13), the step function was incapable of allowing for
identification of the two unknowns because a step is persistently exciting of order 1. The
sinusoid allowed for identification because a sinusoid is persistently exciting of order 2.

Persistent excitation can be defined as requiring that the Grammian be nonsingular.
However, there are other methods to test for persistent excitation which do not actually
require the Grammian to be calculated or directly tested[2]. If the system has a finite
impulse response, so that the matrix & only contains input terms, then it is clear that the
Grammian is just the statistical estimate of the autocorrelation matrix of the input. Thus,
persistency of excitation can be checked by examining the statistics of the input. Doing so
leads to the conclusion that white noise is the 'best' input since samples of it are completely
uncorrelated, and so its autocorrelation matrix is always nonsingular, no matter how many
samples are used. Thus, white noise is persistently exciting of any order. The opposite of
this is a pulse, whose autocorrelation matrix approaches 0 no matter how few parameters
are to be identified. A pulse is not persistently exciting of any order.

This discussion of persistent excitation is grounded in the linear model. Thus, its
conclusions are not directly applicable to the realm of nonlinear systems. However, due to
the lack of anything which is as general for nonlinear systems, the intuitive concepts of
persistent excitation may be borrowed. It is expected that identification will be most
accurate if white noise is used as the input to the nonlinear system. This, however, is not
specific enough. In the simple nonlinear example at the beginning of this Section, it was
shown that the dynamics of the system may change drastically for even just small changes
in the input. Thus, it is required that the input must cause the output to span the entire

desired operating range. This is quite different from a linear system, where white noise of
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variance 1 will completely identify a system. Here, if white noise of variance 1 is used to
identify the system, and the system is driven with white noise of variance 3, then

identification is no longer guaranteed.

2.1 Nonlinear Identification

This Section discusses other efforts at identification of nonlinear systems. The main
focus is on work started in 1990 by Narendra et al[14]. This technique, like the one to be
discussed in Chapter 3, is based on a neural network model. However, the architecture
and dynamics of the network used by Narendra varies significantly from the one used in
Chapter 3. The drawbacks of this method are also discussed, as motivation for the original
work presented later.

In Section 2.1.1, a well-known nonlinear identification technique known as the
method of Volterra Series identification is described. In Section 2.1.2, it is shown how
static feedforward neural networks may be connected to form more complex, dynamic
systems. Section 2.1.3. provides some information on structural stability, and discusses
the implications of this for the dynamic systems of Section 2.1.2. Section 2.1.4 describes a
method, called Dynamic Back Propagation, which can be used to train the networks

described in 2.1.2.

2.1.1 Volterra Series Identification
This Section gives an overview of a technique first investigated by Volterra early in
this century. The approach is an extension of linear analysis techniques which applies to

nonlinear systems[3].

x(t) y(t)

9 i) s

LN s

Figure 2.1: Block diagram for Volterra Model



Volterra's approach is to view a nonlinear system as a cascade of a linear dynamic
system with a static nonlinearity. Figure 2.1 shows such a system. Many nonlinear
systems can be shown to be described by such a model, although a system which has
nonlinear feedback, such as a system which exhibits hysteresis, clearly cannot. In Figure

2.1, h(1) represents a linear system, which can be described by the relationship

x(1) = J’h(r)u(z —1)dt (2.16)
Thus, y() is given by
y(0) = £([ rout = )ax) @.17)

When the nonlinearity f{x) is expanded in a power series, a Volterra series results.

The expression is

y()= i‘[---jhn('tl,‘tz,...,T")I:Iu(t—‘t‘-)d‘ti (2.18)
=1

n=1

The functions h,( Ty ‘ci) are referred to as Volterra kernels. As an example,
consider the case when the nonlinearity of Figure 2.1 is given by f (x) = x + x2.

Substituting this into equation (2.17) results in

3(0) = [ h(@u(t ~0yde+{[(Dutt 1))
= [h(u(t-v)ax +[ e ute =)dv, [, )u(t -y,
= [h(Ru(t = vydr+[ [ h(xh(eut =7 )u(t -,)dvdr,
= [ e)ut=)dn, +[ [ by (vt =1 ut - 1)dv dr,

(2.19)
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This is seen to be of the same form of equation (2.18).

Using the Volterra series approach reduces the job of identification of the nonlinear
system to the identification of the kernels. In practice, this task is quite difficult. First, a
convenient method of representing the kernels must be decided upon. The simplest method
is a numerical model which stores function values in a large array and uses interpolation to
produce approximate values.

Another problem is that although equation (2.19) shows how the input u(7) is related
to the output y(7), the relationship is very complex, even for this simple second order
nonlinearity. If it is possible to take the unknown system offline and drive it with Gaussian
white noise, then a method for obtaining /, () and hz(tl ; t2) is possible by considering

some correlation functions:

¢,(0) = E[y(D)u(t-0)]
= [ Iy (x)E[u( - 7,)u(t - 0)]dr,

(2.20)
[ [y (v Bue = v (e = 7, )u(t - o) dr,

0,(0,,0,) = E[y(D)u(t-o)u(t-0,)]
= Ih‘ (T,)E[u(t - T )u(t—o,)u(t —0'2)](111
+”.i5 (7, ) Blult —t)ut —1)u(t —o ) )u(t — 0,) Jdr,dx,

(2.21)

This expression simplifies greatly since the autocorrelation function for white noise

is the delta function. Thus,



¢1(G) = hl(c)

2.22)
¢2(01902) = E[Y(t)]6(01 "02) +2hz(01’0'2)

and the kernels are given explicitly.

Although this technique results in an elegant solution for a second order
nonlinearity, the method does not generalize to higher orders. Furthermore, the stipulation
that the input must be white noise can be inconvenient in many real systems.

Another series method of nonlinear system identification is the Weiner Series. The
primary advantage of the Weiner Series over the Volterra series is that in the former the
series is assumed to be made of orthogonal functionals. This simplifies the calculation of
the kernels somewhat[3]. Although the results are different from those given above, a full
treatment of the Weiner Series is out of the scope of this thesis.

A major difficulty which all series methods have is that they require an extremely
large amount of input/output data points in order to ensure persistency of excitation. The
number of data points increases as k", where & is the number of points required for
identification of the first-order kernel, and » is the order of the kernel. This can be clearly
seen by observing that the number of parameters of the kernel is equal to its order. £ is
generally around 30, and so even just a third-order evaluation would require on the order
of 27000 data points.

Another disadvantage of this method is that only limited type of systems can be
identified using this method. For instance, if nonlinear feedback, such as hysteresis, is
involved, then there is no guarantee of the accuracy of the solution[3]. This is because the
model assumes the system to be a cascade of a linear dynamic system with a static

nonlinearity.
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These methods also share a major problem of the feedback networks discussed
earlier in Section 2.1. This is the problem of stability. Once again, a complicated model is
used which is difficult to analyze. There can be no guarantee that the resulting model will
be stable under all the conditions it may face during use. In many applications this
concern will preclude the use of this method.

This Section has discussed some of the more common series methods which are
available for nonlinear system identification. The difficulties in using these methods has

also been discussed.
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2.1.2. Feedback Networks
In this Section, a method is described to show how the static feedforward neural
networks described in Section 1.4.0 can be used to create a dynamic system. This is
achieved through the use of feedback. The implications of this, in terms of stability of the
overall system, are also discussed. It should be noted that the work presented in this
Chapter and in Section 2.1.4 was originally presented by Narendra et al in [14].
A general, single input, single output (SISO) dynamic system can be approximated

by a sampled data, discrete time system as :

x(t+1) = f(x(t),x(t=1),...,x(t =m),u(t),u(t =1),...,u(t—n)) (2.23)

This is well-suited for implementation by a neural network. As mentioned in
Section 1.4.0, a two-layer neural network, denoted by N, can implement a general function
to a specified accuracy. Thus, the configuration shown in the Figure 2.2 can implement

the system described by equation (2.23), provided that N can implement f{).

u(t)— W(z) i N >x(1)

W(z)

Figure 2.2: A Feedback Neural Network for Implementing Systems Described by (2.19)

Here, W(z) and W(z) are linear transfer operators which serve to generate the
delayed versions of the input and output. Thus the addition of feedback, with the

appropriate time-delay units, can create a dynamic system from a static neural network.
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Sometimes, it is known that the function f{) in (2.23) has some specified form. For
instance, it may be known that the effects of the input and the state are separable, so that

(2.23) becomes
x(t+1) = f,(x(@),x(t =1),...,x(t =m)) + f, (u(@),u(t = 1),...,u(t — n)) (2.24)

In this case, a special architecture may be used for the neural network which
capitalizes on this information. Using a system composed of two, perhaps smaller, neural
networks, such as shown in the following diagram as N and N9, can perhaps result in a

more manageable solution.

u(t)—/> W(z) NI N2 >x(1)

W(z)

Figure 2.3: A Neural Network to Implement Systems Described by (2.20)

Again, W(z) represents a linear transfer function which is used to generate the
required delay values. There is intuitive appeal to using this type of a network rather than
the more general one in Figure 2.2. In this network, the knowledge that the effect of the
input and built-in dynamics can be separated into distinct functions and combined using
summation is incorporated by the use of the two neural networks, denoted N/ and N2.
When extra information is used, it generally makes sense that the solution will be better. It
is true, however, that this type of a neural network is less flexible. For instance, there may

be difficulty modeling a system of the type

x(t+1)=x(u(r) (2.25)
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since here the feedback is not added to some function of the input, but rather is modulated
by it. In this case, the network shown in Figure 2.2 should be used.

This discussion has been included to highlight the fact that matching the attributes
of the neural network based model to the known attributes of the system makes sense. In
later Sections, this same argument will be used to motivate the use of neurons which have
built-in dynamics when modeling dynamic systems.

An extremely important point to note with the system shown in Figures 2.2 and 2.3
is that they may very well be unstable. This is due to the feedback connection. The neural
networks involved implement nonlinear functions, and hence it is not a simple matter to
check for stability. If they were simple linear systems, it would of course be possible to
carry out analysis to show their stability or instability. Furthermore, since there are
generally a large number of neurons in the network, the analysis methods which are
available for nonlinear systems, such as the use of Liapunov functions or graphical
methods, become intractable. Even if the neural network seems to have been trained (such
as by using the method described in the next Section) and is following the plant, which is
perhaps assumed to be stable, it is still true that since it is a nonlinear system then even the
smallest difference between model and plant can mean that one is stable and the other is
not. This is the topic of the next Section.

This Section has discussed the basic method for creating a dynamic system from a
static neural network. It has also described the chief hazard in this method, which is the
problem of stability. The next Section expands more fully on this hazard. A method for

training these neural networks for identification follows in Section 2.1.4.
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2.1.3 Structural Stability and Implications for Identification
This Section discusses the structural stability of nonlinear systems. The term is first
defined and then is explained more fully using some simple examples. This information is
used to show a potential hazard of the type of neural network described in Section 2.1.2.
Structural stability is a branch of dynamic system theory which investigates the
effects of changing a differential equation on its solutions[9]. A possible definition for

structural stability is

Definition: Structural Stability

A vector field f € C l(.B) which points inwards on the boundary of 5
is said to be structurally stable on J if there exists an € > 0 such that

for all vector fields f € C'(4), if | f - | <&, then the flow

determined by f is topologically equivalent to the flow determined by
:

Simply put, this means that if the differential equation defined by x = f (x) is
altered slightly, then the DE is said to be structurally stable provided that the solutions
before and after the alteration do not vary too drastically.

Of course, structural instability arises when the solution does vary drastically when
the equation is modified slightly. A simple example of a system in which this occurs is

given by the DE

¥=pr—x° (2.26)
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For |L < 0, all initial values of x have the same asymptotic solution: lim x(r) = 0.

(>
However, if . > 0, there are stable points of the DE at x = iﬁ . This is known as a
pitchfork bifurcation, a name which results from the shape of the graph which is made
when the flow is plotted against i . This is shown in Figure 2.4.

This sort of behaviour results in limit cycles in two dimensional systems, and even
more complicated behaviour for higher dimensional systems. No matter how small i is

made, the behaviour of the systems with it < 0 and p > 0 will be topologically distinct.

X
vV |
I | N\ N\
w v v
] "
AN AN |
| l
o N
dibrium Poi
o Equ br1umFl(())‘1;1t —4 —

Figure 2.4: Flow vs. |l for equation 2.17

The implication of this for modeling of nonlinear systems is serious. Consider the
case when some model is being used to identify a nonlinear system which has some
structural instability. For instance, suppose that the system was described by equation
(2.26) with |L <0. As mentioned, this system is globally asymptotically stable. If the
model used discovers relation (2.26) but uses a positive value for |1, then a topologically

different model results.
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In this example, the bifurcation point was easy to see, and it is possible to argue that
if a model was on one side of the bifurcation point and the plant on the other, then it would
be easy to see this and the model would be changed to rectify the problem. However,
many systems contain bifurcation points which are much more difficult to see. Some
bifurcation points may have their effects felt for very specific inputs, similar to the cases
seen in Chapter 1. If the training procedure for the neural network fails to cover these
inputs, then the bifurcation point may not be discovered until after training is done. If the
neural net is being used in some critical application, this could have catastrophic results.

It is true that the structural stability of a system will be an inherent property of it,
and thus it is arguable that no matter what kind of an identification scheme is being used,
the problem will always exist. However, it is also true that given this knowledge it is best
to guard against the worst case scenario. Since the type of neural nets shown in Figures
2.2 and 2.3 have no guarantee whatsoever about their stability, they should always be
treated, even when they are fully trained, as if they could possibly become unstable under
the correct conditions. In Chapter 3, a type of neural network is introduced which can at
least guarantee asymptotic stability. This is undeniably preferable to the networks shown
here when the network is being used in critical situations.

Given these limitations, it is still useful to investigate more fully what the neural
network configurations of Section 2.1.2 can do. In the next Section, a method for training

a neural network of the type described in 2.1.2 to follow a given plant is outlined.

2.1.4 Dynamic Back Propagation
This Section discusses the extension of the backpropagation methods introduced in
Chapter 1 to the dynamic configurations of neural networks introduced in the previous
Section. This is a technique which has been called dynamic back propagation by Narendra

et al[14]. Some results of this technique when applied to simple systems are also shown.



54

In the latter part of this Section, a simplification to the method is made which allows static
backpropagation to be used. This simplifies the training procedure. The effects of this
simplification are also discussed.

Consider the following system, which is similar to those discussed in the previous

Section:

u)—( 4 L N > x(1)

W(z)

Figure 2.5: Architecture for backpropagation
The task of developing a backpropagation method for this system is quite similar to
developing one for a static neural network. As in Chapter 1, the chain rule for derivatives

is used extensively. Define the cost function as:

J = J(e)

2.27
= JG() = 5(0) —

As in Chapter 1, the rule used to minimize this is a gradient descent rule. If 0 isa
parameter, i.e., a connecting weight, within the neural network, then the gradient descent

rule says to use the adjustment formula:

dt ' 98
2.28
__ o o
ox 00

It is interesting to note the similarity of this method to that of the gradient parameter
search method discussed in Section 2.0.3. Equation (2.28) shows that what is required to

be known is the derivative of the output with respect to each parameter which is to be
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adjusted. Unlike the static networks discussed in Chapter 1, the derivative dx / 90 is

actually obtained as the solution to a differential equation. For clarity, let dx / 90 = d(1).

From Figure 2.4, it is seen that

ON(v)
d(ty=—" 2.29
) % (2.29)

Using partial differentiation, and keeping in mind that v is also a function of © , this

can be rewritten as

ON dv oN
dt)=——+— 2.30
@) dv do * 20 (230

This may be further rewritten to show the dynamics of this equation:

oN dv oN
dly=" S T
@ v d0+80
_8_Nd(u+W(z)x)+a_N
T oy do 00
2.31
N dx N Rk

__W i Bl
P

oN oN
= gW(Z)d([)-i-—a—e

Due to the presence of the transfer operator W(z), d(r) is calculated as the output of
a linear difference equation. The partial derivatives dN / dv and dN /90 are easy to

calculate using the static backpropagation methods discussed in Chapter 1. If it is
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assumed that the parameter vy in equation (2.28) is small, so that 0 can be assumed to be
constant compared to the variations of x, then it can be said that using (2.31) to adjust 0
will result in a stable parameter adjustment rule, since W(z) is certainly stable. This is to
say that the parameters themselves will remain bounded; however, there is no guarantee
on the stability of the system which uses these parameters.

Equation (2.31) provides the means to assure a gradient adjustment of the
parameters, but it is rather complicated. It shows that for each parameter in the network, a
certain number of derivatives, equal to the order of W(z), will have to be calculated at each
point that a parameter adjustment is desired. This is time consuming since there are
usually a large number of parameters, i.e., 20 for a small neural network, 500 or more for
a large one.

To help alleviate this problem, Narendra[14] has proposed a simplification to the
calculation of the gradient dx / d0. In the simplification, the dynamics of the model which
arise from the feedback connection are ignored. Instead, it is assumed that the error at the
current instant of time is a function of the current state of the network and input only, and
the past states of the model do not affect the current error. For such a neural network,
static backpropagation can be used. For the purpose of the correction of the weights, the
model shown in Figure 2.5 effectively becomes the one shown in Figure 2.6. The error is
propagated from the output to the input of the neural network in the manner described in

Section 1.0.4.

u(t) + P N

x(t-1)

Figure 2.6: Effective Simplified Architecture for Back Propagation
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2.1.5 Summary of Feedback Networks

In Sections 2.1.0 to 2.1.4, it was shown that it is possible to design a model of a
dynamic system using static neural networks by connecting a feedback loop. It was
mentioned that such a network could implement an arbitrary system provided the order of
the system was known and there were sufficient neurons in the network.

Section 2.1.3 discussed the largest problem with this method, which is that the
stability of the neural network model is never assured. This is a problem when dealing
with nonlinear systems since structural instability can sometimes arise. This can lead to a
model which seems to be giving good following but is actually unstable.

Section 2.1.4 developed a good method for training the dynamic neural network
models of the earlier Sections. In addition, a simplification was made which allowed the
less complicated technique of static back propagation to be applied to the training of

dynamic models.
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Chapter 3: Stable Neural Networks for
Identification of Nonlinear Systems

Introduction

This Chapter focuses on a class of dynamic recurrent neural networks which are
known to be stable. A training method, including a logical motivation for the choice of an
architecture, as well as a procedure for training the neural network, is presented. Although
the stability of the neural networks has been previously shown[5], the application of these
neural networks to the complex task of system identification is novel.

The organization of this Chapter is as follows. Section 3.0 gives an overview of the
class of stable neural networks. Section 3.1 devlops a training procedure for this class,
and Section 3.2 devolps a logical choice for an architecture for using such neural networks

for identification of nonlinear systems.

3.0 Stable Neural Networks

This Section gives a summary of a class of stable neural networks. This class of
neural networks is discussed in full detail in [5]. This Section is included to give an
overview of the work of [5]. There, it is shown that asymptotic stability is ensured for

neural networks which are described by the differential equation

0 =-TO + Wf(0) +b(z) @3.1)

In (3.1), there are N neurons divided into k classes, and

(3.2)
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is the state of the neural network. The topology of the network is determined by the

network connectivity matrix W:

Wi W, o Wy
W=| : (3.3)
Wa W - Wy

The N X N diagonal matrix T,

T =diag{t,, ... ,Ty} (3.4)

is the matrix of neural relaxation constants. The N X 1 vector b(?) is the input to the

neural network, and f(O) belongs to the class of so-called neuromime functions, which

are defined as X = {f |f :RY =R f continuous, f monotonically non-decreasing,
satisfying a Lipschitz condition and 30 € R such that f(0) = 0}.

In [5], it is shown that the sufficient condition on W that guarantees asymptotic
behaviour is that it must contain all of its positive entries on one side of the main diagonal.
This gives an easy way to check whether a neural network is stable. For instance, the

neural network shown in Figure 3.1 has a connectivity matrix given by

3.5)

It was shown [5] that the neural network governed by the differential equation (3.1)

is stable in the sense described below provided that the connection weights in submatrices
W,, and W,, are non-positive (i.e., inhibitory). Alternately, stability is ensured if the

weights in submatrices W,,, W;,, W;,, W,, and W,, are non-positive.
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Figure 3.1: Sample Neural Network

The term stability is applied to the neural network shown in Figure 3.1 as follows.
Essentially, when the input to the neural network is held constant, the state O evolves and
is bounded above and below by a so-called poly-exponential function. Precisely, the

system

O0=-TO+Wf(O)+b (3.6)

where b is an N X 1 constant vector, has solutions O(t,Oo) which are bounded as
K-e*P(1)<0(1,0,) <K - ¥P(1) (3.7)

where A and A are N X N positive diagonal matrices, P(¢) and f’(t) are N X1 vector
polynomials of finite order, and K and K are N X1 constant vectors. The less-than

operator is applied to N X 1 vectors meaning

K, <K, oK, <K, Vi=12,.,N. (3.8)

One important point to note is that the class of neuromime functions maps into the
positive reals. Thus, any neural network defined by (3.1) will have a positive output.
This may pose a problem for identification and control applications, which generally

require both positive and negative values. However, this problem is not serious since in
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general a neural network, or any nonlinear identification scheme, will be computer-based,
and therefore will be dealing with a sampled data stream. Thus, it is possible to calibrate
the digital-to-analog and analog-to-digital converters so that the input and output for the
neural network ranges from 0 to 2", or a scale factor may be introduced so that the input
and output vary between 0 and 1. Thus, the positive-only restriction is not a problem.
This Section has presented a class of neural networks which are globally uniformly
bounded by poly-exponential functions. The test for this stability was seen to be very
simple to use in an arbitrarily complex neural network. These neural networks have been
trained in the past to perform various non-dynamic tasks, such as performing an exclusive-

or of two inputs[5]. The neural networks have been trained using Hebbian learning.

3.1 Training procedure for Stable Neural Networks

This Section discusses a method for adjusting the weights and other parameters of
neural networks that are stable in the sense described in Section 3.0. The general approach
that is used here is to define a criterion and then adjust the parameters in a direction that
will decrease this cost. In this sense the technique is similar to linear recursive adaptive
methods [2] and to classical back propagation [17]. However, since the stable neural
networks described in Section 2.2 have certain restrictions on the polarity of the
connection of classes, a straightforward gradient adjustment is not possible. A solution for

this is also presented here.

3.1.1 Gradient of Cost Function
The general equation for calculating the behaviour of the class of neural networks

of interest here is

O0=-TO+WFf(O)+b (3.9
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using the same notation introduced in Section 3.0. One possible criterion for measuring

the performance is the quadratic cost function

J(e)=1/2(0-0,)"A(0-0,)

(3.10)
=1/2e"Ae

where O is the desired state of the neural network. Matrix A is used to eliminate from
the cost any neurons whose state is not crucial. A is a diagonal matrix with /'s
corresponding to output neurons and 0's elsewhere. As in other recursive adaptive

methods[2], parameters O in the neural network are adjusted along the negative gradient of

this cost, i.e.,
—Y (3.11)
dt 90 '

The chain rule for differentiation is used to allow for the calculation of this gradient

for parameters associated with neuron j:

oJ _ aJ 9o,
30, 3
=yio—" (3.12)
J ae .

The notation v ; is used to denote the derivative of the cost with respect to the

activation of neuron j. If neuron j is an output neuron, this derivative is simply given by

Yi =039, (3.13)
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In a manner analogous to traditional back propagation of the error [19], this
gradient may be calculated for units that are not output neurons by using the values of the

gradient in all the neurons & that have neuron j as inputs:

00,
Yi=2 Yas
’ ); do; (3.14).

= Z’YkAkj

Here, the notation A,; has been introduced to represent the partial derivative

do, /do; . To calculate A,;, it is necessary to use the differential equation which defines

the behaviour of the neural network. Rewriting equation (3.9) specifically for neuron £,

and using the operator D to represent differentiation results in
(t, +D)o, =2w,q.f(oj)+bk (3.15)
J

Differentiating (3.15) with respect to 0; results in
Akj=—TkAkj+ijf’(0j) (3.16)

Note that unlike classical back propagation, the equation governing the propagation
of error from one class to the next is a differential equation.

All the derivatives that are required in equation (3.12) to adjust a parameter 0 have
now been obtained, except for the derivative do; /0. The next Section discusses the case
when 0O is a connecting weight, and the Section following that discusses the case of

parameters of the differential equation, such as the relaxation constant T or parameters of

the activation function f ().



3.1.2 Input Weight Adjustment

Let © represent a connecting weight w; which connects neuron / (input) to neuron
J. Use the notation & ; =do, /dw, . Using equation (3.15), and differentiating with

respect to w ; , the differential equation for & ; is obtained :

ke
&,‘z =_T,’E:ji+f(0,-) (3.17)

Again, unlike classical back propagation, this equation is a differential equation.

Using this equation and the results of the previous Section, equation (3.12) may now be

written as

Ji

dt

=-ny £, (3.18)

with vy ; calculated using equation (3.13) or (3.14) as appropriate.

3.1.3 Adjustment of Structural Parameters
The same analysis that was used to determine how to adjust the connection weights
can also be used to obtain a formula for adjusting any of the other variables that
parameterize the neural network. For instance, a formula for adjusting a parameter of the

activation function f () or the neural relaxation constants T ; (analogous to time constants

for a linear system) in a way that will reduce the cost function can be obtained . Consider

an activation function of the form

f@) =11+ gy (3.19)

0,0<0
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The parameter O controls how much input causes the neuron to saturate; the larger
it is, the harsher the nonlinearity. Since there is no way of knowing a priori what an
optimal or even appropriate value for this variable is, it makes sense to adapt it while

training the connection weights. Since the value 7y ; will already be available during

training of the weights, the only further calculation required is the derivative

v; =00,/d0 ;. Using equation (3.15), it is seen that

df (0,)
P =R T,
Y w;0,(:25= f(0)),0,20 (3.20)
k& 0,0, <0

Using this formula to calculate the value for v ;, the nonlinearity parameter may be

adjusted using the relation
do
_dt =-My,v, (3.21)

Using the same technique, it is possible to calculate §; =do; /d7; to adjust the

relaxation constants. This is useful since it is not know beforehand how fast a system the

neural network will be trying to identify. The technique from above yields the differential
equation for 3 :

Bj +21ij +1,°B; ='Z w; f(0;) (3.22)

and an update formula for T; of
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dt.
_;Tf — (3.23)

It is important here that the relaxation constant T is not adjusted at too great a rate,

or else equation (3.22) is not valid since T, is a treated as a constant.

3.1.4 Weight Clamping

Section 3.0 describes a class of neural networks that are asymptotically stable. This
condition is guaranteed provided that the connectivity matrix W has all of its positive
entries on one side of the diagonal [5]. However, equation (3.18) gives a formula for
adjusting the connection weights that may violate this condition. To combat this, it is
necessary to check the polarity of certain crucial weights after each weight adjustment.
For instance, as discussed in Section 3.0, if the weights labeled W, in Figure 3.1 are
guaranteed to be non-positive, then the neural network will be stable. Thus after any
weight in W, is adjusted using (3.18), the weight should be checked to ensure that it is not
positive. If it is, then it should be clamped at 0. This technique ensures that inhibitory

weights stay inhibitory throughout the training procedure.

3.2 Stable Neural Network for Identification

This Section uses the results of the previous Section to motivate a neural network
architecture suitable for identification of nonlinear systems. In Section 2.1, it was
mentioned that using knowledge about the system to be identified can result in a more
efficient model. Similarly, this Section discusses some general properties of nonlinear
systems and uses these properties to motivate a suitable identification architecture.

Specifically, a nonlinear system is described as being a linear system whose 'poles’ move
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depending on the level of the output or input. A type of neural net, called a scheduler

class, is presented which takes advantage of this kind of a nonlinearity.

3.2.1 Nonlinear Systems
This Section discusses nonlinear systems as linear systems which have 'poles' that
move depending on the level of the input or output. Consider the simple nonlinear system

described by the relation

§ =g (3.24)

1+4y°

If y remains relatively constant near some value y_, then this system can be
approximated by a first order linear system that has a pole at —(1+4 yi )~'. This kind of
approximation is often used to design a linear controller for a nonlinear system which is at
some operating point[8][9]. If y varies from this value significantly, then the 'pole’ can be
thought of as roving in some sense. Although strictly speaking this is not an exact
description of the behaviour of the system, it does illustrate one of the more common types
of nonlinearity which is encountered in real systems such as valve flows and airplanes
cruising at various velocities.

A model can be designed to take advantage of this kind of nonlinearity. A linear
model can approximate the nonlinear system over a small range of operation, and many
such linear models can be designed to approximate the entire system at different points.
Then, a scheduler can be used to determine which particular linear model is used, based on
the level of the inputs and outputs of the overall system. This technique is often used to
design nonlinear controllers using linear control theory[8]. One of the major difficulties is
producing a smooth transition when the scheduler determines it is time to switch from one

simple model to another. Another problem is developing the linear models, which can be
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numerous if there are more than one input or output, or if the system varies significantly
from range to range.

In the following Sections, a neural network model is proposed which will do the
scheduling and modeling described here. This is a new technique for neural network
modeling since it uses a logical choice for the design of the architecture rather than using
an all-purpose neural network [14]. As in Section 2.1, the purpose of using knowledge
about the way a system operates is used to produce a model which should be more

efficient.

3.2.2 A Simple Neural Network for Identification

This Section describes the architecture for a simple neural network which is shown
to be able to implement general first and second order linear systems. Since the method of
partial fraction expansion can be used to break a linear system of any order into the
parallel combination of first and second order responses, it follows that using enough of
these simple neural networks in parallel will result in a model capable of identifying an

arbitrary linear system.

Figure 3.2: A simple neural network for Identification
Figure 3.2 shows a neural network containing 4 neurons whose dynamic behaviour
is described by equation (3.1). The results of Section 3.0 state that this neural network
will be stable provided that one (or both) of the feedback weights connecting 05 to 03 is
inhibitory. Assume for convenience of notation that 03 inhibits 05. In this Section, the

activation function takes the form
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0,0<0
0,020

f(0) ={ (3.25)

Furthermore, it is assumed that the input is biased so that the state of the neural
network always stays positive. Thus, the activation function is essentially linear and may
be ignored in equation (3.1).

The evolution equation for o4 is then seen to be
0, =—T,0, +W,0, + W0, (3.26)

If the relaxation constant T, is small compared to the time constants of the other

neurons, then o4 merely tracks its inputs. Thus, the input/output relation takes on the

familiar form of a state space equation:

« |= + 0,
03 Wiy —T3 |03 Wi

(3.27)

where w,, is positive to ensure the stability of the neural network. Using eigenvector

analysis, the poles of this system will be located at the roots of the equation

det[?&l—[_Tz —W’-‘D=o (3.28)
Wy =T

which are given by
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)+ \/(Tz +1,) 41,75 + WyWy)

2 (3.29)
(17213 + Wy Wsz)

A= ”%(Tz +71

\/(”52 +’C3)—4

7&2=—}4(T2+T3)— 2

The only restriction here, imposed to ensure stability of the neural network, is that
W, is positive. If wy is fixed at some value, then the system of equations in (3.29) is still
two equations in three variables, and so has an infinite number of solutions for any desired
value of A, and A,. Thus, the poles of the system may be placed arbitrarily.

As mentioned at the beginning of this Section, a linear system of higher order can be
described by a parallel combination of second order responses. Thus, if more neurons are
added in classes 2 and 3, the neural network shown in Figure 3.2 can implement a linear
system of any order.

In general, the activation function used will not be the linear one shown in equation
(2.59). However, if the function is continuous, then the results of this system will still

apply provided that the neurons operate within their linear range.

3.2.3 Scheduler Neurons
This Section discusses a neural network which is shown to be capable of
implementing the scheduling task as required in the overall nonlinear system as discussed

in the introduction to this Section. This type of neural network is called a scheduler class.
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Excitatory Class

Inhibitory Class

Figure 3.3 : Architecture for Scheduler Network

flo)

o ¢

Figure 3.4: Activation Function for Neurons in the Scheduler Network

Figure 3.3 shows a simple neural network whose output can have a peaked response
with proper selection of the weights a,b,c and d. A peaked response means that the neuron
will have an activation of zero for low-level inputs, a positive activation for medium level
inputs, and again turn off for high-level inputs. The weights of the neural network have
the connection polarity marked on the diagram, and stability is ensured since there is no
feedback loop. The activation function used has a response as shown in Figure 3.4. The
theory of operation now follows.

When the input is small, the fact that the threshold O > O ensures that there will be
no output. When the activation of the input class increases to the level 0, both the

excitatory class and the inhibitory class will begin to have a non-zero output.
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Let a > b. Then the output of the excitatory class will always be larger than the
output of the inhibitory class. This can be seen by examining the steady state value of a
neuron which follows equation (3.1). This steady state value is seen by setting the
derivative to zero, which is a valid way of determining this steady state value since it is
known that the network is asymptotically stable. Assuming that all neurons have the same

time constant, the steady-state output of the excitatory class is

0, = Y.af (0,)
while that of the inhibitory class is
0y = Y.bf (0,)

Clearly the excitatory class will have a larger output since a>b. Now consider the
output class. Let the connection weight d be larger in magnitude than the weight c,
although as mentioned d will be inhibitory and ¢ will be excitatory. Since the output of the
excitatory class is larger than that of the inhibitory class, there will be a region where the
excitatory class has passed the threshold O of the output class but the output of the
inhibitory class has not. During this region, the output class will turn on.

When the input becomes very large, both the output of the inhibitory class and the
excitatory class will have passed the threshold ¢, i.e., they will be in the saturation region.
Since the magnitude of 4 is larger than that of c, the net effect will be that the output class
will be inhibited. This will turn the output off.

Thus, the overall response of the output class is peaked. It will be off for low
inputs, on for medium level inputs, and off for high inputs. This sort of response can be
used for scheduling. By proper selection of connection weights and thresholds, each
neuron in the output class can have a peak that occurs at a different value. By making the
input to the scheduler network the input or output of the whole system, different neurons in

the output class will come on depending on the level of the input or output Each of these
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scheduler output neurons can be used to turn on or off various neurons in the modeling
neural network, and so different models will become active depending on the input or
output levels.

It is interesting to note that neural networks which have this kind of peaked response
actually occur in nature. In the cerebellum, which among other things is used to perform
motor control, an architecture similar to the one shown in Figure 3.3 exists[5]. Neurons in
the output class have the characteristic peaked response.

In the next Section, a method for using this kind of a neural network to perform a
scheduling task is described. For clarity, the scheduler network is referred to as a single

class, made up of neurons which have a peaked response as described in this Section.

3.2.4 Integrated Identification Architecture
Section 3.2.2 described a simple neural network which could implement an arbitrary
linear system. Section 3.2.3 described a class of neurons called scheduler neurons which
had a peaked response. This Section discusses how these two results can be used together
to produce a neural network architecture which is suitable for identification of nonlinear

systems.

Figure 3.5: An Architecture for System Identification
Figure 3.5 is the architecture which is proposed for identification. Neurons in the
scheduler class, which is marked S in the diagram, have a peaked response as described in

Section 3.2.3. Figure 3.5 shows that the scheduler class receives input from I and O. The
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scheduler is then used to inhibit neurons in the rest of the neural network. The classes

marked 71 and 712 are arranged in the format described in Section 3.2.2. Their task is to
implement the modeling which that Section described. In order to ensure stability, the
feedback connection from 712 to 71/ is made inhibitory, and the scheduler class will also only
inhibit.

The scheduler class inhibits different neurons in the modeling Section of the neural
network different amounts depending on the level of the input or output. Thus, depending
on the value of the input and output, different neurons in 7! and 712 will be active. This
allows the neural network to take advantage of the type of nonlinearity discussed in

Section 3.2.1.

3.3 Summary

This Chapter has discussed an architecture which is suitable for identification of
nonlinear systems. A basic analysis of nonlinear systems was presented, showing how
nonlinear systems can be thought of as linear systems which had their pole locations vary
depending on the level of the inputs and outputs. Then, a neural network was shown which
could implement an arbitrary linear system. A neural network was also designed which
had a peaked response, and this was explained to be suitable for the task of scheduling
various models for different input and output levels. These two neural networks were then
combined to produce an architecture which is suitable for identification of nonlinear
systems. Thus, a logical explanation for this choice of architecture was presented, based

on a basic analysis of nonlinear systems.
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Chapter 4 : Experimental Results

4.0 Linear System Identification

In this Section, identification of linear systems is discussed. First-order and second-
order linear systems are identifi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>