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Abstract 

This thesis deals with the design of finite memory filters for both the one 

and the two dimensional cases. 

Finite memory filters have many applications in real time control, es­

timation and identification, particularly in cases where the information about 

the system dynamics and the noise statistics is not precisely known. A re­

cursive finite memory filter is developed to fit an nth order polynomial to 

equally spaced measurements. The parameters of the filter are determined by 

applying a weighted least-squares performance index, and therefore the sta­

bility of the recursive finite memory filter is guaranteed. The implementations 

of the nonrecursive and recursive finite memory filters are obtained and the 

performance of both filters is compared. 

The performance of the finite memory filter is compared with the one 

of discrete Kalman filter. It is shown that the finite memory filter requires 

considerably less computations than the Kalman filter. The Kalman filter 

showed a better performance in the presence of white Gaussian noise while in 

the presence of non-gaussian noise both filter performed similarly. 

A 2-D finite memory filter is developed by a second order bivariant 

polynomial to a set of 2-D measurements. A weighted least-squares perfor­

mance index is used to ensure stability and the performance of the recursive 

and nonrecursive implementation is compared. 
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Chapter 1 

Introduction 

1.1 Review of Literature 

A large class of estimation problems is concerned with finding an optimal 

estimation of some quantity ( an unknown parameter, a random variable, or 

a random signal) based on measurements of a linear function of this quantity 

corrupted by additive noise. This estimation problem can be considered as a 

special case of the general approximation problem which can be roughly stated 

as the approximation of an unknown quantity from a combination of known 

quantities. This problem can be formulated either deterministically or proba­

bilistically. Modern estimation methods use known relationships to compute 

the desired information from the measurements, taking into account measure­

ment errors, prior knowledge of the information, the effects of disturbances 

and control actions on the system. Diverse measurements can be blended to 

form "best" estimates, and information which is unavailable for measurement 

can be approximated in an optimal fashion. Filtering is the process of extract­

ing information from data which may only infer the desired information and 

which may contain errors. 

The pioneer of a "theory" of estimation in which attempts are made to 

minimize various functions of the errors can be contributed to Galileo Galilei 
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m 1632 [l]. Then came a whole series of illustrious investigators, including 

Roger Cotes, Euler, Lagrange, Laplace, Bernoulli, and others [2]. 

In 1809, the German mathematician K. F. Gauss invented the tech­

nique of deterministic least-squares and employed it in a relatively simple orbit 

measurement problem [3]. He defined the least-squares estimation in the fol­

lowing manner: [3] " ... the most probable value of the unknown quantities 

will be that in which the sum of the squares of the difference between the 

actually observed and the computed values multiplied by numbers that mea­

sure the degree of precision is minimum." Since then, the various aspects of 

the least-squares method have been considered extensively in the literature 

[4]. The contribution by Fisher [5], Wiener [6] and Kolmogorov [7] are of 

particular importance. 

Fisher's contribution [5] was the introduction of the maximum likeli­

hood approach in connection with the probability density function. Contrary 

to minimizing the function of the difference between estimate and observa­

tion, Fisher proposed that the maximum of the probability density function 

is determined by maximizing the logarithm of this function. Therefore, the 

relationship between the least-squares method and probability theory was es­

tablished. Utilizing random process theory, Wiener [6] proposed a procedure 

for the frequency domain design of statistically optimal filters. This technique 

addressed the continuous time problem in terms of correlation functions and 

the continuous filter impulse response and it was limited to statistically sta­

tionary processes and provided optimal estimates only in the steady-state. In 

the same time period, Kolmogorov [7] gave a comprehensive treatment of the 

prediction problem for discrete-time stationary processes. 

With the stimulation of the increased usage of the digital computer in 

1950's, the idea of generating least-squares estimation recursively was intro­

duced [8]. This work is generally considered to have sparked the widespread 
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interest in the subject and the subsequent development of "Kalman filtering". 

One important milestone in the area of linear filtering is Kalman's 

papers [9,10]. He provided an alternative way of formulating the least squares 

filtering problem using state-space methods. The two main features of the 

Kalman filters are (1) vector modeling of the random processes under consid­

eration and (2) recursive processing of the noisy measurement data. Further, 

Kalman filter equations provide an extremely convenient procedure for dig­

ital computer implementation. Different from other filters, such as Wiener 

filter, Kalman filters are very general, can be applied to both stationary and 

nonstationary processes and can include the initial conditions of processes in 

estimation, prediction and filtering. The practicality of the Kalman approach 

to the estimation problem has become immensely popular in aerospace appli­

cations such as navigation and guidance. 

The filtering theory developed by Kalman assumes that the system 

dynamics are completely known and precisely modeled in the filter and that 

the noise is Gaussian. However, there are many applications in control, guid­

ance and marketing where the process parameters or the statistics of the noise 

are not precisely known. In these cases estimation algorithms, which require 

the dynamic model or the noise statistics, may diverge. Such applications 

include gun fire control [15] and radar signal detecting [16] where the noise 

has a Rayleigh distribution. A way to avoid divergence is to limit the memory 

of the filter, which curtails the growth of the actual estimation error covari­

ance matrix. A brief survey on limited-memory filtering can be found in [11]. 

The development of recursive filters with limited memory, was addressed by 

several authors, most notably Schweppe [12] and Jazwinski [13]. Their ef­

forts concentrated on a particular case of interest, namely, the case of discrete 

signals with state-space models having no driving noise. The more complete 

work accomplished by Bruckstein and Kailath [14] provided the solution to a 



4 

general linear state-space model with driving noise for both continuous and 

discrete time signals. 

A special class of limited-memory filters are the polynomial finite mem­

ory filters. These filters have a finite impulse response and, hence, are suitable 

for such applications where the process and/or the noise characteristics are 

unknown or too complex. The recursive algorithms for finite memory filters 

of first, second and third order were first introduced by Nesline and Zarchan 

[15] for the gun fire control. However, these filters have the disadvantage of 

possibly becoming unstable in a finite wordlength implementation. This prob­

lem was resolved by Agathoklis and Hamza [17] by introducing a weighting 

factor f3 which gives a recursive finite memory filter with stability margin 

11 - /3- 1 1. This technique was extended to 2-dimensional systems by Agath­

oklis and Foda [19] and the resulting 2-D finite memory filters were applied 

to image processing. 

1.2 Outline of the Thesis 

This thesis is organized as follows: 

In Chapter 2, a brief review of the results of linear estimation is pre­

sented. The least-squares, the recursive least-squares and Kalman filtering 

techniques are introduced and briefly discussed. Two alternative forms of the 

Kalman filtering are given and their particular features are also briefly com­

pared. Finally, the condition between least-squares estimation and Kalman 

filtering is discussed. 

In Chapter 3, a generalized recursive algorithm is developed for an nth 

order finite memory filter. The parameters of the filter are determined by ap­

plying a weighted least-squares performance index, and therefore the stability 

of the finite memory filter is guaranteed. The implementations of the nonre-
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cursive and recursive finite memory filters are obtained and the performance 

of both filters is discussed. This work has been published in [21]. 

In Chapter 4, Kalman filter and finite memory filter are applied to 

a simple problem. The parameters of a first order polynomial are estimated 

using Kalman and finite memory filters and the results are compared. The 

criteria used are (1) computation time (2) relative square error between the 

estimated value and the real value from t 0 to tN. The computation require­

ments for both methods are obtained and the system responses to the ramp 

signal corrupted with noise are compared. Two cases are considered. In the 

first, the noise is Gaussian while in the second it has a Rayleigh distribution. 

In Chapter 5, a second order 2-dimensional finite memory filter is 

designed. The original 2-D function is approximated at each step by a second 

order surface. The corresponding equations for the nonrecursive and recursive 

finite memory filters are derived using a performance index which includes a 

weighting factor. The weighting factor ensures the stability of the recursive 

implementation of the 2-D finite memory filter. Further, the noise performance 

and the frequency response of the filter are studied. This work has been 

published in [20]. 

In Chapter 6, a summary of the topics covered m this thesis and 

suggestions for future work are presented. 
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Chapter 2 

Linear Estimation 

2 . 1 Int roduction 

A large class of estimation problems is concerned with finding an optimal 

estimate of some quantity (an unknown parameter, a random variable, or a 

random signal) based on a measurements of a linear function of this quantity 

corrupted by an additive noise . One possible approach to this problem is de­

terministic or probabilistic least-squares estimation. The deterministic case is 

principally concerned with the approximation problems and the finite memory 

filter is an example of this approach. The probabilistic case deals mainly with 

estimation problems and the Kalman filter is related to solving this type of 

problems. 

In this chapter, a brief review of some of the linear estimation technique 

is given. In Section 2.2, the deterministic least-squares estimation is present ed 

while in Section 2.3 the Kalman fi lter approach is reviewed. Finally, the 

relationship between deterministic least-squares estimation and Kalman filter 

is discussed in Section 2.4 . 
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2.2 Deterministic Least-Squares Estimation 

2.2.1 Least-Squares Technique 

Consider a set of measurements, Zi, which are linearly dependent on the 

unknown quantities Xi by the following expression 

(2.1) 

where xis an n-dimensional vector, Hi is a measurement matrix, vi is a vector 

of measurement noise and the size of the vector z may be different at each 

measurement [22]. It is assumed that there are k measurements available, 

which can be symbolically represented by 

(2.2) 

zk is the m-dimensional composite vector of all the observations which can be 

written in partitioned form as 

(2.3) 

Hk and Vk are a m X n matrix and a m x 1 matrix, respectively, defined by 

(2.4) 

(2.5) 
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The problem is, then, to select an estimate Xk of x such that the quadratic 

measure 

(2.6) 

is minimized, where R;1 is m x m symmetric, positive definite weighting 

matrix. The resulting least-squares estimate, ikLs, is found by setting 

(2.7) 

which yields 

A (HTR-lH )- lHTR-1 
XkL s = k k k k k Zk (2.8) 

Define 

(2.9) 

then XkLs can be expressed as 

(2.10) 

Note that these results have no direct probability interpretation since they 

were derived based on a deterministic argument only. Consequently, the least­

squares estimates may be preferred to other estimates when there is no basis 

for assigning probability density functions for x and z. 

2.2.2 Recursive Least-Squares Estimation 

Consider k measurements of the form 

(2.11) 

and suppose that an additional measurement of x has been obtained 

(2.12) 
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This new observation can be adjoined to the previous ones to give 

Zk+l = Hk+lX + t)k+l (2.13) 

where 

Zk+1 [ z::1 l (2.14) 

Hk+1 [ :.:1 l (2.15) 

Vk + 1 [ v::1 l (2.16) 

Applying Eq.(2.8) directly yields 

, (HT R - 1 H )- lHT R - 1 
Xk + lL s = k+l k+l k+ l k+ l k+l Zk+1 (2.17) 

where R'j;_;1 is the new weighting matrix for the k + I-observation case. Using 

the definition of Eq.(2.9), Xk+lL s may be written as 

(2.18) 

where 

(2.19) 

Such a solution would require the inversion of a n x n matrix and does not 

use the previous calculations for XkL s . A recursive formula for Eq.(2.17) can 

be obtained by assuming 

R - 1 
k+ l R ~l l 

k+l 
(2.20) 
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and using the matrix inversion lemma. 

Matrix Inversion Lemma: Suppose (n x n) matrix B and R are 

positive definite. Let H be any, possibly rectangular, matrix. Let A be an 

(n x n) matrix related to B, R and H according to 

(2.21) 

Then, A - l is given by 

(2.22) 

The proof of this lemma is given in [24]. This leads after some algebraic 

manipulations [22] to 

(2.23) 

2.3 Discrete Kalman Filter 

2.3.1 The System and Measurement Models 

Consider a dynamical system whose state is described by a linear, vector 

difference equation 

(2.24) 

xk is the n-dimensional state vector, ~k+i/k is the state transition matrix for 

the time interval (tk, tk+i) and wk is a vector random sequence with known 

statistics 

for all k (2.25) 

(2.26) 
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where 8k ,i is t he Kronecker delta. The initial state x 0 is considered to be a 

vector random variable with the following statistics 

E[xo] = Xo/- 1 (2.27) 

(2.28) 

for all k (2.29) 

where 

Xo/- i = State estimate at to given measurement at L 1 

P o/-l = Covariance matrix of the error in Xo/- l 

Suppose that at each time tk there are m measurements zk that are linearly 

dependent on the state and corrupted by additive noise. That is 

(2.30) 

where Hk is a known (m x n) -dimensional observation matrix. The vector 

vk is an additive, random sequence with 

for all k (2.31) 

(2.32) 

Further, assume that the random processes vk and Wk are uncorrelated, i.e., 

for all k,J· (2.33) 

Eq.(2.24) is the signal model and the Eq.(2.30) is referred to as the observation 

(measurement) model. A block diagram representation of those two models is 

illustrated in Fig. 2.1. This mathematical model will be used for the derivation 

of the Kalman filter. 
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Discrete System Measurement 

Wk 

----+ --- - Delay 

Figure 2.1: Model of Signal and Measurement Processes 
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2.3.2 Recursive Equations for the Kalman Filter 

• Problem Statement 

Given the preceding model, determine an estimate Xk of the state Xk 

at tk that is a linear combination of an estimate at tk - l and the measurement 

data zk. The estimate Xk must be "best" in the sense that the mean-square 

error 

. . . 
1s mm1mun. 

• Kalman Filter Equations 

An estimate Xk/k of the state Xk is to be computed from the data 

Zo, z1 , ... , Zk so as to minimize the mean- square error in the estimate. This 

estimate is supposed to be computed only from the measurement zk and the 

previous best estimate xk - I/k-I· This approach leads to a recursive solution 

that provides an estimate that is equivalent to the one obtained by processing 

all the data simultaneously and with reduced computing requirements. The 

estimate of the signal 

(2.34) 

is given by 

(2.35) 

The solution of this recursive, linear estimation problem can be determined 

from the orthogonality principle [22] 

i = 0, 1, ... , n (2.36) 

where sk/k is the estimation error given by 

(2.37) 
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and z;(i = 0, 1, ... , n) are measurements. Thus, the st ate estimate xk/k is 

(2.38) 

The gain matrix Kk is chosen to minimize 

and is given by 

(2.39) 

The matrix Pk/k- l is the covariance of the error in the predicted estimate and 

is given by 

E[(xk - xk/k-d (xk - xk/k- 1f] 

~k/k- lpk- 1/k- 1 ~i/k- 1 + Qk- 1 (2.40) 

The Pk/k is the covariance of the error in the estimate xk/k and is given by 

Pk/k E[(xk - Xk/k)(xk - Xk/kf] 

pk/k- 1 - KkHkPk/k- 1 (2.41) 

Table 2.1 gives the definitions and dimensions of the variables and matrices 

used in the above equations . 

Eqs.(2.38)-(2.41) are the recursive Kalman filter equations. The se­

quence of computational steps are summarized as follows: 

• Step 1 Store the filter state [xk/k, Pk/k] 

• Step 2 Compute the predicted state xk+l/k 
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Variable Definition Dimension 

Zk Measurement at tk m X 1 

Xk/k - 1 State estimate at tk given Zk - l n x l 

Xk/k State estimate at tk given Zk n X 1 

<.l>k+l/k State transition matrix from tk to tk+l n x n 

Qk System noise covariance matrix r X r 

Rk Measurement noise covariance matrix m x n 

Hk Measurement matrix m x n 

Kk Kalman filter gain matrix at tk n x m 

pk/k- 1 Covariance matrix of the error in Xk/k - l n x n 

pk/k Covariance matrix of the error in Xk/k n x n 

Table 2.1: Kalman Filter Variables 



• Step 3 

• Step 4 

• Step 5 

• Step 6 

• Step 7 

Compute the predicted error covariance matrix Pk+I/k 

pk+l/k E[(xk+l - xk+l/k )(xk+l - Xk+l/kl] 

~k+l/kpk/k~r+l/k + Qk 

Compute the filter gain matrix Kk+l 

Process the observation Zk+1 

Compute the new error covariance matrix Pk+l/k+l 

E[(xk+l - xk+l/k+i)(xk+l - Xk+l/k+il] 

pk+l/k - Kk+1Hk+lpk+l/k 

Set k = k + l and return to Step 1 

16 

2.3.3 An Alternative Form of the Discrete Kalman Fil­
ter 

• Problem Statement 

Suppose it is required to estimate an unknown constant based on 

a sequence of independent noisy measurements of that constant where very 

little is known about the statistics of the process initially. The constant is 

equally likely to be positive or negative, and its magnitude could be quite 

large. It might be thought of as a random variable with a flat probability 

density function extending from oo to - oo. They can be expressed by the 

following equations 

xo;-1 = 0 (2.42) 
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Po;- 1 = oo (2.43) 

where Xo/- l and Po;- i are defined in Section 2.3.1. Obviously, Eq.(2.39) and 

Eq.(2.41) can not be used because they lead to an indeterminant form 00/00. 

In order to avoid this problem, an alternative form of gain matrix Kk 

and error covariance matrix Pk/k in the Kalman filter is derived. It is based 

on the matrix inversion lemma presented in Section 2.2.2 using the following 

correspondences 

Assume that Rk and Pk are positive definite and apply the Eq.(2.22) 

P - 1 p - 1 HTR- lH 
k/k = k/k-1 + k k k 

where 

Now, rewrite Eq.(2.39) 

Kk pk/k- 1HnHkPk/k-1Hf + Rki-
1 

(Pk/kP;/k)Pk/k-1HfR;
1
[HkPk/k- 1HfR;

1 + 1i-
1 

(2.44) 

(2.45) 

(2.46) 
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which gives using Eq.(2.44) 

Kk = Pk;k[I + HIR:;;1HkPk/k- 1] 

·HIR:;;1[HkPk/k- 1HIR:;;1 + 1i-1 

(2.47) 

Note that in Eq.{2.44) the updated error covariance Pk/k can be computed 

without first finding the gain. Therefore, if Eq.(2.4 7) is used, Kk must be 

computed after Pk/k has been computed. Thus, the order in which the Pk/k 

and Kk computations appear in the recursive algorithm is reversed from that 

presented in Section 2.3.2. To clarify the above statement, let's summarize 

the alternative algorithm of the discrete Kalman filter as follows: 

• Step 1 Store the filter state [:xk/k-l,Pk/k-1] 

• Step 2 Compute the updated error covariance matrix Pk/k from 

P - 1 p-1 HTR-lH 
k/k = k/k- 1 + k k k 

• Step 3 Compute the filter gain matrix from 

• Step 4 Update estimate 
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• Step 5 Project ahead 

• Step 6 Invert Pk+l/k 

• Step 7 Set k = k + l and return to Step 1 

The disadvantage of this algorithm is that if the order of the state is 

large, the two (n x n) matrix inversions could lead to numerical problems. 

2.4 Relationship between Deterministic Least­

Squares Estimation and Kalman Filter 

There is a connection between Kalman filter and deterministic least­

squares estimation due to the fact that the criterion for optimization is mini-

mum mean-square error and not the squared error in a deterministic sense. 

Consider a set of m linear equations in x specified in matrix form by 

Mx = b (2.48) 

In Eq.(2.48), we think of M and b as being given, and x is (n x 1), b is 

(m x 1), and thus M is (m x n). Let us assume that m > n, and that x is 

overdetermined by the system of equations represented by Eq.(2.48). Thus 

no solution for x will satisfy all equations. This situation arises frequently in 

physical experiments where redundant noisy measurement are made of linear 

combinations of fixed parameters. In such cases, it is logical to ask, "What 

solution will best fit all the equations?" The term best must, of course, be 
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defined and it is frequently defined to be the particular x, say Xopt, that 

minimizes the sum of the squared residuals (b - x). That is, move b to the 

left side of Eq.(2.48) and substitute Xopt for x. This yields a residual vector 

e given by 

e = Mxopt - b (2.49) 

and Xopt is chosen such that eT e is minimized. A perfect fit, of course, would 

make ere = 0. 

This point can be generalized and consider a weighted sum of squared 

residuals specified by 

[ 
weighted sum of l 
squared residuals 

(Mxopt - b)TW(Mxopt - b) (2.50) 

It is assumed that the weighting matrix W is symmetric and positive defi­

nite and, hence, so is its inverse. If we wish to have equal weighting of the 

residuals, we simply let W be the identity matrix. The problem now is to 

find the particular x (i.e.,Xopt) that minimize the weighted sum of the residu­

als. Toward this end, the expression given by Eq.(2.50) may be expanded and 

differentiated term by term and then set equal to zero. This leads to 

(2.51) 

Eq.(2.51) may now be solved for Xopt• The result is 

(2.52) 

and this is the solution of the deterministic least-squares problem. 
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Next consider the Kalman filter solution for the same measurement 

situation. The vector x is assumed to be a constant, so the differential equation 

for x is 

x=O (2.53) 

The corresponding discrete model is then 

(2.54) 

and the measurement equation is 

(2.55) 

where zk and Hk play the same roles as b and M in the deterministic prob­

lem. Since time is of no consequence, it is assumed all measurements occur 

simultaneously. Furthermore, it is assumed that we have no prior knowledge 

of x, so the initial x.0;_1 will be zero and its associated error covariance will be 

oo. Therefore, using the alternative form of the Kalman filter (Section 2.3.3), 

it follows that 

Po;- 1 

The Kalman gain is then 

(oot 1 + H~Ra1 Ho 

HoRa 1Ho 

and the Kalman filter estimate of x at t = 0 is 

(2.56) 

(2.57) 

(2.58) 

This is the same identical expression obtained for Xopt in the deterministic 

least-squares problem with R 01 playing the role of the weighting matrix W. 

Remark The condition under which Kalman filter estimate coincides with 

the least-squares estimate is summarized as follows: 
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• The system state vector is assumed to be a constant (the process 

dynamics are thus trivial) . 

• It is assumed that the measurement sequence was such as to yield 

an overdetermined system of linear equations (otherwise (HrRa1Ho)- 1 

will not exist). 

• It is assumed that there is no prior knowledge of the constant vector 

being estimated. 



Chapter 3 

A Generalized Algorithm for 
the Recursive Implementation 
of Polynomial Filters 

3.1 Introduct ion 
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There are many applications such as inventory control, market analysis, 

radar tracking, missile guidance and gun fire control where the information 

about the system dynamics and noise statistics are not precisely known. Finite 

memory filters have a finite impulse response and are well suited to such sit­

uations where the measurement and process noise models are either unknown 

or too complex [11]. 

A special class of finite memory filters is the class of polynomial finite 

memory filters [25] . These filters approximate measurements in an observa­

tion window by a polynomial using a least-squares performance index. This 

type of filter, especially for high order, requires a considerable amount of com­

putation time because a polynomial has to be fitted at each step. In order 

to reduce the computation time for applications where the measurements are 

made periodically, recursive polynomial filters were designed in [15]. Unfor­

tunately, this recursive filters have removable sigularities on the boundary 
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of the stability region and therefore, can b ecome unstable in practice. This 

problem was solved in [17] for the simple first order case using a weighted 

least-squares performance index which has the effect of introducing a stability 

margin and improving the stability behaviour of the resulting recursive finite 

memory filter. 

In this chapter, the result of [15] and [17] are extended to high order 

filters. An nth order polynomial is used to approximate measurements in a 

window of length L using weighted least-squares which leads to a recursive 

finite memory filter. The equations for the nonrecursive polynomial filter 

are developed in Section 3.2 and in Section 3.3 the recursive implementation 

of these equations is considered. A comparison of the performance of the 

recursive and nonrecursive filter is presented in section 3.4. An example of 

filtering audio signals using the recursive filter is considered in Section 3.5. 

3.2 Nonrecursive Filter 

Consider a continuous signal y(t) which is sampled every T seconds. With­

out loss of generality, T can be normalized to unity. It is required to estimate 

the sampled signal y(k), k = 1, 2, ... , given measurements of y(k) in an obser­

vation window of length L. y(k), the estimate of y(k) based on measurements 

in the interval (k - L) to k, will be modeled by the following nth order poly­

nomial 

where i = 0, 1, 2, ... , L. a0 (k), a1 (k), ... , an(k) are determined using weighted 

least-squares estimation and the performance index 

L 

E(k) = L ez(i)f3i- L (3.2) 
i=O 



where 

e(i) = [y(k - L + i) - y(k - L + i)] 

and {3 is a weighting coefficient. Then, Eq.(3.2) can be rewritten as 

L 

E(k) = L [ao(k) + a1(k)i + a2(k)i2 
i = O 

Minimizing E w.r.t. ao,a1 ,a2, ... ,an we obtain 

Ba = c 

where 

and B E R(n+l) x(n+l) is a Hankel matrix [26] 

B = 

where the elements have the following form 

L 

L i 1 - (3L+l 
b1 = Lf3 =--

i =O l - {J 

b; L ij- 1/Ji 
i = O 

_ 1_{~(- )P+l(j - l)(j-2) ... (j- p)b· 
{3 L..,, 1 I 1 - p 

1 - p=l p. 
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(3.3) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 
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for j = 2, 3, ... , 2n + 1 (3.9) 

The vector 

(3.10) 

in Eq.(3.5) is given by 

L 

c;(k) L ii- 1[J'y(k - L + i) 
i=O 

k L (i - k + L)i-l[Ji-k+Ly(i) 
i = k - L 

for J. = 1, 2, ... , n + 1 (3.11) 

Using Eq.(3.5) and 

(3.12) 

Eq.(3.1) can be expressed in the following vector form 

(3.13) 

Using Eq.(3.5), Eq.(3.13) can be rewritten in the following form 

(3 .14) 

where m is the solution of 

Bm = p (3.15) 

Thus, Yn(k), the estimate of y(k), using measurements of y(k) in the interval 

k - n, . .. , k, is obtained as 
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L 

L(m1 + im2 + i2m3 + ... + inmn+1)/iy(k - L + i) 
i=O 

k 

L [ ( m1 + ( i - k + L) m2 + ( i - k + L) 2 m3 
i=k- L 

( · k L)n ]/3i - k+L ( ") + ... + i - + mn+ 1 Y i (3.16) 

Eq.(3.16) represents the nonrecursive polynomial filter. 

3.3 Realization of the Recursive Filter 

The main disadvantage of the nonrecursive filter derived above is that it 

requires a great deal of computation, especially when the order of the poly­

nomial is high. To overcome this problem, the following algorithm of the 

recursive finite memory filter is developed. Eq.(3.11) can be evaluated recur­

sively by knowing that every time a set of observations is added another set 

of observations is deleted. For ci(k) , i = 1, 2, ... , n + 1, this gives the following 

recursive relations 

k+l L (Ji-k+L - ly(i) 

i=k+l- L 

(3.17) 

k+l 

c;(k + 1) L (i - k + L - l)i-l(Ji-k+L-ly(i) 

i=k+l - L 

1 . (j - 1 )(j - 2) 
j3[c;(k) - (J - l)c; - 1 (k) + 

2
! c; - 2 (k) 

(j - l)(j ~ 2)(j - 3) c;- 3(k) + ... 
3. 



+ (- l)j- p(j - l)(j - 2)(j - 3) ... (j - p) Cj - p(k) 
p! 

+ 

+ (- 1)i+1c1(k) + (-l)iy(k - L) + Li-l(JLy(k + 1)] 
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for j = 2,3, ... ,n + l (3.18) 

Substituting c,-(k + 1),J. = 1, 2, ... , n from Eq.(3.11) into Eq.(3.14) yields 

(3.19) 

This gives 

Yn(k + 1) 

1 1 n 

/Jy(k) + /3 :;(-l)qmq+lc1(k) 

+ _!_ t [f) - l)P+q- l 
/3 p = 2 q=p 

q(q - l)(q - 2) ... [q - (p - 2)] ] (k) 
(p _ l)! ffiq+l Cp 

n+l n+l 
+ L (- l)qmqy(k - L) + /3L L Lq-lmqy(k + 1) 

q=l q=l 

(3.20) 

Eq.(3.17)-(3.18) together with Eq.(3.20) constitute the realization of the 

recursive finite memory filter. They allow the computation of Yn(k + 1) recur­

sively. These equations actually represent the state equations and therefore 

they can be described in the following state-space realization 

x(k + 1) = Ax(k) + Fu(k) (3.21) 



where 

and A E R(n+l )x(n+l) is given by 

where 

A 

[ a1,1 
a1 ,2 a1,n- l a1,n 

13- 1 : a · . ',] 

an 1 an,2 an,n- 1 an,n 
an+,1,1 an+l,j an+l,n 

{ 
(- l)i+i (i- 1)(i- 2) ... (i - j+1) for i >_ J. 

(j -1)! 
ai,i = 0 for i < J 

i,J = 1,2, ... ,n 

n 

an+l,l = I::(-l)qmq+l 
q=l 

~ I 

. _ ~(-l)q+j-1 q(q - l)(q - 2) ... [q - U - 2)] 
an+l ,.1 - L-,_ ( . _ l)! mq+l 

q=] J 
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(3 .22) 

(3.23) 

(3 .24) 

(3.25) 

(3.26) 

J = 2, 3, ... , n (3.27) 

and F E R(n+l) xz is given by 

F 

-1 
1 

-1 

(-lt Ln- 113L- l 

L;:!:;(-l)qmq 13L-l L;:!:; Lq- 1mq 

(3 .28) 
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Recursive Nonrecursive 
Additions 5 + (n - 1)(3 + ?) L 

Multiplications 7+(n-1){4 + %) L+l 

Table 3.1: Computational Effort for the Recursive Eqs.(3.21)-(3.22) and Non­
recursive Filter 

and 

u(k) [ 
y(k - L) l 
y(k + 1) 

(3.29) 

(3.30) 

where z is 1 x n row vector with all elements zero. 

3.4 Performance of the Recursive and Nonre­
cursive Filters 

In this section, the performance of the recursive and nonrecursive filters 

will be compared with respect to the amount of computation required and 

noise characteristics. Also, the stability and the frequency response of the 

recursive and nonrecursive filters will be discussed. 

3.4.1 Computational Effort 

To compare the amount of computation, we consider the number of ad­

ditions and multiplications needed to implement the filters. The number of 

the additions and multiplications for the recursive filter can be obtained from 

Eq.(3.21)-(3.22), while the corresponding number of the nonrecursive filter 

can be computed from Eq.(3.16). These are given in Table 3.1. 
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From Table 3.1, it can be seen that for the nonrecursive filter, the 

amount of computation depends on the window size and will remain unchanged 

as the order of the filter varies. On the other hand, the amount of computation 

of the recursive filter does not depend on the window size but on the order of 

the filter. Some further savings on the multiplications of the recursive filter can 

be achieved due to the specific structure of matrices A and F. By modifying 

Eq.(3 .21), the following equation can be obtained 

x(k + 1) = Ax(k) + Fu(k) (3.31) 

where 

x ( k) = {3x ( k) (3.32) 

A= {3A (3.33) 

F = {3F (3.34) 

This implementation shows that we can save 2n-1 multiplications with respect 

to Table 3.1. Thus, the further comparison of computational effort between 

the recursive and nonrecursive filter is summerized in Table 3.2. 

3.4.2 Stability 

The nonrecursive finite memory filter is always stable because its impulse 

response is finite and therefore it is absolutely summable. To investigate the 

stability of the recursive filter, the state-space representation of the recursive 

filter is considered. Taking the z-transform of Eqs.(3.21)-(3.22), the transfer 

function G(z) of the recursive filter is obtained 

(3.35) 
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order 
Recursive Nonrecursive 

additions multiplications additions multiplications 
First 5 6 L L+l 

Second g g L L+l 
Third 14 13 L L+l 
Fourth 20 18 L L+l 
Fifth 27 24 L L+l 

nth 2+~ 4+~ L L+l 

Table 3.2: Comparison of Computational Effort for the Recursive 
(Eqs.(3.31)-(3.34)) and Nonrecursive Filter 

From Eq.(3.24), we know that A is a low triangular matrix and has all 

13- 1 in its diagonal. Hence, the eigenvalues of the characteristic equation of 

A are at z = 13- 1 with multiplicity n + l. It can be verified that the transfer 

function of the recursive and nonrecursive finite memory filters are the same. 

This implies that there exist pole-zero cancellations in the recursive filter. As 

a result, the recursive finite memory filter of nth order is stable provided that 

/3 > l. 

Pole-zero cancellations are very sensitive to filter coefficient perturbations 

and therefore, in a finite word length implementation the filter may still have 

poles at 13- 1
. In such a case, the filter could become unstable if /3 = 1 ~ is the 

case with the filter in [15]. For f3 > 1, however, the recursive filter will always 

be stable. An increase of /3 implies an increased stability margin [27] for the 

filter, i.e. a larger distance of the poles from the unit circle. Consequently, 

although the stability of the recursive filter does not depend on /3, in theory, 

by selecting f3 > 1 the stability of the filter upon implementation is assured. 
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3.4.3 Noise performance 

During the implementation of the finite memory filter, noise is always 

present. Measurement noise is caused by errors in measurement, while process 

noise could be caused by round-off and quantization errors. Here the effect of 

measurement noise on the filter output is considered. 

where 

Eq.(3.16), the nonrecursive filter, can be expressed as 

d 

Y(k) = [y(k), y(k - 1), ... , y(k - L)f 

(m1 + Lm2 + ... + Lnmn+1)/3L 
(m1 + (L - l)m2 + ... + (L - 1tmn+1)/3L-l 

(m1 + m2 + ... + mn+i)/3 
m1 

In the presence of noise, the measurement vector becomes 

Y*(k) = Y(k) + 11(k) 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

where 11(k) is the measurement noise vector. The noise is assumed to have 

zero mean and variance a 2 I, where I is the identity matrix. The estimate of 

y( k) in the presence of noise is obtained as 

(3.40) 

The error in the estimation of y(k) due to the presence of noise is 

e(k) = y(k) - y(k) (3.41) 
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The expected value of e(k) is zero because of the assumption of zero mean for 

the noise and its variance is 

L 

a 2 :Z::](m1 + m2i + m3i2 + ... + mn+lin)/3;] 2 

i=O 

(3.42) 

Eq.(3.42) shows that Var[e(k)] is constant and depends only on /3 and L. For 

n = 2 and n = 4, the error variance is given in Table 3.3 for different values 

of /3 and L where a is assumed to be unity. 

From the result shown in Table 3.3, it can be seen that if /3 is increased, 

the error variance is also increased, while an increase in L causes a decrease 

of the error variance. If the order of the filter is increased, the error variance 

is increased as well. Theoretically, the error variance for the recursive filter is 

the same as for the nonrecursive filter, since the operations performed on the 

input data are equivalent. In a finite-word-length implementation, some small 

changes in the values of the filter coefficients usually occur, and therefore the 

behaviour of the recursive and nonrecursive filters may be different. It can 

even become unstable if the stability margin, which is equal to I 1-,e-1 1, is too 

small. Therefore, in the chaise of /3, the trade-off between increased stability 

margin and increased error variance has to be considered. 

3.4.4 Frequency Response 

The magnitude response of the recursive filter for different values of /3, L 

and n are presented in Fig. 3.1 to Fig. 3.3. It can be seen that for a constant 

n, increasing the window size L narrows the bandwidth, while increasing the 

value of /3 reduces the filter selectivity. If the order n is increased for constant 

L and /3, then the bandwidth of the filter is increased. 
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~ 
n = 2 n = 4 

1.0 1.2 1.4 1.0 1.2 1.4 
6 0.7619 0.7805 0.8116 0.9870 0 .9889 0.9916 
9 0.6182 0.6539 0.7095 0 .9371 0.9476 0.9615 
12 0.5165 0.5680 0.6444 0.8720 0.8957 0.9249 

Table 3.3: Error variance Var[e(k)] for some values of (3, L and n, assuming 
a= 1.0 

3.5 Experimental Results 

A noisy speech signal is processed with several finite memory filters of 

different order. The sentence, "Did you buy father a plastic tie? He should 

be proud of wearing anything you choose", is digitized from a recording. The 

sampling rate is 6,500 samples per second and therefore the total sampling 

points for the signal are 28,900. The speech signal is corrupted by adding 

white Gaussian noise resulting in 3dB signal-to-noise ratio. 

One part of that digitized signal containing both voiced and unvoiced 

sound is chosen from the whole sentence and filtered using finite memory filters 

of three different orders. Fig. 3.4 shows the original signal and Fig. 3.5 shows 

the noisy signal. Three filtered signals are illustrated in Fig. 3.6. 

For comparison, the relative square error, between the original signal 

and the filtered one is considered. It is defined as 

e 
~f:1 (Yi - y;)2 

I:f:1 y; (3.43) 

where Yi is the value of the origina l signal at sampling point i, Yi is the value 

of the enhanced signal at sampling point i and N is the total sampling points 

processed. The errors for different Land n are summarized in Table 3.4. 

From Table 3.4, it can be seen that the best results are from the first 
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!CZ 1 2 3 
3 0.5297 0.6100 0.6347 

6 0.4587 0.5501 0.6046 
9 0.5073 0.5067 0.5807 
12 0.64 13 0.4863 0.5507 
15 0.7836 0.5151 0.5309 
18 0.9160 0.5693 0.5321 
21 1.0404 0.6381 0.5389 
24 1.1418 0.7297 0.5520 

Table 3.4: Error between original signal and estimated signal for (3 = 1.01 

order filter with L = 6, the second order filter with L = 12 and the third order 

fi lter with L = 15. 

3.6 Conclusion 

The recurs ive implemention of nth order polynomial filter is presented. 

The parameters of the filter have been obtained using a weighted least-squares 

p erformance index . The stability of the recursive filter is assured by introduc­

ing the weighting factor (3 in the performance index. The performance of the 

recursive and nonrecursive implementation is compared with respect to sta­

bility, computational effort and ,noise performance. The p erformance of the 

filter is illustrated with an example. 
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Figure 3.1: Magnitude Response of Finite Memory Filter for f) 1, n = 3 
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Chapter 4 

Comparison of Kalman Filter 
and Finite Memory Filter 

4 .1 Introduction 
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There are many different approaches to the problem of estimating param­

eters or states from observed data. In this chapter, two estimation techniques, 

Kalman filter and finite memory filter, are applied to the same unforced dy­

namical system. Two different cases are considered. In the first the noise is 

gaussian while in the second it has Rayleigh distribution. The results from 

Kalman filtering and finite memory filtering are compared and the criteria 

used are (1) computation time (2) relative square error between the estimated 

value and the real value from sampling points t 0 to tN. The results of the 

comparison show that the Kalman filter is better than the finite memory filter 

in the presence of Gaussian noise while the finite memory filter is better for 
. . 

nongauss1an noise. 

This chapter is organized as follows. The problem statement is given in 

the following section. Next, the Kalman filter solution is presented in Section 

4.3. In Section 4.4, the finite memory filter approach is applied to the same 

problem. The comparison results are shown in Section 4.5. 
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4.2 Problem Statement 

A vector of measured (observed) data z is given, it is known that 

z. = ati + b + noise ( 4.1) 

for some a and b, where z. is the ith element of z and the measurements are 

corrupted with Gaussian white noise with all measurement errors uncorre­

lated. The goal is to obtain an estimate of zk based on the sequence of the 

measurements Zo , z1 , z2 , ••• , ZN with the observation window w = 3 (here 

w = L+ 1). The relationship between the real values and the measured values 

can be depicted in Fig. 4.1. 

z at+ b 

Zz 

Figure 4.1: The Relationship between Real Values and Measured Values 
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4.3 Kalman Filter Approach 

Consider a Kalman filter for estimating the two constants a and b. The 

system can be modelled as a linear difference equation 

(4.2) 

and the observation model can be described as 

Zk = Hkxk + vk (4.3) 

where 

Xk [ :: l (4.4) 

[ z,_, l 
Zk Zk-1 (4 .5) 

Zk 

[ "•-• l Yk Vk-1 (4.6) 
Vk 

~k+l/k [ ~ ~ l (4.7) 

[ k - 2 l l 
Hk k -1 1 (4.8) 

k 1 

The statistics of the system is described by the following equations 

(4.9) 
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(4.10) 

(4.11) 

where the error variance a 2 = 1.15. 

The system is an unforced dynamical system since w = 0. As discussed 

in Section 2.3.3, the initial condition of this system is given by 

{4.12) 

and 

P2;1 = ool ( 4.13) 

Obviously, the conventional Kalman filter algorithm discussed in Section 2.3.3 

can not be used since it leads to indeterminant form. The alternative algorithm 

can be applied in this case, and (P2;_1)-1 rather than P 2;_1 will be used in 

Eq.(2.44) which does not lead to any indeterminant form. 

The alternative Kalman filter algorithm used is illustrated here with 

the procedure for the first 3 measurements. 

• Step 1 

• Step 2 

Store the filter state [x:2;1, P 2;1] 

Compute the updated error covariance matrix P 2; 2 

P -1 p-1 HTR-lH 
2/2 2/1 + 2 2 2 

[ 
4.36 2.62 l 
2.62 2.62 

[ 
0.57 -0.57 l 

p 2/ 2 = -0.57 0.96 

(4.14) 

{4.15) 



• Step 3 

• Step 4 

• Step 5 

• Step 6 

• Step 7 

Compute the filter gain matrix K 2 

[ 
-0.50 0.00 0.50 l 
0.83 0.33 - 0.17 

Update estimate x.2; 2 

[ 
-0.S0zo + 0.50z2 l 

0.83 zo + 0.33z1 - 0.17 z2 

Project ahead 

[ 
- 0.50z0 + 0.50z2 l 

0.83z0 + 0.33z1 - 0.17 z2 

p3/2 ~3/2P2;2~I12 + Q2 

Invert P 3; 2 

p [ 0.57 - 0.57 l 
2

/
2 - 0.57 0.96 

Set k = k + 1 and return to Step 1 
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( 4.16) 

(4 .17) 

( 4.18) 

(4.19) 
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Thus, from the first three measurements z0 , z1 , z2 , the estimate of the two 

constants a and b are obtained as 

{4.20) 

{4.21) 

In other words, with the presence of the noise, the linear equation 

z(t) =at+ b { 4.22) 

in the interval t0 , t 1 , t 2 can be approximated by 

{4.23) 

Now, suppose the new measurement z3 is received. Then if we follow 

the same step as we did before, it is easy to obtain the new Kalman filter gain 

matrix K 3 , the updated state x.3; 3 and the updated error covariance matrix 

P 3; 3 • This procedure can be continued recursively. At the last sampling point 

t99 , the estimate of two constants a and b are obtained as 

A _ [ a99/99 ] - [ 2.00 ] 
x 99/ 99 - bA - 15 08 

99/99 · 
{4.24) 

4.4 Finite Memory Filters 

4.4.1 Nonrecursive Algorithm 

The estimate of z(k) in the interval (k - L) to k can be modelled by 

z(k - L + i) = a0 (k) + a1(k)i i = o, 1, 2, ... , L { 4.25) 
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where a1(k) refers to a while a0 (k) refers to b. In order to determine a0 (k) 

and a 1 ( k), the following performance index 

L 

E 2(k) = IJao(k) + a1(k)i - z(k - L + i)]2.Bi - L (4.26) 
i =O 

is minimized with respect to a0 ( k) and a 1 ( k) where fJ is the constant weighting 

coefficient. Differentiating E with respect to a0 ( k) and a 1 ( k) and setting the 

result to zero as discussed in Section 3.1 leads to the following linear equation 

where 

Ba=c 

a = [ ao(k) l 
a1(k) 

'\'L "(Ji l L.,i= O t 

'\'!, i2(Ji 
L.,,=O 

C = [ I:f = 0 (Ji Z ( k - L + i) l 
I:f==o i(Jiz(k - L + i) 

(4.27) 

( 4.28) 

{4.29) 

(4.30) 

Similarly as in Section 3.2, the equation for the nonrecursive finite memory 

filter can be obtained as 

L 

I:(m1 + im2)fJiz(k - L + i) (4.31) 
i=O 

which gives an estimate of z(k) based on the measurements z(O), z(l), ... , z(L) . 
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4.4.2 Recursive Algorithm 

The recursive algorithm can be obtained similarly as in Section 3.3 from 

the recursive equation Eq.(3.18) 

k+l L f3i - k+L- 1 z( i) 
i=k+l- L 

1 k 
-[-z(k - L) + L t-k+Lz(i)] + {3Lz(k + 1) (4.32) 
/3 i=k- L 

k+ l L (i - k + L)f3i- k+L-1 z(i) 
i=k+l- L 

k 

L t-k+Lz(i) + z(k - L)] + L(}Lz(k + 1) (4.33) 
i=k- L 

c1 (k + 1) and c2 (k + 1) can be rewritten as 

Therefore, z(k + 1) can be expressed by the following equation 

z(k + 1) 

(4.36) 
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Eq.(4.34) and Eq.(4.36) are the recursive equation of the finite memory filter. 

They allow the computation of z(k + 1) recursively. Furthermore, the recursive 

algorithm can be expressed by the following state space representation 

(4.37) 

z(k) = hr x(k) (4.38) 

where 

(4.39) 

[ 
.!. 0 l 

A = - ~ ¼ ( 4.40) 

(4.41) 

( 4.42) 

(4.43) 

4.5 Comparison Results 

4.5.1 Computation Time 

The basic equation of the Kalman filter consists of four matrix recursion 

relations. By using Kalman filter, the computational effort, that is, the total 
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Equations Multiplications Additions 

pk = Pkjk- 1 - KkHkPk/k- 1 20 16 

Kk = Pkjk- 1Hl (HkPk/k - 1Hl + Rkt1 55 45 

xk = Xk fk - 1 + Kk(zk - Hkxk/k-d 12 13 

pk/k - 1 = ~k/k-l pk~i/k- 1 16 8 

Total 103 82 

Table 4.1: Kalman Filter Computation Breakdown 

multiplications and additions used for each step is summarized in Table 4.1. 

The inversion of the matrix (HkPk/k- iHI + Rk) is handled by the single 

division scheme [28]. The size of the matrices for the problem considered 

depends on. w and is given by 

~ 2 x 2 matrix 
p 2 x 2 matrix 
K 2 X 3 matrix 
R 3 x 3 matrix 
H 3 x 1 vector 
x 2 X 1 vector 
z 3 x 1 vector 

The finite memory filter,( either nonrecursive or recursive), on the other 

hand requires significantly less computations. This can be seen from Table 

4.2 where the number of operation for the recursive and nonrecursive finite 

memory filters are given for different L. The number of operations for the 

recursive filter is constant and independent of L as shown in Section 3.3. 

4.5.2 Filter Performance 

The performance of the Kalman filter and recursive finite memory 

filter are compared by filtering the signal given by 

y(k) = 2k + 15 + w(k) (4.44) 
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Nonrecursive Recursive 
L additions multiplications additions multiplications 
3 4 5 5 6 
8 8 9 5 6 
14 14 15 5 6 

Table 4.2: Computational Effort for Nonrecursive and Recursive Filters 

where w(k) represents noise. In the first experiment w(k) was chosen as a 

Gaussian noise with variance a-; = 1.15 while in the second experiment w(k) 

is noise with Rayleigh distribution given by 

z z 2 

p(z) = - exp[--] a-2 2a-2 
r r 

( 4.45) 

where a-; = 2u; = 2.30. 

In the first experiment the Kalman filter gives good results. The 

output converges very close to the exact values after approximately 35 points 

(within an error of 5%). The finite memory filter used with {3 = 1.01 and 

L = 9 gives approximately twice the error obtained with the Kalman filter . 

The comparison result is illustrated in Table 4.3 for different w where the 

relative square error is defined by Eq.(3.43). It can be easily seen that the 

performance of the Kalman filter is superior to that of the finite memory filter 

for Gaussian noise. 

In the second experiment the finite memory filter gives almost the same 

result as that of Kalman filter. Fig. 4.2 and Fig. 4.3 show the relative errors 

between the original signal and the estimated one. In this case where the noise 

has a Rayleigh distribution, the relative square error for both filters is almost 

the same. However, the finite memory has significantly lower computational 

requirements. The performance of the two filters in the presence of Rayleigh 

noise are compared in Table 4.4. 
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Filter Type Relative Errors 
w = 4 w = 8 w = 12 

Kalman Filter 28.88 X 10- 4 25.99 X 10- 4 24.48 X 10- 4 

Finite Memory Filter 70.79 X 10- 4 54.60 X 10- 4 44.97 X 10-4 

Table 4.3: Comparison of Relative Square Errors for Gaussian Noise 

Filter Type Relative Errors 
w = 4 w = 8 w = 12 

Kalman Filter 1.11 X 10-2 1.08 X 10- 2 1.07 X 10- 2 

Finite Memory Filter 1.13 X 10- 2 1.06 X 10- 2 1.03 X 10- 2 

Table 4.4: Comparison of Relative Square Errors for Rayleigh Noise 

These two experiments confirm that the Kalman filter gives better re­

sults in the Gaussian noise case while the finite memory filter gives almost the 

same results but saves significant computation time in the case of nongaussian 

noise . 
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Figure 4.2: Relative Error Between the Original Signal and Estimated One 
using Kalman Filter for L = 3 
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Figure 4.3: Relative Error Between the Original Signal and Estimated One 
using Finite Memory Filter for L = 3 



Chapter 5 

Recursive Implementation of 
2-Dimensional Finite Memory 
Filters 

5. 1 Introduction 
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The advantages of finite memory filters when dealing with nongaussian 

noise has prompted the development of such a filter for 2-D applications. 

In [19] a 2-D finite memory filter was developed and applied to an image 

processing application. This is due to the fact that in many image processing 

applications, noise is rather spike noise and/or film-grain noise rather than 

Gaussian [30], and therefore 2-D finite memory filters are well suited for these 

types of applications. In [19] a surface is approximated at each step by a plane 

of appropriate orientation. In this chapter, a second order 2-D polynomial is 

used to approximate the same surface. This allows a better approximation 

of the original 2-D function than the one obtained using only a plane. The 

nonrecursive algorithm of 2-D finite memory filter is developed in section 

5.2. The realization of the recursive algorithm is provided in section 5.3. 

A comparison of the performance of the recursive and nonrecursive filter is 

presented in section 5.4. 
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5.2 Nonrecursive Filter 

Consider a 2-D continuous signal y(t 1 , t 2 ) sampled rectangularly with sam­

pling rate T1 in one direction and T2 in another direction. It is required to 

estimate the sampled 2-D signal y(i,j) using a linear model, given noisy mea­

sured values of y(i,j) in an observation window of length L 1T1 in the direction 

of i (horizontal) and L 2T2 in the direction of J. (vertical). y(k,l), the estimate 

of y(k, l) in the window with vertices (k - L1, l - L2), (k, l - L2), (k-L1, l), (k, l) 

will be modeled by a 2-D second order polynomial 

y(k - L1 + i, l - L2 + J.) 

[ 

a11(k,l) a12(k,l) 
[1, iT1 , i 2T1] a21(k,l) a22(k,l) 

a31(k,l) a32(k,l) 
(5.1) 

Without loss of generality, T1 and T2 are normalized to unity. The ai,i(i,j = 

1, 2, 3) are obtained by minimizing 

Li L2 

E LL[fl(k-L1 + i,l - L2 + j) 
i=O j = O 

(5.2) 

w.r.t. ai,i(i,J. = 1, 2, 3). This leads to a set of linear equations 

Ba=c (5.3) 

where B is given in the Appendix A, a is given by 

and c is given by 

c(k, l) = [co,o(k, l), c1,o(k, l), c2,o(k, l), co,1 (k, l), 
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where 

Li L 2 

Cm,n(k , l) =LL imjnf3!f3fo (k - Li + i, l - L2 + J.) m, n = 0, 1, 2 (5 .6) 
i = O j = O 

From Eq.(5.1) ( Ti and T2 are assumed to be 1) the estimate of y(k, l) is given 

by 

fl(k, l) 

where 

a11 (k,l) + a2i(k,l)Li + a3i(k,l)Li 

+ a12(k,l)L2 + a22(k,l)LiL2 + a32(k,l)LiL2 

+ ai3(k,l)L~ + a23(k,l)LiL~ + a33(k,l)LiL~ 

Solving for Eq.(5.3) for a and substituting into Eq.(5.7), we obtain 

fl(k, l) = mc(k, l) 

(5.7) 

(5.9) 

where m = [mi, m2 , • •• , mg] E R 9 is the solution of Em = p, which is not a 

function of (k,l). Eq.(5.9) represents the nonrecursive finite memory filter. 

5.3 Implementation of Recursive Filter 

The nonrecursive filter requires a great deal of computation effort due to 

the fact that the sums Cm,n , (m, n = 0, 1, 2) are evaluated at each instant (k, l). 

In order to reduce the amount of computation required, these sums can be 

evaluated recursively by noting that every time a set of observations is added 
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another set of observations is deleted. This yields to the following recursive 

relations for Cm ,n(k,l)(m,n = 0,1,2) (see Appendix B for the derivations). 

co,o(k + l,l + 1) = 

c1 ,o (k + 1, l + 1) 

c2,o(k + 1, l + 1) 

co,1(k + 1, l + 1) 

/31
1co,o(k,l + 1) + /321co,o (k + l,l) - /31

1/321co,o(k,l) 

+ /311/321y(k - L1,l - L2) - /311/3f2 y(k - L1,l + 1) 

/3[1 /321y(k + 1, l - L2) + /3[1 /3f 2 y(k + 1, l + 1) (5.10) 

k+l l+l 
I: L (i _ k + £ 1 _ l)/3~-k+L1-l/3tl+Lr ly(i,J.) 

/311c1 ,o (k, l + 1) + /321c1,o(k + 1, l) - /31
1/321c1,o(k, l) 

/311co,o (k, l + 1) + /311 /321co,o(k, l) 

+ L1/3[1[/3f2 y(k + l,l + 1) - /321y(k + l,l - L2)] 

/311[/3f2 y(k - L1,l + 1) - /3; 1y(k - L1,l - L2) ] (5.11) 

k+l l+l 
L L (i - k + L1 - 1)2/3f- k+L1 - lt3t- l+L2- ly(i,J) 

i=k+l- L1 j=l+l-L2 

/31
1c2,o(k, l + 1) + f3;1c2,o(k + 1, l) - /31

1/321c2,o(k, l) 

2/311c1 ,o (k,l + 1) + 2/311/321c1,o(k,l) 

+ /311co,o(k, l + 1) - /311 /321co,o(k, l) 

+ Li/3f1[/3f2y(k + l,l + 1) - /32
1 y(k + l,l - L2)] 

/31
1[/3f2y(k - L1, l + 1) - /321y(k - L1, l - L2)] (5.12) 

k+l l+l 
I: L u - l + L2 - l)/3f-k+L1-lt3tl+L2- ly(i,J) 
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(31
1co,1(k,l + 1) + (321co,1(k + 1,l) - f3;-1(321co,1(k,l) 

- (321co,o(k + 1, l) + (311 f321co,o(k, l) 

+ L2fJf2 [fJf 1 y(k + 1,l + 1) - f311y(k - L1,l + 1)] 

- f3:; 1[{3f 1 y(k + 1, l - L2) - f31 1y(k - L1, l - L2) ] (5.13) 

l+l 
L (i - k + L1 - l)U - k + L2 - 1) 

(J1
1c1,1(k,l + 1) + f321c1,1(k + 1,l) - (J1

1(J21c1,1(k,l) 

- (J11co,1(k,l + 1) + (J11(J; 1co,1(k,l) 

- fJ; 1c1,o(k + 1, l) + (J11(J;1c1 ,o (k, l) - (311 f3; 1co,o(k, l) 

+ L1fJf 1 [L2fJf 2 y(k + 1,1 + 1) + f3; 1y(k + 1,l - L2)] 

+ (J11[L2fJf2 y(k - L1,l + 1) + fJ; 1y(k - L1,l - L2)] 

l+l 

L (i - k + L1 - 1) 2 U - l + L2 - 1) 

(5.14) 

(J11c2 ,1 (k, l + 1) + (J;1c2 ,1 (k + 1, I) - (J11 (J;1c2 ,1(k, l) 

- 2{311c1,1(k,l + 1) + 2(J11 (321c1,1(k,l) 

+ f311co,1(k,l + 1) - (J11(J21co,1(k,l) 

- f3; 1c2,o(k + 1, l) + (J11(J; 1c2 ,o (k, l) 

- 2(J11(J;1c1,o(k,l) + (J11(J; 1co,o(k,l) 

+ LifJf1 [L2/Jf 2 y(k + 1,l + 1) - (3; 1y(k + 1,l - L2)] 



co,2(k + 1, l + 1) 
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(5.15) 

/J1
1co,2 (k, l + 1) + /J2

1co,2(k + 1, l) - /J1
1 /J2

1co,2(k, l) 

- 2/Jz1Co,1(k + 1,l) + 2/J11/J21Co,1(k,l) 

+ /Jz 1Co,o(k + 1, l) - /J11 /J21Co,o(k, l) 

+ L;{Jf2 [{Jf 1 y(k + 1,l + 1) - /J11y(k - L1,l + 1)] 

- {J2
1[{Jf 1 y(k + 1,l - L2) - /J1

1y(k - L1,l - L2)] (5.16) 

l+l 

L ( i - k + L1 - 1) (j - l + L 2 - 1) 2 

/J11C1,2(k, l + 1) + /J21C1,2(k + 1, l) - /J11 /J-; 1c1,2(k, l) 

- 2/J2
1c1,1(k + 1,l) + 2/J1

1/J2
1c1,1(k,l) 

+ /J2
1c1,o(k + 1,l) - /J1

1/J2
1c1,o(k,l) 

/Jr1co,2(k,l + 1) + /J11/J2
1co,2(k,l) 

- 2/J1
1 /J2

1co,1(k, l) + /J11/J2
1co,o(k, l) 

+ L~{Jf2 [L1/Jf 2 y(k + 1,l + 1) - /Jty(k - L1,l + 1)] 

- fJ-;1[L1/Jf 1 y(k + 1,l - L2) - /J1
1y(k - L1,l - L2)] 

(5.17) 

l+l 

L (i - k + L1 - 1)2(J - l + L 2 - 1) 2 



f31 1c2,2(k, l + l) + (3-;1c2,2(k + 1, l) - f31 1 f3-; 1c2,2(k, l) 

2(31
1c1,2(k,l + 1) - 2(321c2 ,1(k + l,l) 

2(31
1(321c1,2(k, l) + 2(31

1 (321c2,1(k, l) 

+ (31
1co,2(k,l + 1) - (31

1(321co,2(k,l) 

+ f321c2,o(k + l,l) - f31
1f321c2,o(k,l) 

4(31
1(321c1,1(k, l) + 2(31

1 (321c1,o(k, l) 

+ 2(31
1 (321co,1(k, l) - (31

1 f321co,o(k, l) 

+ Lif3f 1 [L~f3f 2 y(k + l,l + 1) - (321y(k + l,l - L2)] 

- f31 1[L~(3f 2 y(k - L1,l + 1) - f3-; 1y(k - L1,l - L2) ] 
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(5.18) 

Substituting Cm,n(k + 1, l + l) (m, n = 0, l, 2) from Eqs.(5.10)-(5.18) into the 

nonrecursive filter equation we obtain a recursive equation for f;(k + 1, l + l) 

f;(k + l,l + 1) mc(k + l,l + 1) 

(31
1f;(k,l + 1) + (321f;(k + l,l) - (31

1(321f;(k,l) 

(m2 - m3)/31
1co,o(k,l + 1) - (m4 - m1)/321 co,o(k + l,l) 

+ (m2 - m3 + m4 - ms+ m6 - m1 + ms - mg) 

/31
1/321co,o(k,l) 

2m3(31
1c1,o(k,l + 1) - (ms - ms)f321c1,o(k + 1,/) 

+ (2m3 + ms - 2m6 - ms+ 2mg){31
1/321c1,o(k,/) 

2m1/321co,1(k + 1, l) - (ms - m5){31
1co,1(k + 1, l) 

+ (2m1 + ms - 2ms - m6 + 2mg){31
1/321co,1(k,/) 

(m6 - mg)f3;1c2,o(k + 1, l) + (m6 - mg)/31
1 /321c2,o(k, l) 
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(ms - m g)/3"11co,2(k,l + 1) + (ms - mg)/f11/321co,2(k,l) 

2m6/311c1,1(k, l + 1) - 2ms/321c1,1(k + 1, l) 

+ (2m6 + 2ms - 4mg)/311 /321c1,1(k, l) 

2mgf3z 1C2,1(k + 1,l) + 2mgf3i-1/321c2,1(k,l) 

2m9 /311c1,2(k,l + 1) + 2mg/311/321c1,2(k,l) 

+ ( m 1 - m2 + m3 - m4 + ms - m6 + m1 - ms + mg) 

/31
1/321y(k - Li,l - L2) 

[(m1 - m2 + m3) + L2(m4 - ms+ m6) 

+ L~(m1 - ms+ mg)]/311,6f2 y(k - Li,l + 1) 

[(m1 + L1m2 + Lim3) - (m4 + L1ms + Lim6) 

+ (m1 + L1ms + Limg)],6f 1 ,621y(k + 1,l - L2) 

+ (m1 + L1m2 + Lim3 + L2m4 + L1L2ms + LiL2m6 

+L~m1 + L1L~ms + LiL~mg),6f 1 ,6f2 y(k + 1,l + 1) 

(5.19) 

From Eqs .(5.10)- (5.19) it can be seen that y(k, l) can be computed recursively 

using Eqs.(5.10)- (5.17) and Eq.(5.19). These nine equations are the state 

equations for the recursive finite memory filter. They can be written in the 

following form (Fornasini-Machesini's model) [29] 

x(k + 1, l + 1) A 1x(k, l + 1) + A 2x(k + 1, l) 

+ A 3x(k, l) + Fu(k, l) (5.20) 

fl(k, l) = hT x(k, l) (5.21) 

where 

x(k,l) [co,o(k, l), c1,o(k, l), c2,o(k, l), co,1(k, l) 
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I 
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(5.23) 

(5 .24) 

(5.25) 

(5.26) 

(5.27) 
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where 

(5.28) 

(5 .29) 

(5.30) 

- 1 0 0 
1 -1 0 Q I Q 

- 1 2 -1 I 
- - - - - - - - - - - - - I - -· - - - -

1 0 0 -1 0 0 I 

(J~ 1(J-; 1 - 1 1 Q 1 - 1 Q : 0 
1 - 2 -1 -1 2 - 1 I 

---- - - - ------,---- --
- 1 0 0 2 0 0 I -1 0 0 

1 - 1 0 -2 2 0 I 1 -1 0 
S1 Sz S3 S,t S5 2mg I S6 2mg - 1 

(5.31) 

where 

(5.32) 

(5.33) 

(5.34) 

(5 .35) 

(5 .36) 



F 

where 

and 

s6 = m8 - m9 

J3f I J3f2 -/3f1 /321 - /311 j3f2 /311 /321 

L1/3f1 /3f2 -L1f3f I /321 /311 j3f2 -/311/321 
L2 /3L1 /3L2 1 1 2 

-L2/3L1/3-l 1 1 2 - /311/3f2 /3-13-1 1 I 2 

L2/3f 1 /3f2 J3f I /321 -L2/311 /3f2 -/311 /321 

L1L2/3f 1 /3f2 L1/3f I /321 L2/311/3f2 /311/321 

Li L2/3f 1 /3f2 L2 /3L1 /3-1 1 1 2 - L2/311/3f2 -/311 /321 
L2 /3L1 /3L2 

2 1 2 -/3f1/321 -L2 /3-1 /3L2 
2 1 2 /311 /321 

L1L~/3f 1 /3f2 -L1/3f 1 /321 L2 /3-1 /3L2 
2 1 2 -/311 /321 

f. /3L1 /3L2 91 1 2 _ f. /3 L1 /3-1 92 1 2 _ f. /3-l /3L2 93 1 2 j. /3-1/3-1 94 1 2 

f 91 m1 + L1m2 + Lim3 + L2m4 + L1L2ms + Li L2m6 

+L~m1 + L1Lims + LiL~mg 

f92 -(m1 + L1m2 + Lim3) + (m4 + L1m5 + Lim6) 

- (m1 + L1ms + Limg) 

f93 -(m1 - m2 + m3) - (m4 - ms+ m 6 )L2 

- (m1 - ms+ mg )L~ 

u(k,l) = [y(k + I,l + I ),y(k + I,l),y(k,l + I ),y(k,l)f 

h = [zllf 

where z is 1 x 8 row vector with all zero elements. 
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(5.37) 

(5.38) 

(5.39) 

(5.41) 

(5.42) 

(5.43) 

(5.44) 
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Recursive Nonrecursive 
Additions 107 L1L2 - 1 

Multiplications 116 L1L2 

Table 5.1: Comparison of computations 

5.4 Performance Analysis of 2-D Recursive and 

Nonrecursive Finite Memory Filters 

In this section, the computational effort, stability, noise performance and 

frequency response of the recursive and nonrecursive filters are studied. 

5.4.1 Computational Effort 

To compare the amount of computation, consider the number of additions 

and multiplications required to compute the output of filters. The results are 

shown in Table 5.1. It can be seen that for the recursive filter, the amount of 

computation is independent of the window size. On the contrary, the amount 

of computation of the nonrecursive filter is proportional to the window size. 

For L 1 > 11 and L2 > 11 , the amount of computation necessary for the 

recursive filter is less than that for the nonrecursive filter. 

5.4.2 Stability 

The nonrecursive finite memory filter is stable since it has a finite impulse 

response. To investigate the stability of the recursive filter, consider the state 

space model given by Eq.(5.20) and Eq.(5.21) . Taking the z-transform of these 

two equations, the transfer function G(z1 , z2 ) of the recursive finite memory 

filter is obtained 

(5.45) 
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The characteristic polynomia l of the 2-D state space model is given by 

(5.46) 

Further investigation shows that A 1 x A 2 = -A3 which implies that Eq(S.46) 

can be separated into the following form: 

(5.4 7) 

It is not difficult to show that the characteristic equation of A1 has nme 

eigenvalues at z1 = {3-;1. Similarly, A2 has nine eigenvalues at z2 = {321
• 

Hence, the recursive finite memory filter is stable provided that /31 > 1 and 

{32 > 1. Furthermore, it is clear that the transfer function of the recursive and 

nonrecursive finite memory filter are the same and thus the recursive filter 

has pole-zero cancellation at (z1, z2 ) = (/311,/321). These cancellations do not 

create difficulties provided that /31,2 > 1. For /31,2 = 1 even small numerical 

errors might generate unstable response. 

5.4.3 Noise Performance 

Noise is unavoidable during the implementation of the finite memory 

filter. Measurement noise is caused by errors in measurement, while process 

noise could be caused by round-off and quantization errors. Here the effect of 

measurement noise on the filter output is considered. 

Eq.(5.9), the nonrecursive filter, can be rewritten as 

(5.48) 

where 

Y(k, l) = [y(k, l), ... , y(k, l - L2), ... , y(k - L1, l - L2)f (5.49) 
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and 

(5.50) 

In the presence of noise, the measurement vector becomes 

Y *(k,l) = Y(k,l) + 11(k,l) (5.51) 

where 77 (k, l) is the measurement noise vector. The noise is assumed to have 

zero mean and variance a 2 I, where I is the identity matrix. The estimate of 

y(k, l) in the presence of noise is obtained as 

(5 .52) 

The error in t he estimation of y(k, l) due to the presence of noise is 

e(k, l) = y(k, l) - y(k, l) (5.53) 

The expected value of e(k, l) is zero because of the assumption of zero mean 

for the noise and its variance is 

Li L2 

a 2 L I:[(mi + im2 + i 2m3 + jm4 + iJ.ms 
i = O j = O 

(5.54) 

which shows that Var[e(k,l)] is constant for all (k,l). It depends only on the 

coefficients mi, i = 1, 2, ... , 9, which, in turn, depend on f3i, (32 , Li and L 2 • 

The error variance is given in Table 5.2 for some values of (3 = f3i = (32 and 

L = Li = L 2 , assuming that a 2 is unity. From this, it can be seen that if f3i 
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i~ 1.00 1.05 1.10 1.15 
3 0.9025 0.9030 0.9042 0.9060 
6 0.5805 0.5831 0.5895 0.5985 
9 0.3821 0.3864 0.3967 0.4109 
12 0.2668 0.2721 0.2850 0.3024 

Table 5.2: Error variance Var[e(k,l)] for some values of /31 = /32 and L1 = L2 
assuming a = 1.0 

and/or /32 is increased, the error variance is also increased, while an increase 

in L 1 and/or L 2 causes a decrease of the error variance. Theoretically, the 

error variance for the recursive filter is the same as for the nonrecursive filter, 

since the operations performed on the input data are equivalent. 

5.4.4 Frequency Response 

Considering the transfer functions for both recursive and nonrecursive 

filters, we know that they are polynomials which depend on /31, {32 , L1 and L 2 • 

By increasing the window size L 1 x L 2 , the filter bandwidth is decreased (see 

Fig. 5.1 and Fig. 5.2), whereas increasing weighting coefficients reduces the 

filter selectivity (see Fig. 5.3). 

5.5 Conclusion 

A recursive implementation of a 2-D second order finite memory filter is 

presented. The aim of this filter is to fit a 2-D second order polynomial to a 

L 1 x L 2 window of equally spaced measurements. The parameters of the filter 

have been obtained using a weighted least-squares performance index. It has 

been shown that this recursive filter requires less computational effort than 

the nonrectirsive realization. The stability of the recursive filter is guaranteed 
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1 - 1 

Figure 5.1: Magnitude Response of 2-D Finite Memory Filter for 
/31 = /32 = 1.05, L1 = L2 = 6 

by introducing the weighting factors /31 and /32 in the performance index. 
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1 - 1 

Figure 5.2: Magnitude Response of 2-D Finite Memory Filter for 
/31 = /32 = 1.05, Li = L2 = 12 

1 -1 

Figure 5.3: Magnitude Response of 2-D Finite Memory Filter for 
/31 = /32 = 1.4, L1 = L2 = 6 
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Chapter 6 

Summary and suggestions 

6. 1 Summary 

This thesis dealt with the design of the finite memory filters for both the 

one dimensional and the two dimensional case. 

In Chapter 2, the least-squares estimation technique, the recursive 

least-squares and the Kalman filtering have been reviewed and briefly dis­

cussed. Two alternative forms of the Kalman filtering were presented and 

their particular features have been compared. The relationship between the 

deterministic least-squares estimation and the Kalman filter has been dis­

cussed. 

In Chapter 3, a generalized recursive algorithm has been developed for 

an nth order finite memory filter. The parameters of the filter were determined 

by applying a weighted least-squares performance index, and therefore the 

stability of the finite memory filter was ensured. The implementations of the 

nonrecursive and recursive finite memory filters have been obtained and their 

stability, computational effort and frequency response have been studied. The 

performance of the finite memory filter has been illustrated with an example 

of filtering an audio signal. 

In Chapter 4, the Kalman filter and the finite memory filter have been 
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applied to the problem in which the parameters of a first order polynomial were 

estimated. The comparison of those two filters were conducted. The results 

of the comparison showed that the Kalman filter gives better performance in 

the presence of Gaussian noise while the finite memory filter gives almost the 

same results but saves significant computation time in the case of nongaussian 

noise . 

In Chapter 5, a second order 2-dimensional finite memory filter has 

been designed . The corresponding equations for the nonrecursive and recursive 

finite memory filter were derived using a performance index which included a 

weighting factor. The stability of the 2-D finite memory filter was guaranteed. 

The noise performance and the frequency response of the filters have been 

studied. 

6.2 Suggestions for Further Research 

There are several interesting topics which may be further extended m 

future work . 

In Chapter 3, the finite memory fi lters were applied to the audio signal 

filtering . The inves tigation of the app lications of higher order filters in the area 

of real time control is an interesting issue, espec ially for the situation where 

the noise statistics are nongaussian. 

In Chapter 4, the comparison of the Kalman fi lter and the finite mem­

ory fi lter was conducted. This idea can be extended to 2-dimensional case. 

The comparison could be made between the 2-D block Kalman filter and 2-D 

polynomial filter . The applications of those filters can be sought in image 

restoration. 

In Chapter 5, the algorithm of the second order 2-D recursive finite 

memory filter has been developed . It can be app lied to image enhancement 

problem where the picture has spike and/or film-grain noise. More applica-
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tions for which this type of 2-dimensional digital filters is useful can be probed. 

It is interesting to compare the filter performance by using the first order and 

the second order 2-D polynomials. 

The generalized recursive algorithm for 2-D finite memory filter may 

be developed. This will lead to lengthy recursive equations which can be used 

to compare the performance of the recursive and the nonrecursive filters. 

The hardware implementation of finite memory filter is of particular 

interest. Finite memory filters are well suited for systolic array implementa­

tions and this would allow a significant speed improvement. 
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Appendix A 

Matrix B 

The matrix B given in Eq.(5.3) has the following form: 

(A.I) 

The Bii E R 3 x 3 (i, j = 1, 2, 3) are given by 

(A.2) 

with the following expressions for the entries ii bk.I ( i, j, k, l = 1, 2, 3) 
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Li L2 

1l b23 L I>3 
,Bf ,B~ 

i = O j=O 

1 1 ,0L2+1 
--[311 b - 311 b +11 b - (1 + £ 3aLi+1)( - 2 )] (A.6) l _ .Bl 13 12 11 1'-'l l _ ,8

2 

Li L2 
11

b33 LL i4
,Bf,B~ 

i=O j=O 

Li L2 1 1 aLi+l 
12b = ""'""'J·ai ai = --[ub _ - t-J1 (l + L aL2+1)] 

11 L..,, L..,, t-J1t-J2 1 _ a 11 1 _ a 2fJ2 

12b 12 

i=O j=O fJ2 fJl 

Li L2 

I: I: iJ·.B~.B~ 
i=O i=O 

Li L2 
12 

b13 L L i2 
j ,B~.Bt 

i=O j=O 

1 {llb13 - 1 [2 - 2,Bf
1
+1 

l-,82 l-,81 (1-,Bi) 2 

+ (1 - Li,Bf 1 +1)](1 + L2,Bf2+1)} 

3 + ,6f 1 +1(2L1 - 1) 

1 - ,61 

(A.7) 

(A.8) 

(A.9) 

(A.10) 
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Li L 2 
12b 23 I: I: i3JfJffJ~ 

i = O j = O 

1 {llb23 - 1 [6 - 6,Bf
1
+1 12 + ,Bf i+1(6L1 - 6) 

l - ,B2 l -fJ1 (l - ,B1) 3 (1 - f31) 2 

+ 
7 - ,Bf 1+1 (3Li - 3L1 + 1) 

- (1 + L~,Bf1+1)](l + L2,Bf2+1 )} (A.11) 
1 - f31 

L1 L2 
12b 33 I: I: i4Jf3~f3~ 

i = O j=O 

1 {llb33 _ 1 [24 - 24,Bf
1
+1 60 + ,Bf 1 +1 (24L1 - 36) 

1 - f32 1 - f31 (1 - ,Bi) 4 (1 - f31) 3 

+ 
50 - ,Bf 1+1 (12Li - 24L1 + 14) 

(1 - f31) 2 

15 + ,Bf 1+1 ( 4L~ - 6Li + 4L1 - 1) 

1 - ,81 

+ (1 - Lf,Bf1+1 )](1 + L2,Bf 2 +1 )} (A.12) 

L1 L 2 l 1 ,eL1+l 
13b = "" 1-2,ei,Bi = --[212b _ 11 b + ( - 1 ) (l _ L2,eL2+ 1) ] 

11 L.,L., 1 2 1-,B 11 11 1-,B 2 2 
i =Oj=O 2 1 

(A.13) 

L1 L2 
13

b12 LL i/,B~,B~ 
i =O j =O 

1 1 1 - {JL1+l 
--{212b _ 11 b + --[ 1 _ (l + L ,eL1 +1 )](l _ L2,eL2+1)} 
1 - ,82 12 12 1 - f31 1 - ,81 1 1 2 2 

(A.14) 

Li L 2 

13 b13 LL i2 j2 ,B~,B~ 
i = O j=O 
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1 12 11 1 [2 - 2/3[ 1+1 
1 - /32 {2 b13 - b13 + 1 - /31 (1 - /31) 2 

3 + /3[ 1 +1 (2L1 - 1) 
1 - /31 

+ (1 - Li/3[1+1)](1 - L; /3f2 +1)} 

L1 L 2 
13b 23 = I: I: i3 J2 !3f J3~ 

i = O j = O 

Li L 2 

13b33 LL i4J·2 /3~/3~ 
i = O j = O 

50 - {3f 1+1 (12Li - 24L1 + 14) 
+ (1 - [3i)2 

+ (1 - Lf/3[ 1+1)](1 - L;/3f2+1)} 

L 1 L 2 
23b 

11 = I:I:i/3~/3~ 
i =O j = O 

L1 L 2 
23 h12 LL iJ3

{3~{3~ 
i = O j = O 

(A.15) 

12 + j3f 1 +1(6L1 - 6) 
(1 - /31) 2 

(A.16) 

60 + {3f1 +1(24L1 - 36) 
(1 - [3i)3 

15 + {3f1 +1(4Lf - 6Li + 4L1 - 1) 
1 - /31 

(A.17) 

(A.19) 



Li L 2 
23

613 I: I: i2i3f3~f3~ 
i =O j = O 

1 13 12 u b 1 [2 - 2{Jfi+1 

1 _ {3
2 

{3 b13 - 3 b13 + 13 - 1 _ {3
1 

(l _ {3
1
)2 

+ (1 - LifJfi+l)](l + L~{Jf2+1 )} 

Li L 2 

23 b23 L L i3 j3 {3~{3~ 
i = O j = O 

1 13 12 11 1 [6-6{3fi+1 

1 _ fJz {3 b23 - 3 b23 + b2s - 1 _ {3
1 

(l _ {3
1
)3 

Li L2 

23 633 I: I: i4J3f3!f3~ 
i = Oj= O 
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3 + {Jfi+1(2L1 - 1) 

1 - f31 

(A.20) 

12 + {Jfi+l (6L1 - 6) 

(1 - (Ji)2 

(A.21) 

1 13 12 11 1 [24 - 24{3fi+1 

1 _ fJz {3 b33 - 3 b33 + b33 - 1 _ {3
1 

(l _ {3
1
)4 

60 + {Jfi+1(24L1 - 36) 50 - {Jfi+1(12Li - 24L1 + 14) 

(1 - f31) 3 (1 - f31) 2 

15 + {Jfi+1(4~i: ;
1
Li + 4L1 - 1) + (l - Lf{Jfi+l) ](l + L~{Jf2+1)} 

(A.22) 

Li L2 
33 

bu L L J4 f3!f3~ 
i=O j = O 

1 [ 236 6 13b 412 6 11 b --4 11- 11+ 11 - 11 
1 - f32 

(A.23) 



L1 L2 . 

33b12 LL ij4,B~,B~ 
i=Oj=O 

1 {42sb 613b + 412b _ 11 b 
12 - 12 12 12 

1- ,82 

i=O j=O 

1 2 - 2,BLi+l 
1 { 23 13b 412b 11 b + -----,-[ 1 

-- 4 b 13 - 6 13 + 13 - 1s 1 _ ,B (l _ ,B )2 
1 - ,82 1 1 

L1 L2 

33b23 LL i3j4,B~,Bt 
i=O j=O 

1 { 23 13b 412b 11 b 4 b23 - 6 23 + 23 - 23 
1 - ,82 

1 6-6,Bf1+1 
+ 1 - ,81 [ (1 - ,Bi) 3 

12 + ,Bf1+1(6L1 - 6) 
(1 - ,81) 2 

84 

(A.24) 

(A.25) 

7 - ,Bf
1
+1(3Li - 3L1 + 1) _ (l + L~,Bf1+1)](1 _ L~,Bf2 +1)} 

+ 1 - ,81 

(A.26) 

i=O j=O 

1 24 - 24,BLi+l 1 23 13b 12b 11 b + __ [ 1 
--{ 4 b33 - 6 33 + 4 33 - 33 1 ,B (l _ ,B )4 
1 - ,82 - 1 1 
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60 + j3f1+1(24L1 - 36) 50 - /3f1+1(12Li - 24L1 + 14) 
- (1 - /31) 3 + (1 - /31) 2 

- 15 + 13f- 1+1(4Lf - 6Li + 4L1 - 1) + (1 - Lf13f1+1)](1 - L~/3f2+1)} 
1 - /31 

(A.27) 
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Appendix B 

Derivation of Recursive Form 

In this appendix, the derivation of the recursive algorithm for the vector 

c is presented. The derivations for co,1, co,z and c1,2 are similar to c 1,0 , c2 ,0 

and c2,1 . 

co,o(k + 1, l + 1) 

k+l l+l 
L L 13~-k+L1 - 113tl+L2-ly(i,j) 

i = k+l-L1 i=l+l-L2 

k+l I 

L L 13f-k+L1 - 1 /3tl+L2-ly( i, j) 
i = k+l-L1 i=l-L2 

k+l 

+ L ,13~-k+L1-l[,13f2y(i,l + 1) - /3-;ly(i,l - L2)] 
i=k+l-L1 

k+l l L L 13f-k+L1-l13t-l+L2-ly(i,j) 
i=k+l - L1 i=l- L2 

+ 

+ [/3f 1 /3{2y(k + 1,l + 1) - /311/3{2 y(k - L1,l + 1) 

/3[ 1 /321y(k + 1,l - Lz) + f3-;-1{321y(k - L1,l - Lz)] 



l 
~ {3i - k+L 1- i{3j - l+L2 ( · ·) 
L., i 2 yi,J 

+ {3f 1[{3f2y(k + 1,l + 1) - {32iy(k + 1,l - L2)] 

/31i[/3f2 y(k - Li, l + 1) - /32iy(k - Li, l - L2)] 

{31ico,o(k, l + 1) + /32ico,o(k + 1, l) - /31i/32ic(k, l) 

+ /31i/32iy(k - Li,l - L2) - /31i/3f2 y(k - L1,l + 1) 

{3f 1 /321y(k + 1, l - L2) + {3f 1 /3}2y(k + 1, l + 1) 

c1,o(k + 1, l + 1) 

k+l l+l 

L L (i - k + Li - 1){3~-k+Li13t1+L2y(i,J) 
i=k+l-L1 j=l+l-L2 

k+l l 

L L (i - k + L1 - l){3~-k+L1-l13t-l+L2-ly(i,J.) 
i=k+l-L1 j =l-L2 

k+l 
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(B.1) 

+ L (i - k + L1 - l)f3!-k+Li-l[,Bf2 y(i,l + 1) - /3-; 1y(i,l - L2)] 
i=k+l-L1 

k+l l 

L L (i - k + L1 -1){3~-k+Li-1!3tl+L2-ly(i,J.) 
i=k+l-L1 j=l-L2 

k+l 

+ L (i - k + L1)/3~-k+Li-1[{3f2y(i,l + 1) - ,a;1y(i,l - L2)] 
i=k+l-Li 

k+l 
L 13~-k+L1-l[{3f2y(i,l + 1) - f3;1y(i,l - L2)] 

i=k+l-L1 



k+l l 

L L (i - k + L1 - l),Bf- k+L1-1,3t - l+L2-ly(i,j) 
i=k+l- L1 i=l-L2 

k 

+ L (i - k + L1),B~-k+L1-l 
i=k-L1 

k l+l l 

{ L ,3~-k+L1-l[ L .Btl+L2-ly(i,j) _ L .Btl+L2- ly(i,j) ] 
i=k-L1 i=l+l-L2 i=l-L2 

+ ,B-;1,B21y(k - L1,l - L2) - ,B-;1,Bf2y(k - L1,l + 1) 

,Bf1,B21y(k + 1,l - L2) + ,Bf1,Bf2y(k + 1,l + 1)} 

k+l l 

L L (i - k + L1 - l),B~-k+L1-l,3tl+L2-ly(i,j) 
i=k+l - L1 i=l-L2 

k 

+ L (i - k + L1).Bf-k+L1-l 
i=k-L1 

l+l 
I: 

1+1 

I: 

+ L1,Bf1[,Bf2 y(k + 1,l + 1) - ,821y(k + 1,l - L2)] 

+ ,B-;1[,Bf2y(k - L1,l + 1) - ,821y(k - L1,l - L2)] 

,B-;1c1,o(k, l + 1) + ,821c1,o(k + 1, l) - .B-;1,B21c1,o(k, l) 

,B-;1co,o(k, l + 1) + ,B-;1,B21co,o(k, l) 

+ L1,Bf1 [,Bf2y(k + 1,l + 1) - ,B21y(k + 1,l - L2)] 
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89 

(B.2) 

c2,o(k + 1, l + 1) 

k+ l l+l 
L L (i - k + L1 - 1)2.a~-k+L1-1,ag-1+L2-1y(i,J) 

i=k+I-L1 j=l+l-L2 

k+I l 

L L (i - k + L1 - 1)2,a~-k+L1- 1,atl+L2-ly(i,J) 
i=k+l-L 1 j=l-L2 

k+I 

+ L (i - k + Li - 1)2,e~-k+Li-i[,Bf2y(i,l + 1) - ,B-; 1 y(i,l - L2)] 
i=k+i-L1 

k+I l 

L L (i - k + Li - 1)2,e~-k+L1 - i,ag-1+L2-iy(i,J") 
i=k+I-L1 j=l-L2 

k+i 

+ L (i - k + L1) 2,a~-k+Li-i[,Bf2y(i,l + 1) - ,B-;1y(i,l - L2)] 
i=k+i - L1 

k+l 

2 L (i - k + Li).B~-k+Li-i[,Bf2y(i,l + 1) - ,a-;1y(i,l - L2)] 
i = k+i - L1 

k+i 

+ L ,a~-k+L1-i1,a;2y(i,l + 1) - .B;ly(i,l - L2)] 
i=k+l-L1 

k+l l L L (i - k + L1 - l)2,a~-k+L1 - 1,ag-1+L2-ly(i,J") 
i=k+I - L1 j=l - L2 

k 

+ L (i - k + Li)2,a~-k+L1-l 
i=k - L1 



k 

- 2{ L (i - k + L1),B~-k+L1-l 
i=k-L1 

l+l l 

[I: L ,atl+L2 - ly(i,j)] 

+ ,B11,B21y(k - L 1,l - L2) - ,B11,Bf2y(k - L1,l + 1) 

,Bf1 /321y(k + 1,l - L2) + ,Bf1 /3f 2 y(k + 1,l + 1)} 

,B1
1c2,o(k, l + 1) + ,B2

1c2,o(k + 1, l) - ,81
1,B21c2 ,o (k, l) 

2/311c1,o(k, l + 1) + 2/311,821c1,o(k, l) 

+ /311co,o(k,l + 1) - ,811/321co,o(k,l) 

+ Li,Bf1[,Bf2y(k + 1,l + 1) - /321 y(k + 1,l - L2)] 

/311[,Bf2 y(k - L1,l + 1) - /J21y(k - L1,l - L2)] 

k+l l+l 
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(B.3) 

L L (i - k + L1 - l)(j - k + L2 - l),B~-k+Li- 1ptl+L2y(i,J
0

) 

i=k+l-L1 i=l+l-L2 

k+l l 

L L (i - k + L1 - l)U - l + L2 - l),B~-k+L1- lptl+L2-ly(i,j) 
i=k+l- L1 i=l- L2 

k+l 
+ L (i- k + L1 - l),Bf-k+Li-l[L2,Bf2 y(i,l + 1) + ,B-;1y(i,l - L2)] 

i=k+l-L1 

k+l l 

L L (i - k + L1 - l)(J' - l + L2 - l),B~-k+L1- lpt-l+L2-ly(i,J.) 
i=k+l-L1 i=l-L2 



k+l l 

L L (i - k + Li - l),B!- k+L1-i,atl+L2-iy(i,J) 
i=k+i-L1 j=l-L2 

k+l 

+ L (i - k + Li),B~-k+Li - i[L2,Bf2y(i,l + 1) + ,B-; 1y(i,l - L2)] 
i=k+i - L1 

k+i 

L (i - k + Li).B!-k+Li-i[L2,Bf2 y(i,l + 1) + ,a-;iy(i,l - L2)] 
i=k+i - L1 

k+i l 

L L (i - k + Li - l)U - l + L2 - 1) 
i=k+i-L1 j = l-L2 

,B
i-k+L1-i,ai-l+L2-i ( · · ) 
i 2 Y i,J 

k+i l 
L L (i - k + Li - l),B~-k+L1-i,atl+L2-iy(i,J) 

i = k+i - L1 j = l - L2 

k 

+ L (i - k + Li),B~-k+L1 - i 
i=k-L1 

l+i 

L U - l + L2 - 1),Bt - l+Lriy(i,J) 

j = l+i - L2 

l 

- L u - l + L2 - 1),at- l+L2-iy(i,J)] 
j=l-L2 

k l+l 
{ L ,B~-k+L1-i[ L U - l + L2 -1).Bt-l+Lrly(i,J) 

l 

- L u - l + L2 - l),Btl+L2-ly(i,J.)] 
i=l-L2 

,B-;1,B2iy(k - Li,l - L2) - L2,B1i,Bf2y(k - Li,l + 1) 

+ ,Bf 1 ,821y(k + 1, l - L2) + L2,Bf 1 ,Bf2 y(k + 1, l + 1)} 

.B11c1,1(k,l + 1) + .B21Ci,i(k + 1,l) - .B1i,a-;ici,i(k,l) 
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/311co,1(k,l + 1) + /311/321co,1(k,l) 

/321c1,o(k + 1,l) + /311/32ici,o(k,l) - /31i/32ico,o(k,l) 

+ L1/Jf1[L2/Jf2y(k + 1,l + 1) + /32iy(k + 1,l - L2)] 

92 

+ /31i[L2/Jf2y(k - Li,l + 1) + /32iy(k - Li,l - L2)] (B.4) 

Cz,i(k + 1,l + 1) 

k+l l+i 

L L (i - k + L1 - 1) 2U - l + L2 - 1)/3~-k+Li 13tl+L2y(i,J") 
i=k+i-L1 i=l+i-L2 

k+i l 

L L (i - k + Li - 1)2U - l + L2 -1)/3i-k+L1 - 113t-l+L2-iy(i,J°) 
i=k+i-L1 i=l-L2 

k+i 

+ L (i - k + L1 - 1)2/3i-k+Li-i[L2/Jf2y(i,l + 1) + f3;iy(i,l - L2)] 
i=k+i-L1 

k+i l 

L L (i - k + Li - 1)2U - l + L2)/Jf-k+L1 - 113tl+L2-iy(i,J") 
i=k+i-L1 i=l-L2 

k+i l 

L L (i - k + Li - 1)2/3i-k+L1-1134-l+L2-iy(i,J") 
i=k+i-L1 i=l-L2 

k+i 

+ L ' (i - k + L1)2/3i-k+Li-i[L2/Jf2y(i,l + 1) + 13;iy(i,l - L2)] 
i=k+l-L1 

k+l 

2 L (i - k + Li)/Ji-k+Li-1 [L2/Jf2 y(i,l + 1) + /3; 1y(i,l - L2)] 
i=k+l-L1 

k+l 

+ L /3i-k+Li-i[L2/Jf2 y(i,l + 1) + f3;iy(i,l - L2)] 
i=k+l-L1 

k+l l 

L L (i - k + Li - 1)2U - l + L2)/Jf-k+L1-113tl+L2-iy(i,J") 
i=k+l-L1 i=l-L2 



k+l l 

L L (i - k + L1 - 1)2,af-k+L1 - 1,atl+L2-ly(i,J) 
i=k+l-L1 j = l - L 2 

k 

+ L (i - k + L1)2,a~- k+L1 - l 
i=k- L1 

,B j - l+ L 2- l ( · ") 
2 y i,J -

i = l+l-L2 

k 

2{ { L ( i - k + Li),Bf- k+L1 -1 

i = k - L 1 

l+l 

L (i - l + L2 - 1),at-l+L2-ly(i,J) 

j = l+l-L2 

l 

- L u - l + L2 - l).Btl+L2- ly(i,J")] 
j = l - L 2 

k 

+ L ,a~- k+L1 -1 

i = k- L1 

l+l 
[ L u - l + L2 - l).Btl+L2-ly(i,J") 

j = l+l - L 2 

l 

- L (J" - l + L2 - 1),Btl+Lrly(i,J")] 
j = l-L2 

,811,821y(k - L1,l - L2) - L2,811,Bf2y(k - L1,l + 1) 

+ ,Bf1 ,821y(k + 1, l - L2) + L2,Bf 1 ,Bf2 y(k + 1, l + 1)} 

,811c2,1(k,l + 1) + ,821c2,1(k + 1,l) - ,811,B21c2,1(k,l) 

2,811c1,1(k,l + 1) + 2,811,821c1,1(k,l) 
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+ (311co,1(k,l + 1) - f311f321co,1(k,l) 

(321c2,o(k + 1, l) + (311 (321c2,o(k, l) 

2(311 (321c1,o(k, l) + (311 f321co,o(k, l) 

+ LifJf1[L2fJf2y(k + 1,l + 1) - f3;1y(k + 1,l - L2)] 

(311[L2fJf2y(k - L1,l + 1) - (321y(k - L1,l - L2)] 

k+l l+ l 

L L ( i - k + L1 - 1) 2 (j - l + L2 - 1) 2 

i = k+l - L1 i = l+l - L2 

ai-k+L1/3i - l+L2 ( · ·) 
/Jl 2 Y i, J 

k+l l 
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(B.5) 

L L (i - k + L1 - 1)2(j - l + L2 - 1)2/Jtk+L1-l/Jtl+L2- ly(i,j) 
i = k+l -L1 j = l - L2 

k+l 

+ L (i - k + L1 -1)2/J~-k+Li-l[L~/Jf2y(i,l + 1) - fJ-; 1y(i,l - L2) ] 
i = k+l-L1 

k+l l 

L L (i - k + L1 - 1) 2 

i = k+l -£1 j = l-L2 

k+l l 

+ I: L (i - k + L1 - 1)2/Jtk+L1-l/Jt!+L2- ly(i, j) 

k+l 

+ L (i - k + L1) 2(Jf-k+Li - l[L~(Jf2 y(i,l + 1) - /J2 1Y(i,l - L2)] 
i = k+l - L 1 

k+l 

2 L (i - k + L1)/J~-k+Li - 1[L~(Jf 2 y(i,l + 1) - /J2 1y(i,l - L2)] 
i = k+l-L1 



95 

k+ l 

+ L ,ef- k+L1 - l[,Bf2y(i,l + 1) - ,e; ly(i,l - L2) ] 
i = k+l - L1 

k+ l l 

L L (i - k + L1 - 1)2 
i = k+ l - L1 j = l - L 2 

k+ l 

+ I: 

k 
+ L (i - k + L1)2,af- k+L1 - l 

i=k- L1 

1+ 1 
L (j - l + L2 - 1)2,atl+L2 - ly(i,J) 

i = l+l - L 2 

l 

- L (j - l + L2 - l),Btl+L2 - ly(i ,J) ] 
i = l - L2 

k 

2{ L (i - k + L1),Bf- k+L1 - l 
i = k- L1 

l+l 
L u - l + L2 - 1)2,at- l+L2- ly(i ,J") 

i = l+l - L 2 

l 

- L u - l + L2 - 1)2.Bt- l+L2 - ly(i,J)] 
j = l - L 2 

k l+ l 
+ L ,ef-k+L1 - l[ L u - l + L2 - 1)2,atl+L2- ly(i,J") 

i=k - L1 j = l+ l - L2 

l 

- L u - l + L2 - 1)2.Bt- l+L2- ly(i,J) ] 
i = l-L2 



+ f3-;1f3; 1y(k - L1,L - L2) - L;f3-;1fJf 2 y(k - L1,L + 1) 

f3f 1 f3; 1y(k + 1, t - L2) + L;f3f 1 f3f 2 y(k + 1, t + 1)} 

{311c2,2 (k , l + 1) + {321c2,2(k + 1, l) - {311 {321c2,2 (k , l) 

2{311c2,1(k, l + 1) - 2{321c2,1(k + 1, l 1 

2{311{32- lc2 ,1(k,l) - 2{311{32-lc1,2(k,l) 

+ {311 co ,2(k,l + 1) - {311{32 - lco,2(k,l) 

+ {321c2,o(k + 1,l) - {311f32 - lc2,o(k,l) 

- 4{311f32 - lc1 ,1(k,l) + 2{311f32-lc1 ,o(k,l) 

+ 2{311f32- l co,1(k , l) - {311(32-lco,o(k,l) 

+ Lif3f 1 [L;{Jf 2 y(k + 1, l + 1) - {321 y(k + 1,l - L2)] 

- {311 [L;{3f2 y(k - L1 , l + 1) - {321y(k - L1, l - L2) ] 
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(B.6) 
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