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Four-Wave Mixing 
Dao Xiang and Reuven Gordon*
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ABSTRACT: Nanoparticles have acoustic resonances in the 10 GHz to THz range, which makes them interesting for resonantly 
enhanced four-wave mixing applications such as frequency conversion. Using a nearly-degenerate four-wave mixing setup and 
comparing with Rayleigh-Gans-Debye scattering, we estimate a nonlinear refractive index, n2, of approximately 2×10-5 cm2/MW 
for 22 nm polystyrene nanospheres in water at a difference frequency of 43 GHz. This is nearly three orders of magnitude larger 
than the typical below-bandgap nonlinear response of semiconductors. This strong high-frequency response may be ideal for four-
wave frequency conversion in all-optical information technologies, with appropriately chosen nanoparticle sizes. 
KEYWORDS: nonlinear nanophotonics, nanoparticles, acoustic vibration, four-wave mixing. 

The nonlinear optical response of materials is typically weak, 
since photons do not interact strongly with matter. For four-
wave mixing (FWM) applications, the nonlinear refractive 
index, n2, is ~2×10-8 cm2/MW at high frequency (in the hun-
dreds of THz)1. This requires high powers for applications 
such as FWM wavelength conversion. Much stronger nonline-
ar responses can be found for phase transitions2, low-
dimensional materials3-11, and gradient forces on nanoparti-
cles12,13, with responses of ~3.6×10-3 cm2/MW. These are all 
very slow processes, due to the slow response of phase transi-
tions or transport of nanoparticles over macroscopic distances. 
As a result, they are not suitable applications like high fre-
quency shift wavelength conversion. Faster approaches, up to 
~10 GHz, include stimulated Brillouin scattering14,15 and non-
linear mixing in semiconductor amplifiers and waveguides16-24. 
For even higher frequency conversion in the >20 GHz to sev-
eral THz range (which is the target of all-optical data pro-
cessing, since it is faster than what is easily achievable with 
electronics alone), processes that involve electrostriction can 
be considered.  

Stimulated Raman scattering typically makes use of molecu-
lar vibrations, but it is relatively weak. It has been recognized, 
however, that large-scale vibrations of nanoparticles can give 
strong Raman response25-29. Nanoparticles have also been in-
vestigated by the pump-probe spectroscopy, particularly for 
metal nanoparticles30-32. For wavelength conversion applica-
tions, metal nanoparticles may not be the best candidates be-
cause they have substantial absorption at their plasmonic reso-
nance33.   

Recently, we reported on acoustic vibrations of individual 
nanoparticles and proteins in an optical tweezer setup34. In-
trigued by the large response of these individual dielectric 
nanoparticles, here we measure the nearly-degenerate FWM 
(NDFWM) of polystyrene nanoparticles in aqueous solution. 
The acoustic resonance frequencies measured by NDFWM 
match well with our previous experiments and also agree with 
Lamb’s theory, and the nonlinear response is almost three 
orders of magnitude higher than the intrinsic response of sem-
iconductors. This opens up exciting possibility for nanoscale 
size-tunable efficient wavelength conversion.   

Figure 1 shows the NDFWM configuration used to study the 
acoustic resonance enhanced nonlinear scattering of dielecric 
nanoparticles. A continuous-wave (CW) tunable distributed 
Bragg reflector laser (DBR852P, Thorlabs) and a CW tunable 
external-cavity laser (DL 100, Toptica Photonics) supply 
counter-propagating optical beams with wavelength around 
853 nm to illuminate the sample region and the external-cavity 
laser has the shorter wavelength. After passing two lenses with 
focal lengths of 5 cm and 4 cm, the collimated distributed 
Bragg reflector laser beam diameter is 43.5 μm and the colli-
mated external-cavity laser beam size is 18 μm × 54 μm. The 
nonlinear medium was an aqueous suspension of polystyrene 
nanoparticles with 1% weight/volume concentration (3000 
series, Thermo Scientific, with typical diameter dispersion 
below 1 nm) in a quartz cuvette where the anti-reflection coat-
ing on cell windows helps reduce surface reflection losses.  

The polarization controller and polarizer ensured co-
polarized illumination. The angle between the pump beam 
with amplitude A1 and the probe beam with amplitude A3 was 
adjusted to ~6o to allow for three hundred micrometer nonline-
ar interaction length L=a×(1/tanθ+1/sinθ), where a is the 
width of laser beam, θ is the angle between two laser beams. 
The optical chopper modulated the intensity of the pump wave 
A2 to only permit the Rayleigh scattered light of the pump 
wave A2 and the Bragg-diffracted beam with amplitude A4 to 
be measured by an avalanche photodetector (APD120A, 
Thorlabs) and amplified by a lock-in amplifier (SR510, Stan-
ford Research Systems). The power of the distributed Bragg 
reflector laser was fixed to a relatively small value of 10 mW 
to limit the amplitude of Rayleigh scattered light (which will 
be used for power estimation in the next part), while the power 
of external-cavity laser was set to a relatively high value of 
60 mW to excite two beams of the four-wave mixing process.  

The frequency difference between the two laser sources was 
scanned with a step of 1 GHz, and the nonlinear response was 
recorded at the avalanche photodetector. A variable optical 
attenuator was used to obtain the power dependence of the 
nonlinear response at acoustic resonance.  

The inelastic scattering can be understood from Figure 1. 
The interference between the pump beam A2 at frequency ω2 
and the probe beam A3 at frequency ω3 induces a travelling 
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periodic variation in refractive index of the sample via the 
electrostrictive force that elongates individual nanoparticles 
along the polarization direction. Another pump wave A1 at 
frequency ω1 (ω1 = ω3 > ω2) Bragg diffracts off the electro-
striction induced moving grating and is red-shifted due to the 
Doppler effect. This creates a signal wave A4 with frequency 
ω4 = ω1 + ω2 - ω3= ω2.  

When the beat frequency Ω=ω3-ω2 is tuned to the acoustic 
resonance, the acoustic vibration modes of the polystyrene 
nanoparticles will be resonantly excited. The resulting reso-
nant oscillation of the spheroid eccentricity creates a strong 
refractive index perturbation, that is, the moving grating.  

Now we consider the phase matching condition in this 
scheme and assume that the propagation directions of the 
pump wave and the probe wave are along z´ and z axes, re-
spectively, and the in-plane direction perpendicular to z´ is 
along the y´ axis. The wavevector mismatching term becomes 
 1 2 3 4k k k k k∆ = + − −
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where ns is the refractive index of solvent; c is the light veloci-
ty in vacuum; , , 'y z z  are unit vectors. Because the angle be-
tween two laser beams θ is 6o and the interaction length is 
three hundred micrometers, the phase mismatch ∆k·L is small 
and can be ignored.   

Figure 2 shows the avalanche photodiode detected signal at 
the chopped frequency as the function of the beat frequency 
between distributed Bragg reflector laser and external cavity 
laser for polystyrene nanoparticles with a diameter of 22 nm. 
The error bars are from repeated measurements. It is also no-
ticed that the non-resonant background would drop by 0.1 mV 
after blocking the external-cavity laser because the gradient 
force plays a role in moving nanoparticles into the high-field 
regions12.  

It is noted that there is an acoustic resonance peak with full 
width at half maximum (FWHM) of ~2 GHz located at 43 
GHz. This value matches well with the theoretical prediction 
of the quadrupolar accordion mode (l=2, n=0) based on 
Lamb’s theory35. In the theoretical calculations, the transverse 
sound velocity and longitudinal sound velocity of polystyrene 
were taken to be 2350 m/s and 1120 m/s36. 

  It is interesting to note that the linewidth is quite narrow; 
however, this is not unprecedented for nanoparticles in solu-
tion. For example, the damping time for acoustic vibrations in 
a sample of bipyramidal gold nanoparticles, capped with poly-
styrene sulphonic acid, in water was measured to be 261±10 
ps37, indicating a 4 GHz bandwidth for those larger nanoparti-
cles. Our measurement shows a smaller bandwidth for smaller 
nanoparticles, while our larger particles give a larger band-
width because of higher damping (~5 GHz for the 30 nm par-
ticles and ~6 GHz for the 40 nm particles, not shown). A 
smaller resonant response was observed for those larger nano-
particles, and so we focus on the results for the 22 nm nano-
particles for the remainder.  

Figure 3 shows the NDFWM peak frequencies for different 
nanoparticle diameters. The error bars on the sphere diameter 
is the manufacture’s specification. All the above results are 
consistent with our previous nanotweezers work34 (including 
the appearance of a smaller peak seen at close to 70 GHz in 

Figure 2). We note that in the present configuration the l = 0 
peak is barely visible. We found that the ratio between the 
powers is power-dependent and this may be related to the 
power required for the nonlinear response to exceed the 
background scattering. We were unable to explore higher 
powers to test this hypothesis due to limitations in the laser 
output. 

To estimate the strength of nonlinearity at the acoustic reso-
nance, we compared the wavelength conversion from coupled-
wave theory in nonlinear optics38 to the scattering from Ray-
leigh-Gans-Debye theory39. By assuming, for simplicity, that 
all of waves have the plane wavefronts and the pump depletion 
effect is neglected, and solving the coupled-wave equations, 
the intensity of signal wave at the incident plane of the probe 
wave z=0 is given by 
 ( ) 22 2
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refractive index of solvent; c is the light velocity in vacuum; 
χ(3) is the effective third-order susceptibility of medium; ε0 is 
the vacuum permittivity;  λ is the wavelength of light; and L is 
the light-matter interaction length. The approximation in Eq. 
(2) is reasonable considering |κ|L ≈ 0.0003. 
 The Rayleigh-Gans-Debye theory can be employed to de-
scribe the linear light scattering of colloidal sample. The inten-
sity of scattered light collected at the angle θ at a distance d0 

from the sample is  
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where f(θ)=3cos2θ is a geometrical factor accounting for the 
orientation of the transition dipole moment relative to the inci-
dent laser field; N = ci × V is the number of nanoparticles in 
the illuminated volume, where ci is the number concentration 
and V = π(a/2)2×b/sinθ (a is the collimated DBR laser beam 
diameter and b is the optical aperture size of APD); the scat-
tering length density difference ∆ρ reflecting for the scattering 
ability of the sample is expressed as 
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with relative refractive index m = np/ns between the nanoparti-
cle (np) and the solvent (ns); Vp is the nanoparticle volume; the 
modulus of scattering vector is given by 
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the form factor describing the intra-nanoparticle interference 
for a nanoparticle with radius of rp is given by40 
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the structure factor S(q, ci) describing the inter-nanoparticle 
interference is the function of q and number concentration ci, 
and it is expressed as41 
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with the radius of gyration Rg.  
After combining Eqs. (2) and (3), the estimation of χ(3) is 

given by 
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We find that for the 22 nm nanospheres, the third-order sus-
ceptibility χ(3) is 1.8×10-17 m2/V2 and the nonlinear refractive 
index n2 is 2×10-5 cm2/MW. This estimate is three orders of 
magnitude larger than the intrinsic below bandgap response of 
silicon1.  

We can also provide a direct calculation of the nonlinear 
scattering based on the measured response of the APD where 
the signal height of ~0.5 mV corresponds to the real generated 
power of ~4.5 nW for the signal wave. We can obtain that the 
third-order susceptibility χ(3) is 3.8×10-17 m2/V2 and the non-
linear refractive index n2 is 4.3×10-5 cm2/MW by Eq. (2). 
These values are close to those calculated with Rayleigh-
Gans-Debye theory, supporting the reliability of the estima-
tion.  

Figure 4 shows the external-cavity laser power dependence 
of the nonlinear signal strength (i.e., subtracting the non-
resonant background from Rayleigh scattering) by manually 
adjusting a variable optical attenuator. An approximately 
quadratic power dependence is seen as expected since we are 
varying the intensity of two beams in the NDFWM. It is noted 
that the starting point is 40 mW, which we believe is due to 
the large Rayleigh background that swamps out the signal 
below this value.  

Actually, this narrow bandwidth in Figure 2 is not ideal for 
ultra-fast switching of the wavelength conversion. In that case, 
more disperse nanoparticles may be considered, or a more 
viscous solution37. For wavelength conversion that is modulat-
ed at less than a GHz, this narrow bandwidth can be appropri-
ate if we tune the nanoparticle size to match the frequency 
conversion requirement. In the present work, we have not 
demonstrated the wavelength conversion due to challenges 
in the setup, where the nanowatts of nonlinear signal gen-
eration is overwhelmed by the nearly-degenerate milliwatts 
of pump power. Nevertheless, the nonlinear susceptibility 
is for that process is expected to be almost identical to the 
one measured here. The size scaling is shown in Figure 3, and 
scales inversely with radius. Another possibility is to tune the 
material properties, such as mechanical structure or material 
type. 

In conclusion, we have demonstrated acoustic resonance en-
hanced NDFWM using the electrostriction-induced vibrations 
of dielectric nanoparticles in solution.  The role of the acoustic 
resonant vibration was confirmed by the characteristic reso-
nant peak positions as compared with Lamb’s theory. Our 
experiments with an aqueous suspension of 22 nm nano-
spheres showed a nonlinear refractive index n2 is 2×10-5 
cm2/MW, which is three orders of magnitude larger than the 
intrinsic response of silicon, but two orders of magnitude 
weaker than the gradient-force induced Kerr nonlinearity from 
nanoparticle displacement.  

The observed narrow-band response is interesting, although 
it is not unprecedented for nanoparticles. This is not desirable 
for fast switching, where the critical damping condition is 
desired to get the maximum bandwidth response. In subse-
quent studies, we intend to investigate other nonlinear nano-
materials to achieve such a broadband response, as well as 
applying this effect in frequency conversion application42.  
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Figure 1. Experimental configuration of NDFWM. DBRL: distributed Bragg reflector laser; PC: polarization controller; FC: fiber 
coupler; OSA: optical spectrum analyzer; BR: blocker; FPC: fiber-port collimator; PR: polarizer; OC: optical chopper; IRS: iris; 
APD: avalanche photodetector; BS: beam splitter; MR: mirror; VOA: variable optical attenuator; ECL: external cavity laser.  

 

Figure 2. Avalanche photodetector response of an aqueous suspension of 22 nm polystyrene nanoparticles.  

 

Figure 3. The experimentally confirmation of peak positions against the theoretical values for three different sizes. 
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Figure 4. Power dependence of NDFWM at beat frequency 43 GHz for an aqueous suspension of 22 nm polystyrene nanoparticles. 

 


