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ABSTRACT

In Multiple-Input Multiple-Output (MIMO) broadcast channels, the multi-antenna
basestation transmits information to multiple non-cooperative mobile users simulta-
neously. Among various transmission schemes, zero-forcing beamforming (ZFBF)
and random unitary beamforming (RUB) are of particular interest due to their low
implementation complexity and ability to explore the multiplexing gain provided by
multiple transmit antennas.

To investigate the effects of multiuser diversity on sum-rate performance, pre-
vious studies of beamforming schemes in multiuser MIMO systems usually employ
asymptotical analysis. In this work, while assuming channel gain follows Rayleigh flat
fadiug, we study the sum-rate performance of ZFBF and RUB through exact math-
ematic analysis. For this purpose, we derive the statistics of selected users’s effective
channel gain, which enable us to calculate the sum rate accurately and efficiently.
With derived sum-rate expressions, we evaluate and compare the sum-rate perfor-
mance of MIMO broadcast channels with RUB and dual-transmit-antenna ZFBF. In
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addition, we apply this analytical method to study strategies that mitigate multiuser
interference for RUB-based multiuser MIMO systems. The strategies we consider in

the thesis include

e Reducing the number of served users at a time. We present a new user schedul-
ing scheme, which imposes a threshold on user’s SINR for feedback load reduc-
tion and only activates those beams that are requested by feedback users.

e Exploiting receive diversity. When receivers use more than one antennas, we
evaluate the sum-rate performance gain offered by selection combining (SC) and
optimum combining (OC) schemes, respectively.

In addition to beamforming techniques, we study the symbol error rate (SER)
performance of MIMO broadcast channels with vector perturbation (VP) precoding
and quantized channel feedback. Based on the established equivalent relations in
terms of minimum mean square error (MMSE) and SER between quantized and
perfect channel feedback cases, we investigate the tradeoff between feedback load and
achievable diversity gain.
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Chapter 1
Introduction

Recent research and industry activities have brought the fourth-generation (4G) wire-
less communications systems closer to implementation and standardization. The ex-
pected data rate requirements will be an order of magnitude higher than 3G. Current
technologies based on TDMA /CDMA are not capable of handling the wideband sig-
nals required to reach the 4G target data rates. Multiple-Input Multiple-Output
(MIMO) techniques, with the potential to increase both the data throughput and
transmission reliability, are considered to be one of the enabling technologies in the
4G wireless communications systems.

Currently, MIMO is the key physical layer technology for two future mobile com-
munications systems: Long Term Evolution (LTE) and Worldwide Interoperability
for Microwave Access (WiMax). LTE is the 4G evolution of cellular systems and is
expected to provide true mobile broadband experience beyond the capability of exist-
ing high-speed packet access (HSPA )-based 3G systems, while WiMax is a technology
that is expected to deliver last mile wireless broadband access.

In this work, we study MIMO technology under a practical scenario, where mul-
tiple antennas are used at the basestation while mobile receivers, due to size, power,
and cost limits, have less or only a single antenna. We investigate how to achieve
maximum benefits promised by MIMO technology under the constraint of processing
complexity and feedback load. For this purpose, we firstly provide some background
information on this research topic and elaborate the challenges we are facing.



Figure 1.1: Point-to-point MIMO systems.

1.1 MIMO Broadcast Channels

In point-to-point MIMO communications systems, as illustrated in Fig. 1.1, multi-
ple antennas are used at both the transmitter and receiver. The capacity of MIMO
channels increases linearly with min(M, N), where M and N denote the number of
antennas at the transmitter and mobile receiver, respectively [1,2]. In practice, how-
ever, it is difficult to implement as many antennas at mobile users as the basestation
due to the size, cost and complexity limitations, which implies N < M. In the mean-
time, the number of users in the system K is usually larger than M. In the downlink
of multiuser MIMO systems, if the basestation adopts time division multiple access
(TDMA), where only one user is served at a time, the spatial degrees of freedom
offered by additional transmit antennas at the basestation can not be fully exploited
for capacity benefit [7], [8]. Considering there are K > M users in the system, the
basestation may choose to transmit information to multiple non-cooperative mobile
users simultaneously to increase the system throughput, resulting in so-called MIMO
broadcast channels.

The structure of multiuser MIMO systems is illustrated in Fig. 1.2, where the
basestation employed with four antennas transmits information to four single-antenna
users at the same time. Whereas, simultaneously transmitting independent data
streams for non-cooperative users will incur inter-user (multiuser) interference. This
is because one user is unable to distinguish between its desired signal and inter-
ference signal resulting from simultaneous transmission to other users. In such a
circumstance, the job of interference mitigation has to be done at the basestation
using preprocessing techniques (precoding). Studies have shown that to what ex-
tent the multiuser interference can be mitigated depends on how much channel state
information (CSI) of mobile users the basestation has.

Under the assumption that perfect CSI is available at the transmitter, information-
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Figure 1.2: Multiuser MIMO systems.

theoretic results dated back to the beginning of this century show that serving multiple
mobile users at the same time can fully explore the multiplexing gain provided by the
multiple transmit antennas.

Capacity of MIMO Broadcast Channels For signal-antenna broadcast chan-
nel, the channel is degraded and its capacity region is known and achieved by suppo-
sition coding [3], [4]. MIMO broadcast channel, however, is generally not degraded
and its capacity region is unknown.

Pioneering work by Caire and Shamai [5] obtains the sum capacity of the MIMO
broadcast channel for the special case of K = 2 users. They propose a transmission
scheme which uses Costa’s dirty paper coding (DPC) [9]. By maximizing the dirty
paper lower bound and minimizing Sato’s upper bound [6], Caire and Shamai show
that they are equal and thus the proposed scheme is optimal in achieving the sum
capacity for the case of two users. The computation is complex and hard to extend
to more general cases [12].

Some following works generalize Caire and Shamai’s results on the optimality of
dirty paper region for the sum capacity of the broadcast channel. In [13], Yu and
Cioffi use a Generalized Decision Feedback Equalizer structure for precoding at the
transmitter. The sum capacity for general cases under power constraint is found
to be the saddle-point of the mutual information expression maximizing over signal
covariance and minimizing over noise covariance. The results only hold for those
channels for which the worst case correlation of the noise in the Sato upper bound is
non-singular.

In [12], Viswanath and Tse handle channels with multiple transmit antennas but



only one antennas at each user. The tightness of the Marton inner bound and Sato’s
upper bound is proven by showing the intimate uplink-downlink duality and point-
to-point reciprocity. In [14], Vishwanath, Jindal and Goldsmith establish a duality
between dirty paper region for the MIMO broadcast channel and capacity region of
the MIMO multiple-access channel, which simplifies the calculation of the achievable
region of the MIMO broadcast channel.

1.2 Beamforming Techniques

When perfect CSI of mobile users is available at the transmitter, DPC is the opti-
mal transmission scheme since it achieves sum capacity of MIMO broadcast channels.
However, heavy computational complexity involved with such non-linear precoding
scheme prohibits its implementation in practical communications systems [10]. As
such, there is a growing interest in low-complexity transmission schemes that can ef-
fectively explore the spatial multiplexing gain of MIMO broadcast channels. Transmit
beamforming is one of the suboptimal strategies that can serve multiple users at the
same time [15-17,19]. Interestingly, the data throughput achieved with beamforming
is shown to scale at the same rate of M loglog(K) as DPC, when K is sufficiently
large.

With transmit beamforming, the data stream of each selected user is coded inde-
pendently and multiplied by a beamforming vector. The transmit vector is generated
as the superposition of all selected users’ data streams. Since the number of active
users is usually larger than the number of transmit antennas, namely K > M. The
basestation may select a subset of users (<M) out of K users for simultaneous trans-
mission. When users’ channels experience independent fading, there is likely to be a
subset of users with very good channel quality, which is characterized by more close-
ness to orthogonality between users’s channel vectors and larger power gain. The sum
rate, defined as the sum of data rates of all users, can be enhanced by transmitting
to those carefully chosen users. The system-wide performance improvement brought
by the freedom to select users is called multiuser diversity gain.

To appropriately select the users and design the beamforming vectors, the bases-
tation requires some form of CSI of mobile users. For communications systems with
Time-Division Duplex (TDD), using the reciprocity of radio propagation channels,
CSI can be obtained by measuring the uplink channels. For Frequency-Division
Duplex (FDD), the acquisition of CSI is usually realized through feedback mecha-



nism. Since feedback decreases spectral efficiency of wireless communications systems,
there exists a tradeoff between feedback load and sum-rate performance of multiuser
MIMO systems. Current research interests focus on two low-complexity beamforming
schemes, zero-forcing beamforming (ZFBF) [19-22] and random unitary beamforming
(RUB) [15,28-31]. Both beamforming schemes are shown to achieve the same scaling
law as DPC when there are asymptotically large number of users in the system.

1.2.1 Zero-forcing Beamforming

ZFBF is an appealing beamforming scheme in that ZFBF can completely eliminate
the multiuser interference with the knowledge of perfect CSI. This is achieved by
designing one user’s beamforming vector to be orthogonal to other selected users’
channel vectors [18]. As a result, ZFBF realizes interference free multiuser transmis-
sion at the cost of a certain loss of power gain due to the projection of channel vectors
onto the beamforming direction. Consequently, to maximize the spatial multiplexing
gain of ZFBF, the base station needs to select users, whose channel vectors have rel-
ative large power gain and, at the same time, are near orthogonal to one another to
minimize the projection power loss. While most previous work on ZFBF have been
based on either simulation study or asymptotical analysis, we adopt a different ap-
proach in this work and perform exact analysis of the sum rate of two low-complexity
user selection schemes for ZFBF transmission with two antennas.

1.2.2 Random Unitary Beamforming

RUB is a low-complexity solution for exploring multiplexing gain over MIMO broad-
cast channels. With RUB, a set of M orthonormal beams (beamforming vectors) are
used, which is generated randomly and known to both the basestation and mobile
users. To explore multiuser diversity gain, each user will feedback certain signal to in-
terference and noise ratio (SINR) information of available beams, based on which the
basestation carries out proper user selection. In this thesis, we focus on the following
three research topics associated with RUB-based multiuser MIMO systems.

Exact sum-rate analysis We attack the exact sum-rate analysis of the RUB
scheme presented in [15]. The major difficulty in performing exact sum-rate analysis
is to obtain the statistics of the ordered beam SINRs for a particular user, which
involves the order statistics of correlated random variables. Fortunately, with the
help of some recent results of order statistics [32], we derive the accurate statistical



characterization of ordered beam SINRs for a user [33], which are then applied to
obtain the analytical expression of the average sum rate. In addition, we also derive
an approximate expression for the sum rate over high signal to noise ration (SNR)
region.

Efficient user scheduling strategy Feedback thresholding is a commonly adopted
mechanism to reduce the feedback load [47]. Wang et. al. [30] suggested to only allow
those users with their largest SINR above a threshold to feed back their best beam
indexes and the corresponding SINR. More interesting, it is shown in [36] that the
optimal sum rate scaling law is still achievable even if the qualified users just feed
back the indexes of their best beams. In this work, we present a new user scheduling
strategy with low feedback load.” Similar to the strategy proposed in [36], only those
users with their largest SINR above a threshold will feed back their best beam indexes.
When the threshold is high and/or the number of users is moderate, it may happen
that a beam is not requested by any user. When this happens, [36] suggests to ran-
domly select a user for such a beam. Since random user selection for an unrequested
beam can not guarantee high SINR for the selected users and will introduce more
inter-user interference, we propose to keep only beams being requested by at least
one user active for transmission. Qur proposed strategy, which is termed as adaptive
beam activation based on conditional best beam index feedback (ABA-CBBI) in this
thesis, can effectively explore multiuser diversity and control inter-user interference
for sum-rate capacity benefit.

We carry out a theoretical sum-rate analysis of the proposed ABA-CBBI strategy
and accurately quantify the resulting average feedback load. Based on these analytical
results, we study the effects of the feedback threshold on sum-rate performance and its
optimization. We show that the proposed scheduling strategy with optimal threshold
values can offer great sum-rate performance, especially over high SNR region.

Receiver combining techniques When there are N >1 receive antennas at mo-
bile users, a conventional approach is to treat those antennas independently and carry
out user selection on a per-antenna basis. In this work, we apply selection combining
(SC) and optimum combining (OC) [44,60-63] at the receiver. The basic idea is to
perform linear combining on the signals from N receive antennas for all M available
beams and determine the beam that leads to the largest combined SINR. After that,
each user feeds back its best beam index and corresponding combined SINR to the
basestation for user selection. The resulting systems only require the same feedback
load as single-antenna-per-user case and each receiver just needs to implement a lin-



ear combiner. We show in the work that the SC based scheme has nearly the same
performance as the conventional approach while the OC based scheme can achieve

much better performance.

1.3 Vector Perturbation Precoding

In terms of symbol error rate (SER) performance, beamforming as a linear precoding
technique generally suffer from a performance loss comparing to non-linear tech-
niques including BLAST [67], vector perturbation (VP) precoding [72], Tomlinson-
Harashima (TH) precoding [69,71] and lattice-basis reduction precoding [73,74]. Non-
linear techniques employ Tomlinson-Harashima (TH) coding [75, 76] to reshape the
data vector by adding a perturbation vector to it. The transmit vector is generated
by multiplying the perturbed data vector with a precoding matrix.

In this work, we study SER performance of VP with quantized channel feedback.
The channel quantization is modeled by following the rate-distortion theory. Based on
minimum mean square error (MMSE) criterion, we study the optimal design of pre-
coding matrix and perturbation vector. Equivalent relations in terms of both MMSE
and SER between quantized and perfect channel feedback cases are established, based
on which we investigate the relation between feedback load and SER performance.

1.4 Significance of Research

Previous studies of beamforming schemes focus on the effects of multiuser diversity
on the sum-rate performance. Therefore, asymptotical analysis is usually adopted,
where the number of users is assumed to be very large. In this thesis, we study the
beamforming schemes through accurate theoretical analysis. This approach serves two
purposes. The first is to provide an exact expression of the sum rate, based on which
we can study the relation between sum rate and various system parameters including
the number of transmit and receive antennas, the number of users, feedback load,
and SNR. The second is to optimize design parameters in user selection/scheduling
to maximize sum rate.

Based on the analytical results, we propose methods to mitigate multiuser inter-
ference resulting from imperfect CSI at the basestation. The contributions of this
work include 1) A new user scheduling strategy for multiuser MIMO system with
RUB. The proposed strategy can not only benefit from the multiuser diversity buf



also reduce multiuser interference. As a result, the proposed strategy achieves better
sum-rate performance than existing strategies while requiring lower feedback load.
2) Sum-rate performance improvement for RUB-based multiuser MIMO system with
SC and OC. For SC scheme, we carry out accurate sum-rate performance analysis.
For OC scheme, we adopt an novel geometric approach to derive the statistics of
its output SIR, which provides insight into the role of receive diversity in multiuser
interference suppression. Please note that we assume the channel is Rayleigh fading
throughout the thesis, the issue of users having different path loss shall also be taken
in consideration in the design of practical user scheduling schemes. For fairness, the
users already being selected using the methods described in this work may be removed
from the following scheduling.

For VP with quantized channel feedback, we consider a joint optimal design of pre-
coding matrix and perturbation vector based on the MMSE criterion. We investigate
the tradeoff between SER performance and feedback load. We show that feedback
load per user should scale at M log,(SNR) to achieve full diversity order.

1.4.1 Thesis Outline

The remainder of the thesis is organized as follows. Chapter 2 analyzes the sum
rate of ZFBF-based multiuser MIMO systems with two low-complexity user selection
schemes. In Chapter 3, we present the sum-rate analysis of RUB-based multiuser
MIMO systems. Based on the achieved analytical results, we propose a simple and
efficient user scheduling strategy for RUB-based multiuser MIMO systems and analyze
its sum-rate performance in Chapter 4. In Chapter 5, we propose to enhance the sum-
rate performance for RUB-based multiuser MIMO systems with receiver combining
techniques. We present our results related to VP precoding with quantized channel
feedback in Chapter 6. Some conclusions drawn from the work are discussed in
Chapter 7.



Chapter 2

Sum-rate Analysis for Zero-forcing

Beamforming

With Zero-forcing Beamforming (ZFBF), one user’s beamforming vector is designed
to be orthogonal to other selected users’ channel vectors. With knowledge of perfect
CSI at the basestation, ZFBF can completely eliminate the multiuser interference.
However, the channel power gain with ZFBF is reduced because of the projection of
channel vectors onto the beamforming direction. To minimize the projection power
loss, it is desirable that the base station selectively serve those users, whose channel
vectors have relative large power gain and, at the same time, are near orthogonal to
one another.

The optimum ZFBF user selection strategy involves the exhaustive search of all
possible user subsets, which becomes prohibitive to implement when the number of
users is large. The upper bound of sum rate achieved with ZFBF is given by simu-
lations in [19]. Several low-complexity user selection strategies have been proposed
in [19-24]. Among them, two greedy search algorithms, the successive projection
ZFBF (SUP-ZFBF) [19] [21] and greedy weight clique ZFBF (GWC-ZFBF) [20] are
attractive for implementation simplicity and their ability to achieve the same scaling
law as the DPC scheme.

Most previous work on multiuser MIMO schemes with ZFBF have been based
on either simulation study or asymptotic analysis, which have limited applicability
to accurate tradeoff analysis and design parameter optimization. In this chapter,
we adopt a different approach and study the multiuser ZFBF transmission schemes

through mathematic analysis. Specifically, we derive the exact analytical expressions
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Figure 2.1: Structure of the multiuser MIMO system under consideration.

for the sum rate of the SUP-ZFBF and GWC-ZFBF user selection strategies for the
important dual-transmit-antenna scenario.

This chapter is organized as follows. In section 2.1, we describe the system and
channel model used in this chapter. After detailing the modes of operation of the
two user selection schemes under consideration in section 2.2, we develop their exact
sum-rate expressions in section 2.3. In section 2.4, we present some selected numerical
examples and discussions.

2.1 System and Channel Models

The multiuser MIMO broadcast system under consideration is shown in Fig. 2.1.
Specifically, the base station is equipped with two transmit antennas. There are to-
tally K users in the system, where K>2, and each user has one receive antenna.
We assume all users experience Rayleigh flat fading. The channel gain from the ith
transmit antenna to the kth user hy; is assumed to be independent and identically
distributed (i.i.d.) zero mean complex Gaussian random variable with unitary vari-
ance. As such, the instantaneous MISO channel from the base station to the kth
mobile user can be characterized by a zero-mean complex Gaussian channel vector,
denoted by hy = [hg hio]¥, k = 1,2,--- , K. Accordingly, the norm square of user
channel vectors ||hy||?, termed as channel power gain in this thesis, are independent
identical distributed (i.i.d.) Chi-square random variables with four degrees of free-
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Figure 2.2: Zero-forcing beamforming for two-user case.

dom, with probability density function (PDF) and cumulative distribution function
(CDF) given by
f”h“z(.?}) = xe_”, 1:20, (21)

and
‘F]fh”"!(x) s 7(2,1')-: 1203 (22)

respectively, where (2, z) is the lower incomplete gamma function, defined as y(2,z) =
Jy tetdt.

For the purpose of user selection and subsequent zero-forcing beamforming trans-
mission, every user in the system feeds back its channel vector to the base station,
based on which the base station will select two users to serve simultaneously. The
user selection strategy will be explained in details in the next section. Let m(1) and
m(2) denote the indexes of the selected users. As shown in Fig. 2.2, b1) and by,
which have unit norm, denote the beamforming vectors for the two selected users.
The beamforming vector of one user is chosen to be orthogonal to the channel vector
of the other user, resulting in so called zero-forcing beamforming. The transmitted
signal vector from two antennas over one symbol period can then be written as

2
X = Z V Pr(i)Pri)Sx(i) (2.3)
i=1

where s.(;y and Pr(;) are the data symbol and transmit power scaling factor, respec-
tively, for user m(i). The power constraint imposed on the transmitted signal is
E[||x||?]<P. Because of the orthogonality between beamforming vectors and channel
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vectors, the received symbol at user 7() is consequently given by

Pati) = By X + M) = / Prhia sy by Sx) + Tn) (2.4)

where n.(;) is the additive zero-mean Gaussian noise with variance Np. Note that
the interference between two user transmission is completely eliminated, whereas, the
effective channel power gain for user 7 (i) becomes the norm square of the projection
of its channel vector h,(;) onto the corresponding beamforming vector b(;, which is
termed as projection power in this thesis. Let €, as illustrated in Fig. 2.2, denote
the angle between h,(;) and h,(s). The effective power gain 7.(;) can be written as

Ye@) = iy ] sin (6) . (2.5)

Note that |sin (6,)|* can be viewed as projection power loss factor due to ZFBF.
Assuming the total transmit power P is equally divided between two selected users,
then the instantaneous sum rate of the syatem is given by

2
p
R=) log(1+5%@) (2.6)
i=1
where p = 7% denote the total transmit SNR. We next analyze the sum rate of ZFBF
based multiuser MIMO system with two different user selection strategies.

2.2 User Selection Strategies

In this section, we briefly discuss the low-complexity user selection methods for ZFBF
under consideration, SUP-ZFBF [19] and GWC-ZFBF [20]. Basically, both schemes
sequentially perform user selection from a user subset, which contains users whose
channel vectors are near orthogonal to the channel vectors of already selected users.
In this work, two channel vectors are claimed to be near orthogonal if 8, the angle
between the two channel vectors, satisfies |sin (6)[*>)s, where 0 < )y < 1 is a
constant value. With GWC-ZFBF, the next selected user is the one with the largest
channel power gain, whereas, with SUP-ZFBF, the next user is the one with the
largest projection power of its channel vector onto the complement space of the space
spanned by the channel vectors of already selected users. The modes of operation
of GWC-ZFBF and SUP-ZFBF for two transmit antenna case are summarized as
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follows.

2.2.1 GWC-ZFBF

1. Order all K users based on their channel power gain |[hg||? as [[hq || > |hg||* >
w0 > g |

2. Select the one with the largest channel power gain as the first user, i.e., 7(1) =

(1).

3. Examine sequentially the angle between h,) and hgy, k£ = 2,3,...,K and
select the first user whose channel vector is near orthogonal to hy(;). Equiva-
lently, the second selected user will be the one with the largest channel power
gain among all users in the set

l < hiahﬁ'(l} > I2

i > 91'. 2: 2 -
U = {i||sin(6;)]* =1 2T 12

>Ad}, (2.7)

where 6; is the angle between h; and hyj).

2.2.2 SUP-ZFBF

1. Select the user with the largest channel power gain as the first user.

2. Calculate and rank the projection power onto the complementary space of h(1)
for all users in U, which is defined in (2.7).

3. Select the user with the largest projection power as the second user, i.e.,

7(2) = max{ ||| sin(6:) ) (28)

As SUP-ZFBF needs to calculate the projection power of all users in & while GWC-
ZFBF stops searching when it encounters the first user that is near orthogonal to
h, (1), SUP-ZFBF exhibits higher computational complexity than GWC-ZFBF [20].

2.3 Sum-Rate Analysis

In this section, we derive the analytical expressions of the sum rate for ZFBF-based
multiuser MIMO system with afromentioned user selection strategies. Specifically,
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we need to calculate the statistical average of (2.6), which necessitates the statistics
of channel power gains of selected users ||h.¢;||?, ¢ = 1,2 and projection power loss

factor |sin (6;)]? *.

2.3.1 Common analysis for both schemes

For both user selection schemes, the first selected user has the largest channel power
gain among K users. Since the power gains of K users are i.i.d. random variables
with PDF and CDF given by (2.1) and (2.2), respectively, the PDF of |h,)||? for
both schemes is expressed as [25]

fibny 2 (@) = K finge (2)(Fymy2(2)) (2.9)

Note that (2.9) remains the same no matter whether the second can be selected or
not. If no user’s channel vector is near orthogonal to the channel vector of the first
selected user, i.e., Y = ), the basestation could not find the second user and thus
transmits to the first selected user using traditional beamforming approach. In this
case, the sum rate for both user selection schemes is expressed as

E[RIU = 0] =]; log(1+ -gx)f“h"m“z(x)dx. (2.10)
It is shown in [19] that |sin(@)|?, where 6 is the angle between a random channel
vector and h,(y), follows the standard uniform distribution over the interval [0, 1].
Therefore, after the selection of the first user, the probability that a remaining user
belongs to U is

Pr||sin(0)[*>\g] = 1 — g (2.11)

It follows that
Prif = 0] = AK~' and Prid#0]=1- 251 (2.12)

where () denotes empty set and therefore Pr[U # 0] is the probability of U # () and as
such the second user can be selected. Considering these two mutually exclusive cases

IThe major challenge in extending this analysis to multiple antenna scenario is to determine the
corresponding statistics of |sin (6, )].
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of U = 0 and U # 0, the average sum rate of both schemes can be calculated as
E[R] = Prld = 0|E[R|U = 0] + Pr{Ud # 0| E[R|U # 0] (2.13)

As the first term can be obtained using (2.10) and (2.12), we now need to determine
the average sum rate when U is not empty. This analysis requires the PDF of |[hy ) ||?
and |sin (6,)|?, which will be derived separately for GWC-ZFBF and SUP-ZFBF in

the following.

2.3.2 GWC-ZFBF specific analysis

With GWC-ZFBF, the second selected user is the one with the ith largest channel
power gain, i.e. 7(2) = (i), if and only if user (i) belongs to & and none of users
from (2) to (i — 1) does. Therefore, the probability of 7(2) = (i), given that U is not
empty, can be calculated as

Pr [x(2) = (i) # 0] = ———A,?—)l-,\' * i=23... K (2.14)

By applying the total probability theorem, the PDF of the channel power gain of the
second selected user is obtained as

fibni2(ltd # 0) = Z Pr [7(2) = (i)[U # 0] fimg 2 (27(2) = (4)), (2.15)

where fin, j2(-) is the PDF of the ith largest channel power gain among K users,
given by [25]

K-1 .
fingp(2) = K ( s )fnhn*(ﬂ?) (1 - Fype(2)) " FiH (). (2.16)
After some mathematical manipulation, (2.15) can be rewritten as

—f%l—;f%fuhn +(2) 217)

‘((/\d + (1= M) Fppp(2)) " = Ffi ().

Fiby 2 (@l # 0) =
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As the second user is selected from user subset U, the projection power loss factor,
| sin (6,)|?, follows a uniform distribution with PDF given by

1
M<y<L (2.18)

flsin(ﬂw}tz(y[u - @) = 1— X S |

Therefore, the sum rate for GWC-ZFBF scheme conditioned on ¢ # () can be calcu-
lated as

2 o0 1
) p
E[R|U # 0] = ;/ﬂ /Ad log(1 + 2;ry) (2.19)
fisinon) 2 (WU # 0)dy fin 12 (@l # 0)da,

which can be further simplifies, with the application of (2.18), to

E[RU # 0] = Z f f||hm||z(m|u;é@) : (2.20)
e
@) = i+ 2)1og(1+ -
= og(1+ A“px)]~g(1§5, (2.21)

and fin,,j2(-) for i = 1 and 2 are given in (2.9) and (2.17), respectively. Note that
the distribution of |hx)||® is independent of the condition ¢ # 0.

Finally, the final expression of sum-rate capacity of the multiuser MIMO system
with GWC-ZEBF strategy can be obtained by substituting (2.10), (2.12), and (2.20)
into (2.13) as

E[R] = /\f-l‘/olwlog(l'l'f—).i.")f“hqrm“z(:t)dﬁ? (222)
_ \K-1
11 ;\Ad Z/ 9() fi o 2(2lU # O)de.

2.3.3 SUP-ZFBF specific analysis

With SUP-ZFBF, the second selected user is the user in U that has the largest
projection power onto the complementary space of the first selected user’s channel
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vector. From (2.5), the second selected user’s projection power is also its effective
power gain. As such, the capacity of the second selected user can be obtained using
the PDF of the largest projection power among all users in U.

To derive that PDF, we first need to find the PDF of the channel power gain for a
user in U, which is denoted as ||h||2. Noting that users in I/ can not have the largest
channel power gain, the PDF of ||h|? can be obtained as

Fyipe(2) = quhmn (2) = 7f||h||2(33)( Fiup (2)), (2.23)

where f“h(‘.}"z(:r:) is the PDF of the ith largest channel power gain, which is given by
(2.16). Letting ||h,||* represent the projection power of a user in 2, we have

[[h, |2 = [[||?|sin(6)[?, (2.24)

where 0 is the angle between channel vectors of that user and the first selected user.
Since |sin(6)[? follows the uniform distribution over the interval [Ag, 1], the CDF of
[|lh,||? can be obtained as

o 2 W
F"ﬁp“z(z) = Pr[||h||"| sin(8)] < 2] = 1“_1)\.1/A /; f”]-lnz(:r:)dxdy. (2.25)

After taking derivative with respect to z, the corresponding PDF is given by

Fipli2(2) = _/ = Finge( )dy (2.26)

Denote the cardinality of the set U, i.e., the number of users in U, as |U|. As the
channel directions of users are independent, the distribution of |U/| conditioned on
U # () can be shown to be given by

1 k-1
e
k=1,---,K—1.

When |U| = k, the effective channel gain of the second selected user, v.(), is equal
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to the largest projection power among k users and its PDF is thus given by

f')':r[ﬂ] (g||Ll| =k)= kfuﬁ,,u?(g)ﬂrh hz(g)- (2.28)

Combining (2.27) and (2.28) and averaging over [U|, the PDF of 7.2 given that
U # ) can be obtained as

Fruy (91 # 0) (2.29)
K-1

= 3" Pr(|U| = ki # 0) fy, o, (9lIU] = k)
k=1

(B D= X

/\d
1 — KT Fibp(9) (1 +

—— Fig2(9)

To derive the distribution of | sin(6;)[?, we start with the joint PDF of a remaining
user’s channel power, ||h||?, and its projection power loss factor, | sin(f)[2. Since they
are independent random variables, their joint PDF can be expressed as

fipe jsm@p(2,y) = fuh"z( z), 20, q<y<l. (2.30)

With a change of variables using (2.24), the joint PDF of projection power ||h,||? and
| sin(@)|? of a remaining user is obtained from (2.30) as

1

fliﬁplii,lsin{énz(zay)=m HhHQ( ) 220, \g<y<l. (2.31)

It follows that the conditional PDF of |sin(8)|? given that ||h,||> = z is given by

; 1
Frsin@ye ] Il = 2) = mf"ﬁ“s(?/fns,”a(z), (2.32)
220, Aa<y<l.

Since the projection power of the second selected user is given by (2.29), we can
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obtain the PDF of |sin(#,)|? conditioned on U # () by averaging (2.32) over (2.29) as

f]sin{ﬂw)P (ylu 7£ @) (233)
2/ f|sin(§)|2(y“|ﬁ3?”2 = z)f,,m,(zlu # 0)dz
K -1\ — X
((I—AK 4 f f"“““ dFﬂh ||2(2)) dz,
/\dgyﬁl

The complexity of calculating the PDF can be reduced by integrating up to a large
number instead of infinity.

Finally, we can calculate the average system sum rate for SUP-ZFBF scheme given
that U # 0 as

BRI # 0] = [ 1o8(1+ 50) . (04 # 0)dg + (234)
o0 |
/; /,\ 108 (1 + 525) fn 2 (2) fior o (WU # )y

The first term in the right hand of (2.34) is the sum rate for 7(2), in which f,_, (-)
is given by (2.29). The second term is the sum rate for 7(1), in which fyn_,2(-) and
fisine,)2(-) are given by (2.9) and (2.33), respectively. Consequently, the expression
of sum rate of the multiuser MIMO system with SUP-ZEBF strategy can be obtained
by substituting (2.10), (2.12) and (2.34) into (2.13) as

E[R] = M- fo Sleeli £2) fiaco 12 (2)de (2.35)
i ([ o8+ 501y ald # 010

+_/ 10g(1 + -Ey)fnhm,u?( ) fisinon)2 (VU # @)dydﬁ)-
0 Jag

2.4 Numerical examples

We now present several numerical examples based on the analytical results. In par-
ticular, we focus on the effects of channel direction parameter Ay and the number
of users K on the sum-rate performance of both schemes. As the effect of transmit
power on sum rate capacity is straightforward, the total transmit SNR is fixed to
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p = 10 dB. Note that all the numerical results in this proposal have been verified
through Monte Carlo simulation.

Fig. 2.3 illustrates the PDF of projection power loss factor |sin(6,)|* for both
GWC-ZFBF and SUP-ZFBF schemes with different A; and/or K values. As we can
see, |sin(é,)|?> with GWC-ZFBF scheme always follows a uniform distribution over
the interval [Ay,1]. On the other hand, |sin(6,)|*> with SUP-ZFBF scheme is not
uniformly distributed due to the user selection based on ordered projection power,
which is correlated to channel direction. We can also observe from Fig. 2.3 that
the PDF of |sin(6,)|> with SUP-ZFBF is an monotonically increasing function and
the mass of the PDF shifts to the right as K increases. From this behavior, we
can conclude that SUP-ZFBF can better exploit multiuser directional diversity than
GWC-ZFBF by selecting “more orthogonal” users.

In Fig. 2.4, we plot the sum rate of both GWC-ZFBF and SUP-ZFBF schemes as
function of channel direction constraint A\4. As we can see, the sum rate of SUP-ZFBF
remains roughly constant for the small to medium values of \; and decreases when A4
becomes very close to 1. This is because that SUP-ZFBF scheme tends to select “more
orthogonal” users, on whom the channel direction constraint has little effect unless Ay
is large. Since a larger value of Az will lead to less computation for projection power
calculation and ranking, the optimal A4 for SUP-ZFBF is the largest value before its
sum-rate starts to decrease. From Fig. 2.4, we can also observe that the sum rate
with GWC-ZFBF is a unimodal function of A\;. Note that when )4 is small, the GWC-
ZFBF may select less orthogonal users, which incurs larger projection power loss. On
the other hand, when ), is very large, the candidate users for selection reduces, which
leads to sum-rate performance degradation for both schemes. Optimal choices of A;
values from the sum-rate performance perspective for GWC-ZFBF are indicated on
the figure. As we can see, the optimal values of \; for both schemes increases as the
number of users K increase, which shows we should trade channel power diversity for
directional diversity when there are more users in the system.

As an additional example, Fig. 2.5 plots the sum rate with both GWC-ZFBF and
SUP-ZFBF schemes as function of the number of users K. We fix the value of Ay
for SUP-ZFBF to 0.5. The sum rate of GWC-ZFBF with two fixed values of A\; and
optimal A\, are given. As shown in this figure, SUP-ZFBF outperforms GWC-ZFBF
in term of sum rate. When GWC-ZFBF adaptively uses the optimal \; values for
different K, however, the performance gap is very small, especially for a larger value
of K.
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Chapter 3

Sum-rate Analysis for Random

Unitary Beamforming

Random unitary beamforming (RUB) uses M randomly generated orthonormal vec-
tors as beams (beamforming vectors), which are known to both the basestation and
all mobile users. With these beams, the basestation communicates with as many as
M selected users simultaneously. To explore multiuser diversity gain, each user feeds
back some channel quality information, usually in terms of signal-to-interference-plus-
noise ratio (SINR), of each beam. Based on feedback information, the basestation
carries out proper user selection and beam assignment. In this chapter, we present
the exact sum-rate analysis of the multiuser MIMO system with RUB.

This chapter is organized as follows. Section 3.1 presents the multiuser MIMO
system and channel model adopted in this work. In section 3.2, we provide the
statistics of the ordered beam SINR for a user, which are then applied to the sum-
rate analysis of the RUB scheme in section 3.3. An approximate sum-rate analysis
over high SNR region is given in section 3.4. Several selected numerical examples are

discussed in section 3.5.

3.1 System and Channel Model

The basestation is equipped with M antennas and as such can generate a set of M ran-
dom orthonormal beams from an isotropic distribution [28]. Let U = {u;,us,-- - ,up}
denote the set of beamforming vectors, known to both the basestation and the mobile
users. With these M beams, the basestation will transmit to as many as M differ-
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ent users simultaneously. The transmitted signal vector from M antennas over one
symbol period can be written as

M
% = Z o8 (3.1)
m=1

where s,, is the information symbol for the mth selected user. The transmitted signal
vector x has an average power constraint of E(xx) < P, where P is the maximum
average transmitting power, E(-) denotes the statistical expectation and (-)¥ denotes
the Hermitian transpose.

We assume that there are a total of K active users in the cell, where K > M.
Each user is equipped with a single antenna. We further assume that with a certain
slow power control mechanism, the users experience homogeneous flat fading. In
particular, the channel gain from the ith antenna to the kth mobile users, denoted
by hix, is assumed to be independent and identically distributed (i.i.d.) zero-mean
unit-variance complex Gaussian random variable, i.e. h;z ~ CN(0,1). As such, the
instantaneous MISO channel from the basestation to the kth mobile user can be
characterized by a zero-mean complex Gaussian channel vector, denoted by hy =
[hak, hak, - -+, k)T

During each symbol period, the basestation transmit simultaneously to a subset
of M selected users using all M available beams. The received symbol at the ith
chosen user, when the jth beam is assigned to it, can be written as

M
i = hTx +n; = hTu;s; + Z h? W5 + 7, (3.2)
m=1m#j

where n; is zero mean additive Gaussian noise with unit variance. When power are
equally allocated among M beams, the signal to interference plus noise ratio (SINR)
of user ¢ while using the jth beam is given by
P hTyy . (2
3z /i g
’Yi,j: M . ? .?=1121”':M' (3'3)
% Em:l,m;éj [hiup,|? +1

We assume that each user can accurately estimate its own channel vector and deter-
mine the instantaneous SINR corresponding to different beams using Eq. (3.3) with
the knowledge of beamforming vector set . The user will then feed back the index
of its best beam and corresponding SINR. The basestation could assign the beam in
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an ordered fashion. Basically, the basestation could rank the K best beam SINRs fed
back by all users. If 7, is the largest SINR among all K ones, then the basestation
assigns the mth beam to the kth user. After that, the basestation will rank the SINRs
for the remaining beams. If now 7, is the largest, then the basestation assigns the lth
beam to the nth user, where [ # m and n # k. This process is continued until either
all beams have been assigned or there is no user requesting the remaining beams. In
the later case, the basestation will allocate the remaining beams to randomly chosen
users.
The sum rate of MIMO multiuser system based on RUB can be written as

M
R=E (Z logy(1 + 'yﬁ)) : (3.4)

m=1

where 72 is the SINR of the mth beam. Hence, we need the statistical distribution
of v2 to evaluate the expectation in (3.4).

3.2 Statistics of Beam SINRs

It has been shown in [28], for a user i, the random variables |h7w;|?, j =1,2..., M are
of independent x? distribution with two degree of freedom. Note that even though
SINRs for beams of different users, i.e. 7;; with different ¢, are independent, the
SINRs for the beams of the same user, i.e. 7;; with the same 7 but different j, are
correlated random variables as they involves the same channel gain vector h;. While
noting the particular structure of (3.3), the cumulative distribution function (CDF') of
the largest SINR for user ¢, denoted by 7; 1., can be calculated in terms of the joint
probability density function (PDF) of the largest one of M i.i.d. x* random variables,
o1.0m, and the sum of the remaining M — 1 ones, 2; = Zf;:z Qm:M; (Qm:p denotes
the mth largest x* random variable among total M ones.) denoted by fa,.,,.2: (¥, 2),
as [33]

oo pz(M/P+z)
By iile) = Pelp e <] = ] f Fos il 2l (3.5)
0 0

After taking derivative with respect to z, the PDF of 4; 1.r is given by

P raclE) = V/DW(M'/P + 2) faypgn (Z(M/P + 2), 2)dz. (3.6)
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It was further shown in [33] that the joint PDF f,, ,, . (¥, 2) is available in closed
form, as given by

M-1

M o=
fﬂhu,zl(y:z) = m& i) Z

=0

(Mj_ 1) (=1Y(z - jy)"*U(z—jy), (3.7)

where U(-) denotes unit step function. Similarly, the CDF and PDF of the [th largest
SINR of user i, v ;a, can be written in terms of the joint PDF of w; = Ef;:l] O M s

M
M, and & = Em=1+1 Q- M denOted by fw;.a;,M,z; (w: Y, z): as

oo p(M—Dw/(I-1) pz(M/P+z+w)
Eyim (z) = /{; /(; / Funorre,a (W, Y, 2)dydzdw, (3.8)

0

and

oo p(M-lw/(l-1)
b= | | (M/P + 2+ w)- (3.9)
0 0
fwtm:um(w: x(M/P +z+ w)s z)dzdw,

respectively. The closed-form expression of the joint PDF fy, o, (®,¥, 2) can be
obtained from [32, Eq. (28)] after some modifications as

Pw;,a;;M,z; (U"! Y, z) 1 (310)
-2
M(ﬂ'f "l 1) [w i ({ i l)y] e—w—y—zU(w & (E - l)y)

1-1 )U0—-2(M—1-1)
M-I
Xy ( Mj_ : ) (1Y (z — jy)"""1U(z - jy),
=0

y>0,w>(1—1)y,z< (M-—1l)y. (3.11)

3.3 Sum-rate Analysis

Based on the mode of operation of the RUB strategy with ordered beam assignment,
we can see that the SINR of the first beam is always the largest one of all K best beam
SINRs that are fed back, i.e. 7F = 791.x1.0, Where Yi.x1.0 denotes the ith largest
best beam SINRs among all K ones. Noting that the largest SINRs of different users
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are independent, the PDF of vf is given by
f"rf’(x) T h’Fﬁe.izu(x)K_lf‘ﬁ,l:M (fu"), (312)

where F,, . (-) and f, ,,(-) are the CDF and PDF of the best beam SINR for a
particular user, given in (3.5) and (3.6), respectively.

We now consider the SINR of the second beam. Based on the mode of operation,
the SINR of the second beam may be the ith largest one among all K best beam
SINRs, i = 2,3,--- , K, if the previous 7 — 2 largest ones are for the first beam. For
example, if the second and third largest best beam SINRs are also for the first beam,
then the SINR of the second beam will be equal to the fourth largest best beam
SINR. Since the user SINRs for different beams are i.i.d., each beam has the same
probability to lead to the largest SINR for a particular user. It can be shown that
the probability that the second beam is assigned to a user with the ith largest best

beam SINRs among all K ones, i.e. '}38 = YkiM b =2,3,--- , K, is given by

()63

where % gives the probability that the best SINR of a user is for a particular beam.
In the worst case, where all K SINRs belong to the first assigned beam, i.e. all users
request the same beam, the SINR of the second beam is equal to the SINRs of a
randomly chosen user, whose PDF can be shown to be given by

1 M
f'rﬁ(x) = meTiJ:M(x)r (3.14)

where f., ., (z) is the PDF of the jth largest beam SINR for a user given in (3.9). The
probability that the second beam is assigned to a random user is equal to (4;)%~".
Consequently, the PDF of the SINR for the second beam £ can be shown to be given
by
K ; 1 K-1
F®) = 3 P @) (3) @ (3.15)

where f., .., (%) is the PDF of the ith largest best beam SINR among all K ones,
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given by

Frvaeana(2) = K (;:__11) Fy e (@) 579 (3.16)

X [1 =i F"}'i,l:M (m)Ji_lf’h‘l:M (3:)

Similarly, the SINR of the third beam may be the ith largest SINRs among all
K ones, i = 3,4,--- ,K, if one of the previous i — 2 largest best beam SINR is
assigned to the second beam and the remaining i — 3 largest ones are for either the
first or the second beam. It can be shown that the probability that the third beam
is assigned to a user with the ith largest best beam SINRs among all K users, i.e.
8 =vikam,i=3,4,--- K, is given by

2B (-5@) 7 6-2)

j=0

where % gives the probability that the largest SINR for a particular user is for the
first and second assigned beams. Note that in the worst case where all K best beam
SINRs belong to the first and second beam, whose probability is (%)Kul, the SINR
of the third assigned beam is equal to the SINRs of a randomly chosen user, whose
PDF was given in (5.10). Consequently, the PDF of the SINR for the third beam
with BBSI strategy can be shown to be given by

K K-1

1@ =Y Phunun@ + (o) fon(o) (3.17)
i=3

In general, the SINR of the mth beam may be the ith largest best beam SINRs,
where i = m,m+1,--- , K. More specifically, ¥2 = 7.k 1.; when a scenario as shown
in Table 3.1 occurs. After determining the probability of the scenario in Table 3.1
for a particular vector {n;}7' and summing over all possible vectors {n;}72;', while
noting that {n;}75" need to satisfy n; € {0,1,--- ,i —m} and ';;_]1 n; =1—m, we

obtain the probability that the SINR of the mth beam is the ith largest user SINRs
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Table 3.1: Sample scenario for the event that the mth beam is assigned to the user
with the ith largest best beam SINR among all K users, i.e. 'yf, = ViK1:M-

Ordered best beam SINRs Corresponding beams | # of users
1 for the first beam 1
2ton; +1 for the first beam m
n1+2 for the second beam 1
Sy i+ for the jth beam 1
ik t+itlto Y mtn; +j for the first j beams n;
Z;”:—lz n; +m to Z;f’___lz nj+ Nm-1 + m — 1 | for the first m — 1 beams Nm—1
§ = E}f___ll n; +1 for the mth beam 1
as
o ) ﬁ I\ (1- L (3.18)
' M M

Z}":'il nj=i-m
ny {01, ji—m}

j=

i=mm+1,---, K.

Consequently, after noting that it is with a probability of (mThl)Kﬁl that the mth
beam is assigned to a random selected user, the PDF of the SINR on the mth beam

75 can be shown to be given by

K m—1 K-1
f-y,ﬁ(m) = ;R‘m fTi:K,l:M(m) + (T) f'}‘R(x)'

(3.19)

Finally, after applying (3.12) and (3.19) in (3.4), the exact sum-rate expression

for the RUB scheme under consideration can be calculated as

B - | " Loy (1 4+ 2) Ky (2 fr e (@)

oC
0

£33 (B [0+ ndeie

m=2i=m

-1 K-1  poo
+ (mM ) -/(; log,(1 + :I.')f,},n(;l:)dﬂ:) :

(3.20)
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where P, f.. .. (z) and f r(z) are given in (3.18), (3.16) and (3.14), respectively.

3.4 High SNR Approximation

We now consider the approximate sum-rate analysis for high SNR region, where the
system becomes interference-limited and the noise effect can be neglected. In this
case, (3.3) is simplified to

|hlu,? :
g (e 7  J=1,2,--- , M. (3.21)
Zm=1,m¢j lhlu,,[?
Noting that |h7u,,|?, m =1,2,..., M in above expression is the norm square of the

projection of the channel vector onto the mth beam, (3.21) can be further simplified

to

) cos(6;) |||
7 sin(6;;) |2 [ |2

where 6;; is the angle between the channel vector of user i and beamforming vector

= ICOt(gij)Fa (322)

j. From [19], the random variable | cos(f)|?, where 6 is the angle between a random
channel vector and a specific beam, follows the Beta distribution parameterized by 1
and M — 1, with PDF and CDF given by

fieos@p(z) = (M — 1)(1 - 2)M2, 0<z<1 (3.23)

and
Flessioyp(z) = 1 — (1 - 2)"71, 0<2<1 (3.24)

respectively. As a result, |cos(6;)[*, where 67 is the smallest angle between beam j
and all user channel vectors, will have the largest value among K Beta distributed
random variables. The PDF of | cos(6;)|? is thus given by

flcos(ﬂ;ﬂz(x) = R’flcos[ﬂ)lz(z)ﬂlgo_g(lg)P(m): 0<z<1. (325)

If we assume that every beam is assigned to the user with the smallest angle from this
beam, i.e. 6}, while noting logy(1 + | cot(8;)[*) = —log,(1 — | cos(6;;)[*), we arrive at
the following approximate expression for the sum rate over high SNR region

1
E(R) = ﬂ/f/ == 10g2(1 = x)flcos(ﬂ;}fz (.’.C)d.’lf. (326)
0
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which is actually a tight upper bound as there is a small probability that beams may
not be assigned to the closest users.

3.5 Numerical Examples

In this section, we study the effect of the number of transmit antennas and the
number of users on the sum-rate performance of multiuser MIMO system with the
RUB scheme under consideration. Note that all the numerical results have been
verified through Monte Carlo simulation.

In Fig. 3.1, we plot the sum rate of the RUB scheme as function of transmit SNR
and its high SNR approximation (upper bound). As we can see, for the fixed number
of users and transmit antennas, the sum rate increases more rapidly when SNR is
low and saturate to the upper bound when SNR becomes large. This confirms that
interference plays an more important role than noise in limiting a user’s capacity in
high SNR region. When SNR is high, the comparison between the sum rate with
M = 2 and M = 4 shows that using less transmit antennas will introduce less
multiuser interference and can enhance the sum rate performance. This observation
differs from the observations made in earlier works where the number of users is
assumed to be extremely large. Note that we have fixed the number of users to a
moderate number.

In Fig. 3.2, we plot the sum rate as function of the number of users and its high
SNR bound. It is shown that the sum rate always increases when there are more users
in the system. When the SNR is high, the sum rate approaches the upper bound and,
at the same time, increase at the same rate as the upper bound when the number
of users increases. As the upper bound depends only on the angle between a beam
and the channel vector of the user assigned to it, this fact indicates that the sum rate
increases because multiuser diversity increases the possibilities for the basestation to
select users with smaller angle from the beamforming vectors.
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Figure 3.1: The sum rate versus SNR with different number of transmit antennas and

users.



Sum Rate (bit/s/Hz)

: : : -—%-— - Sum Rate, M=4, SNR=20dB
! y : . | -—©—- Sum Rate, M=4, SNR=40dB | |
4 ...... ...... ..................... vel Bound, M::4
: : : - | —&— Sum Rate, M=2, SNR=20dB
2_ —B—SumRate. M=2'SNR=40dB a2
: ! - | - =% Bound, M=2
1

10 20 30 40 50 60 70 80 90 100
Number of Users

Figure 3.2: The sum rate versus the number of users with different number of transmit
antennas and SNR.
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Chapter 4

Efficient User Scheduling for

Random Unitary Beamforming

In Chapter 3, we analyzed the sum-rate performance of RUB-based multiuser MIMO
Systems. It is shown that the sum-rate performance becomes interference-limited at
high SNR. Since interference is caused by simultaneous transmission to M users, it
is feasible to suppress multiuser interference by reducing the number of users served
at the same time.

Based on this idea, we present a user scheduling scheme for multiuser MIMO sys-
tems with RUB in this chapter. The new scheme, termed as adaptive beam activation
based on conditional best beam index feedback (ABA-CBBI), requires low average
feedback load by imposing a feedback threshold on the users’ signal to interference
plus noise ratio (SINR) and suffers less multiuser interference by only activating those
beam requested by at least one user. We derive the exact analytical expression for the
sum rate of the resulting multiuser MIMO system, based on which we examine the
optimal selection of the feedback threshold in terms of sum rate maximization. We
demonstrate through selected numerical examples that the ABA-CBBI scheme with
optimal thresholds can achieve better sum-rate performance than existing schemes
over the high signal to noise ratio (SNR) region.

This rest of this chapter is organized as follows. Section 4.1 presents the multiuser
MIMO system and channel model adopted in this work. In section 4.2, we describe
the proposed user scheduling strategy. We perform the exact sum-rate analysis of
RUB-based multiuser MIMO systems with proposed scheduling strategy in section
4.3. Several selected numerical examples are discussed in section 4.4.
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4.1 System and Channel Model

We consider the downlink transmission in a single-cell wireless system. The bases-
tation is equipped with M antennas and, as such, can generate a set of M random
orthonormal beams from an isotropic distribution [28]. Let U = {uj,ug,--- ,upm}
denotes the set of beamforming vectors, known to both the basestation and mobile
users. With these M beams, the basestation can serve as many as M users simulta-
neously with each user being assigned to a different beam. When M,, M, < M, users
are being served!, the transmitted signal vector from M antennas over one symbol
period can be written as

Ma
X = Z Ug(n)Sn; (4.1)
n=1

where s, denotes the information symbol for the nth selected user, uy(,) stands for
the beamforming vector for the nth selécted user, and ¢(n) € [1,2,--- ,M]. The
transmitted signal vector x has an average power constraint of tr{E[xx"]} < P,
where P is the maximum average transmitting power, E[-] denotes the statistical
expectation and (-)¥ stands for the Hermitian transpose.

We assume that there are a total of K active users in the system, where K > M,
and each user is equipped with a single antenna. We further assume that with a
certain slow power control mechanism, the users experience homogeneous Rayleigh
flat fading. In particular, the channel gain from the ith antenna to the kth mobile user,
denoted by h;, is assumed to be an independent zero-mean complex Gaussian random
variable with unitary variance, i.e. hy ~ CN(0,1). As such, the instantaneous
channel from the basestation to the kth mobile user can be characterized by a zero-
mean complex Gaussian channel vector, denoted by hx = {hix, hog, - - - chare}T. In
this work, we assume that each user can accurately estimate its own channel vector
using the training pilots.

Based on the signal and channel models, the received symbol of the ith selected
user can be written as

M,
y; = hix +n; = hlugss; + Z h ugn)Sn + i, (4.2)

n=1,n#i

1Most previous works assume that all M beams are always active for analytical convenience. In
this work, we allow the number of active beams, or equivalently, the number of active users, to be
less than M.
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where n; is independent zero mean additive Gaussian noise with unitary variance.
Consequently, with equal power allocation among the selected users, the SINR at the
ith selected user, assuming that M, users are being served simultaneously, is given
by

I g

HW= )
P Mg ¥ i
M, 2on=1n#j |hi ugm|2 + 1

i=1,2,-+ , M, (4.3)

It follows that the instantaneous sum-rate capacity of the system can be calculated

as
Ma

R=7 logy(1+7). (4.4)

i=1
During each user scheduling period, the basestation will select a proper user subset
for simultaneous downlink transmission. Different user scheduling strategies obtain
different amount of multiuser diversity gain for sum-rate performance benefit while
requiring certain CSI feedback. In this chapter, we present an efficient scheduling
scheme with great sum-rate performance and low average feedback load. To facilitate
the performance comparis-on with existing scheduling strategies, we use the average
sum rate E[R] as the performance metric and derive its exact analytical expression
in the following sections.

4.2 Adaptive User Scheduling with Limited Feed-
back

In this section, we present the proposed ABA-CBBI user scheduling strategy for
RUB-based multiuser MIMO systems. The ABA-CBBI strategy differs from existing
strategies in the literature in at least one of the following three aspects: i) Conditional
feedback with thresholding; ii) Best beam index feedback only for user scheduling;
and iii) No random user selection for unrequested beams.

4.2.1 Mode of Operation of ABA-CBBI Strategy

At the beginning of each scheduling period, each user will determine the instantaneous
SINR on the available beams while assuming that all M beams will be active. Specif-
ically, with the knowledge of beamforming vector set U and the estimated channel
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vector hy, the SINR of user k on the jth beam can be calculated as

& /hiu[?
=3 M ?
% Zm:l.m#_f Ih}:umlz 41

k=112:"' :Kajzlaza'” !M'

Wi (4.5)

The users will then perform some comparisons to determine their best beams j*, with
which the largest SINR among all beams is achieved, namely j* = arg max;(y;;). The
corresponding SINR, denoted as 74 -, is called the best beam SINR of user k. Each
user compares its best beam SINR with an SINR threshold, denoted by 5. Only when
its best beam SINR is greater than 3, will the user feed back its best beam index,
resulting in feedback load of log,(M) bits per feedback user. After collecting the
best beam indexes fed back from qualified users, the basestation will assign a beam
randomly to a user requesting it. If a beam is not requested by any feedback user, the
basestation will simply turn off that beam and redistribute the power to other beams.
In this case, the number of active beams (or selected users) M, will be less than the
number of available beams M. Since a beam is randomly assigned to one of the users
requesting it, the proposed scheduling strategy has lower operational complexity than
the scheme proposed in [15], which ranks the SINR of all users requesting that beam
first and then assigns it to the user archiving the maximum SINR on it.

4.2.2 Feedback Load

The feedback load of the proposed ABA-CBBI strategy varies over time as the number
of qualified users is changing with the channel condition?. We can quantify the average
feedback load of this strategy as

F = K Pslogy, M, (4.6)

where P is the probability that a user is qualified to feedback. Based on the above-
mentioned mode of operation , Py is equal to the probability that the best beam SINR
of a user while assuming all M beams are active, v ;-, is greater than the threshold
B, i.e. Py = Pr[y;- > B]. With the homogeneous Rayleigh fading assumption, it

“We focus on the feedback load required for user scheduling only in the following analysis. Note
that if link adaptive techniques are employed to achieve the sum rate in practical system, we may
ask each scheduled user to feedback its best beam SINR value before actual transmission, which
leads to an additional feedback load of at most M real numbers.
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can be shown that v ;- are identically distributed with common probability density
function (PDF) given by [33]

£,p0(2) (47

) T
= (M_Mz)_l/ (M/P + z)e™*F+)-2x (M. 1)
— Js

: M z M
(—1) (2 — jz(= + z))M 2U(z—j:r:(—— + 2))dz,
F o
where U(-) denotes the unit step function. As such, the average feedback load with

the proposed ABA-CBBI strategy is given by®
F = Klog, Mf fﬂ!{m (z)dz. (4.8)
'3 B

4.2.3 Distribution of the Number of Active Beams

A unique feature of the proposed ABA-CBBI strategy is no random user selection
for unrequested beams. As a result, the number of selected users, or equivalently,
active beams, M,, becomes a discrete random variable taking values in [1,2,--- | M].
Note that if every user feeds back, the probability of a beam not being requested by
any user will be small and even negligible, as long as the number of users is large
enough. But with the conditional feedback strategies, this probability becomes larger
as the number of feedback users can be small due to the feedback thresholding. In
the following, we derive the probability mass function (PMF) of M,, which will be
applied to the sum rate analysis of the proposed scheme in the next section.

With ABA-CBBI strategy, the number of users that are qualified to feed back,
denoted by Ny, is random. The probability of Ny = k is given by

DefNe=k) = (‘:)P}‘(l - P)f* k=0,1,--- K. (4.9)

Given that k users feed back their best beam indexes, the probability that only one
beam is active, i.e. M, =1 is equal to the probability that all k£ users feed back the

3This result corrects an error in [36, Eq. (13)] as the SINR of a user for different beams are
correlated random variables.
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same beam index, which can be calculated as

Pr[M, = 1|N; = k] = (ﬂf) (%)k (4.10)

The probability of exact two beams are active can be calculated by subtracting from
the probability that at most two beams are active, which is given by (“; ) (%)k, the
probability of only one of those two beams is active, which is equal to (};’ ) (f) (ﬁ)ch

Therefore, we have

] ORGII

Similarly, the probability that exact three beams are active can be calculated by
subtracting from the probability that at most three beams are active, the probabilities
that not all three beams are active. Hence, the probability of M, = 3 is given by

M " (3
pe =, -4 () (2)'- () a2
2N TN Nt
M 1)\ M 1)\ M Y
In general, the probability that exactly m beams out of M available beams are active
given that k users feed back their best beam indexes can be recursively calculated as

Pr[M, = m|N; = k] = (fz) { (%)k (4.13)

_“‘Z‘l (?)PI[ME =(%M=k]}, m=12---,M.

i=l1 J

In Appendix A, we prove that (4.13) can be simplified to the following compact

expression

Pr[M, =m|N; = k] = % (J::) (4.14)

Z(—l)”’"’(?)q“, m=1,2,- M.
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Finally, combining (4.9) and (4.14), the probability that exact m beams are active
can be obtained by applying the total probability theorem as

Pr[M, = m] (4.15)

K
=Y " Pr[N; = k] Pr[M, = m|N; = k]
=1

(g -ty 0o

4.3 Sum Rate Analysis

In this section, we investigate the performance of the proposed ABA-CBBI strategy
by analytically deriving the exact sum-rate expression for the resulting multiuser
MIMO systems. Conditioning on the number of active beams, the average sum rate
with ABA-CBBI strategy can be calculated as

M m 3

E[R] = ) Pr[M, =m|E lz logy(1 + %-)] ! (4.16)
m=1 i=l

where Pr[M, = m] was given in (4.15) and 7;, given by (4.3), is the SINR of the ith

selected user. Based on the mode of operation of the proposed strategy, the SINR of

users on different active beams are identically distributed. As such, we can rewrite

the sum rate as

M o
E[R] = mZ::l PHAM, = mitn fn logy(1 + )., (), (4.17)
where fogm; () denotes the common PDF of the SINR of the selected users given that
exactly m beams are active.
We now proceed to derive the PDF fom;(-). Based on the mode of operation of
B

the proposed ABA-CBBI strategy, 74" is also the best beam SINR of a feedback
user when m beams are active. Meanwhile, the best beam SINR of such a user
when assuming all M beams are active, 'yém, must be greater than the threshold
B. Therefore, the SINR distribution for active beams with ABA-CBBI strategy is
the conditional distribution of 'yg") given 7}3“) > fA. It follows that the cumulative

distribution function (CDF) of the SINR of the selected users when m beams are
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active can be determined as

M
Pr[‘yg"‘) < :r:,'yg ) s B

4.18
Prhng] > f) ( )

F,ygm] (117) =

To proceed further, we note that a beam becomes the best beam for a particular

user if and only if the user’s channel vector has the largest projection norm square

(IhTu,|2) on that beam direction [33]. Therefore, we can rewrite 7" based on (4.3)

as
—am _ ]<m< M,
A — | FrbmP (4.19)
JI:"Qfl:!‘lfh m=1,
where .y = max {|h]u;|?,j = 1,2,--- , M} is the largest projection norm squares

onto all M possible beam directions and z,,_; is the sum of arbitrary m — 1 projection
norm squares out of the remaining M —1 ones. As such, the joint probability in (4.18)
can be rewritten as

Priys? < 2,490 > B) (4.20)
Pr[Pay.u < z, ﬁ"‘f‘w—}j > g, m=1;

= Pr[ﬁﬂm < T, zm-;+:;;fm+MJP >8], 1<m< M,
Pr( < s < g, m= M,

where we define zj;_,, = 2p—1 — Zm—1 for the case of 1 < m < M. Consequently, the
joint probability of the case of m = 1 can be calculated using the joint PDF of ay.p

and zp_1 as

Priy™ < 2,7 > g] (4.21)

z/P min{y/8—M/P(M—-1)y}
:](; dyA dupﬁh,\.f.zm—l (y!u‘)a

where the joint PDF p,, . .., ,(y,u) is given by [33]

pal:]\f SEM -1 (y'-‘ u) = pC!l:M (y)pzkf—linI:sz(u) (4'22)
M-1 : )
g M—1\ (1 (u—gy)* " :
4 y—u "
= Me jE=9 ( j ) —2)] U(u—jy),

y>0,u<(M-1)y.
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The joint probability of the cases of 1 < m < M can be calculated using the joint
PDF of QM Sm—1, and ZM—m a8

M 00 y/B-M/P
Prii < 2,40 > ) =[ dy/ du (4.23)
0 y/z—m/P

y/B—u—M/FP
f dvp&l:u,zm—hZM—m (y! u, U)-
0

The joint PDF of ay.p, 2in—1 and zp,_,,, can be determined by following the Bayesian
approach. It has been shown that the unordered projection norm squares |h]u;[%,
j=1,2,---,M, are i.i.d. x* random variables with two degrees of freedom [28]. Due
to the ordering process, ai.a, 2m—1 and 2y, are correlated random variables. On
the other hand, it can be shown that given ay.ar = 9, 2m—1 and 2y_, are the sum of
m —1 and M —m i.i.d. random variables with truncated distribution on the right at
y [38], respectively, and as such are independent. Specifically, the joint PDF of ay.ar,
Zm—1 and zp_,, can be written as

pﬂl:nrr.zm—l.zu_m(yr u, U) (424)
= Payae (¥)P2ms iﬂ1:M=y(u)pZM—mi&1:M=y (v)

= Pay.ue (y)pz;.“:—li a; (u)pzu = (v),

j=m+1 "

where a; are i.i.d. random variables with PDF for the Rayleigh fading scenario under

consideration given by

—&

11—y

Pa; (2)= D<z<y. (4.25)

After some mathematical manipulations, we can obtain the closed-form expression
for the joint PDF of ay.ar, 2n—1 and zp_,, as

Pesioneizm—1,204 = (s s V) (4.26)

—y—u—u - =1 —1) (u — jy)™* .
= Me ; (mj ) ( )(T(n_ 2’;3!") U(u—jy)

M-m —m—1
. ; (M ; m) (—1)¥(v — ky)M Ulo—ky),

(M—m—1)!
y>0,u<(m-—1)y,v<(M-—m)y.
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The joint probability for the case of m = M can be calculated using the PDF of 'yJ(BM)

given in (4.7) as
Priy” o0 5 = [ d 4.27
g’ <z,v8 > B : f,,g‘f)(y) Y. (4.27)

After proper substitutions and taking derivative, we obtain the PDF of active beam
(m)
SINR 75 as

( fg—%— 1
""0 _ﬁpQI:M,ZM_-l (%g U)du, m = l;

o ph-i-Mpm
fo fo 'z%pal:u,zm—uzu—m

(y, £ — B, v)dvdy, l<m< M;
| f,0 (2)U(z = B), m= M.

f (@) = ‘,% < (4.28)

Finally, the exact sum rate expression for RUB-based multiuser MIMO systems
with ABA-CBBI strategy can be obtained by substituting (4.15) and (4.28) into
(4.17).

MY £ 1\F e PP 1 z
PfE[R] = ( 1 ) (M) -/[I. 10g2(1 + /D- E,‘pcr::nhzm—i(ﬁiu)dudx (4-29)

M ) M
—( 5 +2)—2
: )——-—~(M_2)!/0 (M/P + z)e™®\? X

M-1
M-1 : M . M

Z ( _ ) (-1Y (2 — j‘.‘E(F s z))M 2U(z—j:t:(F + 2))dzdz

3=0

The final expression can be readily evaluated using mathematical softwares such as

Maple and Mathematica.
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SINR SINR Value | Random

Thresholding | Feedback | Selection
BBSI (8] NO YES YES
Conventional CBBI [12] YES NO YES
ABA-CBBI YES NO NO
BBI [9] NO NO YES

4.4 Numerical Examples

In this section, based on the analytical results in previous sections, we study the sum-
rate performance of the proposed ABA-CBBI scheduling strategy through selected
numerical examples. In particular, we compare its performance and complexity with
some well-known user scheduling strategies for RUB-based multiuser MIMO systems.
The first scheduling strategy for RUB systems, as proposed in [15], requires the
feedback of best beam index and the corresponding SINR from each user and is thus
termed as BBSI [35] in this thesis. A reduced-feedback strategy was presented in [36],
where only the best beam indexes of those users with high enough best beam SINR
are fed back. This strategy is termed as conventional CBBI in this thesis. Note that
the conventional CBBI scheme differs from the proposed ABA-CBBI scheme in that it
applies random user selection for those unrequested beams. By comparison, BBI [33]
is a strategy that the best beam index is fed back from every user regardless of its
SINR. Table 4.1 summarizes the key features of different user scheduling strategies
under consideration. It is worthwhile to point out that besides the largest feedback
load, BBSI strategy also has higher operational complexity as the basestation needs
to rank the SINR values fed back in order to select a user for each beam. In the
following numerical examples, we fix the number of transmit antennas to M = 4 and
use SNR per transmit antenna, defined as P/M, as a channel quality measure.

Fig. 4.1 illustrates the effects of random user selection for unrequested beams on
the sum-rate performance. In particular, we plot the sum rate of ABA-CBBI and
conventional CBBI as a function of SNR. As we can see, with the same thresholds,
the sum rate of ABA-CBBI is always greater than that of conventional CBBI, which
shows that the RUB-based system is not benefiting from random user selection. We
also notice from Fig. 4.1 that ABA-CBBI with different thresholds has better sum-

rate performance over different SNR ranges. Therefore, to achieve the best sum-rate
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performance, we should use the optimal value of the feedback threshold 3.

In Fig. 4.2, we plot the sum rate of the proposed ABA-CBBI strategy as a
function of the feedback threshold 5. For a fixed SNR, there exists an optimal value
of B maximizing the sum rate, which is marked in the figure. Intuitively, when 3 is
very small, almost all users will feed back their best beam indexes to the basestation.
Since the basestation randomly assigns a beam to one of the users requesting it, that
beam may be assigned to a user that does not achieve high SINR, which leads to
relatively poorer sum-rate performance. On the other hand, when § is very large,
few users will be qualified to feed back and some beams may not be requested. As
such, not enough spatial multiplexing gain will be explored, which also causes poorer
sum-rate performance.

In Fig. 4.3, we plot optimal values of feedback threshold, denoted by g*, as
function of SNR and the number of users. It is shown that 3* always increases
when either SNR or the number users increases. Since the sum-rate performance is
primarily limited by multiuser interference at high SNR, the increase of 3* means that
the average number of feedback users is reduced and more beams will not be requested
and are as a result “turned off”, which helps reduce multiuser interference and achieve
better sum-rate performance. As the number of users increases, it becomes more
likely to select those users achieving relatively larger SINR. This benefit brought by
more active users is called multiuser diversity gain. Since a corresponding increase in
threshold values provides a certain degree of guarantee for the feedback users’ SINR,
it is a feasible way to exploit multiuser diversity. In addition, increased threshold
values also lead to more feedback load savings.

In Fig. 4.4, we compare the sum-rate performance of the proposed ABA-CBBI
strategy with two strategies without thresholding, BBSI and BBI. As we can see,
the sum rate of ABA-CBBI with optimal thresholds approaches that of BBSI over
low SNR region and considerably outperforms as SNR increases. This somewhat
surprising behavior can be explained as follows. While the sum rate of BBSI strategy
saturates over high SNR region due to multiuser interference, ABA-CBBI manages
to reduce multiuser interference by raising the threshold (as shown in Fig. 4.3) and
then selecting less users to serve. As a result, the selected users will experience less
multiuser interference, a bottleneck to achieving better sum-rate performance at high
SNR for conventional RUB-based user scheduling schemes. By comparison, BBI has
the worst performance due to its complete lack of a mechanism to guarantee the high
SINR of selected users.
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Fig. 4.5 plots the sum rates of ABA-CBBI and BBSI schemes versus the number
of users in the systems. The sum rate of ABA-CBBI is obtained using the optimal
threshold. As we can see, when the number of users is small or moderate, ABA-CBBI
considerably outperforms BBSI, especially for the higher SINR case, i.e. SNR=40 dB.
When K increases, the sum rate of BBSI improves and becomes larger than that of
ABA-CBBI for the lower SNR case, i.e. SNR=20 dB. But for the case of SNR = 40
dB, the performance of ABA-CBBI with optimal threshold remains better than that
of BBSI as long as K is not extremely large. Based on Figs. 4.4 and 4.5, we conclude
that ABA-CBBI is an attractive multiuser scheduling strategy for the RUB-based
systems from the sum-rate performance perspective.

As a final numerical example, we show the average feedback load of BBI (log,(M)
bits per user) and ABA-CBBI with optimal thresholds in Fig. 4.6. Since BBSI also
requires users to feed back their best beam SINR, it has even greater feedback load
than BBI. From Fig. 4.6 we can see, as the number of users increases, the feedback
load of ABA-CBBI increases much more slowly than that of BBI. More interestingly,
higher SNR leads to a lower average feedback load for ABA-CBBI, which matches
the observation of increased values for the optimal feedback threshold at higher SNR
in Fig. 4.3.
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Chapter 5

Receiver Combining for Random

Unitary Beamforming

With Random Unitary Beamforming (RUB), the basestation communicates with M
selected users using M predefined random orthonormal beams. For user selection
purpose, each user feeds back certain SINR information of available beams. It has
been proven in [15] that even if each user just feeds back its maximum beam SINR and
the index of the corresponding beam, RUB can achieve the asymptotically optimal
sum-rate performance, i.e., the sum rate scales as M loglog K, where K is the total
number of single-antenna users in the system. However, such results only hold when
the number of users is very large. In practical systems, where the number of users
is usually finite and moderate, it is shown in Chapter 3 that the sum rate achieved
with RUB quickly becomes interference-limited with the increase of SNR.

In this chapter, we investigate how to enhance the sum-rate performance of the
RUB-based MIMO broadcast channels when N (N > 1) antennas are used at the
mobile terminals. A conventional approach to exploit receive diversity is to treat
the N receive antennas independently and let each user feed back the best beam
indexes and corresponding SINR values for all its receive antennas [15]. Intuitively,
this would improve the sum-rate performance since it is equivalent to increasing the
number of single-antenna users in the system to NK. The main disadvantage with
this approach is an N times increase of system feedback load. It is highly desirable
that we can explore receive diversity while maintaining the same feedback load as the
single antenna per user case.

To serve this purpose, we in this chapter apply selection combining (SC) [61] and
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optimum combining (OC)! [60, 62,63] schemes to the N receive antennas of mobile
users. The operation is as follows. For each of the M beams, a user first calculates
the weighting vector that maximizes the output SINR and the resulting SINR. Then,
the user selects its best beam among M beams, with which the largest combiner
output SINR is achieved. The index of the best beam and its corresponding output
SINR are fed back to the basestation. Note that the feedback load with combining
techniques is one integer (for best beam index) and one real number (for best beam
output SINR) per user, which is the same as single antenna per user case, and each
receiver just needs to implement a linear diversity combiner.

Linear combining for the RUB-based multiuser MIMO systems is also considered
in [55,56]. The schemes therein, however, assume that each user feeds back the
combiner output SINRs for all M beams, which leads to much higher feedback load.
Furthermore, the limiting distribution approach adopted in their work applies only
when the number of users is very large. In this chapter, based on the derived statistics
of the feedback SINR, we present the exact sum-rate analysis of the SC based scheme.
By following a geometric approach, we develop the statistics of the OC output SIR
in the high SNR region, which is then used to obtain an upper bound for the sum
rate. The upper bound is shown to be tight for the case of a moderate number of
users, but the number of users must be at least five times the number of transmit
antennas. Numerical examples show that, comparing to the conventional approach,
the OC based scheme exhibits much better and the SC based scheme offers similar
sum-rate performance, while both requiring less feedback load.

The rest of the chapter is organized as follows. Section 5.1 presents the multiuser
MIMO system and channel model adopted in this work. The procedure of user
selection and beam assignment based on combined SINR are described in section
5.2. In section 5.3, we analyze the sum-rate performance of the RUB-based multiuser
system with SC and OC. Several selected numerical examples are presented in section
5.4 with related discussions.

5.1 System and Channel Model

We consider the downlink transmission of a single-cell wireless system. The bases-
tation is equipped with M antennas and each mobile terminal is equipped with N

We omit the maximum ratio combining (MRC) scheme because MRC is optimal only in the
noise limited environment.
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antennas, where N<M due to the size and cost limitations of the mobile terminals.
We assume that there are a total of K active users in the cell where K > M. With
RUB, the basestation utilizes M random orthonormal vectors generated from an
isotropic distribution [28] to transmit to as many as M selected users simultaneously.
We denote the orthonormal vector set as U = {u;,uy,--- ,up}. The transmitted
signal vector from the M transmit antennas over one symbol period can be written

as
M
X= ) Ugm)Sm, (5.1)
m=1

where s,,, denotes the information symbol and ug,,) €U stands for the beam for the
mth selected user. The transmitted signal vector x has an average power constraint
of E(xfx) < P, where P is the maximum average transmitting power, E(-) denotes
the statistical expectation and (-)¥ stands for the Hermitian transpose.

We adopt a homogeneous flat fading channel model for analytical tractability.
Specifically, the channel gains from each transmit antenna to each receive antenna
of users follow independent and identically distributed (i.i.d.) zero-mean complex
Gaussian distribution with unitary variance. The channel gain from the mth transmit
antenna to the nth receive antenna of the kth mobile users is denoted by Y. As
such, the N xM channel matrix for the kth user is constructed as

® . e
11 1M
H, = : s : (5.2)

(k) (k)
hyi -+ hym

with the transpose of the nth row, denoted by h®, being the MISO channel for the
nth receive antenna of user k.

The received signal vector over a symbol period at the ith selected user, when the
jth beam is assigned to it, can be written as

M
y—_(:} =2 H,-x +n; = HinSj - Z Hiumsm + 1y, (53)
m=1m#j

where n; is the N x 1 additive Gaussian noise vector, whose entries follow independent
complex Gaussian distribution with zero mean and variance o.. Note that Hyu;s; is

the desired signal for user ¢ while EM H;u,,s,, acts as interference.

m=1,m#j
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5.2 User Selection and Beam Assignment

The mobile receivers apply linear diversity combining techniques, such as SC and OC,
to combine the signal received from the N different receive antennas. When beam j
is assigned to user i, the combined signal at user i can be written as

(’) = wgy_(f) =W H iU;8; +w Z Hu,,5, +W,J n;, (5.4)

m=1,m#j

where w;; denotes the weighting vector of user i for the jth beam. Assuming that
the transmit power is equally allocated among the M selected users, the SINR of the
combined signal at user i is given by

H 2
w.:Hu,
7_;2) - | ij Jl ! (55}
Y IwhHua* + -IIWs:J'II2
m=1,m#j
where p = T 18 the normalized transmit SNR.

We assume that mobile receivers obtain the perfect knowledge of their downlink
channel matrix through channel estimation. Applying (5.5), user i calculates the
SINRs after beam-specific combining for all M available beams, 7;‘}, F=a 2 M,
and determines its best beam. Let b; denote the index of the best beam for user
i. Mathematically, b; is given by b; = argmax; 7} ) For user selection purpose,
all users in the system feed back their best beam indexes and the corresponding
combiner output SINRs to the basestation. As a result, the proposed RUB schemes
with receive diversity combining enjoy the same low feedback load of one integer and
one real number per user as the single antenna per user case.

The basestation assigns a beam to the user that feeds back the largest SINR
value among all users requesting for that beam. Specifically, let K, denote the set
containing all users who feed back beam index m, i.e. by = m if and only if k € K,,..
If 'y( is the largest one among all "y(k} k € K, then the mth beam will be assigned
to user k and the SINR of the mth beam 7B will be equal to 'y . If a particular
beam is not requested by any user, i.e. the set K,, is empty for such a beam, then the
basestation knows that this beam is not the best one for any user and will allocate
it to a randomly chosen user. The selected user will then apply proper weights to

combine the signal from different antennas.
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5.3 Performance Improvement with Receiver Com-
bining
5.3.1 Selection Combining

With SC scheme, the combiner output SINR at user ¢ for the jth beam is equal to
the largest SINR among N ones corresponding to different receive antennas for this
beam. Specifically, the SINR on user i’s nth receive antenna, while assuming beam j

is assigned to it, can be written as

(i) |(hY)Tuy)?

’}(ng M i
M s (D) T2 + 4

, 1<n<N, 1<j<M, (5.6)

where h{ is the M x1 channel vector from M transmit antennas to the n-th receive
antenna of user i. The combined SINR for the jth beam is then mathematically given
by ",rm = max{’)/{”;, 7&3, ,’yﬁl’} If a user is selected for data reception on a certain
beam, the user will use only the best receive antenna for this beam, which constitutes
the main complexity advantage of the SC scheme.

The sum-rate performance of the resulting multiuser MIMO system can be ana-
lyzed by following a similar approach taken in [59] while treating each user as a single
antenna receiver. On the other hand, due to antenna selection, the statistics of the
feedback SINR will be different from the single antenna per user case. In particular,

(‘) is the largest one of M i.i.d. combined SINRs, i.e. 'y(‘) = max{7", 'yf;), . ,'yM}
Equwalently, the feedback SINR 1«(') can be viewed as the largest one among N best
beam SINRs, i.e. v, i max{'y”.,’ygl;.,- ,'y}GL }, where 7,53-. = max{’y,(:)l,'yg)z,- *y,(:)M
denotes the best beam SINR for the nth antenna at user ¢, whose probability density

function (PDF) was obtained in [59] as

Fo ()= Z( LD [+ x " 57)

= M—j-1Y
((1 = jz)z — jzp) __6_(1+x)z_x‘°U((l — jz)z—jzp)de.

Therefore, the common PDF of the feedback SINRs 7(’) can be obtained as

fvéi}(.’r) = NF,),(")_ (.’E) = f () ( ), (58)

5 n,3* Tnag®
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where F ) (z) = f 2 _(2)dz is the cumulative distribution function (CDF) of

o
’Yn J

Based on the mode of operation for user selection detailed in the previous section,
a beam might be assigned to a randomly selected user if no user feeds back the index
of this beam. In this case, the user will choose the best antenna, i.e. the receive
antenna that leads to the largest SINR on this beam, for data reception. As such, the
beam SINR for such a beam will be equal to the largest SINR among N ii.d. ones,
whose PDF is given by
N—
for(z) = N(Fﬂ (@) £,0.(2), (5.9)
where f ) () and F A0, (z) denote the PDF and CDF of 'y - in (5.6), respectively.
The closed form expressmn of o (x) is given by [15, Eq. (14)]

el [(g41 :
f_ff:)j(:c) - (1+$}M( - +M—1). (5.10)

Finally, following a similar analytical approach applied in [59] and noting that the
PDF's of the user feedback SINR and randomly assigned beam SINR have been given
by (5.7) and (5.10) respectively, the sum rate of the RUB based systems with SC at
receivers can be calculated as

RSC _ /m log, (1 + J:)f (1:m(:a:)d:r (5.11)
0
+ZZ(PJ= / logy(1+ ) ffkm(w)d:c—l—
m=2k=m

("%) R f " logy(1+ a:)f.,n(mdz),

where P denotes the probability that the mth beam is assigned to the user with
the kth largest feedback SINR, i.e. v5 = 'yéf Jdi=m,m+1,--- K, which is given
by [59]

Pr = Z__ [ﬁ(%)nj(lwb%)],k=m,m+1,---,K, (5.12)
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and f (k . (z) represents the PDF of the kth largest feedback SINR, given in terms
of f (;(:n) as

K
Lno(@) =m0 @ T - FeeM T e@.  (513)

5.3.2 Optimum Combining

With OC scheme [60,61], it can be shown that the optimal weighting vector of user
i for the jth beam is given by

W ( Z Hum(H llm)H —I) Hil.lj, (514)

m=1,m#j

and the corresponding maximum combiner output SINR is given by

% = (Hoy)¥w;; = (Huy)? (Z Hu,,(Hu,,)? + —I) Hu;, (5.15)

m=1m#j

where I denotes the identity matrix. User 7 will feed back its best beam index, b;, and
the corresponding SINR, 7, %) to the basestation for user selection. If user i is selected
by the basestation for data reception on the b;th beam, it will combine the signals
from N receive antennas using the weights wj, given by (5.14) for data detection.

After some mathematical manipulation, the optimal weight vector and correspond-
ing output SINR are simplified to

W' (H.;H‘H + %I)_IH,'IIJ'

I 5.16
71— (Ha)2(HHE + 1) Hy,’ (8:16)

and

o (Ha)"(HHE + 1) 'H,
5T T (Hu,) A (HHEF + ) 'Hu,

(5.17)

respectively. Note that each user needs only to calculate the inversion of one matrix
(H;H + %I). Although the statistics of the output SINR for a random beam can be
obtained [56,65], because of the dependence between the SINRs for different beams,
it is very difficult, if not impossible, to derive the statistics of the feedback SINR with
OC scheme. Therefore, we focus on the sum rate upper bound analysis over the high
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SNR region in what follows.
When the SNR is very high, the system will become interference limited. After
setting p in (5.16) to infinity, the optimal weighting vector can be approximated by

*

A (H:H) 'Hiy,
. 1-— (Hz‘llj)H(HgH;H)_lHillj'

(5.18)

It follows that w}; is proportional to the least square solution of Hw = u; [65,66].

Therefore, with the optimal weighting vector, the angle between H w};, the effective

MISO channel for user i, and u; is minimized. The resulting minimum angel will be
equal to the angle between u; and the range space of H denoted as R(HH).

Lemma 1. Over the high SNR region, the output SINR at user i after performing
optimal combining with respect to the jth beam is given by

V= | cot(6;;)|?, (5.19)
where 0;; is the angle between u; and R(H).

Proof. Letting p in (5.17) go to infinity, the OC output SINR at user 7 becomes

(Hiuy) " (HH) " "Hiu,

i (Houy) " (HH]) " Hu, o)

Since H (H;H”)~'H; is the projection matrix onto R(H¥), we have
| cos(6:;)|* = (Hawy)® (HH) " Hiu,. (5.21)
The lemma is proved after substituting (5.21) into (5.20). O

Remark 1. Since cot(-) is a monotonically decreasing function, each user will feed
back the index and SINR value of the beam that forms the smallest angle with R(H).

It can be shown that the random variable | cos(6;;)|?, where 6;; is the angle between
an M-dimensional complex vector and a space spanned by N complex random vectors
of the same dimension, follows the Beta distribution parameterized by N and M — N,
with the PDF and CDF given by [19]

M-1

fieosoyz(2) = (M — N)(N B I)INhl(l — MV o< (5.22)



62

and
Fleos(o2(z) = 1(z; N, M), 0<z<1 (5.23)

respectively, where I(-) is the regularized Beta function. To derive an upper bound
of the system sum rate, we assume that every beam of the base station is requested
by at least one user. In this case, since a user can only be assigned to one beam,
the SINR of the jth assigned beam will be equal to the largest one among K — j + 1
combiner output SINRs on that beam for the remaining K — j + 1 users (7 — 1 users
have been assigned before). Mathematically speaking, the SINR of the jth assigned
beam is equal to ]cot(ﬂ})P, where @7 is the smallest angle among K — j + 1 ones.
Correspondingly, |cos(6;)]* will be the largest one among K — j + 1 independent
beta-distributed random variables. The PDF of | cos(#})* is thus given by [53]

ficosopp(z) = (K —j + 1)(Fims(e)tz(l‘))Kﬁjﬁms(a)F(if): 0<z<1. (5.24)

Noting that log,(1 + | cot(6;)[*) = —logy(1 — | cos(6;)|*), we obtain a sum-rate upper
bound for the proposed scheme over the high SNR region as

RC = Z —(K~-j+ 1)_/{; logy(1 — z) (FIcos(3)|2(-'Ia'))K—jf[cos(g}i?(x)d&’:. (5.25)

J=1

Remark 2. As this upper bound is derived based on the assumption that all beam are
requested, it will be tight as long as the probability of all beam being requested is close
to 1. In chapter 4, we showed that the probability that each of the M available beam
1s requested by at least one user is given by

Prlevery beam requested] = i(—l)”“q (f) (%)K (5.26)

g=1

This probability is plotted as a function of the number of users K and the number of
beams M in Fig. 5.1. As we can see, when K is more than five times of M, which
18 usually the case in practice, every beam will be requested with probability very close
to 1.
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5.4 Numerical Examples

In this section, we examine the sum-rate performance of the SC and OC based mul-
tiuser MIMO systems through selected numerical examples. The values M = 4 and
N = 2 are used.

In Fig. 5.2, we plot the sum rate of the SC based systems as a function of SNR for
a different number of users. For comparison, the sum rate achieved with the conven-
tional approach is also plotted, which treats a user’s receive antennas independently.
Though requiring only 1/N of the feedback load of the conventional approach, SC is
shown to achieve nearly the same sum-rate performance. In Fig. 5.2, we also compare
our analytical results given by (5.12) to simulation results. The perfect match verifies
the analytical approach adopted in this work.

In Fig. 5.3, the sum rate of the OC based systems is plotted as a function of SNR
for a different number of users. The sum rate of the conventional approach, M beam
feedback (the scheme considered in [55,56]), and the analytical upper bound given
by (5.25) are also plotted. As expected, the analytical upper bound developed for
the OC based systems is shown to be tight over the high SNR region. Comparing
to the conventional approach, OC achieves noticeably better sum-rate performance
while requiring less feedback load. It is worthwhile to mention that the advantages
of OC scheme come at the cost of additional processing complexity of channel ma-
trix inversion when calculating the combining weights and output SINR. We further
observe that the proposed OC scheme offers nearly the same performance as the M
beam feedback scheme in [55,56], which mandates M real numbers per user feedback
load.
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Figure 5.1: Probability of all beams being requested.
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Figure 5.2: Sum-rate performance of RUB systems with SC scheme (M = 4).
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Chapter 6

Vector Perturbation Precoding
with Quantized Channel Feedback

To circumvent the problem of high computational complexity associated with DPC,
many sub-optimal precoding techniques are proposed to mitigate multiuser interfer-
ence. These techniques are categorized into two types: linear and non-linear precod-
ing. In previous chapters, we focus on two popular linear precoding techniques, zero
forcing beamforming and random unitary beamforming. In addition, with the knowl-
edge of receiver noise variance, linear precoding based on minimum mean square error
(MMSE) criterion is proposed in [70]. While sum-rate performance is an important
criterion to evaluate a precoding scheme, symbol error error (SER) performance for
a given modulation scheme is also of great interest and practical importance. With
lower computational complexity, linear techniques generally suffer from a performance
loss in terms of SER comparing to non-linear techniques including BLAST [67], vec-
tor perturbation (VP) precoding [72], Tomlinson-Harashima (TH) precoding [69, 71]
and lattice-basis reduction precoding [73,74]. Especially, it is proven in [74] that full
diversity order equal to the number of transmit antennas is achieved by lattice-basis
reduction and VP precoding.

In this chapter, we focus on the SER performance of VP precoding technique.
With VP precoding, the transmitter reshapes the data vector with a perturbation
vector (Tomlinson-Harashima coding [75,76]) and generates the transmit vector by
multiplying the perturbed data vector with a precoding matrix. By appropriately
designing precoding matrix and perturbation vector, this technique can cancel mutual

interference and reduce transmit power. In [72], with zero-forcing and regularized
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zero-forcing precoding matrix, the authors propose to use the perturbation vector
which minimizes the transmit power. In [77-79], joint optimal perturbation vector
and precoding matrix under MMSE criterion are given.

Previous studies of VP precoding usually assume perfect CSI is available at the
basestation, which is unrealistic in practice due to limited bandwidth of feedback
channel. In this chapter, we study the effects of imperfect CSI on the SER perfor-
mance of VP precoding. We assume that the imperfectness of CSI results from the
channel quantization procedure, which is modeled following rate-distortion theory.
A robust VP precoding scheme is proposed for quantized channel feedback. We es-
tablish equivalent relations in terms of MMSE and SER between VP precoding with
quantized and perfect channel feedback. Based on the relations, we investigate how
feedback load affects the SER performance of VP precoding.

The rest of the chapter is organized as follows. Section 6.1 consists of system
model and introduction to VP precoding. In section 6.2, we describe channel quan-
tization model and VP precoding based on MMSE criterion with quantized channel
imformation. In section 6.3, we establish equivalent relations between VP precoding
with quantized and perfect channel feedback. Some numerical examples and remarks
are presented in section 6.4.

6.1 System Overview

6.1.1 Multiuser MIMO Transmission

We assume N, antennas are used at the basestation in an multiuser MIMO system.
The basestation transmits information to N, non-cooperative single-antenna receivers
simultaneously, where N.<N,. We denote the channel vector of receiver i as h; =
[hit, - - -, hin,JT€CM, where h;; indicates the channel gain between the jth transmit
antenna and receiver i. The channel gain is assumed to be independent and identically
distributed (i.i.d.) complex Gaussian random variables with zero mean and unitary
variance.

Given a transmit vector x = [zy,...,zx,]ECN over a time slot, the discrete-time
complex baseband symbol received by user i is given by

yi = hlx +n;, (6.1)
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where n; is the zero-mean complex Gaussian noise with variance o2. With unit

transmit power, the SNR is defined as

Pn=—3 (62)

5
On

We denote the concatenation of the channel vectors by H = [hy,..., hy]7, ie.,
HeCN~>Ne with the ith row being receiver i’s channel vector. The N,.-dimensional
received vector y is formed by stacking the received signals of all N, receivers, i.e.,
Y = [¥1,- .-, yns|7. Following from (6.1), the received vector can be expressed as

y = Hx +n, (6.3)

where n = [ny,...,ny,]7€CY is the additive noise vector. Though (6.3) shares the
same form as a point-to-point MIMO system, each receiver only has the knowledge
of its own channel vector.

6.1.2 Vector Perturbation Precoding

on o
- m
> MMSE VP |«-fl| Channel g foogpack
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Figure 6.1: System Model of Vector Perturbation Precoding

The procedures of VP precoding are illustrated in Fig. 6.1. The data vector
u = [uy,...,un.]” consists of data symbols to be transmitted to the N, receivers.
The data symbol u; is for user ¢ and is chosen from an M-ary square quadrature

amplitude modulation (QAM) constellation A, where the coordinates of the signal
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points are odd numbers, i.e., A = {a; + agla;,age £ 1,43,... ,+(vV/M —1)}. The
constellation is bounded by the square region of width 2v/M. To reduce the power of
transmit vector, a perturbation vector u'€C™r is added to the data vector, resulting
in a perturbed data vector as u+u'. Both real and imaginary parts of each element of
u' = [u),...,uy |7 are integer times of a constant value 7, which is set as 7 = 2/ M
in this work. For illustration purpose, the perturbation of a data symbol is shown in
Fig. 6.2, where M = 4, 7 = 4, u; = (+1,41), and u} = (44, +4) result in a perturbed
symbol as (+5, +5).

A

. . 5 perturbed symbol (45, +5)

+4

-2

- . 8 it . .
L-4

. . . -9 » - .

Figure 6.2: Data Symbol Perturbation

The transmit vector x is formed by multiplying perturbed data vector u+u’ with
a Nyx N, precoding matrix P and then being normalized to unit transmit power as

1
x = —P(u+u'), (6.4)
7
where P, = |P(u + u')||?. Here, || - || stands for Euclidean norm. Substituting (6.4)

into (6.3), the received vector can be written as

1

¥ = mHP(11+u') +n. (6.5)
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Assuming that receivers know the scalar /P, receiver i estimates its data symbol
u; by performing a modulo operation on the scaled received symbol /Py;. This
operation translates \/Py; into the range of original constellation A by adding a
integer times of 7 to its real and imaginary parts separately, which is expressed as

4= VP - |R0RW) 1), eGVR) Ly (66)

where |-| means rounding to the nearest smaller integer. The transmitted symbol is
then detected as the constellation point in A with nearest Euclidean distance.

6.1.3 Optimal Design with MMSE

From (6.5), we define a deviation vector, which measures the distortion of the scaled
received vector /P,y from perturbed data vector u + u’, as

d=+Py—-(u+u)=(HP-Iy)(u+u')++/Pn, (6.7)

where Iy, is a identity matrix of size N,xN,. Given data vector u and channel
realization H, the MSE as a function of u’ and P is expressed as

e(w,P) =Eq(||d|*H,u) (6.8)
= [(HP — Iy,)(u + W)|* + N, P},

where E,(-) means taking the expectation over n. The optimal precoding matrix that
minimizes (6.8) is found to be [78]

Po, mmse — HY (HHH +Nr0'3;IN,-)_1- (69)
The optimal perturbation vector can be obtained as
W, mse = A8y min Nyo2(u +w)? (HH? + N,02Iy,) (u+v),  (6.10)

and the achieved MMSE with v’ = u], ... is equal to

€0, mmoe = Npt2 (@ 44, s E(HEY 4+ Nyo2Iy) (0400, inse).  (6.11)
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6.2 Vector Perturbation with Quantized Channel
Feedback

6.2.1 Channel Quantization Model

In practical systems, receiver i can only feed back limited amount of information
on its channel vector to the basestation, based on which the basestation tries to
reconstruct h;. The reconstructed channel vector at the basestation is called quantized
channel vector and is denoted as li, = [fzﬂ, . ,fziM]ECN‘. The average squared-error
distortion between h; and ﬁ,- is defined as

D = Eg_,, (lh; — hi[?) (6.12)

Since feedback information aims at reducing the uncertainty of h; at the basestation,
we define feedback load as the amount of reduced uncertainty of h; when using h; to
represent it, which is equal to Z(h;, ﬁ;), the mutual information between h; and h;.

Given a constraint D on the average distortion, the lower bound of feedback load,
denoted as R(D), can be expressed as

R(D)= _  min Z(h;, hy) (6.13)
fﬁuh‘.(hilhi]: Eﬁi‘hi(uhi‘h:’"z)ﬂﬂ

where fﬁi!hi(fmhf) denotes the conditional PDF of h; given h;. Following the rate
distortion theory, R(D) is given by [3]. This bound can only be approached in practice
and vector quantization may be employed to reduce the feedback load.

R(D) = N, log, %, D<N,. (6.14)

Equality is achieved only when the following two conditions are met:

1. N; elements of h; are quantized independently with each element having a
distortion constraint of D/N;. For convenience, we let 07 = D/N, and term it
as quantization noise power.

2 ft,-j and Ah;; = hi; — ﬁii are independent random variables following indepen-
dent zero-mean complex Gaussian distribution with variance 1 — crg and 03,

respectively.
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Since receivers quantize their channel vectors separately, the quantized channel
vectors and quantization noise vectors of different receivers are independent. The
quantized channel matriz HECN-*M is formed as H = [hy,...,hy,]T. The quantiza-
tion noise matriz AHECN*N is defined as the difference between H and H

AH=H-H. (6.15)

With the same quantization noise power constraints for all receivers, the signal to
quantization noise power ratio (SQR) is equal to

PHELY (6.16)

6.2.2 MMSE-based Design

Assuming the basestation has the following partial CSI: quantized channel matrix H,
quantization noise power o, and additive noise power o2, we consider the joint design
of precoding matrix and perturbation vector associated with VP precoding based on
MMSE criterion.

With arbitrary precoding matrix P and perturbation vector @', the received signal
vector can be written as

i e g (6.17)

VP,
where P, = ||P(u + ||2. Substituting (6.15) into (6.17) , we have

+(HP - Iy,)(u+ ) + AHP(u + 1)) + (6.18)

y= \/-r(
The deviation vector is obtained as

d =\/Py-(u+id) (6.19)

=(HP - Iy)(u+ ')+ AHP(u+ 1) +

Given data vector u and quantized channel matrix H, the MSE as a function of P
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and 1’ is obtained by taking expectation taken over n and AH as

e(P, ) (6.20)
= Enan(||d]*u, #)
= [[(HP — Iy,)(u+&)|? + N, P02 + 02).

A comparison between (6.8) and (6.20) shows that optimization problems of MMSE
VP precoding with quantized and perfect channel feedback share a similar form. It
follows that the optimal precoding matrix is given by

- ~1

Py, mmse = HE(HH" + N, (02 + 02)Iy,) (6.21)
The optimal perturbation vector can be found with
W, mee = 818y min Ny(02 + 07)(u + ') x (6.22)
(AA® + Ny(0? + 02)Iy,) ' (u+ ).
Substituting @), ;e and Py, mmse into (6.20) leads to the MMSE as
Eogmmse = Np(0F + 02) (0 + 8y, 1mee)” X (6.23)

(ﬁrﬂH i Nr(o-g =+ J?;)INr)_l(u #+ ﬁ:;, mmse)'

It is worthwhile to make some remarks on the results we have derived for VP with
quantized channel feedback.

1. Based on MMSE criterion, the precoding matrix and perturbation vector de-
pend only on partial CSI, i.e., H, crg and 2.

2. (6.23) shows that quantization error always deteriorates MMSE performance
and appropriately selected perturbation vector and precoding matrix result in
a simultaneous reduction of MSE incurred by both quantization and additive

noise.

3. The search of optimal perturbation vector u, using (6.10) and (6.22) is a well-
known 2K-dimensional closest-lattice-point search problem. It can be per-
formed with sphere decoding algorithm [85,86], which achieves the the max-
imum likelihood solution. Many sub-optimal algorithms like lattice-basis re-
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duction [87-89] may also be used to find approximation solutions with lower

complexity.

6.3 Analysis

In this section, we first establish equivalent relations between quantized and perfect
channel feedback cases in terms of MMSE and SER. Based on the equivalent relations,
we then develop a feedback scaling rule to ensure full diversity order for VP precoding
with quantized channel feedback.

6.3.1 MMSE Equivalence between Quantized and Perfect
Channel Feedback Cases

Lemma 2. The MMSE of VP precoding with quantized channel feedback with quanti-
zation noise power o, and additive noise power o2 is equal to that of perfect channel
feedback with additive noise power "13—:221

q
Proof. From channel quantization model, we know that A has the same distribution
as H except its elements having a reduced variance of 1 — 03. Define a new random

matrix as

H=———. (6.24)

which has the same distribution as H. Eq. (6.22) can be rewritten in terms of H as

2 2

+ o,
%o %y 4 i) x (6.25)
1-o07

Al ¥
U, mmse = argg min N,

et o2+ a2 =
HH? + N,-—F1Iy. ) (u+1).
I—od

Solution of Eq. (6.25) is the same as that of perfect channel feedback with channel
~ 2 b

matrix H, data vector u and additive noise power 5;‘_1:5‘1, which in turn leads to an

identical MMSE. O
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6.3.2 SER Equivalence between Quantized and Perfect Feed-
back

Treating all receivers equally, the SER of a multiuser MIMO system is defined as
the average SER of all receivers. Let e(aﬁ,og) denote the SER of VP precoding
with quantization noise power o7 and additive noise power o2. Note that o; =0
corresponds to the SER with perfect channel feedback.

Lemma 3. The SER of VP precoding with quantized channel feedback with quanti-
zation noise power o, and additive noise power o? is equal to that of perfect channel
feedback with additive noise power gl—‘?‘_?ﬁ, namely

q

2 2

ntO

e(02,0%) = e ("1 - 0;,0) . (6.26)
q

Proof. Firstly, given H and u, we show that deviation vectors of the following two
cases follow the same distribution. The first case is quantized channel feedback with
quantization noise power o7 and additive noise power 2. The second case is perfect
channel feedback with channel matrix H and additive noise power 513;"—:;1 Here, H is
related to H as given by (6.24). q
For case 1, the deviation vector can be obtained from (6.19) by replacing P with
the optimal precoding matrix P, jmse = HY(HHH + Ny(a2 + crﬁ)IN,,)_l as
d, = (I;r ‘o, mmse — IN:-)(“ J: ﬁl) (6-27)
\ —~~ )
+AHP,, mmse(t + @) + || Po, mmse(u + @)y .
2 —~ !

Since Case 2 uses (6.25) to search for the perturbation vector, the result re-
mains the same as that of Case 1 and is still denoted as @'. Substituting P, ,mse =

HY(HHY + N,o—‘f:,if‘fm)_l into (6.7) yields the deviation vector of case 2 as
dy = (HP,, mmse — In,)(u + ) + || Po, mmse(u +u') [y . (6.28)

part 1 part 2

Using (6.24), we have ﬁo‘ L \/—ﬁﬂ,’ mmse- 1t follows that Part 1 of (6.27) and
(6.28) are equal.
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For convenience, we let ¢ = || B, pmse(u + )2 = ;.__Iaqf”Pq. mmse(W + w’)||%. Since
elements of AH and n, are i.i.d. Gaussian random variables with variance a:;’ and
o2, respectively, it can be shown that elements of part 2 of (6.27) are i.i.d. Gaussian
random variables with variance ¢(o;, 4 07). Similarly, noting that elements of n, has
variance %’g, part 2 of (6.28) can be proven to have the same distribution as that
of (6.27).

Since deviation vector determines the number of wrongly detected symbols, case
1 and case 2 achieve the same SER. Furthermore, because the mapping between H
and H is one to one, the achieved SER after averaging over the distribution of H and

H will also be equal. O

Table 6.1: SER for different SNR and SQR with VP precoding (Nt = Nr = M =
4,10° simulations)

SQR\SNR 5dB 10 dB 20 dB
5 dB 0.3707 (0.3712) 0.3055 (0.3049) 0.2654 (0.2656)
10 dB 0.2615 (0.2620) 0.1436 (0.1437) 0.0662 (0.0666)
20 dB 0.2056 (0.2059) 0.0586 (0.0584) 4604 (4.60-4)

Table 6.1 gives the simulation results of the SER performance of VP precoding
with quantized channel feedback and its equivalent perfect channel feedback, whose
data is in the parenthesis. The close match between the two sets of data verifies the
equivalent relation given by (6.26).

6.3.3 Feedback Load and SER Performance

As an application of the equivalent relations, we investigate the tradeoff between
feedback load and SER performance. For VP precoding with perfect channel feedback,
it is proved in [74] that full diversity order of N, is achieved, namely

—log(e (93,0)) _ . log(e(63,0)) _

lim = I

N;. 6.29
Pn—ro0 log( pn) az—0 log(o % : ( )

With quantized channel feedback, how much feedback load is required to obtain the
same precoding diversity order is of particular interest. The following lemma answers

this question.



78

Lemma 4. In order to achieve the same diversity order as perfect channel feedback,
VP precoding with quantized channel feedback has to increase each user’s feedback load
by at least 3.32N, bits for every 10 dB increase in SNR.

Proof. Let the feedback load increase with SNR at a rate such that
o2 = k(0?)* + o(a?), (6.30)

where k is a constant and a€R is the lowest power within the polynomial, namely

fim 2%) _g (6.31)
From (6.29), we can express the SER with perfect channel feedback as
log (e(02,0)) = N, log(02) + oflog (2)), (6.32)

where

o(log (02)) s

A Toglo?) (6.33)

Using (6.26), (6.32), and (6.30), we have

e ) = e (T 40) o (b0

The diversity order can be determined as

lim

IOg e(o-fn 03) e Nt QZI (6 34)
s20 log(o2) d

O.’Nt 0<a<l

Therefore, we have to keep 02 = k(02) in order to achieve full diversity order. Com-
bined with (6.14), we obtain a simple relation between feedback load and SNR

R(D) = Ny (logy(p) — logs(k)) (6.35)

which reveals that we need an extra 3.32N; bits per user for every 10 dB increase in
SNR to achieve full diversity order. O
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6.4 Numerical Examples

In this section, we present some simulation results on the SER performance of VP
precoding with quantized channel feedback. We use Ny = N, = 4, M = 4 in the
simulations.

Fig. 6.3 shows the SER performance of different precoding schemes with SQR=15
dB. Comparing to linear precoding schemes (ZF and MMSE), VP can achieve much
better performance. This is because perturbation vector reduces the transmit power
and mean square error simultaneously. In addition, with the knowledge of both
quantization and additive noise power, MMSE VP has a better SER performance
than that of the regularized MMSE, which is designed assuming basestation only has
the knowledge of additive noise power and arbitrarily setting crg = 0 regardless of its
true value. ZF VP, which requires neither quantization nor additive noise power is
shown to be suboptimal than MMSE VP and regularized MMSE. Therefore, with VP,
the more knowledge we have about quantization and additive noise power, the better
SER performance we can achieve. With a fixed SQR, there exists lower bounds for all
precoding schemes. However, the bounds are different, which illustrate the capability
of different schemes combatting quantization noise. Again, the best lower bound is
shown to be achieved with MMSE VP.

In Fig. 6.4, we plot the SER of VP precoding as a function of SNR for different
feedback schemes. With a fixed feedback load corresponding to SQR=17 dB, the
SER performance becomes quantization-noise-limited at high SNR region. Moreover,
its SER floor is shown to be approximately the SER of perfect channel feedback with
SNR=17 dB. When the feedback load is adjusted in a way such that o7 = o7, SER is
shown to decrease at the same rate as perfect channel feedback at high SNR region.
Therefore, full diversity order is achieved with this feedback scheme. As expected,
the performance gap between quantized channel feedback with Jg = 02 and perfect
channel feedback is about 3 dB at high SNR. On the other hand, SER performance of
feedback schemes, whose quantization noise power decrease at rates (02)3 and (02)z,
can not achieve the same diversity order.
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Figure 6.3: SER versus SNR with SQR=15 dB.
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Chapter 7

Conclusions

7.1 Summary

In this work, we focused on performance evaluation and enhancement of multiuser
MIMO systems while assuming channel gain follows Rayleigh flat fading.

In Chapter 2, we analyzed the sum-rate performance of multiuser MIMO sys-
tems with ZFBF for dual-transmit-antenna single-receive-antenna case. Two low-
complexity user selection schemes, GWC-ZFBF and SUP-ZFBF, are considered. With
the analytical expressions developed, we studied the effects of directional constraint
used in user selection process on system sum rate. Through selected numerical ex-
amples, we demonstrate that the sum rate of SUP-ZFBF is not sensitive to Az unless
it is close to one and that GWC-ZFBF with optimal \; approaches the performance
of SUP-ZFBF with lower computational complexity.

In Chapter 3, we presented an exact analysis of the sum rate of multiuser MIMO
systems with RUB. Using the derived analytical expressions, we studied the effects
of several system parameters on sum rate. Although noise power is the main factor
that affects the sum rate when SNR is low, its effects become negligible at high SNR
region, where the data rate on a beamforming direction is determined primarily by the
angle between the beamforming vector and the channel vector of the user assigned
to it. The interference-limited sum rate can be improved by either increasing the
number of users in the system or reducing the number of transmit antennas.

In Chapter 4, we proposed a new user scheduling strategy for the RUB-based _
multiuser MIMO systems, namely the ABA-CBBI scheme. With the ABA-CBBI
scheme, the system imposes a threshold on user’s best beam SINR and only activates
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those beams that are requested by feedback users. With these two simple but effective
mechanisms, the resulting multiuser MIMO systems will not only entail low average
feedback load requirement, but also suffer less multiuser interference over high SNR
region. We carried accurate statistical analysis on the resulting systems and developed
the exact analytical expression for the system sum-rate capacity. We show through
selected numerical examples that, with the optimal thresholds, ABA-CBBI strategy
can achieve better sum-rate performance than existing strategies, such as BBSI [15]
and CBBI [36], over high SNR region while maintaining low average feedback load.
We further notice that the double benefits of better performance and low feedback
load of the ABA-CBBI scheme come at the costs of determining the optimal feedback
thresholds and serving less users simultaneously over high SNR region.

In Chapter 5, we studied the sum-rate performance improvement for RUB-based
multiuser MIMO systems with SC and OC diversity combining schemes at the re-
ceivers. The resulting systems have the same low feedback load as single-antenna-
per-user case. We derived an accurate analytical expression of the sum rate for SC
scheme and obtained upper bounds over high SNR region for OC scheme. These ana-
lytical results are applied to the tradeoff analysis between different system parameters.
We observe, through selected numerical examples, that the OC scheme effectively ex-
plores the receive diversity and considerably improve the sum-rate performance with
no requirement of additional feedback load.

In Chapter 6, we studied the VP precoding with quantized channel feedback.
Based on the MMSE criterion, we considered a joint optimal design of precoding
matrix and perturbation vector. We modeled channel vector quantization following
the rate-distortion theory, based on which we established an equivalent relation be-
tween the SER of VP precoding with quantized and perfect channel feedback. This
equivalent relation can be conveniently used to evaluate the SER performance of VP
precoding with quantized channel feedback relative to that of perfect channel feed-
back. .Applying the equivalent relation, we investigated the tradeoff between SER
performance and feedback load. We show that feedback load per user should scale at
N, log,(p) to achieve full diversity order.

7.2 Future Directions

With imperfect CSI, the sum-rate and SER performance of MIMO broadcast chan-
nels deteriorate due to extra multiuser interference caused by uncertainty of channel



conditions at the basestation. Consequently, there is a great interest in interference
suppression techniques. Previous methods to mitigate the multiuser interference in-
clude reducing channel quantization error by increasing feedback load [80], exploiting
multiuser diversity [15] and/or receive diversity [55,81,82] and designing robust pre-
coding schemes [83,84]. Through this study, we identify the following possible future
research directions.

7.2.1 Relation between Feedback Load and QoS Require-

ments

Progressive refinement of channel feedback is proposed in [92]. The basic idea is
to refine the CSI at basestation by feeding back the CSI incrementally. Yet, in
practical communications systems, feedback will decrease the spectral efficiency and
thus data throughput. At high SNR, while progressive refinement helps improve the
QoS performance including SER and throughput, it is not required any more once
a certain target SINR is reached. This is because each user usually only needs to
meet the minimum QoS requirement determined by its type of service (voice, data,
video, etc.). On the other hand, progressive refinement may not contribute at low
SNR since noise is the bottleneck to QoS performance improvement. Therefore, we
are interested in how to minimize the feedback load when targeting at a certain QoS
requirement.

7.2.2 BER Based Multimode Transmission

In Chapter 4, we proposed to adaptively turn off beams ;co increase the sum rate
for MIMO broadcast channels with RUB. For both RUB and ZFBF with quantized
channel feedback, imperfect CSI at the basestation causes multiuser interference and
degrades BER performance. Since BER is another criterion commonly used for per-
formance evaluation, we hope to study how to change the number of served users
so that BER requirements can be met. We will apply the same idea as described
in Chapter 4. When BER requirements can not be met, we propose to reduce the
number of served users at a time. In this way, multiuser interference shall be reduced
and thus BER performance of remaining served users can be improved.



7.2.3 Antenna Combining for MIMO Broadcast Channel with
Limited Feedback

Practical partial CSI models including shape feedback and limited feedback are pro-
posed for MIMO broadcast channels in [91]. For those precoding schemes like zero-
forcing beamforming, Jindal in [81] propose to align a user’s effective channel vector
to the codevector when it is employed with more than one antenna. For VP pre-
coding, however, not only channel direction but also magnitude has a impact on the
performance. Therefore, we plan to adopt limited feedback model and study the
antenna combining criterion for such a case under the constraint of feedback load.

7.2.4 Effects of Doppler Spread on User Scheduling

In mobile communications systems, the speed of mobile users vary from one to an-
other. Therefore, with the same feedback delay, it is expected that channel deviation
between the feedback and instantaneous channel will also differ among users. If we
group high- and low-mobility users together and apply ZFBF, the big channel devi-
ation of the high mobility users will deteriorate the performance of the low mobility
users. It is therefore of interest to study 1) how to schedule users when taking their
Doppler spread into account, and 2) how to handle large channel deviation of high-
mobility users.
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Appendix A

Proof of (4.13) being equal to (4.14)

We prove by induction. It is easy to verify it is true for i = 1. Assume that it is true
for all 1<i<m — 1, then we have

Pr{M, = ilNy = = - (f‘_"' ) (A1)

7
g(—l)"‘q(;)q", P= 1.9 v

We now consider ¢ = m. From (4.13), we have
M m o\ k
Pr[M, = m|N; = k] = (m){ (E) - (A.2)

5 ()=t}

J:
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Substituting (A.1) into (A.2), we have

(- S G (e}
() S}
2 () +Ser ()}

where

(a) follows by change order of summation.

(b) follows since (77)(7) = (7) (327), which can be proven by direct calculation.

(c) follows by the change of variable.

(d) follows from the formula 37" ;(~1)7("}) = 0, which results from the binomial
expansion of (1 — 1)™.

Therefore, for the case of ¢ = m, the claim is also true and thus the proof is
complete.
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