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ABSTRACT

It has been hypothesized that the recent warming trends in the climate system are caused
by the increase in concentration of greenhouse gases and anthropogenic sulfate aerosols. The
‘optimal fingerprinting’ methodology is generally use to quantify the extent to which of forcing
agents affect the climate. Recently, interest in applying a Bayesian methodology to the prob-
lem has emerged. Compared to the classical ’optimal fingerprinting’ approach, the Bayesian
approach allows the incorporation of prior beliefs of climate change into the analysis and allows
direct probability assessments on the hypotheses of climate change detection and attribution.
These probability assessments are more quantitative compared to the classical significance level
and p-value. We analyze the output from CGCM1, CGCM2 and HadCM2 climate model with
the HadCRUT'v observational dataset using both the ’optimal fingerprinting’ and Bayesian ap-
proaches, to identify which forcing agents are likely to have contributed to the temperature
change in the twentieth century. The results from both approaches are very similar. With
the Bayesian methodology, we find that the combined effect of greenhouse gases and sulfate
aerosols may have contributed to the temperature change in the early twentieth century. Our
analysis also suggests that the warming trends in the late twentieth century are highly unlikely
to be due to natural climate variations alone. We also conduct robust analysis on the choice of
prior used in Bayesian analysis to demonstrate that our results are insensitive to the choice of

prior.
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1 Introduction

In recent years, people are more concerned with the global warming phenomenon. One of
the hypothesized anthropogenic causes of global warming is the increase in concentration of
greenhouse gases, such as CO2 and CFCs, since the beginning of industrialization. Increase
in concentration of greenhouse gases will reduce Earth’s efficiency to radiate heat back to the
space. Not only that, many greenhouse gases tend to stay in the atmosphere for hundreds of
year after being emitted and therefore result in a long-term effect on the climate system. On
the other hand, aerosols (microscopic airborne particles) could reflect incoming solar radiation
back to space and hence result in a cooling effect for the Earth. Compared to greenhouse gases,
tropospheric aerosols are relatively short-lived. Anthropogenic aerosols are largely derived
from fossil fuel and biomass burning. Natural external forcing factors are also thought to play
a role in explaining the global warming phenomenon. For example, the sun’s energy output
has varied by small amounts (about 0.1%) over the past two 11-year solar cycles (IPCC 2001).
Since the fundamental source of all energy in the Earth’s climate system is radiation from the
sun, variation in solar output will thereby change the climate system. Also, volcanic activity
can produce large amounts of sulphur containing gas, which is then transformed into sulphate
aerosols. These aerosols could have a cooling effect that is detectable for a few years following
major eruptions that inject large amounts of sulphate into the stratosphere. However, scientific
knowledge on the effects due to aerosols and solar output variation remains highly uncertain.

Instrumental record of global surface temperature since 1861 indicated that the average
global surface temperature has increased by 0.6 £+ 0.2°C since the late 19th century (IPCC

2001).
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Figure 1: Global annual temperature anomalies from the TaveGL dataset

Figure 1 shows the annual global temperature anomalies relative to 1961 to 1990 for the
TaveGL dataset (available on www.cru.uea.ac.uk). In general, anomalies can be calculated by
subtracting the data from the average of the whole or part of the data. The anomalies shown
in Figure 1 are calculated by subtracting the observed annual average from the average for
1961 to 1990.

As stated by the IPCC (2001), it is very likely that the 1990s was the warmest decade
in the instrumental record since 1861. Researches on climate change have suggested that
such an increase in temperature is unlikely to be due to natural variation of the climate
system alone, but rather a combination of natural variation and external forcing to the climate
system. A fair amount of research has been done to detect and attribute the causes of the
changes in the climate system. The detection part of climate change refers to the process
of demonstrating that the observed change is significantly different from what we can expect
with natural variability alone. However, the detection of a change in the climate does not
necessarily imply that its causes are well understood. The attribution aspect of the problem
refers to the process of establishing cause and effect relation between the observed change

and forcing agents. The attribution of climate change to external forcing involves statistical




analysis and the assessment of multiple lines of evidence to show that the observed changes are
i) consistent with the anticipated responses to a combination of natural and external forcing
and ii) inconsistent with alternative, physically-plausible explanations.

The ability to detect and attribute the historical variation in climate system will add
confidence to projections of future climate change. Since the presence of natural climate
variability in the climate system, the detection and attribution of climate change is a statistical
signal-in-noise problem. The signal part comes from external forcing and the noise part comes
from natural climate variation.

Detection and attribution studies require the use of sophisticated climate models. A cli-
mate model is a simplified mathematical representation of the Earth’s climate system in three
dimensions. Based on the law of physics, climate models have been developed to predict a
number of environmental factors, for example, temperature at Earth’s surface, circulation of
ocean and wind currents and development of cloud cover. The models that will be used in
this thesis are the first and second generation coupled ocean-atmosphere general circulation
models (CGCMs) from the Canadian Centre for Climate Modelling and Analysis (CCCma)
(CGCM1, Flato et al., 2000; CGCM2, Flato & Boer, 2001) and second generation CGCM
from Hadley Center (HadCM2, Johns et al., 1997). More details about these models can be
found on the CCCma website (www.cccma.be.ec.ge.ca) and the Climate Research Unit web-
site (www.cru.uea.ac.uk). These models are developed to simulate the full physical climate
system and they contain four key components: atmosphere, ocean, sea ice and land surface.
Controlled simulations with the model (also called control runs) are obtained by fixing the
forcing agents at some pre-specify level. On the other hand, forced simulations (forced runs)
are obtained by changing the level of the forcing agent over time. The forced simulations that

I will consider in this thesis included changes in the concentration of the well-mixed green-



house gases as represented by an equivalent concentration of COy (denoted as a G run of the
climate model) and changes in anthropogenic sulfate aerosols in addition to greenhouse gases
(GS run).

The observed data used in this thesis is the HadCRUTv dataset (Jones et al., 2001), which
is also available at www.cru.uea.ac.uk. This dataset is based on a combination of monthly
values (from 1870-1999) of land near surface air temperature anomalies and sea surface tem-
perature anomalies relative to 1961-90 and is presented on a 5°(latitude)x 5°(longitude) grid.
This will lead to 36x72=2592 spatial grid points for the entire globe for each month. How-
ever, a lot of the grid values are missing due to the fact that no measurements of temperature
are recorded for that grid box. Figure 2 shows the distribution of available grid values in
the HadCRUTYv dataset for January 1900, 1950 and 1995. In most studies, missing data
are not filled in and are excluded from the analyses. Attention will be given to avoid bias
from systematically missing data (Section 2.3). Depending on the researchers and the type of
studies, the data can be aggregated into different sizes of grid boxes and decadal or annual
temperature anomalies can be used. Other than surface air temperature, vertical patterns of
temperature change (Allen & Tett, 1999), precipitation and surface pressure have also been

used in detection and attribution studies.
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Figure 2: Available grid values for January 1900, 1950 and 1995 in the HadCRUTv dataset

The statistical tool that has been widely used in detection and attribution studies is
‘optimal fingerprinting’ (see, for example, Hasselmann, 1993, 1997; Hegerl et al., 1997; Allen &
Tett, 1999). ‘Optimal fingerprinting’, in principle, is just general linear least-square regression,
in which we estimate the amplitudes that best fit the climate model output to the observed
data. In ‘optimal fingerprinting’, the detection and attribution problem will be cast with the

following model

y=Z§iﬁi+e=Xﬂ+e (1)

i=1
where y is a n x 1 random vector that consists of the observed data, X = (z,]...|z,,) is a
n X m matrix composed of the m signal patterns (also called fingerprints, which is the output
obtained from forced runs of a climate model), 3 = (i, ..., Bm)7 is a m x 1 vector composed of

the unknown amplitudes and € is a n x 1 random vector of natural climate noise. The fields in




y usually contain anomalies of temperature observations over 30-50 years time scale, arrayed
in space and time. The fields are masked so that they represent only those grid boxes with
adequate data (this process is usually referred to as observation masking). The dimension of
¥, n (the total number of observation contained in any one single realization of the field), is
large.

Detection of climate change is associated with the rejection of the null hypothesis that
the amplitudes (3) are equal to zero. Next, assuming a detection, attribution is then asso-
ciated with the failure to reject the null hypothesis that the amplitudes are equal to 1. For
attribution, the failure to reject the null only implies that the data simply does not provide
enough evidence to reject the null and it does not imply the acceptance of the null. However,
the goal of attribution is to determine whether the amplitudes are equal to 1 (i.e. whether
to accept the null or not). So, the classical hypothesis testing approach for attribution is not
statistically well-posed. Also, the classical approach to hypothesis testing does not allow a
direct probability assessment on the true amplitudes. The reason is that the true amplitudes
are not considered as random variables in the classical viewpoint.

Aware of the problems with classical approach, Berliner et al. (2000) used a Bayesian
approach in combination with linear regression to conduct their study. They obtained the
estimated amplitude by using ‘optimal fingerprinting’ and then, make a detection claim if the
posterior probability that the true amplitude lies in a neighborhood around zero (say D) is
small. Similarly, attribution is claimed if the posterior probability that the true amplitude lies
in a neighborhood around 1 (say .A) is large. By defining the detection and attribution problem
in this way, they allow direct probability assessment of detection and attribution and avoid
the ill-posed attribution problem in the classical approach. Other forms of Bayesian analyses

have also been discussed in climate change literature, for example, Hasselmann (1998) and



Leroy (1998). However, these papers only provide incomplete views of the potential of the
Bayesian approach and so I will not discuss them in my thesis.

In this thesis, my Bayesian analysis will be based on Berliner et al.’s (2000) formulation
with some extensions and modifications. One of these extensions is to include two forcing
agents in the analysis. In addition, I will also present results by using Bayesian confidence
sets. Moreover, the natural climate variability model will be specified differently from Berliner
et al. (2000), in way that is more consistent with other recent optimal detection studies (such
as Stott el al., 2001). In Berliner et al. (2000), the natural climate variability is estimated by
assuming it to be space-time separable, which may not be a valid assumption. Instead, I will
use the output from a climate model to estimate the space-time covariance structure of the
natural climate variability (See Chapter 2). Other extensions, such as formulating a Bayesian
regression model, will not be discussed in this thesis. I will simply focus on the detection and
attribution aspect of the problem.

Other classical methods have also been used, such as centered and uncentered statistic (see,
for example, Santer et al. (1995)). The centered statistic method correlates the observed and
signal anomalies in space relative to their respective spatial means, whereas the uncentered
statistic correlates these fields without removing their spatial means. However, these methods
will not be discussed here. In Chapter 2, I will describe in detail on how ‘optimal fingerprinting’
is done and an example using CGCM1 and CGCM2 will be presented. Bayesian inference of
one forcing agent with CGCM1 and CGCM2 will be described in Chapter 3. Chapter 4 will
extend the Bayesian inference to two forcing agents with HadCM2. In Chapter 5, I will present

some remarks and discussion about my analysis.



2 Classical Approach - ‘Optimal fingerprinting’

2.1 Setting up the problem

In ‘optimal fingerprinting’, the detection and attribution problem will be cast with the

following model

y=21iﬁi+e=x,6+s (2)

i=1

Description of this model is given in Chapter 1. The assumptions that have been made in a lot
of studies are that i) there are no measurement errors in y, and ii) € is MVN with mean 0 and
covariance matrix Cy = E(ee”). Hegerl et al. (2000) considered the effects of measurement
errors in y and they concluded that the effects are very small. So here, I will simply assume
that there are no measurement errors in y.

Cy is unknown and can be estimated from a control run of a climate model (Section 2.2).
Generally, Cy # o?I. Due to this, ordinary least squares regression would give inefficient

estimates of 3. The solution to this is to introduce a pre-whitening agent P such that
E(PeeTPT) = PCyPT =1 (3)

and the elements in Pe are i.i.d. N(0,1) random variables. From (3), we can see that PTP =

C;,l. Now minimizing the regression sum of square RSS(3),

RSS(B) = (P(XB-y))TP(XB -y) 0
= (PXB - Py)T(PXB3 - Py)

with respect to 3. Assuming X is noise free, we have

B = (XTPTPX) IXTPTPy = (XTC'X) 1XTCly = FTy (5)



Under the assumption that € is MVN, B will be normally distributed and will be BLUE
by the Gauss-Markov theorem. So, E([;) = 3. If we ignore the uncertainty in estimating Cy

and assuming X is noise free, the variance of 3 is given by
V(B)=V(FTy) = FTV(y)F = FTCyF = (XTPTPX) ™! = (XTCy'X)™! (6)
and a 100(1-a)% confidence ellipsoid for 3 is

B-B)V(B) (B~ B) < Xn1-a (7)

which is distributed as chi-square with m degrees of freedom. Marginal confidence ellipsoids
can be constructed for subsets of signals by reducing the number of degrees of freedom and
removing the appropriate rows and columns from B and V(ﬁ)

To avoid bias in calculating the variance of 3 (bias comes from the estimation of Cy),
Allen & Tett (1999) and references therein suggest that different control runs should be used
for calculating the value of B and the variance of 3. This will be discussed in Section 2.2. X
extracted from CGCMs will contain noise because output from each individual forced run is a
combination of signal and natural climate noise. To account for this, averages of signals (called
ensemble averages) are used in the columns of X. Even using ensemble averages, the response
pattern X is still subject to some sampling uncertainty, i.e., a second ensemble would result
in a slightly different X. The variance of the response pattern from an M-member ensemble
is approximately 1/M times the variance in €. So, as a first-order correction to resolve the
sampling uncertainty, Allen & Tett (1999) suggested the variance of B should be inflated by
1+1/M, where M is the number of ensemble members. Using this inflation factor only makes

the overall results more conservative, but the bias created by the noise in X remains. In
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general, noise in X will tend to bias B towards zero (Fuller, 1987, p.3).

Detection is performed by testing the null hypothesis that 3 = 0. Detection of climate
change is claimed, at significance level a, for all m signals jointly if the origin is not in
confidence ellipsoid (7). Assuming detection, then we can perform the attribution test by
testing the null hypothesis that 8 = 1. If ellipsoid (7) contains (1,1,...1)T, then we can claim
that the observed trend is consistent with the fingerprints. Similarly, marginal detection and
attribution tests on a subset of signals can be conducted by using the marginal confidence
ellipsoid. As mentioned in Chapter 1, the hypothesis testing procedure for attribution is not
well-posed.

As noted by Allen et al. (2000), the conclusion of detection may be uninteresting from a
physical point of view since we may already know that a particular forcing agent must have
some effect on the climate system. So, what we are really interested in is the range of 3 that
is consistent with the observed data. This will tell us the extent to which the climate model
under- or over-estimates the influence of the forcing agents included in model (1). On the other
hand, the claim of attribution is only meaningful if the corresponding range of uncertainty of
B is relatively small.

The regression approach described above has been used in a number of variants depending
on how the researcher has treated the time evolution of the signals. In some studies, space-
only signal vectors are used. In this type of study, researchers make the assumption that the
spatial pattern of the signals does not change over the time period considered. In some studies,
space-time signal vectors are used. Consideration of the time evolution of signal patterns is
especially useful in multi-signal case. This is because spatial signal patterns tend to be closed
to being co-linear when only spatial elements are considered. Taking temporal aspects of the

signals into consideration aids in their differentiation by reducing their colineraity. In this
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thesis, my signal patterns will consists of both spatial and temporal elements.

2.2 Estimating the natural climate noise covariance matrix

As we have seen in Section 2.1, Cy is crucial in solving the regression problem. However,
Cy is unknown and has to be estimated. Instrumental observations recorded during the past
150 years cannot provide a reliable estimate of Cy due to the fact that natural climate noise
is confounded with the effect of external forcing during the instrumental period. Also, the
length of the observed record is not long enough to estimate Cy reliably. Thus Cy is generally
estimated from a long control run in which concentrations of greenhouse gases and aerosols are
fixed at a present or pre-industrial levels. Even though a growing number of long control run
are becoming available, there remains limitations on the spatial scale (size of the grid boxes)
in which detection and attribution studies can be conducted. In practice, the available control
runs, which are limited to 1000-2000 years, are not long enough to simultaneously estimate
the internal variability on a small spatial scale over a 30-50 year time scale. Consequently,
detection and attribution studies are conducted in large spatial scales. In general, Cy can be

estimated from a control run by:

.1
Cn = —pp” (8)

where ¢ = (¢1 | ... | @i | ... | ¥a) consists of a columns of n x 1 vector extracted from the
control run and each ¢; is a y-like vector. Each column of ¢ will apply the same observation
mask to account for missing data. Since y (observed data) typically consists of data over 30-50
years and control run are limited to 1000-2000 years, the number of independent vectors that
can be extracted from the control is less than n, the number of elements in y. Therefore, Cy
is non-invertible.

The solution that has been widely adopted in the climate research community is to use the
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transformation P that satisfy (3) to estimate Cy. If we assume that Cy provides a reliable
estimate of the noise covariance in the subspace spanned by the k gravest Empirical Orthogonal
Functions (EOFs; eigenvectors of C ~) of a control run, then a natural transformation to use
is P() where the rows of P) are the k" eigenvectors of Cy weighted by square root of their
corresponding eigenvalues. So P®X)CNyP®)T is equal to k x k identity matrix by construction.
Thus (5) becomes

B = (XTpWTp®X)-1XTPp®Tpk)y — FTy )

To avoid bias in calculating the variance of B, we will replace (6) by the following estimate,

V(B) = V(FTw) (10)

where w; is a ;-like vector, but is come from a control run different from the one used in Cy.

So w; and (; are statistically independent. From (10), we get

V(B) = E(Fwiw] F1) — E(F]w;)E(F{w;)

= FTE(ww!)F, (11)
~ FTCNFl
where E(wjw!) ~ Cy = wwT /b with v degree of freedom and w = (wy | ... | wi | ... | wp)

consists of b columns of n x 1 vectors that comes from a control run different from the one
used in € n. If all the w; are independent, then v would equal to b, but this is never the case
in practice. To account for noise in X, V(B) will be inflated by 14 1/M. Equations (10) and
(11) hold because the regression is done on a linear scale, so the variance of 3 does not depend
on the actual amplitude of the signal in y. Hence, an estimate of V(B) can be obtained by

applying the same operator F;(which was used to extract B from y) to w;. Also, note that
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E(FTw;) = 0 because this is the expected amplitude of B with pure noise regressed on the
signal X. After updating the variance and substituting it into (7), the confidence ellipsoid

becomes

B-PBTV(B) (B - B) < mFmy (12)

which has a F distribution with m and v degrees of freedom in the numerator and denominator
respectively, taking into account the uncertainty in estimating ,3 and V(B)

The problem in using EOF analysis is that detection and attribution results depend criti-
cally on the choice of k. In general, the estimated variance of B decreases close to monotoni-
cally as k increases (Allen & Tett, 1999). So, as k increases, the confidence ellipsoid shrinks.
The reason is that increasing k introduces EOF's that have variances which are unrealistically
low and these will in turn decrease the variance of 3 by the optimization procedure. Thus a
constraint on the choice of k is needed. Allen & Tett (1999) used a residual consistency test

to determine the appropriate k. The residual given by the regression model is

é=y-XB (13)

The idea behind the consistency test is that if Cg’\;) can adequately represents the variability
in the real world in the truncated space, i.e., the subspace spanned by the first £ EOF's of the
control run do not contain patterns that have unrealistically low (or high) variances, then the
transformed residuals P& should behave like i.i.d. normally distributed random variables. So
our null hypothesis would be that the transformed residuals are i.i.d. normally distributed

random variables and the test statistics is:

r2 = eTpWTpMg — cTEW 1z o y2 (14
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which would be distributed as chi-square with £ — m degrees of freedom under the null hy-
pothesis. If an increase in k introduces EOFs that have unrealistically low variances in the
control run, then r? will shift to an unreasonably high percentile of x? and so we will reject
the null, giving us some warning that estimates of uncertainty are unlikely to be reliable. If

different control runs are used for optimization and testing, the statistics changes to:

2

r = éTég\l;)_lé ~ (k — m)Fk—m,v (15)

The above statistic will converge to a xi_m as v — oo and thus, given the significance level
a, the x%_m quantile will always be smaller than the (k — m)Fg_nm, quantile. If we use a X2
quantile in (15), we will always be more likely to reject the null than using the F quantile. One
should be careful in using such consistency test because if we allow k to vary, we introduce an
additional degree of uncertainty into our analysis. This raises the question of which result to

present and the danger of presenting the more ‘favorable’ results. (Allen et al., 2000)

2.3 Example

In this section, we will reproduce part of Zwiers & Zhang (2003)’s result as an example.
They assess the extent to which the combined effect of greenhouse gases and sulfate aerosols
may be detectable in the twentieth century in six spatial domains that decreases in size. In
the following example, I will only present the results from one of the spatial domain, the
entire globe, as an example. I first aggregate the 5 x 5° grid values of the data into 30° x 40°
boxes. Separate regression analyses will be performed for each of six overlapping 5-decade
periods (period 1: 1900-49, period 2: 1910-59, ..., period 6: 1950-99). The data vector y
for any particular period is constructed from the 5 decade sequence of decadal averages of

annual mean temperature anomalies relative to the twentieth century mean, calculated from
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non missing years in the period. Annual means are treated as missing if even one month
within the year is missing. Decadal means are treated as missing if less than 6 of the 10
years are present. Missing values are not filled in. The signal pattern X is obtained from the
corresponding decades in the combined ensemble average of three CGCM1 GS runs and three
CGCM2 GS runs, and are matched in space and time with the non-missing observations.

The reason of using decadal averages instead of annual averages is to account for: i) there
can be unusually large natural climate variation in the observed data, and ii) signals obtained
from climate model are noise contaminated. So, by using decadal averages, there is hope to
filter out some of these noise. In most of the studies, 5-decade periods are used. It is because
control runs are limited to 1000-2000 years and it is hard to use periods longer than 5 decade
and still provide good estimates of Cy. On the other hand, if the time periods used are too
short, there will not be enough time evolution to enter into X. Such evolution is crucial in
detection and attribution studies because we are interest in how the signal pattern changes
over time.

The covariance matrices C ~ and '8 ~ are calculated from 1600 years of control simulation,
composed of 600 years from CGCM1 and 1000 years from CGCM2 (the first 400 years from
CGCM1 are not used due to model drift). The 1600 year control simulation is partitioned
into two 800 year subsets: first 300yr of CGCM1 and 500yr of CGCM2 for Cx and last
300yr of CGCM1 and 500yr of CGCM2 for CN. Each ¢; and w; has been organized into
overlapping 5-decade vectors (overlapped by 4 decade), and observation mask is applied. By
using overlapped segments, we can extract more information and hence increase the degrees of
freedom in C ~. However, the vectors in w will be correlated and so the ‘true’ v is unknown.
Stott et al. (2001) and references therein suggest using v equal to 1.5 times the number

of non-overlapping segments in the data used to estimate Cy, and I will follow this in my
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calculations.

Figure 3 displays the residual consistency test statistics for all six periods. The dotted lines
represents the upper and lower 5% critical values of x2. x? is used instead of F' because the
x? is more conservative. With approximately k > 15, the model over-simulates the internal
variability. At small k£ (< 5), the model tends to under-simulate the internal variability.
Hence, the number of retained EOFs at which we should trust the analysis would be around
10.

Figures 4 and 5 show the estimated amplitude 3 and its 95% confidence interval versus the
number of EOFs retained in the truncation (k) for periods 1 and 6. The confidence intervals
are calculated from (12) with m = 1 and v = 24. For period 1, with k around 10, the confidence
interval does not contain zero, which suggest that Hp : § = 0 can be rejected. In addition,
the confidence interval contains 1 for k£ around 10, which indicates that Hy : f = 1 cannot be
rejected. So the combined influence of greenhouse gas and sulfate aerosols is detectable and
attributable. However, we should be careful in interpreting the attribution result because the
uncertainty in B is fairly large. Analogously, detection and attribution tests are done on the
other five periods. Detection and attribution of climate change can only be found in periods
2 and 6. However, the uncertainty of B for both periods is large. In particular, the confidence
interval is about (0.1, 1.7) for period 2 and about (0.15, 1.2) for period 6. In both of these two
periods, 3 is less than 1. This indicates the combined CGCM1 and CGCM2 signal may have
over-predicted the combined response to greenhouse gases and sulfate aerosols. That is, the
climate model output has to be scaled down to reproduce the observed record. For periods
3, 4 and 5, the confidence intervals contain zero over all level of k. So Hy : 8 = 0 cannot be
rejected.

The analysis above suggests that the combined effect of greenhouse gases and sulfate
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aerosols are detectable in 1900-49, 1910-59 and 1950-99. Also, attribution claims can be made
for these periods. However, we should be cautious about the results because we have not
included other forcing agents into the analysis. So, we may run into the danger of detecting

and attributing the wrong signal.

1900-49 | 1910-59 | 1920-69 | 1930-79 | 1940-89 | 1950-99

Detection Yes Yes No No No Yes

Attribution | Yes Yes Yes

Table 1: Summary of detection and attribution result with ‘optimal fingerprinting’ for the

combined effect of greenhouse gases and sulfate aerosol forcing
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Figure 3: Residual consistency test statistics for different 50 years periods as a function of the

number of EOFs retained — after Zwiers & Zhang (2003)
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Figure 4: 95% confidence interval of the estimated amplitude 3 for 1900-49
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Figure 5: 95% confidence interval of the estimated amplitude 3 for 1950-99
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3 Bayesian Approach - One-signal case

The Bayesian approach in climate change detection and attribution, proposed by Berliner
et al. (2000), builds on the regression analysis result from Chapter 2. In the classical approach,
inferences about the parameter 3 are made using a confidence ellipsoid, in which our results
are based on significance level o or p-values. On the other hand, the Bayesian approach
will make statistical inferences about B in terms of direct probability statements. These
probability statements are conditional on the observed value of 3. While the classical approach
is associated with probability statements about how (3 behave across repeated realization,
Bayesian inference aims instead at making probability statements about the true state of g3
given a particular realization of the data.

In the Bayesian approach, we would like to make probability statements about 3 given /3.

Thus, we needed the conditional distribution of 3 given B. Namely,

315 < LBB) __fB|BA)
e fB)  [f(B|B)=(B)dB

(16)

Equation (16) is usually referred to as the Bayes’ theorem. In this expression, 7(3), is called
the prior distribution of 3. It expresses our beliefs about 3 (the true value of amplitudes), in
terms of a probability density function, before observing the ‘data’ (3). On the other hand,
f(B| B) reflects the distribution of 3 given the true amplitude 3. m(8 | B3), which reflects the
updated beliefs of B after observing the ‘data’, is called the posterior distribution of 3 given
B. In another words, the posterior distribution combines the prior beliefs about 3 with the
information about B contained in B, to give a composite picture of our revised beliefs about
B.

Inference problems concerning 3 can easily be dealt with from the Bayesian viewpoint.
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Since the posterior distribution contains all of the available information about 3, any inferences
concerning 3 should be drawn from this distribution. One approach to inference is hypothesis
testing on (3, in which we calculate the posterior probabilities py = Pr(Hp | ,3) and p; =
Pr(H; | B) and decides between Hy and H; according to the values of py and p;. The
advantage of Bayesian hypothesis testing procedure is that py and p; are actual probabilities of
the hypotheses given the data and prior beliefs as opposed to indirect p-values and ‘statistical
significance’ in classical hypothesis testing. Another approach to inference is to present a
confidence set for 3. In the Bayesian approach, a HPD (highest posterior density) region of
3 could be constructed for this purpose. A HPD region is the Bayesian analog of a classical
confidence set, but treating § as random rather than fixed. The 100(1-a)% HPD region for 3

is the subset R that has the smallest possible volume in the R™ such that:

PrgeR|B)= [ x(81A)=1-a (17)

To make an inference using HPD region, one could apply a similar approach as in interpret-
ing a classical confidence ellipsoid. That is, if the HPD region does not contain (0,0, .0)T,
then we claim a detection. Furthermore, if the HPD region contains (1,1,...1)T, then we
could cautiously claim an attribution. The attribution claim should be made with caution
because even though when a HPD region contains (1,1, ...1)7, it does not necessary imply the
probability of attribution is large. It only implies that 8 would have a high probability to be
in the region defined by the HPD region . So, if the HPD region only consists of a ‘small’
region around 1, then we can confidently make an attribution claim. Otherwise, we should be

cautious when making such a claim.
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3.1 Setting up the problem

In this chapter, I will focus on analysis with one forcing agent (GS forcing). From the

results of ‘optimal fingerprinting’, assuming X is noise free, the distribution of B | B is

7B 16) = $(8,6%) = —— exp {~0.5(3 - 6)?/*} (18)

2o

where 62 = V(B) — F{é ~F1. Note that the above is only approximately true since we do not
know the true Cy to calculate the variance of B Instead, I used Cy to estimate the variance
of 3. If ensemble average of signals is used to account for noise in X, 62 will be inflated by
1+1/M. The detection and attribution framework motivates the prior to be a combination of
two components (Berliner et al., 2000). Following Berliner et al. (2000), the prior distribution

7(B3) I used is a mixture of two normal distributions given by

©(8) = p(0,7%) + (1 — p)d(pa, 73)
(19)

= \/% exp {—0.58%/7%} + = p2 exp {—0.5(8 — pa)?/75}

2nTy

where 72 and 75 are unknown and can be estimated.
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Figure 6: Examples of the shape of the prior given by equation (19) (Left: p=0.4, 72 = 72 =

0.1, pa = 1; Right: p=0.5, 72 = 7% = 0.01, p4 = 0.9)
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The motivation behind prior (19) is to model the following two possibilities: i) no signal is
detected in the observations with probability p and ii) the observed climate change is consistent
with the signal pattern with probability 1 — p. That is, the first part of the prior distribution
is to model information about § if there is no climate change detected in the fashion reflected
by the signal pattern. The choice of zero as the prior mean seems quite natural as we would
expect (3 to be zero if no climate change is detected. The second part of the prior represents
when the observed climate change is consistent with what is showing by the signal pattern. In
the climate model runs I used, if the observed climate change is attributable to the particular
forcing agent, I will expect 3 to be 1. So, I will use z4=1 in my analysis. The 72 and 73 reflect
the variability in 8 when projecting the observed data onto the signal pattern. Specifically, 72
and 7% represent the variability of 3 when the observed change in climate is not significantly
different than what we can expected with natural climate variability (5 = 0) and when the
signal is consistent with the observations (8 = p4) respectively. In the Bayesian viewpoint,
one could use his/her subjective judgment to set the values of 7 and 74. In my analysis, I
do not have any prior information for a reasonable value of 7 and 74, so I will estimate them
instead.

One way to estimate 7 and 74 is to obtain a sample of 3s. To estimate 72, we could use
segments of the control run as y and regress it on the fingerprint X (forced run) to get a
sample of Os (using regression method outlined in Chapter 2). Both of X and the control run
segment used in y have to be matched with the non-missing observations. Then the variance
from the resulting sample can be used as an estimate of 72. Analogously, 1/21 can be estimated
in a similar manner but using segments of different forced runs as y and X. Due to the fact
that there are trends in the forced runs, the segments used in both y and X would have to be

matched in both time and space. Details will be discussed in the next section.
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One potential problem with the prior in (19) is that we are restricting ourselves to only
two possibilities, the presence and absence of a signal. This ignores the possibility that the
climate model may strongly under- or over-estimate the response to the external forcing. That
is, we may not give enough weight to 3 that is between 0 and u4 and to [ that is bigger than
pa if 72 and 73 are small. Thus, I also introduce a prior, that is a subset of (19), which gives
almost equal weight to 3 between 0 and p4 and smaller weight to values outside [0, p4]. Such

a prior can be obtained by setting p = 0.5 and 7 = 74 = p4/2. That is:

(8) = 0.5¢(0, (14/2)%) + 0.5¢(1u, (14/2)*) (20)

In my analysis, p4 in (20) is set to 1 because we will expect 3 to be 1 if the observations are
consistent with the signal pattern. However, before the analysis, if we know that the climate
model tends to (over-) under-estimate the response to external forcing, we should (decrease)

increase p4 accordingly. The effect of using different pu4 will be discussed in Section 3.3.

beta

Figure 7: Prior distribution given by (20): this prior give equal weight to 3 values between 0

and g4

Figure 7 shows the prior distribution given by (20). The reason I give smaller weight to
values outside [0,1] is because i) it is unlikely that increase in greenhouse gases concentration

will have a cooling effect on temperature (this corresponds to 8 < 0), ii) I believe that
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the climate models used in my analysis are less likely to under-simulate the response to the
external forcing (this corresponds to # > 1) and iii) it is very unlikely that the climate model
would under-estimate the response to the external forcing by more than a factor of two (this
corresponds to 3 > 2).

One should note that in a Bayesian framework, the choice of prior is subjective. So, if
one have strong prior belief in attribution, prior (19) can be used with p set to a very small
value. On the other hand, if one does not have any prior knowledge on the distribution of 3, a
noninformative prior can also be used. Such a prior gives equal weight to all 3 values between
-00 and oo.

After I defined prior (19), I can obtain the posterior distribution of 3. The posterior

distribution that is obtained is given by (See Appendix A.1 for derivations)

n(B|B) = ap(ii, 7*) + (1 — Q) p(fia, 73) (21)
where .
L T2,3 7:2 B 7'26’2
M_T2+5'2’ T 24462
24 4 A2 249
. TiB+06%ua .o T40
HA = Tﬁ +5’2 ) TA= Tf{ +&2 (22)

(B — pa)? B

T2 +62 12462

=
1-p (12462
=1+ =255 —0.5
! <+ p \|7i+6? exp{ })

Again, the above is only approximately true because we do not know the true variance of B.

I next formalize the criteria for detection and attribution. Following Berliner et al. (2000),

I define detection as occurring if the posterior probability

Pr(BeD|fB) issmall (23)
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where D is some neighbourhood of zero and we define attribution as occurring if

Pr(Be A|fB) islarge (24)

where A is some neighbourhood of 1. For attribution, in addition to looking at the probability
in (24), one should also examine the posterior distribution before making an attribution claim.
Consider the following example: suppose we have a posterior like the one shown in Figure 8
and we define A to be (0.9, 1.1), then  will have almost equal probability to be in .4 and
in (0.5, 0.7). So, even though Pr(8 € A | f) is around 0.5, we still should not make an
attribution claim. That is, we will have to be careful when interpreting the attribution result

if Pr(8 € A| ) is not very large (near 1) or if ¢ is neither small nor large.

w o~
Posterior density
————.

Figure 8: An example of a problematic posterior distribution

As suggested by Berliner et al. (2000), two important questions arise. First, how should
D and A be defined? Second, what do we mean by small and large probabilities in (23) and
(24)? In a Bayesian framework, these decisions are subjective. Subjective decision also occurs
in the frequentist approach. One example is choosing the cutoff significance level between

whether to reject the null hypothesis of no detection and the null hypothesis of attribution.
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3.2 Climate change assessment with different priors

In the following three subsections, separate analyses with the three priors discussed in the
last section will be described. For illustrative purposes, I will present inferences using both
HPD regions and criteria (23) and (24). The data setup will be the same as in Section 2.3,
with a separate analysis for each of the six time periods. Again, I am interested in showing
the observed temperature change is detectable and attributable to GS forcing. In my analysis,
I defined the non-detection region as D = (—00,0.1). The interval used in my non-detection
region is slightly different from Berliner et al. (2000). They used [0 — €,0 + €] to be their non-
detection region, where € is a ‘small’ number. In my analysis, all negative values are included
in the interval. The inclusion of all negative values is to reflect the fact that detection is
associated with ( greater than zero. When f is less than zero, it implies that the model
projects the observations with the wrong sign. When the amplitude is of the wrong sign, no
detection should be claimed even the amplitude may be quite different from zero.

I also defined three attribution regions denoted as A; = (0.9,1.1), Ay = (0.8,1.2) and
As = (0.7,1.3) to be used in the analysis. Which attribution region is to be used to inter-
pret the results of the analysis depends on the level of 3 the researcher is comfortable with
when making an attribution claim. In the following analysis, a decision on whether to make
an attribution claim will be based on Pr(8 € As | 8). The other two attribution regions
will be used as comparisons. In addition, I will claim to have detected climate change if
Pr(BeD]| [3) < 0.1. The cutoff point 0.1 is chosen so that the probability of wrongly claim-
ing a detection is at most 0.1, which would be parallel with the 10% significance level in the
classical approach. For attribution, I will consider Pr(83 € Az | B) to be large if it is greater
than 0.6. This implies that the probability of wrongly making an attribution claim is at most

0.4. Even though this error rate is quite high, I think that it is still acceptable. It is because
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the large uncertainty in 3 would make the posterior fairly spread out and makes us impossible
to obtain a near-certain attribution claim (that is to have a attribution probability that is
close to 1 for a very small region around =1). So if I set the cutoff to be too high (say 0.9),
my Bayesian analysis will not be able to make an attribution claim even if such claim is ‘true’.
Table 2 listed my rules for quantifying the evidence of detection and attribution. Note that
these rules are chosen subjectively and are merely chosen to increase the readability of the
results. Tables are provided at the end of this section to summarize the results of the three

analyses.

Evidence of detection | Very Strong | Strong No

Pr(BeD|p) < 0.01 0.01-0.1]>0.1
Evidence of attribution | No Small Mild Strong
Pr(B e Ay | B) <04|04-05|05-06|>06

Table 2: Rules for quantifying posterior probabilities for detection and attribution

l;rior A

The following analysis is done using the prior given by (19) with p4=1. Since I do not
have any information suggesting whether there is a climate change, I will set p=0.5. For each
of the six time period, I estimate the value of 7 and 74. The reason I do not use the same
value of 7 and 74 for all six periods is because data coverage is different for each time period
and I believe this may have an effect on the value of 7 and 74. To estimate 72, I partition
the 1600 year control run into 152 50-year overlapping segments (56 from CGCM1 and 96

from CGCM2), which will result in 152 (s at each EOF truncation level for each time period.
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Each of these segments consists of 5 decades matched with the non-missing observations.
The resulting variance from the sample will be my estimate of 72. To estimate 7'/21, a more
complicated procedure is applied. Since there are six CGCM forced runs available, I will use
segments from one forced run as y and segments of the ensemble of the other five runs as X
to obtain a sample of 3. Each forced run has 200 years and each segment is 5 decades, so this
will result in 16 overlapped segments. The segments used in y and X are matched in time to
account for the trends in the signal. To account for the difference in data coverage in each
time period, observation mask is applied to both of the forced run segments used in y and X.
By permuting the forced run used in y and X, we will have 16 x 6=96 [s in total for each
time period and the variances from the sample will be the estimate of Tfi.

Figure 9 shows the prior distribution obtained in this way. It seems that the priors do
not give a lot of weight for  near 0.5. Figure 10 shows the estimated 7 and 74 for periods
1, 3 and 6. We can see that 7 is less than 74 for periods 1 and 6. For period 2, the same
trend is observed. For periods 3, 4 and 5 (periods 4 and 5 not shown), 7 is greater than 74 at
most EOF truncation. Nevertheless, 7 and 74 are only differ by 0.1 to 0.05 in all six periods.
Therefore, it may be sensible to set 7 equal to 74. However, since I have already estimated 7

and 74, I will not set them equal to each other in my analysis to avoid losing any information.
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Figure 9: Prior A - Prior distribution for 1900-49 and 1950-99 with 5, 10 and 15 EOF's retained
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Figure 10: Prior A - Estimates of the value of prior parameters (7 and 74) as a function of

the number of EOF's retained

Figure 11 shows the posterior probabilities in D and A and the posterior parameter ¢q. For
period 1 (1900-49), Pr(8 € D | B) is close to zero and hence very strong evidence for detection.
The attribution likelihood, Pr(8 € Aj | §), increases until k=15 (k is the number of EOFs
retained) and then declines for k£ >15. The residual consistency test from Chapter 2 suggests
that my analysis should be conducted with k around 10. For k around 10, Pr(8 € Ay | B) ~
0.7, which suggests strong evidence for attribution. In addition, ¢ is very small, which means
the weight on the posterior component centered on f is small. Figure 12 shows the posterior
distribution for period 1 at k=5, 10 and 15. Unlike the posterior distribution in Figure 8, the
distribution here is well behaved. Therefore, I claim an attribution in period 1 with strong

evidence.
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Figure 11: Prior A - Posterior parameter and probabilities of no detection and attribution
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Figure 12: Prior A - Posterior distribution for 1900-49 with 5, 10 and 15 EOF's retained
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For period 2, Pr(8 € D | B) ~ 0.03 with k around 10, which suggests there is also strong
evidence for detection in this period. At the same time, Pr(8 € As | 8) ~ 0.55 for k around
10, and q is on the order of 0.1 which suggest the posterior is not problematic. Therefore,
there is mild evidence in which to claim an attribution. In period 6, Pr(8 € D | ) is
essentially zero for k around 10. So there is very strong evidence for detection in period 6.
Also, Pr(8 € Ay | B) ~ 0.45 for k around 10. Figure 13 shows the posterior distribution
of period 6 and the posterior is well behaved for k¥ =10 and 15. For k£ = 5, the posterior
distribution are almost equally weighted on the two posterior components. Since I am only
interested in k£ around 10, I conclude there is some evidence in which to claim an attribution
in period 6. However, a careful look at the posterior indicates that most of the posterior
probabilities are allocated to 3 € (0.6,0.9), indicating that the amplitude of the signal may
have over-simulated by CGCM1 and CGCM2 combined. For periods 3, 4 and 5, Pr( € D | B)
> 0.2 for k around 10 and thus there is insufficient evidence to claim a detection of the GS

signal in the observations of these periods.
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Figure 13: Prior A - Posterior distribution for 1950-99 with 5, 10 and 15 EOF's retained

In the frequentist approach, it may be useful to construct a confidence interval on 3. In
the Bayesian viewpoint, we could construct a HPD region of 3 for this purpose. To construct

the 100(1-a)% HPD region for 3, it is necessary to find the subset R with the smallest possible
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length that satisfies (17). Since my posterior is a mixture of two normal distributions, some
work is required to obtain such a subset. For simplicity, instead of finding the minimum length
subset, I will find the interval R that has 100(1-/2)% tail probabilities (denoted IR interval).
The length of the IR interval will be close to that of R when q is near 0 or 1.

Figure 14 shows the 95% IR intervals for 3 in periods 1 and 6. In period 1, for k around 10,
the 95% IR interval is about (0.6, 1.4), which is slightly narrower than the confidence interval
from Section 2.3. For period 2 (not shown) and period 6, the 95% IR intervals for k around
10 are about (0.1, 1.2). Since all of these IR intervals contain one but not zero, detection
and attribution for GS signal is cautiously claimed in periods 1, 2 and 6. However, these IR
intervals are very wide, especially for periods 2 and 6, which indicates that the evidence for
attribution is not strong. For periods 3, 4 and 5 (not shown), the IR intervals are about (-0.4,

1.2) for k around 10 and hence detection of the GS signal is not claimed in these periods.
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Figure 14: Prior A - 95% IR intervals of the true amplitude, 3, in periods 1 and 6

Prior B
The analysis described above is now repeated with prior (20) with u4 = 1. The posterior
parameter ¢ and probabilities in D and A for all six periods are shown in Figure 15. Again,

we are only interest in results for k around 10.
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Figure 15: Prior B - Posterior parameter and probabilities of no detection and attribution

For period 1, there is very strong evidence for detection and mild evidence for attribution.

Since ¢ is small, we do not have a problematic posterior (See Figure 16) and thus, I cautiously

claim attribution for period 1.
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Figure 16: Prior B - Posterior distribution for 1900-49 with 5, 10 and 15 EOFs retained

There is also strong evidence for detection in periods 2 and 6. In addition, Pr(3 € As | B)
~ 0.4 for period 2 and is approximately 0.25 for period 6 and thus, I very cautiously claim
attribution in period 2. In period 6, most of the posterior probability are allocated to § €
(0.4,0.8), which suggests the climate model may over-estimate the response to the GS forcing.

On the other hand, Pr(8 € D | B) > 0.1 for periods 3, 4 and 5 and hence I do not make a

detection claim in these periods.
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Figure 17: Prior B - Posterior distribution for 1950-99 with 5, 10 and 15 EOFs retained
Figure 18 shows the 95% IR intervals for 3 in periods 1 and 6. We can see that the 95% IR

interval for period 1 is about (0.5, 1.5) and that it is about (0.2, 1.1) for period 6 for k = 10.

Not displayed here, the 95% IR interval for k around 10 is about (0.2, 1.4) for period 2. So,
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I cautiously make a detection and attribution claim in these three periods. For periods 3, 4
and 5, the IR intervals are about (-0.4, 1.2) and therefore, as above, no detection claims are

made in these periods.
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Figure 18: Prior B - 95% IR intervals of the true amplitude, 3, in periods 1 and 6

Prior C

The analyses described above were repeated once more with a noninformative prior which
gives equal weight to all 3 between —oo to co. A noninformative prior is used when we do not
have any knowledge on the distribution of 3 and so we give equal weight to any real values of

(. The noninformative prior is defined as:
m(f) x 1 (25)

and the posterior will be (obtained by Bayes theorem):

i BB L aia s
B18) = Fr51 a5 = {619 = 26,8 (26)

Posterior probabilities of no detection and attribution for all six periods are shown in
Figure 19. Figure 20 shows the posterior distributions for periods 1 and 6 at different k.

From these figures, detection is claimed for periods 1 and 6 with very strong evidence and
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attribution is claimed cautiously for period 1. For period 2, detection is claimed with strong

evidence.
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Figure 19: Prior C - Posterior parameter and probabilities of no detection and attribution
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Figure 20: Prior C - Posterior distributions for 1900-49 and 1950-99 with 5, 10 and 15 EOF's

retained

Since our posterior only consists of one normal distribution, the HPD region will be the

same as IR interval. The 95% IR intervals for periods 1 and 6 are shown in Figure 21. These

intervals are similar to the confidence intervals obtained in Section 2.3 due to the choice of a

noninformative prior. All we need to do is to substitute the F distribution in (12) to a chi-

square distribution. So, the IR intervals are slightly narrower than the confidence intervals

reported in Section 2.3. For periods 1, 2 and 6, the IR intervals contain one but not zero for

k =~ 10. For periods 3, 4 and 5, the IR intervals contain zero for most value of the k.
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Prior C - 95% IR intervals of the true amplitude, 3, for period 1 and 6
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Summary of three analyses

Tables 3 and 4 summarize the results from using criteria (23) and (24). Detection results
are the same among the three priors and attribution results are fairly robust within each
attribution region. When using IR intervals for inference, I claimed detection and attribution
(claimed cautiously) in periods 1, 2 and 6 for all three priors. Hence, my analysis appears to
be robust with respect to the choice of prior when using the IR interval for inference. Even
though I claim attribution for these three periods, the IR intervals are fairly wide. Comparing
the Bayesian result to those obtained in Chapter 2, we can see that they are very similar.

From the three analyses, the results indicate that the observed changes in temperature
during 1900-49, 1910-59 and 1950-99 are unlikely to be due to natural climate variability
alone. For 1900-49, with criteria (23) and (24), my analysis suggests that the observed change
might be attributable to the combined effect of greenhouse gas and sulfate aerosols; but such
a statement cannot be claimed with confidence for the other two time periods. We should be
cautious when interpreting this result, because we have not investigated the influences of other
potential forcing agents or considered the fingerprints from other climate models. In all three
analyses, most of the posterior probability is allocated to 0.5 < 8 < 0.9 in 1950-99. Thus, it is
likely that the combined CGCM1 and CGCM2 signal has over-estimated the response to GS

forcing.
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Detection results

1900-49 | 1910-59 | 1920-69 | 1930-79 | 1940-89 | 1950-99

Prior A | V.Strong | Strong | No No No V.Strong
Prior B | V.Strong | Strong | No No No V.Strong
Prior C | V.Strong | Strong | No No No V.Strong

Table 3: Evidence of detection across different priors obtained by calculating the posterior

probability of no detection

Attribution results with A;

1900-49 | 1910-59 | 1920-69 | 1930-79 | 1940-89 | 1950-99

Prior A | No No No No No No
Prior B | No No No No No No
Prior C | No No No No No No

Attribution results with A,

1900-49 | 1910-59 | 1920-69 | 1930-79 | 1940-89 | 1950-99

Prior A | Strong | Mild No No No Small
Prior B | Mild Small No No No No
Prior C | Small No No No No No

Attribution results with A3
1900-49 | 1910-59 | 1920-69 | 1930-79 | 1940-89 | 1950-99

Prior A | Strong | Strong | No No No Strong
Prior B | Strong | Mild No No No Small
Prior C | Strong | Mild No No No Small

Table 4: Evidence of attribution across different priors obtained by calculating the posterior

probability of attribution in three different regions
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3.3 Robustness of the one-signal analysis with respect to prior specification

In the previous section, analysis was conducted with three very different priors. These
different priors yield very similar conclusions for all six periods and so my analysis appears
to be robust to the choice of prior. To further illustrate the robustness of my analysis, I will
present results for a plausible class of priors that are contained in (20).

In the previous analyses, I assume that p4 =1, but in fact I may be uncertain about p4
because there is a possibility that the climate model could over or under-estimate the response
to external forcing. If the model tends to over-estimate the response to external forcing, I
should set ug < 1 accordingly. Conversely, if the model tends to under-estimate the response
to external forcing, I should use u4 > 1 in my prior. So, I define a plausible class of priors

that are contained in (20) to be:
I'={n(B):05< pa <2} (27)

The cutoff is chosen to be 0.5 and 2 is because it is very unlikely that the climate model will
over-estimate or under-estimate the response to external forcing by more than a factor of two.

To conduct the robustness analysis, I computed the bounds for Pr(8 € D | §) and Pr(8 €
Ay | B) over T. Figures 22 and 23 show the upper and lower bounds of Pr(8 € D | 3) and
Pr(B € Ay | B) for periods 1, 2 and 6. Notice that the ranges of the probabilities are tighter
for detection. Specifically, for period 1 (period 6), the width of the bound for Pr(8 € D | B)
is about 0.003 (0.002) and is about 0.2 (0.16) for Pr(8 € As | B) for k ~ 10. Similar behavior
with the probability bound can be found in period 2. Not displayed here, for periods 3, 4 and
5, the width of the bounds for Pr(8 € D | f) is around 0.02 and around 0.1 for Pr(3 € As | B).
This suggests that detection probability is robust and attribution probability is less robust

with respect to the priors within I' for all six time periods.
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Figure 22: Posterior probability bounds for detection, Pr(3 € D | ,3), within the class of prior
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4 Bayesian Approach - Two-signal case

In this chapter, I will extend the Bayesian analysis to two signals. In the pervious two
chapters, I considered the combined effect of greenhouse gases and sulfate aerosols. In this
chapter, I will consider these effects separately. For completeness, I will first present the two-
signal analysis using ‘optimal fingerprinting’. I will then proceed into the Bayesian analysis.

The signals used in the following analysis are from the HadCM2 coupled ocean-atmosphere
general circulation model (Johns et al., 1997). In particular, ensemble averages of nine GS
runs and ensemble averages of four G runs will be used in the two columns of X. As in the
pervious chapters, the HadCRUT'v observational dataset will be used. Again, grid values will
be aggregated into 30° x40° boxes. Then separate analyses will be preformed for each of the six
overlapping 5-decade periods (period 1: 1896-1946, period 2: 1906-56, ..., period 6: 1946-96).
Missing data will be treated as in Section 2.3 and the decadal temperature anomalies used are
calculated relative to 1896-1996. Since the HadCM2 data available to me is organized into
decadal averages starting at years ending with six, so the time periods used in this chapter
are different from the previous two chapters. To construct the covariance matrices Cy and
Cy, a 1600 year HadCM2 control run is used. The 1600 year control run is partitioned into
two 800 year subsets which are used to compute Cy and Cy respectively. Again, the residual
consistency test will be performed to determine the appropriate truncation level (k).

Since both of the G and GS runs contain greenhouse gases forcing, and it is of interest to
estimate the total greenhouse gas effect, I will extract such information from the regression

model. Our regression model for the two-signal case is,

Y = BcXg + BesXgs + € (28)



44

where X and Xgg are the G and GS signals respectively, and g and Bgs are the corre-
sponding amplitudes.

Following Allen & Tett (1999), I will estimate the total effect of greenhouse gases by
first denote ﬁG and 3@5 to be the amplitudes estimated from the regression model. Then,
assuming the GS signal is the sum of pure greenhouse gases signal (X¢ = Xgpgg) and pure

sulfate aerosols signal (Xgsyz), we have

§ = BeXg + PesXes
= BeXe + Bas(Xe + XsuL)
= feXcne + Bes(Xane + XsuL) (29)
= (Ba + Bas)Xena + BesXsuL

= BencXcue + BsurXsuL

Hence, ,BGHG = BG + BGS gives an estimate of the total greenhouse effect and BSUL = BGS
gives an estimate of the pure sulfate aerosols effect. Because the regression is done on a linear
scale, precisely the same result could be obtained by subtracting Xg from Xgg initially to
give a X gy, signal to input into the regression. However, this signal will tend to be noisier
than Xgg because both of the G and GS signals contain noise.
Next, I define B* = ([}G, [S'GS)T and B8* = (Bg, Bes)T. From Chapter 2, the distribution of
BB is
fB" 189 =9(6",5") (30)
where ° = 17(,3*) = FféNFl. The above is only approximately true because Cy is un-

known, which is needed to compute the true variance of B*. Since I am interested in making

inferences on Bgpe and Bsyr, I will have to extract the corresponding information from B*
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and £*. In order to do so, I would need to perform a linear transformation on ﬁ“ and @*. If

I define
1 1 BeHG . |Bcue
A= 5 B = ) B = ) (31)
01 BsuL BsuL
then we have,
Bc + Bas BeHG . |Benc "
t = = =B, AB = ) =P,
Bas BsuL BsuL (32)
V(B) =V(AB") = AZ"AT
So the distribution of 3 | 3 is,
f(B|8) =d(AB", AZAT) = ¢(8,%) (33)

where

$_ V(Bc) + V(Bgs) +2C0V (Bgs, Bc) V(Bas) +COV (Bas, Bc) (3)

V(Bas) + COV (Bas, Ba) V(Bas)
To account for the noise in signals, 3 will be inflated by 14 1/M. In the following analysis,

M is equal to 4.

4.1 ‘Optimal fingerprinting’

The residual consistency test statistics for all six periods are shown in Figure 24. The
dotted line represents the x? bounds at the 5% significance level. With approximately k > 15,
the model under-simulates the internal variability. So the maximum number of EOF's retained

at which I should trust my analysis would be around 15.
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Figure 24: Residual consistency test statistics for different 50 years periods as a function of

the number of EOF's retained

Figure 25 shows the 95% confidence ellipsoids for periods 1 and 6 at 15 EOFs retained.

The lines indicate the marginal 95% confidence intervals for Bgye and Bsyr. The point were

the two lines cross indicate the estimate of 3 that is obtained when 15 EOFs are retained.
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Figure 25: 95% confidence ellipsoids for 1896-1946 and 1946-96 at 15 EOFs retained

Point [0,0] lies outside the ellipsoids for both periods 1 and 6 and so the hypothesis of

Beuc and Bsyr, are both equal to zero can be rejected. Also, the point [1,1] lies within

the ellipsoids and hence an attribution claim can be made for the joint greenhouse gases and
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sulfate aerosols effects. However, both ellipsoids are fairly large and this makes the attribution
result less meaningful. Marginal tests can also be performed for Sgyc and Bsyr. From Figure
25, the hypothesis Bgge = 0 can be rejected for both periods 1 and 6 because the marginal
confidence intervals for gy do not contain zero. The intervals also contain 1 and thus the
hypothesis Bgye = 1 cannot be rejected. On the other hand, the hypothesis that Bsyr = 0
cannot be rejected in either period 1 or 6 as part of the confidence interval lies in the negative
range.

When considering the signals jointly, detection is claimed for periods 1 and 6; but when
looking at the signals separately, I cannot make an attribution claim for the SUL signal. This
happens because i) different F critical values are used to construct the confidence region in
the joint and the marginal test, and ii) the joint detection test searches for evidence against
the hypothesis that both of the amplitudes are zero. So, if one of the amplitude is significantly
different from zero, then regardless of what the other amplitude is, I will always make a joint
detection claim.

For periods 2 to 5 (not shown), the joint GHG and SUL signals are not detectable.
Marginally, GHG is detectable and attributable for period 2, but SUL is not detectable.
For periods 3, 4 and 5, the hypothesis of Bggc = 0 and the hypothesis of sy, = 0 cannot
be rejected.

Table 5 summarizes my detection and attribution results. The results I obtained are fairly
consistent with Tett et al. (1999) (They did not analyze the 1896-49 period). In addition to
what I get, they also make a attribution claimed for the marginal SUL signal in period 6. The

cause of such discrepancy may possibly due to more EOFs are retained in my analysis.
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GHG and SUL | GHG SUL
Detection 1,6 1,2,6
Attribution 1,6 1,2,6

Table 5: Periods at which detection and attribution is claimed for the corresponding variable(s)

at 15 EOF's retained with ‘optimal fingerprinting’ approach

4.2 Bayesian inference

In the two-signal case, I will introduce a prior analogous to the one used in the one-signal
case, in which the prior will give almost equal weight to Beuc € [0,1] and Bsyr € [0,1].

Mathematically, the prior is defined as a mixture of four bivariate normal distributions,

7(B) = p1@(pq, A1) + pad(pao, A2) + p3p(p3, Az) + pad(pay, As) (35)

where ¢( , ) is a bivariate normal pdf and

BeHG
B= , pr=p2=p3=ps =025
BsuL
0 0 1 1
My = s Mg = U3 = NS (36)
0 1 0 1

0.25 0.1
Ai=Ay=A3=A4=

0.1 0.25



Figure 26: Contour plot and 3D plot of the prior used in two signal analysis
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The covariance between Bgpq and By is set to 0.1 instead of zero because I believe that

they are positively correlated. The reason is, for a particular set of observations, if I get a

large amplitude for the GHG signal, then I will expect the amplitude of SUL signal to also be

large to offset the GHG signal. From the beginning of this chapter, the distribution of B | B

is

~

f(B1B)=9(8,%)

Using (33), (35) and Bayes’ theorem, I obtained the posterior distribution,

(B | B) = r1¢(T1w1,T1) + rod(Tawa, Ta) + r3p(Tsws, [3) + ra(Taws, Ts)
where for i=1, ..., 4, j=1, ..., 4,

- a7, _ a—1~
ri:(Ail+2 )1 wi:(Ailﬂi'*'E B)

-1
S
it B
gy = — | Ty |
' 2r | A [05] £ |05

exp {—0.5 [u,-TAi_lu,- + BTﬁ_IEJ - w,TI‘iw,-] }

Details of the derivation of this posterior are given in Appendix A.2.

(37)

(38)

(39)
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I next formalize the criteria for detection and attribution in two-signal case. As in Chapter
3, our criteria for detection is based on a small posterior probability that 3 lies in D where D

is some neighbourhood of zero, that is,

Pr(BeD|B) issmall (40)

and my criteria for attribution is based on a large posterior probability that 3 lies in A where

A is some neighbourhood of one, that is,

Pr(Be A|B) islarge (41)

where the regions D and A depend on the variables of interest. Figure 27 shows the non-
detection and attribution regions for different signals. Again, Table 2 will be used to quantify
the evidence of detection and attribution. Analogous to the one signal case, before making an
attribution claim, it is important to examine the posterior to determine whether the posterior
has a problematic distribution (for example, a bimodal posterior with peaks that are close in
height). I defined three attribution regions A;, A2 and As for comparison purpose. Again,

my decision about whether to make an attribution claim will be based on As.
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Figure 27: Non-detection and attribution region for different signals

For the joint GHG and SUL signals, I defined the attribution region to be circular rather
than rectangular so that the points on the boundary will be the same distance from the point
(1,1]. In particular, the radius of Aj;, Az and A3 are 0.1, 0.2 and 0.3 respectively. The regions
for the marginal case are defined to be rectangular because I am only interested in one signal
at a time. This means that the ‘non-interested’ signal can take any value in R. The idea
becomes trivial if we look at the following integral for the attribution region of (0.8, 1.2) for

the GHG signal.
Pr(attribution for the GHG signal)

= Pr(Bguc € [0.8,1.2)) (42)
1.2 poo "
= /0 . /_ n(B | B)dBsvLdBcuc

Figures 28 and 29 show the posterior distributions for periods 1 and 6 for k=5, 10 and

15. By looking at these figures, we can see that the posterior distributions are well behaved.
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In addition, the posterior distributions tend to be more spread out when only a few EOFs
are retained (k = 5). This is due to the fact that if I retained too few EOFs, the variability
in the data cannot be sufficiently explained and hence the variance components in 3 will be
large. This will then cause the posterior distribution to be more spread out. Also, at k=15,
the posterior distribution for period 6 tends to lie in the area where both Bsyr and Bgug is
less than 1. So, it could be the case that the HadCM2 model over-estimates the response to

both greenhouse gases and sulfate aerosols.

Figure 28: Posterior distribution for period 1 in two-signal case (Top to bottom: 5, 10, 15

EOFs)
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Figure 29: Posterior distribution for period 6 in two-signal case (Top to bottom: 5, 10, 15

EOFs)

Figure 30 shows the posterior probabilities in D, A;, A2 and A3 as a function of the number
of EOFs retained (k) for all six periods for the joint GHG and SUL signals. In all periods
except 3 and 4, the Pr(8 € D | 8) < 0.05 for k around 15, showing that the likelihood of the
GHG and SUL signals have been jointly detected is very large. However, Pr(8 € A; | 3) < 0.2

for all periods, indicating that it would be inappropriate to make a joint attribution claim.
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Figure 30: Posterior probabilities for no detection and attribution for the joint GHG and SUL

signals

Marginal posterior probabilities for GHG signal and SUL signal are shown in Figures 31

and 32. Table 6 summarizes the detection and attribution results (using As) for different

signals across the six time periods. Marginally, GHG signal is detectable for all periods except

3 and 4 and SUL signal is detectable in periods 1 and 6. At the same time, the influence of

GHG is cautiously attributable in periods 1 and 6, but the influence of SUL is not attributable

in any periods.
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Figure 31: Posterior probabilities for no detection and attribution for GHG signal
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Signal 1896-46 | 1906-56 | 1916-66 | 1926-76 | 1936-86 | 1946-96
GHG & SUL
Detection | V.Strong | V.Strong | No No Strong | V.Strong
Attribution | No No No No
GHG
Detection | V.Strong | V.Strong | No No Strong | V.Strong
Attribution | Small No No Small
SUL
Detection Strong No No No No Strong
Attribution | No No
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Table 6: Evidence of detection and attribution across different signals at each of the six time

periods

Table 7 shows the attribution results across the different attribution regions. Periods 3 and

4 are omitted from the table because there is no evidence of detection for any of the signals

in these two time periods. When using .A; as the attribution region, there is no evidence for

making an attribution claim for any of the signals. On the contrary, with A3 as the attribution

region, we found strong evidence for making attribution claim for GHG signal in some cases.

For the joint GHG and SUL signals, no attribution can be made with any of the attribution

region.
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Region 1896-46 | 1906-56 | 1936-86 | 1946-96

Ay
GHG & S | No No No No
GHG No No No
S No No

Ay
GHG & S | No No No No
GHG Small No Small
S No No

As
GHG & S | No No No No
GHG Strong | Mild Strong
S Small No

Table 7: Evidence of attribution across the three attribution region for different signals: A1, Ao
and Az

In the two-signal case, it is difficult to construct a HPD region for 3 because the posterior
is a mixture of four bivariate normal distributions. As a consequence, the region R that has
the smallest possible volume in the parameter space could possibly be a region of irregular
shape. The volume for such a region may be hard to compute because we will need to evaluate
integrals at some possibly complicated equations. So, I will not discuss inference with HPD
region in the two-signal case.

From the two-signal Bayesian analysis, the results indicate that the observed change in
temperature in periods 1, 2, 5 and 6 are unlikely to be entirely the results of natural climate
variations. However, no ‘strong’ attribution claims are made when considering the signals

jointly or marginally.

4.3 Robustness of the two-signal analysis with respect to prior specification

In the one-signal case, the analysis results are robust with respect to the three priors I used

and over the class of prior within I'. In the two-signal case, due to the number of parameters
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involved, I will simply illustrate the robustness of my analysis by comparing the detection
and attribution probabilities for several different priors. In general, these priors will be of the

same form as (35) and (36) with the following changes.

Prior A | Same as (35) and (36)

Prior B | p1 = p4 =0.45, po = p3 =0.05

Prior C | p1 = 0.7, po =p3 =p4 =0.1

Prior D | p1 =pa =p3 =0.1, ps =0.7

Figure 33: Contour and 3D plot of prior B, C and D (top to bottom)

The selection of the three other priors reflects a range of beliefs regarding the possibilities
for detection and attribution. In particular, prior B gives equal weight to the no detection

and attributable hypothesis. On the contrary, prior C and D give 70% of their weight to the
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no detection hypothesis and to the attributable hypothesis respectively.

For each prior, I computed Pr(8 € D | B) and Pr(8 € Aj | ) and recorded the maximum
and minimum of these posterior probabilities among the four priors at each time period.
Figures 34 and 35 show the results for periods 1 and 6. The dots indicate the posterior
probabilities obtained previously with Prior A. At low EOF truncations, the bounds of the
detection probability tend to be wide for both periods 1 and 6. Similar results are obtained
in the other four periods (not shown). On the other hand, the bounds on the attribution
probability are better behaved in all six periods. In general, for ¥ ~ 15, the width of the
detection probability range is less than 0.1 and it is less than 0.2 for the attribution probability.
Thus, my detection and attribution results would change only slightly across the four priors.

This suggests my analysis is quite robust with respect to the choice of prior.
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Figure 34: Bounds of posterior no detection and attribution probabilities for period 1
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Figure 35: Bounds of posterior no detection and attribution probabilities for period 6
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5 Conclusion

I have presented both classical and Bayesian solutions to the climate change detection
and attribution problem. The results obtained are very similar across the two approaches. In
summary, when considering the combined effect of greenhouse gases and sulfate aerosols, my
Bayesian analysis suggests that there is strong evidence for detection in the 1900-49, 1910-59
and 1950-99 periods and there is mild evidence on which to base an attribution claim in 1900-
49. When considered jointly, there is strong evidence to claim detection except in 1916-66
and 1926-76. Marginally, SUL signal is detected in 1896-1946 and 1946-96 and GHG signal is
detected in 1896-1946, 1906-56 and 1946-96. In the two-signal analysis, no attribution claim
(joint or marginal) is made with the Bayesian approach.

Most of the Bayesian detection results presented here support the conclusion of Tett et al.
(1999) and other climate change studies. However, my attribution results are quite different
from the others; for instants, most of the studies have claimed an attribution for the GS
signal in 1950-99. As stated by the IPCC (2001), the warming trend in the first half of the
twentieth century could be due to some combination of solar irradiance, increase in greenhouse
gases and highly unusual natural variation. The warming in the second half of the century is
most likely due to substantial warming from increase in greenhouse gases concentration and
partially offset by the cooling from sulfate aerosols. My Bayesian analysis seems to support the
IPCC assessment of cause for the second half of the century, in which we have large evidence
of detecting the GS signal. On the other hand, for the first half of the century, my Bayesian
analysis suggests an attribution claim for the GS signal. However, since I have not look at the
influence of other forcing agents, it is questionable that my claim is actually valid.

If we assume greenhouse gases and sulfate aerosols are the only forcing agents that affected

the climate, my Bayesian analysis indicates that the combined CGCM1 and CGCM2 model
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tend to over-estimate the combined effect of greenhouse gases and sulfate aerosols. It is because
most of the posterior probability in 1950-99 is allocated to 0.5 < 8 < 0.9. My analysis also
suggests that the HadCM2 model tends to over-estimate both greenhouse gases and sulfate
aerosols effect because most the posterior distribution in 1946-96 is lay in an area where Sgug
and Bsyr is both less than unity.

In my analysis, I computed the posterior probability for four regions: D, A;, A3 and A3. In
fact, it may be useful to compute posterior probabilities for regions that correspond to the case
when the model under- or over-estimates the response to external forcing. These probabilities
will help us to assess the extent to which the climate model may over- or under-simulate the
external forcing.

In the Bayesian results I presented, most of the attribution claim is made with caution.
Near-certain attribution claim is not possible because the posterior is fairly spread out in most
cases due to the large uncertainty in B. Even if the posterior is somewhat centered at 1, it
would still not be sensible to make an attribution claim due to the spread of the posterior.
So before making an attribution claim, it is necessary to examine the posterior distribution
carefully rather than just looking at simple summaries of the posterior distribution.

The two main a,dva:ntages of using a Bayesian analysis are the incorporation of prior beliefs
in the analysis and direct probability assessment of hypotheses. But at the same time, one
may argue that the inclusion of prior beliefs adds subjectivity to the analysis. However, I have
demonstrated that results are insensitive to the choice of prior when the prior is chosen in a
reasonable manner. That is, the posterior density is somewhat dependent on the distribution
of the data and it is not very sensitive to my prior beliefs. In other words, my results are mainly
driven by the estimated amplitudes obtained at the regression stage and are less affected by

my subjective beliefs on what the true amplitudes are.




65

In the Bayesian analysis we presented, calculations of the posterior parameters and prob-
abilities are not complicated. Some computationally intensive procedures, like finding the
IR interval in one-signal case and evaluating the posterior probabilities in two-signal case, are
handled numerically with the Netwon-Raphson scheme and numerical integration respectively.

I would like to stress that this thesis is concentrated on illustrating a Bayesian solution
to the detection and attribution problem. It is important to look at the influence of other
potential forcing agents, such as solar output variations, before one can confidently identify
which forcing agents caused the observed changes in the twentieth century temperature.

As in the classical approach, the findings from Bayesian analysis suffer from large uncer-
tainty in the estimate of 3. The uncertainty is large because i) there are a lot of missing data
and ii) the control run used in the analysis is limited in length. The large uncertainty will cause
the attribution claim less meaningful and makes near-certain attribution claim impossible. A
possible solution to this would be to construct a fully Bayesian regression model, which might
reduce the uncertainty when making an attribution claim. In this type of model, it involves
formulating a prior distribution for the noise structure of y to be inputted into the regression.
By giving the noise some probability structure, there is hope to reduce the uncertainty in 3.
However, due to large dimensionality of the problem (dimension of y is large), it will be a
daunting task to come up with such a probability model. Even if one could come up with
such a probability model, it is still questionable that the model can ‘significantly’ represent
the nature climate variation in the real world.

Throughout the analysis, I have inflated the variance of (3 by 1+ 1/M to account for
the noise contained in the signals. Nevertheless, this inflation factor only makes the overall
analysis more conservative and does not eliminate the bias caused by the noise contained in

the signals. An algorithm that accounts for noise in both the observed data and signals is
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readily available. One algorithm suggested is total least squares (see for example, Allen, 1999;
Allen et al, 2000), in which the noise structure in the signal is assumed to be the same as
that in the observations. Then, the same pre-whitening operator, P can be applied to both
of the observations and the signals to estimate 3. Other possible solutions, such as the use
of error-in-variable models (See for example, Fuller, 1987), may be applicable in the climate
change detection setting. In an error-in-variable models, both y and X are considered to
have additive noise and a variety of regression techniques are applied to estimate 3. Different
from total least squares, error-in-variable model allows the noise structure in y and X to be
different. More work will have to be done before we can bring these techniques into the climate
change detection setting.

In short, the Bayesian analyses presented here are preliminary in nature. Further inves-
tigation should be done with other climate models and with other forcing agents. Other
extensions, such as incorporating three or more signals into the analysis at the same time,
might be challenging, as we would need to define a prior that has four or more dimensions.
In the Bayesian literature, a hierarchical model can be used to reduce the dimensions of the

prior. A possible hierarchical model that can be used in detection and attribution studies is

T(B1, B2y -y Bm | B) < F(B | Bty By -ves B )T (B1 | B, B3y vy Bn) (B2 | B3, Bas -vvs BT (Brm)
(43)
where ;, i = 1,...,m is the true amplitude for the m* signal and () distribution on the
right hand side of the equation are prior distribution for the corresponding f; given the
other f;s. To make inferences for this model, one could still apply criteria (23) and (24)
to make detection and attribution claims. But before making any inferences, it is necessary
to obtain the posterior distribution 7 (81, B2, ..., Bm | ,é) In order to do so, one has to define

all the distributions on the right hand side of (43) and this could be challenging if m is large.
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Nevertheless, if we do not have any knowledge on these priors, we can simply use priors that

are noninformative.
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A Appendix

A.1 Derivation of the posterior for one-signal analysis

The following derivation is expanded from the steps layout in Berger (1985, p127, 128, 206).
We have defined 7(83) = pg(0,72)+(1—p)p(1a, 72) and f(3 | B) = ¢(B,5%). So, the posterior

distribution is

(8| B)
__fB18)r(B)
[ 131 B)r(B)dp “4)
_ p6(0,7)9(8,5%) + (1= D)blua, )(5,5°)
[ £(B1B)n(B)dp
NOW: (1 - P)¢(#A, T,%)d’(ﬂ, 5'2)
_1-» 1 o5 (B-8)? L (B—pa)
2m6TA P ’ o2 74 )
_1=p 2 . ¥ o1 | 1 B pa
= 2mea exp {—0.5 52 + —TE exp —0.5 |3 <§ + a) - 20 52 + E
Th 1 1 _ 72452
enweletp—p+;£——;_53‘?—,wehave N
_1-p i 14 2B B Ha
= oA exp {—0.5 52 + E exp 4 —0.5p | B° — 2; 52 + =
ges 2o 18, ]\, (Brarmer o\ @
= . - o5l +Ea_ [ L 4 84 PTat+ pad”
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Expand the terms inside the exponential and cancel out the common terms, we have
- oo [Bopa? || (Brh + pad® 1367
B 2n(r2 + 62) o { . l(Tﬁ +62)2 }¢ ( T2 +62 725+ 62 (47)




Similarly, the first term in the numerator of the posterior is

32 3.2 242
—=—r exp{ —0.5 _[_3_25 ¢ 2ﬁTA2’ 2TUA2
21 (72 + 62) (r* 54 72 +82" v+ &

Now we let A
p g
= —0.5 | ———=
n 2m (12 + 62) e { (72 +&%)2 }
1— A 2
o = P expg —0.5 % }
2r (1% + 62) (74 +67)

Then the posterior is

(81 8)
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where
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A.2 Derivation of the posterior for two-signal analysis

We defined

7(B) = p1@(p1, A1) + P2 (g, A2) + p3dp(pe3, A3) + pacp(pay, Ag)

fB1B) =¢(B,%) (53)

where ¢(,) is a multivariate normal pdf. And

(B | B)

_ 1318
J 1B B)(B)dB
_ p16(1, A)D(B, E) + prg(pg, A2)$(B, E) + p3p(tas, As)$(B, %) + padp(psa, A1) $(B, 3)
/18| B)r(B)dB

(54)

Now,

p1¢(l'l'1, A1)¢(ﬁ7 2)
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where I'1 = (A7 + 53_1)‘1 and wy = (A7 py + fJ_IB). The other three components in the

numerator are calculated in a similar manner. So,

(8| B)

_ q1¢(T1w1,T'1) + gop(Tows, T'y) + g3p(T3ws, ') + qap(Tawy, T'y) (56)
a1 +aq+q3+q

=r1¢(T1w1,T) + ro@p(Tows, Ty) + ro¢(T3w3, I'3) + rad(Tawy, T'y)

where

N 1Y T A-1 sTa~la po ]}
RS WTEESITE exp {05 Wl A i +8' 8B ~ Wl Tuw

=1 (57)
ri = !1 + Z q—1:|

j#i



Surname: Lee

Place of Birth: Hong Kong, China

Education Institutions Attended:

University of Victoria
Simon Fraser University
Capilano College

Degree Awarded:

VITA

Given Names: Chun Kit (Terry)

2001-2003
1998-2001
1997-1998

B.Sc (Double Major in Statistics and Economics)

Simon Fraser University, 2001

Honours and Awards:

Simon Fraser University Honor Roll

Spring and Summer 2001
Graduate Fellowship

Department of Mathematics and Statistics, University of Victoria, 2001



UNIVERSITY OF VICTORIA PARTIAL COPYRIGHT LICENSE

\

I hereby grant the right to lend my thesis to users of the University of Victoria Library
to make single copies only for such users or in response to a request from the Library of any
other university, or similar institution, on its behalf or for one of its users. I further agree that
permission for extensive copying of this thesis for scholarly purposes may be granted by me
or a member of the University designated by me. It is understood that copying or publication
of this thesis for financial gain by the University of Victoria shall not be allowed without my

written permission.

Title of Thesis:

Identifying Anthropogenic Causes of the Observed Twentieth Century Surface Temperature
Change: Frequentist and Bayesian Approach

Author:

un Kit (lerry) ‘Lee

April 10, 2003





