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Abstract Bethe’s theory treats a subwavelength aperture in a metal film as the com-
bination of a parallel magnetic dipole and transverse electric dipole. For linear optics,
this gives the usual dipole transmission; however, for nonlinear optics, it is interest-
ing to consider how these two components interact. While many works have studied
the nonlinear harmonic generation for metal nanoapertures, here we show that the
Lorentz force dominates the second harmonic generation by an order of magnitude
at angled incidence where the generation is maximized. The angular dependence
matches that of the magnetic and electric dipoles accounting for Lambert’s cosine
law. The theoretical analysis and numerical calculations agree well with past experi-
ments.

Keywords second harmonic generation - angle dependence - - Lorentz magnetic
force - magnetic/electric dipole - Hydrodynamic theory - nonlinear scattering theory

1 Introduction

The relative importance of various hydrodynamic contributions to second harmonic
generation (SHG) has been a topic of investigation for at least four decades [1]. While
there is some debate about how to disentangle various contributions in practice [1,
2], theoretical works have suggested that the Lorentz contribution is negligible in
common plasmonic structures [3]. Following this, we suggested that the underlying
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reason why this contribution is usually weak is because it is uncommon to have both
a magnetic and electric enhancement in the same location; we then went on to design
a structure having simultaneous magnetic and electric resonant contributions in the
same location by having two separate resonances [4]. That structure produced an
unusually large second harmonic signal dominated by the Lorentz contribution. The
structure, however, was quite contrived, and so it is interesting to consider if there are
more natural ways to achieve an enhanced Lorentz contribution.

It is well known that subwavelength apertures in thin metal films can be treated
as magnetic dipoles [5], and hence the transmission scales as the fourth power of
the aperture dimension. In addition, there is an electric dipole component that arises
when an out-of-plane electric field is present at the aperture [5]. This only occurs for
angled incidence and so it is less commonly considered. Nevertheless, this normal
contribution is important because it allows for simultaneous electric and magnetic
dipoles in the same location. In this work, the cross product of these two effective
dipoles is considered as a Lorentz contribution to SHG.

Fortunately, there has already been considerable research on SHG from aper-
tures [6-38]. Of particular note are the works looking at angled contributions in or-
dered and disordered apertures [10, 11]. For the disordered case, it is anticipated that
there is negligible contribution coming from aperture interactions and so the response
is similar to a single aperture [39]. The quantitative finding of past works was that the
SHG was enhanced for an angle of 50° [11]. Simulations showed that the field was
highest at one edge under those conditions, which was interpreted to give the largest
SHG. While this is a reasonable explanation, the relative physical origin of this SHG
from the various hydrodynamic effects (separate from surface contributions) deserves
further consideration.

In this work, we analyze the properties of a circular nanoaperture in a thin gold
film metasurface and investigate the origin of the generated second harmonic light.
The Hydrodynamic theory is used to quantitatively describe the nonlinear response.
The investigated nanoaperture is identical to the past experiments [11], a 260 nm
diameter aperture in a 100 nm thick gold film on quartz substrate with a 5 nm
Chromium adhesion layer in between.

2 Theory of Force on Magnetic Dipole from Electric Dipole

In quasi-static regime, where the aperture size is very small compared to the wave-
length (r << A), the field transmission through a subwavelength aperture can be
approximated by the radiation from the magnetic dipole 7 in the tangential direction
and the electric dipole p in the normal direction. It is interesting to posit that the
Lorentz magnetic contribution to the SHG will follow the cross product of these two
dipoles.

In case of a plane wave incident at the angle 6; with respect to the normal plane
on the aperture surface, the electric dipole moment is defined as [5,40]:

P
p= geoEsinGi (1)
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similarly the magnetic dipole moment can be expressed as:
2!’3 =
— B
3upm
where € and p are the free space permittivity and permeability, r is the aperture ra-
dius, E and B are the incident electric field and the magnetic flux density respectively.
In case of normal incidence (6,=0), the radiation reduces then to that of a sin-
gle magnetic radiating dipole. For transverse magnetic angled incidence, the electric

dipole plays a role as well.
The equivalent 5 will serve as a local current and can also be expressed as:

2

NI

p=—iowJ (3)

where J is an infinitesimal current.

The lowest order force (F) on the localized current distribution in an external
magnetic field exposed by the magnetic dipole component part of the nanoaperture is
calculated as [41]:

F =V(n-B) 4)

This also can be found to be written as [42]:

F=(m-V)B+imx (VxB) )

The last term in Equation 5 contains the electric dipole contribution from the
Ampere-Maxwell equation [41]:

V x B = po(J — ioggE) (6)
Substituting Equations 3 and 6 into Equation 5, yields:

F=(m-V)B+ %(ﬁtxp’)—ia)uoso(ﬁ%xf?) )
As Equation 7 shows, a component of the force is proportional to 772 x p. It is nat-
ural to consider whether the response of an aperture follows the interaction between

co-located effective electric and magnetic dipoles.

3 Hydrodynamic SHG Calculation

In order to calculate the SHG, we use the hydrodynamic model of conduction elec-
trons in the metal. The hydrodynamic model is a simple model which can address
linear and nonlinear response of plasmonic metasurfaces.

In the hydrodynamic context, the Euler’s momentum equation of electron gas in
metal can be written as [1]:

N . e = L =
§+(V'V)V+Yv—m7;( (9)+va(9))—7Vn (3)
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where ¥ and n represent the electron velocity and density, E(6) and B(8) are the local
electric field and magnetic flux density due to incident electromagnetic field at 6;, m}
is the electron effective mass, e is the electron charge, ¥ is the electron collision rate,
and the last term is the quantum pressure of the electron gas due to Thomas-Fermi
theory, which is neglected in the following calculations.

Expanding all the fields in Equation 8 coupled with Maxwell equations up to
second order, along with the continuity equation:

o on
V.J= _eE 9

The fundamental and second harmonic terms in terms of current density J can be
obtained as [3]:

2

Ji(0) = m.’%ﬁl(e) (10
. 2
5(0) = ——— " By (6) +Jn(6) (10b)

Qo+iy) m
The nonlinear current source, fNL(G), is given as:

3

- ine - - -
INL ( 9) = ) [JLorenlz + Jcoulomb + Jconvective] (11)

mi2 (20 +iy) (0 + iy

where

jI:oremz = - ( X Bl ))
fCoulomb %E( ) \& El(e)

-

Teomecine = iy [ (V-E1(8)) Er(6) + (E1(6)- V) Ex ()]

The subscripts refer to the first and the second-order fields respectively. Equation
10a gives the usual linear transmission, and equation 10b along with equation 11 give
the second order response that is responsible for SHG and also rectification.

In the last set of equations as the labels show, the term E|(6) x B, (6) repre-
sents the Lorentz magnetic force contribution, the term E; (0)(V - E;(6)) represents
the nonlinear Coulomb interaction and the two terms (V- E1(0))E (0) + (E|(6) -
V)E 1(0) indicate the contribution from electron convection.

Nonlinear scattering (NLS) theory [18,43] describes how an incident field ex-
cites local currents (through nonlinear terms described above) and these currents are
coupled to a harmonic field. Here we consider an extension of this theory to an-
gled incidence. In this case, the incident source and the scattered plane wave contain
the angular dependence. So J>(8) is calculated by excitation with E1(8) at an angle
of incidence 6;. Then the second harmonic scattered, at angle 6, is calculated by
reciprocity using the time reversal of a source incident at angle 6;. 6; and 6 are as-
sumed as the incident and detection angles respectively. We consider the special case
of 6; = 6; = 0. Our simulations found that when the incident and detection angle
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matched the SHG was maximized (please see the Supporting Information) , which
was also the experimental finding [11].

The SHG power, Psyg, is then calculated as an overlap integral over the gold
volume using the fields at fundamental frequency and second harmonic as calculated
from the linear solution to Maxwell’s equations:

Psug = /A fNL(G)-Eg(B)dV (12)
B u
Recalling Equations 10b and 11, the SHG power is then calculated as:
ine
mi? (20 +iy) (o +iy)

P SHG = [PLorenlz + P Coulomb + F, convective} (13)

where

Plorentz = 7ifAu(El (9) X El (9)) EZ(G)dV
Peoulomb = & Jau E1(0) (V-E1(0)) - Ex(0)dV
Peonvective = mfAu VEI(G) El(e) + (E](@)V) E‘l(e):| EZ(G)dV

In Equation 13, the terms are the Lorentz, Coulomb, and convective power con-
tributions to the SHG.

4 FDTD Simulation of SHG

Finite-Difference Time-Domain (FDTD) simulation (Lumerical Solutions, Inc. ver-
sion 8.15.736) is used to calculate the linear solutions to Maxwell’s equation required
for the theory of the previous section. Following the Lorentz reciprocity, which states
that the scattered plane wave field leaving a structure can be modeled by the equiv-
alent but time-reversed field incident on the structure [41]; two separate simulations
are performed in this study. One at the fundamental wavelength (800 nm) which re-
sults in the electric field and magnetic flux density, E 1 and El; and one at the second
harmonic wavelength (400 nm) resulting in the electric field and magnetic flux den-
sity, Ez and Eg.

The metal thin film is placed in the simulation area where its surface is positioned
perpendicular to the z-axis. Source waves propagating along the z-axis are generated
by the Total-Field Scattered-Field (TFSF) technique [44].

The TFSF source is an advanced version of illumination by a plane wave which
separates the computation region into two distinct regions: the total field region in-
cludes the sum of the incident field wave plus the scattered field and the scattered
field region includes only the scattered field. TFSF source is used to prevent apertur-
ing of the source for subwavelength simulations and to reduce interactions with the
boundaries of the simulation.

The TESF sources illuminate the structure at varying incident angles to their nor-
mal axis with the P-polarized input field. Stabilized perfectly matched layer absorbing
boundary conditions are employed at all boundaries, making sure that the simulations



6 Esmaeil Rahimi, Reuven Gordon*

have no reflection at the boundaries. In the simulations, the TFSF source is used to
account for the angled detection using reciprocity. This source is accurate up to large
angles, and so it is not expected to be a source of error in the detection with large
angles.

Only one circular aperture (unit cell) is needed in the computational area. A 1000
femtosecond simulation time has been set long enough to calculate all the existing
field responses in the simulation area. The maximum mesh size was set to 5 nm
covering the unit cell along x, y, and z directions. We have used the dispersion model
for gold derived from the experimental data provided by Johnson and Christy [45]
and CRC model for Chromium [46].

A schematic of the simulated structure along with the simulation elements is
shown in Figure 1.
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Fig. 1 A schematic of the simulated structure along with the simulation elements. Shining the P-polarized
electromagnetic field at angle 6 on the structure. The dimension of the elements are shown in parenthesis
in microns.

First, the transmission of fundamental light at different incident angles on the
metal film was simulated. A 2D power monitor positioned at the back of the aperture
collects the transmitted light. Figure 2 (a) shows the simulation result for both TE
and TM electromagnetic field polarization mode along with the experimental result
presented in Ref [11] for comparison. A cos 0 factor is required to account for the re-
duced subtended area at angled detection. The FDTD simulation curve is normalized
to unity power.
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Second, a power monitor is set to collect the electric and magnetic fields of the
fundamental and second harmonic signal at varying incident angle. A 3D index mon-
itor also helps to identify the type of material on which the electromagnetic field is
solved.

A MATLAB (©(Mathwork MATLAB ver. R2018b) script was written to calculate
each SHG hydrodynamic contribution term as a function of incident angle. The total
SHG was then calculated as the sum of all three contributions. Figure 2 (b) shows
the result of SHG calculations along with the SHG experimental result of the past
work [11]. In these simulations, the SHG power was 1.2 X 10~%% of the transmitted
power at the fundamental frequency for an incident field intensity of 4 x 10'> W /m?.

~
()
=

o
o

e
~

e
)

normalized transmission

0 10 20, 30 40 50 60 70 80
incident angle (°)

~—~
[u—

e
o0

<
o)

e
~

.o
)

normalized SHG intensity &

()

10 20. 30 40 50 60 70 80
incident angle (°)

(e

Fig. 2 a) The FDTD simulation of transmittance spectrum of the TE (green line) and TM mode of funda-
mental beam (red line) as a function of incidence angle, along with a digitized plot of the past experimental
result of the same structure in Ref [11] (dashed red line). The curves are normalized to maximum value of
experimental results. b) SHG calculation based on NLS theory as a function of incident angle for Lorentz
(green line), the sum of two Coulomb and convective terms (blue line), |sin 6 x cos 6 \2 (purple line) along
with the digitized plot of the corresponding experimental results in Ref [11] (dashed red line). The inset
shows the curves plot in low angles. The curves are normalized to their maximum value of total SHG.
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5 Discussion

The simulated linear transmission and NLS theory results match well with the past ex-
periment [11]. For normal incidence, the harmonic generation has no Lorentz contri-
bution. This is expected from Bethe’s aperture theory since there is no electric dipole
for normal incidence. As the incidence angle is increased, however, the Lorentz con-
tribution becomes the dominant term and indeed the maximum of the Lorentz SHG
coincides with the experimentally determined value. The Lorentz contribution is an
order of magnitude larger than the other contributions at the angle of its maximum.

The angular dependence of the Lorentz contribution follows the force on a mag-
netic dipole from the electric dipole, considering the effective dipoles of the aperture.
In particular, the magnetic dipole has no angular dependence, whereas electric dipole
has a sin(6) dependence. The detected field should also account for Lambert’s co-
sine law to account for the reduced subtended area with increasing angle. So overall,
the cross product of these two fields will produce a detected intensity which goes as
sin?(0) cos?(6). This dependence is also plotted in Figure 2 (b). It is clear that this
simple theoretical model agrees well with the experimental and comprehensive NLS
theory results.

Due to the rotational symmetry of the structure, the SHG generated followed the
incident polarization (please see the Supporting Information). The nonlinear scatter-
ing theory uses the boundary conditions of the linear solutions to Maxwell equations
with nonlinear bulk source terms. A detailed analysis of the impact of these source
terms in with generalized Fresnel relations is given elsewhere [47].

TE polarization was also investigated and gave reduced SHG as the angle was in-
creased. This is expected since there is no normal electric field component for TE po-
larization, and so the Lorentz contribution from TM polarization is not present. Also
the transverse magnetic field decreases with increasing angle and so the transmission
expected from Bethe’s theory is reduced. Please see the Supporting Information for
the simulation results on SHG signal for TE and TM incident polarization.

6 Conclusion

In this work, we showed by comprehensive NLS theory that the SHG for a circular
aperture in a metal film is dominated by the Lorentz contribution at angled incidence.
The observed behavior was interpreted in terms of simple model invoking Bethe’s
decomposition of an aperture into its electric and magnetic field parts. Considering
the force on a magnetic dipole from an electric dipole, we showed that the Lorentz
contribution in this case comes from the cross product of these two dipoles.

Here we considered only the non-local and Lorentz contributions to the SHG,
while others have considered as well surface contributions [15,32,48-55]. The Lorentz
response agrees well with past experiments and so we believe that it captures the
dominant physics of the nanohole configuration.

In the future, enhanced second harmonic generation from nanostructured metal
films may be achieved by exploiting this angular dependence of the electric and mag-
netic dipoles. Here we have shown that the Lorentz contribution of the simplest cir-
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cular structure is 12 times bigger than the combined convective and Coulomb contri-
butions. It may be possible in the future to combine these enhancements with shaping
of the apertures to achieve further efficiency gains.

Supporting Information

Contains more simulation results including: comparison of the calculated SHG for
different incident angles of TE and TM polarization modes, calculated SHG for dif-
ferent incident and detection angle and, the detected SHG for different polarization
angle.
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