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ABSTRACT

This thesis uses the powerful mathematics of wavelet packet signal processing to
efficiently extract features from sampled acoustic spectra for the purpose of discrimi-
nating between different classes of sounds. An algorithm called dictionary projection
pursuit (DPP) is developed which is a fast approximate version of the projection
pursuit (PP) algorithm [P.J. Huber Projection Pursuit, Annals of Statistics, 13 (2)
435-525, 1985]. When used with a wavelet packet or cosine packet dictionary, this al-
gorithm is significantly faster than the PP algorithm with relatively little degradation
in performance provided that the multivariate vectors are samples of an underlying
continuous waveform or image. The DPP algorithm is applied to the problem of
approximating the Karhunen-Loéve transform (KLT) in high dimensional spaces and
simulations are performed to compare this algorithm to Wickerhauser’s approximate
KLT algorithm [M.V. Wickerhauser. Adapted Wavelet Analysis from Theory to Soft-
ware, A.K. Peters Ltd, 1994]. Both algorithms perform very well relative to the
eigenanalysis form of the KLT algorithm at a small fraction of the computational
cost.

The DPP algorithm is then applied to the problem of finding discriminant features
in acoustic spectra for sound recognition tasks; extensive simulations are performed
to compare this algorithm to previously developed dictionary methods for discrimina-
tion such as Saito and Coifman’s local discriminant bases [N. Saito and R. Coifman.
Local Discriminant Bases and their Applications. Journal of Mathematical Imaging
and Vision,5(4) 337-358, 1995] and Buckheit and Donoho’s discriminant pursuit [J.
Buckheit and D. Donoho. Improved Linear Discrimination Using Time-Frequency
Dictionaries. Proceedings of SPIE Wavelet Applications in Signal and Image Pro-
cessing III Vol 2569, 340-551, July, 1995]. It is found that each feature extraction
algorithm performs well under different conditions, but the DPP algorithm is the

most flexible and consistent performer.
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Chapter 1

Introduction

1.1 Objective

The primary objective of this thesis is to develop algorithms that take
advantage of the powerful mathematics of wavelet packet signal process-
ing to efficiently extract useful features from sampled acoustic spectra for
the purpose of discriminating between different classes of sounds. The
secondary objective of this thesis is to perform extensive classification ex-
periments on real and synthetic data to evaluate the algorithms developed
in this thesis with respect to traditional feature extraction techniques such
as the Karhunen-Loéve (KL) transform and with respect to other wavelet
packet feature extraction techniques developed by other researchers in a
logical, objective and unbiased manner in order to demonstrate the ad-

vantages and disadvantages of each technique.

1.2 High Level Overview

On the highest level, a typical acoustic pattern recognition system (human or artifi-
cial) can be understood using figure 1.1. The very first step is to perform some kind
of sound organization. In a given acoustic environment, sounds can be produced by
many different sources but when measured by the human ear or a microphone, the
sounds are all mixed together into a single one dimensional signal. Therefore, some
form de-mixer must be employed to assign each component of the signal to the correct
sound source.

Once the signal has been decomposed into ‘sound objects’, each object is analyzed
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independently and certain characteristic features are extracted in the feature eztrac-
tion stage. Typical features could be the energy of the signal in a given frequency
band, the rise time of the overall energy envelope, or many others. These features
are then used by the classifier to categorize each sound object into one of many pre-
defined classes or symbols. The number of classes can be very large as is the case for
humans, or quite small (i.e., two or three classes) as is the case for most engineering
applications. The symbolic representation of the sound objects that are present in
the acoustic environment are then used in the high level inference and reasoning stage
to form a ‘world view’ of what is physically happening in the local environment. In
many cases there is a control feedback loop that can affect how each of the previous

stages of the system operate.

Acoustic Sound Feature .
- . Classifier -9
Signal Objects \ Extraction “
. World
High View
Sound Feature . Level
) - | —d >
/\/\) Organization Extraction Classifier Inference
and
A : . Reasoning
Ffmu_re —a  Classifier [
Extraction
A A

Control Feedback Loop

Figure 1.1. High level overview of acoustic pattern recognition.

Although the level of detail and complexity that was just described is necessary
for the human audition system, many engineering applications only require the fea-
ture eztraction and classifier stage, as depicted by the dotted line in figure 1.1. In
these applications, the acoustic environment is usually assumed to be relatively in-
active with only one sound source being present at a given time so the need for the
sound organization stage is removed. The goal of the system is simply to classify the
individual sounds that are heard into a small number of pre-defined classes, so the
requirement for high level reasoning and inference is removed. It is these types of
systems that are of interest in this thesis. In particular, only the feature ertraction
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stage of the acoustic pattern recognition system is addressed in a novel way, as de-
picted by the bold outline in figure 1.1. A traditional and well established classifier
is used as a tool to evaluate the feature extraction algorithms that are developed.

Wavelet packets are used in this thesis as a tool to efficiently search for discrim-
inant features in the spectral representation of acoustic signals. Therefore all the
features that are extracted are spectral features from the frequency domain. Time
domain and time-frequency domain features are not addressed in this thesis. This
point should be emphasized since it is tempting to automatically assume that time-
frequency features are being extracted when wavelet packets are used in the feature
extraction process.

The basic idea of the wavelet packet feature extraction algorithm developed in
this thesis can be understood by referring to figure 1.2. The signals are projected
onto the wavelet packet basis functions which means that the correlation between
the signal and the wavelet packet is evaluated. If the signals from one class are well
correlated and the signals from the other class are not well correlated with a particular
wavelet packet (i.e., class II is well correlated and class I is not well correlated with
wavelet packet I), then this is considered to be a ‘good’ wavelet packet for pattern
recognition, and the projection coefficients on this wavelet packet can be used as a
feature for a classifier. If both or neither class are well correlated with a particular
wavelet packet (both classes are well correlated with wavelet packet II, and neither
are well correlated with wavelet packet III), then this is considered to be a ‘poor’
wavelet packet for pattern recognition.

Of course a class of signals has internal variability as well, so it is important
to consider the separation of the ensemble of signals from the classes rather than
the separation of individual signals from the classes as discussed above. Figure 1.3
shows the projection coefficients (i.e., the strength of the correlation) for an ensemble
of signals from the hypothetical classes and first two wavelet packet basis functions
shown in figure 1.2. In case (a), the signals from each class are well behaved, show
approximately Normal distributions and are well separated. Therefore the projection
coefficient on wavelet packet I is indeed a good feature to use for pattern recognition.
However, in case (b), the individual signals from class I and II plotted in figure 1.2
coincidentally show good separation. When looking at the distribution as a whole, it
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Figure 1.2. The top signal shows a typical spectra from class I, the second signal
shows a typical signal from class II, and the third, fourth and fifth signals show three

basis functions from a wavelet packet dictionary.

can be seen that the projection coefficient on wavelet packet I is not a very good fea-
ture to use for pattern recognition since it does not provide good separation between
the classes in a statistical sense. This example should emphasize the importance of
looking at the ensemble of signals from a class rather than the signals individually.
The concept of separating classes based on an ensemble of example spectra from the
classes will be made very clear in a quantitative sense later in this thesis.

The approach taken in this thesis is to use the currently available fast algorithms
for computing projection coefficients on a dictionary of wavelet packet basis functions
to efficiently search for those basis functions that provide the best separation between
the classes. The algorithm developed in this thesis is called discriminant dictionary
projection pursuit since it is an approximate fast version of the well known projection
pursuit algorithm [61] applied to the discrimination problem. Although the algorithm
is tested only on sound spectra it is also applicable to many other areas that require
waveform recognition such as mass/gas spectroscopy in chemistry and stellar/galactic
spectroscopy in astronomy. Also, the core algorithm developed in this thesis, called
dictionary projection pursuit, should also be applicable to other multivariate estima-
tion problems such as regression, density estimation, and finding outliers in a dataset,
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Figure 1.3. The projection coefficients of signals from class I (‘o’) and II (‘x’) on
the wavelet packet basis functions I and II. Typical spectra from these classes and the

wavelet packet basis functions are plotted in figure 1.2.

but these paths are not studied in this thesis.

1.3 Motivation

The motivation for this work comes from a wide variety of engineering applications
requiring sound recognition capabilities, but in particular from environmental sound
recognition tasks where there are a wide variety of possible sound sources with poten-
tially very different spectral features that discriminate them from each other. Feature
extraction is an extremely important component of any pattern recognition system,
but is especially important for the case where the features are samples from an under-
lying continuous waveform such as an acoustic spectrum. Feature extraction serves

two functions within an acoustic pattern recognition system:

1. It defines the dimensionality of the feature vector which in turn defines the
complexity of the classification task; thus by minimizing the dimensionality, the

system can be trained more efficiently and accurately with a smaller number of
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training samples.

2. The features that are extracted from the acoustic spectra indicate which pat-
terns in the spectrum provide the most discriminant information; this increases
our understanding on a physical level of the spectral differences between various

classes of sounds.

The wavelet packet feature extraction techniques developed in this thesis are par-
ticularly well suited to problems where the number of samples available to train the
pattern recognition system is small in comparison to the number of samples in the
acoustic spectra. It is in this regime that many traditional methods of feature ex-
traction such as Fisher’s method break down!. An additional advantage of wavelet
packet feature extraction techniques over the more traditional KL transform (also
called principal component analysis) is the speed with which the feature extractor
can be trained. This becomes increasingly important as the number of samples in
the acoustic spectra increases and/or when the system must be trained on regular
intervals to account for changing environmental or class characteristics.

Due to the many small but important details that are involved with designing
and evaluating an acoustic pattern recognition system, it is almost useless to com-
pare a feature extraction technique developed and evaluated in one research paper to
another feature extraction technique developed and evaluated by a different author
in another research paper. Reliable and valid comparisons can only be made under
very controlled conditions where all variables except the feature extraction technique
are fixed in the comparison. The desire for a valid quantitative comparison between
competing feature extraction techniques is the main motivation for the extensive clas-
sification experiments that are performed in this thesis. In this way, every conclusion
that is made in this thesis can be backed up by quantitative evidence.

The motivations briefly discussed here are elaborated on in the remainder of this

section.

'It is shown in this thesis that the KL transform (another traditional feature extraction technique)
actually performs quite well in this regime contrary to some authors’ beliefs [13].
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1.3.1 Motivation for Research on Acoustic Pattern Recogni-
tion

Sound is a major component of our physical environment. It is used in speech for
verbal communication, in music for non-verbal communication, and in general as a
means of learning about the vibrations and impacts of objects in our surroundings.
Corresponding to each of these tasks, three fields of acoustic pattern recognition
research have emerged as shown in figure 1.4. Sound is an invaluable resource for
humans trying to cope in a very complex world which provides strong motivation to
both

1. increase our scientific understanding of how the human audition system works,
and
2. develop sound recognition technologies to enhance or improve various engineer-
ing tasks.
Although this thesis is primarily motivated by engineering applications of sound recog-
nition technologies (section 1.3.1.2), a brief review of the work being done to increase

our scientific understanding of the human audition system is given in section 1.3.1.1

to show the engineering potential of some of the research in this field.

Figure 1.4. Classification of acoustic pattern recognition research.

1.3.1.1 Scientific Understanding

The research in this area is primarily concerned with the human perception of acoustic
stimuli. There are a large number of books on the basic relationships between quan-
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Physical Variable Psychological Variable

Intensity Loudness
Frequency Pitch
Waveform Timbre

Table 1.1. Physical and psychological variables

titative measures of acoustic stimuli and the resultant human perception [6, 24, 41,
37, 63]. Examples of physical variables and the corresponding psychological variables
are shown in table 1.1.

Although these relationships are interesting, the main focus of this section is on
a relatively new field of study that seeks to understand how the mind organizes
and identifies the sources of sounds in a complex acoustic environment. This work
has the potential to significantly improve the sound source identification problem of
engineering applications which today is essentially ignored.

Through a series of clever psycho-acoustic experiments, Bregman and others have
studied the perceptual experience that humans have when listening to various types
of acoustic signals. From these experiments, Bregman has developed a set of hy-
potheses and general principles that describe how the human mind processes au-
ditory information- a process that he calls “auditory scene analysis”. This work
has been nicely summarized in Bregman'’s book (8], which can be thought of as the
auditory counterpart to Marr’s book on vision [81]. The field of computational au-
ditory scene analysis (CASA) has developed to provide an objective tool to test
Bregman’s hypotheses quantitatively, or in some cases, to directly apply his princi-
ples {10, 22, 39, 83], in an attempt to better understand the human audition system.
The emphasis tends to be on producing computational models that are capable of
reproducing certain features of the human audition system, a component of which is
the ability to recognize sound sources in complex environments.

Although research in this area has been plentiful in the last decade (see [107] and
references therein), the work is still at a highly theoretical stage, and thus practical
applications of this research are yet to emerge. The emphasis is on the organization
(i.e., segmentation) of complex acoustic environments into individual sound objects,

and the recognition of those sound objects is considered secondary. For instance, while
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the sound source recognition problem is mentioned in several articles, there is only
one system, namely the ‘Sound Understanding Testbed (SUT)’ instantiation of the
‘Integrated Processing and Understanding of Signals (IPUS)’ system, that provides a
quantitative evaluation of the recognition rates achieved [67, 74] . Quoting from Ellis
[39]

“... there must be a process of organization or segmentation of the
auditory signal that is applied prior to (although most likely in conjunc-
tion with) the function of recognizing and describing the individual sound
objects.”

The goal of sound organization in these systems is to collect elements of the
acoustic signal into groups that are perceived as a single entity by the human mind as
described by Bregman [8]. For example, a harmonic series of tones would be grouped
into a single entity with properties of pitch and timbre, rather than distinct tones
(harmonicity principle). Low-band and high-band energy would be grouped into a
single entity (at least for a few hundred milliseconds) if they have a common onset
time (common onset principle). Other grouping principles are common amplitude
modulation, and common frequency modulation.

In our everyday lives, the sounds that are heard are mainly from physical objects
vibrating, oscillating or slamming into each other. These objects can move around in
space, so it is common for sounds coming from an object to have related properties
like common onset, common amplitude modulation etc., and this is most likely the
reason that the mind developed unconscious grouping mechanisms. That is, since
the primary purpose of hearing is to acquire information about the state of physical
objects in an environment, the grouping principles are likely an evolutionary result
of the mind trying to relieve conscious thinking processes from commonly occurring
tasks.

The apparent importance of sound organization when the mind solves the sound
recognition problem suggests that a computer automated sound source recognition
system should also organize sound to some degree in the process of recognition. How-
ever, since the research in this field is still in its infancy, there has not yet been any
efficient algorithms developed to apply these grouping principles. For this reason,
engineering applications discussed in section 1.3.1.2 and the algorithms developed
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in this thesis attempt to recognize sounds based on fixed time segmentation, which
makes it very difficult to recognize sounds when more than one source is present.
Hopefully one day, CASA research will provide an efficient and powerful sound seg-
mentation procedure for engineering applications but in the meantime (i.e., in this
thesis), the currently available tools must be used to the best of their ability.

1.3.1.2 Engineering Applications

The engineering motivation for sound recognition technologies has been heavily driven
by the speech recognition field which among other things, focusses on improving
human-machine interfaces. This field is primarily concerned with identifying and
interpreting phonemes, words, and sentences from spoken language, or electronically
producing spoken language from typed text [102]. The practical applications of this
technology in the business world has fueled much of the research in this field. Because
of this, classes of speech sounds are well established and the features that discriminate
between them have evolved in a Darwinian sense and thus can be improved on very
little. The research in this area is now focussed on other problems such as modelling
language and grammar. The research in this thesis is thus not directed towards
speech recognition but rather towards ‘new’ sound recognition problems where the
‘good’ features have not yet been discovered. Despite this fact, an example from the
speech community on phoneme recognition is studied in chapter 6 and interestingly
the discriminant dictionary projection pursuit algorithm developed in this thesis finds
the same types of features as many decades of manual searching did!

While music recognition technology does not have the same level of economic drive
as speech recognition, there are still many engineering applications that motivate re-
search in this area. Some practical applications of music recognition are transcribing
musical notation from live or recorded performances, extracting expressive perfor-
mance information from recorded audio for MIDI encoding{112], recognizing voiced
and unvoiced parts of someone singing [20], recognizing specific instruments [92], etc.
Since music is a perceptual experience, the research in this area is tied strongly to
psychology, which makes it very difficult to evaluate the recognition rates of the clas-
sification system in a meaningful way. For this reason, no music-related examples
were studied in this thesis, although the algorithms should be directly applicable to
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many problems.

Applications of environmental sound recognition technology are quite numerous,
but relatively little research has been done in this area. The most likely reason for
this is that applications in both speech and music can control their environment to a
large extent (e.g. most speech recognition systems today require that you speak clearly
into a microphone with relatively little background noise), but most applications of
environmental sound recognition must operate in an uncontrolled environment. For
example a noise monitoring system that is designed to classify noise sources as either
planes or trains must operate outside where other sounds will inevitably be detected
such as wind, storms, factories, cars, etc. This creates two problems. First, the
many new sounds that were not used to train the acoustic pattern recognition system
can confuse the system and result in many false positive detections. Second, it is
much more likely that more than one sound will occur at a given time which suggests
that a sound de-mixer should be used. However, as discussed in section 1.3.1.1, the
technology to perform this task has not yet been developed. This thesis sidesteps
these issues by only focussing on the feature extraction problem, but it should be
remembered that for a field application of this technology, much more work is needed.

The feature extraction algorithms developed in this thesis are well suited to envi-
ronmental sound recognition problems since there are often new and different classes
of sounds that have not been extensively studied. Therefore, one of the first problems
is to find the features that best discriminate between them. Common practice is to
use the same features that are used for speech recognition, but the work in this thesis
proves that this is not the best choice. The spectral features that best discriminate
between phonemes are not the features that best discriminate between car and truck
sounds.

The following list of environmental sound recognition applications gives the reader
an idea of the large number of possibilities for this technology and the references
indicate some of the research that has been done in this area. A more thorough list

of applications and references can be found in Couvreur’s thesis [23].

Surveillance- mostly enforcement or military applications for the detection of ground
vehicles [122], gunshots, submarines using passive sonar [66] etc. Also in this
area are home alarm systems that can detect footsteps, breaking glass alarms



1. Imtroduction 12

[32, 95] etc. and alarm systems for underground parking or subway systems
that detect screams or breaking glass.

Noise Monitoring - recognition of the noise sources in a noise monitoring system

(NMS) [25, 27]. Typically the noise sources are planes, trains, cars etc.

Biological Sound Classification - identification of certain types of birds [3], frogs
[99, 100] etc., or whales and shrimp using passive sonar [62, 71].

Robot Hearing - this is an engineering application of the CASA research discussed
above which has been investigated by the IPUS group (37, 67, 73, 74, 90, 131].

This non-exhaustive list of engineering applications for environmental sound recog-
nition provides motivation for research in this field, and with the falling price of digital
signal processing chips that are capable of doing acoustic processing in real-time, the
number of application areas are growing rapidly.

1.3.2 Motivation for Research on Feature Extraction Tech-
niques

Feature extraction is arguably the most important component of designing an acoustic
pattern recognition system since even the best classifier will perform poorly if the
features are not chosen well. In acoustic pattern recognition, the classes of sounds
that are to be discriminated between can be chosen arbitrarily, and thus the features
must be able to adapt to the choice of sound classes. For example, in one problem
the goal might be to distinguish between cars and planes, and in another problem the
goal might be to distinguish between two different models of cars. It is unlikely that
the features used in the first problem would be appropriate for the second problem. It
is desirable to have an automated method that can choose features based on examples
from each of the sound classes in the problem, which is the focus of this thesis.

The remainder of this section was written to give some practical examples of the
process of selecting spectral features to discriminate between sounds which also helps
to justify the focus in this thesis on spectral features rather than time domain or
time-frequency domain features.

Consider the various sounds that are heard around the house. Without using

any other sense except audition, it is usually possible to determine what type of
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Figure 1.5. Spectrum, time series and STFT spectrogram for a vacuum cleaner.

activity is occurring. For instance, sitting in the office, it is easy to determine when
someone is vacuuming or when wine glasses are clinking in the dining room because
the sounds that distinguish these activities have been learned from past experiences.
What features in the acoustic signal actually distinguish between the various sounds?
The following examples suggest several possibilities.

Figures 1.5 - 1.8 show example recordings of a vacuum, a hair dryer, a glass clink,
and a clap, all sampled at 22 kHz. The plot on the left shows the log spectrum, the plot
on the top shows the time domain signal, and the other plot shows the time-frequency
distribution computed using the short-time Fourier transform (STFT), where darker
color indicates more energy in that time-frequency location.

It is clear that the spectra of the vacuum and hairdryer do not change very much
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Figure 1.6. Spectrum, time series and STFT spectrogram for a hair dryer.

with time (i.e., they are stationary?). The features that discriminate between station-
ary sounds must exist in the frequency domain (i.e., the spectrum), since the time
domain carries no information. Therefore looking at the spectra of these two sounds,
can you find features that possibly discriminate between a vacuum and a hair dryer?

First of all, their are many similarities between the spectra. Both spectra are fairly
flat out to = 4 kHz and then show a gradual drop off to =~ 7 kHz, and many of the
broad spectral peaks are located in similar positions. The most obvious discriminating
feature is that the hair dryer contains a very strong narrow peak at ~ 100 Hz, whereas
the vacuum does not contain such a strong peak there. Additionally, the vacuum
shows a broad peak near 8 kHz which is not present in the hair dryer spectrum, and

there are many more narrow band peaks in the vacuum spectrum than the hair dryer

2The word ‘stationary’ is used in a loose sense. For a rigorous definition, see Papoulis [94].
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Figure 1.7. Spectrum, time series and STFT spectrogram for a glass clink.

spectrum.

In the case of the clap and glass clink shown in figures 1.7 and 1.8, the signals are
obviously not stationary. There are clear transients at the onsets and offsets without
a stationary period in between. These types of signals are called transients, and they
contain information in the time-domain and time-frequency domain that can be used
as features for pattern recognition. For example, it is clear that the rise time (i.e.,
the time for the signal to reach maximum energy) is much shorter for a clap than a
glass clink. Also, the decay curve (i.e., the energy profile of the time domain signal
in the offset phase) appears to be a uniform exponential for a clap, whereas the glass
clink shows an extra energy rise about 100 ms after the maximum energy is reached.
This type of information, while important in some applications, is not used in this

thesis since the focus is purely on spectral feature extraction.
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Figure 1.8. Spectrum, time series and STFT spectrogram for a clap.

It can be seen that the clap and glass clink can actually be more easily distin-
guished in the frequency domain. The spectrum of the glass clink shows a strong
narrow peak at = 4 kHz whereas the clap shows two very broad peaks at =~ 1 kHz
and = 4 kHz. The obvious next step would be to extract features based on the distri-
bution of energy in the time-frequency plane. This topic is not addressed in this thesis
either, but instead is left for future research (see section 2.4.4 for more discussion on
this topic).

The method used in this thesis to obtain a quantitative measure of these discrim-
inating features was discussed in section 1.2, which simply amounts to correlating
a template with the same shape as the discriminating feature with the signal. In
the above example, single spectra from each class of sounds were examined which
made it very easy to manually search for discriminating features, but as discussed
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in section 1.2 a good feature extractor must also account for the internal variability
within the classes which is very hard to do manually. This is the main motivation
for researching automated methods of finding discriminant features between classes

of sounds.

1.3.3 Motivation for using Wavelet Packets

Wavelet theory has many roots in diverse fields but the formalism of the continu-
ous wavelet transform was developed in the field of geophysics by Morlet [87, 88],
Grossmann and Morlet {36], and Goupillaud, Grossman, and Morlet [54]. Since that
time, the foundation has been solidified by Meyer (85, 84] and Chui [17], and discrete
versions of the transform were developed by Daubechies {29, 30} and Mallat (76, 77].
The wavelet packet transform, a generalization of the discrete wavelet transform, was
later proposed by Coifman and Wickerhauser [21, 130]. Today, wavelets and wavelet
packets are ubiquitous, being used in almost every field that uses signal processing in
any way.

Wavelets and wavelet packets are basis functions (see figures 3.4 and 3.5 for exam-
ple) which are localized in both time and frequency. This is in contrast to the basis
functions of Fourier theory (i.e., complex exponentials) which are perfectly localized
in frequency but have no localization in time. Much like the Fourier basis functions,
wavelets and wavelet packets can be viewed as an analysis tool (i.e., as an integrat-
ing kernel that extracts information from the signal that is correlated with the basis
function) or as a construction tool (i.e., as a bases for representing a signal). In this
thesis, wavelet packets are used as an analysis tool to extract features from acoustic

spectra.

1.3.3.1 How can wavelet packets be used as a feature extraction tool and
what is the advantage?

The approach taken in this thesis uses concepts similar to projection pursuit (see
Huber [61] and references therein), which is a multivariate technique that uses nu-
merical optimization to find ‘interesting projections’ of high dimensional datasets.
By varying the criterion that is optimized (also called the projection index), different
multivariate problems can be solved such as data visualization, regression, density
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estimation, and discrimination. It is possible to express standard multivariate prob-
lems which are usually solved by eigenanalysis, such as finding the Karhunen Loéve
(KL) basis functions® or finding Fisher’s linear discriminant functions in a projection
pursuit form.

The advantage of doing this is that the criterion functions that are optimized by
projection pursuit are not restricted in the same way as those that are optimized
by eigenanalysis. Therefore, the criterion functions for the original problem can be
modified to create robust versions, or modified in some other way to overcome short-
comings of the original formulation. In addition, new criteria can be developed that
do not have an eigenanalysis equivalent, such as finding projections that maximize
the non-Normality in the dataset distribution (since these projections are considered
to have high information content [61]). The advantage comes with a price though
since ‘PP methods have one serious drawback: their high demand on computer time’
[61, pg. 437].

In the original PP formulation, numerical optimization is used to find the direc-
tion in the multidimensional space that maximizes a criterion function. Therefore,
these directions can take on an infinite number of values which accounts for the high
computational cost of the algorithm. When the multidimensional vector comes from
samples of an underlying continuous waveform, and in particular when they come
from a continuous spectrum, the directions that are most likely to provide ‘interest-
ing projections’ are those that show strong correlations in position and or frequency*.
Since wavelet packet basis functions have both of these properties, it may be possible
to speed up the PP algorithm by only looking at a finite number of projections in
the directions defined by the wavelet packets without sacrificing the accuracy of the
result too much.

In fact, since there are fast algorithms for computing the wavelet packet trans-

3This problem is called principal component analysis (PCA) by statisticians.

*The terminology becomes confusing here since the signal that is being analyzed is a spectrum,
and thus the position coordinate is actually frequency in Hz, so it is unclear what the oscillations
of the frequency should be called. One could use the terminology that developed around cepstral
analysis and call it quefrency, but instead, the terms position and frequency are used, where it is
understood that position refers to position along the x-axis (which happens to be frequency in Hz)
and frequency refers to the rate at which the signal oscillates with respect to the x-axis.
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form (i.e., the projections onto a whole family of wavelet packet basis functions), the
computational advantage that is gained is dramatic, making these ‘fast approximate
PP’ algorithms significantly faster than both the PP algorithm and the eigenanalysis
formulation of the problem (see chapter 4 for a comparison of computational com-
plexity). Mallat and Zhang take advantage of this concept in their formulation of
the ‘Matching Pursuits’ algorithm, which uses ideas related to PP to approximate a
single signal by a sum of basis functions from a dictionary (see section 3.3.4.2).

The algorithm developed in this thesis (i.€., dictionary projection pursuit in chap-
ter 4) is more directly tied to the PP algorithm than Matching pursuits (MP) since
an ensemble of signals is analyzed, but it uses the MP idea of using a dictionary of
basis functions to speed up the optimization procedure. Like MP, dictionary projec-
tion pursuit does not require that a wavelet packet dictionary be used; any dictionary
of waveforms that are thought to be highly probable interesting projections will do.
However, the use of the wavelet packet dictionary allows the algorithm to be imple-
mented very efficiently and thus is the only type of dictionary that is studied in this
thesis.

While the dictionary projection pursuit algorithm could potentially be used for
other multivariate problems in the same manner as the PP algorithm, only the prob-
lem of feature extraction is studied in this thesis, in which case the algorithm is called

discriminant dictionary projection pursuit (DDPP).

1.3.4 Motivation for large-scale classification experiments

The motivation for doing large scale classification experiments in this thesis comes
from the desire to have an unbiased and objective way of measuring the DDPP
feature extraction algorithm developed in this thesis against other common feature
extraction algorithms. The method in this thesis of using classification error rates
with a common classifier to compare feature extraction algorithms is a reasonable and
reproducible way of evaluating the DDPP algorithm. Simply comparing error rates
of the DDPP algorithm to published error rates of other authors is difficult (since
the exact dataset must be obtained) and error prone (due to small differences in the
implementation or method of computing the error rates).

It is also important to study how an algorithm performs in a wide variety of sit-
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uations. It is tempting (and sometimes carried out in the literature) to only publish
the situations where the algorithm performs well, and ignore the others. This ap-
proach was not adopted here, and in fact the datasets and evaluation procedure were
fixed before the DDPP algorithm was implemented. The importance of the synthetic
datasets studied in chapter 5 lies in the fact that everything about the data is known,
and thus it is easier to interpret the results. The importance of the recorded datasets
studied in chapter 6 is to show how the algorithm works for real problems that might
be encountered in a field application. To quote from Huber [61, pg. 523]

“In order to understand what a technique can and cannot do, we must
have some (mathematical or non-mathematical) theoretical understand-
ing, and we must construct synthetical - and find actual - datasets where

it works well, moderately well or not at all, and we must know why.”

All of these objectives are satisfied in this thesis.

1.4 Thesis Organization and Original Contribution

The requisite background material on acoustic pattern recognition is given in chap-
ter 2, and a review of wavelet packet techniques is given in chapter 3. These two
chapters contain very little original contribution (except in the presentation of the
material which is a culmination from numerous different sources) but are necessary
to set the notation, formalism and concepts for later chapters. The reader who is
familiar with either of these subject areas should still quickly peruse these chapter to
understand the notation used later on. Chapter 2 does present some unique ideas re-
garding acoustic pattern recognition design, but the bulk of the original contribution
in this thesis is found in chapter 4.

The development of the dictionary projection pursuit algorithm is presented in
chapter 4, which includes examples of applying the algorithm to approximating the
Karhunen-Loéve (KL) basis functions with a comparison to Wickerhauser’s approxi-
mate KL algorithm [130]. This chapter also presents discriminant dictionary projec-
tion pursuit (DDPP) which is simply dictionary projection pursuit with a discriminant
criterion function. DDPP is applied to extracting features from waveforms and exam-
ples are given for each of the datasets studied in the last two chapters. This chapter
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represents the main contribution of original material in this thesis.

Chapters 5 and 6 use synthetic data and recorded data respectively to assess
the DDPP algorithm as a tool for extracting features for pattern recognition. The
synthetic signal model and Monte Carlo method of computing the Bayes error rate
in chapter 5 are original contributions. Comparisons are made with other popular
methods of feature extraction such as the KL transform [34, 123] , Saito and Coifman’s
local discriminant bases [108, 109, 110] and Buckheit and Donoho’s discriminant

pursuit [13]. Chapter 7 summarizes the findings in this thesis.
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Chapter 2

Acoustic Pattern Recognition and

Feature Extraction

2.1 Introduction

This chapter provides the requisite background material on acoustic pattern recogni-
tion and feature extraction. It is typically easier to understand the concepts of feature
extraction if the concepts of pattern recognition are first understood. Therefore, the
ideas behind pattern recognition are presented first in section 2.2, followed by the
concepts that are specific to acoustic pattern recognition in section 2.3, while the

concluding section 2.4 gives a review of acoustic feature extraction.

2.2 Pattern Recognition

2.2.1 Introduction

Pattern recognition is a very broad field with fuzzy boundaries. Informally, it is
the study of learning from past experiences. Humans use pattern recognition daily
to recognize the faces and voices of their friends, to understand languages, to read
books, and a plethora of other activities. The field of study that has come to be known
as “pattern recognition” focuses on making machines perform these same operations
without the intervention of humans.

The role that pattern recognition plays within the larger context of “understand-
ing”, is shown graphically in figure 2.1, where physical signals are converted to obser-
vations through some form of physical measurement, observations are converted to
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symbols through some form of statistical reasoning, and symbols are converted to con-
cepts through some form of symbolic reasoning. Analogously, three fields of scientific
inquiry, “instrumentation and measurement”, “pattern recognition” and “artificial in-
telligence” have developed relatively independently with their own sets of techniques

and idiosyncratic terminology'.

Concepts
Symbolic B ) Artificial
Reasoning / - \ Intelligence
- Symbols -
Statistical ) Pattern
Reasoning ' - Recognition
Observations -
Physical | s Instrumentation

Measurement u "and Measurement
— Physical Signal -

Figure 2.1. The information hierarchy of forming concepts from measurements. A

pyramid structure is used in this figure to show that generally many observations are

required to form a symbol, and many symbols are required to form a concept.

The work in this thesis falls firmly on the boundary between observations and
symbols, which will be referred to as pattern recognition, but also goes by the names
“pattern classification”, “discriminant analysis”, “machine learning”, and others. Al-
though the pattern recognition problem has been studied in statistics for more than
sixty years, and today is a core part of any course on multivariate statistics (see Flury
[43] for a recent multivariate statistics text, and McLachlan [82] for a recent review
of the statistical literature and pattern recognition approaches from the statistical
community), there was a lot of engineering research during the 60’s and 70’s, which
some claim are the true roots of the field of pattern recognition (see Tou and Gonzalez

!Some authors prefer to think of pattern recognition as a subfield of artificial intelligence [113],
but this is simply a matter of semantics.
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[123], Duda and Hart [38] or Devijver and Kittler [34] for a review of the work done
during that era? ). Due to this dichotomous history, different terminology has been
developed for this field, so this chapter serves to set the notation and symbols that
will be used throughout this thesis. Footnotes will be used to notify the reader when
there is distinct terminology from the different backgrounds.

2.2.2 Problem Formulation

The formal purpose of pattern recognition is to assign observations z € X < RM in
the real input feature space to one of several classes y € Y = {w®),w®, ..., w(K)}
in the categorical output decision space, where each w'®) represents a class®. This
operation defines a classifier, D, which can be viewed as a mapping (see figure 2.2)

D:zwy, (2.1)

or as a disjoint partitioning of the feature space with a class label attached to each

partition (see figure 2.3)

D : {(A,-,qrj)}‘}=l such that if £ € A; then y = w9 (2.2a)
where
AiNA;=0 V i#j (2.2b)
and
Ui, A = X. (2.2¢)

2During this time, two distinct forms of pattern recognition emerged. The first form, commonly
called statistical pattern recognition, is the main concern of this thesis and is simply referred to as
pattern recognition. The second form, commonly called structural or syntactic pattern recognition
was developed mainly for image recognition where the relative positions of objects contain important
information for classification. This type of pattern recognition is not studied in this thesis, but the

interested reader is referred to Tou and Gonazalez [123, Ch. 8] or Fu [49].
3In the statistical literature, the feature space is referred to as the predictor space, and the

decision space is referred to as the response space. Also, the vector z is sometimes referred to as the
feature vector and other times simply as a pattern. We will use these two words inter-changeably

in this thesis.
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Figure 2.2. A classifier D viewed as a mapping from the feature space X C R? to
the decision space Y = {w®),w® w®}. For every point in X, there is an image

point in the categorical decision space ).

2.2.2.1 Example: Female-Male Data

To make this section more concrete, consider the hypothetical example of trying to
classify a person as male or female, based only on measurements of their weight and

height. Let the feature vector be arranged as
ight
z=| 5| = "8 (2.3)
To height
and let the decision space be defined as
Y = {male, female}. (2.4)

Assume that there are several ‘examples’ that can be used to create our classi-
fier. That is, assume the weight and height of several males and females have been
measured from some pre-defined population. Figure 2.4 shows this data plotted with
a linear classifier that was chosen by eye. Rearranging the equation on the graph
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\

(A,qi1=2) N

Figure 2.3. A classifier D viewed as a partition of the feature space X C R? into 3
disjoint regions A, A, and As, such that each region has a label w9, Ww92) and w(®)

corresponding to the categorical decision space Y = {wV, w®, w®}.

produces the discriminant function?
d(x) = d(height,weight) = height{cm] + 0.34 - weight[kg] — 190, (2.3)
which can in turn be used to define a classifier

male ifd(x) >0,
D(z) = { female if d(z) < 0, (2.6)
male or female if d(x) =0.
So now, if another person is drawn from the same population, and their weight and

height are measured, then their gender can be guessed based on equations (2.5) and
(2.6).

4The term discriminant function is used rather loosely in this thesis to refer to any function d(z)
defined on X that is used in the process of defining a classifier D. When a discriminant function is
used to describe a given class w*), then the superscript notation will be used d‘®) (z).
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Figure 2.4. The hypothetical distribution of weight and height for males and females.
The ‘o’ represent males while the ‘x’ represent females. The line drawn is given by
the equation height{cm] = —0.34 - weight[kg]/+ 190, which shows the decision boundary

for classifying a person as male or female based on their height and weight.

2.2.3 Bayes Classifier

The female-male classification example in section 2.2.2.1 raises the important question
of whether the classifier that was designed by eye (see equations (2.5) and (2.6)) is
the best possible classifier for the problem. Perhaps the slope should be slightly
smaller, or the zero point should be larger. Perhaps a quadratic boundary should be
used between the classes rather than a linear one. Perhaps more than one decision
boundary should be used. This section summarizes the theoretical framework that
allows these questions to be answered. A more thorough treatment can be found
found in several textbooks [34, 38, 123].

Consider a K class pattern recognition problem with feature vectors z € X C RM,
where each of the classes are denoted by the symbol w®) for k =1, ..., K. Associated
with the feature space X, and each class w(*) are four fundamental quantities which
are presented in the following definitions. A fundamental assumption in pattern
recognition is that these four quantities are time invariant.
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Definition 1 a priori probability p(w®)
The a priori probability p(w®) of a given class is a scalar quantity defining the
probability of occurrence of class w®, such that 3K p(w®)) = 1.

Definition 2 conditional probability density function p(z|w'*))
The conditional probability density function p(xz|w®)) of a given class is a scalar
function defined on X, which gives the probability that a random feature vector from

class w'*) will have a value . As is mandatory for probability density functions,
[y p(xlw®)dz = 1.

Definition 3 a posteriori probability p(w®|z)
The a posteriori probability p(w®|z) is a scalar function defined on X that gives the

probability that a given feature vector x belongs to the class w¥), such that for any
given z, K p(w®|z) = 1.

Definition 4 unconditional probability density function p(x)

The unconditional probability density function p(x) is a scalar function defined on
RM | which gives the probability that a random feature vector from any class w® will

have a value . This function can be computed as

K
p(z) = 3 p(w®)p(zlw®). (2.7)
k=1

As is mandatory for probability density functions, [, p(x)dx = 1, which is enforced
by equation (2.7).

For the pattern recognition problem, a feature vector x is given as input, and a
class w®) is desired as an output. Clearly, the a posteriori probability p(w®)|z) is the
quantity that is desired to solve this problem, but sometimes, it is easier to estimate

the other three quantities and compute p(w'*)|z) using Bayes rule

p(elw®)pw®)  p(z|w®)p(w™)
p(z) YK, pw®)p(2lw®)’

This relationship is used extensively in pattern recognition.

(2.8)

pw®|z) =
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2.2.3.1 Bayes Classifier for Minimum Error

Using the a posteriori probability p(w¥)|z) defined in definition 3, or computed using

equation (2.8), it is possible to define the Bayes classifier for minimum error,
D(z) =w® if pw®iz) > pwO(x) Y j#k, (2.9)

where ties are resolved arbitrarily. If a feature vector & is classified using the Bayes
classifier for minimum error, then the probability that it is assigned to the correct
class is given by max; p(w®|z), and the probability of making an error is given by

es(z) = 1 — maxp(w™®|z). (2.10)

Integrating over the feature space X defines the average Bayes error rate for the

problem

Eg =Le3(z)p(z)dz. (2.11)

It is important to recognize that this is the absolute lower limit on the average error

rate, so no other classifier can do better.

2.2.3.2 Bayes Classifier for Minimum Risk

An important generalization of the Bayes classifier for minimum error is to assign a
loss value Lj; when the classifier assigns a feature vector to w®) while the correct
class was wY). L can therefore be represented as a K x K matrix, where in general,
the diagonal (representing correct decisions by the classifier) contains zeros, and the
off diagonals contain values > 0. The risk associated with assigning  to w*) is then

given by

K
rw®|z) = Zijp(wU)lz). (2.12)

=1

and the Bayes classifier for minimum risk is defined as

D(z) = w® if rw®|z) < rwP|z) V j#E, (2.13)
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where ties are resolved arbitrarily. If a feature vector = is classified using the Bayes

classifier for minimum risk, then the risk of assigning it to a wrong class is given by
ra(z) = mkinr(w("’lz). (2.14)
Integrating over the feature space X defines the average Bayes risk for the problem,

Rp =/xra(:c)p(z)dz. (2.15)

This is the absolute lower limit on the average risk, so no other classifier can do better.
Note that if Ljz = 1 —4§[j — k], then zero loss is incurred for correct classification, and
a constant loss of one is incurred for any error that is committed. In this case, the risk
is equivalent to the error rate, and the Bayes classifier for minimum risk is identical
to the Bayes classifier for minimum error. This loss function will be referred to as
the canonical loss function, and unless otherwise stated, it will be used exclusively in

this thesis. Both classifiers will simply be referred to as the Bayes classifier.

2.2.3.3 Example: Female-Male Bayes Classifier

The following example should illuminate the main concepts that were introduced
in this section. The data that was generated in section 2.2.2.1 was produced using
equal a priori probabilities p(w®) = p(w?) = 0.5 and a Normal probability density
function (pdf)

palw®) = @m) ™2 EW |2 exp [-1/2(2 — u®)T(E®) " (@ - u®)],  (2.16)

where m = 2 is the dimensionality of the problem, the feature space has physical
quantities defined in equation (2.3), and u®*) and X% are the mean vector and

covariance matrix for the class w(® with numerical values

175] 0 100
160 (50 25

Therefore, it is possible to compute p(x) using equation (2.7), the a posteriori
probabilities p(w'*)|z) using Bayes rule given in equation (2.8), and the Bayes error
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rate ep using equation (2.10). A graphical interpretation of these quantities is plotted
in figure 2.5 which should provide a more intuitive feeling for the concepts behind
Bayesian classifiers. The plots in the left column (a, b, and c¢) show the pdfs of the
individual classes, and the combination of the classes, whereas the plots in the right
column (d, e, and f) show probabilities that each  comes from each class, as well
as the expected error for each . As expected, the highest probability of error occurs
where the probability of belonging to each class is approximately equal. The average
Bayes error rate for this problem can be computed by numerically integrating the
surface plotted in figure 2.5(f) times the surface plotted in figure 2.5(c) according to
equation (2.11), which gives Eg = 0.13.

By taking — In p(w®|z) with the Normal pdf given in equation (2.16) inserted
into Bayes Rule, a discriminant function can be formed for each class®

d®(z) = (2 = p®)T(E®) (2 — p®)) + In|EF)] - 210 p(w®), (2.19)

where the first term on the right is the familiar Mahalanobis distance between z and
pu¥), the second term is an adjustment for the size of the covariance matrix, and the
last term is an adjustment for the class a priori probability. Equation (2.19) is often
referred to as the Bayes distance, but it should be remembered that it is actually
a squared metric (like the Mahalanobis distance) that can take on negative values
(unlike the Mahalanobis distance). Since the — In operation is a strictly monotonically
decreasing function, ming d*(z) = max; p(w®|z) and the Bayes classifier for this
problem (shown in the generalized form for more than two classes) can be defined as

D(z) =w® if d¥(z) < d9(x) V j#k, (2.20)

with ties resolved arbitrarily. The decision boundary between the classes is obtained
by finding the quadratic solution of d)(x) = d‘?(z), which is plotted in figure 2.6
with the 1o level of the pdf for each class, and the original ‘by-eye’ estimate given in
section 2.2.2.1. So to answer the original question in this section, the ‘by-eye’ linear

classifier is not the optimal classifier for this problem.

5The discriminant function could be defined to be the p(w®|z) itself, but taking — In p(w'® |x)
makes the math easier, and allows us to think in terms of Bayesian distances. Additionally, it avoids
having to compute the exp function which is important in real-time applications. Notice that the
quantities that are common to all classes ((2r)~™/2 and p(z)) are dropped from the equation since
they do not affect the discrimination between classes.
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Figure 2.5. The hypothetical distribution of weight and height for w) = male and

w® = female. This plot shows the fundamental Bayesian quantities for this problem.
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Figure 2.6. The hypothetical distribution of weight and height for w'') = males and
w? = females. The solid lines show the 1o level of the pdf for each class (i.e.,
p(z|wV) and p(x|w?®)), the dot-dashed line shows the Bayes boundary between the
classes that results in a minimal average error rate, and the dotted line shows the

initial ‘by-eye’ guess which is also plotted in figure 2.4.

2.2.4 Classifier Design

For most pattern recognition problems, the Bayes classifier is not known a priori, and
the classifier must be designed using a finite set of labelled data £ = {(zi, v:i)}Y,.
Designing a classifier is therefore a problem of ‘learning from data’ as described by
Cherkassky and Mulier [16]. There are a variety of ways in which classifier design
methods can be categorized (e.g. see Lippman [75]). The approach taken here is to
categorize them by the property of the classifier that is being estimated in the design
process, for which there are roughly three categories as described below.

2.2.4.1 Method 1: Estimate p(z|w(®*))

In this approach, the conditional pdfs p(z|w*)) are estimated for each class w® us-
ing either a parametric or a non-parametric approach. The most common example of
using the parametric approach is to assume that p(z|w*)) is Normally distributed,
and to estimate the parameters using standard statistical estimation [43]. This ap-
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proach results in quadratic decision surfaces, and the resulting classifiers are often
called quadratic Gaussian classifiers. When there are not enough training samples to
estimate the covariance matrices of each class individually, then it is often assumed
that all the classes have the same covariance (so the covariance matrix can be es-
timated using the training samples from all the classes) and different means. This
approach results in linear decision surfaces and the resulting classifiers are often called
linear Gaussian classifiers. The issues behind matching the classifier complexity to
the training set size are discussed more thoroughly in section 2.2.5.

Examples of the non-parametric approach of estimating p(z|w(*) are given by
the method of potentials or Parzen windows [38, 123], which are re-emerging today
under the new name of ‘radial basis function neural networks’ (75, 86]. In both
cases, the a posteriori probabilities p(w'*)|z) are then computed using Bayes rule
(equation (2.8)), and the classifier is defined using the Bayes classifier (equation (2.9)
or equation (2.13)).

2.2.4.2 Method 2: Estimate p(w®|z)

In this approach, the a posteriori probabilities p(w*) ) are estimated directly from
the data. This can be done using a nearest neighbour rule |28], where the intuitive
concept that the a posteriori probability of a pattern = belonging to class w® is
proportional to the ‘nearness’ of € to previously observed patterns from class w*). In
addition, a neural network pattern classifier can be viewed as a method for estimating
the a posteriori probabilities of each class [105]. In both cases, the classifier is defined
using the Bayes classifier (equation (2.9) or equation (2.13)).

2.2.4.3 Method 3: Estimate Decision Boundaries

In this approach, the decision boundaries between the classes are estimated directly
from the learning set L£,. This can be done in a heuristic manner as described in
section 2.2.4.4, by using a recursive partition of the feature space as is done in CART
[9], or through an optimization technique that minimizes the empirical risk of mis-

classification as is done for vector support machines (VSM) [16, 127] .
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2.2.4.4 Fisher’s LDA

Obviously, there are a vast number of different approaches to designing a classifier,
but since the focus of this thesis is on the feature extraction part of designing an
acoustic pattern recognition system, a single classifier was chosen to evaluate and
compare the different feature extraction techniques developed in chapter 4. Fisher’s
linear discriminant analysis (LDA) [42] was chosen based on its intuitive and simple
underlying principle, and because it is one of the most widely used classification
methods with an excellent track record.

Fisher’'s LDA is a time-honored tool for both classification and dimensionality
reduction which was designed for the two class discrimination problem and was later
generalized to the multiple class discrimination problem by Bryan [12]. Although
the approach is sometimes justified by assuming Normal distributions for the class
conditional pdfs p(x|w™®)), Fisher’s motivation was heuristic in nature, and thus it
is presented here as a heuristic method for finding the decision boundaries between
classes.

Given a training set £, = {(x;, )}, having K classes {w'¥)}K | with a priori
probabilities p(w(¥)), the patterns ; belonging to class y; = w®) will be denoted as
A® = (gFNY  Assume that the feature vectors are M-dimensional z; € RM. For

each class, the plug-in estimate for the mean is defined by
1
(k) def % (k)
e o Z ), (2.21)
the plug-in estimate for the correlation matrix is defined by®

QR = Nl(k) Zzgk)zsk)'r, (2.22)
H

and the plug-in estimate for the covariance matrix is defined by’

5 () & o) _ (k) (BT (2.23)

8This definition is a deviation from the multivariate statistics literature, where the correlation

matrix usually means the matrix of correlation coeflicients.
"Often the covariance estimate is scaled by a factor N/(/N —1) to remove bias, but the importance

of this correction from a statistical estimation perspective is often over emphasized [43].
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For the whole training set, the mean is defined by
BnED pw®)p®, (2.24)
k

the correlation matrix is defined by

QY Z p(w®) QW) (2.23)
k
the within-class covariance is defined by
Sw €Y pw®)E® (2.26)
k
= Q- Y p(w®)uPu®T, (2:27)
k

the between-class covariance is defined by

s =) pw®)(p® - pu)(u® ~ )" (2.28)
k

=Y pw®)p® ug®T — pupyT, (2.29)
k

and the total covariance is defined by

zr 4 Yw+Xp (230)
=Q—pup’. (2-31)

If the a priori probabilities are estimated as the fraction of samples from each class
in the training set p(w®) = N®) /N, then it is easy to show that g, Q and Xt are
the plug-in estimates for the mean, correlation matrix, and covariance matrix of the
entire data set. This is significant since it implies that the total covariance of the
data set can be divided into the covariance from the within-class scatter £y and the
covariance from the between class scatter X g.

Fisher’s idea was to apply a transformation #; = A7 z; that maximizes the ratio
of the between-class scatter to the within-class scatter. It is not hard to show that

this transformation results in a new within-class covariance matrix given by

Sw=ATESywA, (2.32)
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and a new between-class covariance matrix given by

Tp=ATSA. (2.33)
Therefore, the criterion that Fisher maximized is given by
|ATE g A|
J(A) = ———, 2.34

where |H| indicates the determinant of the matrix H. Recall that the determinant
of a matrix is the product of the eigenvalues and hence for covariance matrices is the
product of the variances in the principal directions. Therefore, if the determinant
of the covariance matrix for a data set is increased, then the scatter of the data set
must increase. Other measures of the scatter of the data could also have been used,
such as the trace or 2-norm of the covariance matrix, but the use of the determinant
results in an analytic solution that maximizes Fisher’s criterion [38].

The columns of the matrix A that maximize equation (2.34) are given by the

generalized eigenvectors that correspond to the largest eigenvalues of®
zaa,' = /\izwai. (235)

If the within-class covariance is invertible, then the generalized eigenvalue problem can
be converted to a regular eignenvalue problem by multiplying both sides by =, but
this is unnecessary since techniques are readily available for solving the generalized
eigenvalue problem without having to invert £y, [129].

The canonical variates of the discrimination problem are the p = min(M, K — 1)
eigenvectors of A corresponding to the largest eigenvalues which span a p-dimensional
subspace of RM containing the mean vectors from each class u(®). If the covariance
matrices of all the classes are identical, then this subspace contains all the discrim-
inatory power of the discrimination problem and the remaining M — p eigenvectors
can be discarded. This is the feature reduction part of Fisher’'s LDA.

The transformation Z; = A7z, also re-scales the within-class covariance so that
Sy is isotropic. This means that the squared Euclidean distance can be used to

define a discriminant function for each class

d® (z) = (2 — a*)T(z — aP), (2.36)

8The generalized eigenvalue problem is also called the pencil eigenvalue problem.
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where a®) = ATu®_ A classifier can then be defined as
Dz)=w® ifd¥) <d? v j#k, (2.37)

where ties are resolved arbitrarily. The decision boundaries for this classifier are linear
both in the original space and in the transformed space. This is the classification
part of Fisher’'s LDA. When all the classes are Normally distributed with identical
covariance matrices and different mean vectors, Fisher’s heuristic classifier is also the

Bayes classifier [16].

2.2.5 Learning From Data

A central issue when designing a classifier is that the properties of the classifier must
in general be estimated from a finite set of labelled training data £, = {(z;, y:)}¥,-
In theory, the more flexible (i.e., complex) a classifier is, the lower its classification
error should be. This assumes that the properties for the classifier have been chosen
optimally for the problem. Often the estimation errors that result from designing a
classifier with finite data outweigh the potential advantage of the classifier's flexibility.

For example, it is known that the male-female dataset described in sections 2.2.2.1
and 2.2.3.3 was created using Normal distributions with different means and covari-
ance matrices. However, in an experiment carried out 100 times, where a quadratic
Gaussian classifier and linear Gaussian classifier were trained using 3 data samples
from each class, the median error rate from an independent data set of 1000 samples
from each class is 0.19 and 0.31 for the linear and quadratic Gaussian classifier re-
spectively. The linear classifier outperformed the quadratic classifier in 71 % of the
trials. This shows that even though it is known that the data have Normal distri-
butions with different covariance matrices, lower classification errors are obtained by
assuming that both classes have the same covariance matrix, since this reduces the
estimation errors of the covariance matrices.

Matching the complexity of the classifier is thus very important but may seem
trivial from the above example since there are almost always more than 3 samples from
each class for training. However, as the dimensionality of the problem M increases
the number of parameters that must be estimated for a covariance matrix increases as
M(M+1)/2, so the sample size requirements quickly escalate. Other classifiers, such
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as those that estimate the conditional pdfs p(z|w*) of the classes non-parametrically
are even more sensitive to dimensionality. In fact, the problem is so pervasive in all
estimation tasks including classification, regression and density estimation, that it has
earned the name ‘curse of dimensionality’, as coined by Bellman [5] and elaborated
on by several authors {16, 34, 38, 75].

2.2.5.1 Curse of Dimensionality

The curse of dimensionality is a result of the geometry of high dimensional spaces. It
is called a curse, because humans generally think in low dimensions (< 3 dimensions),
and thus often have false intuition about how things should work in high dimensional
spaces. The most illustrative example is given by looking at the density of samples in
different dimensional spaces. If NV samples are distributed uniformly on the interval
[0,1] in R!, then N™ samples would be required to achieve the same density in RM
on the unit hypercube. In other words, sample sizes that are densely distributed
in low dimensional space become sparsely distributed in high dimensional spaces.
Friedman [46] gives an excellent summary of some other properties of distributions in
high dimensional spaces. The effect that the curse of dimensionality has on classifier
design depends on the type of classifier, but in general the designer can either control
the complexity of the classifier, or control the dimensionality of the feature space to

reduce the effects of the curse.

2.2.5.2 Control Classifier Complexity

This approach of suppressing the curse of dimensionality assumes that the dimen-
sionality of the feature space is fixed, and thus tries to limit the complexity of the
classifier so that estimation errors do not dominate the result. For some classifiers,
their complexity can be defined formally in terms of the Vapnik-Chervonenkis (VC)
dimension as defined in statistical learning theory [16, 127], but for our discussion
classifier complexity will loosely describe the flexibility of the classifier to classify
data. For parametric classifiers, controlling classifier complexity amounts to control-
ling the number of independent parameters that must be estimated, or controlling
the range of values that the parameters can take on. For non-parametric classifiers,
controlling complexity amounts to smoothing the non-parametric estimates (such as
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densities or class boundaries).

An example of controlling complexity is given by Friedman’s regularized discrim-
inant analysis [45], which incorporates a Euclidean, linear Gaussian, and quadratic
Gaussian classifier (listed in order of increasing complexity). The adoption of a linear
classifier over a quadratic classifier allows the samples from all classes to be used to
estimate a covariance matrix, and when the total number of samples is not even large
enough to estimate a single covariance matrix, then the covariance matrix can be
taken to be the identity matrix. A weighted average of the three covariance matrices
is adopted, and cross-validation is used to choose the best weights.

Another example is given by Hastie et al.’s Penalized discriminant analysis (PDA)
[58], which is a regularized version of Fisher’s LDA that is applicable in high dimen-
sional settings with small sample sizes. Their technique uses a penalized version of
the within-class covariance matrix £y = Sy + €, where € is a penalty matrix that
imposes smoothness on the resultant canonical variates. In other words, they control
the complexity of the classifier by limiting the within-class covariance matrix to have
values that they assume are more appropriate for the problem than the estimated
values. They use a cross-validation method to choose the amount of smoothing that
is required for a given problem.

The two methods described above are regularization methods that attempt to
reduce the variance in the estimates of the classifier properties by biasing them away
from the sample-based estimates in a direction that is assumed to be reasonable for
the problem. If the assumption is valid, then the variance of the property estimates
can be drastically reduced while keeping the bias low. However, if the assumption is
not valid, then the bias introduced into the property estimates can far outweigh the
decrease in variance. Other methods of controlling classifier complexity which can be
thought of more generally as methods for model selection are Rissanen’s minimum

description length principle [106] and Vapnik’s structural risk minimization [127].

2.2.5.3 Control Feature Space Dimensionality

The other method of combating the curse of dimensionality is to assume that the
complexity of the classifier is fixed and attempt to reduce the dimensionality of the
problem by using some kind of feature extraction algorithm. A classifier is a math-
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Figure 2.7. The bottom line shows the actual error rate of a hypothetical classifer if
there are no estimation errors. The top and middle lines show the actual error rates

for a classifier that is trained with Ny and N, samples respectively, where N; > Ny.

ematical tool that has many internal parameters that must in general be estimated
from a finite set of N training samples. When N is small, the estimation errors of
the internal parameters increase the actual error rate of the classifier compared to the
same classifier with no estimation errors®. As the number of features M increases, the
number of internal parameters in the classifier typically increases at an exponential
rate and the effect of estimation errors on the actual error rate is compounded. These
effects are shown graphically in figure 2.7 for a hypothetical example.

As can be seen, when there are no estimation errors, the actual error rate of the
classifier decreases monotonically as the number of features M increases. However,
when the classifier is trained with a finite number of samples, there is a minimum

9The actual error rate is the expected value of the error rate of the classifier when used to classify
data that is drawn from the same distribution as the training data yet independently of the training
data.
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actual error rate at M; and M;, after which the estimation errors dominate over the
advantage of adding more features and the actual error rate increases. Note that the
minimum M| occurs at a higher value than Mj since N; > Ny and thus has smaller
estimation errors.

It is now easy to see why it is important to choose a good feature set for a given
problem when there are a finite number of samples to use for training. Referring to
figure 2.8, assume that two feature sets, F; (a ‘poor’ feature set) and F; (a ‘good’
feature set) are ordered such that the actual error rate of a classifier with no estimation
errors decreases monotonically'®. F; should be thought of as the input features for a
problem, and F, should be thought of as linear transformation of the features in F.
Strictly speaking the hypothetical classifier should be affine invariant like Fisher’s
LDA!,

When there are no estimation errors, the ‘good’ feature set shows a rapid decrease
in actual error rate initially as M increases, and then levels off as it approaches M.,
while the ‘poor’ feature set shows a gradual decrease in the actual error rate over the
whole range of M. Clearly, if there are no estimation errors, then by keeping My,
features, the same actual error rate can be achieved by both feature sets. However,
if the classifier is trained with a finite number of samples, then the estimation errors
cause the minimum actual error rate to occur at M* < M., and a significant
reduction in the actual error rate is obtained by using the ‘good’ feature set F,.

Controlling the dimensionality of the feature space is the approach taken in this
thesis to reduce the effects of the curse of dimensionality; a detailed discussion of the

different types of feature extraction methods is presented in section 4.3.

10This is an admittedly simplified view of a feature set since it does not describe the interactions
between features, but for the purposes of this discussion, it will suffice. In any case, the patterns
described here are observed in the synthetic and recorded experiments of chapters 5 and 6, so this

presentation is valid in that regard.
1 An affine invariant classifier will produce the same classification results if the input features are

subject to a linear transformation without reducing the dimensionality. This accounts for the reason
that the the two feature sets have the same actual error rate when M = M,,,-.
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Figure 2.8. The dotted and solid lines show the actual error rates for a hypothetical
classifier with and without estimation errors respectively for a ‘good’ feature set JF,

and a ‘poor’ feature set Fo. M.. represents the mazimum number of features.

2.2.6 Performance Estimation

Estimating the performance of a classifier in an unbiased manner is important for
both

Classifier Selection - Often, several classifiers or different variable settings in the
same classifier need to be compared so that the ‘best’ classifier can be chosen
for a given application.

Interpreting Classification Results - When a classifier is used for a given appli-
cation, it is usually important to know the probability of the classifier making
an error. This knowledge often affects how a system responds to a given classi-
fication result.

Classifiers are usually evaluated in terms of their expected average error rate as

presented here, or in terms of the expected average risk of misclassification. A classi-
fier D is evaluated by classifying a labelled evaluation set of data L. = {(i,¥:)}¥,
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and computing the fraction of errors that were made

_ 3N I(y;: # D(z:))
Eest - N b

(2.38)

where Z(y; # D(=;)) is an indicator function that returns a one if y; and D(z;) are
not equal, and a zero otherwise.

It is well known that if data that is used to train a classifier is also used to
evaluate it, then the estimated average error rate will be biased lower than the true
average error rate. Since there is often only a finite set of labelled data given by £ =
{(zi,4:)}Y,, which must be used for both a training set £, = {(z;, ¥:) M c £ and
an evaluation set £, = {(&i, y,-)}fi‘1 C L, it is important to consider the relationship
between £, and L., where ideally £, N L, = 0.

It is desirable to use as many samples as possible for training and for evaluation
since this lowers the bias and variance of the estimate of the average error rate re-
spectively. The performance estimation methods for classifiers reviewed here are also
described by Devijver and Kittler [34] and Breiman et al. [9].

2.2.6.1 Resubstitution

The entire labelled data set is used for both training and evaluation, £, = £, = L,
which allows the maximum number of samples to be used for both training and
evaluation. However, due to the low bias on the estimated average error rate that
results from using the same data to train and evaluate the classifier, this method of

classifier performance is not highly recommended.

2.2.6.2 Holdout

The labelled data set L is divided into L for training and L. for evaluation such that
L:N L, = 0. This method does not use the same data for training and evaluation so
the estimated average error rate is not biased low. However, the number of samples
used for training N, and evaluation N, = N — N, must be fixed, which for small N can
be problematic. If N, is chosen to be large then N, must be small and the variance
in the estimate of the average error rate will be large. On the other hand, if N, is
chosen to be small, then the classifier may not train very well, and the estimated
average error rate would be biased high relative to a classifier that is trained with
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all NV samples. This technique is only recommended when there is an abundance of
labelled data, such as when the data is created synthetically.

2.2.6.3 Cross Validation

The labelled data set £ is partitioned into V' disjoint sets £,. For v =1,2,...,V,
use an evaluation set given by £. = £, and a training set given by £, = £L — £,. The
estimated average error rate of the classifier is then taken to be the average of the
estimates from the individual trials. In this way, each labelled data set is classified in
the evaluation set once using a classifier that was trained without it. Some authors
also refer to this method as ‘rotation’, and when the dataset is partitioned into N
disjoint sets, this method is also called the ‘Leave One Out’ method.

The cross validation technique is an interesting way to use a large fraction of the
labelled data both for training and evaluation while at the same time ensuring that
data that is used to train the classifier is not used to evaluate the classifier. On the
other hand, cross validation is computationally expensive. It is the recommended

technique to use when there is only a small amount of labelled data.

2.3 Acoustic Pattern Recognition

So far, pattern recognition has been presented as a static process that operates on
each feature vector independently. However, an acoustic signal is a continuous analog
signal of pressure fluctuations as a function of time. Therefore, methods must be
developed to convert the acoustic signal into a form that is more suitable for pattern
recognition. At the highest level, an acoustic pattern recognition system can be
viewed as a single operation which takes as input a continuous acoustic signal s(t)
and gives as output a continuous signal of class labels y(t), as shown in figure 2.9. In
practice, the acoustic signal is usually sampled at an interval T = 1/f, to produce
s(nT), where n is the sample number and f, is the sampling rate of the signal in
Hz. Similarly, class labels are produced at an interval " = 1/f,’' to produce y(nT"),
where f,' is the sampling rate of the class labels in Hz.

A more detailed look at an acoustic pattern recognition system is shown in fig-
ure 2.10 which divides the process into three main blocks. The buffer block groups



2. Acoustic Pattern Recognition and Feature Eztraction 46

Acoustic
Signal

B N N

s(t)

Acoustic
Pattern
Recognition

Class Label

_}_L__I_

y(t)

Figure 2.9. A high level depiction of an acoustic pattern recognition system.

the samples of s(nT) into vectors b(nT"’) of length L with overlap d and sampling
interval given by T' = (L — d)T. The feature eztractor block and classifier block are
dependent on the type of classifier that is used as discussed below.

s(nT)

ﬂ"nrwh‘“ Buffer

b(nT" x(nT™) y(nT")
|| Feature Classificm*———f_rr|
L Extractor

Figure 2.10. A sampled acoustic pattern recognition system showing the three main

processing blocks.

2.3.1 Frame Classifiers

The feature exztraction block for frame classifiers analyzes the vectors b(n7’) and

computes M features that are organized into vectors &(nT"), as shown in figure 2.11.
The sampling interval is not changed so T” = T'. Any method of classification, as
discussed in section 2.2, can then be used to classify the frames individually. This is

by far the most popular method of applying pattern recognition techniques to acoustic

recognition and is the method adopted in this thesis. However, this method does not

take into account the temporal evolution of the acoustic signal, which can be very

valuable for recognition purposes.
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2.3.2 Multi-Frame Classifiers

The feature eztraction block for multi-frame classifiers analyzes the vectors b(nT")
and computes M features that are organized into vectors £(n7T"’). These vectors are
then buffered into groups of length L' with overlap d’, which gives a sampling interval
of T" = (L' — d")T', as shown in figure 2.11. The feature vector £(nT") in this case is
a matrix with dimensions M x L' which can then be classified using any method of
classification discussed in section 2.2. It is also possible to further process the block
of M x L' features to produce a reduced set of features for the classifier as discussed

in section 2.4.4.

2.3.3 Hidden Markov Models

The feature ertraction block for hidden Markov Models (HMM) is identical to the
multi-frame classifier, but the classifier block is significantly different. HMMs have
been used very successfully for years as a technique to classify both single word {4] and
continuous speech [72]. They have also been used to classify environmental acoustic
transients [135]. HMMs are different from the classifiers presented in section 2.2 in
that the temporal evolution of an observed sequence is modelled with state transition
probabilities of an unobserved (i.e., hidden) Markov chain state sequence. A review of
HMMs will not be given here, but the interested reader is referred to excellent tutorials
(98, 104, 103]. It should be emphasized that HMMs are just another technique for
classifying a sequence of features.

2.4 Acoustic Features

2.4.1 Introduction

There has been a large variety of acoustic features used in the past for recognition
purposes. Rather than try to list them all, this section provides a general outline of
the signal processing techniques that have been used for extracting acoustic features
and only a few references are given for typical features.

Almost all acoustic features use some sort of spectral representation of the acoustic
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Figure 2.11. Methods for extracting features from a sampled acoustic signal for
different kinds of classifiers. The Frame X block is a feature extractor for a single
frame or buffer b(nT'). The Multi-Frame X block is a feature ertractor for multiple

frames.

signal such as the discrete Fourier transform (DFT), filter banks or ARMA models'2.
Short time segments of the spectral representation are then analyzed to form frame
level features. For multi-frame classifiers or HMMs, the frame level features are
further analyzed to form multi-frame features. This section begins with a description
of the most popular forms of spectral estimation (section 2.4.2), and then describes
frame features (section 2.4.3), multi-frame features (section 2.4.4), and HMM features

12Except for perhaps the zero-crossing rate (i.e., the number of times the acoustic signal crosses
zero per second) which is measured in the time domain, but this too can be considered a crude form
of spectral measurement since higher frequency signals have higher zero-crossing rate.
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(section 2.4.5). Both the multi-frame features and HMM features require good frame

level features.

2.4.2 Spectral Estimation

Although there are a variety of very sophisticated techniques for accurately estimating
the spectra of a signal [50], the methods used for pattern recognition are generally
straight-forward. There are three common methods for estimating spectra which are

summarized below.

2.4.2.1 Discrete Fourier Transform (DFT - FFT)

The DFT of a discrete signal z(nT) with length N and sampling interval T is given
by

N-1
X(kAw) =) _z(rT)W™*"  for k=0,1,...,N—1, (2.39)
n=0
where W = &?/N  Aw = % and w, = ETE = 21 f,

The basis functions W*(nT) = Wkn = /27n/N of the transform are complex
functions representing evenly spaced vectors on the unit circle. Therefore, X (kAw)
is also a complex sequence of numbers which are often written in polar form

X (kAw) = A(kAw)el®kdw) (2.40)
where A(kAw) = | X (kAw)| = V/(Re X (kAw))? + (Im X (kAw))?, (2.41)
_ Im X (kAw)

and ¢(kAw) = arg X(kAw) = tan (2.42)

Re X (kAw)
are called the amplitude spectrum and phase spectrum respectively. This transfor-
mation has complexity O(N?) but it has a fast numerical implementation called the
fast Fourier transform FFT (23] which has complexity O(/Vlog N); in order to use
the fast algorithm, the signal length must be a power of two.

If z(nT) is real, then X (kAw) contains N/2 complex conjugate pairs, which forces
A(kAw) and ¢(kAw) to be symmetrical and anti-symmetrical about w = w,/2 re-
spectively. The phase is rarely used for pattern recognition purposes since the phase



2. Acoustic Pattern Recognition and Feature Eztraction 50

of an acoustic signal changes depending on how the signal was buffered. Therefore,
only the first N/2 components of the amplitude spectrum are usually kept for pattern
recognition. This sequence will be referred to as the FFT spectrum in this thesis. See
Bracewell [7] for general properties of the continuous Fourier transform and Antoniou
[1] for properties of the discrete Fourier transform.

When the finite length signal z(nT) is a frame from a longer signal, as is the
case for acoustic pattern recognition, then z(nT) is often multiplied by a window
function w(nT), such as the Hamming window, to reduce edge effects. Due to the
product theorem of the Fourier transform [7], multiplication in the time domain by
w(nT) corresponds to convolution in the frequency domain by W (kAw) which both
smoothes the spectral estimate of z(nT) and modifies the spectral leakage caused
by side lobes in W (kAw). See Antoniou [1] for a description of the various window
functions that are commonly used. When a window function is applied to frames of a
buffered time series, the sequence of spectral estimates is often called the short-time
Fourier transform (STFT) of the signal. However, in this thesis, the spectral estimate
of a frame given by the first N/2 samples of A(kAw) will still be referred to as the
FFT spectrum. In chapter 6, the FFT spectrum is referred to as the periodogram to

be consistent with the literature.

2.4.2.2 Filter Banks

A digital filter bank is nothing more than a set of digital filters, each of which is
defined by its transfer function in the z-domain [1]

_B(2) _ bo+biz +---+byzN
T A(2)  ag+azl+---+anzV’

H(z) (2.43)

where N is the order of the filter. The filter is called a finite impulse response (FIR)
filter if a; =0 V i # 0. Otherwise the filter is called an infinite impulse response
(IIR) filter. The frequency response of a digital filter is given by the transfer function
evaluated on the unit circle

B(e?T)  bo+bie 7T + ...+ bye IN<T

H(eT) = g , .,
( ) A(ei*T)  ag+aje T +--. +anye INT

(2.44)

The frequency response is a complex function that can be expressed in polar form as

H(&T) = M(w)e®“) (2.45)
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where M(w) = |H(e™T)|, and 6(w) = arg H(e*T), (2.46)

are called the amplitude and phase response respectively. Most filters are designed
to have a single passband in the amplitude response with a given center frequency
and bandwidth. Other factors that affect the quality of the filter are passband ripple,
stopband attenuation, settling time, and phase distortion. See Antoniou [1] or Op-
penheim and Schafer [93] for more details on designing and evaluating digital filters.

Constant-Q filter banks are most commonly used for acoustic pattern recognition
and analysis [23] (also see chapter 6), which means that the bandwidth of the filter
is proportional to the center frequency of the passband. This means that the filters
at low frequencies have very narrow bandwidth (i.e., high spectral resolution) and
filters at high frequencies have large bandwidth (i.e., low spectral resolution). The
rationale for this is that the human ear has roughly constant-Q frequency resolution.
In fact, the critical bands of the human ear are not constant-Q, but instead have
roughly constant bandwidth up to f =~ 1 kHz and then show constant-Q behaviour
above 1 kHz {41, 57]. For this reason, many authors who are concerned with matching
the psychophysical characteristics of human hearing use this model to build ‘cochlear’
filter banks [39, 96, 97, 115].

Filter banks are not the most efficient way to produce a spectral estimate of a
signal for pattern recognition purposes. This is because the output sampling rate
of the filter bank is the same as the input sampling rate, which in general is much
too high (and noisy) for the pattern recognition system to handle. For this reason,
some form of smoothing is usually required after the filter bank, such as an RMS
integrator [23], or a lowpass decimator [39]. Therefore, much of the computationally
expensive time resolution that a filter bank offers is not used. For this reason, an
FFT with window functions in the frequency domain to represent the passbands of the
filters is usually a more efficient approach. Multirate filter banks {125, 126] provide
another alternative since the output sampling rates can be significantly lower than
the input sampling rate, which leads to much more efficient implementations. For
example, Desai and Shazeer [33] use a wavelet packet filter bank (which is multirate)

to decompose underwater acoustic transients efficiently.
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2.4.2.3 ARMA Modelling

Auto-regressive Moving Average (ARMA) modelling is another popular way of ob-
taining spectral estimates of a time domain signal. ARMA models approximate the
spectrum of a signal as the amplitude response of a digital filter (see equations (2.44)
and (2.46)). Although full ARMA modelling is employed in some situations [124], the
vast majority of authors use linear predictive coding (LPC) to predict the coefficients
of a pure AR model [102]. That is, LPC analysis gives the coefficients ao, ay, ..., an,
from which an LPC spectrum can be produced using equations (2.44) and (2.46).
This has been a popular method of spectral estimation in the speech recognition
community since this smooth spectral estimate tends to emphasize the important
features for phoneme classification [102] and speaker identification [35, 80, 132]. LPC
spectra have also been used for the clustering of acoustic transients [99]. One of the
disadvantages of this technique is that the order of the model N must be chosen a
priori, which is problematic if different classes in the pattern recognition problem are

best represented with different orders.

2.4.3 Frame Features

Features at the frame level can be divided into the following categories.

Spectral Coefficients - In some cases, the spectral coefficients are used directly
as features. This is most common when the spectral estimate is produced by
a filter bank with relatively few passbands [25] since FFT spectra often have a
very large number of coefficients, which generally makes it difficult to train the
classifier due to the curse of dimensionality (see section 2.2.5). However, if the
proper measures are taken to ensure accurate training, then raw FFT spectral

coefficients can be used for features as well [38].

Spectral Moments - One of the most common methods of reducing the informa-
tion of the spectral estimate down to a few features is to compute moments
[44]. For example, Pinkowski [99] compares FFT and LPC spectral moments
as features for classifying bioacoustic signals. The company Musclefish!® use
the first and second moments of the FFT spectrum as features for their audio

13http:/ /www.musclefish.com
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database indexing products [133]. Scheirer and Slaney [111] also introduced a
speech/music discrimination system for monitoring radio broadcasts which uses

spectral moments for features.

Transformations - It is possible to change the spectral resolution of a spectrum by
taking inner products of the spectrum with frequency domain window functions
of varying centroid and bandwidth. In this way, an FFT spectrum can be
converted into a constant-Q spectrum, or as is common for speech processing, a
mel-frequency spectrum, which is constant-Q for higher frequency, but almost
constant bandwidth for lower frequencies [134]. In some applications, such as
voiced/unvoiced detection, the ratio of energy at high and low frequencies is
an important discriminant feature which can also be easily implemented using
frequency domain window functions and the FFT spectrum [20]. It is also
popular to perform an FFT analysis on the log FFT spectrum log A(kAw) or
on the log mel-frequency spectrum, which produces cepstral coefficients and
mel-frequency cepstral coefficients (MFCC) respectively [80, 102, 134]. The
cepstrum of a signal decomposes the log spectrum into a sum of cosines. The
first few cepstral coefficients describe the envelope of the log spectrum which
are usually the important features for pattern recognition.

Pitch and Harmonicity - Most periodic sounds produced in nature are not perfect
sinusoids so their spectra display a peak at the fundamental frequency f, and
other peaks at the harmonics f, = (n+1) fo, with n a positive integer. The pitch
of a sound is the perceptual quality associated with the fundamental frequency
of the sound [59]. The harmonicity of a sound describes the distribution of
energy in the harmonic peaks relative to the energy in the rest of the spectrum.
For music recognition purposes pitch and harmonicity are extremely important
perceptual qualities, which have been implemented in Musclefish’s products
[133, 134] and in Scheirer and Slaney’s music/speech discriminator [111]. For
voiced/unvoiced detection, the important feature for discrimination is whether
or not the signal is pitched or not; the actual pitch of the signal is not important
[20]. For these cases, the degree of pitch in the signal is often measured as the
correlation of the signal at one pitch period lag, or more simply as the maximum
value of the short time autocorrelation function of the signal.
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2.4.4 Multi-frame Features

Features at the multi-frame level can be divided into several categories.

Feature Blocks - The frame level features can simply be grouped into blocks of
length L' to give a M x L' feature block. In the case where the frame level fea-
tures are spectral coefficients, the feature block corresponds to a time-frequency
image of the signal. Feature blocks represent a large number of features, and
due to the curse of dimensionality, they are rarely used in their raw form as

features.

Frame Statistics and Descriptors - Statistics such as the mean, variance, auto-
correlation and derivatives of the frame level features are often used as multi-
frame features {111, 133, 134]. Moukas et al. [89] use peaks in the FFT spec-
trum of the frame energies to look for the impulsive sound of a helicopter rotor.
Pinkowski [100] uses Fourier descriptors of the acoustic signal’s time domain
amplitude envelope to analyze and classify amplitude modulated bioacoustic
waveforms. Statistics and descriptors of the frame level features provide an
effective means of reducing the dimensionality of the feature set, while main-

taining most of the discriminant information.

It should be emphasized that multi-frame features depend on having good features

at the frame level.

2.4.5 HMM Features

Hidden Markov models require a sequence of features, so usually an M x L' feature
block is passed to the HMM for classification. In this case the HMM is called a
continuous HMM because the features that it is processing are continuous. However,
in many cases, the multi-dimensional continuous features are converted into a finite
set of discrete features through the use of a vector quantizer [51]. In this case, the
HMM is called a discrete HMM. Like multi-frame features, HMM features depend on

having good features at the frame level.
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2.5 Summary

This chapter introduced the background material on acoustic pattern recognition and
feature extraction which is required to understand the criteria that shaped the devel-
opment of the discriminant dictionary projection pursuit feature extraction algorithm
presented in chapter 4, and to understand the methodology used in chapter 5 and 6
to evaluate the various feature extraction algorithms. The following chapter takes a
close look at the mathematics of wavelet packet signal processing which is at the core

of the discriminant dictionary projection pursuit algorithm.
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Chapter 3

Wavelet Packet Essentials

3.1 Introduction

This chapter introduces the mathematical background behind wavelet packets and
their transforms. It is not intended to be a rigorous treatment of the material, but
rather a concise synopsis that introduces the required notation and formalism that
is required in later chapters. References to more thorough descriptions are given
where appropriate. Good introductory sources on wavelets and wavelet packets can
be found in Strang [119], Strang and Nguyen [121], Cohen [19], Graps [33], and in
Vetterli and Kovacevié [128]. Wavelet and wavelet packet theory are strongly tied to
linear algebra concepts. Good introductory material for this subject area is given by
Strang [118] and Strang and Borre [120], while more advanced material is given by
Watkins [129] and Golub and Van Loan [53].

The descriptions that follow assume that a time domain signal is being analyzed
and that frequency is expressed in samples per second (i.e., Hz). This is done simply
for familiarity reasons. The theory does not require this of course, and in fact the
signals being analyzed in later chapters of this thesis are frequency domain signals.
Also, while wavelets and wavelet packets are generally considered to be continuous
time signals, a large class of them exist only in the asymptotic limit of a sequence of
discrete time signals. In this thesis, the wavelet packet basis functions are defined to
be the discrete time signals that are formed as part of the asymptotic sequence.
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3.2 Notation and Terminology

3.2.1 Signal Space

The signals in this work are finite dimensional real-valued discrete signals € € X C
RM | where M is assumed to have a length that is a dyadic power given by 2™°.
Different vectors are indexed as x;, and the individual elements of the vectors are
indicated using square brackets such as #;(m]. Unless otherwise stated,  should
be thought of as a column vector. The dimensionality of a vector is referred to as
dim{z} = M where £ € RY. The set of all £ € X represents a vector space (see

Strang [118] for a definition) with an inner product defined by
(i, ;) = z] x;, (3.1)
where ; and z; are both in X, and a norm defined by
x|l = VzTz, (3.2)

which is the classical 2-norm.

The theory behind wavelets and wavelet packets was developed with respect to
infinite dimensional Hilbert spaces such as £;(Z) (i.e., the space of complex val-
ued functions defined on the integer number line that are square summable, that is,
Y nezlz[n]|? < oc) and L2(R) (i.e., the space of complex valued functions defined on
the real number line that are square integrable, that is, [°._|z(t)|* < oc). In practice
however, signals that are manipulated by computers are finite dimensional discrete
sequences, so the application of wavelet packet theory is usually applied to finite di-
mensional Hilbert spaces which can simply be thought of as vector spaces with the
added constraint that the signals must have finite energy (always true for real-world
signals).

The connection between finite dimensional discrete wavelet theory and infinite
dimensional continuous wavelet theory is similar to the connection between discrete
Fourier theory and continuous Fourier theory. In both cases, the inner product oper-
ator in the continuous space is replaced by a circular inner product operator in the
finite discrete space which imposes a periodicity on the signals being analyzed. Also,
the requirement of having dyadic power signal lengths (i.e., signal lengths must be a
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power of 2) in the finite dimensional discrete versions of wavelet and Fourier theory

is only necessary for the implementation of fast transforms.

3.2.2 Basis Functions ¢

A basis function ¢ is a real-valued' discrete sequence defined on RM, which is re-
stricted to have unit norm ||| = 1. In other words, ¢ defines a direction in M
dimensional space. For example, in 3-dimensional space, ¢ defines a vector from the
origin to a point on the unit sphere.

Different basis functions are indexed as ¢;, and the individual elements of the
basis function are indicated using square brackets such as ¢;[m]. Unless otherwise
stated, ¢ should be thought of as a column vector. The dimensionality of a basis
function is referred to as dim{¢} = M where ¢ € RM.

3.2.3 Subspaces 2 and Bases &

A subspace 2 of RM is any subset of RM that is closed under addition and scalar
multiplication. That is, §2 is a subspace of RM if and only if whenever ¢;,¢; € R,
and o € R, then ¢; + ¢; € £ and ayp; € .

Given linearly independent basis functions ¢,, ¢, --- , ¢, € R™_ a linear com-
bination of ¢,, @5, ..., @, is a vector of the form a;¢, + azp, + - - - + ar,, where
ay, ag, ..., ar € R. The numbers a;, a3, ..., @, are called the coefficients of the

linear combination. In matrix form, with the basis functions ¢, as columns of a bases

matrix
® = [‘Pl P2 --- ‘Pr] (3-3)
and the coefficients «; as elements of the column vector
T
Q= [al Qg ... af] ’ (3'4)

then the linear combination looks like .
The following properties can be defined for a matrix of basis functions,

'A more general definition of a basis function would include complex-valued sequences, such as
the Fourier basis functions, but since all the basis functions in this work are real-valued, complex
functions are excluded from our definition for simplicity’s sake.
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span{®} - is the set of all linear combinations of the columns of ®, which can also
be denoted as span{,,®;,...,¥,}-
card{®} - is the total number of basis functions in the matrix which is referred
to as the cardinality of the matrix and is equivalent to the number of columns
in the matrix ®.
dim{®} - is the dimensionality of the basis functions in the matrix which is equiv-
alent to the number of rows in the matrix &®.
rank{®} - is the number of linearly independent basis functions (or columns) in
the matrix which is referred to as the rank of the matrix.
Since the basis functions in @ are restricted to be linearly independent, card{{)} =
rzmk{@}.
It is clear that span{®} is closed under scalar multiplication and addition, so
2 = span{®} is a subspace of R™. The basis functions in ® are said to form a
bases for the subspace §2. Note that the actual basis functions used to define the
subspace are not unique. Any set of ra.nk{@} linearly independent vectors in the
subspace could be used to define the subspace. The properties of the subspace that
are independent of the basis functions used to describe it are

dim{€} - is the dimensionality of the subspace which is equal to the dimension-
ality of the basis functions used to define the subspace.

rank{Q} - is the number of linearly independent basis functions required to de-
scribe the subspace, which is referred to as the rank of the subspace.

It should be clear that if = span{®}, then dim{Q} = dim{®}, and rank{Q} =
rank{®}.

3.2.4 Orthogonal Bases

Two vectors, and in particular, two basis functions are said to be orthogonal if

(i, ;) = 0. (3.3)
A set of basis functions {¢;, ¢,,...,®,} is said to be orthogonal if

(Pip;) =0 Y i#35, i,j€{1,2,...,7}, (3.6)
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which can be succinctly expressed in matrix notation as ®7&® = I, where ¢,, 5,

., ¢, form the columns of the bases matrix @ and I is the identity matrix. In
this case, the bases matrix @ is said to be orthogonal, and thus defines an orthogonal
bases for the subspace 2 = span{®}. Since the basis functions have unit norm, ®
defines an orthonormal bases, but the term orthogonal is used throughout this thesis

with normality assumed.

3.2.5 Orthogonal Complement Q2+ and Direct Sum &

The orthogonal complement of a subspace 2 = span{®} C R™ with rank{Q} =r,
is given by 2+ = span{®*} C R with rank{Q2"} = M — r, where the matrix &*
contains M — r basis functions that are all orthogonal to the basis functions in ®.
The vector space RM can then be expressed as the direct sum of €2, and its orthogonal

complement
RM = Qo QL. (3.7)

More generally, if € = span{ &} c 2 C RM, then the orthogonal complement of Q
is given by QO =0= span{®} C @ C RM, where & contains the basis functions
in € that are orthogonal to the basis functions in &. The subspace € can then be

expressed as the direct sum
Q=000 (3.8)

The direct sum implies that if £ € Q and £ € Q, then £ = & + & is uniquely
defined in £2. Two subspaces can be expressed as a direct sum if and only if the
intersection between the subspaces is empty [129].

3.2.6 Projection and Coefficient Operators P and H

The orthogonal projection of a vector £ € 2 C R onto a subspace Q c Q with
dim{Q} = M is given by

|
N
8

|
,‘g’
B

z (3.9)

|
A
m
8

I
o
P)

where
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e & € RM** is a bases matrix for the subspace €2 = span{®} with rank{?} =7,

o & cQisthe orthogonal projection (often shortened to just projection) of £ on

£,

P = @(éTé)‘lér € RM*M s called the projection matrix or projection
operator for the subspace Q with respect to the bases @,

H=( @Ti’)’lir € R™*M is called the coefficient matrix or coefficient operator
for the subspace € with respect to the bases &, and

e a= (&Ti)_li’rz € R is called the coefficient vector of &.

The component of z that is not projected onto §2 is given by
=z —z, (3.10)

where & is called the residual of & = Pz. It follows that, as shown in figure 3.1, any
vector = can be orthogonally decomposed into ® = & + &, which is a central concept
in wavelet and wavelet packet theory. Although figure 3.1 shows one and two rank
subspaces, the same conceptual idea holds for any rank subspaces, so it is a good

picture to keep in mind.

‘v

Q
X~ |x

//Q X

Figure 3.1. The orthogonal decomposition of € € 0 with rank{Q} =3 into £ € N2
with rank{Q} = 2 and & € ¥ with rank{2} =1.

The projection £ and the projection matrix P are mostly of theoretical value and
are rarely computed since the coefficient vector & and coefficient matrix H contain
all the information of the projection in a condensed form (i.e., 7 elements rather than
M for the vector, and 7 x M elements rather than M x M elements for the matrices).

When & is an orthogonal bases for €2, & d=1 (section 3.2.4), the projection
matrix simplifies to P = <i><i>’r, and the coefficient matrix simplifies to H = &T.
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This is the fundamental reason for choosing orthogonal bases. For the case where
rank{fl} = 1, the projection is onto a line defined by a single basis function, so
@ @ = 1 (by definition in section 3.2.2), the projection matrix becomes P = @@’
and the coefficient matrix becomes H = 7.

3.2.7 Dictionary D

A dictionary of basis functions D = {<p7|~/ € A} can be formed where the parameter
~ can index
1. time, in which case the dictionary is a time dictionary (e.g. the standard dic-
tionary of discrete time impulse functions),
2. frequency, in which case the dictionary is a frequency dictionary (e.g. the Fourier
dictionary of complex exponentials),
3. time and scale jointly, in which case the dictionary is a time-scale dictionary
(e.g. wavelet dictionaries),
4. time, scale and frequency jointly, in which case the dictionary is a time-scale-
frequency dictionary (e.g. wavelet packet and cosine packet dictionaries [130]),
5. polynomial order, in which case the dictionary is a polynomial dictionary (e.g.
Legendre polynomials, Hermite polynomials etc. [2}),
or some other property of the basis functions in the dictionary. Since a dictionary
is just a set of basis functions, the terminology span{D}, card{D}, dim{D},
rank{D} will be used to refer to the properties defined in section 3.2.3 with respect

to the basis functions in the dictionary.
A dictionary is said to be

under-complete - if rank{D} < dim{D},

complete - if card{D} = rank{D} = dim{D},

over-complete - if card{ D} > dim{D}.

Under-complete and complete dictionaries are said to be orthogonal if the basis func-

tions of the dictionary form an orthogonal set (section 3.2.4). Technically, an over-
complete dictionary cannot be orthogonal since the cardinality is higher than the
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dimensionality, but Wickerhauser [130] defines the over-complete wavelet packet dic-
tionary to be orthogonal if it is created using orthogonal wavelets (see section 3.3 for
more details), so this convention will be maintained here.

3.3 Wavelet Packets

Wavelet packets are basis functions that come in dictionaries, as described in sec-
tion 3.3.1. The dictionary is defined in terms of a recursive subspace decomposition
as described in section 3.3.2. Wavelet packets have several desirable properties that
make them ideal for analyzing signals, including

time-frequency localization - Time localization refers to the interval in time
(i.e., the duration) over which the basis function is supported. If the function
is identically zero outside a given interval, it is said to have compact support.
Frequency localization refers the interval in frequency, given by the Fourier
transform of the basis function (i.e., the bandwidth), over which the basis func-
tion is supported. Whereas the standard bases of delta functions are perfectly
localized in time but have no localization in frequency, and the Fourier basis
functions are perfectly localized in frequency but have no localization in time,
wavelet packets provide a compromise and are localized in both time and fre-
quency. The localization in the two domains is however constrained by the
Heisenberg uncertainty principle which states that AfAt > 1/47. This means
that as the wavelet packet becomes more localized in one domain, it must be-

come less localized in the other.

fast transform - Since wavelet packets are defined through a multirate binary tree
algorithm as described in section 3.3.2, the coefficient matrix H (defined in sec-
tion 3.2.6) can be factored into several sub-matrices operating at progressively
lower sampling rates. This allows the M log, M coeflicients of a wavelet packet
tree to be computed in O(M log M) operations [130]. The number of computa-
tions is on the same order as that required for the FFT operation, except that
the FFT only produces M/2 distinct spectral coefficients for real signals.
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3.3.1 Wavelet Packet Dictionary

A wavelet packet dictionary for a signal of length M = 2™ contains M = (m0 + 1)
basis functions ¢, s, which are indexed by three integer parameters,

scale index s = {0,1,...,m0} - The scale or extent of the basis function in the
time domain is proportional to 2. Therefore, the effective time support of the
basis functions double for every integer increase in s. Due to the similarity
theorem in Fourier theory [7], if the scale doubles in the time domain, then the
scale must half in the frequency domain. So the effective frequency support, or

bandwidth of the basis functions halves for every integer increase in s.

frequency index f = {0,1,...,2° — 1} - The Fourier transform of a basis function
shows localized support in the frequency domain; the position of this support
is proportional to 277f.

position index p = {0,1,...,2™0* — 1} - The position of the basis function in the
time domain is proportional to 2°p.

The limits for each of these parameters may seem complicated and hard to re-
member, but they become very logical when you look at them in a map as shown
in figure 3.2 for a small example with m0 = 3. On the top level (s = 0), there is
only one frequency bin with M basis functions having no frequency localization (i.e.,
delta functions), so the position index ranges from 0 to 2™° — 1. For every integer
increase in s, the number of frequency bins double, which linearly segment the fre-
quency axis from zero to the Nyquist frequency. On each level, the total number of
basis functions must remain the same (i.e., equal to 2™°), so the number of position
indexes in each frequency bin must half. When s = m0, the frequency axis is split
into M bins (similar to a Fourier decomposition), so the basis functions on this level
give the maximum frequency localization but have lost all of their time localization
since there is only one position index in each frequency bin. This map is a convenient
way to remember the limits and organization of the wavelet packet basis functions.
Also, when analyzing a signal, it is used to display the coefficients a, s, of the basis
functions.
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Figure 3.2. Organization of the wavelet packet coefficients for M = 2™° = 23, The
same pattern persists for larger values of m0. The bold solid lines represent frequency
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bins f for each level s, while the dotted lines show the partition of each frequency bin

tnto positions p.

The orthogonal wavelet packet basis functions? are defined in terms of a recur-
sive supspace decomposition [130] of R (where M = 2™%) as shown in figure 3.3.
Each subspace at scale s and frequency f is spanned by 2™%~* identical waveforms
{@srplp € {0,1,...,2m0=5 —1}} (e.g. see figure 3.4) which are circularly shifted rela-
tive to one another by 2°p. All of the basis functions at a given scale s are orthogonal

to one another as given by

<‘Ps,f.',pj1 ‘Ps,fm,p,,) = J[ft - f;}&[pm - Pk]a (3.11)

where §[i — j] is the Kronecker delta function.

To help visualize the change in scale and frequency of the wavelet packet basis
functions, several examples of the Coiflet wavelet packets®, as defined by Daubechies
[30], are plotted in figure 3.4 for the time domain and in figure 3.5 for the frequency
domain. In both cases, the signal length was set to M = 2™° = 2% but wavelet
packets are only displayed down to s = 3.

2Biorthogonal wavelet packets are also possible as discussed in Strang and Nguyen {121], but only

the orthogonal case is considered here.
3The order was set to 2, which gives a filter length of 12.
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Figure 3.3. The recursive binary tree subspace partition of 2o = RM by the wavelet

packet basis functions.

3.3.2 Wavelet Packet Transform

Let the subspace decomposition shown in figure 3.6 represent any of the subspace
splits shown in figure 3.3. The individual basis functions in a wavelet packet dictionary

are defined according to the following equations®

L-1
Ps+1,2fp = Z fOU]‘Pa.f,2p+j (3.12)
j=0
L-1
Ps+1,2f+1p = Z fi [j]‘Ps,f,Qp-{»j (3.13)
j=0

where fy is a lowpass FIR. (finite impulse response) filter, and f, represents a highpass
FIR filter. Since the basis functions are defined to be delta functions for the top level
Qo,0, the filters fo and f; together with these formulae define the entire wavelet packet
dictionary. Since the basis functions in Q,; 2f and Q,;; 274 are linear combinations
of basis functions in €, s, this ensures that they are subspaces of (2, . The issues
involved in choosing “good” filters fo; and f, are discussed in section 3.3.3. In this

4Actually, in some cases, the sequences f, and f, are switched to account for aliasing (see sec-
tion 3.3.2.5).
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Figure 3.4. The map to the left of each waveform indicates the scale s and frequency

f of the wavelet packet plotted in the time domain. The position of the wavelet packet

was shifted so that the maz energy is roughly centered.

section it is assumed that the sequences have been chosen to make each of the basis
functions at a given level s orthogonal to one another.

The slow way of computing the wavelet packet transform of a signal & is to pre-
compute each basis function using equations (3.12) and (3.13), and then compute the
coefficient of the projection of  onto each basis function individually using

U fp = P fpE- (3.14)

However, for a signal of length M, there are M log, M wavelet packet basis functions,
and each coefficient requires M multiply-adds, so the complexity of computing the
coefficients in this way is O(M?log M) which becomes formidable for large M. The
following sections describe how to compute all of the wavelet packet coeflicients with
complexity O(M log M). The inverse wavelet packet transform has the same order
of complexity. The fast algorithm described was first proposed by Mallat [77] for the
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Figure 3.5. The map to the left of each waveform indicates the scale s and frequency

f of the wavelet packet plotted in the frequency domain. The waveforms plotted are the
absolute value of the FFT of the time domain wavelet packets plotted from a frequency
of 0 to the Nyquist frequency.

wavelet transform, and was generalized to wavelet packets by Coifman and Wick-
erhauser {21, 130]. The following sections provide an illustrative description of the

algorithm; for rigorous proofs, see Wickerhauser [130].

3.3.2.1 Single Level Forward Transform

The key to the single level forward transform is to relate the coefficients in Q, . of
and Q,41,27+1 to the coefficients in 2, y. Taking the inner product of equations (3.12)
and (3.13) with  and making the change of variables k = 2p + j results directly in

the equations

Qrr2rp = 3 folk — 2ples 1 (3.13)
k
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Figure 3.6. A generic subspace split in the wavelet packet decomposition.
Cariarsip = Y filk — 2plaspx (3.16)
k

If the sequences fy and f; are replaced by ho[j] = fo[—j] and hi[j] = fi[—j], then
the two equations can be interpreted as a convolution followed by downsampling®
(i.e., throwing away every other sample), as shown in figure 3.7, where Hy and H,
are linear FIR filters with impulse responses given by h¢ and h, respectively.

’ll —®— ax*l}fol

(1’ s —t
Ila @ etz

Figure 3.7. Single level forward transform.

3.3.2.2 Single Level Inverse Transform

The key to the single level inverse transform is to relate the coefficients in Q, s to
the coefficients in €,,127 and 2,4, 2¢41- Given a signal z of length M = 2m0  the

5This operation makes ho and h; non-causal, but since the applications in this thesis do not
involve real-time, this is irrelevant. For real time applications, a delay of L — 1 must be incurred by
defining holj] = fo[L —1 —j] and b [j] = AL[L -1 - j].
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projection in each subspace (as defined in section 3.2.6) is given by

2mo-s_y
z’vf = E a’vfaP‘Ps,f,p (3017)
=0
omo—-s—1 _ |
z’+1’2f = Z a’+112f!p¢5+1,2f,p (3'18)
p=0
mO—s—1_
Tot1,2f+1 = Z Cst1,2f+1,p¥s f,p (3.19)
p=0
where
ik = (Pijp T) = <P;'I:,',k3—‘- (3.20)

Since the basis functions on any level s are chosen to be orthogonal, the expression
Ty f = Tor12f T Toi1,2f+1 (3.21)

is an orthogonal decompaosition of &, s, as described in section 3.2.6 and is uniquely
defined. Substituting equation (3.12) in equation (3.18), equation (3.13) in equa-
tion (3.19), and equations (3.17), equation (3.18) and equation (3.19) in equation (3.21),
and finally taking inner products on both sides with ¢, ;, yields with some algebraic

manipulation
Qs.fp = Z folp — 2k]as i1 27k + Z filp = 2k]as1,27+1,k- (3.22)
k k

This equation can be interpreted as upsampling of the two coefficient sequences
(i.e., inserting zeros between each of the samples) followed by convolution and sum-
mation, as shown in figure 3.8, where Fy and F) are linear FIR filters with impulse

responses given by f; and f, respectively.

3.3.2.3 Finite Length Signals

The forward transform shown in figure 3.7, and the inverse transform shown in fig-
ure 3.8 are valid for both infinite length signals and finite length signals. For finite
length signals, the convolution operation is simply replaced with circular convolution,
which imposes a periodicity on the signal. There are of course other ways to deal
with finite length signals, such as



3. Wavelet Packet Essentials 71

a.rol.Zf#l @ Fl
a‘ Y
ar#l.zf @ Fa

Figure 3.8. Single level inverse transform.

zero padding - the ends of the signal are padded with zeros, and the convolution
operator extends past the edge of the signal. In this case, the number of coef-
ficients at a given scale of the transform becomes larger as the scale increases.

Wickerhauser calls this the aperiodic wavelet packet transform [130]

symmetric extension - the ends of the signal are extended symmetrically, so the
transform can be computed simply by using data addressing rather than phys-
ically extending the signal. Strang describes this type of extension in detail
[121].

filter modification - regular convolution filtering is replaced with special edge-filter
matrices near the edges of the signal which define wavelets on the interval. This
algorithm was developed by Cohen, Daubechies and Vial [18] for the wavelet
transform, and could be extended to the wavelet packet transform.

Although there may be advantages to some of these other methods of dealing with
finite length signals, the periodic extension is by far the most common technique used
in the literature, and thus was adopted for the work in this thesis.

3.3.2.4 Mul'ti-Level Wavelet Packet Transform

Armed with the knowledge of how to compute the coefficients at a larger scale
given coefficients at a smaller scale (i.e., the single level forward transform in sec-
tion 3.3.2.1), and the fact that on the first level, the basis functions are delta functions
(i.e., the coefficients ago, are simply given by the signal values ), the multi-level
wavelet packet transform can be computed by iterating the single level transform in
a binary tree, as shown in figure 3.9. The wavelet packet transform is very general,
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as the wavelet transform and the cosine-like transform are special cases of it. The
inverse multi-level wavelet packet transform is simply the mirror image of the forward
transform (with the H filters replaced by F filters).

L0~ -0~

- -0
oo oSS

ﬂ‘g::'. -&3-0~

1

(a) (b) (c)

Figure 3.9. Various three level wavelet packet transforms: (a) the full tree which is
similar to a windowed cosine transform, (b) the wavelet transform, which iterates on

the lowpass pass filter only, and (c) an arbitrary wavelet packet transform.

3.3.2.5 Accounting for Aliasing

The wavelet transform iteratively splits the lowpass subspace in half and leaves the
highpass subspace, which defines an octave resolution frequency decomposition. The
wavelet packet transform iteratively splits the frequency domain of both the lowpass
and highpass subspaces in half. On the first level of the decomposition, the signal @
is split into a lowpass channel and highpass channel. They are both downsampled,
which poses no problem for the lowpass channel, but causes the highpass channel to be
aliased into the baseband. Therefore, the highest frequency components in the signal
appear as the lowest frequency components of the downsampled highpass channel.
When the highpass channel is split again at the second level of the decomposition,
the frequency components in the lowpass channel actually have higher frequency
components of z than the highpass channel!

If the single level forward transform shown in figure 3.7 is cascaded into the multi-
level wavelet packet transform with Hy always on the bottom, then this is called the
‘natural’ order. Let the bin number indicate the position in the tree at a given level,
which increases from bottom to top; so the bin that has iteratively been operated
on by Hy is bin 0. The center frequency of the basis functions corresponding to
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each of the bins does not increase monotonically with bin number. Wickerhauser
[130] proved that the permutations of the bins that gives a monotonic increase of the
center frequency of the basis functions is given by the inverse gray code. Therefore, the
multi-level wavelet packet transform consists of first filtering using a binary tree with
identical single level forward transforms, as shown in figure 3.7, followed by an inverse
gray code permutation applied to each level of the binary tree. The inverse multi-level
wavelet packet transform consists of first applying a gray code permutation to each
level of the binary tree, followed by inverse filtering in a binary tree with identical
single level inverse transforms as shown in figure 3.8.

3.3.3 Choosing Filter Coefficients

The filters and the filter structure that are used to define wavelets and wavelet packets
have actually been around for more than two decades as they were first used by
the sub-band coding community to define perfect reconstruction (PR) filterbanks
[40, 116, 117]. A lot of excitement about wavelets in this past decade was due to
the connection that was discovered by Daubechies [30] between PR filter banks and
the continuous time basis functions that are a result of iterative applications of the
filters [30] (also see Daubechies [31] for an interesting perspective on the origins of
wavelets). This fueled an incredible amount of research which extended the concepts
of wavelets in many directions, but the fundamental research is always focussed on
the definition of good filters.

The filters contain all the information about the wavelet and wavelet packet basis
functions they produce. For example, if the filters hq and h; are orthogonal to one
another, then this automatically implies that the subspaces on any level of the wavelet
packet decomposition are orthogonal to one another (see Wickerhauser [130] for a
proof). Also, the more zeros that the frequency response of the lowpass filter has at
w = 7, the smoother the resulting wavelet packets will be. The multiplicity of the
zeros at 7 is referred to as the number of vanishing moments of the wavelet.

PR filters were originally termed quadrature mirror filters (QMFs) since the fre-
quency response of the lowpass filter hg is the mirror image about /2 of the frequency
response of the highpass filter h,. Today, PR filters are defined according to many cri-
teria such as orthogonal, biorthogonal, FIR, IIR, the number of vanishing moments
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etc. Rather than go into the design criteria for PR filters (which are already well
described by Strang and Nguyen [121]) or try to justify one set of PR filters over
another, the Coiflet filters were adopted for the applications in this thesis since they
have been used by other authors for wavelet packet feature extraction [108].

The Coiflet filters and the corresponding wavelet and scaling function are defined
by Daubechies [30]. They are designed to have the maximum number of vanishing mo-
ments for a given support width in both the lowpass and highpass filter. The Coiflet
filters are defined for several different orders N, for which the number of vanishing
moments is given by 2N and the filter length is given by 6 N. The order used for the
applications in this thesis was N = 2. As seen in figure 3.4, the Coiflet wavelet pack-
ets show approximate symmetry. Perfect symmetry is not possible, since Daubechies
[30] proved that wavelets cannot be both perfectly symmetrical and orthogonal (with
the exception of the Haar wavelet which also goes by the name Daubechies 2).

3.3.4 Optimization of Over-Complete Dictionaries

Signal compression has been one of the most common applications of wavelets and
wavelet packets. The algorithms presented in this section represent dictionary opti-
mization techniques that have been used for many signal compression problems. The
transformation of these algorithms to a form that is suitable for discriminant feature
extraction is presented in chapter 4.

In general, the goal of signal compression is to represent a signal = of length M
with an approximation & which is coded with as few bits as possible, while maintaining
the fidelity of the signal. The fidelity of the approximation is usually measured with
respect to the 2-norm || — Z||, where the fidelity of & is considered higher for lower
values of || — &||. Other fidelity measures are also possible such as the 1-norm [14],
or measures based on perceptual quality [128].

The transform coding approach to this problem is to express the signal as a linear
combination of basis functions

z = Pa, (3.23)

where ® contains the basis functions as columns, and a is the coefficient vector of
the expansion. The basis functions should be chosen so that most of the energy of the
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signal x is contained in relatively few coefficients. In this way, all coefficients below a
given threshold can be discarded and the signal representation is compressed. Given
an over-complete dictionary D of basis functions, the solution to equation (3.23) is
not unique, so some method of selecting the “best” basis functions from the dictionary
must be developed. Two such methods are described here®, both of which have been
generalized to solve the feature extraction problem for classification purposes, as
described in chapter 4.

3.3.4.1 Best Basis Algorithm

This algorithm was first presented by Coifman and Wickerhauser [21], but a more
detailed description is given by Wickerhauser [130]. Given a single signal of length
M = 2™0 the best basis algorithm selects a complete orthogonal bases from an
over-complete wavelet packet dictionary that optimizes a criterion J. For signal
compression, the criterion J should measure concentration of energy in the coefficients
of expansion given in equation (3.23). An example is given by the Shannon entropy

criterion’
M 1
of
Js(a) & E la;|? log, PER (3.24)
i=1 t

This criterion is minimized in order to maximize the concentration of energy in the
coefficients a. Other criteria are also possible [130], but are not discussed here.

Let B, ; denote a matrix of orthogonal basis functions (arranged as columns)
belonging to the subspace €2, /, such that the orthogonal projection of a signal =
onto these basis functions is given by e, ; = BT ;. Let A, ; represent the best basis
for the signal « restricted to the span of B, ;. The best basis algorithm prunes the
full wavelet packet tree to select the best basis by comparing the criterion function
of each parent node to its two children as shown in algorithm 1.

6A third method called Basis Pursuit [14, 15] has also been developed, but is not discussed
here since this method has not yet been generalized from the signal compression problem to the

discrimination problem.
"This criterion is not identical to Shannon’s entropy since the elements |a;|?> do not form a valid

pdf. However, normalizing each element by ||a|{? causes the criterion to be non-additive, which
destroys the efficiency of the algorithm. Therefore, Js is adopted as an approximation of Shannon’s
entropy [130].
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Algorithm 1 Best Basis [Coifinan and Wickerhauser]

Given: a signal z, a dictionary D of wavelet packet basis functions down to scale
S, and a criterion function J,

step 1: Begin at scale S and set As; = Bgsy for f =0,1,...,25 — L.

step 2: Determine the best subspace A,y iteratively for s =S5—-1,5-2,...,0 and
f=0,1,...,2° — 1 using

Ags= B, ¢ if J(B;I:f-"’) < J(Ar+l,2fz U AI+1,2/+1"3)1
s,.f —
Ass1,2f © Agi1 2741 Otherwise,
(3.25)
to minimize the criterion J, and
4 _ B,,f if J(B;I:f:l:) Z J(A;I;_l’zf:l: U AZ‘+1,2!+13),
e f =
Asi12f ® Ast12741  otherwise,
(3.26)

to maximize the criterion J.
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Assuming that the full wavelet packet tree of coefficients o, s, have been pre-
computed using the fast transform described in section 3.3.2, the criterion J has been
computed for each subspace €2, ; (this is usually called the statistic tree), and the
criterion is additive (i.e., J(ay + az) = J(a1) + J(az)) then the complexity of this
search algorithm is very low (i.e., O(M)). The computational advantage of using an

additive criterion is evident since
-I(A,T+1,z;== U A,T+1,2f+1==) = J(A3~+l,2fz) + J(A7 127 41%): (3.27)

so the computation of the criterion of the union of the coefficients from two disjoint
subspaces can be computed by simple addition of the criterion of the coefficients from
the individual subspaces.

When the algorithm is complete, Aqp contains the best basis of the signal z
restricted to the span of Bgg = RM. The algorithm always chooses a complete
orthogonal set of M basis functions defined by a set of disjoint subspaces 2, s spanned
by 2™0-* basis functions each. The criterion J is globally optimized over the subspaces
of the wavelet packet decomposition. This algorithm can also be applied to cosine

packet decompositions [130].

3.3.4.2 Matching Pursuits

The matching pursuits algorithm was first proposed by Mallat and Zhang [79]. It is
a greedy algorithm that chooses at each iteration a waveform from a dictionary D
that is best adapted to approximate part of the signal, as shown in algorithm 2.

The matching pursuits algorithm returns a structure book {a;, 73’}?:1 which con-
tains the coefficient of projection and the index of the basis function for each stage
of the algorithm. An approximation of the signal can be obtained through the lin-
ear expansion £ = $a, where & = [‘P‘n Py - ..<p.,k], and a = [0z ...ak]T. The
matching pursuits algorithm described in algorithm 2 does not return the optimal
coeflicient vector a in the least squares sense (i.e., || — &|| is not minimized). The
optimal coefficient vector is given by Qg = (®T®)~'®Tz, which is only equal to a
if the the basis functions in @ are orthogonal, which is rarely the case. The algorithm
that minimizes || — &|| is called matching pursuits with backfitting [79], since the
coeflicients are recomputed at each stage of the algorithm (i.e., the signal is backfitted
to the collection of basis functions). This algorithm is described in algorithm 3.
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Algorithm 2 Matching Pursuits [Mallat and Zhang]

Given: the following quantities
e a single signal .
e a dictionary D = {¢, |y € A}.
step 1: initialize the following variables
e set the signal approximation to zero sq = 0.
e set the residual to be equal to the signal ro = z.
e set the counter £ = 1.

step 2: select an index y = argmax(ri_,, ¥.,)
TeEA

step 3: perform the following operations
e set the projection coefficient ay = (Tie_1,¥,,)-
e set the signal approximation 8; = 8x_ + ax¥,,-
e set the residual ry = = — 8.

step 4: If the stop condition is reached then quit and return the structure book
{0,7j}5=1, else set k = k + 1 and goto step 2.
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Algorithm 3 Matching Pursuits with Backfitting [Mallat and Zhang]

Given: the following quantities
e a single signal =.
e a dictionary D = {¢,|y € A}.
step 1: initialize the following variables
e set the signal approximation to zero 8, = 0.
e set the residual to be equal to the signal ry = .
e set the bases matrix to be empty &, = [0].
e set the counter k£ = 1.

step 2: select an index v, = argmax(ri_,¢,,)
TREA

step 3: perform the following operations
e update the bases matrix ® = [®r_1p;]-

e update the coefficient matrix
H, = (®7®,) '&T. (3.28)

e compute all the projection coefficients a = Hx.
e set the signal approximation 8; = ®;a.
e set the residual ry = z — 8.
step 4: If the stop condition is reached then quit and return the structure book
{o, 75} 5=, else set k = k + 1 and goto step 2.
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The algorithm is very general in that D can contain any kind of basis functions,
and the algorithm stop condition can be set so that the algorithm terminates when
a fixed number of basis functions are chosen, a fixed percentage of the total energy
is contained in the signal approximation, or some other criterion. Mallat and Zhang
focus on basis functions that have time-frequency localization; they term these basis
functions time-frequency atoms. For a wavelet packet dictionary, the algorithm is
very efficient since the correlation of the residual with each of the basis functions in
the dictionary can be computed using the fast transform described in section 3.3.2.
Mallat and Zhang compare this algorithm to the best basis algorithm of Coifman and
Wickerhauser (see section 3.3.4.1); they find that matching pursuits can represent
the significant parts of a signal with fewer basis functions when the signal is highly
non-stationary. This is to be expected since the best basis algorithm does a global
optimization over the whole signal, and is thus best suited for stationary signals.

3.4 Summary

This chapter presented the required background material on wavelet packet signal
processing which is used in the discriminant dictionary projection algorithm devel-
oped in the next chapter. Although the details of the wavelet packet transform where
presented in this chapter, it is not necessary to understand all these details to un-
derstand the discriminant dictionary projection pursuit algorithm. The important
concept to take away is that the wavelet packet basis functions are localized in time
and frequency, and the projections on the whole dictionary can be computed with
complexity O(M log M) where M is the dimensionality of the signal. In a similar
manner, it is not necessary to understand the details of the FFT algorithm which
computes the Fourier coefficients with complexity O(M log M) (actually few people
do) in order to take advantage of the FFT.

The optimization algorithms presented in the last section are the core algorithms
that are used in many signal compression applications of wavelet packets. The trans-
formation of these algorithms into a form that is suitable for the discriminant feature
exctraction problem is discussed in the next chapter. With this background infor-

mation in hand, it is now time to get to the core contribtuion of this thesis - the
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dictionary projection pursuit algorithm.
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Chapter 4

Adapted Wavelet Packet Feature

Extraction

4.1 Introduction

Most applications of wavelets and wavelet packets such as signal compression [114], de-
noising [36), and singularity detection [78] are designed to work with a single signal z.
This differs significantly from the wavelet packet algorithms discussed in this chapter,
which deal with an ensemble of signals X*) = {zgk)}f":(f ' from a multitude of classes
{w®}K_ | where the goal is to find the features in the signals that best discriminate
between the classes.

The main emphasis of this chapter is to develop the dictionary projection pursuit
algorithm which is a powerful and efficient technique for solving multivariate estima-
tion problems. This algorithm can be thought of as a fast approximate version of
the projection pursuit algorithm [61] which is applicable when the vectors are sam-
ples from an underlying continuous waveformm. The discriminant form of dictionary
projection pursuit can be used to extract features for pattern recognition purposes.

This chapter starts with a review of notation and terminology (section 4.2), and
then gives a review of waveform feature extraction methods (section 4.3). The next
section introduces the dictionary projection pursuit algorithm (section 4.4), which
is then applied to the problem of finding the maximum directions of variance in a
dataset (i.e., approximation of the Karhunen-Loéve Transform) in section 4.5, and
as a feature extractor for the discrimination problem in section 4.6. This chapter
concludes with a description of the feature extraction algorithms that are used in the

classification experiments of chapters 5 and 6 (section 4.7).
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4.2 Notation and Terminology

4.2.1 Class Notation w®

Given a set of labelled data £ = {(&;, %)}, having K classes y; € {w®}[ |, the

patterns z; € RM belonging to class y; = w®) will be denoted as X*) = {® ¥

When any of the quantities defined below apply to the vectors &(*) from class w(¥),

then the corresponding symbol is superscripted with (k).

4.2.2 Statistics

Let an ensemble of signals X = {x;}¥, € Q C RM be represented in matrix form as
X =[3122...2N] ERMXN. (41)

Let 15 be a column vector of length N, such that the mean of the ensemble is defined
by

N
pEN'X1y=N"! Zx,—, (4.2)
i=1
the correlation matrix of the ensemble is defined as!
N
QEN'XX"T=N"Y . (4.3)
i=1
and the covariance matrix of the ensemble is defined as®
N
SEQ-puT =N Y (@i~ p)(zi— m)" (4.4)
i=1
These all represent the plug-in estimates (which, assuming a Normal distribution, are
maximum likelihood estimates) for the corresponding theoretical variables, £ { X } ~
- - - - -~ T -
w E{XX"} ~ Q, E{XX"} - E{X}E{X} ~ =, where X within the
expectation is a random vector. The statistics corresponding to individual classes

will be denoted as u*), Q*), and T*).

IThis definition is a deviation from the multivariate statistics literature, where the correlation

matrix usually means the matrix of correlation coeflicients.
20ften the covariance estimate is scaled by a factor N/(N — 1) to remove bias.
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4.2.3 Maps I'(y)

Given a dictionary D = {¢, |7 € A}, the coefficient of projection ., for each member

of the ensemble X can be computed as cp.”; z;. Let a map element ['(y) be defined to be

a scalar function of the projection coefficients <p?;a:,- such that the map I' represents

the value of the scalar function for all basis functions in the dictionary. It is also

possible to define a vector map over the basis functions which will be denoted as

I’(7), which defines a vector of values associated with a given basis function ¢,.
The coefficient map for a vector z; is defined as

L.(7) & T, (4.5)
the mean map is defined as
N
L) Eelu=N") ¢z, (4.6)
i=1
the energy map?
N
To(7) € 07Qp, = N7 Y (¢Tz:)?, (4.7)
=1
the variance map is defined as
x(7) € @7Z¢, = To(7) — LX(7), (4.8)

and the criterion map is defined as
Li(7) & J(e7X), (4.9)

where X contains the vectors from an ensemble X as columns, and J is a criterion
function (see section 4.6.1). Other maps such as the weight map I, will be defined
with appropriate subscripts later in this chapter. As usual, maps corresponding to a
specific class are superscripted as ['(¥),

Maps are a convenient way to summarize operations that have been performed

for each basis function. They can also be used to represent operations that are to

3It seems more reasonable to call this the correlation map, but since it was called the energy map
by both Saito [108] and Learned and Willsky [71], this convention will be retained.
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be performed identically for all basis functions in the dictionary D. For example,
the statement [?(-y) means that the mean value corresponding to each basis function
should be squared, and the statement [,(v)I,(v) indicates the element-wise multi-
plication of the weights for each basis function with the criterion function for each
basis function.

Although, a map can be defined for any dictionary of basis functions, this thesis
will only deal with wavelet packet dictionaries with the Coiflet order 2 filtes, which
for a signal of length M = 2™° are indexed by

D = {p,l7 € A}, (4.10)

where A = (s, f,p),s € {0,1,...,S},f € {0,1,...,2°—1}, and p€ {0,1,...,2m0~9—
1}. The coefficient of projection a, for each member of the ensemble X can be
computed for each basis in the dictionary using the fast transform described in sec-
tion 3.3.2. However, the projection coefficients will still be written as <p:z,-. It is
useful, but not essential to organize the elements of a wavelet packet map according
to the scheme defined in section 3.3.1, which allows each map to be displayed as an

image map with familiar structure.

4.3 Waveform Feature Extraction

The advantages of reducing the dimensionality of the feature space for pattern recog-
nition purposes was discussed in section 2.2.5. The general problem of choosing a
subset of features from a larger set of possible features has been well documented by
Devijver and Kittler {34]. They divide the problem into two groups which they term
feature selection and feature extraction®. Feature selection is the process of choosing
a subset of features from the non-transformed feature space. This is the appropriate
technique to use when the cost of acquiring each measurement in the feature vector
is high. Feature extraction is the process of choosing a subset of features from a
transformed feature space. This is the appropriate technique to use if the informa-
tion in the feature space is distributed among the features in a correlated manner
and the cost of acquiring each feature is insignificant. The transformation is usually

4Feature extraction is also called feature reduction by some authors {123].
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taken to be linear, but non-linear techniques have also been proposed such as the
self-organizing maps [68] and neural networks (62, 63].

For sampled waveform datasets (e.g. acoustic spectra), linear feature extraction
is an effective method of selecting features. It consists of finding basis functions
& such that the coefficients of projection & = ®7z can be used as features for a
pattern recognition system. Ideally, basis functions should be chosen to minimize the
classification error of a pattern recognition system, but since this is a hard criterion
to optimize due to its non-linearity, basis functions are generally chosen to optimize
some discriminant criterion J (see section 4.6.1).

The following two sections describe methods for finding basis functions for wave-
form feature extraction by optimizing a criterion function. The first section focusses
on continuous optimization techniques where the directions or basis functions of the
projection can take on values from a continuum. The second section focusses on much
more efficient dictionary optimization techniques which only use a finite number of

directions or basis functions in the pursuit of good projections.

4.3.1 Continuous Optimization

One of the most popular methods of finding basis functions for linear feature ex-
traction is to find the directions of maximum variance in the dataset, subject to
orthogonality constraints. The criterion function to be maximized is then given as
J(p) = ¢T ¢, subject to the constraint that every basis function chosen must be
orthogonal to the previously selected basis functions. The solution to this particular
problem is given by the eigenvectors of the covariance matrix ¥ corresponding to
the largest eigenvalues, which is known as the Karhunen-Loéve transform (KLT) in
the pattern recognition community [34], and as principal component analysis (PCA)
in the statistical community [43]. This method of selecting features for a dataset is
probably the most commonly used method in pattern recognition [34, 123], which
works very well if the variance in the dataset is due to between-class scatter rather
than within-class scatter and the number of classes is small. See algorithm 5 for a
more thorough description of the KLT algorithm.
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Another popular criterion to maximize is Fisher’s criterion [38]

18TE s B

J(®) = =21
(®) BT Ew ®|

(4.11)

where £ g and ¥y are the between-class and within-class covariance of the data set
respectively (see section 2.2.4.4 for more details), and & contains the basis func-
tions of the projection subspace as columns. The solution to this problem is given
by the generalized eigenvectors of the ordered pair (Xg, ¥y ) corresponding to the
largest generalized eigenvalues. This method of selecting features for a dataset works
well in general, but low variance noisy subspaces ¢ = spa.n{ti’} can sometimes foil
this method when the sample size N is small since [‘iTEw(il can be smaller than
]@TE p®| by random chance giving the noisy subspace a high criterion value.

Subspace methods of pattern recognition [91] offer another alternative for extract-
ing waveform features. In this method, features are extracted for each class individ-
ually by maximizing the criterion function J®) = @TQ®) ¢ subject to the constraint
that every basis function chosen must be orthogonal to the previously selected basis
functions; this method finds the bases that contain the maximum energy for a given
class. The solution to this problem is given by the eigenvectors of the class correlation
matrix Q) that correspond to the largest eigenvalues.

Projection pursuit (PP) is yet another technique for linear feature extraction.
The concept was first propcsed by Kruskal [69], but was named and elaborated on by
Friedman and Tukey [48] as a method for exploratory data analysis. The concepts
were extended to encompass regression problems [47] and eventually discrimination
problems [61]. The idea behind the method is to find low dimensional projections of
high dimensional multivariate data that optimize a projection criterion via numerical
optimization. By varying the projection criterion, the same algorithm can be used
for exploratory data analysis, regression, and feature extraction [61]. Although, the
algorithm can be applied to data with dimension M, to find subspaces of arbitrary
dimension p < M, the optimization process becomes prohibitively expensive when
p > 2 and M is large. For this reason, a greedy approach is often used where good
one dimensional projections are found in an iterative fashion. After a given projection
is selected, then the structure found in that projection is removed from the dataset

before the next projection is searched for.
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The only draw back of this algorithm 1is its computational complexity, which be-
comes formidable for large M since numerical optimization must be used. All of
the eigenanalysis optimization problems discussed above can be solved by PP, albeit
with higher computational cost. The advantage of this algorithm is that almost any
criterion function can be optimized whereas eigenanalysis is restricted to optimizing
a small class of criterion functions. Therefore robust versions of finding the KL basis
functions can be formulated [61], and criterion functions such as Fisher’s criterion
can be modified to overcome their shortcomings in the small sample size domain (see
section 4.6.1.2). The dictionary projection pursuit algorithm developed in section 4.4
can be thought of as a fast approximate form of PP which is applicabale when the
feature vector consists of samples of an underlying continuous waveform or image.

The first three criteria mentioned in this section all have closed form solutions
based on eigenanalysis of a correlation matrix or covariance matrix. Other criterion
functions such as those proposed by Kullback [70] and those compiled by Devijver
and Kittler {34] must be optimized using a continuous optimization procedure such
as the projection pursuit algorithm, which is very computationally expensive. In all
cases, the basis functions are chosen continuously from all possible basis functions
in the input space. An alternative to this continuous optimization is to use dictio-
nary optimization which is computationally efficient and returns easily interpretable

results.

4.3.2 Dictionary Optimization

Dictionary methods of selecting basis functions for waveform feature extraction dis-
miss the utopian goal of finding the best basis functions from the infinitely many
possible basis functions, and instead try to find the best basis functions from a finite
dictionary D = {¢, |y € A}. The dictionary is generally chosen to be over-complete
with basis functions that are interpretable (i.e., have specific well defined character-
istics) and are well adapted to the problem. For waveform feature extraction and in
particular for spectral feature extraction, time-frequency dictionaries are especially
useful, such as the Gabor dictionary [79], wavelet packet dictionaries [21, 130}, and
cosine packet dictionaries [130].

Learned and Willsky [71] developed a methodology for classifying transient sonar
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signals using a wavelet packet dictionary to select features. They use the energy map
(equation (4.7)) of each class averaged over a bin (i.e., each bin represents a subspace
€2, ; that has fixed scale s and frequency f and a range of positions p) to look for
the basis functions that focus the energy of the class the most. They use the singular
value decomposition (SVD) of the bin energy map to show that each class is well
represented by a single average bin energy map. This is done by showing that the
ratio of the second largest and largest singular values is very small. They compensate
for ambient ocean noise and select bin energies by eye that separate the classes. Using
a nearest neighbour and neural network classifier, they obtain classification results
with less than 5 % error rate. While this approach is interesting and demonstrates
the power of a wavelet packet dictionary, it requires a lot of manual analysis of the
data in order to choose the best features. Ultimately, a more automated approach is
desired.

Saito and Coifman {108, 109, 110] have developed an algorithm for extracting
waveform features which they call local discriminant bases (LDB). They use the
power of the best basis algorithm (see section 3.3.4.1) to automatically select basis
functions from a wavelet packet or cosine packet dictionary. They use the energy map
(equation (4.7)) of each class Fg‘) (7) to compute a discriminant value for each basis
function (see section 4.6.1). The sum of the discriminant value over a subspace 2, s
is used to produce a statistic tree, and the best basis algorithm is used to maximize
the discriminant measure over all possible subspaces. This algorithm works very well
in general, but since it uses subspace optimization, if a good feature exists in a parent
subspace and a child subspace, then the algorithm must choose one subspace over the
other even if the two features are orthogonal to one another. The best basis algorithm
forms an orthogonal bases for the signal which is important for signal compression
(which the algorithm was originally designed for) but has questionable significance
when trying to choose only a few features for discrimination.

Buckheit and Donoho ({13] have developed a dictionary method for extracting
waveform features that they call discriminant pursuit (DP). Their algorithm gener-
alizes the matching pursuits algorithm [79] and is specifically designed to be used
with Fisher’s LDA classifier (see section 2.2.4.4). They suggest that the main reason
that Fisher’s LDA fails in the neo-classical setting (i.e., small sample size N and
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large dimension M) is due to noise in the empirical mean differences. They apply
the matching pursuits (MP) algorithm (see section 3.3.4.2) to the difference between
class means (contrasts) in order to search for discriminant features.

However, they essentially ignore the estimate of the within-class covariance Xy
in their analysis except in a weighted version of their algorithm that performs a
rescaling on the contrasts by £} before applying the MP algorithm. This is a
questionable operation since in the neo-classical setting, where N is often less than
M, the estimated within-class covariance is guaranteed to be singular since the N
samples can span at most a subspace of dimension V — 1 [43]. The poor performance
of the weighted version of their algorithm in the neo-classical setting is demonstrated
with synthetic data in chapter 5 and with recorded data in chapter 6.

In summary, the best basis algorithm is able to optimize different criterion function
over a wavelet packet or cosine packet dictionary, which allowed Saito and Coifman
to extract features by optimizing discriminant criterion functions. The matching pur-
suits algorithm is focussed on optimizing correlations with a single signal, so Buckheit
and Donoho used this algorithm to extract features by optimizing correlations with
the class mean differences. Since the best basis algorithm is only subspace optimal
(i.e., it optimizes over subspaces rather than individual basis functions) and is lim-
ited to optimizing a restricted class of criterion functions (see section 4.6.1), it would
be advantageous to develop a dictionary algorithm for optimizing a general criterion

function over individual basis functions as described in the next section.

4.4 Dictionary Projection Pursuit

Dictionary projection pursuit is a fast approximate projection pursuit algorithm that
iteratively finds basis functions from a dictionary D that optimizes a projection crite-
rion J subject to approximate orthogonality conditions. The algorithm chooses bases
from the dictionary, and then uses a Gram-Schmidt like orthogonalization process
[91, 118] to ensure that the basis functions returned by the algorithm are orthogonal
to one another. These basis functions, when aligned as columns of a matrix A, form
an orthogonal bases for a subspace © = span{A} which is said to be the criterion
optimized subspace. For wavelet packet or cosine packet dictionaries, the algorithm
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is fast with complexity O(M M log M), where M is the dimensionality of the input
space and M is the number of basis functions in the selected subspace A. The algo-
rithm can be applied to problems such as finding approximate Karhunen-Loéve basis
functions (section 4.5), finding a discriminant subspace for pattern recognition tasks
(section 4.6), and for many other tasks simply by changing the projection criterion

index.

4.4.1 Dictionary Projection Pursuit Algorithm

Given a dictionary P = {¢,|y € A}, and an ensemble of vectors X = {z;}/L, with
x; € RM, dictionary projection pursuit iteratively selects basis functions from D
which optimize a projection criterion function J (¢p?;X ) subject to approximate or-
thogonality constraints, where X contains the vectors in X" as columns. The criterion
function for a particular basis ¢., is a scalar function of the projection coefficients of
the vectors in X on that basis function. Evaluating the criterion function for each
basis in the dictionary results in the criterion map [, (), as defined in equation (4.9)
which remains unchanged throughout the algorithm.

Thinking of each basis function as a direction vector in RM, then it is assumed that
the criterion function varies smoothly as a function of direction. That is, if a basis
function is given a small perturbation, @, = ¢, + d¢,, then the criterion function
should also experience a small perturbation J(@TX) = J(¢TX) + 6J(¢7X). This
is a valid assumption for almost all useful criterion functions which helps justify the
weighting scheme that is used in this algorithm.

The dictionary projection pursuit algorithm is described formally in algorithm 4.
It is an iterative greedy optimization algorithm such that at stage k, it chooses the
optimal basis function index v; based on maximizing or minimizing the product of
the criterion map I, () and a weight map from the last iteration I, () (step 2). The
weight map is a measure of the linear independence of the dictionary basis function
from the subspace of previously selected basis functions = span{A}. One of
the factors that makes this algorithm fast is that the criterion map I[,(y) is not
recomputed at each stage of the algorithm; it is simply modified by the weight map.
The criterion map [,(y) is assumed to be pre-computed and is only modified in step
1.1 and 1.2 where it is inverted for minimization and made strictly positive so that
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the weight map properly scales the criterion map in step 2.

Let P and P* be the projection matrices for 2 = span{A} and its residual
orthogonal complement Q2+ respectively. Then @,. = Py, is the projection of
#., (i.e., the dictionary basis function selected at the k** step) on €2, which can be
computed efficiently as ¢, = Alq () (step 3) since I'y () stores as a column vector
the coefficients of projection for ¢, on the previously selected basis functions in 2 =
span{A}. The residual orthogonal projection ., = P, is then easily computed
as @, = p,, — @, (step 3). The residual projection is normalized ax = @, /[|®,, |l
and added to the set of previously selected basis functions A = [A, a;] (step 4),
which ensures that the bases describing the selected subspace are always orthogonal
and normalized. This step is similar to applying Gram-Schmidt orthogonalization to
a set of basis functions [91, 118].

Due to the orthogonality of the vectors in A, the coefficients of projection of the
dictionary basis functions on the subspace 2 = spa.n{A} can be computed indepen-
dently for each vector in A. So the next element in [q(7) can be computed as <p:’;ak
(step 6) for each basis function in the dictionary. This is the most computationally
intensive step in the algorithm, but if the dictionary is a wavelet packet dictionary
(section 3.3.2) or a cosine packet dictionary [130], then a fast algorithm can be em-
ployed that requires O(M log M) operations. Therefore, if M basis functions are
selected, then the entire search algorithm has complexity of roughly O(MM log M).

Each basis function in the dictionary can be orthogonally decomposed as ., =
@, + @,, which splits ., into a piece ¢, which is in the subspace 2 = span{A}
defined by the previously selected basis functions and ¢, which is in the residual
subspace 2. The norm map [z 2(7) stores the squared norm of ., for each basis
function in the dictionary. Since the vectors in A are orthonormal, the squared norm
of @ is given by [1@,|* = [| Ti_i (¥7as)asli* = X5, (#]a:)*. Therefore, the norm
map can be updated as [g2(7) = Gigpz(7) + (¢Tax)? (step 7), where (¢Tar)? was
previously computed for the coefficient vector map. Due to Pythagoras’ theorem, the
norm in the selected and residual subspace satisfy ||, > = ||@,[[2+[|®,[|> = 1, so the
norm map for the residual subspace can easily be computed as [jj,2(7) = 1—Tjjgi2(7)-
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The weight for each basis ., at stage k is computed as

Lw(7) = f(Dieiz (7)) (4.12)
=f (1 - () - (4.13)

That is, the weight for a basis ¢, is a function of the norm of its projection in the
residual subspace. For our purposes, the function was defined as f(z) = z, but
using other functional forms such as f(z) = z? or f(z) = z!/2 causes the algorithm to
penalize basis functions more and less respectively for their lack of linear independence
from €2. Notice that if a basis function ¢, is orthogonal to €2, then [|@,[| = 1, and the
weight is given as one. When ¢, is in the subspace 2, then ||@, || = 0, and the weight
is zero. For intermediate positions, the weight takes on values between zero and one.
In this way, the next basis function is always chosen to be linearly independent of €.
It should be clear that the weight function for a given basis function is a monotonically
decreasing function of k.

All eigenanalysis continuous optimization problems have a criterion function that
must be optimized subject to orthogonality constraints (see section 4.3.1). Dictionary
projection pursuit offers an alternative dictionary optimization algorithm for these
problems which is computationally more efficient. Since there are only a finite number
of basis functions in the dictionary, strict orthogonality is not imposed at each stage;
instead basis functions are penalized for their lack of independence from the subspace
of previously selected basis functions. However, the basis functions returned by the
algorithm A which define the selected subspace 2 are orthogonal. In addition, this
algorithm can be used to optimize criterion functions that previously could only be
optimized by the very computationally intensive PP algorithm. However, in both
cases, this algorithm is best suited to problems where the vectors are defined as
samples of a continuous waveform or image. Examples of applying this algorithm to
different problems are studied in the following sections.

Remark: It should be noted that there is a subtle but important difference
between the types of criterion functions that the dictionary projection pursuit and
best basis algorithm (section 3.3.4.1) can optimize. The best basis algorithm is a
zlobal optimization technique that seeks to extremize a criterion function over a
complete bases. The type of criterion functions that are optimized are those that
describe the distribution of criterion values (i.e., the criterion function evaluated for
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Algorithm 4 Dictionary Projection Pursuit

Given: the following quantities
e a dictionary D = {¢,|y € A} with ¢, € RM.
e a criterion map I, (7) = J(¢7 X).
e a scalar function f for the weight map.

step 1: perform the following initialization steps

1. If ‘maximize’ set [,(v) = [, (v)

If ‘minimize’ set [,(y) = —L,(7)
2. set I(7) = [(7) — min, (7).
3. initialize the subspace bases to be empty A = [@].
4. initialize the norm map to be zero [}z 12(v) = 0.
5. initialize the coefficient vector map to be empty Lo (7v) = [0].
6. initialize the weight map to be all ones [, (v) = 1.
7. initialize the counter k = 1.

step 2: select an index v, = argmax[I, (7)[, (7).
vEA

step 3: Compute the projection of the selected basis function on the previously
selected subspace §2 = span{A} using ¢, = Py, = Ala() and on the
residual subspace Q* using @, = P1o,, =@, —@.,.

step 4: Compute the normalized residual a, = @, /||@.,|l, update the selected
subspace bases A = [A,a] and store the structure book elements B, =

{7&: Lo (va), Tw(vee) }-

step 5: If the stop conditions are satisfied, then quit and return the selected sub-
space bases A and structure book B.

step 6: Update the coefficient vector map I'a(v) = [Fa(7), @7 ax]-
step 7: Update the norm map [jg2(7) = Digp2(7) + (T ax)?.
step 8: Update the weight map [, (v) = f(1 — [g (7))-

step 9: Set k = k + 1 and goto step 2.




4. Adapted Wavelet Packet Feature Ertraction 95

each basis function in the selected bases) such as entropy measures. In addition, to
make the algorithm efficient, the criterion function must be additive. The dictionary
projection pursuit algorithm on the other hand is a greedy optimization technique
that does not consider how the criterion function is distributed over a complete bases.
The projection criterion is a function of the projection coefficients of each vector in
the dataset on a single basis. Therefore, the dictionary projection pursuit algorithm is
more flexible than the best basis algorithm in terms of the types of criterion functions
that can be optimized.

4.5 Approximate Karhunen-Loéeve Transform

4.5.1 Karhunen-Loéve Transform

The Karhunen-Loéve (KL) transform is probably one of the best known and exten-
sively used statistical orthogonal transforms that enjoys many optimality properties
as described by Oja [91], Devijver and Kittler [34], and Wickerhauser [130]. The
transform was originally conceived in terms of continuous second-order random pro-
cesses independently by Karhunen and Loéve (see Oja [91] for details). However, when
presented in terms of a discrete time process, the mathematics is identical to prin-
cipal component analysis (PCA), which was introduced to the statistics community
by Hotelling much earlier [60], and is closely related to the well known mathematical
technique of singular value decomposition (SVD) [129, 130].

Given an ensemble of vectors X = {:l:. - Withz;, € Q C RM | the KL transform

is given by
a=®Tg, (4.14)

where & € RM*M contains the orthogonal basis functions ¢; of the KL transform as
columns. The number of basis functions M < M is usually taken to be less than M,
in which case the KL transform represents a compression of data. The signal can be
reconstructed using the KL linear expansion

M
da = Z oTT)P;. (4.13)
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The basis functions ¢, are selected to maximize the criterion function J(¢) = PT T,
subject to the orthogonality constraint @]¢, = 8[j — k] V j,k € {1,2,..., M},
where ¥ is the theoretical covariance matrix of the ensemble X which is usually
approximated using equation (4.4)°. Since ¢] L, gives the variance of the projection
coefficients on the basis function ¢;, the KL basis functions find the directions of
maximum variance in the dataset. The solution is given by the eigenvectors of X
corresponding to the largest eigenvalues®, which also ensures that the covariance
matrix of the projection coefficients is diagonal (i.e., the KL coeflicients are mutually
uncorrelated). The algorithm for computing the basis functions is described more
formally in algorithm 5 and a diagram showing the KL basis functions for an example

with M = 2 is given in figure 4.1.

Figure 4.1. The KL Basis functions @, and @, for this dataset are aligned with
Z, and I, respectively. If £ represents the covariance matriz for the dataset, then
of = [1 0]Z[1 0]T = £y, 03 = [0 1JE[0 1|7 = By, 67 = ] Tepy, and 55 = ] Tep,.
The KL transform mazimizes the projected variance of the dataset along the KL basis

functions. It also minimizes the volume of the variance ellipsoid.

The idea behind using the KL transform for feature extraction in pattern recog-

5Theoretically, the ensemble X should be thought of as a finite realization of a multivariate
random variable X. The theoretical covariance matrix is then computed in terms of expectation
values E {(X - E{X})(X - E{X})T}.

61t is well known that the singular value decomposition (SVD) of the dataset X with its mean
subtracted off will also give the KL basis functions [130].
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nition is to reduce the dimensionality of the feature space by discarding linear combi-
nations of variables that have low variance and using those that have large variance
for classification. This idea works well when there are many low variance subspaces
that contain only noise. However, this method of feature extraction can be foiled
if the high variance directions in the data set are due to within-class variance, and
the differences between the classes are highest in projection on the low variance sub-
spaces. This effect is demonstrated in section 5.5. Additional problems arise when
there are too many isotropically distributed clusters (for example when clusters are
at the corners of a regular simplex [48]).

Another drawback of the KL transform is its computational complexity which is
O(NM? + M3) including the computation of the covariance matrix from N samples.
This limits applications of the KL transform to problems with dimensionality M < 10°
or perhaps M < 10 for the fastest computers, which prevents the KL transform from
being applied in most image processing problems and multi-frame acoustic processing
problems (see section 2.4.4). For this reason, the approximate KL transform was
proposed by Wickerhauser [130] which is discussed in section 4.5.2. The dictionary
projection pursuit algorithm developed in this thesis (section 4.4) can also be used
to find approximate KL basis functions and is described in section 4.5.3. Numerical
comparisons between the three algorithms are performed in section 4.5.4.

Remark: The KL transform method of feature extraction does not suffer from
the same problems as Fisher’s method of finding canonical variates (see section 2.2.4.4)
in the neo-classical setting (i.e., high dimensionality M and low sample size N) as
proposed by Buckheit and Donoho [13]. When N is less than M, then the covariance
matrix of X' is guaranteed to not be positive definite since the N samples can span
at most a plane with dimension N — 1, but it remains non-negative definite [43]. In
this case, the the first N KL basis functions still correspond to eigenvalues that are
greater than zero (assuming that the points do not lie in a plane of dimensionality
smaller than N — 1 which is extremely unlikely with random noise involved), and give
reasonable estimates for directions of high variance in the dataset. This remark is
supported by the experimental classification results given in chapters 5 and 6 where
the KL method of feature extraction performs very well even in the neo-classical

setting.
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Algorithm 5 Basis Functions for Karhunen-Loéve Transform

Given: the following quantities

N
i=1

[z1z2...xN], where z; € 2 C RM.

e an ensemble of signals X = {;}]}, organized into a data matrix X =

e the number of basis functions to keep M < M.
step 1: compute the covariance matrix X for the data set using equation (4.4).
step 2: perform an eigenanalysis on ¥ to the obtain eigenpairs {(¢;, A:)}¥,-

step 3: return the M eigenvectors {c,o‘-},-";.’__l corresponding to the largest eigenvalues
Ai-

4.5.2 Best Basis Approximate KL Transform

Wickerhauser introduced the best basis approximate KL transform to overcome the
complexity issues of the KL transform in high dimensional spaces [130]. The best
basis approximate KL transform has complexity O(N M log M + M?3), where N is the
number of samples in the dataset, M is the dimensionality of the vectors, and M is
the number of basis functions that are kept. This is considerably better than the KL
transform which has complexity O(NM? + M?3) since M is usually much less than
M.

Wickerhauser uses an alternative but equally valid criterion to the one given in
section 4.5.1 in order to define the KL basis functions. The basis functions of the KL
transform minimize the volume of the variance ellipsoid as shown in figure 4.1 which is
proportional to (l"[?_’__l 0;)?, where 02 = T X, and S is a constant that is dependent
on the dimensionality M. It may seem counter-intuitive to minimize the volume,
but Wickerhauser [130] proved that the basis functions that satisfy this criteria also
maximize the projected variance. Since the log operation is a monotonic function,
the minimum of the criterion function Jx(®) = Zﬁ‘;l logo; is a valid definition of
the KL basis functions. Wickerhauser suggests creating a variance map I'n(y) (see
equation (4.8)) for a wavelet packet or cosine packet dictionary and using the best
basis algorithm (see section 3.3.4.1) to minimize Jk.

The number of basis functions to keep M can be chosen to be a fixed integer, or so
that the first M basis functions contain a fixed percentage of the total variance. The
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basis functions returned from the best basis algorithm are called the joint best basis
for the ensemble X'. Let them be arranged as columns of the matrix & € RM*M | The
projection of each vector z; € X on the joint best basis is given by &; = ®7z;, the
ensemble of which has a covariance matrix given by 5. Therefore, the eigenvectors
of 4 € RM*M give the KL basis functions of the ensemble {é;}Y, which can be
used to decorrelate the projection coefficients at a cost of only O(M?3) which is usually
small since M <« M. Let these basis functions be arranged as columns of a matrix
K € RM*M_ Then the best basis approximate KL transform is defined by the factors
KT®T and the basis functions are defined to be the columns of the matrix product
$ K. This algorithm is described more formally in algorithm 6.

Algorithm 6 Basis Functions for the Best Basis Approximate KL Transform

Given: the following quantities
e an ensemble of signals X = {x;}Y, organized into a data matrix X =
[€,z;...zN], where z; € 2 C RM.
e a wavelet packet or cosine packet dictionary D = {¢, |7y € A}.
e the number of basis functions to keep M < M.
step 1: compute the variance map [y () for the data set X’ and dictionary D using
equation (4.8).
step 2: use the best basis algorithm defined in algorithm 1 to find the bases in
the dictionary P that minimizes the criterion Jx = 2,"_‘__1 log I's (7y;). Organize
the M basis functions {;}¥, corresponding to the largest variance [y (7:) as
columns of the matrix ® € RM*M
step 3: Find the coefficients of projection o; = ®Tx; € RM and compute the
covariance matrix X4 using equation (4.4).
step 4: perform an eigenanalysis on X4 to the obtain eigenpairs {(k;, e)}M,. Or-
ganize the eigenvectors k; into columns of a matrix K € RM M jp descending
order of e;.
step 5: return the columns of the matrix product ® K which represent the best

basis approximate KL basis functions.
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4.5.3 Dictionary Projection Pursuit Approximate KL Trans-

form

The dictionary projection pursuit (DPP) approximate KL basis functions are found
by first searching for the maximum directions of variance using the DPP algorithm,
and then decorrelating the coefficients of projection as was done for the best basis
method described in section 4.5.2. A projection pursuit (PP) algorithm to find the
true KL basis functions could be described as follows. The first basis ¢, is chosen
so that the variance of the projection coefficients ¢ £, is maximized. The next
basis function ¢, is chosen so that the variance of the projection coefficients ¢I X,
is maximized, subject to the orthogonality constraint Xy, = 0. The next basis
function ¢, is chosen so that the variance of the projection coefficients ] 5 is
maximized, subject to the orthogonality constraints ¢T¢, = 0 and J¢, =0 ...
etc.

The DPP method performs this identical search pattern, except that only a finite
number of directions are searched at each iteration, and orthogonality is encouraged
through penalization rather than strictly enforced. The DPP method for finding ap-
proximate KL basis functions is described formally in algorithm 7. Assuming that
N is the number of vectors in the ensemble X', M is the dimensionality of the vec-
tors, and M is the number of basis functions that are kept, then the computational
complexity of this algorithm can be computed as follows:

e Compute the variance map: O(NM log M).
e Use the DPP algorithm to find the best M basis functions: O(M M log M).

e Diagonalize the covariance matrix of the M selected basis functions: O(M?3).

Summing these up, this algorithm has an overall complexity of O((NV +M)M log M +
M 3). Since M is usually much less than N, the complexity of this algorithm is essen-
tially the same as the best basis approximate KL algorithm discussed in section 4.5.2,
both of which are dramatically more efficient than the KL algorithm which has com-
plexity O(NM? + M3).
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Algorithm 7 Basis Functions for the Dictionary Projection Pursuit Approximate
KL Transform

Given: the following quantities

e an ensemble of signals X = {z;}¥, organized into a data matrix X =
(®122...2N], where z; € 2 C RM.

e a wavelet packet or cosine packet dictionary D = {¢,[v € A}

e the number of basis functions to keep M < M.

step 1: compute the variance map [x(y) for the data set X and dictionary D using

equation (4.8).

step 2: use the dictionary projection pursuit algorithm defined in algorithm 4 to

maximize the criterion function J (¢p£’X ) = [ (). Organize the M basis func-
tion {@;}¥, corresponding to the largest variance [yx(7;) as columns of the
matrix & € RM*M

step 3: Find the coefficients of projection a; = ®7=; € R™ and compute the

covariance matrix ¥X; using equation (4.4).

step 4: perform an eigenanalysis on £, to the obtain eigenpairs {(k;, ei)}i”;’:l. Or-

ganize the eigenvectors k; into columns of a matrix K € RM <M jp descending

order of e;.

step 5: return the columns of the matrix product ® K which represent the dictio-

nary projection pursuit approximate KL basis functions.
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4.5.4 KL Transform Numerical Experiments

The experiment in this section uses the multiscale synthetic data set presented in
section 3.6 to show how the variance accumulates on the different sets of basis func-
tions. All of the details of this dataset are not particularly important to understand
the results of this section. Any multivariate dataset that results from sampling un-
derlying continuous waveforms would show similar results. The input data have a
dimension M = 256, and the number of basis functions kept by each of the algo-
rithms was M = 32. The basis functions will be referred to as STD, KLT, KLTBB
and KLTDPP for the standard basis functions, the KL basis functions, the best basis
approximate KL basis functions and the dictionary projection pursuit approximate
KL basis functions respectively. The order 2 Coiflet wavelet packet dictionary was
used in the KLTBB and KLTDPP algorithms.

Referring to figure 4.2, it can be seen that in all cases the STD bases and KLT
bases show respectively the slowest and fastest accurnulation of variance, while the
KLTBB and KLTDPP bases show an intermediate rate of accumulation. Before the
coefficients are decorrelated, the KLTDPP bases show a faster accumulation of vari-
ance than the KLTBB bases. This is due to the multiscale nature of the datatset.
The KLTBB algorithm must choose between the large scale subspace containing four
waveforms and a small scale subspace containing eight waveforms. It chooses the
small scale subspace and thus must represent the large scale waveforms with linear
combinations of basis functions from other subspaces. For this reason, the accumu-
lation of variance is slower for KLTBB than KLTDPP which does not suffer from
the orthogonal subspace problem. However, once the coefficients are decorrelated,
both KLTDPP and KLTBB show the same rate of variance accumulation as KLT for
the first 12 basis functions, after which KLT is slightly better. These results encour-
age the use of the KLTBB and KLTDPP algorithms for higher dimensional datasets
where KLT cannot be applied.

The experiments in chapters 5 and 6 compare the KLT, KLTBB and KLTDPP
algorithms as methods for extracting features from acoustic spectra for classification
purposes. It is not expected that KLTBB or KLTDPP will outperform KLT in any
regime, but rather that they will be competetitive with KLT so that their use in higher
dimensional problems is justified. These expectations are realized in the experimental
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Figure 4.2. Accumulation of variance in the multiscale dataset (section 5.6) on the
standard basis functions (STD), the KL basis functions (KLT), the best basis approzi-
mate KL basis functions (KLTBB) and the dictionary projection pursuit approzimate
KL basis functions (KLTDPP).

results of these chapters.

4.6 Discriminant Dictionary Projection Pursuit

Discriminant dictionary projection pursuit applies the dictionary projection pursuit
algorithm (section 4.4) to the problem of waveform feature extraction for pattern
recognition, and for our purposes to the problem of spectral feature extraction. Due
to the flexibility of the dictionary projection pursuit algorithm, it can be applied

unaltered to this problem simply by optimizing a discriminant criterion function.

4.6.1 Discriminant Criteria

A discriminant criterion J(p,q) for a two class problem is defined in terms of two
sequences p and q. The two sequences can be scalar sequences that define univariate
criterion or vector sequences that define multivariate criterion, and they can have

the same or different lengths. A class of information-theoretic discriminant criterion
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functions measure the difference in distribution between two scalar sequences [70], of
which symmetric relative entropy is an example (section 4.6.1.1). For these criterion
functions, the sequences p and q are scalar quantities with the same length which are
defined for each basis function in a proposed bases for the two classes. Therefore, in
order to evaluate the criterion, a full set of basis functions is required.

A less restrictive univariate criterion called the modified Fisher criterion is pre-
sented in section 4.6.1.2. For this criterion, the sequences p and g correspond to the
projection coefficients on a single basis function of the two classes, and thus each
basis function can be analyzed individually. It should be emphasized that this type
of criterion function cannot be optimized by Saito and Coifman’s LDB algorithm but
can be optimized by the dictionary projection pursuit algorithm.

There are of course many other types of criterion functions that can be optimized
with the dictionary projection pursuit algorithm, many of which have been thoroughly
analyzed by Huber [61] and Jones and Sibson [64] and thus are not discussed here.

4.6.1.1 Symmetric Relative Entropy

When the sequences are scalar sequences p = {p;}, and q = {q:}M, with M opi=

}:f:{ g = 1, then several discriminant criterion can be defined to measure how dif-
ferently the two sequences are distributed. This is the type of discriminant criterion
required for the LDB algorithm of Saito and Coifman [108]. A popular discriminant
criterion of this nature is the symmetric relative entropy (SRE) which is defined as

M
Jsre(p,q) £ ) _ pilog B glog X, (4.16)
i1 Qi bi
with the convention, log(0) = —oc, log(z/0) = +oc for z > 0, 0 - (£oc) = 0.
For multiclass cases with sequences given by {p*)}K |, the discriminant criterion is
defined as the sum of the K(K — 1)/2 pairwise combinations

K-1 K
Jsre((PPHE) E)° > Jsre(@™, ™), (4.17)
n=1 k=n+1

In order to use this criterion function with their LDB algorithm, Saito and Coifman
define a normalized energy map for each class I®(y) = [ (v)/8®), where IS (7)
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is defined in equation (4.7), and

NG (k)2
x) _ Doy sl
ﬂ - n N(k) (4'18)

is the average energy of the signals from class k. Since the SRE measure is additive, it
can be computed for each basis individually and the SRE of a subspace £2 spanned by
orthogonal basis vectors {¢,|7 € Ag} can be computed by summing the SRE values
of each basis

Tsre(Ae) = D Jsre ({[‘(k)(,},) }:;1) , (4.19)
Y€Ao
Due to this additivity, LDB can use the best basis algorithm (section 3.3.4.1) to
maximize the criterion Jsgg over a wavelet packet or cosine packet dictionary. Many
other criterion functions of this nature are given by Saito and Coifman but symmetric
relative entropy seems to be the favorite and thus was implemented in this thesis.

4.6.1.2 Modified Fisher Criterion

Although the dictionary projection pursuit algorithm developed in this thesis can be
used with criterion like symmetric relative entropy, it can also be used to optimize
other criterion that LDB cannot. In general, criterion functions used for the dictionary
projection pursuit algorithm are defined to be functions of qa'.’;X , the coeflicients of
projection of the dataset on a given basis in the dictionary D = {¢,|v € A}. The
criterion is computed for each basis function independently.

Given a training set £, = {(&;, y:)}}¥., having K classes {w®}X | the quantities
L¥)(v), and T¥(y) can be computed using equations (4.6) and (4.8). Assume that
the classes have a priori probabilities given by p(w*), then the following maps can
be defined. The overall mean map is defined by

K
L =) pw®)LH (), (4.20)
k=1

the within-class variance map is defined by

K
Ir,, (1) ) pw®) (), (4.21)
k=1
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the between-class variance map is defined by

K
e, (1) € p@®)(IF () — L), (4.22)
k=1

and the total variance map is defined by

T, (7) = e, () + Ory, (9)- (4.23)

The modified fisher criterion is then defined as

[, (7) sig (V T (7) 0, f) , (4.24)

where o, is the estimated standard deviation of the white noise in the dataset, and

Oest

sig is the generalized sigmoid function

1
1+ exp[-y(z — €)]’
which is plotted in figure 4.3. The parameter ¢ controls the slope of the function
while £ defines the offset. For the work in this thesis, ¥ = 1 and £ = 1.3, and 0O,
was estimated using the median value of I'y_.(v) on the first level wavelet coefficients
(te., s =1, f =1).

(4.25)

sig(z,¥,§) =

Figure 4.3. The generalized sigmoid activation function withy =1 and £ =1.5.
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The first part of the criterion Iy, (v)/Tx, (7) is based on a univariate version of

Fisher’s multiclass criterion

$TZpp,

, 4.26
PrEwe, (4.26)

J(prX) =
where X5 and - are defined in equations (2.29) and (2.27). In words, this criterion
measures the ratio of the between-class variance to the within-class variance along the
basis function .. For the two class case with equal a priori probabilities, it reduces
to the ratio of the squared difference between the means of the two classes and the
average variance in the two classes.

The sigmoid part of the criterion is an attempt to overcome the problem of small
variance subspaces fooling Fisher’s criterion. The idea is that if there is white noise
in the dataset with 02 =~ o2, then all basis functions that do not have variance
o2 = TEry, significantly larger than o2 should not be used as features. This is the
same idea as using the KL transform for feature extraction except that when o2 > o2
the sigmoid function flattens out and the criterion function becomes Fisher’s criterion.

4.6.2 Discriminant Dictionary Projection Pursuit Features

This section takes a look at typical features that the discriminant dictionary pro-
jection pursuit (DDPP) algorithm extracts with the modified Fisher criterion. The
examples are all taken from the datasets studied in chapters 5 and 6. For the syn-
thetic data, the variables were set to SNR = 10, f, = 64, N = 64, and Bases = 5. For
the recorded data, the variables were set to NV = 128 and Bases = 25. To understand
this discussion it would be beneficial for the reader to quickly look at the setup for
each experiment in sections 5.4, 5.3, 5.6, 6.2.2, and 6.3.2.

The first four features extracted for each of the synthetic datasets studied in chap-
ter 5 are plotted in figure 4.4. For the triangular dataset (section 3.4), the first feature
represents the difference between the a; and a; waveforms which is also approximately
the first KL basis function. The remaining features represent differences between the
a; and a3 waveforms and the a; and a; waveforms.

For the common variance dataset (section 5.3), the part of the waveform that has
constant mean and variance between the classes is ignored as one would expect since
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it provides no discriminatory information. All the features are in the region of the a¢
waveform which is the only waveform providing any discriminant power.

For the multiscale dataset (section 5.6), the oscillating pattern of the mean in
the first eight small scale waveforms was picked up in the first two features, and the
oscillating pattern of the mean in the four large scale waveforms was picked up in the
third feature. The last feature matches a single small scale waveform closely.

Trianguier Common Var Multiscale
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Figure 4.4. Features eztracted by the discriminant dictionary projection pursuit al-
gorithm with the modified Fisher criterton for the synthetic datasets discussed in chap-
ter 5. Each column of plots represents features ertracted for a given dataset ordered
with the best feature at the top.

The first five features extracted for each of the recorded datasets studied in chap-
ter 6 are plotted in figure 4.5. For the madras dataset (section 6.2.2), it is interesting to
note that the features do not match the pattern of 1/3 octave passbands at all, which
indicates that a 1/3 octave filter bank is not the best pre-processor for recognizing
typical noise monitoring sounds. This is significant since the noise monitoring com-
munity currently considers 1/3 octave features the state of the art (see section 6.2.2).
While the first three features pick up large scale differences between the classes, the
last two features pick up two high resolution spectral peaks in the train class (see
figure 6.3).

For the phoneme dataset (section 6.3), the features extracted confirm the long
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known fact that most of the information used to discriminate phoneme sounds is
located in the lower frequencies of the spectrum. It is interesting to note that the
features used to discriminate phonemes and the features used to discriminate noise
monitoring sounds are quite different. This suggests that the feature extraction tech-
niques that have been developed by the speech recognition community over the years
by trial and error should not be blindly applied to other problems involving sound

recognition.
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Figure 4.5. Features extracted by the discriminant dictionary projection pursuit al-
gorithm with the modified Fisher discriminant function for the recorded datasets dis-
cussed in chapter 6. Each column of plots represents features ertracted for a given
dataset ordered with the best feature at the top.

This section showed how easy it is to interprete the features that are returned
by the discriminant dictionary projection pursuit algorithm. In fact, this algorithm
has been applied simply for the purpose ‘seeing’ what features distinguish various
classes of sound spectra on numerous occasions since it was written. It is therefore a
valuable exploratory tool as well as good algorithm for extracting features for pattern
recognition. The last section of this chapter describes each of the feature extraction

algorithms that are compared in chapter 5 and 6.
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4.7 Algorithms used for Experiments

4.7.1 Standard Bases (STD)

The STD algorithm does not use a feature extraction process. It simply passes the
input features unaltered to the classifier. This is true even when the Bases variable
changes in the sub-experiments.

4.7.2 Discriminant Dictionary Projection Pursuit with Mod-
ified Fisher Criterion (DDPPMF)

The DDPPMF feature extraction method uses the discriminant dictionary projection
pursuit algorithm (section 4.6) to extract features that maximize the modified Fisher

criterion (section 4.6.1).

4.7.3 Discriminant Dictionary Projection Pursuit with Sym-
metric Relative Entropy Criterion (DDPPSRE)

The DDPPSRE feature extraction method uses the discriminant dictionary projec-
tion pursuit algorithm (section 4.6) to extract features that maximize the symmetric

relative entropy criterion (section 4.6.1).

4.7.4 KL Transform (KLT)

The KLT feature extraction method uses the KL transform (section 4.5.1) to extract

features corresponding to the highest variance.

4.7.5 Best Basis Approximate KL Transform (KLTBB)

The KLTBB feature extraction method uses the best basis approximate KL transform
(section 4.5.2) to extract features corresponding to the highest variance.
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4.7.6 Dictionary Projection Pursuit Approximate KL Trans-
form (KLTDPP)

The KLTDPP feature extraction method uses the dictionary projection pursuit ap-
proximate KL transform (section 4.5.3) to extract features corresponding to the high-

est variance.

4.7.7 Local Discriminant Bases (LDB)

The LDB feature extraction method developed by Saito and Coifman [108] uses the
best basis algorithm to extract features that maximize the symmetric relative en-
tropy criterion (section 4.6.1). Other additive criterion are possible but were not

implemented.

4.7.8 Discriminant Pursuit (DP)

The DP feature extraction method developed by Buckheit and Donoho [13] uses the
matching pursuits algorithm without backfitting (section 3.3.4.2) on the differences
between the class means (contrasts) to extract features. This algorithm iteratively
selects features that maximize the correlation with one of the K(K — 1)/2 contrasts,
where K is the number of classes. This technique does not use the covariance of the

dataset in any way.

4.7.9 Weighted Discriminant Pursuit (WDP)

The WDP feature extraction method developed by Buckheit and Donocho [13] is a
modified version of the DP method. The contrasts between the class means are scaled
by the inverse within-class covariance’ £/ and the correlation with each contrast is
weighted by the inverse squared Mahalanobis distance {123] between the class means
D;? = [(; — ;)"0 (18 — ;)] "', As discussed in section 4.3.2, using the inverse

7Actually they use the pooled covariance which is only slightly different from the within-class
covariance in that the pooled covariance tries to correct for bias when averaging the covariance

matrices from each class.
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of the within-class covariance matrix is a questionable operation since in the neo-
classical setting, where N is often less than M, the estimated within-class covariance
is guaranteed to be singular [43]. Indeed, this algorithm performs very poorly in the
neo-classical setting.
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Chapter 5

Experimental Results for Synthetic
Data

5.1 Introduction

The experiments in this chapter use the signal model described in section 5.2 to create
synthetic datasets to show the relative strengths and weaknesses of each of the feature
extraction algorithms described in section 4.7. In all cases, Fisher’s LDA described in
section 2.2.4.4 was used as a classifier. This classifier was chosen due to its widespread
use and acceptance as a robust classifier. Simulations with other classifiers such as
linear and quadratic Gaussian plug-in, and CART (see section 2.2.4) show the same
performance trends for each of the feature extraction techniques described here, so
they are not presented.

Comparing classification rates of different feature extraction algorithms while
keeping all other variables constant is a useful measure of their performance. By
varying the parameters of each feature extraction algorithm in the same way it is
possible to see when some feature extraction algorithms fail and when some shine.
Unfortunately, there is rarely a universally superior algorithm for specific data anal-
ysis tasks, and feature extraction is no different. Some algorithms do very well under
some conditions and very poorly under others. This is why it is so important to study
a broad range of parameter values as is done in this chapter. Using synthetic data
gives complete understanding of the problem domain. The signal model developed
in section 3.2 represents an easy to understand and very useful model for building
synthetic datasets with desired properties. Most importantly, it allows the Bayes
error rate for the problem to be computed so that each feature extraction algorithm
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can be compared to a theoretically optimal solution.

5.2 Signal Model

The signal model used in this work provides a flexible way of defining signals which
is useful for waveform pattern recognition problems in the following ways:

1. It provides a foundation for the theoretical development of a waveform pattern
recognition system.
2. It provides formulae to create synthetic signals with varying sampling rates and

signal to noise ratios for testing a waveform pattern recognition system.

3. It allows the Bayes error rate to be easily computed.

5.2.1 Definition
The model is defined as
z=Aa+c¢€, (5.1)

where A € RM*M has M linearly independent deterministic waveforms as columns,
a € RM is a Normally distributed random variable N (g,, £,) with mean p_ € RM
and covariance matrix £, € RM*™ and € € RM is a Normally distributed pure noise
term N (0, X,) with zero mean and covariance matrix £, € RM*™ . The noise term
is usually taken to be white with a covariance matrix given by £, = o021, where o? is
a scalar giving the variance of the white noise, and I € RM*M js the identity matrix.
In words, a signal is composed of a Normal distribution of deterministic waveforms
plus some noise.

The Aa term contains the information about the underlying system being studied,
while the € term contains random noise that is not related to the system, but is usually
due to the measurement process or some other form of contamination. The waveforms
are defined as continuous functions on ¢t = [0,1] which are sampled at a given rate
fs to produce M = f, samples. This allows the same problem to be studied with a
variety of sampling rates. The notation ¢ and f, are used due to the familiar concept
of sampling a time domain signal, but the model does not require this. In fact, in the
two recorded sound experiments studied in chapter 6, the z-axis is frequency.
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5.2.2 Relationships and Transformations

The following results can be easily derived by applying expectations to equation (3.1)
(see Brown and Hwang [11] for example). The mean of z is given by

p, = E{z} = Ap,, (5.2)
and the covariance matrix of & is given by
,=E {(z — p)(x - “z)T} = AT AT + Z.. (5.3)

In practice, the signals  will be observed, and their orthogonal projection onto
the subspace spanned by the columns of A will be desired. The coefficients of the
projection are given by

z=Hz, (5.4)

where H = (ATA) ' AT is the coefficient matrix for the subspace span{A}, and
z € RM has a dimension equal to the number of columns in A.
The following formulae give the parameters of z in terms of the known (i.e,

defined in the signal model) parameters of a. The mean of z is given by

(4]
[$]]
o

B, =E{z} =, (
and the covariance matrix of z is given by
T.=E{(z—p,)(z-p,)} =S +HEH". (5.6)

Since a linear transformation of a multivariate Normal random variable is also a
multivariate Normal random variable, it follows that e, x, and z are all Normally
distributed with mean and covariance matrices given above (see Flury [43], Theorem
3.2.1 for a proof). These are useful results because now, noise can be added in the
z-domain, and its effect is known in the z-domain. All the information provided by
the signal model given in equation (3.1) is contained in the distribution of the random

vector 2.
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5.2.3 Signal to Noise Ratio

The signal to noise ratio for a given signal model is defined as

SNR = 10log (“ (L;:) (; ”)"=”2) dB, (5.7)

where tr is the trace operation which sums the diagonal elements, and the other
symbols are defined above. This is the ratio of the total expected signal energy with
the total expected noise energy.

5.2.4 Normalization

The signal models in this work are normalized so that the expected total energy of
the signal is unity,

Evtar = Esignal + Epgise = tr (Sz) + ”#3”2 + tr (Et) =1 (58)

5.2.5 Monte Carlo Estimation of the Bayes Error Rate

The Bayes error rate, as explained in section 2.2.3.1, can be computed very easily
using the signal model given by equation (5.1) for each class. Let

z® = Aa® + ¢, (5.9)

be the signal model for each class w(¥) with corresponding a priori probabilities
p(w®). The matrix of deterministic waveforms A is the same for all classes but
a given class may only use a subset of the waveforms to define its signals. This is
accomplished by inserting zeros at the appropriate place in u, and X,. Notice that
€ is the same for all classes. This is a reasonable assumption since the noise that
is introduced into the signals is usually caused by the measurement process which is
typically the same for all classes. It is preferable to work with the random variable
z € RM as defined by equation (5.4), rather than € RM since M is usually much
smaller than M. The algorithm used to compute the Bayes error rate for a given
signal model is described in algorithm 8.

Typical values for N and R used in this thesis were 500 and 50 respectively. The
conditional probability density functions used for the signal model are Normal, so the
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Algorithm 8 Monte Carlo Bayes Error Rate Estimation

Given: the following
e K classes w*) with known a priori probabilities p(w*)) and known signal
model parmaters
— u&) € RM and ) NS RM*M which define the Normal parameters for
the distribution of ().
— A € RM*M yhich defines the deterministic waveforms for the problem.
— ¥, € RM*M which gives the covariance matrix for the zero mean
Normally distributed noise.
e N - the number of samples to use for each trial.
e R - the number of times to repeat the trial.
step 1: Create N random samples as follows:

1. Partition the unit interval [0,1] with the a priori probabilities p(w®)),
and let the value of a uniform deviate u on the partition define the class
i = w®.

2. use the selected class index k to create a random vector a; with a distri-
bution given by N (pg‘ ), %), and a random vector &; with a distribution
given by N (0, Eﬁ")). Set z; = Aa; + €;.

3. store the pairs as a set {(z;, %) }Y,.

step 2: Project each vector ; onto the subspace span{A} to obtain z; = Hx; =
(ATA)“AT:I:,- and classify using §; = D(2;) where D is the Bayes classifier de-
fined in equation (2.9) with conditional probability density functions p(z|w*’)
being Normal with parameters given by p(,k) and E(,") (computed using equa-
tions (5.3) and (5.6)).

step 3: Compute the estimated error E, = N™! Z;{LI (#: # yi), where T is the
indicator function which returns a one when the argument is true and a zero
otherwise.

step 4: Repeat steps 1-3 R times and compute the median error E.,; =
med({E,}~ ), which is the estimated Bayes error rate for the problem.
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multivariate deviates in step 1 of the algorithm are easily computed by generating
univariate Normal deviates along the eigenvectors of the covariance matrix (see Press
et al. [101] for algorithms to generate uniform and Normal deviates).

The Bayes error rate was computed for each synthetic data set studied in this
chapter which gives the absolute lower limit on the performance of any of the feature
extraction/classifier combinations. The Bayes error rate is plotted as a solid line in
all the plots.

5.3 Experimental setup

Each feature reduction technique was evaluated in terms of its holdout error rate
(section 2.2.6.2) on a scale of 0-1 as a function of the following parameters,

N - the number of frames used to train the adapted feature extraction algorithm
and classifier,

SNR- the signal to noise ratio of the signal as defined in section 5.2.3,

fi— the sampling rate of the waveform as defined in section 5.2.1, which is equivalent
to the dimensionality of the problem since the waveforms are defined on the
interval [0, 1],

Bases- the number of bases that were kept by the feature extraction algorithm.
Note that the STD method keeps all the basis functions regardless of the value

of Bases,

which are all known to be important factors with the respect to the performance of
a pattern recognition system.

Since it is not feasible to test all combinations of parameters, the common tech-
nique of choosing reasonable values for all of the parameters, and then varying each
parameter individually in discrete steps while keeping the others fixed was adopted.
So within each experiment in this chapter there are four sub-experiments called N,
SNR, f, and Bases where the name of the experiment indicates the parameter that is

being varied. The parameter values for each sub-experiment are shown in Table 5.1'.

1The only exception is for the multiscale dataset which does not use f, = 16 since the signals are
not defined for this number of samples.
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sub-experiment Parameter Values

N {16, 32, 64,128,256}
SNR {-5,0,5,10,15,20}
fs {16, 32,64, 128,256}
Bases {1,2,3,5,7,9}

Table 5.1. Parameter values used for sub-ezperiments

When the parameters are not being varied, they are fixed at N = 64, SNR = 10,
fs = 64, and Bases = 3.

5.3.1 Box Plots

Since the holdout error rate is a statistic (i.e., it is an estimate of the true error rate),
50 experiments were performed for each combination of parameters given in table 5.1
to obtain a distribution of error rates. Rather than simply plot the mean and standard
deviation of the distribution, as is commonly done in the engineering and scientific
literature, box plots are used in this thesis which are very common in the statistical
literature. A box plot communicates much more useful information than an error
bar plot, since it uses robust statistics and doesn’'t make any assumptions about the
underlying distribution.
Consider the set of data given by

z = {0,3,5,10,12,12, 14, 15,15, 15, 15, 16, 16,17, 25,31,80,90,95,99}  (5.10)

which is plotted in figure 5.1 both as a box plot and as an error bar plot. Clearly,
most of the data is clustered around 15, with a few points deviating significantly
{0,3,5,25,31}, and a few outliers with much higher values {80, 90, 95,99}. The mean
and standard deviation of this set is given by 29.25 and 32.5 respectively. These
numbers do not describe the distribution very well. However, rank statistics do a
very nice job of describing the data [44], which is what the box plot is based on. The
lower quartile, median and upper quartile are given by 12, 15 and 28 respectively,
which are represented by the lower bound, middle line and upper bound of the box.
The whiskers in the plot extend to the data points that are within 1.5 times the
interquartile distance (1.5 - (28 — 12) = 24) from the top and bottom of the box.
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Therefore, on the bottom of the box, the whisker extends to 0, and on the top of the
box, the whisker extends to 31. Any data that is outside the whiskers are plotted as
'+’ symbols, and represent outliers.
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Figure 5.1. Boz plot and error bar plot of hypothetical data given in equation (5.10).

5.4 Triangular Waveforms

This synthetic dataset was inspired by the well-known and extensively studied ‘wave-
form’ dataset of Breiman et al. [9]. The only difference is that the triangular waveform
data used here has the trivial extension of allowing for different sampling rates and
noise levels. In addition, instead of using uniform random variables to combine wave-
forms in a given class, the signals here use a Normal distribution with a correlation
coefficient of -0.95, which is required to fit our signal model described in section 5.2.

There are three columns in the A matrix which are defined as
ar(nT) = kmax (1 — s|nT — t;|,0), (5.11)

for £ = {1,2,3}, where T = 1/f, is the sampling interval, s = 1/0.28, ¢, = 0.28,
t, = 0.67, t3 = 0.48, and & is a constant chosen so that ||a;|| = 1. These waveforms

are plotted in figure 5.2.
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Figure 5.2. Triangular waveforms for the A matriz. The solid line shows the con-
tinuous version of the waveform, and the circles represent the sampled version with
f, = 64.

The Normal density parameters of a for each class are given as,

r -1 p 0-
uf,"=[o.5 0.5 o] sV =062|p 10 (5.12a)
000
L. -
T 1 0 p
pP =105 0 05 | =@ =52|0 0 0 (5.12b)
p 01
i, (0 0 0]
©=[0 05 05| £ =020 1 p (5.12c)
0 p1

where 02 = 0.3, and p = —0.95. Finally, the noise added in this model is white

and Normally distributed as given by € ~ N(0,02I). Typical waveforms from each
of the classes are plotted in figure 5.3. In words the first class is a highly anti-
correlated linear combination of waveforms a, and a,, the second class is a highly
anti-correlated linear combination of waveforms a, and a3, and the third class is a
highly anti-correlated linear combination of waveforms a, and a;.
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Figure 5.3. Typical waveforms from the triangular waveform classes with f, = 64
and SNR = 10.

5.4.1 Experimental Results

The experimental results of applying each feature extraction algorithm (section 4.7)
to the triangular waveform dataset for each sub-experiment (section 3.3) are plotted
at the end of this section in figures 5.4-5.7. A tabular presentation of the results
for each sub-experiment are given in tables 5.2-5.5. The results are discussed in the

following sections.

5.4.1.1 sub-experiment N

The Bayes error rate for this sub-experiment is 0.049 independent of N.

For N = {16,32} KLT outperforms every other feature extraction technique.
This is perhaps not surprising since this feature set is ideally suited for KLT feature
extraction. That is, all the discriminant information is contained in a plane, and thus
any variance out of this plane is just white noise.

All other algorithms have reasonable results with error rates only slightly higher
than KLT, except for STD and WDP. The reason for the poor performance of these
algorithms for small N is that both use the full size 64 x 64 within-class covariance
matrix Xy which is guaranteed to be singular or at least badly scaled. The STD
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method doesn’t reduce the dimension of the feature vector at all, so Fisher’'s LDA
(see section 2.2.4.4) uses the poorly scaled Xy to solve the generalized eigenvalue
problem and thus has large errors. The WDP algorithm attempts to scale the con-
trasts between the class means by £;; (see section 4.7.9) which when £y is poorly
scaled produces erroneous results.

For N = {64,128,256}, many techniques (DDPPMF, LDB, DP, KLTBB, and
KLTDPP) catch up to KLT obtaining error rates of ~ 0.13. DDPPSRE only reaches
an error rate of ~ (.18, the reasons for which are discussed further in the summary.
The STD and WDP start to show improvements in this regime, but never achieve
error rates as low as the other techniques.

5.4.1.2 sub-experiment SNR

The Bayes error rate for this sub-experiment starts at 0.289 for SNR = —35, decreases
quickly at first, and then starts to level off, achieving a final error rate of 0.016 for
SNR = 20.

The STD and WDP algorithms perform very poorly while all the other ‘good’
algorithms achieve similar error rates for all values of SNR. An exception is the
DDPPSRE algorithm which shows slightly higher error rates than the other ‘good’
algorithms, the reasons for which are discussed in the summary.

A common trend that is observed is that the error rates for each of the algorithms
are closer to the Bayes error rate for low SNR values. This makes sense because
the covariance matrices of each of the classes without noise are very different which
violates the assumption of Fisher’'s LDA classifier. As white noise is added to the
signal (i.e., the SNR decreases) the covariance matrices become more similar to one
another in congruence with the assumption of the classifier which then performs
better.

5.4.1.3 sub-experiment f,

The Bayes error rate for this sub-experiment starts at 0.102 for f, = 16 and gradually
drops to 0.024 for f, = 236.

The STD and WDP algorithms show an increase in error rate as f, increases while
the remainder of the algorithms show a decrease. The reason for this is that both
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STD and WDP try to estimate the full f, x f, within-class covariance matrix Xy
which becomes more difficult to do as f, increases since the number of samples in
each class is fixed at 64. The other techniques, like the Bayes error rate, improve as
[+ increases because the waveforms are sampled at a higher rate which provides more
discriminant information about the problem.

The median error rates for all the techniques except STD and WDP are similar
far all values of f,. An exception is the DDPPMF algorithm which shows slightly
higher median error rates and also a large number of outliers with high error rates
for f, = {64, 128,256}. The reason for this is unclear.

5.4.1.4 sub-experiment Bases

The Bayes error rate for this sub-experiment is 0.050 for all values of Bases.

The STD and WDP algorithms show consistently poor results for all values of
Bases. The reason for this is the same as discussed above. The rest of the algo-
rithms show consistently smaller error rates as Bases increases, with the biggest drop
occuring when Bases goes from 1 to 2 and the minimum error rate being ~ 0.14
for Bases > 3. KLT actually achieves this error rate for Bases = 2. Since all the
discriminant information for this dataset lies in a plane, this result is not surprising.
The WDP algorithm shows consistently poor result with some improvement as Bases
increases and since the STD algorithm is not modified as Bases changes, it obtains
consistent error rates of ~ 0.30.

An exception to the general decline in error rate as Bases increases is the DP
algorithm which shows a large dispersion in the error rates for Bases = {7,9}. It
is expected that at some point as Bases increases, the error rates for all the feature
extraction methods should increase as discussed in section 2.2.53.3. But why does
DP show this phenomenon before the other algorithms? Since this is only observed
for this dataset, and it is only in this dataset that the classes have very different
and highly elliptical covariance matrices, the answer likely is related to these two
properties, but a definitive answer is not available from these experiments alone.
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5.4.1.5 Summary

The results from this experiment show the clear advantage of using feature extrac-
tion algorithms when using Fisher’s LDA classifier in the neo-classical setting where
dimensionality of the input feature is larger than or on the same order of magnitude
as the number of samples that are available to train the classifier. It is also clear
that Buckheit and Donoho’s WDP algorithm performs poorly in this regime since
they attempt to invert the within-class covariance matrix which is guaranteed to be
singular when N < f,, where f, gives the dimensionality of the input feature vector.

A phenomenon that occured consistently for all of the sub-experiments in this
dataset is that the LDB algorithm outperformed the DDPPSRE algorithm even
though both algorithms maximize the same criterion function®. So for this dataset,
it appears that the best basis algorithm outperforms the dictionary projection pur-
suit (DPP) algorithm. This is not surprising since the waveforms that make up this
dataset all have the same scale, and thus most of the discriminant information for
this problem is contained in a single wavelet packet subspace which the best basis
algorithm has no problem finding. The DPP algorithm on the other hand seeks to
find basis functions one at a time and is thus likely to be more susceptible to noise.
The discrepancy between these two feature extraction algorithms is not observed in
the other synthetic feature sets.

Considering the KLT algorithms only, it is reassuring to see that the approximate
versions of this algorithm KLTBB and KLTDPP perform as well or almost as well
as the KLT algorithm in all cases. This encourages the use of these algorithms
for problems where the dimensionality of the feature vector is much higher, such
as multiframe acoustic features, where the KLT algorithm is too computationally
intensive to use.

From the error rates of this experiment alone, there does not appear to be clear
advantage of choosing one feature extraction algorithm over another, except for the
fact that STD and WDP are clearly poor performers, and DDPPSRE shows slightly

poorer performance than the other algorithms.

2Recall that both LDB and DDPPSRE select features using the SRE criterion so the only dif-
ference between these techniques is that in LDB, the best bases algorithm is used to optimize the
criterion, and in DDPPSRE, the DPP algorithm is used to optimize the criterion.
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Figure 5.4. Results for the triangular waveform erperiment. The variable N indi-
cates the number of samples from each class that were used to train the classifier. The
solid line shows the Bayes error rate and the dashed line shows upper y limit from the

graph with the smallest upper y limit.
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Figure 5.5. Results for the triangular waveform ezperiment. The variable SNR ind:-

cates the signal to notse ratio of the synthetic waveforms, as described in section 5.2.3.

The solid line shows the Bayes error rate and the dashed line shows upper y limit from

the graph with the smallest upper y limit.
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Figure 5.6. Results for the triangular waveform experiment. The variable f, indi-

cates the sampling frequency of the synthetic waveforms, as described in section 5.2.1.

The solid line shows the Bayes error rate and the dashed line shows upper y limit from

the graph with the smallest upper y limit.
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5. Ezperimental Results for Synthetic Data

STD DDPPMF DDPPSRE
? é é % E $ 0.4 $—B—f--1.— —__1 04 ?—--—--‘- —_————— -
02f Wy g gl 02 $$$$$
KLT KLTBB KLTDPP
e I s S VA==
0.2 ot 0.2 T
suata ¥ Bhase | Houle
LDB DpP wWDP
R W | R N = S S
I T 0'6§BD L
] 008
T hadd $|$110-2 R
1 23579 1 2 3579 1 2 3 579
Bases Bases Bases

129

The variable Bases

indicates the number of basis functions that the feature extraction method kept. The

solid line shows the Bayes error rate and the dashed line shows upper y limit from the

graph with the smallest upper y limit.
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Algorithm 16 32 64 128 256
0.678 0.487 0.333 0.232 0.180
STD 0.650 0.450 0.303 0.219 0.170

0.616 0.423 0.290 0.207 0.165

0.240 0.199 0.177 0.164 0.174

DDPPMF 0.211 0.164 0.140 0.136 0.137
0.185 0.147 0.132 0.121 0.120

0.235 0.200 0.210 0.211 0.229

DDPPSRE 0.207 0.176 0.183 0.178 0.192
0.186 0.164 0.160 0.155 0.159

0.176 0.166 0.145 0.157 0.155

KLT 0.152 0.144 0.134 0.132 0.130
0.131 0.123 0.122 0.121 0.119

0.205 0.169 0.148 0.161 0.163

KLTBB 0.184 0.157 0.137 0.134 0.140
0.172 0.143 0.122 0.121 0.120

0.209 0.183 0.156 0.159 0.150

KLTDPP 0.188 0.155 0.139 0.136 0.127
0.165 0.140 0.128 0.117 0.117

0.225 0.180 0.168 0.147 0.150

LDB 0.185 0.157 0.150 0.129 0.129
0.166 0.131 0.126 0.118 0.121

0.212 0.189 0.164 0.156 0.171

DP 0.185 0.177 0.141 0.135 0.132
0.166 0.154 0.128 0.123 0.115

0.623 0.600 0.561 0.419 0.299

WDP 0.487 0.469 0.435 0.323 0.226
0.428 0.400 0.368 0.219 0.171
Bayes 0.049 0.049 0.049 0.049 0.049

Table 5.2. Results for sub-ezperiment N in the triangular
waveform ezperiment. The center bold number gives the me-
dian error rate, the upper number gives the 75'* percentile, and

the lower number gives the 25" percentile.
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Algorithm -5 0 5 10 15 20
0.459 0.397 0.345 0.332 0.327 0.312
STD 0.446 0.380 0.333 0.318 0.316 0.292
0.427 0.366 0.309 0.301 0.291 0.277
0.336 0.252 0.186 0.164 0.194 0.218
DDPPMF 0.328 0.237 0.169 0.144 0.152 0.182
0.315 0.219 0.154 0.131 0.135 0.135
0371 0.303 0.245 0.212 0.165 0.166
DDPPSRE 0.351 0.292 0.233 0.187 0.148 0.139
0.341 0.273 0.209 0.152 0.126 0.121
0.341 0.221 0.176 0.162 0.143 0.145
KLT 0.331 0.211 0.163 0.141 0.125 0.123
0.325 0.204 0.148 0.121 0.114 0.114
0.324 0.223 0.175 0.167 0.176 0.170
KLTBB 0.316 0.213 0.160 0.137 0.144 0.137
0.305 0.203 0.149 0.122 0.116 0.125
0.333 0.232 0.179 0.163 0.166 0.174
KLTDPP 0.319 0.221 0.162 0.144 0.131 0.147
0.311 0.214 0.146 0.128 0.122 0.128
0.334 0.226 0.180 0.156 0.158 0.178
LDB 0.320 0.217 0.164 0.139 0.138 0.141
0.311 0.210 0.154 0.126 0.126 0.116
0.340 0.238 0.176 0.169 0.187 0.181
DP 0.330 0.221 0.155 0.146 0.150 0.141
0.313 0.209 0.148 0.124 0.125 0.122
0.456 0.450 0.498 0.487 0.616 0.507
WDP 0.398 0.409 0.442 0.427 0.442 0.407
0.373 0.349 0.359 0.357 0.390 0.347
Bayes 0.289 0.170 0.088 0.051 0.028 0.018

Table 5.3. Results for sub-ezperiment SNR in the triangular
waveform ezperiment. The center bold number gives the median
error rate, the upper number gives the 75" percentile, and the

lower number gives the 25** percentile.
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Algorithm 16 32 64 128 256
0.210 0.246 0.342 0.470 0.671
STD 0.199 0.226 0.318 0.453 0.855

0.185 0.216 0.299 0.444 0.633

0.180 0.176 0.181 0.192 0.236

DDPPMF 0.174 0.153 0.151 0.149 0.168
0.157 0.140 0.133 0.130 0.135

0.225 0.182 0.195 0.170 0.169

DDPPSRE  0.207 0.158 0.174 0.149 0.143
0.192 0.142 0.160 0.129 0.123

0.181 0.161 0.156 0.154 0.145

KLT 0.185 0.145 0.130 0.129 0.127
0.159 0.134 0.120 0.117 0.112

0.180 0.164 0.150 0.164 0.158

KLTBB 0.169 0.149 0.134 0.131 0.128
0.154 0.139 0.120 0.120 0.116

0.182 0.166 0.156 0.169 0.179

KLTDPP 0.164 0.154 0.141 0.143 0.134
0.155 0.140 0.120 0.130 0.118

0.194 0.168 0.152 0.150 0.174

LDB 0.174 0.152 0.134 0.135 0.148
0.162 0.142 0.128 0.118 0.123

0.180 0.156 0.165 0.172 0.173

DP 0.170 0.146 0.143 0.137 0.139
0.158 0.137 0.125 0.119 0.115

0.211 0.355 0.465 0.667 0.649

WDP 0.181 0.257 0.404 0.531 0.495
0.181 0.214 0.311 0.450 0.401
Bayes 0.102 0.073 0.051 0.035 0.024

Table 5.4. Results for sub-ezperiment f, in the triangular
waveform ezperiment. The center bold number gives the me-
dian error rate, the upper number gives the 75" percentile, and

the lower number gives the 25" percentile.
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Algorithm 1 2 3 5 7 9
0.326 0.326 0.335 0.333 0.333 0.330
STD 0.305 0.307 0.318 0.313 0.311 0.305
0.291 0.294 0.297 0.302 0.283 0.295
0.395 0.363 0.204 0.168 0.176 0.168
DDPPMF 0.380 0.272 0.165 0.146 0.154 0.149
0.371 0.190 0.141 0.126 0.138 0.138
0.381 0.258 0.235 0.204 0.192 0.187
DDPPSRE 0.370 0.231 0.197 0.169 0.164 0.167
0.362 0.190 0.168 0.152 0.151 0.152
0.373 0.158 0.159 0.154 0.144 0.152
KLT 0.367 0.132 0.140 0.138 0.133 0.140
0.357 0.120 0.118 0.123 0.128 0.124
0.372 0.207 0.175 0.162 0.160 0.160
KLTBB 0.360 0.177 0.141 0.134 0.145 0.142
0.354 0.158 0.124 0.125 0.134 0.128
0.371 0.211 0.191 0.165 0.156 0.169
KLTDPP 0.361 0.179 0.169 0.141 0.140 0.148
0.356 0.151 0.140 0.126 0.127 0.132
0.391 0.262 0.164 0.158 0.158 0.162
LDB 0.380 0.228 0.140 0.143 0.144 0.143
0.371 0.201 0.132 0.127 0.128 0.131
0.373 0.191 0.193 0.166 0.339 0.370
DP 0.366 0.172 0.163 0.150 0.216 0.270
0.358 0.158 0.146 0.139 0.140 0.148
0.671 0.658 0.626 0.485 0.457 0.431
WDP 0.660 0.602 0.438 0.427 0.390 0.362
0.627 0.441 0.405 0.324 0.301 0.299
Bayes 0.050 0.050 0.050 0.050 0.050 0.050

Table 5.5. Results for sub-ezperiment Bases in the triangular
waveform experiment. The center bold number gives the median
error rate, the upper number gives the 75" percentile, and the

lower number gives the 25" percentile.

133



5. Ezperimental Results for Synthetic Data 134

5.5 Common Variance Waveforms

This synthetic dataset was created to show the well known weakness of the KLT
method as a form of feature extraction. Since KLT looks at the variance of the whole
dataset, it has no way of knowing whether the variance is due to scatter which is
common to all classes, or whether the variance is due to differences between classes.
It simply chooses the basis functions with the largest variance, as described in sec-
tion 4.7.4. To show this effect, a two class dataset was created where there are five
waveforms that have identical mean values and large common variances for both
classes. In a sixth waveform, the two classes have difterent means and identical
variances. Therefore, while there is large variance in six waveforms, only one basis
function contains any discriminatory power. The dataset was created according to
the signal model described in section 3.2 as follows.
There are six columns in the A matrix that are defined as

ar(nT) = kmax (1 — s|nT — t;[,0), (5.13)

for k = {1,2,3,4,5,6}, where T = 1/f, is the sampling interval, s = 1/2AT, ¢, =
2kAT, with AT = 1/14, and k is a constant chosen so that [jax|| = 1. These
waveforms are plotted in figure 5.8.

The Normal density parameters of a for each class are given as,

T T

p2)=[111111] 53’=[11111—1] (5.14a)
50 00 0 0]
050000
005000

s = v@ - 5.14b

@ > 000500 ( )
000050
(0000 0 1]

Finally, the noise added in this model is white and Normally distributed € ~
N (0, 02I). Typical waveforms from each of the classes are plotted in figure 5.9.
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Figure 5.8. Common variance waveforms for the A matriz. The solid line shows
the continuous version of the waveform, and the circles represent the sampled version
with f, = 64.

5.5.1 Experimental Results

The experimental results of applying each feature extraction algorithm (section 4.7)
to the common variance waveform dataset for each sub-experiment (section 5.3) are
plotted at the end of this section in figures 5.10-5.13. A tabular presentation of the
results for each sub-experiment are given in tables 5.6-5.9. The results are discussed

in the following sections.

5.5.1.1 sub-experiment N

The Bayes error rate for this sub-experiment is 0.167 for all values of V.

The lowest error rates for this sub-experiment are achieved by the DDPPMF and
DP algorithms which essentially become Bayes classifiers for N > 64. The LDB
and DDPPSRE algorithms show similar error rates for all values of N, and are only
slightly higher than DDPPMF and DP. STD and WDP perform poorly for low values
of N with error rates of ~ 0.5, but gradually improve as N increases reaching an error
rate ~ 0.2 for N = 256. The reasons for this poor performance are the same as those

presented for the triangular waveform experiment.
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Figure 5.9. Typical waveforms from the common variance waveform classes with
fs =64 and SNR = 10.

The KLT algorithm and its approximate forms KLTBB and KLTDPP perform
poorly for all values of N with error rates of ~ 0.4. Admittedly, this experiment was
designed to show this phenomenon. Since this data set is made up of six waveforms,
the first five showing large variance but no differences between the classes and the
sixth waveform showing small variance and a small difference between the classes, the
KLT algorithms choose basis functions that are correlated with the first five waveforms
and miss all of the discriminant power in the dataset. The KLTDPP algorithm shows
a reasonable median error rate of ~ 0.2 for N > 64, but shows a large dispersion with
many trial error rates occuring around ~ 0.4. This effect is attributed to random

chance.

5.5.1.2 sub-experiment SNR

The Bayes error rate for this sub-experiment starts at 0.267 for SNR = —3, decreases
quickly at first, and then starts to level off, achieving a final error rate of 0.16 for
SNR = 20.

The same general comments that were made for sub-experiment N apply here. To
summarize, DDPPMF and DP are essentially Bayes classifiers for all values of SNR,
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the DDPPSRE and LDB algorithm have slightly higher error rates, STD and WDP
perform poorly, and the KLT algorithms fail miserably.

The phenomenon observed for the triangular waveform dataset where the error
rates become closer to the Bayes error rate as the SNR decreases is not observed here.
This is because all the classes in the dataset have the same covariance matrix and
thus the assumptions of Fisher’'s LDA are not violated.

5.5.1.3 sub-experiment f,

The Bayes error rate for this sub-experiment starts at 0.183 for f, = 16, and then
gradually decreases achieving a final error rate of 0.16 for f, = 256.

The error rates for the DDPPMF and DP algorithms are only slightly larger than
the Bayes error rate for all values of f,, while the DDPPSRE and LDB algorithms
have slightly larger error rates. The KLT algorithms perform poorly as expected from
the discussion in sub-experiment N. In the same manner as the triangular dataset,
the STD and WDP algorithm show increasingly higher error rates as f, increases for

the same reasons discussed in section 5.4.1.3.

5.5.1.4 sub-experiment Bases

The Bayes error rate for this sub-experiment is 0.167 for all values of Bases.

The DDPPMF algorithm is clearly the superior algorithm for small Bases values
achieving an error rate only slightly larger than the Bayes rate. The next closest
contender is the DP algorithm but for Bases = 1 the ratio of the median error rate
for the DP algorithm and the DDPPMF algorithm is 3x the interquartile distance
of the DDPPMF algorithm. The next best algorithms are the DDPPSRE and LDB
techniques which show similar error rates between each other but seem to require
Bases > 3 for the error rates to be even comparable to the DDPPMF and DP error
rates. As expected, the WDP algorithms perform poorly for all values of Bases, and
since the STD algorithm is not modified as Bases changes, it obtains consistent error
rates of ~ 0.28.

The KLT algorithms show a sudden decrease in the error rate when Bases > 5.
This is to be expected since only five waveforms were set up to have high variance
with no discriminant power. After that, these algorithms can easily find the basis
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that does contain the discriminant information.

5.5.1.5 summary

This experiment was designed to show the weakness of the KLT algorithms when
there are high variance subspaces in the dataset without any discriminant power.
Since the KLT algorithms only look for high variance when choosing basis functions,
they are fooled by these subspaces. This point was made abundantly clear in this
experiment.

Several other important observations can also be made from this experiment. All
the disciminant information for this dataset exists on a line, so only one basis function
is needed to extract this information. The only algorithm that was able to do this
was the DDPPMF algorithm which was able to achieve near Bayes error rate of 0.18
when keeping only one basis function. The DP algorithm did a reasonable job as well
when keeping only one basis function obtaining an error rate of ~ 0.23, but all the
other algorithms gave median error rates greater than ~ 0.4.

Since both DDPPSRE and LDB obtain essentially the same error rates in all ex-
periments, it appears that the best basis algorithm and dictionary projection pursuit
algorithm behave similarly for this particular dataset. The fact that DDPPMF out-
performs DDPPSRE in all cases suggest that the modified Fisher (MF) criterion is
a better projection criterion than the symmetric relative entropy (SRE) criterion for
this particular problem. Herein lies the main advantage of the discriminant dictio-
nary projection pursuit (DDPP) algorithm over the local discriminant bases (LDB)
algorithm, since the LDB algorithm cannot be used with the MF criterion.

It was also obvious in this experiment that using no feature extraction (:.e., the
STD method) or using the WDP algorithm is a poor choice for the same reasons

discussed in section 3.4.1.5.
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Figure 5.10. Results for the common variance waveform ezperiment. The variable

N indicates the number of samples from each class that were used to train the clas-

stfier. The solid line shows the Bayes error rate and the dashed line shows upper y

limit from the graph with the smallest upper y limit.
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Figure 5.11. Results for the common variance waveform ezperiment. The variable
SNR indicates the signal to noise ratio of the synthetic waveforms, as described in
section 5.2.8. The solid line shows the Bayes error rate and the dashed line shows

upper y limit from the graph with the smallest upper y lhimit.
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Figure 5.12. Results for the common variance waveform ezperiment. The variable
fs indicates the sampling frequency of the synthetic waveforms, as described in sec-
tion 5.2.1. The solid line shows the Bayes error rate and the dashed line shows upper

y limit from the graph with the smallest upper y limit.
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Figure 5.13. Results for the common variance waveform ezperiment. The variable

Bases indicates the number of basis functions that the feature extraction method kept.

The solid line shows the Bayes error rate and the dashed line shows upper y limit

from the graph with the smallest upper y limit.
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Algorithm 16 32 64 128 256
0.512 0.512 0.307 0.239 0.207
STD 0.484 0.496 0.280 0.227 0.194

0.441 0.479 0.263 0.216 0.187

0.228 0.202 0.185 0.181 0.180

DDPPMF 0.108 0.187 0.172 0.170 0.169
0.183 0.176 0.165 0.161 0.156

0.360 0.277 0.247 0.217 0.202

DDPPSRE  0.287 0.232 0.207 0.198 0.189
0.222 0.204 0.184 0.184 0.175

0.429 0.415 0.448 0.438 0.432

KLT 0.398 0.396 0.415 0.407 0.413
0.334 0.366 0.393 0.393 0.406

0.453 0.417 0.416 0.405 0.363

KLTBB 0.401 0.371 0.364 0.362 0.346
0.357 0.354 0.350 0.356 0.337

0.497 0.458 0.427 0.418 0.214

KLTDPP 0.426 0.348 0.208 0.201 0.199
0.226 0.231 0.197 0.189 0.186

0.301 0.274 0.240 0.241 0.208

LDB 0.243 0.215 0.206 0.207 0.189
0.210 0.201 0.190 0.189 0.181

0.271 0.215 0.192 0.182 0.179

DP 0.234 0.194 0.176 0.173 0.170
0.205 0.178 0.167 0.165 0.162

0.493 0.500 0.489 0.259 0.218

WDP 0.429 0.476 0.293 0.219 0.198
0.272 0.389 0.221 0.197 0.183
Bayes 0.169 0.169 0.169 0.169 0.169

Table 5.6. Results for sub-ezperiment N in the common vari-
ance waveform ezperiment. The center bold number gives the
median error rate, the upper number gives the 75" percentile,

and the lower number gives the 25 percentile.
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Algorithm -9 0 5 10 15 20
0.408 0.348 0.308 0.310 0.307 0.302
STD 0.397 0.336 0.297 0.292 0.290 0.274
0.378 0.313 0.277 0.272 0.270 0.259
0.323 0.245 0.199 0.185 0.178 0.178
DDPPMF 0.306 0.236 0.188 0.179 0.170 0.170
0.293 0.227 0.181 0.168 0.161 0.163
0.403 0.308 0.266 0.242 0.271 0.236
DDPPSRE 0.365 0.284 0.222 0.209 0.208 0.188
0.345 0.253 0.205 0.184 0.180 0.173
0.434 0.447 0.436 0.439 0.434 0.433
KLT 0.417 0.409 0.407 0.420 0.417 0.417
0.396 0.391 0.387 0.395 0.398 0.401
0.481 0.439 0.422 0.395 0.403 0.378
KLTBB 0.453 0.389 0.383 0.365 0.363 0.361
0.419 0.369 0.367 0.348 0.343 0.346
0.456 0.446 0.441 0.366 0.445 0.435
KLTDPP 0.386 0.348 0.342 0.209 0.249 0.260
0.337 0.259 0.215 0.196 0.190 0.188
0.420 0.344 0.285 0.240 0.206 0.253
LDB 0.378 0.309 0.229 0.205 0.189 0.189
0.360 0.272 0.213 0.188 0.180 0.178
0.351 0.268 0.213 0.195 0.179 0.184
DP 0.327 0.251 0.201 0.187 0.171 0.170
0.307 0.237 0.186 0.174 0.162 0.162
0.384 0.323 0.344 0.485 0.487 0.465
WDP 0.364 0.291 0.284 0.365 0.427 0.415
0.343 0.274 0.247 0.260 0.254 0.340
Bayes 0.267 0.210 0.176 0.166 0.160 0.160

Table 5.7. Results for sub-ezperiment SNR in the common
variance waveform erperiment. The center bold number gives
the median error rate, the upper number gives the 75" percentile,

and the lower number gives the 25" percentile.
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Algorithm 16 32 64 128 256
0.229 0.247 0.297 0.487 0.509
STD 0.219 0.232 0.277 0.467 0.490

0.201 0.222 0.265 0.452 0.466

0.204 0.189 0.188 0.182 0.185

DDPPMF 0.104 0.183 0.179 0.175 0.178
0.185 0.174 0.168 0.166 0.164

0.276 0.261 0.255 0.218 0.210

DDPPSRE 0.242 0.225 0.214 0.198 0.189
0.211 0.209 0.189 0.176 0.177

0.428 0.429 0.420 0.440 0.427

KLT 0.407 0.408 0.404 0.423 0.407
0.393 0.392 0.388 0.407 0.391

0.339 0.217 0.432 0.365 0.483

KLTBB 0.327 0.207 0.381 0.355 0.464
0.312 0.196 0.363 0.334 0.355

0.320 0.377 0.419 0.310 0.371

KLTDPP 0.298 0.233 0.306 0.211 0.214
0.271 0.209 0.194 0.198 0.198

0.270 0.253 0.229 0.219 0.233

LDB 0.232 0.219 0.205 0.196 0.189
0.213 0.207 0.190 0.181 0.169

0.210 0.207 0.193 0.186 0.178

DP 0.199 0.190 0.180 0.179 0.170
0.191 0.180 0.171 0.164 0.164

0.218 0.231 0.490 0.493 0.490

WDP 0.205 0.211 0.320 0.473 0.449
0.193 0.195 0.230 0.375 0.238
Bayes 0.183 0.172 0.166 0.165 0.160

Table 5.8. Results for sub-ezperiment f, in the common vari-
ance waveform ezperiment. The center bold number gives the
median error rate, the upper number gives the 75" percentile,

and the lower number gives the 25* percentile.
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Algorithm 1 2 3 5 7 9
0.292 0.306 0.316 0.306 0.316 0.308
STD 0.280 0.280 0.293 0.287 0.290 0.286
0.265 0.266 0.270 0.270 0.268 0.264
0.190 0.182 0.181 0.189 0.192 0.192
DDPPMF 0.178 0.175 0.174 0.177 0.185 0.184
0.167 0.165 0.165 0.166 0.173 0.177
0.434 0.412 0.330 0.242 0.205 0.201
DDPPSRE 0.411 0.370 0.310 0.204 0.191 0.187
0.351 0.330 0.249 0.190 0.178 0.174
0.509 0.502 0.475 0439 0.185 0.187
KLT 0.485 0.477 0.459 0.418 0.178 0.176
0.472 0.463 0.434 0.392 0.169 0.171
0.511 0.503 0.475 0.411 0.195 0.193
KLTBB 0.492 0.481 0.457 0.371 0.183 0.183
0.483 0.460 0.441 0.354 0.172 0.173
0.513 0.494 0.475 0.439 0.195 0.197
KLTDPP 0.492 0.479 0.456 0.222 0.186 0.186
0.475 0.456 0.436 0.196 0.176 0.175
0.432 0.398 0.331 0.260 0.204 0.197
LDB 0.411 0.340 0.304 0.205 0.191 0.185
0.369 0.327 0.265 0.184 0.180 0.174
0.267 0.242 0.226 0.190 0.203 0.206
DP 0.248 0.190 0.186 0.182 0.184 0.195
0.237 0.175 0.171 0.174 0.172 0.185
0.517 0.490 0.492 0.489 0.483 0.337
wWDP 0.500 0.476 0.450 0.465 0.332 0.257
0.483 0.379 0.266 0.253 0.244 0.230
Bayes 0.167 0.167 0.167 0.167 0.167 0.167

Table 5.9. Results for sub-ezperiment Bases in the common
variance waveform erperiment.
the median error rate, the upper number gives the 75" percentile,

and the lower number gives the 25" percentile.

The center bold number gives
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5.6 Multiscale Waveforms

This synthetic dataset was created to simulate the case when discriminatory informa-
tion exists on multiple scales. It is conjectured that the LDB and KLTBB algorithms
will perform poorly for this type of data. Any algorithm that uses the best basis
algorithm (see section 3.3.4.1) is limited to choosing basis functions from subspaces
of the wavelet packet representation which are orthogonal to one another. Sometimes,
good features for discrimination may exist in two subspaces that are not orthogonal to
one another and the algorithm must choose one subspace over the other, thus missing
some potentially good features. The algorithm will have to represent the features from
the subspace that was not included as linear combinations of basis functions in the
subspaces that it kept. Ultimately, this means that to achieve the same classification
error rates, best basis algorithms must keep more basis functions in comparison to
algorithms that use dictionary projection pursuit (DDPPSRE, DDPPMF and KLT-
DPP) or discriminant pursuit (DP and WDP) since these algorithms do not suffer
from this limitation.

A two class dataset was created with eight waveforms located in the left half of the
interval having small scale, and four waveforms spread evenly on the interval having
large scale. This situation is typical of how information is distributed in acoustic
spectra where a lot of information is contained at low frequencies with narrow band-
width, and less information is contained at higher frequencies with large bandwidth.
The covariance matrix for both classes is identical, but the mean is different for each
waveform by the same amount with an alternating pattern. Therefore, each waveform
contains the same amount of discriminant information.

The dataset was created according to the signal model described in section 5.2 as
follows. The columns of the A matrix are given by the Coiflet order 2 wavelet packet
basis functions with indices shown in table 5.10, where m0 = log,(f,) (recall that f,
also gives the length of the signal). These waveforms are plotted in figure 5.14. Notice
the slight shift in the waveforms for different sampling rates. This is a consequence of
how the wavelets are constructed and no attempt was made to align the waveforms

for different sampling rates.
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A column s f p
m0—5 0 O

2 mid—5 0 2
3 m0—35 0 4
4 m0—5 0 6
5 mO0—-5 0 8
6 m0—-35 0 10
7 m0—5 0 12
8 m0—5 0 14
9 m0—-3 0 O
10 m0—3 0 1
11 m0—3 0 2
12 m0-3 0 3

Table 5.10. Wavelet packet indices for multiscale waveforms

where m0 = log,(fs)

The Normal density parameters of a for each class are given as,

(1) T I
a=[121212121212] (5.15a)

T
pP=[212121212121] (5.15b)
TV =53 = 1y, (5.15¢)

where I, is a 12 x 12 identity matrix. Finally, the noise added in this model is white
and Normally distributed & ~ A(0, 0%I). Typical waveforms from each of the classes
are plotted in figure 5.15.

5.6.1 Experimental Results

The experimental results of applying each feature extraction algorithm (section 4.7)
to the multiscale waveform dataset for each sub-experiment (section 5.3) are plotted
at the end of this section in figures 5.16-5.19. A tabular presentation of the results
for each sub-experiment are given in tables 53.11-5.14. The results are discussed in

the following sections.
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Figure 5.14. Multiscale waveforms for the A matriz. The top graph shows the
waveforms for f, = 64, with solid dots at the sampled points. The bottom graph
shows the waveforms for f, = 256, but solid dots at the sampled points are not shoun.

Notice the slight shift in the waveforms.

Figure 5.15. Typical waveforms from the multiscale waveform classes with f, = 64
and SNR = 10.
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5.6.1.1 sub-experiment N

The Bayes error rate for this sub-experiment is 0.048 for all values of N.

The algorithms DDPPMF, KLT, KLTBB, KLTDPP, and DP all obtain similar
and very good error rates of ~ 0.09 for N = 16 and decrease to ~ 0.06 for N =
256. The KLT algorithm may be slightly superior and the KLTBB algorithm may
be slightly inferior to the other algorithms for N = 16 achieving an error rate of
~ 0.07 and ~ 0.11 respectively. Following close behind, but clearly inferior are the
DDPPSRE and LDB algorithms which obtain consistently higher error rates than the
aforementioned algorithms. The STD and WDP algorithms perform very poorly for
N < 128, but show reasonable result for N larger than this.

5.6.1.2 sub-experiment SNR

The Bayes error rate for this sub-experiment starts at 0.185 for SNR = —3, decreases
quickly at first, and then starts to level off, achieving a final error rate of 0.04 for
SNR = 20.

The three algorithms DDPPMF, KLT, and DP clearly outperform all the other al-
gorithms obtaining near Bayes error rates for all values of SNR. The three algorithms
DDPPSRE, LDB, KLTDPP and KLTBB obtain error rates that are consistent among
each other, and slightly higher than the previously mentioned algorithms. The STD
and WDP algorithms give significantly higher error rates than the other six algorithms
for all values of SNR.

A curious phenomenon that is observed for the WDP algorithm is that the error
rate seems to increase as the SNR increases from 5 to 20. This seems counter-intuitive
but is completely understandable by the following argument. Since the sampling rate
for this experiment is 64 and the number of samples used for training from each class
is 64, the within-class covariance matrix of each class will theoretically be singular
but due to round off errors will most likely just be badly scaled. As the signal to noise
ratio (SNR) increases, the samples that are used to compute the covariance matrix
become confined more and more to the subspace defined by the waveforms of the signal
model which further increases the singularity of the within-class covariance matrix,
and makes the scaling by the inverse of the matrix more problematic®. Referring to

3In some cases, the covariance matrix becomes truly singular making the inversion process im-
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figures 5.4.1.2 and 5.5.1.2, it can be seen that the same phenomenon is observed for
other experiments but to a lesser extent.

5.6.1.3 sub-experiment f,

The Bayes error rate for this sub-experiment starts at 0.063 for f, = 32, and gradually
decreases to an error rate of 0.043 for f, = 236.

The best performance is obtained for the DDPPMF, KLT and DP algorithms
which achieve near Bayes error rates for all values of f,, The DDPPSRE, KLTBB,
KLTDPP, and LDB follow close behind with slightly higher error rates for all values
of f,. The STD and WDP algorithms show reasonable error rates for f, = 32 but
quickly escalate as f, increases reaching error rates of ~ 0.45 for large values of f, for

the same reason that were discussed in section 5.4.1.3.

5.6.1.4 sub-experiment Bases

The Bayes error rate for this sub-experiment is 0.049 for all values of Bases.

For Bases = {1,2}, the KLT algorithm clearly outperforms all the other algo-
rithms obtaining error rates of ~ 0.06. The only other algorithm to obtain error rates
below 0.1 for both of these sampling frequencies is the DDPPMF algorithm. For
Bases > 3, the DDPPMF, KLT and DP algorithms show the best performance with
error rates of ~ 0.06. The DDPPSRE, KLTBB, KLTDPP and LDB algorithms show
a more gradual decrease in error rate as Bases increases but achieve the same error
rate as the previously mentioned algorithms for Bases > 128. The WDP algorithm
shows consistently poor result with some improvement as Bases increases and since
the STD algorithm is not modified as Bases changes, it obtains consistent error rates
of ~ 0.14.

5.6.1.5 summary

The original motivation of this experiment was to show that the LDB and KLTBB
algorithms which use the best basis algorithm to optimize a criterion function should
be required to keep more basis functions than the other algorithms to achieve the

possible. In these cases, the classifer fails competely and an error rate of ~ 0.5 is acheived
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same error rate, as discussed in the introduction of this experiment. The results of
this section seem to disprove that conjecture since the DDPPSRE and LDB algorithms
have almost identical error rates as a function of Bases. Since these two algorithms
optimize the same criterion function with different algorithms (i.e., best basis and
dictionary projection pursuit respectively), the DDPPSRE should have obtained lower
error rates than LDB for small values of Bases if the conjecture were true.

However, the reason that this phenomenon was not observed may be because of
a poorly designed dataset and not because the conjecture is false. The dataset was
defined so that the deterministic waveforms in the matrix A (see section 5.2) exist
on different scales and thus should conflict with the best basis strategy. However, the
discriminant information in the dataset may exist in a subspace that is quite different
from the waveforms that define the classes. As shown in figure 4.4, the features that
the DDPPMF algorithm extracted for this dataset were highly oscillatory reflecting
the pattern of the mean values for the waveforms and thus the discriminant features
exist in a wavelet packet subspace with a large frequency index f. The waveforms
that define that dataset on the other hand were all chosen from a wavelet packet
subspace with frequency index f = 0. Despite this shortcoming, this dataset was
maintained in order to be faithful with the original idea of creating the datasets
before the experiments were performed and thus avoiding the bias of only presenting
experiments where the dictionary projection pursuit algorithms performed best.

In any case, this experiment still shed much light on the performance of each
of the algorithms. For this dataset, the DDPPMF, KLT and DP algorithms clearly
performed the best, with KLT being slightly superior when only 1 or 2 basis functions
were kept. The DDPPSRE and LDB algorithms performed almost identically in all
cases but worse than the previously mentioned algorithms. This suggest that there
is little difference in the performance of the best basis and dictionary projection
pursuit algorithms, and that the modified Fisher criterion (which DDPPMF uses) is
a superior criterion over the symmetric relative entropy criterion (which DDPPSRE
uses).

The approximate KLT algorithms KLTBB and KLTDPP did not perform as well
as the KLT algorithm, but they did perform well enough to enourage their use in
high dimensional problems where the KLT algorithm cannot be applied.
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The WDP algorithm performed poorly in all cases that the number of training
samples from each class N was smaller than or on the same order of magnitude as
the dimension of the feature vector f,, due to the difficulties of inverting the singular
within-class covariance matrix as discussed in section 5.4.1.1.
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Figure 5.16. Results for the multiscale waveform ezperiment. The variable N indi-
cates the number of samples from each class that were used to train the classifier. The
solid line shows the Bayes error rate and the dashed line shows upper y limit from the

graph with the smallest upper y limit.
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Figure 5.17. Results for the multiscale waveform ezperiment. The variable SNR
indicates the signal to noise ratio of the synthetic waveformns, as described in sec-
tion 5.2.3. The solid line shows the Bayes error rate and the dashed line shows upper

y limit from the graph with the smallest upper y limit.
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Figure 5.18. Results for the multiscale waveform ezperiment. The variable f, indi-
cates the sampling frequency of the synthetic waveforms, as described in section 5.2.1.
The solid line shows the Bayes error rate and the dashed line shows upper y limit from

the graph with the smallest upper y limit.
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Figure 5.19. Results for the multiscale waveformn ezperiment. The variable Bases
indicates the number of basis functions that the feature ertraction method kept. The
solid line shows the Bayes error rate and the dashed line shows upper y limit from the

graph with the smallest upper y limit.
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Algorithm 16 32 64 128 256
0.515 0.523 0.154 0.096 0.072
STD 0.467 0.474 0.148 0.090 0.068

0.379 0.434 0.136 0.080 0.061

0.110 0.077 0.070 0.065 0.061

DDPPMF 0.097 0.085 0.061 0.062 0.058
0.076 0.060 0.056 0.055 0.054

0.141 0.119 0.101 0.094 0.080

DDPPSRE 0.122 0.103 0.091 0.088 0.085
0.103 0.094 0.083 0.082 0.081

0.084 0.071 0.068 0.062 0.059

KLT 0.073 0.066 0.060 0.058 0.057
0.064 0.057 0.051 0.052 0.052

0.129 0.104 0.095 0.095 0.086

KLTBB 0.109 0.093 0.082 0.084 0.077
0.091 0.081 0.074 0.075 0.065

0.106 0.092 0.082 0.081 0.078

KLTDPP 0.087 0.080 0.076 0.074 0.073
0.079 0.069 0.067 0.070 0.064

0.139 0.120 0.101 0.095 0.090

LDB 0.114 0.097 0.091 0.084 0.083
0.096 0.085 0.084 0.076 0.076

0.096 0.070 0.068 0.063 0.064

DP 0.084 0.087 0.062 0.059 0.058
0.073 0.063 0.057 0.053 0.054

0.452 0.435 0.342 0.180 0.092

WDP 0.390 0.383 0.253 0.122 0.077
0.329 0.338 0.184 0.094 0.069
Bayes 0.048 0.048 0.048 0.048 0.048

Table 5.11. Results for sub-ezperiment N in the multiscale
waveform ezperiment. The center bold number gives the me-

dian error rate, the upper number gives the 75" percentile, and

=th

the lower number gives the 25** percentile.
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Algorithm -5 0 5 10 15 20
0.335 0.243 0.179 0.155 0.152 0.133
STD 0.307 0.219 0.161 0.137 0.132 0.121
0.293 0.203 0.150 0.125 0.112 0.103
0.235 0.136 0.083 0.068 0.069 0.079
DDPPMF  0.221 0.124 0.077 0.083 0.059 0.057
0.214 0.120 0.068 0.053 0.053 0.051
0.281 0.179 0.130 0.097 0.094 0.093
DDPPSRE 0.261 0.166 0.113 0.091 0.083 0.085
0.245 0.152 0.101 0.084 0.076 0.077
0.254 0.127 0.084 0.067 0.063 0.058
KLT 0.238 0.121 0.077 0.060 0.059 0.054
0.228 0.115 0.069 0.055 0.054 0.050
0.260 0.168 0.123 0.094 0.092 0.089
KLTBB 0.242 0.150 0.104 0.083 0.074 0.075
0.223 0.137 0.088 0.073 0.064 0.060
0.256 0.144 0.097 0.081 0.077 0.076
KLTDPP 0.232 0.138 0.092 0.075 0.071 0.068
0.220 0.128 0.081 0.067 0.065 0.064
0.272 0.168 0.114 0.098 0.101 0.103
LDB 0.254 0.152 0.104 0.087 0.088 0.093
0.237 0.140 0.095 0.079 0.080 0.083
0.232 0.128 0.083 0.064 0.059 0.058
DP 0.221 0.121 0.076 0.061 0.054 0.053
0.211 0.111 0.069 0.055 0.049 0.048
0.333 0.244 0.242 0.328 0.383 0.404
WDP 0.303 0.207 0.187 0.262 0.304 0.309
0.271 0.181 0.154 0.163 0.249 0.271
Bayes 0.185 0.105 0.063 0.051 0.043 0.040

Table 5.12. Results for sub-ezperiment SNR in the multiscale
waveform experiment. The center bold number gives the median
error rate, the upper number gives the 75" percentile, and the

lower number gives the 25* percentile.
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Algorithm 32 64 128 256
0.100 0.157 0.460 0.515
STD 0.090 0.143 0.436 0.486

0.081 0.127 0.402 0.457

0.071 0.069 0.066 0.067

DDPPMF 0.068 0.085 0.059 0.055
0.063 0.059 0.050 0.049

0.108 0.106 0.097 0.090

DDPPSRE 0.098 0.093 0.091 0.085
0.092 0.087 0.082 0.076

0.070 0.065 0.064 0.059

KLT 0.0682 0.060 0.057 0.056
0.058 0.056 0.051 0.050

0.105 0.092 0.089 0.092

KLTBB 0.093 0.084 0.079 0.083
0.076 0.076 0.071 0.068

0.086 0.085 0.081 0.077

KLTDPP 0.082 0.075 0.071 0.070
0.075 0.066 0.065 0.064

0.101 0.110 0.106 0.101

LDB 0.093 0.096 0.091 0.086
0.085 0.086 0.078 0.071

0.072 0.067 0.065 0.062

DP 0.087 0.063 0.057 0.054
0.060 0.056 0.051 0.047

0.128 0.387 0.490 0.485

WDP 0.106 0.316 0.444 0.371
0.092 0.220 0.282 0.324
Bayes 0.063 0.049 0.046 0.043

Table 5.13. Results for sub-ezperiment f, in the multiscale
waveform ezperiment. The center bold number gives the me-
dian error rate, the upper number gives the 75" percentile, and

the lower number gives the 25** percentile.
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Algorithm 1 2 3 5 7 9
0.153 0155 0.154 0156  0.155  0.154
STD 0.134 0.142 0.139 0.142 0.139  0.140
0113 0129 0.128 0.132 0.129  0.125
0103 0102 0.084 0068 0066  0.069
DDPPMF 0.097 0.083 0.065 0.062 0.063 0.065
0093 008 0060 0059  0.056  0.058
0229 0173 0.130 0099 0085  0.077
DDPPSRE 0.216 0.151 0.122 0.094 0.079 0.071
0204 0140 0.113 0088  0.073  0.066
0073 0067 0.065 0064 0.064  0.066
KLT 0.065 0.062 0.061 0.058 0.061 0.062
0.057 0054  0.057 0053  0.056  0.055
0203 0199 0141 0097 0076  0.067
KLTBB  0.182 0.183 0.132 0.085 0.069 0.062
0.18 0131 0.119 0076  0.063  0.057
0199 0092 0.093 0085 0.074  0.070
KLTDPP 0.192 0.085 0.085 0.076 0.067 0.064
0.178 0079  0.077 0068  0.059  0.056
0241 0179 0.146 0.105 0.087  0.078
LDB 0.218 0.152 0.122 0.092 0.078 0.072
0.207 0136 0117 0080  0.067  0.066
0.156 0088 0071 0067 0.067  0.067
DP 0.144 0.083 0.066 0.062 0.059 0.061
0.133 0078 0061 0055 0055  0.056
0.507 0505 0474  0.371 0.208  0.254
WDP 0.498 0419 0.409 0.285 0.247 0.186
0422 0310 0349  0.147  0.158  0.127
Bayes 0.040 0.049 0.049 0.049 0.049 0.049

Table 5.14. Results for sub-ezperiment Bases in the multiscale
waveform ezxperiment. The center bold number gives the median
error rate, the upper number gives the 75** percentile, and the

lower number gives the 25" percentile.
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5.7 Conclusions

The results from the synthetic experiments performed in this chapter allow the fol-

lowing conclusions to be drawn.

1.

The DDPPMF algorithm performed very well for all of the experiments achiev-

ing either the lowest error rate or close to the lowest error rate in all cases.

The modified Fisher (MF) criterion (section 4.6.1.2) is a better projection crite-
rion than the symmetric realtive entropy (SRE) criterion (section 4.6.1.1) when
used with the discriminant dictionary projection pursuit (DDPP) algorithm in
all cases. Since the LDB algorithm cannot use the MF criterion, this presents a
distinct advantage of DDPP over LDB as a dictionary optimization algorithm.
The LDB algorithm outperforms the DDPPSRE algorithm only when most of
the discriminant information for a problem exists in the same wavelet packet
subspace, and in all other cases they perform identically. Since both algorithms
use the same criterion function, this statement reflects the behaviour of the best
basis and dictionary projection pursuit optimization algorithms as well.

The WDP algorithm performs poorly in all cases where the number of training
samples for each class N is smaller than or on the same order of magnitude as
the dimension of the feature vector f,.

The KLT algorithm is a very powerful algorithm that performs as well or bet-
ter than all of the other algorithms in all cases except when the discriminant

information in a problem is contained in a small variance subspace.

. The approximate KLT algorithms KLTBB and KLTDPP perform slightly worse

than KLT in most cases but sufficiently well to warrant their use in higher di-
mensional problems where KLT is too computationally expensive to implement.
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Chapter 6

Experimental Results for Recorded
Data

6.1 Introduction

The experiments in this chapter use datasets of recorded sounds from established
databases to show the relative strengths and weaknesses of each of the feature ex-
traction algorithms described in section 4.7. In all cases, Fisher’s LDA described in
section 2.2.4.4 was used as a classifier. This classifier was chosen due to its widespread
use and acceptance as a robust classifier. Simulations with other classifiers such as
linear and quadratic Gaussian plug-in, and CART (see section 2.2.4) show the same
performance trends for each of the feature extraction techniques described here, so

they are not presented.

6.2 Noise Monitoring

6.2.1 Introduction

Noise monitoring is becoming increasingly important, especially in highly populated
areas near airports, train stations and highways where noise regulations strictly spec-
ify the acceptable noise levels. Historically, noise monitoring consisted of measuring
average sound levels over relatively long time periods (hours or days), but recently,
there has been more emphasis on determining the nature of the sound so that more
effective control can be implemented. The latest work in this field has been com-
piled and summarized in Couvreur’s thesis [25], where he also develops a pattern
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recognition framework based on a 1/3 octave pre-processor with linear and quadratic
classifiers. One of the goals of this section is to show that adaptive feature extraction
techniques applied to short time log periodograms can significantly reduce the error
rates over the use of fixed 1/3 octave filter bank features, which is currently considered
the state of the art by the noise monitoring community. Additionally, this section is
used to evaluate the adaptive feature extraction techniques against one another using

real data.

6.2.2 Madras Database

The MADRAS! database of environmental noise sources has been constructed for the
purpose of developing new monitoring instruments with the ability to automatically
identify and quantify the various acoustic sources that make up a given acoustic en-
vironment. The MADRAS project is a European consortium with several partners
contributing to the funding and research [26]. The database consists of several hun-
dred high quality recordings of common environmental sounds such as planes, cars,
trucks, trains, factories, machine shops, chain saws, etc., and the recording condi-
tions of each noise source are documented?. All the recordings used in the following
experiments have sampling rates of 25600 Hz and 16 bit resolution.

For the experiments in this section, sound recordings were selected of planes,
trains, cars and trucks from the MADRAS database. The planes are all propeller
planes; the train sounds contain both the track noise and the engine noise; the car
and truck sounds are all drive-bys at relatively close proximity (within 3m), and a
combination of road noise and engine noise is heard. A total of 16 recordings from each
class were chosen, which resulted in a total of 11 minutes of recordings. Recordings
of planes and trains were longer than those of cars and trucks; so they make up

proportionally more of the recording time.

IMADRAS - Methods for Automatic Detection and Recognition of Acoustic Sources.
2This data was kindly provided by Christophe Couvreur of Lernout and Hauspie Inc. with

permission from the MADRAS group.
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Noise Source Occurrence

car 683
truck 1510
plane 1980
train 3914

Table 6.1. MADRAS Occurrence Table

6.2.3 Pre-processing

Two different pre-processing methods were used. The first mimics the 1/3 octave pre-
processing that Couvreur used in his work [25] (it actually uses the same software) and
is intended to represent a low dimensional manual form of feature extraction based
on a priori knowledge. The second computes the log periodogram and is intended to
represent raw data that requires an algorithm to adaptively search for features based
on a set of training data. The frame size in both cases was set to 80 ms without
overlap. This is significantly shorter than the 1 s frames that Couvreur [25] used which
he chose based on the argument that current noise monitoring equipment already
produces one third octave spectra with this time resolution. However, extensive
testing showed that classification accuracy does not improve for window sizes above
80 ms, so this window size was used for our experiments. This results in a total of
8087 frames, with the relative numbers in each class shown in table 6.1.

6.2.3.1 1/3 Octave Pre-processor

The 1/3 octave pre-processor is described by Couvreur [25], so only a cursory de-
scription is given here. The pre-processor forms 18-dimensional feature vectors from
the partial powers in the third octave bands ranging from 100 Hz to 5000 Hz. The
partial power in a third octave band is the ratio of the portion of the signal RMS
power contained in that band to the total RMS power of the signal®. The passbands
for each of the filters in the bank are plotted in figure 6.1, and typical spectra of each
of the classes are plotted in figure 6.2. Notice that the passbands are equally spaced
and have equal widths when plotted on a logarithmic x-axis. This is commonly called

3Actually, they should be called partial energies since it represents an integral of a power, but
this terminology has been used extensively in the literature so we will not attempt to change it.
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constant-Q filtering. On a linear scale, the filter passbands become progressively
wider and spaced further apart as the center frequency of the passband increases.
The term 1/3 octave is due to the fact that there are exactly 3 passbands per octave
(i.e., power of 2). The only modification made from Couvreur’s procedure was to add
20 to the dB values of the partial powers. This was done to conveniently set the zero
point of the scale to 1 % of the total signal power, which makes visual inpsection of

the spectra more intuitive.

AN

Figure 6.1. Passbands for the 1/3 octave filter bank.

6.2.3.2 Log Periodogram Pre-processor

The log periodogram* pre-processing of the MADRAS database recordings consisted
of the following steps:

4This is just the windowed FFT amplitude spectrum as described in section 2.4.2.1. The term
periodogram is used to be consistent with the literature [13, 58].
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Figure 6.2. Typical 1/3 octave spectra from the MADRAS database. FEach band

shows the partial power from three separate recordings from the class. A given record-

ing s located in the same relative position in each band.

-

9.

The time domain signals were downsampled by 2 using a sixth order Chebychev
filter with 0.5 dB ripple and 10.75 kHz corner to drop the sampling rate from
fs = 25.6 kHz to 12.8 kHz.

The time domain signals were high pass filtered with a sixth order Butterworth
filter with the -3 dB point set to 75 Hz. This was done to remove low frequency

artifacts from the car and truck recordings.

. The time domain signal was buffered into 512 sample non-overlapping frames.

4.

A Hanning window® was applied to each frame.
The FFT of each frame was computed, which will be denoted as y.

5As pointed out by Antoniou [1], the proper name for this window is the von Hann window, but
since it is almost exclusively called the Hanning window in the literature, we will not try to undo

the wrong-doings of early researchers.
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6. The normalized periodogram in dB was then computed as

z[i] = 10log bl + 20, (6.1)

Ei ly(i]|?
where the additional 20 makes 1% of the total signal energy the zero point of the
dB scale, as was done for the 1/3 octave pre-processor. The only operation that
is critical for pattern recognition is the log function. The transformation to the

dB scale was done only because it is a familiar scale for humans to understand.

Typical spectra of each of the classes are plotted in figure 6.3. Notice that the
shape of these periodograms are quite different than the shape of the 1/3 octave
spectra in figure 6.2. In particular, the high frequency energy is higher in the 1/3
octave spectra than the periodogram spectra. This is because the 1/3 octave filter
bank integrates progressively more of the energy into a single band as the center
frequency of the passband increases.
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Figure 6.3. Typical log periodograms from the MADRAS database.
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6.2.4 Experimental Setup

It is not reasonable to assume that frames from the same physical recording are
independent, as is usually assumed for the evaluation of pattern recognition systems,
so special care was taken to ensure that frames from the same recording were not
used for both training and evaluation. That is, if a given frame is used for training
the adapted feature extraction algorithm and classifier, then any frame from the same
recording is prohibited from being used to evaluate the system. If this precaution was
not taken, then the evaluation results would be biased to lower error rates than the
true error rates.

The fixed 1/3 octave features (section 6.2.3.1) and each adapted feature extraction
technique applied to the log periodogram features (section 6.2.3.2) were evaluated in
terms of their cross validation error rate (section 2.2.6.3) on a scale of 0-1, as a

function of,

N - the total number of frames that were used to train the adapted feature extrac-
tion algorithm and classifier.

Bases - The number of basis functions that were kept for the adapted techniques
only (i.e., the 1/3 octave preprocessor always keeps 18 basis functions and the
STD method keeps all the basis functions).

In the experiments where N is varying, Bases is fixed at 25, and when Bases is
varying, N is fixed at 128.
The procedure can be summarized as follows,

1. Partition the dataset into 16 sections, such that each section contains one record-
ing from each class.

2. Classify the frames in each section by randomly selecting N frames from the

remainder of the dataset to use as a training set.

In this way, every frame is classified once using independent training data and a
total of 16 trials are performed which gives a distribution of error rates that can be
displayed using box plots as described in section 3.3.1.
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6.2.5 Experimental Results

The experimental results of applying each feature extraction algorithm (section 4.7)
to the MADRAS dataset for each sub-experiment (section 6.2.4) are plotted in fig-
ures 6.4-6.6. A tabular presentation of the results for each sub-experiment are given
in tables 6.2-6.3.

6.2.5.1 sub-experiment N

For N = 32, the KLT algorithm performs very well giving an error rate of ~ 0.19,
while all other algorithms give error rates greater than ~ 0.4. For larger values of N
the best algorithms are KLT, KLTBB, and LDB which achieve error rates as low as
~ 0.1. The next best algorithm in this regime is DDPPSRE, followed close behind
by DDPPMF, KLTDPP and OCT3.

The STD and WDP methods perform poorly for N < 256 but begin to show
improvements for larger values of N, and actually achieve error rates close to but
slightly higher than the other algorithms for N = 1024. The reason for the poor
performance of these algorithms for small N is that both use the full size 256 x 256
within-class covariance matrix Xy which is guaranteed to be singular or at least badly
scaled. The STD method doesn’t reduce the dimension of the feature vector at all, so
Fisher’s LDA (see section 2.2.4.4) uses the poorly scaled £w to solve the generalized
eigenvalue problem and thus has large errors. The WDP algorithm attempts to scale
the contrasts between the class means by X' (see section 4.7.9) which when Zyy is

poorly scaled produces erroneous results.

6.2.5.2 sub-experiment Bases

Not a lot of extra information was obtained from this sub-experiment. The same
performance trends that were observed in sub-experiment N are observed here, and
in all cases, the performance of each algorithm seems to be relatively independent of

the number of basis functions that are kept.
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6.2.5.3 summary

One of the goals of this experiment was to show that the classification performance of
noise monitoring data can be improved by using adapted feature extraction techniques
rather than fixed 1/3 octave features which is currently the standard in the field. This
objective was achieved since for N > 128 and Bases = 25, the KLT, KLTBB, and
LDB algorithms reduced the OCT3 median error rate by approximately 40 %, DDPP-
SRE reduced the OCT3 median error rate by approximately 25 %, and DDPPMF
reduced the OCT3 median error rate by approximately 10 %.

Another interesting observation is that the SRE criterion (see section 4.6.1.1)
appears to be a better criterion for this problem than the MF criterion (see sec-
tion 4.6.1.2) since DDPPSRE outperforms DDPPMF. This is in contrast to the re-
sults for the synthetic data in chapter 5, where the MF criterion outperforned SRE in
all cases. This paradox raises an important point about pattern recognition problems
which is that there is no universally best method. The value of a given method is

very strongly dependent on the type of data that is being analyzed.



6. Ezperimental Results for Recorded Data 172

STD DDPPMF , DDPPSRE
8
zg é B a $ 0.6 é_.‘-,_._._,_.g.. 0.6 E-f_._._,_,_ N
0:4 J_-T _i___] 04 i Q _ 0.4|C ﬁ l*
02 *ol %2 TEEHE 2 T0gsg
KLT KLTBB KLTDPP
I e b
S0.2 0.4
480030 SPassay o “ee0:
LDB DP WDP
06| o6\, .t ZI';$ ﬁ_
0.4 ﬁ_""f"'"'"‘ 0.4 @ Y ﬁé |
0.2 Q$$$¢ 0.2 IQBEQ 0.2 $

0 0 0
56 78 910 567 8 910 567 8 910
log, N lagzN logzN

Figure 6.4. Results for the Madras ezperiment. The variable N indicates the to-
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Algorithm 32 64 128 256 512 1024
0.775 0.755 0.741 0.792 0.283 0.226

STD 0.707 0.674 0.694 0.749 0.260 0.144
0.644 0.590 0.589 0.683 0.210 0.116

0.529 0.343 0.231 0.237 0.230 0.226

DDPPMF 0.481 0.244 0.192 0.170 0.185 0.154
0.460 0.199 0.131 0.124 0.080 0.107

0.550 0.345 0.277 0.241 0.222 0.218
DDPPSRE 0.488 0.314 0.151 0.150 0.136 0.127
0.424 0.237 0.126 0.100 0.082 0.073

0.252 0.237 0.209 0.198 0.197 0.179

KLT 0.192 0.163 0.116 0.116 0.115 0.105
0.150 0.102 0.072 0.071 0.058 0.055

0.527 0.306 0.271 0.197 0.207 0.172

KLTBB 0.478 0.201 0.157 0.118 0.120 0.114
0.359 0.150 0.110 0.080 0.059 0.063

0.497 0.348 0.253 0.235 0.245 0.230

KLTDPP 0.457 0.283 0.197 0.180 0.216 0.183
0.369 0.240 0.155 0.127 0.103 0.109

0.529 0.373 0.203 0.178 0.179 0.191

LDB 0.490 0.230 0.139 0.138 0.122 0.089
0.405 0.175 0.106 0.075 0.057 0.073

0.508 0.333 0.222 0.249 0.276 0.281
DP 0.469 0.293 0.149 0.192 0.198 0.178
0.352 0.214 0.122 0.088 0.123 0.137

0.590 0.536 0.534 0.618 0.359 0.269

WDP 0.551 0.477 0.501 0.586 0.201 0.211
0.510 0.359 0.434 0.460 0.236 0.125

0.447 0.347 0.305 0.267 0.261 0.256
OCT3 0.401 0.251 0.236 0.219 0.178 0.148
0.182 0.190 0.124 0.098 0.122 0.116

Table 6.2. Results for sub-ezperiment N in the MADRAS ez-
periment. The center bold number gives the median error rate,

the upper number gives the 75** percentile, and the lower number

gives the 25" percentile.
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Algorithm 10 15 20 25 30 35
0.763 0.801 0.7711 0.799 0.769 0.830
STD 0.690 0.747 0.730 0.728 0.732 0.754
0.637 0.687 0.635 0.667 0.666 0.681
0.322 0.263 0.276 0.267 0.291 0.289
DDPPMF 0.215 0.193 0.175 0.205 0.198 0.187
0.135 0.166 0.112 0.138 0.162 0.140
0.288 0.343 0.283 0.256 0.247 0.285
DDPPSRE 0.238 0.253 0.231 0.193 0.185 0.181
0.160 0.162 0.188 0.144 0.128 0.119
0.230 0.185 0.186 0.165 0.207 0.207
KLT 0.153 0.123 0.142 0.133 0.132 0.125
0.064 0.077 0.085 0.069 0.077 0.091
0.242 0.225 0.213 0.164 0.194 0.264
KLTBB 0.205 0.142 0.169 0.127 0.1687 0.183
0.123 0.078 0.118 0.079 0.099 0.135
0.335 0.292 0.291 0.297 0.327 0.276
KLTDPP 0.269 0.229 0.266 0.222 0.251 0.227
0.192 0.173 0.160 0.162 0.183 0.198
0.244 0.275 0.218 0.224 0.202 0.234
LDB 0.206 0.181 0.148 0.154 0.165 0.203
0.142 0.144 0.103 0.132 0.123 0.143
0.237 0.256 0.208 0.269 0.331 0.262
DP 0.125 0.191 0.189 0.164 0.287 0.176
0.093 0.116 0.148 0.110 0.141 0.139
0.725 0.702 0.603 0.630 0.522 0.498
WDP 0.645 0.645 0.551 0.507 0.445 0.408
0.509 0.530 0.465 0.393 0.393 0.359
Table 6.3. Results for sub-ezperiment Bases in the MADRAS
ezperiment. The center bold number gives the median error rate,

the upper number gives the 75" percentile, and the lower number

gives the 25" percentile.
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6.3 Phoneme Classification

6.3.1 Introduction

As discussed in chapter 1, speech recognition is one of the main driving forces behind
research in acoustic pattern recognition. There are many classifier styles used for
speech recognition, including frame classifiers (section 2.3.1), multi-frame classifiers
(section 2.3.2), and hidden Markov models (section 2.3.3), but in all cases, good
features at the frame-level are required for the successful operation of the system as
a whole. As discussed in section 2.2.1, the role of pattern recognition is to convert
physical observations into symbols, but for continuous speech, it is not clear as to what
level this transformation should take place. Should it take place at the phoneme
level, the word level, or the sentence level? Most often, recognition occurs at the
phoneme level, and higher-level models, usually based on dynamic programming or
hidden Markov modelling, are used to combine phonemes into words, and finally
grammatical models are used to convert words into sentences (72, 102]. Selecting
good features for phoneme classification thus plays a central role in almost all speech
recognition systems. The goal of this section is to evaluate the adapted feature
extraction techniques against one another using real data for a problem that is well

known and well studied by the speech recognition community.

6.3.2 Phoneme Database

The signals used in the phoneme database were extracted from the TIMIT corpus®
which is a standardized archive widely used by the speech recognition community. The
example used in this section was also studied by Hastie et al. [58] to evaluate their
Penalized Discriminant Analysis (PDA) algorithm, and Buckheit and Donoho [13]
to evaluate their Discriminant Pursuit (DP) algorithm’. The classification problem
consists of discriminating between five different phoneme types for approximately 50
different male speakers based on the log periodograms of digitized continuous speech
framed in 32 ms segments. The sampling rate was 16 kHz, so each frame contained

512 samples in the time domain which produces 256 sample log periodograms (i.e.,

STIMIT Acoustic-Phonetic Continuous Speech Corpus, US Dept of Commerce.
7This data was kindly provided by Trevor Hastie of Stanford University.
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Phoneme as in word (bold) Occurrence

sh she 872
iy in 1163
aa dark 695
dcl dark 737
ao water 1022

Table 6.4. Phoneme Occurrence Table

the feature vectors for this problem have a dimension of 256). There are a total of
4509 frames with the number and type of each phoneme class given in table 6.4, and

typical spectra of each of the classes plotted in figure 6.7.

6.3.3 Experimental Setup

The setup for this experiment closely follows the procedure used by Hastie et al. [38],
which ensures that a given speaker is not used both in the training set and evaluation
set. Each adapted feature extraction technique was applied to the log periodogram
features and was evaluated in terms of its holdout error rate (section 2.2.6.2) on a
scale of 0-1, as a function of,
N - the number of frames that were used to train the adapted feature extraction
algorithm and classifier.
Bases - The number of basis functions that were kept. Note that the STD method
keeps all the basis functions regardless of the value of Bases.
In the experiments that N is varying, Bases is fixed at 25, and when Bases is varying,
N is fixed at 128.
The procedure can be summarized as follows,
1. Choose 30 speakers randomly from the dataset and use all the frames associated
with these speakers as the evaluation set L..
2. From the remainder of the speakers in the dataset, choose N frames randomly
for the training set L,.

3. Train a classifier with £, and evaluate the classifier with C,.

4. Repeat the above three steps 25 times.
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Figure 6.7. Typical log periodograms from the Phoneme database.
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In this way, a total of 25 trials are performed which gives a distribution of error
rates that can be displayed using box plots as described in section 5.3.1.

6.3.4 Experimental Results

The experimental results of applying each feature extraction algorithm (section 4.7)
to the phoneme dataset for each sub-experiment (section 6.3.3) are plotted in fig-
ures 6.8-6.9. A tabular presentation of the results for each sub-experiment are given
in tables 6.5-6.6.

6.3.4.1 sub-experiment N

For N = 32 the KLT algorithm obtains the lowest error rate of 0.14, while all other
techniques have error rates greater than ~ 0.24. However, for N > 64, DDPPMF,
DDPPSRE, KLT, KLTBB, KLTDPP, and LDB all have very low and essentially
identical error rates. The STD and WDP algorithm show poor performance for
N < 512 but show reasonable results for N = 1024.

The DP algorithm has poor results for all N with error rates greater than ~ 0.13.
The reason for the poor performance of this algorithm is that it does not take into
account the covariance of the dataset and it iteratively chooses features that maximize
the contrast between two classes in the dataset rather than choosing a feature that
has a large average contrast between all classes. For this reason, it keeps choosing
features that separate the classes that are easy to discriminate between (i.e., they have
a large contrast), and never chooses features that are hard to discriminate between
(i.e., they have small contrasts). Therefore most of the errors that are incurred for
this algorithm occur between the same classes (Buckheit and Donoho [13] observed
this fact as well). This is one of the reasons why it is so important to use both
synthetic and real data when testing algorithms, since none of the synthetic datasets
were created in such a way to reveal this fact.

6.3.4.2 sub-experiment Bases

As in the MADRAS experiment, this sub-experiment contains relatively little in-
formation. The same performance trends that were observed in sub-experiment N
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are observed here, and in all cases, the performance of each algorithm seems to be
relatively independent of the number of basis functions that are kept.

6.3.4.3 Summary

The most amazing thing about this experiment was how similar the error rates were
for the algorithms DDPPMF, DDPPSRE, KLT, KLTBB, KLTDPP, and LDB. They
all obtain essentially identical results for all values of N > 64. There does not
appear to be a descrepancy between the performance of the MF criterion and SRE
criterion as there was in the synthetic experiments of chapter 5 and in the MADRAS
experiment in this chapter. These algorithms clearly outperform the STD, DP and
WDP algorithms.

Since this dataset has been studied by other authors, it is possible to do a com-
parison with their work. Hastie et al. [58] studied this data with their penalized
discriminant analysis (PDA) algorithm. They used N = 1000 training samples and
performed 50 trials to obtain a median error rate. They obtain an error rate of
0.087 for Fisher’s LDA without any penalization which is slightly lower but consis-
tent with our value of 0.097 for N = 1024. The best performance that they obtain
with the PDA algorithm is an error rate of 0.074 which is approximately the same as
the DDPPMF, DDPPSRE, KLT, KLTBB, KLTDPP, and LDB algorithms studied
in this thesis with N = 1024. It therefore appears that adapted feature extraction
and penalized discriminant analysis are equally valid ways of controlling the curse of
dimensionality (see section 2.2.3) in pattern recognition problems.

Buckheit and Donoho [13] studied this dataset with their weighted discriminant
pursuit (WDP) algorithm which was also studied in this thesis. They used N = 1600
and performed 25 trials to obtain an average error rate for each method they studied.
They report an error rate of 0.166 for Fisher’'s LDA without any feature extraction
which is completely inconsistent with our result and Hastie’s result of ~ 0.9 for
N = 1000. They also report that Hastie et al. obtained an error rate of 0.087 with
their PDA algorithm which is also incorrect, since this was the error rate that Hastie
reported for the LDA method without penalization. As noted above, their PDA
method obtained an error rate of 0.074. They report obtaining error rates of 0.087
and 0.108 for the WDP algorithm with a wavelet packet and cosine packet dictionary
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respectively. The error rate obtained in this thesis for WDP with the same wavelet
packet dictionary and N = 1024 is 0.106, which is higher than their result but also
plausible since they used a larger value of N. They do not report error rates for any
other values of N which is why they fail to see the catastrophic failure of their method
when N < 512.

Another point should be made regarding a comment that Buckheit and Donoho
made in their paper. They claim that the KLT algorithm for extracting features
suffers from the same problems that Fisher's method does and thus should produce
very poor results when N is small and the dimensionality of the feature vector is high.
This is obviously not the case since the KLT algorithm performed very well (better
than DP and WDP) in this regime and actually outperformed every other feature
extraction algorithm in the extreme when N = 32.
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Algorithm 32 64 128 256 512 1024
0.748 0.712 0.769 0.782 0.122 0.101
STD 0.663 0.687 0.705 0.725 0.114 0.097
0.577 0.628 0.649 0.671 0.106 0.089

0.297 0.137 0.104 0.095 0.085 0.085

DDPPMF 0.227 0.120 0.096 0.086 0.081 0.081
0.206 0.107 0.084 0.078 0.075 0.071

0.297 0.150 0.104 0.097 0.093 0.094

DDPPSRE 0.242 0.120 0.095 0.087 0.084 0.088
0.200 0.105 0.083 0.079 0.077 0.082

0.156 0.118 0.111 0.094 0.089 0.086

KLT 0.137 0.109 0.097 0.085 0.082 0.079
0.119 0.098 0.084 0.081 0.075 0.071

0.285 0.143 0.118 0.092 0.088 0.091
KLTBB 0.239 0.118 0.101 0.086 0.079 0.077
0.203 0.107 0.092 0.078 0.070 0.073

0.285 0.138 0.108 0.104 0.094 0.093

KLTDPP 0.236 0.127 0.101 0.094 0.089 0.088
0.202 0.107 0.092 0.087 0.082 0.078

0.282 0.128 0.102 0.089 0.089 0.087

LDB 0.236 0.117 0.092 0.082 0.082 0.082
0.198 0.107 0.083 0.078 0.078 0.075

0.358 0.222 0.170 0.170 0.153 0.184

DP 0.298 0.188 0.137 0.129 0.142 0.143
0.237 0.145 0.096 0.092 0.096 0.118

0.553 0.407 0.414 0.444 0.159 0.122

WDP 0.482 0.303 0.354 0.359 0.146 0.106
0.407 0.237 0.253 0.299 0.120 0.092

Table 6.5. Results for sub-ezperiment N in the phoneme ez-
periment. The center bold number gives the median error rate,

the upper number gives the 75* percentile, and the lower number

gives the 25t* percentile.
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Algorithm 10 15 20 25 30 35
0.755 0.798 0.763 0.786 0.761 0.768
STD 0.705 0.740 0.702 0.727 0.730 0.711
0.658 0.702 0.634 0.686 0.682 0.643
0.120 0.109 0.111 0.102 0.101 0.110
DDPPMF 0.114 0.100 0.093 0.089 0.093 0.103
0.096 0.086 0.084 0.082 0.083 0.089
0.120 0.103 0.098 0.107 0.102 0.113
DDPPSRE 0.114 0.091 0.086 0.097 0.097 0.096
0.101 0.084 0.077 0.091 0.086 0.090
0.102 0.103 0.115 0.099 0.104 0.107
KLT 0.095 0.093 0.097 0.091 0.094 0.094
0.087 0.082 0.085 0.081 0.087 0.086
0.116 0.100 0.107 0.106 0.108 0.114
KLTBB 0.101 0.086 0.103 0.101 0.101 0.102
0.089 0.080 0.091 0.090 0.089 0.092
0.138 0.109 0.115 0.112 0.105 0.103
KLTDPP 0.127 0.099 0.105 0.100 0.098 0.094
0.115 0.086 0.096 0.094 0.090 0.087
0.104 0.110 0.103 0.103 0.110 0.112
LDB 0.097 0.098 0.094 0.093 0.097 0.096
0.091 0.085 0.080 0.081 0.090 0.089
0.144 0.174 0.166 0.172 0.195 0.243
DP 0.110 0.124 0.123 0.142 0.150 0.180
0.086 0.103 0.112 0.113 0.112 0.133
0.562 0.577 0.478 0.433 0.328 0.348
WDP 0.488 0.497 0.326 0.347 0.259 0.268
0414 0.371 0.253 0.274 0.227 0.195

Table 6.6. Results for sub-ezperiment Bases in the phoneme
ezperiment. The center bold number gives the median error rate,

the upper number gives the 75" percentile, and the lower number

gives the 25" percentile.
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6.4 Conclusion

From the results in this chapter, the following conclusions can be drawn.

1.

o

Adapted feature extraction techniques can reduce the error rate achievable using
fixed 1/3 octave features by as much as 40% for noise monitoring data.

The SRE criterion appears to be slightly superior to the MF criterion for noise
monitoring data but essentially equivalent for phoneme data. Since the MF
criterion was found to be superior for the synthetic data studied in chapter 3,
this suggest that the error rate achievable by a given criterion is strongly data
dependent.

The DP algorithm performs poorly when the dataset has a combination of
classes that are easy to discriminate between and classes that are hard to dis-
crimate between since it keeps choosing features that separate the classes that
are easy to separate (Buckheit and Donoho [13] observed this fact as well).

The last three conclusions made for the synthetic data in section 5.7 apply to

the recorded data as well.
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Chapter 7

Conclusion

7.1 Summary

This thesis developed the discriminant dictionary projection pursuit (DDPP) algo-
rithm which was able to take advantage of the powerful mathematics of wavelet packet
signal processing to efficiently extract useful features from sampled acoustic spectra
for the purpose of discriminating between different classes of sounds. In a series of
extensive classification experiments on real and synthetic data it was shown that the
DDPP algorithm with an appropriate projection criterion was able to perform as
well or better than i) traditional feature extraction techniques such as the Karhunen-
Loéve (KL) transform and ii) other wavelet packet feature extraction techniques such
as Saito and Coifman’s local discriminant bases {108, 109, 110] and Buckheit and
Donoho’s discriminant pursuit [13].

The DDPP algorithm (section 4.6) is a special case of the more general dictionary
projection pursuit (DPP) algorithm (section 4.4) which in turn is an adaptation of
the projection pursuit (PP) algorithm [61]. The only advantage of using the DPP
algorithm over the PP algorithm is computational efficiency, but for high dimensional
data, this can be significant, allowing the DPP algorithmm to be used when the PP
algorithm is simply too slow. It should be emphasized that the DPP algorithm is best
suited for applications where the multi-dimensional feature vectors are samples from
an underlying continuous signal. In cases where the elements of the feature vector
have complicated relationships such as temperature, humidity, pressure, etc., there is
no reason to expect that the wavelet packet basis functions would provide interesting
or useful projections. However, the DPP algorithm could still be used cautiously
to reduce the dimensionality of the feature space allowing the PP algorithm to be
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applied more efficiently. This concept is discussed further in section 7.3.

The most traditional form of feature extraction uses the Karhunen-Loéve (KL)
transform. As discussed in section 4.7.4, there are some potential drawbacks to this
method, but as exemplified in the experiments of chapters 5 and 6, this method still
performs well for most feature extraction problems. For all the problems studied in
this thesis, the dimensionality of the feature vector was < 256 which made it pos-
sible to use the KL transform with reasonable computational efficiency. However,
as discussed in section 4.7.4, the number of operations required to compute the KL
transform is propotional to O(NM? + M3), where N is the number of signals in
the ensemble and M is the dimensionality of the feature vector; increasing the di-
mensionality much past 256 made this technique unacceptably slow. The number of
operations required for the DPP approximate KL transform developed in this thesis
is proportional to O((N + M)M logM + M3), where N and M are defined above
and M is the number of basis functions (i.e., features) that are kept. Therefore, this
algorithm scales very easily to higher dimensions, and as shown in the experiments
of chapters 5 and 6 it performs nearly as well as the KL feature extraction method.
These results provide strong support for using the DPP approximate KL transform in
high dimensional spaces for feature extraction or simply as a means of dimensionality
reduction.

When the projection criterion function of the DPP algorithm is a discriminant
criterion function, then the algorithm is called discriminant dictionary projection
pursuit (DDPP). In this form, the algorithm can be used to select spectral features
for discriminating between different classes of sounds by using several example spec-
tra from each class. This is similar to the KL methods discussed above except that
by using a discriminant projection criterion it ensures that basis functions are chosen
which separate the classes in a statistical sense rather than just choosing basis func-
tions that have large variance. It was shown in section 4.6.2 that the basis functions
that best separate phonemes are different from the basis functions that best separate
noise monitoring sounds such as trains, planes and cars. This is perhaps not sur-
prising, but it does emphasize that each sound recognition task is unique and thus
it is important to choose features independently for each problem. It is also inter-
esting that the DDPP algorithm found basis functions for the phoneme recognition
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problem which are very similar to the basis functions used by the speech recognition
community which were found by many years of trial and error.

Extensive experimentation was done in chapters 3 and 6 to compare the DDPP
algorithm with two different discriminant criterion functions to six other feature ex-
traction algorithms. The algorithms were evaluated based on classification results us-
ing a common classifier (Fisher’'s LDA) in a variety of different situations. The most
consistent performer in these experiments was the DDPP algorithm with the modi-
fied Fisher criterion (both developed in this thesis). This is particularly impressive
since the experiments were designed before the DDPP algorithm was implemented.
However, excitement about this result should be contained since other algorithms
also performed well in these experiments such as the KLT algorithm and Saito and
Coifman’s LDB algorithm. The main advantage of the the DDPP algorithm over the
KLT algorithm is that it is computationally more efficient and it produces signifi-
cantly better results when the discriminant information in a problem is highest in a
low variance subspace (see section 5.3). The main advantage of the DDPP algorithm
over the LDB algorithm is that DDPP can optimize criterion functions like the mod-
ified Fisher criterion which LDB cannot. This is significant since in many cases, the
modified Fisher (MF) criterion seems to be superior to the symmetric relative entropy
(SRE) criterion (e.g. sections 5.5 and 5.6). This is not a universal trend though since
SRE seems to be a better criterion for the noise monitoring data in section 6.2.

One of the goals of this thesis was to show that the classification performance of
noise monitoring data can be improved by using adapted feature extraction techniques
rather than fixed 1/3 octave features which is currently the standard in the field. This
objective was achieved since the median error rate obtained using adapted feature
extraction were up to 40 % lower than the 1/3 octave error rates (section 6.2).

In summary, the dictionary projection pursuit (DPP) algorithm developed in this
thesis, and in particular the discriminant version of it (DDPP) performs very well
as a feature extraction tool for sound recognition tasks. Using wavelet packet signal
processing techniques allowed this algorithm to be implemented very efficiently.
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7.2 Original Contribution

The original contributions in this thesis can be succintly stated as follows:

1.

Ll

(S]]

&

The dictionary projection pursuit algorithm (DPP in section 4.4) and its dis-

criminant version (DDPP in section 4.6).

The modified Fisher discriminant criterion (section 4.6.1.2).

The signal model (section 5.2).

The Monte Carlo method for estimating the Bayes error rate (section 3.2.3).
The synthetic data classification results (chapter 3).

The recorded data classification results (chapter 6).

7.3 Future Work

The most exciting part about this thesis and the development of the DPP algorithm
is the number of possible applications that are yet to be investigated. This section

describes just a few of the possibilities.

1.

Probably the most obvious next step is to apply the DDPP algorithm to clas-
sification problems with higher dimensional data such as images or multiframe
acoustic data.

There are many other application areas that could also take advantage of the
DDPP algorithm (e.g. classifying chemical or astronomical spectra).

There are many other possible applications for the DPP algorithm other than
feature extraction, many of which are described by Huber [61]. One of the most
interesting would be to use DPP as a fast and automatic method of finding out-
liers in a dataset of sampled waveforms (i.e., finding projections where most of
the waveforms are clustered nicely but a few waveforms have radically different
values). These outliers are usually caused by measurement errors of some sort
and often cause major problems with automatic data processing systems. Being
able to eliminate outliers in data automatically with the DPP algorithm would

be very advantageous.
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4. It is well known that the wavelet packet transform is not shift invariant. That is,
if the input signal is shifted by a few pixels, the resulting projection coefficients
can be significantly different. The DDPP algorithm could thus be improved
by using a shift invariant form of the wavelet packet transform [32]. This sim-
ply amounts to having more basis functions to choose from which are slightly
shifted versions of the current basis functions at the cost of higher computational
complexity.

5. Finally, another method of possibly improving the DPP algorithm is to use it as
a preprocessor for the PP algorithm, similar to the way that the DPP algorithm
was used as a preprocessor for the KLT algorithm in section 4.7.6. In this way,
DPP is used as a coarse method of optimizing the projection criterion index

and PP is used to fine tune the result.

Obviously, there is a significant amount of future work to be done with this algo-
rithm and hopefully the results will be as successful as the results obtained in this

thesis.
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