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A bstract
In this dissertation we analyse from a qualitative standpoint m otion in a quasi­

homogeneous potential field: we offer a complete description of the  flow associated 

with the two-body problem in quasihomogeneous field, obtain necessary and suffi­

cient conditions for the block regularization of the flow and we propose an alternative 

model for the helium atom within the framework of a M anev-type interaction. We 

call a potential quasihomogeneous if it is of the form A /r °  4- B  . where r  is the 

distance between the two mass points. 0 <  q  <  are real param eters and .4 > 0 

and S  > 0  inertia factors.

To obtain the full description of the flow associated with the two-body problem 

in quasihomogeneous fields, we use difiieomorphic transformations th a t lead to an 

equivalent analytic system and at least difierentiable integral energy relation. For 

each level of energy, we introduce the fictional invariant collision manifold and the 

infinity manifolds. We offer and analyse the global flow picture and we point out 

the Lebesgue measime of the set of initial conditions tha t lead to collision for each 

different case with respect to q  and /3,

The next chapter focuses on the smoothness of the flow in the neighborhood of

the collision manifold. In question is the possibility of extending solutions beyond

singularities maintaining good properties with respect to initial da ta . In this case

the singularity set for the system is said to be block regularizable. It is proved th a t
2the singularity set block regularizable if and only if /3 =  2 -----, where n  is a positive
71

integer, n >  2. Also, the physical interpretation of this result is pointed out, namely 

that block regularization is in fact the mathem atical expression of constrain imposed 

over the classical scattering angle.



Ill

The last chapter presents a model for the Helium atom  within the framework of 

classical mechanics. The set up consists of a  planar isosceles 3-body problem formed 

by one neutron and two electrons, whose law of m otion is given by a  Manev-type 

potential w ith charges. We first describe the qualitative features of the local flow 

near triple collision, find several properties of the global flow and finally we prove 

the existence of a large qpen, connected, positive-measure manifold o f bounded and 

collisionless solutiot 
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Chapter 1

Introduction

In early 90’s Diacu (see[Dia]) noticed th a t several types of potentials used in the dy­

namics of particles are contained in a larger class of potentials called quasihomogeneous 

and which have the form W  = U + V , for which U{r) =  and V{r) =  B r~^

are homogeneous functions of degrees —a  and —/3, respectively, but whose sum W  

is not necessarily homogeneous (a, A, and B  are constants with Q < a  < /3 and r  

is the distance between particles).

The purpose of such an extension is to unify the mathematical framework for 

many of the potentials encountered in astronomy, physics, and chemistry: Newton 

iU{r) = 0, V{r) =  Gr~^, where G is the gravitational constant), Coulomb (Î7(r) =

0, V{r) =  — wher e A > 0 is a  constant and charges are taken into account), 

Van der Waals ((7(r) =  0, V(r) =  r"®), Manev {U{r) = G r ' \  V’(r) =  

where G  is the gravitational constant and c is the speed of light), Schwarzschild 

(C/(r) =  G r ~ \  V(r) =  Sr~^, where 5 >  0 is a constant), Birkhoff (C/(r) =

V{r) =  —B r~^, where B  >  0 is a constant), Lennard-Jones (C/(r) =  —r"®, V'(r) =  

2 r“ ^^), Liboff (C/(r) =  r~^, V{r) = r “ "*), and others, some of them  defined in 

anisotropic spaces. To this class of appUcations we can add the atomic potential 

presented in Chapter 3, which is of the type PV(r) =  — — yr~^, w ith 7  >  0 small



and in which charges are also taken into account.

The present dissertation offers a  qualitative study of the differential equations 

describing the quasihomogeneous relative two-body problem. Using a rigorous and 

complete analytical description of the global flow, we prove tha t within the class 

of quasihomogeneous potentials Ar~'^ 4- Br~^, w ith 0 <  q  <  /?. A >  0. 5  >  0. 

the power (3 = 2 plays a border-case mathematical role between /3 <  2 and (3 > 2. 

which have radically different dynamical behavior. We offer a structural theorem 

concerning the block regularization problem for quasihomogeneous fields together 

w ith its physical interpretation. Also, we perform a global study of the dynamics of 

a  three-body isosceles problem in a  particular quasihomogeneous potential providing, 

in a  classical framework, a model for the heUum atom.

In Chapter 2, we set-up the equations of m otion for a  two particle system 

interacting by a quasihomogeneous law within the classical framework of a  two- 

param eter family of systems with two degree of freedom. The underlying idea is tha t 

diffeomorphic transformations applied to systems of ordinary differential equations 

preserve the behaviour of the flow, modifying only the rate at which solutions move 

along the orbits.

We s tart by using McGehee-type diffeomorphic transformations in order to reg­

ularize the equations of motion, blow-up the collision singularity and replace it by 

the collision manifold pasted on the phase space. We provide the description of the 

fictitious flow on it and  notice tha t in case (3 = 2 the  flow is degenerate.

In the next subsection, we use the symmetry o f the flow with respect to rotations 

and introduce the T he Reduced S y s te m  N ear C ollision  (RSC), as a local chart over 

the flow in which the collision manifold is contained. We use the energy integral and 

conclude tha t the reduced flow lies on a  two-dimensional surface. Discretizing our 

analysis in subcases w ith respect of the energy level and the param eters a  and (3, as 

a  first result, we point out that for negative energy levels the flow lies on a compact



surface, implying tha t all orbits are bounded. Subsequently, we offer all the possible 

scenarios of motion, first in the case of bounded motion (i.e. for negative energy 

levels), then, completing the analysis in (RSC), for zero and positive levels of energy, 

each time pointing out the Lebesque measure of the set of initial da ta  leading to 

collision. As a  conclusion, we deduce that the la tter is zero if and only of ,5 <  2.

In the case of unbounded motion, using an  inverse transform ation, we bring 

the fictional infinity point into the origin and  introduce The Reduced S ystem  N ea r  

I n f in i ty  (RSI). For each fixed zero or positive energy level, a so-called in f in i t y  

m a n ifo ld  is revealed, describing the behaviour of the orbits a t the blow-up infinity 

point. We complete the phase portraits in (RSI) and, finally, using a  two-sided chart 

(RSC)-(RSI), we are able to picture the flow globally. We conclude by stating two 

theorems (one for zero energy case, one for positive energy case) which, together w ith 

the results for the negative total energy, ofier the full description of the two-body 

problem in quasihomogeneous potentials.

Chapter 3 concerns regularization issues. In  question here is the possibility of 

extending solutions beyond singularities maintaining good properties with respect 

to initial data, a procedure also called block regularization.

We start by presenting the mathematical theory behind the block regularization 

concept. We introduce the necessary definitions and state  the main theorems follow­

ing the set-up developed by Conley and Easton in [Con-E]) and McGehee in [McGl]. 

We notice th a t a  required condition for block regularization is the isolation of the 

set of singularities and, as a  consequence, the  existence of an isolating block. T here­

fore, as first a  step, we prove tha t the collision singularity for the quasihomogeneous 

problem is isolated if and only if /3 <  2.

We continue by constructing the so-called map across the block which is a  

one-to-one m ap between solutions ending in the singularity but not exiting it, and 

solutions exiting the singularity. The main idea is th a t if the map across the block



can be uniquely extended to a one-to-one correspondence between all solutions end­

ing in the singularity and all solutions exiting the singularity, then solutions passing 

close to singularities will determine uniquely an extention for a solution ending in a  

singularity. Thus one can construct an extended flow with the property of diflerentla­

bility with respect to initial da ta  and the singularity is said to be block regularizable. 

Following the later guidelines and making use of different parametrizations for the 

differential system, we find tha t the quasihomogeneous problem is block regulariz­

able if and only if =  2  — 2 /n ,  where n  is a  positive integer, n >  2 .

We end the  Chapter by pointing out an interesting connection between block 

regularization and the classical scattering problem. We show that block regulariza­

tion can be regarded as a constraint over the scattering angle of a particle undergoing 

a  fictional collision.

Let us assume that the trajectory of a  particle is scattered by a gravitational 

source characterized by a quasihomogeneous potential. Computing the scattering 

angle in the classical firamework and imposing on the particle to follow the same 

exit trajectory line as the impact param eter is approaching zero (by negative or 

positive values), we obtain th a t must be of the form 2  — 2 /n , where n is a  positive 

integer, n >  2. For these values of /3, the test particle will follow at the limit the 

same trajectory line before and after deviation. Moreover, we notice that the orbit 

is a reflec tion  i.e. the particle leaves in the opposite direction after “collision" if 

and only if /? =  2 — 2 /n , where n is an even number. Similarly, the orbit is a  

transm ission  i.e. the particle passes through w ithout any change in direction and 

sense, if and only if /3 =  2  — 2 /n ,  where n  is an odd number.

In other words, the calculated condition for block regularization is in fact the 

mathematical expression of a  constraint on the classical scattering angle. In the 

mathematical environment, we impose conditions on the flow to be extended over 

the singularity set blown-up into the collision manifold, a process performed main­



taining the good properties of the solutions with respect to initial data . In the 

classical mechanics framework, we ask orbits supporting a  fictitious collision to obey 

the continuity with respect to initial data. The outcome is the same, i.e. for the 

quasihomogeneous problem, /3 =  2  — 2 /n , where n  is a  positive integer, n  >  2.

C hapter 4 is a study over an isosceles three-body problem with charges in a 

particular type of quasihomogeneous potential. The interaction is assumed to be 

generated by a  sum of two homogeneous terms W  = U -\-V , where U and  V  vary 

inversely with respect to the distance and to the square of the distance, respectively.

In Section 4.1 we state  the problem and the equations of motion. We consider 

3 particles moving in a  plane. Two of them, called electrons, have mass /j,, whereas 

the third, called nucleus, has mass 1. We attach to the electrons negative charges 

and to the nucleus a positive one. The interactive potential is given to be of the 

form W  = U + V, where:

Cl =  6 2  =  — 6 3  =  1 , 7  and n are small positive constants, and q  =  (q^ .qo ,qs) is 

the configuration of the particle system.

First, we show th a t binary collisions between electrons never take place and 

express the equations in a  new set of coordinates, which are more convenient for our 

purpose. In  the next section, we apply McGehee-type transformations (see [McG2]) 

in order to blow up the triple-collision singularity and be able to study the dynamics 

near it. From the geometrical point of view this means pasting a so-called collision 

manifold to  the phase space. A first goal is to describe the flow on the collision 

manifold. Though this flow has no correspondent in physical reality, using the 

continuity of solutions with respect to  initial data, we can determine the  flow’s 

behaviour near this manifold and understand what happens in the neighbourhood 

of triple colUsions. This will be achieved in Sections 4.4 - 4.6.



In Section 4.3 we discuss the relative behaviour of the transformed functions 

U and V  for different values of the param eter /i. This allows us to understand in 

Section 4.4 the topology of the  collision manifold as weU as its flow. We see that 

the collision manifold is homeomorphic to a  sphere and tha t the flow is sim ilar to 

the parallel circles that describe the geographic latitude of the earth: it consists of 

two equilibria (the north and south poles N  and S) and the periodic orbits (the 

geographical parallels) in-between them.

In Section 4.5 we prepare the  mathem atical background for understanding the 

motion of the particles near triple collision. For this we com pute the linear part of the 

Poincare map associated with every periodic orbit of the collision manifold. We find 

out tha t the orbits of the northern hemisphere have an eigenvalue of modulus larger 

than  1 , those of the southern hemisphere have an eigenvalue of modulus smaller 

than one, whereas both eigenvalues corresponding to the equator have modulus 1 .

Using the latter results, we provide a  complete local description of the  flow 

near the collision manifold, independently of the energy level. We show th a t the 

south pole S  has a 1 -dimensional local stable manifold, every periodic orbit o f the 

southern hemisphere has a  2 -dimensional local stable manifold, the equator has a 

2 -dimensional local stable manifold and a  2 -dimensional local unstable manifold, 

every periodic orbit of the northern hemisphere has a 2 -dimensional local unstable 

manifold, and the north pole N  has a  1-dimensional local unstable manifold. These 

imply tha t the set of triple-collision solutions has positive measure.

In section 4.7 we analyze the zero-energy case. Through suitable transform a­

tions we first paste to the phase space an infinity manifold / ,  which also tu rns out 

to be a sphere. The flow on this manifold consists of two equilibrium solutions, an 

infinity north pole N  and an infinity south pole S, and of orbits tha t spiral around 

the sphere and connect these equilibria. Thus the phase space in the zero-energy 

case is given by the region between two concentric spheres: the collision manifold C



and the infinity manifold I. We then show tha t the flow is increasing w ith respect 

to the variable represented on the vertical axis. Only three classes of orbits exist 

in this case: capture-collision, ejection-escape, and capture-escape, none of them 

interesting fi-om the point of view of the helium atom. In the next section, we show 

th a t the qualitative behaviour of the flow for positive energy is qualitatively similar 

to tha t of zero energy.

In Section 4.9 we analyse the  flow for negative energy and prove the existence 

of a  large open and connected manifold of orbits tha t remain bounded and do not 

encounter ejections or collisions. For this we show th a t the motion of the particles is 

described by the same type of second-order equation tha t models the forced harmonic 

oscillator. As we mentioned before, the orbits in this set are of interest for the helium 

atom.
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C hapter 2

The G lobal Flow

2.1 E q u ation s o f  M otion

The quasihomogeneous two-body problem is a two-parameter family of classical 

systems w ith two degrees of freedom describing the relative motion of two mass 

points interacting with respect to each other following a quasihomogeneous law of 

motion. A force field is said to be quasihomogeneous if it is generated by a potential 

U = V + W , where V(x) =  A /x“ and W^(x) =  B jx ^ , {x being the distamce between 

the particles) with 0 < a  < 0  and A >  0 , B > 0 .

U (x) being a  function depending only on distance, the force is central, and, con­

sequently, the motion is planar and described by a Hamiltonian system of ordinary 

differential equations:

{ (2.1)y  -  "Wi
where x  =  (xi,X 2 ) € R  — {(0,0)}, y  €  and the Hamiltonian function is:

where we denote x  :=  \J x \^ x \  and y :=  Since the system is conservative,

the energy integral writes:



2.1: Equations of Motion

H {x.(t),y{t))  =  h (constant). (2.3)

Also, since the force is central, the angular momentum is conserved and:

^ i y 2 — ^2Vi =  c (constant). (2.4)

The function U (x) is real analytic and, for any initial d a ta  (x(0),y(0)) € 

(R^ — {(0,0)}) X R^ standard  results from ordinary differential theory guarantee 

the existence and uniqueness of an analytic solution defined on a  maximal interval 

(t*—,t*+ ), where <* <  oc. If either t*— > —oo or < oc, the  solution is said 

to experience a singularity. For this particular system of equations, by im itating 

a proof of McGehee (see [McG2]), one can show th a t the singularities in solutions 

correspond to the singularities in the vector field, meaning that the physical system 

undergoes a collision i.e. x{t) —)■ 0  as É —> t*.

In order to remove the singularities and to regularize system (2.1) we shall resort 

to McGehee type transform ations of the second kind (see [McG2]). First we apply 

the analytic diffeomorphism (x, y) —>• (r, 0, u,u) G ([0, oc), [0, 27t), R . R)

{
X =  5)
y  =  r ‘̂ (v-h iu)e‘®.

where

{
_  _L  

S =^ (2.6)
2(/3-a) •

In  this manner we change the cartesian coordinates (x, y) into the rescaled polar 

coordinates (r, 0, u ,u ). Then we reparametrize the orbits by:

3+2
d r = r  2(d-Q) dt. (2.7)

Using prime to mark the differentiation with respect to the new (fictitious) time 

variable r ,  the equations of motion (2 .1 ) become:



2.1: Equations of Motion____________________    W

r ' =  (/3 — a)rv
e' =  u (2 .8)i m  fjD
u' = è(/3 — 2)uv.

By (2.5) - (2.7). the first integrals of energy and angular momentum read respectively

v' = — a A r  — f3B
—  il

+  u2 ^  2B +  2.4r +  2 h r ^ , (2.9)

(2-3)
j.2(a-a) 11 — c if /3 <  2.
u = c if 0  = 2. (2 .1 0 )

(3-2)
u  =  if /3 >  2 .

Both the equation of motion (2.8) and the first integrals (2.9) and (2.10) are now 

well defined for the boundary r  =  0. The energy relation (2.9) foliates the phase 

space into the  integral manifolds

Af/i =  {(r, 6, V,  u)| = 2B 2Ar  4 - 2hr^-« , 0 €  [0,2?)}, (2.11)

whose topology may change with h. If restricted to r  =  0, the energy relation

becomes + u ^  = 2B . Therefore we define the collision m a n ifo ld  as the set:

A =  { ( r , u , i x ) I  r  =  0, 0 € [0. 27t) and u ^-h v ^  = 2B}. (2.12)

The flow restricted to A is well defined and given by:

I O' = u
v' = u ^  + /3 / 2 u2  _  0 B  (2.13)
u' = ^{0 — 2)uv.

Lem m a 2.1.1 Suppose tha t {r,6 ,v ,u ){t)  satisfies (2.1) and tha t r — y 0 as 

t — y t ’ ± . T hen r { t )  — y fo c .

P roof We prove tha t t  — y t* — implies th a t T ( t )  — f o e ,  the other case being 

similar. T he tim e rescaling (2.7) can be w ritten as



2.1: Equations of Motion______________________________________ ____________ H

f t  3+2
r{t) = t q I r 2(^-0 ) (^s)ds (2.14)

Jlo

from where one can see tha t r( t)  is defined for all to <  ( <  ( ' and is increasing. 

Hence r{t) — > r* as t — > t*—, where r* may be infinity. Then r ( r )  — y 0 as 

r  — y r* . Since equations (2.8) are defined and sm ooth on Mh, and since A is a 

com pact invariant set, it is impossible for a  solution to approach A in finite time. 

Therefore r* =  oc, and the lemma is proved.

In other words, the phase space can be extended analytically to contain the 

manifold {{r ,6 ,v ,u )\ r  =  0}, which is invariant under the fiow and approached 

asym ptotically in the new time variable r .  The energy integral (2.9) is a t least of 

class meaning tha t it also extends smoothly under this boundary. For any choice of 

0 < a  < P the angular momentum relation (2.10) has guaranteed only the continuity 

but this will not effect our results. Moreover, even w ith this lack in smoothness, the 

angular momentum relation tells us tha t collisions can occur if and only if c =  0 for 

3 < 2 and th a t they might occur for non-zero c's for /? >  2. In other words, for

3  < 2 collisions are possible if and only if the motion is radial. For /3 >  2 collision

orbits can have a non-zero angular velocity.

We emphasize that the orbits of system (2.8) are the same as the orbits of sys­

tem  (2.1), only the parametrization is different. Any results concerning the solutions 

of system (2.8) can be seen as results for the solutions of system (2.1) as long as 

one is aware of the fact that the rate a t which solutions move along the orbits is 

different.



2.2: The Collision Manifold and Near Collision Orbits ________________________]2

2.2 T h e  C ollision  M anifold  an d  N ear C ollision  O rb its

2.2 .1  T h e  C o llisio n  M anifold

Recall th a t the energy relation (2.9) foliates the phase space into the integral mein- 

ifolds Mh (see (2.11)) and that, setting r  =  0. we defined the collision manifold 

A.

It follows tha t A is an invariant set of orbits (if r  is zero at a certain time, it is 

zero at any time) and, from the topological point of view, is a 2-dimensional cylinder 

in the 3-dimensional space of the coordinates (0, u, u) 6 x R  x R . B ut, since 

6 €. S^, the A cylinder may be identified w ith a  torus, bo th  being actually imbeded 

in the 4-dimensional full phase space. Also, A is the same for every h, therefore 

every energy level shares this boundary.

In other words, by means of McGehee’s technique, we have blown up the sin­

gularity and pasted the torus A instead of it in the phase space.

In this section we perform a qualitative study of the flow on the collision mani­

fold, th is information describing the behaviour of solutions in the neighbourhood of 

collisions.

Using (2.12) in 2.13, the flow on A becomes:

{
0 ' =  u
v' = U (3 -2 ) { v ‘̂ - 2 B )  (2.15)
u' =  |(/3  — 2)uv.

T he equilibria are located a t (0q, ± V 2B , 0), where 9q G [0,2?r), i.e. there are two 

circles of degenerate equiUbria on the A torus, at u =  0. The corresponding eigenval­

ues are Ai‘= =  0, =  (/3 -  2 ) ( v ^ ) ,  =  i(/3  -  2 )(>/2 R ), for (0 q , + v ^ , O )  and

Ai" =  0, As': =  -(/3  -  2){y/2B), A3 " = ~ \ w  ~  2 ) ( v ^ )  for (0 0 , -  V2R, 0).

Now the flow on A can be easily described.

For /3 <  2, since u' >  0 for u ^  0, all orbits are heteroclinic, moving from the
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(UÇ)

(LC)

Figure 2.1: T he flow on the collision manifold for /3 <  2.

lower circle (LC) of degenerate sources to the upper circle (UC) of degenerate sinks 

and  filling in densely A (see Figure 2.1).

The case =  2 is a  bifurcation point in the class of potentials studied. Here the 

flow on the collision manifold is parallel to LC and to UP and becomes degenerate 

in any direction (see Figure 2.2).

For /3 >  2 ail orbits are heteroclinic, moving from the U P to the LC and filling 

in densely A (see Figure 2.3).

Since on A we have =  2B, another manner to visualize the flow on the col­

lision manifold is by introducing the angular variable % such th a t u + iv = V 2 B  e*^, 

i.e.

u  =  \/2B  cosx, 
V  =  y/2B sinx-

(2.16)

Then the flow on A is given by:

{ (2.17)
e' = u, 

x ' =  (̂ 1 -

and  hence in the {6, x) plane the collision orbits are straight lines with slope 1 — /3/2
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(UC)

(LC)

Figure 2.2: The flow on the collision manifold for 0 = 2.

(see Figure 2.4).

For the following lemma we use the notation:

= { (r,0 ,u ,u ) e  A 1 u =  ±.y/2B] (2.18)

By the definition of A,

=  { (r , $ .  V,  u) 6  I r  =  0, v  =  ± V 2 B ,  u  =  0},

and hence and S~  are both circles. We denote by w(p) the omega limit set o f 

p =  {r ,d ,v ,u )  under the flow on Mh defined by the equations (2.8). Similarly, a(p) 

denotes the alpha limit set.

Lem m a 2.2.1 Assume 0 ^ 2 .  Let p{r) =  {r.9 ,v. u ) [ T )  be a solution of (2.8) 

and write pQ =  p(rO). Then (a) r — > 0 as r  — -f-oo if and only if w(po) C S ~ , and 

(b)r — > 0 as r  — > —oo in and only if oc(po) C S"*".

P roof We will prove only (a) since (b) is similar. Since A is exactly the set on 

Mh where r  =  0, r  — ► 0 as r  — > +oo if and only if w(po) C A. Since S~  C A, 

it therefore suflBces to show that w(po) C A implies u>(po) C S~ . Using the energy 

relation (2,9) with r  =  0, we can rewrite the equation for v in system (2.8) restricted 

to A as
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(UC)

(LC)

Figure 2.3: The flow on the collision manifold for /3 > 2.

u' =  (I -  ^)u^. (2.19)

Therefore v defines a Liapunov function on A. Since a Liapunov function must be 

constant on an omega limit set ([Con]), we must have u' =  0 on w(po)- But v' =  0 on 

A exactly on on and S ~ . We can rule out S'^ since v is positive in a neighborhood 

of S~  and the first equation of (2.8) is increasing whenever v is positive. Therefore 

w(po) C S~  and the proof is complete.

2 .2 .2  T h e R ed u ced  S y stem  N ear C o llis io n  (R SC )

By continuity with respect to initial data, the flow on the collision manifold provides 

a local image for the motion near the singularities. In order to describe the global 

flow we start by pointing out some general characteristics of the system (2.8).

For 0 ^ 2  the equilibria of system (2.8) are located at the collision points 

(0,00; ± y/2 B ,0 ), 0 6 ^ ^  and their nature is determined by the corresponding eigen­

values:
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s-

s-

Figure 2.4: The flow on the collision manifold in (Û, x) plane

(2.20)

Xi =  ± V 2 5  
Aa =  0
A3 =  ± ( / 3 - 2 ) ( v ^ )

^A4 =  ± | ( / 3 - 2 ) ( v ^ ) .

which depend explicitely on the value of param eter /3.

Lem m a 2.2.2 Assume /? #  2. Let { r , 6 , v , u ) ( t )  be a solution of (2.1) such th a t 

r  — )• 0 as t — t*±.  Then, as t  — > t* ± ,  u ( t )  — > ± y /2 B , and 6 { t )  — > O' for some 

constant 0*. Furthermore, if /? <  2, then u ( t )  = 0 and 6 ( t )  = O'.

P roof We prove only the case t — > t*—, the other case being similar. By 

Lemma 2.1.1., it suffices to prove the same limits for system (2.8) as r  — >• ex. By 

Lemma 2.2.1. it suffices to prove these limits for all points in Mh on the stable 

manifolds of S~ ■

On S ~ , u =  0, therefore O' =  0, so S~  consists entirely of rest points. By (2.20). 

the eigenvalues a t each of these rest points are 0, ±(;3 — 2)(V2B) and ±|(y3 — 

2)(V2B), respectively. The zero eigenvalues corresponds to the tangential direction 

along S ~ , while the two others correspond to norm al directions. For { 3 ^ 2 ,  S~  

has hyperbolic normal structure, and hence the stable manifold of S~  is the union



2.2: The Collision Manifold and Near Collision O rbits_________________________ ^

of the stable manifold of each of these points o f 5~  ([Fen]). Therefore the solution 

(r . 6. V,  u. ) { t ) approaches some point on S~  i.e. 6 — >■ 9’ , u — > 0, v  — )■ y/2B.

If /3 <  2, by (2.20), the norm al eigenvalues are both strictly positive. In this 

case the stable manifold is one dimensional (in the r  direction) and consists only of 

points with u =  0 (see also Figures 2.5, 2.10 and  2.14). Since 9' = u = 0, 9 m ust be 

constant. Therefore u  =  0 and 0 =  0* and the proof is complete.

Therefore, for (3 < 2 , the angular momentum must be zero on a  collision orbit. 

Furthermore, all motion takes place along a line.

For any 0  we have the converse, i.e. system (2.8) admits the surface u =  0 as 

invariant manifold. This means th a t if a n g u la r  velocity is zero a t a  certain time, 

then it will be zero a t any tim e (past or future).

In the particular case 0  = 2. system (2.8) takes the simpler form:

r ' = {0 — a)rv  
9' =  u
v' = + v^ — a A r  — 0 B
u' =  0.

(2 .21 )

together with the integral relations

v‘̂ = 2 B  ^ 2 A r +  2 h r ^  (2.22)

and

u = c. (2.23)

One can notice th a t here the rescaled angular velocity u is in fact the angular 

momentum constant c and th a t each of the planes u = c are invariant manifolds. 

The relative equilibria are located a t {r ,9 ,v ,u )  =  {Q,9q, ± ^ B  — Uq, uq), where

9 Ç. and |uo| €  [0, V2B] and  all of them  are degenerate sources for u >  0,

respectively, sinks for t; <  0 on the  r  direction.

We return now to the particu lar form of system (2.8) and introduce the Reduced 

System  Near Collision (RSC) defined by
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{
v' = iP’ -‘r — olA t  — (3B (2.24)
u' =  4(/3 — 2)uu.

r ' =  (/? — a)rv
i '

The solutions of (2.8) are determined by the solutions of the reduced system 

in the sense tha t since the equations for {r,v,u)  do not depend on 6. they can be 

solved independently. Once the RSC solved, 9 follows consequently. In other words 

the 4-dimensional flow is invariant under rotations so we can factorize it by «Ŝ . 

Furthermore, the energy relation (2.9) does not depend on 6 either. This allows us 

to reduce implicitely the reduced speice RSC by another dimension since every fixed 

energy level h determines the 2-dimensional invariant surface

Mk :=  {(r. V. u)| =  2B  -t- 2 /lr  -H 2hr^~^ }, (2.25)

on which the RSC orbits are confined.

As an observation, we chose to call the reduced system near collision, because 

in this param etrization we are able to see and describe the orbits in a neighborhood 

of collision. This is in contrast w ith the reduced system near infinity that will be 

introduced later and will allow us to describe in detail the orbits attaining infinity.

It is tem pting to reduce the problem father and apply the same reasoning for 

the invariant manifold determined by the angular momentum integral. Then, every 

orbit on would be uniquely determined by the angular momentum constant c 

and, as c varies, M/, is filled in densely by orbits. In this manner, one would be able 

to see an orbit as the intersection of two 2-dimensional surfaces, one determined by

h. the other by c. But the angular momentum relation is ju st continuous near the 

collision manifold, leading to uniqueness problems a t the borderline r  =  0. The good 

properties of the invariant manifolds on which the flow is confined are compromised 

near collisions, including the uniqueness and the continuity w ith respect to initial 

data. Consequently, each time we will use the angular momentum integral, we will
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make sure th a t we are far enough from the collision subspace {r =  0 }.

By (2.9), the energy manifold Mh is a rotational surface with respect to the r  

axes in the reduced phase space (r, u,u).  A simple sketch reveals th a t the orbits 

are all bounded (the rescaled radius vector r  is bounded) for negative levels of 

energy h and possibly unbounded for h > 0. Also, exploiting the particular form 

of the vector field of (2.24), the phase curves are sym m etric with respect to the 

planes u =  0  and u =  0  since (r(r) , —u(r), u (r)) =  ( r ( —r), u(—r) ,  u(—r))  and 

(r ( r ) , —u ( r ) ,  - u ( r ) )  =  ( r ( - T ) , u ( - r ) , u ( - T ) ) .

In  the R5C the colhsion manifold torus is a circle and  the circles of equiUbria 

(â, ±y / 2B , 0 ) ,  6 G correspond to the equilibria points C~  =  (0. ± \/2 B ,  0). We 

will abuse the terminology by further calling equilibria, periodic orbits, etc, what 

appear to be such orbits in the RSC. In full phase space these m ust be regarded

i.e. manifolds of solutions. For instance, an equilibrium of the RSC is a relative 

equilibria in the full phase space and physically it represents a  circular orbit w ith 

constant angular velocity: a periodic orbit in RSC is an invariant torus of solutions in 

the 4-dimensional phase space and physically it represents periodic (rosette-shaped 

closed trajectories if u 7  ̂ 0 , radial libration if u =  0 ) or ra ther quasiperiodic (unclosed 

orbits filling densely an annulus; see [Amo] and [Del] ) motion: an arc of phase curve 

in the upper {v > 0)/lower (u <  0) half space of RSC corresponds in the physical 

space to spiral (u 76  0 ) or radial (u =  0 ) motion performed outw ards/inwards, etc. 

In order to state  our main results we will use the following:

D efinition 2.2.2 A solution of system (2.8) is called a capture orb it if r  tends 

to infinity in the past, an escape orbit if r  tends to infinity in the future, an ejection 

orbit if r  tends to 0 in the past, and a  collision if r  tends to 0 in the future. A 

quasiperiodic orbit is one for which r  is bounded but does not become zero in the 

past or in the future: a  circular orbit is a quasiperiodic orb it for which r  is constant 

at any time, and an oscillatory orbit is one for which r  becomes unbounded bu t
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does not tend to infinity (ex. limin/r-»oor(T) <  oo and limswpr-+oc^(T") =  oo).

Let us denote by / ( r )  the right hand side of (2.9), i.e.:

/ ( r )  =  2 B +  2A r  - t - 2 k r ^ .  (2.26)

The equilibria of the RSC other th a t the collision ones at C~  =  (0 , ± \/2 B ,0 )  

are obtained by setting u =  u' =  0. This leads to solving the following equation in 

r:

/ ( r )  =  a A r  -h /3B, (2.27)

which adm its different numbers of roots, depending on the level of h  and the values 

of param eters the a  and (3.

In order to  simplify further computations let us notice tha t to a solution of the 

above equation (2.27) r  =  r^r corresponds a  pair of equilibria =  (rcr, 0, ± > / f{rcr))

w ith eigenvalues given by Ai = 0  and the roots of

=  a A (a  -  2}rar +  /3B(/? -  2). (2.28)

Again, the nature of these equilibria will depend on the values of param eters a  and

/?•

2 .2 .3  G lo b a l F low  for N eg a tiv e  E n ergy

C ase  0 < a  < (3 < 2

If /i <  0 is fixed one can depict the energy manifold Af/, as in Figure ??  and conclude 

immediately th a t all orbits are bounded. The equilibria points of collision/ejection 

are at = (0, ± \/2 B ,0 )  and, by (2.20), both  of them are saddles. Using calculus

m ethods, one can check th a t (2.26) has one root r  =  Vcr and consequently there

are two equilibrium  points a t = ^r^r, 0, /(r^ r)^  - Following formula (2.27)

and taking into account th a t h < 0 and 0 <  a  <  /3 <  2, we deduce th a t R ^  are 

degenerate centers which translates into stable circular m otion in the physical space.
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Figure 2.5: The global flow in RSC for /i < 0 and 0 <  a  <  /3 <  2

The collision/ejection orbits are confined to the invariant manifold u =  0 meaning 

tha t the motion is radial. The rest of the orbits in RSC are periodic, as it will be 

proved in the following lemma, m ea n in g  tha t in full unreduced phase space, they fill 

in densely the energy manifold Mh-

L e m m a  2.2.3 For any set of initial conditions p :=  (ro, uo, uq) w ith tq ^  0 and 

uq ^  0. the orbit through p in RSC is periodic and of non-collisional type.

P ro o f :  Let 4>p be the orbit w ith initial condition p. Since Mh is compact, 

4>p either begins and ends in one of the equilibria of Af/,, namely C ~  or R~,  or is 

periodic. But if (f>p end (starts) in any of C “ , then it belongs all the time to the 

invariant manifold u  =  0, which is a  contradiction since we assumed uq ^  0. It 

remaines that <f)p ends (starts) in one of R ~,  but this is again a contradiction since 

both R ^  are centers. It follows tha t the o(w)-limit set of p contains no fixed points 

and, by Poincare theorem, the orbit through p is periodic.
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C ase  0 < a  < 0  = 2

For /3 = 2 the reduced system (2.24) receives the simpler form

I r ' =  (/3 — a)rv
v' = — a A r  — 0 B  (2.29)
u ' =  0 .

Every point of the circle = 2B  is an equilibrium, each of them being a

degenerate source for u > 0 , a degenerate sink for w < 0  and a  degenerate saddle for 

u =  0. The invariant energy manifold Nh is sliced vertically by the invariant planes 

u =  c =  constant. In particular, for any |c| <  V 2B,  the orbits are ending/ejecting 

in/from  the collision manifold implying tha t the set of initial conditions in the (h, c) 

plane leading to collision/ejection has positive Leabesgue measure. Exploiting the 

particular form of the equation, one can actually compute the root of (2.27) obtaining

\ 4 ( 2 - a )
2 ( -h )

(2.30)

and consequently the equihbria =  (rcr, 0, ± s / f j r ^ ) .  Their eigenvalues are given

by Ai =  0, A2 ,3  =  diiy/aA{2 — a ), with the result that R ~  are degenerate centers. 

Moreover, since {vcri fifcr))  is the maximum point for / ( r )  and the planes u = a 

are invariant, one can deduce tha t for y/2B < |c| <  /(rc r)  the motion in RSC is 

periodic. For all values of |u[ =  |c| <  V 2 B  the orbits are heteroclinic, connecting 

points on the collision/ejection circle symmetrically located with respect to the u 

axis. The phase portrait is skeched in Figure 2.6.

C ase  0 < a  < 2 < (3

In this subcase, by (2.20), the collision equilibrium point =  (0, -\-\/2B. 0) is a 

source and C~ = (0, —V2B.0)  is a sink. Equation (2.27) requires a further analysis 

in order to determine its roots. Denoting

g if)  = f i r )  — a A r  -  (3B, (2.31)
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Figure 2.6: The global flow in RSC for h <  0 and  0 <  a  <  /3 =  2 

one can see tha t this function has a critical point a t
(3—Q )

ro =
A ( 2 - Q ) ( /3 - a ) (2.32)

2(-/i)/3

Using elem entary calculus, we deduce tha t the equation (2.27) admits two. one or 

no roots as g(ro) is strictly positive, zero, or strictly negative, respectively.

If g(ro) > 0, besides the collision rest points, the reduced system adm its two 

pairs of equilibria a t =  ^rcr(i), 0, ± ÿ ( / ( r ~ ^ ^  and R o -  = ^ r ^ ( 2) 

with rcr(i) <  To <  T-cr(2 )- As already mentioned, the eigenvalues attached to 

(z =  1.2) are given by Ai =  0 and A2 ,3  the roots of

=  aA {a  — 2)rcr(q +  — 2) where z =  1,2. (2.33)

In order to establish the nature of these equilibria, let us notice first th a t since 

^cr(i) <  ro is root of (2.27),

5 ( /3 -2 )  = r ^ ( i ) [ A ( 2 - a ) - 2 ( - h ) ( r ^ ( i ) ) I ^ ]  >  r , , ( i ) [ a ( 2 - o ) - 2 ( - / z ) ( r o ) ^ ] .

(2.34)

Replacing tq in the previous relation w ith its exact value (2.32) it follows th a t

-  2) >  ^ ü ÿ : ^ r e r ( i ) ,  (2.35)
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Figure 2.7: The global flow in RSC for h <  0 and 0 <  a  <  2 <  /3. case ff(ro) > 0

from where it results that for i =  1 the right hand side of (2.33) is positive. This 

impUes tha t are degenerate saddles.

For /?2 ~- Ai =  0 and, since a  < (3.

Â  =  aA{a — 2 )r„.(2 ) +  0B{f3 — 2) <  a[A (a  — 2 )rgr(2 ) +  B {0  — 2)]. (2.36)

But rcr(2 ) is root of (2.27), i.e.

/(rc r( 2 )) -  û A r^ (2 ) -  /3B =  A{2 -  a ) r^ ( 2 ) +  B{2  -  /?) +  2 h (r^ ( 2 ))^/^^-“ ) =  0

from where

A{cc -  2 ) r^ ( 2 ) +  B(/3 -  2) =  2 h (r^ ( 2 ))^/(^-")

. Replacing the last relation into (2.36) we obtain Â  <  2ah{rcr(2) < 0, with

the result that i?2 * are degenerate centers.

The phase portrait is depicted in Figure 2.7. The orbits are all bounded and 

there is a set of initial conditions of positive Lebesgue measure th a t leads to ejec­

tion/collision trajectories. Also, there is a large set of initial conditions for which 

the orbits are periodic.
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Figure 2.8: The global flow in RSC for /i < 0 and 0 <  q  < 2 <  /3, case g(ro) = 0

If g(ro) = 0 there is a  pair of equilibrium points a t = (vcr. 0. àiy/f{rcr)) 

where =  ro and the eigenvalues attached are given by Ai =  A2  =  A3  =  0. For the 

moment we cannot conclude anything about the nature of these rest points. A closer 

look a t the vector field of system (2.24) reveals th a t r  is increasing for u > 0 and 

decreasing for u <  0. Therefore, R~  cannot be sinks or sources. If R~^. for instance, 

was a  center, then it would be surrounded by closed periodic orbits. M  would be 

filled in by these orbits and the flow would be similar to  that in Figure 2.5. But 

this is not possible since near the collision manifold A the continuity with respect to 

initial da ta  would be contradicted (orbits on A flow firom towards C~  and orbits 

near A would have opposite sense). We conclude that R r  are degenerate saddles. 

The entire phase space is filled in by heteroclinic orbits tha t begin/end in collision 

(see Figure 2.8).

If g(ro) <  0, besides the ejection-source/collision-sink equilibria there are no 

other rest points. The flow is depicted in Figure 2.9 and for any set of initial 

conditions the orbits are beginning/ending in collision.
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Figure 2.9: T he global flow in RSC for h <  0 and 0 <  or <  2 <  /3, case giro) < 0, 
and for 2  <  a  <  /?

C ase  2 <  Q <  /3

The phase po rtra it is fully analogous to tha t given in Figure 2.9. The invariant 

manifold M^, is filled in densely by heteroclinic orbits joining the source C'*' with 

the sink C~.

We end this subsection by summarizing the above conclusions in the following 

statement:

T h e o re m  2.2.4 {The global f lo w  f o r  negative energy)

Let us consider the relative two-body problem with quasihomogeneous interac­

tion defined by system (2 .1 ) w ith given constants A >  0 , 5  >  0  and 0  <  a  <  /? and 

negative to ta l energy /i <  0. Also, let us define the equation

(2 — f i )B  -t- (2 — a )A r  -I- 2 / i r ^ «  =  0. 

Then the only possible scenarios of m otion are:

(2.37)

(1) i f O < a < / 3 < 2 a l l  orbits are quasiperiodic except a  set of zero Lebesque 

measure given by ejection-collision zero auagular velocity orbits. For each h <  0 fixed,
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in the set of quasiperiodic orbits there are two stable circulatory orbits a t r  =  r^r- 

where Tct is the positive solution of (2.37);

(2 ) if 0  <  a  <  /3 =  2  the orbits are either quasiperiodic, o r bounded ejections 

followed by collisions. The set of initial conditions leading to ejection-collision orbits 

has positive Lebesgue measure. For each h < 0 fixed, in the set of quasiperiodic 

orbits there are two stable circulatory orbits a t r  =  r^., where Tct is the positive 

solution of (2.37);

(3) if 0 <  a  <  2 <  all orbits are either quasiperiodic, o r bounded ejections 

followed by collisions. The set of initial conditions leading to ejection-collision orbits 

has positive Lebesgue measure. For each h < 0 fixed, if the equation (2.37) adm its 

two positive solutions rcr( i ) <  ^cr(2 ), then the set of ejection-collision orbits is glued 

to the set of quasiperiodic orbits by the unstable circulator}' o rb it r  =  rcr(i) and in 

the set of quasiperiodic orbits there are two stable circulatory orbits a t r  =  rcr(2 )- 

if the equation (2.37) admits one positive solution r  = then except two unstable 

circulatory orbits a t r  =  Tct all orbits are bounded ejections-collisions: finally, if the 

equation (2.37) doesn 't have any solutions then all orbits are bounded ejections- 

collisions:

(4) if 2 <  a  <  all orbits are ejection-coUision and the Lebesgue measure of 

the initial data  leading to colhsion is infinity.

2 .2 .4  Zero E n erg y  F low  in  R S C

For /i =  0, the analysis of the RSC is simplified since the term  in the

energy integral is zero. Therefore the energy invariant manifold M/,o is generated 

by the relation:

= 2 B -t- 2 A r =  / ( r ) .  (2.38)

Again we will discuss the phase portraits in function of the param eters a  and 0.
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Figure 2.10: The flow in RSC for /i =  0 and 0 <  a  <  ^

C ase  0 <  a  <  /3 <  2

The phase space is represented in Figure 2.10. The collision rest points C *  are 

the only equilibria. Except on the plane u =  0, all orbits are coming from infinity 

and return  asymptotically to infinity. On u =  0 (i.e. for radial motion) there are 

two orbits, one colliding in C ~ , the other one ejecting from . Since the collision 

is possible only for u =  0, i.e. only for zero angular momentum (see (2.10)), we 

conclude that the Lebesgue measure of the initial conditions leading to collision is 

zero.

C ase  0 < a  < /3 = 2

Since (3 = 2 the reduced system receives again the particular form (2.29). The points 

of the collision circle +v? = 2B  are all equilibria, sources if u >  0, sinks if u <  0, 

and saddles if u =  0. Every vertical plane u =  c is invariant and for |u| =  |c( <  V 2 B  

all orbits are of collisional type. For |u| =  |c| >  V 2B  the orbits are unbounded. 

Such an orbit comes from infinity, attains an r-minimal point (rm,„, 0, u^ox) and 

returns asymptotically to infinity (see Figure 2.11).
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Figure 2.11: The flow in RSC for /i =  0 and 0 <  q  <  /3 =  2

C ase  0 < a  < 2  < 0

In this subcase the rest point is a source and C~  is a sink. Using (2.27) and taking

into account th a t h =  0 . there are other two equilibria R~  located at (rcr-O. ± \ /2 B )  
B { 0 - 2 )

where r^r = A{2 -  a)
. The eigenvalues associated are given by (2.28) from where.

replacing the exact value of Ter, it results in Ai =  0  and A2 .3  =  ± \ / B { 0  — 2)(/3 — a ). 

It follows that is a degenerate saddle. The phase portrait is depicted in Fig­

ure 2.12. The orbits are either bounded of collisional type or unbounded. Also, 

there is a  positive measure set of initial data  leading to collision.

C ase  2 < a  < 0

T he phase space is depicted in Figure 2.13. All orbits with radial velocity 

\ 2B  4- — r  <  ]u| <  >/25 + 2Ar are unbounded, ejecting from the sourceV 0  —  2

C ^ ,  or colliding in the sink C~.  The orbits with juj <  w 25-f- ; ,- - r  are

bounded of collisional type.
,9 - 2
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Figure 2.12: The flow in RSC for h =  0 and 0 <  a  <  2 <  /?

2 .2 .5  P o s it iv e  E n erg y  F low  in R S C

Case 0 <  a  <  /3 <  2

The m otion is unbounded unless it teikes place on the invariant manifold u = 0 (see 

Figure 2.14). The orbits lying in u =  0 are the only ones atta in ing  the collision saddle 

equilibria implying tha t the Lebesque measure of the  set of initial conditions 

leading to collision is zero.

Case 0 <  a  <  /3 =  2

Again, for (3 — 2. the phase space changes drastically. Sliced vertically by the 

invariant planes u =  c, the energy manifold Mh is filled in by orbits ejecting/ending 

from /in  the equihbria circle =  2B  if |u| =  |c| <  y/2B  and by unbounded

orbits coming from and returning asymptotically to infinity if |u| =  |c| >  \ /2 B  (see 

Figure 2.15).

Case 0 < a  < 2 <

For the  following remaining three subcases the phase portra it is basically the same 

and is depicted in Figure 2.16. The orbits are bounded of colhsional type or un-
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Figure 2.13: The flow in RSC for h = 0 and 2 < a  < 0

bounded and the Lebesgue measure of the set of initial conditions leading to collision 

is positive. Since equation (2.27) admits a  real positive root r = Vcr. we conclude 

th a t besides the source and the sink C ~ . there are two other rest points located 

a t 0. ±  Y /(^ c r)^ . Their eigenvalues are given by (2.27). As it will be shown, 

these points are degenerate saddles but in order to prove this affirmation we still 

have to distinguish between the three different subcases of q ’s location w ith respect 

to 2 .

For (0 <  a  <  2 <  /3), since rcr is a  root of (2.27) i.e. /(rcr) — aA rcr — PB  =  

A(2 — a)rcr 4- B{2 — 0) + 2/i(rcr)^^^^~“  ̂ =  0, it results in

A2 =  a A {a  -  2)rcr +  y3[2/i(rcr)^/('^~®^ +  A{2 -  a)rcr]

or

=  A(2 -  a)(/3 -  a )  +  2/i(rcr)^/^^-“  ̂ >  0 

from where it follows tha t are degenerate saddles.
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Figure 2.14: The flow in RSC for h > 0 and 0 < a  < p  < 2

C ase  2 = a  < P

In this situation Vcr can be computed exactly, namely

rcr =
B { p - 2 )

2h
(2.39)

The eigenvalues are given by Ai =  0 and Ag 3  =  ±y/PB{P  — 2) obtaining again that 

is a degenerate saddle (see Figure 2.16).

C ase  2 < a  < P

Here we have to return to equation (2.27). The function g(r) =  / ( r )  — a A r  — PB  

has a critical point for

ro
A (a - 2 ) { P  -  a)

2hP

(3—0 )
(2.40)

and the solution r =  rcr of (2.27) (or g { r )  =  0) obeys v^r > vq.  Since r^- satisfies for

g{r) =  B{P — 2) +  rcr[A{2 — a )  +  2h{vcr)^^] = 0. and r^- >  rg it follows

B(P  -  2) =  rcr[A(2 - a ) - h  2 A (r« .)3^] > rcr[A{2 -  a) + 2 / i r o ^ j ,  (2.41)

and, further, after replacing ro with its exact value (2.40)

B{ P  -  2) > _ ^ d i ^ z 2 ) r c r .  (2.42)
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Figure 2.15: The flow in RSC for /i >  0 and 0  <  a  <  /3 =  2

which is equivalent to (A2 .3 )  ̂ >  0. Completing the last assertion with Ai =  0 we 

deduce tha t R -  are degenerate saddles (see Figure 2.16).

2.3 T h e F low  at In fin ity

To provide a  global picture of the flow for h > 0 .  we need to analyse the behaviour

of the orbits attaining infinity asymptotically in time. Essentially, for each h > 0

fixed, we shall resort to an inverse transform of the radius vector r  into p = — .r “
bringing the fictitious points r  =  oo into the so-called infinity manifolds p = 0. We 

fully characterize to flow on them  and then, in a  similar m anner to the reduction 

performed in section 2.2.2, we retain the equations in {p, v. u), introduce the Reduced 

System Near Infinity (denoted RSI) and offer a  complete picture of the flow on it.

We now retu rn  to system (2.1) and the transformations (2.5). Choosing 7  =  1 

and 5 = 0 (which actually means a  change of variables into polar coordinates) and 

introducing

(2.43)
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Figure 2.16: The flow in RSC for h > 0 and 2 < (5 

we are led to the system:

p = —apv
9' = u 

, /  2v' = u — a A p  — j3Bpâ
u' =  —uv.

with the first integrals:

and

u + xp' = 2Ap  4- 2Bpa 4 - 2/i

u =  cp<̂

(2.44)

(2.45)

(2.46)

Replacing pa from (2.44) with its corresponding value from (2.45) we obtain 

the analytical system:

'  p' = —apv 
O' = u
v' =  h{2 — f3)u^ — f  4- i4(/3 — a)p  4- /3/i

(2.47)

= —uv.
Similar to our analysis in section 4.1, we know th a t for any h fixed the flow is 

confined on the 2 -dimensional invariant manifold provided by the class energy
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integral, namely:

Nh. = {(p, e, V,  u)\u^ =  2Ap + 2Bp-  +  2/i, 0 € [0, 27t)}. (2.48)

2 .3 .1  T h e  In fin ity  M anifolds

From system (2.47) it follows that for each h > Q fixed, the manifold p =  0 is 

invariant under the fiow. To obtain a picture of the orbits in a neighbourhood 

of infinity we introduce the infinity manifolds, denoted //,. where h > Q, as the 

restriction of the energy manifold Nh to p =  0, i.e.

Ih = {(p, 0. V,  u)| p =  0, 0 €  [0,2 7 r) , andt;“ -t- =  2h\. (2.49)

Unlike the collision manifold which is the uniquely defined independent of the 

level of energy, the fictitious infinity manifolds depend continuously on h. For each 

h > 0 fixed, the corresponding infinity manifold //, is a 2-dimensional torus which 

shrinks to a circle as h — >- 0-h.

Using the energy integral, the flow on Ih is given by:

{
9' = u
v' = 2h — (2.50)
u' =  —uv.

For each h > 0 fixed, the infinity manifold torus possesses two circles of equilibria at 

V =  and all orbits are strictly increasing with respect to v (see Figure 2.17).

If /i =  0 the infinity manifold is a circle of degenerate equilibria.

2 .3 .2  T h e  R ed u ced  S y stem  N ear In fin ity  (R S I)

The above description provides a local picture of the flow on the fictitious infinity 

manifolds. We return now to the system (2.47) and point out some of its general 

characterist ics.
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Figure 2.17: The flow on the Infinity Manifold Ih for /i > 0

First, let us observe th a t the set {{p,0. v ,u ) \u  =  0} is an invariant manifold 

and on it the flow is always decreasing w ith  respect to v. Second, com puting the 

global equilibria of system (2.47), we obtain  two circles of rest points located at 

/^:=(0,0Q i 0), $0  e  [0,27 r). Calculating the corresponding eigenvalues we

deduce tha t is a  degenerate source w ith Ai =  q V ^ ,  A2  =  0 , A3  =  /3\/27î, A4  =  0  

and If^is a degenerate sink with Ai =  —a V ^ .  Ag =  0 , A3 =  —!3\/2h, A4  =  0 .

In section 2.2.2 we introduced the reduced system near collision RSC by taking 

into account tha t the (r. v, u) coordinates are independent of the cyclic coordinate 

6. The same reasoning holds for system (2.44) as well. We isolate the 6 equation 

and define the Reduced System Near Infinity  (RSI):

Ip = —apv
v' =  ^(2 — fi)u^ — +  A{fi — a)p  +  fih
u' =  —li t ; .

(2.51)

keeping in mind that the orbits of RSI m ust be regarded in the full phase space y.S^ 

i.e. manifolds of solutions.

The flow of the RSI is confined to the 2 -dimensional surface Nh generated by the 

energy integral. The global equihbria 1^  of system (2.47) become rest points for RSI 

as well. Similar to the RSC system, the orbits in RSI are symmetric w ith  respect



2.3: The Flow a t Infinity_____________________________________________ ^

to the planes {« =  0} and {v =  0} i.e. (r(T), —t;(r),u(T )) =  ( r (—r) , u (—r) , u (—r)) 

and ( r ( r ) ,  —u(r), —u (r))  =  ( r (—r ) ,u ( —t ) ,u ( —r)) . Also, we can use the momentum 

integral (2.46) each time we are far enough from the singular surface p =  0 such 

th a t the lack of smoothness of (2.46) around p =  0 is not effecting our analysis.

The relative equilibria of the unreduced system are to be (bund as equilibria 

in RSI by setting v =  v' =  0. Using calculus methods and taking into account the 

range of q , (3 and h we obtain different pictures for the flow.

2 .3 .3  P o s it iv e  E n erg y  F low  in  R SI

C ase  0 <  a  <  /3 <  2

The reduced flow in this case is quite simple. There are no o ther equilibria 

except the infinity ones, namely the degenerate source //,“ and the degenerate sink 

Ih~- The orbits are flowing out from /into the infinity manifold in the  southern 

hemisphere, respectively, the northern hemisphere of the energy manifold. The 

concavity of the trajectories is changing with respect to a. being in the (p. u)-plane 

concave up if a  <  1 and concave down if a  >  I (see Figures 2.18, respectively. 2.19).

C ase  2 <  /3

Here, besides the infinity rest points we obtain other two equilibria at 

E~  =  (pcr,0, ±Ucr), where pcr solves A(2 — a )p  +  5 (2  — /3 )pô +  2/i =  0 and Ucr 

verifies the energy relation for u =  0 and p  =  pcr- The corresponding eigenvalues

are given by A 1 ,2  =  ± \ / A q {P — a)per and A3  =  — |ucr|, therefore E ~  are saddles. In 

order to provide the picture of the reduced flow we need the following:

L e m m a  2.3.1 There is an orbit, denoted 4>{t ) ,  that s tarts  in and ends in . 

Moreover, the v component of this orbit is always positive.

P r o o f  Since E~^ is a  nondegenerate saddle, there is an orbit <^(r) th a t exits E~  ̂ into



2.3: The Flow at Infinity 38

Vi L

Figure 2.18: The global flow in RSI for h > 0 and 0 < a < l < / ? < 2

the positive halfspace u > 0. From system (2.51) it follows th a t the function p{r) 

is decreasing with respect to tim e as long as v stays positive. Let us assume th a t 

there is a time tq such that the v component of <^(r) becomes 0. Then, since the 

orbits are symmetric with respect to the plane u =  0 , it follows tha t <P{t ) returns 

to But, because the flow in confined on a  2-dimensional manifold, this would 

imply the existence of another fixed point inside 0 (r) which is a  contradiction.

Therefore, the v  component of ^ (r) is always strictly positive, the orbit is 

decreasing in p all the time, and the equilibrium is the only possible limit for 

4>{r).

L e m m a  2.3.2 There is an orbit, denoted tha t comes from "infinity” (i.e.

limT-^(-oc)Pij) =  oo and ends in Moreover, the v component of this orbit is 

always positive.

P r o o f  Since is a  nondegenerate saddle, there is an orbit ^ ( r )  that ends in E ^  

from the positive halfspace u >  0. From system (2.51) it follows that the function
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Figure 2.19: The global flow in RSI for /i >  0 and 1 <  a  <  /3 <  2

p{t)  is decreasing with respect to time as long as v stays positive. Going backwards 

in time along iP{t), let us assume that there was a time tq subch that v {t q ) =  0 . 

Then, since the orbits are symmetric with respect to the plane u =  0. it follows 

th a t ip{r) started  a t E ^ .  But, because the flow in confined on a 2-dimensional 

manifold, this would imply the existence of another fixed point inside 0 (r) which is 

a contradiction.

Therefore, the v component of is always strictly positive, the orbit comes 

from infinity, is decreasing in p all the time, and ends in the equilibrium

It is clear now how the orbits flow on Nh- Looking at the hallspace u >  0 there 

are 4 distinct invariant manifolds: the orbits inside exiting and ending in 

; the orbits inside t/>(r), coming from p =  oo, reaching a minimum p and going 

back to p =  oo; the orbits under 0 (r) and i/>(r), all exiting and escaping to  p =  oo 

and, finally, the orbits above 4>{t ) and ipir), all coming from p =  oo and ending into

Again, the concavity of the trajectories is changing with respect to a . being in 

the (p, u)-plane concave up if a  <  1 and concave down if a  >  1 (see Figures 2.20,
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Figure 2.20: The global flow in RSI for h > 0 and 0  <  a  <  1 and 0  > 2 

respectively 2 .2 1 ).

2 .3 .4  Zero E n erg y  F lo w  in  R SI

One approach in skeching the  flow in this case would be to  re tu rn  to the system (2.5I), 

ignore the term s having factor h, and s tart all over again w ith a detailed analysis. 

But, since the system(2.51) is analytic and the infinity manifolds are differentiable 

for any /i >  0 , we are able to  take full advantage of the continuity of solutions with 

respect to initial data.

We think about the flow tha t is confined on the surface Nh which, as h 0. 

shrinks at its left end. At the limit h = 0. the projection circle of the infinity 

manifolds Ih of radius > / ^  shrinks to the origin. Under this process of passing to the 

limit, the flow pictures from the case h > 0 preserve themselves in a neighborhood of 

p = 0. On the cut p =  0, the two infinity equilibria and approach the origin 

as h tends to  0. At the limit /i =  0, the two rest points become one degenerate 

equilibrium in the origin ( / “ =  /"^ =  origin). The flow pictures are skeched in 

Figures 2.22, 2.23, 2.24, 2.25, and 2.26.
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Figure 2.21: T he global flow in RSI for h > 0 and  1 <  a  and 0  > 2

2.4 T h e  G lobal F low  for N o n -N eg a tiv e  E nergy

We are able now to offer a  complete picture of the global flow for the quosihomoge- 

neous two-body problem with zero or strictly positive energy.

The underlying idea is tha t the orbits of both system (2.8) and system (2.47) 

are the same as the orb its of system (2 . 1 ), only the param etrization is different. 

First, we approached the  flow near collision looking at the fictitious collision mani­

fold, obtaining results abou t the behaviour near the collision, introducing RSC and 

sketching the flow on it, w ithout any information about the behaviour a t infinity. 

Then, we moved at the  other end of the flow, and, in an analogous manner, we 

defined the fictitious infinity manifolds, described them, introduced RSI and offered 

a picture of the flow in th is  new chart tha t allowed us to  see the infinity points. In 

both  systems, the flow is confined to the same 2 -dimensional energy manifold th a t 

looks different with respect to the chart used in seeing it. Keeping in m ind that bo th  

param etrizations are representing the phase space of the  same problem, we put the 

two pictures head-to-head and, consequently, we obtain the portrait of the global
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Figure 2.22: The flow in RSI for /i =  0 and 0 <  a  <  1  and /3 <  2

flow.

2 .4 .1  T h e G lob a l F lo w  for P o sitiv e  E n erg y

T h e o re m  2.4.1 {The global f lo w  fo r  strictly positive energy)

Let us consider the relative two-body problem with quasihomogeneous interac­

tion defined by system (2.1) with given constants 4  >  0, 15 >  0 and 0 <  or <  ^  and 

strictly positive to tal energy h >  0.

Then the only possible scenarios of motion are:

( 1 ) for /3 <  2 , all orbits are capture-escape type, coming from infinity, attaining 

a  minimum point and returning to infinity with asymptotic velocity V ^ .  There are 

two hereroclinic orbits connecting the collision equilibria w ith the infinity equilibria: 

for these orbits the angular velocity is zero (see Figures 2.27 and 2.28);

(2) for P = 2, there is a positive Lebesgue measure set of initial conditions 

leading to heteroclinic ejection-escape and capture-collision orbits. The rest of initial 

conditions, of positive measure too, lead to capture-escape orbits (see Figures 2.29 

and 2.30);
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Figure 2.23: The flow in RSI for h = 0 and 1  <  a  <  /3 <  2

(3) for 2 <  /?, there is a  positive Lebesque measure set of initial conditions lead­

ing to ejection-coUision and capture-escape orbits. This invariant sets of orbits are 

connected by two unstable circulatory orbits. Also, there is only one ejection-escape, 

respectively, and only one capture-collision (both  of them  of heteroclinic type) and. 

moreover, for these two orbits the angular velocity is zero and the asymptotic radial 

velocity at r  — > oo is (see Figures 2.31 and 2.32).

Corollary 2.4.2 For /3 =  2 and /i >  0, all ejections are escapes.

Corollary 2.4.3 For h >  0, the asymptotic radial velocity at infinity is ± V ^ .

2 .4 .2  T h e G lob a l F low  for Zero E n ergy

Theorem  2.4.4 {The global f lo w  fo r  zero energy)

Let us consider the relative two-body problem with quasihomogeneous interac­

tion defined by system (2.1) with given constants A >  0, 5  >  0 and 0 <  a  <  /3 and 

zero to tal energy h = 0.

Then the only possible scenarios of motion are:

( 1 ) for ^  <  2 , all orbits are capture-escape type, coming from infinity, attaining
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Figure 2.24: The flow in RSI for h = 0 and 0 <  q  <  1 and 2 < (3

a minimum point and returning to infinity with zero asymptotic velocity. There are 

two hereroclinic orbits connecting the collision equilibria with the infinity equilibria: 

for these orbits the angular velocity is zero (see Figures 2.33 and  2.34):

(2) for (3 = 2, there is a positive Lebesque measure set of initial conditions 

leading to heteroclinic ejection-escape and capture-collision orbits. The rest o f initial 

conditions, of positive measure too, lead to capture-escape orbits (see Figures 2.35 

and  2.36);

(3) for 2 < there are the following subcases:

i) for 0 <  a  <  2, then there is a  positive Lebesque measure set of initial condi­

tions leading to ejection-coUision and capture-escape orbits forming two invariant 

sets of orbits connected by two unstable circulatory orbits. Also, there is only one 

an ejection-escape, respectively, and only one capture-coUision (both of them  of het­

eroclinic type) and, moreover, for these two orbits, the angular velocity is zero and 

the asym ptotic radial velocity at infinity is zero (see Figures 2.37, 2.38):

ii) for 2 <  a ,  aU orbits are ejection-coUision except one having zero angular velocity 

and zero asym ptotic radial velocity (see Figure 2.39).
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Figure 2.25: The flow in RSI for h = 0 and 1 <  q  < 2 and 2 < d

Figure 2.26: The flow in RSI for h =  0 and 2 <  a  <  (3
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Figure 2.27: The global flow for h >  0 and 0 <  a  <  1 and  /3 <  2

C

Figure 2.28: The global flow for h >  0 and I <  a  <  (3 <  2
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Figure 2.29: The global flow for h > 0 and 0 < q <  1,/3 =  2

UA

Figure 2.30: The global flow for h > 0 and I <  a  <  0  =  2
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Figure 2.31: The global flow for h > 0 and 0 < q <1 ,  / 3 > 2

Figure 2.32: The global flow for /i >  0 and 1 <  a, 0  >  2
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Figure 2.33: The global flow for /i =  0 and 0 <  a  < 1 and 0  < 2

Figure 2.34: The global flow for h =  0 and 1 <  o: <  /3 <  2
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Figure 2.35: The global flow for /i =  0 and 0 < a < I , / 3  =  2

Figure 2.36: The global flow for h =  0 and 1 <  a  <  /3 =  2
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Figure 2.37: The global flow for h = 0 and 0 < a < l , / 3 > 2

Figure 2.38: The global flow for h =  0 and I < a < 2 ,  ; 3 > 2
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Figure 2.39: The global flow for /i =  0 and 2 < a  < /3
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C hapter 3

R egularization and the  
Scattering Problem

3.1 Iso lating  B lock s ab ou t an  Invariant Set

Let M  be a sm ooth manifold and let : A/ x R  — y M  be a flow on M . A subset 

A C M  is called invariant if 0(A, R ) =  A. Also, if p € M ,  we denote (p(p. R ) :=  (pp.

D efin itio n  3.1.1 An isolating neighborhood for the flow (p on M  is an open 

U C M  such tha t p  € dU  implies <pp g! Cl{U), where Cl{U) denotes the closure of 

U.

Observe tha t since points of dU  leave Cl{U), the maximal invariant set in U 

must be closed and is also the maximal invariant set in Cl{U).

D efin itio n  3.1.2 An invariant set A is called isolated if A is the maximal 

invariant set in some isolating neighborhood U. In this case we say C/ is an  isolating 

neighborhood of A.

Observe th a t isolated invariant sets are closed, and th a t if U is an  isolated 

neighborhood of A, then any set V  between U and A (i.e. C/ C V C A) is also 

closed. The word isolated refers to the fact tha t there are no invariant sets between 

A and Cl{U) (see Figure 3.1).

Now let R  be a  compact subset of M  with non-empty interior and suppose that
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(b)
Figure 3.1: (a) Isolated and (b) and (c) non-isolated invariant sets A 

b =  d B  is a  smooth submanifold of M .  Define

:= {p €  b I <p{p, (—e, 0)) fl B =  $  for some e >  0}, (3.1)

b~ := {p €. b I <p{p, (0, e)) D B =  $  for some e >  0}. (3.2)

t : =  {p €  5 I 4>{p,0) is tangent to  6}, (3.3)

where $  denotes the em pty set.

D e fin itio n  3.1.3 B is called an isolating block if < =  6"̂  Pi 6” .

D e fin itio n  3.1.4 Let A be an isolated invariant set, and let B  be an isolating 

block. Then B  is said to isolate A if in t{B )  is an isolating neighborhood for A.

The following theorem was proved by Conley an d  Easton ([Con-E]).

T h e o re m  3.1.1 If A is an isolated invariant set, then there exists an isolating 

block which isolates A. If B is an isolating block, then  there exists an isolated 

invariant set (possibly empty) which is isolated by B .
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Following the procedure proposed by McGehee ([McGl]), given an application 

I  : M  — R , we write

r{j>,t) :=  I{<p{pA))

and define

I'(p) := ( r ) '( p ,0 )  and l"(p) :=  (r)" (p .O ),

where (/*)' and  {I*)" denote the time derivatives. The following lemma was proved 

by Wilson and  Yorke ([Wi]) (the symbol D  denotes the  to tal derivative).

Lem m a 3.1.1 Let I  : M  — > [0, oc) and let Sq > 0. Suppose th a t DI{p) /) 

whenever 0 <  I{p) < Sq. Suppose also tha t / ” (p) >  0 whenever 0 <  I{p) < Sq and 

T'(p) = 0. Then A :=  /~^(0) is an isolated invariant set and /~^([0, rf]) is an isolating 

block for A for each S 6  (0, (Jq]-

We define the subsets of b which are asymptotic to A:

:= {p eb'*' I 0(p, [0, c k ) )  C B } ,

a~ :=  {p e  b~ I <p(j), (—00,0]) C  B }.

By definition, if p E b'  ̂ — a^ ,  then there exists a < >  0 such that é{p, t) ^  B .  Thus 

one can define the time spent in the block for a point p  E b~̂  — by

T{p) := in f { t  > 0 | (f>{p,t) ^  B } .

Note that </>(p, [0, T(p))) € B  and that (p{p,T{p)) E b~. Now we define the map 

across the block

0 -  o'*" — > b~ by p  — > 4>{p, T(p)).

Theorem  3.1.2 (Conley and Easton [Con-E]) If JB is an isolating block, then

: 6+ -  — >b~ - a ~

is a diffeomorphism.
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D efinition 3.1.5 An isolating block B  is said to  be trivializable if 0 extends 

uniquely to a diffeomorphism  ̂b~ .

Lem m a 3.1.2 (Conley [Con]) Suppose that A is an isolated invariant set and 

that Bi  and J5a isolate A. Then B i  is trivializable if and only if B -2 is trivializable.

D efinition 3.1.6 Let B  isolate A. Then A is said to be trivializable  if B  is 

trivializable.

We now return to the quasihomogeneous two-body problem. We take (f> to  be 

the flow on the manifold Mh (2.11) defined by equations (2.8). The invariant set A 

is given by relation (2.12). Define

I  : Mfi — > R  by (r, 9, v, u) — > r,

and

Bh{S) := { p e M h  I /(p) <  rf}.

Lem m a 3.1.3 Let (3 < 2. Given any h, there exists a >  0 such that Bh{^) 

is an isolating block for A whenever 0 <  (Î <  Jq-

P roof We apply Lemma 3.1.1 taking as I(p) the previously defined function I  

on Mh. Then DI{p)(_r\e',v',u') =  r'.

On the other hand the tangent space to Mh at a point p = {r .6 ,v .u)  is given

by

{{r '.9 ',v '.u ')  I f  1 + h — vv' — uu =  0}
\  (P — o) /  

so it follows that DI(p) =  r ' is zero if (u.u) =  (0,0). But {r.d. v. u) is a point on 

Mh and for J(p) =  r  =  5 we get

(u  ̂ -f- «2 _  2S | =  2(1 -I-

therefore for a /(ro) :=  fo small enough it follows tha t (u,u) ^  (0,0) whenever 

5 < Sq. Hence, DI(p) ^  0 when 0 <  <  5o- Now, using equations (2.8) we see tha t
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along the flow

I '  = r ' = {/3 — a)rv

from where, if I{p) = rS, I '  =  0 if  v =  0. Along the flow on Mk and for u =  0,

I"  =  ((/3 -  a)rv) ' = {P ~  a ) r [5 (2  - /3) + A(2 -  a )r  +  2 h r ^ ^ ] ) .

Since B { 2  — (3) >  0  and r  =  f  it follows th a t F" >  0 whenever 0 <  J  <  <5o for Sq

small enough. Finally, note that A =  Hence, by Lemma 3.1.1, Bh{5) is an

isolating block for A and the proof is complete.

By examining the figures for 0  > 2, one can observe tha t in all these cases the 

set A is not isolated.

We define now for the block Bh(.S):

b :=  \jp 6  Mh ! r  =  5}

6^ :=  {p E 6 i V < 0} 

b~ := {p €  b I u > 0} 

t := {p E b I ü =  0}

a"*" : =  { p  6  6 ^  I u  =  0 }

a~ := {p E b~ ( u =  0}

L e m m a  3.1.4 If A is a trivializable isolated invariant set for equations (2.8), 

then 0  = 2{1 — l /n )  where n is a positive integer, n  >  2.

P r o o f  First we notice that since A is not an isolated invariant set when 0  > 2, 

we must have 0  < 2.  Second, we w rite b as

b =  {{r.6, V, u) E R ”* 1 r  =  <5, and 4- =  2B +  2A5 4- 2 h S }.
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Also, we write the m ap across the block as

$  : 6^ — — y b~ — a~, (r .d .v .u )  — y (r .^g (0 .u ) ,  —v .u ) .

where is the second component of On b~. r  = Ô and

V = — y 2 B  +  2AS +  2 h S — u^. therefore one can use (6. u) as coordinates. Sys­

tem (2.8) being independent of 6,

^g(0. u) = 0 + r (n )

where F is a  function of u defined for all 0 <  u <  2B  -t- 2AS + 2hS . By symmetry.

r(—u) = F(u). By hypothesis, Bh(S) is trivializable, therefore $ extends uniquely 

to a continuous map b"*" — y b~. Thus 0 + F(0—) = 0 + r(O-h) 4- 27tti, where n  is an 

integer and, since F is an odd function, it follows th a t F(O-f-) =  tttx.

Following McGehee’s (see [McGl]) technique, we will com pute the number 

F(O-f) using a geometric method. Let p E . Recall the definition (2.18) of S ~ .  By 

Lemma 2.3.1, w(po) is a point s “ in S~  therefore the orbit through po is actually the 

stable manifold of s ~ . Now let p 6 ft"*" be close to po- The orbit through p follows 

closely the stable manifold of s~ . passes close to S~  and then follows closely the 

unstable manifold of s ~ . Now we need to determine the unstable manifold of

Since the unstable manifold of s"  is a  subset of A, we recall the  angular variables 

(0,X) (2.16) on the collision manifold A and the equations (2.15). It follows th a t in 

the (0, x)  variables, the unstable manifolds of points on S~  are ju s t straight lines 

with slope (1 — /3/2). As we are looking for F(O-f-), we must take —7t/2 <  % <  tt/2 . 

If s~ =  (S,0o, —y/2B.O), then the unstable manifold of s~ is exactly the stable 

manifold of =  (5,^o + 7f(l — /3 /2 )" \  \/2B ,0 ). So the orbit through p first follows 

the stable manifold of s~ , then follows the unstable manifold of s “ which coincides 

with the stable manifold of s'^, and finally follows the unstable manifold of s “*". So 

as p  — y Po, the change in 9 along the orbit approaches the difference in 9 between
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3~ and g"*" which is 7t ( 1  — 0/2)~^. Therefore

r ( 0 - f  ) =  Trn =  7t(1 — 0f2)~^ 

from where it follows th a t /3 =  2 ( 1  — l /n )  where n is a  positive integer.

3.2 B lo ck  R egularization

In the preceding section we applied the theory of isolated invariant sets to the 

transformed system (2.8) for which A in an isolated invariant set. We turn  now 

to our original problem, the question whether if equations (2 .1 ) can be regulcu^ized. 

Here, the set A is the set where the vector field of (2.1) fails to be defined. One has 

to keep in m ind tha t, after all, the two systems have identical orbits on Mh — A. 

only the param etrization is different.

We tu rn  now, following Easton ([Eas]) and McGehee ([McGl]). to the definition 

of block regularization for system (2.1). Let M  be a sm ooth manifold, let A be a 

compact subset of M ,  and let F  be a vector field on M  — A. A being the set where 

F  fails to be defined. Let ij} be the flow on Af — A given by F  (we do not require 

tha t xl){p, t) to be defined for all t).

Let 5  be a  compact subset of M  with non-empty interior and suppose thet 

b =  dB  is a  smooth manifold which does not intersect A. Let b~, b~ and t be 

defined as in the previous section, and the definition of an isolating block be also 

the same. Let 0{jp) denote the orbit through p, namely

0 (p) =  {i/’(p, t) I t/i(p, t) is defined}

D e fin itio n  3.2.1 An isolating block B  isolates the  singularity set A if A C 

int{B) and if 0{p) B  for all p e  5  — A.



3.2: Block Regularization___________________________________________________ ^

The subsets o’*" and a~ are the same as before, except th a t now we must allow 

for solutions which are not defined for all t, i.e.

a~ = {p E b'^ I E B  for aU t  > 0 for which ^ (p . t) is defined, }

a~ = {p E b~ I ‘ipip, t) E B  for aU t  <  0 for which tp(p, t) is defined.}

The map ip : b^ — a"*" — > b~ is defined in exactly the same way as the map p.

D e fin itio n  3.2.2 The singularity set A is said to be block regularizable if there 

exists a trivializable block B  which isolates A.

As already mentioned, we foUow closely McGehee's procedure for regularization. 

Suppose th a t one can isolate the singularities of a  given system  with an isolating 

block, and suppose tha t the map across the block can be extended. Solutions passing 

close to singularities then wiU determine uniquely an extension for a solution ending 

in a  singularity. Thus one can construct an extended flow w ith the property with 

the property of differentiabiUty with respect to initial data. If, on the other hand, 

the map across the block does not extend, then such an extended flow does not exist.

In order to apply the aforementioned procedure for regularization, one has to 

make extensive use of the fact th a t an isolated block for an ordinary difierential 

system is independent of parametrization. If one cannot say anything about the 

orbits tha t are not defined on the set of singularities of the system, the same orbits 

are fully visible (i.e. are defined for all t) on the transform ed system. Explicitely, in 

our case, the singularity at x  =  0 became after applying (2.6), the invariant coUision 

manifold A and, consequently, lost orbits in (x  =  0} became orbits defined for aU 

t on A. Returning to our problem, the block Bfi{S) is an isolating block for bo th  

systems (2.1) and (2.8) and the maps and ip describe the same orbits. Hence Bh.{S) 

is trivializable for (2 .1 ) if and only if is trivializable for (2 .8 ).

By Lemma 3.1.4 we already know that if A is a  trivializable isolated invariant 

set for (2.1) and hence for (2.8) then =  2(1 — l /n ) .  The next section will prove
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the converse of this afirmation, namely tha t if /? =  2(1 — l /n )  then A is trivializable. 

Therefore, we are able to sta te  the main result of this chapter:

T h e o re m  3.2.1 {block regularization f o r  the quasihomogeneous two body 

problem)

The quasihomogeneous two body problem generated by a potential of the form 
A  BU{x.) =  A >  0, 5  >  0 and 0 <  a  <  is block regularizable if and  only

if /3 =  2 ( 1 ----- ), where n  is a  positive integer, n  >  2 .
n

3 .3  L ev i-C iv ita  R egu lariza tion

The goal of this section is to prove tha t if /3 ~  2(1 — l /n )  where n is a  positive 

integer, n >  2, then  the invariant set A is trivializable. We s ta rt by returning to the 

original Hamiltonian system (2.1) and introduce a  change of variables analogous to 

the Levi-Civita transform ation of the Kepler problem ([Lev]).

Assume /3 =  2(1 — l /n ) ,  n  an integer w ith n  >  2 and consider the in itial sys­

tem  (2.1) with the Hamiltonian functional given by (2.3) and to ta l energy H {x .  y )  =  

h = constant. We define the new complex variables z and w by:

{
and consider the new Hamiltonian function by the isoenergetic transformation:

K{z,, w) = =  {H {z^ ,w z^-^ )  - h )  = -  h\z\^^^~^'> -  1.

By (3.4) the manifold {H  = h} maps into the manifold { K  = 0}. Rescaling the 

tim e by

dt  =  n\z\^^do  

the vector field (2.1) transforms to:



3.4: Physical Interpretation: The Scattering Problem 62

I $  =  Iz:'!",, , 3  _
^  =  A(2n -  n a  -  +  2(n -  l)h \z \ ‘̂ (^~ '̂>z  ̂ ’

on the manifold {K{z. w) =  0}.

Equations (3.5) extend to z =  0 and hence the singularity a t collision has been

regularized  in the sense of Levi-Civita. As an observation, one can see th a t 2  =  0

implies \w\^ =  2B  and, therefore, solutions of (3.5) pass right through z =  0.

L e m m a  3.2.1 Let /? =  2(1 — l / n )  where n  is a  positive integer, n >  2. Then

A is a trivializable isolated invariant set for equations (2.8).

P r o o f  By the transformations (3.4) the block becomes in the (z.w)

coordinates

B  =  {(z,m) € C2 I K {z ,w )  =  0, |z |" <  S}.

We recall tha t the orbits of systems (3.5) are the same as the orbits of system (2.1) 

on Mfi — A and therefore as the orbits of system (2.8), only the parametrizations 

are different. Therefore, using the global flow analysis performed in chapter 2 and, 

in particular, figures 2.5, 2.10 and 2.14, one can deduce th a t the vector field has no 

invariant set inside B.  Hence the asymptotic sets a"*" and a~ for B  are em pty and by 

theorem 3.1.2, the map across the block is a diffeomorphism from the entire incoming 

set to the entire outgoing set. Also, using the analysis of the flow on the colUsion 

manifold one can see tha t the map across the block extends to a diffeomorphism 

between ~  {p E b \ u <  0} and b~ := {p E b | v  > 0}.

3.4 P hysica l In terpretation: T h e  S catter in g  P rob lem

The following section offers an alternative view over the block regularization. We will 

show that block regularization can be regarded as a  constraint over the scattering 

angle of a particle undergoing a fictional collision.



3.4: Physical Interpretation: The Scattering Problem 63
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Figure 3.2: The scattering angle

We begin by recalling some well-known facts from classical mechanics ([Lan]).

The two-body problem in quasihomogeneous fields is equivalent with the one-body

problem (i.e. the motion of a particle - here of unit mass) in a gravitational central
A  B

field with a potential source of the form U{x) =  H ?. where A >  0. 5  >  0

and 0 <  Q <  /3 (x being the radius vector between the mass point and the central 

source and x  := Hx||). Since U'{x) is positive the potential is attractive.

Let us denote by h the total energy, by c the angular momentum and by v± 

the velocities of the particle a t < =  ± . If p is such th a t c =  pv. it is always possible 

to construct a plane P with Cartezian coordinates {X O Y )  such tha t v_ =  {—•u,0}, 

V4. =  {ûx,üy}, where -‘r V y  =  In { X ,Y )  plane the central source becomes 

the origin O and p is the distance between the direction at t =  — 0 0  of the particle 

and the O X  axis, (see Figure 3.2).

As the particle is approaching the source its trajectory is deviated by the so- 

called scattering angle fl. Following classical results ([Lan]) we know tha t if the 

equation

U{x) + ^  = h  (3.6)
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has exactly one positive solution x  = x q  = x q {c ) for a >  0 fixed, then the scattering 

angle is well defined and equals =  (tt — ©| where 0  =  0 (c ) is given by

0 ( c ) = 2  r
Jxf]' - 0  ^ 2 { h  -  U[x)) -  g  

or, in term s of p, © =  0 (p ), with

:^dx

(3.7)

/■oo
© ( p ) = 2 /  , ^  . (3.8)

Jxo / ,  £1  2U{x)

P r o p o s i t io n  3.4.1 Assume 0 <  /3 <  2. Then lim 0 (p ) =  — and
p—*Q+ 2 — (j

0 W  =  - ^

P r o o f  Since 0  < 2 ,  using elementary calculus it can be shown tha t the equation 

(3.6) adm its an unique solution for >  0 (actually the left hand side of (3.6) 

defines the effective (or amended) potential for the m otion in a  quasihomogeneous 

field). Therefore, the © angle is well defined. We point out tha t for c =  0 i.e. 

for p =  0 the scattering angle is not defined since equation (3.6) has not root in 

the quasihomogeneous case. Still we can compute the limit of 0 (p ) as p —  ̂ ±0. 

M athem atical speaking the function 0  =  0 (p) : R  — {0} — > R  is continuous 

everywhere on its domain which excludes the point 0. We are interested in the 

behaviour of this function in a neighborhood of 0.

After the change of variable u =  p /x , the integral (3.8) can be expressed as

r“° du
0 (p ) =  2 /  Jo V l  + ciu° + bu^ — 

where
2A . . 2B  

a :=    and o :=

(3.9)

and u q  is the root of 1 +  aug +  fniQ — Uq =  0. Using the substitution u = (by) , 

we obtain:
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=  2 ^  C  /  : t l .  2-23+. • • (3.10)
^  + a b ~ ^ y  + y  -

2
Now, ifp — > 04-, then b — > 0 and ^o6 2^ ^  —  ̂0, therefore, by Lebesgue's

dom inated convergence theorem:

A  ®‘'’>= 2 ^  r  7 ^ = 2^
27T

By (3.8), Q {-p )  =  - 6 ( p ) ,  hence J ^ _ Q { p )  = 2 - / 3 '

In other words, imposing the  function ©(p) to have equal limit as p — > —0 

and p —  ̂ 4-0, respectively, we obtain  tha t this is possible only for those values of 0  

for with the quasihomogeneous two-body problem is block regularizable. For these 

values of 0. in the classical framework of the scattering problem, a test particle close 

to  a  collision trajectory (i.e. w ith small angular momentum) has almost the same 

trajectory line a t t =  ±oc. Simple com putations reveal that in the case 0  = 2 — 2/n. 

where n  is an even number, n  >  2, the particle approaching the source will spin 

around it n  — 1  times (i.e. a  multiple of titt, n  even) and will exit on the initial 

trajectory line, bu t in opposite sens. Similarly, \i 0  = 2 — 2 /n ,  where n  is an odd 

number, n  > 2, a  particle with small angular momentum approaching the source 

will spin around it n  — 1 and a  half times (i.e. a  multiple of mr, n  odd) and will exit 

on the initial trajectory line, following alm ost its initial path.

In the block regularization context we studied the flow and its behaviour on 

the  fictitious collision manifold. We asked for the continuity of the solutions with 

respect to initial d a ta  in a neighbourhood of the  collision manifold and obtained that 

this is possible if and only iî 0  =  2(1 — ^ ) ,  where n  is an integer, n  > 2. A fictional 

particle colliding into the source (seen here as being the collision manifold) •‘exits” 

it in a reflec tion  if n is even or a  transm iss ion  if n  is odd. In physical reality.
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the collision manifold has no meaning, for it represents a set where motion fail to 

exist. A physical particle colliding into a  point size source will stop there. Still, 

its neighbours will continue their motion as they would flow close to the fictitious 

particle.

At the other end, the same physical picture is obtained if one applies non­

divergence conditions upon a ray of particles scattered by a quasihomogeneous 

source. The scattering angle of a  particle is a  function of the angular momentum 

c, function not defined a t c =  0. Still, imposing to the particles with small c's to 

have almost the same trajectory line before and after scattering (i.e. the scattering 

angle must be the same modulo multiples of 2 ?  as c — > ± 0 ), one obtaines the same 

result as applying block regularization. After being in the proximity of the source, 

particles with small c's continue their motion flowing closely to a  fictitious particle 

that elastically bounced (/3 =  2 — 2 /n , where n is an even number, n  >  2) or just 

passed through the source (/3 =  2 — 2 /n , where n  is an odd number, n  >  2).

Therefore one can say that the block regularization is the mathematicéd expres­

sion of a  constraint on the classical scattering angle.
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Chapter 4

A  H elium  A tom  M odel

We study the dynamics for a system of differential equations th a t provides a classical 

model for the helium atom. This model consists of a  planar isosceles 3-body problem 

with one nucleus and two electrons, whose law of motion is given by a Maneff-type 

potential with charges. We first describe the qualitative features of the flow near 

triple collision and then find several global properties. For negative energy, we put 

into the evidence an open, cormected manifold of uniformly bounded, collisionless 

solutions.

4.1 E quations o f  M otion

We consider 3 particles moving in a  plane. Two of them, called electrons, have mass 

fx, whereas the  third, called nucleus, has mass 1. We attach to the electrons negative 

charges and to  the nucleus a  positive one. The position of the equal-mass particles 

are given by the vectors qi and q2 - The position of the unit-mass particle is given 

by the vector qa. We assume tha t the dynamics of this system is described by a 

quasihomogeneous potential (i.e. a sum of two homogeneous functions) of the form 

W =  if  V, where

ejej . _  ejCj
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6 i =  6 2  =  —Ai, 6 3  =  1 , 7  and n  are sm all positive constants, and q =  (q 1 .q 2 .q 3 ) is 

the configuration of the particle system. This means th a t the equations of motion 

are

q =  Af-^VW(q),

where V denotes the gradient and M ~ ^  is the inverse of the 6 -dimensional m atrix 

M  whose elements are 0 except for the diagonal ones, which are fi. fi, n - 1 .1 . This 

system can be written in Hamiltonian form as

{
where p  =  Afq is the momentum  and "M(q, p) =  ^p*M “ ^p — W (q) (with ‘ denoting 

the transposed vector) is a  conserved quantity called total energy, this is the sum of 

the kinetic energy, and the potential energy, — W (q). In o ther words, if

(q, p) is a  solution of (4.1), then

■H(q(t), p (t))  =  h (constant). (4.2)

We can now prove the following result, which is intuitively obvious due to the fact 

th a t the electrons have the same charge.

C o llis io n  T h eo rem . The electrons cannot collide with each other, unless they also 

collide with the nucleus.

P ro o f . If w ritten explicitly, the integral of energy (4.2) takes the form

, 7Â  ̂ _  Â _  7Â  _  M _  7/i ^  ,
2 qi2{t) gf2(t) 913 (<) 9i3(() 923 (0  923 (^)

where gij = |q;(t) — q j( t) | is the distance between the particles i and j .  As in

celestial mechanics, collisions take place a t finite instants of time (see [Dia]). If the

electrons collide (but do not collide w ith the nucleus), then 9 1 2 (i) —*■ 0 ; since the

collision instant is finite, 9 1 3  and 9 2 3  rem ain bounded. Therefore the left hand side
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of the above relation tends to infinity, while the right hand side remains finite. This 

contradiction proves the result.

The goal of this chapter is to study a subset of solutions of system (4.1), namely 

th a t of isosceles configurations. It is easy to see that for properly chosen initial con­

ditions. the system maintains a configuration whose shape and size can vary in time 

but which remains isosceles. According to the Collision Theorem and to the sym­

metry maintained by the configuration, the only possible collisions of the isosceles 

problem are triple. To exploit this symmetry, the subset of isosceles solutions is more 

conveniently expressed in the (Jacobi) coordinates (x, y) defined below. To obtain 

the new expression of the equations of motion, consider first the transform ation

r XI =  q i -  q2
\  X2 =  qa — j ( q i  +  q2)- '

Notice tha t the position vectors are horizontal and vertical, respectively, i.e. x i =  

(xj.O). X2  =  (O.X2 ), which means tha t the motion of the three particles is expressed

with respect to the base and hight of the isosceles triangle. These are the Jacobi

coordinates used in a more general context in celestial mechanics (see e.g. [Win]). 

Let us further denote
I  X  =  (xi,X2)
\ y = (yi,y2),

where y  =  Ax.

4 )-
In (x, y)-coordinates, the equations describing the motion of all isosceles solutions 

is given by the Hamiltonian system

(
—  ÊK

(4.3)

where

^ (x ,y )  =  ^y‘A ^y -  ir(x),
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W(x) =  â (x ) +  V'(x),

In what follows we will describe the qualitative behaviour of the flow given by 

equations (4.3). We will fuUy understand the features of the flow for h > 0. From 

both the physical and the mathematical points of view, the interesting case is tha t 

of negative energy, /i <  0 , as we will see in Section 10.

4.2 T ransform ations

In order to reach this goal we first want to understand the motion near triple collision. 

For this we will use a  technique introduced by McGehee in 1974 (see [McG2]). The 

idea is to blow up the triple-collision singularity into a  so-called collision manifold, 

paste the manifold to the phase space, and then understand the motion near triple 

collision by describing the flow on the collision manifold. From the analytical point 

of view this means to extend the equations of motion such tha t to include the triple­

collision singularity. To perform the blow up we need to go through a sequence of 

transformations, which are all analytic difieomorphisms. The first one is given by

r  =  {x*-Ax.Ÿ '̂̂  
s =  r~^x 
w =  y^s 
z =  — ws.

Notice tha t the new variables are connected by the relations

s 'A s =  1 and z 'A s =  0.

Similar coordinates have been previously used in [Dev] and [Dia] for the study of 

the isosceles problem w ith Newtonian and Manev potentials, respectively. The co­

ordinate r  is the moment of inertia, which is a  measure of the particles’ d istribution
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in the plane of motion. Notice tha t the triple collision takes place when r  =  0. 

T he coordinate s is a rescaled configuration, whereas w  and z are the  some kind of 

rescaled radial and tangential momenta of the particle system. We further consider 

the rescaling coordinate transformation

{
u =  rw  
u  =  rz

and  the time-rescaling analytic difieomorphism

dr  =  r~^dt.

These lead to the system

r ' =  rv  
s ' =  u
v' = + u 'A "  u  — rÜ{s) — 2 Î^(s)

 ̂ u ' =  - ( u U - ^ u ) s  -f- r(Ù{s)s  4- V ^(s)) 4- 2 ÿ (s )s  4- V K (s).

which Is equivalent to equations (4.3) for r  >  0. The prim e now denotes differenti­

ation with respect to the new fictitious time variable r .  The above gradients. V U  

and VV' are meant in the metric induced by the m atrix A. The new energy- relation

I S

1- ( u  u 4- V ) — rU{s) — V{s) = r^h.

Notice th a t bo th  the new system and the energy relation are now defined for r  =  0, 

which means th a t the triple collision is not a  singularity anymore. The transform a­

tion

^  ° “=“( f  js =
V 0 J  V 0

leads to a  new system, equivalent to equations (4.3) for r  >  0,

— sin 6

=  u
n' =  +  „2 _  _  2 ^(0 )

Iu '  =  2rf7(0)4-2K(0).

(4.4)
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The upper dot represents differentiation with respect to 6. System (4.4) has the 

energy relation

«2 -I- „2 _  2rU{e) -  2V{e) = 2r^h, (4.5)

where  ̂ ^
£/OT =  ,

■/2cosB y 2 + 4 ^ s m * 9

and

2 cos2  6 1 + 2 n  sin^ 6

This energy relation foliates the phase space into so-called integral manifolds, whose 

topologj' may change with h. If restricted to r  =  0, the energy relation becomes 

u~ + v'  ̂ = 2V{6). We will therefore define the collision manifold as

C  =  { (r ,0 ,u ,u ) |r  =  0 and = 2V~{0)}.

This invariant set is homeomorphic to  a sphere. The equations th a t describe the 

flow on C  are
r' = 0 
6' — u
v' = + v~ — 2V  (6)

Vu' = 2V {6).

O ur goal is to study the flow of system (4.4) for every level h of the integral manifolds, 

both for r  =  0 and for r  > 0. Notice tha t C  is the same for every h. The flow that has 

physical significance is the one on the  invariant set r  >  0. Still, the study of the flow 

on C  will give us information on the behaviour of solutions in the neighbourhood of 

triple collisions.

4.3  R ela tive  B eh aviou r o f  U  and  V

In order to perform our analysis, we will need to  understand the relative behaviour 

of the functions U  and V  for different values of the parameters and 7 . Let 6^  and
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p y

1.5-

0.5

Figure 4.1: The graphs of 0^ and 6^  as functions of

0\. be the positive roots of the functions U and V  respectively. It is easy to compute 

that
y 7T 1 7T 1

For 0 <  ^  <  2 we always have <0+, for n = 2, 9 \  = 6^  and for n >  2. 6 \  > 6 ^  

(see Figure 4.1).

Also, the relative behaviour of U  and V  is different in the inter\'als ( — 00. 70)

and (70. 4-00), where 7 0  =  ^ ^ (1  ~  g ^ ) -  If 7 <  70, the maximum values of U and

V  are ^

C/mox =  > Vma. =  4(8 -  /% )/.

The corresponding graphs of U and V  are given in Figure 4.2.

Notice th a t the negative roots of U and V, and OL, are symmetric for 6^ 

and 9]̂ ., respectively, relative to the vertical axis. In other words, 9^ = —9^  and 

9 Ï  =  -9 X .

If 7 >  7 0 , then

(4 - /x )^§
Umax —

v/2
< Vmax — 4(8 A*)Â •
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U .V

Figure 4.2: The relative behaviour of U  and V  for 7  <  7 0 .

Also, calculations lead to 

dU
de +

32 cos e

and

^  =  - 2 7 /i^ s in 0

\/2cos26 ^ (2  +  4//sin2 6»)

4 cos B1
+2 €08^0 ' (1 4-2/1 sin^ 0)2 

Since 9 E (tt/2 , 7r / 2 ), (7 and  V are strictly increasing on {‘k/2 ,  0] and strictly decreas­

ing on [0. 7t / 2 ). The corresponding graphs of U and V  are depicted in Figure 4.3.

In what follows we will restrict our analysis to the case of /i and 7  small, i.e. 

/I < <  1 and 7  <  7 o, which are of physical interest for the  helium and for other 

two-electron atoms.

4.4  T h e  F low  o n  th e  C ollision  M anifold

Let us s ta rt by noticing th a t system (4.4) has exactly two equilibrium solutions,

JV =  ^ 0 ,0 ,/ i^ 5 I Z 5 ^ ^ o j  and S  =  ^0,0,  ̂ 0^ ,
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u , v

V(g)

Figure 4.3: The relative behaviour of U  and V  for 7  >  7 0 .

and tha t both lie on the collision manifold C. Due to their positions on the sphere, 

we will call N  and S  the north pole and the south pole, respectively (see Figure 4.4). 

Linearizing system (4.4) at the equilibrium  N ,  we obtain the eigenvalues

(7 ( 8  — n) 7 ( 8  -  IJ.)
=  M\/ ‘  ̂ 2 "̂ 2 =  2/1Y ' 2 =  ±17/1^7^-

If linearizing system (4.4) a t the equilibrium  S, the eigenvalues are

7 ( 8  -  /x)
Ipi = - f i \ j  ' 2 ~" ^ ’ V’Z =  2  ' ^3.4 =  ±17/1^71.

This shows th a t both N  and S  are nonhyperbolic equilibria that have a  2-dimensional 

centre manifold.

The equations (4.4) restricted to the  collision manifold C take the form

Using tlie energy relation

r ' =  0  

0' = u
v' — — 2 U (0 )
u' =  2V{d).

u2-f  «2 =2V{9) ,

(4.6)
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(4.7)

Figure 4.4: The flow on the collision manifold C . 

system (4.6) becomes
' r '  =  0 

O' = u  
v' = 0 

i u '  = 2Vi6).

Since v' =  0 it follows tha t the flow on C  is simple; it consists of periodic orbits 

and the two equilibria N  and S  (see Figure 4.4). Indeed, for every fixed value 

of V.  the 0-component of the solution is periodic in the independent variable and 

alternates between two extreme values, 6+{v) and 9-{v), which can be computed as 

complicated arccosine functions. But since we don’t need them further on, we will 

not compute them here.

4.5 T h e  P oincare M ap

Now th a t the flow on C  (i.e. for r  =  0) is completely understood, we would like to 

clarify how the flow behaves near C. For this we will first estim ate the Poincaré 

map for each periodic orbit v  =  constant belonging to the collision manifold. The 

goal of this section is to prove the following result.

L e m m a  1. The periodic orbits on the collision manifold have an associated Poincaré
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map with eigenvalues 1 and A. For the orbits of the northern hemisphere (with

V > Q), it follows that |A| >  1, whereas fo r  those of the southern hemisphere (with

V < 0), it follows |A| <  1. Along the equator (v = 0 ) ,  the linear part o f the Poincaré 

map has the form

{ I  I )

where c >  0 for small p..

P ro o f. The key to the proof is to estim ate the derivative D P  of the Poincaré map. 

For this we need to follow several steps.

1. Assume that a given nonautonomous system x ' =  f{ x .d ) .  periodic in the 

independent variable 0 ,  has a periodic solution t /. The first step is to compute 

the linear part of the system about this periodic orbit g. i.e. to  obtain the 

matrix

A{9) = Df(g{e).9).

which is also periodic in 9.

2. The second step is to find the solution of the initial value problem

( X '{9) = A{9)X[9)
{ X ( 9 )  = P

where I  is the unit matrix. In general this cannot be done, but we will extract 

the desired information from the implicit form of the solution.

3. According to Floquet theoiy (see e.g. [Har]), we can write the solution of the 

above initial value problem as JC(^) =  Q{9)e^^, where Q is a periodic function 

in 6. The third step is to accomplish this goal.

4. The fourth step is to compute the period T  of the orbit g{9).
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Then the  linear p a rt of the Poincaré map for the periodic orb it 77 is given by the 

formula

DP =  e ^ .

So in order to complete the proof, we need to estim ate B  and  determ ine T. Let us 

now proceed with this plan.

S te p  1. Consider system (4.4). Since DP is independent of the choice o f the local 

cross section, we choose this section to be the half plane

{(0,u, v)|0 =  0 ,u  >  0}.

which is transverse to the flow.

For a  fixed value of v. we have a  periodic solution rj on the collision manifold 

C. Along one period, this periodic orbit can be divided into three parts. In part 1. 

6  increases from zero to the maximum value of the variable 0 . namely 6 ^{v). with 

u >  0. In part 2, 6  decreases to the minimum value of the variable 6 . namely 9-{v), 

with u <  0. In p a rt 3, 6  increases back to zero w ith u >  0.

We will now transform  system (4.4) to a nonautonomous one in which 9 is the 

new independent variable. This will allow us to compute the  period of the orbit 

w ithout solving the  diflerential equation. Using the fact th a t % = ^  %  and

^  ^  it is easy to see tha t the autonomous system (4.4) is equivalent to the

nonautonomous system
dr TV

(4.8)
^  _  2r^h 4- rU{9) 
d9 u

where, from the energy relation, u is given (up to  its sign) in term s of r, v, and 9. 

But since r  and v  now depend on 9 we can write

u{9) =  ± y j2 {r^h +  rU{9) +  V(9)) -  v^.
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In our next computation we will need the partial derivatives of u  w ith respect to  r  

and V,  so we write them  here both explicitly and in term s of u  as

2rh +  U{6 ) 2rh +  U{9)ÔU _

~  y /2 {r-‘h + rU{0) +  V{6 )) -
du _  ____________ —u____________

~  y/2 {r^h +  rU{e) +  K(0)) -

u
V

u

(4.9)

(4.10)

Along an arbitrary orbit, the linear part of the vector field /  th a t defines sys­

tem (4.8) is given by

D f  =
d  dr  d  dr
3r 3? SÏ7 39̂
d  dv d  dv
3r 39 3tJ 39

r v  du  
d r

■lrh+U(9) 2r^h-i-rU(d) du  
\  u  t P  9 r

V rv(2rh-t-t/(0))
77 - - - - - - - - - - - - - - 77J- - - - - - - - -

V r v  d u  \
—  —  — T  TT—a u- i7v

2r - h + r C { 6 ) d u  
ur ~3v /

Arh+U(6^ _  r (2rh+ U(e))~  rv(2rh-i-U{e)) 
u

We can now see tha t the linear part of the flow on the periodic orbit ry is given by

A{6 ) = D f{v{S ),0 ) =
£
U 0

u m  0

which is periodic in 6 . This completes Step 1.

S te p  2. Next we would like to solve the initial value problem

f x' ie)  =  A{e)X{6) 
\ x i e ) = i .

The solution to this Unear equation is X { 6 ) =  e-f̂ o but in general we cannot

solve the integral / q A(s) ds without explicitly knowing the periodic orbit. However,
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we can write the solution in terms of this integral. Let F{$) =  ds and

G(e) = f ^ ^ d s .  Then

F(e) 0 \
gF(0)

C(0)(e'"<«>-1)
F(e)

This completes Step 2.

S tep  3. Now we would like to write X { 6 ) as Q{6 )e^^. where Q(0) =  /  and Q  is 

periodic in 0. Because X (0) is a lower triangular matrix, Q(0) and are also

lower triangular. Moreover, we can see tha t the eigenvalues of X (0) are and 1. 

Since must contain the linear p a rt of the logarithm of one eigenvalue, we know 

that X  (6 ) can be w ritten as

/  0 \  f  0

where F {6 ) = a 6  + 4>{6) and <̂ (0) =  0(0^). We have denoted by a  the zero-order 

part of i.e.

Q =  v { j (jL^(S — fi) —

Note tha t *i and * 2  must be chosen such that * 1  is zero at 0 =  0, * 1  is periodic in 

0 , and * 1  +  * 2  =  I t  is easy to see tha t such choices always exist.

We can now write B  explicitly as

- ( 3  o ) '

where 0  =  This completes Step 3.

S te p  4. Recall from Step 1 that we divided the trajectory of our periodic orbit 77 

into three parts. In part I, 0 increases from zero to 0+{v) with u >  0, in part 2, 0 

decreases to 0-{v) with u < 0, and in part 3, 0 increases back to zero with « >  0.
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So the period of t; is T  =  40+(u). We can now also claim tha t the derivative of the 

Poincare map is

=  =  i )

and th a t it leads to the eigenvalues of 1 and e“^ . Since a  and v always have the 

same sign, u >  0 imphes that >  1, whereas u <  0 yields 0 <  <  1. This

completes the first part of Lemma 1.

For the case when u =  0 and ^  is small, we review the same steps as above for 

V jé: 0 . The linear part of the vector field on the equator reduces to

0 0
A(0) =

' m .  0

However, if we assume that /i is sm all and write the series of with respect to fj..

The entry of this matrix cannot be expressed in terms of standard  fimctions. 

However, if we assume that /. 

then, to the first order in fi.

A{0) =

Since is constant, we can com pute D P  as

D P = \  ^
V r / f  1

Since T > 0, using the continuity with respect to the param eter /x, we can draw 

the conclusion tha t
/ I  0

D P  =
\ c  1

where c >  0 for ^  sufficiently small. Note th a t the eigenvalues of D P  are both  1 

for any fi since the eigenvalues o f A{ 6 ) are both  0 for u =  0 and for any fi. This 

completes the proof.
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Figure 4.5: The flow in the  neighbourhood of the collision manifold C.

4 .6  C ollision  and N ear-C o llis ion  O rbits

Lemma 1 of the  previous section allows us now to understand the behaviour of all 

collision orbits. The conclusions are .su m m arized  below (see also Figure 4.5).

T h e o re m  2. The south pole S  o f the collision manifold has a 1-dimensional local 

stable manifold, every periodic orbit o f the southern hemisphere has a 2 -dimensional 

local stable manifold, every periodic orbit o f the northern hemisphere has a 2 -dimensional 

local unstable manifold, the equator has both a 2 -dimensional local stable and a 2 - 

dimensional local unstable manifold, and the north pole N  has a 1 -dimensional local 

unstable manifold.

P h y s ic a l in te rp re ta t io n .  The orbits tending to C  are triple collisions between the 

electrons and the nucleus, whereas those tending away are triple ejections. The 1- 

dimensional local stable manifold of the south pole C  consists of all rectilinear orbits 

th a t end in a triple collision (see Figure 4.6a). Analogously, the 1-dimensional local 

unstable manifold of the north pole N  consists of all rectilinear orbits th a t start from 

a triple ejection. The 2-dimensional local stable manifold of the periodic orbits in
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(a)

(b)

Figure 4.6: (a) Rectilinear and (b) oscillatory triple-collision orbits.

the southern hemisphere {v =  constant <  0) of C  consists of solutions that oscillate 

before colliding (see Figure 4.6 b). Another way of interpreting these solutions is to 

think tha t the electrons move on a  straight line towards each other, while the nucleus 

oscillates up and down, the am plitude of each oscillation decreases in time until it 

becomes infinitesimadly small and the triple collision takes place. Analogously, the 2- 

dimensional local unstable manifold of the periodic orbits in the northern hemisphere 

{v = constant >  0 ) of C  consists of solutions th a t eject from a triple approach in 

the same oscillatory way.

P r o o f  o f  T h e o re m  2. The statem ents regarding the poles S  and N  follow from 

the linearization results of Section 5, whereas the ones involving the periodic orbits 

for V =  constant ^  0 are a direct consequence of Lemma 1 in Section 6 . Therefore 

the only assertion th a t is not obvious concerns the equator (u =  0). Due to the 

degeneracy of the linear part D P of the Poincaré map computed in Lemma 1, we 

cannot draw an immediate conclusion. To overcome this diflBculty we will use the 

following result obtained in [Cas].

Let F  =  (F i, Fz) be a 2 -dimensional analytic function defined in a neighbour-
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hood of (0 , 0 ) in w ith values in such that

1. m v )  =  ( “ ) ,

2. D F (0 ,0 ) =  Q  J ^ w i t h o O ,

3. /? =  D rD yFi{0,0) > 0.

Then there exist stable and unstable manifolds of (0,0) which are. locally, graphs 

of analytic functions, tha t is, =  {((p*(u),u)|u e  (—& 0 )} and W’l^{5) =

{(y"(u),u)|u E (0 ,<5)}, where ~  with (  > 0 constant. (By and 

Wi^c we have denoted the local stable manifold and the local unstable manifold, 

respectively). At u =  0 the functions are only Lipschitz in general.

Let us now show that the conditions of the above theorem are satisfied by our 

Poincaré map. According to the com putations presented in Lemma 1, this map is 

of the form

where O i and O2 are functions containing terms of order and or higher, a  =  

u(7 /i^ ( 8  — /i) — and T > 0 is the period. Some straightforward com putations

allow us to draw the following conclusions.

1 . F ( 0 ,>;) =  ( “ ) .

2. From Lemma 1 it follows th a t D P (0 ,0) =  ^ ^  , with c >  0.

3. D rD ,P i(0 ,0 ) =  ^ ^ ^ ^ > 0 .

Since all hypotheses of the above theorem are satisfied, the existence of the 2- 

dimensional local stable and unstable manifolds of the equator follows. This com­

pletes the  proof.
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Figure 4.7: An orbit tha t barely misses the  triple collision.

Remark 1. Though binary collisions cannot occur, the set of initial conditions leading 

to triple collisions has positive measure.

Remark 2. We might be tem pted to think tha t if the electrons come close enough to 

the nucleus, a  triple coUision takes place. But there are orbits tha t can come very 

close to collision and miss it. Such an orbit is sketched in Figure 4.7. Its existence 

follows from the continuity of solutions w ith respect to  initial data near the collision 

manifold C. In  physical space this orbit behaves very much like the triple-collision 

oscillatory solution in Figure 4.6 b), ju st th a t when the  electrons come close enough, 

the nucleus is not in their proximity, so the mutually repelling force of the  electrons 

becomes stronger than the attraction  force exercised by the nucleus. Therefore the 

electrons stop first and then change direction moving away from each other. The 

set of initial conditions leading to solutions of this kind has positive measure.

4 .7  T h e  Z ero-E nergy C ase

Now th a t we understand the qualitative behaviour o f solutions a t and near triple 

collisions, let us find out more about the global picture. For this purpose we will
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divide our analysis in 3 parts, according to the possible choices of the energy constant

h. In  this section we will discuss the zero-energy case and will treat the positive- 

and negative-energy manifolds in Sections 9 and 10, respectively. So let us assume 

for now that /i =  0.

To determine the asymptotic behaviour of the solutions at infinity, we transform 

equations (4.4) with the help of the following change of variables.

I p =  r~^ 
Ü = p^u  
V =  p ï v .

which is an analytic difieomorphism. Further applying the time rescaling transfor­

m ation

d r  = p^ds,

which is also an analytic difieomorphism, we obtain a system equivalent to (4.4) for 

r ,  p  >  0,
p' =  - p v

v' = û^-h  _  u { 0 ) _  2pV{6)
Ü' = - ^ û v  + 2Ù{9) -H 2pV{0),

where the prime now denotes differentiation w ith respect to the new fictitious time 

variable s and the dot means differentiation relative to 6. In these new coordinates, 

the energy relation (4.5) with h = 0 takes the form

û^ + v ^ - 2 U { 0 ) - 2 p V ie ) = O .  (4.12)

Let us define the infinity manifold w ith  the help of relation (4.12) as

I  =  {(p,0, Ü, ü )|p  =  0 . -I- =  2U{6)}.

This definition is justified by the fact th a t the flow on I  represents the virtual motion 

at infinity. Indeed, if r  —> oo (i.e. when the distance between a t least two particles 

becomes infinite), then p —> 0. T he infinity manifold is also homeomorphic to a
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sphere (see Figure 4.8). The flow on /  is described by system (4.11) restricted to

the infinity manifold I  and is expressed through the equations

p' =  0
O' = Ü
v ' = -  U(0 )
Û' = - ^ ü v  + 2 Ü{0 ).

The energy relation (4.12) on the infinity manifold is given by

= 2UiO). (4.14)

Let us now determine the flow on I. For this notice first that system (4.11) (as well

as (4.13)) has two equilibria:

AT =

which lie on I  and we will therefore call infinite north pole and infinite south pole. 

respectively. The eigenvalues of N  are

whereas those of S  are

Thus for p < y|g all eigenvalues of N  and 5  are real, Âi, Âg, Â4  < 0, Â3 > 0, 

0 1 , ^ 2 , 0 4  > 0 , and 0 3  <  0 .

Using (4.14) and the third equation of system (4.13), we obtain tha t

«' =

which means tha t the flow on I  is increasing with respect to the variable v, so there 

are no periodic orbits. Thus the flow on the infinity manifold looks as in Figure 4.8:
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N

Figure 4.8: The flow on the infinity manifold I.

all non-equilibrium solutions connect the infinity south pole with the infinity north 

pole. This will help us understand the  global flow on the zero-energy manifold. Let 

us first prove the following result.

L e m m a  3. Every solution {r.B .v.u) o f system (4-4) /o r  which h = 0 is such that 

v '  > 0  with v' = 0  only at triple collisions.

P ro o f . ^From the energy relation (4.5) we have tha t

2[U{6)r + V {6 )] =  u2 -I-1;2 >  0 , (4.15)

which implies that U{6 )r  -I- K(0) >  0. Recalling the definitions of U and V  in 

Section 4, notice tha t U{d) > V{9) for p. and 7  small (see Figure reffig302). From 

this and (4.15) it now follows that

(r 4- l)U{9) >  0,

so U (6 ) > 0. This also implies that 0 belongs to the interval (0^, 6 ^ )  (see Figure 4.2). 

Using further the energy relation (4.5) with h = 0 and the third equation in (4.4), 

we obtain th a t

v' = rU {0),
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N

Figure 4.9: The flow on the zero-energy manifold, /i =  0.

so v ' >  0. Notice tha t u' =  0 only if r  =  0, i.e. a t triple collision. This completes 

the proof.

We can now fully understand the qualitative behaviour of the flow for h =  0, 

a manifold tha t can be represented as the region between the two nested spheres C 

and / .  Notice, however, that this representation is given in two different charts. One 

chart is that of equations (4.4), which is convenient to use for describing the motion 

in the neighbourhood of C; the other chart is tha t of equations (4.13) and it suits

the description of the flow near / .  Since systems (4.4) and (4.13) are equivalent in

the open region between the nested spheres I  and C  and since this representation 

allows us to visualize the global flow on the zero-energy manifold, we will fu rther use 

it. The manifold h =  0 contains 5 classes of orbits. Their description and physical 

interpretation are given below.

1. The solution connecting the infinity south pole S  o i I  w ith the south pole S  

of C  represents a rectilinear orbit in which the electrons are captured from

infinity and end up in a  collision with the nucleus.

2. The solution connecting the north pole N  o i C  with the infinity north  pole
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N  o f I  represents a  rectilinear orbit in which the electrons eject from a  triple 

approach w ith the nucleus and escape to infinity.

3. The solutions connecting the infinity south pole S  with the infinity north pole 

N  tha t avoid the collision manifold C represent oscillatory orbits in which the 

electrons are captured from infinity and end up evading to infinity, w ithout 

to encounter collisions. The solution drawn in Figure 4.7 also belongs to this 

class.

4. The solutions connecting the infinity south pole S  o f I  w ith any of the periodic 

orbits of the southern hemisphere of C  (including the equator) represent orbits 

in which the electrons are captured from infinity and then lead to an oscillatory 

triple collision w ith the nucleus.

5. The solutions connecting any of the periodic orbits of the northern hemisphere 

of C  (including the equator) with the infinity north pole N  of I, represent 

orbits in which the electrons eject from a triple approach w ith the nucleus and 

escape to infinity through oscillatory motion.

From the above we can draw the following conclusion, which shows th a t the 

dynamics on the zero-energy manifold is uninteresting from the point of view of the 

helium atom.

T h e o re m  4. Every solution {r,6 ,v ,u )  of system (4-4) for which h = 0 is such that 

limr->-oc r(T) =  oo or lim-r-^oo r ( r )  =  oc, therefore it is unbounded.

4.8 T he P ositive-E n ergy  Case

In this section we will show th a t the qualitative behaviour of the flow for h >  0 

is similar to the one in the zero-energy case. Unfortunately we cannot use the
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infinity-manifold technique of Section 8 and therefore do not have the previous nice 

representation of the phase space. But we can rely on the analogy w ith the orbits 

drawn in Figure 4.9. Let us first prove the following result.

Lem m a 5. Every solution (r ,9 ,v ,u )  o f system (4-4) for which h >  0 has the 

property that v' > 0, with v' = 0  only at triple collisions.

Proof. From the energy relation (4.5) we can write th a t

4- v2) =  hr^ -H U(d)r -h V(0).

Since -i- >  0 it follows that hr^ + U{9)r -t- V(0) >  0. Using the properties of

quadratic polynomials, we see th a t this inequality is satisfied for all r  when h > Q 

and U^(9) < 4hV(9). This happens only if V (6 ) > 0, i.e. if 9 belongs to the interval 

(#L .#1). But in this interval U{9) > 0. From the th ird  equation of system (4.4) 

and the energy relation (4.5) it follows tha t

v' = r{2rh + U{9)),

which means th a t v' >  0. Obviously v' = 0 only if r  =  0, i.e. a t triple collisions. 

This completes the proof.

Using the continuity of the solutions with respect to initial data, it becomes 

clear tha t the qualitative features of the flow for h >  0 are very sim ilar to the ones 

of the zero-energy manifold. Since every solution is increasing w ith respect to v. 

no periodic solutions occur and since there are no equilibria o ther than  N  and S. 

an orbit can belong only to one o f the following classes; capture-collision, capture- 

escape, or ejection-escape. Therefore we can draw a  conclusion sim ilar to the one in 

Theorem 4.

Theorem  6. Every solution (r ,0 ,v ,u )  o f system (4-4) fo r  which h > Q is such that 

limr-*-oc r(r) =  oc or limr->oc r ( r )  =  oc, therefore it is unbounded.
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This implies tha t the dynamics on the positive-energy manifold is also simple 

but uninteresting from the point of view of the helium atom.

4 .9  T h e N ega tiv e-E n erg y  C ase

This is the case in which we can put into the evidence a  large class of solutions th a t 

may be interesting for the  helium and other two-electron atoms. For this let us s ta r t 

by noticing tha t if we use the energy relation (4.5), the first and th ird  equations of 

system (4.4) can be w ritten  as

{ u '  =  r ( 2 / i r - h C f ( 0 ) ) .

We will further regard (4.16) as an independent system in which the only information 

we retain about U is th a t it is a  bounded function of 0 in the interval (0 ^ .9 ^ ) . T he  

time-rescaling transform ation

cUt =  rdr

changes (4.16) into the equivalent system

{ v '  = 2hr + U{0),

where the prime now denotes differentiation with respect to the new tim e variable cr 

and. by abusing the notation, r, u, and U (0) are now functions of cr. Notice however 

th a t this transform ation may introduce solution singularities. In other words there 

may exists solutions defined on an open interval ( c i , erg ) for which a t least one end, 

CTi or 0 2 , is finite.

Denotiong uP’ :=  2(—/i), system (4.17) can be w ritten as the second-order equa­

tion

r" + u \  = U{0), (4.18)

which represents a  forced harmonic oscillator. The corresponding homogeneous 

equation r"  4- uPr =  0 leads to bounded solutions th a t oscillate up and down w ith
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positive and negative values for r. Of course, in our original equation r"  — 2/ir =  

U{9), r  cannot take negative values. Moreover, if r  =  0 a t some point in time, the 

solution encounters a triple collision.

Since we are using only the fact tha t U  is bounded for 6  in the interval {6 ^ , 6 +), 

it will be impossible to obtain the exact solution of (4.18). But we can show that, 

within the open and connected set of solutions F (which will be defined in the proof 

Theorem 14), r  can be estim ated as

0 T'(tr) ^

In other words, every solution in F will be proved to be bounded and  coUisionless. 

In preparation for our main result, let us prove the following lemmas.

L e m m a  7. For every solution {r .9 ,v ,u ) o f system (4-4) /o r  which h  < 0 . the range 

of the component 9 is included in the interval (# i.# ^ ) .

P ro o f. Since h < 0. it follows from the energy relation (4.5) that

rU{9) +  V{9) > 0.

Since U{9) > V{9) for every 9, we can draw  the conclusion that (r  +- \)U{9) > 0. so

U{9) > 0  and therefore 9 belongs to the interval (0^ ,0^ ), at most. This completes

the proof.

L em m a  8. For every solution (r,0, u ,u) of system (4-4) for which h < 0 , there is a 

9^, 0 < 9^ < 9^ such that \9{a)\ < 9^ for any a.

P ro o f. Taking into account tha t the energy relation 4.5 can be w ritten  as:

+ v^) = h r^-h rU {9 ) + V{9), (4.19)

and denoting by f { r , 6)  the right hand side of 4.19. i.e.

f ir ,  9) :=  hr^ 4- rU[9) +  1/(0), (4.20)
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we observe tha t f{ r ,0 )  must be positive at any time. The idea of the proof is to 

show that for every fixed negative energy level h, the 6  component is bounded by a 

with 0 <  0c <  where every c is a positive level of the functional f( r .d ) .  If 

this is the case, then the 9 component is bounded by

0 '* := su p 0 ^  (4.21)
c>0

and if 0 <  0^ <  the conclusion follows.

Therefore we will prove th a t for every fixed h < 0  and c >  0. 0c :=  sup{|0| | /  (r, 0) 

c} is such tha t 0 < 0* <  0£̂  and sup 0c :=  0^ <  0+.
c>0

Let us observe tha t for 0 >  0+ we have U (0^ ) = 0 , V (0^ ) <  0 and hence,

f i r .  0^) = hr^ +  rU iO l) 4- K(0^') <  0. (4.22)

Now, let us assume th a t 6 'f >  0^. Then, since / ( r ,  0) is continuous and well 

defined for any r  and 0 (|0| <  | ) ,  there is a  sequence {(r,,0j)}t>o, such that 

lim (n , 0i) :=  (r, 0) w ith 0 >  09. It follows th a t for i large enough, 17(0{) <  0, 

V(0i) <  0 (see Figure 4.2) and, consequently, / ( n ,  0,) =  hr'f 4- rf7(0,) 4- V'(0t) <  0 

since at the limit, by (4.22), / ( f , 0) <  0. But / ( r , 0) must be positive at any time: 

contradiction. Therefore 0g <  0^ for any c >  0.

It remains to prove th a t sup0c <  0+. Let us assume that supc>Q0c =  09- Then
c>o  ̂ -

there is a sequence {ci}i>o such that lim 0^ =  09. Then, for any r .  / ( r .  0c, ) =  c, >  0 

and lim / ( r , 0^) =  f [ r . 6 ^ )  < 0; contradiction. Therefore, sup0c <  09-
1-+0C c>0

L em m a  9. For every h < 0 fixed, the r  œm ponent o f system 4-4 bounded.

P ro o f. We have to show th a t there are initial conditions for which the r-component 

of system 4.4 is bounded.

We s ta rt by observing tha t, since 0 € [—0'‘,0*], the range of U{6 ) is [17(0^), (7(0)] 

with (7(0*) >  0. In other words, the right band side of (4.18) is always a  strictly
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positive number in between [U{6^),U{0)]. Also, one can explicitely solve eq  (4.18) 

obtaining:

r(cr) =  [ci +  Sq U { 0 ( s ))  cos(u;s)rfs] sin(w(r)+ ,
[c2 -  ^  So U{6 {s)) sin(ws)j&] cos(u;cr),

or, using some trigonometry,

r(o-) = cos Wo — ^ +  (c^ 4- c^) sin^ wq cos (w<t — wi ) + (4.24) 
UWcr))

and further,

r{a) = \j{c{ + (^) — cos wo 4 - cos (wcr — w x)+ (4.25)

where w =  \ / —2/i, wo =  arctan ^  and wi =  wi(<r) =  arctan 

It follows

■ -J T ~  ~  \ / 4  + 4  c o s  Wq  
O tX lV X  L L / [  ----  L t /%  V .*-' J   C L U - L O J J   - = - ---------------------------------- .

4- C o sin  W q

'(o-) < \
,  o , , ,  2 y / c ^ i + 4 U ( 0 i a } )  U^{0{cr) )  U { 0 { a ) )
(ci 4- Cg)---------------------5---------------cos Wo 4- 'w2 w4 w2

and further, since U{0) < U (0)

'(o-) <  ^

which is the upper bound of r(cr) as function of the initial conditions ( c i ,  c z ) .

We will focus now on proving tha t there exists an open set of initial conditions 

for which the solutions remain strictly positive a t any time. More precisely, we will 

show tha t there exists an open set in such tha t if (ci,C2 ) € V/* then r ( a )  >  0
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for any a. The proof flows as the following: first we make use of the positivity and

the good properties of [/(-) (i.e. f7( ) strictly positive real function with compact

range) and approximate (7(-) by a sequence of positive step functions ( 7 n (  )- Then,

we prove th a t if the right hand side o f (4.18) is given by a strictly positive step

function (i.e. by an infinite sum with a.i >  0, Ai =  4>)- then there is
«>0

an open set of initial condition (ci, cg) such tha t for any 5 >  0 with m ina , — 5 >  0, 

r ( c r )  >  S for all cr. Further, we estim ate the distance between solutions of (4.18) and 

solutions of the equation with right hand side Un{-)- We prove tha t this distance 

is monotonie with respect to the distance between [/(■) and Un{-)- The last step 

is almost trivial: solutions of (4.18) and solutions of the equation with right hand 

side Uni') stay close; the latter posseses a set of in itial for which solutions are above 

5 >  0: it follows tha t for the same set of initial conditions, solutions of (4.18) are 

above 0. Formally:

L e m m a  10. Given U{-) : R  — > [17(0^), C/(0)] continuous and U{6 ^) > 0. there is 

a sequence Un{-) o f strictly positive step functions such that: (V) e >  0, (3) N  > Q 

positive integer such that |f/(s) — (/^(s)! <  e (V) n  > N  and (V) s.

P ro o f . Since U{-) : R  — > [U{6^),U{0)] is continuous with compact range, U{-) 

is integrable. But any function of this type can be uniformly approximated 

by a  sequence of step functions. Moreover, since mm U (cr) >  0, the approximant 

sequence Un{cr) can be chosen to be strictly positive and the conclusion follows.

O b s e rv a tio n  We can always choose Un{-) such th a t, as it will be needed later, 

Un(0{0)) =  17(0(0)) for all n. Moreover, we can always choose 17„( ) such tha t 

U{s) — Unis) > 0 for all s for n large enough.

L e m m a  11. Let Uni') 6e as in Lemma 10 where n  is large enough such that fo r  all 

(5 >  0 with UiO^) — S > 0, UiO^) — 5 < Uni') < UiO) 4- 5. Also, let us consider the
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initial value problem r"  +  =  Un{0{cr) ),  r „ (0 ) =  C2 +  t /„ (0 (O )). (r „ ) '(0 )  =  c i .

Then there is an open set such that fo r  all values (c i, cg ) E Vj^, r„(cr) >  6  for all

cr.

P ro o f . Let (5 >  0 with U{9^) — Ô > 0, U(6 ^) — ^ <  C/„(-) <  (7(0) 4- 5. We will prove 

that for all (ci,C2 ) E :=  {(C1 .C2 ) | \Jc{ 4-c^ <  U{6 ^) -  5}, the solutions of the 

initial value problem

r" +  =  Un{0(,cr)),

r i') (0 )  =  C2 +  t/n (0 (O )), ( 4 ' Y ( 0 )  =  Cl

are such tha t r„((7) >  S for all a .

Since (/„(•) is a step function, we represent it formally as

^nicr)  = ^ a ,% [ ^ . .a ,+ , ) ( c )
:>0

where a , are strictly positive constants w ith U{6 ^) — 5 <  a , <  (7(0) +  S. (V) i and 

0'n{9(0)} = (7(0(0)) =  « 0  for all n. Then the solution of (4.26) can be represented

as

rn(<r) =  (^-27)
:>0

where on each interval [cr,, cr,+i) we have the initial value problem

I

I (ri'^)"-hur^rn^ = a ,, ^a)
rn\(Ti) =  r̂ i*~‘̂ (̂(Ti), (r^'V(o-i) =  (rk*“ ^V(c-,).

We will use induction with respect to i, proving th a t on each of the intervals

[<Ti,cr,+i)

rn(cr) =  4- cos (wcr — wi) 4- a ,

. For i =  0, i.e. on [cro,cri), we have

{
(r^Y' +  w ^r^)=ao, ^.291

= C 2  +  Oo,  ( rn^y (cT i )  =  Q .
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w ith solution

rn(cr) =  H- cos (wcr — wq) 4- Qo- (4.30)

Let us assume th a t for i fixed, i.e. on [ai,cr,+i), we have

rn(oj =  4- cos (wcr — Wj) 4- a ,

and therefore, a t the limit.

w

Then on [cr,+i, cr,+2 ):

r),(cT,+i) =  \/c^ 4- c§ cos (wcr,+ 1  -  w.) 4- a , .  (4.31)

(^n^)'(<^i+i) =  - - \ / 4  +  4 sin(wcr, + 1  - w ,) .  (4.32)

\rl*"^^^(a,>i) =rJ,(<Ti+i), (r *̂'*'̂ V(< î+i) =  (rn^)'(ffi+i),

w ith solution

(rn^)'(m +i)^n(cr) =
\

(i),.. .-,2 /  \ 2

w ( <+ I r^(cr,+i) -  Q cos (wcr -  Wi) 4- qq- (4.34)

Using (4.31) and  (4.32) it follows th a t r„ (a ) =  4- cos(wcr—Wi+i) 4 -a ,> i where

with Wi+i =  arctan  ^r^(cri+i) — y _

Hence, for all i, i.e. on each of [cr,, <Th-i ), we have

r^(cr) =  y jc{+  cos (wcr — w,) 4- ccj.

Now, for all cr,

rn(cr) =  \J c{+ c^  cos (wcr — w,) 4- a ,  >  4- 4- a , >  f/(0^) — ^/cf 4-

and the conclusion follows.

L e m m a  12. Let ua consider the initial value problems r"  4 -w^r =  U (6 {a)) and 

r "  4- w^r„ =  Un{0{a)) with r(0) =  r„(0) =  cg 4- U[6{0)), r'(0 ) =  (r„)'(0 ) =  Ci for
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all n  (recall that C/n(^(0)) =  U{d{Q)) for all n ). Then (V)e >  0, (3)iV >  0 such that 

\r{a) — r„(cr)| <  e, (V)n >  N  and (V)<r.

P ro o f . Let us consider r" + a ;V  =  U{0{cr)) with r(0) =  C2 + U{d{0)). r '(0 ) =  C[. The 

solution is given by (4.23). On the other hand, The solution of r"  +u>~rn =  C^„(0((t)) 

with the same initial values is given by

^n(cr} = [ci +  ^  fo C/n(0(s))cos(u;s)ds]sin(u;cr)4- 
N  -  S fo  Un(d{s))sin{u;s)ds]cos{u;cr). (4.35)

It follows th a t

\r{a) -  r„(cr)| =  ^ sin(w(7) Jq { U { 0 { s ) )  — U n { 9 { s ) ) )  cos{u}s)ds—

—cos(wcr) Jq iU{9{s)) — C/a(0(s))) sin(ws)ds
(4.36)

and further, using th a t we have chosen Un{-) such that U{9{s)) — Uni9{s)) > 0 and 

applying an  interm ediate value property on (0, cr)

\r{a) - r „ (c r ) | =  ^ sin(wcr)((7(0(^)) -  Un{9{0)) So cos(w s)ds-

-cos{u;a){U {9{0 ~  Uni9{^))) j^sin (w s)ds
(4.37)

where (  E (0, cr). Taking into account tha t the difference ( U { 9 ( ^ )  — U n { 9 { ^ ) )  is as 

small as we need, i.e. {U{9{^) — Un{9{^)) <  ê for n large enough, simple calculations 

lead to

\r{(T) -  r„(cr)l =  ^ sin(wcr) Jq cos (ws)ds — cos (wcr) Jq sin(ws)ds 

i(sin2(wcr) -t-cos2(wcr)) -
(4.38)

<— W
2c

Choosing i  =  ew^/2, the conclusion follows.

L e m m a  13. Let us consider the initial value problem r"  +  w^r =  U{9{a)) with 

r(0) =  C2  +  C/(0(O)), r'(0) =  ci. Then fo r  all Ô > 0 such that U{9^) — 5 >  0 there is 

an open set such that for all values (c%, Cg) E V^, rn(cr) >  0 for all cr.
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P ro o f. Let :=  {(C1 .C2 ) | -I- <  U{0^) — (J} as in Lemma I I .  Let (ci.cg) 6

V^. We know by Lemma 12 that for any c >  0, |r(a) — r„(cr)| <  e for aU cr and 

n  large enough. Also, by Lemma 11, if f  >  0 is such tha t U{6 ^) — S > 0 , then 

rn(cr) > S for all cr. Let us fix J  > 0 such tha t U{6 ^) — 5 > 0. Then there is e >  0 

such that J — € >  0. Them  for n large enough

r(cr) =  r(cr) — r„(cr) +  Tn(cr) >  —e +  <î >  0

for all cr. This completes the proof.

T h e o re m  14. There exists an open, connected invariant manifold F whose orbits 

are bounded and coUisionless.

P ro o f. By the previous Lemma we know that for a fixed h < 0 and for initial

conditions (ci.co) 6 F/i =  [ J  =  {(C1 .C2 ) 1 ^ c f  +  C2  < U{9^) — S} the orbits are
<J>0

such that 0 <  r(<j) < for any cr. It follows that F^ is an open set in and

contains the set of initial conditions leading to coUisionless motion along a fixed

negative level of energy h < 0 .

We define F as the entire set of initial conditions leading to coUisionless orbits.

i.e. F := [ J  F/i. Since every F/, is open, F is open, too. On another hand, f ( r ,0 )  
h < 0

(see (4.20)) varies smoothly with respect to h, 0^ varies smoothly w ith respect to h 

(see Lemma 8) and, sinces h <  0 ^  0, -  varies smoothly with respect to h (recall

that w =  y /—2h). Therefore, as h. varies, the manifolds F/, deforms continuously 

one into smother and their reunion F is coimected. Finally, by definition, the orbits 

in F are coUisionless, therefore, an orbit in starting in F stays in it a t any time. 

Therefore, F is invariant.

Notice th a t every solution in F is defined for aU real cr. In other words no solution 

has singularities because r  is bounded both firom above and away from zero from 

below, so neither collisions nor pseudocoUisions can occur (see [Xia]). Moreover, for
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Figure 4.10: A possible range in which r  can vary if ci, C2 , and h are fixed.

Cl.C2 , and h given, r  can vary in time only in the wave-like band given by the above 

inequalities, which qualitatively looks as in Figure 4.10. This completes the proof.

The manifolds F for h < 0 are the ones interesting for the helium atom. The 

physical interpretation of the orbits in F is that the electrons move in opposite direc­

tions back and forth on a horizontal line while the nucleus oscillates up-and-down on 

a vertical line tha t crosses the line of the electrons and is such th a t the electrons are 

symmetric with respect to it. Thus this system satisfies the minimal requirements 

for offering a model of the helium atom within the framework of classical mechanics.
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