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Abstract

In this dissertation we analyse from a qualitative standpoint motion in a quasi-
homogeneous potential field: we offer a complete description of the flow associated
with the two-body problem in quasihomogeneous field. obtain necessary and suffi-
cient conditions for the block regularization of the flow and we propose an alternative
model for the helium atom within the framework of a Manev-type interaction. We
call a potential quasihomogeneous if it is of the form A/r® + B/r?. where r is the
distance between the two mass points. 0 < a < (3 are real parameters and 4 > 0
and B > 0 inertia factors.

To obtain the full description of the flow associated with the two-body problem
in quasihomogeneous fields. we use diffeomorphic transformations that lead to an
equivalent analytic system and at least differentiable integral energy relation. For
each level of energy. we introduce the fictional invariant collision manifold and the
infinity manifolds. We offer and analyse the global flow picture and we point out
the Lebesgue measure of the set of initial conditions that lead to collision for each
different case with respect to a and 3,

The next chapter focuses on the smoothness of the flow in the neighborhood of
the collision manifold. In question is the possibility of extending solutions beyond
singularities maintaining good properties with respect to initial data. In this case
the singularity set for the system is said to be block regularizable. It is proved that
the singularity set block regularizable if and only if 3 = 2 — %, where n is a positive
integer, n > 2. Also, the physical interpretation of this result is pointed out, namely
that block regularization is in fact the mathematical expression of constrain imposed

over the classical scattering angle.
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The last chapter presents a model for the Helium atom within the framework of
classical mechanics. The set up consists of a planar isosceles 3-body problem formed
by one neutron and two electrons. whose law of motion is given by a Manev-type
potential with charges. We first describe the qualitative features of the local flow
near triple collision. find several properties of the global flow and finally we prove
the existence of a large aben. connected. positive-measure manifold of bounded and

collisionless solutions:
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Chapter 1

Introduction

In early 90’s Diacu (see[Dia}) noticed that several types of potentials used in the dy-
namics of particles are contained in a larger class of potentials called quasihomogeneous
and which have the form W = U + V, for which U(r) = Ar~® and V(r) = Br—*
are homogeneous functions of degrees —a and —f, respectively. but whose sum W
is not necessarily homogeneous (a, 3, A, and B are constants with 0 < a < § and r
is the distance between particles).

The purpose of such an extension is to unify the mathematical framework for
many of the potentials encountered in astronomy, physics, and chemistry: Newton
(U(r) =0, V(r) = Gr~!, where G is the gravitational constant), Coulomb (U(r) =
0, V(r) = —Ar~! where A > 0 is a constant and charges are taken into account),
Van der Waals (U(r) = 0, V(r) = r~5), Manev (U(r) = Gr~!, V(r) = 3r-2,
where G is the gravitational constant and c is the speed of light), Schwarzschild
(U(r) = Gr~Y, V(r) = 6r~3, where § > 0 is a constant), Birkhoff (U(r) = r~},
V(r) = —Br~2?, where B > 0 is a constant), Lennard-Jones (U(r) = —r~6, V(r) =
2r=12), Liboff (U(r) = r73, V(r) = r%), and others, some of them defined in
anisotropic spaces. To this class of applications we can add the atomic potential

presented in Chapter 3, which is of the type W(r) = —r~! — 4yr~2, with 4 > 0 small



and in which charges are also taken into account.

The present dissertation offers a qualitative study of the differential equations
describing the quasihomogeneous relative two-body problem. Using a rigorous and
complete analytical description of the global flow, we prove that within the class
of quasihomogeneous potentials Ar~* + Br—3, with 0 < a < 3. A > 0, B > 0.
the power 3 = 2 plays a border-case mathematical role between 3 < 2 and 8 > 2.
which have radically different dynamical behavior. We offer a structural theorem
concerning the block regularization problem for quasihomogeneous fields together
with its physical interpretation. Also. we perform a global study of the dynamics of
a three-body isosceles problem in a particular quasihomogeneous potential providing,
in a classical framework, a model for the helium atom.

In Chapter 2, we set-up the equations of motion for a two particle system
interacting by a quasihomogeneous law within the classical framework of a two-
parameter family of systems with two degree of freedom. The underlying idea is that
diffeomorphic transformations applied to systems of ordinary differential equations
preserve the behaviour of the flow, modifying only the rate at which solutions move
along the orbits.

We start by using McGehee-type diffeomorphic transformations in order to reg-
ularize the equations of motion, blow-up the collision singularity and replace it by
the collision manifold pasted on the phase space. We provide the description of the
fictitious flow on it and notice that in case § = 2 the flow is degenerate.

In the next subsection, we use the symmetry of the low with respect to rotations
and introduce the The Reduced System Near Collision (RSC), as a local chart over
the flow in which the collision manifold is contained. We use the energy integral and
conclude that the reduced flow lies on a two-dimensional surface. Discretizing our
analysis in subcases with respect of the energy level and the parameters a and 3, as

a first result, we point out that for negative energy levels the flow lies on a compact



surface, implying that all orbits are bounded. Subsequently, we offer all the possible
scenarios of motion, first in the case of bounded motion (i.e. for negative energy
levels), then, completing the analysis in (RSC), for zero and positive levels of energy,
each time pointing out the Lebesque measure of the set of initial data leading to
collision. As a conclusion, we deduce that the latter is zero if and only of 8 < 2.

In the case of unbounded motion, using an inverse transformation, we bring
the fictional infinity point into the origin and introduce The Reduced System Near
Infinity (RSI). For each fixed zero or positive energy level, a so-called in finity
mant fold is revealed, describing the behaviour of the orbits at the blow-up infinity
point. We complete the phase portraits in (RSI) and, finally, using a two-sided chart
(RSC)-(RSI), we are able to picture the flow globally. We conclude by stating two
theorems (one for zero energy case, one for positive energy case) which. together with
the results for the negative total energy, offer the full description of the two-body
problem in quasihomogeneous potentials.

Chapter 3 concerns regularization issues. In question here is the possibility of
extending solutions beyond singularities maintaining good properties with respect
to initial data, a procedure also called block regularization.

We start by presenting the mathematical theory behind the block regularization
concept. We introduce the necessary definitions and state the main theorems follow-
ing the set-up developed by Conley and Easton in [Con-E|) and McGehee in [McG1].
We notice that a required condition for block regularization is the isolation of the
set of singularities and, as a consequence, the existence of an isolating block. There-
fore, as first a step, we prove that the collision singularity for the quasihomogeneous
problem is isolated if and only if 8 < 2.

We continue by constructing the so-called map across the block which is a
one-to-one map between solutions ending in the singularity but not exiting it, and

solutions exiting the singularity. The main idea is that if the map across the block



can be uniquely extended to a one-to-one correspondence between all solutions end-
ing in the singularity and all solutions exiting the singularity. then solutions passing
close to singularities will determine uniquely an extention for a solution ending in a
singularity. Thus one can construct an extended flow with the property of differentia-
bility with respect to initial data and the singularity is said to be block regularizable.
Following the later guidelines and making use of different parametrizations for the
differential system, we find that the quasihomogeneous problem is block regulariz-
able if and only if 8 =2 — 2/n. where n is a positive integer, n > 2.

We end the Chapter by pointing out an interesting connection between block
regularization and the classical scattering problem. We show that block regulariza-
tion can be regarded as a constraint over the scattering angle of a particle undergoing
a fictional collision.

Let us assume that the trajectory of a particle is scattered by a gravitational
source characterized by a quasihomogeneous potential. Computing the scattering
angle in the classical framework and imposing on the particle to follow the same
exit trajectory line as the impact parameter is approaching zero (by negative or
positive values), we obtain that 3 must be of the form 2 —2/n, where n is a positive
integer, n > 2. For these values of 83, the test particle will follow at the limit the
same trajectory line before and after deviation. Moreover, we notice that the orbit
is a reflection i.e. the particle leaves in the opposite direction after “collision™ if
and only if 8 = 2 — 2/n, where n is an even number. Similarly, the orbit is a
transmission i.e. the particle passes through without any change in direction and
sense, if and only if 8 =2 — 2/n, where n is an odd number.

In other words, the calculated condition for block regularization is in fact the
mathematical expression of a constraint on the classical scattering angle. In the
mathematical environment, we impose conditions on the flow to be extended over

the singularity set blown-up into the collision manifold, a process performed main-
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taining the good properties of the solutions with respect to initial data. In the
classical mechanics framework, we ask orbits supporting a fictitious collision to obey
the continuity with respect to initial data. The outcome is the same, i.e. for the
quasihomogeneous problem, 8 = 2 — 2/n, where n is a positive integer, n > 2.
Chapter 4 is a study over an isosceles three-body problem with charges in a
particular type of quasihomogeneous potential. The interaction is assumed to be
generated by a sum of two homogeneous terms W = U + V, where U and V vary
inversely with respect to the distance and to the square of the distance, respectively.
In Section 4.1 we state the problem and the equations of motion. We consider
3 particles moving in a plane. Two of them, called electrons, have mass u, whereas
the third, called nucleus, has mass 1. We attach to the electrons negative charges
and to the nucleus a positive one. The interactive potential is given to be of the

form W = U + V, where:

ei€e; eie;
u(q) = —ZI 2 , V(Q) == Z —
i<j > ;<J‘ 1 I
ey =ey = —pu.e3 = 1, v and u are small positive constants, and q = (q;.q2.q3) is

the configuration of the particle system.

First, we show that binary collisions between electrons never take place and
express the equations in a new set of coordinates, which are more convenient for our
purpose. In the next section, we apply McGehee-type transformations (see [McG2])
in order to blow up the triple-collision singularity and be able to study the dynamics
near it. From the geometrical point of view this means pasting a so-called collision
manifold to the phase space. A first goal is to describe the flow on the collision
manifold. Though this flow has no correspondent in physical reality, using the
continuity of solutions with respect to initial data, we can determine the flow’s
behaviour near this manifold and understand what happens in the neighbourhood

of triple collisions. This will be achieved in Sections 4.4 - 4.6.



In Section 4.3 we discuss the relative behaviour of the transformed functions
U and V for different values of the parameter u. This allows us to understand in
Section 4.4 the topology of the collision manifold as well as its low. We see that
the collision manifold is homeomorphic to a sphere and that the flow is similar to
the parallel circles that describe the geographic latitude of the earth: it consists of
two equilibria (the north and south poles N and S) and the periodic orbits (the
geographical parallels) in-between them.

In Section 4.5 we prepare the mathematical background for understanding the
motion of the particles near triple collision. For this we compute the linear part of the
Poincaré map associated with every periodic orbit of the collision manifold. We find
out that the orbits of the northern hemisphere have an eigenvalue of modulus larger
than 1, those of the southern hemisphere have an eigenvalue of modulus smaller
than one, whereas both eigenvalues corresponding to the equator have modulus 1.

Using the latter results, we provide a complete local description of the flow
near the collision manifold, independently of the energy level. We show that the
south pole S has a 1-dimensional local stable manifold, every periodic orbit of the
southern hemisphere has a 2-dimensional local stable manifold, the equator has a
2-dimensional local stable manifold and a 2-dimensional local unstable manifold,
every periodic orbit of the northern hemisphere has a 2-dimensional local unstable
manifold, and the north pole N has a 1-dimensional local unstable manifold. These
imply that the set of triple-collision solutions has positive measure.

In section 4.7 we analyze the zero-energy case. Through suitable transforma-
tions we first paste to the phase space an infinity manifold I, which also turns out
to be a sphere. The flow on this manifold consists of two equilibrium solutions, an
infinity north pole N and an infinity south pole S, and of orbits that spiral around
the sphere and connect these equilibria. Thus the phase space in the zero-energy

case is given by the region between two concentric spheres: the collision manifold C
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and the infinity manifold /. We then show that the flow is increasing with respect
to the variable represented on the vertical axis. Only three classes of orbits exist
in this case: capture-collision, ejection-escape, and capture-escape, none of them
interesting from the point of view of the helium atom. In the next section., we show
that the qualitative behaviour of the flow for positive energy is qualitatively similar
to that of zero energy.

In Section 4.9 we analyse the flow for negative energy and prove the existence
of a large open and connected manifold of orbits that remain bounded and do not
encounter ejections or collisions. For this we show that the motion of the particles is
described by the same type of second-order equation that models the forced harmonic
oscillator. As we mentioned before, the orbits in this set are of interest for the helium

atom.



Chapter 2

The Global Flow

2.1 Equations of Motion

The quasihomogeneous two-body problem is a two-parameter family of classical
systems with two degrees of freedom describing the relative motion of two mass
points interacting with respect to each other following a quasihomogeneous law of
motion. A force field is said to be quasthomogeneous if it is generated by a potential
U =V +W, where V(x) = A/z® and W(x) = B/z8, (z being the distance between
the particles) with0 < a < fand A >0, B > 0.

U(x) being a function depending only on distance, the force is central, and, con-
sequently, the motion is planar and described by a Hamiltonian system of ordinary

differential equations:

- aH
{’.‘ % (2.1)
ox

where x = (1,7;) € R? — {(0,0)}, y € R? and the Hamiltonian function is:

1 A B
Hx,y) = ;v - — - =, :
where we denote z := \/z?,z2 and y := {/y?,y3. Since the system is conservative,

the energy integral writes:
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H(x(t),y(t)) = h (constant). (2.3)

Also, since the force is central, the angular momentum is conserved and:

T1y2 — Tay; = c (constant). (2.4)

The function U(x) is real analytic and. for any initial data (x(0),y(0)) €
(R? — {(0,0)}) x R2, standard results from ordinary differential theory guarantee
the existence and uniqueness of an analytic solution defined on a maximal interval
(t*—.t*+), where t* < oc. If either t*— > —oo or t*+ < oo, the solution is said
to experience a singularity. For this particular system of equations, by imitating
a proof of McGehee (see [McG2]), one can show that the singularities in solutions
correspond to the singularities in the vector field. meaning that the physical system
undergoes a collision i.e. x(t) - 0ast — t".

In order to remove the singularities and to regularize system (2.1) we shall resort
to McGehee type transformations of the second kind (see [McG2]). First we apply

the analytic diffeomorphism (x.y) — (r,6,v.u) € ([0, 0c).{0.27).R.R)

x = r7e?
{ y = (v + iu)etd. (2.3)
where .
Y= 5=
{ fo s (2.6)
- 2(B-a)”

In this manner we change the cartesian coordinates (x,y) into the rescaled polar

coordinates (r.8,v,u). Then we reparametrize the orbits by:
__8+2
dr = r 8-aldt. (2.7)

Using prime to mark the differentiation with respect to the new (fictitious) time

variable 7, the equations of motion (2.1) become:



2.1: Equations of Motion 10

r'=(8-a)rv

0 =u

v =u? +%v? —aAr - 3B
u = %(ﬁ - 2)uv.

By (2.5) - (2.7), the first integrals of energy and angular momentum read respectively

(2.8)

v? +u? = 2B + 2Ar + 2hrFoa, (2.9)
(2-3)
ri@-ajy = ¢ if 8 <2,
(8-2)
u = cr¥B-a) if 8> 2.

Both the equation of motion (2.8) and the first integrals (2.9) and (2.10) are now
well defined for the boundary » = 0. The energy relation (2.9) foliates the phase

space into the integral manifolds
My = {(r.0.v,u)|v? +u? = 2B + 24r + 2hr3-5_ 6 € [0, 27)}. (2.11)

whose topology may change with h. If restricted to r = 0. the energy relation

becomes v2 + u? = 2B. Therefore we define the collision manifold as the set:

A= {(r.0,v,u)|r =0,8€[0,2r) and «?+ v = 2B}. (2.12)

The flow restricted to A is well defined and given by:

¢ =u
{v’ =u? + (3/2v% - 8B (2-13)
u = %(ﬁ — 2)uv.

Lemma 2.1.1 Suppose that (r,8,v,u)(t) satisfies (2.1) and that r — 0 as
t — t*+. Then 7(t) — Foc.
Proof We prove that ¢ — t*— implies that 7(t) — +oc. the other case being

similar. The time rescaling (2.7) can be written as
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t 3+
T(t) = 70 +/ r—m'—'—i_)(s)ds (2.14)
to

from where one can see that 7(t) is defined for all g < t < t* and is increasing.
Hence 7(t) — 7°* as t — t*—, where 7* may be infinity. Then r(7) — 0 as
T — 7°. Since equations (2.8) are defined and smooth on M}, and since A is a
compact invariant set, it is impossible for a solution to approach A in finite time.
Therefore 7* = oc, and the lemma is proved.

In other words, the phase space can be extended analytically to contain the
manifold {(r.0,v.u)] r = 0}, which is invariant under the flow and approached
asymptotically in the new time variable . The energy integral (2.9) is at least of C!
class meaning that it also extends smoothly under this boundary. For any choice of
0 < a < B the angular momentum relation (2.10) has guaranteed only the continuity
but this will not effect our resuits. Moreover, even with this lack in smoothness, the
angular momentum relation tells us that collisions can occur if and only if ¢ = 0 for
4 < 2 and that they might occur for non-zero c¢’s for 3 > 2. In other words. for
3 < 2 collisions are possible if and only if the motion is radial. For 8 > 2 collision
orbits can have a non-zero angular velocity.

We emphasize that the orbits of system (2.8) are the same as the orbits of sys-
tem (2.1), only the parametrization is different. Any results concerning the solutions
of system (2.8) can be seen as results for the solutions of system (2.1) as long as
one is aware of the fact that the rate at which solutions move along the orbits is

different.
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2.2 The Collision Manifold and Near Collision Orbits
2.2.1 The Collision Manifold

Recall that the energy relation (2.9) foliates the phase space into the integral man-
ifolds My (see (2.11)) and that, setting r = 0. we defined the collision manifold
Al

It follows that A is an invariant set of orbits (if r is zero at a certain time, it is
zero at any time) and, from the topological point of view, is a 2-dimensional cylinder
in the 3-dimensional space of the coordinates (8,v,u) € S! x R x R. But, since
6 € S!, the A cylinder may be identified with a torus, both being actually imbeded
in the 4-dimensional full phase space. Also, A is the same for every h, therefore
every energy level shares this boundary.

In other words, by means of McGehee’s technique, we have blown up the sin-
gularity and pasted the torus A instead of it in the phase space.

In this section we perform a qualitative study of the low on the collision mani-

fold, this information describing the behaviour of solutions in the neighbourhood of

collisions.

Using (2.12) in 2.13, the flow on A becomes:

0 =u
{v' = L3 - 2)(v? - 2B) (2.15)
v = (8 — 2)uv.

The equilibria are located at (6, +v/2B,0), where 8y € [0,27), i.e. there are two
circles of degenerate equilibria on the A torus, at u = 0. The corresponding eigenval-
ues are M€ =0, %" = (6 - 2)(VZB), ¢ = 5(8 ~2)(V2B), for (6, +vZB,0) and
A° =0, 3¢ = ~(8 - 2)(VEB), " = —3(8 ~ 2)(V2B) for (6, ~V2E,0).

Now the flow on A can be easily described.

For 8 < 2, since v' > 0 for u # 0, all orbits are heteroclinic, moving from the
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Figure 2.1: The flow on the collision manifold for 8 < 2.

lower circle (LC) of degenerate sources to the upper circle (UC) of degenerate sinks
and filling in densely A (see Figure 2.1).

The case 8 = 2 is a bifurcation point in the class of potentials studied. Here the
flow on the collision manifold is parallel to LC and to UP and becomes degenerate
in any direction (see Figure 2.2).

For 8 > 2 all orbits are heteroclinic, moving from the UP to the LC and filling
in densely A (see Figure 2.3).

Since on A we have v2+u® = 2B, another manner to visualize the flow on the col-
lision manifold is by introducing the angular variable x such that u + iv = V2B €'X,

i.e.

u = v2B cosy, 2.1
{v = /2B siny. (2.16)

Then the flow on A is given by:

0 =u,
{X’= (l_g)u. (2.17)

and hence in the (6, x) plane the collision orbits are straight lines with slope 1 —3/2
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Figure 2.2: The flow on the collision manifold for g = 2.

(see Figure 2.4).

For the following lemma we use the notation:
ST ={(r.0,v,u)eA | v= +v2B} (2.18)
By the definition of A,
S* ={(r.0,v,u) €R* | r=0, v==+V2B, u=0},

and hence S* and §~ are both circles. We denote by w(p) the omega limit set of
p = (1,0,v,u) under the flow on M} defined by the equations (2.8). Similarly, a(p)
denotes the alpha limit set.

Lemma 2.2.1 Assume 3 # 2. Let p(7) = (r.0,v,u)(7) be a solution of (2.8)
and write pg = p(70). Then (a) r — 0 as 7 — +oc if and only if w(pp) C S~, and
(b)r — 0 as 7 — —oo in and only if a(pp) C S™.

Proof We will prove only (a) since (b) is similar. Since A is exactly the set on
My, wherer =0, r — 0 as T — +oo if and only if w(pg) C A. Since S™ C A,
it therefore suffices to show that w(pg) C A implies w(py) C S~. Using the energy
relation (2.9) with r = 0, we can rewrite the equation for v in system (2.8) restricted

to A as
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Figure 2.3: The flow on the collision manifold for 3 > 2.

v =(1-~ g)u? (2.19)

Therefore v defines a Liapunov function on A. Since a Liapunov function must be
constant on an omega limit set ([Con]), we must have v' = 0 on w(pg). But ' = 0 on
A exactly onon ST and S~. We can rule out S¥ since v is positive in a neighborhood
of S7 and the first equation of (2.8) is increasing whenever v is positive. Therefore

w(pe) C 8§~ and the proof is complete.

2.2.2 The Reduced System Near Collision (RSC)

By continuity with respect to initial data, the flow on the collision manifold provides
a local image for the motion near the singularities. In order to describe the global
flow we start by pointing out some general characteristics of the system (2.8).

For 8 # 2 the equilibria of system (2.8) are located at the collision points
(0,6, +Vv2B.0), § € S! and their nature is determined by the corresponding eigen-

values:
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XA

3=
2

I .

Figure 2.4: The flow on the collision manifold in (6. x) plane

AL = +V2B

A =0

A3 = £(8 — 2)(V2B)
A = £1(8 - 2)(V2B).

which depend explicitely on the value of parameter £.
Lemma 2.2.2 Assume 3 # 2. Let (r,6.v,u)(t) be a solution of (2.1) such that
r — 0 as t —» t*+. Then, as t — t*+, u(t) — £v2B. and 6(t) — 6* for some

(2.20)

constant 8*. Furthermore, if 8 < 2, then u(¢) =0 and 6(t) = 6°.

Proof We prove only the case ¢t — t*—, the other case being similar. By
Lemma 2.1.1., it suffices to prove the same limits for system (2.8) as 7 — oc. By
Lemma 2.2.1. it suffices to prove these limits for all points in A, on the stable
manifolds of §~.

On S, u = 0, therefore 8’ = 0, so S~ consists entirely of rest points. By (2.20).
the eigenvalues at each of these rest points are 0, £(3 - 2)(v2B) and :t;‘,:(ﬂ -
2)(V2B), respectively. The zero eigenvalues corresponds to the tangential direction
along S~, while the two others correspond to normal directions. For 8 # 2, §~

has hyperbolic normal structure, and hence the stable manifold of S~ is the union
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of the stable manifold of each of these points of S~ ([Fen]). Therefore the solution
(r.6.v,u,)(7) approaches some point on S~ i.e. 8§ —0*, u — 0, v — V2B.

If 8 < 2, by (2.20), the normal eigenvalues are both strictly positive. In this
case the stable manifold is one dimensional (in the r direction) and consists only of
points with u = 0 (see also Figures 2.5, 2.10 and 2.14). Since §' = u =0, 6 must be
constant. Therefore u = 0 and @ = 6* and the proof is complete.

Therefore, for 3 < 2, the angular momentum must be zero on a collision orbit.
Furthermore, all motion takes place along a line.

For any 3 we have the converse, i.e. system (2.8) admits the surface u = 0 as
invariant manifold. This means that if angular velocity is zero at a certain time,
then it will be zero at any time (past or future).

In the particular case 3 = 2. system (2.8) takes the simpler form:

r=(8—-a)rv
9 =u
v =u?+ 12 —aAr - BB (2.21)
u =0,
together with the integral relations
v? +u? = 2B + 2Ar + 2hrTa (2.22)
and
u=c. (2.23)

One can notice that here the rescaled angular velocity u is in fact the angular
momentum constant ¢ and that each of the planes u© = ¢ are invariant manifolds.
The relative equilibria are located at (r,0,v,u) = (0,00,:t\/5—B_—Tu_§, ug), where
6 € S! and |ug| € [0,V2B] and all of them are degenerate sources for v > 0,
respectively, sinks for v < 0 on the r direction.

We return now to the particular form of system (2.8) and introduce the Reduced
System Near Collision (RSC) defined by



2.2: The Collision Manifold and Near Collision Orbits 18

r = (8—a)jrv
{v’ =u’+ %vz —aAr — 3B (2.24)
u' = (8 —2uv.

The solutions of (2.8) are determined by the solutions of the reduced system
in the sense that since the equations for (r,v,u) do not depend on 8. they can be
solved independently. Once the RSC solved, 8 follows consequently. In other words
the 4-dimensional flow is invariant under rotations so we can factorize it by S'.
Furthermore, the energy relation (2.9) does not depend on 6§ either. This allows us
to reduce implicitely the reduced space RSC by another dimension since every fixed

energy level h determines the 2-dimensional invariant surface
- . 3
My = {(r.0,v,u)|v? + u*> = 2B + 2Ar + 2hr3-2}, (2.25)

on which the RSC orbits are confined.

As an observation, we chose to call the reduced system near collision. because
in this parametrization we are able to see and describe the orbits in a neighborhood
of collision. This is in contrast with the reduced system near infinity that will be
introduced later and will allow us to describe in detail the orbits attaining infinity.

It is tempting to reduce the problem futher and apply the same reasoning for
the invariant manifold determined by the angular momentum integral. Then, every
orbit on M would be uniquely determined by the angular momentum constant c
and, as c varies, Mj, is filled in densely by orbits. In this manner, one would be able
to see an orbit as the intersection of two 2-dimensional surfaces, one determined by
h. the other by c. But the angular momentum relation is just continuous near the
collision manifold, leading to uniqueness problems at the borderline r = 0. The good
properties of the invariant manifolds on which the flow is confined are compromised
near collisions, including the uniqueness and the continuity with respect to initial

data. Consequently, each time we will use the angular momentum integral. we will
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make sure that we are far enough from the collision subspace {r = 0}.

By (2.9), the energy manifold M} is a rotational surface with respect to the r
axes in the reduced phase space (r,v,u). A simple sketch reveals that the orbits
are all bounded (the rescaled radius vector r is bounded) for negative levels of
energy h and possibly unbounded for A > 0. Also, exploiting the particular form
of the vector field of (2.24), the phase curves are symmetric with respect to the
planes © = 0 and v = 0 since (r(7), —v(7),u(r)) = (r(-7),v(—7),u(—7)) and
(r(r); —v(7), —u(1)) = (r(—=7), v(—=7),u(-7)).

In the RSC the collision manifold torus is a circle and the circles of equilibria
(6, £v2B,0), 8 € S! correspond io the equilibria points C* = (0. £v2B,0). We
will abuse the terminology by further calling equilibria. periodic orbits, etc, what
appear to be such orbits in the RSC. In full phase space these must be regarded
xS1. i.e. manifolds of solutions. For instance, an equilibrium of the RSC is a relative
equilibria in the full phase space and physically it represents a circular orbit with
constant angular velocity; a periodic orbit in RSC is an invariant torus of solutions in
the 4-dimensional phase space and physically it represents periodic (rosette-shaped
closed trajectories if u # 0, radial libration if u = 0) or rather quasiperiodic (unclosed
orbits filling densely an annulus; see [Arno| and [Del]) motion; an arc of phase curve
in the upper (v > 0)/lower (v < 0) half space of RSC corresponds in the physical
space to spiral (u # 0) or radial (u = 0) motion performed outwards/inwards. etc.

In order to state our main results we will use the following:

Definition 2.2.2 A solution of system (2.8) is called a capture orbit if r tends
to infinity in the past, an escape orbit if r tends to infinity in the future, an ejection
orbit if r tends to O in the past, and a collision if r tends to 0 in the future. A
quasipertodic orbit is one for which r is bounded but does not become zero in the
past or in the future; a circular orbit is a quasiperiodic orbit for which r is constant

at any time, and an oscillatory orbit is one for which r becomes unbounded but
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does not tend to infinity (ex. liminf, ,o7(7) < oc and lim sup, o7 (7) = 00).

Let us denote by f(r) the right hand side of (2.9), i.e.:
f(r) = 2B + 2Ar + 2hr3s. (2.26)

The equilibria of the RSC other that the collision ones at C= = (0.+£v2B.0)
are obtained by setting v = v’ = 0. This leads to solving the following equation in
r:

f(r) = aAr + B, (2.27)

which admits different numbers of roots, depending on the level of A and the values
of parameters the a and 3.

In order to simplify further computations let us notice that to a solution of the
above equation (2.27) r = r corresponds a pair of equilibria R* = (r-. 0. £/f(rer))
with eigenvalues given by A; = 0 and the roots of

A% = aA(a — 2)rer + BB(B — 2). (2.28)

Again, the nature of these equilibria will depend on the values of parameters o and

8.

2.2.3 Global Flow for Negative Energy

Case 0<a<f<2

If h < 0 is fixed one can depict the energy manifold My, as in Figure ?? and conclude
immediately that all orbits are bounded. The equilibria points of collision/ejection
are at C* = (0, £v2B,0) and, by (2.20), both of them are saddles. Using calculus
methods, one can check that (2.26) has one root r = r4 and consequently there
are two equilibrium points at R = (rc,,O,:t f (rc,.)). Following formula (2.27)
and taking into account that h < 0 and 0 < a < 8 < 2, we deduce that R* are

degenerate centers which translates into stable circular motion in the physical space.
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vA

Figure 2.5: The global flow in RSC for h <0and 0 <a< <2

The collision/ejection orbits are confined to the invariant manifold ©« = 0 meaning
that the motion is radial. The rest of the orbits in RSC are periodic. as it will be
proved in the following lemma, meaning that in full unreduced phase space. they fill
in densely the energy manifold M.

Lemma 2.2.3 For any set of initial conditions p := (rg, vg, ug) with rg # 0 and
ug # 0. the orbit through p in RSC is periodic and of non-collisional type.

Proof: Let ¢, be the orbit with initial condition p. Since M, is compact,
¢p either begins and ends in one of the equilibria of Mj. namely C* or R*, or is
periodic. But if ¢, end (starts) in any of C*=, then it belongs all the time to the
invariant manifold © = 0, which is a contradiction since we assumed wuy # 0. It
remaines that ¢, ends(starts) in one of R=, but this is again a contradiction since
both RT are centers. It follows that the a(w)-limit set of p contains no fixed points

and, by Poincaré theorem, the orbit through p is periodic.
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Case 0<a<f=2

For B = 2 the reduced system (2.24) receives the simpler form

r=(8-a)rv
v/ =u? +v?2 — aAr - BB (2.29)
u =0,

Every point of the circle v2 + u? = 2B is an equilibrium. each of them being a
degenerate source for v > 0, a degenerate sink for v < 0 and a degenerate saddle for
v = 0. The invariant energy manifold N, is sliced vertically by the invariant planes
u = ¢ = constant. In particular, for any |c| < V2B, the orbits are ending/ejecting
in/from the collision manifold implying that the set of initial conditions in the (A, c)
plane leading to collision/ejection has positive Leabesgue measure. Exploiting the
particular form of the equation, one can actually compute the root of (2.27) obtaining
2-a

(45"
and consequently the equilibria R = (rq,0, £1/f(ro)). Their eigenvalues are given
by A\ = 0, Ay3 = +i/aA(2 — a), with the result that R* are degenerate centers.
Moreover, since (T¢r, f(re)) is the maximum point for f(r) and the planes u = ¢
are invariant, one can deduce that for V2B < |¢| < f(r.r) the motion in RSC is
periodic. For all values of |u| = |¢] < V2B the orbits are heteroclinic, connecting
points on the collision/ejection circle symmetrically located with respect to the u

axis. The phase portrait is skeched in Figure 2.6.
Case0<a<2<p

In this subcase, by (2.20), the collision equilibrium point C* = (0,+v2B.0) is a
source and C~ = (0, —Vv2B,0) is a sink. Equation (2.27) requires a further analysis

in order to determine its roots. Denoting

g(r) = f(r) — aAr — 8B, (2.31)
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Figure 2.6: The global flow in RSC for h <0and 0 <a <=2

one can see that this function has a critical point at
(8—a)

e

Using elementary calculus, we deduce that the equation (2.27) admits two. one or

(2.32)

no roots as g(rg) is strictly positive, zero, or strictly negative, respectively.

If g(ro) > 0, besides the collision rest points, the reduced system admits two

pairs of equilibriaat B, = = (rc,.m, 0, + /f(rc,.(l))) and Ry= = (Tcr(z), 0, =, /f(rcr(2)))

with (1) < 7o < re(2)- As already mentioned, the eigenvalues attached to R;*

(z = 1.2) are given by A\; = 0 and A, 3 the roots of
A% = aA(a ~ 2)req) + BB(B —2) where i=1.2. (2.33)

In order to establish the nature of these equilibria, let us notice first that since

Ter(1) < To is root of (2.27),

B(B-2) = Ter(t) [ AR~ 0) = 2(h)(rer(1)) T | > rer(y [ A2 — 0) —2(—h) (r0) T .

(2.34)
Replacing r¢ in the previous relation with its exact value (2.32) it follows that
aA(2 —a
Bp-2 > 2229, (2.35)

B
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vA

Figure 2.7: The global flow in RSC for h < 0 and 0 < a < 2 < 3. case g(rg) > 0

from where it results that for i = 1 the right hand side of (2.33) is positive. This
implies that R;* are degenerate saddles.

For R>=. A\; =0 and, since a < £,
A% = ad(a — 2)re(2) + BB(B — 2) < a[A(a — 2)ro@) + B(B - 2)]. (2.36)
But 7 (2) is root of (2.27), i.e.
f(rer(2)) — @At (2) — BB = A(2 — a)rer(2) + B(2 = B) + 2h(re(2) yp/(B-a) = ¢

from where

A(a = 2)rq2) + B(B—2) = 2h(1-cr(2))ﬂ/(/3—o)

. Replacing the last relation into (2.36) we obtain A? < 2ah(rq(2))?/(%=®) < 0, with
the result that R,¥ are degenerate centers.

The phase portrait is depicted in Figure 2.7. The orbits are all bounded and
there is a set of initial conditions of positive Lebesgue measure that leads to ejec-
tion/collision trajectories. Also, there is a large set of initial conditions for which

the orbits are periodic.
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7\

Figure 2.8: The global flow in RSC for h <0 and 0 < a < 2 < 3, case g(rg) =0

If g(ro) = O there is a pair of equilibrium points at R* = (r4.0.+\/f(re))
where r.- = ¢ and the eigenvalues attached are given by A} = A» = A3 = 0. For the
moment we cannot conclude anything about the nature of these rest points. A closer
look at the vector field of system (2.24) reveals that r is increasing for v > 0 and
decreasing for v < 0. Therefore, R cannot be sinks or sources. If R™. for instance.
was a center, then it would be surrounded by closed periodic orbits. M would be
filled in by these orbits and the flow would be similar to that in Figure 2.5. But
this is not possible since near the collision manifold A the continuity with respect to
initial data would be contradicted (orbits on A flow from C* towards C~ and orbits
near A would have opposite sense). We conclude that R* are degenerate saddles.
The entire phase space is filled in by heteroclinic orbits that begin/end in collision
(see Figure 2.8).

If g(ro) < 0, besides the ejection-source/collision-sink equilibria there are no
other rest points. The flow is depicted in Figure 2.9 and for any set of initial

conditions the orbits are beginning/ending in collision.



2.2: The Collision Manifold and Near Collision Orbits 26

Figure 2.9: The global flow in RSC for h <0 and 0 < a < 2 < (3, case g(rp) < 0,
and for2<a < g

Case2<a<p

The phase portrait is fully analogous to that given in Figure 2.9. The invariant
manifold M,, is filled in densely by heteroclinic orbits joining the source C* with

the sink C .

We end this subsection by summarizing the above conclusions in the following
statement:

Theorem 2.2.4 (The global flow for negative energy)

Let us consider the relative two-body problem with quasihomogeneous interac-
tion defined by system (2.1) with given constants A >0, B >0and 0 < a < 8 and

negative total energy h < 0. Also, let us define the equation
(2 = B)B + (2 — a)Ar + 2hrF% = 0. (2.37)
Then the only possible scenarios of motion are:

(1) if 0 < a < B < 2 all orbits are quasiperiodic except a set of zero Lebesque

measure given by ejection-collision zero angular velocity orbits. For each h < 0 fixed,
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in the set of quasiperiodic orbits there are two stable circulatory orbits at r = r,,
where 7. is the positive solution of (2.37);

(2) if 0 < a < B = 2 the orbits are either quasiperiodic, or bounded ejections
followed by collisions. The set of initial conditions leading to ejection-collision orbits
has positive Lebesgue measure. For each h < 0O fixed, in the set of quasiperiodic
orbits there are two stable circulatory orbits at r = r., where r. is the positive
solution of (2.37);

(3) if 0 < @ < 2 < B all orbits are either quasiperiodic, or bounded ejections
followed by collisions. The set of initial conditions leading to ejection-collision orbits
has positive Lebesgue measure. For each h < 0 fixed, if the equation (2.37) admits
two positive solutions rer(1) < rer(2). then the set of ejection-collision orbits is glued
to the set of quasiperiodic orbits by the unstable circulatory orbit r = r(;) and in
the set of quasiperiodic orbits there are two stable circulatory orbits at r = r(;):
if the equation (2.37) admits one positive solution r = r, then except two unstable
circulatory orbits at r = r., all orbits are bounded ejections-collisions; finally. if the
equation (2.37) doesn’t have any solutions then all orbits are bounded ejections-
collisions;

(4) if 2 < @ < B all orbits are ejection-collision and the Lebesgue measure of

the initial data leading to collision is infinity.

2.2.4 Zero Energy Flow in RSC

For h = 0, the analysis of the RSC is simplified since the term 2hr3/(3-9) in the
energy integral is zero. Therefore the energy invariant manifold My, is generated

by the relation:
v?2 +u? = 2B + 24r = f(r). (2.38)

Again we will discuss the phase portraits in function of the parameters a and 8.
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Figure 2.10: The flow in RSC for h=0and 0 <a <

Case 0<a< <2

The phase space is represented in Figure 2.10. The collision rest points C* are
the only equilibria. Except on the plane u = 0, all orbits are coming from infinity
and return asymptotically to infinity. On u = 0 (i.e. for radial motion) there are
two orbits, one colliding in C—, the other one ejecting from C*. Since the collision
is possible only for u = 0, i.e. only for zero angular momentum (see (2.10)). we
conclude that the Lebesgue measure of the initial conditions leading to collision is

zero.
Case 0<a<f=2

Since 8 = 2 the reduced system receives again the particular form (2.29). The points
of the collision circle v2 + u2 = 2B are all equilibria, sources if v > 0, sinks if v < 0,
and saddles if v = 0. Every vertical plane u = ¢ is invariant and for |u| = |c| < V2B
all orbits are of collisional type. For |u| = |¢| > V2B the orbits are unbounded.
Such an orbit comes from infinity, attains an r-minimal point (rnin,0, umer) and

returns asymptotically to infinity (see Figure 2.11).
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Figure 2.11: The low in RSCforh=0and 0 <a < =2

Case0<a<?2<y

In this subcase the rest point C™ is a source and C~ is a sink. Using (2.27) and taking

into account that A = 0. there are other two equilibria R= located at (r..0.+Vv2B)

where ro = %(gg—:—j—;. The eigenvalues associated are given by (2.28) from where,

replacing the exact value of o, it results in \; = 0 and \23 = =/B(B — 2)(8 — o).

It follows that R¥ is a degenerate saddle. The phase portrait is depicted in Fig-
ure 2.12. The orbits are either bounded of collisional type or unbounded. Also.

there is a positive measure set of initial data leading to collision.
Case2<a<yf

The phase space is depicted in Figure 2.13. All orbits with radial velocity
-2
\/23 + %——)—r < |v] € V2B + 2A4r are unbounded, ejecting from the source

B—2
C™, or colliding in the sink C~. The orbits with |v]| < \/23 + 2_‘43(0‘__221,. are

bounded of collisional type.
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Figure 2.12: Theflow inRSCforh=0and 0 <a <2< f

2.2.5 Positive Energy Flow in RSC

Case 0<a<f<«?2

The motion is unbounded unless it takes place on the invariant manifold u = 0 (see
Figure 2.14). The orbits lying in u = 0 are the only ones attaining the collision saddle
equilibria C* implying that the Lebesque measure of the set of initial conditions

leading to collision is zero.

Case 0<a<f=2

Again, for 8 = 2, the phase space changes drastically. Sliced vertically by the
invariant planes u = ¢, the energy manifold M}, is filled in by orbits ejecting/ending
from/in the equilibria circle v2 + 42 = 2B if |u| = || < V2B and by unbounded
orbits coming from and returning asymptotically to infinity if |u| = |c| > V2B (see
Figure 2.15).

Case 0<a<2<g

For the following remaining three subcases the phase portrait is basically the same

and is depicted in Figure 2.16. The orbits are bounded of collisional type or un-
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Figure 2.13: The flow in RSC forh=0and 2 <a < g

bounded and the Lebesgue measure of the set of initial conditions leading to collision
is positive. Since equation (2.27) admits a real positive root r = r.., we conclude
that besides the source C* and the sink C~. there are two other rest points located
at (r,_-,.. o,:t\/f_(rc,—)). Their eigenvalues are given by (2.27). As it will be shown,
these points are degenerate saddles but in order to prove this affirmation we still
have to distinguish between the three different subcases of a’s location with respect
to 2.

For (0 < a@ < 2 < f3), since ry is a root of (2.27) i.e. f(ry) — adAre — BB =
A(2 — a)rer + B(2 ~ B) + 2h(re)B/B-2) = 0, it results in

A = aA(a — 2)rer + B2h(rer)?/P2) + A2 — a)re]

or

A2 = A(2 - a)(8 — @) + 2h(rs)?/B—2) > 0

from where it follows that R* are degenerate saddles.
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Figure 2.14: The low in RSCforh>0and 0 < a < 3 <2
Case2=a<f

In this situation 7. can be computed exactly, namely
3—a
BB - 2)] D
=== . 2.39
re = |25 (2:39)
The eigenvalues are given by A, = 0 and Ay 3 = £,/BB( — 2) obtaining again that
R= is a degenerate saddle (see Figure 2.16).

Case2<a<f’

Here we have to return to equation (2.27). The function g(r) = f(r) — aAr — 3B

has a critical point for
(8-a)
ro = [Al= 2 -]
o 2h0

and the solution r = r of (2.27) (or g(r) = 0) obeys r > rg. Since r. satisfies for

g(r) =B(B-2) +ro[AR - a) + 2h(rc,)3€7] =0, and 7 > 19 it follows

(2.40)

B(B ~2) = ro[A(2 — @) + 2h(re)3-3] > re[A(2 — @) + 2hry 33, (2.41)

and, further, after replacing rq with its exact value (2.40)
aA(a —2)

B(B-2)> 3 Ter-

(2.42)
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Figure 2.15: The flow in RSCfor h >0 and 0 < a <8 =2

2

which is equivalent to (A23)° > 0. Completing the last assertion with A; = 0 we

deduce that R* are degenerate saddles (see Figure 2.16).

2.3 The Flow at Infinity

To provide a global picture of the flow for h > 0, we need to analyse the behaviour
of the orbits attaining infinity asymptotically in time. Essentially. for each A > 0
fixed. we shall resort to an inverse transform of the radius vector r into p = riﬂ
bringing the fictitious points 7 = oo into the so-called infinity manifolds p = 0. We
fully characterize to flow on them and then, in a similar manner to the reduction
performed in section 2.2.2, we retain the equations in (p, v, u), introduce the Reduced
System Near Infinity (denoted RSI) and offer a complete picture of the flow on it.

We now return to system (2.1) and the transformations (2.5). Choosing v =1

and § = 0 (which actually means a change of variables into polar coordinates) and

introducing



2.3: The Flow at Infinity 34

Figure 2.16: The flow in RSC for h > 0 and 2 < 8

we are led to the system:

/

p =—apv
0 =u
2.44
v =u? —adp — ﬁBpg' ( )
u = —uv,
with the first integrals:
u? +v? = 2Ap + 2Bps + 2h (2.45)
and
u= cp?l‘. (2.46)

Replacing pé from (2.44) with its corresponding value from (2.45) we obtain
the analytical system:
p=—apy
8 =u
(2.47)
"= 5(2- B — §v + A(B—a)p + Bh
u = —uv.

Similar to our analysis in section 4.1, we know that for any h fixed the flow is

confined on the 2-dimensional invariant manifold provided by the class C! energy
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integral. namely:
Ni = {(p.8,v,u)|u® +v% = 24p + 2Bp3 + 2h, 6 € [0,2)}. (2.48)
2.3.1 The Infinity Manifolds

From system (2.47) it follows that for each h > 0 fixed, the manifold p = 0 is
invariant under the flow. To obtain a picture of the orbits in a neighbourhood
of infinity we introduce the infinity manifolds, denoted I. where h > 0, as the

restriction of the energy manifold N, to p =0, i.e.

Iy = {(p.0.v.u)| p =0, 8 € [0.27), and v* + u® = 2h}. (2.49)

Unlike the collision manifold which is the uniquely defined independent of the
level of energy. the fictitious infinity manifolds depend continuously on h. For each
h > 0O fixed. the corresponding infinity manifold I, is a 2-dimensional torus which
shrinks to a circle as A — 0+.

Using the energy integral, the flow on I, is given by:

9 =u
{ "= 2h — v? (2.50)

u = —uv.
For each h > 0 fixed, the infinity manifold torus possesses two circles of equilibria at
v = =Vv2h and all orbits are strictly increasing with respect to v (see Figure 2.17).

If h = O the infinity manifold is a circle of degenerate equilibria.

2.3.2 The Reduced System Near Infinity (RSI)

The above description provides a local picture of the flow on the fictitious infinity
manifolds. We return now to the system (2.47) and point out some of its general

characteristics.
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Figure 2.17: The flow on the Infinity Manifold I, for 2 > 0

First, let us observe that the set {(p,0.v,u)|u = 0} is an invariant manifold
and on it the flow is always decreasing with respect to v. Second, computing the
global equilibria of system (2.47), we obtain two circles of rest points located at
I ht::(O, 6o, +V2h, 0), 8 € [0,27). Calculating the corresponding eigenvalues we
deduce that I, is a degenerate source with A; = aV2h, Ao =0, 23 =8V2h, Ay =0
and I is a degenerate sink with A\; = —av/2h, A2 =0, A\; = —3V2h, Ay = 0.

In section 2.2.2 we introduced the reduced system near collision RSC by taking
into account that the (r.v,u) coordinates are independent of the cyclic coordinate
6. The same reasoning holds for system (2.44) as well. We isolate the 6 equation

and define the Reduced System Near Infinity (RSI):

p=—apy
{v' =12-pu? - 52+ A(B—a)p+ Bh (2.51)

u = —uv,
keeping in mind that the orbits of RSI must be regarded in the full phase space xS
i.e. manifolds of solutions.
The flow of the RSI is confined to the 2-dimensional surface N generated by the
energy integral. The global equilibria Ih* of system (2.47) become rest points for RSI

as well. Similar to the RSC system, the orbits in RSI are symmetric with respect
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to the planes {u = 0} and {v = 0} i.e. (r(7), —v(7),u(7)) = (r(—7), v(—7). u(-7))
and (r(7), —v(7), —u(7)) = (r(—7),v(-7),u(—7)). Also, we can use the momentum
integral (2.46) each time we are far enough from the singular surface p = 0 such
that the lack of smoothness of (2.46) around p = 0 is not effecting our analysis.
The relative equilibria of the unreduced system are to be found as equilibria
in RSI by setting v = v’ = 0. Using calculus methods and taking into account the

range of a., § and h we obtain different pictures for the flow.
2.3.3 Positive Energy Flow in RSI

Case<a< <2

The reduced flow in this case is quite simple. There are no other equilibria
except the infinity ones, namely the degenerate source I,~ and the degenerate sink
I;". The orbits are flowing out from/into the infinity manifold in the southern
hemisphere, respectively, the northern hemisphere of the energy manifold. The
concavity of the trajectories is changing with respect to a, being in the (p. u)-plane

concave up if a@ < 1 and concave down if a > 1 (see Figures 2.18, respectively. 2.19).

Case2<f

Here, besides the infinity rest points I,* we obtain other two equilibria at
E* = (per,0, tus), where p. solves A(2 —a)p+ B(2 — ﬁ)pfT +2h =0 and u.
verifies the energy relation for v = 0 and p = p.. The corresponding eigenvalues
are given by A1 5 = +1/Aa(f — a)pe; and A3 = —|uc|, therefore E* are saddles. In
order to provide the picture of the reduced flow we need the following:
Lemma 2.3.1 There is an orbit, denoted ¢(7), that starts in E¥ and ends in I} .

Moreover, the v component of this orbit is always positive.

Proof Since E* is a nondegenerate saddle, there is an orbit ¢(7) that exits E* into
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Figure 2.18: The global flow in RSIfor A >0and 0 <a<1<8<2

the positive halfspace v > 0. From system (2.51) it follows that the function p(7)
is decreasing with respect to time as long as v stays positive. Let us assume that
there is a time 73 such that the v component of ¢(7) becomes 0. Then. since the
orbits are symmetric with respect to the plane v = 0, it follows that ¢(7) returns
to E*. But, because the flow in confined on a 2-dimensional manifold, this would
imply the existence of another fixed point inside ¢(7) which is a contradiction.
Therefore, the v component of ¢(7) is always strictly positive, the orbit is
decreasing in p all the time, and the equilibrium I’ is the only possible limit for

#(7).

Lemma 2.3.2 There is an orbit, denoted (1), that comes from “infinity” (i.e.
lim;_,(_oc)p(T) = o0 and ends in E*. Moreover, the v component of this orbit is

always positive.

Proof Since E™ is a nondegenerate saddle, there is an orbit ¢(7) that ends in E™

from the positive halfspace v > 0. From system (2.51) it follows that the function
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Figure 2.19: The global flow in RSI for h >0and 1 <a <3< 2

p(7) is decreasing with respect to time as long as v stays positive. Going backwards
in time along (1), let us assume that there was a time 7g subch that v(7) = 0.
Then. since the orbits are symmetric with respect to the plane v = 0. it follows
that ¢(7) started at E*. But, because the flow in confined on a 2-dimensional
manifold, this would imply the existence of another fixed point inside ¢(7) which is
a contradiction.

Therefore, the v component of y¥(7) is always strictly positive, the orbit comes

from infinity, is decreasing in p all the time, and ends in the equilibrium E™.

It is clear now how the orbits flow on Nj. Looking at the halfspace u > 0 there
are 4 distinct invariant manifolds: the orbits inside ¢(7), exiting I; and ending in
I ,‘: : the orbits inside ¥(7), coming from p = oo, reaching a minimum p and going
back to p = oc; the orbits under ¢(7) and ¢(7), all exiting I;” and escaping to p = oo
and, finally, the orbits above ¢(r) and ¥(7), all coming from p = oc and ending into
I;7. Again, the concavity of the trajectories is changing with respect to a. being in

the (p,u)-plane concave up if @ < 1 and concave down if a > 1 (see Figures 2.20,
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Figure 2.20: The global flow in RSI for h >0and 0 < a <1 and 8 > 2

respectively 2.21).

2.3.4 Zero Energy Flow in RSI

One approach in skeching the flow in this case would be to return to the system(2.51),
ignore the terms having factor h, and start all over again with a detailed analysis.
But, since the system(2.51) is analytic and the infinity manifolds are differentiable
for any h > 0, we are able to take full advantage of the continuity of solutions with
respect to initial data.

We think about the flow that is confined on the surface N which. as h — 0,
shrinks at its left end. At the limit A = 0, the projection circle of the infinity
manifolds I, of radius v/2h shrinks to the origin. Under this process of passing to the
limit, the flow pictures from the case h > 0 preserve themselves in a neighborhood of
p = 0. On the cut p =0, the two infinity equilibria ;" and I, ~ approach the origin
as h tends to 0. At the limit h = 0, the two rest points become one degenerate
equilibrium in the origin (I= = I* = origin). The flow pictures are skeched in

Figures 2.22, 2.23, 2.24, 2.25, and 2.26.
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Figure 2.21: The global flow in RSI for h >0 and 1 < aand 8> 2

2.4 The Global Flow for Non-Negative Energy

We are able now to offer a complete picture of the global flow for the quosihomoge-
neous two-body problem with zero or strictly positive energy.

The underlying idea is that the orbits of both system (2.8) and system (2.47)
are the same as the orbits of system (2.1), only the parametrization is different.
First, we approached the flow near collision looking at the fictitious collision mani-
fold, obtaining results about the behaviour near the collision, introducing RSC and
sketching the flow on it, without any information about the behaviour at infinity.
Then, we moved at the other end of the flow, and, in an analogous manner, we
defined the fictitious infinity manifolds, described them, introduced RSI and offered
a picture of the flow in this new chart that allowed us to see the infinity points. In
both systems, the flow is confined to the same 2-dimensional energy manifold that
looks different with respect to the chart used in seeing it. Keeping in mind that both
parametrizations are representing the phase space of the same problem, we put the

two pictures head-to-head and, consequently, we obtain the portrait of the global
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Figure 2.22: The flow in RSIfor h=0and 0 <a <1 and 8 <2

flow.

2.4.1 The Global Flow for Positive Energy

Theorem 2.4.1 (The global flow for strictly positive energy)

Let us consider the relative two-body problem with quasihomogeneous interac-
tion defined by system (2.1) with given constants A >0, B >0 and 0 < a < 3 and
strictly positive total energy h > 0.

Then the only possible scenarios of motion are:

(1) for B < 2, all orbits are capture-escape type, coming from infinity. attaining
a minimum point and returning to infinity with asymptotic velocity v2h. There are
two hereroclinic orbits connecting the collision equilibria with the infinity equilibria;
for these orbits the angular velocity is zero (see Figures 2.27 and 2.28);

(2) for B = 2, there is a positive Lebesgue measure set of initial conditions
leading to heteroclinic ejection-escape and capture-collision orbits. The rest of initial
conditions, of positive measure too, lead to capture-escape orbits (see Figures 2.29

and 2.30);
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Figure 2.23: The flow in RSIfor h=0and 1 <a<f8<2

(3) for 2 < 3, there is a positive Lebesque measure set of initial conditions lead-
ing to ejection-collision and capture-escape orbits. This invariant sets of orbits are
connected by two unstable circulatory orbits. Also, there is only one ejection-escape.
respectively, and only one capture-collision (both of them of heteroclinic type) and.
moreover, for these two orbits the angular velocity is zero and the asymptotic radial
velocity at r —» oo is =V2h (see Figures 2.31 and 2.32).

Corollary 2.4.2 For 8 = 2 and h > 0, all ejections are escapes.

Corollary 2.4.3 For h > 0, the asymptotic radial velocity at infinity is +v2h.

2.4.2 The Global Flow for Zero Energy

Theorem 2.4.4 (The global flow for zero energy)

Let us consider the relative two-body problem with quasihomogeneous interac-
tion defined by system (2.1) with given constants A >0, B >0 and 0 < a < 8 and
zero total energy h = 0.

Then the only possible scenarios of motion are:

(1) for B < 2, all orbits are capture-escape type, coming from infinity, attaining
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v

Figure 2.24: The flow in RSl for h=0and 0 <a<1land 2< 3

a minimum point and returning to infinity with zero asymptotic velocity. There are
two hereroclinic orbits connecting the collision equilibria with the infinity equilibria:
for these orbits the angular velocity is zero (see Figures 2.33 and 2.34);

(2) for B = 2, there is a positive Lebesque measure set of initial conditions
leading to heteroclinic ejection-escape and capture-collision orbits. The rest of initial
conditions, of positive measure too, lead to capture-escape orbits (see Figures 2.35
and 2.36);

(3) for 2 < 3. there are the following subcases:

i) for 0 < a < 2, then there is a positive Lebesque measure set of initial condi-
tions leading to ejection-collision and capture-escape orbits forming two invariant
sets of orbits connected by two unstable circulatory orbits. Also, there is only one
an ejection-escape, respectively, and only one capture-collision (both of them of het-
eroclinic type) and, moreover, for these two orbits, the angular velocity is zero and
the asymptotic radial velocity at infinity is zero (see Figures 2.37, 2.38);

ii) for 2 < a, all orbits are ejection-collision except one having zero angular velocity

and zero asymptotic radial velocity (see Figure 2.39).
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Figure 2.25: The flow in RSIfor h=0and 1 <a<2and 2< 3

Figure 2.26: The flow in RSIfor h=0and2<a < 8
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Figure 2.27: The global flow for h >0 and 0 <a <1 and <2

Figure 2.28: The global flow for h >0and 1 <a < (<2
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Figure 2.29: The global low for h >0 and 0 <a < 1, 3=2

Figure 2.30: The global flow for A >0and 1 <a <=2

us
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Figure 2.31: The global flow for h >0and 0 < a <1, 8>2

Figure 2.32: The global flow for h >0 and 1 < a, 8>2
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Figure 2.33: The global flow for h =0and 0 <a <1 and 8 <2

Figure 2.34: The global low for h=0and 1<a<f8<2
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Figure 2.35: The global flow for h =0and 0 <a <1, =2

Figure 2.36: The global low for h=0and 1 <a <=2
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Figure 2.37: The global low for A=0andO0<a<1,8> 2

Figure 2.38: The global flow for h =0and 1 <a <2, 8> 2
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Figure 2.39: The global flow for h=0and 2 < a < f3



Chapter 3

Regularization and the
Scattering Problem

3.1 Isolating Blocks about an Invariant Set

Let M be a smooth manifold and let ¢ : M x R — M be a flow on M. A subset
A C M is called nvariant if ¢(A.R) = A. Also, if p € M, we denote ¢(p. R) := ¢,.

Definition 3.1.1 An isolating neighborhood for the flow ¢ on M is an open
U C M such that p € U implies ¢, ¢ CI(U), where CI(U) denotes the closure of
U.

Observe that since points of QU leave CIl(U), the maximal invariant set in U
must be closed and is also the maximal invariant set in Cl(U).

Definition 3.1.2 An invariant set A is called isolated if A is the maximal
invariant set in some isolating neighborhood U. In this case we say U is an isolating
neighborhood of A.

Observe that isolated invariant sets are closed, and that if U is an isolated
neighborhood of A, then any set V between U and A (i.e. U C V C A) is also
closed. The word isolated refers to the fact that there are no invariant sets between
A and CI(U) (see Figure 3.1).

Now let B be a compact subset of M with non-empty interior and suppose that
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Figure 3.1: (a) Isolated and (b) and (c) non-isolated invariant sets A

b = 0B is a smooth submanifold of M. Define

b :={peb | ¢(p,(—¢0)) N B =2 for some e > 0}, (3.1)
b-:={peb | ¢, (0,e)) N B =& for some € > 0}, (3.2)
t:={peb| ¢(p,0) is tangent to b}, (3.3)

where @ denotes the empty set.
Definition 3.1.3 B is called an isolating block if t =bT Nb~.
Definition 3.1.4 Let A be an isolated invariant set, and let B be an isolating
block. Then B is said to isolate A if int(B) is an isolating neighborhood for A.
The following theorem was proved by Conley and Easton ([Con-E}).
Theorem 3.1.1 If A is an isolated invariant set, then there exists an isolating
block which isolates A. If B is an isolating block, then there exists an isolated

invariant set (possibly empty) which is isolated by B.
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Following the procedure proposed by McGehee ([McG1]), given an application

I: M — R, we write
I*(p.t) := I(¢(p. 1))
and define

I'(p) := (I') (p.0) and I"(p) := (I")"(p.0),

where (I*) and (I*)” denote the time derivatives. The following lemma was proved
by Wilson and Yorke ([Wi]) (the symbol D denotes the total derivative).

Lemma 3.1.1 Let I : M — [0,oc) and let §o > 0. Suppose that DI(p) 0
whenever 0 < I(p) < 8. Suppose also that I"”(p) > 0 whenever 0 < I(p) < dp and
I’(p) = 0. Then A := I"!(0) is an isolated invariant set and 7~!([0,d]) is an isolating
block for A for each § € (0, dp].

We define the subsets of b which are asymptotic to A:
a*:={peb” | 4(p.[0,)) C B},

a”:=={p€b” | #(p.(—oc.0]) C B}.
By decfinition. if p € b7 — a™, then there exists a t > 0 such that ¢(p.t) € B. Thus
one can define the time spent in the block for a point p € b* —a™ by
T(p) :==inf{t >0 | ¢(p.t) & B}.

Note that ¢(p,[0.T(p))) € B and that ¢(p,T(p)) € b—. Now we define the map
across the block

$:b% —at — b~ by p — ¢(p, T(p))-

Theorem 3.1.2 (Conley and Easton [Con-E]) If B is an isolating block, then

¢:bT—at —b" —a”

is a diffeomorphism.
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Definition 3.1.5 An isolating block B is said to be trivializable if ¢ extends
uniquely to a diffeomorphism b — b™.

Lemma 3.1.2 (Conley [Con]) Suppose that A is an isolated invariant set and
that B, and B isolate A. Then B, is trivializable if and only if B; is trivializable.

Definition 3.1.68 Let B isolate A. Then A is said to be trivializable if B is
trivializable.

We now return to the quasihomogeneous two-body problem. We take ¢ to be
the flow on the manifold M} (2.11) defined by equations (2.8). The invariant set A

is given by relation (2.12). Define
I:M; — R by (r.0,v,u) —r,

and

Bn(6) :={pe My | I(p) < é}.

Lemma 3.1.3 Let 3 < 2. Given any h, there exists a g > 0 such that Bj(4)
is an isolating block for A whenever 0 < § < dg.

Proof We apply Lemma 3.1.1 taking as I(p) the previously defined function I
on M. Then DI(p) g/, uy = 7'

On the other hand the tangent space to M, at a point p = (r,0.v.u) is given
by

{(r'. 0, ) | (1 +h TG{T’)’J ~ v’ —uu' =0}

_B_
(B-a)
so it follows that DI(p) = r' is zero if (v,u) = (0,0). But (r.8,v.u) is a point on
M} and for I(p) =1 =46 we get

[v2 +u? — 2B| = 2(1 + 6@-a7)§

therefore for a I(ry) := &p small enough it follows that (v,u) # (0.0) whenever
6 < dg. Hence, DI(p) # 0 when 0 < § < 8p. Now, using equations (2.8) we see that
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along the flow

I'=r"=(8-a)rv

from where, if I(p) =rd, I' =0 if v = 0. Along the flow on M, and for v =0,
3
I" = (8 — a)rv) = (8~ a)r[B(2 — B) + A2 — a)r + 2hrT-a7]),

Since B(2 — 8) > 0 and r = § it follows that I"” > 0 whenever 0 < § < Jg for &g
small enough. Finally, note that A = I"!(0). Hence, by Lemma 3.1.1, B (d) is an
isolating block for A and the proof is complete.

By examining the figures for 3 > 2, one can observe that in all these cases the
set A is not isolated.

We define now for the block By (4):

b:={peM, | r=25}
v :={peb | v<O0}
b :={peb| v>0}
t:={pe€b| v=0}
at:={pebt | u=0}
a:={p€b | u=0}

Lemma 3.1.4 If A is a trivializable isolated invariant set for equations (2.8),
then 7 = 2(1 — 1/n) where n is a positive integer, n > 2.
Proof First we notice that since A is not an isolated invariant set when 8 > 2,

we must have 8 < 2. Second, we write b as

8
b= {(r.0,v,u) e R4 | m=24, and v? + u? = 2B +2A5 + 2h6 -7 }.
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Also, we write the map across the block as

d: 6t —at — b~ —a", (r6,v.u) — (r,Pe(8,u), —v.u),

where @, is the second component of ®. On b, r = § and

3
v=— \/2B + 2A8 + 2hd B2 — u2, therefore one can use (6. u) as coordinates. Sys-

tem (2.8) being independent of 8,
Py(0,u) =0+ T'(u)

where [ is a function of u defined for all0 < u < 2B + 2A44 + 2hd EE . By symmetry.
[(—u) = I'(u). By hypothesis, By(8) is trivializable, therefore ® extends uniquely
to a continuous map b* — b~. Thus 8 + I'(0—) = 6 + '(0+) + 27nn, where n is an
integer and. since I is an odd function, it follows that ['(0+) = 7n.

Following McGehee’s (see [McG1]) technique, we will compute the number
['(0+) using a geometric method. Let p € a*. Recall the definition (2.18) of S=. By
Lemma 2.3.1, w(pg) is a point s~ in S~ therefore the orbit through pg is actually the
stable manifold of s~. Now let p € b* be close to pg. The orbit through p follows
closely the stable manifold of s~, passes close to §~ and then follows closely the
unstable manifold of s™. Now we need to determine the unstable manifold of s~.

Since the unstable manifold of s~ is a subset of A, we recall the angular variables
(6. x) (2.16) on the collision manifold A and the equations (2.15). It follows that in
the (6. x) variables, the unstable manifolds of points on §~ are just straight lines
with slope (1 - (3/2). As we are looking for I'(0+), we must take —7/2 < x < 7/2.
If s— = (6,0, —V2B. 0), then the unstable manifold of s~ is exactly the stable
manifold of s¥ = (4,6 + 7(1 - 8/2)7L, V2B, 0). So the orbit through p first follows
the stable manifold of s~, then follows the unstable manifold of s~ which coincides
with the stable manifold of s*, and finally follows the unstable manifold of s¥. So

as p — pg, the change in 8 along the orbit approaches the difference in # between
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s~ and s+ which is 7(1 — 3/2)~!. Therefore
[0+) =7mn =7(1 - 3/2)!

from where it follows that 8 = 2(1 — 1/n) where n is a positive integer.

3.2 Block Regularization

In the preceding section we applied the theory of isolated invariant sets to the
transformed system (2.8) for which A in an isolated invariant set. We turn now
to our original problem, the question whether if equations (2.1) can be regularized.
Here, the set A is the set where the vector field of (2.1) fails to be defined. One has
to keep in mind that, after all, the two systems have identical orbits on M, — A.
only the parametrization is different.

We turn now, following Easton ([Eas]) and McGehee ([McGl]). to the definition
of block regularization for system (2.1). Let M be a smooth manifold. let A be a
compact subset of M, and let F be a vector field on M — A, A being the set where
F fails to be defined. Let ¢ be the low on M — A given by F' (we do not require
that ¥(p, t) to be defined for all t).

Let B be a compact subset of M with non-empty interior and suppose thet
b = 8B is a smooth manifold which does not intersect A. Let b™, b~ and t be
defined as in the previous section, and the definition of an isolating block be also

the same. Let O(p) denote the orbit through p, namely

O) = {¥(p.t) | ¥(p.t) is defined}

Definition 3.2.1 An isolating block B isolates the singularity set A if A C
int(B) and if O(p) ¢ B forallpe B — A.
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The subsets a* and a~ are the same as before, except that now we must allow

for solutions which are not defined for all ¢, i.e.
a”={peb’ | ¥(p,t)€ B forall t >0 for which ¥(p.t) is defined, }

a-={pe€b | Y(p,t)eB forall t <0 for which ¥(p.t) is defined.}

The map 9 : b+ —a* — b~ is defined in exactly the same way as the map ¢.

Definition 3.2.2 The singularity set A is said to be block regularizable if there
exists a trivializable block B which isolates A.

As already mentioned. we follow closely McGehee’s procedure for regularization.
Suppose that one can isolate the singularities of a given system with an isolating
block, and suppose that the map across the block can be extended. Solutions passing
close to singularities then will determine uniquely an extension for a solution ending
in a singularity. Thus one can construct an extended flow with the property with
the property of differentiability with respect to initial data. If, on the other hand,
the map across the block does not extend, then such an extended flow does not exist.

In order to apply the aforementioned procedure for regularization, one has to
make extensive use of the fact that an isolated block for an ordinary differential
system is independent of parametrization. If one cannot say anything about the
orbits that are not defined on the set of singularities of the system, the same orbits
are fully visible (i.e. are defined for all ) on the transformed system. Explicitely, in
our case, the singularity at x = 0 became after applying (2.6), the invariant collision
manifold A and, consequently, lost orbits in {x = 0} became orbits defined for all
t on A. Returning to our problem, the block Bj(4) is an isolating block for both
systems (2.1) and (2.8) and the maps é and 1 describe the same orbits. Hence By, (4)
is trivializable for (2.1) if and only if is trivializable for (2.8).

By Lemma 3.1.4 we already know that if A is a trivializable isolated invariant
set for (2.1) and hence for (2.8) then 8 = 2(1 — 1/n). The next section will prove
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the converse of this afirmation, namely that if 3 = 2(1—1/n) then A is trivializable.
Therefore, we are able to state the main result of this chapter:

Theorem 3.2.1 (block regularization for the quasihomogeneous two body

problem)
The quasihomogeneous two body problem generated by a potential of the form
Ux) = —1% — ;%, A >0, B>0and0 < a < g is block regularizable if and only

if 8=2(1- %), where n is a positive integer, n > 2.
3.3 Levi-Civita Regularization

The goal of this section is to prove that if 8 = 2(1 — 1/n) where n is a positive
integer. n > 2, then the invariant set A is trivializable. We start by returning to the
original Hamiltonian system (2.1) and introduce a change of variables analogous to
the Levi-Civita transformation of the Kepler problem ([Lev]).

Assume 8 = 2(1 — 1/n), n an integer with n > 2 and consider the initial sys-
tem (2.1) with the Hamiltonian functional given by (2.3) and total energy H(x.y) =
h = constant. We define the new complex variables z and w by:

x = 2",
{y = wzl—n (3'4)

and consider the new Hamiltonian function by the isoenergetic transformation:
1
K(z,w) = |22 = (H(z",wz!™) — h) = §w2 — hlz2*—D g,

By (3.4) the manifold {H = h} maps into the manifold { K = 0}. Rescaling the
time by

dt = n|z|*"do

the vector field (2.1) transforms to:
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4 _ 2.
{“” |2, (3.5)

v = A(2n — na - 2)|z[?" "2z 4+ 2(n — 1)h|z|2"D;
on the manifold { K (2, w) = 0}.

Equations (3.5) extend to z = 0 and hence the singularity at collision has been
regularized in the sense of Levi-Civita. As an observation. one can see that z = 0
implies |{w|? = 2B and, therefore, solutions of (3.5) pass right through z = 0.

Lemma 3.2.1 Let 8 = 2(1 — 1/n) where n is a positive integer, n > 2. Then
A is a trivializable isolated invariant set for equations (2.8).

Proof By the transformations (3.4) the block Bj(é) becomes in the (z,w)
coordinates

B = {(z,w) e C? | K(z,w) =0, |z|" < §}.

We recall that the orbits of systems (3.5) are the same as the orbits of system (2.1)
on My — A and therefore as the orbits of system (2.8), only the parametrizations
are different. Therefore, using the global flow analysis performed in chapter 2 and,
in particular, figures 2.5, 2.10 and 2.14, one can deduce that the vector field has no
invariant set inside B. Hence the asymptotic sets a* and a™~ for B are empty and by
theorem 3.1.2, the map across the block is a diffeomorphism from the entire incoming
set to the entire outgoing set. Also, using the analysis of the flow on the collision
manifold one can see that the map across the block extends to a diffeomorphism

between bt :={peb | v<0}and b :={pe€b | v>0}
3.4 Physical Interpretation: The Scattering Problem

The following section offers an alternative view over the block regularization. We will
show that block regularization can be regarded as a constraint over the scattering

angle of a particle undergoing a fictional collision.
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Figure 3.2: The scattering angle

We begin by recalling some well-known facts from classical mechanics ([Lan]).
The two-body problem in quasihomogeneous fields is equivalent with the one-body
problem (i.e. the motion of a particle - here of unit mass) in a gravitational central
field with a potential source of the form U(z) = —zi“ + —Z—Bﬁ—, where A > 0. B >0
and 0 < @ < 8 (x being the radius vector between the mass point and the central
source and z := ||x||). Since U’(z) is positive the potential is attractive.

Let us denote by h the total energy, by ¢ the angular momentum and by v+
the velocities of the particle at t = +. If p is such that ¢ = pv. it is always possible
to construct a plane P with Cartezian coordinates (XOY') such that v_ = {—v,0},
v, = {ix,Py}, where 5% + 93 = v2. In (X,Y) plane the central source becomes
the origin O and p is the distance between the direction at ¢ = —oc of the particle
and the OX axis. (see Figure 3.2).

As the particle is approaching the source its trajectory is deviated by the so-
called scattering angle Q. Following classical results ([Lan]) we know that if the
equation

U(z) + 2% =h (3.6)
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has exactly one positive solution £ = zo = z¢(c) for a h > O fixed. then the scattering

angle is well defined and equals 2 = [r — ©| where © = O(c]) is given by

oo S d:
O(c) = 2 / 2= (3.7)
o \J2Ah~U(z) - &
or, in terms of p, © = O(p), with
oo £ dz
o) =2 [ == (3.8)
zo \/1 _ £ _ W)

and

Proposition 3.4.1 Assume 0 < 8 < 2. Then ﬁ%1+6(p) = 22“5
p— -

. 27
RO =375

Proof Since 3 < 2, using elementary calculus it can be shown that the equation
(3.6) admits an unique solution for A > 0 (actually the left hand side of (3.6)
defines the effective (or amended) potential for the motion in a quasihomogeneous
field). Therefore, the © angle is well defined. We point out that for ¢ = 0 i.e.
for p = O the scattering angle is not defined since equation (3.6) has not root in
the quasihomogeneous case. Still we can compute the limit of ©(p) as p — *0.
Mathematical speaking the function 8 = O(p) : R — {0} — R is continuous
everywhere on its domain which excludes the point 0. We are interested in the
behaviour of this function in a neighborhood of 0.

After the change of variable u = p/z, the integral (3.8) can be expressed as

to du

(<) =2 . 3.9
2 0 V1+au® +buf —u?’ (3.9
where
= 22A and b:= —3—3;—
vZ,p® vZ, 0P

1
and ug is the root of 1 + au§ + bug - ug = 0. Using the substitution u = (by)2-3,

we obtain:
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dy

2—a 2-28+4a

__2_ 2-23 _
\/b TByTP +ab Ay -3 +y—y?

o) = 5= [ (3.10)

Now, if p — 0+, then b~75 —» 0and (ab—%) — 0, therefore, by Lebesgue’s

dominated convergence theorem:

. 2 Yo dy 2%
h = =
p—»%n+ ©(p) 2-8Jo \/y —y2 2-7

By (3.8). ©(~p) = ~6(p), hence lim O(p) = —3 .

In other words, imposing the function ©(p) to have equal limit as p — —0

(3.11)

and p — +0, respectively, we obtain that this is possible only for those values of 3
for with the quasihomogeneous two-body problem is block regularizable. For these
values of 3. in the classical framework of the scattering problem. a test particle close
to a collision trajectory (i.e. with small angular momentum) has almost the same
trajectory line at ¢ = +oc. Simple computations reveal that in the case 8 = 2—2/n.
where n is an even number, n > 2, the particle approaching the source will spin
around it n — 1 times (i.e. a multiple of nm, n even) and will exit on the initial
trajectory line, but in opposite sens. Similarly, if 3 = 2 — 2/n. where n is an odd
number, n > 2, a particle with small angular momentum approaching the source
will spin around it n — 1 and a half times (i.e. a multiple of n7, n odd) and will exit
on the initial trajectory line, following almost its initial path.

In the block regularization context we studied the flow and its behaviour on
the fictitious collision manifold. We asked for the continuity of the solutions with
respect to initial data in a neighbourhood of the collision manifold and obtained that
this is possible if and only if 3 = 2(1 — ;11-), where n is an integer, n > 2. A fictional
particle colliding into the source (seen here as being the collision manifold) “exits”

it in a reflection if n is even or a transmission if n is odd. In physical reality,
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the collision manifold has no meaning, for it represents a set where motion fail to
exist. A physical particle colliding into a point size source will stop there. Still.
its neighbours will continue their motion as they would flow close to the fictitious
particle.

At the other end, the same physical picture is obtained if one applies non-
divergence conditions upon a ray of particles scattered by a quasihomogeneous
source. The scattering angle of a particle is a function of the angular momentum
¢, function not defined at ¢ = 0. Still, imposing to the particles with small c’s to
have almost the same trajectory line before and after scattering (i.e. the scattering
angle must be the same modulo multiples of 2r as ¢ — £0). one obtaines the same
result as applying block regularization. After being in the proximity of the source,
particles with small ¢’s continue their motion flowing closely to a fictitious particle
that elastically bounced (8 = 2 — 2/n, where n is an even number. n > 2) or just
passed through the source (8 = 2 — 2/n, where n is an odd number, n > 2).

Therefore one can say that the block regularization is the mathematical expres-

sion of a constraint on the classical scattering angle.
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Chapter 4

A Helium Atom Model

We study the dynamics for a system of differential equations that provides a classical
model for the helium atom. This model consists of a planar isosceles 3-body problem
with one nucleus and two electrons, whose law of motion is given by a Maneff-type
potential with charges. We first describe the qualitative features of the flow near
triple collision and then find several global properties. For negative energy. we put
into the evidence an open, connected manifold of uniformly bounded, collisionless

solutions.

4.1 Equations of Motion

We consider 3 particles moving in a plane. Two of them, called electrons, have mass
1, whereas the third, called nucleus, has mass 1. We attach to the electrons negative
charges and to the nucleus a positive one. The position of the equal-mass particles
are given by the vectors q; and q;. The position of the unit-mass particle is given
by the vector q3- We assume that the dynamics of this system is described by a
quasthomogeneous potential (i.e. a sum of two homogeneous functions) of the form

W =U +V, where

eie; eie;
Uq) = 1 E Vi) =—vy —21—
gl‘li 1<JI Qi _QJI
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e, = ez = —u,e3 =1, v and u are small positive constants, and q = (q1.q2.q3) is
the configuration of the particle system. This means that the equations of motion
are

4 =M"'VW(q),

where V denotes the gradient and M ~! is the inverse of the 6-dimensional matrix
M whose elements are 0 except for the diagonal ones, which are p. . 2. . 1.1. This
system can be written in Hamiltonian form as
- _ 9H

{ g _ P (4.1)
where p = Mq is the momentum and H(q,p) = %ptM‘lp —W(q) (with ¢ denoting
the transposed vector) is a conserved quantity called total energy; this is the sum of
the kinetic energy, %p‘M ~1p, and the potential energy, —W(q). In other words, if
(q. p) is a solution of (4.1), then

H(q(t), p(t)) = h (constant). (4.2)

We can now prove the following result, which is intuitively obvious due to the fact

that the electrons have the same charge.

Collision Theorem. The electrons cannot collide with each other, unless they also

collide with the nucleus.

Proof. If written explicitly, the integral of energy (4.2) takes the form

2 2 [ Y b ™ __

28 T ) qt) ) anl) @)

where g;; = |qi(t) — q;(t)| is the distance between the particles : and j. As in

1
EPtM_lp'*'

celestial mechanics, collisions take place at finite instants of time (see [Dia]). If the
electrons collide (but do not collide with the nucleus), then g;2(t) — 0; since the

collision instant is finite, q13 and ¢o3 remain bounded. Therefore the left hand side
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of the above relation tends to infinity, while the right hand side remains finite. This

contradiction proves the result.

The goal of this chapter is to study a subset of solutions of system (4.1). namely
that of isosceles configurations. It is easy to see that for properly chosen initial con-
ditions. the system maintains a configuration whose shape and size can vary in time
but which remains isosceles. According to the Collision Theorem and to the sym-
metry maintained by the configuration, the only possible collisions of the isosceles
problem are triple. To exploit this symmetry, the subset of isosceles solutions is more
conveniently expressed in the (Jacobi) coordinates (x,y) defined below. To obtain
the new expression of the equations of motion, consider first the transformation

X1 =q1 — Q2
{xz =q3z— j(Q +q2).
Notice that the position vectors are horizontal and vertical. respectively. i.e. x; =
(x,.0). xo0 = (0.z3), which means that the motion of the three particles is expressed
with respect to the base and hight of the isosceles triangle. These are the Jacob:
coordinates used in a more general context in celestial mechanics (see e.g. [Win]).

Let us further denote

X = (xle -’52)
Y = (y1. 92):

where y = Ax,

5 0
A= (0 _2£‘_) :
2u+1
In (x,y)-coordinates, the equations describing the motion of all isosceles solutions

G

- 1 _ -
H(x.y) = 3y'A ly - W(x),

is given by the Hamiltonian system

(4-3)

I
S’ié’.&‘g'

where
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W(x) = (-J(x) + V(x),
2

2
- 7 4u ~ 9773 8vu
174 — .
Ulx) =——+ (x) = 2 22 + 473

____—_7
Tt [r? + 423

In what follows we will describe the qualitative behaviour of the flow given by

equations (4.3). We will fully understand the features of the flow for & > 0. From
both the physical and the mathematical points of view. the interesting case is that

of negative energy, h < 0, as we will see in Section 10.

4.2 Transformations

In order to reach this goal we first want to understand the motion near triple collision.
For this we will use a technique introduced by McGehee in 1974 (see [McG2]). The
idea is to blow up the triple-collision singularity into a so-called collision manifold,
paste the manifold to the phase space, and then understand the motion near triple
collision by describing the flow on the collision manifold. From the analytical point
of view this means to extend the equations of motion such that to include the triple-
collision singularity. To perform the blow up we need to go through a sequence of

transformations, which are all analytic diffeomorphisms. The first one is given by

r = (xtAx)'/?
s=r"lx
w=y's

z=Aly —ws.

Notice that the new variables are connected by the relations
sfAs =1 and z'As=0.

Similar coordinates have been previously used in [Dev] and [Dia] for the study of
the isosceles problem with Newtonian and Manev potentials, respectively. The co-

ordinate r is the moment of inertia, which is a measure of the particles’ distribution
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in the plane of motion. Notice that the triple collision takes place when r = 0.
The coordinate s is a rescaled configuration. whereas w and z are the some kind of
rescaled radial and tangential momenta of the particle system. We further consider

the rescaling coordinate transformation
v=rw
u=rz
and the time-rescaling analytic diffeomorphism
dr = r~2dt.

These lead to the system

r=rv

s =u

v = v +ufdlu—r0(s) — 2V (s)

u = —(utA~'w)s + r(U(s)s + VU(s)) + 2V (s)s + VV (s).

which is equivalent to equations (4.3) for r > 0. The prime now denotes differenti-
ation with respect to the new fictitious time variable 7. The above gradients. vU
and VV are meant in the metric induced by the matrix A. The new energy relation
is

-21—(u‘A'1u +v2) —rU(s) — V(s) = r2h.
Notice that both the new system and the energy relation are now defined for r = 0.

which means that the triple collision is not a singularity anymore. The transforma-

_ 0 (0050) u=u \/;g: 0 (—sinﬂ)
“\o 2231 | \sing )’ - 0 2utl cosf )’
73

2u

tion

"N

leads to a new system, equivalent to equations (4.3) for r > 0,

Y =rv

0 =u

v =u? + 02 - rU(9) — 2V (0)
u' = 2rU(6) + 2V (9).

(4.4)
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The upper dot represents differentiation with respect to 8. System (4.4) has the

energy relation

u? + v — 2rU(0) — 2V (8) = 2r2h, (4.5)
where
5 4#:;
’1,2 2
U@ =— + s
M E= AN FemesT)
d
" u? 4ypu?
V() =

—_ + .

2cos?26 1+ 2usin?6
This energy relation foliates the phase space into so-called integral manifolds, whose
topology may change with A. If restricted to r = 0, the energy relation becomes

u? + v? = 2V (#). We will therefore define the collision manifold as
C = {(r,0,v,u)|r =0 and u?+v? =2V (0)}.

This invariant set is homeomorphic to a sphere. The equations that describe the

flow on C are

=0

0 =u

v =u® + 0% -2V (6)
u =2V (9).

Our goal is to study the flow of system (4.4) for every level h of the integral manifolds,
both for r = 0 and for r > 0. Notice that C is the same for every h. The flow that has
physical significance is the one on the invariant set r > 0. Still, the study of the flow
on C will give us information on the behaviour of solutions in the neighbourhood of

triple collisions.

4.3 Relative Behaviour of U and V

In order to perform our analysis, we will need to understand the relative behaviour

of the functions U and V for different values of the parameters u and v. Let 0_{'{ and
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“T

u

Figure 4.1: The graphs of 8% and 6{ as functions of u.

6% be the positive roots of the functions U and V respectively. It is easy to compute

that

0(:~£._.£ and 0‘-~£—_1—\/-_

+=7 77 IV A
For 0 < u < 2 we always have 6% < Y, for u = 2, 8¥ = 6% and for u > 2. 6% > 6%
(see Figure 4.1).

Also, the relative behaviour of U and V is different in the intervals (—2c. )

and (vg.+oc). where 79 = \/g(l -~ S—j—#). If v < 70, the maximum values of U and

V are

Nis

_ 4=
Uma:::“" "‘\/—"2_

The corresponding graphs of U and V are given in Figure 4.2.

> Vinaz = 4(8 — p)p’.

Notice that the negative roots of U and V, 8V and @, are symmetric for ¥

and Y, respectively, relative to the vertical axis. In other words, 8 = —6Y and
oY = —6Y.

If v > v0, ther

3
4 — 2
Uz = M < Vinas = 48 — i
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V(o
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Figure 4.2: The relative behaviour of U and V for v < 7.

Also, calculations lead to

a _
de ~—

— i 25in@ [ 32cos 8 ]

m
+
V2cos20 /(2 + 4y sin? 0)3

and

W o 2P sind| e+ o050
g ~ M 2c0s20 | (1 +2usin28)2 |’

Since § € (7/2,7/2), U and V are strictly increasing on (7/2, 0] and strictly decreas-

ing on [0.7/2). The corresponding graphs of U and V are depicted in Figure 4.3.

In what follows we will restrict our analysis to the case of u and v small, i.e.
p << 1 and 4 < 99, which are of physical interest for the helium and for other

two-electron atoms.

4.4 The Flow on the Collision Manifold

Let us start by noticing that system (4.4) has exactly two equilibrium solutions,

N=(0,0,p 1(—8?_-’-‘1,0) and s=(0,0,—u\/1<-82;“—),0),
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Figure 4.3: The relative behaviour of U and V for v > .

and that both lie on the collision manifold C. Due to their positions on the sphere
we will call N and S the north pole and the south pole, respectively (see Figure 4.4).

Linearizing system (4.4) at the equilibrium V. we obtain the eigenvalues

\/7(8 — = 24,/ ﬁ;—“l, A3s = £17u37i.

If linearizing system (4.4) at the equilibrium S, the eigenvalues are

/ 8 — [v(8 —
=—U ZL?L), Yo = —2u ﬂ"?'u_)a P34 = £17pi.

This shows that both N and S are nonhyperbolic equilibria that have a 2-dimensional
centre manifold.

The equations (4.4) restricted to the collision manifold C take the form

=0

& =u

v = uz- +v2 -2V () (4.6)
u' =2V (8).

Using the energy relation

u? + v?2 =2V (6),
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Figure 4.4: The flow on the collision manifold C.

system (4.6) becomes

r!

(4.7

il
og ©

‘4
o
u' =2V (6).

Since v = 0 it follows that the flow on C is simple; it consists of periodic orbits
and the two equilibria N and S (see Figure 4.4). Indeed. for every fixed value
of v, the 8-component of the solution is periodic in the independent variable and
alternates between two extreme values, 8 (v) and 6_(v), which can be computed as
complicated arccosine functions. But since we don’t need them further on, we will

not compute them here.

4.5 The Poincaré Map

Now that the flow on C (i.e. for r = 0) is completely understood. we would like to
clarify how the flow behaves near C. For this we will first estimate the Poincaré
map for each periodic orbit v = constant belonging to the collision manifold. The

goal of this section is to prove the following result.

Lemma 1. The periodic orbits on the collision manifold have an associated Poincaré
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map with eigenvalues 1 and A. For the orbits of the northern hemisphere (with
v > 0). it follows that |\| > 1, whereas for those of the southern hemisphere (with

v < 0), it follows |\| < 1. Along the equator (v =0), the linear part of the Poincaré

(e 1)

Proof. The key to the proof is to estimate the derivative D P of the Poincaré map.

map has the form
where ¢ > 0 for small u.

For this we need to follow several steps.

1. Assume that a given nonautonomous system x' = f(x,0). periodic in the
independent variable 8, has a periodic solution 7. The first step is to compute
the linear part of the system about this periodic orbit 7. i.e. to obtain the
matrix

A(6) = Df(n(8).9).
which is also periodic in .

2. The second step is to find the solution of the initial value problem

{ X'(6) = A(6)X(0)
X(6) =1,

where [ is the unit matrix. In general this cannot be done, but we will extract

the desired information from the implicit form of the solution.

3. According to Floquet theory (see e.g. [Har]), we can write the solution of the
above initial value problem as X (8) = Q(8)e??, where Q is a periodic function

in 8. The third step is to accomplish this goal.

4. The fourth step is to compute the period T of the orbit 7(8).



4.5: The Poincaré Map 78

Then the linear part of the Poincaré map for the periodic orbit 7 is given by the
formula

DP = 87T

So in order to complete the proof, we need to estimate B and determine T. Let us

now proceed with this plan.

Step 1. Consider system (4.4). Since DP is independent of the choice of the local

cross section, we choose this section to be the half plane
{(0,u,v)|0 =0,u > 0}.

which is transverse to the flow.

For a fixed value of v, we have a periodic solution n on the collision manifold
C. Along one period, this periodic orbit can be divided into three parts. In part 1.
6 increases from zero to the maximum value of the variable 8, namely 8. (v). with
u > 0. In part 2, @ decreases to the minimum value of the variable 6. namely 6_(v),
with u < 0. In part 3, € increases back to zero with u > 0.

We will now transform system (4.4) to a nonautonomous one in which 4 is the
new independent variable. This will allow us to compute the period of the orbit

without solving the differential equation. Using the fact that Z—; = % . Z—; and

% = %,‘—f . ‘;—5, it is easy to see that the autonomous system (4.4) is equivalent to the

nonautonomous system

dr _r1v
dé  u
(4.8)
_‘fﬂ _ 2r2h + rU(6)
de ~ u ;

where, from the energy relation, u is given (up to its sign) in terms of r, v, and 6.

But since r and v now depend on 8 we can write

u(6) = £/2(r2h +rU(6) + V (6)) - 2.
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In our next computation we will need the partial derivatives of u with respect to r

and v, so we write them here both explicitly and in terms of u as

du _ 2rh + U(6) _ 2rh+ U(8) (4.9)
or T \V[rh+rU@) + V(0) —vZ u ’ :
ou —v v

& - T AChITOIVO = | u (4.10)

Along an arbitrary orbit, the linear part of the vector field f that defines sys-
tem (4.8) is given by

J_dr 3 dr

3rdd Bvdd
Df =

3 dv 3 dv

ordd Svdf

Rl
Rl
2
o

_ rvou
u? or

4rh+U(8) _ 2r2h+rU(9) gu  _ 2r2h+rl(6) Ju
u us u? ov

v _ rv(2rh+U 9)) v ru?
u u T u

4arh+U(8) r(2rh+U(8))? rv(2rh+U(8))
u u> us

We can now see that the linear part of the flow on the periodic orbit 7 is given by
A(@) =D 6),6 « 0
(6) =Df(n(6),0) = o) :
u
which is periodic in €. This completes Step 1.
Step 2. Next we would like to solve the initial value problem

{ X'(8) = A(6)X(6)
X)) =1.

6
The solution to this linear equation is X (0) = elo A % but in general we cannot

solve the integral fg A(s) ds without explicitly knowing the periodic orbit. However,
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we can write the solution in terms of this integral. Let F(8) = f: ﬁ's)ds and

G(9) = f¢ Y2 ds. Then

u(s)
( F@®) o )
X() = ef: A _ \ GO) 0/ (

eFO)

- O
N——

G(8)(eF 8 1)
F(0)

This completes Step 2.
Step 3. Now we would like to write X (8) as Q(0)e??, where Q(0) = [ and Q is

periodic in 8. Because X(#) is a lower triangular matrix, Q(8) and e?? are also
lower triangular. Moreover, we can see that the eigenvalues of X (8) are ef(9) and 1.

Bé

Since e”“ must contain the linear part of the logarithm of one eigenvalue, we know

that X (6) can be written as

e®® 0 e 0
X 0 = 7
(©) x 1 *9 1

where F(8) = a8 + #(0) and ¢(0) = O(6%). We have denoted by o the zero-order
part of I, i.e.

a = v(ypu?(8 — p) — v V2
Note that *; and x» must be chosen such that x; is zero at § = 0, x; is periodic in

F(8) _ . . .
0. and e®? x| + xp = g—@l(,%m—ll. It is easy to see that such choices always exist.

We can now write B explicitly as

a 0
5=(55):
where 8 = 3*2;. This completes Step 3.
Step 4. Recall from Step 1 that we divided the trajectory of our periodic orbit 7

into three parts. In part 1, 8 increases from zero to 6. (v) with u > 0, in part 2,

decreases to 8_(v) with u < 0, and in part 3, @ increases back to zero with u > 0.
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So the period of 77 is T = 46, (v). We can now also claim that the derivative of the

DP=eBT=(eaT 0)

Poincaré map is

x* 1
and that it leads to the eigenvalues of 1 and e®7. Since a and v always have the
same sign, v > 0 implies that €27 > 1, whereas v < 0 yields 0 < e®7 < 1. This
completes the first part of Lemma 1.
For the case when v = 0 and u is small, we review the same steps as above for

v # 0. The linear part of the vector field on the equator reduces to

0 O
A(9) = ( ) .
ue o
U(9)

The entry =~ of this matrix cannot be expressed in terms of standard functions.
However, if we assume that g is small and write the series of Egl with respect to pu.

then, to the first order in 4.
0 O

\/§0

Since 2_.;1 is constant, we can compute DP as

A@B) =

0

1
T\[2§1

Since T/ 2,75 > 0, using the continuity with respect to the parameter u, we can draw

1 0
DP = s
c 1

where ¢ > O for u sufficiently small. Note that the eigenvalues of DP are both 1

DP =

the conclusion that

for any pu since the eigenvalues of A(@) are both 0 for v = 0 and for any u. This

completes the proof.
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Figure 4.5: The flow in the neighbourhood of the collision manifold C.

4.6 Collision and Near-Collision Orbits

Lemma 1 of the previous section allows us now to understand the behaviour of all

collision orbits. The conclusions are summarized below (see also Figure 4.5).

Theorem 2. The south pole S of the collision manifold has a 1-dimensional local
stable manifold, every periodic orbit of the southern hemisphere has a 2-dimensional
local stable manifold, every pertodic orbit of the northern hemisphere has a 2-dimensional
local unstable manifold, the equator has both a 2-dimensional local stable and a 2-
dimensional local unstable manifold, and the north pole N has a I-dimensional local

unstable manifold.

Physical interpretation. The orbits tending to C are triple collisions between the
electrons and the nucleus, whereas those tending away are triple ejections. The 1-
dimensional local stable manifold of the south pole C consists of all rectilinear orbits
that end in a triple collision (see Figure 4.6a). Analogously, the 1-dimensional local
unstable manifold of the north pole N consists of all rectilinear orbits that start from

a triple ejection. The 2-dimensional local stable manifold of the periodic orbits in
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(a) —3- ~&

(b) »"4

Figure 4.6: (a) Rectilinear and (b) oscillatory triple-collision orbits.

the southern hemisphere (v = constant < 0) of C consists of solutions that oscillate
before colliding (see Figure 4.6 b). Another way of interpreting these solutions is to
think that the electrons move on a straight line towards each other, while the nucleus
oscillates up and down, the amplitude of each oscillation decreases in time until it
becomes infinitesimally small and the triple collision takes place. Analogously. the 2-
dimensional local unstable manifold of the periodic orbits in the northern hemisphere
(v = constant > 0) of C consists of solutions that eject from a triple approach in

the same oscillatory way.

Proof of Theorem 2. The statements regarding the poles S and N follow from
the linearization results of Section 5, whereas the ones involving the periodic orbits
for v = constant # 0 are a direct consequence of Lemma 1 in Section 6. Therefore
the only assertion that is not obvious concerns the equator (v = 0). Due to the
degeneracy of the linear part DP of the Poincaré map computed in Lemma 1, we
cannot draw an immediate conclusion. To overcome this difficulty we will use the
following result obtained in [Cas].

Let F = (Fy, F;) be a 2-dimensional analytic function defined in a neighbour-
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hood of (0,0) in R2 with values in R2? such that
0
1. F(0,v) = <v)’

1 0

2. DF(0.0) = (c 1) with ¢ > 0,

3. 8 = D,D,F,(0,0) > 0.

Then there exist stable and unstable manifolds of (0,0) which are. locally. graphs
of analytic functions, that is, W2 _(d) = {(¢*(v).v)|lv € (—6.0)} and W} _(d) =
{(¢*(v),v)|v € (0,8)}, where p** ~ (v2, with ¢ > 0 constant. (By W{_. and
Wy . we have denoted the local stable manifold and the local unstable manifold.
respectively). At v = 0 the functions ¢°'* are only Lipschitz in general.

Let us now show that the conditions of the above theorem are satisfied by our

Poincaré map. According to the computations presented in Lemma 1, this map is

P = (pen)) = ( e: (1) ) (2)+ (o)

where O; and O, are functions containing terms of order 2 and v? or higher. a =

of the form

v(yp?(8 — ) —v2)~Y2 and T > 0 is the period. Some straightforward computations

allow us to draw the following conclusions.

1. P(0,v) = (g)
10

2. From Lemma 1 it follows that DP(0,0) = (c 1), with ¢ > 0.

— T

3. D,D,P;(0,0) = ;m > 0.
Since all hypotheses of the above theorem are satisfied, the existence of the 2-
dimensional local stable and unstable manifolds of the equator follows. This com-

pletes the proof.
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S
Figure 4.7: An orbit that barely misses the triple collision.

Remark 1. Though binary collisions cannot occur, the set of initial conditions leading

to triple collisions has positive measure.

Remark 2. We might be tempted to think that if the electrons come close enough to
the nucleus, a triple collision takes place. But there are orbits that can come very
close to collision and miss it. Such an orbit is sketched in Figure 4.7. Its existence
follows from the continuity of solutions with respect to initial data near the collision
manifold C. In physical space this orbit behaves very much like the triple-collision
oscillatory solution in Figure 4.6 b), just that when the electrons come close enough.
the nucleus is not in their proximity, so the mutually repelling force of the electrons
becomes stronger than the attraction force exercised by the nucleus. Therefore the
electrons stop first and then change direction moving away from each other. The

set of initial conditions leading to solutions of this kind has positive measure.

4.7 The Zero-Energy Case

Now that we understand the qualitative behaviour of solutions at and near triple

collisions, let us find out more about the global picture. For this purpose we will
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divide our analysis in 3 parts, according to the possible choices of the energy constant
h. In this section we will discuss the zero-energy case and will treat the positive-
and negative-energy manifolds in Sections 9 and 10, respectively. So let us assume
for now that A =0.
To determine the asymptotic behaviour of the solutions at infinity. we transform

equations (4.4) with the help of the following change of variables.

u= pliu

v = p2v,
which is an analytic diffeomorphism. Further applying the time rescaling transfor-
mation

dr = p%ds,

which is also an analytic diffeomorphism, we obtain a system equivalent to (4.4) for
r.p >0,

po

A VW
Il
2 &1

(4.11)

2+ 39° - U(9) —2pV(6)
@' = —1av +2U(6) + 20V (9),

where the prime now denotes differentiation with respect to the new fictitious time
variable s and the dot means differentiation relative to 8. In these new coordinates,

the energy relation (4.5) with h = 0 takes the form
@ + 52 — 2U () — 2pV (0) = 0. (4.12)
Let us define the infinity manifold with the help of relation (4.12) as
I={(p.0,5,a)lp =0.4% + a® = 2U(6)}.

This definition is justified by the fact that the low on I represents the virtual motion
at infinity. Indeed, if r = oo (i.e. when the distance between at least two particles

becomes infinite), then p — 0. The infinity manifold is also homeomorphic to a
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sphere (see Figure 4.8). The flow on I is described by system (4.11) restricted to

the infinity manifold I and is expressed through the equations

pF=0

¢ =a

¥ =u%+ 35° - U(8)
' = —Lav + 2U(9).

The energy relation (4.12) on the infinity manifold is given by

a2 + 52 = 2U(8).

(4.13)

(4.14)

Let us now determine the flow on I. For this notice first that system (4.11) (as well

as (4.13)) has two equilibria:

N=(o,0, m,o) and 5:(0,0,— gg(O_)’O .

3 3

which lie on I and we will therefore call infinite north pole and infinite south pole.

respectively. The eigenvalues of N are

) 3 4 3 3

fio =7 222, 5, =1 ( - \/2U(O) + \/2U(O) — 66v/2u}

whereas those of S are

s = | 22O 1,;2,4=1(\/2U(0) N \FU(O)  66vEu

3 4 3 3

Thus for u < 145 all eigenvalues of N and S are real, A, A2, A4 < O, A3 > 0.

&17&23 1134 > Os and 12;3 < 0.

Using (4.14) and the third equation of system (4.13), we obtain that

1
-1 -2
v = —2u 3

which means that the flow on I is increasing with respect to the variable 7, so there

are no periodic orbits. Thus the flow on the infinity manifold looks as in Figure 4.8:
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N
S
Figure 4.8: The flow on the infinity manifold I.
all non-equilibrium solutions connect the infinity south pole with the infinity north

pole. This will help us understand the global flow on the zero-energy manifold. Let

us first prove the following result.
Lemma 3. FEvery solution (r,0,v,u) of system (4.4) for which h = 0 is such that
v’ > 0 with v =0 only at triple collisions.

Proof. ;From the energy relation (4.5) we have that
UM@G)r +V(0)] =u?+v2 >0, (4.15)

which implies that U(@)r + V(8) > 0. Recalling the definitions of U and V in
Section 4, notice that U(8) > V(0) for u and « small (see Figure reffig302). From
this and (4.15) it now follows that

(r+1)U(8) >0,

so U(8) > 0. This also implies that 8 belongs to the interval (¥, 8Y) (see Figure 4.2).
Using further the energy relation (4.5) with A = 0 and the third equation in (4.4),
we obtain that

v =rU(9),
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Figure 4.9: The flow on the zero-energy manifold, 2 = 0.

so v’ > 0. Notice that v = 0 only if r = 0, i.e. at triple collision. This completes

the proof.

We can now fully understand the qualitative behaviour of the flow for 2 = 0,
a manifold that can be represented as the region between the two nested spheres C
and /. Notice, however, that this representation is given in two different charts. One
chart is that of equations (4.4), which is convenient to use for describing the motion
in the neighbourhood of C; the other chart is that of equations (4.13) and it suits
the description of the flow near I. Since systems (4.4) and (4.13) are equivalent in
the open region between the nested spheres I and C and since this representation
allows us to visualize the global flow on the zero-energy manifold. we will further use
it. The manifold h = 0 contains 5 classes of orbits. Their description and physical

interpretation are given below.

1. The solution connecting the infinity south pole S of I with the south pole S
of C represents a rectilinear orbit in which the electrons are captured from

infinity and end up in a collision with the nucleus.

2. The solution connecting the north pole N of C with the infinity north pole
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w

N of I represents a rectilinear orbit in which the electrons eject from a triple

approach with the nucleus and escape to infinity.

. The solutions connecting the infinity south pole S with the infinity north pole

N that avoid the collision manifold C represent oscillatory orbits in which the
electrons are captured from infinity and end up evading to infinity. without
to encounter collisions. The solution drawn in Figure 4.7 also belongs to this

class.

. The solutions connecting the infinity south pole S of I with any of the periodic

orbits of the southern hemisphere of C (including the equator) represent orbits
in which the electrons are captured from infinity and then lead to an oscillatory

triple collision with the nucleus.

The solutions connecting any of the periodic orbits of the northern hemisphere
of C (including the equator) with the infinity north pole N of I, represent
orbits in which the electrons eject from a triple approach with the nucleus and

escape to infinity through oscillatory motion.

From the above we can draw the following conclusion, which shows that the

dynamics on the zero-energy manifold is uninteresting from the point of view of the

helium atom.

Theorem 4. Every solution (r.0,v,u) of system (4.4) for which h = 0 is such that

lim, , o 7(7) = 00 or lim,_,o r(7) = o, therefore it is unbounded.

4.8 The Positive-Energy Case

In this section we will show that the qualitative behaviour of the flow for h > 0

is similar to the one in the zero-energy case. Unfortunately we cannot use the
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infinity-manifold technique of Section 8 and therefore do not have the previous nice
representation of the phase space. But we can rely on the analogy with the orbits

drawn in Figure 4.9. Let us first prove the following result.

Lemma 5. Fvery solution (r,0,v,u) of system (4.4) for which h > O has the
property that v' > 0, with v' =0 only at triple collisions.

Proof. From the energy relation (4.5) we can write that
-;—(u2 +v2) = hr2 + U@)r + V(9).

Since u? + v? > 0 it follows that hr? + U(8)r + V(8) > 0. Using the properties of
quadratic polynomials, we see that this inequality is satisfied for all = when A > 0
and U?(6) < 4hV (0). This happens only if V(8) > 0, i.e. if 8 belongs to the interval
(6*..6Y). But in this interval U(@) > 0. From the third equation of system (4.4)

and the energy relation (4.5) it follows that
v =r(2rh + U(8)),

which means that v/ > 0. Obviously v = 0 only if r = 0, i.e. at triple collisions.

This completes the proof.

Using the continuity of the solutions with respect to initial data. it becomes
clear that the qualitative features of the flow for A > 0 are very similar to the ones
of the zero-energy manifold. Since every solution is increasing with respect to v,
no periodic solutions occur and since there are no equilibria other than N and S.
an orbit can belong only to one of the following classes: capture-collision, capture-
escape, or ejection-escape. Therefore we can draw a conclusion similar to the one in

Theorem 4.

Theorem 6. Every solution (r,0,v,u) of system (4.4) for which h > 0 is such that

mr o r(7) = 00 or lim,_,o r(7) = oC, therefore it is unbounded.
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This implies that the dynamics on the positive-energy manifold is also simple

but uninteresting from the point of view of the helium atom.

4.9 The Negative-Energy Case

This is the case in which we can put into the evidence a large class of solutions that
may be interesting for the helium and other two-electron atoms. For this let us start
by noticing that if we use the energy relation (4.5), the first and third equations of

system (4.4) can be written as

r=rv
{v' = r(2hr + U (). (4.16)

We will further regard (4.16) as an independent system in which the only information
we retain about U is that it is a bounded function of € in the interval (0(1'.06;). The
time-rescaling transformation

do = rdt

changes (4.16) into the equivalent system

r=uv
{u'=2hr+cum, (4-17)

where the prime now denotes differentiation with respect to the new time variable o
and, by abusing the notation, r.v, and U(6) are now functions of . Notice however
that this transformation may introduce solution singularities. In other words there
may exists solutions defined on an open interval (o;,02) for which at least one end,
o} or o9, is finite.

Denotiong w? := 2(—h), system (4.17) can be written as the second-order equa-
tion

" + Wr = U(6), (4.18)

which represents a forced harmonic oscillator. The corresponding homogeneous

equation " + w?r = 0 leads to bounded solutions that oscillate up and down with
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positive and negative values for r. Of course. in our original equation r" — 2hr =
U (8), r cannot take negative values. Moreover, if r = 0 at some point in time, the
solution encounters a triple collision.

Since we are using only the fact that U is bounded for  in the interval (67,6Y).
it will be impossible to obtain the exact solution of (4.18). But we can show that,
within the open and connected set of solutions I' (which will be defined in the proof

Theorem 14), r can be estimated as
0<r(o) < Rmaz.

In other words, every solution in I" will be proved to be bounded and collisionless.

In preparation for our main result, let us prove the following lemmas.

Lemma 7. For every solution (r.0,v,u) of system (4{.4) for which h <0, the range

of the component @ is included in the interval (Of,OE).
Proof. Since h < 0. it follows from the energy relation (4.5) that
rU(8) + V(8) > 0.

Since U(6) > V() for every 8, we can draw the conclusion that (r + 1)U (8) > 0. so
U(6) > 0 and therefore 8 belongs to the interval (65,0?;), at most. This completes

the proof.

Lemma 8. For every solution (r,0,v,u) of system (4.4) for which h <0, there is a
6", 0 < 6" < 6Y such that |6(c)| < 6" for any o.

Proof. Taking into account that the energy relation 4.5 can be written as:
%(u2 +v%) = hr? + rU(6) + V(6), (4.19)
and denoting by f(r,8) the right hand side of 4.19. i.e.

f(r,8) := hr? 47U (8) + V(6). (4.20)
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we observe that f(r,0) must be positive at any time. The idea of the proof is to
show that for every fixed negative energy level h, the 8 component is bounded by a
6" with 0 < 8% < @Y, where every c is a positive level of the functional f(r.8). If
this is the case. then the & component is bounded by

ot = sm)x;g 0"}, (4.21)
C_

and if 0 < 6" < Y. the conclusion follows.
Therefore we will prove that for every fixed h < 0and ¢ > 0. 6% :=sup{|8| | f(r.0) =
c} is such that 0 < 8% < Y and sup8” := 6" < ¢Y.

c20 )
Let us observe that for 8 > 6Y we have U(6Y) =0, V(6Y) < 0 and hence,

f(r.0%) =hr? + rUBY) + V(6Y) < 0. (4.22)

Now,. let us assume that 0,’:‘ > 02. Then, since f(r.0) is continuous and well
defined for any r and 6 (|#] < %), there is a sequence {(ri.6;)}i>0. such that
lim (r.,6;) := (7, ) with 6 > 6Y. It follows that for i large enough. U(6;) < 0.
V(6;) < O (see Figure 4.2) and, consequently, f(r;,6;) = hr? + rU(6;) + V(6:) <0
since at the limit, by (4.22), f(7,8) < 0. But f(r.6) must be positive at any time:
contradiction. Therefore 8! < 8Y for any ¢ > 0.

It remains to prove that 51>1p 0" < 03_'. Let us assume that sup.> 6% =Y. Then
there is a sequence {c;}i>o0 succl;?:hat ‘l_xgxo 02 = 0_’;_ Then, for any r. f(r. 02".) =¢ 20

and lim f(r, Bg) = f(r, 02) < 0; contradiction. Therefore, sup 02 < 6Y.
1—0o0 c20 '

Lemma 9. For every h < 0 fixed, the r component of system 4.4 is bounded.
Proof. We have to show that there are initial conditions for which the r-component
of system 4.4 is bounded.

We start by observing that, since 8 € [—6",8"], the range of U (8) is [U(8"), U (0)]
with U(6*) > 0. In other words, the right hand side of (4.18) is always a strictly
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positive number in between [U(6"),U(0)]. Also, one can explicitely solve eq (4.18)

obtaining:

r(o) = [c1 + £ f§ U(6(s)) cos(ws)ds|sin(wa)+
[e2 — Z Jg U(8(s)) sin(ws)ds] cos(wo).

or, using some trigonometry,

(4.23)

2
(o) = \J ( /c% + 3 cos wp — Q%gzll) + (2 + c3) sin® wy cos (wo — w )+ (4.24)
L U6

we *

and further,

-
rio) = \/(ch + ) — WD g g 1 LD con o — )+ (495
_*_U!G(a“

[

LOEN /2 + 3 coswg
V& + &sinwo

where w = vV—2h, wg = arctan %f and w; = w;{o) = arctan

It follows
2\/c2 + %U 6(c
r{o) < \J(Cl +é) - 1 ,2 ©) Coswyg U2(0,4(d)) ’ U((e,('zd))

and further, since U(68) < U(0)

c? U
o) < \J(C"{+c%)+ 2/ + 3U(0) LU0 UO)

o2 A w2 - Tmaz
which is the upper bound of r(c) as function of the initial conditions (c;.c3)-

We will focus now on proving that there exists an open set of initial conditions
for which the solutions remain strictly positive at any time. More precisely, we will

show that there exists an open set V} in R? such that if (c|,c2) € V}* then 7(0) > 0
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for any o. The proof flows as the following: first we make use of the positivity and
the good properties of U(-) (i.e. U(-) strictly positive real function with compact
range) and approximate U(-) by a sequence of positive step functions U,(-). Then,
we prove that if the right hand side of (4.18) is given by a strictly positive step
function (i.e. by an infinite sum Za;x,;‘. with a; > 0, A;NA; = ¢), then there is
an open set of initial condition (le,()cz) such that for any § > 0 with rin>igla,- -6 >0,
r(g) > 6 for all 0. Further, we estimate the distance between solutions of (4.18) and
solutions of the equation with right hand side U,(-). We prove that this distance
is monotonic with respect to the distance between U(-) and Up(-). The last step
is almost trivial: solutions of (4.18) and solutions of the equation with right hand
side U, (-) stay close; the latter posseses a set of initial for which solutions are above
6 > 0: it follows that for the same set of initial conditions. solutions of (4.18) are

above 0. Formally:

Lemma 10. Given U(-) : R — [U(8"),U(0)] continuous and U(8") > 0. there is
a sequence Uy(-) of strictly positive step functions such that: (V) ¢ >0, (3) N >0
positive integer such that |U(s) — Up(s)] <€ (V) n > N and (V) s.

Proof. Since U(-) : R — [U(8%),U(0)] is continuous with compact range, U(-)

is £ integrable. But any function of this type can be uniformly approximated

by a sequence of step functions. Moreover, since meigU (o) > 0, the approximant
g

sequence U, (o) can be chosen to be strictly positive and the conclusion follows.

Observation We can always choose U,(-) such that, as it will be needed later,
Un(6(0)) = U(6(0)) for all n. Moreover, we can always choose U,(-) such that
U(s) — Un(s) > 0 for all s for n large enough.

Lemma 11. Let U,(-) be as in Lemma 10 where n is large enough such that for all

§>0 withU@B") -6 >0, UO") —8§ < Un(-) < U(0) + 6. Also, let us consider the
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initial value problem r7 + w?r, = Un(8(0)), Ta(0) = c2 + Un(6(0)). (r)'(0) = c;.
Then there is an open set V}h such that for all values (c1.c2) € Vf, rn(c) > § for all

g.

Proof. Let § > 0 with U(8") —§ > 0, U(8") —§ < Up(-) < U(0) + 4. We will prove
that for all (¢;.¢2) € V{‘ = {(c1.c2) | \/c% +& < U(6*) — &}, the solutions of the

initial value problem

T + w?rn = Un(0(0)). _
r(0) = c2 + Un(6(0)), (rY(0) =1

(4.26)
are such that r,(o) > 4 for all o.
Since U, () is a step function, we represent it formally as
Un (d) = z aiX[ﬂg,UH.l)(U)
i>0
where «; are strictly positive constants with U(8") — § < o; < U(0) + 4, (V) i and
Un(6(0)) = U(6(0)) = ap for all n. Then the solution of (4.26) can be represented

as

ra(0) = Z r,(:.)(a')x[dhoiﬂ), (4.27)
i>0

where on each interval [0;,0;+1) we have the initial value problem

(O] 2,.(8) _
{(rn ) +QJ n = Qq, (4.28)

ri (o) = 5 Way), (o) = (&Y (03).

We will use induction with respect to #, proving that on each of the intervals

(o) = /& + S cos(wo — w;) + a;

. For i =0, i.e. on [0g,0), we have

loi,0ix1)

O\ ,  2.(0) _
{(rn )+ w?rn’ = ag, © (4.29)

r,(lo)(a,-) =ca+ag, (rn’)(0:) = .
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with solution
rn(0) = /& + & cos(wo — wp) + ag. (4.30)

Let us assume that for ¢ fixed, i.e. on [0j,0i+;), we have

ra(0) = /& + G cos(wo — w;) + ay

and therefore, at the limit,
ri(0is1) = /& + S cos(wois1 — wi) + ai. (4.31)
. 1 .
() (oir1) = — 5/} + G sinwoisr —wi)- (4.32)

Then on [0i+1,0i+2):

(i+1)\n 2 (i+1) — -
{(rn )" +wirn Givd (4.33)

i (001) = ri(oie), (rSV) (0i41) = (r%)) (0i41),

with solution

Py (o) ] . 2 -
ra(o) = — + [ i (0i+1) —a ] cos(wo —w;j + ag. (4.34)

Using (4.31) and (4.32) it follows that rp(0) = /¢ + & cos(wo —w;i1) + a;+1 where
(rS:’)'(a,-+1>]
" .
Hence, for all i, i.e. on each of [0;,0i+1), we have

ra(o) = VC% +éCOS(w0’ —wj) + a;.

with w;,; = arctan (rf,(cri+1) - 0f)/[

Now, for all o,

rn(0) = \/& +Gcos(wo —wi) +ai > —\/F+F+ai >U@") —\/E+F >4

and the conclusion follows.

Lemma 12. Let us consider the initial value problems " + w?r = U(6(0)) and

! + WP, = Up(0(0)) with r(0) = r,(0) = cz + U(6(0)), r'(0) = (rp)'(0) = ¢, for
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all n (recall that U,(8(0)) = U(6(0)) for all n). Then (V)e > 0, (3)N > 0 such that
ir(o) —rp(o)| <€, (V)n > N and (V)o.
Proof. Let us consider " +w?r = U(6(c)) with r(0) = co +U(8(0)). r'(0) = c,. The
solution is given by (4.23). On the other hand, The solution of r” +w?r, = U,(6(o))
with the same initial values is given by

(o) = [c1 + L[5 Un(8(s)) cos(ws)ds] sin(wo )+ (4.35)
[c2 — gf; Un(6(s)) sin(ws)ds] cos(wo). 9

It follows that

sin(wo) [y (U(0(s)) — Un(8(s))) cos(ws)ds—

r(o) = ra(o)l = £

(4.36)
—cos(wo) [y (U(B(s)) — Un(6(s))) sin(ws)ds

and further, using that we have chosen U,(-) such that U(8(s)) — Un(6(s)) > 0 and
applying an intermediate value property on (0,0)

sin(wo)(U(6(£)) — Un(6(8))) fg cos(ws)ds—

Ir(@) = ra(@)] =
(4.37)

—cos(wo)(U(6(€) — Un(8(§))) [y sin(ws)ds

where £ € (0,0). Taking into account that the difference (U(6(€) ~ Un(6(§)) is as
small as we need, i.e. (U(8(£) —Un(0(€)) < € for n large enough, simple calculations

lead to

Ir(g) — ra(o)| = &|sin(wo) f§ cos(ws)ds — cos(wa) [y sin(ws)ds
(4.38)

2¢
S

— €l1lrain2 2 cos(wo
= £1=(sin®(wo) + cos*(wo)) — Tl

£
w

Choosing é = ew?/2, the conclusion follows.

Lemma 13. Let us consider the initial value problem r" + w?r = U(6(c)) with
r(0) = ¢ + U(6(0)), r'(0) = c1. Then for all § > 0 such that U(") —§ > 0 there is

an open set V} such that for all values (c1,¢c;) € Véh, ro(c) >0 forall o.
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Proof. Let VJ" = {(c1,c2) | \/—cm < U(8") — 6} as in Lemma 11. Let (¢;,c2) €
V#. We know by Lemma 12 that for any € > 0, |r(o) — rn(0)| < € for all & and
n large enough. Also, by Lemma 11, if § > O is such that U(8*) — & > 0, then
rn(o) > & for all 0. Let us fix § > 0 such that U(8") —é§ > 0. Then thereis e > 0

such that § — € > 0. Them for n large enough
(o) =1(0) —To(0) +Tn(c) > ~e+ 6 >0

for all o. This completes the proof.

Theorem 14. There erists an open, connected tnvariant manifold I' whose orbits

are bounded and collisionless.

Proof. By the previous Lemma we know that for a fixed h < 0 and for initial
conditions (¢;.c2) €Ty = U VE = {(c1.c2) | VE+& < U(6") — 6} the orbits are

§>0
such that 0 < r(o) < r€1¢2 for any o. It follows that ['s is an open set in R? and

maxr
contains the set of initial conditions leading to collisionless motion along a fixed
negative level of energy h < 0.
We define I as the entire set of initial conditions leading to collisionless orbits.

ie. T:= U [,. Since every Iy, is open, I is open, too. On another hand, f(r,8)
h<0
(see (4.20)) varies smoothly with respect to h, 8" varies smoothly with respect to h

(see Lemma 8) and, sinces h < 0 # 0, y_g;’:,) varies smoothly with respect to h (recall
that w = +/—2h). Therefore, as h varies, the manifolds 'y, deforms continuously
one into another and their reunion I is connected. Finally, by definition, the orbits
in [ are collisionless, therefore, an orbit in starting in ' stays in it at any time.
Therefore, I' is invariant.

Notice that every solution in I is defined for all real 0. In other words no solution

has singularities because r is bounded both from above and away from zero from

below, so neither collisions nor pseudocollisions can occur (see {Xia]). Moreover, for
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g

0
Figure 4.10: A possible range in which r can vary if ¢;,co. and h are fixed.

c1.c¢2, and h given, r can vary in time only in the wave-like band given by the above
inequalities. which qualitatively looks as in Figure 4.10. This completes the proof.
The manifolds I' for h < 0 are the ones interesting for the helium atom. The
physical interpretation of the orbits in I is that the electrons move in opposite direc-
tions back and forth on a horizontal line while the nucleus oscillates up-and-down on
a vertical line that crosses the line of the electrons and is such that the electrons are
symmetric with respect to it. Thus this system satisfies the minimal requirements

for offering a model of the helium atom within the framework of classical mechanics.
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