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ABSTRACT 

In this thesis, the electromagnetic coupling component 

of the spectral IP signal is studied for the case of aver­

tical conducting dike embedded in a uniform conducting earth. 

A scale laboratory analogue model - was used to obtain spectral 

IP measurements that were comprised mainly of an electromag­

netic coupling component. A graphite plate simulated the 

dike while a brine solution in a plywood tank simulated the 

uniform earth. The IP effect for the materials and frequen­

cies used in this model was negligible. Normalized spectral 

IP measurements were obtained along traverses over the model. 

These measurements displayed a "gull-wing" anomaly that was 

symmetrical about the dike. This "gull-wing" feature is typi­

cal of the electromagnetic response of a naturally occurring 

dike. The normalized spectral IP measurements were converted 

to apparent resistivities that were characteristic of both the 

dike and the uniform host earth. 

Inversions were made of the analogue model apparent re­

sistivities using the Marquardt inversion algorithm and vari­

ous empirical models of EM coupling based on the Cole-Cole 

dispersion. The Cole-Cole dispersion is not a suitable model 
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for EM coupling since it yields only apparent resistivities 

with small, negative phases. The phase of the analogue model 

apparent resistivity in the region over the dike is positive. 

Inversions of analogue model apparent resistivities were made 

using the generalized Cole-Cole dispersion and the product of 

two generalized Cole-Cole dispersions. The inversion calcu­

lations broke down in the region of positive phase over the 

dike, but successful inversions were made in regions far from 

the dike. It was concluded, therefore, that the Cole-Cole 

dispersion and its derivatives were better suited to modeling 

EM coupling for a uniform earth than for a conducting body em­

bedded in a uniform host earth. 

An analytical model of EM coupling for the embedded dike 

was developed, and is referred to as the Dipole-Dipole-Loop 

(DDL) model. In the DDL model, the dike embedded in a uniform 

host earth was replaced by a conducting loop embedded in a 

uniform half-space. The resulting EM coupling was derived 

using the principles of electromagnetic induction. All linear 

current elements in the DDL model were treated as strings of 

point electric dipoles. The expressions for the EM fields of 

a point electric dipole embedded in, or on the surface of, a 

uniform conducting half-space are well known. 

The analogue model apparent resistivities were inverted 

using the DDL model. Inversions were made of apparent resis-
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tivities along individual traverses for different frequencies 

and dipole separations with the dike at a constant depth. Ex­

cellent agreement was obtained between the DDL model and ana­

logue model apparent resistivities along these traverses. The 

parameters of the DDL model were constant with array position, 

but varied with frequency and dipole separation, indicating 

that an equivalent current loop existed for each electromag­

netic configuration of the conducting dike. Thus, the DDL 

model was capable of describing EM coupling for the embedded 

dike for the whole frequency range of measurements obtained. 

Further work is required before the frequency dependence of 

the DDL model parameters for the embedded dike can be predicted. 

When this is achieved, the DDL model will provide more accurate 

descriptions of EM coupling for buried ore bodies and will fa­

cilitate removal of the EM coupling component from the spectral 

IP signal obtained from such bodies. 

H. W. Dosso M. E. Best 
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CHAPTER I 

INTRODUCTION 

1.1 The Problem 

Over the last two decades, th~ induced polarization (IP) 

technique has received increased attention from exploration 

geophysicists in mineral ore exploration, and, more recently, 

in oil and natural gas exploration. The IP survey offers two 

major advantages over other commonly used exploration tech­

niques. Firstly, it is a controlled source survey. An elec­

trical current of known strength is injected into the earth 

at a transmitter that is normally connected to the ground at 

two points (a dipole). The electrical response of the earth 

is measured as an induced potential across a dipole receiver. 

Since the characteristics of the input current and the measured 

potential are both known, the transfer impedance of the earth 

can be calculated without undue difficulty. Secondly, the 

equipment used in an IP survey is small and portable, making 

the survey relatively inexpensive to conduct. This is particu­

larly attractive to petroleum exploration geophysicists who, at 

present, depend mostly on expensive seismic surveys. 
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The primary characteristic of the earth measured in an 

IP survey is the earth's ability to store electrical energy 

as an accumulation of electrical charge, ·or polarization, 

that is induced by the potential of the transmitter. This 

ability varies with the physical and chemical nature of the 

region of the earth being explored. Consequently, IP measure­

ments provide a means by which the composition of underlying 

formations might be deduced. 

There are two techniques for IP surveys: the time domain 

IP technique and the frequency _ domain (spectral) IP technique. 

In the time domain IP technique a direct current is injected 

through the transmitter dipole. In the spectral IP technique, 

a sinusoidal alternating current is injected through the trans­

mitter dipole. The spectral IP technique allows measurements 

to be made over a spectrum of different frequencies of trans­

mitter current and is the technique currently receiving the 

most attention in the literature. 

In both mineral and petroleum exploration, the discovery 

of large, shallow ore bodies and petroleum reservoirs is 1::e­

coming increasingly rare. Exploration geophysicists have been 

forced to look for smaller and deeper deposits. This requires 

increased resolution and depth of penetration in the probing 

signal. In the spectral IP technique, this is achieved by in­

creasing the transmitter frequency and lengthing the separation 

distance between the transmitter and the receiver dipoles 
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(dipole separation). Unfortunately, when large frequencies 

and large dipole separations are used over terrains with re­

latively high conductivities, such as sedimentary basins, the 

electromagnetic (EM) responses from capacitive coupling be­

tween the transmitter and receiver cable, and EM coupling be­

tween the dipole array and the conducting earth, can become 

such large components of the total measured response (the 

spectral IP signal) that they completely mask the IP compo­

nent. 

Under these conditions, it is necessary to isolate and 

remove the EM coupling component from the spectral IP signal 

to facilitate more accurate interpretation of the IP compo­

nent. In order to achieve this separation, it is necessary 

to study the nature of EM coupling and find a means of quan­

tifying its electromagnetic response. This is the problem to 

which this thesis is addressed. 

1.2 The Spectral Induced Polarization Technique 

The important elements of the spectral IP technique are 

illustrated in Fig. 1. Each of the receiver and transmitter 

consists of a pair of grounded electrodes which are electri­

cally connected at the surface by a shielded cable. An alter­

nating sinusoidal current of fixed amplitude is injected 
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through the transmitter dipole. The earth's electromagnetic 

response to this current is then measured as a phase-delayed 

sinusoidal potential across the receiver dipole. The phase 

of this potential is measured with respect to the transmitter 

current. 

In a typical spectral IP survey, each of the transmitter 

and receiver dipoles is arranged with the two contacts of the 

dipole along the survey axis. The lengths of the transmitter 

and receiver dipoles are equal and have values, 'a', that vary 

from 10 m to 1000 m. The dipole separation is equal to an in­

tegral number of dipole lengths. Such a configuration is re­

ferred to as an in-line dipole-dipole array. As a rule of 

thumb, the maximum depth of penetration of the probing signal 

is approximately one-half the dipole separation. 

In a spectral IP survey, measurements are made over a grid 

of traverses covering a region of the earth suspected of con­

taining minerals which cause an IP effect. Each traverse con­

sists of a number of measuring stations along the axis of the 

traverse. At each station, a complex potential is measured for 

a number of discrete transmitter frequencies in the range of 

.01 Hz to 1000 Hz, and for dipole separations 'na' (n = 1, 

2 --- 6), where 'a' is the dipole length. Thus, at each sta­

tion, a spectrum of complex potentials is measured for each 
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dipole separation. 

It is customary to convert each complex potential into 

an apparent resistivity. The mathematical expression used 

f or this conversion depends on the geometry of the probing 

a rray. The apparent resistivity expression for an in-line 

dipole-dipole array is (Sumner, 1976) 

V -I (1. 1) 

where ~ is the apparent res is ti vi ty (.0. -m) , a. is the dipole 

length (m), n is the dipole separation integer, ·v is the mea-

sured complex potential (volts), and I 
rent (amperes). Since (1.1) involves 

is the transmitter 

. V 
the ratio y , the 

cur-

apparent resistivity is proportional to the transfer impedance 

of the earth. Apparent resistivities from spectral IP surveys 

are typically presented in a pseudo-section format as shown in 

Fig. 2. The horizontal axis is s~ation position along a tra­

verse, and the vertical axis is d i pole separation, representing 

the approximate depth of penetration. A resistivity amplitude 

and phase are assigned to each point on the graph and the values 

are contoured. The contours are used to interpret the conduc­

tivity structure of the region being probed. 

1.3 The Spectral Induced Polarization Signal 

The signal measured in a spectral IP survey is a compo-
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site of electrical responses from the earth and from the dipole 

array itself. Three of the more important responses are IP and 

EM induction, each of which is an earth response, and capaci­

tive coupling, which is an array response. Presented here is 

a brief descriptive review of each of these effects. A de­

tailed analysis of the physical and chemical basis of IP is 

given by Zonge (1972). Wynn (1974) presents a detailed analy­

sis of EM induction and capacitive coupling. 

(i) Induced Polarization 

IP arises from the accumulation of electrical charge at 

various electrical interfaces in the earth. These accumula­

tions occur independently of any displacement currents that are 

induced. In fact, at the low frequencies used in spectral IP 

surveys, the contribution from displacement currents is negli­

gible (Zonge, 1972). Instead, most of the IP effect arises 

from interaction betwee~ electrolytic pore fluids and their 

surrounding host rocks. It has been well demonstrated that dry 

rocks display a negligible IP effect, whereas the maximum 

response is measured from porous rocks saturated with an elec­

trolytic pore fluid. 

Zonge (1972) classified the IP effect in two major cate­

gories: electrode polarization and membrane polarization. 
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Electrode polarization arises when current flows through 

an electrochemical system consisting of electrodes (metallic 

mineral particles) and electrolyte (pore fluids). Such a 

system is illustrated in Fig. 3(a) by a metallic particle 

blocking an electrolyte-filled pore. The two metal-electro­

lyte interfaces of the particle behave like a coupled elec­

trode pair. When a potential is established across the 

metallic particle, two types of current are induced: Faradaic 

and non-Faradaic. 

Faradaic current results from charge transfer reactions 

that occur at the electrode interface. The rate of charge 

transfer from the ions in the electrolyte to the metallic 

particle depends largely on the oxidation-reduction proper­

ties of the ions in solution, and on the rate at which ions 

are made available for oxidation or reduction at the interface. 

Zonge (1972) has determined that the rate of reaction is 

governed primarily by the diffusion speed of the ions in solu­

tion. He called the system mass transfer limited. Since the 

speed of charge transfer at the electrode is greater than 

the rate of mass transfer, a depletion of ions of a given 

polarization occurs at one interface while an accumulation 

occurs at the other interface. 
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Non-Faradaic current arises when the ions in solution 

cannot be oxidized or reduced under the prevailing potentials. 

When the metallic particle is polarized by a potential, it 

attracts ions of the opposite polarity. These ions accumu­

late at the electrode interface and establish the so-called 

double layer. The layer nearest to the electrode consists 

of densely packed non-hydrated ions. The next layer consists 

of closely packed hydrated ions. Outside this layer is a 

diffuse layer of hydrated ions of the same polarity a·s those 

in the inner layers. When the potential across the electrode 

changes from equilibrium, the charges in the double layer re­

distribute themselves causing a diffusion current to flow 

until a new equilibrium is reached. The double layers at 

opposite interfaces of the metallic particle have opposite 

polarity. Thus, the electrode polarization is the net result 

of Faradaic and double-layer current flow at the electrode in­

terfaces. 

It has often been observed that rocks containing appa­

rently no metalli~ mineral content also display an IP effect. 

This is due to membrane polarization which occurs where de­

formations in the host rock constrict the cross sectional area 

of electrolyte-filled pores as illustrated in Fig. 3(b) ~ Nor­

mally, many water molecules are adsorbed to the sides of the 

pores, further constricting the cross sectional area. Ions 
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flowing through thi s restricted space will e x perience an in­

crease in v i scosity due to van der Waal's forces exerted by 

the water molecules adsorbed to the pore sides. This decreases 

the mobility of the ions in the restricted space, effectively 

increasing the electrical resistivity with respect to ionic 

currents. Consequently, ions of a given polarity will accumu­

late on one side of the constriction and be depleted on the 

opposite side. Since ions of opposite polarity flow in oppo­

site directions in response to the impressed potentials, charges 

of opposite polarity will accumulate on opposite sides of the 

constriction. 

In a spectral IP survey the transmitter radiates sinu­

soidally varying inducing fields. The charging and dischar­

ging of electrode and membrance polarizations are expressed 

as a phase delay in the sinusoidal potential registered at the 

receiver. 

The ability of the earth to store electrical energy as 

induced polarization was first observed by Schlumberger (1920). 

Schlumberger patented some of his ideas on IP in 1912. He ob­

served that samples of metallic ores tended to store electri­

cal charge when a direct current was passed through them. The 

rate of electrical discharge, when the current was switched 

off, seemed to depend on the mineral composition of the sample 

(Schlumberger, 1920). He concluded erroneously that the IP 
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effect was limited to metallic minerals. He soon found, how­

ever, that his measurements in the field were being contami­

nated by non-metallic based electromagnetic noise that tended 

to mask the response from metallic ores. This led him to 
. 

abandon the technique. Schlumberger's negative results tended 

to discourage significant research in IP for another two de­

cades. 

It was not until Brant (1946) and his research ·asso­

ciates at Newmont Exploration Limited rediscovered the IP 

effect, that further advances were made. Brant was one of the 

first to recognize the non-metallic origins of the IP effect. 

The research performed at Newmont is well summarized in a set 

of papers edited by Wait (1959) entitled, ''Over Voltage Re­

search and Geophysical Application". Brant's work sparked a 

number of IP effect investigations. Bleil (1953) published a 

review of applications, and Madden and Marshall (1958, 1959a, 

1959b) researched the electro-thermodynamic nature of IP. 

Other major contributors to IP research were Siegal (1959) 

who developed a mathematical formulation of IP based on charge­

abilities, Hallof (1965) who developed a method of interpre­

ting spectral IP phase measurements, Zonge (1972) who developed 

a number of equivalent circuit representations of IP, and 

Pelton (1977) who developed the Cole-Cole dispersion represen­

tation of apparent resistivity spectra for the IP effect. 



Comprehensive reviews of IP are given by Madden (1967) and 

Sumner (1976). Sumner (1976) also provides an extensive 

history of previous IP research, with complete references. 

(ii) Electromagnetic Induction 

14 

The second major component of the spectral IP signal re­

sults from EM induction, the main topic of this thesis. The 

EM component is less complex in nature than the IP component. 

EM induction arises when the EM fields from the transmitter 

induce electrical eddy currents in conducting regions of the 

earth. These eddy currents then radiate EM fields which are 

registered at the receiver as a phase delayed potential. The 

total potential due to EM induction registered at the recei­

ver consists of the primary potential due to EM fields that 

propagate in the earth directly from the transmitter, and the 

secondary potential due to fields that propagate from the in­

duced eddy currents in the earth. That component of the spec­

tral IP signal resulting from EM induction is referred to as 

EM coupling, the receiver and transmitter being electromag­

netically coupled to the region of the earth under study. 

Examples of conducting regions in the earth are mineral 

ore bodies, such as intrusive dikes and sills with high con­

centrations of metals or graphite, and porous rocks that have 
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high fluid permeabilities and are saturated by an electro­

lytic pore fluid. An example of the latter would be a sand­

stone or shale charged with fossil sea waters. 

In principle, expressions for EM coupling can be derived 

by the application of local boundary conditions to Maxwell's 

field equations. In practice, analytical solutions have been 

obtained for only a few simple geometries. For example, Sunde 

(1949) developed an analytical expression for the EM coupling 

between two arbitrarily oriented grounded wires on the surface 

of a uniform conducting half-space. Millet (1967) applied 

Sunde's (1949) development to the special case of an in-line 

dipole-dipole array. Millet (1967) found that for the case of 

an homogeneous earth, EM coupling increases with increasing 

earth conductivity, transmitter frequency, dipole length, and 

dipole separation. Wait (1953), Ness (1963), Dey ·and Morrison 

(1973), Hohmann (1973) and Wynn (1974) have calculated the 

electromagnetic coupling for an in-line dipole-dipole array 

over a layered earth, and Wynn (1974) and Wait (1984) have de­

veloped expressions for EM coupling over an anisotropic earth. 
#\,I 

In related studies, Banos (1966), Weaver (1967), Hohmann (1974), 

Ramaswamy (1973, 1978) and Wait (1966, 1970, 1971) have studied 

the propagation of point electric dipole fields in uniform and 

layered earths. 
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Most analytical work to date has focussed on EM coupling 

over a laterally uniform earth. Some exceptions are Naidu 

(1966) and Wiedelt (1983) who examined EM coupling over per­

fectly conductive vertical dikes in a non-conducting host 

earth. To date, no-one has fully formulated EM coupling for 

a dipole-dipole array over a conducting earth containing a 

more conductive body of simple geometry. Wynn's (1974) re­

view provides many useful references on the topic of EM coup­

ling in the spectral IP signal. 

(iii) Capacitive Coupling 

Capacitive coupling arises when a potential is induced in 

the receiver from leakage and displacement currents, and 

mutual inductance between cables linking the transmitting and 

receiving equipment (Wynn, 1974). Leakage and displacement 

currents usually result from imperfe~tly insulated transmitter 

wires in contact with a wet earth. Mutual inductance results 

when reference cables linking the transmitter and receiver to 

the recording device are placed in a parallel configuration too 

near each other. If the survey is carried out under such non­

optimum conditions, the recorded data may be seriously conta­

minated by the effects of capacitive coupling. However, under 

well controlled conditions, the effects of capacitive coupling 
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can be minimized. In most spectral IP surveys capacitive 

coupling is the least important of the three signal responses 

and as such, will not be dealt with in this work. It is re­

ferred to here only for completeness. 

To summarize, the spectral IP signal contains three major 

components: that due to capacitive coupling and those due to 

the IP effect and EM coupling. The effect of capacitive coup­

ling can be minimized by improved cable quality and configura-. 

tion. IP depends principally on the physical and chemical 

nature of the earth, while the EM coupling effect depends on 

the gross conductivity structure of the earth. If the IP com­

ponent and the EM component could be separated, exploration 

geophysicists could gain information on the target composition 

using the IP component, and gain information on the target 

geometry and conductivity structure using the EM coupling com­

ponent. 

1.4 The Removal of the Electromagnetic Coupling Component 

from the Spectral Induced Polarization Signal 

Wynn (1974) summarized the history of techniques for the 

removal of the EM coupling component from the spectral IP 

signal. Perhaps the simplest solutions to EM coupling removal 

were achieved with specialized field techniques. These were 
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also the most restrictive. It was generally realized that the 

EM coupling effect becomes important at higher frequencies and 

larger dipole separations. Consequently, surveys were con­

ducted in which the maximum frequency was limited to 1 Hz and 

dipole lengths were kept on the order of meters. Unfortunate­

ly, valuable information obtainable at frequencies as high as 

100 Hz was, therefore lost. In addition, the depth of penetra­

tion was limited to a few l0's of meters. In view of these 

problems; exploration geophysicists tried redesigning the pro­

bing array by rotating the receiver dipole by 90° so that it 

straddled the traverse axis. This array decreased the size of 

the EM coupling component relative to the IP component. Unfor­

tunately, this reduced the total strength of the recorded spec­

tral IP signal. Thus, these techniques for ''avoiding" EM 

coupling proved to be too restrictive for general use. 

Hallof (1973) made use of the fact that EM coupling de­

creases with decreasing frequency. He measured the phase at 

a few discrete frequencies and extrapolated the measured values 

back to 0 Hz (or DC), using a linear or quadratic relationship. 

He then interpreted these DC values as being the IP response 

in the absence of EM coupling. This technique was subject to 

inaccuracies arising from the assumptions made by Hallof (1973) 

concerning the linear nature of the frequency response of the 
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phase of the spectral IP signal. These assumptions were not 

always valid. 

Other techniques for removing EM coupling have been based 

on inverting the field data using numerical models of EM 

coupling. Though several authors have developed theoretical 

estimates of EM coupling for various earth geometries, as 

discussed earlier, few (e.g. Wynn, 1974; Pelton, 1977) have 

attempted to use numerical models to remove EM coupling by in­

verting field data. There are several algorithms available 

for inverting field data; a ridge regression algorithm used by 

Pelton (1977), and the Marquardt (1963) algorithm, modified by 

Anderson (1977) are two examples. The Marquardt inversion al­

gorithm will be used in this thesis. In the Marquardt inver­

sion algorithm a function 

( 1. 2) 

is calculated. This function is a weighted sum of square errors 

between the observed data ½· and the calculated data rl 
· ( function of parameters bJ , j = J,m ) . f is minimized with 

respect to the parameters Oj, using a combination of Newton's 

technique and the method of steepest descent. The resulting 

parameters bj describe that function F which best fits the 

observed data in the least squares sense. 
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Wynn (1974) inverted observed apparent resistivity spec­

tra measured over regions with a negligible IP effect using 

various layered earth models . Pelton's (1977) approach was 

to fit the product of two Cole-Cole dispersions to the data: 

one to describe the IP effect and the other to describe EM 

coupling. He thus obtained an empirical estimate of EM coup­

ling. This technique will be explored in more depth later in 

this thesis. One important observation to be made here is 

that, to the authoi's knowledge, with the exception of Pelton 

(1977), attempts have been made to remove only the effects of 

EM coupling for a laterally uniform earth, and to date, no 

attempts have been made to remove EM coupling due to finite 

conductors such as ore bodies. 

1.5 The Work Covered in this Thesis 

The purpose of the work reported in this thesis was to 

study the response of EM·coupling for the case of a vertical 

conducting dike embedded in a poorly conducting uniform earth. 

A laboratory scale analogue model was used to obtain spectral 

IP measurements along traverses over an embedded dike model. 

For this graphite dike model, it was assumed that the IP re­

sponse was negligible and that the model field measurements 

were primarily due to the EM coupling effect. The laboratory 



21 

model measurements were inverted using several different em­

pirical models of EM coupling, namely the Cole-Cole disper­

sion model and its derivatives. 

An analytical model of EM coupling for the case of the 

conducting dike embedded in a uniform poorly conducting earth 

is developed. This model is referred to as the dipole-dipole­

loop model. Results of inverting the laboratory measurements 

using the dipole-dipole-loop model are presented. Conclusions 

are presented on the use of this analytical model in removing 

the EM coupling component from the spectral IP signal, and re­

commendations are made concerning further development of numeri­

cal models of EM coupling for use in the case of a conducting 

body in a uniform conducting host earth. 
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CHAPTER 2 

THE LABORATORY ANALOGUE SCALE MODEL 

2.1 Analogue Model Scaling Conditions 

For the study of EM coupling, the ideal spectral IP 

measurements would be those in which the IP component is 

absent or negligible. This is difficult to achieve in the 

field, since there is always uncertainty about the under­

lying geology. In addition, coherent and random electromag­

netic noise, over which the surveyor has no control, is al­

ways present. As a result, it is necessary to turn to labora­

tory scale models which can be designed to yield spectral IP 

measurements with the desired character. 

A naturally occurring electromagnetic system can be re­

duced to a laboratory scale model only when certain scaling 

conditions are met. The theory of electromagnetic scaling has 

been developed by such authors as Strangeway (1966) and Fri­

schknecht (1971), and has been applied by Dosso (1966a). Pre­

sented here is a brief derivation of the scaling conditions 

used to design the laboratory scale modeL of a dike in a 

poorly conducting host earth. 



In the following analysis, System International units 

will be used with conductivities expressed in Siemens per 

meter 
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be a point in the naturally occurring 

(geophysical) system. Let P (x,y, :CJ be a point in the scale 

model system. Assume that the transformation of coordinates 

from the geophysical system to the model system is linear; 

that is 

I 
X = px y'= PY ) .2'= pc ( 2 .1) 

The same unit of length is used in both systems, and all three 

dimensions scale in the same way. 

In linear isotropic media, free of electromagnetic sources, 

Maxwell's field equations can be written as: 

J 
( 2. 2) 

( 2. 3) 

where E and H are the electric and magnetic field intensities - -
respectively,}'< and € are the permeability and permittivity 

of the medium and 0-is the conductivity of the medium. 

Maxwell's equations are invariant under linear transfor­

mation of coordinates. Consequently, E. 1 }-/ and time t must - -



24 

transform, at most, linearly, that is 

E ' ( x' Y' z' t ') ,__ I I J - a. £ (X I Y, a, t ) ( 2. 4) 

H 1 (x' y' 2 1 -l') b t!. (x,Y, ~,-t') 
( 2. 5) -- .) ,.. I , I 

{ I ct ( 2. 6) 

The primed variables represent the geophysical system, while 

the unprimed variables represent the scale model system. 

In general, the media in which the EM fields are estab­

lished are inhomogeneous, and the parameters are written as 

(T = 0- ( X , Y, ~ , t ) (2.7) 

( 2. 8) 
) 

E € (x,Y, c, t'> • 
( 2. 9) 

Consider equation (2.2) in the model system, 

VxE -
Transform the right hand side to geophysical coordinates to 

yield 

VxE - • 
(2.10) 
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Now consider the left hand side of (2.10); 

or 
• (2.11) 

Combine (2.10) and (2.11) to yield 

p ( v'x E
1

) 
C ~ 7-/ I - -/b ~, -a - ,..__ .) 

or (v'x~)-==- - J-{ a. C. ~ ?I I -- -Pb ~t' -- • (2.12) 

Now consider equation (2.3); 

(vx![_) = erg € dS 'v E' C di=' ... - - + € ~ dt I - ) ~t a -

(VxH) = 
p 

(v'x l-1
1

) and b .) -- -
which leads to 

) 

(2.13) 

In order for Maxwell's equations to be invariant under the 



26 

coordinate transformation , equations ( 2. 12) and (2.13) must 

be identities. Therefore, equations (2.12) , and (2.13) lead 

to 
I ca 

~(x, Y, ~) /L(x ~Y1
, :c ') Pb ) 

(2.14) 
b 

r:r i (x ', y', ~ ') - pa.. (T ( x, Y, ~) ) -
(2 . 15 ) 

€' (x ~ Y! 2 1
) 

i:, C 
€ (x, Y, ~ ) -- pa. ... 

· and 
(2.16 ) 

In many geophysical problems the permeabilities of the 

media are not significantly different from that o f free space . 

If the permeabilities in the model materials also have values 

near the permeability of free space , then it can be assumed 

that 

) 

and ca. 
Pb =- l (2.17 ) 

If it is also reasonab l e to negl e ct displac emen t currents 

in bo th the geophysical and model systems, then equation (2. 1 6) 

can be i gnored , l eaving equations (2 . 17 ) and (2.15 ) . Let 

a E ' II (½,)/(¾) ){ . -- - - (2 . 18 ) 
b E u' 
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where){ is the electromagnetic impedance scale factor. 

Using (2.18), equations (2.17) and (2.15) become 

ex - 1 -p J 

and a-' - 0--
PK (2.19) 

The angular frequency W is given by w~ 2; , where Tis the 

period of variation. Since i 1 = C.. t , T 1 = c., T, and 

w' I =-w 
C 

Thus, equations (2.19) become 

wX 
p 

and 0-
p X. 

Consider the product 

or 

-= 

-= 

of 

-.::: 

w' 

(J I 

(2.20) and 

I I 
eJ a-

J (2.20) 

• 
(2.21) 

(2.21) 

, . 

) 
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and since p is the scale factor for lengths L and 
L/ 

) 

(+)2 - ( :;) [~) 
or (f,){%){+)2 1 - (2.23) 

) 

the model scaling condition. 

To summarize, a geophysical EM system can be reduced to 

a laboratory scale model if the following conditions are met: 

(a) The permeabilities of the_ media in both 

the geophysical and the scale model sys­

tems are not sign1ficantly different from 

the permeability of free space. 

(b) The permittivities of the media in both 

the geophysical and scale model systems 

are not significantly different from the 

permittivity of free space. 

(c) The scale factors used to design the 

scale model satisfy equation(2.23). 

These conditions have been applied in designing the la­

boratory scale model for the problem of EM coupling in the 

case of a conducting dike in a poorly conducting uniform host 
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earth. The restrictions onf'- and €, have been satisfied by 

using appropriate materials in the model, while the restriction 

(2.23) has been satisfied by using appropriate dimensions in 

the model. These will be described in detail in the following 

sections. 

2.2 The Laboratory Analogue Model Facility 

The laboratory analogue model facility used to study the 

scale model of a conducting dike in a poorly conducting uni­

form host earth is illustrated in Fig. 4 and Fig. 5. Agra­

phite plate was used to simulate the cond~cting dike, while a 

brine-filled tank was used to simulate the poorly conducting 

host earth. The graphite dike was immersed in the brine ver­

tically at a specified depth, in the central region of the tank. 

Spectral IP measurements were carried out along traverses over 

the dike, perpendicular to its strike. 

Four copper electrodes, 30 cm long by .5 cm in diameter, 

were used to simulate the in•line dipole-dipole array. These 

electrodes were mounted on a lucite carriage drawn by an elec­

tric motor along a wooden beam straddling the tank. The end 

of each electrode just touched the surface of the brine. The 

leading pair of electrodes formed the receiver dipole, while 

the trailing pair of electrodes formed the transmitter dipole. 
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An alternating sinusoidal current of less than one ampere 

was injected into the brine through the transmitter dipole. 

This current was provided by a function generator and was 

amplified by a power amplifier. Small transmitter current 

densities were necessary to preserve stability and linearity 

in the measured potentials. 

The EM response of the tank system to the transmitter 

current was registered at the receiver dipole as a phase de­

layed sinusoidal potential. This signal was amplified by a 

linear pre-amplifier mounted on the carriage, further amplified 

by a differential amplifier, and directed to a lock-in analyser. 

The analyser measured the phase of the signal relative to the 

transmitter current. The analyser then computed the in phase 

and out of phase (quadrature) components of the signal. Each 

component was amplified and directed to an analogue chart re­

corder and an analogue to digital converter, which sampled the 

signals for storage on a digital IMS 8000 computer. A detailed 

description of this laboratory modelling facility is provided 

by Dasso (1973). 

2.3 The Analogue Dike Model 

The scale factors used to design the scale laboratory ana­

logue model of a conducting dike in a poorly conducting uniform 
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host earth are listed in Fig. 6. The dimensions of the dike 

model are presented in Fig. 7. The conductivity (0-) scale 

factor is 10 5 . Resistivities ( P =-if) of the graphite dike 

and brine, at 8 x 10- 6.(1. -m and .045..Q_-m respectively, simu­

late an ore body of .8.!l..-m embedded in a uniform host rock 

of 4500.!t-m. This resistivity contrast is typical of a sul­

fide ore body in a meta-sedimentary host rock. 

With the length scale factor chosen 10- 4 , one centimenter 

in the laboratory model simulates 100 min the geophysical 

case. The graphite plate simulates a vertical dike 100 m wide 

by 5.1 km deep and 10 km long. The dike is embedded in the 

host rock to simulated depths of 300, 500 and 1000 m. The 

simulated dipole length is 500 m, and the dipole separation is 

varied for n = 1 to 4. 

·With the conductivity and linear scale factors selected, 

the frequency scale factor becomes 10 3 . Thus, 1 KHz in the 

laboratory model simulates 1 Hz in the geophysical case. Spec­

tral IP measurements were made at several discrete frequencies 

in the simulated range of .25 Hz to 512 Hz. 

A more realistic geophysical mineralized dike case would 

be a 10 m wide dike embedded at depths of 30, 50 and 100 m. In 

the laboratory simulation, the corresponding length scale fac­

-3 tor would be 10 , determined by the tank dimensions. Unfor-
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tunately, this was not possible due to limitations in the la­

boratory equipment and materials. The conductivities of the 

brine and graphite are, for practical purposes, fixed quanti­

ties, thus fixing the conductivity scale factor at 10 5 . There­

fore, in order to satisfy equation (2.23), the frequency scale 

factor would be determined to be 10. The geophysical frequency 

range would be simulated by laboratory frequencies of 2.5 Hz 

to 5.12 KHz, but unfortunately, the minimum frequency attain­

able in the laboratory, without introducing significant changes 

in the recording equipment, is 100 Hz. Consequently, it was 

necessary to use scale factors that would result in the simula­

tion of a larger ore body. 

It is important to note that any conclusions concerning 

the nature of EM coupling over a 100 m wide dike can, in prin­

ciple, be applied to a 10 m wide dike by the application of a 

linear scale transformation. There is no loss of generality 

in using the scale factors for the larger dike. 

Since the graphite and brine are good conductors, conduc­

tion currents will dominate displacement currents in the la­

boratory model. Therefore, the permittivities in the labora­

tory model will be close to the permittivity of free space. 

Also, the magnetic susceptibilities of graphite and brine are 

extremely small. Their relative magnetic permeabilities will 
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be close to unity, and thus, their magnetic permeabilities 

will be close to that of free space. Consequently, the scale 

laboratory model of the dike system complies with all three of 

the scaling conditions developed earlier. 

The host earth in the laboratory model is a conducting 

fluid. The conducting graphite dike has high porosity and high 

fluid permeability. In addition, the graphite has a negligible 

metal content. It follows from the discussion in Chapter 1 

that there will be negligible electrode and membrane polari­

zation in the model. Consequently, there will be a negligible 

IP effect and the spectral IP measurements will be composed 

primarily of EM coupling. 

2.4 Summary 

To summarize, a geophysical system can be simulated by a 

laboratory scale model provided that the magnetic permeabili­

ties and permittivities of the two systems are close to the 

values of free space, and provided that the scale factors 

satisfy the . relation 

(2.23) 

The scale factors used in the analogue scale model of the con-
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The dike was simulated by a graphite plate, while the poorly 

conducting host earth was simulated by brine in a plywood tank. 

In the geophysical scale, the dike was 100 m wide by 5 km 

deep and 10 km long, the dipole length was 500 m and the di­

pole separation was varied for n = 1 .to 4. Spectral IP mea­

surements were made in the model for simulated dike depths of 

300, 500 and 1000 m, and for discrete simulated frequencies in 

the range of .25 Hz to 512 Hz. Since the IP effect is negli­

gible for the materials used in the laboratory analogue model, 

the spectral IP measurements resulted primarily from EM coupling 

between the probing array and the conducting graphite and brine. 
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CHAPTER 3 

LABORATORY ANALOGUE MODEL MEASUREMENTS 

3.1 Analogue Model Measurements 

Two sets of spectral IP measurements were obtained using 

the laboratory analogue model. The first set was obtained 

over the surface of the brine in the absence of the graphite 

dike for simulated frequencies of .5, 2, 8, 32 and 128 Hz, 

and for dipole separations varying from n = 1 ton= 4. The 

purpose of these measurements was to locate the regions where 

the spectral IP signal was least affected by the tank walls. 

The second set of measurements was obtained over the brine with 

the graphite dike embedded at simulated depths of 300, 500 and 

1000 m for 22 simulated frequencies (.25, .5, 1 --- ·512 Hz and 

10, 20, 30 100 Hz) and for dipole separations varying from 

n = 1 ton= 4 for each frequency. 

Sample measurements over the brine in the absence of the 

dike at 32 Hz for n = 1 to 4 are illustrated in Fig. 8. The 

tank walls are denoted by the ends of the traverses. The ef­

fects of the tank walls (edge effects) decrease the amplitude 

of the measured potential. The edge effects increase with in­

creasing dipole separation. As the depth of penetration of 
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the probing signal increases, a larger area of the tank walls 

is exposed to the inducing fields, producing larger edge ef­

fects. Measurements over a range of frequencies show that the 

edge effects decrease with increasing frequency. This can be 

attributed to the skin depth effect for EM fields propagating 

in a conducting medium. As the frequency increases, the pro­

pagating EM fields become more attenuated, decreasing the depth 

of penetration into the brine. Consequently, with increasing 

frequency the distance from the tank wall at which edge effects 

are observed decreases. All traverses over the brine show a 

plateau in the region f rom Y = -50 cm to Y = +50 cm in the 

model tank, representing the area of minimum edge effects. 

Measurements over the dike were thus confined to this region. 

Model measurements over the dike were normalized at the 

reference location Y = -50 cm by setting the quadrature compo­

nent to zero and the in-phase component to .3 volts. The sig­

nal in this location was unaffected by the dike, and thus rep­

resented the response of the model uniform earth. The purpose 

of the normalization procedure was to remove the instrument 

frequency response from the measurements. However, using this 

normalization procedure at all frequencies and dipole separa­

tions also had the unwanted effect of removing any change in 

the response of the model uniform earth as a function of fre­

quency. 
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Uniform Earth 
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The complex impedance of the model earth (V/I, where V 

is the complex potential at the receiver and I is the trans­

mitter current) was calculated for each frequency and dipole 

separation at the reference location. These values were com­

pared with calculated values using Sunde's (1949) expressions 

for the complex impedance of an in-line dipole-dipole array 

coupled to a uniform earth. The computer programme used to 

calculate the theoretical values is given in Appendix I. The 

complex impedances obtained from this programme agree with 

those tabulated by .Millet (1967). 

The complex impedance spectrum for the laboratory model 

earth is compared to the theoretical spectrum, for n = 1, in 

Fig. 9. The model impedances show a random scatter about the 

theoretical impedances. The results -for n = 2, 3, and 4, 

though not shown, are similar. The scatter in the model data 

might be attributed to error in the spacing of the electrodes 

(± .5 cm). The trend in the model values is, however, the same 

as the trend in the theoretical values, and thus, the brine in 

the model is taken as an adequate simulation of a uniform 

poorly conducting host earth. 
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3.3 Analogue Model Measurements for a Conducting Dike in a 

Poorly Conducting Uniform Host Earth 
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The in-phase and quadrature model measurements for tra­

verses over the dike for simulated frequencies of 10 Hz and 

100 Hz, and for dipole separations of n = 1 ton= 4 are shown 

in Fig. 10. These results show the typical "gull-wing" 

character of the EM response of a naturally occurring conduct­

ing dike (Telford et al. 1981). It is important to recall that 

the normalization procedure has removed any change in the re­

sponse of the model uniform earth as a function of frequency. 

Consequently, any observed anomaly is due entirely to the pre­

sence of the conducting dike. 

As expected (Fig. 10), the measurements show bi-lateral 

symmetry over the dike at Y = 0, indicating that the principle 

of reciprocity is observed in the laboratory analogue model. 

This follows from the fact that the transmitter and receiver 

dipoles have the same geometry and that the model itself is 

bi-laterally symmetrical. Consequently, should the roles of 

the transmitter and receiver dipoles be reversed, no change 

in the measured potential would result. 

The EM ''gull-wing" anomaly over the dike displays several 

trends. The magnitude of the EM anomaly at a given . frequency 
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generally increases with dipole separation; that is, the cen­

tral trough deepens and the two lateral peaks become higher. 

This increased anomaly can be attributed to the increased 

depth of penetration of the probing signal, ·1eading to inter­

action with deeper parts of the dike in addition to those near 

the surface. 

The distance between the two lateral peaks changes with 

dipole separation. These peaks occur when either the receiver 

or the transmitter is over the dike. The eddy currents induced 

in the dike are maximum. when the transmitter is directly over 

the dike, while the receiver signal is maximum when the recei-

. ver is directly over the dike. Reciprocity ensures that these 

two peaks have the same amplitude. 

The magnitude of the "gull-wing" anomaly decreases with 

increasing frequency. This can be attributed to decreased 

depth of penetration of the transmitter signal due to the skin 

depth ( J: j JA~a-
1

) effect for EM fields propagating in a 

conducting medium. A decrease in the depth of penetration re­

sults in a decrease of the magnitude and depth of eddy cur­

rents induced in the dike. 

Attenuation due to the skin . depth effect also explains 

the smaller response observed at 100 Hz for n = 4 than for 

n = 3. Increasing the dipole separation increases the distance 
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both the inducing and induced EM fields must travel in the 

attenuating medium. The skin depth of the brine at a model 

frequency of 10 KHz is 1.1 m, while the skin depth at 100 KHz 

is 33 cm. If the dipole separation is much less than a skin 

depth for the brine, the attenuation of the EM fields will not 

be significant compared to the increase in the magnitude of 

the EM anomaly associated with the increased depth of pene­

tration. However, as the dipole separation distance approache_s 

the skin depth, the attenuation increases and ·becomes signifi­

cant. The minimum dipole separation for this attenuation to 

be observed decreases with increased frequency. For n = 4, the 

dipole separation is 20 cm. This represents two-thirds of the 

skin depth -for the brine at 100 KHz, and might result in sig­

nificant attenuation. 

Another characteristic of the EM "gull-wing" anomaly is 

the increase of the quadrature component with increasing fre­

quency. This illustrates a phase rotation that is a Gomposite 

of a rotation due to the EM response of the dike, and a rota­

tion that accompanies the skin depth effect. 

3.4 Apparent Resistivities for the Analogue Dike Model 

As described earlier, the normalization procedure used 

in collecting the spectral IP measurements removed both the 
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instrument frequency response and the host earth frequency 

response. To facilitate numerical modeling of the complete 

EM coupling effect of a conducting dike embedded in a poorly 

conducting uniform host earth, it was necessary to re-introduce 

the contribution of the host earth to the signal. 

The normalized potentials can be considered as scaled 

values of the electric field. The measurement made in the 

laboratory is that of a potential difference across a pair of 

electrodes with fixed spacing. This potential difference is 

proportional to the potential gradient and, therefore, to .the 

electric field intensity; 

V(y) = ) (3.1) 

where 'a' is the dipole length. In the normalization procedure 

for a given frequency, a multiplicative gain and an additive 

phase shift are applied to the measured potential in order to 

attain a .3 volt in-phase signal and a zero quadrature signal 

at the reference location. The following development (Best, 

1983) shows how the normalized potentials along the traverse 

are related to the un-normalized apparent resistivities. 

The scaled values of the electric field along a traverse 

can be written as (Hohmann, 1971) 

J 
( 3. 2) 
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E : where ~ is the scaled electric field radiated by the host 
I 

E 5 is the scaled electric field radiated by the earth and 
i 

dike in the presence of the host earth. The desired unscaled 

fields can be written as 

( 3. 3) 
• 

In polar form, C ~ becomes 

, R ( ) j8s (y) E's (y J :. s Y e . (3.4) · 

In the region far from the dike, 

.) ( 3. 5) 

and ) 
( 3. 6) 

where the subscript 1 refers to the values at the reference 

location. 

In polar form, the unscaled field is 

E (y) R (y) e je(y) 
• ( 3. 7) 

In the region far from the dike, 

) 

and -- } ( 3. 8) 
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the unscaled field radiated by the host earth. Hence, at the 

reference location, where scaling takes place, Ei and E!,1. are 

related by 

-- • 
( 3. 9) 

The same scaling condition applies over the length of the tra­

verse. Thus, more generally, 

E(y) == ) (3.10) 

or 
) (3.11) 

yielding 
) (3.12) 

and -- ' 0 0 8s LY) .f. e I - eSI • (3.13) 

It should be noted that varying the strength of the trans­

mitter current is equivalent to changing the multiplicative gain 

of the signal. Since the transmitter current is constant along 

the traverse, it behaves like a constant scale factor, or con­

stant of proportionality, between the measured potential and 

the apparent resistivity (equation (1.1)). Thus, from equations 

(1.1) and (3.1), it can be shown that the electric field inten­

sity is proportional to the apparent resistivity; 

) 
(3.14) 
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where Bis a real constant. Use (3.12) and (3.14) to obtain 

• ( 3. 15) 

In the laboratory scale model, the proportionality between 

E and V yields 

.R 
5 

(Y) e. je5 lY) ( 
' j¢(Y) V YI e. 

,, o e~~ 
"'\' e 

~ o. . ~ e. 
) 

(3.16) 

't(Y) 
where V(Y) e J is the measured normalized potential, and, 

·,a. 
as stated earlier, ,3eJ is the potential at the ·reference po-

sition. Hence, (3.15) and (3.13) become 

) 
(3.17) 

and e CY) -= (3.18) 

It is desired that the unscaled values of the apparent 

resistivity far from the dike be identical to the theoretical 

values of the apparent resistivity of an in-line dipole-dipole 

array coupled to a uniform conducting earth at the frequencies 

and dipole separations of interest. These are the values for 
I j8° 

~o e 1 These theoretical apparent resistivities were 

obtained by applying equation (1.1) to the spectrum of complex 

impedances obtained earlier using the programme in Appendix I. 

Using equations (3.17) and (3.18), the normalized potentials 
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measured over the dike were converted to apparent resistivi­

ties. 

The apparent resistivity for traverses over the dike for 

simulated frequencies of 10 Hz and 100 Hz are presented in 

Fig. 11. The apparent resistivity for these traverses dis­

plays fundamentally the same structure as the normalized poten­

tials shown in Fig. 10, except that the wings in the apparent 

resistivity curves show the expected dispersion with frequency 

and dipole separabion due to the frequency dependent EM response 

of the model uniform conducting host earth. These analogue 

model apparent resistivities were used in a later section in the 

present work in developing an analytical expression for EM 

coupling for a conducting dike embedded in a poorly conducting 

uniform host earth. 

3.5 Summary 

Model spectral IP measurements were obtained for a uniform 

host earth for simulated frequencies of .5, 2, 8, 32 and 128 Hz 

and for dipole separations of n = 1 ton= 4. These measure­

ments were used to locate the region of the tank least affected 

by edge effects. Model spectral IP measurements were obtained 

for a conducting dike embedded at simulated depths of 300, 500 

and 1000 min a uniform poorly conducting host earth for 22 
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simulated frequencies (.25, .5, 1 --- 512 Hz and 10, 20, 30 ---

100 Hz) and for dipole separations of n = 1 ton= 4. Results 

for measurements over the dike show the typical "gull-wing" 

character of the EM response of a naturally occurring conduct­

ing dike. The magnitude of the anomaly generally increases 

with increasing dipole separation and decreases with increas­

ing frequency. Finally, by treating a change in transmitter 

current as a multiplicative gain, and by treating the normali­

zation procedure as linear scaling, the model normalized poten­

tials were used to obtain apparent resistivities characteristic 

of both the uniform host earth and the conducting dike. 
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CHAPTER 4 

INVERSION OF LABORATORY MODEL DATA 

FOR EMPIRICAL MODELS 

4.1 Introduction 

The use of the Cole-Cole (CC) dispersion in the analysis 

of spectral IP measurements is currently popular among ex­

ploration geophysicists. The CC dispersion is a mathematical 

expression described by four parameters and one independent 

variable, frequency, and is written as 

• (4.1) 

This dispersion, in its original form, was first proposed by 

Cole and Cole (1941) as an empirical method to describe the 

complex permittivity spectra displayed by various dielectric 

materials and was derived from the complex impedance of the 

equivalent circuit shown in Fig. 12(a). By replacing the 

capacitors in this equivalent circuit with resistors, an equi­

valent circuit for the IP effect was obtained (Madden, 1967; 

Pelton et al, 1978) as shown in Fig. 12(b). 

The four parameters of the CC dispersion are the apparent 

DC resistivity ( fJc ) , the apparent chargeability (m), the 
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decay time constant ( 1: ) , and the frequency dependence ( C) . 

The ranges over which these parameters can vary are also shown 

in Fig. 12(b). A comprehensive method of interpretation for 

these parameters is provided by Pelton et al. (1978). In the 

absence of strong EM coupling, these parameters can be used to 

discriminate between sulfide based mineral ore bodies and 

graphite based ore bodies. Pelton et al. (1978) made several 

successful interpretations of spectral IP measurements col­

lected over widespread disseminated porphyry copper deposits 

in the south-western United States. 

Pelton inverted the apparent resistivity spectra obtained 

at each station along a traverse using the CC dispersion and a 

ridge-regression inversion algorithm. The values of the re­

sulting CC parameters were contoured on pseudo-sections. In­

terpretations of ·the conductivity structure of the region being 

surveyed were obtained using the ~c pseudo-section, while 

interpretations of the mineral composition of the region were 

made using the m and 'C' pseudo-sections. 

Where EM coupling was strong, Pelton et al. (1978) proposed 

that, for low frequencies, the EM coupling component might be 

described by a second CC dispersion. Thus, the product of two 

CC dispersions was used in the inversions: one dispersion to 

describe the IP effect and the other to describe the EM coupling 
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effect. It was found that the value of C in the CC dispersion 

for IP was generally less than .5, while the value of C in the 

EM coupling dispersion was generally near 1. This was the 

principal means by which Pelton et al. (1978) discriminated 

between the two components of the spectral IP signal. 

The CC dispersion is an empirical model of EM coupling and 

is not derivable from fundamental principles of EM induction. 

One of the objectives in this work was to determine whether 

the CC dispersion and its derivatives could provide an ade­

quate empirical description of EM coupling in the laboratory 

analogue dike model. The apparent resistivities for the la­

boratory analogue model were assembled into spectra for 12 

stations along the traverse (Y = -50, -40, -30, -20, -17.5, 

-15, -12.5, ~10, -7.5, -5, -2.5 and O cm). Four spectra were 

assembled at each station, one for each dipole separation. 

Only one-half of the stations along the traverse were used, due 

to symmetry in the measurements across the dike. These appa­

rent resistivity spectra were inverted using the Marquardt (1963) 

algorithm and various empirical models based on the CC disper­

sion. 

4.2 Inversion of the Laboratory Model Apparent Resistivities 

for a Conducting Dike in a Uniform Conducting Host Earth 

A brief calculation shows that the phase of the CC apparent 
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resistivity is always small and negative, whereas the observed 

apparent resistivities from the region directly over the dike 

(Fig. 11) have positive phases (both the in-phase and quadra­

ture components being positive). Hence, a simple CC dispersion 

i s incapable of describing EM coupling in the region close to 

the dike. 

A slight modification of the CC dispersion, made by intro-

ducing a fifth parameter 
1 

0(..
1 

{ O ~ ol... ~ /) results in an ex-

pression which gives an apparent resistivity with positive 

phase under certain conditions. This expression is referred 

to as a generalized Cole-Cole (GCC) dispersion and is written 

as 

• 
( 4. 2) 

The results for inverting the spectra for n = 1 at a simulated 

dike depth of 300 mare presented in Fig. 13(a). A plot of 

the sum of squared errors j as a function of station position 

is illustrated. As discussed earlier, small values of ~ in­

dicate that parameters were found that give a good fit between 

the observed and calculated data, while large values of i in­

dicate a poor fit; 

The GCC provides a good fit to the observed apparent re­

sistivities on the wing of the traverse far from the influence 
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of the dike. The fit becomes progressively worse as the 

station location approaches the position of the dike. P 
grows from · a value of 10 at the reference location to a value 

of over 10 8 in the region close to the dike. The order of 

magnitude of the apparent resistivities in the analogue model 

is 4 x 10 3..0..m. Eventually, the difference between these appa­

rent resistivities and the· GCC values was so great that the 

matrices in the inversion programme became ill-conditioned, 

preventing further calculations in the inversion process along 

the traverse. This break-down in the calculations occurred in 

the region where the apparent resistivities of the analogue 

model were positive. Similar results were obtained for the 

n = 2, 3 and 4 traverses (not shown). The GCC parameters ob­

tained from these inversions are tabulated in Fig. 14. As in 

the case of the CC dispersion, the GCC dispersion is incapable 

of describing EM coupling in the region of the dike. 

It has recently been suggested (Klein, 1983) that if a 

single GCC dispersion failed to describe EM coupling, the pro­

duct of two GCC dispersions might give enough freedom in the 

parameters to achieve success. This is referred to here as 

the double GCC (DGCC) dispersion. The DGCC dispersion is an­

other empirical estimate of EM coupling and is written as 
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The graph of i versus station location for the DGCC model in 

Fig. 13(b) shows that even the DGCC model does not describe 

EM coupling in the region of positive phase over the dike. It 

appears, therefore, that the CC dispersion and its derivatives 

are not appropriate models for describing EM coupling for a 

conducting body embedded in a uniform host earth. 

4.3 Inversion of the Laboratory Model Apparent Resistivities 

for a Uniform Host Earth 

The excellent fits obtained on the wings of the traverses 

using the GCC and DGCC dispersions indicate that these dis­

persions can provide a good description of EM coupling for a 

uniform conducting earth. In Fig. 14(a) the apparent resis­

tivity spectrum of the analogue model for n = 1 at the refer­

ence location is compared with the calculated spectra using the 

GCC and DGCC spectra. The laboratory and calculated spectra 

are almost indistinguishable. The best fit GCC and DGCC para­

meters resulting from these inversions are tabulated in 

Fig. 14(b). Although the analogue model measurements are only 

accurate to three significant figures, five significant figures 

are displayed forfocc to illustrate the variation in this para­

meter from one dispersion to the other. 
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This conclusion that the GCC dispersion provides an ade­

quate representation of EM coupling over a uniform earth could 

explain the successful results obtained by Pelton et al. (1978). 

The dimensions of the prophyry copper deposits were much 

greater than the length of the probing array. Consequently, 

in the vicinity of the survey, the geology was uniform on a 

macroscopic level, providing a uniform earth in an electromag­

netic;:: sense. 

4.4 Summary 

Various empirical expressions were tested to determine 

whether they could provide an adequate description of EM 

coupling in the laboratory analogue dike model. The Cole-Cole 

dispersion was found to be inappropriate because it yields 

only apparent resistivities with negative phases. The ap­

parent resistivities of the analogue model display positive 

phases in the region of the dike. Inversions of model spectra 

at twelve stations along the traverse (Y = -50, -40 --- -20, 

-17.5, -15 --- 0 cm) and for dipole separations of n = 1 to 4 

were made using a generalized Cole-Cole dispersion and a 

double generalized Cole-Cole dispersion. Inversion calcula­

tions for both dispersions broke down in the region of posi­

tive phase over the dike. Good fits were obtained using both 
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dispersions in regions far from the dike. It was concluded 

that the Cole-Cole dispersion and its derivatives are not 

suitable expressions for describing the EM coupling due to a 

conducting body of finite proportions embedded in a uniform 

earth. These expressions are better suited to describing EM 

coupling over a uniform earth. 



CHAPTER 5 

THE DIPOLE-DIPOLE-LOOP ANALJTICAL MODEL 

OF THE CONDUCTING DIKE 

5.1 Introduction 

In this chapter, an analytical expression for EM coup­

ling for a conducting dike embedded in a poorly conducting 
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host earth is developed using the principles of EM induction. 

It is desirable that at least two advantages be gained using 

an analytical model of EM coupling rather than an empirical 

model. Firstly, the analytical model should be designed such 

that its parameters can be better related to the physical para­

meters of the dike. Secondly, the analytical model should be 

designed so that the variation of EM coupling between the array 

and the dike can be estimated as a function of distance be­

tween them. This would allow inversions to be made of apparent 

resistivities along traverses, as well as of spectra of appa­

rent resitivities, as dealt with in Chapter 3. The analytical 

model to be developed here is referred to as the Dipole-Dipola­

Loop (DDL) model. 

In the DDL model, the conducting dike embedded in a poor­

ly conducting host earth is replaced by a conducting loop em-
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bedded . in a poorly conducting uniform half-space. The con­

figuration of this model is shown in Fig. 15. The time varia­

tion of the transmitter EM fields propagating through the 

half-space induces an electromotive force (EMF) around the 

loop, which causes an electric current to flow in the loop. 

This loop current radiates secondary EM fields that are regis­

tered at the receiver dipole as a phase delayed potential. 

The total potential at the receiver is the sum of the primary 

potential due to EM fields propagated directly from the trans­

mitter through the half-space and the secondary potential due 

to EM fields that are radiated by the current induced in the 

loop and also propagate through the half-space. The primary 

potential is given by the EM coupling response of the uniform 

earth, discussed earlier. 

5.2 Mathematical Development of the Dipole-Dipole-Loop Model 

In the DDL model (Fig. 15), the transmitter and receiver 

dipoles have length 'a', and are separated by a distance 'na', 

where 'n' is an integer. The loop has a width 'w', a depth ex­

tent 'd', and is embedded in the conducting half-space to a 

depth 'h'. The origin of coordinates is located at the sur­

face over the centre of the loop. The position of the array 

with respect to the loop is given by X 0 , which is positive 

when the mid-point of the array is to the right of the origin. 
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The half-space containing the loop has a conductivity 

<:rand the permeability of free space f'-o. It is assumed 

that displacement currents are negligible. Hence, if the 

time dependencies of the currents and EM fields are of the 
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~wt; 
form e. , then the quasi-static approximation can be made, 

and the propagation constant K for the conducting half­

space is of the form 

) ( 5. 1) 

where W is the angular frequency of variation. 

A sinusoidal alternating current is injected into the 

conducting half-space at the transmitter and establishes a 

propagating EM field in the half-space. The time variation 

of the flux of the magnetic component of this field linking 

the loop induces an EMF around the loop. This EMF can be 

expressed in terms of the transmitter electric field as 

£NF - f S·.JJ , (5.2) 

a,.,,. .. ,c:l /oar 

where the line integral is performed counter clockwise around 

the loop. In the DDL model coordinates, (5.2) becomes 
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h.-J '/::!. 
t. 

E.MF = J Ea I eh + f Ex j dx 
r '='"' X =• 'ti. x= ---y;y e = h+-J 'Z. 'Z. 

" -~ 
+ J E w. I de + J Ex l J.x • 

,c-w ~T:J" ( 5. 3) 
i! = h+J -- X= ~ 'L z. 

Wait (1983) showed that the EM fields of an insulated 

wire, carrying a current I and connected to a conducting medium 

at its two ends, can be obtained by constructing the wire with 

a string of point electric dipoles of strength rJs. The EM 

fields of the grounded wire are given by the superposition of 

the EM fields of the point electric dipoles. In this manner, 

the EM fields of the transmitter are obtained by superposing 

the EM fields of . a string of horizontal point electric dipoles 

at the surface of the conducting half-space. The electric 

field of one of these point dipoles is written as 

( 5. 4) 

and is well known (Ward, 1967). The expressions for 'tr are 
~ 

given in Appendix II(a). Using (5.4), the transmitter electric 

field becomes 

E (x,~) --
~o-!!!I z. J .I gr (x- s, e) ol s 

S: .X0 ... T - c:::t 

) 

( 5. 5) 



71 

where S is a position coordinate of a point electric dipole 

and varies over the length of the transmitter as shown in 

Fig. 16(a). Using (5.5) in (5.3) yields 

k+-~ ~o-'1.!I 

J f r: 
'Z. 

C.r'l. (-1-s,~)Js de £MF --
=!=-h $::d(c,- ~-Q 

'Z,. 

'JU. 1'o- ~ t. 

.... J ) I. trx ( K-S, h+d) Jsdx 
K ... "lJ II!. - ~o - !!9 - 0. = ~ - "T-. 

( 5. 6) 

or I\...J. Jto- ~ 

t!1F= Ir J ( Cn(-~-s,'l}-£n-(~-S,l»d"?.d~ 

. 2-::.'1 S=- ><o-~ -<t 
~ 
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If the first double integral in (5.7) is labeled J~ and the 

second J'x, then (5.7) can be written in short form as 

EMF = I ( Jx + I;!) • 
( 5. 8) 

To obtain the current ( 11,) that flows in the loop in re­

sponse to the induced EMF, the loop is treated as a simple 

R - L circuit, with a resistance Rand a self-inductance L 

(Grant & West, 1965). Thus, rL satisfies the first order 

differential e·quation 

-- 0. 
( 5. 9) 

Since the expression for the EMF involves the sinusoidal trans-

mitter current, a sinusoidal loop current can be assumed with 
·tut 

a time dependence of eJ Hence, .the solution to ( 5 • 9) is 

(:r~ + J"x) . I 
(R + JeuL) 

- • (5.10) 

It is important to note here that the mutual inductance be-

tween the current loop and the conducting half-space is ignored. 

In the quasi-static frequency range, this effect should be 

small, since the mutual inductance will involve the factor jw 

which is small for small frequencies. Where the dike is con­

cerned, this assumption means that the presence of the dike 

does not disturb the primary transmitter fields. This is not 

necessarily correct; but the assumption is required in order 

to facilitate the mathematical analysis of the model. This in-
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accuracy is not of concern since the purpose of the DDL model 

is to provide only an estimate of EM coupling that is easily 

calculated, not necessarily the exact solution. 

In general, Rand Lare functions of the dimensions of 

the loop and its configuration in the half-space. Whereas 

the development of the expression for R presents no undue com­

plexity, the expression for Lis somewhat more complex and re­

quires knowledge of the mutual inductance that has been ignored. 

For the purpose of this work, Rand L were left as general 

. parameters, whose values would be determined by an inversion 

process. 

The EM fields radiated by the loop current are obtained 

in a manner similar to that used to obtain the EM fields of 

the transmitter current. The loop is constructed of four 

strings of point electric dipoles of strength IL JS . The 

electric field of a vertical point electric dipole embedded 

in a conducting half-space is given as 

( 5. 11) 

Similarly, the electric field of an embedded horizontal point 

electric dipole is 

- ( 5 .12) - • 

The expressions for E; 11 and - l.., are given in Appendix II (b) and 
"" 



II(c) and were obtained from Wait (1961) and Weaver (1967) 

respectively. 

Consider a field point (P(,c,o))on the surface of the 

conducting half~space in the region of the receiver dipole, 

as shown in Fig. 16(b). The electric field at this point 

for a string of vertical point electric dipoles located at 

a depth h I 
and position X- X is 

Ev Cx) -= - • 
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(5.13) 

As shown in Fig. 16(c), the electric field at a similar point 

for a string of horizontal point electric dipoles embedded at 

I 
a depth i! below the origin is 

'II!{ 
"Z,. 

) L. ~ ij ( )(- s , e ') d s 
S--~ - 'Z. 

• 

(5.14) 

Hence, the total electric field at P(J(,0) due to the four 

strings of point electric dipoles that comprise the embedded 

loop is written as 



76 

h ,..c,l 

E" 2. (x,o) == J I,._ t.v ()(--~, ?;) dr: -
~==-l, 

YJI z. 

+ J IL ~~ (x-s, l-,+J) ols 
S- _w 

- 'i:' 

h 

-r I r'- £v(x-1,~)de. ,,,,._ 

~=h+d 
- 'ti. 

t I LI'- CH Cx-s,l,,J ds - ') 

"" (5.15) s- -- z. 

where the integration is performed around the loop in the 

direction of the induced current (assumed to be counter-clock­

wise). Equation (5.15) can be re-writt~n as 

l-\ ... ol 

E ( \ I .( (e_ .. r ( ,C-+ Y{t C: J - ~'l} ( x- ~ t ~ )) d ~ 
t ')(1 D : 1. J ~-v 

• 

(5.16) 

The potential induced at the receiver by the electric 
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field radiated by the loop current is given by 

Jl - dx ~ -
receive,... 

(5.17) 

Therefore, 

Ko+ 12a +-di. 

J 
'Z, 

V-z._ = - E1..x (x> d.x 
' 

x= )(0+'19 (5.18) 
2... 

or, using equation 
h+d 

Vt = - IL i 
(5.16), 

)(o+!!..9 + ct 

J ( ;'U>C ( x + ~, i! )- Z-i>x (,c- ~, !c )) J.xdi! 

- I1.. 

l'=h ,C = ICO + r.:L.4 
-z.. 

't:!. l<o + '1£1 +- Q. 

( J (; 11x (x-s, l,,+J )- f.11x (x-s, I.)) Jx ds • 

If the first double integral in (5.19) is labeled 1f-zr and the 

second 1J H , then ( 5 .19) can be expressed in short form as 

(5.20) 
• 

Using equation (5.11) in (5.20) gives 

( J"1t + J~J (V-u+ V°H) .r (5.21) 
, 

( R+ ~tJ L) 
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the secondary potential for EM coupling between the array and 

the loop subject to the conducting host earth. 

As discussed earlier, the primary potential (V1)regis­

tered at the receiver is given by the EM coupling between the 

array and the uniform conducting earth, thus yielding a total 

potential 

(5.22) 

By applying equation (1.1) to (5.22), the receiver potential 

is converted to an apparent resistivity; that is, 

(5.23) 

where fa~ is given by the values for EM coupling for a uniform 

earth computed in Chapter 3 and ~2. is given by 

( J,c-+ J~) ( 71~ + v-.,) 
{R+jwL) 

(5.24) 

Equations (5.23) and (5.24) comprise the DDL model of EM coup­

ling for the dike problem. 

There are five parameters in the DDL model: the depth 

'h' of the loop, the width 'w', the depth extent 'd', the re­

sistance Rand the self-inductance L. The two independent 

variables in the model are frequency (c.J) and the position (X0 ) 
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of the dipole array with respect to the loop. Both apparent 

resistivity traverses and spectra can, therefore, be calcu­

lated with the DDL model. As will be discussed in the next 

chapter, the DDL model was used in inversions of the labora­

tory analogue model apparent resistivities to determine 

whether the DDL model could provide a more accurate descrip­

tion of EM coupling in the dike problem than the empirical 

models used in Chapter 4. 

5.3 Summary 

The Di~ole-Dipole-Loop (DDL) model is an analytical 

model of EM coupling for a conducting dike embedded in a uni­

form conducting host earth. In the DDL model, the dike is re­

placed by a conducting loop, coplanar with the array dipoles. 

EM coupling for this model is derived using the principles of 

EM induction. All linear current elements in the DDL model 

were treated as strings of point electric dipoles. The ex­

pressions for the EM fields of point electric dipoles embedded 

in or at the surface of a conducting uniform half-space are 

well known. The apparent resistivity for the DDL model can be 

written in short form as 

I' a.. .. fa. 
1 

+- 7r n ( >, +- , ) ( n + '2..) a.. ( J ')( + J ~ ) ( 1lv + V-H ) 

(R-tlwL) 
J 
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where Jx, J eJ 1f v- and U-11 are double integrals dependent on the 

array-loop configuration and ~I is the apparent resistivity 

of the uniform half-space. The DDL model has two independent 

variables: transmitter frequency (w) and the position ( Xo} 
of the array with respect to the loop. The DDL model is des­

cribed by five parameters: the depth of the loop 'h', the 

width 'w', the depth extent 'd', the resistance Rand the 

self-inductance L. The DDL model was designed so that these 

parameters could be given values through an inversion process. 



CHAPTER 6 

INVERSION OF THE LABORATORY MODEL DATA FOR 

THE ANALYTICAL DIPOLE-DIPOLE-LOOP MODEL 

6.1 . Introduction 

A computer programme was written to calculate the ap­

parent resistivities for the DDL model. These apparent re­

sistivities displayed similar characteristics to those of 

81 . 

the laboratory dike model. The DDL apparent resistivities 

exhibited a "gull-wing" anomaly, along the traverse. The 

anomaly was symmetrical about the origin directly over the 

loop. Its magnitude decreased with increasing frequency and 

increased with increasing dipole separation, as in the case 

of the anomaly observed in the laboratory model traverses. 

The character of the DDL ''gull-wing" depended heavily on the 

values chosen for the DDL (dike-loop) parameters. The pur­

pose of this part of the work was to invert the laboratory 

model apparent resistivities and thus to find those dike-loop 

parameters that would give the closest agreement between the 

DDL model apparent resistivities and the laboratory dike model 

apparent resistivities. 
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Eight seconds o f CPU time was required to compute the 

value of one DDL apparent resistivity on an IBM VM370 main­

f rame computer. This is an expensive calculation. The speed 

of the calculation could be greatly improved by using more 

sophisticated programming techniques for computing the double 

integrals .in equation (5.24). In anticipation of these im­

provements, a copy of the DDL programme was not included in 

this report. 

Since the DDL model is a function of frequency, array 

position and dipole separation, a single inversion could have 

been made using the entire laboratory dike model data set to 

obtain a single set of dike-loop parameters. However, due to 

the high cost of the calculations, such an inversion could not 

be attempted. Instead, a number of inversions of., smaller sub­

sets of the laboratory data were made. Since the DDL apparent 

resistivities displayed a larger variation with array position 

than with frequency, inversions were made of values along tra­

verses. The laboratory dike model apparent resistivity was 

sampled at twelve stations (Y = -50, -40 --- -20, -17.5, 

-15 --- 0 cm) along the traverse and inverted using the Mar­

quardt (1963) algorithm. Inversions were made along traverses · 

at simulated frequencies of 1, 10, 50 and 100 Hz and for dipole 

separations of n = 1 ton= 4 and a single simulated dike depth 

of 300 m. 
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Several trends in the dike-loop parameters were expected 

from these inversions. Little variation with frequency was 

expected in the geometric dike-loop parameters (h, d, w), 

since these are closely related to the constant dimensions of 

the dike. The values for 'h' were expected to be close to 

the simulated dike depth at 300 m, since this was the upper 

limit of eddy currents induced in the dike. Similarly, 'w' 

was expected to be close to the simulated dike width of 100 m. 

Since the effective depth of penetration of the signal was 

one-half the dipole separation, at n = 4, the eddy currents 

should have been confined to the top 1000 m of the dike. Con­

sequently, 'd' was expected to be near this value. Some vari­

ation with fre~uency of the electrical dike-loop parameters 

(Rand L) was anticipated because these parameters were used 

to form the complex impedance of the loop in which mutual in­

ductance between the loop and the h~lf-space was ignored. A 

variation of Rand L with frequency would be necessary to ac­

count for the increased significance of the mutual inductance 

with increasing frequency. R was expected to be more signi­

ficant than Lin determining the strength of the induced loop 

current in the quasi-static frequency range, and hence in de­

termining the magnitude of the EM coupling response of the 

loop. Consequently, L was expected to be smaller than R by 

at least one order of magnitude. As discussed below, most of 
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these expected trends were in fact observed in the inversion 

results. 

6.2 Inversion Results for the Laboratory Dike Model Data 

Using the Dipole-Dipole-Loop Model 

Laboratory model inversion results for the DDL model are 

shown in Fig. 17 and Fig. 18 for simulated frequencies of 10 Hz 

and 100 Hz, and for dipole separations of n = 1 and n = 4. The 

best fit dike-loop parameters used to obtain the DDL apparent 

resistivities shown in these figures are: 

h = 300 m, d = 349 m, w = 200 m, R = .11 x 10- 5.n., 
L = .79 x 10- 9 Henries for rt= 1 at 10 Hz, 

h = 697 m' d = 616 m' w = 146 m' R = .22 X 10- 6.a., 
L = .15 X 10-9 Henries for n = 4 at 10 Hz, 

h = 310 m' d = 119 m' w = 283 m; R = .27 X 10- 4.n.., 
L = .15 X 1 0- 7 Henries for n = 1 at 100 Hz and 

h = 856 m' d = 576 m' w = 102 m' R = .94 X 10- 5.n., 
L = .97 X 10- 8 Henries for n = 4 at 100 Hz. 

Only one-half of the traverse is illustrated, since the results 

are symmetrical about the origin. These results show excellent 

agreement between the DDL and laboratory model apparent resis­

tivities. The standard error of fit (SE), given by the square 

root of the sum of squared errors , is 153 .a..-m for 
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n = 1 and 207 .!2..-m for n = 2 for the inversion at 10 Hz. The 

SE represents an average error in fit of less than 10% of the 

total ''gull-wing" anomaly. The values of SE at 100 Hz are 

equally low. Similar results were obtained for the inversions 

at 1 Hz and 50 Hz. 

The dike-loop parameters obtained in the inversion of the 

laboratory model data are summarized in Fig. 19 and Fig. 20. 

All five parameters exhibit a dispersion with frequency and . 

dipole separation. 'h' decreases with decreasing dipole sepa­

ration. In fact, as both the frequency and dipole separation 

decrease, 'h' approaches the actual value of the dike depth 

at 300 min geophysical scale. 'h' also tends to increase with 

increasing frequency. Burying the loop deeper in the half­

space achieves the same attenuation of the EM fields as that 

associated with the skin depth effect. 

The parameter 'd' also increases with dipole separation. 

However, 'd' decreases with increasing frequency. Decreasing 

'd' reduces the area of the loop. This, in turn, reduces the 

induced EMF in the loop, resulting in a reduced EM coupling 

anomaly consistent with the observed attenuations. In this 

way, 'd' is negatively correlated with 'h'. 

As dipole separation and frequency are increased, the 

value of 'w' approaches the actual dike width of 100 min geo-
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physical scale. Therefore, in the field, more accurate esti­

mates of dike width will be achieved using relatively large 

dipole separations and high frequencies. 

In general, the frequency dependency of the geometric 

dike-loop parameters is weak. Conversely, the frequency de­

pendency of the electrical dike-loop parameters is very strong, 

as expected. As illustrated in Fig. 20, both Rand L vary 

with frequency over several orders of magnitude. Varying the 

dipole separation results in a parallel displacement of Rand 

Lon the LOG-LOG plots. This might correspond to a multipli­

cative change in the parameters that is constant with fre­

quency. As was expected, Lis 2 to 3 orders of magnitude 

smaller than R. 

The DDL model was successfully used to describe the EM 

coupling effect along each individual traverse inverted. Un­

like the empirical models dealt with in Chapter 4, this suc­

cessful description included the region of positive phase over 

the dike. The variation of the dike-loop parameters with fre­

quency is due primarily to the physical simplification of rep­

resenting the dike by a conducting loop. The good agreement 

obtained between the DDL and laboratory model apparent resis­

tivities along the individual traverses suggest that a different 

equivalent current loop exists for each configuration of the EM 

fields in the laboratory model. 
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6.3 Discussion 

Although good agreement was obtained between the DDL model 

traverses and the laboratory model traverses, the agreement was 

not exact. This might be explained by experiemental error. As 

mentioned earlier, on each occasion when the distance between 

+ the electrodes is set, a mechanical error of .5 cm, or 10% 

of the dipole length, could occur. In the DDL calculation, 'a' 

was set at a constant value of 500 m geophysical scale. The 

DDL model also assumes that the contacts of the transmitter and 

receiver dipoles are points. In the laboratory model, the tips 

of the electrodes have a diameter of .5 cm in order to keep the 

current densities low. Hence, the laboratory measurements 

might be considered to be integrations of the DDL results over 

the net area of the laboratory electrode contacts. Other 

sources of error might be due to irregularities in the configu­

ration of the laboratory model. The graphite dike might not 

have been exactly vertical, or the traverse might not have been 

exactly perpendicular to the strike of the dike. This latter 

error would significantly affect assumptions based on bi-lateral 

symmetry. 

The weakness of the variation of the geometric dike-loop 

parameters with frequency suggests that these parameters might 

not truly vary with frequency and that the variation might be 
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due to other causes such as irregularities i n the configuration 

of the laboratory model and inter-dependencies among the dike­

loop parameters. The strong variation with frequency of the 

electrical dike-loop parameters suggests that this is a real 

response to variations of the EM properties of the dike with 

frequency. Hence, by fixing the geometric dike-loop parameters 

at their average values with frequency, inversions for apparent 

resistivities along traverses could be re-computed to obtain 

new values for Rand L that might yield a closer match between 

the DDL model and the laboratory model. 

As desired, the dike-loop parameters are constant with 

array posi~ion; unfortunately, they vary with frequency. Fur­

ther work is required to develop a method of predicting this 

variation with frequency. When such a method is available, 

the DDL model will be even more successful at describing EM 

coupling for the embedded dike, and will facilitate more ac­

curate removal of EM coupling from the spectral IP signal. 

Several changes might be made in the DDL model which could 

improve its general usefulness and accuracy. The angle of in­

clination of the wire loop to the vertical might be included 

as a sixth parameter. By tilting the loop, the EM coupling 

effect for a dipping dike might be estimated. The rectangular 

loop might be replaced by an elliptical loop. 'w' and 'd' 
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would then describe the lengths of the major and minor axes 

of the loop. In nature, eiectrical currents do not turn at 

discontinuous corners; they flow in continuous curves. The 

single loop might also be replaced by a series of coplanar 

loops arranged so that the current density is larger near the 

top of the set of loops than near the bottom. This would 

achieve a more accurate representation of the eddy currents 

induced in the dike. Finally, a loop, or set of loops, might 

· be introduced in the strike plane of the dike to account for 

EM coupling that would result if the traverse were not per­

pendicular to the strike of the dike. 

6.4 Summary 

Inversions of the laboratory model apparent resistivities 

were made using the dipole-dipole-loop (DDL) analytical model 

for traverses made at simulated frequencies of 1, 10, 50 and 

100 Hz and for dipole separations of n = 1 ton= 4 and a 

single simulated dike depth of 300 m. As expected, the DDL 

apparent resistivity traverses displayed a "gull-wing" anomaly 

that was symmetrical about the origin over the centre of the 

loop. For a given set of dike-loop parameters, the DDL "gull­

wing" anomaly decreased with increasing frequency and increased 

with increasing dipole separation. This was similar to the 

variations observed in the laboratory model traverses. 



The inversions resulted in excellent agreement between 

the DDL model and laboratory model apparent resistivities. 
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The standard error of fit computed for each inversion was 

typically less than 10% of the magnitude of the ''gull-wing" 

anomaly. The dike-loop parameters resulting from the inver­

sions demonstrated dispersions with frequency and dipole 

separation. The depth of the dike 'h' was determined by using 

low frequencies and short dipole separations. The width of 

the dike 'w' was determined by using high frequencies and long 

dipole separations. The depth extent 'd' of the loop varied 

from 100 m to 600 min geophysical scale indicating that the 

eddy currents induced in the dike were concentrated within the 

top 1000 m of the dike, as was expected. The electrical dike­

loop parameters (Rand L) showed strong dispersion with fre­

quency. L was consistently 2 to 3 orders of magnitude smaller 

than R, as expected. 

The parameters of the DDL model are constant with array 

position, but vary with frequency. Further work is required 

to develop a method for predicting this variation with frequency 

to facilitate more accurate descriptions of EM coupling for the 

embedded dike, leading to a more accurate removal of EM coup­

ling from the spectral IP signal for a naturally occurring dike. 

Suggestions were made concerning ways to increase the ac­

curacy and general applicability of the DDL model in modeling 

various configurations of ore bodies and dipole arrays. 
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CHAPTER 7 

GENERAL SUMMARY AND CONCLUSIONS 

The purpose of the work reported in this thesis was to 

study the response of EM coupling for the case of a vertical 

conducting dike embedded in a uniform poorly conducting host 

earth. A laboratory analogue scale model of the embedded dike 

was used that would provide spectral IP measurements · comprised 

mainly of an EM coupling component. The conducting dike was 

simulated by a graphite plate, while the uniform host earth 

was simulated by a brine solution in a plywood tank. The la­

boratory mod~l ~atisfied the electromagnetic scaling conditions 

derived from Maxwell's equations. Since the IP effect for the 

materials used in the laboratory model is negligible, it was 

concluded that the spectral IP measurements obtained from the 

model were due primarily to EM coupling between the dipole ar­

ray and the conducting graphite and brine. 

Spectral IP measurements were ·obtained along traverses 

over the laboratory model for simulated frequencies in the 

range .25 Hz to 512 Hz, for dipole separations of n = 1 to 

n = 4, and for simulated dike-depths of 300, 500 and 1000 m. 

All traverses were made in the region from Y = -50 cm to 
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y = +SO . cm in the tank, where edge effects were minimal. The 

spectral IP measurements along each traverse were normalized 

by setting the quadrature part to zero and the in-phase part 

to . 3 volts at the reference location (Y = -50 cm) far from 

the influence of the dike. The normalization procedure re­

moved the frequency response of the instruments. It also re­

moved the frequency response of the uniform host earth. How­

ever, analysis of the complex impedance at the reference 

location indicated that the brine was an adequate simulation 

of a uniform poorly conducting host earth. 

The normalized spectral IP measurements displayed the 

typical "gull-wing" character of the . EM response of a natural­

ly occurring conducting dike. The magnitude of this anomaly 

decreased with increasing frequency in response to the skin 

depth effect, and increased with increasing dipole separation. 

By treating a change in the transmitter current as a multipli­

cativ~ gain, and by treating the normalization procedure as a 

linear scaling, the model normalized measurements were used to 

obtain apparent resistivities that were characteristic of both 

the uniform host earth and the embedded dike. 

The laboratory model apparent resistivities were inverted, 

using the Marquardt algorithm, for two empirical models of EM 

coupling based on the Cole-Cole dispersion. The Cole-Cole 
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dispersion was not a suitable model of EM coupling for the 

embedded dike since it yields an apparent resistivity with a 

phase that is consistently small and negative. The apparent 

resistivities for the laboratory model display positive phases 

in the region over the dike. Inversions were made of labora­

tory model spectra collected at 12 stations along the traverse 

(Y = -50, -40 --- -20, -17.5, -15 --- 0 cm) using a genera­

lized Cole-Cole dispersion and the product of two generalized 

Cole-Cole dispersioris. These inversion calculations broke 

down in the region of positive phase over the dike. However, 

good fits were obtained in the regions far from the dike. It 

was concluded that the Cole-Cole dispersion and its deriva­

tives were not suited to describing EM coupling for an embedded 

body of finite dimensions, but were better suited to describing 

EM coupling for a uniform conducting earth. 

An analytical model of EM coupling for a conducting dike 

embedded in a poorly conducting uniform host earth was de­

veloped, and is referred to as the dipole-dipole-loop (DDL) 

model. In the DDL model, the dike is replaced by a thin con­

ducting loop coplanar with the array dipoles. EM coupling for 

this model was derived using the principles of EM induction. 

All linear current elements were treated as strings of point 

electric dipoles. The expressions for the EM fields of point 
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electric dipoles on the surface of, or embedded in, a uniform 

conducting half-space are well known. An expression for the 

apparent resistivity of the DDL model was developed. This ex­

pression has three independent variables (frequency, array 

position and dipole separation) and five descriptive para­

meters (loop depth, width and depth extent, and the loop re­

sistance and self inductance). 

The apparent resistivities from the DDL model also dis­

play a "gull-wing" anomaly that is symmetrical about the ori­

gin above the centre of the loop. This anomaly decreases with 

increasing frequency and increases with increasing dipole se­

parations. Inversions were made of the laboratory model appa­

rent resistivities using the DDL model for values along tra­

verses at 1, 10, 50 and 100 Hz for dipole separations of n = 1 

ton= 4 at a single simulated dike depth of 300 m. Excellent 

agreement was obtained between the DDL and laboratory model 

apparent resistivities along each traverse inverted. The 

standard error of fit calculated for each inverted traverse 

was less than 10% of the magnitude of the "gull-wing" anomaly. 

The dike-loop parameters obtained from these inversions 

displayed dispersions with dipole separation and frequency. 

These dispersions are due primarily to the physical simplifi­

cation of representing the conducting dike by a conducting loop. 
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The inversion results showed that an equivalent current loop 

could be obtained for each electromagnetic configuration of 

the dike and dipole array. In this manner, the DDL model, 

unlike the empirical models, is successful in describing EM 

coupling over the entire traverse, including the region of 

positive phase over the dike. 

It was found that the value of the loop depth approached 

the value of the true dike depth at low frequencies and small 

dipole separations. Conversely, the value of the loop width 

approached the value of the true dike width at high frequen­

cies and large dipole separations. Knowledge of these dimen­

sions is important to exploration geophysicists. 

The dike-loop parameters are constant with array position, 

but vary with frequency. Further work is required before it 

can be predicted how these parameters will vary with frequency 

in the case of an embedded dike. When this is achieved, the 

DDL model will provide even more accurate descriptions of EM 

coupling for ,the embedded dike .and might facilitate more pre­

cise removal of the EM coupling component from the spectral IP 

signal. It might be, however, that making a single inversion 

with the entire data set, as a function of frequency, array 

position and dipole separation, using the DDL model would 

result in a single set of dike-loop parameters that would 
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account for the major portion of the EM coupling component of 

the spectral IP signal. This remains to be tested with the 

laboratory model apparent resistivities. 

Once a DDL model has been developed in which the frequen­

cy dependence of its parameters is well understood, attempts 

might be made to remove the EM coupling component from spectral 

IP measurements containing both EM coupling and IP components. 

This might be achieved by adding to the DDL model an expression 

that describes the IP effect and using the combined expression 

to describe the complete spectral IP signal. A data set on 

· which to test this expression could be obtained by adding an 

artificial IP response to the laboratory dike model apparent 

resistivities. The combined DDL - IP expression might then be · 

used to invert this data set, thus separating the two signal 

components. If the laboratory model apparent resistivities are 

successfully retrieved in this manner, inversions might then be 

ma~e of spectral IP measurements of a well delineated, natural~ 

ly occurring conducting dike. Once successful interpretatio~s 

of the resulting DDL and IP parameters have been made in such 

a case, the combined DDL - IP expression could be applied in 

mineral and petroleum exploration. 
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APPENDIX I 

COMPUTER PROGRAMME FOR COMPLEX IMPEDANCE 

OF A UNIFORM EARTH 

106 

Presented here is a copy of the computer programme used 

to compute the complex impedances and apparent resistivities 

of an in-line dipole-dipole array coupled to a uniform con­

ducting earth as functions of frequency and dipole separa­

tion. The expressions used in this programme were derived 

from Sunde's (1949) expressions for the complex impedance 

between two wires lying on the surface of a conducting half­

space in an arbitrary configuration. 
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HF.:C ********** C 
C 
C 
C TrlIS PROGRAMME COMPUTES THE COMPLEX !MPEDANCf l!fTWE(N TWO 
C COLINEAR DIPOLES SITUATED OVER A HOMOGENEOUS HAI..F SPACF.. 
C 
C 
C 
C 
C 
C 
C 

PARAMETERS 
W(22)=ANGULAR FREQUENCY IN TRANSMlTlING 
A :OTPOLE LENGf~. 
N =I~TEGRAL DIPOLf SPACINGS OF 'A'. 
P =DC RESISTIVITY OF HOIIIOr,E"-lffJIJS Hbl_F 
ZP(22,4):COMPLEX lMPfOANCE ARRAY. 
ZA(2?,lJ): .AMPLJTlJl)l OF ZP(22,tJ) 
ZPH(22,qJ:PHASE Of lP(22 4) 
ZR(22,4):APPARF.:NT kESISlfVITY 

, C 
C 
C 
C 
C 
C 

DIMENSIONS: 

C 

REAL W(22),F(??),A,P,AMP,lA(22,4),ZPHC2?,~),R,Q 
COMPLEX ZP(2~,4),K(22J,OI,ZRC22,4) 

C INPUT DATA: 
C 

READ(l,100) (F(I),l:\,?2) 
R.EAD(l,101) M,A,P 

100 ~URMAT(EH.3) 
101 FORMAT(I2,F4.2,E13.5) 

WR!TE(6,115) (F(I),I:1,22) 
115 FORMAT(' ',ER.~) 

WRITEC6,116) M,A,P 
11& FORMAT(' 1 ,1?,1X,F4.2,E13.5) 
C 
C BEGIN CO~PUTATJON OF HEC IMPEDANCES: 
C 

PI=ABS(AH~osr~t.)) 
WRITEC6,50) PI 

50 FORMAT(' ','PI= 1 ,E13.S) 
U:4.*PI/(1.E7) 

C 

103 
102 
C 
C 

1 
2 
3 
4 

C CONVERT IMPEOENCES TO APPARENT RfSJSTIVITJES. 
C 

DIPOLE-

5PACf. 



j 1 1 1 
' 1 1 0 
I C 

DO 110 I=l,?2 
DU 111 J:1,M 

. ZR(I,J):PI*J*(J+t )*(J+?)*A*ZP(I,.J) 
CONTINUE 

CONTJNUE 

108 

' c le CONVERT REAL AND QUADRATURt PARTS ro AMPLJTtJnE aNo PHAS~ 
1c 

60 
40 
C 
C 

DO 1m I= 1, 22 
DO 60 J:1,M 

H:REAL(ZR(I J)) 
l-J=AIMAG(ZR(I,J)) 
ZA(I,Jl:CARS(ZR(l,J)) 
ZPH(I,J):ATAN?(~,H) 

CONTINUE 
CONT P~UE 

C OUTPUT 80fH THF. NORMALIZED AND THE. UN-NOR :·HLlZf.D I""?F.DANCE 
C ARRflYS 
C 

112 

I I 06 

1
108 
113 

C 
C 
C . 
C 
C 
C 
C 
C 

C 

WIHTE(2,11?) 
FOHMAT( 1 0 1 ,' 
DO 113 N:1,M 

***** HO MOGENEOUS EARTY : COL.DIP.RESIST, ** 
WHITE(2,106) N 
FIJRMA TC' 0 1 , 'N=', 11 J 
wRJTE(2,l0R) (F(IliZA(l,N),ZPH(I,N),I:t,22) 
FORMAT ( 1 ',E.10.3,21:: 15.C,) 

co~JTINUE 
STOP 
END 

SUBROIJT PH:. SI MP 

SUBROUTINE SJMP(NS,AS,KS,OIS) 

C THIS SlJHROUTINE USES A CO~BJNATJON OF SIMPSONS RULE AND 
C NEWfON'S 3/8 RULE TO COMPUTE THE DOU8LE INTEGRAL! 
C 
C 
C 
C 
C 
C 
C 
C 

DIS=IC0,A).l( Ntl A•X, N+2 A-X).CEXP(-KY)IY.DY 0 DX 

f.QUIDISTANT (JUADRATURE wITH 20 INTEVALS IS USED. 
(IE. IF A=SCM, ERROR:(5/20)**5=1.E~4CM) 

DIMENSIONS: 

HEAL X(21),Y(21J,FRX(21),FQX(21),GRY(21),GOY(21),Z(21) 
REAL A,R,LJ 
COMPLEX KS,DIS 



C 
R=REAL(KS) 
CJ : A l.M A G ( K S ) 

C 
C COMPUTE X ARRAY: 
C 

1201 
!c 

HX=(As ... o.J/20. 
DO 201 I=l,21 

X(J):O.+(J•1)•~X 
CONTINUE 

!C PERFOR~ INNER INTEG~AT!ON 
C 

DO 202 I=l,21 
Yt:(NS+l)*AS-X(l) 
Y2:(NSt2)*AS-X(l) 
HY:ABS(Y2-Yt)/20. 
1)0 203 J:1,?.l 

OVE.R Y: 

Y(J):Yl+(J .. 1 )HiY 
GRY(J):[XP(.R*Y(J)l•COS(Q*Y(J))/YCJ) 
GQY(J):~XPC-R•Y(J))*SIN(Q•Y(J))/Y(J) 

203 CLHJTINUE 
CALL QSF(KY,GRY,Z,21) 
fRX(I):2(21) . 
CALL QSF(HY,G~Y,2,21) 
f(JX(Il=ZC21) 

1202 CONIINUE 

!~ PERFORM OUTER INTEGRATION OVER X: 
C 

C 

CALL QSF(HX,FRX,Z,?1) 
DR=ZC21J 
CALL WSF(HX,FQX,Z,21) 
0 (J = • Z C 2 1 ) 
OIS=DRt(0.,1.)*DQ 

C RETURN DOUBLE INTEGRAL VALUE 1 DTS 1 

C 

C 
1C : c 
. c 

C 

RETURN 
END 

C ********** SlJBROUTINf. QSF ********** 
C 

I
C 
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SUBROUTINE QSF(H,T,Z,NDIM) 
. c 
; c PURPOSE: TO COMPUTE THE VECTOR OF INTEGRAL VALUES FOR A GIVEN 
j ~ EQUIDISTANT TABLE OF FUNCTION VALUES. 

C PARAMETERS: 
C H=INCREMENT OF ARGUEMENT VALUES. 



C 
C 
C 
C 

' c. 

T = 1 NP UT VE CT OR OF THE FUN C T !(HJ • 
Z=OUTPUT VfCTOR OF INTEGRAL VA LUES. 
t J I) I M : N tJ M H E R O F P O lt.JT S l N l H F. IJ I J A O IH T I _I R E 

(I~. NUIM:NUM HE R OF l NTE~VALS +1 ) 

110 

' C REMARKS: NU ACTION IF NDJM < 3. l e METHOD: BEGINNING WITH ZCll=O. , EVALUATION OF VFCTOR Z(21) 1S 
' C I) ll N E A Y M E A NS OF A S I M P S ON I S k 1J L[: 0 R A NI: W T (1 ~J I S 1 / 8 P LI L f U R A 
: C COME:iJNATION UF AOTH. Tl-iUNCATJON ERROR JS OF THf fJR['fR OF H**5 • 
l e IF NDJM=3, TRUNCATIGN ERROR rs OF TH E nRoFR OF H**a. 

C 
C REF EI< ENCE : ~11 LOEB RAND , Pl Tr< 0 T O NI J 11 E ~ t CA I_ A "I AL Y S t S , PG 7 t - 7 h • 
C 
C 
C 

TEXT 

OIMENSIUN T(t),Z(l) 
HT:. 333 "3333*1-l 
I F C r~ 0 I M ... ';, ) 7 , R , 1 

C 
C NDlM > 5; PREPARE FOR lNTfGRATION LOOP. 
C 
1 SUM1:T(2)+T(2) 

C 

SUMl:SUMltSUMt 
SUMt=HT*(T(l)tSUMt+T(3)) 
AUX1:T(4)tT(I.I) 
AlJXl=AUXl+AUXt 
AUXt:SUM1+HTk(T(3)+AUXl+l(S)) 
AUX2=HT*(T(1)+3.~75*(T(2)+T(S))+?..h?S*(T(3)+T(a))+T(6)) 
SUM2:T(5)+T(5) 
S UM 2 :: S LI '.,12 t S lJ M 2 
SUM2:AUX2-HT*(T(a)+SUM2+T(b)) 
z Cl) =o. 
AUX:T3+T3 
AUX:AUX+AUX 
Z(2):SUM2•HTk(T(?)+AUX+T(Q)) 
2(3):SUMl 
l(a):SUM2 
If(NDIM-6) 5,5,2 

C INTEGRATION LOOP 
C 
2 

3 

4 
5 

DO 4 I=7,ND1M,2 
SUMt:AUXl 
SUM2::AUX2 
AUXl:T(l•l)+T(l-1) 
AUXt:AUX1+AIJX1 
AUX1:SUM1+HT*(T(I ... 2ltAUXt+T(I)) . 
ZCI-2):SUMl 
IF(l-NOIM) 3,6,6 
AUX2:T(I)+TCI) 
AUX2:AUX2+AUX2 
AUX2=SUM2+HT*(T(T-1)+AUX2+T(I+t)) 
ZCI-1)=SUM2 
Z(I-.JDJM•l)=AUXJ 
ZCNDIM):ALIX2 



0 

C 
C END 
C 
7 

RETURN 
Z(NDIM .. t)=SUM2 
ZCNDIM):AUXl 
RETURN 

INTEGRAT!UN LOOP 

IF(NDIM-3) 12,11,8 

111 

C 
C 
C 
8 

NDIM:40R5 

q 

10 

C 

SUM2=1.125*HT*(T(1)+3•T(2)+3*T(1)+T(q)) 
sur-11:1 c2)+rc2, 
SUMl=SUMl+SUMt 
SUMl=HT•<T(l)+SUMt+T(3)J 
Z(l)=O. 
AUX1:T(3)+T(3} 
AUX1=AUX1+AUX1 
ZC2):SUM2-HT*(T(2)+AUX1+T(U)) 
IF(NDJM-5) 10,q,8 
AUXt:T(l.!)+T(l.l) 
AUX1=AUX1+AUX1 
Z(S):SUMl+HT*(T(3)+AUXttT(5)) 
ZC3)::SUM1 
l(4)::SUM2 
RETURN 

C NDIM::3 
C 
11 

12 

C 
C 
C 
C 
C ******** NOTE: QSF IS A COMMfkCIAL SUBROUTINE. ******** 
C 
C END 

- . ., • • • • ' . • . ;' I., • I • 
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APPENDIX II 

(a) THE ELECTRIC FIELD OF A POINT ELECTRIC 

DIPOLE ON THE SURFACE OF A 

CONDUCTING HALF-SPACE 

In this appendix, the electric field of a point electric 

dipole on the surface of a conducting half-space is given for 

the case of a sub-surface field point. Ward (1967) shows 

that the Hertz vector potential of a point dipole on the sur­

face of a conducting half-space has the components: 

where 

and 

( r ds) ~ w )( o ( ~ 1.. ,-, +-

'Z. 7t Jz. 4 c)x d '2; 

p ::. e. -J<.R 

R 
) 

N =- Io (~(,-:i)) Kc,(~ ( r+e)} 

( a-1) 

(a-2) , 

( a-3) 

(a-4) 
') 

and Io and Ko are modified Bessel functions of the first and 

second kind respectively. The electric field radiated by the 

point dipole can be expressed in terms of the Hertz vector 

potential as 

E- (a-5) 
• 
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So, 
(a-6) 

and 
(a-7) 

Using ( a-1) and (a-2) in (a-6) and (a-7) gives after simple 

algebra, 

Ex - ( r d.sJ 14JJ'o (~.,p ~ ~ '3AJ ) -
'L ..,,. f< Ll ~ ~ "z. d<J'l ~? 

and 
(rJ.s) j4.1Jlo ( 

~ "t. p ) E~= 
d>< ~ ~ '2. 1T IC -q 

Using equations (a-3) and (a-4) in (a-8) and (a-9) 

after long algebra, 

and 

+ Io ( q) /( 0 ( b) ( ~) ~ ( I"L) 
+ Ic (q') k, (b')(~) ( ~} 

+ r o <a') 1£. 2 (t, > C ~y'- ( h +ti) 
+- -r I ( Q) Ko (b) ( ~) ( ~"') 

• -I,{a) k, (1,) ( ~)"'( !f .. ) 1 
+ r .,_( ci) I<" ( b) ( ¥,.,_y ( -z"._ ,_ - f;,_ ') j 

) 
( a-8) 

• (a-9) 

yields 

(a-10) 

(a-11) 
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where R = J X'Z. t ~~I 
) 

a. - ~-(R-~) - ) 

b 
K. ( R+'l:) - -- -z. 

' 
K 'L ::: ,~J'oU- • 

and 

The expressions for t. TX and ETc- as defined in Chapter S · are 

thus 

tTX 
E" -- ) r J~ (a-12) 

and 
Ee 

~Te -
I. el~ (a-13) 
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APPENDIX II 

(b) THE ELECTRIC FIELD OF AN EMBEDDED VERTICAL 

POINT ELECTRIC DIPOLE IN 

A CONDUCTING HALF-SPACE 

In this appendix, the X component of the electric field 

of a vertical point electric dipole embedded in a uniform 

conducting earth to a depth 'h' is computed for a field point 

at surface. Weaver (1967) shows that the radial component of 

E. for cylindrical coordinates is -
E; = G_ ( r"6 1

1 
li n 2. 'fo) - Ft. ( Ra' 1 1 i r> 2 ~) , (b-1) 

where 47r E~ 
(cd.s) .l'o w ( Po<rW) >'~ 

Er' = 
,) 

F2 ( f, X) = .l -X ( '?> + 3/J fr + a f ~) e-1'/r 'Z. 
) 

ro' - cl. ro = el J ri. + ( ~- h ')-i.. ) 

Ro' - rA Ro - c1.Jr-&t- (c .. '1>"2.. - ) 

'fo --,c~-"') f:-= Cot-• ( ~;._h) - Cot -r - ., J 

and r:J...?.. =- /'"w cr-, and f"= jx'I.+'!:. ... • 
1'tvt 

The time dependency in Weaver's development is e ; so 

• 

(b-2) 

(b-3) 



For field points in the ><- c plane, 

Thus, 

and 

ro = ) x-z. + l~-h)'?.. 

Ro-= j x~ + (~+h)'" 
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(b-4) 

(b-5) 

• 
(b-6) 

Substituting equations (b-2) into equation (b-1) yields after 

short algebra (and letting e ➔ 0) 

Ex (R.) = - ~~J:o (rJ~) . ~ h 
~1r Jc.1.. RS" (b-7) 

where R = (x-z.+h-i.')l 

Notice that for ~ = h , equations (b-7) and (a-10) are identi­

cal in form but apposite in sign. For E~x referred to in 

Chapter 5, 

Ev-~ 
E,,. (RJ -- r. J s • (b-8) 

Hence ' 

t.r~ - - E.1Tx - • 
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APPENDIX II 

(c) THE ELECTRIC FIELD OF AN EMBEDDED HORIZONTAL 

POINT ELECTRIC DIPOLE IN A 

CONDUCTING HALF-SPACE 

In this appendix, the x component of the electric field 

of a horizontal point electric dipole embedded to a depth 'h' 

in a uniform conducting earth is computed for a field point 

at surface. Wait (1961) gives this component of the electric 

field as 

( ';l"-P(R.) _ ci~W )] ~ ~ ~ ~ c) y~ ~ c J (c-1) 

where - J(.,Z 
P(R') -= e (c-2) ) 

R. 

Ro J ~'t. + y~ +- (:c-h)"l.. 

Rt - J x'Z.. + y-z. +- ( ~ +- L, '/· 
) 

and rJ-= I c ( i ( R,- (ttt,',}J llo { ~ ( R,+ (?::+~))} 
) ( c-3) 
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and ! 0 and ~e are modified Bessel functions of the first and 

second kind respectively. After substituting for P and N 
and letting c--=, 0 , long algebra yields 

where 

and 

i z.( Io{a)Kolb) (~)~(~) 

+Ic(a.') K1 (1,) { ~) ( ~) 

~ ro (~) Kz(l/) (i)~ l t}-4L + ft J 
+·r,(~)~o(~J(~) (~') 
+-I,(a;K,(h)(~')-z.(~) 

1 ~ :[ L( <l) KOC 1,) ( '½Y ( iiL - ti.)) 
~ -= 

--
J ~ ~ + 'J,,-Z. I 

';_ (R-1-,) 
~(R.+~) 
'1 t.u re, er 

) 

) 

• 

For 2, .,_)( referred to in Chapter 5, 

• 

Note that 

Elf>< = ETx 

) ( c-4) 

(c-5) 
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