
Reflection for Subwavelength Annular Mode in Metals

by

Dan Li

B.Sc., Peking University, 2007

A Thesis Submitted in Partial Fulfillment of the

Requirements for the Degree of

MASTER OF APPLIED SCIENCE

in the Department of Electrical and Computer Engineering

c© Dan Li, 2011

University of Victoria

All rights reserved. This thesis may not be reproduced in whole or in part, by

photocopying or other means, without the permission of the author.



ii

Reflection for Subwavelength Annular Mode in Metals

by

Dan Li

B.Sc., Peking University, 2007

Supervisory Committee

Dr. R. Gordon, Supervisor

(Department of Electrical and Computer Engineering)

Dr. Jens Bornemann, Departmental Member

(Department of Electrical and Computer Engineering)



iii

Supervisory Committee

Dr. R. Gordon, Supervisor

(Department of Electrical and Computer Engineering)

Dr. Jens Bornemann, Departmental Member

(Department of Electrical and Computer Engineering)

ABSTRACT

The coaxial aperture structure has been under intensive study in recent years, par-

ticularly since it exhibits electromagnetic transmission resonances that are stronger

than its circular aperture counterpart. In our work, we study the resonance properties

of a coaxial aperture in a perfect electric conductor (PEC) and in a real metal. For

PEC, The dielectric constant is infinite and for real metal the dielectric constant is

finite. We develop theory for reflection phase and amplitude in coaxial aperture at

the end of a metal plate. While most of the past works of coaxial aperture focused

on the propagation of light within the aperture structure and ignore the reflection

at end-face,we find that the rection properties at the end-face are critical to deter-

mine both the wavelength and quality of Fabry-Perot resonant transmission of coaxial

structure. Finite-difference time-domain calculations agree well with our theory. We

first consider the PEC case, and later to develop the theory to account for real metal

case. In real metal, the phase and amplitude of reflection are quantitatively different

from PEC because of plasmonic effects. Such difference arises from the new physics

associated with surface plasmons. This work is of interest to ongoing studies of coax-

ial structures in metal films, which could impact many fields including filter effect,

optical sensing, optical trapping, near-field spectroscopy and metamaterials.
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Chapter 1

General Introduction

Since the discovery of extraordinary optical transmission (EOT) in 1998 [9], there has

been an explosion of research on the transmission through subwavelength apertures

in metal films. The shape of the aperture plays an important role in the transmission

characteristics [10, 11, 12]. The coaxial (annular) shape is particularly interesting

because it has modes with long cutoff wavelengths inside the aperture [13, 10], which

underlies theoretical predictions and experimental demonstrations of increased trans-

mission for coaxial aperture arrays [10, 14, 15, 16, 17, 18, 19, 20].

At visible-infrared wavelengths, a recent work has demonstrated EOT through a

single coaxial aperture by exciting the lowest order mode that is radially-polarized [21].

At microwave frequencies, Fabry-Perot transmission resonances have been observed

from that radially-polarized mode for off-axis excitation, as required by symmetry [22].

For a perfect electric conductor (PEC), which can reasonably approximate the be-

havior of metals at longer wavelengths, that lowest order radially polarized mode

is transverse electromagnetic (TEM), which has the interesting properties of having

no cutoff and of having the same wavevector as a plane-wave in free-space. The

TEM mode can propagate in annular apertures of infinitesimal dimension, which is

interesting for extreme subwavelength coupling.

As pointed out previously [22], there are many similarities between the annular

aperture and a linear slit, since the annular aperture can be thought of as a slit bent

around to join on itself. For the linear slit, a theoretical work has shown that the

lowest order TEM mode will give Fabry-Perot transmission resonances [23]. The key

contribution of that work was to show that slit width is critical to the phase and

amplitude of reflection, which changes the frequency and quality of the transmission

resonances. Similarly for annular apertures, the phase and amplitude of reflection
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play a vital role in determining the properties of the resonances, as will be described

in this work. Unlike a slit, however, the coaxial aperture shows transverse resonances.

Coaxial waveguides are used extensively at the microwave frequencies because

they support a propagating TEM mode for infinitesimal dimensions. For visible and

infrared frequencies, the situation changes and there has been considerable effort to

understand the influence of surface plasmons within cylindrical coaxial waveguides

and geometries [24, 16, 21, 25, 9, 26, 27, 5, 17, 28]. The cylindrical surface plasmon

(CSP) can extend the cut-off of the waveguide modes for narrow gaps between the

metal sides. As it will be shown, the Bessel field profile of CSP can have rapid

decay in metal and free space, with sharp localization at metal boundaries. In this

regard, phenomena such as extraordinary optical transmission requires consideration

of the localized resonances associated with the CSP, which have shown to play an

important role, both theoretically and experimentally [16, 29, 30, 19, 31, 32, 18]. The

properties of CSPs have been of interest to a wide range of applications including:

nonlinear optics [16, 17], metamaterials [8, 33], THz waveguiding [34], sub-wavelength

and near-field optics [35, 28, 27, 36, 37, 38, 39], and band-pass filters [40, 13].

While past works focused on the propagation of light within the aperture struc-

ture, the reflection properties at the end-face are critical to determine both the wave-

length and quality of Fabry-Perot resonant transmission from the CSP. The phase of

reflection associated with the end-faces of a coaxial aperture affect the Fabry-Perot

resonances seen at the microwave frequencies [22].

It is common in the literature to first consider the PEC case as simplified theory

that accounts for the geometric optical physics, and later to develop a more detailed

theory to account for the plasmonic influence. For example, the progression of study

on the single slit problem has followed that trend. An early work to account for the

phase and amplitude of reflection for a single slit in a metal concentrated on the PEC

case, showing significant geometric influence on the phase of reflection [23]. Following

that work, the effects associated with the finite conductance of the metal were shown

to dominate the resonances in the microwave regime [41]. For real metals in the

visible-IR regime, later theories revealed the plasmonic influences on the reflection

properties [2] and the ability to generate surface plasmons at the slit [42]. In each of

these works, new physics was uncovered when accounting for the real response of the

metal.
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1.1 Outline of the Thesis

In this work, I follow the same approach, first solving the PEC case, then investigating

the real metal case. Parts of the work in the thesis has been published in [43, 44, 45].

Chapter 2 presents the background and basic theory of extraordinary optical EOT.

The former work about EOT is generally summarized.

Chapter 3 presents the finite-difference time-domain (FDTD).

Chapter 4 presents for the reflection phase and amplitude of the lowest order

TEM mode in a single coaxial aperture at the end of a metal plate. The resonance

frequency can also be influenced by the phase of reflection [5], not as thought only

determined by the geometry [23]. Both the phase and amplitude of reflection are

critical in the design of coaxial apertures in metal plates. The FDTD simulations of

the propagation of light is presented.

In chapter 5, we present a theory for the reflection phase and amplitude of coaxial

apertures when embedded in real metal.

Chapter 6 presents the conclusion, potential applications in advancing near field

optics, sensors and metamaterials [33, 8], and future work.
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Chapter 2

Background

The coaxial modes we studied in this work are found using Maxwell’s equations.

It is useful to start this chapter by reviewing Maxwell’s equations. Although the

coax reflection does not require surface plasmons, when considering real metal case,

plasmon effects have to be accounted for. Therefore, we introduce concepts of surface

plasmons and cylindrical surface plasmons. The analytical approach we develop is

based on the mode matching method (MMM). I give an example of discontinuity of

coaxial waveguide to elucidate MMM, as well as mode orthogonality, expansion and

normalization.

2.1 Coaxial Modes in a Perfect Electric Conductor

Since we are interested in a coax-free space boundary, it is useful to know the modes.

First for a PEC, the fields of the coaxial structure as depicted in 4.1 can be derived

from a scalar potential function Φ(ρ, φ) [46].

1

ρ

∂

∂ρ
(ρ
∂Φ(ρ, φ)

∂φ
) +

1

ρ2

∂2Φ(ρ, φ)

∂φ2
= 0 (2.1)

where we use cylindrical co-ordinates for our structure: the axis of the coax is along

the z− axis, ρ is the radial axis and φ is the azimuth direction. The inner and outer

radius of the coaxial structure is a and b, respectively.

This equation can be solved using the boundary conditions:

Φ(a, φ) = 0, Φ(b, φ) = 0 (2.2)
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And the explicit expression of the solutions is as:

Eρ =
eikdz

ρ
, (2.3)

Hφ =

√
εdε0
µ0

eikdz

ρ
, (2.4)

where kd = ω
√
µ0ε0εd, ω is the angular frequency, εd is the permittivity of dielectric

inside the aperture of the coax, and ε0 and µ0 are the free-space permittivity and

permeability.

Besides TEM modes as described in Chapter 3, the coaxial aperture can also sup-

port TE and TM modes, which are usually cut-off for extremely small apertures.

The TE11 mode is the dominant mode for linear polarization excitation, so it is of

primary importance. The transmission of TE11 mode is left as the future work.

For TE modes, Ez = 0, and the Hz satisfies the wave equation:

{ ∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂φ2
+ k2

c

}
hz(ρ, φ) = 0 (2.5)

where Hz(ρ, φ, z) = hz(ρ, φ)e−jβz, kc = k2 − β2. The general solution to this

equation is as:

hz(ρ, φ) = (Asin(nφ) +Bcos(nφ))(CJn(kcρ) +DYn(kcρ)) (2.6)

The boundary conditions are

Eφ(ρ, φ) = 0 for ρ = a, b. (2.7)

Therefore Eφ can be expressed as:

Eφ =
jωµ

kc
(Asin(nφ) +Bcos(nφ))(CJ ′n(kcρ) +DY ′n(kcρ))e−jβz (2.8)

Thus the boundary conditions are specified as:

(CJ ′n(kca) +DY ′n(kca)) = 0 (2.9)
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(CJ ′n(kcb) +DY ′n(kcb)) = 0 (2.10)

2.2 Review of Maxwell’s Equations in Media

The equations governing electromagnetic phenomena are the Maxwell’s equations.

Their four differential forms are written below in SI units.

Gauss’ Law (electric):

∇ · ~D = ρe (2.11)

Gauss’s Law (magnetic):

∇ · ~B = 0 (2.12)

Maxwell-Faraday Equation:

∇× ~E = −∂
~B

∂t
(2.13)

Maxwell-Ampere Equation:

∇× ~B = ~J +
∂ ~D

∂t
(2.14)

where∇ is the vectorial differential operator, ~D is the electric displacement vector,

ρe is the electric charge density, ~B is the magnetic flux density, ~E is the electric field,
~J is the charge current density and ~H is the magnetic field. Considering a source free,

lossless medium with a scalar dielectric constant ε and a scalar magnetic permeability

µ, the constitutive relations are simple:

~D = ε ~E, (2.15)

~B = µ ~H, (2.16)

Substituting in the constitutive relations, the Maxwell’s equations can be ex-

pressed as:

∇× ~E = −jωµ ~H, (2.17)

∇× ~H = jωε ~E. (2.18)
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where j =
√
−1 and ω is the frequency.

These equations are explicitly solved when applying boundary conditions at the

interface of two different media: the displacement vector and magnetic flux density

are continuous normal to the boundary, and the tangential components of electric

and magnetic fields are also continuous at the boundary. To clarify, we express the

boundary conditions as follows:

(D̂1 − D̂2) · n̂ = 0 (2.19)

(B̂1 − B̂2) · n̂ = 0 (2.20)

(D̂1 − D̂2)× n̂ = 0 (2.21)

(B̂1 − B̂2)× n̂ = 0 (2.22)

where n̂ is boundary surface normal. These boundary conditions are derived in the

absence of surface charges and surface currents.

2.3 Basic Theory of Plasmons

2.3.1 Surface Plasmons and Dispersion Relation

Surface plasmons are electron density waves at the surface of a metal. Above the

plasma frequency, metals become transparent as they allow for EM wave propagation.

There are bulk plasmons and surface plasmons (SPs), and the latter can exist at the

interface between any two materials where the real part of the dielectric function have

different signs across the interface (e.g. a metal-dielectric interface, such as a metal

plate in air). Fig 2.1 depicts SPs at metal-dielectric interface. The strong localization

of electromagnetic waves are shown in the red arrows.

The Drude metal model is used to describe the electronic response of materials.

Considering the conduction electrons with damping, the equation of motion is:

m
d2x

dt2
+mγ

dx

dt
= eE0e

iωt (2.23)
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Figure 2.1: The surface plasmon in metal-dielectric interface (shown the x−z plane).
The gray stands for metal and yellow for dielectric [1].

Therefore,

ε = 1 +
Nex

ε0E
= 1− ω2

P

ω2 − iωγ
(2.24)

with collision frequency γ and plasma frequency:

ωP ≡

√
Ne2

mε0
, (when γ � ωP ) (2.25)

For modified Drude model, the contribution of background response is considered,

thus:

ε′ = εb −
ω2
P

ω2
, ε′′ =

ω2
P

ω3
γ (2.26)

For practical purposes, a big advantage of the Drude model is that it can easily be

incorporated into time-domain based numerical solvers for Maxwells equations, such

as the FDTD scheme, via the direct calculation of the induced currents using:

mx +mγx = −eEe−iωt (2.27)

The EM waves at metal-dielectric interface can be written as:

~Ed(x, z, t) = ~Ed,0e
i(kxx+kzz−ωt), ~Em(x, z, t) = ~Em,0e

i(kxx−kzz−ωt) (2.28)

Substituting EM wave into wave equation, we get:

∇2 ~Ed,m = µ0µd,mε0εd,m
∂2 ~Ed,m
∂t2

(2.29)
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Also the boundary conditions are used: E‖ andH‖ across boundary are continuous:

Ex,m = Ex,d, Hy,m = Hy,d (2.30)

Then we can get the dispersion relations:

in the x−direction:

kx = k′x + ik′′x =
ω

c

{ εmεd
εm + εd

} 1
2

(2.31)

in the z−direction:

kz,m = k′z,m + ik′′z,m =
ω

c

{ ε2m
εm + εd

} 1
2

(2.32)

When εm = −εd, we have the plasma frequency ωSP = ω.

Therefore, the Drude model describes the typical metal response as [47]:

εm = ε0[1−
ω2
P

ω2 − jνω
] = ε0[1−

ω2
P

ω2 + ν2
− j ω2

Pν

ω(ω2 + ν2)
], (2.33)

where ω is the excitation frequency, ν is the effective electron collision frequency,

and ωP is the bulk electron plasma frequency.

At optical wavelength, ω2 + ν2 < ω2
P , the real part of εm is negative, with the real

part of surrounding dielectric material being positive, which cause the existence of

SPP wave. Fig. 2.1 shows the strong localization of the EM field at the metal and

dielectric interface.

kSP =
ω

c

√
εmεd
εm + εd

, (2.34)

Eq. 2.34 is the dispersion relation for surface plasmons.

2.3.2 Cylindrical Surface Plasmons

Fig. 2.3shows a schematic of the geometry under consideration. An coaxial aperture

in a metal film is coaxial with the z-axis within the cylindrical coordinate system

(ρ, φ, z) , and the end-face of the metal terminates at z = 0. Considering only the

lowest-order TM mode (CSP) [47], the field at z = 0− can be expressed as:
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Figure 2.2: The dispersion relation of surface plasmons for different material are
different [1].

Eρ(ρ, φ, z = 0−) ≈


E

(1)
ρ = (1 + r)−jβ

p1
A1I1(p1ρ) if ρ < a

E
(2)
ρ = (1 + r)−jβ

p2
[A2I1(p2ρ)− A3K1(p2ρ)] if a < ρ < b

E
(3)
ρ = (1 + r) jβ

p3
A4K1(p3ρ) if ρ > b

(2.35)

Hφ(ρ, φ, z = 0−) ≈


H

(1)
φ = (1− r) jωε1

p1
A1I1(p1ρ) if ρ < a

H
(2)
φ = (1− r) jωε2

p2
[A2I1(p2ρ)− A3K1(p2ρ)] if a < ρ < b

H
(3)
φ = (1− r)−jωε3

p3
A4K1(p3ρ) if ρ > b

(2.36)

Where In and Kn are the modified Bessel function of the first and second kind of

order n and pi =
√
β2 − ω2µ0ωi, where i = 1, 2, 3. Also µ0 is the permeability of free

space, εi is the permittivity of each region, r is the reflection coefficients of the field

amplitude. Assuming an arbitrary value for one of these coefficients will determine

the other three via matching the boundary conditions [47].

The propagation constant β for the fields in this structure can be found via dis-

persion relation:

AB − CD = 0, (2.37)
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Figure 2.3: Schematic view of an coaxial aperture. The regions 1, 2, 3 and 4 has
relative permittivity of ε1, ε2, ε3 and ε4 respectively.

where

A =
I0(p2a)

I0(p1a)
− ε2p1

ε1p2

I1(p2a)

I1(p1a)
,

B =
ε2p3

ε3p2

K1(p2b)

K1(p1b)
− K0(p2b)

K0(p1b)
,

C =
K0(p2a)

I0(p1a)
+
ε2p1

ε1p2

K1(p2a)

I1(p1a)
,

D = −ε2p3

ε3p2

I1(p2b)

K1(p3b)
− I0(p2b)

K0(p3b)

Here the propagation constant β is function of frequency, permittivity of the re-

gions at each frequency and geometry of structure, a and b.

The modes in region 1, 2 and 3, are expressed using modified Bessel functions In
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and Kn, which are defined by the equivalent alternatives using Bessel function Jn as:

In(x) = i−nJn(ix), (2.38)

Kn(x) = π/2i−nH(1)
n (ix). (2.39)

As in the coaxial aperture in real metal, there exists loss in each region, which

means that, the dielectric constants and propagation constant are complex in all

regions. Therefore In and Kn to are chosen to satisfy the radiation condition, instead

of Jn and Yn in PEC. of CSP is from [47].

2.4 Mode Matching Method

The theoretical approach in Chap. 4 and Chap. 5 is based on the mode matching

method (MMM), which is usually used to analyze the electromagnetic energy and

phase information when discontinuity of wave guides is encountered [46, 48]. There-

fore it is useful to review this technique here. The basic idea for this work is that the

field given by the sum of modes on one side of a boundary should match to the field

given by the modes on the other side of the boundary via the BCs. The field is given

by mode expansion in each region. The orthogonality relation is then used to isolate

modes. In this section, the general expression of mode matching method is given.

Considering two region 1 and 2. There are a series of forward propagating modes
~E

(1)
0 (x, y)eiβ0z and backward propagating modes rν ~E

(1)
ν (x, y)e−iβ

(1)
ν z in region 1. Sim-

ilarly, there are forward propagating waves ~H
(1)
0 (x, y)eiβ0z and backward propagating

modes −rν ~H(1)
ν (x, y)e−iβ

(1)
ν z. Thus the modes can be expressed by a superposition of

waves, as:

~E(1) = ~E
(1)
0 (x, y)eiβ0z +

∑
ν

rν ~E
(1)
ν (x, y)e−iβ

(1)
ν z (2.40)

~H(1) = ~H
(1)
0 (x, y)eiβ0z −

∑
ν

rν ~H
(1)
ν (x, y)e−iβ

(1)
ν z (2.41)

~E(2) =
∑
µ

tµ ~E
(2)
µ (x, y)eiβ

(2)
µ z (2.42)
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~H(2) =
∑
µ

tµ ~H
(2)
µ (x, y)eiβ

(2)
µ z (2.43)

At z = 0,
~E

(1)
|| = ~E

(2)
|| (2.44)

~H
(1)
|| = ~H

(2)
|| (2.45)

∫ ∫
~E(1)|| × ~H(2)γ|| dx dy =

∫ ∫
~E(2)γ|| × ~H(2)|| dx dy (2.46)

x
~E

(2)
µ|| × ~H

(2)
γ|| dx dy = Aµγ = 0 (2.47)

unless µ = γ, when the result is Aγγ.

Therefore the transmission coefficient is:

tγ =
~E

(1)
|| × ~H

(2)
γ|| dx dy

Aγγ
(2.48)

Similarly,

x
~H

(1)
|| × E

(1)
α|| dx dy =

x
~H

(2)
|| × E

(1)
α|| dx dy (2.49)

x
~H

(1)
0|| × ~E

(1)
α|| dx dy = B0α = 0 (2.50)

unless α = 0, which is B00.

−
∑
ν

rν
x

~H
(1)
ν|| × ~E

(1)
α|| dx dy = −

∑
ν

rνBνα = −rαBαα (2.51)

where Bνα = 0, unless ν = α.

Add Eq. 2.50 and Eq. 2.51, we have:

δ0αB0α − rαBαα =
x ∑

µ

tµ(H
(2)
µ|| × E

(2)
α|| ) dx dy (2.52)

Where δ0α = 0, unless δ = 0, with δ00 = 1.

Substituting Eq. 2.48 into Eq. 2.52, we can solve for reflection coefficient r.

In the following, I give the explicit modes at the discontinuity of coaxial structure
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to a dielectric material with finite radius c, which can contribute to our theoretical

analysis when c goes to infinity.

Figure 2.4: The coaxial aperture with inner radius a, outer radius b and length
l is terminated at the right end (z = 0 plane), where a dielectric material with
permittivity ε′d extends to ρ = c far.

Fig. 2.4 shows the coaxial aperture with inner radius a, outer radius b and

length l, terminates at the right end (z = 0 plane), where the dielectric material

with permittivity ε′d extends to ρ = 0 far. The dielectric material inside the coax is

assumed to have permittivity ε. The metal is assumed to be perfect conducting, and

there’s only mode inside the aperture, which means that, no electromagnetic waves

extend into metal film. We consider TM mode here. First, in the coax the modes can

be expressed by a superposition of TM modes, as:

Eρ =
1

ρ
+
∑
µ

Bµ[CJ1(µρ) +DY1(µρ)], (2.53)

Hφ =

√
εdε0
µ0

1

ρ
−
∑
µ

ωε

β
Bµ[CJ1(µρ) +DY1(µρ)]. (2.54)

The above two mode expressions are valid a < ρ < b.

The boundary conditions are:

Ez(ρ, φ) = 0, ρ = a, b. (2.55)
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which gives the two equations:

CJ1(µa) +DY1(µa) = 0, (2.56)

CJ1(µb) +DY1(µb) = 0. (2.57)

Set the determinate of the above two linear equations to zero, we have:

D = −J1(µa)− J1(µb)

Y1(µa)− Y1(µb)
C. (2.58)

D is known if we set C = 1. In the following derivation, we introduce C = 1 and

the coefficients only remains Bµ and D.

While on the right side, the mode can be expressed by a superposition of TM

modes of circular waveguide, as:

Eρ =
∑
ν

AνJ1(νρ), (2.59)

Hφ =
∑
ν

ωε

β
AνJ1(νρ), (2.60)

where µ2 = k′2−β2 is the propagation constant in coaxial aperture, and ν2 = k2−β2

is for the outside of coaxial aperture (the right sidein Fig. 2.4).

At z = 0, the transverse fields must be continuous, therefore we have:

Eρ =
1

ρ
+
∑
µ

Bµ[J1(µρ) +DY1(µρ)] =
∑
ν

AνJ1(νρ), (2.61)

Hφ =

√
εdε0
µ0

1

ρ
−
∑
µ

ωε

β
Bµ[J1(µρ) +DY1(µρ)] =

∑
ν

ωε

β
AνJ1(νρ). (2.62)

2.5 Single Mode Matching

In chapter 3 and chapter 4, to be analytical, we use single mode matching. For this

case, we make the approximation that only a single mode describes the field in the

guide. This can be used in the symmetric geometry of the subwavelength system,

where a single mode dominates. There are some geometries with which the single
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mode matching method has been validated, such as single slit in real metal, double

slits in PEC, and cylindrical nanorod in noble metal [2, 3, 49, 5]. Fig. 2.5 gives the

example of past work using single mode matching method. In the subwavelength

regime, a single mode dominates the behavior, which is the same case in our work.

Thus, it allows a closed-form calculation of the reflection and transmission coefficients.

Here I list some other work which utilize the single mode matching method.

Gordon in his work [49], considers only the lowest order TM modes of a subwave-

length slit in real metal. The electric field in the freespace is written as an infinite sum

of plane waves with TM polarization (see Eq. 3 of [3]). The results differs from PEC

case as the existence of surface plasmons. In [3], the angle-dependent transmission

through a narrow slit in a thick PEC film is considered. The angle dependence, θ,

is included in the reflection coefficient (therefore also in the transmittivity). Unlike

our theory, the angle tuning of the Fabry-Perot resonances relies on the slit width,

as the reflection coefficient is angle dependent. The transmission is in good quantita-

tive agreement with the experiments [50]. Single mode matching theory also proved

accurate in the double slit geometry [2]. In the PEC case, only the even mode of

the double-slit system is considered for the TM mode. It is shown that near-field

interference modifies the transmission through the double-slit system, and that this

phenomenon does not require the existence of surface plasmons. In Ref. [5], the ge-

ometry chosen is a cylindrical metal wire, where the approximation of surface wave

of the cylindrical metal wire is to neglect the higher-order reflected waves to the first

order. The reflection from that theory coincides well with comprehensive numerical

solutions. It was also shown that the phase of reflection has a profound influence on

the Fabry-Perot resonances of the metal wire.

2.6 Aperture Theory and Extraordinary Optical

Transmission

2.6.1 Recent Developments in Transmission Through Aper-

tures

Since the discovery of extraordinary optical transmission (EOT)in 1998 [9], there has

been an explosion of research on the transmission through subwavelength apertures

in metal films. Ebbesen found that the arrays of subwavelength holes in a metal film
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(a) (b)

(c) (d)

Figure 2.5: Past work using mode matching method. (a) The single slit [2] (b) Angle-
dependent incidence of single slit [3] (c) The double slits [4] (d) Cylindrical nanorod
[5]. All the slits are subwavelength dimensions.

exhibited much higher transmission than a single hole. It was further experimentally

and theoretically proved that the shape of the aperture also strongly influenced the

transmission [12, 10, 11]. Gordon explored the polarization dependence and the hole-

shape dependence of the SP-enhanced transmission [11].

In 2001 Takakura proposed a structure of a linear slit in a metal [23]. He found

that light transmission from a single slit was low in magnitude while resonance peaks

of array were clearly observed, thus confirming that a grating acted as an amplifier

(grating effect).

While linear slit only confine light in one dimension, it would further control

over the lateral mode confinement and dispersion when the slit is bent into a cir-

cle. Baida [10] and Moreau et al. [51] proposed a structure of an array of annualar

apertures which would exhibit a substantial incease in transmission compared with

array of circular holes, which was demonstrated experimentally [21]. Lockyear et al.

explored the resonant transmission of a single coaxial aperture in a thick metal [22],

and they predicted the resonant frequency by ignoring end effects. They ascribed

the discrepancy of theoretic prediction of resonant frequency from FEM simulations

as Takakura-type shift [23],which means when the phase shift is not considered, the
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Fabry-Perot resonance should be like:

fres =
c

l

N

2
(2.63)

Baida [16] compared the cutoff wavelengths of propagative modes. The coaxial

structure was found to exhibit large enhancements in transmission at wavelengths

much longer than the usual cutoffs for cylindrical apertures. Haftel [15] and the

coworkers attributed the enhancements to coupled cylindrical surface plasmons (CSP’s)

on the inner and outer surfaces of the aperture. CSP’s are ”launched” analogously

to planar surface plasmons. Salvi et at. [14] used electron-beam lithography and gold

liftoff to generate the 2D arrays of coaxial apertures in gold films on glass. They

studied the transmission through an annular aperture array (AAA) structure in the

visible range. However Haftel et al. [15] presented that the CSP peak would have

been found in the near infrared range with the structure Salvi et al. presented in

their work.

Burgos and coworkers [8] verified that certain metal/insulator/metal (MIM) waveg-

uide geometries support negative-index modes in the visible. In their work [8], they

reported a metamaterial composed of a single layer of coupled plasmonic coaxial

waveguides in the blue spectral region.

While EOT was originally thought to ascribe to SPs [9, 52, 29], other investigations

have shown that EOT can exit even for perfect conductors where SP’s are absent [12,

11]. The results for the real metal differ significantly from the PEC due to the

existence of surface plasmons, which can be exit when the real part of the relative

permittivity dominates and it is negative [2]. Of the different geometries, the reason

why the coaxial aperture has much higher transmission than others is due to the no-

cutoff TEM mode, which can only be excited in coaxial structure if the illumination

is on-axis and radially polarized. Surface plasmons are electron density waves at the

surface of a metal. Above the plasma frequency, metals become transparent as they

allow for EM wave propagation. At subwavelength regime, there exist extraordinary

optical transmission, and surface plasmons are believed to play a vital role in the

EOT. The explicit relationship are still under investigation. EOT doesn’t necessarily

require the existance of SPs, but SPs exist when real metal case is considered.

In a real metal, there is no TEM mode, so the lowest order radially polarized mode

has a cut-off[53]. It has been shown that, the transmission of coaxial aperture can

also be extraordinarily high if illuminated with linearly polarized light [51, 14]. The
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TE11 mode is of particular importance as excitation of other modes is not possible

with linearly-polarized plane wave at normal incidence. The higher order modes have

larger cutoff wavelength and also the cutoff wavelength increases with the decrease of

the aperture width.

2.7 Summary

Coaxial geometry is of interest for higher cut-off of lowest order mode, allowing for

enhanced transmission. The phase and amplitude of reflection at the coax-ends had

not been studied prior to this work, and play an important role on the FP resonances.

There are many potential applications for these coaxial structures, such as optical

sensing [39], optical trapping [54], metamaterials [8, 33], near-field spectroscopy [7,

28], and band-pass filter [40].
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Chapter 3

Finite-difference Time-domain

3.1 Theory of Finite-difference Time-domain

In theory, Maxwell’s equations can be used to determine the exact scattered field

from any structure. However, for all but at few simple geometries, i.e., those that

can be represented or conformally mapped into separable coordinate systems, closed

form analytic solutions do not exist. This is due to the fact that in order to solve

Maxwell’s equations one must solve the complete electromagnetic boundary-value

problem. That is to say, that the electromagnetic boundary conditions must be used

to match tangential and normal field components at every point along a material

discontinuity. In order for this to be performed analytically it must be done in a

global fashion, so as to separate the independent variables and therefore allow for

application of the boundary conditions. Unfortunately, this can only be done for a

small number of geometries. Consequently, for complex geometries one must resort

to numerical techniques, or computational electromagnetic methods (CEM).

During the last few decades several numerical electromagnetic techniques have

been developed. Among these techniques are the finite element method (FEM), the

boundary element method (BEM), the method of moments (MOM), finite-difference

method (FDM), and the finite-difference time-domain method (FDTD). Each of these

techniques has its own unique advantage, depending on the application at hand;

however, by far the method receiving the most interest lately is the FDTD [55, 56].

In a unit cell of the Yee lattice, every E(H) component is centered in space and

surrounded by four circulating H(E) components, simulating both the diferential and

integral forms of Maxwell’s equations. Field components are also centered in time (at
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Figure 3.1: Three-dimensional FDTD lattics, the gray region applies to the two-
dimensional lattice [6]. In a unit cell of the lattice, every E(H) component is centered
in space and surrounded by four circulating H(E) components, simulating both the
differential and integral forms of Maxwell’s equations.

half time steps, labeled by n). Each field component (a small triangle) is determined

from three previously computed ones which send arrows to it, forming a leapfrog

pattern, e.g. , in the t-z plane:

Figure 3.2 shows that the field components are also centered in time, in a leapfrog

pattern in the t-z plane.

Yee approximated the spatial and time derivatives using finite-difference expres-

sions as follows

∂uni,j,k
∂x

=
uni+1/2,j,k − uni−1/2,j,k

∆x
+O

[
(∆x)2

]
∂uni,j,k
∂t

=
u
n+1/2
i,j,k − un−1/2

i,j,k

∆x
+O

[
(∆t)2

]
We note the ±1/2 increment in the i subscript of the x coordinate, as a finite-

difference over ±1/2∆x. This notation makes the electric and magnetic fields inter-

leaved in the space lattice at intervals ±∆x.

Where the ±1/2 increments is in the n superscript (time coordinate) of u, denot-

ing a time finite-difference over ±1/2∆t . Using these expressions, the electric and
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Figure 3.2: Field components are also centered in time, in a leapfrog pattern in the
t-z plane.
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magnetic fields are then calculated in time at intervals of ±1/2∆t in accordance with

the Yee algorithm.

Applying these, finite-difference approximations take the form

H
n+1/2
i+1/2 = H

n−1/2
i+1/2 −

Q

µi+1/2

(Ẽn
i+1 − Ẽn

i ), (3.1)

En+1
i = En

i −
Q

εi
(H

n+1/2
i+1/2 −H

n+1/2
i−1/2 ) (3.2)

where Q = ∆t/(
√
ε0µ0∆x), Ẽ =

√
ε0/µ0E.

From the above expressions, it is found that the Yee algorithm has such attributes:

1. Central-difference in nature and 2nd-order accurate.

2. Solves for both electric and magnetic fields using Maxwell’s curl equations —

more robust than using either alone (accurate for a wider class of structures).

3. Satisfies the other two Maxwell’s equations: ∇× ~E( ~H) = 0.

4. No need to enforce continuity condition at material interface. Simply specify

εi,j,k and µi,j,k at each location.

5. The explicit leapfrog time-stepping avoids using simultaneous equations and

matrix inversion.

In open space problems, the computational domain must be truncated to finite size

and appropriate boundary conditions must be carefully chosen to simulate its exten-

sion to infinity. These are called absorbing boundary conditions (ABC), which work

as if all waves are out-going and no reflections happen (at least they are suppressed to

an acceptable level). The early ABCs are analytical ABCs, which construct certain

operators which annihilate out-going wave solutions at the boundary. An alterna-

tive to analytical ABC is perfectly matched layer (PML), which terminates the

boundary with a highly effective absorbing-material medium (Berenger in 1994) [57].

The PML is usually a few lattice cells thick. As it works for plane waves of arbi-

trary incidence, polarization and frequency, and also works for domains comprised

of inhomogeneous, dispersive,anisotropic and even nonlinear media (impossible with

analytic ABCs), PML is the most effective and widely-used ABCs in recent FDTD

simulations.
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Figure 3.3: Figures show the finite size PMLs, the outer PECs/PMCs and choices of
loss terms.
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Figure 3.3 shows the finite size PMLs, the outer PECs/PMCs and choics of loss

terms.

3.2 Work Using FDTD Simulations

3.2.1 Lumerical FDTD Solutions

FDTD Solutions from Lumerical Solutions, Inc. is high performance microscale op-

tics simulation software using the FDTD method. It can simulate both 2D and 3D

geometries. There are lots of advantages of the software compared to other FDTD

solvers, such as: design parameterization and hierarchical layout via structure groups

and analysis groups; support nonuniform mesh and automesh algorithms; simula-

tion convergence autoshutoff; parallel computation on multi-core, multiprocessor; etc.

Most of the FDTD simulation work was done using the 3D simulation software from

Lumerical. Therefore we introduce some features in this chapter, including material

database, boundary conditions, simulation objects, radiation sources, measurement

monitors and parallel performance.

The Materials Database allows for the definition of complex materials using ex-

perimental data or parametrized models. The Material Explorer is used to check the

material fits that will be used in the simulation, which uses a multipole dispersion

model with coefficients determined by Lumerical’s proprietary multi-coefficient fitting

algorithm.

The simulation objects often refer to the modeled physical structure, as well as the

simulation region which defines simulation parameters like the size, boundary condi-

tions and mesh size. There are primitive shapes that make up all structure setups in

FDTD, and preset structures and more complicated structure groups. We can also

import structure data from other sources.

There are several boundary conditions supported by FDTD Solutions. Perfectly

matched layer (PML) boundaries are most widely used boundaries in our work, which

can absorb electromagnetic energy incident upon them. Metal boundary conditions

are used to specify boundaries which are perfectly reflecting, allowing no energy to

escape the simulation volume along that boundary. Periodic boundary conditions can
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be used when both the structures and EM fields are periodic in one or more directions.

Bloch boundary conditions can be used when the structures and the EM fields are

periodic, but a phase shift exists between each period. Symmetric and asymmetric

boundary conditions are used when when the geometry exhibits one or more planes of

symmetry. Both the structure and source must be symmetric. Symmetric boundaries

are mirrors for the electric field, and anti-mirrors for the magnetic field, while asym-

metric boundaries are anti-mirrors for the electric field, and mirrors for the magnetic

field. The easy way to decide whether symmetric or asymmetric boundary conditions

are required, is that, the sources used must have the same symmetry as the boundary

conditions.

We use PML boundaries. Symmetric boundary are also used as the coaxial struc-

ture is symmetric and source which we are using, dipole source polarized along z-axis

or plane wave source normalized to the film, are symmetric. When computing the

guided modes for the coaxial structure, the mode source is turned on. The following

picture shows the geometry and boundary conditions we set up using plane wave

source.

The mesh confinement is set to ’conformal variant 1’ for gold, which gives more

accurate results than staircasing, which gives numerical instability. The mesh we

adopted on the surface of the ring is 1 nm, smaller than the mesh set of 2 nm used

inside the ring.

3.2.2 MEEP

MEEP is a FDTD simulation software package developed at MIT. It can simulate

in 1D, 2D, 3D, and cylindrical coordinates. It is predicted to work more accurately

when simulating coaxial structures as it can use cylindrical coordinate while software

package from Lumerical cannot.

In our work, we use the libctl/Scheme scripting interface to MEEP. The use of

MEEP revolves around the control file, abbreviated ”ctl” and is usually named as

name.ctl, which is written in scripting language. The studied geometry, the bound-

ary condition, the source properties, the output field, etc. are all specified in the

ctl file. In MEEP, frequency is specified in units of 2πc, which is equivalent to the

inverse of vacuum wavelength. Absorbing boundaries in MEEP are handled by per-

fectly matched layers (PML). The finite thickness of the PML is important to reduce
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Figure 3.4: The geometry we setup to simulate our coaxial structure using Lumerical
FDTD solutions. The right up one is the perspective view. The left up one is the
top view. The lower two are side views. The dipole source is along the z-direction.
The symmetry along x-axis and y-axis is used to reduce the computation domain to
a quarter.

numerical reflections. A single variable, resolution, is used to discretize the structure

of study in space and time, which gives the number of pixels per distance unit. The

coaxial structure is specified by a list of geometric objects, stored in the geometry

variable. As an example, we use

(set! geometry (list

(make block (center (/ sr 2) no-size 0 ) (size sr infinity l)

(material metal))

(make block (center (/ b 2) no-size 0) (size b infinity l) (material air))

(make block (center (/ a 2) no-size 0) (size a infinity l) (material metal))

))

To specify the coaxial geometry.The full code can be found in the appendix.
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The generated structure is shown as Fig. 3.5, where the black stands for high

dielectric function material (metal) and white stands for air in our simulation.

Figure 3.5: Dielectric function (black = high, white = air),for the coaxial structure
with a = 100 nm, b = 120 nm.

Next step, we have to specify where we want MEEP to compute the flux spectra,

and at what frequencies. (This must be done after specifying the geometry, sources,

resolution, etc., because all of the field parameters are initialized when flux planes

are created.)

For normalization purpose, we have to run the ctl file twice: one in free space without

the list of geometric objects, and the other is with the coaixal geometries. We import

these results Matlab (using its dlmread command).

To check whether the data is converged, we increased the resolution from 350

to 650, and reduced the cell size,to see by how much the numbers change. We can

see steady blue shift of the transmission in Fig. 3.6. To ensure our accuracy of

the convergence test, we compare the transmission spectrum from MEEP with the

spectrum we get from Lumerical FDTD software package.

In Fig. 3.7, we simulated the same coaxial geometry as in MEEP. The difference

is that, in MEEP we employed Gaussian source located at z = −1000 nm while in

Lumerical software, we use a plane wave source positioned at z = −500 nm.

Although MEEP is more efficient due to the cylindrical coordinate system than
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Figure 3.6: Transmission spectral of the coaxial structure from MEEP. The geometry
is the same as in Fig. 3.5. Convergence is ensured by increasing the resolution and
reducing the cell size.

Lumerical FDTD Solutions, Lumerical has the advantage of a easy-to-use graphical

interface and a large database of material properties for real-metal cases.
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Figure 3.7: The same geometry as in Fig. 3.5. Blue curve: simulated by MEEP, with
resolution 550 and cell size 2. Red curve: simulated by Lumerical FDTD Solutions.
The plane wave source is at z = −500 nm.
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Chapter 4

Electromagnetic transmission

resonances for a single annular

aperture in a metal plate

4.1 Introduction

In this chapter, the theory for reflection of the TEM mode at the end of an annular

aperture in a metal plate is presented. This theory is accurate in the subwavelength

regime, where the width of the slit significantly smaller than the wavelength, but

is otherwise general. The theory shows quantitative agreement with comprehensive

numerical FDTD simulations. It is seen from this theory that the phase and ampli-

tude of reflection can vary significantly as the geometry and frequency change, and

therefore, they are critical in the design of annular apertures in metal plates.

4.2 Theory of Reflection at the End of an Annular

Aperture

Fig. 4.1 shows the annular geometry considered here, as well as the radially polarized

lowest order mode. In the cylindrical coordinate system (ρ, φ, z), an annulus with

inner radius a and outer radius b coaxial with the z-axis and the metal terminates

at z = 0. The annulus is filled with dielectric with relative permittivity εd, and the

metal is assumed to be a perfect electric conductor with thickness l.

The theory is based on matching the incident and reflected waves of a single
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Figure 4.1: Schematic of annular aperture in a metal plate (i.e., a coaxial aperture).
The electric field polarization of the TEM mode is also shown.

mode on one side of the boundary to the continuum of radiating and evanescent

modes of free-space on the other side of the boundary, which is a dielectric with

relative permittivity ε′d. A similar approach has been used for slits [23, 2] and surface

plasmons on cylindrical rods [58, 5]. Neglecting the higher order modes, the dominant

single mode is the radially polarized TEM mode, which is confined in the annular

region. The TEM mode propagates at arbitrary frequency, since it has no cutoff,

with wavevector equal to the wavevector of a plane wave in the dielectric εd. The

TEM electromagnetic field incident on the end of the metal can be normalized as:

Eρ =
eikdz

ρ
, (4.1)

Hφ =

√
εdε0
µ0

eikdz

ρ
, (4.2)

where kd = ω
√
µ0ε0εd, ω is the angular frequency, and ε0 and µ0 are the free-space

permittivity and permeability. The TEM mode is incident from z = 0− and we

assume that the reflection is entirely into the same mode (traveling in the opposite

direction). Therefore, for a < ρ < b, on the surface of the end where z = 0−, the field
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can be expressed as:

Eρ(ρ, φ, z = 0−) = (1 + r)
1

ρ
, (4.3)

Hφ(ρ, φ, z = 0−) = (1− r)
√
ε0εd
µ0

1

ρ
. (4.4)

where r is the reflection coefficient. The field is zero in the perfect electric conductor

by definition.

For z = 0+, the electromagnetic fields are expanded in terms of the free-space

modes with the same rotational symmetry:

Eρ(ρ, φ, z = 0+) =

∫ ∞
0

t(k)

√
k2

0ε
′
d − k2

ωε0ε′d
J1(kρ)dk, (4.5)

Hφ(ρ, φ, z = 0+) =

∫ ∞
0

t(k)J1(kρ)dk, (4.6)

where Jm is the Bessel function of the first kind of order m.

The transverse components of the electric and magnetic fields are continuous

across the boundary; however, in this truncated (single) mode expansion, mode or-

thogonality on both sides of the boundary is used to determine r. The first orthog-

onality relation uses the orthogonal representation of the magnetic field in the z > 0

region. Equating the expressions for the electric fields, Eq. (4.3) and (4.5), then mul-

tiplying both sides by J1(k
′ρ)ρ, which is the form of the magnetic field modes for

z > 0 times the radial component, and integrating over ρ from 0 to ∞ gives:

t(k) = (1 + r)
[J0(ka)− J0(kb)]ωε0ε

′
d√

k2
0ε
′
d − k2

, (4.7)

where the orthogonality for Bessel functions was used:∫ ∞
0

ρJm(uρ)Jm(vρ)dρ =
δ(u− v)

u
. (4.8)

where δ is the delta function, which refers to the distribution:

δ(x) =

+∞ x = 0

0 x 6= 0
(4.9)

Similarly, we consider the magnetic field by equating Eqs. (4.4) and (4.6). The
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orthogonality of the mode is used by multiplying both sides by 1
ρ
, the electric field

shape for z < 0, times the radial coordinate ρ (i.e. 1
ρ
ρ = 1) and integrating over ρ

from a to b. Using t(k) from Eq. (4.7) gives:

r =
1−G
1 +G

, (4.10)

where G is:

G =

√
µ0

ε0εd

ωε0ε
′
d

ln b
a

∫ ∞
0

[J0(ka)− J0(kb)]
2

k
√
k2

0ε
′
d − k2

dk. (4.11)

where ε0 is the material dielectric constant in vacuum, εd is the material dielectric

constant outside the coaxial structure. Eq. (4.11) can be integrated by standard

means.

4.3 Fabry-Perot Resonances of Coax in Metal Slab

Fig. 4.2 shows the Fabry-Perot resonances calculated by comprehensive elecromag-

netic simulations using FDTD in cylindrical coordinates [59] (we use MEEP for the

PEC case). The convergence of the FDTD simulations for frequencies greater than

0.5c/l was ensured by variations to the grid size, perfectly match layer thickness, sim-

ulation region size and simulation time. The metal plate spanned from z = −0.5l to

z = 0.5b. A broadband electric dipole source polarized along z was placed along the

z-axis at z = −(l + 0.5b). The transmission intensity through the plane at z = 0.5l

was monitored. The transmission was normalized to the same source and monitor

locations, but for an infinitely thick metal in the positive z-direction, so that no lon-

gitudinal Fabry-Perot resonances were present. The same transmission resonances

were obtained for radially polarized ring sources placed in the middle of the slit at

one end of the plate. All dielectric materials were assumed to be vacuum.

By considering other slit widths (not shown), the FDTD simulations show that

Fabry-Perot resonances become sharper as the annular slit width is decreased. This

shows that the reflection of the TEM mode increases as the slit is made narrower. The

slit width also influences the frequency of the resonances, which is only dependent on

the phase of reflection for the TEM mode since its wavevector (propagation constant)

is independent of slit-width. Since the wavevector of the TEM mode is the same

as free space, the changes in the amplitude and phase of reflection that modify the

Fabry-Perot resonances is purely a geometric effect.
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Figure 4.2: Electromagnetic transmission of a z-polarized dipole source and at dis-
tance 0.5b from the plate as measured through coaxial aperture, as calculated by
FDTD. a = 0.9b, b = l. Normalized to the same source with a semi-infinite metal
plate. Triangles show the frequency of resonances predicted by the analytic theory
and using Eq. (4.12). Dotted vertical lines at frequency of 0.5, 1, 1.5, 2 and 2.5 c/b
show the position of the resonances when neglecting the phase of reflection.

To compare the theory presented here with the FDTD simulations more quan-

titatively, the Fabry-Perot resonance condition is used. For εd, ε
′
d = 1, the phase of

reflection, φr, gives the frequency of the Fabry-Perot transmission resonances through:

fres =
c

l

(
N

2
− φr

2π

)
(4.12)

where c is the speed of light in vacuum and N is the integer resonance number.

Fig. 4.2 also shows, with triangles, the transmission resonance values predicted by the

theory above, using Eq. (4.12). Reasonable agreement is seen between the resonant

frequencies predicted the simple theory presented here and the comprehensive FDTD

calculations. Small differences may be attributed to the truncation of higher order

modes within the slit. For comparison, the resonance transmission peaks expected

for the simplistic assumption that φr = 0 are shown with dotted vertical lines. It is

clear then that neglecting the phase of reflection gives a significant spurious offset in

the resonance frequency.

Takakura shift means as in equation 4.12, when the phase shift is not considered,
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the Fabry-Perot resonance should be like:

fres =
c

l

N

2
(4.13)

Comparing equation 4.12 with equation 4.13, we can see their difference clearly.

Our theory and simulation support the shift when considering the phase shift. We

hope the experiment can revise the theory correctly.

Surface plasmons are electron density waves at the surface of a metal. Above the

plasma frequency, metals become transparent as they allow for EM wave propagation.

At subwavelength regime, there exist extraordinary optical transmission, and surface

plasmons are believed to play a vital role in the EOT. The explicit relationship are

still under investigation.

EOT doesn’t necessarily require the existance of SPs, but SPs exist when real

metal case is considered.

There exist some discrepancies between our simulation and the theory. The possi-

ble cause is that the ignored higher order modes still affect the transmission to some

extend.

Fig. 4.4 using the infinitely long coaxial structure is used to normalize the trans-

mission of the structure as in Fig. 4.3. It is also possible to estimate the reflectivity,

R = |r|2 from the FDTD simulations of the Fabry-Perot resonaces by comparing the

maxima and minima in the transmission spectrum. For a Fabry-Perot with constant

end-face reflection amplitude, the ratio between the maxima and the minima is given

by:

M =

(
1 +R

1−R

)2

. (4.14)

Fig. 4.5(a) shows the value of R calculated using FDTD and with the theory presented

in this paper, for a thicker metal plate, l = 4b, to allow for closer resonances. Good

agreement is seen between the theory and simulations for high frequencies. For lower

frequencies, the FDTD is less accurate, which is due to the finite grid size and the

subwavelength features. Furthermore, this is the regime where the approximation

made in our theory is most valid. Therefore, we believe that the theoretical values

may be more accurate than the numerical calculations in this regime. Fig. 4.5(a)

shows oscillations in the reflectivity with variations in the frequency.

Figure 4.5 shows the reflection amplitude extracted from FDTD calculated trans-

mission, compared with reflection calculated from analytic theory of Eqs. (4.10) and
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Figure 4.3: Left: the simulated structure is surrounded by PML (not shown in the
picture). The monitor is positioned at the right end surface (z = 0 plane). Right:
the infinitely long coaxial structure is used to normalize the transmission. PML cuts
through the coax structure at far field. The monitor is also positioned at z = 0 plane.

(4.11). Also shows the reflection phase showing oscillations.

The phase shift at the aperture arise from the round trip of the mode at the two

end-faces of the aperture. Each round trip contribute to the phase shift δφ, and there

exist countless round trip at the two-end faces. Then we add all these trips together

and using some algebra, we get the expression for the phase shift between the two

end-faces.

Fig. 4.5(b) shows the phase of reflection calculated by the theory (and already

compared with FDTD in Fig. 4.2). This figure is shown in order to demonstrate

that oscillations are also seen in the phase of reflection. To understand better the

oscillatory behavior, we consider the heart of the theory presented here, as represented

by Eq. (4.11). This equation diverges when k2
0ε
′
d = k2. The value of the non-diverging

part of the integrand at that point plays a dominant role in the integral itself. In

particular, the value of [J0(ka) − J0(kb)]
2 at the singular point will give changes to

both the phase and the amplitude, which produces the oscillations. The physical
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Figure 4.4: Left: the simulated structure is surrounded by PML (not shown in the
picture). The monitor is positioned at the right end surface (z = 0 plane). Right:
the infinitely long coaxial structure is used to normalize the transmission. PML cuts
through the coax structure at far field. The monitor is also positioned at z = 0 plane.

interpretation here is that there are radially transverse resonances at the ends of

the annular aperture that correspond to waves traveling radially out along the metal

surface at the ends of the aperture and interfering constructively or destructively to

modify the reflection. A similar behavior has been seen for the double slit in a perfect

metal [4]; however, here it is seen for a single annular slit only.

The transverse resonances and the radial nature of the TEM modes are two key

differences between the theory presented here and the equivalent theory for a single

linear slit in a metal film [23, 3]. The linear and the annular slit theories should give

equivalent results in the limit of a very wide radius, which we show in the following

discussion. For a narrow annular slit (b ≈ a), with εd = ε′d = 1, Eq. (4.11) becomes:

G =
a

b− a

∫ ∞
0

[J0(ka)− J0(kb)]
2

k
√

1− ( k
k0

)2
dk. (4.15)

For fixed m and |x| → ∞, Jm(x) → ( 2
πx

)
1
2 cos(x − mx

2
− π

4
). We introduce u = k

k0
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here, after some algebra, G can be expressed as:

G→ a

b− a

∫ ∞
0

4 sin2[k0u(a−b)
2

]

πak0u2
√

1− u2
du (4.16)

Normalizing the slit-width dimension to wavelength a′ = b−a
λ0

:

G→
∫ ∞
−∞

1√
1− u2

sin2(πua′)

π2u2a′
du, (4.17)

which is the same as Eq. (3) in Ref. [3].

This is expected since the annular slit of infinite radius is equivalent to a linear

slit; that is, the curvature goes to zero, the radial polarization becomes linear TM

locally and the transverse resonances of the annulus become negligible.

4.4 Conclusion

In summary, we have derived a theory for the reflection for an annular slit in a metal

plate. The theory shows agreement with the Fabry-Perot resonances calculated by

the comprehensive FDTD method for narrow slits. The theory shows the important

role of transverse resonances in the annular slit system, which are not present in the

simple linear slit. The theory is of interest to on-going studies of coaxial structures

in metal films, which could impact many fields including near-field optics, optical

sensing and metamaterials [33, 8].
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Figure 4.5: (a) Amplitude of reflection extracted from FDTD calculated transmission
for l = 4b and a = 0.9b, as compared with reflection calculated from the analytic
theory of Eqs. (4.10) and (4.11). (b) Phase of reflection calculated by the analytic
theory for a = 0.9b, showing oscillations.
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Chapter 5

Tuning Plasmonic Resonance of an

Annular Aperture in Metal Plate

The transmission theory of coax structure in real metal was proposed by Barmak

Heshmat in Dr. Darcie’s research group, and I contributed all of the FDTD simulation

work.

5.1 Introduction

In this chapter, we present an analytic theory that accurately describes the reflection

of the radial CSP mode within a coaxial geometry. The theory provides the reflection

amplitude and phase of radially polarized surface plasmon waves from the end faces

of an annular aperture in a plate made of a real material. Based on this theory, it

is demonstrated that transverse resonances produce oscillations in the dependence of

reflection amplitude and phase on the aperture geometry, which is of direct relevance

to the wavelength and quality of the plasmonic resonances. The theoretical approach

is also used to tune apertures to a specific resonant transmission peak, as confirmed

by comprehensive FDTD simulations.

5.2 Theory of end-face reflection from an annular

aperture in a metal plate

The theoretical approach is based upon the single-mode-matching method, where a

single mode within the waveguide region is matched to a continuum of radiation and
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evanescent modes to obtain the reflection properties. With the reflection coefficient

and the mode’s propagation constant, the wavelength and quality of the localized

resonances can be obtained using Fabry-Perot theory. This method is accurate for

subwavelength systems where the single-mode approximation represents the field dis-

tribution well. It has been applied successfully to the reflection from an annulus in

a perfect electric conductor [43] and a number of other systems including subwave-

length slits [23, 4], and surface plasmons at a step-edge [49, 58].

For z = 0+, the electric and magnetic fields are expanded in terms of a continuum

of modes with the same symmetry as the CSP:

Eρ(ρ, φ, z = 0+) =

∫ ∞
0

t(k)

√
ω2

0µ0ε3 − k2

ωε3
J1(kρ)dk (5.1)

and

Hρ(ρ, φ, z = 0+) =

∫ ∞
0

t(k)J1(kρ)dk, (5.2)

In these equations, t(k) is a coefficient to be found and J1(kρ) is the first order

Bessel function of the first kind. Obviously, were we to assume a different material

for z > 0, merely ε4 6= ε2 in Eq. 5.

The transverse electric and magnetic fields are matched at z = 0, and the mode

orthogonality relations are used to determine r. Eq. 1 is equated to Eq. 5 and both

sides are multiplied by J1(k
′r)r and integrated over ρ from 0 to ∞. Considering the

orthogonality of the Bessel functions, this integration gives:

t(k) = (1 + r)
ωkβε3√

ω2µ0ε3 − k2
[D1(k) +D2(k) +D3(k) +D4(k)] (5.3)

with:

D1(k) =
−jA1

p1(p2
1 + k2)

a (p1J1(ka)I2(p1a) + kJ2(ka)I1(p1a)) (5.4)

D2(k) =
−jA2

p2(p2
2 + k2)

[b (p2J1(kb)I2(p2b) + kJ2(kb)I1(p2b))

− a (p2J1(ka)I2(p2a) + kJ2(ka)I1(p1a))] (5.5)



43

D3(k) =
jA3

p2(p2
2 + k2)

[b (kJ2(kb)K1(p2b)− p2J1(kb)K2(p2b))

− a (kJ2(ka)K1(p2a)− p2J1(ka)K2(p2a))] (5.6)

D4(k) =
−jA4

p1(p2
1 + k2)

b (kJ2(kb)K1(p3b)− p3J1(ka)K2(p3b)) . (5.7)

Next, Eq.2 and 6 are equated, and both sides are multiplied by ρEρ(ρ, φ, z =

0−)/(1 + r) in the related region and again integrated over ρ from 0 to∞. This gives

the reflection coefficient:

r =
1−G
1 +G

(5.8)

with:

G =

∫∞
0

kβε3√
ω2µ0ε3−k2

[D1(k) +D2(k) +D3(k) +D4(k)]2dk

ε1A2
1

p21

∫ a
0
I2
1 (p1ρ)ρdρ+ ε2

p22

∫ b
a
[A2I1(p2ρ)− A3K1(p2ρ)]2ρdρ− ε3A2

4

p23

∫∞
b
K2

1(p3ρ)ρdρ

(5.9)

In contrast to the PEC case, which involves only a single simple integral [43], the

derivation and final formulation is considerably more elaborate. This is necessary,

however, to capture the plasmonic dispersion and the finite penetration of the field

into the metal. Nevertheless, the integrals in Eq. 5.9 converge and G can be calculated

as a complex number to give the reflectivity (|r|2) and reflection phase (φ).

The solution in Eq. 5.8 and Eq. 5.9 represent the main result of the mode match-

ing theory in real metal case. It captures the amplitude and phase of reflection of the

lowest order mode at the interface to free space (or uniform dielectric). This incorpo-

rates both the physical effects of mode-shape mismatch and impedance mismatch that

lead to the reflection coefficient. The theory is limited to the subwavelength regime.

For larger slit widths, where higher order radial modes are allowed to propagate,

the theory will give inaccurate results and full numerical simulation will typically be

required to capture the scattering of such a system. Furthermore, for large radii,

higher order azimuthal modes may be allowed. This does not necessarily mean that

the theory presented will not be invalid - so long as the rotational symmetry of the

zeroth order mode is preserved, the theory presented here is valid for larger radii.

The theory assumes that the plasmon mode is supported, as defined by the existence
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of solution to Eq. 2.37.

5.3 Behavior of reflection coefficient

Having developed a theoretical expression for reflection, we proceed to evaluate the

reflection amplitude and phase of various structures. Fig. 2 shows the calculated

amplitude and phase at the end-face of an annular aperture in PEC case and real

gold. The calculation is done for wavelength of 632.8 nm and a relative permittivity

of −11.694 + 1.225i in real case [60], with the dielectric medium having relative per-

mittivity of 1. Two main features can be seen from this figure: that the amplitude

and phase experience an offset when changing the slit width of the annulus (b − a),

and that there are oscillations with variation in the annulus radius.

The changes with slit width result from variations in coupling to the free space (or

uniform dielectric) modes. Narrower slits have larger reflection amplitudes because of

increased impedance mismatch and mode-shape mismatch (between the CSP mode

in the slit and the continuum of propagating modes in the uniform dielectric) as the

width is decreased. It is well known for gap plasmons that decreasing the distance

between two metals can increase the propagation constant of the mode in the gap,

and the same is true for the CSP here [26]. Furthermore, the narrower gap confines

the electromagnetic energy to a subwavelength region.

The oscillatory behavior with changes in the annulus radius arises from transverse

resonances. Such transverse resonances are not present for a single linear slit, but

do arise for double slits, where the electromagnetic energy is scattered resonantly be-

tween the slits [4]. For the annulus here, the scattering occurs transversely between

opposite sides. For a more mathematical description of this phenomenon, it is instruc-

tive to consider Eq. 5.9, for which the integrand diverges when k2 = ω2µ0ε4. The

integrand at this value of the wave-vector will play an important role in the value of

r, and the oscillation arises from the oscillatory nature of the J Bessel functions with

variations in the radius. It should be noted as well that the integrals in denominator

have monotonic behavior with changes of radius because of the presence of modified

Bessel functions.

Fig. 5.1 shows considerable differences between PEC case and real metal case, this
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difference even increases more if the wavelength is closer to the plasmon resonance

wavelength of the gold. For instance for the wavelength of 500 nm, the reflectivity is

noticeably different − up to even double − as shown in Fig 3. For the wavelengths

and geometries considered here, the reflection is larger for the PEC case; but this is

not generally true. For instance, in case of a single slit, which can be considered as an

annular aperture with the inner radius of infinity, higher reflectivity has been found

in PEC compared to real metal case [2]. Close to zero outer radius, the PEC case

approaches unity reflection because the field is confined to extreme subwavelength

dimensions and therefore the mode-shape mismatch with free-space becomes infinite.

For the real metal case, however, there is finite extension of the electric field into the

metal, even for infinitesimal dimensions, and so the reflection amplitude remains be-

low unity. The differences in the locations of the extrema in PEC and real metal case

are also due to plasmonic effects. These differences increase from less than 20 nm in

Fig. 2 to 40 nm in Fig. 3 by change of excitation wavelength from 632.8 nm to 500 nm.

The phase of reflection is also quantitatively different between the real metal and

PEC cases, more than double in the graphs shown in Fig. 2 and 3. In the verbiage

of microwave engineering, the increase in the phase of reflection can be thought of

as coming from a more inductive termination waveguide. This is consistent with the

interpretation that real metals can be thought of as inductive elements in the plas-

monic regime [61]. As will be discussed in the next section, the resonant thickness of

the metal plates will be considerably less for the real metal case than predicted by

the PEC case, even after accounting for the differences in the propagation constant

within the aperture.

5.4 Fabry-Perot Resonances

For a finite metal plate of thickness l, the CSP propagating inside the annular aper-

ture will experience reflection at both end-faces. Fabry-Perot resonances arise from

multiple reflections between the end-faces, depending on the phase of reflection, φ:

l =
mπ − φ

β
(5.10)

where m is the integer order of the Fabry-Perot resonance and β is found from
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Figure 5.1: Evaluation of the theoretical reflection expression (Eq. 12) for annular
apertures in gold plate at 632.8 nm free-space wavelength. The results are contrasted
with PEC case in dashed lines. (a) the reflectivity and (b) phase of the reflection
coefficient as function of inner radius, a, for slit widths (b− a) of 20 nm and 50 nm.

Eq. 5.9.

Based on the results of Fig. 5.1 and Eq. 5.10, we designed several annular aperture

geometries to all have a Fabry-Perot resonance at the same wavelength of 632.8 nm.

The geometric parameters of each design were then simulated by FDTD (Lumerical

Solutions Inc.). The metal plate spanned from z = 0 to z = l nm, with l the thickness

of the plate. A parametric dispersion model was used with gold permittivity set to

−11.694 + 1.225i at 632.8 nm [58] (the software uses a proprietary multi-coefficient

model for extrapolating the permittivity in different wavelengths fitting the exper-

imental data). A z-polarized broadband dipole source was located at z = 100 nm.

The perfect matched layer (PML) boundary conditions were used for the computa-
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Figure 5.2: Difference between PEC case and real metal for annular aperture with
slit size of 20 nm illuminated with 500 nm wavelength light. (a) reflectivity (b)phase.

tional domain, and the symmetric boundaries were adopted at x and y axis. A 1 nm

mesh was set at both ends of the annular aperture and the mesh resolution was set to

smaller than 2 nm inside the annulus. The convergence was ensured with variations

of the simulation region size and simulation time.

Fig. 5.3 shows the results of the FDTD simulations for the various designs. Each

case clearly shows a peak in the transmission through the aperture near the specified

wavelength of 632.8 nm. The variations in the peak-widths and heights are expected

from variations in the reflection amplitude and the propagation loss for the different

geometries.

As it can be seen, by comparing Fig. 5.3 (a) and (b), the quality of the frequency

profile of the resonance not only changes with a but also with slit size (b−a). This is

a direct effect of propagation constant and reflection amplitude being functions of a

and b as stated in Eqs. 3, 4 and 12, and shown in Fig. 2. For example, the reflection

amplitude for the red curve at inner radius of 50 nm is higher than reflection of green

curve at inner radius of 250 nm (Fig. 2(a)), and this correlates with the higher quality

resonance seen in Fig. 4(a). It can be inferred from Fig. 4(b) that change of slit

size (b − a) causes the relative value of peaks to be influenced. This is because the

reflectivity in this case follows 50 nm curve in Fig. 2 (a), and therefore the variations
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Figure 5.3: (a) Transmission in arbitrary units for (b−a) value of 20 nm. Each curve
relates to a different structure as specified in the legend and the dashed line is at
632.8 nm. In this figure a is the inner radius and l is the thickness of the plate (b)
The (b− a) value has been changed to 50 nm.

in reflection amplitude are more significant.

The good agreement of the resonances seen in the comprehensive electromagnetic

simulations with the specified wavelength (632.8 nm) shows the predictive capability

of the theory presented, which will be useful in future designs of apertures in metal

films. Table 1 shows the wavelength at which the peaks arise from several addi-

tional simulations, all very close to 632.8 nm. Also, it is further evident from this

table that the propagation constant inside the annulus obtained from finite-difference

mode solver simulations match the calculated values of Eq. 3. This is because the

effective refractive index obtained from the finite difference method agrees to that

found by the calculation within 0.004 on average, showing that the simulations accu-

rately capture the analytic CSP dispersion.

Figure 5.3 illustrates the changes of resonance wavelength with change of thick-

ness. As can be seen, the resonance wavelength for the same order increases with

thickness, and once again, good agreement is seen between our analytic method and

FDTD simulations.

As the effect of inner and outer radius of the annular aperture was fully captured

in reflection phase and amplitude, the effect of plate thickness l is important in tuning
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Table 5.1: The effective refractive indexes and peak wavelength for geometries in
Fig. 5.3, for structures designed to have peak at 632.8 nm.

a(nm) b(nm) l(nm) n(analytic) n(finite difference) FP peak(nm)

50 100 124.23 1.7020 1.7067 634.03
50 100 310.12 1.7020 1.7038 636.20
50 100 496.02 1.7020 1.7004 638.73
250 300 135.38 1.5308 1.5600 611.85
250 300 342.06 1.5308 1.5407 629.39
250 300 548.75 1.5308 1.5361 634.39
400 450 139.04 1.5308 1.5202 649.23
400 450 345.72 1.5308 1.5243 643.42
400 450 552.41 1.5308 1.5262 640.96
50 70 104.42 2.3063 2.3029 639.83
50 70 241.61 2.3063 2.3029 639.83
50 70 378.80 2.3063 2.3046 639.10
250 270 110.81 2.1250 2.1403 638.00
250 270 259.71 2.1250 2.1354 640.56
250 270 408.60 2.1250 2.1334 641.66
400 420 113.44 2.1150 2.1177 647.56
400 420 263.04 2.1150 2.1204 645.89
400 420 416.64 2.1150 2.1177 647.56

the plasmonic resonances in such an aperture as well. This is attainable both with the

Eq. 12 and 14 and FDTD approach. The analytic approach, however, can directly

give the resonance thickness simply by substitution of phase in Eq.14. Unlike FDTD

in which the thickness of the structure needs to be known prior to the simulation, the

analytic approach can predict the thickness with a choice of a wavelength. This can

serve as a prefabrication design guide for an intended wavelength of resonance.

Fig. 5.5 shows the distribution of the intensity of the electric-field in cross sec-

tion of the annular aperture, when on resonance and when off resonance. For the

on-resonance case, there is a nearly symmetric field distribution in the aperture (as

expected from the Fabry-Perot resonance) and significant electric field intensity trans-

mits through the aperture to the other side of the gold plate. For the off-resonance

case, the electromagnetic energy does not build up within the aperture and signifi-

cantly less transmission is observed.
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Figure 5.4: Variations of resonance wavelength with plate thickness l. The annular
aperture inner radius is kept fixed at a = 50 nm.

Figure 5.5 shows the electric-field plot in 2−D, calculated by FDTD. The figure

is the cross section of the annular aperture. The scalar bar is shown on the right.

5.5 Conclusion

We presented a theory for the end-face reflection of an annular aperture in a real

metal. This theory is useful for determining the localized surface plasmon resonances

associated with an annular aperture in a metal plate. Comparison with comprehensive

FDTD simulations showed the good predictive design capability of the analytical

approach and the results were contrasted with PEC case. The results presented in this

work are relevant to annular apertures for use in metamaterials applications [8, 33],

near-field optics [37], sensors [39, 35, 38, 36], and band-pass filters [40, 13]]. In

particular, metamaterials based on annular structures rely on the plasmonic metal

response to obtain interesting new physics, such as negative refractive index [8, 33].

However, in those works the important influence of the reflection remains elusive.

This work represents an initial step towards a better understanding of the reflection

properties in real metals for the annular geometry. For near-field optics applications,

annular aperture resonances can boost the performance, for example, as found in a

recent work involving Raman imaging [62]. Knowledge of the influence of real metals
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is necessary to design near-field probes with the desired resonance wavelengths.
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Figure 5.5: Electric-field plot in 2D, calculated by FDTD. The figure shows the cross
section of the annular aperture. (a) E-field at the resonance wavelength 632.8 nm (b)
E-field at 500 nm wavelength. The scalar bar is shown on the right.
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Chapter 6

Conclusions and Future Work

6.1 Summarization of our Findings

We study the resonance properties of a coaxial aperture in a PEC and in a real metal.

For both cases, we present an analytic theory to describe the re ection properties

of the aperture that agrees quantitatively with FDTD calculations. The reflection

properties at the end-face are critical to determine both the wavelength and quality

of Fabry-Perot resonant transmission from the CSP. The phase of reflection associated

with the end-faces of a coaxial aperture affect the Fabry-Perot resonances seen at the

microwave frequencies. The theory we developed in Chapter 3 and Chapter 4 can be

applied to design coaxial apertures with desired resonance wavelength.

6.2 Applications of Coaxial Geometry

6.2.1 Filter Effect

Of all the subwavelength structure which exhibit EOT, hole arrays have always gained

lots attention as it is higher transmission efficiency than linear slits. Baida proposed

a coaxial aperture arrays in 2005 [14] which exhibit even higher transmission than

hole arrays, and it has been proved by a lot of experiments [18, 17]. The shape of

the hole also tremendously influences the transmission. The transmission of single

annular aperture is of importance to realize the EOT of AAAs. At normal incidence,

TEM mode is excited with frequencies dictated by the plate thickness and the radius

of annulus. For non-normal incidence TE and TM modes are found [22]. Banzer [21]

experimentally proved the enhancement in transmission through single coax was up
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Figure 6.1: Schematic and SEM image of the EOT near-field fiber probe. (a) The
fiber is tapered and then coated with an aluminum layer to prevent light leakage.
The final taper diameter dt determines the resonant TM mode cutoff-wavelength, by
focused ion beam (FIB) milling. The aperture with diameter da is milled into a gold
layer that is evaporated onto the end face. Inset: Conventional NSOM fiber. (b) The
SEM image shows the final configuration with an aperture of diameter da = 110nm.
The scale bar is 500nm. The figure is from [7]

to four fold higher than through a hole aperture of the same radius. In this chapter

it is exhibited that about 1000 times higher transmission could be achieved while the

single hole aperture is replaced by coax. The gold permittivity function is taken from

the paper of Johnson and Christy [60].

In Fig. 6.1, single coax of outer radius 100nm, inner radius 50nm, in a gold plate

of 200nm thick. The dipole is positioned at z = −200nm, ρ from 0 to 150nm. The

coordinates are set the same as in the inset. In the inset of Fig. 6.1,single circular

hole of radius 100nm embedded in the same gold plate. Dipole is positioned at z =

−200nm, ρ = 0.

6.2.2 Near Field Optics

Figure 6.1 is the novel near field probe. Neumann et al. experimentally demonstrated

such field probe facilitated by EOT [7]. Compared to conventional near field probes,

EOT-facilitated probe exhibited 40× enhanced damage threshold and a 100× en-

hanced throughput. Figure 6.1 (from Neumann’s work [7] shows the configuration of

the probe. The comprehensive electromagnetic simulations confirmed that the high

probe efficiency is facilitated by a new type of EOT that relies solely on the coupling



55

between the fiber waveguide at cutoff and the aperture. They experimentally show”

that the spectral position of the resonance depends on the cutoff wavelength of the

fiber waveguide, so that the peak wavelength could be tuned while maintaining the

same aperture size”.

6.2.3 Single annular aperture in sensors

A boost in the EOT through nanoscale apertures is of interest for applications in near-

field optics. When nanoscale aperture structures embedded in real metal (usually

gold, silver et. al noble metal), the SPPs coupling to the propagating modes largely

enhance the local field intensity. The basic principle of single particle sensors is the

exploitation of the fact that the spectral position of their resonances depends on the

dielectric environment within the electromagnetic near field. Thus even molecular

monolayers can lead to discernible spectral changes.

Fig. 6.2 shows a scanning electron microscope image of the preliminary coaxial

aperture structure, as fabricated by focused ion beam milling (FIB). A coaxial shaped

trench was milled into a gold film by a Strata Dual Beam DB235 SEM/FIB. SEM

image shows the coaxial structure having inner radius 155 nm and outer radius 185

nm.

This aperture was designed to operate resonantly at 980 nm. We are presently

performing spectroscopic characterization of that aperture; however, future experi-

ments are planned to use this aperture in optical trapping experiments [54], as we

have done in the past.

6.2.4 Negative-index Metamaterials

Metamaterials are artificial materials having some novel properties which don’t ex-

ist in natural world. They determine their optical properties not by their chemical

compositions, but by their subwavelength structure. Negative-index metamaterials

(NIM) are a kind of metamaterials which exhibit ’left-handed’ behaviour of light. The

first fabricated NIMs were operated in the microwave regions, composed of split ring

resonators and continuous wires [63]. With the improvement of fabrication technol-

ogy, coaxial metal-insulator-metal (MIM) waveguides are observed to sustain modes

of negative index when operating at the visible frequencies [8, 33]. Fig 6.3 shows the

geometry of the negative-index metamaterial [8].
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A

B

Figure 6.2: Scanning electron microscope image of the coaxial aperture in gold film
taken from the FIB. The inner radius is 155 nm and outer radius is 185 nm. A:
topview; B: 52◦ sideview.
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Figure 6.3: Negative-index metamaterial geometry (from [8]). a, Single-layer NIM
slab consisting of a hexagonal array of subwavelength coaxial waveguide structures.
The inner radius r1, outer radius r2 and array pitch p are defined in the image. b,
Unit cell of the periodic structure. The angle-of-incidence θ is shown, as well as
the in-plane (p−) and out-of-plane (s−) polarization directions associated with the
incident wavevector k.
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Appendix A

Additional Information

A.1 MEEP Code

{

(define-param a 0.10) ; inner radius

(define-param b 0.12) ; outer radius

(define-param pad 3) ; padding between waveguide and edge of PML

(define-param dpml 3) ; thickness of PML

(define-param l 1) ; length of simulation

(define sr (+ b pad dpml)) ; radial size (cell is from 0 to sr)

(define sl (+ l pad pad dpml dpml)) ; longitudinal size

(set! dimensions CYLINDRICAL)

(set! geometry-lattice (make lattice (size sr no-size sl)))

(set-param! m 0)

;(set! geometry (list

; (make block

; (center (/ sr 2) no-size 0 ) (size sr infinity l) (material metal))

; (make block

; (center (/ b 2) no-size 0) (size b infinity l) (material air))

; (make block
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; (center (/ a 2) no-size 0) (size a infinity l) (material metal))

;))

(set! pml-layers (list (make pml (thickness dpml))))

(set-param! resolution 150)

(define-param fcen 1.5) ; pulse center frequency

(define-param df 2.9) ; pulse width (in frequency)

(set! sources (list

(make source

(src (make gaussian-src (frequency fcen) (fwidth df)))

(component Er) (center 0 0 -1))))

(define-param nfreq 1000) ;number of frequencies at which to compute flux

(define trans ; transmitted flux

(add-flux fcen df nfreq

(make flux-region

(center (/ (+ a b) 2) 0 (/ l 2))

(size (- b a) no-size no-size)

)))

(run-sources+ (stop-when-fields-decayed 50 Ez

(vector3 0 0 (+(/ l 2) 0.5)) 1000)

(at-beginning output-epsilon)

(at-end output-efield-z))

(display-fluxes trans)

}

A.2 MAPLE Code

{
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restart:with(plots):interface(showassumed=0):

G:=(mu/e)^(1/2)*(BesselJ(0,k*a)-BesselJ(0,k*b))^2/(k0^2*e1-k^2)^(1/2)/k*w*e0*e1;

i:=(BesselJ(0,t*a)-BesselJ(0,t*b))^2/t;c:=3e8;mu:=4*Pi*1e-7;

e0:=8.854187817e-12;e:=e0;w:=k0*c;G;k0=2*Pi/632.8*1e9;

g:=(mu/e)^(1/2)/(k0-k)^(1/2)*w*e0*e1;

s:=(BesselJ(0,k0*a)-BesselJ(0,k0*b))^2/(2*k0)^(1/2)/k0;

G1:=subs(k=kn*k0,e1=1,G); g1:=subs(k=kn*k0,e1=1,g);i1:=subs(e1=1,i);

G1x:=-1/ln((a+x)/a)*(int(subs(b=a+x,G1*k0),kn=0.0..1.0-1e-3)

+int(subs(b=a+x,G1*k0),kn=1.0+1e-3..infinity)

+int(subs(b=a+x,g1*k0*s),kn=1.0-1e-3..1.0+1e-3)):

ReG:=-1/ln((a+x)/a)*(int(subs(b=a+x,G1*k0),kn=0.0..1.0-1e-3)

+int(subs(b=a+x,g1*k0*s),kn=1.0-1e-3..1.0)):

A:=plot(subs(k0=2*Pi/632.8*1e9,x=50e-9,ReG),a=10e-9..700e-9); RE(G) 50nmthick

ImG:=-1/ln((a+x)/a)*(int(subs(b=a+x,G1*k0),kn=1.0+1e-3..infinity)

+int(subs(b=a+x,g1*k0*s),kn=1.0..1.0+1e-3)):

A:=plot(subs(k0=2*Pi/632.8*1e9,x=50e-9,-I*ImG),a=10e-9..700e-9); IM(G) 50nmthick

ReG:=-1/ln((a+x)/a)*(int(subs(b=a+x,G1*k0),kn=0.0..1.0-1e-3)

+int(subs(b=a+x,g1*k0*s),kn=1.0-1e-3..1.0)):

A:=plot(subs(k0=2*Pi/632.8*1e9,x=20e-9,ReG),a=10e-9..700e-9); RE(G) 20nmthick

ImG:=-1/ln((a+x)/a)*(int(subs(b=a+x,G1*k0),kn=1.0+1e-3..infinity)

+int(subs(b=a+x,g1*k0*s),kn=1.0..1.0+1e-3)):

A:=plot(subs(k0=2*Pi/632.8*1e9,x=20e-9,-I*ImG),a=10e-9..700e-9); IM(G) 20nmthick

}


