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Abstract

In the present paper we introduce a new class of functions, defined by using
certain fractional calculus operators, which are analytic in the open unit disk.
A necessary and sufficient condition for a function to belong to such a class
is obtained. The various other results presented here include the radii of
close-to-convexity, starlikeness, and convexity, and some distortion theorems
involving fractional integrals and fractional derivatives. Several special cases
of our results are also pointed out.

1. Introduction and Definitions

Denote by F(n) the class of functions of the form:

flz)=z+ Z ay, z* (ax 2 0; n € N), (1.1)
k=n41

which are analytic in the open unit disk
U={z:2€C and |z|<1}.

Let Sy un(n,0,a) be the subclass of functions f(z) in F(n) which also satisfy the

inequality:
R [0 ) 27 (1= 0) I3 f(2) + o2 T f () | >0 (1)

(0<A<;08a<; 00 uneER; p<2; A= <2 p—n<2),
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where, for convenience,

T(1—p+m)[(1+n—X+m)

(1.3)

T

The operator J, 6\, /1 occurring in the defining relation (1.2), is the fractional derivative

operator given by Definition 2 below (see Srivastava et al. [9]).

Definition 1. Let « € Ry and 8,7 € R. Then, in terms of the familiar (Gauss’s)

hypergeometric function o Fi, the fractional integral operator Ig‘, ’zﬂ "M is defined by

,ﬂ n f(z)

O Q2 (ak B, 05 1= ) g, (1)

where the function f(z) is analytic in a simply-connected region of the z-plane containing

the origin, with the order
fz)=0(") (2—-0) (1.5)
for
r >max{0, 8 —n} -1, (1.6)
and the multiplicity of (z — ()*™! is removed by requiring log(z — () to be real when
z—(>0.

Definition 2. The fractional derivative operator Jg A1 is defined by

500 1) = (i [T =0 510

o F (,H —a,l—-m1l—a;1— g) dC) (1.7)

(0<a<1; B,neR),

where the function f(z) is analytic in a simply-connected region of the z-plane containing
the origin, with the same order as given by (1.5), and the multiplicity of (z — ()™ is
removed by requiring log(z — () to be real when z — ¢ > 0.

The operators I ’zﬁ " and Jg ’zﬁ '™ include (as their special cases) the Riemann-Liouville

and Erdélyi-Kober operators of fractional calculus ([4],[5]). Indeed, we have

Iy, "7 f(z)= oD7* f(z)  (a €Ry); (1.8)
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o f(2)= oDg f(2) (0L a< 1) (1.9)
I f(2) = Egl f(z)  (a €Ry; n €R); (1.10)
Jerm2f(2) = Eg 2" f(2) + (e —m) By ;*" f(z) (¢ <0; n €R), (1.11)

The theory of fractional calculus operators has found deep access into the realm of the
theory of analytic functions. The Riemann-Liouville fractional calculus operators [3] and
their various other generalizations ([4],[5]) have fruitfully been applied in obtaining, for
example, the characterization properties, coeflicient estimates and distortion inequalities
for various subclasses of analytic and univalent functions. For numerous references on the
subject, one may refer to the recent works by Srivastava and Owa ([7] and [8]). This paper
is devoted to the study of a new class Sy , y(n,0,a) of functions which we have defined
above. Some results connected with this class of functions, including the characterization
property, the radii of close-to-convexity, starlikeness, convexity, and distortion inequalities,
are obtained. In the process of our investigation, we are led also to the corrected forms of

some results given recently by Altintag et al. [1] for the class Fy(n,o,a), where
Fi(n,o,a) =8 xq(n,0,a) (1.12)

(0<a<1;0<A<1;0<0<1;neN)

2. A Characterization Property
We begin by proving

Theorem 1. A function f(z) in F(n) belongs to the class Sy , ,(n,0,a) if and only
if

oo

l+o(k—p=1) _l-po-a
k:zn-u qsk(}\a,uan) kS ¢1(}\,p,,17) ’ (2.1)

where ¢ (A, p,n) 1s given by (1.3). The result is sharp.

Proof. Let f(z) € S, 4(n,0,a). Then, by applying the formula (cf. Srivastava et
al. [9, p. 415, Lemma 3]):

J)\,,Lt,n 2F = F(l + K’)P(l —{ + n + K’) SRTH
0,2 F'l—p+r)IA-XA4+n+k)

(0< A< ppeR; &£>max{0,p—n}—1),

(2.2)
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and the inequality (1.2), and then performing some elementary calculations as in the work
of Altintag et al. [1], we are led to the assertion (2.1) of Theorem 1.
Conversely, suppose that the inequality (2.1) holds true. Then we obtain

6100 ) 27 { (1= ) I £(2) 4 02 I f(2) | 4 o -1

> A
- > PR (- - D]y
k=n+1 ’

¢1()\ s 77) olk —u — aw |z k-1
LG;rl GO oy [T Dl

Sl-po-a,

under the conditions stated with (1.2). This implies that f(z) € Sx un(n,0,a).
It is easy to observe that the assertion (2.1) of Theorem 1 is sharp, the extremal function

being given by

(Z) =z — (1 KO~ O[) ¢)n+1(}‘7:u'777) Zn+1
[140(n— ] ¢ (X o)

In view of the relationship (1.12), a special case of Theorem 1 when A = p can be

(n € N). (2.3)

rewritten in the following corrected form:

Corollary 1 (c¢f. Altintag et al. [1, p. 2, Theorem 1]). A function f(z) € F(n) is in
the class Fs(n, A, a) if and only if

i Pk+DA+ME-1-6)] _1-X-a

k=n+1 I(k+1-46) "= TE-9) 24)
The result 1s sharp.
Our next result is contained in
Theorem 2. Let f(z) defined by (1.1) and g(z) defined by
g(z) =z — i by, 2" (by > 0; neN) (2.5)

k=n+1

be in the same class Sy up(n, o, a).



Then the function h(z) defined by

oo

hz)= (1—0) f(2) +09(z) =2~ > 2"

k=n+1

(ck:i=(1-0)ar +60b,>0; 0<0<1; neN)

is also in the class Sy, (1,0, a).

Proof. The result follows easily by using (2.5), (2.6), and (2.1).

3. Distortion Theorems

(2.6)

We prove two distortion theorems (Theorems 3 and 4 below) involving the fractional

calculus operators I A1 and Jo. £ respectively.

Theorem 3. Let f € Ry and v,n € R such that v < 2, f+1n> -2, and vy —n < 2.

If n is a positive integer such that

nzv(ﬁ+n)_2

b

and if f(z) € F(n) 1s in the class Sx puy(n,0,a), then

Z|17Y 1—po —«o
P S PC  EVES

_/817777) 1+0‘(7’L—/1,)

.¢1(":3a7777) ¢n+1()"/1”77) |Z{n>
451(/\7/%77) ¢’n+1(_ﬂ,%77)

and

57 £(2)

|z|1=Y < l—po—a
Z ¢1(_B777T])

.¢1(—:377a77) ¢n+1()‘7/-1/777) |Z1n>
$1(As p,1m) Gnt1(=B,7,m)

(zeld if v<1; zeU—-{0} i y>1),

where ¢m (X, p,n) 18 given by (1.3).

Clt+o(n—p)

(3.2)

(3.3)



Proof. Under the hypotheses of Theorem 3, it follows from (2.1) that

[1_*_0,(”_#)] ¢1(>‘ K, 77 Z ax

$arr(\ o) L2
(3.4)
$1(A,pm)
Z [1+U(k—':u"—1)]a’ka
k-n+1 ¢k()" s 77)
which readily yields
Z 1—po—a ¢n+1(Aa,ua 77) (TL € N) (3.5)

ar <
k=n41 ¢ 1 +0’(T’L—,LL) ¢1()‘71u'777)

From (1.1), (1.4), and a known result due to Srivastava et al [9, p. 415, Lemma 3], we
have
I’B’Z’T’f 2 - ¢1( 16 i) 77) . 3.6
o 1) = g ﬂmn)( k; Sk(=B,7,m) " (3:8)
Next we observe that the function ©(k) defined by

O(k) = $1(=Fr,m) _ 21— v+
¢x(=B,7:m) (2= Mk-1(2+ B+ )k

is non-increasing for integers & > n + 1, under the hypotheses of Theorem 3 including the

(3.7)

constraint (3.1). Thus we obtain

<o SO =g &

The desired distortion inequality (3.2) follows now from (3.5), (3.6), (3.7), and (3.8).

The assertion (3.3) can be proved in a similar manner.

The proof of the following distortion theorem would run parallel to that of Theorem 3.

Theorem 4. Let0 < <1 andv,n € R such thaty <2, n—F> -2, and y—n < 2.

If n 13 a positive integer satisfying

> 1B —n)
B
and if f(z) € F(n) 13 in the class Sy pun(n,o,a), then

i (1 1— o —a
Ry = oy

. ¢1(5’7777) ¢n+1(>‘a/-1'a77) |z|n>
¢n+1(ﬁa7an) ¢1()\,,LL,T])

6

—2 (3.9)

I8 (2] <

(3.10)




and

|z|t— l—po—a

2 5.6, 7) <1 C14o(n—p)

. ¢1(ﬂ’7777) ¢n+1()‘7:u'777) ‘z|n> (3'11)
¢n+1(ﬂa7777) ¢1()‘7/"’777) ’

(zeUify<1;, zelU—-{0}ify> 1),

787 £(2)

where ¢ (A, 1, m) i3 given by (1.3).

In the special case when A = p and v = —f, Theorems 3 and 4 would correspond,

respectively, to Corollaries 2 and 3 below.
Corollary 2 (c¢f. Altintag et al. [1, p. 4, Theorem 3]). If f(z) € Fs(n, A, a), then

—u |z| A (1-X—-—a)T2+p)T(n+2-6) , .
D f()] < T(2F p) <1 [T+ A(n—8)T(n+2+p) T2 -6 12 ) (3.12)

and

z|tHe — A0 —« n -

L2+ " [L+XMn—8]T(n+2+ T2 -6)

for u >0 andn €N, and for all z € U.

Corollary 3 (cf. Altintag et al. [1, p. 5, Theorem 4]). If f(z) € Fs(n, A, a), then

D¥ £(2)] < Flzll—u <1+ [(1—)\6—01)1‘(2~—,LL)I‘(n-|—2—6) |z|"> (3.14)

= T I w8t +2- )T =0)

and
gl Z1TH (=X =-a)P2-p)(n+2-6) m
2512 i (- e e ey ) G

for0<p<1landn €N, and for all z € U.

4. Radii of Close-to-Convexity, Starlikeness, and Convexity

A function f(z) in F(n) is said to be close-to-convez of order p in U if

R{f'(2)}>p (4.1)
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for some p (0 < p < 1) and for all z € U.
If f(z) € F(n) satisfies the inequality:

-]

R > 4.2
(7)o 2
for some p (0 < p < 1) and for all z € U, then f(z) is said to be starlike of order p in U.
On the other hand, if f(z) € F(n) satisfies the inequality:

1)
%{1+ > 4.3
o8 Rl (4:3)
for some p (0 < p < 1) and for all z € U, then f(z) is said to be convez of order p in U.

It follows at once that f(z) € F(n) is convex of order p in U if and only if z f'(z) is
starlike of order p in U (see, for details, Duren [2]).

We now prove

Theorem 5. If f(z) € Sy ,n(n,0,a), then f(z) is close-to-convez of order p in
Izl < rl(/\7/‘1'77770'7a7p); where

(1= p)[1 + ok — g — 1] da(, p, )/
k(1= po — o) gr(A, p,n)

(k>n+1; neN),

ri(\, p,m,0,a,p) = ir;f (4.4)
where ¢1(A, p,1) 18 given by (1.3).

Proof. Let f(z) € Sxpn(n,0,a). Then, by virtue of (4.1), the function f(z) is

close-to-convex of order p in U, provided that

oo
E kagzF1

Eoem L1
R 72 i N

< > kalfT <10 (4.5)

k=mn-t1
K=

(0<p<l; z€elU).
In view of (2.1), the assertion (4.5) is true if

klzik.—l < [1—]—0(1\’,'—/1,—1)] ¢1(>‘7:u777)
1—p = (1—po—a)er(Xpm)

Upon solving (4.6) for |z]|, we get (4.4).

(k>n+1; neN). (4.6)



Theorem 6. If f(z2) € Sipn(n,o,a), then f(z) is starlike of order p in
lzl < TZ()\a#>77aU,C“aP); where

(1-p)[1+olk—pu—1)]d1(A py7) 1/(k-1)
(k _p)(l — HO —Ol) ¢k(’\a:u’777)

(k>n+1; neN),

T2(/\7N777,<7a O(,p) ”—"ll'éf (47)
and dm (A, 1,n) s giwen by (1.3).

Proof. Under the hypothesis of Theorem 6, f(z) is starlike of order p in U, provided
that

S (k- 1) a2/

!
Zf(Z)*“]-‘Sk:n-*-l _ <1-, (4.8)
f(=) 1— 5 ailz)f?
k=n-+1
(0<p<l; zel).
In view of (2.1), the assertion (4.8) is true if

k— ! — - A
(k—p)lel" [tolb—p=DImn) g e, (4.9)

1—p 7 (=po—a) ¢x(Ap,m)
which obviously leads to (4.7).

Theorem 7. If f(z) € Sxpun(n,o,a), then f(z) is convex of order p in
IZI < 7’3(/\7/1'77730-’&7:0)) where

(1= p)[1+o(k—p—1)] d1( X, )]/ FD
k(k = p)(1 = po —a) ¢r(X, p,10)

(k>n+1; neN),

r3(\, 4,1, 0,0, p) = irlif (4.10)

and ¢m(A, 1,n) 1s given by (1.3).

Proof. Under the hypothesis of Theorem 7, f(z) is convex of order p in U, provided
that

o k(k—1)ag|z|*?
k=n+1

0
1- E kak lzlk"'1
k=n-1

z f"(z)
f'(z)

<1-p (0<p<1;zeld). (4.11)




By means of (2.1), it is easily seen that (4.11) holds true if

k(k—p)|zl*t _ D +o(k—p—1)] 10 p1)
1——p B (1"/—1'0"01) ¢k(>‘7.u')77)

which yields (4.7).

(k>n+1; neN), (4.12)

In their special case when A = p, Theorems 5, 6 and 7 would correspond to the corrected
versions of the analogous results of Altintag et al. [1] for the class Fs(n, A\, «) given by
(1.12).
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