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ABSTRACT

An algorithm is described for computing best £., &, and 2

1’ 72
approximations to discrete data, by functions of several parameters

which depend nonlinearly on just one of these parameters. Such

cx
functions (e.g. a; + ae”, a; + azsin(cx), (al “+ azx)/(l + cx))
often occur in practice, and this numerical study confirms that it is
feasible to compute best approximations in any of the above norms

when using these functions. Some remarks on the theory of best 21

approximations by these functions are included.
An extension of this algorithm to functions nonlinear in two of
their several parameters is outlined, and an attempt is made to apply

this method to a practical problem.

Examiners:



TABLE OF CONTENTS

INTRODUCTION . . . I I
CHAPTER I

Computation of 2p Linear Approximations . . « ¢« o & « &

1., Statement of the problems . « ¢ « ¢ ¢ o o ¢ ¢ o o

2, The 21 and £ MNOIME « ¢ o o o o o o o o o s o o o

(a) Adaptation to linear programming . . . . . .

(b) Thellalgorithm ¢« € o ® o e o ¢ o o o * o o

(c) The 2_ algorithm . . ¢ ¢« ¢ o o ¢ o ¢ ¢ o o o

3. Thezznom...................
CHAPTER II

Unimodal Search .« « ¢ ¢ ¢ o ¢ ¢ ¢ ¢ ¢ o o s ¢ o ¢ o o &

1. Unimodality and the Fibonacci Search . . . . . . .
CHAPTER III

Algorithm and ResSults . ¢« o ¢ o o o ¢ ¢ o ¢ ¢ o o ¢ o o

1. The algorithm and its implementation . . . « « . &

2, Comments on the results . « o« ¢ ¢« o ¢ o ¢ ¢ o o &
CHAPTER IV

Remarks on Nonlinear Best 21 Approximation . ¢« ¢ ¢ . . .

1, Remarks . ¢ o o ¢ ¢ o o o o ¢ ¢ o o s o ¢ ¢ o o &

CHAPTER V

A Practical Application, and an Extension of the Method
to Two Nonlinear Parameters . « « s o o ¢ o o o o o o

l. Application L] ‘0 0‘ ° . . . . . . L] L] . ° L] L . ° L]
2, Extension to functions nonlinear in two parameters
REFERENCES L] ° L L ° ° L] L L] L] 0 . . . . [ L] . ks L] ° Ll ° L]

APPENDICES [ ° L . L] L] L] L] ° L] L] L] . . L ° L] . L] . . . L] L

-~

PAGE

11

13

18

18

24
24

26

68

68

77

77

- 86

92

93



TABLE

II.

III.,

Iv.

VI.

VII.

VIII.

IX,

b4

XII,

XIII.

X1V,

iv.
LIST OF TABLES
PAGE

Approximating functions F(A,x) considered in the
numerdcal StUAY o« « o o o o o w o ¥ 5 © w ® G % 5w @ 30

29 f3,...,f7 for

Fl (A, x) e e o e e o e o e e o o oo e . e o e o e e o o 31

Random errors used in defining f

Random errors used in defining fz, f3,...,f7 for

F2 (A’x) e & & @ & e & e e ° o e e © e e e o e * e e . 32

Random errors used in defining f2, f3,...,f7 for

F3(A,x) e e o e e o o o e e o e o e o e o o o e o o o 33

Random errors used in defining f2’ f3,...,f7 for

F[‘(A’X) e o e o o o ¢ o e e o e o + o e o o e ® o o 34

Random errors used in defining f f3,...,f7 for

FS(A,X)....................... 35

Random errors used in defining f2’ f3,...,f7 for
F6 (A,x) e o . . . . . . . . e o . ° . . . . . . * e . 36

Random errors used in defining f2, f3,...,f7 for

F7(A,x) e e o e & o o o e @ @ e o o s+ e ¢ e o o e o o 37

Random errors used in defining f2, f3,...,f7 for
F8(A,x) . Ll . . Ll L] . . . . . . L] L] . L] Ll L] . L] L] Ll . 38

Random errors used in defining f2’ f3,...,f7 for
F9 (A’ x) . . . L . L] L) . . . . . . L . . . L] . L] L] ° L] 39

Random errors used in defining f2, f3,...,f7 for

Flo (A’ x) e @ e o e o o o e & o & o ¢ e e e o o e o o 40

Random errors used in defining f2’ f3,...,f7 for

Fll(A,x) e e o @ @ o e & s e+ e 0 e s e e o o e o o 41

Random errors used in defining f2’ f3,...,f7 for

Flz (A,x) . . . . L . L . . . . L] . . . . . . . . . . 42

Complete details of best 21 and ;2 approximations

computed when using Fl(A,x) =a + azecx «md i Ew B



TABLE

XV.

XVI -

XVII.

XVIII.

XIX.

XXI.

XXII.

XXIII.

XXIV.

XXVI.

XXVII,

XXVIII.

Complete details of
wnen using Fl(A,x)

Complete details of

when using F2(A,x)

Complete details of

computed when using

e ® o o e e o ¢ o o

Complete details of
when using F3(A,x)

Complete details of

computed when using

Complete details of
when using F4(A,x)

Complete details of

computed when using

Complete details of

when using FS(A,x) =

Complete details of

computed when using

Complete details of
when using F6(A,x)

Complete details of

computed when using

Complete details of
when using F7(A,x)

Complete details of

computed when using

Complete details of
when using FS(A,x)

best % approximations computed

cx
- + . . . . . . . . . .
a; *ae

best lp approximations computed

= (a1 + azx)/(l <3 R

best 21 and 22 approximations
2
F3(A,x) = (a1 - a,x + ax )/ (1 +

best 2_ approximations computed

= (al + a.x + a3x2)/(l +cx) . .

2

best 21 and 12 approximations
FA(A,x) =a + azlog(l + ex) o
best % approximations computed

=a +alog(l+cex) . ¢ o o o

1 2
best 21 and 22 approximations
FS(A,x) =a; + azsin(cx) b E e

best £_ approximations computed

a, *+asin(ex) .« ¢ ¢ ¢ ¢ o o o

1 2
best 21 and 22 approximations
¢
F6(A,x) =a; + a2/(1 +x) ..
best £_ approximations computed

-a +a2/(l+x)c

1

best 21 and 22 approximations

F7(A,x) = a.sin(ex) + a,cos(cx).

1 2
best % _ approximations computed

= a_sin(cx) + azcos(cx) 5 5 % fe

5 |
best 21 and 22 approximations
cX
F8(A,x) e (a1 + azx)  rE
best 2 approximations computed

cx
e (al - azx) R

PAGE

44

45

cx)
46

47

48

49

50

2l

22

53

54

55

56

57



TABLE

XXIX.

XXX.

XXXI.

XXXII.

XXXIII.

XXXIV.

XXXVI.

XXXVII.

XXXVIII.

XXXIX,

XLI,

Complete details of
when using F9(A,x)

Complete details of
when using F9(A,x)

Complete details of
when using F9(A,x)

Complete details of

computed when using

Complete details of
when using FlO(A,x)

Complete details of

computed when using

Complete details of
when using Fll(A,x)

Complete details of
computed when using

Flz(A,x) = a, + a,x

Complete details of
computed when using

FlZ(A’x) = a; +ayx

Complete details of
computed when using

FlZ(A,x) = a; + ayx

Example of data sets for which no best nonlinear 2

best 21 approximations computed

= ecx(a1 + a.x + a x2 + a x3) s 3

2 3 4

best 2, approximations computed

2
cx x3) .

2
= e (a1 - a,x - ax -+ a,

best % _ approximations computed

= ecx(a + a,x+ a x2 + a x3) s 3

1 2 3 4
best 21 and 22 approximations
FlO(A,x) = alsinh(cx) -+ a2cosh(cx)
best &  approximations computed

= a.sinh(cx) + azcosh(cx) e @ & @

1
best 21 and 12 approximations
Fll(A,x) = a; + a,x + a3(x-c)+ g
best % _ approximations computed

= a, + a,x + a3(x-c)+ ¢ @ & & @

1
best 11 approximations

2 3 3
+ a,x - a,x - as(x-c)+ & a9 &

best 22 approximations

2 3 3
+ a,x - a,x - as(x-c)+ TR

best £ _ approximations

2 3 3
+ a,x = a,x - as(x--c)+ o 16 i

 §

approximations exist by the first ten functions

of Table L . s &

e s & + & e o s o e o e o e e o o

Data for the mineral content of White Spruce . . . .

Complete details of

best ll approximations for P,

K, and Ca content of White Spruce when using

F(A,t) = ay + a,t +

2 2
azt +a3(t-C)+-........

vi.

PAGE

58

62

63

64

65

66

67

13

81

82



TABLE

XLII.

XLIII.

vii.
PAGE

Data used for testing the two-dimensional

Fibonacci search . . ¢« o o ¢ o o ¢ o o « ¢« ¢ o« « o o« 88
Complete details of best 22 approximations to the

data of Table XLII by a function of the form

Q=R+ log(l + Be ¥%)

e o e o © o o o e e o e o o 89



10.

11,

12.

13.

LIST OF FIGURES

Full initial simplex tableau for the 2, algorithm . .

1
Full initial simplex tableau for the 2 _ algorithm . .

Unimodal functions L ] L] . L ] . - . L] . Ll L] . . . . L ] Ll
Placement of the trials for the Fibonacci search . .
Result of the placement of the final trial . . . . .

Example of non-existence of a best 21 approximation
cx

by F(A,x) - al + aze e ® e o o e o e e o o o e o o

Example of a best Rl approximation by

F(A,x) = a, + a2ecx interpolating two points . . . .

Example of a best £, approximation by

1

F(A,x) = a; + azecx interpolating three points . . .

General form of the data to be approximated . . . . .

Best 21 approximations for P content of White Spruce

by a quadratic spline « « « o « ¢ « o o o ¢ o o o o o

Best %, approximations for Ca content of White Spruce

5
by a quadratic splin€ o« « « ¢ o s o ¢ ¢ o ¢ o o o o

Best 21 approximations for K content of White Spruce

by a quadratic spline « « ¢« ¢ ¢ ¢ ¢ ¢ o ¢ ¢ ¢ o o o &

Views of z = f(xi,y) for i =1,2,3 in the z-y and

x—yplanes............o-.......

viii,

PAGE
10
12
19
21

22

74

15

76

78

83

84

85

90



ACKNOWLLEDGEMENTS

I wish to express my gratitude to my co-supervisors,
Dr. I. Barrodale and Dr. F.D.K. Roberts, for their guidance and
encouragement and for their limitless patience. I am indebted to
Dr. R.E. Odeh for his helpful criticisms of the rough draft of this
thesis, and to those members of the Department of Mathematics who
were so generous with their time and assistance. I also wish to
thank the staff of the University of Victoria Computing Centre for
their help, and Miss B. Cooknell for her careful typing of the final

manuscript.



INTRODUCTION
One of the most common problems in numerical computation is to
determine a good approximation to some given experimental data.
Typically, we are supplied with observations Yys YgseeesVy of some

quantity vy, each one corresponding to a value x, of some quantity

i

X. An approximating function is chosen, say F(A,x) = a, +ayx + a3x2 .

where the set of coefficients A = {al, 2y, 33} is to be determined.

Then the problem is to assign values to the parameters aj» a5, a4
so that F(A,x) 1is a good approximation to the given function

{(xl’ yl)’ (x2’y2)"."(xN’ YN)}-

Frequently, approximations are desired which are not only good,
but are best approximations, in some sense. Those best approximations
most commonly used in practice are of three types. Perhaps the most

familiar is the £, , or least squares, approximation. Such an

2
approximation minimizes the sum of the squares of the deviations of
the approximating function from the data. Until recently this was
essentially the only type of best approximation which could be computed,

and then only for medium size problems. Now, 2, approximations are

2
clearly not always most suitable. However, the computation of other
types of best approximations has been too difficult and time-consuming

to allow their acceptance for common use.

With the advent of the high speed electronic computer and the

development of appropriate algorithms, the computation of best

approximations other than 12 became feasible., Two types which have

recently come into common use are, approximations which minimize the



2.
sum of the magnitudes of the deviations, and approximations which
minimize the magnitude of the maximum deviation. These are known,

respectively, as best &, and best & approximations.

1
The function chosen to approximate the data may come from one
of two general classes of approximating functions. Linear
approximating functions are those which depend linearly upon their
parameters (e.g. a; + a,x + a3x2 and 2, + a2x3 + a3ex both depend
linearly upon a;, 3, and a3). Much work has been done on linear
approximation and a relatively large body of knowledge has evolved.
However, many types of data are more suitably approximated by
nonlinear functions. Living organisms, for example, frequently have
growth curves which are exponential in shape. Very often in this
case a nonlinear approximating function (say a; + azecx which depends
linearly on a; and a, but nonlinearly on c¢) is more appropriate
than is a linear approximating function. Spline functions (e.g.

a, +a,x+a x2 + (x - cl)i + (x - cz)i , which depends nonlinearly

1 4 3

upon c¢, and cz) are useful when a smooth but flexible curve of

n §

relatively low degree is required.

The computation of best 2 22 and % approximations to discrete

1’
data by linear functions has received much attention in the literature
of the past few years. However, little has appeared concerning the

actual determination of best nonlinear approximations, except for

the rational £ case and some Ly approximations. Rice (1964,1969)
may be consulted for information on the present state of computational

procedures for these cases. In this thesis we are concerned with the
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class of approximating functions which are nonlinear in only one of

X

their several parameters (e.g. a, + a2ec » 8 + a2xc " alsin(cx) + azcos(cx)).

1
We now make a precise mathematical statement of the problem at

hand and the method proposed for its solution.

The general approximation problem on a set X = {xl, xz,...,xN}
of real numbers (or, more generally, points from some Euclidean space
Ek) is to choose an approximating function, F(A,x), and select a

*
particular form, F(A ,x), which approximates a given function satis-

factorily on X. Here A = {al, az,...,an} is a set of free parameters.

n
The most general linear function is F(A,x) = = aj¢j(x), where the
j=1

¢J(x)'s are given linearly independent functions defined on X.
%
F(A ,x) 1is called a best approximation in a norm "." if for all

choices of A,

£f(x) - F(A*,x)“ < "f(x) - F(A,x)ﬂ. The three norms

most commonly used in practice are:

N
i e [E - Fa]] = e sty - )

- '
2,0 [w(x) [£(x) - F(A,x)] o = {121 w(x,) [f(xi) - F(A,xi)}z}

L_: “w(x)[f(x) - F(A,xﬂ |, = max wix

leieN T

)lf(xi) - F(A,xi)l

where w(xi) is a prescribed set of positive weights.

For linear approximations F(A,x), best approximations are

guaranteed to exist in all three norms, but only £, approximations

2

are necessarily unique (Rice (1964)). Best 21 and L approximations
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can be determined by linear programming (Barrodale and Young (1966))
while 22 approximations are produced by a standard orthonormalizing
routine. If the discrete data is affected by noise then the distribution
of these random errors should dictate the choice of norm. In practice

one chooses the 2., &, or & _  norm, respectively, according as the

1* 2
errors are subject to wild points, normally distributed, or very small
relative to the error of approximation (Rice and White (1964) and

Barrodale (1968)).

In the discrete nonlinear case best approximations do not
necessarily exist. Generally, progress towards developing algorithms

for best nonlinear approximation has been slow.

The success of the method of this thesis depends upon the validity
of the assumption that a certain function is unimodal in a given range.
Suppose that F(A,x) 1s an approximating function which depends linearly
upon the parameters @15 @pyeeey 39 and nonlinearly upon ¢, where
A= {al, Byseees 15 c}. Let A* = {a:,..., anil, c*} be a set of
best parameters for a given norm: we assume here that a best
approximation exists. The method for determining A* is the following.
For any given value of the nonlinear parameter, the determination of
a best lp approximation can be accomplished by using one of the
existing linear approximation algorithms. Considering the error of
approximation thus produced as a function of the nonlinear parameter
only, the problem of determining a best nonlinear approximation is

reduced to that of locating the minimum of a function of one variable.

A best nonlinear approximation can then be found very efficiently using



a Fibonacci search technique. The justification for using a Fibonacci

search is that the following assumption be true.

Assumption: G(c) = min uf(x) - F(A,x)“ is unimodal in ¢,
@ysecesd 4 P

*
at least for some small interval containing c¢ .

The evidence presented in this thesis confirms that this underlying
assumption is most reasonable in practice. Extracts from this thesis

are to appear in Barrodale, Roberts and Hunt (1970).

In Chapter I we discuss methods currently in use for the

determination of best linear approximations in the ¢ 22 and 2 norms.

1°
Chapter II defines the concept of a unimodal function of one variable,
and includes a description of the Fibomacci search technique. This
technique is one of the most efficient searching algorithms known for
determining the minimum of a unimodal function of one variable.

Chapter III describes the manner in which we have combined the topics

of the previous two chapters into a new algorithm for the computation

of best Zp approximations by a certain class of functions. We include
in this chapter computational details of our method for twelve particular
approximating functions. Chapter IV includes some remarks on the theory

of best 2. approximation by such functions. Finally, Chapter V

; &
describes a practical problem and the manner in which our method was
applied to it. This leads to an attempt to extend our method to

functions nonlinear in two parameters. The Appendices contain
driver programs for best 21 approximation by a3 2 azecx , and both

the subroutines MINSUM and MINMAX,




CHAPTER 1

COMPUTATION OF 2p LINEAR APPROXIMATIONS

I-1. Statement of the Problems.

Let £f(x) be a given real-valued function defined on a discrete
subset X = {xl, Xppeees xN} of E . Given a set of n real-valued
continuous functions {¢J(x)} defined on X we form a linear

n
approximating function F(A,x) = I a,¢ (x) for any real set

j=1 i3
A= {al, 3yenns an}.

*
The &, approximation problem is to determine A such that

1

I |FQ %) - £G)] < ¢ |F(A,X) - £(x)]
xeX xeX

for all A ¢ Ek .

*
The &, approximation problem is to determine A such that

2

p [F@0 - £@)? < 1Fa,n - £()
xeX xeX

for all A ¢ Ek s

*
The £_ approximation problem is to determine A  such that

max |F(A",%) - £(x)| < max |F(a,%) - £(x)]
xeX xeX

for all A ¢ Ek .



I-2. The 21 and 2 Norms.

(a) Adaptation to Linear Programming The method we use to find

best 21 and & linear approximations is that developed by Barrodale
and Young (1966), wherein the approximation problem is restated as a

linear programming problem,

The procedure is as follows. To ensure the non-negativity of

the unknown variables put

a = max(0, -min aJ) and then o, =a + a for 1 <3 <n.

n+1
3 k| J

Then, for 1 < i < N, define

n+l

e, = e(xi) = F(A,xi) - f(xi)
n n
= I a¢(x)-a oo (x;) - f(x,)
=l b e n+l . i Sl 4 i
- a1¢l,i By an¢n,i * %1 ¢n+l,i - fi
n
where ¢n+1(xi) = - jil ¢J(xi) for 1 <i <N, and ¢J,i and f1
respectively denote ¢j(xl) and f(xi). Finally putting 8, =W, =~V

where u, >0 and v, > 0 results in N constraints in non-negative

i

variables

i

u, +v, for 1<1izx<N (4)

By =0y o Pt Ty Vg1 "Wt

The ll approximation problem is to find {aj} such that
- ,

r e
i=1

N

% |ui - vil subject to (A). This is equivalent to minimizing

i=1

il is minimized. That is, we want to solve the problem: minimize
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N

Z (u, + vi), subject to (A) and the additional conditions u, x v, = 0

=1 1 i i

for i =1,2,...,N. We now consider the linear programming problem:
N

minimize I (ui + vi) subject to (A). Since the solution to this
i=1

linear program occurs at an extreme point, the conditions u, x v, = 0

are satisfied automatically. Thus, solving this linear program is

equivalent to solving the 21 approximation problem.

The 2_ approximation problem is to find {aj} such that

max leil is minimized. For any A ¢ Ek put w = max leil and
1<icN 1<isN
obtain the 2N constraints
Uy g Pt Oy S g ¥ W2 Ey
for 1 <1i<N (B)
003,40 To0T Oy ppa,g TV 2 E

This gives the linear programming problem of minimizing w subject to
(B). However in practice the dual problem is solved, which is to find

non-negative values of s, and t, for 1 <i < N which maximize

1 ) 8

N
I f.(s, - t,)
oy AE T

subject to the =n+2 constraints

N

DI

S
gul Jod :

;= ti) €0 for 1<3j<ntl

and

N
I (s +t.,) <1l
sul 1 1
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These constraints are then expressed as equalities using aj and w,
the original variables of (B), as the slack variables. This reformulation

as the dual problem reduces the number of constraints, thereby yielding

a more efficient algorithm.

N
(b) The 21 Algorithm: The objective function (ui + vi) and
i=1
the N constraints
fymogby g et o g, Yt Yy l<icsN

are arranged in a simplex tableau as shown in Fig., 1.

> > > - - -> -
The names R, Gyseeesr G iys Upseees Ups Vipees, Vo are not formally

defined as they are obvious choices for the column vectors. Fig. 1
is condensed by storing only the columns R and o

3

These n+2 vectors are sufficient to allow the simplex algorithm to

for 1 < 3 < ntl.

be carried out in Fig. 1. If every £, > 0 an initial basis is

> &
{;l’ 32,..., ;N} and, as at any stage Ki = -;i for 1 <1i <N, it

is clear that if ; is in the basis then ;1 must be out and need

b ¢

not be stored. If any £, < 0 the row is multiplied by -1 and the

i
31 are replaced by the corresponding Ki in the initial basis. Also,
the sum of the marginal costs of Ii and 31 is -2 after each iteration

and thus one may be deduced from the other.



Costs> 0 0 0 1 1 1 1 1
- -> -> - -> > -> -> ->
¥ Basis R oy o, oo nt1l u; o Uyeeeuy vy ceeVy
-’.
o vy 4 1,1 92,1 Pl 1 1 0 0o 1 0
-+
1 \ £, 1,2 ¢3,2 %n+1,2 @ = 9 X 9
h 3 f 0 0 1 0 1
VN N ®1,N 2,5 ot N =
N N N N
Marginal b I ¢ I ¢ T ¢ 2 =2 =2 0 0
Costs 1=1 ful Tk gaj ad gy BHLA
Fig. 1. Full initial simplex tableau for the £. algorithm,

1

‘0T



1 s [P
N
(c) The £&_ Algorithm: The objective function I fi(si - ti)
i=1

and the n+2 constraints

N
I (s, +t.)+w=1
{m1 7 i

N
iEl ¢ ,i<si - ti) + oy = 0 for 1<j<nHl

are arranged in a simplex tableau as shown in Fig. 2.

> > > - -

->
The column vectors R, w, @

-+ -
1200030 11> SqreeesSys Erseee, by are

considerably different from the vectors of Fig, 1, but again Fig. 2
serves as a definition of them. Fig. 2 is condensed by storing only

the columns ; for 1 < i < N. Again all data is obtained from these

i
e -
N vectors since an initial basis is {w, al""’an+l} and at any
-> -> - > ->
subsequent stage s; + ti = 2R for 1 <1i <N, and also R = w, Finally
the sum of the marginal costs of gi and ?i is always equal to twice

the marginal cost of ;.




Costs~+ fl f2 fN -fl -f2 -fN 0 0
<> -> - -> -> -> - -> >
+ Basis R s, 8y ees Sy t:l ty) .. ty w cedliq
>
0 w 1 i | i § il 1 1 1 1 0
..)
0 o 0 4y 412 fin "1 Th2 i O 0
0 3 0 0 1
“n+1 %n+1,1  %nt+1,2  Cmri,N %nb1,1 T%nd1,2 Onel,N
Marginal
costs @ =& £ fx f £ B 0 0
Fig. 2. Full initial simplex tableau for the £_ algorithm.

"zt
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I-3. The £2 Norm.

Best 22 approximations are obtained by solving the normal

equations, which, if we set
N n 2
H(al, az,...,an) = iil [gil a.¢J(xi) - f(xi% ’
are given by
L 2 l:? a¢(x)-f(x)]¢(x)-0
9 j=1 b ¢ i7) k1
()

k= 1, 25600050

This is a system of n linear equations in n unknowns which can
be solved for the aJ's to yield the required approximation. 1In
practice, however, roundoff error tends to build up rapidly as n
increases, and spurious results are produced. The following argument

illustrates this phenomenon.

Let ¢j(x) - 37t for 3 =1,...,0 and let us assume for
convenience that the points x, are all in the interval (0,1).
Additionally, we will assume that these points are distributed
reasonably uniformly in this interval. Then from (C) the system of

equations we want to solve is

N n ) N
Tz xi*k'?' - I £(x,) xli
i=] j=1 3 i=1

1

(D)
k= 1, 2,c0e40

Interchanging summations we may write (D) as
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n N N
£ a, I xi+k ¢ z f(xi) xz-l
j=1 J i=1 i=1

(E)
k=L, 3,s0n,0

then the coefficient of a in (E) has the form of N times a Riemann

b

sum, For large N

N 1
) xi+k—2 o f k2
qml 0

J+k-l J’k - 1,2,-o.,n (F)

If we let G be the matrix of coefficients in (E) then using (F) we

can approximate G/N by the matrix M where

, L1 1]
R Rl
111 1
2 3 4 LN ) n
M= (G)
i 11 1
3 4 5t nH
1 1
n-1 °* °° 2n-1
- -

This matrix is the principal minor of order n-1 of the infinite
Hilbert matrix, a classical example of an ill-conditioned matrix.
Simply speaking, a matrix is said to be ill-conditioned if, when it
is normalized so that its largest element is of magnitude 1 (as in
(G)), its inverse has very large elements. For example, when n = 10
the inverse of (G) has elements of magnitude 3 x 1012 . Thus, when
calculating the solution of (D) by any method at all, any roundoff

error committed will cause a greatly magnified error in the solution.

Hence, to obtain an accurate solution to any set of linear equations
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whose coefficients form an ill-conditioned matrix, a large number of
decimal places must be carried during the computation. For the
Hilbert matrix, this number rapidly becomes prohibitively large.

We can overcome this difficulty by approximating with orthogonal
functions. These functions can be generated by the Gram-Schmidt
orthogonalization process. Davis and Rabinowitz (1961) discuss
numerical aspects of orthogonalization procedures and Ralston (1965)

deals with orthogonal polynomials in particular.

A few introductory remarks are required before we introduce the
Gram-Schmidt orthogonalization process. Let w(x) be a real positive
function for x ¢ [a,b] and let £(x) and g(x) be two real functions
defined on this interval. The inner product of £(x) and g(x) with
respect to the weight function w(x) on the set {xl, xz,...,xN},
where X, € [a,b] i=1,2,...,N, is defined to be

N

(£,8) = T w(x,) £(x,) g(x,) .
=1 1 i i

The norm of a function f£(x), written [ £(x)||, is defined to be

, N b
|G| = (£,6)% = {iil wix) [£Gx)] 2} :

If the inner product of f£(x) and g(x) is zero, i.e. (f,g) = 0,
then f(x) and g(x) are said to be orthogonal with respect to the
weight function w(x) on the set {xi}. When w(x) = 1 the functions
are said to be simply orthogonal on the set {xi}. We shall concern
ourselves with simply orthogonal sets in the following discussion and

hence dispense with the weighting function w(x).
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A sequence of functions {fn(x)} is called an orthogonal set

of functions if the functions are pairwise orthogonal, that is, if
(fm’fn) =0, m#n.

The set is said to be orthonormal if, in additionm,
(fm,fm) =1

Thus, given a set {¢J} of functions, we have to obtain linear

combinations of the ¢J's

which are orthonormal, that is

{i for 1i=j
(6,,6,) =6, =
13 13 (0 for i#j

This can be accomplished by the Gram-Schmidt orthogonalization
process which, with the inclusion of the normalizing step in the lines

below, becomes an orthonormalization process. Set, recursively,

By = ¢ 6, = Bl/"Bl"
By = 9p = (95,8108, 8, = By/ 8]
E n-1

By = b 7 T (40000, 6y = 8o/ ]

Then {61} is an orthonormal set.

Approximation of the data can now be accomplished using {61} as

our set of approximating functions in (C). Thus, the system to be

solved is
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N n
ifl Jil bJej(xi) - f(xi)]ek (xi) =0

k=1,2,...,n

which, rearranged, becomes

n N N
I b, I 6.(x.)6 ()= ¢ f(x.)e6(x,)
P WM b o A P 1

(8)
k= 1,2,.0050

Here the bj's correspond to the ej's as do the aj's to the ¢j's
in (C). Because of the orthonormality of {Gi} the coefficient matrix

for (H) is simply

0 ... 0

o
o o

0 0 0...01

That is, the coefficients of the best approximation are just the right
hand sides of the equations (H). The only roundoff error incurred,
then, is that involved in the orthonormalization process. Thus, we

have

N
bJ = iil f(xi) eJ (xi) g m 12 500,00

and the required aJ's can be extracted from the approximation

f(x) = b,6, (x) +b (x) +...+ b 8 (x)

2%
by expressing each ej in terms of the ¢j's. Although roundoff error

in the Gram-Schmidt process itself can cause difficulties, these are

not so sever:z as those encountered in solving the normal equationms.



CHAPTER II

UNIMODAL SEARCH

II-1. Unimodality and the Fibonacci Search.

The underlying assumption for the method of this thesis is that
the error of approximation, which we want to minimize, is a unimodal

function of the nonlinear parameter of the approximating function.

Now, suppose y 1s a function of x, where x 1lies in the

x *
interval [a,b]l. Denote by y the minimum value of y, and by x

%
the value of x for which this minimum is attained (i.e. y = min {y(x)}
a<x<b

* %
and y(x) =y ). Consider two values of x, a < X, < X, < b, and let

y § 2
¥y and Yoy be the corresponding functional values. We define unimodality

as follows (Wilde (1964)).

*

Definition 1: y is a unimodal function of x if X, <X implies
%

that ¥ > 9, and if x> x implies that Yy < Yy

*
That is, if both x, and %, are on the same side of x , the one

1
*
nearer x gives the smaller value of vy.
Thus any strictly convex function is unimodal., Indeed, unimodal
functions need not even be continuous. The functions in Fig. 3 are

unimodal functions of x in the intervals shown.

In searching for the minimum of a unimodal function it is
desirable to use as efficient a method as possible. The most efficient

search technique is defined to be that which minimizes the number of
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X X X

(a) Smooth (b) Continuous (¢) Discontinuous

Fig. 3. Unimodal functioms.

functional evaluations required to locate the minimum, within some
prescribed tolerance. For the method of this thesis, this criterion
is satisfied by the Fibonacci search technique, so named because of

its utilization of the Fibonacci numbers:

FO = Fl =1

Fm - Fm-l + Fm—Z for m> 1,

Suppose y 1s a unimodal function of x, where x lies in the
interval [a,b], and that we want to find the value of x, within some
tolerance €, which minimizes y. The Fibonacci search, in such a case,
is the following. Determine the smallest Fibonacci number, Fn’ such

that

(ZFn + Fn_l)e > (b - a) (1)
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and define

e' = (b -a)/(2F +F _,). (&)

1

If we let ¢' be our unit measure of length, then [a,b] is 2Fn + Fn—l’

or , units long. Evaluate the function at the points Xy and Xos

Fn+2
which are located Fn units from a, and Fn units from b, respectively
(see Fig. 4(a)). Now discard the interval [a,xl) or (xz,b] according
as y; > ¥, Or ¥y <Yy, leaving an interval of length Fn+l' Within
this interval lies the trial which gave the smaller functional value

of the previous two trials, this is located Fn—l units from one end.

Now X3 is placed Fn-l units from the other end of the interval, and
we discard a portion of the interval in the above manner (in Fig. 4(b)

discard [a,x3)). The two trials in the interior of the remaining

interval are now considered as the previous two trials.

The above procedure is repeated, placing xJ at F units

n+2-3
rom one end of the interval currently under consideration. The

situation immediately before the placement of the final trial (xn+l)
is shown in Fig. 4(c). The final trial is placed a distance Fl from

xy (in this example) to create the situation shown in Fig. 5.
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(a) Placement of the initial two trials.

(b) Placement of the third trial.

(c) Placement of the finmal trial.

Fig. 4. Placement of the trials for the Fibonacci search.
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Fig. 5. Result of the placement of the final trial.

A portion of the interval [xi, xk] is discarded as described above,
and here we are left with the interval [xi, xJ]. If X .1 is chosen
as that value of x which minimizes y then, from Fig. 5, the error

is at most max(Fl,Fo). Thus, as F, = Fy=c¢ is within ¢

1 » *ne1
of the desired value of x ((I) and (J) imply €' < €).

The proof that the Fibonacci search technique is as efficient as
any other method 1s contained in Bellman (1957). Specifically, he
proves the following. Suppose that y 1s a unimodal function. Then
the maximum length of the initial interval [a,b], such that the
minimum of y may be located within a unit subinterval in at most n
functional evaluations, is Fn’ the nth Fibonacci number. Thus, by
defining our initial interval to be of length Fm (where €' 1is the

unit length), the Fibonacci search technique is seen to be one of the
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most efficient available. For example, to reduce an interval of
uncertainty to less than 1% of its original length requires only 11

functional evaluations.



CHAPTER III

ALGORITHM AND RESULTS

III-1. The Algorithm and Its Implementation.

We now combine the material of the previous two chapters to

construct an algorithm for the computation of best 2 and 2

1 %2
approximations to discrete data by functions nonlinear in one of their
several parameters. The algorithm is implemented as a two-stage
process. Phase I is a search over a grid of values of the nonlinear
parameter to find a small interval containing the minimum error of
approximation. Phase II locates the minimum within this interval by

using the Fibonacci search technique.

To test the method numerically, we selected twelve approximating
functions which are nonlinear in Jjust one of their several parameters
(see Table I). For each one of these functions discrete best

approximations were computed in the 2., &, and 2 norms to twelve

1* "2
different sets of data. Each data set consisting of 21 points with
abscissae equally spaced on [0,1], and ordinates recorded to 5D, was
generated as follows.
(a) One set of exact data produced by assigning the parameters
o- the approximating function F(A,x) particular numerical
values.,
(b) Three sets of noisy data produced as in (a) but with random

errors added on. The distributions of these errors are,

respectively,



25,

Laplace: g(n) = exp(-2|n|) - << ®
Normal: g(n) = 1//7 exp(-nz) -® <<
Uniform: g(n) =1 5<nck

(c) As (b) above but with different numerical values assigned
to the parameters of the approximating function F(A,x).
(d) 1+ tam x, vXx, exp(-xz), min(e”, %).

(e) 21 uniform random numbers in [0,10].

Tables II through XXXVIII summarize the numerical study for the
functions of Table I. The entire study was performed in double

precision arithmetic on an IBM 360/44.

In Phase I the grid of values for the nonlinear parameter, c, was
usually the 201 points defined as ¢ = -4(0.04)4, although in certain

cases this was changed (e.g. for a, + 2, sin(ex) we used c = 0(0.02)4).

1
This fine mesh size gives a good indication for the validity of the
unimodality assumption over the entire interval. The computer printout
from Phase I contains, for each c¢ wvalue, the error of approximation
G(c), and also a table of first differences for G(c). Thus, it is a
simple task to locate on [-4,4] the minimum of G(c) within 0.04,
and also to check for unimodality. In those cases where G(c) was

decreasing at one end of the interval, Phase I was repeated with a

larger range of c¢ values.

*

In Phase II the optimum value ¢ is located by searching the
small interval of unimodality determined in Phase I. The Fibonacci
search was used here, and in most cases the initial interval was of

%
width 0.08. The tolerance within which ¢ was located was 0.000001.
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III-2. Comments on the Results.

The complete details of this numerical study, namely approrximating
functions, data to be approximated, and coefficients of best approxi-
mations, are contained in Tables I to XXXVIII inclusive. This set of
tables is self-contained, but the following comments should prove

helpful to the reader.

The magnitudes of the random errors of Tables X, XI and XIII are
approximately one-tenth the magnitude of those in the other error tables.
The original random errors in these cases were very large in comparison
with the uncontaminated data. Consequently, when approximation to the
noisy data was attempted, the parameters of the best approximations
obtained bore very little resemblance to those of the uncontaminated
data. The results in Table XVII indicate that, here too, the random

errors imposed on the data are excessively large.

In both MINSUM and MINMAX, values of 10_8 and 108 were assigned
to TOLER and QMAX respectively (see Appendix), except for two instances.
When attempting best & approximations to f5 and f10 with
Flz(A,x) (Table XXXVIII), we experienced some difficulty in
appropriately choosing these arguments, and finally settled for 10-4

and 104.

Tables XXI, XXII, XXV, XXVI, XXXII and XXXIII contain examples
for which no best approximations were found. It is apparent that in
these cases best approximations do not exist. Consider, for example,
the attempted approximation of 1+ tan x en [0,1] by 3, + a, sin(ex).

The error of approximation, in all three norms, decreases as ¢
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approaches zero, and a, increases without bound. This decrease in
the error of approximation is attributable to the "straightening-out'
of the curve a, + a, sin(cx). However, in the limit when ¢ equals
zero, we are left with an approximating function which is merely a
straight line parallel to the x-axis, thus no best approximation exists.

This same situation occurs in the remaining cases for which we found

no best approximation.

In all other instances best approximations were found and the
results are tabluated in the following tables, rounded to 5D. The only
exceptions occur in Tables XXIX, XXX and XXXI, where some coefficients
are shown rounded to 4D. This occurred because the magnitude of these
results was greater than 100 and the format of the computer output was

a seven digit number in [0,1,1) mnultiplied by a power of ten.

In those cases where a best approximation does not exist, this
phenomenon can usually be detected by inspection of the output from
Phase I. For all instances where best approximations do exist, the
error of approximation appears to be unimodal in a sizable region
enclosing the minimum, and in many cases it is unimodal in the entire
range considered. It is important to stress that these remarks are
based on the observed behavior of G(c) for only a discrete set of
values of c¢. However, we feel justified in claiming that the
unimodality assumption required for Phase II is most reasonable in

practice.

As might be expected, the last data sets (i.e. 21 random numbers)

are difficult to approximate closely. The output of Phase I indicates
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that G(ec) does not vary greatly for these cases, and appears to
contain many lcocal minima. Consequently we cannot guarantee that our
results for these functions represent best approximations, and we do
not display them. These random data sets were included to test the

limitations of the algorithm.

Since our method is guaranteed to produce best approximations only
if the unimodality assumption is valid, we have verified that the &
results shown for the ratiomal functions are, in fact, best approximations,
by using the characteristic error equioscillation property (see Rice

(1964)). 1In the 4., case we checked the results using the normal

2
equations. No such characterization theorems are available for any

of the 2 results or for most of the nonrational 2 results.

1
Finally, we comment on a comparison between our method and that

which results from regarding the approximation problem as a pure

ninimization problem. The error of approximation is a function of the

n variables al, 8yseeesd 15 ¢ and this can be minimized by using

any of the known numerical techniques for locating the minimum of a

function of several variables. In the 21 and £ cases the derivative

of the error of approximation is not guaranteed to exist everywhere,

so we are restricted to optimizing techniques which do not require

derivatives. Powell (1964) has developed such a scheme and we used

it with success on several of our examples, However, a disadvantage

of any of these pure optimization techniques is that they can converge

to a local, rather than a global, minimum, Phase I of our procedure

easures that any such failure during Phase II is limited to the small
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region of ¢ values over which the Fibonacci search is conducted.
The major advantage of our method is that it is essentially a one-
imensional procedure rather than an n-dimensional routine. This fact
makes the task of selecting upper and lower limits on the activities

of the variables much simpler for our method, since we only have to

limit ¢ itself. Also, post-computational analysis on our method is

far simpler than that which is required to investigate (say) intermediate
calculations by any n-dimensional optimization routine. Being able to
regard our method as a one-dimensional procedure is both coanvenient

computationally and quite enlightening analytically.



TABLYE I Approximating functions F(A,») consldered

in the numerical study

cx
i) ay -t a, e 7. ay sin(cx) + a, cos (cx)
cx
2. (al + a, %) /(1 + cx) 8. e (a1 + a, x)
3 (a, + a, x+ a xz)/(l + cx) 9 ecx(a + a, x+ a xz + a x3)
' “1 2 i i 2 3 L

4, ay + a, log(l + cx) 10. a; sinh (cx) -+ a, cosh(cx)
5. ay + a, sin(cy) 1 [ a; + a, % + a3(x - c)+

c 2 3 3
6. ay F a2/(1 + x) 12. ay -+ a, % + ag x -+ a, % -+ a5(x - c)+

‘o€



31.

TASLE II Random errors used in defining f2, f3,..., f7
for Fl(A,x)
X el e% el c2 c% 82
L N U L N U
0.0 0.51651  -0.54135 0.23631 -1.20402 -0.10997 0.25249
0.05 0.47907 0.78831  -0.49320 -0.17211 -1.23824 0 05855
0.10 -0.02171 -0.37354 0.15275 0.29198 -0.59018 0.05102
0.15 -0.19579 0.82389 0.20048 0.04200  -0.44674 0.21525
0.20 -0.00102 1.28168 -0.46178 0.12298 0.54730 0 07166
0.25 0.05018 0.49845 -0.37861 0.05341 -0.22270 0.29025
0.30 0.61789 0.56377 0.36781 -0.66038 -0.53880 0.47352
0 35 -0.03164 -0.93252 0.04276  -0.51129 -=0.07485 0.42835
0.40 =-1.29143 0.89289  -0.23517 0.20794 -0.16399 0.15086
0.45 0.15593 -0.86129 -0.11651 -0.06279 0.76596 -0 20515
0.50 -093416 -1 38916 -0.36255 0.30643 -0.10776 0.09753
0.55 1.47886  -0.24175 0.40495  -0.82621 0.23334 0.13096
0.60 0.91492  -0.84553 -0.02298 0.42480  -0.35575 0.37774
0 65 -0.90323 0.30514 0.21117 -0.05408 0.15423 =0 35425
0.70 1.39448 -0.00532 0.42856 0.11619 0.11988 -0.12212
073 0.01634 0.72844  -0.13176 0.67608 0.15818 -0.27772
0.80 0.15500 0.52944 -0,21731 -0.42411 -0.62447 -0.11840
0.85 0.43126  -0.49357 0.45020 -0.51213 -0.20302 -0.35819
0.90 0.06739  -0.49943 -0.35992 -0.02077 -0.22218 0.06454
0.95 =0.32046 0.45660 -0.00106 1.40129 0.73224 0.31943
1.00 -0.97907 0.16417 0.16343 -0.38218 0.06166 0.24781
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TABLE III Random errors used in defining f2, f3,...,f7
for FZ(A,x)
X el 8} el 52 €2 €
L N U L o U
0.0 0.12119 -0.05978 0.39576 -0.03751 -0.15878 =0 39276
0.05 0.59138 -0.20149 -0.32132 0 57285 0.14117 0.37623
0.10 1.63373 0.79925 0.44350 -0 23326 0 54565 -0.04967
0.15 =0 01027 0.91120 0.22425 0.94078 1 05350 0 14031
0.20 0.92979 0.15312 0.02417 0.03985 -0.57894 0.43535
0.25 -0.22861 -0.13592 0.16845 -0.41057 0.59835 0.26050
0.30 -0.37289 0.30655 0.36961 0.98547 -0.39153 -=0.29630
0.35 =-0.81332 0.57667 -0.20486 0.36237 0.63852 -0.04687
0.40 -0.27248 -0.09552 0.06392 -0.57615 -0.08338 -0 34234
0.45 =0.32600 -0.37644 0.11942 0.83611 -0.55820 0.21025
0.50 0.05851 -0.39987 -0.23385 -0.74548 -0.09386 =-0.18647
0.55 0.06301 0.24062 0.49689 0.73964 -0.32734 -0.40369%
0.60 1.00156 -0.88356 0.24025 0.30710 -0.38076 -0.08379
0.65 0.69787 0.00819 -0 10527 0.26385 =0.71750 -0.38699
0.70 -0.11041 0.08635 0.24790 -1.04985 0.42724  -0.42369
0,73 0.57299 0.23558 -0.14875 -0.60061 0.309%6 0.49232
0.80 =0.13291 0.72789 -0.28855 -0.94504 0.66792 -0.00517
0.85 0.00631 -0.40999 0.07986  -0.02518 0.10825 0.31742
0.90 =0.15681 0.57207 0.46839 -0.75938 -0.15849 0.33342
.95 0.99279 0.11019 -0.20942 1.82531 -0.17359 -0.02777
1.00 1.07€95 -0.16066 0.41499 0.06650 =0.02672 0.46714
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TABLE IV Random errors used in defining f2, f3,..., f7
for F3(A,x)
X El €y El €2 &2 62
L N U L ot U
0.0 0.19059 -0.38053 0.08484 -0.33891  =0.24605 0.00155
0.05 =1.07269 -0.47727 0 22456 0 65170 0.15751  -0.48258
0.10 -0.04689 -0.30327 0.35625 -0.67214 0.17513 -0 25062
0.15 =0.53017 -0.40966 0.27413 -0.34406 -0.56216 0.02170
0.20 -0.34104 0.45760 -0.04486 -0.43629 0.29658 -0.45238
0.25 0.03884 -1.36293 0.05833 -1.97619 0.01218 -0.06055
0.30 0.36511 0.15458 -0.48907 0.36708 0.10596 0.21360
0.35 1.09272 0.54823 0.10655 -0.02100 0 11476 0.11535
0.40 0.06109 -0.32305 0.15141 -0.05681 0 87167 -0.04530
0.45 -0.45604 0.30931 0.17505 -0.75914 0 18717 -0.45042
0 50 =1.47089 0.48102 -0.49224 0.69052 -=0.00692 -0.10734
0.55 -0.28340 -0.08167 0.46685 -0.86621 0.03517 -0.18810
0.60 -0.26079 0.35854 0.14887 1.79275 0 21097 -0.31548
0.65 -0.27826 =0.75400 0.17672 -0.64246 0 08032 -0.08075
0.70 0.61649 0.18414 0.00851 0.37963 0.03632 -0.22581
0.75 0.43751 1.38203 0.285%6 0.61004 0.29369 0.48248
080 -0 67455 0.02690 -0.46724 -0.04519 -0 21780 0.05128
0.85 0.39165 =0.21179 0.39919 -0.65474 0.34519 -0.22050
0 90 0.37699  =0.45345 0.00198 -0.38909 -0 56147 -0.37709
0.95 0.58520 -0.47392 -0.03041 0.40339 0.13463 0.32605
1.00 -0.12152 0.43648 0.27029 1.20061 -0.81176 =0.47797
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TABLE V : Random errors used in defining f2, f3,. f7
for FL(A,x)
5 cl e% sl 82 52 62
L N U L N U

0.0 -0.21373 -0 27953 -0.00789 0.03376 0.34672 0 12159
0.05 0.15655 0.93116 -0.01992 0.05199 -0.67784 0 26470
0.10 0.14270 -0.17910 0.25066  =0.37737 -0 10660 0.00079
0.15 -=0.36543 -0.42516 -0.11595 0.52533 =0.75646 0 06694
0.20 -0.13785 -0.13251 0.24741 -0.08013 0.22962  -0.14512
0.25 0 69990 -0.82658 -0.28220 0.58490 -0.883530 -0.39956
0 30 0 58545 -0.05573 ~-0.45604 0.76297 -1 00964 0.06352
0.35 -0.42803 0.39179 0.15462 0.73130 -0.02808 0.23298
0.40 0.00206 -0.27135 0.11355 -0.37721 0 22475  =0.42672
0.45 -0.07016 -0.33982 0.02278 -0.04512 -0 07307 0 46593
0.50 =1.47801 -0.23939 -0.04243 0.38097 1.00528 -0 07570
.55 0.41573 -0 34623 0 10779 0.14440 0.31466 0 41198
0.60 -0 27300 +0 63704 0.06241 0.57804  -1.02189 0.32564
0 65 -0 25935 0.93565 -0.31499 -0.45713 0.81%822 0.10835
0.70 -0.54338 0.71417 -0.16931 -0.82290 0.43277 -0 22551
0.75 0.57599 -0.08480 0.29346 -0.06703 -0.04228 0.47909
0 80 -0.17241 0.07661 0.09701 2.23628 -0.43699 -0.10605
0 85 0.79827 0.27441  -0.43403 1.41046 0.13668 -0.07604
0.90 -0.88817 =-0.25130 -0.12232 0.16978 0 08865 0 03150
0.95 -0.70170 -1.36921 0.42363 -=0.24359 0.02290 0.23804
1.00 1.59660 -0.18718 -0.39446 0.30427 0.00733 -0.28530
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VI

Random errors used in defining

35.

2> 3t 7
for FS(A,x)
X sl e% &r 82 82 52
L R U L N U
0.0 1 34163 -0.18470 0.35509 -0.43632 -1.08456 0.34963
0.05 -0 14032 0 62324 0.30312 1.46177 0.64411  -0.06368
0 10 -0.18636 0 30612 -0.24041 0.08808 -0 69291 -0.44276
0 15 0.60257 0.21639 0.10496 -1.85919 -0.28400 -0.22631
0.20 0.31663 -0.28848 -0.17387 0. 87689 -0.36244 0.42517
0.25 -0.05709 -0.38522 =0.15590 0.09181 0.09618 -0.04939
0.30 0.22259 -0 71617 0.32143 0.03371 0.43006  -0.14749
0 35 -0.32016 -0.23572 -0.33185 0.08089 ~0.53033 -0.07234
0 40 1.02817 -0.29950 0.34366  -0.24502 0.06048 -0.03365
0.45 -0.03533 0.30516 0.37986 0.14077 =0.47171 -0 04936
0.50 0.65582 0.81313 -0.42530 0.33449 -0.85121 -0.18220
0.55 -0.08911 0.02645  -0.24550 0.12083 0.23784 0.17086
0.60 0.67071 0.21225 0.38563 0.08751 -=0.40130 -0.36654
0.65 0.03860 -0.39351 0.17240 -2 15396 0.34060 -0.23770
0.70 -1.05685 -0.59789 -0.43798 -0.14139 0.65476 0.26604
0.75 -0.50757 -0.00774 -0.14886 -0.46482 0 06232 0.41913
0.80 -0.28469 -0.32808 -0.29547 0.08341  -0.22379 0.10482
0.85 =-0.46273 =0.23477 0.20343 -0.01847 0.34968 -0.40582
0.90 0.53588 1.14625 0.21220 0.62499 -0,10293 0.01135
0.95 =0.77341 0.23023 -0.22300 0.68174 0.34945  =0.12244
1.00 0.20679 0.08295 -0.33030 -0.73703 ~-0.045600 0.33804



TABLE VII

Random errors used i1n defining

36.

2 73 7
for FG(A,X)
x el el el 52 52 52
L N U L N U
0.0 0.37349 -0 60422 -0 48339 0.27662 0.83082  -0.02045
0 05 0.35299 -0.14771 0 26697 1.75087 -0.43113 -0.206211
0 10 -0 31010 ~0.18446 -0.25792 0.18924 0.09552 0.01970
0.15 0 34568 0.04596 0.07338 -0.08648 0.10209 -0.15116
0 20 -0 39248 -0.32093 -0.20781 -0.01923 0.19272 0 30011
0.25 -0.35817 0.59009 -0.02705 1.07997 0.40497  -0.35416
0.30 -0 02502 -0.62910 -0.18476 0.34265 0.33472 -0.14411
0.35 -0.22710 -0.30959 0.45442  -0.17840 -0.28752  -0.47832
0.40 -0.39608 -0.38370 -0.31703 0.03160 0.14580 -0.03822
0.45 -0.48438 0.02850 -0.07159 -0.08203 -0.37187 0.46861
0.50 0.03200 0.58698 -0.33902 -1.60073 0.49358 -0.31219
0.55 0.39203 0.22658 -0.35919 -0.74967 -0.57636 0.11534
0 60 0.94572 0.32931 0.35908 1.35595 0.55572 0.00961
0.65 0.40150 0.09061 -0.39641 0.06074 -0.90481 -0.47359
0.70 0.00985 1.46300 -0.07655 0.03783 -0.09611 0.45274
0.75 0.33364  -0.42269 0.28825 ~1.16673 -0.23354 -0 22986
0.80 0.17726  -0.56629  -0.46596 0.53248 0.20008 0.30526
0.85 0.07227 -0.58405 -0.49344 -0.73258 -0.33712 -0.42191
0.90 -0.05207 =-0.57247 0.43495 0.14866 0.09632  -0.32512
0.95 1.54711 0.26470 -0.22929 -0.62135 0.03291 0.23611
1.00 -0.16400 0.12581 0.45155 0.62316 -0.22562 -0.40316



3.

TABLL VIII Random errors used in defining £, £ £

g» Lguesss Ly
for F7(A,x)
x el e% e% 52 e? 52
L N U L N 9]
00 -0.07082 -0.49830 -0.21160 -0.05533 0.13356 -0 30618
0.05 -0.16385 -0.18177 -0.48441  -0.06452 0.20531 -0.31803
0.10 -0.34612 -0.55349 0.09920 -0 53755 0.64269 0.20798
0.15 -0.04511 -0.29938 0.26840 -0.54672 -0.57880 -0.44397
0.20 0.34373 -0 63748 -0 14063 0.28915 -0.12730 -0.06549
0.25 -0,03703 -0.19033 -0.30913 ~-0.20816 -0.44870 0.13356
0.30 -0.42588 0.71760 -0.27353 -0.20008 -0.62031 -0.19197
0.35 0.64204 -0.70543 -0 35582 1.54990 -0.95970 0.26359
0.40 0.59579 -0.19742 -0.04931 -0.93390 -0.29481 -0 40178
0.45 -0.29514 0.04158 0.13108 0.39903 0.33825 0.08745
0.50 =0.18531 1.03345  -0.43405 0.06431 0.56610 0.226062
0.55 -0.91801 -0.12980 =0.27759 0.39917 0.87500 0.02561
0 60 -0.34167 0.16123 0.01419 -0.01388 -0.32699 -0.43325
0.65 0 04509 -0.42645 0.25774 0.41332 0.10544 0.20062
0.70 0.54669 -0 29233 0.42254 -0.23006 -0.16147 0.23039
075 -0 29414 0.54747 021398 -0.17850 0.31538 -0.49177
0.80 -0.14099 -0.37416 0.16739 0.13689 0.10835 -0.16481
0.85 0.10224 -0.62360 -0.24742 -0.09495 -0.42361 -0.35005
0.90 0.14605 -0.07414 0.33540 0.65856 -0.82773 -0.07155
0.95 0.28382 -0.08111 -0.23935 1.81876 -0.29835 -0.39523
1.00 -1.27809 0.29781 -0.268%0 -0.58862 0.22450 -0.39099



38.

TABLL IX Random errors used in defining f£,, £

for F,(A,x)
o

, ! 1 1 2 2
: L N ‘U L N ‘U
0.0 0.34464 =0.37963 =0.14763 =-0.52191  0.16556 -0.46142

0 05 =-0.01469 -0.40151 0.10816 -0.31042 -0.20819 0 21715
0 10 0.10465 0.14866 0.073820 0.18970 0.23001 -0.21276
Q.15 0.66083 -0.04920 0.24931 -0.39305 -0.17855 0.05376
0 20 -1.67508 -0.48068 -0.25437 -0.35011 0.18327 0.16663
0.25 3.22449 0.31845 0.07638 0.28124 1.16337 0.47482
0.30 0.47161 0.10897 -0.30739 -0.57792 -0.79361 0.42786
0 35 0.10472  -0.00855  -0.46019 0.04094 0.21362 0.48740
0.40 0.78223 -0.05703  -0.39045 0.30195 -0.36840 -0.00588
0.45 -0,14218 -0.58983 -0.13789 0.08112 0.94740 -0 21676
0 50 0.31903 0.06721 -0.32700 0.33521 0.60502 -0 21497
0.55 2.37661 0 69482 -0.47739 0.44074 0.42423 0.06467
0.60 -0.02983 0.13134 -0.15111 0.49177  -0.02287 0.42079
0.65 -0.24183 =-0.99991 -0.05567 -0.74279 0.06394  -0.34756
0.70 0.11859 0.52706  -0.21184 0.24344  -0.86456 -0.08158
0.75 -0.31890 0.52690 0.13572 0.16342 0.27019 -0.33463
0.80 0.03851 0.98278 -0.22325 0.21811 0.92972 0.35952
0.85 0.91127 0.00334 -0.46752 -0.90335 0.86227 0.28863
0.90 -0,59238 -0,12782 0.30335 -0.73507 0. 24319 0.06374
0.95 -0.33869 0.27796  -0.03566 0.77176 0.25863 -0.06397
1.00 0.19476  -=0.17301 -0.02749 -0.03468 0.04938 0.04445



39.

TABLE X Random errors used in defaining f2, f3,. o» f7
for F9(A,x)
p e} € sl €2 e% 52
L | U L N J
0.0 -0 19316 0.08272 -0.00361 0.04929  -0.13948 -0.01102
0.05 0.02935 0.01541 0.04525 0.04632 -0.04806  -0.03446
0.10 -0.07458 -0.05743 -0.04928 -0.08491 -0.03843 0.01983
0.15 -0.02087 0.07012 -0.01687 -0.00961 0.07611 -0 03181
0.20 -0 06971 -0.03424 0.04872 0.14153 0 06667 -0.03044
0.25 0.02356 0.05963 -0.01885 0.04837 -0.00140 0.03499
0.30 0 03018 -0 02434 0.03745 0.08725 0.03071 -0.00088
0.35 -0.03104 -0.04704 -0.01352 0.12915 -0.04051 0.00709
0.40 -0.04608 -0.01790 0.04024 0.05619 =-0.02351 0.03480
0.45 =0.12675 0.03886 0.04171 -0.13999 0.01631 -0.04828
0.50 ~0.00436 0.03731 0.00709 0.04512  -0.02775 -0.03887
0.55 -0.11268 -0.02902 0.04883 -0.00041 -0.05830 -0.03338
0.60 0.01045 -0.01074 =-0.04625 -0.01075 0.00871 -0.01289
0.65 0.10506 0.04702 -0.04209 -0.00492 0.11561 0.041995
0 70 0.04947 0.10419 0.02472 0.00051 0.12105 0.00157
0.75 -0.00103 0.04813 0.02708 0.04779 0.06493 -0.00267
0.80 -0.00578 0.01135 -0.04696 =0.01092 0.06393 0 02493
0.85 =0.07045 -0.03371 0.04294 0.18259 -0,05793 -0.03569
0.90 0.05265 0.00185 0.02996  -0.00293 0.02150 0.04973
0.95 -0.03733 -0.02969 -0.04740 -0.08238 -0.06143 -0.00292
1.00 0.02439 -0.00749 -0.00438 -0.00670 -0.06940 0.04189



40.

TABLE XI Random errors used in defining f2, f3, 3 f7
for FlO(A,x)
b el el sl €2 62 32
L N U L h U
0.0 0.11692 0.12464 0.00772 0.01574 0.00273 -0.03231
0.05 -0.17736 -0.02967 -0.04484 0.04379 0.05180 0.01208
0 10 0.11128 -0 03432 -0.00276 0.00945  -0.01940 =0.04023
0.15 -0 02633 0.02568 -0.03105 0.05111 -0.01325 -0.03145
0 20 -0 09365 0.02304 0.03150 0.03492  -0.01699 0.04654
0.25 0.05520 -0 00186 0 03314 0.00481 0.04405 0 04154
0 30 0 01402 0.09302 0.04647 0.02658 0.03359  -0.04972
0 35 0.12454 0.05784 0.04698 0.00833 0.00312 -0 03670
0 40 -0.10304 -0.00997 0.00874 -0.00848 0.07964 0.00073
0.45 -0.08555 -0.02225 -0.03951 0.00616  -0.09146 0.02556
0.50 -0.06008 -0.00944 -0.04523 0.10701 -0.03993 0 00078
0.55 0.36163 0.05835 0 01740 -0.028%6 -0 01174 0.02463
0.60 -0.00034 0.02579 0.03639 -0.04368 0.01345 -0.03349
0.65 -0.14833 -0.01640 0.00802 0.00777 0.01039 0.00969
070 -0.05050 -0.01200 -0.03990 0.06620 0.03618 -0.01094
075 -0.03356 0.00207 0.01815 0.01416 -0.05045 -0.00350
0.80 =0.04373 0.08769 -0.02583 -0.00393 -0 00445 0.03941
0.85 -0.13476 -0 09746 -0.00297 -=0.01992 -0 05436 0.04311
0.90 0.1083¢ -0.01972 -0.01979 -0.07803 0 01934 -0.01938
0.95 0 00200 -0.03454 -0.02725 -0.02826 0.02803 0.02617
1.00 -0.01337 0.02090 -0.02515 -0.05009 =-0.01425 0.01361



41.

TALLY XII Random errors used in defininqg fz, f3,.. : f7
for Fll(A,})
X el el El 22 E% e?
L N U L K U

00 -1 42571 -0 04270 -0.46102 -0.21007 -0 08975 0.02680
005 =-0.74094 -0 01788 0.12897 -0 32142 0 53586 0.45724
¢ 10 0.23348 0.63560 -0.44565 -0,83093 =0.58949 -0.35903
0 15 0 67802 0.19556 ~-0.41871 0.51169 0.52175 0.11130
0.20 0.37167 -=0.08527 0 46950 -0 02547 -0.73%221 -0.16984
0 25 0.33%45 -0.25045 -0.14837 -0.00092 1.27958 =0.46960
0 30 =-1.09341 -0.19758 0.40799 0.14055 0.05806 0.37964
0.35 =0.42014 0.90498 0.17105 0 05548 -0 81558 0.20785
0.40 0.95636 0 47341 -0.13000 -0 23036 0.04£207  -0.429¢8
0.45 0.23394 0.70846 0.41222 0 07647 -0.2099 =0 14114
0.50 -0.76373 0.05140 -0.34944 0.51281 0 23657 -0.1001%
0.55 =1.20200 0.10927 0.21889 -0.04845 -0 26434 =0 46335
0.60 0.96337 0. 10104 0.29353 -0.33607 0.76281 0.12085
0.65 0.58217 3.358%4 0.32665 -0.26144 0.53412 0.21603
070 -0.09034 0.43446 0.02765 -0.17482 -0 54361 0.09115
0.75 -0.18258 -2.09842 0.02313 0.20334 0 86383 -0.02313
0.80 0.45284  -0.47032 -0.39250 -0.73463 -0 18971 0.05661
0.8 -1.05492 0.16963 -0.49927 -0.23812 0.44684  -0.4587¢4
090 -0.50081 -0.14758 0.02130 0.00087 -0.46018 0.34234
0.95 0.55245 -0.62718 -0.15310 0.0439¢4 0.,.37917 0.28722
1.00 0.30640 -0.68106 0.12894 0.41509 0.14958 0 48714



TALLE XIII

Random errors used in defining £ £

42,

f

2> 73 7
for FlZ(A’x)
% e e} 0 52 52 52
L N U L N U
0.0 0 01655 0.04724  -0.02559 0.01627 0.01522 0.01371
0.05 =-0.05743 -0 01796 0.04438 0.02913 0.00705 -0.00288
0.10 0.01199 -0.03256 -0.04172 -0.02551 -0.05573 0.02621
0.15 0.01287 0.02652 0.00185 -0.08801 0.04440 03323
0.20 0 03144 -0.04059 -0.04883 -0.02383 -0.05384% 0.00433
0.25 -0.011%4 0 02435 -0.01105 0.02947 -0.00573 0.04218
0.30 0.06969 -0.01402 0.02699 -0.00129 -0.04409 -0.02017
0.35 0.05179 0.00682 0.03252 -0.02579 -0.02205 0.00516
0.40 -0.00659 -0.01235 =-0.01082 0.02381 0.01877 -0.01025
0.45 -0.00646 0.04894  -0.04758 0.00463 0 03808 0.01521
0.50 0.00058 -0.04233 =0.00957 =0.11457 0.00040 -0.03590
0.55 =0.00278 0.07619 0.04957 -0.01555 -0.02359 0.00611
0.60 0.01800 -0.05118 0.01496 0.01609 -0.05390 0.04163
0.65 -0.01578 -0.00471 -0.00373 0.05573 -0.09704 -0.03484
0.70 0.01169 -0.07546 0.02733 -0.10013 0 09530 -0.01522
0.75 -0.04792 0.03451 0.00177 -0.05266 0 04343 -0.02303
0.80 -0.02272 0.00337 0.01451 -0.03089 -=0.06157 0.00835
0.85 0.00936  -0.12065 0.03162 -0.04479 0.03128 -0.01355
0.90 -0.00483 0.05278 -0.02328 0.05639 0 12284 -0.00211
0.95 -0.00366 0.02669 -0.01672 0.01527 0.00513 -0.03278
1.00 0.04419 0.00922 0.00778 -0.07858 -0.10208 0.02436



cY

TABLLE X1V Complete details of best 21 and 22 approximations computed vhen using Tl(A,y) = a; + a,e
Define Ei = |f(xi) - F(A", Xi)l
DATA chst 21 Par?metcrs . EEL hBest 22 Par:metcrs . V/Egzi~
x = 0(0.05)1 a; a, c 21 al a, c 21
fl 1+1 e1X 0.99999 1.00001 1.00000  0.00000 0.99999  1.00001  0.99999 0 00000
fz. ~-10 + 2e2k + ei -10 80917 2.72158 1.71351 0.49828 -10.74476 2.72629 1.71116 0 68243
f3 -10 + 2e2X + e; - 8 44705 1.23643  2,38223 0.58618 - 8.94914 1.30723 2.37388 0.69028
f& -10 <+ 2e2X + ey - 9.48696 1.68105 2 14160 0.24929 -10.23755 2.14311  1.94916  0.29466
f5: -5 lOe--2x + ei - 5.88353 10.56998 -1.59494 0.38624 - 4.99481 9.50719 -1.89074 0.51828
f6° -5 + lOe—zx -+ eg - 5.37940 9.41459 -1.65758 0.30315 - 5.22533 9.58279 -1.79072 0.41311
f7. =5 + 1Oe-2X o+ cﬁ - 5.02227 10.27476 -1,97325 0.18700 - 5.21311 10.41069 -1.92306 0.22763
f8 1+ tan x 0.44703 0.58274 1.26119  0.01247 0.48684 0.54189  1.32404 0 01554
fg' Vx 1.29646 -1.11441 -1 28289 0.01524 1.11579 -1.02455 -1.93842 0 02941
10 e.-y2 1.51780 -0.47076 0.91533  0.01242 1.41827 -0.38443 1,02862 0.01516
min(cx,c%) 1.73937 -0.83738 =2 77913 0.03974 1.74756 -0.81581 -2.80279 0.04721




TABLY

XV

Complete details of best £ _ approximations computed when using Tl(A, ¥) = a

v
Define I, = If(xi) - F(A , Xi)l

DATA Best Rw Parameters max Ei

E & P 3

x = 000 05)1 al a, c
£,0 1+1 g 0.99999 1.00001 0.99999 0.00001
£,: =10 + 2a2% 4 ei -12.36233 3.61711 1.57212 1.26173
£4: -10 + gat= 4 ei - 8.30800 0.85150 2.79259 1.08485
£,0 -10 + 262* 4 c% -10.42586 2.29199 1.82005 0.39715
£, -5+ 10e~2% 4 ef - 3.96391  8.19509 -2 26948  0.91201
£o0 -5+ 10e"2% 4 e§ ~ 5.57100  9.86067 -1 63200  0.70656
f£.1 -5+ 10e™%* 4 = - 5.03977 10.53481 -2.05499 0.35942
fg 1 F tanx 0.49179 0.53075 1.34793 0.02254
f9 Vx 1.01652 -0.96440 =2.64262 0.05212

2
£5° ®© * 1.34225  -0.31999 1.13608 0.02226
L

f min(e™,e?) 1.77214  -0.84851 -2.89244 0.07637

1

4+

a,e

2

Cx

9%



TABLE XVI Complete details of best ,Qp appro<imations computed when using 1‘2(A,Y) = (al + azy)/(l + %)
o«
Define F, = |f(x1) - F(A ,xi)]
DATA Best £, Parameters Best 2, Paramcters Best £ Paramcters max
c = 0(0.05)1 " o o y . 2 4 o “ ® = %
X = . al 8,2 Cc 21 al 82 c _“2‘1‘ al ('12 C
fl: i :::il 1.00000 1.99999 0.99999 0.00000 1.00000 1.99998 0.99999 0.00000 1.00000 2.00004 1.00003 O OC
3 + 15\ 1 o ( o { =4 Q QO RC o)
fz. 1 o 5% + CL 3 66230 1.15067 -0 31991 0.42187 3.87611 2.20955 -0.09485 0.54768 4.,10302 5.57967 0.58859 0.9
f3: ;3 :: %zk + 611' 2.94022 19.82145 2.77740 0.34060 3.12648 19.02909 2.72056 0.43333 3.70285 5.09068 0.44487 0 7
f(, ~ {-—-——:—_" -%-3-:1 F el]i 3.39576 13.05763 1.70736 0.21289 3,22852 13.46381 1.73528 0.26230 3 01563 17.11797 2.31248 0.3
2 + 3h 2 [ ~ D D0 A} = Q (
f5: —i-—:-!;{ + L 1.96249 2,86899 -0,52004 0.58200 2,18411 1.89889 -0.60894 0.71116 2.16127 1.51618 -0.67130 1.1
2 + 3% 2 IS IS IS IS ' r (VA= non -
f6: T = !; + EN 2.17153 2.17032 -0.56465 0.37168 2 21005 2.34352 -0.54836 0.45779 2.45140 1.16545 -0 66382 0.7
2 + 3% 2 [ r r 2 Q /
f7: = + &U 2.13059 2.20236 -0.58604 0.23153 2.,09546 2.29602 -0.57978 0.26827 2.04776 2.56249 -0,56086 0 4
f8: 1 <+ tan x 1.02404 0.30111 -0.47446 0.00909 1.02267 0.28974 -0.48255 0.01104 1.01596 0.30265 ~-0.48116 0.C
f9: v 0.17061 1 75785 0.95375 0.01331 0.06815 2.53883 1.68288 0.02469 0.04297 3.18124 2 36898 0.(
__,2
710: e © 1.04932 -0.83400 -0.36501 0.01327 1.03799 -0.82712 -0.38542 0.01637 1.02426 -0.82747 -0.42732 0O (
3
fllz 3 11_((;)(,0’) 0 94572 4,27947 2.06264 0.04524 0.93510 4.64232 2.24602 0,.05405 0.91256 5.52770 2 70948 0.1




TABDLYE XVII Complete details of best R,l and 2,2 approximations computed when using F3(A,Y) = (a1 + a,% + a372)/(1 +
«“
Define 1, = If(xi) - F(A ,Yi)l
DATA Best %2, Parameters LE Best £, Parameters TL,
- 0(0 5y1 v L3 1 P * _.:!‘. X v 2 7 % 1
x = 0(0.05) ay a, a, c 21 ay a, a, c 21
1 - 3x -+ 2x2
o T 1.00000 - 2.99998 1.99995 5.00003 0.00000 1.00000 ~ 3.00000 1.99998 4 99997 0 0000
2
£, 10 "132"5: 20K 4 10.19059 -38.11294 31.14902 4.26187 0 42625  9.88242 -31.31345 22.37973 5.57528 0.5622
£ . A0 - 305 + 20x°
3* 1T bx + 9.61947 -21.05408 9.08975 6.99939 0.36209 9.65021 -26.35040 16.25044 6.41084 0 531¢
2
iy s 10 '132"5;” 20x_ 4 10.08484 -29.89466 21.28819 4 46954 0.18520 10.14497 =31.28110 22.05553 & 53868 0.258:
6 - 11x + luz 2
B2 e 5.46005 - 8.20708 0.82913 ~3.00260 0.56807 5 52184 — 8 74013 1 53686 —3 00071 0.761°
6 - 11x + 4x®> . 2
£t — el 6.16442 -11.63033 4.39992 ~2.99992 0.23438  6.16455 -11.85755 4.91384 -2.99933 0.338¢
2
6 - 1lx + 4x 2 - .
£ LRy 2 5.86439 -10.58950 4.17764 -3 00193 0.18230 5.76898 -10.05427 3.41059 -3.00186 0 240;
£5: 1+ tan x 1.00436  0.24449 ~0.45893 -0.69167 0.00124 1 00347  0.25046 -0 45845 -0.68917 O 001
£, 0 00000 5.15739 4.17474 8.26647 0 00458 0.00522  5.79408 5 43303 10.12706 0.006
2
Eigt & ° 0 99082  2.59318 -2.39593 2.34559 0.00356 0.99538  2.62482 ~2.40339 2.40051 0.00
)
£, min(e,e? 0 94771  1.54978 —1 06003 ~0 11836 0 02549 0 95724  1.44625 -1.15339 -0.22602 0 031




TABLD XVIII

Complete details of best £ approximations computed when using F3(A,x) = (a
00

o®
Define Ei = If(xi) - T(A ,xi)l

1

2

DATA Best zw Parameters
L3 % = P
x = 0(0.05)1 ay a, a3 c may hi
1 - 3x F 2%°
f = - 1.00000 - 2 99999 1.99999 4 99988 0 00000
1 1 4+ 5x
2
g . 10=30x+ 20x |, 1 9.06654 -20.14482  19.09451 2 22216  1.12405
2 T 5% L
2
g, 10 = 30x + 20x 1 145 63251  -35 88429 30.21014  7.64277  1.01305
3 1 + 5x N
2
g, A0 = 30x + 20x 1 34 55850 -31.81980 21.10072  6.20368  0.47366
4 1 + 5x U
2
- < 4
g, o= llx + 4x “ 5.27874 - 7.52010 ~0.68200 -2 99954  1.30442
5 1 - 3x 1
2
g, S QT oR o 2 6.15524  -12.04729  5.29618 -2.99910  0.60983
6 1 - 3x N
2
g, Sollxd g . 2 5.99743  -11.04601 4 05351 -2 99841  0.47635
7 1l - 3x U
fo 1+ tan x 1.00217 0.25338 -0.47138 -0.69363 0 00217
£y /x 0.01029 6.19568  6.44229  11.51940  0.01029
2
£t & 0.99371 3.18116 -2.76881 2 88856  0.00629
)
£ sinle” o%) 0 94854 1.49452  —-1.20744  ~0.28276  0.05146

4 a,x + a3x2)/(l + ¢»)

LY



TABLL XIX

Complete details of best £

1

and %, approvimations computed when using FA(A,Y) = a, + a

2

?
Define By = lf(yi) - F(A ’Xi)l

1 2

log (1l + cx)

DATA Best 21 Parameters XLi Best 22 Parameters EEl

! X % 2 y 3 1

x = 0(0.05)1 a;_ a, ¢ 71 a, a, c 21
fl 1+ 1 log(l + 1x) 1.00000 1.00009 0.99987 0 00000 1.00000 1.00008 0 99989 0 00000
f2 -6 + 9 log(l + 3x) + ei -6.21373 7.18242 4.39138 0 47581 -5.87351 10 15453 2 41177 0.64572
f3 -6 + 9 log(l + 3¥) + c; -6.27953 8.67518 3.28119 0.38651 -6.04250 8.78975 3 11100 0.54213
f4. -6 + 9 log(l I 3x) -+ eﬁ -6 00789 8.34328 3 38386 0.18964 -5.97396 8.93065 3.00275 0.24014
fS' 7 - 6 log(l + 7x) + ei 7.03376 =5.94202 6.97170 0.46863 6.98132 5.86093 6.84718 0.65222
f6 7 - 6 log(l + 7x) + e§ 7.15480 =5 50891 8.68956 0.39709 7.07924 -5.,10960 10 13193 0. 51282
f7' 7 - 6 log(l + 7x) + eg 7.12159 -5.99783 7.12868 0.20606 7.15170 -~5.84948 7.54583 0.25677
£8 1+ tan x 1.02269 -1.11264 -0.74692 0 00517 1.01559 -=1.14124 -0.73903 0 00644
f9 Vx 0 12881 0 55318 3.73867 0.01081 0.03964 0.43521 7.61295 0.01857

2
fELO o 1.05334 0.84581 -0.56995 0.01411 1.04170 0.74444 -0 60854 0.01742
Y.

f min(ey,eq) 0 93895 0.37816 6 91655 0.05049 0.94234 0.36129 7.96697 0.05995




TABLL XX

- «
Define L = lf(xi) - T(A ,xi)|

Complete details of best 2 approximations computed when using Té(A,Y) = a, -

1

DATA Best zm Parameters
"~ & @
x = 0(0.05)1 a, a, (o
£,: 141 log (1l + 1x) 1.00000 0.99999 1.00002 0 00001
£, -6 + 9 log(l + 3x) + ei -5.09076  21.32631 0.75876 1.12298
£, -6 + 9 log(l + 3x) + eé -6.34253 7.07500 4,78514 1.01388
£, -6 + 9 log(l F 3x) + e% -6 11267 9.57383 2.73287 0 41557
£ 7 - 6 log(l + 7x) + ef 8 44803 -3.42220 39.79232 1.41429
£z 7~ 6 log(l + 7x) + e§ 6.34134  -6.56869 5.14741 1.00538
£, 7 - 6 log(l + 7x) + eg 6.77811 -5 80235 7.05024 0.43808
fg 1+ ten x 1.00967 =1.17142 -0.73099 0.00967
f9 Va 0.03108 0.38518 10.41328 0 03108
_ 2
f10° © * 1 02610 0.61238 -0.67290 0.02610
5 ) B
£rq min(e™,e?) 0.90222  0.31084 14 12181 0 09778

a

2

log (1l + cv)

‘6%




TABLL XX1L . Complete details of best 21 and 22 approxinmations computed when using FS(A,Y) = ay 8 a, sin(cs)
Define L, = ]f(xi) - F(A',xi)|
DATA Best 2., Parameters LE Best %, Parameters IE
* 1 * % ._.._i.. P 2 Pl 3 A
x = 0(0.05)1 a; a, c 21 al a, c 1
fl 1+ 2 sin(2wx) 1.00000 2 00000 6.28318 0 00000 1.00000 2 00000 6 28318 0 00000
f2 1+ 6 sin(2mx) + ei 0.97180  6.26008 6.27724  0.42141 1.08776 6 26531 6.24334  0.53232
f3 1+ 6 sin(2ux) + e; 0.89405 5.88802 6.31527  0.34837 1.00945 5.95981 6.31588 0.44269
f4 1+ 6 sin(2mx) + eﬁ 1.08891 6.05590 6.228386  0.26050 0.99136 6.03375 6.26741 0,28693
f.: =6+ 15 sin(1x) - ei -5.96119 14.11936 1.07941  0.49620 -5.80971 16.97851 0.82719 0.7778
f6 -6 + 15 sin(lx) + eé -6.86149 14.,23470 1.23455 0.35220 -6.39140 15 50097 1.01294  0.43916
f7 -6 4 15 sin(1lx) -+ CS -6.06445 15 30859 0.98083 0.19810 -5.98186 15.92135 0.92573 0.25226
f8 14 tan x I i T ] 1 g ¥ i
fg Vx 0 23923 0.77721 1.27794 0.02288 0.15217 0.80755 1.54776  0.04323
flO e 4 I + T 1 1 + i
1.
fll mln(e),oz) 0.96569 0 71300 1.96901 0 02336 0 96924 0.71252 2.02360 0 02932

I
Mo best approxlimatlion found.



TALLLE XXII

Complete details of best & _ approsimations computed when using TS(A,/)
«~
Define L, = |f(x1) - F(A ,xi)l
DATA Best £ _ Parameters max Ei
«< %
» = 0(0.05)1 a; a, c
f1 1+ 2 sin(2nx) 1.00000 2 00000 6.28318 0 00001
f2 1+ 6 sin(2mx) -+ ei 1.34281 6.41849 6.28524 0.99882
f3 1+ 6 sin(2mx) + e; 1.15391 5.92400 6.32254 0.77579
f4 14 6 sin(2nx) + sé 0.95236 5.99713 6 27407 0.40501
2
fs -6 -+ 15 sin(1x) + £l + % i T
f6 -6 + 15 sin(lx) -+ c§ -6.23966 13.14243 1.20073 0.84491
f7 -6 + 15 sin(lx) + ES -6.05303 14 43035 1.06068 0.41996
f8 1+ tan x i i i) T T
fg Vx 0.07918 0 86966 1 82537 0.07918
f10 e T T T T
1
fll min(cx,eq) 0.96820 0 72938 2 09440 0 04886

.l

No best approximation found.

a, sin(cr)

*IS



TABLL XXIIIX and £

1 2
x
Define E1 = lf(xi) - T(A ,xi)]

Complete details of best 2 approximations computed when using F6(A,Y) = a_ + a2/(1 + x)°€

1

2
DATA Best %, Parameters IE Best %2, Parameters tE
% a1 % 1 % ¢ * il
x = 000.05)1 al a, c 21 ay a, c 21
fl 2 + 3 7 2.00000 3 00000 2.00000 0.00000 2.00001 3.00000 2,00001 0 00000
(1 + x)
£.. -1+ 8 + el 0.22476  7.14873  3.74118  0.30707  0.44028  6.99313  3.85486  0.41417
2 7.5t g
1 + x)
£.: -1+ 8 + el -0.88248  7.55035 2.40811 0.37182 -1.95235  8.44083 1.88929  0.48569
3 5.5 T ey
(1 + x)
£, -1+ 8 + e; ~1.94013  8.45673  2.00440 0.26695 -0.98006 7.82566 2.51987  0.31959
(1 + x)
£ =3+ — A2 ci 0.21126  9.06536 1.59666 0.52328 -0.15354 10.06533 1.71068 0 70801
(1 + %)
£ -3+ 12 s§ ~5.82891 14.93882 0.79610 0.30930 -2.21411 11.56192 1.18384  0.38240
(1 + %)
£, -3+ LT eﬁ ~8.67999 17.65953  0.64524  0.24208  -4.64776 13.51754  0.84633  0.29393
(1 + x)
fg 1+ tam x 0.82125 0.21892 -2.93357 0.01589  0.82626 0.20993 =3.00631 0.01986
fg:  Vx 2.02535 -1.85188 0.84170 0.01319  1.35091 -1.27212 1.75117 0.02613
2
gy & 1.20589 -0.16314 =-2.39942 0.01118  1.16447 -0.13508 -2.60169 0.01352
i
£ wdnle® e %) 1.86600 -0.91827  2.45210 0.04322  1.84688 =-0.91866 2.71177  0.05107




TABLE XXIV Complete details of best & approximations computed when using 16(A,7) = a, + a2/(l 4 )€

i
“w
Define Li = If(xl) - F(A ,xi)l

DATA Best Qm Parameters max Ei
% « “"
x = 0(0 05)1 a) ay .,
F: 24—23 2 00000  3.00001  2.00000  0.00001
1 3
(1 + x)
£.1 =14 + el -0.03179  6.54117  2.51279  0.86412
2 5.5 T g,
(L + x)
£, -1+ —2 4 el _26.76954  32.20057  0.23730  0.96477
3 5.5 T gy
(1 + x)
£ 14— 4l 1.02136  8.01059 2 50163 0 47264
4 7.5 T gy
(1 + x)
£: 34 —22 4 2 3.04524  6.84853  3.36044  1.39927
5 it e
(1 + %)
F.i ol —E g 2 ~31.18828  40.41570  0.27300 0 69522
6 T+ ey
(1 + x)
£.1 =3 4 e g g2 ~6.53542  15.28220  0.69296  0.46680
7 T+ &y
(1 + x)
Fg 1+ tan x 0 82521  0.20376  =3.06332  0.02897
f9 Va 1.13300 -1.08562 2.58937 0.04738
2
£, ¢ 1.13933  -0.11956 -2.72631 0 01977
1.
£ .+ min(e*,e?) 1.85643 -0 93836  2.89916 0 08193




TABB AL XXV Complete details of best 2y and £, approximations computed when using F7(A,x) = a151n(cy) 1 azco&(cy:
Define Ly = |f(xi) - F(A',xi)l

DATA *Best 21 Pirameters . Efl kBest £2 Pirawctcrs . Ei

x = 0(0.05)1 ay a, o 21 ay a, c 21
fl = 1 sin(2wx) + 2 cos(2mx) 1.00000 2.00000 6.55318 0.00000 1 00000 2 00000 6 28318 0 00000
f2 = 7 sin(2wx) - 3 cos(2ux) + 5114 6.92905 -3.08267 6 34516 0.31588 7.06656 -2.98982 6.26336 0.45643
f3 = 7 sin(2wx) - 3 cos(2wx) *+ e; 6.84870 -3.49830 6.39640 0.32223 6.85727 -3.48261 6.36900 0.41084
f4 = 7 sin(2mx) - 3 cos(2mx) + e% 6.88081 -2.93787 6. 23621 0.19515 6.84758 -2 96456 6.26693 0.24719
fb: 5 sin(l¥) + 8 cos(1x) + ei 5.27614  7.92069 1.00368 0.43503 5.59702 7.79570 1.01047 0.61344
fC = 5 sin(lx) + 8 cos(1x) + es 4.30622 8.13356 0.80054 0.38582 4,92428 7.96011 1.00984  0.47551
f,= 5 sin(1x) + 8 cos(lx) + 612J 5.52168 7.69382 1.17550 0.18267 5.38813 7.73261 1.14099 0.23294

f8: 1+ tan % 0 i T 1 I i T !
f9: V¥ 0.99179 0.23057 1,07845 0.02157 0.95013  0.14908 1.37205 0.04179
f](): c—x2 -0.21826 1.01784 1.02860 0.00823 -0.22949 1.01757 1,00983 0 00987
fll: min(ex,ei/z) 1.36969 0.95137 1.17331 0,02481 1,37853 0.95315 1,22135 0.03113

no best approslmation found



TABLL

XXVI

Complete details of best £ approrimations computed when using ]7(A,x) = a

Define L, = If(xl) - F(A=,xi)|

1

DATA Best zw Parameters max Bi

l" v ~

x = 0(0.05)1 a; a, c
f1 1 sin(2wx) + 2 cos(2mx) 1.00000 2.00000 6.28318 0.00000
f2 7 sin(2mx) - 3 cos(2mwx) + ci 7.57895 -2.68152 6.18527 0.86850
f3 7 sin(2nx) - 3 cos(2m1x) + E; 6 93985 -3 11774 6.23544 0.75095
fA 7 sin(2nx) - 3 cos(2wx) + 85 6.848106 -3.05304 6.30946 0.39685
f5 5 sin(1x) + 8 cos(1x) + Ei 4.60151 8 58338 0.83373 1.23508
£6 5 sin(1x) + 8 cos(1x) + c§ 5.46859 7.69465 1.05048 0.87626
f7 5 sin(lx) + 8 cos(l1x) + ES 5.17238 7.80363 1.08478 0.34943

f8 1+ tan » i | | T

fg Vx 0.94473 0.07775 1.72196 0.07775
flO e -0.23503 1.01435 0.99668 0.01435
- . min(e™,e?) 1.41368  0.94735  1.25224  0.05265

]no best approximation found.

2

sin(cx) + a,cos(cy)

*6S



TALLE XXVI1 Complete details of best 21 and 2, approximations computed when using F8(A,y) = ecx(al + azy)
Define Bi = If(xi) - F(a ,x,) |
T S amet y areters

DATA :Be t 21 P?rqlcters . ZLi kbest 22 Pfrqreter z Zhi

x = 0(0.05)1 a; a, c 21 a; a, c 971
fl ehlk(l + 2x) 1.00000  1.99999 -1.00000 0.00000 1.00000 2,00000 -1.00000  0.00000
f2 e_lx(lo - 16x) ci 10.34464 -16.01108 -0.84626 0.58601 10.02693 -15.06866 -0.72750 0 94381
f3 ~1k(10 - 16x) eé 9.62037 -15.05674 -0.85582  0.30470 9.68162 -15.13405 -0.97609 0.42180
f4 —ly(lO - 16x%) eé 10.25971 -17.34019 -1.16893 0.16021 10.13669 -16.86396 -1.11305 0.20242
fs. —2k(~7 + 14x) ci -7.52191 16.44100 -2.17024 0.32203 -7.49967 15.35976 -2.18633 0 43246
£6° —2x(_7 + 14x) eg -6.83444 14,91311 -1.90435 0.36676 -6.95428 15.07116 -1.89072 0 50753
f7 e—2x(_7 + 14x) 53 -7.46142 16,07673 -2.30037 0.22290 -7 24546  15.34211 -2 22660  0.26024
f8 1+ tan x 1.00000  0.00000 0.83908 0.01948 0.98330 0.00000  0.92460  0.02777
fg Vx 0.18588 1.47329 -0.52311 0.01656 0.106060 1.85024 -0.70517 0.03241

2
f10 e 0.98017 2.67678 -2.,20937 0.01090 0.97838 2.76056 -2,25065 0 01293
E;

£ min(e®,e?) 0.90255 3.03763 -0.87570 0.02913 0.93147 2.86376 -0.82694 0.03345




TABLL

XXVIII

Complete details of

DATA

best £ approximations computed vhen using ]8(A,y) = e

Define T, = If(xi)

- F(Ar,xi)l

Best £m Parameters

max L

P3 P3 * i
= 0(0 05)1 a a c
x 1 2
£ & TEp 3 o 1.00000 2.00001 -1.00000  0.00001
£, &HD < 16x) + ei 8.09856 - 9.65391 -0.02390  2.24608
£y X0 - 16x) + e§ 10.51724 -17.29839  -1,30183  0.89693
E, “1xXe10 - 16%) + aé 10.21832 -17.17809 -1.15634  0.36595
£, =K 9 4+ 14x) + ei -6.72187  11.71351 -1.65566  0.80004
£, ~2Re 1 3 1458 + e§ -6.05011  12.12923 ~1.84981  0.94593
£, e M7+ Lhx) + €& -7.08534 14 61675 ~2.14057  0.37609
fo 1+ tan x 0,95935 0.00000  0.96315  0.04398
f9 Vx 0 05804 2.30654 -0.92039 0.05804
2
gt & - 0.98100 2.82223 -2.28550  0.01900
1.
min(e®,e?) 0.93544 2.82656 -0.78764  0.06456

CX(

a

1

+ azr).

LS



TABLE XXIX Complete details of best Rl approximations computed when using Fg(A,y) = ccx(al + a,? -+ a3y2 + a,x
t

«~
Define L, = [f(xi) - F(A ,xl)l

DATA Best £, Parameters LE
00 05)1 & P 1 ¢ E'S 3 W

x = 0{0. a; a, ay a, c 21
£ G 4 Ik 4 IxT 4 Tx0) 1.00000 0.99957  1.00009  0.99898 —-0.99966  0.00000
£, e 1%X(10 - 3x + 12x2 + 15x°) + ci 0.80684  1.54798  3.46611  28.66960 ~1.24424  0.04498
£, &g - B o+ 195 4 15503 4 eé 10.08272 -9.05095  20.56280  0.00001 -0.54668  0.03021
£, e ¥ 10 - 3x + 12x% + 15%°) + eé 9.99638 =5.95021  16.42085  6.10495 -0.75385  0.02959
£ (0 + 15x - 75%% 4 90x") # ef 0.04920 13.81137 =-67.07568  79.96113 —-3.03196  0.04581
£ e e 4 15% — 75%% + 9oy3) + es -0.13948 20.82122 -104.9411  128.9301 -3 59474 0.03901
£, e M0+ 15% - 75x% + 90x°) + cﬁ ~0.01102 14.12980 =-70.19599  83.76241 -3.02950  0.02179
£, 1 tan x 1.00125 -0.35896 - 0.23035  0.26739 1.32433  0.00054
£g Vx 0.11764  2.52609 - 0.73960  3.14312 -1.62065  0.00665

2
£, € 0.99890 =-0.03720 ~ 1.20358  0.58644 0 06515 0.00028
1.

£ min(e™,e?) 0.96338 ~=2.21940 1.80610 = 0.51160 3.75768 0.01656




TABLE XXX Complete details of best 22 approximations computed when using T9(A,Y) = % 1 2 3
«<
Define L = lf(xi) - T(A ,xi)]

DATA Best %, Paramcters 2

_ 0(0 05)1 P3 % 2 P3 % P ZTi

X = .05) al a, a3 a4 ¢ 21
i e~ 4 ix + Ix® &+ 1x°) 1.00000  0.99992  1.00003  0.99983 -0 99995  0.00000
£, e X120 - 3x + 12x2 + 15x°) c% 9.84914  1.93815  3.26632  31.00314 -1.30519  0.05685
f, ~1X10 - 3% + 12x2 + 15%°) c; 10.06324 -3.46332  13.68106  14.40042 -1.02227 0 03995
£, ~12010 - 3% + 12x° + 15x%) et 10.00352 -13.75118  22.56505 -7.03129 0.0585)  0.03458
o " "X(0 + 15x - 75x%% + 90x°) cf 0.03615 14.29913 =-69.41519  82.36906 -3.03012 0.07188
fs e X0 + 15x - 75x2 + 90x°) eﬁ -0.16754 18.98748 -93.59789 113.3828 -3.43627 0.04652
£ & TG 1 15% ~ T5%° + 90x°) eﬁ -0.01578 14.81504 -73.57406  87.68207 -3.07986  0.02747
fg 1+ tan x 1.00112 -0.42149 - 0.19468 0.25429 1.38608 0.00066
£q Vx 0.01864 4.13369 - 4 86066  11.58366 -2.39815 0.01072
fro e 1.00041  1.93946 1.21718 - 1.52599 -1.96908 0.00033

)

fll min(ex,eq) 0.97010 -1.506823 0.68180 0.00000 2. 98809 0.02197

2
(a, + a,v + a.»v + a 73)

4



TABLL XXXI Complete details of best % approximations computed when using T9(A,/) = ccy(dl + a,r % a3y2 + a4>J)
Define L1 = If(xi) - T(A ,yi)l
DATA Best £ Parameters

x = 0(0.05)1 ; a’ “ ‘ ‘ L

a; 9 a, a, c max L

f1 e—lx(l 4 Ix + 1x2 + lx3) 1.00000 1.00011 0.99995 1.00023 -~1.00007 0.00001

£, 'X(10 - 3x + 12x” + 15x°) + € 9.90006  1.22766  5.63696 30.27473 -1 33015  0,09324

£3 —lx(lO - 3x + 12x2 + 15x3) c; 10.01830 -2 94181 12.53366 15.16748 -1.0222? 0 06444

f4' e—lk(lO - 3x + 12x2 + 15x3) eé 10.00674 -13.55190 22 43607 -=6.75947 0 03052 0 04647

fS e Trx(O + 15x - 75x2 + 9Ox3) ef -0.08405 17.61009 -86.52715 103.2233 -3 23603 0.13334

f6 e "x(O + 15x -~ 75x2 + 9Ox3) es -0.21433 20 29668 -101.4198 123.2556 -=3.52223 0,07485

f7 TrX(O + 15x - 75x2 + 90?3) eﬁ 0.01564 14.86384 -75.03174 90.29340 -3.13867 0.04204

f8 1+ tan x 1.00088 -0.43320 -0.18932 0.25259 1.39917 0.00088

f9 Vx 0 01819 4,67796  -7.52759 17.95251 -2.73445 0.01819

2

flO e 1.00043 1.95169 1.25424 -1,53877 -1.98235 0.00043
1

fll min(ex,e‘) 0.96212 -1.59197 0.70662 -0.00291 3.09689 0.03788S

‘09



TAD X _IZ AXXII Complete details of best il and 22 approxnimations computed when using FlO(A,x) = alsinh(cy) + azcosh(c

%
Define Li = If(xi) - T'(A ,xi)l

DATA Best 21 Parameters EEl Best 22 Parameters y12

_ FS & P3 — 7% 3 % i

x = 0(0.05)1 a; a, c 21 a; a, c CT
fl 1 sinh(1ly) + 2 cosh(1x) 0.99999 2.00000 1.00000 0.00000 1.00000 2.00000 1.00000 0.00000
f2 3 sinh(lx) -+ 5 cosh(lx) -+ Ei 2.39499 5,11692 1.05308 0 08040 2.96473 5 01051 1.00083 0 11833
f3 3 sinh(1x) + 5 cosh(lx) + eé 2 88046 5.04025 1.00540 0 03666 2.95524 5 03533 0.99835 0 04773
f4 3 sinh(1lx) + 5 cosh(lx) + Cé 3.11447 5 00772 0.98275 0.02208 3.12398 4.,99231 0.98423 0.02788
f5 8 sinh(l¥) - 3 cosh(lx) + cf 9.05332 -2.97754 0.86911 0.02292 9.15344 -2,96112 0.85593 0.03321
f6 8 sinh(1») - 3 cosh(lx) - eﬁ 8 57319 -2.99727 0.92728 0.02997 7.57150 -2.,98836 1.05898 0.03793
f7 8 sinh(1x) - 3 cosh(lx) - eé 8.42580 -3 03230 0.95311 0.02320 7.95043 -=3.01475 1.01157 0.02824
f8 1l + tan x 0.67283 1.03208 1.04850 0.01432 0.62230 1.02919 1.08575 0.01804

fq Vx + I i | 1 I i i

1?1() e I i B T i T | i

x Y , 1 g p
fll min(e™,e?) 1 i ] 1 i | } T

4
‘no best approrimation found.



TABLL XXXIII Complete detalils of best Rw approximations computcd when using FlO(A,>) = d]SiUh(C/) } azcosh(gr)

«
Define El = If(xi) - (A ,xi)]

DATA Dest zm Parameters max Fl
x = 0(0.05)1 i a, ¢
fl 1 sinh(1x) + 2 cosh(1x) 1.00000 2.00000 1 00000 0.00001
fz 3 sinh(1x) + 5 cosh(1lx) + ei 4 57872 4,95361 0 82798 0.23751
f3 3 sinh(1x) + 5 cosh(lx) + e& 3.23411 5.04186 0 96220 0 085068
{
f4 3 sinh(1lx) + 5 cosh(lx) -+ e% 3 10033 4 99672 0.98352 0 04382
f5 8 sinh(1x) - 3 cosh(lx) - ei 8 19830 -2.,91309 0.95711 0 07116
f6 8 sinh(lx) - 3 cosh(lx) + ES 6.18127 -2.96285 1.32488 0.07991]
f7 8 sinh(1x) - 3 cosh(lx) - 83 6.85481 -3 01352 1.19255 0 04619
f8 1l 4+ tan x 0.57794 1.02656 1531953 0.02656
fq Vx I + t i
flo e i -i -‘ .{.
x % y 3
fll min(e™,e?) T ¥ | i

*Z9

I
no best approximation found



TABLF XXXIV Complete details of best 'Ql end £, approxinations computed when using I‘ll(l\,y) = ay + a,¥ + a3(x—-c)+
v
Define L, = lf(xi) - F(A ,xl)l

DATA Best £, Paramcters LE Best %, Parameters .

_ O 0 05 ]_ * l\l w E -2-—-1'- & 72 ? ZL

x = 0(0.05) a; a, ay c 1 ay a, a, c 71

fl: 2 4+ 20x - 30(x—l/3)+ 2 00000 20.00008 -30.00008 0 33333 0.00002 1.99999 20.00006 -30.00006 0.33333 0 0

f2: 2 + 20x - 30(x—l/3)+ -+ ei 0.88818 27.41747 -36 29969 0.28376 0.55228 1.41296 22.35409 -32 33154 032661 0.6

f3: 2 + 20x - 30(x—l/3)+ + ellq' 2.00458 19.55074 -31.47486 0,35706 0.30100 2,10960 19.83245 -31.79070 0.35031 0 5

f[‘: 2 + 20x - 30(x—l/3)+ + eé 1.53898 22,89670 -33.26642 0.32349 0.22639 1.61529 22.11969 -32.53886 0.32306 0 2

f5' -10 + 20x - 40(){—1/?)+ -+ ci -10.21007 20.75871 -39.88351 0.48698 0.22854 -10.26240 20.79511 -40.73535 0,49483 0.3

fc' -10 + 20x - 40(x~l/2)+ - c§ -10.08975 20.32950 -41.42819 0.51506 0.43611 - 9.91818 19.75669 -40.00028 0.50687 0 5

£,: -10 + 20x - 40(x-1/2)  + elzJ - 9,90320 19.47124 -38.68702 0.50263 0.21446 - 9 89788 19.41206 -38 44969 0 50000 0 2

f8° 1 4+ tan x 0.98177 1.12906 1.20485 0.66448 0.,01458 0.97884 1.15159 1.21230 0.67866 0.0

f9: V' 0.14908 1.49067 - 0.86284 0 27725 0.01613 0.02183 3 16231 - 2 46474 0.12704 0 C

2

10" e~ 1.01202 -0.29045 - 0 53183 0 32848 0.00439 1.01174 -0.28832 - 0.52554 0.3213%9 0 C
1

11 ﬁln(cx,c'“’) 0.97628 1.28886 ~ 1.28886 0.52173 0.00622 0.97674 1.29358 -~ 1.29358 0.51947 0.C




TABLL XXXV Complete details of best £ approximations computed when using F]l(A,Y) = a Fa,x + :z,)(y-c)+
. 4 o]

Define L1 = If(xi) - (A ,yl)l

DATA Best zw Parameters max Li
A %
x = 0.(0 05)1 a, a; £y &
£t 2+ 20% - 30(x-1/3), 2.00001  19.99999 =30 00000 0 33333  0.00001
£, 2+ 20x - 30(x-1/3)_ + ei 1.47998  20.77490 =30 73985 0 33769 1.08184
£, 2+ 20x - 30(x-1/3) + e; 0.73500 28.75966 -40.52526 0 28903 1,29994
£, 2+ 20x - 30(x-1/3) + sé 1.62810 22.27021 -32.72843 0 32507 0 38736
fg: =10 + 20x - 40(x-1/2), + ci -10.40986 22 00190 =42 21426  0.48364 0.62126
£, -10 + 20x - 40(x-1/2) + eé - 9.61526  19.49087 =-36.77151 0.48202 1 02212
£, =10 + 20x - 40(x-1/2), + eﬁ - 9.95807 19.68760 =-39.04818  0.49616 0.43253
fg' 1+ tan x 0.97074 1.20327 1.24993  0.71140 0.02926
£, Vx 0.03376 3 15432 - 2 43350 0 11472 0.03376
2

£.0° € - 1.01039 -0.28690 - 0 51051 O 31837 0 01039
min(e™,e?) 0.97984 1.29744 - 1.23722  0.50826 0.02017

%9



TABLE XXXVI Complete details of best JLl approximations computed when using T«‘lz(/\,x) = ay | a,¥ 'r' asz o LLZ‘)} ! 05(*—
3
Define lll == If(yl) - (A ,Yi)l

DATA Best 9,1 Parameters ZLi

¥ " ¢ ‘ < e

x = 0(0.05)1 ay a, aq a, ag c 21
£,0 14 b - 322 & I & 4(x—l/2)_i 1.00000 3 99993 - 2.99973  0.99973  4.00054 0.50000 0. 00000
£,0 -3 F l4x + L & Bx° 4 12<>\—1/3>43_ % eIlJ ~2.98345 13.31161 10.25936 - 7.22578  25.07838 0.25838  0.01757
£,0 =3+ lhx + Le® & 552 4 1?_()\-1/3)2 % ei ~2.95276 12.04028  18.61574 =-24.98495  41.45663 0 20479 0 03101
£,0 =3+ o+ ix® & 5> 4 12(x—l/3)_:: + ellj -3.02559 14.04009 4 26233  4.24018 12 32501 0.31015  0.02160
£5: 7 - 3%+ 5" - 9% w 18(x-—l/2)3 + ei 7.02473 =3.85641  8.01153 -13 71827 - 47.33755 0.74443  0.03043
£oi 7 - 3x b 4 ~ Ox” — 18(X-1/2)i # eﬁ 7.01521 -3 69288 7 35076 -13.04848 - 43 09281 0.71700 0.03278
£,: 7 - 3+ ™ = Gy - 18(>,—~1/2)_?_ ” ef‘l 7 01371 =2 76950 2 81433 - 7 69356 — 18 06975 0.47662 0. 01555
fg: 1+ tanx 0.99894  1.02837 - 0.15671  0.58244  2.22390 0.63930  0.00057
f£q: 0 00000  6.24735 =-41.10605 112.0643 -111.6747 0.11962  0.00167

2
107 € 1.00000 0.00084 - 1.02789  0.22277 0 37742 0.22906 0 00012
= ) 19

£ .: min(e®,e?) 1.01602 0 55959 3 09823 - 3 80849 7 64114 0.52898 0 00939




-

TABLE XXXVII Complete details of best ,Q? approximations computed when using I‘lz(A,l) = a; - ay” < aq 4 a4/J +4 a5(>'~
%
Define L = [£(x,) - ¥ (A )|

DATA Best %, Parameters 2

x 2 % ] b L

= 0(0.05)1 a, a a a a ¢ e

* . 1 2 3 4 5
fl. 1+ 4x - 3x2 + l}\3 I- lf(h—-l/Z)i 1.00000 3 99998 =~ 2 99995 0.99995 4 00010 0 50000 0.00000
f2. -3 + l4x + 43\2 + 5x3 + 12(x-—l/3)_:: + ci -2.,99592 13.16005 12 02344 =11 49191 28 94445 0 23635 0.02300
f3. -3 4+ 1l4x + 4x2 + 5x3 + lZ(x—l/B)i + el]q' -2.96335 13.04621 8 90671 - 1.84878 19.96498 0 31409 0.04322
f4: -3 + 1l4x + 4}'2 + 5x3 + 12(~<~1/3)_|3_ + e% -3.00276 13.81752 5.000622 3.63166 13 11431 0 32164 0.02692
fs' 7 - 3x + 4\2 - 9x3 - l8(x—l/2)i i— cz 7.02065 =3.59540 6.40422 -11.68711 - 19.20145 0.57898 0 04639
£ 7= 3k 4x® - 9x> - 18(x—1/2)_2 + e§ 7.02003 -3 62251 6 65536 -12.02500 — 20 99303 0 64303  0.04635
f7 7 - 3x + 4y2 - 9x3 - 18(y—1/2)3 i CI?} 7.00435 -2 67418 2.32478 - 06.9916S -~ 18 53968 0.46104 0.02029
fp l+ tan x 0.99918 1.02954 - 0.17101 0.60082 2.31760 0.65155 0.0005°
f9 vV 0.00010 6.29883 -=42,94068 122.0964 -121.6489 0.11455 0.00245
_ 2
flO e X 1.00001 -0.00077 - 1 00320 0 14646 0 44677 0.,20343 0.00019
%

5 o m:n(cx,e’z) 1.01243 0 48444 3 63006 - 4 44017 8 46309 0.51398 0.01341




2
TICALLE XXXVIII  Complcte details of best #_ approaimations computed when using Fl?(A,y) = a + a,y + agx k d4/3 + a.(x~-c)
2 | 5

Define Li = ]f(xl) - T(A ’Xi)l

DATA Best Qw Parameters nas 1

x = 0(0 05)1 al a; a; a; a; ¢
£01F b - 3% 4 1> + 4(x—-1/2)_:|3_ 1.00000 4 00000 ~- 2.99995 0 99991 3.99988  0.49998  0.000(
£, =3k Lax bi® & 5% 12(x-1/3)f_ 4 ci -2.99870 13 28446 9.59814 - 4.50232 23.10920  0.29081  0.035°
£, =3+ Lhx + 4x” + 5x° + 12(e-1/3)) + ¢ -2.87665 12 51090 7.73725 319924 10 40747  0.45017  0.07G:
£, =34 Lo+ fx® & B> 4 12(>.-1/3)i + Clll -2 08331 13 61717 5.98245 1.75363 14.13625 0 28481 0 042
2 3. 3 2 ot | | " | ; i
£ 7 = 3 bx” - 9% - 18(x-1/2)] + e 6.938377  -2.20009 0.36654' = 4 663577 - 21.17326' 0.44179' 0 07%
£o0 7 - 3%+ hx® - 9x° - 18(x—1/2)_|3_ + ef] 6.93579  ~2.98476 4.91604 —-10.41184 - 21.05885  0.56639  0.090:
7= 3w+ lx® ~ 9x° -~ 18(x—-l/2)_‘3 + efl 6.97852  ~1.54527 - 4.07009 197931 - 25.98545 0 36685  0.035,
£ 1+ tan x 0 99904  1.03612 - 0.20007 0.63056 2.41370 0 66492 0 000
e Vx 0.00374  6.04953 -40.22999 113 5966  -113.0773 0 11486 0 004

2 , .
£ ot B 1.00030" -0.03508" - 0.48705' - 1.g84721' 2.43263" 0 10616' 0 000
Y.

£, minte,e? 1.02230  0.16901 4 94313 - 5.72930 11.68011  0.52322  0.022

I']tuchune of numerlcal instability, these cases were run with values of 0. 0001 and 10000 for TOTIR and QAN 1especctively
—dn MILilAL &
=



CHAPTER IV

REMARKS ON NONLINEAR BEST 21 APPROXIMATIONS

IV-1., Remarks,

A theory of best upproximation cannot be considered complete until
the questions of existence, uniqueness and characterization of best
approximations are answered, and a satisfactory method is available
to determine these approximations in practice. In this section we
include some remarks on existence and characterization of best 2

1

approximations by the functions in Table I.

Although best linear 2. approximations are guaranteed to exist,

1
for the first ten nonlinear functions of Table I we have constructed
data sets for which no best approximation exists. These same examples
also demonstrate the possibility of nonexistence for best ﬁp
approximations. For the last two functions in Table I (i.e. spline
functions with one free knot) best discrete approximations always
exist. Since uniqueness of best linear 21 approximations is not
assured, even in the case of polynomial approximation, any attempt to
discover hypotheses which guarantee uniqueness of best nonlinear 21
approximations would appear to be fruitless.

Rice (1964) contains the proof that the following property is

characteristic of best linear 21 approximations.

Theorem 1: Let {¢,(x), ¢,(x)5.ee, ¢_(x)} be a Chebyshev set on [0,1]
1 2 n

and suppose the discrete sc. AL [0,1]. Then there exists

n

a best 4 approximation by F(A,x) = £ a ¢ . (x) on X
j=1 JJ

which interpolates at least n points of f(x).
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The definition of a Chebyshev set is the following.

Definition 2: {¢1(k), ¢2(h),..., ¢n(x)} forms a Chebyshev set on
[a,b] if det]¢3(xﬂ)] # 0, for every choice of n

distinct points ) from [a,bl.

This result says that in searching for a best approximation we
need only consider those approximating functions which interpolate £(x)

at n or more points of X. This raises the question of whether tnere

exists a best nonlirear approximation by, for example, F(A,x) = a; + a2eCx

which interpolates £(x) in three points. Our empirical study shows
that although interpolation at the extra point (due to the presence of
the nonlinear parameter c) is most definitely the rule rather than
the exception, this phenomenon does not always occur, even when the
best approximation is unique. However, we can use the characteristic
interpolatory property of linear approximation to help analyse the
situation that prevails with any of the functions in Table I (in the
case of the spline functions, which do not form Chebyshev sets, the

znalysis is more difficult but still carries through).

We shall consider 21 approximation by functions of the form
F(A,x) = 2 + azecx, although the arguments can be extended to other

nonlinear functions. Existence of a best approximation depends upon

the data defining £(x); note that no best approximation exists to the

CX}

et {(0,0), (1,1), (2,2)}. For c¢ # 0 the set {1,e forms a

Chebyshev set on [0,1], and hence there exists a best linear 21

cx . :
1T e which interpolates at least two points

of £(x). If there exists a best nonlinear approximation by

approximation by a
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cxX ) 5
al 7 aze s (c free), then there exists one which interpolates at

least two points. Suppose f£f(x) = {(xl,fl), (xz,fz),...,(xN,fN hbe

For fixed nonzero ¢ and 1 # j let FiJ(x,c) = aiJ(c) + aéj(c) %4

th h

pe the function which interpolates the i~ and Jt points of £(x).

We are guaranteed this unique function since {l,eCB} forms a Chebyshev

n

set. Let SiJ(c) = E [fk - FiJ(xk,c)[, and define G(c) = ?in SiJ(c).
k=1 173

If we now allow ¢ to vary, since Flj(x,c) and consequently SiJ(c)

are continuous functions of c¢ (except for ¢ = 0), then G(c) 1is
also continuous. Furthermore, G(c) is precisely that function of ¢
which we calculate in our algorithm. Thus our method is equivalent to
that of locating the minimum of a continuous curve (except at c = 0)
which is the envelope of a finite number of curves, each of which is

produced by interpolating a distinct pair of data points.

Defining H = min{ lim G(c), lim G(c), lim G(c)}, then G(c)
Cr=x c+0 Cr

will have a minimum provided there exists an approximation to £(x)
which has an error of approximation not exceeding H. We thus have
a2 necessary and sufficient condition for the existence of a best 21
approximation by F(A,x) = a; + azecx. The quantity H can be
calculated for any data set in practice by comsidering the limit of
FlJ(X,c) curves as ¢ + =», 0, +°, Provided an approximation can be
found which produces a sum of errors not exceeding H, then the

existence of a best &, approximation is guaranteed.

1
Although G(c) 1is a continucus function, for nonzero ¢, this
does not imply that it is necessarily unimodal in some neighbourhood

of its minimum. On the other hand a momc:it's reflection will convince
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the reader that any continuous function which is not in fact unimodal
in a small interval enclosing its minimum is rather special. Such
functions (e.g. £(x) = |x sin-%l + |x| for nonzero x ¢ [-1,1] and
£(0) = 0) do not seem likely to be representable as an envelope of

curves S_ .
1]

Concerning the question of interpolation at an extra point, it
appears in practice that the minimum of G(c) occurs when two of the
SiJ(c) curves intersect. That is, the minimum does correspond to
interpolation at three points. However we do have counterexamples to
show that this is not always the case. Interpolation at some n points
of f£(x) will therefore not be a general characteristic property of

nonlinear best &, approximations.

1
For other approximating functions the analysis i1s similar. For

the rational function (al + azx)/(l + cx) the function G(c) is

also continuous except for poles at the zeros of the denominator. The

quantity H in this case is defined to be H = min{ lim G(c), lim G(c)}.
Cho e

Since best linear & _ approximations by Chebyshev sets are
characterized by the error equioscillation property at n+l points,

it 1is possible to carry out a similar analysis in this case. For the

expenential case we define, for nonzero c, FiJk(C) = aijk(c) + aijk(c) e<*
to be that function which has the equioscillation property at the 1th,

Jth and kth points. Defining Sljk(c)’ G(c) and H as before we

obtain necessary and sufficient conditions for the existence of best

2 approximations by functions of the type shown in Table I.

@
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In the following pages of thils section we have included examples
(see Table XXXIX) of data sets for which no best £l approximations
exist for each of the first ten nonlinear functions of Table I,
Following this, Figs. 6, 7 and 8 show cases of approximation by
F(A,x) = a, + azeCh where, respectively, no best approximation exists,

the best approximation interpolates two points, and the best

approximation interpolates three points.



TABLE XXXIX.

Examples of data sets for which no best nonlirear 2

rEN

i

approximations exist by the first ten functions of Table I.

Approximating Function Data Set

8y + 2 (0,1, (1,0), (2,0)}

(2, + 2,00 /(L + ex) (0,1, (1,00, (2,00}

(a, + ayx + ax) /(1 + cx) (0,1, (1,00, (2,0), (3,00}

2, + 2,log(l + ex) (0,0, (1,1), (2,1}

a; * azsin(cx) {€0,0), (1,1), 2,2)}

a; +a,/(L+x)° {(0,0), (1,1), (2,1)}

a,s1n(ex) + a,cos(cx) (0,0, (1,1, (2,2)}

e“(a; + a,%) {(0,0), (0,1), (2,1)}

e (ay + an + agx’ + a,x0) (0,1, (1,00, (2,00, (3,0), (4,0}
sinh(cx) + a,cosh(cx) {(0,00, (1,1), (2,2)}

e

2
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Best approximation interpolates points 1 and 4.
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Fig 7. Lyample of a best Ql

2.0

approximation by F(A,x) = a; + achk

12

interpolating tvo polints.
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\\\\\‘~—Best approximation interpolates

/
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points 1, 2, and 4. o"”‘““gj”"“if;“"“j—“
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~-3.0 -2.0 ~-1.0 0.0 1.0
c
Fig. 8. Example of a best ll approximation by F(A,x) = ay A azocx interpolating three polints.,
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CHAPTER V
A PRACTICAL APPLICATION, AND AN EXTENSION OF THE x1HOD TC TUWO

NONLINEAR PARAMETERS

V-1l. Application.

During the course of this study a practical approximation problem
which easily adapted to our technique was brought to our attention.
Plots of two year old seedlings of Sitka Spruce, White Spruce and
Douglas Fir were sampled over a period of one year for their contents
of various minerals. We were given the results of these experiments
and asked to supply a function which would approximate the mineral
content of the seedlings, for any time within this one year period of
experimentation. The primary purpose of this approximation was to
indicate the time at which the maximum increase in mineral content

occurred.

The data (see Table XL) was presented as a set of ordered pairs,
(Wi, ti)’ for each combination of tree and element in the experiments.
Wi denoted the weight <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>