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ABSTRACT 

An algorithm is described for computing best 11 , 12 and 1~ 

approximations to discrete data, by functions of several parameters 

which depend nonlinearly on just one of these parameters. Such 

functions (e.g. a1 + a2ecx, a
1 

+ a2sin(cx), (a
1 

+ a2x)/(1 + ex)) 

often occur in practice, and this numerical study confirms that it is 

feasible to compute best approximations in any of the above norms 

when using these ftmctions. Some remarks on the theory of best 1
1 

approximations by these functions are included. 

An extension of this algorithm to functions nonlinear in two of 

their several parameters is outlined, and an attempt is made to apply 

this method to a practical problem. 

Examiners: 

.. 
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INTRODUCTION 

One of the most common problems in numerical computation is to 

determine a good approximation to some given experimental data. 

Typically, we are supplied with observations of some 

quantity y, each one corresponding to a value xi of some quantity 

x. An approximating function is chosen, say 

where the set of coefficients A= {a1, a2 , a3} is to be determined. 

Then the problem is to assign values to the parameters a
1

, a2 , a
3 

so that F(A,x) is a good approximation to the given function 

Frequently, approximations are desired which are not only good, 

but are best approximations, in some sense. Those best approximations 

most commonly used in practice are of three types. Perhaps the most 

familiar is the i 2 , or least squares, approximation. Such an 

approximation minimizes the sum of the squares of the deviations of 

the approximating function from the data. Until recently this was 

essentially the only type of best approximation which could be computed, 

and then only for medium size problems. Now, t 2 approximations are 

clearly not always most suitable. However, the computation of other 

types of best approximations has been too difficult and time- consuming 

to allow their acceptance for common use. 

With the advent of the high speed electronic computer and the 

development of appropriate algorithms, the computation of best 

approximations other than 12 became feasible. Two types which have 

recently come into common use are, approximations which minimize the 



z. 

sum of the magnitudes of the deviations, and approximations which 

minimize the magnitude of the maximum deviation. These are known, 

respectively, as best i 1 and best i approximations. 
~ 

The function chosen to approximate the data may come from one 

of two general classes of approximating functions. Linear 

approximating functions are those which depend linearly upon their 

and 

linearly upon a1 , a2 and a3). Much work has been done on linear 

approximation and a relatively large body of knowledge has evolved. 

However, many types of data are more suitably approximated by 

nonlinear functions. Living organisms, for example, frequently have 

growth curves which are exponential in shape. Very often in this 

case a nonlinear approximating function (say 

linearly on a
1 

and a2 but nonlinearly on c) is more appropriate 

than is a linear approximating function. Spline functions (e.g. 

2 2 2 
a

1 
+ a2x + a

3
x + (x - c

1
)+ + (x - c2)+, which depends nonlinearly 

upon and c2) are useful when a smooth but flexible curve of 

relatively low degree is requi~ed. 

The computation of best 11 , i 2 and iw approximations to discrete 

data by linear functions has received much attention in the literature 

of the past few years. Howeve~, little has appeared concerning the 

actual determination of best nonlinear approximations, except for 

the rational case and some approximations. Rice (1964,1969) 

may be consulted for information on the present state of computational 

procedures for these cases. In this thesis we are concerned with the 
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class of approximating functions which are nonlinear in only one of 

We now make a precise mathematical statement of the problem at 

hand and the method proposed for its solution. 

The general approximation problem on a set X = {x1 , x2 , ••• ,~} 

of real numbers (or, more generally, points from some Euclidean space 

~) is to choose an approximating function , F(A,x), and select a 

* particular form, F(A ,x), which approximates a given function satis-

factorily on X. Here A= {a1 , a2, ••• ,an} is a set of free parameters. 

The most general linear function is 
n 

F(A,x) • l: 
j=-1 

a.~.(x), where the 
J J 

~ (x)'s 
J 

* F(A ,x) 

choices 

are given linearly independent functions defined on X. 

is called a best approximation in a norm 11-11 if for all 

of A, ll f(x) - F(A*,x)II .s ll f(x) - F(A,x)~ . The three norms 

most commonly used in practice are: 

N 

llw(x) [f(x) - F(A,x)Jll 1 • l: w(xi) If (xi) - F(A,x1) I 
i=l 

R. : 
co 

where w(x
1

) is a prescribed set of positive weights. 

For linear approximations F(A,x), best approximations are 

guaranteed to exist in all three orms, but only i 2 approAimations 

are necessarily unique (Rice (1964) ). Best i approAimations 
CD 



can be determined by linear programming (Barrodale and Young (1966)) 

while t
2 

approximations are produced by a standard orthonormalizing 

routine. If the discrete data is affected by noise then the distribution 

of these random errors should dictate the choice of norm. In practice 

one chooses the t 1 , t 2 or i~ norm, respectively, according as the 

erro=s are subject to wild points, normally distributed, or very small 

relative to the error of approximation (Rice and White (1964) and 

Barrodale (1968)). 

In the discrete nonlinear case best approximations do not 

necessarily exist. Generally, progress towards developing algorithms 

for best nonlinear approximation has been slow. 

The success of the method of this thesis depends upon the validity 

of the assumption that a certain function is unimodal in a given range. 

Suppose that F(A,x) is an approximating function which depends linearly 

upon the parameters al, az,· · ·, a n- 1 and nonlinearly upon c, where 

* * * * A= {a1 , az,·· · , an- 1' c}. Let A = {a1,· •· , a 
1

, c} be a set of 
n-

best parameters for a given norm: we assume here that a best 

* approximation exists. The method for determining A is the following. 

For any given value of the nonlinear parameter, the determination of 

a best 1 approximation can be accomplished by using one of the 
p 

existing linear approximation algorithms. Considering the error of 

approximation thus produced as a function of the nonlinear parameter 

only, the problem of determining a best nonlinear approximation is 

reduced to that of locating the minimum of a function of one variable. 

A best nonlinear approximation can then be found very efficiently using 



a Fibonacci search technique. The justification for using a Fibonacci 

search is that the following assumption be true. 

Assumption: G(c) • min ~f(x) - F(A,x)~P is unimodal in c, 
a1,•••,an-l 

at least for some small interval containing * 
C • 

The evidence presented in this thesis confirms that this underlying 

assumption is most reasonable in practice. Extracts from this thesis 

are to appear in Barrodale, Roberts and Hunt (1970). 

In Chapter I we discuss methods currently in use for the 

determination of best linear approximations in the 11 , 12 and 1~ norms. 

Chapter II defines the concept of a unimodal function of one variable, 

and includes a description of the Fibonacci search technique. This 

technique is one of the most efficient searching algorithms known for 

determining the minimum of a unimodal function of one variable. 

Chapter III describes the manner in which we have combined the topics 

of the previous two chapters into a new algorithm for the computation 

of best 1 approximations by a certain class of functions. We include 
p 

in this chapter computational details of our method for twelve particular 

approximating functions. Chapter IV includes some remarks on the theory 

of best 11 approximation by such functions. Finally, Chapter V 

describes a practical problem and the manner in which our method was 

applied to it. Th;s leads to an attempt to extend our method to 

functions nonlinear in- two parameters. The Appendices contain 

driver programs for best t 1 approximation by a
1 

+ a2ecx, and -both 

the subroutines MINSUM and MINMAX. 



CHAPTI:R I 

COMPUTATION OF i LINEAR APPROXIMATIONS 
p 

I-1. Statement of the Problems. 

Let f(A) be a given real-valued function defined on a discrete 

subset X = {x1 , x2, ••• , ~} of Ek. Given a set of n real-valued 

continuous functions 

approximating function 

{cp (x)} 
J 

defined on X 
n 

F(A,x) = E a.~ (x) 
j=l J J 

we form a linear 

for any real set 

* The t 1 approximation problem is to determine A such that 

* L jF(A ,x) - f(x)j ~ L jF(A,x) - f(x)! 

for all A e: Ek. 

* The i2 approximation problem is to determine A such that 

L [F(A * ,x) - f (x)J 
2 

S L ~(A,x) - f (x)] 
2 

xe:X xe:X 

for all A e: Ek. 

* The i 
00 

approximat on problem is to determine A such that 

* IF(A,x) - f(x)! max jF(A ,x) - f(x)j ~ max 
xe:X xe:X 

for all A e: Ek. 
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I-2. The i 1 and £
00 

Norms . 

(a) Adaptation to Linear Programming The method we use to find 

best t 1 and £
00 

linear approximations is that developed by Barrodale 

and Young (1966), wherein the approximation problem is restated as a 

linear programming problem. 

The procedure is as follows. To ensure the non-negativity of 

the unknown variables put 

an+l = max(O, -min aJ) 
J 

and then for 1 ~ J ~ n. 

Then, for l < i ~ N, define 

e = 
i 

for 1 ~ i ~ N, and ~J,i and f 
1 

respectively denote ~. (x ) 
J 1 

and f (x.). 
1 

Finally putting ei = ui - vi 

where ui ~ 0 and vi~ 0 results in N constraints in non-negative 

variables 

N 
l: 

i=l 
N 
l: 

i=l 

for 1 < i S. N (A) 

The i 1 approximation problem is to find {aj} such that 

lei! is minimized. That is, we want to solve the problem: minimize 

lu. - v.l subject to (A). This is equivalent to minimizing 
1 1 



8. 
N 
[ (ui + vi), subject to (A) and the additional conditions ui xvi= 0 

i=l 

for i a 1,2, ••• ,N. We now consider the linear programming problem: 

N 
minimize [ (ui + vi) subJect to (A). Since the solution to this 

i=l 

linear program occurs at an extreme point, the conditions = 0 

are satisfied automatically. Thus, solving this linear program is 

equivalent to solving the i 1 approximation problem. 

The im approximation problem is to find {a.} such that 
J 

max lei! 
l$i:SN 

is minimized. 

obtain the 2N constraints 

... 

For any w • max lei! 
lsisN 

for 1 $ i ~ N 

and 

(B) 

This gives the linear programming problem of minimizing w subJect to 

(B). However in practice the dual problem is solved, which is to find 

non-negative values of and 

subject to the n+2 constraints 

N 

t. 
l. 

for 1 ~ii N which maximize 

~ ~ (s - t) < 0 for 1 _< J. < n+l 
I, 'l'j . i i -

i=-1 '1. 

and 

N 
I (s

1 
+ t 1) ~ 1. 

i•l 
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These constraints are then expressed as equalities using aj and w, 

the original variables of (B), as the slack variables. This reformulation 

as the dual problem reduces the number of constraints, thereby yielding 

a more efficient algorithm. 

N 
(b) The 11 Algorithm: The objective function E (ui + vi) and 

i=l 
the N constraints 

are arranged in a simplex tableau as shown in Fig. 1. 

-+-+ -+-+ -+-+ -+ 
The names R, a1 , ••• , an+l' u1 , ••• , ~, v1 , ..• , vN are not formally 

defined as they are obvious choices for the column vectors. Fig. 1 

-+ 
is condensed by storing only the columns R and for 1 ~ J ~ n+l. 

These n+2 vectors are sufficient to allow the simplex algorithm to 

be carried out in Fig. 1. If every f > 0 i - an initial basis is 

-+ + + 
{vl, v2,•••, vN} 

is clear that if 

not be stored. 

-+ 

+ + 
and, as at any stage ui = -vi for 1 ~ i ~ N, it 

If any 

-+ 
is in the basis then u 

]. 
must be out and need 

f. < 0 the row is multiplied by -1 and the 
]. 

-+ 
vi are replaced by the corresponding ui in the initial basis. Also, 

the sum of the marginal 
+ 

costs of ui 
-+ 

and vi is -2 after each iteration 

and thus one may be deduced from the other. 



Costs-+ 

-+ 
+ Basis R 

1 
-+ 
vl fl 

1 
-+ 
v2 f2 
. . 
-+ 

1 VN fN 

N 
Marginal r fi 
Costs 1° 1 

Fig. 1. 

0 0 0 1 1 1 

-+ -+ -+ -+ -+ -+ 
al a2 ... an+l ul u2 •. ·¾ 

cj>l 1 cl>2 1 cl>n+l,l -1 0 0 , , 

4>1,2 <1>2 2 4>n+l,2 0 -1 0 , 

<l>l,N cl>z N cj>n+l,N 0 0 -1 , 

N N N 
r 4>1 i I: 4>2,i I: cj>n+l,i -2 -2 - 2 

i =l , i =l i c l 

Full i nitial simplex t ableau for the i 1 algorithm. 

1 

-+ 
vl 

1 

0 

0 

0 

1 1 

-+ -+ 
V2•••VN 

0 0 

1 0 

0 1 

0 0 

..... 
0 . 



11. 
N 

(c) The i Algorithm: The objective function 1: fi(si - ti) 00 

i•l 

and the n+2 constraints 

N 
1: (s1 +ti)+ w • l 

i•l 

N 
1: ~J,i(si - ti)+ aJ a 0 for 1 ~ j ~ n+l 

iml 

are arranged in a simplex tableau as shown in Figr 2. 

The column vectors are 

considerably different from the vectors of Fig. 1, but again Fig. 2 

serves as a definition of them. Fig. 2 is condensed by storing only 

the columns for Again all data is obtained from these 

➔ + + 
N vectors since an initial basis is {w, a1 , ••• ,an+l} and at any 

+ + + 
subsequent stage si +ti= 2R for 1 ~ i ~ N, and also 

+ + 
R .. w. Finally 

+ + 
the sum of the marginal costs of si and t 1 is always equal to twice 

+ 
the marginal cost of w. 



Cos ts-+ fl f2 fN -f 1 -f 2 

-+ -+ -+ -+ -+ -+ Basis R s1 s2 . . . SN tl t2 

0 
-+ 
w 1 1 1 1 1 1 

-+ 
0 al 0 4>1,1 4>1 2 4>1 N -4>1,l -4>1,2 , , . 
0 

-+ 
0 an+l 4>n+l,1 4>n+l,2 4>n+l ,N -4>n+l ,1 -4>n+l,2 

Margina l 0 -f -f2 -f fl f2 costs 1 N 

Fig. 2. Full initial simplex tableau for the R., 
CX) 

-f N 0 

-+ -+ ... ~ w 

1 1 

-4>1, N 0 

-4>n+l ,N 0 

fN 0 

algorithm. 

0 0 

-+ -+ 
al••• an+l 

0 0 

1 0 

0 1 

0 0 

I-' 
N . 



I-3. The 12 Norm. 

Best 12 approximations are obtained by solving the normal 

equations, which, if we set 

are given by 

N 
3H 2 I: 

a~ - i=l 

k = 1, 2, ••• ,n 

13. 

This is a system of n linear equations in n unknowns which can 

be solved for the a 's to yield the required approximation. In 
J 

practice, however, roundoff error tends to build up rapidly as n 

increases, and spurious results are produced. The following argument 

illustrates this phenomenon. 

Let ~ (x) • xj-l for J = l, ••• ,n and let us assume for 
j 

convenience that the points are all in the interval (0,1). 

Additionally, we will assume that these points are distributed 

reasonably uniformly in this interval. Then from (C) the system of 

equations we want to solve is 

k = 1, 2, ••• ,n 

Interchanging summations we may write (D) as 

(C) 

(D) 
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n N ·+k-2 N k-1 
r a. r xi " r f(xi) xi 

j=l J iml i=l 
(E) 

k = 1, 2, • • • ,n 

then the coefficient of 

sum. For large N 

aj in (E) has the form of N times a Riemann 

! i+k- 2 _ N Jl j+k- 2 N 
l, x: - ~ x dx ::a --

i=l i o J+k-1 
J,k=l,2, ••• ,n 

If we let G be the matrix of coefficients in (E) then using (F) we 

can approximate G/N by the matrix M where 

1 
1 1 1 
2 3 ... n-1 

1 1 1 1 
2 3 4 .. . n 

M = I I 
1 1 1 1 
3 4 5 • • • n+;f. 
. . . . . 
1 1 

n- 1 . . . 2n- l 

This matrix is the principal minor of order n- 1 of the infinite 

Hilbert matrix, a classical example of an ill- conditioned matrix . 

Simply speaking, a matrix is said to be ill- conditioned if, when it 

is normalized so that its largest element is of magnitude 1 (as in 

(G)), its inverse has very large elements . For example, when n = 10 

the inverse of (G) has elements of magnitude 3 x 1012 • Thus, when 

calculating the solution of (D) by any method at all, any roundoff 

error committed will cause a greatly magnified error in the solution. 

Hence, to obtain an accurate solution to any set of linear equations 

(F) 

(G) 
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whose coefficients form an ill-conditioned matrix, a large number of 

decimal places must be carried during the computation. For the 

Hilbert matrix, this number rapidly becomes prohibitively large. 

We can overco~e this difficulty by approximating with orthogonal 

functions. These functions can be generated by the Gram-Schmidt 

orthogonalization process. Davis and Rabinowitz (1961) discuss 

numerical aspects of orthogonalization procedures and Ralston (1965) 

deals with orthogonal polynomials in particular. 

A few introductory remarks are required before we introduce the 

Gram-Schmidt orthogonalization process. Let w(x) be a real positive 

function for x £ [a,b] and let f(x) and g(x) be two real functions 

defined on this interval. The inner product of f(x) and g(x) with 

respect to the weight function w(x) on the set {x1, x2 , ••• ,~}, 

where x
1 

£ [a,b] i = 1,2, ••• ,N, is defined to be 

N 
(f,g) ~ E w(xi) f(x1) g(xi) • 

i=l 

The norm of a function f (x), written 11 f (x) 11, is defined to be 

II f (x) II = (f ,d• = (~l w(xi) [t(xi)] r . 
If the inner product of f(x) and g(x) is zero, i.e. (f,g) = 0, 

then f(x) and g(x) are said to be orthogonal with r espect to the 

weight function w(x) on the set {xi}. When w(x) = 1 the functions 

are said to be simply orthogonal on the set {x1}. We shall concern 

ourselves with simply orthogonal sets in the following discussion and 

hence dispense with the weighting function w(x). 
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{f (x)} is called an orthogonal set 
n 

of functions if the functions are pairwise orthogonal, that is, if 

(f , f ) = 0 , 
m n 

m I, n • 

The set is said to be orthonormal if, in addition, 

(f , f ) .,. 1 
m m 

Thus, given a set {$ } of functions, we have to obtain linear 
J 

combinations of the ~ 's 
J 

e .. 
i 

which are orthonormal, that is 

for i=j 

for i:;'j 

i • 1,2, • •• ,n 

This can be accomplished by the Gram- Schmidt orthogonalization 

process which, with the inclusion of the normalizing step in the lines 

below, becomes an orthonormalization process. Set, recursively, 

s = $ -n n 

Then {ei} is an orthonormal set. 

e = 
1 

e = 
2 

s1/ IIS1II 

S/IIS2II 

Approximation of the data can now be accomplished using {ei} as 

our set of approximating functions in (C). Thus, the system to be 

solved is 



~ [ ~ b e (xi) - f(x1)] ek (x1) = 0 
i"'l J•l J j 

k = 1,2, ••• ,n 

which, rearranged, becomes 

n N N 
r bj r e.(x1) ek(x1) • r f(xi) ek(xi) 

j=l i=l J i=l 

Here the b . 's 
J 

k ... 1,2, ... ,n 

correspond to the 0 IS 
j 

as do the a. ' s 
J 

to the 
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(H) 

~•IS 
J 

in (C). Because of the orthonormality of {ei} the coefficient matrix 

for (H) is simply 

1 0 0 ••• 0 0 

0 1 0 ••• 0 0 

0 O O ••• 0 1 

That is, the coefficients of the best approximation are Just the right 

hand sides of the equations (H). The only roundoff error incurred, 

then, is that involved in the orthonormalization process. Thus, we 

have 

b = 
J 

N 
r f(xi) e (xi) 

i=l J 
J • 1,2, .•• ,n 

and the required a 's 
J 

can be extracted from the approximation 

f(x) = b1e1 (x) + b2e2 (x) + ... + bnen (x) 

by expressing each e. in terms of the ~.'s. Although roundoff error 
J J 

in the Gram-Schmidt process itself can cause difficulties, these are 

not so sever a as those encountered in solving the normal equations. 



CHAPTER II 

UNIMODAL SEARCH 

II-1. Unimodal i t y and the Fibonacci Search. 

The underlying assumption for the method of this thesis is that 

the error of approximation, which we want to IIU.nimize, is a unimodal 

function of the nonlinear parameter of the approximating function. 

Now, suppose y is a function of x, where x lies in the 

interval [ a, bl • 

the value of x 

k * Denote by y the minimum value of y, and by x 

* for which this minimum is attained (i.e. y min {y(x)} 

* * and y(x) - y ). Consider two values of x, a~ x1 < x2 ~ b, and let 

y1 and y2 be the corresponding functional values. We define unimodality 

as follows (Wilde (1964)). 

* Definition 1: y is a unimodal function of x if x2 < x implies 

that y1 > y2 and if implies that y1 < y2. 

* That is, if both x1 and x2 are on the same side of x, the one 

* nearer x gives the smaller value of y. 

Thus any strictly convex function is unimodal. Indeed, unimodal 

functions need not even be continuous. The functions in Fig. 3 are 

unimodal functions of x in the intervals shown. 

In searching for the minimum of a unimodal function it is 

desirable to use as efficient a method as possible. The most efficient 

search technique is defined to be that which minimizes the number of 
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y 
y y 

'-.___/ 

X X X 

(a) Smooth (b) Continuous (c) Discontinuous 

Fig. 3. Unimodal functions. 

functional evaluations required to locate the minimum, within some 

prescribed tolerance. For the method of this thesis, this criterion 

is satisfied by the Fibonacci search technique, so named because of 

its utilization of the Fibonacci numbers: 

F = F + F m m-1 m-2 for m > 1. 

Suppose y is a unimodal function of x, where x lies in the 

interval [a,b], and that we want to find the value of x, within some 

tolerance E, which minimizes y. Te Fibonacci search, in such a case, 

is the following. 

that 

Determine the smallest Fibonacci number, F, such 
n 

(2F + F 
1

)E > (b - a) n n- - (I) 



and define 

£' = (b - a)/(2F + F 1). n n-

20. 

(J) 

If we let c' be our unit measure of length, then [a,b] is 2F + F l' n n-

or Fn+2 , units long. Evaluate the function at the points and 

which are located F units from a, and F units from b, respectively n n 

(see Fig. 4(a)). Now discard the interval [a,x1) or (x2 ,b ] according 

as y1 > y 2 or y1 < y2 , leaving an interval of length Fn+i• Within 

this interval lies the trial which gave the smaller functional value 

of the previous two trials, this is located F n-1 units from one end. 

Now x3 is pl ced Fn-l units from the other end of the interval, and 

we discard a portion of the interval in the above manner (in Fig. 4(b) 

dis card [a,x3)). The two trials in the interior of the remaining 

interval are now considered as the previous two trials. 

The above procedure is repeated, placing x at F +Z units 
J n -J 

from one end of the interval currently under consideration. The 

situation immediately before the placement of the final trial (xn+l) 

is shown in Fig. 4(c). The final trial is placed a distance F1 from 

xi (in this example) to create the situation shown in Fig. 5. 



F 1-F F n n-1 n 

a xl x2 b 

(a) Placement of the initial two trials. 

F -1+-F i +--F n-1 n-2 n-1 

a X3 xl x2 b 

(b) Placement of the third trial. 

- F 2 -+ I F 1 1-

a xi xj ~ b 

(c) Placement of the final trial. 

Fig. 4. Placement of the trials for the Fibonacci search. 
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Fl IFo I F1 

xi xn+l xj xk 

Fig. 5. Result of the placement of the final trial. 

A portion of the interval [xi,~ ] is discarded as described above, 

and here we are left with the interval [xi, xJ]. If X n+l is chosen 

as that value of x which minimizes y then, from Fig. 5, the error 

is at most max(F
1

,F0). Thus, as F1 = F0 = E', xn+l is within E 

of the desired value of x ((I) and (J) imply E1 ~ E). 

The proof that the Fibonacci search technique is as efficient as 

any other method is contained in Bellman (1957). Specifically, he 

proves the following. Suppose that y is a unimodal function. Then 

the maximum length of the initial interval [a,b1, such that the 

minimum of y may be located within a unit subinterval in at most n 

f unctional evaluations, is F, the n
th 

Fibonacci number. n Thus, by 

defining our initial interval to be of l enzth F (where E' is the 
m 

unit length), the Fibonacci search technique is seen to be one of the 
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most efficient available . For example, to reduce an interval of 

lJilcertainty to less han 1% of its original length requires only 11 

fun ctional evaluations . 



CHAPTER III 

ALGORITHM AND RESULTS 

III- 1. The Algorithm and Its Impl ementation. 

We now combine the material of the previous two chapters to 

construct an algorithm for the computation of best 11 , 1
2

, and i
00 

approximations to discrete data by functions nonlinear in one of their 

several parameters . The algorithm is implemented as a two- stage 

process. Phase I is a search over a grid of values of the nonlinear 

parameter to find a small interval containing the minimum error of 

approximation . Phase II locates the minimum within this interval by 

using the Fibonacci search technique . 

To test the method numerically, we selected twelve approximating 

functions which are nonlinear in just one of their several parameters 

(see Table I) . For each one of these functions discrete best 

approximations were computed in the t 1 , t 2 and 1 norms to twelve 
00 

different sets of data . Each data set consisting of 21 points with 

abscissae equally spaced on [O,l], and ordinates recorded to 5D, was 

generated as follows . 

(a) One set of exact data produced by assigning the parameters 

0 - the approximating function F(A,x) particular numerical 

values . 

(b ) Three sets of noisy data produced as in (a) but with random 

errors added on . The distributions of these errors are, 

respectively, 
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Laplace: g(n) = exp(-2ln l ) -co< n < co 

Normal: -co < n < 00 

Uniform: g(n) = 1 

(c) As (b) above but with different numerical values assigned 

to the parameters of the approximating function F(A,x). 

(d) 1 + tan x, rx, exp(-x2), 
X k 

nun(e , e 2
). 

(e) 21 uniform random numbers in [0,10]. 

Tables II through XXXVIII summarize the numerical study for the 

functions of Table I. The entire study was performed in double 

precision arithmetic on an IBM 360/44. 

In Phase I the grid of values for the nonlinear parameter, c, was 

usually the 201 points defined as c = -4(0.04)4, although in certain 

cases this was changed (e.g. for a1 + a2 sin(cx) we used c = 0(0.02)4). 

This flne mesh size gives a good indication for the validity of the 

unimodality assumption over the entire interval. The computer printout 

from Phase I contains, for each c value, the error of approximation 

G(c), and also a table of first differences for G(c). Thus, it is a 

simple task to locate on [- 4,4) the minimum of G(c) within 0.04, 

and also to check for unimodality. In those cases where G(c) was 

decreasing at one end of the interval, Phase I was repeated with a 

larger range of c values. 

* In Phase II the optimum value c is located by searching the 

small interval of unimodality determined in Phase I. The Fibonacci 

search was used here, and in most cases the init ial interval was of 

* width 0.08. The tolerance within w c c was located was 0.000001. 
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III- 2. Co~wents on the Resul t s. 

The complete details of this numerical study, namely approYimating 

functions, data to be approximated, and coefficients of best approxi­

mations, are contained in Tables I to XXXVIII inclusive. This set of 

tables is self-contained, but the following comments should prove 

helpful to the reader. 

The magnitudes of the random errors of Tables X, XI and XIII are 

approximately one- tenth the magnitude of those in the other error tables. 

The original random errors in these cases were very large in comparison 

with the uncontaminated data . Consequently, when approximation to the 

noisy data was attempted, the parameters of the best approximations 

obtained bore very little resemblance to those of the uncontaminated 

data. The results in Table XVII indicate that, here too, the random 

errors imposed on the data are excessively large. 

-8 8 In both MINSUM and MINMAX, values of 10 and 10 were assigned 

to TOLER and QMAX respectively (see Appendix), except for two instances . 

When attempting best t approximations to 
m f5 and flO with 

F12 (A,x) (Table XXXVIII), we experienced some difficulty in 

- 4 appropriately choosing these arguments, and finally settled for 10 

4 and 10 . 

Tables XXI, XXII, XXV, XXVI, XXXII and XXXIII contain eAamples 

for which no best approximations were found . It is apparent that in 

these cases best approximations do not exist . Consider, for example, 

the attempted ap?roximation of 1 + tan x on [0,1] by a
1 

+ a2 sin(cx). 

The error of approximation, in all three norms, decreases as c 
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approaches zero, and a2 increases without bound. This decrease in 

the error of approximation is attributable to the "straightening-out" 

of the curve a1 + a2 sin(cx). However , in the limit when c equals 

zero, we are left with an approximating function which is ~erely a 

straight line parallel to the x-axis, thus no best approximation exists. 

This same situation occurs in the remaining cases for which we found 

no best approximation. 

In all other instances best approximations were found and the 

results are tabluated in the following tables, rounded to SD. The only 

exceptions occur in Tables XXIX, XXX and XX.XI, where some coefficients 

are shown rounded to 4D. This occurred because the magnitude of these 

results was greater than 100 and the fonnat of the computer output was 

a seven digit number in [0,1,1) multiplied by a power of ten. 

In those cases where a best approximation does not exist, this 

phenomenon can usually be detected by inspection of the output from 

Phase I . For all instances where best approximations do exist, the 

error of approximation appears to be unimodal in a sizable region 

enclosing the minimum, and in many cases it is unimodal in the entire 

range considered. It is important to stress that these remarks are 

based on the observed behavior of G(c) for only a discrete set of 

values of c. However, we feel justified in claiming that the 

unimodality assumption required for Phase II is most reasonable in 

practice. 

As might be expected, the last data sets (i.e. 21 random nurr~ers) 

are difficult to approximate closely . The output of Phase I indicates 
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that G(c) does not vary greatly for these cases, and appears to 

contain many local minima. Consequently we cannot guarantee that our 

results for these functions represent best approximations, and we do 

not display them. These random data sets were included to test the 

limitations of the algorithm. 

Since our method is guaranteed to produce best approximations only 

if the unimodality assumption is valid, we have verified that the .t 
00 

results shown for the rational functions are, in fact, best approximations, 

by using the characteristic error equioscillation property (see Rice 

(1964)). In the .t2 case we checked the results using the normal 

equations. No such characterization theorems are available for any 

of the .t1 results or for most of the nonrational .t results. 
00 

Finally, we comment on a comparison between our method and that 

which results from regarding the approximation problem as a pure 

minimization problem. The error of approximation is a function of the 

n variables a1 , a2 , ••• ,an-l' c and this can be minimized by using 

any of the known numerical techniques for locating the minimum of a 

function of several variables. In the .t1 and .t
00 

cases the derivative 

of the error of approximation is not guaranteed to exist everywhere, 

so we are restricted to optimizing techniques which do not require 

derivatives. Powell (1964) has developed such a scheme and we used 

it with success on several of our examples. However, a disadvantage 

of any of these pure optimization techniques is that they can converge 

to a local, rather than a global, nunioum. Phase I of our procedure 

ensures that any such failure during Phase II is limited to the small 



29 . 

region of c values over which the Fibonacci search is conducted. 

The maJor advantage of our method is that it is essentially a one­

di~ensional procedure rather than an n- dimensional routine . This fact 

makes the task of selecting upper and lower limits on the activities 

of the variables much simpler for our method, since we only have to 

limit c itself. Also, post-computational analysis on our method is 

far simpler than that which is required to investigate (say) intermediate 

calculations by any n-dimensional optimization routine . Being able to 

regard our method as a one- dimensional procedure is both convenient 

computationally and quite enlightening analytically. 
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'i'A.3LE II Random errors used in defining f2, f3' ... , f7 
for Fl (A,>..) 

1 1 1 2 2 2 
:-. £_ £N £u EL £ 1 £u L ., 

0 . 0 0. 51651 - 0. 54135 0 . 23631 - 1 . 20402 - 0. 10997 0 . 25 249 

0 . 05 0 . 47907 0 . 78831 - 0 . 49320 - 0 . 17211 - 1. 23824 0 05855 

0.10 - 0 . 02171 - 0 . 37354 0 . 15275 0.29198 - 0. 59018 0 . 05102 

0 . 15 - 0 . 19579 0 . 82389 0 . 20048 0 . 04200 - 0. 44674 0 . 21525 

0 . 20 - 0 . 00102 1.28168 - 0. 46178 0 . 12298 0. 54730 0 07166 

0 . 25 0. 05018 0 . 498Lf5 - 0 . 37861 0 . 05341 - 0.22270 0 . 29025 

0 . 30 0 . 61789 0 . 56377 0 . 36781 - 0 . 66038 - 0. 53880 0 . 47352 

0 35 - 0 . 03164 - 0 . 93252 0.04276 - 0 . 51129 - 0. 07485 0. 42835 

0 . 40 -1. 29143 0 . 89289 -0 . 23517 0 . 20794 - 0. 16399 0 . 15086 

0 . 45 0. 15593 - 0 . 86129 - 0.11651 - 0 . 06279 0. 76596 - 0 20515 

0 . 50 - 0 93416 - 1 38916 - 0. 36255 0 . 30643 - 0 . 10776 0 . 09753 

0 . 55 1.47886 - 0 . 24175 0 . 40495 - 0 . 82621 0. 23334 0 . 13096 

0 . 60 0. 91492 -0 . 84553 - 0 . 02298 0 . 42480 - 0. 35575 0 . 37774 

0 65 - 0. 90323 0 . 30514 0 . 21117 - 0 . 05408 0. 15423 - 0 35L,25 

0 . 70 1. 394L,8 - 0 . 00532 0 . 42856 0 . 11619 0 . 11988 - 0 . 12212 

0 .75 0 . 01634 0 . 72844 - 0 . 13176 0 . 67608 0. 15818 - 0. 27772 

0 . 80 0 . 15500 0 . 52944 - 0 . 21731 - 0 . 42411 - 0. 62447 - 0 . 11840 

0 . 85 0 . 43126 - 0. 4935 7 0 . 45020 - 0. 51213 - 0. 20302 - 0 . 35819 

0 . 90 0 . 06 739 - 0.49943 - 0 . 35992 - 0 . 02077 - 0. 22218 0 . 06454 

0 . 95 - 0 . 32046 0 . 45660 - 0 . 00106 1. 40129 0. 73224 0 . 31943 

1. 00 -0. 97907 0 . 16417 0. 16343 - 0 . 38218 0. 06166 0 . 24781 
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TABLI III . Random errors used 1.n def1.n1.ne f2, f3 , ... , f7 
f or F2 (A,x) 

1 1 1 2 2 2 
::-.. EL EN £u EL £J.J EU 

0 . 0 0. 12119 -0 . 05978 0. 39576 - 0. 03751 - 0 15878 - 0 39276 

0. 05 0. 59138 - 0. 20149 - 0. 32132 0 57285 0 . 14117 0. 37623 

0.10 1. 63373 0. 79925 0. 44350 - 0 23326 0 54565 - 0. 04967 

0. 15 - 0 01027 0. 91120 0. 22425 0. 94078 1 05350 0 14031 

0. 20 0. 92979 0. 15312 0. 02417 0.03985 -0.57894 0. 43535 

0. 25 - 0. 22861 - 0. 13592 0 . 16845 - 0.41057 0 . 59835 0.26050 

0.30 - 0. 37289 0. 30655 0. 36961 0.98547 - 0.39153 - 0 . 29630 

0. 35 - 0. 81332 0. 5766 7 - 0 20486 0.36237 0.63852 - 0.04687 

0.40 - 0. 27248 -0 . 09552 0. 06392 -0.57615 - 0. 08338 - 0 34234 

0. 45 - 0 . 32600 - 0 37644 0 . 11942 0. 83611 - 0.55820 0. 21025 

0. 50 0. 05851 - 0. 39987 - 0. 23385 - 0.74548 - 0 . 09386 - 0. 18647 

0. 55 0. 06301 0. 24062 o. 49689 0. 73964 - 0. 32734 - 0. 40369 

0. 60 1.00156 -0 . 88356 0. 24025 o. 30710 - 0. 38076 - 0. 08379 

0. 65 0 . 69787 0. 00819 - 0 10527 0 . 26385 - 0. 71750 - 0. 38699 

O. 70 - 0. 11041 0. 08635 0 . 24790 - 1. 04985 0. 42724 - 0. 42369 

o. 75 0. 57299 0. 23558 - 0.14875 - 0. 60061 0 . 30996 0. 49232 

0. 80 -0 . 13291 0. 72789 - 0 . 28855 -0. 9L,50l; 0. 66792 -0 . 00517 

0. 85 0. 00631 - 0. 40999 0 . 07986 - 0. 02518 0. 10825 0. 31742 

0.90 - 0. 15681 0.57207 0 . 46839 - 0. 75938 - 0. 158 1+9 0 . 33342 

0. 95 0.99279 0 . 11019 - 0. 20942 1. 82531 - 0. 17359 - 0 . 02777 

1.00 1.07695 - 0. 16066 0.41499 0. 06650 - 0. 02672 0 . 46 714 
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TABLE IV . Random errors used in defining f2, f3, ... , f7 
for F

3
(A,x) 

1 1 1 2 2 2 
'{ EL E • EU EL E,, EU 1 I -~ 

0. 0 0 19059 - 0 . 38053 0 . 08484 - 0.33891 - 0. 24605 0 . 00155 

0.05 - 1. 07269 - 0 . 4 7727 0 22456 0 65170 0. 15751 - 0 . 4825 8 

0 .10 - 0 . 04689 - 0 . 30327 0 . 35625 - 0 . 67214 0. 17513 - 0 25062 

0 . 15 - 0. 53017 - 0 . 40966 o. 27413 - 0 . 34406 - 0. 56216 0 . 02170 

0 20 - 0 . 34104 0 . 45760 - 0 . 04486 - 0 . 43629 0 29658 - 0 45238 

0 . 25 0 . 03884 - 1. 36293 0 . 05833 - 1. 97619 0 01218 - 0 . 06055 

0. 30 0 . 36511 0 . 15458 - 0 . 48907 0 . 36708 0. 10596 0 . 21360 

0 . 35 1.09272 0.54823 0 . 10655 - 0 . 02100 0 11476 0 . 115 35 

0 . 40 0 . 06109 - 0 . 32305 0 . 15141 - 0 . 05681 0 87167 - 0 . 04530 

0 . 45 - 0 . 45604 0 . 30931 0 . 17505 - 0 . 75914 0 18717 - 0. 45042 

0 50 - 1. 47089 0.48102 - 0 . 49224 0 . 69052 - 0 . 00692 - 0 . 10734 

0 . 55 - 0 28340 - 0 . 08167 0 . 46685 - 0 . 86621 0 . 03517 - 0 . 18810 

0 . 60 - 0 . 26079 0.35854 0 . 14887 1. 79275 0 2109 7 - 0 . 31548 

0 . 65 - 0 . 27826 - 0. 75400 0 . 17672 - 0 . 64246 0 08032 - 0 . 08075 

0 . 70 0 . 61649 0. 18414 0 . 00851 0 . 37963 0 . 03632 - 0 . 225 81 

0. 75 0 . 43751 1. 38203 0 . 28596 0.61004 0 . 29369 0 . 48248 

0 80 - 0 67455 0. 02690 - 0 . 46 724 - 0.04519 - 0 21780 0 . 0512 8 

0. 85 0 . 39165 - 0. 21179 0 . 39919 - 0.65474 0 . 34519 - 0. 22050 

0 90 0 . 37699 - 0.45345 0 . 00198 - 0.38909 - 0 56147 - 0. 37709 

0 . 95 0 . 58520 - 0. 47392 - 0 . 03041 0.40339 0. 13463 0 . 32605 

1.00 -0.12152 0. 43648 0 . 27029 1.20061 - 0. 81176 - 0 . 4 7797 



34. 

TABLE V RandoP1 errors used in defining f2' f3, ···, f 7 
for F

4
(A,x) 

1 1 1 2 2 2 
£1 E:N E:u E:L £ . EU 1~ 

o.o - 0 . 21373 - 0 27953 - 0 . 00789 0 . 03376 o. 346 72 0 12159 

0 . 05 0 . 15655 0 . 93116 - 0 . 01992 0 . 05199 - 0. 6 7784 0 264 70 

0 . 10 0.14270 -0.17910 0 . 25066 -0. 37737 -0 10660 0 00 079 

0.15 - 0.36543 - 0 42516 - 0. 11595 0 . 52533 - 0.75646 0 06694 

0 . 20 - 0 . 13785 - 0 . 13251 0 . 24741 - 0 . 08013 o. 22962 - 0.14512 

0 . 25 0 69990 - 0 . 82658 -0.28220 0 . 58490 - 0. 88530 - 0.39956 

0 30 0 58545 - 0 . 05573 -0. 4560L; 0 .7629 7 -1 00964 0 . 06352 

0 . 35 -0. 42803 0 39179 0.15462 0.73130 - 0.02808 0 . 23298 

0 . 40 0 . 00206 - 0 . 27135 0 . 11355 - 0.37721 0 22475 - 0. 42672 

0.45 - 0 . 07016 - 0. 33982 0.02278 - 0 . 04512 - 0 07307 0 46593 

0.50 -1. 47801 - 0 . 23939 - 0.04243 0 . 38097 1.00528 - 0 07570 

0 . 55 0 . 41573 - 0 34623 0 10779 0.14440 0.31466 0 41198 

0 . 60 -0 27300 +o 63704 0.06241 0 . 57804 -1. 02189 0 .32564 

0 65 -0 25935 0 . 93565 -0.31499 -0. 45713 0.81922 0 . 10835 

0.70 - 0. 51+338 o. 71417 -0. 16931 - 0. 82290 0. 43277 - 0 22551 

0.75 0.57599 - 0.08480 0.29346 - 0. 06703 - 0.04228 0 . 47909 

0 80 -0. 17241 0.07661 0.0 9701 2 . 23628 -0. 43699 - 0.10605 

0 85 0.79827 0.27441 -0. 43403 1 . 41046 0. 13668 - 0.07604 

0 . 90 - 0 . 88817 - 0 . 25130 -0. 12232 0.16978 0 08865 0 03150 

0 . 95 -0.70170 -1. 36921 0.42363 -0. 24359 0 02290 0 . 23804 

1.00 1.59660 -0.18718 -0.39446 0.30427 0.00733 -0.28530 



35. 

TABLI: VI Ilandom errors used 1.n defining f2 , f3' . . , f 7 
for F

5
(A, x) 

1 1 1 2 2 2 
~ EL e:~J EU EL E 1--l EU 

0 . 0 1 34163 -0 . l8L► 70 0 . 35509 -0 . 43632 - 1. 08456 0. 34963 

0 . 05 - 0 14032 0 62324 0 . 30312 1. 46177 0. 64411 - 0 . 06368 

0 10 - 0. 1S636 0 30612 - 0 . 24041 0 . 08308 - 0 69291 - 0 . 44276 

0 15 0. 6025 7 0.21639 0 . 10496 - 1. 85919 - 0. 28400 - 0 . 22631 

0 . 20 0.31663 - 0 . 28848 -0.17387 0 87689 - 0.36244 0 . 4251 7 

0 . 25 - 0 . 05709 -0.38522 -0. 15590 0 . 09181 o. 09618 - 0 . 04939 

0 .30 0 . 22259 -0 71617 0.32143 0 . 03371 0 43006 - 0.14749 

0 35 - 0 .32016 -0.23572 -0.33185 0 . 08089 - 0.53033 - 0 . 07234 

0 40 1.02817 - 0 . 29950 0 . 34366 - 0. 24502 0.06048 - 0 . 03365 

0.45 - 0 . 03533 o. 30516 0.379 86 0 . 14077 -0. 4 7171 - 0 04936 

0 . 50 0. 69582 0. 81313 -0. 42530 0 . 33449 - 0. 85121 -0.18220 

0 .55 - 0 . 08911 0 . 02645 -0.24550 0 . 12083 0 . 23784 0 .17036 

0. 60 0.67071 0 . 21225 0.38563 0.08751 - 0.40130 - 0.36654 

0 . 65 0 . 03860 - 0 . 39351 0.172 40 - 2 15396 0 . 34060 - 0 . 23770 

0.70 -1. 05685 - 0.59789 -0. 43798 - 0 . 14139 0. 65476 0 . 2660L, 

0.75 -0.50757 -0. 00774 -0. 14886 - 0 . 46482 0 06232 0 . 41913 

0 . 80 - 0.28469 - 0 . 32808 -0. 29547 0 . 08341 - 0 . 22379 0 .10482 

0.85 -0. 46273 - 0 . 23477 0 . 20343 - 0 . 0184 7 o. 34968 - 0. 40582 

0 . 90 0.53588 1 . 14625 0.21220 0 . 62499 - 0 . 10293 0 . 01135 

0 . 95 -0. 77341 0 . 23023 -0. 22300 0 . 68174 0 . 34945 - 0. 12244 

1.00 0.20679 0.08295 -0.33030 -0.73703 -0. 04600 0.33804 



36. 

TABLE VII Randofl1 errors used in defining fz, f3, •• > f 7 

for F
6

(A,x) 

1 1 1 2 2 2 
CL cN cu CL c;'J cu 

0 0 0 . 37349 - 0 60422 - 0 48339 0 . 27662 0. 83082 - 0 . 020L,5 

0 05 0. 35299 - 0 . 14771 0 2669 7 1. 75087 - 0.43113 - 0 . 26211 

0 10 -0 31010 - 0 . 18446 - 0 . 25792 0 . 189 24 0. 09552 0 . 019 70 

0 . 15 0 34568 0 . 04596 0 . 07338 - 0 . 0 86 1;8 0 . 10209 - 0 . 15116 

0 20 - 0 39248 - 0 . 32093 - 0 . 20781 - 0 . 01923 0. 19272 0 30011 

0 . 25 -0.35817 0 . 59009 -0. 02705 1. 07997 0. 40497 - 0. 35416 

0 . 30 -0 02502 - 0. 62910 -0.18476 0 . 3L1265 0. 334 72 - 0 . 1'1411 

0 .35 -0. 22710 -0.30959 0 . 45442 - 0 . 17840 - 0. 28752 - 0. 47 832 

0 . 40 -0. 39608 - 0.383 70 -0.31703 0 .03160 0. 14580 - 0 . 03822 

0 . 45 -0. 48438 0 .02850 - 0 . 07159 - 0 .08203 - 0 37187 0 . 46861 

0 50 0.03200 0.58698 -0. 33902 -1. 60073 0. 4935 8 - 0.31219 

0 .55 0. 39203 0 . 22658 -0. 35919 - 0 .74967 - 0.57636 0 . 11534 

0 60 0. 94572 0 .32931 0.35908 1. 35595 0. 55572 0 . 00961 

0 . 65 0.40150 0 . 09061 -0. 39641 0 . 06074 - 0. 90481 - 0 . 47359 

0.70 0.00985 1.46300 -0.07655 0 .03783 -0. 09611 0 . 45274 

0. 75 0.33364 - 0 . 42269 0 . 23825 - 1.16673 - 0. 23354 - 0 22 986 

0 . 80 0.17726 -0. 56629 -0. 46596 0 .53248 0. 20008 0.30526 

0 . 85 0.07227 - 0 .58405 -0. 49344 - 0 .73258 - 0. 38712 - 0 . 42191 

0.90 -0. 0520 7 -0.57247 0.43495 O. ll,866 0. 09632 -0. 32512 

0 . 95 1.54711 0.26470 -0.22929 -0.62135 0. 03291 0.23611 

1.00 -0.16400 0.12581 0. 45155 0.62316 -0.22562 -0. 40316 



37. 

TABLl. VIII Random errors used in defining f 2, f3, .. , f7 
for F/A,x) 

1 1 1 2 2 2 
X £L sr su £1 £N £l; 

0 0 - 0. 07082 - 0 . 49830 -0 . 21160 - 0 . 05533 0 . 13356 - 0 30618 

0 . 05 - 0. 16385 - 0 . 18177 -0 . 48L,41 - 0 . 06l,52 0. 20531 - 0. 31803 

0 . 10 - 0. 34612 - 0. 553Lf9 0 . 09920 - 0 53755 0. 64269 0 . 20793 

0 . 15 - 0. 04511 - 0 . 29938 0 26840 - 0. 54672 - 0. 57880 -0 1..4397 

0 . 20 0 . 3Lf373 - 0 63748 - 0 14063 0 . 28915 - 0. 12730 - 0 . 06549 

0 . 25 - 0 . 03703 - 0 . 19033 - 0 . 30913 - 0 . 20816 - 0. 44870 0 . 13356 

0 . 30 - 0. 42588 0 . 71760 - 0 . 27353 - 0 . 20008 - 0. 62031 - 0 . 19197 

0 . 35 0 . 64204 - 0 . 705Lf3 - 0 35582 1. 54990 - 0. 95970 0 . 26359 

0 . 40 0 . 59579 - 0 . 19 742 - 0 . 04931 - 0 . 93390 - 0. 29481 - 0 40178 

0 . 45 - 0 . 29514 0.04158 0 . 13103 0 . 39903 0. 33825 0 . 08745 

0. 50 - 0 18531 1. 03345 - 0 . 43405 0 . 06431 0. 56610 0 . 226G2 

0 . 55 - 0 . 91801 - 0 . 12980 - 0. 27759 0 . 39917 0 87500 0 . 02561 

0 60 - 0 . 34167 0 . 16123 0 . 01419 - 0 . 01388 - 0. 32699 - O. L.3325 

0 . 65 0 04509 - 0 . 42645 0 . 25774 0 . 41332 0 . 1054Lf 0 . 20062 

0 .70 0 .5 4669 - 0 292 33 0 . 42254 - 0 . 23006 - 0 . 16147 0 . 23039 

0 75 - 0 29414 0 . 54747 0 21393 - 0 . 17850 0. 31538 - 0 . 49177 

0 . 80 - 0. 14099 - 0 . 37416 0 . 16739 0.13689 0. 10835 - 0.16431 

0 . 85 0. 10224 - 0 . 62360 - 0 , 2Lf742 - 0 . 09495 - 0. 42361 - 0. 35005 

0 . 90 0 . 14605 - 0.07lfl4 0 3351..0 0 . 65856 - 0. 82773 - 0 . 07155 

0 . 95 0 . 28382 - 0 . 08111 - 0 . 23935 1. 81876 - 0.29885 - 0 . 39523 

1.00 - 1. 27809 0 . 29 781 -0. 26890 - 0 .58862 0. 22450 - 0 . 39099 



38 . 

TABLL IX Random errors used in defining f2 , £3 , .. , f7 
for F8 (A,x) 

1 1 1 2 2 2 
X e:L e:N e:u e:L e:~; e: u 

0 . 0 0 . 34464 - 0 . 37963 -0.14763 - 0 . 52191 0. 16556 - 0 . 46142 

0 05 - 0 01469 - 0 . 40151 0 . 10816 - 0 . 31042 - 0. 20819 0 21715 

0 10 0 . 10465 0 .14866 0 . 07820 0 . 13970 0 23001 - 0. 212 76 

0 . 15 0 . 66083 - 0 . 04920 0.2 4931 - 0. 39305 - 0. 17855 0 . 05376 

0 20 -1. 67503 - 0.48068 -0.25437 - 0 .35011 0.1832 7 0 . 16663 

0.25 3.22449 0 . 31845 0.07638 0 .28124 1.16837 0 . 47482 

0 .30 o. 47161 0.10897 -0. 30 739 - 0 .57792 - 0.79361 0 .42786 

0 35 0.104 72 -0.00855 -0. 46019 0.04094 0.21362 0.48740 

0 . 40 0.78223 -0. 05703 -0.39045 0 .30195 - 0. 36840 - 0. 00588 

0 . 45 -0 .142 18 -0.5 8983 -0. 13789 0 . 08112 0. 94740 - 0 21676 

0 50 0.31903 0 . 06721 -0.32700 0 .33521 0.60502 -0 21497 

0 .55 2 .37661 0 69482 -0. 47739 0 .44074 0.42423 0 . 06li67 

0 . 60 - 0 . 02983 0.13134 -0. 15111 0.49177 - 0. 02287 0 . 420 79 

0.65 - 0 .24183 -0. 99991 -0. 05567 - 0 .742 79 0. 06394 -0.34756 

0 .70 0 .11859 0.52706 - 0 . 21184 0 . 24344 -0. 86Lf56 - 0 . 08158 

0.75 -0. 31890 0.52690 0 .13572 0.16342 0.27019 - 0 .33463 

0.80 0.03851 0.9 8278 -0.22325 o. 21811 0.92972 0 35952 

0 . 85 0 91127 0 . 00334 - 0 . 46752 -0. 90335 0 . 8622 7 0 28863 

0. 90 -0.59238 - 0 .12782 0.30335 - 0 .73507 0 24319 0.06374 

0.95 -0.33369 0.27796 -0.03566 0 . 77176 0.25883 - 0. 06397 

1.00 0.19476 -0.17301 -0.02749 -0.03468 0.04938 0.04445 



39 . 

TAllL'C X Random errors used in defining f2, f3, · . , £7 
f or F

9
(A , x) 

1 1 1 2 2 2 
C ElJ EU EL E .'I E J L 

0 . 0 - 0 19316 0 . 08272 - 0.00361 0 . 04929 - 0. 13948 - 0 . 01102 

0 . 05 0 . 02935 0 . 01541 0 . 04525 0 . 04632 - 0. 04806 - 0 . 03446 

0. 10 - 0. 07458 - 0 . 05743 - 0 . 04928 - 0 . 08491 - 0. 03843 0 . 01983 

0 15 - 0. 02087 0 . 07012 - 0 . 01687 - 0 . 00961 0. 07611 - 0 03181 

0 . 20 - 0 06971 - 0.03424 0 . 04872 0 . 14153 0 06667 - 0 . 03044 

0.25 0 . 02356 o. 05963 - 0.01885 0 . 0483 7 - 0. 00140 0 . 03L.99 

0 . 30 0 03018 - 0 02434 CJ . 03749 0 . 08725 o. 03071 - 0 . 00088 

0 . 35 - 0 . 03104 - 0 . 04704 - 0 . 01352 0 . 12915 - 0. 04051 0. 00709 

0 . 40 - 0 . 04608 - 0 . 01 790 0 . 04024 0 . 05619 - 0 02351 0 . 03480 

0. 45 - 0 . 12675 0 . 03886 0 . 04171 - 0 . 13999 0. 01681 - 0 . 0482 8 

0 . 50 - 0 . 00436 0 . 03731 0 . 00709 o. 04512 - 0. 02775 - 0 0386 7 

0. 55 - 0 . 11268 - 0 . 02902 0 . 04883 - 0 . 00041 - 0. 05830 - 0 . 03338 

0 . 60 0 . 01045 - 0 . 010 7'• - 0. 04625 - 0 . 01075 0. 00871 - 0 . 01289 

0 . 65 0 . 10506 0 . 04702 - 0 . 04209 - 0 . 00492 0. 11561 0 . 04199 

0 70 0 . 04947 0 . 10419 0 02L.72 0. 00051 0. 12105 0 . 00157 

0 . 75 - 0 . 00103 0 . 04813 0 . 02708 0 . 04779 0. 06493 - 0 . 00267 

0 . 80 - 0 . 00578 0 . 01135 - 0 . 04696 - 0 . 01092 o. 06393 0 02493 

0.85 - 0 . 07045 - 0 . 03371 0 . 04294 0 . 18259 - 0 . 05793 - 0 . 03569 

0. 90 0 . 05265 0 . 00185 0 . 02996 - 0 . 00293 0. 02150 0 . 04973 

0 . 95 - 0 . 03733 - 0 . 02969 - 0 . 04740 - 0 . 08238 - 0. 06143 - 0 . 00292 

1.00 0 .02439 - 0.00749 - 0 . 00438 - 0 . 006 70 - 0. 06940 0 . 04189 



40 . 

TABLC XI . Random errors used in defining f2, f3, . , f7 
for F10 (A,x) 

1 1 1 2 2 2 
:i,. EL EN EU EL E,. EU 

J.\ 

0 .0 0 . 11692 0 . 12464 0 . 00772 0 . 0157L1 0. 00273 - 0 03231 

0.05 - 0.17736 - 0 0296 7 - 0. 04484 0 . 04379 0. 051S0 0. 01208 

0 10 0 . 11128 - 0 03432 - 0 . 00276 0 . 009LL5 - 0. 01940 - 0 . 04023 

0 15 - 0 02633 0 . 02568 - 0 . 03105 0. 05111 - 0 01325 - 0. 031L15 

0 20 - 0 09365 0 . 02304 0 . 03150 0 . 03492 - 0. 0Hi99 0 . 04654 

0.25 0 . 05520 -0 00186 0 03314 0.00481 0. 04405 0 04154 

0 30 0 01402 0 . 09302 0.04647 0 . 02658 0. 03359 - 0 049 72 

0 35 0 .12454 0.05784 0 . 04698 0.00833 0. 00312 - 0 03670 

0 40 -0. 10304 - 0 . 00997 0 . 00874 - 0 . 00848 0. 07964 0. 00073 

0. 45 -0.08555 - 0 . 02225 - 0 . 03951 0 . 00616 - 0. 09146 0 . 02556 

0.50 - 0 . 06008 - 0 . 00944 - 0 . 04523 0 . 10701 - 0. 03993 0 0007 8 

0 . 55 0 . 36163 0 . 05835 0 01740 - 0.02896 - 0 01174 0 . 02463 

0.60 - 0 . 00034 0 . 02579 0.03639 -0.04368 0. 01345 - 0. 03349 

0 . 65 - 0.14833 - 0.01640 0 . 00802 0 . 00777 0.01039 O. 00969 

0 70 - 0 . 05050 - 0 . 01200 -0. 03990 0 . 06620 o. 03618 -0. 01094 

0 75 -0.03356 0 . 00207 0 . 01815 0.01416 - 0.05045 - 0 . 00350 

0 . 80 -0.04373 0 . 08769 - 0 . 02583 - 0 . 00393 - 0 00445 0 . 03941 

0 . 85 - 0 . 13476 - 0 09746 - 0 . 00297 - 0. 01992 - 0 05436 0 . 04311 

0 . 90 0.10830 - 0 . 01972 - 0 . 01979 - 0 . 07803 0 01934 - 0 . 01938 

0 . 95 0 00200 - 0 . 03454 - 0.02725 - 0 . 02826 0 . 02803 0 . 02617 

1.00 -0.01337 0 .02090 -0. 02515 - 0 .05009 - 0.01425 0 . 01361 



41. 

T/1LLr XII Randon errors used in <lefinin~ f2 , f ') , •• 
.J 

, £7 
for F

11
(A,}) 

1 1 l 2 2 1 _,;: E:T E: l\ E:.[J E:,. E: - E: J 
L 

0 0 - 1 425 71 - 0 04 270 - O. L610 2 - 0 . 21007 - 0 089 75 0 0'.)GSO 

0 05 - 0 . 74094 - 0 0178D 0 1239 7 - 0 321!,2 0 5JSG6 0 L,S 7')!., 

0 10 0 23348 0 63560 - 0 . 44565 - 0 . 33093 - 0. 58949 - 0 35JG3 

0 15 0 67802 0 19556 - 0 41871 0 . 51169 0 52175 0 11130 

0 . 20 0 . 37167 - 0 . 0852 7 0 46950 - 0 025lf7 - 0 . 73921 - 0 . 16984 

0 25 0 . 33945 - 0 . 250L,5 - 0 . 14837 - 0 . 00092 1.2795 3 - 0 46%0 

O 30 - 1. 09341 - 0 . 19 758 0 . 40799 0 . 14055 0 . 05 806 o. 379 84 

0 . 35 - 0 . 42014 0 . 90Lf98 0 . 17105 0 055Lf8 - 0 81553 0 . 20785 

0 t,,0 0 . 95636 0 47341 - 0 . 13000 - 0 23036 0 . 0L20 7 - 0 . 429:35 

0 LS 0 . 23394 0 . 70846 0 . 41222 O 07647 - 0 20999 - 0 1411.!. 

0 . 50 - 0 . 76373, 0 . 05140 - 0 . 349 44 0 . 51281 0 23657 - 0 . 10019 

0 . 55 - 1. 20200 0 . 10927 o. 21889 - 0 . 04845 - 0 26.!.34 - 0 46J 39 

0 . 60 0 . 96337 0 lOlOL, 0 . 29353 - 0 . 3360 7 0 76291 0 . 12085 

0 . 65 0.58217 0 . 35 89 L; 0 . 32665 - 0 . 26144 0 53412 0 . 21603 

0 70 - 0 09034 0. 43446 0 . 02765 - 0 . 17482 - 0 54361 0 . 09115 

0 75 - 0 . 18258 - 2. 09842 0 . 02313 0.20334 0 86383 - 0 . 02313 

0 . 80 0 . 45284 - 0. 47032 - 0 . 39250 - 0.73463 - 0 18971 0 . 05661 

0 . 85 - 1.05492 0 . 16963 - 0 . 49927 - 0.23812 0 . 44684 - 0 . 45874 

0 90 - 0 . 50091 - 0 . 14758 0 . 02130 0 . 00087 - 0 . 46018 0 . 3423L, 

0 . 95 0 . 55245 - 0 . 62718 - 0 . 1.3310 0 04394 0 37917 0 . 23722 

1. 00 0 . 30640 - 0. 68106 0 . 12894 0 41509 0 . 14953 0 48714 



42. 

TADLI: XIII Random errors used in defining f2, f3• · . , f 7 
for F1 zCA , x ) 

1 1 1 2 2 2 
£_ E:. , E:u E:L E: N E: u L l.\ 

0 . 0 0 01655 0 04724 - 0 . 02559 0 . 01627 0. 01522 0 . 01371 

0 . 05 - 0 . 05743 - 0 01796 0 . 04438 0 . 02913 0.00705 - 0 . 00288 

0.10 0 . 01199 - 0 .03256 - 0 . 04172 - 0 . 02551 - 0. 055 73 0 . 02621 

0.15 0.01287 0 . 02652 0.00185 - 0 . 08801 0. 04440 0 . 03323 

0 . 20 0 03144 - 0.04059 -0.04883 - 0 . 02383 - 0 . 05384 0 . 00L133 

0 . 25 -0. 01194 0 02435 - 0 . 01105 0 . 029{.7 - 0. 005 73 0 . 04218 

0 .30 0.06969 -0. 01402 0.02699 - 0 . 00129 - 0. 04409 - 0 . 02017 

0 .35 0.05179 0.00682 0.03252 -0.02579 -0. 02205 0 . 00516 

0 . 40 -0.00659 - 0 . 01235 - 0.01082 0.02381 0.01877 - 0 . 01025 

0 . 45 - 0 . 00646 0 . 04894 -0. 04758 0.00463 0 03808 0. 01521 

0.50 0.00058 -0. 04233 -0. 0095 7 - 0 .11457 0. 00040 - 0 . 03590 

0 . 55 -0. 00278 0.07619 0.04957 - 0 .01555 - 0. 02359 0 . 00611 

0 . 60 0.01800 - 0 . 05118 0.01496 0.01609 - 0. 05390 0 . 04163 

0.65 -0.01578 - 0 . 00471 -0. 00373 0.05573 - 0 . 09704 - 0 . 03484 

0 .70 0. 01169 -0. 07546 0.02733 - 0 . 10013 0 09530 - 0.01522 

0.75 -0.04792 0 . 03451 0.00177 - 0.05266 0 04343 - 0 02303 

0. 80 -0.02272 0.00337 0.01451 -0.03089 - 0.06157 0 . 00835 

o. 85 0.00936 - 0. 12065 0 . 03162 - 0 . 04479 0.03128 - 0 . 01355 

0.90 -0.00483 0.05278 -0. 02328 0.05639 0 12284 - 0 . 00211 

0 . 95 - 0 .00366 0.02669 -0. 01672 0.01527 0,00513 - 0.03278 

1.00 0.04419 0.00922 0.00778 -0.07858 -0.10208 0.02436 



TABLC XlV Complete details of best t
1 

and £ 2 approx1.mal1ons computed Hhcn us1.nr; r1 (A,Y ) al+ 
CY 

= a2e 

Define :c = jr(x .) - F(AA, x .)I 
i 1 ]. 

DATA nest £ 1 Par~metcrs mi Best £2 Parameters f"~ :, -;'( 

21 
,_ * ~ 

X = 0(0 05)1 al a2 C al a2 C 21 

fl 1 + 1 l x 0.99999 1.00001 1.00000 0.00000 0.99999 1.00001 0.99999 0 00000 e 

£2. -10 + 2e2
:>,.. + 1 -10 80917 2. 72158 1. 71351 O.l19828 -10 .74476 2. 72629 1. 71116 0 682113 e::L 

f3 -10 + 2x 1 
- 8 44705 1.23643 2.38223 0.5 8618 - 8.94911+ 1.30723 2.37388 0.69028 2e + e:: i'I 

£4 -10 + 2e 2x + 1 
- 9.48696 1.68105 ? 14160 0.24929 -10.23755 2 .14311 1. 9L,916 0.29L166 e:: u 

f5: -5 I 10e-2x + 2 
- 5.88353 10.56998 - 1. 59494 0.38624 - 4.99431 9.50719 -1. 89074 0.51828 e:: L 

f6 • -5 + 10e-2x + 2 
- 5.37940 9.41459 -1.65758 0.30315 - 5.22533 9 . 58279 -1. 79072 0.41311 e::N 

f 7· -5 + 10e-2x + 2 - 5.02227 10.27476 -1.97325 0.18700 - 5.21311 10.41069 - 1. 92306 0.22763 e::u 

f8 1 + t an x 0.44703 0.582 74 1. 26119 0.0124 7 0.1+8684 0.54189 1.32404 0 01554 

f . 
9 

I x 1. 296116 -1.114111 -1 28289 0.01524 1.11579 -1. 02455 -1.93842 0 02941 

2 
£10 

-Y 1.51780 -0.47076 o. 91533 0. 0121+2 1. 41827 -0 . 38L1l13 1. 02862 0.01516 e 

X !,: 
0.039 7/1 1. 747 56 -0.81581 -2 . 80279 0 OL1721 £11 min (e , c 2

) 1. 73937 -0.83738 -2 77 913 ~ 
l-> . 



TABLr xv Comp l ete details of best 1 approximations computed Hhcn using r
1 

(A, y ) al+ 
C},. 

= ai-00 

Define :c = i jf(xi) - F(A' , xi) I 

DATA Bes t Q, Parameters max .C i 
00 

* ,-, 
:>.. = 0(0 05)1 al a2 C 

f 1 + 1 
l x 

0.99999 1. 00001 0.9 9999 0. 00001 1 
e 

f2 -10 + 2e2x + 1 -12.36233 3.61711 1.57212 1. 26173 EL 

f3 -10 + 2e2x + 1 - 8.30800 0.85150 2. 79259 1.08485 EN 

f4: -10 + 2e 2x + 1 - 10.4 2586 2.2919 9 1. 89005 0. 39 715 EU 

f5 -5 + lOe - 2>. + 2 - 3. 96391 8.19509 -2 26948 0 . 91201 EL 

f . -5 + lOe-2>. + 2 
- 5. 57100 9. 8606 7 -1 632 00 0.70686 

6 EN 

f7 -5 + lOe- 2>- + 2 
- 5.03977 10. 53L18l -2.05499 0.35%2 EU 

f8 1 I- tan x 0.49179 0.53075 1. 3l1 793 0. 0225L1 

f9 Ix 1.01652 -0. 964L10 -2. 6l12G? 0.05212 

2 

flO 
-x 1. 34225 -0.31999 l.1 3t,08 0. 02 726 e 

X !., ~ 

fll min (e , e ~) 1. 77 214 -0 . 8l+B51 -2. 892L1l1 0 . 07 63 7 +'-. 



T AJ3Ll.: XVI Cor1plete de t ails of bes t 9, app ro dmations c01'1p ute d wh en us l ng f
2

(L\ ,Y) = (a1 + a2Y)/(l + CA) p 

Define E. = lr<x ) - F(A,(,xi)I 
1. ]_ 

D ATA Bes t t 1 Parame t ers 
El!. 

Best ,Q,2 Parame t e r s fir nes t 9, P a r a me t e r o max 
J 

co ,· ,.. ) < i )( 'I I( X )( 

X - 0(0 .05)1 al a2 C 21 al a2 C al a2 C 21 

fl.: 
l + 2 >.. 1.00000 1. 99999 0.999 99 0.00000 1. 00000 1. 9999 8 0.99999 0.00000 1.00000 2. 000011 1. 00003 0 0( 
l + X 

fz= 
3 + l 5x + 1 3 66230 1.15067 -0 31991 0,42187 3.87611 2.20955 -0. 091185 0.54768 4 .10302 5.5796 7 0.5 8859 0. 91 
l + 2 x e:L 

£3: 
3 + l 5x + 1 2.94022 19.82145 2. 777l10 0.34060 3.12648 19.02909 2. 72056 O.lf3333 3.70285 5.09068 0. 411487 0 7; 
l + 2x e:N 

f4: 
3 + 15>.. + 1 3.395 76 1 3 .05763 1. 70736 0.212 89 3.22852 13.46381 1. 73528 0.262 30 3 0156 3 17.11797 2 . 31248 0. 3 
]. + 2x e: u 

2 + 3 >.. + 2 1. 96249 2.86899 -0.52004 0.5 8200 2.18411 1. 89 889 -0. 60 89 1. 0.71116 2.16127 1. 51618 - 0. 6 7130 1. 1 5· ]. ½x e:L 

£6: 
2 + 3 x + 2 

2.17153 2.17032 -0.56465 0.3716 8 2 21005 2. 3l1352 -0.54836 0.11577 9 2. !15140 l, 165L15 - 0 66382 0 7 
l !--;PC E: N 

£7: 
2 + 3 Y + 2 

2.13059 2.20236 -0.58604 0.23153 2.095{.6 2.29602 -0.57978 0.26827 2.04776 2.56249 -0. 560 86 0 4 
l ¼x e: u 

£8: ]. + t an x 1. 02/10lf 0.30111 - 0.47l14 6 0.00909 1.02267 0. 289 711 -0.48255 0. 01104 1.01596 0.30265 - 0. !18116 0 . C 

£9: ✓x 0.17061 1 75785 0.95375 0.01331 0.06815 2.53883 1. 68288 0.021169 0.0429 7 3.18124 2 36898 0 . ( 

2 

f J..O: 
-x 1.04932 -0. 83l100 -0 . 36501 0.01327 1.03799 - 0. 82 712 -0.3854 2 0. 01637 1. 02l126 - 0, 827lf 7 - 0. 42732 0 ( e 

X 1/ 

f .l l : T""ll n ( e. , e ") 0 94572 4.2791.7 2.0 6264 0.01,524 0. 93510 4.6 l1232 2.24 602 0. 0 51,05 0 91256 5 . 52770 2 709 118 0 . 1 

-



TABLE X VI I CoMple t e de t a ils of b es t 1
1 

and 12 approh i mat i ons compute d wh e n u s i ng F3(11., Y) ( a1 + a2x + 2 = a3Y )/( 1 + 

Define 1 = i lrcxi) - F (A,t ,Yi) I 

DATA Best 11 Parame ters EE Best 12 Par· me t e rs f;; )\ k f · i :c ,. 'le 
X = 0(0,05)1 al a2 a3 C 21 al a2 a 3 C 1 

1 - 3x + 2x 2 
£ l: 1 + 5A 1.00000 - 2.99998 1. 99995 5 . 00003 0.00000 1.00000 - 3 . 00000 1. 99998 4 99 997 0 0000 

10 30x + 2 1 - 20'{ + -38.11294 31. 14902 l1. 26187 0 l12625 9.88242 -31.31345 22 .37973 £2: 1 I- 5x £1 10.19059 5,5752 8 0 . 562 2 

£ 3: 
10 - 30:>.. + 20x 2 

1 1 + 5x + E: 9.619L,7 -21.0540 8 9.08975 6.99939 0.36209 9,65021 -26.35040 16 , 250 l1l+ 6.41084 0 53H 
N 

10 30x + 2 
1 - 20x + 10.08484 -29.89466 21. 28819 4 46954 0.18520 10.14497 -31.2 8110 22 .05553 4 53868 0 . 25 8~ £4: 1 + 5x cu 

6 - l l x + 2 2 
1 - 3x 

4>. + 
E:L 5. L,6005 - 8.2070 8 0.82913 - 3.00260 0.56 807 5 52184 - 8 74 013 1 5 3686 -3 00071 0 .761: 

£6: 
6 - llv + 4x 2 2 6,16442 -11. 63033 li.39992 -2.99992 0,23438 6 .16455 -11. 85755 4 . 91 3811 -2.9 99 33 0 . 338( 

1 - 3x + cN 

£7: 
6 - 11>. t- 4x 2 2 5. 86L139 -10.589 50 4.17764 -3 00193 0 .18230 5.7 6898 -10.05 42 7 3. 41059 -3.00186 0 2L10 ; 

1 - 3x + cu 

f8: 1 + t an x 1.00436 0. 2l1l149 -0 . 45 89 3 -0.69167 0.00124 1 00347 0. 250 L16 - 0 45845 -0. 68917 0 001~ 

f9 : ✓x 0 00000 5.15739 4.17474 8.26647 0 00 458 0.005 22 5,79408 5 43303 10 .12706 0. 006 : 

2 
1 10= 

-). 

0 990 82 2.59318 -2.39 59 3 2,3l1559 0.0035 6 o,g 953s 2. 6211 82 -2 . 40339 2,lf0051 0 . 00 ·1: e 

f"ll: 
X !,: 

min ( e , c 7
) 0 %771 1. 51, 973 - 1 0600 3 - 0 11836 0 025l,9 0 95 724 1. 44625 -1. 153 39 - 0 . 22602 0 03L 



TABLI: XVIII approximat:i.ons co111putccl when us int:; F3(A, x ) ( nl -l 
2 o ) Complete cle t al l s of bes t 9, = a2x + a

3
x )/(1 -l 

00 

Define :Ci= lf(2' i) - F(!t , xi ) I 

DATA BPc;t 9, Parame ters 
~._ 00 

i< * ,' 

X = 0(0.05)1 al a2 a3 C ma.Y Ei 

1 -
2 

fl 
3x +- 2's: 1.00000 - 2 99999 1. 99999 4 999 88 0 00000 1 + 5x 

10 - 30), + 2 1 
f2 

20x + 9.06654 -2 9, lL1L1 82 19.09451 2 22216 l.12L105 1 + 52' EL 

10 - 30x + 2 
1 

f3 1 + 5x 
20x + 

EN 10.63251 -35 88429 30. 210111 7.64277 1.01305 

f L1 
10 - 30x + 202'2 

+ 1 10.55850 -31. 81980 21.10072 6. 20368 0.47366 1 + 5x £u 

6 - ll's: + l+x 
2 2 

f5 1 - 3x + £ 5.27874 - 7.52010 -0.68200 -2 99 95 Lf 1. 39Lf42 
L 

f6 
6 - llY + 4x2 2 

6.15524 -12. 04729 5. 29618 -2.99910 0.6098 3 
1 - 3x + CN 

f7 
6 - llx + 4x 2 2 

5. 99743 -11. 046 91 L1 05351 -2 99841 0.47635 1 - 3x + £u 

f8 1 + t an x 1.00217 0.25338 -0 .47138 -0.69363 0 00217 

f9 Ix 0.01029 6.1956 8 6.44229 ll, 519L10 0.01029 

2 

flO 
-x 0.9 9371 3.18116 -2.76 881 2 88856 0.00629 e 

X 1, 
0,05146 .:,-

f) 1 I'1in(e ,c'.l) 0 94851+ 1.49452 -1. 297l+l1 -0.2 82 76 ....., . 



TABLL XIX Complete details of best 11 and 12 approYimalions computed when using rl1 ( A , Y) = a1 + a2 l og ( l + ex) 

Def.Lue r:
1 

= Ir (y .) 
l. 

- F(A,;, , x .) I 
l. 

DATA Best t 1 Parameters rLi Best 12 Para1neters )~ ,. k ,'c , 
X = 0(0.05)1 al a2 C 21 al a2 C 21 

fl 1 + 1 loE(l + l x ) 1.00000 1.00009 0.9 998 7 0 00000 1.00000 1.00008 0 99989 0 00000 

f2 -6 + 9 log (l + 3)\_) 1 
t £L -6.21373 7 .182l12 4. 39138 0 L175 81 -5.87351 10 15453 2 41177 0 . 64572 

f3 -6 + 9 log (l + 3Y) + 1 
£N -6.27953 8.67518 3.28119 0.38651 -6.04250 8.7 89 75 3 11100 0 54213 

f4. -6 + 9 log (l ' 3}.) 1 -6 00789 8.34328 3 38386 0.1896L1 -5.97396 8.93065 3.00275 o. 21101'1 I + £u 

f5 . 7 - 6 log (l + 7x ) + 2 
£L 7.03376 -5. 9L1202 6.97170 0.46863 6. 98132 5. 86093 6.8L1718 0.65222 

f6 7 - 6 log (l + 7x ) 2 
+ £N 7 .15L180 -5 50891 8.6 8956 0.39709 7. 07924 -5.10960 10 13193 0 51282 

f . 7 - 6 log (l + 7x ) 2 7.12159 - 5.9 9783 7.12 868 0.20606 7.15170 -5.84948 7. 5115 83 0. 25677 
7 + £u 

f8 1 + t an x 1.02269 -1.11264 -0.74692 0 00517 1. 01:>59 -1. 14124 -0 73903 0 006l14 

fg I x 0 12881 0 55318 3.7386 7 o. 01081 0. 03964 O.l13521 7.61295 0 , 01857 
2 

flO 
-x 1. 0533/, 0. 8/1531 - 0.5 6995 0.01411 1.041 70 0. 7 L1L1L14 -0 6085!1 0 017L:2 e 

fll 
y 1, 

n1in (e , c~l) 0 93895 0.37 816 6 91655 0.05049 0. 94231-1 0.36129 7. 96697 0 05995 



TABLL XX Comp l e te det ails of best .Q, app1.oxi.111at1onc, computed \1hen us ini; r 
4 

(A,Y ) = a l -I a2 lor, ( l f- u ) 
(X) 

lr(xi) 
,, I De f ine E = - F (A , xi) 

1 

DATA Best .Q, Parameters 
(X) 

' ,, 
' n 

>,. = 0( 0 . 05 ) 1 al a2 C 

fl 1 + 1 log (l + lx ) 1.00000 0. 99999 1. 00002 0 00001 

f2 - 6 + 9 l og ( l + 3x ) 1 - 5. 09076 21. 32631 0.75876 1. 12298 + E L 

f3 - 6 + 9 log ( l + 3x) 1 - 6. 34253 7.07500 4. 785111 1. 013 88 + E 
N 

f 4 -6 + 9 log (l I- 3x) 1 
+ EU - 6 1126 7 9.57 383 2.73287 0 41557 

f5 7 - 6 log ( l + h ) + 2 
8 /14803 -3.42220 39. 79232 l. l1lf129 EL 

f 6 7 - 6 l og ( l + h ) 2 
+ EN 6.34134 -6 .56869 5 . 147L1l 1. 00533 

f 7 7 - 6 log ( l 1- 7x ) 2 
+ EU 6. 77811 -5 80235 7. 0502lf O,l13808 

f8 1 + t an x 1.0096 7 - 1.17142 - 0.7 3099 0 . 0096 7 

f9 / >,. 0. 03108 0 . 38518 10 . 4132 8 0 03108 

2 

f lO 
-x 1 02610 0. 61238 -0 . 672 90 0 02610 e 

X L 
f l l min ( e , e~") 0. 90222 0. 3108l1 14 12181 0 0977 8 .&:--

\0 . 



TABLL XXI Comp lete de tdils of bcsl Q,l and 9, 2 appro.,dnalions computed when usinr; f 5 ( fl,Y) -= n -1 a
2 

sin(c/ ) 1 
' 

Define r: . = 
1. 

l r <xi) - F(A , >-i) I 

DATA Bes t Q,l Pararneters IE Best R,2 Parameters A * * 
i ' ~, , , 

X = 0(0.05)1 al a2 C 21 al a2 C 1 

fl 1 I- 2 s1.n( 2,rx ) 1. 00000 2 00000 6.28318 0 00000 1. 00000 2 00000 6 28318 0 00000 

[2 1 + 6 sln(2,rx) 1 0.97130 6.26008 6.277 21½ 0,42141 1.08776 6 26531 6. 2lf834 0.532 32 + £ 
L 

f3 1 + 6 sin(2,rx ) 1 
+ £1~ 0. 89L105 5. 88802 6.315 27 0.3483 7 1.00945 5. 95981 6.31588 O. Li4269 

f4 1 + 6 sin(2,rx ) 1 
+ E: u 1. 08391 6.05590 6.22886 0. 26050 0. 99136 6.03375 6. 26 7111 0.2869 3 

f -6 + 15 sin (lx ) 2 
-5. 96119 1Lf .11936 1.07941 o. 49620 -5.80971 16. 97851 0. 82719 o. 777 80 + £ L 

[6 -6 + 15 sin ( l>, ) 2 
+ £N -6. 861!.9 111. 234 70 1. 23455 0.35 220 -6. 39140 15 50097 1. 01294 0.4 3916 

[7 -6 + 15 sin (lx ) 
2 - 6. 06Li45 JS 30859 0.9 8083 0 .198] 0 -5.9 8186 15 . 92135 0. 92571 0 , 25226 + C u 

[ 8 1 + t an x t t t ·I I· ,. ., 

f 
9 

Ix 0 23923 0.77 721 1. 27794 0.02288 0.15217 0.80755 1. 54776 0. 0113 23 

2 

flO 
-x 

t I· t t i i t ·I e 

fll 
) 1~ 

101n (e , c• 2
) 0. 96569 0 71300 1. 96901 0 023 16 0 96974 0.7125 7 2 02360 0 02 932 

V' 
C . 

I lo bes t approxlmntlon found. 



1 ALIX XXII Comple t e de t ai l s of best .t appro' irnations cor1p utc d \1hcn usinp, r
5

(A, / ) = a l f- a
2 

sin ( u ) 
00 

Define :c . = I f C>. ) r (A ", x .) I 
]_ l l 

DATA Best R, Parameters max 1:
1 00 

n ~ 
>. = 0(0 . 05 ) 1 a l a 2 C 

fl 1 + 2 sin (2nx ) 1.00000 2 00000 6. 28318 0 0000 1 

f2 1 + 6 sin ( 2nx ) 1 
+ EL 1. 3L12 81 6. 41 8Lf9 6. 28524 0. 99 882 

f3 1 + 6 sin (2nx ) 1 
+ EN 1.15391 5.9 2400 6. 32254 o. 77579 

f4 1 + 6 sin (21rx ) 1 
+ EU 0. 95236 5. 99713 6 27407 0 . 40501 

r 5 - 6 + 15 sin ( h. ) 
2 

-J- -J- -J- -i-+ E L 

f6 - 6 + 15 s in (h. ) 2 
+ EN - 6. 23966 13 .14243 1. 20073 0. 84L191 

f 
7 - 6 + 15 sin (lx ) + 2 

EU - 6. 05303 llf 43035 1. 06068 0. 41996 

f 8 1 + t an x t t t t 

f9 I x 0. 0 7918 0 86966 1 82537 0 . 07918 

2 

flO 
-x t t t t e 

X Y. 
0. 96820 0 77938 2 094110 0 0L1 886 V, 

£11 min (e , e .1) ..... . 
i Ho bes l nppro-.....lmalion found. 



T A13L:C XXI II Crnnplete details of best £
1 

and approxima tions computed when using F
6

(A, Y) C 
.1/,2 = a1 + a/ (1 + x) 

If ex.) 
i( 

Define E = - r(A ,x1)1 
i 1 

DATA Best .e,
1 Parameters n:::i Best .e,l Parame t e rs ~ * * * * * X = 0(0.05)1 al a2 C 21 al a2 C 1 

fl 2 + 3 2.00000 3 00000 2.00000 0.00000 2.00001 3.00000 2.00001 0 00000 
(1 + x)

2 

f2. -1 + 8 + 1 
0.22476 7.14873 3. 74118 0.30707 0.44028 6.99313 3.85486 0.41417 

(1 + x)2.5 
EL 

f3 -1 + 8 + 1 
-0.88248 7.55035 2.40811 0.37182 -1. 95235 8.44083 1.88929 O.l1 8569 

(1 + x/· 5 EN 

f4. -1 + 8 + 1 -1. 9l1013 8.45673 2. 004l10 0.26695 -0. 98006 7.82566 2.519 87 0.31959 
(1 + x/· 5 EU 

f . 12 2 0.21126 9.06536 1. 59666 0.52328 -0.15354 10.06533 1. 71068 0 70 801 -3 + -- + EL 5 (1 + x)
1 

f . -3 + 12 + 2 
-5.82891 14. 93882 0.79610 0.30930 -2.21411 11. 56192 1.18384 0.38240 6 (1 + x) 1 EN 

f7 -3 + 12 
+ 

2 
-8.67999 17.65953 0.64524 0. 2l1208 -4.64776 13.51754 0.84633 0.29393 EU 

(1 + x/ 
f . 

8 
1 + tan x 0.82125 0.21892 -2.93357 0.01589 0.82626 0,20993 -3.00631 0.01986 

f9. Ix 2.02535 -1. 85188 0.8l1170 0.01319 1. 35091 -1. 27212 1.75117 0.02613 

2 

f10· 
-x 1. 20589 -0.16314 -2.39942 o. 01118 1. 161147 -0.13508 -2.60169 0.01352 e 

fll 
X !< min(e ,e 2 ) 1.86600 -0.91827 2 .1♦ 5210 0.04322 1. 84688 -0.91866 2.71177 0.05107 



TABLl: XXIV Complete details o f best Q,
00 

approximations computed uhen u s.u1~ I 
6 

( A , Y) 

Define Li = 

DA1A 

X = 0(0 05)1 

3 
2 +----

(1 + x )
2 

-1 + 8 + 1 
(l + x)2.5 £L 

-1 + 8 + 1 
(l + x )2.5 e:N 

- 1 + 8 1 
(1 + x /·5 + £u 

- 3 + 12 + 2 
( 1 + xl e:L 

-3 + _ _ 1_2 __ + 2 
1 £N 

(1 + x ) 

-3 + 12 + 2 
(l + >- )1 e:u 

1 + t an x 

-x 
e 

2 

X !-,: 
min (e ,e 2 ) 

Best t 

2 00000 

-0.03179 

-26.76954 

-1. 02136 

3.045 24 

- 31.18828 

-6.53542 

0 82521 

1.13300 

1. 13933 

Parameters 
(X) 

3.00001 

6.54117 

32.20057 

8.01059 

6. 84853 

40.41570 

15.23220 

0.2037 6 

-1. 08562 

-0.11956 

-0 93836 

C 

2.00000 

2. 51279 

0.237 30 

2 50163 

3.360Lf4 

0.27300 

0. 69296 

-3.06332 

2.58937 

-2. 72631 

2 . 89916 

max I.:i 

0.00001 

0. 86412 

0. 96!.i77 

0 47264 

1.39927 

0 69522 

0.46680 

0.0289 7 

0.04738 

0 01977 

0 08193 V, 
w . 



TAB iL XXV Comple t e delails of best 11 and 12 approximations computed wlien us ing r
7

(A, x ) =- a
1
sin (CY ) -l a2cos ( cy: 

Define r.:. -= Ir ex .) - F(A. , x .) I 
l. l. l. 

DATA Best 11 Parameters IE Best 12 Parc.lll'Ctcrs fr ,;.. •, ,;.. l. :, )'( 

0(0.05)1 
, C 

l. 

X = al a2 C 21 al a2 C 

fl: 1 s1n(2,rx) + 2 cos (2,rx) 1.00000 2,00000 6.2 8318 0.00000 1 00000 2 00000 6 28318 0 00000 

f2 = 7 s1n(2,rx) - 3 cos (2 ,rx) 1 
+ £L 6.92905 -3.08267 6 345]6 0.31588 7.06656 -2.98982 6.26336 0.45643 

f3 = 7 s in (2,rx ) - 3 cos(2,rx) 1 
r £N 6.84870 -3.49830 6. 39640 0.32 223 6. 85727 -3, l18261 6.36906 0, 4108L1 

f4 = 7 sin(2,rx ) - 3 cos(2,rx) + 1 6.88081 -2.93787 6 23621 0.19515 6. 8/f 7 58 -2 961156 6.26693 0. 24719 £u 

f - 5 sln ( lY ) I- 8 cos (lx ) 
2 

5.27614 7.92069 1. 00368 0.43503 5.59702 7.79570 1.01014 7 0.61344 + £ 5 L 

f 5 s1.n ( lx ) + 8 cos (lx) 
2 

4.30622 8,13356 0.80054 0.38582 l1. 92428 7. 96011 1. 00984 0.47551 - + E:N 

f7 = 5 sin (lx ) + 8 cos (lx ) 2 
+ E: u 5.5216 8 7.69382 1. 17550 0.1826 7 5.3881 3 7.73261 1.14099 0. 23294 

f8: 1 + t c1n >. t t t i t- i T 

f9 = / y 0.99179 0.23057 1.07845 0.02157 0.95013 0,14908 1. 37205 0.04179 

2 
flO: 

-x -0.21326 1. 01784 1.02860 0.00823 -0. 229119 1.01757 1.00983 0 0098 7 C 

fll = 
X !-.: 

min (e , e 2
) 1. 36969 0.9513 7 1.17331 0.02481 1. 37 853 0.95315 1. 22135 0.03113 

.L 
I b es t appro~imation found no 



TABLL XXVI Comp l ete detail s of best £ approYimations comput e d when using 1 / A, x ) = a1sin (cx) + a2cos (cy) 
00 

Define r:i = jf(x ) - F(A' x )I 
1 ' i 

DATA Bes t R, Parame t ers max r:
1 00 

k ) 

X = 0(0.05)1 al a2 C 

fl 1 sin(2nx) + 2 cos (2 nx) 1.00000 2.00000 6. 28318 0. 00000 

f2 7 sin (2 m-, ) - 3 cos (2nx) 
1 

+ CL 7.57895 -2.6815 2 6. 18527 0. 86850 

f3 7 sin(2nx) - 3 cos ( 2nx) 1 
+ e:N 6 93985 -3 11774 6,23544 0.75095 

f4 7 sin(2nx) - 3 cos (2nx) 1 
+ e:u 6.84816 -3.05 304 6.30946 0,39685 

£5 5 s in (lx) + 8 cos ( lx ) 2 
+ e: L 4.60151 8 58338 0, 8337 3 1. 23508 

[6 5 sin (lx) + 8 cos (lx) 2 
+ e:N 5 .116859 7.69465 1.05048 0. 87626 

f7 5 sin (lx ) I- 8 cos (lx ) 2 
+ EU 5.17238 7.80363 1.084 78 0. 34943 

f8 1 + t an Y -i- T 

[9 Ix 0. 91~4 7 3 0.07775 1. 72196 0. 07775 

2 

flO 
-x -0.23503 1. 01Lt 35 o. 99668 0. 01435 e 

fll 
X I, 

min(c ,e-2
) 1.41368 0.947 35 1. 25224 0. 05265 

V, 
V, . 

I hest approximalion found . no 



TJ\bU, XXVIl Complete de l ai ls of bes t 11 and 12 approxima tions compu t ed uhcn us ing F
8

(A,Y ) ex = e (a
1 

+ a2Y) 

Dehne r;i = jf(xi) - F(l\. , x .) I 
l. 

DATA Best 1
1 

Para111e ters l:L , Best 12 Parameters );; ,· l. :, ~ 
0(0.05)1 ' 21 

h 

X = al 82 C al a2 C 1 

fl e-b .. (l + 2x) 1. 00000 1. 99999 -1. 00000 0,00000 1. 00000 2.00000 - 1. 00000 0.00000 

£2 e- l x (lO - 16x ) + 1 CL 10.34464 - 16 .01108 -0,8L1626 0.58601 10,02G93 -15,06866 -0 .72750 0 94381 

£3 e -b .. (10 - 16x) 1 
+ CN 9.62037 -15 .0567Lf -0,85582 0,30470 9.6 8162 -15.13405 -0. 97609 0.4 2180 

f4 c-lY(lO - 16x) 1 
+ cu 10.25971 -17.34019 -1. 1689 3 0.16021 10.13669 -16. 86396 -1.11305 0.20242 

fs· c-2x (- 7 + 14x) 2 
+ CL - 7.5 2191 16.44100 -2 .170 2l1 0.32203 -7.49967 15.35976 -2 .18633 0 43246 

f . e-2x (-7 + llfY) 2 -6.83444 14.91311 -1. 90435 0.36676 -6.95428 15,071] 6 - 1. 89072 0 50753 + C 6 N 

£7 e-2x (- 7 + 14x) 2 
+ cu -7.46ll12 16.07673 -2,30037 0,22290 -7 2L1546 15. 34211 -2 22660 0.2 602/~ 

£8 1 + tan x 1. 00000 0.00000 o. 88908 0.01948 0, 98330 0.00000 0. 92460 0 . 02777 

f9 Ix 0,18588 1.47329 -0.52311 0,0]656 0.10660 1. 8502l1 -0.70517 0,0324 1 

2 

flO 
-Y 

0,9 8017 2.67678 -2.20937 0.01090 0.97 838 2.76056 -2.25065 0 012 93 e 

fll 
X !-c mln (e ,c .l ) 0.902 55 3 03763 -0.87570 0,02913 0,93147 2.86376 -0, 8269l1 0. 03SL15 



TABLL XXVIII Complete details of best £ approximatious computed uhen using 1 8 (A,Y) e x = e (a1 +- a2Y). 
00 

Define r i = l f (xi ) - F(A' ,xi )I 

DATA Best 9., Parameters max r:i 00 ;, 
" * X = 0 (0 05)1 a l a2 C 

fl e-h.(l + 2),. ) 1.00000 2.00001 -1. 00000 0.00001 

f2 e-lx (lO - 16x) + 1 8.09 856 - 9.65391 -0.02390 2.24608 £L 

f3 e-lx (lO - 16x) + 1 10. 5172Lf -17 .2 9839 -1. 30183 o. 89693 £N 

f4 e-lx(lO - lfo .. ) + 1 10.21832 -17 .17809 -1.15634 0.36595 £u 

£5 e-2x (-7 + 14:ir) + 
2 

-6. 72187 11.71351 -1. 65566 0,80004 £L 

f6 e-2x (-7 -1- llfx) + 2 
-6.05011 12.12923 -1. 84981 0.94593 £N 

f7 e-2),.(-7 + 14x) + 2 -7.08534 14 61675 -2.14057 0.37 609 £u 

f8 1 + t an h 0 ,95935 0.00000 0.96315 0.04398 

f9 Ix 0 05804 2.30654 -0. 92039 0.05 804 

2 

flO 
-x 0.9 8100 2.82223 -2.28550 0.01900 e 

fll 
X ½ min (e , e ) 0. 935Lf4 2.82656 -0.78764 o. 06!f56 

\.n 
-...J . 



T ABLL XXIX Comp l ete details of bes t 11 approxi mati ons computed when using F9(A, Y) 
ex 2 3 = e ( a + a > + a

3
Y + a4Y 1 2 

Def1-ne E = i lr(xi) - F(A,( X )I 
, l. 

DATA Best 1
1 

Parane t crs EI: 
-/ ;< ( ,, i 

X = 0(0.05)1 al a2 a3 a4 C 21 

f l 
-lx 2 e (1 + l x + l x + l x3) 1.00000 0.99 957 1.00009 0.99 898 - 0. 99966 0.00000 

f2 e-lx (lO - 3x + 12}.2 + 15}.3) 1 
+ £L 9. 8068Lf 1.5479 8 3. L1661l 28.66960 - 1.24424 0. OLf /198 

f3 e-lx (lO - 3:>. + 12x2 + 15x3) 1 
+ £N 10.08272 -9.05095 20.56280 0.00001 - 0.5 lf668 0.03021 

f4 e-lx (lO - 3x + 12x
2 + 15x 3) 1 

+ cu 9.99638 -5.95021 16.42085 6. l OL19 5 - 0.75385 0.0 29 59 

[ . e-1TX (0 ; 15x -
2 90}.3) 2 0. 04 929 13. 81137 -67.07568 79. 96113 -3 .03196 0. 0Lf581 75x + + £ 5 L 

f6 e-,rx (O + 15x - 2 75x + 90Y3) 2 
+ cN -0.13948 20. 82122 - 104 .9 411 128 . 9301 -3 594 74 0. 03901 

f7 
e-m• .. co + 15x - 2 90x3) 2 

-0.01102 llf.12980 - 70.1959 9 83.76 241. - 3.02950 0.021 79 75x + + £ u 

f8 1 + t an x 1.00125 -0.35 896 - 0.2303.'.> 0.267 39 1. 32L133 0.00054 

[9 Ix 0.1176!+ 2.52609 - 0.73960 3. ll1312 - 1. 62065 0.00665 

2 

flO 
- y 

0.9989 0 -0.03720 - 1. 2035 8 0.58644 0 06815 0. 00028 e 

fll 
X ½ min (e ,c) 0.9 6338 -2.21940 1. 80610 - 0,51160 3.75768 0. 01656 



TAGLJ: 1 } Complete de t ails of bes l i 2 apprm'"imal.1ons compu t e d uhen us ing r
9

(A, Y) CY 2 3 
= c (a1 + a 2Y + a3Y + a4Y) 

If <x1) 
,, I Define :C = - r(A , x .) 

i 1 

DATA Best .e, 2 Parame t ers f1 k '/( k ·, k 
X = 0(0.05)1 al a2 a3 a4 C 

21 

fl e-lx(l + lx + lx2 + h .3) 1.00000 0.9 9992 1.00003 0.99983 -0 99995 0.00000 

£2 e-b, (10 - 3x + 12:>,. 2 + 15:>,. 3) 1 
+ e:L 9.8491L1 1. 93815 3.26 632 31.00314 -1. 30519 0.05685 

f3 e -lx (10 - 3x + 2 12x + 15x3) 1 
+ CN 10.06324 -3.46332 13.68106 14.40042 -1.02227 0 03995 

f4 e-lx(lO - 3x + 
2 12x + 15x 3) 1 

+ e:u 10.00352 -13. 75118 22.56505 -7.03129 0.05 85'.) 0. 031158 

f5: e-m, (O + 15x -
2 

75x + 90:>,. 3) 2 
+ e: L 0.03615 1ft. 29913 -69. L11519 82.36906 -3.03012 0. 07188 

f6 
e-1rx (O I- 15x - 2 75:>,. + 3 90x ) 

2 
+ £r~ -0.16754 18.987Lt8 - 93.597 89 113.3828 -3,Lt3627 0,0Lt652 

f e-1rx(O + 15x - 75x2 + 90x3) 2 
-0.01578 llf. 81504 - 73.57406 87. 6820 7 -3.07986 0.02747 

7 + e:u 

f8 1 + tan x 1.00112 -0.42H9 - 0,19468 0. 25429 1.38608 0.00066 

£9 Ix 0.01864 4.13369 - 4 8606G 11. 58366 -2.39815 0,01072 

2 

flO 
-x 1. 000 41 1. 9391+6 1. 21718 - 1. 525 99 -1. 96908 0,00033 e 

fll 
X !,: 

min (c , e 2
) 0.97010 -1.56823 0.6 8180 0.00000 2 98S09 0.0219 7 

V, 
\0 . 



TABLL X}..}..l Complete <lelails of best approxrn1ations cor1pulc<l when usine r
9

(A, / ) CY 2 j 
£ c ( c1

1 
+ a 

2
Y + a

3
Y + a4> ) 00 

Define L = lr< x1) - r(A ,Y1 )1 
l. 

DATA Best R, Parameters 
0(0. 05)1 

00 

X = " 
al a2 a3 a4 C ma;{ :c

1 

fl e-lx (l + 2 3 l x + 1>, + lx ) 1.00000 1.00011 0.9 9995 1. 00023 -1. 00007 0.00001 

f2 e-lx ( lO - 3x + 12x2 3 + 15x ) 1 
+ £1 9.90006 1. 22766 5. 636 96 30.27473 -1 33015 0.0932!+ 

f3 e-lx ( lO - 3x + 12x 2 3 + 15x ) 1 
+ £N 10.01830 -2 94181 12.53366 15.16748 -1.0222 ? 0 06444 

f . e-b ... (10 - 3x + 12x
2 + 15x3) + 1 10.00674 -13.55190 22 43607 -6.75947 0 03052 0 04647 4 £u 

r5 e-,rx (O + 15x - 75x2 + 90x3) 2 + £ 
L 

-0.08405 17.61009 -86. 52715 103.2233 -3 23603 0 .1333L1 

[6 e-nx (O + 15x - 2 75x + 90x3) 2 
+ £N -0.21433 20 29668 -101. 4198 123.2556 -3.52223 0. 071185 

f7 
e-,rx (O + 15x - 75x

2 + 90'C 3) 
2 

+ £u 0.0156L1 14.86384 -75.0317L, 90.29340 -3 .13867 0.04204 

f8 1 + t an x 1.00088 -0.43320 -0.18932 0,25259 1.39917 0.00088 

f9 Ix 0 01819 4.67796 - 7. 52759 17.95251 -2 . 73!1!15 0.01819 

2 

flO 
-x 1, 000L13 1. 95169 1. 25l124 -1. 53877 -1.98235 0.00043 e 

fll 
X l✓ 

min(c , e·'-) 0.96212 -1 59197 0.70662 -0 . 00291 3.096 89 0.037 SS 

°' 0 . 



TA 13 ::r__. 1: A1.X II Complete details of best 1
1 

and 1
2 

approAimntions computed when using r
10

(A, x ) = a
1
sinh (cy) + a

2
cos 11 (c 

_, 

X = 

DATA 

0(0.05)1 

1 3 sinh (lA) + 5 cosh ( lx ) + EL 

3 sinh (lx ) + S cosh (lA) + E~ 

1 3 sinh ( lx) + 5 cosh (lA) + EU 

2 
8 sinh ( lY ) - 3 cash ( h ) + cL 

2 
8 slnh (l y ) - 3 cas h ( lx) + EN 

2 
8 sinh ( l x ) - 3 cosh (lx) + EU 

1 t- t an x 

Ix 

2 
-x 

e 

• no best appr0Yin1allon found . 

r:c 
l. 

21 

0.9 9999 2.00000 1.00000 0.00000 

2.39499 5.11692 1.05308 0 08040 

2 88046 5.04025 1.00540 0 03666 

3.11447 5 00772 0.9 82 75 0.02 208 

Best 12 Para~e t ers 
~·c 

C fl 
1.00000 2.00000 1.00000 0.00000 

2.9 6473 5 01051 1.00083 0 11833 

2.95524 5 03533 0.99 835 0 04773 

3.12 398 4. 99231 0.9 8423 0. 02788 

9.05332 -2.97754 0, 86911 0.02 292 9.15344 -2 . 96112 0. 85593 0.03321 

8 57319 -2 .9972 7 0. 92728 0,02997 

8,425 80 -3 03 230 0.95311 0.02320 

0.672 83 1.03208 1.04850 

t 

t 

7.57150 -2.9 8836 1, 05 898 0.03793 

7.950 43 -3 .01475 1. 01157 0.02824 

0, 62230 1 .02919 1. 08575 0.01804 

i 

i t 

7 



TJ\.BLL AXXIII CompJ c tc dctc1lls of besl .t
00 

appro'{imnt-Lorn:; cornpulc.cl ulwn us1.ng r
10

( J\ , ) ) = <.1
1

s1nh(c / ) f a
2

cos h(cY) 

De fine C
1 

= lr(x
1

) - r(A~, x
1

) I 

DATA 

X = 0(0 .05)1 

fl 1 sinh ( lx) + 2 c osh (lx ) 

[2 3 sinh(lx ) + 5 c osli ( lx ) + 1 
EL 

f3 3 sinh(lx ) f- 5 cosh ( lx) + 1 
EN 

£4 3 sinh(lx ) f- 5 c osh (lx ) + l 
cu 

£5 8 sinh (lx ) - 3 cos h (b, ) + 
2 

EL 

f6 8 sinh ( l:x) - 3 cosh ( l x ) + 
2 

EH 

£7 8 sinh ( lx) 3 c osh (lx ) + 
2 

cu 

[8 1 + tan x 

f 9 Ix 

2 

flO 
- x 

e 

fll 
X ~ 

r1in ( e , e 2
) 

I bes t approximntion found no 

llest 9, Parameters 
CX) . , ... 

" 
al a 2 C 

1. 00000 2.00000 1 00000 

Lf 5 7872 4. 95361 0 82798 

3. 231111 5. 0/1186 0 96220 

3 10033 4 996 72 0.98352 

8 19830 -2 . 91309 0. 95 711 

6.1812 7 -2. 962 85 1.32488 

6.85481 - 3 0135 2 1.19255 

0.577 91+ 1 02656 1.11953 

t i" 

J ·1· i I 

t I· I· 

max r 
l 

0.00001. 

0.23751 

0 0856 8 

0 OL1382 

0 07116 

0 . 0799] 

0 OL.619 

0.02656 

i 

·1· 

t 

°' N . 



T ABL F X>J.IV Co,nplctc de tai l s of b est £1 c>nd i
2 

appr0} .. i 11<1L1.ons computed uhcn us inr; r 11 ( f. ,Y) 

De fin e Li = I f( x
1

) - F(A, ,}..
1

) I 

DATA 

X = 0(0,05)1 

1 
2 + 20}.. - 30(x-l/3)+ + tL 

1 
2 + 20}.. - 30(x-1/3)+ + tN 

1 
2 + 20}.. - 30(x-1/3)+ + tu 

Best £
1 

P aramcters 
I\ F\ 

C 

2 00000 20.00008 -30.00008 0 13333 0.00002 

0. 88818 27.41747 -36 29 969 0. 28376 0.55228 

2.00458 19 .5 5074 -31.47486 0.35706 0.30100 

1.53898 22. 89670 - 33.2 664 2 0.32349 0.22639 

Best i 2 Paran~ t e rs 
• I 

C 

1.99999 20 . 00006 -30 . 00006 0 . 33333 0 0 

1.41296 22 . 35409 -32 3315~ 0 32 661 0 6 

2.10960 19 . 83245 -31. 790 70 0 . 35031 0 5 

1.61529 22 .11969 -32 .5 3886 0 32306 0 2 

£
5

. -10 + 20x - 40(x-l/ 2)+ + t ~ -10,21007 20,75871 -39 . 88351 0.48698 0.22854 - 10.26240 20.79511 -40 .73535 0 . 494 83 0.3 

2 
f 6 · -10 + 20x - 40(}..-1 / 2)+ + ccl -10 . 08975 20,32950 -41 .42819 0.51506 0.43611 - 9,91818 19 .75669 -40 . 00028 0 . 506 87 0 5 

2 
-10 + 20x - 40(x- l/2)+ + t u - 9.90320 19.47124 -38 .68702 0.50263 0.21446 - 9 89788 19 . 41206 -38 44969 0 50000 0 2 

f S . l + L dn x 

£
9

: I x 

-x 
e 

2 

0.9 8177 1.12906 1.20485 0.66448 0.01458 

0.14908 1.4906 7 - 0.86284 0 27 725 0.01613 

1.01202 - 0.2 9045 - 0 53183 0 32848 0.00439 

0. 97G28 1. 28886 - 1. 28886 0 52J 73 0 00622 

0. 97884 1.15159 l. ?1230 0 . 67866 0 . 0 

0.02183 3 16231 - 2 46474 0 , 12704 0 C 

1. 01174 -0 . 28832 - 0 5255~ 0 .32139 0 C 

0, 97674 1. 2935 8 - 1. 2935 8 0.51947 0 C 



T All Ll:: XX1. V Complete details of bcsl 9-
00 

approx1J110.L1ons comp ut e d \lhc n usini r11 (A, Y) =-- a1 1- a2x t- .1 3 ( Y- c) + 

Define C
1 

= lf(x 1) - F(A
1 

,Y
1

)1 

DATA 

X = 0.(0 05)1 

2 + 20x - 30(x-l/3)+ 

1 
2 + 20x - 30(x- l/3)+ + CL 

1 
2 + 20x - 30(x-l/3)+ + cN 

1 
2 + 20x - 30(~- 1/3)+ + cu 

2 
-10 + 20Y - 40(x-l/2)+ + c1 

2 
-10 + 20x - 40(x- l/2)+ + cN 

2 
-10 + 20x - 40(x-l/2)+ + CU 

1 + t an x 

Ix 

2 
->... 

e 

2.00001 

1. 4 7998 

o. 73500 

1. 62810 

-10.40986 

- 9.61526 

- 9.95897 

0.03376 

1. 01039 

Bes t 9, Parame ters 
00 

19.9 9999 

20.77490 

28 . 75966 

22.27021 

22 00190 

19.49087 

19.68 760 

1.20327 

-0.28690 

-30 00000 

-30 7 3985 

-40.5252 6 

-32. 72 343 

-36. 77151 

1. 24993 

- 2 4335 0 

- 0 51051 

- 1 23722 

C 

0 33333 

0 33769 

0 2890 3 

0 32507 

0 3183 7 

0 . 50870 

T'\ UX Li 

0.00001 

1. 22234 

0 38736 

0.62126 

1 02212 

o. 02 926 

0.03376 

0 01039 

0. 02017 



TABLl: XX:XVI C'o111p lcte de t ails of bes t £1 
approxi mat ions compuLed when us i ne F

12
( A, x ) I l-

2 3 
~" ( - -= al a2Y a

3
x + <l y 4 .) 

!f (y ) 
'c 

De fine I: = r(A ,Yi)! 
l. l. 

DATA Best £1 Parameters n . 
~ l. 

,< , ( 

X = 0(0.05)1 al a2 a3 a,, as C 21 

fl: 1 + 4>.. - 2 3 3x + l x + 3 
4(x-l/2)+ 1.00000 3 99993 - 2.99973 0.999 73 4. 0005L, 0.50000 0 0000 0 

f2: -3 I- ] L1x + 4) 2 + 5x 3 
I- 12 (x-1/3 ) J + 1 -2.98345 13.31161 10.25936 7. 225 78 ?5.07 838 0 . 25838 0 01757 £L -

f3: -3 + 14x + 4x2 + 5),.. 3 + 12(),..-1/3)1 + 
1 - 2. 95276 12. 0/f028 18.6157Lf - 24.9 8Lt9 5 41. L,566J 0 20l179 0 03101 £N 

f Lr: 14>.. + 
2 

5x3 + 12(x-l/3): + 
1 -3.02559 lit. OLr009 4 26233 L1. 24018 12 32501 0 . 31015 0. 02160 - 3 + 4x + £u 

:[ 5: 7 - 3..c 
2 

- 9x 
3 3 2 7.024 73 -3. 856Lr l 8 .01153 -13 7182 7 47.33755 0. 7L1L1ltJ 0.0 3043 I- 4x - l S(x-1/2)+ + E:L 

7 - 3x f- 4x 2 9x 3 3 2 7.01521 -3 69288 7 35076 -13. 01,848 - L, 3 09281 0.71700 0.0 3278 f6: - 18(x- l/2)+ + E:N 

3'{ + L1x 
2 - 9).. 3 3 2 7 0137] -2 76950 2 81433 7 6935 6 - 18 OG975 O. L17662 0 015.'.i.'.i f 7: 7 - - 18 (>..-1/2)+ + E:u -

f8: 1 + t an x 0.99 89 4 1. 02837 - 0.15 G71 0. 582L1!, 2.22390 0 . 63930 0. 00057 

f9: Ix 0 00000 6.2L1735 -4].10605 112, OGL13 -111.67117 0 . 11962 0,00167 

2 

fio= 
-y 

1.00000 0 OOOEl/1 - 1.02789 0. 22277 0 37742 0 22906 0 0001'.~ e 

X !,c 
1.01602 55 959 3 09823 3 8081,9 7 64111, 0 . 52898 0 00~) 39 £11· min (e , c 2

) 0 -



T AB L r~ ~XVI I Comple t e de t a ils of b es t 12 approxi ma tions c oMputc d wh en using r12 ( A, , ) 

DATA 

X = 0(0.05)1 
-;,, 

Best 9,
2 

Parnrie t e rs 
, 

C 

£ 1 . 1 + 4:>... - 3x
2 + 1:>...

3 
1- 4(:>...- 1/2)1 1.00000 3 99998 - 2 99995 0 99995 4 00 010 0 500 00 0 00000 

£ 2 . -3 I- 14x + 4:>...
2 

+ 5x
3 

+ 12 (x-l / 3)J + E~ -2.99592 13.16005 12 02344 -11 49191 28 94445 0 23635 0. 02300 

2 3 3 1 - 3 + 14x + 4x + 5x + 12(x-l/3)+ + £cl -2 . 96335 13.04621 

£ 4 : -3 + 14, + 4Y
2 

+ 5x 3 + 12(x-1 / 3)~ + Et -3.00276 13 81752 

£ 5 · 7 - 3x + 4....., 
2 

9x
3 

18(:>...-1 / 2) J 1- ci 7. 02065 -3. 5951+0 

2 3 3 2 
7 - 3:>... + 4x - 9~ - l B(x-1 / 2)+ + EN 7.0 2003 - 3 62 251 

7.00435 -2 67418 

8 90671 - 1. 84 878 19 . 96498 0 3H09 0 OL1 322 

5.00622 3.63166 13 1] 431 0 32164 0. 02 69 2 

6.40422 -11.68711 - 19. 20145 0 . 57 898 0 04639 

6 65536 - 12.02500 - 29 99303 0 64303 0. 0!f635 

2. 32478 - G. 99168 - 18 53968 0 .4Gl 04 0 , 02829 

1 + t an ...c 0, 99918 1.02954 - 0.17101 0,GO OG2 2.31760 0 . 65155 o.ooosn 

2 
-x 

e 

0.00010 6.29883 -42.9 4068 122.0964 -171.6489 0.11~5 5 0 002~~ 

1.00001 -0.00077 - 1 00320 0 446 77 0. 20343 0 00010 

1.01243 0 48444 3 63006 - 4 44017 8 46309 0 SlJ) S 0 . 0134. 

---------- - -------- --------------- ------- - ---------



f --1 0 . 

f" ..::tl 

CoP1plc te details of b cs l £
00 

appro,,_:lmations c ornpuLed w:1en usinr; F12 ( A,x ) 

Define Li = l f (x ) - F(A~,x.) I 
l l 

DATA Best 9, Parame t ers 
00 

X = 0( 0 05)1 C 

1 + 4~ - 3x
2 + l x 3 + 4(x- l / 2) 3 1.00000 4 00000 - 2. 99995 0 9999 1 + 

3. 99988 0 . ( 9998 0 . 000( 

23.10920 0. 29081 0. 035 · -3 + 14~ + 4,
2 + 5~

3 + 12(x-l / 3)1 + c~ -2.99870 13 28446 9.5 9814 - 4.50232 

-3 + 14x + 4x
2 + 5x 3 + 12 (x- l/ 3)~ + c! - 2.87 665 12 51090 7 73725 3 19924 19 40747 0 . 4591 7 0 076: 

-3 ➔ 14 ~ + 4~2 + 5x 3 + 12 (~-1/3)! + ct -2 98331 13 61 717 5.98245 1 75 363 14 .13625 0 28(81 0 042: 

21. 17326 1 0, 4l,1 79 1 0 07 81 7 - 3x + 4x
2 

7 - 3x + 4x
2 

- 9x
3 

- l B(x- 1 / 2)! + c~ 

2 3 3 2 
7 - 3x + 4x - 9x - 18 (x-l / 2)+ + cu 

1 + t an x 

e 
2 

-y 

y ' .2 
m1.n ( e , c ' ) 

6.9383 7t -2 . 20909 1 I 0. 3665/f t 
lf 66357 

6.9 35 79 -2. 98476 4.9160( - 10 . 41184 - 21.05 805 0 . 56639 0. 090• 

6.97852 -1.54527 - 4.07009 1 97 931 - 25. 98545 0 36685 0 . 035 . 

0 99904 1.0361? - 0.2 0007 0. 63056 2 .41 370 0 66492 0 000 ' 

0.00374 6.04953 -40 . 22999 1]3 5966 -113.0773 0 ]1486 0 0041 

1. 00030 I -0. 03508 I O. 48705 I 1. 84 721 I 2 . 43263-I O 10616 1 0 00-1, 

1.02230 0.16901 4 94313 - 5.7 2930 11. 63011 0 . 52322 0. 022 

1-
""I::) e c ;--. i... s e of nu n1cr lc , l ins tal)il1.Ly , L11 0se c dscs ,-.ere run witl1 va lues of O 0001 nncl 10000 [01 TOTl 1~ and Q !,\ .\. 1cspcct.1_v~l) 
.:=i.n ' ,L , !.iv~ 0-..... 



CHAPTER IV 

RE~.ARKS ON NONLINEAR BEST £1 APPROXIMATIONS 

IV- 1. ReIT'arks . 

A theory of best ~pproximation cannot be considered co~plete until 

the questio~s of existence, uniqueness and characterization of best 

approximations are answered, and a satisfactory method is available 

to determine these approximations in practice . In this section we 

include some remarks on existence and characterization of best i
1 

approximations by the functions in Table I . 

Although best linear £1 approximations are guaranteed to exist , 

for the first ten nonlinear functions of Table I we have constructed 

data sets for which no best approximation exists . These same examples 

also demonstrate the possibility of nonexistence for best £ 
p 

approximations . For the last two functions in Table I (i.e . spline 

functions with one free knot) best discrete approximations always 

exist . Since uniqueness of best linear £1 approximations is not 

assured, even in the case of polynomial approximation, any attempt t o 

discover hypotheses which guarantee uniqueness of best nonlinear £1 

approximations would appear t o be fruitless . 

Rice (1964) contains the proof that the following property is 

characteristic of best linear £1 approximations . 

Theorem 1 : Let {¢
1

(x), ¢2(x), • •• , ¢n (x)} be a Chebyshev set on [ 0,1) 

and suppose the discrete s.:.._ .( C [ 0,1] . Then there e,ists 

a best £1 approximation 

which interpolates at 1eas 

y 
n 

F(A,x) = E a¢ (x) 
J=l J J 

n points of f(x) . 

on X 



69. 

The definition of a Chebyshev set is tne following. 

Definition 2: { ¢1 (A), ~2 (A), ••• , ¢n(x)} forms a Chebyshev set on 

[a,b] if detl~ (x )I j O, for every choice of n 
J 1 

distinct points X 
i 

from [a, b]. 

This result says that in searching for a best approximation we 

need only consider those approximating functions which interpolate f( ✓.) 

at n or more points of X. This raises the question of whether tnere 

exists a best nonlinear approximation by, for exaniple, F(A,x) = a1 + 

which interpolates f(x) in three points. O~r empirical study shows 

that although interpolation at the extra point (due to the presence of 

the nonlinear parameter c) is most definitely the rule rather than 

the e~ce?tion, this phenomenon does not always occur, even when the 

best approAimation is unique . However, we can use the characteristic 

interpolatory property of linear appr0Aimat1on to help analyse the 

situation that prevails with any of the functions in Table I (in the 

case of the spline functions, which do not form Chebyshev sets, the 

analysis is more difficult but still carries through) . 

We shall consider t 1 approximation by functions of the form 

F(A,x) = a
1 

+ a
2

ecx, although the arguments can be extended to other 

nonlinear functions . Existence of a best approhimation depends upon 

the d~ta defining f(x); note that no best approximation exists to the 

se {(0,0), (1,1), (2,2)}. For c # 0 ex he set {1,e } f orms a 

Chebyshev set on [O,l], and hence there exists a best linear t
1 

approximation by a
1 

ex. a2e which erpolates at least two points 

of f(x). If there exists a best nonlJ.near approximation by 

ex 
2e 
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ex a
1 

+ a2e , (c free), then there e:>..isls one which interpolates at 

le~st two points. Suppose f(x) = {(x1 ,f
1
), (x2 ,f2) , .•• ,(~,fN )}. 

For fixed nonzero c and i 1 J l et 

oe the function which interpolates the 

( 
_ 1] i J CA 

FiJ x,c) - a1 (c) + a2 (c) e 

.th th 
1 and J points of f(A). 

We are guar2nteed this unique function since {l,ec:x} 

n 
set . Let s

1 
(c) = E jfk - F

1 
(~ ,c)j, and define 

J k=l . J L< 

orms a Chebyshev 

G(c) = min Si (c) . 
ih J 

If we now allow c to vary, since F (x,c) 
1] 

and consequently S iJ ( c) 

are continuous functions of c (except for c = 0), then G(c) is 

also continuous. Furthermore, G(c) is precisely that function of c 

which we calculate in our algorithm. Thus our wethod is equivalent to 

that of locating the minimum of a continuous curve (except at c = 0) 

which is the envelope of a finite nuwber of curves, each of which is 

produced by interpolating a distinct pair of data points. 

Defining H = min{ lim G(c), lim G(c), lim G(c)}, then G(c) 
c+- 00 c->-0 c+J-<x> 

will have a minimum provided there exists an approximation to f(x) 

which has an error of approximation not exceeding H. We thus have 

a necessary and sufficient condition for the existence of a best t
1 

pproximation by 
ex 

F(A,x) = a1 + a2e • The quantity H can be 

calculated for any data set in practice by considering the limit of 

F (~,c) curves as c ~ -~ , 0 9 +co. Provided an approximation can be 
1] 

found which produces a sum of error s not exceeding H, then the 

existence of a best t
1 

approximation is guar8iiteed . 

Although G(c) is a conti~uous function, for nonzero c , this 

does not i mply that it is necessa~ily u..imodal in some neighboLrhood 

of its minimum. On the other hand a mo=c,t 's reflection will convince 
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the reader that any continuous function which is not in fact ~nimodal 

n a sm3ll interval enclosing its minimum is rather S?ecial. Such 

functions (e.g. f(x) = Ix sin ..!.j + !~I for nonzero x E [-1,1 ] and 
A 

f(O) = 0) do not seem likely to be representable as an envelope of 

curves S 
iJ 

Concerning the question of interpolation at an extra point, it 

appears in pract ice that the minimum of G(c) occurs when two of the 

SiJ(c) curves intersect. That is, the minimum does correspond to 

interpolation at three points. However we do have counterexam?les to 

show that this is not always the case. Interpolation at some n points 

of f(x) will therefore not be a general characteristic property of 

nonlinear best i 1 approximations. 

For other approximating functions the analysis is similar. For 

the rational function (a1 + a2x)/(l + ex) the function G(c) is 

also continuous except for poles at the zeros of the denominator. The 

quantity H in this case is defined to be H = min{ lim G(c), lim G(c)}. 
c-+-co c-4co 

Since best linear i approximations by Chebyshev sets are 
"' 

characterized by the error equioscillation property at n+l points, 

1.t is possible to carry out a similar analysis 1n this case. For the 

~ iJk iJl ex exponential case we define, ror nonzero c, FiJk(c) = a1 (c) + a2 (c) e 

to be that function which has the equ1.oscillation property at the i th 

th th 
J and k points. Defining S .k(c), G(c) and H 

l.J 
as before we 

obtain necessary and sufficient conditions for the existence of best 

i approximations by functions oft 
~ 

ype shown in Table I. 
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In the following pages of this section we have included example 

(see Table XllIX) of data sets for which no best £1 approxirrations 

eAist for each of the first ten nonlinear functions of Table I . 

Follm1!ng this, Figs. 6, 7 and 8 shew cases of approxi~ation by 

Ch 
F(A,A) = a1 + a2e where, respec~ively, no best approximation exists, 

the best approAimation interpolates two points, and the best 

approximation interpolates three points. 
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TABLE XXXIX . E:i,.,a~ples of data sets foe which no best nonlircar t
1 

approximations €},.1st by the first ten functions of Table I. 

App ro:i,.,imating Function Data Set 

a
1 

+ a2e 
c:i,., 

{(0,1), (1,0), (2,0)} 

(a
1 

+ a2x)/(l + ex) { ( 0, 1) , ( 1, 0) , ( 2, 0) } 

2 
(a1 + a2x + a3x )/(1 + ex) {(0,1), (1,0), (2,0), (3,0) } 

a
1 

T a
2
log(l + ex) {(O,O), (1,1), (2,1)} 

a
1 

+ a
2
sin(cx) {(0,0), (1,1), (2,2)} 

a
1 

+ a
2 

/ ( 1 + x) 
C 

{(0,0), (1,1), (2,1) } 

a
1
sin(cx) + a

2
cos(cx) {(0,0), (1,1), (2,2)} 

ex( , ) e a
1 

.,... a
2

x {(0,0), (0,1), (2,1)} 

ex 2 3 e (a
1 

+ a
2

,. + a
3
x + a

4
x ) {(0,1), (1,0), (2,0), (3,0), (L.,O)} 

a
1
sinh(cx) + a

2
cosh(cx) {(O,O), (1,1), (2,2)} 
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CHAPTER V 

A PRACTICAL APPLICATION, AND Pui CXTENS ION OF THE '~'.:.HOD TO TWO 

NONLINEAR PARA}iETERS 

V- 1. A£E.lication . 

During the course of this study a practical approAimation problem 

which easily adapted to our technique was brought to our attention . 

Pl ots of two year old seedlings of Sitka Spruce, White Spruce and 

Douglas Fir were sampled over a period of one year for their contents 

of various oinerals . Ue were given the results of these experi~ents 

and asked to supply a function which would apprmdmate the mineral 

content of the seedlings, for any time within this one year period of 

ehperimentation . The primary purpose of this approximation was to 

indicate the time at which the maximum increase in mineral content 

occurred . 

The data (see Table XL) was presented as a set of ordered pairs, 

(W~, t
1
), for each combination of tree cu~d ele~ent in the experiDents . 

w
1 

denoted the weight of the element in the tree at time t • 
i 

The 

only cha..~ge made in the data before attempting an approximation was 

to divide the t IS 
i 

by 365, thereby changing the interval of 

approximation from (0,365) to (0,1) . This was done for consistency, 

and ease of manipulation in the calculations. 

When plotted, the data had the general form of a pair of connected 

quadratics as shown in Fig. 9. This shape, and the apparent ehistence 

of wild points 1n the data, suggested that we attempt an i
1 

approxi-
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• 

., 

Fig. 9. General form of the data to be approximated . 

mation with a quadratic spline. Thus, our approximating function had 

the form 

The definition of a spline function is the following. 

Definition 3: S k(x) is a spline function of d gree m with knots 
m, 

(i) 

(ii) 

x1 < x2 < ••• < ~ if and only if it possesses the 

the following two properties. 

S k(x) is a polyno~ial of degree m in each of the m, 

intervals (- co,xl), [ x
1

, x2) , ••• , [ ~, oo) • 

S k (x) £ 
m- 1 i.e. it has continuous d rivatives up C , 

m, 

to order m- 1. 

In addition to giving a re son bly good fit, a quadratic spline 

(K) 
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will give us immediately the point in time at w.1ich the mavi"!'u:n 

increase in mineral content occurrea. This, of course , will be th 

point of inflection of the spli~e, i.e. the value of c in (K). 

Phase I was eAecuted with a step size of 1/26 (i.e. a step size 

of two weeks) . Thus our interval of u.ncertainty fo hase II was 

pproximately 0.08. For purposes of illustration three exa~ples are 

ncluded, the cases of P, K, and Ca content for Wh~te Spruce. 

Tab le XL contains the data for these cases, Table XLI the resultant 

coefficients of the best approximations, and Figs. 10 to 12 the 

corresponding graphs of the best approximations with the data points 

also plotted. The tolerance used in Phase II for these cases was 

0.000001 which was probably somewhat small as the 

to only 2D . 

w 's 
i 

were given 

These results were not co~pletely satisfactory as they did not 

resemble growth curves, which are flat (i.e. their first derivative 

_s zero) at the endpoints. This is easily accomplished as follows. 

By insisting that the approximating function (K) have derivative zero 

at the endpoints (i . e . at t = 0 and t = 1) we want to satisfy, 

respectively , 

0 = al 

and 

0 = a
1 

+ 2a2 + 2a3(1 - c) 

Equation (L) is satisfied by setting a~= 0 which results in (M) 

becoming 

(L) 

(H) 
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Thus the approximation problem has become: 

subject to 2a2 + 2a3(1 - c) • 0 

For ease of implementation via our existing computer programs, we 

regard this additional constraint as though it has arisen as an extra 

observation of the function. This is accomplished by adding to (A) 

the constraint 

Thus the slope at t • 1 will be approximately equal to zero, unless 

(N) 

we force ~+l • vN+l • 0 by choice of a suitable weight function w(x). 

Phase I and Phase II were executed for this constrained spline in 

the same manner as for the previous examples. The resultant coefficients 

of the best approximations are _contained in Table XLI and the correspon­

ding graphs are shown in Figs. 10 to 12 with the data points also 

plotted. It is clear from the graphs that if zero slope at the endpoints 

is required, then the constrained spline is a more satisfactory 

approximating function than is the unconstrained spline. 

Tnis data is from experiments conducted by Dr. R. van den Driessche 

of the Research Division Laboratory, British Columbia Forest Service, 

Victoria, British Columbia. Details of these experiments have been 

published in part in van den Driessche (1968). 
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TABLE XL· Da a for the mineral con ent of \Jhite Spruce 

Tir->Z Miner 1 content (mg. /plant) 
(years) p K Ca 

0.0 0.38 0.89 0.53 

0.0712 0.37 0.84 0. 98 

0.1699 0.36 0.81 1.07 

0.2219 0.40 1.14 1.26 

0.2603 0.46 1.43 0.76 

0.2986 0.59 1.77 1. 14 

0.3370 0.77 2.45 1.67 

0 . 3753 1.05 3. 00 1.89 

OJ.,137 1.15 3. 81 2. 11 

0.4521 1.31 3. 90 2. 75 

0. L;90t, 1. 36 3.80 2. 33 

0. 5288 1.71 4. 48 2. 58 

0. 6055 2. 42 5.58 5.51 

0.6822 2. 89 6.23 6.15 

0. 7589 2. 82 5. 72 5. 41 

0.9890 2. 87 4.21 4.97 



TABLC XLI · Complete d0Ldi l s of best i 1 approxlrn~tlons for P, K, and Ca c0ntent of 

Mineral 

p 

p 

K 

K 

Ca 

Ca 

2 2 
Whi te Sp ruce when us ing F (A, f ) = a0 + a1 t + a 2 t + a 3 ( t - c\ 

Unconstrained or 
Constrai ned Spline 

u 

C 

u 

C 

u 

C 

Best i 1 Parameters 
X X 

al a2 a3 * C 

0.38000 -1.80677 

o. 203a1 o .ot 

8.54773 -24.40072 0.57991 0.06526 

5. 41311 -12.19543 0. 55614 0.116 43 

0.89000 -5.52210 29.73649 -51.98313 0.36(03 0.16302 

o. 38068 o.ot 18.22227 -27.55482 o.33869 o. 39353 

1 .23567 -4.83833 17.53494 -51.57505 0.57991 0. 2987~ 

o.5 3000 o.ot 10 .79150 -22.18560 o.51358 o .41107 

tby the definition of the constrained spline. 

0::, 
N . 
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V- 2. E,te,ision to Functions Nonl:u,car i:i. Tua Para,..,eters. 

The approximations of the previous section provide a satisfactory 

inaication of the time of maxi~um mineral increcse . Generally, however, 

one would desire more information than these functions provide. Onz 

model for describing data of the type found therein yields the Richarcts' 

function, which is defined by the differential equation 

dU = kW (An - Un) 
dt nAn 

(0) 

wnere W and t are as in the previous section, and A, k and n are 

constants . The integrated forn of (0), given by Causton (1969), is 

W = A(l ± be- kt) - l/n 

wPere b is associated with the constant of integration, while the 

sign of b is positive or negative as n is positive or n lies in 

the range - 1 ~ n < O. The function is not defined for n < - 1 or 

n = O. 

(P) 

Causton (1969) discusses tPe solution of the normal equations for 

the t 2 norm, involving Newton- Raphson in four dimensions. The nuoerical 

difficulties in this method are well known (Ralston (1965)) . He 

changes the problem from fitting a curve of the form (P) to fitting 

a curve of the form 

where 

- kt Q = R + S log(l + Be ) 

Q = log H, R = log A, S = 
1 
n 

and B = lb I. Because of the 

very large valt.1.es which B may ess ...... 7.e, we found it convenient to 

define 8 = log B and attempt an approximation wi~n the function 

(Q) 
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Q = R + S log(l + eS- kt) 

From the s tandpoint of the technique discussed in this thesis, 

approximations with (R) are not nearly as formidable as wo~:d be 

those with (P). We are nou faced with the problem of fitting an 

approximating function which is nonlinear in two of its parameters, 

nzmely S and k. 

The manner in which we have adapted our t echnique to handle a 

(R) 

case such as this is as follows. Intervals are chosen for S and k, 

in which are expected to lie those values of S and k which minimize 

the error function 

G(S,k) = t11in 
a1,·• · ,an- 2 

11 f(t) - F(A, t) /1 (S) 
p 

where, in this specific case f(ti) = Qi, A= {a1 , • •• ,an_2 ,S,k} = {R,S,S,l}. 

In Phase I this area is covered by a mesh and G(S,k) is calculated at 

each of the mesh points. The point, (Si,kj), which yields the miniwum 

value of G(S,k) for the mesh points can thus be determined by inspection. 

* k The optimal values S and k are then found by implementing Phase II 

as a Fibonacci search in n~o dimensions over the area determined by 

si-1 < s* < S_..+l and k l < k* 
J - < k 1• J+ 

To accomplish a Fibonacci search in two dimensions for this case 

we first fix one of S and k, say 8 = 8~ , and ehecute a one- diroen-

s1onal Fibonacci search on k over the interval (kJ _1 ,kJ+l) to find 

A 
k

0 
, that value of k which mini zes * G(S0,k). Next fix 

k 
k = kO 

execute a Fibonacci search on S over the interval ( Si- l'Si~l) to 

* find s1 , that value of * S which minimizes G(S, k0). We continue 

and 
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~ ... 

in th1s fashion, fiAing S = S to calculate k and k = k to 
m m m 

calculate s~1 . Tis procedure is halted wen ls: - s;_
1
1 or 

,., ,( 

I ·m - km_1 1, according as k or S is fixed, is less than sc~e 

* prescn.b d to ranee. At this point we ass1.Lme that we have S and 

as our mos 
n 

k 1 • m-

recently calculated val es, S 
m 

and and 

We tested this procedure in the i
2 

norm with an example from 

Causton (1969), ettempting to fit an approximation of he form (R) to 

the data in Table XLII . 

TABLE XLII : Data used for testing the two- dimensional F bonacci search 

t w t w 
(weeks) (grams) (weeks) (graws) 

2 0.3898 ll, 5.610 

l, 0 . 8110 16 9.698 

6 1.293 18 12.56 

8 1.8l,O 20 21.85 

10 2.590 22 23 . 12 

12 3.770 24 20.03 

The approximation, while differlng so ewhat from Causton's (see Table 

XLIII), resulted in the same error of approAimation, as shown in 

Table XLIII . It 1s evident from Table XLIII that the error of 

approximation when using (Q), and therefore (R), is very insensitive 

to ch.:inges in its nonlinear paramet rs . In other words, ~e error of 

approximation produces a flat f c on n a l ar£e area about its 

minimum. 
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TABLE XLIII Complete details of best 2? approAimations to the data of 
- - kt 

Tab le A"LII by a function of tPe form Q = R, S lo~(l + Be ) 

Pararceter Two- Dimensional Searcli Causto~'s Results 

R 3. 0773 3.0772 

s - 0.0402 - 0.0400 

B 4. 1313 X 1045 7.7020 X 1045 

k. 5.2460 5.2149 

L{f - F(AA ,t)}2 
0.1159 0.1159 i 

This flatness of a function in an area about its roininum can lead 

to difficul t ies as the following simplified argt11~ent shows. Consider 

a uni modal function of two variables, say z = f(x,y), which is quite 

flat in a large interval about its minimum in the z- y plane. Assume 

that we have co~pleted Phase I of our search and we are about to 

proceed with Phase II over the area defined by x1 < x < x2 and 

Y1 < y < Yz • It is clear that a situation such as is shovm in Fig . 13 

could easily arise . Fig. 13(b) shows the area we are about to search, 

the rectangle defined by the four points (x1 ,y
1
), (x1 ,y2), (x2y2), 

(x2,y1) . Suppose x3 is one of the x values which occurs in the 

Fibo~acci search over (x1 ,x2), and x3 is such that f(x 3 ,yJ) < f(xi,yJ) 

for all x
1
(i ~ 3), y ~ which occur in our two- di~ensional Fibonacci 

J 
search. We then have a situation as pictured in Fig. 13(a). The 

algorithm we have described above for executing a two- dimensional 

Fibonacci search uill result in the minimum of z being given at the 

point (x3 ,y2), when clearly it shall be given at the point (~
3

,y
3

) . 

Our Phase I, then, did not isolate the minimum. 
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Fig . 13 . Views of z = f(x. ,y) for i=l,2,3 in the z- y and x- y planes. 
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Unfortunately, this situation is recurrent with these fla 

functions, i.e. if we now e"<pand our area over which we are e :;, ecuting 

our se.nrch, an X4 can e .. dst imich will cause the save difficulty as 

described above. It is also possible that, even if ue do exec~te 

Phase II successfully, so~euhere in our f~nal area of u~certainty 

there exists a value of one of the independent variables which will 

result in t~e above occurring. 

It appears that the effectiveness of this type of search would 

increese as the minimum of the function became more pronounced. 

We turn now to the problem of approximating the data of Table XL 

with the form (P). As in the cases involving quadratic spline 

approAimations the 21 norm was used. It is not surprising, in view 

of the results shown in Table XLI, that, for this data, the error 

function (S) proved to be very flat in a large area about its minimLm. 

T~e result was that we were unable to distinguish best 21 approximat10~5 

of the form (P) for the data of Table XL. 

In summary, extending our method to two or wore nonlinear parameters 

is feasible so long as the minimum point is well defined . 
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C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

C 
C I 

C 
C 

IMPLICIT REAL*S(A-H,0-Z) 
INTEGER POLY,FR,WT,SC,RST,RNVT,RPT 
LOGICAL LA 
DI~ENSION Q{26,6),W(21),X{21),Y(21),LA(21) 

INPUT AND INITIALIZE ARGUMENTS FOR SUBROUTINE MINSUM 

READ(5,l)N,M,POLY,FR,WT,SC,RST,IT,ALPHA,RNVT,RPT,TOLER,QMAX 
1 FORMAT(215,511,215,211,?F20.0) 

Nl=N+l 
N5=N+5 

' M4=M+4 
Ml=M+l 

INITIALIZE ENTRIES OF X 

DO 3 I =l,N 
3 X(l) = (I - 1)/20 .DO 

DO 200 LMN=l,12 

INPUT LOWER BOUND ON NONLINEAR PARAMETER AND STEP SIZE 
READ ENTRIES OF Y 

READ(5,4)CSMALL,CSTEP 
'4 FORMAT(8Fl0,0) 

READ(5,4)(Y( I), l=l,N) 
' WRITE ( 6, 7) L MN 

7 FOR MAT('lFUNCTlON NU MBER:',13) 
WRITE(6,50) 

50 FORMAT( 1 0 1 ,Tl3,'C'yT33,'ERROR',T53,'DELTA 
1T93,'A',Tl13,'B'//J 

C=CSMALL-CSTEP 
DO 100 IJK =l,201 
C=C+CSTEP 

INITIALIZE Q 

0',T73,'EXIT NUMBER', 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
41 
44 

t:, 
~ 
H 
< 
trj 
~ 

~ 

~ 
c;) ~ 

~ ~ 
~ 

'%j t 
0 I-
~ :, 
~ I-.... 
t"tj 

g: 
en 
trj 

H 



C 

C 
C 

DO 8 1=2,Nl 
QC T, ll=Y( I-1) 
Q{I,2l =lo0 

8 Q(I,3l =DFXP(C*X(I-l)) 
C A L L M I NS U M ( N 5 , M '1 , N , Q ., P O L Y , F R , WT , l·J , S C P R ~ T , I T , AL P 11 A , RN VT , R P T , L A , 

l TOLER, OflAX ) 
DELQ=Q(l, 1) -ERPRE V 
I F( IJKo[Q.1 )D ELQ=OoO 
ERPREV=O(l,ll 

C OUTPU T COEFFI CIE NTS OF APPROXIMATION, ERROR OF APPROX!t1ATION AND 
C FI RST DI FFERFNCE FOR ERROR OF AP PROXIMATION 
C 
C 

WRITE(6,9)C,Q(l,l)9DELQ,Q(N+2,M+3),(Q{N+3,LL),LL=2,Ml) 
9 FO RMAT(' ' , T5,6D20a7) 

1 0 0 CO NT I N LJE= 
200 CONTINU[ 

CALL EXIT 
[ND 

45 
lt6 
47 
48 
4 9 
50 
51 
5? 
53 
54 
55 
56 
57 
5 8 
5q 
60 
61 
6? 
61 
64 
65 
66 

\.D 
V, . 



C 
C 

IMPLICIT REAL*8(A-H 0-Z) 
INTEGER POLY,FR,WT,SC,RST,RNVT,RPT,XO,Xl,X2,X3 
LOGICAL LA 
DIMENSION Q(26,6),W(21),X(21),Y(21),LA(21),QFX(2) 

C INPUT AND INITIALIZE ARGUMENTS FOR SUBROUTINE MINSUM 
C 
C 

C 
C 

READ(5,l)N,M,POLY,FR,WT,SC,RST,IT,ALPHA,RNVT,RPT,TOLER,QMAX 
1 FORMAT(215,511,215,211,2F20.0) 

Nl=N+l 
' N5=N+5 
M4=M+4 

,Ml=M+l 
LMN=O 

C INITIALIZE ENTRIES OF X 
C 
C 

C 
C 

DO 2 I =1, N 
2 X(l) = (I-1.0)/20.DO 

C READ BOUNDS OF INTERVAL TO BE SEARCHED AND ENTRIES OF Y 
C 
C 

C 
C 

3 READC5,4,END =lOO)A,B,EPS 
·4 FORMAT(8FlO.O) 

READ(5,4)(Y(l),I=l,N) 
LMN=L MN+l 
WRITEC6,7)L MN,A,B,EPS 

7 FORMAT('lFUNCTION NUMBER:',13,5X,Fl0.5,'< C <',F10.5,5X, 
l'TOLERANCE =',010.2) 

WRITE(6,8) 
8 FO RMAT( '0' ,Tl 3, •c• ,T30, 'ERROR' ,T47, 'A' ,T64,'B') 

C PERFORM FIBONACCI SEARCH 
C ' 
C 

ITN =O 
Xl =l 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 



C 
C 

X2=1 
9 XC=X2 

X2=Xl+X2 
Xl=XO 
I F( ( 2.o:1,x2+Xl) >'< EPS.LT0 CB-A))GO TO 9 
H= ( B-A )/(Xl+z.o ~xz> 
XO=Xl 
Xl=X? 
X? =X O +X 1 
XC'=O 
LL=-1 
C=A+Xl'"'H 

C I NITIALIZE ENTRIES OF Q 
C 
C 

C 
C 

10 DO 11 1=2,Nl 
QCI,l)=YCI-1) 
Q(l,2) =1.0 

11 QC I,3) =- DFXP(C <X(!-1)) 
CALL MINSUMCN5,M4,N,Q,POLY,FR,WT,W,SC,RST,IT,ALPHA9RNVT,RPT,LA, 

l TOL ER,OMAX ) 
I TN = ITN +l 

C CHECK THAT MIN SU M WAS EXECUTED PROP ER LY 
C 
C 

I F ( Q ( N + 2 , r 1 + 3 ) e N E • 1 • 0 ) ~'1 R I T E C 6 , 1 2 ) Q ( N + 2 9 M + 3 ) 
1 2 f0 RMAT<90Al3NORMA L FXIT FROM SU BR OUTI NE•.o. '< ,< ,\>. >.o, EXIT NU l1BER = 0 , 

1 F4. 0 l 
IF(LL)l3,14,15 

1 3 FXl = Q(l,J) 
on 5 1 I = l t M 

5 1 QF X( I ) =Q (N +3, I + l) 
LL=() 
C=/1. 1-X 2'"H 
GO TO 10 

14 FX2 =Q ( l, ll 
on 5 2. I=l,M 

52 o r X(l ) =Q ( N+-3, I t- l) 
GO TO 16 

1~ FXi =- Q(l,l) 

4 5 
'+6 
47 
'+8 
49 
5() 
51 
52 
5 3 
54 
55 
5 6 
57 
5 8 
5 9 
60 
61 
62 
63 
6 4 
65 
6 6 
67 
6 8 
6 9 
70 
71 
7? 
71 
7 4-
7'> 
76 
77 
78 
7 q 
8() 
81 
82 
8 '.\ 
84 
8S 
8 6 
87 
BG 



C 
C 
C 
C 
C 

DO 5 3 I= 1, ti 8 9 
53 QFX(I)-=Q(N-<3,Hll 90 
16 IF((Xl -XO ).,[= Q. UGO TO 19 91 

IF( FX1-FX2)17,17,18 9 ? 
17 X3 =X1 93 

Xl=X O+X Z-X l 94 
X2 =X3 9 5 
FX2 =FX1 96 
C=A +X l " 1-1 97 
LL=J 98 
GO TO 10 9 9 

18 X3 = X2 100 

19 
20 

21 

25 
26 

28 

27 

901) 
901 

907 

X2=Xl +X l -XO 101 
XO=X l 102 
Xl =X1 101 
FXl =F X2 1 04 
C=A+X2 >< H 1n5 
LL =O J OA 
GO TO 10 107 
IF(FX1 -FX2 ) 20,20,21 J OB 
C=A+Xl •H 109 
~RROR =-F Xl 11 0 

GO TO 2 5 1 11 
C=A+X2~H Jl? 
ERRO R=FX2 1 13 

114 
115 

OUT PUT PARAMETERS OF BEST APPROXIt1ATION AND ER h. t_, R OF APPRO XI f11\TI ON JJ6 
1 17 
1 18 

WRITE (6 ,26 }C ,fRROR, ( QFX (Il,I ~ l, M) ll Q 
FO RMAT ( 0 0 r ,r5,7n17.7) l ?O 
WRITF(6,? 8)ITN 1 21 
FORt1AT ( 0 OITrRATTONS OF FI BONACCI SF ARCH =', 13) 12? 
WRITF(6,27) 12 3 
FOR MAT (////) 1 ?4 
Il =ALPH~+2 1? 5 
M~=M+3 126 
QO 900 I = Il,Nl 127 
WRITE(6,9Ol l Q(I , 1), Q(I ,M 3) 1 ?8 
FnR MJ\T (' ',2D20.7) 12 9 
WRITF(6,907) 130 
10Rf 1A T ( '0' ) 1 3 1 
ESU M=O. DO 11? 



C 
C 

DO 910 I = ltN 
E = Y ( I ) -OF X ( 1 ) -Q F X { 2 ) >'<DEY P ( C, X ( I } t 
ESU M=fSUM+OABS(C) 

C OUTPUT ERROR OF APPROXIMATION AT EACH DATA PU INT 
C 
C 

9 l O \JR IT E ( 6 , 911 ) I , E 
9 11 F O R ,.., AT ( ' X ( ' , I 2 , ' ) ' , 5 X , D 2 0 • 7 ) 

ESUM=FSU l1/ N 
WRITE ( 6, 9 l 2) E SU t1 

912 FO Rt1AT( ///// ' SU M OF ABS ERRORS DIVIDED BY N: ',020.7) 
GO TO 3 

100 CALL FXI T 
END 

131 
134 
J. 3S 
1 3f.> 
l '~ 7 
1,n 
13 9 
1 4() 
J I+ l 
1 11-2 
14~ 
1 lt4-

l 45 
llt 6 
147 
148 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C I 

C 
C 

SUBROUTINE MINSUM(N5,M4,N,Q,POLY,FR,WT,W,SC,RST,IT,ALPHA,RNVT,RPT, 
lLA,TOLER,QMAX ) 

IMPLICIT REAL*8(A-H,O-Z) 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
SUBROUTINE MINSUM 

PURPOSE 
MINSUM USES A MODIFIED SIMPLEX METHOD TO CALCULATE THE BEST 
Ll APPROXIMATION (MINIMIZE SUM OF ABSOLUTE DEVIATID~S), 
BY ANY LINEAR CO MBINATION OF M GIV EN FUNCTIONS (WHICH MAY BE 
DEFIN ED IN A MULTIDIMENSIONAL SPACE), TO A FUNCTION F(X) 
DEFINED IN A TABLE AS N ORDERED PAIRS. 

USAGE 
CALL MINSUM{N5,M4,N,Q,POLY,FR,WT,W,SC,RST,IT,ALPHA,RNVT,RPT, 

LA,TOLER,QMAX) 

DESCRIPTION OF PARAMETERS 
N - NUMB ER OF DATA POINTS DEFINING THE FUNCTION F(X) 

WHICH IS TO BE APPROXIMATED 
N5 - N+5 (INPUT FOR ADJUSTABLF DI MENSION S) 
M4 - NUMB~R OF GIVEN FUNCTIONS FROM wHICH THE APPROXIMAT-

ING FUNCTION IS CONSTRUCTED PLUS FOUR 
Q - HAS THE BOUNDS (N5, M4 ) AND MUST ON ENTRY CONTAIN A 

COEFFICIENT MATRIX Q(2:N+l,1:M+l)- THEN VALUES OF 
F(X) ARE IN Q(I,ll FOR 1=2,3, ••• ,N+l ANO THEM SETS 
OF FU NCTIONA L VALUES GENERATED BY THE INDfPENDENT 
VARIABLE{S) ARE STORED IN Q(2:N+l,2:M+l) 

POLY - IF POLY=l A BFST POLYNOMIAL APPROXIMATION OF DEGREE 
M-1 IS OFTERMINED. HERE IT IS ONLY NFCESSARY TO 
SUPPLY THEN ABSCISSAE OF F(X) TO Q(I,3) FOR 1=2,3, 
••• ,N +l, ANO THE J'TH POWERS OF THESE VALUES ARE THEN 
COMPUTFO AND STO RE O IN WORKING LOCATIO~. 

FR - IF FR=l THE FIRST M PIVOTAL COLU MN SEL ECT IONS ARE 
RESTRICTED TO THE M+l COEFFICI E~T VECTO~S (L ABELLED 
N+l, ••• ,N+M+l). USUALLY FEWER ITERATIONS ARE REQUIRED 
WHEN FR=l AND THERE IS ALSO A SMAL L SAVING IN THE 
TIME REQUIRED TO SELFCT THESE FIRST M COLUMNS 

WT - IF WT=l THE PROCEDURE CALCULATES A BEST WEIGHTED 
APPROXI MATION 

W - HAS THF BOUNDS (l:N) AND MUST CONTAIN TH EN WEIGHTS 
REQUIR ED WHEN WT=l 
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22 
23 
24 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
(, 
(" 

C 

SC - I F SC= l THE M+ 2 COL UMNS OF THE I NI TIAL fv\ATRIX ARF 
SC AL ED BY D I VI D I N G E AC H C O LlH1 hi R Y I T S t\ I'.\ SOL lJ T E 
LARGf ST ELEMENTo THE FI NA L MATR [ X I S P ECO NVER TED 
Bf FORE EX I T f ROt1 THE SU BROUTINE. 

RST - I F RS T= l TH E ~U BR OUT I NE IS Rf STA~TF D AT STEPl. THE 
MATRI X Q( l :N+4, 1: M ► 3 ) PRODUC t D ~y THE LAST I lERATION 
MU ST BE SU PP LI ED, AND THE CALCUL ATI ONS t\RE THEN 
CONTINUED . 

I T NU MBFR OF IT ERATION S COMP LETE D AT LA ST EXIT. THIS 
I NFORMATI ON NFF O ONL Y BE SU PPLI F D TO THF SUBRO UT IN E 
\ J H E N R ST= l ., H m1 E V ER WHEN RP T = 1 T H I c; AL S O AC T S t, S A N 
IN PUT PARAMETER WIHC H SPE CIFIF S HO\~ MANY ITE RA TIO NS 
TO REPEAT .. 

ALPH A- NU MBER OF COEFFI C IEN T VECTOR S I N THE RAS I S .. THIS 
I NFORt~ATI ON NEED ONLY BE SUPP LIE D TO T HE SUBROUTINE 
WHEN RST= l OF WHEN RNVT=l ., 

RNVT - I F RN VT= l TH f FINAL BASIS TO DATE IS REINVERTfD IN 
TH E MINIMUM NUMBER OF I TERA TIONS ( =ALPHA). STARTING 
AGAIN FROM THE I NITIAL MATRIX THE CALCULATIONS ARE 
REPEATED MORE EFFICIENT LY AND ACCUR_ATFLY BY ELil1INA­
TI NG ALL THE UNNE CESSAR Y P IVOTING. THE TNITI/\L CO EF­
FIC IEN MATRIX rs STORED IN Q( ?:~+1 ,1:M+l) BUT OTHER­
wrsr THE t\ R~AY Q I S SU PP LI ED UNCHANGED FRO M ITS 
PRE VIOUS FINAL FORM. \-/ ll EN RI\JVT= l TH [ PA RA'"1E T[RS FR 
AND RNVT ARE SET EQU AL TO O BEFORE EXI1 ING FROt1 TH E 
SUBROUTINF. 

RPT - I F RPT= l THE CALC ULAT I ONS ARE REPEATE D FOR A 
SPE CIFIE D NU MBER ( =IT} OF ITERATIONS. THIS I S USUALLY 
E M PL O Y F O \~ 11 E N RE HJ VF RT I NG A PROB L E t 1 \.,fH I CH 1--1 I\ S t\J O T 
BEEN SOL VED SUCCFSSFUL l Y AT THE CTRST ATTE MPT . FO R 
EXA "1P LE, WE MIG~T OCCIDf TO REPE/\T THE CAL CUL ATIONS 
FO R 2n I TERATIONS9 WHI CH INCLUDE 10 I TERAT TO~S FOR 
PE INVERSION. THIS INTER MEDIATE BASIS CAN TH~N BE RE­
I NVERTED I N 10 ITERAT I ONS, AND A FURTHFR 10 IT fR/\-
T I ON S Pf RF ORME D 1 AND SO ON • PRO C E ED I NG I N TH I S t1 ANN f R 
W F C A N SO 1v1 E T I ME S ARR I V E A T A N OP I M lJ t 1 SC L UT I O ~4 , ~J H E R E 
I NITIAL LY THJS HAS NOT BEEN POSSIBLF . 

TOL ER- A POSITIVE TOLERANCF LfSS THAN ~HICH QUANTITIES 
ARE CONSIDERED TO BE NONPOSIT I VF . EMP I ~ICAI EVIDENC~ 
SU GGESTS THAT I NPUTTING TOL[R=.00001 IS SUITA RLF 
~..JHrN SEVEN f1FCH1Al DIGITS ARf i\Vi'\IBLE , /I. ND PlllTING 
T OLE P=.00000001 WITH ElF'V EN DECI,1A L or:;rrc;. DFCRf-AS­
I NG THE MAGI\JIT UDE OF TOLCR US UAL LY DECRFASFS TH F 
TOTAL NU MB[R OF I TERATIONS REQUIRED. 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

QMAX - A LA RGE POSITIVE NU/WER i1HICH THE ~1INit1UM QUOTIE NT 
O✓ HI CH DETER MIN ES THE P I VOT) MUST NOT EXCE ED. PUTTING 
QMAX=l / TOLER IS USU ALLY SATI SFACTO RYo 

I F ANY OF TH E INTEGERS PO LY,FR,WT,SCvRST9RNVT,OR RPT IS NOT 
EQUAL TO 1 TH EN NO ACTION IS TAKFN. 

T HE SU BROUTIN C T ERtlINATES FOR THE FOLLO I-IING REASO NS: 
( 1) A BEST AP PROXIMATION IS FOUND SINCE ALL TH E MARGI NA L 

COS TS ARE LESS OR EQUAL TO TOLERo THIS I S TN8If ATf D 
8 Y Q ( N + 2 , ~H- 3 ) = 1 • T HE E RR O R OF AP P ROX I M AT I ON ( S U tl Of 
WEIGHT FO ABSOLUTE DEVIJ\TIONS ) IS GIVFN BY 0(1,1) AND 
TH F M COEFFICI ENTS OF TH r BEST AP PRO XI MA TION ARC 
CO NTAINED IN ORDER BY Q(Nt39J ) FO R J =?,3, • • • ,M +l. 
TH E WEIGHTF O DEVIATIONS AT THOS E POINTS \HlfY AR E NOT 
I NTERPOLATED BY THE APPROXIMATING FU NCTION A~E I N 
QC I v1) FOR I =ALPHA~2y ••• ,N ❖ l HITH THEIR CORRf SPO NDING 
LABEL~ AND S IG~S I N Q([9 M+3 )o 

( 2) CALC ULATION IS STO PPED IF NO SU ITABLE PIVOT CAN BE 
FO UNDo THIS IS INDICATED BY Q(N+2, Mv 3)=2. 

( 3) A SPECIFJFD NU MBER OF I TERATIO NS HAS REEN SUCC FSSFU L­
LY CO f1P LETfD WITH RNVT =l AND RPT NOT EQU AL TO 1. THIS 
IS IND I CATED BY Q(N+2,M +3)=3o 

( 4 ) A SPECI FIED NU MB ER OF ITERATIONS HAS B F EN surcESS FUL­
LY CO MPLET ED WI H RPT= lo THIS IS I NDICAT ED BY 
Q( N+ 2, N+ 3 l =:!+. 

• • • o • e o o o o o o o o o o o o • o o o o o o o o o o Q o e • o o o o o o • o o o o o o o o • o o o o o • o o o o • 

I NTEGE r' POL Y, rR, 1H v SC ,RS T ,RNVT, RPT, ALPHA, T 9 Rv AL, OUT 
LO GICAL LB,L/\(Nl 
DI MENSI ON Q(NS,M4),\l(N) 
M= M4-l~ 
Ml=M + l 

2= +2 
"13= M+ 3 
Nl =N+-1 
N2=N + ? 
N3=N+1 
N4=N+4 

TES TS I NP UT PARA METERS 

JF ( RPT.EQ . l) GO TO 95 
P=-1 ' 

89 
90 
91 
9? 
91 
94 
95 
96 
97 
98 
9 9 

100 
1n1 
102 
103 
104 
105 
10 6 
10 7 
J. 08 
109 
1 10 
J. 1 1 
11? 
11 ~ 
lJ 4 
1 15 
116 
11 7 
118 
11 9 
l ?O 
121 
l?? 
1 2~ 
1? 4 
125 
1? 6 
1 27 
l ?O 
1 29 
1 1~) 
1 3 1 1 2- ., 

I­
C 

" . 



GO TO 96 
95 R=IT 
96 I F(RNVToEQol ) GO TO 97 

AL= -1 
GO TO 105 

97 AL=ALPHA 
FR =O 
DO 101 I = 1, N 

101 LA{ I l=oFALS E o 
1 05 I FtRST.NF.1) GO TO 110 

LI NE=t,LPHA ❖ J 
IT =IT- 1 
GO TO 140 

11 0 IF(POLYoNE. ll GO TO 115 
DO 1 1 1 I = 2 , N 1 

111 Q{I , 2l=lo0 
IF( MoECo2 ) GO TO 115 
0 0112 !=2,Nl 
D0112 J =3,M 

1 l 2 0 ( 1 , J ¾ 1 > = Q ( I , J ) >< Q ( I , 3 ) 
1 15 IFCl /To Nf .ll GO TO 120 

DO 116 I = ?,Nl 
A=\H I-1 l 
DO 11 6 J = l,1 11 

1 16 QCI, J 1=Q(I,J )"A 
120 DO 121 J =? ,M? 

Q ( 19 J) =C . 0 
121 Q(N2,J) = N+ J - l 

Q ( 1 , 1 ) =O o 0 
Q{N2,1) = 0.0 
DO 12'5 T=2,Nl 
Q( I ,M3) = I-l 
A= Oo 0 
LB = O( I tl) ol T oO.O 
DD 1 ? t.~ J = 1 , M 1 
I F(LB) Q(I,Jl=-Q(I,J} 
B=Q(I,J) 
A= A- [3 

124 Q(l,J) -= 0 (1,JJ +B 
I F ( L B ) Q ( I , I 1 3 ) = - Q ( I , ~13 ) 
£3 = A+ Q(I,1) 
Q ( I,"-1?) = 8 

125 Q(l,M?l =Q (l, M2 ) +8 
IF(SC.N F oll GO TO 131 

133 
lVi-
1 3 5 
1 36 
l "17 
13 8 
13g 
HO 
1 41 
142 
1 43 
1 4£~ 
llf5 
l 1t 6 
147 
148 
l 1i ') 

1 51') 
151 
l '5 ? 
1 53 
15 ',, 
15 5 
15 6 
15 7 
1 58 
1 5g 
J.6() 
161 
16 2 
16 3 
1 64 
1 65 
1 66 
lf,7 
l6 R 
16 q 
l 7(') 
l 71 
l 7? 
J 7 3 
1 74 
1 75 
176 

f-' 
0 
w 



DO 130 J =l , M2 17 7 
I F(RNVT.Nr-oloANDoRPT.NEol ) GO TO 127 17 8 
A=QCN 4pJ ) 11 q 
GO TO 129 1 80 

127 A=OoO l R 1 
DO 12 8 I :::;:l"Nl lP? 

12 8 I F (D ABS(Q(I,J))oGT.A ) A-= DA BS (Q( I ,J) l 1 83 
Q(N 4, J) =A 1 84 

12 9 DO 126 I =l ,Nl 185 
12 6 Q(I,J) =Q(I, J)/fl 1 86 
l '::\O CO NT ltJUF 187 
131 IF ( RNVT.NE. 1) GO TO 136 1 8B 

DO 13 5 I =2,NJ J 8 g 
T=DABS(O( I ,t1td) 19 0 
I F(Q( I ,M4 ) +Q ( T+ l, MJ ) o1'1Eo0o0l GO TO 133 19 1 
DO 1 3 2 J = 1 , ~n 19? 
Q(T?l,J)=-Q (T ~l, J) 19 1 

132 Q(l,J)=Q(ltJ)+?o~O(T~l,J) l q4 
13 3 I F (I - 1.GT.AL) GO TO l V5 19 S 

Q(I, M4 )=T 19 6 
LA(T) =.TR UE .. 19 7 

135 CONTINUE 198 
116 IT =-1 199 

I\LPH A=O ? 00 
LI NE=l ?f' 1 

C ? 02 
C ? 03 
C STE Pl - DE TE :Hl!NES PIVOT AL COLU nN 2 (' 4. 
C ?r r 
C 2• 

140 A=O.O ? t_ I 

I N=l ? 0 8 
T=O ? r'9 
IT =-IT+l ?10 
IF(R PT.NE.1. 0 R. IToN E.R ) GP TO l't 5 ?ll 
Q ( N2, M3) = 1~. 0 ?12 
GO TO 106 2ll 

145 IF(RNVT.EO.l.OR.FR.NE.l.OR.IT.GF.M) GO TO 147 ?14 
00 14 f) J =2rM2 ?15 
I F ( O(N2, J)oL!:o No OR.Q (l,J) . LE . TO LfR) GO TO 146 216 
lf\J= J ?17 
GO TO 14 7 21 8 I-' 

146 corn I NU[ ?19 0 
.t,-

147 IF(RNVT.EQ.11 I N=Q ( NS, lT-}?H· l ? ? (', . 



C 
C 

I F ( INoEO.l ) GO TO 148 
ALPHA =ALPH A+ l 
T= 1 
GO TO 163 

1 1t8 LIN EA= LIME<-1 
DO 1 60 J = 2PM2 
Z=Q ( l,J} 
I F ( 0 ( N 2 \> J ) .. GT o N ) I F ( AL PH A-11 ) 1 5 5 v 16 0 9 15 5 
I F ( Z ❖ 2 oGfo-TOLER) GO TO 155 
P=O .. O 
DO 150 I=LINEA ,N l 

1 50 IF{O{I,J)oLT .. -TOLER) P=P t- Q(I,J) 
I F{PolTo-TOLER) P=(Z+2o0)/P 
I FtP. L E .. At GO TO 1 55 
I N= J 
T=2 
A= P 
GO TO 160 

1 55 IF (Z .. LE.TOLER ) GO TO 160 
P=O.O 
DO 1~6 I = LINFA,Nl 

156 I~(O{t,J)oGT . TOLER) P=P+Q {I, J ) 
I F ( P.GT .. TOLER) P=l/P 
I F ( P .. LE.A) GO TO 160 
IN= J 
T= l 
A=P 

1 60 CONT I f\lUE 
I F(T.,NE.O) GO TO 1 61 
Q( N?,M3)=lo0 
GO TO 186 

1 6 1 IF { ALPHI\ .. NE .. AL.O RoRP T.EQol) GO TO 162 
O{N2o M3 ) =3.0 
GO TO 186 

162 IF{Q{N2 , IN)oGT.N) ALPH!\=ALPHA-<· 1 

C STEP2- DETERMII\JE S THE PIVOTAL ELE~1EN T 
C 
C 

1 63 A= TOLER 
B=QMI\X 
D=O. n 
Ir( Rr!VT .. NE .. l) GO TO 166 

2 21 
2 2? 
2 ?1 
2 ?4 
? ?5 
2?6 
2 ?7 
2? R 
2 ? 9 
? 30 
?31 
21? 
231 
? 34-
? 35 
236 
2 17 
? 38 
2 39 
24 0 
2 1+ l 
2 4? 
? 43 
?t,,4 
245 
2 1~6 
247 
?4 8 
2 li 9 
? 50 
? 51 
?52 
2 51 
2 5 1-t 
?55 
2 5 6 
257 
2s n 
? 59 
26() 
? Al 
? 6~ 
? (, 3 
2 6£.• 

f--1 
0 
V, . 



C 
( 

DO l 6 5 I = l , AL 
J = Q ( I + l ~1lt ) 
I F (L A ( J) ) D =DAl3S{Q(J ❖ l,1N)) 
I F ( D. L EoA ) GO TO 165 
A= D 
OUT=J+l 

165 CONTINUE 
GO TO 171 

16 6 DO 170 I =2,Nl 
D= Q ( I 9 IN ) 
I F ( ToEQo?) D=- D 
I F ( DoLEoTOLER) GO , TO 170 
D= Q ( I 9 1) / D 
TF ( OoGE.B ) GO TO 1 70 
B= D 
OU T=I 

170 CONTINUE 
1 7 1 IF ( Q(OUTfM3).GT.N) ALPHA=ALPHA- 1 

I F ( B~ LT.QMAX.ORoA.GT.TOLER) GO TO 17 2 
Q(N2,M3)=2.0 
GO TO 186 

17 2 I F{T.NE.2) GO TO 17 5 
Q( N2, IN)= - Q(NZ, IN) 
Q( l,IN )=O(l,IN)+2.0 

C STEP3- PERFORMS ONE SIMP LEX I TERATION 
C 
C 

17 5 P=Q (OUT,IN) 
DO 178 I = l ,Nl 
I F( I.EO.OUT ) GO TO 1 78 
D= 0 f I , I N ) / P 
0 0 177 J =1,M2 
I F (J .FQ.IN) GO TO 176 
0 ( I , J ) -= Q ( I , J ) - D ,. Q ( 0 U T , J ) 
GO TO 177 

176 Q{ I, Jl =- D 
177 CON T I NU E 
178 CONTI NU E 

lF(RNVT.NE.l) P= DABS(P I 
DO 180 J=l, M? 
lF(J.EQ.I N) GO TO 179 
Q(OUT,J) =Q( OU T,J) / P 

265 
26 6 
267 
268 
? 69 
2 10 
? 71 
? 72 
? 73 
27 1-,. 

2 75 
2 76 
?1( 
278 
279 
2 80 
281 
2 82 
21:n 
2 [lt, 
2 85 
2 86 
? f37 
2 R8 
? 89 
2 90 
2 9 l 
? 92 
? 9'3 
? 9'+ 
2 95 
2 96 
? q 7 
? <rn 
? CJ q 
'V'0 
30 l 
3 () 2 
3('.,, 
3 04 
"l, n 

30 6 
"l,(' 7 
3<'·8 



GO TO 180 309 
l 79 QCOUT,J} = l. / P 311) 
1 80 CO NT I NUE 3 J 1 

I =QCOUT,M3) 312 
R=Q{ N29IN) 31 3 
Q(OUT, M1)=B 'H4 
Q(N 2,IN)=I 31 5 
I F (( I.GTcNoA I DoBoGT.N ) cOR. (I .. LE.N.AND.B .. LE.N )) GO TJ 140 '3 1 6 
I F(B . GT.N) L ' JE= LIN E+ l 317 
DO 18 5 J = l, W~ 3113 
Q{N 3,Jl=Q(OUT,J ) '319 
Q( OUT, J) =Q(LINErJ) 320 

1 85 Q(LI"JC, l=Q{N3, Jl 3?1 
I F(I.GT .. N) L INf =LINE-1 32 ? 
I F( R.N VT. NE.l) GO TO 140 3?3 
LA(OUT-ll=LACLINE-1) 3?4 
LA{ LINE-1 l = .FALSE. 3?5 
I F ( AL P HA • E Q • . AL ) RNVT=O 3?6 
GO TCJ 140 3'27 

1 86 I F{RST.EQ.l.OR SC.N E.I) GO TO 191 '32 8 
C 3? 9 
C I F THE DATA I/AS SC ALED I T I S NO W RECONVERTED 3 30 
C 3~1 

DO 1 87 I =2,LIN E 33? 
A=Q ( N4,Q (I ,M3)-N+l ) 331 
DO 187 J = 1, M? 334 

1 87 Q ( I , J l =Q ( I , J ) / A 335 
A= 0 { N l;, 9 1 ) 3-:i,r:, 
DO 188 l =l ,Nl. ~37 

188 0(1,l)=O{I,ll " A 3 38 
DO 19 n J =2,M? 339 
I F(Q(N2,J) . LE.N) GO TO 190 '340 
A= Q( N4 ,QCN 2 ,J)-Nil) 341 
00 189 1=1,Nl 3 4 ? 

189 Q( I,J) =Q CI,Jl A 3 43 
1 90 CONTINUF 344 

C ?4'3 
C 346 
C ST EP4-PREPAR ES OU TP UT 34 7 
C 348 
C 349 

f-' 191 /\= 0. 0 350, 0 
T=N+M l 35 l -..J 

I = 1 35? 
. 



DO 192 J =?,M2 
I F{Q{N2,J)oGToN) GO TO 192 
I= H·l 
Q ( I , t14 ) = Q ( N 2 , J ) 

19? CONTINUE 
J = AL PHA-,-2 
DO 19 3 I= J, N 1 

1 93 Q(I,M4l=Q(I,M3) 
DO 194 J-=1,ALPHA 

1 94 Q(Nt;,J+l)=Q(J+l,t13)-N 
DD 195 I= 2, LI NF 

195 I F(O(I,M3loFQ.T ) A=Q(I,l) 
DO 196 J=?,Ml 

196 Q(N3, J) =-A 
DO 197 1-=2,LINE 

19 7 Q(N3,Q(I,M3)-~+l l =Q(I,1)-A 
RF TURN 
EN O 

353 
354 
355 
356 
157 
358 
359 
36() 
3 61 
'362 
363 
36'~ 
3 (15 

366 
?--67 
°168 
36q 
370 

f--' 
0 
co . 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C ' 
C 
C 
C 
C 
C 
C 
C. 
C 
C I 

C 
C 
C 

- SUBROUTINE MINMAX(N,N2,M5,Q,X,Xl,X2,POLY,FR,WT,W,SC,DEV,RST,IT, 
lALPHA,TOLER,Q MAX ) 

IMPLICIT REAL *8 (A-H,O-Z) 
REAL AINT,P 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
SUBROUTIN E MINMAX 

PURPOSE 
MIN MAX USES A MODIFIED SIMPLEX METHOD TO CALCULATE THE BEST 
L-INFINITY APPROXI MAT ION, BY ANY LINEAR COMBINATION OF M 
GIVEN FUNCTIONS (WHICH MAY BE DEFINED IN A MULTIOIMENSIONAL 
SPACE), TO A FUNCTION F(X) DEFINED AS A TABLE OF N ORDERED 
PAIRS. 

USAGE 
CALL MINMAX(N,N2,M5,Q,X,Xl,X2,POLY,FR,WT,W,SC,DEV,RST,IT, 

ALPHA,TOLER,QMAX ) 

DESCRIPTION OF PARAMETERS 
N - NUMBER OF DATA POINTS DEFINING THE FUNCTION F(X) 

WHICH IS TO BE APPROXIMATED. 
N2 - INP~T PARAMETER WITH THE VALUE N PLUS TWO. 
M5 - NU MBER OF GIVEN FUNCTIONS FROM WHICH THE 

APPROXI MA TING FUNCTION IS CONSTRUCTED PLUS FIVE. 
Q - HAS DIMENSIONS (M5,N2) AND MUST ON ENTR Y CO NTAIN THE 

N VALUES OF F(X) IN Q(l,J) FOR J;2,3, ••• ,N+l AND THE 
M SETS OF FUNCTJONAL VALUES GEN ERATED BY TH E 
IND ~PENDENT VA RIABLE ($} ARE STORED IN Q(3:M+2,2:N+l}. 

X - HAS DI MENSION (N} AND WHEN FR=l IT MUST CO NTAIN THF N 
ABSCISSAE OF F(X) IN ASCENDING ORDER OF ~AG~TTUDF. 

Xl,X2- RESPECTIVELY THF LEFT AND RIGHT HAND FNOPOINTS OF THE 
INTERVAL FROM WHICH XIS SELECTED. THESE VALU ES NEED 
ONLY BE SUPPIED WHFN FR=l. 

POLY - IF POLY=l A BEST POLYNOMIAL APPROXIM ATI ON OF DEGREE 
M-1 IS DFTfRMINFD. HERE IT IS ONLY NECfSSARY TO 
SUPPLY THF N ABSCISSAF OF F(X) TO 0(4,J} FO~ J=l, ••• , 
N+l, AND THE J'TH POWERS OF THESE VALU ES ARE THEN 
CO MP UT ED ANn STO RED IN WORKING LOCATION. 

FR - IF FR=l THE FIRST M+l PIVOTS ARE CHOS EN SO THAT AN 
INITIAL BEST APPROXIMATION IS DETERMINED ON THE M+l 
POINTS OF X THAT ARF CLOSEST TO TH E EXTREMA OF THF 
REL EVANT CHEBYSHEV POLYNOM IAL. IF TH E DISTRIBUTION OF 
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23 
24 
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26 
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11111 

C 
C 
C 
r 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
r 
C 
C 
C 

P OINTS IN X PREVENTS 11--HS FPO M BEING ARRMJGED, THO' 
THFSF PIVOTS /\RE CHOSFN CORRESPO~~ING TO Mt l POINTS 
OF X \/HOSE SUBSCRIPT<; ARE IN ARITI-JMETIC PROGP[SSIO "J • 
PUTTIN G FR=l USU ALLY REDUCES TH F TOTAL NU/ 1B tR UF 
I TFR/\TIONS REQlJIP,ED FOR PfJLYNO MIA L APP ROXIl1/\TION 9 J\NO 
SOMETI ~E S RfOUCES THIS TOT/\! FOR GENERAL 
APPROXlt1ATION JN ONE OIMENSIOf,1. 

\H - I F IH --= 1 T H F SU n RO UT T N E C A L C lJ L A T E S A B E S T \J E I G HT E D 
APPROXJr1~TION. 

w - HAS or r--t=NS{ ON ( N} AND MUST CONT /\ I N THF N \/EIGHTS 
REQUIRED ~JHEN ~JT=l. 

SC - I F S(=l THE RO\ JS OF THE CO EFFICTEr'-!T MATRIX AR[ SCALED 
BY DIVIDI NG fACH ROH BY ITS Al3S OLIJTE L ARGEST [LEt1 EN T. 
THE FINl\L MATRIX IS RECO NVERT ED BEFORE EXIT FRU/1 THE 
SUBRfJUlINE. 

DEV - IF DEV = l TH E WEIGHTED DEVIATIO NS ARE CO MPUTED AND 
STORfD IN ORD ER IN QUH-5, J) FO~ J==2,39ooq~Jt-1 . THE 
MAGNITUDE OF THE DEVIATIO N AT THF EXTRFt1E POINTS IS 
PUT EQUAL TO THE ER.RO R. OF APPRO X I'1ATIO>-.J. 

RST - IF RST = l THE SU BROUTINE IS RESTARTED AT STEPl. THF 
MATRIX O(l: M+4,2:N+2 ) PRODUC fO BY THE LA ST IT FPATION 
MUST Bf SUPPi I ED, Al'Jf) THE CALCUU\TIONS ARE TH[fJ 
CONTINU ED. 

I T - NU 11BER OF ITERIITIONS C011PLE TFD AT LAST EXIT. THIS 
I NFORMATIDN NEED ONLY RE SUPPLI ED TO THE SU GR.OUTIIJF 
\-JH F N RS T = 1 • 

ALPHA- NUr1BER OF COEFFICIENT VECTO RS ( LA3ELLED N ❖·l90009N ·~ f1,l 
I N TH E BASIS. THIS INFOR.r1AT IO N NEED ONLY BF SU PPi IED 
TO THE SU BRDUTINF vH-H:N RST=1.. 

TOLER- A POST TIVE TOLF RANCE LESS TH AN l'HICH QU/\NTIT[S ARE 
CO N S I OE P E D TO !3 E ND NP O S I T I VE • E t• P I R I C A L EV I D F NC F 
SUGGFSTS THAT PUTTING TOLER. =o00~01 IS SUITA BLE WHFN 
SEVEN DECIMAL DIGITS AR E AV hILA~LC, AND PU Tr ING 
TOLFR =.00f1000Q l \HTII FU:V EN OECI ~1A L DIGITS . 
OECR[ASING TH E MAGNITU~E OF TOLfq USUALLY DECREASES 
TH[ TO T AL NIJMBER Of ITCRATIO NS PFQlllRf-D. 

Qt1AX - A LARGF POSITIVF NUMGER \~HI CH T HC:.: ~111\JI'WM QUClTIENT 
( \/HICH OFT[RrHNFS THF PIVO T I MUST NO T [XCEED. PUTTING 
QMAX=l / TOL[R IS USU ALLY S l'i.TJS FACH1RY . 

I F ANY OF TH[ INTEG ERS P!lLY,i::R,\r/T,SC,0 ':V , nR RST IS NH FQUAL 
Tr) ONE THFN NO ACTION IS TAK[N. 

T H F s u f1 R C u T n~ E T [ R M I N A T I: ') I O p T H F F n L L [l 1 11 N G R E /\ s or,J s • 
( 1 ) A BFST APP l~OXIt1l\f IOM IS FUUf\JD SI NCE ALL TH t ~1ARGINA L 

COSTS Af{E GR1/\TE!; T l lAN OR [OUAL TU TOLl: P. nns IS 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 

I NDICATFD BY QU1+4,N ❖2)=1. TH[ ERROR OF APPROXIl;ATI □ rl 
( L AR GEST \ff I GI 1T ED ABS O l UTE DEV I Al I ON ) 1 S GI VE f\l BY 
Q(l ,11 /\NOTHEM CO fFFI CIE Nrs OF THE BrST 
APPROXI~ATION ARE CO NTAINED I N ORDER BY Q(I,ll FOR 
l =Z,3,ooo9Ml-lo 

( 2) CALCULA1ION IS STO PPED IF NO SUITABLE PIVOT ChN BE 
FOU ND o THIS IS INDIC ATED BY Q(M+4,N~Z)=?o 

e1o oe0Deooooeooeoooeoooooo•oooooooeoooooogcooooooeoooooooo•ooooo• 

D I ME N S ION O ( M "> , N 2 ) , X ( N ) , \JC N ) 
IN TEGEI POL Y, FR ,\JT , SC,D EV,RS l ,ALPHA,OUT,R,UBrT 

Q{l:r1 +3, 2:N-{2) IS CO NSTRUCTE D FROn Q{l,Jl AND Q(2:tH2,2:N ❖· l) BY 
ADDir JG 1HE UH·l ) TH FUNCTION { THf NEGATIVE: SUM OF THEN GIV FfJ 
FU NCTIONS), A ROIJ OF l'S (CO Rl1ESPONDHJG TO THE PRi i''lA L VECTIJR \ 1), 
ROl/ L AB CL S AND COLU t1N LA BEL S. TH E t1ATR IX IS \J!=!GHTED AND/OR SCALED 
AS DIRECTED 

M=r\5-5 
Ml=M ~ 1 
M2=M+? 
M3=M-<-3 
t14= M-t 4 
N 1 =N r-1 
MA=~1-1 
t F(RSToNEol) GO TO 100 
I T=IT-1 
GO TO 12 5 

l CO I ~(PO LY.N E .1) GO TO 102 
00 10 4 J =2,Nl 
0( 3, J) = l..O 
I r ( ~.FQ.2) GO TO 104 
0 0 1() l I =4 dH 

10 1 Q(l+l,J) = Q(I,J} >Q {4vJ) 
1 0 '• CO NT I N lJ E 
l O 2 I F ( ~/1 0 NC O l ) GO TO 10 5 

DO 10 3 J =2, N 1 
A=W( J-1) 
Q { 1 , J) =- 0 ( 1 9 J ) ,._A 
DO l. C 3 I = 3 , t1? 

l 0 3 Q ( I • J ) ::c O ( I , J I ~' A 
10 S DO 1 06 J =?,Nl 

Q ( 1, J l = -Q ( 1, J) 

89 
90 
9 1 
9 ? 
9~ 
C) lt 

95 
<) 6 
97 
9 8 
9'1 

l CO 
1n1 
10? 
1()1 
104 
1 ('• 5 
1 n 6 
1(17 
J ('I fl 
1. 09 
110 
1 1 1 
l 1 2 
J l ~ 
11 1~ 
1J 5 
llA 
117 
1 l 8 
1 19 
1?() 
1 21 
l ?? 
l ?~ 
1 ; /.~ 
1? 5 
1 ?6 
1?7 
1 2R 
129 
1 ~0 
l "31 
1 3? 



Q(2 , J) -lo 0 133 
Q( t13f J )== l.O 1 , ', 

1 0 6 Q{/14,J )= J - 1 135 
DO 110 T=2 ,112 136 
Q( I,N2l=N ·H-2 ]~ 7 
DO 11 0 J = 2, N 1 1 ?,[3 

11 0 ocrn ,J} =Q f M3, J> - O<I,J) 1 39 
Q( rn ON? l=N·Hll 1'f0 
Q(2, N2)=0o0 11tl 
IF(SC.NEol) GO TO 12 0 l 1t? 

A=O.O llt3 
DO 111 J =2, Nl 14 ~-

111 I F (D AB S(Q(l, J)).GToA) A=D/\BS(Q(l,J)) llt5 
DO 112 J=?,Nl 146 

112 Q(l,J) =Q (l,Jl/A l't7 
Q(l,l }=A 148 
DO 117 I=31 t13 1 l;q 

A=O. 0 ' 15rj 
DO 11 3 J=2,Nl 1 51 

113 I F (D /\RS ( Q{I ,J) ).GT.A) A=D/\BS(Q( I,J)) l ':i? 
DO 11 5 J =2,N1 153 

115 Q(l,J) =Q (I,Jl/A 1 5~-
11 7 Q ( I , l ) =A J 5 5 
120 I T=- 1 1 56 

K=O 1S 7 
AL PHA=Ml l 58 

C 1sq 
C J (,() 
C ST EP l: DETE RM I NES TH E PIVOTAL COLU MN 1 61 
C 16? 
C 16 3 

125 /\ =- TOLE R 164 
T=O 1 65 
R=O 166 
I T=IT+l 167 
IF(I T.GT.M A.OR.K .N E.O .O R.FR.NE .1) GO TO 140 1() fl 
I F(IT.LF.I)) GO TO 130 169 
J =X ( IT+l) 170 
I F ( Q ( M 1t , ,J + 1 ) • F Q • J ) GO TO 126 171 
I N=2 172 
GO TO 1 65 1 73 

12 6 l N= J +l 174 ..... ..... 
GO TO 165 17 5 N 

130 TN = 2 176 . 



132 

1 33 

13 4 
1 3 5 

140 

141 

1 42 
143 

1 45 

147 
15 C' 

1 5 1 

X(U = l. O 
B= ( X 1 + X 2 ) ' . 5 
C=( X2-X l ) >. o5 
DO 135 I =- t , t1A 
D .._,, B + C J C ( S ( 3 • 1 1~ 1 5 0 3 ,;, ( 1 • n - I/ N ) ) 
LB = X{IH 2 
DO 113 J = LB , N 
IF(X(J) - DoLE. O.O) GO TO 133 
IF(X(J) +X (J - 1) - 2.0 O.LT. OQ O) GO TO 132 
X( t -q ) = J - 1 
GO TO 1 3 ::> 
X( H -1 ) = J 
GO TO 1"35 
CON T I NUE 
C= ( N- 1 > / M 
00 13 l;- J =l., MA 
P= l . O+J >< C 
X(J+l) = AI NT( P+.5) 
CO NTil'J UE 
GO TO 1 6 5 
I F (ALPH A. NE. l . OR.K.NC . O) GO TO 15 5 
T= N 
JF(Q ( M4, T•1 ).GT .N) GO TO 151 
IF( Q(l ,T+ l) . L E.O. O) GO TO 143 
Q(2,T +l ) = 2 . C' -Q(2 , T+ l} 
0(1,T + U= - Q(l, T{l} 
0 0 l 1t 2 I = 3 , Mlt 
Q (I, T+ 1) =-Q ( I 9 T{ 1) 
P=Q(?,T +l) 
DO 145 I =3 , M, 
I F (Q( I,T + l ).GE .T OLE P.AN D.Q( I,NZ) . LE.N) P=P + 2.0 Q(I,T + l) 
IF(P.LE . TOL ER) GO TO 151 
DO 15 0 I = 3,r13 
I F {Q(I ,T+l).L[.TOLER.O R.Q (I ,N2).GT.N} GO TO 150 
Q( t,N?) =-QCI,N2) 
DO 147 J=2,Nl 
Q( 2, J )=Q( 2, J) .,. z .O>. Q (I, J) 
Q( I,J)=-Q(I,J) 
C □ rHINUE 
IN =T + l 
OU T==? 
GO TO 1 90 
l =T- 1 
I F ( T.N E.O) GO TO 141 

177 
17 8 
17 9 
1 80 
l Bl 
18? 
1 8"3 
1 R4 
185 
l 86 
\ 87 
1 88 
1 89 
1 qn 
19 1 
1 92 
1 93 
1 94 
l 9"i 
1 96 
1 97 
198 
1 gg 
? ('() 
? 01 
?02 
2 03 
2 04 
? 0S 
? 06 
? 07 
? 08 
2 0q 
2] 0 
211 
?l? 
21-:,, 
?] L~ 

215 
216 
217 
?18 
?lg 
2?0 

,_. 
I-' 
w . 



C 
C 

1 55 I r(K.EQ.O) GO TO 156 
C= ?. .0 " 0 ( 1,2) 
GO TO P>7 

1 56 C=OaO 
1 5 7 I F { RoEQ.O ) GO TO 1 58 

L R==2 
Ut3=M3-ALPHA 
GO TO 159 

1 58 LB=M4-.\LPHA 
UR=N1 

159 DO 1 61 J =LB9 U0 
Z=Q{ l , J } 
I F ( QOitnJloE0.0.0.OR.Q(t14, J ). GE.Nll GO 10 1 60 
IF( - Z+C .GfoA ) GO TO 160 
I N= J 
T = 2 
A=- Z+ C 
GO TO 161 

1 60 I F(Z.GEeA) GO TO 161 
I N= J 
T= l 
A=Z 

161 CClNTINUr 
I F ( T.NE.0) GO TO 165 
I F CR.NF.O ) GO TO 16~ 
R= l 
GO TO 157 

1 61 Q( t14,N2)= 1 .0 
IF( SC.EQ. l) GO TO 21 2 
GO TO 2?5 

C ST EP 2: DETERMINE S TH F PIV OT 
C 
C 

165 B= QMAX 
TB =-1 . 0 
P =O 
IF(ALPH /\ . NE .1.0 R.O( M4,I N).L E .N .. OR . Q{2,N 2 ).L E .N) GO TO 167 
OIJT =Z 
GO TO 19 0 

167 I F {T. NF. 2) GO TO 176 
0 ( ~Vi , I N ) = - Q ( M Lt , It~ ) 
I F (K .rQ. 0) GO TO 168 

2?1 
2 2?. 
?? 3 
? ?4 
2 25 
22 "> 
2?1 
228 
2?9 
2 ~0 
2 31 
2 3? 
233 
? 3't 
235 
? '36 
2 3 7 
? 38 
239 
241) 
241 
? L,? 
? 4"3 
2 4 1+ 
? 45 
246 
2 1t 7 
2 1t 8 
249 
250 
2Sl 
.? 5? 
? si 
2 S4 
2 '55 
2 56 
? '51 
? 58 
? '59 
? 60 
2 6 1 
2 6? 
? 6'1 
264 



A= 2 o O '" Q ( 2 , 2 ) 265 
GO TO 169 2 66 

16 8 A=2o0 ? 67 
16 9 Q(2,IN) =- Q(2,IN){A ? A8 

IF(l< oEOoO) GO TO 170 269 
/1.=2.0 "Q ( 1,2 ) ?70 
GO TO 171 ?7 1 

17 0 A=OoO ? 12 
171 Q ( l , I N ) = - Q ( 1 , I f\l ) + A 2 T', 

00 17 5 I =3,M3 21/.~ 
IF(K.[ Q.O) GO TO 17 2 ?75 
A=2.0' Q( I,2} 2 76 
GO TO 17 5 ? 77 

172 A=C.O '27 8 
175 Q ( I , IN l = -Q { I , IN H-A 279 
17 6 DO 1 85 I =2,n3 7 130 

D= Q ( I , IN ) ? 81 
IF(K .EQ.l) GO TO 180 ? 8? 
I F ( I o f\l E • 2 ) GO TO 177 2 8~ 
Tl3 =D ? r.34 
GO TO 185 ? R5 

1 77 IF { IT .G1 .MA.OR .R.N E. O) GC"l TO 179 2 fl ,s 
I F (Q( I,N2).GT.N) GO TO 17 8 ? f37 
O=O.O 2 R '3 
GO TO 179 ? P9 

178 D=DABS(D ) ? CJ" 
179 IF(DoLEoTDLER) GO TO 185 291 

D=- D 2 q2 
GO TO 182 ? 9, 

180 IF(D.LEoTOLER) GO TO 185 ? 94 
D=Q (I,2)/D 2 95 

182 IF(D .GE. B) GO TO 185 ? CJ6 
B"'D 2 97 
OU T=I ? 98 

18 5 CO~H I NUr 299 
I F ( B • t T. QI I AX • AND. ( ALPHA. f\J E. 1 o OR o Q ( M4, IN) • GT. N. 0 P • Q (D UT, N 2 ) • LE • N ) ) 300 

lGO TO 1 90 3 Cl 
I F(IT.GT.MA.OR.R.NE.O) GO TO 187 ~()2 
R= 1 3C'3 
GO TO 176 ~04 

18 7 JF (T B.GT.TOLl:R ) GO TO 18 8 305 
~ Q(M4,N?l =z.n 30r~ ~ 

IF ( SC • EQ. 1 I GO TO 212 '307 V, 

GO TO 225 ~CB . 



188 OUT =2 3 0 9 
C 310 
C 311 
C ST E P3: PER FORM S ONr SI MPLEX ALGO RITHM 3l2 
C 313 
C 3 11+ 

190 P=Q(OUTvlN) 315 
R=2 316 
I F(Q(M4~IN)oGTeN) ALPHA=ALPHA+l 3) 7 
If (Q{OUT,N?).Gl.N} ALPH A=A LPHA-1 3l~ 
00 1 96 I =l,M3 3] <) 

I F{IoEQ.OUT) GO TO 196 320 
D= Q { I , I N } / P 321 
DO 19 5 J =2,Nl 3? 2 
I F(JeEO.TN) GO TO 193 323 
Q ( I , J ) = Q ( I , ,J ) - D >'rQ { 0 UT, J ) 3?4 
GO TO 195 "'32 5 

l 9 3 Q ( I v J ) =- D 326 
195 CO NlINUE 327 
196 CONTINUE '.:\?R 

DO 19 13 J =2,Nl 1?9 
IF ( J oEO.IN) GO TO 197 3 3() 
Q(OU T~J)=Q(OUT,J) /P 311 
GO TO 19 8 '.:\?,? 

1 97 Q(OUT,J)=l.0/P 333 
19 8 CO Nl INUE 314 

I =Q{OUT,N2) 315 
CJ ( 0 LJ T , N 2 ) = Q ( M4, IN) 'l,16 
Q( M4,IN ) = I 33 7 
T=M3-ALPHA 338 
IF( Q(OUT,NZ}.GT.N.OR.Q ( M4, IN).LE.N.OR.IN.E Q.T) GO TO 201 3 3<) 
DO 200 I = l ,~3 3LJ) 
Q{M5,I) =()(I,IN) 341 
Q(I.IN) =Q (I,T) ,,.? 

20 0 Q(I,T)~Q(MS, I) Vt-3 
A=Q{M 4 ,IN) ~4-4 
Q ( r14 , T N ) = Q ( t14, T ) ~,. 5 
Q(M4,T) =A 3 116 

20 l I F(OUT.NE. 2 .0R.K~NE.O ) GO TO 12 5 147 
K= l 348 
DO 202 I = l, M~ 3 1~9 
Q(M5,T) =Q CI,?) 350 I-' 

I-' 
0 C I , 2l = O ( r , P.Jl 3 ::>1 "' 20 2 0( I,INl=Q(M5,I) 352 . 



A= Q ( M1t, 2) 351 
Q ( M/1· t 2 I= Q { M4 9 I N ) 35 1 .. 
Q( M4v!N)=/\ 355 
DO 2 0 5 f = 2 , rB 3 t:_i 6 

2 05 IF ( 0 ( I , N2 ) o GT o N) R=I 157 
DO 207 J =2vN2 3 58 
Q( M5, J) =Q {?,J) 359 
Q(Z,J) =Q(R,J) 360 

207 Q(R,J) =Q(MS ,J) 361 
GO TO 125 362 

212 I F{RST.EQol) GO TO 225 3 63 
C 3(i4 
C IF TH E DA1A WAS SC ALED IT IS NOW RECONVERTED 36"i 
C 366 

IF(SC oNE.l ) GO TO 225 367 
A= Q ( 1 , 1) 368 
T=C 369 
DO 2 15 J =2,Nl 37() 

215 Q(l,J)=Q(lpJ)•A 371 
DO ? 1 8 I = 2, ~13 37? 
I F (Q( I,N2) .LE .. N) GO TO 218 373 
A=Q(Q(I,N2)-N+2,1) 374 
DO 216 J=2,Nl 3 75 

216 0(1,Jl=Q ( I,J) *A 376 
T=T +l 177 
IF{ ToEOoALPHA) GO TO 2? 0 178 

2 18 CO~JT INUE 37 g 
22 0 DO 2?2 J =2,Nl 3fH) 

I F ( Q(M4, J) . LEoN l GO TO 222 381 
A= Q(Q( M4, J) -N+2, 1) ~ [I ? 
00 ? 21 I =l, Ml 383 

2 21 Q ( I , J ) =Q ( I , J ) / A 3 8 4 
222 CONTINUE 1 85 
2? 5 A=OoO 386 

T=N+Ml 3 s-, 
DO ?2 7 J =2, Nl 38 8 

2 2 7 I F ( Q ( M4 , J ) .. r Q o T ) A=Q (1 ,J) -::i,sq 
DO 22 8 I =2, Ml 3ql) 

228 Q(I,ll=-A 391 
DO 2'30 J =2,Nl 39 ? 

230 I F (Q( M4, J) .. GF.N ) Q(Q(M4,Jl - N+l,l)=Q(l,J)-A 3 q3 
IF(K .EO.O) GO TO 2'.32 39 4 1-J 

1-J 
Q ( 1 , 1 ) = (J ( 1, 2 l 195 -...J 

GD TO 233 'l.96 
. 



232 0( l v l ) = TOLER 
2 33 I F CD EVo t\JE.l) GO TO 2 40 

A= Q ( 1 v l) 
DO 2 3 5 I =3, M3 
R = Q{ I rN2) 

2 3 5 I F ( R • L E. N ) Q ( M 5 , I ABS ( R } -} l ) = IS I G N ( l , R ) '' A 
DO 237 J =3,Nl 
R=Q( Ml-'- v J ) 

2 3 7 I F ( R. L E o N) Q { M 5 , I ABS ( R ) + 1 ) = y<; I GN ( 1 v R) ,: ( l\-Q ( 1 , J ) ) 
2 40 RETURN 

E ND 

3 97 
39 8 
39 9 
4fJf', 
401 
1t0 2 
4 0 3 
, , r,4_ 
1+0 5 
4 0 6 
4. 0 7 
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