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Abstract

In this thesis, we consider the normal approximation problem for certain Toeplitz
matrices and Toeplitz operators, with respect to the operator norm For upper
triangular Toeplitz matrices. we exhibit a natural normal approximant, and show
that 1t 1s a best normal approximant in certain fundamental cases In other cases,
we analyze 1ts effectiveness as a distance estimate by comparing 1t to the standard
Hermitian approximant For Toeplitz operators induced by certain continuous func-
tions on the unit circle, we obtain upper and lower bounds on the distance to the
set of normal operators, 1 terms of the image of the unit circle In particular, if
the continuous function 1s one-to-one and the image 1s a circle, then the distance to

the normals 1s the radius of the image circle
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Introduction

The 1ntention of this thesis 1s to discuss the problem of approximating Toeplitz
operators and Toeplitz matrices by normal operators and normal matrices The
general setting for operator approximation problems 1s the algebra of operators
(bounded hnear transformations) on a fixed Hilbert space H, which corresponds to
the algebra of n x n complex matrices when H has finite dimension n

The discussion 1s aimed at a reader who 1s familhiar with the basic facts about
Hilbert space and the basic facts about the algebra of operators on a Hilbert space
We do not assume the reader 1s famihar with Toeplitz operators or Toeplitz matrices,
however, we do assume a standard first year graduate course in real and complex
analysis which covers measure theory, point set topology, elementary functional

analysis and basic theory of L? spaces

Operator Approximation Problems

The general type of operator approximation problem consists of approximating an
arbitrary operator by an operator in some given class of operators—the 1dea being
to find a nearest approximant in the given class, with respect to the operator norm
Of course, finding a nearest approximant, always involves finding the distance to
the given class as a subproblem The motivation for this type of problem 1s to get
information about arbitrary operators via approximation by operators from well-
understood classes Not surprisingly, the classes of operators that have attracted
the most nterest as approximants are Hermitians, positives, normals, unitaries,
projections and compacts

In 1955, Fan and Hoffman [FH55] obtained the first operator approximation
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results by showing that a best Hermitian approximant to a matrix A 1s 1ts Hermitian
part (A + A*)/2, while a best umtary approximant to A 1s a umtary matrx U
that occurs in the polar decomposition A = UP In 1972, van Riemsdyk [vR72]
proved that the Hermitian approximation of Fan and Hoffman can be extended to
infinite dimensions In the same year, Halmos [Hal72] studied and solved the more
intricate! problem of best approximation by positive operators—renewing interest in
operator approximation problems This included the problem of best approximation

by normal operators

The Normal Approximation Problem

In contrast to Hermitian approximation and positive approximation, the problem
of normal approximation seems less tractable and hittle 1s known For example,
in the operator norm, 1t 1s not even known what a closest normal matrix to an
arbitrary 3 x 3 matrix1s Holmes [Hol74] suggests that the reason for the difficulty
1s that the normal operators lack any readily apparent geometric structure The
normals are closed 1 the space of all operators, but they are not convex (in fact
they are nowhere dense) and hence usual approximation techniques do not apply
Moreover, Rogers [Rog76] has shown that not every operator has a nearest normal
approximant when H 1s infinite dimensional—thus motivating interest in finding
special classes of operators that do have best normal approximants

Phillips [Ph177] showed that the class of binormal operators (which has the space
of all 2 x 2 matrices as a special case) does have best normal approximants In
fact, he developed a formula for constructing a nearest normal approximant to a
given binormal operator

Instead of trying to find a known class that has best normal approximants,

Holmes [Hol74] took a different approach He defined the class of antinormal op-

'A best positive approximant for a normal operator 1s 1ts positive part However, m general,
the positive part of an operator 1s not a best positive approximant for 1t
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erators as all those nonzero operators for which the zero operator 1s a best normal
approximant, and then proceeded to study properties of this special class

Lattle else 1s known about special classes of operators that have best normal
approximants Halmos [Hal74] studied the spectral approximation problem of ap-
proximating arbitrary normal operators by normal operators with spectrum con-
tamned 1n a given non-empty subset of the complex plane More recently, Bhatia,
Horn and Kittaneh [BHK91] have shown that Phillips’ result for binormal operators
1s actually valid with respect to any unitarily invariant norm Very recently, Lin
[Lin94] has solved an old and important problem mn hinear algebra and operator
theory concerning when almost normal implies near to normal More precisely, for
each £ > 0, Lin has proven that there exists a 6 > 0. such that, if T 1s any (finite)
square matrix satisfying ||T|| < 1 and ||T*T — TT*|| < 4, then there 1s a normal
matrx N such that ||T — N|| < ¢

Remark Lin’s existence theorem does not give quantitative information about ¢
as a function of ¢ In particular, 1t does not give the range of 6 = (¢) for ¢ < 1, and
hence, 1t cannot be used directly as a normal approximation result about arbitrary
matrices For example, if ||T|| < 1 and ||T*T — TT*|| = d, Lin’s Theorem does not
mmply that there 1s an ¢ < 1 such that d(¢) > d, and hence, 1t does not yield useful

information about the distance from 7 to the normals

The Main Purpose of This Thesis

The main purpose of this thesis 1s to make a modest beginning at including Toeplitz
operators and finite dimensional Toeplitz matrices as classes of operators for which
we can find nearest normal approximants

Why consider Toeplitz operators when looking for classes that have best nor-
mal approximants? The simplest Toeplitz operator 1s the umlateral (forward) shaft

operator—a motivating example for the Brown-Douglas-Fillmore theorem—it 1s es-
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sentially normal, Fredholm, but not normal Moreover, 1t has been very thoroughly
analyzed In particular, the normal approximation problem has been solved for
the unilateral shift—it 1s at distance 1 from the normals and the zero operator 1s a
nearest normal approximant Important subclasses of the Toeplitz operators consist
of operators that are essentially normal, Fredholm, and not normal and hence seem
to be promising classes to consider

Why consider Toeplitz matrices” A Toeplitz matrix can be thought of as a
compression of a Toeplitz operator, and hence the class of Toeplitz matrices seem
like a promising finite dimensional class to consider on 1ts own merit Moreover,
studying a finite dimensional case 1s usually a natural place to start understanding

a problem

Toeplitz Operators

If ¢ 1s a bounded measureable function on the unit circle T, with respect to nor-
malized Lebesgue measure, then ¢ 1s 1n the Hilbert space L?(T), and multiplication
by ¢ 1s an operator on L*(T) called the Laurent operator induced by ¢, denoted
M, These multiphication operators are the prototypes of normal operators

For each integer n, the function e, T — T defined by e,(z) = 2" 1s con-
tinuous and {e, n=0,%1,42, } 1s the standard orthonormal basis for L?(T)
The Hardy space, H*(T), 1s the closed span of {e, n=0,1,2, } If P1s the
orthogonal projection from L?(T) onto H*(T) then the Toeplitz operator induced
by ¢, denoted T,, 1s the compression of M, to H*(T)

T,f = PM,f = P(p f)

for every f in H*(T)
The umlaterally infinite matrix of T, with respect to the orthonormal basis

{e, n=0,1,2, } has a distinctive form—it 1s constant on all diagonals that are
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parallel to the main diagonal

Ch C_1 C_9g

_|a ¢ €
L=
Co C1 Co

Moreover, the constants are intimately related to ¢ For each integer n, ¢, 1s the
nth Fourier coefficient of ¢

The unilateral (forward) shift operator mentioned above 1s the Toeplitz operator
U =T, Itiscalled the forward shift operator since Ue,, = e, for every nonegative
mteger n Note that the matrix of U has 1’s on the first subdiagonal and 0’s
everywhere else

Important subclasses of the Toeplitz operators correspond to important sub-
classes of the bounded measureable functions on T continuous, analytic, one-to-

one, etc

Finite Dimensional Toeplitz Matrices

We will begin our study of the normal approximation problem with finite dimen-
sional Toeplitz matrices A Toeplitz matrix 1s defined to be a square finite di-
mensional matrix that 1s constant along diagonals parallel to the main diagonal
Clearly, each n-dimensional Toeplitz matrix can be thought of as the compression
of a Toeplitz operator on H(T) to the subspace spanned by {eg,e;, ,e,_1} It
may also be possible to think of them as Toeplitz-like operators using the compact
abelian group Z/(2n — 1) mn place of the compact abelian group T

As a first attempt at finding nearest normals to Toeplitz matrices, we will restrict
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our attention to upper triangular Toeplitz matrices

[ay ay Gn—1
ap a Qnp—2
T
O a
L ap |

The Organization of This Thesis

In Chapter 1, we establish basic definitions related to the problem of normal approx-
imation and develop some of their immediate consequences We nclude some maps
which can be used to simplhfy the normal approximation problem We also present
a detailed survey of the known normal approximation results of Holmes [Hol74],
Rogers [Rog76] and Phillips [Ph177] which have been mentioned 1n this mtroduc-
tion In particular, we analyze the derivation of the formula obtained by Phillips
(for a nearest normal to a binormal operator) as 1t applies to 2 X 2 matrices As a
bonus, we develop a characterization of 2 x 2 normal matrices—in a way suggested
by Phillips’ nearest normal approximant

In Chapter 2, the problem of normal approximants for (fimite dimensional) upper
triangular Toeplitz matrices 1s studied The upper triangular Toeplitz matrices
with exactly one nonzero diagonal play a distinguished role in our analysis—we call
such matrices superdiagonal Toeplitz matrices We develop a formula for getting
a nearest normal matrix to an n x n superdiagonal Toephtz matrix For fixed n,
1t 15 1nteresting that all these normal approximants are in the commutative C*-
algebra generated by a special unitary matrix, and hence their sum 1s a normal
matrix Since each upper triangular Toeplhitz matnx, 7', can be written as a sum
of superdiagonal ones, N = the sum of the individual approximants 1s a natural
normal approximant to consider

In Section 2 2, we verify that N 1s a best normal approximant 1n the 2 x 2 case
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Enticingly, 1t 1s also a best normal approximant for Jordan blocks (which are special
upper triangular Toephitz matrices) In fact, 1t 15 a best normal approximant for
any scalar translation of any superdiagonal matrix However, we show via a 3 x 3
counterexample that N 1s not a best normal approximant in the general case In
the non-superdiagonal 3 x 3 case, we carry out a comparative analysis of NV versus
Holmes’ approximant (the Hermitian part of 7') and find certain cases where N does
improve on Holmes’ upper distance estimate In an attempt to find better normal
aprroximants, we develop a simple characterization of 3 X 3 normal matrices which
are constant on the main diagonal—these include 3 x 3 normal Toeplitz matrices
Leaving the 3 x 3 case, we show that for every k& > 2, there are special classes
of 2k x 2k upper triangular Toeplhitz matrices which admit N as a best normal
approximant

As a final finite dimensional topic, we consider direct sums of upper triangular
Toeplitz matrices in Section 23 Our main result implies that, if A 1s a direct
sum, and each summand 1s either a Toeplitz matrix for which we have found a
best normal approximant in Section 2 2, or a normal matrix, or any 2 X 2 upper
triangular matrix, then any direct sum of corresponding best normal approximants
will be a best normal approximant for A In the course of developing this result,
we also give examples where we find a best normal approximant for a direct sum,
even though we do not know all of the individual best normal approximants

In Chapter 3, the problem of normal approximants for Toeplitz operators 1s stud-
1ed The main results in this chapter give upper and lower bounds on the distance
from certain Toeplitz operators to the set of normal operators In particular, if ¢ 1s
a continuous complex-valued function on the umit circle T, then the distance from
T, to the normals 1s less than or equal to the radius of the smallest disk containing
¢(T) and 1f ¢ 1s also one-to-one (so that ¢(T) 1s a Jordan curve), then the distance
from T, to the normals 1s greater than or equal to the radius of the largest disk

contained inside p(T) It follows that, 1f ¢ 1s continuous on T and one-to-one and



Introduction 8

¢(T) 1s a circle of radius a, then the distance from T, to the normals 1s equal to
a When applied to the unilateral shift, this result 1s in agreement with the known
fact, that 1ts distance from the normals 1s 1 As a final result for the thesis, we
present a simple example (due to A R Sourour), which demonstrates that, if A 1s a
direct sum of arbitrary Toeplitz operators, then a direct sum of corresponding best

normal approximants 1s not neccessarily a best normal approximant for A



Chapter 1

Definitions and Preliminary Results

In this chapter, we establish basic definitions related to the problem of normal ap-
proximation and develop some of their immediate consequences We also elaborate
on the known normal approximation results mentioned in the introduction In par-
ticular, we analyze the derivation of the formula obtained by Phillips [Ph177] for a

nearest normal matrix to an arbitrary 2 x 2 matrix

1.1 Basic Facts and Notation

We begin by reviewing basic facts and setting basic notation for discussing a Hilbert
space and the algebra of operators on 1t As in the introduction, we use the term
operator to mean bounded linear transformation The symbols N, Z, R, R* and C
are used to denote, respectively, the sets of positive integers, integers, real numbers,
nonnegative real numbers and complex numbers

Suppose H 1s a complex separable Hilbert space with mner product (, ) and
norm || || Let B(H) denote the algebra of operators on H with the usual operator
norm When H has finite dimension n, we identify H with the Hilbert space, C",
of n x 1 complex column vectors and we 1dentify B(H) with the algebra, M,, of
n X n complex matrices

For each operator A i B(H), denote the operator norm of A by ||A||, the
spectrum of A by ¢(A) and the spectral radius of A by r(A), so that

|Al = sup{||Az]| z € H and [jz]| =1}
o(A) = {A€C A — Aisnot invertible n B(H) }
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r(4) = sup [}
Aea(A)

B(H) equipped with the operator norm 1s a umital Banach algebra—z e 1t 1s a

complete metric space in the induced metric, ||I|| = 1 where I denotes the 1dentity
operator on H and ||AB|| < ||A]|||B|| for all A, B in B(H) Hence, we have the

usual Banach algebra formula for the spectral radius of A

r(A) = lim ||A"]"/"

n=r00

For each operator A in B(H), 1ts adjoint A*, 1s the unique operator satisfying
(Ar,y) = (x, A*y) for all z,y n H In the case where A = [a,] 1s an n X n matnx,
A* 15 just the conjugate transpose of A (v e (A*),x = Tx,)

The map A — A* 1s a conjugate-hnear map on B(H) with (A*)* = A, (AB)* =
B*A* and ||A*|| = || A]| for all A, B in B(H), hence, B(H) 1s a Banach x-algebra In
addition, each operator A also satisfies the important C*-property ||A*A|| = ||A|%,
hence, B(H) 1s a C*-algebra

111 Hermitian Operators

An operator A 1s called Hermitian or self-adjoint if A* = A Equvalently, A 1s
Hermitian 1if and only if (Az,z) € R for all z .n H Moreover, 1f A 1s Hermitian
then o(A) CR

Two mmportant classes of Hermitian operators are the projections and the posi-
tive operators

An operator P 1s idempotent if P> = P and 1t 1s a projection 1f 1t 15 both
Hermitian and idempotent (: e P = P* = P?)

An operator B 1s positwe if (Bx,x) > 0 for all 2z m H Equvalently, B 1s positive
if and only 1if B 1s Hermitian and ¢(B) C R* Note that for every A € B(H), the
operator A*A 1s positive since (A* Az, x) = (Az, Az) = ||Az||* > 0 for all z m H

One of the important properties of Hermitian operators 1s that the norm of

a Hermitian operator 1s equal to its spectral radius This property 1s a simple
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consequence of the C*-property and the spectral radius formula—f A 1s Hermitian,
then ||A2|| = ||AA|| = ||A*A|| = ||A]|* and then, by induction, [|AZ"|| = ||A||*" for

all positive integers n It follows that
_ n||l/n _ on /2" _ rdfan
r(4) = lm A7 = hm A7 = lm (4] = 4]

This property of Hermitian operators in conjunction with the C*-property, yields
a way to express the norm of an arbitrary operator A in terms of the spectral radius

of the Hermitian operator A*A
4] = A Al = (r(A" 4))/2 (11)

Remark Since formula 1 1 only depends on the C*-property and the spectral radius
formula, 1t follows that the operator norm 1s the only norm on B(H) that makes 1t
mnto a C*-algebra

Algebraically, the adjomnt operation on B(H) 1s similar to the conjugation op-
eration on the complex numbers and the Hermitian operators play a role in B(H)
similar to the role played by the real numbers in the complex numbers Every op-
erator A has a unique representation, A = B + 1C, where B and C are Hermitian
operators In fact B = %(A + A*) 1s called the real part of the operator A and
L= %(A—A*) 1s called the imaginary part of the operator A According to Halmos

[Hal57, page 42]

The fact that in general the real and imaginary parts of an opera-
tor fail to commute 1s what makes operator theory sigmificantly harder
than the corresponding theory of complex numbers and motivates the
definition of a normal operator as one for which this pathology does not
occur

1.1.2 Normal Operators

By definition, an operator A 1s normal if A*A = AA* In other words, an operator

1s normal 1f and only 1f 1t commutes with its adjoint Using this definition, 1t 1s easy



11 Basic Facts and Notation 12

to verify Halmos’s description of normal operators as those operators for which the
real and 1maginary parts commute—if A = B +1C where B and C are Hermitian,
then A*A — AA* = (B —1C)(B +1:C) — (B +1C)(B —1C) = 2:(BC — CB) and
therefore A*A = 4A*1f and only f BC =CB

Obviously, every Hermitian operator 1s normal Other well-known classes of nor-
mal operators are the scalar operators, the unitary operators, the skew-Hermitian
operators and the diagonalizable operators (which include the scalar operators)

The scalar operators are { \I A€ C}

An operator U 1s unitary if U*U = UU* = I Clearly, every unitary operator 1s
both normal and mvertible with U~! = U* Moreover, the set of unitary operators
15 a subgroup of the (multiplicative) group of invertible operators In fact, the set of
unitary operators 1s exactly the set of automorphisms of H In the analogy between
operators and complex numbers, the unitaries correspond to the complex numbers
of modulus 1

An operator S 1s skew-Hermatian 1if S* = —S In this case, the real part of S 1s
0 and hence skew-Hermitian operators are analogous to purely imaginary complex
numbers If S 1s skew-Hermitian, then S*S = —S% = SS* and hence S 1s normal

An operator D 1s called diagonalizable 1if H has an orthonormal basis { f, }, where
every f, 1s an eigenvector for D, 1n this case, if Df, = A, f, for all 5, then the matrix
of D with respect to the basis { f, } 1s the diagonal matrix with D, = A, for all ;
and the matrix of the operator D* with respect to this basis 1s the diagonal matrix
with (D*),, = X, for all ) With D as above, (D*D—DD*)f, = |\ |2f,— |\ [%f, =0
for all ) which imphes D*D — DD* = 0 and hence D 1s a normal operator

The following proposition gives an interesting characterization of normal opera-

tors that will be used later

Proposition 1.  If A 1s an operator in B(H), then A 1s normal +f and only 1f
||Az|| = ||A*x|| for every x wn H
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Proof  Swmce |[Az||* = (Ax, Ax) = (A*Ax,z) for every z m H and, similarly,
|A*z||* = (A*z. A*z) = (AA*z, x) for every x in H. the forward implication 1s very

obvious A normal & A*A=AA*
= (A*Ax,x) = (AA*z,x) for every  1n H
& ||Az|| =||A*z|| for every z in H

The reverse implication follows immediately from the basic, but not so obvious
fact! If S and T are operators wn B(H) and (Sz,z) = (Tx,z) for every x wn H,
then S=T ]

The potential of this simple characterization of normal operators 1s suggested

by the following remarks of Halmos [Hal57, page 43]

One source of the importance of the concept of normality 1s that
many facts about Hermitian operators do not depend on the identity
Ax = A*x but only on the identity ||Ax|| = ||A*z||  all such facts are
valid for normal operators

For example, we have pomnted out the nontrivial fact that the norm of a Hermi-
tian operator 1s equal to 1ts spectral radius Proposition 1 can be used to show that
the same 15 true for normal operators—if A 1s a normal operator, then for all z in
H, ||A%z|| = ||A(Az)|| = ||A*(Az)|| = ||A*Az|| By taking supremums over ||z|| = 1,
we get ||A?|| = ||A"A|| = ||A]|%, just as n the Hermitian operator case! The rest of
the proof 1s the same as the proof given for Hermitian operators in Section 111

Another such fact, which 1s trivial for Hermitian operators, but which turns out
to be important for normal operators 1s given by the following immediate corollary

of Proposition 1

Corollary 2 If A 15 a normal operator i B(H), then ker A = ker A*

'To prove this fact, venfy the polarization identity (Sz,y) = 412220 *(S(z +by),z + z"y)
and then use 1t to show 1if (Sz,z) = (T'z,z) for all z, then (Sz,y) = (Tz,y) for all z,y It follows
that Sz = Tz for all z and hence S =T
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Proof x€kerA <= 0=|Az| =||A*z| < z € ker A* §

Remark One reason for the importance of this property of normal operators has
to do with the polar decomposition of normal operators In the usual polar decom-
position, A = V' |A|, V' 1s a partial 1sometry with ker V' = ker A and final space
(ran A)~ = (ker A*)* If A 1s normal, then we can write A = U |A|, where U 1s
unitary—for example, let U equal V on (ker A)* and I on ker A—this works be-
cause ker A = ker A* The main reason this property will be important for us, 1s

that 1t implies normal operators, which are Fredholm, have index 0

113 Compact Operators and Fredholm Operators

Our main purpose 1n this section 1s to define Fredholm operators and to state the
main results that we will need in Chapter 3 Since the definition of a Fredholm
operator depends on the set of compact operators, we begin by defining compact
operators and stating some elementary results about them In stating these results,
the topology on H 1s always the norm topology and the topology on B(H) 1s always
the operator norm topology Proofs of these results can be found in [Dou72, Chapter
5]

Let ballH = {f € H ||f|| <1} denote the (closed) unit ball mn H If H 1s
infinite dimensional, then ball H 1s not a compact subset of H If T 1s any operator,
then 1t 1s an interesting exercise to show that T'(ball H) 1s a closed subset of H

An operator T 1s a compact operator of T'(ball H) 1s a compact subset of H
Equivalently, 7" 1s compact if and only 1f for each bounded sequence { f, } in H, the
sequence {T'f, } has a convergent subsequence in H The set of compact operators,
IC(H), 1s a closed (two-sided) x-1deal in B(H) Here “+” means that if T € IC(H)
then 7* € K(H) and “ideal” means that linear combinations of operators in K(H)
are 1n K(H) and products of operators with at least one operator in C(H) are in

K(H)
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An operator T 1s finite rank 1f the dimension of the range of T 1s fimite The
set of finite rank operators, F(H), 1s a (two-sided) *-1deal in B(H) Each finite
rank operator T 1s a compact operator (since T'(ball H) 1s a closed and bounded
subset of the finite dimensional space T(H)) Hence, if H 1s fimite dimensional, then
KC(H) = B(H) However, if H 1s infinite dimensional, then I 1s not in C(H) (since
I(ball H) = ball H 1s not compact in H) and hence K(H) # B(H)

In the remawnder of this discussion of compact operators and Fredholm operators,
we assume that H s infinite dimensional

The fundamental fact about compact operators on a Hilbert space 1s that K(H)
18 the closure of F(H) in B(H) In other words, an operator K 1s compact 1f and
only 1if K 1s the norm limit of finite rank operators

Since we are assuming that H 1s an infinite dimensional Hilbert space, we have
that IC(H)1s a proper closed (two-sided) *-1deal in B(H) It follows that the quotient
algebra Q(H) = B(H)/K(H) 1s a unital Banach x-algebra with quotient norm

IT+K(H)[|= mf [T-K]|

K eK(H)

and 1dentity I +/C(H) In fact, Q(H)1s a C*-algebra It 1s called the Calkin algebra
We denote the natural homomorphism from B(H) to Q(H) by =

An operator T i B(H) 1s defined to be a Fredholm operator if 7(T) 1s an 1n-
vertible element of the Calkin algebra We denote the set of Fredholm operators
by Fred(H) Clearly, every mvertible operator and every compact perturbation of
an 1nvertible operator 1s Fredholm What makes Fredholm operators interesting
1s that not all of them arise this way It follows immediately from the definition
that Fred(H) 1s an open subset of B(H) which 1s self-adjoint, closed under mul-
tiplication and 1nvariant under compact perturbations Here “self-adjoint” means
if T € Fred(H) then T* € Fred(H) and “mvariant under compact perturbations”
means that the sum of a Fredholm operator and a compact operator 1s still Fred-

holm
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The following characterization of Fredholm operators 1s fundamental to the de-

velopment of Fredholm operator theory

Theorem (Atkinson).  An operator T wn B(H) s Fredholm +f and only if the
range of T 1s closed, dim ker T 1s finste and dimker T™* s finite

Because of Atkinson’s Theorem, if T"1s a Fredholm operator on H, then
ind(7T) = dimkerT — dimker T*

1s a well defined nteger called the indez of the Fredholm operator T For n € Z,
let Fred,(H) = {T € Fred(H) md(T) = n} denote the set of Fredholm operators

with index n

Remarks If T 1s an invertible operator, then T 1s a Fredholm operator of index 0
(since kerT = kerT* = {0}) If N 1s a normal operator, which 1s also Fredholm,

then N has index 0 (since ker N = ker N* 1s fimte dimensional)

The index function, ind Fred(H) — Z 1s continuous Moreover, if S,T are
Fredholm and K 1s compact, then
(1) md(T*) = —nd(7T)
(2) md(ST) =1nd(S) + md(T)
(3) md(T + K) =md(T)
Note that for each n € Z, property (3) imphes that the set Fred, (H) 1s invariant

under compact pertubations

Remark The fact that Fredy(H) 1s invariant under compact pertubations leads to
the Fredholm alternatiwe for compact operators 1f K 1s compact and )\ 1s a nonzero
complex number, then A 1s an eigenvalue of K of finite multiphicity or K — Al 1s

invertible

For our purposes, the most important result from this Fredholm theory of op-
erators on a Hilbert space H, 1s stated 1n the following theorem [Dou72, Theorem

5 36]
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Theorem  If H 1s a Hilbert space, then the components of Fred(H) are precisely
the sets { Fred,(H) n € Z} Moreover, the index map 1s a continuous homomor-

phism from Fred(H) onto Z which 1s mvariant under compact perturbation

For each operator T, the spectrum of 7(7") in the Calkin algebra 1s called the
essential spectrum of T, which we denote by o.(T') Since all invertible operators
are Fredholm, we have that o,(T) C o(T) By the definition of Fredholm operator,
we have that 7 1s Fredholm 1if and only if 0 € .(T) More generally, T — A
1s Fredholm 1if and only if (T — M) = #n(T) — A (I) 18 mvertible if and only 1if
A ¢ o(n(T)) = a(T)

Remark The 1dea behind defining Fredholm operators in terms of invertibility in
the Calkin algebra 1s to generalize the the concept of wnwvertibility to include the
1dea of asymptotic invertibility and thereby to retain some of the nice properties
of invertibility A similar 1dea has been applied to other essential properties of
operators (2 e properties that are preserved by 7) For example, an operator 7' 1n
B(H) 1s defined to be essentially normal if 7(T') 1s a normal element 1n the Calkin
algebra An example of the success of this approach 1s the Brown-Douglas-Fillmore
Theorem [BDF73] which says that an essentially normal operator 7" can be written
as the sum of a normal operator and a compact operator if and only 1if for every
A€ o.(T), md(T — M) =0 A motivating example for the Brown-Douglas-Fillmore
Theorem 1s the unilateral shift (a Toeplitz operator) In Section 3 1, we will see that
the unilateral shift 1s an essentially normal, Fredholm operator which has nonzero

index

114 More Facts about Normal Operators

Before concluding this review section, there are a few more well-known facts about
normal operators that should be mentioned The following information 1s drawn

from Davidson’s book [Dav88, Chapter 0]
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Using the fact that B(H) 1s a C*-algebra with 1dentity, we can apply C*-algebra
theory to 1t

Let A be an abelian Banach algebra with i1dentity, then as a Banach space, 1ts
dual space A* 1s the Banach space of bounded linear functionals from A to C A
multiplicative inear functional on A 1s an algebra homomorphism from A to C Let
®,4 denote the set of nonzero multiplicative linear functionals on A, then since A
1s an abelian Banach algebra with identity, ®4 1s nonempty and for every ¢ in ®4
(1) =1 and |[¢|| =1 It follows that ®4 1s contained 1n the unit ball of .A*, which
by the Banach-Alaoglu Theorem 1s compact in the weak* topology Moreover, ®4
15 a weak* closed subset of the umit ball of A* and hence 1s also weak* compact

Let &4 be equipped with the relative weak* topology of A*, then for every a
i A, the function @ ®4 — C, defined by a(p) = ¢(a), 1s continuous The map

a +— a from A to C(®4) 1s called the Gelfand transform

Gelfand-Naimark Theorem If A 1s an abelian C*-algebra with identity, then

the Gelfand transform 1s an 1sometric x-1somorphism of A onto C(P4)

Note In particular, for every a n A, ||a|| = ||a|| and o(a) = o(a) = ran(a) where
ran(a) denotes the range of the function a It follows that for every a in A, a maps
&4 onto o(a)

In our case, when N 1s a normal operator in B(H), the C*-subalgebra of B(H)
generated by N and I, denoted C*(N), 1s an abelian C*-algebra with 1dentity In
fact, C*(N) 1s just the norm-closure of the linear span of { N™(N*)* m,n € N}
Moreover, N 1s a special continuous function from ® e+ (ny onto o(N), 1t 15 a con-
tinuous byection, from the compact space ®¢-(yy to the Hausdorff space o(N), and
hence 1t 1s a homeomorphism' Therefore, we can identify ®¢-(y) and o(N) when

applying the Gelfand-Naimark theorem to C*(N)

C*-Functional Calculus If N s a normal operator in B(H), then C*(N) 1s 180-
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metrically x-1.somorphic to C(o(N)) Moreover, the inverse map yields a functional

calculus such that f(N) = f(N)* and o(f(N)) = f(o(N)) for all f m C(c(N))

Note  Smce C*(N) 1s an abelian *-algebra, every operator in C*(NN) 1s normal
In particular, every complex polynomial in z and z, p(z) = S5, Z%:o Bpam 2° 7T,
1s continuous on all of C and hence p(N) = ©K TM_ ¢, . N¥ (N*)™ 1s a normal
operator i C*(N)
Remark  This functional calculus can be used to show that positive operators
have unique positive square roots (since they are normal operators with spectrum
i R* and the square root function 1s continuous on R*) and then for every op-
erator A, we can define |[A| = (A4*A)Y/? Ths functional calculus can also be
used to characterize Hermitian, positive and projection operators as normal op-
erators with spectrum 1 R, R" and { 0,1}, respectively For example, to show
the Hermitian statement, observe that in either direction, A 1s normal and hence
o(A* = A) = {X=X Aeo(A)}, which1s {0} 1f and only if o(4) C R Clearly
then, A Hermitian implies that o(A) C R In the other direction, A* — A 1s normal,
so that ||A* — A|| = r(4* — A) = 0 (since o(A) C R) and therefore A* = A The
main 1dea 1n getting the positive and projection statements, 1s to look at |[A| — A
and A% — A, respectively

Clearly, the set of normal operators 1s closed under scalar multiplication How-
ever, 1n general, the the set of normal operators 1s not closed under operator addition
or operator multiplication For example in the 2 x 2 matrices, let

10 11
A_[O 2]and B—[l 1}

then A 1s normal since 1t 1s diagonal and B 1s normal since 1t 1s Hermitian However,

11 2 1
AB_lz ZJnor A+B—[1 1+z]

neither

1s normal—this statement can be verified by applying the definition of normal op-
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erator to AB and A + B, or, wait until the next section where we show that

{ ‘Z (bj ] 15 normal 1f and only if ¢ = (¢)?b where a — d = ¥ |a — d|

The following theorem due to Fuglede [Fugb0] gives a special commutativity
property of normal operators, which immediately yields a sufficient condition for
the sum and product of two normal operators to be normal For an elegant proof
of Fuglede’s Theorem, see the proof by Rosenblum [Ros58] using the exponential

function

Fuglede’s Theorem Let H be a complexr Hilbert space, and let N be a normal

operator on H Then every operator on H that commutes with N, also commutes

with N*

Corollary. If A and B are normal operators wn B(H) and A commutes with B,
then both AB and A + B are normal operators

Proof Let N = AB and N, = A+ B Then venfy NYN, — N,N; = 0 using the

fact that, by the theorem, all of A, A*, B and B* commute with one another |

Note In particular, since every scalar operator 1s normal and commutes with all
operators, N + Al 1s normal for every normal operator N and complex A
This completes our review of basic facts and defimtions that we need for dis-

cussing a Hilbert space and the operators on 1t
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12 Preliminary Normal Approximation Results

In this section, we establish basic definitions and terminology related specifically
to the problem of normal approximation in B(H) and survey some known results
about normal approximation due to Holmes [Hol74], Rogers [Rog76] and Phillips
[Ph177]

Let N'= N (H) denote the set of normal operators on H

Let & be a fixed nonempty subset of B(H) Then for every operator A, the
distance from A to S 1s denoted by dist(A,S) where

dist(A,8) =mf{||4-X

| XeS8}

The S approximation problem for A involves finding at least one X, in S such that
|[A — Xo|| = dist(A,S) In this context, X 1s called a best S approximant for A or

a nearest § approximant to A

Note Since the zero operator 1s normal, dist(A, N') 1s well defined for every A n

B(H), moreover, we have an immediate upper bound on this distance

dist(A,N) < [|A- 0l = || 4]

121 Invariant Maps for the Normal Approximation Problem

Before looking at the normal approximation results of Holmes, Rogers and Phillips,
we establish some tools for ssmplifying the normal approximation problem Follow-
ing an 1dea by Ruhe [Ruh87, p 586]. we say that the normal approximation problem
1s wnvarant under an ivertible map ' B(H) — B(H), 1if for every operator A,
dist(F(A),N) = dist(A,N) and N 1s a nearest normal approximant of A if and
only if FI(N) 1s a nearest normal approximant of F/(A)

Our main result gives three invariant maps for the normal approximation prob-

lem To prove one of them. we remind the reader of the following well-known fact
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Lemma 1  The operator norm 1s strongly unitarily invariant

That 1s, |[UAV'|| = ||A|| for all operators A and all unitary operators U and V

Proof For every z € H, ||Uz||® = (Uz,Uz) = (U*Uz,z) = (z,2) = ||z]|%, so
lUz|| = ||z|| Therefore, ||UAz| = ||Az|| for all z € H, hence ||[UA| = ||A|| Then,
VAV || = AV] = [[(AV)"]| = [[V-A*[| = [[A*]| = |All  m

Proposition 2.  The normal approximation problem s invariant under

(1) Umitary equwalence That 18, under A — U*AU for every umtary U

(2) Scalar translation That 18, under A — A+ M for every complex \

(3) Rotation That 15, under A — e A for every real 0
Proof  The proofs of all three statements are very similar We will prove (1)
completely and leave the details of (2) and (3) to the reader

To prove (1), let U be an arbitrary unitary operator and define F(A) = U*AU
for every operator A The first step 1s to verify that F' is mvertible It 15 well
known that F 1s an automorphism of B(H), but for completeness, we prove that F
1s mvertible directly Let A and B be arbitrary operators, then F(UAU*) = A, so F
1s surjective, and ||F(A) — F(B)|| = ||[U*(A— B)U|| = ||A — B]|, so F 1s injective

To see that the normal approximation problem 1s invariant under F, let A be
an arbitrary operator Then for every normal operator N
|A— N|| = ||[U*(A— N)U| = |[U*AU — U*NU|| > dist(U*AU, N) since U*NU 1s
normal Hence, dist(A, N') > dist(U*AU,N') Similarly, for every normal operator
M ||U*AU — M|| = ||[U*(A-UMU*)U|| = ||A—UMU*|| > dist(4,N) since
UMU* 1s normal Hence, dist(U* AU, N') > dist(A, N)

We now have dist(A,N) = dist(U*AU,N) and ||A — N|| = ||[U*AU — U*NU||
Hence N 1s a nearest normal approximant of A if and only if U*NU 1s a nearest
normal approximant of U*AU This completes the proof of (1)

The proofs of (2) and (3) are similar The key facts for (2) are that ||[A — N|| =
I[(A+ M) — (N + AI)|| and N 1s normal 1f and only if N + AI 1s normal The key
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facts for (3) are ||[A — N|| = ||[e? A — e? N|| and N 1s normal if and only if e N 1s

normal

Although the normal approximation problem 1s not formally invariant under
scalar multiplication, 1t 15 effectiwely invariant 1 the sense that 1t 1s modified 1n a

simple, reversible way given by the following corollary

Corollary 3  For every operator A and every compler A,
dist(AA, N) = |A| dist(A, N)

and 1if X #0, then N 1s a nearest normal approrimant of A +f and only 1f AN 15 a

nearest normal approrimant of A\A

Proof The proof 1s similar to (1) in the proposition—we leave the details to the
reader The key facts are for A #0, ||[A— N|| = ﬁ INMA — AN|| and N 1s normal
if and only 1f ANV 1s normal

In order to get some 1dea of how these imnvariant maps are tools for simphfying
the normal approximation problem, consider the normal approximation problem for
n X nmatrices By Schur’s theorem, every n x n matrix 1s unitarily equivalent to an
upper triangular matrix—but the normal approximation problem 1s invariant under
unitary equivalence—so the normal approximation problem for n x n matrices
reduces to the normal approximation problem for upper triangular n x n matrices

Our other mnvariant maps for the normal approximation problem are less powerful

in general, but the following example shows that they can be useful in special cases

Example The normal approximation problem for nondiagonal upper triangular

2 x 2 Toephitz matrices reduces to the normal approximation problem for the matrix

[8 é] since
1 apg ag 0 1
L a)-e-lo
aq ([ 0 ao} . 00
and since the normal approximation problem 1s invariant under scalar translation

and effectively invariant under scalar multiplication
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12 2 Distance Estimates

If every operator in B(H) has a best S approximant, Holmes [Hol74] calls the set S
prozymanal in B(H) and points out that the sets of Hermitian, positive and compact
operators are all proximinal in B(H)—these results are established in [FH55, vR72],
[Hal72] and [HKT71], respectively Holmes suggests that the normal approximation
problem appears to be “deeper” than these others, primarily since the normals are
not convex and hence, most of the usual approximation techniques are lost

In [Hol74], Holmes proposes to begin the study of the normal approximation
problem by trying to characterize those (nonzero) operators for which the zero
operator 1s a best normal approximant He calls such operators antinormal, since
their distance to the set of normal operators 1s maximal

Although Holmes’ main results about antinormal operators are interesting, the
only result that we will use 1s his preliminary theorem, which establishes upper
and lower bounds for the distance from an arbitrary operator to the set of normal
operators For the interested reader, we briefly summarize his main results about
antinormals before taking a detailed look at his theorem on distance bounds

Holmes’ main theorem establishes that a sufficient condition for an operator
T m B(H) to be antinormal 1s that 1ts distance to the set of unitary operators
be 1+ |||, the largest possible distance to the unitaries (for every umtary U,
U =T\ <||U||+||T||=14||T||) Holmes observes that Halmos has shown that
the unilateral shift (on a separable, infimte dimensional Hilbert space) satisfies the
conditions of this theorem [Hal82, p 273], hence the unilateral shift 1s antinormal

Although Holmes was unable to fully characterize antinormal operators, the con-
tent of his other theorem about antinormal operators excludes invertible operators
and compact operators from consideration It says that, if 7 1s an invertible op-
erator n B(H), then dist(T,N) < gsup {|A—p| A\ pe€o(T))} < 3T| < ||T],

which implies that T 1s not antinormal, and then, with a hittle more work, that no
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compact operator can be antinormal either This concludes our brief summary of
Holmes’ main results about antinormal operators

Holmes’ theorem on distance bounds uses the already mentioned fact, that a
best Hermitian approximant for an arbitrary operator 1s its real part Since this
result 1s very important 1n 1ts own right, and surprisingly easy to prove, we include
1t here before looking at Holmes’ theorem
Note If A= B+:1C 1s an operator in B(H) with B, C Hermitian, then ||B|| < [|A]|
and ||C|| < ||A|| To see this fact, copy the complex number proof B and C are
the unique real and 1maginary parts of A, respectively, with B = %(A + A*) and

C = (A - A%), hence ||BI|, [IC]| < z(I|A]l + [|4*]I) = || A]l

Theorem 4 If A 1s an operator mn B(H), then the real part of A 15 a best

Hermatian approrimant for A

Proof  This proof 1s from the preamble by Halmos in [Hal72] Write A = B +:C

where B, C' are Hermitian, then for every Hermitian operator R
|A—R||=|I(B-R)+:£| > ||C|| = ||A - B

It follows that ||[A— B|| = mnf {||A — R|| R 1s Hermitian } and hence B, the real

part of A, 1s a best Hermitian approximant for A

Here 1s Holmes' distance estimate and his proof
Theorem 5 (Holmes) If T s an operator wn B(H), then

7 sup |Tsl] = Tl | < dist(T.N) <

N

1T - T

Proof  For the right-hand inequality, write T = B + :C with B, C' the real and

imaginary parts of T, respectively Since B 1s normal, we have that

dist(T.N) < |IT - B|| = [1:C|| = 3 IT — T*|



12 Prelimanary Normal Approximation Results 26

Moreover, since B 1s a best Hermitian approximant for 7', this 1s the smallest upper
bound we can get using Hermitian operators
For the left-hand inequality, take any unit vector z and any normal operator NV,

then by Proposition 1 of Section 1 1, || Nz|| = ||[N*z|| and so

Tzl = IT*2||| = [I|T=]| = [[Na|| +[|N*x|| = [|T*|||
< Tl = IN2l[ | + [ [[N*=|| - | T[] |
< (T = N)z|| + (V" = T*)=]|
< T = N[+ [IN* =T

Il

2T - N||

Since this 1s true for any unit vector x and any normal operator [V,
sup | ||Tz|| — [|T*z||| < mf 2||T — N|| = 2 dist(T, N)
lel=1 e

Multipling by 1, we have the left-hand mequahty g

123 Not Every Operator Has A Best Normal Approximant

In [Rog76], Rogers shows that if H 1s an infinite dimensional (separable, complex)
Hilbert space, then the set of normal operators 1s not proximinal in B(H) As
mentioned earler, 1t 1s this result of Rogers which motivates interest n trying to
find special classes of operators that do have best normal approximants

We do not use this result of Rogers directly, however for the interested reader,
we mclude a statement of his main theorem along with an outline of his proof We
then give Rogers’ example of an operator that satisfies the hypothesis of his theorem

and hence does not have a best normal approximant

Theorem 6 (Rogers) If T s an operator with dense range such that

dist(T,N') < 1 ||IT|| and such that the kernel of T contains a mazmal vector for
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T*—u e, a nonzero vector f satwsfyung ||T*f|| = ||T*|| ||f|l, then T fauls to have a

best normal approrimant

Outline of the proof Rogers’ proof of this theorem 1s very clever His main tool
15 a lemma establishing that if f 1s a maximal vector for A, then (Af, Ag) = 0
whenever (f,g) =0 To see this fact, first show that ||Af|| = ||A|| ||f|| if and only
if A*Af =||A*A|| f, and then the lemma follows immediately

Essentially, his approach in the theorem 1s to assume 7 has a best normal
approximant N and then get a contradiction Without loss of generality, Rogers
takes ||T'|| = 1 and ||f|| = 1, then he has Tf = 0 and ||[T*f|| = 1 By Holmes’
distance estimate dist(T.N) > £ |||Tf|| = ||T*f||| = 1. and so, by the hypothess
of the theorem, he has that dist(T\,N) = % Moreover, the distance from N*f
to 0 and to T*f 1s less than or equal to %, hence N*f = %T*f An mmportant
consequence of this fact 1s that f 1s a maximal vector for N — T and N* — T* as
well as for 7™

The final stage of Rogers’ proof 1s to show that N f 1s orthogonal to the range
of T—once that 1s done, he has his contradiction—by hypothesis, the range of T 1s
dense m H and so Nf =0, but |[Nf|| = ||[N*f|| =3 Smnce H = kerT & (ker T)*,
it suffices to show that (Nf,Tg) = 0, for every g € (kerT)+ The clever part of

the proof, 1s how Rogers accomplishes this final step—he cleverly introduces and

removes terms that are zero For example, his first step 1s
(Nf,Tg)=(Nf,Ng)—(Nf,(N—T)g)

and, along the way, he uses that Tf =0, (T*f,T*g) =0, (N -T)f,(N-T)g) =0
and (N = T)*f,(N = T)*g) = 0

Example (Rogers) The hypotheses of Rogers’ theorem are satisfied by

T = the adjomt of the unilateral weighted shift with weight sequence (1,3, %, ) and

hence 7' 1s an example of an operator that does not have a best normal approximant
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That 1s, with respect to some orthonormal basis {e;,e;, } of H
T*e, = s €541 forall

The matrices of T* and T with respect to the basis {e,} are

F 0 . - 0

1
1 0

O

T and T'=

- O
w= O
o
o wi

Clearly, the range of T 1s dense and e; 1s 1n the kernel of T
To venify that e; 1s actually a maximal vector for 7%, we need to verify that

IT*e.|| = IT*[| [lexl] However, [[T*e;| = [lez|| = 1 and ||T"

llex|| = [|T*[], so, we
only need to verify that ||[T*|| =1 To see this, suppose z = 3 ¢,e, 1s a unit vector,
* * % 2
then |T°z]* = IT*(Zee)l’ = IZeT el = I1T¢ jeull’ = Sliel® <
S le)|? = |lel|* = 1 Hence, ||T*|| < 1, but |Te1]| = [leal| = 1, s0 [|T*]| = 1
It only remains to show that dist(T,N') < £||T|| = 5 To do that, Rogers first

defines the operators Ny for k > 2 via

%6;c 1f]=1
Nie, = %61_1 if3=2.. .,k
ze, 1fy>k

The matrix of Ny with respect to the basis {e,} 1s

o 1 -
!
2
0
1
Ny=|1 (2) where the upper left block 1s & x k
2
1
2
1
2
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Rogers then states that for all such k-values, N 1s normal (since 2 Ny 1s a unitary

operator) and

Ny —T| < % - %, hence dist(T,N) < 5 Carefully venfying these

statements about Ni 1s an excellent opportunity for us to introduce

1 A speaial £ X k unitary matrix that plays an important role in the search for

normal approximants of k x k Toeplitz matrices

2 A result that gives us the exact norms for a special class of operators/matrices

and which can also be used to get norm estimates for more general operators

The Basic Circulant Matrix

In the setting of n x n complex matrices, the following matrix 1s called the basic

circulant matriz

0 1 -

0 1

C=0,= 0

1
L1 0

Let (z;, .,z,) denote a row vector in C" and let z = (z;, ,z,)7 denote 1ts
transpose—a column vector in C" Note that Cx = (75, ,z,.71)7, hence C 15 a
backward circulant on C" Also note that C*z = (2,2, .7n,_1)7, hence C* 15 a

foreward circulant on C™ It 1s now easy to see that C*C' = CC* = I and hence C'
1s unitary
If we think of C), as the matrix of an operator on n-dimensional Hilbert space

with respect to the basis {e;, ,e,}, then the matrix C, corresponds to the oper-

€ ifi=1
Cn,e]:{ no af
Bpq HF=2y...;%

ator

In Rogers’ example, let Hy, denote the span of {e;, ,ex}, then H = Hy&(Hj)*

and we can decompose N = %Ck &) %I ., where I represents the identity operator on

(Hi)* As Rogers said, 2 N, = Ci & I 1s umtary, hence Nj 1s normal
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Weighted Partial Permutations

In Rogers’ example, we showed that the weighted (forward) shift 7* with weight
sequence (1,3,3, ) has norm 1—the largest weight We would like to extend thus
result to a larger class of operators which includes 7%, T', Ny and that will help us
get Rogers’ norm estimate for Ny — T

The most important feature of our proof that ||7*|| = 1, turns out to be that 7*
maps basis vectors to weighted basis vectors, injectively The operators Ny satisfy
this property as well, but, the weighted (backward) shift 7" does not quite satisfy 1t

T maps e; to 0, but then maps all the other basis vectors to weighted basis vectors

injectively—that 1s enough for the proof to carry through

Proposition 7 Suppose H 15 a separable, complexr Hilbert space (possibly fi-
nute dimensional) with orthonormal basis {e,},c; and suppose {w,},cs 15 a bounded
complez weight sequence Define Jy ={j€.J w,=0}and J; =J\ Jy

If m J, — J 1s igectwe, then the operator A, defined by

0 if 3 € Jo
Ae; =
w, ex;) 4 g € Ju,

18 bounded with || A|| = sup |w, |
ged

Proof  Let M = sup,.;|w,| If M =0, then every w, = 0 and A 1s the zero
operator, hence ||A|| =0 = M Otherwise, M > 0 and .J; 1s not empty

To see that ||A| < M, suppose 2 = 3, ;c,e, 1s a umt vector Then
Azl = AT, csere)I = [ eserAes I = [ enes s enyl = Syenles 2,2 =
Yeilelw,|? < M2Y,le > = M?|jz||> = M? Therefore, A 1s bounded and
|4l < M

To see that ||A| > M, observe that for every j € J

110]] if w, =0
[Ae|l = { ’ = ||

|lw, exll of w, #0
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This imples ||A|| > |w,| for all ) € J and hence ||A|| > sup |w,| =M R
Jed

Remark 1 If H 1s fimte dimensional in the proposition, we can always extend 7
to be a permutation on all of .J, hence 1t seems appropriate to call the operator
A a weighted permutation When H 1s infinite dimensional we may not be able
to extend m to be a permutation on all of J, hence, caling A a weighted partial

permutation seems more appropriate

Remark 2 Any fimite or infinite matrix with at most 1 nonzero entry in each row

and each column satisfies the hypothesis of the proposition

We can now use Proposition 7 to get Rogers’ norm estimate on Ny — T'

o8 ) _
0 4-d
0
v_r_ |, G- | _[A B
Mem =g 0 £} - {0 C]
I L
2 +1
1
2
Therefore
A B
-1 = 1o o]+ [0 o Zull
A 07 0 B
<o I+0g ¢yl

Since this 1s true for every k > 2, 1t follows that dist(T,N) < 5 = 3||T||,

which completes the verification that the weighted (backward) shift T, satisfies the

hypothesis of Rogers’ theorem and hence does not have a best normal approximant
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124 Every Binormal Operator Has A Best Normal Approximant

An operator on H & H 1s called binormal, 1f 1t 1s unitarily equivalent to a 2 x 2

Ty Ti
In Ty

in which Tyy, Tig, To1. Tyo are commuting, normal operators on H Such operators

operator matrix

are generalized 2 x 2 complex matrices—every 2 x 2 complex matrix 1s a binormal
operator on C & C Strengthening the analogy with the 2 x 2 complex matrices,
Radjavi and Rosenthal [RR73, Theorem 7 20] proved that each binormal operator

1s unitarily equivalent to a 2 x 2 upper triangular operator matrix
o ]
0 C

in which A, B, C, are commuting normal operators on H

Since the normal approximation problem 1s invariant under unitary equivalence,
the normal approximation problem for binormal operators reduces to these upper
triangular representations In [P77], Phillips shows that every upper triangular
representation of a binormal operator has a nearest normal approximant and hence,
every binormal operator has a nearest normal approximant In fact, for each upper

triangular representation of a binormal operator, he actually exhibits a nearest

normal approximant More precisely

Theorem 8 (Phillips) Let T be a binormal operator whose upper triangular

form s

Then,
(1) dist(T\N) = %HBH,

A IB
e =2 2
(2) Xo= [ ty2pe o } 18 a nearest normal to T,

where (A—C) =V

A—Cland V' 18 umtary
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Remark Since A commutes with C, A — C' 1s a normal operator It follows that
A — C does have at least one unitary polar decomposition and hence, the theorem

does exhibit at least one nearest normal approximant

Remark In [BHK91], Bhatia-Horn-Kittaneh show that the statement of Phillips’
theorem remains true if the operator norm 1s replaced by any umtarly invariant

norm

The fact that Phillips’ theorem exhibits an exphicit formula which gives a nearest
normal approximant to an arbitrary binormal operator 1s very significant in the
history of the normal approximation problem—no such formula 1s known for any
other class of operators Although this state of affairs 1s a significant motivating
factor for this thesis, we do not use the general result in the sequel We refer the
interested reader to [Ph177] for a complete proof On the other hand, since we will
be looking at n x n Toeplitz matrices, 1t 1s important for us to see how the proof of
this theorem goes 1n the special case of 2 X 2 complex matrices—that case includes
the 2 x 2 Toeplitz matrices As a bonus to the reader, since binormal operators
are generalized 2 X 2 complex matrices, the proof for 2 x 2 complex matrices can
serve as a model for the general proof

In order to help us show how Phillips’ proof for binormal operators works
i the special case of 2 X 2 complex matrices, we take the opportunity to first
prove a proposition which has independent interest It characterizes 2 x 2 normal

matrices—in a way suggested by the form of Phillips’ nearest normal approximant

Proposition 9  Let A = [‘;Z] be a 2 x 2 compler matriz Then

A 15 normal of and only +f c = v*b wherea —d = v|a — d| and |v| = 1

Proof By straight computation

| — |b]2 @—d)b—(a—d)c

A'A— AL = _ -
(a—d)b—(a-dc 6% = [ef?
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It follows that A 1s normal if and only 1if |c| = |b| and (a —d)b= (@—d)c
If a # d, then there 1s a umque v such that a —d = v|a — d| and this v has

modulus 1 Then, since a —d # 0 A 1s normal 1if and only 1if

a—d- vla—dl: 51
e =10 and ¢ E—db U|a—d|b v°b

Since |v| = 1, this yields A 1s normal if and only if ¢ = v2b Hence, the proposition
1s true 1n the a # d case
If a = d, then (a — d) b= (@ — d) c for all values of b and ¢ and so the situation

sumplifies to A 18 normal 1if and only 1if |¢| = |b] However

el =18 < |c| =[]
< c=wb  forsome |w|=1

& c=v’b  for some |v| =1

In this case, any v satisfies a — d = v|a — d| and hence, the proposition 1s true in

the a = d case |

Remark It might be worthwhile to think of this proposition 1n 1ts 2 cases sepa-
rately If a # d, then [‘: 3] 15 normal 1f and only if ¢ 1s the unique number ¢ = v%b

where a —d = v |a — d| However [‘;Z] 1s normal 1f and only 1f |¢| = |b]

Note Ifa#dbuta—d€ R, then Aisnormalifand only ifc=(+1)2b=5b In
particular, if the a and d are both real numbers, then A 1s normal if and only 1f A

18 Hermitian

Proof  The following 1s a proof of Phillips’ theorem for the special case of 2 x 2
matrices More precisely, this 1s how Phillips’ proof would look 1n this simple case

By Schur’s theorem, every 2 X 2 matrix 1s umtarily equivalent to an upper tri-
angular matrix—but the normal approximation problem 1s invariant under unitary
equivalence—so the normal approximation problem for 2 x 2 matrices reduces to

the normal approximation problem for upper triangular 2 x 2 matrices
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Suppose T' 1s an upper triangular 2 X 2 complex matrix

r-[3 ¢

Y — Ty T2
Ta1 T22

be an arbitrary normal matrix Then

Let

—T2 C— T2

T_x— [G—Iu b*hz}

since X 18 normal

and so
IT =X > max { leoly(T = X)], eoko(T — X)]° }
> max {|z9]? |b— 712/}
= max {|zo|% |b—z12|*}
Therefore

17— Xl

v

vV

However, if a —c =v|a — ¢| and |v| = 1, then

|

18 a normal matrix by Proposition 9, and

N =

0
=%l =1 _y,

1
2

—_
e B
5vb c |

”
50 |

max { |z1a], |b— 12| }

(|z12] + |6 — 212])

=318l

It follows that dist(T, ) = % |b| and that X 15 a nearest normal approximant to

the 2 x 2 upper triangular matrix ' This completes the proof of Phillips’ theorem

for the special case of 2 x 2 matrices J
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Remark In the general theorem, Phillips has to consider 2n x 2n normal matrices
where “n 1s some ordinal number” It 1s not necessary for him to characterize
such matrices! He can show that Xy 1s normal directly, by an “easy calculation”
In order to show that dist(T,N) > 3 ||BJ|, huis main tool 1s the fact that for any
2n x 2n normal matrix X, [[colg(X)|| = |[rowg(X)|| for all k € {1, ,2n} Since
this property of normal matrices will be needed 1n our work with finite dimensional
matrices, we take the opportunity to prove 1t here as one of our preliminary normal

approximation results

Proposition 10 If A =[A,,] 1s a normal n X n matriz, then

forallke {1, .n} |col(A)| = |[row(A)l

Proof  Let {e;, ,e,} be the standard ordered basis for C* Then
for every k € {1, .,n},

lcolg(A)|* = ||Aex|* = ||A*k|]*  since A 1s normal
= Jleol(AN)I* = 3= 1(A")l?
=1
= > [Al* =2 |4/
=1 r=1
= [rowx(A)|* u

When n = 2, we get the following corollary which 1s all we really needed in order

to mimic Phillips’ proof in the 2 x 2 case
Corollary 11 IfA = [‘;3] 18 a normal 2 x 2 matriz, then |c| = |b|

Proof By the Proposition, |a|? + |c|?> = [|coly(A)]|* = |[row,(A)|]* = |a|? + |b]?
and therefore, |c| = [b|

This completes our discussion of preliminary normal approximation results As

stated 1n the Introduction, little else 1s known about the normal approximation
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problem For example, in contrast to the 2 x 2 matrix case, no one has exhibited
an explicit formula which gives a nearest normal approximant to an arbitrary 3 x 3
upper triangular matrix This state of affairs motivates the search for special classes
of operators for which nearest normal approximants can be found

The remainder of this thesis 1s devoted to studying the normal approximation
problem for two special classes of operators In Chapter 2, we begin with the n x n
upper triangular Toeplitz matrices and 1n Chapter 3, we consider Toeplitz operators

on H*(T)
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Chapter 2

Normal Approximants for Upper Triangular Toeplitz
Matrices

In this chapter, we make a modest beginning on the study of the normal approxima-
tion problem for (fimte dimensional) Toephtz matrices by restricting our attention
to upper triangular Toeplitz matrices That 1s, upper triangular n X n matrices,

where n > 2, of the form

ap @ Qn—1
7= 21)
ay
0 0 Qg

which are constant along the main diagonal and constant along each diagonal par-
allel to the main diagonal Upper triangular Toeplitz matrices with exactly one
nonzero diagonal will play a distinguished role here—we call such matrices super-
diagonal Toeplitz matrices

Our first step 1s to exhibit a formula for a nearest normal matrix to an arbitrary
n X n superdiagonal Toeplitz matrix For fixed n, 1t 1s interesting that all these
normal approximants are in the commutative C*-algebra generated by a special
umtary matrix (the basic circulant), and hence their sum 1s a normal matrix Since
all upper triangular Toeplitz matrices can be written as a sum of superdiagonal
ones, the sum of the individual approximants 1s a natural normal approximant to
consider We verify that this sum 1s a best normal approximant 1n the 2 x 2 case
Enticingly, 1t 1s also a best normal approximant for Jordan blocks (which are special
upper triangular Toeplitz matrices) However, we show via a 3 x 3 counterexample

that 1t 1s not a best normal approximant i the general case We carry out a
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comparative analysis in the 3 x 3 case but, unfortunately, are unable to decide
upon a best normal approximant

As a final finite dimensional topic, we consider direct sums of upper triangular
Toeplitz matrices We show that for direct sums of superdiagonal Toeplitz matrices
and Jordan blocks, a best normal approximant 1s the direct sum of the individual
best normal approximants However, we don’t expect that a direct sum of individual

best normal approximants will likely be a best normal approximant in general

2.1 Superdiagonal Toeplitz Matrices

A nonzero Toeplhitz matrix T 18 superdiagonal 1f 1t 1s upper triangular, as in equa-
tion (2 1), and exactly one of ag, ,a,—1 15 not zero If ax 1s the one nonzero value,

I' Tn addition, since

then T 1s naturally called a kth superdiagonal Toeplitz matrix
we want to think of an arbitrary scalar multiple of a kth superdiagonal Toeplitz ma-
trix, as still being a kth superdiagonal Toeplitz matrix, we also call the n x n zero
matrix superdiagonal and we allow 1t to be arbitrarily called a kth superdiagonal
Toeplitz matnx, for any k =0, ,(n—1) In this section, we exhibit a formula for

a nearest normal matrix to an arbitrary n x n superdiagonal Toeplitz matrix

211 The Basic Superdiagonal Matrix

The particular first superdiagonal Toeplitz matrix

§= (22)

nXn
which has 1’s on the first superdiagonal and 0’s elsewhere 1s a fundamental matrix in

the theory of upper triangular Toeplitz matrices We call S the basic superdiagonal

In order to avoid having to always discuss the main diagonal of an upper triangular matrix
separately, we find 1t convenient to think of the main diagonal as the Oth superdiagonal
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matriz (to emphasize 1ts ssimilarity to the basic circulant matrix that we introduced
i Section 12 3) or the first superdiagonal Toeplitz matrix (to emphasize that 1t
1s a Toeplitz matrix) This matrix S 1s also commonly called the backward shaift

because of 1ts effect on vectors in C" If {e;, e, } 1s the standard basis for C",

0 fg=1
Sey = B
e if3=2, . .,n

then

and, if ¢ = (21, .7,)T 1s a column vector in C", then Sz = (x5, ,z,,0)7,
S2r=(z3, ,2,,0,0)7, ,8"'z=(2,,0,. ,0)T and Sz =0 It follows that
S? can be called the 2-backward shift Moreover, S? has 1’s on the 2nd superdiag-
onal, 0’s elsewhere and hence can also be called the 2nd superdiagonal Toeplitz
matrix Simlarly, for k € {1, ,n— 1}, S can be called the k-backward shift or
the kth superdiagonal Toeplitz matrix At the extremes, S™ = 0 1s the n-backward
shift, S® = I 1s the 0-backward shift and the Oth superdiagonal Toeplitz matrix

We can now demonstrate why S 1s a fundamental matrix in the theory of up-
per triangular Toeplitz matrices To begin with, every kth superdiagonal Toeplitz
matrix can be written in the form a;S* Moreover, every upper triangular Toeplitz
matrix can obviously be written as a sum of superdiagonal Toeplitz matrices, so
any upper triangular Toeplitz matrix 7' can be written as a polynomial matrix in
S as follows

T =aol +6iS +a35% 4 -+« + a1 ¥ (2 3)

Conversely, any such polynomial matrix in S 1s a sum of superdiagonal Toeplitz
matrices and hence 1s an upper triangular Toeplitz matrix

The following lemma exhibits a nearest normal matrix to S Although this
lemma 1s really just a special case of our main theorem about superdiagonal Toeplhitz
matrices, we choose to prove 1t separately as an easy-to-visualize, detailed model

for our general proof
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Lemma 1 Forn > 2, the n X n basic superdiagonal matriz

18 at distance % from the set of normal matrices and a nearest normal approrimant

18 gren by

0 1

=

1 0

(SIE
O -

where C 18 the (umtary) n X n basic circulant matriz

Proof  Clearly N 1s normal (1t 1s a multiple of a unitary) Moreover,

O =
I

—t

o

L
2

By nspection, S— N 1s a weighted permutation [Section 1 2 3] and hence ||S — N|| =
1

2
Remark The matrnix B 1n equation (2 4) 1s unitary, hence S — N = %B 18 actually

a normal matrix and ||S — N|| could have been obtained by ||S — N|| = £ ||B|| = §
At this pomt, we know that dist(S, V) < |[|S— N|| = 3 In order to show that

dist(S,N') > 3, we follow the method used by Phullips in [Ph177] Let X = [z,,] be

an arbitrary n X n normal matrix, then

—z11 (1 - 21 —Tip

—Z2 —I22

(1 . -Tn—l,n)
—Tn1 —T2p —Tnn



21 Superdiagonal Toeplitz Matrices 42

and
I > max { [|cok (S — leoln(S = X)]*}
> max { [|coli (S — X)||*,[[cole(S — X)|[* }
= max{ || = col; (X) (S = X)|I? } (by 1nspection of S — X)
= max{ [|lrow (X)]|2, ||cola(S — X)||? } (since X 18 normal)
2 max{ |I12|2. |1 s .'1712|2 }
Therefore
1S =XII > max{|zi], |1 - 71| }
> 3 (|ze|+]1—z1])
> glzp+(1—-2p)]
|
2
= [[S-N|
> dist(S,N)
Since this 1s true for any normal X, 1t follows that dist(S, V') = ||S— N|| = 1 and

that N = %C 1S a nearest normal matrx to S |

Remark The preceeding proof 1s the one we actually used in discovering that %C
1s a nearest normal to S It can be shortened by using Holmes’ distance estimate
[Section 1 2 2] to obtain that dist(S,N) > % More precsely, if { €1, e, } 15 the

standard ordered basis for C", then

dist(S,N) > 3| [|Sen|| — [|S*enll | = 511 - 0] = 3

The key ingredient of our main theorem about superdiagonal Toeplitz matrices

1s that for k # 0, the kth superdiagonal Toeplitz matrix S* 1s also at distance %

from the set of normal matrices and a nearest normal approximant 1s given by 3 L (%
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Moreover, S¥ — £ C*¥ =  B* where B 1s the umtary matrix defined in equation (2 4)
and hence S* — %C’“ 1s a normal matrix In order to prove these statements, we
need to analyze powers of the basic circulant matrix C' and of the unitary matrix

B 1n the same way that we analyzed powers of the basic superdiagonal matrix

2.1 2 Two Special Unitary Circulants

We have already seen [Section 1 2 3| that the basic circulant matrix

0 1
U= (2 5)
1
1 0 nXn
1s a umitary matrix which operates as a backward arculant on C* If {e;, e, }

1s the standard ordered basis for C", then

e, j=1
Ce]:{ n 1fy
(2

2,1 H3=2,.. ,n
and if x = (2, ,2,)T 15 a column vector in C", then Czx = (29, ,2p,2,)7

9
C'z = (x3, - %, 21, 2)7%, . .,C* 'z = (Tp, 1, . ., 8p-1)T and C*z =z It

follows that for k € {1, ,n}, C* can be called the k-backward circulant

Similarly, if wy, ,w, are nonzero complex numbers, then the matrix
0 w1 0 wn,
7 = with adjoint U* = “
Wn—1
Wn 0 Wno1 O

15 a weighted backward circulant and for k € {1, ,n}, UF 1s a weighted k-
backward circulant Moreover
jwn [? Jwr[?
\ Jr[? , |wal?
Ul = and UU" =

|wn—1‘2 Iwnl2
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Hence, U 1s umtary if and only if |w,| =1 forall y =1, .,n
Our immediate goal 1s to analyze powers of the special unitary circulant matrices

C and B which are both of the form

Remark  Although we will not directly appeal to a visual argument to prove
our general superdiagonal result, our general proof 1s motivated by the fact that
for k € {1, ,(n—1)} C* has 1’s on the kth superdiagonal, 1’s on the (n —
k)th subdiagonal, and 0’s elsewhere Simlarly, our observation that S* — 1 C* =
1 B* 15 because B¥ has 1’s on the kth superdiagonal, (—1)’s on the (n — k)th
subdiagonal, and 0’s elsewhere The following nonvisual lemma 1s what we will
formally use to prove our main theorem—the visual corollary 1s presented as an
interesting observation Both of these results handle C' and B at the same time by

looking at the special weighted circulant matrix U, defined 1n equation (2 6)

Lemma 2  Gwen any n > 2 and any nonzero complex number w, let

0 1
V=0, =
1
w 0
be the corresponding n X n weighted circulant matriz and let {e;, ,e,} be the

standard ordered basis for C" Then, for allk =1, ,(n—1)

Wen_ ity =01, .auk

- €)—k Zf] = (k + 1) ) TV

Proof  Itis true for k =1 If n = 2, then we are done If n > 2, then make the

induction hypothesis that 1t 1s true for a k-value satisfying 1 <k < (n—1)
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If j=1, .k then by the induction hypothesis UF*! e, = Uwe,_t4, However,
n—k+73>n—k+1>1smcej>1and k <n HenceU’““eJ = wUep_tyy =
Wen—k+y—1 = Wen—(k+1)+)

If 7 = k + 1 then by the induction hypothesis Ustle, = Ue,_x = Ue; = we,, =

Wen—(k+1)+7
If = (k+2), ,nthen by the induction hypothesis U**! e, = Ue,_, However,

7 —k > 1, hence UF*! e, =€_k-1=¢_k+1) B

Corollary 3 Let w and U be as wn the Lemma Then for k € {1, ,(n—1)},
U* has 1’s on the kth superdiagonal, w’s on the (n — k)th subdiagonal and 0’s

elsewhere Furthermore, U™ = wl

Proof Let {e;, .,e,} be the standard ordered basis for C" Then for each

k=1, .(n—1), we can think of U* as a row vector of column vectors as follows
k k k k k
U' = [Uer, ,U e, U €kt1, ,U%en]
= [wen—ki1, Wen—kiks€kil—k, s€n—k] by the Lemma
= [‘A')en—k+1s s Wen, €1, ~en—k]

By mnspection, U* has w’s m entries (n —k+1,1), (n —k +2,2), . (n,k)—this s
precisely the (n— k)th subdiagonal of U*, 1's in entries (1, k+1),(2,k+2), .(n—
k,n)—this 1s precisely the kth superdiagonal of U*, 0’s elsewhere

Furthermore, from our knowledge of U"~! and U, 1t follows that
Ur=UU"!=Ulwey, ,wen e ]=][we, ,wen_i,we,]=wl

2.1 3 The Main Theorem

We now have the tools to prove our main theorem about normal approximation of

arbitrary superdiagonal Toeplitz matrices
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Theorem 4 Suppose T 15 an arbitrary n x n superdiagonal Toeplitz matriz,
where n > 2 Let S denote the n x n basic superdiagonal matrix and let C' denote

the n X n basic circulant matriz
(1) FT= aoS® = aol 15 a Oth superdiagonal Toephtz matriz, then T s normal
It follows that dist(T,N) = 0 and that T 15 1ts own unique nearest normal

approrimant

(2) If T = arS* 1s a kth superdiagonal Toephtz matriz, where 0 < k < n, then

dist(T, N) = 5 |ax| and 3 ax C* 15 a nearest normal approzumant to T

Proof (1) 1s obvious—it 18 ncluded mn the statement of this theorem so that
normal approximants of all of the superdiagonal Toeplitz matrices are recorded 1n
one place

(2) 1s trivial if ax, = 0 If ax # 0, then (2) can be reduced to the case where

ar = 1 By Corollary 3 of Section 1 2
dist(axS*, N') = |ag| dist(S*, N)

and since a # 0, N 1s a nearest normal to S¥ if and only if ax N 1s a nearest normal
to axS* Therefore, 1t will suffice to show that dist(S*, V') = ; and that N = 3 C*
1s a nearest normal to S¥ In other words, 1t will suffice to prove (2) for a5 = 1
To accomphish this, we follow the steps we used in Lemma 1 (the k = 1 case), but
without showing the matrices

Since N = £ C* 1s a multiple of the umtary C, we have that N 1s normal Let
{e1, ,e,} denote the standard ordered basis for C" Then using Lemma 2 and
the fact that S* 1s the k-backward shift

{(0—%6,1_“]) fj=1, Lk

(8% - 1Ck)e,
sl (ek—3e-k) g =(k+1), ,n

N —

—en-kt; H3=1, .,k
e,k g=(k+1), ,n
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_ 1 pk
= 3B

where B 1s the special weighted circulant matrix corresponding to w = —1 1n

Lemma 2 Swince S*— 3 C* and § B* agree on a basis, we have that S¥—% C* = 1 B

However, B 1s unitary since all of 1ts weights have modulus 1 Hence S* — %C’“ 1S
actually normal and [|S* — 1 C*|| = 1||B¥|| = }
At this pomnt we have that dist(S*,N) < [|S*=N|| = ; To show that
dist(S*, V) > 1. let X = [z,)] be an arbitrary normal matrix, then
IS = X|* > max{ [leoly(S* — X)[*, .|lcoln(S* — X)|I* }
> max { ||col; ($* — X)||*,[[coli1(S* — X)|* }
= max{ Il = coly (X)||% ||coles1(S* — X)|I } (since col;(S*) = 0)

max{ llrowy (X)), [|coles1(S* — X)|| } (since X 1s normal)

> max {|r1.1|% |1 — 21k}

As m Lemma 1, this imphes ||S* — L =||S*— NJ|| > dist(S*,N) Since X
was an arbitrary normal matrix, 1t follows that dist(S*, N) = = ||S* — N|| and

hence N = 3 C* 1s a nearest normal approximant |

Remark The preceeding proof 1s the one we actually used in discovering that %C”“
1s a nearest normal to S* As in the remark following Lemma 1, the proof here can
also be shortened by using Holmes’ distance estimate to obtamn that dist(S*, N') > 3

This completes our analysis of the normal approximation problem for superdiag-
onal Toeplitz matrices—given any superdiagonal Toeplitz matrix, we can calculate
how far 1t 1s from the set of normal matrices and we can exhibit a nearest normal

approximant
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2.2 Upper Triangular Toeplitz Matrices

Given an arbitrary n x n upper triangular Toeplitz matrix, T, where n > 2, we can

write T' as a sum of n superdiagonal matrices as we did 1n equation (2 3)
T =aol + 215 + a8+  +a,_,5™!

where S 1s the n x n basic superdiagonal matrix Moreover, we know a best normal
approximant for each of these n superdiagonal matrices mmdividually aol 1s 1ts
own best normal approximant and for k =1, ,(n—1), %akC’“ 15 a best normal
approximant for a;S*, where C' 1s the unitary n x n basic circulant matrix Since
each of these best normal approximants 1s in the commutative C*-algebra generated

by the unitary C' (and the identity), their sum
N =aol +1a;C+ 1a,C* +  + La,.,C™!

1s normal and hence 1s a natural normal approximant to consider

In this section, we reserve N to denote this sum of individual normal approxi-
mants We have already mentioned that, in general, N may not be a nearest normal
to T However, N 1s always an interesting normal approximant for 7 since T'— N

has some special properties Using part of the proof of Theorem 4 of Section 2 1,

T-N = 0[4+a(S—3C)+ +a, (S —4C™H)

= %alB + + %an_an—l

where B 1s the umtary circulant with 1’s on the first superdiagonal, B,; = —1
and 0’s elsewhere It follows that 7' — N 1s normal since 1t 15 1n the commuta-
tive C*-algebra generated by the umtary B Therefore ||T — N|| = r(T — N) =
max {|\| M€ o(T—N)} However, T — N = p(B) where p 1s the polynomial
p(2) =zaz24+ +3a,-12""" Hence o(T—N)={p()) A€ a(B)} One way to
find o(B) 1s to observe that B = (—1)I,sothat { -1} = o(B") = {\* X € o(B)}
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and hence o(B) C {\ A" = —1} However, we can see that every such nth root, A,
of (—1) 1s an eigenvalue of B by observing that (1, X, A2, , A" 17 1s an associated
eigenvector Hence o(B) = {A A" =—1} Putting these observations together,
we have that

IT - N|| = max 130X+ + Fap A" (28)

If nothing else, this formula for ||T'— N|| gives us an upper bound for dist(7, )
Recall, we also have Holmes’ upper bound for dist(7, ") [Section 1 2 2] which
1s based on the distance from T to H = 3(T + T*), the real part of T

dst(T.N) < |IT — H| = T - |

Moreover, we know H 1s a best Hermitian approximant for 7" and hence H 1s also
a natural normal approximant for us to consider In this section, we reserve H for

the real part of the upper triangular Toeplitz matrix T

221 The 2 x 2 Case

As promised earlier, we now verify that N 1s a nearest normal to 7' in the 2 x 2

case In this case

T:a0]+015:[a0 alj|,

000

1
a sa

N=gl+laC=| " 27",
301 Qo

0 la
— N — 1 - 21
T—-N=0I+ 2alB l %al 0 } :

and

IT-N

= £|ai|

One way to see that N 1s a nearest normal to 7 1s to recall that we know %alC

1s a nearest normal to a;.S However, by Proposition 2 of Section 1 2, the normal
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approximation problem 1s invariant under scalar translation Hence aql + %alC = N
1S a nearest normal to agl +a;S =T

Another way to see that N 1s a nearest normal to 7" 1s to recall the 2 x 2 case
of Phillips’ Theorem [Section 1 2 4] which says dist(T,N') = 3|a;| and a nearest

normal to T 18

1
Qo 501
Xo(v) = 2

for any v with |[v| = 1 The fact that N 1s normal and ||T — N|| = 3|a1| = dist(T. N)
1s enough to verify that N 1s a nearest normal to T Moreover, 1if a; = |ai]e? 15 a
polar form of a;, then Xy(e?) = N That 1s, in the 2 x 2 case, N 1s one of the
nearest normals to T' given in Phillips’ Theorem—as long as a; # 0, the 2 x 2 case
of Phullips’ Theorem gives us infinitely many nearest normals to the 2 x 2 upper
triangular Toeplitz matrix T—one for each [v| = 1 For example, another nearest

normal to T 18
1
Xo(l):l (1()_ QGljl

%01 ap
which 1s the real part of T 1f ay 18 a real number
Remark In the general 2 x 2 case, we cannot say that H, the real part of T, 1s a
nearest normal to T since

T—H—[ao al]_lRe(ao) zay ]_[zlm(ao) zay
- V= i

0 ag %m Re (CL()

and so, 1if ag 18 not a real number, then
|IT — H|| > ||coly(T — H)|| > %|a1| = dist(T, N)

However, since we know that the normal approximation problem 1s invariant under
scalar translation, this distinction about ay being real or not 1s somewhat superficial
since we can reduce the 2 X 2 upper triangular Toeplitz problem to the case where
ag = 0 by replacing T" with T' — aol, 1if necessary Then, for this reduced 2 x 2

problem, we have both N and H as nearest normals to T
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Remark  Similarly, we can reduce the normal approximation problem for n x n
upper triangular Toeplitz matrices to the case where ap = 0 As an immediate
consequence of this observation and the fact that we know a best normal approx-
imant for any superdiagonal Toeplitz matrix, ay S¥, we also know a best normal
approximant for any upper triangular Toeplitz matrix, T = ag I + a; S*, which 1s
just a scalar translation of a superdiagonal Toeplitz matrix In fact, the sum of
the 2 individual best normal approximants, N = ag [ + %ak C*, 15 a best normal
approximant 1n this case To prove this statement, we can copy our first proof
for 2 x 2 upper tnangular Toephitz matrices almost verbatim We know %ak ck
1s a nearest normal to a; S* and we know the normal approximation problem 1s
invariant under scalar translation Hence ay I + %ak C* = N 1s a nearest normal to
aol +ax S* =T Moreover, dist(ag I + a S*¥, N) = dist(ax S*, N') = £ |a|

In particular, we can solve the normal approximation problem for any n x n

Jordan block

222 Jordan Blocks

Recall that for n > 2 and A € C, the n x n Jordan block corresponding to A 1s

given by

Jn()‘) = =AI+S
1
A

where I 1s the n X n 1dentity matrix and S 1s the n X n basic superdiagonal matrix
By the immediately preceeding remark, we know that a best normal approximant
for Jo(A) =AI+S1s N =XI+ 3C. where C 1s the n X n basic circulant matrix
Moreover, dist(J,()\),N) = -;- for every n >2and ) € C
Since 1 x 1 Jordan blocks, J;(A) = [)], play an important role in the theory of

matrices, we mention for completeness that they are their own, unique, best normal
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approximants

Premew  As a special topic at the end of this chapter, we will show that a best
normal approximant for a direct sum of Jordan blocks 1s a direct sum of corre-
sponding best normal approximants This i1s an enticing result—if A 1s any square
matrix, then 1t 1s known that A 1s ssnular to a direct sum of Jordan blocks, J (v e
there exists an invertible matrix P such that A = PJP~!) We do not pursue
this result immediately since, unfortunately, 1t does not really give us information
about arbitrary square matrices—in general, the normal approximation problem 1s
not invariant under similarity For example, a nearest normal to J5(0) = [0 1] 1S

00

N=1 [(1)(1)], but for the invertible P = [(1) g] we have that PNP~! = 1 [2(1)] 1S not

even normal and hence cannot be a nearest normal to P.J,(0)P~!

223 The 3 x 3 Case

Let S denote the 3 x 3 basic superdiagonal matrix and let C' denote the 3 x 3 basic

circulant matrix The general 3 x 3 upper triangular Toeplitz matrix has the form

ap a1 4
T=|0 a a | =al+aS+ayS?
0 0 (/1))

However, the normal approximation problem 1s invariant under scalar translation
so we can reduce the problem to the case where ag = 0 by replacing T with T'— ao1,

if necessary At this point,

0 a; Gy
T=10 0 a |=aS+ayS?
00 0

If a; = 0, then T = ay S? 15 a 2nd superdiagonal matrix and N = %az C? 15 a best
normal approximant Similarly if a; = 0 Therefore, 1t only remains to solve the
a,ay # 0 case

Since the normal approximation problem 1s effectively invariant under scalar

multiplication, we can reduce this case to the case where a; = 1 by replacing T'
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with iT, if necessary Hence, 1t only remains to solve the normal approximation

problem for 3 x 3 upper triangular Toeplitz matrices of the form

01 a
00 1
000

T = = 8 44 5 (29)

In this case, the sum of normal approximants 1s given by

0 % %a
N=L1C+1taC?’=|1a 0 3 (2 10)
t a0
and the real part of T 1s given by
0 % ia
H={(T+T)=| 3 0 3 (211)
2@ 5 0
Hence
0 1 a
T-N=1L1|l-a 0 1|=iB+1aB’ (2 12)
-1 —a 0
and
0 1 a
T—H:% -1 0 1 =%(T—T*) (2 13)
—-a —1 0

We will soon show that for a suitable value of a, ||T— H|| < ||T — N|| and
hence, the sum of best normal approximants 1s not a best normal approximant
for every upper triangular Toeplhitz matrix To facilitate the proof of our example
and to prepare for a comparative analysis of N and H as normal approximants for
T = S + aS?%, we first look mnto computing ||T — N|| and ||T — H|| for arbitrary
values of a

The following proposition exhibits a formula for |7 — N|| which 1s vahd for any

a € C Its corollary simplifies the corresponding formula when a € R
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Proposition 1 If T = S +aS? and N = C + $aC?, where a = b+ wc with
b,c € R, then

IT — N|| = —max{\/1+|a|2—2b \/1+|a|2+b+\/_|c|}

Proof Recall that since T'— N 1s a polynomial in the unitary circulant B, we

have a formula for |7 — N|| Using the formula given by equation (2 8) we get

= max [\ + 2aX?| = max 1 |A|[1+a)| =% max |1+ a)
A=—1 A=—1 A3=—1
First observe that for any A
1+ a)?=(1+a))(1+a))=1+al+a)+ |a)]* =1+ |a]* + Re(2a))
In our case, we only have to check the 3 cube roots of (—1)
A=-1 = Re(2a))=Re[2(b+1c)(-1)] =—2b
= [1+aAP=1+|a>?—2b

A=e"?=L1+1/3) = Re(2a)) =Re[2(b+wc)i(1+2V/3)]=b—V3c
= [1+a =1+]af+b-+3c

A= =11-1/3) = Re (2a)) = Re[2(b+1c)1(1 —1V/3) = b+ V3¢

= |[1+a\?’=1+]a*+b+ V3¢

By mspection of these 3 candidates for |1 + a)|%, we have our result

I7 = NIl =} max |1+ aX = —max{\/1+|a|2 %, \/1+|a|2+b+\/_|c|}
A3=

Corollary 2 IfT =S +aS? and N = 3C + 1aC?, where a € R, then

IT — N|| = %max{\/1+}a|2—2a, \/1+]a|2+a}

L /1+1a)2+a ifa>0
t/1+1]al2+2la|=2(1+]a]) fa<0
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Proof  The first equality comes directly from the proposition and the fact that
for a € R, we have ¢ =Ima =0 and b = Rea = a The second equality, 1s obvious
from the first |

We now turn our attention to trymng to compute |7 — H|| By thinking of 7" 1n
terms of 1ts Hermitian decomposition, 7' = H + 1K where H and K are Hermitian,
we see that T — H = 1K 1s skew-Hermitian and hence normal It follows that
|T — H|| =r(T—H) To find o(T— H) we can look for the roots of 1ts characteristic
polynomial, det[\] — (T — H)] To avoid some fractions, we choose to first find
o[2(T — H)] by looking at 1ts characteristic polynomial, p(\) = det[\] —2(T — H)]
Referring to T — H 1n equation (2 13), we have

A0 0 0 1 a
pd) = det||0 X 0|-]|-1 0 1
00 A 7 =1 0

A =1 =&
= det| 1 X\ -1

a1 )

= (M+a—a)-(—|aPr=-X1=))
= ¥+ @2+]a) )2+ @—a) (2 14)
Finding the roots of p(\) becomes easy when a € R In that case, p(\) = \*+ (2 +

la|*)X = A[A? + (2 + |a|?)] which has roots 0, +21/2 + |a|? Hence, when a € R, we
have ||2(T — H)|| = r[2(T — H)] = /2 + |a[? and therefore ||T — H|| = 3 1/2 + |a?

The following proposition restates this fact for future reference

Proposition 3 IfT = S+ aS? wherea € R and H = %(T +T*) 1s the real part

of T, then
IT - H|| =32+ |af?
Proof Has already been done completely in the discussion leading up to the

statement of the proposition
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Example When a = 2, we have

T =

01 2
0 01
0 00
By Corollary 2

IT-N||=Ly1+]22+2=31V7
By Proposition 3

IT—H||=Ly2+22=1V6

Therefore, ||T — H|| < ||T — N|| and hence we have an example of a 3 X 3 upper

triangular Toeplitz matrix for which N 1s not a best normal approximant

Remark Smmilarly, for any a € R, Corollary 2 and Proposition 3 make 1t 1s easy
to compare N and H as normal approximants for T = S +aS? The results of this

comparative analysis are contained in the following proposition

Proposition 4 Ifa € R and

then the following summarizes how

11 11

0 3 3za 0 7 za

e | & 1 el Z g

N = s6 0 3 and H = s 0 3
11 1. 1

7 3¢ 0 20 3 0

compare as normal approximants for T

) Ifa€(-}1) then [T — N|| < |T - H|

) Ifag¢[-31] then ||T - N|| > T - H]

) Ifa=1 then N =H and hence |[T — N|| = ||T — H||
) Ifa=—3then N #H but ||T — N|| =||T - H||
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Proof By Corollary 2

syl+la2+a  1fa>0
syl+]a2+2lal 1fa<o0

IT— Nl =

and by Proposition 3

IT—H|=3%y2+|al*=3y/1+]a|?+1 foranya€R

In our case, we know that a € R, so by mnspection of these 2 formulas

(a) |IT-N|<|IT-H| < (a>0anda<1)or (a<0and2|al <1)

< ac(0,l)orac(—30)
< a€(—31) Hence (1) 1s true

(b) ||T-N||>|IT-H| < (a>0anda>1)or (a<0and 2|a] >1)
< a>lora<-—3
< a¢[-3.1] Hence (2)1s true

(¢) |IT-N||=|T-H| < (a>0anda=1)or (a<0and 2|a|] =1)
< a=lora=—3

By simply substituting into N and H, 1t 1s easy to verify that N = H when
a=1and N # H when a = —; Hence (3) and (4) are true g

Remark  Proposition 4 does not exhibit best normal approximants for the 3 x 3
matrix T = S+aS? when a € R It only compares N and H as normal approximants
for T 1n this case At this point, 1t 1s only when a = 0, and hence T 1s the 3 x 3 basic
superdiagonal matrix, that we know for certain N 1s a best normal approximant
for T, and then since 0 € (—%, 1), we know by Proposition 4, that H 1s not a best

normal approximant for 7T
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So far, the superdiagonal cases in which we have successfully exhibited a best
normal approximant have mvolved two tasks For example, to show that the n x n

normal matrix %C’ 1s a nearest normal to S, we showed

L IS—-3Cll=3

| > 5 and hence % 1s a lower bound on

2 For any normal matnx X, ||S — X

dist(S, N)

Since the lower bound obtaimed for dist(S,NV) equals ||S — 5C|| we can conclude
that %C’ 1s a nearest normal to S Similarly, when Phillips exhibited a nearest
normal operator to a binormal operator [Ph77], his lower bound on the distance to
the normal operators was equal to the distance to his particular normal operator
In this 3 x 3 case, we conjecture that N 1s a nearest normal to T = S + aS? for
some values of a other than 0 In particular, for values of a near 0 The fact that
we have been able to obtain a formula for |7 — N|| 1s encouraging Unfortunately,
the best lower bound that we have been able to obtain for dist(7, ') 1s given by

the following proposition

01 a
Proposition 5 Ifac€CandT = |0 0 1 |, then dist(T,N) > /1 + |a]?
000

Proof  Let { ey, ey e3} denote the standard ordered basis for C* Using Holmes’

distance estimate from Section 1 2 2,

dst(T,N) > & sup ||Tal| — ||

Jlz]=1
> 3llITesll = 1T esl|
=1 \/|a|2+1+0—\/0+0+0‘

= 2y/1+a? 1
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However, by Proposition 1, if a = b + 2c where b, ¢ € R, then the distance from

T to N 1s given by

IT = N| :%max{\/1+|a|2~2b, JI+ 1P +b+ V3] }

Therefore, whenever a # 0. 5 1/1 + |a|? 1s strictly less than |7 — N|| and hence we
are unable to use this lower bound to conclude that N 1s a nearest normal to T for
any values of a other than 0

In fact, finding a nearest normal to the 3 x 3 Toeplitz matrix T = S + aS? has
eluded us for all values of @ # 0 Although our efforts have not produced a nearest
normal when a # 0, they have produced a simple characterization of 3 x 3 normal
matrices which are constant on the main diagonal Besides being interesting 1n 1ts
own right, this characterization immediately yields an easy way to generate normal
matrices to act as candidates for nearest normals To finish off our discussion 1n
this 3 x 3 case, we shall develop this characterization, and then give some examples
to indicate how 1t may be useful in future research

In attempting to either raise the lower bound on dist(7,N) or to find new
candidates for a nearest normal to 7', the problem of characterizing 3 x 3 normal
matrices came up It turned out that if we only used the fact that an arbitrary
3 x 3 normal matrix X has ||col,(X)|| = ||row,(X)]| for y =1,2,3, as we had done
for superdiagonal matrices and Phillips had done for binormal matrices, then we
could only show that ||T — X|| > zmax{1,]a|]} Smnce this 1s not as good as the
lower bound obtained in Proposition 5 using Holmes’ distance estimate, we were
led to the problem of learning more about 3 x 3 normal matrices 1in the hope that
we would be able to refine our estimates of ||T — X|| or find new candidates for a
nearest normal

We have been unable to obtain a useful characterization of arbitrary 3 x 3 normal
matrices However, 1n a search for nearest normals to 3 x 3 Toeplitz matrices, 1t 18

compelling to consider 3 x 3 normal matrices which agree with the Toeplitz matrix
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on the main diagonal Our main characterization result about normal 3 X 3 matrices
1s a ssmple characterization of 3 X 3 normal matrices which are constant on the main
diagonal Motivated by the fact that our original candidates N and H, are actually
3 x 3 Toeplitz matrices, we also specify the corresponding characterization of normal
3 x 3 Toeplitz matrices In order to assist in the proof of these characterizations,

we begin with the following lemma

Lemma 6  Suppose a,b,a, 3 are complex numbers, then
(*) la?+ 5> = |a|*+|8]* and a@b=apB

of and only of

(1) a=a=0 and b = |3
or
(2) b= )@ and B = )@ where |a| = |a| or |A| =1
Proof ~ We first show that (1) = (x) By (1),a=a=0,s0ab—af =0b—03=0
and |a|? + [b|* — |af* = |3 = |02 + [b[* — [0]* — |3 = [b]* — | B]* However, (1) also
gives that b = |3], so |b]? — 8] =0 Hence (1) = (%)
Secondly, we show that (2) = (x) By (2), b =A@ and 3 = \@, so @b — @ =
a o —a)@ = 0 and |a|® + b))% — |a|® = |8]? = |a* + |M?*|a)? — |a|® = |\?|a)? =
(la*> — |a|?)(1 — |N?) However, (2) also gives that |a| = |a| or |A| =1, so (|a|? —
|af?)(1 — [A[?) = 0 Hence (2) = ()
Finally, we show that (x) = (1) or (2) by cases
If a = a = 0, then (x) implies |0|? + |b> = |0|2 + | 3|> and 0b = 03 which simply
says |b| = |3| Hence, in this a = a = 0 case, we have (x) = (1)
In case a # 0, we get that A = g 1s well defined and then 3 = MA@ By
(), we know @b = @3 and so b = @5 = A@ But then (x) also gives that 0 =
al? + b2 = [of? = |8 = Jaf? + [\Zlaf? - |2 — [APla]? = (jaf? = af?)(1 — |AP) and

so |a] = |a| or [A\| =1 Hence, 1n this a # 0 case, we have (x) = (2)



22 Upper Triangular Toeplitz Matrices 61

The only remaining case 1s the o # 0 case, however, by the symmetry of a and

a m () and 1 (2), 1f a # 0, then we also have (x) = (2) J

Proposition 7. Suppose

z ayp b3 0 ap bis
M = b21 Z a =zl + b21 0 a3 = z2I+ X
az; by 2 az by 0

18 @ 3 X 3 matrix that s constant on the main diagonal, then M s normal if and

only of X = M — zI has one of the following 2 forms

[0 0 by
(1) X = b21 0 0 where |b13, = |b21| = |b32|
| 0 by O

or
0 a9 )\-(731

(2) X = /\612 0 a93 where |(112| = |(123| = |l131| or ’)\l =]

az; Aagz 0

Proof  Since the scalar matrix zI commutes with all matrices, we have that M
1s normal if and only if X = M — 21 1s normal By definition, X 1s normal 1f and

only if X*X = X X*, so we compute

0 by Ty 0 a2 bis
XX = |az 0 by by 0 agp
| b3 @3 0 as1 by 0

[ Jaz|? + by |2 @31b32 a3

= az1bay laia|? + |ba2|? G203

To3ba1 ai2b13 lags|? + |b13]?

[ 0 app b 0 by a3
XX* = b21 0 a93 a12 0 532
| a3z b 0 biy @ 0
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laia|? + |bia]? Ta3bi3 a12b32
= agbia lags|? + |ba1|? G31bo1
T12b32 az1by |0'31|2 =& |bs2|2

Since X*X and X X* are both self-adjoint, we get that X 1s normal if and only
if X*X and X X* agree in the 6 entries (1.1), (2,2), (3,3), (2,3), (3,1) and (1,2)

We arrange these 6 conditions into 3 groups of 2 conditions as follows

(Gh1) laz1|? + |b21|? = |ar2]® + |b13|* and @310y = @12b13
(Ga) |ara|® + |baz|?® = |ags|* + b2 |* and  @yabsy = Fasba
(G3)  lags|® + |bis|* = |asi[* + |bs2|* and  @p3biz = Taibse

Remark  These 3 groups of conditions can be thought of as conditions on cor-
responding columns and rows of X More precisely, G, says that ||colj(X)||2 =

||r0W](X)||2 and a certain product 1n col,(X) equals a certain product n row, (X)

By Lemma 6, these 3 groups are true if and only 1if the following 3 groups are

true
(H) [ a1 =ap=0 | or [ by = M2 and by = M@
i and |b21| = |b13| ] L where |a31| = ‘a12| or |)‘1| =1 i
] a1 =ag =0 ] [ bz = Aa@ip3 and by = Ay
(Hz) or
| and |b32| = |b21| | L where |a12| = |a23| or |)‘2’ =1 ]
[ G =ay =0 | [ b3 = A3T3; and byy = A3Tas
(Hs) or
| and |by3| = by | | where |ags| = |ag;| or [A3] =1 |

We are now set to show that M 1s normal if and only 1f X has form (1) or (2)
We first show that 1f X has form (1) then M 1s normal If X has form (1), then
ajp = a3 = az; = 0 and |by3| = |by| = |b3a| So Hi, H, and Hj are all true and

hence M 1s normal
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Next we show that i1f X has form (2) then M 1s normal If X has form (2), then
bi3 = A@s1. by = A@j2 and byy = A@p3 where |aa| = |ags| = |as;| or [A\| =1 Agan
H,, Hy, and H; are all true and hence M 1s normal

Finally. we show that M being normal imphes X has form (1) or (2), by cases

In case a1 = a3 = az; = 0, we use that M normal imples G|, G5 and G3 are
all true By simply substituting a;; = a3 = az; = 0 into G, G2 and G3 we get
that |bi3| = |ba1| = |bsa| Hence, 1n this a3 = ag3 = a3 = 0 case, we have that M
normal implies that X has form (1)

Otherwise, at least one of aq9, ag3, a3; 1s not 0 For example, if a5 # 0, then
we use that M normal imphes H;, H, and Hj; are all true Since a5 # 0 H;
gives that by; = M@ and b3 = A\@3; where |a3| = |ayp| or [A\| = 1, and H,
gives that byy = A\a@12 and bsy = Aol where |aia| = |ags| or [A2] =1 Then, since
0 = boy — by1 = (A — A2)@12 and agp # 0, we have that A\; = A\, Letting A denote
this common value, H; and H, now say b3 = Aasq, by = A@jp and b3y = Ados
where |a3;| = |a12| = |ags| or |[A\| =1 Therefore, in this a;s # 0 case, we get that
M normal implies X has form (2) In the cases where a3 # 0 or a3; # 0, stmilar

proofs show that M normal imples X has form (2) g

Remark Consider the following decomposition of M

0 a2 0 0 0 b13
M=zl + 0 0 ag | + b21 0 0 =z2[+A+B
asi 0 0 0 b32 0

By applying the proposition, observe that A 1s normal if and only 1if |a3;| = |ayz| =
lags| and B 1s normal if and only if |by3] = |bo1]| = |b3s| If one knows these two
facts, then the proposition can be remembered as follows M 1s normal if and only
if (1) M — 21 = B and B 1s normal, or (2) M — zI = A+ MA* where A 1s normal
or [\ =1

Since 3 x 3 Toeplitz matrices are constant on the main diagonal, the proposition

applies to them as a special case
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Corollary 8.

zZ % Y
The 3 x 3 Toeplitz matrix M = | n z x | 18 normal
£ n z

of and only of
(G1) |z + |yl* = |€]* + [nl* and Ty = &n

of and only of

[0 0
(1) M—2I=|n 00 where |y| = |n|
|0 n O
or
[0 2 X
(2) M—z2I=| X 0 = where |x| = [€] or || =1
¢ A7 0

Proof  The fact that, M 1s normal 1f and only if M — zI has form (1) or (2), 1s
just the statement of the proposition applied to this Toeplitz M

The fact that, M 1s normal if and only if G 1s true, can be obtained from the
proof of the proposition Referring to the proof of the proposition, we get that M 1s
normal if and only 1if the conditions GG, G, and G5 are all true However, because
of the special form of this Toeplitz M, G3 1s equivalent to G| and G, 1s always
satisfied

Remark  The signmficance of including the condition G; n the statement of this
corollary 1s that 1t 1s a simple condition for deciding if a given 3 x 3 Toephtz matrix
1s normal By contrast, given an arbitrary 3 x 3 matrix M = zI + X, which 1s
constant on the main diagonal, checking all the conditions G, G, and G5 1s hardly

better than computing X*X — X X*

To finish off our discussion of the 3 x 3 case, we give some examples to clarify
where we stand and to indicate how these characterization results may be useful in

future research
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Examples For The 3 x 3 Case

The first two examples summarize the 3 X 3 upper triangular Toeplitz matrices

ap ap ap
T=|0 a a | =apl +a;S + ayS?
0 0 ao

for which we can exhibit a nearest normal approximant In all examples, we consider

our special “sum” of normal approximants

ap %a1 %02
N= a()I + %alC + %0202 = %az agp %al
ta: tay ap
and we also consider the real part of T’
agp %al %(12
H = %—(T + T*) = %ﬁl Qo %al
3@ 3@ a

which we know 1s a nearest Hermitian matnx to 7'

Example 1. If a; = 0 so that

ap ay 0
T=|0 a a
0 0 ap

then N 1s a nearest normal approximant to 7" with

0 %al 0
dist(T,NV) = |T—N|=]|| O 0 3a1 || = 3lai
—%al 0 0

In this case

(=
=

Q

(=

N |—

IT-Hll=II| =33 0 ja ||| 2 llcolo(T - H)|| = 3v2|ai]

—
a 0

o=

and hence H 1s not a nearest normal to 7' (except 1n the trivial a; = 0 case)
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Example 2 If a; = 0 so that

P =

a 0 as
0 ag 0
0 0 ao

then NV 1s a nearest normal approximant to 7 with

0 0 3a
dist(TN) =T = Nl|=]| =32 0 0 |[=3la]
0 —za2 O
In this case
0 0 %(12
IT-Hll=[| 0 0 0 ||=3la
— %_2 0 0

and hence H 1s also a nearest normal to T

The remaining examples all involve the general case where a; # 0 and ay # 0
Replacing T' with %(T — aol) 1f necessary, we can assume T has the deceptively

simple looking form

01 a
T=|00 1| wherea==#0

000

The goal of these remaining examples 1s to clarify what 1s stopping us from
exhibiting a nearest normal 1n such cases and to indicate how our characterization
of 3 x 3 normal matrices which are constant on the main diagonal may be useful

1n future research

Example 3 If a =1 so that

then, 1n this particular case

o

= N
(el ] [
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Applymng Corollary 2 or Proposition 3, we have
IT-N||=|T-H|=3/1+][1]2+1 =%\/§
Applying Proposition 5, we have
dist(T,N) > L/1+[1P = 1v2
and hence all we know for sure 18 that
V2 < dist(T, V) < V3

In looking for nearer normals to this particular T, 1t 1s compelling to look for
normals which agree with 1t on the main diagonal By Proposition 7, we only have
to consider 2 different forms

If X 1s a normal matrix which has the form

[0 0 b
X=1[b 0 0 where |by| = |bg| = |bs]
| 0 b3 0
then
0 1 1-pH
IT-X||=|I| =2 0 1 [||>1>3V3=|T-N]|
| 0 —=by O

and hence there 1s no normal X of this form which 1s nearer to 7 than N = H

Is there a normal matrix of the constant main diagonal form

0 app Aay
X=Xz 0 oap where |ajo| = |ag| = |az| or |A| =1

asz| )\523 0

such that ||T — X

| < ||T = NJ||? Swince X 1s a function of 4 variables, 1t 1s not

I

surprising that we have not been able to obtain an algebraic expression for |7 — X

never mind our ultimate problem of finding how to mimimize ||T — X
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Of course, we can also use this form of X to help us generate normal matrices
to act as candidates for nearest normals In an attempt to generate “reasonable”

candidates for this Toeplitz T, 1t 1s tempting to try normal Toeplitz matrices of the

form _
0 x M

X=|2 0 =z where |z| = [£| or || =1
E X O

Motivated by the fact that N = H 1s of this form, with z = % and A = £, we
1

have tried various numeric experiments with r = 5 and A = %, but they have

not yielded any normal Toeplitz matrices nearer to 7" than N = H Although
these normal Toephtz matrices are functions of 3 variables, and hence difficult
to work with analytically, some analytic experimentation (z e arbitrarily adding
constraints) has yielded a normal Toeplitz matrix nearer to 7' than N = H We

begin experimenting with £ = z, then

0 z M 0z
X=X 0 2 |=|y 0 z|=2C+yC?e C*C)
r AT 0 Ty
and
0 l—z l—=9
T-X=|-y 0 1-2

-z -y 0
This difference of two Toeplitz matrices, T — X, 1s also a Toeplitz matrix If it 1s not

Y= (T - X)*(T - X)

normal, then we are forced to find ||T — X|| using |7 — X

On the other hand, by Corollary 8,

T — X 1s normal
Ty=(1-2)(1-y) and |z’ +|yf =1 -z + |1 - y|?
Ty=1-T—y+Tyand |2+ |y’ =1-2Re 2+ |22+ 1 - 2Re y + |y|?

T+y=1 and Rez+Rey=1

[

T+y=1
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By arbitrarily adding this constraint

T-X=|-(1-7 0 1-z
- —-(1-7 O

1s a normal matrix and so |7 — X

| =r(T—X) Let p()\) denote the characteristic

polynomial of 7' — X, then

A —(1-1z) ~T
p(A) = det[A\[— (T —X)]=det | (1-17) A —(1—-1x)
a (1-17) A
= M+(1-222-(1-823) - (—zPA-1-zfPA-1—2* X

= Nz +21 -2 +[(1 - 2)%x — (1 — 7)27]

For x € C, finding the roots of this cubic polynomial, p(\), 1s a computational

problem However, by arbitrarily adding the constrant that z € R, |[|T — X
\/x2 +2(1—12)2 = \/31‘.2 — 4z +2 The quadratic function f(z) = 3z — 4z + 2

attains 1ts mmimum value when 0 = f'(z) = 6z — 4 Hence, the mimmum value of

|IT — X|| over { X =2C +yC? T+y=1and z € R}, occurs when z = £ and 1s

IT - X|| = /§(2) = /2 ~ 0.8165

Recall that, ||T — N|| = %\/5 = \/g ~ 08660, and hence when z = 2 and y =

1 — T = ; we have that the normal Toeplitz matrix

2 1
0 3 3
>y 2 12 _ | 1 2
‘\0—§C+§C— 3 0 3
2 1
530

is nearer to T than N = H However, ||T — X| 1s still greater than 1v/2 = \/g ~
0 7071, our best known lower bound on dist(7T, '), and hence we cannot declare X,

as a nearest normal to T’
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Remark 1  In general, when we try to analytically broaden our “reasonable” search
for new candidates. we run into computational difficulties beyond our abilities Even
1in this particular example, if we dropped our last constraint that x € R, then we are
faced with finding the roots of the nontrivial cubic characteristic polynomial p()\)
in terms of the single complex variable z, followed by minimizing their maximum
modulus Computations get even worse if we drop the constraint that 7+ y = 1
since then 7" — X 1s not necessarily normal and we are faced with finding the roots
of the cubic characteristic polynomial of (7'— X)*(7 — X) 1n terms of the 2 complex

variables x and y

Remark 2 It 1s interesting that, with respect to the ¢; norm, defined for n x n

" 1/2
”A”eg = (Z |a11|2) )

2,=1

matrices A = [a,,] by

we have that Xo = 2C' + $C? 1s the /5-nearest matrix to T = S + S2, of the form

X = z2C +yC? with z,y € R This 1s true since

0 1—-2 1-—
T-X|2 = 0x1 e
IT - X, = II{ —v -z ||
-z -~y 0

= 20 -2 + 2% +[(1 - y)* +2¢"]
= B2’ -4z + 2]+ 3y’ -2y + 1] = f(z)+9(y)
158 minimized when 0 = f'(z) = 6z — 4 and 0 = ¢'(y) = 6y —2 That 1s, when z = 2

andyz%

Remark 3 In fact, this X, 1s actually the fy-nearest matrix to T = S + S n
C*(C) In general, if U 1s umtary in M,, with U™ = wI, then themap E M, — M,
defined for A € M,, by

E(4) =1 Y UtAU*
k=1

1
n

maps A mto the commutant of the commutative C*(U) However, 1f o(U) has n

distinet pomnts, then C*(U) 1s umitarily equivalent to D, the subalgebra of diagonal
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matrices mn M, Since D, 1s 1ts own commutant, we have that C*(U) 1s 1ts own
commutant and that E maps M, mto C*(U) However, for every A € C*(U),
E(A) = A and so E maps M, onto C*(U) Thinking of M, simply as a Hilbert

space, with inner product
(A, B) = trace(B*A) for all A, B n M,,

we have that the Hilbert space norm 1s the /5 norm, and that E* = E since
(E(A),B) = (A,E(B)) for all A/B mn M, We also have, E? = E and so E 1s
the othogonal projection onto C*(U) It follows that, in the Hilbert space norm
of M,, E(A) 1s the nearest matrix to A in C*(U) In other words, E(A) 1s the
{y-nearest matrix to A i C*(U)

In our case, T = S 4 S% 15 1n M3 and C 1s a umtary in Ms satisfying C® = I
and having 3 distinct ponts n 1ts spectrum  Therefore, E(T) = +53_, CFTC*
1 the /y-nearest matrix to 7 n C*(C) By computing E(T'), we obtain E(T) =
%C + %CQ = X, Alternatively, since C' has real-valued entries and this 7" has only
real-valued entries, we know E(T') will be of the form zC +yC? where 7,y € R and
hence E(T) must be X,

The next example shows that for T = S + aS?, the ¢,-nearest matrix to 7 1n

C*(C) 1s not always better than N and H

Example 4 Ifa€[-1,2] and

T =

01 a
0 01
000
then, by Proposition 4, we know how N and H compare to one another as normal
approximants for 7

How does E(T'), the ¢5-nearest matrix to T i C*(C), compare to N and H over
this mterval? Computing E(T) = 3 ¥}, C¥TC* we obtamm E(T) = 2C + 1aC?

as our “ly-candidate” An analytic comparison 1s computationally difficult since 1t
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turns out that 7 — E(T') 1s normal if and only if [a| = 1 However, a numerical
comparison 1s enough to venfy that E(T) 1s not always a better normal approximant
than NV and H

Table 2 1 on page 73 was obtained using Matlab It numerically analyzes E(T),
N and H as normal approximants for 7 = S + aS? by tabulating |T — E(T)||,
IT — N||, |T — H| and %m (our greatest known lower bound on dist(T, ))
for some values of a € [—1, 2]

For the values of a tabulated, observe that E(7") 1s a better normal approximant

than N and H only fora =—-06,-05,08,09,10,11
This concludes our examples for the 3 x 3 case

Remark These 4 examples are representative of our results for the 3 x 3 case to
this point 1n time (July 1995)

Future research into the 3 x 3 case may be able to use our characterization of
3 x 3 normal matrices which are constant on the main diagonal to generate better
normal approximants

Future research may also be able to generate better normal approximants by
replacing the unitary C', with some other umtary U (satisfying U? = wI and having
3 distinct points 1 1ts spectrum), and then looking at the Hilbert space projec-
tion from Mj; onto C*(U) An obvious place to start would be with other unitary
carculants In particular, the special unmitary circulants which have 1’s on the first
superdiagonal, w 1n the bottom left entry and 0’s elsewhere are natural candidates

This second approach 1s the more appealing to try first since the theory i1s
already 1n place to extend the method to the n x n case In contrast, getting a
characterization of normal n x n matrices which are constant on the main diagonal

does not seem likely
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73

a | IT-ED| | IT-NI | IT-HI | 3/t+aP
-10 09107 1 0000 0 8660 07071
-09 0 8667 0 9500 0 8382 06727
-08 0 8260 0 9000 08124 06403
-07 0 7891 0 8500 0 7890 06103
-0 6 07566 0 8000 0 7681 0 5831
-05 0 7287 0 7500 0 7500 05590
-04 0 7059 0.7000 07348 05385
-03 0 6884 0 6500 07228 05220
-02 06761 0 6000 07141 0 5099
-01 0 6690 05500 0 7089 05025
00 0 6667 0 5000 07071 0 5000
01 0 6688 0.5268 0 7089 05025
02 06749 0 5568 07141 05099
03 0 6846 0 5895 07228 0 5220
04 06972 0 6245 07348 05385
05 07125 06614 0 7500 0 5590
06 0 7300 0 7000 0 7681 0 5831
07 0 7494 07399 0 7890 06103
08 07704 0 7810 08124 0 6403
09 07929 0 8231 0 8382 06727
10 08165 0 8660 0 8660 07071
1.1 08745 0 9097 0 8958 07433
12 09333 0 9539 09274 07810
13 09930 09987 0 9605 08201
14 10532 10440 09950 0 8602
15 11141 1 0897 10308 09014
16 11755 11358 10677 0 9434
17 12373 11822 11057 09862
18 12995 1 2288 11446 1 0296
19 13621 12757 11843 10735
20 14250 13229 1.2247 11180

Table 21 A numerical comparison of 3 normal approximants for 7 = S + aS? 1n

M3 For each value of a, the smallest norm 1s printed 1n boldface
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224 Then x n Case For n >4

What can we say about the normal approximation problem for arbitrary n x n
upper triangular Toeplitz matrices when n > 4?

Let S denote the n x n basic superdiagonal matrix Then the general n x n
upper triangular Toephtz matrix 1s given by T =a¢l +a; S+  +a,_1 S™!

Let C denote the n x n basic circulant matrix Then the normal matrix N =
aol + % aC+ + ;— an—1 C"!1s a nearest normal to 7 1f at most one of a1,  , an_1

1s nonzero In that case, if at most a, 1s nonzero, then |7 — N|| = dist(T,N) =

2lak| = %\/|a1]2 + 4+ |apn—1|?> In any case, by formula (2 8) we always have

||T - ]V” == /\r'fl_ai(l |%a1)\ + + %an_l)\"‘ll (2 15)

The normal matrnix H = %(T + T*), the real part of T, 1s always a nearest
Hermitian matrix to T Moreover, T — H 1s always normal (skew-Hermitian) and
hence ||T — H|| =r(T — H)

It follows that, we always have dist(T,N') < mm{||T — N||, ||T — H||} More-
over, we know that there are n x n upper triangular Toeplitz matrices for which
N 1s a better normal approximant than H For example, when 7" = a;S, we have
IT = N|| = Lay| while |7 = H|| > ||eoly(T — H)|| = 4/ |ay]

Here 1s an easy-to-calculate lower bound on dist(T, N) which can be obtained
from Holmes’ lower bound [Section 1 2 2| using the fact that the normal approxi-
mation problem 1s invariant under scalar translation Let {e;, ,e,} denote the

standard ordered basis for C* Then

dist(T,N) = dist(T — aol, N)

IV

5 sup | |(T — apl)z|| — ||(T — aol)*z|||

[lz]|=1

LT = aoD)e]l = (T = aoD)'eal]|

IV

2

= %\/|(11|2+ +|an_1
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When at most one of a;, ,a,_; 18 nonzero, we know that this lower bound
equals dist(7,N') Unfortunately, we do not know that this lower bound equals
dist(T, ) for every T If 1t does not equal dist(T,N') for a particular T, then we
will have to find dist(7, V') in some other way 1if we ever hope to 1dentify a nearest

normal to that 7' At this point in time, the only way we can recogmze that a

normal matrix X 1s a nearest normal to 7T 1s if ||T — X|| equals this lower bound

Otherwise, all we can say 1s

SIaP+  +lenaf? <dst(T.N) < |T- X| (2 16)

In addition to N and H, another natural normal approximant to consider 1s
E(T) = Ec(T) = 1%, C*TC* By Remark 3 on page 70, 1t 1s the ,-nearest
matrix to T 1n C*(C') By the same remark, if U 1s any n x n umtary with U" = wl
and n distinct ponts 1n 1ts spectrum, then Ey(T) 1s the fy-nearest matrix to 7' n
C*(U) and hence we have a way to generate more normal approximants which are
at least fy-related to T One hope for future research 1s that we may be able to

obtain better normal approximants using unitaries other than C

Remark  Based on our experience with the 3 x 3 case, 1t would seem that this
1s essentially all we can say about the normal approximation problem for arbitrary
n x n upper triangular Toeplitz matrices when n > 4 However, the following 4 x 4
example suggests that whenever n 1s an even number, we will be able to describe
additional, special classes of n x n upper triangular Toeplitz matrices, which allow
certain pairs of a;, ,a,_; to be nonzero and which have N as a best normal

approximant

Special Classes within the 4 x 4 Case

ap aq 0 as
0 a ap O
0 0 ap a
0 0 0 a

Surprisingly, if T' = satisfies a simple condition, satisfied by
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every such 7 in M (R), then we can show that IV 1s a best normal approximant
The general 4 x 4 upper triangular Toeplitz matrix 1s given by T = agl +a,;S +
a3S5%+a3S® Based on our experience with the 3 x 3 case, we did not expect N, H, or
E(T) to be 1dentifiable as a best normal approximant? 1f more than one of a;, az, a3
are nonzero However, 1 the course of some real-valued numerical experiments
to compare these approximants, we were surprised to discover that there was one
case where we could numerically 1dentify a best normal approximant To illustrate,

Table 2 2 numerically analyzes E(T), N and H as normal approximants for

= 5 +aS5®

[ = B s J e
o OO =
oo = O
O - O

by tabulating their distances to T’ along with 4/1 + |a|? (our greatest known lower
bound on dist(7,\')) for some values of a € [—2, 2]

a IT-EDI | IT-N] IT - Hi| 7\ 1+ laf?
-2 1 5308 11180 1 3090 11180
-1 0 8090 07071 1 0000 0.7071
0 0 7500 0 5000 0 8090 0 5000
1 0 8090 07071 07071 07071
2 1 5308 11180 11514 11180

Table 2 2 A numerical analysis of 3 normal approximants for T = S + aS3 1n M,
For each value of a, the smallest norm and the lower bound are printed 1n boldface

For the values of a tabulated 1n Table 2 2, observe that ||T'— N|| always numer-
1cally equals %dl + |a|? and hence N appears to be a nearest normal to T for those
values of @ The following lemma verifies that N actually 1s a nearest normal to T'

for every a € R

’In this 4 x 4 case, E(T) =aol + 3a,C + $a,C? + }a3C?
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Lemma 9 In M, let T = S+aS* and N = C + 1aC® Ifa € R, then
IT — N|| = 31/1+|a|]*> and hence N s a nearest normal to T when a € R In

general, of a = b+ 1c where b,c € R, then ||T — N|| = /1 + |a|? + 2|c|

Proof By equation 2 16, dist(T,N) 1s between /1 + |a|? and ||T — N|| By

2

equation 2 15
|IT — N|| = max [1X + $a)’| = max |||l + a\?| = § max |1 £ a1
M=—1 M=—1

At this pomt 1t 1s clear that if a € R, then ||T — N|| = 51/1 + |a|? and hence N 1s

a nearest normal to 7'

Incasea=b+zcwllereb,c€R.|1iaz|:|1d:1.bq:c|:\/1i20+c2+b2and
hence, ||T — N|| =1 max [l + @] =3\/1+]a]>+2|c| B

Remark  This proof suggests that whenever n > 4 1s an even number, we will be
able to describe special classes of n x n upper triangular Toephitz matrices, which
allow certain pairs of a;, ,a,_; to be nonzero and which have N as a best normal
approximant For example in My for £ > 2, we can describe (k — 1) such classes
as follows Forevery m € {1, ,(k—1)},IfT =S™+aS™"* and a € R, then N

1s a nearest normal approximant to 7', since 1n all cases

IT — N|| = Aglii)_cl-é—p\mﬂl +a\| = L max |1 £ ar| = /1 +|af?

The following proposition uses the lemma to describe a larger class of 4 x 4

upper triangular Toeplhitz matrices for which N 1s a best normal approximant

ap a; 0 a3
0 ay a; O
0 0 ay ap
0 0 0 a

Proposition 10 IfT = =aol +a;5 + a3S® and @a3 € R

(wn particular, of T 15 in My(R)), then N = apl + 3a,C + 1a3C* 15 a nearest normal

to T with |T — N|| = dist(T,N) = 31/|a1|? + |as|?
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Proof  If @a3 = 0, then at most one of a;, az 1s nonzero and so we know that N

15 a nearest normal to T and that dist(T,N') = £/|a1[? + |a]?

a3 ajas

Otherwise, a; # 0 and so a = — = € R Then

ai |a1|2

dist(T,N) = |ay| dist(;-(T - aol), N)
= |ay| dist(S + aS? N)
= lalll3 (T = aol) = (3C + 5aC®)|| (by the Lemma)
= |ai| |57 — a0l — 30:C — 3a3C7]]|

= |7~

It follows that N 1s a nearest normal to T' and dist(T, N) = |a,| dist(S +aS3, N) =

ja1] 3 y/1+[al* = 3 /a1 | + |as]?

Remark  Similarly, whenever k > 2, we will be able to describe (k — 1) special
classes of 2k x 2k upper triangular Toephtz matrices, which allow certain pairs
of a;, ,a9.—1 to be nonzero and which have N as a best normal approximant
More precisely, for every m € {1, ,(k—1)}, f T = a¢l + aS™ + bS™** and

ab € R, then N = aol + %aCm + %bC’ m+k 15 a nearest normal approximant to 7'

with [|T — N|| = dist(T, V) = 2/]a|? + [b]?

This completes our discussion of the n x n case for n > 4 and brings us to the
end of our discussion of the normal approximation problem for upper triangular
Toeplitz matrices

We conclude this section with a brief summary of how our results can be used to
attack the normal approximation problem for an arbitrary upper triangular Toeplhitz

matrix
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225 Brief Summary of Results

Suppose n > 2 and T = agl + a1 S + + an,—1S™ ! 1s an arbitrary n x n upper
triangular Toeplitz matrix

In this section, we have shown that if at most one of a;, ,a,—; are nonzero
(this includes all 2 x 2 cases, all superdiagonal matrices, and all scalar translated
superdiagonal matrices including Jordan blocks) or if n = 2k > 4 and exactly one of
(a1,a14k), ,(@k—1,ak—14%) 18 not (0,0) and that (am, am k) satisfies Gpamir € R,
then

N=aol +30:.C+ - + a1 C""

1S a nearest normal to 7" with

IT - N|| = dist(T, V) = §/lail2+ + |ani]?

For arbitrary a;, ,a,_1, we have that

LWal2+  +lanoi[? < dist(T,N) < ||T - N

Moreover, in cases where ||T — N|| # %\/|a1|2 +  +|a,—1|% we have begun devel-
oping a list of reasonable normal approximants to help close in on dist(7, N) from
above Usmg H = (T + T*), we get Holmes’ upper bound on dist(7,\') and we
have seen cases where H 1s nearer to 7' than N We also include E(T) = E¢(T) =
L5%_, C*TC~*, the fr-nearest matrix to T i C*(C), since we have found some
cases where E(T') 1s nearer to T than either N or H One hope for future research
18 to replace C' with some other umitary U, satisfying U™ = wI and having n distinct
points 1n 1ts spectrum, and for which there are cases where Ey;(T') € C*(U) 18 nearer

to T than N, H or E(T)

This completes our discussion of the normal approximation problem for upper
triangular Toeplitz matrices
As a final topic for this chapter, we include a section on the normal approxima-

tion problem for direct sums of such matrices
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23 Direct Sums of Upper Triangular Toeplitz Matrices

In this section, we consider the normal approximation problem for direct sums of
upper triangular Toephitz matrices (even though such direct sums are not Toeplitz

matrices) Here 1s the fundamental question

If A s a direct sum of upper triangular Toeplitz matrices, will a di-
rect sum of corresponding best normal approrimants be a best normal

approximant for A?

As mentioned when we discussed Jordan blocks in Section 2 2 2, if we restrict
ourselves to a direct sum of Jordan blocks, then the answer 1s yes However, when
we look at a direct sum of arbitrary upper triangular Toeplitz matrices, 1t seems
like there 1s absolutely no logical reason why the answer should always be yes On
the other hand, we have not been able to come up with a counterexample In fact,
our search for a counterexample has led us to our main results for this section If we
restrict ourselves to only taking direct sums of upper triangular Toeplitz matrices
for which we have found best normal approximants in Section 2 2, then a direct
sum of corresponding best normal approximants 1s a best normal approximant

We actually prove this result for a more general class of matrices Recall that,
fn>2and T = agl +a;S+  + a,_1S™ ! 15 any of the Toeplitz matrices
for which we have found a best normal approximant in Section 2 2, then N =

aol + 30:C +  + 3a,_1C""" 15 a best normal approximant, and

dist(T,N) = Ly/lai2+  +|ap-? (217)

In generalizing this distance condition so that it will be less entry-dependent, we
actually obtain a distance condition that 1s less Toeplitz-dependent, but which def-
mitely mcludes all the matrices for which we have found best normal approximants

in Section 2 2 Our main results are formulated 1n terms of these more general ma-
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trices and we use examples to indicate their implications for direct sums of upper
triangular Toeplitz matrices
We begin by stating two well-known results which combine to give the norm of

a fimte direct sum of two or more matrices

Lemma 1 If A€ M, and B € My, then A® B = { 103] € M, and

1A Bl = max { ||A]], || B| }

A
0

Corollary 2 Fork > 2,4f Aj € My, forj=1, ,k, then
4@ @ Akl = max { ||4,]| }1_,

Before going to our main results, we can get some nsight into the problem by
considering a direct sum of arbitrary square matrices and seeing what goes wrong
if we try to show that a direct sum of corresponding best normal approximants 1s
a best normal approximant For j = 1,2, suppose B, 1s a nearest normal to 4, in
M, Let Nn] denote the set of normal matrices in M, and let N = Ng.i5:

For A=A, & A, and B = B; & B,, we have that B 1s normal and

1—B1 O

A
IA=Bl=1| "o 4,_p, |II=max 4~ B = max dist(4,, Na,)

At this pomnt, we know that dist(A,N) < ||A — B|| In order to show that B 1s a
nearest normal to A, we must show that dist(A, N') > ||A — B|| That turns out to
be a problem

An obwvious first approach 1s to take an arbitrary X 1 AN and partition 1t to
match our direct sum partition of A Using umt vectors [g] and [2] in C" o C"™,
we can show that

= “ Al - Xll _‘YIQ

A-—X o
I Xy Ay Xy

” = ]Uiﬁ”g ||A] = XJJ”

If we knew the X, were normal, then we would have [|A, — X || > dist(A,, N, ),

and that would be sufficient to yield ||[A — X|| > | A — B|| However, that 1s too
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much to ask X normal does not imply X;; and Xy, are normal For a counterex-
ample, take X to be the unitary 4 x 4 basic circulant matnx, and partition 1t into
2 x 2 blocks, then X, = X9 = [gé] 1s not normal In fact, 1t seems unlikely that
in the general case, B would always be a nearest normal to A In an attempt to
find a normal X nearer to A than B, we restricted A to be a direct sum of upper
triangular Toeplitz matrices for which we know best normal approximants (so that
we would know |[A — B||) However, in our chosen attempts we were always able

to show that ||A — X|| > ||A — B|| (by using ||col,(X)|| = |[row,(X)||) and hence

we always had that our direct sum of best normal approximants was a best normal
approximant for A

Another possible approach for the general case 1s to try using Holmes’ lower
bound on dist(A, N) [Section 12 2] We begin by introducing some new notation
related to Holmes’ distance estimate

For every T € M, we define

Holmes(T,z) = 3|||Tz|| —||T*z||| for every z € C"
Holmes(T) = sup Holmes(T, )

llzl[=1
With this new notation, Holmes(T') 1s Holmes’ lower bound on dist(7, N') and for
every unit vector z, Holmes(T, z) 1s a lower bound on dist(T, N)
If we apply this to our A = A; & A, we can use unit vectors [g] and [2] n
C™ @ C™ to show that

dist(A, N') > Holmes(A) > max Holmes(A4,)
7=,

If we knew that dist(A,, N, ) = Holmes(A,) for y = 1,2, that would be sufficient
to yreld dist(A, V') > max,— ; dist(4,,N; ) = ||A - B|
This 1s too much to ask from an arbitrary square matrix In fact, we can take

a Toeplhitz matrix as a counterexample Let T = [[1) ” then Holmes(T) < 023 <
05 = dist(T.N)
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In our first attempts to get a counterexample, we considered some of the simplest
upper triangular Toeplitz matrices for which we know best normal approximants—
quite naturally they had 0’s on the main diagonal But every such sample T satisfied
Holmes(T') = dist(T, N') In fact, every such T will Every T = aol + 1S + +

an-1S™! for which we know a best normal approximant satisfies

dist(T,N) = \/|a1|2 + 4+ |ay—1|? = Holmes(T — aol,€,) (2 18)
where e,, 1s the nth standard basis vector Hence, when ay = 0, we have
Holmes(T') < dist(T, N') = Holmes(T, e,) < Holmes(T)

Hence, if A 1s a direct sum of such matrices, then B will be a best normal ap-
proximant for A Moreover, we can customize this second approach so that 1t at
least includes all the matrices for which we have found best normal approximants
1n Section 2 2

We begin by formulating a more general distance condition satisfied by all
Toeplitz matrices for which we know best normal approximants By equation (2 18),
they all satisfy dist(T,N) = Holmes(T — aol,e,) < Holmes(T — apl) How-
ever, we always have dist(T,N) = dist(T — aol, N') > Holmes(T — aol) and
hence, all Toeplitz matrices for which we know best normal approximants, satisfy
dist(T, N') = Holmes(T — aoI) Since we want to include 1 x 1 matrices (Jordan
blocks) 1n our applications, we observe that all 1 x 1 matrices trivially satisfy this
condition (in fact, all normal matrices do)

The following three results do not assume matrices are Toephitz, however, we
will mainly apply them to Toeplitz matrices In fact all three results are formulated

i terms of matrices satisfying the artificially constructed distance condition
dist(T, N') = Holmes(T — A\I) for some \ € C (2 19)

This condition 1s satisfied by all normal matrices and by all the Toeplitz matrices

for which we know best normal approximants It 1s even satisfied by arbitrary 2 x 2
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upper triangular matrices T' = [g ﬂ since

Holmes(T — ¢I) = Holmes(T — cI, e;) = || = dist(T, N)

We make no further attempt to find matrices which satisfy 1t To help the reader
get better acquainted with this artificial condition, we introduce each result with a

Toephitz example to which 1t applies As usual, in M,,, we use S to denote the basic

superdiagonal matrix and C' to denote the basic circulant matrix

Example Lemma 3 will allow us to say that a nearest normal to A = (I +25)&
(S+S%) € My® Ms1s B= (I+C)& (5C + 5C?), even though By 1s not a nearest
normal to Ay Proof ||A; — By|| =1 = Holmes(4;—1I) and |4, — By|| = V3 < 1

Lemma 3 Forj=1,2, suppose A, 1s a matrix i M, and that B, 15 a normal
matriz in J\/',,,J Let A=A, & Ay and B = By & By be thewr corresponding direct
sums in M, wheren = ny + ns

If ||A— B|| = ||A1 — Bi|| and ||A; — By|| = Holmes(A; — AI,,,) for some A € C,

then B 1s a nearest normal to A

Remark Observe that the hypotheses require By to be a nearest normal to A; and

A; to satisfy a special distance condition, since

Holmes(A; — M\,,,) < dist(A; — My, Np,) = dist(Ay, Np,)
< ”Al = Blll = Holmes(A1 — )\Inl)

and hence dist(A1,N;,) = ||A; — B;|| = Holmes(A; —\I,,) Moreover, A; has a dis-
tinguished role 1n the direct sum since dist(A;, N,,) > ||Ay — By|| > dist(Ay, No,)
By the same equation, 1t 1s also clear that B, need not neccessarily be a nearest

normal to A, but 1t cannot be arbitrarily far away either

Proof  To see that B 1s normal, compute

B'B—BB*=(B!B,®B,B,) — (BB ®B,B}) =090 =0
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Therefore dist(A,N,,) < ||[A — B|| = Holmes(A; — AI,,) by the hypotheses of
the lemma

It remains to show that dist(A,N,) > ||A — B|| = Holmes(A; — \l,,,)
However, dist(A.N,) = dist(A — A\, ;) > Holmes(A — AI,) and hence, 1t will
suffice to show that Holmes(A — AI,) > Holmes(A4; — AI,,)

Now
[Ai-M,, O
A—/\In—l o
and so, for every z € C™,
. Ay — M)z |
It =0 5]0=1 [ 475507 = s = At

and

I(A — AL,)* m =l l (A1 — (;Jn])*a;

It follows that

I =11(Ar = AL,
J

Holmes(A; — Al,,) = sup Holmes(A4 — \I,,, m) < Holmes(A — A\I,,)

llzll=1

This completes the proof that dist(A, N,) > Holmes(A; — M,,,) = ||A — B||
We now have dist(A, N,,) = ||A — B|| and hence, B 1s a nearest normal to A |

The next proposition 1s a generalization of the lemma In preparation, we ob-
serve that since we know the direct sum of two normals 1s normal, we have, by
induction, that any direct sum of two or more normals, B = (B;® & Bx_1) ® By,

1S normal

Example Proposition 4 will allow us to say that a nearest normal to A =
(S+SHe/i(1)®V3S e Ms®d M & Ms1s B=(3C+iC?) & Ji(1)® 1v3C, even
though B 1s not a nearest normal to A; Proof | A3 — Bs|| = %\/5 = Holmes(A3),
|A; — By|| = V3 and ||4; — By|| = 0
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Proposition 4 Forj =1,  k wherek > 2, suppose A, 1s a matriz wn M, and
that B, 15 a normal matriz m N, Let A=A & @A, and B=B® & By
be thewr corresponding direct sums wn M, where n =n;+  + ng

If there exists an v € {1, ,k} such that
||A— B|| = ||A, — B,|| and ||A, — B,|| = Holmes(A, — \I,,,) for some A € C, then B

18 a nearest normal to A

Proof Incasei1=1 B=DB1&®(B2® & By)1s a direct sum of 2 normals which
corresponds to A = A; & (A, & & A;) Moreover, ||A— B|| = ||A; — By|| and
||[A; — By|| = Holmes(A; — AI,,) By Lemma 3, B 1s a nearest normal to A
In case © # 1, there exists a unitary U in M, such that

UAU*=A,86 gA.0A 9 SA,_;and then UBU* 1s a direct sum of normals
which corresponds to UAU* Moreover |[UAU* — UBU*|| = ||A— B|| = ||A, — B||
and ||A, — B,|| = Holmes(A, — AI,,,) However, A, and B, are the first matrices
i the direct sums UAU* and UBU*, respectively Therefore, by the » = 1 case,
UBU* 1s a nearest normal to UAU* However, the normal approximation problem
1s invariant under unitary equivalence and hence B 1s a nearest normal to A

Therefore, 1n all cases, B 1s a nearest normal to A J

Example Proposition 5 will allow us to say that if A 1s a direct sum and each
summand 1s either a Toeplitz matrix for which we have found a best normal ap-
proximant 1n Section 2 2 or a normal matrix or a 2 X 2 upper triangular matrix,
then any direct sum of corresponding best normal approximants will be a best nor-
mal approximant for A Proof We have already observed that every such matrix

satisfies the distance condition (2 19)

Proposition 5 Forj =1, .,k wherek > 2, suppose B, 1s a nearest normal to
Aym M, LtA=A®& ©Ayand B=B & & By be thewr corresponding

direct sums in M, wheren=n; + +
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If, for every 5 € {1, ,k}, A, satisfies dist(A,, Ny, ) = Holmes(A, — \, I, ),

for some )\, € C , then B 1s a nearest normal to A

Proof By Lemma 1, we know
|A— B|| = max {[|4, - B)||}s_, = |4, — B)|| forsome:€ {1, .k} Since we
are given that dist(A,. N,,) = Holmes(A, — \,I,,,), Proposition 4 yields that B 1s a

nearest normal to A |

Remark  Although 1t 1s a little antichmactic, we confirm our previous statements
claiming that if A 1s a direct sum of Jordan blocks, then any direct sum of corre-
sponding best normal approximants will be a best normal approximant for A It 1s
easy to see that as long as all the Jordan blocks in the direct sum are not 1 x 1,

then dist(4,N) = 1

This concludes our consideration of the normal approximation problem for direct

sums of upper triangular Toeplitz matrices

It also concludes this chapter on the normal approximation problem for upper
triangular Toeplitz matrices In the next chapter we turn our attention to the

normal approximation problem for Toephtz operators
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Chapter 3

Normal Approximants for Toeplitz Operators

In this chapter, the problem of normal approximants for Toeplitz operators 1s stud-
1ed The main results in this chapter give upper and lower bounds on the distance
from certain Toeplitz operators to the set of normal operators In particular, if © 1s
a continuous complex-valued function on the umit circle T, then the distance from
T, to the normals 1s less than or equal to the radius of the smallest disk containing
¢(T) and 1if ¢ 15 also one-to-one (so that ¢(T) 1s a Jordan curve) then the distance
from T, to the normals 1s greater than or equal to the radius of the largest disk
contained wnside ¢(T) In order to prove these results we need some known facts
about Toeplitz operators and Fredholm operators The facts we need about Fred-
holm operators can be found 1n Section 1 13 We compile the facts we need about
Toephitz operators in Section 3 1 Our distance estimates are presented 1n Section
32 As a final topic, we present a simple example (due to A R Sourour), which
demonstrates that, if A 1s a direct sum of arbitrary Toeplitz operators, then a direct
sum of corresponding best normal approximants 1s not neccessarily a best normal

approximant for A

31 Toeplitz Operators

Our main objective 1n this section 1s to compile some standard results about Toeplitz

operators with continuous symbol (for use mn the next section)
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3 1.1 Preliminaries

We begin by briefly reminding the reader of the set up we gave in the Introduction
The unit circle T 1s considered as a measure space with respect to normalized
Lebesgue measure The set {e, n € Z} 1s the standard orthonormal basis for
LYT) (1e forn € Zand z € T, e,(z) = 2") The Hardy space H*(T) 1s the closed
span of {e, n >0} and P 1s the projection of L*(T) onto H*(T)

If p € L(T), then the Laurent operator M, on L*(T) 1s just the multiplication
operator defined by M,f = ¢f for f n L*(T) and the Toephtz operator T, on
H?*(T) 1s defined by T,,f = P(M,f) = P(¢f) for f m H?(T) and hence 1s the
compression of M, to H*(T)

The bilaterally infinite matrix of M, with respect to the basis {e, n€Z}
has a distinctive form—it 1s constant on all diagonals parallel to the main diago-
nal To illustrate, if we partition the basis via { ,e_s,e_; | €9,€1, }, then the
corresponding partitioned matrix of M, 1s given by

-

Cp C€C=1]|C=o0 C_3

C1 Co | C—1 C-3

Co C1 Ch C_q

C3 C | C Co

Moreover, the constants {c, n € Z} are intimately related to ¢ For n € Z,
¢n = ¢(n), where ¢(n) denotes the nth Fourier coefficient of ¢ More precisely, for
ne€Z
2T
en=p) = [ ot =% [ oleh e dt
T 0

The umlaterally infinite matrix of T, with respect to the basis {e, n >0} 1s



31 Toeplitz Operators 90

just the compression of M, onto H*(T) and hence

. -
Ch C-1 C—-9
Cq Ch C_1

I, = (32)

Ca (C Co

L .

corresponds to the bottom right block of our partitioned representation of M, n
(31) above

The theory of Laurent operators 1s straightforward The mapping ¢ — M,
from L*°(T) mto B(L*(T)) 1s an 1sometric umtal *-algebra homomorphism In
other words, for ¢, € L*(T) and A\, u € C we have ||M,| = ||¢|l. M1 = I,
Mz = (M,)*, Mypiuy = AM, + uMy and M,y = M,M, It follows that, ¢ — M,
1s an 1sometric *-1somorphism of L*(T) onto a C*-subalgebra of B(L*(T)) and
hence (M ,) = o(p) Moreover, since L*(T) 1s commutative, we have that Laurent
operators commute with one another and i particular, every Laurent operator 1s

normal

The Bilateral Shift  The Laurent operator W = M., 1s called the Wlateral
(forward) shaft since for all n € Z, We, = e,y Its adjont, W* = Mz, = M,_, 15
called the bilateral backward shift and satisfies W*e, = e,_; for all n € Z Observe
that for all n € Z, W*We, = e, = WW%, Therefore, W*W = WW* = I and
hence, W 1s unitary

In contrast to the theory of Laurent operators, the theory of Toeplitz operators
1s much more complicated However, part of the theory 1s easy Since each Toeplitz
operator 1s the compression of a Laurent operator to H*(T), we have that the
mapping ¢ — T, maps L®(T) mto B(H*(T)) and that ||T,| < ||M,]| = ||¢|l, In
addition, ¢ — T, 1s unital, linear and preserves adjoints In particular, since we
will be looking at scalar translations of Toeplitz operators in the next section, we
observe that if ¢ € L*(T) and A € C, then T, — \I =T, — AT} = T,_, a Toephtz

operator
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The complications in the theory of Toeplitz operators are caused by their multi-
plicative properties In contrast to the Laurent operator case, if ¢, 1 are arbitrary
functions in L*(T), then 1t 1s seldom true that T,y = T, T} or that T,,T, = T, T,
In fact, 1t 1s seldom true that T,,T;, 1s a Toeplhtz operator The standard example

for all these statements 1s furnished by the following analysis of the unilateral shaft

The Unilateral Shift. The Toeplitz operator U = T, 1s called the unilateral
(forward) shaft since for alln € N, Ue, = eny1 Its adjont, U* = T = T, _, 15 called
the unilateral backward shift For n > 1 1t satisfies U*e,, = P(e_1e,) = Pe,_1 =
en—1 and hence 1t 1s a backward shift on { e;,e5, } However, U*ey = P(e_1e9) =0
and hence we can think of U* as shifting e, backwards, out of the basis Observe
that for all n € N, U*Ue, = e, and hence U*U = I and U 1s an 1sometry On
the other hand, UU*e, = e, only for n > 1 For n = 0, UU*¢y = 0 By letting
Py denote the projection of H2(T) onto span{ ey }, we can write UU* = — Py It
follows immediately that U 1s not a normal operator

Moreover, we have an example of two Toeplitz operators, U and U*, such that
U*U # UU* and hence Toeplitz operators need not commute In addition, the
matrix of UU* = I — P, with respect to the basis {ep,e;, }, 18 not constant
on the main diagonal and hence, we also have that the product of two Toepltz
operators need not be a Toephtz operator To preview an upcoming result, we
observe that although T.,. , # T,,T._, we do have that T,,._, — T,,T._, = Py 1s a
compact operator (finite rank) 1 B(H?*(T))

Remark It 1s possible to put restrictions on ¢, v so as to msure that T, = T, T,
For example, if ) € H*(T) = {(b € L*(T) é(n)=0forn<0 }, then Py = ¢
and the result follows However, there 1s more to be gamed by restricting our

attention to continuous functions on the (compact) unit circle

Remark about the unilateral shift Let m denote the natural map from B(H?(T))

onto the Calkin algebra, then by mspection of the above analysis of U, we have
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that 7(U) 1s mvertible in the Calkin algebra and hence U 1s Fredholm In fact,
7(U) 1s a umtary n the Calkin algebra We also have that kerU = {0} and
ker U* = span{ eg} Therefore, md(U) = —1 and hence the umlateral shift 1s an
example of a Fredholm operator that 1s not a compact perturbation of an invertible
Moreover, since 1t 1s an essentially umitary (Fredholm) operator with nonzero index,
Brown-Douglas-Fillmore [BDF73| use 1t as an example of an essentially normal

operator which cannot be written as a compact perturbation of a normal operator

312 Standard Results About Toeplitz Operators

We now survey some standard results about Toeplitz operators The main results
are presented as theorems Proofs can be found i [Mur90, Section 3 5]

Before restricting our attention to Toeplitz operators induced by continuous
functions on T, we state a theorem about the spectrum and norm of arbitrary

Toeplitz operators

Hartman-Wintner Theorem  If ¢ € L™(T) and o(¢) denotes the spectrum
of ¢ i L*(T), then o(p) C o(T,) and || T,|| = r(T;,) = [l¢ll

The remaining results that we need are for Toeplitz operators induced by contin-
uous functions on T Such operators are called Toeplitz operators with continuous
symbol If p,v» € C(T), then, in general, we still do not have T,, = T,T,—our
unilateral shift example only involves the functions e; and e_;, which are continuous
on T However, for ¢, € C(T), we always have that T,,T, — T,y 1s a compact
operator and hence the images of 7,7}, and T, are equal in the Calkin algebra

For the remainder of this section, let H* denote H?(T) and let m denote the
natural map from B(H?) onto the Calkin algebra, B(H?)/K(H?) As mentioned
above, the fact that T,,T, — T,y 1s a compact operator for every ¢, € C(T)
implhes that 7(T,,) = 7(T,T;) for every ¢, € C(T) We know that the mapping

¢ = T, from C(T) mto B(H?) 1s unital, linear and preserves adjoints It follows
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that the mapping ¢ — 7(T,) from C(T) mto B(H?)/K(H?) 1s a unital x-algebra
homomorphism, and hence {7(T,) ¢ € C(T)} 1s a commutative x-subalgebra of
B(H?)/K(H?) 1t follows that every Toeplitz operator with continuous symbol 1s
essentially normal

Let T denote the C*-subalgebra of B(H?) generated by {T,, ¢ € C(T)} T 1s
called the Toeplitz algebra An important result 1s that the Toephtz algebra con-
tans the 1deal of compact operators on H? and hence T /K(H?) 1s a C*-subalgebra
of B(H?*)/K(H?*) Moreover, T/K(H?) contamns 7(T}) = =(I), the 1dentity of
B(H?*)/K(H?) Tt follows that elements of 7 /K(H?) are mvertible in 7 /KC(H?)
and only if they are mvertible in B(H?)/K(H?) and we have the following theorem

Theorem 1  The map
¢~ n(T,) C(T)— T/K(H?) (33)
18 a *-1s0morphism

As an immediate consequence of this 1somorphism, we have that if p € C(T),
then o(r(T,)) = () and 7(T},) 1s mvertible in T /IC(H?) 1f and only 1if ¢ 15 nvert-

ible in C'(T) In other words, we have the following theorem

Theorem 2  If o € C(T), then 0.(T,) = ¢(T) and T, 1s Fredholm 1f and only 1f

@ never vamshes
When T, 1s Fredholm, 1ts index 1s intimately related to ¢
Theorem 3  If ¢ € C(T) and ¢ never vamshes, then
nd(7,) = —wn(yp, 0)

where wn(p,0) denotes the winding number of ¢ about 0
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Remark In addition, 1t can be shown that, if ¢ € C(T), then T, 1s invertible if
and only 1f T, 1s Fredholm of index 0 Therefore, if ¢ € C(T), then we can write

the spectrum of T, as follows
o(T,) = p(T)U{A € C\¢(T) T,— Al =T,_ 15 (Fredholm) of non-zero index }

Example We apply some of these results to the unilateral shaft, U = T,, Since
e; € C(T) and ¢, (T) = T. we have that e; does not vamsh on T and hence, U 1s
Fredholm with ind(U) = —wn(e;,0) = —1 This agrees with our earher analysis

Moreover, 1f A 1s not on €, (T) = T, then T,,_, 1s Fredholm with

ind(7,,_,) = —wn(e; — A\, 0) = —wn(e, \) = {(11 g ]lii z }
Therefore, by the immediately preceeding Remark, o(U) = TU{A |\ <1} That
18, the spectrum of the unilateral shift 1s precisely the unit disk

This completes our survey of standard results In the next section, we apply
these results to get estimates on the distance from a Toeplitz operator with contin-

uous symbol to the set of normal operators in B(H?)

3 2 Distance Estimates for Toeplitz Operators

In this section, we use the theory of Toeplitz operators and the theory of Fredholm
operators to obtain upper and lower bounds on the distance from certain Toeplitz

operators with continuous symbol to the set, A, of normal operators in B(H?)

Proposition 1 If ¢ € C(T), so that T, € B(H?), then
dist(T,, N') < mnf {r there1s a disk of radws r containing ¢(T) }

Proof Forevery A€ Candr >0,let D,(\)={p€C |u— A <r} denote the
open disk of radius r about A
Since ¢ 1s continuous and T 1s compact, we have that ¢(T) 1s a compact subset

of C and hence there are disks of finite radius containing o(T)



32 Distance Estimates for Toeplitz Operators 95

Let D.(A\) be an arbitrary but fixed disk such that ¢(T) C D,(A) By letting
1 = ¢— A, we have that 1) 1s continuous and ¥(T) = ¢(T)—A C D,.(A\)— )\ = D,(0)
It follows that ||| <7

Since the normal approximation problem 1s invariant under scalar translation

dist(T,, N) = dist(T, — A\I,N) However, T, — A\ = T,_, =T, Therefore

dist(T,,, N) = dist(Ty, N)
< ||Ty|] smce 0 1s normal
= |[|¢|l,, by the Hartman-Wintner Theorem

<r

However, D,(\) was an arbitrary disk of radius r containing ¢(T) and hence

dist(T,, N) < nf {r there 1s a disk of radius r containing »(T)} R

Proposition 2  If ¢ € C(T) and there enists a component of C \ ¢(T) wn which
the winding number of ¢ 1s nonzero, then

dist(T,, N') > sup{ , | there 15 a disk of radwus r wn C\ ¢(T) }

whach the winding number of ¢ 18 nonzero

Proof  Let D,.()\) be an arbitrary but fixed disk contained inside a component of
C\ ¢(T) in which the winding number of ¢ 1s nonzero It follows that the winding
number of ¢ 1s constant on D,.()\) Let n = wn(p, A) denote this nonzero winding
number

By letting ©» = ¢ — A\, we have that 1 1s continuous and (T) = o(T) — X It
follows that D,(0) = D,(X) — X 1s 1n a component of C \ ¢(T) where the winding
number of v 1s also constantly equal to n Since ¥(T) does not ntersect D,.(0), we

have
r < mf V()] = [lmn

Moreover, since 0 1s not 1 ¥)(T), ¥ never vamishes on T and hence T}, 1s Fredholm

with ind(Ty) = —wn(v,0) = —n



3.2 Dustance Estimates for Toeplitz Operators 96

For every T € B(H?), let B,(T) = {A € B(H?) - ||T - A|| < r} denote the
open ball of radius r about T 1n B(H?)

Claim B,(T},) C Fred(H?)

Note Assuming this claim 1s true, B.(Ty) 1s a connected set of Fredholm op-
erators and hence they all have index equal to ind(7T,) = —n # 0 It follows that
there are no normal operators in B,(T,), (since every normal Fredholm operator
has index 0) and therefore dist(7y, N) > r As i Proposition 1, dist(7,, N) =
dist(T,, — A, N) = dist(Ty, N), and so we have dist(T,,N') > r However, D,())
was an arbitrary disk of radius r contained mside a component of C\ ¢(T) 1n which

the winding number of ¢ 1s nonzero and hence

dist(T,, N) > sup{ - ' there 1s a disk of radius r in C \ ¢(T) }

which the winding number of ¢ 1s nonzero

as we set out to prove It only remains to prove that B,(T;) C Fred(H?)

Proof Take any A € B,(T;) To show that A 1s Fredholm, 1t will suffice to show
that w(A) 1s invertible However, we know 7(T) 1s invertible, and so 1t will suffice
to show that ||7(T},) — m(A)|| < [|=(Ty) 7Y™

Using the fact that C(T) = T/K(H?) via ¢ — 7(T}) we have

1
(7

1
= sup —

T' -1 = Tl —;
@)= = I TON=1Z) =% T~ ol

and then
I7(Ty) — w(A)l| = [|Im(Ty — A)| < Ty — All <7 < [Ylewn = [|m(T) 741

We now have that m(A) 1s invertible and hence A 1s Fredholm However, A was

arbitrary i B, (T},) and therefore, B,(T}) C Fred(H?) &

Corollary 3. Ifp € C(T) and ¢ 1s 1 1, so that ¢(T) 18 a Jordan curve, then
dist(T,,, N') > sup {r there 1s a disk of radwus r contained nside »(T) }
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Proof  Simce ¢(T) 1s a Jordan curve, 1t determines exactly two components—an
imside and an outside The winding number of ¢ 1n the unbounded outside 1s 0
However, since ¢ 1s 1 1, ¢(T) goes around the inside exactly once, and hence the
winding number of ¢ 1n the mnside 1s 1

Since ¢ € C(T) and the nside 1s the only component determined by ¢ 1in which
the winding number 1s nonzero, Proposition 2 reduces to

dist(T,, N') > sup {7 there 1s a disk of radius r contained nside ¢(T)} J

Corollary 4  Suppose ¢ € C(T) and ¢(T) 1s an ellipse uith axs lengths a,b
where a < b If the winding number of ¢ wnside the ellipse 1s nonzero, then

dist(T,,, N) € [a, b]

Proof  Since ¢ € C(T), Proposition 1 apphes and hence
dist(T,, N) < nf {r there 1s a disk of radius r containing the ellipse } = b
Since p € C(T) and ¢(T) 18 an ellipse, 1ts mside 18 the only possible component
i which the winding number of ¢ 1s nonzero and, by hypothesis, 1t 1s nonzero
Therefore Proposition 2 applies and hence
dist(T,, N) > sup{r thereis a disk of radius r contained inside the ellipse }
= a g
Corollary 5 Suppose ¢ € C(T) and ¢(T) 18 a arcle of radwus a If the winding

number of ¢ wnside the circle 1s nonzero, then dist(T,,N') = a

Proof By Corollary 4, dist(T,,,N) € [a.a] &

Example We apply this last corollary to the unilateral shift U = T,, Since e; 1s
continuous on T, e;(T) = T 1s the unit circle and the winding number of e; inside
the circle 1s 1 # 0, we have that dist(U,N') =1 Moreover, since U 1s an 1sometry,

we have that ||U]| = 1 and hence 0 1s a best normal approximant for U

Remark  As we mentioned 1n the Introduction, the fact that the umlateral shaft

15 at distance 1 from the normals has been known for a long time For a different



3.3 Durect Sums of Toeplitz Operators 98

proof see [Hal82, Problem 144] or see Holmes’ proof [Hol74] that the unilateral shaft

1s antinormal (2 e a nearest normal to U 1s )

Example If n 1s any nonzero integer, then e, 1s continuous on T, e,(T) = T and
the winding number of e, inside the circle 1s n # 0 It follows that for each nonzero
mteger n, dist(7,,,N) =1 Moreover, ||T.,|| = |les]|,, = 1, and hence 0 1s a best

normal approximant for 7., Of course, for the n = 0 case, T,, = I 1s normal

Remark  If we compress the unilateral backward shift U* = T, | to the span
of {eg, .e,_1} and look at 1ts matrix representation, we have the n x n basic
superdiagonal matrix It seems curious that U* 1s at distance 1 from the normals

while every such n x n basic superdiagonal matrix 1s at distance ; from the normals

33 Direct Sums of Toeplitz Operators

When considering the normal approximation problem for direct sums of Toeplitz

operators, the fundamental question 1s as follows

If A 1s a diwrect sum of Toepltz operators, will a direct sum of corre-
sponding best normal approximants be a best normal approximant for

A?

The purpose of this final section 1s to present a simple example (devised by A R
Sourour 1 a private discussion) which demonstrates that a direct sum of corre-
sponding best normal approximants 1s not neccessarily a best normal approximant
for an arbitrary A The example involves our most well known Toeplitz operators,

the unilateral shift and 1ts adjoint

Example (Sourour). Let U = T,, denote the unilateral shift, then 0 1s a best
normal approximant for U and for U* However, 0 = 0 & 0 1s not a best normal
approximant for A = U* @ U since a normal operator can be exhibited which 1s a

better normal approximant than (
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Proof  The distance from A to 01s ||A — 0| = ||A|| = max { ||U*|],|U]| } = 1
The main part of this example 1s to exhibit a normal operator N, such that
||JA— N|| < 1 and hence 0 1s not a nearest normal to A
As a first step we write the matrix of A as a bilaterally infinite partitioned

matrix with respect to the partitioned basis
E={ 80 180 a0|00e 08¢ 08e, |}

Since U*(ey) = 0, U*(e,) = en—1 for n > 1, and U(e,) = e, 41 for all n > 0, we get

—_— O
—_— O

U*10
A: =
oo

o | e
—= o
— o

Now, let W denote the bilateral shift operator on # = H*(T) @ H*(T) with
respect to the basis & W 1s unitary, and hence the operator N = %W 1S a normal

operator on H The matrix of A — N with respect to £ 1s given by

[

- O
o= O

|-
N= O

Ni—= O

By mspection of this matrix, A—N 1s a weighted shift, our prototype for weighted
partial permutations in Section 12 3 Therefore |4 — N|| = 2, the supremum of all

the weights
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It follows that 0 = 0 & 0 1s not a best normal approximant for A=U*aU @

Remark  The operator N constructed in Sourour’s example 1s actually a best

normal approximant for A=U*&® U

Proof By Holmes’ distance estimate [Section 1 2 2]

dist(A, N)

v

g sup |[ Azl — [l4%=]]

Vv

s 1A @ eo)l| — [[A* (0 @ €o) |
zllo@e)l —lloeo]|

Il

=

We now have 3 < dist(A, ) < |[|[A— N|| =% Therefore dist(4,N) = £ and N 1s

a best normal approximant for A
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