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Abstract 

In this thesis, we consider the normal approx11nat10n problem for certam Toephtz 

matnces and Toephtz operators, with respect to the operator norm For upper 

tnangular Toephtz matn ces, we exh1b1t a natural normal approx1mant, and show 

that 1t 1s a best normal approx1mant m certam fundamental cases In other cases, 

we analyze its effectiveness as a distance estimate by comparmg 1t to the standard 

Herm1t1an approx1mant For Toephtz operators mduced by certam contmuous func­

tions on the umt circle, we obtam upper and lower bounds on the distance to the 

set of normal operators, m terms of the image of the umt circle In particular, 1f 

the contmuous funct10n 1s one-to-one and the image 1s a circle, then the distance to 

the normals 1s the radrns of the image circle 
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Introduction 

The mtent10n of tlus thesis is to discuss the problem of approximatmg Toephtz 

operators and Toephtz matrices by normal operators and normal matrices The 

general settmg for operator approximation problems is the algebra of operators 

(bounded hnear transformat10ns) on a fixed Hilbert space H, wluch corresponds to 

the algebra of n x n complex matrices when H has fimte dimens10n n 

The discuss10n is aimed at a reader who is familiar with the basic facts about 

Hilbert space and the basic facts about the algebra of operators on a Hilbert space 

We do not assume the reader is familiar with Toephtz operators or Toephtz matrices, 

however, we do assume a standard first year graduate course m real and complex 

analysis which covers measure theory, pomt set topology, elementary functional 

analysis and basic theory of LP spaces 

Operator Approx1mat1on Problems 

The general type of operator approximat10n problem consists of approximatmg an 

arbitrary operator by an operator m some given class of operators-the idea bemg 

to find a nearest approximant m the given class, with respect to the operator norm 

Of course, findmg a nearest approximant , always mvolves findmg the distance to 

the given class as a subproblem The motivat10n for this type of problem is to get 

mformat10n about arbitrary operators via approximat10n by operators from well­

understood classes Not surprismgly, the classes of operators that have attracted 

the most mterest as approximants are Hermitians, pos1t1ves, normals , umtaries , 

proJect10ns and compacts 

In 1955, Fan and Hoffman [FH55] obtamed the first operator approx1mat10n 
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results by showmg that a best Herm1t1an approx1mant to a matrix A 1s its Hermit ian 

part (A + A*)/2, while a best umtary approx1mant to A 1s a umtary matrix U 

that occurs m the polar decompos1t10n A = UP In 1972, van R1emsd1Jk [vR72] 

proved that the Herm1t1an approx1mat10n of Fan and Hoffman can be extended to 

mfimte d1mens10ns In the same year, Halmos [Hal72] studied and solved the more 

mtricate1 problem of best approx1mat10n by pos1t1ve operators-renewmg mterest m 

operator approximat10n problems This mcluded the problem of best approximat10n 

by normal operators 

The Normal Approximation Problem 

In contrast to Herm1t1an approx1mat10n and pos1t1ve approximat10n, the problem 

of normal approx1mat10n seems less tractable and htt le 1s known For example, 

m the operator norm, it 1s not even known what a closest normal matrix to an 

arbit rary 3 x 3 matrix is Holmes [Hol74] suggests that t he reason for the difficulty 

is t hat the normal operators lack any readily apparent geometric structure The 

normals are closed m the space of all operators, but t hey are not convex (m fact 

they are nowhere dense) and hence usual approximat10n techniques do not apply 

Moreover, Rogers [Rog76] has shown that not every operator has a nearest normal 

approxnnant when H 1s mfimte dimens10nal-thus motivatmg mterest m findmg 

special classes of operators that do have best normal approx1mants 

Ph1lhps [Phi 77] showed that the class of bmormal operators ( which has the space 

of all 2 x 2 matrices as a special case) does have best normal approx1mants In 

fact , he developed a formula for constructmg a nearest normal approx1mant to a 

given bmormal operator 

Instead of t rymg to find a known class that has best normal approximants, 

Holmes [Hol74] took a different approach He defined the class of antmormal op-

1 A best pos1t1ve approx1mant for a normal operator 1s its pos1t1ve part However , m general , 
the pos1t1ve part of an operator 1s not a best pos1t1ve approxlillant for 1t 
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erators as all t hose nonzero operators for which the zero operator 1s a best normal 

approx1mant, and then proceeded to study properties of this special class 

Little else 1s known about special classes of operators that have best normal 

approx1mants Halmos [Hal74] studied the spectral approximation pro blem of ap­

prox1matmg arbit rary normal operators by normal operators with spectrum con­

tamed m a given non-empty subset of the complex plane More recently, Bhatia, 

Horn and K1ttaneh [BHK91] have shown that Ph1lhps' result fo r bmormal operators 

1s actually vahd with respect to any unitarily mvariant norm Very recently, Lm 

[Lm94] has solved an old and important problem m lmear algebra and operator 

theory concernmg when almost normal 1mphes near to normal More precisely, for 

each £ > 0, Lm has proven that there exists a o > 0, such that , 1f T is any (fini te) 

square matrix sat1sfymg IITI I :::; 1 and IIT*T - TT*II < o, then there 1s a normal 

matrix N such that IIT - NII < £ 

R em ark Lm's existence theorem does not give quant itative mformat10n about o 
as a funct10n of £ In part icular, 1t does not give the range of o = o(c) for £ :::; 1, and 

hence, 1t cannot be used directly as a normal approx1mat10n result about arbitrary 

matrices For example, 1f IITII :::; 1 and IIT*T - TT*II = d, Lin 's Theorem does not 

imply that there 1s an £ :::; 1 such that o(c) > d, and hence, 1t does not yield useful 

mformat10n about the distance from T to the normals 

The Mam Purpose of This Thesis 

The mam purpose of this thesis 1s t o make a modest begmnmg at mcludmg Toephtz 

operators and finite d1mens10nal Toephtz matrices as classes of operators for which 

we can find nearest normal approx1mants 

Why consider Toephtz operators when lookmg for classes that have best nor­

mal approx1mants? The simplest Toephtz operator 1s the umlateral (forward) shift 

operator-a mot1vatmg example for the Brown-Douglas-F1llmore t heorem-it 1s es-
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sentially normal, Fredholm, but not normal Moreover, 1t has been very thoroughly 

analyzed In particular, the normal approx1mat10n problem has been solved for 

the umlateral sh1ft-1t 1s at distance 1 from the normals and the zero operator 1s a 

nearest normal approx1mant Important subclasses of the Toephtz operators consist 

of operators that are essentially normal, Fredholm, and not normal and hence seem 

to be prom1smg classes to consider 

Why consider Toephtz matrices? A Toephtz matrix can be thought of as a 

compress10n of a Toephtz operator, and hence the class of Toephtz matrices seem 

hke a prom1smg fim te d1mens10nal class to consider on its own merit Moreover, 

studymg a fimte d1mens10nal case 1s usually a natural place to start understandmg 

a problem 

Toephtz Operators 

If (fJ 1s a bounded measureable funct10n on the umt circle T , with respect to nor­

malized Lebesgue measure, then 'P 1s m t he Hilbert space L2(T ), and mult1phcat10n 

by 'P 1s an operator on L2(T) called the Laurent operator mduced by 'P, denoted 

Mip These multiphcat10n operators are the prototypes of normal operators 

For each mteger n , the funct10n en T -+ T defined by en(z) = zn 1s con­

tmuous and { en n = 0, ±l, ±2, } 1s the standard orthonormal basis for L2 (T) 

The Hardy space, H2 (T ), 1s the closed span of { en n = 0, 1, 2, } If P 1s the 

orthogonal proJect10n from L2(T) onto H 2(T ) then the Toeplitz operator mduced 

by 'P , denoted Tip, 1s the compress10n of Mip to H2(T) 

for every J m H2 (T) 

The umlaterally mfimte matrix of Tip with respect to t he ort honormal basis 

{ en n = 0, l, 2, } has a d1stmct1ve form-it 1s constant on all diagonals that are 
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parallel to the mam diagonal 

Moreover, the constants are mtimately related to cp For each mteger n , en is the 

nth Fourier coefficient of r.p 

The umlateral (forward) shift operator mentioned above is the Toephtz operator 

U = Te1 It is called the forward shift operator smce U en = en+ 1 for every nonegative 

mteger n Note that the matrix of U has l 's on the first subdiagonal and O's 

everywhere else 

Important subclasses of the Toephtz operators correspond to important sub­

classes of the bounded measureable funct10ns on T contmuous, analytic, one-to­

one, etc 

Fm1te D1mens10nal Toephtz Matrices 

We will begm our study of the normal approximation problem with fimte dimen­

sional Toephtz matrices A Toephtz matrix is defined to be a square fimte di­

mensional matrix that is constant along diagonals parallel to the mam diagonal 

Clearly, each n-dimensional Toephtz matrix can be thought of as the compression 

of a Toephtz operator on H2 (T) to t he subspace spanned by { e0 , e1, , en- l } It 

may also be possible to thmk of them as Toephtz-hke operators usmg the compact 

abehan group Z/(2n - 1) m place of the compact abehan group T 

As a first attempt at findmg nearest normals to Toephtz matrices, we will restrict 
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our attent10n to upper t riangular Toephtz matrices 

ao a1 an-1 
ao a 1 an- 2 

T= 
0 

The Organizat10n of This Thesis 

In Chapter 1, we establish basic defimt10ns related t o the problem of normal approx­

imat10n and develop some of their immediate consequences We mclude some maps 

which can be used to simplify t he normal approximat10n problem We also present 

a detailed survey of the known normal approximat10n results of Holmes [Hol74], 

Rogers [Rog76] and Phillips [Phi77] which have been ment10ned m this mtroduc­

t10n In particular, we analyze the derivation of the formula obtamed by Phillips 

(for a nearest normal to a bmormal operator) as it applies to 2 x 2 matrices As a 

bonus, we develop a characterizat10n of 2 x 2 normal matrices-m a way suggested 

by Phillips' nearest normal approximant 

In Chapter 2, t he problem of normal approximants for (fimte dimens10nal) upper 

t riangular Toephtz matrices is studied The upper t riangular Toephtz matrices 

with exactly one nonzero diagonal play a distmgmshed role m our analysis- we call 

such matnces superdiagonal Toephtz matnces We develop a formula for gettmg 

a nearest normal matrix to an n x n superdiagonal Toephtz matrix For fixed n , 

it is mterestmg t hat all t hese normal approximants are m t he commutative C* -

algebra generated by a special umtary matrix, and hence t heir sum is a normal 

matrix Smee each upper triangular Toephtz matnx, T , can be written as a sum 

of superdiagonal ones, N = the sum of the mdividual approximants is a natural 

normal approximant to consider 

In Section 2 2, we verify that N is a best normal approximant m the 2 x 2 case 
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Enticmgly, it is also a best normal approximant for Jordan blocks (which are special 

upper triangular Toephtz matrices) In fact, it is a best normal approximant for 

any scalar translat10n of any superdiagonal matrix However, we show via a 3 x 3 

counterexample that N is not a best normal approximant m the general case In 

the non-superdiagonal 3 x 3 case, we carry out a comparative analysis of N versus 

Holmes' approximant (the Hermitian part of T) and find certam cases where N does 

improve on Holmes' upper distance estimate In an attempt to find better normal 

aprroximants, we develop a simple characterizat10n of 3 x 3 normal matrices which 

are constant on the mam diagonal-these mclude 3 x 3 normal Toephtz matrices 

Leavmg the 3 x 3 case, we show that for every k 2: 2, there are special classes 

of 2k x 2k upper t riangular Toephtz matrices which admit N as a best normal 

approximant 

As a final fimte dimens10nal topic, we consider direct sums of upper triangular 

Toephtz matrices m Sect10n 2 3 Our mam result imphes that , if A is a direct 

sum, and each summand is either a Toephtz matrix for which we have found a 

best normal approximant m Sect10n 2 2, or a normal matrix, or any 2 x 2 upper 

triangular matrix, then any direct sum of correspondmg best normal approximants 

will be a best normal approximant for A In the course of developmg this result , 

we also gne examples where we find a best normal approximant for a direct sum, 

even though we do not know all of the mdividual best normal approximants 

In Chapter 3, the problem of normal approximants for Toephtz operators is stud­

ied The mam results m this chapter give upper and lower bounds on the distance 

from certam Toephtz operators to the set of normal operators In particular, if <p is 

a contmuous complex-valued funct10n on the umt circle T , t hen the distance from 

Tcp to the normals 1s less than or equal to the radms of the smallest disk contammg 

<p (T) and 1f <p 1s also one-to-one (so that <p (T ) is a Jordan curve) , then the distance 

from Tcp to the normals is greater than or equal to the radms of the largest disk 

contamed inside <p(T ) It follows that , if <p is contmuous on T and one-to-one and 



Introduction 8 

cp(T) 1s a circle of radms a, then the distance from T'P to the normals 1s equal to 

a When apphed to the umlateral shift , this result 1s m agreement with the known 

fact, that its distance from the normals 1s 1 As a final result for the thesis, we 

present a simple example (due to A R Sourour) , which demonstrates that, 1f A 1s a 

direct sum of arbitrary Toephtz operators, then a direct sum of correspondmg best 

normal approx1mants 1s not neccessanly a best normal approx1mant for A 
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Chapter 1 

Definitions and Preliminary Results 

In this chapter, we establish basic defimt10ns related to t he problem of normal ap­

prmamat10n and develop some of their immediate consequences We also elaborate 

on the known normal approximat10n results ment10ned m the mt roduct10n In par­

ticular, we analyze the den vat10n of the formula obtamed by Phillips [Phi77] for a 

nearest normal matn x to an arbitrary 2 x 2 matn x 

1.1 Basic Facts and Notat10n 

We begm by reviewmg basic facts and settmg basic notat10n for discussmg a Hilbert 

space and the algebra of operators on it As m t he mtroduct10n, we use the term 

operator to mean bounded linear t ransformat10n The symbols N , Z, R , R + and C 

are used to denote, respectively, the sets of posit ive mtegers, mtegers, real numbers, 

nonnegative real numbers and complex numbers 

Suppose H is a complex separable Hilbert space with mner product ( , ) and 

norm II II Let B(H ) denote the algebra of operators on H wit h t he usual operator 

norm When H has fini te dimens10n n , we identify H with t he Hilbert space, en, 
of n x 1 complex column vectors and we ident ify B(H ) wit h the algebra, Mn , of 

n x n complex matrices 

For each operator A m B(H), denote the operator norm of A by \\A\\, t he 

spectrum of A by o-(A) and the spectral radms of A by r(A ), so that 

\IA \\ sup { \\ Ax\\ x E H and \\ x\ \ = 1} 

a(A) { ,\ E C ,\J - A is not mvert ible m B(H)} 
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r(A) = sup 1,\1 
>.Eu(A) 

B(H) eqmpped with t he operator norm is a umtal Banach algebra-i e it is a 

complete metn c space m the mduced metnc, IIIII = 1 where I denotes the identity 

operator on H and IIABII ::; IIAII IIBII for all A, B m B(H) Hence, we have the 

usual Banach algebra formula for the spectral radms of A 

For each operator A m B(H) , its adJomt A* , is the umque operator satisfymg 

(Ax, y) = (x, A*y) for all x, y m H In the case where A = [a1k] is an n x n matrix, 

A* is Just the conJugate transpose of A (i e (A*)1k = ak1) 

The map Ai---+ A* is a conJugate-hnear map on B(H ) with (A*)* = A, (AB)* = 

B* A* and IIA*II = IIAII for all A, B m B(H ), hence, B(H) is a Banach *-algebra In 

addit10n, each operator A also satisfies t he important C*-property IIA* All = IIAll
2

, 

hence, B(H) is a C*-algebra 

1 1 1 Hermitian Operators 

An operator A is called Hermitian or self-adJoint if A* = A Eqmvalently, A is 

Hermitian if and only if (Ax, x) E R for all x m H Moreover, if A is Hermitian 

then a(A) ~ R 

Two important classes of Hermit ian operators are the proJect10ns and the posi­

tive operators 

An operator P is idempotent if P 2 = P and it is a proJectzon if it is both 

Hermitian and idempotent ( z e P = P* = P 2) 

An operator B 1s positive if (Bx , x) ~ 0 for all x m H Eqmvalently, Bis positive 

if and only 1f B 1s Herm1t1an and a(B ) ~ R+ Note that for every A E B(H ), the 

operator A* A 1s pos1t1ve smce (A* Ax, x) = (Ax , Ax) = IIAxll 2 ~ 0 for all x m H 

One of the important properties of Hermitian operators 1s that the norm of 

a Hermitian operator 1s equal to its spectral radms This property 1s a simple 
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consequence of t he C*-property and the spectral radms formula-if A is Hermitian, 
2 2 2n 2n 

then IIA II = IIAAII = IIA* All = II AII and then, b} mduct10n, II A II = II AII for 

all posit ive mtegers n It follows that 

This property of Hermitian operators m conJunct10n with t he C* -property, yields 

a way to e:>..press t he norm of an arbitrary operator A m terms of t he spectral radms 

of t he Hermit ian operator A* A 

IIAII = IIA*All
112 = (r(A*A)) 112 (1 1) 

Remark Smee formula 1 1 only depends on t he C* -property and the spectral radms 

formula, 1t follows that the operator norm 1s t he only norm on B(H ) that makes 1t 

mto a C* -algebra 

Algebraically, the adJ omt operat10n on B(H) 1s s1m1la r to t he conJugat10n op­

n at10n on t he complex numbers and the Hermitian operators play a role m B(H ) 

similar to the role played by t he real numbers m the complex numbers Every op­

erator A has a umque representat10n, A= B + zC, where B and C are Hermitian 

operat ors In fact B = ½(A + A*) is called t he real part of the operator A and 

C = i(A-A*) 1s called the 1magmary part of the operator A Accordmg to Halmos 

[Hal57, page 42] 

The fact that m general the real and 1magmary parts of an opera­
tor fail to commute 1s what makes operator theory s1gmficant ly harder 
t han t he correspondmg theory of complex numbers and motivates t he 
defimt10n of a normal operator as one for which t his pathology does not 
occur 

1.1.2 Normal Operators 

By defimt10n, an operator A 1s normal 1f A* A= AA* In other words, an operator 

1s normal 1f and only 1f 1t commutes with its adJomt Usmg this defimt10n, 1t 1s easy 
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to venfy Halmos's descnptwn of normal operators as those operators for which t he 

real and imagmary parts commute--if A= B + iC where B and Care Henmtian, 

then A* A - AA* = (B - iC)(B + iC) - (B + iC)(B - iC) = 2i(BC - CB) and 

therefore A* A= 4A* if and only if BC= CB 

Obvwusly, every Hermitian operator is normal Other well-known classes of nor­

mal operators are the scalar operators, the umtary operators, the skew-Hermit ian 

operators and the diagonalizable operators (which mclude the scalar operators) 

The scalar operators are { ),.J >. E C } 

An operator U is unitary if U*U = UU* = I Clearly, every umtary operator is 

both normal and invertible with u-1 = U* Moreover, the set of umtary operators 

is a subgroup of the (multiplicative) group of mvertible operators In fact , the set of 

umtary operators is exactly the set of automorphisms of H In the analogy between 

operators and complex numbers, the umtanes correspond to the complex numbers 

of modulus 1 

An operator Sis skew-Hermitian if S* = -S In this case, the real part of S is 

0 and hence skew-Hermitian operators are analogous to purely imagmary complex 

numbers If S is skew-Hermitian, then S* S = -S2 = SS* and hence Sis normal 

An operator D 1s called diagonalizable if H has an orthonormal basis { f1 } , where 

every f 1 is an eigenvector for D, m this case, if D f1 = >.1 f1 for all J, then the matnx 

of D with respect to t he basis { f 1 } is the diagonal matnx with D11 = >.1 for all J 

and the matnx of the operator D* with respect to this basis is the diagonal matnx 

with (D*)JJ = 3:1 for all J With D as above, (D* D - DD*)f1 = l>-1 12 !1 - l>-1 12 !1 = 0 

for all J which implies D* D - DD* = 0 and hence D is a normal operator 

The followmg propositwn gives an mterestmg characten zatwn of normal opera­

tors that will be used later 

Propos1t10n 1. If A is an operator in B(H ), then A is normal if and only if 

IIAxll = IIA*xll for every x in H 
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Proof Smee IIAxll 2 
= (Ax, Ax) = (A* Ax, x) for every x m H and, similarly, 

IIA*x ll 2 = (A*x, A*x) = (AA*x, x) for every x m H , the forward imphcat10n is very 

obv10us A normal {::} A* A= AA* 

⇒ (A* Ax, x) = (AA*x, x) for every x m H 

{::} IIAxll = IIA*x ll for every x m H 

The reverse imphcat10n follows immediately from the basic, but not so obv10us 

fact 1 If S and T are operators in B(H) and (Sx , x) = (Tx, x) for every x in H , 

then S = T ■ 

The potential of this simple charactenzat10n of normal operators is suggested 

by the following remarks of Halmos [Hal57, page 43] 

One source of the importance of the concept of normality is that 
manv facts about Hermitian operators do not depend on the 1dent1ty 
Ax= A*x but only on the identity IIAxll = IIA*xll all such facts are 
vahd for normal operators 

For example, we have pointed out the nontnv1al fact that the norm of a Hermi­

tian operator is equal to its spectral radms Propos1t10n 1 can be used to show that 

the same is t rue for normal operators-if A 1s a normal operator, then for all x m 

H , IIA2xll = IIA(Ax)II = IIA*(Ax)II = IIA* Axll By takmg supremums over llxll = 1, 

we get IIA2II = IIA* All = IIAll 2
, Just as m the Hermitian operator case1 The rest of 

the proof is the same as the proof given for Hermitian operators m Section 1 1 1 

Another such fact, which 1s tnv1al for Hermitian operators, but which turns out 

to be important for normal operators 1s given by the following immediate corollary 

of Propos1t10n 1 

Corollary 2 If A is a normal operator in B(H) , then ker A = ker A* 

1To prove this fact , ven fy the polarization identity (Sx,y) = r~=!=oik(S(x+iky),x+iky) 
and then use 1t to show 1f (Sx,x) = (Tx,x) for all x, then (Sx,y) = (Tx,y) for all x ,y It follows 
that Sx = Tx for all x and hence S = T 
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Proof x E ker A {::::=} 0 = IIAx ll = IIA* xl l {::::=} x E ker A* I 

Remark One reason for the importance of this property of normal operators has 

to do with the polar decomposition of normal operators In the usual polar decom­

posit10n, A = V IAI, V is a partial ISometry with ker V = ker A and final space 

(ran A)- = (ker A*)_1_ If A is normal , then we can wnte A = U IAI , where U is 

umtary-for example, let U equal V on (ker A)_1_ and I on ker A-this works be­

cause ker A = ker A* The mam reason this property will be important for us , is 

that it imphes normal operators, "'h1ch are Fredholm, have mdex 0 

1 1 3 Compact Operators and Fredholm Operators 

Our mam purpose m this sect10n 1s to define Fredholm operators and to state the 

mam results that we will need m Chapter 3 Smee the defimt10n of a Fredholm 

operator depends on the set of compact operators, we begm by definmg compact 

operators and statmg some elementary results about them In statmg these results , 

the topology on H 1s always the norm topology and the topology on B(H) 1s always 

the operator norm topology Proofs of these results can be found m [Dou 72, Chapter 

5] 

Let ballH = { f EH llfll :s; 1} denote the (closed) umt ball m H If H 1s 

mfimte d1mens10nal , then ball H 1s not a compact subset of H If T 1s any operator, 

then 1t 1s an mterestmg exercise to show that T(ball H) 1s a closed subset of H 

An operator T 1s a compact operator 1f T(ball H ) 1s a compact subset of H 

Eqmvalently, T 1s compact 1f and only 1f for each bounded sequence { f n } m H , the 

sequence { T f n} has a convergent subsequence m H The set of compact operators, 

K(H) , 1s a closed (two-sided) *-ideal m B(H) Here "*" means that 1f T E K(H) 

then T* E K(H) and "ideal" means that hnear combmat10ns of operators m K(H) 

are m K(H) and products of operators with at least one operator m K(H) are m 

K(H) 
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An operator T 1s finite rank 1f the d11nens10n of the range of T 1s fimte The 

set of fimte rank operators, :F(H) , 1s a (two-sided) *-ideal m B(H) Each fimte 

rank operator T 1s a compact operator (smce T(ball H) 1s a closed and bounded 

subset of the fimte d1mens10nal space T(H)) Hence, 1f H 1s fimte d1mens10nal, then 

K(H) = B(H) However , 1f H 1s mfimte d1mens10nal , then I 1s not m K(H) (smce 

I (ball H) = ball H 1s not com pact m H) and hence K ( H) f B ( H) 

In the remainder of this discussion of compact operators and Fredholm operators, 

we assume that H is infinite dimensional 

The fundamental fact about compact operators on a Hilbert space 1s that K(H) 

1s the closure of :F(H ) m B(H) In other words, an operator K 1s compact 1f and 

only 1f K IS the norm hmit of fimte rank operators 

Smee we are assummg that H 1s an mfimte d1mens10nal Hilbert space, we have 

that K(H) 1s a proper closed (two-sided) *-ideal m B(H) It follows that the quotient 

algebra Q(H) = B(H)/K(H) 1s a umtal Banach *-algebra with quotient norm 

IIT + K(H)II = mf IIT - KIi 
K EK(H) 

and 1dent1ty I +K(H) In fact, Q(H) 1s a C*-algebra It 1s called the Calkin algebra 

We denote the natural homomorphism from B(H) to Q(H) by 1r 

An operator T m B(H) 1s defined to be a Fredholm operator 1f 1r(T) 1s an m­

vert1ble element of the Calkm algebra We denote the set of Fredholm operators 

by Fred(H) Clearly, every mvert1ble operator and every compact perturbat10n of 

an mvert1ble operator 1s Fredholm What makes Fredholm operators mterestmg 

1s that not all of them anse this way It follows immediately from the defimt10n 

that Fred(H) IS an open subset of B(H ) which 1s self-adJomt, closed under mul­

t1phcat10n and mvanant under compact perturbat10ns Here "self-adJomt" means 

1f T E Fred(H ) then T* E Fred(H) and "mvanant under compact perturbat10ns" 

means that the sum of a Fredholm operator and a compact operator 1s still Fred­

holm 
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The followmg charactenzat10n of Fredholm operators 1s fundamental to the de­

velopment of Fredholm operator theory 

Theorem (Atkmson). An operator T in B(H) is Fredholm if and only if the 

range of T is closed, dim ker T is finite and dim ker T * is finite 

Because of Atkmson 's Theorem, 1f T 1s a Fredholm operator on H , then 

md(T) = dim ker T - dim ker T* 

1s a well defined integer called the index of the Fredholm operator T For n E Z, 

let Fredn(H ) = {TE Fred(H) md(T) = n} denote the set of Fredholm operators 

with mdex n 

Remarks If T 1s an mvertible operator, then T 1s a Fredholm operator of mdex 0 

(smce kerT = kerT* = {O}) If N 1s a normal operator, which 1s also Fredholm, 

then N has mdex O (smce ker N = ker N* 1s fimte d1mens10nal) 

The mdex funct10n , md Fred(H ) ---+ Z 1s contmuous Moreover, if S, T are 

Fredholm and K 1s compact , then 

(1) md(T*) = -md(T) 

(2) md(ST) = md(S) + md(T) 

(3) md(T + K) = md(T) 

Note that for each n E Z, property (3) 1mphes that the set Fredn(H) 1s mvanant 

under compact pertubat10ns 

Remark The fact that Fred0(H) 1s mvan ant under compact pertubat10ns leads to 

the Fredholm alternative for compact operators 1f K 1s compact and >. 1s a nonzero 

complex number, then >. 1s an eigenvalue of K of fimte multiphc1ty or K - >.I 1s 

mvertible 

For our purposes, the most important result from this Fredholm theory of op­

erators on a Hilbert space H, 1s stated m the followmg theorem [Dou72 , Theorem 

5 36] 
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Theorem If H is a Hilbert space, then the components of Fred(H) are precisely 

the sets { Fredn(H) n E Z} Moreover, the index map is a continuous homomor­

phism fro m Fred(H) onto Z which is invariant under compact perturbation 

For each operator T, the spectrum of 1r(T) m the Calkm algebra is called the 

essential spectrum of T, which we denote by <Ye(T ) Smee all mvertible operators 

are Fredholm, "'e have t hat <Ye(T) ~ <Y(T) By the defimt10n of Fredholm operator, 

"'e have that T is Fredholm if and only 1f O ~ <Ye(T ) More generally, T - >.I 

is Fredholm if and only if 1r(T - >-.I) = 1r(T) - >-.1r(I) is mvertible if and only if 

>. ~ CY(1r(T)) = <Ye(T) 

Remark The idea behmd definmg Fredholm operators m terms of mvertibility m 

the Calkm algebra is to generalize the the concept of invertibility to mclude the 

idea of asymptotic mvertibility and thereby to retam some of the mce properties 

of mvertibility A similar idea has been applied to other essential properties of 

operators ( i e properties that are preserved by 1r) For example, an operator T m 

B(H ) is defined to be essentially normal if 1r(T) is a normal element m the Calkm 

algebra An example of t he success of this approach is the Brown-Douglas-Fillmore 

Theorem [BDF73] which says that an essentially normal operator T can be wn tten 

as the sum of a normal operator and a compact operator if and only if for every 

>. rt <Ye(T ), md(T- >.I) = 0 A motivatmg example for t he Brown-Douglas-Fillmore 

Theorem is the umlateral shift ( a Toeplitz operator) In Sect10n 3 1, we will see that 

the umlateral shift is an essentially normal, Fredholm operator which has nonzero 

mdex 

11 4 More Facts about Normal Operators 

Before concludmg this review sect10n, there are a few more well-known facts about 

normal operators that should be mentioned The followmg mformation is drawn 

from Davidson's book [Dav88, Chapter OJ 
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Usmg the fact that B(H ) is a C* -algebra with identity, we can apply C* -algebra 

theory to 1t 

Let A be an abehan Banach algebra with identity, then as a Banach space, its 

dual space A* is the Banach space of bounded linear functwnals from A to C A 

multiplicative linear functiona l on A is an algebra homomorphism from A to C Let 

<I>A denote the set of nonzero multiplicative lmear functwnals on A , t hen smce A 

is an abehan Banach algebra with ident ity, <I>A is nonempty and for every cp m <I>A 

cp (l) = 1 and llcpll = 1 It fo llows that <I>A is contamed m t he umt ball of A *, which 

by the Banach-Alaoglu Theorem is compact m t he weak* topology Moreover, <I>A 

is a weak* closed subset of the umt ball of A* and hence is also weak* compact 

Let <I>A be eqmpped with the relative weak* topology of A* , then for every a 

m A, t he functwn ci <I>A ----+ C , defined by ci(cp) = cp(a), 1s contmuous The map 

a Ha from A to C(<I>A) 1s called t he Gelfand transform 

Gelfand-Na1mark Theorem If A zs an abelian C* -algebra wzth zdentzty, then 

the Gelfand transform zs an zsometrzc *-zsomorphzsm of A onto C( <I>A) 

Note In part icular, for every a m A, llall = llcill and a(a) = a(ci) = ran(ci) where 

ran(ci) denotes the range of the functwn a It follows that for every a m A, a maps 

<I>A onto a(a) 

In our case, when N 1s a normal operator m B(H ), the C*-subalgebra of B(H ) 

generated by N and I , denoted C*(N) , 1s an abehan C*-algebra with identity In 

fact, C*(N) is Just t he norm-closure of the lmear span of { Nm(N*t m, n E N } 

Moreover, N is a special contmuous funct ion from <I>c·(N) onto a(N), it is a con­

tmuous biJectwn, from the compact space <I>c•(N) to the Hausdorff space a(N), and 

hence it is a homeomorphism' Therefore, we can identify <I>c•(N) and a(N) when 

applymg the Gelfand-Naimark theorem to C*(N) 

C*-Functional Calculus If N zs a normal operator zn B(H ), then C*(N) zs zso-
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metrically *-isomorphic to C(a(N)) Moreover, the inverse map yields a functional 

calculus such that f(N) = f(N)* and a(f(N)) = f(a(N)) for all fin C(a(N)) 

Note Smee C*(N) 1s an abehan *-algebra, every operator m C*(N) 1s normal 

In particular, every complex polynomial m z and z, p( z) = Lf:=o L~=o ck,m zk zm, 

1s contmuous on all of C and hence p(N) = Lk~o L~=O ck,m Nk (N*)m 1s a normal 

operator m C* ( N) 

Remark This funct10nal calculus can be used to show that pos1t1ve operators 

have unique positive square roots (smce they are normal operators with spectrum 

m R + and the square root funct10n 1s contmuous on R +) and then for every op­

erator A, we can define IAI = (A* A) 112 This funct10nal calculus can also be 

used to characterize Hermitian, positive and proJect10n operators as normal op­

erators with spectrum m R, R+ and { 0, 1 }, respectively For example, to show 

the Hermitian statement, observe that m either direct10n, A 1s normal and hence 

a(A* - A) = { ~ - >. >. E a(A) }, which 1s { 0} if and only 1f a(A) ~ R Clearly 

then , A Hermitian 1mphes that a(A) ~ R In the other direct10n, A* -A 1s normal , 

so that IIA* - All = r(A* - A) = 0 (smce u(A) ~ R) and therefore A* = A The 

mam idea m gettmg the positive and proJect10n statements, 1s to look at IAI - A 

and A 2 - A, respectively 

Clearly, the set of normal operators 1s closed under scalar multiplication How­

ever, m general, the the set of normal operators 1s not closed under operator add1t10n 

or operator mult1pl1cat10n For example m the 2 x 2 matrices , let 

A = [ ~ ~ ] and B = [ ~ ~ ] 

then A 1s normal smce it 1s diagonal and B 1s normal smce it 1s Hermitian However, 

neither 

AB = [ ; ; ] nor A +B = [ ~ 1 : , ] 

1s normal-this statement can be verified by applying the defimt10n of normal op-
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erator to AB and A+ B , or, wait until the next section where we show that 

[ ~ : ] is normal if and only if c = (ei0 )2 b where a - d = ei0 la - di 

20 

The followmg theorem due to Fuglede [Fug50] gives a special commutativity 

property of normal operators, which immediately yields a sufficient condition for 

t he sum and product of two normal operators to be normal For an elegant proof 

of Fuglede's Theorem, see the proof by Rosenblum [Ros58] usmg the exponential 

function 

Fuglede's Theorem Let H be a complex Hilbert space, and let N be a normal 

operator on H Then every operator on H that commutes with N, also commutes 

with N* 

Corollary. If A and B are normal operators in B(H) and A commutes with B , 

then both AB and A + B are normal operators 

Proof Let N1 = A B and N2 =A+ B Then venfy N; N3 - N3N
3
* = 0 usmg the 

fact that, by the theorem, all of A, A* , B and B * commute with one another I 

Note In particular, smce every scalar operator is normal and commutes with all 

operators, N + ),J is normal for every normal operator N and complex >. 

This completes our review of basic facts and defimtions that we need for dis­

cussmg a Hilbert space and the operators on it 
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1 2 Prehmmary Normal Approx1mat10n Results 

In this section, we establish basic defimt10ns and termmology related specifically 

to t he problem of normal approx11nat10n 111 B(H ) and survey some known results 

about normal approximation due to Holmes [Hol74], Rogers [Rog76] and Phillips 

[Phi77] 

Let N = N ( H ) denote the set of normal operators on H 

Let S be a fixed nonempty subset of B(H ) Then for every operator A , t he 

distance from A to S is denoted by dist(A, S) where 

dist(A, S) = mf { IIA - XII X E S} 

The S approximation problem for A mvolves findmg at least one X 0 m S such that 

IIA - Xoll = dist(A, S ) In tlus context, X 0 is called a best S approximant for A or 

a nearest S approximant to A 

Note Smee the zero operat or is normal, dist (A,N) is well defined for every A m 

B(H ), moreover, we have an immediate upper bound on this distance 

dist (A, N ) ~ IIA - 011 = IIAII 

1 2 1 Invariant Maps for the Normal Approx1mat10n Problem 

Before lookmg at t he normal approximation results of Holmes, Rogers and Phillips, 

we establish some tools for simplifymg the normal approximation problem Follow­

mg an idea by Ruhe [Ruh87, p 586], we say that the normal approximation problem 

is invariant under an mvert ible map F B(H) ---+ B(H ), if for every operator A, 

dist(F (A),N) = dist(A, N) and N is a nearest normal approximant of A if and 

only if F (N) is a nearest normal approximant of F (A) 

Our mam result gives three mvan ant maps for t he normal approximation prob­

lem To prove one of them. we remmd the reader of t he fo llowmg well-knov. n fact 
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Lemma 1 The operator norm is strongly unitanly invariant 

That is, IIU AVII = IIAII for all operators A and all unitary operators U and V 

Proof For every x E H , 11Uxll 2 
= (Ux, Ux) = (U*Ux, x) = (x, x) = llxll 2

, so 

IIUxll = llxl l Therefore, IIU Axll = IIAxll for all x EH, hence IIU All = IIAII Then, 

IIUAVII = IIAVII = ll(AV)*II = IIV*A*II = IIA*II = IIAII I 

Proposition 2. The normal approximation problem is invariant under 

(1) Unitary equivalence That is, under A H U* AU for every unitary U 

(2) Scalar translation That is, under AH A+ >..I for every complex>. 

(3) Rotation That is, under A H ei0 A for every real 0 

Proof The proofs of all three statements are very s1m1lar We will prove (1) 

completely and leave the details of (2) and (3) to the reader 

To prove (1), let Ube an arbitrary umtary operator and define F(A) = U* AU 

for every operator A The first step 1s to venfy that F 1s mvert1ble It 1s well 

known that F 1s an automorphism of B(H) , but for completeness, we prove that F 

1s mvert1ble directly Let A and B be arbitrary operators, then F(U AU*) = A, so F 

1s surJective, and IIF(A) - F(B)II = IIU*(A - B)UII = IIA - BI i, so F 1s mJective 

To see that the normal approx1mat10n problem 1s mvanant under F , let A be 

an arbitrary operator Then for every normal operator N 

!IA - NII = IIU*(A - N)UII = IIU* AU - U* NUii ~ d1st(U* AU, N) smce U* NU 1s 

normal Hence, d1st(A,N) ~ d1st(U* AU,N) S1m1larly, for every normal operator 

M IIU*AU - M Ii = IIU*(A - UMU*)UII = IIA- UMU*II ~ d1st(A,N) smce 

U MU* 1s normal Hence, d1st(U* AU, N) ~ d1st(A, N) 

We now have d1st(A, N) = d1st(U* AU, N) and IIA - NII = IIU* AU - U* NUii 

Hence N 1s a nearest normal approximant of A 1f and only 1f U* NU 1s a nearest 

normal approx1mant of U* AU This completes the proof of (1) 

The proofs of (2) and (3) are similar The key facts for (2) are that !IA - NII = 
ll(A + >.I) - (N + >..J)II and N 1s normal 1f and only if N + >.I 1s normal The key 
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facts for (3) are IIA - NII = ll ei0 A- ei0 NII and N is normal if and only if ei0 N is 

normal I 

Although the normal approximat10n problem 1s not formally mvanant under 

scalar multiphcat10n, it is effectively invariant m the sense that it is modified m a 

simple, re, ersible way given by the followmg corollary 

Corollary 3 For every operator A and every complex>., 

dist( >.A, N) = I>. [ dist( A, N) 

and zf >. f. 0, then N zs a nearest normal approxzmant of A zf and only zf >-.N zs a 

nearest normal approxzmant of >.A 

Proof The proof is similar to (1) m the proposition-we leave the details to the 

reader The key facts are for >. f. 0, IIA - NII = 
1
1

1 
11 >-A - >.NII and N is normal 

if and only if >.N is normal I 

In order to get some idea of how these mvanant maps are tools for snnphfymg 

the normal approx1mat10n problem, consider the normal approximat10n problem for 

n x n matrices By Schur's theorem, every n x n matnx is umtarily eqmvalent to an 

upper triangular matnx-but the normal approximat10n problem is mvanant under 

unitary eqmvalence-so the normal approximat10n problem for n x n matrices 

reduces to the normal approximat10n problem for upper triangular n x n matrices 

Our other mvanant maps for the normal approximat10n problem are less powerful 

m general, but the followmg example shows that they can be useful m special cases 

Example The normal approximat10n problem for nondiagonal upper triangular 

2 x 2 Toephtz matrices reduces to the normal approximat10n problem for the matnx 

[~ ~] smce 

]_ ( [ ao a 1 ] _ ao I) = [ 0 1 ] 
a1 0 ao O 0 

and smce the normal approximat10n problem is mvariant under scalar translat10n 

and effectively mvanant under scalar multiphcat10n 
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1 2 2 Distance Estimates 

If every operator m B(H) has a best S approximant , Holmes [Hol7 4] calls the set S 

proximznal m B(H) and pomts out that the sets of Hermitian, positive and compact 

operators are all proxnnmal m B(H)-these results are estabhshed m [FH55, vR72], 

[Hal72] and [HK71], respectively Holmes suggests that the normal approximat10n 

problem appears to be "deeper" than these others, primarily smce the normals are 

not convex and hence, most of the usual approximation techniques are lost 

In [Hol7 4] , Holmes proposes to begm the study of the normal approx1mat10n 

problem by trymg to characterize those (nonzero) operators for which the zero 

operator 1s a best normal approx1mant He calls such operators antznormal, smce 

theu distance to the set of normal operators 1s maximal 

Although Holmes' mam results about antmormal operators are mterestmg, the 

only result that we will use 1s his prehmmary theorem, which estabhshes upper 

and lower bounds for the distance from an arbitrary operator to the set of normal 

operators For the mterested reader, we briefly summarize his mam results about 

antmormals before takmg a detailed look at his theorem on distance bounds 

Holmes' mam theorem estabhshes that a sufficient cond1t10n for an operator 

T m B(H) to be antmormal 1s that its distance to the set of unitary operators 

be 1 + IITII, the largest possible distance to the unitaries (for every unitary U, 

IIU - TII :S IIUII + IITII = 1 + IITII) Holmes observes that Balmos has shown that 

the unilateral shift ( on a separable, mfinite d1mens10nal Hilbert space) satisfies the 

cond1t10ns of this theorem [Hal82, p 273] , hence the unilateral shift 1s antmormal 

Although Holmes was unable to fully characterize antmormal operators, the con­

tent of his other theorem about antmormal operators excludes mvertible operators 

and compact operators from cons1derat10n It says that , 1f T 1s an mvert1ble op­

erator m B(H) , then d1st(T,N) :S ½ sup { I.A - {ti .A, {l E a(ITI)} < ½IITII < IITII, 

wluch 1mphes that T 1s not antmormal , and then, with a httle more work, that no 
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compact operator can be antmormal either This concludes our bnef summary of 

Holmes' mam results about antmormal operators 

Holmes' t heorem on distance bounds uses the already ment10ned fact , that a 

best Herm1t1an approx1mant for an arbitrary operator 1s its real part Smee this 

result 1s very important m its own nght , and surpnsmgly easy to prove, we mclude 

1t here before lookmg at Holmes' theorem 

Note If A = B + iC 1s an operator m B(H) with B , C Hermitian, then IIB II ~ IIA II 

and II CII ~ IIAII To see this fact , copy t he complex number proof B and C are 

t he unique real and 1magmary parts of A, respectively, with B = ½(A+ A*) and 

C = t(A- A*), hence IIBII, IICII ~ ½(IIAII + IIA*II) = II AII 

Theorem 4 If A zs an operator in B( H), then the real part of A zs a best 

H ermztzan approxzmant for A 

Proof This proof 1s from the preamble by Halmos m [Hal72] Wnte A = B + iC 

where B , C are Hermitian, then for every Hermitian operator R 

IIA - RII = ll(B - R) + iCII ~ IICII = IIA - B Ii 

It follows that IIA - BI i = mf { \\A - R\\ R 1s Hermitian} and hence B, the real 

part of A, 1s a best Herm1t1an approx1mant for A I 

Here 1s Holmes' distance estimate and his proof 

Theorem 5 (Holmes) If T zs an operator in B(H ), then 

½ sup \ \ITx\ \ - IIT*xll \ ~ d1st(T, N) ~ ½ \\T - T* I\ 
llxl l=l 

Proof For the n ght-hand mequahty, wnte T = B + iC with B , C the real and 

1magmary parts of T , respectively Smee B 1s normal, we have that 

d1st (T,N) ~ IIT - B l\ = \\iC II = ½ IIT- T*\\ 
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Moreover, smce Bis a best Hermitian approximant for T , this is the smallest upper 

bound we can get usmg Hermitian operators 

For the left-hand mequahty, take any umt vector x and any normal operator N , 

then by Proposit10n 1 of Sect10n 11 , IINx ll = IIN*x ll and so 

I IITx ll - ll T*x ll I I IITx ll - ll Nx ll + II N*x ll - ll T*xll I 

< I IITxll - llNx ll I+ I IIN*xll - IIT*x ll I 

< ll(T - N)x/1 + ll(N* - T*)x ll 

< IIT - NII+ IIN* - T* II 

2IIT-NII 

Smee this 1s true for any umt vector x and any normal operator N , 

sup I IITxll - IIT*xll I ~ mf 2 IIT - NII = 2 dist(T, N) 
llxll=l N EN 

Multiplmg by ½, we have the left-hand mequahty I 

1 2 3 Not Every Operator Has A Best Normal Approx1mant 

In [Rog76] , Rogers shows that if H is an mfimte dimens10nal (separable, complex) 

Hilbert space, then the set of normal operators is not proximmal m B(H) As 

ment10ned earlier, it is this result of Rogers which motivates mterest m trymg to 

find special classes of operators that do ha\e best normal approximants 

We do not use this result of Rogers directly, however for the mterested reader, 

we mclude a statement of his mam theorem along with an outlme of his proof We 

then give Rogers' example of an operator that satisfies the h1pothesis of his theorem 

and hence does not have a best normal approximant 

Theorem 6 (Rogers) If T zs an operator wzth dense range such that 

dist(T, N) ~ ½ II T II and such that the kernel of T contains a maximal vector for 
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T *- z e, a nonzero vector J satzsfyzng II T* ! II = IIT*II II /II , then T fails to have a 

best normal approxzmant 

Outline of the proof Rogers ' proof of this theorem is very clever His mam tool 

is a lemma estabhshmg that if f is a maximal vector for A , then (AJ , Ag) = 0 

whenever {!, g) = 0 To see this fact , first show that II AJ II = IIAII 11111 if and only 

if A* Af = 11 A* A 11 f , and then the lemma follows immediately 

Essentially, his approach m the theorem 1s to assume T has a best normal 

approximant N and then get a contradict10n Without loss of generality, Rogers 

takes IITII = 1 and 11111 = 1, then he has T J = 0 and IIT* f 11 = 1 By Holmes ' 

distance estimate dist(T, N) 2 ½ I !IT f 11 - II T* f 111 = ½, and so, by the hypothesis 

of the theorem, he has that dist(T, N) = ½ Moreover, the distance from N * f 

to O and to T * f is less than or equal to ½, hence N* f = ½ T* f An important 

consequence of this fact is that f is a maximal vector for N - T and N* - T * as 

well as for T * 

The final stage of Rogers ' proof is to show that N f is orthogonal to the range 

of T-once that is done , he has his contradict10n-by hypothesis, the range of T is 

dense m H and so NJ = 0, but JI N f 11 = IIN* !II = ½ Smee H = ker T EB (ker T ).1 , 

it suffices to show that (N f , Tg) = 0, for every g E (kerT).l The clever part of 

the proof, is how Rogers accomplishes t his final step-he cleverly mtroduces and 

removes terms that are zero For example, his first step is 

(NJ ,Tg) = (NJ, Ng) - (NJ, (N-T)g) 

and, along the way, he uses that TJ = 0, (T * f, T *g ) = 0, ((N - T)J, (N - T)g) = 0 

and ((N -T)* f , (N - T )*g) = 0 

Example (Rogers) The hypotheses of Rogers' theorem are satisfied by 

T = the adJomt of the unilateral weighted shift with weight sequence (1 , ½, ½, ) and 

hence T is an example of an operator that does not have a best normal approximant 
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That is, with respect to some orthonormal basis { e1, e2, } of H 

The matrices of T* and T with respect to the basis { e1 } are 

0 0 1 

1 0 0 l 
2 

1 0 0 l 
T*= 2 and T= 3 

1 0 0 3 

Clearly, the range of T is dense and e1 1s m the kernel of T 

To venfy that e1 1s actually a maximal vector for T* , we need to venfy that 

IIT*e1 II = IIT*II lle1II However, IIT*e1II = lle2II = 1 and II T *II lle1II = IIT*II, so, we 

only need to venfy that IIT*II = 1 To see this, suppose x = °L c1e1 is a umt vector, 

then IIT*x ll
2 = IIT*(°Lc1e1)11

2 = ll°Lc1T•e1ll
2 = ll °L c1 }e1+1l l

2 
= °Ll}c11 2 :S 

°L lc112 = llxll
2 = 1 Hence, IIT*II :S 1, but IIT*e1II = lle2II = 1, so II T *II = 1 

It only remams to show that d1st(T, N) :S ½IITII = ½ To do that , Rogers first 

defines the operators Nk for k 2'. 2 via 

If J = 1 

1f J = 2, 

1f J > k 

,k 

The matnx of Nk with respect to the basis { e1 } is 

0 1 
2 
0 l 

2 

0 
l 

Nk = 2 
1 0 2 

where the upper left block 1s k x k 

1 
2 

1 
2 
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Rogers then states that for all such k-values , Nk 1s normal (since 2 Nk is a unitary 

operator) and IINk - TII :S ½ + ¼, hence d1st(T,N ) :S ½ Carefully verifying these 

statements about Nk is an excellent opportunity for us to introduce 

1 A special k x k unitary matnx that plays an important role in the search for 

normal approximants of k x k Toephtz matrices 

2 A result that gives us the exact norms for a special class of operators/matrices 

and which can also be used to get norm estimates for more general operators 

The Basic Circulant Matrix 

In the setting of n x n complex matrices, the following matrix is called the basic 

circulant matrix 
0 1 

0 1 

C=Cn= 0 

1 
1 0 

Let (x 1, , xn) denote a row vector in e n and let x 

transpose-a column vector in e n ote that Cx = (x 2 , , Xn , x1f , hence C is a 

backward circulant on e n Also note that C*x = (xn , x 1, , Xn-if , hence C* 1s a 

foreward circulant on e n It 1s now easy to see that C*C = CC* = I and hence C 

is unitary 

If we think of Cn as the matrix of an operator on n-d1mens1onal Hilbert space 

with respect to the basis {e1, ,en} , then the matrix Cn corresponds to the oper-

ator 
if J = 1 

if J = 2, ,n 

In Rogers ' example, let H k denote the span of { e1, , ek} , then H = H k E9 ( H k) .1 

and we can decompose Nk = ½Ck E9 ½I, where I represents the identity operator on 

(H k).1 As Rogers said , 2 Nk = Ck ffi I 1s umtary, hence Nk 1s normal 
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Weighted Partial Permutations 

In Rogers' example, we showed that the weighted (forward) shift T* with weight 

sequence (1 , ½, ½, ) has norm 1-the largest weight We would hke to extend this 

result to a larger class of operators which mcludes T* , T, Nk and that will help us 

get Rogers ' norm estimate for Nk - T 

The most important feature of our proof that IIT*II = 1, turns out to be that T* 

maps basis vectors to weighted basis vectors, znJectively The operators Nk satisfy 

this property as well , but , the weighted (backward) shift T does not qmte satisfy it 

T maps e1 to 0, but then maps all the other basis vectors to weighted basis vectors 

mJectively-that 1s enough for the proof to carry through 

Proposition 7 Suppose H is a separable, complex Hilbert space (possibly fl-

nzte dimensional) with orthonormal basis { e1 } JEJ and suppose { w1 } JEJ is a bounded 

complex weight sequence Define lo = { J E J w1 = 0 } and 11 = J \ lo 

If 1r li --+ J is zn1ective, then the operator A, defined by 

is bounded with IIAII = sup Jw1 I 
JEJ 

if J E lo 

if J E 11 , 

Proof Let M = sup
1

E1 Jw1 I If M = 0, then every w1 = 0 and A is the zero 

operator, hence IIAII = 0 = M Otherwise, M > 0 and 11 1s not empty 

To see that IIAII ~ M , suppose x = "E,1E1 c1e1 1s a umt vector Then 

l1Axll 2 
= IIA("E.1E1c1e1 )11

2 
= ll"E.1E1c1Ae111 2 

= ll"E.1Eh cJ wJ e1r(1) 11 2 
= LJEh lc11 2 lw11 2 

= 

"E.1E1lc11
2 lw1 l2 ~ M 2 "E.1E1lc1 l2 = M 2 llxll 2 

= M 2 Therefore, A 1s bounded and 

IIAll~M 
To see that IIAII ~ M , observe that for every J E J 
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This imphes !!All 2:: jwJ! for all J E J and hence IIAII 2:: sup jwJ! = M I 
J EJ 

R emark 1 If H is finite dimensional m the proposit10n, we can always extend 1r 

to be a permutat10n on all of J , hence it seems appropriate to call the operator 

A a weighted permutat10n When H is mfimte dimens10nal we may not be able 

to extend 1r to be a permutat10n on all of J , hence, calling A a weighted partial 

permutation seems more appropriate 

R emark 2 Any finite or mfimte matrix with at most 1 nonzero entry m each row 

and each column satisfies the hypothesis of the proposit10n 

We can now use Proposit10n 7 to get Rogers ' norm estimate on Nk - T 

Therefore 

0 (½-1) 
0 

1 
2 

-1 
T 
1 -1 
2 k+ l 

1 
2 

½ + ½ (by Proposition 7) 

Smee this is true for every k 2:: 2, it follows that dist(T ,N) ~ ½ = ½ II TI I, 

which completes the verificat10n that the weighted (backward) shift T , satisfies the 

hypothesis of Rogers ' theorem and hence does not have a best normal approximant 
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1 2 4 Every Bmormal Operator Has A Best Normal Approx1mant 

An operator on H EB H is called bznormal, if it is umtanly eqmvalent to a 2 x 2 

operator matnx 

[ ~:: ~:~ l 
m which T11 , T12 , T21 , T22 are commuting, normal operators on H Such operators 

are generalized 2 x 2 complex matrices- every 2 x 2 complex matrix is a bmormal 

operator on C EB C Strengthenmg the analogy with the 2 x 2 complex matn ces, 

RadJavi and Rosenthal [RR 73, Theorem 7 20] proved that each bmormal operator 

is umtaril) eqmvalent to a 2 x 2 upper t riangular operator matrix 

m which A, B , C, are commutmg normal operators on H 

Smee the normal approximat10n problem is mvariant under umtary eqmvalence, 

the normal approx1mat1on problem for bmormal operators reduces to these upper 

t riangular representat10ns In [Phi77], Phillips shows that every upper t riangular 

representat10n of a bmormal operator has a nearest normal approx1mant and hence, 

every bmormal operator has a nearest normal approximant In fact , for each upper 

triangular representation of a bmormal operator , he actually exhibits a nearest 

normal approximant More precisely 

Theorem 8 (Phillips) 

form zs 

Then, 

(1) d1st(T,N ) = ½ IIBII , 

Let T be a bznormal operator whose upper triangular 

T - [ A Bl - 0 C 

{2) Xo = [ ½:, B' ½!} ] is a neare.st normal to T , 

where (A - C) = V IA - Cl and V zs unitary 
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R emark Smee A commutes with C , A - C is a normal operator It follows that 

A - C does have at least one unitary polar decomposit10n and hence, the theorem 

does exhibit at least one nearest normal approximant 

R emark In [BHK91], Bhatia-Horn-Kittaneh show that the statement of Phillips' 

theorem remams true if the operator norm is replaced by any umtarily mvariant 

norm 

The fact t hat Phillips' theorem exhibits an explicit formula which gives a nearest 

normal approximant to an arbitrary bmormal operator is very sigmficant m the 

history of the normal approximation problem-no such formula is known for any 

other class of operators Although this state of affairs is a sigmficant motivatmg 

factor for this thesis, we do not use the general result m the sequel We refer the 

mterested reader to [Phi77] for a complete proof On the other hand, smce we will 

be lookmg at n x n Toephtz matrices, it is important for us to see how the proof of 

this theorem goes m the special case of 2 x 2 complex matrices-that case mcludes 

the 2 x 2 Toephtz matrices As a bonus to the reader, smce bmormal operators 

are generalized 2 x 2 complex matrices, the proof for 2 x 2 complex matrices can 

serve as a model for t he general proof 

In order to help us show how Phillips' proof for bmormal operators works 

m the special case of 2 x 2 comple'{ matrices, we take the opportumty to first 

prove a proposit10n which has mdependent mterest It characterizes 2 x 2 normal 

matrices-m a wa:y suggested by the form of Phillips' nearest normal approximant 

Propos1t10n 9 Let A = [~ !] be a 2 x 2 complex matrix Then 

A is normal if and only if c = v2 b where a - d = v la - di and lvl = 1 

Proof By straight computat10n 

A* A_ AA* = [ lcl2 
- lbl2 

(a - d) b - (a - d) cl 
(a - d) b - (a - d) c lbl2 - lcl 2 
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It follows that A 1s normal 1f and only 1f lei = lbl and (a - d) b = (a - d) c 

If a =/ d, then there 1s a umque v such that a - d = v la - di and this v has 

modulus 1 Then, smce a - d =I O A 1s normal 1f and only 1f 

a - d - v la - di - 2 -lcl = lbl and c= ---b= ---b=v b 
a-d via-di 

Smee lvl = 1, this yields A 1s normal 1f and only 1f c = v2 b Hence, the propos1t10n 

1s true m the a =I d case 

If a = d, then (a - d) b = (a - d) c for all values of b and c and so the s1tuat10n 

s1mphfies to A 1s normal 1f and only 1f lei = lbl However 

¢=:? c=wb 

¢=:? c = v2 b 

for some lwl = 1 

for some lvl = 1 

In this case, any v satisfies a - d = v la - di and hence, the propos1t10n 1s true m 

the a = d case I 

Remark It might be worthwhile to thmk of this proposition m its 2 cases sepa­

rately If a =Id, then [~ !] 1s normal 1f and only 1f c 1s the umque number c = v2 b 

where a - d = v la - di However [: !] 1s normal 1f and only 1f lei = lbl 

Note If a =I d but a - d E R, then A 1s normal 1f and only 1f c = (±1 )2 b = b In 

particular, 1f the a and d are both real numbers , then A 1s normal 1f and only 1f A 

1s Hermitian 

Proof The followmg 1s a proof of Ph1lhps' theorem for the special case of 2 x 2 

matrices More precisely, this 1s how Phillips' proof would look m this sunple case 

By Schur's theorem, every 2 x 2 matrix 1s umtarily eqmvalent to an upper tri­

angular matrix-but the normal approximat10n problem 1s mvariant under umtary 

eqmvalence-so the normal approx1mat10n problem for 2 x 2 matrices reduces to 

the normal approx1mat10n problem for upper triangular 2 x 2 matrices 
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Suppose T 1s an upper triangular 2 x 2 complex matrix 

Let 

X = [ Xu X12 ] 
X21 X22 

be an arbitrary normal matrix Then 

and so 

T _ X = [ a - Xn b - X12 ] 
-X21 C - X22 

[IT - Xl[2 > max { [[coli(T- X)ll 2, licob(T - X)[l 2} 

> max { lx21[ 2, [b- x!2[ 2} 

smce X 1s normal 

Therefore 

II T-X[[ > max { lxd, lb- xd} 

> ½ ( [xd + I b - xd ) 

> ½ I X12 + b - X12 I 

½ lbl 

However, 1f a - c = v [a - cf and [vi = 1, then 

Xo = [ ½:2b ½cb l 
1s a normal matrix by Propos1t10n 9, and 

IIT - Xoll = II [ -½°v2 b ½Ob] 11 = ½ [bl 

35 

It follows that d1st(T,N) = ½ lbl and that Xo 1s a nearest normal approx1mant to 

the 2 x 2 upper triangular matrix T This completes the proof of Ph1lhps ' theorem 

for the special case of 2 x 2 matrices I 
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Remark In the general theorem, Phtlhps has to consider 2n x 2n normal matrices 

where "n 1s some ordmal number" It 1s not necessary for him to characterize 

such matnces1 He can show that X 0 1s normal directly, by an "easy calculat10n" 

In order to show that d1st(T, N ) 2: ½ IIBII , his mam tool 1s the fact that for any 

2n x 2n normal matrix X , llcolk(X) II = llrowk(X) II for all k E { 1, , 2n} Smee 

t his property of normal matrices will be needed m our work with fimte d1mens10nal 

matrices, we take the opportumty to prove it here as one of our prehmmary normal 

approx1mat10n results 

Propos1t1on 10 If A= [AJ] is a normal n x n matrix, then 

for all k E { 1, ,n} llcolk(A) II = llrowk (A)II 

Proof Let { e1, , en } be the standard ordered basis for e n Then 

for every k E { 1, , n } , 

IIAekll
2 = IIA*ekll

2 
smce A 1s normal 

n 

llcolk(A*)ll
2 = L l(A*)Jkl 2 

J = l 

When n = 2, we get the followmg corollary which 1s all we really needed m order 

to m1m1c Ph1lhps' proof m the 2 x 2 case 

Corollary 11 If A= [~ ~] is a normal 2 x 2 matrix, then lei = lbl 

Proof By the Proposition, lal 2 + le l2 = llcol1(A)ll
2 = llrow1(A)ll

2 = lal 2 + lb l2 

and therefore , lei = lbl I 

This completes our d1scuss10n of prehmmary normal approximat10n results As 

stated m the Introduct10n, httle else 1s known about t he normal approx1mat10n 
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problem For example, m contrast to the 2 x 2 matrix case, no one has exhibited 

an explicit formula which gives a nearest normal approximant to an arbitrary 3 x 3 

upper triangular matrix This state of affairs motivates the search for special classes 

of operators for which nearest normal approximants can be found 

The remamder of this thesis is devoted to studymg the normal approximat10n 

problem for two special classes of operators In Chapter 2, we begm with then x n 

upper triangular Toephtz matrices and m Chapter 3, we consider Toephtz operators 

on H 2 (T) 



Chapter 2 

Normal Approximants for Upper Triangular Toeplitz 
Matrices 

38 

In this chapter, we make a modest begmnmg on the study of the normal approx1ma­

t10n problem for (fimte d1mens10nal) Toephtz matrices by restnctmg our attent10n 

to upper triangular Toephtz matrices That 1s, upper triangular n x n matrices, 

where n 2 2, of the form 

T= 0 
(2 1) 

0 0 

which are constant along the mam diagonal and constant along each diagonal par­

allel to the mam diagonal Upper triangular Toephtz matrices with exactly one 

nonzero diagonal will play a d1stmgmshed role here-we call such matrices super­

diagonal Toephtz matrices 

Our first step 1s to exh1b1t a formula for a nearest normal matrix to an arbitrary 

n x n superdiagonal Toephtz matrix For fixed n , 1t 1s mterestmg that all these 

normal approx1mants are m the commutative C* -algebra generated by a special 

umtary matrix (the basic circulant) , and hence their sum 1s a normal matrix Smee 

all upper triangular Toephtz matrices can be written as a sum of superd1agonal 

ones, the sum of the md1v1dual approx1mants 1s a natural normal approx1mant to 

consider Vve verify that this sum 1s a best normal approx1mant m the 2 x 2 case 

Ent1cmgly, 1t 1s also a best normal approx1mant for Jordan blocks (which are special 

upper t riangular Toephtz matrices) However, we show via a 3 x 3 counterexample 

that 1t 1s not a best normal approx1mant m the general case vVe carry out a 



2 1 Superdzagonal Toeplztz M atrzces 39 

comparative analysis 111 the 3 x 3 case but, unfortunately, are unable to decide 

upon a best normal approximant 

As a final finite dimens10nal topic, we consider direct sums of upper triangular 

Toephtz matrices We show that for direct sums of superdiagonal Toephtz matrices 

and Jordan blocks, a best normal approximant is the direct sum of the mdividual 

best normal approximants However, we don 't expect that a direct sum of mdividual 

best normal approximants will hkely be a best normal approximant 111 general 

2.1 Superdiagonal Toephtz Matrices 

A nonzero Toephtz matrix Tis superdzagonal if it is upper triangular, as m equa­

t10n (2 1) , and exactly one of a0 , , an-i is not zero If ak is the one nonzero value, 

then T is naturally called a kth superdiagonal Toephtz matrixi In addit10n, smce 

we want to thmk of an arbitrary scalar multiple of a kth superdiagonal Toephtz ma­

trix, as still bemg a kth superdiagonal Toephtz matrix, we also call the n x n zero 

matrix superdzagonal and we allow it to be arbitrarily called a kth superdiagonal 

Toephtz matrix, for any k = 0, , (n - 1) In this sect10n, we exhibit a formula for 

a nearest normal matrix to an arbitrary n x n superdiagonal Toephtz matrix 

2 1 1 The Basic Superd1agonal Matrix 

The particular first superdiagonal Toephtz matrix 

0 1 

S = (2 2) 
1 

O nXn 

which has l 's on the first superdrngonal and O's elsewhere is a fundamental matrix m 

the theory of upper triangular Toephtz matrices We call S the basic superdzagonal 

1 In order to avoid havmg to always discuss the mam diagonal of an upper triangular matnx 
separately, we find 1t convement to thmk of the mam diagonal as the 0th superd1agonal 



2 1 Superdiagonal Toeplitz Matrices 40 

matrix (to emphasize its s1m1lanty to the basic circulant matnx that we mtroduced 

m Sect10n 1 2 3) or the first superd1agonal Toephtz matnx (to emphasize that it 

1s a Toephtz matnx) This matnx S is also commonly called the backward shift 

because of its effect on vectors m en If { e1, , en } 1s the standard basis for en, 
then 

if J = 1 

if J = 2, ,n 

and, if X = (xi , , Xn)T IS a column vector Ill e n, then Sx = (x2, , Xn, O)T , 

52 X = (x3 , 'Xn, 0, Of, ' 5n-l X = (xn, 0, ' Of and 5n X = 0 It follows that 

52 can be called the 2-backward shift Moreover, S2 has 1 's on the 2nd superd1ag­

onal, O's elsewhere and hence can also be called the 2nd superd1agonal Toephtz 

matnx Similarly, fork E { 1, , n - 1 }, Sk can be called the k-backward shift or 

the kth superdiagonal Toephtz matnx At the extremes, sn = 0 1s then-backward 

shift, S0 = I 1s the 0-backward shift and the 0th superdiagonal Toephtz matnx 

We can now demonstrate why S 1s a fundamental matnx m the theory of up­

per tnangular Toephtz matnces To begm with, every kth superd1agonal Toephtz 

matnx can be wntten m the form akSk Moreover, every upper tnangular Toephtz 

matnx can obviously be written as a sum of superdiagonal Toephtz matrices, so 

any upper triangular Toephtz matrix T can be written as a polynomial matrix m 

Sas follows 

+ Sn-1 
an-1 (2 3) 

Conversely, any such polynomial matrix m S 1s a sum of superdiagonal Toephtz 

matrices and hence 1s an upper triangular Toephtz matrix 

The followmg lemma exh1b1ts a nearest normal matrix to S Although this 

lemma 1s really Just a special case of our mam theorem about superd1agonal Toephtz 

matnces, we choose to prove 1t separately as an easy-to-visualize, detailed model 

for our general proof 
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Lemma 1 For n ~ 2, the n x n basic superdiagonal matrix 

0 1 

S= 
1 
0 

41 

is at distance ½ from the set of normal matrices and a nearest normal approximant 

is given by 

0 I 0 1 2 

N = 1 lC 2 
1 

2 
I 
2 

I 0 1 0 2 

where C is the (unitary) n x n basic circulant matrix 

Proof Clearly N is normal (it is a multiple of a umtary) Moreover, 

0 I 0 1 2 

S-N= 1 lB (2 4) 2 2 
I 1 2 

I 0 -1 0 -2 

By mspect1on, S - N is a weighted permutation [Sect10n 1 2 3] and hence 11S - NII = 

l 
2 

Remark The matnx B m equat10n (2 4) is umtary, hence S - N = ½Bis actually 

a normal matnx and 11S - NII could have been obtamed by 11S - NII = ½ IIB II = ½ 

At this pomt, we know that dist(S,N):::; 11S - NII = ½ In order to show that 

dist(S, N) ~ ½, we follow the method used by Phillips m [Phi77] Let X = [xi1 ] be 

an arbitrary n x n normal matnx, then 

S-X= 
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and 

11S - Xll2 > max { llcoli(S - X)ll 2, , llcoln(S - X)ll 2} 

Therefore 

> max { llcoli(S - X)ll 2, llcob(S - X)ll 2} 

max { II - col1(X)ll2, llcob(S - X)ll 2} (by mspect10n of S - X) 

max { llrow1 (X) 112 , llcol2(S - X)ll 2} (smce X 1s normal) 

> max { lxd2
, 11 - xd 2

} 

11s-x11 > max{ lx12I , 11 - X12I } 

> ½(lx12l+ll-x12I) 

> ½ I X12 + (1 - X12) I 

1 
2 

11S-NII 

> d1st(S, N) 

Smee this 1s true for any normal X , 1t follows that d1st(S,N) = 11S - NII=½ and 

that N = ½ C 1s a nearest normal matrix to S I 

Remark The preceedmg proof 1s the one we actually used m discovering that ½ C 

1s a nearest normal to S It can be shortened by usmg Holmes ' distance estimate 

[Section 1 2 2] to obtam that dist( S, N) 2 ½ More precisely, 1f { e1, , en } 1s the 

standard ordered basis for en , then 

d1st(S,N) 2 ½ I IISenll -11S*enll I=½ 11 - 0 I=½ 

The key mgredient of our mam theorem about superdiagonal Toephtz matrices 

1s that for k =I=- 0, the kth superdiagonal Toephtz matrix Sk 1s also at distance ½ 

from the set of normal matrices and a nearest normal approx1mant 1s given by ½ Ck 
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Moreover, 5k _½Ck= ½ B k where Bis the umtary matnx defined m equation (2 4) 

and hence Sk - ½ Ck is a normal matnx In order to prove these statements, we 

need to analyze powers of the basic circulant matnx C and of the umtary matnx 

B m the same way that we analyzed powers of t he basic superdiagonal matnx 

2.1 2 Two Special Umtary e1rculants 

We have already seen [Section 1 2 3] that the basic circulant matnx 

0 1 

C = (2 5) 

1 
1 
0 nXn 

is a umtary matnx which operates as a backward circulant on en If { e1 , , en } 

is the standard ordered basis for e n, then 

if J = 1 

if J = 2, ,n 

and if x = (x 1 , ,xnf is a column vector men, then Cx = (x2 , ,xn,x1 f, 

C2 X = (x3 , , Xn, X1, x2f, , cn-l X = (xn, X1, , Xn- l )T and en X = X It 

follows that for k E { 1, , n }, Ck can be called the k-backward circulant 

Similarly, if w1 , , Wn are nonzero complex numbers , then the matnx 

Q W1 0 

U= with adJomt U* = 
Wn-1 

0 Wn-1 Q 

is a weighted backward circulant and for k E { 1, , n }, Uk is a weighted k-

backward circulant Moreover 

U*U= and UU* = 
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Hence, U 1s umtary 1f and only 1f lw11 = 1 for all J = 1, , n 

Our 1mmed1ate goal 1s to analyze powers of the special umtary cu culant matrices 

C and B which are both of the form 

0 1 

Uw = (2 6) 
1 

w 0 

Remark Alt hough we will not du ectly appeal to a visual argument to prove 

our general superdiagonal result , our general proof 1s motivated by the fact t hat 

for k E { 1, , (n - 1)} Ck has l 's on the kth superdiagonal, l 's on the (n -

k )th subd1agonal, and O's elsewhere Similarly, our observat10n t hat Sk - ½ Ck = 
½ Bk 1s because Bk has 1 's on the kth superdiagonal, (-1) 's on the ( n - k )th 

subdiagonal, and O's elsewhere The followmg nonv1sual lemma 1s what we will 

formally use to prove our mam theorem-the visual corollary 1s presented as an 

mterestmg observat10n Both of these results handle C and B at the same t ime by 

lookmg at t he special weighted cu culant matrix Uw defined m equat10n (2 6) 

Lemma 2 Given any n 2'. 2 and any nonzero complex number w I let 

0 1 

U=Uw = 
1 

w 0 

be the corresponding n x n weighted circulant matrix and let { e1 , , en } be the 

standard ordered basis for en Then, for all k = 1, , ( n - 1) 

if J = 1, , k 

if J = (k + 1), ,n 
(2 7) 

Proof It 1s t rue for k = 1 If n = 2, then we are done If n > 2, then make t he 

mduct10n hypothesis t hat 1t 1s true for a k-value sat1sfymg 1 ~ k < ( n - 1) 
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If J = 1, , k then by the mduct10n hypothesis Uk+ 1 e1 = Uwen-k+J However, 

n - k + J 2: n - k + 1 > 1 smce J 2: 1 and k < n Hence Uk+ 1 e1 = wUen-k+J = 

wen-k+J-1 = wen-(k+l)+J 

If J = k + 1 then by the mduct10n hypothesis Uk+ 1 e1 = Ue1_k = Ue1 =wen= 

Wen-(k+l)+J 

If J = (k+2) , , n then by the mduct10n hypothesis Uk+ 1 e1 = Ue1_k However, 

J - k > 1, hence Uk+l e1 = e1-k- l = e1- (k+ l) I 

Corollary 3 Let w and U be as zn the Lemma Th en fork E { 1, , (n - 1) } , 

Uk has 1 's on the kth superdiagonal, w 's on the (n - k)th subdzagonal and O's 

elsewhere Furthermore, un = wl 

Proof Let { e1, , en } be the standard ordered basis for en Then for each 

k = 1, , ( n - 1) , we can thmk of Uk as a row vector of column vectors as follows 

[ wen-k+l , 'wen-k+k, ek+l-k, , en-kl by the Lemma 

By mspect1on, Uk has w's m entnes (n - k + 1, 1) , (n - k + 2, 2) , , (n , k)-tlus is 

precisely the ( n- k)th sub diagonal of Uk, 1 's m entnes (1, k + 1), (2, k + 2), , ( n­

k, n)-this is precisely the kth superdiagonal of Uk, O's elsewhere 

Furthermore, from our knowledge of un-l and U, it follows that 

2.1 3 The Mam Theorem 

We now have the tools to prove our mam theorem about normal approximat10n of 

arbitrary superdiagonal Toephtz matnces 
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Theorem 4 Suppose T is an arbitrary n x n superdiagonal Toeplitz matrix, 

where n 2: 2 Let S denote the n x n basic superdiagonal matrix and let C denote 

the n x n basic circulant matrix 

(1) If T = a0 S 0 = a0 I is a 0th superdiagonal Toeplitz matrix, then T is normal 

It follows that d1st(T, N) = 0 and that T is its own unique nearest normal 

approxzmant 

(2) If T = akSk zs a kth superdiagonal Toeplitz matrix, where O < k < n, then 

d1st(T, N) = ½ \ak \ and ½ ak Ck zs a nearest normal approximant to T 

Proof (1) 1s obv10us-1t 1s included m the statement of this theorem so that 

normal approx1mants of all of the superdiagonal Toephtz matrices are recorded m 

one place 

(2) 1s trivial if ak = 0 If ak =I 0, then (2) can be reduced to the case where 

ak = l By Corollary 3 of Sect10n 1 2 

and smce ak =I 0, N is a nearest normal to Sk if and only if akN is a nearest normal 

to akSk Therefore, it will suffice to show that d1st(Sk,N) = ½ and that N = ½ Ck 

1s a nearest normal to Sk In other words, it will suffice to prove (2) for ak = l 

To accomplish this, we follow the steps we used m Lemma 1 (the k = l case) , but 

without showing the matrices 

Smee N = ½ Ck is a multiple of the umtary C , we have that N is normal Let 

{ e1, , en } denote the standard ordered basis for e n Then usmg Lemma 2 and 

the fact that Sk is the k-backward shift 

k 1 k _ { (O-½en-k+1 ) 1fJ = 1, , k 
(S - 2 C )e1 -

1 (e1-k - 2 e1-k) if J = (k + 1) , ,n 

if J = 1, , k 

if J = (k + 1), ,n 
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where B 1s the special weighted circulant matnx correspondmg to w = -1 m 

Lemma 2 Smee sk - ½ ck and ½ Bk agree on a basis , we have that sk - ½ ck = ½ Bk 

However, B 1s unitary smce all of its weights have modulus 1 Hence Sk - ½ Ck 1s 

actually normal and IISk - ½ Ckll = ½ IIBkll = ½ 

At this pomt we have that d1st(Sk,N) ~ IISk - NII = ½ To show that 

dist(Sk, N ) ~½, let X = [x,J ] be an arbitrary normal matrix, then 

IISk - Xl l
2 > max { llcoh(Sk - X)ll

2
, , llcoln(Sk - X )ll

2
} 

> max { llcol1 (Sk - X)ll
2

, llcolk+i(Sk - X)ll
2

} 

max { II - coh(X)ii2, llcolk+1(Sk - X)ll
2

} (smce coh(Sk) = 0) 

max { ll row1(X)ll
2

, llcolk+1(Sk - X)ll
2

} (smce X 1s normal) 

> max { lx1,k+i l2 , 11 - x1,k+il 2
} 

As m Lemma 1, this implies IISk - X\I ::=:: ½ = IISk - N\\ ::=:: d1st(Sk ,N) Smee X 

was an arbitrary normal matnx, 1t follows that d1st (Sk, N ) = ½ = IISk - NII and 

hence N = ½ Ck is a nearest normal approximant I 

Remark The preceedmg proof is the one we actually used m discovermg that ½ Ck 

is a nearest normal to Sk As m the remark followmg Lemma 1, the proof here can 

also be shortened by usmg Holmes' distance estimate to obtam that d1st(Sk , N) ::=:: ½ 

This completes our analysis of the normal approx1mat10n problem for superdrng­

onal Toephtz matnces-given any superdrngonal Toephtz matnx, we can calculate 

how far 1t 1s from the set of normal matrices and we can exhibit a nearest normal 

approx1mant 
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2.2 Upper Triangular Toephtz Matrices 

Given an arbitrary n x n upper triangular Toephtz matrix, T , where n 2: 2, we can 

write T as a sum of n superdiagonal matrices as we did m equat10n (2 3) 

S n - l + an- l 

where S is then x n basic superdiagonal matrix Moreover, we know a best normal 

approx1mant for each of these n superd1agonal matrices md1v1dually a0 I 1s its 

own best normal approx1mant and for k = l , , (n - 1), ½akCk 1s a best normal 

approx1mant for akSk, where C 1s the unitary n x n basic circulant matrix Smee 

each of these best normal approx1mants 1s m the commutative C* -algebra generated 

by t he unitary C (and the 1dent1ty) , t heir sum 

1s normal and hence 1s a natural normal approx1mant to consider 

In this sect10n, we reserve N to denote this sum of md1v1dual normal approx1-

mants We have already ment10ned t hat , m general, N may not be a nearest normal 

to T However, N 1s always an mterestmg normal approx1mant for T smce T - N 

has some special properties U smg part of the proof of Theorem 4 of Section 2 1, 

T- N 

where B 1s the unitary circulant with 1 's on the first superd1agonal, Bn1 = -1 

and O's elsewhere It follows that T - N 1s normal smce 1t 1s m the commuta­

t ive C* -algebra generated by the unitary B Therefore IIT - NII = r(T - N) = 

max { IAI ,\ E CJ (T - N) } However, T - N = p(B ) where p 1s the polynomial 

p(z) = ½a1 z + + ½an -1 Zn - l Hence CJ (T- N) = { p(,\) ,\ E CJ(B ) } One way to 

find CJ(B ) 1s to observe that En = (- l )J, so that { - 1} = CJ (Bn) = { ,\n ,\ E CJ(B)} 
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and hence C7(B) ~ { >. >.n = -1} However, we can see that every such nth root , >. , 

of (-1) 1s an eigenvalue of B by observmg that (1, >., >.2, , >.n-l f 1s an associated 

eigenvector Hence C7(B) = { >. >.n = -1} Puttmg these observat10ns together, 

we have that 

IIT - NII= max l½a1>. + + ½an-1>-n-ll 
>,n = -1 

(2 8) 

If nothmg else, this formula for \\T - N\\ gives us an upper bound for d1st(T, N) 

Recall, we also have Holmes' upper bound for d1st(T, N) [Sect10n 1 2 2] which 

1s based on the distance from T to H = ½(T + T*) , the real part of T 

d1st(T, N) :S IIT - HII = ½IIT - T* \I 

Moreover, we know H is a best Herm1t1an approx1mant for T and hence H is also 

a natural normal approx1mant for us to consider In this sect10n, we reserve H for 

the real part of the upper triangular Toephtz matnx T 

2 2 1 The 2 x 2 Case 

As promised earlier, we now venfy that N is a nearest normal to T m the 2 x 2 

case In this case 

and 

One way to see that N 1s a nearest normal to T 1s to recall that we know ½a1 C 

1s a nearest normal to a 1S However, by Propos1t10n 2 of Sect10n 1 2, the normal 
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approx1mat10n problem 1s mvanant under scalar translat10n Hence a0I + ½a1 C = N 

1s a nearest normal to a0 I + a1S = T 

Another way to see that N 1s a nearest normal to T is to recall the 2 x 2 case 

of Ph1lhps' Theorem [Sect10n 1 2 4] which says d1st(T,N) = ½la11 and a nearest 

normal to T 1s 

Xo(v) = [ 1 ~o- ½a1 l 
"iv a1 ao 

for any v with lvl = 1 The fact that N 1s normal and IIT- NII= ½la1 1 = d1st(T,N) 

is enough to verify that N is a nearest normal to T Moreover , if a1 = la1 lei0 is a 

polar form of a1, then X 0 (ei0 ) = N That 1s, m the 2 x 2 case, N 1s one of the 

nearest normals to T given m Phillips' Theorem-as long as a1 #- 0, the 2 x 2 case 

of Phillips' Theorem gives us mfimtely many nearest normals to the 2 x 2 upper 

triangular Toephtz matrix T-one for each lvl = 1 For example, another nearest 

normal to T is 

X o ( 1) = [ i a~ ½ a i l 
2 a1 ao 

which is the real part of T 1f a0 is a real number 

Remark In the general 2 x 2 case, we cannot say that H, the real part of T , 1s a 

nearest normal to T smce 

and so, 1f a0 1s not a real number, then 

IIT - HII 2 llcob(T- H)II > ½ la1I = d1st(T,N) 

However, smce we know that the normal approximat10n problem 1s mvanant under 

scalar translat10n, this d1stmct10n about a0 bemg real or not is somewhat superficial 

smce we can reduce the 2 x 2 upper triangular Toephtz problem to the case where 

a0 = 0 by replacmg T with T - a0I , if necessary Then , for this reduced 2 x 2 

problem, we have both N and H as nearest normals to T 
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Remark Similarly, we can reduce the normal approximation problem for n x n 

upper triangular Toephtz matrices to the case where a0 = 0 As an immediate 

consequence of this observation and the fact that we know a best normal approx­

imant for any superdiagonal Toephtz matnx, ak Sk, we also know a best normal 

approximant for any upper triangular Toephtz matrix, T = a0 l + ak Sk, which is 

JUSt a scalar translation of a superdiagonal Toephtz matrix In fact , the sum of 

the 2 mdividual best normal approximants, N = a0 l + ½ ak Ck, is a best normal 

approximant m this case To prove this statement, we can copy our first proof 

for 2 x 2 upper triangular Toephtz matrices almost verbatim We know ½ ak Ck 

is a nearest normal to ak Sk and we know the normal approximation problem is 

mvariant under scalar translation Hence a0 l + ½ ak Ck = N is a nearest normal to 

a0 l + ak Sk = T Moreover, dist(a0 l + ak Sk, N) = dist(ak Sk, N) = ½ [ak[ 

In particular, we can solve the normal approximation problem for any n x n 

Jordan block 

2 2 2 Jordan Blocks 

Recall that for n 2 2 and A E C , the n x n Jordan block correspondmg to A is 

given by 
A 1 

where l is the n x n identity matrix and S is the n x n basic superdiagonal matrix 

By the immediately preceedmg remark, we know that a best normal approxnnant 

for ln(A) =Al+ Sis N =Al+ ½C, where C is then x n basic circulant matrix 

Moreover, dist(ln(A) ,N) =½for every n 2 2 and,\ EC 

Smee 1 x 1 Jordan blocks, 11 (A) = [,\], play an important role m the theory of 

matrices, we ment10n for completeness that they are their own, umque, best normal 
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approx1mants 

Preview As a special topic at the end of this chapter, we will show that a best 

normal approx1mant for a direct sum of Jordan blocks 1s a direct sum of corre­

spondmg best normal approx1mants This 1s an enticmg result-if A 1s any square 

matnx, then 1t 1s known that A 1s similar to a direct sum of Jordan blocks, J ( i e 

there exists an mvert1ble matnx P such that A = P J p-1) We do not pursue 

this result immediately smce, unfortunately, 1t does not really give us mformat10n 

about arbitrary square matnces-m general , the normal approx1mat10n problem 1s 

not mvanant under s1m1lanty For example, a nearest normal to J2(0) = [~ ~] 1s 

N =½[~~] , but for the mvertible P =[~~]we have that PNP- 1 = ¼ [~~] 1s not 

even normal and hence cannot be a nearest normal to P J2 (0)P- 1 

2 2 3 The 3 x 3 Case 

Let 5 denote the 3 x 3 basic superdiagonal matnx and let C denote the 3 x 3 basic 

circulant matnx The general 3 x 3 upper triangular Toephtz matnx has the form 

T = [ ~o :~ :~ ] = a0 I + a1 5 + a2 52 

0 0 ao 

However , the normal approx1mat10n problem 1s mvanant under scalar translat10n 

so we can reduce the problem to the case where a0 = 0 by replacmg T with T- aol , 

1f necessary At this pomt, 

T = [ ~ ~
1 

: ~ ] = a1 5 + a2 52 

0 0 0 

If a 1 = 0, then T = a2 52 1s a 2nd superd1agonal matnx and N = ½ a2 C2 1s a best 

normal approx1mant S1m1larly 1f a2 = 0 Therefore, 1t only remams to solve the 

a1 a2 -=I- 0 case 

Smee the normal approx1mat10n problem 1s effectively mvanant under scalar 

mult1phcat1on, we can reduce this case to the case where a1 = 1 by replacmg T 
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with .l T , 1f necessary Hence, 1t only remams to solve t he normal approx1mat10n 
a1 

problem for 3 x 3 upper t riangular Toephtz matrices of the form 

[ 
o 1 a l 

T = 0 0 1 = S + a S2 

0 0 0 

In t his case, the sum of normal approx1mants 1s given by 

N - l C + l a C2 = [ ;a 
l 

ri 2 

0 - 2 2 2 

1 la 2 2 

and the real part of T is given by 

0 1 

\" l 2 

H = ½ (T + T*) = 1 0 2 
1 - l 2a 2 

Hence 

T - N = ½ [ ~ a 
- 1 

1 
0 

- a 
~ ] = l B + la B 2 

2 2 
0 

and 

(2 9) 

(2 10) 

(2 11) 

(2 12) 

T- H = ½ [ ;~ )
1 
n = ½ (T - T ') (2 13) 

We will soon show that for a smtable value of a, \\T - H\\ < \\T - N\\ and 

hence, the sum of best normal approximants 1s not a best normal approx1mant 

for every upper triangular Toephtz matnx To fac1htate the proof of our example 

and to prepare for a comparative analysis of N and H as normal approx1mants for 

T = S + aS2
, we first look mto computmg \\T - N\\ and \\T - H\\ fo r arbitrary 

values of a 

The followmg propos1t10n exh1b1ts a fo rmula for \\T - N\\ which 1s vahd for any 

a E C Its corollary s1mphfies the correspondmg formula when a E R 
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Proposition 1 If T = S + aS2 and N = ½C + ½aC2
, where a = b + ic with 

b, c ER, then 

Proof Recall that smce T - N 1s a polynomial m the umtary circulant B , we 

have a formula for IIT - N II Usmg the formula given by equat10n (2 8) we get 

IIT - NII= max l½A + ½aA21 = max½ IAI 11 + aAI = ½ max 11 + aAI 
.),3 = - 1 .>, 3=-1 .), 3=-1 

First observe that for any A 

In our case, we only have to check the 3 cube roots of ( -1) 

A= -1 ⇒ Re (2a>.) = Re [2(b + ic)(-1)] = -2b 

⇒ 11 + a>-1 2 = 1 + lal 2 
- 2b 

A= eir/3 = ½(1 + i \/'3) ⇒ Re (2a>.) = Re [2(b + ic)½(l + i \/'3)] = b - J3 c 

⇒ 11 + aA I 2 = 1 + I a I 2 + b - J3 c 

>. = e-i1r /3 = ½(1 - iv'3) ⇒ Re (2a,,\) = Re [2(b + ic)½(l - i\/'3)] = b + J3 c 

⇒ 11 + a>- 12 = 1 + lal 2 + b+ v'3c 

By mspect10n of these 3 candidates for 11 + a>. I 2, we have our result 

IIT- N II= ½ >-ip=a~
1 

ll + aAI =½max { J1 + lal 2 
- 2b , J1 + lal 2 + b + J3icl } I 

Corollary 2 If T = S + aS2 and N = ½C + ½aC2, where a E R , then 

{ 

½ J1 + la l2 + a 

½ J1 + lal 2 + 2Jal = ½ (1 + Jal) 

if a;:::: 0 

if a< 0 
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Proof The first equality comes directly from the propos1t10n and the fact that 

for a E R , we have c = Im a = 0 and b = Re a = a The second equality, 1s obv10us 

from the first I 

We now turn our attent10n to trying to compute IIT - HII By thinking of Tin 

terms of its Hermitian decompos1t10n, T = H + iK where Hand Kare Herm1t1an, 

we see that T - H = i K 1s skew-Herm1t1an and hence normal It follows that 

IIT - HII = r(T-H) To find c,(T-H) we can look for the roots of its charactenst1c 

polynomial , det[>.J - (T - H)] To avoid some fract10ns, we choose to first find 

c,[2(T- H)] by looking at its charactenst1c polynomial , p(>. ) = det[>.J - 2(T-H)] 

Referring to T - Hin equat10n (2 13) , we have 

[ 

,\ -1 -a l 
det 1 >. -1 

a 1 >. 

(>.3 + a - a) - (-lal2 >. - >. - >.) 

,\3 + (2 + lal2)>. + (a - a) (2 14) 

Finding the roots of p(>.) becomes easy when a E R In that case, p(>.) = >.3 + (2 + 

lal2)>. = >.[>.2 + (2 + lal 2)] which has roots 0, ± i J2 + lal 2 Hence, when a E R , we 

have ll2(T- H)II = r[2(T- H)] = J2 + lal2 and therefore IIT- HI I = ½ J2 + lal 2 

The following propos1t10n restates this fact for future reference 

Propos1t10n 3 If T = S + aS2 where a E R and H = ½(T + T*) is the real part 

of T, then 

IIT - H II = ½ J2 + lal2 

Proof Has already been done completely in the d1scuss10n leading up to the 

statement of the propos1t10n I 



22 Upper Triangular To eplztz Matrices 56 

Example When a = 2, we have 

By Corollary 2 

IIT - NII = ½ J1 + 121 2 + 2 = ½ V7 

By Propos1t10n 3 

Therefore, \\T - HII < I\T - N\\ and hence we have an example of a 3 x 3 upper 

triangular Toephtz matnx for which N is not a best normal approx1mant 

Remark S1m1larly, for any a E R , Corollary 2 and Propos1t10n 3 make 1t 1s easy 

to compare N and H as normal approx1mants for T = S + aS2 The results of this 

comparative analysis are contamed m the followmg propos1t10n 

Propos1t10n 4 If a E R and 

then the fallowing summarizes how 

la 
2 
l 
2 

compare as normal approxzmants fo r T 

(l) If a E (-½, 1) then IIT - N\\ < \\T - HII 
(2) If a(/.[-½, 1] then IIT- NII> \IT- HI\ 
(3) If a= l then N = H and hence \IT - N\\ = \\T - HII 
(4) If a=-½ then N-/- H but I\T - N\I = I\T - H\I 
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Proof By Corollary 2 

if a 2 0 

if a< 0 

and by Propos1t10n 3 

In our case, we know that a E R, so by mspect10n of these 2 formulas 

(a) IIT - NII < IIT - H II ¢::::::} (a 2 0 and a< 1) or (a< 0 and 2lal < 1) 

¢::::::} a E [O, 1) or a E (-½, 0) 

¢::::::} a E (-½, 1) Hence (1) 1s true 

(b) IIT - NII > II T - HII ¢::::::} (a 2 0 and a> 1) or (a< 0 and 2lal > 1) 

¢::::::} a> 1 or a< _l 
2 

¢::::::} a¢[-½, 1] Hence (2) 1s true 

(c) IIT - NII = IIT - HII ¢::::::} (a 2 0 and a= 1) or (a< 0 and 2lal = 1) 

¢::::::} a= 1 or a= _l 
2 

By simply subst1tutmg mto N and H , it 1s easy to venfy that N = H when 

a= 1 and N-/- H when a=-½ Hence (3) and (4) are true I 

Remark Proposition 4 does not exh1b1t best normal approx1mants for the 3 x 3 

matnx T = S +aS2 when a E R It only compares N and H as normal approx1mants 

for Tm this case At this pomt, it 1s only when a= 0, and hence T 1s the 3 x 3 basic 

superd1agonal matnx, that we know for certam N 1s a best normal approx1mant 

for T , and then smce OE (-½, 1), we know by Propos1t10n 4, that H 1s not a best 

normal approx1mant for T 
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So far , the superdiagonal cases m which we have successfully exhibited a best 

normal approximant have mvolved two tasks For example, to show that the n x n 

normal matnx ½C is a nearest normal to S, we showed 

1 11s - ½CII = ½ 

2 For any normal matnx X , 11S - XII > ½ and hence ½ is a lower bound on 

dist(S, N) 

Smee the lower bound obtamed for d1st(S,N) equals 11S - ½CII we can conclude 

that ½C is a nearest normal to S Similarly, when Phillips exhibited a nearest 

normal operator to a bmormal operator [Phi77], his lower bound on the distance to 

the normal operators was equal to the distance to his particular normal operator 

In this 3 x 3 case, we conJecture that N is a nearest normal to T = S + aS2 for 

some values of a other than O In particular, for values of a near O The fact that 

we have been able to obtam a formula for IIT - NII is encouragmg Unfortunately, 

the best lower bound that we have been able to obtam for dist(T, N) is given by 

the followmg proposit10n 

Proposition 5 If a E C and T = [ ~ ~ ~ ] , then dist (T , N) 2 ½ J1 + lal 2 

0 0 0 

Proof Let { e1, e2 , e3 } denote the standard ordered basis for C 3 Usmg Holmes' 

distance estimate from Sect10n 1 2 2, 

d1st (T , N) 2 ½ sup I !I Txll - IIT*x ll I 
llxl l=l 

> ½ I II T e3II - IIT*e3II I 

½ I J 1a12 + 1 + a - Jo+ a+ a I 

½ J1 + lal2 1 
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However, by Proposition 1, if a= b + ic where b, c E R , then the distance from 

T to N is gn,en by 

IIT - N II = ½ max { J1 + lal 2 
- 2b , J1 + lal 2 + b + v'3 lcl } 

Therefore, whenever a=/=- 0, ½ J1 + lal 2 is stnctly less than IIT - N II and hence we 

are unable to use this lower bound to conclude that N is a nearest normal to T for 

any values of a other than 0 

In fact , findmg a nearest normal to the 3 x 3 Toephtz matnx T = S + aS2 has 

eluded us for all values of a =/=- 0 Although our efforts have not produced a nearest 

normal when a =/=- 0, they have produced a simple charactenzat10n of 3 x 3 normal 

matnces which are constant on the mam diagonal Besides bemg mterestmg m its 

own nght , this charactenzat10n immediately yields an easy way to generate normal 

matnces to act as candidates for nearest normals To fimsh off our discussion m 

this 3 x 3 case, we shall develop this charactenzat10n, and then give some examples 

to mdicate how it may be useful 111 future research 

In attemptmg to either raise the lower bound on dist(T, N) or to find new 

candidates for a nearest normal to T , the problem of charactenz111g 3 x 3 normal 

matnces came up It turned out that if ¥ie only used the fact that an arbitrary 

3 x 3 normal matnx X has llcol1 (X)II = llrow1 (X)II for J = 1, 2, 3, as we had done 

for superdiagonal matnces and Phillips had done for bmormal matnces, then we 

could only show that II T - XII ~ ½ max { 1, lal } Smee this is not as good as the 

lower bound obtamed m Proposit10n 5 usmg Holmes' distance estimate, we were 

led to the problem of learnmg more about 3 x 3 normal matnces m the hope that 

we would be able to refine our estimates of IIT - XI I or find new candidates for a 

nearest normal 

We have been unable to obtam a useful charactenzat10n of arbitrary 3 x 3 normal 

matnces However, 111 a search for nearest normals to 3 x 3 Toephtz matnces , it 1s 

compell111g to consider 3 x 3 normal matnces which agree with the Toephtz matnx 
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on the mam diagonal Our main characterizat10n result about normal 3 x 3 matrices 

1s a simple characterizat10n of 3 x 3 normal matrices which are constant on the main 

diagonal Motivated by the fact that our original candidates N and H , are actually 

3 x 3 Toephtz matnces, we also specify the corresponding characterizat10n of normal 

3 x 3 Toephtz matrices In order to assist in the proof of these characterizat10ns, 

we begin with the following lemma 

Lemma 6 Suppose a, b, a, /3 are complex numbers, then 

( *) lal2 + lbl 2 = lal 2 + l/312 and ab= a /3 

if and only if 

(1) a= a= 0 and lbl = l/31 
or 

(2) b = >.a and /3 = >.a where lal = lal or l>-1 = 1 

Proof We first show that (1) ⇒ (*) By (1) , a= a= 0, so ab-a/3 = Ob-0/3 = 0 

and lal 2 + lbl 2 
- lal2 

- 1/312 = 101 2 + lbl 2 -101 2 
- 1/31 2 = lbl 2 -1/31 2 However, (1) also 

gives that lbl = 1/31 , so lbl 2 
- 1/31 2 = 0 Hence (1) ⇒ ( *) 

Secondly, we show that (2) ⇒ ( *) By (2) , b = >.a and /3 = >.a, so ab - a/3 = 

a>.a - aXa = 0 and lal 2 + lbl 2 
- lal2 

- 11312 = ial2 + l>-l 2 lal 2 
- ial 2 

- l>-l 2 lal 2 = 

(lal 2 
- lal 2)(1 - 1>-12) However, (2) also gives that lal = lad or 1>-1 = 1, so (lal 2 

-

lal2)(1 - i>.1 2
) = 0 Hence (2) ⇒ ( *) 

Finally, we show that ( *) ⇒ (1) or (2) by cases 

If a= a= 0, then ( *) 1mphes 101 2 + lbl 2 = 101 2 + \/3\ 2 and Ob= 0/3 which simply 

says \bl = l/3\ Hence, in this a = a = 0 case, we have ( *) ⇒ (1) 

In case a =/=- 0, we get that >. = ~ 1s well defined and then /3 = >.a By 

( * ), we know ab = a /3 and so b = i a = >.a But then ( *) also gives that O = 

lal 2 + \bl 2 
- la\ 2 

- l/3\ 2 = \a l2 + i>-l 2 \a l2 
- \al2 

- l>-l 2 la\ 2 = (la\ 2 
- \al 2)(l - i>-\ 2

) and 

so la\ = \al or \>.I = 1 Hence, in this a=/=- 0 case, we have ( *) ⇒ (2) 
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The only remammg case 1s the a i= 0 case, however, by the symmetry of a and 

am(*) and m (2) , 1f a i= 0, then we also have(*) ⇒ (2) I 

P ropos1t10n 7. Suppose 

r b:1 

a12 b13 

= zl+ r b~1 
a1, b13 1 

M= z a23 0 a23 zl +X 

a31 b32 z a31 b32 0 

zs a 3 x 3 matrix that zs constant on the mazn diagonal, then M zs normal zf and 

only zf X = M - zl has one of the f ollowzng 2 forms 

0 0 

b~, 1 (1) X= b21 0 where lb13I = lb21I = lb32I 

0 b32 
or 

0 a12 
Aa,1 1 

(2) X= Xa12 0 a23 where lad = la23I = ia31I or j.\j = 1 

a31 Xa23 0 

Proof Smee the scalar matnx zl commutes with all matrices, we have that M 

1s normal if and only if X = M - zl is normal By defimtion, X is normal if and 

only if X* X = XX* , so we compute 

r ~~, 
b21 a,1 ][ o a12 

b13 l X*X 0 b32 b21 0 a23 

b13 a23 0 a31 b32 0 

[ la,il' ":_ lb,il' a31 b32 a23b21 

a31b32 iad
2 + jb32 12 

U12b13 l 
a23b21 a12b13 !a23!2 + lbd 2 

XX* 
[ 

0 a12 b13 

b21 0 a23 

a31 b32 0 
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[ 

laizl2 ~ Jbd 2 iY23b13 

= a23b13 Ja23J 2 + Jb21l2 

a12b32 a31 h21 

Smee X * X and XX* are both self-adJomt, we get that X 1s normal 1f and only 

1f X *X and XX* agree m the 6 entnes (1 ,1), (2 ,2) , (3 ,3) , (2 ,3) , (3 ,1) and (1 ,2) 

We arrange these 6 cond1t10ns mto 3 groups of 2 cond1t10ns as follows 

(G1) la311 2 + lb21l 2 
= lad 2 + lbiJl 2 and a31b21 = il12b13 

(G2) Jaizl 2 + lb321 2 = Ja231 2 + lb21l 2 and 0:12b32 = 0:23b21 

(G3) Jad2 + Jbd 2 = la311 2 + Jb321 2 and a23b13 = iY31b32 

Remark These 3 groups of cond1t10ns can be thought of as cond1t10ns on cor­

respondmg columns and rows of X More precisely, G1 says that llcol1 (X)ll 2 = 

llrow1 (X)ll 2 and a certam product m col1 (X) equals a certam product m row1 (X) 

By Lemma 6, these 3 groups are true 1f and only 1f the followmg 3 groups are 

true 

(H1) [ a31 =a,,= 0 l [ b21 = A1il12 and b13 = A1ii',1 l 
or 

and lb21 I = lbBJ where la31 I = lad or I-X1 I = 1 

(H2) [ a12 = a23 = 0 l [ 
b" = >.,a" and b21 = >.,a1, l 

or 
and Jb32 I = lb21 I where lad = la23I or I-X2I = 1 

(H3) [ a23 = a31 = 0 l [ b13 = >.,a,1 and bs, = >.,a" l 
or 

and lb13I = lb32I where la23I = Ja31I or I-X3I = 1 

We are now set to show that M 1s normal 1f and only 1f X has form (1) or (2) 

We first show that 1f X has form (1) then M 1s normal If X has form (1) , then 

a12 = a23 = a31 = 0 and lbBJ = lb2il = Jb32 J So H1, H2 and H3 are all true and 

hence M 1s normal 



22 Upper Triangular To eplztz Matrices 63 

Next we show that 1f X has form (2) then M 1s normal If X has form (2) , then 

b13 = >.a31 , b21 = >.a12 and b32 = >.a23 where lad = la23I = la31I or l>-1 = 1 Agam 

H 1 , H 2 and H 3 are all true and hence M 1s normal 

Fmally, we show that M bemg normal 1mphes X has form (1) or (2), by cases 

In case a12 = a23 = a31 = 0, we use that M normal 1mphes G1, G2 and G3 are 

all true By simply substitutmg a12 = a23 = a31 = 0 mto G1, G2 and G3 we get 

that lbd = lb21I = lb32I Hence, m this a12 = a23 = a31 = 0 case, we have that M 

normal 1mphes that X has form (1) 

Otherwise, at least one of a12 , a23 , a31 1s not O For example, 1f a12 =J- 0, then 

we use that M normal nnphes H1, H2 and H3 are all true Smee a12 # 0 H1 

gives that b21 = >.1a12 and b13 = >-1a31 where la31 I = lad or l>-11 = 1, and H2 

gives that b21 = >-2a12 and b32 = >-2a23 where lad = la23 I or l>-2 I = 1 Then, smce 

0 = b21 - b21 = (>-1 - >-2)a12 and a12 # 0, we have that >-1 = >-2 Lettmg >. denote 

this common value, H1 and H2 now say b13 = >.a31, b21 = >-a12 and b32 = >.a23 

where la31 I = la12I = la23I or l>-1 = 1 Therefore, m this a12 # 0 case, we get that 

M normal 1mphes X has form (2) In the cases where a23 # 0 or a31 # 0, s1m1lar 

proofs show t hat M normal 1mphes X has form (2) I 

Remark Consider the followmg decompos1t10n of M 

0 a12 0 

+ [ b~, 

0 

b~3 l l\1 = z I + 0 0 a23 0 z I +A+B 

a31 0 0 b32 

By applymg the propos1t10n, observe t hat A 1s normal 1f and only 1f la31 I = lad = 

I a23 I and B 1s normal 1f and only 1f I bu! = I b21 I = I b32 I If one knows these two 

facts , then the propos1t10n can be remembered as follows l\1 1s normal 1f and only 

if (1) M - z I =Band B 1s normal , or (2) M - z I =A+ >.A* where A 1s normal 

or l>-1 = 1 

Smee 3 x 3 Toephtz matrices are constant on the mam diagonal, the proposit10n 

apphes to them as a special case 
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Corollary 8. 

The 3 x 3 Toeplitz matrix M = [ ; ~ : ] is normal 

if and only if 

if and only if 

[ ~ 
0 

~ l (1) M- zl= 0 where lvl = 1771 

7] 

or 

[ 0 X ~(] (2) M- zl= .Xx 0 where \xi = l~I or I.XI = 1 

~ .Xx 

Proof The fact that , M 1s normal 1f and only 1f M - zl has form (1) or (2), 1s 

Just the statement of t he propos1t10n apphed to this Toephtz M 

The fact that , M 1s normal 1f and only 1f G1 1s t rue, can be obtamed from the 

proof of the propos1t10n Referrmg to the proof of the propos1t10n, we get that M 1s 

normal 1f and only 1f the cond1t10ns G1, G2 and G3 are all true However, because 

of the special form of this Toephtz M , G3 1s eqmvalent to G1 and G2 1s always 

satisfied I 

Remark The s1gmficance of mcludmg the cond1t1on G1 m t he statement of this 

corollary 1s that 1t 1s a simple cond1t10n for dec1dmg 1f a given 3 x 3 Toephtz matnx 

1s normal By contrast , given an arbitrary 3 x 3 matnx J\1 = zl + X, which 1s 

constant on the mam diagonal, checkmg all the cond1t10ns G1, G2 and G3 1s hardly 

better than computmg X* X - XX* 

To fimsh off our d1scuss10n of the 3 x 3 case, we give some examples to clarify 

where we stand and to md1cate how these charactenzat10n results may be useful m 

future research 
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Examples For The 3 x 3 Case 

The first two examples summarize the 3 x 3 upper triangular Toephtz matrices 

for which we can exhibit a nearest normal approximant In all examples , we consider 

our special "sum" of normal approximants 

[ 

ao 

N = a0I + ½aiC + ½a2C2 
= ta2 

2a1 

and we also consider the real part of T 

[ ~ 
l 
2a1 

H = ½(T + T*) = ½a1 ao 
1- 1-
2a2 2a1 

which we know is a nearest Hermitian matnx to T 

Example 1. If a2 = 0 so that 

T=[~o; ::] 
then N is a nearest normal approximant to T with 

d1st(T,N) = IIT-NII = II [ _L 
In this case 

0 

l 
2a2 
l 
2a1 

ao 

and hence H is not a nearest normal to T ( except m the tnvial a1 = 0 case) 
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Example 2 If a 1 = 0 so that 

then N 1s a nearest normal approx1mant to T with 

In this case 

[ 

0 0 

d1st(T,N) = IIT - NII = 11 -½a2 0 

0 -½a2 

IIT - HII = 11 o o 
1- 0 - 2a2 

0 

0 

and hence H 1s also a nearest normal to T 

66 

The remammg examples all mvolve the general case where a 1 # 0 and a2 # 0 

Replacmg T with ;
1 
(T - aol) 1f necessary, we can assume T has the deceptively 

simple lookmg form 

T = 0 0 1 [ 
o 1 al 
0 0 0 

The goal of these remammg examples 1s to clanfy what 1s stoppmg us from 

exh1b1tmg a nearest normal m such cases and to md1cate how our characten zat10n 

of 3 x 3 normal matrices which are constant on the mam diagonal may be useful 

m future research 

Example 3 If a= 1 so that 

t hen, m this particular case 
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Applymg Corollary 2 or Propos1t10n 3, we have 

IIT - NII = IIT - HII = ½✓1 + 11 12 + 1 = ½/3 

Applymg Propos1t1on 5, we have 

and hence all we know for sure 1s that 

½ v'2 :S dist ( T , N) :S ½ v3 

In lookmg for nearer normals to this particular T , 1t 1s compellmg to look for 

normals which agree with 1t on the mam diagonal By Propos1t10n 7, we only have 

to consider 2 d1ff erent forms 

If X 1s a normal matnx which has the form 

then 

[ 

0 1 

I IT - XI I = 11 -b2 0 

0 -b3 

1 - b
1 1 

~ II<'. 1 > ½v'3 = IIT - NII 

and hence there 1s no normal X of this form which 1s nearer to T than N = H 

Is there a normal matnx of the constant mam diagonal form 

such that IIT - XII < IIT - NII? Smee X 1s a funct10n of 4 variables, 1t 1s not 

surpnsmg that we have not been able to obtam an algebraic express10n for IIT - XII , 
never mmd our ultimate problem of findmg how to mm1m1ze IIT - XII 
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Of course, we can also use this form of X to help us generate normal matrices 

to act as candidates for nearest normals In an attempt to generate "reasonable" 

candidates for this Toephtz T , it is temptmg to try normal Toephtz matrices of the 

form 

[ 
o_ x A~ l 

X = AX O x 

~ Ax 0 

where lxl = l~I or IAI = 1 

1 - 1 Motivated by the fact that N = H is of this form , with x = 2 and A~ = 2, we 

have tried various numeric experiments with x = ½ and ,\~ = ½, but they have 

not yielded any normal Toephtz matrices nearer to T than N = H Although 

these normal Toephtz matrices are funct10ns of 3 variables , and hence difficult 

to work with analytically, some analytic experimentat10n ( i e arbitrarily addmg 

constramts) has yielded a normal Toephtz matrix nearer to T than N = H We 

begm experimentmg with~= x, then 

and 

T-X = [ ~y 
-x 

l- x 

0 
-y 

l - y l 
1- x 

0 

This difference of two Toephtz matrices , T- X, is also a Toephtz matrix If it is not 

normal , then we are forced to find IIT- XII usmg IIT - Xll 2 = ll(T - X)*(T - X)II 
On the other hand, by Corollary 8, 

T - X is normal 

-¢===? xy = (1 - x)(l - y) and lxl 2 + IYl2 = 11 - xl 2 + 11 - yl 2 

-¢===? xy = 1 - x - y + xy and lxl 2 + IYl2 = 1 - 2 Re x + lxl 2 + 1 - 2 Re y + IYl 2 

-¢===? x + y = 1 and Re x + Re y = 1 

-¢:::::::> x+y=l 
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By arbitrarily addmg this constramt 

T - x = [-(1 °- x) 

-x 

l-x 

0 

-(1 - x) 

69 

is a normal matnx and so IIT - XII = r(T-X) Let p(A) denote the characteristic 

polynomial of T - X , then 

p(A) = det [,\J - (T - X)] = det [ {I~ X) -(1 ,\- x) -(;~ x) ] 

x (l - x) A 

= (A3 + (1- x)2x - (1- x)2 x)- (-lxl2 A -I1 - xl 2 A -I1 - xl 2 A) 

= A3 + (lxl 2 + 211 - xl 2)A + [(1- x) 2x - (1- x)2 x] 

For x E C, findmg the roots of this cubic polynomial, p(A) , is a computat10nal 

problem However, by arbitrarily addmg the constramt that x E R , IIT - XI I = 

Jx 2 + 2(1- x) 2 = J3x2 - 4x + 2 The quadratic function f(x) = 3x2 
- 4x + 2 

attams its mm1mum value when O = f'(x) = 6x - 4 Hence, the mmimum value of 

IIT - XII over { X = xC + yC2 x + y =land x ER} , occurs when x =~and is 

IIT- XII = {iff; = jI ~ 0 8165 

Recall that, IIT - NII = ½J3 = {¾ ~ 0 8660, and hence when x = i and y = 

1 - x = ½ we have that the normal Toephtz matnx 

is nearer to T than N = H However, II T - Xoll is still greater than ½v'2 = /½ ~ 
0 7071 , our best known lower bound on dist(T , N), and hence we cannot declare X 0 

as a nearest normal to T 
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Remark 1 In general , when we try to analytically broaden our "reasonable" search 

for new candidates, we run mto computat10nal difficulties beyond our abilities Even 

m this particular example, if we dropped our last constramt that x E R , then we are 

faced with findmg the roots of the nontrivial cubic characteristic polynomial p(>.) 

m terms of the smgle complex variable x, followed by mm1mizmg their maximum 

modulus Computat10ns get even worse if we drop the constramt that x + y = l 

smce then T - X 1s not necessarily normal and we are faced with findmg the roots 

of the cubic characteristic polynomial of (T- X)* (T- X) m terms of the 2 complex 

variables x and y 

Remark 2 It 1s mterestmg that, with respect to the £2 norm, defined for n x n 

matrices A = [ ai1 ] by 

IIAII,, = (t la.,1') 
112

, 

we have that X 0 = iC + ½C2 1s the £2-nearest matrix to T = 5 + 52
, of the form 

X = xC + yC2 with x , y ER This is true smce 

II [ ~y 

1 ~ X ~ =; ] 11~2 
-x -y 0 

[2(1 - x) 2 + x2
] + [(1 - y) 2 + 2y2] 

[3x2 
- 4x + 2] + [3y2 

- 2y + 1] = f(x) + g(y) 

is mmimized when O = f'(x) = 6x - 4 and O = g'(y) = 6y- 2 That 1s, when x = i 
and y = ½ 

Remark 3 In fact , this X0 is actually the £2-nearest matrix to T = 5 + 52 m 

C*(C) In general, 1f U is unitary lll Mn with un = wI, then the map E Mn H Mn 

defined for A E Mn by 
n 

E(A) =¼I: uk Au-k 
k= l 

maps A mto the commutant of the commutative C*(U) However, if a(U) has n 

distmct pomts, then C*(U) is umtanly eqmvalent to Dn , the subalgebra of diagonal 
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matrices m Mn Smee Dn 1s its own commutant, we have that C*(U) 1s its own 

commutant and that E maps Mn mto C*(U) However, for every A E C*(U) , 

E(A) = A and so E maps Mn onto C*(U) Thmkmg of Afn simply as a Hilbert 

space, with mner product 

(A, B) = trace (B* A) for all A, B m Mn , 

we have that the Hilbert space norm 1s the £2 norm, and that E* = E smce 

(E(A) , B) = (A, E(B)) for all A, B m Mn We also have, E 2 = E and so E 1s 

the othogonal proJect10n onto C* (U) It follows that , m the Hilbert space norm 

of Mn, E(A) 1s the nearest matnx to A m C*(U) In other words , E(A) 1s the 

frnearest matnx to Am C*(U) 

In our case, T = S + S2 is m M3 and C 1s a umtary m M3 satisfymg C 3 = I 
and havmg 3 d1stmct pomts m its spectrum Therefore, E(T) = ½ I:f =1 ckrc-k 
1s the £2-nearest rnatnx to T m C*(C) By computmg E(T) , we obtam E(T) = 
~C + ½C2 = X 0 Alternatively, smce Chas real-valued entries and this T has only 

real-valued entnes, we know E(T) will be of the form xC + yC2 where x, y E R and 

hence E(T) must be X 0 

The next example sho\\Js that for T = S + aS2
, the e2-nearest matnx to T m 

C*(C) 1s not always better than N and H 

Example 4 If a E [-1 , 2] and 

[ 
o 1 a l T= 0 0 1 
0 0 0 

then, by Propos1t10n 4, we know how N and H compare to one another as normal 

approximants for T 

How does E(T) , the €2-nearest matnx to Tm C*(C) , compare to N and Hover 

this mterval? Computmg E(T) = ½ I:f=l ckrc-k we ob tam E(T) = ~ C + ½aC2 

as our "€rcandidate" An analytic comparison is computat10nally difficult smce it 
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turns out that T - E(T) 1s normal if and only 1f Jal = 1 However, a numerical 

comparison is enough to verify that E(T) is not always a better normal approximant 

than N and H 

Table 2 1 on page 73 was obtamed usmg Matlab It numerically analyzes E(T) , 

N and H as normal approximants for T = S + aS2 by tabulatmg IIT - E(T)II , 

IIT- NII , IIT- HI I and ½Jl + jaj 2 (our greatest known lower bound on dist(T,N)) 

for some values of a E [-1 , 2] 

For the values of a tabulated, observe that E(T) is a better normal approximant 

than N and H only for a = -0 6, -0 5, 0 8, 0 9, 1 0, 1 1 

This concludes our examples for the 3 x 3 case 

Remark These 4 examples are representative of our results for the 3 x 3 case to 

this pomt m time (July 1995) 

Future research mto the 3 x 3 case may be able to use our characterizat10n of 

3 x 3 normal matrices which are constant on the mam diagonal to generate better 

normal approximants 

Future research may also be able to generate better normal approximants by 

replacmg the umtary C , with some other umtary U (satisfymg U3 = wl and havmg 

3 distmct pomts m its spectrum) , and then lookmg at the Hilbert space proJec­

t10n from M 3 onto C* (U) An obvious place to start would be with other umtary 

circulants In particular, the special umtary circulants which have l's on the first 

superdrngonal , w m the bottom left entry and O's elsewhere are natural candidates 

This second approach 1s the more appeahng to try first smce the theory is 

already m place to extend the method to the n x n case In contrast, gettmg a 

characterizat10n of normal n x n matrices which are constant on the mam diagonal 

does not seem hkely 
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a IIT- E(T)II IIT-NII IIT -HII ½J1 + lal 2 

-1 0 0 9107 1 0000 0 8660 0 7071 
-0 9 0 8667 0 9500 0 8382 0 6727 
-0 8 0 8260 0 9000 0 8124 0 6403 
-0 7 0 7891 0 8500 0 7890 0 6103 
-0 6 0 7566 0 8000 0 7681 0 5831 
-0 5 0 7287 0 7500 0 7500 0 5590 
-0 4 0 7059 0.7000 0 7348 0 5385 
-0 3 0 6884 0 6500 0 7228 0 5220 
-0 2 0 6761 0 6000 0 7141 0 5099 
-0 1 0 6690 0 5500 0 7089 0 5025 
00 0 6667 0 5000 0 7071 0 5000 
0 1 0 6688 0.5268 0 7089 0 5025 
02 0 6749 0 5568 0 7141 0 5099 
03 0 6846 0 5895 0 7228 0 5220 
04 0 6972 0 6245 0 7348 0 5385 
0 5 0 7125 0 6614 0 7500 0 5590 
06 0 7300 0 7000 0 7681 0 5831 
07 0 7494 0 7399 0 7890 0 6103 
08 0 7704 0 7810 0 8124 0 6403 
09 0 7929 0 8231 0 8382 0 6727 
1 0 0 8165 0 8660 0 8660 0 7071 
1 1 0 8745 0 9097 0 8958 0 7433 
1 2 0 9333 0 9539 0 9274 0 7810 
13 0 9930 0 9987 0 9605 0 8201 
1 4 1 0532 1 0440 0 9950 0 8602 
1 5 11141 1 0897 1 0308 0 9014 
1 6 11755 11358 1 0677 0 9434 
1 7 1 2373 11822 11057 0 9862 
1 8 1 2995 1 2288 11446 1 0296 
1 9 1 3621 1 2757 11843 1 0735 
20 1 4250 1 3229 1.2247 11180 

Table 2 1 A numerical comparison of 3 normal approx1mants for T = S + aS2 m 
M3 For each value of a, the smallest norm 1s prmted m boldface 
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2 2 4 The n x n Case For n 2: 4 

What can we say about the normal appro'<imation problem for arbitrary n x n 

upper triangular Toephtz matrices when n 2: 4? 

Let S denote the n x n basic superdiagonal matrix Then the general n x n 

upper t riangular Toephtz matrix is given by T = a0I + ai S + + an- l 5n-l 

Let C denote the n x n basic circulant matrix Then the normal matrix N = 

a0 I + ½ a1 C + + ½ an- l cn- l is a nearest normal to T if at most one of a1, , an- l 

is nonzero In that case, if at most ak is nonzero , then IIT - N II = dist(T, N) = 

½lakl = ½ J la11 2 + + lan-11 2 In any case, by formula (2 8) we always have 

II T - NII = max l½a1 A + + ½an-1An-ll 
>.n = -l 

(2 15) 

The normal matnx H = ½(T + T*), the real part of T , is always a nearest 

Hermitian matnx to T Moreover, T - H 1s always normal (skew-Hermitian) and 

hence IIT - H II = r(T - H ) 

It follows that, we always have dist(T ,N) ~ mm { IIT - NII , IIT - H II } More­

over, we know that there are n x n upper triangular Toephtz matrices for which 

N is a better normal approximant than H For example, v.hen T = a1S , v.e have 

IIT- NII= ½latl while IIT- HI I 2: llcol2(T- H )II = ½J2la1I 

Here is an easy-to-calculate lower bound on dist(T , N) which can be obtamed 

from Holmes' lower bound [Sect10n 1 2 2] usmg the fact that the normal approxi­

mat10n problem is mvanant under scalar translat10n Let { e1, , en } denote the 

standard ordered basis for en Then 

dist(T,N) dist(T - a0I , N) 

> ½ sup I ll (T - aol)xll - ll(T - aol)*xll I 
llxll=l 

> ½ I ll(T- aol)enll - ll(T - aol)*enl l I 

½Jla11 2+ +lan- 112 
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When at most one of a1 , , an- l is nonzero, we know that this lower bound 

equals dist(T, N) Unfortunately, we do not know that this lower bound equals 

dist(T,N) for every T If it does not equal dist(T,N) for a particular T, then we 

will have to find dist(T, N) m some other way if we ever hope to identify a nearest 

normal to that T At this pomt m time, the only way we can recogmze that a 

normal matrix X 1s a nearest normal to Tis if IIT - XII equals this lower bound 

Otherwise, all we can say 1s 

(2 16) 

In add1t10n to N and H , another natural normal approximant to consider is 

E(T) = Ec(T) = ¼ Lk=l Ckrc-k By Remark 3 on page 70, it is the t'2-nearest 

matrix to T m C* ( C) By the same remark, if U is any n x n umtary with un = wl 

and n distmct pomts m its spectrum, then Eu(T) 1s the t'2-nearest matnx to T m 

C*(U) and hence we have a way to generate more normal approximants which are 

at least t'2-related to T One hope for future research is that we may be able to 

obtam better normal approximants usmg umtaries other than C 

Remark Based on our experience with the 3 x 3 case, it would seem that this 

is essentially all we can say about the normal approximation problem for arbitrary 

n x n upper triangular Toephtz matrices when n 2:: 4 However, the followmg 4 x 4 

example suggests that whenever n is an even number, we will be able to describe 

additional, special classes of n x n upper tnangular Toephtz matrices, which allow 

certam pairs of a 1, , an-l to be nonzero and which ha"e N as a best normal 

approximant 

Special Classes w1thm the 4 x 4 Case 

Surprismgly, if T = [ ~

0

° ~: ;: ! 1 satisfies a simple condit10n, satisfied by 

0 0 ao 
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every such T m M4 (R ), t hen we can show that N 1s a best normal approx1mant 

The general 4 x 4 upper triangular Toephtz matrix 1s given by T = a0 I + a1S + 
a2S2+a3S3 Based on our experience with t he 3 x 3 case , we did not expect N , H , or 

E (T ) to be 1dent 1fiable as a best normal approx1mant 2 1f more t han one of a1, a2 , a3 

are nonzero However, m the course of some real-valued numerical experiments 

to compare t hese approx1mants, we were surprised to discover tha t there was one 

case where we could numerically 1dent1fy a best normal approx1mant To illustrate, 

Table 2 2 numerically analyzes E (T ), N and H as normal approx1mants for 

[

o 1 o a1 0 0 1 0 3 
T = 0 0 0 1 = S + aS 

0 0 0 0 

by tabulatmg their distances to T along with ½Jl + lal 2 (our greatest known lower 

bound on d1st(T , N )) for some values of a E [-2, 2] 

a IIT - E(T )II II T -NI I IIT-HII ½Jl + lal 2 

-2 1 5308 11180 1 3090 11180 
-1 0 8090 0 7071 1 0000 0 7071 
0 0 7500 0 5000 0 8090 0 5000 
1 0 8090 0 7071 0 7071 0 7071 
2 1 5308 11180 11514 11180 

Table 2 2 A numerical analysis of 3 normal approximants for T = S + aS3 m M4 

For each value of a, t he smallest norm and the lower bound are prmted m boldface 

For the values of a tabulated m Table 2 2, observe t hat IIT - NII always numer­

ically equals ½}1 + la l2 and hence N appears to be a nearest normal to T for t hose 

values of a T he followmg lemma verifies t hat N actually 1s a nearest normal to T 

for every a E R 
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Lemma 9 In M4, let T = S + aS3 and N = ½C + ½aC3 If a E R , then 

IIT - NII = ½Jl + lal 2 and hence N is a nearest normal to T when a E R In 

general, if a= b + ic where b, c E R , then IIT - NII = ½Jl + lal 2 + 2icl 

Proof By equat10n 2 16, dist(T, N) is between ½Jl + lal 2 and IIT - NII By 

equat10n 2 15 

IIT- NII= max I½,\+ ½a,\3 1 = max ½1,\111 + a,\ 2 1 = ½ max 11 ± ail 
.>.4=-1 .>.4 = -1 

At this point it is clear that if a E R , then II T - NII = ½Jl + la l2 and hence N is 

a nearest normal to T 

In case a = b + ic where b, c E R, 11 ± ail = 11 ± ib =i= cl = J1 ± 2c + c2 + b2 and 

hence, IIT - NII = ½ max 11 ± ail = ½Jl + lal 2 + 2l cl I 

R emark This proof suggests that whenever n ~ 4 1s an even number, we will be 

able to describe special classes of n x n upper triangular Toephtz matrices , which 

allow certam pairs of a 1 , , an- l to be nonzero and which have N as a best normal 

approximant For example m M2k for k ~ 2, we can describe (k - 1) such classes 

as follows For every m E { 1, , (k - 1) }, If T = 5m + asm+k and a E R , then N 

is a nearest normal approximant to T , smce m all cases 

The followmg proposit10n uses the lemma to describe a larger class of 4 x 4 

upper triangular Toephtz matrices for which N is a best normal approximant 

P ropos1t10n 10 IfT= 

ao a1 0 a3 

0 ao a1 0 
0 0 ao a1 

0 0 0 ao 

(in particular, if T is in M4(R)), then N = a01 + ½a 1C + ½a3C 3 is a nearest normal 

to T with IIT - NII= dist(T,N) = ½Jla112 + la3 l2 
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Proof If a1 a3 = 0, then at most one of a1, a3 is nonzero and so we know that N 

is a nearest normal to T and that d1st(T,N) = ½Jla11
2 + la31

2 

a3 0:1 a 3 
Otherwise, a1 =/=- 0 and so a = - = - E R Then 

a1 la11 2 

dist (T,N) la1I distC\ (T - aol ), N) 

la1I dist(S + aS3 ,N) 

la1I Ila\ (T - aol) - (½C + ½aC3)11 (by the Lemma) 

la1I Ila\ [T- aol - ½a1C - ½a3C3]11 

IIT-NII 

It follows that N is a nearest normal to T and dist(T,N) = la11 dist(S+aS3,N) = 

la1I ½ J1 + lal 2 = ½ Jla1l 2 + la31 2 I 

Remark Similarly, whenever k ;:==: 2, we will be able to describe (k - 1) special 

classes of 2k x 2k upper triangular Toephtz matrices, which allow certam pairs 

of a1, , a2k- l to be nonzero and which have N as a best normal approximant 

More precisely, for every m E { 1, , (k - 1) }, if T = a0I + aSm + bSm+k and 

ab E R , then N = a0I + ½aCm + ½bCm+k is a nearest normal approximant to T 

with IIT - NII = d1st(T, N) = ½Jlal 2 + lbl 2 

This completes our discuss10n of the n x n case for n 2:: 4 and brmgs us to the 

end of our discussion of the normal approximat10n problem for upper triangular 

Toephtz matrices 

We conclude this sect10n with a brief summary of how our results can be used to 

attack the normal approximat10n problem for an arbitrary upper triangular Toephtz 

matrix 
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2 2 5 Bnef Summary of Results 

Suppose n :2:: 2 and T = a0I + a1S + 
triangular Toephtz matrix 

+ an-lsn-l is an arbitrary n X n upper 

In this sect10n, we have shown that if at most one of a1, , an- l are nonzero 

( this mcludes all 2 x 2 cases, all superdiagonal matrices , and all scalar translated 

superdiagonal matrices mcludmg Jordan blocks) or if n = 2k :2:: 4 and exactly one of 

(a1 , ai+k) , , (ak- 1, ak- H k) is not (0, 0) and that (am , am+k) satisfies cimam+k E R , 

then 

is a nearest normal to T with 

For arbitrary a1, , an- I, we have that 

+ lan-112 :S dist(T, N) :S II T - NII 

Moreover , m cases where IIT - N II -/- ½Jla11 2 + + lan- 112, we have begun devel-

opmg a hst of reasonable normal approximants to help close m on dist (T , N) from 

above Usmg H = ½(T + T*) , we get Holmes' upper bound on dist(T,N) and we 

have seen cases where His nearer to T t han N We also mclude E(T) = Ec(T) = 

¼ Lk=l ckrc-k, the f2-nearest matrix to T Ill C*(C) , smce we have found some 

cases where E(T) is nearer to T than either N or H One hope for future research 

is to replace C with some other umtary U, satisfymg un = wl and havmg n distmct 

pomts m its spectrum, and for which there are cases where Eu(T) E C*(U) is nearer 

to T than N , H or E(T) 

This completes our discuss10n of the normal approximat10n problem for upper 

triangular Toephtz matrices 

As a final topic for this chapter, we mclude a sect10n on the normal approx1ma­

t10n problem for direct sums of such matrices 
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2 3 Direct Sums of Upper Triangular Toephtz Matrices 

In this sect10n, we consider the normal approximat10n problem for direct sums of 

upper triangular Toephtz matrices ( even though such direct sums are not Toephtz 

matrices) Here is the fundamental quest10n 

If A is a direct sum of upper triangular Toeplitz matrices, will a di­

rect sum of corresponding best normal approximants be a best normal 

approximant for A '2 

As ment10ned when we discussed Jordan blocks m Sect10n 2 2 2, if we restrict 

ourselves to a direct sum of Jordan blocks, then the answer is yes However, when 

we look at a direct sum of arbitrary upper triangular Toephtz matrices, it seems 

hke there is absolutely no logical reason why the answer should always be yes On 

the other hand, we have not been able to come up with a counterexample In fact , 

our search for a counterexample has led us to our mam results for this sect10n If we 

restrict ourselves to only takmg direct sums of upper triangular Toephtz matrices 

for which we have found best normal approximants m Section 2 2, then a direct 

sum of correspondmg best normal approximants is a best normal approximant 

We actually prove this result for a more general class of matrices Recall that, 

if n ~ 2 and T = a01 + a1S + + an_ 15n-l is any of the Toephtz matrices 

for which we have found a best normal approximant m Sect10n 2 2, then N = 

a01 + ½a1 C + + ½an- l cn- l is a best normal approximant , and 

(2 17) 

In generahzmg this distance condit10n so that it will be less entry-dependent, we 

actually obtam a distance condit10n that is less Toephtz-dependent, but which def­

mitely mcludes all the matrices for which we have found best normal approximants 

m Sect10n 2 2 Our mam results are formulated m terms of these more general ma-
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trices and we use examples to mdicate the1r imphcat10ns for direct sums of upper 

triangular Toephtz matrices 

We begm by statmg two well-known results which combme to give the norm of 

a fimte direct sum of two or more matrices 

Lemma 1 If A E Mn and B E Mk , then A ffi B 

IIA EB BIi = max { IIA II, IIBII} 

Corollary 2 Fork 2 2, if A1 E Mn
1 

for J = l , , k , then 

Before gomg to our mam results , we can get some msight mto the problem by 

considermg a direct sum of arbitrary square matrices and seemg what goes wrong 

if we try to show that a d1rect sum of correspondmg best normal approximants is 

a best normal approxunant For J = 1, 2, suppose B1 is a nearest normal to A1 m 

Mn
1 

Let Nn
1 

denote the set of normal matrices m Mn
1 

and let N = Nn 1 +n2 

For A= A1 EB A2 and B = B 1 ffi B 2, we have that Bis normal and 

JIA- Bj j = IJ [ Ai O Bi A
2 
~ B

2
] 11 = ~t~ IIA1 - B1JJ = ~t~ dist(A1,NnJ 

At this pomt, we know that dist(A,N) ~ IJA - BJI In order to show that B is a 

nearest normal to A, we must show that dist(A,N) 2:: jjA - BIi That turns out to 

be a problem 

An obv10us first approach is to take an arbitrary X m N and partit10n it to 

match our direct sum partit10n of A Usmg umt vectors [~] and [~] m cn1 EB cn2, 

we can show that 

Ifwe knew the Xn were normal , then we would have IIA1 - Xnll 2:: dist(A1,Nn) , 

and that "ould be sufficient to yield jjA - Xjj 2:: JIA - BIi However, that is too 
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much to ask X normal does not imply Xu and X 22 are normal For a counterex­

ample, take X to be the umtary 4 x 4 basic circulant matn x, and partit10n it mto 

2 x 2 blocks, then Xu= X22 = [~~] is not normal In fact , it seems unlikely that 

m t he general case, B would always be a nearest normal to A In an attempt to 

find a normal X nearer to A than B , we restricted A to be a direct sum of upper 

t riangular Toephtz matrices for which we know best normal approximants (so that 

we would know IIA - B Ii) However, m our chosen attempts we were always able 

to show t hat IIA - XII 2: IIA - BIi (by usmg llcoli(X)II = llrow1 (X )II) and hence 

we always had that our direct sum of best normal approxnnants was a best normal 

approximant for A 

Another possible approach for the general case is to t ry usmg Holmes' lower 

bound on dist(A, .N) [Section 1 2 2] We begm by mt roducmg some new notation 

relat ed to Holmes' distance estimate 

For every TE Mn , we define 

Holrnes(T , x) 

Holmes(T ) 

½ I II T xll - ll T*x ll I for every x E e n 

sup Holmes(T , x) 
Jlx Jl=l 

Wit h this new notat10n, Holmes(T ) 1s Holmes' lower bound on d1st (T , .N) and for 

every umt vector x, Holmes(T, x) 1s a lower bound on d1st(T, .N) 

If we apply this to our A = A1 EB A2, we can use umt vectors [~] and [~] m 

c n1 EB cn2 to show that 

d1st(A,.N) 2: Holmes(A) 2: max Holmes(A3) 
J = l,2 

If we knew that dist(A1 ,.NnJ = Holmes(A1 ) for J = 1, 2, that would be sufficient 

to yield dist(A,.N) 2 maxi=1,2 dist(A1 ,N n) = IIA - B Ii 

This 1s too much to ask from an arbitrary square matrix In fact , we can take 

a Toephtz matrix as a counterexample Let T = [~ ~] , then Holmes(T ) < 0 23 < 

0 5 = dist(T, .N) 
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In our first attempts to get a counterexample, we considered some of the simplest 

upper triangular Toephtz matrices for wluch we know best normal approximants­

qmte naturally they had O's on the mam diagonal But every such sample T satisfied 

Holmes(T) = dist (T, N) In fact , every such T will Every T = a0 I + ai S + + 
an_ 15n- 1 for which we know a best normal approximant satisfies 

(2 18) 

where en is the nth standard basis vector Hence, when a0 = 0, we have 

Holmes(T) ~ dist(T, N) = Holmes(T, en) ~ Holmes(T) 

Hence, if A is a direct sum of such matrices, then B will be a best normal ap­

proximant for A Moreover, we can customize this second approach so that it at 

least mcludes all the matrices for which we have found best normal approximants 

m Sect10n 2 2 

We begm by formulatmg a more general distance condit10n satisfied by all 

Toephtz matrices for which we know best normal approximants By equat10n (2 18) , 

they all satisfy dist (T, N) = Holmes(T - aoI, en) ~ Holmes(T - aoI) How­

ever, we always have dist(T, N) = dist(T - a0I , N) :2: Holmes(T - a0I) and 

hence, all Toephtz matrices for which we know best normal approximants , satisfy 

dist(T,N) = Holmes(T - a0I) Smee we want to mclude 1 x 1 matrices (Jordan 

blocks) m our apphcat10ns, we observe that all 1 x 1 matrices trivially satisfy this 

condit10n (m fact , all normal matrices do) 

The followmg three results do not assume matrices are Toephtz, however, we 

will mamly apply them to Toephtz matrices In fact all three results are formulated 

m terms of matrices satisfymg the artificially constructed distance condit10n 

dist(T, N) = Holmes (T - >.I) for some >. E C (2 19) 

This condit10n is satisfied by all normal matrices and by all the Toephtz matrices 

for which we know best normal approximants It is even satisfied by arbitrary 2 x 2 



23 Direct Sums of Upper Triangular Toeplitz Matrices 84 

upper triangular matrices T = [~ ~] smce 

Holmes(T - cl)= Holmes(T- cl , e2) = ½l bl = dist(T,N) 

We make no further attempt to find matrices which satisfy it To help the reader 

get better acquamted with this artificial condit10n, we mtroduce each result with a 

Toephtz example to which it applies As usual, m lvfn , we use S to denote the basic 

superdiagonal matrix and C to denote the basic cu culant matrix 

Example Lemma 3 will allow us to say that a nearest normal to A= (1 + 2S) EB 

( S + S2) E M2 EB lvh is B = ( 1 + C) EB ( ½C + ½C2), even though B2 is not a nearest 

normal to A2 Proof IIA1 - B i ll= 1 = Holmes(A1 -J) and IIA2 - B2II = ½J3 < 1 

Lemma 3 For J = l , 2, suppose A1 is a matrix in Mn
1 

and that B1 is a normal 

matrix in Nn
1 

Let A = A1 EB A2 and B = B1 EB B2 be their corresponding direct 

sums in Mn where n = n1 + n2 

then B is a nearest normal to A 

Remark Observe that the hypotheses reqmre B 1 to be a nearest normal to A1 and 

A1 to satisfy a special distance condit10n, smce 

Holmes(A1 - AlnJ < dist (A1 - Aln1 ,NnJ = dist(A1 ,NnJ 

< IIA1 - B1 II = Holmes(A1 - Alni) 

and hence dist(A1,Nn1 ) = I\A1 - B11\ = Holmes(A1 -Alni) Moreover, A1 has a dis­

tmgmshed role m the direct sum smce dist(A1,Nn1 ) 2: I\A2 - B 2 1\ 2: dist(A2,NnJ 

By the same equat10n, it is also clear that B2 need not neccessarily be a nearest 

normal to A2 but 1t cannot be arb1tranly far away either 

Proof To see that B is normal , compute 
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Therefore d1st(A, Nn) S !IA - BIi = Holmes(A1 - >.. In1 ) by the hypotheses of 

the lemma 

It remams to show that d1st (A,Nn) 2 IIA - B Ii = Holmes(A1 - >..In1 ) 

However, d1st(A,Nn) = d1st(A - >-. In, Nn) 2 Holmes(A - >.In) and hence, 1t will 

suffice to show that Holmes(A - >. In) 2 Holmes(A1 - >.. In1 ) 

Now 

and so, for every X E cni l 

and 

ll(A- >-In)* [~] II = II [ (Ai - ; InJ*x ] 11 = ll(A1 - >.. In1 )*x ll 

It follows that 

Holmes(A1 - >.. In1 ) = sup Holmes(A - >.In,[~ ]) S Holmes(A - >.In) 
llxll=-1 

This completes the proof that d1st(A, Nn) 2 Holmes(A1 - >-. In1 ) = II A - BIi 

We now have d1st(A, Nn) = !IA - B Ii and hence, B is a nearest normal to A I 

The ne'{t propos1t10n 1s a generahzat10n of the lemma In preparat10n, we ob­

serve that smce we know the direct sum of two normals 1s normal, we have, by 

mduct10n, that any direct sum of two or more normals, B = (B1 EB EB Bk_1) EB Bk, 

1s normal 

Example Propos1t10n 4 will allow us to say that a nearest normal to A = 

(S + S2) EB J1 (1) EB /3S E M3 EB M1 EB M3 IS B = (½C + ½C2) EB J1( l ) EB ½/3C, even 

though B i 1s not a nearest normal to A1 Proof IIA3 - B3II = ½/3 = Holmes(A3) , 

IIA1 - Bill = ½/3 and IIA2 - B2II = 0 
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Propos1t10n 4 For J = 1, , k where k ~ 2, suppose A1 is a matrix zn Mn
1 

and 

that B1 is a normal matrix in Nn
1 

Let A= A1 EB EB Ak and B = B 1 EB EB Bk 

be their corresponding direct sums in Mn where n = n 1 + + nk 

If there exists an i E { 1, , k } such that 

IIA - BIi = IIAi - Bill and IIAi - Bill= Holmes(Ai - >.In,) for some).. EC, then B 

is a nearest normal to A 

Proof In case i = 1, B = B1 EB (B2 EB EB Bk) 1s a direct sum of 2 normals which 

corresponds to A = A1 EB (A2 EB EB Ak) Moreover, IIA - BIi = IIA1 - B111 and 

IIA1 - Bill= Holmes(A1 - >-.In1 ) By Lemma 3, B 1s a nearest normal to A 

In case i =/=- 1, there exists a unitary U m Mn such that 
• 

U AU* = Ai EB EB Ak EB A1 EB EB Ai-i and then U BU* 1s a direct sum of normals 

which corresponds to UAU* Moreover IIUAU* - UBU*II = IIA- BIi = IIAi - Bi ll 

and IIAi - Bill = Holmes(Ai - >.In.) However, A1 and B1 are the first matrices 

111 the direct sums U AU* and U BU* , respectively Therefore, by the i = 1 case, 

U BU* 1s a nearest normal to U AU* However, the normal approximation problem 

1s mvariant under unitary eqmvalence and hence B is a nearest normal to A 

Therefore, 111 all cases, B 1s a nearest normal to A I 

Example Proposition 5 will allow us to say that 1f A is a direct sum and each 

summand 1s either a Toephtz matrix for v.hich we have found a best normal ap­

proximant 111 Sect10n 2 2 or a normal matrix or a 2 x 2 upper triangular matrix, 

then any direct sum of correspondmg best normal approximants will be a best nor­

mal approximant for A Proof We have already observed that every such matrix 

satisfies the distance cond1t10n (2 19) 

Propos1t10n 5 For J = 1, , k where k ~ 2, suppose B1 is a nearest normal to 

A1 in Mn
1 

Let A = A1 EB EB Ak and B = B1 EB EB Bk be their corresponding 

direct sums in Mn where n = n1 + + nk 
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If, fo r every J E { 1, , k }, A1 satisfi es d1st (A1 ,N n
1

) = Holmes(A1 - >..1 InJ , 

for some >..1 E C , then B is a nearest normal to A 

Proof By Lemma 1, we know 

II A - BIi = max { IIA1 - B1 II };=1 = IIA - Bill for some i E { 1, , k} Smee we 

are given that d1st (Ai, Nn,) = Holmes(Ai - >..ii nJ , Propos1t10n 4 yields that B 1s a 

nearest normal to A I 

Remark Although it 1s a httle ant1chmact1c, we confirm our prev10us statements 

cla1mmg that 1f A 1s a direct sum of Jordan blocks, then any direct sum of corre­

spondmg best normal approx1mants will be a best normal approx1mant for A It 1s 

easy to see that as long as all the Jordan blocks m the direct sum are not 1 x 1, 

then d1st(A, N) = ½ 

This concludes our cons1derat10n of the normal approx1mat10n problem for direct 

sums of upper triangular Toephtz matrices 

It also concludes this chapter on the normal approx1mat10n problem for upper 

t riangular Toephtz matrices In the next chapter we turn our at tent10n to the 

normal approx1mat10n problem for Toephtz operators 
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Chapter 3 

Normal Approximants for Toeplitz Operators 

In this chapter, the problem of normal approximants for Toephtz operators is stud­

ied The mam results m this chapter give upper and lower bounds on the distance 

from certam Toephtz operators to the set of normal operators In particular, if rp is 

a contmuous complex-valued funct10n on the unit circle T , then the distance from 

T,p to the normals IS less than or equal to the radms of the smallest disk contammg 

rp(T) and if rp IS also one-to-one (so that rp (T ) is a Jordan curve) then the distance 

from T,p to the normals is greater than or equal to the radms of the largest disk 

contamed inside rp(T ) In order to prove these results we need some known facts 

about Toephtz operators and Fredholm operators The facts we need about Fred­

holm operators can be found m Sect10n 1 1 3 We compile the facts we need about 

Toephtz operators m Sect10n 3 1 Our distance estimates are presented m Sect10n 

3 2 As a final topic, we present a simple example (due to A R Sourour) , which 

demonstrates that , if A is a direct sum of arbitrary Toephtz operators , then a direct 

sum of correspondmg best normal approximants is not neccessanly a best normal 

approximant for A 

3 1 Toephtz Operators 

Our mam obJective m this sect10n is to compile some standard results about Toephtz 

operators with contmuous symbol (for use m the next sect10n) 



3 1 Toeplitz Operators 89 

3 1.1 Prehmmar1es 

We begm by briefly remmdmg the reader of the set up we gave m the Introduction 

The unit circle T is considered as a measure space with respect to normalized 

Lebesgue measure The set { en n E Z } is the standard orthonormal basis for 

L2(T) ( i e for n E Z and z E T , en(z) = z11
) The Hardy space H 2(T) is the closed 

span of { en n 2 0} and Pis the proJect10n of L2 (T) onto H2 (T) 

If r.p E L00 (T), then the Laurent operator M'-P on L 2(T) is Just the multiplication 

operator defined by M'-Pf = r.p f for f m L 2 (T) and the Toeplitz operator T'-P on 

H 2(T) is defined by T'-P f = P(M'-P f) = P (r.pf) for f m H2(T) and hence is the 

compression of M'-P to H 2 (T) 

The bilaterally mfimte matrix of M'-P with respect to the basis { en n E Z} 

has a distmctive form-it is constant on all diagonals parallel to the mam diago­

nal To illustrate, 1f we partition the basis via { ,e_2,e_1 I e0 ,ei, }, then the 

correspondmg partitioned matrix of M'-P is given by 

Co C-1 C-2 c_3 

M l.{) = 
C1 Co C_1 C_2 

(3 1) 
C2 Ci Co C_1 

C3 C2 Ci Co 

Moreover, the constants { Cn n E Z} are mtimately related to r.p For n E Z, 

Cn = r.p ( n), where r.p ( n) denotes the nth Fourier coefficient of r.p More precisely, for 

nEZ 

The umlaterally mfimte matrix of T'-P with respect to the basis { en n 2 0 } 1s 
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Just the compress10n of Mr.p onto H2 (T) and hence 

(3 2) 

corresponds to the bottom nght block of our part1t1oned representat10n of Mr.p m 

(3 1) above 

The theory of Laurent operators 1s straightforward The mappmg <p H Mr.p 

from L00 (T) mto B(L2 (T)) 1s an 1sometnc umtal *-algebra homomorphism In 

other words , for <p, '1/; E L00 (T) and A, µ E C we have IIMr.p ll = ll 'P ll 00 , M1 = I , 

M'iif = (Mr.p )* , M>, r.p+ µ'I/J = -\Mv, + µM'I/! and Mv,'1/J = Mv, M'I/J It follows that, <p 1--t Mv, 

1s an 1sometnc *-1somorph1sm of L00 (T) onto a C*-subalgebra of B(L2(T)) and 

hence CJ(Msp) = CJ( cp ) Moreover, smce L00 (T) 1s commutative, we have that Laurent 

operators commute with one another and m particular, every Laurent operator is 

normal 

The Bilateral Shift The Laurent operator vV = Me1 is called the bilateral 

(forward) shift smce for all n E Z, W en = en+l Its adJomt , W * = Me1 = Me_1 is 

called the bilateral backward shift and satisfies W*en = en-l for all n E Z Observe 

that for all n E Z , W *W en = en = WW*en Therefore, W*W = WW* = I and 

hence, W is umtary 

In contrast to the theory of Laurent operators , the theory of Toephtz operators 

is much more comphcated However, part of the theory is easy Smee each Toephtz 

operator is the compress10n of a Laurent operator to H2 (T) , we have that the 

mappmg <pH Tv, maps L00 (T) mto B(H 2(T)) and that IITr.p ll ~ IIMv, II = ll'Pll
00 

In 

addit10n, cp H Tv,, is umtal , hnear and preserves adJomts In particular, smce we 

will be lookmg at scalar translat10ns of Toephtz operators m the next sect10n, we 

observe that if cp E L00 (T) and ,\ E C , then Tv, - -\I= Tv, - >iT1 = Tv,->, , a Toephtz 

operator 
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The comphcat10ns m the theory of Toephtz operators are caused by their multi­

plicative properties In contrast to the Laurent operator case, if cp, 'ljJ are arbitrary 

functions m L00 (T), then it is seldom true that T,p1/J = T,pT1/J or that T,pT'I/J = T'I/JT,p 

In fact , it 1s seldom true that T,pT'I/J is a Toephtz operator The standard example 

for all these statements is furnished by the followmg analysis of the unilateral shift 

The Umlateral Shift. The Toephtz operator U = Te1 is called the unilateral 

(forward} shift smce for all n EN, Uen = en+l Its adJomt, U* = Te 1 = Te_1 is called 

the unilateral backward shift For n 2'. 1 1t satisfies U*en = P(e_1en) = Pen-l = 

en- l and hence it is a backward shift on { e1, e2 , } However, U* e0 = P ( e_ 1 e0 ) = 0 

and hence we can thmk of U* as sh1ftmg e0 backwards, out of the basis Observe 

that for all n E N , U* U en = en and hence U* U = I and U is an isometry On 

the other hand, UU*en = en only for n 2'. 1 For n = 0, UU*e0 = 0 By lettmg 

Po denote the proJection of H2(T) onto span{ e0 } , we can wnte UU* = I - Po It 

follows immediately that U is not a normal operator 

Moreover, we have an example of two Toephtz operators, U and U*, such that 

U* U =/- UU* and hence Toephtz operators need not commute In addit10n, the 

matrix of UU* = I - P0 with respect to the basis { e0 , e1, }, is not constant 

on the mam diagonal and hence, we also have that the product of two Toephtz 

operators need not be a Toephtz operator To preview an upcommg result , we 

observe that although Te1e_1 =/- Te1 Te_1 we do have that Te1e_1 - Te1 Te_1 = Po is a 

compact operator (finite rank) m 8(H2(T) ) 

Remark It is possible to put restnct10ns on cp, 'ljJ so as to msure that T,p'I/J = T,pT'I/J 

For example, 1f '1jJ E H00 (T) = { ¢ E L00 (T) J(n) = 0 for n < 0 }, then P'ljJ = 'ljJ 

and the result follows However, there 1s more to be gamed by restnctmg our 

attention to contmuous functions on the (compact) unit circle 

Remark about the unilateral shift Let 1r denote the natural map from 8 ( H2 (T)) 

onto the Calkm algebra, then by mspect10n of the above analysis of U, we have 
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that 7r(U) is mvertible m the Calkm algebra and hence U is Fredholm In fact, 

7r(U) is a umtary m the Calkm algebra We also have that ker U = { 0} and 

ker U* = span { e0 } Therefore, md(U) = -1 and hence the umlateral shift is an 

example of a Fredholm operator that is not a compact perturbat10n of an mvertible 

Moreover, smce it is an essentially umtary (Fredholm) operator with nonzero mdex, 

Brown-Douglas-Fillmore [BDF73] use it as an example of an essentially normal 

operator which cannot be wntten as a compact perturbat1011 of a normal operator 

3 1 2 Standard Results About Toephtz Operators 

We now survey some standard results about Toephtz operators The mam results 

are presented as theorems Proofs can be found m [Mur90 , Section 3 5] 

Before restnctmg our attent10n to Toephtz operators mduced by contmuous 

funct10ns on T , we state a theorem about the spectrum and norm of arbitrary 

Toephtz operators 

Hartman-Wmtner Theorem If cp E L00 (T) and a-( cp) denotes the spectrum 

of cp zn Loc (T) , then a-( cp) ~ a-(T"' ) and JIT"'II = r(T<p ) = JJ cp Jl00 

The remammg results that we need are for Toephtz operators mduced by contm­

uous funct10ns on T Such operators are called Toeplztz operators with continuous 

symbol If cp, 'I/; E C(T) , then, m general, we still do not have T'P'f/i = T'PT'f/i-our 

umlateral shift example only mvolves the funct10ns e1 and e_1, which are contmuous 

on T However, for cp, 'I/; E C(T) , we always have that T'PT'f/i - T'P'f/i is a compact 

operator and hence the images of T"'T'f/i and T'P'f/i are equal m the Calkm algebra 

For the remamder of this sect10n, let H 2 denote H 2(T) and let 7r denote the 

natural map from B(H 2
) onto the Calkm algebra, B(H2)/K(H2

) As ment10ned 

above, the fact that T"'T'f/i - Tri is a compact operator for every cp, 'I/; E C(T) 

implies that 7r(T"'1/;) = 1r(T"'T1/; ) for every cp, 'I/; E C(T) We know that the mappmg 

cp H T"' from C(T) mto B(H2
) 1s umtal , lmear and preserves adJomts It follows 
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that the mappmg r.p 1----1 1r(T,p ) from C(T) mto B(H2)/K(H 2
) is a umtal *-algebra 

homomorphism, and hence { 1r(T,p) r.p E C(T) } is a commutative *-subalgebra of 

B(H2)/K(H2
) It follows that every Toephtz operator with contmuous symbol is 

essentially normal 

Let T denote the C *-subalgebra of B(H2 ) generated by { T,p r.p E C(T)} Tis 

called the Toeplitz algebra An important result is that the Toephtz algebra con­

tams the ideal of compact operators on H2 and hence T / K(H2
) is a C*-subalgebra 

of B(H2 )/K(H2
) Moreover, T/K(H2

) contams 1r(T1 ) = 1r(I) , the identity of 

B(H2)/K(H 2
) It follows that elements of T/K(H2

) are mvertible m T/K(H2
) if 

and only if they are mvertible m B(H2)/K(H2
) and we have the followmg theorem 

Theorem 1 The map 

(3 3) 

is a *-isomorphism 

As an immediate consequence of this isomorphism, we have that if r.p E C(T) , 

then a(1r(T,p )) = a( r.p ) and 1r(T,p ) is mvertible m T/K(H2
) if and only if r.p is mvert­

ible m C(T) In other words, we have the followmg theorem 

Theorem 2 If r.p E C (T) , then O"e (T,p ) = r.p (T) and T,p is Fredholm if and only if 

r.p never vanishes 

When T,p is Fredholm, its mdex is mtimately related to r.p 

Theorem 3 If r.p E C(T) and r.p never vanishes, then 

md (T,p) = -wn(r.p, 0) 

where wn( r.p, 0) denotes the winding number of r.p about 0 
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Remark In addit10n, it can be shown that , if cp E C(T ), then Tip is mvertible if 

and only if Tip is Fredholm of mdex 0 Therefore, 1f cp E C(T) , then we can wnte 

the spectrum of Tep as follows 

CY(Tip ) = cp(T) U { >. E C \ cp (T) T,p - >.I = Tip->. is (Fredholm) of non-zero mdex } 

Example We apply some of these results to the umlateral shift , U = Te1 Smee 

e1 E C(T) and e1 (T) = T , we have that e1 does not vamsh on T and hence, U is 

Fredholm with md(U) = -wn(e1, 0) = -1 This agrees with our earlier analysis 

Moreover, if >.. is not on e1 (T) = T , then Te1 ->. is Fredholm with 

_ _ _ { o if I>.. I > 1 
md (Tei->.) - -wn(e1 - >.. , 0) - - wn(e1 , >..) - _1 if i>.. I < 1 

Therefore, by the immediately preceedmg Remark, CT(U) =TU{>.. !>.I < 1} That 

is, the spectrum of the umlateral shift is precisely the umt disk 

This completes our survey of standard results In the next sect10n, we apply 

these results to get estimates on the distance from a Toephtz operator with contm­

uous symbol to the set of normal operators m B(H2
) 

3 2 Distance Estimates for Toephtz Operators 

In this sect10n, we use the theory of Toephtz operators and the theory of Fredholm 

operators to obtam upper and lower bounds on the distance from certam Toephtz 

operators with contmuous symbol to the set, N, of normal operators m B(H2
) 

Proposition 1 If cp E C(T), so that T"' E B(H2
) , then 

dist(T,p, N ) ~ mf { r there is a disk of radms r contammg rp(T) } 

Proof For every >.. E C and r > 0, let Dr(>.) = { µ E C l~L - >..I < r} denote the 

open disk of radms r about >. 

Smee cp is contmuous and T is compact, we have that cp (T ) is a compact subset 

of C and hence there are disks of fimte radms contammg cp(T ) 
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Let Dr(>.) be an arbitrary but fixed disk such that cp(T ) ~ Dr(>.) By lettmg 

'ljJ = cp ->. , we have that 'l/; is contmuous and 'l/; (T) = cp (T)->. ~Dr(>.)->.= Dr(0) 

It follows that ll 'l/; ll 00 ~ r 

Smee the normal approximat10n problem is mvanant under scalar translat10n 

dist(Tep, Af) = dist(Tep - >.I,N) However, Tep - >.I= Tep->..= T'I/J Therefore 

dist(Tep, Af) dist(Tw, Af) 

< IIT,;,II smce O is normal 

ll 'l/; ll
00 

by the Hartman-Wmtner Theorem 

< r 

However, Dr(>.) was an arbitrary disk of radms r contammg cp(T) and hence 

dist(Tep, Af) ~ mf { r there is a disk of radms r contammg ',O(T) } I 

Propos1tion 2 If cp E C(T) and there exists a component of C \ ',O(T) in which 

the winding number of cp is nonzero, then 

dist(T Af) > su { r I there is a disk of radius r in C \ cp(T) in } 
ep, - p which the winding n'LJ,mber of 'P zs nonzero 

Proof Let Dr( >.) be an arbitrary but fixed disk contamed mside a component of 

C \ ',O(T) m which the wmdmg number of cp is nonzero It follows that the wmdmg 

number of cp is constant on Dr( >.) Let n = wn(cp, >.) denote this nonzero wmdmg 

number 

By lettmg 'l/; = cp - >., we have that 'l/; is contmuous and 'l/; (T) = cp(T) - >. It 

follows that Dr(0) = Dr( >.) - >. is m a component of C \ 'l/;(T ) where the wmdmg 

number of 'ljJ is also constantly equal ton Smee 'l/;(T) does not mtersect Dr(0) , we 

have 

r ~ mf J'l/; (z)J = J'l/; lmm 
ZE T 

Moreover, smce O is not m 'l/; (T), 'l/; never vamshes on T and hence T'l/! is Fredholm 

with md(T,t, ) = -wn('l/; , 0) = -n 
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For every T E l3(H 2
), let Br (T) = { A E l3(H2

) IIT - All < r } denote the 

open ball of radms r about T m l3 (H 2
) 

Note Assummg this claim is true, Br(T1/! ) is a connected set of Fredholm op­

erators and hence they all have mdex equal to md (T1/J ) = - n =J O It follows that 

there are no normal operators m Br(T1/J ), (smce every normal Fredholm operator 

has mdex 0) and therefore dist(T1/;, N) ~ r As m Propos1t10n 1, d1st(Tcp ,N) = 

dist(Tcp - >. I , N) = dist(T1/J, N) , and so we have dist(Tcp, N) ~ r However , Dr(>.) 

was an arbitrary disk of radms r contamed mside a component of C \ rp(T) m which 

the wmdmg number of 'P is nonzero and hence 

dist (T, N) > su { r I there is a disk of radms r m C \ rp(T) m } 
cp , - p which the wmdmg number of 'P is nonzero 

as we set out to prove It only remams to prove that Br(T1/! ) ~ Fred(H2
) 

Proof Take any A E Br (T1/! ) To show that A is Fredholm, it will suffice to show 

that 1r(A) 1s mvert1ble However, we know rr(T1/; ) is mvertible, and so it will suffice 

to show that ll1r(Tw) - 1r(A)II < ll1r (T1/J t 1 ll -1 

Usmg the fact that C(T) ~ T/K(H2
) via¢ H 1r(T4> ) we have 

1 1 
=sup--=---

zE T 11/J (z) I 11/J lmm 

and then 

We now have that 1r(A) is mvertible and hence A is Fredholm However, A was 

arbitrary m Br(T1/! ) and therefore, Br(T1/! ) ~ Fred(H2
) I 

Corollary 3 If 'P E C(T) and 'P is l 1, so that rp(T) is a Jordan curve, then 

dist(Tcp , N) ~ sup { r there is a disk of radms r contamed inside rp(T ) } 
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Proof Smee cp (T) is a Jordan curve, it determmes exactly two components-an 

znszde and an outside The wmdmg number of cp m the unbounded outside is 0 

However, smce cp is 1 1, cp (T ) goes around the ms1de exactly once, and hence the 

wmdmg number of cp m the mside is ±1 

Smee cp E C(T ) and the mside is the only component determmed by cp m which 

the wmdmg number is nonzero, Proposit10n 2 reduces to 

dist(T~, N) ~ sup { r there is a disk of radms r contamed znszde cp(T ) } I 

Corollary 4 Suppose cp E C(T ) and cp (T ) zs an ellipse wzth axzs lengths a, b 

where a :s; b If the wzndzng number of cp znszde the ellipse zs nonzero, then 

dist(T~, N) E [a, b] 

Proof Smee cp E C(T ), Proposition 1 apphes and hence 

dist(T~, N) :s; mf { r there is a disk of radms r contammg the elhpse} = b 

Smee cp E C(T ) and cp (T ) is an elhpse, its mside is the only possible component 

m which the wmdmg number of cp is nonzero and, by hypothesis , it is nonzero 

Therefore Proposit10n 2 apphes and hence 

dist(T~, N) > sup { r there is a disk of radms r contamed mside the elhpse} 

a I 

Corollary 5 Suppose cp E C(T) and cp (T) zs a circle of radius a If the wzndzng 

number of cp znszde the circle zs nonzero, then dist(T~, N) = a 

Proof By Corollary 4, dist(T~, N) E [a, a] I 

Example We apply this last corollary to the umlateral shift U = Te1 Smee ei is 

contmuous on T , ei (T) = T is the umt circle and the wmdmg number of e1 mside 

the circle is 1 =/=- 0, we have that dist (U, N) = 1 Moreover, smce U is an isometry, 

we have that IIUII = 1 and hence O is a best normal approx1mant for U 

Remark As we mentioned m the Introduct10n, the fact that the umlateral shift 

is at distance 1 from the normals has been known for a long time For a different 
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proof see [Hal82, Problem 144] or see Holmes' proof [Hol74] that the unilateral shift 

1s antmormal ( i e a nearest normal to U 1s 0) 

Example If n 1s any nonzero mteger, then en 1s contmuous on T, en(T) = T and 

the wmdmg number of en ms1de the cucle 1s n -=/ 0 It follows that for each nonzero 

mteger n , d1st(Ten,N) = 1 Moreover, JJTeJ = JJenJl
00 

= 1, and hence O 1s a best 

normal approximant for Ten Of course, for the n = 0 case, Teo = I 1s normal 

Remark If we compress the unilateral backward shift U* = Te_ 1 to the span 

of { e0 , , en-I } and look at its matrix representat10n, we have the n x n basic 

superdiagonal matrix It seems curious that U* is at distance 1 from the normals 

while every such n x n basic superd1agonal matrix 1s at distance ½ from the normals 

3 3 Direct Sums of Toepbtz Operators 

When cons1dermg the normal approx1mat10n problem for duect sums of Toephtz 

operators, the fundamental quest10n 1s as follows 

If A is a direct sum of Toeplitz operators, will a direct sum of corre­

sponding best normal approximants be a best normal approximant for 

A ~ 

The purpose of this final sect10n 1s to present a simple example ( devised by A R 

Sourour m a private d1scuss10n) which demonstrates that a duect sum of corre­

spondmg best normal approx1mants 1s not neccessanly a best normal approx1mant 

for an arbitrary A The example involves our most well known Toephtz operators, 

the unilateral shift and its adJomt 

Example (Sourour). Let U = Te1 denote the umlateral shift , then O 1s a best 

normal approx1mant for U and for U* However, 0 = 0 EBO 1s not a best normal 

approx1mant for A = U* EB U smce a normal operator can be exhibited which is a 

better normal approx1mant than 0 
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Proof The distance from A to O is IIA - 011 = IIAII = max { IIU* II, IIUII } = 1 

The mam part of this example is to exhibit a normal operator N, such that 

IIA - NII < 1 and hence 0 is not a nearest normal to A 

As a first step we wnte the matnx of A as a bilaterally mfimte partitioned 

matnx with respect to the partitioned basis 

} 

Smee U*(eo) = 0, U*(en) = en- 1 for n > 1, and U(en) = en+l for all n 2: 0, we get 

0 
1 0 

1 0 
0 0 

1 0 
1 0 

Now, let W denote the bilateral shift operator on 1l = H2 (T) EB H2 (T) with 

respect to the basis £ W is umtary, and hence the operator N = ½ W is a normal 

operator on 1l The matnx of A - N with respect to £ is given by 

0 

A-N= 

1 0 2 
1 0 2 

1 0 -2 
1 0 2 

1 0 2 

By mspection of this matnx, A-N is a weighted shift , our prototype for weighted 

partial permutations m Section 1 2 3 Therefore IIA - NII = ½, the supremum of all 

the weights 
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It follows that O = 0 EB O 1s not a best normal approx1mant for A = U* EB U I 

Remark The operator N constructed m Sourour's example 1s actually a best 

normal approx1mant for A = U* EB U 

Proof By Holmes' distance estimate [Sect10n 1 2 2] 

d1st (A,N ) > ½ sup I IIAxl l - llA*xll I 
llxll= l 

> ½ 111 A ( 0 EB eo) 11 - 11 A* ( 0 EB eo) 111 

½ 111 0 EB e1) II - IIO EB OIi i 
1 
2 

We now have½~ d1st (A,N) ~ IIA- N II=½ Therefore d1st(A,N) =½and N is 

a best normal approx1mant for A I 
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