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1. INTRODUCTION

In the usual notations, let B,(z) and E,(z) denote, respectively, the classical Bernoulli and
Fuler polynomials of degree n in z, defined by the generating functions:

e S Ba@)L (4] <20) (1)
et—l_“n:() AN '
and
ZE (sc (Jt] < =). (1.2)
n=0
Also let
B, :=By(0) and E, := E,(0), (1.3)

where B, and FE, are, respectively, the Bernoulli and Euler numbers of order n.

The Riemann Zeta function ((s) and the Hurwitz Zeta function {(s, a) are defined (for Re(s) > 1)
by

o0

¢(s) :== Z—T—L]:; and ((s,a) Z (n+a (a#0,-1,-2,---) (1.4)

n=1 n=0

and (for Re(s) £ 1;s # 1) by their meromorphic continuations (see, for details, Titchmarsh [11]).

By employing a number of properties and characteristics of certain Dirichlet and trigonometric
series, Cvijovi¢ and Klinowski [5] evaluated the Bernoulli polynomials Bp(z) with n =2,3,4,---,
and the Euler polynomials E,(z) withn=1,2,3,---, for 0 £ z £ 1 when z is a rational number.
For the sake of ready reference, we recall here the main results of Cvijovi¢ and Klinowski [5] as

Theorem A and Theorem B below:
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Theorem A. In terms of the Hurwitz Zeta function ((s,a) defined by (1.4), the Bernoulli polyno-
mials Br(z) at rational arguments are given by

s ()= BR e () 0o

B (2) = i 26 (o ) o (457) 49

j=1

and

(neN;peNg;geN;05p

A

q).
Theorem B. In terms of the Hurwitz Zeta function (s, a) defined by (1.4), the Euler polynomials
E,n(z) at rational arguments are given by
27—1 .
) cos (LL(}__)BE) (1.7

(neN;peNy;geN;0Sp=<q)

o () P S

and

o (2) ol S (2 (B0)

aq

(neN;peNy;geN;0sp=yq).

As pointed out by Cvijovié and Klinowski [5, p. 1535], the formula (1.5) was derived in a
completely different way by Almkvist and Meurman [1, p. 107, Proposition 10], who applied this
formula to show eventually that

By (B) (M)

is an integer for all positive integers p and ¢. The main object of this paper is to present some
remarkably shorter proofs of each of Theorem A and Theorem B. Indeed we show that Theorem B
is actually a simple consequence of Theorem A. We also consider a number of other results which
are relevant to our present investigation.



2. SHORTER PROOFS OF THEOREM A AND THEOREM B

First Proof of Theorem A. We begin by recalling the following known result (¢f., e.g., Magnus et
al. [10, p. 27]):

Bn(z) = (% iki (2km—%) (2.1)

(neN\{1} and 0Lz<ljn=1 and 0<z<1),
which, in view of the definition in (1.4) and the elementary series identity:

SR =33 akti) (eM), 2.2
k=1

g=1 k=0
immediately yields

nQ)-ESECD=(EE) e

.7

(neN\{1}peNp;qeN;05p=q),

where we have also set

T=1 (peNp;geN;05p=yq).

Upon replacing n in (2.3) by 2n — 1 and 2n, respectively, we obtain the assertions (1.5) and (1.6)
of Theorem A.

Second Proof of Theorem A. The series identity (2.2), when applied to the classical Hurwitz formula
(cf., e.g., Whittaker and Watson [12, p. 269)):

2I(1 — s /8T o= cos(2karr
((sa) = ‘(z%lfr){sm(?)z*;gi‘:?“)
k=1

+cos (7 )ZSl j’”f“ } (2.4)

=1
with

s—1-s and a=2 (p,g €N),
q

gives us Rademacher’s formula (¢f. Magnus et al. [10, p. 23]; see also Apostol [3, p. 261}):

(-nt) - EAE(D(BET) s

(,g € N).
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Upon setting s =n (n € N\{1}) in (2.5), if we apply the familiar relationship [10, p. 23]:
¢(1—n,a)= —BLTEG—) (n €N), (2.6)

we arrive once again at the formula (2.3) which unifies the assertions (1.5) and (1.6) of Theorem

A, the missing case p = 0 for the Bernoulli numbers B,, being easily verified directly by means of
the well-known identities:

B 12(2n)!
Bon = (—'1) (2 )an(Q ) (’I’L € N) (27)
and
(o) = q-sgc (+2)  @em. 2.8)

First Proof of Theorem B. We now show that Theorem B is actually a simple consequence of
Theorem A. Indeed, by appealing to the known relationship [10, p. 29):

2

Bn(z) = — :Bnﬂ(m) ol (g)] (n € No), (2.9)

we find from (2.3) [with n replaced by n + 1] that
p\ 2 2(n +1)! sin 2jpm  n
En (q) T on+1| () ”+1ZC q 2
r)n-}-l 'l'l + 1 J . :7_}7__73 . EZT—
+2 (4gqm)nt1 ZC n+ 1 st 2
- Qe o "2 ¢ 2
a j 2jpm nw
—Zg<n+1,%> sin (£—7> (2.10)
=1

q

(neN;peNggeN;08p=gq).

Obviously, since

= 1
q .
B -1\ . [(2j—=1)pr n=n
Z§<n+1, oF )sm( z -5
j=1
d j 2jpr  nmw
+Zc(n+1,a> sin( - —7), (2.11)



upon separating the even and odd terms, (2.10) leads us immediately to the formula:

() g o B (B )

(neN;peNggeN;05p=y),
which yields the assertions (1.7) and (1.8) of Theorem B when n is replaced by 2n — 1 and 2n,
respectively.
Second Proof of Theorem B. Just as in our first proof of Theorem A, the unification (2.12) of the

assertions (1.7) and (1.8) of Theorem B can be proven directly by merely applying the series identity
(2.2) in the following known result (cf, e.g., Magnus et al. [10, p. 30]):

4-n! S 1 nm
E.(z) = — Ok — Ty sin ((2k - 1)z — -2——) (2.13)
k=1

(neN and 05z<1;n=0 and 0<z<1),

with, of course,

== (reN;geN;0<Sp=gq).

3. ForMuLAS INVOLVING THE HURWITZ-LERCH ZETA FUNCTION

Since
¢(n+1,2) =£—_;%Tiw(")(z) (neN;z#0,-1,-2,---), (3.1)

where 9™ (2) (n € Np) denotes the Polygamma function defined by

dn+1
PM(z) = T {logT(2)}  (neNy), (3.2)

each of the formulas (2.3) and (2.12), and their even and odd integer versions given by Theorem A
and Theorem B, can easily be restated in terms of the Polygamma function.

A general Hurwitz-Lerch Zeta function ®(z, s, a) defined by (cf., e.g., Erdélyi et al. [7, p. 27 et
seq.])

D(z,8,a) := Z:f) o j—na)s (3.3)

(a#0,—-1,-2,--- ;s € C when |2| < 1;Re(s) > 1 when |2| =1)
contains, as its special cases, not only the Riemann and Hurwitz Zeta functions:
¢(s) =9(1,s,1) and  ((s,a) = ®(1,s,a) (3.4)
and the Lerch Zeta function:

o 2 2mit omig
25(¢) == Z S =¢ o (e ) S, 1) (3.5)

n=1
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(€ € R;Re(s) > 1),
but also other functions such as the Polylogarithmic function:

o0
ZTL

Lig(z) := Z == 2®(z,8,1) (3.6)

n=1
(seC when |z|]<1;Re(s)>1 when |2z|=1)

and the the generalized Zeta function (¢f. Whittaker and Watson [12, p. 280, Example 8));
2n7rz£

#(£,a,5) = i( o _<1>(2m€sa) (3.7)

(a#0,—-1,-2,---;Re(s) >0 when £€R\Z;Re(s) >1 when ¢&€Z),

which was first studied by Rudolf Lipschitz (1832-1903) and Maty4s Lerch (1860-1922) in connection
with Dirichlet’s famous theorem on primes in arithmetic progressions.

For the general Hurwitz-Lerch Zeta function ®(z, s, a) defined by (3.3), it is easily seen by using
the series identity (2.2) that

! a+j—1 ;
P(z,5,a) =¢ SZ@ (zq, s, J ) 21, (3.8)
j=

which, in the special case when

i
z=exp< pqm) (p €Z;q € N),

yields the summation formula:
) <B, a, s) =q° § ¢ (s, a+s=1 1) exp <———~—-——-—2(‘7 — 1)p7rz) (3.9)
q = q q

for the generalized Zeta function ¢(&, a, s) defined by (3.7) in terms of the Hurwitz Zeta function
{(s,a).
For z = 1, (3.8) reduces at once to the identity [8, p. 360, Entry (54.13.1)]:

{(s,a)=q" ZC( a+]_1>, (3.10)

which, for a = 1, yields the well-known result (2.8). On the other hand, by setting a = % in (3.8)
and (3.9), we have
A 29)"° y @(zq,s, 2j_1>zj"1 3.11
;(%_1)3 (29) ; % (3.11)
and
e(2n+1)pmi/q g 2j —1 (25 — 1)pmi
Z e = 0 ¢ (5 T e (LT, (312)

J=1
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respectively. Lastly, in their special cases when a = 1, (3.8) and (3.9) yield the following companions
of the summation formulas (3.11) and (3.12), respectively.

[e's} n q
2 i Li2)=q" <I><z sl)zf 3.13
> =L =0 ; (313

Jj=

and

O o2npmi/q p

Z ns = e‘g (E)

d j 2jpmi

=q° ZC <s, %) exp <%> . (3.14)
j=1

In particular, when s =v (v > 1), by simply equating the real and imaginary parts in (3.12)
and (3.14), we immediately obtain the following summation formulas involving trigonometric series:

i cos [EZLL: i))z;wm] (20" i < 2j — 1) cos (M) : (3.15)

o = q
; sin [((222111))23%/(1] = (2¢)7" jzi;g (,/, 2]2—;1> sin (@?ﬁ) , (3.16)
Z OS(OW/Q =q "JZZC( : ) cos(Qj(fW); (3.17)

i ﬂ]w =q7 ‘ic (v, i) sin <2—35’—75) : (3.18)

n=1 n j=1 p q

The assertions made by the Lemma of Cvijovi¢ and Klinowski [5, p. 1530] are precisely the
special summation formulas (3.12) and (3.18) with s = v (v > 1). Formula (3.14) with s = v (v > 1)
is, in fact, also one of the three main results in another paper by Cvijovi¢ and Klinowski [6, p. 207,
Equation (7)]; the other two main results of Cvijovi¢ and Klinowski [6, p. 207, Equations (8a) and
(8b)] are essentially the same as (3.16) and (3.15), respectively, with p replaced by 2p. Cvijovié
and Klinowski [6, p. 208, Equations (9a) and (9b)] also gave the special summation formulas (3.16)
and (3.15), respectively, with ¢ = Q.

Each of the trigonometric sums (3.15) to (3.18), and indeed also various further special cases
of many of the summation formulas considered here, can be found to be derived in the work of
Cvijovi¢ and Klinowski [5].

4. AN APPLICATION OF LERCH’S FUNCTIONAL EQUATION
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For the generalized Zeta function ¢(§, a, s) defined by (3.7), the functional equation:
¢(£v a,l— S) = (];Ej))s {exp [(%S - 2(1,&-) 7”] ¢ (_a‘a Ea 5)
+exp H—%s—{—&z(l—{)}m} d)(a,l—f,s)} (4.1)

(seC0<E<])

was first given in 1887 by Lerch [9], whose proof of (4.1) follows the lines of the first Riemann
proof of the functional equation for {(s) [Equation (2.4) with a = 1] and makes use of a certain
contour integral (which provides the analytic continuation of ¢(£, a, s) as an entire function of s for
£ € R\ Z). Severa] other interesting proofs of Lerch’s functional equation (4.1) can be found in the
works of (for example) Apostol [2] and Berndt [4]. Moreover, in terms of the general Hurwitz-Lerch
Zeta function ®(z, s, a) defined by (3.3), the functional equation (4.1) was derived in (among other
places) Erdélyi et al. [7, p. 29, Equation 1.11(7)].
In view of the summation formula (3.9), Lerch’s functional equation (4.1) with

a =

p (p€Z;qeN)
yields

319 - B {Ee ey

2 = q

o222

+Zg<s,j—”—§)

 exp K—% + 2—(]—-';—5—)l’-> m‘] } : (4.2)

Finally, in terms of a mild generalization of the classical Bernoulli polynomials B, (z), which was
defined by Apostol [2] by means of the generating function [2, p. 165, Equation (3.1)]:

/\zem_t - =§;Bn(m;)\) g (|t +log | < 27), (4.3)

so that [¢f. Equation (1.1)]
Buwi1) = Ba(s)  (n€MNo), @4)

it is known that [2, p. 164]
#(&,a,1—n) = —M (n € Np). (4.5)

n



9

Thus, setting s =n (n € N) in (4.2) and using (4.5), we obtain the following (presumably new)
analogue of (2.3) for the generalized Bernoulli polynomials B, (z;A) defined by (4.3):

q .
B, (2 27ri.£> _ . n ( ,€+J—1)
(q ¢ (2qm)™ ;g R

oxp | (- 2= ) i
#3¢(n i)

- exp (—-;f + 39—#) m'] } , (4.6)

which holds true whenever each side exists. Indeed, in its special case when £ € Z, the summation
formula (4.6) can easily be shown to reduce to the known result (2.3).
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