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A B S T R A C T

Optimization of throughput, in a channel perturbed by random and burst noise, 
has been extensively studied. Block coding has been chosen as the type of code used 
in forward error correction.

Constraints on the probability of packet loss and number of transmissions of a 
single packet have been chosen as the criteria for coding parameter selection for codes 
to be used in the forward path. Techniques for choosing the optimum code parameters 
in such situations have been described and throughput performance has been analyzed.

Information contents of feedback signals have been used to quantitively identify 
the requirements on average sample number for channel state inference. Different 
types of feedback signals have been analyzed and compared with respect to their 
information contents. Number of errors occuring in a packet has been shown to be 
the most informative.

Superiority of the proposed scheme, compared to the traditional acknowledgement 
or non-acknowledgement based schemes, has been proven by example for both gaus- 
sian and fading channels.
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Chapter 1

Introduction

1.1 Introduction

Error control coding is an area of increasing importance in digital communications. 
Communication system designers must cope with the ever-increasing demand for dig­
ital communication services. The data link protocol used for providing an error-free 
link between two communication nodes must use sophisticated error control tech­
niques. Automatic Repeat Request (ARQ) schemes improve the reliability of data 
transmitted, by repeating the same information a number of times. In very poor 
channel conditions, simple ARQ schemes cannot cope with the channel degradation. 
Hybrid Automatic Repeat Request (HARQ) schemes make use of both error detection 
and error correction coding to improve throughput and undetected error probabilities.

In future, demand for mobile communication will become very high. Therefore, 
future use of allocated spectrum should be as eflBcient as possible. Sophisticated cell 
design, channel allocation, and bandwidth eflBcient coding, will all be integrated into 
the system design. Transmission of delay limited data with maximum throughput 
eflBciency is a requirement for eflBcient and reliable data transmission. Only with 
proper error correction coding, and retransmission strategy, the goal can be achieved.

In a mobile environment, the transmission between the base station and the mobile 
terminal is impaired by signal shadowing and multipath fading. This causes the 
transmission quality to vary with time. This puts stronger demands on the error 
control process which cannot be eflfectively satisfied with non-adaptive techniques. 
All error control techniques require transmission of extra symbols along with the 
information symbols. Amount of redundancy in the transmission increases with the 
increase of channel symbol error probability. In a non-adaptive system, during good



1. Introduction 2

channel states, the redundancy will be wasted. This will reduce the system throughput. 
Whereas, if the system is adaptive and the error control scheme adaptively matches 
the channel condition, no redundancy will be wasted and the system will have the 
maximum throughput possible under the given channel condition.

For error correction in the transm itted block, both convolutional and block codes 
have been used successfully. Both types of codes can be chosen to match the channel 
state. Reliability can be achieved by retransmission of a block when the receiver 
fails to recover the transmitted symbols. Code combining can further enhance the 
reliability and throughput performance of the system.

1.2 Previous Results

Adaptive error control techniques in communication have been studied in [91], [90], [89], 
[95], [34], [74], [94], [64], [43], [92], [82], [76], [86], [55], [54] [98]. In all the studies, 
it was shown that, system throughput of an adaptive scheme is never worse than a 
non-adaptive one.

Mandelbaum in [65] introduced the idea of adaptive feedback coding scheme using 
incremental redundancy.

Idea of using sequential likelihood ratio testing for channel state inference was 
introduced in [75]. It was shown to be effective means to estimate channel state with 
any predefined amount of reliability.

Optimal packet length for Automatic Repeat Request (ARQ) schemes was studied 
in [3]. In [25], optimality was analyzed for Stop-and-Wait schemes. The mathematical 
model was based on the work of W. W. Chu [16].

Code combining scheme has been studied in [13], [12], [49], [48]. In these schemes, 
previously transm itted but unsuccessful packets are not discarded. All the replicas of 
a packet are combined to form a codeword with more error correction capability.

Concatenated coding schemes have been used with Reed-Solomon (RS) outer code 
and convolutional or block code as inner code [46], [21], [32]. Several features of RS 
codes make them suitable for use as the outer code. Among them are, the maximum 
distance separability, availability over a  wide range of block lengths, symbol sizes and 
code lengths and existence of efficient decoding algorithm for both errors and erasures.



1. Introduction 3

In [15], trellis code has been used as the inner code.

1.3 Objectives

The main objective of this work is to explore means of improving the throughput per­
formance of a retransmission based communication system. The fields of investigation 
are:

•  selection of optimum code and its parameters,

•  use of code combining for better throughput performance,

•  selection of type of feedback signals,

•  use of concatenated coding, and

•  finding means of reduction of sample number for the purpose of state estimation 
in adaptive error control coding schemes.

The motif of this research is to find ways to improve the performance of error control 
schemes compared to the work already done and mentioned above.

1.4 Outline of The Thesis

This thesis is divided into six chapters including the Introduction and Conclusions.
The second chapter describes the fundamental concepts of error control in com­

munication systems. It introduces to the idea of hybrid and adaptive error control 
schemes.

The third chapter describes diflferent error control schemes and analyzes perfor­
mance of différent schemes in gaussian as well as Rayleigh environments. Extensive 
simulation of receiver buffer is performed and the effect of limited size buffer is ana­
lyzed. A novel concatenated code combining scheme is proposed and its performance 
is analyzed.

The fourth chapter introduces the idea of information content of different kinds 
of feedback signals and compares their performance with regard to the achievable 
throughput in different environments. Different channel state inference methods are 
presented here.
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The fifth chapter presents performance of adaptive error control methods in both 
fading and random noise channels. Throughput performances of traditional acknowl­
edgement (ACK) based feedback signals and error count based signals are compared. 
Error count based schemes are shown to be superior to the ACK based schemes.

The sixth chapter concludes the thesis with a short summary of the results of the 
work presented in the thesis.



Chapter 2 

Fundamentals of Error Control in 
Communication

In the fundamental sense, communication involves implicitly the transmission of infor­
mation from one point to another. This transmission of information can take various 
forms. But irrespective of the particular form, there are three basic elements in ev­
ery communication system, namely, the transmitter, the channel and the receiver. The 
purpose of the transmitter is to transfer the signal generated by the information source 
into a form suitable for transmission over the channel. While propagating through the 
channel, the signal is distorted due to channel nonlinearity and noise and interference 
signals are added to it. The receiver reconstructs the received signal and delivers it 
to the destination. The basic system is shown in fig. 2.1. A communication system

communication system

transmitted
signal

received
signal

source

channel

receivertransmitter destination

F ig u re  2.1. Elements of communication system. 

can roughly be classified into three main categories; discrete, analog and mixed. In
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a discrete system both the message and signal are sequences of discrete symbols. In 
analog systems, both are continuous functions of time, and in mixed system both 
types exist. In analog systems, no significant effort is made by the designer to tailor 
the signal waveform to suit the channel. In discrete systems, a finite set of waveforms, 
matched to the channel characteristics, are used for transmission of source generated 
signals. The use of digital communications provides the capability of both efficient 
and reliable information transmission. Therefore, from now on, our discussion will 

focus mainly on discrete systems.

2.1 D iscrete N oiseless Channel

A discrete source generates a message symbol by symbol. The generation of successive 
symbols depends, in general, on preceding choices as well as the particular symbols in 
question [79]. Therefore, a discrete source can be represented by a stochastic process. 
T his type of discrete stochastic process is also known as Markov Process and can 
be represented graphically by a number of states S j{ j =  1,2,••• ,n) and a set of 
transition probabilities, pÿ(i =  1, • • • , n; j  =  1, ■ • • , n), among the states.

Similar to the discrete source, a channel can also be represented by a set of input 
symbols, a set of output symbols and a set of transition probabilities between the 
input and the output symbols. A discrete memoryless channel (DMC) is a discrete 
channel in which each symbol of the output sequence is statistically dependent only 
on the corresponding symbol of the input sequence [81]. A DMC is specified by its 
set of transition probabilities P {j\k){k  < r, j  < s), where P{j\k) is the probability 
of receiving symbol j  when k  was transmitted. If corresponding to the set of input 

symbols (x i,X 2 , • • • , xn), the set of output symbols is (j/i, j/2 , • • • , y^), then,

N
Pr(y|x) =  f j  PiVnlxn)- (2.1)

n = l

In [66], a DMC is defined as a channel that accepts every given interval of time, one 
of r input symbols zmd in response expels one of s output symbols, where r and s are 
both finite numbers. The block diagram of a DMC with r inputs and s outputs is 
shown in fig. 2.2.
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When the number of channel symbols is two and the probability of correct recep­
tion of a  symbol is the same for both of them, the channel is called a Binary Symmetric 
Channel (BSC). A BSC is represented by a single parameter p, the transition prob­
ability. This is a  nonnegative probability that the output will be diflferent from the 
input . The transition probability diagram of a BSC is shown in fig. 2.3.

When the numbers r and s are not too big they are represented by a diagram 
similar to the one given by fig. 2.4. The output is governed by a m atrix of transition 
probabilities, with elements P {y\x ) , where x  and y  are the input and the output symbol 
respectively. Symmetric charmels are special cases of a DMC. A ç-ary symmetric 
channel has the property that

kzR
9 - 1

(2 .2 )

2.2 Some Channel M odels

A communication channel can be modeled as a linear filter [52]. The specification 
of the channel reduces to the specification of the mean and correlation function of 
either the impulse response or the received process conditioned upon the transm itted 
waveform. A channel is said to be a  fading channel when the impulse response is 
randomly time-varying. A few of the channel response models are described below.

2.2.1 Scattering Function M odel

In mobile, satellite, and other radio communications, the signal transm itted by the 
transm itter might reach the receiver via more than a single path. A scattering function

1 
2

F ig u re  2.2, Discrete memoryless channel (DMC).
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A i
1

O B

B

F ig u re  2.3. Binary symmetric channel. 

inputs outputs

F ig u re  2.4. DMC represented by transition probabilities.

model suits such channels very well. The transmitted signal scattered by different 
scatterers reach the receiver at different time instants. Each scatterer is described by 
its reflection energy cross-section, pf, and propagation time delay, Ti{t). We denote 
the channel input and output waveforms by s{t) and y{t), respectively. If u{t) is the 
complex envelope of s{t), then,

s{t) =  Re[u{t) exp jcjot]. (2.3)

The average scatterer cross-section is deflned as,

=  (2.4)
i

We characterize scattering functions by their Doppler Spread, B, Multi-path Spread.
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L, and Total Spread, S, defined as [52], 

B  =

L  =

I f A f )

[ j A r )

df
- 1

- 1

(2.5)

(2.6)

and

S  =
U l

f )  d rd f
- 1

(2.7)

where

<r(r) = Jcrir , f ) d f . (2.8)

The value of <T{r,f) may be regarded as a fraction of the scatterer cross section 
contributed by scatterers in the vicinity of range delay r and Doppler shift / .  Thus 
cr(r) is the fraction of cross section contributed by scatterers in the vicinity of r, 
regardless of their Doppler shifts. Similarly, cr(/) is the fraction of the scatterer cross 
section contributed by scatterers whose Doppler shift is in the vicinity of / ,  regardless 
of their range delays. cr(r) is called the delay scattering function and a{f )  the frequency 
scattering function.

The quantity B  provides a rough measure of the frequency interval over which 
the Doppler shifts of the scatterers are spread, whereas L provides a measure of the 
interval over which their range delays are spread. These quantities are also called 
frequency dispersion and time dispersion of the channel.

The duration T, and bandwidth W, of the transmitted waveform are defined as 
follows [52]:

T  =
1/

-1

(2.9)

and

W  = 1/mf)\uf -1
(2.10)
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where U{f)  is the Fourier transform of u{t), that is,

U( f )  =  J  u(t) exp(—j2Trft)d t. (2 .1 1 )

In almost all realistic situations, neither the frequency dispersion B, nor the time 

dispersion L, vanishes. But there arise situations when one or both of them may be 
considered zero for all practical purposes.

A channel whose scattering function is a unit impulse is a non-dispersive channel: 
that is,

(T{r,f) = 5{r)5{f) .  (2 .1 2 )

This channel is sometimes called fiat-flat fading channel. This channel is, in essence, 
random-phase Rayleigh fading channel. The attenuation and phase of the channel 
output signal are statistically independent random variables that are not functions of 
time.

A channel is said to dispersive only in time if its scattering function is impulsive 
in frequency, that is, if

(x{rJ) = 5{f)cT{r). (2.13)

Because, the output of these channels do not vary in time, they are also called time-flat
fading channels. The effect of time dispersion is the attenuation of certain frequency
components of the transm itted waveform. This type of fading is called frequency 
selective fading.

We say that a channel is dispersive only in frequency if its scattering function is 
of the form

(^{r,f) = 5{r)a{ f ) .  (2.14)

This kind of channel selectively alters certain time segments of the transmitted wave­
form. Hence frequency dispersion is sometimes called time selective fading.
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u(t) exp (j ©ot)

input

m

y(t)Real part

Delay line

F ig u re  2.5. Tapped delay line model of fading channels.

Channels that are dispersive in both time and frequency are called doubly disper­
sive. Such channels exhibit both time-selective and frequency-selective fading.

2.2.2 D elay-line M odel o f Fading Channels

In the delay-line model, the received process is expressed in the form

ylt) =  Re ^  mi{t) u{t -  Ai) exp jujQ{t -  A»)
L »

(2.15)

where mi{t) are complex functions. Thus the channel may be represented by a tapped 
delay line as shown in fig. 2.5. As illustrated in the figure, the input is fed into the 
delay line and the waveform from each tap is multiplied by the complex tap-gain 
function ruift). The resulting waveforms are added and the real part of the result 
is extracted to obtain the channel output waveform. For fading dispersive channels 
these tap gain functions are assumed to be zero-mean Gaussian random processes.
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As a result, statistical properties of y{t) are completely specified by the correlation 
function

Ry{t,r) =y{ t )  y{r). (2.16)

2.2.3 Statistical M odel o f Fading Channels

There are several probability distributions that can be considered to model the statis­
tical characteristics of a fading channel. They all depend on the particular situations 
concerned. Presence of a direct path from the transmitter to the receiver, shadowing 

due to trees and foliage, and number of scatterers around the receiver all contribute to 
different statistical models of the fading channel. The frequency-non-selective chan­
nel results in multiplicative distortion of the transmitted signal s{t). It is assumed 
that the multiplicative process remains constant during at least one signaling inter­
val. Therefore, the received equivalent low-pass signal in one signaling interval can 

be represented by

r{t) =  a  s(i) -t- z{t), 0 < t  < T ,  (2.17)

where z{t) represents the complex-valued gaussian noise process. Different fading 
models exist which all depend on the distribution of a.  We shall discuss here the 
most commonly used models:

R ay le ig h  C h an n e l; When there are a large number of scatterers in the channel that 
contribute to  the signal at the receiver, application of the central limit theorem leads 
to a Gaussian process model for the channel impulse response [33]. If the process is 
zero-mean, the envelope of the channel response at any time has a Rayleigh probability 
distribution and the phase is uniformly distributed in the interval (0, 27t). Examples 
of this type of channel is the ionospheric and tropospheric channel and urban mobile 
channel. In the urban channel, the direct path from the transm itter to the receiver is 
blocked by man made structures. The Rayleigh probability density function (PDF) 
is given by

p(r)
2r f 1

=  — e x p < - ^ >  for 0  <  r  < -foo (2.18)
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which has the corresponding cumulative distribution function (c.d.f.)

p(r <Tl)  = J  p(r) d r = l -  exp • (2.19)

This distribution has an r.m.s. value of y/r^ =  cr, a mean value (r)av =  ^  =  0 .8 8 6 (7  

and the most probable value ^  =  0.707(7
The normalized correlation coefficient of the signal envelopes at two points sepa­

rated by a distance, is given by

P(0 =  (2.20)

where Jo() is the zeroth order Bessel function of the first kind. The fraction of time 
the signal strength remains below a certain level is represented by the c.d.f. of the 
signal strength. The average number of times the signal level crosses a particular level 
% is a function of 71, speed of the moving vehicle, v, and the carrier frequency of the 
signal. The level crossing rate for a Rayleigh density function is given by [56]

n(7Z) =Tio n-jz. (2.21)

(2 .22 )

where % is the envelope of signal strength E  w.r.t. its r.m.s. value, i.e. 7Z =
V

Average duration of fades can be computed from the relation

With a change of variable to the signal-to-noise ratio, for a Rayleigh channel,

p(?6) =  4- 76  > 0 ,  (2.24)
76

where 76 is the average signal-to-noise ratio, defined as

76 =  ^  E(a^). (2.25)
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N ak ag am i C hannel: Another statistical model for the envelope of the channel re­
sponse is the NaJcagami-m distribution [72]. This distribution has two parameters that 
can be matched to the fading channel statistics. Since this distribution involves two 
parameters, this is more flexible in matching the observed signal statistics compared 
to the Rayleigh fading model which is described by a single parameter. Suzuki [85] 
has shown that Nakagami-m distribution is the best fit for data signals received in 
urban radio multi-path channels. Random variable 7  has the PDF

P h )  =  (2-26)

where 7  =  E {a ^)£ /N q.
m =  1 corresponds to Rayleigh Fading and as m -> 0 0 , the channel assumes AWGN 
character.
R ice C hannel: The Rice distribution is also a two-parameter distribution. It ex­
pressed as

P«(r) =  ^  /o ( ^ ) , r  >  0, (2.27)

where 7o() is modified Bessel function of zeroth order. This model is suitable for 
Line of Sight (LOS) communication systems where the direct signal is corrupted with 
multi-path components arising from secondary reflections. This is typical in aeronau­
tical [5], maritime [42], and land mobile satellite communications [44], [45], [8 8 ], [26].

L og-norm al C hannel: When the direct component is shadowed, the received SNR 
can be characterized by a log-normal density function given by

(In 7  -  hqŸ 
\ / 2  7T do  7  ^  L 2  do

where imq and do are the mean and variance of In 7  respectively.
There are more complicated models of fading channels. Suzuki [85] postulated that 

in mobile communications the statistical behavior of the narrow-band signal envelope, 
r, may be approximately described through a mixture of probability density function 
(PDF) in the form

^r(r) =  r
do

Pr{r\S) Ps{S)  d5, (2.29)
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o o

p ( j )

F ig u re  2.6. Transition diagram for discrete noisy channel.

where Pa{S)  is the lognormal PDF of S  and P r ( r |5 )  is the PDF of r conditioned on 
S .  Lorenz [62] proved that a Rayleigh-lognormal model is suitable for macro-cellular 
propagation. In micro-cellular environments and for mobile satellite communications 
the presence of a direct component is very probable. So the Rayleigh distribution is 
replaced by Rice distribution. Loo [60] proposed a mixed model in which a lognormal 
component and a  Rayleigh component are additive. More recently, a  Rice-Log-normal 
model for the envelope, r, has been introduced [18]. Generalized Rice-lognormal 

channel model has been introduced in [87]. This model is a combination of the models 

in [60] and [18].

2.3 C apacity o f Com m unication Channels

Capacity of a channel is by definition the maximum error-free information rate that 
can be transm itted through it. The channel of any practical communication system 
imposes limitations on this rate because of noise. The amount of information for 
discrete noisy channels can be defined with the help of fig. 2.6. The average mutual
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information is defined as

(2.30)

The above expression can be maximized w.r.t. p{i) and the resulting value, the ca­
pacity, is obtained. For g-ary symmetric channels this capacity becomes

C  =  log2 q + ' ^ p { j / i )  loga p{j/ i),  (2.31)
i

in bits per symbol. For BSC this relation reduces to

C = l + p  logg p + q loga q. (2.32)

If the channel has a capacity C,  it is possible to send information through the channel 
at the rate C  or lower with as small a frequency of errors or equivocation as desired [79].

2.3.1 Capacity o f Gaussian Channel

For a Gaussian memoryless channel of nominal bandwidth B  Hz., received signal 
power P , and noise spectral density Nq, the channel capacity is given by

C  =  +  (2.33)

Whenever the information rate R  is less than C, then some coding- modulation- 
demodulation-decoding scheme exists which yields an arbitrarily small error proba­
bility. If P  is greater than C, then regardless of the coding or modulation scheme, the 
error probability will be greater than zero. For an infinite bandwidth the asymptotic 
value of the capacity is

C „ = l i m B l o g , ( l  +  ^ ) = ^ .  (2.34)

From eqn. 2.33, E i,/N q can be expressed as a function of C/B.
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2.3.2 Capacity o f a Rayleigh Channel

In a Rayleigh channel the SNR does not remain constant. I t varies with time according 
to Rayleigh density function given in eqn. 2.18. Probability density function can also 
be expressed as

P(7) =  (2.36)

where F is the average value of 7 . The average value of channel capacity is obtained 

as [57]

r°° 1
(C) =  /  B  logjCl +  dj .  (2.37)

Jo 1

The solution to eqn. 2.37 is obtained as

(C) =  - B  log; e. E i { - \ h ) ,  (2.38)

where Ei{x)  is the exponential integral function and can be expressed in following 
two forms

B f ( - i ) = E  +  l n ( i ) + y ; ^ ^  (2.39)
k=l

= e-". (2.40)
Jfc=l ^

where x > 0 and E  is the Euler constant {E =  0.5772157) and is a remainder 
term. In case where F >  2, expression for capacity becomes

{C) = B  log2 e .e " '/^ (-£ ; +  ln F +  ^ ) .  (2.41)

2.3.3 C apacity o f Channels with Feedback

In his classic paper on communication theory Shannon examined the effects of feedback 
on the capacity of a  unidirectional system according to the scheme of figure 2.7. The 
feedback path is assumed to be error free. It can be recalled that error-free information 
can be transferred over a noisy channel at a rate lower than the channel capacity. The 
capacity can be achieved if optimum coding is used. This is accomplished at the cost 
of certain amount of redundancy in the coding. The redundancy has to be introduced
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F ig u re  2.7. Shannon’s scheme of feedback correction system.

in the proper way to combat the particular noise structure. It may be in the source 
coding or in the channel coding. Ideal coding involves the introduction of just the 
right amount of redundancy. Excess redundancy will reduce the system throughput. 
An infinitely large amount of delay is required to achieve this goal.

The addition of a feedback path helps to achieve the channel capacity with a finite 
delay. In [80] Shannon proved that in a  memoryless discrete channel with feedback, 
the forward capacity is the same as the capacity with feedback. That means that 
feedback cannot increase capacity of a memoryless channel. Zero error capacity of a 
channel, Cq, is defined as the least upper bound of rates for block codes with no errors. 
Zero error capacity Cqf of a  feedback channel is defined in a similar way. If all the 
input symbols are not adjacent to one another, it is possible to transmit information 
through the channel at non-zero rate with zero error probability. In the same paper 
cited above. Shannon proved that for channels having positive zero error capacity Co, 
complete feedback may improve the channel capacity.

Shannon, in [79], mentioned that capacity of a channel with memory will be in­
creased by the addition of feedback. In communication channels where errors tend 
to occur in bursts, the channel is said to exhibit memory. It has been shown that a 
discrete memoryless process has maximum entropy among the class of binary stochas­
tic processes with error rate p and arbitrary memory length. That is, the entropy of 
binary channel with memory is upper bounded by

H  < Ho, (2.42)

where Hq is the entropy of the DMC channel. So the measure of memory can be
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defined as the ratio

e =  (2.43)

The channel capacity of the channel can now be expressed as

C  =  Co +  6Hq, (2.44)

In [19], a  new upper bound on the feedback capacity was given. It was proved that 
the feedback capacity for an additive gaussian noise channel with memory is bounded

by

CpB <  C" +  2 ’ (2.45)

One example of the channel with memory is the additive colored gaussian noise 
channel with an average power limitation on the transm itted signal. It has been proved 
in [31] that the capacity of such a channel is upper bounded by

C f b  < 2 C, (2.46)

where C f b  is the capacity with feedback. As the noise tends to white noise, the 
feedback channel capacity approaches that of a nonfeedback channel.

2.4 Error Control Schem es in Com m unication

Due to the addition of noise and interference signals, signal transm itted through a 
channel is distorted; and as a result, the receiver may not always recover the trans­
m itted message correctly. There always exists a certain probability of incorrect recep­
tion. Reliability is a measure of correctness of the received data. It is quantitatively 
measured by P{E),  the probability that received data is accepted but is in error. 
There are numerous methods to reduce this error probability: error-detection coding, 
error-correction coding, iterative coding, automatic repeat requests (ARQ), erasure 
decoding in combination with ARQ and other combinations of the above.

2.4.1 Iterative Coding

The simplest iterative coding scheme involves the repetition of transm itted symbols. 
In erasure decoding, if the received symbol does not meet the threshold limit, it is
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discarded. If the probability of erasure is p, the probability that a symbol will be 
erased in all the n  times it is transmitted, is p” . Whatever the value of p may be, the 
probability of incorrect reception can be made arbitrarily small by properly choosing 
n. In a  majority count decoding, a  binary symbol is transm itted an odd number of 
times and the majority counted symbol is accepted. Probability of incorrect reception 
in this case is

(2.47)
»=(n+l)/2 ' * '

As the value of n  increases, Pg decreases, improving the reliability of reception.
In practice iterative decoding is performed on blocks of symbols called packets. 

Multiple copies of the same packet are transmitted over the channel and the receiver 
uses m ajority count decoding and extracts the transmitted information. Though it­
erative methods are very simple to implement, the major drawback with them is that 
channel throughput is reduced drastically and efficiency is far below the channel ca­

pacity.

2.4.2 Forward Error Correction

In forward error correction (FEC), the transmitter takes the user data, adds some 
redundancy and transmits both the user data and the redundancy through the channel. 
The data  corrupted by channel noise is received by the receiver and is processed by the 
decoder to extract correct user data from it. The redundant symbols help to locate 
the positions in the packet where an error has occurred and correct them within a 
certain limit. A block code with M  codewords of length iV is a mapping from a set 
of M  source messages onto a set of M  codewords where each codeword is a sequence 
of M  symbols from the channel input symbol set. A decoding operation is a mapping 
from a set of output sequences of length N  into the symbols 1 ,2, • • • , M, the input 
symbol set. If this reverse mapping does not produce the input message, it is said 
that a  decoding error has occurred. The minimum number of symbols required to 
construct M  different messages is [logg M ]. The generic name of the N  -  [logg M] 
symbols are parity symbols. Because of errors introduced by the transmission channel, 
some of the symbols in a codeword will be changed. If this number does not exceed 
a certain limit, defined by the particular code, the decoder can map the received
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symbols of a codeword onto the transmitted message correctly. When the number of 
errors occurring in a packet exceeds this number, the decoder might be able to flag 
the block as uncorrectable or it can find a codeword other than the transmitted one. 
The first event is called the decoder failure and the second event decoder error or 
undetected error. The minimum distance of a  code is the minimum number of symbol 
locations any two codeword differ. If the minimum distance of a code is d, the code 
can correct a maximum of symbols. Performance of a code is measured by the 
coding gain, defined as the difierence expressed in dB  in the required E i,/N q for a 
given error performance, between the ideal PSK and the particular coding scheme [7].

If the number of input symbols is 2, the code is called a binary code. Most 
error correcting codes are of this type. The best known binary codes for memoryless 
channels are Bose-Choudhury-Hocquenghem (BCH) codes. These are cyclic codes 
whose symbols are elements from Galois Files GF{q).  When q = 2, BCH code is 
called binary BCH codes. For any integers m  and t, there exists a binary BCH code 
of length 2 "* — 1 which has no greater than m t  parity symbols and which corrects all 
combination of t  or fewer errors in a codeword. Parameters of BCH codes of length 
255,127 and 63 are given in tables D .l, D.2 and D.3 respectively.

Non-binary codes has symbols from GF{q).  Among all the non-binary codes used 
in practice, Reed-Solomon (RS) codes are the most prominent. A RS code of length 
n  with k  information symbols in a block has a minimum distance d = n — k + 1. 
When used in a channel for which all error patterns of the same weight have equal 
probability of occurrence, it can correct a maximum of symbol errors. Decoder 
error probabilities for Reed-Solomon codes obey the following relations [67].

Pb(w) =  0, for u <  d — t — 1 (2.48a)

< ( g - l ) “’‘ ^  M  (g -  1)', f o r d - t < u < d - l  (2.48b)
s=d-u

< Q \  for u > d .  (2.48c)

where
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The term VÇ,(i) denotes the volume of a Hamming sphere of radius t  and expressed as

%.(() =  É ( " )  (« -  !>’• ( 2  50)
a=0 '  '

A slightly weaker but simpler bound for all u >  d — t is given by

P e {u ) < { ^   ̂  ̂ (2.51)
(,_ l)r-2fji> if t > 2 .

Decoded bit error probability for RS codes is given by [39]

(2-52)

where p, is the channel symbol error probability. The symbol error probability may 
be the error probabUity of an actual non-binary channel or may be the probability of 
one or more binary errors in an m-bit word on a binary channel. In a binary channel, 
the symbol error probability is given by

171 y \

-!> )” "■ (233)

Throughput efficiency of a system can be defined as the ratio of the correctly 
delivered symbols at the receiver to the total number of symbols transmitted by the 
transmitter. For an (n, k) blockcode with an overhead of h symbols per packet, this 
quantity can be expressed as

Th = S -  (2.54)
Tl + il

where S,  the probability of correct reception for a channel, depends on the tjqje of
channel in question. For a Gaussian channel with symbol error probability p, this
probability is

^  =  E  (2.35)
1=0 ^ ̂  /
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F ig u re  2.8. Forward error-correction scheme.

The block diagram of a digital communicatioii system using FEC is shown in figure 2 .8 . 
A FEC scheme provides constant throughput efiSciency, set by the code rate, regardless 
of the channel conditions. Because the decoded word must be delivered to the user 
regardless of whether it is correct or not, the system reliability can not be guaranteed 

if the channel degrades.

2.4.3 Pure ARQ Schemes

Automatic Repeat Request (ARQ) schemes can provide high reliability in exchange for 
less throughput and higher delay in delivering data to the user. The fundamental idea 
of a  plain error control scheme with ARQ is that the receiver detects erroneous data 
blocks and via the feedback channel requests a  retransmission of those blocks. The 
most important advantage of ARQ is that the delivered data has predictable quality [6 ]. 
The disadvantage of the system is that throughput depends on the channel condition.

Depending on the mode of retransmission, ARQ protocols are basically of three 
types: the stop-and-wait ARQ, the go-back-N ARQ, and the selective-repeat ARQ. In 
SAW ARQ, the transm itter stops at the end of each transmission and waits for a reply 
from the receiver. The receiver may answer with an ACK, indicating that the message 
has been successfully received or with a NAK, indicating that the message has not 
been correctly received. In the Go-back-N scheme, the receiver discards all the packets 
arriving after an imsuccessful reception of an eaxlier packet and the transmitter also 
resends all these packets along with the unsuccessful packet. In the selective-repeat
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scheme (SR), only those packets which are unsuccessful, are retransmitted. The re­
ceiver stores all the correctly received packets until they can be delivered to the user in 
sequence with earlier packets. This scheme is most effective in the sense of throughput 
efficiency. This is achieved at the expense of complicated buffer management at the 
receiver.

The advantage of a Go-back-N scheme is that the blocks do not have to be indi­
vidually labeled and that algorithms are simpler than a comparable SR scheme [6 ]. 
There are several disadvantages of the scheme:

•  In order to make sure that an erroneous block is repeated, the maximum round- 
trip  delay on the link and the maximum range is limited. The delay cannot 
exceed the time it takes to transmit N  blocks. This restriction creates problem 
in satellite communication.

•  The scheme sends more data than necessary and thus throughput performance 

is degraded compared to the SR scheme.

These schemes are described in more detail in [58] and [17]. Because of simple error 
detection in these schemes, they are not very suitable for mobile data communication 
with medium to high bit rates.

In all ARQ schemes discussed in this thesis, it is assumed the feedback channel 
is error-free. In the feedback channel two types of errors can occur; an acceptance 
can be interpreted as a rejection {A —> R), or vice versa {R —> A) [77]. Because of 
the lower required information rate, the feedback channel can be made very reliable. 
When fading or severe noise bursts are present in the reverse channel, it is not always 
possible to simultaneously reduce both types of errors much below the limit defined 
by the interruptions.

An {R  —)■ A) error may result in the loss of an entire codeword or codegroup. If the 
transm itter uses a sufficiently asymmetric decision to interpret the feedback signal, 
the {R  —> A) error can be reduced sufficiently in exchange for increased {A —> R) 
error.
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F ig u re  2.9. Hybrid ARQ scheme.

2.4.4 Hybrid ARQ Schemes

These schemes are combinations of both the forward-error-correction and error-detection. 
They were first proposed by Wozencraft and Horstein in 1960 [96]. They are imple­
mented by correcting a limited number of frequently occurring error patterns and
requesting a retransmission when a more complicated or less frequent error pattern 
is encountered. This way the probability of retransmission is reduced. And the 
throughput over that of the ARQ scheme alone is improved. Retransmission of unre­
liable packets increases the system reliability beyond that of the FEC system. Thus, 
positive features of both the schemes are combined. Any of the retransmission scheme 
can be used with this scheme.

There are two basic approaches for implementing a hybrid ARQ system. The first 
scheme employs two codes, one for error detection purpose only and the other for 
error correction. Alternatively, a single code can be used for both error correction 
and detection. But in all practical systems, a  strong error detection code is used for 
higher system reliability. The most widely used error checking codes are CRC codes.
A high rate error-detection code in conjunction with an error-correcting code is shown 
in fig. 2.9.

To a block of k information bits, nc parity bits are added to form a codeword of 
error-correcting code CO. To these k + nc bits, nd bits of error-detecting code C l 
are added. The packet for transmission is formed by adding extra header and control
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bits to these encoded bits. The receiver first decodes the received block by trying to 
correct any error which might have been introduced by the channel. Then the packet 
is checked for any residual error. In case of no error remaining, the packet is accepted 
and an ACK is sent, otherwise, a NAK is sent to the transmitter.

The type of hybrid ARQ scheme described above is called type-I hybrid automatic 
repeat request (HARQ) scheme to diflferentiate it from another type of more sophisti­
cated scheme called type-II HARQ scheme. In the HARQ-II schemes, the FEC parity 
bits are not sent with the message and error detecting parity bits. The transm itter al­
ternates between message bits along with error-detecting bits on one transmission and 
only FEC parity bits on the next. If the first transmission is error-free, parity  bits are 
never sent. And if the code is invertible [13], any error-free copy of the parity  bits can 
recover message bits. If neither transmission is error-free, bits from two transmissions 
are combined and decoded for error correction and can deliver the message, provided 
the error-correcting capability of the code is not exceeded. This scheme provides 
better throughput efficiency compared to type-I scheme, but is more complicated to 
implement. Further discussion on this issue is presented in subsection 3.3.2.

The second approach is implemented by using reliability information from the 
decoder/demodulator to either accept a packet or discard it. The overall number of 
redundant bits required by this method is less than the number required by HARQ-1 
scheme, and is achieved at the expense of decoder complexity. In this dissertation we 
shall focus on the first approach.

In hybrid ARQ schemes, the choice of RS codes is very common due to the follow­
ing reasons:

•  The RS codes can provide very long blocklengths which is required for averaging 
channel errors over long periods of time.

•  The RS codes are symbol based. The encoder and decoder operates on bytes 
rather than on bits. This reduces complexity of the encoder and decoder com­
pared to binary codes.

•  The RS codes have a very low decoding error rate. In most cases, RS codes can



2. Fundamentals of Error Control in Communication 27 

detect uncorrectable errors. This information can be used in ARQ purposes.

•  The RS codes are good at burst correction. In multi-bit modulation schemes, 
their performance is better than for pure random noise.

In an RS coding scheme, if the probability of successful reception of a packet is S, the 
average number of transmissions needed for a packet to be successfully received can 
be obtained from the following relations [97]:

^av =  ^  selective-repeat system (2.56)
c

Go-back-N system (2.57)
S  + ( l - S ) N

5
=  stop and wait system (2.58)

where D  is the idle time from the end of transmission of one code vector to the 
beginning of transmission of the next and r  is the signaling rate of the transm itter in 
bits per second. Throughput is obtained by multiplying Nav with code rate k/n.

In the above derivations it is assumed that block failure probabilities are indepen­
dent of each other. More general derivations are presented in chapter 3. Optimum 
performance of hybrid ARQ systems are analyzed in chapter 3. One example showing 
the effect of code rate on system throughput is given in fig. 2 .1 0 .

2.4.5 Adaptive Error Control Schem es

For a slowly varying channel, throughput optimization can be done by adaptively 
changing the code parameters to match the channel conditions. In chapter 5 an in- 
depth analysis of these schemes is given.

2.5 Interleaving

In a coding scheme, redundancy is used to combat noise. In order to ensure that 
most of the time the noise affects only a small portion of the codeword, the noise 
has to be averaged over a  long period of time. To achieve this, the codeword must
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F ig u re  2.10. Throughput o f R S  (64, fc) for different symbol error rates

have a very large block length. Practically, this is not possible due to the decoding 
complexity of very large blocklength codes. However, an alternative method to achieve 
this is the use of interleaving. By interleaving, burst errors are dispersed over a wider 
range and appear random. This way the errors are distributed over a span of several 
blocks and thus the probability of successful decoding might increase if the average bit- 
eiTor-rates do not exceed the error-correcting capability of the code used. However, in 
information theoretic sense, the channel becomes worse with respect to the information 
capacity due to interleaving, this is a  practical necessity in many applications. System 
delay constraints preclude interleaving to a depth so great that channel noise becomes 
completely random. The correlation among successive errors is the deciding factor of 
the depth of interleaving.

Several types of interleaving design exist. The block diagram of an interleaver is 
shown in fig. 2.11. The encoded data are reordered by the interleaver and transmitted 
over the channel. At the receiver, the deinterleaver puts the data in proper sequence 
and passes it to the decoder. As a result of interleaving/deinterleaving, error bursts 
are spread out in time and errors in a codeword appear to be independent. A block
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F ig u re  2.11. Block diagram of system using interleaving.

interleaver formats the encoded data in a  rectangular array of m rows and n columns, 
m, being called the interleaving depth. Usually a row is formed by a codeword. .A.t 
the transmitter, bits are read-out column-wise, whereas at the receiver deinterleaver 
it is read-out row-wise. As a result, a burst of length I = m  b is broken up into m 
bursts of length b each. The block diagram of the interleaving system is shown in 
fig. 2.11 and a 5x9 block interleaver is shown in fig. 2.12. The numbering corresponds 
to the sequence the bits are read out from the encoder.

Read out firom demodulator

1
1

I
c

I

1 6 11 16 21 26 31 36 41
2 7 12 17 22 27 32 37 42
3 8 13 18 23 28 33 38 43 I
4 9 14 19 24 29 34 39 44
5 10 15 20 25 30 35 40 45

9 columns

F igure  2.12. A block interleaver.
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2.6 Summary

In this chapter we have described fundamentals that will be used in subsequent chap­
ters of this thesis. The capacity of discrete as well as analog channels have been in­
troduced in section 2.3. Different channel models have been discussed in section 2.2. 
Different error control schemes and coding techniques for retransmission based com­
munication systems have been introduced in section 2.4. Block interleaving technique 
has been described in section 2.5.
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Chapter 3 

Performance of Error Control 
Schemes in N oisy Environment

In this chapter we analyze the performance of different error control schemes with the 
objective of optimizing their throughput performance.

3.1 Sim ple ARQ schem es

The throughput of a simple ARQ error control scheme depends on the size of the 
packet, the channel BER and the amount of overhead bits in a  packet. It is assumed 
that error process in any transmitted block is independent of any other block. For SR 
schemes, assuming that messages are single block, the throughput is given by eqn. 3.1.

Th = ! ^ ( i - p r ,  (3.1)71

where h is the number of overhead bits in a  packet of length n  with a channel BER 
p. The optimum value of the packet length can be obtained from the above relation 
by differentiating T h  w.r.t. n [78], [69], [16] and then choosing the integer closest to 
the result which provides the best throughput. Differentiation of the equation w.r.t. 

n  yields

^  ^  (1 -  P)" -  P) +  (1 -  P)" (3.2)

By equating ^  to zero, the value of n  is obtained as follows:

h lo g j l  - p )  -  J log^(l -  p) -  4 /i logg(l -  p) 

"  "  2  log.(l -  p) •
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Table 3.1 gives the maximum throughput obtainable with plain ARQ systems for dif­
ferent BER’s. Fig. 3.1 gives the optimum packet length and the average number of 
transmissions corresponding to maximum throughput.

T ab le  3.1. Maximum throughput table for ARQ schemes (overhead = 48 bits).

HER Optimum 
Packet Length

Average 
Number of 
Transmissions

Throughput

le-05 2216 1.02241 0.956898
1.58e-05 1765 1.02837 0.945969

2.51e-05 1407 1.03597 0.932344
3.98e-05 1123 1.04572 0.915403

6.31e-05 897 1.05823 0.894406

0 .0 0 0 1 718 1.07444 0.868493
0.000158 575 1.09542 0.836685

0.000251 462 1.12307 0.797907
0.000398 373 1.16012 0.751055
0.000631 301 1.20922 0.6951
0 .0 0 1 245 1.27778 0.629281
0.00158 2 0 0 1.37332 0.553404
0.00251 165 1.51434 0.468249
0.00398 137 1.72719 0.376123
0.00631 115 2.07073 0.281355
0 .0 1 98 2.67763 0.190543
0.0158 84 3.82659 0.111998

continued on next page
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continued from previous page
0.0251 74 6.57017 0.053477

0.0398 6 6 14.6032 0.018676

0.0631 61 53.2834 0.003999

0 .1 57 405.674 0.000389

An approximate expression for the optimum packet length can be obtained from 
eqn. 3.3 by expanding the logarithmic expression. The equation found is given by

n 1 + + (3.4)
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F ig u re  3.1. Optimum packet length with plain ARQ schemes.
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F ig u re  3.2. Maximum throughput values for plain ARQ  systems.
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3.1.1 H ARQ -I Scheme in G aussian Environment

In practical communication systems, the number of retransmissions must be limited 
due to delay constraints or limited length of receiver buffers. We shall analyze cases, 
when number of transmissions is unlimited and when there is a limit on the number of 
transmissions. In both cases, lower limit on successful reception after allowed number 
of transmissions exists. When there is no limitation on the number of transmissions, a 
packet can be successfully transmitted by a sufficiently large number of transmissions. 
In restricted environment, use of a low rate code increases the probability of success 
and by using sufficiently low rate code, a packet can be successfully transm itted within 
the limit imposed on the number of transmissions.

3.1.1.1 U n lim ite d  N u m b er o f  T ran sm issio n s

We assume the probability of an undetected error in a packet by the receiver to be 
negligible. This assumption is justified in the sense that undetected error probability 

Pu is of the order of 2“* where b is the number of parity bits in the CRC code. The
probability, Pr, that a block of length n  and error correcting capability of t symbols
in the block will be rejected by the receiver is given by

Ê  ( " ) p ' ( l - p ) ”- ‘ (3.5)
i=t+l  ̂ /

=  1 — 5, (3.6)

where 5  is the probability of successful reception of a packet and expressed eis

5  =  ( 3 ‘ )

Average number of transmissions required for the packet to be successfully received 

by the receiver is

=  ( i _ p , )  =  S '

Hence the throughput of the scheme can be expressed as
km  1 

nm  + h + b Nav

s. (3.9)

T h  =

nm  + h -hb



3. Performance of Error Control Schemes in Noisy Environment 37

As with the case of plain ARQ, there exist optimum values for n  and t which provide 
maximum throughput. This is not evident from the above equation and the derivation 
of optimum values is not as easy as in the case of ARQ without error correction. We 
have found the optimum values of n  and t  through computer search and the results 
are given below. The maximum throughput values for channel bit error probabilities 
p =  0.001, p =  0.01 and p =  0.1 for a Gaussian channel are shown in table 3.2, table 3.3 
and table 3.4 respectively.

T able  3.2. Throughput table for BER = 0.001.

n t(max) throughput (max)

31 0 0.38
63 0 0.533
125 1 0.677
250 1 0.791

500 2 0.869
1 0 0 0 4 0.917
5000 1 2 0.965
1 0 0 0 0 2 0 0.973

2 0 0 0 0 35 0.978
30000 49 0.981
40000 62 0.982
50000 75 0.983
60000 87 0.983

70000 92 0.98
80000 91 0.887
90000 89 0.48
1 0 0 0 0 0 8 8 0 .1 2 2

As seen from the table, the value of packet length for which the maximum throughput 
occurs is rather very high. For a channel BER of 0.01, it is around 10000 and for BER 
of 0.1, it is about 2000. As BER goes below 0.01, optimum packet length becomes 
greater than 1 0 0 0 0  bits.
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T ab le  3 .3. Throughput table fo r  BER = 0.01.

n t(max) throughput (max)

31 2 0.316

63 3 0.457

125 4 0.59
250 7 0.698

500 1 1 0.778

1 0 0 0 19 0.827

2 0 0 0 32 0.859

3000 46 0.871

4000 58 0.879
5000 70 0.884

6000 83 0.887

7000 95 0.890
8000 106 0.892

9000 118 0.893

9050 119 0.893
1 0 0 0 0 130 0.895
10050 130 0.895

1 1 0 0 0 131 0.879
1 2 0 0 0 128 0.690
13000 126 0.322

14000 124 0.0725
15000 1 2 2 0.0075

The derivation of the maximum throughput is based on the sphere packing bound [71], 
given by the equation,

(3.10)
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From the above bound, the minimum number of parity symbols required to correct t 
errors in a block of length n is fbimd to be

n - k >  logg

=  Roga

t= 0

t= 0

(3.11)

T ab le  3.4. Throughput table for BER =  0.1.

n t(max) throughput (max)

31 5 0.153
63 1 0 0.228
125 17 0.3
250 33 0.362
500 62 0.411

1 0 0 0 119 0.445
1900 219 0.469
1950 224 0.469
2 0 0 0 228 0.470
2050 225 0.455
2 1 0 0 2 2 2 0.404
2 2 0 0 217 0.214
2500 205 0.00054
3000 190 0.2.69e-13

A typical three-dimensional plot of throughput as function of blocklength n  and 
error-correcting capability t  is shown in fig. 3.3.

It is interesting to compare the maximum throughput obtained with the channel 
capacity at the corresponding channel BER’s. Table 3.5 gives a comparison of channel 
capacity and throughput obtained by HARQ systems for BER’s 0.01,0.1 and 0.001.

As seen from the table, the channel capacity can almost be achieved with hybrid 
ARQ schemes which is not possible with pure ARQ schemes at high channel BER. 
W ith HARQ schemes, the average number of transmissions of a packet is considerably
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F igure  3.3. Throughput for different n and t.

smaller than pure ARQ schemes. This is evident from the value in table 3.1 and the 
data presented in table 3.5.

T ab le  3.5. Comparison of throughput with channel capacity.

BER Throughput Capacity
overhead =  48 bits no overhead

0 .1 0.470 0.481 0.531
0 .0 1 0.895 0.899 0.919
0 .0 0 1 0.983 0.984 0.989

3.1.1.2 Transmission under constraints

When there is no limit on the maximum number of transmissions, the receiver buffer 
requirement might exceed feasible dimensions. If the buffer is limited, packets re­
ceived successfully might be rejected because of lack of space to store them. This
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will seriously reduce the throughput efficiency of the system. If the number of trans­
missions is also limited, there will be no guarantee that lower limit on the success 
probability will be achieved. To guarantee this probability of minimum packet loss, 
the system should be designed with these constraints in mind.

Let Njnax be the maximum allowable number of transmissions of a packet and Pi 
be the maximum packet loss probability. This means that the probability of successful 
reception of a packet will be at least 1 — P/. To achieve this limit, let us assume that 
the error correcting capability of the code must not be less than t. The probability of 
a retransmission request is denoted by Pr and is given by eqn. 3.5. Packet loss occurs 
when a packet is unsuccessful after Nmax transmissions. Probability of this event is

P i =  P ^ ” (3.12)

So, the error correction capability of the code used should be such that the retrans­
mission probability is lower than _ This implies that

(3.13)

From the above implicit relationship, t can only be solved numerically or graphically. 
Table 3.6 shows the required success probability for each transmission for different 
packet loss probabilities and maximum allowed number of transmissions.

Table 3.6. Lower bounds on success probability.

P i Maximum transmissions
1 2 3 4 5

0 .0 0 0 1 0.9999 0.99 0.953584 0.9 0.841511
0.000158 0.999842 0.987411 0.945883 0.887798 0.82622
0.000251 0.999749 0.984151 0.936904 0.874107 0.809454
0.000398 0.999602 0.980047 0.926436 0.858746 0.79107
0.000631 0.999369 0.974881 0.91423 0.841511 0.770913
0 .0 0 1 0.999 0.968377 0.9 0.822172 0.748811
0.00158 0.998415 0.960189 0.883409 0.800474 0.724577

continued to next page
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continued from previous page

0.00251 0.997488 0.949881 0.864064 0.776128 0.698005
0.00398 0.996019 0.936904 0.841511 0.748811 0.668869
0.00631 0.99369 0.920567 0.815215 0.718162 0.636922
0 .0 1 0.99 0.9 0.784557 0.683772 0.601893

0.0158 0.984151 0.874107 0.748811 0.645187 0.563484
0.0251 0.974881 0.841511 0.707136 0.601893 0.52137
0.0398 0.960189 0.800474 0.658545 0.553316 0.475193
0.0631 0.936904 0.748811 0.601893 0.498813 0.42456
0 .1 0.9 0.683772 0.535841 0.437659 0.369043

The minimum successful transmission probabilities required to satisfy the constraint 
on number of transmissions and packet loss probability, are plotted in fig. 3.4. Table 3.7

I

N=1

N=200
d

to
d . N=4

N=5

d
- 3 - 2- 4 - 1

Packet loss probability

F ig u re  3.4. Success probabilities in each transmission.

gives the minimum values of required error correcting capabilities of the transmitted 
codeword for channel symbol error rate of 0.01. These minimum values may not be



3. Performance of Error Control Schemes in Noisy Environment 43

the optimum é’s , but they give the lower bound on error correction so that the required 
packet loss probability constraint is not violated. Table 3.8 gives the minimum error 
correction capabilities for channel symbol error rate of 0.05.

T ab le  3.7. Required error correction for p =  0.01

Pi Maximum transmissions
1 2 3 4 5

0 .0 0 0 1 1 0 7 5 5 4

0.000158 1 0 7 5 5 4

0.000251 1 0 6 5 4 4
0.000398 9 6 5 4 4
0.000631 9 6 5 4 4

0 .0 0 1 9 6 5 4 4
0.00158 8 6 4 4 3

0.00251 8 5 4 4 3

0.00398 8 5 4 4 3
0.00631 7 5 4 3 3

0 .0 1 7 5 4 3 3
0.0158 6 4 4 3 3

0.0251 6 4 3 3 2

0.0398 6 4 3 3 2

0.0631 5 4 3 2 2

0 .1 5 3 3 2 2

T able 3.8. Required error correction for p  =  0.05

Pi Maximum transmissions
1 2 3 4 5

0 .0 0 0 1 27 2 2 19 17 16
0.000158 27 2 1 19 17 16

0.000251 26 2 1 18 17 16
continued to next page
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continued from previous page

0.000398 26 2 0 18 17 16
0.000631 25 2 0 18 16 15
0 .0 0 1 25 2 0 17 16 15

0.00158 24 19 17 16 15
0.00251 24 19 17 15 14

0.00398 23 18 16 15 14

0.00631 2 2 18 16 15 14

0 .0 1 2 2 17 15 14 14

0.0158 2 1 17 15 14 13

0.0251 2 0 16 15 14 13

0.0398 19 16 14 13 1 2

0.0631 18 15 14 13 1 2

0 .1 17 14 13 1 2 1 2

When a code is used whose failure probability is given by Pr, the average number of 
retransmissions is given by

=  Prix -  Pr) +  2 i ? ( l +  "  + ( # - 2 )  P ^ ' ^ l  -  Pr) + (N  ~  \)  P /> 7 V - 1

P r -  P r^

1 - P r  ■
The average number of transmissions is

Nav =  1 +  iV,
1 - P , N

retran  — 1 - P r

Throughput of the system is given by

Th  =

(3.14)

(3.15)

(3.16)n h -h b Nav

For RS codes k = n — 2 t and for binary codes n — k  should satisfy the Hamming 
bound described earlier.

The throughput of the system using BCH codes of length 255 and different code 
rates is given in table 3.9 and table 3.10. The parameters k and t for different codes 
are given in table D .l and are obtained from [70]. A system can be designed with
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the restriction on the average number of transmissions of a packet, rather than the 
maximum number. Requirements on success probabilities for this case will not be as 
severe as the above case. If the required average number of transmissions is given by 
N , the lower bound on the success probability will be l / N .

Table 3.9. Throughput o f truncated system  (p =  0.01).

Pi Maximum transmissions
1 2 3 4 5

0 .0 0 0 1 0.564 0.63 0.673 0.673 0.673
0.000158 0.564 0.63 0.673 0.673 0.673
0.000251 0.564 0.654 0.673 0.673 0.673
0.000398 0.591 0.654 0.673 0.673 0.673
0.000631 0.591 0.654 0.673 0.673 0.673
0 .0 0 1 0.591 0.654 0.673 0.673 0.673
0.00158 0.617 0.654 0.673 0.673 0.673
0.00251 0.617 0.673 0.673 0.673 0.673
0.00398 0.617 0.673 0.673 0.673 0.673
0.00631 0.63 0.673 0.673 0.673 0.673
0 .0 1 0.63 0.673 0.673 0.673 0.673
0.0158 0.654 0.673 0.673 0.673 0.673
0.0251 0.654 0.673 0.673 0.673 0.673
0.0398 0.654 0.673 0.673 0.673 0.673
0.0631 0.673 0.673 0.673 0.673 0.673
0 .1 0.673 0.673 0.673 0.673 0.673

Table 3 .10. Throughput of truncated system  (p =  0.05).

Pi Maximum transmissions
1 2 3 4 5

0 .0 0 0 1 0.234 0.326 0.376 0.393 0.393
0.000158 0.234 0.351 0.376 0.393 0.393

continued on next page
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0.000251 0.261 0.351 0.393 0.393 0.393
0.000398 0.261 0.351 0.393 0.393 0.393
0.000631 0.287 0.351 0.393 0.393 0.393

0 .0 0 1 0.287 0.351 0.393 0.393 0.393
0.00158 0.287 0.376 0.393 0.393 0.393
0.00251 0.287 0.376 0.393 0.393 0.393
0.00398 0.3 0.393 0.393 0.393 0.393
0.00631 0.326 0.393 0.393 0.393 0.393

0 .0 1 0.326 0.393 0.393 0.393 0.393
0.0158 0.351 0.393 0.393 0.393 0.393
0.0251 0.351 0.393 0.393 0.393 0.393
0.0398 0.376 0.393 0.393 0.393 0.393
0.0631 0.393 0.393 0.393 0.393 0.393
0 .1 0.393 0.393 0.393 0.393 0.393

When a restriction on the average number of transmissions is imposed on the sys­
tem design, the packet loss probability must also be defined. Because, it is impossible 
to achieve 100% success probability in a single transmission. W ith defined packet loss 
probability Pj, the success probability for a single transmission must not be less than 
{I — Pi)/N.  To achieve this bound, the error correcting capability, t, must satisfy the 
relation

(1 -  P i )

N (3.17)
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3.1.2 D elay Analysis

Delay associated with the transmission of a message includes the queuing delay at the 
transmitter while the packets wait to be serviced (transm itted), decoding delay at the 
receiver and re-sequencing delay at the receiver while the packet waits at the receiver 

buffer while earlier packets are delivered to the user or data sink.
In the SR retransmission scheme new packets are transm itted continuously as long 

as no NAK exists. Only those packets, which have been rejected by the receiver, are 
retransmitted. But the packets though correctly received a t the receiver, wait at the 
receiver buffer until all the packets with smaller sequence numbers are delivered. The 
probability of r  retransmissions of a packet, for it to be received error-free, is given 
by the equation,

P { X  =  1 +  rD } =  (1 -  p ) / ,  r= 0 ,l, . . . .  (3.18)

D is the round trip  delay (RTD). Assuming that a  message contains N  packets, the 
delays for each packet, till it is received correctly by the receiver, can be written as 
follows. Let ki denote the number of retransmissions required for the i th packet. 
The round-trip delay (RTD) is the time difference, from the transmission of a packet, 
to the reception of the feedback signal. This is conveniently measured by the units 
of packets which could be transm itted during this time interval. Because a packet 
cannot be delivered if earlier packet is still being in service or in receiver buffer.

d l =  1 4- k i D

d2 =  Max{di, (1 4- tgD)}

d3 =  Max{d2 > (1 4- k^D)}

dff =  M ax{d^_i, (1 4- ki^D)}

=  M ax{(l 4- kiD),  (1  4- tgZ)), • • • , (1 4- kf^D)} 

=  (1 +  kmD)

where km is the Max(A=i, tg, - - , &*).
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Now the probability of km being equal to r is given by

Pr.{km  =  r} =  N{1  -  p) p'' ^ ( 1  -P )P ' 
.<=0

In the derivation of the above relation it is assumed that any of the N  packets has 
the retransmission number r  and other packets have this number no greater than that. 
The whole message transmission is delayed by the amount — I in excess of the 
normal transmission time, i.e. without any retransmission of packets. This is the 
re-sequencing delay at the receiver buffer.

3.1.3 Simulation of Buffer Statistics

The buffer requirement at the receiver is a function of the round-trip delay and the 
probability of successful decoding of a packet. If round-trip delay is D  packets and 
success probability is 5, the maximum buffer size is r{D  — 1 ) - f l  and the probability 
of its occurrence (1 — S)*". For SR protocols buffer studies have been done in [6 8 ]. We 
have simulated buffering for SR protocols with different channel bit error rates. In 
practice, buffer size is limited. Invariably, some packets are lost when buffer overflow 
occurs due to channel degradation. Fig. 3.5 shows percentage of packets lost due 
to buffer overflow. Retransmission delay was considered to be 4 times the packet 
transmission time. It is considered to be fixed. Simulation has been carried out for 
100000 packets. The packet size for all of them were taken as 127 symbols and three 
different BER chosen were 0.001,0.01 and 0.05.

When the buffer dynamics is considered, channel BER, packetlength and error cor­
recting capability of the code used can all be replaced by the probability of successful 
decoding of a packet. The retransmission delay and this success probability are the 
only two parameters required to calculate the buffer requirements. If simulation is 
done with only these parameters, the results will be generally applicable. Fig. 3.6 and 
3.7 give the plots of packet loss for different success probabilities. The retransmission 
delays are taken to be 4 and 8  packet transmission times. The data from which above 
plots were made are obtained by simulation and are given in appendix E in tables E.l 
and E.2 respectively.
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F ig u re  3.8. Two-state fading channel.

3.2 ARQ Scheme in Rayleigh Fading Environment

Rayleigh fading is caused by the multi-path arrivals of signals to the receiver and has 
been described in chapter 2. To consider the performance of block codes in a Rayleigh 
fading environment, we assume that errors are caused mainly due to fading, i.e. errors 
from other sources are not considered. Optimal packet length in fading channels has 
been analyzed for stop-and-wait protocols in [25]. We shall analyze the optimality for 
Selective-Repeat protocols.

As in [25], it is assumed that at any instant the channel is in one of two possible 
states: the received signal is above a threshold level or it is below the threshold. These 
situations are shown in fig. 3.8.

The probability of a packet being successfully received can be expressed as [25]

P . = ( x  +  y)
Proh.\Y > Td], (3.20)

where is the duration of a packet in seconds, Y  and X  are the average values of 
fade-free and inter-fade intervals. The density function of variable Y  can be written
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as

f ( Y )  =  i  dY. (3.21)

The above formula is based on [23] and [24]. For Rayleigh channels, the average fade 
duration and level crossing rates are given by eqn. 2.23 and eqn. 2.22 respectively. 
From these equations and eqn. 3.20 and eqn. 3.21, the following relations are obtained:

P[Y  <  7d] =  1 -  (3.22)

5  =  2  (3.23)

=  exp [ - (p  +  f o  v/2 7TP Trf)], (3.24)

where f o  is the Doppler frequency v/Xc (v= vehicle speed, Ac =  carrier wavelength) 
and p is the ratio of the threshold power level and the average received power level. 
The throughput of the system with the SR scheme will be given by

T h  =  —^  exp ^-{p +  /o> /2  Trp Td)j. (3.25)

Solving this equation for maximum throughput, the optimum value of n  is obtained 

as.

^opt — 2 , (3.26)

where k  =  and n  the data rate. The optimum value of the packet length is a
function of p, i2, Ac and v. Dependence on the last three parameters can be combined 
to form a single parameter W  =  This way the equation will assume a more 
general character. We note that the optimum packet length is inversely proportional 
to the term which is the number of bits transmitted while the mobile unit moves 
by a  distance of a single wavelength. Figure 3.9 shows the variation of riopt with p 
and W . It gives a general idea about the variation of the optimum packet length with 
threshold level and other parameters.
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F ig u re  3.9. Optimum packet length in Rayleigh environment.
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F ig u re  3.10. Incremental redundancy HARQ scheme.

3.3 HARQ-II scheme

The concept of HARQ -II scheme has been presented in chapter 2. Here we analyze 
some type-II schemes and discuss their suitability of being used in noisy channels. 
Any hybrid ARQ scheme in which the probability of successful decoding of a packet 
varies from transmission to transmission, can be called a type-II scheme. The idea 
of incremental redundant codes with variable packet length was first proposed by 
Davida and Reddy [27] for binary block codes. Later Mandelbaum [65] proposed 
punctured maximum distance separable (MDS) codes for transm itting redundancy in 
incremental steps by using the MDS property of Reed-Solomon codes. These schemes 
provide check symbols to the decoder only if they are required. The general scheme of 
using Incremental Redundancy Codes in a hybrid ARQ scheme is shown in fig. 3.10.

Mandelbaum [65] proposed a feedback decision scheme in which a punctured code­
word is initially transmitted. If an uncorrectable error is detected, the receiver signals 
the transm itter to send another increment of redundancy. The procedure continues if 
the combined word is still uncorrectable. An (n, k) linear block code of length n sym-
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bols having k  information symbols is assumed. The n — k  parity symbols are broken 
into s subblocks. Subblocks are so chosen that t* <  U+i for i =  1,2, - - ,u  where U is
the error correction capabUity of the codeword formed by t+ ci+ C gH  he, symbols.
Punctured Reed-Solomon codes are very suitable candidates for this scheme. The en­
coding method proposed by Mandelbaum uses the Chinese Remainder Theorem [83].

We discuss two incremental redundancy coding schemes with fixed packet lengths.

3.3.1 Increm ental Redundancy C odes(fixed  packet length)

In most communication systems, the packet length is usually constant. This reduces 

the burden of synchronization and eases buffer management. Incremental redundancy 
codes with fixed packet size works as follows: The message is divided into smaller 
packets of same length and transmitted over the channel in sequence. The first packet 
contains all the information symbols and optionally some parity symbols. Other pack­
ets carry only parity symbols. The number of information symbols in a codeword must 
not be greater than the length of the packets. It is assumed here that the code used is 
maximum distance separable. Let us assume that the length of each packet is n. So, if 
the original message is subdivided into M  packets, the length of the original message 
is M  n. After reception of the first packet, the receiver erases {M  — l)n  unreceived 
symbols and tries to decode the packet. If the number of errors in the sub-packet is 
less than the error correcting capability, if any, it is successfiilly decoded. Otherwise, 
it is stored in the receiver buffer and NAK is fed back through the reverse channel. 
After reception of the second subpacket, receiver again tries to decode it. If successful, 
it is delivered to the user or stored in the re-sequencing buffer. If decoding is failed, 
the symbols are combined with the previously received first subpacket and remaining 
(M — 2 ) n  yet unreceived symbols are erased. Then it tries to decode again. Similar 
stand-alone decoding of subpackets and combining with previously received ones are 
continued until the packet is correctly decoded. In the M -b l th transmission, the first 
subpacket is retransmitted and the previously transm itted first subpacket is erased 
from the receiver buffer. The receiver from now on tries to  decode the whole packet 
after receiving each subpacket and erasing the previously received one. The scheme 
is illustrated in fig. 3.11.

Let F{i) be the probability of correct reception of a codeword in fewer than i
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F ig u re  3 .11. Fixed packet length incremental redundancy scheme.

transmissions. Then 1 — F{i) is the probability that the i th transmission occurs. The 
expected number of transmissions required to deliver a packet will be

mm= E [1 -  (̂')i
i=l

(3 .2 7 )

= 1+ f; [1 -  F ( i ) i

f=2

(3 .2 8 )

00 t—1

=i+En^w-
1=2 j= l

(3 .2 9 )

If P{j)  is the probability of failure on the j  th transmission,

1 -  F(i ) = n  p{j)-
j=i

(3 .3 0 )

For the above scheme, the transmission failure probability for different transmissions 
will be different. For the first transmission, the failure probability will be given by

.
(3 .3 1 )

If we define f{ i )  as the probability of i errors occurring in a packet of length n, and 

denote the number of errors in the i th transmission as e,-, the probability can be 
written as

1 -  F ( 2 )  =  P ( l )  =  / f e ) - (3 .3 2 )

el>ti
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The second transmission fails when both, the stand-alone decoding of the second 
packet and decoding of combined first and the second packet, fail. The failure proba­
bility of stand-alone decoding is same as P ( l) . When two packets are combined there 
joint error correcting capability is now tg- The first packet, because it was unsuccess­
ful, has more than ti  errors in it. If the total number of errors in the first and the 
second packet exceeds tg, the transmission will fail. So P(2)  can be expressed by

1 -  F(3) =  P ( l)  P(2) =  ^  / ( e O / W .  (3.33)
e i> t i ,e 2> t2ei+e2>t2

Similarly, the failure probability of the third transmission is given by

1 -  F(4) =  P(1)P(2)P(3) =  5 3  / ( « i ) / f e ) /(e s). (3.34)
e i X i  ,22X 2,63X 3
21+22X2
2l + 62+ 23> ta

The probability of the M  th transmission failing is given by

M

l - P ( M + l ) = n ^ Ü ) =  E  / N  / ( % ) " / ( : « ) .  (3.35)
j = l  6 l > f l , — ,6Af>i l

21+22X2
21+ 22+ —+ 2 /tf X&f

In the scheme described above, the optimum packet combination strategy will combine 
all the received subpackets so far in all the possible combinations. If r subpackets have 
been received, the total number of combinations will be 2’’ — 1. It will be straightfor­
ward to generalize the above expressions for all the combinations included.

In our analysis, we restrict number of transmissions to M , corresponding to the 
transmission of M  subpackets, the average number of transmissions is given by

A f+l

P „ ( P )  =  l +  5 3 [ l - P ( j ) | .  (3.36)
j= 2

Then, the throughput can approximately be expressed as

n + h-hb E m {H) +

E xam ple: We demonstrate the performance of the scheme with an example. RS 
code of length 64 with symbols from GF{2^) is used. We assume that fi is zero. .A.
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block of 16 symbols is encoded using the code (64,16). Four packets of length 16 are 
formed from the symbols of a codeword. They are transmitted successively in the 
scheme described above.

Table 3.11. Throughput of code combining scheme.

p F(2) F(3) F(4) F(5) E(H) Throughput

0.025 0.667 1 1 1 1.33 0.5
0.05 0.44 1 1 1 1.56 0.427

0 .1 0.185 0.997 1 1 1.82 0.367
0 .2 0.0281 0.825 0.991 0.99 2.151 0.305
0.4 0.000282 0.0576 0 .2 2 0 .2 2 3.72 0.0395

For this code,
n -  ̂ 3n

tx = 0 ; tg =  tz = n  and =  — . (3.38)

Table 3.11 gives the success probabilities at different channel bit error rates. Improve­
ment in the success probabilities for lower number of transmissions can be improved 
by making t i  more than zero.

3.3.2 Concatenated Code Combining Scheme

A concatenated coding scheme improves the throughput performance, particularly 
in fading environment. Incremental redundancy retransmission schemes improve the 
throughput by sending redundancy only when it is needed. Here we propose a con­
catenated coding scheme with incremental redundancy and analyze its performance. 
This is a concatenated coding scheme with an outer Reed-Solomon code and a half­
rate invertible inner block code. The scheme retains all the benefits of a concatenated 
coding scheme with a possible reduction in the transmission of parity bits thus al­
lowing greater throughput. The scheme is shown in fig. 3.13. There, k  information 
symbols from GF{T^)  are encoded with a Reed-Solomon {2k, k) encoder. Each of 
these 2k symbols are again encoded using a rate 1/2 code. Thus, from k  information 
symbols, four packets, with k  symbols in each of them, are created. Each packet is 
again encoded with CRC codes for error checking.
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On the first transmission, only the first block with information symbols and CRC 
bits are sent over the channel. On detection of an error, the receiver transmits a NAK. 
When the transm itter receives a NAK, it sends the first parity block. The receiver 
tries to decode the codeword by erasing symbols from the first transmission. If it 
fails, it combines the symbols from the first and the second transmission and tries 
to decode the codeword. If this fails, transmitter sends the first set of inner parity 
symbols. Upon receiving these symbols, the decoder now tries to decode k  codewords 
of the inner code. If all the symbols can not be corrected, these symbols are combined 
with the symbols from the second transmission and decoding attempt is tried. In the 
fourth transmission, the transmitter sends the second set of parity symbols. Similarly, 
the decoder now tries to decode the symbols from second transmission combined with 
symbols from the fourth transmission (parity symbols). It again combines both sets 
of inner code decoded symbols and tries the final decoding attempt.

If more than four transmissions are permitted, the cycle again continues. On 
subsequent transmissions, corresponding previously transm itted symbols are erased 
from the receiver buffer. Operation of the transmission and decoding procedures are 
shown using a flowchart in fig. 3.12.

For convenience, we denote the four parts of the codeword as block I, II, III and 
rV respectively (as in the above figure). A non-binary code can be used as the inner 
block code. If the symbol length is even and equals 2 m, a RS code with symbols from 
G F (2 ”*) can be used. The resulting (4 ,2 ) code will correct one m  bit symbol in 4 
symbols in the inner codeword. The ultimate residual error probabilities will depend 
on the error generation process. It is not possible to give a general formula for the 
error probability for all situations. The derivation of error probabilities for a gaussian 
noise channel with bit error probability is given below.

The transmission procedure is similar to the one discussed in subsection 3.3.1. 
Here we define F{i) to be the probability of correct reception of a codeword in fewer 
than i transmissions. Equations 3.32- 3.35 will all be valid in this case. But because 
of inner decoder, the inequality constraints will be different. New equations in our 
case will be expressed as.
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yes
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failure
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i = 0 ( mod 4 )
transmit 
block i

Decoding
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Deliver data to the 
user or store in the 
receiver buffer

Procedures inside the block ’Decoding attempt’ are as follows: 
i = 1 - Attempt to decode. Check for error, 
i = 2 - Attempt to decode. On failure combine block II with block I 

and attempt to decode again, 
i = 3 - Symbols from block I and HI are used for decoding with

the inner code. Form decoded block I’ (estimate o f block I). 
On failure combine with block II and attemp to decode 
again.

i = 4 - Symbols from block II and IV are used for decoding with 
the inner code. Form block H’ (estimate o f block II). On 
failure, combine blocks I’ and H’ and attempt to decode 
again.

F ig u re  3.12. Flowchart o f incremental redundancy with concatenated coding scheme.
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F ig u re  3.13. Concatenated retransmission scheme.

1 -  f  (2) =  P ( l)  =  Y ,  /(«!)■
e l> 0

1 -  F(3) =  P ( l)  P(2) =  Y ,  / k )  / k ) .
C i> 0 ,e2 > 0
ei+e2>n/2

(3.39)

(3.40)

1 -  F(4) =  P(1)P(2)P(3) = E
ei >0,62 >0,63 >0;6r( 13) >0
6 1 + 6 2  >Tl/2;6 2 + 6 r ( 13) >l»/2

/(e i)  f{ e 2 ) /(ea)- (3.41)

The probability of a 4 th transmission failure is given by

4 Y, /(«il / f e )  /(es) /(e,),i - f ( 5 ) = n ^ ü ) =
i = i e i> 0 ;6 2 > 0 ;6 r ( l3 )> 0 ;6 ,(2 4 )> 0

6 i + 6 2 > n / 2 ; 6 , . ( i 3 ) + 6 2 > n / 2 ; 6 r ( i 3 ) + 6 , . ( 2 4 ) > n / 2

where er(i3) is the residual error after combining the first and third packet and 6 (̂24) 
is the residual error after combining the second and the fourth packet. When non­
binary inner code is used, and the symbols of the outer code has even number of bits 
and which equal 2m, the codeword consists of 4 m-bit symbols. Because of 2 parity 
symbols, only a single m bit symbol can be corrected. The probability that decoding 
will be successful is the probability that either no error will occur or error will be 
concentrated only in a single symbol. If the BER is pt, the probability of an inner 
symbol error is

Pi3 — 1 — (1 — Pb)^- (3.42)
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Hence the probability of unsuccessful inner decoding is

Pr =  1 -  (1 -  P u V  -  4pis(l -  P i s f .  

Probability of residual error /(e^) is given by

/(e r ) =  - P r ) ”- ”'.

Figure 3.14 shows the residual error for different channel error rates.

(3.43)

(3.44)

Above expressions for the residual error probabilities are true when nothing is known a 
priori. When first and the third packets are combined, it is already known that number 
of errors in the first and the third packets are Ci and eg respectively. Therefore, the 
probability of a symbol error is ^  for the first packet, and ^  for the third. If A  and 
B  are two symbols in a particular location in first and the third packets respectively, 
four different situations may arise:

case description probability

(1) A is in error and B  is error free

(2) A is in error and B  is in error.

(3) A is error free and B  is error free (1 -  if ) ( i  -  if)
(4) A is error free and B is in error (1 -  ‘i n

Probability of the residual error after inner decoder will be

case(l)

1 — 2o?.fl —
P r  =  \

1 - 2 p ? ,( l -P i ,)2  case(2)

0 case(3)

p? case(4).

Now, average probability of the residual error is given by

n ( ' ' n )  +  -  p ) ( ? )
6163  2 ^ 3  4eies\ 2 6 163

(3.45)

(3.46)
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F ig u re  3.14. Residual error for different channel BER.
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F ig u re  3.15. Residual error for different channel BER {p =  0.01).

-er(13) (3.47)

Hence, /(e r(i3)) will be given by the equation

\er(13)/

When the second and the fourth packets are combined, similar equation is obtained.

/(e ,(2 4 ) )= f  "  (3.48)
\er(24)/

In figure 3.15, the residual error probability is plotted for different ci and eg. Table 3.12 
gives these residual error probabilities for channel bit error probability 0.05.

In gaussian channels binary inner codes will outperform non-binary codes. But when 
inner codes correct burst errors, non-binary code like the one we used in our example, 
will perform better. Throughput for different channel BER is plotted in table 3.13.
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T able 3.12. Residual error probabilities fo r  gaussian channel.

eS Residual error probabilities

e l= 0 e l= l e l= 2 el= 3 e l= 4 e l= 5 el= 6 e l= 7 e l= 8

0 0 0.0013 0.0025 0.0038 0.0051 0.0064 0.0076 0.0089 0.01

1 0.00127 0.0061 0.011 0.0159 0.0207 0.0256 0.0304 0.0353 0.04

2 0.00254 0.011 0.0195 0.0279 0.0364 0.0448 0.0533 0.0617 0.07

3 0.00381 0.0159 0.0279 0.04 0.052 0.064 0.0761 0.0881 0.1

4 0.00509 0.0207 0.0364 0.052 0.0676 0.0833 0.0989 0.115 0.13

5 0.00636 0.0256 0.0448 0.064 0.0833 0.103 0.122 0.141 0.16

6 0.00763 0.0304 0.0533 0.0761 0.0989 0.122 0.145 0.167 0.19

7 0.0089 0.0353 0.0617 0.0881 0.115 0.141 0.167 0.194 0.22

8 0.0102 0.0402 0.0702 0.1 0.13 0.16 0.19 0.22 0.25

T able  3.13. Throughput o f code combining with concatenation scheme.

P F(2) F(3) F(4) F(5) E(H) Throughput

0.025 0.667 1 1 1 1.33 0.5
0.05 0.44 1 1 1 1.56 0.427
0.1 0.185 0.997 1 1 1.82 0.367
0.2 0.0281 0.825 1 0.963 2.15 0.299
0.4 0.000282 0.0576 0.995 0.061 2.95 0.0138
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3.4 Summary

In this chapter, performance of different error control schemes in feedback communi­
cation system has been analyzed. In section 3.1, optimum packet length for maximum 
throughput has been found by computer search, and an empirical formula, based on 
the results of the search, has been derived.

It has been shown that the optimum packet lengths, which we found, give through­
put very close to the channel capacity. The closeness to channel capacity is more 
pronounced in hybrid error control systems. For hybrid systems, the code parame­
ters, namely the packet length and error correction capability of the code, have been 

found by computer search.
It has been shown in section 3.3, that throughput can be very close to the channel 

capacity only when there is no limit on the number of transmissions of a packet. When 
a limit is set, the throughput is reduced due to the excess amount of redundancy to 

be used to ensure rehability.
Two type-II hybrid schemes have been introduced in section 3.3. These schemes 

use a limited number of transmissions. A high degree of reliability can be achieved 
by these schemes, without much reduction in throughput.

Simulation has been performed to characterize buffer requirements by the receiver 
for storing correctly received packets. When the buffer is limited, overflow may occur 
in bad channel conditions. Packet loss probabilities due to limitation of buffer has 
been analyzed and the results have been tabulated in appendix E.
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Chapter 4

Channel State Inference

Statistical inference is the method of drawing conclusions from statistical evidence, 
the data. These conclusions are concerned with the states of nature, which regulate 
the generation of data and give rise to the particular data at hand. Inference is never 
definitive with certainty and is always associated with some amount of risk. It is 
quite reasonable to assume that the generated data contain information about the 
state in question. The state is often described by a probability model that defines the 
probability distribution of data to  be used in the inference process. An individual state 
is denoted by 6  and the set of all probable states is denoted by 0 . In the situations that 
we are concerned with, 0’s are real-valued parameters of a probability distribution.

The process of gathering data from the results of an experiment of chance is called 
sampling. The results are called observations and the collection of observations is 
called a sample. The term statistic denotes a descriptive measure computed from the 
observations in a sample. It is a  function of the observations of a sample. The term 
applies to the relationship between independent and dependent variables - or to the 
random variable defined by the functional relation. If f { x i , X 2 ,---  ,x„) is a possible 
sample point, the functional relationship

Y  = t { X i , X 2 , - "  , X n )

provides a transformation or mapping from the space of all sample points to the space 
of values of the function. The mapping induces a probability distribution and defines 

a random variable

Y  — X2 , * ■ ■ , Xfi) — .

A statistic, being a function on the space of values of the data Z,  defines a partition 
of that space into mutually disjoint sets. A set is determined by a particular value of
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the function. Distinct values of the statistic define distinct partition sets. A partition 
III is said to be the reduction of a partition Ilg, if each partition set of fli is precisely 
the union of the sets of Ilg. In such case the statistic Ti that defines IIi must be 
a function of any statistic Tg that defines Ilg. This function has no unique inverse 
unless the two partitions are exactly the same. As an example, we can cite the case 
of ARQ protocols. Let the statistic Ti be defined as the value 1 or 0 depending on the 
successful or unsuccessful reception of a  transmitted packet, and Tg be defined as the 
number of actual errors occurring in a packet. In this case 11% is a reduction of II2 . 
When the union of all the partition sets defined by a statistic form a universal set, and 

for all the members of a partition, if the vcdue of the statistic is the same, the statistic 
is called sufficient If T  is a sufiScient statistic, then by restricting attention to the 
procedures based on T, no information is discarded or overlooked. For example, for 
the statistic defined as the number of symbol errors in a packet, it does not matter 
which locations are erroneous. It conveys no new information as far as the channel 
symbol error probability is concerned. As a second example, for ACK/NAK based 
system, the actual number of errors in a packet is immaterial. The only concern is 
whether the value is 0 or greater than 0. A statistic is called minimal sufficient, when 
any reduction of it makes it non-sufficient.

Example: Consider the Bernoulli family with probability function

f {x\p)  = p ^ { l - p y ~ ^ ,  r  =  0,1.

The above probability may be considered as the probability of a symbol in a packet 
being in error {x =  0). f {x\p)  denotes the probability that an observed symbol is
error-free. For a sample X  of independent observations, the joint probability function
at X is

/(A -;p )= p 5 :* ‘( l - p ) " - 2 * i .  (4.1)

Above probability is the probability of number of erroneous symbols in a received 
packet. For sample Y , the probability is

/ ( y ; p ) = p Z K ( i _ p ) « - Z K _  (4.2)

Ratio of the above functions expressed by

/(X ;p )  _  (  p ( , ,3 ,î{X-,p) ^  (  p \  
f { Y \ p )  \ l - p j
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is independent of p if and only if ^  a;,- =  Vi- The sum X \ + X 2  H i.e. the
number of errors in a packet, forms a  minimal sufficient statistic.

There are two approaches to determining the state of nature when there are many 
possible states. In hypothesis testing, one guesses or hypothesizes that 6  has a certain 
value or lies within certain range of values and then uses the sample data to test 

the tenability of the hypothesis. In estimation, one takes a more direct approach of 
letting the sample data suggest the value of 6  or the range within which its value 
lies. An estimate is a decision of the state of the channel based solely upon the 
available evidence which is in some way related to the state of nature. We denote 
by dj, j  =  1,2, "  ,M ,  states of the channel. If the decision states a single value 
that the states are supposed to have, that value is called a  point estimate. And if 
9j's are supposed to have values somewhere within an specified interval, the estimate 
is called an interval estimate. When the samples are small, it is seldom possible 
to estimate convincingly and within narrow limits what the value of 9 is; but it is 
possible to reject a bad region convincingly. If the decision maker is more interested 
in the consequences of actions because of difierent states rather than the actual value 
of the state parameter itself, hypothesis testing is often more satisfactory approach 
than estimation. We study here both estimation and hypothesis testing procedures to 
infer the nature of state of the transmission medium.

Before proceeding further to evaluate different inference procedures, the idea of 
information content of a  sample is introduced in the next section.

4.1 Information Content o f a Sam ple

Inference about the state of nature requires sampling of data. Amount of data required 
for this purpose will vary among different statistics. The idea of information content 
of a sample was introduced in [20]. Before this idea is presented, the idea of likelihood 
is required. Suppose the generation of data Z  is described by a model given by 
a probability function or density function f{Z' ,9).  For a given Z,  the likelihood 
function L{9',Z) is any function of 9 proportional to f{Z\9) .  This function describes 
the likelihood or probability of the value Z.  Logarithm of likelihood function is an
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additive function over independent data. That is, if X  and Y  are independent,

L(0; X , Y)  =  Li(0; X)J^{Q-, X ). (4.4)

And so,

log L(0;X , Y )  =  logLi(0;X ) +  log 1 2 (6 ; X).  (4.5)

The log-likelihood function is called the support of 6 . The differentiation of the support 
defines a generalized statistic called the score:

V  = v(X-, 6 ) = =  (4.6)

Statistic V  is sufficient, i.e., knowing its value is equivalent to knowing the value of 
the likelihood. The variance of the score function is called the information or Fisher 
Information in the experiment that yields the sample X.

/.(« ) =  var(K) =  B  I  ^ l o g / ( X ; f l )  " J  . (4.7)

Ix{9) can also be represented alternately as

4 ( f )  =  - E ( ^ ) .  (4.8)

Bernoulli, binomial, geometric, negative binomial. Poisson, negative exponential, nor­
mal, Gamma and Rayleigh density functions are all special cases of a broad class 
of functions called exponential family of functions. They are also called to be in 
Kooperman-Darmois form or Pitman-Kooperman form. Because this was first in­
troduced in literature by R. A. Fisher [36], this is also called Fisher-Kooperman- 
Pitman-Darmois form (FKPD). For these functions the probability density function 
is expressible in the general form

f{x]9)  =  B{9)h{x) exp[Q{9)R{x)]. (4.9)

For this family of distributions the statistic t(X ) =  ^  R{Xi)  is minimal sufficient. 
The following relations hold for members of this family [59].

E[iJ(X)l =  ~  (4.10)

4 (f) =  { B ' / B f  -  B " !B  +  (Q " /Q ')(g '/B ). (4.11)

Table 4.1 gives the values of B, h, Q and R  for different distributions.
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Table 4.1. Exponential family of distributions.

name 9) B{9) Q(0) R{x) h{x)
Bernoulli p®(l i - p X 1
Binomial G ) p '( i - p ) " - ' ( i - p r X (:)
Geometric p ( i  -  p y V log(l -  p) X 1
Negative Binomial r r v ( i - p r ' -eLi-p log(l -  p) X r r ' )

Information contents of samples with above density functions are derived in Ap­
pendix A. If r  =  t{X)  is a statistic based on a sample X  is considered to be an 
estimator for the parameter 9, the following relation will always hold:

1
v ar(r)  >

m '
(4.12)

This inequality is known as Cramér-Rao Inequality. This gives rise to the definition 
of eflBciency of an estimator. It is ratio of var(T) and I {6 ). Estimator, which has 
the highest possible ratio is called efficient estimator, in [20] an efficient estimator 
is defined to be the one with efficiency of unity. But there might be cases when the 
most efficient estimator cannot attain this limit [59]. As the sample size increases, the 
limiting value of efficiency is called the asymptotic efficiency.

4.2 State Estim ation

The estimation problem can be generally stated as follows: Let {Pg}, 0 G 0 , be the 
class of possible underlying distributions for random data vector X . We want to get 
value of 6  by observing the value of X. An estimation procedure, or estimator, is some 
systematic way of using the value of X  to get a value of the parameter [10]. Formally, 
an estimator is defined as any function <^(X) of X  taking values in the parameter space
0 . The definition of several terms which will come again and again in our discussion 
is given below:

Loss function: A loss function associates a numerical value of inaccuracy or loss 
to two members 9 and 9, where 9 is the true state of nature and 9 , the estimate. 
This function is denoted by L{9, 9). Loss function can be defined as desired by the
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statistician. Several generally used definitions are presented below

L(Û,0) = l ê - 0 l  (4.13)

m  «) =  (4.14)

|« -9 |  = (8 -« )^  (4.15)

The last definition is used in most situations because of the following reasons: 
a: It is easiest to compute.
b: If using squared error loss, one estimator 0i is found to be superior to another

estimator 0 2 , then usually 0 i will be better than 02 using any other loss function. 
Risk: - Suppose that loss function L{0, 0) is specified. Then to measure how good an 
estimate is, its expected value is computed to find the expected loss. This expected 
loss value is called the risk of the estimator, denoted by Ee [L{é, 0)].
Biasness: If an estimator <{>{0) has the property that Eg[0] =  0, it is called unbiased, 
otherwise it is called biased, with the bias given by

b{O)=Eg[0]-0.  (4.16)

Consistency: If is a sequence of estimators of 0 defined for every sample size, then 
the estimation is consistent if the risk

Eg [{0 r , - 0 f ] - ^Q  (4.17)

as n  ->• GO, for all 0  € 0 .

UMVUE: T  is defined to be uniformly minimum-variance unbiased estimator of t {0) 
iff

(а) T  is unbiased
(б) var(T) <  var(Ti) for any other unbiased 

estimator T\ =  /(%%, X 2 , - , X„)
of t ( 0 ) for all 0 < fl.

To obtain a point estimate of 0, the decision maker must determine the most
probable state 0x on the basis of the available information and then estimate that
0 — 0x. Thus he estimates 0 according to the following rule:

•  the value yielding the largest P{0j\D),
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•  largest P{9j)  if there are no data,

•  largest P{D\6j)  if there are data but no P (0 j)’s,

The first estimate is called the conditionally most probable state, the second is called 
the most probable state and the third one is called the Maximum likelihood estimate. 
If the decision maker wishes to make the estimate to be almost certainly correct, he 
should take the sample discriminating enough to make one P{G\D)  almost equal to 
unity or to make the largest P{D\6j)  huge relative to its nearest rival. Such dis­
crimination can generally be achieved by taking a  sufficiently large number of sample 
observations [9].

4.2.1 M ost Probable State Estim ate

If the decision maker is unable to obtain any sample information about the state of 
nature on the occasion in question, and knows only the unconditional state probabili­
ties P{9j)  ’s, his best estimate of 9 under these circumstances is the state having the 
maximum P{9j).  This may be highly unconvincing in circumstances when there are 
more than two states and P{9  =  9x) is far smaller than P{9 9x), the probability
that nature is not in the estimated state. Analogous statements are also true for the 
other two methods. But in those methods the decision maker can make the maximum 
probability convincingly large( close to 1.0) by taking sufficiently large sample of data.

4.2.2 Conditionally M ost Probable State Estim ate

On the basis of some data D,  relevant to the occasion in question, the decision maker 
knows the values P{9j \D)  for all the states. He estimates the state to be the one which 
corresponds to the maximum of P{9j\D).  Three different situations might arise:

1. P{9j \Dys  are known directly: If the maximum of the P (0 j|D )’s is P{9x\D),  

he estimates that 9 is in the state 9x.
2. P{9j\D)'s  obtained by simple application of Bayes’ rule: The decision knows 

Pi9j)'s  and P (D |0 j)’s based upon some relevant data. Required P(0j|T))’s can be 
calculated using the formula
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and then estimates 0 to be in the state for which P(0j|I?) is maximum.
3. P (0 j|D )’s obtained by Generalized Bayesian method: When the relevant Data 

consists of several sets of data di, dg, - - , d/e, it is more convenient to have the Bayes’ 
formula in a form involving d,’s rather than D.  It is assumed that under each possible 
state of nature ffj, the d /s  are all mutually independent. The P{dj \Dys  may be 
obtained by using either of the two following formulas:

(4.19a)

_  P{d/e\9jP{9j\di^Ld2^ • • • a
E ,  P K |g ;P % |d iW g & .. - W&_i) '  ̂ ^ ^

The first equation is suitable for the situation when the decision maker has all sets of 
data in hand and wishes to calculate the conditional state probabilities. If data arrive 
sequentially, the decision maker does not know beforehand how many samples he will 
need ultimately. To obtain an up-to-date estimate always in hand, the second equation 
should be utilized. In that case, decision maker can always revise his previously calcu­
lated conditional state probabilities on the basis of the set of data acquired since then. 

From Formula 4.19b it is seen that P(0j[di&d2) can be obtained by revising already 
obtained P (0 j|d i)’s on the basis of set of data dg and similarly P ( 0 j|di&dg&d3 )’s can 
be obtained by revising P(0j|di&:dg)’s on the basis of subsequent set of data dz etc.

Thus if the decision maker has obtained K  sets of data di, dg, • • • , d* that are mutu­
ally independent under each 9j, and if he either knows all of the P(0j )’s and P(di|0j )’s 
as required by eqn. 4.19a or knows all of the P(0j|di&:dg& • • -&dc)’s and all of the 
P(d,-|0j)’s for i >  c, as required by eqn. 4.19b, he simply calculates P(0j |di&dg& • • • &djt) 
for each 9j and estimates the actual state of nature to be the 9j that maximizes the 
later probability.

4.2.3 M aximum Likelihood Estimate

When the decision maker has some data D  and knows P(Z?|0j)’s but does not have 
information about P (0 j)’s or P{9j\D)'s,  then he has little choice but to make a max­
imum likelihood estimate. This is done by estimating 9 to have the value for which 
P{D\9j )  is largest. By doing this he is assuming that all the P (0 j)’s have the same 
value, which, of course, is unlikely to be the case. This will introduce error in the
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estimation process. But if D is based on a  sufficiently large or discriminating sample 
and the states differ appreciably from each other, the largest P{D\6j )  will greatly ex­
ceed its closest rival, and the maximum likelihood estimate will almost certainly be 
correct even if the implicit assumption is badly in error.

Let y i , - - '  ,yN be N  random variables with joint probability density function 

/(yi j  - , ytf', d i , ' "  ,^p) which depend on parameters Likelihood function L(0; Y) 
is defined as

L { 9 - , Y ) = f ( Y ; d )  (4.20)

and the maximum likelihood estimator (MLE) of 9 is defined as the vector 9 such that

L(g; Y) > L{9\ Y )  for aU 0 €  8 .  (4.21)

Because of the invariance property of MLE, defined later in this section, if l{9\ Y)  =  
log(0; Y)  is the log-likelihood function^ then 9 is the MLE if

1(9] Y)  > 1(9] Y)  for all 0 6 0 .  (4.22)

The most convenient way to obtain the maximum likelihood estim ator is to examine 
all the local maxima of l{9] Y)  [28]. Local maxima points are the following points:

1. the solutions of

J = 1 , - " , P  (4.23)

such that 9 belongs to 0  and the m atrix of the second derivatives

is negative definite; and
2. any value 9 at the edges of the parameter space 9 which correspond to maxima 

of 1(9] Y) .  The value 9 giving the largest value of the local maxima is the maximum 
likelihood estimator.

Some of the desirable qualities of MLE are pointed out below:
1. If 0 is the maximum likelihood estimator of a parameter 9, then the maximum 

likelihood estimation of h(9), any function of 9, is the function h(9) of 9. This property 
of MLE is called the invariance property of an estimator.
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2. The Tnavimiim likelihood method is consistent.
3. Maximum likelihood method is asymptotically as good as or better than any 

other estimation method.

4.2.3.1 Maximum Likelihood Estimation for A C K /N A K  based system

The feedback signal for these system is just the ACK or the NAK. Suppose, in a test 
of N  samples, success occured a times, and failure, b times. The likelihood function 
L  can be written as

A '
L =  -r-TT (1 ~  P) N  = a + b. (4.25)

a! bl

Logarithm of likelihood function is

logZ/ =  const. + a log p +  6 log (1 — p). (4.26)

Maximum value of log L can be determined from the solution of the equation

^  =  - - A = 0 .  (4.27)
dp p 1 — p

The observed proportion of the sample, p =  a/{a + b), is the maximum likelihood 
estimate of p, the packet error probability.

4.2 3.2 MLE of Errors in a Packet

We assume that each packet contains n symbols and we examine a sample of N  
feedback signals. Probability of x,- errors in a packet is given by

P (l.) =  ( " J  P“ (1 -  ?)<“-*'>. (4.28)

So, the likelihood function for the estimation will be

^  =  (4.29)

Log-likelihood function is written as

logL =  const. +  ^  Xi • logp +  ^  (n -  Xj) • log (1 -  p). (4.30)
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Maximum value of logL is decided from the solution of the equation

^  E f i _  E J iL z f i )  =  0. (4.31)
dp p  1 — P

The above equation yields the result p =  ^  X i / Nn ,  i.e. average number of errors in 
a packet as the maximum likelihood estimator of p, the probability of symbol error.

It can easily be shown that sample mean is the most efficient unbiased linear 
combination of the observations in a random sample. Thus, in the above case the 
MLE, i.e. the sample mean is the most efficient estimator. Let Y  denote the sample 
sum in a sequence of n independent Bernoulli trials. This is equivalent to a symbol 
in a packet of length n being in error. The statistic T  =  Y / n  =  X  is unbiased 
in estimating p, the symbol error probability. The variance, which is also the mean 
square error is

b ( I - p )  = v a r ( | ) = H ( l ^ ,  (4.32)

By definition, efficiency of the estimate is

e(T) =  1 (see appendix A). (4.33)

which proves the efficiency of the estimator from the information content viewpoint.

4.2.3.3 MLE of Errors and A C K /N A K  combined

Error detection capability of any code used in communication can be made very high 
with the addition of a small amount of redundancy. But error counting capability is 
costlier. In an RS code, to detect an additional error, one extra overhead symbol is 
necessary. This can reduce the throughput by a great extent. Because the probability 
of higher error is low, much of the redundancy can be reduced by accepting a limited 
number of error counting/ detecting/correcting capability". When a decoder is unable 
to decode a codeword, it sends a NAK. A NAK for the estimator means the number 
of errors in the packet is anywhere between t  + 1  and n. So, from the point of view of 
the information content of the feedback signal, a NAK contains less information than 
signal with information about the actual number of errors.

The statistic now loses its minimal sufficiency and efficiency. Because the original 
statistic was minimal sufficient, any reduction of data from it will render it minimal
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insufficient. The question is, what will now be the maximum likelihood estimate? The 
probability of receiving a NAK is given by

(4.34)
i= t+ l

We assume that a sample of N  packets are observed by the transmitter. Let j  
be the number of unsuccessful packets. Error counts in other packets are given by 
X i , X 2 , ' - '  The likelihood function, its logarithm and differentiation w.r.t. p

are given by

^  =  pEiv-j Xi . (1 _  p)Eiv-y(»»-Xi) . p i  (4.35)

log(L) =  ^  Xi log p +  ^ ( n  -  Xi) • log(l - p ) + j  log(Pr) (4.36)
N - j  N - j

à  log(^) _  H n - j ~  , - K
d p  -  p  l - p  P r

The value of P r  can be written as [50]

= B(vr f n— ) r
Differentiation of P r  w.r.t. p  yields

So the third term in the equation 4.36 can be written as

K  ^  p‘ ( i - p ) " - ‘- ‘ (4 40)
P r  /o  X*' (1 — x )" -‘- l  d x

Maximum value of the function in the numerator occurs a t x  =  £/n — 1 and the value
of the function at p =  0 is 0. When the value of p is much less than t / n  — 1, the
function can be approximated by a straight line in the range [0,p]. So the term under 
integration will equal

x‘ (1 — x)"“ ‘~̂  dx =  i  • p • p‘ ( l —p)”“ ‘~ \  (4.41)
0 2

and the third term of equation 4.36 becomes equal to j  • 2/p. By equating eqn. 4.36
to zero, we get

^  Xi (1 -  p) -  ^  (n -  Xi) p +  2j{l  -  p) =  0. (4.42)
N - j  N - j

I
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The estimate of p  is thus obtained from the above equation as

^ N - j  ~b 2 j

4.2.S.4 MLE o f  the Median

The median is a special case of a larger class of statistics called the percentiles. The 
c-d.f of the largest observation X(„) in a random sample of size n  from a population 
with c.d.f. F{x)  can be written as

<y)  = P{Xi  <  y • • • , andATn <  y)

= P i X i < y ) - - - P { X n < y )

=  [ fW I" . (4.44)

The c.d.f of the k  th  smallest observation in terms of the population c.d.fwill be given 

by

P  <  y] =  P{k  or more of the n  observations are <  y) 

j = k  '

The probability density function is given by [59]

/%,, (v) ="/(») (^ I  [ )  f (»)]”-*■ (4.45)

When the percentile is uniquely defined, the asymptotic distribution of the percentile 
is normal with mean X  and variance

Median is the percentile with p =  0.5. So, for the median, the variance will be

™  =  i n U M r
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4.3 Sam ple Num ber Requirem ents for Estim ation  

Problem s

To come to a decision about the state of nature, the decision maker (adaptive encoder 
in our case), relies on the available feedback information from the receiver. Average 
sample number (ASN) requirement will be a function of the accuracy of the esti­
mate required, and the information content of the feedback information. Feedback 
information returned by the receiver may be of several types:

•  ACK/NAK signal

• ACK/NAK with number of symbol errors in a packet

• ACK/NAK with number of symbol errors as well as bit errors in a received 

packet.

•  percent of time received signal power remains below a defined level.

What type of feedback is provided by the receiver depends on the feasibility of imple­
mentation of the protocol and requirements by the adaptive encoder. The estimator 
may use the feedback signals like ACK/NAK signals directly or it might use some 
other statistics derived from these signals like number of transmissions required for 
correct reception of a packet. If the number of errors are received as feedback signal, 
the estimator may use them directly or it can use derived statistics like the mode 
or median of number of errors. In the following subsections we analyze the sample 
requirements of these estimation procedures.

4.3.1 Simple A C K /N A K  B ased Estimation

Binomial density function is represented by the formula

/ ( a : , p ) = Q p * ( l - p ) ”-*; x =  0,1,2, • • • , V̂, 0 <  p < 1 (4.48)

For binomial distributions the following relations are valid:

(1) /  is complete w.r.t. p.
(2) T  = Yj is complete and suflBcient for p.
(3) ^  is UMVUE for p  =  Np.

^  is UMVUE for p.
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In packet communications, the probability of ACK obeys binomial distribution 
law if the error generating process in neighboring packets are independent. In a 
gaussian channel without memory this condition is automatically satisfied. In fading 
channels if suflScient interleaving is assumed, which is usually the case, independence 
of neighboring packets is also guaranteed. The probability of receiving an ACK or 
NAK will be given by

Prob.(ACK) =  ^  ( " )  “  P )"- ', (4.49)

and

Prob.(N AK ) =  1 -  ^  M  p' (1 -  p T ~ \  (4.50)
t=o

where t  is the error correcting capability of the code used, if any. For an RS code 
t =  • So the number of samples required to make decision will depend on the
one which is lesser than the other.

In decision making problems the stopping rule which is often applied is to wait till 
the event with lesser probabUity of occurrence happens a pre-defined number of times. 

This number is often taken as 10 [47]. This provides a confidence interval of about 
(2 p, 0.5 p), considered to be a reasonable uncertainty. Therefore, higher probability 
of occurrence helps to make early decisions. With a certain fixed confidence interval 
the sample requirement can be considered to vary inversely with the probability of 
the event.

In very good or very bad channel conditions, above strategy will make it almost 
impossible to make any decision for a sufficiently long time. Table 4.2 and table 4.3 
give some sample numbers for RS code based encoding system with block lengths of 
64 and 256 respectively.

T able 4.2. A SN  for A C K /N A K  based system  (n =  64).

Symbol Error 
Probability

Average Sample Number

continued on next page
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continued from previous page
t= 0 t=2 t= 4

0.0001 1568 2.41e+08 1.33e+14
0.0002 787 3.03e+07 4.14e+12
0.0004 396 3.82e+06 1 .31e+ ll

0.0008 201 4.86e+05 4.16e+09
0.0016 103 6.3e+04 1.35e+08
0.0032 54 8.48e+03 4.57e+06
0.0064 30 1.22e+03 1.67e+05
0.0128 23 204 7.14e+03
0.0256 53 45 416
0.0512 289 28 44
0.1024 l.Ole+04 292 50
0.2048 2.34e+07 1.55e+05 6.4e+03
0.4096 4.43e+15 4.36e+12 2.73e+10
0.8192 3.46e+48 8.31e+43 1.27e+40

As we see from the table, sample numbers are extremely high for low and high error 
probabilities. All the subsequent estimation procedures are compared with above 
ACK/NAK based estimation in regards to the sample number requirements.

Table 4 .3 . A SN  fo r  A C K /N A K  based system  (n =  256).

Symbol Error 
Probability

Average Sample Number

t= 0 t=2 t= 4

0.0001 396 3.69e+06 1.16e+ ll
0.0002 201 4.7e+05 3.7e+09
0.0004 103 6.1e+04 1.21e+08
0.0008 54 8.22e+03 4.09e+06
0.0016 30 1.19e+03 1.51e+05
0.0032 23 201 6.57e+03

continued on next page
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continued from  previous page
0.0064 52 45 394
0.0128 271 28 44

0.0256 7.64e+03 253 47
0.0512 6.97e+06 6.35e+04 3.44e-f03
0.1024 1.03e+13 2.2564-10 3e+08
0.2048 3.01e+26 1.3564-23 3.67e4-20
0.4096 3.86e+59 2.43e4-55 9.3264-51
0.8192 1.44e+191 2.1464-185 1.9464-180

4.3.2 Estimation based on  Number o f Errors in Transm itted  

Packet

As seen from the tables, simple ACK/NAK fails most of the time as far as channel state 
estimation is concerned. A better method would be sending the number of erroneous 
symbols in the received packet. This, of course, assumes that in some of the observed 
packets, the number of errors occurring is greater than zero and less than the error 
handling capability of the code used. Information about number of errors is obtained 
from the decoder. In case of RS codes, the degree of the error polynomial gives this 
number.

If it is assumed that symbol error occurs independently of each other, errors in 
a packet will be binomially distributed. In a  packet of length n and symbol-error- 
probability p, the probability of r  errors in a packet is given by

Prob.{X  =  r) =  p’- ( l - p ) " - \

The average number of errors in a packet and its variance are given by.

Edfj — np 

Var{E)  =  np(l — p).

(4.51)

(4.52)

(4.53)

In the case of RS codes, through the feedback channel, the number of errors or NAKs 
can be sent to the transm itter. In most HARQ systems the error correction capability
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of the code is higher than the most probable number of errors in a packet. So when 

a NAK is received, the most probable number of errors in that packet is t +  1. And 
average number of errors as estimated by the transm itter will be given by

( " )  P' (1 - +  ('■ +1)  ( 1 -  É  ( " )  P' (1 -  P)" J  • (4-34)

In Table 4.4 actual and estimated values of the average is shown. It is assumed that 
sufficient number of samples has been taken.

Table 4 .4. Average symbol error estimate {n =  256).

Symbol Error 
Probability

Actual Estimated

t=2 t= 6 t=10 t=14 t=18

0.0001 0.0256 0.0256 0.0256 0.0256 0.0256 0.0256
0.0002 0.0512 0.0512 0.0512 0.0512 0.0512 0.0512
0.0004 0.1020 0.1020 0.1020 0.1020 0.1020 0.1020
0.0008 0.2050 0.2050 0.2050 0.2050 0.2050 0.2050
0.0016 0.4100 0.4090 0.4100 0.4100 0.4100 0.4100
0.0032 0.8190 0.8080 0.8190 0.8190 0.8190 0.8190
0.0064 1.6400 1.5200 1.6400 1.6400 1.6400 1.6400
0.0128 3.2800 2.4400 3.2500 3.2800 3.2800 3.2800
0.0256 6.5500 2.9500 5.7500 6.4900 6.5500 6.5500
0.0512 13.1000 3.0000 6.9700 10.4000 12.4000 13.0000
0.1024 26.2000 3.0000 7.0000 11.0000 15.0000 18.9000

0.2048 52.4000 3.0000 7.0000 11.0000 15.0000 19.0000
0.4096 104.8000 3.0000 7.0000 11.0000 15.0000 19.0000
0.8192 210.0000 3.0000 7.0000 11.0000 15.0000 19.0000

It is seen from the table that estimated value differs from the actual one only for higher 
error rates and for low error correcting codes. For low symbol-error-rates and higher 
error correcting codes, the difference is negligible.

The information content of an ACK/NAK signal and a feedback signal with actual 
number of errors in the packet has been derived in appendix A. They are reproduced
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We define average sample gain (ASG) as the reduction in requirement of average 
sample number for achieving a particular confidence level. The ASG in the above case 
is ^ 1 ^ .  The gain for difierent symbol error probabilities are shown in fig. 4.1.

4.3.3 Estimation B ased  on Other Parameters

There are numerous other parameters which can be used in channel state estimation. 
They may be useful in certain situations because of the ease of their use in estimating 
the channel state. Several of them are discussed here:
median: The median is the value of the middle unit when a set of numbers are

arranged in a line in order of increasing value. If N  is odd, median is the middle unit 
and it is the midpoint between the values of the two mid-most units when N  is even. In
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most error correcting systems, the value of £, the error-correcting-capacity of the code, 
is higher than the average number of errors in the packet. So the estimation of channel 
state can be done by calculating the median of the number of errors occurring in a 
packet. For this procedure, the exact number of errors in a packet, while receiving 
a NAK, is not required. The value of median, in this case, can be found without 

approximation or guessing.
mode: Though this is the crudest index of location, it can be helpful in certain
situations. It has been used for channel state estimation in [97]. It is the value that 
occurs with the greatest frequency. For binomial probability distribution, this value 
is

mode =  L(n +  1) pj (4.56)

This method will also be useful as in the previous case with the median for counting 
errors while NAK is received.
retransmission count: This statistic is derived from the received ACK/NAK and
may be obtained as a by-product of the storage process of transm itted packets in the
transmission buffer. A transmission count of packets can easily be stored along with 
other information and in practice, it is used in many cases.

4.4 H ypothesis Testing

A problem in which one of two actions must be chosen is said to be a problem in 
hypothesis testing. The least complicated hypothesis testing problems involve only 
two states of nature 6 i and 02 or many states of nature which can be divided into two 
classes. Let 9i belongs to the set A/^ and 6 2 , to the set AAg. Two actions are defined: 
action Ui, optimal for states belonging to A/’oo and action ug optimal for states belonging 
to A/g. For problems in testing hypothesis, a test is defined to be the strategy chosen. 
If the data Z  is observed, f{ Z \6 ) is called the likelihood of 9.
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4.4.1 Likelihood Ratio Test

The likelihood ratio is defined by

=  T ^ Y

A test is a  likelihood-ratio test if there is a number k  such that the test leads to

ai if A(Z) >  k  

Û2 if A(Z) <  k
Cl or Û2 if A(Z) =  k

For the distribution of number of errors in a packet, which follows the binomial prob­
ability law, the likelihood ratio test is reduced to the form

Accept H i if p > k'
Reject H i if p < k!

Take either action if p = k'

where k' is given by right hand side of eqn. C.3. As an example, let pi be 0.3 and
P2 be equal to 0.1 . Different values of k' for n  =  32,64,128 and 256, are plotted in
fig. 4.2.

4.4.1.1 Sample Number Analysis

For likelihood ratio tests, average sample number (ASN) is a function of the error 
probabilities ci and 62 defined as

Cl =  P {p  < (4.58)

62 =  P {p  > k'\pi}. (4.59)

When sample number is large, p is approximately normally distributed with mean
p and standard deviation \ /p ( l  —p )/n . When the error probabilities are given, two
numbers Si and «2 can be found such that ei is the area under the normal cdffrom 
—0 0  to k', and 62 is the area under the normal cdffrom A:' to 0 0  . These parameters 
are shown in fig. 4.3. We get the following relations:

P i - k '  =  s v ^ p i i l  - p i ) / n  

k' - p 2  =  S2\/P2(l - P 2 ) l n .
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F ig u re  4.2. Success proportions for different sample numbers. 

Solving the above two equations, the value of k' is obtained as

k' =
1 +  2J. .,/Pt(l-pi)

S2 V  P 2 ( 1 ~ P 2 )

and n  is given by

_  5 iP i(l - P i )  _  g iP i(l -  Pi)
(Pi -

(4.60)

(4.61)

or

n = 52P2(1 - P 2 ) ^  ^2P2(1 - P 2 )
(A:'-P2)2

Pi -P 2

1+4̂»2 V >’2(1-
— P I  ) 

P2) .

(4.62)
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4.4.2 Sequential Likelihood-ratio Tests

A strategy which involves the design of an experiment must always consider the num­
ber of observations to take. In general, it is possible to decide after each observation, 
whether to continue taking further observations. If the decision is taken to make 
no more observations, a decision has to be taken about the next action. A plan 
which provides the rules for making these decisions after each observation is called 
a sequential strategy [14]. Let Xi denote the outcome of the i th experiment having 
the density function f{ x \6 ). The likelihood ratio based on the first n  observations 

Zn =  {X i,X 2 , - , Xn) by

f {XMf{X2\ e , ) - - - f {XM
An = (4.63)

A test is said to  be a sequential likelihood-ratio test if there are two numbers A  and 
B  and after the n th observation, the test calls for:
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log A

accept H i when line is crossed
logB

log A
reject Hj when this line is crossed

Sample number

Figure 4.4. Sequential likelihood ratio tests.

Another observation when B  > An > A
Acceptance of Hi when B <  A„
Rejection of Hi when A > A„

where H i : 6  = 6 i and H2 : 6  = 6 2 . The inequality for continued sampling can be
written in the form

log A  < log A„ <  log B (4.64)

The concept is illustrated in fig. 4.4. The decision is made whenever A„ crosses the 
thresholds log A  or log B . The relationship between the threshold values and the 
proportion of packet failures are derived in appendix C.

4.4.2.1 Sample Number Analysis

Let 6i =  f  {accept H2 \Hi} and 1 — /3 = P{reject H i\H 2 }. For sequential likelihood- 
ratio tests discussed above, the values of A  and B  are found from the error probabilities
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ei and P [35].

l - P

B  < (4.65)

Wald’s approximations [93] consist of replacing above inequalities with equalities. So 
we have

A =
1 - P  

- e i
P ■

The required sample size will be given by [59]

B  =  (4.66)

E{N)  =  (4.67)

When the channel state is d,

Eo(logAyv) =  log A  7t(0) +  log B [ \ -  7t(0)], (4.68)

where 7t(0) is the power function or the probability that given test rejects H\, when 
the state is actually 9. E {Z )  is given by

E{Z) =  p log(p i/p 2 ) +  (1 - p )  log[(l -  p i ) / ( l  -  P2 )], (4.69)

where p is given by the equation

=  , 4  7 0 )
(p i I p^V — [ (1  — p i)/{ i — pi)Y

As j  -> 0, this becomes

D =  - l o g [ ( l - P i ) / ( l - P 2 ) ]  , .

1 0 g ( P l / p 2 )  -  l 0 g [ ( l  -  P i ) / ( 1  -  P2 )] ■

In terms of j ,  the power function is given as
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As J ^  0,

7t( 0 )  =
log B

log S  — log A 

Now, the expression can be expressed as

1
E{N \e) = -{log A tt{6) -h log 5  [1 -  7t(0)]}

(4.73)

(4.74)
E{Z\9)

Although finite, the required N  can be very large in a single experiment. In 
practice, a bound no is established beforehand such that if no decision is yet done 
by the Uq th stage, sampling is stopped and Hi is accepted if Ano >  1 and rejected 
otherwise. The effect of such modification alters the error size of the test slightly if 
no is large [93]. The decision line will be altered for this restricted case. Figure 4.5 
gives this altered boundary.

accept H j when line is crossed

logB

log A

reject Hj when this line is crossed

Sample number

F ig u re  4.5. Bounded hypothesis testing (adapted from[59]).
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4.5 Summary

The main contribution of this chapter has been the introduction of the information 
content of a sample in ARQ based communications. Section 4.1 introduces the idea of 
using this criteria for the purpose of the comparison of different sampling techniques 
with regard to the ASN requirement to achieve a particular probability of the risk 
function.

In section 4.2, different channel state estimation techniques have been discussed. 
Emphasis has been given on maximum likelihood estimation techniques. MLE esti­
mates for different sampling procedures have been derived.

Hypothesis testing procedures have been discussed in section 4.4. Expressions for 
ASN requirements as functions of error probabilities, have been derived.

A comparative study of sample requirements for estimation problems has been 
done in section 4.3.
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Chapter 5 

Application of State Inference to  
Adaptive Error Control Schemes

An adaptive system is one that adjusts or adapts to changing conditions. We define 
’adaptive’ as ’modification to meet new condition’. Since the new condition has to be 
learned, an implicit or explicit learning feature is an essential part of any adaptive 
system. A performance monitoring feature is also a characteristic of an adaptive 
system. The system continuously or after every discrete interval monitors its own 
performance and when new condition arise which degrades the system performance, 
the system leams these new conditions and changes its parameters accordingly. An 
ARQ system has the monitoring feature but is not adaptive due to the lack of a 
learning process.

The introduction of adaptivity in a  communication system means that measure­
ment of signal and channel parameters is now part of the system design. The goodness 
of measurement is relevant insofar as it relates to system performance. During the 
design phase, the signal or channel conditions are unknown. This makes the design 
process very difficult. Things become easier when certain constraints like maximum 
delay, maximum packet length etc. are imposed on it. In most cases, the design 
criteria is the optimization of throughput efficiency under the given constraints. In 
chapter 3 this problem of optimization was addressed for a Gaussian channel and for 
a given channel BER. In this chapter we shall study the optimization procedures in a 
time-varying channel.

In order to reduce the number of retransmissions in fixed-rate A RQ /FEC schemes, 
relatively low rate codes are often used. If a fixed-rate scheme is used, on a time- 
varying channel, it will be very inefficient during periods when the channel is reliable.
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On time-varying channels it is therefore desirable to use adaptive A R Q /FEC schemes 
that adjust channel code rate to match the current channel conditions. Examples 
of time-varying channels are mobile channel, HP channel, tropospheric channel and 
channels affected by rain fading. For the scheme to work it is required to  construct a 
family of codes with decreasing code rate where all the code symbols of a  higher rate 
code must be embedded in the lower rate codes. There are three different approaches 
to do this. First, a  known low-rate parent code can be successively punctured to obtain 
higher rate codes. Second, starting from a high rate code, additional check symbols 
can be successively added to form lower rate code. Finally, completely different coding 
schemes can be used for different channel conditions.

Cygan and Offer [22] proposed a method of constructing a family of codes start­
ing from higher rate codes while several other authors [27], [65], used punctured 
codes. Fukasawa [38] used rate 1/2 diffused code and 3 out of 5 voting majority-logic- 
decoding code in different channel conditions to improve throughput of the system. 
Sato in [76] used 4 different modes of transmission. Codes used for different modes 
were: plain ARQ, BCH(31,26,3)-f-ARQ, diffused code -h ARQ and 3 — out-of-5 Ma­
jority decoding +  ARQ. An FEC scheme for matching code to the prevailing channel 
conditions was reported in [13]. The method is based on convolutional codes with 
Viterbi decoding and consists of combining noisy packets to obtain a packet with a 
code rate low enough to achieve the specified error rate. Other adaptive decoding 
schemes are reported in [84], [92], [64], [49]. Hybrid ARQ schemes based on con­
volutional codes with sequential decoding on a memoryless channel were reported 
in [30], [29]. A type-II hybrid ARQ scheme formed by concatenation of convolutional 
codes was presented in [63].

Punctured convolutional codes has the privilege of availability of wide range of 
code rates without changing the basic codec structure. This has motivated use of this 
code with soft-decision Viterbi decoding [11], [99], [100], [41].

A generic adaptive ARQ scheme is shown in fig. 5.1. Incoming message buffer 
stores the incoming message till they are encoded for transmission. Transmitter buffer 

stores the packets after transmission till they are positively acknowledged by the 
receiver. Input selector decides whether to transmit a new packet or packet previously 
transmitted. If NAK for any packet is arrived, that packet is retransm itted from the
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F ig u re  5.1. Adaptive œding scheme fo r  fading channels.

buffer instead of a new packet. The feedback generator genevates feedback information 
regarding the status of the received packet. Type of the feedback signal depends on 
the protocol used. Receiver buffer stores all the correctly received packets which are 
not in sequence, i.e. when some earlier packet is still not received correctly. The 
adaptive encoder analyzes the information received through the feedback channel and 
decides the code to be used in subsequent transmissions.

5.1 System  M odel

Many different models have been proposed to characterize propagation in different 
mobile channels. Most of them represent digital error sequences in real digital com­
munication links [53], [73], [91], [61], [60]. Error sequences in these channels are 
characterized by Markov chains. The channel we are going to use is also modeled by 
a finite state Markov chain. Each state is considered to be stationary with constant 
parameters. The channel is considered to be in one of M  states at any instant of time. 
The transition matrix, whose elements are the probabilities of transitions from one
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State to another, is given by the matrix II, expressed as

(5.1)

p ii Pl2 • • • PlM

n = P21 P22 • • • P2M

Pm i PM2 ' ' • Pm m _

where pÿ is defined as the probability of transition from state i to state j .  Sums of 
elements of any row of the matrix is unity. The matrix II(n) is defined as

(5.2)

p iiW Pi2 (n) • • • PlAf(tl)

n (n ) =
P2i(n) P2 2W • • • P2AfW

PMi in) PM2{n) • • • PMAfW

whose element Pij(n) is the probability of transition from state i to state j  in n steps. 
n(n) satisfies the matrix equation

n(n) = n”

A vector Tr'(O) is defined as

7r'(0) =  [pi(0) P2(0) • PAf(O)]]

(5.3)

(5.4)

whose elements are the probabilities of difierent states at the beginning of the pro­
cess. ProbabUities of achieving difierent states after n  steps is then given by 7r'(n) =  
7r'(0)Pi(n). As n approaches infinity, II" approaches the m atrix all of whose rows are 
same and is the stationary state probability vector W, given by

W  =  ^Wi W2 • • • U/Af j .

The stationary state probability vector can be found from the equation

w  • n = W.

(5.5)

(3.6)

It can be proved that the solution of the above equation is any row of the matrix 
P{n) when n oo. Dwell time in channel state Si is defined as the number of steps 
the Markov chain stays in state 5,. In our case, this may be the number of packets
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transm itted during the channels stay in state Si. This can be obtained from the 
transition m atrix as

^  % Pit (1 -  Pii) 
i=i 

-  1 
~  1 -P ii*

Throughput m atrix T  is defined as the matrix

T =

(5.7)

'T il Ti2 T i3 • • • Tim

T21 T22 T23 T2M
(5.8)

Tm i Tm2 Tm3 •• • Tmm

where Tij is the throughput of the system when channel is in state Si, and code Cj 
is used for encoding. The maximum throughput is obtained when channel state and 
the code used match, i.e., code Q  is used when channel is in state Si. The maximum 
throughput will be given by

Tideal =  W  • [Tu, T22, • • • , Tm m ]' (5.9)

During channel state estimation process, errors occur mainly due to insufficient 
number of samples. As has been shown in chapter 4, the estimation error can be 
reduced to any desired level by allowing the sample number to be greater than certain 
lower limit which is a function of the desired accuracy. We define the matrix A  as

ttii ü \2 O-IM

A  = Û21 Û22 0-2M

P -M l 0-M2  • '  •

where Oij is the probability that we accept the channel to be in state j  while the actual 
channel state is i. This matrix can be called the acc ep tan ce  m a trix . In case of 
correct channel estimation, the acceptance matrix reduces to identity matrix I (M) .  
Considering the situation, when estimation error might occur, the throughput o f the 
system will be

M
Treat =  Wi |̂ a,i 0^2 • • ' OiAfj [Tii 7(2 (5.10)
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During the channel state estimation stage, the transm itter uses the code which it used 
in the previous channel state. It keeps on using the code unless it detects the change 
of state. If p{j \ i )  denotes the probability that previous channel state was z, when the 
present state is j ,  then

PÜ'K) =  — • (5.11)
2,1=1 Pü

In the beginning of state j ,  the transmitter continues using the code Q , till a  decision 
about the channel state is reached. If the ASN for code Q  is denoted by ASN(i), 
average throughput at state j  will be

=  +  (5.12,

Hence the system throughput is given by

T̂ ,.^=% (e pu\i) %+E E PÜW %)).
(5.13)

5.2 A daptive Scheme Based on Simple ARQ

When channel condition changes, the probability of packet error also changes accord­
ingly. For a particular channel condition packet error rate (PER) is a function of 
packet length. There exists an optimum packet length for which the throughput will 
be maximum. By measuring channel BER, the packet length can be so adjusted that 
it matches the BER. Such an adaptive method was proposed in [3]. Optimum packet 
lengths for different BER’s have been found in the chapter 3. By measuring the chan­
nel BER by any suitable method, the codelength can be changed adaptively to achieve 
near optimum throughput. The code parameter can be chosen by using the formula 

given by 3.3.
E x a m p le : We consider a two state channel described in fig. 5.2. The transi­

tion probabilities and bit error rates for the states are shown in the figure. Optimum 
blocklengths for the two states are found from eqn. 3.4, and are 210 and 143 respec­
tively for the states 51 and 52. Stationary state probabilities for the two states are
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F ig u re  5.2. Two-state channel example.

found from the state transition matrix

n  =
0.998 0.002 
0.005 0.995,

(5 .14)

and are given by the vector W , which, for a transition matrix of dimension 2 x 2, is 

given by

1 — P22 1 — P i iW =  r 1 - P 22 1 -  P u  1

1 2 — P i i — P22 2  — P i i — P2 2 J

For our example.

W  =  [0.714 0.286] 

We define a matrix of failure probabilities.

(5 .15 )

(5 .16 )

F  = / u  /1 2  

/ 2I /Z2
(5 .17)

where /ÿ  is the probability of failure when channel is in state i and used packet length 
is optimum for state j .  For the present example.

F  =
0.343 0.25
0.65 0.513,

(5 .18 )

In the maximum likelihood ratio test, the threshold value for the proportion of failure is 
a function of the failure probabilities and error tolerance. Table 5.1 gives the threshold 
values and ASN for packet lengths 210 and 143. In an ideal situation, the packet length
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chosen always matches the channel state. For an ideal case, the average throughput 

will be

Tideal =  ?1 1  +  Wg Tgg

=  0.714 • 0.507 +  0.286 • 0.324 

=  0.455

(5.19)

(5.20)

(5.21)

Table 5.1. A SN  and threshold values fo r  different error tolerances.

€ n=210 n=143
k’ ASN k’ ASN

0.1 0.496 15.7 0.372 20.6

0.05 0.496 25.9 0.372 34
0.04 0.496 29.3 0.372 38.5

0.03 0.496 33.8 0.372 44.4

0.02 0.496 40.4 0.372 53

0.01 0.496 51.8 0.372 67.9
0.005 0.496 63.4 0.372 83.3

0.001 0.496 89 0.372 117

T ab le  5.2. Throughput for different error tolerances.

e 0.1 0.05 0.04 0.03 0.02 0.01 0.005 0.001

Th 0.451 0.448 0.448 0.447 0.445 0.442 0.44 0.433

The throughput m atrix is given by

T  =
0.507 0.499 
0.269 0.324

The dwell times in the two states are given by

£> =  [500 200]

(5.22)

(5 .23)
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In real situations, because of estimation delay, the throughput will be given by eqn. 5.13. 
The throughput for our example wül be function of the error tolerance. For diflFerent 
values of e, the throughput is given in the table 5.2.

As we see from the table, the throughput of the adaptive system is very close to 
that in the ideal case. Generally, throughput of the adaptive system will vary with 
the chosen error tolerance. For the example we have chosen, the throughput does not 
vary appreciably with the amount of error tolerance.

5.3 Adaptive Scheme Based on HARQ

5.3.1 Adaptive Scheme w ith State Estim ation in G aussian  

Environment

In a Gaussian environment, when the channel varies slowly, every state can be modeled 
as BSC described by a single parameter, the transition probability. When channel 
BER varies over a wide range but the rate is slow, adaptive scheme will give better 
throughput than non-adaptive single coding scheme.

T ab le  5.3. BCH codes in an adaptive system.

Code n k t Range
1 255 231 3 < 0.00851
11 255 191 8 0.00851 -  0.0276
111 255 139 15 0.0276 -  0.0556
IV 255 91 25 0.0556 -  0.0998
V 255 47 42 > 0.0998

To see how variable code rate affects the throughput, in the following analysis we use a 

hypothetical channel where five different codes with different error-correcting capabil­
ities are used. The parameters of the codes are given in table. 5.3. Throughput curves 
of these codes for channel BER ranging from 10"“* to 10“  ̂ are shown in fig. 5.3. .A.s 
we move from low BER to higher value, crossover points are encountered after which
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F ig u re  5.3. Throughput for different BCH  codes.

next higher rate code performs better than other codes. Every code has a region where 
it outperforms others. The crossover points are called th re sh o ld  p o in ts . Threshold 
points are the BER’s where two adjacent codes perform equally. Analytically they are 
calculated from above consideration. Table. 5.3 also gives these points for the codes 
chosen above. In any adaptive system design if the FEC codes are given, the threshold 
values can be calculated and the system can be designed to use them as criteria for 
decisions about which operating state should be selected. The problem can also be 

solved the reverse way. If the average BER’s of the states are given, optimum code 
can be selected by simple computer search as was done in chapter 3.

5.3.2 A daptive Scheme w ith Sequential Likelihood-Ratio T est­
ing

As in the example in section 5.2, we take the two-state example with the state param­
eters shown in fig. 5.4. Only diflference in this example from the previous one is in 
the bit error rates a t the states 51 and 52. The block length is taken as 210. Error
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F ig u re  5.4. Two-state adaptive system example. 

correcting capability of the code used varies from 0 to 7.

T able 5 .4 . A SN  for sequential likelihood ratio (SLR) tests.

a Average Sample Number
t= 0 t= l t=2 t= 3 t= 4 t= 5 t= 6 t= 7

0.001 195 75 51.2 47.3 53.8 72.5 113 200

0.002 158 60.7 41.4 38.3 43.6 58.6 91.3 162

0.005 115 44.1 30.1 27.8 31.6 42.6 66.2 118

0.01 86.4 33.2 22.7 20.9 23.8 32.1 49.9 88.6

0.02 61.9 23.8 16.3 15 17.1 23 35.8 63.6

0.03 49.4 19 13 12 13.6 18.4 28.6 50.7

0.04 41.3 15.9 10.8 10 11.4 15.3 23.9 42.4

0.05 35.5 13.6 9.3 8.59 9.78 13.2 20.5 36.4

0.1 19.7 7.59 5.18 4.79 5.45 7.33 11.4 20.3

Table 5.4 gives the ASN values for different error tolerances and error correcting 
capabilities. A three-dimensional plot of the sample numbers is given in fig. 5.5.

T ab le  5.5. A SN  for SLR tests (proposed scheme).

a 0.001 0.002 0.005 0.01 0.02 0.03 0.04 0.05 0.1

ASN 33 27 19 15 11 9 7 6 4
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The ASN plotted in the fig. 5.5 or shown in the table 5.4 corresponds to the ACK/NAK 
based schemes. For the scheme, where number of symbol errors are used as feedback 
signal, ASN is given by table 5.5.

The advantage of the error count based system is obvious from the tables 5.4 and 
5.5. The previous method greatly reduces the number of samples required to estimate 
channel state. It is also independent of the code used for error correction. By allowing 
a quicker estimate of the channel state, it improves the throughput compared to the 
ACK/NAK based system.

5.3.3 Simulation of Error Generation in R ayleigh environ­

ment

Studies in the past has examined error statistics for various types of transmission 
channels, including conventional telephone circuits, terrestrial radio and satellite links. 
One common aspect of all these channels is that errors in digital links occur in bursts



5. Application of State Inference to Adaptive Error Control Schemes 106

q(3)q(2)
q(l)

B(2) B(3) B(4YB(l)
1 - a l-q(4)l-q(2) l-q(3)

Xi
P ( i )  =

( l - e  - )  i!

q(l) = p(l) ; (l-q(l)) *(l-q(2)) * -------  (1-qO-i)) *qO) =P0)

F ig u re  5.6. Error generation for fading channels.

or clusters. By far the simplest model proposed so far which takes bursts of error 
into account was the one proposed by Gilbert [40]. Error bursts and error-gaps are 
random and both of them are exponentially distributed. This model is very simple 
to analyze but in most cases falls short of real channel conditions. Fritchman [37] 
investigated characteristics of a very general finite-state Markov chain model with N  
states partitioned into two groups, A  o ik  error-free states and, B  o i N —k  error states. 
This model has been most widely used in practice to model the experimental data to 
match with the model by changing the number and values of the parameters. Some 
experimental evidence [8] suggests that the burst lengths in some cases are Poisson 
distributed while the error-free gaps are geometrically distributed. For generating 
errors in a particular state we have adopted the model shown in fig. 5.6.

This model is based on an infinite-state Markov chain called a slowly spreading 
chain o f the first kind [51] and is a special case of the compound infinite-state model [1]. 
State G  is the good  s ta te  and states B l, B2, B3, • • • are error states. It is assumed 
that no error occurs in state G and all the bits in error states are in error, their number 

being 1 in state B (l), 2 in state B(2), 3 in state JB(3) and so on. For Poisson process, 
probability of r errors is given by

A’-
Pr = —r e - X

ri
(5.24)

where A is the average value of r. Let a  be the probability of transition from state
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G to itself. All the transition probabilities are shown in fig. 5.6. Similar models 
with Poisson distribution of burst length has been described in [2], [4]. The model is 
described by two parameters, the minimum required for describing any burst statistics. 
Because the number of errors as ’zero’ should be discarded, the density function will 
be described by a truncated Poisson distribution where the range of the independent 
variable will be from 1 to oo. So,

Pr =  ^  r  >  1 (5.25)
t \

1 A’’ ,
— e - \  (5.26)

1 — e~^ r!
Average value of r will now become

Y =  (5.27)

Probability of gap length being r  is given by

Gr =  (1 -  a). (5.28)

rrig =  ---- - .  (5.29)

Average gap length, obtained from above equation is given by,
J_

1 — a

These two parameters A' and a  define the model completely. To generate error se­
quences, only the average burst length and gap length are sufficient. For a Rayleigh 
channel average fade duration is obtained from eqn. 2.23. Average gap length is ob­
tained by calculating the level-crossing-rate from eqn. 2.22 and subtracting the average 
burst length from the inverse of the LCR. Final expressions for average gap length 
and average burst length will be

where R  is the data transmission rate in bits/sec. Then average gap length and burst 
length are functions of threshold level, mobile speed, carrier wavelength and data 
transmission rate. Their ratio is given by

Average burst ^
Average gap length Y
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depends on the threshold level only. Average bit error rate can be expressed as the 
ratio of the average burst length and sum of average burst length and average gap 
lengths and is expressed as

exp(p) - 1
B E R  =

This BER is plotted in fig. 5.7.

exp(p)
=  1 - e x p ( - p ) . (5.33)

5.3.3.1 S im ulation  R esu lts

Computer simulations were performed to test the performance of the adaptive model. 
Channel errors were generated according to the model presented in this chapter. We 
chose RS codes for the analysis because of reasons cited earlier.

It was seen earlier, that the average burst and gap lengths were functions of the 
receiver threshold level, mobile speed, carrier frequency, and data transmission rate. 
The quantity gives the number of data bits transmitted during the movement of 
the mobile by a single wavelength. We combine these three parameters into a single 
parameter d. This will simplify the analysis and reduce unnecessary complication in 
the dependence on these parameters. For carrier frequency of 900 MHz; the value of 
d for different mobile speed and data rates, is given in table 5.6. To find out symbol 
error probabilities at different threshold level and for different values of d, 100000 bits 
were generated and proportion of symbols in error was found out.

Table 5.6. Values o fd  for different data rates and velocities.

Data Rate Vehicle S Deed (km/hour)
(kB/sec) 5 10 20 30 60

4 864 432 216 144 72

8 1728 864 432 288 144

16 3456 1728 864 576 288
32 6912 3456 1728 1152 576
64 13824 6912 3456 2304 1152

Symbols from GF{2^)  for m =  6 were used. Average burst and gap (error-free)
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lengths are given in tables 5.7 and 5.8. As seen from table 5.6, d varies from 72 to 
13824 for the mobile velocity and data range cited above.

Proportion of symbol errors are given in table 5.9 for symbol size of 6. Average 
symbol error rate for fading channels is greater than average BER. With the increase of 
the average burst and gap lengths, symbol error rate approaches the channel BER [56]. 
The same statement is also true for packet error rates. Packet error rate approaches 
the channel bit error rate when average burst and gap lengths are much higher than 
the packet length.

Table 5.7. Average burst length.

d p(dB)
0 -5 -10 -15 -20

72 49.36 19 9.553 5.19 2.887
144 98.71 38 19.11 10.38 5.774

216 148.1 57 28.66 15.57 8.66

288 197.4 76 38.21 20.76 11.55
432 296.1 114 57.32 31.14 17.32

576 394.8 152 76.42 41.52 23.09

864 592.3 228 114.6 62.27 34.64
1152 789.7 304 152.8 83.03 46.19
1728 1185 456 229.3 124.5 69.28
2304 1579 608 305.7 166.1 92.38
3456 2369 912 458.5 249.1 138.6
6912 4738 1824 917.1 498.2 277.1
13824 9476 3648 1834 996.4 554.3

T able 5.8. Average gap length.

d p(dB)
0 -5 -10 -15 -20

72 28.724 51.079 90.833 161.53 287.24
continued on next page
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continued from previous page
144 57.448 102.16 181.67 323.05 574.48
216 86.172 153.24 272.5 484.58 861.72
288 114.9 204.32 363.33 646.1 1149
432 172.34 306.47 545 969.16 1723.4
576 229.79 408.63 726.66 1292.2 2297.9
864 344.69 612.95 1090 1938.3 3446.9
1152 459.58 817.26 1453.3 2584.4 4595.8
1728 689.37 1225.9 2180 3876.6 6893.7
2304 919.16 1634.5 2906.6 5168.8 9191.6
3456 1378.7 2451.8 4360 7753.3 13787
6912 2757.5 4903.6 8719.9 15507 27575
13824 5515 9807.2 17440 31013 55150

There does not exist, as in case of a gaussian channel, a simple relationship between 
the symbol or packet error rates and channel bit error rate. These error rates will 
depend on the burst characteristics in a complicated way. Except for these extreme 
cases, the symbol error rate will generally increase with the increase of symbol size. 
Similar condition will also be applicable for packet error rates. The lower bound of 
these error rates will be given by the average BER, given by equation 5.33. According 
to our model, average bit error rate is function of the threshold only. It is interesting 
to compare the symbol error probabilities with average bit error rates at the thresholds 
considered above (see table. 5.10).

T ab le  5.9. Proportion of errors (m =  6).

p(dB)
0 -5 -10 -15 -20

72 0.679 0.318 0.132 0.0727 0.0292
144 0.64 0.329 0.109 0.054 0.0209
216 0.658 0.266 0.0999 0.0321 0.0161

continued on next page
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continued from previous page
288 0.657 0.297 0.111 0.0366 0.0121
432 0.637 0.291 0.099 0.0365 0.0109
576 0.658 0.306 0.099 0.0287 0.0121
864 0.634 0.253 0.0978 0.0364 0.0145

1152 0.633 0.307 0.102 0.0311 0.0122

1728 0.63 0.287 0.0843 0.0325 0.00955
2304 0.623 0.243 0.0991 0.0312 0.0106
3456 0.585 0.271 0.0962 0.0294 0.0125

6912 0.627 0.297 0.108 0.0321 0.0115
13824 0.606 0.269 0.0831 0.0297 0.0105

Table 5 .10. Average lower symbol error rate bound.

P 0 -5 -10 -15 -20

P 0.632 0.271 0.0952 0.0311 0.00995

In a Rayleigh fading environment, two channel states will differ in average SNR and 
mobile speed. Here we compare performance of the adaptive scheme for a Rayleigh 
channel with two states, having threshold levels p =  —5 dB and p =  —10 dB.

Table 5 .11. Optimum code parameters fo r  R S  codes.

P n t Th

0.3 69 23 0.183
0.1 76 11 0.585

Average symbol error rates have been found, for these threshold levels, by computer 
search. For symbol of length 8 bits, they are 0.3 and 0.1 respectively. For the above 
error rates, optimum RS code parameters were found by computer search and are 
given in table 5.11. When the channel is perfectly interleaved, i.e., symbol errors in



5. Application of State Inference to Adaptive Error Control Schemes 112

a packet seem to be independent of each other, the throughput can be calculated by 
usual method given by equation 3.1.

For the calculation of ASN required for state inference, we assume that the channel 
has been interleaved to a degree such that the symbol errors can be considered to 
be independent. If the channel is not interleaved, then we can use above result for 
ASN. We have to multiply the result obtained for perfectly interleaved channel by the 
required interleaving factor. Table 5.12 gives the ASN values for a  fading channel 
where required interleaving factor or depth is considered to be 20. A practical way of 
choosing the interleaving depth would be a number which is about one order higher 
than the ratio of the sum of burst and gap lengths to the packet length.

Table 5.12. A SN  for Rayleigh channels.

O' Average Sample Number
ACK Based Error Count Based

State 1 State 2 State 1 State 2

0.001 264 72.1 51 46
0.002 214 58.4 41 37
0.005 155 42.4 30 27
0.01 117 31.9 23 21
0.02 83.8 22.9 16 15

0.03 66.8 18.3 13 12
0.04 55.9 15.3 11 10
0.05 48 13.1 10 9

0.1 26.7 7.3 6 5

The superiority of proposed error count scheme for adaptive error control scheme is 
evident from the table 5.12. Reduction of ASN translates directly to the improvement 
of throughput. The actual throughput will depend on the Dwell times in the states. 

The above analysis can be extended for systems with more than two states.
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F ig u re  5.7. Error generation for fading channels.
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5.4 Summary

Using the scheme developed in chapter 4, adaptive error control scheme has been 
analyzed in different environments.

A new error generating scheme, for fading channels, has been proposed. This 
model generates Poisson distributed bursts and geometrically distributed gap lengths 
for fading channels.

By using a two-state channel, it has been shown, in subsection 5.3.2, that adap­
tive scheme outperforms non-adaptive error control schemes in respect to throughput 

performance.
Maximum likelihood ratio testing for channel state inference has been shown to 

improve system throughput while maintaining reliability constraint.
Sequential likelihood ratio testing has been analyzed and proposed error count 

scheme has been compared to the traditional ACK/NAK based system. Proposed 
scheme has been shown to be much superior.
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Chapter 6

Conclusions

In this chapter, we present the contributions of this thesis, and conclude with some 
citation of future work.

6.1 Summary of R esults

For noisy channels, simple ARQ error control techniques, without any optimization, 
are not suflBcient to provide high speed reliable communication. When dealing with 
constraints, like the limitation on the number of transmissions of a packet and mini­
mum reliability, sophisticated hybrid error control techniques must be considered. Our 
goal is to obtain the maximum overall throughput in the present channel condition, 
while at the same time, satisfying the constraints imposed on the system.

In a stationary channel, the system throughput is affected by the blocklength and 
error correcting capacity of the code used in the forward error correction scheme. We 
have shown by extensive computer search that optimum throughput is obtained by 
a unique set of code parameters. Both the simple and the hybrid Automatic Repeat 
Request schemes have been investigated. Optimum block length in case of hybrid 
system is found to be much larger than in case of simple repeat request schemes.

Code combining techniques have been proven to be very effective in attaining the 
required reliability with a limited number of retransmissions of a packet. Two different 
combining techniques have been presented.

Adaptive error control scheme is effective for a slowly varying channel. The chan­
nel, at any instant, can be considered to be in one of a set of stationary states. As in 
case of the stationary channel, optimum code parameters can be found for each of the 
states. The factor having a negative effect on the throughput, in this case, is the time
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required to estimate the channel state , or the time to detect the change of stated. The 
lower is this time, the greater is the throughput. Use of the number of errors in the 
received packet reduces the time required to estimate the channel state. Quantitative 
analysis of the time requirement has been performed and it has been compared to the 
traditional acknowledgment based system.

6.2 Further Work

The channel state inference or estimation process is dependent on the error tolerance, 
which has to be defined before the estimation process. The ultimate system throughput 
will depend on this parameter. We have not carried out any analysis of the effect of 
this parameter on the throughput. This can be further investigated.

In chapter 3, we have analyzed two type-II HARQ schemes with fixed packet 
lengths. This was done considering the difficulty of synchronization in mobile com­
munications when variable length packet is used. Variable length packets should give 
better throughput performance compared to the fixed length systems. In future, when 
synchronization technique improves, investigations in this direction will be worth do­

ing.
While considering error processes in Rayleigh environment, we considered only 

burst errors. In dealing with real channels, error due to random noise has to be taken 
into account. Further studies can be done with the incorporation of random noise 
effects on the performance.

Investigation of performance of the adaptive system has not been carried out for 
Rician channels and Rician channel with shadowing. These channels are used for 
modeling mobile satellite channels. Throughput performance of these channels should 
be investigated.

We have used two-state channels in the examples we provided while analyzing 
adaptive error control schemes. Analysis for multi-state channels can be further pur­

sued.
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Appendix A

Fisher Information of Feedback 
signal

Fisher information in a sample observation has been defined and discussed in chapter 4. 
Here we calculate Fisher information contents for a few relevant sampling techniques.

A .l Information in the ACK signal (no error cor­
rection)

If the feedback signal is simple ACK in a plain ARQ system, the probability function 
can be written as

The score V  is given by

/( i;p )  =  (1 - p ) ” (A.l)

V  =  ^ ( lo g / ( i ; ,p ) )

_  n ( l  -  p)**~̂
( 1 - p ) ”
n

1 - p
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and the information is given by

SV
Ix(p) = - E - ^

=  £
n

( 1 - p y
(A.2)

A .2 Information in Error Num ber Inform ation

When the feedback signal is the number of errors in a  packet, the probability of i 
errors in a packet is

n i - , p ) = c ( " ) p ‘ a - p r - ‘

where C  is a value independent of p. The score V  is

V  = ^ ( lo g / ( i ; ,p ) )

_  i — np 

~  P(1 -  P)

Its derivative w.r.t p is:

5V 2ip — i — np^
Sp p 2 ( l —p)2

And the information content of the feedback signal is:

SV
Ix(p)  =

^  fn p ^  + i -  2 ip \
V P ^ ( i - P ) ^  ;  

np^ +  E{i) — 2pE{i)
p2(l - p ) 2

n
p(l  - p )

(A.3)

(A.4)

(A.5)

(A.6)
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A lte rn a te  deriv a tio n : Alternatively the information amount can be derived from 
the general formula for exponential family of density functions given by eq‘ 4.10. From 
table 4.1, we find the following parameters;

B  =  (1 -  p)” ; Q  =  loge ^ (A.7)

So,

B ' = n ( l - p ) " - ^

B" =  n ( n - l ) ( l - p r ~ 2  

B ' n
B  1 —p 

B " n{n — 1) 
~ B ~  ( l - p ) 2

^  p ( l - p )  

^ "  =  ^ ( l - p ) 2
Q" ^  1 -  2p 
Q' p ( i  -  p)

And the information content can be written as

( i - p ) 2  { 1 - p Y  p (i -  p) 1 -  p
n

~  P (1  -  P)

which is same as was obtained by direct computation.

(A.8)
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Appendix B

Error Rates in Fading Channels

Fading channels are characterized by variations of signal amplitude levels over time. 
Depending on the rapidity of variation, they are broadly classified into three categories: 
slowly varying, moderately varying and fast varying. There are no hard and fast rule 
about which channels will fall in which category, but we shall define slow fading 
channel as the one whose signal strength remains constant during the transmission 
of a code block and fast fading channel as the channel whose signal strength remains 
constant over the duration of a bit but uncorrelated during successive transmissions 
of bits. Moderately fading channel is somewhat between the above two extremes. Bit 
error rates in communication channels depends on the noise power level as well as 
the type of modulation-démodulation used. For Gaussian channels BER’s for several 
modulation schemes are given by eqns. B.1-B.7.

For a Rayleigh fading channel the SNR density function is given by eqn. 2.18. 
Average BER for this channel for difierent modulation schemes are given by eqns.B.9- 
B.12.
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BER for gaussian channels for difierent modulation schemes:

Coherent Binary PSK

=  5 )

4 - ( - a )
1 f  E ( , \

=  e r f c ^ - s m { y )

Coherent Binary FSK 

Coherent QPSK 

Coherent MSK 

Non-coherent Binary FSK 

DPSK

coherent M-ary PSK

Average BER for Rayleigh channels is given by
roo

P 2 =  P b  p { l b )  d  76. 
Jo

For difierent modulation schemes they are as follows:

1
~  2(1+76) 

1
“ 2 +  76

76 

+  76

2 +  76

(B.l)

(B.2)

(B.3)

(B.4)

(B.3)

(B.6)

(B.7)

(B.8)

binary PSK (B.9)

binary FSK (B.IO)

binary DPSK (B.ll )

non-coherent orthogonal FSK (B.I2)
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Appendix C

Likelihood Tests for Binom ial 
D istributions

C .l Likelihood Ratio Test

In testing the hypothesis Hi : p = Pi versus H2 ’■ p = P7 , if in an observation of n 

samples, m  is the number of failures,

/ ( z | p ) = p - ( i - p r - . (C.l)

where m symbols in a packet of length n  are in error. Likelihood ratio is given by

—m 
—m

_  / 1 —p i \ ' ' / p i / ( i  ~ p i ) \"* 
V l — P 2 /  \ P 2 / ( 1  — P 2) /

So, A(Z) > k implies

> k I - P 2 

1 - P i

m  log

P i ( l  - P 2 )

P 2 ( l  - P i )

| | ^ j > l o g A + n l o g  

ma + m b>  log k -h n b

1 - P 2

1 - p i

! ^ > J L  ((, +  !££*)
n a + b  \ n / 

where a =  log(pi/p2 ) and b =  log((l -  P2)/(1 -  Pi)) •

(C.2)

(C.3)
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C.2 Sequential Likelihood R atio Test

For sequential likelihood-ratio tests for binomial distribution, the likelihood ratio is 

given by

where is the proportion of errors in a sample of size n. The relation 
log A  < log An(Zn) <  log B  
implies [14]

log A  < n l o g ( ^ )  +  np„ l o g ( ^ ^ [ l ^ )  < log B. (C.5)

After some manipulations, we get

£Z <  P n  ^  O. ------- , ( C . 6 )
Tt Th

where a, b\ and 62 are given by the equations

a =  (C.7)

=  ^og B

'"«(a)
log A

61 =  — -V (C.8 )

62 = ------------------------------------------------------------- (C.9)
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BCH code parameters

Table D .l .  BCH code parameters for n  =  256.

n=255

k t k t k t

247 1 163 12 79 27

239 2 155 13 71 29
231 3 147 14 63 30

223 4 139 15 55 31
215 5 131 18 47 42
207 6 123 19 45 43
199 7 115 21 37 45

191 8 107 22 29 47
187 9 99 23 21 55
179 10 91 25 13 59
171 11 87 26 9 63

Table D .2. BCH code parameters for n  =  127.

n=127

k t k t k t
k t k t k t

120
113

1
2

78
71

7
9

36
29

15
21

continued on the next page



Appendix D 132

continued from the previous page
106 3 64 10 22 23
99 4 57 11 15 27
92 5 50 13 8 31

85 6 43 14

Table D .3. BCH code parameters for n  =  63.

n==63

k t k t k t
57 1 36 5 16 11
51 2 30 6 10 13
45 3 24 7 7 15
39 4 18 10
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Appendix E

Packet Loss Probabilities due to  
Buffer Overflow

T able  E . l .  Packet loss percentage for RTD  =4.

Buffer Success Probability

size p=0.3 p=0.4 p=0.5 p=0.6 p=0.7 p=0.8 p=0.9

0 84.008 80.530 76.149 69.072 59.580 45.585 26.3004

1 64.962 59.907 54.641 47.363 39.364 29.681 17.2139

2 48.067 42.568 36.993 30.194 23.087 15.423 8.1777

3 34.656 29.519 24.953 19.213 13.581 7.6032 2.3629

4 24.669 20.397 16.708 12.223 8.1446 4.4534 1.4397

5 17.574 14.080 11.169 7.7152 4.7328 2.2187 0.6442

6 12.461 9.6033 7.5200 4.9407 2.7908 1.1221 0.1997

7 8.7837 6.6132 5.0082 3.1302 1.6943 0.6462 0.1124

8 6.1428 4.5835 3.3418 1.9712 1.0083 0.3207 0.0458

9 4.3578 3.2480 2.2328 1.2843 0.5908 0.1535 0.0116

10 3.0651 2.2660 1.4997 0.8176 0.3468 0.0703 0.0044

11 2.1582 1.6078 1.0116 0.5033 0.2153 0.0288 0.0017

12 1.5367 1.1430 0.6722 0.3119 0.1342 0.0128 0.0008

13 1.1356 0.7909 0.4726 0.1889 0.0832 0.0056 0.0000

14 0.8156 0.5378 0.3293 0.1307 0.0524 0.0016 0.0000

15 0.5818 0.3667 0.2365 0.0893 0.0349 0.0000 0.0000

16 0.4248 0.2511 0.1651 0.0605 0.0251 0.0000 0.0000
continued on next page
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continued from  previous page
17 0.2927 0.1829 0.1112 0.0413 0.0223 0.0000 0.0000
18 0.2086 0.1287 0.0808 0.0299 0.0195 0.0000 0.0000
19 0.1450 0.0884 0.0628 0.0197 0.0174 0.0000 0.0000
20 0.1074 0.0585 0.0439 0.0113 0.0132 0.0000 0.0000
21 0.0864 0.0390 0.0344 0.0065 0.0111 0.0000 0.0000
22 0.0612 0.0302 0.0249 0.0018 0.0090 0.0000 0.0000
23 0.0408 0.0191 0.0139 0.0000 0.0062 0.0000 0.0000
24 0.0249 0.0123 0.0099 0.0000 0.0048 0.0000 0.0000
25 0.0177 0.0095 0.0064 0.0000 0.0013 0.0000 0.0000
26 0.0123 0.0071 0.0054 0.0000 0.0000 0.0000 0.0000
27 0.0084 0.0019 0.0034 0.0000 0.0000 0.0000 0.0000
28 0.0036 0.0011 0.0029 0.0000 0.0000 0.0000 0.0000
29 0.0030 0.0000 0.0014 0.0000 0.0000 0.0000 0.0000
30 0.0021 0.0000 0.0004 0.0000 0.0000 0.0000 0.0000
31 0.0018 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
32 0.0006 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
33 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

T ab le  E .2 . Packet loss percentage for RTD  =8.

Buffer Success Probability
size p=0.3 p=0.4 p=0.5 p=0.6 p=0.7 p=0.8 p=0.9

0 99.2020 98.6998 97.625 95.3243 89.989 77.515 51.861
1 96.9494 95.3939 93.194 89.3926 83.041 70.105 45.860
2 93.0202 90.2177 86.289 80.6082 72.882 60.447 39.042
3 87.5049 83.4854 78.087 70.5155 61.108 48.889 31.418
4 81.0511 75.9621 69.352 60.6174 49.751 37.098 23.177
5 74.0449 68.0214 60.699 51.6411 40.673 27.132 15.066
6 66.6358 60.2445 52.536 43.3411 33.324 20.542 8.8121

continued on next page
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7 59.4179 52.7061 44.996 36.0619 27.129 16.457 5.7283

8 52.4220 45.8235 38.229 29.7266 21.789 13.061 4.7160

9 46.0774 39.6091 32.341 24.4778 17.246 9.9987 3.7118

10 40.3058 33.9664 27.224 20.0340 13.672 7.4472 2.7382

11 34.9237 29.0753 22.826 16.3700 10.953 5.5204 1.8338
12 30.0878 24.8440 19.138 13.3176 8.7895 4.1575 1.1302

13 25.8719 21.1397 15.952 10.7730 6.9839 3.2529 0.6739

14 22.2011 17.9171 13.224 8.7950 5.5077 2.5538 0.4643

15 19.0356 15.1008 10.987 7.1969 4.3699 1.9652 0.3689

16 16.3183 12.7608 9.1003 5.8867 3.4321 1.4709 0.2762

17 13.9571 10.7706 7.5541 4.8051 2.7091 1.1173 0.1907

18 11.9802 9.10010 6.2700 3.9161 2.1230 0.8254 0.1250
19 10.2872 7.65206 5.2428 3.2022 1.6524 0.6422 0.0737
20 8.81320 6.38542 4.3565 2.6047 1.2797 0.4951 0.0476
21 7.60062 5.41301 3.6088 2.1098 0.9937 0.3719 0.0360
22 6.54475 4.57138 2.9920 1.7186 0.7650 0.2759 0.0261
23 5.64170 3.83460 2.4325 1.3857 0.5964 0.2015 0.0189
24 4.82660 3.22500 2.0203 1.1265 0.4552 0.1511 0.0108
25 4.15471 2.68398 1.6749 0.9106 0.3503 0.1103 0.0063
26 3.56629 2.22788 1.3799 0.7270 0.2741 0.0807 0.0018
27 3.04991 1.84394 1.1279 0.5704 0.2265 0.0623 0.0000
28 2.61340 1.56127 0.9302 0.4481 0.1874 0.0511 0.0000
29 2.22251 1.26982 0.7486 0.3551 0.1447 0.0415 0.0000
30 1.91539 1.06689 0.6063 0.2909 0.1153 0.0303 0.0000
31 1.63980 0.91738 0.5055 0.2261 0.0874 0.0255 0.0000
32 1.38731 0.79140 0.4052 0.1709 0.0643 0.0207 0.0000
33 1.16995 0.66900 0.3388 0.1295 0.0503 0.0176 0.0000
34 0.98591 0.57611 0.2670 0.0953 0.0370 0.0136 0.0000

continued on next page
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35 0.83400 0.47763 0.2205 0.0653 0.0293 0.0104 0.0000

36 0.68389 0.40347 0.1751 0.0425 0.0237 0.0088 0.0000
37 0.54039 0.34685 0.1432 0.0257 0.0188 0.0072 0.0000
38 0.43892 0.29662 0.1172 0.0167 0.0132 0.0056 0.0000

39 0.36747 0.26153 0.0938 0.0095 0.0076 0.0024 0.0000
40 0.29332 0.22605 0.0693 0.0059 0.0062 0.0016 0.0000
41 0.23777 0.19415 0.0553 0.0041 0.0041 0.0008 0.0000
42 0.18824 0.15628 0.0444 0.0029 0.0034 0.0000 0.0000

43 0.15281 0.13435 0.0314 0.0011 0.0020 0.0000 0.0000

44 0.12249 0.11282 0.0259 0.0000 0.0013 0.0000 0.0000

45 0.10688 0.09129 0.0224 0.0000 0.000 0.0000 0.0000

46 0.08677 0.06897 0.0184 0.0000 0.000 0.0000 0.0000

47 0.07206 0.05700 0.0149 0.0000 0.000 0.0000 0.0000

48 0.05555 0.04744 0.0129 0.0000 0.000 0.0000 0.0000
49 0.03994 0.03826 0.0114 0.0000 0.000 0.0000 0.0000
50 0.03184 0.03228 0.0104 0.0000 0.000 0.0000 0.0000
51 0.02523 0.02710 0.0094 0.0000 0.000 0.0000 0.0000
52 0.02103 0.02192 0.0084 0.0000 0.000 0.0000 0.0000
53 0.01712 0.01515 0.0074 0.0000 0.000 0.0000 0.0000
54 0.01292 0.01316 0.0044 0.0000 0.000 0.0000 0.0000
55 0.00901 0.00757 0.0034 0.0000 0.000 0.0000 0.0000
56 0.00661 0.00598 0.0024 0.0000 0.000 0.0000 0.0000
57 0.00631 0.00159 0.0019 0.0000 0.000 0.0000 0.0000
58 0.00571 0.00119 0.0009 0.0000 0.000 0.0000 0.0000
59 0.00541 0.00039 0.0000 0.0000 0.000 0.0000 0.0000
60 0.00391 0.00000 0.0000 0.0000 0.000 0.0000 0.0000
61 0.00211 0.00000 0.0000 0.0000 0.000 0.0000 0.0000
62 0.00091 0.00000 0.0000 0.0000 0.000 0.0000 0.0000

continued on next page
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63 0.00061 0.00000 0.0000 0.0000 0.000 0.0000 0.0000
64 0.00000 0.00000 0.0000 0.0000 0.000 0.0000 0.0000

T able E .3 . Packet loss percentage for different BER (n =  127, D =  4).

Buffer BER
size 0.001 0.01 0.05

0 30.52809 84.57563 90.626801
1 19.95387 65.73104 76.995422
2 9.560989 48.98923 62.492546
3 3.217514 35.49818 49.472591
4 1.932266 25.44634 38.293148
5 0.874138 18.18991 29.34074
6 0.296661 12.89109 22.37384
7 0.158455 9.063835 17.00758
8 0.068665 6.422241 12.93535
9 0.021126 4.573517 9.795090
10 0.010559 3.277008 7.369034
11 0.003517 2.353760 5.554634
12 0.000877 1.680656 4.242508
13 0.000000 1.224197 3.193123
14 0.000000 0.876343 2.437172
15 0.000000 0.637085 1.827744
16 0.000000 0.451988 1.389496
17 0.000000 0.326080 1.036133
18 0.000000 0.243164 0.786087
19 0.000000 0.175880 0.600037
20 0.000000 0.119484 0.458366
21 0.000000 0.074539 0.355408

continued on next page
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22 0.000000 0.047180 0.273964
23 0.000000 0.031548 0.211166
24 0.000000 0.016472 0.163460
25 0.000000 0.007820 0.128914

26 0.000000 0.004189 0.113205
27 0.000000 0.002792 0.093658
28 0.000000 0.001678 0.073036

29 0.000000 0.000565 0.057755

30 0.000000 0.000000 0.040970

31 0.000000 0.000000 0.021118
32 0.000000 0.000000 0.015167

33 0.000000 0.000000 0.010834
34 0.000000 0.000000 0.006790

35 0.000000 0.000000 0.004875
36 0.000000 0.000000 0.001404
37 0.000000 0.000000 0.000977
38 0.000000 0.000000 0.000389
39 0.000000 0.000000 0.000000




